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ABSTRACT

The existence of sine and cosine series as a Fourier series, their integrability and L!-
convergence appears to be one of the most difficult question in theory of convergence of
trigonometric series in L!-metric norm.

One of the most prominent question is to find the class of coefficient sequences which
satisfy the sufficient conditions for the sine series to be Fourier series.

The present thesis entitled, “On L!-Convergence of Certain Trigonometric Series
with Special Coefficients” comprises certain investigations carried out by me at the School
of Mathematics and Computer Applications, Thapar University, Patiala, under the supervision
of Dr. S.S. Bhatia, Professor and Head, School of Mathematics and Computer Applications,
Thapar University, Patiala and Dr. Babu Ram, Professor(Retd.), Department of Mathematics,
Maharshi Dayanand University, Rohtak.

The aim of this work is, to investigate classes of sequences formed by the coefficients
of real / complex trigonometric series, thereby improving the existing classes of sequences, to
obtain sharper results on integrability and L'-convergence of trigonometric series with special
coefficients.

The thesis embodies nine chapters. The first chapter is introductory. In this chapter,
apart from setting up the notations and terminology to be used in the sequel, we have presented
some known results interrelated to our results alongwith a brief plan of our results presented
in the subsequent chapters. The purpose of chapter II is to generalize the results of Hooda and
Ram, and that of Teljakovskii for a more general classes S** and S** of coefficient sequences.
In chapter III, we have extended the result of Ram and have studied the L!-convergence of
the cosine series belonging to an extended class S,, = 0,1,2,3..... of coefficient sequences.
We have also obtained the necessary and sufficient conditions for the L!-convergence of the
r*" derivative of cosine trigonometric series under the same class S,. In chapter IV, we have
introduced new modified cosine and sine sums and have studied their integrability and L!-
convergence under a newly defined class SJ of coefficient sequences. Also, the L!-convergence
of cosine and sine series have been deduced as corollary. We have also obtained L!-convergence

of r** derivative of new modified cosine and sine sums under an extended class SJ,. of coefficient



sequences. The object of chapter V is to study the L!-convergence of complex form of the
newly modified trigonometric sums introduced in chapter IV under a new class J* of coefficient
sequences. We have also studied L'-convergence of r*" derivative of new modified complex
form under an extended class J;.

In the literature so far available, most of the authors have studied the integrability and
L'-convergence of cosine trigonometric series using different classes of coefficient sequences.
However, very few of them have studied about the L!-convergence of sine trigonometric series.
In this direction, we have, in chapter VI studied the L!-convergence of sine trigonometric series
by using a newly introduced modified cosine sum under a new class J of coefficient sequences.
In chapter VII, L!-convergence of the complex form of the, modified trigonometric cosine and
sine sums introduced by the author and that of the Kaur, Bhatia and Ram under the class
J* of coefficient sequences as introduced in chapter V have been studied.

In chapter VIII, we have extended the results discussed in chapter IV from one dimensional
cosine and sine series to two dimensional ones. In this chapter, we have obtained necessary and
sufficient conditions for the integrability and L!-convergence of double cosine, sine and mixed
series by using modified double cosine, sine and mixed trigonometric sums with coefficients
satisfying certain conditions.

Chapter IX is devoted to the study of L!-convergence of double cosine series under an
extended class S5 of two dimensional coefficient sequences. Towards the end, references of
various publications cited in the present thesis have been reported.

All the results reported in the thesis have been published /communicated in various inter-

national/ national journals.
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CHAPTER I

INTRODUCTION

1.1 The present thesis comprises certain investigations carried out by the author “On L!-
Convergence of Certain Trigonometric Series with Special Coefficients”. It is well
known that if a trigonometric series converges in L'-metric to a function f € LY(T'), then it is
the Fourier series of the function f. Riesz {[2], Vol.II, Ch. VIII §22} gave a counter example
to show that in L' metric, the converse of the above said result does not hold good. This
motivated various authors to study the L!-convergence of trigonometric series with special
coefficients.

Integrability and L!-convergence of trigonometric series with special coefficients have been
studied by number of authors. The work on this topic was initiated by Young W.H. [69] and
Kolmogorov A.N. [30] by taking classes of convex sequences (A%a, > 0) and quasi-convex
sequences (i n|A%a,| < 00) respectively. Teljakovskii S.A. [68] yet considered another class

n=1

S introduced by Sidon [49] for L!'-convergence of trigonometric series. The results obtained
by these authors were further generalized and extended by Hardy G.H. and Littlewood J.E.
[21], Kano T. [23], Garrett J.W. and Stanojevi¢ C.V. ([18], [19]), Ram B. ([39], [41]), Singh
N. and Sharma K.M. ([50], [51], [52]), Bojanic R. and Stanojevi¢ C.V. [8], Chen C.P. [13],
Bala R. and Ram B. [1], Méricz F. [34], Bhatia S.S. and Ram B. [3], Tomovski Z. ([59], [60],
[61], [64]), Hooda N. and Ram B. [22], Kaur K., Bhatia S.S. and Ram B. [24] and others by
considering various generalizations of classes of sequences mentioned above for one-dimensional
trigonometric series.

During their investigations, some authors introduced modified trigonometric sums, as these

1



sums approximate their limits better than the classical trigonometric series in the sense that
these sums converge in L'-metric to the sum of trigonometric series whereas the classical series
itself may not. In this concern, various authors like Rees, C.S. and Stanojevié¢ C.V. [45], Bor.
H. (9], [10], [11], [12]), Chen C.P. [14], Kumari S. and Ram B. [31], Ram B. and Kumari S.
[42], Hooda N.; Ram B. and Bhatia S.S. [22], Kaur K., Bhatia S.S. and Ram B. [27] have
introduced various new modified trigonometric sums and have studied their L!-convergence
under various classes of coefficient sequences. Bhatia S.S. and Ram B. [3] generalized the
results of Kumari S. and Ram B. [31] and have obtained their results as corollary.

L'-convergence of complex trigonometric series was considered by Stanojevi¢ C.V. and
Stanojevi¢ V.B. [54], Sheng Shu Yun [48], Méricz F. [38], Chen C.P. [16], Tomovski Z. ([62],
[65], [66]) for various classes of complex sequences by considering some additional conditions
to control the sine and mixed part of the complex trigonometric series. Bhatia S.S. and Ram
B. [4], Tomovski Z. [63] studied the L'-convergence of complex form of the modified sums
introduced by Kumari S. and Ram B. [31] for new classes of coefficient sequences.

Further, Bhatia S.S. and Ram B. [5] extended the results of Méricz F. [38] and studied
the integrability of the r-times differentiated complex trigonometric series. They obtained a
new necessary and sufficient condition for the L!-convergence of the Fourier series.

Moéricz F. [33] studied the convergence and integrability of double trigonometric series
with coefficients of bounded variation () [Aq1ajr] < 00). In 1991, Méricz [37] extended
the classical theorems of Kolmogorov [30] and Young [69] from one dimensional cosine and
sine series to two dimensional cosine and sine series by considering the special cases, where
the double sequence of coefficients is monotone decreasing, convex or quasi-convex.

Méricz F. [36], Ram B. and Bhatia S.S. [44] have further extended the results of Hardy
G.H. and Littlewood J.E. [21] on LP-integrability of the sum f of the trigonometric series from

2



one dimensional series to two dimensional series.

Chen C.P. and Hsieh P.H. [15] studied the point-wise convergence of rectangular partial
sums of certain type of double trigonometric series under certain conditions on the finite order
differences of its coefficients. Kaur K., Bhatia S.S. and Ram B. [28] have studied the double
trigonometric series with coefficients of bounded variation of higher order.

Ram B. and Bhatia S.S. [43] have further studied the L'-convergence of complex double
trigonometric series under a new class Sy of coefficient sequences which is analogous to class
S of Sidon [49] for single trigonometric series. Further, Kaur K., Bhatia S.S. and Ram B. [26]
studied the L!'-convergence of complex double trigonometric series under different conditions
on coefficient sequences.

In the present thesis, number of results have been proved by the author, most of which
are directly associated with the works of above mentioned authors.

To provide sufficient background for later chapters, a summary of basic concepts, tech-
niques and a brief chapter wise résumé of the results contained in the thesis has been given
in this introductory chapter. However, some of the definitions and notations will be repeated

occasionally in various chapters for the sake of convenience.
1.2 DEFINITIONS AND NOTATIONS
Let {a,} be a sequence. Then we write
Na, = Gy, — Apiq
Nla, = N(Day) = ap — 2an41 + Gpio

Abel’s transformation ([2], Vol.I, p.1). If ag, ay, as, ..., vy, V1, ..., Uy, ... are any real num-
bers, let us assume that

Vi.=vo+vi+ ...+,



Then for any values of m and n we find that

n n—1
E AV = E Aakvk +a, Vi — am Vi1
k=m k=m

(under the condition that if m = 0,V_; = 0).
Convex sequence. A sequence {a,} is said to be convex if A%a, > 0.

Quasi-convex sequence ([2], Vol.II, p.202). A sequence {a,} is said to be quasi-convex

if

Zn|A2an] < 00.

n=1
Semi-convex sequence [23]. A null sequence {a,} is said to be semi-convex if

Zn|A2an_1 + AN%a,| < 00,  (ag =0)

n=1

It may be remarked here that every quasi-convex null sequence is semi-convex.
Generalized semi-convex sequence [25]. A null sequence {a,} is said to be generalized

semi-convex, if
(0.9]
Zno‘|A““an_1 + AMa,| <oo, for a>0, (ag=0)
n=1

For a = 1, this class reduces to the semi-convex sequence as in [23].
Sequence of bounded variation ([2], Vol.I, p.3). A sequence {a,} is said to be of

bounded variation if

oo
> Aay| < 0.
n=1

We denote the class of all null-sequences of bounded variation by BV.
Sequence of bounded variation of order m> 1 [20]. A null sequence {a,} is said to be

bounded variation of order m > 1, if

o0
Z |A"a,| < oo,
n=1

4



where

A™a, = AN a,) = A" a, — A ag.

We denote the class of null sequences of bounded variation of order m by (BV)™. Clearly for
m = 1, the class (BV)™ reduces to the class BV. Also,

{an} € BV)™ = {an} € (BV)™H,
but the converse is not true [20].
Sequence of bounded variation order (m,p) [55]. A null sequence {a,} is said to be of
bounded variation of order (m,p) if

f: |A™a,|P < oo, for some m > 1and 1 <p < 2.

We denote sucl:;1 class of all null sequences of bounded variation of order (m,p) by BV (m,p).
Quasi-monotone sequence ([47], [56]). A sequence {a,} of non-negative numbers is said
to be quasi-monotone if a,,1 < a, (1 + %) for some a > 0 and all n > ng(a)). An equivalent

definition is that n=%a, | 0 for some 3 > 0.

Weakly even sequence [54]. A complex null sequence {c,} satisfying

Z |A(Cn - C—n)| 1Ogn < 00,
n=1

is called weakly even sequence and is denoted by {c,} € W. Clearly if {c,} is an even sequence
(cn = c_p), then it is weakly even.

If {c,} satisfies
Z |IA(ep, —cp)n"logn < o0, re€0,1,2,3,...,
n=1

then it is denoted by {¢,} €W, obviously Wy =W.

Fourier series. A trigonometric series

% + Z (an cosnx + b, sin nx)

n=1



the coefficients a,, and b,, of which are determined by the Fourier formulae
1 ™
an = —/ f(x) cosnz dx,
’n— —T

1 K
b, = —/ f(z) sinnz dx
™ —T

derived from the function f(z), is called the Fourier series of the function f(x). We then write

o0

flz) ~ % + ; (@, cosnx + by, sin nx)
If we set
(,IO an — /lbn a/n + an
CO = _7 CTL = —’ C_n = —7
2 2 2

then the trigonometric series takes the form
o0
f(ﬂf) _ Z Cnem:r’
n=—oo
known as the complex form of the trigonometric series. The partial sums

Qo

5t ; (ag cos kx + by sin kx)

then takes the form

n

Sp(z) = Z cpet*®

k=—n

and the coefficients ¢,, are determined by the formulae

1 [ -
Cp = —/ f(t)e "dt (n=0,%£1,...).
2 ) .
Dirichlet kernel ([2], Vol.I, p.85). Let

D, (z) = g Teosz+ cos 2z + ... + cosnx

then

2sin gDn(a:) = sing + QSngcosx +...+ QSingcosmt

i +1
1
sin [ n 5 x,

6



hence
sin (n + %) T

: T
2sin 3

D,(x) =

This expression is known as Dirichlet’s kernel. Moreover,

Dn(x) = sinz +sin2x + ... +sinnx
cos%—cos(n—l—%)x

: X
2 sin 5

is called the kernel conjugate to the Dirichlet kernel.
If x # 0( mod 27), then

|Dn(z)| < o=y for O<|z[<m

&)=

and

| Dy ()] < z, for 0<|z|<m
T

Also, we shall use the uniform estimate

and the estimate

for Lebesgue constant.

We have similarly

i, - —/ Dy ()| da ~ log .

™ —T

Fejér kernel ([2], [71]). The Fejér kernel K, (z) is defined as

Kule) = —— 3 Dj()




Using |D,,(z)] < n+ 1, it follows that K, (z) <n+ 1.

It has the properties

(i) Kn(z) =0,

) L/ K,(z)dz = 1.

™

—T

The conjugate Fejér kernel is defined as

- 1 .
K,(z) = n+ 1 Dj(z)
7=0
We have
Ko(z)>0 for 0<z<m n=123,..
and
~ 1
|Kn(2)| < gm

The class S ([49], [68]). A sequence {a,} belongs to class S, if a, — 0 as n — oo and there

[e.9]
exists a monotonically decreasing sequence {4, } such that Z A, < 00, and |Aa,| < A, for
n=0

all n.
The class S is usually called as Sidon-Teljakovskii class. Since, firstly, Teljakovskii expressed
Sidon’s conditions [49] in a succinct equivalent form and secondly, he showed that the class S

is also a class of L'-convergence.
oo

Obviously, SC BV. Further, letting A, = Z |A%ay|, we observe that every quasi-convex null
k=n

sequence satisfies the class S.

Singh and Sharma [51] gave a definition of one more class namely S’ in the following manner:

The class S’ [51]. A sequence {a,} of numbers is said to belongs to class S, if a, —
0 as n — oo and there exists a sequence { A, } such that {A,} is quasi-monotone, Z A, < o0
n=0

and |Aa,| < A, for all n.



However, Leindler [32] proved that class S and class S’ are equivalent.
The class S, [52]. A sequence {a,} of numbers is said to belongs to class S,, if a, —

e}
0 as n — oo and there exists a sequence {4, } such that {A,} is monotone, Z A, < oo and
n=0

Clearly, this class is also a generalization of the class S.
The class S,, [48]. A sequence {a,} of numbers is said to belong to class S,, if a, —

0 as n — oo and there exists a sequence {A,} such that

(1) A,10, n— oo,

(17) Zno‘An<oo, for some «a >0,
n=0
1 o= |Aag?
Gy ~SB%_on), 1<p<r now

n AP
k=1 *°Fk

For a = 0, this class reduces to the class S,.

In [20], Garrett, Rees and Stanojevié¢ gave an equivalent definition of class S in the following
manner:
The class S? [20]. A null sequence {a,} belong to the class S? if there exists a null-sequence
{A,} of non-negative numbers such that i n|AA,| < oo and |Aa,| < A, for all n.

n=1

The class S* [70]. A null sequence {a,} of numbers belongs to class S** if
nlAa, = o(1), n — oc.
The class S*. A null sequence {a,} is said to belong to class S**, r=0,1,2,3, ... if
n" "' Aa, = o(1), n— oo,

For r = 0, this class reduces to the class S** [70]. Clearly S}, C S&* V r=0,1,2,3,..., but
the converse of this inclusion is not true. (cf. Chapter II)

9



The class C of Garrett and Stanojevié¢ [19]. A null sequence {a,} belongs to class C if

for every € > 0, there exists a d(¢) > 0, independent of n, and such that

r

The Class R [23]. A null sequence {a,} belongs to the class R, if

> AapDy(x)

k=n+1

dr <e, for all n>0.

o (2] <=

>
k=1

The Class R, [3]. A null sequence {a,} belongs to the class R, r=0,1,2,3,...,if

S w a2 ()] < o0
? :
k=1
Clearly, for » = 0 this class reduces to the class R.

The class K [27]. If a, = o(1), n — oo and

Zn|A2an_1 — AN’y <00 (ag =0),

n=1
then we say that {a,} belongs to the class K.

The class K* [29]. If a, = o(1), n — oo and
Zna|A°‘+1an_1 — AMa, | < oo for a>0, (a=0),
n=1

then we say that {a,} belongs to the class K.

For a = 1, the class K¢ is same as the class K.

The class S, [59]. A null sequence {a,} is said to belong to class S,, r=0,1,2,3,... if there
exists a monotonically decreasing sequence {4, } such that ik’”Ak < 00, and |Aag| < Ay,
for all k. -

When r = 0, we denote S, = S. Clearly S,,; C S, V r=0,1,2,3,..., but the converse of

this inclusion is not true. (cf. Chapter III)

10



The class SJ. A null sequence {a,} of positive numbers belongs to class SJ if there exists a
monotonically decreasing sequence {A,} such that Z Aj, < oo and |A (%) ‘ < Ak , for all k.

The class SJ,. A null sequence {a,} of positive nurrllcb;rs belongs to class SJ,, »r=20,1,2,3, ...
if there exists a monotonically decreasing sequence {A,} such that Zk’“Ak < oo and
|A (%)] < 25, for all k. -

Clearly, for r = 0, SJ, = SJ. It is obvious that SJ,,; C SJ,, for all » = 0,1,2,3, ..., but the
converse is not true. (cf. Chapter IV)

The class S} [54]. A weakly even null-sequence {c,} of complex numbers belongs to the
class S7, if for some 1 < p < 2 and some monotone sequence {A,} such that i A, < oo, the

n=0
condition

‘ACk’p
Z - )7 n— 0

holds. Clearly, this class is further generalization of the class S for complex series.

The class S* . [48]. A null sequence of complex numbers {c,} € W, belongs to class S*

par par?
if for some 1 < p < 2 there exists a monotone sequence {4, } such that

o
i) ZnaAn < oo, for some «a>0,

n=1

|Ack|p
” np(a 1 Z = ), re {0, 1,2,.., [a]}, n — 00

The case o = r = 0 of this class reduces to the class S;.

The Class R* [4]. A null sequence {¢,} of complex numbers belongs to the class R*, if

( )‘klogk<oo
22 ()] <o

[e.e]

11



The class S* ([7], [63]). A null sequence {c,} of complex numbers belongs to the class S* if

>l (=)
Z kT N( )‘<oo re{0,1,2,..}.

Clearly, for r = 0, this class reduces to the class R*. In [63], this class has been named as

errl

DI

1

log k < o0,

o0

R*(r).
The class K* [6]. A null sequence {¢,} of complex numbers belongs to the class K*, if for

some 1 <p <2,

[An]
N Cp — C—
) o 2 (255 ogk = o), (0= 0)
k=1
L [An] h— C i
(17) lﬁrllTLILIEO > A( ’ )k:logk:(),
[An] Cpn [P
N T p—1 Cr _
(141) 1/&111 nh_}lgo EP~HA ( . ) 0.

The class J*. A null sequence {c¢,} of complex numbers belongs to class J* if there exists a

Cr — C_g <é
k — k7

monotonically decreasing sequence { Ay} such that Z kA < oo and 'A (
k=1

for all k.

The class J*. A null sequence {c,} of complex numbers belongs to class J*, r=0,1,2,3,...

[e.o]

if there exists a monotonically decreasing sequence {A;} such that ZkT’HAk < oo and

k=1
—c_ A
'A (Ck kc k)‘ < ?k, for all k.

Clearly, for r = 0, this class reduces to the class J*. It is obvious that J ; C J , but converse

of this inclusion is false. (cf. Chapter V)
Double Fourier Series ([57], [46]). Let f(x,y) be an absolutely integrable function defined

on the square K(—7m <z <7,—m <y < m). Then the Fourier series of f(z,y) is given by

oo o
i(mx+n
E E Com€ ( y)’

m=—0o0 N=—00
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where

1 —i(mz+n
Conn = —(%)2/ /f(l’,y)e (metny) da; dy
K

This can further be written as

flz,y) ~ szmn(amn coSmMT cosSny + Qup COSMT Sinny
0

m=0

+ by, sinmaz cosny + By, sinma sinny)

where

1

A = —2/ /f(x,y) cosmx cosny dr dy,
™ JK
1

Omn = —2/ /f(:v,y) cosmx sinny dx dy,
™ JK
1

bn = —2/ /f(x,y) sinmax cosny dx dy,
™ JK

1
Bon = —2/ /f(:z:,y) sinmaz sinny dx dy,
™ JK

for m=n=0

for m>0, n=0 or m=0, n>0

[ Y [T

for m>0, n>0.

Let {ajx} be a double sequence of real numbers, then we set
A1oClg‘k = Qjk — Qj+41k,
AOlajk = Qjk — Qjk+1,
Anajk = Gk — Qjy1k — Qg1 + Qg gt

The class BV, [35]. A sequence {aj;} is said to belong to the class BV, if

(1) ajr—0as j+k— oo,

(i) Y > |Anag <.

=0 k=0

13



Condition (i) expresses that {a;;} is a null sequence while (ii) expresses that {a;;} is a
sequence of bounded variation.
The class C; [35]. A null sequence {a;x} belongs to class Cy if for every € > 0 there exists

0 >0suchthatforal0<m<Mand 0<n<N

we have
C(m, M;n, N;J) :://D ZZD y)Anag,| de dy < e
5 | j=m k=n
where
Ds :=Q — (6, 7] x (0,7] ={(z,y) : 0 < z,y <7 & min(z,y) <}
or

de dy<e Y m,n>0.

ZZD Alla]k

j=m k=n

/1,

The class S2. A double null sequence {a;;} belongs to S2 if there exists a null sequence
d j d

{Ajr} of non-negative numbers such that

j=0 k=0
(ZZ) |A11&jk| é Ajk V j, l{f
This class is an extension of the class S? from one dimension to two dimension.
The class J;. A double null sequence {a;i} of positive numbers is said to belong to class Jy

if there exists a double sequence {A;;} such that

(i) > Y jkAy < oo,
j=1 k=1

A A
A (%Ng—ﬂk 1<p+q<2 Y pg>0 and jke{1,23,. .}

(/M/Z> jkj jk? )

14



1.3 The following results about the behavior of cosine and sine series are known:

Theorem I ([2], [30], [69]). If {ax} is a quasi-convex null sequence, then

o0

(1.3.1) flz) = Z ay, cos kx € L'[0, 7).

k=1

Theorem II ([2], [67]) . If {ax} is a quasi-convex null sequence, then
(1.3.2) Zak sin kx
k=1

. o oo lad
is a Fourier series if and only if — < 00
In 1968, Kano [23] generalized Theorem I and Theorem IT in the following form:

Theorem III. If {a;} is a null sequence such that

(1.3.3) ikz ‘Az (%)‘ < o0,

then (1.3.1) and (1.3.2) are the Fourier series, or equivalently they represent integrable func-
tions.

Concerning the integrability of trigonometric series belonging to the class S (introduced
already in §1.2), Teljakovskii [68] established the following theorems:

Theorem IV. Let the cosine series
o + io: ay cos kx
5 k
k=1
belongs to the class S. Then this is a Fourier series and the following relation holds:

r

where C' is an absolute constant.

ap >
5 + ;ak cos kx

k=0

Theorem V. Let the sine series



belongs to the class S. Then the following relation holds for p = 1,2, 3, ...

/7r/<p+1> 2

P 0
2 ay sin kx|dx = ; % + O(; Ag).

We observe that Theorem I and Theorem III provide just only the sufficient conditions for the
integrability of cosine series. Rees and Stanojevi¢ [45] showed that i % < 00 is a necessary
and sufficient condition for L[0, 7] integrability but for a different tk;;e of cosine sums. They

proved the following results:

Theorem VI. Let b, = % 1 0. Then

n b n
g(x) = nll_)IIOloZ Ek + (Z bj) cos kx]
k=1 =k

exists for z € (0,7] and g € L0, 7] if and only if Z b, < 00.
k=1
Theorem VII. Let b, = % 1 0. Then

1= by 1 h(z)
- ’k A PR e
I;QSln( +2)x ot

h oo
converges for x # 0 and hiz) € L'[0, 7] if and only if Z by, < 00.
x

k=1
Theorem VIII. Let (k + 1)|A%ay| | 0. Then
n 1 n
h(x) :r}LHoloZ §(k:+1)|A2ak| +(Z(j+1)|A2aj|)coskx
k=1 =k

exists for x € (0, 7] and h € L'[0, 7] if and only if {a;} is quasi-convex.
Ram [40] showed that the condition S is sufficient for the integrability of Rees-Stanojevié

sums [45]

n n n

Z Aay, + Z Z(Aaj) cos kx

k=0 k=1 j=k

N | —

(1.34) gn(x) =

He proved the following theorems:

16



Theorem IX. Let the sequence {a;} satisfy the condition S. Then g(z) = lim g,(z) exists

n—oo

for = € (0, 7], and

/ lg(x)|dz < CD Ay
0 k=0

Theorem X. Let {ax} be a sequence satisfying the condition S. Then
1 o 1 h
—ZAaksin (k—i——) T = ﬂ
T = 2 x

h(z
converges for x € (0, 7] and hz) € L0, 7).
x
The above theorems were further studied by Ram [41], under a condition where the
monotonicity of the sequence in the definition of the class S is replaced by quasi-monotonicity.

Consider the cosine series
(1.3.5) % + ;ak cos kx

Let the partial sums of (1.3.5) is denoted by S,(z) and f(z) = nh_)rgo Sn(z). Denote the class
of sequences of Fourier coefficients {a;} by F. There are subclasses of F for which a, logn =
o(1), n — oo is a necessary and sufficient condition for ||.S,, — f||z: = o(1), n — 0.

A subclass G of F is called a class of L'-convergence if ||S, — f||z: = o(1), n — oo if
and only if a, logn = o(1), n — co.

There are three classical examples of classes of L!-convergence. The first one is due to
Young [69], where G is defined to be the class of all convex sequences {ay}. The second one
is the class of all quasi-convex sequences {ay}, introduced by Kolmogorov [30]. The third
example is class S due to Teljakovskii [68]. We have already pointed out that SC BV. These

classical classes have been extended by various authors. We present now a brief summary of

the results obtained by various authors in this direction.

17



Concerning the L!-convergence of the cosine series, we have the following classical result
of Kolmogorov [30].

Theorem XI. If a; | 0 and {a;} is convex or even quasi-convex, then for the convergence of
the series (1.3.5) in the metric space L, it is necessary and sufficient that ag logk = o(1), k —
00.

The case, in which the sequence {ay} is convex, of this theorem was established by
Young [69].

Generalizing the above classical result, Teljakovskii [68] proved the following result:
Theorem XII. If the coefficient sequence {ay} of the cosine series (1.3.5) belongs to the
class S, then a necessary and sufficient condition for L'-convergence of (1.3.5) is ayloghk =
o(l), k— oo.

Rees and Stanojevié¢ [45] introduced modified cosine sums (1.3.4) and obtained an ana-
logue of Theorem XI for these sums. These modified cosine sums approximate their limits
better than the classical cosine series as they converge in L'-metric to the sum of the cosine
series whereas the classical cosine series itself may not. They proved the following result:
Theorem XIII. Let f be the sum of the cosine series (1.3.5). Then g,(x) converges to f in
L'-metric if and only if {a;} belongs to the class C.

Ram [39] proved the following result on L!-convergence of Rees-Stanojevié¢ sums (1.3.4).

Theorem XIV. If (1.3.5) belongs to class S. Then

1f = gnllzr = o(1), n — oo.

Theorem XII of Teljakovskii [68] follows as corollary of this theorem.
Singh and Sharma [51] proved the above theorem by replacing the monotonicity of sequence

{A,} in the definition of class S by quasi-monotonocity of {A,}. Their result reads as:

18



Theorem XV. Let a, € S, then f,(z) converges to f(x) in L'-metric.

Further, Ram and Kumari ([31], [42]) introduced new modified cosine and sine sums as

(1.3.6) fulz) = % + i i A <0;—J) k cos kx

k=1 j=k

and

(1.3.7) gul(z) = znjzn:A (%) i sin ka

k=1 j=k

and studied their L'-convergence under the condition that the cosine series and sine series
belong to the classes R and S. They also deduced the results about L!-convergence of cosine
and sine series. Their results state as below:

Theorem XVI. Let {a,} belong to the class S. If nhi& |ani1]logn = 0, then ||f — ful|z: =
o(l) n — oo.

Theorem XVII. Let {a,} belong to the class R. If ¢,(x) represents f,(x) and g,(x), then
1f = tullr = o(1) n — oo

Later, Hooda and Ram [22] have proved the following theorem:

Theorem XVIII. Let {a,} belong to the class S’. Then ||f — fu||rr = o(1), n — oo.

In chapter II, we have generalized the Theorems XII, XVI and XVIII for the cosine series
with more general class S* and S/* by using the modified cosine sums (1.3.6) of Ram and
Kumari [42].

The objective of chapter III is to generalize Theorem XIV for the cosine series for an
extended class S,, r =0,1,2.... of coefficient sequences and also to study the L!-convergence
of the r** derivative of cosine series.

In chapter IV, we have introduced new modified cosine and sine sums as

(1.3.8) folz) = % +ZZA(aj cos jx)

k=1 j=k

19



and

3
3

(1.3.9) gn(z) = A(a;sin jx)
k=1 j=k

and have studied their integrability and L!-convergence under a newly defined class SJ of
coefficient sequences. Also, the L!-convergence of cosine and sine series have been deduced as
corollary.

Further, in this chapter, we have obtained L'-convergence of r*" derivative of modified
cosine and sine sums (1.3.8) and (1.3.9) under an extended class SJ,. of coefficient sequences.
1.4 Let

S, (C,t) = zn: e, teT=R/2rZ,

denotes the partial sums of the complex trigonometric series Z ce™. In case the trigono-

k=—0c0

~

metric series is a Fourier series of some Lebesgue integrable function f, we write ¢, = f(n)
for all n and S,,(C,t) = S,(f).

Concerning the integrability and L!-convergence of complex trigonometric series, Stano-
jevi¢, C.V and Stanojevié¢, V.B. [54] proved the following result, which in turn generalizes the
Teljakovskii [68] result.

Theorem XIX. Let {c,} € S;. Then

(i)  for t#0, lim Sn(C,t) = f(t) ewists,
(i) f(t) € LY(T);

(iii)  ||Sp(f) = fll = o(1), n — oo, is equivalent to f(n)log|n|= o(1), |n| — oc.
In proving this theorem the authors have used the complex form

gn(C 1) = S, (C)t) — (cnEn(t) + e E_ (1))

20



of Rees-Stanojevi¢ sums (1.3.4).

Sheng [48] extended the results of Stanojevi¢ and Stanojevi¢ [54] by studying the L!-
convergence of the r* differential of complex form of Rees-Stanojevi¢ sums (1.3.4) with coef-
ficients belonging to the class S

par*

Further, in 1995, Bhatia and Ram [4] introduced the complex form

(1.4.1) gn(C 1) = So(C, 1) +

e EL () = o B (1)

of modified trigonometric sums (1.3.6) and (1.3.7) and studied their L'-convergence under a
new class R* of coefficient sequences and obtained the necessary and sufficient condition for
the L!'-convergence of complex trigonometric series.

Later, Bhatia and Ram [5] introduced the complex form of 7 derivative of complex

trigonometric sums (1.4.1) as

(1.4.2) %wawz&maw+nz

et BT () — e B (1)

and gave the sufficient condition for the integrability of r times differentiated trigonometric
series using the complex trigonometric sums (1.4.2) and obtained new necessary and sufficient

condition for L!-convergence of r** derivative of complex trigonometric series.

In chapter V, we have considered the L'-convergence of the complex form
(1.4.3) 9n(C,) = Sn(C ) = n(Cnyre ™D 4 ¢ ppye i+

of the newly defined modified trigonometric sums (1.3.8) and (1.3.9) and have studied the
L'-convergence of complex trigonometric series with coefficients belonging to a new class
J* of coefficient sequences. Further, the L'-convergence of 7" derivative of the complex

trigonometric sums (1.4.3) under an extended class J; have also been studied in this chapter.

21



1.5 In the literature so far available, most of the authors have studied the integrability and
L'-convergence of cosine trigonometric series using different classes of coefficient sequences.
However, very few of them have studied the L!'-convergence of sine trigonometric series.

In this direction, we have, in chapter VI studied the L!-convergence of sine trigono-

metric series by using a newly introduced modified cosine trigonometric sum

(1.5.1)

Z Z (Aajy1 — Daj_q)coskz, (ag=a; =0)

2sinx ,
k=1 j=k

under a new class J of coefficient sequences.
In chapter VII, the results of chapter VI have been extended by introducing the complex

form

1(n+1)t —i(n+1)t int —int
Cn (nt1)t _ C_p€ (n+1) + Cpr1€ — C_(nt1)€

1.5.2 Sp(Ct -
( ) (G0 + 2sint

+ (en — Cng2) En(t) + (cony2) — c—n) E_n(t)
of the modified trigonometric cosine and sine sums introduced by the author and that of
Kaur, Bhatia and Ram [27]. In this chapter the integrability and L'-convergence of complex
trigonometric series have been studied by making use of the complex forms (1.5.2) under the
class J* of coefficient sequences.

1.6 Concerning the L'-convergence of the double cosine series Méricz [35] introduced the

following modified double cosine trigonometric sum

U (2, Y) zm: - A Ak( ZZAHQ” cos jx cos ky.

7=0 k i=j5 l=k

and studied the L'-convergence of double cosine trigonometric series whose coefficients belong
to class BV, class Cy and the class of quasi-convex coefficients by making use of L!-convergence
of these modified double cosine trigonometric sums. He proved the following result:

Theorem XX. If {aj;} € BV, Ny, then the sum f(x,y) of series

(1.6.1) ZZAJ)"“ i, cos jx cos ky

=0 k=0
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belongs to L!'(Q), where Q = [0, 7] x [0, 7] and (1.6.1) is a Fourier series of f(z,y).

In chapter VIII, we have extended the results discussed in chapter IV from one dimensional
cosine and sine series to two dimensional ones. In this chapter, we have obtained necessary and
sufficient conditions for the integrability and L!'-convergence of double cosine, sine and mixed
series by using modified double cosine, sine and mixed trigonometric sums with coefficients
satisfying certain conditions. Also, we have considered the special cases where the double
sequence of coefficients is of bounded variation and quasi convex.

In chapter IX, we have extended the class S? of Garrett, Rees and Stanojevi¢ [20]
from one dimensional coefficient sequences to a new class S% of two dimensional coefficient
sequence and the result of Garrett, Rees and Stanojevi¢ [20] on the L'-convergence of the
cosine trigonometric series have been extended from one dimensional to two dimensional cosine

series.
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CHAPTER I1

ON L'-CONVERGENCE OF CERTAIN TRIGONOMETRIC SUMS

2.1 Introduction. Consider the cosine trigonometric series
(2.1.1) %qLZakcoskx

and let the partial sums of (2.1.1) be denoted by S, (z) and f(z) = nhi{olo Sn(z).

Regarding L'-convergence of (2.1.1), the following theorem of Teljakovskii [68] is well
known:
Theorem A. If the coefficient sequence {a,} of the cosine series (2.1.1) belongs to the class S,
then a necessary and sufficient condition for L'-convergence of (2.1.1) is a, logn = o(1), n —

Q.

Further, Rees and Stanojevié¢ [45] introduced the modified cosine sums

(2.1.2) ZAak +ZZ Aaj) cos kx
k=1 j=k

and obtained a necessary and sufficient condition for the integrability of the limit of (2.1.2).

Ram [41] proved the following theorem in which he showed that class S’ is sufficient for
the integrability of limit of (2.1.2).
Theorem B. Let the sequence {ay} satisfy the condition S’. Then

nhjgo Z Aay, + Z Z Aaj) cos kx|
k=1 j=k

exists for z € (0, 7], and g(x) € L(0, ).

The results obtained in this chapter have been published in Global Journal of Pure and Applied
Mathematics, 2(2), (2006), 111-116.
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Further, Zahid and Hasan [70] defined a new class S** as

Definition. A sequence {a,} of numbers belongs to class S** if a,, — 0 as n — oo and
(2.1.3) nlAa, = o(l), n— oo.

Class S** is more general than the class S’ of Singh and Sharma [51]. Since,

The sequence

(-1

logn T 1) (n=1,2,3..)

Ap —

does not satisfy the class S’ of Singh and Sharma, as |Aa,| > (nlog(n+1))~! and so Y |Aa,| =
oo. This contradicts the conditions of class S’. However, this sequence satisfies the condition
(2.1.3) of S**. Zahid and Hasan [70] showed that the class S** is sufficient for the integrability
of limit of (2.1.2) and proved the following theorem:

Theorem C. Let the sequence {ay} satisfy the condition S**. Then

nh_)n;@ Z Aay, + Z Z Aaj) cos kx|

k=1 j=k

exists for z € (0, 7], and g(x) € L(0, ).

Later, in 1988, Kumari and Ram [31] introduced the modified cosine sum

+ZZA( )kcoskx

k=1 j=k

and proved the following theorem concerning the L'-convergence of (2.1.1).

Theorem D. Let {a,} belong to the class S. If lim |a,+1|logn = 0, then

Lf = fall = o(1) n — o0

Further, Hooda and Ram [22] proved the following theorem:

Theorem E. Let {a,} belong to the class S’. Then

Lf = fall = o(1) n — oo
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We, now define a new class S¥*, r=20,1,2,3,... of coeflicient sequences:

Definition. A null sequence {a,} is said to belong to class S**, r=0,1,2,3, ..., if

(2.1.4) n" ' Aa, = o(1), n — oo,

If r = 0, the class S;* reduces to the class S** of Zahid and Hasan [70]. Clearly, S%, C Si*,

but the converse is not true.

(_1)n+1

— = r=20123,.. Now, "t Aa, =
n

Example. For n = 1,2,3..., define a, =

nTH(—1)n [n}“ + = o(1), n — oco.But, n"*?Aa, = n"t*(—=1)"" | L5 +

1 S S
(TL+1)T+2 (n+1)r+2

does not tends to zero as n tends to infinity.

The objective of this chapter is to generalize the Theorems A, D and E and also to study
the L'-convergence of the modified sums f,(z) and f,"(x) under the condition that (2.1.1)
belongs to class S** and S** respectively, where f,,”(z) represents the " derivative of f,(z).
Also, a necessary and sufficient condition for the L!-convergence of the cosine series is deduced
as a corollary. These results also generalize the results of Teljakovskii [68] on L'-convergence
of the cosine series.

2.2 Lemma. The following lemma of Sheng [48] will be required for the proof of our results:
Lemma 1 [48]. ||D!(z)||,r = O(n"logn), r = {0,1,2,3....}, where D’ (z) represents the
rth derivative of conjugate Dirichlet kernel D, (x) = i sin kx.

2.3 Results. We prove the following theorems: .

Theorem 1. Let {a,} € S*. Then ||f — fu|| = o(1), n — oo if and only if |a,|logn =
o(l), n— 0.

Theorem 2. Let {a,} € S*. Then ||f — S5,|| = o(1), n — oo if and only if |a,|logn =
o(1), n — oc.

Theorem 3. Let {a,} € S/, r € {0,1,2,3.....}. Then ||f" — f."|| = o(1), n — oo if and
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only if n"|a,|logn = o(1), n — occ.
Theorem 4. Let {a,} € S, r€{0,1,2,3....}. Then ||f" — S,"|| = o(1), n — oo if and
only if n"|a,|logn = o(1), n — oo.

Remark. The case r = 0, in Theorem 3 and 4 yields the Theorem 1 and 2.

2.4 Proofs of the Theorems

Proof of Theorem 1. We have

ful®) = +ZZA <7j) k cos ki

k=1 j=k

Qo & ag Qk41 Qp, Any1
= — —_— - — 4 ... — — k k
2+Z(k el T n+1) CORIE

= +Zakcoskx— Oni1 zn:k‘cosk‘m
k=1

= S,(z) — LY ()

Since, | D’ (x)| = O(n) in (0, 7] and also {a,} is a null sequence. Therefore,
lim f,(x) = lim S,(x) = f(x) for x € (0, n].

Now consider,
o

f(z) = folz) = Z ay cos kx + Gnt1 D'( )

k=n+1 n+ 1

Applying Abel’s transformation, we have

J(@) = fal@) = 3 DaDy(e) = ana Dale) + ~5 D (1)

k=n+1 n+1
Therefore,
g o0 a, 5
1F =5l = [ ] 3 AaDula) = anaDala) + 22Dl (o) da

0 |k=nt1 n

T o0 I T Uni1 =,
< AagDy(x) d:v+/ |ap41 Dy ()] dm—l—/ Dn(a:')‘ dx
/0 k—;i-l 0 " o [n+1

s
Since, /
0

a:ﬂ1 D%(as)‘ dx 2 |ay41]logn, by Zygmund’s Theorem ([2], VoLII, p.458).
n
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By the hypothesis of the theorem that {a,} € S** and lemma 1, we get

1f = Fall = 00D kAax) + of|ania|logn) + of|ani1|logn)
k=n+1

= o(1) + o(|an 41| log n).
Hence, ||f — ful| = o(1), n — oo if and only if |a,|logn = o(1), n — oc. O

Proof of Theorem 2. Consider,

L = Shll

|’f_fn+fn_SnH
< If = fall F 11— Sall

- hl+ [

Further, ||f— fu|| = o(1), n — oo (by theorem 1) and also we know that [

ni1 D! (z) dx
n+1

i D (2)| do

|an+1|logn, by Zygmund’s theorem ([2], Vol.II, p.458). Thus ||f — S,|| = o(1), n — oo if

and only if |a,|logn = o(1), n — oc. O

Proof of Theorem 3. Consider,

fulz) = %+ii& (a—j) k cos kx

k=1 j=k J

Qp, ~
= Su(z) — nle%(@'

We have then,

(24.1) fa" (@) = S, (2) = =5 D (a),

where D’ represents the r* derivative of conjugate Dirichlet kernel. Since {a,} € S**, r e
{0,1,2,....}, therefore, lim f,"(z) = f"(z) exists for z € (0, 7).

Now, it follows from (2.4.1) that

r r - r rm Ant1 Fr41
— fn = k k — —D
e =i@=3 axcos (ke + ) + S (@)
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Making use of Abel’s transformation, we have

fr@) = fu' (@) = Y AapDi() — aniiDy(x) + L Drit(a)

k=n+1 n+ 1
Where D,,"(x) denotes the r** derivative of Dirichlet kernel.
We notice further that
r " - r r Qn T
17 =20 = [ Y AaDi@) - anaDe) + LD )| da
0 |g=nt1 n+
< / > AaDi(x)| dx+ / | D7 ()| da + / ‘%Dgﬂ(@ dx
0 fk=n+t1 0 o In+1
Moreover, by use of lemma 1 and given hypothesis, we have
/7= £7N = 0C) - K Aay) + o(n”|an1|logn) + o(n”|an1|logn)
k=n+1
= o(1) + o(n"[an41[logn).
This completes the theorem 3. Il

Proof of Theorem 4. We notice that,

Hfr _SHTH = HfT _fnr"‘fnr _SnTH

< I = £ T = S
=Hf—ﬁH+A

Since, ||f" — f."|| = o(1), — oo, by theorem 3 and /
0

An1 Drl (I)

n dx
n+1

%D”l(x) dz behaves like

n+1 "

n'"|a,11|logn for large values of n by lemma 1, the conclusion of the theorem 4 follows. [
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CHAPTER III

INTEGRABILITY AND L!~-CONVERGENCE OF CERTAIN COSINE SUMS

3.1 Introduction. Consider cosine series
a o0
(3.1.1) 50+;akcosk:c

Let the partial sums of (3.1.1) be denoted by S,(z) and f(z) = lim S,(z). Further, let

n—oo

f(z) = lim S”(x) where S”(x) represents r'" derivative of S, (z).

n—od

Concerning the L'-convergence of Rees-Stanojevié sums [45]

(3.1.2) gn(z) = %i Aay, + ii Aa; coskz
k=0

k=1 j=k

Ram [39] proved the following result:

Theorem A. If (3.1.1) belongs to class S. Then

|f — gnller = o(1), n — oc.

Recently, Tomovski [60] extended the Sidon-Teljakovskii class S to a new class S,, 7 =
0,1,2,3..., as follows:
Definition. A null sequence {a,} is said to belong to class S,, r =0,1,2,3, ..., if there exists

a sequence {A,} such that

(3.1.3) A, 10, n— oo,
(3.1.4) Zn”An < 00,

n=0
(3.1.5) |Aay,| < A, vV oon.

The work reported in this chapter has been published in Kyungpook Mathematical Journal,
47 (2007), 323-328.
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For r = 0, this class reduces to class S. We note that, by Ay | 0 and Zk’”Ak < 00, it
k=1
follows that k"1 A, = o(1), k — oo.

It is obvious that S,.1 C S,, V r=0,1,2,3...., but the converse of that inclusion is not
true. In support of his assertion, Tomovski [60] presented the following example:

Example. For n =1,2,3, ... define Aa, = r=20,1,2,3, ...

n7"+2 ’

(e.) (o) 1
Really, an:ZAak :ZWH — 0 as n — oo.
k=n k=n

Let we define A} = max;>, |Aa;|. Then A = |Aa,| and AZ | 0 as n — oo. Let A4, is an

arbitrary positive sequence such that A, | 0 and A> < A,,.

Then > 7 n"™A, >3 nrt nr+2 = >"° L is divergent, i.e. {a,} & Syi1.

n=1n

Now, for all n, let A, m, r=20,1,2,....

Then A, | 0, |Aa,| < A,, and anA = Z — is convergent, i.e. {a,} € S,.

n=1 =

We consider another example in support of Tomovsk1 assertion as given below:

1
Example. For n = 1,2, 3, ... define Aa, = ﬂ, r=0,1,2,3,....
nrt3/2
=, Ink
Really, a, = E Aay, = E ng/Q —0 as n — oc.
1
Let we define A,, = %. Then A, | 0 as n — oo and |Aa,| < A, for all n.
n'l"
> . lnn > . lnn
T _ : : r+1 _ :
Also E_ n"A, = g_lm is convergent, i.e. {a,} € S,. But, E_ln A, = g_lm is

divergent, i.e. {a,} & Syi1.
The aim of this chapter is to generalize Theorem A for the cosine series with extended
class S,, r=0,1,2,3.... of coefficient sequences and also to study the L!-convergence of the
th derivative of cosine series.
3.2 Lemmas. The proofs of our results are based on the following lemmas:

Lemma 1 [17]. If |ax| < 1, then




where C' is positive absolute constant.

Lemma 2 [60]. Let {ax} be a sequence of real numbers such that |ax| <1, V k. Then there
exists a constant C' > 0 such that for any n > 0 and r =0,1,2,3....

J

Lemma 3 [48]. ||D!(x)||zr = O(n"logn), r = 0,1,2,3...., where D’ (z) represents the r"

n

> ax Di(x)

k=0

dr < C(n+ 1)t

derivative of Dirichlet kernel.
3.3 Results. We prove the following two theorems:

Theorem 1. If (3.1.1) belongs to class S, then

1f = gnllzr = o(1), n — o0

Proof. We have,

—_

52 Aak—i-ZZAajcosk’x

k=1 j=k
= ag cos kx — an11D,(x)
k=1
Thus, lim g,(z) = lim S,(z) = f(z). Since, D, (z) is bounded in (0, 7] and {a,} € S,.

n—oo

Now, we consider
[o.¢]

f(z) — gn(z) = Z ag cos kx + an1D, ()

k=n+1
Making use of Abel’s transformation and lemma 1, we have

/ |f(x x)|de = / Z ANapDy(x)| dx
0 Jk=n+1
= / Z Ak%Dk ()| dz
0 Jk=n+1
T A
_ / Z A =XDy(x) | do
0 Jk= n+1 =0
=N ™I Aa;
< .
< D A4 / Z =
i K =0

k

Z

=0

S~ /
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[0 - s < ¢ Y @riaa

k=n+1

(3.1.3) and (3.1.4) now imply the conclusion of the theorem 1. O

Corollary 1. If (3.1.1) belongs to class S,., r=0,1,2,3.... then

||f — Sullzr = o(1), n — oo if and only if |a,41]|logn = o(1), n — oo.

Proof. Consider,

Lf =Sl < I = gnll + llgn = Snll
= S = gnll + llans1 Du(2)]]

< ||f—gn||+|an+1|/ D, ()] de
0

Further,||f — ga||z1 = o(1), n — oo (by theorem 1) and by lemma 3, the conclusion of the

corollary follows. O

Remark. Case r = 0 yields the result of Ram [39].

Theorem 2. If (3.1.1) belongs to class S,, then

1F" = gn"llr = o(1),  n — o0,

Proof. Consider,

gn(m) = Sn(x) - an-i-an(x)

We have then,
(3.3.1) g (x) = S, (z) — ant1 Dy ()

where ¢,"(x) represents the r* derivative of ¢, (z) and D,"(x) represents the r'* derivative of

Dirichlet kernel. Since {a,} is a null sequence and D,,"(x) is bounded in (0, 7].
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Therefore,

lim g,"(x) = lim S,/ (z) = f"(z).

n—oo n—oo

For x # 0, it follows from (3.3.1) that

> rm
ff(z) — g, (z) = k_ZH aik” cos <k:1: + 7) + ap1 D, ()

Making use of Abel’s transformation, we get
Fr@) = ga"(@) = ) DaxDy'(2)

We notice further that

[ ir@-sr@ia = [

[r@-s@ie =[5

AN
g
>
2
S—

IN

C Y (k+1)TAA,

k=n+1

use of (3.1.3) and (3.1.4) imply the conclusion of the theorem 2.

Corollary 2. If (3.1.1) belongs to class S,, r=0,1,2,3.... then

|| /"= Su"||zr = o(1), n — oo if and only if |a,1|n"logn = o(1), n — occ.

Proof. Consider,

Hfr_SnTH = ‘|fr_gnr‘|‘gnr_snr”
< f"=ga" Il + 1lgn" — Su"|
< If" = g" Il + llans1 D" (2)]]

< 7 = ol lawal [ 1D, @) do
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Since, ||f" — g."||z1 = o(1), n — oo (by theorem 2) and / |an41 D) (z)| dx behaves like
0

n'"|a,11|logn for large values of n by lemma 3, the conclusion of the corollary follows. O]
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CHAPTER IV

CONVERGENCE OF NEW MODIFIED TRIGONOMETRIC SUMS IN THE

METRIC SPACE L

4.1 Introduction. Consider cosine and sine series

o0

(4.1.1) %+Zakcoskx
k=1
and
(4.1.2) > apsinkx
k=1
or together
(4.1.3) > api()
k=1

where ¢y () is cos kz or sin kz respectively. Let the partial sums of (4.1.3) be denoted by S,,(x)
and t(z) = nll_}rilo Sp(z). Further, let t"(z) = nh_)rrgo S"(x) where S”(z) represents r'" derivative
of S, (z).
Concerning L'-convergence of (4.1.1) and (4.1.2), the following theorems are known:
Theorem A ([2], Vol.Il, p.204). If a; | 0 and {ax} is convex or even quasi-convex, then
for the convergence of the series (4.1.1) in the metric space L', it is necessary and sufficient
that agloghk = o(1), k — oo.

This theorem is due to Kolmogorov [30]. Teljakovskii [68] generalized Theorem A for

the cosine series (4.1.1) with coefficients {ay} satisfying the conditions of the class S in the

following form:

The contents of this chapter have been published in the Journal of Nonlinear Sciences and
Applications, 1(3), (2008), 179-188.
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Theorem B. If the coefficient sequence {ay} of the cosine series (4.1.1) belongs to the class S,
then a necessary and sufficient condition for L'-convergence of (4.1.1) is ay logk = o(1), k —
0.

Theorem C ([2], Vol.II, p.201). If ax | 0 and i (%) < oo, then (4.1.3) is a Fourier
series. -

Concerning the L'-convergence of Rees-Stanojevi¢ cosine sums [45]

(4.1.4) un(z) = % Zn: Aay, + i z”: Aay, cos kx
k=0

k=1 j=k

to a cosine trigonometric series, belonging to the class S, Ram [39] proved the following
theorem:

Theorem D. If (4.1.1) belongs to class S. Then
I|f — un||pr = o(1), n — oc.

In the present chapter, we have introduced new modified cosine and sine sums as

falz) = % + Z Z A(ajcos jx)

k=1 j=k

and

gn(z) = Z Z A(a;sin jx)

k=1 j=k

and have studied their integrability and L'-convergence under a new class SJ of coefficient
sequences defined as follows:
Definition. A null sequence {a,} of positive numbers belongs to class SJ if there exists a

sequence {A,} such that

(4.1.5) A, 10, as n— oo,
(4.1.6) iAn < 00,
n=1
an, A,
(4.1.7) A (?)) < Yo
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Now, we define a new class SJ,. of coefficient sequences which is an extension of class SJ.
Definition. A null sequence {a,} of positive numbers belongs to class SJ,., r=0,1,2,3, ...,

if there exists a sequence {A,} such that

(4.1.8) A, 10, as n— oo,
(4.1.9) > n'A, < oo,
n=1
an A,
Bl | o il ]
(4.1.10) A(n)‘_ Y n

Clearly, for r = 0, SJ,. = SJ. It is obvious that SJ,,; C SJ,., but converse is not true.

Example. For n = 1,2,3..., define b, = r=20,1,2,3,... Firstly, we shall show that

nr+2 )

{b.} does not belong to SJ, 1.

Really, b, = —0 as n — oc.

nr+2

: 1 - r+1 - r+1 1 =
Let there exists A, = v 7= 0,1,2,3,... s.t. Zn A, = Zn v R Z
n=1 n=1 n=1

18

SRS

divergent, i.e. {b,} does not belong to SJ, .

But, A, | 0, , and "A, = " = — < 00,
ut, l as n — 00, an ;n ;nHTH ;nQ %)
A
Also A(b—”)‘g—”, vV n.
n n

Therefore, {b,} belongs to SJ,.

In what follows, t,(z) will represents f,,(z) or g,(z), while " (z) will represents r'"-derivative
of t,(x).

4.2 Lemmas. We require the following lemmas in the proof of our results.

Lemma 1 [48]. Let n > 1 and let r be a nonnegative integer, = € [¢, 7]. Then | D’ (z)| < C
where C. is a positive constant depending on €, 0 < ¢ < 7w and Dn(x) is the conjugate Dirichlet
kernel.

Lemma 2 [68]. Let {a,} be a sequence of real numbers such that |a,| < 1 for all n. Then
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the relation

n

[T/n+1 Z

k=0

axDy(x)| dz < M(n+1),

holds. Where M is absolute constant. Moreover by Bernstein’s inequality, for r =0, 1,2, 3.....

n

/7r/n+1 Z

k=0

apDi(z)| dx < M(n+ 1)

Lemma 3 [48]. ||D!(z)||;» = O(n"logn), r = 0,1,2,3...., where D’ (z) represents the 7"
derivative of conjugate Dirichlet kernel.

4.3 Results. We establish the following theroems:

Theorem 1. Let the coefficients of the series (4.1.3) belongs to class SJ, then the series

(4.1.3) is a Fourier series.

Proof. Making use of Abel’s transformation on Z (%), we get

k=1
2 (5) = L(5) v
n—1 A
< 2 k (f) + ap

But (4.1.3) belongs to class SJ, therefore, the series Z (%) converges.
k=1

Also sequence {a,} is positive and null, therefore by theorem C the result holds. [

Theorem 2. Let the coefficients of the series (4.1.3) belongs to class SJ, then

(4.3.1) 7}1—{20 to(x) = t(x), ewxists for x € (0,
(4.3.2) t(z) € L'(0, 7],
(4.3.3) l|lt(x) — Sp(z)|| = o(1), n — oo.

Proof. We will consider only cosine sums, as the proof for the sine sums follows the same line.
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To prove (4.3.1), we notice that

to(z) = %—l—ZZA(ajcoij)

k=1 j=k
to(x) = % + Z[ak coskr — apy1 cos(k+ 1)z + apyq cos(k+ 1)z
k=1

—agy2co8(k + 1)z + ..... + ap cosnx — a,4q cos(n + 1)z

ap " -
= 5 + ; a cos kxr — ; 1 cos(n + 1)z

(4.3.4) tn(x) = Sp(z) — nap41cos(n + 1)z

Since Ay | 0, as k — oo and ZAk < oo, therefore, by Oliver’s theorem we have,
k=1
kAr — 0, as k — oo and so

) 00 a o) ) Ak;
(4.3.5) na, =n kEnA(k> _,;nk ( - > o(1)
Also cos(n + 1)z is finite in (0, 7]. Hence

lim ¢,(z) = lim S,(z) = t(x).

n—oo n—oo

Moreover,

use of Abel’s transformation yields

lim (Z ay, COs kx) = lim

k=1

S (5) Dila) + %fzz(x)] ,

k=1

where D/ (z) is the derivative of conjugate Dirichlet kernel.

nhi& (i ay cos k:x) = i JAN (%) D} (x)

k=1



Ak

By the given hypothesis and lemma 1, the series Z ( k

k=1
limit ¢(z) exists for x € (0, 7] and thus (4.3.1) follows.

) D;(x) converges. Therefore, the

For x # 0, it follows from (4.3.4) that

o0

t(z) —to(x) = Z ag, cos kx + napq1 cos(n + 1)z
k=n-+1

= nlbllnoo [ zm: (%) k cos kx

k=n+1

+ na,1cos(n+ 1)x

Now application of Abel’s transformation, lemma 2 and 3 yield

T T o0 a - a, )
/0 [t(z) — tp(x)|de = /0 k;ﬂ&(f) Di(x) — :llD () + nap41 cos(n + 1)z| dz
" Ay, A(a_k) " an1 =
< / <—) k2D (x) da:+/ D) (z)| dx
0 kz;ﬂ k (ik) o [n+1
—l—nan+1/ | cos(n + 1)z|dz
0
s o) f4k E /A (%%) - T Uns1 =,
= /0 ZA(?>Z yy D(x) dx+/0 —_ W) dx

k=n+1

ZNON

—l—nanﬂ/ | cos(n + 1)z|dx

Z A(Ak)/o ZA@)D%@;) d + -t /()W‘D;(x)]dx

A J
Pt =1 (T#) 7l+‘1

+na,. 1 / | cos(n + 1)z|dx
0

IN

/OW t(z) — to(x)|de < M i (k +1)2A (%) + S’j:ll /OW‘D;@)‘CJ:U

k=n+1

+nan+1/ | cos(n + 1)z|dz
0

= 0 ( Z (k+1)’A (%)) + o(log nan+1) + o(nan+1)

k=n+1
But
n n—1
k(k+1) Ay n(n+1) A,
A, = S . R S —
g 7 & ( k ) T
k=1 k=1



since {ax} €SJ, we have

k(k + 1)% =(k+1)Ar = o(1) as k — oo,

and therefore the series i(/ﬂ +1)2A (%) converges.

Moreover, for all n > 1I,€:cin logn < na, = o(l), n — oo by (4.3.5) Hence, it follows that
|t(z) — t,(z)]| = o(1) as n — oo, and since t,(z) is a polynomial, therefore t(z) € L'(0, x].
This proves (4.3.2).

We now turn to the proof of (4.3.3), We have

||t_SN|| = ||t_tn+tn_sn||
< |t = tall + [[tn — Sall
= ||t — ta]| + ||nans1 cos(n + 1)z||

< |\t—th+nlan+1]/ |cos(n + 1)z| dx
0

The assertion (4.3.2) and equation (4.3.5) proves the assertion (4.3.3). This completes the

proof of the theorem 2. Il

Remark. Of course, the above theorem has been established for a weaker class than the
class S, but the results have been obtained for L'-convergence without using any condition
like a, logn — 0, as n — oc.

Theorem 3. Let the coefficients of the series (4.1.3) belongs to class SJ,, then

(4.3.7) nh_)rglo tr(x) =t"(x), exists for x € (0,7]
(4.3.8) t"(x) € L'(0, 7], (r=0,1,2,...)
(4.3.9) [|1t"(x) — S;(z)|] = o(1), n — oo.

Proof. We will consider only cosine sums as the proof for the sine sums follows the same line.

As in the proof of the theorem 2, we have
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n n

to(z) = % + Z Z A(ajcos jx)
k=1 j=k
= S,(z) — nayyqcos(n+ 1)z,

We have, then

t'(z) = S (x)—n(n+1)a,.cos <(n + 1)z + %)

Since A, | 0, as k — oo and Zk:TAk < oo, therefore, we have, k"1A, — 0, as k — oo

k=1
and so
(4.3.10) nla, = nrt? i A (%) < i T+ (%) — o(1), 1 — 0.
Also cos ((n+ 1)z + %) is finite in (0, 7). Hence,
r@) = g
= lim 5)(z)

= lim ; k" ay, cos k’:IJjLT—7T )
H)o<k§ F ( 2>

Use of Abel’s transformation yields

TLILIIC}O (i: k" ay, cos (k‘x + %)) = nhj& [

k=1

n—1
% Hr+1 %~7"+1

where D"+1(z) represents the (r 4+ 1) derivative of conjugate Dirichlet kernel.
: - r rm _ - A\ Ar+1 : On =r41
o (S wcon (1 7)) = 3o () 2570+ [207700)

< 3 (5) o+ Jim [0 )

n—00
k=1

0 A ~
By making use of the given hypothesis, lemma 1 and (4.3.10), the series Z (?’“) Dt (z)
k=1
converges. Therefore, the limit ¢"(z) exists for x € (0, 7] and thus (4.3.7) follows.
To prove (4.3.8), we consider
t"(z) —tr(x) = Z k" ay, cos (k:v + %) +n(n+ 1) ay41 cos ((n + Dz + E)

2
k=n+1
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Making use of Abel’s transformation, we obtain
P ) = Y A(F) B - D)
" Pl k k n+1 "

+n(n+ 1) a1 cos ((n + 1)z + %)
- Ak) A(%) Ar+1 Un+1 Ar41
= — Dy (x) = ——=D; " (x)
= (F) e

-
+n(n+ 1) a4 cos (( + 1)z + 5 >

- SR g

__;Z’:ll DY (x) + nagyq cos <(n + 1)z + %)

Thus from lemma 2 and 3, we obtain

e sl < Y a(4) [ ZA<<_>>D<> i
+<7;4:f11>/0ﬂ jﬁ:%?“(x) dgch/(;r

+n(n+1)" |an+1|/ | cos (n+1)x+ >|dx

(@) — (@)l| = o( S ke (%)) n O(n (;‘H)) O an, 1 logn)

k=n+1

n+1 "

o+l D’”H(m)‘ dx

n(n + Hanﬂy/ cos (n+ )+ )| d

Using the same argument as in the proof of theorem 2, it can easily be shown that the series
o

A
Z MRV (f) converges. Moreover,
k=n+1

/OW|COS<(TL+1)1‘+ 2>|dx<

n+1
and for n > 1, n"a,logn < n""a, = o(1) by (4.3.10). Hence it follows that

(4.3.11) |t"(z) — ) (x)|]| = o(1) as n — oo.

and since t7 () is a polynomial, therefore t"(x) € L'(0,7]. This proves (4.3.8).
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We now turn to the proof of (4.3.9). We have

1t =Sull = It" =t +t, = S|
< [ =l + e, = Sl
rT
= ||t" = t.,"|| + |[n(n + 1)"a,11 cos ((n + 1)z + 7) I

" T
< ||tr_t;||—|—n(n+1)7"|an+1|/ | cos ((n—i—l)x—k;) |dx
0

Further,

[|tm —tr|| = o(1), n — oo (by (4.3.11)), / | cos <(n + Dz + %) |dx < | and {a,} is a
0 n

null sequence, the conclusion of theorem 3 follows. O

Remark. The case r = 0, in theorem 3 yields the theorem 2.
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CHAPTER V

L!-CONVERGENCE OF MODIFIED COMPLEX TRIGONOMETRIC SUMS

5.1 Introduction. Let {c, : n =0, %1, ...} be a sequence of complex numbers and it is said to

o0

be odd sequence if ¢,, = —c_,,. Let the partial sums of complex trigonometric series Z cpe™

n=—oo

be denoted by S,,(C,t) = Z cre'™, t € T =R/2rz. If the trigonometric series is the Fourier

k=—n

A~

series of some f € L', we shall write ¢, = f(n) for all n and S,(C,t) = S,(f,t) = S.(f).
Concerning L*-convergence of complex Fourier series with asymptotically even coefficients,

Stanojevi¢ [53] proved the following theorem:

Theorem A. Let f: cre’™ be the Fourier series of f € L'(T) with asymptotically even

k=—o00

coefficients, that is,

ST IFG) — f=d)logs = ol1), n— oo,

(An]
lim msup > 7 |A(f(5) = f(=j))|logj = 0.
J=n
If for some 1 < p <2
[An]
: 3 'p—l £l p et
lim hinﬁs;}p'ZJ AP =0,
j=n

then ||S,(f)— f|| = o(1),n — oo, if and only if || f (n) E, + f(—n)E_,|| = o(1), n — oo, where

Eu(t) =) e™.
k=0
Later on, in 1987, Stanojevi¢ and Stanojevi¢ [54] considered the integrability and L!-convergence

of complex trigonometric series with coefficients satisfying a specific condition. To control the

The work reported in this chapter have been communicated in Mathematical Communications
for publication.
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sine part of the complex trigonometric series, they needed a technical condition along with a
class 57 of sequences respectively defined as:

A complex null sequence {c,} satisfying

Z|A )| logn < oo,

is called weakly even. Obviously if {¢,} is an even sequence (¢, = ¢_,), then it is weakly even.

Definition. A weakly even null sequence {¢,} of complex numbers belongs to the class Sy if,

[e.e]

for some 1 < p < 2 and some monotone sequence {A,} such that Z A, < oo, the condition
n=1
Ace|?
(5.1.1) Z| C’“' —0(1), n—o
holds.

Teljakovskii [68] proved the following result:
Theorem B. If the coefficient sequence {a} of the cosine series (1.3.5) belongs to the class S,
then a necessary and sufficient condition for L'-convergence of (1.3.5) is az logk = o(1), k —
0.

The main result of Stanojevi¢ and Stanojevi¢ [54] is the following theorem that generalizes
the above result of Teljakovskii [68].

Theorem C. Let {c,} € S;. Then

(5.1.2) for t#0, lim Sn(C,t) = f(t) ewists,
(5.1.3) fe L\ T);
(514)  [1S(f) — fll = o(1). n— oo, is equivalent to f(n)log|n| = o(1). |n| — oo,

In the proof of Theorem C, the authors used the complex form

gn(C,t) = S (Cit) — (cnEn(t) + c_nE_p (1))
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of Rees-Stanojevi¢ modified trigonometric sums [45]

gn(z) = %i Aay, + i i Aa; coskx
k=0

k=1 j=k

Further, in 1995, Bhatia and Ram [4] introduced the complex form

? / /
(515) gn(C7 t) = Sn(Ca t) + n+1 [cn-i-lEn(t) - C*(n+1)E—n(t)]

of modified trigonometric sums

and

YA (&> ksin kx
k=1 j=k J

introduced by Ram and Kumari ([31], [42]) and studied their L'-convergence under the class
R* of coefficient sequences and obtained the necessary and sufficient condition for the L!-
convergence of complex trigonometric series.
As pointed out in Chapter IV, we have introduced new modified cosine and sine sums as
a n n '
(5.1.6) EO +ZZA(CL]- cos jx)
k=1 j=k

and

3
3

(5.1.7) A(a;sin jz)
k=1 j=k

and have studied their L'-convergence. The aim of this chapter is to study the L!-convergence
of complex form of the above modified trigonometric sums with coefficients belonging to a

new class J* of coefficient sequences.
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Let

sin (n + )
Dn t - = t= ’
®) + Z costm 2sin 5
. cost —cos (n+3)t
D,(t) = inmt = —2 2
®) Z S 2sin £
denote the Dirichlet and the conjugate Dirichlet kernel respectively. Let E,(t) = ekt

Then the first differentials D’ (t) and D’ (t) of D,(t) and D,(t) can be written as
D,(t) = E,(t)+ EL,(1),
2%DL(t) = EL(t)— B, (1),

where E! (t) denotes the first differential of E,,(¢). The complex form of modified trigonometric

sums (5.1.6) and (5.1.7) is
gn(O, t) = SR(O, t) — n(cn+lei(n+1)t + C_(n+1)€—i(n+1)t)

We introduce here a new class J* of coefficient sequences as:
Definition. A null sequence {¢,} of complex numbers belongs to class J* if there exists a

sequence {A,} such that

(5.1.8) A, 10, as n— oo,
(5.1.9) Y nd, < oo,
n=1

(5.1.10)

— A
A(MNS "W on=1{1,23,.).
n

Now, we define a new class J* of coefficient sequences which is an extension of class J* .
Definition. A null sequence {c,} of complex numbers belongs to class J*, r =0,1,2,3,...,

if there exists a sequence {A,} such that

(5.1.11) A, 10, as n— oo,
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(5.1.12) > A, < oo,
n=1

(5.1.13) p

A (M>’ <Ay {1,2,3,..}.
n

Clearly, for r = 0, the class J reduces to the class J*. It is obvious that J7 ; C J: , but

T

converse is not true.

141

—, r =0,1,2,3,... Firstly, we shall show that
nr+5

Example. For n = 1,2, 3..., define ¢, =

{cn} does not belong to J, ;.

14
Really, ¢, = L —0 as n— oc.
nr+2

8 - S 8 _N8

. . . r+2 _ r+2 _ 3

Let there exists A, = —s T=0123, .. st Zn A, = Z” s Z n
n=1 n=1 n=1

divergent, i.e. {c,} does not belong to J ;.

- - 8 >3
But, A, | 0, as n — oo, and ;M“An = ;M“W = nz::l = < o0,
n ~— t—n An
Also A(i)‘ < —, Vo
n n

Therefore, {c,} belongs to J.
5.2 Lemma. The proof of our result is based upon the following lemma.
Lemma 1. [5]. Let r be a non-negative integer and 0 < € < m. Then there exists M, > 0
such that for all e < |[¢| < 7 and all n > 1,
(1) B, ()] < Myen'/[t],

(i) |EL, ()] < Myen” /2],

(#i)  |Dy ()] < 2Men” /[,

(iv) Dy (6)] < Meen” /1],
5.3 Result. The main results of this chapter reads as:
Theorem 1. Let an odd sequence {c,} belongs to class J*, then
(5.3.1) for t#0, nli_)ngogn(C, t) = f(t) ewists,
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(5.3.2) f(t) € LY0,7] and [|f = gallzr = o(1), n — o0,
(5.3.3) 15n(C 1) = f(O)llr = o(1), n — oo
Proof. Consider
gn(C 1) = Sp(Ct) — n(cppre’ ™V ey e D
Since, {¢,} is odd, therefore, we get
gn(Ct) = S, (C,t) — 2inc, 1 sin(n + 1)t

Further, we know that sin nt is bounded in (0, 7] and by the given hypothesis, we have

_ > A
(5.3.4) 2nCpi1 = N(Cpg1 — C—(ny1)) = Z A( k — C— k) < Z k;2?k = o(1)

k=n+1 k=n+1

Therefore, lim g,(C,t) = lim S,(C,t) = f(1).
Next, we show that f(t) exists in (0, 7]. Making use of Abel’s transformation, lemma 1 and

(5.1.10), we have

Sn(C, t) = ¢+ Z[Ckeikt + kaeiikt]

k=1

— o+ ni o (%) B - C"nﬂ + nz_‘i A () (—EL) - eon(=80)

n
CO+ZkA( ) Mt"( _nc">

A M, M
CQ+ZI€ i (Cn—C,n)

= 0 (Z Ak> +o(cp, —c_p)

Thus, by the given hypothesis, lim S, (C,t) = f(t) exists in (0, 7] and therefore (5.3.1) follows.

IN

IN

By using Abel’s transformation, lemma 1 and (5.1.10), we have

/ |f gn C t)‘dt - / Z Ckeikt + n(cn+16i(n+l)t + Cf(n+1)€_i(n+1)t) dt
0

|k|>n
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/0 C17(0) - gu(C,0)]dE

(5.3.5)

IA

IA

dt

)

0

—{—2ncn+1/ |sin(n + 1)t|dt
0

/7T i A (ck—c_k) ]{?M€

k=n-+1

+ /ﬂ ‘ (Cn+1 - C—(n+1)> nMe
0 n t

—|—2ncn+1/ | sin(n + 1)t|dt
0

/ dt + /
0 k=n-+1 0

+2ncn+1/ | sin(n + 1)t|dt
0

S + S (L) at

dt

dt

2. A, kM.

M.
t (Cner = Cguyn) = | dt

t

O( Z log kAx) + o((cn, — c_n) logn) + o(2nc,11)

k=n+1

Now, (5.1.9) and (5.3.4) imply that all the terms on the right side of (5.3.5) are of o(1) as

n — oo. Since, g,(C,t) is a polynomial, therefore, it follows that f € L'(0, 7], which proves

the assertion (5.3.2).

To prove (5.3.3), we notice further that

/0 1F) - Su(CLt)lde =

< [ 1 - s+ [ lon(c.t) - su(Colar
0 0

= [ U0 = 9@ttt [l ™ 0 e I at
0 0

= / |f(t)—gn(C’,t)]dt+/ |2ncp, 41 sin(n + 1)t|dt
0 0

and

/ |2ncp, 41 sin(n + 1)t|dt = o(2ncp41) = o(1), n — 0o, by (5.3.4)
0

But ||f — gullzr = o(1), n — oo, by (5.3.2). Therefore, the assertion (5.3.3) follows. O

Theorem 2. Let an odd sequence {c,} belongs to class J*, r =0,1,2,..., then
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(5.3.6) for t#0, JLHC}OQT’;(C, t) = f"(t) exists,
(5.3.7) fr(t) € LY0,7] and [|f" = gyl = o(1), n — o0,
(5.3.8) 155(C,8) = [ ()]l = o(1), n — oo
Proof. As in the proof of the theorem 1, we have

gn(Ct) = S, (C,t) — 2inc, . sin(n + 1)t.
We have then

gn(C,t) =S (C,t) — 2in(n 4+ 1)"cpqq sin((n + 1)t +r7w/2)

Since, sinnt is bounded in (0, 7] and by the hypothesis of the theorem, we get

(5.3.9) 2n(n+1)"cpy1 = n(n+ 1) (cpp1 — c—(nt1))

< nn+1)n+1)y i A(ck_kck>

k=n+1

< Z ]{ZTJFQ% — 0(1)

k=n+1
Thus, lim g, (C,t) = lim S;(C,t) = f"(t).
Next, we show that f(t) exists in (0, 7]. Making use of Abel’s transformation, lemma 1 and

(5.1.13), we have

n—1 n—1
1 Ch c Bt C c_n(—E"TH
T ,t - A <_> ET—H 1) — n—n A (_) _ET+1 1)) — ——n\ “-n )
SUCH = - o) BN - Tt Y A () (CETN) -
Lk=1 k=1
< 1 N kM. B n M, (¢, —c_,,
- 9 — k t t n
- AKETM, M, (e, —c_,
- k t t n
k=1

n—1
= 0 ( k;”Ak> + o(n" (¢, — c—p)) = o(1), n — oo, by (5.1.12) and (5.3.9)
k=1

Therefore, the limit f"(¢) exists in (0, 7] and this proves the assertion (5.3.5).

For t # 0, we note that

frt)—g(Ct) = Z [(ik)"cpe™ + (—ik)"c_pe™ ™ + 2in(n + 1)"cpyy sin ((n + 1)t + %) :
k=n+1
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Use of Abel’s transformation and lemma 1, yield

(1) = gilC.t) = %[ﬁf{A(%QE?%@+A(%})eE:%w&]

=n+1

1 n —n . .

+- [C—E;H(t) + C—Ef{ll(t)} + 2in(n + 1)"¢,41 8in <(n + 1)t + 7“7%)
iln n

I e —c_k\ k"M, Cn — Cop \ N"TIM,

- A

7 [ Z ( k > t - n t
k=n-+1

+2in(n + 1)"¢,4q sin <(n + 1)t + %)

IN

Further, from (5.1.13), we notice that

1| & A M Cn— C_n\ N"TEM,
r o < = r+1 4k e n n €
F7() - g3(C.1) —ilzik el (o) ]

k=n+1

. : r
+2in(n + 1) cp41 sin ((n + 1)t + 7)

Now, consider

= kr—‘rlﬁ% + <CTL _ C—n) nr+1M€
n

1
T o_ T < - dt
If %H_QAiIEZ i : ]
k=n+1
+f
0

= O Z E"Ax) + o(n"logn(c, — c—pn)) + o(2ncp11(n+1)")
k=n+1
= o(1), n — oo by (5.1.12) and (5.3.9)

2in(n + 1)"¢,4q sin ((n + 1)t + %) ‘ dt

Since, g7 (C,t) is a polynomial, therefore, it follows that f" € L!(0, 7], which proves the
assertion (5.3.7).

To prove (5.3.8), we note that

=Sl = lf" =g+ 90 = Sl

< |f" = gnll + g5, — Syl

_ w“wm+/
0

Use of (5.3.7) and (5.3.9), proves the assertion (5.3.8). O

N

2in(n + 1) ¢,y sin ((n + 1)t + %) ‘ dt

Remark. The case r = 0, in theorem 2 yields the theorem 1.
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CHAPTER VI

ON L'-CONVERGENCE OF MODIFIED COSINE SUM

6.1 Introduction. Consider the sine series
(6.1.1) > apsinkx

k=1

Let the partial sums of (6.1.1) be denoted by S,(z) and f(x) = lim S, (x).
Concerning the series (6.1.1) following result is known:
Theorem A. ([2], Vol.II, p. 201) For the series (6.1.1) to be Fourier series, it is necessary
. — (g
d sufficient that > () < .
and sufficient tha ; ’ 00

Kaur, Bhatia and Ram [27] studied the L!-convergence of cosine trigonometric series by

introducing modified sine sums as

3
3

1 .
T (Aaj—1 — Aajiq)sinkz

k=1 j=k

They have studied these results under a new class K of coefficient sequences defined as:
Definition. If a; = o(1), k — oo and

Z k| A2ap_y — NPagiq| < oo (ag =0),

k=1
then we say that {ax} belongs to class K.

We, in this chapter, introduce new modified cosine sum as

fn($) = ! Z Z (ACLj_;.l - Aaj_l) COS kl’, (CL() = a; = O)

2sinx ,
k=1 j=k

The results obtained in this chapter have been accepted for publication in Southeast Asian
Bulletin of Mathematics.
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and study its integrability and L!-convergence under a new class J of coefficient sequences
defined as:
Definition. A null sequence {a,} of positive numbers belongs to class J if there exists a

sequence {A,} such that

(6.1.2) A, 10, as n— oo,
(6.1.3) > nA, <o,
n=1

(6.1.4)

In the literature so far available, most of the authors have studied the integrability and
L'-convergence of cosine trigonometric series using different classes of coefficient sequences.
However, very few of them have studied about the L!-convergence of sine trigonometric series.
In this chapter we study the L'-convergence of sine trigonometric series by using a newly
introduced modified cosine sum defined as above under a new class J of coefficient sequences.
6.2 Lemmas. The proof of our results are based upon the following lemmas, of which the
first two are due to Sheng [48].

Lemma 1. ||D"(z)|| = O(n"logn), r=0,1,2,3,... where D’ (z) represents the r** derivative
of Dirichlet kernel.
Lemma 2. ||D’(z)|| = O(n"logn), r=0,1,2,3,... where D’ () represents the " derivative

of conjugate Dirichlet kernel.

D,
Lemma 3. (i) ‘ (x) = o(nlogn), n — oo and
2sinx
cos nx
H H o(logn), n — oc.
2sinw
Proof. Since, we know that, |D,(z)] < n+ 3, for all n = 1,2,3,... and for 0 < z < g,
i 2
TR > —. Therefore,
x T
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Dy(x) _ /7r Dy(x) dr
2sinx 0 |2sinx
1 1
< = d
(”+ 2)/0 osina|

1\ (2 1
< 2(n+-= , dx
2) Jy 2|sinz|

_ 1 21
< lim2(n+ - — dzx

= o(nlogn), n — o0

This proves (i) and to prove (ii), consider,

cosnx

cosnT T
sl = [ [l
2sinx o |2sinx
w/2 1
< lim 2/ — dx

= o(logn), n — oc.

6.3 Results. We prove the following results:
Theorem 1. Let the coefficients of the series (6.1.1) belongs to the class J, then the series

(6.1.1) is a Fourier series.

Proof. Making use of Abel’s transformation on Z (a—kk>, we get
k=1

n—1
(%) = Zra(f) +a
< Sk(%)—l—an by (6.1.4)
k=1

Therefore, the series Z (a_;) is convergent (by (6.1.3)). Hence, the series (6.1.1) is a Fourier

k=1
series by theorem C. 0

Theorem 2. Let the sequence {a,} belongs to the class J. Then f,(x) converges to f(z) in

L'-norm.
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Proof. We have

1 n n
falz) = YT ' (Aajs1 — Daj_q)coskz
k=1 j=k
L5 )08 ki + (an = ang2) Daf)
= Apy1 — ag—1) coskx + (a, — ay, (2
2sinw — o i 2
= Z ag sin kx + DY (an, cos(n + 1)z + apiq1 cosnx + (a, — apya) Dp(x))

k=1

(6.3.1) folz) = Sp(x)+ (an cos(n + 1)x + apy1 cosne + (an — api2) Dp(2))

2sinx

Since

are bounded in (0,7]. Also, {a,} is null sequence, so the last

D
cosnx‘ and ’ ()
sin

2sinw
three terms of the right hand side of (6.3.1) tends to zero as n — oo.

Thus
f(z) = lim f,(x) = lim S,(x).

n—oo n—oo

Now, we show that the limit f exists in (0, n]. Consider,

n

Sn(z) = Z ag sin kx

k=1

An application of Abel’s transformation yields
(6.3.2) Su(x) =) NapDi(x) + anDy(z).

Since, | Di(z)| = O(k) and

A
(6.3.3) ‘A (%)‘ < f = |Aag| < Ag, V k, by the given hypothesis

Thus (6.3.2) imply that

lim S, (z) = O0)_ kAx) + o(nay,)

n—o0o

But,

(6.3.4) log na, < na, = nz Aay, < ZkAk =0(l), n — o0

k=n k=n

Hence, f(z) exists.
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Now, consider

1 a, cos(n + 1)z + a,1 cosnx

| f(z) = fulz)]| = aisinkr — —
kzznﬂ ' 2sinx + (an — any2) Dy(x)

Using Abel’s transformation, (6.3.3), lemma 2 and 3, we get

1f(z) — fulz) / Z AayDy(z dx+/07r

anH[?n(x)) dx

k=n+1

—l—/o e (an cos(n + 1)x + apyq cosnz + (a, — api2) Dy(z))| dx

< / Z Ak[)k(x) dr + /7T anHlN?n(:r;)‘ dx

k=n+1 0

—|—/O Y (an cos(n + 1)x + apyq cosnz))| dx

+/0 QSmx an = @ny2) Du()) du

I|f(z) = fu(z)]] = O ( f: log kAk) + o(logn any1) + o(logn a,yq) + o(logn ay)
k=n+1

+o(n?(an — any2))
= o(1)+ o(1) 4 o(1) + o(1) + o(n*(ay — ani2))

by (6.1.3) and (6.3.4)

But,

Ap — Qpi2 = Qp — Gpg1 T Gpg2 — Gpi2
= Aan + Aan_i_l

S An + An-‘,—la

and if A, | 0, K — oo, and Z kA, < oo, then k%A, — 0, k — oo (by Oliver’s theorem). We

k=1
get
| f(z) — ful2)|]| = o(1), n — 0.
This completes the proof of the theorem 2. u
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Corollary. If {a,} belongs to class J , then ||f — S,|| = o(1), n — oc.

Proof. Consider

7@ = Su@ll = [ 10) = fule) + fule) = Su(o)ld
< [ 1@ = f@le+ [ 150 - Sl

< [ = s+ [

2sinx
+ [ ggm @ — ) Dufa)

2sinx
The conclusion of the corollary follows, by using the same argument as in the proof of the

(an cos(n + 1)z + ay4q cosnax)| dx

dx

theorem 2. 0
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CHAPTER VII
CONVERGENCE OF NEW MODIFIED COMPLEX TRIGONOMETRIC

SUMS IN THE METRIC SPACE L

7.1 Introduction. Let {c; : k= 0,=£1, ...} be a sequence of complex numbers. Let the partial

[e.e]

sums of complex trigonometric series Z cre’™ be denoted by S, (C,t) Z e teT =
k=—o00 k=—n

R/27z. If the trigonometric series is the Fourier series of some f € L', we shall write ¢, = f(n)

for all n and S, (C,t) = S,(f,t) = Su(f).

Kaur, Bhatia and Ram [27] studied the L!-convergence of cosine trigonometric series by

introducing a new modified sine sum as

1
(7.1.1) ZZ (Aaj—1 — Aajyq)sinkx

2sinx
1 j=k

They have studied these results under a new class K of coefficient sequences.

In chapter VI, we have introduced new modified cosine sum as

Z Z (Aaji1 — Aaj_q)coskr  (ap =a; =0)

k=1 j=k

(7.1.2)

2sinx

and have studied its integrability and L!'-convergence under a new class J of coefficient se-
quences.
The aim of this chapter is to study the L!-convergence of complex form of the modified

sums (7.1.1) and (7.1.2) with coefficients belonging to the class J* of coefficient sequences.

The results obtained in this chapter have been accepted for publication in Lobachevskii Journal
of Mathematics for publications.
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Definition. A null sequence {¢,} of complex numbers belongs to class J* if there exists a

sequence {A,} such that

(7.1.3) A, 10, as n— oo,
(7.1.4) ZnAn < 00,
n=1

(7.1.5)

The complex form of modified sums (7.1.1) and (7.1.2) is

i(n+1)t —i(n+1)t int —int
Cn€ (nt1)t _ C_pn€ (n+1) + Cpy1€ — C_(nt1)€

7

gn(Cit) = Su(Ct) + —
2sint
+ (cn — Cns2) En(t) + (co(nr2) — con) E_n(t)

7.2 Lemmas. The proof of our result is based upon the following lemmas.

Lemma 1 [5]. Let r be a non-negative integer and 0 < ¢ < 7. Then there exists M, > 0

such that for all e < |[¢| < 7 and all n > 1,

(1) |EL(8)] < Myen”/[t],
(i) |EL,(0)] < Myen” /12,
(iii) |Dy(t)] < 2M,en”/[t],

(iv) |D,(t)] < My /[H].

Lemma 2. For n > 1, we have

. E.() || _
@] 25 ‘ = oln), n = o0
E_,(t
(47) QSiISt)H =o(n), n —
6int
(uii) e ‘ = o(logn), n — oc.

int _ 2
Proof. For t # 0, we note that % > — in (0,7/2) and using lemma 1, we get
7r
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E,(t ™| Bt T M, W2 M, /2 M,
() :/ <> S/ —dt < 2/ —.dtﬁ/ —-dt
2sint o |2sint o 2|tsint| o 2|t||sint| 0 12
M. /2
= lim { } = o(n), n — oo.
n—eo t w/n
- E_,(t) .
Similarly, || =———=|| = o(n), and to prove (iii), we consider,
2sint
int T int /2 1 w/2 1
2sint o |2sint 0 2sint 0 13
= lim [log t]:ﬁ = o(logn), n — co.

n—oo

7.3 Result The main result of this chapter is the following theorem:

Theorem. Let {c;} belongs to the class J* , then

(7.3.1) Jirgogn(C, t) = f(t) exists for |t| € (0,7],
(7.3.2) f(t) € LY0,7] and ||f — gn||zr = o(1), n — oo,
(7.3.3) 1S, (C,t) — fF()||lr = o(1), n — oc.

Proof. Consider,

t —int

i(n+1)t in
) + Cpy1€ — C—(nt1)€

e ( . C_ne—z(n-l—l)t

gn(Cit) = S,(C,t)+ st
+ (Cn - Cn+2)En<t) + (C_(n+2) - C_n)E_n(t)

int B o(t E_.(t
Since, e_—, A and J
sint’ sint sint

lim g,(C,t) = lim S,(C,t) = f(t).
Next, we show that f(t) exists in (0, 7]. Consider,

are bounded in (0, 7]. Also, {¢,} is null sequence. Therefore,

Sp(Cit) = cheikt



Making use of Abel’s transformation, lemma 1 and (7.1.5), we get

@

5,00 = wrSa (%) (impte + 2B 5 A (S i (1)

L CaliEL, (1)

AN
o

()

|

3
M1
ol
>
VR
9
=
el

K
=
~_
~| =
|
~| =
3
VR
o
3
|
&
3
N~

IN
e

Hence, by the given hypothesis, f(t) = lim S, (C,t) exists and thus (7.3.1) follows.

n—oo

Further, for ¢t # 0, we have

t) — g, (C,t) = E ikt i cpe ™t e e e ettt — C—(n+1)e’mt
f( ) gn( ’ ) e 2sint
|k|>n (Cn Cn+2)En(t) —|— (Cf(n+2) - C_n)E_n(t)

By making use of Abel’s transformation, lemma 1 and 2, we get

- Ck . C—kY\ /.
F =gty = 3 {a(F) EiEm) + o (1) GELw)
k=n+1
_ean(ZiBL (1) _ e (B (1)
n+1 n+1
; Cnei(n+1)t . Cinefi(TH*l)t + cnﬂemt . c_(n+1)e*mt
 2sint

+ (n = Cnp2) En(t) + (Cf(n+2) —cn)E_p(t)

Ft) = ga(Cit) < > —il (Ck - C_k) M. n iMen <Cn+1 - c_(n+1))

k L1 n
k=n+1

(cn—cn) + <Cn+1 — C—(n+1)) + M. (cn —con) — (C.n+2 — C—(n+2))
| sin ¢| |t]| sin t|

= Ay M, M.
< ) kSR i
S 2 R T (e T o)
(cn — con) + (Cn1 — C—(nt1) Yy (cn —cn) = (Cnr2 — C_(n12))

sint| [t sint|
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Now, consider

o

Z k\t! /”

(Cn - Cfn) + (Cn+1 Cc_ n+1))
| sint]|
(cn - C—n) - (C'n+2 - Cf(n+2)> dt
|t|] sin ¢|

iM,
g

(Cn+1 — Cf(n+1)) ‘ dt

1£(t) = gu(C0)] | < / ’

" / ”
+f ’
= O Z Ailogk) + o(logn(c, — c_y))

—I—O(Iog n(e, —c_pn)) + o(n(c, —c_p))

dt

M,

But, for all n > 1, we note that

logn(e, — ) < ) <Zk2 (7)< Zk2(Ak)

= o(1), by the hypothesm; of the theorem.

Therefore, ||f(t) — g.(C,t)||zr = o(1), n — oo and since g¢,(C,t) is a polynomial, it follows

that f € L'(0, 7], which proves the assertion (7.3.2).

We notice further that

F=Sull = M = gn+ gn = Snll

S ||f_gn|| + ||gn_Sn||

i(nt1)t —i(n+1)t —int

int
— C_p€ + 1€ — C-(nt1)€

1 =Sull < (If = gnll +

2sint
SN 4 (= Cnga) Bnlt) + (Cpnia) — Con) B_n(t)

The assertion (7.3.3) follows using the same argument as in proof of assertion (7.3.2).
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CHAPTER VIII
INTEGRABILITY AND L!-CONVERGENCE OF DOUBLE TRIGONOMETRIC

SERIES

8.1 Introduction. In chapter IV, we have considered the L!-convergence of the new modified
cosine and sine sums
agp ~ )
(8.1.1) folx) = E—l—z Z A(a; cos jr)
k=1 j=k
and

(8.1.2) gn(z) = ZZA(aj sin jx)

k=1 j=k

and have obtained the L'-convergence of the trigonometric series

(8.1.3) > ar du(w)

where ¢ () is cos kx or sin kz, under the condition that {ax} belongs to class SJ.

In the present chapter, we extend the results of one dimensional series (as discussed in
chapter IV) to two dimensional trigonometric series in an essentially more general setting. To
reveal the essence, we have formulated a new class J; of coefficient sequences as:
Definition. A double null sequence {a;;} of positive numbers is said to belong to class J; if

there exists a double sequence {A;;} such that

(8.1.4) A 10, j+k— oo,

Part of the contents of this chapter have been communicated in Journal of Amnalysis in Theory
and Applications erstwhile known as J. of Approx. Theory and its Applications for
publication.
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(8.1.5) ) kA < oo,

j=1 k=1
(8.1.6) A (%) < Ao +¢<2 V >0 and j k€ {1,2,3,..}
1. rl Gy )| S G5 LSpras piq= Js

In the sequel, we have studied double cosine, sine and mixed series whose coefficients
belong to class J;. Moreover, we have considered the special cases where the double sequence
of coefficient is of bounded variation and quasi convex. We are mainly concerned about with
the following problems:

(i) the series converges pointwise,

(ii) the sum of the series is integrable,

(iii) the series is the Fourier series of its sum,
(iv) the series converges in L'-norm.

8.2 Cosine series We consider the double cosine series

(8.2.1) flz,y) = AjAk @jj cos jx cos ky
=0 k=0

on the positive quadrant @ = [0, 7] x [0, 7] of the two dimensional torus, where Ao = 3 and

Aj=1for j=1,2,3,... and {aj;} is a double sequence of real numbers.

We denote
Spn(T,y) = Z AjAp ajicosjrcosky  (m,n >0)
=0 k=0
as the rectangular partial sum of the series (8.2.1) and f(z,y) = Um Sp.

m,n— o0

Definition [35]. We say that {a;;} belongs to the class BV if
(8.2.2) a;r — 0 as j+k — oo,

and

(8.2.3) Z Z |Aqraje| < oo,

=0 k=0
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where

A, = Qi — Qi1 — G k1 T Qi1 kot
Condition (8.2.2) implies that {a;;} is a null sequence while (8.2.3) implies that {a;;} is a
sequence of bounded variation.

Definition [35]. A null sequence {a;;} belongs to class C, if for every € > 0 there exists

0 > 0 such that for all 0 <m < M and 0 <n < N, we have

(8.2.4) C(m, M;n, N; ) ::// ZZD (y)Aqraj|de dy < e
Ds j=m k=n
where
Ds :=Q — (6, 7] x (0,7] ={(z,y) : 0 < z,y <7 & min(z,y) <}
or

ZZD Allajk

j=m k=n

de dy<e Y m,n>0.

/1,

Definition [35]. A double sequence {a;;} is said to be quasi-convex if

oo o0

(825) ]+1 ]{3+1 |A226L]k| < 0
=0 k=0

Motivated by (8.1.1), we introduce the modified cosine trigonometric sums ,,, of the

series (8.2.1) as

(8.2.6) U (2, Y) Cloo Z {ZZA“((L” COS I'T COS ly)}

j=1 k=1 Ur=j 1=k

It will turn out that the wu,,, approximate f better than S,,, since they converge to f in
L'-norm when S,,, may not.
Our first main result is the following:

Theorem 1. If a double sequence {a;;} belongs to class Jg, then

||wmn — f|] = 0 as min(m,n) — oco.
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Here ||.|| denotes the two-dimensional L'(Q)-norm.
We draw the following corollaries from Theorem 1.

Corollary 1. Under the conditions of theorem 1, the sum f of the series (8.2.1) is integrable

and (8.2.1) is a Fourier series of f.

Corollary 2. If a double sequence {a;;} belongs to class J4, then
[|Smn — f|] = 0 as min(m,n) — oo.

We note that theorem 1 and corollaries 1 and 2 can be considered as analogous results to

the corresponding results of chapter IV from one dimensional to two dimensional cosine series.
Remarks. (a) We notice, from (8.1.6) that
(8.2.7) |Aviaje] < |Dvoaje|+H| D100 k1| < Ajpet+Aj 1 < 245

Moreover, it follows from (8.2.7) and condition (8.1.5) that

o oo
|A11ajk| < 00,
=0 k=0

therefore, {a;;} € Jy implies that {a;;} € BVa.

Next we show that {a;;} € Jqg = {a;r} € Co. For that, consider

1) 6| 0 o T x| oo oo
/ / ZZAHajij(x)Dk(y) de dy < / / ZZAHajij(x)Dk(y) dx dy
0 JO |izm k=n 0 YO |jz=m k=n
< 2/ / D> ApDj()Dyly)|de dy
0 0 j=m k=n

where D,,(x) represent the Dirichlet kernel. Since, / |D,,(z)|dx =~ logn, thus from (8.1.5),
0

we get {a;r} € Cy. Hence, the Theorem 1.1 and Corollaries 1.1 and 1.2 of Méricz [35] holds

true in case {a;;} belongs to class J;.

(b) Further, by setting Aj; = |Aga,i| in (8.1.5), we notice that class .J; contains all quasi-

convex null sequences. Therefore, corollary 3 of Méricz [37] holds true in case {a;;} belongs

to class Jj.
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8.3 Sine series We consider double sine series

(8.3.1) ZZajk sin jz sin ky
j=1 k=1

on the positive quadrant @ = [0, 7] x [0, 7] of the two dimensional torus and {a;;} is a double
sequence of real numbers.

We denote by

n

Spn(T,Y) Z ajrpsinjrsinky  (m,n > 1)
7j=1 k=1

the rectangular partial sum of the series (8.3.1) and g(z,y) = lm S,,,.

m,n— 00

Definition [35]. We say that {a;;} € BV if condition (8.2.2) is satisfied and

Z Z]k|A11b]k| < 00,

7j=1 k=1
where
Ak .
b = 2= k=1,2..
ik ]k (j? ) )

In the case of double sine series, BV, is a more appropriate class of coefficient sequences
than BV5.
Definition [35]. We say that {a;.} € C, if condition (8.2.2) is satisfied and for every e > 0

there exists 6 > 0 such that for all 1 <m < M and 1 <n < N, we have

M N
C(m,M;n, N;6) : // ZZ ey LOaibj| dz dy < e
Ds |j=m k=
where
Ds:=Q — (0, 7] x (6, 7] ={(z,y) : 0 < z,y <7 & min(z,y) <0}
or

Z Z xyAllb]k

j=m k=n

dr dy <e ¥V m,n>1.

/1.,
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0*[ . ]
Oxdy

Motivated by (8.1.2), we introduce the modified sine trigonometric rectangular sums vy,

where [ . |,, means the partial derivative

of the series (8.3.1) as:

(8.3.2) V(T Y) = Z {ZZAH((M sinrx sinly)}

j=1 k=1 Ur=j 1=k
Our second main result of this chapter is as follows:

Theorem 2. If a double sequence {a;i} belongs to class Jg, then
|Umn — gl| = 0 as min(m,n) — oo.

We draw two corollaries from Theorem 2.
Corollary 3. Under the conditions of Theorem 2, the sum g of the series (8.3.1) is integrable
and (8.3.1) is a Fourier series of g.

Corollary 4. If a double sequence {a;;} belongs to class J4, then
||Smn — g]| — 0 as min(m,n) — oco.

We note that Theorem 2 and corollaries 3 and 4 can be considered as analogous results of
chapter IV from one dimensional to two dimensional sine series.

Remark. We note that,

Aji
8.3.3 Apbag] < =5
833 |Anbul <

Moreover, it follows from (8.3.3) and condition (8.1.5) that

Z Z]k|A11b]k’ < 00,

j=1 k=1

therefore, {a;;} € J4 implies that {a;;} € BV,.
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Next we show that {a;i} € Jqs = {a;i} € C. For this, Consider

/05 /06 iiﬁnbjk[Dj(x)Dk(y)]xy dx dy
< /Oﬁ /07r iiﬁnbjkwj(x)l?k(y)]xy dx dy
<[ ii 1D, () Dy )

Since, / (D, (x)],dz =~ nlogn, thus from (8.1.5), we get {a;;} € C,. Hence, if {a;i} belongs
0

to class Jy, then {a;;} € BV3(Cs. Thus, the Theorem 2.1 and corollaries 2.1 and 2.2 of

Méricz [35] holds true in case {a;x} belongs to class J;.

8.4 Mixed series. We consider mixed series
(8.4.1) ZZajk sin jx cos ky
j:

1 k=0

on the positive quadrant @ = [0, 7] x [0, 7] of the two dimensional torus and {a;;} is a double

sequence of real numbers.

We denote by

n

Sin(T,y) = Z ajpsinjrcosky (m>1, n>0)
j=1 k=0
the rectangular partial sum of the series (8.4.1) and t(z,y) = lim Sy,,.

m,n— 00

Definition [35]. Let {a;;} € BV if condition (8.2.2) is satisfied and

o o0
ZZﬂAuCg’H < 00,
j=1 k=0

where

ain .
Cjk 1= % (j,k=1,2....).

Definition [35]. We say that {a;,} € C; if condition (8.2.2) is satisfied and for every e > 0
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there exists 0 > 0 such that for all 1 <m < M and 0 <n < N, we have

M N
C(m, M;n, N;9) : // ZZ (y)Aricjp|de dy < e
Ds =m k=
where
D5 :=Q — (0,7] x (0,7] ={(z,y): 0 < v,y <7 & min(w,y) <4}
or

Dj(x)]D(y)Dicjr|de dy<e ¥V m>1, n>0.

p»>

where [ . |, means the partial derivative

jmkn

o]

X

Motivated by (8.1.1) and (8.1.2), we introduce the modified mixed trigonometric sums wy,,,

of the series (8.4.1) as

(8.4.2) Wy (T, Y) = Zm: Y {zm:zn:ﬁu(arl sin rx cos ly)}

j=1 k=0 Ur=j I=k

Our third main result is as follows:

Theorem 3. If a double sequence {a;x} belongs to class Jy, then
||Wmn —t|] — 0 as min(m,n) — oo.

We draw two corollaries from Theorem 3.
Corollary 5. Under the conditions of theorem 3, the sum ¢ of the series (8.4.1) is integrable
and (8.4.1) is a Fourier series of ¢.
Corollary 6. If a double sequence {a;x} belongs to class J, then
||Smn —t|]] = 0 as min(m,n) — oo.

Remark. We note that,

A,
(8.4.3) |Aqicji] < p =L

J
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Moreover, it follows from (8.4.3) and condition (8.1.5) that

o0 (o]
DD ilBnen] < oo,
j=1 k=0

therefore, {a;;} € Jy implies that {a;;} € BV73.

Next we show that {a;;} € J4 = {a;r} € C*5. Therefore, consider
ZAH% )] Dr(y)| dz dy

[z
/ / ZAH% e Di(y)

j=m k=n
<2

dx dy

dx dy

Since, / [D,,(2)]sdx ~ nlogn, thus from (8.1.5), we get {a;;} € C*2. Hence, if {a;;} belongs
0
to class Jg, then {a;;} € BV3(\C;. Thus, the theorem 3.1 and corollaries 3.1 and 3.2 of

Méricz [35] holds true in case {a;;} belongs to class J,.

8.5 Proofs of the Theorems

Proof of Theorem 1. We shall first show that the point wise limit f of
oo
U (T,y) = 5> + ; Z {TZ:J: lz; Aq1(ay cosrz cosly)}

exists in @ and that f is a Fourier series i.e. f € LY(Q).

Unn(T,y) = (100 + Z Z{Z g, COSTx COS kY — ay 41 cos T cos(k + 1)y

=1 k=1 r=j
— @41 COS(T + 1)z cOS kY + @py1 g1 cOS(r + 1)x cos(k + 1)y

+ay 1 cos T cos(k + 1)y — ay g2 cosra cos(k + 2)y
— 41,541 COS(r + 1)z cos(k + 1)y + ari1 g2 cos(r + 1)z cos(k + 2)y
+... F Ay COSTET COSNY — Gy pyyq COSTT COS(N + 1)y

— Q41 COS(1 + 1)x COSNY + Api1pp1 cOS(r + 1)x cos(n + 1)y]}
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(8.5.1)

n

Qoo - . _
- 9 + 21 ;[ajk cos jx cos ky — aji1,, cos(j + 1)z cos ky
Jj= =

—@jpt1 €08 Jx co8(n + 1)y + aji1 41 cOS(J + 1)z cos(n + 1)y
+aji1 5 cos(j + 1)z cos ky — ajyay cos(j + 2)x cos ky

— 41,041 €08(j + 1)z cos(n + 1)y + ajian41 cos(j + 2)z cos(n + 1)y
+.oo + A, COSMT COSNY — Apy1  COS(M + 1)z cos ky

—Qmnt1€osME cos(n + 1)y + a1 ng1 cos(m + 1)z cos(n + 1)y

= % + z; ; aji, Cos Jjx cos ky — Z; kz; @jnt1cos jrcos(n+ 1)y
J= = Jj= =

— Z A1,k cOS(Mm + 1)x cos ky + mnap41 n41 cos(m + 1)z cos(n + 1)y
j=1 k=1

= Smn(z,y) — Z Naj 41 €OS jx cos(n + 1)y — Z M1k cOs(m + 1)x cos ky
=1 k=1

+MNApy 41 41 cOs(m + 1)z cos(n + 1)y

Using double summation by parts and given hypothesis in (8.5.1), we get

m—1n—1

a - ik \ =, =
U (T, Y) = % + Z JANH! (ﬁ) Dii(z) Dy (y)

=1 k=1

_ Qmn D! (z)D.(y) — Z Najpt1 €OS jT cos(n + 1)y
j=1

- Z M1,k cOs(m + 1)x cos ky
k=1
+MNA 41 41 cOs(m + 1)z cos(n + 1)y

It is known from Sheng [48] that

(8.5.2)

D! (z)] = O(n) for O<az<m

By (8.1.5), (8.1.6) we note that



for all x and y such that 0 < z,y <.
By (8.1.5), (8.1.6) and (8.5.2) we have

ZAw(i];)D’ VD (y Z ( ) () Dy(y) = 0 as n— oo

7j=1 i=1 k=n

uniformly in m, for all 0 < z,y < 7.

Similarly,

ZAM (%)D’( )Di(y) = 0 as n— oo

uniformly in n, for all 0 < z,y < 7.

Since {a;;} is double null sequence and by the use of the equation (8.5.2), we get

am”[?;n(:c)f);(y) —0 as m+n— oo
mn

forall 0 < z,y <.

Further, we know that cosnz is bounded in (0, 7].

Therefore, by (8.1.5) and (8.1.6), we have

Z nNa;npn+1 = Z n + 1 Z AOl (—)
j=1 j=1 k=n+1
2

( ) —0 as n— oo
=1 k=n

Z Na;jnt1cosjrcos(n+1)y -0 as n— oo
j=1

IN

M

J
This implies that

uniformly in m, for all 0 < z,y < 7.
Similarly,

Zmamﬂ,k cos(m+ 1)zcosky — 0 as m —
k=1

uniformly in n, for all 0 < z,y < 7.
Also, by (8.1.5) and (8.1.6), we have

(8.5.3) MNApi1 1 < Z Z 722N, (J)

j=m+1 k=n+1

Z Z 2 k2 Jk—> as m-+n— oo.

j=m+1 k=n+1

IN

76



Consequently, we get lim  u,,, = f(z,y) exists in L}(Q).

m-+n— o0

Next, we consider

5=l < [ [71503 2 (4) Do) DLt oy
j=m+1 k=n-+1
w1 s (%) D) D) |
7j=1
T Tl n A 5 N
Ny | —= | D! D; dxd
+/0/0 ; 01<mk‘> m () Dy (y)| dxdy
iy T a ~
™A () D) ‘dd
R ARLANI
Z Na;j 41 cos jx cos(n + 1)y| dedy
Z M1k cOs(m + 1)x cos ky| dedy
1

+ mn|am+1 041 / / | cos(m + 1)z cos(n + 1)y|dzdy
o Jo

(8.5.4) / / Z Z < ) (2) Dl (y)| dady
j=m+1 k=n+1
NS (52) Dyt
o Jo |55 \JN
+ / W / ' Z (M) D, (x) Di,(y)| dady
o 0 | = mk m k
T i Amn 7, r/
[ [ S5 D) dody
T opm | M 0 . Ajk '
+ Z Z Jk —r cos jx cos(n + 1)y | dzdy
0 YO0 |;=1 k=n+1 J
T pw | M 0 9 Ajk
+ Z Z kj 5 cos(m + 1)z cos ky| dzdy
k=1 j=m+1 J

+mn|am+1yn+1|/ / | cos(m + 1)x cos(n + 1)y|dxdy

D, (z)

We note that from Sheng [48], 5
n

s

= O(1). Further, by (8.1.5) and (8.1.6), we get

> 3 (52) Bwilw

j=m+1 k=n+1

dxdy — 0 as m+n — oo
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Thus by using equation (8.5.3) and the given hypothesis all the terms on the right hand
side of the inequality (8.5.4) tends to zero as m + n — oco. Hence, the conclusion of the
theorem 1 holds. O
Remark. Since proof of theorems 2 and 3 are on the same lines as that of theorem 1. But

for ready reference we are giving the proof of theorems 2 and 3 in brief.

Proof of Theorem 2. First we shall show that the point wise limit g of

Umn (2, y) = Z { Z Aq1(aq sinre sin ly)}
j=1 k=1 Ur=j =k
(8.5.5) = Sun(z,y) — Z Na;p41 8in jrsin(n + 1)y — Z M1,k sin(m + 1)z sin ky

j=1 k=1
+MNay 41 041 SiD(m + 1)z sin(n + 1)y

exists in @ and that g is a Fourier series i.e. g € L'(Q).

Using double summation by parts and given hypothesis in (8.5.5), we get

V(,0) =é1§im(%)@uwmn

7j=1 k=1
Ao (42 D () D!
+;1(m)x>m>
n am

+ 3 Do (2) D (@) D)

k=1

(U - o
—%D;n(x)D;(y) — Z najp1sin jrsin(n + 1)y

J=1

- Z M1k SID(m + 1)z sin ky
k=1
+MNGAy41 041 SID(M + 1)z sin(n + 1)y

It is known from Sheng [48] that
(8.5.6) |D;(x)|=O(n) for 0<z<m

By (8.1.5), (8.1.6) we note that



for all x and y such that 0 < z,y <.
By (8.1.5), (8.1.6) and (8.5.6) we have

ZAN(%")D% )DLy gzmjw(‘jk)m \Di(y) =0 as n— oo

]:1 =n

uniformly in m, for all 0 < z,y < 7.

Similarly,

o Amk
; Noy <W> D, (x)D(y) =0 as n— oo

uniformly in n, for all 0 < z,y < 7.

Since {aj;} is double null sequence and by the use of the equation (8.5.6), we get

am”D;n(:c)D;(y) —0 as m+n— oo
mn

forall 0 < z,y <.
Further, we know that sin nz is bounded in (0, 7].
Therefore, by (8.1.5) and (8.1.6), we have

Z nNa;npn+1 = Z n + 1 Z AOl (—)
j=1 j=1 k=n+1
2

o0
( ) —0 as n— oo
i=1 k=n
m

Z Najnersinjrsin(n+ 1)y - 0 as n— oo
j=1

IN

M

J
This implies that

uniformly in m, for all 0 < z,y < 7.
Similarly,

ZmaerLk sin(m+ 1)zsinky — 0 as m — oo
k=1

uniformly in n, for all 0 < z,y < 7.
Also, by (8.1.5) and (8.1.6), we have

(8.5.7) MNApi1 1 < Z Z 722N, (J)

j=m+1 k=n+1

Z Z 2 k2 Jk—> as m-+n— oo.

j=m+1 k=n+1

IN
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Consequently, we get lim v, = g(x,y) exists in L*(Q).

m-+n— o0

Next, we consider

o= il < [ [71 30 S 20 () Do) DLt oy
j=m~+1 k=n+1
+ A (ﬂ> D'(z)D! (y)| dzd
/O/szllo in (2) Dy (y) | dedy
s T| A ) .
Nor | — ) D D dxd
+/0/0 ; 01<mk> m(2) Dy (y)| dzdy
™ ™ CL
" (@) Dy (y)| ded
=[] |2 @ i dry
in(n + 1)y| dedy
Z M1k sin(m + 1)z sin ky | dedy
=1

+ mn|ami1n41] / / |sin(m + 1)z sin(n + 1)y|dzdy
o Jo

(8.5.8) / / %lkijjl <%) D (y) | dady
o[ i(‘jﬂ)m )D} o)
+/0/0 ;(%)D’( 2)Dly(y)| dady

K s a
D! (x)D! dxd
[ [ et @iy
T do (A L
+ Z Jjk* | == ) sinjzsin(n + 1)y
0o Jo |5 1 Jk

ey

—i—mn]amﬂ,nﬂl/ / |sin(m + 1)z sin(n + 1)y|dzdy
o Jo

D, (x)

n2

|M8

dxdy

dxdy

Mg

A
kj* (—Z) sin(m + 1)z sin ky
J

We note that from Sheng [48],

‘ = O(1). Further, by (8.1.5) and (8.1.6), we get

dedy — 0 as m+n— o0

> s (225) it
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Thus by using equation (8.5.7) and the given hypothesis all the terms on the right hand
side of the inequality (8.5.8) tends to zero as m + n — oo. Hence, the conclusion of the

theorem 2 holds. ]

Proof of Theorem 3. First we shall show that the point wise limit ¢ of
W (T, y) = Z Z {Z Z Aq1(ay sinrz cos ly)}
j=1 k=0 Ur=j 1=k
(8.5.9) = Spm(z,y) — Z Naj 1 8in jx cos(n + 1)y — Z M1k SiD(m + 1)x cos ky

j=1 k=1
+MNAy+1 041 8i0(m + 1)z cos(n + 1)y

exists in ) and that ¢ is a Fourier series i.e. t € L'(Q).

Using double summation by parts and given hypothesis in (8.5.9), we get

T ) o Y RETEL 1

mk
k=0
a 5 m
o mn _D/ D/ . ) " . . + 1
() Dl () — S g sin i cos(n + 1)y

=1
— Z M1,k sin(m + 1)x cos ky

k=1
+Mnay,+1.n118in(m + 1)x cos(n + 1)y

By (8.1.5), (8.1.6) we note that
m—1n—1 a ~ m—1n—1 A ~

s (%) DDy < XX (55) D) Dito) <
; 0 jk j=1 k=0 Jk

for all z and y such that 0 < z,y <.
By (8.1.5), (8.1.6), (8.5.2) and (8.5.6) we have

> (42) D)D) < 305 (55 Do) = 0 as m— o

j=1 7=1 k=n

uniformly in m, for all 0 < z,y < 7.
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Similarly,

- Amk / r
;;Am (m> D, (z)Di(y) — 0 as n — oo

uniformly in n, for all 0 < z,y < 7.

Since {a;;} is double null sequence and by the use of (8.5.2) and (8.5.6), we get

am”D;n(x)D;(y) —0 as m+n— o0
mn

forall 0 < z,y <.
Further, we know that cos nz and sinnz are bounded in (0, 7.

Therefore, by (8.1.5) and (8.1.6), we have

Z NGjnt1 = Z n(n + 1) Z VAV (—)
=1 =1 k=n-+1
)

< Z ( ) —0 as n—oo
=1 k=n
This implies that
Znamﬂ sin jzcos(n+ 1)y = 0 as n — oo
j=1

uniformly in m, for all 0 < z,y < 7.

Similarly,

n
E M1k sin(m + 1)z cosky — 0 as m — oo
k=0

uniformly in n, for all 0 < z,y < 7.

Also, by (8.1.5) and (8.1.6), we have

(8.5.10) MNAy i1 np1 < Z Z il VAN (j)

j=m+1 k=n-+1

< Z Z as m-+n — oo.

j=m+1 k=n-+1
Consequently, we get lim  wy,, = t(z,y) exists in L'(Q).
m—+n—0o0

Next, we consider
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1t = W] </ / p m+1k2n;1AH <%) D (x) Dl (y)| ddy
+/0/0 ZA10< ) D)(x) D, (y)| dwdy
+/0ﬂ/0 ;Am (%) —D,,(z)Dj(y)| dady
i / / S (@) D) (y) | dedy
+/0” /0“ (n + 1)y|dady
+/o /0 — 1)x cos ky| dxdy

+mn|am+1’n+1|/ / | sin(m + 1)x cos(n + 1)y|dzdy
o Jo
- Ajk / /
— | Di( l) dxd
>3 (55) miwi as

(8.5.11) //
[ (52) oo
SN DICIEACET

™ a B
Sy (@)D ()| dad
+/O/Omn () D) (0)| iy

dxdy

dxdy

—1—/ / Z Z ( )smgxcos(n+1) dxdy
0 JO |j=1 k=n+1
+/ / Z Z kj* ( >81n(m+1)xcosky dxdy
0 0 k=0 j=m+1
+mn\am+1,n+1\/ / | sin(m + 1)x cos(n + 1)y|dzdy
o Jo
D! D!
We note that from Sheng [48], ' "(Qx) ‘ = O(1) and "(Qx) ‘ = O(1). Further, by (8.1.5)
n n

and (8.1.6), we get

[ 12 % (2) o)

j=m+1 k=n+1
Thus by using equation (8.5.10) and the given hypothesis all the terms on the right hand

dedy -0 as m+n— o0
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side of the inequality (8.5.11) tends to zero as m +n — oo. Hence, the conclusion of the

theorem 3 holds. O

8.6 Proofs of the Corollaries

Proof of Corollary 1. Tt follows from theorem 1, that f € L'(Q). Further-more it is known
that convergence in L' — norm (the so-called strong convergence) implies weak convergence.

Now, consider

umn(x7y> - % + Z {Z All(arl COS T COS ly)}

j=1 k=1 Ur=j i=k

3

= Spmn(z,y) Z {@;n+1cos jrcos(n + 1)y + ami1x cos(m + 1)x cos ky }
7=1 k=1
+MNGy 41,041 cOS(M + 1)z cos(n + 1)y

for fixed r,1 > 1, we get

4 ™ s
— / / f(x,y) cosrx cos lydxdy
™ Jo Jo

m-+n—oo 7T

=a, — lim { E NQjni1 + E My i1,k —i—mnamﬂ,nﬂ}
m+n—oo

j=1 k=1

= lim / / Umn (2, y) cos ra cos lydzdy

= Gy

Since the limit of each term in braces is zero (as already shown in the proof of theorem 1).

This proves that the (8.2.1) is a Fourier series of f. O
Proof of Corollary 2. Consider

< ||f_umn” + | [tnn _SmNH

< =l + [ [ (n-+ L)y dedy
o Jo |5
Z M1,k cOs(m + 1)x cos ky| dxdy
1
+mn|ami1 041 /7r /7T | cos(m + 1)z cos(n + 1)y|dxdy
o Jo
Using theorem 1 the conclusion of the corollary 2 follows. m
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Proof of Corollary 3. Tt follows from theorem 2, that g € L'(Q). Now, consider

Vo (T, ) = ii{iiﬁu(arlsinrxsinly)}
j=1 k=1 Ur=j 1=k

= Spn(z,v) Z Z {ajns1sinjrsin(n + 1)y + app1,sin(m + 1)z sin ky }
7=1 k=1

+MNaAy+1 n418in(m + 1)xsin(n + 1)y

for fixed r,1 > 1, we get

4 7"
) / / g(x,y) sinrz sin lydxdy
™ Jo Jo

= lim / / Vmn (2, y) sin ra sin lydxdy

m-+n—oo 7'('2

=a, — lim { E Najnp+1 + E M1k + MNAy11 n+1}
m-+n—o0

k=1
= Q]

Since the limit of each term in braces is zero (as already shown in the proof of theorem 2).

This proves that the (8.3.1) is a Fourier series of g. O

Proof of Corollary 4. Consider

Hg_ Smn“ = ||g_vmn+vmn - Smn”

< Hg_vmnH + ||Umn - SmnH

< llg=wmll+ [ [ in(n + 1)y dody
o Jo |i5
i M1k Sin(m + 1)x sin ky | dedy
1
+mn|am41,n41] /7r /7r |sin(m + 1)xsin(n + 1)y|dzdy
o Jo
Using theorem 2 the conclusion of the corollary 4 follows. ]

Proof of Corollary 5. Tt follows from theorem 3, that ¢t € L'(Q).

Now, consider

wmn i y f: n {in:zn:All(arl SiIlTl’COSZy)}

j=1 k=0 Ur=j 1=k
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n

Wy (T,Y) = Spn(T, ) Z {ajn+1sinjzcos(n + 1)y + a1 p sin(m + 1)x cos ky}
7=1 k=0

+MNAp 41,041 SID(M + 1)x cos(n + 1)y

for fixed r,1 > 1, we get

4 s s
— / / t(z,y)sinrz cos lydxdy
™ Jo Jo

= lim //wmnx y) sin rx cos lydzxdy

m-+n—oo 7r2

= Qyp] — hm { E TLCL] n+1 + E mam+1 k + mnamy1 n-H}
m—+n— oo

k=1
= Qy

Since the limit of each term in braces is zero (as already shown in the proof of theorem 3).

This proves that the (8.4.1) is a Fourier series of ¢. O

Proof of Corollary 6. Consider

||t_SmnH = ||t_wmn+wmn_smn||

< |t = wWon| + [|wmn — Smnl]

< ||t—wmn||+//
o Jo |53

Z M1k SiD(m + 1)x cos ky

(n+ 1)y| dzxdy

dxdy

—|—mn|am+17n+1|/ / |sin(m + 1)z cos(n + 1)y|dxdy
o Jo

Using theorem 3, the conclusion of the corollary 6 follows. O]
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CHAPTER IX
THE EXTENSION OF THE THEOREM OF J.W. GARRETT, C.S. REES AND

C.V. STANOJEVIC FROM ONE DIMENSION TO TWO DIMENSION

9.1 Introduction. Consider the double cosine series
(9.1.1) N\ aj cos jx cos ky
j=0 k=0
on the positive quadrant @ = [0, 7] x [0, 7| of the two dimensional torus, where \g = % and

Aj=1for j=1,2.3,... and {a;} is a double sequence of real numbers.

We denote the rectangular partial sum of the series (9.1.1) by S, i.e.

Spn(x,y) = i i Aj k@i cos jx cos ky (m,n >0)
j=0 k=0

and let f(z,y) = ml’lilriloo Spn.-

Concerning the L'-convergence of the double cosine series Moricz [35] proved the following
result:
Theorem A [35]. If {a;;} € BV2NCa, then the sum f(x,y) of series (9.1.1) belongs to L'(Q)
and (9.1.1) is a Fourier series of f(z,y).

Garrett, Rees and Stanojevi¢ [20] introduced an equivalent class S? of the class S of
Teljakovskii [68] for one dimensional coefficient sequence.

In this chapter, we have extended the class S? of coefficient sequences introduced by

Garrett, Rees and Stanojevi¢ [20] from one dimensional to a new class S2 of two dimensional

coefficient sequence {a;;}, defined as:

The results obtained in this chapter have been published in International Journal of Mathe-
matical Analysis, 3(26), (2009), 1251 - 1257
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Definition. A double null sequence {a;;} belongs to S3 if there exists a null sequence {A;;}

of non-negative numbers such that

(9.1.2) SN kA A < oo,

j=0 k=0
(9.1.3) |Ava] <Ay Y g,k
The aim of this chapter is to extend the corresponding result of Garrett, Rees and Stano-
jevi¢ [20] from one dimensional to two-dimensional series and to obtain necessary and sufficient
condition of L'-convergence of double cosine series.
9.2 Result. We prove the following result:

Theorem. Let {a;,.} € S7. Then f € L'(Q) and
||Smn — f|| = o(1), as m,n — oo
if and only if

(9.2.1) A In(MA2) In(n+2) — 0 as m+n — oo.

Proof. First we shall show that the point wise limit f of

n

(9.2.2) Sin(z,y) = ZZAjAkajk cos jx cos ky

=0 k=0
exists in @ and that f is a Fourier series i.e. f € LY(Q).
From {a;.} € S3 it follows that {a;.} € BVs. Indeed
2D 1Budl <3 ) iklAnA] < oo
=0 k=0 §=0 k=0

On the other hand

j=m k=n j=m k=n

Performing double summation by parts, we have

m n m—1n—1 m—1 n—1
Z Z Ajp = Z JkD1 A, — Z JnlioAj, — Z kmAo1 Amy, + mnAp,
j=0 k=0 J=0 k=0 J=0 k=0
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but
nAIOAjn = Z /fAnAjk
k=n

and

MmO A = Y jO1 A

Jj=m

So, we get that ii/ljk < oo. Since {a;,} € S2 implies that |Ajaj| < Ay V 4k, it

follows that{ajk}]goéglzfz, and hence (9.2.2) converges in Q to the point wise limit f.
Now from theorem A we have that if {a;1} € BV NCy, then f € L}(Q).

Thus it suffices to prove that

{ajk} € Sﬁ = {ajk} € C,.

Therefore, consider

/ / ZZAHaﬂgD )Dy(y)| dx dy</ / ZZAuajij(:p)Dk(y) dx dy
Jj=m k=n j=m k=n
S/W/ ZZAJ,CD (y)|dz dy
0 0 j=m k=n

Using double summation by parts, we get

SR

Z ZAHAM j+ D)) (k+1)Fy(y)

Jj=m k=n

dx dy

ZAmAJN U+ DF;(@) (N +1)Fn(y)| dz dy

(M + 1) Fy(x)(k+1)Fy(y)| dz dy

M—oo

+ lim //|MNAMNFM(x)FN(y)|d:U dy
0

M,N—oco 0

where D, () and F,(z) represent the Dirichlet and Fejer kernel respectively.
Since {aj;} € S5 and / |F(x)|dx = m, we have
0

s

S5 Auduli+ DE@)h -+ DE()

j=m k=n
ZZ )k + 1) A Ayl =
=m k=
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dxdy

= o(1),




Z A10Ajn(j + 1) Fj(x)(N + 1) Fy(y)

j=m
ZZ A Dk + )AL Al =

dxdy

Il

= o(1),

Similarly,
Z DNorApre(M + 1) Foy(z)(k + 1) Fr(y)

I
ZZ;+ JE+ 1AL Ajl =

j=M k=n

dxdy

= o(1).

Further, from (9.2.3), the last term on the right hand side of the (9.2.4) is of o(1). Hence,

feLiQ).
Now, it remains to show that ||S,, — f|| = o(1), as m,n — oo. Therefore, consider
Il f — Smnll —/ / Z Z aji cos jx cos ky| dx dy
j=m+1 k=n+1
Applying double summation by parts, we get
(9.2.5) 1f = Syl / / ZAHajij(x)Dk(y) dr dy
j=m k=n
+A}im / / Z ANqoajnDj(x)Dy(y)| de dy
—oo Jo 0 et
+J‘/1Iim / / Z AorareDar(2) Di(y) | do dy
—>Jo Jo |-,

0 0

Since {a;.} € S and / | Dy, (x)|dz =~ logn, the 1st, 2nd and 3rd terms on the right hand
0
side of inequality (9.2.5) are o(1) as m,n — oo.

Thus the conclusion of the theorem follows if and only if (9.2.1) holds. [
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