
ON L1-CONVERGENCE OF CERTAIN TRIGONOMETRIC

SERIES WITH SPECIAL COEFFICIENTS

A

THESIS SUBMITTED

IN FULFILLMENT OF THE REQUIREMENTS

 FOR THE AWARD OF THE DEGREE OF

DOCTOR OF PHILOSOPHY

(MATHEMATICS)

By
JATINDERDEEP KAUR
(Registration No. 9051401)

Under the supervision of

Dr. S.S. BHATIA Dr. BABU RAM
Professor and Head, Professor (Retd.)
School of Mathematics and Computer Applications, Department of Mathematics
Thapar University, Maharshi Dayanand University,
Patiala, Punjab, INDIA Rohtak, Haryana, INDIA

SCHOOL OF MATHEMATICS AND COMPUTER APPLICATIONS
THAPAR UNIVERSITY

PATIALA-147001, PUNJAB, INDIA
SEPTEMBER, 2009





CONTENTS

Chapter Title Page

I Introduction 1

II On L¹-Convergence of Certain Trigonometric Sums 24

III Integrability and L¹- Convergence of Certain Cosine Sums 30

IV Convergence of New Modified Trigonometric Sums in the Metric
Space L

36

V L¹-Convergence of Modified Complex Trigonometric Sums 46

VI On L¹-Convergence of Modified Cosine Sums 55

VII Convergence of New Modified Complex Trigonometric Sums in the
Metric Space L

61

VIII Integrability and L¹- Convergence of Double Trigonometric Series 66

IX The extension of the theorem of J.W . Garrett, C.S. Rees and C.V.
Stanojević from one dimension to two Dimension

87

References 91



ACKNOWLEDGEMENTS

The work leading to this doctoral thesis has been carried out by me as a research scholar

at the School of Mathematics and Computer Applications (SMCA) of this University. These

three years (2006-09) have been very stimulating and instructive for me.

At the outset, I am highly indebted to my revered supervisors, Dr. S.S. Bhatia, Professor

and Head, School of Mathematics and Computer Applications, Thapar University, Patiala and

Dr. Babu Ram, Professor (Retd.), Maharshi Dayanand University, Rohtak for their untiring

support, encouragement and able guidance at each and every step throughout this research

endeavor.

I take this opportunity to thank Prof. Abhijit Mukherjee, Director and Prof. K.K Raina,

Deputy Director, Thapar University, Patiala for providing me University’s necessary resources

and facilities to carry out this research work.

I am deeply thankful to Dr. Susheel Mittal, Dean, Research & Sponsored Projects and

Dr. R.K. Sharma, Dean, Academic affairs, Thapar University, Patiala, for their support and

needful help during the various stages of this research work.

I express my gratitude to the Doctoral committee comprising Dr. R.S. Kaler and Dr.

Rajesh Kumar for monitoring the progress and providing valuable suggestions for improvement

of this Ph.D work. I also take this opportunity to express my sincere thanks to Dr. A.K.

Lal and Dr. M.K. Sharma, as they are most accomplished teachers who made this research

possible by their unflinching support. I would also like to thank the faculty and staff members

of School of Mathematics and Computer Applications, Thapar University, Patiala for their

healthy discussions, suggestions and necessary co-operation to complete this work.

Yes, I am also grateful to my parents and my husband S. Rupinder Pal Singh for their

patience and love. Literally, without them this work would never have come into existence.

Finally, I wish to thank my brother and sister for their encouragement throughout during

the period of my investigations.

Above all, I thank Almighty God for providing me sufficient strength to carry out this

doctoral work.

September, 2009 (Jatinderdeep Kaur)



ABSTRACT

The existence of sine and cosine series as a Fourier series, their integrability and L1-

convergence appears to be one of the most difficult question in theory of convergence of

trigonometric series in L1-metric norm.

One of the most prominent question is to find the class of coefficient sequences which

satisfy the sufficient conditions for the sine series to be Fourier series.

The present thesis entitled, “On L1-Convergence of Certain Trigonometric Series

with Special Coefficients” comprises certain investigations carried out by me at the School

of Mathematics and Computer Applications, Thapar University, Patiala, under the supervision

of Dr. S.S. Bhatia, Professor and Head, School of Mathematics and Computer Applications,

Thapar University, Patiala and Dr. Babu Ram, Professor(Retd.), Department of Mathematics,

Maharshi Dayanand University, Rohtak.

The aim of this work is, to investigate classes of sequences formed by the coefficients

of real / complex trigonometric series, thereby improving the existing classes of sequences, to

obtain sharper results on integrability and L1-convergence of trigonometric series with special

coefficients.

The thesis embodies nine chapters. The first chapter is introductory. In this chapter,

apart from setting up the notations and terminology to be used in the sequel, we have presented

some known results interrelated to our results alongwith a brief plan of our results presented

in the subsequent chapters. The purpose of chapter II is to generalize the results of Hooda and

Ram, and that of Teljakovsǩii for a more general classes S∗∗ and S∗∗r of coefficient sequences.

In chapter III, we have extended the result of Ram and have studied the L1-convergence of

the cosine series belonging to an extended class Sr, r = 0, 1, 2, 3..... of coefficient sequences.

We have also obtained the necessary and sufficient conditions for the L1-convergence of the

rth derivative of cosine trigonometric series under the same class Sr. In chapter IV, we have

introduced new modified cosine and sine sums and have studied their integrability and L1-

convergence under a newly defined class SJ of coefficient sequences. Also, the L1-convergence

of cosine and sine series have been deduced as corollary. We have also obtained L1-convergence

of rth derivative of new modified cosine and sine sums under an extended class SJr of coefficient



sequences. The object of chapter V is to study the L1-convergence of complex form of the

newly modified trigonometric sums introduced in chapter IV under a new class J∗ of coefficient

sequences. We have also studied L1-convergence of rth derivative of new modified complex

form under an extended class J∗r .

In the literature so far available, most of the authors have studied the integrability and

L1-convergence of cosine trigonometric series using different classes of coefficient sequences.

However, very few of them have studied about the L1-convergence of sine trigonometric series.

In this direction, we have, in chapter VI studied the L1-convergence of sine trigonometric series

by using a newly introduced modified cosine sum under a new class J of coefficient sequences.

In chapter VII, L1-convergence of the complex form of the, modified trigonometric cosine and

sine sums introduced by the author and that of the Kaur, Bhatia and Ram under the class

J∗ of coefficient sequences as introduced in chapter V have been studied.

In chapter VIII, we have extended the results discussed in chapter IV from one dimensional

cosine and sine series to two dimensional ones. In this chapter, we have obtained necessary and

sufficient conditions for the integrability and L1-convergence of double cosine, sine and mixed

series by using modified double cosine, sine and mixed trigonometric sums with coefficients

satisfying certain conditions.

Chapter IX is devoted to the study of L1-convergence of double cosine series under an

extended class S2
d of two dimensional coefficient sequences. Towards the end, references of

various publications cited in the present thesis have been reported.

All the results reported in the thesis have been published/communicated in various inter-

national/ national journals.
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CHAPTER I

INTRODUCTION

1.1 The present thesis comprises certain investigations carried out by the author “On L1-

Convergence of Certain Trigonometric Series with Special Coefficients”. It is well

known that if a trigonometric series converges in L1-metric to a function f ∈ L1(T ), then it is

the Fourier series of the function f . Riesz {[2], Vol.II, Ch. VIII §22} gave a counter example

to show that in L1 metric, the converse of the above said result does not hold good. This

motivated various authors to study the L1-convergence of trigonometric series with special

coefficients.

Integrability and L1-convergence of trigonometric series with special coefficients have been

studied by number of authors. The work on this topic was initiated by Young W.H. [69] and

Kolmogorov A.N. [30] by taking classes of convex sequences (42an ≥ 0) and quasi-convex

sequences (
∞∑

n=1

n|42an| < ∞) respectively. Teljakovsǩii S.A. [68] yet considered another class

S introduced by Sidon [49] for L1-convergence of trigonometric series. The results obtained

by these authors were further generalized and extended by Hardy G.H. and Littlewood J.E.

[21], Kano T. [23], Garrett J.W. and Stanojević Č.V. ([18], [19]), Ram B. ([39], [41]), Singh

N. and Sharma K.M. ([50], [51], [52]), Bojanic R. and Stanojević Č.V. [8], Chen C.P. [13],

Bala R. and Ram B. [1], Móricz F. [34], Bhatia S.S. and Ram B. [3], Tomovski Ž. ([59], [60],

[61], [64]), Hooda N. and Ram B. [22], Kaur K., Bhatia S.S. and Ram B. [24] and others by

considering various generalizations of classes of sequences mentioned above for one-dimensional

trigonometric series.

During their investigations, some authors introduced modified trigonometric sums, as these
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sums approximate their limits better than the classical trigonometric series in the sense that

these sums converge in L1-metric to the sum of trigonometric series whereas the classical series

itself may not. In this concern, various authors like Rees, C.S. and Stanojević Č.V. [45], Bor.

H. ([9], [10], [11], [12]), Chen C.P. [14], Kumari S. and Ram B. [31], Ram B. and Kumari S.

[42], Hooda N., Ram B. and Bhatia S.S. [22], Kaur K., Bhatia S.S. and Ram B. [27] have

introduced various new modified trigonometric sums and have studied their L1-convergence

under various classes of coefficient sequences. Bhatia S.S. and Ram B. [3] generalized the

results of Kumari S. and Ram B. [31] and have obtained their results as corollary.

L1-convergence of complex trigonometric series was considered by Stanojević Č.V. and

Stanojević V.B. [54], Sheng Shu Yun [48], Móricz F. [38], Chen C.P. [16], Tomovski Ž. ([62],

[65], [66]) for various classes of complex sequences by considering some additional conditions

to control the sine and mixed part of the complex trigonometric series. Bhatia S.S. and Ram

B. [4], Tomovski Ž. [63] studied the L1-convergence of complex form of the modified sums

introduced by Kumari S. and Ram B. [31] for new classes of coefficient sequences.

Further, Bhatia S.S. and Ram B. [5] extended the results of Móricz F. [38] and studied

the integrability of the r-times differentiated complex trigonometric series. They obtained a

new necessary and sufficient condition for the L1-convergence of the Fourier series.

Móricz F. [33] studied the convergence and integrability of double trigonometric series

with coefficients of bounded variation (
∑∑ |411ajk| < ∞). In 1991, Móricz [37] extended

the classical theorems of Kolmogorov [30] and Young [69] from one dimensional cosine and

sine series to two dimensional cosine and sine series by considering the special cases, where

the double sequence of coefficients is monotone decreasing, convex or quasi-convex.

Móricz F. [36], Ram B. and Bhatia S.S. [44] have further extended the results of Hardy

G.H. and Littlewood J.E. [21] on Lp-integrability of the sum f of the trigonometric series from

2



one dimensional series to two dimensional series.

Chen C.P. and Hsieh P.H. [15] studied the point-wise convergence of rectangular partial

sums of certain type of double trigonometric series under certain conditions on the finite order

differences of its coefficients. Kaur K., Bhatia S.S. and Ram B. [28] have studied the double

trigonometric series with coefficients of bounded variation of higher order.

Ram B. and Bhatia S.S. [43] have further studied the L1-convergence of complex double

trigonometric series under a new class S2 of coefficient sequences which is analogous to class

S of Sidon [49] for single trigonometric series. Further, Kaur K., Bhatia S.S. and Ram B. [26]

studied the L1-convergence of complex double trigonometric series under different conditions

on coefficient sequences.

In the present thesis, number of results have been proved by the author, most of which

are directly associated with the works of above mentioned authors.

To provide sufficient background for later chapters, a summary of basic concepts, tech-

niques and a brief chapter wise résumé of the results contained in the thesis has been given

in this introductory chapter. However, some of the definitions and notations will be repeated

occasionally in various chapters for the sake of convenience.

1.2 DEFINITIONS AND NOTATIONS

Let {an} be a sequence. Then we write

4an = an − an+1

42an = 4(4an) = an − 2an+1 + an+2

Abel’s transformation ([2], Vol.I, p.1). If a0, a1, a2, ..., v0, v1, ..., vn, ... are any real num-

bers, let us assume that

Vn = v0 + v1 + ... + vn.
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Then for any values of m and n we find that

n∑

k=m

akvk =
n−1∑

k=m

4akVk + anVn − amVm−1

(under the condition that if m = 0, V−1 = 0).

Convex sequence. A sequence {an} is said to be convex if 42an ≥ 0.

Quasi-convex sequence ([2], Vol.II, p.202). A sequence {an} is said to be quasi-convex

if
∞∑

n=1

n|42an| < ∞.

Semi-convex sequence [23]. A null sequence {an} is said to be semi-convex if

∞∑
n=1

n|42an−1 +42an| < ∞, (a0 = 0)

It may be remarked here that every quasi-convex null sequence is semi-convex.

Generalized semi-convex sequence [25]. A null sequence {an} is said to be generalized

semi-convex, if

∞∑
n=1

nα|4α+1an−1 +4α+1an| < ∞, for α > 0, (a0 = 0)

For α = 1, this class reduces to the semi-convex sequence as in [23].

Sequence of bounded variation ([2], Vol.I, p.3). A sequence {an} is said to be of

bounded variation if
∞∑

n=1

|4an| < ∞.

We denote the class of all null-sequences of bounded variation by BV.

Sequence of bounded variation of order m≥ 1 [20]. A null sequence {an} is said to be

bounded variation of order m ≥ 1, if

∞∑
n=1

|4man| < ∞,
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where

4man = 4(4m−1an) = 4m−1an −4m−1an+1.

We denote the class of null sequences of bounded variation of order m by (BV)m. Clearly for

m = 1, the class (BV)m reduces to the class BV. Also,

{an} ∈ (BV)m ⇒ {an} ∈ (BV)m+1,

but the converse is not true [20].

Sequence of bounded variation order (m,p) [55]. A null sequence {an} is said to be of

bounded variation of order (m,p) if
∞∑

n=1

|4man|p < ∞, for some m ≥ 1 and 1 ≤ p ≤ 2.

We denote such a class of all null sequences of bounded variation of order (m,p) by BV(m,p).

Quasi-monotone sequence ([47], [56]). A sequence {an} of non-negative numbers is said

to be quasi-monotone if an+1 ≤ an

(
1 + α

n

)
for some α > 0 and all n > n0(α). An equivalent

definition is that n−βan ↓ 0 for some β > 0.

Weakly even sequence [54]. A complex null sequence {cn} satisfying

∞∑
n=1

|4(cn − c−n)| log n < ∞,

is called weakly even sequence and is denoted by {cn} ∈W. Clearly if {cn} is an even sequence

(cn = c−n), then it is weakly even.

If {cn} satisfies

∞∑
n=1

|4(cn − c−n)|nr log n < ∞, r ∈ 0, 1, 2, 3, ...,

then it is denoted by {cn} ∈Wr, obviously W0 =W.

Fourier series. A trigonometric series

a0

2
+

∞∑
n=1

(an cos nx + bn sin nx)

5



the coefficients an and bn of which are determined by the Fourier formulae

an =
1

π

∫ π

−π

f(x) cos nx dx,

bn =
1

π

∫ π

−π

f(x) sin nx dx

derived from the function f(x), is called the Fourier series of the function f(x). We then write

f(x) ∼ a0

2
+

∞∑
n=1

(an cos nx + bn sin nx)

If we set

c0 =
a0

2
, cn =

an − ibn

2
, c−n =

an + ibn

2
,

then the trigonometric series takes the form

f(x) =
∞∑

n=−∞
cne

inx,

known as the complex form of the trigonometric series. The partial sums

a0

2
+

n∑

k=1

(ak cos kx + bk sin kx)

then takes the form

Sn(x) =
n∑

k=−n

cke
ikx,

and the coefficients cn are determined by the formulae

cn =
1

2π

∫ π

−π

f(t)e−intdt (n = 0,±1, ...).

Dirichlet kernel ([2], Vol.I, p.85). Let

Dn(x) =
1

2
+ cos x + cos 2x + ... + cos nx

then

2 sin
x

2
Dn(x) = sin

x

2
+ 2 sin

x

2
cos x + ... + 2 sin

x

2
cos nx

= sin

(
n +

1

2

)
x,
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hence

Dn(x) =
sin

(
n + 1

2

)
x

2 sin x
2

.

This expression is known as Dirichlet’s kernel. Moreover,

D̃n(x) = sin x + sin 2x + ... + sin nx

=
cos x

2
− cos

(
n + 1

2

)
x

2 sin x
2

is called the kernel conjugate to the Dirichlet kernel.

If x 6= 0( mod 2π), then

|Dn(x)| ≤ π

2x
, for 0 < |x| ≤ π

and

|D̃n(x)| ≤ π

x
, for 0 < |x| ≤ π

Also, we shall use the uniform estimate

|Dn(x)| ≤ n +
1

2
, for any x

and the estimate

Ln =
1

π

∫ π

−π

|Dn(x)|dx ≈ 4

π2
log n

for Lebesgue constant.

We have similarly

L̃n =
1

π

∫ π

−π

|D̃n(x)|dx ≈ log n.

Fejér kernel ([2], [71]). The Fejér kernel Kn(x) is defined as

Kn(x) =
1

n + 1

n∑
j=0

Dj(x)

=
1

n + 1

n∑
j=0

sin
(
j + 1

2

)
x

2 sin x
2

.
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Using |Dn(x)| ≤ n + 1, it follows that Kn(x) ≤ n + 1.

It has the properties

(i) Kn(x) ≥ 0,

(ii)
1

π

∫ π

−π

Kn(x)dx = 1.

The conjugate Fejér kernel is defined as

K̃n(x) =
1

n + 1

n∑
j=0

D̃j(x)

We have

K̃n(x) > 0 for 0 < x < π, n = 1, 2, 3, ...

and

|K̃n(x)| < 1

2
n.

The class S ([49], [68]). A sequence {an} belongs to class S, if an → 0 as n →∞ and there

exists a monotonically decreasing sequence {An} such that
∞∑

n=0

An < ∞, and |∆an| ≤ An, for

all n.

The class S is usually called as Sidon-Teljakovsǩii class. Since, firstly, Teljakovsǩii expressed

Sidon’s conditions [49] in a succinct equivalent form and secondly, he showed that the class S

is also a class of L1-convergence.

Obviously, S⊂ BV. Further, letting An =
∞∑

k=n

|42ak|, we observe that every quasi-convex null

sequence satisfies the class S.

Singh and Sharma [51] gave a definition of one more class namely S′ in the following manner:

The class S′ [51]. A sequence {an} of numbers is said to belongs to class S′, if an →

0 as n →∞ and there exists a sequence {An} such that {An} is quasi-monotone,
∞∑

n=0

An < ∞

and |4an| ≤ An, for all n.

8



However, Leindler [32] proved that class S and class S′ are equivalent.

The class Sp [52]. A sequence {an} of numbers is said to belongs to class Sp, if an →

0 as n →∞ and there exists a sequence {An} such that {An} is monotone,
∞∑

n=0

An < ∞ and

1

n

n∑

k=1

|4ak|p
Ap

k

= O(1), 1 < p ≤ 2, n →∞.

Clearly, this class is also a generalization of the class S.

The class Spα [48]. A sequence {an} of numbers is said to belong to class Spα, if an →

0 as n →∞ and there exists a sequence {An} such that

(i) An ↓ 0, n →∞,

(ii)
∞∑

n=0

nαAn < ∞, for some α ≥ 0,

(iii)
1

n

n∑

k=1

|∆ak|p
Ak

p = O(1), 1 < p ≤ 2, n →∞.

For α = 0, this class reduces to the class Sp.

In [20], Garrett, Rees and Stanojević gave an equivalent definition of class S in the following

manner:

The class S2 [20]. A null sequence {an} belong to the class S2 if there exists a null-sequence

{An} of non-negative numbers such that
∞∑

n=1

n|4An| < ∞ and |4an| ≤ An for all n.

The class S∗∗ [70]. A null sequence {an} of numbers belongs to class S∗∗ if

n4an = o(1), n →∞.

The class S∗∗r . A null sequence {an} is said to belong to class S∗∗r , r = 0, 1, 2, 3, ... if

nr+14an = o(1), n →∞.

For r = 0, this class reduces to the class S∗∗ [70]. Clearly S∗∗r+1 ⊂ S∗∗r ∀ r = 0, 1, 2, 3, ..., but

the converse of this inclusion is not true. (cf. Chapter II)
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The class C of Garrett and Stanojević [19]. A null sequence {an} belongs to class C if

for every ε > 0, there exists a δ(ε) > 0, independent of n, and such that

∫ δ

0

∣∣∣∣∣
∞∑

k=n+1

4akDk(x)

∣∣∣∣∣ dx < ε, for all n ≥ 0.

The Class R [23]. A null sequence {an} belongs to the class R, if

∞∑

k=1

k2
∣∣∣42

(ak

k

)∣∣∣ < ∞.

The Class Rr [3]. A null sequence {an} belongs to the class Rr, r = 0, 1, 2, 3, ..., if

∞∑

k=1

kr+2
∣∣∣42

(ak

k

)∣∣∣ < ∞.

Clearly, for r = 0 this class reduces to the class R.

The class K [27]. If an = o(1), n →∞ and

∞∑
n=1

n|42an−1 −42an+1| < ∞ (a0 = 0),

then we say that {an} belongs to the class K.

The class Kα [29]. If an = o(1), n →∞ and

∞∑
n=1

nα|4α+1an−1 −4α+1an+1| < ∞ for α > 0, (a0 = 0),

then we say that {an} belongs to the class Kα.

For α = 1, the class Kα is same as the class K.

The class Sr [59]. A null sequence {an} is said to belong to class Sr, r = 0, 1, 2, 3, ... if there

exists a monotonically decreasing sequence {An} such that
∞∑

k=1

krAk < ∞, and |∆ak| ≤ Ak,

for all k.

When r = 0, we denote Sr = S. Clearly Sr+1 ⊂ Sr ∀ r = 0, 1, 2, 3, ..., but the converse of

this inclusion is not true. (cf. Chapter III)
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The class SJ. A null sequence {an} of positive numbers belongs to class SJ if there exists a

monotonically decreasing sequence {An} such that
∞∑

k=1

Ak < ∞ and
∣∣4 (

ak

k

)∣∣ ≤ Ak

k
, for all k.

The class SJr. A null sequence {an} of positive numbers belongs to class SJr, r = 0, 1, 2, 3, ...

if there exists a monotonically decreasing sequence {An} such that
∞∑

k=1

krAk < ∞ and

∣∣4 (
ak

k

)∣∣ ≤ Ak

k
, for all k.

Clearly, for r = 0, SJr = SJ. It is obvious that SJr+1 ⊂ SJr, for all r = 0, 1, 2, 3, ..., but the

converse is not true. (cf. Chapter IV)

The class S∗p [54]. A weakly even null-sequence {cn} of complex numbers belongs to the

class S∗p, if for some 1 < p ≤ 2 and some monotone sequence {An} such that
∞∑

n=0

An < ∞, the

condition

1

n

n∑

k=1

|4ck|p
Ap

k

= O(1), n →∞

holds. Clearly, this class is further generalization of the class S for complex series.

The class S∗pαr [48]. A null sequence of complex numbers {cn} ∈ Wr belongs to class S∗pαr,

if for some 1 < p ≤ 2 there exists a monotone sequence {An} such that

(i)
∞∑

n=1

nαAn < ∞, for some α ≥ 0,

(ii)
1

np(α−r)+1

n∑

k=1

|4ck|p
Ap

k

= O(1), r ∈ {0, 1, 2, ..., [α]}, n →∞

The case α = r = 0 of this class reduces to the class S∗p.

The Class R∗ [4]. A null sequence {cn} of complex numbers belongs to the class R∗, if

(i)
∞∑

k=1

∣∣∣∣4
(

c−k − ck

k

)∣∣∣∣ k log k < ∞,

(ii)
∞∑

k=1

k2
∣∣∣42

(ck

k

)∣∣∣ < ∞.
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The class S∗ ([7], [63]). A null sequence {cn} of complex numbers belongs to the class S∗ if

(i)
∞∑

k=1

∣∣∣∣4
(

c−k − ck

k

)∣∣∣∣ kr+1 log k < ∞,

(ii)
∞∑

k=1

kr+2
∣∣∣42

(ck

k

)∣∣∣ < ∞ r ∈ {0, 1, 2, ...}.

Clearly, for r = 0, this class reduces to the class R∗. In [63], this class has been named as

R∗(r).

The class K∗ [6]. A null sequence {cn} of complex numbers belongs to the class K∗, if for

some 1 < p ≤ 2,

(i)
1

[λn]

[λn]∑

k=1

(
ck − c−k

k

)
k log k = o(1), (n →∞)

(ii) lim
λ↓1

lim
n→∞

[λn]∑

k=n

4
(

ck − c−k

k

)
k log k = 0,

(iii) lim
λ↓1

lim
n→∞

[λn]∑

k=n

kp−1
∣∣∣4

(ck

k

)∣∣∣
p

= 0.

The class J∗. A null sequence {cn} of complex numbers belongs to class J∗ if there exists a

monotonically decreasing sequence {Ak} such that
∞∑

k=1

kAk < ∞ and

∣∣∣∣4
(

ck − c−k

k

)∣∣∣∣ ≤
Ak

k
,

for all k.

The class J∗r. A null sequence {cn} of complex numbers belongs to class J∗r , r = 0, 1, 2, 3, ...

if there exists a monotonically decreasing sequence {Ak} such that
∞∑

k=1

kr+1Ak < ∞ and

∣∣∣∣4
(

ck − c−k

k

)∣∣∣∣ ≤
Ak

k
, for all k.

Clearly, for r = 0, this class reduces to the class J∗. It is obvious that J∗r+1 ⊂ J∗r , but converse

of this inclusion is false. (cf. Chapter V)

Double Fourier Series ([57], [46]). Let f(x, y) be an absolutely integrable function defined

on the square K(−π ≤ x ≤ π,−π ≤ y ≤ π). Then the Fourier series of f(x, y) is given by

f(x, y) ∼
∞∑

m=−∞

∞∑
n=−∞

cmnei(mx+ny),

12



where

cmn =
1

(2π)2

∫

K

∫
f(x, y)e−i(mx+ny)dx dy

This can further be written as

f(x, y) ∼
∞∑

m=0

∞∑
0

λmn(amn cos mx cos ny + αmn cos mx sin ny

+ bmn sin mx cos ny + βmn sin mx sin ny)

where

amn =
1

π2

∫

K

∫
f(x, y) cos mx cos ny dx dy,

αmn =
1

π2

∫

K

∫
f(x, y) cos mx sin ny dx dy,

bmn =
1

π2

∫

K

∫
f(x, y) sin mx cos ny dx dy,

βmn =
1

π2

∫

K

∫
f(x, y) sin mx sin ny dx dy,

λmn =





1
4

for m = n = 0

1
2

for m > 0, n = 0 or m = 0, n > 0

1 for m > 0, n > 0.





Let {ajk} be a double sequence of real numbers, then we set

410ajk = ajk − aj+1,k,

401ajk = ajk − aj,k+1,

411ajk = ajk − aj+1,k − aj,k+1 + aj+1,k+1.

The class BV2 [35]. A sequence {ajk} is said to belong to the class BV2 if

(i) ajk → 0 as j + k →∞,

(ii)
∞∑

j=0

∞∑

k=0

|411ajk| < ∞.

13



Condition (i) expresses that {ajk} is a null sequence while (ii) expresses that {ajk} is a

sequence of bounded variation.

The class C2 [35]. A null sequence {ajk} belongs to class C2 if for every ε > 0 there exists

δ > 0 such that for all 0 ≤ m ≤ M and 0 ≤ n ≤ N

we have

C(m,M ; n,N ; δ) :=

∫ ∫

Dδ

∣∣∣∣∣
M∑

j=m

N∑

k=n

Dj(x)Dk(y)411ajk

∣∣∣∣∣ dx dy ≤ ε

where

Dδ := Q− (δ, π]× (δ, π] = {(x, y) : 0 ≤ x, y ≤ π & min(x, y) ≤ δ}

or
∫ ∫

Dδ

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

Dj(x)Dk(y)411ajk

∣∣∣∣∣ dx dy ≤ ε ∀ m,n ≥ 0.

The class S2
d. A double null sequence {ajk} belongs to S2

d if there exists a null sequence

{Ajk} of non-negative numbers such that

(i)
∞∑

j=0

∞∑

k=0

jk|411Ajk| < ∞,

(ii) |411ajk| ≤ Ajk ∀ j, k.

This class is an extension of the class S2 from one dimension to two dimension.

The class Jd. A double null sequence {ajk} of positive numbers is said to belong to class Jd

if there exists a double sequence {Ajk} such that

(i) Ajk ↓ 0, j + k →∞

(ii)
∞∑

j=1

∞∑

k=1

jkAjk < ∞,

(iii)

∣∣∣∣4pq

(
ajk

jk

)∣∣∣∣ ≤
Ajk

jk
, 1 ≤ p + q ≤ 2, ∀ p, q ≥ 0 and j, k ∈ {1, 2, 3, ....}

14



1.3 The following results about the behavior of cosine and sine series are known:

Theorem I ([2], [30], [69]). If {ak} is a quasi-convex null sequence, then

(1.3.1) f(x) =
∞∑

k=1

ak cos kx ∈ L1[0, π].

Theorem II ([2], [67]) . If {ak} is a quasi-convex null sequence, then

(1.3.2)
∞∑

k=1

ak sin kx

is a Fourier series if and only if
∞∑

k=1

|ak|
k

< ∞.

In 1968, Kano [23] generalized Theorem I and Theorem II in the following form:

Theorem III. If {ak} is a null sequence such that

(1.3.3)
∞∑

k=1

k2
∣∣∣42

(ak

k

)∣∣∣ < ∞,

then (1.3.1) and (1.3.2) are the Fourier series, or equivalently they represent integrable func-

tions.

Concerning the integrability of trigonometric series belonging to the class S (introduced

already in §1.2), Teljakovsǩii [68] established the following theorems:

Theorem IV. Let the cosine series

a0

2
+

∞∑

k=1

ak cos kx

belongs to the class S. Then this is a Fourier series and the following relation holds:

∫ π

0

∣∣∣∣∣
a0

2
+

∞∑

k=1

ak cos kx

∣∣∣∣∣ dx ≤ C

∞∑

k=0

Ak,

where C is an absolute constant.

Theorem V. Let the sine series

∞∑

k=1

ak sin kx

15



belongs to the class S. Then the following relation holds for p = 1, 2, 3, ...

∫ π

π/(p+1)

|
∞∑

k=1

ak sin kx|dx =

p∑

k=1

|ak|
k

+ O(
∞∑

k=1

Ak).

We observe that Theorem I and Theorem III provide just only the sufficient conditions for the

integrability of cosine series. Rees and Stanojević [45] showed that
∞∑

k=1

ak

k
< ∞ is a necessary

and sufficient condition for L1[0, π] integrability but for a different type of cosine sums. They

proved the following results:

Theorem VI. Let bk =
ak

k
↓ 0. Then

g(x) = lim
n→∞

n∑

k=1

[
bk

2
+

(
n∑

j=k

bj

)
cos kx

]

exists for x ∈ (0, π] and g ∈ L1[0, π] if and only if
∞∑

k=1

bk < ∞.

Theorem VII. Let bk =
ak

k
↓ 0. Then

1

x

∞∑

k=1

bk

2
sin(k +

1

2
)x =

h(x)

x
,

converges for x 6= 0 and
h(x)

x
∈ L1[0, π] if and only if

∞∑

k=1

bk < ∞.

Theorem VIII. Let (k + 1)|42ak| ↓ 0. Then

h(x) = lim
n→∞

n∑

k=1

[
1

2
(k + 1)|42ak|+ (

n∑

j=k

(j + 1)|42aj|) cos kx

]

exists for x ∈ (0, π] and h ∈ L1[0, π] if and only if {ak} is quasi-convex.

Ram [40] showed that the condition S is sufficient for the integrability of Rees-Stanojević

sums [45]

(1.3.4) gn(x) =
1

2

n∑

k=0

4ak +
n∑

k=1

n∑

j=k

(4aj) cos kx

He proved the following theorems:

16



Theorem IX. Let the sequence {ak} satisfy the condition S. Then g(x) = lim
n→∞

gn(x) exists

for x ∈ (0, π], and

∫ π

0

|g(x)|dx ≤ C

∞∑

k=0

Ak.

Theorem X. Let {ak} be a sequence satisfying the condition S. Then

1

x

∞∑

k=1

4ak sin

(
k +

1

2

)
x =

h(x)

x

converges for x ∈ (0, π] and
h(x)

x
∈ L1[0, π].

The above theorems were further studied by Ram [41], under a condition where the

monotonicity of the sequence in the definition of the class S is replaced by quasi-monotonicity.

Consider the cosine series

(1.3.5)
a0

2
+

∞∑

k=1

ak cos kx

Let the partial sums of (1.3.5) is denoted by Sn(x) and f(x) = lim
n→∞

Sn(x). Denote the class

of sequences of Fourier coefficients {ak} by F. There are subclasses of F for which an log n =

o(1), n →∞ is a necessary and sufficient condition for ||Sn − f ||L1 = o(1), n →∞.

A subclass G of F is called a class of L1-convergence if ||Sn − f ||L1 = o(1), n →∞ if

and only if an log n = o(1), n →∞.

There are three classical examples of classes of L1-convergence. The first one is due to

Young [69], where G is defined to be the class of all convex sequences {ak}. The second one

is the class of all quasi-convex sequences {ak}, introduced by Kolmogorov [30]. The third

example is class S due to Teljakovsǩii [68]. We have already pointed out that S⊂ BV. These

classical classes have been extended by various authors. We present now a brief summary of

the results obtained by various authors in this direction.
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Concerning the L1-convergence of the cosine series, we have the following classical result

of Kolmogorov [30].

Theorem XI. If ak ↓ 0 and {ak} is convex or even quasi-convex, then for the convergence of

the series (1.3.5) in the metric space L, it is necessary and sufficient that ak log k = o(1), k →

∞.

The case, in which the sequence {ak} is convex, of this theorem was established by

Young [69].

Generalizing the above classical result, Teljakovsǩii [68] proved the following result:

Theorem XII. If the coefficient sequence {ak} of the cosine series (1.3.5) belongs to the

class S, then a necessary and sufficient condition for L1-convergence of (1.3.5) is ak log k =

o(1), k →∞.

Rees and Stanojević [45] introduced modified cosine sums (1.3.4) and obtained an ana-

logue of Theorem XI for these sums. These modified cosine sums approximate their limits

better than the classical cosine series as they converge in L1-metric to the sum of the cosine

series whereas the classical cosine series itself may not. They proved the following result:

Theorem XIII. Let f be the sum of the cosine series (1.3.5). Then gn(x) converges to f in

L1-metric if and only if {ak} belongs to the class C.

Ram [39] proved the following result on L1-convergence of Rees-Stanojević sums (1.3.4).

Theorem XIV. If (1.3.5) belongs to class S. Then

||f − gn||L1 = o(1), n →∞.

Theorem XII of Teljakovsǩii [68] follows as corollary of this theorem.

Singh and Sharma [51] proved the above theorem by replacing the monotonicity of sequence

{An} in the definition of class S by quasi-monotonocity of {An}. Their result reads as:
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Theorem XV. Let an ∈ S′, then fn(x) converges to f(x) in L1-metric.

Further, Ram and Kumari ([31], [42]) introduced new modified cosine and sine sums as

(1.3.6) fn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4
(

aj

j

)
k cos kx

and

(1.3.7) gn(x) =
n∑

k=1

n∑

j=k

4
(

aj

j

)
k sin kx

and studied their L1-convergence under the condition that the cosine series and sine series

belong to the classes R and S. They also deduced the results about L1-convergence of cosine

and sine series. Their results state as below:

Theorem XVI. Let {an} belong to the class S. If lim
n→∞

|an+1| log n = 0, then ||f − fn||L1 =

o(1) n →∞.

Theorem XVII. Let {an} belong to the class R. If tn(x) represents fn(x) and gn(x), then

||f − tn||L1 = o(1) n →∞.

Later, Hooda and Ram [22] have proved the following theorem:

Theorem XVIII. Let {an} belong to the class S′. Then ||f − fn||L1 = o(1), n →∞.

In chapter II, we have generalized the Theorems XII, XVI and XVIII for the cosine series

with more general class S∗∗ and S∗∗r by using the modified cosine sums (1.3.6) of Ram and

Kumari [42].

The objective of chapter III is to generalize Theorem XIV for the cosine series for an

extended class Sr, r = 0, 1, 2.... of coefficient sequences and also to study the L1-convergence

of the rth derivative of cosine series.

In chapter IV, we have introduced new modified cosine and sine sums as

(1.3.8) fn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4(aj cos jx)
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and

(1.3.9) gn(x) =
n∑

k=1

n∑

j=k

4(aj sin jx)

and have studied their integrability and L1-convergence under a newly defined class SJ of

coefficient sequences. Also, the L1-convergence of cosine and sine series have been deduced as

corollary.

Further, in this chapter, we have obtained L1-convergence of rth derivative of modified

cosine and sine sums (1.3.8) and (1.3.9) under an extended class SJr of coefficient sequences.

1.4 Let

Sn(C, t) =
n∑

k=−n

cke
ikt, t ∈ T = R/2πZ,

denotes the partial sums of the complex trigonometric series
∞∑

k=−∞
cke

ikt. In case the trigono-

metric series is a Fourier series of some Lebesgue integrable function f , we write cn = f̂(n)

for all n and Sn(C, t) = Sn(f).

Concerning the integrability and L1-convergence of complex trigonometric series, Stano-

jević, Č.V and Stanojević, V.B. [54] proved the following result, which in turn generalizes the

Teljakovsǩii [68] result.

Theorem XIX. Let {cn} ∈ S∗p . Then

(i) for t 6= 0, lim
n→∞

Sn(C, t) = f(t) exists,

(ii) f(t) ∈ L1(T );

(iii) ||Sn(f)− f || = o(1), n →∞, is equivalent to f̂(n) log |n| = o(1), |n| → ∞.

In proving this theorem the authors have used the complex form

gn(C, t) = Sn(C, t)− (cnEn(t) + c−nE−n(t))
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of Rees-Stanojević sums (1.3.4).

Sheng [48] extended the results of Stanojević and Stanojević [54] by studying the L1-

convergence of the rth differential of complex form of Rees-Stanojević sums (1.3.4) with coef-

ficients belonging to the class S∗pαr.

Further, in 1995, Bhatia and Ram [4] introduced the complex form

(1.4.1) gn(C, t) = Sn(C, t) +
i

n + 1
[cn+1E

′
n(t)− c−(n+1)E

′
−n(t)]

of modified trigonometric sums (1.3.6) and (1.3.7) and studied their L1-convergence under a

new class R* of coefficient sequences and obtained the necessary and sufficient condition for

the L1-convergence of complex trigonometric series.

Later, Bhatia and Ram [5] introduced the complex form of rth derivative of complex

trigonometric sums (1.4.1) as

(1.4.2) gn
r(C, t) = Sn

r(C, t) +
i

n + 1
[cn+1E

r+1
n (t)− c−(n+1)E

r+1
−n (t)]

and gave the sufficient condition for the integrability of r times differentiated trigonometric

series using the complex trigonometric sums (1.4.2) and obtained new necessary and sufficient

condition for L1-convergence of rth derivative of complex trigonometric series.

In chapter V, we have considered the L1-convergence of the complex form

(1.4.3) gn(C, t) = Sn(C, t)− n(cn+1e
i(n+1)t + c−(n+1)e

−i(n+1)t)

of the newly defined modified trigonometric sums (1.3.8) and (1.3.9) and have studied the

L1-convergence of complex trigonometric series with coefficients belonging to a new class

J∗ of coefficient sequences. Further, the L1-convergence of rth derivative of the complex

trigonometric sums (1.4.3) under an extended class J∗r have also been studied in this chapter.
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1.5 In the literature so far available, most of the authors have studied the integrability and

L1-convergence of cosine trigonometric series using different classes of coefficient sequences.

However, very few of them have studied the L1-convergence of sine trigonometric series.

In this direction, we have, in chapter VI studied the L1-convergence of sine trigono-

metric series by using a newly introduced modified cosine trigonometric sum

(1.5.1)
1

2 sin x

n∑

k=1

n∑

j=k

(4aj+1 −4aj−1) cos kx, (a0 = a1 = 0)

under a new class J of coefficient sequences.

In chapter VII, the results of chapter VI have been extended by introducing the complex

form

(1.5.2) Sn(C, t) +
i

2 sin t




cnei(n+1)t − c−ne
−i(n+1)t + cn+1e

int − c−(n+1)e
−int

+ (cn − cn+2)En(t) + (c−(n+2) − c−n)E−n(t)




of the modified trigonometric cosine and sine sums introduced by the author and that of

Kaur, Bhatia and Ram [27]. In this chapter the integrability and L1-convergence of complex

trigonometric series have been studied by making use of the complex forms (1.5.2) under the

class J∗ of coefficient sequences.

1.6 Concerning the L1-convergence of the double cosine series Móricz [35] introduced the

following modified double cosine trigonometric sum

umn(x, y) =
m∑

j=0

n∑

k=0

λjλk(
m∑

i=j

n∑

l=k

411ail) cos jx cos ky.

and studied the L1-convergence of double cosine trigonometric series whose coefficients belong

to class BV2, class C2 and the class of quasi-convex coefficients by making use of L1-convergence

of these modified double cosine trigonometric sums. He proved the following result:

Theorem XX. If {ajk} ∈ BV2 ∩ C2, then the sum f(x, y) of series

(1.6.1)
∞∑

j=0

∞∑

k=0

λjλk ajk cos jx cos ky
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belongs to L1(Q), where Q = [0, π]× [0, π] and (1.6.1) is a Fourier series of f(x, y).

In chapter VIII, we have extended the results discussed in chapter IV from one dimensional

cosine and sine series to two dimensional ones. In this chapter, we have obtained necessary and

sufficient conditions for the integrability and L1-convergence of double cosine, sine and mixed

series by using modified double cosine, sine and mixed trigonometric sums with coefficients

satisfying certain conditions. Also, we have considered the special cases where the double

sequence of coefficients is of bounded variation and quasi convex.

In chapter IX, we have extended the class S2 of Garrett, Rees and Stanojević [20]

from one dimensional coefficient sequences to a new class S2
d of two dimensional coefficient

sequence and the result of Garrett, Rees and Stanojević [20] on the L1-convergence of the

cosine trigonometric series have been extended from one dimensional to two dimensional cosine

series.
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CHAPTER II

ON L1-CONVERGENCE OF CERTAIN TRIGONOMETRIC SUMS

2.1 Introduction. Consider the cosine trigonometric series

(2.1.1)
a0

2
+

∞∑

k=1

ak cos kx

and let the partial sums of (2.1.1) be denoted by Sn(x) and f(x) = lim
n→∞

Sn(x).

Regarding L1-convergence of (2.1.1), the following theorem of Teljakovsǩii [68] is well

known:

Theorem A. If the coefficient sequence {an} of the cosine series (2.1.1) belongs to the class S,

then a necessary and sufficient condition for L1-convergence of (2.1.1) is an log n = o(1), n →

∞.

Further, Rees and Stanojević [45] introduced the modified cosine sums

(2.1.2) gn(x) =
1

2

n∑

k=0

4ak +
n∑

k=1

n∑

j=k

(4aj) cos kx

and obtained a necessary and sufficient condition for the integrability of the limit of (2.1.2).

Ram [41] proved the following theorem in which he showed that class S′ is sufficient for

the integrability of limit of (2.1.2).

Theorem B. Let the sequence {ak} satisfy the condition S′. Then

g(x) = lim
n→∞

[
1

2

n∑

k=0

4ak +
n∑

k=1

n∑

j=k

(4aj) cos kx]

exists for x ∈ (0, π], and g(x) ∈ L(0, π).

The results obtained in this chapter have been published in Global Journal of Pure and Applied
Mathematics, 2(2), (2006), 111-116.
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Further, Zahid and Hasan [70] defined a new class S∗∗ as:

Definition. A sequence {an} of numbers belongs to class S∗∗ if an → 0 as n →∞ and

(2.1.3) n4an = o(1), n →∞.

Class S∗∗ is more general than the class S′ of Singh and Sharma [51]. Since,

The sequence

an =
(−1)n+1

n(log(n + 1))
(n = 1, 2, 3....)

does not satisfy the class S′ of Singh and Sharma, as |4an| ≥ (n log(n+1))−1 and so
∑ |4an| =

∞. This contradicts the conditions of class S′. However, this sequence satisfies the condition

(2.1.3) of S∗∗. Zahid and Hasan [70] showed that the class S∗∗ is sufficient for the integrability

of limit of (2.1.2) and proved the following theorem:

Theorem C. Let the sequence {ak} satisfy the condition S∗∗. Then

g(x) = lim
n→∞

[
1

2

n∑

k=0

4ak +
n∑

k=1

n∑

j=k

(4aj) cos kx]

exists for x ∈ (0, π], and g(x) ∈ L(0, π).

Later, in 1988, Kumari and Ram [31] introduced the modified cosine sum

fn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4
(

aj

j

)
k cos kx

and proved the following theorem concerning the L1-convergence of (2.1.1).

Theorem D. Let {an} belong to the class S. If lim
n→∞

|an+1| log n = 0, then

||f − fn|| = o(1) n →∞

Further, Hooda and Ram [22] proved the following theorem:

Theorem E. Let {an} belong to the class S′. Then

||f − fn|| = o(1) n →∞
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We, now define a new class S∗∗r , r = 0, 1, 2, 3, ... of coefficient sequences:

Definition. A null sequence {an} is said to belong to class S∗∗r , r = 0, 1, 2, 3, ..., if

(2.1.4) nr+14an = o(1), n →∞,

If r = 0, the class S∗∗r reduces to the class S∗∗ of Zahid and Hasan [70]. Clearly, S∗∗r+1 ⊂ S∗∗r ,

but the converse is not true.

Example. For n = 1, 2, 3..., define an =
(−1)n+1

nr+2
, r = 0, 1, 2, 3, .... Now, nr+14an =

nr+1(−1)n+1
[

1
nr+2 + 1

(n+1)r+2

]
= o(1), n →∞. But, nr+24an = nr+2(−1)n+1

[
1

nr+2 + 1
(n+1)r+2

]

does not tends to zero as n tends to infinity.

The objective of this chapter is to generalize the Theorems A, D and E and also to study

the L1-convergence of the modified sums fn(x) and fn
r(x) under the condition that (2.1.1)

belongs to class S∗∗ and S∗∗r respectively, where fn
r(x) represents the rth derivative of fn(x).

Also, a necessary and sufficient condition for the L1-convergence of the cosine series is deduced

as a corollary. These results also generalize the results of Teljakovsǩii [68] on L1-convergence

of the cosine series.

2.2 Lemma. The following lemma of Sheng [48] will be required for the proof of our results:

Lemma 1 [48]. ||D̃r
n(x)||L1 = O(nr log n), r = {0, 1, 2, 3....}, where D̃r

n(x) represents the

rth derivative of conjugate Dirichlet kernel D̃n(x) =
n∑

k=1

sin kx.

2.3 Results. We prove the following theorems:

Theorem 1. Let {an} ∈ S∗∗. Then ||f − fn|| = o(1), n → ∞ if and only if |an| log n =

o(1), n →∞.

Theorem 2. Let {an} ∈ S∗∗. Then ||f − Sn|| = o(1), n → ∞ if and only if |an| log n =

o(1), n →∞.

Theorem 3. Let {an} ∈ S∗∗r , r ∈ {0, 1, 2, 3.....}. Then ||f r − fn
r|| = o(1), n → ∞ if and

26



only if nr|an| log n = o(1), n →∞.

Theorem 4. Let {an} ∈ S∗∗r , r ∈ {0, 1, 2, 3.....}. Then ||f r − Sn
r|| = o(1), n → ∞ if and

only if nr|an| log n = o(1), n →∞.

Remark. The case r = 0, in Theorem 3 and 4 yields the Theorem 1 and 2.

2.4 Proofs of the Theorems

Proof of Theorem 1. We have

fn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4
(

aj

j

)
k cos kx

=
a0

2
+

n∑

k=1

(
ak

k
− ak+1

k + 1
+ ..... +

an

n
− an+1

n + 1

)
k cos kx

=
a0

2
+

n∑

k=1

ak cos kx− an+1

n + 1

n∑

k=1

k cos kx

= Sn(x)− an+1

n + 1
D̃′

n(x)

Since, |D̃′
n(x)| = O(n) in (0, π] and also {an} is a null sequence. Therefore,

lim
n→∞

fn(x) = lim
n→∞

Sn(x) = f(x) for x ∈ (0, π].

Now consider,

f(x)− fn(x) =
∞∑

k=n+1

ak cos kx +
an+1

n + 1
D̃′

n(x)

Applying Abel’s transformation, we have

f(x)− fn(x) =
∞∑

k=n+1

4akDk(x)− an+1Dn(x) +
an+1

n + 1
D̃′

n(x)

Therefore,

||f − fn|| =

∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4akDk(x)− an+1Dn(x) +
an+1

n + 1
D̃′

n(x)

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4akDk(x)

∣∣∣∣∣ dx +

∫ π

0

|an+1Dn(x)| dx +

∫ π

0

∣∣∣∣
an+1

n + 1
D̃′

n(x)

∣∣∣∣ dx

Since,

∫ π

0

∣∣∣∣
an+1

n + 1
D̃′

n(x)

∣∣∣∣ dx ≈ |an+1| log n, by Zygmund’s Theorem ([2], Vol.II, p.458).
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By the hypothesis of the theorem that {an} ∈ S∗∗ and lemma 1, we get

||f − fn|| = O(
∞∑

k=n+1

k4ak) + o(|an+1| log n) + o(|an+1| log n)

= o(1) + o(|an+1| log n).

Hence, ||f − fn|| = o(1), n →∞ if and only if |an| log n = o(1), n →∞.

Proof of Theorem 2. Consider,

||f − Sn|| = ||f − fn + fn − Sn||

≤ ||f − fn||+ ||fn − Sn||

= ||f − fn||+
∫ π

0

∣∣∣∣
an+1

n + 1
D̃′

n(x) dx

∣∣∣∣

Further, ||f−fn|| = o(1), n →∞ (by theorem 1) and also we know that
∫ π

0

∣∣∣an+1

n+1
D̃′

n(x)
∣∣∣ dx ≈

|an+1| log n, by Zygmund’s theorem ([2], Vol.II, p.458). Thus ||f − Sn|| = o(1), n → ∞ if

and only if |an| log n = o(1), n →∞.

Proof of Theorem 3. Consider,

fn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4
(

aj

j

)
k cos kx

= Sn(x)− an+1

n + 1
D̃′

n(x).

We have then,

(2.4.1) fn
r(x) = Sn

r(x)− an+1

n + 1
D̃r+1

n (x),

where D̃r
n represents the rth derivative of conjugate Dirichlet kernel. Since {an} ∈ S∗∗r , r ∈

{0, 1, 2, ....}, therefore, lim
n→∞

fn
r(x) = f r(x) exists for x ∈ (0, π].

Now, it follows from (2.4.1) that

f r(x)− fn
r(x) =

∞∑

k=n+1

krak cos
(
kx +

rπ

2

)
+

an+1

n + 1
D̃r+1

n (x)
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Making use of Abel’s transformation, we have

f r(x)− fn
r(x) =

∞∑

k=n+1

4akD
r
k(x)− an+1D

r
n(x) +

an+1

n + 1
D̃r+1

n (x)

Where Dn
r(x) denotes the rth derivative of Dirichlet kernel.

We notice further that

||f r − fn
r|| =

∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4akD
r
k(x)− an+1D

r
n(x) +

an+1

n + 1
D̃r+1

n (x)

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4akD
r
k(x)

∣∣∣∣∣ dx +

∫ π

0

|an+1D
r
n(x)| dx +

∫ π

0

∣∣∣∣
an+1

n + 1
D̃r+1

n (x)

∣∣∣∣ dx

Moreover, by use of lemma 1 and given hypothesis, we have

||f r − fn
r|| = O(

∞∑

k=n+1

kr+14ak) + o(nr|an+1| log n) + o(nr|an+1| log n)

= o(1) + o(nr|an+1| log n).

This completes the theorem 3.

Proof of Theorem 4. We notice that,

||f r − Sn
r|| = ||f r − fn

r + fn
r − Sn

r||

≤ ||f r − fn
r||+ ||fn

r − Sn
r||

= ||f r − fn
r||+

∫ π

0

∣∣∣∣
an+1

n + 1
D̃r+1

n (x)

∣∣∣∣ dx

Since, ||f r − fn
r|| = o(1), → ∞, by theorem 3 and

∫ π

0

∣∣∣∣
an+1

n + 1
D̃r+1

n (x)

∣∣∣∣ dx behaves like

nr|an+1| log n for large values of n by lemma 1, the conclusion of the theorem 4 follows.
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CHAPTER III

INTEGRABILITY AND L1-CONVERGENCE OF CERTAIN COSINE SUMS

3.1 Introduction. Consider cosine series

(3.1.1)
a0

2
+

∞∑

k=1

ak cos kx

Let the partial sums of (3.1.1) be denoted by Sn(x) and f(x) = lim
n→∞

Sn(x). Further, let

f r(x) = lim
n→∞

Sr
n(x) where Sr

n(x) represents rth derivative of Sn(x).

Concerning the L1-convergence of Rees-Stanojević sums [45]

(3.1.2) gn(x) =
1

2

n∑

k=0

∆ak +
n∑

k=1

n∑

j=k

∆aj cos kx

Ram [39] proved the following result:

Theorem A. If (3.1.1) belongs to class S. Then

||f − gn||L1 = o(1), n →∞.

Recently, Tomovski [60] extended the Sidon-Teljakovsǩii class S to a new class Sr, r =

0, 1, 2, 3..., as follows:

Definition. A null sequence {an} is said to belong to class Sr, r = 0, 1, 2, 3, ..., if there exists

a sequence {An} such that

(3.1.3) An ↓ 0, n →∞,

(3.1.4)
∞∑

n=0

nrAn < ∞,

(3.1.5) |∆an| ≤ An, ∀ n.

The work reported in this chapter has been published in Kyungpook Mathematical Journal,
47 (2007), 323-328.
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For r = 0, this class reduces to class S. We note that, by Ak ↓ 0 and
∞∑

k=1

krAk < ∞, it

follows that kr+1Ak = o(1), k →∞.

It is obvious that Sr+1 ⊂ Sr, ∀ r = 0, 1, 2, 3...., but the converse of that inclusion is not

true. In support of his assertion, Tomovski [60] presented the following example:

Example. For n = 1, 2, 3, ... define 4an =
1

nr+2
, r = 0, 1, 2, 3, ....

Really, an =
∞∑

k=n

4ak =
∞∑

k=n

1

kr+2
→ 0 as n →∞.

Let we define A∗
n = maxi≥n |4ai|. Then A∗

n = |4an| and A∗
n ↓ 0 as n → ∞. Let An is an

arbitrary positive sequence such that An ↓ 0 and A∗
n ≤ An.

Then
∑∞

n=1 nr+1An ≥
∑∞

n=1 nr+1 1
nr+2 =

∑∞
n=1

1
n

is divergent, i.e. {an} 6∈ Sr+1.

Now, for all n, let An = 1
nr+2 , r = 0, 1, 2, ....

Then An ↓ 0, |∆an| ≤ An and
∞∑

n=1

nrAn =
∞∑

n=1

1

n2
is convergent, i.e. {an} ∈ Sr.

We consider another example in support of Tomovski assertion as given below:

Example. For n = 1, 2, 3, ... define 4an =
ln n

nr+3/2
, r = 0, 1, 2, 3, ....

Really, an =
∞∑

k=n

4ak =
∞∑

k=n

ln k

kr+3/2
→ 0 as n →∞.

Let we define An =
ln n

nr+5/4
. Then An ↓ 0 as n →∞ and |4an| ≤ An, for all n.

Also
∞∑

n=1

nrAn =
∞∑

n=1

ln n

n5/4
is convergent, i.e. {an} ∈ Sr. But,

∞∑
n=1

nr+1An =
∞∑

n=1

ln n

n1/4
is

divergent, i.e. {an} 6∈ Sr+1.

The aim of this chapter is to generalize Theorem A for the cosine series with extended

class Sr, r = 0, 1, 2, 3.... of coefficient sequences and also to study the L1-convergence of the

rth derivative of cosine series.

3.2 Lemmas. The proofs of our results are based on the following lemmas:

Lemma 1 [17]. If |ak| ≤ 1, then

∫ π

0

∣∣∣∣∣
n∑

k=0

ak Dk(x)

∣∣∣∣∣ dx ≤ C(n + 1),
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where C is positive absolute constant.

Lemma 2 [60]. Let {ak} be a sequence of real numbers such that |ak| ≤ 1, ∀ k. Then there

exists a constant C > 0 such that for any n ≥ 0 and r = 0, 1, 2, 3....

∫ π

0

∣∣∣∣∣
n∑

k=0

ak Dr
k(x)

∣∣∣∣∣ dx ≤ C(n + 1)r+1.

Lemma 3 [48]. ||Dr
n(x)||L1 = O(nr log n), r = 0, 1, 2, 3...., where Dr

n(x) represents the rth

derivative of Dirichlet kernel.

3.3 Results. We prove the following two theorems:

Theorem 1. If (3.1.1) belongs to class Sr, then

||f − gn||L1 = o(1), n →∞.

Proof. We have,

gn(x) =
1

2

n∑

k=0

∆ak +
n∑

k=1

n∑

j=k

4aj cos kx

=
n∑

k=1

ak cos kx− an+1Dn(x)

Thus, lim
n→∞

gn(x) = lim
n→∞

Sn(x) = f(x). Since, Dn(x) is bounded in (0, π] and {an} ∈ Sr.

Now, we consider

f(x)− gn(x) =
∞∑

k=n+1

ak cos kx + an+1Dn(x)

Making use of Abel’s transformation and lemma 1, we have

∫ π

0

|f(x)− gn(x)|dx =

∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4akDk(x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣
∞∑

k=n+1

Ak
4ak

Ak

Dk(x)

∣∣∣∣∣ dx

=

∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4Ak

k∑
i=0

4ai

Ai

Di(x)

∣∣∣∣∣ dx

≤
∞∑

k=n+1

kr

kr
4Ak

∫ π

0

∣∣∣∣∣
k∑

i=0

4ai

Ai

Di(x)

∣∣∣∣∣ dx

≤ 1

(n + 1)r

∞∑

k=n+1

kr4Ak

∫ π

0

∣∣∣∣∣
k∑

i=0

4ai

Ai

Di(x)

∣∣∣∣∣ dx
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∫ π

0

|f(x)− gn(x)|dx ≤ C

∞∑

k=n+1

(k + 1)r+14Ak

(3.1.3) and (3.1.4) now imply the conclusion of the theorem 1.

Corollary 1. If (3.1.1) belongs to class Sr, r = 0, 1, 2, 3.... then

||f − Sn||L1 = o(1), n →∞ if and only if |an+1| log n = o(1), n →∞.

Proof. Consider,

||f − Sn|| = ||f − gn + gn − Sn||

||f − Sn|| ≤ ||f − gn||+ ||gn − Sn||

= ||f − gn||+ ||an+1Dn(x)||

≤ ||f − gn||+ |an+1|
∫ π

0

|Dn(x)| dx

Further,||f − gn||L1 = o(1), n → ∞ (by theorem 1) and by lemma 3, the conclusion of the

corollary follows.

Remark. Case r = 0 yields the result of Ram [39].

Theorem 2. If (3.1.1) belongs to class Sr, then

||f r − gn
r||L1 = o(1), n →∞.

Proof. Consider,

gn(x) = Sn(x)− an+1Dn(x)

We have then,

(3.3.1) gn
r(x) = Sn

r(x)− an+1Dn
r(x)

where gn
r(x) represents the rth derivative of gn(x) and Dn

r(x) represents the rth derivative of

Dirichlet kernel. Since {an} is a null sequence and Dn
r(x) is bounded in (0, π].
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Therefore,

lim
n→∞

gn
r(x) = lim

n→∞
Sn

r(x) = f r(x).

For x 6= 0, it follows from (3.3.1) that

f r(x)− gn
r(x) =

∞∑

k=n+1

akk
r cos

(
kx +

rπ

2

)
+ an+1Dn

r(x)

Making use of Abel’s transformation, we get

f r(x)− gn
r(x) =

∞∑

k=n+1

4akDk
r(x)

We notice further that

∫ π

0

|f r(x)− gn
r(x)| dx =

∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4akDk
r(x)

∣∣∣∣∣ dx

Again, an application of Abel’s transformation and lemma 2 yield

∫ π

0

|f r(x)− gn
r(x)| dx =

∫ π

0

∣∣∣∣∣
∞∑

k=n+1

Ak
4ak

Ak

Dk
r(x)

∣∣∣∣∣ dx

≤
∞∑

k=n+1

4Ak

∫ π

0

∣∣∣∣∣
k∑

i=0

4ai

Ai

Di
r(x)

∣∣∣∣∣ dx

≤ C

∞∑

k=n+1

(k + 1)r+14Ak,

use of (3.1.3) and (3.1.4) imply the conclusion of the theorem 2.

Corollary 2. If (3.1.1) belongs to class Sr, r = 0, 1, 2, 3.... then

||f r − Sn
r||L1 = o(1), n →∞ if and only if |an+1|nr log n = o(1), n →∞.

Proof. Consider,

||f r − Sn
r|| = ||f r − gn

r + gn
r − Sn

r||

≤ ||f r − gn
r||+ ||gn

r − Sn
r||

≤ ||f r − gn
r||+ ||an+1Dn

r(x)||

≤ ||f r − gn
r||+ |an+1|

∫ π

0

|Dn
r(x)| dx
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Since, ||f r − gn
r||L1 = o(1), n → ∞ (by theorem 2) and

∫ π

0

|an+1D
r
n(x)| dx behaves like

nr|an+1| log n for large values of n by lemma 3, the conclusion of the corollary follows.
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CHAPTER IV

CONVERGENCE OF NEW MODIFIED TRIGONOMETRIC SUMS IN THE

METRIC SPACE L

4.1 Introduction. Consider cosine and sine series

(4.1.1)
a0

2
+

∞∑

k=1

ak cos kx

and

(4.1.2)
∞∑

k=1

ak sin kx

or together

(4.1.3)
∞∑

k=1

akφk(x)

where φk(x) is cos kx or sin kx respectively. Let the partial sums of (4.1.3) be denoted by Sn(x)

and t(x) = lim
n→∞

Sn(x). Further, let tr(x) = lim
n→∞

Sr
n(x) where Sr

n(x) represents rth derivative

of Sn(x).

Concerning L1-convergence of (4.1.1) and (4.1.2), the following theorems are known:

Theorem A ([2], Vol.II, p.204). If ak ↓ 0 and {ak} is convex or even quasi-convex, then

for the convergence of the series (4.1.1) in the metric space L1, it is necessary and sufficient

that ak log k = o(1), k →∞.

This theorem is due to Kolmogorov [30]. Teljakovsǩii [68] generalized Theorem A for

the cosine series (4.1.1) with coefficients {ak} satisfying the conditions of the class S in the

following form:

The contents of this chapter have been published in the Journal of Nonlinear Sciences and
Applications, 1(3), (2008), 179-188.
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Theorem B. If the coefficient sequence {ak} of the cosine series (4.1.1) belongs to the class S,

then a necessary and sufficient condition for L1-convergence of (4.1.1) is ak log k = o(1), k →

∞.

Theorem C ([2], Vol.II, p.201). If ak ↓ 0 and
∞∑

k=1

(ak

k

)
< ∞, then (4.1.3) is a Fourier

series.

Concerning the L1-convergence of Rees-Stanojević cosine sums [45]

(4.1.4) un(x) =
1

2

n∑

k=0

4ak +
n∑

k=1

n∑

j=k

4ak cos kx

to a cosine trigonometric series, belonging to the class S, Ram [39] proved the following

theorem:

Theorem D. If (4.1.1) belongs to class S. Then

||f − un||L1 = o(1), n →∞.

In the present chapter, we have introduced new modified cosine and sine sums as

fn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4(aj cos jx)

and

gn(x) =
n∑

k=1

n∑

j=k

4(aj sin jx)

and have studied their integrability and L1-convergence under a new class SJ of coefficient

sequences defined as follows:

Definition. A null sequence {an} of positive numbers belongs to class SJ if there exists a

sequence {An} such that

(4.1.5) An ↓ 0, as n →∞,

(4.1.6)
∞∑

n=1

An < ∞,

(4.1.7)
∣∣∣4

(an

n

)∣∣∣ ≤ An

n
, ∀ n.
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Now, we define a new class SJr of coefficient sequences which is an extension of class SJ.

Definition. A null sequence {an} of positive numbers belongs to class SJr, r = 0, 1, 2, 3, ...,

if there exists a sequence {An} such that

(4.1.8) An ↓ 0, as n →∞,

(4.1.9)
∞∑

n=1

nrAn < ∞,

(4.1.10)
∣∣∣4

(an

n

)∣∣∣ ≤ An

n
∀ n.

Clearly, for r = 0, SJr = SJ. It is obvious that SJr+1 ⊂ SJr, but converse is not true.

Example. For n = 1, 2, 3..., define bn =
1

nr+2
, r = 0, 1, 2, 3, ... Firstly, we shall show that

{bn} does not belong to SJr+1.

Really, bn =
1

nr+2
→ 0 as n →∞.

Let there exists An =
1

nr+2
, r = 0, 1, 2, 3, ... s.t.

∞∑
n=1

nr+1An =
∞∑

n=1

nr+1 1

nr+2
=

∞∑
n=1

1

n
is

divergent, i.e. {bn} does not belong to SJr+1.

But, An ↓ 0, as n →∞, and
∞∑

n=1

nrAn =
∞∑

n=1

nr 1

nr+2
=

∞∑
n=1

1

n2
< ∞,

Also

∣∣∣∣4
(

bn

n

)∣∣∣∣ ≤
An

n
, ∀ n.

Therefore, {bn} belongs to SJr.

In what follows, tn(x) will represents fn(x) or gn(x), while trn(x) will represents rth-derivative

of tn(x).

4.2 Lemmas. We require the following lemmas in the proof of our results.

Lemma 1 [48]. Let n ≥ 1 and let r be a nonnegative integer, x ∈ [ε, π]. Then |D̃r
n(x)| ≤ Cε

nr

x

where Cε is a positive constant depending on ε, 0 < ε < π and D̃n(x) is the conjugate Dirichlet

kernel.

Lemma 2 [68]. Let {an} be a sequence of real numbers such that |an| ≤ 1 for all n. Then
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the relation
∫ π

π/n+1

∣∣∣∣∣
n∑

k=0

akD̃k(x)

∣∣∣∣∣ dx ≤ M(n + 1),

holds. Where M is absolute constant. Moreover by Bernstein’s inequality, for r = 0, 1, 2, 3.....

∫ π

π/n+1

∣∣∣∣∣
n∑

k=0

akD̃
r
k(x)

∣∣∣∣∣ dx ≤ M(n + 1)r+1.

Lemma 3 [48]. ||D̃r
n(x)||L1 = O(nr log n), r = 0, 1, 2, 3...., where D̃r

n(x) represents the rth

derivative of conjugate Dirichlet kernel.

4.3 Results. We establish the following theroems:

Theorem 1. Let the coefficients of the series (4.1.3) belongs to class SJ, then the series

(4.1.3) is a Fourier series.

Proof. Making use of Abel’s transformation on
n∑

k=1

(ak

k

)
, we get

n∑

k=1

(ak

k

)
=

n−1∑

k=1

k4
(ak

k

)
+ an

≤
n−1∑

k=1

k

(
Ak

k

)
+ an

But (4.1.3) belongs to class SJ, therefore, the series
∞∑

k=1

(ak

k

)
converges.

Also sequence {an} is positive and null, therefore by theorem C the result holds.

Theorem 2. Let the coefficients of the series (4.1.3) belongs to class SJ, then

(4.3.1) lim
n→∞

tn(x) = t(x), exists for x ∈ (0, π],

(4.3.2) t(x) ∈ L1(0, π],

(4.3.3) ||t(x)− Sn(x)|| = o(1), n →∞.

Proof. We will consider only cosine sums, as the proof for the sine sums follows the same line.
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To prove (4.3.1), we notice that

tn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4(aj cos jx)

tn(x) =
a0

2
+

n∑

k=1

[ak cos kx− ak+1 cos(k + 1)x + ak+1 cos(k + 1)x

−ak+2 cos(k + 1)x + ..... + an cos nx− an+1 cos(n + 1)x]

=
a0

2
+

n∑

k=1

ak cos kx−
n∑

k=1

an+1 cos(n + 1)x

(4.3.4) tn(x) = Sn(x)− nan+1 cos(n + 1)x

Since Ak ↓ 0, as k → ∞ and
∞∑

k=1

Ak < ∞, therefore, by Oliver’s theorem we have,

kAk → 0, as k →∞ and so

(4.3.5) nan = n2

∞∑

k=n

4
(ak

k

)
≤

∞∑

k=n

k2

(
Ak

k

)
= o(1)

Also cos(n + 1)x is finite in (0, π]. Hence

lim
n→∞

tn(x) = lim
n→∞

Sn(x) = t(x).

Moreover,

t(x) = lim
n→∞

tn(x) = lim
n→∞

Sn(x) = lim
n→∞

(
a0

2
+

n∑

k=1

ak cos kx

)

=
a0

2
+ lim

n→∞

(
n∑

k=1

ak cos kx

)
,

use of Abel’s transformation yields

lim
n→∞

(
n∑

k=1

ak cos kx

)
= lim

n→∞

[
n−1∑

k=1

4
(ak

k

)
D̃′

k(x) +
an

n
D̃′

n(x)

]
,

where D̃′
n(x) is the derivative of conjugate Dirichlet kernel.

lim
n→∞

(
n∑

k=1

ak cos kx

)
=

∞∑

k=1

4
(ak

k

)
D̃′

k(x)

≤
∞∑

k=1

(
Ak

k

)
D̃′

k(x)
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By the given hypothesis and lemma 1, the series
∞∑

k=1

(
Ak

k

)
D̃′

k(x) converges. Therefore, the

limit t(x) exists for x ∈ (0, π] and thus (4.3.1) follows.

For x 6= 0, it follows from (4.3.4) that

t(x)− tn(x) =
∞∑

k=n+1

ak cos kx + nan+1 cos(n + 1)x

= lim
m→∞

[
m∑

k=n+1

(ak

k

)
k cos kx

]
+ nan+1 cos(n + 1)x

Now application of Abel’s transformation, lemma 2 and 3 yield

∫ π

0

|t(x)− tn(x)|dx =

∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4
(ak

k

)
D̃′

k(x)− an+1

n + 1
D̃′

n(x) + nan+1 cos(n + 1)x

∣∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

(
Ak

k

) 4 (
ak

k

)
(

Ak

k

) D̃′
k(x)

∣∣∣∣∣ dx +

∫ π

0

∣∣∣∣
an+1

n + 1
D̃′

n(x)

∣∣∣∣ dx

+nan+1

∫ π

0

| cos(n + 1)x|dx

=

∫ π

0

∣∣∣∣∣∣

∞∑

k=n+1

4
(

Ak

k

) k∑
j=1

4
(

aj

j

)
(

Aj

j

) D̃′
j(x)

∣∣∣∣∣∣
dx +

∫ π

0

∣∣∣∣
an+1

n + 1
D̃′

n(x)

∣∣∣∣ dx

+nan+1

∫ π

0

| cos(n + 1)x|dx

≤
∞∑

k=n+1

4
(

Ak

k

) ∫ π

0

∣∣∣∣∣∣

k∑
j=1

4
(

aj

j

)
(

Aj

j

) D̃′
j(x)

∣∣∣∣∣∣
dx +

an+1

n + 1

∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx

+nan+1

∫ π

0

| cos(n + 1)x|dx

∫ π

0

|t(x)− tn(x)|dx ≤ M

∞∑

k=n+1

(k + 1)24
(

Ak

k

)
+

an+1

n + 1

∫ π

0

∣∣∣D̃′
n(x)

∣∣∣ dx

+nan+1

∫ π

0

| cos(n + 1)x|dx

= O

( ∞∑

k=n+1

(k + 1)24
(

Ak

k

))
+ o(log nan+1) + o(nan+1)

But
n∑

k=1

Ak =
n−1∑

k=1

k(k + 1)

2
4

(
Ak

k

)
+

n(n + 1)

2

An

n
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since {ak} ∈SJ, we have

k(k + 1)
Ak

k
= (k + 1)Ak = o(1) as k →∞,

and therefore the series
∞∑

k=1

(k + 1)24
(

Ak

k

)
converges.

Moreover, for all n ≥ 1, an log n ≤ nan = o(1), n → ∞ by (4.3.5) Hence, it follows that

||t(x)− tn(x)|| = o(1) as n →∞, and since tn(x) is a polynomial, therefore t(x) ∈ L1(0, π].

This proves (4.3.2).

We now turn to the proof of (4.3.3), We have

||t− Sn|| = ||t− tn + tn − Sn||

≤ ||t− tn||+ ||tn − Sn||

= ||t− tn||+ ||nan+1 cos(n + 1)x||

≤ ||t− tn||+ n|an+1|
∫ π

0

| cos(n + 1)x| dx

The assertion (4.3.2) and equation (4.3.5) proves the assertion (4.3.3). This completes the

proof of the theorem 2.

Remark. Of course, the above theorem has been established for a weaker class than the

class S, but the results have been obtained for L1-convergence without using any condition

like an log n → 0, as n →∞.

Theorem 3. Let the coefficients of the series (4.1.3) belongs to class SJr, then

(4.3.7) lim
n→∞

trn(x) = tr(x), exists for x ∈ (0, π]

(4.3.8) tr(x) ∈ L1(0, π], (r = 0, 1, 2, ...)

(4.3.9) ||tr(x)− Sr
n(x)|| = o(1), n →∞.

Proof. We will consider only cosine sums as the proof for the sine sums follows the same line.

As in the proof of the theorem 2, we have
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tn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4(aj cos jx)

= Sn(x)− nan+1 cos(n + 1)x.

We have, then

trn(x) = Sr
n(x)− n(n + 1)ran+1 cos

(
(n + 1)x +

rπ

2

)

Since Ak ↓ 0, as k → ∞ and
∞∑

k=1

krAk < ∞, therefore, we have, kr+1Ak → 0, as k → ∞

and so

(4.3.10) nr+1an = nr+2

∞∑

k=n

4
(ak

k

)
≤

∞∑

k=n

kr+2

(
Ak

k

)
= o(1), n →∞.

Also cos
(
(n + 1)x + rπ

2

)
is finite in (0, π]. Hence,

tr(x) = lim
n→∞

trn(x)

= lim
n→∞

Sr
n(x)

= lim
n→∞

(
n∑

k=1

krak cos
(
kx +

rπ

2

))
.

Use of Abel’s transformation yields

lim
n→∞

(
n∑

k=1

krak cos
(
kx +

rπ

2

))
= lim

n→∞

[
n−1∑

k=1

4
(ak

k

)
D̃r+1

k (x) +
an

n
D̃r+1

n (x)

]
,

where D̃r+1
n (x) represents the (r + 1)th derivative of conjugate Dirichlet kernel.

lim
n→∞

(
n∑

k=1

krak cos
(
kx +

rπ

2

))
=

∞∑

k=1

4
(ak

k

)
D̃r+1

k (x) + lim
n→∞

[an

n
D̃r+1

n (x)
]

≤
∞∑

k=1

(
Ak

k

)
D̃r+1

k (x) + lim
n→∞

[an

n
D̃r+1

n (x)
]

By making use of the given hypothesis, lemma 1 and (4.3.10), the series
∞∑

k=1

(
Ak

k

)
D̃r+1

k (x)

converges. Therefore, the limit tr(x) exists for x ∈ (0, π] and thus (4.3.7) follows.

To prove (4.3.8), we consider

tr(x)− trn(x) =
∞∑

k=n+1

krak cos
(
kx +

rπ

2

)
+ n(n + 1)ran+1 cos

(
(n + 1)x +

rπ

2

)
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Making use of Abel’s transformation, we obtain

tr(x)− trn(x) =
∞∑

k=n+1

4
(ak

k

)
D̃r+1

k (x)− an+1

n + 1
D̃r+1

n (x)

+n(n + 1)ran+1 cos
(
(n + 1)x +

rπ

2

)

=
∞∑

k=n+1

(
Ak

k

) 4 (
ak

k

)
(

Ak

k

) D̃r+1
k (x)− an+1

n + 1
D̃r+1

n (x)

+n(n + 1)ran+1 cos
(
(n + 1)x +

rπ

2

)

=
∞∑

k=n+1

4
(

Ak

k

) k∑
j=1

4
(

aj

j

)
(

Aj

j

) D̃r+1
j (x)−

(
An+1

n + 1

) n∑
j=1

4
(

aj

j

)
(

Aj

j

) D̃r+1
j (x)

− an+1

n + 1
D̃r+1

n (x) + nan+1 cos
(
(n + 1)x +

rπ

2

)

Thus from lemma 2 and 3, we obtain

||tr(x)− trn(x)|| ≤
∞∑

k=n+1

4
(

Ak

k

) ∫ π

0

∣∣∣∣∣∣

k∑
j=1

4
(

aj

j

)
(

Aj

j

) D̃r+1
j (x)

∣∣∣∣∣∣
dx

+

(
An+1

n + 1

) ∫ π

0

∣∣∣∣∣∣

n∑
j=1

4
(

aj

j

)
(

Aj

j

) D̃r+1
j (x)

∣∣∣∣∣∣
dx +

∫ π

0

∣∣∣∣
an+1

n + 1
D̃r+1

n (x)

∣∣∣∣ dx

+n(n + 1)r|an+1|
∫ π

0

| cos
(
(n + 1)x +

rπ

2

)
| dx

||tr(x)− trn(x)|| = O

( ∞∑

k=n+1

kr+24
(

Ak

k

))
+ O

(
nr+2

(
An+1

n + 1

))
+ O(nran+1 log n)

+n(n + 1)r|an+1|
∫ π

0

| cos
(
(n + 1)x +

rπ

2

)
| dx

Using the same argument as in the proof of theorem 2, it can easily be shown that the series
∞∑

k=n+1

kr+24
(

Ak

k

)
converges. Moreover,

∫ π

0

| cos
(
(n + 1)x +

rπ

2

)
| dx ≤ 2

n + 1

and for n ≥ 1, nran log n ≤ nr+1an = o(1) by (4.3.10). Hence it follows that

(4.3.11) ||tr(x)− trn(x)|| = o(1) as n →∞.

and since trn(x) is a polynomial, therefore tr(x) ∈ L1(0, π]. This proves (4.3.8).
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We now turn to the proof of (4.3.9). We have

||tr − Sr
n|| = ||tr − trn + trn − Sr

n||

≤ ||tr − trn||+ ||trn − Sr
n||

= ||tr − tn
r||+ ||n(n + 1)ran+1 cos

(
(n + 1)x +

rπ

2

)
||

≤ ||tr − trn||+ n(n + 1)r|an+1|
∫ π

0

| cos
(
(n + 1)x +

rπ

2

)
|dx

Further,

||tr − trn|| = o(1), n → ∞ (by (4.3.11)),

∫ π

0

| cos
(
(n + 1)x +

rπ

2

)
|dx ≤ 2

n + 1
and {an} is a

null sequence, the conclusion of theorem 3 follows.

Remark. The case r = 0, in theorem 3 yields the theorem 2.
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CHAPTER V

L1-CONVERGENCE OF MODIFIED COMPLEX TRIGONOMETRIC SUMS

5.1 Introduction. Let {cn : n = 0,±1, ...} be a sequence of complex numbers and it is said to

be odd sequence if cn = −c−n. Let the partial sums of complex trigonometric series
∞∑

n=−∞
cne

int

be denoted by Sn(C, t) =
n∑

k=−n

cke
ikt, t ∈ T = R/2πz. If the trigonometric series is the Fourier

series of some f ∈ L1, we shall write cn = f̂(n) for all n and Sn(C, t) = Sn(f, t) = Sn(f).

Concerning L1-convergence of complex Fourier series with asymptotically even coefficients,

Stanojević [53] proved the following theorem:

Theorem A. Let
∞∑

k=−∞
cke

ikt be the Fourier series of f ∈ L1(T ) with asymptotically even

coefficients, that is,

1

n

n∑
j=1

|f̂(j)− f̂(−j)| log j = o(1), n →∞,

lim
λ→1

lim sup
n→∞

[λn]∑
j=n

|4(f̂(j)− f̂(−j))| log j = 0.

If for some 1 < p ≤ 2

lim
λ→1

lim sup
n→∞

[λn]∑
j=n

jp−1|4f̂(j)|p = 0,

then ||Sn(f)−f || = o(1), n →∞, if and only if ||f̂(n)En + f̂(−n)E−n|| = o(1), n →∞, where

En(t) =
n∑

k=0

eikt.

Later on, in 1987, Stanojević and Stanojević [54] considered the integrability and L1-convergence

of complex trigonometric series with coefficients satisfying a specific condition. To control the

The work reported in this chapter have been communicated in Mathematical Communications
for publication.
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sine part of the complex trigonometric series, they needed a technical condition along with a

class S∗p of sequences respectively defined as:

A complex null sequence {cn} satisfying

∞∑
n=1

|4(cn − c−n)| log n < ∞,

is called weakly even. Obviously if {cn} is an even sequence (cn = c−n), then it is weakly even.

Definition. A weakly even null sequence {cn} of complex numbers belongs to the class S∗p if,

for some 1 < p ≤ 2 and some monotone sequence {An} such that
∞∑

n=1

An < ∞, the condition

(5.1.1)
1

n

n∑

k=1

|4ck|p
Ap

k

= O(1), n →∞

holds.

Teljakovsǩii [68] proved the following result:

Theorem B. If the coefficient sequence {ak} of the cosine series (1.3.5) belongs to the class S,

then a necessary and sufficient condition for L1-convergence of (1.3.5) is ak log k = o(1), k →

∞.

The main result of Stanojević and Stanojević [54] is the following theorem that generalizes

the above result of Teljakovsǩii [68].

Theorem C. Let {cn} ∈ S∗p . Then

(5.1.2) for t 6= 0, lim
n→∞

Sn(C, t) = f(t) exists,

(5.1.3) f ∈ L1(T );

(5.1.4) ||Sn(f)− f || = o(1), n →∞, is equivalent to f̂(n) log |n| = o(1), |n| → ∞.

In the proof of Theorem C, the authors used the complex form

gn(C, t) = Sn(C, t)− (cnEn(t) + c−nE−n(t))
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of Rees-Stanojević modified trigonometric sums [45]

gn(x) =
1

2

n∑

k=0

∆ak +
n∑

k=1

n∑

j=k

∆aj cos kx

Further, in 1995, Bhatia and Ram [4] introduced the complex form

(5.1.5) gn(C, t) = Sn(C, t) +
i

n + 1
[cn+1E

′
n(t)− c−(n+1)E

′
−n(t)]

of modified trigonometric sums

a0

2
+

n∑

k=1

n∑

j=k

4
(

aj

j

)
k cos kx

and

n∑

k=1

n∑

j=k

4
(

aj

j

)
k sin kx

introduced by Ram and Kumari ([31], [42]) and studied their L1-convergence under the class

R* of coefficient sequences and obtained the necessary and sufficient condition for the L1-

convergence of complex trigonometric series.

As pointed out in Chapter IV, we have introduced new modified cosine and sine sums as

(5.1.6)
a0

2
+

n∑

k=1

n∑

j=k

4(aj cos jx)

and

(5.1.7)
n∑

k=1

n∑

j=k

4(aj sin jx)

and have studied their L1-convergence. The aim of this chapter is to study the L1-convergence

of complex form of the above modified trigonometric sums with coefficients belonging to a

new class J∗ of coefficient sequences.
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Let

Dn(t) =
1

2
+

n∑
m=1

cos mt =
sin

(
n + 1

2

)
t

2 sin t
2

,

D̃n(t) =
n∑

m=1

sin mt =
cos t

2
− cos

(
n + 1

2

)
t

2 sin t
2

,

denote the Dirichlet and the conjugate Dirichlet kernel respectively. Let En(t) =
n∑

k=0

eikt.

Then the first differentials D′
n(t) and D̃′

n(t) of Dn(t) and D̃n(t) can be written as

D′
n(t) = E ′

n(t) + E ′
−n(t),

2iD̃′
n(t) = E ′

n(t)− E ′
−n(t),

where E ′
n(t) denotes the first differential of En(t). The complex form of modified trigonometric

sums (5.1.6) and (5.1.7) is

gn(C, t) = Sn(C, t)− n(cn+1e
i(n+1)t + c−(n+1)e

−i(n+1)t)

We introduce here a new class J* of coefficient sequences as:

Definition. A null sequence {cn} of complex numbers belongs to class J∗ if there exists a

sequence {An} such that

(5.1.8) An ↓ 0, as n →∞,

(5.1.9)
∞∑

n=1

nAn < ∞,

(5.1.10)

∣∣∣∣4
(

cn − c−n

n

)∣∣∣∣ ≤
An

n
, ∀ n = {1, 2, 3, ...}.

Now, we define a new class J∗r of coefficient sequences which is an extension of class J∗ .

Definition. A null sequence {cn} of complex numbers belongs to class J∗r , r = 0, 1, 2, 3, ...,

if there exists a sequence {An} such that

(5.1.11) An ↓ 0, as n →∞,
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(5.1.12)
∞∑

n=1

nr+1An < ∞,

(5.1.13)

∣∣∣∣4
(

cn − c−n

n

)∣∣∣∣ ≤
An

n
, ∀ n = {1, 2, 3, ...}.

Clearly, for r = 0, the class J∗r reduces to the class J∗. It is obvious that J∗r+1 ⊂ J∗r , but

converse is not true.

Example. For n = 1, 2, 3..., define cn =
1 + i

nr+5
, r = 0, 1, 2, 3, ... Firstly, we shall show that

{cn} does not belong to J∗r+1.

Really, cn =
1 + i

nr+2
→ 0 as n →∞.

Let there exists An =
8

nr+3
, r = 0, 1, 2, 3, ... s.t.

∞∑
n=1

nr+2An =
∞∑

n=1

nr+2 8

nr+3
=

∞∑
n=1

8

n
is

divergent, i.e. {cn} does not belong to J∗r+1.

But, An ↓ 0, as n →∞, and
∞∑

n=1

nr+1An =
∞∑

n=1

nr+1 8

nr+3
=

∞∑
n=1

8

n2
< ∞,

Also

∣∣∣∣4
(

cn − c−n

n

)∣∣∣∣ ≤
An

n
, ∀ n.

Therefore, {cn} belongs to J∗r .

5.2 Lemma. The proof of our result is based upon the following lemma.

Lemma 1. [5]. Let r be a non-negative integer and 0 < ε < π. Then there exists Mrε > 0

such that for all ε ≤ |t| ≤ π and all n ≥ 1,

(i) |Er
n(t)| ≤ Mrεn

r/|t|,

(ii) |Er
−n(t)| ≤ Mrεn

r/|t|,

(iii) |Dr
n(t)| ≤ 2Mrεn

r/|t|,

(iv) |D̃r
n(t)| ≤ Mrεn

r/|t|.

5.3 Result. The main results of this chapter reads as:

Theorem 1. Let an odd sequence {cn} belongs to class J∗, then

(5.3.1) for t 6= 0, lim
n→∞

gn(C, t) = f(t) exists,
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(5.3.2) f(t) ∈ L1(0, π] and ||f − gn||L1 = o(1), n →∞,

(5.3.3) ||Sn(C, t)− f(t)||L1 = o(1), n →∞.

Proof. Consider

gn(C, t) = Sn(C, t)− n(cn+1e
i(n+1)t + c−(n+1)e

−i(n+1)t)

Since, {cn} is odd, therefore, we get

gn(C, t) = Sn(C, t)− 2incn+1 sin(n + 1)t

Further, we know that sin nt is bounded in (0, π] and by the given hypothesis, we have

(5.3.4) 2ncn+1 = n(cn+1 − c−(n+1)) = n(n + 1)
∞∑

k=n+1

4
(

ck − c−k

k

)
≤

∞∑

k=n+1

k2Ak

k
= o(1).

Therefore, lim
n→∞

gn(C, t) = lim
n→∞

Sn(C, t) = f(t).

Next, we show that f(t) exists in (0, π]. Making use of Abel’s transformation, lemma 1 and

(5.1.10), we have

Sn(C, t) = c0 +
n∑

k=1

[cke
ikt + c−ke

−ikt]

= c0 +
n−1∑

k=1

4
(ck

k

)
E ′

k(t)−
cnE ′

n

n
+

n−1∑

k=1

4
(c−k

k

)
(−E ′

−k(t))−
c−n(−E ′

−n)

n

≤ c0 +
n−1∑

k=1

k4
(

ck − c−k

k

)
Mε

t
− Mεn

t

(
cn − c−n

n

)

≤ c0 +
n−1∑

k=1

k
Ak

k

Mε

t
+

Mε

t
(cn − c−n)

= O

(
n−1∑

k=1

Ak

)
+ o (cn − c−n)

Thus, by the given hypothesis, lim
n→∞

Sn(C, t) = f(t) exists in (0, π] and therefore (5.3.1) follows.

By using Abel’s transformation, lemma 1 and (5.1.10), we have

∫ π

0

|f(t)− gn(C, t)|dt =

∫ π

0

∣∣∣∣∣∣

∞∑

|k|>n

cke
ikt + n(cn+1e

i(n+1)t + c−(n+1)e
−i(n+1)t)

∣∣∣∣∣∣
dt
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∫ π

0

|f(t)− gn(C, t)|dt ≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

{
4

(ck

k

)
E ′

k(t) +4
(c−k

k

)
(−E ′

−k(t))
}∣∣∣∣∣ dt

+

∫ π

0

∣∣∣cn

n
E ′

n(t) +
c−n

n
(−E ′

−n(t))
∣∣∣ dt

+2ncn+1

∫ π

0

| sin(n + 1)t|dt

≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4
(

ck − c−k

k

)
kMε

t

∣∣∣∣∣ dt

+

∫ π

0

∣∣∣∣
(

cn+1 − c−(n+1)

n

)
nMε

t

∣∣∣∣ dt

+2ncn+1

∫ π

0

| sin(n + 1)t|dt

≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

Ak

k

kMε

t

∣∣∣∣∣ dt +

∫ π

0

∣∣∣∣(cn+1 − c−(n+1))
Mε

t

∣∣∣∣ dt

+2ncn+1

∫ π

0

| sin(n + 1)t|dt

(5.3.5) = O(
∞∑

k=n+1

log kAk) + o((cn − c−n) log n) + o(2ncn+1)

Now, (5.1.9) and (5.3.4) imply that all the terms on the right side of (5.3.5) are of o(1) as

n → ∞. Since, gn(C, t) is a polynomial, therefore, it follows that f ∈ L1(0, π], which proves

the assertion (5.3.2).

To prove (5.3.3), we notice further that

∫ π

0

|f(t)− Sn(C, t)|dt =

∫ π

0

|f(t)− gn(C, t) + gn(C, t)− Sn(C, t)|dt

≤
∫ π

0

|f(t)− gn(C, t)|dt +

∫ π

0

|gn(C, t)− Sn(C, t)|dt

=

∫ π

0

|f(t)− gn(C, t)|dt +

∫ π

0

|n(cn+1e
i(n+1)t + c−(n+1)e

−i(n+1)t)|dt

=

∫ π

0

|f(t)− gn(C, t)|dt +

∫ π

0

|2ncn+1 sin(n + 1)t|dt

and

∫ π

0

|2ncn+1 sin(n + 1)t|dt = o(2ncn+1) = o(1), n →∞, by (5.3.4)

But ||f − gn||L1 = o(1), n →∞, by (5.3.2). Therefore, the assertion (5.3.3) follows.

Theorem 2. Let an odd sequence {cn} belongs to class J∗r , r = 0, 1, 2, ..., then
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(5.3.6) for t 6= 0, lim
n→∞

gr
n(C, t) = f r(t) exists,

(5.3.7) f r(t) ∈ L1(0, π] and ||f r − gr
n||L1 = o(1), n →∞,

(5.3.8) ||Sr
n(C, t)− f r(t)||L1 = o(1), n →∞.

Proof. As in the proof of the theorem 1, we have

gn(C, t) = Sn(C, t)− 2incn+1 sin(n + 1)t.

We have then

gr
n(C, t) = Sr

n(C, t)− 2in(n + 1)rcn+1 sin((n + 1)t + rπ/2)

Since, sin nt is bounded in (0, π] and by the hypothesis of the theorem, we get

(5.3.9) 2n(n + 1)rcn+1 = n(n + 1)r(cn+1 − c−(n+1))

≤ n(n + 1)(n + 1)r

∞∑

k=n+1

4
(

ck − c−k

k

)

≤
∞∑

k=n+1

kr+2Ak

k
= o(1)

Thus, lim
n→∞

gr
n(C, t) = lim

n→∞
Sr

n(C, t) = f r(t).

Next, we show that f r(t) exists in (0, π]. Making use of Abel’s transformation, lemma 1 and

(5.1.13), we have

Sr
n(C, t) =

1

i

[
n−1∑

k=1

4
(ck

k

)
Er+1

k (t)− cnEr+1
n

n
+

n−1∑

k=1

4
(c−k

k

)
(−Er+1

−k (t))− c−n(−Er+1
−n )

n

]

≤ 1

i

[
n−1∑

k=1

4
(

ck − c−k

k

)
kr+1Mε

t
− nr+1Mε

t

(
cn − c−n

n

)]

≤
n−1∑

k=1

Ak

k

kr+1Mε

t
− nr+1Mε

t

(
cn − c−n

n

)

= O

(
n−1∑

k=1

krAk

)
+ o(nr(cn − c−n)) = o(1), n →∞, by (5.1.12) and (5.3.9)

Therefore, the limit f r(t) exists in (0, π] and this proves the assertion (5.3.5).

For t 6= 0, we note that

f r(t)− gr
n(C, t) =

∞∑

k=n+1

[(ik)rcke
ikt + (−ik)rc−ke

−ikt] + 2in(n + 1)rcn+1 sin
(
(n + 1)t +

rπ

2

)
.
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Use of Abel’s transformation and lemma 1, yield

f r(t)− gr
n(C, t) =

1

i

[ ∞∑

k=n+1

{
4

(ck

k

)
Er+1

k (t) +4
(c−k

k

)
(−Er+1

−k (t))
}]

+
1

i

[cn

n
Er+1

n (t) +
c−n

n
Er+1
−n (t)

]
+ 2in(n + 1)rcn+1 sin

(
(n + 1)t +

rπ

2

)

≤ 1

i

[ ∞∑

k=n+1

4
(

ck − c−k

k

)
kr+1Mε

t
+

(
cn − c−n

n

)
nr+1Mε

t

]

+2in(n + 1)rcn+1 sin
(
(n + 1)t +

rπ

2

)

Further, from (5.1.13), we notice that

f r(t)− gr
n(C, t) ≤ 1

i

[ ∞∑

k=n+1

kr+1Ak

k

Mε

t
+

(
cn − c−n

n

)
nr+1Mε

t

]

+2in(n + 1)rcn+1 sin
(
(n + 1)t +

rπ

2

)

Now, consider

||f r − gr
n|| ≤

∫ π

0

1

i

[∣∣∣∣∣
∞∑

k=n+1

kr+1Ak

k

Mε

t
+

(
cn − c−n

n

)
nr+1Mε

t

∣∣∣∣∣ dt

]

+

∫ π

0

∣∣∣2in(n + 1)rcn+1 sin
(
(n + 1)t +

rπ

2

)∣∣∣ dt

= O(
∞∑

k=n+1

krAk) + o(nr log n(cn − c−n)) + o(2ncn+1(n + 1)r)

= o(1), n →∞ by (5.1.12) and (5.3.9)

Since, gr
n(C, t) is a polynomial, therefore, it follows that f r ∈ L1(0, π], which proves the

assertion (5.3.7).

To prove (5.3.8), we note that

||f r − Sr
n|| = ||f r − gr

n + gr
n − Sr

n||

≤ ||f r − gr
n||+ ||gr

n − Sr
n||

= ||f r − gr
n||+

∫ π

0

∣∣∣2in(n + 1)rcn+1 sin
(
(n + 1)t +

rπ

2

)∣∣∣ dt

Use of (5.3.7) and (5.3.9), proves the assertion (5.3.8).

Remark. The case r = 0, in theorem 2 yields the theorem 1.
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CHAPTER VI

ON L1-CONVERGENCE OF MODIFIED COSINE SUM

6.1 Introduction. Consider the sine series

(6.1.1)
∞∑

k=1

ak sin kx

Let the partial sums of (6.1.1) be denoted by Sn(x) and f(x) = lim
n→∞

Sn(x).

Concerning the series (6.1.1) following result is known:

Theorem A. ([2], Vol.II, p. 201) For the series (6.1.1) to be Fourier series, it is necessary

and sufficient that
∞∑

k=1

(ak

k

)
< ∞.

Kaur, Bhatia and Ram [27] studied the L1-convergence of cosine trigonometric series by

introducing modified sine sums as

1

2 sin x

n∑

k=1

n∑

j=k

(4aj−1 −4aj+1) sin kx

They have studied these results under a new class K of coefficient sequences defined as:

Definition. If ak = o(1), k →∞ and

∞∑

k=1

k|42ak−1 −42ak+1| < ∞ (a0 = 0),

then we say that {ak} belongs to class K.

We, in this chapter, introduce new modified cosine sum as

fn(x) =
1

2 sin x

n∑

k=1

n∑

j=k

(4aj+1 −4aj−1) cos kx, (a0 = a1 = 0)

The results obtained in this chapter have been accepted for publication in Southeast Asian
Bulletin of Mathematics.
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and study its integrability and L1-convergence under a new class J of coefficient sequences

defined as:

Definition. A null sequence {an} of positive numbers belongs to class J if there exists a

sequence {An} such that

(6.1.2) An ↓ 0, as n →∞,

(6.1.3)
∞∑

n=1

nAn < ∞,

(6.1.4)
∣∣∣4

(an

n

)∣∣∣ ≤ An

n
∀ n = {1, 2, 3, ...}.

In the literature so far available, most of the authors have studied the integrability and

L1-convergence of cosine trigonometric series using different classes of coefficient sequences.

However, very few of them have studied about the L1-convergence of sine trigonometric series.

In this chapter we study the L1-convergence of sine trigonometric series by using a newly

introduced modified cosine sum defined as above under a new class J of coefficient sequences.

6.2 Lemmas. The proof of our results are based upon the following lemmas, of which the

first two are due to Sheng [48].

Lemma 1. ||Dr
n(x)|| = O(nr log n), r = 0, 1, 2, 3, ... where Dr

n(x) represents the rth derivative

of Dirichlet kernel.

Lemma 2. ||D̃r
n(x)|| = O(nr log n), r = 0, 1, 2, 3, ... where D̃r

n(x) represents the rth derivative

of conjugate Dirichlet kernel.

Lemma 3. (i)

∣∣∣∣
∣∣∣∣
Dn(x)

2 sin x

∣∣∣∣
∣∣∣∣ = o(n log n), n →∞ and

(ii)
∣∣∣
∣∣∣cos nx

2 sin x

∣∣∣
∣∣∣ = o(log n), n →∞.

Proof. Since, we know that, |Dn(x)| < n + 1
2
, for all n = 1, 2, 3, ... and for 0 < x ≤ π

2
,

sin x

x
≥ 2

π
. Therefore,
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∣∣∣∣
∣∣∣∣
Dn(x)

2 sin x

∣∣∣∣
∣∣∣∣ =

∫ π

0

∣∣∣∣
Dn(x)

2 sin x

∣∣∣∣ dx

<

(
n +

1

2

) ∫ π

0

∣∣∣∣
1

2 sin x

∣∣∣∣ dx

≤ 2

(
n +

1

2

) ∫ π
2

0

1

2| sin x| dx

≤ lim
n→∞

2

(
n +

1

2

) ∫ π
2

π/n

1

2|x| dx

= o(n log n), n →∞

This proves (i) and to prove (ii), consider,

∣∣∣
∣∣∣cos nx

2 sin x

∣∣∣
∣∣∣ =

∫ π

0

∣∣∣cos nx

2 sin x

∣∣∣ dx

≤ lim
n→∞

2

∫ π/2

π/n

1

2 |x| dx

= o(log n), n →∞.

6.3 Results. We prove the following results:

Theorem 1. Let the coefficients of the series (6.1.1) belongs to the class J , then the series

(6.1.1) is a Fourier series.

Proof. Making use of Abel’s transformation on
n∑

k=1

(ak

k

)
, we get

n∑

k=1

(ak

k

)
=

n−1∑

k=1

k4
(ak

k

)
+ an

≤
n−1∑

k=1

k

(
Ak

k

)
+ an by (6.1.4)

Therefore, the series
∞∑

k=1

(ak

k

)
is convergent (by (6.1.3)). Hence, the series (6.1.1) is a Fourier

series by theorem C.

Theorem 2. Let the sequence {an} belongs to the class J . Then fn(x) converges to f(x) in

L1-norm.
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Proof. We have

fn(x) =
1

2 sin x

n∑

k=1

n∑

j=k

(4aj+1 −4aj−1) cos kx

=
1

2 sin x

(
n∑

k=1

(ak+1 − ak−1) cos kx + (an − an+2)Dn(x)

)

=
n∑

k=1

ak sin kx +
1

2 sin x
(an cos(n + 1)x + an+1 cos nx + (an − an+2) Dn(x))

(6.3.1) fn(x) = Sn(x) +
1

2 sin x
(an cos(n + 1)x + an+1 cos nx + (an − an+2) Dn(x))

Since
∣∣∣cos nx

2 sin x

∣∣∣ and

∣∣∣∣
Dn(x)

2 sin x

∣∣∣∣ are bounded in (0, π]. Also, {an} is null sequence, so the last

three terms of the right hand side of (6.3.1) tends to zero as n →∞.

Thus

f(x) = lim
n→∞

fn(x) = lim
n→∞

Sn(x).

Now, we show that the limit f exists in (0, π]. Consider,

Sn(x) =
n∑

k=1

ak sin kx

An application of Abel’s transformation yields

(6.3.2) Sn(x) =
n−1∑

k=1

4akD̃k(x) + anD̃n(x).

Since, |D̃k(x)| = O(k) and

(6.3.3)
∣∣∣4

(ak

k

)∣∣∣ ≤ Ak

k
⇒ |∆ak| ≤ Ak, ∀ k, by the given hypothesis

Thus (6.3.2) imply that

lim
n→∞

Sn(x) = O(
∞∑

k=1

kAk) + o(nan)

But,

(6.3.4) log nan ≤ nan = n

∞∑

k=n

4ak ≤
∞∑

k=n

kAk = o(1), n →∞

Hence, f(x) exists.
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Now, consider

||f(x)− fn(x)|| =

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣

∞∑

k=n+1

ak sin kx− 1

2 sin x




an cos(n + 1)x + an+1 cos nx

+ (an − an+2) Dn(x)




∣∣∣∣∣∣∣

∣∣∣∣∣∣∣

Using Abel’s transformation, (6.3.3), lemma 2 and 3, we get

||f(x)− fn(x)|| ≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

4akD̃k(x)

∣∣∣∣∣ dx +

∫ π

0

∣∣∣an+1D̃n(x)
∣∣∣ dx

+

∫ π

0

∣∣∣∣
1

2 sin x
(an cos(n + 1)x + an+1 cos nx + (an − an+2) Dn(x))

∣∣∣∣ dx

≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

AkD̃k(x)

∣∣∣∣∣ dx +

∫ π

0

∣∣∣an+1D̃n(x)
∣∣∣ dx

+

∫ π

0

∣∣∣∣
1

2 sin x
(an cos(n + 1)x + an+1 cos nx))

∣∣∣∣ dx

+

∫ π

0

∣∣∣∣
1

2 sin x
(an − an+2) Dn(x)

∣∣∣∣ dx

||f(x)− fn(x)|| = O

( ∞∑

k=n+1

log kAk

)
+ o(log n an+1) + o(log n an+1) + o(log n an)

+o(n2(an − an+2))

= o(1) + o(1) + o(1) + o(1) + o(n2(an − an+2))

by (6.1.3) and (6.3.4)

But,

an − an+2 = an − an+1 + an+2 − an+2

= 4an +4an+1

≤ An + An+1,

and if Ak ↓ 0, k →∞, and
∞∑

k=1

kAk < ∞, then k2Ak → 0, k →∞ (by Oliver’s theorem). We

get

||f(x)− fn(x)|| = o(1), n →∞.

This completes the proof of the theorem 2.
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Corollary. If {an} belongs to class J , then ||f − Sn|| = o(1), n →∞.

Proof. Consider

||f(x)− Sn(x)|| =

∫ π

0

|f(x)− fn(x) + fn(x)− Sn(x)|dx

≤
∫ π

0

|f(x)− fn(x)|dx +

∫ π

0

|fn(x)− Sn(x)|dx

≤
∫ π

0

|f(x)− fn(x)|dx +

∫ π

0

∣∣∣∣
1

2 sin x
(an cos(n + 1)x + an+1 cos nx)

∣∣∣∣ dx

+

∫ π

0

∣∣∣∣
1

2 sin x
(an − an+2)Dn(x))

∣∣∣∣ dx

The conclusion of the corollary follows, by using the same argument as in the proof of the

theorem 2.
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CHAPTER VII

CONVERGENCE OF NEW MODIFIED COMPLEX TRIGONOMETRIC

SUMS IN THE METRIC SPACE L

7.1 Introduction. Let {ck : k = 0,±1, ...} be a sequence of complex numbers. Let the partial

sums of complex trigonometric series
∞∑

k=−∞
cke

ikt be denoted by Sn(C, t) =
n∑

k=−n

cke
ikt, t ∈ T =

R/2πz. If the trigonometric series is the Fourier series of some f ∈ L1, we shall write cn = f̂(n)

for all n and Sn(C, t) = Sn(f, t) = Sn(f).

Kaur, Bhatia and Ram [27] studied the L1-convergence of cosine trigonometric series by

introducing a new modified sine sum as

(7.1.1)
1

2 sin x

n∑

k=1

n∑

j=k

(4aj−1 −4aj+1) sin kx

They have studied these results under a new class K of coefficient sequences.

In chapter VI, we have introduced new modified cosine sum as

(7.1.2)
1

2 sin x

n∑

k=1

n∑

j=k

(4aj+1 −4aj−1) cos kx (a0 = a1 = 0)

and have studied its integrability and L1-convergence under a new class J of coefficient se-

quences.

The aim of this chapter is to study the L1-convergence of complex form of the modified

sums (7.1.1) and (7.1.2) with coefficients belonging to the class J∗ of coefficient sequences.

The results obtained in this chapter have been accepted for publication in Lobachevskii Journal
of Mathematics for publications.
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Definition. A null sequence {cn} of complex numbers belongs to class J∗ if there exists a

sequence {An} such that

(7.1.3) An ↓ 0, as n →∞,

(7.1.4)
∞∑

n=1

nAn < ∞,

(7.1.5)

∣∣∣∣4
(

cn − c−n

n

)∣∣∣∣ ≤
An

n
, ∀ n = {1, 2, 3, ...}.

The complex form of modified sums (7.1.1) and (7.1.2) is

gn(C, t) = Sn(C, t) +
i

2 sin t




cnei(n+1)t − c−ne
−i(n+1)t + cn+1e

int − c−(n+1)e
−int

+ (cn − cn+2)En(t) + (c−(n+2) − c−n)E−n(t)




7.2 Lemmas. The proof of our result is based upon the following lemmas.

Lemma 1 [5]. Let r be a non-negative integer and 0 < ε < π. Then there exists Mrε > 0

such that for all ε ≤ |t| ≤ π and all n ≥ 1,

(i) |Er
n(t)| ≤ Mrεn

r/|t|,

(ii) |Er
−n(t)| ≤ Mrεn

r/|t|,

(iii) |Dr
n(t)| ≤ 2Mrεn

r/|t|,

(iv) |D̃r
n(t)| ≤ Mrεn

r/|t|.

Lemma 2. For n ≥ 1, we have

(i)

∣∣∣∣
∣∣∣∣
En(t)

2 sin t

∣∣∣∣
∣∣∣∣ = o(n), n →∞

(ii)

∣∣∣∣
∣∣∣∣
E−n(t)

2 sin t

∣∣∣∣
∣∣∣∣ = o(n), n →∞

(iii)

∣∣∣∣
∣∣∣∣

eint

2 sin t

∣∣∣∣
∣∣∣∣ = o(log n), n →∞.

Proof. For t 6= 0, we note that
sin t

t
≥ 2

π
in (0, π/2) and using lemma 1, we get
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∣∣∣∣
∣∣∣∣
En(t)

2 sin t

∣∣∣∣
∣∣∣∣ =

∫ π

0

∣∣∣∣
En(t)

2 sin t

∣∣∣∣ dt ≤
∫ π

0

Mε

2|t sin t|dt ≤ 2

∫ π/2

0

Mε

2|t|| sin t|dt ≤
∫ π/2

0

Mε

t2
dt

= lim
n→∞

[−Mε

t

]π/2

π/n

= o(n), n →∞.

Similarly,

∣∣∣∣
∣∣∣∣
E−n(t)

2 sin t

∣∣∣∣
∣∣∣∣ = o(n), and to prove (iii), we consider,

∣∣∣∣
∣∣∣∣

eint

2 sin t

∣∣∣∣
∣∣∣∣ =

∫ π

0

∣∣∣∣
eint

2 sin t

∣∣∣∣ dt = 2

∫ π/2

0

∣∣∣∣
1

2 sin t

∣∣∣∣ dt =

∫ π/2

0

∣∣∣∣
1

t

∣∣∣∣ dt

= lim
n→∞

[log t]
π/2
π/n = o(log n), n →∞.

7.3 Result The main result of this chapter is the following theorem:

Theorem. Let {ck} belongs to the class J∗ , then

(7.3.1) lim
n→∞

gn(C, t) = f(t) exists for |t| ∈ (0, π],

(7.3.2) f(t) ∈ L1(0, π] and ||f − gn||L1 = o(1), n →∞,

(7.3.3) ||Sn(C, t)− f(t)||L1 = o(1), n →∞.

Proof. Consider,

gn(C, t) = Sn(C, t) +
i

2 sin t




cnei(n+1)t − c−ne
−i(n+1)t + cn+1e

int − c−(n+1)e
−int

+ (cn − cn+2)En(t) + (c−(n+2) − c−n)E−n(t)




Since,
eint

sin t
,

En(t)

sin t
and

E−n(t)

sin t
are bounded in (0, π]. Also, {cn} is null sequence. Therefore,

lim
n→∞

gn(C, t) = lim
n→∞

Sn(C, t) = f(t).

Next, we show that f(t) exists in (0, π]. Consider,

Sn(C, t) =
∑

|k|≤n

cke
ikt

= c0 +
n∑

k=1

{ck

k
keikt +

c−k

k
ke−ikt

}
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Making use of Abel’s transformation, lemma 1 and (7.1.5), we get

Sn(C, t) = c0 +
n−1∑

k=1

4
(ck

k

)
(−iE ′

k(t)) +
cn(−iE ′

n(t))

n
+

n−1∑

k=1

4
(c−k

k

)
(iE ′

−k(t))

+
c−n(iE ′

−n(t))

n

≤ c0 −
n−1∑

k=1

k4
(

ck − c−k

k

)
Mε

t
− Mεn

t

(
cn − c−n

n

)

≤
n−1∑

k=1

k
AkMε

kt
+

Mε(cn − c−n)

t

= O(
n−1∑

k=1

Ak) +
Mε

t
(cn − c−n)

Hence, by the given hypothesis, f(t) = lim
n→∞

Sn(C, t) exists and thus (7.3.1) follows.

Further, for t 6= 0, we have

f(t)− gn(C, t) =
∞∑

|k|>n

cke
ikt − i

2 sin t




cnei(n+1)t − c−ne
−i(n+1)t + cn+1e

int − c−(n+1)e
−int

+ (cn − cn+2)En(t) + (c−(n+2) − c−n)E−n(t)




By making use of Abel’s transformation, lemma 1 and 2, we get

f(t)− gn(C, t) =
∞∑

k=n+1

{
4

(ck

k

)
(−iE ′

k(t)) +4
(c−k

k

)
(iE ′

−k(t))
}

−cn+1(−iE ′
n(t))

n + 1
− c−(n+1)(iE

′
−n(t))

n + 1

− i

2 sin t




cne
i(n+1)t − c−ne−i(n+1)t + cn+1e

int − c−(n+1)e
−int

+ (cn − cn+2)En(t) + (c−(n+2) − c−n)E−n(t)




f(t)− gn(C, t) ≤
∞∑

k=n+1

−i4
(

ck − c−k

k

)
Mε

|t| +
iMεn

|t|
(

cn+1 − c−(n+1)

n

)

+
(cn − c−n) + (cn+1 − c−(n+1))

| sin t| + Mε

(cn − c−n)− (cn+2 − c−(n+2))

|t|| sin t|

≤
∞∑

k=n+1

k
Ak

k

Mε

|t| +
iMε

|t|
(
cn+1 − c−(n+1)

)

+
(cn − c−n) + (cn+1 − c−(n+1))

| sin t| + Mε

(cn − c−n)− (cn+2 − c−(n+2))

|t|| sin t|
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Now, consider

||f(t)− gn(C, t)||L1 ≤
∫ π

0

∣∣∣∣∣
∞∑

k=n+1

k
Ak

k

Mε

|t|

∣∣∣∣∣ dt +

∫ π

0

∣∣∣∣
iMε

|t|
(
cn+1 − c−(n+1)

)∣∣∣∣ dt

+

∫ π

0

∣∣∣∣
(cn − c−n) + (cn+1 − c−(n+1))

| sin t|

∣∣∣∣ dt

+

∫ π

0

∣∣∣∣Mε

(cn − c−n)− (cn+2 − c−(n+2))

|t|| sin t|

∣∣∣∣ dt

= O(
∞∑

k=n+1

Ak log k) + o(log n(cn − c−n))

+o(log n(cn − c−n)) + o(n(cn − c−n))

But, for all n ≥ 1, we note that

log n(cn − c−n) ≤ n2 (cn − c−n)

n
≤

∞∑

k=n

k24
(

ck − c−k

k

)
≤

∞∑

k=n

k2

(
Ak

k

)

= o(1), by the hypothesis of the theorem.

Therefore, ||f(t) − gn(C, t)||L1 = o(1), n → ∞ and since gn(C, t) is a polynomial, it follows

that f ∈ L1(0, π], which proves the assertion (7.3.2).

We notice further that

||f − Sn|| = ||f − gn + gn − Sn||

≤ ||f − gn||+ ||gn − Sn||

||f − Sn|| ≤ ||f − gn||+

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
i

2 sin t




cne
i(n+1)t − c−ne−i(n+1)t + cn+1e

int − c−(n+1)e
−int

+ (cn − cn+2)En(t) + (c−(n+2) − c−n)E−n(t)




∣∣∣∣∣∣∣

∣∣∣∣∣∣∣

The assertion (7.3.3) follows using the same argument as in proof of assertion (7.3.2).
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CHAPTER VIII

INTEGRABILITY AND L1-CONVERGENCE OF DOUBLE TRIGONOMETRIC

SERIES

8.1 Introduction. In chapter IV, we have considered the L1-convergence of the new modified

cosine and sine sums

(8.1.1) fn(x) =
a0

2
+

n∑

k=1

n∑

j=k

4(aj cos jx)

and

(8.1.2) gn(x) =
n∑

k=1

n∑

j=k

4(aj sin jx)

and have obtained the L1-convergence of the trigonometric series

(8.1.3)
∞∑

k=1

ak φk(x)

where φk(x) is cos kx or sin kx, under the condition that {ak} belongs to class SJ.

In the present chapter, we extend the results of one dimensional series (as discussed in

chapter IV) to two dimensional trigonometric series in an essentially more general setting. To

reveal the essence, we have formulated a new class Jd of coefficient sequences as:

Definition. A double null sequence {ajk} of positive numbers is said to belong to class Jd if

there exists a double sequence {Ajk} such that

(8.1.4) Ajk ↓ 0, j + k →∞,

Part of the contents of this chapter have been communicated in Journal of Analysis in Theory
and Applications erstwhile known as J. of Approx. Theory and its Applications for
publication.
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(8.1.5)
∞∑

j=1

∞∑

k=1

jkAjk < ∞,

(8.1.6)

∣∣∣∣4pq

(
ajk

jk

)∣∣∣∣ ≤
Ajk

jk
, 1 ≤ p + q ≤ 2 ∀ p, q ≥ 0 and j, k ∈ {1, 2, 3, ....}

In the sequel, we have studied double cosine, sine and mixed series whose coefficients

belong to class Jd. Moreover, we have considered the special cases where the double sequence

of coefficient is of bounded variation and quasi convex. We are mainly concerned about with

the following problems:

(i) the series converges pointwise,

(ii) the sum of the series is integrable,

(iii) the series is the Fourier series of its sum,

(iv) the series converges in L1-norm.

8.2 Cosine series We consider the double cosine series

(8.2.1) f(x, y) =
∞∑

j=0

∞∑

k=0

λjλk ajk cos jx cos ky

on the positive quadrant Q = [0, π] × [0, π] of the two dimensional torus, where λ0 = 1
2

and

λj = 1 for j = 1, 2, 3, ... and {ajk} is a double sequence of real numbers.

We denote

Smn(x, y) =
m∑

j=0

n∑

k=0

λjλk ajk cos jx cos ky (m,n ≥ 0)

as the rectangular partial sum of the series (8.2.1) and f(x, y) = lim
m,n→∞

Smn.

Definition [35]. We say that {ajk} belongs to the class BV2 if

(8.2.2) ajk → 0 as j+k →∞,

and

(8.2.3)
∞∑

j=0

∞∑

k=0

|411ajk| < ∞,
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where

411aj,k = aj,k − aj+1,k − aj,k+1 + aj+1,k+1

Condition (8.2.2) implies that {ajk} is a null sequence while (8.2.3) implies that {ajk} is a

sequence of bounded variation.

Definition [35]. A null sequence {ajk} belongs to class C2 if for every ε > 0 there exists

δ > 0 such that for all 0 ≤ m ≤ M and 0 ≤ n ≤ N , we have

(8.2.4) C(m,M ; n,N ; δ) :=

∫ ∫

Dδ

∣∣∣∣∣
M∑

j=m

N∑

k=n

Dj(x)Dk(y)411ajk

∣∣∣∣∣ dx dy ≤ ε

where

Dδ := Q− (δ, π]× (δ, π] = {(x, y) : 0 ≤ x, y ≤ π & min(x, y) ≤ δ}

or
∫ ∫

Dδ

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

Dj(x)Dk(y)411ajk

∣∣∣∣∣ dx dy ≤ ε ∀ m,n ≥ 0.

Definition [35]. A double sequence {ajk} is said to be quasi-convex if

(8.2.5)
∞∑

j=0

∞∑

k=0

(j+1)(k+1)|422ajk| < ∞

Motivated by (8.1.1), we introduce the modified cosine trigonometric sums umn of the

series (8.2.1) as:

(8.2.6) umn(x, y) =
a00

2
+

m∑
j=1

n∑

k=1

{
m∑

r=j

n∑

l=k

411(arl cos rx cos ly)

}

It will turn out that the umn approximate f better than Smn since they converge to f in

L1-norm when Smn may not.

Our first main result is the following:

Theorem 1. If a double sequence {ajk} belongs to class Jd, then

||umn − f || → 0 as min(m,n) →∞.
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Here ||.|| denotes the two-dimensional L1(Q)-norm.

We draw the following corollaries from Theorem 1.

Corollary 1. Under the conditions of theorem 1, the sum f of the series (8.2.1) is integrable

and (8.2.1) is a Fourier series of f .

Corollary 2. If a double sequence {ajk} belongs to class Jd, then

||Smn − f || → 0 as min(m,n) →∞.

We note that theorem 1 and corollaries 1 and 2 can be considered as analogous results to

the corresponding results of chapter IV from one dimensional to two dimensional cosine series.

Remarks. (a) We notice, from (8.1.6) that

(8.2.7) |411ajk| ≤ |410ajk|+|410aj,k+1| ≤ Ajk+Aj,k+1 ≤ 2Ajk

Moreover, it follows from (8.2.7) and condition (8.1.5) that

∞∑
j=0

∞∑

k=0

|411ajk| < ∞,

therefore, {ajk} ∈ Jd implies that {ajk} ∈ BV2.

Next we show that {ajk} ∈ Jd ⇒ {ajk} ∈ C2. For that, consider

∫ δ

0

∫ δ

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411ajkDj(x)Dk(y)

∣∣∣∣∣ dx dy ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411ajkDj(x)Dk(y)

∣∣∣∣∣ dx dy

≤ 2

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

AjkDj(x)Dk(y)

∣∣∣∣∣ dx dy

where Dn(x) represent the Dirichlet kernel. Since,

∫ π

0

|Dn(x)|dx ≈ log n, thus from (8.1.5),

we get {ajk} ∈ C2. Hence, the Theorem 1.1 and Corollaries 1.1 and 1.2 of Móricz [35] holds

true in case {ajk} belongs to class Jd.

(b) Further, by setting Ajk = |422ajk| in (8.1.5), we notice that class Jd contains all quasi-

convex null sequences. Therefore, corollary 3 of Móricz [37] holds true in case {ajk} belongs

to class Jd.
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8.3 Sine series We consider double sine series

(8.3.1)
∞∑

j=1

∞∑

k=1

ajk sin jx sin ky

on the positive quadrant Q = [0, π]× [0, π] of the two dimensional torus and {ajk} is a double

sequence of real numbers.

We denote by

Smn(x, y) =
m∑

j=1

n∑

k=1

ajk sin jx sin ky (m,n ≥ 1)

the rectangular partial sum of the series (8.3.1) and g(x, y) = lim
m,n→∞

Smn.

Definition [35]. We say that {ajk} ∈ B̃V 2 if condition (8.2.2) is satisfied and

∞∑
j=1

∞∑

k=1

jk|411bjk| < ∞,

where

bjk :=
ajk

jk
(j, k = 1, 2....).

In the case of double sine series, B̃V 2 is a more appropriate class of coefficient sequences

than BV2.

Definition [35]. We say that {ajk} ∈ C̃2 if condition (8.2.2) is satisfied and for every ε > 0

there exists δ > 0 such that for all 1 ≤ m ≤ M and 1 ≤ n ≤ N , we have

C(m, M ; n,N ; δ) :=

∫ ∫

Dδ

∣∣∣∣∣
M∑

j=m

N∑

k=n

[Dj(x)Dk(y)]xy411bjk

∣∣∣∣∣ dx dy ≤ ε

where

Dδ := Q− (δ, π]× (δ, π] = {(x, y) : 0 ≤ x, y ≤ π & min(x, y) ≤ δ}

or
∫ ∫

Dδ

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

[Dj(x)Dk(y)]xy411bjk

∣∣∣∣∣ dx dy ≤ ε, ∀ m, n ≥ 1.
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where [ . ]xy means the partial derivative
∂2[ . ]

∂x∂y
.

Motivated by (8.1.2), we introduce the modified sine trigonometric rectangular sums vmn

of the series (8.3.1) as:

(8.3.2) vmn(x, y) =
m∑

j=1

n∑

k=1

{
m∑

r=j

n∑

l=k

411(arl sin rx sin ly)

}

Our second main result of this chapter is as follows:

Theorem 2. If a double sequence {ajk} belongs to class Jd, then

||vmn − g|| → 0 as min(m, n) →∞.

We draw two corollaries from Theorem 2.

Corollary 3. Under the conditions of Theorem 2, the sum g of the series (8.3.1) is integrable

and (8.3.1) is a Fourier series of g.

Corollary 4. If a double sequence {ajk} belongs to class Jd, then

||Smn − g|| → 0 as min(m, n) →∞.

We note that Theorem 2 and corollaries 3 and 4 can be considered as analogous results of

chapter IV from one dimensional to two dimensional sine series.

Remark. We note that,

(8.3.3) |411bjk| ≤ Ajk

jk

Moreover, it follows from (8.3.3) and condition (8.1.5) that

∞∑
j=1

∞∑

k=1

jk|411bjk| < ∞,

therefore, {ajk} ∈ J d implies that {ajk} ∈ B̃V 2.
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Next we show that {ajk} ∈ Jd ⇒ {ajk} ∈ C̃2. For this, Consider

∫ δ

0

∫ δ

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411bjk[Dj(x)Dk(y)]xy

∣∣∣∣∣ dx dy

≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411bjk[Dj(x)Dk(y)]xy

∣∣∣∣∣ dx dy

≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

Ajk

jk
[Dj(x)Dk(y)]xy

∣∣∣∣∣ dx dy

Since,

∫ π

0

[Dn(x)]xdx ≈ n log n, thus from (8.1.5), we get {ajk} ∈ C̃2. Hence, if {ajk} belongs

to class Jd, then {ajk} ∈ B̃V 2

⋂
C̃2. Thus, the Theorem 2.1 and corollaries 2.1 and 2.2 of

Móricz [35] holds true in case {ajk} belongs to class Jd.

8.4 Mixed series. We consider mixed series

(8.4.1)
∞∑

j=1

∞∑

k=0

ajk sin jx cos ky

on the positive quadrant Q = [0, π]× [0, π] of the two dimensional torus and {ajk} is a double

sequence of real numbers.

We denote by

Smn(x, y) =
m∑

j=1

n∑

k=0

ajk sin jx cos ky (m ≥ 1, n ≥ 0)

the rectangular partial sum of the series (8.4.1) and t(x, y) = lim
m,n→∞

Smn.

Definition [35]. Let {ajk} ∈ BV ∗
2 if condition (8.2.2) is satisfied and

∞∑
j=1

∞∑

k=0

j|411cjk| < ∞,

where

cjk :=
ajk

j
(j, k = 1, 2....).

Definition [35]. We say that {ajk} ∈ C∗2 if condition (8.2.2) is satisfied and for every ε > 0
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there exists δ > 0 such that for all 1 ≤ m ≤ M and 0 ≤ n ≤ N , we have

C(m,M ; n,N ; δ) :=

∫ ∫

Dδ

∣∣∣∣∣
M∑

j=m

N∑

k=n

[Dj(x)]xDk(y)411cjk

∣∣∣∣∣ dx dy ≤ ε

where

Dδ := Q− (δ, π]× (δ, π] = {(x, y) : 0 ≤ x, y ≤ π & min(x, y) ≤ δ}

or
∫ ∫

Dδ

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

[Dj(x)]xDk(y)411cjk

∣∣∣∣∣ dx dy ≤ ε ∀ m ≥ 1, n ≥ 0.

where [ . ]x means the partial derivative
∂[ . ]

∂x
.

Motivated by (8.1.1) and (8.1.2), we introduce the modified mixed trigonometric sums wmn

of the series (8.4.1) as:

(8.4.2) wmn(x, y) =
m∑

j=1

n∑

k=0

{
m∑

r=j

n∑

l=k

411(arl sin rx cos ly)

}

Our third main result is as follows:

Theorem 3. If a double sequence {ajk} belongs to class Jd, then

||wmn − t|| → 0 as min(m,n) →∞.

We draw two corollaries from Theorem 3.

Corollary 5. Under the conditions of theorem 3, the sum t of the series (8.4.1) is integrable

and (8.4.1) is a Fourier series of t.

Corollary 6. If a double sequence {ajk} belongs to class Jd, then

||Smn − t|| → 0 as min(m,n) →∞.

Remark. We note that,

(8.4.3) |411cjk| ≤ 2
Ajk

j
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Moreover, it follows from (8.4.3) and condition (8.1.5) that

∞∑
j=1

∞∑

k=0

j|411cjk| < ∞,

therefore, {ajk} ∈ Jd implies that {ajk} ∈ BV ∗
2.

Next we show that {ajk} ∈ J d ⇒ {ajk} ∈ C∗2. Therefore, consider

∫ δ

0

∫ δ

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411cjk[Dj(x)]xDk(y)

∣∣∣∣∣ dx dy

≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411cjk[Dj(x)]xDk(y)

∣∣∣∣∣ dx dy

≤ 2

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

Ajk

j
[Dj(x)]xDk(y)

∣∣∣∣∣ dx dy

Since,

∫ π

0

[Dn(x)]xdx ≈ n log n, thus from (8.1.5), we get {ajk} ∈ C∗2. Hence, if {ajk} belongs

to class Jd, then {ajk} ∈ BV ∗
2

⋂ C∗2 . Thus, the theorem 3.1 and corollaries 3.1 and 3.2 of

Móricz [35] holds true in case {ajk} belongs to class Jd.

8.5 Proofs of the Theorems

Proof of Theorem 1. We shall first show that the point wise limit f of

umn(x, y) =
a00

2
+

m∑
j=1

n∑

k=1

{
m∑

r=j

n∑

l=k

411(arl cos rx cos ly)

}

exists in Q and that f is a Fourier series i.e. f ∈ L1(Q).

umn(x, y) =
a00

2
+

m∑
j=1

n∑

k=1

{
m∑

r=j

[ark cos rx cos ky − ar,k+1 cos rx cos(k + 1)y

−ar+1,k cos(r + 1)x cos ky + ar+1,k+1 cos(r + 1)x cos(k + 1)y

+ar,k+1 cos rx cos(k + 1)y − ar,k+2 cos rx cos(k + 2)y

−ar+1,k+1 cos(r + 1)x cos(k + 1)y + ar+1,k+2 cos(r + 1)x cos(k + 2)y

+... + arn cos rx cos ny − ar,n+1 cos rx cos(n + 1)y

−ar+1,n cos(r + 1)x cos ny + ar+1,n+1 cos(r + 1)x cos(n + 1)y]}
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umn(x, y) =
a00

2
+

m∑
j=1

n∑

k=1

[ajk cos jx cos ky − aj+1,k cos(j + 1)x cos ky

−aj,n+1 cos jx cos(n + 1)y + aj+1,n+1 cos(j + 1)x cos(n + 1)y

+aj+1,k cos(j + 1)x cos ky − aj+2,k cos(j + 2)x cos ky

−aj+1,n+1 cos(j + 1)x cos(n + 1)y + aj+2,n+1 cos(j + 2)x cos(n + 1)y

+... + amn cos mx cos ny − am+1,k cos(m + 1)x cos ky

−am,n+1 cos mx cos(n + 1)y + am+1,n+1 cos(m + 1)x cos(n + 1)y]

=
a00

2
+

m∑
j=1

n∑

k=1

ajk cos jx cos ky −
m∑

j=1

n∑

k=1

aj,n+1 cos jx cos(n + 1)y

−
m∑

j=1

n∑

k=1

am+1,k cos(m + 1)x cos ky + mnam+1,n+1 cos(m + 1)x cos(n + 1)y

(8.5.1) = Smn(x, y)−
m∑

j=1

naj,n+1 cos jx cos(n + 1)y −
n∑

k=1

mam+1,k cos(m + 1)x cos ky

+mnam+1,n+1 cos(m + 1)x cos(n + 1)y

Using double summation by parts and given hypothesis in (8.5.1), we get

umn(x, y) =
a00

2
+

m−1∑
j=1

n−1∑

k=1

411

(
ajk

jk

)
D̃′

j(x)D̃′
k(y)

+
m∑

j=1

410

(
ajn

jn

)
D̃′

j(x)D̃′
n(y)

+
n∑

k=1

401

(amk

mk

)
D̃′

m(x)D̃′
k(y)

−amn

mn
D̃′

m(x)D̃′
n(y)−

m∑
j=1

naj,n+1 cos jx cos(n + 1)y

−
n∑

k=1

mam+1,k cos(m + 1)x cos ky

+mnam+1,n+1 cos(m + 1)x cos(n + 1)y

It is known from Sheng [48] that

(8.5.2) |D̃′
n(x)| = O(n) for 0 < x ≤ π

By (8.1.5), (8.1.6) we note that

m−1∑
j=1

n−1∑

k=1

411

(
ajk

jk

)
D̃′

j(x)D̃′
k(y) ≤

m−1∑
j=1

n−1∑

k=1

(
Ajk

jk

)
D̃′

j(x)D̃′
k(y) < ∞,
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for all x and y such that 0 < x, y ≤ π.

By (8.1.5), (8.1.6) and (8.5.2) we have

m∑
j=1

410

(
ajn

jn

)
D̃′

j(x)D̃′
n(y) ≤

m∑
j=1

∞∑

k=n

(
Ajk

jk

)
D̃′

j(x)D̃′
k(y) → 0 as n →∞

uniformly in m, for all 0 < x, y ≤ π.

Similarly,

n∑

k=1

401

(amk

mk

)
D̃′

m(x)D̃′
k(y) → 0 as n →∞

uniformly in n, for all 0 < x, y ≤ π.

Since {ajk} is double null sequence and by the use of the equation (8.5.2), we get

amn

mn
D̃′

m(x)D̃′
n(y) → 0 as m + n →∞

for all 0 < x, y ≤ π.

Further, we know that cos nx is bounded in (0, π].

Therefore, by (8.1.5) and (8.1.6), we have

m∑
j=1

naj,n+1 =
m∑

j=1

jn(n + 1)
∞∑

k=n+1

401

(
ajk

jk

)

≤
m∑

j=1

∞∑

k=n+1

jk2

(
Ajk

jk

)
→ 0 as n →∞

This implies that

m∑
j=1

naj,n+1 cos jx cos(n + 1)y → 0 as n →∞

uniformly in m, for all 0 < x, y ≤ π.

Similarly,

n∑

k=1

mam+1,k cos(m + 1)x cos ky → 0 as m →∞

uniformly in n, for all 0 < x, y ≤ π.

Also, by (8.1.5) and (8.1.6), we have

(8.5.3) mnam+1,n+1 ≤
∞∑

j=m+1

∞∑

k=n+1

j2k2411

(
ajk

jk

)

≤
∞∑

j=m+1

∞∑

k=n+1

j2k2Ajk

jk
→ 0 as m + n →∞.
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Consequently, we get lim
m+n→∞

umn = f(x, y) exists in L1(Q).

Next, we consider

||f − umn|| ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

411

(
ajk

jk

)
D̃′

j(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

410

(
ajn

jn

)
D̃′

j(x)D̃′
n(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

401

(amk

mk

)
D̃′

m(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣amn

mn
D̃′

m(x)D̃′
n(y)

∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

naj,n+1 cos jx cos(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

mam+1,k cos(m + 1)x cos ky

∣∣∣∣∣ dxdy

+ mn|am+1,n+1|
∫ π

0

∫ π

0

| cos(m + 1)x cos(n + 1)y|dxdy

(8.5.4) ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

(
Ajk

jk

)
D̃′

j(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

(
Ajn

jn

)
D̃′

j(x)D̃′
n(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

(
Amk

mk

)
D̃′

m(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣amn

mn
D̃′

m(x)D̃′
n(y)

∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

∞∑

k=n+1

jk2

(
Ajk

jk

)
cos jx cos(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

∞∑
j=m+1

kj2

(
Ajk

jk

)
cos(m + 1)x cos ky

∣∣∣∣∣ dxdy

+mn|am+1,n+1|
∫ π

0

∫ π

0

| cos(m + 1)x cos(n + 1)y|dxdy

We note that from Sheng [48],

∣∣∣∣∣

∣∣∣∣∣
D̃′

n(x)

n2

∣∣∣∣∣

∣∣∣∣∣ = O(1). Further, by (8.1.5) and (8.1.6), we get

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

jk

(
Ajk

j2k2

)
D̃′

j(x)D̃′
k(y)

∣∣∣∣∣ dxdy → 0 as m + n →∞
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Thus by using equation (8.5.3) and the given hypothesis all the terms on the right hand

side of the inequality (8.5.4) tends to zero as m + n → ∞. Hence, the conclusion of the

theorem 1 holds.

Remark. Since proof of theorems 2 and 3 are on the same lines as that of theorem 1. But

for ready reference we are giving the proof of theorems 2 and 3 in brief.

Proof of Theorem 2. First we shall show that the point wise limit g of

vmn(x, y) =
m∑

j=1

n∑

k=1

{
m∑

r=j

n∑

l=k

411(arl sin rx sin ly)

}

(8.5.5) = Smn(x, y)−
m∑

j=1

naj,n+1 sin jx sin(n + 1)y −
n∑

k=1

mam+1,k sin(m + 1)x sin ky

+mnam+1,n+1 sin(m + 1)x sin(n + 1)y

exists in Q and that g is a Fourier series i.e. g ∈ L1(Q).

Using double summation by parts and given hypothesis in (8.5.5), we get

vmn(x, y) =
m−1∑
j=1

n−1∑

k=1

411

(
ajk

jk

)
D′

j(x)D′
k(y)

+
m∑

j=1

410

(
ajn

jn

)
D′

j(x)D′
n(y)

+
n∑

k=1

401

(amk

mk

)
D′

m(x)D′
k(y)

−amn

mn
D′

m(x)D′
n(y)−

m∑
j=1

naj,n+1 sin jx sin(n + 1)y

−
n∑

k=1

mam+1,k sin(m + 1)x sin ky

+mnam+1,n+1 sin(m + 1)x sin(n + 1)y

It is known from Sheng [48] that

(8.5.6) |D′
n(x)| = O(n) for 0 < x ≤ π

By (8.1.5), (8.1.6) we note that

m−1∑
j=1

n−1∑

k=1

411

(
ajk

jk

)
D′

j(x)D′
k(y) ≤

m−1∑
j=1

n−1∑

k=1

(
Ajk

jk

)
D′

j(x)D′
k(y) < ∞,
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for all x and y such that 0 < x, y ≤ π.

By (8.1.5), (8.1.6) and (8.5.6) we have

m∑
j=1

410

(
ajn

jn

)
D′

j(x)D′
n(y) ≤

m∑
j=1

∞∑

k=n

(
Ajk

jk

)
D′

j(x)D′
k(y) → 0 as n →∞

uniformly in m, for all 0 < x, y ≤ π.

Similarly,

n∑

k=1

401

(amk

mk

)
D′

m(x)D′
k(y) → 0 as n →∞

uniformly in n, for all 0 < x, y ≤ π.

Since {ajk} is double null sequence and by the use of the equation (8.5.6), we get

amn

mn
D′

m(x)D′
n(y) → 0 as m + n →∞

for all 0 < x, y ≤ π.

Further, we know that sin nx is bounded in (0, π].

Therefore, by (8.1.5) and (8.1.6), we have

m∑
j=1

naj,n+1 =
m∑

j=1

jn(n + 1)
∞∑

k=n+1

401

(
ajk

jk

)

≤
m∑

j=1

∞∑

k=n+1

jk2

(
Ajk

jk

)
→ 0 as n →∞

This implies that

m∑
j=1

naj,n+1 sin jx sin(n + 1)y → 0 as n →∞

uniformly in m, for all 0 < x, y ≤ π.

Similarly,

n∑

k=1

mam+1,k sin(m + 1)x sin ky → 0 as m →∞

uniformly in n, for all 0 < x, y ≤ π.

Also, by (8.1.5) and (8.1.6), we have

(8.5.7) mnam+1,n+1 ≤
∞∑

j=m+1

∞∑

k=n+1

j2k2411

(
ajk

jk

)

≤
∞∑

j=m+1

∞∑

k=n+1

j2k2Ajk

jk
→ 0 as m + n →∞.
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Consequently, we get lim
m+n→∞

vmn = g(x, y) exists in L1(Q).

Next, we consider

||g − vmn|| ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

411

(
ajk

jk

)
D′

j(x)D′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

410

(
ajn

jn

)
D′

j(x)D′
n(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

401

(amk

mk

)
D′

m(x)D′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣amn

mn
D′

m(x)D′
n(y)

∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

naj,n+1 sin jx sin(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

mam+1,k sin(m + 1)x sin ky

∣∣∣∣∣ dxdy

+ mn|am+1,n+1|
∫ π

0

∫ π

0

| sin(m + 1)x sin(n + 1)y|dxdy

(8.5.8) ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

(
Ajk

jk

)
D′

j(x)D′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

(
Ajn

jn

)
D′

j(x)D′
n(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

(
Amk

mk

)
D′

m(x)D′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣amn

mn
D′

m(x)D′
n(y)

∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

∞∑

k=n+1

jk2

(
Ajk

jk

)
sin jx sin(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

∞∑
j=m+1

kj2

(
Ajk

jk

)
sin(m + 1)x sin ky

∣∣∣∣∣ dxdy

+mn|am+1,n+1|
∫ π

0

∫ π

0

| sin(m + 1)x sin(n + 1)y|dxdy

We note that from Sheng [48],

∣∣∣∣
∣∣∣∣
D′

n(x)

n2

∣∣∣∣
∣∣∣∣ = O(1). Further, by (8.1.5) and (8.1.6), we get

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

jk

(
Ajk

j2k2

)
D′

j(x)D′
k(y)

∣∣∣∣∣ dxdy → 0 as m + n →∞
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Thus by using equation (8.5.7) and the given hypothesis all the terms on the right hand

side of the inequality (8.5.8) tends to zero as m + n → ∞. Hence, the conclusion of the

theorem 2 holds.

Proof of Theorem 3. First we shall show that the point wise limit t of

wmn(x, y) =
m∑

j=1

n∑

k=0

{
m∑

r=j

n∑

l=k

411(arl sin rx cos ly)

}

(8.5.9) = Smn(x, y)−
m∑

j=1

naj,n+1 sin jx cos(n + 1)y −
n∑

k=1

mam+1,k sin(m + 1)x cos ky

+mnam+1,n+1 sin(m + 1)x cos(n + 1)y

exists in Q and that t is a Fourier series i.e. t ∈ L1(Q).

Using double summation by parts and given hypothesis in (8.5.9), we get

wmn(x, y) =
m−1∑
j=1

n−1∑

k=0

411

(
ajk

jk

)
−D′

j(x)D̃′
k(y)

+
m∑

j=1

410

(
ajn

jn

)
−D′

j(x)D̃′
n(y)

+
n∑

k=0

401

(amk

mk

)
−D′

m(x)D̃′
k(y)

−amn

mn
−D′

m(x)D̃′
n(y)−

m∑
j=1

naj,n+1 sin jx cos(n + 1)y

−
n∑

k=1

mam+1,k sin(m + 1)x cos ky

+mnam+1,n+1 sin(m + 1)x cos(n + 1)y

By (8.1.5), (8.1.6) we note that

m−1∑
j=1

n−1∑

k=0

411

(
ajk

jk

)
D′

j(x)D̃′
k(y) ≤

m−1∑
j=1

n−1∑

k=0

(
Ajk

jk

)
D′

j(x)D̃′
k(y) < ∞,

for all x and y such that 0 < x, y ≤ π.

By (8.1.5), (8.1.6), (8.5.2) and (8.5.6) we have

m∑
j=1

410

(
ajn

jn

)
D′

j(x)D̃′
n(y) ≤

m∑
j=1

∞∑

k=n

(
Ajk

jk

)
D′

j(x)D̃′
k(y) → 0 as n →∞

uniformly in m, for all 0 < x, y ≤ π.
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Similarly,

n∑

k=0

401

(amk

mk

)
D′

m(x)D̃′
k(y) → 0 as n →∞

uniformly in n, for all 0 < x, y ≤ π.

Since {ajk} is double null sequence and by the use of (8.5.2) and (8.5.6), we get

amn

mn
D′

m(x)D̃′
n(y) → 0 as m + n →∞

for all 0 < x, y ≤ π.

Further, we know that cos nx and sin nx are bounded in (0, π].

Therefore, by (8.1.5) and (8.1.6), we have

m∑
j=1

naj,n+1 =
m∑

j=1

jn(n + 1)
∞∑

k=n+1

401

(
ajk

jk

)

≤
m∑

j=1

∞∑

k=n+1

jk2

(
Ajk

jk

)
→ 0 as n →∞

This implies that

m∑
j=1

naj,n+1 sin jx cos(n + 1)y → 0 as n →∞

uniformly in m, for all 0 < x, y ≤ π.

Similarly,

n∑

k=0

mam+1,k sin(m + 1)x cos ky → 0 as m →∞

uniformly in n, for all 0 < x, y ≤ π.

Also, by (8.1.5) and (8.1.6), we have

(8.5.10) mnam+1,n+1 ≤
∞∑

j=m+1

∞∑

k=n+1

j2k2411

(
ajk

jk

)

≤
∞∑

j=m+1

∞∑

k=n+1

j2k2Ajk

jk
→ 0 as m + n →∞.

Consequently, we get lim
m+n→∞

wmn = t(x, y) exists in L1(Q).

Next, we consider
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||t− wmn|| ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

411

(
ajk

jk

)
−D′

j(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

410

(
ajn

jn

)
−D′

j(x)D̃′
n(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=0

401

(amk

mk

)
−D′

m(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣amn

mn
D′

m(x)D̃′
n(y)

∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

naj,n+1 sin jx cos(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

mam+1,k sin(m + 1)x cos ky

∣∣∣∣∣ dxdy

+ mn|am+1,n+1|
∫ π

0

∫ π

0

| sin(m + 1)x cos(n + 1)y|dxdy

(8.5.11) ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

(
Ajk

jk

)
D′

j(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

(
Ajn

jn

)
D′

j(x)D̃′
n(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=0

(
Amk

mk

)
D′

m(x)D̃′
k(y)

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣amn

mn
D′

m(x)D̃′
n(y)

∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

∞∑

k=n+1

jk2

(
Ajk

jk

)
sin jx cos(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=0

∞∑
j=m+1

kj2

(
Ajk

jk

)
sin(m + 1)x cos ky

∣∣∣∣∣ dxdy

+mn|am+1,n+1|
∫ π

0

∫ π

0

| sin(m + 1)x cos(n + 1)y|dxdy

We note that from Sheng [48],

∣∣∣∣
∣∣∣∣
D′

n(x)

n2

∣∣∣∣
∣∣∣∣ = O(1) and

∣∣∣∣∣

∣∣∣∣∣
D̃′

n(x)

n2

∣∣∣∣∣

∣∣∣∣∣ = O(1). Further, by (8.1.5)

and (8.1.6), we get

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

jk

(
Ajk

j2k2

)
D′

j(x)D̃′
k(y)

∣∣∣∣∣ dxdy → 0 as m + n →∞

Thus by using equation (8.5.10) and the given hypothesis all the terms on the right hand
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side of the inequality (8.5.11) tends to zero as m + n → ∞. Hence, the conclusion of the

theorem 3 holds.

8.6 Proofs of the Corollaries

Proof of Corollary 1. It follows from theorem 1, that f ∈ L1(Q). Further-more it is known

that convergence in L1 − norm (the so-called strong convergence) implies weak convergence.

Now, consider

umn(x, y) =
a00

2
+

m∑
j=1

n∑

k=1

{
m∑

r=j

n∑

l=k

411(arl cos rx cos ly)

}

= Smn(x, y)−
m∑

j=1

n∑

k=1

{aj,n+1 cos jx cos(n + 1)y + am+1,k cos(m + 1)x cos ky}

+mnam+1,n+1 cos(m + 1)x cos(n + 1)y

for fixed r, l ≥ 1, we get

4

π2

∫ π

0

∫ π

0

f(x, y) cos rx cos lydxdy

= lim
m+n→∞

4

π2

∫ π

0

∫ π

0

umn(x, y) cos rx cos lydxdy

= arl − lim
m+n→∞

{
m∑

j=1

naj,n+1 +
n∑

k=1

mam+1,k + mnam+1,n+1

}

= arl

Since the limit of each term in braces is zero (as already shown in the proof of theorem 1).

This proves that the (8.2.1) is a Fourier series of f .

Proof of Corollary 2. Consider

||f − Smn|| = ||f − umn + umn − Smn||

≤ ||f − umn||+ ||umn − Smn||

≤ ||f − umn||+
∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

naj,n+1 cos jx cos(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

mam+1,k cos(m + 1)x cos ky

∣∣∣∣∣ dxdy

+mn|am+1,n+1|
∫ π

0

∫ π

0

| cos(m + 1)x cos(n + 1)y|dxdy

Using theorem 1 the conclusion of the corollary 2 follows.
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Proof of Corollary 3. It follows from theorem 2, that g ∈ L1(Q). Now, consider

vmn(x, y) =
m∑

j=1

n∑

k=1

{
m∑

r=j

n∑

l=k

411(arl sin rx sin ly)

}

= Smn(x, y)−
m∑

j=1

n∑

k=1

{aj,n+1 sin jx sin(n + 1)y + am+1,k sin(m + 1)x sin ky}

+mnam+1,n+1 sin(m + 1)x sin(n + 1)y

for fixed r, l ≥ 1, we get

4

π2

∫ π

0

∫ π

0

g(x, y) sin rx sin lydxdy

= lim
m+n→∞

4

π2

∫ π

0

∫ π

0

vmn(x, y) sin rx sin lydxdy

= arl − lim
m+n→∞

{
m∑

j=1

naj,n+1 +
n∑

k=1

mam+1,k + mnam+1,n+1

}

= arl

Since the limit of each term in braces is zero (as already shown in the proof of theorem 2).

This proves that the (8.3.1) is a Fourier series of g.

Proof of Corollary 4. Consider

||g − Smn|| = ||g − vmn + vmn − Smn||

≤ ||g − vmn||+ ||vmn − Smn||

≤ ||g − vmn||+
∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

naj,n+1 sin jx sin(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=1

mam+1,k sin(m + 1)x sin ky

∣∣∣∣∣ dxdy

+mn|am+1,n+1|
∫ π

0

∫ π

0

| sin(m + 1)x sin(n + 1)y|dxdy

Using theorem 2 the conclusion of the corollary 4 follows.

Proof of Corollary 5. It follows from theorem 3, that t ∈ L1(Q).

Now, consider

wmn(x, y) =
m∑

j=1

n∑

k=0

{
m∑

r=j

n∑

l=k

411(arl sin rx cos ly)

}
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wmn(x, y) = Smn(x, y)−
m∑

j=1

n∑

k=0

{aj,n+1 sin jx cos(n + 1)y + am+1,k sin(m + 1)x cos ky}

+mnam+1,n+1 sin(m + 1)x cos(n + 1)y

for fixed r, l ≥ 1, we get

4

π2

∫ π

0

∫ π

0

t(x, y) sin rx cos lydxdy

= lim
m+n→∞

4

π2

∫ π

0

∫ π

0

wmn(x, y) sin rx cos lydxdy

= arl − lim
m+n→∞

{
m∑

j=1

naj,n+1 +
n∑

k=1

mam+1,k + mnam+1,n+1

}

= arl

Since the limit of each term in braces is zero (as already shown in the proof of theorem 3).

This proves that the (8.4.1) is a Fourier series of t.

Proof of Corollary 6. Consider

||t− Smn|| = ||t− wmn + wmn − Smn||

≤ ||t− wmn||+ ||wmn − Smn||

≤ ||t− wmn||+
∫ π

0

∫ π

0

∣∣∣∣∣
m∑

j=1

naj,n+1 sin jx cos(n + 1)y

∣∣∣∣∣ dxdy

+

∫ π

0

∫ π

0

∣∣∣∣∣
n∑

k=0

mam+1,k sin(m + 1)x cos ky

∣∣∣∣∣ dxdy

+mn|am+1,n+1|
∫ π

0

∫ π

0

| sin(m + 1)x cos(n + 1)y|dxdy

Using theorem 3, the conclusion of the corollary 6 follows.
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CHAPTER IX

THE EXTENSION OF THE THEOREM OF J.W. GARRETT, C.S. REES AND

C.V. STANOJEVIĆ FROM ONE DIMENSION TO TWO DIMENSION

9.1 Introduction. Consider the double cosine series

(9.1.1)
∞∑

j=0

∞∑

k=0

λjλk ajk cos jx cos ky

on the positive quadrant Q = [0, π] × [0, π] of the two dimensional torus, where λ0 = 1
2

and

λj = 1 for j = 1, 2, 3, ... and {ajk} is a double sequence of real numbers.

We denote the rectangular partial sum of the series (9.1.1) by Smn i.e.

Smn(x, y) =
m∑

j=0

n∑

k=0

λjλkajk cos jx cos ky (m, n ≥ 0)

and let f(x, y) = lim
m,n→∞

Smn.

Concerning the L1-convergence of the double cosine series Moricz [35] proved the following

result:

Theorem A [35]. If {ajk} ∈ BV2∩C2, then the sum f(x, y) of series (9.1.1) belongs to L1(Q)

and (9.1.1) is a Fourier series of f(x, y).

Garrett, Rees and Stanojević [20] introduced an equivalent class S2 of the class S of

Teljakovskii [68] for one dimensional coefficient sequence.

In this chapter, we have extended the class S2 of coefficient sequences introduced by

Garrett, Rees and Stanojević [20] from one dimensional to a new class S2
d of two dimensional

coefficient sequence {ajk}, defined as:

The results obtained in this chapter have been published in International Journal of Mathe-
matical Analysis, 3(26), (2009), 1251 - 1257
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Definition. A double null sequence {ajk} belongs to S2
d if there exists a null sequence {Ajk}

of non-negative numbers such that

(9.1.2)
∞∑

j=0

∞∑

k=0

jk|411Ajk| < ∞,

(9.1.3) |411ajk| ≤ Ajk ∀ j, k.

The aim of this chapter is to extend the corresponding result of Garrett, Rees and Stano-

jević [20] from one dimensional to two-dimensional series and to obtain necessary and sufficient

condition of L1-convergence of double cosine series.

9.2 Result. We prove the following result:

Theorem. Let {ajk} ∈ S2
d . Then f ∈ L1(Q) and

||Smn − f || = o(1), as m, n →∞

if and only if

(9.2.1) amn ln(m+2) ln(n+2) → 0 as m+n →∞.

Proof. First we shall show that the point wise limit f of

(9.2.2) Smn(x, y) =
m∑

j=0

n∑

k=0

λjλkajk cos jx cos ky

exists in Q and that f is a Fourier series i.e. f ∈ L1(Q).

From {ajk} ∈ S2
d it follows that {ajk} ∈ BV2. Indeed

∞∑
j=0

∞∑

k=0

|411Ajk| ≤
∞∑

j=0

∞∑

k=0

jk|411Ajk| < ∞.

On the other hand

(9.2.3) mnAmn ≤ mn

∞∑
j=m

∞∑

k=n

|411Ajk| ≤
∞∑

j=m

∞∑

k=n

jk|411Ajk| = o(1).

Performing double summation by parts, we have

m∑
j=0

n∑

k=0

Ajk =
m−1∑
j=0

n−1∑

k=0

jk411Ajk −
m−1∑
j=0

jn410Ajn −
n−1∑

k=0

km401Amk + mnAmn
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but

n410Ajn =
∞∑

k=n

k411Ajk

and

m401Amk =
∞∑

j=m

j411Ajk

So, we get that
∞∑

j=0

∞∑

k=0

Ajk < ∞. Since {ajk} ∈ S2
d implies that |411ajk| ≤ Ajk ∀ j, k, it

follows that{ajk} ∈ BV2, and hence (9.2.2) converges in Q to the point wise limit f .

Now from theorem A we have that if {ajk} ∈ BV2 ∩ C2, then f ∈ L1(Q).

Thus it suffices to prove that

{ajk} ∈ S2
d ⇒ {ajk} ∈ C2.

Therefore, consider

∫ δ

0

∫ δ

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411ajkDj(x)Dk(y)

∣∣∣∣∣ dx dy ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411ajkDj(x)Dk(y)

∣∣∣∣∣ dx dy

≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

AjkDj(x)Dk(y)

∣∣∣∣∣ dx dy

Using double summation by parts, we get

(9.2.4) ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411Ajk(j + 1)Fj(x)(k + 1)Fk(y)

∣∣∣∣∣ dx dy

+ lim
N→∞

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

410AjN(j + 1)Fj(x)(N + 1)FN(y)

∣∣∣∣∣ dx dy

+ lim
M→∞

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

k=n

401AMk(M + 1)FM(x)(k + 1)Fk(y)

∣∣∣∣∣ dx dy

+ lim
M,N→∞

∫ π

0

∫ π

0

|MNAMNFM(x)FN(y)| dx dy

where Dn(x) and Fn(x) represent the Dirichlet and Féjer kernel respectively.

Since {ajk} ∈ S2
d and

∫ π

0

|Fn(x)|dx = π, we have

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411Ajk(j + 1)Fj(x)(k + 1)Fk(y)

∣∣∣∣∣ dxdy

= π2

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

(j + 1)(k + 1)411Ajk

∣∣∣∣∣ = o(1),
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∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

410AjN(j + 1)Fj(x)(N + 1)FN(y)

∣∣∣∣∣ dxdy

= π2

∣∣∣∣∣
∞∑

j=m

∞∑

k=N

(j + 1)(k + 1)411Ajk

∣∣∣∣∣ = o(1),

Similarly,

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

k=n

401AMk(M + 1)FM(x)(k + 1)Fk(y)

∣∣∣∣∣ dxdy

= π2

∣∣∣∣∣
∞∑

j=M

∞∑

k=n

(j + 1)(k + 1)411Ajk

∣∣∣∣∣ = o(1).

Further, from (9.2.3), the last term on the right hand side of the (9.2.4) is of o(1). Hence,

f ∈ L1(Q).

Now, it remains to show that ||Smn − f || = o(1), as m, n →∞. Therefore, consider

||f − Smn|| =
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m+1

∞∑

k=n+1

ajk cos jx cos ky

∣∣∣∣∣ dx dy

Applying double summation by parts, we get

(9.2.5) ||f − Smn|| ≤
∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

∞∑

k=n

411ajkDj(x)Dk(y)

∣∣∣∣∣ dx dy

+ lim
N→∞

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

j=m

410ajNDj(x)DN(y)

∣∣∣∣∣ dx dy

+ lim
M→∞

∫ π

0

∫ π

0

∣∣∣∣∣
∞∑

k=n

401aMkDM(x)Dk(y)

∣∣∣∣∣ dx dy

+ lim
M,N→∞

∫ π

0

∫ π

0

|aMNDM(x)DN(y)| dx dy

Since {ajk} ∈ S2
d and

∫ π

0

|Dn(x)|dx ≈ log n, the 1st, 2nd and 3rd terms on the right hand

side of inequality (9.2.5) are o(1) as m, n →∞.

Thus the conclusion of the theorem follows if and only if (9.2.1) holds.
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62. Tomovski, Ž, Some New Inequalities For Trigonometric Polynomials with Special Coef-

ficients,J. of Ineq. Pure and Applied Math., 4(4)(2003), Article 78.
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[58] Tomovski,Ž, A Note On Some Classes of Fourier Coefficients, Math. Ineq. & Appl. ,

2(1)(1999), 15-18.
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Math.(Szeged), 49(1985), 295-298.

[71] Zygmund, A., Trigonometric Series, Vol. I & Vol. II, Cambridge Univ. Press, 1959.

104


