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ABSTRACT

Approximations of the differential operators such as laplacian operator, gradient operator,
divergence operator, curl operator are important in numerical analysis. For example we
can use these approximations for solving partial differential equations. Many times, their
approximations on the sphere are required.

In this thesis Wendland’s radial basis functions are used for the approximations of
differential operators. Firstly we study about the scalar radial basis functions and its
interpolation method. We explained differential operators in terms of cartesian and
spherical polar coordinates and scalar valued Wendland’s radial basis functions which
are used for the approximations of these operators on the sphere. Based of these radial
basis functions, the approximations are computed.

Next we considered divergence-free matrix valued radial basis functions generated by

compactly supported scalar Wendland’s radial basis functions.
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Introduction

In the present age, when computers are applied almost everywhere in science, engi-
neering and all around us in day-to-day life, it becomes more and more important to
implement mathematical functions for efficient evaluation in computer programs. It is
usually necessary for this purpose to use all kinds of approximations rather than their
exact mathematical form.

The reason for approximating the function is that in many instances it is not possible
to implement the function exactly, for instance when they are only represented by an
infinite expansion. Furthermore, the function we want to use may not be completely
known to us, or may be too expensive or demanding of computer time and memory to
compute in advance. There are many techniques for approximation of functions such as

least square approximation, regression etc. Interpolation is one of the technique used for



approximation.

Interpolation
Interpolation is a method of constructing new data points within a range of a discrete set
of known data points. In engineering and science, one often has a number of data points,
obtained by experimentation, which represent the value of the independent variable. It
is often required to interpolate the value of that function for an intermediate value of the
independent variable. This may be achieved by interpolation.
Interpolation is done by generating a function which best fits the known points. Inter-
polation can be done by using different interpolants. For instance, rational interpolation
is interpolation by rational functions, and trigonometric interpolation is interpolation by
trigonometric polynomials, interpolation by wavelets etc. Following interpolating meth-
ods are the most popular:

1. Lagrange’s Interpolation

2. Newton’s Interpolation

3. Spline Interpolation
Langrange’s Interpolation
Suppose that our data pairs are (xg, f(z0)), (21, f(21)), ..., (T, f(x,)). The Langrange’s
polynomial is given by:

(x —zo)(x — z2)...(x — x,)

(1 — o) (1 — 22)...(1 — Tp)

(x —z1)(x — 29)..(x — )
(o — 1) (0 — T2)...(T0 — Tp)
(x —zo)(x — 1) (T — 1)
(Xn — o) (xp — 1) (Tyy — Tpy)

P(z) =

f(z1)

f(zo) +

+

In short, it can be written as

where




where y; = f(z;).
Hence, by putting the value of z; and y; we can calculate the value of « at any unknown
point.
Newton’s Interpolation
Another popular method for interpolation is Newton’s method. There are three types of
Newton’s method:
1. Forward difference interpolation formula
2. Backward difference interpolation formula
3. Divided difference interpolation formula
Forward difference interpolation formula is:

plp—1)...(p—n+1)
n!

—1
P, () = yo + pAyo + ZMAQCUO +..+

where A is the forward difference operator.

Ay = Yir1 — Ui,
Akyi = Ak_l(yiﬂ —v), 1=0,1,...,n—1
and

r — Xy
p = .

Backward difference interpolation formula is:

1 ... 1
p(p + )VQyn+“‘+p(p+ )o(p+n—1)

P(z) =y, +pVyn + ECT oy

V'Yn,
where V is backward difference operator.

Vyi = Yi— Yi-1,
vkyi = V(yi—yi,l), 1=0,1,....,.n — 1.

and




Divided difference interpolation formula is:
A divided difference is defined as the difference in the function values at two points,
divided by the difference in the values of the corresponding independent variable.

In general,

f[xo,xl...xn] _ f[xl)x%”'uxn} _f['r07x1a"'7xn—1]7
Tn — X

and the corresponding interpolation formula is

P(x) = f(xo) + (z — o) flxo, 1] + (z — o) (x — 21) f [0, 21, 7]

+ ot (z—x)(z—x1) . (= 2p1) flTo, ey T

Spline Interpolation:

Spline interpolation uses a number of polynomial functions to interpolate a set of data
points with each polynomial for two adjacent data points. The Spline method is nec-
essary because sometimes when the order of the polynomial become large, polynomial
interpolation shows oscillatory behavior.

Spline method is not another method for finding polynomial interpolation of a discrete
function, but instead it results in a piecewise polynomial (splines) in order to avoid the
oscillatory behavior. The most common spline interpolations are linear, quadratic and
cubic splines.

There are many methods for interpolation in more than one dimension. For instance,
polynomial interpolation, piecewise polynomial splines i.e., piecewise polynomial method,
and some other non-polynomial methods etc. The main disadvantages of these methods is
that they normally do not give an explicit analytic expression for one approximant for all
the provided data at once. In conclusion, we can say that there are many approximation
methods, however, these methods require much set-up work especially in more than two
dimensions, and this is a strong argument in favour of use of radial basis functions(RBFs)
which are used in this thesis.

RBF method is one of the primary tools for interpolating multidimensional scattered
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data. The method’s ability to handle arbitrarily scattered data, to easily generalize to
several space dimensions, and to provide spectral accuracy have made it popular in several
different types of applications. Some of the recent of these applications include neural
networks, medical imaging and the solution of partial differential equations (PDEs).
The main feature of RBF method is the fact that a unique interpolant is often guranteed
under rather mild conditions on data points. In several cases, the only restrictions are
that there are atleast two data points and they all are distinct.

Among all the RBFs, the multiquadric is the best known one and best understood, and
very often used. One reason for this is its versatility due to an adjustable parameter ¢
which may sometimes be used to improve accuracy or stability of approximations with

multiquadric functions.

The RBFs were introduced in 1971 by R. Hardy [6] where he introduced multiquadric
(MQ) RBF interpolation method. In 1982, R. Franke made a report on 32 most commonly
used interpolation methods [3], and concluded that MQ interpolation method is best one.
This made MQ interpolation method very popular. R. Franke also conjectured the non
singularity of the interpolation matrices associated with MQ RBFs and this conjecture
was proved by C.A. Micchelli in 1986 [9]. After that the interpolation methods based on
other RBF's such as thin plate spline, the Gaussian, the cubic etc. were proposed. In
1990s, the RBF method once again came into light when E.J. Kansa used this method
to solve PDEs [7][§].

RBFs are means to approximate multivariate functions by linear combinations of terms
based on a single univariate function. They are usually applied to approximate functions
or data which are only known at a finite number of points.

The advantage in using RBFs is generally that they provide interpolants irrespective of
the geometry of the centres x; and for any dimension n, whereas for instance polynomial
interpolation or even piecewise polynomials are no longer available or feasible in practical
applications when n is very large or the geometry of x; is complicated.

The main virtue of RBFs, namely being readily available for interpolation even in high

dimensional settings, is important, for instance, in neural network applications, where



the dimension of the underlying approximation problem is often very large. Another
attractive feature is that many of them are related to elliptic differential operators, in
that they are Green’s functions to, say, Laplace or other radially invariant operators.
The thin-plate spline ¢(r) = r?logr is a prime example for that, as it is a fundamental
solution of the two-dimensional biharmonic operator.

Other currently used choices of ¢ that give good, accurate approximations if the cen-
tres are close enough together include the multiquadric radial function ¢(r) = v/r2 + 2,

. . . 202
¢ being a nonnegative parameter, and Gaussians ¢(r) = e "

, € a positive parameter.
Since the Gaussian RBF is so well localised in space, the parameter ¢ in it should nor-
mally be dependent on the distances of points within ;. As multiquadrics give invertible
matrices A for all dimensions, all sets of distinct centres and all parameters, as do indeed
the Gaussians, but the latter have the additional strong advantage that they give a pos-
itive definite, essentially banded interpolation matrix. In fact, the banded structure of
the matrix A becomes more dominant if the parameter ¢ in the Gaussian radial function

is large, but this parameter pits locality against the accuracy of the approximation.

Some of the RBFs are given by:-

Distance
o) = r
Cubic power
o(r) = r*
Gaussian
_r?
0(r) = ol — ) = exp™ =
Multiquadrics

o(r) = é(la — cl)) = VT @

Inverse Multiqudrics

o(r) = o(lx — ) = N



For a given function f € C(R¢) and a set of points X = 21,29, ...,xxy C R? the RBF
interpolant I3 f is given by

N

Ief(x) =) Fo;(),

i=1
where @ : R? — R is a RBF ®(z) = ¢(||z||2). The coefficients f/s are computed using

the interpolation condition
Iz f(x;) = f(z)

The large size of set X makes it desirable to use compactly supported RBF's of the simplest
possible form. If RBFs has compact support, the interpolation matrices involved are
sparse and the corresponding algorithms are efficient [2]. Another advantage of comapctly
supported RBFs is the principle of locality, which means the changes of one center z;
causes only a local change in the interpolant. Both the properties of the compactly
supported RBFs are desirable for numerical treatment of PDEs.

One more reason for the requirement of compact support may be that there are such
masses of data, which need to be interpolated, that even exponential or quick algebraic
decay is not sufficient to localise the method well enough so as to provide stable and fast
computations.

Compactly supported RBFs are useful especially when the number of data or evalu-
ations of the interpolant is massive so that any basis functions of global support incur
prohibitive cost for evaluation. Many of these RBFs are piecewise polynomials, and not
all of them have similar nonsingularity properties for the interpolation problems. More-
over, RBFs with compact support are suitable for, and are used in solving linear PDEs
by Galerkin methods. They provide a suitable replacement for the standard piecewise
polynomial finite elements. It turns out that they can be just as good as means for
approximation, while not requiring any triangulation or mesh, so they allow meshless
approximation which is easier when the amount of data has to be continuously enlarged
or made smaller. That is often the case when PDEs are solved numerically. By contrast,

finite elements can be difficult to compute in three or more dimensions for scattered data
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due to the necessity of triangulating the domain before using finite elements and due to
the complicated spaces of piecewise polynomials in more than two dimensions. While
many such powerful theoretical results exist for RBFs.

Recently, radial functions of compact support are now being proposed that also give
positive definite matrices A and have genuinely banded interpolation matrices. Early ex-
amples of radial functions with compact support that have a simple piecewise polynomial
structure are due to [14], one of the first papers on compactly supported radial functions,
further discussed in [15], and in Wendland [12][13], who established several of their special
properties, such as certain optimality facts about their degree and smoothness.
Therefore, we focus on compactly supported and in particular Wendland’s compactly

supported RBF's in this thesis.

1.1 Radial Basis Functions

Let X be a manifold and X = {1, 22, ...,2,} be a set of scattered distinct points on
X. The spherical basis functions are derived from bizonal kernels ® : X x X — R of the
form ®(z,y) = p(z.y), =,y € X here ¢ is a univariate function defined on [-1,1] and z.y
is Euclidean dot product of position vectors of the points z,y € X.
For a fixed value of x the value of ®(x,y) depends on the geodesic distance from z to y,
hence the function ®(z,.) is radially symmetric function with respect to the point = and

is called RBF [4]. For every point #; € X, we have a RBF defined as
bj(x) = O(z, 25) = p(z.2;) = D(|z — 25]) (1.1)

One special type of bizonal kernels is
O(z,y) = p(ry) = ZalPl(n + Lizy), a >0, Zal < 00 (1.2)
1=0 1=0
where { P (n+1;t)}72, is a sequence of (n+1)-dimensional Legendre polynomials. Such a
® is positive definite on X [10], i.e., the matrix A = [®;(z;)]),_; is positive semi definite

for every set of distinct points {x1,zs,...,zx} on X and for every positive integer N.
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When the coefficients a; in the equation (1.2) are positive for every [, ® is said to be
positive definite [16]. In this case the matrix A becomes positive definite for every set
of distinct points {xq,xs,...,zxy} on X and for every positive integer N. These bizonal

functions are used to derive Wendland’s RBF's.

1.1.1 Basic RBF interpolation method

Given a function f on X, there uniquely exists a sequence of numbers { fj L, such

that the function
Igf(z) =) flo(), (1.3)
satisfies the interpolating condition

IXf(13k) = f(l’k),

Put = xq, 29, ..., zy in equation (1.3) we get

f(ﬂfl) @1(331) CDQ(xl) Ce (I)N<.’171) f~1
f(l‘z) _ (I)l(.xg) @2(&}2) e (I)N<LE1) f~:2 ’ (14)
f(l‘N) <D1($N) (I)Q(ZL'Q) Ce (I)N([L‘l) fNN
which can be written in the form as
f=AFJ, (1.5)
Now since the matrix A is invertible, we have
f = A_1f7
where f = [f(z1), f(22), ..., f(zn)] etc. Hence we have
N
fla) = Igf(x) = f1o;(x). (1.6)
i=1

There are plenty of choices for choosing the function ¢ and hence the function v of the

equation (1.1) and we have chosen it as Wendland’s functions.
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Differential Operators

An operator is a transformation that transforms a function into another function and
a differential operator is one in which derivatives are involved. The differential operator

given in Cartesian coordinates {z,y, z} on three-dimensional Euclidean space as

<0 L0 0
-
v Z@x_l_‘?ay_l_ 0z

was introduced in 1837 by the Irish mathematician and physicist William Rowan Hamil-
ton which is denoted with the symbol of nabla. The nabla is a triangular symbol like an
inverted Greek delta: V. The name comes, by reason of the symbol’s shape.

Del, or nabla, is an operator used in mathematics, in particular, in vector calculus, as
a vector differential operator. When applied to a function defined on a one-dimensional

domain, it denotes its standard derivative as defined in calculus. When applied to a
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field (a function defined on a multi-dimensional domain), del may denote the gradient
(locally steepest slope) of a scalar field (or sometimes of a vector field, as in the Naiver
Stokes equations), the divergence of a vector field, or the curl (rotation) of a vector field,
depending on the way it is applied.

Del is not a specific operator, but rather a convenient mathematical notation for those
three operators, that makes many equations easier to write and remember. The del sym-
bol can be interpreted as a vector of partial derivative operators, and its three possible
meanings: gradient, divergence, and curl can be formally viewed as the product with a
scalar, dot product, and cross product, respectively, of the del operator with the field.
We will discuss some differential operators such as laplacian, gradient, divergence and

curl.

2.1 Laplacian Operator

In terms of cartesian coordinates laplacian operator is defined as,

PA  0PA  OPA
_l’_

2
A = .
v 0x? * oy? 022

In terms of spherical polar coordinates this is given by,

RNt S N\
via = 2or \" or +rzsin080 Sm@ae +r28in200¢2'

2.1.1 Laplacian in terms of spherical polar coordinates

r = rsinfcoso,
y = rsinfsing, (2.1)
z = rcosd,

where

r=a?+y?+ 22 Gzarccosf, qﬁzarctang. (2.2)
r T
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Laplacian in polar coordinates is defined as

VA f
of

Oz
of

dy
of

0z

Rf 02f 0
ox?  Oy? 022
of or Of 00
or 0 ' 90 Ox
of or of 00
of or of 00
ar 0z 80 0z

The partial derivatives of r, # and ¢ is given by

or

ox
00
ox
0o
oz
or
dy
00
dy
09
dy
or
0z
00
0z
¢
0z

sin 6 cos ¢,

of 06
09’0z’
of 99
90" 0y’
of 96
o

1
— cos 6 cos ¢,
r

1sin¢
rsinf’

sin # sin ¢,

1

— cos 0 sin ¢,
,

1cos¢
rsinf’

cos b,

——sind,
,

0.

Using equation (2.4) and equation (2.7), we get

of

ox

1
= sinfcos (;S—gf + —cosf cos ¢
roor

13

of 1sin¢g

00  rsinf ¢’

(2.7)



Replace f by % in above equation

0°f = sin@cos.gb2 <3_f) + %cos@cosqﬁg <6_f) — lsin¢£ ((9_f) ’

022 or \ or 90 \ 00 ) rsind oo \ 9¢
% = sinfcos ¢% {sin&cos ¢% + %cos@cos ¢% — %leizg—ﬂ
+ %cos@cos gzﬁ% {sin@cos gb% + %cos@cos gb% — %zizg—ﬂ
- s oot peoendy 1505

On solving above equation, we get

0*f _ .2 ) OPf : 2, 0f 1 . 2  OPf
9z = [sm 0 cos (ﬁﬁ—ﬁCOS@SlneCOS ¢%+;COSGSIHQCOS ¢8r89+
1 af 1 . 0*f
ﬁsmqﬁcomﬁ&—(b—;smqﬁcosgba(bar}
1 , P 1 L O 1, B
+ [;smHeochos ¢arae—ﬁs1n0(}os€cos gb%—i-ﬁcos 0 cos ¢892 +

r? sin? 6 op  r? sin 6 000¢

isingbcosgbcoszeaf 1 cos@sin ¢ cos ¢ 02f}

1. 0 f 1 cos@sin®pdf 1 cosfsingcosp O*f
+ {_?Sln¢cos¢ara¢+ﬁ smf 00 2 sm0 0006

isingbcosgb(fpf isin2¢02f
r2  sin?f  O0¢  r?sin®h 0¢? |

(2.8)

Similarly we do for giy’; and %

of .. of 1 . 0f lcosgpdf
oy SlneSlH(ﬁE—F;COS@Slngb%—f—Tsin06¢,
f .. 2 (of\ 1 .0 [Of
8_y2 = smes.m(ba (8—y>—|—;COSQSIH¢% (8_3/)
, Leso o (0]
rsing dp \ 0y )’
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0 f . . *f 1 of 1 . . 0% f
6_3/2 = [sm295m2¢ﬁ—T—c0598m95m2¢%+;cos@sm@smzqﬁarae—
52
rism¢cos.¢a—£+ls.1n<bcosq§8 8{15]
1 , Of 1 o Of 1 5 02
+ [Tcos 6 sin QS&T = 5 sin 6 cos 0 sin (bae —|— > COS 29 sin ¢882

isingbcosgbcos2 Qg icos@sinqbcosgb 82f
2 sin? 6 o9  r? sin 0 000¢

-
2 2 2
n Fcosqbsinqﬁ o°f _'_icosﬁcos gb@_f+ 1 cosfcospsing 0°f

-

ordo sinf 00 sin 6 808¢
1singcospdf 1 cos? ¢82f (2.9)
r2  sin?0 0¢  r2sin?0 0¢? | '
Now,
OF _ o502l _Lina?
5, o 8r r sin 00’
82—f = cos 0— g L -8 0— a—f
022 or \ 0z r i 00\ 0z )"’
0 f 0 af 1 of 1 0 aof 1 af
9z = cos 05 |:CO 95 o sin 9@} — sin 9% |:COS 05 — sin 8%}
0*f f af 1 02 f
9z = |:COS 0W+_Sm0mse%_;COSHSIDQ&“GG]
1.,,0f 1. 82f 1 af 1 0?
+ [Tsm 0671—Ts1n€cos€a 80 s1n9c05980+ sin 9802 .(2.10)
On substituting the value of g L ‘322 and in equation (2.3) and after simplifications,

we get

Vif = af] + L 0 {sin@af] + L&/

r2or { or r2sin 6 00 r2sin? 6 87&

2.2 Gradient Operator

Gradient is a generalization of the usual concept of derivative of a function in one
dimension to a function in several dimensions. In terms of cartesian coordinates, this is
given by

- 0A. O0A. O0A.
VA = —i+—j+ —k,
ox 8y] 0z
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where A = A,i + ij' + Azl%.

In terms of spherical polar coordinates this is given by

- 0A . 0A . 8AA

where A = A, + Agf + Ago.

2.2.1 Gradient in terms of spherical polar coordinates

The value of unit vectors in terms of spherical polar coordinates is given by

sin 6 cos @7 + cos 0 cos gzﬁé — sin (;Sg%,

SSE
I

sin 6 sin @7 + cos 0 sin @ + cos ¢, (2.11)

o
Il

cos 01 — sin 66.

>
I

Gradient in spherical polar coordinates is defined as

_ 0A. 8AA DA -
VA = Soit o0+ 359 (2.12)

Gradient in terms of cartesian coordinates is defined as

8AA 0A.  0A.

or
- d~ 0~ 0
vV = a— a— —|— a—k (2.14)

Now on changing equation (2.14) into spherical polar coordinates, we can write it as

o _ 87"8+898+8¢ i ara+@g+a¢a
— \Ozor 0zl  Oxdp Oyor 0O0ydl Oy oo

oro 000 0¢ 0
+ (&E—F&%_'— 8¢) k. (2.15)

By substituting the values of partial derivatives of r, # and ¢, unit vectors in terms of

spherical polar coordinates and using equations (2.1), (2.2), (2.7) defined in section(2.1)
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in equation (2.15), we get

- 0 1 0 lsing 0
vV = _(sm@cosd) o +;cos@cos¢ag TSmga¢)(81n9(zos<;§r+cos€cos¢9—smgbgzﬁ)}
+ -(s' 0 si gf)——l—lcos@s qb— lcosqﬁa)(s 0 sin ¢ + cos 0 sin ¢f + cos dP)
_ infsin g + in ¢ S0 99 in 6 sin o7 in
[ o 1 0 L
+ (COS@E—;SIDQ%)(COSQT—SIHHQ) ,

i 1 1
= | sin®#fcos? qbaarjt—sm@cos@cos gbg—;smgbcosqb%—l—sm 6 sin” gb%

+i sin 6 cos 6 sin® ¢89+lsmgbcos¢%+cos 9%—%SIH9COSQ§9:|
0 1sin¢cos¢cosf 0
90 1 sin 6 (9(;5
lsingbcosgbcose )

+ [(sin 6 cos 6 cos? (b% + % cos? 0 cos? p— + sin # cos @ sin ¢%

+1cos 6 sin® gb )—smé’cosé’2 1S.m 98 0
r 00

88 sin 0¢ or
g 1 0  1sin’¢ 0
+ {—sm@snubcosqﬁ—r — ;sm¢cos¢c08986 i d 8_¢
. . 1. 0 lcos’¢ 0
+sm@sm¢cosq§§—i—;smgbcosgﬁcos@%—l—; 0 8gb]¢’

- [(©) (2 ()

2.3 Divergence Operator

In terms of cartesian coordinates divergence operator is defined as,

S 0A 0A, O0A
A = a Y )
v ox + dy + 0z

where A = A,i+ A, + Ak

In terms of spherical polar coordinates this is given by,

S 1 9(r*A,) 1 O(Agsinb) 1 04,
A = = .
v r2  Or + 7 sin ol + rsinf 0¢

where A = AT+ A@é + A¢g§.
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2.3.1 Divergence in terms of spherical polar coordinates

In terms of spherical polar coordinates,

~.

i _ [(ro 0o 9s0N, (ord 000 960
A= \\ozar T oz00 T 9200 dyor | 9y00 | dy oo J
oo 900
+(828r+6280 azagb)] 407+ A6+ Agd)]

By using equation (2.16) in equation, we get

<
SN}
I

o\ . [10) - LoaN
K§> P+ (;%> 0+ (TSM%) gb] . [ATT+A99—|—A¢¢ ,
L 100PA) 1 d(Agsing) 1 04,
T2 o + rsin 0 00 + rsinf 0¢ (2.17)

2.4 Curl Operator

In terms of cartesian coordinates curl operator is defined as,

S o 0A, 0A, 0A, O0A.)\ - 0A, O0A,\ -
A _ z z 3 Yoy x
VX <8y 8z>z+<&z 8x)j+(8x 0y)k

In terms of spherical polar coordinates this is given by,

S o1 [9(Agsing) A\ . 1 [ 1 94, 9(rAy)\ ;
vxd = rsine( 99 a¢>r r(sineaqs o )°

1 (9(rdg) 0A,\ ,
F( ar ae)‘b‘
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2.4.1 Curl in terms of spherical polar coordinates

In terms of spherical polar coordinates,

P09
UxA = |2 15 a2l
Ar A9 A¢
- po_ (10(Ay) 1 0A\ . [(9(Ay) 1 9AN S
vxd = (; 00 rsin 6 8¢)r < or rsinf O0¢ f
0(Ay) 1 0A.\ -
+ ( or  rsind 89>¢7
. 1 [(0(Agsing)  04p\ . 1/ 1 0A, 0(rdy)) ;
pu— - - - 0
VA rsin@( 00 0¢>T T(Siﬂ@ 0¢ or
1 8(7”A9)_8AT Qg
r or 00 '
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Approximations of Operators using Scalar

Valued Wendland’s RBFs

Wendland RBFs are compactly supported. This means that these RBFs can lead to
a sparse linear system of equations for solving the interpolation coefficients.
Wendland’s RBF () depends upon two parameters d and k, where d is the dimension of
the space and 2k is the order of the smoothness of the function ¢. Since ¢ depends on d

and k, we will use the notation 14 to denote it. It is defined as follows

par if0<r<1
Yar(r) =
0 ifr>1
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where

I+2k

Par(r) = djyr
§=0

with [ = L%lj + k 4+ 1. The coefficients dgl,)g can be computed recursively for 0 < s < k—1

as follows:

l ,
dy = (-1)

" 1425 d(l)
d0ls+1 = Z -]75 ) 820

pard +2
&V, =0, s>0.

di_os .

V., = _% §>0, 2<j<l+2s+2.

3.1 Other methods for approximating differential op-

erators

3.1.1 Finite Differences

Finite-difference methods (FDM) are numerical methods for solving differential equa-
tions by approximating them with difference equations, in which finite differences ap-
proximate the derivatives. FDMs are thus discretization methods. The principle of finite
difference methods is close to the numerical schemes used to solve ordinary differential
equations. It consists in approximating the differential operator by replacing the deriva-
tives in the equation using differential quotients. The domain is partitioned in space and
in time and approximations of the solution are computed at the space and in time or time
points. The error between the numerical solution and exact solution is determined by
the error that is committed by going from a differential operator to a difference operator.
This error is called the discretization error or truncation error. The truncation reflects

the fact that a finite part of Taylor series is used in the approximation.
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3.1.2 Finite Element

The finite element method (FEM) is a numerical technique for finding approximate
solutions to boundary value problems for PDEs. It is also referred to as finite element
analysis (FEA). FEM subdivides a large problem into smaller, simpler, parts, called finite
elements. The simple equations that model these finite elements are then assembled into
a larger system of equations that models the entire problem. FEM then uses variational
methods from the calculus of variations to approximate a solution by minimizing an

associated error function.

3.1.3 Finite Volume

The finite-volume method (FVM) is a method for representing and evaluating PDEs
in the form of algebraic equations. Similar to the finite difference method or finite element
method, values are calculated at discrete places on a meshed geometry. Finite volume
refers to the small volume surrounding each node point on a mesh. In the finite volume
method, volume integrals in a PDE that contain a divergence term are converted to
surface integrals, using the divergence theorem. These terms are then evaluated as fluxes
at the surfaces of each finite volume. Because the flux entering a given volume is identical

to that leaving the adjacent volume, therefore these methods are conservative.

3.2 Approximation of Laplace-Beltrami Operator on

the Sphere

We have the equation of the form,



Applying Laplace-Beltrami operator on both sides of above equation, we obtain

Vi) =~ fjfjv%bj(x)
o
= BA'f,
= D,

where B = [V?®;(z;)]);,_;. It is clear that the matrix D> = BA™" is an approximation

of the Laplace-Beltrami operator V2 on the sphere.
3.2.1 Computation of the entries of the matrix B
The ij'" entry of the matrix B is
V2p,(x;) = V2O(x;,2;5) = Vip(wix)) = V(| — 5]) = V2P(y/2 — 22.;).

For a fixed z; = (a,b,¢) with a®> + * + ¢* = 1, we calculate V*)\/2 —2z.2;. If =

(yb Yo, y3) then

VAh(\/2 — 22.2;) = V2(y/2 — 2(ay; + bys + cys)).

In spherical polar coordinates with radial distance R, polar angle § and azimuthal angle

¢, we have

y1. = Rsinfcos o,
Yo = Rsinfsin ¢,

y3 = Rcosé.

On a unit sphere R = 1, hence y; = sinf cos ¢, y» = sinfsin ¢, y3 = cosfh. Therefore,

we need to compute V21(1/2 — 2(asinf cos ¢ + bsinfsin ¢ + ccosf)). Laplace-Beltrami

operator V21 in spherical polar coordinates on a unit sphere is given by

(92_w N cos 0 O 1 0%

2 oy av
Vi = 002 sinf 90  sin?h 0p?”

(3.1)
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Let us start with 1) = 131 and with this choice

N T

t = asinfcos¢+ bsinfsing + ccosb.

Hence

o —20r(1—r)® ifr<1
or 0 otherwise
or B —2 -1

o 22—-2 r’

b oY or ot 20r(1—r)32 ifr <1

UG L , 32
00 Or 0t 0 0 otherwise
0% 60" ifr <1
0 otherwise
) o Or Ot 20r(1 —7r)3 2t ifr <1
% = BEn" : ’ 3.4
¢ r ¢ 0 otherwise
P4 600 (2)2 4 20(1 — 1) 24 ifr < 1
0 otherwise

Insert the values from equation (3.2), equation (3.3) and equation (3.5) into the equation

(3.1) to obtain

20(1 — r)3( 2t sty 10y | GoUrl((26)2 4 1o (0ty2) f
V2¢ _ 062 6 06 sin? 0 0¢? 0 sin? 6\ 0¢ (36)

0 otherwise
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Next

ot
a0
0%t
20
ot
9¢
0%t
2¢

Hence

8_275 cos @ Ot 1

acosf cos ¢ + bcosfsinp — csinb, (3.7)
—asinfcos ¢ — bsinfsin ¢ — ccosf = —t,
—asinfsin ¢ + bsin 0 cos ¢, (3.8)

—asinf cos ¢ — bsin 0 sin ¢,

0%t

06? * sin 6 90 * sin? @ O¢?

and

N, 1
00 sin? 6

(

ot
0¢

;

cos

—t + (acosfcos ¢+ bcosBhsing — csinf)

sin 6

' 29(—asilr16’cosgzﬁ — bsinfsin ¢),
sin
—t —acos¢sinf — asin¢gsinf — cos b,

—t—t,

r? —2, (3.9)

= (acosfcos ¢+ bceosfsin ¢ — csin f)?

1
— 0(—@ sin @ sin ¢ + bsin 6 cos ¢)?,
sin

= '+ + b+

= 1-—1¢

r?(4 —r?)

- =7 (3.10)

4

Insert the equation (3.9) and equation (3.10) into the equation (3.6) to obtain, for r < 1,

Vi =

20(1 —r)3(r* —2) + 60(

1—7)2r%(4 —1r?)
r 4 ’

20(1 —7r)3(r* —2) + 157(1 — r)%(4 — r?),

51 — ) (=7r% + 4r% + 20r — 8),
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and 0 otherwise. Therefore we have

5(1 —r)2(=7r3 +4r2 +20r — 8) ifr <1
Vg, = . (3.11)

0 otherwise

Moving on similar lines, we can obtain
28(1 — r)*(—25r* + 8r3 + 8272 — 16r — 4) ifr <1
Viihgs = . (3.12)

0 otherwise

and

B(1—r)S(=52r° +3r* + 1827 + 712 — 12r —2) ifr <1
Vs — - (3.13)

0 otherwise

3.3 Approximation of Gradient Operator on the Sphere

We have the equation of the form,
N
[~ Iefl@) = 3 (),
j=1

Applying gradient operator on both sides of above equation, we obtain

N
Z fjﬁq)j(x)a
j=1
Cf,

Q

V()

= CAT'f,

where C' = [V®;(z,;)]N

ij=1- 1t is clear that the matrix ﬁapp = CA™! approximates the

gradient operator V on the sphere.

3.3.1 Computation of the entries of the matrix C

The i entry of the matrix C' is

-

Vo) = Velw.a)),
= ﬁlb(m—%’)a

= 677/}(\/ 2 — 2ZL‘ZI‘])
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For a fixed x; = (a, b, ¢) with a®*+b*+c¢* = 1, we calculate Vi) /2 — 2x.:vj:§¢(\/2 — 2(ayy + by + cys))
zﬁw(\/2 —2(asinf cos ¢ + bsinfsin ¢ 4+ ccosd)). The gradient of a function ¢ in spher-

ical polar coordinates on the unit sphere is given by

P W
Vi = %0 — 0%@ (3.14)

where 0 and g% are unit vectors in # and ¢ directions respectively. We will start with

1 = 13,. Using equation (3.2) and equation (3.4), we get

. 20(1 — r)3(2L6+ L 23y ifr<1
le _ ( )<8 sm98 ) . (315)

0 otherwise

Now using equation (3.7) and equation (3.8) in equation (3.15), we get

20(1 —7r)3 ((acos@cos¢+bcosﬁs1n¢— csin0)0 + - (— asin@sinqﬁ—i—bsin&cosqﬁ)(i) ifr<1

6'¢ _ sin 0

0 otherwise
or
S0 20(1 —r)? (a(cos@ cos 0 — sin gbgzg) + b(cos Osin ¢ + cos gbgzg) — csin 0@) ifr<1

0 otherwise

~

The relations between the unit vectors in Cartesian coordinates, i.e., ¢, J, k and the unit

vectors in the spherical polar coordinates i.e., 7,0, ¢ are

sin @ cos ¢r + cos 6 cos ¢é — sin ¢QA5,

.
I

J = sinfsin¢f + cosfsin gbé + cos gbngS,
k = cosff —sin 9@,

P = sinfcos i+ sinfsin ¢j + cos 91;’,
6 = cosfcos ®i 4 cosfsin ¢pj — sin 9/%,
(;AS —  —sin¢i + cos d].
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Using these relations we obtain, for r < 1
Vir(y/2 = 2x.2;) = 20(1—r)*(a(i — sinf cos ¢7) + b(jj — sin 0 sin ¢F)
— (2 — cosOr)),

20(1 — ) (at + bj + ck — t7),

20(1 — r)3(aj — t(sin O cos ¢i + sin O sin ¢
+ cosbk)),
= 20(1 —r)*(z) — tZ), (3.16)

where 7 = ai 4 bj + ck and 7 = Yi + yaj + @/3]% and 0 otherwise. Therefore, we have

p

. 20(1 —r)*(a; —tZ) ifr<1
Vw&l = ;

\O otherwise

.
. 56(1 —r)>(5r + 1)(z; — t2) ifr <1
v¢3,2 - )

\O otherwise

(
. 22(1 —r)"(16r2 + Tr + 1)(z; — t2) ifr<1
Vips s =

0 otherwise

\

3.4 Approximation of Divergence Operator on the
Sphere

Suppose we are given a vector valued function f(z) = fr(x)R + fo(x)0 + f¢(a:)qg,
where R, 6 and (/5 are the unit vectors along the directions of axes of the spherical polar

coordinate system. The divergence operator is defined as

1 0

o .
sinffe) + Rsin98_¢(

+Rsinﬁﬁ( fo)-

When we are on the surface of the unit sphere, then R = 1, and therefore the divergence

operator becomes




or

- cos 6 1

Vi o= (fa) —(fo) + S1n93¢<f¢>

Now if fo =31, fids(z) and f, = 30, fi%(x)a then

- 8N~j cosQN~j 18N~j

V.f = %<Zf9¢j(x))+sine(zf9¢j(x)>+@%(Zﬁf’%(m))

- N COSQ Yoo
V=3 oy ng@ )+ g 2 Figg @) @17

Put z = x1, 29, ...,z in equation (3.17) , we get
V.f = DyA™ ' fo+Ilgfg+ 12,DsA7" f,, (3.18)

where Dy = [5:(¢;(x)]Ni—y, Dy = [%(gbj( ;)] Y=y, and Ily and 124 are the identity

cos 0,

matrices of size N with entries .

DgAi fg + ]19f9 + ]2D¢A71f¢.

and - respectively. Therefore, we have (V. f)app

3.4.1 Computation of the entries of matrices Dy and D,

The i entry of the matrix Dy is

0 0
%%’(%’) = 3

= ¥z —l),
= % (\/2—2$i.$j).
For a fixed z; = (a,b,c) with a® + 0> + ¢ = 1, we calculate (/2 — 2z;.2;) =

Z(\/2 = 2(ays + bys + cys3)) = Z(\/2 —2(asinbcosd + bsinfsin g + ccosd)). Let
us start with ¢ = ¢3, and with this choice equation (3.2) and equation (3.7) give us

Y31 O3 Or Ot 20(1 —r)3(acos@cos ¢ + beosfsing — csinf) if r < 1
09 ~  or 9t

(3.19)
0 otherwise
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Moving on similar lines, we can obtain

Dz _ 56(1 —r)5(5r + 1)(acosfcos ¢ + beosfsing — csinf) if r < 1 . (3.20)
o6 0 otherwise
and
s 3 _ 22(1 —r)7(16r% + Tr + 1)(acosf cos ¢ + beosfsind — csinf) if r < 1 (3.21)
o 0 otherwise

The " entry of the matrix Dy is

0 0 0 0 0

E)_gbd)j(xi) = 8—¢¢(l’z‘a%’) = a—qb@(xiaxj) = a—¢¢(|$z‘ —25l) = 55 (V2 — 2miay).
For a fixed z; = (a,b,c) with a®> + > + ¢ = 1, we calculate 8%1#(#2—2%.30]-) =
%w(\/Q —2(ay; + bys + cy3)) = 8%1&“/2 —2(asinfcos ¢ + bsinfsinp + ccosl)). Let
us start with ¢ = ¢3, and with this choice equation (3.4) and equation (3.8) give us

OY31 Oz Or Ot 20(1 — r)3(—asinfsin¢ + bsinfcos ) if r < 1

2 aﬁgb - 0 otherwise ’ 522
Moving on similar lines, we can obtain
sa 56(1 — 7)5(5r + 1)(—asinfsin¢ + bsinfcos¢) ifr <1 | (3.23)
09 0 otherwise
and
s s 22(1 —r)7(167% + 7r + 1)(—asinfsin ¢ + bsinfcos ¢) if r < 1 (3.2

aq>:0

otherwise

3.5 Approximation of the Curl Operator on the Sphere

Suppose we are given a vector valued function f(z) = fr(z)R + fo(x)0 + fo(2)0,

where R, 6 and gg are the unit vectors along the directions of axes of the spherical polar
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coordinate system. The curl operator is defined as

- o 1 0 0 A
vxlo= Rsin® (89(Smgf¢) 8¢(f9)) a

+ 3 (gt~ g1
v 3 (5rtm - 55 )

When we are on the surface of of the unit sphere, then R = 1, and therefore the curl

operator becomes

L. 1 [0, 1 0 ; 9 "
Vxf = 0 (%(Slnefd)) — a—¢(f0)) (Sin08_¢(fR)> 0+ (_%(fr)> b,

or

- 0 cos 0 1 1 0 s 0 -
UxJ = (gl + gt = gg)) R g b= (700

Now if fr = Zivzl fﬂ(b](x), fe = Zjvzl ~g¢j(x)7 f¢ = Z;il fé(/by(i’f)? then

Vxf = (%Z Flon(ae)) + S0 (37 Flb@)) — =2 (Y Easj(a:»)fz

j=1 = sin @ O¢ P
1 0 L. o Y
* g 2 i) = g fronans
or
= 7 N~](9 COSQN~j 1 N~j8 R
v <; d)%(%( ) 31n6(;f¢¢3(x))_sjn9; 03_¢<¢J(5”)>>R
1 & 2 0 . 20
+ SM; Ta—gb(aﬁg(x))@—; 155(0:())6 (3.25)

Put = xq,x9, ..., zy in equation (3.25) , we get

—

Vxf = (DgA Y fy+ Mofs— 120Dy A7 fo)R) + (12 Dy A~1 £,)0 — (Dg A1 f,)(3.26)

where Dy, Dy, I1p and [2y are the matrices defined in section(3.4). Therefore we have

—

(6 X f)app = (DgAilf(f, —+ ]19f¢ — ]29D¢A71f9)}%) + (]29D¢A71f7~)é — (D@Ailfr)gg.
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Divergence-free Matrix Valued Wendland’s
RBF's

In the last chapter we have used scalar RBFs for interpolation. But it is advantageous
to use vector valued RBFs for interpolation of vector valued functions.
In some situations, the function to be approximated is such that V.f = 0, for example, in
case of flow of incompressible fluid. Therefore we look for an interpolant which satisfies
the condition that its divergence is zero. But interpolants resulting from classical RBFs
do not have this property. In 1994, Narowich and Ward constructed a matrix-valued
RBF whose columns are divergence-free fields, which then give rise to divergence-free
interpolants. These functions are generated by smooth RBFs of unbounded support. In

this chapter we discuss such RBFs.
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4.1 Divergence-free matrix valued RBFs

A divergence-free, s x s matrix-valued RBF is given by
®(x) = (=AI + VV)Y(z), (4.1)

where 9 is a scalar-valued RBF, A is the laplacian operator and is defined by A =
> 0%, V is the gradient operator and is given by V = (9,1, ..., Ox(s))” the I is the
s-dimensional identity matrix. Therefore the components of ®4(x) are combinations of
the second order derivatives of ¢4 [9].

If we take s = 2 and then we compute the entries of ®(x), we get

d(z) = (-AI+VV)Y

2 2 9
= (Gt i (2 2)|vw
3x2 K3 dr By ’
L Oy
W 0 Py 9%
- d:v2 8y2 + Ox? Ox0y
B 0 (4 2 P % ’
L 81‘2 8y2 Oydxr  Oy?
9% 9%
_ Oy? oxdy
Py %
Oyox Ox2

4.1.1 Computation of divergence-free matrix valued Wendland’s

RBFs

We started with compactly supported Wendland’s RBF's 145, where 14, is given by

par f0<r<1
¢d,k(7’): .
0 ifr>1

and the divergence-free matrix valued RBF &4 = ®¢ 4 is of the form

q)Ll (I)LQ —82 (913
Dyp = - v Y pa. (4.2)
CI)2,1 q’2,2 aasay —8§
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Here we use two-dimensional scalar valued Wendland function ¢, = s = (1 —
r)3(85.8r* + 90r® + 42r% + 10r + 1), where r = /2 + y? and compute the entries
of matrix valued RBF. Now

82w6 4
P, = :
b 0y?

For the computation of the same we follow the following path
v _ ovor
oy or Oy’
= [10(1 —1)9(—85.8r" — 90r® — 42r® — 10r — 1) + (1 — r)}°(343.2r° + 270r* +

847 + 10)} (y) ,

r

— {(1 — )9 (=1201.2r" — 826.87" — 2347% — 267”)} (—) :

r

% =y [(1—7)%(—1201.2r" — 826.8r" — 234r — 26)] , (4.3)
82¢ 9 3 2 8 3
i (1 —7)5(—1201.2r° — 826.8r% — 234r — 26) | +y| — 9(1 — r)% (—1201.2r

—826.8r% — 234r — 26) + (1 — )% (—3603.6r* — 1653.6r — 234)} (%) ,
= [(1 — )% (—1201.2r° — 826.8r% — 234r — 26)} +y? l(l — )% (14414.47° +

1
5491.2r% + 686.47")} (—) ,
.

= [(1 — )% (—1201.2r° — 826.8r> — 234r — 26)} + 1 {(1 — )% (14414.47% 4 5491.2r
+686.4)} : (4.4)

= [(1 —7)%(1201.2r" — 374.47% — 592.8r% — 208r — 26 + 14414.4r°y + 5491.2ry>
+686.4y2)] :
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On rearranging the terms, we get

o
0y?

= [(1 — )% (1201.2r%2* + 15615.6r*y* — 374.4rz* 4+ 5116.8ry* — 592.82°

+93.6y% — 208r — 26)] ,

= [(1 — )3 (—1201.2r°2* — 15615.6r*y” + 374.4rz”® — 5116.8ry” + 592.82

—93.6y° + 208r + 26)} :

or we can write it as,

oy
o2 5

(1 —7)8 (5 +40r + 1142 — 18y* + 24r(32% — 41y?) — 231r% (22 + 13y?)).  (4.5)

Moving on similar lines, we get

Dy 9

9
ox

oY
oz
0%
Ox2

0?1 4
ox? "’
oy or
or ox’
10(1 — )% (—85.87* — 90r® — 42r? — 10r — 1) + (1 — r)2°(343.2r + 270r% + 847

)] (7).

(1= )% (—1201.27% — 826.8r° — 23412 — 267")} (f) ,
.

z [(1—7)5(~1201.2r* — 826.87% — 234r — 26)] ,

(1 —7)%(—1201.2r% — 826.87* — 234r — 26) | + = [ —9(1 — )3 (~1201.2r> — 826.87

— 2347 — 26) + (1 — 7). (—3603.6r% — 1653.6r — 234)] (f) :
.

(1 —7)9(-1201.2r% — 826.87% — 2347 — 26) | + 2° [(1 — )8 (14414.47% + 5491272
I 1 |
+686.4r>] () ,
;
(1 —7)%(—1201.2r> — 826.87% — 234r — 26)] + 2? [(1 — )8 (14414.47% 4 5491.2r

+686.4)] ,

(1 —7)3(1201.27* — 374.4r° — 592.87% — 2087 — 26 + 14414.4r?x* 4 5491.2r2>

+686.4:c2)] ,
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On rearranging the terms, we get

82
a_f = {(1 — )% (1201.2r%y* + 15615.6r*2” — 374.4ry® + 5116.8rz” — 592.8y

X

493.62% — 2087 — 26)} :
0%

Dyy = ———o

2,2 ax2 Y
Dyy = {(1 — )% (—1201.2r%y* — 15615.6r*z° + 374.4ry® — 5116.8rz” + 592.8y

—93.62% + 208r + 26)} ,

or we can write it as,

0% 26
o = 3(1 —7)8(5 + 407 + 114y* — 1827 + 24r(3y* — 412%) — 23172 (y* + 132%)).  (4.6)

and
Q1o = P = O Vs (4.7)
’ ’ Oxdy’

oy _ yor
oy — Oroy’

= {10(1 — 1) (—85.8r" — 90r® — 42r* — 10r — 1) + (1 — r)1%(343.2r® + 2707

y
84r 1+ 10)} <F> ,
_ 9 4 3 2 Y
= {(1 —1)9(—1201.2r* — 826.87° — 2347% — 267‘)} (—) :
T

o 9 3 2
o = Y [(1—7)5(—1201.2r° — 826.8r% — 234r — 26)] .
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0%
0x0dy

%)
= Y5 [(1 — )9 (—1201.2r° — 826.8r* — 2347 — 26) |,
T

=y { —9(1 — )5 (—1201.2r° — 826.8r* — 234r — 26) + (1 — )" (—3603.6r*

—1653.6r — 234)} (%) :
- (i—y> {(1 — )% (10810.8° + 7441.2¢2 + 21067 + 234 — 3603.6r2 — 1653.67

—234 + 3603.67° + 1653.6r% + 234@} ,

= <%> {(1 — )% (14414.47° + 5491.2r° 4 686.4r)] ,
T

= ay [(1—7r)%(14414.4r + 5491.2r + 686.4)]

— 34%1;3, [(1 — )8 (2177 + 8r + 1)] : (4.8)

Lemma: The columns of the functions @5 = {—AI + VVT }4x(2), where ¢ x(x) is a
scalar-valued Wendland function for k£ > 2, are divergence-free.
Proof. A vector-valued function f is divergence-free if and only if V.f(z) = 0 holds for

all z € R®. Let ®, be an arbitrary column of ®4(x), for 1 <7 <'s. Then, for k > 2,

V.Bi(e) = VA=A + VY (o)

s

=1

Jj=1

- Z 83(1)896(%') + § :a’lf(i)ag(r)wd,b
I#i r#i
= 0.

4.1.2 Computation of divergence-free columns

Now we will verify that the columns of ®g 4 are divergence-free.

0P1 1 0Pa 1 _ O

By taking first column of ®g 4, we will check that V-((I)Lﬁ-l—@z,ﬁ) =0ie., 5=+ 5o
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By taking equation (4.4)

0%
o {(1 —1)}(—1201.2r° — 826.8r° — 234r — 26)] +y? [(1 — )% (14414.47% +
5491.2r + 686.4)} :
%)
b, = ———b
1,1 ay2 Y
b, = [(1 —1)%.(1201.2r° + 826.8r° + 2347 + 26)] — 5 [(1 — )8 (14414.47% +
5491.2r + 686.4)} :
0Py 8 3 2 9 2
7 = |- 9(1 — )8 (1201.2r° + 826.8r% + 234r + 26) + (1 — r)%.(3603.6r° +
T

1653.67 + 234)] <f> — { — 8(1— )7 (1441447 + 5491 2r + 686.4)
T

+(1— )5 (28828.8r + 5491.2)} (f) ,
.

= [(1 —7)3(—10810.8r" — 7441.2r* — 2106r — 234 + 3603.6r° + 1653.6r

—43929.6r — 5491.2 + 234 — 3603.61° — 1653.6r% — 234@} (f) 2
T

[(1 — )7 (—115315.2r% + 28828.8r + 5491.2 — 28828.872 — 5491‘274)} <f> ,
.

_ {(1 — ) (—14414.45° — 5491.2r% — 686.47“)} (;) 2 [(1 — )

(—14414472 — 20592?")} <5> ,
.

= - [(1 — )3 (14414.47% 4 5491.2r + 686.4)1 +y’x [(1 — )7
(1441447 + 20592)} :
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Now

s 4
@ — )
»1 0xdy’
Doy = wy [(1—r)5(14414.47% + 5491.2r + 686.4)] ,
o
82’1 = =z {(1 — )8 (14414.47% + 5491.2r + 686.4)] + Yy { —8(1 —7)7 (14414472
y
+5491.2r + 686.4) + (1 — r)® (28828.8r + 5491.2)} (g) ,
r
= x [(1 — )% (14414.47% 4 5491.2r + 686.4)} + 2y [(1 — )7 (—115315.2r°
—43929.6r — 5491.2 + 28828.8r + 5491.2 — 28828.872 — 5491.210)} (y) ,
.
= 2z [(1 — )% (14414.47% + 5491.2r + 686.4)] + 2y [(1 — )"
(—14414472 — 205927“)} (g) ,
;
= {(1 — )% (14414.47% + 5491.2r + 686.4)] — zy? [(1 — )% (144144r
+20592)] (g) .
T
Now
o ~ a(I)l 1 aq)Q 1
V.(® ® = : L
(@112 + P217) o7 + ay

= —z [(1 — )% (14414.47% 4 5491.2r + 686.4)} + zy? [(1 — )"

(1441447 + 20592)} ta {(1 — )3 (14414.47% + 5491.2r + 686.4)}

o {(1 — )7 (1441447 + 20592)} (2).

= 0.

4.2 Properties of ¢4,

1. ®yp(z)cisin HY(R?®, C?) for ¢ € C* for k > 2.

2. V.@,4(z)c =0 ie., columns of ®4(x)c are divergence-free.
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3. Byr(€) = (||€]AT — €€T)ihgy, derived by fourier transform arguments.
Theorem: Let @,y (z) = (—AI + VVT)¢(z) and define the spaces
V= {Z;V:l Pur(. —xj)c;; v € R, ;€ C° for 1< j <N, N e N},
L:={f € H (R*, C*) such that V.f =0 a.e. on R*}.
Then V is dense in L, i.e., any divergence-free vector-valued function f : R®* — C* is
in Sobolev space H' can be approximated by a linear combination of divergence-free
matrix-valued RBFs generated by a Wendland function.
Therefore f such that V.f = 0 can be written as f = Zf\il i fi, where fi = (f1, fa, -, [n)
and given by

f1 = @d,k(-—$1)>

fo = q’d,k(-—ﬂﬂz),

v = Pap(.—an).

where 1, 29, ..., vy are the N columns of the matrix valued divergence-free RBFs.

For N =1
N
i =) ®an( —x))e,
j=1

= Pyp(. — 21)cy,

= @de(. — xl).
for N =2
N
foo = Pail-—x))c,
j=1
= CI)d’k(. — 1‘1)01 + de,k<~ — ZL‘Q)CQ.
and for N =3

N
fs = > Qar(-—x))c,
j=1
= (I)d,k(- — 171)01 + (I)d,k;(- — JZQ)CQ —f— (deg(. — 1'3)03.
so on. In this way we get the value of f;.
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4.3 Laplacian of divergence-free matrix valued RBF's

Laplacian of divergence-free matrix valued RBF is given by

Ady; Ay, aﬁ(qb,l) + a2(‘132,1) 8%((19272) + 8;(@272)

4.3.1 Computation of the entries of laplacian matrix

Now we will compute the entries of Laplacian matrix.

ADy; = 03(Pry) + 02(Pry) (4.10)
P11 = [(1—7)%(1201.20° + 826.8r% + 234r + 26)] — ¢/ {(1 — )8 (14414.47% + 5491.2r
+686.4)} :
83(‘1’1,1) = 82@;;1,
01y O ( [(1 —7)9.(1201.2r3 + 826.8r2 + 2347 + 26)] —? [(1 — )% (14414.472
Ox Ox + +
+5491.2r + 686.4)] >
= [ —9(1 — )8 (1201.2r" + 826.87% + 2347 + 26) + (1 — r)%.(3603.67% + 1653.67
+234)] (%) —y? [ — 8(1 —7)7 (14414.47% + 5491.2r + 686.4) + (1 — )5 (28828.8r
+5491.2)] (%)
= [(1 —7)8 (—10810.87° — 7441.2r* — 2106 — 234 + 3603.67* + 1653.61 + 234 —
3603.6r — 1653.6r2 — 234r)] (%) - {(1 — )T (—115315.2r2 — 43929.67 — 5491.2
+28828.8r + 5491.2 — 28828.872 — 5491.2@] :
8?;’1 = z[(1-r)%(—14414.4r° — 5491.2r — 686.4)] — zy® [(1 — r)7 (—144144r — 20592)] ,
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9%2Pq 4

)

0z2

= [(1 —7)% (—14414.47% — 5491.2r — 686.4)} +z [ —8(1 —7)7 (14414.4r% + 5491.2r
+686.4) + (1 — ) (28828.8r + 5491.2)] (%) — g [(1 — )7 (~144144r
—20592)} — xy? [ —7(1 = 7)8 (—144144r — 20592) + (1 — )"

(—144144)] (f) :

r

[(1—7)% (—14414.4r% — 5491.2r — 686.4)] + 2% [(1 — )7 (144144r + 20592)]
y? [(1 — )7 (1441447 + 20592)] — 2%y [(1 — 7)5 (1153152)] ,
[(1—7)8 (—14414.4r* — 5491.2r — 686.4)] + (z® + y?) [(1 — )7 (144144r + 20592)]

2%y [(1 —r)5(1153152)]

(686.4) [(1 — )% (—21r* — 8r — 1)] + (2 + ¢*) [(1 — r)7(210r + 30)]
2?y? [(1 —7)5.(1680)]

(686.4) [(1 — )8 (=217 + 347% — 612 — 6r — 1 + 210r2” + 210ry* + 3027 + 30y°

—210r222 — 210r%y? — 30rz? — 30ry? — 16802%y2)|,

(686.4) [(1 — )8 (=217 (2* + y?) + 34r(2? + ) — 6(2z® + y*) — 6r — 1 + 21072

+210ry? + 3022 4 3092 — 2101222 — 210r2y% — 30rz? — 30ry? — 168022y?) |,

02(®11) = (686.4) [(1 — )% (=231r2(2? + ¢?) + 2147(2? + ¢?) + 24(2* + y?) — 6r — 1

and

b

09,

,1

,1

Jy

—1680x2y2} .

= [(1 —7)9.(1201.2r° + 826.8r + 2347 + 26)] —y? {(1 — )8 (14414.47% + 5491.2r

+686.4)} :

d
= % ( {(1 —7)9.(1201.20% + 826.87% + 2347 + 26)] —y? [(1 — )8 (1441447

15491.2r + 686.4)] ) :
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[ —9(1 —7)8(1201.2r° + 826.8r% + 2347 + 26) + (1 — )% (3603.6r + 1653.6r
+234)] (%) — 2y [(1 — )8 (14414.472 + 5491.2r + 686.4)] —y? [ —8(1—1)7
(14414.472 + 5491.2r + 686.4) + (1 — r)® (28828.8r + 5491.2)} (%) ,

[(1 —7)% (—10810.87° — 7441.2r* — 2106 — 234 + 3603.6r* + 1653.6r + 234 —
3603.6r — 1653.6r2 — 2347«)] (%) — 2y [(1 — )8 (14414.472 + 5491.2r + 686.4)]
- (f) [(1 — )T (—115315.2r% — 43929.6r — 5491.2 + 28828 87 + 5491.2

—28828.8r% — 5491.27«)] ,

(686.4){y [(1 — )8 (—63r* — 24r — 3)] +y* [(1 — r)7(210r + 30)]},

= (686.4) ( [(1 — )8 (—63r% — 247 — 3)} +y [ —8(1 —7)7 (—63r* — 24r — 3)
(1 — )8 (1267 — 24)} (%) + 32 [(1 — )7 (2107 + 30)}

13 [ —7(1 = )5 (2107 +30) + (1 — r)7(210)} (y) )

r

(686.4) < [(1 — )8 (—63r? — 24r — 3)] -+ (f) [(1 — )7 (630r% + 907”):|
y? [(1 — )7 (6302 + 907“)} + (f) {(1 - r)ﬁ(—1680r)}
(686.4)< [(1—7)%(—63r® — 24r — 3)] + 2y* [(1 — r)7.(630r + 90)]

y* [(1 - )5 (1680)] )

= (686.4)< [(1 =) (=63r" — 247 — 3)] +y* [(1 — )] (12607 + 180)]

— y*[(1 - 7)5(1680)] )

= (686.4) [(1 — 7). (=63r* + 102 — 187% — 187 — 3 + 1080ry> + 180y°

—1260r2y? — 1680y4)} ,
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= (686.4) [(1 — 1) (=63r(2* + y?) + 102r(2* + y?) — 18(2* + ) — 18r

—3 + 1080ry? + 180y* — 1260r2y* — 1680y%)|,

= = (686.4) {(1 — )8 (=63r?2? — 1323r%y* + 102r2? + 1182ry? — 1822 4 162y>

—18r — 3 — 1680y4)] .
By putting the value of 97(®11) and 02(®11) in equation (4.10), we get

Ad; = (686.4) {(1 =13 (=231r%(2? + y?) + 214r(2® + y?) + 24(2* + y*) — 6r — 1
—1680x2y2} + (686.4) [(1 — 1) (=632 — 1323r%y* + 102r2* + 1182ry?
—1822 + 162y — 18 — 3 — 16803/4)] ,
= (686.4) [(1 — )% (=231r22% — 231r%y? + 214ra® + 214ry® + 242® + 24y* — 67
—1 — 1680x2y? — 63z2y* — 1323r2y? + 102rz? + 1182ry? — 1822 + 162y* — 18~
-3 1680y4)] ,
= (686.4) [(1 — 1) (—294r22% — 1554r%y* + 316r2” + 1396ry* — 392% — 1299y
+622 + 18632 — 168022y — 1680y* — 247 — 4)|,
= (686.4) [(1 — )5 (—294r?2% — 3234r%y? + 316r2? + 1396ry* — 392 — 1299y

+62% + 186y% — 24r — 4)] ,

Ad;; = (—1372.8) {(1 — )8 (147(z® + 11y*)r? — 2(792% + 349y*)r + 12r — 32°

—93y* + 2)] . (4.11)
Similarily, we can find the other entries of laplacian matrix.
ADiy = Adyy = (41184) [(1 — 1)} (49r* — 187 — 3)zy] , (4.12)

Ad,, = (—1372.8) [(1 —r)%(147(112% + y*)r* — 2(3492° + 79y°)r + 12r — 9327

374 2)} ' (4.13)
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4.4 Curl of divergence-free matrix valued RBFs

Curl of divergence-free matrix valued RBF is given by

. 0Pa 1 0P1,1
Curl of first column is==52% — =5 (A)
Now
Doy = (686.4) [(1—7r)5(21r° + 8r + 1)zy],
d
0021 _ (686.4) <y[ (1—r)% (2172 +8r+1)}
or
8 Xz
+ ay| =81 —nLEE 8+ )+ (1@ +8)| (7)),
= (686.4 <[y 1—r)% (217 —1—87“—1—1)}
+ < ) {(1 )7 (—210r? +30r)D
= (686.4) ([y(1 —r)%(21r* + 8r + 1)] — 2y [(1 — r)7.(210r + 30)]) .(4.14)
and
¢, = [(1 —1)% (1201.2r° + 826.87% + 234r + 26)] — 5 [(1 —1)% (14414.47% 4 5491.2r
+686.4)1,
oD
a;’l = aay < [(1 —7)%.(1201.2r% 4 826.8r% + 234r + 26)]

—1? {(1 — )% (14414.47% + 5491.2r + 686.4)} )

— { —9(1 —7r)%(1201.2r° + 826.8r + 2347 + 26) + (1 — r)?(3603.6r* + 1653.67
+234)] (%) — 9y [(1 — ) (14414.472 + 5491.2r + 686.4)} _r { —8(1—1)"
(14414.472 + 5491.2r + 686.4) + (1 — r)® (28828.87 + 5491.2)} (g) ,

T
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= [(1 — )3 (—10810.87% — 7441.2r* — 2106 — 234 + 3603.6r* + 1653.6r + 234

—3603.61° — 1653.61 — 234@} (g) — 9y [(1 — ) (14414.472 + 5491 .27
T

3

+686.4)] - (y—> [(1 — )7 (—115315.2r% — 43929.6r — 5491.2 + 28328.8r

T
+5491.2 — 28828.81% — 5491.2@] ,

= (686.4) {y [(1 —r)3(=63r* —24r — 3)] + ¢ [(1 = r)L(210r + 30)]} . (4.15)

By putting the values of derivatives ®5; and @ ; in equation (A), we get

a;p;,l - 8?;,1 = (686.4) ([y(1 — )5 (21r% +8r +1)] — 2y [(1 — r)}(210r + 30)])

— (686.4) ([y(1 — )% (—=63r" — 24r — 3)] +y* [(1 — )7 (210r + 30)]) ,

= (686.4)y [(1 — )3 (21r* +8r + 1) — 2*(1 — r)"(210r + 30) + (1 — )%
(63r° + 247 + 3) — y*(1 — ) (210r + 30) |,
= (686.4)y [(1 —7)7 (—84r® 4 52r® + 28r — 210rz”® — 210ry* — 302°

—30y°% + 4)} ,

= (686.4)y [(1 —r)"(—294r(z® 4+ y°) + 22(z® + y°) + 28r + 4)] ,

= (13728)y [(1 — r)(—=14Tr(2” + y*) + 11(z" + y*) + 14r +2)] . (4.16)

Curl of second column is= 3‘(1;;,2 — 8(2;3 (B)
P22 = [<1 = 7)3.(1201.2r° 4 826.8r° + 2347 + 26)} — [(1 — 7)8 (144144 + 5491.2

ros6.0)|.
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o
022 _ O ( [(1 — )5 (1201.2r° + 826.87° + 2347 + 26)1

ox ox

— a? [(1 — )% (14414.47% + 5491.2r + 686.4)} ) :
= { —9(1 — )5 (1201.2r° 4 826.8r% 4 2347 + 26) + (1 — r)?.(3603.6r* + 1653.6r
+234)} (%) — 9 [(1 — )8 (14414472 + 5491.2r + 686.4)} -

{ — 8(1— )7 (14414.4r% + 5491 2r + 686.4) + (1 — r)"(28828.8r + 5491.2)} <f> ,
.

= [(1 —1)%3(—10810.87% — 7441.2r* — 2106 — 234 + 3603.6r* + 1653.6r + 234
~3603.6r° — 1653.612 — 2347”)} (f> Y [(1 — )% (14414.472 + 5491.27
r
3
+686.4)} - (x—) {(1 —1)7 (—115315.2r* — 43929.6r — 5491.2 + 28828.8r
T

+5491.2 — 28828.81% — 5491.2@} ,

= (686.4) {z [(1 —7r)5(=63r* — 24r — 3)] +2* [(1 — r)7(210r + 30)] } . (4.17)

and
D1, = (686.4) [(1—7)5(21r* 4 8r + 1)ay]
agf = (686.4)(y {(1 — )8 (21r? + 8 + 1)}

+ :vy[— 8(1 — 7")1(217“2 +8r+1)+ (1 — T)i(427’ + 8)} (%) >,

= (686.4) {x(l — )% (21r* 4+ 8r + 1) } ( ) { (1 —7)T(=210r" + 307‘)},
= (686.4){[z(1—r)5(21r* +8r +1)] —xy® [(1 —r)L(210r +30)]}.  (4.18)
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By putting the value of derivatives of ®35 and ®; 5 in equation (B), we get

0 2.9 0 1.2 3 7
g)g;’ - g’y’ = (686.4) ([x(1 — )% (—63r% — 24r — 3)] +2° [(1 — )7 (210r + 30)])

—(686.4) ([2(1 = )3 (2112 4+ 8r + 1)] — 2y [(1 — )7 (210r + 30)]) ,

= (686.4)x [(1 )8 (—63r% — 24r — 3) + 2*(1 — )7 (210r + 30)
—(1=7)*(21r* + 8r + 1) + y*(1 — r)7 (210r + 30) |,
= (686.4)x [(1 — 1)L (84r% — 52r% — 28r + 210r2* + 2107y + 3027

+30y% — 4)] ,
= (686.4)z [(1—r)} (294r(2® + y*) — 22(z® + y*) — 28r — 4)] ,

= (1372.8)y [(1 — r).(147r(2* + y*) — 11(2* + y*) — 14r — 2)] . (4.19)
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Conclusion

In this thesis we have studied about scalar Wendland’s radial basis functions and used
these functions to approximate laplacian, gradient, divergence and curl operators on the
sphere. Next we have learnt about divergence-free matrix valued Wendland’s RBFs and

computed their divergence, laplacian and curl.
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