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Abstract

Mathematical models based on partial differential equations have become the

vital components of quantitative analysis in many areas of biological science,

finance, engineering, image processing, and many other fields. Moreover,

the time-dependent partial differential equations play a preeminent role in

many fields of science and engineering. In this dissertation, we have studied

partial differential models for biological science and designed the appropriate

numerical schemes to find the approximate solutions.

Chapter 1 starts with the introduction, motivation, and literature review for

the research work. A brief overview of the governing equations related to

computational neuroscience and population dynamics are presented. Further,

a short introduction of the numerical techniques related to this study is given.

Moreover, the structure of the thesis is presented at the end of this chapter.

Chapter 2 begins with a brief background of the nervous system and its re-

lated model [1]. Further, it presents the proposed numerical scheme based

on the finite element method, which is used to find the approximate solution

of the governing model equation. The chapter concludes with a performance

evaluation of the proposed work using some numerical experiments.

Chapter 3 presents the excitatory and inhibitory population density model

based on leaky-integrate-and-fire neurons with the effect of the refractory pe-

riod and transmission delays. The chapter starts with the overview of the

integrate-and-fire neuron model for deriving of governing equation with the

help of the population density approach. Further, it presents a discontinu-

ous Galerkin numerical scheme to find the approximate solution of the model

equation. This chapter also discusses the stability of the proposed framework.

To evaluate the performance of the proposed scheme, some numerical exper-

iments present in this chapter.

Chapter 4 deals with the non-linear age-structured population model. The

model consists of tumor cells population dynamics based on an age-structured

approach where each cell has a finite maximum age. The model comprises the

fertility and mortality factors, which depend on age. This chapter presents

a high-order accurate numerical scheme to approximate the solution of the

governing equation. Finally, test examples are taken to demonstrate both the

effectiveness and efficiency of the proposed method.



Chapter 5 concludes the dissertation and also shed light on some future di-

rection of the present work.

Keywords: Partial differential equation, Noisy leaky integrate-and-fire neu-

ron, Population density approach, Finite element method, Discontinuous Galerkin

method, Age-structured models, Population dynamics.
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Chapter 1

Introduction and Related Work

Mathematical modeling is an art to convert problems originating from applications

into a mathematical representation. The theoretical and numerical analysis of mathemat-

ical models provides answers and insights and can be very useful for further investigation.

The experts from different backgrounds come with their ideas to improve existing results

to develop better mathematical models and use their skills to estimate the behavior of

certain situations. These models are omnipresent as they depend upon ordinary differen-

tial equations (ODEs) and partial differential equations (PDEs) and these are emerging

in different areas like engineering, physics, biology, and many other areas. Further, the

applications of these models include option pricing, neuronal networks, population dy-

namics, age-structured, tumor growth, fluid mechanics, etc. Due to the complexity of

these models, it becomes too difficult to find the exact solution even for a simple prob-

lem. Therefore, the numerical methods play an incredibly important role to discover the

approximate solution of the governed PDE equations.

Numerical solution of differential equations particularly non-linear PDEs, is the only

way to get the solution to problems that are not analytically solvable. The numerical solu-

tion of PDEs has been a subject of intense activity for the last 60 years or so, primarily due

to advances in computer technology and the introduction of numerical computing appli-

cations like Maple, Fortran, Mathematica, Python, Matlab, PETSc (Portable Extensible

Toolkit for Scientific Computation) and MOOSE (Multiphysics Object-Oriented Simu-

lation Environment), which in turn has led advancement in numerical methods that are

being used. As a result, many unsolved problems related to ODEs and PDEs are solved

by appropriate numerical methods such as the finite difference method (FDM), finite

element method (FEM), finite volume method (FVM), discontinuous Galerkin method

(DG), spectral method, boundary element, meshless or meshfree methods.

1 Research Motivation

Mathematical and Computational modeling is the most popular approach for exploring

the functionality of the biological system. Therefore, the purpose of this dissertation

is to understand the behaviors of the nervous system and population dynamics, which
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inspires mathematical analysis and study of the computer simulation and this can be

done by computational biology. The biological systems are explicitly processors of infor-

mation as compared to the other physical systems. In this way, computational models

are not only used for forecasting or count but are mainly explained the functionality of

the living system. In today’s scenario, computing technology and numerical techniques

are extending their scope by doing more development in the research activity. Due to

these advancements, the researchers are mostly involved in knowing the functionality of

various parts of the nervous system means what and how they do it.

Overview of the concept of neuroscience. The brain is like a computer that controls

the nervous system as well as the functions of the body. It consists of a huge number of

different cells that convey messages to other parts of the body. The neurons or the nerve

cells among all these are the basic functional units, which are mainly known as electrically

excitable cells. According to Kandel et al. [5], the human brain has approximately 1011

neurons and which are interconnected in a very complex manner. More precisely, each

neuron is connected to tens of thousands of other neurons. Therefore, there are many

connections during a single milliliter of brain tissue, it is like stars within the Milky Way

Galaxy [6].

Computational neuroscience. Computational neuroscience is a part of computational

biology and a scientific study of the neural system. From many decades, computational

models, and especially quantitative models are emerging as a vital tool for research in

the area of neuroscience. In fact, one of the key achievements in this area is the Hodgkin-

Huxley model. This model defines the generation of action potentials which is based

on a quantitative approach [5]. Besides, much of what is understood about the func-

tionality of the nervous systems has been informed by mathematical and computational

modeling.

In 1977, spanish histologist Santiago Ramón y Cajal specified the neuron as the funda-

mental functional unit of the nervous system. He proposed that all neurons are discrete

cells, which communicate via circuits and junctions. Moreover, he was the first who gave

the detailed account of the structure of the nerve cells, and revealed that all these share

the same fundamental structure (see in [7]).

Structure of Neuron. The four major structural regions of a typical neuron are: den-

drites, cell body (soma), axon, and axon terminals (presynaptic terminals). Each region

has a different function (see Figure 1.1). The most vital component of the neuron is

the cell body, which consists of the nucleus in it and is known as soma. Each cell is

connected to other cells by dendrites and they are the one which brings information to

other neurons. A long thin structure is used as a transformer to convey the information

from one neuron to the other neurons and it is also known as the axon. The portion of

2



Figure 1.1: Structure of a typical neuron (this image is taken from Wikipedia, [2].)

the axon where it originates from the cell body is known as axon hillock, which is that a

part of the neuron and it has the greatest density of voltage-dependent sodium channels.

At the end of the axon, it is further divided into branches that are used to communicate

with other neurons. It contains the synapse i.e. interaction among neurons and which

is usually knows as axon terminal or presynaptic cell. Synapses are also divided into

two categories: electrical synapses and chemical synapses. They can be differentiated

based on how the one cell transmitted the signal to the next cell. The synapses where

the signal is transmitted from one neuron to another by using gap junctions are known

as electrical synapses and there is no need for any receptors of the postsynaptic cell (see

Figure 1.2a). Consequently, signaling through the electrical synapses is much faster than

that which comes through the chemical synapses. On the other side, a neurotransmitter

is the one who transmits the signal from one neuron to another in chemical synapses by

using the receptors of the postsynaptic cell (see Figure 1.2b). When the receptors receive

neurotransmitter molecules, the ion channels begin to open. Consequently, the flow of

ions comes in or out, and changing the local membrane potential of the cell and that

change in voltage is called a postsynaptic potential. The outcome of this process varies

means it can be excitatory or inhibitory. In the case of depolarizing currents, the result

is excitatory and on the other side in the case of hyperpolarizing currents, the result is

inhibitory. The excitatory or inhibitory nature of a synapse also relies on the varieties of

ion channel carry the postsynaptic current displays, that is a function of both the type

of receptors and the type of neurotransmitter occupied at the synapse. Whereas a signal

is sent at an excitatory synapse, then the depolarization of the cell can be strong enough

so that an action potential can be initiated in the postsynaptic cell. Since the depolar-

ization triggered by the excitatory postsynaptic potential is not sufficient for an action

potential initiation, then the effect of the depolarization will last for some time, and will

be progressively attenuated. Therefore, if the neuron receives signals from the same or

other neurons, the postsynaptic potentials they provoke will be added. This phenomenon

is known as synaptic integration.
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(a) Depiction of a electrical synapse (b) Depiction of a chemical
synapse

Figure 1.2: Structure of a synapse, (both images taken from Wikipedia, [2].)

Finally, we can conclude that neurons are like miniature self-contained information pro-

cessors. It receives the information, processes that information, and then generates out-

puts based on that information. The dendrites are the one who receives the inputs and

then cell body process that information and axon terminal is responsible to generate out-

put based on the processed information (see Figure 1.3). The more detailed information

about the modeling of neurons and neural networks can be found herein [8–12].

Population Dynamics is derived from mathematical biology and deals with population

size and other biological factors that affect them. Besides this, it has a long history of

more than 200 years or more. Previously such type of studies are limited to demography,

but nowadays the mathematical theory is useful in epidemiology, the simulation of cancer,

neurons and ecological systems, and numerous other areas, see herein [13–23].

2 Literature Review

The main component of the neural system is the integrate-and-fire (IF) neuron. It is

used to depict the neuron’s transmembrane potential in the form of the injected current

and the synaptic inputs that it receives. Also, the membrane potential gets inputs in

two ways (excitatory or inhibitory) from different neurons. More precisely, premised on

these inputs there are two types of models, the current synapse model, and the conduc-

tance synapse models. It is called a current synapse model when the input is modeled

as injected current and termed as a conductance synapse model when there is a change

within the membrane conductance. Further, these models (conductance synapse models)

depend on the difference between the transmembrane potential and therefore the reversal
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Figure 1.3: Neuron signal direction

potential, and it describes the amplitude of the excitatory and inhibitory inputs. Addi-

tionally, the IF neuron model is understood as a point neuron model during which the

dendrite’s spatial structure of the neuron is neglected.

Leaky integrate-and-fire (LIF) neuron. The neuron is said to be leaky as the par-

ticipation of all synaptic inputs to the transmembrane potential of a neuron decay with

a membrane time constant. Additionally, the model is called a perfect integrator as the

decay in membrane potential over time is neglected. Furthermore, when the membrane

potential of a neuron reaches a fixed level that is also known as a threshold level, it gen-

erates a spike or action potential that specifies the first passage time of the membrane

potential across the threshold. Subsequently, the membrane potential is deactivated for

a short time as it reaches back to its resting state.

Background of an integrate-and-fire neuron. The IF neuron encompasses a long-

standing history. In 1907, Lapicque [14] presented a neuron model that depicts the

subthreshold electrical potential of a single neuron, using its membrane voltage, i.e., the

neuron’s membrane voltage in the terms of an electric circuit comprising of a parallel

capacitor and resistor that epitomize the capacitance and leakage resistance of the neu-

ron membrane, respectively. The membrane potential is charged until it reaches a given

threshold implies it is charged at a level where a spike appears. After reaching this level,

the potential comes back at the resting state (see Figure 1.5). Thereby, the membrane
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Figure 1.4: The equivalent circuit represents the membrane voltage of a neuron in
subthreshold level, where V denotes the membrane potential, C is the membrane

capacitance, R depicts the membrane resistance, Vrest is the resting membrane voltage,
and I is an injected current.

potential dynamics is represented as

C
dV (t)

dt
= −V + Vrest,

where C is the membrane capacitance, V (t) is the membrane potential of a neuron at

time t, and Vrest is the resting potential. With the aid of this model, Lapicque could

easily evaluate the spiking (firing) rate of a neuron (Fig. 1.1). Further, this model is used

for another neuron modeling for several decades.

Figure 1.5: The dynamics of the membrane potential of a neuron.

In 1936, Lapicque’s model is analyzed by Hill [24], with external injected current in the

neuron

C
dV (t)

dt
= −V + Vrest + Ie(t).
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Here, Ie denotes an external current that is directly injected into the neuron. The ap-

proach of the IF model is extremely useful to separate the time scale between the ex-

tremely rapid spike generation and the relatively slow subthreshold integration. It is one

of the key points on which neuronal behaviors depend. More concentration upon the

subthreshold mechanism proves that the properties of the subthreshold membrane are

a powerful tool to analyze the information processing capabilities of neurons. In 1964,

Mandelbrot and Gerstein proposed a neuron model known as the stochastic IF model

[25]. Additionally, it is constructed as a random walk problem with a threshold barrier.

Stein in 1965 and then in 1967, further modified this model that includes the decay of the

membrane potential [26, 27]. Many authors uses stochastic differential equations (SDEs)

with different numerical techniques for further developments in this model (Knight in

1972 [28], Kryukov in 1976 [29], Tuckwell in 1977 [30], Lánskỳ in 1984 [31], and Wilbur

et al. in 1982 [32]). Furthermore, these above-mentioned approaches have been used for

the examination of the effect of reversal potential and inhibition in the Stein’s model

(Tuckwell in 1978 [33] and then in 1979 [34], Cope et al. in 1979 [35], Hanson et al. in

1983 [36] and Musila et al. in 1994 [37]).

IF model equation. The general form of the membrane potential in the IF model

is

C
dV (t)

dt
= Il(V ) + Isyn(V, t) + Ie(t),

where Isyn is the synaptic current and Il is a leak current. There are many variants

available for this model. Some of them are considered in the literature. For instance,

the IF model has a leak current: Il(V ) = −g (V − Vrest), where g denotes the leak

conductance. Dividing the above equation on both sides by g, and rewrite it as

τ
dV (t)

dt
= f(V ) + Isyn(V, t) + Ie(t),

where τ =
C

g
, f(V ) = −(V − Vrest) and g has been absorbed in the currents Isyn and

Ie. The above form of the IF model is known as a leaky integrate-and-fire (LIF) neuron

model.

The Linear IF neuron model is introduced by Mattia and Fusi in 1999, [38], for the

examination of the collective behaviours of the neural networks. Further, in this model,

the depolarization of the subthreshold membrane potential is constant that is

dV (t)

dt
= −β + I(t),

7



Figure 1.6: An IF model neuron driven by a time varying current. The upper trace is
the membrane potential and the bottom trace is the input current. This image taken

from [3].

where β > 0 is a constant decay.

Kopell and Ermentrout [39], proposed a quadratic-integrate-and-fire (QIF) neuron model

in 1986 for the examination of neuron firing. In this model, neuron firing is determined

by Type I bifurcation (Izhikevich in 1999 [40]) and neurons are described as the canonical

form. This model is similar to the neuron model (Latham et al. in 2000 [41]), Gutkin et

al. in 1998 [42], Ermentrout in 1996 [43]. QIF model is used by a couple of authors to

describe the intrinsic properties of the neural system (Lindner et al. in 2003 [44], Brunel

et al. in 2003 [45]). Moreover, Fourcaud-Trocmé et al. in 2005 presented the exponential

IF neuron model to describe the time evolution of the firing rate [46, 47]. Later this

model was used by Brette et al. to describe the neural activity [48].

Neuronal Noise. Nowadays, the fascinating field of research is the IF models with

noise for a single neuron or network of neurons. Long decades ago (DeFelice in 1981 [49],

Schmitt in 1967 [50], and Holden in 1976 [51]), introduced the word noise in neuroscience.

The random fluctuation which occurs in the environment is known as neuronal noise.

Moreover, this fluctuation can occur for a single neuron or as a firing activity of the neural

network. Neurons always respond differently if the presentation of a specific input signal

is repeated. The outcomes of the neural network function and the response variability

have been under observation for many years. There are two different types of sources of

noise, external and internal. Further, the external source of noise typically refers to the

random fluctuation and the probabilistic nature of the chemical reactions, which provide

the firing activity of neurons is known as an internal source of the noise [48, 52–55]. More

precisely, noise is omnipresent in the nervous system since a single neuron is capable to get

a huge number of synaptic inputs from other neurons, and due to the fact of randomness

occurring in the opening and closing gates of the ion channels [56–58].
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The noisy leaky-integrate-and-fire model (NLIF). NLIF is a mathematical model

which describes the stochastic properties of neurons [53, 59–69]. The model equation is

determined by a Langevin equation and a discontinuous reset mechanism which stim-

ulates the generation of the action potential. Langevin equation may utilize to write

the corresponding Fokker-Planck equation (FPE), which represents the time evolution

of probability density to figure out the transmembrane potential of a neuron at a spe-

cific voltage level. Moreover, the NLIF model is also known as a simpler version of

the Hodgkin-Huxley model [70], which allowed a detailed, qualitative comparison with

physical data [9]. Later, many other authors have contributed in this field see herein

[66, 68, 71–75].

The probability density function in computational neuroscience has a long-standing his-

tory [52, 76, 77]. This concept has been used in many contexts of neuronal modeling, but

this approach is not appropriate for the simulation of large neural networks [63, 68, 78].

Knight introduced a population density approach in 1996, which deals with the simula-

tion of neural networks in a more efficient way [79]. This approach is later reformed (see

herein [80–82]) and used by many authors for analyzing the firing activity of the neural

network [53, 62–69]. Nowadays, this approach is widely used for the derivation of model

equations based on PDEs.

Mathematical population models. Mathematical models of population dynamics

comprises a long standing history and include age structure and another structuring of

the population with continuously changing properties. Aging is a vital and basic premise

when forming the population because numerous internal aspects are determined by age as

the variation in behaviors, the variation in reproduction, and the variation in the capacity

of survival are due to the difference in ages. Thereby, the age-structure population model

plays a prominent role in population dynamics. A foundation set up by McKendrick and

Lotka et al. for the PDEs technique to the modeling of an age structure in an evolving

population [83, 84]. The basic population dynamical model based on the age-structured

approach 

∂p

∂t
+
∂p

∂a
= −m (a,P(t)) p(a, t), a ≥ 0, t ≥ 0,

P(t) =
∞∫
0

p(a, t)da,

p(0, t) =
∞∫
0

B(a,P(t))p(a, t),

p(a, 0) = p0(a),

for the age density function p(a, t) at a time t. The term P(t) denotes the size of the

total population in the above equation. Further, m(a) denotes the age-specific mortality
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rate of population having age duration [a, a + da] for the one-time unit and m(a,P(t))

represents the mortality rate at the time t. Further, B(a) indicate the age-dependent

fertility rate implies number of newborn formed through the single individual whose age

falls in [a, a+da] and B(a,P(t)) indicates the total reproduction rate. Lastly, p0(.) denotes

the population size at the initial stage. The PDEs in the above model is commonly called

the Lotka-McKendrick equation.

The stabilization of the age-structure model with linear fertility and mortality identified

at the earlier stages and the study of these linear models was established later in [85, 86].

MacCamy and Gurtin in 1974 introduced a new technology based on a nonlinear Volterra

integral equation approach then used this approach to confirm the existence, uniqueness,

and convergence of equilibrium solution to the Sharpe-Lotka-McKendrick model [14].

During the last two decades, numerous authors developed various algorithms to solve

these types of the modeled equation of population dynamics [87–89]. Further, Iannelli

and Milner in 2001 concluded that the numerical methods where the standard order is

lower could not be appropriate to solve the model equations of population dynamics [18].

Therefore, it would be ideal to choose suitable higher-order methods to find a long-term

phenomenon of the model equations. The progressively complex mathematical problems

included in the nonlinearities of the age-structured models addressed the advancement

of new technology. Thereby, some other approaches are available in the literature that

employed very efficiently to solve non-linear age-structured model equations [88, 90–

95].

3 Research Gaps and Objectives

This section is devoted to the research gaps and the objectives for this research.

Research Gaps

� The absence of higher-order numerical techniques for the population density ap-

proach of an integrate-and-fire neuron.

� Discontinuous Galerkin method is not widely used to examine the behavior of neural

population dynamics.

� The higher-order schemes need to be studied for the population model of an excitatory-

inhibitory network of an integrate-and-fire neuron.

� The application of population density approach for an excitatory-inhibitory neuron

population with delays and refractory periods.
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� The application of population dynamics: an age-structured tumor growth popula-

tion model with non-linear mortality rate and fertility rate need to be investigated.

Objectives

� Development of numerical approximation based on discontinuous Galerkin finite

element method for the time-dependent partial differential equations arising in neu-

ronal variability.

� Construction of stable and convergent discrete numerical approximation based on

the finite element method for the biological process motivated by neuroscience.

� Usual extension of the numerical methods for the other realistic phenomena arising

in related processes.

The remaining sections present an overview of some important mathematical concepts

that are related to this study.

4 Numerical Methods

Numerical analysis is the branch of mathematics and also computer science that deals

with the study of algorithms to determine the numerical solution of the problems of con-

tinuous mathematics. Due to the rapid advancements in computer technology, the uses

of numerical techniques for solving realistic mathematical model problems whose analyt-

ical solution cannot be found, have been increased. There are several numerical methods

such as FDM, FEM, FVM, spectral method, boundary element method, and many more,

which provide the best approximate results for an appropriate system of PDEs (see herein

[96–100]). Here, we present a brief introduction to some of the methods that are widely

used to tackle non-linear PDEs.

The finite difference method is the easiest method to apply and to solve a differen-

tial equation. The basic idea of the finite difference method is to replace the derivative

appearing in a differential equation with an approximate difference formula. The differ-

ence formula is derived from Taylor series expansion. In the consequence of the relative

ease of implementation and flexibility, the difference method is the first choice method

for the numerical solution of the differential equation. However, this method has some

disadvantages: the method becomes intricate when solving the differential equation on

an irregular domain, the PDEs are non-linear or based on the variable coefficient, it is

not easy to prove the stability, consistency, and convergence for the difference method.

However, this method serves as a basis for other numerical methods (see [101–104]).
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The spectral method is another numerical technique to solve the differential equation.

This method is only useful when the solution is smooth and the domain is simple. This

method has some drawbacks: it is very complicated to implement, it cannot represent

the physical processes in spectral space. Moreover, this method is very expansive at

high resolution. The interested readers can find more details about these methods herein

[105–110].

The boundary element method is a numerical technique, which is applied to solve

those PDEs that may be converted into integral equations. This method tries to utilize

the given boundary conditions (BCs) to fit boundary values into the integral equation,

instead of the values throughout the space specified by the PDE. The interested readers

can find more details about this method herein [111, 112].

The finite element method has a basic idea of a piece-wise representation of the

solution in terms of specified basis functions, meshing the modeled domain into smaller

elements, and solution in each element is constructed from the basis functions. Moreover,

the FEM has the advantages of low sensitivity to a large gradient and high-order polyno-

mial refinement. Additionally, FEM can be implemented for those situations where the

other numerical techniques are bounded to the problems having only a finite regular space

as in realistic situations, the irregular space is always determined. Thus, this method is

suitable for the solution to the problems that depict real-life situations. Thereby, in this

research work, the FEM approach is used for the simulation of the biological process

arising from neuronal variability. The detailed study of these methods can be found in

[113, 114].

Moreover, a wide range of FEM exists for the numerical analysis of PDEs with higher-

order accuracy. Classic approaches include DG methods which combine the properties of

the FEM and the FVM techniques and have been effectively implemented for hyperbolic,

parabolic, elliptic, and mixed form problems resulting from a wide range of applications.

Discontinuous Galerkin method is a class of FEM using completely discontinuous

basis functions generally chosen as piece-wise polynomials. This method provides local

approximation flexibility by using discontinuous piecewise polynomials as a basis func-

tion and thus, can be designed for the higher order of accuracy that is determined locally

by using a higher-order polynomial approximation within an element. Therefore, dis-

continuous Galerkin (DG) methods have the local approximation flexibility, along with

good stability properties. These methods provide a range of appealing properties for the

numerical approximations of various classes of PDE problems whereby standard methods

underperform or even fail.

This thesis aims to understand the biological phenomena in terms of non-linear mathe-

matical models that are very difficult to solve analytically. Hence, we need the appropri-

12



ate numerical methods to get the numerical solutions of such non-linear model equations.

Because of the above-mentioned properties, the DG method is a decent choice among

these types of non-linear PDEs. The detailed study of the DG method can be found

herein [115]. Here, we provide a simple example to describe the implementation of the

DG method for the first-order time-dependent PDE equation∂tu+ ∂xf = 0, t ≥ 0, f(u) = u,

u(x, 0) = u0(x), x ∈ R.
(1.1)

We suppose that the domain Ω is well approximated by Ωh that can be discretized into

K non-overlapping sub-domains (or elements) Dk where k ∈ [1, K]. So we have

Ω ≈ Ωh =
K⋃
k=1

Dk.

Here we represent the numerical approximation to the true solution of the problem with

uh(x, t) and the local approximations (in each element) by ukh(x, t). We wish to express

the local solution in each element by a polynomial of order N using the shape functions

ϕki (x) :

ukh(x, t) =
N+1∑
i=1

ukh(x
k
i , t)ϕ

k
i (x), xki ∈ Dk.

Defining the residual function Rh(x, t) as below, we need to determine in which sense we

want the residual to vanish and uh to approach the true solution:

Rh(x, t) =
∂u

∂t
+
∂f

∂x
.

Now suppose that the solution u and the test function ϕ arise from a finite-dimensional

approximation space Vh, that generally taken as the space of piecewise polynomials of

degree up to N. To this end, we take the globally defined test space

Vh =
K⊕
k=1

V k
h , where V k

h = span{φi(Dk)}N+1
i=1 .

Define the Legendre inner product on interval I in the following form:

(u, v)I =

∫ 1

−1

uvdx
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resulting in the L2 norm ||u||2 = (u, u)I . Now we can desire the residual that is orthogonal

to this test space; i.e. the inner product of the residual and all the test functions in Vh

to vanish: ∫
Dk
Rh(x, t)φi(x) = 0 1 ≤ i ≤ N + 1, ∀ k ∈ [1, K].

Now, if the space of the test functions φi is the same as the space of the shape functions

ϕi, the method of approximation is called Galerkin method. In discontinuous Galerkin

finite element methods, the shape functions only need to be smooth within each element

Dk and are not continuous across element faces or otherwise constrained. This gives the

advantage of these discontinuous Galerkin Methods over other methods. After multiply

the equation (2.3) with the test function ϕj then taking the integration by parts over the

cell Dk, we get as follows:∫
Dk

∂uk

∂t
ϕkjdx−

∫
Dk
fk
∂ϕkj
∂x

dx+
[
(fk)ϕkj

]xkr
xkl

= 0, where 1 ≤ j ≤ N + 1. (1.2)

Now, it is considerable that because of the lack of continuity of the test functions at

the element faces, the solution at these points is not unique. Let us assume for the

moment that these values are given by (f)∗, representing the numerical flux at the element

boundaries. Further, these values are reliable to get global solution to the problem from

the local approximations and applying the BCs.

If we integrate the Eq.(1.2) by parts again to remove the smoothness constraint on the

test function, we will achieve the strong form:

∫
Dk

∂uk

∂t
ϕkjdx+

∫
Dk

∂fk

∂x
ϕkjdx =

[(
fk − f ∗

)
ϕkj
]xkr
xkl
. (1.3)

As mentioned above the constraint on the test functions has been removed and they can

even be non-smooth or essentially delta functions. Using local mass and stiffness matrix

defined

Mk
ij = (ϕi, ϕj)Dk and Skij = (ϕi,

∂ϕj
∂x

)Dk , (1.4)

we can rewrite the equation as the local semi-discrete equation∫
Dk

(
Mk ∂

∂t
uk + Sk(fk)

)
dx =

[(
fk − f ∗

)
ϕ
]xkr
xkl
. (1.5)

14



This gives a system of K × (N + 1) system of equations with the same number of un-

knowns. As a result, by defining the specific test functions that we want to use for our

approximations and the appropriate flux functions, we can recover the local nodal values

as well as the global solution.

However, the boundary terms are not well defined when u in this space, are discontinuous

at the cell interfaces. As there is a lack of the continuity of test functions at element

interfaces, the solution is not exactly unique at these boundary points. That is the

stage where the traditional technique of the finite volume method is adopted by the

discontinuous Galerkin method. These element interface values must be replaced by

the numerical flux to guarantee stability and convergence. The critical ingredient for

developing an accurate and stable scheme is the right design of these fluxes. Thus,

replace the interface term f(u)∗ by a single-valued numerical fluxes

f̂(u) = f(u−, u+), (1.6)

which depends on both the values, the left limit, and the right limit. Additionally, the

subscript ”−” is used for the interior information within the element, and ” + ” is used

for the exterior information within the neighboring element. Moreover, the properties

of single-valued approximated flux are f̂(u, u) = f(u)(consistency), monotonicity, and

Lipschitz continuous concerning both arguments. Various numerical flux functions exist in

the literature that satisfied the above-mentioned requirements such as Roe flux functions,

Lax-Friedrichs flux, and many others. Furthermore, types of monotone fluxes that are

appropriate for DG methods can be found herein [116].

5 Thesis Organization

The thesis is organized into five chapters. A brief outline is given below:

� Chapter 1: Introduction and Summary

This chapter starts with the overview of mathematical modeling, some aspects of

computational biology, and then discusses the structure of neurons and their behav-

iors. Further, it presents the literature survey on computational neuroscience and

population dynamics and introduces some theories of the related model equations.

Additionally, it summarizes the discontinuous Galerkin method that used in this

study.

� Chapter 2: Numerical Approximation for Nonlinear Noisy Leaky integrate-

and-fire Neuronal Model
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This chapter begins with a brief background of the nervous system and its related

model equation. Further, it presents the proposed numerical scheme based on the

finite element approach, which is used to find the approximate solution of the gov-

erning equation. Finally, numerical experiments are taken to demonstrate both the

effectiveness and efficiency of our proposed method.

The research work in this chapter has been appeared in “ Mathematics”, 2019 [117].

� Chapter 3: Discontinuous Galerkin Approximation for the Excitatory

and Inhibitory Population Density Model

This Chapter presents the excitatory and inhibitory neuron population model based

on LIF neurons with the effect of the refractory period and transmission delays.

Firstly, it starts with the overview of the IF neuron model for deriving of governing

equation with the help of the population density approach. Further, it presents a

discontinuous Galerkin numerical scheme to find the approximate solution of the

model equation. This chapter also discusses the stability of the proposed framework.

For the performance evaluation of the proposed technique, some numerical examples

are present in this chapter.

The research work in this chapter has appeared in the “ International Journal of

Modern Physics C”, 2020 [118].

� Chapter 4: Numerical Study of the Age-structured Tumor Cell Popula-

tion Model

This chapter deals with the non-linear population dynamical model which is based

on the age-structured approach. Particularly, this model consists of tumor cell pop-

ulation dynamics based on an age-structured approach where each cell has a finite

maximum age. The model comprises the fertility and mortality factors, which de-

pend on age. Further, it presents a high-order accurate numerical scheme to find

the approximate solution of the model equation. The chapter concludes with a

performance evaluation of the proposed work using some numerical experiments.

The research work in this chapter has appeared in the “ International Journal of

Modern Physics C”, 2021 [119].

� Chapter 5: Conclusions and Future Scope

This chapter concludes the study and discusses some future directions of the present

work.

The relevant references are appended at the end of the thesis.
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Chapter 2

Numerical Approximation for Nonlinear Noisy

Leaky Integrate-and-Fire Neuronal Model 1

In this chapter, the population density approach of integrate-and-fire neurons is being

used to describe the neuronal variability. The resulting model is known as a noisy leaky-

integrate-and-fire (NLIF) model which is governed by the nonlinear time-dependent par-

tial differential equation (PDE). The derived PDE is termed as Fokker-Planck Equation

(FPE) which depicts the dynamical behavior of the probability density. In this chap-

ter, FEM is applied to determine the numerical solution of the governed equation. The

importance of this scheme is that FEM can be implemented to tackle those situations

whereas the other numerical techniques are restricted to the problems having only a finite

regular space as in the realistic neural network, the irregular space is always determined.

Due to these advantages, FEM is a preferable numerical technique for the simulation of

these model equations. Further, some numerical examples are included to discuss the

solution behavior graphically.

1 Introduction

The large-scale neural network models in computational neuroscience have become famil-

iar. The classical description of these (excitatory-inhibitory) neural network models is

based on the deterministic/stochastic system. The most popular one is the NLIF neuron

model in which the biological phenomena of the whole population of neurons are mod-

eled as an SDE equation for the time evolution of membrane potential of a single neuron

representative of the network. Thereby, the dynamics of a single neuron is presented by

([9, 54, 80, 120])

τm
dV

dt
= −V (t) + I(t), (2.1)

1Dipty Sharma, Paramjeet Singh, Ravi P. Agarwal, Mehmet Emir Koksal.“Numerical Approximation for Nonlinear
Noisy Leaky Integrate-and-Fire Neuronal Model”, Mathematics, 7 (4), 363, 2019.
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where V (t) represents the membrane potential of a single neuron and τm is the time

relaxation of the membrane potential in the absence of any communication. The commu-

nication of a single neuron with the network is modeled by the synaptic input current,

I(t). The form of I(t) is based on the stochastic approach as given in ([121])

I(t) = JE

NE∑
n=1

∑
m

δ(t− tnEm)− JI
NI∑
n=1

∑
m

δ(t− tnIm).

Here, each spike is treated as a delta function, and if a spike occurs at time t = t0, it is

denoted by δ(t− t0). The terms tnEm and tnIm in above equation represent the time of mth-

spike receiving from nth-presynaptic neuron for excitatory and inhibitory (EI) neurons,

respectively. Moreover, the terms NE and NI are the total number of presynaptic neurons,

where JE and JI are the strength of the synapses for EI neurons, respectively. Since the

above form of the synaptic input current is the discrete Poisson process, it becomes very

difficult for further investigation. In addition, the researchers have used the diffusion

approximation in which the synaptic input current I(t) is simulated stochastically by a

continuous in time Ornstein-Uhlenbeck-type as given by

I(t)dt ≈ µcdt+ σcdBt . (2.2)

Initially, it is assumed that every neuron generates spikes according to a stationary Pois-

son process with constant probability of generating a spike per unit time r, and it is also as-

sumed that all these processes are independent between neurons, because of these assump-

tions, the mean value of the current, indicated by µc, is given by br = (NEJE − NIJI)r

and its variance, σ2
c = (NEJ

2
E + NIJ

2
I )r. Here, we have to depict the likelihood of firing

per unit time of the Poissonian spike train r and it is thus recognized as the rate of firing,

which should be computed as r = Iext + N(t), where N(t) is the mean firing rate of the

network. On the other side, Bt is the standard Brownian motion in above equation.

The next important factor in the modeling is that the neurons generate a spike only

when its membrane potential V (t) arrives at a certain voltage, known as threshold VF ,

and instantly reset toward a resetting potential VR < VF and sends a signal over the

network. Comprising the continuous form of I(t) in SDE model (3.1), we obtain

τmdV = (−V + µc)dt+ σcdBt, V ≤ VF , t ≥ 0,

where τm = 1. We suppose that the voltage of a neuron arrives at threshold level at

time t−o , i.e., V (t−o ) = VF and after that the voltage arrives suddenly at resting potential,

i.e., V (t+o ) = VR, VR < VF . Furthermore, one can write the associated FPE with source
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term by using Ito’s rule [122], for the evolution of probability density function p(v, t) ≥ 0

of finding neurons at a voltage v ∈ (−∞, VF ], with time (t ≥ 0)

∂

∂t
p(v, t) +

∂

∂v
[h(v,N)p(v, t)]− a(N(t))

∂2

∂v2
p(v, t) = N(t) δ(v − VR), (2.3)

where h(v,N) = −v + µc, a(N(t)) = σ2
c

2
, and N(t) is the mean firing rate of the network

which is computed as the flux of neuron at the firing voltage. The source term of the

Equation (2.3) comes from the fact that when the neurons generate spikes and send the

signals over the network, their voltage immediately reset to the reset potential VR. At

the relaxation time, no neuron have the firing voltage, for this reason, the initial and

boundary conditions are given by

p(v, 0) = p0(v) ≥ 0, p(VF , t) = 0, p(−∞, t) = 0. (2.4)

We can easily verify the conservation of the total number of neurons in above equation.

For this purpose, we need to describe the mean firing rate for the network. Since the

mean firing rate is the flux of neurons at VF , the value of N(t) is given by N(t) =

−a(N(t))∂p(VF ,t)
∂v

. Integrating (2.4) across the voltage domain and using the above BCs,

we obtain the required condition.

Equation (2.3) represents the probability density evolution and thereby

VF∫
−∞

p(v, t)dv =

VF∫
−∞

p0(v)dv = 1. (2.5)

If we translate the new voltage variable by considering v = v + bIext then we have

h(v,N) = −v+µc = −v+ br = −v− bIext + br = −v− bIext + b(Iext +N(t)) = −v+ bN,

and diffusion coefficient is of the form a(N) = a0 + a1N, a0 > 0, a1 ≥ 0. The more

detail information about mathematical aspects of nonlinear NLIF models, can be found

herein [123–127]. We are concern about finding the value of the unknown p(v, t) using an

alternative approach. The problem (2.3)–(2.5) cannot be solved analytically, because of

its complexity arising from nonlinearity and having a source term [128–135]. Therefore,

numerical methods are generally used, for example, the finite difference method (FDM)

is used to find the approximate solution of the governing equation [122]. However, FDM

has some disadvantages, for instance, the singularity in the delta source term, as in

the above-mentioned equation, makes the solution divergent. In order to use the FDM

appropriately, the governing equation must be modified, due to the fact that the procedure

becomes complicated. Hence, in the present work, we propose a formulation based on

finite element approximation to find the solution of governing equation. FEM is one of
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the powerful numerical methods for the solutions of problems that describe the real-life

situations [136–142]. Moreover, the characteristics of FEM tackle the singularity problem

in an effective manner [114, 143–153]. The applicability of FEM regarding this model

problem is demonstrated in the final section. The description of the chapter is as follows:

We consider the NLIF model described by Equations (2.3) and (2.4). In Section ??, we

develop the numerical approximation based on the finite element approach. We report

some numerical examples from [122] and discuss the solution behavior graphically in

Section ??. In the last section, we conclude the work done in this chapter.

1.1 Preliminaries

Here, we state some basic definitions and auxiliary results, which will be used throughout

the manuscript. As we are studying a nonlinear version of the FPE, we start with the

notion of weak solution.

Definition 1.1. We say that a pair of non-negative functions (p,N) with

p ∈ L∞(R+;L1
+(−∞, VF )), N ∈ L1

loc,+(R+) is a weak solution of (2.3) and (2.4) if for

any test function φ(v, t) ∈ C∞((−∞, VF )× (0, T )) such that
∂2φ

∂v2
, v
∂φ

∂v
∈ L∞((−∞, VF )×

(0, T )), we have

T∫
0

VF∫
−∞

p(v, t)

[
−∂φ
∂t
− ∂φ

∂v
h(v,N)− a∂

2φ

∂v2

]
dvdt

=

T∫
0

N(t) [φ(VR, t)− φ(VF , t)] dt

+

VF∫
−∞

p0(v)φ(0, v)dv −
VF∫
−∞

p(v, T )φ(T, v)dv.

Here, the space Lp(Ω), 1 ≤ p < ∞, refers to the space of functions such that fp is

integrable in Ω, while L∞ corresponds to the space of bounded functions in Ω. The set

of infinitely differentiable functions in Ω is denoted by C∞(Ω) used as test functions in

the notion of weak solution. The blow-up of solution and a priori estimates are given

in [122]. We here just state the results.

Theorem 1.1. (Blow-up) Assume that the drift and diffusion coefficients satisfy

h(v,N) + v ≥ bN and a(N) ≥ am > 0, (2.6)
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for all −∞ < v ≤ VF and all N ≥ 0, and let us consider the average-excitatory network

where b > 0. Choose µ > max
(
VF
am
, b

1

)
. If the initial data is concentrated enough around

v = VF , in the sense that
VF∫
−∞

eµvp0(v)dv

is close enough to eµVF , then there are no global-in-time weak solutions to (2.3)–(2.5).

Lemma 1.2 (A priori estimates). Assume h(v,N) = −v+ bN, a(N) = a0 + a1N on the

drift and diffusion coefficients and that (p,N) is a global-in-time solution of (2.3)–(2.5)

in the sense of Definition 1.1 fast decaying at −∞, then the following a priori estimates

hold for all T > 0:

1. If b ≥ VF − VR, then

VF∫
−∞

(VF − v)p(v, t)dv ≤ max

VF , VF∫
−∞

(VF − v)p0(v) dv

 ,

(b− VF + VR)

T∫
0

N(t)dt ≤ VFT +

VF∫
−∞

(VF − v)p0(v)dv.

2. If b < VF − VR, then

VF∫
−∞

(VF − v)p(v, t) dv ≥ min

VF , VF∫
−∞

(VF − v)p0(v) dv

 .

Moreover, if in addition a is constant, then

T∫
0

N(t)dt ≤ (1 + T ) C(VF , VR, a, p
0).

In a latest work [122], it was demonstrated that the problem (2.3)–(2.5) can produce

a finite time blow-up solution for excitatory networks b > 0 when the initial data is

concentrated near sufficient to the threshold voltage. This result was obtained by giving

no information about the behavior at the blow-up time. In a recent work [126], we state

the theorem gives a characterization of this blow-up time when it occurs for b > 0.

Theorem 1.3. Let p0(v) be a non-negative C1((−∞, VF )
⋂
L1(−∞, VF ) function such
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that p0(VF ) = 0 and
∂p0

∂v
= 0.

There exist a classical solution of (2.3-2.5) in the time interval [0, T ∗) with T ∗ > 0. The

maximal existence time T ∗ > 0 can be characterized as

T ∗ = sup{t > 0 : N(t) <∞}.

Moreover, when b ≤ 0 we have that T ∗ =∞, while for b > 0 there exist classical solutions

which blow up at a finite time T ∗ and consequently have diverging mean firing rate as

t ↑ T ∗. We now state the main result on steady states from [122].

Theorem 1.4. Let h(v,N) = bN − v, a(N) = a0 + a1N with a0, a1 > 0.

1. Under either the conditions b > 0 and 2a0b+2a1VR < (VF−VR)2VR, or the condition

b < VF − VR, then there exists at least one steady state solution to (2.3)–(2.5).

2. If both 2a0b+ 2a1VR < (VF − VR)2VR and b > VF − VR hold, then there are at least

two steady states to solution to (2.3)–(2.5).

3. There is no steady state to (2.3)–(2.5) under the high connectivity condition’

b > max(2(VF − VR), 2VF I(0)). (2.7)

2 Finite Element Approximation

We construct the numerical approximation of the problem given in (2.3) and (2.4) in two

ways: First we use FEM for space discretization that provides a system of ODEs, which

is then solved by Euler’s backward difference for time. Spatial discretization involves the

construction of a weak formulation of problem over a given domain Ω = [v0, vn] with

specified BCs at v = v0 and v = vn. Weak formulation of the problem (2.3) and (2.4) is

obtained by multiplying the equation with some test function w(v) and integrating over

Ω, ∫
Ω

w(v)
{∂p
∂t

+
∂

∂v

(
h(v,N)p

)
+ a(N(t))

∂2p

∂v2

}
dv = N(t)

∫
Ω

w(v) δ(v − VR) dv. (2.8)

In the present study, the mean firing rate N(t) is approximated by using backward

FDM. Performing the integration by parts in above equation, we get the following equa-
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tion:∫
Ω

{
w
∂p

∂t
−
(
h(v,N) p

∂w

∂v

)
+ a(N(t))

∂p

∂v

∂w

∂v

}
dv = N(t)

∫
Ω

w(v) δ(v − VR) dv. (2.9)

This resulting integral (2.9) is called weak formulation because it allows approximate

function with less continuity (or differentiability) than the strong form given in Equa-

tion (2.3). Once we obtained the weak formulation, next step is to discretize the weak

form for the easy representation and to capture the local effects more precisely. Weak

form discretization consists of dividing the entire domain into set of elements, then de-

veloping the finite element model by seeking the approximation of a solution over a

typical element. This discretization is tackled by taking n non-overlapping elements say

Di = [vi, vi+1] for i = 1, 2, . . . , n with step size h given by :∫ vi+1

vi

{
w
∂p

∂t
−
(
h(v,N) p

∂w

∂v

)
+ a(N(t))

∂p

∂v

∂w

∂v

}
dv = N(t)

∫ vi+1

vi

w(v) δ(v − VR) dv. (2.10)

The unknown function p(v, t) must be approximated in a manner so that continuity or differ-

entiability demands by weak formulation can be met. Since the weak formulation contains the

first-order derivative of p, any function with a non-zero first derivative would be a candidate for

approximation. If we choose the N th order basis function for the approximation, there are N+1

nodes per element. Thus there are N+1 shape functions for the N th order approximation

ψi =
N+1∏

j=1, j 6=i

(v − vj)
vi − vj

, i = 1, 2, . . . , N + 1. (2.11)

In this chapter, we use the linear (N = 1) basis function to describe the implementation of the

numerical approximation, thus the semi discretization consists of finding

pi =
i+1∑
j=i

p̂j(t)ψj(v), (2.12)

where p̂j are the nodal values and ψj are the basis functions given by

ψi(v) =
vi+1 − v

h
,

ψi+1(v) =
v − vi
h

. (2.13)

There are many choices of weight function w(v) to be used. Particular choice for the weight

function w(v) in Galerkin approach is the same as the choice of basis function ψj(v). Thus,

substituting weight function w = ψl(x), l = i, i+ 1 and approximation for the solution defined

by Equation (2.12) in weak formulation obtained in Equation (2.10) leads to the following equa-
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tion:∫ vi+1

vi

[
ψl

(
i+1∑
j=i

dp̂j
dt
ψj

)
− h(v,N)

dψl
dv

(
i+1∑
j=i

p̂jψj

)
+a(N(t))

dψl
dv

(
i+1∑
j=i

p̂j
ψj
dv

)]
dv

= N(t)

∫ vi+1

vi

δ(v − VR)ψl dv.

On simplification of the above, we get as follows

i+1∑
j=i

[(∫ vi+1

vi

ψl ψj dv

)
dp̂j
dt
−

(∫ vi+1

vi

h(v,N)ψj
dψl
dv

dv

)
p̂j+a(N(t))

(∫ vi+1

vi

dψl
dv

dψj
dv

dv

)
p̂j

]

= N(t)

∫ vi+1

vi

δ(v − VR)ψl dv.

(2.14)

Solving Equation (2.14), we get the system of ODEs for p̂ = (p̂0, p̂1)T , which can be expressed

in matrix notation given by

A p̂t(t
k) +

(
B − C +D

)
p̂(tk) = f, (2.15)

where

A =

∫ vi+1

vi

ψl ψj dv =
h

6

[
2 1

1 2

]
,

B =

∫ vi+1

vi

v ψ′l ψj dv =
1

6h2

[
−a1 −a2

a1 a2

]
, where

a1 = 3vih
2 + h3

a2 = 3 vih
2 + 2h3

C = bN(tk−1)

∫ vi+1

vi

ψ′l ψj dv = bN(tk−1)

[
−1/2 −1/2

1/2 1/2

]
,

D =
a(N(tk−1))

h

∫ vi+1

vi

ψ′l ψ
′
j dv =

a(N(tk−1))

h

[
1 −1

−1 1

]
,

f = N(tk−1)

∫ vi+1

vi

δ(v − VR)ψl dv = N(tk−1)

[
δ(i)VR

δ(i+1)VR

]
.

By assembling the contribution from all elements, we get the following system for the global

nodal vector p = [p0, p1, . . . , pn]T on the entire domain

Apt(t
k) +

(
B − C +D

)
p(tk) = f, (2.16)

24



where f is the column vector with all entries are zero except at reset potential VR. Ordinary

differential Equation (2.16) requires implicit and stable time-stepping method to avoid extremely

small time-step. Firstly we discretize the time domain [0, T ] into m sub-intervals with time

step ∆t. We use the Euler’s backward difference in time and get the following system from

Equation (2.16):

M pk =
A

∆t
pk−1 + f, where M =

A

∆t
+B − C +D, (2.17)

this algebraic system (2.17) can be solved for pj .

3 Numerical Experiments

Here, we use some numerical examples to demonstrate the behavior of the solutions of the

nonlinear NLIF model. The performance of the developed scheme is tested by comparing our

results with the existing scheme in the literature. Consider the system (2.3) and (2.4) with

initial data as follows

p(v, 0) =
1

σ0

√
2π

e
−(v−v0)

2

2σ20 , (2.18)

where change in mean v0 and variance σ2
0 describe different scenario of a solution.
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(a) Numerical simulation for p(v, t) using FEM
at

different time level.
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(b) Comparison of the existing scheme and
FEM for p(v, t) at t = 1.5.

Figure 2.1: The approximate solution p(v, t) for initial data (2.18) with mean v0 = 0
and variance σ2

0 = 0.25. The system is considered for the excitatory case i.e. by taking
b = 0.5 > 0 with activity dependent noise a(N(t)) = a0 = 1.

We notice that the behavior of the solution depends upon the value of excitatory (b > 0) and

inhibitory (b < 0) average network. First we take constant diffusion coefficient a(N) = a0 and

find the effect on solution with change in value of b.
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In Figure 2.1a, we find that after some time the solution p(v, t) goes to steady state by taking

excitatory case i.e., b = 0.5 > 0 small enough.

The approximate solution p(v, t) for v ∈ [−4, 2] at different time levels t > 0 is graphically

represented in Figure 2.1 with a reset potential VR = 1. From Figure 2.1a, we see that height of

impulse decreases as time increases and after some time it reaches a steady state. In Figure 2.1b,

we perform numerical approximation based upon FEM and compare the results obtained in [122]

at a final time t = 1.5.

The evolution of the rate of firing denoted as N(t) with the time t > 0, is graphically represented

in Figure 2.2. We find that the rate of firing has a different range with change in b > 0 excitatory

case as well as the inhibitory case b < 0. In Figure 2.2a, we consider the case when the initial data

is centred at v0 = 0 with b = 0.5. We observe that the solution reaches a steady state. We also

take the cases when the initial data is centred at v0 = −1 and different values of b = 3, 1.5,−1.5,

to find different phenomena based on these values in Figure 2.2. In Figure 2.3a, we performed

numerical approximation based upon FEM and compared the results obtained in [122] at a time

t = 0.0408. The evolution of firing rate N(t) with the time t > 0, is graphically represented in

Figure 2.3b, which describes the blow-up situation when the initial data is concentrated around

v0 = 1.5 with b = 1.5 > 0. Tables 4.3 and 4.4 gives the different error values at the final time

t = 0.0408 for the same data that is graphically represented in Figure 2.6.

Errors of the numerical solution p(v, t) are calculated in different norms ‖·‖1, ‖·‖2, ‖·‖∞, norms

which are defined as follows

‖·‖1 = ∆v
∑
i

|(p∆v)i − (p∗)i|,

‖·‖2 =

√
∆v
∑
i

|(p∆v)i − (p∗)i|2,

‖·‖∞ = max |(p∆v)i − (p∗)i|,

where p∗ is the numerical solution at finest grid N∗. For the numerical experiments, we find

the errors with the finest grid being N∗ = 320. Our test outcomes show that the error defined

above is sure a monotone decreasing function as N increases i.e., N = 20, 40, 80, 160.

The errors for the approximate solution simulated in Figures 2.1, 2.3 and 2.4 are graphically

represented in Figures 2.5–2.7 respectively. From Figure 2.4a, it is clear that when initial

data is concentrated enough near the threshold point VF , solution blows up at a finite time

t = 0.0025, which is earlier than the phenomena described in Figure 2.3b. This happens

because initial data is centered sufficiently close to the certain threshold point i.e., v0 = 1.83,

with b = 0.5 > 0 small enough. For different error values and CPU time for the data graphically

represented in Figure 2.4, see Tables 4.5 and 4.6. In Figure 2.8, we treat the cases for

a(N) = a0 +a1N(t), a0, a1 > 0 type activity dependence noise.Figure 2.8a shows that by taking

b = 0.5 and a(N(t)) = 0.5 + N(t)/8 solution goes to steady state. This further indicates that

solution goes to a steady state earlier than the solution behavior provided in Figure 2.8b by
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Figure 2.2: Firing rates N(t) for a0 = 1 with initial data given in Eq. (2.18). Top left:
b = 0.5 with: v0 = 0 and σ2 = 0.25. Top right: b = 3 with: v0 = −1 and σ2 = 0.5. The
top right case seems to illustrate a blow-up phenomena. Bottom left: b = −1.5 with:

v0 = −1 and σ2 = 0.25. Bottom right: b = 1.5 with: v0 = −1 and σ2 = 0.25.

taking a(N(t)) = 0.4 + N(t)/100. Figure 2.8c shows blow-up situation of a solution by taking

b > 1 and a(N(t)) = 0.5 +N(t)/8. From Figure 2.8d, we find that by reducing the noise factor

a(N(t)) = 0.4 +N(t)/100, solution goes to steady state.

The behavior of the solution by taking noise factor a(N(t)) = 1 +N(t)/100 for both the cases

of EI are represented in Figure 2.9. From Figure 2.10a, we find that solution blows up in a

finite time and right figure indicate the situation of steady state by reducing the noise factor.
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Table 2.1: Error estimates for the numerical solution p(v, t) graphically represented in
Figure 2.1 by using FEM at time t = 1.5 with the finest grid being N∗ = 320.

N ‖·‖1 ‖·‖2 ‖·‖∞ CPU time(sec)
20 0.010161 0.005158 0.004335 0.067127
40 0.003960 0.001973 0.001516 0.371851
80 0.001542 0.000773 0.000542 3.080583
160 0.000489 0.000247 0.000171 33.034109

Table 2.2: Estimates of error for the approximate solution p(v, t) graphically
represented in Figure 2.1 by using WENO-FDM at a time t = 1.5 with the finest grid

being N∗ = 320.

N ‖·‖1 ‖·‖2 ‖·‖∞ CPU time(sec)
20 0.289460 0.325151 0.283239 1.037672
40 0.135309 0.151787 0.039987 6.045227
80 0.047782 0.051424 0.009268 46.438833
160 0.013548 0.012541 0.001921 361.179426

Table 2.3: Error norms for the numerical solution p(v, t) graphically represented in
Figure 2.3 by using FEM at a time t = 0.0408 with the finest grid being N∗ = 320.

N ‖·‖1 ‖·‖2 ‖·‖∞ CPU time(sec)
20 0.159578 0.182739 0.283239 0.039572
40 0.022391 0.023427 0.039987 0.109250
80 0.005192 0.005395 0.009268 0.751499
160 0.001122 0.001127 0.001921 8.015343

Table 2.4: Error norms for the numerical solution p(v, t) graphically represented in
Figure 2.3 by using WENO-FDM at a time t = 0.0408 with the finest grid being

N∗ = 320.

N ‖·‖1 ‖·‖2 ‖·‖∞ CPU time(sec)
20 0.289460 0.325151 0.538803 0.431218
40 0.135309 0.151787 0.262857 1.588952
80 0.047782 0.051424 0.089970 10.601858
160 0.013548 0.012541 0.018749 83.066463

Table 2.5: Error estimates using FEM for the approximate solution p(v, t) graphically
represented in Figure 2.4, at a final time t = 0.00255 with the finest grid being

N∗ = 320.

N ‖·‖1 ‖·‖2 ‖·‖∞ CPU time(sec)
20 0.319312 0.568807 1.260046 0.024043
40 0.170528 0.221119 0.466656 0.031783
80 0.082213 0.119544 0.305763 0.079694
160 0.021068 0.030539 0.073327 0.536440
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(a) Comparison of the existing scheme and
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Figure 2.3: Left: The approximate solution p(v, t), Right: Firing rate N(t) for initial
data given in Eq. (2.18) with mean v0 = 1.5 and variance σ2

0 = 0.005. The system is
considered for the excitatory case i.e. by taking b = 1.5 > 0 with activity dependent

noise a(N(t)) = a0 = 1.

Table 2.6: Error estimates using WENO-FDM for the approximate solution p(v, t)
graphically represented in Figure 2.4, at a final time t = 0.00255 with the finest grid

being N∗ = 320.

N ‖·‖1 ‖·‖2 ‖·‖∞ CPU time(sec)
20 0.372501 0.536629 1.056888 0.295874
40 0.173326 0.253474 0.501970 0.375890
80 0.073974 0.109328 0.221484 0.967150
160 0.024875 0.036970 0.075089 5.550542

4 Summary

We have presented a finite element method to find the approximate solution of the non-linear

NLIF model. The performance of the proposed method is validated by comparing it with an

existing scheme in the literature. The approximate solutions determined by the Galerkin finite

element method have the same accuracy as achieved by a finite difference scheme (WENO-

FDM). The proposed scheme takes less computational time compared to WENO-FDM. The

reason behind that the existing scheme contains many computational factors such as smoothness

indicator functions and non-negativity weights etc. Moreover, we also included the role of both

excitatory and inhibitory impulses in the model equation. The behavior of the solution is

simulated by taking some test examples. The results reveal that the continuous Galerkin FEM

is better than the WENO-FDM for simulating dynamics of neuronal networks in the brain.

The next chapter presents a numerical study for the EI population density model based on LIF

neurons with the effect of the refractory period and transmission delays.
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Figure 2.4: Left: The approximate solution p(v, t), Right: Firing rate N(t) for initial
data given in Eq. (2.18) with mean v0 = 1.83 and variance σ2

0 = 0.003. The system is
considered for the excitatory case i.e. by taking b = 0.5 > 0 with activity dependent

noise a(N(t)) = a0 = 1.
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Figure 2.5: Error estimates for the approximate solution p(v, t) graphically represented
in Figure. 2.1.
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Figure 2.6: Error estimates for the approximate solution p(v, t) graphically represented
in Figure 2.3.
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Figure 2.7: Error estimates for the approximate solution p(v, t) graphically represented
in Figure 2.4.
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Figure 2.8: The N(t) for the initial data given in Eq. (2.18) having v0 = 1.5 and
σ2 = 0.005 and activity dependence noise a(N) = a0 + a1N(t), a0, a1 > 0 . Top left:
b = 0.5 and a(N(t)) = 0.5 +N(t)/8. Top right: b = 0.5 and a(N(t)) = 0.4 +N(t)/100.
The bottom left case seems to depict a blow-up phenomena. Bottom left: b = 1.2 and

a(N(t)) = 0.5 +N(t)/8. Bottom right: b = 1.2 and a(N(t)) = 0.4 +N(t)/100.
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Figure 2.9: The numerical simulation of p(v, t) for initial data given in Eq. (2.18) with
mean v0 = 1.5 and variance σ2

0 = 0.005 and with activity dependent noise
a(N(t)) = 1 +N(t)/100. Left: The system is considered for the excitatory case i.e. by

taking b = 0.5 > 0. Right: The system is considered for the inhibitory case i.e. by
taking b = −0.5 < 0.
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Figure 2.10: The approximate solution p(v, t) using FEM for the initial data given in
Eq. (2.18) having v0 = 1.5 and σ2 = 0.005 and activity dependence noise

a(N) = a0 + a1N(t), a0, a1 > 0. Top left: b = 1.2 and a(N(t)) = 0.5 +N(t)/8. Top
right: b = 1.2 and a(N(t)) = 0.4 +N(t)/100.
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Chapter 3

A Numerical Approximation for the Excitatory-

Inhibitory Networks with Delay and Refrac-

tory Periods 1

The previous chapter discussed a FEM to find the approximate solution of the nonlinear NLIF

model. This chapter introduces a non-linear NLIF model in the presence of a refractory period

and transmission delay. For the numerical approximation, the DG scheme is applied for the

spatial discretization, and discussed for the stability analysis. Moreover, the strong stability-

preserving explicit Runge-Kutta (SSPERK) method is executed for temporal discretization. The

proposed scheme is compared with the existing finite difference approach namely the weighted

essentially non-oscillatory (WENO) scheme. Numerical results depict that the proposed scheme

demands less computational time compared to the existing scheme which is demonstrated by

taking some numerical test examples.

1 Introduction

The neuron network models are broadly used tools in computational neuroscience. In 1907,

Lapicque introduced the most simplest and now widely used IF model of neurons in which

incoming potential of postsynaptic potential generates an action potential when their sums

reach a threshold. Afterward many authors investigated various IF models, for a single neuron

and later on describe the dynamic behavior of a population of neurons ([9, 53, 80, 120]). Despite,

from a computational approach, it is difficult to tackle a large network of neurons. In the recent

past, a population density approach of IF neurons have been developed for the simulation of

large neural network [54, 154]. It describes the population density function p(v, t) to determine

a neuron in a voltage v at a time t considering each neuron follows from a simple IF dynamics

and the coupling changes in the current. The description of the properties of these neurons can

be mathematically modeled using ODEs and/or PDEs. A various type of numerical schemes

have been designed to solve these types of model equation[132, 155–157].

In this chapter, we examine the LIF model from a numerical perspective. The simplest NNLIF

model which is widely analyzed for one population in the absence of refractory state and delays,

1Dipty Sharma and Paramjeet Singh “Discontinuous Galerkin Approximation for an Excitatory-Inhibitory Networks
with Delay and Refractory Periods”, International Journal of Modern Physics C, 31(3), 2050041, 2020.
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is given in [127, 158]. Moreover, the addition of a refectory period just after the membrane

potential (voltage) hits threshold level (VF ), provides more realistic LIF dynamics (see [74, 124]).

These authors provide the theoretical and numerical analysis about the blow-up criteria and

the presence of steady states of the NNLIF model with the effect of the refractory period.

We study the more realistic NNLIF model for the description of the neural network considering

only one type of population either average-excitatory or average-inhibitory with the effect of

the refractory period and transmission delays [124]. We will follow that at a minimum one

steady-state is produced by the presence of the refractory stage, while in the lack of a refractory

state, there are some argument values for which the model has no steady states. Moreover,

where there are transmission delays, global-in-time solutions exist for the average-excitatory

population (see [123]). Following, we review the model equation of the population density

function of IF neurons.

This model equation consists of an ODE in which all the interactions of the neurons (excitatory

and inhibitory) with a network is modeled in its simplest form using synaptic input current

Iα(t). The membrane potential Vα(t), describe the dynamics of neuron (either excitatory i.e.

α = E or inhibitory neuron i.e. α = I ) is defined in the following equation

τm
dVα
dt

= −Vα(t) + Iα(t), (3.1)

with the membrane time constant τm. The interactions with other neurons provoke the neuron

to fire when Vα(t) at a time t reaches certain threshold VF , and Vα(t) reset to reset potential

VR < VF (firing potential). The synaptic current Iα(t) is described by the following stochastic

process

Iα(t) = JαE

NE∑
n=1

∑
m

δ(t− tnEm −Dα
E)− JαI

NI∑
n=1

∑
m

δ(t− tnIm −Dα
I ), α = E, I,

where, delta function is used to describe every spike response. Moreover, the terms Dα
E ,D

α
I ≥ 0

are the synaptic delays ([6, 124]). Here, tnEm and tnIm for EI neurons denotes the time of receiving

the mth-spike from nth-presynaptic neuron. Moreover, the terms NE and NI are the connection

from the neurons in a network and Jαk for (α, k = E, I) are the synapses strengths. Recently,

several authors [54, 80, 154] described the synaptic input current Iα(t) as a continuous in time

stochastic process of Ornstein-Uhlenbeck type given below

Iα(t)dt ≈ µαc dt+ σαc dBt , α = E, I. (3.2)

Initially, it is supposed that the spike generation of each neuron is defined by Poisson process

with stationary and independent increments [54]. Due to the use of these assumptions, the

mean value of the current (µαc (t)) and its variance (σαc (t)) are given by

µαc (t) = NE J
α
E rE(t−Dα

E)−NI J
α
I rI(t−Dα

I ),
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σαc (t) = NE (JαE)2 rE(t−Dα
E) −NI (JαI )2 rI(t−Dα

I ).

Further, the standard firing rate rα(t) is given below as discussed in [55]

rα(t) = Nα,ext +Nα(t),

where Nα(t) is the mean firing rate of the network and Nα,ext is the frequency of the external

input. Here, the term NI,ext = 0, as the external connections are with excitatory neurons.

Comprising the continuous form of Iα(t) in SDE model (3.1), we obtain

τm dVα(t) = (−Vα(t) + µαc (t)) dt+ σαc (t) dBt, Vα ≤ VF , t ≥ 0,

with τm = 1. The term Bt is the standard Brownian motion with the assumption that, whenever

the voltage of a neuron at a time t−o , arrives at a threshold level i.e. Vα(t−o ) = VF and then

suddenly it reaches the resting potential, i.e., Vα(t+o ) = VR, VR < VF . Further, using the

equations (3.1) and (3.2), one can write the associated Fokker-Planck equation (FPE) (have a

glimpse of [124] for details). Thus, the population density function p(v, t) ≥ 0 of neurons with

voltage v ∈ (−∞, VF ], at a time (t ≥ 0) is described by the following equation

∂

∂t
p(v, t) +

∂

∂v
[h(v,N(t−D))p(v, t)]− a(N(t−D))

∂2

∂v2
p(v, t) = M(t) δ(v − VR), (3.3)

where, h(v,N(t)) = −v + b N(t) + Next and a(N(t)) = a0 + a1 N(t) with a0 > 0, a1 ≥ 0.

Here, the value of the connectivity parameter b depend on the neuron population type i.e. b

is positive for the excitatory neuron population and negative for inhibitory neuron population.

We have Dirac mass in the source term of Eq. (3.3), as all the neurons at the time t ≥ 0 fired,

delivered the signal on the network and then reset to the voltage VR < VF and remains in a

refractory state for some period τ > 0. There are many choices available in literature for M(t),

as M(t) = N(t− τ) proposed in [54] or M(t) =
R(t)

τ
, as defined in [74]. The ODE is therefore

provided below for the probability density R(t) of neurons in a refractory state

d

dt
R(t) = N(t)−M(t). (3.4)

In this dynamical system, when the neurons trigger spikes and transmit the signals over the

network, their voltage reset instantly to the reset potential VR. Since at the resting time, no

neuron has the voltage of firing, the initial and boundary conditions are provided as

p(v, 0) = p0(v) ≥ 0, p(−∞, t) = 0, p(VF , t) = 0, R(0) = R0 > 0. (3.5)

In the above equation, the conservative property of the neurons is often easily verified by

identifying the average firing rate of the network. Since the term N(t) is the neuron flux at VF ,
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its value is provided by

N(t) = −a(N(t−D))
∂p(VF , t)

∂v
≥ 0. (3.6)

Additionally, the nonlinearity of Eq. (3.3) comes from N(t), as it is described in terms of BCs

on the distribution function p(v, t). Since, R denotes the probability and Eq.(3.3) describe the

probability density function, then

VF∫
−∞

p(v, t)dv +R(t) =

VF∫
−∞

p0(v)dv +R0 = 1. (3.7)

The problem (3.3) together with Eqs.(3.4-3.5) is a second-order nonlinear time-dependent PDE.

Due to nonlinearity and having delayed term, this model equation can not be solved analytically

[128, 158–169]. Therefore, the numerical schemes normally used are: the technique of finite

difference as discussed in [170–172], finite element method provided in [141, 143], meshless

method [173] and a numerical collacation method as proposed in [174, 175]. In recent work,

Cáceres and Schneider used the finite difference WENO scheme to get the approximate solution

of the model equation (see [124]). This existing scheme uses a reconstruction procedure to

recover the degree polynomial values at cell boundaries from the cell averages of the cell itself

and several adjacent cells; the discontinuous Galerkin method does not need any reconstruction

as it stores and evolves the whole degree polynomial in each cell. where other methods don’t

provide accurate solutions or even fail.

For all the above reasons, this chapter presents a numerical technique based on the DG method

to find a more accurate solution in the sense of accuracy and computational approach. This

method provides local approximation flexibility by using discontinuous piecewise polynomials

as a basis function and thus, can be designed for the higher order of accuracy which is then

determined locally by using a higher-order polynomial approximation within an element. An

elementary introduction to the discontinuous Galerkin (DG) approach can be found in [115, 176].

Reed and Hill first introduced it in 1973 as a scheme for solving linear time-dependent hyperbolic

equations [177], and further to solve nonlinear equations by Cockburn et al. [178, 179]. Applying

the DG technique directly to the higher-order equations is hard or somehow impossible.

Therefore, the local discontinuous Galerkin (LDG) method is used to find the approximate

solution for the second-order nonlinear Eq.(3.3-3.5) as introduced by Cockburn and Shu [178].

More precisely, the approach used in this technique is to rewrite the higher-order equation into

a first-order system and then apply the classical DG method on the reduced system. This

concept is motivated by the successful numerical results performed by Bassy and Rebay [180].

The LDG method is somehow the same as the general DG method with a different approach

is to design the numerical flux to ensure the stability of the scheme [115]. We hereby brief out

the above discussion and the work done in this chapter:

� The population density approach of IF neurons is being used to describe the neuronal
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variability.

� We examined the general NNLIF model outlined by the Eq. (3.3-3.5) in the influence of

refectory period and transmission delays.

� DG approximation is proposed to solve the model equations and the stability analysis is

then discussed in detail.

� The detailed comparison of the third-order WENOFD and the third-order RKDG method

is presented by using some test examples.

� We have chosen a third-order version of both schemes to compare just as examples, in

practice, higher-order versions can be and often used.

� The performance of the constructed scheme is displayed via some numerical simulations.

1.1 Preliminaries

Here, we provide some fundamental definitions and additional results that are already known

(see [74, 124, 158]). Firstly, we begin with the concept of a weak solution as we are dealing with

the nonlinearity of the model equation.

Definition 1.1. A set of non-negative functions (p,N,R) with p ∈ L∞(R+;L1
+(−∞, VF )),

N ∈ L1
loc,+(R+) and R ∈ L∞+ (R+) is a weak solution of (3.3)-(3.5) if for any test function

φ(v, t) ∈ C∞((−∞, VF )× (0, T )) such that
∂2φ

∂v2
, v
∂φ

∂v
∈ L∞((−∞, VF )× (0, T )), we have

T∫
0

VF∫
−∞

p(v, t)

[
−∂φ
∂t
− ∂φ

∂v
h(v,N(t−D))− a(N(t−D))

∂2φ

∂v2

]
dvdt

=

T∫
0

M(t)φ(VR, t)−N(t)φ(VF , t) dt

+

VF∫
−∞

p0(v)φ(v, 0)dv −
VF∫
−∞

p(v, T )φ(v, T )dv,

and R is the solution of the ODE provided in Eq. (3.4). Here, the space Lp(Ω), 1 ≤ p < ∞,

refers to the space of functions such that fp is integrable in Ω, while L∞ corresponds to the

space of bounded functions and L∞+ denotes the space of non-negative bounded functions in Ω.

The set of infinitely differentiable functions in Ω is denoted by C∞(Ω) used as test functions in

the notion of weak solution and L1
loc,+(Ω) indicates the set of non-negative functions that are

locally integrable.

Moreover, we state the result of the steady-state and finite time blow-up with the effect of
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refractory state and no transmission delays, i.e D = 0. We just provide the outcomes for the case

of one population model as given in [124], described by the below-mentioned theorems.

Theorem 1.1. (Long time behavior) Supposed that a small enough parameter of connectivity,

|b| � 1, a constant diffusion coefficient, a(N) = am > 0, with no transmission delay, D = 0,

and the initial data is near enough to the unique steady state (p∞, R∞, N∞),

VF∫
−∞

p∞(v)

(
p0(v)− p∞(v)

p∞(v)

)2

dv +R∞

(
R(0)

R∞
− 1

)2

≤ 1

2|b|
. (3.8)

Then, there exist µ > 0 for fast decaying solution to (3.3-3.5) in the sense of Definition 1.1, the

following a priori estimates hold for all t > 0:

VF∫
−∞

p∞(v)

(
p(v)− p∞(v)

p∞(v)

)2

dv +
(R(t)−R∞)2

R∞

≤ e−µt
 VF∫
−∞

p∞(v)

(
p0(v)− p∞(v)

p∞(v)

)2

dv +
(R0 −R∞)2

R∞

 .
The delay terms in the results shown above are assumed to vanish, moreover, for the model

with small non-zero values of the delays, a similar procedure could be used to prove the fast

exponential convergence to steady-state (see [124]). As the above results show the long-time

behavior of the solution, the following result shows the finite-time blow-up solution with the

lack of the delay term.

Theorem 1.2. (Blow-up in excitatory case) Assume that the drift and diffusion coefficients

satisfy

h(v,N) + v ≥ bN and a(N) ≥ am > 0, (3.9)

for all −∞ < v ≤ VF and all N ≥ 0. Let us consider the two cases for the average-excitatory

network :

1. For fixed initial data p0 6= 0 with b > 0 large enough.

2. For fixed b > 0, choose µ > max
(
VF
am
, 1
b

)
with the initial data is concentrated enough

around v = VF , in the sense that

VF∫
−∞

eµv p0(v) dv ≥ eµVF

bµ
,

then global-in-time weak solutions does not exist to (3.3-3.5).

From our numerical simulation, we find that only a period of the refractory state is not sufficient

to keep off the blow-up. The numerical results depict the finite-time blow-up phenomena since
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the transmembrane potentials of the population (fully excitatory) are near enough to the certain

threshold level, or if there is a sufficiently large connectivity parameter b > 0. Thus, it is

necessary to add some transmission delay between excitatory neurons to achieve the global-in-

time existence of the solution [181].

Definition 1.2. At the nth time level, the total variation (TV) of a discrete scaler solution is

described as

TV (Pn) =
∑
i

|Pni+1 − Pni |,

and the scheme is called TVD (total variation diminishing) if the following holds

TV (Pn+1) ≤ TV (Pn).

In addition, the scheme is called total variation bounded (TVB) if the growth in total variation

is bounded that is

TV (Pn) ≤M,

for all n and for some constant M > 0.

2 The Numerical Scheme

Here, we develop the numerical approximation using the DG approach to solve the model (3.3-

3.5) described by the following equation

∂

∂t
p(v, t) +

Drift︷ ︸︸ ︷
∂

∂v
[h(v,N(t−D))p(v, t)]−

Diffusion︷ ︸︸ ︷
a(N(t−D))

∂2

∂v2
p(v, t) =

Reset︷ ︸︸ ︷
M(t) δ(v − VR),(3.10)

as the problem under consideration is a second order nonlinear time-dependent PDE, we use

the LDG approach [178]. Using this approach, firstly we reduce the Eq.(3.10) into a first-order

system by introducing an additional variable q as follows:

∂p(v, t)

∂t
+

∂

∂v

(
h(v,N(t−D)) p(v, t)−

√
a(N) q(v, t)

)
= M(t)δ(v − VR),

q(v, t) =
√
a(N)

∂p(v, t)

∂v
. (3.11)

Now we will apply a classical DG approach to the above reduced system (3.11) for the efficient

numerical solution. In this approach, the spatial discretization for v ∈ D := [−Vleft, VF ] is

tackled by taking K non-overlapping elements say Dk = [vk, vk+1], for k = 1, 2, . . . ,K, where

size of each element is defined as ∆vk = vk+1 − vk and ∆v = max
1≤k≤K

∆vk. In more general form
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the above Eq.(3.11) can be read as

∂p(v, t)

∂t
+

∂

∂v

(
f(p(v, t))−

√
a(N)q(v, t)

)
−M(t)δ(v − VR) = 0,

q(v, t)−
√
a(N)

∂p(v, t)

∂v
= 0, (3.12)

where f(p(v, t)) = h(v,N(t−D)) p(v, t). Initially, assume that the local solution pk(v, t) is then

represented in each element by a local polynomial approximation pkh(v, t) which belongs to the

following finite dimensional space

Vh = {ψh : ψh|Dk ∈ P
N (Dk); k = 1, . . . ,K},

i.e., as the space of piecewise polynomial functions of degree no more than N ≥ 1 over Dk. This

function space is admissible to have discontinuities across element interfaces which describes the

flexibility of the proposed scheme. Local polynomials pkh(v, t) and qkh(v, t) in general framework

of degree N with Np = N + 1 grid points say vi over Dk are expressed as follows:

pkh(v, t) =

Np∑
i=1

pk(vki , t)l
k
i (v) =

Np∑
n=1

p̂kn(t)ψn(v),

qkh(v, t) =

Np∑
i=1

qk(vki , t)l
k
i (v) =

Np∑
n=1

q̂kn(t)ψn(v),

where ψn(v) is the Legendre basis functions and li(v) is the Lagrange fundamental polynomial.

In the above expression, p̂kn(t) and q̂kn(t) are the modal coefficients defined on the k-th element.

In this approach, the basis functions should be chosen carefully give rise to perfectly conditioned

Vandermonde matrices. We have to choose the basis functions just as the resulting interpolation

is well-behaved in the sense of best fit. A polynomial basis such as monomials ψn(v) = vn−1

will generate linearly dependent basis, and then the condition number for the Vandermonde

matrix grows exponentially as order of polynomial increases. To describe computationally stable

approach, we recover an orthonormal basis using Gram-Schmidt orthogonalization approach

given by

ψn(r) =
Pn−1(r)
√
γn−1

, γn−1 =
2

2n+ 1
,

where Pn(r) are the classic Legendre polynomial of order n, which are orthogonal on I = [−1, 1]

and γn is the orthonormalizing weight. The above approach has been rediscovered on various

occasions by various researchers, see ([115]). We also need to bother about the choice of discrete

points of approximation as the accuracy of the method is based on the order of the local

polynomial interpolation. We choose the grids point vki , i = 1, . . . , Np, by introducing the
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following affine mapping :

v ∈ Dk : v(r) = vk +
1 + r

2
∆vk, where ∆vk = vk+1 − vk,

with the reference variable r ∈ I = [−1, 1]. By choosing appropriate ri as a quadrature point, we

ensure that resulting interpolation is well behaved in the sense of well-conditioned Vendermonde

matrix. We choose the quadrature points as Gauss-Lobatto points for the interpolation, which

have the property that they are exact fit for a polynomial of degree 2Np − 1 [182]. Thus grid

distribution becomes the Legendre-Gauss-Lobatto (LGL) distribution along the edges of the

element. We define as given below, the vector of nodal and modal values on Dk

pkh = [pk1, . . . , p
k
Np], p̂kh = [p̂k1, . . . , p̂

k
Np],

and the vector of local Lagrange polynomials and shape functions on Dk are

lkN = [lk1 , . . . , l
k
Np], ψkN = [ψk1 , . . . , ψ

k
Np].

The Vandermonde matrix defined as Vij = P̃j−1(vi), implies the connection between modal and

nodal representation as

pkh = V p̂kh, p̂kh = V −1pkh, V T lkN = ψkN .

In order to approximate the solution (ph, qh), firstly we multiply the system (3.12) by a test

function and then integrate over a element Dk. By taking again integration by parts results in

the following equation: Find pkh, q
k
h ∈ Vh, such that the proposed scheme leading to∫

Dk

∂tp
k
h l

k
j (v) dv = −

∫
Dk

∂vg
k
h l

k
j (v) dv +M(t)

∫
Dk

(δ(v − VR))lkj (v) dv +
[
gkh − (gkh)∗

]
lkj (v)

∣∣∣vr
vl
,∫

Dk

qkh l
k
j (v) dv =

∫
Dk

√
a(N) ∂vp

k
h l

k
j (v) dv −

[√
a(N)pkh − (

√
a(N)pkh)∗

]
lkj (v)

∣∣∣vr
vl
,

(3.13)

for all the test function lkj (v) and gkh = fkh (p)−
√
a(N)qkh. In this approximation due to the lack

of the continuity of the test functions at the element interfaces, solution is not unique exactly at

these boundary points. These element interface values must be replaced by the numerical flux

to guarantee stability and convergence. The critical ingredient for developing an accurate and

stable scheme is the right design of these fluxes. Thus (gkh)∗ and
(√

a(N)pkh

)∗
at the interface is

given by a single valued monotone numerical flux, therefore it should be a function of gkh(vkl , t)

and gk−1
h (vk−1

r , t) at the left end and it should depend upon gkh(vkr , t) and gk+1
h (vk+1

l , t) at the

right end of the element Dk (see [115]). Well known monotonic flux satisfies the consistency,

continuity and monotonicity conditions is Lax-Friedrichs flux. We split the flux and define a
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jump along normal n̂ is given by

f∗(a, b) =
f(a) + f(b)

2
+ n̂

α

2
(a− b) where α = max

p
|f ′(p)|. (3.14)

Moreover, the above defined flux can be represented as

f∗(a, b) =

f+(a) + f−(b), n̂ = 1

f−(a) + f+(b), n̂ = −1,

where

f+(a) =
1

2
(f(a) + αa) , f−(b) =

1

2
(f(b)− αb) .

Additionally, the subscript ”−” is used for the interior information within the element and ”+”

is used for the exterior information within the neighboring element. Further, homogeneous

Dirichlet BCs are also imposed through numerical flux [115]. Moreover, following are the mass

and stiffness matrices for the element Dk

Mk
ij =

∫
Dk

li(v)lj(v) dv, Skij =

∫
Dk

li(v)l′j(v)dv,

and the matrices correspond to the reference interval [−1, 1] are given below

Mij =

∫ 1

−1
li(r)lj(r)dr, Sij =

∫ 1

−1
li(r)l

′
j(r)dr,

where li(r) is the ith Lagrange polynomial at the LGL nodes ri on reference interval [−1, 1].

Using these matrices, we find the following relation

Mk
ij =

1

2
(vkr − vkl )Mij , Skij = Sij .

Now, we will use the integral property of the delta function located at the element interface Dk

and Dk+1

∫
Dk
δ(v − VR)lj(v) dv = δ(Np)j ,

∫
Dk+1

δ(v − VR)lj(v) dv = δ1j , where δij =

1, i = j

0, i 6= j

where δ1j reads a single Lagrange polynomial, say lk+1
1 (v) correspond to rightward wave prop-

agation over Dk+1 and lkNp(v) correspond to the leftward wave propagation over Dk. Using

the monotonic flux and the above terminology of local mass and stiffness matrices, we get the
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element-wise reduced scheme for (3.10) can be expressed as

Mk dp
k
h

dt
+ Sk gkh =

[
gkh − (gkh)∗

]
lkj (v)

∣∣∣vr
vl

+M(t)δij ,

Mkqkh − Sk
√
a(N)pkh = −

[√
a(N)pkh − (

√
a(N)pkh)∗

]
lkj (v)

∣∣∣vr
vl
.

(3.15)

Thus, we can write the approximate system of the model equation (3.10), as the following

ordinary differential equation

d p

dt
= L(p, t), ∀t ≥ 0, ∀v ∈ [−Vleft, VF ]

p(v, 0) = p0(v) ∀v ∈ [−Vleft, VF ],

where L is the sum of the approximations of the drift, diffusion, and the source term. The re-

sulting ODE is then solved by the using of time discretization techniques provided in [183, 184].

In practice, we want a higher-order time discretization scheme that still satisfies the stability

property, when coupled with nonlinear stability preserving spatial discretization scheme. Ex-

plicit methods can be directly used for this and the step size for time is, however, confined for

these techniques. The connection between the ∆t (maximum time step) and the ∆v (minimum

element size) is acknowledged as CFL-condition. More precisely, for the method of lines they

look like:

c
∆t

∆v
≤ CFL,

where c is the magnitude of the largest wave velocity of the hyperbolic system and CFL a

constant depending on the time step and spatial discretization. Further, for a DG method with

the use of polynomials degree N and N + 1 stages RK method, the upper bound of this CFL

number implies as

CFL =
1

2N + 1
,

is optimal for N = 0 and N = 1. For N ≥ 2, it is numerically shown that this upper bound

is less than 5% smaller than the optimal CFL number [179]. This is a necessary condition

for non-linear flux functions. We use the SSPERK higher-order time discretization approach.

This method ensure the TVD property with possible different step size (time), if whenever

the first order forward Euler time discretization of method of lines is strongly stable under a

predefined norm with suitable time step restriction [184]. The time evolution of the solution

p is thus approximated by a widely used approach in DG as the following third order explicit
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strong-stability preserving (SSP) RK method

p1 = pn + dtL(tn, p
n),

p2 =
3

4
pn +

1

4
p1 +

1

4
dtL

(
tn + dt, p1

)
,

pn+1 =
1

3
pn +

2

3
p2 +

2

3
dtL

(
tn +

1

2
dt, p2

)
,

where pn = p(v, tn), n = 0, 1, 2, . . . and tn = n dt. We dynamically choose the term dt based on

the the CFL condition

dt ≤ min
i,k

CFL(∆vki )2

|h(vki , N(t−D))|
.

Through the time evolution of the solution for each time t, we require the value of N at (t−D).

Thus we set a time step dt and identify an array of P =
D

dt
values of N(t) for the time interval

[kD, (k + 1)D), k = 0, 1, 2, . . . . Thereafter these values being utilized to find N(t−D) (delayed

values) for the interval of time [(k + 1)D; (k + 2)D) using linear interpolation. Initially all

the array values are zero as N(t) = 0, ∀t < 0, therefore all the recovered values are zero for

(k = 0).

3 Stability Analysis

Here, the stability analysis of the designed scheme (3.15) is discussed for the case of positive

drift coefficient h(v,N) > 0, and the similar process can be used for h(v,N) < 0. Thus, we have

the following stability result of the numerical scheme proposed for this chapter.

Proposition 3.1. The DG approach with monotonic Lax-Friedrichs flux approximation (3.14)

for the equation (3.3-3.5) is stable.

Proof. We consider a local element-wise operator βh over a single interval k, bounded by

[vk, vk+1], using the shape functions ψh, ϕh ∈ Vh (space of piecewise polynomial functions).

Local operator βh by summing up the equalities in Eq. (3.15) after multiply by ψTh and ϕTh , is

given by

βh(ph, qh, ψh, ϕh) = ψThM
k dp

k
h

dt
+ ψTh S

k gkh −
[
ψh

(
gkh − (gkh)∗

)]vr
vl

+M(t)1v=VR

+ ϕThM
kqkh − ϕThSk

√
a(N) pkh +

[
ϕh

(√
a(N) pkh − (

√
a(N)pkh)∗

)]vr
vl
,

where gkh =
(
fkh (p)−

√
a(N)qkh

)
. Initially, we find that if (ph, qh) suffice the numerical approach,

then trivially we get

βh(ph, qh, ψh, ϕh) = 0, ∀(ψh, ϕh) ∈ Vh.
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Besides, if we choose the test function as ψh = ph and ϕh = qh, we realize that

pThM
kph =

∫
Dk

N+1∑
i=1

pkh(vi)l
k
i (v)

N+1∑
j=1

pkh(vj)l
k
j (v)dv = ||pkh||2Dk ,

and proceeding in the same way to simplify the term qThM
kqh, we get the following

qThM
kqh =

∫
Dk

N+1∑
i=1

qkh(vi)l
k
i (v)

N+1∑
j=1

qkh(vj)l
k
j (v)dv = ||qkh||2Dk .

Moreover,the term pThS
kph, implies

pThS
kph =

∫
Dk

N+1∑
i=1

pkh(vi)l
k
i (v)

N+1∑
j=1

pkh(vj)
dlkj
dv
dv =

∫
Dk

pkh(v) (pkh(v))′dv,

=
1

2

[(
pkh

)2
]vr
vl

.

After doing some mathematical calculations, we get

pThS
kqh + qTh S

kph = [pq]vrvl .

Using the above simplifications and some algebraic manipulation, we immediately recover the

following

d

dt
‖pkh‖2Dk+‖qkh‖2Dk+Θr −Θl = 0, (3.16)

where

Θ = −h
2

(pkh)2 +
√
a(N)pkhq

k
h + pkh(fkh (p))∗ −

√
a(N)

(
pkh(qkh)∗ + qkh(pkh)∗

)
+M(t)1v=VR .

Here, we denoted the term h(v,N) by h just for a simplicity. Now, taking value of pkh and qkh as

internal value at the element interfaces vr and central flux approximation for both pkh
∗

and qkh
∗
.

For the function (fkh (p))∗, we used the Lax-Friedrichs flux approximation as given in Eq.(3.14)

and assuming h is continuous over Dk, we recover

Θr = −h
2

(pkr )
2 +

√
a(N)pkrq

k
r + h pkr

(
pkr + pk+1

l

2
+
α

2

(
pkr − pk+1

l

))

−
√
a(N)

2

(
pkr

(
qkr + qk+1

l

2

)
+ qkr

(
pkr + pk+1

l

2

))
,

=
h

2
(pkr p

k+1
l ) +

αh

2

(
(pkr )

2 − pkr pk+1
l

)
−
√
a(N)

2

(
pkr q

k+1
l + pk+1

l qkr

)
.
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Similarly we can recover Θl as given below

Θl =
h

2
(pkl p

k−1
r ) +

αh

2

(
pkl p

k−1
r − (pkl )

2
)
−
√
a(N)

2

(
pkl q

k−1
r + pk−1

r qkl

)
+M(t)1v=VR ,

where pkr = pkh(xkr ) denotes the internal value say (p−) and pk+1
l = pkh(xk+1

l ) is for external value

say (p+) of the right end of element k. For the stability, we must require that

d

dt
||ph||2 + ||qh||2 ≤ 0, (3.17)

i.e. (Θr −Θl) ≥ 0. Now taking p− = p+ and q− = −q+ at boundary points and summing over

all the elements we recover the global energy condition

d

dt
‖ph‖2+‖qh‖2= −αh

2

K−1∑
k=1

(
pkh(vkr )− pkh(vk−1

l )
)2
− h

2

((
pKh (vKr )

)2 − (p1
h(v1

l )
)2)

+M(t)1v=VR ≤ 0,

with strong control on BCs and the function M(t) at v = VR.

4 Numerical Experiments

We now depict the behavior of the solutions of the NNLIF model using some test problems. The

validation of the constructed scheme examined by its comparison with the existing technique

in the literature [124]. For the numerical experiments, we used the second order polynomial

approximation for each cell and the third order SSPRK time discretization for both of the

schemes. We consider the problem (3.3) along with initial approximation

p(v, 0) =
c√
2π

e
−(v−v0)

2

2σ20 , (3.18)

with a constant c ensure that
∫ VF
−Vleft p

0(v) dv ≈ 1. We consider an average-excitatory/inhibitory

population model with the connectivity parameter b > 0 and b < 0 along with the other

parameter as VF = 2, VR = 1 and a(N) = 1. In the influence of refractory state and transmission

delays, we consider the following different cases to examine the behavior of the solution.

4.1 Average-excitatory population in the presence of transmis-

sion delays without refractory state

Firstly we will describe the behavior of the solution for the excitatory case (b > 0) without a

refractory period and find how the transmission delay affects the blow-up phenomenon of the

solution.

The results illustrated in Figure 3.1a and 3.2a describes the behavior of excitatory neurons in

the absence of transmission delays and finite time blow-up phenomena of the solution. From our
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numerical simulations, we find that global-in-time solution present for excitatory neurons with

the addition of the delay in transmission (Figure 3.1a and 3.2b). Thus, the numerical solution

presented in Figure 3.1 and Figure 3.2 depicts how the transmission delay prevents the solution

from blowing up even though the situation with no steady-state.

Example 1. We consider the model (3.3)-(3.5) with the initial data (3.18) over the domain

D = [0, 2] and the following coefficients

b = 0.5, v0 = 1.83 σ0 = 0.0003,

together with the BCs

p(0, t) = 0, p(2, t) = 0.

In the Example 1, we consider the excitatory population without refractory state and the

corresponding numerical solutions plotted in Figure 3.1 with b = 0.5 > 0. From Figure 3.1a, we

find the finite time blows-up solution with the absence of delay i.e. (D = 0) and get a steady

state in the presence of delay as D = 0.1 ( Figure 3.1b).

Example 2. Consider the system (3.3)-(3.5) with the same parameters and functions as defined

in Example 1 with different value of the connected parameter b = 2.2 is large enough.

We consider the highly connected excitatory population for the given system along with the

other parameters as defined in the Example 1. From Figure 3.2a, if the excitatory neurons are

concentrated near a threshold point VF , we find the blows-up phenomenon with no transmission

delay D = 0 and the connectivity parameter i.e. b = 2.2 is large enough. This type of blow-up

phenomenon can be avoided with the addition of transmission delay as we can observe in Figure

3.2b with D = 0.1, the firing rate seems to rise without blowing up in finite time.

4.2 Average-excitatory population with the influence of refrac-

tory state and the transmission delays

In the above description, the excitatory system (3.3)-(3.5) analyzed in the absence of the re-

fractory period. Now we will describe the behavior of excitatory neurons by taking M(t) =
R(t)

τ
.

Example 3. Consider the data as given in (3.18) ∀v ∈ [0, 2] with the following coefficients

b = 0.5, v0 = 1.83 σ0 = 0.0003, R(0) = 0.2, τ = 0.025, D = 0.07

together with the BCs

p(0, t) = 0, p(2, t) = 0.

In Figure 3.3, we analyzed the excitatory neuron network with the influence refractory period
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that is M(t) = R(t)
τ , τ = 0.025. We find that only a refractory state is not enough to prevent

the blow-up situation (Figure 3.3a). The numerical simulations sound that, it is essential to

add some delay in transmission to obtain the global-in-time solution existence. Figure 3.3b

depicts that the solution goes to the steady-state for the excitatory network with the effect of

transmission delay.

Furthermore, we find that the delay in transmission also generates periodic solutions along with

the prevention of blow-up situations. Here we present some examples to describe the situation

to get periodic solutions.

Example 4. We consider the above example with different parameters as b = 1.5,D = 0.1

and studied the system for the initial approximation of data concentrated around two different

voltage level as v0 = 1.83 and v0 = 1.5.

Here, we examined the effect of the delay for the average-excitatory population. From Figure

3.4a, we observe that the solutions are periodic if the initial datum concentrated around VF ,

and the goes to a steady-state if it is far from VF (Figure 3.4b).

4.3 Average-inhibitory population with the influence of refrac-

tory state and the presence of transmission delays

Previously, we analyzed the behavior of the solution for the excitatory network (b > 0) and

examined the situations for which the solution has three different states blow-up, steady, and

periodic. Now we will consider the average-inhibitory population for the connected parameter

that is b < 0 and M(t) =
R(t)

τ
, for which the neurons are restricted to get stimulated. Following,

we present an example to examine the behavior of an average-inhibitory population.

Example 5. We consider average-inhibitory population with transmission delay for the initial

data given in (3.18) with other parameters as follows

b = −4, τ = 0.025, R(0) = 0.2, D = 0.1, Next = 20,

For the Example 5, we examine the biological phenomena for the given data with D = [0, 2] and

two different values of v0 as v0 = 1.83 and v0 = 1.5 with the external firing rate Next = 20. In

Figures 3.5a, we observe that for the initial approximation that is sufficiently close to the certain

potential level VF , gives the periodic solution. We also get the same for the average-inhibitory

population even with the initial data that is away from the maximum voltage level along with

the high value of Next (see Figure 3.5b).
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Following are the errors estimates ε∆v for the approximate solution p(v, t) in different norms

‖ε∆v‖1 = ∆v
∑
i

|(p∆v)i − (p?)i|,

‖ε∆v‖2 =

√
∆v
∑
i

|(p∆v)i − (p?)i|2,

‖ε∆v‖∞ = max |(p∆v)i − (p?)i|,

where p? is the approximate solution at the finest grid N? and for the numerical simulations,

we get the errors at the finest grid being N∗ = 320. Our test results demonstrate that the

error estimates described above is sure a monotone decreasing function as N rises i.e. N =

20, 40, 80, 160. In addition, the formula we used to calculate the accuracy rate of the designed

scheme is provided as

r = log2

εN

ε2N
,

where εN is the error at the N -th grid cells.
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Figure 3.1: Average-excitatory population for the system (3.3)-(3.5) provides the
blow-up in the absence of the delay term. This simulation use the initial approximation

as given in (3.18) with other parameter values as v0 = 1.83, σ2 = 0.0003 and b = 0.5.
Left: D = 0 and Right: D = 0.1.
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Figure 3.2: Consider the Eq. (3.18) with v0 = 1.83, σ2 = 0.003 and the parameter of
connectivity b = 2.2. Left: absence of transmission delay D = 0 and Right: D = 0.1,

firing rate seems to rise but not to blow-up in finite time.

Table 3.1: Example 1: RKLDG method, T=0.00255

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.62625E-02 0.70634E-02 0.10483E-01 0.04
20 0.10426E-02 2.59 0.13693E-02 2.37 0.27253E-02 1.94 0.10
40 0.12332E-03 3.08 0.21208E-03 2.69 0.67048E-03 2.02 0.40
80 0.94093E-05 3.71 0.16776E-04 3.66 0.53542E-04 3.65 2.17
160 0.51286E-06 4.20 0.90733E-06 4.21 0.31926E-05 4.06 22.34
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Figure 3.3: We consider the average-excitatory population in the influence of both
transmission delays and refractory period using (3.18) with v0 = 1.83, σ2 = 0.0003 and
b = 0.5. Left: R(0) = 0.2, τ = 0.025 D = 0 and Right: R(0) = 0.2, τ = 0.025 D = 0.07
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Figure 3.4: Simulation of Example (4) for M(t) =
R(t)

τ
. We consider the initial data

(3.18) with b = 1.5, τ = 0.025, R(0) = 0.2, D = 0.1. Left: v0 = 1.83, Right: 1.5.

Table 3.2: Example 1: WENOFD method, T=0.00255

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.16167E-01 0.18051E-01 0.27274E-01 0.08
20 0.38089E-02 2.08 0.48183E-02 1.91 0.962971E-02 1.50 0.27
40 0.10443E-02 1.87 0.15689E-02 1.62 0.46353E-02 1.05 1.26
80 0.53858E-04 4.28 0.91344E-04 4.10 0.33646E-03 3.78 6.97
160 0.41185E-05 3.71 0.59497E-05 3.94 0.24458E-04 3.78 88.02

Table 3.3: Example 2: RKLDG method, T=0.001

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.59143E-02 0.66103E-02 0.11931E-01 0.02
20 0.50100E-03 3.56 0.70075E-03 3.24 0.14638E-02 3.02 0.07
40 0.62825E-04 2.99 0.12091E-03 2.53 0.43047E-03 1.76 0.26
80 0.55604E-05 3.50 0.12099E-04 3.32 0.45161E-04 3.25 1.44
160 0.33774E-06 4.04 0.73253E-06 4.05 0.30611E-05 3.88 10.38

Table 3.4: Example 2: WENOFD method, T=0.001

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.16838E-01 0.18660E-01 0.27788E-01 0.15
20 0.43380E-02 1.96 0.54354E-02 1.78 0.10849E-01 1.35 0.34
40 0.14103E-02 1.62 0.21041E-02 1.36 0.61095E-02 0.83 1.48
80 0.85894E-04 4.03 0.13946E-03 3.91 0.49193E-03 3.63 7.92
160 0.50606E-05 4.08 0.79033E-05 4.14 0.35371E-04 3.80 83.32
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Figure 3.5: Average-inhibitory population for the system (3.3)-(3.5) provides the
periodic solutions for the initial data (3.18) using

Next = 20, τ = 0.025, D = 0.1, R(0) = 0.2 and the connectivity parameter b = −4.
Top: initial data concentrated at v0 = 1.83 and Next = 20. Bottom: v0 = 1.5, Next = 20.

Table 3.5: Example 3: RKLDG method, T=0.003

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.10965E-01 0.11869E-01 0.17779E-01 0.07
20 0.16939E-02 2.69 0.23065E-02 2.36 0.48218E-02 1.88 0.15
40 0.21262E-03 2.99 0.32247E-03 2.84 0.93048E-03 2.37 0.66
80 0.14361E-04 3.88 0.21835E-04 3.88 0.62583E-04 3.89 5.66
160 0.10726E-05 3.74 0.17891E-05 3.61 0.63746E-05 3.30 38.66
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Figure 3.6: Comparison of WENOFD and RKDG for Example 1
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Figure 3.7: Comparision of WENOFD and RKDG for Example 2

Table 3.6: Example 3: WENOFD method, T=0.003

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.17367E-01 0.19441E-01 0.29063E-01 0.11
20 0.54786E-02 1.66 0.67692E-02 1.52 0.13505E-01 1.11 0.33
40 0.23270E-02 1.23 0.33932E-02 1.00 0.93957E-02 0.52 1.63
80 0.17288E-03 3.75 0.25797E-03 3.72 0.87243E-03 3.42 9.09
160 0.78238E-05 4.46 0.15529E-04 4.05 0.87841E-04 3.31 124.28
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Figure 3.8: Comparison of WENOFD and RKDG for Example 3
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Figure 3.9: Comparison of WENOFD and RKDG for Example 4

Table 3.7: Example 4: WENOFD method, T=2

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.58916E-01 0.63542E-01 0.95939E-01 0.17
20 0.51615E-02 3.51 0.66129E-02 3.26 0.13328E-02 2.85 1.83
40 0.70832E-03 2.87 0.10794E-02 2.62 0.31159E-03 2.10 14.86
80 0.75857E-04 3.22 0.12462E-03 3.11 0.37892E-04 3.04 120.66
160 0.84812E-05 3.16 0.14189E-04 3.13 0.47337E-05 3.00 943.32
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Table 3.8: Example 4: RKLDG method, T=2

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.14271E-01 0.16179E-01 0.23042E-01 0.42
20 0.78449E-03 4.18 0.10729E-02 3.91 0.21656E-02 3.41 10.81
40 0.318490E-04 4.62 0.70600E-04 3.92 0.27975E-03 2.95 192.43
80 0.17584E-05 4.17 0.42056E-05 4.06 0.16551E-04 4.07 1545.16
160 0.82622E-07 4.41 0.23951E-06 4.13 0.13879E-05 3.57 12516.15
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Figure 3.10: Comparison of WENOFD and RKDG for Example 5

Table 3.9: Example 5: WENOFD method, T=5

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.50562E-01 0.54850E-01 0.83001E-01 1.16
20 0.40322E-02 3.64 0.52462E-02 3.38 0.10456E-01 2.99 22.13
40 0.51881E-03 2.95 0.84255E-03 2.64 0.26277E-02 1.99 188.72
80 0.54497E-04 3.25 0.97890E-04 3.11 0.32526E-03 3.01 1432.43
160 0.58237E-05 3.22 0.10871E-04 3.17 0.41368E-04 2.98 12378.02

Table 3.10: Example 5: RKLDG method, T=5

N ‖ε∆v‖1 r ‖ε∆v‖2 r ‖ε∆v‖∞ r CPU Time (s)
10 0.18446E-01 0.20880E-01 0.30168E-01 2.13
20 0.10846E-02 4.08 0.14397E-02 3.85 0.27719E-02 3.44 24.60
40 0.55816E-04 4.28 0.11760E-04 3.61 0.45495E-03 2.60 512.32
80 0.31199E-05 4.16 0.73074E-05 4.00 0.28903E-04 3.98 4825.44
160 0.17183E-06 4.18 0.47253E-06 3.95 0.26073E-05 3.47 38564.07
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Figure 3.11: we consider the excitatory population without refractory state for the
initial approximation (3.18) with b = 0.5, v0 = 1.83, σ2 = 0.0003, D = 0. The

excitatory system (3.3)-(3.5) depicts the blow-up in the absence of transmission delays.
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Figure 3.12: we consider the excitatory population with refractory state for the initial
approximation (3.18) with other parameter values

b = 0.5, v0 = 1.83, σ2 = 0.0003,D = 0.1. The excitatory system (3.3)-(3.5) avoids finite
time blow-up phenomena in the presence of transmission delays.
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Figure 3.11 simulates the behavior of a population of neurons in the absence of refractory period

and transmission delay. From our numerical simulations, we observe a blow-up phenomenon

for excitatory neurons which are more concentrated near a threshold value VF . We observe that

only the addition of refractory state is not enough to prevent blow-up (Figure 3.3). Therefore,

in Figure 3.12, we show the behavior of neurons under the presence of transmission delay and

we find the solution that prevents the finite-time blow-up phenomena.

5 Discussions

We provided an application of the RKDG for the NNLIF model and comparison with WENOFD

validates the performance of the proposed scheme. Here, we find that the accuracy rate of the

designed scheme (RKDG) and the existing scheme (WENOFD) are almost the same. Moreover,

the designed scheme requires less computational time compared to the existing technique in liter-

ature as it includes many computational factors such as non-negativity weights and smoothness

indicator functions, etc. The analysis of the stability of the proposed technique demonstrates

that the scheme is conditionally stable. Some test examples are included to simulate the be-

havior of the solution and the results reveal that the RKDG method performs nicely for the

simulation of the neural network dynamics.

The next chapter presents a numerical study of the biological model of the tumor cell population

dynamics based on an age-structured approach.
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Chapter 4

A Numerical Study of the Tumor Cell Pop-

ulation Model based on Age-structured Ap-

proach 1

The previous chapter presented the numerical study of the NLIF model based on the population

density approach. This chapter describes a nonlinear age-structured tumor cell population

model with the application of the discontinuous Galerkin (DG) method to study its dynamical

behaviors. The DG numerical approximation is used for the spatial discretization and then the

SSPERK technique is applied for the temporal discretization. This chapter aims to establish

more efficient results in the sense of computational approach and compare these with analogous

estimates for the WENO scheme. Eventually, some test examples and numerical simulations

are provided to illustrate theoretical results and to study the behavior of the solution.

1 Introduction

The mathematical study of an age-structured population is a very important part of popula-

tion dynamics. Aging is a vital and essential quality in the population structuring approach.

Numerous internal aspects are determined by age because different behaviors, the different re-

production rates, and the difference in the capacity of survival are due to the difference in ages.

Previously such type of analysis was limited to demography, but these days the age-structured

mathematical approach is useful in epidemiology, the simulation of cancer, neurons, and eco-

logical systems, and numerous other areas, see [14, 16–20, 22, 185–187].

Firstly, Lotka and McKendrick proposed the linear model of the age-structured population

which supports exponential solution [84, 188] that was later extended by Gurtin and MacCamy

for non-linear models [14]. The authors constructed a non-linear structure using the factors of

mortality and fertility that rely on the total population size. In recent years, numerous experts

[18, 87–89] developed various algorithms that are used to solve this type of modeled equation

of population dynamics. To simplify the analysis of the model equation, numerous authors

supposed that the death rate and some other variables are bounded wherever few models use

1Dipty Sharma and Paramjeet Singh “Discontinuous Galerkin method for a nonlinear age-structured tumor cell pop-
ulation model with proliferating and quiescent phases.”, International Journal of Modern Physics C, 32(03), 2150039,
2021.
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maximum age as a factor which can not be touched and also required mortality rate to be

unbounded at that age [189, 190].

It is well-known that the solution is smooth whereas the maximum age is infinite, and derivatives

are bounded if some conditions of compatibility are met [14]. On the other side, the solution

can be stiff as the maximum age is finite depends on the function of mortality, even though

all the conditions of compatibility are fulfilled. In such a case (near the maximum age), many

numerical schemes existing in the literature are not working well.

A linear model which is having a finite life span can induce significant outcomes of popula-

tion change for a short duration of advanced ages. Nevertheless, the nonlinear model with a

maximum age that is finite produces both types of i.e. quantitative and qualitative analysis of

population dynamics. Thereby, in the next section, we explore the model of tumor cell popu-

lation dynamics based on an age-structured approach where each cell has a maximum age that

is finite. The key purpose of this type of simulation method, when used with the population

model, is to build the estimates of the growth of the population for the future. Iannelli and

Milner [18] concluded that the numerical methods where the standard order is lower can not be

appropriate for the model equations of population dynamics. To see the long-term phenomenon,

it would be ideal to choose suitable higher-order methods and, thus the DG method is a decent

choice among these types of equations. Additionally, our schemes are appropriate for various

types of functions of mortality that can be used in population modeling. Some other high-order

schemes are available in the literature which can be used to solve the governing equation given

in [153, 191].

In this chapter, we purpose a nonlinear Lotka–McKendrick equation to describe the tumor cell

population dynamics with quiescent and proliferating states. Several researchers have drawn

great attention to the development and invasion of the tumor cell population model and have

been thoroughly examined for the past few decades. The theoretical analysis performed on

tumor evolution in vitro or vivo is one essential way to deal with tumor study, which is gen-

erally used to examine extensive dynamical evolution at three levels: molecular, cellular , and

tissue, either one at a time or comprehensively [192–196]. Furthermore, tumor progression is

categorized into three distinct phases based on different circumstances of dispersal and different

growth rates: avascular, vascular, and metastatic. In this chapter, we examine the evolutionary

model of a tumor cell population dynamics in vitro condition and at the stage of avascular. The

proliferating cell’s division rate is supposed to be nonlinear because of nutrient and space lim-

itations. Moreover, this model applies to other circumstances where an inadequate resource is

provided at the metastatic or vascular stage. In the recent past, the model with vital dynamics

is evolving as provided in [194, 197, 198] and shown schematically in Figure 4.1. From the G1

phase, proliferating cells continue through phases of S and G2, giving birth to new cells when

the cycle of the cell reaches its end i.e. (M phase). Such type of newborn cells can either stay

in proliferating stage or can enter the quiescent stage, while the quiescent cells do not promote
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Figure 4.1: The diagram of the quiescent cells in G0 phase and the proliferating cells in
G1 phase (first gap), S (synthesis), G2 (second gap) and M (mitosis) of the cell cycle

correlated with cell age, (this image is taken from [4].)

or split but migrated to the proliferative stage or remain in phase G0 till it reaches its end and

also removed from the tissue. For both types i.e. quiescent and proliferating, their age starts

with the time when the cell was just split and its age is related to the stage of the cell cycle (for

proliferating). Further-also consider that for time t, da/dt i.e. evolution speed of physiological

age a is constant (symbolized by k). Such as, if k = 0.5, implies the age of biology develops

twice and it is as slow as real-time t. Moreover, there is a ratio of newborn cells at the time

cells divide and entered quiescence at 0 age. This type of proportion may reflect the dosage of

drugs like erlotinib as described in [199] that erlotinib’s main effect on cells (cancer) is to get

enter into quiescence (see [198]). This fraction is represented by f, therefore, 1 − f indicates

a portion that still exists in the proliferating stage. Next, presume that if there is not any

joining to quiescent cells besides a member of the daughter cells (age 0) i.e. with age a > 0, all

proliferating cells will not be able to enter into the quiescent stage. Moreover, we also believe

that the existence of transit rate from quiescent phase to proliferating phase that is produced

by fluctuation of the source supply for some irregular period. Therefore, we propose the model,

where the age density evolution q(t, a) and p(t, a) with finite maximum age a ∈ [0, a+] and at

time t which is expressed by the given system:

∂p

∂t
+ k

∂p

∂a
= −µ(a)p(a, t)− β(a,N(t))p(a, t) + σ(a)q(a, t),

∂q

∂t
+ k

∂q

∂a
= −µ(a)q(a, t)− σ(a)q(a, t), (4.1)

for the quiescent and proliferating cells. In the above system β(., N), µ(a) and σ(a) denotes the

division rate, death rate and transition rate respectively with the following assumptions
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� µ(.) ∈ L1
+,loc([0, amax)) and

∫ amax

0 µ(s) ds =∞. Further, the boundness on the death rate

for the age interval [0, a+] is assumed by replacing amax with a+ = amax − ε0, ε0 > 0.

Therefore, µ(.) is non-negative and essentially bounded in [0, a+].

� The assumption that all the cells will not divide earlier than arriving at maximum survival

age a+, implies boundness on dividing rate β(., N) ∈ L∞[0, a+] > 0.

� σ(.) ∈ L∞[0, a+] > 0 and N ∈ R≥ 0.

Additionally, following initial and BCs completes the given model

p(0, t) = 2(1− f)
∫ a+

0 β(a,N(t)) p(a, t)da,

q(0, t) = 2f
∫ a+

0 β(a,N(t)) q(a, t)da.
(4.2)

p(a, 0) = p0(a), q(a, 0) = q0(a). (4.3)

Furthermore,
∫ a2
a1
p(a, t)da and

∫ a2
a1
q(a, t)da denotes the number of cells (proliferating and qui-

escent respectively) for age interval [a1, a2]. Then, the total number of cells denoted by P (t) and

Q(t) for the proliferating cells and the quiescent cells respectively at a time t are defined

P (t) =

∫ a+

0
p(a, t)da,

Q(t) =

∫ a+

0
q(a, t)da,

and their addition described by N(t) = P (t) + Q(t) denotes total cell populations. When

problem (4.1) organized with Eqs. (4.2-4.3) it is called first-order nonlinear hyperbolic PDE.

This type of model equation cannot be solved analytically [96, 128, 200–202] due to the term

nonlinearity. So, the numerical scheme are usually used for; finite difference technique of which

is covered in [171, 203], method of finite element provided in [141, 143] and the method for

numerical collacation proposed in [174, 204]. Moreover, solutions to (4.1) can be discontinuous,

i.e. when there is discontinuous initial data or when this type of solution not met with an inflow

boundary condition at the origin. Furthermore, in addition to this, if the mortality rate and the

division rate are stepwise functions, the particular solution can be regular only piecewise. All

these make it extremely desirable to impose the discretization scheme that may tackle irregular

solutions with an expected design. A various type of numerical techniques have been proposed

to solve population growth model, and even for a more general age-structured population dy-

namical equations (see [205]). All this type of method remains of fixed order (see [206]) and the

furthermost of these methods have been examined with some restrictive assumption (smooth-

ness of data and the solution). Thus, to efficiently handle these types of solutions (irregular)

with a certain pattern, we go for another class of approximation techniques. To Achieve this
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purpose, DG method may be efficiently applied for the simulation of the population growth

model.

The basic introduction to the DG approach provided in the previous chapter and the inter-

ested reader can find more details about the method herein [115, 176]. Moreover, this method

offers flexibility for local approximation as it uses discontinuous piecewise polynomials (ba-

sis function). Therefore, the higher-order accurate scheme may be designed with the help of

higher-order polynomial approximation within an element. Furthermore, as there is no need

for continuity, across the element interfaces, the basis function on every element may be chosen

and to be orthogonal, that again produces a well-conditioned algebraic system for higher-order

approximations using FEM approach [116, 207]. In the recent study, convergence and error

evaluations of the semi-discrete DG scheme for a linear age-structured population model is

presented by Kim [208], but there are no outcomes for the nonlinear system and fully-discrete

scheme. Therefore, we proposed the numerical technique based on the DG approach and that

can be used to find the solution which is more accurate in terms of accuracy and computational

approach. The numerical analysis for the proposed DG method for the nonlinear system (4.1)

is even more problematic and has a consequence in both application of the nonlinear system

and numerical analysis of population growth in biology.

1.1 Preliminaries

We provide some of the definitions which are fundamental and some additional outcomes which

are already known. Additionally, throughout the work done in this chapter, we always assume

that

A1. The term σ(.), µ(.), β(., N) ∈ L∞[0, a+] ≥ 0 and N ∈ R≥ 0.

A2. β(a,N) is differentiable with respect to N.

A3. Special form of division rate as β(a,N(t)) = β(a), φ(N(t)) with the assumption that

φ(x) is continuous, differentiable and strictly decreasing in x ∈ [0,+∞] and φ(0) =

1, limx→+∞ φ(x) = 0.

Local and global stabilities of trivial steady state: Let Ē(a) = (p̄(a), q̄(a)) is the steady

state of time independent system of (4.1) and some other terms used are defined as

s1(a) = exp

(
−
∫ a

0
µ(ξ)dξ

)
,

s2(a) = exp

(
−
∫ a

0
β(ξ,N)dξ

)
,

s3(a) = exp

(
−
∫ a

0
σ(ξ)dξ

)
.

We just provide the result as verified in [4], described by the following theorems.
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Theorem 1.1. (Locally asymptotically stable) Let assumptions (A1) and (A2) be satisfied and

2

a+∫
0

β(a)s1(a)s2(a)

(
1− f + f

∫ a

0
σ̄(ξ)s3(ξ)s−1

2 (ξ)dξ

)
da < 1,

then, trivial steady state Ē0 := (0, 0) is locally asymptotically stable, where s2(a) = s2(a,N)|N=0

and β(a) = β(a,N)|N=0

Theorem 1.2. (Globally asymptotically stable) Let the assumptions (A1) and (A3) holds and

additionally if

2

a+∫
0

β(a)s1(a) da < 1,

then trivial steady state Ē0 := (0, 0) is globally asymptotically stable.

Remark 1.1. The local stability of positive steady state can be gained by improving assumption

(A2) that is β(a,N) is differentiable with respect to N and
∂β(a,N)

∂N
is bounded on [0, a+] (see

[4]).

We demonstrate the stability and the existence of positive steady state numerically in the

Section 4. From these simulations, we find that system is really locally asymptotically stable

positive steady state if appropriate values are taken by the coefficients of the considered system.

Here, we construct the numerical approximation based on DG approach for the system (4.1)

which can be written in standard form described by

∂p

∂t
+ k

∂p

∂a
= Ŝ1(p, q, a, t),

∂q

∂t
+ k

∂q

∂a
= Ŝ2(p, q, a, t), (4.4)

where Ŝ1(p, q, a, t) = −µ(a)p(a, t)−β(a,N(t))p(a, t)+σ(a)q(a, t) and Ŝ2(p, q, a, t) = −µ(a)q(a, t)−
σ(a)q(a, t) are the source terms. The spatial discretization reduce the above system into ODE

system which is then solved by explicit higher order RK method. Firstly, space discretization

is done by taking partition of the entire domain as follows.

1.2 Domain Partition

In this approach, consider a partition of the entire domain a ∈ Ω := [0, a+] into M disjoint

elements say Ωm = [am, am+1], for m = 1, 2, . . . ,M, with element size being ∆am = am+1 −
am and ∆a = max

1≤m≤M
∆am. Initially, we will approximate the solution inside each element

by a polynomial of degree N. Since the accuracy of the scheme is depend upon the order of

local polynomial interpolation so there is a need to care about the choice of discrete points of
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Figure 4.2: Partition of the domain Ω

approximation. Thus, consider the following affine mapping

a ∈ Ωm : a(r) = ami +
1 + r

2
∆am, where ∆am = am+1 − am,

where ami , i = 1, . . . , Np, for Np = (N + 1) are the grids point over the reference interval

r ∈ I = [−1, 1]. Since Gauss quadrature has the property of exact fitted for the polynomial

with degree 2Np − 1, we choose the Gauss-Lobatto discrete points (ri ) for the interpolation.

Moreover, let ai ∈ Ωm denote the physical locations of the Gauss-Lobatto points.

1.3 Semi-discrete DG Scheme

Here, we specify the finite dimensional space of the piecewise polynomial functions for the

discretization of the purposed scheme,

Vh = {ψh : ψh|Ωm ∈ PN (Ωm); m = 1, . . . ,M},

which consist the polynomials of degree up to N ≥ 1 over Ωm. Further, Local polynomials

pmh (a, t) and qmh (a, t) are represented as

pmh (a, t) =
Np∑
i=1

pm(ami , t)l
m
i (a) =

Np∑
n=1

p̂mn (t)ψn(a),

qmh (a, t) =
Np∑
i=1

qm(ami , t)l
m
i (a) =

Np∑
n=1

q̂mn (t)ψn(a),

where, the modal coefficients (p̂mn (t) and q̂mn (t)) are defined over the m-th element. Moreover,

the Legendre basis function is denoted as ψn(a) and li(a) describes the Lagrange polynomial.

Using Gram-Schmidt orthogonalization approach, one can recover an orthonormal basis as

defined

ψn(r) =
Pn−1(r)
√
γn−1

, γn−1 =
2

2n+ 1
,
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which are orthogonal on I = [−1, 1] and (Pn(r)) is the classical Legendre polynomial with order

n. The term γn in the above expression is the orthonormalizing weight see([115]). The term

Vij = P̃j−1(ai) (Vandermonde matrix), defines the following relation between nodal and modal

representation

pmh = V p̂mh , p̂mh = V −1pmh , V T lmN = ψmN .

Now to apply the DG approximation for the solution (ph, qh), first thing is to multiply the system

(4.4) by a test function and then integrate over element say Ωm. Further, taking integration by

parts again results in the equation for pmh , q
m
h ∈ Vh,∫

Ωm

∂tp
m
h lmj (a) da = −k

∫
Ωm

∂ap
m
h lmj (a) da+

∫
Ωm

Ŝ1
m

h l
m
j (a) da+ [pmh − (pmh )∗] lmj (a)

∣∣∣ar
al
,∫

Ωm

∂tq
m
h lmj (a) da = −k

∫
Ωm

∂aq
m
h lmj (a) da+

∫
Ωm

Ŝ2
m

h l
m
j (a) da+ [qmh − (qmh )∗] lmj (a)

∣∣∣ar
al
,

(4.5)

with all the test function lmj (a). As there is lack of the continuity of test functions at element

interfaces, the solution is not exactly unique at these boundary points in this approximation.

To guarantee convergence and stability there is a need to replace the element interface values

by the numerical flux . So the right design of these fluxes is the main component to develop an

accurate and the stable scheme.

1.4 Flux approximation

At the element interfaces, the densities p∗ and q∗ are presented by a monotonic flux so that,

the continuity, monotonicity and consistency conditions hold. Thus, we use the well known

monotonic flux (Lax-Friendrichs ) with a jump along the normal n̂ as described

f∗(p−h , p
+
h ) =

f(p−h ) + f(p+
h )

2
+ n̂

κ

2
(p+
h − p

−
h ) where κ = max

p
|f ′(p)|. (4.6)

The expression p−h and p+
h are denoted for the interior and exterior boundary values respectively.

Moreover, the BCs are enforced through numerical flux [115]. Further, the mass and stiffness

matrices over element Ωm are defined

Mm
ij =

∫
Ωm

li(a)lj(a) da, Smij =

∫
Ωm

li(a)l′j(a)da,

and follwing are the matrices for the reference interval [−1, 1]

Mij =

∫ 1

−1
li(r)lj(r)dr, Sij =

∫ 1

−1
li(r)l

′
j(r)dr.
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The li(r) used in the above expression is the ith Lagrange polynomial for the Legendre Gauss-

Lobatto (LGL) nodes ri. Using these matrices, one can obtain the following relation

Mm
ij =

1

2
(amr − aml )Mij , Smij = Sij .

After applying the above terminology, we get the following element-wise reduced system for

(4.1)

Mmdp
m
h

dt
= −Sm pmh + [pmh − (pmh )∗] lmj (a)

∣∣∣ar
al

+MmŜ1
m

h ,

Mmdq
m
h

dt
= Smqmh + [qmh − (qmh )∗] lmj (a)

∣∣∣ar
al

+MmŜ2
m

h .

(4.7)

Thus, the above semidiscrete estimate of model equation (4.1) can be write as following system

of ordinary differential equation

d uh
dt

= Lh(uh, t), ∀t ≥ 0, ∀a ∈ [0, a+],

where uh is the vector of solution coefficients and Lh is the R.H.S of the system (4.7). The

time discretization techniques are then used to get the approximate solution from the derived

system of ODE as described in [183, 184].

1.5 Temporal discretization (strong stability-preserving method)

The higher-order explicit strong-stability preserving (SSP) time discretization approach is used

for the temporal discretization. For this approach, firstly consider the partition of time domain

[0, T ] as {tk}Kk=0 with time step ∆tk = tk+1 − tk, k = 0, 1, . . . ,K − 1 and the procedure of s−
stage explicit RK method is as follows

v(0) = ukh

i = 1, . . . , s : v(i) =
∑i−1

j=0 αijv
(j) + βij∆tL(v(j), tn + γj ∆t).

uk+1
h = v(s),

where αij , βij all are positive and for the consistency, we must have
∑i−1

l=0 αil = 1. Moreover,

if the scheme is total variational diminishing or bounded (TVD/TVB) for ∆tE using forward

Euler method i.e.

uk+1
h = ukh + ∆tLh(ukh, t

k), |uk+1
h |TV ≤ |ukh|TV .
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Then, one can obtain that result for the higher order provided

∆tRK ≤ min
ij

αij
βij

∆tE .

We use the third order SSPERK method for the numerical simulations which is defined as

follows

u1 = un + ∆t L(tn, u
n),

u2 =
3

4
un +

1

4
u1 +

1

4
∆tL

(
tn + ∆t, u1

)
,

un+1 =
1

3
un +

2

3
u2 +

2

3
∆tL

(
tn +

1

2
∆t, u2

)
,

where un = u(a, tn), n = 0, 1, 2, . . . and tn = n ∆t.

2 Numerical Experiments

Here, we provide some of the numerical simulation to study the impact of variables on nonlinear

tumor growth model (4.1) in this Section. The vital arguments that effect the model dynamics

are k i.e. evolution speed, f i.e. the proportion of new born cells which enters the quiescent

phase at the age 0 and µ (death rate). For the numerical examples , we use a+ = 72 hrs i.e.

maximum survival age of the cells, σ(a) = 0.02 and β(a,N) = β(a)φ(N) with

β(a) =

 0, if a ≤ ā,
1

ϑ

(a− ā)2

2ϑ2 + 2ϑ(a− ā) + (a− ā)2
, if a > ā


and φ(N) = 107(N + 107) for all N ≥ 0. The time from proliferating cells begins to divide is

demonstrated by ā and takes the value ā = 50 and (the variance constant denoted by ϑ) being

ϑ = 2 for the numerical simulations. Further the death rate µ(a) is described as follows

µ(a) =

{
µ, if a ≤ ā,
µ+ µ(a− ā)2, if a > ā

}
.

We consider the model (4.1)-(4.3) with parameter values as k = 1, f = 0.3, µ = 0.011 and

initial data as

p(0, a) = q(0, a) = 4(a+ − a)105/a+. (4.8)

The simulations described by Figures 4.3 and 4.4, show the effect of death rate for the initial

data as given in (4.8). We observe that the maximum value of the total number of cells is less

than 3x107. Further, the presence of steady-state for both p and q for the long time (larger than
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600 hrs) with initial data

p(0, a) = q(0, a) = (a+ − a)105/a+, (4.9)

can be found in Figure 4.5. Next, the trends for q and p for dissimilar age values are demon-

strated in Figure 4.6. From, Figures 4.6a and 4.6b, we can analyze that the system is stable for

different initial values as the curves of newborn cells tend to the same line. The stability of the

total number of cells can be found in Figure 4.6c. The change of cell numbers concerning the

effect of two parameters k and f shown in Figure 4.7 under the exact rate of death as µ = 0.001.

Figure 4.7 shows that cell numbers are increasing with effect of k i.e larger the cell evolution

speed leads the increase in all number of cells. Figure 4.7b, we can observe the rise in quiescent

cell population and fall off in the proliferating cell population as the proportion f increases.

The errors estimates ε∆a for the approximate solution p(a, t) and q(a, t) with different norms

are described

‖ε∆a‖1 = ∆a
∑
i

|(q∆a)i − (q?)i|,

‖ε∆a‖2 =

√
∆a
∑
i

|(q∆a)i − (q?)i|2,

‖ε∆a‖∞ = max |(q∆a)i − (q?)i|.

In the above expression, q? is the approximated solution at the finest grid N?. In order to

perform numerical simulations, we used the finest grid being N∗ = 320. The numerical result

as demonstrated (see Table 4.1-Table 4.8) implies that the error estimates are a monotone

decreasing function as N increases i.e. N = 20, 40, 80, 160. Additionally, we used the following

formula for the calculation of the accuracy rate of the designed scheme

r = log2

εN

ε2N
,

where εN is the error at the Nth grid cells.

Table 4.1: Error estimates for the numerical solution p(a, t) using DG method at
T = 400

N ‖ε∆a‖1 r ‖ε∆a‖2 r ‖ε∆a‖∞ r
20 0.12097E-00 0.28734E-01 0.10456E-01
40 0.15564E-01 2.96 0.46143E-02 2.63 0.26277E-02 1.99
80 0.16349E-02 3.25 0.53616E-03 3.10 0.32526E-03 3.01
160 0.17471E-03 3.22 0.59543E-04 3.17 0.41368E-04 2.97

71



Table 4.2: Error estimates for numerical solution p(a, t) using WENO method at
T = 400

N ‖ε∆a‖1 r ‖ε∆a‖2 r ‖ε∆a‖∞ r
20 0.32013E-00 0.60744E-01 0.20077E-01
40 0.46899E-01 2.77 0.10249E-01 2.56 0.48241E-02 2.06
80 0.80497E-02 2.54 0.24642E-02 2.06 0.20210E-02 1.26
160 0.12817E-02 2.65 0.56352E-03 2.12 0.61753E-03 1.71

Table 4.3: Error estimates for the numerical solution q(a, t) using DG method at
T = 400

N ‖ε∆a‖1 r ‖ε∆a‖2 r ‖ε∆a‖∞ r
20 0.50311E-01 0.12306E-01 0.43918E-02
40 0.44794E-02 3.49 0.15477E-02 2.99 0.10124E-02 2.12
80 0.38084E-03 3.55 0.14998E-03 3.37 0.10453E-03 3.27
160 0.29792E-04 3.68 0.12943E-04 3.53 0.11398E-04 3.19

3 Summary

In this chapter, we describe an implementation of the DG method for the nonlinear age-

structured model to examine the tumor cell population dynamics. From our numerical sim-

ulation, we examine that the initial effort to design and analyze an accurate and stable method

is suitable for long-time age distribution of p(a, t) (proliferating cells) and q(a, t) (quiescent

cells). Numerical results are also provided to verify the accuracy of the proposed scheme. Fi-

nally, some test examples are included to demonstrate the behavior of the solution and the

results reveal that the DG method performs nicely for the simulation of the age-structured

tumor cell dynamics.
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Table 4.4: Error estimates for the numerical solution q(a, t) using WENO method at
T = 400

N ‖ε∆a‖1 r ‖ε∆a‖2 r ‖ε∆a‖∞ r
20 0.28960E-00 0.54772E-01 0.16024E-01
40 0.40507E-01 2.83 0.17634E-01 2.74 0.35987E-02 2.15
80 0.59128E-02 2.77 0.15774E-03 2.37 0.12368E-02 1.54
160 0.80986E-03 2.86 0.30603E-03 2.36 0.33866E-03 1.86

Table 4.5: Error estimates for the numerical solution p(a, t) using DG method at
T = 1200

N ‖ε∆a‖1 r ‖ε∆a‖2 r ‖ε∆a‖∞ r
20 0.17918E-00 0.41547E-01 0.15288E-01
40 0.24920E-01 2.85 0.68271E-01 2.61 0.35868E-02 2.09
80 0.29730E-02 3.07 0.81196E-03 3.07 0.41217E-03 3.12
160 0.39308E-03 2.91 0.10663E-03 3.12 0.56631E-04 2.86

Table 4.6: Error estimates for the numerical solution p(a, t) using WENO method at
T = 1200

N ‖ε∆a‖1 r ‖ε∆a‖2 r ‖ε∆a‖∞ r
20 0.36650E-00 0.71670E-01 0.22801E-01
40 0.73512E-01 2.31 0.15638E-01 2.19 0.57873E-02 1.97
80 0.85080E-02 3.11 0.25255E-02 2.63 0.20422E-02 1.50
160 0.14132E-02 2.59 0.57540E-03 2.13 0.61993E-03 1.72

Table 4.7: Error estimates for the numerical solution q(a, t) using DG method at
T = 1200

N ‖ε∆a‖1 r ‖ε∆a‖2 r ‖ε∆a‖∞ r
20 0.14214E-00 0.33187E-01 0.12078E-01
40 0.21314E-01 2.73 0.59184E-02 2.48 0.31376E-02 1.94
80 0.25034E-02 3.09 0.74402E-03 2.99 0.41084E-03 2.93
160 0.32796E-03 2.93 0.97104E-04 2.93 0.57284E-04 2.84

Table 4.8: Error estimates for the numerical solution q(a, t) using WENO method at
T = 1200

N ‖ε∆a‖1 r ‖ε∆a‖2 r ‖ε∆a‖∞ r
20 0.27838E-00 0.55467E-01 0.18221E-01
40 0.40454E-01 2.78 0.79469E-02 2.80 0.27499E-02 2.72
80 0.55642E-02 2.86 0.13323E-02 2.57 0.96376E-03 1.51
160 0.76599E-03 2.86 0.23631E-03 2.49 0.24815E-03 1.95
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(a) Numerical Solution p(a, t) determined by
DG method

(b) Numerical Solution p(a, t) determined by
WENO method

(c) Numerical Solution q(a, t) determined by
DG method

(d) Numerical Solution q(a, t) determined by
WENO method
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Figure 4.3: (A,B) are the Numerical simulation for p(a, t), (C,D) are for q(a, t) for
initial data p(0, t) = q(0, t) = 4 ∗ (a+ − a) ∗ 105/a+ and three key parameter are

f = 0.3, k = 1, µ = 0.011. The total number N(t) is shown in (E) under three different
initial conditions for the model (4.1)
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(a) Numerical Solution p(a, t) determined by
DG method

(b) Numerical Solution p(a, t) determined by
WENO method

(c) Numerical Solution q(a, t) determined by
DG method

(d) Numerical Solution q(a, t) determined by
WENO method
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(e) Numerical Solution N(t) determined by DG
method

Figure 4.4: (A,B) are the Numerical simulation for p(a, t), (C,D) are for q(a, t) for
initial data p(0, t) = q(0, t) = 4 ∗ (a+ − a) ∗ 105/a+ and three key parameter are

f = 0.3, k = 1, µ = 0.006. The total number N(t) is shown in (E) for the model (4.1)
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(a) Numerical Solution p(a, t) determined by
DG method
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(b) Numerical Solution q(a, t) determined by
DG method

Figure 4.5: (A) are the Numerical simulation for proliferating cells p(a, t), (B) are for
quiescent cells q(a, t) at fix ages a = 0, 35, 50, 60, 65, 70.
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Figure 4.6: (A,B) are the Numerical simulation for p(a, t), and q(a, t) for different initial
data with three key parameter are f = 0.3, k = 1, µ = 0.001. The total number N(t) is

shown in (C) for the model (4.1)
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(b) Number of cells versus f

Figure 4.7: (A) describes the number of cells for different value of k and (B)
demonstrate the number of cells against different values of f.
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Figure 4.8: (A) described the error estimates for p(a, t) and (B) described for q(a, t) at
the time t = 1200.
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Figure 4.9: (A) described the error estimates for p(a, t) and (B) described for q(a, t) at
the time t = 1200.
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Chapter 5

Conclusions and Future Scope

This chapter summarizes the thesis findings and conclusions. The chapter also provides recom-

mendations and suggestions about future work.

1 Conclusions

This thesis aims to formulate, analyze, and implement DG methods for the partial differential

equations arising from neuroscience and population dynamics. This study comes under the

category of applied and computational mathematics. This area of research has become an

appealing field in the present time and remained relatively unexplored until the discovery of

high-speed computers. We examined biological models in the form of time-dependent PDEs and

designed suitable numerical schemes, discussed the stability and convergence, and simulated,

it on a computer to get the desired results in practice. The work has been published in the

research articles [117, 118]. The objectives mentioned for this research work are completed in

chapters. A brief summary of each chapter follows.

1. The first chapter is dedicated to the review and analysis of existing literature that has been

accomplished to determine the gaps existing in the area of computational neuroscience

and population dynamics. The resulting equations are time-dependent PDEs, thus the

overview of the numerical techniques for the solution of these equations are composed in

this chapter. Some preliminaries of neurons and their structures are also discussed.

2. The NLIF model plays an essential role in neuron biology to represent their biological

phenomena. In Chapter 2, we used the nonlinear NNLIF model to discuss the neuronal

behavior in more realistic manner. A suitable numerical approach based on the FEM

approach has been used to determine the approximate solution of the governing equation

and the performance of the proposed scheme over the existing schemes have been shown

in the chapter. Relevant numerical examples were provided to validate the theoretical

results.

3. The probability density approach in computational neuroscience has a long-standing his-

tory and it is used in various contexts. However, this approach is inadequate for the

simulation of a large neural network. In Chapter 3, we used the population density
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approach based on probability density function for the derivation of the population den-

sity model (excitatory and inhibitory) with delay and refractory period. An appropriate

discontinuous Galerkin scheme has been designed and discussed in this chapter. The com-

parative results depict the performance of the designed scheme over the existing schemes

for the resulting model equation.

4. The model equation based on the age-structure approach plays a vital role in population

dynamics. Thus age-structured tumor cell population model has been studied in Chapter

4. The considered model is governed by a non-linear hyperbolic PDE to depict the

tumor cell population dynamics based on an age-structured approach. The discontinuous

Galerkin approximation has been employed to figure out the numerical solution of the

model equation. Moreover, this scheme is also suitable for long-time behavior of the

governing model equation.

2 Scope of the Future Work

Research is a continuous process. The work presented in this thesis is related to the numerical

study of biological models. The aim is to understand the realistic biological phenomena con-

cerning non-linear mathematical models, which are very difficult to solve analytically. Hence,

we need numerical methods to find the approximate solutions. Further research directions in

this area are listed below:

1. A neuron network model with adaptation and fatigue can be studied. Due to the high

nonlinearities, it would be a challenge to provide the numerical study of the impact of the

fragmentation term which appears due to the synchronization of neurons in the neural

network.

2. For a better understanding of the complicated physical phenomenon of neuronal networks,

it is necessary to introduce mathematical models which might show some features very

similar to those of the original phenomenon. The resulting mathematical models suitably

governed by the higher-order nonlinear PDEs have many difficulties to solve. Therefore,

It is very difficult to apply the correct analytical approach for the expression of this

variability. Therefore, suitable numerical methods are required to study the neuronal

variability governed by the higher-order nonlinear PDEs.

3. The delay differential/partial equations play a vital role in mathematical biology to rep-

resent the complex biological phenomena. On the other side, it is very difficult to solve

these model equations analytically. Therefore, a stable and efficient numerical method is

needed to tackle these types of the model equation to figure out the dynamical behavior

of these biological processes.

82



4. The problem of tumor growth and its monitoring has draw a substantial concern over the

last few years. Tumor growth models generally consist of two or more equations in terms of

the variables order parameter, chemical potential, and nutrient concentration, and many

others. Therefore, these model equations are governed by a highly nonlinear system of

PDEs which again needs a suitable approach to tackle these complicated phenomenons.

3 Recommendations about Future Work

One of the challenging issues in modern sciences is the modeling of physical phenomena arising

in biological growth problems. The resulting mathematical models are governed by the higher-

order nonlinear partial differential equations. Often, it is very difficult to solve these nonlinear

equations explicitly for exact solutions. Thus, the numerical solutions of nonlinear systems

governing biological phenomena are of great importance. The problem of tumor growth and its

monitoring has attracted considerable attention over the last two decades.

Tumor growth models generally consist of Cahn-Hilliard type equations with transport and

reaction terms which govern various types of cell concentrations. The reaction terms depend on

the nutrient concentration (e.g., oxygen) which obeys an advection-reaction-diffusion equation

coupled with the Cahn-Hilliard equations. In particular, we will examine a diffuse interface

model of tumor growth for their numerical analysis.

A further study would be to investigate time-dependent higher-order PDEs arising in cancer

biology, infectious disease transmission, and related areas. Possible extension of these models

for higher space dimensions can be considered. Various type of numerical techniques has been

proposed to solve the tumor growth model. All this type of method remains of fixed order

and the furthermost of these methods have been examined with some restrictive assumption

(smoothness of data and the solution). Thus, to efficiently handle these types of solutions

(irregular) with a certain pattern, we go for another class of approximation techniques. To

Achieve this purpose, the DG method may be efficiently applied for the simulation of the

population growth model. The discontinuous Galerkin method is a new technique and provides

adorable properties for the numerical approximation of the solution of various classes of PDEs.

Further, applications of the discontinuous Galerkin methods could be explored to study complex

biological and related phenomena.
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