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CHAPTER 1

Introduction

Let G be a finite p-group and | G |= p", where p is a prime and n is a non-
negative integer. We denote the group of all automorphisms of G by Aut(G). An
automorphism « of G is called a class preserving automorphism if for each element
r € G, there exists an element g, € G such that a(z) = g, 'zg,, and is said to be
an inner automorphism if for all z € G, there exists a fixed element g € GG such that
a(z) = g 'zg. The set of all class preserving automorphisms of G forms a normal
subgroup of Aut(G) and is denoted by Aut.(G).

The interest in the study of class preserving automorphisms dates back to 1911 when
W. Burnside [2] asked the following question : Does there exist any finite group G
such that G has a non-inner class preserving automorphism 7 In 1913, Burnside
[3] himself gave an affirmative answer to his question by constructing a group G of

order p°® isomorphic to the group W consisting of all 3 * 3 matrices

M=

IS I
<~ O
— O O

where z,y,z € Fj, the field consisting of p? elements and p being an odd prime.
For this group G, Inn(G) < Aut.(G) where Inn(G) denotes the group of all inner
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automorphisms of G. He also proved that Aut.(G) is an elementary abelian p-group
of order p®. The central focus of this thesis is to provide a neat bound for Aut.(G).
The second chapter depicts the notations used throughout this thesis and consists
of basic definitions and proofs of important results that are used frequently in the
foregoing chapters. In the third chapter, we define Camina groups, originally intro-
duced by A.R.Camina [4], which provide a motivation for studying class preserving
automorphisms. We also prove some key lemmas related to our results. In the fourth
chapter, we prove our main theorem ([1], Theorem 5.5) stated as follows : Let G be

a non-trivial finite p-group of order p". Then

() I
p A if n is even,
(n2-1)

p 1 if n is odd.

| Aut.(G) |<




CHAPTER 2

Preliminaries and Notations

Definition 2.1 (Commutator) Let x and y be two elements of a group G.

The commutator of x and y is denoted by |x,y| and is defined as :

[z, y] = a7y ey,

Now, we can define a higher commutator of x1,xs, ...,z inductively as :

[l‘hx%- .- ,ZL’k] = [[xlax% s 7xk—1]7wk]7 where k > 2

Definition 2.2 (Subgroup generated by a subset of a Group) Let N be a
subset of a group G. A subgroup M of G is said to be generated by N if it satisfies

the following conditions:

2. If X is any subgroup of G containing N, then M C X.

It is the intersection of family of subgroups of G that contain N and is denoted by

(V).



Definition 2.3 (Commutator Subgroup) The commutator subgroup or the
derived subgroup is the subgroup generated by the commutators of elements of G,

denoted by

G =[G, Gl={(|x,y:x,yeG).

Thus, every element of G' is of the form m‘'m2 .. .mZ’“ , where each m; is a commu-
tator of the form x~'y~'zy, each i; = £1 and k is any positive integer. In general,

if H and K are two subgroups of a group G, then

[H,K]={|a,b:ac Hbe K ).

A higher commutator subgroup of any r subgroups Hy, Ho, ..., H,. of G is defined

inductively by the formula :

[Hl,HQ,...,Hr]: [[Hl,HQ,...,HT_l],HT]. where 7“22

Proposition 2.4 Let G be a group.

1. The commutator subgroup G’ is a normal subgroup of G and G /G’ is abelian.

2. If H is a normal subgroup of G and G/H 1is abelian, then G' < H.

Proof. (i) The inverse of a commutator is itself a commutator:

1 1

[z, y] ' = (@ ay) T =y ey = [y, 2.

Therefore, every element of G’ is a finite product of commutators. Now for any



a € G, we have

a”tz,yla ="z Yy y)a

1 1

=a T 1

aa_ly_laa_ xaa‘lya
= (a "2 a)(a "y a) (0" wa)(a  ya)
= [a"tza,a  ya]
= [z "]

Therefore G' < G.

Let a and b be two elements of a group G. Then a~'b~tab = [a,b] = ¢ for some

element g of G'. This implies ab = bag. Therefore
(aG")(bG) = (ab)G" = (ba)G' = (bG')(aG"),

proving (i).
(ii) If G/H is abelian, then for any two elements a,b € G, we have
(aH)(bH) = (bH)(aH) = (ab)H = (ba)H = (ba) *(ab)H = H
= (ba)'(ab) € H = a b 'ab € H = [a,b] € H,
and so we have G’ < H, which proves (ii). O
Proposition 2.5 Let H and K be subgroups of a group G. If K is a normal subgroup
of G and K < H, then [H,G] < K if and only if H/K < Z(G/K).

Proof. Let [H,G] < K. Then for all g € G and h € H,h™'g7'hg € K; i.e. hgK =
ghK, or that hK € Z(G/K). Conversely, if hK € Z(G/K), then for all g €
G,ghK = hgK, and so [h, g] € K. This means that [h,G] C K, and thus if this is

true for all h € H, then [H,G] < K. O



Lemma 2.6 Let G be a group and x,y, z be elements of G. Then

Lo fey, 2] = [z,2Py, 2] = [z, 2]z, 2, 4lly, 2].

2. [vy2l = [, 2][zy) = [z, 2]z, g2,y 2.

Lemma 2.7 (Hall Witt identity) Let G be a group and x,y, z be three elements

of G. Then

[,y 2y, 2 2z, a7yt =1

Theorem 2.8 (Three Subgroup Lemma) Let X,Y and Z be three subgroups of
a group G and N be a normal subgroup of G. If [X,Y,Z] and Y, Z, X| are both

contained in N, then so is [Z,X,Y].

Proof. Let x € X,y € Y,z € Z. Since [X,Y, Z] and [Y, Z, X] are both contained in
N, then [z,y !, 2] and [y, 27!, z]* are elements of N because N <1 G. Therefore by

Lemma (2.7),

1 1

([z, 57" 2Py, 27 Y 2)) 7 = [z,27h y)" € N.

Since N is normal in G, so we have 2,271, y|] € N that means [Z, X, Y] < N. O

Definition 2.9 (Internal Direct Product) Let Hy, Hs, ..., Hy be the subgroups
of a group G. We say that G s the internal direct product of Hy, Hy, ..., Hy if it

satisfies the following conditions:
1. H; <G foralli=1,2,...,k
2. G:HngHk

3. H;N(H Hy--- H;- - Hy) =1, where HiHy - - - H; - H, means the product of

all H excluding H;.



Theorem 2.10 If G is the internal direct product of Hy, Hs, ..., Hy, then G =

Hy x Hy x -+ x Hp.

Theorem 2.11 (Fundamental Theorem of Finite Abelian Groups) Fvery finite
abelian group is isomorphic to the direct product of cyclic groups of prime power

order. Furthermore, any two such decompositions have the same number of factors

1,12

of each order. In symbols, if G is a finite abelian group of order p{*p3? ... p*, then
G= Cp?l X Cpgz X ... X Cka.

Definition 2.12 (Elementary Abelian p-Group) An abelian p-group G, which is

the direct product of cyclic groups of order p, is called an elementary abelian p-group.

Definition 2.13 (Exponent of a Finite Group) The exponent of a finite group
G, denoted by exp(G), is the smallest positive integer m such that for every g € G,

we have g™ = 1.

Definition 2.14 (Normalizer) Let A be a non-empty subset of the group G.The

set

Ng(A) ={x € G| zA = Ax}.

is called the normalizer of A in G.
Definition 2.15 (Centralizer) Let A be a non-empty subset of G, then
Co(A)={reG|rza=ax ¥V ac A}

Clearly , C(A) forms a subgroup of G.



Definition 2.16 (Center of a Group) The center of a group G, denoted by Z(G)

is the set of elements in G that commute with every element of G. Symbolically,
Z(G)={aeG|ax=xa V¥ z € G}.

Clearly, Z(G) forms a normal subgroup of G and Z(G) = G if and only if G is

abelian.

Definition 2.17 (Conjugate) We say that an element y of a group G is conjugate

to an element x of G if there exists an element a € G such that
y=12"=a ‘za.

The relation of Conjugacy among the elements of a group G is an equivalence

relation, and therefore partitions G into equivalence classes.

Definition 2.18 (Conjugacy Class) The conjugacy class of an element x of G

consists of all the elements of the group that are conjugate to x.
2% ={2"|acG}

Theorem 2.19 (The Number of Conjugates of =) Let G be a finite group and
let x € G. Then,

| 2% =[G : Co(x)]

This means that there are as many conjugates of x as there are distinct left cosets

of Ng(x) in G.
Remark 2.20 e 2% =1 if and only if v € Z(G).

e The conjucacy classes consisting of only one element are, therefore, called

central conjucacy classes.



Theorem 2.21 (The class equation) For any finite group G,

|G =) [G: Cola)),
where the sum runs over one element x from each conjugacy class of G.

Definition 2.22 (Maximal Subgroup) Let G be a non-trivial group. A proper
subgroup M of G is said to be mazximal subgroup of G if there exists no subgroup N

such that M < N < G.

Theorem 2.23 Let G be a finite group whose order is a power of a prime p.Then:
1. Z(Q) is non-trivial.
2. If H is a proper subgroup of G, then H is properly contained in Ng(H).
3. Every mazimal subgroup of G is normal.

Proof. 1. We know that Cl(z) = z if and only if x € Z(G). Thus, by extracting

out these elements, the class equation can be written in the form

|G =1 2(G) |+ [G: Cg(a)] (2.1)

zeX

where X is the subset of G that contains exactly one element from each non-
central conjugacy class of G. By Lagrange’s Theorem, | Cq(x) | divides the
| G |. Now, x € Z(G) if and only if Cq(x) = G. If = € Z(G), Cq(x) < G.

Let | G |= p". Thus, | Cg(z) |< p"! which implies that % > p. So,

G : Ca(z)] > p.

Therefore, p divides [G : Cg(x)] which signifies that p divides Z[G : Ca(2)]
zeX
= p divides | (G) | = Y _[G : Ca(x)].
zeX

Thus, from (2.1), it follows that p divides | Z(G) | and hence, | Z(G) |# 1.
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2. Let K be a maximal normal subgroup of GG contained in H. So, the quotient
group G/K is of order p*(s > 0).Thus, by part (1), Z(G/K) is non-trivial and
let us assume that Z(G/K) = R/K. Now, R/K <G /K, it follows that R<G.
Clearly, R € H, because otherwise maximality of K will be lost.

Let h € H,r € R, then hK € G/K and rK € R/K. Since, R/K = Z(G/K),

and so

(rE)(hK) = (hEK)(rK) = (rh)K = (hr)K,

Thus, h='r~'hr € K and so r~'hr € hK C H. Therefore, R C Ng(H) which
implies that H # Ng(H). Since H C Ng(H), it follows that H is properly

contained in Ng(H).

3. Let H be a maximal subgroup of G. Since, H is a proper subgroup of G,
therefore by part (2), H < Ng(H) and since H is maximal, Ng(H) = G.
Now, Ng(H) = {9 € G | gH = Hg} = G which implies that gH = Hg V g €
G. Thus, H <1 G and hence, every maximal subgroup of GG is normal.

O

Theorem 2.24 Let G be a finite p-group and let K < G. Then K is a mazximal

subgroup of G if and only if G/K has prime order.

Proof. Since K <G, | G/K |> 1. Now, K is a maximal subgroup of G if and only
if G/K has no non trivial proper subgroup. If possible, assume that H/K < G/K
which implies that K < H < G, which contradicts the maximality of K. Thus,
GG/ K has no non-trivial proper subgroup; that is if and only if G/K is a finite cyclic

group of prime order for some prime p. n
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Definition 2.25 (Non-Generator of a Group) Let G be a group andy € G. An

element y is said to be non-generator if whenever G is generated by y and a set'Y,

then G = (Y).

Definition 2.26 (Frattini Subgroup) Let G be a finite group. The Frattini sub-

group is the intersection of all mazimal subgroups of G and is denoted by ®(G).

d(G) = N M
M mazimal in G
Proposition 2.27 Let G be a group. Then, ®(G) is the set of all non-generators

of G. Consequently, if G = H®(G) for some H, then G = H.

Proof. Let y be a non-generator of G and let N be a maximal subgroup of G. Then
(N,y) > N and since N is maximal, either (N, y) = N or (N,y) = G. If (N,y) = G,
then, since y is a non-generator, (N) = G, which is clearly a contradiction since N is
maximal. Thus, (N, y) = N which implies that y € N. This is true for all maximal
subgroups N of G, thus y € ®(G).

Conversely, suppose that y € ®(G). Let G be generated by some set X, together
with y which means that G = (X,y). We denote by M, the group (X). Since,
M # G which implies that M is contained in some maximal subgroup N of G. But
y € N, since y is an element of ®(G) < N and so, (X,y) < N < G, a contradiction.
Thus, (X) = G which means that M = G for all sets X for which (X, y) = G. Thus,
y is a non-generator of G.

Finally, G =H®(G) = (H,®(G)), s0o G=(H)=H = G = H. 0

Lemma 2.28 Let G be a group and ®(G) denotes the Frattini subgroup of G. Then,
®(G) is a characteristic subgroup of G. (A characteristic subgroup is one which is

invariant under every automorphism of G)
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Proof. 1If H is a maximal subgroup of G and « is an automorphism of G, then a(H)
is a maximal subgroup of G. Let K be any subgroup of G such that o(H) < K =
H < o }K), then o '(K) = G because H is maximal. Therefore, K = G.
Consider, M = {K | K is a maximal subgroup of G}. Now, each automorphism
a of GG induces a bijective map from M to itself which means that for every H €
M,a(H) € M. Thus, for any automorphism « of GG, we have

a@@)=a( ()}  H= [] («H)

H mazimal in G H mazimal in G
which is same as the intersection of all maximal subgroups H of G because « induces
a permutation of M. Thus, ®(G) is characteristic in G.
Since every characteristic subgroup is normal, thus ®(G) is a normal subgroup

Proposition 2.29 Let G be a finite p-group. Then, G/®(G) is elementary abelian,
and if H is another normal subgroup of G such that G/H 1is elementary abelian,
then ®(G) < H. Alternatively, ®(G) is the unique smallest normal subgroup of G

having elementary Abelian factor.

Proof. By Theorem 2.23, part (3) and Theorem 2.24, it follows that every maximal
subgroup M of a p - group is normal and is of index p i.e. [G : M| = p. This implies
that G/M is a cyclic group of order p. Hence, G' < M for all maximal subgroups
M; consequently G' < ®(G), and so G/P(G) is abelian by theorem (2.4). Also, since
G /M has order p, (for M a maximal subgroup of G ), we know that (Mx)? = M for
all x € G which implies that 2P € M for all x € G and every maximal subgroup M

of G. Thus, 2P € ®(G), and so if ®(G)z € G/P(G), then ®(G)z has order p which
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proves that G/®(G) is elementary abelian.
Suppose that G/H is elementary abelian of order p". Then G/H is generated by r

cosets Hx; of G/H, each of order p. Thus,
G/H = (Hxy) x (Hxe) x (Hxsg) x ... (Hx,).

Now, this group has r maximal subgroups, H;/H, each generated by {Hxy : k # i}.

Since,its a direct product, the intersection satisfies :

() He/H=1.

1<k<r

This means that the intersection of all Hy is H (where Hy is the corresponding
subgroup in G to Hy/H, the preimage of Hy/H ). But the Hjy, are maximal subgroups
of G/H, and hence of G. This clearly implies that their intersection contains ®(G).

Thus,

Lemma 2.30 Let G be a finite p-group. Then, G' < ®(G).

Proof. 1t follows from Theorem 2.24 that G/M is cyclic and hence abelian for every
maximal subgroup M of G. Therefore by Proposition (2.4), part(2) we have G' < M
for every maximal subgroup M of G and thus G’ < ®(G), because ®(G) is the

intersection of all maximal subgroups of G. O

Proposition 2.31 Let G be a finite p-group and let GP denote the group generated
by the set {g? : g € G} i.e. the smallest group containing all the elements of order

p. Then, ®(G) = G'GP.
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Proof. 1t follows from Proposition 2.29 and Lemma 2.30, that G'GP < ®(G). On
the other hand, since G/G'GP is elementary abelian, so we have ®(G) < G'GP and
hence ®(G) = G'GP.

]

Theorem 2.32 (Burnside Basis Theorem) Let G be a finite p-group, and suppose
that |G : ®(Q)] = p?. If G/®(G) is generated by elements ®(G)x;, for 1 < i < d,
then G is generated by x;. Furthermore, any generating set of G' contains a subset

Z such that G = (Z) and G/®(QG) is generated by the images of the elements of Z.

Proof. Let us assume that (zq,xs,...,24) < G and we call it H. Since, we are in a
finite p-group, we have maximal subgroups, and so, H being a proper subgroup of

G is contained within some maximal subgroup M of G. Now ®(G) < M, thus
(O(G)1, @(G)zay ..., P(GQ)xg) < M/P(G) < G/P(G).

This brings a contradiction to the fact that the cosets ®(G)z; generate G/®(G),
therefore

G = (x1,22,...,24).

Now suppose that X is any generating set. Then, the images of X under the quotient
G — G/®(G) must generate G/P(G). Now, we can choose a subset {z1, 29, ..., 24}

of d elements of X such that
G/O(G) = (P(G)z1, (G2, . .., P(G)2a)
and therefore, G = (21, 29, ..., za). O

Definition 2.33 (Special p-groups) A finite p-group G is said to be Special p-

group if Z(G) =[G, G] = ®(G) is elementary abelian.
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Definition 2.34 (Extra Special p-groups) A finite p-group G is said to be Eztra

Special Z(G) = [G,G] = ®(G) is cyclic group of order p.
Examples:
e Quaternion Group, Q)s - A non-abelian group of order 8.
e Dihedral Group Dg = (z,a:2*> =1, a* =1, (za)*=1).
e Any non-abelian group of order p? is extra special.

Definition 2.35 (Central Series) A normal series

1=By<B,<B;...<B,=G (2.2)

in a group G is called a central series if

or, equivalently, if

Definition 2.36 (Nilpotent Group) A group G is said to be nilpotent if it pos-

sesses a central series.

Definition 2.37 (Upper Central Series) In an arbitrary group G, we define an

ascending chain of normal subgroups Z;(G) ,

1= Z0(G) < Z1(G) = Z(G) < Zo(G) < ... (2.5)

where
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The subgroup Z;(G) is called the i —th center of G, and the sequence (2.5) is called

the upper central series of G.

Remark 2.38 1. A group G is said to be nilpotent if and only if the upper central
series terminates at G in a finite number of steps. In such a case, the upper
central series is referred to as the shortest central series in G and G(# 1) is
nilpotent with class equal to the length of the series. i.e. Nilpotency class of

G = Length of the Upper Central Series.

2. If G s finite, the series terminates at a subgroup called the hypercenter.

Definition 2.39 (Lower Central Series) In any arbitrary group G, we define

subgroups v;(G) as :

NnG) =G, 7in(G)= [G, %‘(G)] Jor i>1. (2.6)

Observe that v2(G) = G', each v;(GQ) is normal in G and v;4+1(G) < G.
Thus, the series

G =7(G) > 72(G) 2 13(G) > ...

s known as the lower central series of G.

Remark 2.40 1. We observe that

%i(G)/%i41(G) < Z(G/7i41(G))

and each v;(G) is a fully-invariant subgroup of G.

2. If the lower central series terminates in a finite number of steps at 1 and k

is the least positive integer such that v (G) = 1, then by (2.4) and (2.6); the
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series

G =7(G) 2 (G) = ..%u(G) =1
18 a central series in G and thus implying that G is nilpotent.

3. Nilpotency class of G = Length of the lower central series.

Definition 2.41 (Class of a Group) The smallest positive integer ¢ for which

Z.(G) = G(or equivalently v.+1(G) = 1 ) is referred to as the class of G.

Lemma 2.42 Let G = v,(G) > 72(G) > v3(G) > ... be the lower central series of

an arbitrary group G.

[i(G),7(G)] < %y (G) for i,5 > 1.

Proof. We'll prove the result by induction on j. For j = 1, we have [;(G), 11 (G)] =
vi+1(G) by (2.6) . Thus, the result holds for j = 1. Let us assume that it is true for

j =k and for all ¢
i G), 1 (G)] < iy (G). (2.7)

We need to prove it for j =k + 1.

Vi(G), 141 (G)] < %‘+(k+1)(G)

Now, [7i(G), Ye4+1(G)] = [141(G), %(G)] = [[W(G), n(G)], %(G)] = [ (G), G, %(G)]
(2.8)
Since, Vi4k+1)(G) is a normal subgroup of G ; therefore, by Theorem (2.8), it is

sufficient to show that

(G, 7i(G), %(G)] < %‘+(k+1)(G> and [v(G),1(G), G| < %‘+(k+1)(G)~
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Now, [G,7(G), w(G)] = [[G, %:(G)], m(G)] = [[%(G), Gl (G)] = i (G), ()]

Since,the result holds for j = k and for all 4, thus from (2.7):

[i+1(G), v6(G)] < Vi1 4

Therefore,
[G,7%(G), (G < Vi) (G)

On the other hand, we have

[i(G), w(G), G] = [[vi(G), w(G)], G] < [irx(G), G] = Yiy 1) (G)

[i(G), 9(G), Gl < Vit k+1)(G)
From (2.9) and (2.11), it follows that :
[16(G), G, 7i(G)] < Vi (1) (G)

Thus, from (2.8) :

[i(G), Y1 (G)] < Vit k1) (G)-

(2.10)

(2.11)

Thus, the result holds for 5 = k + 1. Hence, by induction, we conclude that it is

true for all positive integers j. Therefore,

[i(G), % (G)] < 7i45(G)

O

Definition 2.43 (Homomorphism) Given two groups (G,*) and (H,-), a group

homomorphism from (G, %) to (H,-) is a function f : G — H such that for all

x,y € G, it holds that :

flexy)= f(z)- fy)
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A one-one(injective) homomorphism from G to H is referred to as a monomorphism.
A homomorphism that is onto (surjective) is called an epimorphism.
An endomorphism is a homomorphism f : G — G, that is one with the same domain

and codomain.

Definition 2.44 (Kernel of a Homomorphism) Let f : G — H be a homomor-

phism. Let €' denote the identity element of H.The set of all elements x in G such

that f(x) =€’ is called the kernel of f, and is denoted by Ker(f) or Ker f.

Ker(f)={x € G: f(z) =€}

Remark 2.45 The kernel of a group homomorphism f : G — H is a normal
subgroup of G ; moreover, f is injective if and only ker f consists of €' alone where

e/ refers to the identity element of H.

Definition 2.46 If G and H are two groups, Hom(G, H) refers to the set of all

group homomorphisms from G to H.

Theorem 2.47 If H is abelian, then Hom(G, H) forms an abelian group with the
binary operation defined by (fg)(x) = f(x)g(x) for all f,g in Hom(G, H) and for

all x € G.

Proof. Associative Property : Let f,g and h € Hom(G, H) and let x € G. Now,

((fg)h)(z) = (f9)(x)h(x) = f(x)g(z)h(z)
(f(gh)(x) = f(x)(gh)(x) = f(x)g(x)h(z)

Thus, ((fg)h)(z) = (f(gh))(z) for all z € G. So, associative law holds.

Existence of Identity : Let i : G — H defined by i(z) = z for all z € G. Clearly,
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i is a homomorphism from G to H and thus, i € Hom(G, H).

Let f € Hom(G, H). Thus,

(fi)(x) = f(e)i(r) = f(z) = i(x) f(z) = (if)(x) V zed

So, fi = f = if for all f € Hom(G,H). Thus, ¢ is the identity element of
Hom(G, H).

Existence of Inverse : Let f € Hom(G,H). We define f7! : G — H by

Y o) = (f(z))™ forallz e G .

Let z,y € G.

Thus, f~H(zy) = f~'(z)f ' (y) for all z, y € G which implies that f~! € Hom(G, H).
Let 2 € G. Now, (ff~)(z) = f(x)f'(z) = f(2)(f(2))"" =1i.

Similarly, (7)) = [T @) f(2) = (f(2) " fz) = .

Thus, ff~! = f~'f — i, f € Hom(G, H) and i refers to the identity clement of
Hom(G, H). So, f~! is the inverse of f. Thus, inverse of every element exists in
Hom(G, H).

Commutative Property : Let f,g € Hom(G, H).

Now,(fg)(x) = f(z)g(x) = g(x)f(x) = (¢f)(x) for all z € G.

So, fg = gf where f,g € Hom(G, H).
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Thus, Hom(G, H) forms an abelian group. ]

Remark 2.48 1. Let G, H and K be three finite abelian groups. Then

Hom(G, H x K) = Hom(G, H) x Hom(G, K)

Hom(H x K,G) = Hom(H, G) x Hom(K, G)

2. If C,, denotes the cyclic group of order m,

Hom(C,,,C,)=C, , g=g.c.d(m,n)

Definition 2.49 (Isomorphism) Let (G, *) and (H,-) be two groups. We say that
G and H are isomorphic if there is a bijective map f : G — H, which respects the

group structure. That is to say, for every g and h in G,

flg=h)= flg)- f(h).

The map f is called an isomorphism. The isomorphic groups are usually denoted by
G = H. In other words, an isomorphism f : G — H is a homomorphism such that
there exists another homomorphism g : H — G such that two compositions fog and

go [ are the identity homomorphisms on H and G, respectively.

Definition 2.50 (Automorphisms) Let G be a group. An isomorphism of G with
itself is called an automorphism. Thus, it’s a bijective map f : G — G such that
f(ab) = f(a)f(b) for all a,b € G.

An automorphism can be thought of as a symmetry preserving permutation from a
group to itself that preserve its operation.

The trivial automorphism is the identity function i : G — G such that

i(x) = x for all x € G, which is also known as €(z).
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Theorem 2.51 The set of all automorphisms of a group forms a group with respect

to composite of functions as the composition.

Proof. Let A be the collection of all automorphisms of a group G.
Then, A = {f : f is an automorphism of G}.
We shall prove that (A, o) forms a group.

Closure Property : Let f,g € Aand h = fog. We'll show that h € Ai.e. it is a

bijection and preserves adjacency.

Now, h is a bijection since it is a composition of two bijective functions.

For adjacency preservation, we know that f and g preserve adjacency. Thus, we
need to show that h(ab) = h(a)h(b) for all a,b € G.

L.H.S:

R.H.S :
h(a)h(b) = (f o g(a))(f o g(b)) = f(g(a))f(g(b)
Therefore, LHS = RHS.

Thus, h is an automorphism and hence closure law holds.

Associativity : We know that composite of mappings is associative. i.e. for f,g

and h € A, (fog)oh = fo(goh). Therefore, composite of automorphisms is
associative.

Existence of Identity : The identity function i : G — G is defined as i(z) = =

for all x € G. Clearly, it is a one - one, onto map that preserves adjacency. i.e.

i(ab) =i(a)i(b) for all a,b € G. Thus, 7 is an automorphism.
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For any f € Adi € A such that foi=1io f = f. Thus, 7 is an identity element of

G.

Existence of Inverse Let f € A. Since f is a one-one map of G onto itself,

therefore f~! exists and its a map from G — G such that fo f~' = f~lo f=e.
We need to show that f~' € Aie. f~!is a bijection and f~! preserves adjacency.

We know that f~! is a bijection as it is the inverse of a bijective function. Next, we
need to show that : f~!(ab) = f~(a)f~1(b) for all a,b € G.
Let a,b € G. Then, there exists a/,b’ € G such that:

fa)=d & fd)=a and

) =V e f1) =b

Therefore,

Thus, f~'(ab) = f~(a)f~1(b) for all a,b € G. Therefore, f~! is an automorphism
i.e. f7! € A. So, each element of A possesses inverse. Thus, A forms a group with
respect to composite composition and is referred to as group of automorphisms of

G, usually denoted by Aut(G). O

Definition 2.52 (Inner Automorphism) Let G be a group and a be a fized ele-

ment of G. Then, the mapping

fa: G — G defined by fu(r)=2=a'zaV x €.
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is an automorphism of G known as inner automorphism.

For a group G, the inner automorphism group is defined by

Inn(G) ={f,:a € G}

where f, is an automorphism defined by f.(x) = a *xa, for all v € G.

Clearly, Inn(G) forms a normal subgroup of Aut(G).



CHAPTER 3

Camina Groups

Definition 3.1 (Camina Pair) Let G be a finite group and H be a proper non-
trivial normal subgroup of G. Then (G, H) is said to be a Camina Pair if for all
re€G\ HzH C x2¢.

Observe that the following two conditions are equivalent :

1. 2HC {29 :9ge G} Vr e G\ H.

2. HC{[z,g|:geG}V2xeG\H.

Definition 3.2 (Camina Group) A group G is called a Camina group if (G, v2(G))

1s a Camina pair.

Lemma 3.3 ([1], Lemma 3.1) If (G, H) is a Camina pair and N is a normal sub-
group of G such that N C H, then (G/N,H/N) is a Camina pair.
Proof. Since (G, H) is a Camina pair, so H is a proper normal subgroup of G such
that H C [z,G] for all x € G\ H. It follows that h = [z, m] for some m € G and
heH.
Now,

NG, H<G and N<H<G=N<JH.

25
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In order to show that (G/N, H/N) forms a Camina pair, we need to prove :
1. H/N < G/N,
2. H/N C [ztN,G/N] V¥ zN € (G/N)\ (H/N).

Firstly, let gN € G/N and hN € H/N. We need to show that (¢N)~'(hN)(gN) €

H/N. Now,
(gN) ' (hN)(gN) = (g7 'N)(hN)(gN)
= (g 'hg)N
= th, hl = g_lhg e H

€ H/N.

Thus, (gN) ' (hN)(gN) € H/N Y hN € H/N and gN € G/N.
This proves the normality condition.
Secondly, hN be an arbitrary element of H/N.

By hypothesis, we have h = [z, m] for some m € G. Thus,

hN = [z,m]N

= (z"'m~lam)N

— (¢ 'N)(m ™ N) (& N) (mN)

— (#N)"(mN) "} (@N) (mN)

= [N, mN] € [&N, G/N] where m € G.
Thus, hN € [N,G/N|¥ he H and z € G\ H
= H/N C [&N,G/N]V aN € (G/N)\ (H/N).

Therefore, (G/N,H/N) forms a Camina pair. O
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The next Theorem follows from [7] and [8].

Theorem 3.4 Let G be finite Camina p-group of class 3 such that

(G (@) =1, [12(G),73(G)] = p* and | y5(G) |= p". Then

1. (G,v3(@)) is a Camina pair, v3(G) = Z(G), t = 2s and s is even,
2. s>,

3. %i(G)/vi+1(G) has exponent p , fori=1,2.

Lemma 3.5 ([7] , Lemma 2.1) If (G, H) is a Camina pair and G has class ¢, then

H =7(G) and H = Z._s11(G) for some 1 <s < c.

Proof. Since (G, H) is a Camina pair, therefore 1 # H # G and H is a normal
subgroup of G such that H C [z,G] for all z € G\ H. We prove that Z(G) < H.
Let z € Z(G) \ H. By definition of Camina pair, zH C z¢ = z. This leads to
a contradiction. Therefore, Z(G) < H. Thus, by Lemma 3.3, (G/Z(G),H/Z(G))
is a Camina pair. By the similar argument, Z(G/Z(G)) < H/Z(G) which means
that Z5(G) < H. Continuing like this, we get that H = Z._,1(G) for some s
with 1 < s < ¢. We know that v;(G) < Z._;41(G) for all i. Let us Assume that
Yi(G) < Ze—iy1(G) = H. Thus, by Lemma 3.3, (G/7:(G), H/7:(G)) forms a Camina
pair, and so
%i-1(G)/7i(G) < Z(G/7%(G)) < H/%i(G).

Thus, v;-1(G) < H = Z._;+1(G) for all 7. This implies that 7.(G) < Zy(G) = 1,
which leads to a contradiction since G has class c.

Therefore,

’YS(G) = Zc—s+1(G) = H.
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]

Lemma 3.6 ([1], Lemma 3.3) Let G be a group and K be a subgroup of G such that
72(G) = 72(K). Then v(G) = v(K) Vi > 2.

Proof. Here, 72(G) = G' = [G,G] and 1,(K) = K’ = [K, K]. Firstly, we’ll prove
that ,;(K) is a normal subgroup of G for all i > 1. Since 15(G) = 7 (K) < K <G
and any subgroup containing the commutator subgroup is a normal subgroup of G,
thus K < G. For i = 1, we have 12(K) = 12(G) = G’ and G’ = |G, G] is a normal
subgroup of G. Thus, 2(K) < G. Let us assume that the result holds for i = j > 1

i.e. v;(K) < G. We need to prove that v;41(K) = [y;(K), K] < G. Observe that

Vit (K) = [7;(K), K] = (7;(K)) 'K~y (K)K
=7 (K)Kv(K)K
= (K (K))v(K)K

= K (v;(K)y;(K))K

Thus, vj+1(K) < G and so the result holds for i = j + 1. Therefore, by principle of
mathematical induction, the result holds for all positive integers 7.

Next, Assume that v;(G) = 7;(K) holds for ¢ = j > 2. We’ll prove that v;41(G) =
Vi+1(K).

Trivially,

V() < %541(G) (3.1)
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Now,

Y41(G) = [1(G), G] = [v;(K), G] = [yj-1(K), K, G]. (3:2)
Observe that
(K, G, 7-1(K)] <G, G,71(K)] = [12(G), 71 (K)] = [2(K), -1 (K)] < 711(K)
by Lemma 2.42, and
G, j-1(K), K] = [[G, -1 (K)], K] < [[G,%j-1(G)], K] = [3(G), K] = [;(K), K] =

7j+1(K)7

Hence, by eqn.(3.2) and Theorem 2.8, we have

Yj+1(G) = [vj-1(K), K, G] < 741 (K). (3.3)

From (3.1) and (3.3), the result holds for i = j + 1. Therefore, by Principle of

Mathematical Induction, we conclude that +;(G) = ;(K) for all i > 2. O

Theorem 3.7 ([7] , Theorem 2.2) Let (G, H) be a Camina pair, let H = Z(G), and

G has class c. Then, Zy(G)/Zs_1(G) has exponent p for 1 < s < c.

Proof. We will firstly prove that if N < Z(G), then Z(G/N) = Z(G)/N. Let gN €
Z(G)/N where g € Z(G) . Consider bN € G/N. Thus, (¢N)(bN) = (gb)N =
(bg)N = (bN)(gN), g € Z(G) and b € G. So, gN € Z(G/N), ¢ € Z(G) and
therefore, Z(G)/N < Z(G/N). On the other hand, since N < Z(G) = H, thus by
Lemma 3.3, (G/N, H/N) is a Camina pair, thus Z(G/N) < H/N which means that
Z(G/N) < Z(G)/N. Hence, Z(G/N) = Z(G)/N.

Let us consider N = Z(G)?. It thus follows that Z(G/Z(G)?) = Z(G)/Z(G)?
where Z(G)? < Z(G). By a well known commutator identity ([6], s. 253, 1.3

Hilfsatz) [Z2(G)P, G] < Z(G)P, thus from Proposition 2.5, we have Z(G)P/Z(G)? <
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Z(GQ)/Z(G)P which means that Zy(G)P < Z(G). Thus, Z5(G)/Z1(G) is elementary
abelian. Therefore, Z5(G)/Z1(G) has exponent p.

Thus, we deduce that Z;,1(G)/Zs(G) has exponent p for each s > 1 by ([6], s. 266,
2.13 Satz). Substituting s = ¢ — 1, G/Z._1(G) has exponent p. But by ([6], s. 265,
2.11 Haupsatz), [v.-1(G), Z.—1(G)] = 1.. Now, the exponent of [y._1(G),G] is p by
([6], s.253, 1.3 Hilfsatz) which means that ~.(G) has exponent p and thus by Lemma

3.5, we have v.(G) = H = Z(G). Therefore, Z(G) has exponent p as well. O
Corollary 3.8 If (G, H) is a Camina pair and G has class 2, then

1. G is a special p-group; and

2. H=27G).

Proof. By Lemma 3.5, H = v(G) and H = Z,(G) = Z(G). Thus, H = Z(G) =
v2(G). By Theorem 3.7, both H as well as G/H have exponent p. This implies
that H as well as G/H are elementary abelian p-groups. Thus, by Proposition
2.29, (G) < H. Also, H = 12(G) < ®(G). So, H = ®(G) = Z(G) = 1(G) ie.

O(G) = Z(G) = v(G) is elementary abelian, thus G is a special p-group. O

Lemma 3.9 ([1], Lemma 3.4) Let G be a Camina p-group of class 2, with a minimal
generating set {xy,xs,..., 2}, where t > 2.Then H = (x1,Ta,...,24 1) Satisfies
72(G) = 72(H).

In particular, H is a mazximal subgroup of G.

Proof. Since G is a Camina p-group of class 2, by Corollary 3.8, G is a special
p-group, and so G/7v(G) is an elementary abelian p-group of order p’, and that

v (G) = Z(G) is an elementary abelian p-group of order p*® (say), for some positive
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integer s. Now, we will prove the result with the help of mathematical induction.
Assume that s = 1, so G’ = Z(G) = ®(G) is an elementary abelian p-group of
order p that means G is extra special p-group. Now, by ([12], Theorem 5.3.8), the
order of G is an odd power of p and thus the order of G/v,(G) is an even power
of p. So, t is even. Clearly, v2(H) < 72(G). If possible, let yo(H) # 12(G), then
v2(H) = 1 because | 12(G) |= p. It follows that H is abelian and thus HZ(G) is
an abelian subgroup of G. Observe that the maximal order of an abelian subgroup
of an extra special group G of order p'** is p'*(#/2) therefore | HZ(G) |< p'+#/2),
Since | HZ(G) |= p', thus we get p' < p'+#/2) This implies that ¢+ < 1+ (¢/2), which
on simplification gives ¢ < 2. It is a clear contradiction since ¢ > 2. Thus, our
assumption is wrong and hence v2(H) = 72(G) for s = 1.

Now, suppose that s > 1. If possible, assume that yo(H) # 72(G), then v(H) < M
for some maximal subgroup M of 5(G) = Z(G). Let G = G/M and define a map
a: G — G given by a(g) = gM = g for every g € G. Clearly, « is an isomorphism.
Next, we show that G is an extra special p-group which means that (G/M)" =
Z(G/M) = ®(G/M) is a cyclic group of order p. Also, ®(G/M) = ®(G)/M by
([11], Lemma 11.8(ii)) and Z(G/M) = Z(G)/M as proved in a section of Theorem

3.7. Thus
(G/MY =G'M/M =G'/M

Z(G/M) = Z(G)/M = G' /M

O(G/M) = O(G)/M = G' /M.

Since M is a maximal subgroup of G’, thus by Theorem 2.24, | G'/M |= p and

hence (G/M) = Z(G/M) = ®(G/M) is a cyclic group of order p. Now, o maps
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{z1,29,..., 24} to {T1,Ta,...,T;} which thus forms the minimal generating set of
G. Clearly, the subgroup H = {x1,7s,...,7,} is mapped onto {Ty,Ty,...,T;} = H
(say) in G. Now, o(H) = v (H/M) = v(H)M/M = M/M = 1. Observe that
| %2(G) |=| %(G/M) |=| %(G)M/M |=| %2(G)/M |= p. Thus, the lemma holds for

G. So y(H) = 12(G) # 1, a contradiction and hence 15(H) = 7(G).

Proposition 3.10 ([1], Proposition 3.5) Let {x1, zo,...,x:} be a minimal generating
set for a Camina p-group G of class 3. Then H = (x1,xo, ..., 1, 1) satisfies yo(H) =
72(G).

In particular, H is a mazimal subgroup of G. Moreover, v2(G) £ Z(H).

Proof. Consider | G/7(G) |= p',| 72(G)/%(G) |= p* and | 73(G) |= p". Since
G is a Camina p-group of class 3, thus by Theorem 3.4, (G,75(G)) is a Camina
pair, 15(G) = Z(G),t = 2s, s is even and s > r > 0. So, ¢ > 2. Since (G,72(G))
is a Camina pair and 3(G) is a normal subgroup of G contained in o(G), thus
it follows from Lemma 3.3 that (G/75(G),7s(G)/75(G)) is a Camina pair. Since
12(G/73(G)) = 12(G)13(G) /73(G) = 12(G)/13(G), thus (G/3(G), (G/3(G))) is a
Camina pair and hence G/v3(G) is a Camina p-group of class 2 as 13(G/v3(G)) =
13(G)13(G)/73(G) = 73(G) /13(G) = 1. Now, G/73(G) = (2173(G), 2273(G), - . ., 273(G))
and Hv3(G)/73(G) = (2173(G), 2275(G), - . ., 2-173(G)), so by Lemma 3.9, 12(G/73(G)) =

Y2(H3(G)/v3(G)). Since

_ 12(G)s(G) _ 7(G)

Yo (H)y3(G)
73(G) ’

and v (Hvy3(G)/v3(G)) =
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it follows that

Y2(G) Y2(H)y3(G)
73(G) B(G)

Therefore,
Y2 (H)73(G) = 12(G) (3.4)

Let us consider the case when r = 1. Clearly, y2(H) < v(G). If possible, let us sup-
pose that vo(H) < 72(G). From Theorem 3.4(3), 72(G)/v3(G) has exponent p and
thus it is an elementary abelian p-group of order p*. Since | v3(G) |=p" =pasr =1
, thus it follows from (3.4) that 72(G) is the direct product of its elementary abelian
subgroups 73(H) = 72(G)/73(G) and 15(G) = Z(G). Now, H < Ca(Z(G)). Also,
as 72(H) < 72(G) which implies that v3(H) = [v2(H), H] < [2(G), H] < 7(G),
therefore y3(H) = 1 because | 13(G) |= p. Thus H < Cg(y2(H)), so by (3.4),
H < Cg(72(G)) and therefore, Hy,(G) < Cg(72(G)) because 72(G) is abelian.
Since [G : Hy(G)] = p and [G : Cg(12(G))] = p° (9], Theorem 1.3(iv)), thus it
follows from H7,(G) < Cg(12(G)) that p* = [G : Cg(12(G)] < [G : Hy(G)] = p,
which is a contradiction since s is a positive even integer. Therefore, vo(H) = 72(G)
for r = 1.

Next, we suppose that r > 1 and 1 (H) < 72(G). From (3.4), it follows that
Y (H)(73(G) < 73(G). Thus, v(H) () 73(G) < M for some maximal subgroup
M of v(G) = Z(G). By Lemma 3.3, (G/M,v,(G)/M) is a Camina pair and
since Yo(G/M) = % (G)M/M = ~v(G)/M, thus (G/M,v(G/M)) is a Camina
pair and therefore, G = G/M is a Camina p-group of class 3. Consider the
mapping a : G — G defined by a(g) = g for all ¢ € G. Since 15(G) maps to

Y(G)/M = 7(G)M/M = y(G/M) = 72(5) and similarly y3(G) maps to 73(6)
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under «, therefore {x, zy, ..., x;} maps to {Z1,Ts,...,7;} which thus forms a min-
imal generating set for G. The subgroup H = (x1,2,...,7,_1) is mapped onto
(T1,Tg,...,Ty_1) = H=HM/M in G. Observe that

| 13(G) | =] 1(G/M) | = w(G)M/M | = | (G)/M | = p,

| G/(G) | =] (G/M)/%(G/M) | =] (G/M)/(72(G)/M) | = | G/7(G) | = p' and
| 72(G)/73(G) |=] 12(G/M) [73(G /M) |=] (7(G) /M) [ (3(G) /M) |=] 712(G) /73(G) |

S

= p*.
Since the proposition holds for r = 1, v(H) = 7 (G) and hence yo(H)M =
72(G). Now, 33(G) = 72(G) N 13(G) = 12(H)MN13(G) = v2(H)M (73(G)M =
(v2(H) N s(G)) M

= M < 743(QG), which is a contradiction, thus y2(H) = 72(G).

Next, we will show that v»(G) € Z(H). If possible, suppose that 1 (G) < Z(H)
which implies that v (H) < Z(H) as v%2(H) = %2(G). So, v3(H) = [v(H),H] = 1.

Now, by lemma 3.6, it follows that 73(G) = v3(H) = 1 but G is a Camina p-group

of class 3, therefore v3(G) # 1, a contradiction. Thus, v2(G) & Z(H). O

Lemma 3.11 ([1], Lemma 3.6) Let G be a Camina p-group of class 3 such that

| v3(G) | > p?. Let H be any mazimal subgroup of G. Then, Z(H) = Z(G).

Proof. By Theorem 2.24, G/H is a cyclic group of order p. Let x € G\ H be

arbitrary. Then G/H = (xH) = H(z). Now, by Theorem 3.4 ;

Z(G) = 13(G) < n(G) = ®(G) < H

Thus, it follows that Z(G) < Z(H). If possible, suppose that Z(G) < Z(H). Let

1#£2z€ Z(H)\ Z(G). If z € %(GQ) \ 13(G), then [z, G] = v3(G) because (G,73(G))
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is a Camina pair and if z € G'\ 75(G), then [z, G] = %(G) as (G,72(G)) is a Camina
pair. Since Z(G) = 73(G) < 72(G), so in both cases, we have
p* <@ = | Z(G)|<|[zGl =]l Hz) =]z ()] I=p,

since z? € H and z € Z(H). This contradiction proves that Z(G) = Z(H). O



CHAPTER 4

Proof of the Main Theorem

All the results presented here are from [1].

Throughout this chapter, the group G will be a finite p-group of order p™. Let
{x1,%9,...,24} be the minimal generating set for G. Let a € Aut.(G). i.e. a(z;) €
x¢ for all i,1 < i < d . It implies there are at most | z§ | choices for the images of

x; under the mapping « for all 7,1 < ¢ < d. Therefore,
d
[Aut(@) | < J]1a¢] (4.1)

Let | %2(G) |= p™. Then, by Theorem 2.32, we have d < n —m. Also, | 2¢ |<]

72(G) |=p™ for all i, 1 <1i < d. Substituting the values in (4.1), we get:
d
| Aute(G) [ < []pm =p™ < ()" =p . (4.2)
i=1
Theorem 4.1 Let G be a finite p-group. If equality holds in (4.2), i.e.
| Aut,(G) |= p™ = pm™ (4.3)
then G is either an abelian p-group or a non-abelian Camina special p-group.

Proof. If G is abelian, then the proof is trivial. Let us assume that G is non -

abelian. Since G has minimal generating set of d elements and 12(G) < ®(G), so

36
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G/72(G) has minimal generating set of d elements. Also, G/v2(G) is abelian by
Theorem 2.4, thus from Theorem 2.11 and (4.3), G/v2(G) is the direct product of d
non-trivial cyclic p-groups and hence it must be elementary abelian. Thus, it follows
that if any arbitrary element = € G \ 12(G), then = € {x1,29,...,24—m}. Now, we

prove that [z, G] = v(G). If possible, suppose that [z, G] C [G, G|, then
|29 | = 2fe,G] | = [+,G] | < | [G,G] | = | %(G) |=p™

Thus, from (4.1), | Aut.(G) |< p™ = p™=™) a contradiction to (4.3). So, [z, G] =
(G, G| = 72(G) for all z € G\ 72(G) which implies that G is a Camina group. Thus,
it follows from ([5], Main Theorem) that the nilpotency class of G is < 3.

Since an automorphism maps generators to generators, thus it follows from (4.3)

that we can define a class preserving automorphism « as follows:
a(z;) = xy; for 1 <i<n—m, where y; € %(G).
In particular, if we choose y1 = yo = - = Yp_m-1 =1 and y,,_, = y € 12(G) , we
get an « such that :
a(z;) =z,1<i<n—-m-—1 and a(z,_m) = Tp_my.

where y is an arbitrary element of vo(G).

We will now prove that the class of GG is not equal to 3. If possible, suppose that
class of G is 3. Let G = (x1,29,...,%p_p). Thus, from Proposition 3.10, H =
(x1,29,...,Tp_m—1) is a maximal subgroup of G such that 1 (H) = v(G) and
v(G) £ Z(H). Since v2(G) # Z(H), so there exists a non-trivial element y €

v(G) \ Z(H). So, by previous paragraph, we can select o € Aut.(G) such that :

alx)) =z, 1 <i<n—m—1and a(x, ) = Tp_my.
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Observe that a(h) = h for all h € H which implies that « centralizes H and
g 'a(g) € H for all g € G which implies that o centralizes G/H as well. By ([6],
Satz 1.17.1), a(Tp—m) = Tp_my for some y € Z(H), a contradiction. Thus, the class
of G is less than or equal to 2. But G is non - abelian, so class of G is 2, and

therefore by Corollary 3.8, G is a special p-group. O

Proposition 4.2 Let G be a finite p-group of class 2. Then 3 a monomorphism

f: Aut.(G) — Hom(G/Z(G),1(G)).

Proof. Let ¢ € Aut.(G). Define a map f; : G/Z(G) — 1(G) by fs(9Z(G)) =
g '¢(g) for all ¢ € G. Now, we’ll show that this map is well - defined and is a
homomorphism.

fs is well - defined : Let ¢:Z(G), 92Z(G) € G/Z(G) such that ¢; Z(G) = 92 Z(G).

It follows that g; = g2z for some z € Z(G). Now,

fola1Z(G)) = g7 d(91) = (922) " H(g22)
= 27195 ¢(g2)9(2)
= 2795 ' ¥(g2))2
= (927 0(g2))2 2
=95 ¢(g2)

= f¢(92Z(G))~

Thus, f, is a well-defined map.
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fs is a homomorphism : Let ¢1Z(G), g2Z(G) € G/Z(G). Now,

fs(912(G))(922(G))) = fo((9192)2(G))
= (9192) " 0(9192)
=95 ' 91 ' d(91)0(92)
= (01" ¢(91))(9276(92)) 91 0(g1) € 12(G) < Z(G)

= J6(912(G)) fo(922(G))-

Therefore, fs is a homomorphism and thus f, € Hom(G/Z(G),72(G)).

Now, define a map f : Aut.(G) - Hom(G/Z(G),12(G)) by

f(¢) = fo, where f4(9Z(G)) = g~ '¢(g) for all g € G.

f is a homomorphism :

Let ¢1, ¢ € Aute(G). Then f(¢1 0 ¢2) = for o ¢ Now,

for o 0(9Z(G)) = g 'd10d2(g)
= g ' di1(¢2(9))
= g 'o1((997")e2(9))
= g 'dilglg " 2(9))
= g 'd1(g2), where 2 = g7'$5(G) € 12(G) < Z(G).
= g 'di(9)i(2)
= g 'dilg)z
= (97'¢1(9)(g7 " 92(G))
= J5.(92(G))f5,(92(G))-
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Thus, f(¢1 0 ¢2) = f(é1)f(¢2) and hence f is a homomorphism.
f is injective : In order to show that f is injective , we will prove that Ker(f) = 1.

Now,

Ker(f) = {¢ € Aut.(G) : f(¢) =1}
= {¢p € Aut.(G) : f, =1}

Observe that 1 = f,(9Z(G)) = g '¢(g) which means ¢ = 1. Thus, Ker(¢) = 1.

Hence, f is a monomorphism from Aut.(G) into Hom(G/Z(G), v2(G)). O

Proposition 4.3 Let G be a finite p-group of class 2. Then 3 an isomorphism

fAut.(G) — Hom.(G/Z(G), v (G)), where

Hom,(G/Z(G),%(G)) = {f € Hom(G/Z(G),12(G)) : f(9Z(G)) € [g, G for all g € G}.

Proof. Let ¢ € Aut.(G). Define a map f; : G/Z(G) — 1(G) by fs(9Z(G)) =
g to(g) for all g € G. Here, f,; is well-defined and a homomorphism as proved
in Proposition 4.2. Since ¢ € Aut.(G),¢(g) € g which implies that g '¢(g) €
lg,G], and thus f,(9Z(G)) € [g,G]. Hence fs € Hom.(G/Z(G),v2(G)). Thus, from
Proposition 4.2, it follows that f is a one-one homomorphism.

Now, we will show that f is onto. Let ¢ € Hom.(G/Z(G),v2(G)). Consider ay :
G — G defined by ay(9) = g9 (gZ(G)) for all g € G.

ay, is well - defined : Let gi, go € G such that g; = ¢g». Then

ay(91) = 10 (1 Z(G))
= 920(92Z(Q))

= ay(g2)-
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Thus, ay, is a well - defined map.
oy, is injective : In order to prove that «y, is injective, we’ll show that Ker(¢y) = 1.

Now, Ker(ay) ={g9 € G:ay(g9) =1} ={g € G : g¢(9Z(G)) = 1}. Observe that

1=gv(gZ(G)) = g " =v(9Z(G)) € [9,G] € 1%2(G) < Z(G).

=g € Z(G).

Therefore, g~' = ¢(Z(G)) = 1 that means g = 1. Thus, Ker(ay) = 1.

ay, is a homomorphism : Let g1, 9> € G. Then

ay(9192) = (9192)¥((9192)Z(G))
= (9192)0((912(G))(922(@)))
= (9192)0(912(G))¥(922(G))
= 91(92¥(9:12(G)))b(922(G))
= n(W(01Z(G))g2)(9:2(G)), b(9:12(G)) € [9,G] < 12(G) < Z(G)
= (919(912(G)))(92¢(922(G)))

= O‘¢(gl)a¢(92>-

Thus, o is a homomorphism.

oy, is surjective : Since G is a finite group, ay, is onto.

ay, is class preserving : Observe that g *ay(g) = ¥ (9Z(Q)) € [g,G] for all g € G.
i.e. ay(g) € g©. Thus, ay is class preserving. Hence, o, € Aut.(G).

Lastly, we want to show that f(a,) = ¢ which means that f,, = .



42

Observe that

fas(9Z(G)) = g Hay(g))

Therefore, f is an onto map.

Hence, f : Aut.(G) — Hom.(G/Z(G),v2(G)) is an isomorphism. O
The next lemma follows from ([10], p.335).

Lemma 4.4 Let H and K be two elementary groups of order p" and p° respectively.
Let

H= X;-"lei and K = ijlKj

where H; and K are cyclic groups of orderp , 1 <i <rand1 < j <s. Then, by

Remark 2.48
Hom(H, K') = Hom(xj_, H;, xj_, Kj;) = %, ;_; Hom(H;, K).
It follows that Hom(H, K) is an elementary abelian group of order p.

Theorem 4.5 Let G be a finite p-group. Then (4.3) holds if and only if G is either

an abelian p-group, or a non-abelian Camina special p-group.

Proof. Let G be a finite p-group of order p” and | 12(G) | = p™. If G is abelian,
then | 72(G) | = 1 implying m = 0. Thus, | Aut.(G) |= 1 = p™™ ™) and hence

equality holds in (4.3) in this case.
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Now, we assume that G is a non-abelian Camina special p-group. Then v(G) =
[z,G] for all x € G\ %(G). But %»(G) = Z(G) as G is a special p-group. So,
v2(G) = [z, G] for all z € G\ Z(G). Also, for all z,y € G\ Z(G), [z, Gy, G] = [zy, G]

such that zy € Z(G). Consider f € Hom(G/Z(G),2(G)). Then

f(xZ(G)) = [(T) € 72(G) = [2,G].

So, f € Hom.(G/Z(G),7(G)). Thus, Hom(G/Z(G),1(G)) < Hom.(G/Z(G),72(G)).

Clearly, Hom.(G/Z(G),v2(G)) < Hom(G/Z(G),72(G)). Therefore,
Hom, (G/Z(G), 12(G)) = Hom(G/Z(G), 12(G)). (4.4

Since G is a special p-group, so 72(G) and G/Z(G) are elementary abelian p-groups

such that | %(G) |=p™ and | G/Z(G) |= p" ™. Thus, by Lemma 4.4,
Hom(G/Z(G),7(G)) = Hom(x{Z"Cy, XL, C;) = X:’L;ITZ"ZLI Hom(C;, C})

where C; and C; are cyclic groups of order p , 1 <i<n—-—mand1<j<m. In

m

particular , Hom(G/Z(G), 72(G)) is an elementary abelian group of order p™=™m,

Therefore from (4.4) and Proposition 4.3 , we have
| Aute(G) | = | Hom(G/Z(G),72(G)) | = | Hom(G/Z(G),72(G)) | = p™" ™.
The converse has already been shown in Theorem (4.1). O

Theorem 4.6 Let G be a non-trivial p-group having order p™. Then :

(n%-4)

p A if nis even,
| AutC(G) ‘ < (n?-1) . .
p 1 if nis odd.

Proof. If G is abelian, then the proof is trivial. Assume that G is a non-abelian

group and | 15(G) | = p™. Observe that | ¢ | < | %(G) | = p™ for all z € G. Let
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| ®(G) |:=: p'. Since 12(G) < ®(G) by Lemma 2.30, so p™ < p' which implies that
m <t. Also [G : ®(G)] =| G/P(G) |= p™*'. Thus, by Theorem 2.32, it follows that
from any generating set of GG, we can choose n — ¢ elements that will thus generate
G. Now, n —t is maximum if ¢ = m. Also, 1 < m < n — 2 because G/¥2(G) cannot
be cyclic.

Since, if m = n, then | G/72(G) |= 1 which implies that G/7,(G) is cyclic and thus
G is cyclic. Also, if m =n — 1, then | G/ (G) | = p, again making G/v,(G) and
hence G cyclic. Since every cyclic group is abelian, thus this brings a contradiction
to our assumption that G is non - abelian.

Hence, | G/72(G) | > p? implying p™ < p"~2 that gives m < n — 2.

Now, if n is even, then the possible values of m(n — m) are as follows
{n—1,2(n—-2), 3(n—3), ..., n?/4}

Notice that maximum value of m(n —m) is n?/4.

If n is odd, then the possible values for m(n — m) are
{n—1,2n-2), 3(n—-3), ..., (n+1)(n—1)/4}

In this case, the maximum value of m(n—m) is (n?—1) /4. Substituting these values

in (4.2), we get:
2
pa  if nis even,

| Aute(G) [ < § e
p< = if nis odd.

(n%-1)

So, if n is odd, we get the desired result i.e. | Aut.(G) | < p~ 2 Thus, we assume

that n is even. Suppose that | Aut.(G) |= p"*/* which is the case when m = n/2. So,
let us suppose that m = n/2. Therefore, | Aut.(G) |= p™"~™ and so equality holds

in relation (4.2). By Theorem 4.1, it follows that G is a Camina special p-group
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because G is non-abelian. Thus, by ([7], Theorem 3.2) we have n — m is even and
n —m > 2m. Observe that n —m refers to the minimal number of generators of G.
Now n —m > 2m implies that m < n/3, a contradiction. So, it follows that there
exists no finite p-group for which | Aut,(G) |= p™*/*. Therefore, | Aut,(G) | < p™/4.
Thus,

| Aut.(G) |< pT ! = p* /4,

Combining the two cases, we get :

e L. .
p 4 if n is even,
(n?—

p 1 2 if s odd.

| Aut.(G) |<
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