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Abstract

The present thesis titled as “Approximation by Certain Linear Convergence Tech-
niques” involves the construction of new positive linear operators and examines their
approximation properties as well as their applications in multidisciplinary fields. The
thesis is divided into eight chapters that majorly covers three important aspects of
approximation theory.

Firstly, we give the brief introduction of approximation theory and the basic
results that are the inspiration for the development of this theory. We also provide
basic definitions as well as approximation tools such as moduli of continuity, modu-
lus of smoothness, Peetre’s K-functional for the univariate operators, complete and
partial modulus of continuities for function of two variables to check the convergence
of positive linear operators for the given function. Also, we list the brief account of
the related work of various authors for the positive linear operators and found some
gaps according which the research work in this thesis has been carried out.

The first direction of the thesis is to focus on the order of approximation of
existing positive linear operators. We know the convergence and the order of approx-
imation of the positive linear operators are two important attributes in approximation
theory to approximate any function. Using the well-known Korovkin theorem, we can
easily verify the convergence of these operators but improving the order of approxi-
mation is a critical attribute. We describe a recursive method designed to improve the
approximation results of known operators, which results in increased accuracy and
efficiency. We presented three modifications of a-Bernstein Paltanea operators with
linear, quadratic and cubic order of approximation and study some approximation
results concerning the rate of convergence, error estimation and Voronovskaja type
formulas for the new modifications.

The next aspect for the thesis is to introduce new positive linear operators
that outperform classical operators in terms of approximation properties. These new

operators are designed to approximate functions effectively on both finite and infinite

ix



Abstract

domains by using certain parameters to introduce the flexibility in these positive
linear operators. It helps to increase the applicability and utility of positive linear

operators in various mathematical and engineering contexts.

We define the bivariate operators as well as Generalized Boolean Sum (GBS) op-
erators associated with these operators for the first order modification of a-Bernstein
Paltanea operators. In order to approximate Lebesgue integrable functions, we intro-
duce the Durrmeyer-variant of Lupag type operators by using Pochhammer k-symbol
in one as well as two dimensional space. Also, we give the univariate and bivariate
versions of the Bernstein-Lototsky operators that are able to preserve any polynomial
with some certain conditions by introducing a real parameter p > 0. We define the
new operators to approximate integrable functions by using a-Baskakov operators
and a non-negative parameter defined on infinite domain. We study the approxima-
tion results of these operators by using well-known tools of the approximation theory
including convergence and error estimates in terms of moduli of continuity. The re-
sults of all these positive linear operators have been verified by graphical illustrations
for certain examples. Also, the introduced bivariate versions of the operators can be
extended to approximate the functions of several variables. This feature is especially

beneficial in real-world situations when functions rely on more than one variable.

In the last part of the thesis, we introduce the applications of positive linear
operators in the realm of Bézier curves. With the widespread use of computers in all
industries, these curves have become critical to study. These curves utilize positive
linear operators such as Bernstein and their generalizations. We can include some
parameters to obtain greater control over these curves. These factors assist in reducing

time and expense while improving the curves’ accuracy and adaptability.

We generalize the Bézier curves by using two parameters to get the better control
on shape of the curves. Firstly, we construct the generalized Bézier curves and Bézier
surfaces depending upon the parameter «. Secondly, we explore the applications of
g-calculus in polynomial basis functions and curve modeling. We define the g-variant
of Bernstein-Chlodowsky basis polynomials and introduce generalization of Bézier

curves by utilizing these basis polynomials. We study the properties of these curves



Abstract

and surfaces and show that the introduced parameter provides us the flexibility to
modify the curves as well as surfaces by giving some numerical examples with the
help of MATLAB. Also, we provide an exact approach to calculate the control points
for the given a-Bézier curve.

In summary, the thesis makes substantial contributions to the field of approxi-
mation theory by improving existing approximation techniques, introducing new op-
erators with superior properties, and extending the applications of these operators
to the construction and modification of Bézier curves and surfaces. These advance-
ments hold promise for enhancing various practical applications in computational

mathematics, computer graphics, and related areas.
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Notations

i.e.

resp.

the set of natural numbers,

the set of natural numbers including zero,

the set of real numbers,

the set of complex numbers,

the set of positive real numbers,

a closed interval,

an open interval,

the set of all real-valued and continuous functions defined on
compact interval [a, b],

the set of all real-valued, r-times continuously differentiable
functions on [a,b] (r € N),

the set of all Cla, b] functions that verify the Lipschitz condition
|f(zg) — fxy)| < M|xg — 24|, for all z1,29 € [a,],0 < r <
1,4 > 0,

denotes the nth order monomial with e, : [a,b] — R, e,(t) =
t",n € Np,

denotes the rth order central moment where ¢f (z) = (t—z)",r €
No,

the rising factorial (z), :=z(x+1)--- (x+n—1) and (z)o := 1,
k-Pochhammar symbol (v),x =v(v+k)--- (v + k(n — 1)),

the set of all continuous functions defined on [0, 00),

the set of all continuous bounded functions on [0, o),

there exists,

for all,

that is,

respectively,

xXvil



Notations

w.r.t. with respect to,

-l norm,

A\B {z:z€ Az ¢ B},

g first order derivative of g w.r.t. z,

Gy second order derivative of g w.r.t. x and y.
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Chapter 1

Introduction

1.1 Introduction

Approximation theory is an important bridge between pure and applied mathematics
since it consists of a theoretical study of methods that use numerical approximation
to solve problems of mathematical analysis by means of computational algorithms
and computer simulation. After more than a century from the seminal works of
Bernstein and Chebyshev (among others), approximation theory now becomes a very
extensive branch of Mathematics, interlacing with various other scientific fields. In
fact, it plays a central role in the analysis of numerical methods for Mathematical,
Physical, Medical, Engineering, and Social Sciences and provides directions for future
research. For example, polynomial approximation is the basis for the study of Gaus-
sian rules, splines and radial basis functions. Interpolation is an important tool in the
geometric design of automotive and aerospatial vessels, while wavelets and their gen-
eralizations are used for the compression of large digital images and videos. Recently,
approximation methods have been applied to the construction of numerical methods
for integral equations, partial differential equations, fractional calculus, signal theory
and deep learning. In general, the problem we solve, is called input information and
the corresponding result is output information. The process of transforming input
into output, is called an algorithm. To find the output information, we generally have
two concepts, first is interpolation and the second is approximation. Now, we give a

brief description of the difference between both.
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By interpolation, we come to functions, that pass exactly through all given
points, and we use it for a small amount of input data. We choose the function f
according to the nature of the model, but so that it is relatively simple to calculate.
These are most often polynomials, trigonometric functions, exponential functions,
and more recently, rational functions. In practice, it has been shown that it is not
wise to use polynomials of degree greater than three for interpolation, because for
some functions an increase in the degree of an interpolation polynomial can lead to
an increase in errors.

By approximation, we arrive at functions that pass through a group of data
in the best possible way, without the obligation to pass exactly through the given
points. The approximation is suitable for small and large groups of scattered data.
Approximation problems occur in two forms. One in which we know the function f,
but its form is complicated to compute. The error of the obtained approximation can
be estimated with respect to the true value of the function. Secondly, the function f is
unknown to us, but only some information about f is known. For example, values at a
set of points are known. The substitution function £ is determined from the available
information, which, in addition to the data itself, includes the expected form of data
behavior of the function £. In this case, we cannot make an error estimate without
additional information about the unknown function f. In practice, we often get the
second variant that the function f is not given to us.

The first significant results of approximation theory were proved by Karl Weier-
strass (1815-1897), in 1885, which are the density of algebraic polynomials in the class
of real-valued continuous functions on a compact interval, and the density of trigono-
metric polynomials in the class of 2m-periodic continuous real-valued functions. Such
results were a counterbalance to Weierstrass’ famous example of 1861 on the exis-
tence of a continuous nowhere differentiable function. While on the one hand, the
set of continuous functions contains non-smooth functions. On the other hand, every
continuous function can be approximated arbitrarily well by smooth functions, which

are polynomials. This result is stated below:

Theorem 1.1.1. Weierstrass’ First Approximation Theorem: For any arbitrarily
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assumed f(z) € Cla,b], where e > 0, a polynomial P(x) exists of such type that for

every x € [a,b], the following inequality holds

| P(z) = f(z) [<e

This theorem is proved by many researchers, we list some of them: Picard [121],
Carl Runge [136] 137], Henri Lebesgue [99], Edmund Landau [98], Charles de la
Vallée-Pousin [144], Lipot Fejér, Mittag Leffler [I09] but one of them is most famous,

known as S. N. Bernstein. He proved the theorem that is stated below:

Theorem 1.1.2. [36] If f(z) is continuous in the segment [0, 1], then in relation to

T
lim B, (f;2) = f(x)

holds uniformly in this segment, where

n

By (f;0) = épnm)f <k> |

and ppp(x) = (k)a:k(l —x)" % are commonly known as Bernstein basis polynomials

or B-basis polynomials.

Bernstein has not only proved the Weierstrass theorem, but gave us the idea to
construct the polynomials to approximate a given continuous function.

By Weierstrass theorem, we observe that polynomials can uniformly approximate
any function that is merely continuous over a closed interval. This represents a
significant advance over using the Taylor’s series expansion to generate polynomial
approximations of a function in two important aspects: (a) the function need not be
analytic (not differentiable); and (b) the interval [a, b] can be freely specified, whereas
the Taylor’s series must be confined within its radius of convergence, which can be
difficult to compute.

The properties, that make Bernstein basis polynomials useful, are defined as:

1. Basis for polynomial space: The B-basis polynomials of degree n forms a
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basis for P,, where P, denotes the space of all polynomials having at most n

degree.

2. Symmetrical: The B-basis polynomials satisfy symmetry property, which is
given by
Pnk(2) = Ppnr(l—2), k=0,1,...,nVael0,1].

3. Positivity: The B-basis polynomials are all positive over [0, 1], i.e.

Puk(z) >0, Vael01].

4. Partition of unity: The B-basis polynomials form a partition of unity
> par(z) =1, Vaxe|0,1].
k=0

5. Recursion formula: The B-basis polynomials satisfy the following recursion

relation:

pn,k(x) - (1 - l‘) pn—l,k(«x) + l’pn_l,k_l(]?).

Since the change of variables specified by ¢ = % maps the interval [a,b] to [0, 1]
without changing the max norm of any function, we can restrict our attention to
continuous functions f on [0, 1] without loss of generality. It should be noted that, in
general, the polynomial approximant does not interpolate the sampled values, that is
Bu(f;xx) # f(x) ,k=1,2,-+- ,n—1, but they satisfy end point interpolation prop-
erty that is B, (f;z0) = f(z0) and B,(f;x,) = f(x,). Due to the above properties of
B-basis polynomials, Bernstein operators B, (f;z) have many interesting properties.
Their ability to exactly reproduce linear (or constant) functions is called the linear
precision property of the Bernstein approximation.

Simultaneous approximation: The Bernstein polynomial approximant to a
given function f(x) is always at least as smooth as f(x). If f(x) € C” rather than

just C° continuity, all derivatives of B,(f;x) up to order r converge uniformly to the

corresponding derivatives of f(x). If bounds on the derivatives of f(x) of each order

4
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over [0,1] exist, then the corresponding derivatives of B, (f;z) also satisfy those
bounds. For example, if f(x) is monotone or convex, B,(f;z) is correspondingly
monotone or convex.

From the convergence point of view, the major contribution in the field of ap-
proximation theory is given by Korovkin [I7]. He proved a simple theorem to verify
the uniform convergence of positive linear operators to a continuous function, which

is given as:

Theorem 1.1.3. Bohman-Korovkin theorem
Let (Ly,)n>1 be a sequence of positive linear operators such that for every g € {eg, €1, €2}

lim L,(g) =g uniformly on [a,b].

n—oo

Then for any function h € C|a,b], we have

lim L,(h)=nh uniformly on [a,b].

This theorem gives the importance of the monomials e, for + = 0,1,2 in the
space of real valued continuous functions. These functions are called Korovkin test
functions. This theorem inspired many researchers to work in this direction for dif-
ferent spaces. This study becomes so extensive such that it is called Korovkin type
approximation theory. A detailed discussion of this topic can be seen in [I§].

Polynomials are widely used in computational models of scientific or engineer-
ing problems, because of their properties such as finite evaluation schemes, closure
under addition, multiplication, differentiation, integration, composition, and their
ability to approximate functions that have no closed-form expressions. The ability
of polynomials to approximate any continuous function to any desired accuracy over
a prescribed interval motivated the introduction of the B-basis polynomials. Their
slow convergence rate and the lack of digital computers to construct them efficiently,
caused the Bernstein polynomials to lie dormant in the theory rather than practice of

approximation for the better part of a century. With the advent of computers, Bern-
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stein basis polynomials found its true vocation not in approximation of functions by
polynomials, but also in exploiting computers to interactively design (vector-valued)
polynomial functions like parametric curves and surfaces. In this context, it became
apparent that the Bernstein coefficients of a polynomial provide valuable insight into
its behavior over a given finite interval, yielding many useful properties and elegant

algorithms that are now being increasingly adopted in other application domains.

1.2 Literature Survey

Since the Bernstein operators enjoy remarkable properties, but they are defined
only on finite interval [0,1]. Chlodowsky [51] introduced the classical Bernstein-
Chlodowsky operators, which extended the domain from [0, 1] to [0,d,], such that
d, > 0,Vn € N satisfying 7}1—{20 d, = oo and nh_>ngo ;" = 0. To approximate a con-
tinuous bounded function on positive real line, in 1950, Szész [143] generalized the

Bernstein polynomials for bounded and continuous functions on [0, 00), denoted by

f € Cp[0,00), as:

Sn(f;x) :i Sni(x)f <f;> , x€][0,00)
k=0
k
where s, x(z) =™ (n]zc')

These operators follow the well known Poisson distribution, whereas Bernstein oper-
ators follow the binomial distribution.
Similarly, in 1957, Baskakov [34] introduced positive linear operators in the following

form:

vn(f;x):’i(”*:_l)“’]cf(k), v € [0,00). (1.1)

(14 z)"*tF " \n

These operators had expanded the domain of positive linear operators from the func-
tions defined on [0, 1] to functions defined on an unbounded interval that enables us

to approximate a wide range of functions by using these operators. Thus, a variety
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of research is done on these operators which is still going on and can be seen from

the references [I1], [15] 66], 69, 118, 153]. In 1930, Kantorovich [86] modified the Bern-
k

stein operators by replacing f () with the integral mean of f(xz) from the interval
n

k k+1
n+1'n+1
operators to approximate Lebesgue integrable functions, as

] . In 1967, Durrmeyer [58] proposed the generalization of Bernstein

DulFia) = (1 )Y pus@) [ pna® SO, w1 (1)

Derriennic [53] found the direct results for these operators in ordinary
and simultaneous approximation. She studied the convergence of these operators,
Voronovskaja type asymptotic results as well as the convergence of its derivatives.
Thus, these operators have enlarged the class of functions that can be approxi-
mated by positive linear operators. The usefulness of the Durrmeyer variant of
Bernstein operators attracted the attention of a significant number of authors (see
12113, 9%, 53], 70, [82), 110, [139]). Acar et al. [4] defined the Durrmeyer variant for the mo-
bile interval of [0, 1] and presented its local and global approximation properties. Gal
and Gupta [63] defined the Durrmeyer operators to approximate analytic functions.
Paltanea [130] generalized the Durrmeyer type operators with the help of a parameter
p > 0. Ansari et al. [21] studied the approximation and error estimation properties by
modified Paltanea operators for Gould-Hopper polynomials. From the applications of
parametric generalizations, many other researchers have worked in this direction (see
[7,22,112]). In 1985, Kasana et al. [90] and Mazhar and Totik [105] independently ob-
tained the Durrmeyer-type modification of Szasz-Mirakyan operators to approximate
Lebesgue integrable functions. Similarly, Gupta et al. [72] modified Szasz operators
by using weights of beta basis function and studied their approximation results also.
In 1987, Lupag [100] introduced the g-analogue of the Bernstein operators and derived
its approximation properties. But Lupas ¢-Bernstein operators are rational functions
rather than polynomials. In 1997, Phillips [120] presented another generalization of
Bernstein polynomials in g-analogue for 0 < ¢ < 1 and studied its approximation

results including convergence and Voronovskaja type formula. In 2010, Mahmudov

7
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[T02] introduced the ¢-Szdsz-Mirakjan operators where 0 < ¢ < 1 and studied their
approximation properties. In 2012, he [103] also presented another generalization of
Szasz-Mirakjan operators based on ¢ parameter where ¢ > 1, in which he showed
that this generalization has better approximation properties than the classical Szasz-
Mirakjan operators as well as g-Szész-Mirakjan operators for 0 < ¢ < 1. From [87H89]
and references in these articles, we can get the importance of parameter g in the

generalizations of positive linear operators.

In 2017, Chen et al. [50] generalized the Bernstein polynomials depending on a
real parameter a € [0, 1], as below:

Tnalf; ) Iépi,k(fﬂ)f <k> , (1.3)

n

where p? (z) = { (” . 2)(1 —a)z+ (Z B §>(1 —a)(1—a)+ (Z)ozx(l - x)}

x oF (1 — )R (1.4)

The authors studied elementary properties as linearity, positivity and end-point in-
terpolation and its approximation results. They observed that convergence of these
operators is independent of «, whereas the upper bound of the error of approxima-
tion is dependent on the parameter. In 2019, Deo and Pratap [52] presented the
Kantorovich variant of a-Bernstein operators and studied the direct approximation
theorem, asymptotic results for these operators. Recently, Kajla and Acar [81] in-
troduced the Durrmeyer modification of the summation operators and studied
the rate of convergence and some approximation properties. Kajla and Goyal [85]
modified the Durrmeyer variant of these operators by using Paltanea basis function

in an integral depending on a parameter p > 0, as

Qo) = 2w, (o) [ 1,0 (1.5
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where

() = .tjp(l _ t)(n—.j)ﬁ |
? B(jp+1,(n—j)p+1)

(1.6)

and B(i, ) is beta function. They studied the approximation properties, asymptotic
behavior and the order of convergence of these operators. Mihesan [108] introduced

the following generalized Baskakov operators with a constant a > 0 restrained from

n as
a = a k:
Vi =3 wao s (£). (17)
k=0
where wp(r) =e 1+ k(lj', %) i _|_$x)n+k such that Yo Wi(x) =1
: k=0

where (n), denotes the rising factorial. He obtained a pointwise estimate and proved
that these operators converge uniformly on [0,b] for functions having exponential
growth.

In 2018, Erengin [60] modified the operators to approximate the Lebesgue
integrable functions f € Cp[0,00) and derived some direct results. In [25], Aral and
Gupta investigated the generalization of these operators based on parameter g. The
authors proved its shape preserving properties and estimated its convergence rate in
the weighted norm. In 2019, Aral and Erbay [23] generalized the Baskakov operators

depending on a real parameter « € [0, 1] as

o k
Lualfio) =3 atal0) (1) nz1, ac oo (15)
k=0
where g, () is given by
pk-1 ar (n+k—1 n+k—3
@ (@) = (-
i) = (s () e ("

+(1—a)x<n+z_1>}. (1.9)
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The authors studied convergence, error of approximation and Voronovskaja type re-
sult for these operators. They verified that the parameter o does not affect the
convergence but it effects the error of approximation for these operators. Recently,
Nasiruzzaman et al. [114] defined the Durrmeyer variant of the operators (1.8) to
extend the results for Lebesgue integral functions, called a-Baskakov Durrmeyer op-

erators

Snalfi2) = 3 aiu(e) [ bua0)r ), (1.10)

tk
B(k_,_l)n)(l_’_t)n-i—k-‘rl

and bn,k (t) =

The authors studied the order of approximation, rate of convergence, Korovkin-type

and weighted Korovkin-type approximation theorems for these operators.

The convergence of positive linear operators is an important aspect. Bernstein
operators as well as other positive linear operators converge to the given function. For
practical purposes, we do not only require the uniform convergence, but the speed of
convergence is more important. The first example of saturation of Bernstein operators
is given by Voronovskaja. He proved that if for any bounded function f on [0, 1] such
that f”(x) exists at (0,1), we have

lim n(B,(f:z) — f(2) = "L i),

n=500 2
It states that if f”(x) # 0, then order of difference B,(f;z) — f(x) is 711 We can
conclude that the existence of higher order derivatives of f(x) does not contribute
to the order of approximation. This statement is true for some other positive linear
operators also. The rate of convergence of these generalizations is slow, it motivates
the researchers to find the new operators whose order is better than the Bernstein type
operators. Different approaches are available to improve their order of convergence.

Bernstein [37] defined the new positive linear operators as

Qi) =3 |1 (5) - 520 (5) |t

10
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He proved that if f®(z) exists at z € (0,1), then

lim 12 [Qu(f:2) — f(2)] = =a(1 — 20)(1 - 2)fO (&) — ~a*(1 — 2) D (a).

From the above estimate, it is clear that order of the approximation is improved from
ib to ;2 To obtain this order, we need the values of the f”(z) at discrete points fl,
which is a difficult task.

In order to get rid of this situation, Butzer [43] introduced another approach to
improve the order of approximation in which he used the linear combinations of

Bernstein operators. The recursive equation is given by
(2" = 1)B,(f,r;2) = 2"Ba,(f, 7 — L;x) — B,(f,r — 1;2),
where B, (f,0;x) = B, (f;z). The explicit form of these operators is given as

me@:§g%2ﬁmnw

The author proved that for smooth functions, the term B, (f,r;z) — f(z) tends to
zero faster than B, (f;z) — f(x).

Let f(z) be bounded such that f©® () exists at x € (0,1) and r = 2, then the rate of
convergence for these operators is 7113 which is much better than :L In this technique,
the number of sample points and the degree of corresponding polynomial increase
exponentially as r increases.

Micchelli [I06] presented another procedure in which he used iterative combinations
of Bernstein operators. Recently, Khosravian-Arab et al. [94] propounded another
process for improving the order of approximation by perturbing the recurrence formula

satisfied by Bernstein polynomials. Using this new approach, many operators have

been modified in a very short period of time as we can see [2, 8, [74), [83].

In order to approximate the functions of two and several variables, the initializa-
tion of new positive linear operators defined in two as well as several dimensions has

begun in the approximation theory. Kingsley [97] introduced the bivariate Bernstein

11
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polynomials and studied its approximation properties. Some properties of these op-
erators are studied by Butzer [44]. Stancu [I42] defined the positive linear operators
to approximate the functions of two as well as several variables defined on a triangle.
In 28], Barbosu obtained the results of bivariate extension of Stancu generalization
of g-Bernstein operators. Following this, a lot of articles can be seen on the bivari-
ate extensions of Bernstein type operators [67, 84, [134] and modified Szasz-Mirakyan
and Baskakov operators [19, 49, 61], [75, 135, 140]. Extending this research, Wafi and
Khatoon [147] modified the generalized Baskakov operators for the functions of two
variables in polynomial as well as exponential weighted spaces. Agrawal and Goyal
[10] presented the bivariate extensions of the different operators in their work, which

contains discrete and summation integral type operators.

With the bivariate operators, there are other associated operators called Gener-
alized Boolean Sum (GBS) operators. Bogel |40, 41] in 1934 and 1935 introduced the
concept of Bogel continuous and Bogel differentiable functions. The approximation
results concerning these functions were firstly introduced by Dobrescu and Matei [57].
Badea and Cottin [27] proved the Korovkin theorem for B-continuous functions which
is also famous as test function theorem. In 2013, Miclaug [107] studied the approx-
imation results of GBS Bernstein-Stancu operators. Agrawal and Ispir [12] studied
bivariate Chlodowsky-Szasz-Charlier type operators and its degree of approximation.
Similarly, Barbosu et al. [32] proposed the g-variant of GBS Durrmeyer operators and
studied convergence and degree of approximation of these variants. The importance
of these operators can be seen by the ongoing research as [13, 29-31] [33, [65] 122+
128, [146).

One of the key feature of the Bernstein operators and its generalizations is that
these operators replicate the affine functions. But for specific activities, we need the
reproduction of some additional functions too. King [96] was the first to generalize
Bernstein operators that preserve 1 and z? in a non-trivial way. Additionally, he
demonstrated that these operators provide a more accurate estimate for 0 < x < %

The survey report by Acar et al. [5] shows that a number of researchers have worked

12
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in this regard.

Generalizing King’s work, Aldaz et al. [16] defined the operators that pre-
serve constant and 2/ for j > 1. The authors proved their shape preserving proper-
ties. Many researchers have studied these operators. Morales et al. [47] defined the
Voronovskaja type result using a different strategy for j = 2,3 for Aldaz operators.
Additionally, he offered a conjecture of Voronovskaja-type outcomes for any chosen

J, which has been demonstrated by Gavrea and Ivan [64].

1.2.1 Applications

The current subsection displays the importance of positive linear operators in our
daily life. Bézier curves, defined by using B-basis polynomials, are elegant and fun-
damental mathematical constructions used in computer graphics, Computer-Aided
Design (CAD), animation, and various other fields such as shipbuilding, architectural
design, computer animation, medical imaging, textile business, letter writing, and
many more to describe and model smooth curves and shapes. It might be interesting
to note here that Donald Knuth has used Bézier curves for the design of TEX-fonts.
Classical Bézier curve was introduced by P. Bézier [38] in 1960, while working in an
automobile industry. Bézier curves have become an essential tool in the creation of
digital imagery and design. The curve was determined by using the points, popularly

known as control points. He defined the curve as follows:

P(x) = iopn,x:c) P,

where p,, ,(z) are Bernstein basis polynomials and P,, 2 = 0,1,2,--- , n are the control
points.

(Classical Bézier curve possess many interesting properties as the B-basis polyno-
mial. To find the Bézier curve, a simplified method was given by Paul de Casteljau,
known as De Casteljau algorithm. In this algorithm, he used the linear interpolation
repeatedly to generate the curves. At their core, Bézier curves are a way to represent

mathematically and interpolate points within a curve’s path. They are defined by

13
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a set of control points that influence the curve’s shape. What makes Bézier curves
especially powerful, is their ability to generate curves of varying complexity, from
simple straight lines to intricate and smooth curves. This flexibility along with their
intuitive control mechanisms has made Bézier curves a cornerstone in the world of
computer graphics. Due to the importance of Bézier curves, they are widely studied

by many researchers as one can see [35] 39, [78, [I11] and the references there in.

In [116], Pales and Rédl gave the real life applications of Bézier curves. But
these curves are not enough to produce all the shapes, for example, circle and ellipse
like shapes can not be drawn by using classical Bézier curves. Therefore, rational
Bézier curves are defined, which are similar to classical Bézier curves but have certain

weights on the control points, given as below:

> pua(z) Pw,
1=0

> () w,
1=0

P(z,w) =

J

where w, > 0,2 =0,1,...,n.

In [79], Ismail and Ali presented the applications of rational Bézier curves by
producing many shapes such as leaf, spoon with the help of blending technique. In
order to modify the shape of curves without changing the control points, parametric
generalizations of the Bézier curves are initiated. In 2008, Han et al. [77] extended
the Bézier curves with generalized Bernstein basis by taking n shape parameters say
Ayt =1,2,--- n, known as ()-Bézier curves. The authors observed that by altering
only the values of shape parameters, the shape of the curves can be changed instead
of changing the control points. In [76], Han et al. modified the Bézier curves with
Lupas ¢g-analogue to control the shape of curves. For ¢ = 1, the generalization becomes
classical Bézier curves. Similarly, Khan et al. [92] generalized Bézier curves based
on shifted nodes having parameters « and 3. The authors showed that the curves
generated over any sub interval of [0, 1] with the shifted nodes are similar to classical

Bézier curves.

14
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1.3 Definitions

In the current section, we discuss the basic definitions that will be helpful in the

subsequent chapters.

Definition 1.3.1. Normed space
Let X be a vector space over a field K. A real valued function defined as || . ||: X — R

is called a norm, if the following properties holds:
1L ||z]|=0&2=0;
2. ||z |>0, for all x € X
3. | ax ||=| al| x|, forae K,z € X;
4o le+yl<lzll+1lyll,  forazyelX,
then (X, || . ||) is called the normed space.

Definition 1.3.2. Positive Linear Operator
Let X and Y be two normed linear spaces over a field K. For X C Y define an

operator L : X — Y, which is a called linear operator if it satisfies

Laf + Bg) = aL(f) + BL(g), for every a,f €K, f g€ X.

The operator L is called positive operator if
L(f;z) >0, for every f € X such that f(x) >0, Vz e X.

The properties of positive linear operator are

1. a positive linear operator is monotone.

2. if L is a positive linear operator, then for every f € X we have | Lf |< L(] f |).

The norm of L, denoted by || L ||, is defined as follows:

I L |l:= sup [[Lf .
fex
i<t

15
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The following are two important inequalities related to positive linear operators:

Definition 1.3.3. Holder inequality

Consider the positive linear operator L : X — Y and the numbers p,q > 1 satisfying

Then, the following inequality holds:

L(| fg 1) < (LA FI)7 (L g |7)7, for every  f.g € X.

Definition 1.3.4. Cauchy-Schwarz inequality
For p = q =2 in the above inequality, it comes out to be well-known Cauchy-Schwarz

inequality for positive linear operator L as below:

| L(f.g;2) |< L(f% 2) /L(g% 2).

Now, we discuss some tools that are used to measure the smoothness of the
function. The very well-known and simple example is first order modulus of continuity.
The modulus of continuity is a mathematical concept used to measure the degree of

continuity of a function over a given interval.

Definition 1.3.5. First order modulus of continuity
Let f(x) be bounded on |a,b], the modulus of continuity of f(x) on [a,b], is denoted
by w(f;0), and is defined for 6 > 0 as

w(f;0) = Sﬁnﬁf@)—fﬁﬂb
i

with the properties listed below:
1. w(f;0) =0 as §—0;

2. w(f;9) is non-negative and non-decreasing;

16
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3. w(f;9) is continuous;

4. w is sub-additive, i.e.

w(f;01 4 02) < w(f;01) +w(f;da);

5. for A >0, w(f; M) < (14 AN w(f;0).

Graphically, the modulus of continuity can be interpreted as the maximum ver-
tical distance between two points on the graph of the function that are no more than
a distance of ¢ apart horizontally.

The modulus of continuity provides a measure of how “wiggly” or “oscillatory” a
function is over a given interval. If a function is very smooth i.e. it has no sudden
jumps or oscillations, then its modulus of continuity will be small. On the contrary,
for a function which is very “wiggly” and contains many sudden jumps or oscillations,

its modulus of continuity will be large.

Definition 1.3.6. Second order modulus of smoothness

The second order modulus of smoothness for any f € Cla,b|, is defined by

wa(f;0) =sup{|f(x +2h) = 2f(z+h)+ f(x)]: 0 < h < §,z,x+ 2h € [a,b]}.

Definition 1.3.7. Lipschitz continuity
A function f satisfies the Lipschitz condition of order T with the constant .# on |a, b,

if

|f(x1) = fz2)| < A |21 — 2|, 0<7<1, A>0, for x1,29€ [a,D]

It is denoted by f € Lip.4(T).
There is a relation between modulus of continuity and Lipschitz continuity, i.e. f €

Lip 4 (1) iff w(f;0) < A 07.
K-functional is an another tool to measure the smoothness of a positive linear

17
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operator and how well it is approximated by smooth functions. It is also known as

Peetre’s K-functional named after J. Peetre who introduced it.

Definition 1.3.8. K,-Functional
Peetre [117] introduced the second order K-functional for f € C|0,1]

Ky (f;0) = nf{[| f = gllew,y +dllg" ez, = g € C2[0, 1]},

where

C?0,1] :={g € C[0,1] : ¢, ¢" € C[0,1]},

having the norm:

l9llczio) = Ng"llew, + 19 llcro + 119l (1.11)
where  ||gllcjoy = sup |g(x)|.
z€[0,1]

Now, we list some properties of Ky-functional:

1. For fixed f € C[0, 1], the K,-functional is concave and monotonically increasing

function.
2. Ky(f;9): Ry — R, is continuous at § = 0, it means
lim Ko(f;0) =0= Ky(f;0).
61)%5_ 2(f> 5) 0 Q(fa 0)
3. For f1, fo € C[0, 1], we get

Ko(fi + fo;0) < Ka(f1;0) + Ka(fe;6), 9 >0.

4. For fixed f € C[0,1] and any A\, d > 0, we have

Ko(f; A0) < max{1, \}Ky(f;9).

18
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There is a close relationship between moduli of smoothness and Ks-functional [45].

For all f € C]0,1] and 0 > 0, there exists constant C' free from ¢ and x such that
K(f36) < C [wa(f:V/8) + min(1, 8)||f]] - (1.12)
Now, we give some instruments to measure the approximation properties of positive

linear operators of two variables.

Definition 1.3.9. Complete Modulus of Continuity
([20], p.80) For any f € C(I?*), where I* = [0,1] x [0,1], the complete modulus of

continuity is defined as

w(f§ 51752) = sup{\f(u,v) - f(x,y)! : (u,v),(x,y) S [2&‘/”_%‘ < 517 ‘U _y’ < 52}’
or w(f;0) = sup{|f(u,v) = flz.y)| : /(u—2)2+ (0 —y)? <6, (w0), (2,y) € I*},

with the following properties:

1) w<f;51,52) — 0 as 51,(52 — 0.
i)

|u—a|

| flu,v) = f(z,y) |< <1+ ) <1+|U(5_2y’> w(f;61,00).  (1.13)

1

Definition 1.3.10. Partial Modulus of Continuity
([20], p.81) The partial modulus of continuity for any f € C(I?) is defined by

w'(f;61) =sup{|f(z1,v) — fzz,0)] s v € I, |21 — 25| < b1},

and WZ(fS d2) =sup{|f(u,y1) — f(u,y2)| v € I, |yn — yo| < 02}

Definition 1.3.11. Lipschitz Condition of two variables
A function [ is said to satisfy Lipschitz condition, denoted by f € Lipy(C,n), if it

follows:

[ f(ts) = flay) < M[t—a[]s—y],
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where ¢,n € (0, 1].

dif Of

Let C?(I?) denotes the space of all functions f € C(I?) such that Tl o
xl y'L

C(I*),i=1,2.
The norm on the space C?(I?) is defined as

o f
oy’

o f
oxt

+ |

).

2
Fllozan = 1+ 3 (|
=1

where the other norms are defined on C(I?).

Definition 1.3.12. Second order modulus of smoothness

([6], p.5558) For f € C(I?), the second order modulus of smoothness is defined by
wy(f;0) = sup{|f (z+2u, y+2v)=2f (z+u, y+v)+f(z,y)| : (z.y), (2+2u, y+2v) € I'}.

Let X and Y be compact subsets of real numbers.

Definition 1.3.13. Bogel Continuous
Consider a real-valued function defined on X XY i.e. f: X xY — R. If it satisfies

lim CAf[(,s), (z,y)] = 0,

(t,8)—=(zy)

with Af[(t,s), (z,y)] = f(t,s) — f(x,s) — f(t,y) + f(z,y), then it is said to be Bogel

continuous or B-continuous at a point (x,y) € X x Y.

Definition 1.3.14. B-Differentiable
For a real-valued function f: X xY — R, if

M), )
(ts)—(zy) (t—z)(s—y)

exists and finite, then it is called B-differentiable at (x,y) € X x Y. It is denoted by
DBf<x7 y)

The space of all B-differentiable functions is denoted by Dy(X x Y).
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Definition 1.3.15. B-bounded
If for a real-valued function f: X xY — R,d a constant M > 0 such that

| AFI(E, ), (2, y)] [< M,

for every (t,s), (x,y) € X XY, then it is called B-bounded on X x Y.

By(X x Y') denotes the space of all B-bounded functions, where

Iflls="— sup  [Af[(Es), (z,y)] |

(t,s),(z,y)EXXY

is the required norm.

Definition 1.3.16. Mixed modulus of continuity
The mized modulus of continuity for f € Cy(I?), denoted by Wmizea : [0,00) x [0, 00) —
R, ([20], p.81) is given as

Wized([; 01, 02) = sup{|Af[(t, s), (z,y)]| : |t — x| < o1, |5 — Y| < 02},

for all (t,s), (z,y) € I*. It satisfies the property

Winized (3 M01, A202) < (L4 A1) (1 + A2) Wiized ([ 01, 02), (1.14)
where A, Ay > 0.

When approximating a univariate function on positive real line, the defined
Bohman Korovkin theorem does not work there. Therefore, we apply weighted Ko-
rovkin theorem in this case. Thus, we put some restrictions on the functions.

A positive continuous function w is said to be weight function if it is defined on
the whole real line R. In our study, we consider only the polynomial growth. So, we

choose w(x) =1+ 22, x € R. Suppose

Dy[0,00) := {f + | f(x)] < Ap(1 +2?)},

21



Chapter 1. Introduction

such that Ay > 0, a constant number depends only on f.

(5[0, 00) is the space of all continuous functions in D5[0, c0) having the norm

|/ ()]

5"

fll2 = sup
H H2 x€[0,00)1+x

Define C3[0,00) = {f € (5[0,00) : lim (@) < oo}.

o< ] 4 22

1.4 Gaps in Literature

(i)

(iii)

22

As we have seen from the literature that many generalizations of positive linear
operators are of linear order. Therefore, the researchers used different techniques
to improve the order of approximation of positive linear operators but that
require more information about the given function. The new perturbed scheme
does not need much data but it slackens the condition of positivity. Till now,
order of some operators has been improved. But still there are many more useful

operators whose order can be improved without affecting its useful properties.

From the literature, we are able to see that generalizations of positive linear
operators are useful in order to get better results and it provides the flexibility
to choose certain parameters in order to achieve desired accuracy. Although
many generalizations have been carried out but still positive linear operators
can be generalized by introducing some more general parameters that does not

effect the convergence but helps to reduce the error of approximation

We see that, due to the importance of Bézier curves, a variety of research is
going on. So, there is some possibility to generalize these curves to get better
flexibility by introducing shape parameters to modify the shape of the curve
without changing the initial data, which helps to reduce the time and cost for

these generalized Bézier curves.
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1.5 Objectives of the Study

After the comprehensive review of existing literature and identifying key gaps, we

proposed the following objectives for our Ph.D. research:

1. To improve the order of approximation for some positive linear operators.
2. To study the approximation properties of certain positive linear operators.

3. To find the generalization of Bézier curves for more flexibility in its shape.

1.6 Contents of Thesis

The present thesis is assembled into eight chapters including the present one which is
about the brief introduction of approximation theory and its applications in different
branches and in daily life. Also, we provide the supplementary material such as some
definitions, preliminary results that are useful for upcoming chapters. It also includes
the literature survey of positive linear operators, by which we able to find some gaps
in literature. Thus, we get the motivation for our work that is presented in chapter
2 to chapter 8 described below:

Chapter 2 deals with the sequence of operators which are used to improve the
order of approximation of well defined a-Bernstein Paltanea operators. We have
provided three modifications of these operators of order one, two and three. We
study the convergence and some approximation results of these operators. Also, the
error of approximation is calculated for these operators using modulus of continuity
and K-functional. The order of approximation is shown by using Voronovskaja type
result. Similar procedure can be applied to get the higher order sequence of operators.
Also, we justify our theoretical result by giving some graphical figures with the help
of Maple software.

The results of this chapter are published in the journal “International Journal of

Non-linear Analysis and Applications”.
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Chapter 3 is the extension of our work done in the previous chapter. We defined
the bivariate version of the first order modification of a- Bernstein Paltanea operators
defined in chapter 2. We prove the convergence of these operators by using Volkov
theorem, asymptotic formula, and find the error of approximation in terms of complete
and partial modulus of continuities. Also, we define the Generalized Boolean Sum
operators associated with bivariate operators and study its approximation results for
the space of Bogel continuous functions.

The results in this chapter are introduced in the journal “Filomat”.

In Chapter 4, we introduce the Durrmeyer-variant of Lupag type operators and
discuss its approximation in Lipschitz type spaces and using approximation tools.
Also, we construct their generalization in two dimensional space and study its proper-
ties in terms of Ks-functional and complete as well as partial modulus of continuities.
Lastly, we present some numerical results by using graphs to show the convergence
and approximation error of the defined operators for certain functions in both single
as well as two dimensional case.

The results of this chapter are published in the journal “Annali dell’ Universita di

Ferrara’.

Chapter 5 is devoted for Bernstein-Lototsky operators based on a real param-
eter p > 0 for the approximation of Lebesgue integrable functions. These operators
are able to preserve any polynomial with some certain conditions. We present the
univariate and bivariate version of these operators. We discuss some approximation
characteristics for these operators including convergence and error estimates, using
Peetre’s Ks-functional and modulus of continuities of first and second order.

The results of these chapters are submitted.

In Chapter 6, we define the new operators to approximate integrable functions.
We use a-Baskakov basis functions and a non-negative parameter for this construc-
tion, which will be useful to get the flexibility in the properties of these operators.
We study the convergence as well as weighted convergence of these operators. We
also study pointwise convergence of these operators for Lipschitz functions. Graphi-

cal representations of certain functions are given to show the effect of our introduced
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parameter.
The results in this chapter are published in the journal “Rocky Mountain journal of
Mathematics”.

Chapter 7 is based on the applications of positive linear operators in the form
of Bézier curves. We present the generalized Bézier curves depending upon the pa-
rameter «, named as a-Bézier curves. Also, we introduce tensor product a-Bézier
surfaces. We study some properties of these curves and surfaces and show that the
parameter provides us the flexibility to modify the curves as well as surfaces by giving
some numerical examples with the help of Matlab. In the last part of this chapter, we
give an exact approach to calculate the control points for the given a-Bézier curve.
Some of the results in this chapter are published in the journal “Bollettino dell’Unione
Matematica Italiana” and others are submitted.

Chapter 8 explores the applications of g-calculus in polynomial basis functions
and curve modeling. We define the g-variant of Bernstein-Chlodowsky basis polyno-
mials. Then, by utilizing these basis polynomials, we introduce the generalization of
Bézier curves to enjoy the shape-preserving properties. The properties of these newly
defined Bézier curves are studied. Additionally, we present degree elevation and De
Casteljau algorithms tailored for these curves. At last, we present some numerical
illustrations to show the flexibility achieved by the introduced parameter.

The results of this chapter are accepted in the journal “Iranian Journal of Science”.
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Chapter 2

Order improvement for the
sequence of a-Bernstein-Paltanea
operators

2.1 Introduction

The order of approximation of the positive linear operators is an important tool to
measure how fastly an operator converges to the given function. As discussed in
Chapter 1, there are many techniques to improve the order of convergence of the
operators. Here, our main motive is to improve approximation behavior and order of
convergence for the operators Q7 (f; ) by a new method.

In [94], Khosravian-Arab et al. modified the well known Bernstein operators by us-
ing a perturbed technique to improve their degree of approximation. Following this,
Acu et al. [8] have applied this approach on the Bernstein-Durrmeyer operators. In
another paper [74], same authors have put it on the Bernstein-Kantorovich opera-
tors too. Similarly, Kajla and Acar [83] have modified the a-Bernstein summation
operators. The inspiration of getting better approximation results for positive linear
operators leads us to modify the a-Bernstein-Paltanea operators which are defined in
. In the present chapter, we apply an approach by using recurrence relation of
these operators for their modifications, which gives better convergence rate than the
classical one.

This chapter is organized as follows: In section we define a-Bernstein-Paltanea
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operators of first order and study their convergence. In section [2.3|and [2.4] we intro-
duce a-Bernstein-Paltanea operators of second and third order resp., which possess
higher order of approximation than the operators (L.5]). In section [2.5] we verify the
theoretical results numerically using Maple algorithms.

Through out this chapter, we denote Jz:z(g; x), 7 = 1,2,3 as three modifications of

Jth order of approximation of the operators @5, ,(f; ).

2.2 «-Bernstein-Paltanea Operators of First Order

In the present section, we define a-Bernstein-Paltanea operators of first order as

o) =3l [0 a)ds we o 2.)

where p!(2) =a(w,n) pS_y, (&) + a(l —2,m) i,y (2), 0<i<n—1,

a € [0,1],p > 0, and a(xz,n) = a1(n)z + ap(n), such that ag(n) and a;(n) are two
unknown sequences, which can be determined to satisfy our purposes. For ag(n) =1
and a;(n) = —1, reduce to the operators (1.5)).

Now, we compute some preliminary results which will be useful to study the uniform

convergence and asymptotic results.

Lemma 2.2.1. For the operators , we have

Torp(e0i ) =(2a0(n) + a1(n));

n,p

Typler; ) =(2a0(n) + a1 (n))z +

[(1 = 22)(ao(n)(p + 2) + ar(n)(p + 1))];
1
(np+2)(np+ 3)

+ p*x(ao(n)(4 — 62) + ay(n)(3 — 5z))}

np + 2
Tvpleaiw) =(2a0(n) + a1 (n))a® +

[n{px(3 = 52)(2a0(n) + ax(n))

+ (—62% + 2ap*2* — 2ap’x + 2)(2a0(n) + a1(n))

+ p(p+ 3 — 62)ag(n) + p(2px® — 62 — 2px + p + 3)a1(n)] :

28



2.2. a-Bernstein-Paltanea Operators of First Order

Lemma 2.2.2. For the operators , we have the central moments as

TEpH(0: ) = (1= 20) ) +2) + ar(m)(p+ 1)
TEp2(0:0) =g s [o(1 = 2)o(1+ ) Can(n) + an ()

—z(1—1x) (4a0(n)(3 +3p + ap?) + 2a1(n) (3 + 6p + p*(1 + a)))

+ao(n)(4+3p+ %) +ar(m)(2+ 30+ )]
1

B0 = B T e 15 L L+ (L = ) 2a(n)

ar(m)n] + 0 (;3) |

To obtain uniform convergence of the operators (2.1)), we assume that the se-

quences a,(n), ¢ = 0, 1 satisfy the condition
2a0(n) + ai(n) = 1. (2.2)

Depending on the choices of the sequences, we get two cases which are given as follows:

Case 1. Let
ap(n) >0 and ag(n)+ai(n) > 0. (2.3)

From this, we get 0 < ag(n) < 1 and —1 < a;(n) < 1. So, both ag(n) and a;(n) are
the bounded sequences. The operators ([2.1)) are positive for this case.
Case 2. Let

ap(n) <0 or ap(n)+ai(n)<O0. (2.4)

If ap(n) < 0, then ag(n)+ay(n) > 1 and if ag(n) +ay(n) < 0, then ag(n) > 1. In these
cases the operators ([2.1)) are not positive.

Firstly, we prove the basic convergence and asymptotic results for case 1.

Theorem 2.2.3. Let g € C|0,1]. If ap(n),ai(n) satisfy both the equations and
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, then

lim J2(g; %) = g(x),

n—o0

uniformly on [0,1].

Proof. From the conditions on a,(n),2 = 0,1 the operators (2.1]) are positive. So, by
Korovkin theorem [I[.1.3] and Lemma [2.2.1) we can find the uniform convergence of
the operators. O

Theorem 2.2.4. Let a,(n),1 = 0,1 be convergent sequences satisfying the conditions

— and I, = lim a,(n). If ¢" € C[0,1], then

i 0l ) — gfa)) ~ U2 DO D0

g9'(z)
x(1—2) 14 p)(2l + 1) ,
2 9" (z),

uniformly on [0,1].
Proof. By the Taylor’s formula, we have

(t) = 9(x) + 04(0)g'(x) + 5 B2(0) () + Ok, )0,

where O(t, z) € C[0, 1] with lim O(t, z) = 0.
Apply the operators Jg:;(.; x) on Taylor’s formula, we get

(g5 x) = g(@)) =y (64(0); 0)g (@) + S Tua(5 () 0)g" (2) + Ty,

n
2

Using Cauchy-Schwarz inequality on the last term of the above equation, we obtain

nJeL(O(t, z) ) <y JL(O2(t,x); ) S (64 (8); ). (2.5)

Since ©%(z,x) = 0, ©%(t,x) € C[0,1], and J'}(g; ) — g(x), then we have
lim J*!(©%(t,z);x) = 0 uniformly on [0,1].

n—oo P
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Hence, from Lemma [2.2.2 the above inequality (2.5 reduces to

lim nJ;7(O(t, 2) @5 (t); 2) = 0,

n—oo
which gives the required result. O]
Now, we study the convergence and asymptotic results for the case 2.

Theorem 2.2.5. Let g € C[0,1] and a,(n),» = 0,1 be convergent sequences which
satisfy the conditions (W and (-) Then

lim 3 (g52) = g(2),
uniformly on [0,1].

Proof. We can rewrite the operators (2.1)) as

T ) =Kip(g:0) — Lip(o:), (2:6)
where

KA 01) = 2 J0a(n) @ )+ aa(n) s (@) [ 8 0) 0000

Eiar ) = 3 l=a0(n) )+ () 2= oo () (@) [, 0) 00 .

As both the operators Kg”fl,(g; x) and L 1( x) are positive, so we can apply extended
Korovkin theorem ([94], see page 122) on these operators. For this, we give the

moments of these operators as below:

K (eo; 2) =ay(n)(1 + x);

Ka (61, ) —al(n)(l —l—x) l(n _ 1)[)23] + al(n)x + al(n)(p+ 1).

I

n.p np + 2 np + 2 np +2
_amta) [o e n-1l420-a) o
K p(eiz) = (np+2)(np+ 3) [p (n=1) < * (n—1)? ! ))
al(n) 2 2
+3p(n_1)$+2] T 2)(np 1 3) 2000 = D+ 47+ 3],
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Ly 1(60, x) =a1(n)r — 2ap(n);

Eib(en ) =fan()e = 2aa() |20 -

a(m)(p+2)  a(mrlpt+l)
np + 2

np + 2 np+2

ai(n)z — 2ag(n)
(np+2)(np + 3)

Lal(eg, x) = [pQ(n— 22?4+ p*(n — 1+ 2(1 — a))z(1 — )

ai(n)x — ap(n)
(np+2)(np + 3)

+3p(n — 1)x+2] + [20%(n — 1)z + p* + 3p).

Since ap(n) is convergent, then Lim a;(n) = li(say), by using the definition of

K*!(g: ) and L 1( x), we obtain

n,p

lim K} ,(g;7) = (1 + x)g(z) uniformly on [0, 1],

n—oo

lim L) (g;2) = [L(1 + x) — 1]g(z) uniformly on [0, 1].

n—oo

By using both the above limits and equation ({2.6]), we get the required result. O

Theorem 2.2.6. Let a,(n),1 = 0,1 be convergent sequences satisfying the conditions

, and I, = lim a,(n). If g" € C[0,1], then

(1 —22)((p+2)lo+ (p+ D) ,

lim () (g; @) — g(x)) = p g()
I(l — ZL’)(l ;_pp)<2l0 + ll)g”(l‘),

uniformly on [0,1].

Proof. Similar to the proof of Theorem

n(Jp(g52) — g(@)) = ndy (6, (t); )9 () +

It is enough to prove that

lim nJa (@( )¢i(t)a$) =

n—o0
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2.2. a-Bernstein-Paltanea Operators of First Order

We can rewrite operators ([2.1)) in the following way:
n—1
- Zpgfl,z(‘r) ( I n / :unz dt+a<1 —xn / /j“nz—i-l )g<t) dt) :
1=0
(2.7)

For € > 0, 3 0 > 0 such that |t — x| < 0, then |O(t,z)| < e.

Divide the interval [0, 1] into two parts as below:
I =(x—46,x+9)NJ0,1], L =10,1]\ (z — 0,z +9).

Since a,(n),1 = 0,1 are convergent, then they are bounded. Thus, 3 C' > 0 such that
la(xz,n)| < C.
Now, n|Jy, (©(t, 2) 43 (t); 7))

n—1

<nC Y @) (] 1,01 D160 dt+ [ 40160 D620 )
<nozpn lz [ (/ Mm a: dt+/ an+1 )Cb ( ) dt)

( / W2 ()@t db + / 1 (66 (1) dt)}, where M = sup |O(t, z)|

0<t<1

SW,GC Z pn—l K / :un 7 ¢2 dt + / :un 2+1 ¢2( ) dt]
nMC ! 1 1
> piaale) | [ 06h00) det [ ata(©010) a
SGCI(;U7 Ps Oé) + O <n> : (28)
Since € > 0 is arbitrary, therefore from equation ({2.8)), we get the proof. m

Theorem 2.2.7. Let g be bounded for x € [0,1], ap(n) be a bounded sequence and
a,(n),» = 0,1 satisfy the condition (2.9), then

1
7230 oll < (-4 Blaa(l)Cae (572,

where ||.|| is the uniform norm over [0,1], w(g; o) is the first order modulus of conti-
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nuity and Cy > 0 is a constant.

Proof. From the definition of our operators (2.7)) and using relation

w(g; Ao) < (14 AN w(g;o) for A > 0, (by taking A = /n|t —z|,0 = ﬁ), we get

b ar) = o(@)] <laCem)| 3 950, (0) [ 8 0)0) = o)l

n—1

a2 00, 0) [ 4 ®l(6) = o)l ds

1=0

‘%xMZmu ) [ ) lgr o) dt

n—1

a2 a0, (@) [ a0 w(g: 040 e

1=0

Sttenle (o= ) [V S s [ ikl ald

=l (50 ) [ VA0 [ iat0lko] ).

From Cauchy-Schwarz inequality, we get

S0 [ 0wl < g o U%l&}y%z
n—1
ngﬁ_“ U (¢ dt}

(2.9)

dt]

n—1 2 n—1 %
S Zpgfl,z Z[')‘| [an 11 / ILLTLZ dt‘|
1=0

(np+2)(np+ 3)

Therefore,

_\J n(—p2x? — px? + p? + 3px) + (622 4 6px2 + p?x — 3px + 2)

\/_anu /um o) di < SV <o (2.10)

Viap 2~
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2.2. a-Bernstein-Paltanea Operators of First Order

Similarly,

\/_an lz / lun7,+1 |¢()|dt<

Cav/n

NoErh

< Cy.

Using the inequalities (2.10) and (2.11)) in (2.9)), we get the following relation:

(2.11)

Yg:x) = glx w L alx,n 3 a(l—xz,n 4
| Jap(gi) — g(2)] < @\m>H(,NO+C)+H1 )1+ Cy)]. (212)

From equation ([2.2)), we find

la(z,n)| = |ai(n)z + ap(n)| < 1+ 3lag(n)] and |a(l —z,n)| <1+ 3lag(n)].

Now, using above inequalities and equation (2.12), the proof is completed.

Corollary 2.2.8. (i) If we assume g € C[0, 1] in Theorem

2.2.7

0, which gives another proof of the Theorems|2.2.5 and[2.2.5.

then nh_)r&w (g;

(ii) If g € Lip (1) on [0,1], then result obtained in Theorem [2.2.7 reduces to

[ Tig:2) — g(a)] < A C5 (14 Blag(m)]) 07",

where Cs is same constant as in Theorem [2.2.7.

Now, we consider Ja’;(ez; x) = e,,1 =0, 1. Thus, we have the conditions

n,

2ap(n) +ai1(n) = 1,a0(n)(p+2) + a1(n)(p+ 1)

By solving these equations, we get

_pt2

= 0.

1

7

]

>:

(2.13)

In the following result, we find the error of approximation in terms of modulus of

continuity for the operators (2.1)) satisfying (2.13]).
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Theorem 2.2.9. Let g € C?[0,1], = € [0, 1] be fized. Then

1 1 1 1 1
Feplgia) = gl@) = S R@AWia)g (@) < Comw (7).

where Cg > 0 is a constant restrained from n, x.

Proof. For g € C?[0,1]. By using the Taylor’s formula and applying Jﬁ:})(.; x), we get

Tb(g:7) — o) — LI 2)g" ()| = ST (Ot )62 (1); )]

where O(t,z) = ¢"(£,)—¢" () and &, lies between t and x. From modulus of continuity,

we have
/! 1 1 1 1 1 1
Ot 2)] = 19" (&) — 9" (@) < w(g"; (1)) < (1 +Vnle,(t)])w (9 ;\/ﬁ> :

p+1

AISO, |a(a:, n)‘ = ’al (n)a: + ao(n)\ <
using the operators (2.7)), we obtain

1
and |a(l —z,n)| < i, for = € [0, 1] and
P

/0 1 1h, ()Pa(t) dt + /0 1 1h e (8) B2 (1) dt]

n—1
where J, = Zpﬁflﬂ(x)
1=0

1
— _22 2_2 2 22 4
(np+2)(np + 3) [n( P pr+ 2p7w + dpr)

2)? 2
+ (1222 + 12p2® — 12px + p* + 3p + 4 — dap*x(1 — x))} < (p+2)*(n+2)

(np+2)(np+3)°

[ i OO0 e+ [ (D101

n—1
JQ = Z pgfl,z(l’)
1=0

S [ [ 0o [ [ o) o]

+§pz_l,z<x> [ itantiezad [ staoaoa]
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Using the results of Lemma [2.2.2] we have

where P(> 0) is unrestrained from n.

P
Jo <——
2_77,\/5’

Now replacing the values of J; and J; in the relation (2.14)), we can find a constant

Cs > 0 which is independent from n and z such that

e < o (72, 215

Hence, we get the required result. O]

Now, we find error estimation of the operators Jﬁ:})(g;x) with regard to sec-

ond order modulus of continuity which gives better results than the results found in

Theorem 2.2.71

p+2

Theorem 2.2.10. Let g € C[0,1], ap(n) = ,ar(n) = ———, then
p

1
Hﬁmm—wsaw@¢ﬁ.

Proof. From the definition of our operators ({2.1)), we can write
1755 911 < (lao(m)] + lax(n)])]]g]]. (2.16)
Let f € C?[0,1]. Now, using Taylor’s theorem, we get

Tp(O(t, 2) 0% ()5 )]

xT

N | —

(B (fi) — f(a)| =
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From Theorem [2.2.9] we write

where Cg > 0 is a constant unrestrained from n and x.
Using Lemma and the property of modulus of continuity, i.e. w(h,d) < 2|h,

we get

1 C "
HJ%:p(f;-)—fHS;ng I, (2.17)

where Cy > 0 is a constant unrestrained from n and =x.

Thus, for g € C[0, 1], and using (2.16) and (2.17), we get

1750 (a5) = gll <[ alg = DI+ 11g = DI+ 17,06 = Sl

C " 1 "
<Cullg = fll+ 211 < Cu llg = S+ 20| @19

where (g and C; are some positive constants unrestrained from n and x.

Now, keeping in mind the equivalence of second order modulus of continuity ws(g, )
and K-functional and by taking the infimum over all f € C?[0,1] to (2.18), we
get the required result. O

2.3 «a-Bernstein Paltanea Operators of Second Or-

der

Similarly, we can define the second order modification of the operators @ (g;)

which is given by

Joo(gix) =Y pi(x) [ h(6) g(t) dt, (2.19)

where  pi(x) =alz, n)p, o, () + b(z,n)py o, 1 (2) + a(l —z,n)p;_,, »(x),
(2.20)

38



2.3. «a-Bernstein Paltanea Operators of Second Order

1, (t) is defined as (L.6)), and a(z,n) = az(n)z*+a1(n)x+ao(n), b(z,n) = by(n)x(1—
If as(n) = 1,a1(n) = —2,a9(n) = 1, and by(n) = 2, then we will get our original

operators (2.1)).

Lemma 2.3.1. For the operators , we have

Jg:i(eo; r) =22 (2a3(n) — bo(n)) + x(bo(n) — 2as(n)) + (2ap(n) + ai(n) + ax(n));
1
(np +2)

+a(2a0(n) + ar(n) + az(n))p} + {2*(~4as(n) + 2b9(n))p

+ 2%(2a3(n)(3p + 1) — bo(n)(3p + 1))

Tupler;z) =

({2 (2as(n) — bo(n))p + 2*(~2as(n) + bo(n))p

+ 2(~2a3(n)(3p + 1) — 4pa (n) — 4pao(n) + bo(n)(p + 1))

+ (a2(n)(1 + 2p) + a1(n)(1 + 2p) + 2ao(n)(1 + p))}1;
1
(np+2)(np+ 3)

+ 2%(2a0(n) + a1 (n) + ag(n))} + n{ — 52*p*(2as(n) — bo(n))

ﬁji(ez; T) =

[nQpQ{x4(2a2(n) — bo(n)) + 2°(—2as(n) + bo(n))

)
+ 2%p((16p + 6)as(n) — (Tp + 4)by(n)) + 2°p(=3(5p + 2)aa(n) — 9pa; (n)
— 10pag(n) + 3(p + 1)bo(n)) + zp(6(p + 1)ag(n) + (3 + 5p) (a1 (n) + az(n))) }
+ {2934,02(2 + a)(2az(n) — bo(n)) — 223 p(2ap + 4p + 3)(2az(n) — by(n))
+ 2% (p*(6(4 + a)as(n) + 2(6 + a)ar (n) + 4(2 + a)ag(n) — (5 + 2a)bo(n))
+ (9 +2)(2a2(n) — bo(n))) + & (—2(2a2(n) — bo(n)) — 3p(6az(n)
+ 4(ay(n) 4 ag(n)) — bo(n)) — p*(2(8 + a)az(n) + 2(6 + )ay (n)
+4(2 + a)ag(n) — bo(n))) + 4p*(as(n) + a1(n) + ag(n))

+ 6p(az(n) + ar(n) + ao(n)) +2(az(n) + a1 (n) + QGO(N))H :

To study the uniform convergence of these operators, we set Ji’z(eg;x) = 1, which

gives the following conditions:

2a5(n) —bo(n) =0, 2ap(n)+ ai(n) + ax(n) = 1.
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With both of these conditions, other moments reduce to

(1 —2x)(1 4 2p — 2pag(n)
np + 2 ’
1

(np+2)(np+ 3)

Jo2(er;z) =z +

(e x) =2 — [p2(2a2(n) +2a0—n—4)—p(n+8) —6)x(l —x)

+(1+2p)].

In order to have li_>m Jﬁ’z(ez; x) =z'12=0,1,2, we choose undetermined coeffi-
n oo ?

cients as
142 n(p+1 n(p+1 —(n+2)(p+1
ao(n) = 2522 o) = (p )’ bo(n) (p )7a1( - (n+2)(p+1)
2p 2p P 2p

Thus, our operators become

2 n 1

Toplgia) = Sopad(@) [ uh () g0 dt, (2:21)

1=0

where

w2y (nlp+1) 5 (n4+2)(p+1) | 142p)
pita) = (M e - A ROED, L2 e )
n ”(”:”wu (@)
Mot 1) , (-2l 1) .
+ (2/) 2 2p> pn72,272($)'

Lemma 2.3.2. For the operators , we get

T (eo;x) =1;

T (e @) =n;
1
(np+2)(np+ 3)

T (ea;x) =2% + (<1 =20+ (6+ 80+ 49> — 2ap")a(1 — )] .

40
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Lemma 2.3.3. For the operators , we get the central moments as

2 . o 1 2 2 .
o (02(050) = g [~1 =20+ (6 +8p + 4p° — 20p%)(1 - 2)|
3 20(1 — )22 — 1)p(1 4 p)(2 4 p)n LY.
Tup(@n(t)ia) = (np + 2)(np + 3)(np + 4) +O<m)’
—2 4 N 3%(1 — x)*p*(1 + p)*n? 1y
f’;’p(%(t)w) T (np+2)(np+3)(np+4)(np+5) 0 <n3> ’

) - 3022(1 — 2)2(2z — 1)p2(1 4 p)2(2 + p)n? 1y,
%M<)>(W+MW+ww+Ww+Ww+®+OQJ’

2. 302%(1 — 2)*p*(1 + p)°n? 1
Tup((0);0) = = (np +2)(np +3)(np+4)(np +5)(np +6)(np +7) o <n4> '

Theorem 2.3.4. If g € C°0,1] and x € [0, 1], then for sufficiently large n, we have

I(gie) — g(z) = O (1) .

n2

Proof. Consider the Taylor’s formula and apply the operators 7;2(, x), we get

T2 (gix) = gla) + 3 T (¢4 (t); 2)

1=1

where lim O(t,z) = 0.
We can easily see from Lemma [2.3.3] that it is enough to prove

Ton (Ot 2)és(t); ) = 0.

Now, [ (O(t, 2)¢5(t); ) |

S}_n(g:nx(l_@_2<P2;1>I 1;”’ @) [ molet)ld ) dt
D= )| ) | uz,z<t>|@<t,x>|¢2<t> dt
. ‘_n@;l)m et L gpigﬂg(x) [ 010, 2)163(0) d

Let M = sup |O(t, )|, then we have
t€[0,1]
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702 (O(t, )¢5 (t); @) |

) 1+2p12p -2, /# ¢6

[
M[ ]anzzl /um (t) g5 (t)

n(p+1 1+2p
‘|‘M[ (8p ) an 20— 2 / lunz ¢6
1=2

_Mn(p+1) [Z Pia,0) [ (O (0 +2 Z Piasr (@) / RGO

8p
" 1 1+2p _
£ paalo) [ uz,xth@)dt] - M[§ o) [ 0,000

+ anpfi_z,z_z(w) /01 #Z,Z(t)(ﬁi(t)dt}

_ Mn(p+1) { 1523 0% (4(1 + p)3(1 — 3z + 322) — 23(4 + 4p(3 + 3p(3 + p))))n
8 [[(np+ k)

k=2

Lo (1> } N 1+ 2pM 152303 ((1 4 p)3(1 — 3z +73x2) — 231+ p(3+ p(3+ p))))n?

[[(np + k)
k=2
1523(1 — 2)3p3(1 3p3 1 1
L 162 793) p*(1+ p)’n +0(4> :0(2).
n n
[I(np+Fk)
k=2
Hence, the proof is completed. O

Let us recall the following asymptotic formula for @ (g;x) proved in [85], in

order to compare it with our operators:

Theorem 2.3.5. Let g € C[0,1]. If ¢" exists at a point x € |0, 1], then we have

tin (@, (gi0) — gla) = -2 (o) + LU= )

The following result gives the comparison between @5, (g;z) and T]zf,(g; ).
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2.4. «-Bernstein Paltanea Operators of Third Order

Theorem 2.3.6. Let g € C%[0,1]. If there exists an ng € N such that

g(z) < T2(gi2) < Q2 (g;x), Yn>ng,

then 2(1 — 2x)g'(z) + (1 + p)x(1 — 2)g"(z) > 0, x € [0, 1].

Proof. Let us consider

then og( 2( z) - <>> (@ ,(g: %) — g(x)).

From Theorems [2.3.4] and [2.3.5 we get the result. O

2.4 «-Bernstein Paltanea Operators of Third Or-
der

Continuing in the same way as above, we can modify the operators @ (g;) to

obtain third order approximation operators, given as

Fioi) =3 0 [ 0 (o) (222)
where
(@) =alw, n)ph_y ,(x) + b(a, n)ph_y 1 (2) + d(2, n)pf_y ()
+0(1 —2,n)py_y, 3(x) +a(l —x,n)py 4, 4(x), (2.23)
and

a(z,n) =as(n)z* + az(n)z® + as(n)a* + ai(n)z + ag(n),
b(x,n) =by(n)x* + bs(n)x® + by(n)x? + by (n)x + by(n),
d(x,n) =dy(n)z*(1 — ).

Here a,,b,,2 = 0,1,2,3,4 and dy(n) are the sequences to be determined in such a

way that the operators 1} reduce to new operators j,?”g(g;x) (say) with third
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order approximation. In order to get J’ p(e,,x) =e,,1=0,1,2,3, we find unknown

sequences which are given by

120 +19p* +8p + 1

ao(n) 127 :
; TP llp 4 (294 5a)p’ + (48 + 3a)p’ +30p + 7
di(n) = — n— :
12p? 63
gy 212 5 170229412 (41— 11a)” + (71— 9a)p +60p + 18
2 8,02 12p2 6,03 )
1 2 5 2 9 4 3 3 7 2 6 9
4p 6p D
. (1+p) » - 1202 + Tp+1
a/4(n> = 8p2 n 9 bo(n) = —6—p3’
z 3 2 5 2 16 — 4 3 37 —3 2 27 7
bu(n) =22 J;pf+ )y 4 U6 =400 + - )’ +2Tp+7
bo(n) = — (L+p)? o 87+ 1p+6 (34— 100)p" + (71— 9a)p + 57p + 18
’ 2p2 3p2 3p3 9
bs(n) _AHpP o S A9t AB— )"+ (T—a)p” +6p +2)
’ p? 3p 03 )
i (L+p)? , - 3(1+p)%
by(n) = — 20 n”, do(n) = T)?n _

Lemma 2.4.1. For the operators J"‘3( g;x), we get the following central moments

T (@4 (t);2) =Jo2(02(t);2) = R (83(6); ) = 0;
(1 —2)p(1+ p)[11 +27p + 12p* — z(1 — 2){2p*(6cx — 29) + 58(1 + 2p) }n

T (8(t);2) = ﬁ
(np+ k)
“0(55);

k=2
jﬁj(gzﬁi(t),x) bz (1—2) (2x6—1)p (1+p)*(5+4p)n Lo (14);

kll(np + k) "
Ja3(¢6( t);2) = 152°(1 _7 2)’p*(1 + p)*n® L0 <;4> :
kHQ(np+ k)
-0 (2) o -o(3),
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2.5. Numerical Results

Tepnsa) =0 () s T = 0 ().

To prove the asymptotic order of approximation of the operators jfjﬁ(g; x), we

require g € C''90, 1] in a similar way, as in Theorem which is given as follows:
Theorem 2.4.2. If g € C'°(0,1] and x € [0, 1], then for sufficiently large n, we have

Je3(gi ) — gz) = O (;) |

2.5 Numerical Results

In the present section, we give the numerical examples to validate our theoretical

results and error estimation by using maple algorithms.

-1
2n
Padltanea operators and its above modifications of orders one, two and three to g(x) is

given in Fig. [2.1]
Let B (g;%) = |g(z) — @ ,(g;2)| and Ep)(g:x) = [g(x) — Jy)(g:@)], g =1,2,3 be

Example 2.5.1. Consider g(xz) = 2sin (?) + sin(2mz), n = 10,p = 5,a =
1

0.2,a0(n) = n

, and ai(n) = —. The comparison of convergence of the c-Bernstein
n

-
154 N
—2\
"

14 -
054

0 T T T T 1

0 02 04 06 08 1
X
0.2 12,1 2,2 12,3
[— a0 — Bilen — £idex — Fiex — )

Figure 2.1: Approximation process for n = 10, = 0.2 and p =5
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error function of classical operators and its modifications respectively. The error of
approximation of these operators is given in Fig. .

From both the figures, we conclude that our modified operators are converging faster
than original a-Bernstein Pdltanea operators. Also, we have given error of approxi-

mation at some certain points in Table[2.1]

0.6+

044

0.3

01+ \

/

T 1
08 1

0 ; ; VN
0 02 04 06
X

02 M1 12 TE
Eyp 5lex) Ei5.02,5(& %) Ei5 02,508 %) Ei5 02, 5(8%) |

Figure 2.2: Error estimation for n = 10, = 0.2 and p =5

Table 2.1: Error of Approximation £ and Ep. 5 =1,2,3,n=10,p=5,a=0.2

n,p?

v | Blgs(gr) | Ews(gr) | Bus(gio) | By (g:e)

0.1 | 0.0465927917 | 0.2029191714 | 0.0090258508 | 0.0410711480
0.2 | 0.292607380 | 0.189033401 | 0.105857578 | 0.020163736
0.3 | 0.394424647 | 0.373376025 | 0.175570300 | 0.018015963
0.4 | 0.294804927 | 0.301231910 | 0.137423887 | 0.025812675
0.5 | 0.053236320 | 0.053236321 | 0.014926178 | 0.000239280
0.6 | 0.196044423 | 0.208534327 | 0.109839626 | 0.025493047
0.7 | 0.3182317026 | 0.3213021846 | 0.1544639662 | 0.0180914623
0.8 | 0.2521506342 | 0.2023484272 | 0.0944769302 | 0.0196894259
0.9 | 0.052294816 | 0.102854286 | 0.008980412 | 0.040540562

Example 2.5.2. Let us choose g(x) = xcos(2rz), p = 4,a = 0.3,a9(n) = 712;1’
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1
and ay(n) = —. The behavior of a-Bernstein-Paltanea operators @, (g;x) and its
n b
three modifications J;” (g; x) where y=1,2,3 to g(x) for n = 10,20 is given in Figs.
(2.3, [2.3  We can observe from figures that our modifications are converging to the

function as we increase the value of n. Also, it give better convergence than original

operators Q% (g;x).

n,p

054

054

03 M1 {2 143
|_ 9103:4(5 %) 10,03, 418 %) Ji0,03,4l8%) — I1[)':10.3:4(5 x) g(")|

Figure 2.3: Approximation process for n = 10,a = 0.3 and p =4

The error of approrimation of a-Bernstein Paltanea operators and its modifi-

cations of order 1,2,3 are given in Figs. for n = 10,20 resp. It can be
easily seen that error estimation by our modifications are less than original operators

%m(g; x). Also, the error of operators and its modifications at some points are given

in Tables[2.9, at the values n = 10,20 resp.
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Table 2.2: Error of Approximation £, and

034

0.1+

\

T T
02 04

T f
06 0.8

0.3
|— E}p 4l x)

03,1
‘EIDJA(E: x)

03,2
E'1L>=J--1 (&)

03.3
Eysle

x) |

Figure 2.4: Error estimation for n = 10, = 0.3 and p =4

an]

n,p?

1=1,23n=10,p=4,a=0.3

x| By (g;) By (g; ) EYy (g5 ) Ey (g5 )
0.1 | 0.05755638690 | 0.07198182417 | 0.00593343135 | 0.02211119337
0.2 | 0.1058403144 0.1347020007 | 0.05618431396 | 0.00086323684
0.3 | 0.05131069544 | 0.07328503894 | 0.05274231364 | 0.01900023794
0.4 | 0.0916546188 0.0844657778 0.0166755487 0.0079394543
0.5 ] 0.2366464156 0.2366464156 0.1013426174 0.0193312761
0.6 | 0.2827508318 0.2698804172 0.1314792584 0.0277669661
0.7 | 0.1851049397 0.1344774017 0.0765221240 0.0019799015
0.8 | 0.0010362418 0.1078472481 0.0202148003 0.0324610925
0.9 | 0.1316309131 0.2930201701 0.0579303733 0.0309826354

Table 2.3: Error of Approximation £ , and

Eo

n,p?

]:172737n:207p:4,a:0.3

x| E%(g;x) Esy (g5 ) Esy (g5 ) Eg5 (g5 )

0.1 | 0.02861514285 | 0.02978527157 | 0.00135692531 | 0.00493671473
0.2 | 0.06515132595 | 0.08083203178 | 0.0r1810232856 | 0.00184414784
0.3 | 0.04171602804 | 0.05754420064 | 0.02246595754 | 0.00339046874
0.4 | 0.0423780236 | 0.0356126371 | 0.0005113770 | 0.0023993240
0.5 | 0.1336280335 | 0.1336280335 | 0.0330134666 | 0.003147654

0.6 | 0.1637928626 | 0.1572063097 | 0.0448962830 | 0.0043952830
0.7 | 0.1024392756 | 0.0721778840 | 0.0230362411 | 0.0006129461
0.8 | 0.0113308695 | 0.0741312839 | 0.0121952799 | 0.0062328086
0.0 | 0.0822517165 | 0.1657103520 | 0.0201201953 | 0.0033482141
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1 -
05+
0
_05 -
) Ay (g ) Ayflex) — Al (g 2(x)

Figure 2.5: Approximation process for n = 20,a = 0.3 and p = 4

0.16
0.14
012+
0.10
0.08
0.06 7
0.04 1

0.02+

0 = 1 T I T
0 02 04 06 08 1
x

3 1 12 3
| EgoA(E x) Eyg, 03, 4& %) Ey 03,408 %) Ey 03,4(&) |

Figure 2.6: Error estimation for n =20, = 0.3 and p =4
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2.6 Conclusion

As the rate of convergence of classical a-Bernstein Durrmeyer type operators Q7 p( g;x)
is slow, so we have improved the rate of convergence of these operators by introduc-
ing three modifications which have better order of approximation. Moreover the
convergence of these operators is independent of parameters involved in it. In order
to validate our theoretical results, we have presented some numerical examples and
their graphics by using MAPLE algorithms. With the similar procedure, we can also
get higher order of approximation of these positive linear operators.

In this chapter, we discuss the operators of a single variable. But, in different
aspects of life, we do not only deal with the functions of one variable, we also encounter
the functions of two as well as several variables. Thus, it is important to study the
positive linear operators that can approximate functions of more than one variables.

In the next chapter, we will study this behavior for the operators (2.1)).

50



Chapter 3

Approximation properties of
bivariate extension of blending
type operators

3.1 Introduction

In addressing various real-world challenges, where considerations involve multiple fac-
tors like product costs, store profits or price of shares, the application of mathematical
modeling becomes essential. These models often generate functions dependent on two
or more variables. The utilization of such functions and their approximations extends
across diverse fields, spanning Economics, Continuum Mechanics, Thermodynamics,
Fluid Dynamics, and others. This highlights the importance of multi-variable func-
tions in providing insights and solutions to complex problems across various domains.
Following Kingsley [97], who initiate the idea to approximate functions of two or more
variables by positive linear operators, a lot of work done on approximation of functions
of several variables. Motivated by this literature and applications of two dimensional
operators, we provide the bivariate extension of the operators Ja”;(g; x) defined by

(2.1). The format of the current chapter is as follows:

We start by defining the bivariate extension of the operators (2.1)) followed by some
preliminary findings like moments and central moments. In section[3.3] we present the

results such as convergence of operators, Voronovskaja type asymptotic results, error

51



Chapter 3. Approximation properties of bivariate extension of blending
type operators

of operators for the Lipschitz continuous functions and in form of approximation
tools such as complete and partial modulus of continuities, second order modulus
of smoothness. The next section contains some graphs of certain functions to
verify our theoretical results. In the last section, Generalized Boolean Sum (GBS)
operators associated with the operators Jg:;(g; x) 1} are defined and studied their

approximation results.

3.2 Construction of the Operators

For any g € C(I?), the bivariate extension of the operators (2.1)) is defined as

T (g y) = S p @ pn @) [ e ) gl s) dsde,  (3.2)

1=0 3=0
where i1, (t), pb2 (s) are same as in (1.6) and

aq,l

pn,z ($> = a(l’, n) pgl—l,z(‘r) + a<1 -, n) pgl—l,l—l(x%

2,1

Poey (y) = by, m) pri_q (y) +b(1 —y,m) ppz_y 1 (y).

Let f(z),9(y) € C(I), then our operators (3.1)) satisfy the following relationship:
T S @)g(); 2,y) = T, o, (F(@);2,y) Jons, 0 (9(y) 2, y).

Lemma 3.2.1. For the operators and test functions e,, = t's’, we have the

following:

1,02 . —1-
Jn’m’pl,pQ (6007 ‘1:7 y) _17

(1 —22)(p1 +1— prag(n))

Q1,02 . —
n,m,m,pz(elo’ z,y) =z + npy + 2 ’
(1 —2y)(p2 + 1 — pabo(m))
(]0117042 . — .
n,m,p1,p2 (601a z, y) Y+ mps + 2 ;

1,002
n,m,p1,p2

(e2052,Y) =z* + [np1z{(1+ p1)(3 — 5x) — 2a¢(n)p: (1 — 2x)}

(np1 +2)(np1 + 3)
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+ p12(1 = 22(1 — 2)(1 + 1)) + 3p1 (1 — 22) + 2(1 — 32?)
—ag(n)p1(p1(42® — 4 +1) + 3(1 - 2$))} ;

1
Jobes  (eozix,y) =y° + (02 - 2)(mpa 7 3) [mpay{ (1 + p2)(3 — 5y) — 2bo(m)p2(1 — 2y)}

+ p22(1 = 2y(1 — y)(1 + ag)) + 3pa(1 — 2y) + 2(1 — 3¢?)

—bo(m)pa(pa(4y? — 4y + 1) + 3(1 — 29))] .

Lemma 3.2.2. For the operators , we have the following central moments:

(1—=2x)(p1 +1— prag(n))
np1 +2 ’
(1 —2y)(p2 + 1 — pabo(m))

mpa + 2 ’
1

(np1 +2)(npy +3)
+2p1%(L+ an)} + (o1 + 1)(p1 +2) + ag(n)pr(pr + 3) (4 (1 — 2) = 1)

1
(s + 2)(mps + 3) [mp2(1+ p2)y(1 —y) —y(1 —y){6(1 + 2p2)

+ 202" (14 a2)} + (p2 + 1)(p2 4 2) + bo(m) p2(p2 + 3)(4y(1 — y) — 1)];
1,02 401y, _ 3p1< +p1>2 2( $>2 i .

a9 =G S S, = D 58+ ()
Qat,o 4 . _ 3p2 (1 +p2)2y2<1 y)2m2 i

Jnmpl P2(¢y(5)7 7y) _(mp2 +2)(mp2 +3)(mp2 +4)(mp2 +5) (m3>

Jobes  (on(t)iz,y) =

1,02 174)- _
‘]nmpl p2(¢y<s)7 x,y) -

Jobes (@A) x,y) =

[npr(1+ pr)a(l — ) — (1 — 2){6(1 + 2p1)

T 0 (@ (8):2,y) =

Corollary 3.2.3. From the Lemma we can easily get

L+p
npy +2

Jobez (G(t);z,y) <

24p1 ||
npy +2

]__|_p2 2+p2
J‘Oll Ne')) 2 . < 1 — e
ez (0,(8);,Y) S o + 2 [y( y) + mp2+2]

3.3 Approximation Results

Theorem 3.3.1. Let g € C(I?), the operators J2.°2  (g:x,y) converge uniformly

n,m,p1,p2

to g(z,y).
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Proof. By Lemma |3.2.1], we can calculate

; op,002 . e
n ,I%IEOO Jn,m,plm (610’ Z, y) =T

: ai,02 . —ny-
n })%I_I}OO Jn,m,l)l,ﬂz (6Ola Z, y) =Y;

3 Q1,02 . .2 2
Jim e (e + i, y) =a® + o7,

Now, by using Volkov’s result [145] for bivariate operators, we get the uniform con-

vergence of the operators J*22  (g:x y) to g(x,y). O

n,m,p1,p2

Theorem 3.3.2. For any g € C*(I1?) and (x,y) € I?, we obtain

(p1 +1 = piag(n)) [

P1

(1+p1)
2p1

dim (7500, (g52,y) — g(2,y) = 9x(2,y)(1 = 2x) + gy (2, y)(1 — 2y)]

+ [z (7, y)2(1 — ) + gyy (2, y)y(1 — y)] .

Proof. Using the Taylor’s formula for a fixed point (x,y) € I?, we get

9(0,5) =g, 5) + 92, 9)OL) + 002,10 (5) + 3 [0melr, 9)0)

+ 202 (@, 9)01 ()84 (5) + gy (2, 1) 0 (5)| + Ot ){E2(1) + 62()},  (3.2)

where lim  ©O(t,s) =0 and (z,y) € I*
(t:8)=(z.y)

By applying the operators to (3.2]) and by its linearity property, we obtain

n (Jove, (g0.) — g(z.y))

al,a 1 . al,o 1 .
=n(Jn,;,pa,m<¢x<t>, o )9a @, y) & T (6L(8): 7, y)s (2,)

{Gua (2, 9) T30, (D2(0); 2,y) + 200y (2, 9) T L (D4 (1) (8); 2, y)

N —

+

T g (0 ) TS (G2, y) )+ T (O(6s){(0) + 63(5)) i, y>). (3.3)

Apply Holder’s inequality to the last term of right hand side of ({3.3])
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nJoe (Ot ){e2(t) + ¢2(s)}; 2, v)

N|=
N

[T o (62() + 03()% 2, v)]

T,1,01,P1

<n{J0‘1"‘1 (©%(t,s); :Ey}
[Jo‘l oL (O2(t,8); @ y)}%

T,M,P1,P1

X Vo0 [T, (G405, y) + Jas ,, (64(s); 7, y)]

N[

(3.4)

[ (a+b)* <2(a® +b%)].

By using Theorem [3.3.1], we get

lim JoL  (©2(t,8);z,y) = 0.

n—oo HTP1:P1

With the help of central moments of order 4 in Lemma [3.2.2] we obtain

lim n Jy3 , (O(t,s){d5(t) + ¢y(s) 2, y) = 0.

n—oo

Thus, by combining (3.3)), (3.4)), and using Lemma |3.2.2 we get our required result.

O
Theorem 3.3.3. Let g € C(I?), the operators otz (gix,y) satisfy the following
relation:
[T (g2,y) — g2, y)| <4w(g; d1(x), 62(y)),
where 61 (x \/Ja%laﬁl pa( s, y) and 0a(y \/Ja%laﬁl p2 1, Y).

Proof. By using linearity of the operators (3.1)), we have

| Toima oo (g5, y) — g(x, y)| <Jpe . (lg(t,s) — g(@, y)|; 2, ).

With the help of the relation ([1.13]) of complete modulus of continuity

[Tz (g2, y) = g(z,y)| <w(g; 01(x), d2(y)) (1 + Dufi p25(1|zb )( )I;:v,y))
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Tz e (9y(8)];2,y) )
X <1 + 52(4) ) (3.5)

Using Cauchy-Schwarz’s inequality, we obtain

D=

Jenes (e Oz, y) < [T, (82 2,9)]* = 61 (),

and 22 ()i m,y) < |02, (02(s) 2, y)|* = da(y).

N

Now, substituting the above two inequalities in ([3.5)), we obtain the desired result. [

Theorem 3.3.4. For g € C(I?), the operators have the following inequality:

e (9:2,9) = 9o, 9)| < 2 [w(g:01(2)) + (g 02(w))]

where §1(x) and 02(y) are same as in Theorem |3.3.5,

Proof. With the help of linearity and partial modulus of continuity, we get

[ Smpipe (95 2,y) — (@, 9)| <Jpis L, (lg(ts) — gz, y)|i 2, )
< T w9t y) — g(z, y)|;2,y)
+ Jnmnpe (19(t,8) — g(t, y)[; 2, y)
<Jgnez (@ 1on(0)]); 2, y)

ag,o 2¢ .| 41 .
+ S (W (g5 [0 (8)]); 2, ). (3.6)

Since modulus of continuity satisfies the relation w(Ad) < (1 + A)w(d), for A >0,
then using this relation in (3.6)), we obtain

Lt
[Tz (gie,y) — g, y)| <Jgve ((1 + |?1((x§‘> w' (g;61(z)) ;x,y)

ot 02 |6y()]
+ Jnm’"hplypz <<1 + 52<y) ) WQ (g; 52(?/)) 7 Ly y) .
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Using Cauchy-Schwarz inequality, the above term reduces to

| Tane (gizy) — gz, y) |< {1 +

o1 ()
VT @E(5)i )
+31+ w?(g; 0
{ o (9:52(0)
On choosing \/Jnmpl po (Q2(4); 2, y) := 01(x) and \/ NI ;x,y) := d2(y), the
proof is done. n

Theorem 3.3.5. Let g € Lip_4(C,n), then the following inequality holds:

|Jpnez  (giw,y) — gz, y)| < A (61(x))° (52(y))",

where M > 0 is a constant and 61(z) and d5(y) are as in Theorem [3.5.5

Proof. As g € Lip_4((,n), then it gives

9(t,s) — gz, y)| < AL (1)[|8L(5)]".

Now,

[ Joa (g, y) — gz, y)| <Jpe (gt s) — gz, y)l; 2, y)
<Javez (HGL(6) ] 6L (5) "2, y)
=I5z (16L(0)[ ). Jonee  ([ohs)|s @, y).
(3.7)

Using Holder’s inequality

<
2

Jeez (L0152 y) < [Tz (@202, y)] = (6u(x)°.
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Similarly,
Jonee oy 2, y) < [Jees L (6a(s)ie, )] * = (62(y)"-

By using these inequalities in (3.7]), we attain the desired outcome. [

Theorem 3.3.6. For g € C(I?), we get the error estimation for the operators

a0 ) . L
Jrmas o (g;x,y) in form of first and second order modulus of continuities

1 . 1
Lﬁ%ﬂm@mun—g@wﬂSMﬂw<m2 memw>+mm<L4%m@w0]

+ w(g; finm (2, y)),

(1—-2z)(pr +1— P1a0(n))>2
npi +2

where Vi m(z,y) :; [(51(x))2 + (

(1—2y)(p2+1— p2b0<m>>>2]

e+ (2

and () = (((1 — 2:6)(pn1piri 2— p1ao(n))>
(1 —2y)(p2 + 1 — pabo(m)) \?
+ ( mpa + 2 > ) |

where C' > 0 is a constant and &(z) and 85(y) are given in Theorem[3.5.5
Proof. Firstly, we define auxiliary operators for (x,y) € I? as

Tz (g x,y) =I5 (g2,y) + g(x,y)
1 -2z +1—piapn 1-2 + 1 — poby(m
_g<x+( )(p1 prao(n) (1= 29)(p2 pabol D>‘

np1—|—2 ’ mp2+2

By using this definition, we can get
Taq,o 1 . _ Jai,x 1 . _
Jn,%m,ghpg (gbm (t)ﬂ x, y) - O? Jn,{m,;l,pg (¢y (S)’ x, y) -

For h € C?%(I?), we consider
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[T (gi,y) — g(z,y)]

<|Jeve2  (gegogy) — Jover (g;%y)‘-i”‘JalaQ (g5, y) — Jonee (h;x,y)’

n,m,p1,p2 n,m,p1,02 n,M,P1,02 n,m,p1,p2
+ ez, (hsx,y) = h(z,y)| + [h(z,y) — g(z,y)]

=g (m + (1- Qx)({)nlp‘li‘i 2— PlCLO(n))’y + (1- 23/)(?;;; 1—2 P2bo(m))> _ g(x,y)|

+|Jenes (g — b y)| + |Jeez (e, y) — hw,y)| + [h(z,y) — g(z.y)]. (3.8)

n,m,p1,p2

Now, by Taylor’s polynomial for h(t,s) € C?(I?), we have

hlt.9) =h.g) + 610) P8 [ g1 ) TR gy 1) P100)

s 82h(x,v)

Applying the operators Jo1:02  (:1,1), we get

n,m,p1,p2

[Jeez | (hiw,y) — h(x,y)|

J3;031p2</¢ Al )dua:y)|
_Jﬁina,im(/(qﬁ ah“f‘”‘ xy>

82
ngmaglm </¢ >d $y>|

dul ;

P e (e 1 pa(n) ) Ph)
. npy + 2 ou?
1o 0?h(z,v)
Jnmmpg( y U(S)“W dv 7Ly Y
/y+<1-2y><i?$§;§2b°<m” (1= 2y)(p2 + 1 — pabo(m)) 02h(z,v)
+ Y+ —v dv
y mps + 2 ov?
ana (1 —22)(p1 +1 — prag(n))\”
A
2
ana 2/ (1 —2y)(p2 + 1 — pabo(m))
N IAlca(ro

With the values of 0;(z) and d2(y), we have
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‘jilnﬁgl,pQ (h7 Z, y) - h(ﬂf, y)’ S Vn,m(ma y) Hh||02(12)~

Using the definition of operators J31:*2  (g;x,y), we obtain

| Jo1,a2

Jn,m,pl,pg (g’ Z, y) |S 3”9”0(12)

Thus, by using above inequalities, the equation (3.8) becomes

| e (g5 2,y) — g(z,y) |<4]lg — hlle@z) + Vam(z, )bz 2) + w (g5 fnm (T, 1))

1
=4 {Hg — hllcaz) + ZVn,m(a:, ?J)||h||02(12)} + w(g; finm (T, y)).

Taking the infimum over h € C?(I?) and using the relation (1.12)), we get the result.
[

3.4 Numerical Verification

In this section, we justify our previously proven theoretical findings by providing an
example with various values of parameters and sequences a,(n),» = 0,1. For this
purpose, we take into the account the function g(z,y) = z'y* — 222y + xy?.

Firstly, we present the convergence of the operators J4:*2  (g;,y) with specific

values of parameters to the function g(x,y) in Fig. having sequences ag(n) =

n—1 1 m—1 1
2n ar(n) n’ o(m) 2m 1(m) m
Also, we give their error estimation, which is defined as Ep52 (g;x,y) =

| Jove2  (gix y) — g(z,y) | for the particular values of parameters in Fig. .

n,m,p1,p2
We can see in both the images that by increasing the values of n, m, the operators

converge quickly to the specified function and the error term decrease rapidly.

In Fig. 3.3 we show the effect of the different sequences a,(n),2 = 0,1 in the
convergence of the operators with specific parameters n = m = 30,01 = ay =

0.3,,01 = P2 = 4.
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0.3

Moxy)

0.5,0.5 o
BRI 56 10.10(9%Y)

0.5,0.5 o
Y3500 100y

0.2

Figure 3.1: Approximation process for n = m = 10,30,a; = as = 0.5 and p; = py =
10

0.1
0.5,0.5 "
.an.ao,m,w(g'x’y)

05,05 .
.Em,w,m,w(g’x’y)

0.08

Figure 3.2: Error estimation for n = m = 10,30, a; = a, = 0.5 and p; = ps = 10

For the operators Jg"2 (g9;x,y), we choose the different sets of sequences with

different rate of convergence

1 n—1 1 m—1
ao(n) = %,al(n) - ybo(mn) = %,bl(m) =

2n* —1 1 —n? 2€m2 —1 1—m?2
(Io(n) B 2n? » 1 (n> - 2 ’bo(m) - 2m? ’bl(m) - m?2 ;

ap(n) = 1,a1(n) = —1,bp(m) = 1,b1(m) = —1.

Also, we present the error of approximation of the operators in Fig. [3.4]
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glx y)(Blui% [ao(n) = —_171611(71) =1, bol(m) = —1,bi(m) - 1](Red),
[ao(n) = %,al(n) == - ybo(m) = %,bl(m) = mT Cyan)
ant) = 25 ) = L o) = 22 ) = 2 (btagento

0.04

Figure 3.4: Error estimation for n = m = 30,01 = as = 0.3 and p; = p, =4

[ap(n) = —1,a1(n) = 1,bp(m) = —1by(m) = 1](Red),

1 n—1 1 m—1
[a;)(? = g ) = lm) = () = Tl} (Cyan)
n® — -n m* — —-m
{ao(n) =5 yap(n) = s ,bo(m) = o bi(m) = 5 } (Magenta)
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3.5. Generalized Boolean Sum (GBS) Operators

3.5 Generalized Boolean Sum (GBS) Operators

In the present section, we define the GBS operators that are associated with the

operators (3.1).

3.5.1 Construction of GBS operators

Let g € Cy(I?). The GBS operators K292  (g:x 1) associated to the operators

n,M,P1,02

1,02 . 3
Joe (g;x,y) are given as

a,o . _ 701,00 . 2
Kn}q’rz,;l,pQ (g’ :L‘, y) - Jn,m,;?l,pg [g(t7 y) + g("'E7 S) - g(t7 S)7 x) y]? (1‘7 y) e ‘[ ° (39)

Theorem 3.5.1. For every g € Cy(I?), the operators satisfy the following

inequality:

1 1
%2 : — <M mize ; ) )
B i pa(9:2,9) = g y)| < M d<g Vipr 12 ¢mp2+2>

where M > 0 is a constant entirely determined by p; and ps.

Proof. As we know
Agl(t,s), (z,y)] =g(x,y) — g(t,y) — g(x,8) + g(t,s).

Applying the operators (3.1]) and using (1.14)), we have
K2, (952, y) — g(z,y)

<Jpma o (I1Agl(t,8), (7, y)]|; 7, y)
1 t 1 S
< ((1 + 92 )|> (1 + 9, )|> Winized (9 01,02);1’,?;)

01 02

N

1
< {1 ot e (@2 my) |+ opt [ L (62(s)i 7, y))|
1

+ 0'1_1(72_1 {Jrczy,lr;s;hpz (@bi(t)v Z, y)"]razt,lr;spgl,ﬂz (¢§(S)’ L y)} ' } Wmized(93 01, 92)-
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By using Corollary [3.2.3] we get

2(1+ p1) 2(1+ p2)
a1,o 2 . o, 2 .
Jnlmgl P2 (¢ (t)’ :L‘7 y) S np1 + 2 a‘nd Jn}mp21 pz(gby(s)? m? y) S mp2 _|_ 2 .
Also, by choosi ! d ! th fi leted
SO, cnoosing 0y = —F/——= ald 09 = —F/—————, € Prooi1 1s compileted.
Y g 01 /—nm ) 2 ’—mpg ) p p

O

Theorem 3.5.2. Let g € Dy(I?) with Dp(g) € B(I?). Then for every (x,y) € I%, we

get

M 1 1
K:#)’La2 ;x7 - x7 S D +w iTe D ’ ) ’
Kt (G0 0)=9(@ ) < s ey lll Y+ wm d( B e \/mp2+2>1

Proof. For g € Dy(I?),

Agl(t,5), ()] =5 (t)d,(s)Dpg(C,m) with =< (<t y<n<s,

where  Dpg(¢,n) =ADgpg[(¢,n), (z,y)] + Dpg(C,y) + Dpg(x,n) — Dpg(z, y).

By using this relation and Dgg € B(I?), we get

Ko (gi2y) — g(@,y)| =|T55es, L, (Agl(t,s), (2,9)]; 2, )]

=[Jgne L (@4(6) 64 (s) Dg(C, )i 7, y)]
=|Jgne L (0L(6) oL (s){ADsg[(C,n), (x,y)]
+ Dgg(C,y) + Dpg(x,n) — Dpg(r,y)}; =, y)|

<Jones (1680 o) |ADsgl(Cm), (z, )] 2, v)

+ ez, (r )] ey () {1Dsg(C,v)| + | Dsg(z,m)]

+ |Dpg(z,y)|}; 7, y)

<Joez (1G] |6}(8) wmirea(Dig; [O1()] |61()]); 2, 9)
+ 3] Dpgll 15502, . (185 (0)] [04(5)]; 2, v)
< [z (6] (s)]; 2, y)

o e (92016, (s) s 2, y)
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to2 IJSWELM(W;(O!%(S%-'my)
+ 01 1‘]7?%&31 P2 (¢2 (t)¢§(8)7 Zz, y)} wmiazed<DBg; 01, 02)

+ 3| Dpgll T, o, (102 (0)] 0y (8)s 2, ).

With the help of Cauchy-Schwarz inequality, it turns out to be

Ko (o y) — g(asy) <[¢ T 20 226 2.y)

+ o1 T (04(1) 62(s); 2, y)
+a2-1wawsl,p2<¢ (t) 63(s): . y)

+ o1 10’271J7?%Of;1,p2 (¢2 (t) ¢§(S>7 €, y) wmixed(DBg; 01, 02)

+ 31Dl Teihes (02(1) 62(s); 2, y).

Using Corollary [3.2.3] we obtain

2(1+ p1) 2(1+ p2)
Jona 2 al,o 2 .
nlm,p21 p2(¢ ( ) ) S np1+2 an d Jn177131,p2(¢y(s)?x7y) S mp2+2 °
. 1 1
Now, by choosing o1 = m and oy = m and Lemma [3.2.2, we get the
result. O

3.6 Conclusion

This chapter is dedicated to the approximation of functions with two variables, preva-
lent in various real-life scenarios, through the utilization of bivariate operators. Our
exploration delved into the convergence and approximation characteristics of these
operators, accompanied by illustrative numerical graphs that underscore their efficacy.
Towards the conclusion, we introduced and studied GBS operators associated with
bivariate operators. Also, we shed the light on the influence of parameters a,,2 = 0, 1
on the convergence of these operators.

This exploration has inspired the generalization of several positive linear operators
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through the incorporation of pertinent parameters. The information obtained in this
chapter lays the groundwork for a deeper understanding of the fundamental dynamics,
thus equipping the reader for the subsequent chapter that presents and examines the

Durrmeyer-variant of Lupas operators.
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Chapter 4

Approximation properties of
Durrmeyer-variant of Lupas type
operators

4.1 Introduction

The Weierstrass theorem is considered as the founding stone of approximation theory.
The probabilistic proof of this theorem, given by S. N. Bernstein brought rapid growth
in this subject that can be seen from the references [42 b5l 68, 152] and therein.
Stancu [I41] generalized these operators by a sequence of positive linear operators,

depending on a non-negative parameter «, as

=0 n
7—1 n—j—1
[[z+w) [ (1—2+ka)
where  s; () == — h=0 (7;), z €[0,1], n € N.
(1+ ko)
k=0

For a = 0, it reduces to Bernstein operators. A special case of these operators for
a = ib is given by Lupag and Lupag [I0I]. In order to generalize these operators
for Lebesgue integrable functions, Gupta and Rassias [73] defined its Durrmeyer type
modification. The authors studied their local and global results as well as its asymp-

totic approximation.
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The generalization of factorial notation, that was given by Christian Kramp for pos-

itive integers, is defined by German Mathematician Leo Pochhammer as

(@)p=a(a+1)---(a+n—1), aeC, n>1,

where C is set of complex numbers. This notation is known as shifted factorial. It is
widely used in special functions like hyper geometric, Combinatorics, etc., which can

be seen in [119, 129, 133, 138].

In the similar way, the Pochhammer k-symbol is defined by Diaz and Pariguan
[54] as
viv+ k) (v+ (m—1)k), m > 1
1, m=0,v#0

(V)mp =

where v € C, m € N and k is any non-negative real number. Recently, Yilmaz
et al. [I51] presented the Lupas-type operators with the Pochhammer k-symbol as
well as Kantorovich-Stancu modification of Lupasg type operators and their bivariate
extension and examined the convergence, asymptotic result as well as the error of
approximation for these variants. Motivated from this approach, we introduce the
Lupas type Durrmeyer operators having Pochhammer k-symbol and studied its ap-
proximation behavior. The study is formatted as follows:

In section [4.2], we construct the operators in one variable and calculate the moments
and central moments for these operators. Section contains the approximation
properties of these operators as convergence, asymptotic result, error of approxima-
tion in terms of first order modulus of continuity. In the next section, we define the
bivariate extension of the operators of section We present the results for these
operators in section [£.5] In the last section, we show some numerical illustrates that

validate our results.
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4.2 Construction of the Operators

For any g € C[0,1] and & > 0, we present the Durrmeyer variant of Lupas type

operators as

DI ga) = (403 ali @) [ oo at, (4.1)
where ng%)(.I) (") nedaln = nx)"fj’k, (N)pr =n(n+k) - (n+ (n—1)k), and

7 (") k
Pn,,(t) are the B-basis polynomials.

Lemma 4.2.1. The moments of the operators are given as

|

D§">(e0;m) =1;

DS (1 2) = + 171;22“" ;

DS (ea; ) =2 + TR TD [2 +3nz — 2°(5n + 6) + n(k +n1flil —o).,

DI (esia) =o' + (n+4)(n i 3)(n +2) [ng(gn : (2:;/3))((512111?2(1 =
”3(2"‘3(:3]5:’;(2 f;"g —z) | On7(k Z i)“z (1-z) 23(9n% + 260 + 24)

+ 62%n® + 1lnx + 6] :

D(%)(e ) =t + 1 [n‘l(k:—i— D{(11n —6)(k — 1) + 6(n* + k*) }2*(1 — )
AT T i) (n+ 0 (n+3)(n+2) (n + k)(n + 2k)(n + 3k)
n*(k+1)(Tn + 11nk + 6(k* — k — 1))2*(1 — z)
* (n+ k) (0 + 2k)(n + 3)
n3(k+1)(n — k4 6nk(k +1))z(1 — z)
(n+ k)(n + 2k)(n + 3k)
10n3(3n + 2k — 2)(k+ Dz(1 —z) 10032k + 1)(k + 1)z(1 — z)
(n+ k) (n + 2k) * (n+ k) (n + 2)
35m2(k + 1)z(1 — z)
+
n+k

— 2*(14n® + T1n? + 154n + 120) + 10n3z® + 35n°2% + 50nz + 24|,
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Lemma 4.2.2. The central moments of the operators are given below:

D (gl = L5

Dl (@ ehn) = g K”iﬁ’“jk” - 6) o(1— )+ z] ;

D @iy = 0 ().

I

4.3 Approximation Results

Here, we present the convergence of our operators (4.1) with the help of Korovkin

theorem.

Theorem 4.3.1. For every g € C[0,1]

k

lim D7<f>(g; x) = g(z), uniformly on [0, 1],

n—oo

where n € N, k > 0.

Proof. By using the moments of the operators given in Lemma [4.2.1] we obtain

k

lim D7<ﬁ>(el; T) = e, 1=0,1,2

n—oo

uniformly in [0, 1].
Thus, by Korovkin theorem, we get the uniform convergence of the operators (4.1)).
O

Now, we find the order of approximation for the operators (4.1)).

Theorem 4.3.2. Let g € C?[0,1] such that ¢"(x) exists for any x € (0,1). We obtain

the following equation:

k

lim (DS (g:2) — g(x)) = (1 — 20)g'(2) +

n—o0
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Proof. Let z € (0,1). Using Taylor’s polynomial for g € C?[0, 1], we have

20 ) + (1, 2)3 (), (1.2

g(t) = g(z) + ¢ (x)g'(2) +

where 9(t, z) is the remainder term with ¥(t,x) € C|0, 1] such that %g}n J(t,x) = 0.
k

Applying the operators D7<f> (;;) on 1) and then taking limit as n — oo, we can

see

n—oo n—0o0

lim #(D3 (g:2) — g(e)) = I n [ DI (02 (0); 2)g' () + 5 DA (@2(0)s 0 (0
+DE) (016, 2)63(0); )

=(1—-2x)¢'(z) + ;(k: +2)x(1 —2)g"(v)

k
n

(96, 2)62 (2); ). (4.3)

+ lim nDSL
n—oo

k
It is enough to prove that lim D,g”)(ﬁ(t,x)ﬁ(x);x) = 0. Since the operators are

positive, then we use Cauchy Schwarz inequality to get

(0 (e o)) < D e, 2 ) DI i) ()
As Y(t,z) = 0 as t — z and using Theorem {.3.1] we have
lim n DS (92(t, 2): 2) = 0.

n—oo

Now, by using Lemma in (4.4), we acquire the result. O

Next, we show the error of approximation for the operators (4.1)) in terms of first

order modulus of continuity:.

Theorem 4.3.3. For any k >0, n € N, and every g € C[0, 1], we get the inequality

| DY (gy ) — gla) |< 2w (g; J D$5><¢%<x>;x>) |
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Proof. From the definition of the operators (4.1]), we have

1

8 (g1 o) =04 )30k @) [ sft) o) gt
<+ 1) 205 @) [ o)l 04(o) )

<0+ 030l 0 [ o) (14142t a

Now, applying Cauchy-Schwarz inequality

N

4 D08 @) [ o) 61 | v <l DY el (2)

=0 =0

<

Thus, by using this inequality, (4.5)) becomes

| i (g:2) — g(2) |< wlg:0)

1+§¢Dﬁ%&@xml

k
By choosing § = \/ DSL"> (¢2(x); x), we come to our desired inequality. O

Theorem 4.3.4. For g € C[0,1],k > 0,n € N, we have the following inequality:

Onp(@) () Ouil®) -2z
o (3 20 i (1.2 ) g o (555

1—2:6)2
n+2/)

| DY (i) — gla) |< C

where O, x(x) = Dr<1%>(¢f($); ) + (

72



4.3. Approximation Results

k
Proof. Consider the associated operators of Dé”>(g; x) defined as
_(k k 1—-2zx
5 1) - D ) (54 122) 4 g0, .
(95 %) (g:2) —glo+ -5 ) +9(@) (4.6)
- (k)
Clearly from the moments, we can find that D"/ (t — z;x) = 0.
_(k
Also, | DY) (gi2) <31 g .
Consider the Taylor’s expansion for f € C?[0, 1]
1) = S@) + @) (@) + [ Gl @) du, we (o0, Lo e 0,0 (@7)
Apply the operators D< >( x), we obtain
~ <£> E
| D () - i ([ tw) 1wy )|
) 1—2z "
”(A¢xmfwx@-+é T e )
I:Al + A2 (say). (48)
Now,
A =D (/qst wt$) < pi* ( ) <l f ey DS (82 (2); ).

1—22\2
11w (2

T+ 1-2
AQ:[E - (x—l— n+;—u>f”(u)du
Using Ay, Ay and (4.8), we get

|ﬁ$%ﬁ@—f@ﬂsufmmm[DﬁVﬁ@%@+(l_m71

n-+ 2
= || f lle22) ©3 4 (),

where Gik( )= < >(¢t( )iw)+ <1n_—|—22m>2.

(4.9)
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Now, for g € C10, 1]

| DI (gia) — gla) 1< | DI (gi) = D (gix) | +] DY (1 = gsa) |
+1 DI (fi) = (&) | + | (&) - g(a) |
<Allg = 1| +6%4(a) | £ e + g (o +

02 (z) 1—2z
<t|lo= 1425 £ o]+ (255 )

n+2
02 (x 1—2x
o (o) s o 2)

Using the relation of second order modulus of continuity and K functional ([1.12)), we

get the desired result. O]

Theorem 4.3.5. For g € Lip ,(T), we get the inequality

(SR

| D (g50) = gt0) | [DI (G3();0)
Proof. For g € Lip_4(7), we have
| g(x) —g) IS A |z -y (4.10)
By the linearity of the operators and using , we obtain

| DY (i) — gla) 1<DE (| g(t) = g(a) ;)

k
<Di™) (| 1) 7). (4.11)
By applying Hoélder’s inequality in (4.11]), we get the result. O

Theorem 4.3.6. Let g, h € C?|0,1]. Then for each x € [0, 1], we have

el

lim n D7<L§>(gh; T)— Déﬂ(g; x)DSL%>(h; a:)] =(k+2)z(1 —z)¢'(x)l ().

n—oo

Proof. Using the Taylor’s series, we get the following identity:
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k

Dr<f>(gh; x) — D$%>(g; x)D1<l%>(h; T)

~DfP (ghia) - g()h(a) - (g @D 6l 0) - LLE D) 20, 0)

i) | PV 0) = o) - 0D 0l a1i0) - L D oy

k

~ D" (gia) [D§:>(h; 2) = hla) = (@)D (0} (@); ) - 2!

+ D8 @) 0) [ae) (@) + 20 () () — /(@)D (9:0)

+ D8 (6 () 2) (o)) - h'(x)Dﬁm(g;x)] . (4.12)

Using the convergence of the operators and central moments, we obtain

tim n [D4 (ghs ) DI (g:2) DI 0.2)] = lim DI (620 2)9/ (o)1 ()

=(k + 2)x(1 — 2)d' (x)W' (x).

4.4 Bivariate Extension of Durrmeyer Operators

In the present section, we define the bivariate extension of (4.1]) as

n_m 1,1
DL (gi2y) =0+ D(m+1) 33 0 @a20) | | praOpmg(s)(t,s) dsat,

1=0 9=0

(4.13)

k k
where [; = ™ and ly = —2, n,m € N and kq, ky are non-negative real numbers.

Lemma 4.4.1. For the operators the moments are

D) (eqo; 2, y) =1;
ne + 1.
n+2"’

fofw’?) (e10;7,y) =
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my + 1
DR gy m,y) = my+ 5
1 n?(ky + 1)x(1 — z)
D(ll,l2> . — 2 2 3 2 .
n,m (62073772/) (n+3)(n+2> n Tt + onr + 2+ n+ kl )
1 m2(ky + 1)y(1 —y
Dﬁf’%”(em;x, Y) :(m +3)m+2) [m2y2 +3my + 2 + ( 2m —|—)k£ ) .

Lemma 4.4.2. For the operators the central moments are

1 -2z

DY (Gl ,0) =

l1,l2 1 . _1_2y.

Dﬁ,m>(¢s(y),fv,y)—m+2,
DU G0 =i [z+{n-6+”7§’1‘;”}x<1—x>];

1
D) (g (x); 2, y) =0 (ng) :

1
Dﬁf},;?)(gzﬁ(y);x,y) =0 (mg) :

In the next section, we find the approximation behavior for bivariate operators

(£.13).

4.5 Main Results

Theorem 4.5.1. For n,m € N, ky, ky > 0 and every g € C(I?), we have

lim [|D{5 (g ,y) — g(2,y)l| = 0.

n,m—00

Proof. With the help of the moments in Lemma and Volkov’s theorem [145], we
get the result. O]

Theorem 4.5.2. For n,m € N, ki, ky > 0, and every g € C(I?), we have

| D) (g5 2, y) — g(z,y) |< dw(g; 61(x), 62(y)),
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where w(g; ,.) is defined as (1.3.9), 61 (x \/D ffta) ,Y), and d2(y) =

\/Dlllz )

Proof. By the linearity of the operators

| DI (g0, y) — g(w,y) <DL (| g(t,s) = gl,y) s 2,y)

<w(g,01(), 62(y)) (1 + st hx,y))

o1 ()
) (1+ D &l ) "
By using Cauchy-Schwarz inequality, we obtain
(| 91@) [ie,y) < VDI (@) ),
DL (| 6(y) fs,y) < VDI (62(9):2.y).
By choosing 6, (z \/D i, 12 ;x,y) and da(y \/D o, 12 ,Y), in (4.14),
we attain the 1nequahty. O]

Theorem 4.5.3. For n,m € N, ki, ks > 0 and g € C(I?), we have
| D (g:2,y) — g(x,y) 1< 20! (g 01(2)) + (g3 62(y))),

where w'(g;.), w*(g;.) are partial modulus of continuities defined as ([1.3.10)) and 6, (x)
and 05(y) are as in Theorem[{.5.3.

Proof. We know that
| 9(t,s) — g(z,y) |<| g(t,8) — g(z,8) | + | g(z,8) — g(z,y) |
By applying the operators Dfll;;ll2> (.;z,y) and using the linearity, we get

| Dy (g, y) — g2, y) [SDI2 (| g(ts) = g(x,8) [, y) + D (] g(z,8) — g(@,y) [, y)
<D (W (g:] 6 (@) )iz, y) + D l2>( Y931 65 (y) ) 2,)
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» DU 1) 2.9
oo (1 ST )

D) (| gl (y) |; y))
52(?/) .

(05 50)) (1 ;

Using Cauchy-Schwarz inequality and values of d;(z) and d2(y), we get the desired
result. O]

Theorem 4.5.4. For g € Lip 4(11,7) such that 71,75 € (0,1], .4 > 0, we get the
inequality

| Dy (g5, y) — g(a,y) |< A (01(x))™ (82(y)™,

where 61(x) and 85(y) are same as in Theorem[4.5.9

Proof. As g € Lip (11, T2), therefore

| 9(t,s) —g(@,y) < A | ¢ () ] de(y) | -

Now, consider

| DI (g, y) — gla,y) |SDEE(] g(t,s) — g(z,y) | 2,y)
DR | ot () |7 o (y) |52, y)
= DI ¢t (x) ™52, y) DI oL (y) P52, y). (4.15)

By Holder’s inequality, we have

DL (| ¢t () [M,y) < [DI2N (S (@); 2, )] 7 1= (Gu(@)™

T

D 6a(y) 1™32,) < (DI (02 (y)s 2, 9)] 2 = (82(y)™

Using these inequalities in (4.15)), we reach at the required result. m

Theorem 4.5.5. For g € C*(I?) and n € N, ky, ks > 0, we have the following

equality:

lim n(D{"2 (g;x,y) — g(,y)) =(1 — 22)ga(2,y) + (1 — 2y)g, (2, )

n—oo
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(k2 +2)y(1 —y)

N (k1 +2)xz(1 — ) :

2

Gyy (T, Y).

Gza(2,Y) +

Proof. By Taylor’s formula, we have
2
olt.5) =9(.) + 0L (2)0e.) + A W)ay(2.0) + g (0.9) + 6L (@2)6L W)y .0

+ Wy () + O.9(620) + 62 w))

such that lim ©O(t,s) = 0.

(t,8)=(z,y)
Applying the operators Dﬁf}rfﬁ(.; x,y) and taking limit as n — oo on both sides, we
obtain

lim n(D{2 (g;2,y) — g(z,y))

n—oo

. 1
= lim n| DL (6f (2); 2, ) g0 (2, y) + DL (0L (y)s 2, 9) g, (2, y) + 5055,%{’”@3(:6);:6,y)gm(:v,y)

n—oo

1
+ D) (¢t (2); 2, y) DI (01 (y): 2, y) gy (2, y) + §D§f},;l2> (D2(y); 2, 9) gy (2, Y)

+ DI/ (O(t,8) (7 () + 62 (y)); @, y)

(k1 +2)z(1 — )
2

(k2 +2)y(1 —y)
2

=(1—22)g.(z,y) + (1 — 2y)gy(z,y) + Goz(T, ) + Gyy(T, )

+ lim D= (O(t,5)(¢7 () + 2(y)); . y).

n—oo

In order to reach at desired outcome, we are left to prove

lim n (DI (O(t, 5)(¢7 (x) + ¢2(v)); 2, y)) = 0. (4.16)

n—o0

Using Cauchy Schwarz inequality
n (DL (O(t,5)(62(@) + ¢2(); 7, v))

N
[

<n [D{LR/(O2(t,5);0,9)|* DI (67 (2) + 62 (y)) %5 2, w)]
<V2n [ DI (©7(t,5); 2, 9)|* [ DI (8¢ (2); 2, 9) + DI (62(w)s 2,)|

[ (a+b)* < 2(a® 4 b7)).

N
[
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Due to the convergence of the operators D{1%2)(.: 2, y) and ( )hH(l )@(t,s) =0, we
’ t,8)—(x,y

get
lim D{2 (6% (t,s); z,y) = 0.

n—oo

Also, with the help of the central moments of order 4, which are given in Lemma

4.4.2) we get the equation (4.16)).
Hence, the proof is completed. O

Theorem 4.5.6. For g € C(I?) and n,m € N, ky, ky > 0, we have the inequality

1 : 1
| DS (952, y) — g(x,y) [<Cy [w2 (9? 3 O'nvm@’y)) min (1’ 4"”’"1(:”"‘”)) ”gM

+ w(g; finm (2, Y)),

where oy m(2,y) = zl Io) (¢t( ) y)+Dll ) (¢2( )2, y) + (1 —233)2+ (1 —2y)2

n+2 m+ 2
1—2x 1 —2y
andun,m(x,y):\/(n+2) + (m+2) '

Proof. Consider the auxiliary operators

L =2 1—2y) +g(z,y).  (4.17)

D<11 l2) D<l1 l2) <
(g;7,y) = (g;7,y) — gz + i e

Using this definition, we can easily see

D (1 (@) 2,) = 0.
For any f € C*(I?)

| D{2) gz, y) — g(a,y) |< | DIRN (g2, y) — DIR) (g; 2, y) |
+ | DI gz, y) — DIVE (fra,y) |

+ | DI (fra,y) — fla,y) |+ | fla,y) —glz,y) |
(4.18)
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By using (4.17)), we have

A 1—2x 1—2y
D(h l2) D<ll l2) — ‘ < ) — ’
| (g;2,y) — (g:2,y) |= Tyt g(z,y)

fﬂd@%¢<;:i;>é+(;;fgyj32“4%#mm@%@)

(4.19)
Consider Taylor’s polynomial for f € C?(1?)
Of(z,y) 8 Ffluy) ,
(t5) =f ) + k@) 2D 4 gy O [ g1y EH D)
s 0*f(x,v)
L) =2 do.
[ o5 d
Applying the operators f)ﬁ},;i?%.; z,y), we get
| D) (fr2,y) = f(x,y) |
- ¢ 0*f(u,y) A i *f(z,v)
Il 1 Il 1 ; .
<|D{2 </x ¢t(u)T du; x y)‘ + | Dt ( ’ %(@W dv;x,y
6 0 f(u,y) e+ iy 1 -2z 02 f(u,y)
= D<l17l2> / 1 ) . _/ ( _ > )
| n,m ¢t(u) (9 2 dU,ZE,y . T+ TL+2 Uu 8u2 du
(32 ) Yt 1—2y 02 f(z,v)
l1 l2) dv: _/ ( _ ) ) d
ot ([ o5 ) - [T (4 128 -0) P
s@&ﬁ(/|¢wndumw)+D$P(/W¢wndvmw)
T )
T 1—2z s 1-2
‘I‘/x + T ) —u’du—l—/y + y—}-m+g—v dv‘|||f||c2(]2)

n -+ 2 m + 2

1—22\2 1 —29\2
Dl @il + D e + (C5%) + (L220) | Ul

(4.20)

With the help of (4.19)) and (4.20)), (4.18]) becomes

| DI (gi 2, y) = g(w,y) |Sw(gs pnm(2,9)) + 4lg = fIl + | D52 (S (@); 2, y)

1-2 1-2
+D@mw@0xw+<n+§)+(m+§)humma
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1
4 |llg = £l + m(@ Dl fleatem| +(g: (. 9))

Taking infimum over f € C*(I?) and using Definition [1.3.8, we get

1
| D (gi0,y) = 9(.9) |< 4Ka (9 10mm(,) ) + (95 o (2,9).
By using the relation ([1.12]), we reach at the desired result. O

Theorem 4.5.7. Let g,h € C*(I?), then we have the following identity:

lim n [D (ola) (gh: a0, y) — D< bla) (ge g, y)D ) (h; y)} =(k1 + 2)z(1 — x)g.(x,y)h,(x,y)

+ (ko +2)y(1 — y)g, (z, y)hy, (z,y).

Proof. By Taylor’s series, we obtain

D{t2) (gh; x,y) — DY) (g; 3, y) D) (hy 2, y)

=D{"2) (gh; 2, y) — (gh)(x,y) — (gh(x,y)h(x,y) + g(z,y)W,(x, y)) DIt (¢ (x); 2, y)
— (g (z, y)h(z,y) + g(z,y)hi,(z,y)) DI (6L (y); 2, y) — ;(gé’x(xw)h(x?y) + 24, (2, y) i, (z,y)
+ g(x, y) iy, (2, y)) DI (67 (2); 2, y) — ;(ggy(w, y)h(z,y) + 29, (x, ), (z, y)

+ g(x,y)hy, (2, 1)) DL (2 (y); 2, y) — (g(x, YR (2,y) + g, (z, Yk, (2, y)

+ g5 (@, y) (@, y) + g7, (@, y)h(a, y)) DL (6 (2) 6y (y); 2. y)

— h(z,y) | DI (g; 2, y) — g(w,y) — dh(a, y) DI (o () 2,y) — g (x, y) DI (0L (y); 2, y)
- égm@c V)DL (7 (@);2,) — 500 (e, 4) DY (62(0); .)

— gl (z,y) DL (ol () ok (y); 2, y) | — Dﬁ}zl”(g;x,y) (DY (hs 2, y) — bz, y)

— W2, y) DY (o ()2, y) — h’y(x,y)Dﬁ,%;’”(cbi(y);fv,y)—5%( y) DI (6 (2); 2, y)
—ghgy@c,y)Dﬁ,Wasi(y);x,y) = I (2, ) DI (6L ()L (9); 2, )|

+ hy (2, y) D (0 () 2, ) g (2, y) — DL (g5 2, 9)]

+ bl (x, y)D“1 P (p(y)i 2, y)lg(z,y) — DR (gs 2, y)]
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thx( y) DI (2 (2); @, ) [g(x, y) — DI (g5 2, )]
*h” Dl2) (42 () — DWl2) (-
+ 5l (@, y) Doy (0:(y)s 2. y) g (2, y) — Dy (g: 2, y)]

+ bl (z,y) D (4 ( Vor(y)iz,y)g(z,y) — DL (g; 2, y)]

+ g (z, y)h(z, ) 2N (8 () 2, y) + gh(a, y) (@, y) DR (6 ()6 (y); 2, y)
+ g, (x, )W, (2, y) DI (o) () 8L (y)s 2, y) + gy (@, y) R, (2, y) DIL (62 (y); 2, ).

Now, applying the operators and taking limit as n — oo, we attain

lim n[D{2 (gh; z,y) — DR (g2, y) DI (hy 2, y)] =(ky + 2)2(1 — 2) gl (2, y) I, (2, y)

+ (k2 +2)y(1 — y)g, (z, y)hy,(x, ).

]

4.6 Numerical Examples

In this section, we present some examples to verify our above proved results, with

their graphs and approximation error for certain functions.

Example 4.6.1. Let g(x) = sinmx(green). Firstly, we show the convergence of the

()

operators Dn"' (g; x) with particular parameters, that are n = 30,40 (red, blue resp.),
k = 0.5 in the Fig. [{.1].

1 1 1 1 1 1 1 1 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure 4.1: Convergence analysis for n = 30,40,k = 0.5
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Also in Fig. we display the error of approximation of the operators for these
E
parametric values n = 30,40 (red, blue resp.), which is defined by E$”>(g,:17) =
k
| D8 () — g) |

0530 .
—E3p (sin m x;x)

0.5/30,
Exo

(sin o x;x)

Figure 4.2: Error estimation for n = 30,40,k = 0.5

Example 4.6.2. Let g(x) = cos2mx (green). We present the convergence of the

k
operators D7<L">(g;x) by choosing n = 40 and k = 0.1,1,2(purple, red, cyan resp.)

in the Fig. [{.3 In Fig. the deviation of the operators from the function for

Figure 4.3: Convergence analysis for n =40,k = 0.1,1,2

parametric values n =40 and k = 0.1,1,2 (purple, red, cyan resp.) is shown.

Example 4.6.3. Let g(x,y) = 2%y (green). We present the convergence of the bivari-
ate operators D312 (g; 2, y) by choosingn = m = 8 (cyan), n = m = 10 (red) and
ki = ko = 3 in the Fig. [{.5 In Fig. [{.6, the error of approzimation of the operators

for the parametric values given above is shown.
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4.6.

(cos2masx)

2/10
10

D;

(cos2masx)

1/40,
10

—D,

(cos2ma; z)

0.1/40
10

—D

o1

005

041

035

0.3

0.25

0.2

0.15F
0.1
0.051

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

tion for n =40,k =0.1,1,2

ima

Error est

Figure 4.4

8,10,k = ko = 3

=m

Convergence analysis for n

Figure 4.5

3

:8,10,k1:k2:

=m

tion for n

ima

Error est

Figure 4.6
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4.7 Conclusion

In the current chapter, we have given the approximation results of the single and
two-variable operators defined as and resp. We presented their order of
approximation and error of approximation in terms of modulus of continuity. Finally
from the given theoretical results and their verification with the help of figures, we
can observe that the operators are converging faster as we increase the value of
n and vary the parameter k with suitable values.

Bernstein operators and most of its generalizations preserve linear functions. But
in some situations, we need to preserve some other functions than linear. Therefore,
King and many other researchers worked in this direction. In the next chapter, we will
discuss this approach and study operators that can preserve any specified function

with certain conditions.
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Chapter 5

Integral type generalization of
Bernstein-Lototsky operators in
one and two variables

5.1 Introduction

In order to replicate the desired function, King [95] defined the operators named as

Bernstein-Lototsky operators using Lototsky matrix in the following way:

n

& k
Ku(g:2) = Y ang(z) g ( ) :
k=0
where the basis function a,, () is obtained by the given relation

Zi: ani(@)y’ = T (p,(@)y +1 = py(a)),

J=1

such that p,(z) € C[0,1],1 < 3 < n,0 < p(z) < 1 for z € (0,1) and p,(0) =

0,p,(1) = 1. By simple steps, we can get the value of a,, ;(x) as follows:

anp() = >, 1A =p(@) [Ips(2), (5.1)
IUJ=N, jeJ g€l
card(I)=k
card(J)=n—k

where N,, = {1,2,--- ,n} and ago(z) = 1,a9x(x) =0,k > 0.

In particular, for p,(z) = x, these operators come back to classical Bernstein opera-
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tors. In order to prove the uniform convergence of the operators K (g7 x) to g(x) on

0, 1], the author imposed the condition on p,(x) that dim — Z p,(x) = = lim s, (say)

converges uniformly to z on [0, 1] . The shape-preserving characterlstlcs of Bernstein-
Lototsky operators were described by Xu et al. [I50]. Eisenberg [59] constructed the
complex variant of these operators to approximate the analytic functions. Xu and
Goldman [149] also gave another approach to choose the sequence of functions p,(z),
where p;(z) is strictly increasing function and other functions can be determined by
recursion such that the Bernstein-Lototsky operators preserve p;(z) and uniformly
convergent for all continuous functions.

The Kantorovich type generalization of these operators is proposed by Khan et
al. [91] to approximate the Lebesgue integrable functions and their approximation
properties are studied. The Lototsky-Bernstein-Durrmeyer operators were developed
by Abel and Agratini [I], who also introduced these operators in several dimensions.

In the present chapter, we proposed the generalization of Bernstein-Lototsky-
Durrmeyer operators based on a real parameter p > 0. Section is devoted to
the construction of these operators whereas section contains its approximation
properties. In the next section, the generalization of these operators for two-variables

is presented and their convergence properties and other properties are studied.

5.2 Construction of the Operators

For g € C(I) where I = [0,1] and p > 0, the generalization of Benstein-Lototsky

operators having Paltanea basis, is defined as
T (g Zam / o (& x € [0,1], (5.2)

where pf, ,(t) is defined in (1.6)).

Lemma 5.2.1. The moments of the operators are given by

Tn,p(eo; fL’) :]-a
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Tperia) = (@) + —

T p(e0; 1) nCT 3)1<np+ ) [n2p282 +p Zpl )L = pu(x)) 4 3n psp(x) + 2] ;

T, (eriz) = o 4)(np1+ e {33@:) #2520+ Zonlo) + 5 20t

YR~ s S+ 0 {20+ L) - 5 Yk
F1lnp+ 6] :

Tnnles ) = St 4)1(np +3)(np +2) [”4’)4 (o) + bt + )
s+ @) D plle) - o >§p3<x>+§1 (Srtw)
- fi ) - B) o020 - Yo
#1005 {20 + isi<x>  on(a) = gnl0) Yo + 5 Yt

3 & 1
- ZP?(JU)} + 35n2p? {si(w) + ;Sn(x) - —nQ > pf(x)} +50np + 24] .
=1 1=1

Lemma 5.2.2. The central moments of the operators are given by

— 25,
T, (640 0) =sula) — o+ -2,
1

(np+3)(np+2)

T (62(2)5) =(30(2) — 2)° + [p > )1 = () + B () + 2
— (5np +6)s2(z) — 22(1 — 2s,())(np + 3)];

Tp(61(@); ) =(s0(2) — 2)* + O (nl) |

5.3 Approximation Results

Theorem 5.3.1. Let n € N, p > 0. If s,(x) converges uniformly to x on I, then

lim T, ,(g: 2) = g(x)

n—oo
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uniformly on I for every g € C(I).

Proof. We can achieve our required result with the help of Lemma [5.2.1] as well as

Bohman-Korovkin theorem. O

Theorem 5.3.2. For g € C(I), we have the inequality
| Tp(g:7) — 9(x) |< 2w(g; 6n(2)),

where 6, (x) = /T (9% (x); ).

Proof. For every positive linear operators Ly (.; ), Shisha and Mond [115] have given

the following inequality:

| Lol ) — 90) 1< ] 9(a) || Lnleoiz) = 1|+ (Lalewsa) + 5/ Laleos ) La(dR(a)i) ) (i),

where 6 > 0.

As T, ,(g; x) are positive linear operators, thus by using Lemma [5.2.1] we get

| Tonlgi0) = 9(0) 1< (14 5T (070 0) ) (g )

Now, by choosing d(x) = 4, (z) := /T, ,(¢?(x); x), we reach at our desired result. [

Theorem 5.3.3. Letn € N,p > 0. If g € C(I), then

Tualar) = o0 12 € fo (37250 ) i (1, 221 |ttt

where v, (x) = (Thp(e1; ) — ) and Ty, ,(x) = \/Tn,p(¢%<x); z) + 77 ().

Proof. Firstly, we define

Top(9:0) = Tuplg;0) = 9(Tupler;z)) + g(@). (5:3)

We can easily check that Tnyp(ez; x) = " for + = 0, 1. Therefore, the central moment
Tmp(qb%(l'); I) =0.

90



5.3. Approximation Results

Also, by using (5.3), the operators Tn,p(.; x) satisfy

| Tp(g; ) [< 3Ll (5.4)

Let f € C*(I) be an arbitrary function. Then, by Taylor’s expansion with integral

expression of remainder, we obtain the following expression:
b
ft) = f(2) + oy (2) ' (@) +/ ¢ (u) f' (W) du,  t,z €10,1],u € (z,1).
Apply the operators T}, ,(.; ) on both sides

Lo p(fi0) = $la) =Ty [ (e = )" () dus )

=T, (/:1(61 —u) f"(u) du; x) — /:n’ﬂ(em) (Thp(e1;2) — u) f(u) du.
(5.5)

Also, we can find

Top (/:1(61 —u) f"(u) du; x)

;x)

<T (| e —ull £ | au

<1 f le2y T (@5 (2); ),

and

Tn,p(e1;z)
/m (Tnp(er; ) — ) f"(u) du| <|| fllc2y (Tnpler; z) —2)* = f llo2qr) va(2).

Thus, with the help of above inequalities, ([5.5)) becomes

| Top(fi2) = f(2) |< (Tap(@F(@);2) + 72 (@) || f llczy=T5 @) fllezy (5.6)

Now, for g € C(I), we have

| To(g: ) — 9(2) |< | Taplgix) = Tplgiz) | + | Tuplg — fiz) | + | Top(f;2) = fla) |
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+ 1 g(x) = flz) |
< | Tuplg = Fi2) | + | Top(f32) = f2) | + | g(z) = f(2) |

+ 1 9(Tnplers o)) —g(z) | .
Using , , and Definition , we get
| Tp(giz) = g(@) <40 g = f llew + | f llezn T3 (@) + w(gs ()
Taking the infimum w.r.t. f € C*(I), we reach at

| Thlgi) = 9(0) | 4K (572470 ) 4wl

Now, using (|1.12)), we get the required result. O

Theorem 5.3.4. For g € Lip_,(7), we have

VIR

| T plg; ) = g(x) |< A [T, (87 (2); 7))
Proof. Since for any g € Lip_,(7), we get

lg(y) —g(@) |[S A |y—z | .

Now, using the linearity of the operators 7, ,(.; z), we have

| Toplgiz) —g(x) | < Tl g(t) — g(z) |5 2)
< Tl | $p() |5 2)
< MT (| ¢ (2) [T52).
By Holder’s inequality, we obtain the result. O
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5.4 Bivariate of the Operators

Since in most of the cases, we get the functions of more than one variable. Thus it
becomes essential to study bivariate operators to approximate these functions as well

as univariate operators. For g € C'(I?), the operators are defined as

Tnmp1 P2 gax y Zzanz amj / / ,u sz] (t S) det (57)

1=0 =0

where a,,,(7), p,(t) are defined as in (5.1 and (1.6) resp., p1, p2 > 0, and n,m € N.

Lemma 5.4.1. The following are the moments of the bivariate operators :

Tn,m,m P2 (600; z, y) :1;
np1sn(2) +1

)

Tn,m,pl P2 (610; z, y) =

npr + 2
mpa sm(y) + 1
Tn’m’p17p2 (601; x? y) = me + 2 ;
1 n
T . — 2 2.2 2 \ 1 —n,
mm1pl,l)2(620a$7y) (npl —|—3)(np1 + 2) |jl P1 Sn(‘r) + P1 ;p (l‘)( p (.Z'))

+31 p1 su(2) +2];

1
(mp2 + 3)(mp2 + 2)

Tn,m,m,pg (602; €, ?J) = m20225 + P2 sz 1 — D y))

+3mp2 Sm(y) + 2] :

Lemma 5.4.2. The central moments of the bivariate operators are as follows:

1 —2s,(z)

Tn,m,p1,p2(¢t1( )i, y) =sn(x) -z + m

1 — 2s,(y)

Tnm 1,02 on - 7,
pp(¢(y)xy) S(y) y_l— mp2+2

Tn7m7P17P2 (¢f(l’), Z, y) :(Sn(x) - x)Z +

p1 Zplz (1= p1,(2))

(np1 +3)(np1 +2)
+ 3np15,(x) +2 —(5npy +6)s2(z) — 22(1 — 28, (7)) (np; + 3)}

+ 28
<(s(a) =2 + 5

93



Chapter 5. Integral type generalization of Bernstein-Lototsky operators
in one and two variables

1

Do (05 (9); 2, 9) =(sm(y) — y)* + (mp2 + 3)(mp2 + 2)

pfimmmmwmm

+ 3mpasm(y) +2 — (5mpa + 6)s2,(y) — 2y(1 — 25, (y)) (mpa + 3)]

p2 + 28
< —y)?+ =
<(sm(y) —y)" + pr—

Theorem 5.4.3. For g € C(I?) the sequence of the operators Ty, m p . (g; T, y) con-

verges uniformly to g(x,y) on I*.

Proof. Using the Lemma [5.4.1] we can get

n ;rILIE)loo Tn ;ML 01,02 (610, x y) =

lim T,

R, T—r00 n,m,p1, p2(601;x7y) =Y,

. 2 2
ngrngnmpl p2(620+602,$,y) =r"+y

With the help of the generalization of Bohman-Korovkin theorem, given by Volkov

[145] for operators of two variables, we obtain our desired result. O

Theorem 5.4.4. For g € C(I?), we have the inequality

| Tomprpe(9:7,y) — 9(@, ) [<4w(g; 61(2), 02(y)),

where 01(x) 1= /Ty py 0o (03(2); 2, 9) and 03(y) 1= \/Tompr 0o (62(1); 7, 1).

Proof. With the help of linearity of T, ;. 5,0, (9; Z, y) and Definition [1.3.9 we have

’ Tn,m,phpz(g;xay) - g(x,y) ’STn,m,phpz(’ g(t,s) - g(ﬂc,y) |;£L’,y)
STn,m,m,pz(w(g; | Cb%(x) | (b;(y) sz, y).

By using the properties of modulus of continuity, we get

5133

XQ+TMWW\¢ |xy>

| Toomopr o (97, 9) — 9(2,y) |<w(g; 01(2), 62(y ))( Tompren (| 01 (2 )\;%y)>
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With the help of Cauchy-Schwarz inequality, we attain

| Tomoprp2 (952, 9) — g(2,9) |

Tnmm p2 T Tom,p1,p2 g 7 Ly
sw<g;5l<x>,62<y>>< WV el 9 Y n P

)Tn,m,pupz (02(y); 2, y) )

Q
-3
3
2
3
V]
-
+ho
=
8
<

On choosing d;(x \/Tnmp1 o (02(2); 2, y) and 0a(y) == \/Tnmp1 2o (02(Y); ,y), W

reach at the requ1red result. O

Theorem 5.4.5. For g € C(I?), we have

| Toimopr e (952, 9) — 9(2,y) [<2[w' (g5 01(x)) + w0 (g5 02())],

where 61(z) and 05(y) are as defined in Theorem [5.4.4)

Proof. By using the linearity of the operators T, ;s »,.0,(; , y) and Definition [1.3.10}

we get

| Tomoprpe (952, 9) — 9(2,9) | ST hmopr e (| 9(t,8) — 9(t,y) +g(t,y) —g(z,y) [;2,y)
<Tmproe (| 96 Y) — 9(2,9) 152, 9) + Tomoprpe (| 9(t,8) — g(t,y) |12, y)
<Trmpre (WG| D1 () 1): 2, 9) + Trmopr e (W93 | D2 (y) 1); 2, )

<w'(g; 61 (x)) (1 + \/Tnmﬂl P2§ﬁ< );x’y))

\/Tnmp1 p2(¢ (y) z y)
da2(y) .

w?(g:02(y)) (1 +

By choosing 61(2) := \/Trm.pu0 (63(2); 2,y) and 0a(y) 1= /T pr o (62 (y); 7,7), We
get the result. O

Theorem 5.4.6. For any g € C(I?), we have the following inequality:

1 , 1
| Tompr,oo (937, y) — g(2,y) [<4C, {wz (g; 5 Lom(2, y)) + min (1, ifn,m(fc, y))}
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+ w(g; Yam(®,9)),

where

Dy, 1) :{Tn,m,m,m((bfw 2,9) + Toompr o (62(4); 2,9)

1—2s,(z)\> 1 1—25,(y)
(snto =t 200 ) g L 2o }

N | —

_|_

and
1—2s,(2)\° 1—2sm(y)\’
nm T, Y) = Spl) — 2+ ——— | +|Snly)—y+——""7"] .
o) J( @) =0+ 2N () -y 2ol
Proof. Define the associated operators T); ,, , . (.;2,y) as follows:

*

Tnmplpg(gﬁmy) Tnmplm(g?‘ry)_g(

np1sy () +1 mpesy,(y) +1
np1+2 7 mpy+2

+9g(z,y).

For any f € C?(I?) and t,s € I. By the Taylor’s Theorem, we have

6.9 =1 + LDy 1 LD ) 1 [ i P g,
8 2 xr,v
+f ¢;<v>agm. 58)

Applying the operators Ty, . (;x,y) on (5.8) and using the fact T5;,, p2(¢t( x);x,y) =
T:me pg((b (y) x y) - 0 we get
| nmpl pg(f;x7y) - f(x,y) |

\ ¢ f(u,y \
Tnmp1p2 </ ¢%(u)a(2)du;x>y>+Tnmplpz </y gb; 8U2 )d $y>|

82 o2
Tnmp1p2</ ¢t J;(Q)du:r;y>+Tnmp1p2</y gb; fa(vav)d xy)

PR (npisa(z) + 1 0*f (u,y)
—u du
np; + 2 ou?
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ez mpasm(y) + 1 9 f(z,v)
—_—— — V| ———— d’U
mpe + 2 ov?

Y

SHfHC?(I?){Tn,m,m,pz@f(x)? r,y) + Tom.p1,p2 ((bf(y), 7,y)

<3n(:v) —r+ m>2+; (Sm(g/) A MY}

= fllc22)Lnm (2, y) (say).

+

N | —

Now, for g € C(I?), we have

|Tn:m7P17[’2(g;x7y) —g<$ y) |<| nmp1 pg(f gux y) ’ +| nmp1 pg(f T y) ’

1 —2s,(x) 1—23n
+ Spl) — T+ ———F,5mY) —
o (s - 20 mmz)

<4llg = flleay + | flleza2y Lnm (2, v) + w(9; Yom (2, 1))

1
=4K, (g; Zl“n,m(x, y)) + w(g; Ynm(z,Y)).

By using the relationship of Ks-functional and second order modulus of smoothness

(1.12), we attain our result. O

Theorem 5.4.7. For g € Lip 4(71,T2), we have the identity

| Tomprpo (952, y) — 9(2,y) |< A 61 ()] [02(2)]
where 01(x) and d3(x) are defined as in Theorem[5.4.4)
Proof. Let g € Lip_4(11,72), then by definition
| g(t,s) = g(z.y) [< A | 6 () [M] 65 (y) ™ -

Now, let

| Tn,m,pl,pz(g;%y) _9(557:9) | < Tnmm pz(| g(t, 3) _g(x>y) |3$ay)
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IN

Tom,p1,p2 (A | ¢t1(x) ™| ¢;(y) x,y)

< M Trmprps (| D) ™52, 9) Tomop o (| 62 () |52, 9).

By Hoélder’s inequality, we get the required result. O]

5.5 Conclusion

This chapter focuses on univariate and bivariate positive linear operators designed
to preserve any polynomial, subject to specific endpoint conditions. We study the
fundamental properties of these operators encompassing convergence, error of approx-
imation measured by the modulus of continuities, and applicability to Lipschitz-type
functions. The significance of generalizations is given, which allows the selection of
specific parameter values to enhance accuracy for a given n.

All operators studied so far are defined on a finite interval. In order to obtain the
approximation behavior of functions that are defined on infinite interval, we can see
the operators such as Baskakov and Szasz etc. The subsequent chapter introduces the
new operators of Baskakov type and shows the impact of parameter on convergence

behavior of these operators.
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Chapter 6

A note on a-Baskakov Durrmeyer
type operators

6.1 Introduction

Recently, Aral and Erbay [23] introduced the generalization of classical Baskakov

operators based on a real parameter a € [0, 1], as
Ly(gix) = 3 dn.(x)g (;) ,  nxl, zel000), (6.1)
1=0

where g, () is given by

O RIS CT e

Il_l

X (1+I)n+z—1'

For a = 1, it reduces to the classical Baskakov operators.
The authors studied convergence, error approximation and Voronovskaja type result
for these operators. They verified that the parameter o does not affect the convergence

but it can reduce the error of approximation by choosing suitable values of a.

Recently, Nasiruzzaman et al. [I14] defined the Durrmeyer variant of these oper-
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ators to extend the results on Lebesgue measurable spaces as below:

$2(02) = @) [ ooy at, (63
tZ
B+ 1,n)(1 4 t)nttt

where  s,,(t) =

and B(a,b) is a beta function. The authors studied the approximation properties
for these operators as Korovkin-type and weighted Korovkin-type theorems, order of
approximation, and rate of convergence. Also, Nasiruzzaman et al. [113] defined the
bivariate of these operators and studied their properties.

The generalization of positive linear operators is the subject of research in order to
reduce approximation error with the help of different parameters (as [14] 2325, [48],
108, 131), 132, [148]). Although, generalization does not give better approximation in
all the cases. But, if we choose the specific value of the parameter wisely for the certain
function, we can achieve the great results. By motivated from these benefits of the
generalizations of positive linear operators, which reduces the error of approximation,

we modify the operators (6.3) by using a parameter p > 0 in the next section [6.2]

6.2 Construction of the Operators

We define the generalization of a-Baskakov Durrmeyer operators based on a real
parameter p > 0. For A > 0 and (4[0,00) := {g € C[0,00) : g(t) = O(t*),t > 0},

the operators are given as
A (gie) =32 (@) [ ph (Dg(0)dt, (64)
1=0

where yf, ,(t) is defined as ([1.6)).

The chapter is structured as: In section [6.3, we give the moments, central moments
that are used in subsequent sections. In section [6.4] we show main results for the
operators ((6.4)) which are divided in two sub-sections. In the first sub-section, we prove

basic convergence theorems in Korovkin and weighted Korovkin spaces and in the
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second sub-section, we study pointwise approximation properties of these operators.
In section [6.5], we verify our theoretical results by numerical examples with the use

of Mathematica.

6.3 Basic Results

Lemma 6.3.1. The moments of the operators A% (.;x) are given as

A%P(eg; ) =1,
_pnx —2p(1 —a)r +1

AXP(eg; ) = L x2{p2n2 + (4o — 3)p2n}
" (np —1)(np — 2)

+2{p*(n+4a - 4) + 3pn — 6p(1 — o) } + 2].

Lemma 6.3.2. The central moments of the operators AP (.;x) are given as:

AO01) = o (1= 2001 - ) 1

1

APGE030) o el 1) = 8001~ ) +2)

+ fv{np(p+ 1) —4p*(1 — ) — 6p(1 — @) + 4} + 2];

(b (t): ¢ :/02(1 + p)?2%(1 + 2)* — 96(1 — a)p®z® + 24p3x3n2 1
R e vy s s T R €

6.4 Main Results

6.4.1 Approximation in Korovkin and weighted Korovkin spaces

Theorem 6.4.1. For every g € Cy[0,00), the operators are uniformly conver-

gent to g on each compact subset of [0, A], where A € (0, 00).
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Proof. For the uniform convergence of the operators (6.4), we need to prove
A%P(e;x) — e, for e =0,1,2.
From Lemma [6.3.1] it is obvious that A%”(eg;z) — €y, as n — oo.

For » = 1, we can check from below

npxr —2p(1 — o)z +1

lim AS?(eq;x) = lim

—2p(1 — 1
= lim <x+$ d @)z + )zm.

Now, for + = 2, we have

1
li AP . =1
lim A7 (e;2) = lim (np —1)(np — 2)

[xQ{p2n2 + (4a — 3)p2n}

+ x{p2(n + 4o —4) +3pn — 6p(1 — oz)} + 21

1
=22 + lim

n—= (np — 1)(np — 2) [x2{3pn —2+(da - 3)’02n}

+ x{pQ(n + 4o —4) + 3pn — 6p(1 — a)} + 2] = 22

Hence, by using Theorem [1.1.3] we get the uniform convergence of our operators.

Theorem 6.4.2. For g € C5[0,00), the operators A%*(g;x) satisfy
lim [|AZ(g;.) — g2 = 0.
Proof. By weighted Korovkin theorem, it is sufficient to prove
1im |ASP(e,;.) —ella =0, for +=0,1,2.

For 2 = 0, using Lemma [6.3.1] we have A%"(ep; z) = 1.

Therefore, we have [|A%*(eg;.) — egll2 = 0.
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For:=1,
1 —2p(1 — 1
z€[0,00) 1+ 22 np — 1
z 1-2p(1-0) 1 1
< su + su )
_xe[ogo)l—i-x? np—1 xe[ogo)1+x2 np — 1
Thus, we get

”A;?p(@l;x) - €1H2 =0as n — oo.

Similarly, we can prove for ¢ = 2

| AP (e2; ) — 2|
A%P(eq; ) — ealla = su L
437 exi) — el = sup

2 |p*n® + (4a — 3)p*n
(np —1)(np — 2)
p*(n+4a—4)+ 3pn — 6p(1 — )
(np —1)(np —2)
2

< su
- xg[ogo) 1+ 22

T
4+ su
:ve[o,lzo) 1+ a2

+ sup )
x€[0,00) 1+ x? (np - 1)(77,p - 2)
which gives us |A%P(eq; ) — eg]l2 = 0 as n — oo.
This completes the proof. O

6.4.2 Pointwise approximation properties by A%”(g;x)

Theorem 6.4.3. Let g € Cy[0,00) and x € [0,b] such that b > 0, then we have

A432(g5) — 90| < 2 (g3\/ AT (G (@) 2) )

Proof. From Definition [1.3.5] we have

|AL* (g5 ) — g(x)| =

(i) [0 a0 at) - o)
<) [ u ) lott) — )]t

1=0
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<Y i) [ ph (0 wlg: 6l (@) dt.
1=0
: o . 1 4
By using the property of modulus of continuity with A\ = g|gzﬁt (x)], we get

432(05) = o] € (o) [0 (14 G 1o ) wlor )
=3 (@) [ 0wl
+52d o) [ 010kl )
=l ) + 53 dha(o) [0 01w )

(145300 [0 el wmo)

With the help of Cauchy Schwarz inequality, we have

[S1E

S az(e) [ (0|6 (@) de <38, (o)
1=0 0 1=0

7 ()63 e

2

<

2 qp,(2) /0 h ph , (8) ¢ (2) dt}

=[5 (97 (@); )]
Thus (6.5 reduces to

A32(g52) — (@) < (14 547 (@ (0)i0)) w(s: ).

By choosing § = / An?(¢?(x); z), the proof is completed.

Theorem 6.4.4. For every g € Cy[0, 00)

lim (np — 1) [Ax*(g;2) — g(z)] =[1 = 2p(1 — @)z + 1]g'(x) + (p + Da(z + 1)

n—oo

uniformly for 0 < x <b, where b > 0.
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Proof. By the Taylor’s polynomial, we have

P (2 + (O, 2167 2) (6:)

g(t) = g(z) + ¢y (2)g' () +

having the conditions 11:1_I>I1 e(t,x) = 0.
Now, applying A%”(.;x) and then multiplying with (np — 1) on both sides of
and using Lemma [6.3.2] we get

(np — 1)(A3*(g; %) — g(x)) =(np — 1) [AS”’(Q# (2);2)g (x) + ;Aﬁ’p(qbf(fv); x)g" (x)

A (e(t, )8 ) x>]

20p+ Dx(x + 1)
np — 2

_ lx(l — (1 — o)) + 1]g'(x) + [(p F a4 1) +

L =8p(1 = @) + 22% — 4p*(1 — oJo — 6p(1 — aJa + 4z + 2| ¢"(x)
np — 2

+ (np — DAT (e(t, 2) 6 (2); 2). (6.7)

By Cauchy-Schwarz inequality on the last term of above equation, we get

(np — 1AL (e(t, )¢ (x); ) <(np — D)/ ARP(€2(t, 2); )\ AR” (6 (x); ).
Hence, by using Theorem [6.4.1 and Lemma [6.3.2, we have
lim (np — 1) AR (e(t, 2) ¢ (x); ) = 0.

Thus, by taking limit as n — oo on equation (|6.7]), we obtain the required result. [J

Theorem 6.4.5. Let g € Lip‘(/;[) with # > 0 and 0 < 7 < 1. Then the operators
A%P(;x) satisfy

(SR

A2 (g w) — g(@)| < A (AP ($(2); )
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Proof. By using the linearity of operators A%*(g;x), we obtain

|A%P(g; ) — g(x)] <AXP(lg(t) — g()]; ).

From Definition [1.3.7] we have

A3#(g52) — ()] SAT(ANGL)0) =4S ai(o) [ (Dl
1=0

T

2

<[ 0] - S a6

2 2
{By Holder’s inequality with p = 5 and ¢ = —
-

- T

(SR

= (A37(7(x); )

Hence, the proof is completed. n

Theorem 6.4.6. For every g € Cp[0,00), we have

A3 (g52) — g(0)] < 2C {wz (g; s A"ix)) min (1,557 4 240 “g”cﬁ“”“)} |

where C' > 0 is any constant, T',(z) = A%P(o}(x); ), and A, (z) = A% (¢2(z); x).

Proof. The second order Taylor’s polynomial for f € C%[0,00) and 6 € (z,t), we

have

£6) = @) + oL@ (@) + 2 o).

By applying the operators A%*(.;z) on both sides, we get

1
A29(f2) — F@) <A@ DI epne + 514G DI s
Ay (x)
2

=L (@)l lonloe) + 1/l esl0.00)- (6.8)
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Now from equation (1.11)), we obtain the following inequalities:

1 leso.00) < Nfllezo.00) and 1" les0,00) < 11flle2 10,00

Using these inequalities in , we get

An(x)

4z(5:0) = 1)1 = () + 22020 Wl (69)

Now, for g € Cg|0, o0), we have

|AL? (g3 ) — g(@)| <[ARP(g — fi2)| + [f(x) — g(@)| + [AZ*(f;2) — f(z)].  (6.10)

Since
AnP(g; ) — g(x), AP(frx) — flw),
then

A2 (g = i)l = lg(x) = f(@)] < llg = Fllcsoe)-  (6-11)

By using equations (6.9), (6.10), and (6.11)), we get

Ay (x
<2l fllego + (Pole) + 222 ) 1y

r, A,
=2(ls = Flewncs + (52 + 242 Iflcganm )

By taking the infimum over all f € C3[0, 00) and using the Definition we have

AP (g;2) — g()

A% (g; ) — ()] < 2K, (g; Lole) | Anﬁ) |

Also, using the equivalence relation of second order K-functional and second order

modulus of continuity (1.12]), we obtain the result. ]
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Chapter 6. A note on a-Baskakov Durrmeyer type operators

Theorem 6.4.7. Suppose [ € C5[0,00) and > 0, then

. | AnP(gix) —g(@) |
e

Proof. Let xq > 0 be an arbitrary but fixed number. Then

AP (g _ A%r( g o AP (g _
sup | Ay (g,ﬂlr)2 19(96) | Ssup‘ n (gw)2 g(z) | +Sup| o (9&6)2 g(z) |
x€[0,00) (1 +x ) +8 rz<z0 (1 +x )H_fB >0 (1 +x )H—ﬂ
| AP (g;x) | | g() |
a,p( . . n
< sup | A%(g;2) — g(z) | TSI sy TSP (L avig

Since | f(t) |<|| f |, (1 +¢*) for ¢ > 0, then

| ARP(1+ %) |
(1+22)1+P

| AP (g; ) — g(x) |
su L < || A>P(g;.) — 20l su
xe[O,Eo) (1 —|—.7J2)1+ﬂ = H n (g ) g ”0[07 o) H g HP x>£0

lgll, _

By using the convergence theorem, for given € > 0, a positive integer k; € N exists
such that
€
I AZ7(9:-) — g lleo,m < 3 for n > k.

A%r(1 t2.
Since lim sup M = 1. Therefore, there exists ko € N such that
n—00 >0 1+ 172
a,p 2. 2\8
sup AP(1+t% ) < (1+x5)"e

+1 Vn > k.
s 1422 = 3 gl =2

Hence,

_ | AR (1 + 1% 2) |
A2 - H g HP f;lfo (1 + ZE2)1+B
Axp(] t2’
<ol AT )
(1 + ZL’O)B r>x0 1 + $2

SETApES

(14252 L 319l

€ lgll,

I [
3T U ta2)? =
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6.4. Main Results

Choose z( to be large enough that (1”%f]9|6|(2;0)5 < é
€ € €
Thus, Ay < — + - = —.
WA SET3 T
Now, A3 = sup L9 1le <$

Let k = max{k;, ko}, then from the above inequalities, we get

P ( e _
sup | A2P(g; ) — g(x) |

< Yn> k.
2€[0,00) (1+ z2)1+58 ‘ "=

As e > 0 is an arbitrary number, therefore we attain our result. O]

In the next theorem, we give the Griiss Voronovskaja type result.

Theorem 6.4.8. Suppose that g,h € C3[0,00) such that g, 1, g",h",(gh)’, (gh)" €
(5[0,00). Then for each x € [0, 00), we get

A2 (ghs ) — AZ9(g; ) A (1) = g/ ()t () LLF 2D

p
Proof. We know the identity
AP (gh; x) — AP (g; ) ALP (h; o)
= [ Ape(ati o) = () (o) — () @) 4570 o)~ L A G|
) | 4371g10) = ) - g @) ) ) — L g
_ M=)

— A2(g; ) [A:;’ﬂ(h; z) = hx) = W (@) A37(63 (2);2) — —;

A ey
+ 21!1427”@3(3:); ) [g(x)R" (x) + 2g' (x)h' (x) — B (x) AP (g; )]

+ AL (¢ (2); ) [g(2)I (x) — I (2) AR (g3 ).

Now, with the help of central moments and Voronovskaja result, we get
lim n [A7*(gh; x) — AP (g; ) AP (h; )]

n—oo

g'(x)h' (z)n
n=oo (np —1)(np — 2)

[mz{np(p +1)—8p(1—a)+ 2}
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Chapter 6. A note on a-Baskakov Durrmeyer type operators

+ x{np(p +1) —4p*(1 — a) — 6p(1 — ) + 4} + 2]

:g’(a:)h’(:n)x(l + xp)(p + 1)_

6.5 Numerical Verifications

In this section, we give the numerical examples to verify the theoretical results that
we have proved in the previous sections. Here, we compare the operators (6.3)) with

our operators A% (g;x) for different values of p.

Example 6.5.1. Let g(x) = \/x. To show the convergence of the operators A" (g, x),

we choose certain values of parameters such as n = 20, = 0.1 and p = 1,5,0.5 in

Figure[6.1]

T T
16 17 18 19 20

Figure 6.1: Approximation process for n = 20,a = 0.1 and p=1,5,0.5

Also, we have given the error of approximation of our operators AP (g; x) from the

function g(x) for the same values, which is defined as ES*(g,z) = |g(z) — AYP(g; x)|
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6.5. Numerical Verifications

in Figure[6.3.

From the given figures, we can easily see that the operators A%*(g;x) give the better

o~

0.15

000000
SBRRIS
NI

16 1.7 1.8 19 20 =T

0.05

Figure 6.2: Error estimation for n = 20, = 0.1 and p =1,5,0.5

approzimation at p = 0.5.

Also, we give the convergence and the error approximation of the operators by
choosing the parameters a = 1, n = 20 and different values of p = 1,5,0.5, which are
shown in Figs. [6.3 and resp. For these values, it is clear that approximation is
better at p = 5. Therefore, the operators give better results by choosing suitable values

of parameters.

Example 6.5.2. Let g(z) = 2° + 5x + 2. Here, we give the convergence of our
operators ASP(g;x) at n = 20, = 0.7 and certain values of p = 1,5,0.3. Also, we
give the error of approximation EX*(g; x) of our operators A%*(g; x) from the function
g(x) at the chosen values.

From the Figs. cmd we can easily see that the operators ASP(g;x) give

the better approximation at p = 5.
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Chapter 6. A note on a-Baskakov Durrmeyer type operators

Figure 6.3: Approximation process for n =20,a =1 and p =1,5,0.5

| [—

Sl S i i

0.15 151617181920

0.10

0.05

Figure 6.4: Error estimation for n =20, =1 and p=1,5,0.5
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10

P / - 0.550.600.650.700.75 0.80

Figure 6.5:

35
3.0
25
20
15
10

0.5

S S S S R X
0.2 0.4 0.6 0.8 1.0

07,1 07,5 07,03
Az Az Az X2 +5x+2

Approximation process for n = 20, = 0.7 and p = 1,5,0.3

0.550.600.650.700.750.80

0.2 0.4 0.6 0.8 10

0.7,1 0.7,5 0.7,0.3
EZO E20 EZO

Figure 6.6: Error estimation for n = 20, = 0.7 and p =1,5,0.3
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6.6 Conclusion

The operators A%*(g; x) converge uniformly to a continuous bounded function g(z)
on infinite interval [0,00). By these operators, we verified that generalizations of
the positive linear operators can provide the better approximation than the classical
ones, which is shown graphically through the examples. Here, we have seen that the
convergence of the operators A%?(g; x) is independent of parameters « as well as p,
whereas the error of approximation depends on these parameters.

The positive linear operators defined on finite interval are useful in many computer
applications as Bernstein operators are useful to define Bézier curves. In the next
chapter, we study the importance of Bézier curves and their generalizations to get
flexible curves from the given data set. Also, we give an algorithm to find the control

points for any given Bézier curve.
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Chapter 7

A Note on a-Bézier curves and
surfaces

7.1 Introduction

Bézier curves, as discussed in chapter 1, are essential in computer graphics, animation,
and CAD applications because they can generate curves that are smooth, scalable, and
easy to control. Bézier curves are a fundamental tool in the development of graphic
designs, typefaces, and complicated forms in engineering and animation. They are
defined by a collection of control points and enable designers to shape and modify

curves in an understandable manner.

Parametric extensions of Bézier curves offer enhanced manipulation of the curve’s
form and characteristics. This extension enables a greater degree of flexibility and
precision in manipulating the curves, proving these curves highly useful in complex
design and animation projects. In the present chapter, we construct the generalization

of Bézier curves by introducing a well known parameter.

Bernstein operators are the foundation stone of Bézier curves. They have many
interesting properties, therefore an immense research is going on these operators [36,
43, 50, [71]. These operators are generalized by introducing some parameters see

[46], 62], 104, [T4T]. Recently, Chen et al. [50] introduced the modification of Bernstein
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Chapter 7. A Note on a-Bézier curves and surfaces

basis polynomials depending on a real parameter « € [0, 1], which are defined as

P (2) = l(” - 2) (1—a)z+ (?_‘j) (1—a)(1—2)+ (?) az(l — x)]

x M1 —z)"" 1 n> 2 (7.1)

For n = 1, we have py(z) =1 -z, pf,(v) =
In the present chapter, we define the Bézier curves and surfaces with the polynomial
basis i.e. pj,,(z), which attain the flexibility to modify their shapes.

We organize our chapter as: In section [7.2] we give the properties of a-Bernstein
basis polynomials. In section [7.3], we construct the a-Bézier curves and list its prop-
erties. Section focuses on the study of tensor product a-Bézier surfaces and their
properties. In the next section[7.5] we present the technique to find the control points
from given a-Bézier curves. In the end, we display some numerical examples to show
the impact of the parameter v on the classical Bézier curves as well as the significance
of our algorithm to find the control points by numerical examples and their graphical

illustrations.

7.2 Properties of a-Bernstein Basis Polynomials

Theorem 7.2.1. The a-Bernstein basis polynomials i.e. p, () preserve the follow-

ing properties:
1. Non-Negativity: for each x € [0, 1], we have pj, ,(x) >0 for1=0,1,--- n.

2. End Point Interpolation:

1, 2=0 1, 21=n
Pna(0) = and  py,(1) = :
0, 1#0 0, 1#n

3. Reducibility: for a =1, the a-Bernstein basis polynomials i.e. pj, ,(z) reduce to

classical Bernstein basis polynomials i.e. py,(x).
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7.2. Properties of a-Bernstein Basis Polynomials

4. Partition of Unity: Y ps (x) = 1.
1=0

5. Symmetric: pyy (v) = py,,_ (1 — ).

Proof. The proof of properties (1) - (3) are easy to verify and can be seen from [50].
Hence, we omit the details of these properties.
Property (4):

From ([7.1)), we have

gpm) -3 { (n . 2)“ —ajet (?:22)(1 —a)(1—a) + (Z‘)am - @} p!

1=0

Property (5):
With the help of the following property of binomial coefficients:

n\ n
1) \n—1)’
becomes

P2 () :{(n’:f 2)(1 — )z + (Z:?)a —a)(1-z)+ (n’i Z)am(l . x)}

X a:zfl(l — :L’)"*Zfl = pg’nﬂ(l —x).

Hence, the proof is completed. O]

From the graphical representation of p$ () at a = 0.1 and n = 4 in Fig. , we
can observe that all the basis polynomials are positive for x € [0, 1] as well as they

follow the end point interpolation property.
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a-Bernstein Polynomials Bases

0.1
—Pao®)

0.1
TPk

0.8

Figure 7.1: a-Bernstein Basis polynomials for n = 4 and a = 0.1

Also these basis polynomials satisfy the reducibility for o« = 1, which can be
observed from Fig. [7.2]

Bernstein Polynomials Bases

_Pw(x)
- .PM(X)

P42)
—=-P 4 3(X))
— P 4X))

0.8

0.6

0.2 ’

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 7.2: a-Bernstein Basis polynomials for n =4 and a =1

Theorem 7.2.2. Fach nth degree a-Bernstein basis polynomial can be written as

sum of two (n — 1)th degree a-Bernstein basis polynomials, i.e.
pg,z<x) = (]‘ - x)pz—l,z(x) + "L‘pz—l,z—l(m)'

Proof. We know the Pascal’s rule of binomial coefficients, which is as follows:
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7.3. Construction of a-Bézier Curves

()= -C5)

By using this relation and (7.1]), we obtain

=) (oo D) -

Thus, we get desired result. O]

7.3 Construction of a-Bézier Curves

7.3.1 Definition

In this subsection, we define the generalization of Bézier curves by using a-Bernstein

basis polynomials, in the following form:
P($7 Oé) = Zpg,z(x) B, (72)
1=0

where o € [0,1] and P,,» = 0,1,...,n are the points on planes, known as control

points.

7.3.2 Properties of a-Bézier curves

In the following result, we provide some properties of a-Bézier curves.
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Chapter 7. A Note on a-Bézier curves and surfaces

Theorem 7.3.1. By using Definition , we obtain the following properties:

1. «-Bézier curves lie inside the convex hull of control polygon determined by the

points P,.
2. End Point Interpolation: P(0,a) = Py and P(1,a) = P,.
3. Reducibility: By choosing o = 1, we get the classical Bézier curve.

4. Symmetry: If P = {Py, Py, ..., P,} and P* ={F;,P},... P} = {P,, Po_1, ..., Py},

then we have the relation
P*(z,a) = P(1 — z,«),

where P*(x, ) are the a-Bézier curves determined by P*. From this property,
we observe that if the order of control points is reversed, then we get the same

a-Bézier curves.

Proof. The properties (1)-(3) are easy to prove by using the properties in Theorem
of a-Bernstein basis polynomials. Therefore, we omit the details.

Now, to prove property (4), we have

P*(x,a) = Zpg,z(ﬁ) P = sz,z(x) P
1=0 1=0

= _Pona(®) P
1=0
Now, by using the property (5) of Theorem [7.2.1] we get

P*(z,a) =P(1 — z,a).

Theorem 7.3.2. The a-Bézier curves have the end point derivative property as

P'(0,a)=1—a)[Po+ (n—2)P, — (n—1)P] + an(P, — R),
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P'(l,a)=(1—-a)[(n—1)P, — (n—2)P,_1 — P, 2] + an(P, — P,_1).

Proof. From ([7.2)) and using [50] (Theorem 4.1), we have

|
N

n

P'(z,a) =(1 — «)

(]

[(l +1)AP 1+ (n—1— I)AP,] (n ; 2) (1 — z)" 2

" AP, (” N 1>y(1 _ ol

1

Il
=)

7

—l—an

1M1

In order to prove our results, we assign x = 0 for the first part and x = 1 for the

second part. O

Remark 7.3.1. The above property given in Theorem represents that tangent
at the point x = 0 is resultant of two vectors from Py to Py and Py to P,. Similarly,

the tangent at the end point x = 1 is also resultant of two vectors from P,_1 to P,

and P,_5 to P,_;.

7.4 Tensor Product a-Bézier Surfaces on [0,1] x [0, 1]

Let 12 = [0,1] x [0, 1]. We define two parameter family P(®1:%2) () of tensor product

Bézier surfaces of degree n; x no as follows:

ni ng

P(al’(m Zzpnl, an,j y) PZ»J’ ([E, y) € ]2
1=0 y=0
where -F)z,j S ng 1= 07 17 Ny, )= 07 ]-7 ©rt,Ng are the control pOlntS and pn1 z( )

pn2 (y) are defined as 1) The net obtained by joining the adjacent control points
in row or column, is called the control net of tensor product a-Bézier surfaces.

In the following subsection, we present the properties of a-Bézier surfaces.

7.4.1 Properties of a-Bézier surfaces

1. Corner point interpolation property: a-Bézier surfaces pass through all

four corner control points of the control net, i.e. P1:22)(0,0), P(®1:22)(0, 1),
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Plea2)(1.0) and P@1:92)(1,1) denoted by Py, Py, Pryo and Py, n, resp.

2. Reducibility: For a; = as = 1, we get the classical tensor product Bézier

surfaces.

3. Convex hull property: Since P(®1:°2)(z, y) is the convex combination of P,

then it lies in the convex hull of its control net.

4. Isoparametric curves property: The isoparametric curves for y = y; of a
tensor product a-Bézier surfaces are a-Bézier curves in the direction of x of

degree n; represented as

Pl (g yy) Z (pr 1) ,J) P (x), x€[0,1]

1=0

= pr @),

where ¢,(y1) me ,(y1) Py Thus Plere2)(g y,) are a-Bézier curves having

control points as qg(yl) @1(Y1)s - 5 qn, (7). In the similar way, we can define the
isoparametric curves for x = x; of a tensor product a-Bézier surfaces, which
are a-Bézier curves in the direction of y of degree ns.

The four special isoparametric curves, known as boundary curves are evaluated

at P(al,ocg)((]’ y),P(o‘l’m)(l, y)’ P(Oq,o&)(a:, O) and P(oq,ocz)(x, 1).

5. Partition of unity: The sum of p;! (z) * p;2 (y) is one

ni1 n2

e Y Y pat(x) paz (y) = 1.

1=0 =0

7.5 Calculating Control Points

The process of defining Bézier curves with given control points is indeed straight-
forward and well-established. However, the reverse task, which involves finding the

control points from given Bézier curves can be more challenging. In a paper referenced
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s [39], the authors presented an algorithm to determine the control points of cubic

Bézier curves with minimal error. Later, in 2019, Baydas and Karakas [35] proposed
a direct method to precisely find the control points of any given Bézier curve. Unlike
the previous algorithm that focused on approximation, this new procedure aimed to
identify the exact control points that generate the original Bézier curve. The direct
method seems to be a significant advancement in the field of Bézier curves manipu-
lation, allowing for precise control and reproduction of the original curves.
Inspired by the direct approach introduced in [35], we suggest a similar procedure to
find the control points for our a-Bézier curves. This new method is likely to yield
more accurate control points, providing better control over the curve’s shape and
behavior. Thus, we aim to achieve similar benefits for this particular class of curves.
In order to find the control points from given a-Bézier curves, we need to write the ba-
sis polynomial of the curve in form of power basis {z'}. Therefore, the given a-Bézier
curves can be rewritten as

gpgﬂ(x) R:é{(””)ﬂ-@w (7;__22>(1—a)(1—x).+ (7;)@:5(1—:5)}

(4

+ z: (7;:5) (1—a)z"'P, n_; (n z_ Z) (—x)
+2(JornE (")) o

By calculating the coefficients of like powers of x, we get

z:]?iz (z) P, =" { (g) (Z) (—1)"Py + (T) (Z : D (—1)"'P -

* (Z) (Z _ Z) (—1)””Pn} +am! {(1 —a) ((” 0 2) (Z - 1) (—1)"' Py

e T R (e )
(n—1)
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en in the following matrix form:

zr,a) =Y.A.P,

P

where Y

,(n+1)7

n—j+1

)(

—J+1
Z)j:1727"'

n—j+

=0,1,---
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P'=[PR], +=0,1,---,n, and P denotes the transpose of vector P. By comparing

the coefficients of like powers of x on both sides, the system reduces to
C=AP,

where C' is the coefficient matrix of the given a-Bézier curve. Now, in order to
compute P, which is the vector of control points of the a-Bézier curve, we solve this

system by P = A1 C.

7.6 Numerical Examples

In the present section, we give some numerical examples of a-Bézier curves and sur-
faces using Matlab software. From these examples, we can see the influence of a on
the classical Bézier curves and surfaces. Also, we find the control points for the given

a-Bézier curves.

Example 7.6.1. Let Py = (2,5), P, = (5,10), P, = (8,11) and P; = (11,6) are the
control points. We draw the a-Bézier curves for a = 1,0.5,0.1. For a = 1, the a-

Bézier curves reduce to classical Bézier curve. From the Fig. [7.3, we observe that as

il /
10

——control polygon
control points

Figure 7.3: Shape modification for o = 1,0.5,0.1

the value of v moves towards 0, we get flatten curve, which is smooth like classical

Bézier curve but more flexible than it.
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Example 7.6.2. In this example, we show the a-Bézier curves for certain values of
a, i.e. 1,0.5,0.1. From the Fig. we can see the bending of curve for the different

values of the parameter a.

—— Control Polygon
———ea=1

75k v = 0.5

6.5

551

451

Figure 7.4: Shape modification for o = 1,0.5,0.1

Example 7.6.3. Here, we present two «-Bézier patches to show the impact of the
parameters on the surfaces in Fig. [7.5. We have chosen two different pairs of param-

eters as o = 0.5, aps = 0.5 and vy =1, ag = 1.

.a1=0.1, a2=0.1
.a1=1, a2=1

Figure 7.5: a-Bézier patches with a1 = as =0.1, 01 = ay =1

Example 7.6.4. In this ezample, we can easily see from Fig. [7.6] that by changing
the values of parameters, we get different types of surfaces. So, a-Bézier surfaces are

helpful to modify the shape of surfaces with the same control points.
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(a) a1 =1, a0 =1 (b) a1 = 0.3, ag =1

(C) o] = 1, a9 = 0.5 (d) a1 = 0.5, a9 — 0.5

Figure 7.6: a-Bézier surfaces for different values of aq, g

Example 7.6.5. In the present example, we have represented two surfaces in a single

Fig. to show the comparison of both surfaces that are generated by parameters.

-a1=1,a2=1
mme,=0.1, 0,=0.1

Figure 7.7: Comparison of a-Bézier surfaces for a; = ag =1 and oy = as = 0.1

In the next examples, we find the exact control points for the given a-Bézier curve

by using our proposed method.

Example 7.6.6. Consider the a-Bézier curves P (x,a) = (P, (z,«a), P2 (z,a)),
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54x° 48z 63x?
where Py (1,a) = — Lot — 8 22 15042 and
182° 17423 2162* 54
Py (z,a) = T ggt + 5I — 5x + 5x + 6. This curve can be seen in Fig.

with the parameter a = 0.3. The matrix A for this curve is as follows:

X-axis

Figure 7.8: a-Bézier curve

1.0000 0 0 0 0 0
—4.3000  3.6000 0.7000 0 0 0
7.2000 —12.3000  3.0000 2.1000 0 0

—5.8000 15.3000 —11.1000 —0.5000 2.1000 0
2.2000  —8.1000  10.4000 —4.6000 —0.6000 0.7000
| —0.3000  1.5000  —3.0000  3.0000 —1.5000 0.3000 |

We can find the inverse of this matriz A as follows:

[ 1.0000 0.0000 —0.0000 0.0000  0.0000 —0.0000 |
1.0000 0.2000 —0.0151 0.0040 —0.0029 0.0068
1.0000 0.4000 0.0774 —0.0206 0.0149 —0.0348
1.0000 0.6000 0.2774  0.0528 —0.0383 0.0893
1.0000 0.8000 0.5849  0.3508  0.0908 —0.2118

| 1.0000 1.0000 1.0000  1.0000  1.0000  1.0000

ATl =
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7.6. Numerical Examples

Coefficient matrixz of the curve is

Ay BBy
o—| 5 5 5

18 174 216 54

— 9 = =

5 5 5 5

Now, by calculating A=' x C, we get the control points of the curve which are

258 5 8 11
6 9 6 3 0 3

Fig. represents the control polygon of calculated control points of the curve by
using our technique, whereas Fig. represents the control polygon of the points
and the curve generated by those points which justify our claim that we get exact

control points for the given curve.

Y-axis

X-axis

Figure 7.9: Control polygon of the a-Bézier curve

Example 7.6.7. Consider the curve P (z, ) = (P (z, ), Py (z, ) , P3 (v, ) , where

955x° n 509527 _ 96955 n 8005x°
2 2 2 2
+ 25,

P (z,a) = — — 11002* — 3002* + 2752% — 115z
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Y-axis
o = N w » (9] (2] ~ © (e}

1 1
10 11

N
w
IS
o b
(<)
~
©
©

X-axis

Figure 7.10: Control polygon and a-Bézier curve

_1525x8 662527 121752 592523 14752% 205z

P — 6 5

s () == S +6370s° — T5850° + — e 5
425,
43125 93927 272504 17452°

Py(z,q) = ; _ ; —a® 4107027 — == Ty > L4902 + 190z + 5,

where a = 0.5.

The matrix A for this curve is calculated below:

1.000 0 0 0 0 0 0 0 0
—7.500 7.000 0.500 0 0 0 0 0 0
24500  —46.000  18.500 3.000 0 0 0 0 0
—45.500 129.000 —114.000  23.000 7.500 0 0 0 0
A=152500 —200.000 275.000 —150.000 12.500 10.000 0 0 0
—38.500 185.000 —347.500 310.000 —117.500  1.000 7.500 0 0
17.500 —102.000 244.500 —305.000 202.500 —60.000 —0.500  3.000 0

—4.500  31.000  —91.000  147.000 —140.000 77.000 —21.000 1.000 0.500

| 0.500 —4.000 14.000  —28.000  35.000  —28.000 14.000 —4.000 0.500

We can find the inverse of this matrix A as follows:
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7.6. Numerical Examples

[ 1.0000

—0.0000 —0.0000 —0.0000 —0.0000 —0.0000 —0.0000
1.0000 0.1250 —0.0023 0.0001 —0.0000 0.0000 —0.0000
1.0000  0.2500  0.0318 —0.0018 0.0002 —0.0000 0.0000
1.0000 0.3750  0.1023  0.0131 —0.0016 0.0003 —0.0001
A7'=1.0000 0.5000 0.2091  0.0636  0.0084 —0.0018 0.0007
1.0000 0.6250  0.3523  0.1687  0.0598  0.0087 —0.0032
1.0000 0.7500  0.5318  0.3473  0.1983  0.0873  0.0168
1.0000 0.8750  0.7477  0.6181  0.4858  0.3509  0.2131
| 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
Coefficient matrix of the curve is
—9;5 50295 —96295 80205 —1100 —300 275 —115 25
= 1525 6625 6370 —7585 12175 5925 1475 205 o5
2 2 2 2
431 939 2725 1745
5 T3 -1 1070 5 g5 —490 190 5

—0.0000
0.0000
—0.0000
0.0001
—0.0004
0.0019
—0.0101
0.0722
1.0000

Now, by calculating A=! * C, we can find the control points of the given curve with

specific values of parameters as

t

25 10 5 10 =15 =10 O O 10
Q=125 10 30 10 10 —-10 5 15 20
5 30 35 40 40 25 20 8 30

Following the example in Fig. [7.11] we present the given curve and in Fig. [7.12]

we draw the control polygon of the calculated exact points by the proposed scheme.

Fig. represents the control polygon and the given curve simultaneously to justify
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Chapter 7. A Note on a-Bézier curves and surfaces

our claim.

35
304
25
20
15

10

5

20
10

0 < 5 10 15 20
X-axis
Y-axis

Figure 7.11: a-Bézier curve in three dimension

20 0 5

X-axis Y-axis

Figure 7.12: Control polygon of the a-Bézier curve
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30

A5 40”0 5 10
5 100 45 0
20 25 10

X-axis Y-axis

Figure 7.13: Control polygon and a-Bézier curve

7.7 Conclusion

With the help of the numerical examples, we can demonstrate that the parameter
a in a-Bézier curves allows us to adjust the shape of a classical Bézier curve. We
may modify the shape of the curve to any desired level by changing the value of a.
As a result, drawing homogeneous curves with the same attributes become simple.
Although we can determine these forms with the help of classical Bézier curves,
we must adjust the control points for each curve every time, that would be both
time-consuming and expensive. As a result, parametric Bézier curves help us save
money and time. We can observe about a-Bézier surfaces in a similar way. We
can find numerous surfaces that are identical to each other by varying values of the
parameters. The chapter also outlines a systematic procedure for determining control
points, allowing precise curve manipulation.

The parametric generalizations of Bézier curves helps us to find the more flexible
Bézier curves. We used this idea to introduce an another form of Bézier curves by

using the parameter ¢ in the next chapter.
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Chapter 8

g-Bézier curves with shifted nodes

8.1 Introduction

In [76], Han et al. modified the Bézier curves by incorporating Lupag g-analogue in
order to regulate the curves’ shape. When ¢ = 1, the generalization transforms into
traditional Bézier curves. Similarly, Khan et al. [92] generalized Bézier curves based
on shifted nodes using two real and non-negative parameters. The authors showed
that the curves generated over any sub-interval of [0,1] with the shifted nodes are
similar to classical Bézier curves.

Khatri and Mishra [93] defined the generalized Bézier curves by choosing Bernstein-
Stancu Chlodowsky basis polynomials defined by Aral et al. [26] by using a positive

dy
increasing sequence (d,,),>1 such that 11_>I£10 d, = 0, li_)m — = 0 in the following form:
= n n—oo0 n,

+b\" /¢ a \¥/n+a t\"F
a2y = (") (2 (— ) ( —) 8.1
wk(0) (k)( n ) d, n+b) \n+b d, ’ 8.1)

+ Zdn and a, b are the real numbers such that 0 < a < b.

where

n+ n+
The authors studied the properties of basis polynomials and the curves induced by

a n
d, <t <
pn <

these polynomials. They also defined De Casteljau algorithm and degree elevation for
these curves. Motivated by the advantages of parametric generalizations, we define
the g-Bézier curves of basis polynomials .

The present chapter is structured as: In the next section we present fundamental

results of g-calculus, which serves as the foundation for the subsequent sections. Sec-
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Chapter 8. ¢-Bézier curves with shifted nodes

tion focuses on the properties and characteristics of ¢g-Bernstein Chlodowsky basis
polynomials, exploring their applications and associated results. In section 8.4 we
study a generalized approach to Bézier curves utilizing ¢-Bernstein Chlodowsky basis
polynomials and their properties to preserve specific shapes. Section discusses the
degree elevation of these Bézier curves and in section [8.6, we give De Casteljau algo-
rithm tailored for these curves. These algorithms are essential tools for manipulating
and optimizing these curves. In the last section, we present some examples to show

the flexibility in the shape of the curve with the choice of parameters.

8.2 Preliminaries

Quantum Calculus or g¢-calculus is an advanced mathematical framework that ex-
tends the conventional notions of differentiation and integration by the incorporation
of a parameter ¢q. This generalization provides a significant versatility in mathemat-
ical modeling, allowing for the examination and resolution of intricate problems for
which conventional approaches may not be capable. It is extremely helpful in the
field of quantum mechanics, as it offers profound understanding of the dynamics of
discrete and continuous systems. Its broad applicability contains several disciplines
including Combinatorics, Number Theory, and special functions, making it a versa-
tile instrument for solving many mathematical and scientific problems. The g-analogs
of classical polynomials and functions in numerical analysis improves approximation
and interpolation techniques, resulting in more precise solutions. g-calculus provides
crucial tools for the development of algorithms and comprehension of quantum sys-
tems, so enhancing the theoretical and practical foundations of quantum computing
and information science.

Let us recall the basic definitions of g-analogs [80]. For a given real number ¢ > 0

and any m € N, we have

mly={ 14 . (8.2)
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Let N, = {[m], : m € N} be the generalization of the set of non-negative integers Nj.

For ¢ = 1, N, reduces to N.

For given m € Ny, [m],! is defined as

for m > 7 > 1 and 0 otherwise.

The Pascal type relation between g-Binomial coefficients is given by

7, =[]+ 5],
or

(5= [5], + [,

The product in g-analog is defined in the following way:

m—1 m

A+ =L +dv) =3 (7] v

J=0 Jj=0

(8.8)
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8.3 Properties of ¢g-Bernstein Chlodowsky Basis

Polynomials

Firstly, we define the g-analogue of (8.1)) as the basis polynomial for n € N in the

following form:

n <v_ o >k<[n]q—l—a_v)n_kk(k2—1>
pl \de o+ 8) \Wnly+58 d.) ¢

L) ==

P H(%ﬁg_LJrqjl (CZZ_[Tl]qO:rﬁ))
- 1 Z,k(v)’ (8.9)
ngtig_C;Jrqjl (L_MIO;B»M k

ad, [n];+a
mn+ﬁh%+ﬁ%}

Theorem 8.3.1. The basis polynomial has the following properties:

where v €

1. Non-negativity: py ;. (v) >0 forv €

2. Partition of unity: > pl, (v) = 1.
k=0

3. End point interpolation property

pq adn _ ]., kIO pq [n]q+ad _ ].7 /{;:TL
n,k ) n,k [n]q‘i‘ﬁ n
0, K#0 0, k#n

4. Reducibility: when q=1,d, =1 and o = = 0, it reduces to classical Bernstein

polynomials.

1 [n] v a
5. Symmetry: pl () =p? ( 7_ _ t) , where t = — — .
ot =Pk \ g, + 5 4. P

Proof. The proofs for the properties (1), (3), and (4) are quite simple. So, we left it

for the reader.
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8.3. Properties of g-Bernstein Chlodowsky Basis Polynomials

For property (2), consider

n n _n_ v Q k n a v " e
St =3 | (5 ptg) (-] o

k=0 | k [n]q + [n q + 5 dn
. (v« k
|7 d, [n]g+ B nlg+a v "@
_kzz:o . W <|:n:|q+/8 dn> q ) (8.10)
9 [n]q + ﬂ dn
Using (8.8), it becomes
v « v oo «
~ g (Infgta v ! d, [n]y+ 5 d, [n],+p
SR (e R N K e | e el I
n)g+58  dn ], + 5 dn
y__ >
n— dn [n]q + 6
- Hq1WﬁaV)
[nlg+ 8 dn
o

(e e e (e (e oy
[n]q + 0 d, d, [n]q + [n]q + 3 d, dy, [n]q + 3
nlg+a v (v a
XQ%+5cw” <%_Wﬁﬂ»
Sflnlgta v (v a
EQm+ﬁ<n“7(%‘wﬁw»‘ ey

Thus, by using and (8.11)), we get

n

zn:pi,k(V) _ Z . MZ,k(V) _1

= = nl,+a v i ( v « ))
(s (@ s
v o
Now, for property (5), consider t = — — .
y (5) PR gy

/"LgL,’n—k <V>

Prn—k() :jli[l (%Zig _ C;'n +q ! (0;; - [n]qoirﬁ>>
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e [n]qw‘t) L ( ], _t>‘

Hence, the proof is completed.

Now, we present the effect of different values of the parameter ¢ on the basis functions
by choosing n =5, = 0.2, 5 = 0.8,d,, = /n. In Fig. the value of ¢ = 1, whereas
q = 2 in Fig. 8.2 [

Figure 8.1: Basis polynomials for n =5, =0.2,5=0.8,d, =y/n and ¢ =1

Theorem 8.3.2. For n > 1, each n'* degree basis polynomial can be written as
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—pZ o)

—pZ,()

P2 ,(v)

Figure 8.2: Basis polynomials for n =4,a =0.2,5=0.8,d, = y/n and ¢ = 2

combination of two (n — 1) degree basis polynomials, i.e.

\Y «

pg*“*([nma () (i~ ) P

], + 5 dn

[n]q+a_ v

([n]q+a v+qn_1<cz/_ a )) ([n]q+5 dﬂ)}?ﬁi_l,k(v).

+

[n]q +8  dn

Proof. Consider

Using the recurrence equation (8.5)) of ¢-binomial coefficients

n n—1 n—1
= +4q ;
k k—1 k

q q q
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we get
k(k—1)
q B q 2 n—1 n—1
pnk(v) T n [n]q+a v i v a |:]{ 1 +qk k ]
jHl<[n]q+5_dn+q <dn_[n]q+5>> ! !
() 2]
d, [n],+ 0 nl,+ 08  dn
. q@ |:TL 1] v o K
2 (n], Fa v (v Q L1 (%_[n]q—i—B)
D g Gmes) Y
N, +a v ok qk(kil)qk n—1
- <[n]q+ﬁ - dn) Tz [n], +a v j—1[V o k
U5~ a "\, +0 q
) (2]
dy  [n]y+ B n)g+p5  dy
iz [n], + v -1(V o k—1 (dn_[n]q"_ﬂ)
D e Gmms)) Y
X(Mb+a__v>mk+ g Ttk n—1
], + 5 dn ﬁ [n]q+oz_l+ (v« L
s\l +8 T\ ol + 5 q
(o) (552)
dy [n]y+ B [n], +8 d, '
Hence, we reach at desired result. O

Theorem 8.3.3. Each n'" degree basis polynomial can be expressed as linear combi-

nation of two (n + 1) degree basis polynomials in the following way:

n—k+1] [n — k|
Phi (V) = Wﬁ%ﬂ,k (V) +|1- et 1]q Phigrr (V)
q q
Proof.
qn v noc qn v noe
P (v) =ph (v (1 - & - ) . o & - ) )
Mlatp — dn T4 (& - [nlqw) latB — dn T4 (& - [nlqw)
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([”]q+a _ L) q@

et dn n (V_ o )k
"“([nma_ﬂj_l(v_ o )) gl \do [l + 5
j=1 Mg+ 8 dn dy [nlg+ 8 !
(e ) re (i - i) :
e +5 dn ’ﬁ([n]q+a_v+j_1<V_ o )) g
n,+8 dn T \d. T, +8 .

)
><<V— a 6>k<["]q+o‘—v>nk. (8.12)

L e VPR L
’k _[”+1]q

E+1

n+1
k

, and

Since, we know
k [n+1],

n] _ [n—k+1],

kE+1 —k
gk {ni JZ — ( — [[Z " 1]]Z> . Using these equalities and (8.12), we get
k(k—1)

! (V):[n_kal]q q 2 n+1

m [ +1], "+1<[n]q+o‘ Yy jl(" a )) k
—— 4g -
j=1 Mg+ 8 dn dy [nlg+ 8 !
y (V - a )k‘ [n]q +a - V>n—k+1
L gk n+1
[n+1], [n]q"‘@_l+ -1V o k+1
j=1 nlg+58  dn ! dp [nlg+ P8 !

() (Bers-a)

Hence, we obtain the required result.

8.4 Construction of Generalized ¢-Bézier Curves

We define the generalization of Bézier curves with the help of the g-Bernstein Chlodowsky

basis polynomials in the following way:
C(v,q) = > _phu(v) P, (8.13)
k=0
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where P, k =0,1,--- ,n are the control points of the curves.
Theorem 8.4.1. The Bézier curves defined by (8.13)) have the following properties:

1. Bézier curves lie inside the control polygon determined by the control points.

L . ady, (n], + «
2. End point interpolation property: C < ,q) =F andC < 1 d,, q) =
[n], + 5 ’ [n], + 5

n-

3. Reducibility: for q =1, = =0, and d,, = 1, the curves (8.13) reduce to

classical Bézier curves.

Proof. The above properties are easy to prove by using the results of Theorem [8.3.1]

Hence, we omit the details. O

Theorem 8.4.2. The Bézier curves (8.13) have the end-point derivative property as

C,( ad, ) _Dl(P-R) (([n]q+0z dn’q> [n)y(P = Puy)

»q [nlq - n— [nlg )~
o + 6 dn ([nmﬂ) Inls +5 dng! ([n]q+3)
Proof. Let
- - fr, (V) Ci(v, q)
C(v,q) =) pl.(v)P = — : P, =
kz::() ‘ k=0 H <[n]q ta v s ( .« >> Ca(v,q)
S\l +8 dy dn [nlg+ B
Thus,
C(V, Q> C'2 (V7 q) - Ol <V7 Q)
Now, differentiating on both sides w.r.t. v, we get
C(v,q) C3(v,q) + Ca(v, q) C'(v, q) = Ci(v,q). (8.14)

n k n—k
E n v «Q nlg +« % k(k—1)
01 (V’ Q) = M?ql,k (V> Pk7 where H’Z,k(v) = (d - > <[ ]q — —d ) qu’
k=0 k n n

and by using (B11), Ca(v,q) = 3 4t ,(v).
k=0
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W45 =P A1) = Mbjﬁn’
(s =2 o (Gres) = (mess)

q(mfﬁ5”>:h%%in%<mfkﬁy1’%<wfﬁ5”>:(wlfm<mfkﬁyl'

Using these equalities and (8.14]), we get

[ oy _ [nfg(P — Ry)
C(mﬁwﬂ>‘d4vm)'

[n]g+8

Similarly, Using ({8.15)

o ([n]q+aqu> _p._ G, ([n] +adn,q> _ (

a4 B o+ 5 47
ot (B = hgmm)n><ML+ﬁ)
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Again, with the help of identity (8.14)), we find

, (([n]g + @) ) _ [n]y(Pn — Pa-1)
¢ ( w8 ") T g ()

ady .
Remark 8.4.1. This property represents that tangent at the point v = ————— s

[n]y + 8
the resultant of wvector from Py to Py. Similarly, the tangent at the end point v =
([nly + a)dn

[n]y + 8

is also the resultant of vector from P,y to P,.

8.5 Degree Elevation

Degree elevation has applications in computer graphics, CAD, and font design, where
it improves curve smoothness and complexity control. It is also used for data fitting
and interpolation, ensuring accurate curve representations.

Degree elevation of Bézier curves is a mathematical technique used to increase the
degree of a Bézier curve and control points while preserving its shape. This process
involves introducing new control points to create a higher-degree curve, allowing for
comparison with compatible curves. It is a valuable tool in computer graphics and
design for achieving smoother and more precise curves.

Let C(v,q) ank Py, where k=0,1,--- ,n

n+1
This curve can be represented as C(v, q) Z pd 414 (V) Dy, by applying the tech-

nique of degree elevation. In this process, we get (n—l— 2) control points Dy, to determine
new curves in the following way:

n—k+1], n—k+1],
Do=Py, Dyy=P, Dp=[1-""5"Ha)\p =8 THap
0 0 —+1 k ( [n—’—l]q k—1 [n+1]q k

where k = 1,2,--- ,n. Let A= [Py, P,--- , P,]T be the vector of (n+1) control points
for the given Bézier curves of degree n and B = [Dy, Dy, -+, D,1]T be the vector
of (n42) control points of the new Bézier curves of degree n + 1. We can find the

relationship between vectors A and B denoted by B = M,,;1 A, where M, is the
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matrix of order (n + 2) x (n + 1) defined as follows:

1
M = [n+1], %
1], 0 0o .. 0 0 0 |
[n+ 1], — [nly n, 0 0 0 0

0 m+1],—[n—1], [n-—1], 0 0 0

0 0 0 [n+ 1], — (2] 2], 0

0 0 0 0 n+1], — 1], 1],
I 0 0 0 0 0 [n + 1]q_

Similarly, we can also represent this curve to any higher degree curve without changing
its shape.
For m € N, we can find Bézier curves of degree n + m. The vector of control points

of degree elevated curves having degree n + m is RT = [Rg, Ry, , Ryim|, where

R =M, pn - M, oM, 1A. For m — oo, the control polygon converges to Bézier

curves.

8.6 De Casteljau Algorithm

The De Casteljau algorithm is a fundamental method for evaluating Bézier curves
and surfaces. It works by recursively dividing control points to find a point on the
curve. Starting with the original control points, it repeatedly computes intermediate
points along the curve or surface until the desired level of precision is achieved.

Consider P{ = P, where k =0,1,--- ,n.

Pi(viq) = (i~ %) P (v;q)
(Hes =+ (& - %)
i

(st =+ (i -

[nlg+5

Piii(viq),
)

(8.16)
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r=12--.n, k=01,--- ., n—r

The matrix to represent these points

oo(fets i (i)

[Plgte v n—r (v _ _«
a8 o ¢ (dn [n]q+5) 0 0
[nlgte v .
L. et v on—r (v a
L 0 0 WatB  dn 4 (dn [n]q+ﬁ)_

8.7 Numerical Examples

In the present section, we provide some examples to represent the control of the new

introduced parameters on the shape of Bézier curves.

Example 8.7.1. In Fig. we choose the parameters « = 0.2, = 0.8,d,, = v/n,
and the control points (5,0), (0, 10), (5,20), (15,20), (20, 10) and (15,0). In Fig.
we choose a = 0.5, 8 = 0.9, d,, = \/n, and the control points (2,5), (5,0), (15,10), (15, 15),
(—5,20),(=5,25),(5,35) and (8,30). From the figures, it is clear that the parameter q
is observed to alter the shape of the curves while keeping all other properties constant
as well as maintaining the same control polygon. This ability to modify the curves’

shape without changing the control polygon enhances to the curves’ flexibility.
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Figure 8.4: Shape modification with different values of ¢ = 0.5,1,2.7

8.8 Conclusion

control the shape of the curves by choosing the parameters.

The present chapter deals with the Bézier curve’s generalization, a technique that
empowers us to fine-tune the shape of these curves through the manipulation of
diverse parameters. Our exploration primarily focuses on g-analogue of Chlodowsky
Bézier curves, a versatile extension of the classical Bézier curves. Additionally, we
investigate the process of degree elevation and De Casteljau’s algorithm, an essential

tool for working with Bézier curves. This novel approach will give the flexibility to
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Conclusion

This thesis has significantly advanced the understanding and application of positive
linear operators across various contexts. One of the primary contributions is the im-
provement of the convergence rates of classical a-Bernstein Durrmeyer type operators

o ,(g;7) by introducing three modifications. These modifications have been shown
to achieve a better order of approximation, with the convergence of the operators
being independent of the parameters involved. While this chapter primarily focused
on operators of a single variable, we extended this study to multivariable functions,
highlighting the importance of bivariate operators. The subsequent chapter focuses
into the approximation characteristics of these operators, providing a comprehensive
analysis of convergence and the influence of specific parameters.

In addition, we have expanded the scope of some positive linear operators by in-
corporating relevant parameters, thereby enhancing their flexibility and accuracy in
various applications. We study both univariate and bivariate operators designed to
preserve specific polynomials under certain conditions, with a detailed examination of
their fundamental approximation properties. Also, we study the Durrmeyer-variant
of Lupasg type operators to approximate Lebesgue integrable functions and find its
approximation properties for functions of one as well as two variables. Our research
also extends to operators defined on infinite intervals, such as Baskakov type oper-
ators, demonstrating their superior approximation capabilities compared to classical
ones by introducing parameters, that helps to reduce the error of approximation of
the operators. All the theoretical results were validated with numerical examples and
graphical representations using MAPLE, MATLAB, and Mathematica.

In the realm of computer graphics, we explore the practical applications of positive
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linear operators particularly in defining generalized Bézier curves. We demonstrate
the flexibility and efficiency of a-Bézier curves and surfaces. We introduced an algo-
rithms to determine control points for given a-Bézier curves. Exploring the flexibility
of the Bézier curves by introducing a parameter, we led to the introduction of g-Bézier
curves, offering greater control over curve shapes through parameter manipulation and
providing valuable tools for creating flexible and homogeneous curves. We discuss its
various applications such degree elevation and De Casteljau algorithm. In the end,
some examples and the graphics of Bézier curves and surfaces were given to show the
effect of our introduced parameters.

In conclusion, this thesis tackles many significant deficiencies in the existing knowl-
edge base and paves the road for further investigation and real-world implementations.
The theoretical frameworks and practical solutions explored here emphasize the wide-
ranging influence and promise of positive linear operators. This study establishes a
solid basis for further progress in the discipline by offering fresh perspectives and
innovative solutions to emerging challenges. Subsequent research can utilize these
discoveries to deepen comprehension and utilization of positive linear operators, pro-
viding innovative strategies for intricate issues in Mathematics, Computer graphics,

and other domains.
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The research undertaken in this Ph.D. thesis sets the stage for numerous future inves-
tigations and developments. Building on the completed work, the following avenues

present significant potential for further exploration:

1. We can further extend the applications of positive linear operators in solving in-
tegral and differential equations by using it to a broader class of these equations.
Also, their convergence and efficacy can be studied to solve complex systems of
equations encountered in various scientific and engineering problems. We can
develop the computational algorithms to implement these solutions efficiently

in practical scenarios.

2. As we have studied the operators on positive real line, we can also explore the
definition and properties of novel positive linear operators defined on symmetric
intervals and conduct a comprehensive study on the theoretical underpinnings

and practical applications of these operators.

3. We can find the application of positive linear operators in the field of robotics,
particularly in areas such as control systems, path planning, and sensor data
fusion by developing the algorithms that leverage these operators to enhance
the precision and reliability of robotic operations. In this direction, one can
collaborate with robotics researchers and practitioners to test and refine these

algorithms in real-world robotic systems.

4. As we discussed the modification of existing positive linear operators to improve
their convergence rates on finite domain. Similarly, we can develop new tech-
niques in order to improve the rate of convergence of the positive linear operators

that are defined on infinite domain and study the mathematical properties and
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convergence behavior of these modified operators to apply these enhanced op-
erators to solve practical problems on infinite domains, such as in Physics and

Finance.

5. There are several other fields, in which we can extend the applications of positive
linear operators, such as Economics, Biology, and Environmental Science, to
solve their problems and identify potential interdisciplinary collaborations that

can benefit from the application of these operators.

By pursuing these future research directions, the contributions of this Ph.D. work
can be significantly amplified, leading to continued advancements in the field and
addressing emerging challenges and opportunities in both theoretical and applied

contexts.
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