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Abstract 
 
Adaptive filtering constitutes one of the core technologies in digital signal processing 

and finds numerous application areas in science as well as in industry. Adaptive 

filtering techniques are used in a wide range of applications, including echo 

cancellation, adaptive equalization, adaptive noise cancellation, and adaptive 

beamforming. 

Acoustic echo cancellation is a common occurrence in todays telecommunication 

systems. The signal interference caused by acoustic echo is distracting to users and 

causes a reduction in the quality of the communication. Echo cancellers are very 

successful and today almost no echo at all can be perceived while using telephones 

A variable step size least mean square algorithm (VSS LMS) is given with significant 

changes in which scalar step size increases or decreases as the squared error increases 

or decreases, thereby allowing the adaptive filter to track changes in the system and 

produces a smaller steady state error. A new VSS LMS algorithm is proposed, which 

can effectively adjust the step size while maintaining the immunity against 

independent noise disturbance. The modified variable step size LMS (MVSS LMS) 

algorithm allows more flexible control of misadjustment and convergence time 

without the need to compromise one for the other. The present work focuses on the 

conventional adaptive algorithms and modified variable step size LMS algorithm to 

reduce the unwanted echo, thus improving communication quality.  

Simulation results are presented to support the analysis and to compare the 

performance of the modified algorithm with the other conventional adaptive 

algorithms. They show that the MVSS algorithm provides faster speed of convergence 

among other variable step size algorithms while retaining the same small level of 

misadjustment and the mean square error is almost similar to that of the (fixed step 

size least mean square) FSS-LMS algorithm under similar conditions. An attempt has 

been made to examine adaptive filtering techniques as they apply to acoustic echo 

cancellation, to simulate these adaptive filtering algorithms using MATLAB and to 

compare the performance of these adaptive filtering algorithms as they are applied to 

the acoustic echo cancellation application. 
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Chapter 1 

INTRODUCTION 
 

                           

1.1 Introduction 

Signal processing is concerned with the representation, transformation and 

manipulation of signals and the information they contain. Prior to 1960’s the 

technology used for signal processing was almost exclusively continuous time analog 

technology. The rapid advancement in the digital computer technology and integrated 

circuit fabrication resulted in an area of science and engineering called Digital signal 

Processing. It is because of the programming capability, low cost, miniature size, and 

low power consumption that widespread application of DSP techniques is being 

carried out [1]. The adaptive signal processing is a specialized branch of digital signal 

processing, which deals with adaptive filters and their applications. 

 

1.2 Adaptive Digital Signal Processing 

Filters are electric networks which permit unattenuated transmission of electric 

signals with in a specified frequency range and simultaneously suppress the signals 

outside this range. Filtering means the extraction of information about a quantity of 

interest at time ‘ t’ by using data measured up to and including time t. If the inputs to 

the filter are stationary, the resulting solution of the filtering problem is known as the 

Wiener Filter, which is said to be optimum in mean square sense. But it requires a 

priori information about the statistics of the data to be processed. If the environment is 

unknown then another eff icient method is to use an adaptive filter using recursive 

algorithm. The algorithm starts with some predetermined set of initial conditions, 

representing whatever we know about the environment. In stationary environment it is 

expected that the adaptive filter converge to the optimum Wiener solution after 

successive iterations of the algorithm. In non- stationary environment, the algorithm 

can track time variations in the statistics of input data, provided that the variations are 

suff iciently slow. 

Adaptive filtering constitutes one of the core technologies in digital signal processing 

and finds numerous application areas in science as well as in industry. Adaptive 
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filtering techniques are used in a wide range of applications, including echo 

cancellation, adaptive equalization, adaptive noise cancellation, and adaptive 

beamforming. These applications involve processing of signals that are generated by 

systems whose characteristics are not known a priori. Under this condition, a 

significant improvement in performance can be achieved by using adaptive rather 

than fixed filters. An adaptive filter is a self-designing filter that uses a recursive 

algorithm (known as adaptation algorithm or adaptive filtering algorithm) to “design 

itself.” The algorithm starts from an initial guess; chosen based on the a priori 

knowledge available to the system, then refines the guess in successive iterations, and 

converges, eventually, to the optimal Wiener solution in some statistical sense [2]. In 

most of the practical applications where adaptive fil ters are used to estimate unknown 

system responses, one obviously desires to perform this estimation as accurately and 

quickly as possible. 

The one basic common feature of adaptive filters is: 

 An input vector and a desired response are used to compute an estimation error, 

which in turn is used to control the values of a set of adjustable filter coeff icients by a 

feedback loop and an algorithm. 

 

1.3 Applications of Adaptive Filters 

1.3.1 System Identification 

System identification refers to the ability of an adaptive system to find the FIR filter 

that best reproduces the response of another system, whose frequency response is a 

priori unknown. The set up is shown in fig 1.1: 

 

 

  

 

 

 

 

Fig: 1.1 System Identification Model 
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When the adaptive system reaches its optimum value and the output (e) is zero an FIR 

filter is obtained whose weights are the result of the adaptation process that is giving 

the same output as that of the 'unknown system' for the same input. In other words, 

the FIR filter reproduces the behavior of the 'unknown system'. This works perfectly 

when the system to be identified has got a frequency response that matches with that 

of a certain FIR filter. But if the unknown system is an all-pole filter, then the FIR 

filter will try its best. It wil l never be able to give zero output but it may reduce it by 

converging to an optimum weights vector. The frequency response of the FIR filter 

will not be exactly equal to that of the 'unknown system' but it wil l certainly be the 

best approximation to it. 

 

1.3.2 Noise cancellation in speech signals 
 

 

 

 

 

 

 

 

 

Fig: 1.2 Noise Cancellation Model 

 

Adaptive filtering can be extremely useful in cases where a speech signal is 

submerged in a very noisy environment with many periodic components lying in the 

same bandwidth as that of speech. The adaptive noise canceller for speech signals 

needs two inputs. The main input is containing the voice that is corrupted by noise. 

The other input (noise reference input) contains noise related in some way to that of 

the main input (background noise). The system fil ters the noise reference signal to 

make it more similar to that of the main input and that filtered version is subtracted 

from the main input. Ideally it removes the noise and leaves intact the speech. In 
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practical systems noise is not completely removed but its level is reduced 

considerably.  

 

1.3.3 Signal Prediction 

Predicting signals may seem to be an impossible task, without some limiting 

assumptions. Assume that the signal is either steady or slowly varying over time, and 

periodic over time as well . Here the function of the adaptive filter is to provide best 

prediction (in some sense) of the present value of a random signal. 

 

 

  

 

 

 

 

 

Fig: 1.3 Predicting Future Values of a Periodic Signal 

 

Accepting these assumptions, the adaptive filter must predict the future values of the 

desired signal based on past values. When s(k) is periodic and the filter is long enough 

to remember previous values, this structure with the delay in the input signal, can 

perform the prediction. This structure can also be used to remove a periodic signal 

from stochastic noise signals. The present value of the signal serves the purpose of a 

delayed response for the adaptive filter. Past values of the signal supply the input 

applied to the adaptive filter. Depending upon the application of interest, the adaptive 

filter output or the estimation (prediction) error may serve as the system output. In the 

first case, system operates as a predictor, in the latter case; it operates as a prediction 

error filter. 

Finally, it can be noticed that most systems of interest contain elements of more than 

one of the four adaptive filter structures. Carefully reviewing the real structure may be 

required to determine what the adaptive filter is adapting to. Also, for clarity in the 

figures, the analog-to-digital (A/D) and digital-to-analog (D/A) components do not 
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appear. Since the adaptive filters are assumed to be digital in nature and many of the 

problems producing analog data, converting the input signals to and from the analog 

domain is probably necessary. These models are used in the design of adaptive filters 

and those are further used in various applications of advanced communication. 

 

1.3.4 Interference Cancellation 

In this application, adaptive filter is used to cancel unknown interference contained 

alongside an information signal component in a primary signal, with the cancellation 

being optimized in some sense in fig 1.4. The primary signal serves as the desired 

response for the adaptive filter. A reference (auxiliary) signal is employed as the input 

to the adaptive filter. The reference signal is derived from the sensor or set of sensors 

located in relation to the sensors supplying the primary signal in such a way that the 

information signal component is weak or essentially undetectable. 

 

 

 

 

 

 

 

Fig: 1.4 Interference Cancellation Model 

 

1.3.5 Channel Equalization 

Communication channels such as telephone, wireless and optical channels are 

susceptible to intersymbol interference (ISI). Without channel equalization, the 

util ization of the channel bandwidth becomes ineff icient. Channel equalization is a 

process of compensating for the effects caused by a band-limited channel, hence 

enabling higher data rates [3]. These disruptive effects are due to the dispersive 

transmission medium (e.g. telephone cables) and the multipath effects in the radio 

channel. A typical communication system is depicted in fig 1.5, where the equalizer is 

incorporated within the receiver while the channel introduces intersymbol 
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interference. The transfer function of the equalizer is an estimate of the direct inverse 

of the channel transfer function. To transmit high-speed data over a bandlimited 

channel, the frequency response of the channel is usually not known with sufficient 

precision to design an optimum match filter. The equalizer is, therefore, designed to 

be adaptive to the channel variation. The configuration of an adaptive equalizer is 

depicted in fig 1.6. Based on the observed channel output, an adaptive algorithm 

recursively updates the equalizer to reconstruct the output signal. 

 

 

 

 

 

Fig: 1.5 A Baseband Communication System 

 
 

 

 

 

 

 

 

 

 

 

Fig1.6 A Simple Channel Equalizer Configuration 

 

1.3.6 Echo Cancellation 

Echo cancellation is one of the most widely used digital signal processing devices in 

the world because each telephone call requires a pair of echo cancellers. Basically, a 

transversal filter, which is adaptively modeling the echo path impulse responses, 

generates an estimate of the echo, with this an echo estimate is created at the right 

time to cancel the actual echo [4]. The common problems faced by echo cancellation 

are the convergence time and the degree of cancellation. Convergence time is the time 
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taken to reach an acceptable level of steady state residual echo. Degree of cancellation 

is the amount of echo cancelled, measured in Echo Return loss Enhancement [5] 

(ERLE).  

Echo cancellation consists of three important blocks: 

1. Non-linear Processor , to remove uncancelled residual echoes. 

2. Adaptive Echo canceller , to adapt the echo path impulse responses and synthesize 

replica echoes. 

3. Double-talk Detector , to detect double talk and consequently stop the echo 

canceller adaptation. 

The echo cancellation block diagram is shown in fig 1.7. The adaptive echo canceller 

is the engine of echo cancellation, with its performance being mainly determined by 

the adaptive algorithm. The Normalized least mean square (NLMS) algorithm is the 

most popular algorithm implemented in echo cancellation. It is a well-studied 

algorithm, simple to implement and it guarantees convergence [6]. The non-linear 

processor is used to remove residual echoes by injecting comfort noise (also called 

pink noise). A low level of comfort noise is usually added during the silence periods 

as an audio-psychological comfort effect for the listener. The double-talk detector is 

used to sense the near-end and far end signal levels. Once both activities are detected 

double talk is declared and the adaptation of the echo canceller is stopped until the 

system is no longer in double talk mode. 

 

 

 

 

 

 

 

 

 

 

 

Fig: 1.7 Major Components of an Echo Canceller . 
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1.3.6.1 Echo Canceller Configuration 

An echo canceller consists of a digital adaptive FIR filter arranged in a system 

identification configuration [7] as shown in fig 1.8. There are two important processes 

carried out within the echo canceller. The first process is the generation of the echo 

estimate by a convolution process between the input signal vector and the fil ter 

weight vector. The second process is the recursive update of the filter weight by an 

adaptive algorithm, where the NLMS algorithm is normally used. The echo estimate 

is generated as follows: 

y(n) = XT(n)W(n)                   (1.1) 

Consider that the echo path impulse response is time-invariant or at least slowly time 

varying , H = [h0, hi-1, . . . , hi-N-1] . Again, by using the NLMS algorithm, the echo 

canceller filter weights can be updated as follows: 

w(n+1) = w(n) + ( µ / δ + xT(n)x(n) ) e(n)x(n)              (1.2) 

where µ is the step size and δ + xT(n)x(n)  is the normalization factor (a small positive 

constant δ has been appended to the denominator). 

The error is defined as: 

e(n) = xT(n)(H - W(n)) + η(n)                (1.3) 

 

 

 

 

 

 

 

 

 

 

 

 

Fig1.8 Echo Canceller Configuration. 
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doubletalk insensitivity and also to achieve small misadjustment in the steady state. 

Thus, this suggests a methodology on the automatic adjustment of µ, upon detecting 

the echo path change and double-talk [8]. Although this method demonstrates a fast 

convergence speed in computer simulation, it depends heavily on the eff icient 

detection of the echo path change and double-talk. Under such conditions when fault 

detection happens, the echo cancellation will collapse. Thereby, a fixed step size is 

considered more robust while providing an adequate echo cancellation. By assigning a 

proportional gain to the tap weights magnitude the convergence speed can be quicker, 

hence producing a faster convergence for the echo cancellation. Nevertheless, these 

methods require more control mechanisms to detect the magnitude at each tap-weight 

and a limit of the individual tap loop gain is required to ensure stability. Moreover, 

the performance of the tap-weight adjustment algorithm is sensitive to the 

characteristic echo path impulse responses, which are required to track sudden 

changes. A combination of different orders of gradient descent-based algorithm is set 

to adapt in parallel to cover the possible different or time varying speech statistics.  

 

1.4 Adaptive Filter ing Algor ithms 

The gradient based adaptation starts with an old optimization technique known as the 

method of steepest descent. This has been discussed in the next chapter in detail. It is 

recursive in the sense that starting from some initial arbitrary value for tap weight 

vector, it improves with increasing number of iterations. The final value so computed 

for tap weight vector converges to Wiener solution. The LMS algorithm has been 

extensively analyzed in literature and a large number of results on its steady state 

misadjustment and tracking performance have been obtained, as appeared in [9,10]. 

The fixed step size least mean square (FSS LMS) algorithm is an important member 

of the family of stochastic gradient algorithms. The term ‘stochastic gradient’ is 

intended to distinguish it from the method of steepest descent that uses deterministic 

gradient in a recursive computation of the Wiener filter for stochastic inputs. This 

algorithm does not require measurements of the pertinent correlation functions, nor 

does it require matrix inversion. Subsequent works have discussed issue of 

optimization of step size or methods of varying step size to improve performance 

[11,12]. 
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1.4.1 VSS-LMS Algor ithm 

As described in [13], the step size adjustment in this algorithm is controlled by Mean 

Square Error (MSE). The motivation is that a large MSE will cause step size to 

increase to provide faster tracking while a small MSE will result in a decrease in step 

size to yield smaller misadjustment. It is capable of giving both fast tracking as well 

as small misadjustment. 

 

1.4.2 Modified VSS-LMS Algor ithm 

This algorithm is a modification of the already described Variable Step Size Least 

Mean Square (VSS-LMS) algorithm. It provides fast convergence at early stages of 

adaptation while ensuring small final misadjustment. The performance of the 

algorithm [14] is not affected by existing uncorrelated noise disturbances. Simulation 

results comparing this algorithm with the current variable step size algorithm clearly 

indicates its superior performance. For stationary environments, this algorithm 

performs better compared to VSS-LMS algorithm [13] and its performance is almost 

similar to the existing FSS LMS algorithm [9]. This algorithm has been used for echo 

cancellation and shows a better performance as compared to existing VSS-LMS 

algorithm. 

 

1.4.3 Recursive Least Squares (RLS) Algor ithm 

The other class of adaptive filtering techniques is known as Recursive Least Squares 

(RLS) algorithms. These algorithms attempt to minimize the cost function  

          (1.4) 

Where k=1 is the time at which the RLS algorithm [7] commences and λ is a small 

positive constant very close to, but smaller than 1. With values of λ<1 more 

importance is given to the most recent error estimates and thus the more recent input 

samples, this results in a scheme that places more emphasis on recent samples of 

observed data and tends to forget the past. Unlike the LMS algorithm and its 

derivatives, the RLS algorithm directly considers the values of previous error 

estimations. RLS algorithms are known for excellent performance when working in 

∑
=

−=
n

k
n

kn ken
1

2 )()( λφ



 23 

time varying environments. These advantages come with the cost of an increased 

computational complexity and some stability problems. 

 

1.5 Per formance of an Adaptive Algor ithm 

The factors that determine the performance of an algorithm are clearly stated below. 

Essentially, the most important factors as described in [15] are: 

 

1. Rate of Convergence: This is defined as the number of iterations required for the 

algorithm to converge to its steady state mean square error. The steady state MSE 

is also known as the Mean asymptotic square error or MASE. 

2. Misadjustment:  This quantity describes steady-state behavior of the algorithm. 

This is a quantitative measure of the amount by which the ensemble averaged 

final value of the mean-squared error exceeds the minimum mean-squared error 

produced by the optimal Wiener filter. The smaller the misadjustment, the better 

the asymptotic performance of the algorithm. 

3. Numer ical Robustness: The implementation of adaptive filtering algorithms on a 

digital computer, which inevitably operates using finite word-lengths, results in 

quantization errors. These errors sometimes can cause numerical instabilit y of the 

adaptation algorithm. An adaptive filtering algorithm is said to be numerically 

robust when its digital implementation using finite-word-length operations is 

stable. 

4. Computational Requirements: This is an important parameter from a practical 

point of view. The parameters of interest include the number of operations 

required for one complete iteration of the algorithm and the amount of memory 

needed to store the required data and also the program. These quantities influence 

the price of the computer needed to implement the adaptive filter. 

5. Stabili ty: An algorithm is said to be stable if the mean-squared error converges to 

a final (finite) value.  

Ideally, one would like to have a computationally simple and numerically robust 

adaptive filter with high rate of convergence and small misadjustment that can be 

implemented easily on a computer. In the applications of digital signal processing e.g. 

adaptive echo cancellation, the above factors play an important role. 
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1.6 Adaptive Echo Cancellation 

An acoustic echo canceller can overcome the acoustic feedback that interferes with 

teleconferencing and hands free telecommunication. It adaptively identifies the 

transfer function between a loudspeaker and a microphone, and then produces an echo 

replica that is subtracted from the real echo [7]. Echo occurs when an audio source 

and sink operate in full duplex mode. In this situation the received signal is output 

through the telephone loudspeaker (audio source), this audio signal is then 

reverberated through the physical environment and picked up by the systems 

microphone (audio sink). The result is that time delayed and attenuated images of the 

original speech are returned to the distant user. 

The present study deals with canceling these echo signals for improving the 

communication quali ty by using various adaptive filtering algorithms and comparing 

the performance of all these algorithms when applied to echo cancellation application. 

The simulations have been done in MATLAB. 

Echo cancellation is critical to achieving high quality voice transmissions over packet 

networks, which typically face transmission delays above 30 to 40 ms. These long 

delays make echo readily apparent to listeners, and must be eliminated in order to 

provide viable telephony service [16].  

 

 

 

 

 

 

 

 

Fig 1.9: Block Diagram of an Adaptive Echo Cancellation System 
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The configuration of an acoustic Echo canceller is given in fig 1.9. The echo canceller 

identifies the transfer function of the acoustic echo path i.e. the impulse response H(n) 

between the loudspeaker and the microphone. Since the impulse response varies as a 

person moves and varies with the environment, an adaptive filter echo replica y(n) is 

then subtracted from the echo signal d(n) to give the error e(n)= d(n)-y(n).This is used 

to identify H(n). The desired signal is obtained by convolving the input signal with 

the impulse response of the acoustic environment and an echo replica is created at the 

output of the adaptive filter. The adaptive algorithm should provide real time 

operation, fast convergence, and high Echo Return Loss Enhancement (ERLE). 

The various parameters that have been used for comparison of various adaptive 

algorithms in the present work when applied to echo cancellation application are: 

 

1. Mean Square Error 

2. Complexity 

3. Convergence rate 

4. Error estimated: The performance of the filter is determined by the size of the 

estimation error, that is, smaller the estimation error better the filter performance. 

As the estimation error approaches zero, the fil ter output approaches the desired 

signal. 

5. Echo Return Loss Enhancement (ERLE): ERLE [5] is the ratio of send-in power 

and the power of a residual error signal immediately after the cancellation. It is 

measured in dB. ERLE measures the amount of loss introduced by the adaptive 

filter alone. ERLE depends on the size of the adaptive filter and the algorithm 

design. The higher the value of ERLE, the better the echo canceller. ERLE is a 

measure of the echo suppression achieved and is given by 

ERLE = 10 log10 (Pd/Pe) 

6.  Echo return loss (ERL): Measured in dB, ERL [2] is the ratio of receive-out and 

send- in power. ERL measures receive-out signal loss when it is reflected back as 

echo within the send-in signal. 

ERL = 10 log10(Px/Pd) 
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1.7 Layout of Thesis 

Chapter 2 deals with adaptive filter theory as it pertains to the application of adaptive 

filters. 

Chapter 3 studies the basis of adaptive filtering techniques as well as the development 

and derivation of algorithms used within this thesis. 

Chapter 4 discusses the modified variable step size algorithm and its advantages over 

the already existing variable step size algorithms in detail . 

Chapter 5 describes the Echo canceller block diagram and configuration and discusses 

its use in hands free telephony and describes the simulations of adaptive filtering 

techniques as developed in MATLAB. It also shows the results of these simulations as 

well as discussing the advantages and disadvantages of each technique.  

Chapter 6 summarizes the work and provides suggestions for future research 

Appendices A and B: Appendix A discusses the Gaussian theorem in detail and 

Appendix B discusses the matrix inversion lemma used for the derivation of RLS 

algorithm. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 27 

Chapter 2 

ADAPTIVE FILTER THEORY 

 

2.1 Introduction 

In the past three decades, interest in adaptive systems has increased, leading to 

widespread use of adaptive techniques in fields such as Communications, Signal 

Processing, Sonar and Biomedical Engineering. Adaptive systems adapt to the 

environment changes and search for the optimal system parameters based on a 

reference signal. In the case of a filter, the system parameters are the tap weights of 

the filter. The performance of an adaptive algorithm is highly dependent on the 

reference input and additive noise statistics. In the context of Wiener filter theory, 

there are assumptions of time invariance, linearity and Gaussian statistics such that 

the mean square error criteria will be the optimum cost function. These assumptions 

are often for the ease of mathematical analysis, but do not take into account of the 

broader problems of signals with non-Gaussian statistics. In the digital 

communication systems, eff icient bandwidth util ization is economically important to 

maximizing profits, while at the same time maintaining performance and reliability. 

More importantly, the adaptive filter solution has to be relatively simple, which often 

leads to the use of the conventional Least Mean Square (LMS) algorithm. However, 

the performance of the LMS algorithm is often sub-optimal and the convergence rate 

is small . This, therefore, provides the motivation to explore and study variable step 

size LMS adaptive algorithms for various applications. 

 

2.2 The Wiener Fil ter  

These are a class of linear optimum discrete time filters known collectively as Wiener 

filters. Wiener filters are a special class of transversal Finite impulse response (FIR) 

filters that build upon the Mean Square Error (MSE) cost function to arrive at an 

optimal filter tap weight vector, which reduces the MSE signal to a minimum. Theory 

for a Wiener filter is formulated for general case of complex valued time series with 

filter specified in terms of its impulse response because baseband signal appears in 

complex form under many practical situations. 
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2.2.1 Mean Square Err or Cr iterion 

fig 2.1 illustrates a linear filter with the aim of estimating the desired signal d(n) from 

input x(n). Assume that d(n) and x(n) are samples of infinite length , random 

processes. In ‘optimum filter design’ , signal and noise are viewed as stochastic 

processes. The filter is based on minimization of the mean square value of the 

difference between the actual fil ter output and some desired output, as shown in fig. 

2.1: 

 

 

 

 

 

 

Fig: 2.1 Prototype Wiener Fil tering Scheme 

 

The requirement is to make the estimation error as small as possible in some 

Statistical sense by controll ing impulse response coeff icients w0, w1, …….wN-1 .  

Two basic restrictions are: 

1. The filter is linear, which makes mathematical analysis easy to handle. 

2.  The filter is an FIR (symmetrical and odd ordered) filter. 

The filter output is y(n) and the estimation error is given by e(n). The performance of 

the filter is determined by the size of the estimation error, that is, a smaller estimation 

error indicates a better filter performance. As the estimation error approaches zero, the 

filter output y(n) approaches the desired signal d(n). Clearly, the estimation error is 

required to be as small as possible. In simple words, in the design of the filter 

parameters, an appropriate function of this estimation error as performance or cost 

function is chosen and the set of filter parameters is selected, which optimizes the cost 

function. 

In Wiener filters, the cost function is chosen to be 

                                                           ξ = E[e(n)2]               (2.1) 

where E[.] denotes the expectation or ensemble average since both d(n) and x(n) are 

random processes. 

Linear Discrete time 
fil tering  
w0,w1, ……. 

Input x(n) 
x(1),..x(n) 

Output y(n) Desired Response d(n) 

Estimation error e(n) 

Σ 
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2.3 Wiener Fil ter : Transversal, Real Valued Case 

Consider an adaptive transversal filter as shown in Fig 2.2. Assume that the filter 

input x(n) and the desired response d(n) are real valued stationary processes. The filter 

tap weights w0, w1, ……………wN-1 are also assumed to be real valued , where N 

equals the number of delay units or tap weights. 

 

The filter input x(n) and tap weight vectors, w, can be defined as column vectors, 

  

x(n) = [ x(n)     x(n-1)……x(n-N+1)] ′                                   (2.2) 

 

 w = [w0, w1, ……………wN-1] ′                       (2.3) 

 

The filter output is defined as  

y(n) = ∑
−

=
−

1

0

)(
N

i

i inxw  = w′x(n)=x′(n)w                  (2.4)  

                                                                    
Subsequently, the error signal can be written as  

 

e(n) = d(n)-y(n) = d(n) - w′ x(n) = d(n) - x′(n)w                (2.5)    

 

Substituting  (2.5) into (2.1) , the cost function is obtained as, 

 

ξ = E[(e(n)2] = E[(d(n)- w′x(n)) (d(n)-x′(n)w)]               (2.6)                                

 

Expanding the last expression of (2.6) we obtain, 

 

ξ =E[ d(n)2] – E[ d(n)x′(n)w] – E[d(n) w′x(n)]+ E[w′ x(n) x′ (n)w]                       (2.7)      

 

Since w is not a random variable, 

 

ξ =E[d(n)2] –E[ d(n)x′(n)]w –w′ E[d(n) x(n)]+w′ E[ x(n) x′ (n)]w                 (2.8) 

                       



 30 

 

 

 

 

 

 

 

 

 

 

 

 

Fig2.2. Structure of an Adaptive Transversal Filter  

 

Next, we can express E[d(n) x(n)] as an N x 1 cross correlation vector  

 

p=E[d(n)x(n)]=[p0, p1, ……………pN-1] ′                              (2.9) 

 

And E[x(n) x′ (n)] as a N x N autocorrelation matrix R 

 

R=E[x(n)x′(n)]=
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                                    (2.10) 

 

From (2.9), p′ = E[d(n) x′ (n)] and hence p′w = w′p 

 

This implies that E[d(n) x′ (n)]w = E[d(n) x(n)]w′ . Subsequently, we get 

 

ξ =E [d(n)2] – E[ d(n)x′(n)]w – w′ E[d(n) x(n)]+ w′ E[ x(n) x′ (n)]w 

   =E[d(n)2]–2p′w + w′ R w                                                             (2.11) 
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This is a quadratic function of tap weight vector ‘w’ with a single global minimum. 

To obtain the set of f ilter tap weights that minimizes the cost function, ξ, solve the 

system of equations that results from setting the partial derivatives of ξ with respect 

to every tap weight of the filter i.e. the gradient vector to zero. That is 

 

iw∂
∂ξ

= 0                  (2.12)         

 
For i = 0, 1, ………..N-1 where N = number of tap weights       

 

The gradient vector in (2.12) can also be expressed as  

 

∇ξ=0                                                                             (2.13) 

 

where ∇  is the gradient operator defined as column vector 

 

∇= 





∂
∂

∂
∂

∂
∂

− 11 No www
                                                  (2.14) 

 

and 0 on the right hand side of (2.13) denotes the column vector consisting of N zero. 

It has been further proved that the partial derivatives of ξ with respect to the filter tap 

weights can be solved such that 

 

∇ξ=2Rw–2p                                                                                         (2.15) 

 

By letting ∇ξ = 0, the following equation is obtained, in which the optimum set of 

Wiener filter tap weights can be obtained, 

 

Rw = p  

 

This implies that  

 

w = R-1 p = w0                                                                                                         (2.16) 
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Where wo indicates the optimum tap weight vector. This equation is known as the 

Wiener Hopf equation and can be solved to obtain the tap weight vector, which 

corresponds to the minimum point of the cost function. 

 

2.4 It erative Search Algor ithm 

It has been shown in the previous section that the Wiener Hopf equation can be 

solved to obtain the optimum filter tap weights by minimizing a cost function, if the 

required statistics of the underlying signals ‘R’ and ‘p’ are available. Although this 

method is straightforward, it presents serious computational diff iculties, especially 

when the filter contains a large number of tap weights and the input data rate is high. 

An alternative is to use an iterative search algorithm [17] that starts at some arbitrary 

initial point in the tap weight vector space and moves progressively towards the 

optimum filter tap weight vector in steps. Each step is chosen with the aim of 

reducing the cost function. The principle of f inding the optimum filter tap weight 

vector by progressive minimization of the underlying cost function by means of an 

iterative algorithm is central to the development of adaptive algorithms (e.g. LMS). 

In simplified terms, adaptive algorithms are actually iterative search algorithms 

derived for minimizing the cost function by replacing the true statistics with estimates 

obtained. 

 

2.5 Method of Steepest Descent 

Assume that the cost function to be minimized is convex (If the cost function 

corresponds to a convex quadratic surface, it has a unique minimum point. In other 

words, when the cost function is convex, the iterative search algorithm is guaranteed 

to converge to the optimum solution), we may start with an arbitrary point on the 

performance surface and take a small step in the direction in which the cost function 

decreases fastest. This corresponds to a step along the steepest descent slope of the 

performance at that point. Repeating this successively, convergence towards the 

bottom of the performance surface (corresponding to the set of parameters that 

minimize the cost function) is guaranteed. 

The method of steepest descent [17] is an alternate iterative search method to find wo 

(in contrast to solving the Wiener Hopf equation directly). The method of steepest 
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descent algorithm belongs to a family of iterative methods of optimization. It is a 

general scheme that performs an iterative search for a minimum point of any convex 

function of a set of parameters. Here, this method is implemented in transversal filter 

with the convex function referring to the cost function and the set of parameters 

referring to the filter tap weights. It uses the following procedures to search the 

minimum point of the cost function of a set of f ilter tap weights. 

 

1. Begin with an initial guess of the filter tap weights whose optimum values are to 

be found for minimizing the cost function. Unless some prior knowledge is 

available, the search can be initiated by setting all the filter tap weights to zero, 

i.e. w(0). 

 

2. Use this initial guess to compute the gradient vector of the cost function with 

respect to the tap weights at the present point. 

 

3. Update the tap weights by taking step in the opposite direction (sign change) of 

the gradient vector obtained in step 2. This corresponds to step in the direction of 

the steepest descent in the cost function at the present input. Furthermore, the size 

of the step is chosen proportional to the size of the gradient vector. 

 

4. Go back to Step 2, and iterate the process until no further significant change is 

observed in the tap weights i.e. the search has converged to an optimal point. 

 

According to the above procedures, if w(n) is the tap weight vector at the nth iteration 

, then the following recursive equation may be used to update w(n). 

 

                                               w(n+1) = w(n) - µ ∇nξ                (2.17) 

 

where µ is the positive scalar called step size ,and ∇nξ                                

denotes the gradient vector evaluated at the point w = w(n). 
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2.6 Er ror Per formance Surface 

The estimation error e(n) can be given as: 

E(n)=d(n)- ∑
−

=

−
1

0

)(
N

i

i inxw                (2.18) 

The cost function can be written as: 

ξ=E[d(n)2]- ∑
−

=

∗∗ −−
1
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i ndinxEw ∑
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=
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0
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i
ki

N

k

knxinxEww               (2.19) 

The cost function or the mean squared error is precisely a second order function of the 

tap weights in the filter. Since ‘w’ can assume a continuum of values in the N 

dimensional w-plane, the dependence of the cost function depends on the tap weights 

w0, w1, ……...wN-1 may be visualized as a bowl shaped (N+1)-dimensional surface 

with N degrees of freedom represented by the tap weights of the filter. The surface so 

described is called the error performance surface of the transversal filter. The surface 

is characterized by a unique minimum, where the cost function ξ attains its minimum 

value. At this point, the gradient vector ∇ξ is identically zero.  The height ξ 

corresponds to the physical description of f iltering the signal x(n-i) with the fixed 

filter weight w, from which a prediction error signal e(n) with power of ξ is generated. 

Some filter setting wo=(wo0,wo1) will produce the minimum MSE  (w0 is the optimum 

filter tap weight vector) . This theory is the base of basic adaptive algorithms of 

adaptive signal processing. 
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Chapter 3 

ADAPTIVE FILTERING ALGORITHMS 

 

3.1 Introduction 

In the past three decades, interest in adaptive systems has increased, leading to 

widespread use of adaptive techniques in fields such as Communications, Signal 

Processing, Sonar and Biomedical Engineering. Adaptive systems adapt to the 

environment changes and search for the optimal system parameters based on a 

reference signal. In the case of a filter, the system parameters are the tap weights of 

the filter. The performance of an adaptive algorithm is highly dependent on the 

reference input and additive noise statistics. In the context of Wiener filter theory, 

there are assumptions of time invariance, linearity and Gaussian statistics such that 

the mean square error criteria will be the optimum cost function. These assumptions 

are often for the ease of mathematical analysis, but do not take into account of the 

broader problems of signals with non-Gaussian statistics. Alternatively, non-mean 

square criteria can be a better solution in non-Gaussian conditions .In the digital 

communication systems, eff icient bandwidth util ization is economically important to 

maximize profits, while at the same time maintaining performance and reliabili ty. 

More importantly, the adaptive filter solution has to be relatively simple, which often 

leads to the use of the conventional LMS (Least Mean Square) algorithm. However, 

the performance of the LMS algorithm is often sub-optimal if the aspect of non-

Gaussianity is considered. This, therefore, provides the motivation to explore and 

study non-mean square adaptive algorithms for non-Gaussian conditions. Walach and 

Widrow studied the mean square and mean fourth to mean sixth error cost functions, 

which showed the possibili ty of using higher order algorithms in non-Gaussian 

conditions. The non-quadratic cost function and the least mean q-power error criteria 

have been used to study the convergence characteristics of different error metrics of 

cost function. The mix of mean square and mean fourth error cost function 

demonstrated the potential of adaptation in the presence of a mixture of different 

statistics. The above mentioned works have briefly summarized the current state of 

research of various orders of cost function. A chart categorizing the mean square and 
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the non-mean square algorithms is shown in fig 3.1. The classification of mean square 

and non-mean square algorithm is based on the gradient vector adaptation. A non-

mean square algorithm is when the gradient vector is modified by mean of a function 

or mixed of other order gradient vector.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig3.1 The Grouping of LMS Offspr ing Algor ithms 

 

The performance of an adaptive filter is critically dependent not only on its internal 

structure, but also on the algorithm used to recursively update the filter weights that 

define the structure. Over the years, a number of stochastic-based non-mean square 

adaptive algorithms have been developed for different purposes, enriching the field of 

adaptive algorithms. Notably, the Least Mean Square algorithm is the most commonly 

used in practice, with non-mean square algorithms such as the Sign LMS, LMF and 

median-LMS, leakage and momentum-LMS algorithms also being important. The 

LMF (Least Mean Fourth) algorithm minimizes the mean fourth error cost function 

and can be regarded as a higher order algorithm that can outperform the LMS in 

excess mean square error, under a sub-Gaussian noise.  
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The gradient based adaptation starts with an odd optimization technique known as the 

‘Method of Steepest Descent’ (As explained in section 2.5). In this, starting from 

some initial arbitrary value for the tap weight vector, it improves with increasing 

number of iterations. The final value so computed for tap weight vector converges to 

Wiener solution.   

Another type of algorithms is the family of Stochastic Gradient algorithms. The term 

Stochastic gradient is intended to distinguish it from the method of steepest descent 

that uses deterministic gradient in a recursive computation of the Wiener filter for 

stochastic inputs. For any algorithm with a fixed value of step size for tap weight 

adaptation, there exists a tradeoff between the filter convergence rate and the steady 

state error. If a larger value of step size is used, then a faster convergence is attained, 

as long as the filter remains stable. On the other hand, the smaller the step size, the 

more accurate the estimation in the presence of observation noises. 

Consequently, if we adaptively control the step size so that it stays large in the early 

stages of the filter convergence and becomes smaller as the convergence proceeds, 

both fast convergence and low estimation could be realized. Also the choice of step 

size reflects a tradeoff between misadjustment and speed of adaptation. From [18] a 

small step size gives a small misadjustment but a longer convergence time constant. A 

VSS-LMS algorithm, where step size adjustment is controlled by MSE, was proposed 

in [13].  Another robust modified variable step size LMS algorithm has been proposed 

in [14]. This algorithm provides fast convergence at early stages of adaptation while 

ensuring small final misadjustment. The performance of this algorithm is not affected 

by existing uncorrelated noise disturbances. The Median LMS algorithm proposed in 

[19] when the filter is subjected to input signals, which are corrupted by impulsive 

interference. 

 

3.2 Adaptive Filter ing Algor ithms 

3.2.1 LMS Algor ithm 

 The LMS (Least Mean Square) [9] belongs to the class of gradient descent-based 

algorithms. It is the most widely used algorithm for numerous applications, especially 

channel equalization and echo cancellation. The simplicity and robustness of the LMS 
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updating equation are the most important features and leads to many successful 

developments of other gradient descent-based algorithms. 

The LMS (least mean squares algorithm)  is introduced as a way to recursively adjust 

the parameters of w(n) of a linear filter with the goal of minimizing the error between 

a given desired signal and the output of the linear filter. LMS is one of the many 

related algorithms which are appropriate for the task and whole family of algorithms 

have been developed which can address a variety of problem settings, computational 

restrictions and minimization criteria. This section begins with the derivation of the 

LMS algorithm as an instantaneous approximation to the steepest descent 

minimization of a cost function, which results in simple recursive scheme. 

 

3.2.2 Derivation of LMS 

The conventional adaptive LMS algorithm is a stochastic implementation of the 

method of steepest descent algorithm. Substitute the cost function into (2.17), we get 

 

w(n+1)=w(n)-µ∇n e
2(n)                                                                (3.1)  

 

where ∇  is the gradient operator , w = [w0, w1, ……………wN-1] ′ and  µ is the step 

size . 

 

using (2.14) and last term in (3.1) , we note that the ith element of  ∇ e
2(n) can be 

given by  
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The derivative of the first equality in (2.5) is  
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since d(n) is independent of wi 
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Substituting (3.3) into (3.2)  
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                                                                     (3.4)                                

 

Then take the derivative of y(n) in the first equality of (2.4) and substitute the result 

into (3.4) 
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                                                             (3.5) 

 

Then using (2.14) and (3.5) , we get, 

 

∇e2(n)=-2e(n)x(n)                                                                                    (3.6) 

 

 where x(n) = [ x(n)     x(n-1)……x(n-N+1)] ′ as stated in (2.2) 

 

Substituting (3.6) into (3.1) gives 

 

w(n+1)=w(n)+2µe(n)x(n)                                                            (3.7) 

 

This equation is known as the LMS tap weight adaptation. During every iteration, the 

tap weight adaptation updates the tap weight vector w in the direction of minimizing 

the cost function to find w0. 

It is noteworthy that the factor 2 in the last term of (3.7) is left out by some authors. If 

½ is multiplied to both sides of (2.15) to cancel out the factor of 2 on the right hand 

side, we get (∇ξ /2) = Rw – p. Substituting this into (2.17) leads to  

 

w(n+1)=w(n)-½µ∇nξ                                                        (3.8) 

 

Consequently,  

 

w(n+1)=w(n)-½µ∇e2(n)                                                                (3.9) 
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In summary, we can write the LMS algorithm for every search iteration, in the form 

of three operations: 

1. Filter output : y(n) = w x(n) 

2. Error Estimation : e(n) = d(n) –y(n) 

3. Tap Weight adaptation: w(n+1) = w(n) + µ e(n)x(n) 

The second operation defines the estimation error e(n), computed based on the current 

estimate of the tap weight vector w in the first operation. The last term in the third 

operation refers to the correction that is applied to the previous estimate of the tap 

weight vector. (Corresponding to step 3 of the method of steepest descent). 

The learning curve of LMS algorithm is given below. The learning curve of LMS is 

not smooth like the learning curve of steepest descent algorithm, as it has gradient 

noise due to statistical changes, as shown in fig 3.2 

Fig 3.2 Learning curve of LMS algor ithm 

 

Some notable aspects of the performance of the Adaptive Filter are: 

• LMS  tends to reject the noisy data due to the smoothing action of the small step 

size parameter  

• LMS can track slowly varying systems, and is often useful in non-stationary 

environments. 
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• The LMS error function has a unique global minimum, and hence the algorithm 

does not tend to get stuck at undesirable local minima. 

• LMS is computationally simple (m multiplications and m additions per iteration) 

and memory eff icient. (Only one m-vector must be stored). 

• The convergence of LMS is often slow (it may take hundreds or thousands of 

iterations to converge from an arbitrary initialization). 

 

3.2.3 Step Size Optimization 

The step size plays an important role in controlling the performance of the LMS 

adaptive filter. The problem of the conventional LMS algorithm is that the fixed step 

size governs the trade-off between the convergence rate and the steady state error. A 

large step reduces the transient time but will result in a larger steady state mean square 

error. On the other hand, to achieve a smaller steady state error, a small step size has 

to be used which will cause a slower convergence rate. Selection of the step size is 

application specific with priority requirements such as fast convergence, robustness, 

tracking capability and adaptation accuracy. To achieve overall high performance, a 

sequence of optimum step sizes can be used to imitate the RLS performance; known 

as the time-varying step size algorithm. It is possible that the optimum step size can 

be determined by solving the difference equation for the minimum MSE at each 

iteration. A number of time varying step sizes have been proposed to improve the step 

size trade-off effect, which are a vital tool in achieving desired adaptive performance. 

To ensure stability (or convergence) of the LMS algorithm, the step size parameter is 

bounded by the following equation [2]: 

                                               

                          0 < µ <  (2 / tap weight power)                                         (3.10) 

 

where tap weight input power is the sum of the mean squared values of all the tap 

inputs in the transversal filter and is given by [ ]∑
−

=
−

1

0

2
)(

N

k

knxE  . Note that the 

upperbound is dependent on the statistics of f ilter input signals. Intuitively, we may 

interpret from this equation that when the power of the input signals varies greatly, a 

smaller step size is required to avoid instabilit y or gradient noise ampli fication. 
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3.2.4 Effect of Power Spectral Density of the Input Signal 

The convergence rate of the LMS algorithm deteriorates with higher input correlation 

levels due to a greater interaction among the adaptive tap coeff icients. To ensure 

improved convergence rate, the LMS algorithm requires input signals to have equal 

excitation over the whole range of frequency.  

 

3.2.5 Effect of Fil ter Tap Length  

 In order to ensure good asymptotic performance, the length of the LMS adaptive FIR 

filter must be suff icient to cover the impulse response of the unknown channel [18]. 

However, this may lead to increased computational complexity when the impulse 

response of the unknown channel is ‘ long’ . Moreover, this may lead to poor 

convergence rates when the input signals are highly correlated [18]. 

 

3.2.6 Effect of Input Signal Power 

The correction term µe(n)x(n) in the LMS tap weight adaptation is directly 

proportional to the tap input x(n). In other words, the convergence rate and stabilit y of 

the LMS algorithm is directly dependent on the value of µσx
 2, where σx

 2 is the 

variance of power of the input signal [18].  

When the power of the input signal x(n) is large or varies greatly, the LMS algorithm 

demonstrates an unstable behavior known as gradient noise amplification. 

Consequently, the LMS algorithm becomes unstable and therefore wil l not lead to the 

optimal solution. To deal with this problem, a modified version of LMS known as 

Normalized algorithm can be implemented. 

 

3.2.7 Normalized LMS (NLMS) Algor ithm 

Determining the upper bound step size is a problem for the variable step size 

algorithm if the input signal to the adaptive filter is non-stationary. The fastest 

convergence is achieved with the choice of step size as follows: 

   µ max =   1 / (λmax + λmin )                                (3.13) 

However, experimental results have shown that the maximum step size in equation 

(3.13) does not always produce the stable and fast convergence, according to Kwong 
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[13], (2/3)µmax is a rule of thumb for LMS algorithm. To increase the convergence 

speed Normalized LMS (NLMS) algorithm is a natural choice [7], because the step 

size is normalized by the input signal power. The NLMS is always the favorable 

choice of algorithm for fast convergence speed and for non-stationary input.  The 

value of µσx
2 directly affects the convergence rate and stabili ty of the LMS filter. As 

the name implies, the NMLS algorithm is an effective approach to overcome this 

dependence, particularly when the variation of the input signal power is large, by 

normalizing the update step size with an estimate of the input signal variance. In 

practice, the correction term applied to the estimated tap weight vector w(n) at the n-

th iteration is normalized with respect to squared Euclidean norm of the tap input x(n) 

at the (n-1)th iteration, 

 

w(n+1) = w(n) + )()(
)(

2
nxne

nx

α
               (3.14)  

where    
2
 = Euclidean Norm        

Apparently, the convergence rate of the NMLS algorithm is directly proportional to 

the NLMS adaptation constant α, i.e. the NLMS algorithm is independent of the input 

signal power. By choosing α so as to optimize the convergence rates of the 

algorithms, the NLMS algorithm converges more quickly than the LMS algorithm. 

It can also be stated that the NLMS is convergent in mean square if the adaptation 

constant α is from 0 to 2 (however a more practical step size for NLMS is always less 

than unity). 

0 < α < 2  

Despite this particular edge that the NLMS exhibits, it does have a slight problem of 

its own. When the input vector x(n) is small , instability may occur since we are trying 

to perform numerical division by small value of the Euclidean Norm 

However, this can be easily overcome by appending a positive constant to the 

denominator in (3.10) such that 

   w(n+1)=w(n) + )()(
)(

2 nxne
nxc +

α
            (3.15)                                
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Where c+
2

)(nx  is the normalization factor. With this, more robust and reliable 

implementation of the NLMS algorithm is obtained. 

 

3.2.8 RLS Algor ithm 

The major advantage of the LMS algorithm lies in its low computational complexity. 

However, the price paid for this simplicity is slow convergence, especially when the 

eigen values of the auto correlation matrix have a large spread, that is when λmax/λmin 

>>1. From another point of view, the LMS algorithm has only a single adjustable 

parameter for controlling the convergence rate, namely, the step size parameter. Since 

this is limi ted for purposes of stability to be less that the upperbound, the modes 

corresponding to the eigen values converge slowly. To obtain faster convergence, it is 

necessary to devise more complex algorithms, which involve additional parameters. 

In deriving more rapidly converging adaptive fil tering algorithms, the least squares 

criterion instead of the statistical approach based on the MSE criterion is adopted. 

The cost function for RLS algorithm is given as: 

 

The RLS cost function of equation 3.16 shows that at a time n, all previous values of 

the estimation error since the commencement of the RLS algorithm are required. 

Clearly as time progresses the amount of data required to process this algorithm 

increases. The fact that memory and computation capabiliti es are limited makes the 

RLS algorithm [20] a practical impossibility in its purest form. However, the 

derivation still assumes that all data values are processed. In practice only a finite 

number of previous values are considered, this number corresponds to the order of the 

RLS FIR filter, N.   

 In equation 3.16, k=1 is the time at which the RLS algorithm commences and λ is a 

small positive constant very close to, but smaller than 1.  With values of λ<1 more 

importance is given to the most recent error estimates and thus the more recent input 

samples, this results in a scheme that places more emphasis on recent samples of 

observed data and tends to forget the past  [21]. 

(3.16) 
∑

=
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kn ken
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Unlike the LMS algorithm and its derivatives, the RLS algorithm directly considers 

the values of previous error estimations. RLS algorithms are known for excellent 

performance when working in time varying environments. These advantages come 

with the cost of an increased computational complexity and some stability problems. 

 

3.2.9 Derivation of RLS Algor ithm 

In the RLS algorithm, we deal with the data sequence X(n) directly and obtain 

estimates of correlations from the data. Since the algorithms will be recursive in time, 

it is also necessary to introduce a time index in the filter coeff icient vector and in the 

error sequence. Fi r st w e def i ne y n( k) as t he o ut put o f t he FI R 

f i l t er, at  n, u s i ng t he c ur r ent t ap w ei ght vect or, a nd 

t he i nput v ect or of a pr evi ous t i me k . The est i mat i on 

er r or v al ue e n( k) i s t he di f f er ence bet ween t he desi r ed 

out put val ue a t t i me k,  and t he c or r espondi ng val ue o f 

y n( k) . The f ol l owi ng e quat i ons g i ve t he e xpr essi on f or t he 

er r or a nd t he d esi r ed s i gnal.  

f or k =1, 2 , 3 , . , n .  

 

X(n) can be defined as the matrix consisting of the n previous input column vector up 

to t he pr esent t i me t hen y( n) can al so be expr essed as 

equat i on 3 . 18 
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(3.17) 
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The c ost f unct i on of equat i on 3 . 16, can t hen be expr essed 

i n mat r i x vect or f or m usi ng  Λ( n) , a di agonal mat r i x 

consi st i ng o f t he w ei ght i ng f act or s.  

where 

Subst i t ut i ng val ues f r om equat i ons 3. 17 and 3 . 18, t he 

cost  f unct i on can be expanded t hen r educed as i n equat i on 

3. 20. ( Tempor ar i l y d r oppi ng ( n) n ot at i on f or c l ar i t y) .  

                                                                                                                                (3.20)

          

where  

Then derive the gradient of the above expression for the cost function with respect to 

the filter tap weights. By forcing this to zero we then find the coeff icients for the 

filter, w′( n) which minimizes the cost function.  

The m at r ix β(n) in t he above e quat i on can be  expanded and 

t hen r ear r anged i n a r ecur si ve f or m, t hen t he s peci al 

f or m of t he mat r i x i nver s i on l emma c an be u sed ( Appendi x 

B) to f i nd an i nver se f or t hi s mat r i x, w hi ch i s r equi r ed 

t o cal cul at e t he t ap w ei ght vect or updat e. T he v ect or 
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k( n) is k nown as t he gai n vect or and i s i nc l uded i n  

or der t o s i mpl i f y t he c al cul at i on.  

                    (3.23) 

Where 

The vector α′λ(n) of equation 3.22 can also be expressed in a recursive form. Using 

this and substituting β-1(n) from equation 3.23 into equation 3.22 we can finally arrive 

at the f i l t er wei ght update v ect or f or t he RLS al gor i t hm, a s 

i n e quat i on 3 . 25.  

where  

                  

(3.25) 

Each iteration of the RLS algorithm requires 4N2 multiplication operations and 3N2  

        (3.26) 
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additions. This makes its very costly to implement, thus LMS based algorithms, while 

they do not perform as well , are more favorable in practical situations.   

            

 

 

 

 

 

Chapter 4 

MODIFIED VARIABLE STEP SIZE LMS ALGORITHM 

 

4.1 Introduction 

There is a vast amount of literature on variable step size methods, which exploit the 

trade-off between fast convergence and lower steady state error. Gear shifting is a 

popular approach by Widrow, which is based on using large step size values when the 

filter weights are far from the optimal solution and small step size values when near to 

the optimum solution. A number of time-varying step-size algorithms have been 

proposed to enhance the performance of the conventional LMS algorithm Several 

criteria have been used: squared instantaneous error, sign changes of successive 

samples of the gradient, attempting to reduce the squared error at each instant, or 

cross correlation of input and error. The variable step size algorithm given by Kwong 

and Johnston has been discussed in the next section and its modification has also been 

proposed. The modified VSS LMS algorithm gives a better performance as compared 

to other variable step size algorithms. 

 

4.2 Variable Step Size LMS Algor ithm 

Based on the error-squared power, Kwong and Johnston proposed a simpler Variable 

Step Size least mean square algorithm (VSS LMS)[13]. The error power reflects the 

convergence state of the adaptive filter, where a converging system has a higher error 

power while the converged system has a smaller error power. Therefore, scalar step 
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size increases or decreases as the squared error increases or decreases, thereby 

allowing the adaptive filter to track changes in the system and produces a smaller 

steady state error. The step size of the VSS algorithm is adjusted as follows: 

 

µ(n+1)=αµ(n)+ β e2(n)                                                                        (4.1) 

 

The variable step size algorithm, as appeared in [13] is of the form 

 

w(n+1)=w(n)+µ(n)x(n)e(n)                  (4.2) 

where e(n)=d(n)-x(n)Tw(n)                 (4.3) 

Step size is updated as 

µ’(n+1) = αµ(n)+βe2(n)  with 0< α<1 ,  β >0              (4.4) 

and   µ(n+1)= µmax   if µ’ (n+1)> µmax 

                       µmin    if µ’ (n+1)< µmin 

                        µ’(n+1) otherwise 

where 0<µmin<µmax 

To ensure stabili ty, the variable step size µ(n) is constrained to the pre-determined 

maximum and minimum step size values of the LMS algorithm, while α and β are the 

parameters controlling the recursion. Simply, the VSS algorithm's step size value 

change by tracking the error square or the error power. A large error increases the step 

size to provide faster tracking while a small error reduces the step size for smaller 

steady state error. Although this approach can improve the step size trade-off effect, 

the drawback is that the maximum and minimum step sizes would require to be 

known a priori. This is essential in order to achieve the fastest convergence rate while 

not causing instability. 

A different technique usually known as the gradient adaptive step size, is as follows 

[22]: 

 

µ(n)=µ (n-1) + φ e(n)e(n-1)XT(n-1)X(n)                                                    (4.5) 
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where φ is a small positive constant which controls the recursion. The recursion of 

µ(n) in equation 4.5 is such that the gradient (e(n)XT(n)) is larger during the 

converging period while becoming zero after convergence.  

The variable step size algorithms (except for the gradient adaptive step size) are based 

on some heuristic rules on the step size adjustment which are translated into 

numerical formulae. An overall weakness of the variable step size algorithms are that 

they require the user to select additional step size recursion constants and an initial 

step size to control the adaptive behavior of the step size sequence. More importantly, 

anticipation of the maximum and minimum limits are needed to avoid instability as 

well as to maximize performance. Nevertheless, the body of work in this field has 

enabled adaptive performance to be achieved that is comparable to the RLS 

algorithm. However, the performances gained are always followed by an increase in 

complexity and additional parameters to manage. The gear shifting approach and the 

VSS algorithm are the most simple and effective algorithms for fast convergence. 

Alternatively, to increase the convergence speed, the normalized LMS algorithm is 

the natural choice, as it is independent of the parameter selection. 

 

4.3 Modified Variable Step Size LMS Algor ithm 

A number of time-varying step-size algorithms have been proposed to enhance the 

performance of the conventional LMS algorithm. Experimentation with these 

algorithms indicates that their performance is highly sensitive to the noise disturbance 

[23]. The present work discusses a robust variable step-size LMS-type algorithm 

providing fast convergence at early stages of adaptation while ensuring small final 

misadjustment. The performance of the algorithm is not affected by existing 

uncorrelated noise disturbances. Simulation results comparing the proposed algorithm 

to current variable step-size algorithm clearly indicate its superior performance.  

Since its introduction, the LMS algorithm has been the focus of much study due to its 

simplicity and robustness, leading to its implementation in many applications. It is 

well known that the final excess Mean Square Error (MSE) is directly proportional to 

the adaptation step size of the LMS while the convergence time increases as the step 

size decreases. This inherent limitation of the LMS necessitates a compromise 

between the opposing fundamental requirements of fast convergence rate and small 
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misadjustment demanded in most adaptive filtering applications. As a result, 

researchers have constantly looked for alternative means to improve its performance. 

One popular approach is to employ a time varying step size in the standard LMS 

weight update recursion. This is based on using large step-size values when the 

algorithm is far from the optimal solution, thus speeding up the convergence rate. 

When the algorithm is near the optimum, small step-size values are used to achieve a 

low level of misadjustment, thus achieving better overall performance. This can be 

obtained by adjusting the step-size value in accordance with some criterion that can 

provide an approximate measure of the adaptation Process State.  

Several criteria have been used:  

• Squared instantaneous error [13] 

• Sign changes of successive samples of the gradient [24] 

• Attempting to reduce the squared error at each instant [25] 

• Cross correlation of input and error [26].   

Experimental results show that the performance of existing variable step size (VSS) 

algorithms is quite sensitive to the noise disturbance. Their advantageous performance 

over the LMS algorithm is generally attained only in a high signal-to-noise 

environment. This is intuitively obvious by noting that the criteria controlling the 

step-size update of these algorithms are directly obtained from the instantaneous error 

that is contaminated by the disturbance noise. Since measurement noise is a reality in 

any practical system, the usefulness of any adaptive algorithm is judged by its 

performance in the presence of this noise. The performance of the VSS algorithm 

deteriorates in the presence of measurement noise. Hence a new VSS LMS algorithm 

is proposed, where the step size of the algorithm is adjusted according to the square of 

the time-averaged estimate of the autocorrelation of e(n) and e(n-1) . As a result, the 

algorithm can effectively adjust the step size as in [13] while maintaining the 

immunity against independent noise disturbance. The MVSS LMS algorithm allows 

more flexible control of misadjustment and convergence time without the need to 

compromise one for the other.  

 

4.3.1 Algor ithm Formulation 
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In [13], the adaptation step size is adjusted using the energy of the instantaneous error. 

The weight update recursion is given by  

                     (4.6) 

and the step-size update expression is 

                    (4.7) 

where , 0< α<1, γ>0 and  µ(n+1)  is set to  µmin or  µmax  when it falls below or above 

these lower and upper bounds, respectively. The constant µmax is normally selected 

near the point of instability of the conventional LMS to provide the maximum 

possible convergence speed. The value of µmin is chosen as a compromise between the 

desired level of steady state misadjustment and the required tracking capabilities of 

the algorithm. The parameter γ controls the convergence time as well as the level of 

misadjustment of the algorithm. The algorithm has preferable performance over the 

fixed step-size LMS: At early stages of adaptation, the error is large, causing the step 

size to increase, thus providing faster convergence speed. When the error decreases, 

the step size decreases, thus yielding smaller misadjustment near the optimum. 

However, using the instantaneous error energy as a measure to sense the state of the 

adaptation process does not perform as well as expected in the presence of 

measurement noise. This can be seen from (4.7). The output error of the identification 

system is 

                    (4.8) 

where the desired signal is given by  

                    (4.9) 

 ξ(n) is a zero-mean independent disturbance, and W*(n) is the time-varying optimal 

weight vector. Substituting (4.8) and (4.9) in the step-size recursion, we get  

             (4.10) 

where V(n) = W(n)-W*(n) is the weight error vector. The input signal autocorrelation 

)()()1( 2 nenn γαµµ +=+

)()()()()1( nXnennWnW µ+=+

)()()()( nWnXndne T−=

)()()()( nnWnXnd T ξ+= ∗

)()()(2)()()()()()()1( 2 nXnVnnnVnXnXnVnn TTT γξγξγαµµ −++=+
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matrix, which is defined as R = E{X(n)XT(n)} , can be expressed as R = QΛQT , where 

Λ is the matrix of eigenvalues , and Q is the modal matrix of R. Using  V(n) = QTV(n) 

and X(n) = QTX(n), then the statistical behavior of µ(n+1) is determined by taking the 

expected average of  (4.10) 

 

        (4.11) 

where the common independence assumption of V(n) and X(n) has been used . 

Clearly, the term E{ VT(n) ΛV(n)} influences the proximity of the adaptive system to 

the optimal solution, and µ(n+1) is adjusted accordingly. However, due to the 

presence of E{ ξ2(n)} , the step-size update is not an accurate reflection of the state of 

adaptation before or after convergence. This reduces the eff iciency of the algorithm 

significantly. More specifically, close to the optimum, µ(n) will still be large due to 

the presence of the noise term E{ ξ2(n)} .  This results in large misadjustment due to 

the large fluctuations around the optimum. Therefore, a different approach is 

proposed to control step-size adaptation. The objective is to ensure large µ(n) when 

the algorithm is far from the optimum with  µ(n)  decreasing as we approach the 

optimum even in the presence of this noise. The proposed algorithm achieves this 

objective by using an estimate of the autocorrelation between e(n) and e(n-1)  to 

control step-size update. The estimate is a time average of e(n)e(n-1) that is described 

as 

                  (4.12) 

The use of p(n) in the update of µ(n) serves two objectives. First, the error 

autocorrelation is generally a good measure of the proximity to the optimum. Second, 

it rejects the effect of the uncorrelated noise sequence on the step-size update. In the 

early stages of adaptation, the error autocorrelation estimate p2(n) is large, resulting in 

a large µ(n). As we approach the optimum, the error autocorrelation approaches zero, 

resulting in a smaller step size. This provides the fast convergence due to large initial 

µ(n) while ensuring low misadjustment near optimum due to the small final µ(n) even 

in the presence of ξ(n).  Thus, the proposed step size update is given by 

)})()({)}({()}({)}1({ 2 nVnVEnEnEnE T Λ++=+ ξγµαµ

)1()()1()1()( −−+−= nenenpnp ββ
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                  (4.13) 

where limits on µ(n+1), α and γ are the same as those of the VSS LMS algorithm in 

[13]. The positive constant β (0< β <1) is an exponential weighting parameter that 

governs the averaging time constant, i.e., the quali ty of the estimation. In stationary 

environments, previous samples contain information that is relevant to determining an 

accurate measure of adaptation state, i.e., the proximity of the adaptive filter 

coeff icients to the optimal ones. Therefore, β should be approximately equal to 1. For 

nonstationary optimal coeff icients, the time averaging window should be small 

enough to allow for forgetting of the deep past and adapting to the current statistics, 

i.e., β<1. 

The step size in (4.13) can be rewritten as 

 

                  (4.14) 

Assuming perfect estimation of the autocorrelation of e(n) and e(n-1), we note that as 

a result of the averaging operation, the instantaneous behavior of the step size will be 

smoother. It is also clear from (4.14) that the update of µ(n) is dependent on how far 

we are from the optimum and is not affected by independent disturbance noise. 

Finally, the proposed algorithm involves two additional update equations ((4.12) and 

(4.13)) compared with the standard LMS algorithm. Therefore, the added complexity 

is six multiplications per iteration. Compared with the VSS LMS algorithm in [13], 

the algorithm adds a new equation (4.12) and a corresponding parameter β. 

 

4.3.2 Analysis of Modified VSS LMS Algor ithm 

The performance analysis of the modified VSS LMS algorithm is given in this 

section. The input signal is assumed to be a zeromean, stationary Gaussian. The 

analysis is conducted assuming exact modeling of the unknown system, i.e., the 

number of coeff icients of the optimal weight vector W*(n) is the same as the number 

of the coeff icients of the adaptive filter W(n) . In addition, the measurement noise 

sequence, which is represented by ξ(n) in (4.9), is zero-mean and white. The weight 

2)()()1( npnn γαµµ +=+

2)}]1()1()()({[)()1( −−+=+ nVnXnXnVEnn TTγαµµ
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update recursion of the proposed algorithm is given in (4.6), where e(n) is defined in 

(4.8) and (4.9), and µ(n) is defined in ( 4.12) and (4.13). The nonstationary 

environment is modeled by a time-varying optimal weight vector generated by a 

random walk model [2] as 

 

                  (4.15) 

where η(n) is a stationary noise process of zero mean and correlation matrix σn
2I. For 

a stationary system , σn
2 =0 , and W*(n)=W* . Substituting (4.8), (4.9), and ( 4.15) in  

(4.6) results in ( 4.16) 

                 (4.16) 

where η′(n) = QTη(n) . Normally, γ is chosen to be a very small value; hence, µ(n) is 

slowly varying when compared with e(n) and X(n) . This justifies the independence 

assumption of µ(n) and µ2(n) with e(n), W(n) , and X(n). Accordingly, the following 

condition can be obtained from (4.16) to ensure convergence of the weight vector 

mean  

        (4.17) 

where  λmax is the maximum eigenvalue of R . However, convergence of the mean 

weight vector cannot guarantee convergence of the mean square error. Therefore, 

conditions that will ensure convergence in the mean square sense need to be 

determined. To evaluate the performance of the system, approximate expressions for 

misadjustment are derived. This leads to tight conditions for the selection of the 

parameters α, β, and γ. Finally, some guidelines are selected to select γ to guarantee 

MSE convergence while producing the desirable misadjustment level. The MSE is 

given by [9]  

                   (4.18)                
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where εex(n) is the excess MSE, and εmin  = E{ ξ2(n)} is the minimum value of the 

MSE. Equation (4.18) shows that the MSE is directly related to the diagonal elements 

of E{ V′(n)V′T(n)} . Consequently, stability of the MSE is ensured by the stabili ty of 

these elements. Postmultiplying both sides of (4.16) by V′T(n+1) and then taking the 

expected value yields  

                  (4.19) 

Note that in (4.19), the Gaussian factoring theorem (Appendix A) has been used to 

simplify the expression E{X′(n)X′T(n)V′(n)V′T(n)X′(n)X′T(n)} into a sum of second-

order moments . From (4.12), p(n) can be obtained recursively as 

                  (4.20) 

and  

                  (4.21) 

In the following analysis, the steady state performance of the proposed algorithm is 

studied. Therefore, assumption is made in analysis that the algorithm has converged. 

In this case, the samples of the error e(n) can be assumed uncorrelated. Using (4.13), 

(4.20), and (4.21), the mean and the mean-square behavior of the step-size, upon 

convergence, are 

                  (4.22) 

and 

                  (4.23) 

Following the same argument in [13], a sufficient condition that ensures convergence 

of the MSE is 
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                  (4.24) 

where E{ µ(∞)} , and E{ µ2(∞)}  are the steady-state values of E{ µ(n)} and E{ µ2(n)} .  

 

The misadjustment is defined as [9] 

            

(Assuming that εex(∞) << εmin ) 

where  

                  (4.27) 

From (4.24), (4.26) the following condition is imposed on γ, α and β to guarantee 

stability of the MSE. 

        (4.28) 

The misadjustment is given by: 

                  (4.29) 

In a stationary environment,  σ2
n  =0, and the misadjustment is given by 

                    (4.30)  

In a stationary environment, a large number of samples would be used in the 

estimation of E{e(n)e(n-1)} , i.e., the exponential weighting parameter β should be 

close to one. For the same level of misadjustment, a larger γ can be used while 
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maintaining the stability of the algorithm. A larger γ results in a larger step size in the 

initial stages of adaptation, i.e. faster convergence. Thus, the parameters γ and β 

provide the algorithm with an extra degree of freedom that facilit ates better 

simultaneous control of both convergence speed and final excess MSE. In [13], the 

level of misadjustment of the VSS algorithm can be lowered by reducing the value of 

γ. However, this is achieved at the expense of slower convergence speed. When 

operating in a nonstationary environment, the choice of β becomes crucial. To provide 

good tracking capabilities, β should be small to cope with the time-varying statistics 

of the environment. The selection of β should achieve a compromise between tracking 

speed and excess MSE.  

 

 

4.3.3 Simulation Results and Observations 

As given in [14] the proposed modified variable step-size LMS (MVSS) algorithm is 

implemented for stationary and nonstationary environments in a system identification 

setup. The performance of the algorithm is compared with the variable step-size LMS 

(VSS) algorithm [13], the stochastic gradient algorithm with gradient adaptive step 

size (SGA-GAS) [25], and the fixed step-size LMS (FSS) algorithm [9]. Parameters 

of these algorithms are selected to produce a comparable level of misadjustment.  The 

desired signal d(n) is corrupted by zero-mean, uncorrelated Gaussian noise of 

variance εmin. Results are obtained by averaging over 200 independent runs [As 

reported in 14]. 

A. Example 1: White Input, Low SNR  

The unknown moving average system has four time invariant coeff icients, and the 

FIR adaptive filter is of equal order. Both are excited by a zero-mean, white Gaussian 

signal of unity variance. εmin is equal to 1. The proposed MVSS is implemented with 

the parameters α=0.97 (which is found to be a good choice in stationary and 

nonstationary environments and as given in the paper) and β=0.99. For the other 

algorithms µmax=0.1 and µmin=1*10-5. In addition, µ = 3.5*10-4 for the FSS. fig. 4.1 

shows that the MVSS algorithm provides the fastest speed of convergence among all 

other algorithms while retaining the same small l evel of misadjustment.  
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Fig 4.1 Compar ison of Excess MSE of Var ious Adaptive Algor ithms for White 

Input Case SNR = 0db 

4.4 Gradient Adaptive Step Size LMS Algor ithm 

A variable step size algorithm proposed by Kwong and Johnston [13] can be used for 

acoustic echo cancellation but the results obtained are poor as compared to those for 

the other conventional adaptive algorithms. The variable step size algorithm, as 

appeared in [13] is of the form 

w(n+1)=w(n)+µ(n)x(n)e(n)               (4.31) 

where e(n)=d(n)-x(n)Tw(n)               (4.32) 

step size is updated as 

µ’(n+1) = αµ(n)+βe2(n)  with 0< α<1 ,  β >0             (4.33) 

and   µ(n+1)= µmax   if µ’ (n+1)> µmax 

                       µmin    if µ’ (n+1)< µmin 

                        µ’(n+1) otherwise 

where 0<µmin<µmax 

To ensure stabil ity, the variable step size µ (n) is constrained to the pre-determined 

maximum and minimum step size values of the LMS algorithm, while α and β are the 

parameters controlli ng the recursion. The results obtained by applying this algorithm 

for echo cancellation are poor. The average ERLE obtained is very low and the mean 
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square error is also quite large. Hence a modified gradient adaptive step size LMS 

algorithm has been proposed.  

In the Gradient adaptive step size LMS adaptive algorithm the step size for each 

iteration is expressed as a vector, µ(n). Each element of the vector µ(n) is a different 

step size value corresponding to an element of the filter tap weight vector, w(n).  

The gradient adaptive step size LMS algorithm (GLMS) is executed by following 

these steps for each iteration. Each iteration of the gradient LMS algorithm requires 

4N+1 multiplication operations.  

 

1. The output of the FIR filter, y(n) is calculated using equation   

y(n) = wT(n) x(n)                 (4.34) 

2.  The error signal is calculated as the difference between the desired output and the 

filter output.  

e(n) = d(n) –y(n)                (4.35) 

3. The filter weight vectors, step size and the gradient g(n) are updated according to 

the following equations 

gi(n) = e(n)x(n-i)                        (4.36)       

for i= 0,1,2,………N-1 

µi(n) = µi(n-1) + gi(n) gi(n-1)               (4.37) 

µi(n)= µmax   if µi(n)> µmax 

           µmin    if µi(n)< µmin 

The performance of this algorithm is almost similar to the LMS algorithm and is 

better than the variable step size LMS algorithm discussed in [13]. 
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Chapter 5  

ECHO CANCELL ATION-ANALYSIS AND 

OBSERVATIONS USING VARIOUS ADAPTIVE 

ALGORITHMS 

 

5.1 Introduction  

Echo is a natural phenomenon in long-distance telephone circuits because of 

ampli fication in both directions and series coupling of telephone transmitters and 

receivers at each end of the circuit. Echo suppressors, used to break the feedback, give 

one-way communication to the party speaking first. To avoid switching effects and to 

permit simultaneous two-way transmission of voice and data, adaptive echo cancellers 

are replacing echo suppressors worldwide. In broadband system architecture, two 

forms of echo cause problems for designers. 

1. Acoustic echo: This form of echo is created by the acoustic properties of the areas 

where a VoP (voice over packet) phone is used. Acoustic echo occurs when an audio 
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signal is reverberated in a real environment, resulting in the original intended signal 

plus attenuated, time delayed images of this signal.   

2. Line echo: This form of echo is electrical and is produced by a network hybrid (a 

2-wire to 4-wire converter) 

 Echo cancellation is critical to achieving high quality voice transmissions over packet 

networks, which typically face transmission delays above 30 to 40 ms. These long 

delays make echo readily apparent to listeners, and must be eliminated in order to 

provide viable telephony service [16]. Echo cancellation is one of the most widely 

used digital signal processing devices in the world because each telephone call 

requires a pair of echo cancellers. Basically, a transversal filter, which is adaptively 

modeling the echo path impulse responses, generates an estimate of the echo, with 

this an echo estimate is created at the right time to cancel the actual echo. The 

common problems faced by echo cancellation are the convergence time and the 

degree of cancellation. Convergence time is the time taken to reach an acceptable 

level of steady state residual echo. Degree of cancellation is the amount of echo 

cancelled, measured in ERLE (echo return loss enhancement). Acoustic echo 

canceling is needed in various fields of communication to remove the coupling 

between the loudspeaker and the microphone; if not cancelled, this coupling results in 

an undesired acoustic echo that significantly degrades the sound quality. An acoustic 

echo canceller can overcome the acoustic feedback that interferes with 

teleconferencing and hands free telecommunication. It adaptively identifies the 

transfer function between a loudspeaker and a microphone, and then produces an echo 

replica that is subtracted from the real echo [7] 

 

5.2 Acoustic Echo Cancellation 

5.2.1 Or igin of Acoustic Echo 

Acoustic echo occurs when an audio signal is reverberated in a real environment, 

resulting in the original intended signal plus attenuated, time delayed images of this 

signal. The present analysis focuses on the occurrence of acoustic echo in 

telecommunication systems. Such a system consists of coupled acoustic input and 

output devices, both of which are active concurrently. An example of this is a hands-

free telephony system. In this scenario the system has both an active loudspeaker and 
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microphone input operating simultaneously. The system then acts as both a receiver 

and transmitter in full duplex mode. When a signal is received by the system, it is 

output through the loudspeaker into an acoustic environment. This signal is 

reverberated within the environment and returned to the system via the microphone 

input. 

 

 

 

 

 

 

 

 

 

Fig 5.1 Or igin of Acoustic Echo 

These reverberated signals contain time-delayed images of the original signal, which 

are then returned to the original sender (Figure 5.1 ak  is the attenuation, tk is time 

delay). The occurrence of acoustic echo in speech transmission causes signal 

interference and reduced quali ty of communication.  

 

5.2.2 Hands Free Telephony 

Echo cancellers have now been used for quite a long time. In the early days of 

telephony the need first arose since electrical echoes were generated in the splices 

between different line segments. These echoes made it practically impossible to use 

telephones since the echoes did propagate back and forth between the different splices 

with very li ttle attenuation. To solve this problem line echo cancellers were 

constructed that removed the echoes by first predicting the echoes generated from a 

certain signal and then subtracting the predicted echo from the received signal. These 

echo cancellers were very successful and today almost no echo at all can be perceived 

while using telephones. In more recent years the need for echo cancellation has 

reappeared in a new area, namely hands-free telephony. The demand for hands-free 

Acoustic environment Input signal x(t) 

Microphone input 
           Output signal  y (t) 
 

∑ −= )()( kk ttxaty  
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telephony is expected to increase enormously in the years to come. The principle for 

hands-free telephony is depicted in Figure 5.2. 

 

 

 

 

 

 

 

 

 

Fig 5.2 Hands Free Telephony 

 

In hands-free telephony no telephone receiver is used. Instead a loudspeaker and a 

microphone is util ized. This setup has the undesired property that the sound emitted 

from the loudspeaker will be picked up by the microphone. Thus the speaker in the 

other end will hear an echo of his own voice when he speaks with the person with the 

hands-free telephony setup. If the delay in the echo is small this will not be noticed. 

This is the case when we talk in ordinary rooms and are not disturbed by the echoes 

from our own voices. In telephony, however, there is the additional delay for the 

signals to travel via the telephony network, and thus the echoes will be noticeable. 

Therefore, in some way the echoes from the loudspeaker picked up by the microphone 

must be removed from the microphone signal. That is the main principle and need of 

acoustic echo cancellation. 

 

5.2.3 The Acoustic Echo Cancellation Problem 

In almost all conversations echoes are present. Depending on the delay between the 

echoes and the echo-sources the echoes might be noticeable or not. If this delay 

exceeds a few tenths of millisecond echoes will be noticeable [28] and can be quite 

annoying. In hands-free telephony the echo delay is often that long due to the 

additional delay caused by the cables, microphones and speakers. A simple solution is 

to use only half-duplex communication, that is, block the communication in one 
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direction when the other direction is used. This works fine but is not desirable. What 

is desired is full duplex communication where communication in both directions is 

allowed simultaneously. To make this possible some kind of measure must be taken to 

eliminate the echo problem. This is where acoustic echo cancellation (AEC) is 

needed. To eliminate the echoes, a model of the echo path must be set up to allow 

estimation of echoes originating from different sounds. This model must be time 

varying since the echo path will be time varying (people walking in a room or the 

equipment is moved) and since the hands-free telephony setup will not be fixed (the 

microphone and loudspeaker might be positioned differently in different setups). The 

complexity of this model varies with the properties of the environment but to 

suff iciently attenuate the echoes it must be very high. Studies have shown that for an 

ordinary off ice room using a FIR filter about 2000 filter taps are required for a 

sampling frequency of 8 kHz. For a larger room with other echo characteristics such 

as a cathedral with stone walls, the required number of taps would be much larger. 

The adaptation of the time-varying model must naturally be performed in real time 

(since otherwise the users of the system would have to wait for the AEC to be 

performed and thus also have to wait for the sound as well). Due to the number of 

values to be adapted in the model of the echo path, this is quite a diff icult task. Since 

the human ear can distinguish frequencies between 20 Hz and 20 kHz the sampling 

frequency should ideally be at least 40 kHz (two times the largest frequency 

component to avoid aliasing). This would require the filter to be updated 40000 times 

a second. Given that the computational requirements for the echo-estimation and 

updating of the filter are about 4000 multiplications and 2000 additions the result is 

that a total of 160.000.000 multiplication’s and 240.000.000 additions must be 

performed every second. This is not feasible with today’s technology and we are thus 

restricted to lower sampling rates such as 8 to 16 kHz. This is not a great limitation 

since normal human speech does not cover the whole frequency range audible to the 

human ear. 

 

5.2.4 Configuration of an Acoustic Echo Canceller 

The configuration of an acoustic Echo canceller is given in Fig 5.3. The echo 

canceller [7] identifies the transfer function of the acoustic echo path i.e. the impulse 
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response H(n) between the loudspeaker and the microphone. Since the impulse 

response varies as a person moves and varies with the environment, an adaptive filter 

is used to identify H(n). The desired signal is obtained by convolving the input signal 

with the impulse response of the acoustic environment and an echo replica is created 

at the output of the adaptive filter. The echo replica y(n) is then subtracted from the 

echo signal d(n) to give the error e(n)= d(n)-y(n).The adaptive FIR filter w(n) is 

adjusted to decrease the error power in every sampling interval. The adaptive 

algorithm should provide real time operation, fast convergence, and high echo return 

loss enhancement (ERLE). ERLE measures the amount of loss introduced by the 

adaptive filter alone. ERLE [5] is the ratio of send-in power and the power of a 

residual error signal immediately after the cancellation. It is measured in dB. ERLE 

depends on the size of the adaptive filter and the algorithm design. The higher the 

value of ERLE, the better the echo canceller. 

 

 

 

 

 

 

  

          

 

 

Fig 5.3 Configuration of an Acoustic Echo Canceller 

 

5.3 Filter types for Acoustic Echo Cancellation 

The two major filter types used for modeling the echo path are FIR filters and IIR 

filters. 

 

5.3.1 I IR Fil ter  

The IIR filter [1] is described by the difference equation (5.1) 

Adaptive 

fil ter W(n) 

Acoustic 
Impulse 
response H(n) 

 

+ 

Error signal e(n) 

Filter output  y(n) 

Echoed signal d(n) 

Input signal x(n) 
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                    (5.1) 

which can be described by the transfer function (5.2), 

                    (5.2) 

where H1(z) and H2(z) are given by (5.3) and (5.4) respectively, 

                    (5.3) 

                    (5.4) 

The IIR filter can be realized in a structure called direct-form II , which is depicted in 

fig 5.4. The IIR filter is also called an AR (auto regressive) system when H1(z) = 1. 

An advantage of the IIR filter is that it is good for filtering narrow frequency peaks 

since the transfer function has poles as well as zeros. Another advantage is that the 

impulse response of the IIR filter is infinite, thereby not requiring lots of f ilter 

parameters for implementing long impulse responses. The most significant drawback 

with the IIR filter is that it may be unstable (since it has poles). 

 

5.3.2 The II R fil ter in acoustic echo cancellation 

At a first glance the IIR filter looks promising for echo cancellation since the long 

impulse response required for AEC is easily generated with this filter. Thus the 

number of parameters in the filter is not primarily determined by the impulse response 

length. A closer look reveals though that the number of parameters required is not 

much less than for the FIR filter. This is because the energy spectrum of an acoustic 

echo has lots of spectral peaks that are sharp. To successfully suppress these peaks the 

model has to include them. The IIR filter needs two parameters to model such a peak. 

Therefore the number of parameters required for the IIR filter is about the same as is 

required for the FIR filter. With IIR filters stabil ity problems arise and the adaptation 

algorithms get more complicated and slower than for the FIR filter. For these reasons 

IIR filters are seldom used for echo cancellation. Instead FIR filters are used. 
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Fig 5.4 Direct Form II I IR Filter Realization For M =N 

 

5.3.3 FIR Fil ter 

A FIR filter [1] is characterized by the difference equation (5.5), 

                    (5.5) 

which has the transfer function (5.6), 

                    (5.6) 

The FIR fil ter can be realized using a direct-form structure (Figure 5.5). This 

realization is often called a tapped-delay-line fil ter where each filter coeff icient 

constitutes a tap weight. The FIR filter is often called a MA (moving average) system 

since the output is a moving (weighted) average of the last M inputs.  
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Fig 5.5 Direct Form FIR Filter Realization 

 

The FIR filter has the advantage that it is inherently stable. It is also good for 

removing certain frequencies (since the transfer function has zeros for certain 

frequencies). A drawback is that the impulse response of the FIR filter is limited in 

time by the number of tap weights in the filter. This is a problem in acoustic echo 

cancellation where the echo path may be quite long, thus requiring a long impulse 

response which, with a FIR filter, only can be accomplished by a large number of tap 

weights. Another drawback is that it is bad for modeling narrow frequency bands 

since the transfer function has no poles. 

 

 

5.3.4 The FIR Fil ter in the Acoustic Echo Cancellation 

The property of the FIR filter that it is inherently stable is a desired one in AEC since 

no special action is then needed for ensuring stabilit y of the filter. Thus FIR filters are 

the ones most often used for AEC. In AEC there is no true model of the system to 

compare with. Instead the amount with which the result of the echo cancellation 

differs from the desired result is measured. Good algorithms keep this small. In this 

measure all of the properties except the computational requirements are included. The 

computational requirements are critical for real-time echo cancellation. Since the 

algorithms are updated at the sampling-rate these must be fast enough to allow this. It 

is impossible to use algorithms for real-time echo cancellation that are too slow. 

Using faster hardware if such exists can of course solve this. 

 

5.4 Echo Cancellation Using LMS Algor ithm 

The LMS algorithm has been discussed in section 3.2.1 in detail. In summary, we can 

write the LMS algorithm for every search iteration, in the form of three operations: 

1. Filter output : y(n) = w x(n)                (5.7) 

2. Error Estimation : e(n) = d(n) –y(n)               (5.8) 

3. Tap Weight adaptation: w(n+1) = w(n) + µ e(n)x(n)             (5.9) 
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The second operation defines the estimation error e(n), computed based on the current 

estimate of the tap weight vector w in the first operation. The last term in the third 

operation refers to the correction that is applied to the previous estimate of the tap 

weight vector. (Corresponding to step 3 of the method of steepest descent). 

The desired signal has been obtained by convolving the input signal (vocal wav file) 

with the appropriately defined impulse response [30] of the acoustic environment. The 

plot for output of the adaptive filter shows that an estimate of the desired echo signal 

is obtained as its output and can thus be subtracted from the echo signal to minimize 

the error. The echo canceller [7] identifies the transfer function of the acoustic echo 

path i.e. the impulse response H(n) between the loudspeaker and the microphone. 

Since the impulse response varies as a person moves and varies with the environment, 

an adaptive filter is used to identify H(n). The desired signal is obtained by 

convolving the input signal with the impulse response of the acoustic environment 

and an echo replica is created at the output of the adaptive filter. The echo replica y(n) 

is then subtracted from the echo signal d(n) to give the error e(n)= d(n)-y(n). The 

simplicity and robustness of the LMS updating equation are the most important 

features and lead to many successful developments of other gradient descent-based 

algorithms. The LMS (least mean squares algorithm) is introduced as a way to 

recursively adjust the parameters of w(n) of a linear filter with the goal of minimizing 

the error between a given desired signal and the output of the linear filter. 

 

5.4.1 Simulation Results for Echo Cancellation Using LMS Algor ithm 

The following figures show the desired signal, adaptive filter output signal, estimation 

error, MSE and Echo return loss enhancement plots for the LMS algorithm with vocal 

input. The results have been obtained for 7500 iterations, 25000 iterations and with a 

filter length of 1000. The MSE shows that as the algorithm progresses the average 

value of the cost function decreases, this corresponds to the LMS filters impulse 

response converging to the actual impulse response, more accurately emulating the 

desired signal and thus more effectively canceling the echoed signal. The results have 

been shown only for no of iterations=25000 and filter order 1000. 
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Plot of the desired signal i.e. the echo signal obtained by convolving the input signal 

with the appropriately defined impulse response. 

 

Plot of the adaptive filter output (shows that the output y(n) of the adaptive filter is an 

estimate of the echo signal) 

 

Plot of the estimation error using LMS algorithm 

 

 



 72 

Plot of the mean square error, which shows that the mean square error decreases as 

the algorithm progresses 

 

 

Plot of ERLE for LMS algorithm. Average ERLE in dB obtained=15.34dB 

 
Fig 5.6 Simulation Results for Echo Cancellation using LMS Algor ithm 

(Number Of I terations = 25000 And Filter Order 1000) 

 

5.5 Echo cancellation using NLMS algor ithm 

The NLMS algorithm has been discussed in detail in section 3.2.7 .The NLMS 

algorithm is always the favorable choice because of fast convergence speed. For non-

stationary input the correction term applied to the estimated tap weight vector w(n) at 

the n-th iteration is normalized with respect to squared Euclidean norm of the tap 

input x(n) at the (n-1)th iteration, 

 

w(n+1) = w(n) + )()(
)(

2 nxne
nx

α
                   (5.10)                                

where    
2
 = Euclidean Norm                    

 

When the input vector x(n) is small , instability may occur since we are trying to 

perform numerical division by small value of the Euclidean Norm 

However, this can be easily overcome by appending a positive constant to the 

denominator in the above equation such that 
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w(n+1)=w(n) + )()(
)(

2 nxne
nxc +

α
             (5.11) 

 

Where c+
2

)(nx  is the normalization factor. With this, more robust and reliable 

implementation of the NLMS algorithm is obtained. 

 

5.5.1 Simulation Results for Echo Cancellation Using NLMS 

Algor ithm  

The results for the Normalized LMS algorithm are given below. The results obtained 

are better compared to that of the LMS, variable Step size LMS and Gradient adaptive 

step size algorithms. The estimation error and the mean square error are very small 

and the value of average ERLE is also quite large=22.1603dB. This is the best 

algorithm for the practical implementation of the echo canceller. 

 
 

 

Plot for the desired signal for NLMS algorithm 
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Plot of the adaptive filter output for NLMS algorithm 
 

 

 

Plot for the estimation error for NLMS algorithm 

 

 

 

Plot for the mean square error 

 

Plot for the ERLE for NLMS algorithm (avg ERLE=22.16dB) 
 

Fig 5.7 Simulation Results for Echo Cancellation using NLMS Algor ithm 

(Number of I terations = 25000 And Filter Order 1000) 
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Comparing this with fig 5.6, it can be seen that the error signal is smaller and the 

amplitude of the mean square error is in the order of ten times smaller than that of the 

standard LMS algorithm. This comes with the addition of only N more multiplication 

operations. The plot for the comparison of ERLE for LMS and NLMS algorithm is 

given below for 7500 and 25000 iterations: 

 

Fig 5.8 Compar ison of the ERLE Plots for the LMS and NLMS Algor ithm for 
7500 I terations 

 

Fig 5.9 Compar ison of the ERLE Plots for the LMS and NLMS Algor ithm for 

25000 I terations 

 

The curves look rather similar. If there is a difference, NLMS is superior, i.e.; its 

ERLE exceeds the ERLE of the LMS and grows quicker. The adaptive algorithm 

should provide real time operation, fast convergence, and high echo return loss 

enhancement (ERLE).  NLMS has higher ERLE so it works as a better algorithm for 

echo cancellation application. 
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5.6 Echo Cancellation using RLS Algor ithm 

The equations for the implementation of the RLS algorithm are given below: 

• The filter output is calculated using the filter tap weights from the previous 

iteration and the current input vector.  

                  (5.12) 

• The gain vector is calculated using the following equation: 

• The estimation error is calculated as 

                  (5.14) 

• The filter tap weights can be calculated as 

5.6.1 Simulation Results for Echo Cancellation using RLS Algor ithm 

The results for the RLS algorithm are given below. From the plots it can be shown 

that the results obtained are the best for the RLS algorithm. The estimation error is 

very small , even smaller than the NLMS algorithm and the average ERLE is 

40.2825dB, which is much higher than the LMS and the NLMS algorithm. Though 

the RLS algorithm gives much better results compared to other algorithms still it is 

not used, as each iteration requires 4N2 multiplications. For echo cancellation systems 

the FIR filter order is usually in the thousands. Thus the number of multiplications 

required are very large because of which the RLS algorithm is too costly to 

implement. In practice the LMS based algorithms, although poorer performers, are 

preferred.  
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Plot for the desired signal for RLS algorithm 

 

 
Plot for the adaptive filter output for RLS algorithm 

 

 

Plot for the estimation error using RLS algorithm (much less as compared to the LMS 
algorithm) 
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Plot for the Mean square error using RLS algorithm(Several orders less than the LMS 

algorithm family) 
 
 

 
Plot for ERLE for RLS algorithm (Average ERLE = 40.2825dB) 

 

Fig 5.10 Simulation Results for Echo Cancellation using RLS Algor ithm 

(Number Of I terations = 25000 And Filter Order 1000) 

 

5.7 Comparison of Convergence Rate of Var ious Algor ithms 

Convergence Rate: This quantity describes the transient behavior of the algorithm. 

This is defined as the number of iterations required for the algorithm to converge to 

its steady state mean square error or MSE. The steady state MSE is also known as the 

Mean asymptotic square error or MASE. This concerns how fast the algorithm will 

change the filter parameters to their final values.  
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The fig 5.11 shows that the Convergence Rate of NLMS algorithm is greater than 

LMS algorithm and the RLS algorithm has a far greater convergence rate compared to 

the LMS algorithm. Though the RLS algorithm gives much better results compared to 

other algorithms still it is not used, as each iteration requires 4N2 multiplications. For 

echo cancellation systems the FIR filter order is usually in thousands. Thus the 

number of multiplications required are very large because of which the RLS algorithm 

is too costly to implement. In practice the LMS based algorithms, although poorer 

performers, are preferred.  

 

Fig 5.11 Compar ison of Convergence Rate of Conventional Algor ithms (LMS, 

NLMS and RLS Algor ithms) 

5.8 Echo Cancellation using VSS LMS Algor ithm 

The step size of the VSS LMS algorithm is adjusted as follows: 

 

µ(n+1) = αµ(n)+βe2(n)                   (5.16)                                

To ensure stabil ity, the variable step size µ (n) is constrained to the pre-determined 

maximum and minimum step size values of the LMS algorithm, while α and β are the 
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parameters controlling the recursion. Simply, the VSS algorithm's step size value 

change by tracking the error square or the error power.  

 

The algorithm is of the form 

w(n+1)=w(n)+ µ(n)x(n)e(n)               (5.17) 

where e(n)=d(n)-x(n)Tw(n)               (5.18) 

 

step size is updated as 

µ’(n+1) = αµ(n)+βe2(n)  with 0< α<1 ,  β >0            (5.19) 

and   µ(n+1)= µmax   if µ’ (n+1)> µmax 

                       µmin    if µ’ (n+1)< µmin 

                        µ’(n+1) otherwise 

where 0<µmin<µmax 

A typical value of α is chosen as given in the paper: α=0.97, β=4.8*10-4 

 

5.8.1 Simulation Results for Echo Cancellation using VSS LMS 

Algor ithm 

The results for the variable step size LMS algorithm given by above equations are 

given below. The results obtained are poor compared to the LMS algorithm. Error 

between the estimated signal and the desired signal is very large and the average value 

of ERLE is also quite small . Here max and min values of µ have been chosen as given 

in [13] i.e. µmax=0.1, and µmin=10-5 

 

 

Plot of the desired signal for VSS algorithm 
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Plot of the adaptive filter output for VSS LMS algorithm 

Plot of estimation error for VSS LMS algorithm 

 

Plot of the Mean square error for VSS LMS algorithm 
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Plot for ERLE for VSS LMS algorithm (Average ERLE obtained = 5.9502 dB) 

 

Fig 5.12 Simulation Results for Echo Cancellation using Var iable Step Size LMS 

Algor ithm (Number Of I terations = 25000 And Filter Order 1000) 

 

The fig 5.12 shows that the results obtained for the variable step size LMS algorithm 

are not satisfactory. The most important factor, which determines whether the 

algorithm is suitable to be used for echo cancellation i.e. the ERLE, is quite small. 

The value of average ERLE obtained is equal to 5.95dB, which is quite small as 

compared to the ideal value and that obtained for the other conventional algorithms.  

The Experimental results show that the performance of existing variable step size 

(VSS) algorithms is quite sensitive to the noise disturbance. Their advantageous 

performance over the LMS algorithm is generally attained only in a high signal-to-

noise environment. This is intuitively obvious by noting that the criteria controlling 

the step-size update of these algorithms are directly obtained from the instantaneous 

error that is contaminated by the disturbance noise. Since measurement noise is a 

reality in any practical system, the usefulness of any adaptive algorithm is judged by 

its performance in the presence of this noise. The performance of the VSS algorithm 

deteriorates in the presence of measurement noise. Hence a new VSS LMS algorithm 

is proposed, where the step size of the algorithm is adjusted according to the square of 

the time-averaged estimate of the autocorrelation of e(n) and e(n-1) .  

 

5.9 Echo cancellation using Modified VSS LMS algor ithm 
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As seen above the performance of the VSS algorithm deteriorates in the presence of 

measurement noise. Hence a new VSS LMS algorithm is proposed, where the step 

size of the algorithm is adjusted according to the square of the time-averaged estimate 

of the autocorrelation of e(n) and e(n-1) . As a result, the algorithm can effectively 

adjust the step size as in [13] while maintaining the immunity against independent 

noise disturbance. The MVSS LMS algorithm allows more flexible control of 

misadjustment and convergence time without the need to compromise one for the 

other. The performance of the MVSS LMS algorithm is better that the VSS algorithm 

when applied to Echo cancellation application. 

 

The weight update recursion is given by  

        (5.20) 

The estimate is a time average of e(n)e(n-1) that is described as 

  

Thus, the proposed step size update is given by     

 

where limits on µ(n+1), α and γ are the same as those of the VSS LMS algorithm in 

[13]. The positive constant β (0< β <1) is an exponential weighting parameter that 

governs the averaging time constant, i.e., the quality of the estimation.  

 

5.9.1 Simulation Results for Echo Cancellation using MVSS LMS 

Algor ithm  

As given in the paper [29], for the purpose of comparison, the VSS and the MVSS 

algorithms were used in an echo cancellation configuration. The echo path taken in 

the paper was simulated using the echo path impulse response of CSA loop #2 from 

the set of HDSL2 test loops, at the central off ice end. The echo path impulse response 

was truncated to 124 ps to avoid the residual echo inherent in untruncated impulse 

)()()()()1( nXnennWnW µ+=+

)1()()1()1()( −−+−= nenenpnp ββ
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  (5.21) 

 (5.22) 
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responses. The sampling interval was set at 1 ps, which resulted in an impulse 

response vector having a length of 124. 

The echo path was excited with a zero-mean, white Gaussian signal to generate the 

echo. The echo signal thus generated was contaminated with the received signal, 

which was also a zero mean white Gaussian signal to result in an SNR of 0 dB.  

The two algorithms were simulated with the following parameter values: 

α=0.97,  γ =0.08, β= 0.999 

µmax=0.01, and µmin=0.001 

To measure the performance of the two algorithms, the value of the misadjustment  

 w* -w(n) where w* is the echo path impulse response vector and w(n) is the 

estimated coeff icient vector of the LMS algorithm at the nth iteration, was calculated 

and plotted against the number of iterations in fig.5.13. As can be observed, the 

proposed algorithm yields a lower steady-state misadjustment. 

 

 

Fig 5.13: Compar ison of the Misadjustments Using the MVSS and proposed VSS 

Algor ithms. 
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Plot of desired signal for Modified VSS-LMS algorithm 

 

Plot of adaptive filter output for MVSS LMS algorithm 

 

Plot of estimation error for MVSS LMS algorithm  
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Plot of mean square error for MVSS LMS algorithm 

 

 Plot of ERLE for MVSS LMS algorithm(average ERLE=15.56 dB) 

 

Fig 5.14 Simulation Results for Echo Cancellation using Modified Var iable Step 

Size LMS Algor ithm (Number Of I terations = 25000 And Filter Order 1000) 

 

5.10 Echo Cancellation using Gradient Adaptive Step Size 

LMS Algor ithm  

Improved results in echo cancellation have been achieved with another variable step 

size algorithm i.e. by using the effect of gradient terms [33] on the update procedure. 

 
The algorithm is as follows 
 
wi(n+1)=wi(n)+2 µigi(n)               (5.23) 

gi(n) = e(n)x(n)                (5.24) 
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Where g is a vector comprised of the gradient terms, gi(n)=e(n)x(n-i), i=0….N-1, the 

length corresponds to the order of the adaptive filter.  

µi(n)= µi(n-1)+αsign(gi(n))sign(gi(n-1))             (5.26) 

 

For implementation 

gi(n) = e(n)x(n-i) 

g(n) = e(n)x(n) 

µi(n)= µi(n-1)+αgi(n)gi(n-1) 

and   if µi(n)> µmax   if µi(n)= µmax 

         if µi(n)< µmin    if µi(n)= µmin 

wi(n+1)=wi(n)+2 µi(n)gi(n) 

 

5.10.1 Simulation results for echo cancellation using GLMS 

algor ithm 

The results obtained for the gradient adaptive Step size LMS algorithm given by 

above equation are given below. The mean square error obtained in this case is about 

ten times compared to the MSE for LMS algorithm. Also the average ERLE is 

11.6dB. Hence this shows a poorer performance compared to the LMS algorithm for 

echo cancellation but the performance is better compared to that obtained for the 

variable step size LMS algorithm. This also works as a modification of the existing 

variable step size LMS algorithm. Also the convergence rate for this is higher as 

compared to the LMS and the variable step size LMS algorithms. 

 

Plot of the desired (echo) signal for GLMS algorithm 
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Plot for the adaptive filter output for GLMS algorithm  

 

Plot of the estimation error for GLMS algorithm 

Plot of the mean square Error 
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Plot of the ERLE for GLMS algorithm (average ERLE=11.6 dB) 

 

Fig 5.15 Simulation Results for Echo Cancellation using Gradient Adaptive Step 

Size LMS Algor ithm (Number of I terations = 25000 And Fil ter Order 1000) 

 
 

 

ALGORITHM 

 

ITERATIONS 

 

FILT ER    
ORDER 

MSE AVG 
ERLE(in 

dB) 
 

 
COMPUTATIONS 

 
LMS 

 

 
7500 

 
1000 

 
0.025 

 
10.22 

 
2N+1 

 
 

NLMS 
 

7500 
 

1000 
 

0.007 
 

16.42 
 
 

3N+1 
 

 
RLS 

 
 

 
7500 

 
1000 

 
0.003 

 
29.64 

 
4N2 

 

 
Variable step 

size 
 

 
7500 

 
1000 

 
0.06 

 
4.64 

 
5N+1 

 

 
MVSS LMS 

 

 
7500 

 
1000 

 
0.03 

 
11.6 

2N+8 

Gradient 
adaptive step 

size 
 

 
7500 

 
1000 

 
0.02 

 
9.1 

 
4N+1 

 

 
Table 5.1. Table for the compar ison of performance of var ious algor ithms used 

for ECHO cancellation (number of iterations=7500 and fil ter order=1000) 
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ALGORITHM 

 

ITERATIONS 

 

FILT ER   
ORDER 

MSE AVG 
ERLE(in 

dB) 
 

 
COMPUTATIONS 

 
LMS 

 

 
25000 

 
1000 

 
0.025 

 
15.3489 

 
2N+1 

 
 

NLMS 
 

25000 
 

1000 
 

0.007 
 

22.1603 
 
 

3N+1 
 

 
RLS 

 
 

 
25000 

 
1000 

 
0.003 

 
40.2825 

 
4N2 

 
Variable step 

size 
 

 
25000 

 
1000 

 
0.12 

 
5.9502 

 
5N+1 

 

 
MVSS LMS 

 

 
25000 

 
1000 

 
0.03 

 
15.56 

 
2N+8 

Gradient 
adaptive step 

size 
 

 
25000 

 
1000 

 
0.02 

 
11.6 

 
4N+1 

 

 

Table 5.2. Table for the compar ison of performance of var ious algor ithms used 

for ECHO cancellation (number of iterations=25000 and fil ter order N =1000) 
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Chapter 6 

CONCLUSIONS AND FUTURE SCOPE 

 

6.1 Conclusions 

Adaptive Digital Signal Processing is a specialized branch of DSP, dealing with 

adaptive filters and system design. There are number of adaptive algorithms available 

in literature and every algorithm has its own properties, but aim of every algorithm is 

to achieve minimum mean square error at a higher rate of convergence with lesser 

complexity. Though many complex algorithms like RLS are having better 

performance but FSS – LMS is one of the most popular algorithms in the field of 

adaptive digital signal processing, due to simplicity. The VSS-LMS algorithm has 

been developed from FSS-LMS algorithm using one of  its parameters.  

The first part of the analysis emphasis on the basic adaptive algorithms and the 

modifications in VSS algorithm, which proved to be beneficial in adaptive system 

design. The discrete time version of Wiener filter theory has evolved from the 

pioneering work of Norbert Wiener on linear optimum filters for continuos-time 

signals. The importance of Wiener filter lies in the fact that it provides a frame of 

reference for linear filtering of stochastic signals, assuming the wide-sense 

stationarity. 

At this point, it is informative to look at the FSS-LMS algorithm for stochastic inputs 

about the steepest descent algorithm. The aim, of both algorithms is to attain weight 

vector w0 (optimum weight vector) but the steepest descent algorithm can achieve this 

in infinite number of iterations because of exact measurement of gradient vector at 

each iteration and it has a well defined learning curve, obtained by plotting the mean 

square error versus number of iterations because it consists of a sum of decaying 

exponentials, the number of which is equal to the number of tap coeff icients. The 

correlation matrix R and cross correlation matrix p are computed through the use of 

ensemble averaging operation applied to the statistical populations of the tap inputs 

and the desired response. The FSS-LMS algorithm relies on the noisy estimate for the 

gradient vector. Therefore the mean square error is more in case of FSS-LMS 

algorithm and learning curve consists of noisy, decaying exponentials. 
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The convergence of the FSS-LMS algorithm in the mean square is assured by 

choosing the step size parameter in accordance with the practical condition. With 

small value of step size, the adaptation is slow, which is equivalent to large number of 

memory elements. The excess mean square error and misadjustment are less in this 

case because both are directly proportional to step size and number of tap elements. 

When value of step size is large, the adaptation is fast, giving rise to high mse and 

misadjustment. 

The VSS-LMS algorithm has been developed from the FSS-LMS algorithm. Based on 

the error-squared power, Kwong and Johnston proposed a simpler Variable Step Size 

algorithm (VSS). The error power reflects the Convergence State of the adaptive 

filter, where a converging system has a higher error power while the converged 

system has a smaller error power. Therefore, scalar step size increases or decreases as 

the squared error increases or decreases, thereby allowing the adaptive filter to track 

changes in the system and produces a smaller steady state error.  

Experimental result show that the performance of existing variable step size (VSS) 

algorithms is quite sensitive to noise disturbance. Their advantageous performance 

over the LMS algorithm is generally attained only in a high signal-to-noise 

environment. Since measurement noise is a reality in any practical system, the 

usefulness of any adaptive algorithm is judged by its performance in the presence of 

this noise. The performance of the VSS algorithm deteriorates in the presence of 

measurement noise. Hence a new VSS LMS algorithm is proposed , where the step 

size of the algorithm is adjusted according to the square of the time-averaged estimate 

of the autocorrelation of e(n) and e(n-1) . As a result, the algorithm can effectively 

adjust the step size as in while maintaining the immunity against independent noise 

disturbance. The MVSS LMS algorithm allows more flexible control of 

misadjustment and convergence time without the need to compromise one for the 

other.  

In the second part of the thesis, adaptive algorithms have been applied to acoustic 

echo cancellation. The desired signal has been obtained by convolving the input signal 

(vocal wav file) with the appropriately defined impulse response of the acoustic 

environment. The tables 5.1 and 5.2 summarize the various results obtained and 

compare the performance of various algorithms used for Echo Cancellation. The 
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values of average ERLE obtained from the plots for various adaptive algorithms 

shows that the average ERLE is maximum for RLS algorithm. The estimation error 

and the mean square error are several orders smaller for RLS algorithm. The 

convergence rate of NLMS algorithm is greater than the LMS algorithm and the RLS 

algorithm has a far greater convergence rate compared to the LMS algorithm. Though 

the RLS algorithm gives much better results compared to other algorithms, still it is 

not used, as each iteration requires 4N2 multiplications. For echo cancellation systems 

the FIR filter order is usually in the thousands. Thus the number of multiplications 

required are very large because of which the RLS algorithm is too costly to 

implement. In practice the LMS based algorithms, although poorer performers, are 

preferred. Also the results obtained for Modified VSS-LMS algorithm are almost 

similar to the LMS algorithm but the Modified VSS-LMS algorithm can effectively 

adjust the step size while maintaining the immunity against independent noise 

disturbance. Also the MVSS LMS algorithm allows more flexible control of 

misadjustment and convergence time without the need to compromise one for the 

other.  

Therefore, the overall analysis shows that the MVSS-LMS algorithm supersedes 

VSS-LMS adaptive algorithm under similar conditions, for different applications as 

far as misadjustment and rate of convergence is concerned. 

 

6.2 Future Scope 

Adaptive digital signal processing is a rapidly growing branch of DSP and has great 

significance in the design of adaptive systems. The various signal processing 

applications demand for reduction in trade off between misadjustment and 

convergence rate, taking realization of algorithm into account. There is a scope of 

improvement in existing algorithms, which reduces complexity and fulfill s stringent 

conditions for stabil ity.  

This thesis dealt with transversal FIR adaptive filters; this is only one of many 

methods of digital filtering. Other techniques such as infinite impulse response (IIR) 

or lattice filtering may prove to be  effective in an echo cancellation application.  
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The real time echo cancellation system can be implemented successfully using the TI 

TMSC6711 DSK. However, this system can only cancel those echoes that fall within 

the length of the adaptive FIR filter.  

Ther e’s a  l ot , whi ch can b e done in f ut ure f or 

i mpr ovement on t he met hods f or a coust ic e cho cancel l at i on 

The f i eld of di gi t al  s i gnal pr ocessi ng and i n par t i cul ar 

adapt i ve f i l t er i ng i s vast and f ur t her r esear ch and 

devel opment i n t hi s ar ea c an r esult i n s ome i mpr ovement 

on t he met hods s t udi ed i n t hi s t hesi s .  
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APPENDIX A 

 

GAUSSIAN MOMENT FACTORING THEOREM 

 

For zero mean Gaussian random variables xi, i=1,…….,4 , the following result holds: 

 

Applying the above result to a zero mean Gaussian random variable X with 

E(XXT)=Λ,  

Λ = diag (λ1, λ2,…………, λn ),we obtain the following: 

 

If xi has mean xi, then on letting     xi = xi, we have 

 

 

 

 

 

 

 

 

 

 

 

)()()()()()()( 3241423143214321 xxExxExxExxExxExxExxxxE ++=

)()( AtrAAAXXXXE TTT ΛΛ+ΛΛ+ΛΛ=

=)( 4321 xxxxE

432121433142

4132324142314321

324142314321

)~~()~~(

)~~()~~()~~()~~(

)~~()~~()~~()~~()~~()~~(

xxxxxxxxExxxxE

xxxxExxxxExxxxExxxxE

xxExxExxExxExxExxE

+++

+++

+++



 96 

 

APPENDIX B 

 

MATRIX INVERSION LEMMA 

 

The matrix inversion lemma is an identity of matrix algebra, it is a simple way to 

determine the inverse of a matrix. The matrix inversion lemma is as follows [02].  

Let A and B be two positive-definite MxM matrices, C be an MxN matrix and D is a 

positive-definite NxN matrix, (superscript H denotes hermitian transposition, which is 

transposition followed by complex conjugation).  

 

 

A special form of the matrix inversion lemma is used in the derivation of the recursive 

least squares (RLS) adaptive filtering algorithm. This special form is stated in the 

equation below , for an arbitrary non-singular NxN matrix A, any Nx1 vector a, and a 

scalar α. 
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