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ABSTRACT

Fuzzy set theory 1965 is a powerful tool to deal with real-life situations. Real numbers
can be linearly ordered by = or =; however, this type of inequality does not exist in fuzzy
numbers. Since fuzzy numbers are represented by possibility distribution, they can overlap
with each other and it is difficult to determine clearly whether one fuzzy number is larger or
smaller than the other. An efficient approach for ordering the fuzzy numbers is by using a
ranking functionR: F(R) — R, where F(R) is a set of fuzzy numbers defined on the real
line, where a natural order exists. Thus, specific ranking of fuzzy numbers is an important
procedure for decision making in a fuzzy environment and, generally, has become one of the

main problems in fuzzy set theory.

It is obvious that we often face the difficulty of lacking precise information to assess
the risk of component made by a manufactory in an uncertain environment. In order to
overcome this problem, fuzzy number have been used to represent the fuzziness of evaluating
value in fuzzy risk analysis problem, where the task of ranking fuzzy number is very
important.

The present thesis contains four chapters.

Chapter 1 is introducing in nature in which literature related to the work is presented. Fuzzy
risk analysis based on fuzzy numbers with different shapes and different deviations (Lee and
Chen, [33]) has been reviewed in Chapter 2. In Chapter 3, Fuzzy risk analysis based on
ranking generalized fuzzy numbers with different left heights and right heights [19] has been
reviewed. Singh [40] proposed a ranking approach of fuzzy sets with different heights, which

is reviewed in Chapter 4.
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Chapter 1

Introduction

Fuzzy set theory, 1965 is a powerful tool to deal with real-life situations. Real numbers can
be linearly ordered by < or >, however, this type of inequality does not exist in fuzzy numbers.
Since fuzzy numbers are represented by possibility distribution, they can overlap with each other
and it is difficult to determine clearly whether one fuzzy number is larger or smaller than the
other. An efficient approach for ordering the fuzzy numbers is by using a ranking function
R:F(R) >R, where F(R) is a set of fuzzy numbers defined on the real line, where a natural
order exists. Thus, specific ranking of fuzzy numbers is an important procedure for decision
making in a fuzzy environment and, generally, has become one of the main problems in fuzzy set
theory.

It is obvious that we often face the difficulty of lacking precise information to assess the
risk of component made by a manufactory in an uncertain environment. In order to overcome this
problem, fuzzy number have been used to represent the fuzziness of evaluating value in fuzzy risk
analysis problem [9, 12, 14, 39, 43], where the task of ranking fuzzy number is very important. In
recent years, the topic of fuzzy risk analysis has been studied by some researchers [12, 14, 15, 18,
20, 28, 33, 39, 46]. To deal with fuzzy risk analysis problems, the evaluating values of the risk of

each sub-component are usually represented by fuzzy numbers.

Dubois and Prade [26] proposed a complete set of comparison indices in the framework of
Zadeh's possibility theory. This approach is related to previous ones, and its possible extension to
the ranking of n fuzzy numbers is discussed at length. Buckley [6] investigates the problem of

employing expert opinion to rank alternatives across a set of criteria and also employees fuzzy



arithmetic to compute an issue's fuzzy ranking. This leads to a partition of the alternatives into
sets Hy, Hy.... where H; contains the highest ranked issues; H; has all the second highest ranked
alternatives, etc. Liou and Wang [35] developed a ranking method based on the integral value
index. Kwang and Lee [31] considered the overall possibility distributions of fuzzy numbers in
their evaluations and proposed a ranking method. Chen and Chen [12] presented a method called
the simple centre of gravity method (SCGM) to calculate the centre-of-gravity (COG) points of
generalized fuzzy numbers and proposed a new method to measure the degree of similarity

between generalized fuzzy numbers.

Chang et al. [7] introduced a new ranking fuzzy numbers approach that can adjust expert’s
confidence and optimistic index of decision maker using two parameters (o and ) to handle the
problems and find the best solutions. Chen and Chen [14] proposed a method for ranking
generalized trapezoidal fuzzy numbers and compare the ranking results of the proposed method
with the existing centroid-index ranking methods. Lee and Chen [33] presented a new method for
ranking trapezoidal fuzzy numbers based on their shapes and deviations and presented a new
fuzzy risk analysis algorithm. Chen and Chen [15] presented a new method for fuzzy risk analysis
based on ranking generalized fuzzy numbers with different heights and different spreads. Wang
and Liou [45] presented an alternative ranking approach for fuzzy numbers called area ranking
based on positive and negative ideal points, which defines two new alternative indices for the
purpose of ranking. The two new indices are defined in terms of a decision maker attitude towards

risks, and the left and the right areas between fuzzy numbers and the two ideal points.

Wei and Chen [46] presented a new method for fuzzy risk analysis based on similarity
measures between interval-valued fuzzy numbers. It combines the concepts of geometric distance,
the perimeter, the height and the centre-of-gravity-points of interval-valued fuzzy numbers for
calculating the degree of similarity between interval-valued fuzzy numbers. They also proposed a

new division operator and an interval-valued fuzzy number adjustment algorithm. Chen and Wang
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[21] proposed a new method for ranking fuzzy numbers using the « -cuts, the belief feature and
the signal/noise ratios, where o e [0,1] and use the value of o as the weight of the signal/noise

ratio of each « -cut of a fuzzy number to calculate the ranking index of each fuzzy number.

Assady [3] improved Wang’s method and presented a revised method for ranking of LR
deviation degree fuzzy number. Chen et al. [18] presented a new method for fuzzy risk analysis
based on ranking generalized fuzzy numbers with different left heights and right heights. Chen
and Sanguansat [20] presented a new method for ranking generalized fuzzy numbers and with the
help of proposed ranking approach, they develop a new method for dealing with fuzzy risk
analysis problems. Chen et al [19] presented a new method for fuzzy risk analysis based on the
proposed new fuzzy ranking method for ranking generalized fuzzy numbers with different left
heights and rights heights. Singh [40] proved that the ranking method proposed by Lee and Chen
[33] is not genuine and proposed a new approach for the ranking of fuzzy sets with different

heights.



Chapter 2

Fuzzy Risk Analysis Based on Fuzzy Numbers with Different Shapes

and Different Deviations

2.1 Introduction

In this chapter, an existing method [33] for fuzzy risk analysis based on fuzzy numbers
with different shapes and different deviations is presented. To compare the method with the
existing methods [13, 22, 25, 33, 37, 48] some existing method is discussed. Finally, a fuzzy risk
analysis algorithm presented to deal with fuzzy risk analysis problems by using the existing fuzzy

ranking method [13, 22, 25, 33, 37, 48].
2.2 Preliminaries

In this section, some basic definition and arithmetic operations of fuzzy numbers are presented

[33].
2.2.1 Basic Definition

Definition 2.1 Let X be a classical set of objects. Then, the set of Ordered Pair A=

{(x, f,(x)):xe X} ,where f; : X —[0,1], is called a fuzzy set in X.

Definition 2.2 A fuzzy set A in the universe of discourse X with the membership function,
fo, fi - X =>[01]. If 3xeX such that f;(x)=1, then the fuzzy set A is called a normal

fuzzy set.



Definition 2.3 A fuzzy set A is called convex fuzzy set if 3 x,X, € X, such that

f (A% +@=A)%,) = Min (f,(x), fi(x,)), where 1<[0,1].

Definition 2.4 A fuzzy number is a fuzzy set in the universe of discourse X which is both normal

and convex.
Definition 2.5 A fuzzy number is said to be non normal fuzzy number if ¥V x e X, such that

0< u;(x) <1,

Definition 2.6 A fuzzy number A=(a,b,c,d;1) is said to be trapezoidal fuzzy number, if its

membership function is given by

f- . a<x<b

b<x<c

fi(x)=
fAR, c<x<d
0 , otherwise

Where, f; :[a,b] »>[0,1] denotes the left membership function of the fuzzy number A, and
f[\R :[a,b] - [0,1] denotes the right membership function of the fuzzy number A. The
membership function f; of the fuzzy number A is shown in Fig. 2.1 and Fig. 2.2 shows a non-

normal fuzzy number B =(a,b,c,d;w).

v
X

0 ;31 b c d
Fig. 2.1 A trapezoidal fuzzy number.
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Fig. 2.2 A non- normal fuzzy number.

2.2.2 Arithmetic Operations

In this section, some arithmetic operations between two trapezoidal fuzzy numbers, defined on

universal set of real numbers R, are presented [33].

Let A = (2, Ay, &, &Ly, Ry ) and A, =(8,, 8y, 8,8, L., Ry, ) be two trapezoidal
fuzzy numbers. Then,
i A ®A=(ay, a,, &, Ly, Ry )@ (2, 85, 85, 55 L, Ry
=(ay +ay, &, +8,, 8, +8,, 8, +3,,;min{L,, L}, min{R, Ry, })
i, AOA=(ay, 8, 8y, 8Ly, Ry )9 (81 8y, 8y, 3530, Roy)
= (2 8y, 8, — 8y, A, —8y,, 8y, —ay;min{Ly,, Ly}, min{R, R, })
ii. A ®A=(a,, 8, a;, 8, Ly, Ry )®(ay, ay, 8y, 8,5 Ly, Ry )
= (@, %8y, @y, Xy, By Xy, B, XAy Min{Lyy,, Ly, }, min{Ry,, Ry })

iV' Al @AZZ(ail’ a12' a13’ a14;L1H’ RlH)@(a217 a‘22’ a’237 a'24;L2H’ RZH)

= (311/3-24’ ay, /8y, 83/ 2y, a14/a21;min{L1H » Low }’ min{RlH Ron })



2.3 A review of some existing methods for ranking fuzzy numbers

In this section, some existing methods [7, 17, 25, 22] for ranking fuzzy numbers is briefly
discussed.
2.3.1 Cheng’s method : Cheng [22] presented a distance method for ranking fuzzy numbers

by calculating the centroid points of fuzzy numbers, where the distance is measured from

the original point to the centroid point of a fuzzy number. Let us consider a trapezoidal

fuzzy number A= (a,b,c,d;l) with the membership function f; , shown as follows:

x;a’ a<x<b

b-a

1 , b<x<c
0=1{ "

=% c<x<d

c—d

0 . otherwise

The centroid point (xA , yA) of fuzzy number A is defined as follow:

D C———y T

(x f;\L)dx+.:[(x)dx+Z[(x fAR)dx

X5z = b c d
j(f,;)dx+jdx+j(f;)dx
a b c
1 1
J(vai)de+ [(ya])dx
yA: 0 0

O e

(gk)dx{[(gﬁ)dx

Let us consider a non-normal fuzzy number B = (a,b,c,d;w) with the membership function f;,

shown as follow:



w(x—a) a<x<b
b—a ' -
1 b<x<c
fs(x) = '
w(x—d) < x<d
c—-d ' T
0 , otherwise

The centroid point (X, , Y ) of the fuzzy number B is defined as follows:

(x fEL)dx+E(x)dx+Ji-(x £ )dx

D — T

Xg = b c d
I(féL)dx+Idx+I(f§R)dx
a b c
1 1
J(vos)ax+[(vog)dx
Y = 0 0

O ey

(gg)dﬂi(gg)dx

Then, the ranking values numbers A and B are (x;\)2+(yl\)2 and /(x, )2+(yI§ )2 respectively.

The larger the ranking value, the better the ranking of the fuzzy number.

2.3.2 Chen-and-Lu’s method : Chen and Lu [17] presented an approach for ranking fuzzy
numbers based on the left and the right dominance. Their method only requires a few left
and right spreads at some «-levels of fuzzy numbers to determine the respective

dominance of a fuzzy number over the others. They define the lower and the upper limits

of the k™ & -cut for a fuzzy number A as follows:

= infxeR{xmi Zak}

ri,k =sup, {XV‘A Zak}



where |, and r,, are the left and right spreads , respectively. The left dominance D;; and right

dominance foj of a fuzzy number A over a fuzzy number AJ. is define as follows:

1 n

D! = n_+lk:0(|i,k—ljk )

DR:iZn:(r. —r )
i,j n+lk:0 ik j.k

Where “n+1” « -cuts are used to calculate the dominance. Then, the total dominance D, (/) of

A over Aj with respect to the index of optimism S €[0,1] is defined by the convex combinations

of D/ (8) and D (), shown as follows:

D ; (ﬂ):ﬂ Di?j _(1_ﬂ) Di%j

1 {ﬂ[kno(n,k—fj,k)}(l‘ﬁ){i("*_"‘k)}}

k=0

A decision-maker can rank a pair of fuzzy numbers A and AJ. based on the value of D, ;(5)
using the following rules:
i. IfD,(B)>0, thenA>A
ii. 1fD;(B)=0, thenA=A

iii. 1f D,(B8)<0, thenA<A



2.3.3 Chang et al.’s method : Chang et al. [7] presented a conceptual procedure for ranking

fuzzy numbers based on the adaptive two-dimensional dominance. A trapezoidal fuzzy

number A can be defined as A =(a,a,,a5,a,; L, Ry ) as shown in Fig. 2.3, where a,
and b, are called the left elements of the fuzzy number A; c;and d,are called the right

elements of the fuzzy number A . Chang et al.’s [7] method for ranking fuzzy numbers is

as follows:

Step 1. Get the values of Ry, L,,Rs and Lg of each fuzzy number A ,where
A =(a,a,,a,8,;L,,Ry) . Ry denotes the right height of the fuzzy number A, L,, denotes
the left height of the fuzzy number A R denotes the right spread of the fuzzy number A i.e.,

R =C + d;and L denotes the left spread of the fuzzy number A ie., L =a +b

Step 2. If a fuzzy number is normal, then the decision- maker only needs to consider the index of

optimism, S i.e.,, a=0. Otherwise, the decision-maker must further consider the degree of

experts’ confidence « i.e., he/she must consider the values of « and £, simultaneously, where

a e[O,l] and S e [0,1].
Step 3. Calculate the ranking value D, of each fuzzy number A as follows:
D :%{O‘[IB R (A )+(1_:3) Lin (A )} +(1- a)[ﬂ Ris ('Eﬁ )+(1_:3) Lis (A )}}

Where D, denotes the ranking value of the fuzzy number A R, denotes the right height of the
fuzzy number A L,, denotes the left height of the fuzzy number A R denotes the right

spread of the fuzzy number A i.e., Rs =C +d, and L, denotes the left spread of the fuzzy

10



number A i.e., Ls =& + b .The larger the value of D, the better the ranking of the fuzzy number

Fig. 2.3 A trapezoid fuzzy number

2.3.4 Deng-and-Liu’s method : Deng and Liu [25] presented a new centroid index ranking
method based on TOPSIS. The steps of the Deng and Liu’s method for ranking fuzzy

numbers is as follows:

Step 1. Translate generalized trapezoidal fuzzy numbers into standardized generalized trapezoidal
fuzzy numbers. Let A be a generalized trapezoidal fuzzy numbers in the universe of distance U,

where  U=[-m,m], A=(a,b,c,d) and mZmax(|a|,|b|,|c|,|d|). If 0<m <1, then the

trapezoidal fuzzy number A is called a standardized trapezoidal fuzzy number A.If m>1 then

the trapezoidal fuzzy number A can be translated into the standardized trapezoidal fuzzy number

A, shown as follows:

ng
m'm’'m

Step 2. Determine the COG point of each standardized trapezoidal fuzzy number.

podl

[
7\
3|

Step 3. Translate the COG point into the index point. Assume that the COG point of the

standardized trapezoidal fuzzy number A is (X,.y,) . Then, the index point (X}, y;) can be

obtained as follows:

11



X; = X, (2.1

* *\Sa - 1-wy,

Vi =(Wa—Ya)" x(ya—05) (2.2)
Step 4. Determine the positive point and the negative point. The positive alternative is
represented as (1,1,1,1;1) and the negative alternative is represented as (-1,-1,-1,-11) By
applying Equation 2.1 and 2.2, the positive point (x;,y;)and negative point (x:,,y’,;)can be

obtained, where

(x;, yp)=(1%j

(x;,y;):(—l,%j.

Step 5. Calculate the distance of the index point of each alternative from the positive (x;, y;)

point and the negative (x’,; , y;) point , respectively, as follow:

N R

4 =065 ) 4 (i)

Step 6. Calculate the index co-efficient, where the index co-efficient is defined to determine the
ranking order of the fuzzy numbers once the values of d"and d™of each fuzzy number have been

calculated. The index co-efficient 1C; of fuzzy number A is calculated as follows:

d-
IC. =
Adt+d”

The larger the value of IC;, the better the ranking of the fuzzy number A.

12



2.4 A method for ranking fuzzy numbers based on the shapes and the deviations of fuzzy

numbers

In this section, an existing method [33] is presented.
Let Ai Az,...and A be a set of trapezoidal fuzzy numbers, where A = (ay, a5, 85,845 Ly Ry )
and 1<i<n The method for ranking fuzzy numbers is now presented as follows:
Step 1. Get the values of L, R, Ly, Ry, Ls, Rs and Ty of each fuzzy number A where
A =(a1.8,.85.8, Ly Ry ).

L., denotes the left height of the fuzzy number A :

R,, denotes the right height of the fuzzy number A .

: : i, + 8
R,, denotes the average of the right elements a,, and a,, i.e., (RiM :%j
: a, +a;,
L,, denotes the average of the left elements a, and a,, i.e., | L, ==

R, denotes the standard deviation of the right element a,; and a,,

L, denotes the standard deviation of the left element a, and a,

13



. 12 12 Y
e, L= EZ; aij_EZ;aij
]= ]=

T denotes the standard deviation of the elements a, , a, , a, and a,

Step 2. Choose two proper values for «wand [ where « denotes the degree of experts’
confidence, a €[0,1], B denotes the index of optimism of the decision-maker and £ <[0,1] . In

general, let «=0.5and #=0.5 be proper values for ranking fuzzy numbers.

Step 3. Calculate the ranking values SR(A,) of each fuzzy numberA, shown as follows:

R(A)=a| AR (A)+(1-p)L (A) |+ (1) AR (A)+(1-p)Ly (A)-

H(8Re(A)+1- )L (A)+ T (A) @3

The larger the ranking value ‘R(A ) , the better the ranking of the fuzzy number [\ , Where 1<i<n

Example 2.1 [33] Assume that there are two sets of fuzzy numbers (i.e., Set 1 and Set 2) shown

in Fig. 2.4, where Set 1 has three fuzzy numbers, ie, A =(0.1,0.3,0.30511),
E§1=(0.2,O.3,O.3,O.4;1,1), (51:(1,1,1,];1,1); Set 2 has two fuzzy numbers, i.e.
A, =(-0.5,-0.3,-0.3,-0.1;,1,1) , B, =(0.1,0.3,0.3,0.5;1,1)

First we calculate rank of Set 1, In Set 1 given A =(0.1,0.3,0.3,0.511), Because

a=0.5and £ =0.5, the ranking values Now Equation 2.3 is

14



R(A)=al ARy (A)+(1- )Ly (A) ]+ (1-a) ARy (A)+(1-A)Lu (A)-
2(PRe(R) - A)1s (A) T (A))|
To calculate the value of %( A ) firstly, Calculate the value of R, (A ) and L, (A ) .

RM (Al) _ 313-5314 _ 03-;05 _04

L (A)- a, ;aﬂ _ 0.120.2 oo

Calculate the value of Ry (A ) and Ly (A ).

R (A)Jgjz“s‘,(am S )
e (s Rern))
- J%((os_%(o.% o.5)]2 +(0-5—%(0-3+°'5)ﬂ =01

A (333

J%{(aﬂ—%(awan)f +(au —%(amaﬂ)ﬂ
_ \/%{(oa-%(o.u 0.3))2 +(o.3—%(o.1+ o.3)ﬂ ~01

15




2

1 ? 1
all_z(a11+a12+a13+a14) + aiz_E(a11+a12+a13+a14)

2

1
2

1 2 1
+(a13_§(a11+a12 +313+a14)j +(a14_5(an+aiz +a13+a14)J

—

2

2
(0.1—%(0.1+ 0.3+0.3+ 0.5)] +(0.3— %(O.l+ 0.3+0.3+ 0.5)]

2

1
4 1 2 1
+(0.3—Z(O.l+ 0.3+0.3+ O.5)j +(0.5— Z(O.l+ 0.3+0.3+ 0.5))

:\/%(0.04+0+0+0.04) = 0.14142

A (A)1 L (A)-

Substitute all the above value in Equation 2.3
R(A)=05[05x1+(1-05)x05]+(1-05)[ 0.5x0.4+(1-0.5)x 0.2 -
1(0.5><o.1+(1—o.5)><o.1+ 0.14142) |=0.6098
3

Now, calculate rank of B, where B, =(0.2,0.3,0.3,0.4;1,1), Because a=0.5and #=0.5, the

ranking values. Now Equation 2.3 is



To calculate the value of %(B, ) firstly, Calculate the value of R,, (B, ) and L, (8,) .

RM (él) _ a5 ;'314 _ 0.3+0.4 —0.35
LM (Bl) _ aﬂ;aﬂ _ 02;-03 —0.25

Calculate the value of R, (B,) and L (B,).

(TSR]

= \/1[(03 %(O.3+ O.4)j2 +(0.4 - %(0.3 + O.4)jz] =0.05

T

= \/1[(02 - %(0.2 + 0.3)}2 +(0.3— %(0.2 + 0.3))2J =0.05

17



2

1 ? 1
a11_5(a11+a12+313+ai4) + a12_§(311+a12+a13+a14)

2

1
2 1 2 1
+(a13_§(a11+a12 +a13+a14)] ‘*{314 _E(a11+a12 +ay; +a14)j

2

2
(0.2—%(0.2+o.3+0.3+o.4)j +(o.3—%(0.2+o.3+o.3+o.4)]

1
4 1 ? 1 ?
+(0.3 - Z(O.Z +0.3+0.3+ O.4)j +(0.4 - Z(O.Z +0.3+0.3+ 0.4)j

_ \/%(0.01+0+0+0.01) — 0.070710

Ru (B)=1 L (B)=1
Substitute all the above value in Equation 2.3

R(B,)=05[0.5x1+(1-05)x05]+(1-0.5)[ 0.5x0.35+(1-0.5)x 0.25—

%(0.5>< 0.05+(1—0.5)x 0.05+ 0.070710)}0.6299

Similarly find the value of %(C, )inset1and %(A,)and (B, )in Set 2.

R(C,)=0.5[0.5x1+(1-0.5)x0.5]+(1-0.5)[ 0.5x1+(1-0.5)x 0.2~

1 05x0+(1-0.5)x0+0) |=1
(05x0+(1-05)

R(A,)=05[05x1+(1-0.5)x0.5]+(1-0.5)[05x-0.2+(1-0.5)x 0.4 -

%(O.Sx 0.1+(1-0.5)x 0.1+ 0.141213)}0.3098
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R(B,)=05[05x1+(1-0.5)x1]+(1-05)[05x0.4+(1-0.5)x 0.2 -

%(0.5x0.1+(1—0.5)><0.1+ 0.14142)}:0.6098

Based on Fig. 2.4, a comparison of the ranking values of the method presented in this chapter with

some existing methods [13, 22, 25, 33, 37, 48] are shown in Table 2.1

P

001020304 05 1.0 g © 05 -03 01 O 01 03 05

Setl Set 2
Fig. 2.4 Two sets of fuzzy numbers.

Table 2.1 A comparison of ranking values with different methods.

Ranking Methods Setl Set 2
A B C A B

Yager’s method [48] 0.3 0.3 - -0.3 0.3
Murakami et al.’s method [37] 0.3 0.3 - -0.3 0.3
Cheng’s method [22] 0.5831 0.5831 - 0.5831 0.5831
Chen-and-Chen’s method [13] 1.2359 1.2674 2 0.6359 1.2359
Deng-and-Liu’s method [25] 0.6214 0.6244 1 0.3756 0.6214
The presented method [33] 0.6098 0.6299 1 0.3098 0.6900

From Table 2.1, we can see the drawbacks of the existing ranking methods, which are described

as follows:

19



i.  The fuzzy numbers Aand B of Set 1 are different, but, by the existing methods [22, 37,
48], same ranking values are obtained..

Ii.  The existing methods [22, 37, 48] presented by cannot calculate the ranking value of the
fuzzy number C due to the fact that they make the denominator to zero.

iii. The fuzzy numbers A and B of Set 2 are different, however, the method presented by

Cheng [11] gets the same ranking values.

Table 2.1, also shows that the fuzzy ranking method presented in this chapter and the fuzzy

ranking methods presented by Chen and Chen [15] and Deng and Liu [25] get the same ranking

results. i.e., they get the same ranking order: “C>B > A”inSet 1 and get the same ranking

order: “B > A” in Set 2.
2.5 Fuzzy risk analysis problems

Assume that Cl,éz,....,(fn are n manufactories and assume that the component /:\ consists
of p sub-components A, A,,...., A, made by manufactory C,. Assume that two evaluating items
R, and W, are used to evaluate each sub-component A, to obtain the probability of failure R
of the manufactory Ci , Where ﬁik denotes the probability of failure of the sub-component ,&ik :
W, denotes the severity of loss of the sub-component Ak, 1<i<n and 1<k <p. The

structure we used to analyze the probability of failure R, of component ,&, made by manufactory

C, isshown in Fig. 2.5 [39].
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Component /&1 made by manufactory Ci

Probability of Failure R,

Sub-component A, Sub-component A, Sub-component Ap
Probability of Failure: R, Probability of Failure: R, Probability of Failure: R;,
Qeveritv nf | ness W. Severitv of 1 oss: W... Severity of Loss: W,

Fig. 2.5 The structure for analyzing the probability of failure R, of component A made by

manufactory C, [39].
2.5.1 Fuzzy risk analysis algorithm

In this section, the existing algorithm [33] for fuzzy risk analysis problems is presented. The step

of the existing algorithm [33] is as follow:

Step 1. Aggregate the evaluating items F?ik and V\7ik of each sub-component Ak of each
component A made by manufactory Ci by using Eq. (2.4) to obtain the probability of failure F~Qi

of each component A made by manufactory Ci , shown as follows:

R = ——— (2.4)
V\7ik

Mo

where, Iii =(ril’ fi2 Figs fias LRiH ) RRiH )’ Iiik :(rikl’ lic2 s fikar Mikas LRikH ) RRikH )

Wi :(Wikl’ Wik » Wiz s Wik g 5 LWikH1RWikH) 1<i<nandl<k<p
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Step 2. With the help of Eq. 2.3, choose two proper values of parameters « and £ and calculate

the ranking values ®R(R;) of the probabilities of failure R.,R,,R,,...R of the n manufactories
C..C,.C,,...C, respectively. The bigger the ranking value R(R, ) of the probability of failure R
, the higher the risk of the manufactory Ci , Where 1<i <n.

Example 2.2 [11] Assume that Cl,éz and CS are three manufactories and assume that the
component A consists of three sub-components A,,A,and A, made by manufactory C,,
Assume that two evaluating items R, and W, are used to evaluate each sub-component A, to

obtain the probability of failure Iii of the manufactory éi where Iiik denotes the probability of

failure of the sub-component Aik ,V\7ik denotes the severity of loss of the sub-component Ak .

Table 2.2 The severity of loss W, and probability of failure R, of the component A, .

Sub-

components Severity of loss Probability of failure
,&u W, = (0 04, 0.1,0.18,0.23;1.0,1.0) = (O 17, 0.22,0.36,0.42;0.9,0.9)
,5,12 V,, = (O 58,0.63,0.80,0.86;1.0,1.0) (O 32,0.41,0.58,0.65;0.7,0.7)
A, V,, =(0.0,0.0,0.02,0.07;1.0,1.0) = (0.58,0.63,0.80,0.86;0.8,0.8)
AZl V,, = (0. 04,0.1,0.18,0.23;1.0,1.0) =(0.93,0.98,1.0,1.0;0.85,0.85)
A22 V,, = (0.58,0.63,0.80,0.86;1.0,1.0) =(0.58,0.63,0.80,0.86;0.9,0.9)
A V,, =(0.0,0.0,0.02,0.07;1.0,1.0) =(0.32,0.41,0.58,0.65;0.9,0.9)
A, V,, =(0.04,0.1,0.18,0.23;1.0,1.0) =(0.17,0.22,0.36,0.42;0.95,0.95)
&2 W,, = (O 58,0.63,0.80,0.86;1.0,1.0) =(0.72, 0.78,0.92,0.97;0.8,0.8)
A, W,, =(0.0,0.0,0.02,0.07;1.0,1.0) = (0.58,0.63,0.80,0.86;1.0,1.0)
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Assume that R, and W, of the sub-component A, are as shown in Table 2.2, respectively, where

1<i<3 and1<k <3 andtake ¢ =0.5 and B=0.5.

Step 1. Based on Eq. 2.4, the probability of failure Iii of the component A made by

manufactory C, can be calculated, where 1<i<3, shown as follows:
|i1 = (Wn ® F:)n ®V\~/12 ® F§12 ®V\~/13 ® F:)13) @ (Wll G9\/012 ®V\713)
= [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) ® (0.17, 0.22, 0.36, 0.42; 0.9, 0.9) ©(0.58, 0.63, 0.80, 0.86;
1.0, 1.0) ® (0.32,0.41, 0.58, 0.65; 0.7, 0.7) ® (0.0, 0.0, 0.02, 0.07; 1.0, 1.0) ® (0.58, 0.63, 0.80,
0.86; 0.8, 0.8)] @ [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) & (0.58, 0.63, 0.80, 0.86; 1.0, 1:0) ® (0.0, 0.0,
0.02, 0.07; 1.0, 1.0)]
= (0.1659, 0.2803, 0.7463, 1.1545; 0.7, 0.7)

Iiz = (W21 ® ﬁZl ('szz ® Iizz @Wza ® Iizs) @ (\/\721 ®W22 @Wza)
= [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) ® (0.93,0.98, 1.0, 1.0; 0.85, 0.85) & (0.58, 0.63, 0.80, 0.86;
1.0, 1.0) ® (0.58, 0.63, 0.80, 0.86; 0.9, 0.9) & (0.0, 0.0, 0.02, 0.07; 1.0, 1.0) ® (0.32,0.41,

0.58, 0.65; 0.9, 0.9)] @ [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) @ (0.58, 0.63, 0.80, 0.86; 1.0, 1:0) @

(0.0, 0.0, 0.02, 0.07; 1.0, 1.0)]

=(0.3221, 0.4949, 1.1392, 1.6373; 0.85, 0.85)

|i3 = (W3l ® Iisl Evae,z ® F~\>32 G')\/933 ® Iiss) @ (WSl ®W32 ®W33)

= [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) ® (0.17, 0.22, 0.36, 0.42; 0.95, 0.95) @ (0.58, 0.63, 0.80,
0.86; 1.0, 1.0) ® (0.72, 0.78, 0.92, 0.97; 0.8, 0.8) ® (0.0, 0.0, 0.02, 0.07; 1.0, 1.0) ® (0.58, 0.63,
0.80, 0.86; 1.0, 1.0)] @ [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) ® (0.58, 0.63, 0.80, 0.86; 1.0, 1:0) @

(0.0, 0.0, 0.02, 0.07; 1.0, 1.0)]
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= (0.3659, 0.5134, 1.1189, 1.5984; 0.8, 0.8)

Step 2. Now, =05 and #=05, using equation 2.3, the ranking value m(ﬁl)ﬂ%(ﬁz)

and R (R, ) of probability of failures R;, R, and R, of the manufactories C,, C, and C; can be

calculated, where

R(R,)=05[05x0.7+(1-0.5)x0.7]+(1-0.5)[ 0.5x0.9504 +(1-0.5)x 0.2231 -
%(o.sxo.2041+(1—o.5)><o.0572+o.3933) =0.5560
%(ﬁz) =0.5[0.5x0.85+(1-0.5)x 0.85 | +(1-0.5)[ 0.5x1.3883+(1—0.5)x 0.4085 -

%(O.SX0.2491+(l—0.5)><0.0864+O.5241) =0.7589

R(R,)=05[05x0.8+(1-05)x0.8]+(1-0.5)[ 0.5x1.3587 +(1-0.5)x 0.4397 —

%(0.5 X O.2398+(1— 0.5)x0.0738 + 0.4925)} =0.0.7414

Therefore, the ranking order of the probabilities of failures R, R, and R, of the three
manufactories C,, C, and C, is” R< R,< R,”. It indicates that the ranking order of the risk of

the three manufactoriesC,, C, and C, is «“ C,< C,<C,”. The result coincides with the existing

method [13, 22, 25, 33, 37, 48].
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Chapter 3

Fuzzy Risk Analysis Based on Ranking Generalized Fuzzy Numbers

with Different Left Heights and Right Heights

3.1 Introduction

In this chapter, an existing method [19] for fuzzy risk analysis based fuzzy ranking method for
ranking generalized fuzzy numbers with different left heights and right heights is presented to
overcome the drawbacks of the existing fuzzy ranking method [19]. Then, a method for fuzzy risk
analysis based on the fuzzy ranking method, in which evaluating values are represented by

generalized fuzzy numbers is presented.

3.2 A method for ranking generalized fuzzy numbers with different left heights and

right heights

In this section, an existing a method for ranking generalized fuzzy number with different left
heights and right heights is reviewed. Also some properties, which are used in existing method

[19] are discussed.

3.2.1 Existing method

Let n generalized fuzzy numbers A, A A,..A to be ranked, where

A :(Xil’xi21xi3lxi4; :uiL’/uiR)1_Oo SXSX SXSX S0y € [O’l]wuiR e[O,l] i denotes
the left height of the fuzzy number A, u, denotes the right height of the fuzzy number A and

1<i<n. The steps of method for ranking generalized fuzzy number with different left heights
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and right heights calculates the area on the positive side, the area of negative side, the centroid of
generalized fuzzy numbers to evaluate the ranking scores of generalized fuzzy number are as

follows:

Step 1. Calculate the left area and the right area of each generalized fuzzy number. The area of

generalized fuzzy number A is divided into the left negative area LN, and the right negative area

RN;, the left positive area LP, and the right positive area RP, where 1<i <n, describe as

follows:
Case 1. The Left Negative area LN, denotes the area from the generalized fuzzy number
(—1,—1,—1,—1;max{yL,/,zR},max{yL,yR}) shown in Figs. 3.1(a), 3.2(a) and 3.3(a) to the

membership function curves of g, or g, are depending on the values of 4z and ;:

Case (la). If g > pgor y = p. Then

X

LN, :jf(x) dx—]ggl(x) dx (3.1)

-1 Xq
Case (1b). If 4 < py.Then

X

LN, =If(x) dx—{]g 9, (x) dx+Tg2(x) dx] (3.2)

-1

Case 2. The Right Negative area RN, denotes the area from the generalized fuzzy number
(-L-1,~L-Lmax{s , g },max{s , o} Jshown in Figs. 3.1(b), 3.2(b) and 3.3(b) to the

membership function curves of g, are depending on the values of x and p:
Case (2a). If y < pgor g = pg.Then
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RN, j ) dx + j gs (X (3.3)

Case (2b). If 1 > p, Then

X5

RN, =[ f(x) dx+ng dx+jgs ] (3.4)

-1

Case 3. The left positive area LP denotes the area from the generalized fuzzy number
(1,1,1,1; max{,uL,/,lR},max{yL,yR}) shown in Figs. 3.1(c), 3.2(c) and 3.3(c) to the membership

function curves of g, are depending on the values of 4, and

Case (3a). If y > pg or gy = pp.Then
1 X,
LP :I f(x) dx+jgl(x) dx (3.5)
X X

Case (3b). If 1 < pg.Then

LP = jf( o|x+[jgl c|x+jg2 J (3.6)

X3 X X2

Case 4 The right positive area RP, denotes the area from the generalized fuzzy number
(11,11 max{yL,yR},max{yL,yR}) shown in Figs. 3.1(d), 3.2(d) and 3.3(d) to the membership
function curves of g, or g, are depending on the values of x and u;:

Case (4a). If y < pgor g = pg.Then

RP :j.f(x) dx—ng(x) dx (3.7)

X3
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Case4b. If g > p; . Then

(3.8)

(b)

A

M = Hg

©)
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T

H = Hg

P
4

-1 0
(d)

Fig. 3.1 The areas on the negative side and positive side of generalized fuzzy number A
when 1 = g, (@) LN;, (b) RN;, (c) LR, (d) RR.
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A

H

I

(d)

Fig. 3.2 The areas on the negative side and positive side of generalized fuzzy number A when

(d) RP.

M > pg, (@) LN, (b) RN;, (c) LR,

A

Hg




A
F U
f
0;
< » X
-1 0 X X X X 1
(b)
A
F U
f
0,
< : » X
-1 0 X X X X 1
(©
A
F s
f ) LI
0,
< : » X
-1 0 X X X, X, 1

(d)

Fig. 3.3 The area on the negative side and positive side of generalized fuzzy number A when

< s, (@) LN;, (b) RN, , (6) LR, (d) RR.
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i.  when g =, theareaof LN,, RN., LP andRP are shown in Fig. 3.1 respectively. .
ii.  when g >y, theareaof LN,, RN., LP andRP, are shown in Fig. 3.2 respectively.
iii.  when g <u,,theareaof LN,, RN., LP andRP, are shown in Fig. 3.3 respectively.
Step 2. Calculate the sum M, of the negative areas and the sum N, of the positive areas of
each generalized fuzzy number A, where

M, =LN +RN, , 1<i<n (3.9)
N,=LP+RP , 1<i<n (3.10)

Step 3. Calculate the centroid C(:&, ) of each generalized fuzzy number A, , shown as follows:

Z;uik Xik

¢(A)=*L—  1<i<n (3.11)

n

Z Hik
k=1

Step 4: Calculate the ranking Score(A ) of each generalized fuzzy number A , shown as follow

M, +N, +(_l—|c(A)|)

Score(ﬁ,): , 1<i<n (3.12)

The larger the value of Score( A ), the better the ranking order of A, where 1<i<n.

3.2.2 Proporties

Property 1 (Zero property)

Let A = (X, %, Xg, X5 44, Hg ) be a generalized fuzzy number. If -1<x <x, <X <X, <1, g

=g and X+ X, +X, + X, =0, then Score(A )=0.
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Proof: To satisfy the equation X + X, + X, + X, =0, let X, = —X, and X, = X, such that the
equation becomes X + X, + X, + X, =0. If A = (X, %, X5, X,; 4, 14 ), Where—1<x <X, <X,

<X, <1 p =p;, and X+ X, +X% + X, =0, as shown in Fig. 3.4. From equation 3.1, 3.3, 3.5

and 3.7, we can see that

P2

s

v

A

X3 Xg 1

Fig. 3.4 Generalized fuzzy number /3& and F .

X

LN, :jf(x) dx—xfgl(x) dx

-1 X,

1 Xo
LP, :f f (x) dx+Igl(x) dx
X2 X

X3

RN, :If(x) dx+ng3(x) dx

-1 X3

1

RP =I f(x) dx—xfgg(x) dx

X3 X3

Then, based on equation 3.9 and 3.10,
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M,= LN, +RN, = ]gf dx — J'gl x) dx + Tf(x) dx+Tg3(x)dx
] -1

N, = LPl+RPl:j‘f dx+J'g1 dx+jf(x)dx—xfg3(x)dx

Therefore,

Mlle[Tf dx—jgl dx+j dx+Ig3 de
Uf o|x+jg1 dx+j X)dx — ng ]

%X 1 1

=£f(X)dX XIf( x)dx — 2jg1 dx+.|‘ ;[f(x)dx+2:fg3(x)dx

The area of J. g, (x)dx is equal to the area of I g, (x)dx, the area of j x)dx is equal to area of
X3 X

X3

1
'[ f (x)dx, and the area of J' x)dx is equal to the area of '[ f (x)dx shown in Fig. 3.4

X -1

X3 1

f(x)dx—jf( X)dx — 2_[91 dx+I —If(x)dx+ZTgl(x)dx

-1 Xy

M, — N, =

0

X —

M1+Nl=£xff dx—jgl dx+j dx+jg3 de+
-1
Uf dx+jg1 dx+I x)dx — ng ]

X

= [ £(x dx+j dx+j dx+j

-1
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As ifl f (x)dx +j f (x)dx= Jl' f(x) and Xf f(x)dx+j f (x)dx =jlf (x) dx Therefore,

-1 -1 X3

1 1 1

:j f (x)dx +:[1f(x)dx = 2j f (x)dx

-1 -1

From Fig. 3.4 and based on equation 3.11,

C(Ai)_kzl“'ulkxlk_O><x1+,u|_><X2+,uR><X3-i-0><X4
L - O+ p +pz +0

Hy
2t

My XX+ Hg X
A Mg

Because 4 = iz = p, we get

A p—y
2p U
On using equation 3.12, the ranking is
Score(,&l)z M, ~N, = 0 =0

X, + X,

M, + N1+(l—‘C(A)‘) 2j‘ f (x)dx+(l—

-1

|

Property 2 (Symmetric property)

11 A = (XX Xkt i) A0 By = (X1 X=Xy = Xt 1) Where 1< %, <%, <X,

<X, <1 and 4 =y, then Score(A )=—Score(A, ).
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Proof: If A = (X, %,, X, X,; 4, 4 ), Where =1<x <%, <x,<X, <1 and g =g, as shown in

Fig. 3.5, then based on Equation 3.1, 3.3, 3.5 and 3.7, we can see that

LN, :'[ f(x) dx— J. 0y, () dx
-1

X

1 %
LP, :I f(x) dx+jgll(x) dx

X

RN, = £ (x) it [ gy (x) i
O

X3

1 X
RP, =_[ f(x) dx—jglg(x) dx

X3

Based on Equation 3.9 and 3.10,

M, = LN, +RN, = xff dx — jgn ) dx +Xff(x) dx+Tgls(x) dx
1 -1 X

Z
1
—
)
+
)
V)
11
R C—y

1 X
f( dx+_|‘gll x) dx+ J' f(x) dx—J.ng(x) dx
Therefore,

M, - N, U Igll dx+j dx+J‘g13 dx}
Uf(x)dx+fg11 dx+_[ X)dx — Igls ]

X Xy X3 X3

X 1 X X3 1

:I f (x)dx —_[ f(x)dx - 2.|‘ gy, (x)dx + I f (x)dx— j f (x)dx+2xf 0,5 (x)dx

-1 Xo X -1 X3 X3
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M1+N1_U Igﬂ dx+j dx+Ig13 dx}r
Uf(x)dx+fg11 dx+j x)dx — Igls ]

= [ £(x dx+j dx+j dx+j

As _[ X ) dx +I X= j f(x) and ]jf(x)dx+'1[ f (x)dx =j'lf (x) dx Therefore,

-1 X3

M, + N, :j. f (x)dx +j' f(x)dx = ZI f (x)dx

Using Equation 3.11 and Fig.3.5,

c(,&l)— kzzl:#“‘ X L OXXg XXy + g X Xy 0% X,
Zn:/“‘i O+ gy + s +0
k

_ M Xt R X
Ayt g

Because p =t = 1,

Based on Equation 3.12, the ranking Score(Ai) is calculated as follow:
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Ml_Nl

oo A e [e(&))

%o 1 1

J; f (x)dx —J f(x)dx— ZZf 0y, (X)dX + ]j f(x)dx— J f (x)dx+2:f 0,5 (x)dx
Xf f (x)dx —j f(x)dx— 2;|Z 0y (X)dx + ]31 f (x)dx— j f (x)dx+2T 0, (x)dx

-1 Xo X3 X3

X, + X5

zj f(x)dx+(1—

-1

1
2J.f(x)dx+(1—X2J2rx3j
-1

If A = (=X, —Xg,— X, — X; 4, 11z ), Where =1<x <X, <X <X, <1 and g =g, asshownin

Fig. 3.5, then based on Equation 3.1, 3.3, 3.5 and 3.7,

—X3 —X3

LN, =I f(x) dx— j 0, () dx

-1 —X4

—Xg

LP, =:1[ f(x) dx+ f 0, () dx

3 —X4

—X —X

RN, = [ (x) dx+ [ g, (x) dx

-1 %

—X

RP, :j F (%) dx— [ gys(x) dx

—Xp

Based on Equation 3.9 and 3.10,
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—-X3 X3

M,= LN, +RN, = [ f(x) dx— [ g, (x
-1 —Xg
1 —X3
N,= LR+RP, = | f(x) dx+ [ g,(x)

—X; —X

) dx + jlf(x) dx+ [ g () dx

—X,

—X

der [ £ 0 | 9,()

—X3 —-X3

Therefore,
M,-N, = _IX J'g21 x)dx + I dx+J'g23 de
j' f(x)dx+_f3921(x)dx+ _1[ f(x)dx—fX1 gzs(X)dxj
=f f (x)dx —j' f (x)dx— 2J§3921 dx + J' X) dx — j' f( dx+2J§1g23
-1 —Xg Xy Xy Xy

The area of j 0, (X

—X4 X3

—X3

area of fgll(

X -1

—Xy

1
J' f (x)dx is equal to the area of _[f(

-1 X,

X5

If( )dx , and the area of I

-1 —X3

X3

M,—N, =Jl'f(x)dx—jf(x)dx—zx_f913(

-1

39

x)dx is equal to the area of J' 05 (X
x)dx, the area of J' f (x)dx is equal to the area of J'

x)dx , the area of j

x)dx +J1'f X

x)dx, the area of j Uy (X

—Xp

x)dx is equal to

dx the area of

X3

x)dx is equal to the area of

—Xy

X3

dx is equal to the area of I f (x)dx . Therefore, we can get

-1

X

dx— [ f(x o|x+2jg11

-1



X 1 X X3 1

=— (J f (x)dx —I f(x)dx— 2_[ 0y, (X)dx + _[ f (x)dx— I f (x)dx+2T gl3(x)dx}

-1 Xy X, -1 X3 X3

—X3 —X3 —X2 =X

M,+N, = If(x)dx—fgm dx+I dx+J'g23 dx}+

-1 —X4 —Xp

j f(x)dx+_f 0, (X)dx + j x)dx — I O (X J

—X3 X, Xy X,

—X3 )

:If(x)dx—jf dx+j dx+.|.

-1 —X3 -Xy

As _f X)dx — j f (x)dx= j f(x) and _j: f(x)dx+ _l[ f (x)dx =jlf(x) dx Therefore,

—X3 -1 -Xy

M, + N, =J1‘f(x)dx+j.f(x)dx: Zj.f(x)dx

Using Equation 3.11 and Fig. 3.5,

(Az) Z’UZK B OX =X+ X=Xt g X=Xy 0= X
O+ +us +0
Zﬂzk

_ T XX TR X
M+ Hg

Because p =tz = p,
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On using Equation 3.12, the ranking Score(A4,) is calculated as follow:

" M, — N
Score( A, )= ==
(%) My + N+ (1= [o(A ))
~ iflf(x)dx —j f(x)dx— Zngll(x)dx+]§lf(x)dx— j f (x)dx+23il 0,5 (x)dx

1
2J' f(x)dx+[1— XrX

-1

|

T
>
>

3 .
o o

P
<«

-1 —X4 —X3 — X —X1 0 Xq Xy X3 Xy 1

Fig. 3.5 Generalized fuzzy numbers A = (X, X,, X, Xy o g ) and A, = (=X, = Xg, = Xy, — X;;

,UL’/JR)

Therefore, Score(A_L ):— Score(A2 )
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Property 3 If A =(L11L 4,44 ), where s, = . Then Score(A )=

Proof: If A =(L1LL 4,4 ), where = 1, as shown in Fig. 3.6, then based on Equation 3.1,

3.3, 3.5and 3.7, we can see that

Based on Equation 3.9 and 3.10,
1
M,= LN, +RN, = [ f(x dx+j ) dx = 2j
-1
N,= LR +RP, =0.

Therefore,

1 1
M, =N, =2 f (x)dx—0 = 2[ f (x)dx
-1

-1
M, + N, _2j x)dx +0 = 2]’

Using Equation 3.11 and Fig.3.6,
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) 2 K _ 0Lt g XLt gt x140x1
$ O+ +us +0
Z,uu( H T Hg

k=1

._;(>z

d

— He +IUR =1
M+ g

On using Equation 3.12, the ranking score Score(ﬁ\l) is calculated as follow:

.1[ f (x)dx
Score('&i)= M~ = =1
Mo+ N (1-0(A)]) 2] ¢ () (1)
= H = He Ai
f
: —> X
-1 0 !

Fig. 3.6 Generalized fuzzy number A = (L1111, 14)

Property 4 If A =(0,0,0,0; 4, 4, ), where g =yt Then Score('&l)= 0

Proof: If A = (0,0,0,0; 4, 115 ), where 1 = 5, @ shown in Fig. 3.7, then based on Equation 3.1,

3.3, 3.5and 3.7, we can see that
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Based on Equation 3.9 and 3.10,

Therefore,

The area of I

M,= LN, +RN, = Tf dx+j ) dx = 2]
-1

N,= LP+RP, = Jl‘f dx+j ) dx = 2j
0

0 0
M, =N, =2 f(x)dx-2[ f (x)dx =0
-1

-1
dx is equal to the area of j dx.

M, —N, = ZT f (x)dx—Zj' f(x)dx=0

-1

M, + N, _2j dx+ZI :2jf(x)dx

Using Equation 3.11 and Fig.3.7,
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>

- 2 _0x0+ g1, X0+ st x0+0x0

c =
( Zn:ﬁﬁk O+ +us +0

M+ Uy

On using Equation 3.12, the ranking score Score(Al) is calculated as follow:

Score( A )= M, —N, = 0 =0

Mo N (AN o -p)

=

F H = Hy

A
v
>

-1 0 1

Fig.3.7 Generalized fuzzy numbers A = (0,0,0,0; 44, , 15 )
Property 5 If A =(-1-1-1-1 1), where g =z, Then Score(,&i)z

Proof: IfA =(-1-1-1-1,4;), where g =g, as shown in Fig. 3.8, then based on

Equation 3.1, 3.3, 3.5 and 3.7, we can see that

1
LN, = f (x) dx=0
-1

45



Then, based on Equation 3.9 and 3.10,

M,= LN, +RN, = 0.

f dx+j dx 2_[

=z
1
—
—~J
+
s,
U
1
Le—r

Therefore,

M,—N, = 0— zj dx_—zj

M, + N, _0+2j dx—zj

Using Equation 3.11 and Fig.3.6,

C(AL) B kzzll'ulk X COx=1+4 4 x=1+py x=1+0x -1
9 - O+ + 5 +0
qulk He T Hg
A TR g
My + g

On using Equation 3.12, the ranking score Score(Al) is calculated as follow:
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—2Jl-f X)dx
Score(Ai) M, —N, = = -1

M, +N +( ('5‘1)‘) ZI (x)dx+(1-|-1)
F H = Hg [ '&1
f
< » X
-1 0 1

Fig.3.8 Generalized fuzzy numbers A =(-1-1-1-1; s, 15 )

3.3 Comparative Study

The results obtained by the ranking method [19] and by the existing methods [14, 15, 20, 22, 23,

37, 47] are compared in Table 3.1.

i.  For the fuzzy numbers A and B shown in Set 1 of Fig. 3.9, the ranking order obtained by
the existing methods [19, 20, 22, 23, 37, 47] and the presented method [19] is same i.e., B
> A which coincides with intuition of human being due to the fact that the center of gravity
of B on X-axis is larger than the center of gravity of A on the X-axis.

ii. For the fuzzy numbers A and B shown in Set 2 of Fig. 3.9, the ranking order obtained by

the existing methods [20, 22, 23, 47] and the presented method [19] is same i.e., A = B

which coincides with intuition of human being due to the fact that the center of gravity of B

on X-axis is larger than the center of gravity of B on the X-axis. But by the existing
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Vi.

methods [14, 15, 37], the ranking order is B > A which does not coincide with the

intuition of human beings.

For the fuzzy number A and B shown in Set 3 of Fig. 3.9, the ranking order obtained by
the existing methods [19, 20, 22, 23, 37, 47] and the presented method [19] is same, i.e., A
= B, which coincides with intuition of human being due to the fact that the center of gravity
of B on X-axis is larger than the center of gravity of A on the X-axis. But by the existing

methods [14, 15, 37], the ranking order is B > A, which does not coincide with the

intuition of human beings.

For the fuzzy number A, and B shown in Set 4 of Fig. 3.9, the existing method [47] is A =
B, which does not coincide with the intuition of human beings due to the fact that the
height A is less than the height of the B, the ranking order obtained by the existing

methods [14, 15, 20, 22, 23, 37] and the presented method [19] is same,, B > A, which

coincide with the intuition of human beings.
For the fuzzy number A and B shown Set 5 of Fig. 3.9, the existing methods [22, 23, 37,

47], cannot calculate the ranking score of the crisp valued fuzzy number B , whereas the

ranking order obtained by the existing methods [14, 15, 20] and the presented method [19] is
same,i.e., B > A, which coincides with intuition of human beings.

For the fuzzy number A and B shown in Set 6 of Fig. 3.9, the existing method [22] gets
the ranking order A = B, which does not coincide with the intuition of human beings due to

the fact that the center of gravity of B on the X-axis is larger than the center of gravity of A

on the X-axis. But the ranking order obtained by the existing methods [14, 15, 23, 37, 47]

and the presented method [19] is same, B > A, which coincide with the intuition of human

beings.
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Vili.

viii.

For the fuzzy number A and B shown Set 7 of Fig. 3.9 the ranking order obtained by the

existing methods [14, 15, 22, 23, 37, 47] and the presented method [19] is same i.e., B > A

, Which coincides with intuition of human beings.

For the fuzzy number A,B and C shown Set 8 of Fig. 3.9, the ranking order obtained by
the existing methods [14, 15, 23, 37, 47] and the presented method [19] is same i.e., C > B
> A, which coincides with intuition of human beings due to the fact that the center of
gravity of C on the X-axis is larger than the center of gravity of B on the X-axis, which is

also larger than the center of gravity of A on X-axis. But the existing method [14, 37, 47]

get the same ranking order B >C > A.

| | " | |
01 02 03 04 05 06 07 08 09

A=(0.1,0.3,0.3,0.5;11)
B=(0.3,0.5,05,0.7;11)

v

=

Set 1
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01 02 03 04 05 06 07 08 09 -
A=(0.1,0.2,0.4,0511)
B=(0.10.3,0.3,0.5,11)
Set 2
| ! L1 >
01 02 03 04 05 06 07 08 09
A=(0.1,0.3,0.3,0.5;11)
B=(0.2,0.3,0.3,0.4;1,1)
Set 3
A
1.0 .
0.9}
08fc---------- A
0.7 !
0.6/ ;
0.5 !
0.4
0.3~ :
02— !
01 [ |1 1 | >

01 02 03 04 05 06 07 08 09
A=(0.1,0.3,0.3,0.5;0.8,0.8)

B=(0.1,0.3,0.3,0.5:11)
Set 4
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B
01 I ||
01 02 03 04 05 06 07 08 09 10 g
A=(0.1,0.2,0.4,0.5;1,1)
B=(1.0,1.0,1.0,1.0;1,1)
Set 5
A
freeeeees 1.0-:--------8,
0.9 5
08— !
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04 !
03[ 5
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0.8]—
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0.5
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04 05
A=(0,0.4,0.6,0.8,1,1)
B=(0.2,0.5,0.5,0.9;11)

C=(0.1,0.6,0.7,0.8;1.1)

Set 8

0.6

0.7

v

Table 3.1 A comparison of the ranking results of the proposed method with existing method.

Ranking Methods Set 1 Set 2 Set 3
A B A B A B

Cheng’s method [22] 0.5831 0.7071 0.5831 0.5831 0.5831 | 0.5831
Chu and Tsao’s method [23] 0.1500 0.2500 0.1500 0.1500 0.1500 | 0.1500
Murakami et al.’s method [37] | 0.3000 0.5000 0.3000 0.4167 0.4167 | 0.3000
Yager’s method [47] 0.3000 | 0.5000 |0.3000 |0.3000 |0.3000 |0.3000
Chen-and-Chen’s method [14] | 0.4456 0.4884 0.4239 0.4456 0.4456 | 0.4728
Chen-and-Chen’s method [15] | 0.2579 0.4298 0.2537 0.2579 0.2579 |0.2774
Chen and Sanguansat’s [20]. 0.3000 0.5000 0.3000 0.3000 0.3000 | 0.3000
The presented method [19] 0.2553 | 0.4444 | 0.2553 | 0.2553 | 0.2553 | 0.2553
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Ranking Methods Set 4 Set5 Set 6

A B A B A B
Cheng’s method [22] 0.4610 | 0.5831 0.4243 N/A -0.5831 | 0.5831
Chu and Tsao’s method [23] 0.1200 | 0.1500 0.1500 N/A -0.1500 | 0.1500
Murakami et al.’s method [37] | 0.2333 | 0.3000 0.4167 N/A -0.4167 | 0.4167
Yager’s method [47] 0.3000 | 0.3000 0.3000 N/A -0.3000 | 0.3000
Chen-and-Chen’s method [14] | 0.3565 | 0.4456 0.424 0.8601 0.4456 | 0.4456
Chen-and-Chen’s method [15] | 0.2063 | 0.2579 0.2537 1.0000 -0.2579 | 0.2579
Chen and Sanguansat’s [20] 0.2824 | 0.3000 0.3000 1.0000 -0.3000 | 0.3000
The presented method [19] 0.2462 | 0.2553 0.2553 1.0000 -0.2553 | 0.2553
Ranking Methods Set 7 Set 8

A B A B C

Cheng’s method [22] 0.7673 0.7241 | 0.6800 0.7257 0.7462
Chu and Tsao’s method [23] 0.2870 0.2619 | 0.2281 0.2624 0.2784
Murakami et al.’s method [37] 0.6000 0.5000 | 0.4400 0.5333 0.5250
Yager’s method [47] 0.6000 0.5000 | 0.4400 0.5333 0.5250
Chen-and-Chen’s method [14] 0.4128 0.4005 |0.3719 0.4155 0.3979
Chen-and-Chen’s method [15] 0.4428 0.4043 | 0.3354 0.4079 0.4196
Chen and Sanguansat’s [20]. 0.5750 0.5250 | 0.4500 0.5250 0.5500
The proposed method [19] 0.5111 0.4773 | 0.4000 0.4667 0.6057
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In the following we use three sets of generalized fuzzy numbers, shown in Fig. 3.10 [25, 15] to
make an experiment to compare the ranking of the presented method [19] with existing method

[14, 15, 20,23,25, 37, 47] . The results are shown in Table 3.2.

(1) For the fuzzy numbers A, B and C, shown in Set 1 of Fig. 3.10, the presented method 19]
and existing method [20, 22, 34, 37] get the ranking order A = B , which coincides with intuition
of human being due to the fact that the center of gravity of A on X-axis is larger than the center
of gravity of B on the X-axis. However, existing methods [ 22, 37, 47] cannot calculate the
ranking score of the crisp- valued fuzzy number C, whereas the presented can calculate the

ranking score of the crisp-valued fuzzy numbers C, where the ranking order is C >A=B ,
which gets the same results with existing method [20]. It can also seen that the existing method
[14, 15, 25] calculate the ranking score of crisp-value fuzzy number C, but the ranking order is

C > B > A, which does not coincides with intuition of human beings.

(2) For the fuzzy numbers Aand B shown in Set 2 of Fig. 3.10, Cheng’s method [22] gets the
ranking order A =B , which does not coincide with the intuition of human beings due to the fact

that the center of gravity of A on X-axis is larger than the center of gravity of B on X-axis. It
can be easily seen that, the existing methods [47, 37, 14, 25, 20] and presented method [19] get

the same ranking order, i.e. A> B, which coincides with the intuition of human beings.

(3) For the fuzzy numbers A,B and C shown in Set 3 of Fig. 3.10, the existing methods [22, 37,
47] cannot calculate the ranking score of the crisp- valued fuzzy number A and B . But, the

methods [15, 20, 25] and presented method [19] get the same ranking order, i.e. A > B , which
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coincides with the intuition of human beings. Also, It can be seen that Chen and Chen’s method

[14] gets the ranking order: A < B , which does not coincide with the intuition of human beings.

104 - = - m e e -
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A

A= (0.01,0.01,0.01,0.01; 0.8)
B = (-0.01,-0.01,— 0.01,—0.01; 1)
Set 3

Fig. 12 Three sets of generalized fuzzy numbers (Chen and Chen [18]; Deng and Liu, [25])

Table 3.2 A comparison of the ranking results of the proposed method with existing methods.

Ranking Methods Setl Set 2 Set3
A B C A B A B
Yager’s mehod [47] 0.3000 | 0.3000 | N/A 0.3000 |-0.3000 | N/A N/A

Murakami et al.’s method [37] | 0.3000 | 0.3000 | N/A 0.3000 |-0.3000 | N/A N/A

Cheng’s method [22] 0.5831 | 0.5831 | N/A 0.5831 |0.5831 | N/A N/A
Deng and Liu’s method [25] 0.6241 |0.6244 |1 0.6241 | 0.6241 | 0.505 0.495
Chen-and-Chen’s method [14] | 0.4456 | 0.4728 | 0.8602 | 0.4456 | 0.4456 |0.4 0.5

Chen-and-Chen’s method [15] | 0.2579 | 0.2774 | 1.0000 |0.2579 |-0.2579 | 0.0080 | -0.0100

Chen and Sanguansat’s [23] 0.3000 | 0.3000 | 1.0000 |0.3000 |-0.3000 |0.0094 |-0.0010

The presented method [19] 0.2553 | 0.2553 | 1.0000 | 0.2553 |-0.2553 | 0.0076 | -0.0080
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In the summary, from Tables 3.1 and 3.2, the presented method [19] can overcome the drawbacks
of the existing methods [14, 15, 22, 25, 37, 47]. Moreover, the presented fuzzy ranking method is
better than the Chen and Sanguansat’s method [20] due to the fact that the presented fuzzy
ranking method can ranking generalized fuzzy numbers with different left heights and rights
heights, where as Chen and Sanguansat’s method [20] only can deal with generalized fuzzy

numbers with the same left heights and rights heighs.

3.4 Fuzzy risk analysis

Assume that there are there are n manufactories C,,C,, C,,....,C,. each manufactories
makes the product A which is composed of p sub-components AI,AZ, ABAp where
1<i< p. To evaluate each sub-components Ak and to derive the probability of failure R of
components A made by manufactory C,, we use two evaluating items W, and R, where W,
denotes the severity of loss of the sub-component Ak , Iiik denotes the probability of failure of sub-

component Ak, 1<i<nand 1<i< p. Fig. 3.11 shows the structure for fuzzy risk analysis

[39].
Component A made by manufactory Ci
Probability of Failure R,
Sub-component Au Sub-component 512 Sub-component Ap
Probability of Failure: R, Probability of Failure: R, """ | Probability of Failure: F~2ip
Severitv of | nss: W.. Severitv of Loss: W... Severitv of Loss: W..

Fig. 3.11 the structure for fuzzy risk analysis (Schmucker, [39])
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The steps of method is as follow:

Step 1. Calculate the probability of failure R. of each components A made by manufactory C,,

where 1<i<n. Based on the fuzzy weighted mean method [18] and the generalized fuzzy

numbers arithmetic operators given in chapter 2 and using arithmetic operation discussed in

section 2.2.2, aggregate the evaluating items Iiik and V\7ik of sub-components A made by

manufactory Ci to get the probability of failure Iii of each components A made by manufactory

C, ,where

R is a generalized fuzzy number and 1<i <n.

Step 2. Transform each generalized fuzzy number

R = (ﬁpﬁz’ﬁs'miﬂm ,,uRﬁi)into a standardized generalized fuzzy number Ii,

s (B T o K
Ri :(—1 k_z,k_syk_4a/'lL§il/’lRﬁiJ
i i 1

= (“I’n;’n;’ﬁz’ﬂLﬁl !/uRﬁi ) (313)

where k. = max{ﬂrij H} ‘rij‘denotes the absolute value of r; and Hruﬂ denotes the upper bound

of ‘rin ,1<i<nandl<i<4,
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Step 3. On using equation 3.1 to 3.8, calculate the area LN,, RN,, LP and RPof each

standardized generalized fuzzy number Ii, respectively, where 1<i <n..

Step 4. On using equation 3.9 and 3.10, we can calculate the area M, and N, of each

standardized generalized fuzzy numbers Fii* , respectively, where 1<i <n.

N *

Step 5. On using equation 3.11, calculate the area C(Ri ) of each standardized generalized fuzzy

numbers Ii, respectively, where 1<i < n.

Step 6. On using equation 3.12, we can calculate the area Score(lii* ) of each standardized

*
i

generalized fuzzy numbers ﬁ, where 1<i <n. The larger the value of Score(li ) the higher

the probability of failure of components A made by manufactory C,, where 1<i <n.

Example 3.1 [ 14, 18, 20, 37] Consider the structure of fuzzy risk analysis shown in Fig. 3.12.

Assume that there are three manufactories C,,C, and C,and assume that the manufactories
C,,C, and C, produce the components A,A, and A, respectively, where are the same
A,A and A, product produced by C,,C, and C,, respectively. Each component A is
composed of three sub-components A,, A, and A,, where 1<i <3.. To derive the probability
of failure A made by manufactoryC,, we use evaluating items W, and R, , where W, denotes
the severity of loss of the sub-component A, ﬁik denotes the probability of failure of sub-

component A, , 1<i<3and 1<k <3.

Table 3.3 [10, 14, 20, 33,] shows the severity of loss W, and the probability of failure R, of the

sub-components 4;, made by manufactory C,, where 1<i <3 and 1<k <3.
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Component A; made by manufactory C.

Probability of Failure R

Sub-component A,

Probability of Failure: F~2i1

Severity of Loss: W,

Sub-component A,

Probability of Failure: R,

Severity of Loss: V\7i9

Sub-component A,

Probability of Failure: R,

Severity of Loss: W,,

Fig. 3.12. The structure for fuzzy risk analysis [14, 15 20, 33, 39]

Table 3.3 The severity of loss W;, and the probability of failure R;, of sub- component 4;, shown

[14, 18, 21, 34]

Sub-
Manufactory | components Severity of loss Probability of failure
C1 A, W,, =(0.04,0.1,0.18,0.23,1.0,1.0) | R, =(0.17,0.22,0.36,0.42;0.9,0.9)
A, W,, =(0.58,0.63,0.80,0.86;1.0,1.0) | R, =(0.32,0.41,0.58,0.65;0.7,0.7)
A, W,, =(0.0,0.0,0.02,0.07;1.0,1.0) | R, =(0.58,0.63,0.80,0.86;0.8,0.8)
C; A, W,, =(0.04,0.1,0.18,0.23,1.0,1.0) | R,, =(0.93,0.98,1.0,1.0;0.85,0.85)
A, W,, =(0.58,0.63,0.80,0.86;1.0,1.0) | R,, =(0.58,0.63,0.80,0.86;0.9,0.9)
A, W,, =(0.0,0.0,0.02,0.07;1.0,1.0) R, =(0.32,0.41,0.58,0.65;0.9,0.9)
Cs A, W,, =(0.04,0.1,0.18,0.23;1.0,1.0) R,, =(0.17,0.22,0.36,0.42;0.95,0.95)
A, W,, =(0.58,0.63,0.80,0.86;1.0,1.0) | R,, =(0.72,0.78,0.92,0.97;0.8,0.8)
A, W,, =(0.0,0.0,0.02,0.07;1.0,1.0) R,; =(0.58,0.63,0.80,0.86;1.0,1.0)
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The steps of the method is as follows:

Step 1. Using arithmetic operation discussed in section 2.2.2 calculate the probability of failure

Iii of each component A made by manufactory C, by aggregating the evaluating items Iiik and

W, of sub-components A, made by manufactory C., where 1<i <3 and 1<k < 3., shown as

follows:

F:)1 = (Wll ® I:~‘)11 @le ® F~‘>12 ®W13 ® F~\)13) @ (Wn (_DWIZ ®V\713)
= [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) ® (0.17, 0.22, 0.36, 0.42; 0.9, 0.9) @ (0.58, 0.63, 0.80, 0.86;
1.0,1.0) ® (0.32, 0.41, 0.58, 0.65; 0.7, 0.7) & (0.0, 0.0, 0.02, 0.07; 1.0, 1.0) ® (0.58, 0.63,

0.80, 0.86; 0.8, 0.8)] @ [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) @ (0.58, 0.63, 0.80, 0.86; 1.0, 1:0) ®

(0.0, 0.0, 0.02, 0.07; 1.0, 1.0)]

= (0.1659, 0.2803, 0.7463, 1.1545: 0.7, 0.7)

liz = (\/\721 ® Ii21 G')sz ® Ii22 ®W23 ® Ii23) %) (WZI G')szz ®W23)

= [(0.04,0.1, 0.18, 0.23; 1.0, 1.0) ® (0.93, 0.98, 1.0, 1.0; 0.85, 0.85) @ (0.58, 0.63, 0.80, 0.86:;
1.0, 1.0) ® (0.58, 0.63, 0.80, 0.86; 0.9, 0.9) ® (0.0, 0.0, 0.02, 0.07; 1.0, 1.0) ® (0.32, 0.41,
0.58, 0.65; 0.9, 0.9)] @ [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) @ (0.58, 0.63, 0.80, 0.86; 1.0, 1:0) ®

(0.0, 0.0, 0.02, 0.07; 1.0, 1.0)]

=(0.3221, 0.4949, 1.1392, 1.6373,; 0.85, 0.85)

R, =(W,, ®R,, ®W,, ®R,, ®W,, ®R;;) @ (W, ®W,, W, )

= [(0.04,0.1, 0.18,0.23; 1.0, 1.0) ® (0.17, 0.22, 0.36, 0.42; 0.95, 0.95) @ (0.58, 0.63, 0.80,
0.86; 1.0, 1.0) ® (0.72,0.78, 0.92, 0.97; 0.8, 0.8) ® (0.0, 0.0, 0.02, 0.07; 1.0, 1.0) ® (0.58, 0.63,
0.80, 0.86; 1.0, 1.0)] @ [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) @ (0.58, 0.63, 0.80, 0.86; 1.0, 1:0) ®

(0.0, 0.0, 0.02, 0.07; 1.0, 1.0)]
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= (0.3659, 0.5134, 1.1189, 1.5984; 0.8, 0.8)

Step 2. Using on equation 3.13, transform each generalized fuzz number R; in to a standardized

fuzzy number R;, where 1<i < 3, shown as follows:

R, =(0.1659,0.2803,0.7463,1.154;0.7,0.7 ),
k, =max([]0.1659] |.[0.2803 . |0.7463[],[[1.154[],1)
=max (1,1,1,2,1) =2

= \ , , :0.7,0.7
R 2 2 2 2

~x (0.1659 0.2803 0.7463 1.154 )

= (0.0830, 0.1402, 0.3732, 0.5770;0.7;0.7)

R, = (0.3221,0.4949,1.1359,1.6373;0.85,0.85 )

k, =max([0.3221/],[ |0.4949]],[1.1392[],[[1.6373].1)

=max (1,1,2,2,1)

ﬁ*_(o.szzl 0.4949 1.1392 1.6373
2 2 ) 2 H 2 H

;0.85,0.85)

= (0.1611, 0.2475, 0.5696, 0.8187; 0.85, 0.85)

R, = (0.3659,0.5134,1.1189,1.5984;0.8,0.8 ) ,

ky =max []0.3659]],[|0.5134[],[0.1.1189| ], [[1.5984].1)

=max (1,1,2,2,1)
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& 0.3659 0.5134 1.1189 1.5984
2 2 2 2

= , , , ;0.8,0.8j

= (0.1830, 0.2567, 0.5595, 0.7992; 0.8;0.8)

Step 3. Using on equation 3.1 to 3.8, calculate area LN., RN,, LP and RP of each standardized

generalized fuzzy number Ii, respectively, where 1< i < 3.., shown as follows:
Calculate the value of LN,, RN,, LP and RP, when left heights and rights heights are equal

R’ = (0.0830, 0.1402, 0.3732, 0.5770;0.7;0.7)

X

LN, :I f(x) dx—]ggl(x) dx

-1 Xq

:O.YUf dx+j dxj—o 7 0,(x)

-1 X,

0 0.1402 0.1420
= 07| Jadk+ [ 1ax|-07 [ X008
] ! i 0-1420 - 0.0830

= 0.7 x1.1402 - 0.02002 = 0.77812.

RN, :j f(x) dx+fg3(x) dx
-1

X3

=o.7Ulf dx+j x| £ (x dx+j de—Oﬁgs

Xy X2 X3

=0.7 x1.3732 + 0.07133 = 1.0326.

1 X)
LPlz.[f(x) dx+.|.gl(x) dx

X
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=O.7{]§1dx+ Tl dx + Jl.l dx}ro.?T g, dx

Xy X3 X4 X

0.3732 0.5770 1 0.1402
=0.7( [ 1dx+ [ 1+ [ 1 de+O.7 [ 20080
0.1402 0.3732 05770 0.0830 0.1402 —0.0830.

= 0.7 x 0.60180 + 0.02002 = 0.6219.

RP :j f(x) dx—TgS(x) dx

X3

= 0.7@1 f(x) dx+j f(x) de—O.?]ﬂ g;(x) dx

X3 X3

0.5770 1 0.5770
- 0.7( [ 1ax+ | 1dxj—0.7 | x—0.5770
0.3732 0.5770 0.3732 03732 - 05770

= 0.7 x 0.6268 — 0.07133 = 0.36743

LN, =0.7781, RN, =1.0326, LB =0.6219, RR, = 0.3674

Similarly, find the area of other two standardized generalized fuzzy numbers R, and R;

LN,=1.0236, RN, =1.4400, LP, =0.6764, RP, =0.2600

LN,=0.9759, RN, =1.3435 LP, =0.6241 RP, = 0.2565

Step 4. Using on equation 3.9 and 3.10, we can calculate the area M; and N;of each standardized

generalized fuzzy numbers Iil respectively, where 1 <i < 3., shown as follows:

M,= LN, +RN, =1.8107, N,=LP+RP =0.9893,
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M,= LN, +RN, = 2.4636, N,=LP,+RP, =0.9364,
M,=LN,+RN, = 23193, N, = LP,+RP, = 0.8807,

Step 5. Using on equation 3.11, calculate the area c(lii*)of each standardized generalized fuzzy

numbers R’, respectively, where 1< i < 3., shown as follows:

o(7) - 2 K ©0%0.0830 + 44, x 0.1402+ 445 x0.3732+0x 0.5770
4 = _
$ O+ 4y + 4z +0
w
2

~ 0x0.0830+0.7x0.1402+0.7x0.3732+0x0.5770
0+0.7+0.7+0

=0.2567

Similarly we can find the area of other two standardized generalized fuzzy numbers c(ﬁZ) and

¢(R; )= 0.4085,¢(R; ) = 0.4081

Step 6. Using on equation 3.12, calculate the area Score(FNQi* )of each standardized generalized

fuzzy numbers R, respectively, where 1<i < 3., shown as follows:

M, — N, 1.8107 —0.9893

- =0.2318
M, + N, +(1—‘c(|§f)) 1.8107 +0.98936 + (1—0.2567)

Score(F?l*)z

Similarly we can find the area of other two standardized generalized fuzzy numbers Score(sz)
and Score(R;)

Score(R; )= 0.3826 , Score(R; ) = 0.3794
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Because Score(R; )> Score(R;)>Score(R; ), the ranking order of the standardize fuzzy numbers
R, R, and R; is R;> R;>R i.e., the order of the risk of the manufactories C,, C, and C, is:
C,> C,>C,. It means that the component A, made by the manufactory C, has the highest
probability of failure, followed by C,and C,. This result coincides with existing method [14, 15,
20, 33].

Example 3.2 [19] Consider the structure of fuzzy risk analysis shown in Fig. 3.13. Assume that
there are three manufactories C,,C, and C,and assume that the manufactories C,,C, and C,
produce the components A, A, and A,, respectively, where are the same A, A, and A, product
produced by C,,C, and C,, respectively. Each component A is composed of three sub-
components A,, A, and A;, where 1<i < 3..In table 3.4 To derive the probability of failure A
made by manufactory C, , we use evaluating items W, and R, , where W, denotes the severity of

loss of the sub-component A, R, denotes the probability of failure of sub-component A,

1<i<3and1<k <3

Component A; made by manufactory C,

Probability of Failure R

Sub-component A,
Probability of Failure: R,

Severity of Loss: W,

Sub-component A,
Probability of Failure: F~2i2
Severity of Loss: V\~/i7

Sub-component A,
Probability of Failure: R,
Severity of Loss: W,

Fig. 3.13 The structure for fuzzy risk analysis [14, 15, 20, 33, 39]
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Table 3.4 The severity of loss W;, and the probability of failure R;;, of sub- component 4;, [14,1

5, 20, 33]
Sub-
Manufactory | components Severity of loss Probability of failure
C, A, W,, =(0.04,0.1,0.18,0.23;0.8,0.9)| R, =(0.17,0.22,0.36,0.42;0.9,0.9)
A, W,, =(0.58,0.63,0.80,0.86;0.65,0, R, =(0.32,0.41,0.58,0.65;0.9,0.7)
A, W, =(0.0,0.0,0.0,0.0;05,05) | R, =(0.58,0.63,0.80,0.86;0.8,0.9)
C, A, W,, =(0.04,0.1,0.18,0.23;0.8,0.7)| R,, =(0.93,0.98,1.0,1.0;0.85,0.8)
A, W,, =(0.58,0.63,0.80,0.86;1.0,0.5 R,, =(0.58,0.63,0.80,0.86;0.9,0.9
A, W, =(0.0,0.0,0.02,0.07;0.4,0.8) | R,, =(0.32,0.41,0.58,0.65;0.7,0.9)
C, A, W,, =(0.04,0.1,0.18,0.23;,1.0,1.0) | R,, =(0.17,0.22,0.36,0.42;0.95,0.9
A, W,, =(0.58,0.63,0.80,0.86;0.8,0.4 R, =(0.72,0.78,0.92,0.97;0.5,0.6
Ay, W,, =(0.0,0.0,0.07,0.2;0.9,0.7) | R,, =(0.58,0.63,0.80,0.86;1.0,1.0)

The steps of the method is as follow:

Step 1. Using arithmetic operation discussed in section 2.2.2, calculate the probability of failure

Iii of each component A made by manufactory C, by aggregating the evaluating items Iiik and

W, of sub-components A, made by manufactory C,, where 1<i <3 and 1<k < 3., shown as

follows:

F:)1 = (Wll ® I:~‘)11 @le ® F~‘>12 ®W13 ® F~\)13) %) (\/\711 ('valz ®V\713)

= [(0.04, 0.1, 0.18, 0.23; 0.8, 0.9) ® (0.17, 0.22, 0.36, 0.42; 0.9, 0.9) ©(0.58, 0.63, 0.80, 0.86;

0.65, 0.7) ® (0.32, 0.41, 0.58, 0.65; 0.9, 0.7) & (0.0, 0.0, 0.0, 0.0; 0.5, 0.6) ® (0.58, 0.63, 0.80,
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0.86; 0.8, 0.9)] @ [(0.04, 0.1, 0.18, 0.23; 0.8, 0.9) ® (0.58, 0.63, 0.80, 0.86;0.65, 0.7) @® (0.0,

0.0, 0.0, 0.0; 0.5, 0.6)]

= (0.1765, 0.2860, 0.7244, 1.0574; 0.5, 0.6)
R, =(W,, ®R,, ®W,, ®R,, ®W,, ®R,;) @ (W,, ®W,, ®W,, )

= [(0.04,0.1,0.18, 0.23; 0.8, 0.7) ® (0.93, 0.98, 1.0, 1.0; 0.85, 0.8) © (0.58, 0.63, 0.80, 0.86;
1.0,0.5) ® (0.58, 0.63, 0.80, 0.86; 0.9, 0.9) @ (0.0, 0.0, 0.02, 0.07; 0.4, 0.8) ® (0.32, 0.41,
0.58, 0.65; 0.7, 0.9)] @ [(0.04, 0.1, 0.18, 0.23; 0.8, 0.7) ©® (0.58, 0.63, 0.80, 0.86; 1.0, 0.5) @

(0.0, 0.0, 0.02, 0.07; 0.4, 0.8)]

=(0.3221, 0.4949, 1.1392, 1.6373; 0.85, 0.85)

Ii3 = (W31 ® Ii31 @Wsz ® Ii32 ('vass ® Ii33) %) (\/\731 ®V\732 @Wss)

= [(0.04,0.1,0.18,0.23; 1.0, 1.0) ® (0.17, 0.22, 0.36, 0.42; 0.95, 0.95) & (0.58, 0.63, 0.80,
0.86; 0.8, 0.8) ® (0.72, 0.78, 0.92, 0.97; 0.5, 0.6) @ (0.0, 0.0, 0.02, 0.07; 0.9, 0.7) ®(0.58, 0.63,

0.80, 0.86; 0.8, 0.8)] @ [(0.04, 0.1, 0.18, 0.23; 1.0, 1.0) ® (0.58, 0.63, 0.80, 0.86; 0.8, 0.8) ®

(0.0, 0.0, 0.02, 0.07; 0.9, 0.7)]
= (0.3290, 0.4890, 1.1737, 1.7787; 0.5, 0.6)

Step 2. Based on equation 3.13, transform each generalized fuzz number R; in to a standardized

fuzzy number R;, where 1 <i < 3, shown as follows:

R, =(0.1765,0.2860,0.7244,1.057;0.5,0.6 ),

k, =max(['0.1765,[10.2860[],[|0.7244] ], [[L.057[ |.1)

=max (1,1,1,2,1) =2
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< [0.1765 0.2860 0.7244 1.0574

= ’ ’ ’ 105106
R 2 2 2 2 j

= (0.0883, 0.1430, 0.3622, 0.5287;0.5;0.6)

R, =(0.3221,0.4949,1.1359,1.6373;0.4,0.5 ),
k, =max([]0.3221].[10.4949] |,[|1.1392/],[|1.6373]].1)

=max (1,1,2,2,1) =2

R - 0.3221, 0.4949 ’1.1392 11.6373 04,05
2 2 2 2

= (0.1611, 0.2475, 0.5696, 0.8187;0.4;0.5)

R, = (0.3290,0.4890,1.1737,1.7787;0.5,0.6 ),

k, =max ([10.3290] |, |0.4890] |,{0.1737[|,[ 11.7787[ | ,1)

=max (1,1,2,2,1) =2

R - 0.3290 | 0.4890 ’ 1.1737 ,1.7787 :0.5.0.6
2 2 2 2

= (0.1654, 0.2445, 0.5869, 0.8894;0.5;0.6)

Step 3. Using on Equation 3.1 - 3.8, calculate area LN,, RN, LP and RP of each standardized

generalized fuzzy number F~€, respectively, where 1 <i < 3.., shown as follows:
LN, =0.7662, RN, =1.1345, LB =0.4338, RP, =0.0655
LN,=0.7451, RN, =1.1941, LP, =0.2549, RP, =-0.1941
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LN, =0.8876, RN, =1.4857, LP, =0.3125, RP, =—0.2858

Step 4. Using on equation 3.9 and 3.10, we can calculate the area M; and N;of each standardized

generalized fuzzy numbers R’, respectively, where 1< i < 3., shown as follows:
M, = LN, +RN, =1.9007, N,=LP +RP, =0.4993,
M,=LN,+RN, =1.9293 N, = LP,+RP, =0.0608,
M,=LN;+RN, =23733, N,=LP,+RPR, =0.0267,

*
i

Step 5. Using on equation 3.11, calculate the area c(l'(’ )of each standardized generalized fuzzy

numbers R’, respectively, where 1< i < 3., shown as follows:
¢(R') =05251
¢(R;)=0.8528
¢(R;) =0.8625

*
i

Step 6. Based on equation 3.12, calculate the area Score(ﬁ )of each standardized generalized

fuzzy numbers R, respectively, where 1< i < 3., shown as follows:
Score(R; )=0.4875
Score(R; )= 0.8748

Score(R; ) = 0.9248
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Because Score(R; )> Score(R; )>Score(R; ), the ranking order of the standardize fuzzy numbers
R, R, and R;] is:. R;> R;>R. That is, the order of the risk of the manufactories C,, C, and
C, is: C,> C,>C,. It means that the component A, made by the manufactory C, has the highest

probability of failure, followed by C,and C, .
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Chapter 4

An Approach for the Ranking of Fuzzy Sets with Different Heights

4.1 Introduction

In this chapter the existing approach [40] for the ranking of fuzzy sets with different

heights is presented.

4.2 Preliminaries

In this section, some basic definitions and arithmetic operations are presented [40].

4.2.1 Basic definitions

Definition 4.1 A fuzzy set A =(a,b,c,d;L,,R,)1<i<n is said to be a fuzzy set with

different height if its membership function is given by

0, —~0<X<a,
L, X_%J, a <x<h
b —a&,
C, —X X—Db,
H(X) =1 Ly C-—b-j—'_RiH(C-—b-j’ b <x<gc
R, X_¢], ¢ <x<d
Cl_di
0, d, <x<oo

where L, and R, denotes the left and right height of fuzzy sets with different heights,

respectively.
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v

Fuzzy set with different heights.

4.2.2 Arithmetic Operations

Let A =(a,b,c,d;L,,R,) and A, =(a,,b,c,,d,;L,,,R,,) be two fuzzy sets with different
heights. Then,

(i) A®A =(a +a,b+b,c +c,,d +d,; min(L,,L,) mn(R,,R,,))

(i) A®A, =(a-d, b +c,c —b,,d ~a,; min(Ly,L,,),mn(R,,R,,))

i {(ﬂal,/ibl,/icl,/ldl;LlH,RlH); A0

U A=) (14, 20, 20, 28y Ry )i 4<0

4.3 Shortcomings of Lee and Chen’s ranking approach

Lee and Chen’s ranking approach explained in Chapter 2. There may exist several fuzzy sets with
different heights for which the ranking function given by Lee and Chen [33] do not satisfy the
reasonable properties proposed by Wang and Keere [45] for the validation of any ranking
function:

If Aand B are normal fuzzy sets. Then,

b1
(o]}

(i) ~B= (A®C)>(Ba&C)
i) A<B=(A®C)<(Ba®C)
(il A:B=(A®C):(Ba®C)
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where, C is a normal fuzzy set.

For the fuzzy sets with different heights, the same property can be written as

If A=(a,b,c.d;L,,R,) and B=(a,b,,c, d,;L,, ,R,,) are two fuzzy sets with different
heights then

0) A~B= (A®C) >~ (Ba&C)

(i) A<B=(A®C)<(Ba@C)

(i) A:B=(A®C):(B@C)

Where C:(a3,b3,c3,d3;l_3H,R3H) is a type - Il fuzzy set and (L3H,I_3H)s(min(L1H,L2H),

Min(RyyRoy))

P>
o]

~B= (A®C) > (B@C) i.e., according to existing ranking approaches.

A-B » (A®C) > (B®C) which is a contradiction to Wang and Keere [45].

Example 1 [33]. Let A=(12,3,4;0.6,0.4), B=(0,3,4,50.4,0.2) and C=(1,3,4,5,0.4,0.2) be
three fuzzy sets with different heights. Then, according to existing ranking approaches Lee and
Chen [34], A< B but A@C > B®C i.e., which is a contradiction.

Example 2 [33]. Let A=(2,5,6,7;0.6,0.4), A=(3,4,5,6:0.8,0.6) and A=(34,7,8:0.6,0.4) be
three fuzzy sets with different heights. Then, according to existing ranking approaches Lee and

Chen [34], A< B but (A®@C) > (B@®C) i.e., which is a contradiction.

4.4. An approach for the ranking of fuzzy sets with different heights
In this section, an approach is reviewed for the ranking of fuzzy sets with different heights. To
overcome the shortcomings discussed in Section 4.3, Singh [40] proposed the following

definition;
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Definition 4.3 [40] For any fuzzy set with different height A =(a,,b,,c,,d,;L,,,R,,) 1<i<n, the

i
expectation value of centroid is defined as follows:

fxf;\(x)
M. =2

[ 1,00

Definition 4.4 [40] For any fuzzy set with different heights A =(a,,b,,c,,d.;L,,,R,,)1<i<n the
transfer coefficient of A , IS given by

Mi _Mmin
I I\/Imax_lvlmin

where, M, =max(M;,M,,...M,)and M_;, =min(M,M,,...,M,).
Definition 4.5 [40] Let A =(a,b,c,,d.;L,,,R,)1<i<n be a fuzzy set with different heights,

a_ =min(a,a,,..a)and d_ =max(d,,d,,..d ). Theareas S"(A) and S*(A) of the left and

right side of fuzzy set with different height A are defined as follows:

sL<A)=T[a+(b‘La)y—ammjdy

S'(R)= [ -+ & Yy

From Definition 4.4 and 4.5, the proposed ranking index of A (i=1,2,...,n) is define as follows:

S(A) = ' (A)4,
1+S8%(A)1-4)

(4.1)
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0 Amin 4 b; C d;i  dpax

Fig. 4.2 Fuzzy set left and right area.

Definition 4.6 [40] For any two fuzzy sets with different heights, A and Aj , based on 4.1, their
order is defined as follow:

(i) A = A ifandonlyif S(A)>S(A)

(i) A=A ifandonlyif S(A)=<S(A)

(i) A:A ifandonlyif S(A):S(A)

4.5 Existing method

Let A =(a,b,c,d;L, R,) and A =(a,b,,c,d,;L,R,,) be fuzzy sets with different

heights in F(IR). Use the following step to compare A and A, [40]:

Step 1. Transform A and A, into A"and A, respectively as follows:
'&: =(a,b, ¢, d;; L, Ry)and A; =(a,,b,,¢,,d,5 L4, Ry)

where (L, R,)=(min(Ly, Ry,), min(L,,, R,y,)).
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Step 2. From Definition 4.3, find the expectation values of centroid, M, and M, of A and A;,
respectively.

Step 3. From Definition 4.4, find the transfer coefficients, 4, and A, of A and A;, respectively.
Step 4. From Definition 4.5, obtain the value of SL(AI) and SR(A;) .

Step 5. Using Step 4, find the value of S(A).

Step 6. The fuzzy sets with different heights, Ai and AZ can be compared as follows:

(i) A = A, ifand only if S(A)) > S(A)

(i) A <A ifandonlyif S(A)<S(A)

(iii) A:A ifandonlyif S(A):S(A)

4.6 Comparative study

In this section, different types of generalized fuzzy sets are taken to compare the results with Lee

and Chen’s [33] ranking method.
Example 3 [40]. Let A=(1,2,3,4;0.6,0.4) and B=(0,34,5,0.4,0.2) be two generalized fuzzy

sets. Use the following steps to compare A and B

Step 1. Transform A and B into A" and B", where

A=(1,2,3,4;0.4,0.2)

B=(0,34,5,0.4,0.2)

Step 2. From Definition 4.3, find the expectation value of centroid, M .. and M .. into A" and B

Ax{fo(x)dx j04x( jdx+j (04@_2j Oz(s-zndX”Ljozx(g_jjdx
o™ P o e
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M




_0.3333+2.0666+0.2666+0.3333 _ 2.999 _ , o000
0.2+0.2+0.1+0.1 0.6 '

y :_:[fo(X) _[04x( )dx _! (04[4_2) 02(4_3j)dx jOZx(Ar_ )dx

i e o e

_ 1.2+0.73333+0.36666 — 0.4333 _ 1.86663 _, 5.5,
0.6+02+0.1-0.1 0.8 '

Step 3. From Definition 4.4, find the value 2,. and A...

L MMy, 4999949999

ATM_ —M_  6.3333-4.9999

M, —Mg,  2.3333-4.9999
" M, —-M,,,  23333-4.9999

Step 4. From Definition 4.5, find the value of S“(A"),S®(A") and S*(B"), S*(B").

SL(A*) _ L]L" (a1+ (bl _Llai)y_aminjdy =T(l+ (2—1)y_1jdy

0 0.4
~0.4x0.4
0.4x2

=0.2

R 0.2
o R —d 3 4)y)
SRAY= [1d —d+9=% gy = [[4-a+ d
0.2x0.2

©0.2x2

=01

s'(8)= | (a2+—(b2 _L?Z)y—amin]dy - _j;(0+—(3_0)y—0)dy

5 0.4
:3X0'4X0'4=0.6
04x2
R 0.2
< “ c,—d (4—5)yj
SR(B™) = d —-d+2—2|dy==||5-5+~—2|d
:O.2><O.2:0.1
0.2x2
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Step 5. Using Equation 4.1, find the value of S(A") and S(B").

S(A )= sRL(é*)/l _02x0
1+S?(AH)1-4) 1+0.1(1-0)
S(B)— S“(B)A _ 06xl

T14SR(B)(1-4) 1+011-0)

Since, S(A")<S(B"),so A<B.

0.7 }ccoceea

0.35

0 01 0.2 0.3 0.4 05 06 07 038
A=(0.2,0.4,0.6,0.8;0.35)
B=(0.1,0.2,0.3,0.4;0.35)

Set 1

v

0 01 02 03 04 05
A=(0.1,0.2,0.4,0.5,1)
B=(0.1,0.3,0.3,051)

Set 2
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A
Y -
A
04 Lo ] I
i '\ B
02 |- RN
0o 1 2 3 4 5

A=(12,3,4:0.6:0.4)
B =(0,3,4,5;0.4,0.2)
Set 3

v

o 1 2 3 4 5 6 7
A=(2,5,6,7;0.6,0.4)
B =(3,4,5,6;0.8,0.6)
Set 4

Fig. 4.3 Generalized fuzzy sets and fuzzy sets with different heights
Similarly, solve all other sets

Example 4 [40]. Let A=(0.1,0.2,0.4,0.5;1) and B=(0.1,0.3,0.3,0.5;1) be two generalized fuzzy

sets. Use the following steps to compare A and B :
Step 1. Transform A and B into A" and B", where

A" =(0.1,0.2,0.4,0.5;1) and B =(0.1,0.3,0.3,0.5;1)
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Step 2. From Definition 4.3, M .. =0.18771 and M. =0.10115.

Step 3. From Definition 4.4, 2. =1 and 4. =0.

Step 4. From Definition 4.5, S*(A") =0.5, S?(A")=0.2 and S"(B")=0.1, S¥(B")=0.2.
Step 5. Using Equation 4.1, S(A")=0.5 and S(B")=0.

Since, S(A")>S(B"),s0 A"~ B".

Example 5 [40]. Let A=(0.2,0.4,0.6,0.8,0.35) and B=(0.1,0.2,0.3,0.4,0.35) be two
generalized fuzzy sets. Use the following steps to compare A and B :

Step 1. Transform A and B into A" and B”, where

A" =(0.2,0.4,0.6,0.8;0.35) and B" =(0.1,0.2,0.3,0.4;0.35).

Step 2. From Definition 4.3, M .. =-3.766 and M. =1.592.

Step 3. From Definition 4.4, 1. =0 and A,. =1.

Step 4. From Definition 4.5,S"(A") =0.7, SR (A") =0.035and S"(B") =0.175, S*(B") =0.0175
Step 5. Using Equation 4.1, S(A")=0 and S(B")=0.6.

Since, S(A")<S(B"),s0 A"<B".

Example 6 [40]. Let A=(2,5,6,7;0.6,0.4) and B=(3,4,5,6;0.8,0.6) be two generalized fuzzy
sets. Use the following steps to compare A and B :

Step 1. Transform A and B into A" and B", where

A" =(2,5,6,7;0.6,0.4) and B" =(3,4,5,6,0.6,0.4).

Step 2. From Definition 4.3, M .. =23.83 and M. =34.87 .

Step 3. From definition 4.4, 1. =0 and 4. =1.

Step 4. Using Equation 4.1, S(A")=0 and S(B")=0.9.
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Since, S(A")<S(B"),s0 A"<B".

Table 4.1 Comparison of the presented ranking approach with existing ranking approach.

Method Example 3 Example 4 Example 5 Example 6

Cheng [21] A<B A:B N.A N.A
Chu and Tsao [23] A<B A:B N.A N.A
Chen and Chen [14] A<B A<B N.A N.A
Abbasbandy and Hajjari [2] N.A A:B N.A N.A
Chen and Chen [13] A<B A<B N.A N.A
Liou and Wang [35] A<B A:'B N.A N.A

Lee and Chen [32] A<B A<B A<B A<B
Rommelfanger [38] N.A A:B N.A N.A

Presented approach A<B A<B A<B A<B
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