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Abstract

In the modern competitive world, government and business organizations have to make the
right decision in time depending on the information at hand. As large amounts of historical
data are readily available, the need of performing accurate forecasting of future behavior
becomes crucial to arrive at good decisions. Therefore, demand for a definition of robust
and efficient forecasting techniques is increasing day by day. A successful time series fore-
casting depends on an appropriate model fitting.

Time series data are highly non-stationary and uncertain in nature. Therefore, fore-
casting of time series using statistical or mathematical techniques is extremely difficult. The
scientific community has been attracted by soft computing (SC) techniques in recent years
to overcome these limitations. The SC is an amalgamation of different methodologies, such
as fuzzy sets, neural computing, rough sets, evolutionary computing and probabilistic com-
puting, to solve real world problems. The present work is a comprehensive examination of
designing models for time series forecasting based on SC techniques, especially fuzzy time
series (FTS).

In this thesis, we provide in-depth study of various issues and problems associated
with the FTS modeling approaches in time series forecasting. Apart from exhaustive litera-
ture survey on applications of FTS in time series forecasting, we provide improved methods
for forecasting based on the FTS. Our main contributions are given below:

* A new FTS based forecasting model is proposed that can deal with one-factor time
series data set very effectively. This model deals with two major issues, viz., determi-
nation of the effective length of intervals, and defuzzification operation.

% Various theorems are developed based on Type-1 and Type-2 fuzzy sets concept.

* Another model is proposed based on Type-2 fuzzy sets concept in this thesis. Compar-
ative studies show that forecasting accuracy of the Type-2 fuzzy set is far better than
Type-1 fuzzy set.

Experimental results on real time data sets establish the validity of the proposed models.
Keywords: Soft computing (SC), Fuzzy set, Fuzzy time series (FTS), Interval, Fuzzy logical
relationship (FLR),Discretization, Defuzzification.
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Introduction

Overview of the chapter: An introduction to fuzzy set is given in Section 1.1. Various
fuzzy set operations are discussed in Section 1.2. Properties of fuzzy set are presented

in Section 1.3
KEYWORDS: Fuzzy Sets, Crisp Sets.

1.1 Introduction

The idea of fuzzy set was first proposed by Dr. Lotfi Zadeh of the University of California
at Berkeley in the 1960s. He said that several sets in the universe that close around us
are characterize by a non-distinct boundary [1]. In fuzzy sets, there are not only two
alternatives, but a full continuity of truth values are available for sets. Consider a set A
has the truth value 0.7 and its complement A has the truth value 0.3 i.e., (1-0.7). Fuzzy
set includes 0 and 1 are the acute cases of truth, but also have the other states of truth in
between, for example, Milk not sweet, little sweet, sweet and too sweeter can be written
as: (0/not sweet, 0.2/little sweet, 0.4/sweet, 1/too sweeter).

In real world, we use fuzzy knowledge, knowledge that is ambiguous, probabilistic,
imprecise, uncertain or inexact in nature. There is fuzzy information involved in human
thinking and reasoning like young, tall, good, high, cold:

* The term young is not defined by single quantitative term.

* Some people consider 17 age is young, but, some consider 32 is young.
However, many questions whose information are incomplete, our systems are not able to
answer these types of questions. The reason behind this is, mostly systems design are based

upon classical set theory and two valued logic (0, 1), which unable to cope with unreliable
and incomplete information and also unable to give expert opinions. We want our systems

1



2 1.1. INTRODUCTION

also be able to cope with unreliable and incomplete information and give expert opinions.
Fuzzy sets have been able, to provide solutions to many real world problems.

1.1.1 Crisp Sets

A crisp set is specified in such a way that all the human being in a given world can be
divided into two sets: one who belong to the set, and the other who do not belong to the
set. Mathematically, we give the following definition.

If U is the universe, then the set of elements in U having property P (the property
is such that each element of the universe either has the property or does not have the
property) is denoted by B, and can be written as:

B = x: x € U and x has property P. If A and B are two sets of the universe U, then A
is said to be a subset of (or contained in) B, denoted by A C Bor B D A, if and only if x € A
=>x € B.

Explanation: All crisp sets can be a fuzzy sets. Let universe of discourse U can be defined
as: U=1,2,3,4,5. Let crisp set, A = 1, 3, 4. Let fuzzy set, B = 1/1, 0/2, 1/3, 1/4, 0/5.
But all fuzzy sets can’t be Crisp Set. Let a fuzzy set B = 0.2/1, 0.5/2, 0.7/3, 1/4.

Note: The degree used in fuzzy set B is different and we can’t use it in crisp set.

1.1.2 Fuzzy Sets

Fuzzy set theory is an extended version of classical set theory where elements contain de-
gree of memberships. It is a set with a continuity of degree of membership. The members
of this set have the degree of membership ranging between 0 and 1.

In mathematics a set, by definition, is a collection of things that belong to some
definition. Any item either belongs to that set or does not belong to that set. Let us look
at simple example, the set of tall men. We shall say that people taller than or equal to 6
feet are tall. This set can be represented graphically in Fig. 1.1. The Fig. 1.1 describes

1e Tall (1 = 1)
Sharp-edged
Membership
Degree of function for
membership, u TALL
™ot Tall
o.e (n= 0.0)

2 /% i

Figure 1.1: Classical Set theory representation.

the membership of the "tall" set, you are either within it or not. The sharp edge describing

2] 61)



CHAPTER 1. INTRODUCTION 3

binary operations and mathematics nicely, but it doesn’t formulate the real world problems
nicely. There is no difference between one who is 6’3" and other who is 7’3", they are both
simply tall. Clearly there is a much difference between the two heights. The other side of
this, we can easily seen that there is only one inch difference between the height of 59"
and 6’0" man, however the crisp set membership function says that one is tall and the other
is not tall. Fuzzy set approach provides a much better representation of the tallness of a
person. The set is defined by a continuously inclining function which is shown in Fig 1.2.
The membership function defines the fuzzy set for the possible values underneath of it on

1.0

| Definitely a Tall
Sharp-edged Vi person (p= 0.95)
Membership I,.-'J
Degree of function for f
membership, p TALL I|

!

i
7
Really not very tall
at all{u= 0.30)

. height

Figure 1.2: Fuzzy Set Theory Representation.

- T
_,—-’//

the horizontal axis. The vertical axis, on a scale of 0 to 1, provides the membership value
of the height in the fuzzy set. So for the two people shown above the first person has a
membership of 0.3 and so is not very tall. The second person has a membership of 0.95 and
so he is definitely tall. He does not, however, belong to the set of tall men in the way that
bivalent sets work, he has a high degree of membership in the fuzzy set of tall men.

1.2 Fuzzy Set Operations
The important operations of fuzzy set are:

i) Complement: Creates the complement of the set. The operation shown in Fig. 1.3
A= i (@) = 1= pa (2) Yo € X

Figure 1.3: A and A.

(3] 61)



4 1.3. PROPERTIES OF CRISP AND FUZZY SETS

Example:
AGE1(x) = (0.75/James, 0.4/Kate, 0.6/Harry, 1/Peter)
AGE1(x)’ = (0.25/James, 0.6/Kate, 0.4/Harry, 0/Peter)

ii) Union: Creates the union of the (two) sets operated. The operation shown in Fig. 1.4
pauvs = maz [pa (), pp (z)] Vo € X

L A B

Figure 1.4: AUB

Example:

AGE1(x) = (0.75/James, 0.4/Kate, 0.6/Harry, 1/Peter)

AGE2(x) = (0.85/James, 0.6/Kate, O/Harry, 0.8/Peter)

(AGE1 U AGE2) (x) = max [AGE1(x), AGE2(x)]

(AGE1 U AGE2) (x) = (0.85/James, 0.6/Kate, 0.6/Harry, 1/Peter)

iii) Intersection: Creates the intersection of the (two) sets operated. The operation shown
in Fig. 1.5
HAnB = Max [”A (ZE) » B (IE)] Ve e X

H A B

Figure 1.5: AN B.

Example:

AGE1(x) = (0.75/James, 0.4/Kate, 0.6/Harry, 1/Peter)

AGE2(x) = (0.85/James, 0.6/Kate, 0/Harry, 0.8/Peter)

(AGE1 N AGE2)(x) = min [AGE1(x), AGE2(x)]

(AGE1 N AGE2)(x) = (0.75/James, 0.4/Kate, 0/Harry, 0.8/Peter)

1.3 Properties of Crisp and Fuzzy Sets

Property 1.3.1. AUA #X

4| 61)



CHAPTER 1. INTRODUCTION S

Proof: Suppose we take an example of river and measure its quality of water in different
seasons. For example, in the summer when the flows are lowest, the quality of water can
be the highest. River quality of water in different seasons are shown in the below example.
Example: Let X is a set of Universe in which X = (winter, spring, summer, fall). Now, assign
the membership values to set A as: A = (0.15/winter + 0.33/spring + 0.52/summer +
0.25/fall). The complement of the set A can be defined as: A = 1 - u,(x), where p,(x) =
degree of membership of x in Set A. Hence, the complement of set A is: A = (0.85/winter
+ 0.67/spring + 0.48/summer + 0.75/fall). This operation is shown in Fig. 1.6. Take the
union of A and A, which can be defined as:

paup(r) = pa(e) Upp(r) = maz(pa(z), ps(e)).

Hence, A U A = (0.85/winter + 0.67/spring + 0.52/summer + 0.75/fall). But this
is not equals to X, because in X all the members have degree 1. But in set A U A, the degree
of membership of each element is greater than or equal to 0.5, which is shown in Fig.
1.6. Hence we can say that fuzzy set A and union of its complement can’t cover the whole
universe set X, i.e., AU A # X.

P
e

Figure 1.6: A and A with A U A.

Property 1.3.2. ANA # ¢

Proof: Suppose we take an example of river and measure its quality of water in different
seasons. For example, in the summer when the flows are lowest, the quality of water can
be the highest. River quality of water in different seasons are shown in the below example.
Example: Let X is a set of Universe in which X = winter, spring, summer, fall. Now, assign
the membership values to set A as: A = 0.15/winter + 0.33/spring + 0.52/summer +
0.25/fall. The complement of the set A can be defined as: A = 1 - u(x), where p4(x) =

5 | 61)



6 1.3. PROPERTIES OF CRISP AND FUZZY SETS

degree of membership of x in Set A. Hence, the complement of set A is: A = (0.85/winter
+ 0.67/spring + 0.48/summer + 0.75/fall). This operation is shown in Fig. 1.7. Take the
intersection of A and A, which can be defined as:

panp(x) = pale) N pp(e) = min(pa(e), pus(x)).

Hence, A N A = (0.15/winter + 0.33/spring + 0.48/summer + 0.25/fall). But this
is not equals to ®. In set A N A, the degree of membership of each element is less than or
equal to 0.5, which is shown in Fig. 1.7. Hence we can say that fuzzy set A and intersection
of its complement can’t be null or ¢, i.e., AN A # ¢.

W
R

Figure 1.7: A and A with An A’

6| 61)



2

Graph Based Clustering and Improved Interval
Lengths Techniques

Overview of the chapter: An introduction to Fuzzy Forecasting is given in Section
2.1 followed by some essential definitions associated with fuzzy sets and its extended
application in time series forecasting in Section 2.2. In Section 2.3, a new time se-
ries data clustering technique is introduced. The architecture of the proposed FTS
model followed by it’s detail explanation is discussed in Section 2.4 and Section 2.5,
respectively. An another algorithm for finding the best interval lengths is presented in
Section 2.6. Experimental set up and results are discussed in Section 2.7. Time com-
plexity of the proposed model is discussed in Section 2.8. In Section 2.9, we provide

discussion. In section 2.10, we provide appendix where the formula’s are described.
KEYWORDS: FTS, FLR, FLRs, FLRG.

2.1 Fuzzy Forecasting: An Introduction

The prediction of future events of time series has always influence people from the ancient
times. However, it may be impossible to predict these events with full accuracy, but, one
can improved their accuracy and forecast processing speed. To solve this problem, Song
and Chissom [2] proposed a model in 1993 based on ambiguity and estimated knowledge
encorporated in the data of time series. Firstly, they gave a model by the help of fuzzy sets
which represent or take care of all these ambiguity, and called this concept as “Fuzzy Time
Series (FTS)”.

In 1996, Chen [3] developed FTS model based on first-order fuzzy logical relation-
ships (FLRs), and obtained the forecasted results with simplified arithmetic operations
rather than complicated max-min composition operations. Chen’s [3] forecasting results
were far better than the models proposed by Song and Chissom [2, 4, 5]. Recently, many

7



8 2.1. FUZZY FORECASTING: AN INTRODUCTION

studies provided some improvements in Chen’s [3] model in terms of finding effective
lengths of intervals [6-10], fuzzification of time series data set [11], establishment of FLRs
[12], and defuzzification [13].

To improve the forecasting accuracy, just now various FTS models are proposed by
many researchers. For example, Chen et al. [14] introduced a new FTS model for stock
price forecasting by using the theory of the fibonacci sequence. This model is based on the
framework of the conventional FTS models, whose forecasting accuracy is outperformed
than these models [4, 15]. Recently, researchers in these articles [16-20] introduced com-
putational methods for forecasting by which high order FLR’s are blown away the fault of
first-order FTS models [3, 21]. To minimize the time of complicated computations of fuzzy
relational matrices or to find the steady state of fuzzy relational matrix, Singh [22] pro-
posed a new method in FTS modeling approach. Li and Cheng [23] introduced a new fuzzy
deterministic model to solve three major issues, viz., to restraint the ambiguity in forecast-
ing, to divide the intervals adequately, and to achieve the forecasted accuracy with various
interval lengths. For these purpose, they designed an optimized FTS forecasting procedure
by which the forecasted data is treated as a trapezoidal fuzzy number rather than a single-
point data. The proposed model gives better forecasting results than the conventional FTS
models [3, 11, 24]. In [25], Singh and Borah proposed two-factors high-order FTS model
to resolve the problem associated with determination of lengths of intervals and data de-
fuzzification. The proposed model is based on the hybridization of artificial neural network
(ANN) with FTS. The comparative analyzes signify that this model exhibits higher accuracy
than those of existing two-factors models [26-31]. In [32], Singh and Borah presented a
new model based on hybridization of FTS theory with ANN. In this model, an ANN based
architecture is incorporated to defuzzify the fuzzified time series values and to obtain the
results. Chen [33] presented a novel high-order FTS model to solve nonlinear problem of
time series data set. In this model, entropy-based clustering technique and ANN based ar-
chitecture are employed to overcome the problems of data partition and representation of
FLRs, respectively.

In this thesis, we present a new method to forecast the time series data set based
on the FTS modeling approach. In this approach, initially, we cluster the historical data
into different length of intervals by applying a graph based clustering algorithm. Then, we
define various fuzzy sets based on these evolved intervals. Then, the historical data are
fuzzified into fuzzy sets. Based on these fuzzified values, we derive the FLRs. Then, we
obtain fuzzy logical relationship groups (FLRGs) from the FLRs. Later, all these FLRGs are
used to obtain the forecasting results based on the centroid defuzzification method. From
the proposed clustering algorithm, numerous intervals are generated with different lengths
of intervals. Huarng [34] shows that how different lengths of intervals affect the forecast-
ing results. Motivated by this critical issue, we propose a new algorithm for finding the best
interval lengths in this work. In this model, the main motive of this algorithm is to improve

@] 61)



CHAPTER 2. GRAPH BASED CLUSTERING AND IMPROVED INTERVAL LENGTHS
TECHNIQUES 9

the accuracy of the forecasting by managing the the corresponding degree of membership
and simultaneously adjusting the length of every interval in the universe of discourse.

2.2 Fuzzy Sets and Fuzzy Time Series

In 1965, Zadeh [1] introduced fuzzy sets theory involving continuous set membership for
processing data in presence of uncertainty. He also presented fuzzy arithmetic theory and
its application [35].

Definition 2.2.1. (Fuzzy Set) [1]. A fuzzy set is a class with varying degrees of membership
in the set. Let U be the universe of discourse, which is discrete and finite, then fuzzy set A
can be defined as follows :

A =A{pa@) /1 + pa@y /T2 + .} = Dipalzi) /2, (2.2.1)

where 114 is the membership function of A, ps: U — [0,1], and pa(,,) is the degree of

7

membership of the element z; in the fuzzy set A. Here, the symbol “+” indicates the

operation of union and the symbol “/” indicates the separator rather than the commonly
used summation and division in algebra, respectively.
When U is continuous and infinite, then the fuzzy set A of U can be defined as:

A= {/ PA)/Ti}, Ve, € U (2.2.2)

where the integral sign stands for the union of the fuzzy singletons, fi4(.,)/ ;.

Definition 2.2.2. (Fuzzy Time Series) [2, 4, 5]. Let Y(¢)(t = 0,1,2,...) be a subset of
Z and the universe of discourse U on which fuzzy sets p;(t)(i = 1,2,...) are defined and
let F'(t) be a collection of y;(t)(i = 1,2,...). Then, F(t) is called a fuzzy time series on
Y(t)(t=0,1,2,...).

Definition 2.2.3. (Fuzzy logical relationship) [2, 3, 5]. Assume that F'(t — 1) = A; and
F(t) = A;. The relationship between F'(t) and F (¢t — 1) is referred as a fuzzy logical rela-
tionship (FLR), which can be represented as:

Ai — Aj, (2.2.3)

where A; and A, refer to the left-hand side and right-hand side of the FLR, respectively.

Definition 2.2.4. (Fuzzy logical relationship group) [2, 3, 5]. Assume the following
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10 2.3. NBTSDCT: A NEW TIME SERIES DATA CLUSTERING TECHNIQUE

FLRs:

A — Ap,
A; — Apo,

Chen [3] suggested that FLRs having same fuzzy sets on left-hand side can be grouped into
a fuzzy logical relationship group (FLRG). So, based on Chen’s model [3], these FLRs can
be grouped into the FLRG as:

Ai — AklvAk27 s 7Akm'

Definition 2.2.5. (High-order FLR) [36]. Assume that F(¢) is caused by F(t — 1), F((t —
2),...,and F(t —n) (n > 0), then high-order FLR can be expressed as:

F(t—n),...,F(t—2),F(t—1) — F(t) (2.2.4)

2.3 NBTSDCT: A New Time Series Data Clustering Tech-
nique

Cluster analysis plays an important role in a wide variety of research domains, such as social
sciences, bio-informatics, psychology, pattern recognition, image processing, machine learn-
ing, and data mining. Cluster analysis partitions data into various groups (user-specified
and non-specified) which discover meaningful and useful information [37]. We people have
the skilled to classify or clustering the objects into groups based on their similarities and
dissimilarities. But in case of vast amounts of data, human’s analytical skill is failure to
determine classes or clusters. In such case, we use the machine learning techniques that
automatically finding classes.

Clustering of data can be regarded as a form of groups having certain class (cluster)
labels [38]. This determination of class labels may be supervised or unsupervised. If the
classification is done in the absence of any knowledge class labels, then it is referred as
unsupervised clustering. When the class labels are taken into account, then such type of
classification is termed as supervised clustering. In literature, various supervised and unsu-
pervised clustering algorithms are presented [39].

A complete sets of clusters are commonly termed as a Clustering. We can distinguish
various types of clusterings into five categories: partitioning method, hierarchical method,
density based method, grid-based method, and model-based method. A brief description of
each category of method is given below:
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a) Partitioning method: A partitional clustering divides the set of data objects into distinct

non-overlapping clusters. For example, K-means [40], K-medoids [41].

b) Hierarchical method: In this method, we allow each cluster have subclusters, which can
be organized in the form of tree. For example, CURE [42], BIRCH [43].

c) Density based method: This method allows the clusters to grow as long as the density
(number of objects or data points) in the “neighborhood” exceeds some threshold. For
example, DBSCAN [44], OPTICS [45].

d) Grid-based method: This method allows the object space to form finite number of cells
(a grid structure) where all the operations associated with clustering are performed. For
example, STING [46].

e) Model-based method: This method assumes a model for each of the clusters and attempt
to best fit the data to the assumed model. For example, ART [47], SOFM [48].

Graph-based method is also used to represent the data objects into clusters. In this method,
data objects are represented as a graph, where each node is an object and objects are
associated with links. Here, a cluster is made when a group of objects is linked to one
another, but have no connectivity to objects outside the group. An example of such type of
approach for clustering is CLIQUE [49].

The Node Based Time Series Data Clustering Technique (NBTSDCT) is also a class
of graph-based method to represent the time series data set into clusters. The technique
automatically generates the clusters without any supervision. The NBTSDCT represents the
data set in the form of a tree by which the representation and visualization of data set is very
easy. The NBTSDCT divides into four parts, viz., (a) Finding Root Node Algorithm (FRNA)
inputs the data set and find the root node; (b) Tree Construction Algorithm (TCA) inputs
the data set, root node and output the tree; (c) Node Insertion Algorithm (NIA) inputs one
element of data set and root node, and set the elements in the tree at their proper position;
and (d) Node Clustering Algorithm (NCA) inputs the tree which is generated by the TCA,
and makes logical clustering of the nodes.

2.3.1 NBTSDCT: An Overview

In this subsection, we present a new time series data clustering technique entitled as “NBTS-
DCT”, which comprises of four algorithms, viz., Finding Root Node Algorithm (FRNA), Tree
Construction Algorithm (TCA), Node Insertion Algorithm (NIA), and Node Clustering Algo-
rithm (NCA). To demonstrate the applicability of the technique, the university enrollments
data set of Alabama [4], shown in Table 2.1, is employed. A few significant steps of the
NBTSDCT are explained in Example 1.

Example 1:
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Algorithm 1: Finding Root Node Algorithm (FRNA)
1: Input: S(X1, X9, -+, Xn)

2: Calculate range (R,) as:
Rg = M AXyatue — MINyarue (2.3.1)

3: Calculate standard deviation (SD) of the S.

4: Calculate width (W) as:

R
W=—2_ 2.3.2
SD x N ( )
5: Compute universe of discourse (U) of the S as:
U= {Lbound; Ubound]; (233)
where Lbound = MINvalue — W and Ubound = MAXvalue + W.
6: Calculate mid-point (X,,;q) as:
L oOUTL U ouUN
Xnia = = d; bound (2.3.4)
7: Assign the X,,;4 as root node (T}0t):
Troot = Xmid (235)

Algorithm 2: Node Insertion Algorithm (NIA)
Input: T}o0t, X;
if (X; < Tyo0t) then
if Toot. LEFT # NULL then
Call: NIA(T o0t LEFT, X;)
else
Troot- LEFT = NULL
end if
else if (X; > T}.,,¢) then
if Tyoot RIGHT # NULL then
Call: NIA(T oot RIGHT, X;)
else
Troot- RIGHT = NULL
end if
end if

Algorithm 3: Tree Construction Algorithm (TCA)

Input: Troot, S
for:=1to N do

| NIA(Troot, Xi)
end
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Algorithm 4: Node Clustering Algorithm (NCA)

Input: Troot
if (Tyoot = NULL) then
“No Tree Found”
return
else if Tyoot . RIGHT # NULL && Troot.LEFT # NULL then
if T'00¢ is not presented in Cluster then
minDif fnode = makeDif f(Troot, Troot - RIGHT, Troot . LEFT)
makeCluster(Troot, minDif fnode)
if minDif fnode = Troot.RIGHT then
if (Troot - RIGHT).LEFT # NULL) then
add (Tyoot-RIGHT).LEFT child in the Cluster
end if
if (Troot - RIGHT).RIGHT # NULL) then
Call: NCA((Tyoot-RIGHT).RIGHT)
end if
Call: NCA(Tyoot.LEFT)
else
if (Troot- LEFT).LEFT # NULL) then
Call: NCA((Tyoot.LEFT).LEFT)
end if
if (Troot. LEFT).RIGHT # NULL) then
add ((Troot-LEFT).RIGHT) child in the Cluster
end if
Call: NCA(Tyoot . RIGHT)
end if
end if
else if Tyoot . RIGHT # NULL && Tyoot.LEFT == NULL then
if T'-00¢ is not presented in Cluster then
makeCluster(Troot, Troot- RIGHT)
if (Troot . RIGHT).LEFT # NULL) then
add (Tyoot-RIGHT).LEFT child in the Cluster
end if
if (Troot . RIGHT).RIGHT # NULL) then
Call: NCA((Ty00t-RIGHT).RIGHT)
end if
end if
else if Ty oot . RIGHT == NULL && Tyoot. LEFT # NULL then
if T 0t is not presented in Cluster then
makeCluster(Troot, Troot - LEFT)
if (Troot. LEFT).LEFT # NULL) then
Call: NCA((Ty00t . LEFT).LEFT)
end if
if (Troot-LEFT).RIGHT # NULL) then
add ((Troot-LEFT).RIGHT) child in the Cluster
end if
end if
else
if T-00+ is not presented in the Cluster then
makeCluster(Troot)
end if
return
end if

Table 2.1: Data set of the enrollments of the University of Alabama.

’ Year ‘ Actual Enrollments ‘ Year ‘ Actual Enrollments ‘

1971 13055 1982 15433
1972 13563 1983 15497
1973 13867 1984 15145
1974 14696 1985 15163
1975 15460 1986 15984
1976 15311 1987 16859
1977 15603 1988 18150
1978 15861 1989 18970
1979 16807 1990 19328
1980 16919 1991 19337
1981 16388 1992 18876

Step 1. Input the university enrollments data set of Alabama as:
S(13055, 13563, 13867, 14696, 15460, . . ., 19328, 19337, 18876).

Step 2. From Eq. 2.3.1, value of R, is:
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Ry = 19337 — 13055 = 6282.

Step 3. The value of SD is:
SD = 1774.72.

Step 4. From Eq. 2.3.2, the value of W is:

— 6282 —
W= 1774.72x22 0.16.

Step 5. From Eq. 2.3.3, the U is:
U = [13054.84,19337.16].

Step 6. From Eq. 2.3.4, the X, is:

Xmid _ 13054.84-519337.16 = 16196.

Step 7. Thus, the T}, in Eq. 2.3.5 is 16196.

Step 8. A tree is designed based on the input data set S and 7,,,. For this purpose, we

have employed two algorithms, viz., Algorithm 2 and Algorithm 3. The output of these two

algorithms are shown in Fig. 2.1.

Figure 2.1: A tree of the input data set. In this tree, T},,; = 16196.

Step 9. Make the clusters from the tree shown in Fig. 2.1. For this purpose, Algorithm 4

is used. Output of this algorithm is represented by Fig. 2.3. A brief explanation of this

algorithm is given below:

Step 9.1 A symbolic representation of a tree formed by Algorithm 2 and Algorithm 3 is

shown in Fig. 2.2. In this tree, initially we check that T,,, exists or not. If




CHAPTER 2. GRAPH BASED CLUSTERING AND IMPROVED INTERVAL LENGTHS

TECHNIQUES

15

T,.0: €xists, then check that 7, has left (T,,.;. LEFT) and right (T,,,;. RIGHT)
children both. If both children exist, then compute the difference between values
of the T,,,; and T,,:.RIGHT, and T,,,; and T,.,,.LEFT. Make a cluster with
corresponding child (either 7,,.;. LEFT or T,.,,;.RIGHT) and T,,,;, which have
the minimum difference. In Fig. 2.3, T,,; = 16196, it has both T,,;.LEFT =
13055 and T}, RIGHT = 16807. Now, the minDif fnode = T, RIGHT —
T,.o¢+ has the minimum difference, which is 611. Hence, make the cluster with
Troot-RIGHT and T,,., and entitle this cluster as C; (see Fig. 2.3).

"[-KOM I_-—-I IJ.:
-~ G h‘\
e W ]
Trooe LEFT<—1 | l )= T,our RIGHT
— ";_ i e
Fd \"\\
. -
|:- | -":| I .' I"f- '1.I
— Moo Mgz o '\____. A
Iy o o a
(T, o LEFT).LEFT (T, LEFT).RIGHT (T, RIGHT).LEFT (T, RIGHT)RIGHT

Figure 2.2: A symbolic representation of a tree formed by Algorithm 2 and Algorithm 3.

Figure 2.3: Clusters of the input data set.

Step 9.2 Now, according to Algorithm 4, T,.,,. RIGHT has (T,,:-RIGHT).LEFT child
with value 16388, so we add this value to the cluster C;,. Note that if the

minDi f fnode

= Troot — Troot-LEFT has the minimum difference, then we will
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make the cluster with 7,,,;,. LEFT and T,,,. Again, according to Algorithm 4, if
Troot- LEFT has (T, LEFT).RIGHT with certain value, then we add this value
to this cluster.

Step 9.3 If only one child (either T, ,,;.LEFT or T,,;.RIGHT) exist for each 7,,., then
make the cluster with either 7,,,; and T, ... LEFT or T,,,; and T,,.;. RIGHT.

Step 9.4 Repeat Steps 9.1 - 9.3, until all the nodes of the tree are processed.

All the clusters which are evolved from the above technique is shown in Table 2.2. In this
table, lower and upper bounds of the intervals are formed from the minimum and maximum
values of the corresponding clusters, respectively.

Table 2.2: Clusters, their corresponding elements, intervals and mid-points.

’ Cluster ‘ Corresponding Element ‘ Initial Interval ‘ Mid-Point ‘
Ci (16196, 16807, 16388) a1(0) = [16196, 16807] 16292
Cy (16919, 16859) az(0) = [16859, 16919] 16889
Cs (18150, 18970, 18876) a3(0) = [18150, 18970] 18560
Cy (19328, 19337) as(0) = [19328,19337] | 19332.5
Cs (13055, 13563) as(0) = [13055, 13563] 13309
Cs (13867, 14696) ag(0) = [13867,14696] | 14281.5
Cy (15460, 15603, 15497) a7(0) = [15460, 15603] | 15531.5
Cs (15861, 15984) ag(0) = [15861,15984] | 15922.5
Cy (15311, 15433) ag(0) = [15311, 15433] 15372
Cho (15145,15163) a10(0) = [15145, 15163] 15154

2.4 Architecture of the FTS Model

Most of the existing FTS models as discussed earlier use the following six common steps to
deal with the forecasting problems [3]:

Step 1. Partition the universe of discourse into intervals.
Step 2. Define linguistic terms for each of the interval.
Step 3. Fuzzify the time series data set.

Step 4. Establish the FLRs based on Definition 2.2.3.
Step 5. Construct the FLRGs based on Definition 2.2.4.
Step 6. Defuzzify and compute the forecasted values.

In this chapter, an improved FTS forecasting model is proposed, which is designed for
handling the research issues discussed in Section 2.1. Therefore, above steps are modified,
which is represented in Algorithm 5.
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Algorithm 5: Proposed FTS Model

Step 1: Select the time series data set.

Step 2: Apply the “NBTSDCT” to cluster the time series data set, and determine the corresponding
interval.

Step 3: Define linguistic terms for each of the interval.
Step 4: Fuzzify the time series data set.

Step 5: Establish the FLRs based on Definition 2.2.3.
Step 6: Construct the FLRGs based on Definition 2.2.4.

Step 7: Defuzzify the fuzzified time series data set.

2.5 Detail of the Proposed FTS Model

In this section, we propose a new FTS model to forecast time series data set. For explaining
each phase of the model, the university enrollments data set of Alabama (Table 2.1) is used.
The functionality of each phase of the model is explained in step-wise as follows:

Phase 2.5.1. Apply the “NBTSDCT” to cluster the time series data set, and determine the
corresponding interval.

[Explanation] The “NBTSDCT” is used to cluster the time series data of enrollment. From
each of the cluster, corresponding interval is generated. Experimental results are depicted
in Table 2.2.

Phase 2.5.2. Define linguistic terms for each of the interval. Assume that the historical
time series data set is distributed among » initial intervals (i.e., a1(0), a2(0), ..., and a,(0)).
Therefore, define n linguistic variables A;, A, ..., A,, which can be represented by fuzzy

sets, as shown below:

Ay =1/a1(0) 4+ 0.5/as(0) +0/a3(0) + ... +0/a,_2(0) + 0/a,_1(0) + 0/a,(0),
Ay =0.5/a1(0) 4+ 1/az(0) + 0.5/a3(0) + ... +0/a,_2(0) + 0/a,_1(0) + 0/a,(0),
A3 = O/(ll(O) + 05/@2(0) + 1/@3(0) + ...+ O/Gn_Q(O) + O/an_1<0) + O/Gn(O),

A, =0/a,(0)+0/az(0) +0/a3(0) + ...+ 0/a,—2(0) + 0.5/a,—1(0) + 1/a,(0). (2.5.1)
Here, maximum degree of membership of fuzzy set A; occurs at interval a;(0), and 1 < <

n.

[Explanation] We define 10 linguistic variables A;, A,, ..., A;o for the university enroll-
ments data set, because total 10 intervals are generated. All these defined linguistic vari-
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ables are shown as follow:

Ay =1/a1(0) 4+ 0.5/as(0) +0/a3(0) + ...+ 0/an_2(0) + 0/a,_1(0) + 0/a10(0),
Ay =0.5/a1(0) 4+ 1/az(0) +0.5/a3(0) + ... +0/a,_2(0) + 0/a,_1(0) + 0/a10(0),
As  =0/a1(0) 4+ 0.5/as(0) + 1/a3(0) + ...+ 0/an_2(0) + 0/a,_1(0) + 0/a10(0),

A10 = O/al(O) + O/CLQ(O) + O/ag(O) + ...+ O/(ln_g(O) + 05/an_1(0) + 1/@10(0). (252)

For ease of computation, the degree of membership values of fuzzy set A;(j = 1,2,...,10)
are considered as either 0, 0.5 or 1, and 1 < j < 10. In Eq. 2.5.2, for example, A; represents
a linguistic value, which denotes a fuzzy set = {a;(0), a2(0), ..., a19(0)}. This fuzzy set con-
sists of ten members with different degree of membership values = {1,0.5,0,...,0}. Sim-
ilarly, the linguistic value A, denotes the fuzzy set = {a(0),a2(0),...,a10(0)}, which also
consists of ten members with different degree of membership values = {0.5,1,0.5,...,0}.
The descriptions of remaining linguistic variables, viz., A3, A4, ..., Ao, can be provided in
a similar manner.

Table 2.3: Fuzzified enrollments values.

Year Actual Fuzzified Year Actual Fuzzified
Enrollments Enrollments Enrollments Enrollments
1971 13055 As 1982 15433 Ag
1972 13563 As 1983 15497 Ay
1973 13867 Ag 1984 15145 A
1974 14696 Ag 1985 15163 Aqg
1975 15460 Ay 1986 15984 Ag
1976 15311 Ag 1987 16859 Ay
1977 15603 Az 1988 18150 As
1978 15861 Ag 1989 18970 As
1979 16807 Aq 1990 19328 Ay
1980 16919 Ay 1991 19337 Ay
1981 16388 Ay 1992 18876 As

Phase 2.5.3. Fuzzify the time series data set. If one day’s datum belongs to the interval a;,
then datum is fuzzified into A;, where 1 < i < n.

[Explanation] In Step 2.5.2, each fuzzy set contains 10 intervals, and each interval corre-
sponds to all fuzzy sets with different degree of membership values. For example, interval
a1(0) corresponds to linguistic variables A; and A, with degree of membership values 1 and
0.5, respectively, and remaining fuzzy sets with degree of membership value 0. Similarly,
interval a,(0) corresponds to linguistic variables A;, A, and A3 with degree of membership
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values 0.5, 1, and 0.5, respectively, and remaining fuzzy sets with degree of membership
value 0. The descriptions of remaining intervals, viz., a3(0), a4(0),...,a10(0), can be pro-
vided in a similar manner.

In order to fuzzify the historical time series data, it is essential to obtain the degree
of membership value of each observation belonging to each A; (j = 1,2,...,n) for each
year. If the maximum membership value of one year’s observation occurs at interval a;(0)
and 1 < i < n, then the fuzzified value for that particular year is considered as A;. For
example, the university enrollments value for the year 1971 is 13055, which belongs to the
interval a5(0). Hence, the university enrollments value is fuzzified into fuzzy set A;. All
these fuzzified enrollments values are shown in Table 2.3.

Phase 2.5.4. Establish the FLR between the fuzzified time series values.

[Explanation] Based on Definition 2.2.3, we can establish FLRs between two consecutive
fuzzified enrollments values. For example, in Table 2.4, fuzzified enrollments values for
Years 1973 and 1974 are Ag and Ag, respectively. So, we can establish a FLR between Ag
and Ag as: Ag — Ag. In this way, we have obtained FLRs for the fuzzified enrollments

values, which are presented in Table 2.4.

Table 2.4: FLRs of the university enrollments data set.

| FLR | FIR |
A5 — A5 A1 — Ag
As — Ag A7 — Aqg
Ag — Ag A9 — Aqo
Aﬁ — A7 A10 — Ag
A7 — Ag Ag — As
Ag — Ar Ay — Ag
A7 — Ag A3 — A3
Ag — Ay As — Ay
A — Ay Ay — Ay
AQ — A1 A4 — A3

Phase 2.5.5. Construct the FLRG.

[Explanation] Based on the same previous state of the FLRs, the FLRs can be grouped
into a FLRG. For example, the FLRG “A; — A,,, A,” (i.e., Group 7) indicates that there are
following FLRs:

A — A,
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In Table 2.4, there are 2 FLRs with the same previous state, A5 — A; and A; — Ag. These
FLRs are used to form the FLRG, A5 — Aj;, Ag (i.e., Group 1). All these FLRGs are shown in
Table 2.5. In this study, we have discarded the repeated FLRs in the FLRGs.

Table 2.5: FLRGs of the university enrollments data set.

[ Group FLRG |
Group 1:  As — As, Ag
Group 2:  Ag — Ag, Ay
Group 3: A; — Ag, Ag, Aqg
Group 4: Ay — A7

Group 5: Ag — A1, Ao
Group 6:  A; — Ay, Ag
Group 7:  As — A, A
Group 8:  Ajp — Ajp, Ag
Group 9: Az — As, Ay
Group 10: Ay — Ay, As

Phase 2.5.6. Defuzzify the fuzzified time series data set.

To defuzzify the fuzzified time series data set, following principles are used. Based on the
application of technique, it is categorized as: Principle 1 and Principle 2. The steps involve
in Principle 1 are explained next.

* Principle 1: For forecasting year Y (¢), the fuzzified value for year Y (¢ — 1) is required,
where “t” is the current year which we want to forecast. The Principle 1 is applicable
only if there are more than one fuzzified values available in the current state. The
steps under Principle 1 are explained next.

Step 1 Obtain the fuzzified value for year Y (t — 1) as A;(i = 1,2,3...,n).

Step 2 Obtain the FLRG whose previous state is A;(i = 1,2,3...,n), and the current
state is A, A, ..., A,, i.e., the FLRG is in the form of A; — A, As, ..., A,.

Step 3 Find the intervals where the maximum membership values of the fuzzy sets
A, A, ..., A, occur. Let these intervals be ay, a,, . . ., a,. All these intervals have
the corresponding mid-points Cy, Cs, . .., C,,.

Step 4 Apply following formula to calculate the forecasted value for year, Y'(¢):

Forecast (t) = W, (2.5.3)

where n is the total number of mid-points to be used.
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= Principle 2: This rule is applicable if there is only one fuzzified value in the current
state. The steps involve in Principle 2 are explained next.
Step 1 Obtain the fuzzified value for year Y (¢t — 1) as A;(i = 0,1,...,n).

Step 2 Find the FLRG whose previous state is A;, and the current state is A;, i.e., the
FLRG is in the form of 4; — A;.

Step 3 Find the interval where the maximum value of the fuzzy set A; occurs. Let
this interval be a;. This interval a; have the corresponding mid-point C;. For
forecasting year, Y (¢), this mid-point C} is the forecasted value.

Table 2.6: Actual Enrollments Vs. Forecasted Enrollments.

’ Year ‘ Actual Enrollments ‘ Forecasted Enrollments ‘

1971 13055
1972 13563 13795.250
1973 13867 13795.250
1974 14696 14900.750
1975 15460 14900.750
1976 15311 15482.833
1977 15603 15520.000
1978 15861 15482.833
1979 16807 16676.332
1980 16919 16130.500
1981 16388 17564.500
1982 15433 16130.500
1983 15497 15520.000
1984 15145 15482.833
1985 15163 15538.250
1986 15984 15538.250
1987 16859 16676.332
1988 18150 17564.500
1989 18970 18998.918
1990 19328 18998.918
1991 19337 18998.918
1992 18876 18998.918
| AFER | | 2.124% |

In this way, we obtain the forecasted values for the university enrollments data set based on

the proposed model. To measure the performance of the model, average forecasting error
rate (AFER) is used as an evaluation criterion. The AFER can be defined as follows:

1 n

AFER=—-)_

n;3

)

x 100% (2.5.4)
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Here, F; represents the forecasted value at time ¢, A; represents the actual value at time ¢
and n represents the total number of days to be forecasted. The AFER value of the fore-
casted enrollments is presented in Table 2.6.

2.6 Algorithm for Finding the Best Interval Lengths

In this section, we present an algorithm for finding the best interval lengths from the initial
intervals. The algorithm is entitled as “Rank Based Interval Lengths Finding Algorithm
(RBILFA)”, and presented next.

Step 1. Take clusters, Ci(di1,d12, ..., dim), Co(dor,dag, ... dom), -y Coldpi,dna, ... dum)
as input data sequence, where {d;,d12,...,dim}, {do1,doa, ..., dom}, - oy {dn1, dnay - o s dpn }
are the elements of the clusters C4, Cs, ..., C,, respectively. Here, m represents the total
number of elements in each cluster, and n represents the total number of clusters.

Step 2. Calculate the weight mean square (WMS) for the corresponding set of clusters as:

) (2.6.1)

m m m

where p = 2, and p = [

_ [{datdio+..Adim }
¢ = + .

{d11+d12+...+d1m} + {d21+d22+~~~+d2m} + _I_ {dn1+dn2+'-~+dnm}:| Here
e . s

Step 3. Select the initial intervals as:
a1(0) = [min(Cy), maz(Ch)],
az(0) = [min(Cy), maz(Cy)]
a,(0) = [min(C,,), max(C,,)]. (2.6.2)

Here, Lowerypnqs = min(C;) and Upperyouma = maz(C;), where j =1,2,...,n.

Step 4. Generate the next set of intervals as:
ai(1) = [min(Cr) — WMS, maz(Cy) + WMS],
az(1) = [min(Cy) — WM S, max(Cy) + WMS]
an(1) = [min(C,) — WMS, max(C,,) + WMS].

Step 5. Compute the fitness for all set of intervals, and select the best one from Step 3 -
Step4.
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Step 6. Compute the ranks “Rj(upper)” and “Ryower)” only for the set of intervals which have
the best fitness (obtained from Step 5) as:

1— Upperboundk
n(n+1)

Rk(upper) - n ) and
Lowerpoundy,
‘1 T T alm—1)
Rk(lower) = (2.6.3)
n

where, £ =1,2,...,n.
Step 7. Generate final set of intervals as:

ar(1) = [min(Ch) — (Rigower) X 1), max(Cy) 4+ (Ri(uppery % 1)],

a2(1) = [mln(02) - (RQ(lower) X 1),max(C’2) + (RQ(upper) X 1)}7

an(1) = [min(Cy) — (Rugowery X 1), maz(Cy) + (Ru(uppery X 1)].

a1(2) = [mln(cl) - (Rl(lower) X 2)7 ma$<cl) + (Rl(upper) X 2)}7

az(2) = [min(Ca) — (Rogower) X 2), max(Cs) + (Ra(upper) X 2)],

an(2) = [min(Cy) — (Rugower) X 2), max(Cy) + (Ryuppery X 2)].

ai(n) = [min(Cr) — (Rigower) X 1), max(Cy) + (Ri(upper) X 1)],

a2(n) = [mln(CQ) - <R2(lowe7’) X n>7max(02) + (RZ(upper) X n)]a

an(n) = [min(Cy) — (Rugowery X 1), max(Cy) + (Rao(upper) X 1)]. (2.6.4)

Step 8. Compute the fitness for all set of intervals from Step 7, and select the best one.

Step 9. Stop the whole process.
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2.6.1 Implementation of the RBILFA

The RBILFA algorithm can be applied to search the best set of intervals. Array represen-
tation of selected initial intervals is shown in Fig. 2.4, where interval is positioned as
a1(0),a2(0),...,a,(0). Next set of intervals is generated with the help of “WMS”, whose
array representation is shown in Fig. 2.5. Finally, with the help of ranks “Rj,per)” and
“Rraower)”, final set of intervals are defined, which are depicted in Fig. 2.6.

a(1) ay(1) as(1) a,(1)
[min(C,),max(C)] [min(C,),max(C,)] [min(C;3),max(C3)] [min(C,),max(C,)]
Figure 2.4: Array representation of initial intervals.

2(1) ay(1) ay(1) a,(1)

[min(C,)-WMS . max(C,)+WMS]

[min(C,)-WMS,max(C,)+ WMS]

[min(Cy)-WMS,max(C;)+WMS]

+ | [min(Cp)-WMS.max(C,)+ WMS]

Figure 2.5: Array representation of next set of intervals.

a(1)

ax(1)

ay(1)

a 1)

[min(Cy)-(Rx1),max(C,)+(Rx1)]

[min(Cy)-(Rax 1), max(C,)+{R.x1)]

[min(C)-(Rax 1) max(C:)+(Rax1)] | -

| [min{C-(Rox Dmax(C )+ (R x1)]

a,(2) ax(2) a;(2) a,(2)
[min(Cy)-(Rx2)max(C (R x2)] | [min(Cy)-(R:x2),max(C:)+(Rax2)] [min(C;)-(R3x2)max(C:)+Rx2)] | - o | [min{C (R x2)max(C)+(Rx2)]
a(n) ay(n) a;(n) a,(n)

[min(Cy)-(Rxn),max(C, )+(Rxn)]

[mn(C,)-(Roxn)max{C )+ (Raxn)]

[min(Cy)-(Ryxm)max(Cyy+(Raxn)] | -

| [min{C )R xn)max(C)+(Rxn)]

Figure 2.6: Array representation of final set of intervals.

The main features of the searching procedure of the RBILFA can be summarized as follows:

* The RBILFA can be used to solve the continuous as well as discontinues set of prob-
lems.
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= RBILFA selects the initial set of intervals based on Eq. 2.6.2 and generate the next set
of intervals based on Eq. 2.6.3.

= After that, final set of intervals is generated based on Eq. 2.6.4.
* It can be implemented easily using linear array.

* It can find the best set of intervals in a very least number of iterations.

2.6.2 Improved Hybridized Forecasting Model

The main downside of fuzzy based forecasting model is that increase in the number of in-
terval increases accuracy rate of forecasting, and decreases the fuzziness of time series data
sets [50]. Singh and Borah [51] show that appropriate selection of intervals also increases
the forecasting accuracy of the model. Therefore, to improve the forecasting accuracy of
the proposed FTS model, we have hybridized the RBILFA with Algorithm 5. The main func-
tion of the RBILFA in Algorithm 5 is to adjust the length of initial intervals and membership
values simultaneously, without increasing the number of intervals in the model. We have
entitled this model as “FTS-RBILFA”. The detailed description of the algorithm is presented
in Algorithm 6.

Algorithm 6: FTS-RBILFA
Step 1 Select the initial set of intervals.

Step 2 Define linguistic terms for the above set of intervals.

Step 3 Fuzzify the historical time series according to the linguistic terms defined above.
Step 4 Establish FLRs based on Definition 2.2.3.

Step 5 Establish FLRGs based on Definition 2.2.4.

Step 6 Defuzzify the fuzzified time series data set.

Step 7 Compute the AFER value for initial set of intervals based on Eq. 2.5.4.

Step 8 Generate the next set of intervals based on Eq. 2.6.3.

Step 9 Compute the fitness for all set of intervals, and select the best one from Step 1 and Step 8.

Step 10 Compute the ranks “Ry(,pper)” and “Ryouer)” only for the set of intervals which have the

best fitness in terms of Eq. 2.5.4 (obtained from Step 9).

Step 11 Generate final set of intervals based on Eq. 2.6.4.

Step 12 Compute the fitness (in terms of Eq. 2.5.4) for all set of intervals from Step 11, and select

the best one.
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2.7 Experiment Set Up and Results Based on the FTS-
RBILFA Model

The FTS-RBILFA model employs the RBILFA to obtain the best interval lengths as well as
FLRs for the historical enrollments data set. In subsection 2.3.1, we have the universe
of discourse U = [13054.84,19337.16] for the enrollments data set, where lower bound
Lyouna = 13054.84 and upper bound Uy,,,,q = 19337.16. On the universe of discourse, total
10 intervals are defined based on the “NBTSDCT”. Therefore, for the representation of initial
intervals in the RBILFA, we use these 10 intervals. For finding the best interval lengths, i.e.,
final set of intervals, we need to iterate the RBILFA only once.

The final set of intervals obtained from the RBILFA is depicted in Table 2.7. In this
table, interval a,(9) does not cover any historical datum, so this interval doesn’t employ
for defining the fuzzy set. Hence, only 9 intervals (i.e., final set of intervals) are further
employed to define the fuzzy sets, and to obtain the FLRs. All these FLRGs (obtained from
FLRs) based on these final set of intervals are shown in Table 2.8.

Table 2.7: Final set of intervals and their corresponding elements.

’ Cluster ‘ Corresponding Element ‘ Final Set of Intervals ‘
¢ (16807, 16388, 16919, 16859) a1(9) = [16034.94, 16943.611]
Cs (Nil) az(9) = [16691.31,17056.527]
Cy (18150, 18970, 18876) a3(9) = [17969.4, 19124.309]
Cy (19328, 19337) as(9) = [19135.62, 19494.312]
Cs (13055, 13563) as(9) = [12925.35,13673.07]
Ce (13867, 14696) ag(9) = [13729.23, 14815.34]
C7 (15460, 15311, 15603, 15433, 15497) a7(9) = [15306.3, 15729.761]
Cs (15861, 15984) ag(9) = [15703.29,16113.878|
Gy (15163) ag(9) = [15158.79, 15558.37]
Cro (15145) a10(9) = [14994.45, 15286.161]

Based on the FLRGs as shown in Table 2.8, forecasted results for the university enrollments
data are obtained. These results are shown in the last column of Table 2.9. To judge the
efficiency of the proposed model, we can compare the forecasted result of the proposed
model with the previous existed FTS models [2, 3, 24, 52-54]. In Table 2.9, we give the
forecasted results for compare with the existing FTS mdoels AFER. From Table 2.9, it
is obvious that the proposed FTS-RBILFA model gets lower AFE'R in comparison to the
competing models. It is also found that integration of the RBILFA with the FTS model
reduces the AFER for the historical university data set from 2.124% (refer to Table 2.6) to
2.09% (refer to Table 2.9).

In the next set of experiment, we apply the FTS-RBILFA model to forecast the
New York Stock Exchange (NYSE) data set from the period 11/01/1999 — 12/31/1999
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Table 2.8: FLRGs of the university enrollments data set obtained from the final set of inter-
vals.

’ Group FLRG ‘
Group 1:  As — As, Ag
Group 2:  Ag — Ag, A7
Group 3: A7 — Ay, Ag, Ay
Group 4: Ag — A

Group 5: Ay — Ay, A7, A3
Group 6:  Ajg — Ay

Group 7: A9 — As

Group 8: Az — Az, Ay
Group 9: Ay — Ay, A

Table 2.9: A comparison of the existing models in Enrollment Data Set with the proposed
FTS-RBILFA Model.

Year Actual Model [2] | Model [3] | Model [24] | Model [52] | Model [52] | Model [53] | Model [54] | FTS-RBILFA
Enrollments (MEPA) (TFA) Model

1971 13055 - — - - - - — -
1972 13563 14000 14000 14025 15430 14230 14195 14242.0 | 13785.748
1973 13867 14000 14000 14568 15430 14230 14424 14242.0 13785.748
1974 14696 14000 14000 14568 15430 14230 14593 14242.0 14891.652
1975 15460 15500 15500 15654 15430 15541 15589 15474.3 | 14891.652
1976 15311 16000 16000 15654 15430 15541 15645 15474.3 15519.970
1977 15603 16000 16000 15654 15430 15541 15634 15474.3 15519.970
1978 15861 16000 16000 15654 15430 16196 16100 15474.3 15519.970
1979 16807 16000 16000 16197 16889 16196 16188 16146.5 | 16455.518
1980 16919 16813 16833 17283 16871 16196 17077 16988.3 16874.370
1981 16388 16813 16833 17283 16871 17507 17105 16988.3 16874.370
1982 15433 16789 16833 16197 15447 16196 16369 16146.5 | 16874.370
1983 15497 16000 16000 15654 15430 15541 15643 15474.3 15519.970
1984 15145 16000 16000 15654 15430 15541 15648 15474.3 15519.970
1985 15163 16000 16000 15654 15430 15541 15622 15474.3 15358.580
1986 15984 16000 16000 15654 15430 15541 15623 15474.3 | 15908.584
1987 16859 16000 16000 16197 16889 16196 16231 16146.5 16455.518
1988 18150 16813 16833 17283 16871 17507 17090 16988.3 16874.370
1989 18970 19000 19000 18369 19333 18872 18325 19144.0 | 18985.766
1990 19328 19000 19000 19454 19333 18872 19000 19144.0 18985.766
1991 19337 19000 19000 19454 19333 18872 19000 19144.0 18985.766
1992 18876 19000 19333 18872 19000 19144.0 18985.766
AFER — 3.22% 3.11% 2.67% 2.75% 2.66% 2.66% 2.40% 2.09%

(format:mm/dd/yyyy). Table 2.10 shows a comparison of the AFERs for the different
existing FTS models. From Table 2.10, we can see that the proposed model gets higher
forecasting accuracy rates in comparison to Chen [3] model, Yu [15] model, and Teoh et al.
[55] model. From Table 2.10, it is also obvious that forecasting accuracy of the FTS-RBILFA
model is better than the proposed FTS model. In Fig. 2.7, curves clearly indicate that the
forecasted NYSE values obtained from the proposed models (both FTS model FTS-RBILFA
model) are very close to that of actual NYSE values.

To verify the results obtained from the proposed FTS-RBILFA model is statically significant
or not in case of the NYSE data set, we use various statistical parameters, viz., means and
standard deviations (SD) of the observed and predicted values, root mean square error
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Figure 2.7: Comparison curves of actual NYSE values and forecasted NYSE values.

Table 2.10: A comparison of the existing models in NYSE Data Set with the proposed FTS-

RBILFA Model.
Date Stock | Chen [3]| Yu [15] |Teoh etal. [55] | Proposed FTS | Proposed FTS-RBILFA
index Model Model Model Model Model

11/1/1999 | 10648.51 - - — — —

11/2/1999 | 10581.84| 10581 |10640.00 10648.11 10672.81 10635.46
11/3/1999 [10609.06| 10581 |10640.00 10581.84 10658.04 10673.29
11/4/1999 |10639.64| 10581 |10613.33 10608.90 10658.04 10673.29
11/5/1999 | 10704.48 | 10581 |10600.00 10639.29 10636.24 10635.46
11/8/1999 | 10718.85| 10581 |10640.00 10705.26 10672.81 10635.46
11/9/1999 |10617.32| 10581 |10693.33 10719.55 10761.94 10635.46
11/10/1999 | 10597.74 | 10581 |10666.67 10617.11 10636.24 10673.29
11/11/1999 | 10595.3 | 10581 |10640.00 10597.65 10658.04 10673.29
11/12/1999 | 10769.32 | 10581 |10624.00 10595.22 10658.04 10673.29
11/15/1999 | 10760.75 | 10910 |10600.00 10769.71 10761.94 10827.80
11/16/1999 | 10932.33 | 10910 |10706.67 10761.19 10761.94 10827.80
11/17/1999 [ 10883.09 | 10910 |10760.00 10931.75 10972.55 10992.19
11/18/1999 | 11035.7 | 10910 |10920.00 10882.8 10972.55 10992.19
11/19/1999 [ 11003.89 | 10910 |10880.00 11037.73 11126.90 11109.22
11/22/1999 [ 11089.52 | 10910 |11040.00 11006.11 11017.06 10992.19
11/23/1999 | 10995.63 | 11074 |11000.00 11091.23 11058.87 11109.22
11/24/1999 |11008.17 | 10910 |11066.67 10994.67 11021.71 10992.19
11/26/1999 [ 10988.91 | 10910 |11033.33 11010.36 11017.06 10992.19
11/29/1999|10947.92 | 10910 |[11020.00 10987.99 10923.11 10992.19
11/30/1999 | 10877.81 | 10910 |11000.00 10947.24 10923.11 10992.19
12/1/1999 |10998.39 | 10910 |10946.67 10877.55 10997.01 10992.19
12/2/1999 |11039.06| 10910 |10960.00 11000.64 11021.71 10992.19
12/3/1999 |11286.18| 10910 |10960.00 11041.07 11126.90 11109.22
12/6/1999 |11225.01| 11074 |11040.00 11286.71 11173.57 11206.81
12/7/1999 |11106.65| 11074 |11280.00 11225.9 11173.57 11206.81
12/8/1999 [11068.12 | 11074 |11240.00 11108.25 11135.53 11109.22
12/9/1999 |11134.79| 10910 |11080.00 11069.95 11058.87 11109.22
12/10/1999 | 11224.7 | 11074 |11133.33 11136.22 11135.53 11247.33
12/13/1999 (11192.59 | 11074 |[11173.33 11225.60 11252.00 11206.81
12/14/1999 [11160.17 | 11074 |11240.00 11193.68 11252.00 11151.12
12/15/1999 (11225.32| 11074 |11200.00 11161.45 11226.56 11247.33
12/16/1999 | 11244.89 | 11074 |11166.67 11226.21 11173.57 11206.81
12/17/1999 [ 11257.43 | 11074 |11196.00 11245.66 11173.57 11206.81
12/20/1999 | 11144.27 | 11074 |11212.00 11258.13 11173.57 11206.81
12/21/1999 [ 11200.54 | 11074 |11226.67 11145.65 11226.56 11247.33
12/22/1999 | 11203.6 | 11074 |11186.67 11201.58 11252.00 11206.81
12/23/1999 | 11405.76 | 11074 |11193.33 11204.62 11252.00 11206.81
12/27/1999 | 11391.08 | 11406 |11405.76 11405.57 11439.55 11438.42
12/28/1999 | 11476.71 | 11074 |11333.33 11390.98 11439.55 11438.42
12/29/1999 [ 11484.66 | 11477 |11476.71 11476.09 11466.77 11479.55
12/30/1999 | 11452.86 | 11485 |11484.66 11484.00 11466.77 11479.55
12/31/1999 | 11497.12 | 11453 |11452.86 11452.39 11497.12 11479.55

AFER 0.97% 0.80% 0.59% 0.54% 0.52%

(RMSE) and Theil’s U Statistic.

All these parameters are defined in Appendix. Statistical

analyzes results are depicted in Table 2.11. From Table 2.11, it is clear that the mean

of observed values is close to mean of forecasted values. The comparison of SD values

(28 | 61)



CHAPTER 2. GRAPH BASED CLUSTERING AND IMPROVED INTERVAL LENGTHS
TECHNIQUES 29

Table 2.11: Statistical analyzes of forecasting results obtained from the FTS-RBILFA model
for the NYSE data set.

Statistics Value
A Observed (in dollar) 11042.31
A Forecasted (in dollar) 11045.30
SD Observed (in dollar) 269.12
SD Forecasted (in dollar) 257.63
Forecasted RMSE (in dollar) 72.57
U 0.0033

between observed and forecasted values show that predictive skill of our proposed model
is satisfactory. Forecasted results in terms of RM SE indicate the very small error rate. In
Table 2.11, U value is closer to 0, which indicates the effectiveness of the proposed model.

2.8 Time complexity analysis of the proposed models

This study consists of two models, viz., FTS model and FTS-RBILFA model. Later, we have
ensembled the RBILFA with the FTS model, which is entitled as “FTS-RBILFA model”. There-
fore, we will initially discuss the time complexity of the FTS model followed by the FTS-
RBILFA model. Hence, the time complexity of the FTS model is explained below:

1. The FTS model mainly consists of two parts, viz., NBTSDCT and basic steps of Chen
[3] model. Now, the time complexity of the NBTSDCT is: This technique consists of
four main parts. The first is the FRNA, the second part is the TCA, the third part is
the NIA, and the fourth part is the NCA. The time complexity of each different part is
given below:

* The time complexity of the FRNA (Orgrn4) is as follows:
OFRNA = O(N)lOg(N) (281)

Here, N is the sample size.

* The time complexity of the TCA (Or¢4) is as follows:
OTCA = O(N)log(N) (282)

Here, N is the sample size.

x The time complexity of the NIA (On;4) is as follows:

Here, N is the sample size.
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x The time complexity of the NCA (Onca4) is as follows:
Onca = O(N). (2.8.4)

Here, N is the sample size.

. Hence, the overall time complexity of the NBTSDCT (Oyprsper) is as follows:
Ongrsper = Oprna+ Orca +Onra+ Onca
= O(N)log(N) + O(N)log(N) + O(log(N)) + O(N)
= O(NlogN). (2.8.5)
. The time complexity of Chen [3] model (O, ) is as follows:
Ochen = O(CO). (2.8.6)
Here, C' is the total number of clusters.

. Overall time complexity of the FTS model (Orrg) is the integration of the time com-
plexities of the NBTSDCT and Chen [3] model, which is as follows:

Orrs = (Onprspcer) + (Ochen)
= O(NlogN)+ O(C)
= O(C+ NlogN). (2.8.7)

. The time complexity of RBILFA (Ogrprrra) is as follows:

Orpirra = O(C). (2.8.8)

Here, C' is the total number of clusters.

. Now, the overall time complexity of the FTS-RBILFA model (Oprs_rprrra) is the in-
tegration of the time complexities of the FTS model and RBILFA, which is as follows:

Orrs—rBirra = Orprs + ORrprrra
= O(C+ NlogN) + O(C)
= O(C + NlogN). (2.8.9)
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2.9 Discussion

Researchers in the domain of FTS modeling indicate that the lengths of intervals affect
the forecasting results [50, 51]. In this thesis, we have presented a new fuzzy time series
forecasting model which adjusts the lengths of intervals without increasing their numbers
by which forecasting accuracy can be improved. The proposed model is designed on the
framework of Chen [3] model.

In this proposed model, first we apply the NBSCDT to cluster the data set for gener-
ating the different lengths of intervals. Based on these intervals, we have defined fuzzy sets.
These fuzzy sets are further employed to establish the FLRs. From these FLRs, FLRGs are
defined, which are further used for forecasting the historical data. This model is entitled as
“FTS Model”. Moreover, to improve it’s forecasting accuracy, another technique entitled as
“RBILFA” is proposed. This technique is ensembled with the “FTS model”. Hence, this new
hybrid model is referred to as “FTS-RBILFA model”. Both “FTS Model” and “FTS-RBILFA
model” are verified with the university enrollments data set of Alabama and the NYSE data
sets.

From Table 2.9, we can see that the FTS-RBILFA model has higher average forecast-
ing accuracy rate than the existing FTS models [2, 3, 24, 52-54] in case of forecasting the
university enrollments data set of Alabama. From Table 2.10, we can see that the proposed
model also gets a higher average forecasting accuracy rate than existing competing models,
such as Chen [3] model, Yu [15] model, and Teoh et al. [55] model.

Forecasting accuracy is not the only way to compare the models; however, time
complexity analysis also plays a significant role. In this thesis, the time complexity of the
proposed models is evaluated, and it is found that running time of both FTS model and
FTS-RBILFA model grows close to the linear. The most time consuming part of the pro-
posed model is the NBTSDCT (which is used for clustering data) and RBILFA (which is used
to find the best interval lengths).

2.10 Appendix

1. The mean can be defined as:
> Actual;

A:
d

i

(2.10.1)

2. The SD can be defined as:

d
Z (Actual; — A)? (2.10.2)

Q.\'—‘
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3. The RMSFE can be defined as:

Y4 (Forecasted; — Actual;)?

RMSE = y (2.10.3)
4. The formula used to calculate Theil’s U statistic is:
v \/Zle(Actuali — Forecasted;)? (2.10.4)

- \/Zle Actual? + \/Zle Forecasted?

Here, each Forecasted; and Actual; is the forecasted and final price of day 7 respectively, d
is the total number of days to be forecasted. In Egs. 2.10.1 and 2.10.2, {A;, Ay, ..., A, } are
the observed values of the final price and A is the mean value of these observations. Simi-
larly, mean and SD for predicted time series data set are computed. For a good forecasting,
the observed means and SDs should be close to predicted means and SDs. In Eq. 2.10.3, a
small RMSE value indicates good forecasting. In Eq. 2.10.4, U is bound between 0 and 1,
with values closer to 0 indicating good forecasting accuracy.

(32 | 61)



3

A Study on Effects of Length of Intervals on
Fuzzy Time Series Forecasting

Overview of the chapter: In Section 3.1 and 3.2, we review the theory of fuzzy set
with an overview of FTS, and it’s applications in FTS modeling. In Section 3.3, effects
of length of intervals in Type-1 and Type-2 fuzzy sets are discussed. Various theorems
associated with length of intervals are presented in Section 3.4. Data fuzzification
and defuzzification methods are presented in Section 3.5. Experimental results are

discussed in Section 3.6. In Section 3.7, we provide discussion.
KEYWORDS: FTS, ANN, RS, EC.

3.1 Introduction

Based on recent development in the applications of fuzzy sets concept, it can be categorized
into Type-1 and Type-2 fuzzy sets. Both these concepts were introduced by Zadeh in 1965
[1] and 1975 [56], respectively. The difference between Type-1 and Type-2 fuzzy sets are
that in Type-1 fuzzy set, the degree of membership is characterized by a crisp value; whereas
in Type-2 fuzzy set, the degree of membership is regarded as a fuzzy set [57]. That is, when
there are more uncertainty in the events, and we have a difficulty to determine its exact
degree of membership in the Type-1 fuzzy sets, then we can simply use Type-2 fuzzy sets.
Hence, Type-2 fuzzy sets can be regarded as fuzzy sets within a fuzzy set. However, Type-2
fuzzy sets are not easy to understand and use as compare to the Type-1 fuzzy sets, which
is the reason the use and application of Type-2 fuzzy sets are not quite popular among the
researchers. In this study, we try to demonstrate the understanding and use of both Type-1
and Type-2 fuzzy sets in terms of time series forecasting with the faith that they will be used
extensively.

Both Type-1 [13, 25, 58] and Type-2 [59-62] fuzzy sets are highly used in time
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series forecasting. In Type-2 modeling approach, observations that are handled by Type-1
model can be termed as “main-factor / Type-1 observations”, whereas observations that
are handled by Type-2 model can be termed as “secondary-factors / Type-2 observations”.
Later, both these observations are combined together to take the final decision. But, due to
involvement of Type-2 observations with Type-1 observations, massive fuzzy relations are
generated in Type-2 model. For this reason, Type-2 model suffers from the burden of extra
computation. Determination of degree of membership of time series data in Type-2 model
is very difficult, because there is no well-known method or function available in literature.
Moreover, degree of membership representation in Type-1 fuzzy sets are two-dimensional,
whereas degree of membership representation of type-2 fuzzy sets are three-dimensional
[63]. In this study, we show the use of triangular membership function to determine the
degree of membership of data in case of both Type-1 and Type-2 fuzzy sets in a very lucid
manner.

Although all these difficulties, Type-2 fuzzy sets are still used by the researchers in
time series forecasting [51, 64-68]. Other domains where Type-2 fuzzy sets are used as: for
finding the solution of fuzzy equations [69], for solving the problem of community transport
scheduling [70], for analyzing the radiographic tibia images [71]. Detail descriptions of
Type-2 fuzzy sets and their various operations can be found in this chapter [72].

3.2 Preliminaries

In 1965, Zadeh [1] introduced fuzzy sets theory involving continuous set membership for
processing data in presence of uncertainty. He also presented fuzzy arithmetic theory and
its application [35].

Definition 3.2.1. (Fuzzy Set) [1]. A fuzzy set is a class with varying degrees of membership
in the set. Let U be the universe of discourse, which is discrete and finite, then fuzzy set A
can be defined as follows:

A= {pa@)/T1 + fa@s) /T2 + ..} = Zipalw;)/x; (3.2.1)

where p, is the membership function of A, pa: U — [0,1], and pa(.,) is the degree of

2

membership of the element z; in the fuzzy set A. Here, the symbol “+” indicates the
operation of union and the symbol “/” indicates the separator rather than the commonly
used summation and division in algebra, respectively.

When U is continuous and infinite, then the fuzzy set A of U can be defined as:

A= / Yoaoy /i), Vo € U (3.2.2)

where the integral sign stands for the union of the fuzzy singletons, 1i4(.,)/%;.
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Definition 3.2.2. (Fuzzy Time Series) [2, 4, 5]. Let Y(¢)(t = 0,1,2,...) be a subset of Z
and the universe of discourse U on which fuzzy sets u;(¢)(i = 1,2,...) are defined and let
F(t) be a collection of ;(¢)(i = 1,2,...). Then, F(t) is called a fuzzy time series (FTS) on
Y(#)(t=0,1,2,...).

Definition 3.2.3. (Fuzzy logical relationship) [2, 3, 5]. Assume that F'(t — 1) = A; and
F(t) = A;. The relationship between F'(t) and F (¢ — 1) is referred as a fuzzy logical rela-
tionship (FLR), which can be represented as:

Ai — Aj, (3.2.3)

where A; and A, refer to the left-hand side and right-hand side of the FLR, respectively.

Definition 3.2.4. (Fuzzy logical relationship group) [2, 3, 5]. Assume the following
FLRs:

Ai = Ap,
Ai — Apo,

A; — A, (3.2.4)

Chen [3] suggested that FLRs having same fuzzy sets on left-hand side can be
grouped into a fuzzy logical relationship group (FLRG). So, based on Chen’s model [3],
these FLRs can be grouped into the FLRG as:

Ai — Ak’l) Akg, c 7Ak:m (325)

3.3 Effects of Length of Intervals in Type-1 and Type-2
Fuzzy Sets

Most of the researchers still use to prefer Type-1 modeling approach for forecasting. But, as
far as accuracy of forecasting is concerned, Type-2 based model produces better result than
Type-1 based models [50]. However, this accuracy highly dependent on effective lengths of
intervals. Here, intervals that are associated with Type-1 and Type-2 fuzzy sets are termed
as “Primary Intervals (PIs)” and “Secondary Intervals (SIs)”, respectively. Now, how these
PIs and SIs affect in the forecasting results, are explained with the examples below.

Let us consider the example of university grading system. At the end of final exam-
ination, faculties make the intervals of marks based on the performance of the students.
Suppose, in the paper of physics, Prof. Mathew makes the following intervals of marks as:
Ay = [1,30], Ay = [31,50], A3 = [51,70], and A4 = [71,100]. Here, all these intervals are
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termed as the PIs. Now, Prof. Mathew defines the fuzzy sets for these intervals as:
1. If any student resides in the interval A;, then he/she will get D grade (i.e., Poor).
2. If any student resides in the interval A,, then he/she will get C grade (i.e., Average).
3. If any student resides in the interval As, then he/she will get B grade (i.e., Good).
4. If any student resides in the interval A4, then he/she will get A grade (i.e., Best).

Here, linguistic variables “Poor”, “Average”, “Good”, and “Best” can be considered as Type-
1 fuzzy sets. The intervals A;, Ay, A3z, and A, are associated with the fuzzy sets “Poor”,
“Average”, “Good”, and “Best”, respectively.

Effects of PIs in the forecasting results: Suppose, Herry got 78 marks in physics, which
resides in PI: A;. According to this interval, Herry will receive A grade (i.e., Best). The
degree of membership for the fuzzy set “Best” is shown in Fig. 3.1. Here, we have a crisp
degree of membership value 0.4 for the marks of Herry. Now, in case of decision making, if
we use centroid method, then final result will be: ¢ = “T“Lb = 7”72100 = 85.5. Here, “a” and
“b” represent the lower and upper bounds of the PI, and “c” represents its centroid. Hence,
in case of centroid defuzzification method, centroid of the PI gives the defuzzified value.

0.5

0.4

71 8 85.5 100

Figure 3.1: A Type-1 fuzzy set.

Effects of SIs in the forecasting results: Let us consider another situation here. In the
same PI, there may be a few more students, whose marks are better than Herry. That
means, grade A can have more than one fuzzy sets, which can be represented as: average
best, very best, very very best, super best, super super best, super super super best, etc. In
this case, linguistic variable “Best”, which is a member of Type-1 fuzzy set, can be termed
as “primary fuzzy set”, and the linguistic variables which are generated from the primary
fuzzy set (e.g., average best, very best, very very best, super best, super super best, super
super super best, etc.) can be termed as “secondary fuzzy sets”. Hence, we can say that the
secondary fuzzy sets are the subset of primary fuzzy set.

Above explanation indicates that the fuzzy set “Best” for the Grade A can have more
than one degree of memberships as: (0.4, 0.5 and 0.6) (shown in Fig. 3.2). In other words,
there can be multiple degrees of membership for the same “Best”, as shown in Fig. 3.2.
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Figure 3.2: A Type-2 fuzzy set.

In Fig. 3.2, the highest degree of membership (0.6) indicates the positive view about the
occurrence of event, whereas the lowest degree of membership (0.4) indicates the negative
view about the occurrence of event. To represent these degree of memberships together,
we can employ Type-2 fuzzy sets. Hence, for the representation of Type-1 fuzzy set “Best”
into Type-2 fuzzy set, we need to discretize the PI: A, = [71,99] further as: I, = [71,75],
I, = [76,80], I3 = [81,85], I, = [86,90], I5 = [91,95], and Is = [96, 100]. Here, all these
intervals are termed as SIs. Now, we can define the Type-2 fuzzy sets for these intervals as:

1. If any student resides in the interval /;, then he/she can be represented with fuzzy set
“average best”.

2. If any student resides in the interval I,, then he/she can be represented with fuzzy set
“very best”.

3. If any student resides in the interval I3, then he/she can be represented with fuzzy set
“very very best”.

4. If any student resides in the interval I, then he/she can be represented with fuzzy set
“super best”.

5. If any student resides in the interval I5, then he/she can be represented with fuzzy set
“super super best”.

6. If any student resides in the interval /5, then he/she can be represented with fuzzy set
“super super super best”.

Now, the marks 78 of Herry resides in the SI: I, = [76, 80]. For the final decision making, if
we use centroid method, then result will be: L = w = Wg—so = 78. Here, both “N” and
“M” represent the lower and upper bounds of the SI, and “L” represents its centroid. Hence,
in case of centroid defuzzification method, centroid of the SI also gives the defuzzified
value. Here, the value of “L” is equal to the marks obtained by Herry. It indicates that the
SIs take better decision than the PIs. However, to find out the best interval lengths for both

the Type-1 and Type-2 fuzzy sets is a heuristic search approach.
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3.4 Theorems and Corollaries

Theorem 3.4.1. Type-2 fuzzy set is the subset of Type-1 fuzzy set.
Proof: The proof is obvious.

Theorem 3.4.2. Elements of a type-2 fuzzy set can have more than one degree of member-
ships.

Proof. The proof is obvious.

Theorem 3.4.3. If PI length is changed, then degree of membership of an element corre-
sponding to SI would also be changed.

Proof: Consider the similar example of grading system, where Herry obtains the marks 78,
which belongs to the PI, A, = [71,100]. Here, the degree of membership of Herry’s grade
(which is A) is 0.4 which is shown in Fig. 3.1. To obtain SlIs, we further discretize this
A, interval into six equal lengths of intervals as: I, = [71,75], I, = [76,80], I3 = [81,85],
Iy = [86,90], I5 = [91,95], and Iz = [96, 100]. Now, in case of SIs, Herry’s marks lie in the
interval I,. The positive and negative views for this event are 0.6 and 0.4, respectively,
which is shown in Fig. 3.1.

Let us change the length of considered PI, A, = [71,100] to A, = [76,100]. According
to this new interval length, the degree of membership of Herry would be changed from 0.4
to 0.2 which is shown in Fig. 3.3.

0.5

1

¥ 04k ===
03 s
0.2 |-

76 78 88 100

L

—
Grade A

Figure 3.3: Degree of memberships of Herry’s marks in terms of Type-1 and Type-2 fuzzy
sets.

Now, again discretize this A, interval into five equal lengths of intervals as: I; = [76, 80],
I, = [81,85], I3 = [86,90], I, = [91,95], and I5; = [96,100]. In case of SIs, Herry’s marks lie
in the interval I;. The positive view of this event is changed from 0.6 to 0.4, and negative
view for this event is changed from 0.4 to 0.2 which is shown in Fig. 3.1. Hence, it
can be concluded that degree of membership of Type-2 fuzzy set would be changed if the
corresponding length of PI would be changed.

Corollary 1. Degree of membership of an element in a Type-2 fuzzy set always depends on
PIs.

(38 | 61)



CHAPTER 3. A STUDY ON EFFECTS OF LENGTH OF INTERVALS ON FUZZY TIME
SERIES FORECASTING 39

Proof. The proof is obvious.

Theorem 3.4.4. An element of a Type-2 fuzzy set can’t have upper bound in it’s correspond-
ing interval, if it’s corresponding Type-1 fuzzy set have the highest degree of membership is
closed to 1 in the PIs.

Proof: Consider the similar example of grading system, where Herry obtains the marks 83.
Since, marks 83 belongs to the interval, A, = [71, 100]. Degree of membership for this fuzzy
set is 0.9, which is closed to 1 which is shown in Fig. 3.4.

A ————
_____ -= L
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0,9._______:':::1-._{
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7 83 858 100
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Figure 3.4: A Type-2 fuzzy set with upper bound above 1.

A
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Figure 3.5: A Type-2 fuzzy set without upper bound.

To obtain SlIs, we further discretize this A, interval into six equal lengths of intervals as:
I, = [71,75], I, = [76,80], I3 = [81,85], Iy = [86,90], I5 = [91,95], and I = [96, 100]. Now, in
case of SI, Herry’s marks lie in the interval /3. The positive and negative views for this event
are above 1 and 0.9, respectively which is shown in Fig. 3.4. Since, the positive view of any
event is represented by the upper bound of any SI. In this case, positive view crosses the
maximum boundary of degree of membership of fuzzy set, which is 1. This representation
violates the limitation of assigning the degree of membership to any event, which have
positive view. Hence, we can say that Type-2 fuzzy set can’t have the upper bound; if its
corresponding PI has the degree of membership tends to 1.

In this scenario, we will take the final decision based on the two points, viz., N
(negative view) and L (midpoint of N and M (positive view)) which is shown in Fig. 3.5.
The defuzzification formula is: (N + L)/2 = (81 + 83)/2 = 82.
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Theorem 3.4.5. An element of a Type-2 fuzzy set can’t have upper bound in SIs, if its
corresponding Type-1 fuzzy set have the degree of membership greater than 0.8.

Proof. From Theorem 3.4.4, we get the proof.

Theorem 3.4.6. The defuzzified value of a corresponding Type-2 fuzzy set would be
changed, if we change the lower and upper bound of a PI.

Proof: Consider the similar example of grading system where, Herry obtain the marks 80.
Since, marks 80 belongs to the interval, A, = [71,100]. Now, in case of decision making, if
we use centroid method, then final result will be ¢ = (a +b)/2 = (71 + 100)/2 = 85.5.

OB - —===z==A
. B

7 80 59 100

Figure 3.6: Defuzzification of Type-2 fuzzy set without changing of lower and upper bounds.

y
B0 £7.5 100
—_—

Grade A

Figure 3.7: Defuzzification of Type-2 fuzzy set with changing of lower and upper bounds.

To obtain SIs, we further discretize this A, interval into six equal lengths of intervals as:
I, = [71,75], I, = [76,80], I; = [81,85], I, = [86,90], Is = [91,95], and I5 = [96,100].
Now, in case of SIs, Herry’s marks lie in the interval I,. The positive and negative views
for this event are at 0.8 and 0.6, respectively (refer to Fig. 3.6), and the defuzzified value
for SI is (76 + 80)/2 = 78. Let us change the length of considered PI, A, = [71,100] to
A, = [75,100]. Now, again discretize this A, interval into five equal lengths of intervals as:
I, = [75,80], I, = [81,85], I3 = [86,90|, I, = [91,95], and I5 = [96,100]. Now, in case of
SIs, Herry’s marks lie in the interval /;. The positive view of this event is changed from
0.8 to 0.6, and negative view for this event is changed from 0.6 to 0.4 as shown in Fig 3.7.
According to the centroid method its defuzzified value is (75 + 80)/2 = 77.5. Hence, it
can be concluded that if there is a change in the upper and lower bound of a PI, then the
defuzzified value of a corresponding Type-2 fuzzy set would also be changed.
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3.5 Data Fuzzification and Defuzzification

In the following, we demonstrate how a data set can be fuzzified based on PIs and SIs,
and defuzzified based on both Type-1 and Type-2 fuzzy sets. To explain this approach, an
algorithm is proposed which is presented in Algorithm 7. To explain this algorithm, the
university enrollments data set of Alabama [4], shown in Table 3.1, is employed. Each step
of the algorithm is elucidated next.

Algorithm 7: Proposed time series forecasting model

Step 1: Determine PIs and SIs for time series data set.

Step 2: Define linguistic terms for each of the PIs and SIs.

Step 3: Fuzzify the time series data set.

Step 4: Establish the FLRs between the fuzzified time series values.
Step 5: Construct the FLRGs from the FLRs.

Step 6: Defuzzify the fuzzified time series data set.

Table 3.1: The data set of the enrollments of the University of Alabama.

’ Year \ Actual Enrollments \ Year \ Actual Enrollments ‘

1971 13055 1982 15433
1972 13563 1983 15497
1973 13867 1984 15145
1974 14696 1985 15163
1975 15460 1986 15984
1976 15311 1987 16859
1977 15603 1988 18150
1978 15861 1989 18970
1979 16807 1990 19328
1980 16919 1991 19337
1981 16388 1992 18876

Phase 3.5.1. Determine PIs and SIs for time series data set.

[Explanation for PIs]: Let F,,;, and FE,,,, be the minimum and maximum enrollment
values of the historical data set. Based on FE,,;,, and E,,.., we can define the universe
of discourse U as: [F,in — Pi, Epas + P2|, where P, and P, are two positive numbers.
From Table 3.1, we can see that F,,;,, = 13055 and F,,., = 19337. Thus, initially, we can
let P, = 55 and P, = 663. Hence, the universe of discourse U = [13000,20000]. Now,
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we partition U = [13000,20000] into seven equal intervals as: A;, A,, ..., and A;, where
A, = [13000,14000], A, = [14000, 15000], A5 = [15000,16000], A, = [16000, 17000], A5 =
[17000, 18000], A¢ = [18000,19000], and A; = [19000,20000]. All these intervals can be
regarded as PIs.

[Explanation for SIs]: In case of Type-2 fuzzy set, each PI can be considered as the universe
of discourse. For example, interval /; = [13000, 14000] can be considered as the universe of
discourse U, and can be further partitioned into four equal lengths of intervals to generate
SIs. Thus, SIs for the PI, A; = [13000, 14000] are: I; = [13000, 13250], I, = [13250, 13500,
I3 = [13500, 13750], and I, = [13750, 14000]. Here, each I;(i = 1,2,...,n) represents the SI.
In this manner, we have partitioned all the PIs into SIs.

Phase 3.5.2. Define linguistic terms for each of the PIs and SIs.

[Explanation for PIs]: In this step, we assume that the historical time series data set is
distributed among n PIs (i.e., Ay, Ay, ..., and A,). Then, define n linguistic variables for
the PIs as: Ey, Es, Es, ..., E,, which can be represented by fuzzy sets, as shown below:

El - 1/A1 + 05/142 + O/Ag —|— e + O/An,Q + O/An,1 —|— O/An,
Es =0/A;+05/Ay+1/A3+4+...+0/A,—2 +0/A,_1+0/A,, (3.5.1)

[Explanation for SIs]: Similarly, define n linguistic variables for the SIs as:
Fi, F5, F3, ..., F,, which can be represented by fuzzy sets, as shown below:

F1 - 1/[1 + 05/12 + O/[g + ...+ O/In,Q + O/[n,1 + O/[n,
Fy =0/I1 +05/I,+1/Is+...40/I,5+0/I,_1 +0/I,, (3.5.2)

F, =0/L+0/I,+0/Is+...40/I, o+0.5/I, 1+ 1/I,

Obtain the degree of membership of each year’s time series value belonging to each fuzzy
set A;. Here, maximum degree of membership of fuzzy set E; occurs at interval A;, and
1 <4 < n. Similarly, maximum degree of membership of fuzzy set F; occurs at interval I;,
and 1 < <n.

Phase 3.5.3. Fuzzify the historical time series data set.

[Explanation for PIs]: In order to fuzzify the historical time series data set w.r.t. PlIs,
it is essential to obtain the degree of membership value of each observation belonging to
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each A; (1 =1,2,3,...,n), for each year. If the maximum membership value of one year’s
observation occurs at “A;”, and 1 < i < n, then the fuzzified value for that particular year is
considered as F;. For example, the enrollment value for the year 1971 belongs to “A;” with
the highest degree of membership value 1 (based on Eq. 3.5.1), so it is fuzzified to F;. In
this way, we have fuzzified each observation of the historical time series data set based on
PIs, and are presented in Table 3.2.

Table 3.2: Fuzzified data set based on PIs.

Year Actual Fuzzified | Year Actual Fuzzified
Enrollments | Enrollments Enrollments | Enrollments
1971 13055 Ey 1982| 15433 Es
1972 13563 Ey 1983| 15497 Es
1973| 13867 By 1984| 15145 Es
1974 14696 E, 1985| 15163 Es
1975 15460 B 1986 15984 By
1976 15311 Es 1987| 16859 E,
1977, 15603 Es 1988| 18150 Es
1978 15861 Es 1989| 18970 Es
1979| 16807 Ey 1990| 19328 E;
1980| 16919 Ey 1991 19337 E;
1981| 16388 E, 1992| 18876 Es

[Explanation for SIs]: In order to fuzzify the historical time series data set w.r.it. Sls,
it is essential to obtain the degree of membership value of each observation belonging to
each [; (i = 1,2,3,...,n), for each year. If the maximum membership value of one year’s
observation occurs at “I;”, and 1 < i < n, then the fuzzified value for that particular year is
considered as F;. For example, the enrollment value for the year 1971 belongs to “I;” with
the highest degree of membership value 1 (based on Eq. 3.5.2), so it is fuzzified to F;. The

fuzzified historical time series data set in terms of SIs are presented in Table 3.3.
Phase 3.5.4. Establish the FLRs between the fuzzified time series values.

[Explanation for PIs]: Based on Definition 3.2.3, we can establish the FLRs between the
fuzzified time series values. For establishment of these relations, we will consider that
current event at time “¢” is caused by previous events at time “t — 1”. For example, in Table
3.3, the fuzzified enrollment value “FE,” for the year 1972 is caused by the previous year
1971 fuzzified enrollment value “E,” (refer to Table 3.2). Hence, the FLRs for the PI is
represented in the following form:

E, — F; (3.5.3)

[Explanation for SIs]: Similarly, in case of SIs, we have considered that the fuzzified enroll-
ment value “F3” for the year 1972 is caused by the previous year 1971 fuzzified enrollment
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Table 3.3: Fuzzified data set based on SIs.

Year Actual Fuzzified | Year Actual Fuzzified
Enrollments | Enrollments Enrollments | Enrollments
1971 13055 F 1982| 15433 Fio
1972 13563 F3 1983 15497 Fio
1973 13867 F, 1984| 15145 Fy
1974| 14696 F; 1985 15163 Fy
1975 15460 Fio 1986| 15984 Fis
1976 15311 Fio 1987| 16859 Fig
1977| 15603 i 1988| 18150 Iy
1978 15861 Fiy 1989| 18970 oy
1979| 16807 Fig 1990| 19328 Fog
1980 16919 Fig 1991 19337 Fog
1981 16388 Fi4 1992| 18876 oy

value “F” (refer to Table 3.3). Hence, the FLRs for the SI is represented in the following
form:

Here, LHS of the FLR is called the previous state, whereas RHS of the FLR is called the
current state. FLRs for PIs and SIs obtained for the fuzzified enrollment values are listed in
Tables 3.4 and 3.5, respectively.

Table 3.4: FLRs based on PIs.

FLRs FLRs
E,— E,|E, — FEs
E,— Ey | Ey — Eg
Ey — E3 | Eg — Eg
Es — Es | Eg — Ey
Es — Ey | E; — Ey
E,— E,| E; — Eg

Phase 3.5.5. Construct the FLRGs from the FLRs.

[Explanation for PIs]: Based on the same previous state of the FLRs for the PIs, the FLRs
can be grouped into a FLRG. For example, the FLRG “F; — E,,, E,,” (i.e., Group i) indicates
that there are following FLRs:

Ei — Em,
Ez’ — En

In Table 3.4, there are two FLRs with the same previous state, £; — F; and E; — Fj.
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Table 3.5: FLRs based on SIs.

FLRs

FLRs

Fy — Fj

Fiy — Fy

F3—>F4

Fio — Fig

F4—>F7

F9—>F9

F7 — FlO

F9—>F9

Fio — I

Fig — Fio

Fio — I

Fo, — Iy

Fiy — Iy

Foy — Foy

Fiy — Fip

Fys — Fyg

Fig — Fig

Fys — Fyg

Fig — Fig

Table 3.6: FLRGs based on PIs.

Groups  FLRGs

Group 1: FE; — Ey, F,
Group 2: FE, — Ej

Group 3: FE3 — E3, Fy
Group 4: FE, — FE4, Fs, Eg
Group 5: FEg — Eg, L
Group 6: F; — FE;, Fg

These FLRs are used to form the FLRG as: F; — Ei, Es (i.e., Group 1). All these FLRGs are
depicted in Table 3.6. In this study, we have discarded the repeated FLRs in the FLRGs.
[Explanation for SIs]: Based on the same previous state of the FLRs for the SIs, the FLRs
can be grouped into a FLRG. For example, the FLRG “F; — F,,, F},,” (i.e., Group i) indicates
that there are following FLRs:

F, = F,, (3.5.5)
F, - F, (3.5.6)

In Table 3.5, there are two FLRs with the same previous state, ;o — Fio and Fio — Fi;.
These FLRs are used to form the FLRG as: Fjy — Fig, F1; (i.e., Group 5). All these FLRGs
are depicted in Table 3.7. In this study, we have discarded the repeated FLRs in the FLRGs.

Phase 3.5.6. Defuzzify the fuzzified time series data set.

To defuzzify the fuzzified time series data set and to obtain the forecasted values, defuzzifi-
cation technique is proposed here. Based on the application of technique, it is categorized
as: Principle 1 and Principle 2. The Principle 1 is applicable to defuzzify the fuzzified time
series values based on Type-1 fuzzy sets, whereas Principle 2 is applicable to defuzzify the
fuzzified time series values based on Type-2 fuzzy sets.
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Table 3.7: FLRGs based on SIs.

Groups FLRGs Groups FLRG
Group 1: F) — Fj Group 9:  Fyy — Fio
Group 2: F5 — Fj Group 10: Fyy — Fy
Group 3: F, — F» Group 11: Fy — Fy, Fio
Group 4: F; — Fyg Group 12: Fig — Fy

Group 5: Fyy — Fio, F11 | Group 13:  Fyy — Fyy
Group 6: Fi; — Fio Group 14: Foy — Fyg
Group 7:  Fio — Fig Group 15: Fyy — Fig
Group 8: Fig — Fig, Fiu -

* The Principle 1 is given as follows:

Step 1. Obtain the fuzzified forecasting data for forecasting day D(t), whose previous
state is E;1, B, ..., By (i = 1,2,3,...,n), and current state is E;, (j = 1,2,3,...,n),
i.e., the FLR is in the form of Ej, Eis, ..., Eyp — Ej,.

Step 2. Obtain defuzzified forecasting value for the previous state as:

Defuzzprev =Cn+Cp+...+C; (3.5.7)

where Cj;, Ci, ..., C;, denote mid-values of the intervals A;, A, ..., A (i =
1,2,3,...,n), respectively, and the maximum membership values of E;;, Ejs, ..., E;,
occur at intervals A;;, Ao, ..., A;p, respectively.

Step 3. Obtain defuzzified forecasting value for the current state as:

De fuzzeyr = Cjp (3.5.8)

where C}, denotes mid-value the interval A;, (j = 1,2,3,...,n), and the maximum
membership value of £}, occurs at interval A;,.

Step 4. Compute the forecasted value for the proposed model as:

D Tev D curr
Forecastpy = efuzzy ; efuzz (3.5.9)

Here, K is the total number of mid-values corresponding to Defuzz,., and

Defuzzeyr.

The Principle 2 is given as follows:

Step 1. Obtain the fuzzified forecasting data for forecasting day D(t), whose previous
state is Fiy, Fio, ..., Fy, (i = 1,2,3,...,n), and current state is F;, (j = 1,2,3,...,n),
i.e., the FLR is in the form of Fj1, Fia, ..., F; — Fjp.
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Step 2. Obtain defuzzified forecasting value for the previous state as:

DerZZprev = Mﬂ + MiQ + ..+ Mz'p (3510)
where My, M, ..., M,;, denote mid-values the intervals I;;, [, ..., [, (i =
1,2,3,...,n), respectively, and the maximum membership values of F};, Fis, ..., F},
occur at intervals I;1, I, ..., I;,, respectively.

Step 3. Obtain defuzzified forecasting value for the current state as:

De fuzzeyyr = Mj, (3.5.11)

where ), denotes mid-value the interval I;, (j = 1,2,3,...,n), and the maximum
membership value of Fj, occurs at interval jp.

Step 4. Compute the forecasted value for the proposed model as:

Defuzzpres + Defuzzeyr

7 (3.5.12)

Forecastpy =

Here, K is the total number of mid-values corresponding to Defuzz,., and

Defuzzeyr.

* In case of applications of Principle 1 and Principle 2, if there is a “Null” value in the
current state of the FLR, then forecasted value for day D(¢) can be computed as:

De fuzzyre,

5.1
I (3.5.13)

Forecastpy =

Here, K is the total number of mid-values corresponding to De fuzzyc,.

3.6 Experimental Results

Based on the Algorithm 7, we obtain the forecasted values for the PIs and SIs individually.
To measure the performance of the algorithm, mean absolute percentage error (MAPE) is
used as an evaluation criterion. The MAPE can be defined as follows:

1 & | Forecasted; — Actual;

MAPE = —
Z Actual;

)

x 100% (3.6.1)

Here, Forecasted; represents the forecasted value at time i, Actual; represents the actual
value at time 7, and z represents the total number of years to be forecasted. The MAPE value
of the forecasted enrollment is presented in Table 3.8. Table 3.8 indicates that forecasted
results obtained from SIs are better than the PIs. The results obtained by the PIs and SIs are
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48 3.6. EXPERIMENTAL RESULTS
Table 3.8: A comparison of the existing FTS models with the proposed method.
Year Actual |Model Model Model|Model [52] |Model [52] |Model| Model | Results | Results
Enrollments| [2] [3] [24] (MEPA) (TFA) [53] [54] |from PIs|from SIs
1971 13055 — — — — — — — — —
1972 13563 14000{14000|14025| 15430 14230 [14195|14242.0] 14000 | 13375
1973 13867 14000(14000|14568| 15430 14230 [14424|14242.0/ 14000 | 13750
1974 14696 14000/14000(14568| 15430 14230 [14593|14242.0| 14000 | 14250
1975 15460 15500|15500({15654| 15430 15541 15589|15474.3| 15500 | 15000
1976 15311 16000|16000(15654| 15430 15541 15645|15474.3| 16000 | 15458
1977 15603 16000|16000({15654| 15430 15541 |15634|15474.3| 16000 | 15458
1978 15861 16000|16000({15654| 15430 16196 [16100|15474.3| 16000 | 15750
1979 16807 16000|16000({16197| 16889 16196 [16188|16146.5| 16000 | 16375
1980 16919 16813|16833(17283| 16871 16196 [17077|16988.3| 16813 | 16708
1981 16388 16813|16833(17283| 16871 17507 [17105|16988.3| 16813 | 16708
1982 15433 16789|16833(16197| 15447 16196 [16369|16146.5| 16789 | 15875
1983 15497 16000(16000|15654| 15430 15541 [15643|15474.3| 16000 | 15458
1984 15145 16000|16000({15654| 15430 15541 [15648|15474.3| 16000 | 15458
1985 15163 16000|16000|15654| 15430 15541 15622|15474.3| 16000 | 15375
1986 15984 16000|16000|15654| 15430 15541 |15623|15474.3| 16000 | 15375
1987 16859 16000|16000({16197| 16889 16196 [16231|16146.5| 16000 | 16375
1988 18150 16813|16833|17283 16871 17507 [17090|16988.3| 16833 | 16708
1989 18970 19000(19000|18369| 19333 18872 18325|19144.0| 19000 | 18500
1990 19328 19000/19000{19454| 19333 18872 119000|{19144.0| 19000 | 19125
1991 19337 19000|{19000|19454| 19333 18872 119000({19144.0/ 19000 | 19208
1992 18876 — 19000 -— 19333 18872 119000{19144.0| 19000 | 19208
MAPE — 3.22%(3.11%|2.67%| 2.75% 2.66% |2.66%| 2.40% | 3.22% | 2.08%
2 -
19000 ~—=t
- ’__[ :::i:i'ﬁfrr"ﬁ,"'g'}"\"'
S s =
: . l"’l——-—? e R,
- =

|_\uno1

14000 +——p———1

—

1980

Year

1985

1990

1
1995

Figure 3.8: Comparison curves of actual enrollment values and forecasted enrollment val-
ues based on the PIs and SIs.

further compared by the existing FTS models [2, 3, 24, 52-54]. These comparative results

are also presented in Table 3.8. We can see that the proposed algorithm produces more

precise results than the existing competing models.

Graphical representation of the actual enrollment values and the forecasted enroll-

ment values based on the PIs and SIs are presented in Fig. 3.8. Curves in Fig. 3.8 signify
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the effectiveness of the proposed model for forecasting enrollments based on the SIs.

Table 3.9: Statistical analysis of the forecasted enrollments based on the existing model and

the proposed model.

Evaluation Criterion \ Model [20] \ Proposed model

RMSE 583.55 212.22
O 0.14 0.07
R 0.95 0.99
R? 0.89 0.98
PP 0.64 0.87
Mg 393.15 110.55
TS —0.5867 0.0629

3.7 Discussion

The proposed method efficiently fuzzified and defuzzified the historical time series data

set. This method is a modification of the method presented by Song and Chissom [2].

Song and Chissom [2] only employ the primary fuzzy sets for the data fuzzification. In this

study, we show that data can be fuzzified based on secondary fuzzy sets also, where each

secondary fuzzy set is the subset of primary fuzzy set. The main contributions of this study

are presented as follows:

1. In this study, authors develop various theorems for the Type-1 and Type-2 fuzzy sets

based on intervals, viz., PIs and SIs.

2. In this study, authors explain how time series data can be fuzzified based on intervals,

viz., PIs and Sls.

3. In this study, authors explain how fuzzified time series values can be defuzzified based

on both Type-1 and Type-2 fuzzy sets.

4. Authors show that forecasting results obtained from the SIs are better than the results

obtained from the PIs.

5. Authors demonstrate that forecasting accuracy of the proposed method is better than
existing FTS models [2, 3, 24, 52-54].
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Conclusion

The final chapter of the thesis concludes (a) the contributions in the domain (refer to
Section 4.1), and (b) those future research works that are associated with the domain,

which require further investigations by the scientific community (refer to Section 4.2).

4.1 Research Contributions and Conclusion

The main motivation for the research work is the growing need of time series forecasting
in nearly all fields of natural and social sciences and engineering, especially weather and
financial forecasting. However, the main problem in the time series is to choose the best
methodology for fulfilling the desired goals and objectives under reasonable time. To deal
these issues, an extensive literature reviews were carried out and concluded that out of the
various methodologies, SC is the most appropriate and efficient technique for resolving it.
The SC is the amalgamated domain of different methodologies such as fuzzy sets, ANN, EC
and probabilistic computing. Therefore, among these techniques, to find which technique
is most suitable for our problem, consumed lots of time. As most of data under prediction
are uncertain in nature or it may represent the past behavior of the system, but unable to
predict the future behavior. So to handle these uncertainties in the data, fuzzy sets theory
is the most appropriate one. Song and Chissom [2] used this theory in the forecasting of
time series and popularly named as “FTS forecasting model”. Motivated from this, we have
extended their idea in the present thesis on resolving various domain specific problems
based on time series forecasting. Hence, in this thesis, we contribute the following:

1. Two new FTS forecasting models based on the framework of Song and Chissom’s
model [2],

2. Different techniques to resolve problems associated with the FTS modeling approach,
such as data discretization, fuzzification, and defuzzification, and
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3. Various theorems based on Type-1 and Type-2 fuzzy sets.

4.2 Future Work

In this thesis, we introduced two models based on the SC techniques (especially FTS mod-
eling approach). However, this study deserve further studies, therefore the final Section is
dedicated to confer a few significant future works closely related to our study.

* In observation of certain event, recorded time series values not only depend on pre-
vious values but also on current values. Therefore, representation of FLR in terms of
high-order is a worthy idea in FTS modeling approach [52]. However, defining FLR in
high-order is more complicated and computationally more expensive than first-order
[73]. Therefore, many researchers employ ANN based method to define FLRs in high-
order!. But, still there is no method suggested to find out the optimal order of the
high-order FLRs. Therefore, there is a need to put more stress on development of new
methods that can automatically determine the optimal order of the high-order FLRs
to deal with the forecasting problems.

* The multivariate FTS models are based on the prior assumption that one-factor always
dependent on another factors. Therefore, in order to fuzzify all these factors together,
it is very much essential to extract the hidden information from the data, and then
try to explore the membership values of each datum. To tackle this problem, many
researchers use FCM technique?. While some researchers® introduce unsupervised
clustering techniques that determine the membership values efficiently. In spite of all
these development, there is the need for future research on developing more robust
data clustering algorithm for multivariate FTS model.

* The FTS models developed so far can only predict the future values, but they don’t
consider the change in trend associated with the time series values in terms of upward,
downward or unchanged. Thirteen years later, some researchers* considered these
trends, and proposed trend-based FTS models. However, these trend-based models
are very few in numbers, so still some attention is needed in this approach. In future
more robust trend-based models can be expected from the researchers.

1References are: [74-77]
2References are: [54, 54, 78-82]
SReferences are: [7, 58, 83-87]
4References are: [85, 88-91]
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