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ABSTRACT

Chapter 1 contains the introduction of basic laws of classical theory of elasticity, short
comings of classical elasticity and evolution of microcontinuum theories including consistent
couple stress theory. Basic governing equation of motion and constitutive relations of couple
stress theory are given in this chapter. It also contains discussion on various types of waves in
elastic medium like body and surface waves, including their literature. Basics of viscoelastic
materials with their applications are also discussed in this chapter.

Chapter 2 deals with the propagation of Lamb waves in a stress/couple stress free elastic
plate. Profiles of Lamb waves are studied using consistent couple stress theory to capture the
effects of a microstructural parameter called characteristic length involved in the theory. The
governing equation of motion of couple stress theory and constitutive relations involving
stresses and couple stresses are solved using various boundary conditions to find dispersion
relation of Lamb waves propagating in a plate. Effects of varying characteristic length as
compared to cell size have been observed. Phase velocity profiles for different Lamb wave
modes are modified under the effect of couple stress theory. Results obtained under couple
stress theory are compared graphically with the results of classical theory of elasticity. Since
bones have an internal microstructure, so the study has been carried out for a cortical bone
type material and this work will be quite useful for evaluation of characteristics of bones and
the material exhibiting microstructures. This study may also find possible applications in the

fields of non destructive testing techniques.

Chapter 3 is an extension of chapter 2 and it contains the study of propagation of Lamb
waves in a plate with internal microstructure and loaded with an inviscid liquid on both sides
using consistent couple stress theory. Lamb waves are guided waves, propagating in a
traction free plate surface, however if the surface of the plate is in contact with the fluid or
liquid, a part of energy will leak into the liquid. The dynamical characteristics of a structure
get affected when it is surrounded by a fluid or liquid. Dispersion equation of Lamb waves
propagating in an elastic plate loaded with a layer of an inviscid liquid of finite thickness is

derived. The impact of liquid loadings is studied on the propagation of Lamb waves. Effect of



characteristic length (1) is also studied on the phase velocity of Lamb waves in plate for
various modes in the presence of liquid loadings. Three different cases for the thickness of
liquid loaded on both side of the plate are considered. It is observed that with the increase in
the thickness of the loadings the phase velocity tends to decrease. Here, three different values
of characteristic length are considered, which are comparable with the internal cell size of the
material and their effect is studied on the phase velocity of the Lamb waves. It is observed
that with the increase in the value of this parameter the phase velocity of Lamb wave also
increases. The considered solid plate has material properties similar to cortical bone, so it also
enhances the applicability of this model in the characterisation of the properties of bones
loaded with different type of fluids. As the physical model of the problem consists of thin
plate loaded with inviscid liquid on both sides, it is of practical use in ultrasonic immersion
testing of plates.

Chapter 4 contains investigation of propagation of shear horizontal wave (SH) in a layered
structure. The propagation of SH waves is studied in viscoelastic layer overlying a couple
stress elastic half space. As theory of seismic wave propagation was developed within the
frame work of linear elasticity, but later developments showed that earth should be more
correctly regarded as a dissipative medium. To encounter dissipation of energy considerations
and to overcome the shortcomings of linear elasticity the near sub surface of earth is
modelled as linearly viscoelastic material. The geological evidence of heterogeneity within
the earth are provided by the wide variations of rocks erupted from volcanoes. The scattering
of high frequency seismic waves also support the existence of small scale heterogeneity in the
earth lithosphere. Hence, for characterising the internal microstructure of solid earth,
heterogeneity and viscoelasticity of the material composition of the earth subsurface has to be
taken into account. In this problem, we have investigated shear horizontal wave propagation
in a layered structure, consisting of granular macromorphic rock (Dionysos Marble) substrate
underlying a viscoelastic layer of finite thickness. Dionysos Marble is a white fine-grained
metamorphic marble with a saccharoidal microstructure. SH wave characteristics are affected
by the material properties of both underlying substrate and the coating. Dispersion equation
for propagation of SH waves using consistent couple stress theory is derived. The effects of
microstructural parameter characteristic length of the substrate, along with heterogeneity,
internal friction and thickness of viscoelastic layer are studied on the dispersion curves. Real

and damping phase velocities of SH waves are studied against dimensionless wave number,



for different combinations of various parameters involved in the problem and it is observed
that these parameters have significant effects on the propagation of SH waves. The numerical
results are also presented graphically for various combinations of parameters involved in the
problem. The theoretical consideration of study concerning microstructural effects of the
substrate and effects of other parameters of viscoelastic layer on propagation of SH waves,
may find possible applications in seismology, exploration geophysics, non destructive testing
techniques and in designing chemical and biochemical sensors coated with surface bound
receptive layers possessing viscoelastic properties which are used to detect compounds in
liquid or gases.

Chapter 5 contains study of propagation of SH waves in viscoelastic layer over a couple
stress substrate with imperfect bonding at the interface. This chapter is an extension of
chapter 4, where we studied SH waves in a layered structure for a perfectly bonded interface
between two media, but this condition is difficult to achieve. Due to many reasons like
thermal mismatch or some faults in manufacturing process, cracks or defects may appear at
the interface which leads to an imperfect interface between two media. Components of
displacement field are not continuous at the common boundary of two media in case of
imperfect interface. The difference in displacement fields is assumed to depend linearly upon
traction vector. These imperfections at the common boundary may affect the propagation of
SH waves. Dispersion equation of SH waves in a viscoelastic layer overlying a couple stress
substrate with imperfect interface between them has been obtained. Dispersion equations for
propagation of SH waves with perfectly bonded interface and slippage interface between two
media are also obtained as particular cases. Effects of degree of imperfectness of the interface
are studied on the phase velocity of SH waves. Dispersion curves are plotted and effects of
material properties of both couple stress substrate and viscoelastic layer are studied. Effects
of internal microstructures of couple stress substrate in terms of characteristic length of the
material are presented. Effects of heterogeneity, friction parameter and thickness of
viscoelastic layer are also studied on the propagation of SH waves. The numerical results are
presented graphically. It is found that imperfectness factor at the interface between two media
has a significant effect on the phase velocity of SH waves. It is observed that with the
decreasing value of imperfectness at the interface, phase velocity of SH waves increases and
phase velocity is highest when interface becomes perfectly bonded. In comparison to

perfectly bonded interface model for SH waves, this model is more realistic and further the



consideration of microstructural effects on the propagation of SH waves, may provide
possible applications in the fields of non-destructive testing, semiconductor industry,

seismology or geomechanics engineering.

Chapter 6 contains study of leaky Rayleigh waves in a homogeneous isotropic elastic solid
half space loaded with homogeneous inviscid liquid layer of finite thickness (H) or a liquid
half-space. It is interesting to study the changes in the profiles of Rayleigh type waves when
homogeneous elastic half space is loaded with liquid. This study becomes more application
oriented when the material of half space exhibits internal microstructures. Equations of
couple stress theory are solved and dispersion equations for the propagation of leaky
Rayleigh waves in a homogeneous solid elastic half space loaded with liquid layer of finite
thickness or liquid half space are obtained. As a special case, dispersion equation for
propagation of Rayleigh waves in a stress free homogeneous solid elastic half space using
consistent couple stress theory is also derived. Rayleigh type waves at the solid-liquid
interface are found to be dispersive in this considered model. Phase velocity of leaky
Rayleigh waves is studied for three different values of characteristic length (I) which are of
the order of internal cell size of the material. It is found that with the increase in the
characteristic length of the material, phase velocity of Rayleigh waves also increases. Effects
of thickness of liquid layer are also studied. It is observed that phase velocity of Rayleigh
waves decreases with the increase in thickness of liquid layer. The properties of leaky
Rayleigh waves like velocity, dispersion are affected by both, loaded liquid and underlying
solid half space. Material properties of underlying solid can be indirectly obtained by
studying profiles of these leaky Rayleigh waves. The applications of these waves range from
geophysics to non destructive testing of structures. Generally, most of the non destructive
methods for the detection of defects are based on classical model, so this proposed model
may provide modifications to these existing methods by considering the microstructural

effects of the underlying half space.

Chapter 7 Seeing the importance of Rayleigh waves to the fields of geophysics and
seismology, in this chapter we have extended our work to study the effects of gravity together
with microstructures of substrate and liquid loadings on the propagation of leaky Rayleigh
waves. We have solved the problem of propagation of leaky Rayleigh waves in a model

consisting of couple stress half space loaded with inviscid liquid layer of finite thickness or a



liquid half space under the effects of gravity. Dispersion relations for leaky Rayleigh waves
in couple stress half space loaded with inviscid liquid layer of finite thickness or a liquid half
space under the effects of gravity are derived using consistent couple stress theory. The
effects of gravity, thickness of liquid layer and characteristic length are studied on

propagation of leaky Rayleigh waves.
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CHAPTER-1

INTRODUCTION

1.1 PRELIMINARIES

All materials to some extent possess the property of elasticity, by the virtue of which
materials regain their shape and size after the removal of applied external forces.
Deformation in the materials disappears with the removal of external forces only when
external forces producing deformation do not exceed a certain limit. Depending on this
property of the materials, they can be classified as rigid, elastic and plastic. Rigid bodies are
those which do not deform under the application of external force and plastic bodies are those
which never regain their original shape and size after the removal of external forces.
Elasticity is a branch which deals with the determination of stress, strain and finding
displacement distribution in materials under the influence of applied external forces. Theory
of elasticity develops a mathematical model involving partial differential equations for a
problem of deformation of an elastic material, using various principles of classical continuum
mechanics. These mathematical formulations of the problem are further solved using various
techniques by imposing the given initial or boundary conditions. Various methods which are
used to solve mathematical model of a deformation problem in theory of elasticity are
Potential method, Integral transform method, Complex variable method, Variational method
and Numerical methods etc. The solution of mathematical model of the problem of theory of
elasticity finds various applications in many scientific and engineering fields. Civil
engineering applications include contribution of stress in deflection analysis of structures like
rods, shells and plates. Mechanical engineering uses elasticity in analysis and design of
machine elements. Such applications include general stress analysis, contact stresses, thermal
stress analysis, fracture analysis and fatigue. Material engineering uses elasticity to determine
stress fields in crystalline solids, around dislocations and in materials with microstructure.
Applications in aeronautical and aerospace engineering include finding stresses, fracture and
fatigue in aerostructures. Wave propagation in elastic solids also finds immense applications
in science and industry. In the area of structures, for example, the interest is mainly in the
response to impact or blast loads. Under transient loads of moderate strength, complete
elastic conditions may prevail throughout the structure and elastic wave theory may suffice to
predict all aspects of the response. There are numerous applications of these waves in the area

of mining, where blasting is used to produce stress waves in the rocks. These shock waves are

1



used to fracture and for the removal of heavy rocks. In seismology, earth is treated as an
elastic solid, so it also uses wave propagation to predict and analyse earthquakes. Whatever
information we have about the constitution of earth’s interior is because of studies of seismic
waves. The division of earth’s interior into crust, mantle and core and now treating it as
inhomogeneous is all due to studies carried out about seismic waves. Ultrasonic is another
major area of application of wave propagation. Lamb waves are used to inspect many
industrial products in aerospace and transportation. Fundamental properties and defects in the
materials can be investigated by using the technique of ultrasonic. These waves are extremely
useful for detection of cracks, corrosion and other defects in materials using non destructive

testing techniques.
1.2 BASIC CONCEPTS OF CLASSICAL THEORY OF ELASTICITY

For investigating an elastic problem completely, we need relation between stress and strain
components called constitutive relations, certain laws of balance and initial or boundary
conditions. Here, we briefly represent the basic concepts for classical theory of elasticity. A
material is said to be strained under the application of applied external forces if relative
position of the particles in the medium are changed and when change in the position of the
particles is accompanied by change in distance between them, it is called deformation. Strain
actually is the measure of deformation in the material. Consider a continuum medium with

volume 1V and surface S which undergoes deformation.

v

Figure 1.1 Deformation of an elastic body



Let a particle in the medium changes its position under deformation from P (x4, x,, x3) t0
P'(x1,%5,x3) and let the displacement of P to P'is measured by wu;(x,x5,x3) = x; — x;

where i =1,2,3, where u,u,, us represents displacement components. Infinitesimal

. . . . . 1 1(ou; , Ouj
deformation or strain in the medium is defined as e; = > (u;; + ) =3 (a—’: + ﬁ) where
Jj i

i,j =1,2,3 and here e; are called components of symmetric strain tensor.

Stress is the force on unit area within a material, which develops as a result of the externally
applied forces. Consider an elementary surface area dS in the continuum with normal to the
surface is v; and T,”dS be stress vector acting on the elementary area for defining transfer of
interaction between two particles on the elementary area. Here T}” represents force traction
vector which is defined in terms of symmetric stress tensor 7; as TV = 7;;v; and t;
completely characterise the state of stress in the neighbourhood of point P. Here in 7;; the
first subscript (i), represents the direction of normal to the plane under consideration and
second subscript (j) specifies the direction of components stress vector T;”. Figure 1.2, shows

the components of stress tensor acting on a small rectangular parallelepiped.

Yy

/—> Tyx

v

Figure 1.2 Components of force stress tensor in classical theory of elasticity

Robert Hooke in 1660 gave the famous law of proportionality between stress and strain
acting at a point on the body due to the presence of external forces. It states that stress is

directly proportional to the strain upto certain limits of the material called elastic limits.



1S the stress

Mathematically, it is written as 7;; = Cyj; ey Where i,j,k,1 =1,2,3 and t;;

tensor, ey, is the strain tensor. Both stress and strain tensors have 9 components and Cyj; is
the fourth order coefficient tensor and these are called elastic constants. In the most general
case, there are 81 elastic constants. Since, both stress and strain tensors are symmetric in
classical elasticity, so by imposing these conditions elastic constants are reduced to 36. If we
assume the system to be adiabatic or isothermal, we get Cj; = Cyy;; and it further leads to
the reduction of elastic constants from 36 to 21. In general, material possesses certain
symmetries in their internal structure and if we assume the material to be symmetric with
respect to one of the plane, elastic constants are reduced to 13 and they are further reduced to
9, by assuming the material to be symmetric with respect to two planes called orthotropic
materials. If we further assume the material to be transversely isotropic, a material which
possesses the axis of symmetry in the sense that all rays of light at right angle to this axis are
equivalent, we are left with 5 elastic constants. Finally, for isotropic materials properties are
same in all directions. Elastic properties in isotropic materials are independent of the
orientation of axes of coordinates. These materials possess a rotational symmetry with respect
to two perpendicular axes. In this case, elastic constants are reduced to two and Hooke’s law

becomes
Tij = /1611 €Lk + Zueij (121)

Eq. (1.2.1) is called constitutive relation which defines relation between state of stress and the

state of strain, where i, j,k =1, 2, 3.

where §; = {O Cif i is called Kronecker’s delta.
A, W are two elastic constants called Lame constants. Here, u is called shear modulus and is
defined as ratio of the shearing stress to the change in angle produced by shearing stress also
called modulus of rigidity. We can further define few standard material elastic constants

which are combination of A, (1 as

Poisson ratio — It is defined as the ratio of contraction of linear elements perpendicular to

A

the axis of cylinder to the longitudinal extension of the rod and is denoted by v = 200

Young’s Modulus — It is the ratio of tensile stress to extension produced the by the tensile

n(34+2u)

stress and is represented as E = :
P (A+p)



Bulk modulus — It is the ratio of compressive stress to the cubical compression and is

(3A+2u)

denoted as k = 3

For a continuum medium occupying volume V and bounded by a closed surface S to be in
equilibrium, the resultant forces acting on the material within V should vanish. In that case

equation of equilibrium for classical theory of elasticity is given by 7;; ; = —F; where F; are
Ty . . .
the components of body forces and ;; ; = ;7’ represents first order partial derivatives. By
J
using stress-strain relation 7;; = A6;; ey + 2He;; in equation of equilibrium, we get
pug; + A+ Wy +F =0 (1.2.2)

where u; are the displacement components and this equation in vector form can be written as

V2 + A+ VW3 +F =0 (1.2.3)

where

If p is the density of the continuum medium, then the components of force of inertia acting

on mass contained in elementary volume dV are p dV 1 < i < 3 and hence to get total

forces acting on the continuum medium, we add components of body force F; and
components of force of inertia per unit volume. Hence, from equation of equilibrium defined

in Eq. (1.2.2), we get equation of motion for an isotropic elastic solid as

HU; jj +(/1+#) Y ji +Fi:pui (124)

2
where ii; = a_ , Eq.(2.2.4) in vector form becomes

- 22
Ui+ A+ W) + F = p22 (1.2.5)

ot?



1.3 COUPLE STRESS THEORY

The results given by classical model of elasticity (Cauchy [15]) is in agreement with the
experimental outcomes, performed on materials like steel, aluminium etc., when internal
stresses do not exceed the elastic limits of material. In classical theory of elasticity atomic
structure of the material is not considered. It is based on the assumptions that all materials are
homogeneous and are continuously distributed over its volume without any kind of defects,
so that even the smallest particle of the material possess same physical properties as the
whole material. It is also assumed that a point particle is represented by a geometrical point
which is infinitesimal in size without any internal structure. There are many materials like
particulate composites, polymers and cellular solids which do not satisfy above said
assumptions. Classical theory of elasticity does not consist any length scale parameters which
account for internal microstructures of the material. It is now, a well known fact that
materials do behave differently at microscale as compared to their behaviour at macroscale.
Even steel which is assumed to be homogeneous when studied at the microscopic level is
observed to have crystals of various sizes arranged in different orientation and hence is far
from being a homogeneous material. Although, classical elasticity can very well explain the
behaviour of steel within the elastic limits and reason for this is that there are millions of
crystals even in a very small piece of steel. If geometrical dimensions of the material are
larger in comparison to dimensions of crystals defining internal structure of the material,
assumptions of homogeneity can be applied. Classical theory of elasticity is unable to explain
the stress concentrations at holes and cracks in the material. It cannot explain the dispersive
nature of the certain type of waves in elastic media. There are many materials like polymers,
fibrous and composites where experimental results deviate from the findings predicted by
classical theory of elasticity. Many materials have heterogeneous microstructures which play
a dominant role in determining physical properties of the material at macroscale and also how
material behaves to the applied external forces. This has generated considerable interest in
micro mechanical modelling of the materials. Materials which exhibit this type of behaviour
include granular materials, particulate composites, soil, rocks etc. These materials have
internal microstructures which ranges from nanometres to micrometres and those cases are of
interest where these internal microstructures are comparable with the other characteristic
lengths involved in the problem. Classical theory of elasticity has limited scope to predict the

behaviour of such materials, so these short comings of classical theory has led to the



development of new micromechanical theories of solids which accounts for microstructure of

the material and are called microcontinuum theories.

Voigt [143] was the first who gave an idea that interaction between two parts of the
continuum not only depends upon force stress vector but also on the couple stress vector.
However, Cosserat and Cosserat [22] gave the mathematical formulation to analyse materials
with couple stresses, by considering that the deformation of the medium is described by
displacement vector and an independent rotation vector. Displacements and rotations are
associated with non symmetric stresses and couple stresses through constitutive relations.
This was contrary to the classical theory which described stress as symmetric tensor. In
classical theory of elasticity material particles have only three displacement degrees of
freedom, whereas Cosserat model describe three additional degrees of freedom related to the
rotation of particle. This idea of Cosserat brothers did not receive much attention at that time
and after almost fifty years Cosserat theory was reworked by many researchers (Toupin
[133], Mindlin and Tiersten [87], Koiter [58], Eringen [30], Nowacki [92]), but instead of
taking rotation as independent of displacement field, it was considered to be compatible with
the displacement. In literature, Toupin's [134] theory was called ‘Cosserat theory with
constrained rotation’, Koiter's [58] theory was called ‘Couple stress theory’, Mindlin theory
[83], Mindlin and Eshel [86] was called strain gradient theory, Eringen's [31] theory was
called ‘Indeterminate couple stress theory’, Nowacki's [92] theory was called ‘Cosserat

pseudo-continuum theory’.

These theories do have certain drawbacks like indeterminacy of the spherical part of the
couple-stress tensor and inclusion of the body couple in the constitutive relation for the force
stress tensor was also disturbing. These theories have been referred to as inconsistent or
indeterminate couple stress theories. Classical theory of elasticity was extended by adding
additional degrees of freedom which accounts for deformation of the microstructure of the
material and these additional degrees of freedom are independent of existing degrees of
freedom of displacement field. In micromorphic theory (Eringen and Suhubi [33], Eringen
[32]), a material point possesses three deformable directors that give nine additional degrees
of freedom and these are dimensionless quantities. This corresponds to rotation and
deformation of a ‘micro-element’ embedded in the continuum which is independent of the
local deformation of the ‘macro-element’. In case of the micropolar continuum theory
(Eringen [30]), there are three degrees of freedom in addition to the three degrees of freedom

for displacement field and directors are assumed to be rigid. If macromotion of the particle

7



and the micromotion of its inner structure are not distinguished, micropolar theory reduces to

couple stress theory.

The couple stress theory of elasticity was developed to describe the size dependent effects of
material and many researchers used couple stress theory to study various types of problems.
Mindlin [83] studied influence of couple stresses on stress concentration. Yang and Lakes
[150] did experimental study of micropolar and couple stress elasticity on compact bone in
bending. Lubarda and Markenscoff [80] derived general conservation laws for couple stress
theory. They have also discussed the relationship of derived path integrals with other similar
quantities of couple stress theory. Bardet and Vardoulakis [5] discussed the importance of
couple stresses in granular medium. Yang et al. [149] have developed a modified couple
stress theory in which, strain energy has been shown to be a quadratic function of the strains
(which are symmetric), the symmetric curvatures and only a single material length scale
parameter is involved. Yang et al. [149] tried to simplify couple stress theory, but it also
carries few problems like spherical part of couple stress tensor is indeterminate and they
assumed couple stress tensor to be symmetric based on an artificial law of equilibrium of
moment of couples and even the boundary conditions assumed were inconsistent. Lubarda
[79] used the couple stress theory to study an anti plane strain problem of circular inclusions.
Akgoz and Civalek [3] has analysed micro sized plates resting on elastic medium using
modified couple stress theory. They derived equations for bending, buckling and vibration
using Hamilton’s principles and also discussed the effect of length scale parameter on these

properties.

Hadjesfandiari and Dargush [46] have proposed consistent couple stress theory by
considering true continuum kinematical displacement and rotation. In this theory, it is shown
that the couple stress tensor is skew symmetric and the skew symmetric part of the gradient
of the rotation tensor is the consistent curvature tensor. They also showed that displacement
field and its corresponding rotation field are the only degrees of freedom at each point. This
means that the rigid body motion of each infinitesimal element of material at any point of the
continuum is described by six degrees of freedom, out of which three are translational and
other three are rotational. With these mentioned assumptions they have tried to remove the
difficulties which are there in the existing continuum theories. It is also shown that for
isotropic material the two Lame parameters A, u and one length scale parameter n can
completely characterise the behaviour of material. n is a length scale parameter which

accounts for couple stress effects for isotropic solids and evaluation of n requires the

8



knowledge of characteristic material length parameter [, which was absent in Cauchy
elasticity. Hadjesfandiari and Dargush ([47], [48]) further gave boundary element formulation
for plane problems in couple stress elasticity and they also derived fundamental solutions for
two and three dimensional isotropic size-dependent couple stress elasticity, using
decomposition of displacement field into dilatational and solenoidal components. One of the
major problem in these size dependent elastic theories (Cosseret [22]), micropolar (Eringen
[30], [31]) and couple stress (Toupin [133]; Mindlin and Tiersten [87]; Koiter [58]) is
determination of these length scale parameters. It was observed (Lakes [67]) that
characteristic length would be undetectable in any macroscopic mechanical experiment, but
have relevance in studies involving composite and cellular solids. In fibrous composites, the
characteristic length may be of the order of spacing between fibres. In cellular solids it may
be comparable to the average cell size of the material.

1.3.1 Basic stresses and equilibrium equations of consistent couple stress theory
(Hadjesfandiari and Dargush [46])

Consider a continuum material with volume V which is bounded by surface S. Consider an
elementary surface area dS in the continuum with unit normal to the surface as v; and T’ dS
be stress vector and M/ dS be the moment vector acting on the elementary area for defining
transfer of interaction between two particles on the elementary area. Here T,” represents force
traction vector and M; represents moment traction vector which are defined in terms of non-

symmetric stresses gj; and couple stresses ;; as

TP = 0;;v; (1.3.1.1)
My = p; v, (1.3.1.2)

Stress tensor gj; and couple stress tensor w;; can be written as a sum of symmetric and skew

Symmetric partS as
o; =0%; +04; (1.3.1.3)
H’ji = ’uSﬁ + :uA]'l' (1314)

S S H A A
Here o°;; and u ji represent symmetric part of stresses and couple stresses and o;; and u ji

represent skew symmetric part of stresses and couple stresses.



Now using linear and angular balance equations, we get
JTPdS+ [FdVv =0 (1.3.1.5)
e 6T + MP|dS + [[egix; Fy + H;]dV =0 (1.3.1.6)

Here F; are the body forces and H; are the body couple per unit volume. g, is the
permutation tensor and its value is zero, when any two subscripts of i, j, k are equal and the

value is 1 if i,j, k are in cyclic permutation of 1, 2, 3 and otherwise it is —1.

By using the values of TV, M? in above equations, we get

JovdS + [FdV =0 (1.3.1.7)
Jleiix;ouv) + v ]dS + [ % Fi + Hi]dV = 0 (1.3.1.8)
Now, by using divergence theorem we get

[ oAV + [ FdV = [(g;; + F,)dV =0 (1.3.1.9)

[ e (500 )+ i ]AV + [0 %, Fie + H]dV = 0 (1.3.1.10)

Here commas represent derivatives with respect to spatial coordinates. Solving these

equations further we get equilibrium equations of couple stress theory as
+F=0 (1.3.1.11)
Kjij + €jroie +H =0 (1.3.1.12)

Let us consider two neighbouring points in a continuum as Q and Q' with position vectors as

x; and x; + dx;. The relative displacement vector of Q" with Q is given by

Here u; are the displacement components and u;; = % is the gradient of displacement field
j

and it can further decomposed as
1 1
Uj =3 (ui,j + uj,i) +3 (ui,j - uj,i) =e; +wy (1.3.1.15)

Where
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1
ey = (wy +u,)
is the symmetric tensor that represents infinitesimal deformation strain.

Wij = %(ui,j — )

is a skew symmetric tensor which represents rotational part.
The vector w; which is dual to rotation tensor is
1 1
w; = Eeijk ij = Egl'jk uk’j (13116)

For finding curvature of an arbitrary element dx; in continuum, we consider relative rotation

of the same neighbouring points Q and Q' as

dw; = w;;dx; (1.3.1.17)
Here w; ; represents gradient of rotation vector and can be further written as

wij =5 (wig +w) +5(wiy —w) = Uy + 5 (1.3.1.18)
Where

Yy = %(Wi,j + ;)

is symmetric tensor showing strain of the rotation vector.

Y; = %(wi,,- - w,)

is skew symmetric tensor representing rotation of rotation vector.

y; is referred as torsion tensor and it is assumed that it will not act as a fundamental measure
of deformation in a continuum. ¥;; is the curvature tensor and curvature vector ¥; dual to this

tensor is defined as

1 1
Y, = 5 Eijk Yy = 5 Eijk Wk j (1.3.1.19)
Now for the small deformation

lej| « 1
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1
il <
where L is the smallest characteristic length in the continuum.

Further using principal of virtual work, it is shown that for consistent couple stress theory, the
body couple stress is not distinguishable from body force and hence, in couple stress theory
only body forces should be considered. It is also established that normal surface moment
traction must vanish and it leads to the skew symmetric character of couple stress tensor u;;
that is

Hji = —Hij
and it was not recognised in the earlier microcontinuum theories.

It is also shown that body couple should not be distinguished from body forces F; and hence

equilibrium equations of couple stress theory reduce to

v

Figure 1.3 Components of couple stress tensor in consistent couple stress theory

Now for an elastic material energy density function is defined as U = U(e;; , ¥;;) and for bi-

ij
anisotropic material it is written as
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1 4 1,7 !
U= 2 Qijk €ij € + 3 bijiy Yij Yo + Ciji €5 Y (1.3.1.22)

where ay;y; , by »cip are elastic constitutive coefficients and should be such that elastic

energy density function becomes positive definite. For an isotropic elastic material

a;jkl = A6;; 811 + uby 6 + pby Gy

biji = 40848 — 418, )

lejkl =0

and hence energy density function becomes

U= %/’lejj exe + peje; +4AnY; Y (1.3.1.23)

For energy density function U to be positive definite, we are required to satisfy following

conditions

n

304+ 2u>0,u>0,n>0 and also the ratio i 12 defines a characteristic length

parameter which actually accounts for size dependency at microscale in consistent couple

stress theory of elasticity.

Hence, for an isotropic elastic material stress tensor is defined as

0 = A8 + g +u ) — V3 (uy —w ;) (1.3.1.24)
Jt L] L 7.t L 7t

and couple stress tensor is defined as

wi = 4n(wy; —w;,;) (1.3.1.25)

1
Where Wi = E Eijk uk,]'
These equations are called constitutive relations for consistent couple stress theory.

The basic governing equations of motion or equilibrium equation for consistent couple stress

elasticity for isotropic material in the absence of body forces are given by

A+ u+ VD) + (u—nV3) V2, = pij; (1.3.1.26)
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1.4 WAVES IN ELASTIC MEDIUM

A wave is a periodic disturbance in a medium that carries energy from one point to another.
The disturbance in the medium at point is not instantaneously felt at the points which are at a
distance from the source of disturbance in the medium. It takes some time for the disturbance
to reach to the other points in the medium and this phenomenon is known as wave
propagation. There are many simple examples where this simple phenomenon can be felt in
real life like transmission of seismic wave in earth, spreading of ripples on the surface of
water, vibrations felt at railway platform when train runs on railway track etc. Waves in an
elastic medium originate due to forced motion of a portion of the medium. As the particles of
the elastic medium are deformed, the disturbance is transmitted from one point to another in
the medium and thus wave propagates in the medium. As disturbance is carried from one
point to another in the medium it carries amount of energy with it in the form of both kinetic
and potential energies. Disturbances can transmit this energy over considerable distances in
the medium. Resistance is offered to the process of propagation of disturbance or deformation
by the consistency of the material as well as by the inertia of the particles in the medium. Due
to these resistances a wave propagating in the medium gradually dies down. In an elastic
solid, two different types of actions are possible for a wave. In first case, solid can transmit
tensile and compressive stress and the motion of the particles will be in the direction of wave
propagation and in second case, solid can transmit shear stresses also and here the motion of
particles will be transverse to the direction of wave propagation. Waves in an elastic medium
can be classified as body waves and surface waves. Body waves can propagate into the
interior of the medium and surface waves propagate along the free surface of the medium.
Electromagnetic waves in vacuum, acoustic waves in air are examples of body waves. Body
waves are further divided into two categories longitudinal or compressional or dilatational or
irrotational waves and transverse or shear or equivoluminal or rotational waves. These waves
travel in an infinite media. In longitudinal waves particles of the medium vibrate about its
equilibrium position in the direction of propagation of wave and sound wave is an example of
these waves. These waves involve compression and rarefaction of the material as wave
propagates, but there is no rotation. In transverse waves, the motion of particles is
perpendicular to the propagation of wave. These waves involve shearing and rotation of the
material as wave propagates through it. Light, X-ray and spreading of ripples in the water are

few examples of these waves.
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In equation of motion for an isotropic elastic solid by neglecting the effects of body forces,
from Eq. (1.2.5) we get,

2=
UV + (A + WV(V.@) = p 22 (1.4.1)

ot?

Where 1 = (u, v, w) are displacement components, A, u are Lame constants, p is the density

of material.

By using standard formula V x (V x %) = V(V.4) — V24 of vector calculus, Eq. (1.4.1) can

be written as

2=

(A + 2V(V. %) — uV x (VX ) = p=3 (1.4.2)
2—)
CEV(V.2) - C3V x (VX 1) = 25 (1.4.3)

1+2
where C2 = T“ and C$ = %

Now, using Helmholtz decomposition theorem, we write displacement vector as

U=Vp+Vxyand V.9 =0 (1.4.4)
3 =700 4 500 pOb | o (0s Oy _ o (0%z  O¥x) , o (0%y  O¥x
u=i x+] y+k z+l<6y Oz) ](6x 6z)+l(ax 6y) (1'4'5)
We get

¢ |, Y, 0Py
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Here, 1 = (u, v, w) is displacement vector and ¢ is a scalar potential and 1,[7 = (wx,v,by,v,bz)
is a vector potential function. V¢ is the irroational part as curl(gradg) = 0 and V x ¢ is

solenoidal part because div(curlyp) = 0. Eq. (1.4.3) reduces to

2 5 27
grad (C3v¢ - 22) + curl (szvzlp - %) =0 (1.4.6)

Eq. (1.4.6) will be satisfied, only if

12%

V2¢ = Clzm (147)
> 1 9%y

Egs. (1.4.7) and (1.4.8) both represent standard wave equations. Hence equation of motion
for an isotropic elastic solid by neglecting the effects of body forces and with the assumption
of small motion reduces to wave equation. It can also be concluded that two types of wave
can be propagated through elastic solid with wvelocities C; and C, respectively.

Since, curl(grad¢) = 0 so the ¢ movement is purely irrotational or dilatational or

longitudinal and div(curlt/j) = 0, hence 1/7 motion is purely distortional or transverse or
equivoluminal. Since C; > C,, in seismology, longitudinal are called primary waves (P)
because they represent first wave appearing on the seismograms. Transverse waves travelling
with velocity C, are also called secondary waves (S). Secondary waves are polarized waves
and the part polarized in vertical plane is denoted as S, and that in horizontal plane is Sy.
Longitudinal waves can propagate into all media may be solid, liquid and gases, but
transverse waves can propagate into solids only. Liquid and gases do not support shear

motion, so u = 0 and consequently C, = 0.

Surface waves appear when there is a boundary in the medium, as in semi-infinite media or in
plates of finite width. These waves are Rayleigh waves, Love waves and Lamb waves.

During earthquakes, seismic event starts with recording of longitudinal waves, followed by
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transverse waves and finally by surface waves. Surface wave are higher in amplitudes and of

longer periods.
1.4.1 Rayleigh Waves

In 1887, Lord Rayleigh [76] discovered that a specific wave can be formed near the free
surface of a homogeneous and semi infinite medium, which cannot penetrate far beneath the
surface because its amplitude decreases exponentially with distance from the surface. These
waves propagate along the surface at a velocity which is less than velocity of both
longitudinal and shear waves. These waves are polarised with elliptical motion of the particle
in a plane, determined by normal to the surface and by the direction of propagation. The
major axis of elliptical motion of the particle is along the normal to the surface and motion of
the particles is in counter clock wise direction. These waves are called Rayleigh Waves.
Rayleigh waves in an elastic medium under classical elasticity were found to be non
dispersive, that is they were independent of frequency. These waves propagate with a
velocity slightly less than transverse wave velocity. Rayleigh wave velocity is 0.9 times
(approximately) of velocity of transverse waves. Rayleigh surface waves are widely used for
material characterisation, to discover the mechanical and structural properties of objects.
Rayleigh waves in ultrasonic frequency range are used in non-destructive testing applications
(Viktorov [138]) to find cracks and other imperfections in the material. Rayleigh waves are

also useful to detect surface flaws (Reinhardt and Dally [104]).

It is always interesting to study the changes in the profiles of Rayleigh waves when
homogeneous elastic half space is loaded with liquid. This model has practical applications in
the field of seismology, geophysics and NDT techniques. Love [77] gave the first
comprehensive treatment to dispersion of Rayleigh and Love waves in case of an elastic solid
half space covered by a single solid layer. Nayfeh and Nasser [89] studied the propagation of
plane harmonic and Rayleigh waves in thermoelastic solids using generalized
thermoelasticity. They studied Rayleigh waves propagating in a linear elastic half space
which can conduct heat, using Maxwell’s modified heat conduction equation. Sengupta and
Ghosh ([110], [111]) studied the effects of couple stresses on surface waves in elastic media,
they deduced the equations of surface waves in elastic media under the influence of couple
stresses and observed that couple stresses affects the velocity of Rayleigh and Love wave
propagation. Plona et al. [100] studied Rayleigh and Lamb waves at liquid-solid boundaries.

They examined governing equations of Lamb and Rayleigh waves propagating in free and
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liquid loaded solids. Bhattacharya and De [9] studied surface waves in a viscoelastic media
under the effect of gravity. They briefly investigated various surface waves and showed that
results are in agreement with classical theory, when effects of gravity and viscosity are
neglected. Sharma et al. [125] gave a uniformly valid analytical solution to the problem of a
decaying shock wave. Das et al. [25] studied thermo viscoelastic Rayleigh waves under the
influence of couple stress and gravity. They derived more general equation of phase velocity
of Rayleigh waves and also proved that it reduces to classical Rayleigh wave equation in the
absence of viscosity, gravity and couple stress. Qi [101] studied the influence of viscous fluid
loading on the propagation of leaky Rayleigh wave in the presence of heat conduction effects.
He showed that attenuation of the leaky Rayleigh waves gets affected by both viscosity and
heat conduction in the layer. He also observed that leaky Rayleigh wave speed is smaller at
interface of a viscous boundary layer over a solid half space as compared to Rayleigh wave
speed at the interface of a vacuum and a solid half space. Hassan and Nagy [49] investigated
leaky Rayleigh waves in a fluid filled cylindrical cavity and found that the dispersive
Rayleigh wave propagating around a concave cylindrical surface is substantially less
attenuated by fluid loading than the corresponding wave on a flat surface. Ottosen et al. [96]
studied Rayleigh waves by applying the indeterminate couple stress theory. They proved that
Rayleigh waves are dispersive and velocity of Rayleigh waves is higher than conventional
Rayleigh wave speed. Destrade [27] studied Rayleigh waves in crystals with at least one
plane of symmetry and also derived the secular wave equation for Rayleigh waves
propagating in any direction in the plane of symmetry. Georgiadis and Velgaki [42] studied
the dispersive nature of Rayleigh waves propagating along the surface of a half space at high
frequencies using couple stress theory. They tried to explore the applicability of couple stress
theory in checking the dispersion of Rayleigh waves and they showed that Rayleigh waves
propagating along the surface of a half space are dispersive at high frequencies. Vinh and
Ogden [142] studied formulas for Rayleigh waves speed in orthotropic compressible elastic
materials using theory of cubic equations and expressed these formulae as a continuous
function of certain dimensionless material parameters. Georgiadis et al. [41] applied theory of
dipolar gradient elasticity to analyse Rayleigh type waves propagating along the surface of a
half space. Classical theory of elasticity predicts that Rayleigh waves are not dispersive at
any frequency, which contradicts the experimental data and by applying theory of dipolar
gradient elasticity they showed that these waves are indeed dispersive at high frequencies.
They have also given certain relations which are helpful for estimating the values of various

microstructural parameters involved in the theory. Zhu et al. [152] studied the propagation of

18



leaky Rayleigh and Scholte waves at the fluid-solid interface generated by transient normal
point load at the interface by using Laplace and Hankel integral transform technique. Liu and
Liu [75] discussed propagation characteristic of Rayleigh waves in orthotropic fluid saturated
porous media. They derived governing equations of Rayleigh waves for orthotropic fluid
saturated porous media and also showed that Rayleigh waves exhibit different characteristics
in orthotropic fluid saturated porous media as compared to isotropic or transversely isotropic
fluid-saturated porous media. Sharma and Pathania [118] discussed the propagation of leaky
surface waves in an isotropic, homogeneous and thermally conducting elastic material
bordered with inviscid liquid layer or half space using generalized theory of thermoelasticity.
Destrade [28] studied Seismic Rayleigh waves on an exponentially graded, orthotropic half
space. He found that Rayleigh wave is dispersive in the considered model and also showed
that for the considered model wave travels at a slower speed and penetrates deeper than in
homogeneous case. Lamkanfi et al. [70] did analysis of transmission of leaky Rayleigh waves
at the extremity of a fluid loaded thick plate using finite element techniques. Sharma et al.
[116] studied the propagation of Rayleigh surface waves in microstretch thermoelastic
continua under inviscid fluid loadings in context of classical and non classical theories of
thermoelasticity. They derived secular equation for generalized Rayleigh wave in close form
and under isolated mathematical conditions. Kumar and Kansal [61] investigated effect of
rotation on the phase velocity and attenuation coefficient of Rayleigh waves propagating in
homogeneous, isotropic, thermoelastic diffusive half-space using different theories of
thermoelastic diffusion. Kumar and Kansal [62] studied propagation of Rayleigh waves on
free surface of transversely isotropic generalized thermoelastic diffusion using Green-
Lindsay (GL) theory. They derived secular equation for the propagation of Rayleigh wave in
considered media and presented the effects of anisotropy and diffusion on phase velocity and
attenuation coefficient. Sharma and Sharma [120] did modelling of thermoelastic Rayleigh
waves in a solid underlying a fluid layer with varying temperature by studying the
propagation of surface waves in a homogeneous isotropic, thermally conducting and elastic
solid underlying a layer of viscous liquid with finite thickness in the context of generalized
theories of thermoelasticity. Sharma et al. [121] studied Rayleigh waves in a thermo
viscoelastic solid loaded with viscous fluid of varying temperature. They found that
mechanical relaxation times have significant effects on the profiles of phase velocity,
attenuation coefficient and specific loss factor of energy dissipation of these waves. They also
observed the effects of viscosity of both media on phase velocity, attenuation coefficient and

specific loss factor of energy. Vinh and Linh [140] gave an approximate secular equation of
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Rayleigh waves propagating in an orthotropic elastic half space coated by a thin orthotropic
elastic layer. Ahmed and Dahab [2] studied influence of initial stress and gravity field on
propagation of Rayleigh and Stoneley waves in a thermoelastic orthotropic granular medium
and showed that frequency equations of both Rayleigh and Stoneley waves are affected by
the influence of initial stress, density and gravity parameter. Sharma and Kumar [126] studied
the effect of high-frequency vertical vibration in a suspension of gyrotactic micro-organisms.
They derived secular equation involving bioconvection Rayleigh number and vibrational
Rayleigh number. Kocaturk and Akbas [57] studied wave propagation in a microbeam based
on a modified couple stress theory. They studied the influence of material length scale
parameter on wave propagation. Kumar et al. [59] studied Rayleigh waves in isotropic
microstretch thermoelastic diffusion solid half space. They observed the effects of relaxation
times on various parameters involved in the problem. They also examined the path of surface
particle during the propagation of Rayleigh waves. Vinh et al. [139] studied Rayleigh waves
in an isotropic elastic half space coated by a thin isotropic elastic layer with smooth contact.
By using the effective boundary condition method they derived secular equation of fourth-
order in terms of the dimensionless thickness of the layer. Vinh et al. [141] studied the
propagation of Rayleigh waves in an incompressible orthotropic half space coated by a thin
elastic layer. They have given an approximate secular equation of third-order and based on
this secular equation, an approximate formula of third-order for the Rayleigh wave velocity
was also derived. Kakar and Kakar [54] studied propagation of surface waves in electro-
magneto thermoelastic orthotropic granular non-homogeneous medium subjected to gravity
and initial compression. They concluded that phase velocity of Stoneley and Rayleigh waves
not only depend upon gravity field but also on the non-homogeneity, magnetic field, electric
field, temperature, initial stress and granular notations of the material medium. Vavva et al.
[136] studied dispersion of Rayleigh waves in bone using gradient elasticity. They studied
dispersion of Rayleigh waves in an isotropic elastic half space and to consider micro structure
of bone they incorporated four intrinsic parameters in the stress analysis. They presented their
results by doing comparison of dispersion curves of group and phase velocity with already
established results. They concluded that Mindlin’s form II gradient elasticity can very well
describe the dispersive nature of Rayleigh waves. Tanuma et al. [132] studied dispersion of
Rayleigh waves in weakly anisotropic media with vertically-inhomogeneous initial stress.
They derived high-frequency asymptotic formula for dispersion relations of Rayleigh waves
that propagate in various directions along the free surface of a vertically-inhomogeneous,

prestressed and anisotropic half-space. He et al. [50] did comparison of properties of
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Rayleigh waves in elastic and viscoelastic media using a technique of finite difference
method in time space domain. Kaur et al. [55], studied propagation of Rayleigh-type surface
wave in a self-reinforced semi-infinite medium loaded by an inviscid liquid layer under the
effect of gravity. They derived Secular equation for the propagation of Rayleigh-type wave in
closed form and studied the effect of reinforcement, gravity and liquid loading on phase
velocity of Rayleigh type waves. They made the comparison between results obtained using

reinforced semi infinite medium and reinforced free semi infinite medium.
1.4.2 Lamb waves

Lamb waves travel in a thin stress free elastic plate and these waves were originally studied
by Horace Lamb [69] and these waves are also called plate waves. Lamb waves are formed
by interference of multiple reflections at the free surfaces of the plate and mode conversion of
longitudinal waves (P-waves) and shear waves (S-waves). In Lamb waves particle
displacement occur both in the direction of wave propagation and perpendicularly to the
plane of the plate. Lamb waves are further categorised as symmetric and skew symmetric. In
symmetric modes or longitudinal modes the average displacement over the thickness of the
plate is in the longitudinal direction. In skew symmetric modes or flexural modes average
displacement is in the transverse direction. These modes exist infinite in number for a
specific plate thickness and acoustic frequency and are identified through their phase
velocities. Lamb waves are dispersive in nature, so both phase and group velocities are

function of frequency.

Osborne and Hart [94] examined Lamb waves activated in steel plate structures in underwater
explosions. They briefly compared theoretical and experimental results. They suggested that
methods given by them are also applicable to evaluate the phase velocity of electromagnetic
wave guides. Schoch [106] investigated the effect of an inviscid liquid loading on the
propagation of Lamb waves and derived the dispersion relation for leaky Lamb waves for an
isotropic plate. Firestone and Ling ([35], [36]) used Lamb waves for damage detection using
non destructive techniques in metal sheets. Gazis [39] gave considerable details about Lamb
waves. Viktorov [138] proved dispersive nature of the Lamb waves and explained that they
are formed by interference of multiple reflections and mode conversion of longitudinal and
shear waves at the free surfaces of the plate. For the better understanding Worlton [145],
Frederick and Worlton [37] made intensive experimental investigations on Lamb waves.

They tried to correlate theory with experimental results and also derived dispersion equations
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involving phase velocity, frequency and thickness of the plates. Sengupta and Benerji [109]
investigated the effects of couple stresses on propagation of waves in elastic layer immersed
in an infinite liquid. They showed that real part of wave velocity increases and imaginary part
of wave velocity decreases due to the presence of couple stresses. Das et al. [24] studied
effects of couple stress on propagation of waves in a thermo-visco-elastic layer of finite
thickness. They solved equation of motion using potential functions and derived wave
velocity equation using various boundary conditions. Wu and Zhu [146] studied the
propagation of Lamb waves in a plate bordered with inviscid liquid layers on both sides.
They derived dispersion equations and showed that phase velocity varies with thickness of
the liquid layers. They have given the applications of Lamb waves in biosensing. Nayfeh and
Nagy [88] studied excess attenuation of leaky Lamb waves due to viscous fluid loading. They
have presented an analytical technique to estimate the effect of viscous fluid loading on the
propagation of Lamb waves in submerged and fluid coated plates. They observed that the
effect of viscosity on the phase velocity of the Lamb modes is negligible as compared to the
effect on attenuation. In case plates are coated with a finite-thickness fluid layer the Lamb
modes are not leaky and viscosity is the only source of attenuation. If plates are immersed in
an infinite fluid then Lamb modes become leaky and the attenuation caused by fluid loading
is the combined effects of radiation losses due to energy leakage into the fluid and dissipative
losses due to viscous friction at the interfaces. Sengupta et al. [112] did a review of some
problems in elasto-dynamics under the influence of gravity. They discussed influence of
gravity on Lamb, Rayleigh, Love and Stoneley waves using Biot’s theory of initial stresses.
Pagneux and Maurel [97] discussed Lamb wave modes using eigenvalues method. They
showed that in this method initial guess for the wave number is not needed which is contrary
to the traditional method of root finding of frequency equation in complex plane. Ahmad et
al. [1] studied guided waves in a fluid loaded transversely isotropic plate. They derived
dispersion relations for both symmetric and anti symmetric modes of propagation in a free
transversely isotropic plate. They have plotted dispersion curves for first four symmetric
modes by considering a magnesium plate immersed in water. Sharma and Pathania [117]
studied the propagation Lamb waves in a homogeneous isotropic, thermally conducted plate
bordered with layers of inviscid liquid or inviscid half space using generalized theory of
thermoelasticity. They studied secular equations both for symmetric and anti symmetric wave
modes and also deduced secular equation for thermoelastic leaky Lamb waves. Sharma et al.
[119] did the analysis of thermoelastic Lamb waves in a transversely isotropic plate bordered

with layers of inviscid liquid or liquid half space. They derived secular equation for
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homogeneous transversely isotropic plate and also deduced secular equation for leaky Lamb
waves. Kumar and Partap [63] studied propagation of Rayleigh Lamb waves in micropolar
isotropic elastic plate. They derived secular equations both for symmetric and skew
symmetric wave modes. Wang and Yuan [144] studied propagation of Lamb waves in
composites. They calculated group velocity and characteristic wave curves both numerically
and experimentally. Their experimental study was focused on the existence of higher Lamb
wave modes. They have also developed a new semi exact method for the calculation of group
velocity. Shao et al. [113] studied dispersion curve of guided wave in a layered media with
overlying liquid surface. They have studied the effects of thickness of overlying liquid layer
on the dispersion curves and through their study they have tried to provide theoretical basis
for the use of guided waves exploration in liquid covered areas. Singh and Tomar [128]
studied propagation of Rayleigh—Lamb waves in an infinite microstretch elastic plate of finite
thickness with top and bottom of the plate are cladded with layers of a homogeneous and an
inviscid liquid of finite thickness. They derived frequency equations for symmetric and anti
symmetric modes of these waves and found that waves are dispersive in both the cases and
also concluded that microstretch has negligible effect on dispersion curves. They found that
attenuation coefficient is influenced by the presence of microstretch and also observed that
liquid layers have significant effect on the dispersion curves. Vavva et al. [137] discussed
velocity dispersion of guided waves propagating in an elastic plate using gradient theory by
showing its application to cortical bone. They included two additional microstructural
parameters in constitutive relations for representing characteristic lengths in bone. Sharma
and Kumar [115] studied the propagation of Lamb waves in micropolar thermoelastic solid
plates immersed in liquid layer of finite thickness or liquid half space from both sides with
varying temperature. They observed that fluid loadings have significant effect on phase
velocity, attenuation coefficient and specific loss for both symmetric and anti symmetric
modes. They showed that characteristic length and coupling factor also have notable effect on
the phase velocity. Wu et al. [148] investigated the vibration characteristics in a microscale
fluid loaded rectangular isotropic plate attached to a uniformly distributed mass. They studied
plate vibrations under the simultaneous effect of fluid loadings and attached mass loadings.
They obtained numerical results using different boundary conditions and compared these
with experimental results and with already established results in the literature. Pathania et al.
[98] studied generalized thermoelastic waves in anisotropic plates bordered both sides by
viscous liquid layers of finite thickness. They derived secular equations for symmetric and

anti symmetric wave motion in a plate. They made comparisons of their findings with already
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published results in the literature. Liao ([72], [73]) studied computational method to estimate
the unknown coefficient in a wave equation using boundary measurements. Kumar et al. [65]
studied generalized thermoelastic waves in microstretch plates loaded with fluid of varying
temperature. They applied theory of generalized thermo-microstretch elasticity to study the
propagation of both straight and circular crested waves in microstretch thermoelastic plates
bordered with inviscid liquid layers or half-spaces on both sides, with varying temperature.
They derived secular equations for wave propagation in rectangular and cylindrical plates and
also discussed special cases for thin and thick plates and did the comparison of their findings
with already established results in the literature. Sharma et al. [114] studied reflection and
transmission of acoustic waves at an interface of semiconductor half space underlying an
inviscid liquid. Sharma et al. [123] studied Lamb waves in a homogeneous isotropic
thermoelastic micropolar solid with two temperatures, bordered with layers or half-spaces of
inviscid liquid subjected to stress free boundary conditions. They derived secular equations
for symmetric and anti symmetric Lamb wave modes using coupled thermoelasticity theory.
They have presented various results for phase velocity and attenuation coefficient of these
waves. Chen and Li [19] proposed a new modified couple stress theory for anisotropic
elasticity containing three length scale parameters and developed composite laminated
Kirchhoff plate models under this theory. Hussain and Ahmad [51] studied zero group
velocity for Lamb waves in an incompressible orthotropic plate. They showed that existence

of these modes depend upon anisotropy parameter of the material.

1.4.3 Shear horizontal (SH) waves

There is one more type of waves which can propagate in semi infinite space in contact with
an isotropic elastic layer of finite thickness called Love waves (L-waves) and they cause the
circular shearing of the ground. These waves are named after A.E.H. Love [77], who was first
to give a mathematical model for the existence of these waves. These waves travel slightly
faster than Rayleigh waves and about 90% of the Shear wave velocity, and have the largest
amplitude. SH waves are horizontally polarised shear waves, where a single displacement
component is involved. The particle motions are polarised in a single direction. The particle
motion in these waves is transverse and parallel to the surface. These waves are observed
only when a low velocity layer is overlying a high velocity layer or a half space. Love waves

cannot propagate in a homogeneous half space.
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The study of guided SH waves has received much attention in the areas of non destructive
testing for studying the surface mechanical properties of underlying solids (Simonetti and
Cawley [127], Lee et al. [71], Petcher et al. [99], Qingzeng et al. [102]), exploration
geophysics and in the field of seismology for estimating damage capabilities of seismic
waves. SH waves are studied by many researchers under different conditions. Bhattacharya
[8] pointed out some possible exact solutions of SH wave equation for inhomogeneous
media. Schoenberg [107] studied transmission and reflection of plane waves at an elastic-
viscoelastic interface. He concluded that some properties of these waves depend on the
frequency of incident wave and the angle of incidence of impinging wave. Kaushik and
Chopra [56] studied transmission and reflection of inhomogeneous plane SH waves at an
interface between two horizontally and vertically heterogeneous viscoelastic solids. They
calculated mathematical expression for reflected and transmitted waves in viscoelastic
material. Chakraborty [16] studied reflection and transmission of SH waves at an interface
between homogeneous and inhomogeneous media. He showed effects of inhomogeneity on
the reflection and transmission coefficients graphically and concluded that inhomogeneity
plays a vital role in phase change, total reflection and transmission of the wave. Debnath and
Roy [26] studied propagation of edge waves in a thinly layered laminated medium with stress
couples under initial stresses. They showed that for a specific compression, the presence of
couple stresses increases the velocity of wave propagation with the increase of wave number,
whereas the case is exactly reverse when there is no couple stress. The problems of multiply
connected materials with holes and multi phase simply connected materials have been
addressed in a review article by Jasiuk and Strazewski [52]. Among various studies of SH
waves, one of the prominent study is to examine SH waves in the context of size dependent
microcontinuum theories. One such attempt was made by Vardoulakis and Georgiadis [135],
they studied SH surface waves in a homogeneous gradient elastic half space with surface
energy. They showed the existence of SH waves in a homogeneous gradient elastic half
space. They concluded that SH surface waves may exist in a homogeneous half space if the
problem is analysed by a continuum theory with appropriate microstructure. Singh et al.
[130] studied displacement and strain fields due to axially symmetric sources in an elastic
half space welded with another elastic half space. Du et al. [29] studied Love wave
propagation in layered magneto-electro-elastic structures by considering a piezomagnetic
material thin layer bonded with semi infinite piezoelectric substrate. They calculated phase
velocity of Love waves under different conditions and also studied the effects of initial

stresses and magneto-electromechanical coupling factor on phase velocity. Yang et al. [151]
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investigated transient scattering of SH waves due to sub surface and interface cracks which
are parallel to the free surface in a layered elastic solid. Borcherdt [11] has studied the
propagation of SH waves in viscoelastic media. Chattopadhyay et al. [17] studied the
propagation of SH waves in an irregular non homogeneous monoclinic crustal layer over a
semi infinite monoclinic medium with an irregularity. They studied the influence of depth of
irregularity and non-homogeneity parameters on phase velocity of SH waves. Chaudhary et
al. [18] studied transmission of plane SH waves through a monoclinic layer embedded
between two different self-reinforced elastic solid half spaces and derived closed form
expressions of reflection and transmission coefficients. They showed that reinforcement
parameters of the half space strongly affect the reflection and transmission coefficients.
Gupta et al. [45] investigated propagation of Love waves in non homogeneous substratum
over initially stressed heterogeneous half space. They derived dispersion equation of phase
velocity of Love waves in the considered problem. They observed that with the increase in
compressive initial stresses phase velocity of Love waves decreases for the same frequency
and presence of tensile initial stress of small magnitude in the half space increase the velocity
of Love waves. Kundu et al. [66] studied propagation of Love waves in porous rigid layer
lying over an initially stressed half space. They derived dispersion equation for phase velocity
in the considered model. They concluded that phase velocity of Love waves is considerably
affected by porosity, rigidity, anisotropy of the layer and inhomogeneity of the half space.
They have plotted dispersion curves of Love waves by considering different values of
inhomogeneity factor and initial stress parameter. Sahu et al. [105] studied SH waves in
viscoelastic heterogeneous layer over half space with self-weight. They studied the effect of
gravity, heterogeneity and internal friction on both phase velocity and damping velocity of
propagation of SH waves in viscoelastic layer over a half space. They observed that
heterogeneity of the medium significantly affects the velocity profile of SH wave. Kakar [53]
studied propagation of SH waves in heterogeneous layer laying over an inhomogeneous
isotropic elastic half space. He derived dispersion relation for SH waves using Green’s
function method and Fourier transforms. He observed that SH wave velocity increases with

increases of inhomogeneity parameter.

SH waves in a layered structure for a perfectly bonded interface between two media are
studied by many researchers, but this condition is difficult to achieve, in reality. Due to
certain reasons like thermal mismatch or some faults during manufacturing process, cracks or

defects can appear at the interface which leads to an imperfect interface between two media.
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Components of displacement field are not continuous at the common boundary of two media
in case of imperfect interface. The difference in displacement fields is assumed to depend
linearly upon traction vector. These imperfections at the common boundary may affect the
propagation of SH waves.

Schoenberg [108] studied elastic wave behaviour across linear slip interface between two
media by assuming that displacement discontinuity is linearly related to stress traction. He
calculated reflection and transmission coefficient for harmonic plane waves incident at
arbitrary angles upon a plane linear slip interface. Wu and Dzenis [147] derived dispersion
relation for antiplane surface acoustic waves propagating in elastic half space coated with an
anisotropic laminate. Madan et al. [82] studied displacements and stresses in an anisotropic
medium due to non-uniform slip along a very long strike-slip fault. Liu et al. [74] studied
Love waves in layered graded composite structures with imperfectly bonded interface. By
using shear spring model they derived dispersion equation for Love waves and also
calculated an approximate analytical solution for these waves. They observed that for
imperfectly bonded interface, the phase velocity of Love waves lies in the range of velocities
for the rigid and slip interface conditions. Bokhari et al. [10] studied exact solutions of some
general nonlinear wave equations in elasticity. They also presented some cases wherein the
velocities of the longitudinal and transversal plane waves are variable. Kumar and Chawla
[60] studied surface wave propagation at the imperfect boundary between transversely
isotropic thermodiffusive elastic layer and half space in the context of the Green—Lindsay
theory. They developed mathematical model and derived secular equation for surface waves
in compact form. They have plotted dispersion curves to measure the effect of various
parameters involved in the problem on the propagation of surface waves. Nie et al. [90]
studied shear horizontal guided waves in a coupled plate consisting of a piezoelectric layer
and a piezomagnetic layer, by assuming that both layers are transversely isotropic and are
perfectly bonded at the interface. They concluded that phase velocity of SH waves
approaches the smaller bulk shear wave velocity of the two materials in the system with the
increase in the wave number. Otero et al. [95] studied dispersion relations for SH waves on a
magnetoelectroelastic heterostructure with imperfect interfaces, they showed with the
decreasing value of imperfect bonding parameter, propagation velocity also decreases. Singh
et al. [129] studied propagation of waves at an imperfectly bonded interface between two
monoclinic thermoelastic half spaces. They studied reflection and transmission of plane

waves in the context of generalized thermoelasticity. Chugh et al. [21] studied static
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deformation of an orthotropic elastic layered medium due to a nonuniform discontinuity
along a very long strike-slip fault. Cui et al. [23] studied propagation of SH waves in
piezoelectric structure with an imperfectly bonded viscoelastic layer, they used shear lag
model to describe the imperfectness factor at the interface and have studied the effects of
interfacial imperfection and viscosity of the layer on the dispersive relationship and wave
attenuation. Gaur and Rana [38] studied shear wave propagation in piezoelectric-piezoelectric
composite layered structure. They showed that thickness and elastic constants have
significant effect on the propagation of shear waves.

1.5 VISCOELASTIC MATERIALS

While studying response of elastic materials, the concept of time does not comes into
discussion. Elastic material shows time independent material behaviour. Elastic materials
deform with the application of external load and regain their original shape after the removal
of applied external loads. We have one different category of materials like biological
materials, metals at high temperature, coaltar etc. where material response is dependent upon
how quickly the load is applied or removed that is the extent of deformation being dependent
upon the rate at which the deformation causing loads are applied. Hence the stress response
of these materials depends on both the strain applied and the strain rate at which it was
applied. These type of materials are called viscoelastic materials. In these materials the
relationship between stress and strain depends on time or on frequency. The stress strain
diagram for elastic solids is very much unique, but for viscoelastic materials stress strain
diagram is not unique as it depends upon the rate at which strain is developed in the material.
Hence the slope of plot between stress and strain depends on strain rate. Viscoelastic
materials are excellent impact absorbers. Viscoelastic materials are used in automobile
bumpers, in helmets (the foam padding inside), shoe insoles etc. Viscoelasticity is made up of
two words, viscosity and elasticity. Viscosity is a property of fluid and measures resistance to
the flow. Elasticity, on the other hand, is a property of solid material. Hence, a viscoelastic

material possesses the properties of both fluid and solid.

Viscoelastic materials have numerous applications in industrial and engineering fields. Many
researchers have studied propagation of waves in viscoelastic materials under different
conditions. Ma et al. [81] discussed propagation of harmonic wave in an infinite viscoelastic
medium with a periodic array of cylindrical elastic fiber. They used finite element method

technique which leads to a non linear eigen value problem. Using iteration technique they
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obtained two modes of dispersion for both real and imaginary wave numbers. Carcione et al.
[14] studied wave propagation simulation in linear viscoelastic materials. They used theory of
linear viscoelasticity for describing attenuation and dispersion of seismic waves. Carcione
[13] studied wave propagation in anisotropic linear viscoelastic media: theory and simulated
wave fields. He has calculated phase, group and energy velocities of plane waves in
anisotropic viscoelastic medium and had shown they all are different from each other. He
used some new integration techniques to solve the numerical problem of wave propagation in
linear viscoelastic wave. Kumar and Singh [64] discussed reflection of plane waves at a
planar interface between viscoelastic solid half space and micropolar elastic half space. They
calculated amplitude ratios for different reflected and refracted waves and concluded that it
depends upon angle of emergence and angle between propagation vector and attenuation
vector. Benatar et al. [6] did theoretical and experimental analysis of longitudinal wave
propagation in cylindrical viscoelastic rods. They said for viscoleastic materials during the
propagation of stress or strain pulses, both geometric and material dispersion are possible
when wavelength and diameter of rod are of same order. Banks et al. [4] has written a review
article on elastic and viscoelastic solids for the better understanding of these solids. Chirita et
al. [20] studied Rayleigh surface waves in exponentially graded half space made of Kelvin-
Voigt viscoelastic material. They studied effect of the viscoelastic dissipation energy upon
the corresponding wave solutions. They derived explicit form of secular wave equation in the
considered model. Sharma et al. [124] studied effect of viscosity on wave propagation in
anisotropic thermoelastic medium. They derived phase velocity, attenuation coefficients and
presented graphical effects of viscosity. Sharma and Bhargava [122] studied reflection and
transmission of thermoelastic plane waves at an imperfect interface between a thermal
conducting viscous liquid and generalized thermoelastic solid half space. They concluded that
stiffness and thermal properties of the media affects amplitude ratio of reflected and
transmitted waves. Bernstein et al. [7] studied dispersive optical solitons with Schrodinger-

Hirota equation by travelling wave hypothesis.
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CHAPTER-2

VELOCITY DISPERSION IN AN ELASTIC PLATE WITH
MICROSTRUCTURE: EFFECTS OF CHARACTERISTIC LENGTH IN
A COUPLE STRESS MODEL"

2.1 INTRODUCTION

Lamb waves are used for characterisation of the material, as they propagate
throughout the thickness of material in different modes with different velocities, which
depend on the frequency of wave. Thus profiles of Lamb wave propagation can provide
information of various useful non destructive testing parameters. Lamb waves as mentioned
in section-1.4.2, of chapter-1, have been studied by many researchers under different
conditions and using various theories, but Lamb waves have not been studied by applying
couple stress theory of elasticity describing effects of microstructures in terms of internal
characteristic length of the material. Microstructural effects become important, when
dimensions of a heterogeneous material are comparable to the length scale of microstructure
and the state of stress needs to be defined in a non-local manner. Linear theory of elasticity,
which is associated with the concept of homogeneity of material and local stresses, cannot
describe the behaviour of the materials with microstructures. In this chapter, Couple stress
theory of elasticity (Hadjesfandiari and Dargush [46]) has been employed to capture the size
effects on the propagation of Lamb waves in an elastic plate with microstructure. Effects on
the dispersion curves of Lamb waves are studied, when the characteristic length of the
material is comparable to cell size. The governing equations of couple stress theory,
involving stresses and couple stresses are solved to study the impact of different values of
characteristic lengths, comparable with cell size. Since bone is a material with microstructure
(Vavva et al. [137]), so for numerical calculations and graphical representation of the results,

the plate is considered to have mechanical properties typically used for bones.

!Contents of this chapter are published in SCI indexed journal, Meccanica (2014) 49:1083—
1090 with impact factor-1.949
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2.2 COUPLE STRESS THEORY AND WAVE DISPERSION

Hadjesfandiari and Dargush [46] in 2011, formulated a couple stress theory for isotropic
material involving three parameters A, 4 and n. The constants A, u have the same meaning as
Lamé constants in Cauchy elasticity and n is a length scale parameter which accounts for
couple stress effects for isotropic solids. Evaluation of n requires characteristic material
length [, which is absent in Cauchy elasticity. One of the major problem in these size
dependent elastic theories (Cosserat [22], Eringen [31], Toupin [133], Mindlin and Tiersten
[87], Koiter [58] and Hadjesfandiari and Dargush [46]) is determination of these length scale
parameters. It was observed (Lakes [67]) that characteristic length would be undetectable in
any macroscopic mechanical experiment, but have relevance in studies involving composite
and cellular solids. In fibrous composites, the characteristic length may be of the order of
spacing between fibres. In cellular solids it may be comparable to the average cell size of the

material.

The basic governing equations of couple stress elasticity for isotropic material in the absence
of body forces (Hadjesfandiari and Dargush [46]) are given by

A+ + VA + (= VAV, = pil; (2.2.)

where A and u are Lamé constants, n = ul? is couple-stress coefficient, [ is characteristic
length, p is the density of the plate, u; are the displacement components, commas are used for

partial differentiation and (.) dot notation is used for partial differentiation with time and

a2 a2 a2

ve= L 4 &
dx2 + dy? dz2

Eq. (2.2.1) in vector form can be written as
2z

A+ 1+ nV)V(V.0) + (u — V2V = p 22 (2.2.2)

ot?

where i = (u, v, w) are displacement components

By using V x (V x @) = V(V.%) — V?u above equation can also be written as
2"
(“p—z‘”V(v. W —L1 -2V X (VX W) = - (2.2.3)

In component form above equation can be written as
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The constitutive relations are given by

i = Aug by + (g + ;) —nV2(u ; — ;) (2.2.4)
wi = 4n(wi; — @) (2.2.5)
where

Here, gj; is the non-symmetric force-stress tensor, u;; is skew symmetric couple-stress tensor,

1, i=j. . .
6; = { t=J is Kronecker’s delta, w; is rotation vector and

J 0, i#j
1, [,j,k areincyclic order
Eijk = -1, [,j,k arenot in cyclic order
0, any two of i,j, k are equal

is permutation tensor

By taking divergence and curl of Eqg. (2.2.1), and using a standard formula V x (VG) =
Curl(gradG) = 0 where G is any scalar valued function. The equations governing

propagation of dilatations and rotations are given by

A+ 20V (V.0) = p 25 (V. ) (2.2.6)
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(= VPV x @) = p 25 (V x ) 2.2.7)
Considering plane waves of the form

(V.1%) = AeiCx—0t) (2.2.8)
(V x ) = Belx~wt) (2.2.9)

where 4 and B represent amplitudes, ¢ is the wave number, w is the frequency of the

propagating waves and i = v—1.

Inserting Egs. (2.2.8) and (2.2.9) into Egs. (2.2.6) and (2.2.7) respectively and representing
the classical phase velocities of longitudinal and shear waves by C; and C,, we obtain the

following dispersion relations

w? = CE&2, for longitudinal waves

2 2 222V 22 (2.2.10)
w* = C5 (1 + 1°¢65)é7, for shear waves
where

A+2 N : . .
ct = (p—“) ,C3 = % are the longitudinal and shear waves speed respectively in classical

theory of elasticity and &, and &, are the wave numbers of longitudinal and shear waves.

Using these two equations, we obtain the following expressions for phase velocities V; and

V- of the longitudinal and shear waves, respectively

Vp = ;"—T = Cyy/(1 +1282) (2.2.12)

From these two expressions, it is clear that characteristic length has no impact on the phase
velocity of longitudinal waves. It can also be observed that phase velocity does not depend
upon wave number, hence these waves are non dispersive in nature. Shear waves in case of
couple stress theory are function of wave number, which indicates dispersion. This dispersion
is because of the presence of [, internal characteristic length of the material. If we take [ = 0,
it is obvious that vV, = C; and V; = C,, it is the case of classical theory of elasticity with
constant speed of both longitudinal and shear waves and hence no dispersion in wave

propagation.
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Fig. 2.1, provides the dispersion curves of shear waves for different combinations of
characteristic lengths (1), when (i) [ = h (Cell size of microstructure of bone) (ii) [ > h (iii)
[ < h. It can been seen that with the increasing value of characteristic length parameter,
which is of the order of internal cell size of bone’s microstructure, shear wave velocity is also

increasing.

Solving Egs. (2.2.11) and (2.2.12) for the wave number &, and &, respectively, we get

w

$L = o
%% /Cz4+462212w2
fT = 2 212 (2213)
2

By solving Egs. (2.2.11) and (2.2.12), we get group velocity of longitudinal and shear waves
as

g _ dw _
Vo = 7 = C, (2.2.14)
pe = do _ o 1r2ls? (2.2.15)

LT -

/1+12§T2

where V7, V27 are the group velocity of longitudinal and shear waves respectively.
L T
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Phase Velocity (m/sec)

1,846.00099
1,846.00089
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1,846.00039

1,846.00029

VL(I=h)
- = = VL1(I<h)
/ - . = VLO(I>h)

1,846.00019

1,846.00009

1,845.99999

1.5 2

Wave Number (rad/m)

Figure 2.1 Phase velocity profile of Shear waves with wave number under varying
characteristic lengths (VL is the phase velocity, when [ = h = 0.0001 m; VL1 is the phase
velocity, when [ = 0.00004 m < h and VLO is the phase velocity, when [ = 0.001 m > h)

2.3 WAVE PROPAGATION IN A STRESS AND COUPLE STRESS FREE ELASTIC
PLATE

We consider an infinite homogeneous isotropic plate of thickness 2d.We take origin of the
cartesian coordinate system (x,y, z) in the middle of the plate. The XY -plane is chosen to
coincide with the middle surface of the plate and z-axis is normal to the plate and is pointing
vertically downwards, along the thickness of the plate. The surfaces of the plate are assumed

to be stress/couple stress free.

¥ z=—d
z=2d .
0 i
y z=d
zVY

Figure 2.2 Geometry of the problem
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2.4 BOUNDARY CONDITIONS

Boundary conditions to be satisfied at two surfaces of the plate are given by
(1) Shear stress should vanish at two free surfaces of the plate that is

0, =0atz = +d.

(i) Normal stress should also vanish, both at top and bottom surfaces of the plate that is
o,, =0atz = +d.

(iii) Couple stress should be zero at the top and bottom surfaces of the plate that is
Ky =0atz=+d

2.5 FORMAL SOLUTION OF THE PROBLEM

Solving Eq. (2.2.1) by taking ¢ = (u, 0, w) and % = 0, we get following two equations

il _12u2y (9w %u _62_u

Gt ( +5 dx0z ) ;-1 )(axaz az2) = B2 (2.5.1)
2%w 202 [ 0°u a’w\ _ az_w

Gt (3 o T oz 2) ;-1 )(axaz 6x2) T a2 (2.5.2)

Solution of Egs. (2.5.1) and (2.5.2) can be obtained by Helmholtz decomposition of

displacement field & = V¢p + V x 1/7 which gives us

—2_%

¢> ll)
o andw = — +o (2.5.3)

Where ¢ and 1/7 = (0,4, 0) are velocity potential functions of longitudinal and shear waves
in solids. From Eqgs. (2.5.1) and (2.5.2) we get,

wler G+ 58) - S - lea - (R4 58) -5 =0 @54
sl (Fe+28) -5+ - po (54 58) - 5] = 0 259

Egs. (2.5.4) and (2.5.5), leads to two uncoupled equations as

24 _109%
Vi = 5ot (2.5.6)
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Vzl/) 12V4l/) _a_l/)

(2.5.7)

As characteristic length (1) is already absent in Eq. (2.5.6) and if we take [ = 0 in Eq. (2.5.7),

we get the case of classical theory of elasticity.

From constitutive relations (2.2.4) and (2.2.5), we get

ou | ow 2( Pu_ ddw | Pu dw )
o, = —+—) —ul -
zx H (az + 6x) K axzaz o0x3 FrE 0z3 0z20x

du ow ow
= —_— — 2 -
Ozz A(ax+az)+ 13,
= o (Ze )
:uzy - 0z 2 0z0x

Now by using Eq. (2.5.3), in Egs (2.5.8), (2.5.9) and (2.5.10), we get

o = h (-T2 Z8) g (P4 T84 2 00 )

ox 2 0z 0x 20z 2
_ 2?9 %0 9 | 5 0%
T2z _M[sz (6x2 +6zz) ZaxZ +26x62]
2 (93 a3y
/l Zl,tl ( + 0z0x 2)

Assuming a solution of the form
¢ = f(2)eit D)

1/) = g(z)eif (x—ct)

where c is the phase velocity and ¢ is the wave number.

(2.5.8)

(2.5.9)

(2.5.10)

(2.5.11)

(2.5.12)

(2.5.13)

(2.5.16)

(2.5.17)

Putting the solution (2.5.16) in Eqg. (2.5.6) and by solving it, gives us following differential

equation

LD 42 f(2) =0

2
where @2 = £ — g2
1

Solution to this differential equation is

f(z) = [A;Cos(az) + A,Sin(az)]
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Putting it in Eq. (2.5.16), we get

¢ = (A Cosaz + A,Sinaz)e’ *—ct) (2.5.19)
where A; and A, are unknown constants

Again using solution (2.5.17) in Eq. (2.5.7), we get following differential equation

d*g(z d?g(z

where
1
B2 +v?) = — (282 +3)
2.2 _ ¢ 22 _ <2
By _12(1+€l CZZ)
Differential Eq. (2.5.20) can be written as

(D% + BH(D2 +y*)g(z) =0 (2.5.21)

where D = ;—Z and D% = %
Hence solution to differential Eq. in (2.5.21) is

g(z) = [A3Cos(Bz) + A4Sin(Bz) + AsCos(yz) + AgSin(yz)]

where A3, A4, Asand A, are unknown constants and putting it in Eqg. (2.5.17), we get

Y = (43C0sPBz + A,Sinfz + AsCosyz + AgSinyz)e? =t (2.5.22)

Now substituting the values of ¢p and ¥ from (2.5.19) and (2.5.22) in Eq. (2.5.3), we get the

displacement components as

U [ (A1Cosaz + A,Sinaz)ié — Qi€ (x—ct) (2.5.23)
(—A3BSinfz + A,fCosPz — AsySinyz + AgyCosyz)
- (—AjaSinaz + A,aCosaz) + Qi€ (x—ct) (2.5.24)

(A3Cosfz + A,Sinfz + AsCosyz + AgSinyz)ié

Now putting the values of potential functions ¢ and y from Egs. (2.5.19) and (2.5.22) in Eqgs.
(2.5.11), (2.5.12) and (2.5.13), we get stresses and couple stress as
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( —2iéaSin(az)A; + 2iéaCos(az)A, + \
(=2 + B2 + 1284 + 2B + 21282 B2) Cos(Bz) Az + |
O, = 14 (&2 + B2 + 128 + 12B* + 21282B%)Sin(Bz) Ay + el (¢ (2.5.25)
(&2 +y2 + 12&* + 12y* + 2128%y2)Cos(yz) As + |
L (282 492 + 128% + 2% + 212622 Sin(y2)Ag )

( ( (52 +a?) + 252) Cos(az)Ad; )

A

|
0 =] +(-5 +ad) +28)Sin(an)a, el (2.5.26)
|

—(Zlfﬁ)Sln(ﬁZ)As + (2i€B)Cos(Bz) Ay

\—(2iy)Sin(yz)As + (2i§y)Cos(yz)Aq

_9 {(ﬁg + fzﬁ)Sin(ﬁz)A3 - (,33 + fzﬁ)COS(ﬁz)A4 +} Qi (x—ct)
(v® + &2y)Sin(yz)As — (v* + £2y)Cos(yz) As

yy = (2.5.27)

2.6 DERIVATION OF SECULAR EQUATION

Invoking boundary conditions o, =0, o,, =0 and u,, =0, at the surfaces

z =+ d, of the plate and using Egs. (2.5.25), (2.5.26) and (2.5.27), we obtain the following

system of equations

(—2i8aS Ay + 2i8aCy Ay + (=82 + B2 + 1284 + PB* + 21282 f2) 0y A5
&2 2 2z4 204 2222
2 s L b=0 @6
| (=& +y% + 128 + 1“y™ + 21°8°y*)C345 + |
\ (—&2 +y2 + 128 + 12y* + 2128%y2)$34, )

u{(—g(fz +a?) +28) Cudy + (5@ +at) + 28 z)SlAZ} _o (262)

—(2i¢B)S,A35 + (2iEB)Cap Ay — (2i8y)S3As + (2iy)C3A,

{(,33 +E2B)S, A3 — (B 4 E2B)CrrA, +} _
(r3 + &2y)S345 — (¥® + £2y) (344

(2.6.3)
where

S, = Sin(ad), S, = Sin(Bd), S; = Sin(yd)

Cy1 = Cos(ad), Cy; = Cos(Bd),C; = Cos(yd).

For symmetric modes of Lamb waves w = 0 at z = 0, by imposing this condition on Eq.
(2.5.24), we get A, = A; = As = 0, using this condition in Egs. (2.6.1), (2.6.2) and (2.6.3)

we obtain
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{(_Ziga)slAl + (=2 + PP PE 7B + 2126252)52/14} =0 (2.6.4)
+(—E2 + ¥ + 128 + 12y* + 2128%y2)S3 A B 0

“{(‘% (&% + a®) + 28%) Cyy Ay + iEF)CppAs + (2IEY)C3As} = 0 (2.6.5)

2n{=(B3 + &2 B)CyAs — (¥® + E2y) (346} = 0 (2.6.6)

Above three equations will have a non-trivial solution if determinant of coefficients of
unknowns A, A4 and A4 vanishes.
—2iéaS; (=& + B2+ 12(B>+E2)2)S, (€2 +y2+12(y* +&2)2)S;

PCyy (2i§B)Cy; (2i8y)Cs =0 (2.6.7)
0 (B> + &2B)Cyo (r® + &G

By solving the determinant we get secular equation for symmetric modes of Lamb wave as

4apy E2(Kg—
BE (0= + K] (&) - i [(B2-€2) + 12kcf] (2) = e ) (26.8)
For skew symmetric modes of Lamb waves u = 0 at z = 0, by imposing this condition on
Eq. (2.5.23), we get A; = A, = A; = 0, using this condition Egs. (2.6.1), (2.6.2) and (2.6.3)

we obtain

{(Zifa)C“AZ + (= + BRI+ 2R+ zzzfzﬂz)czzAz} =0 (2.6.9)
(=82 +y2 + 1284 + 12yt + 21282y 2) Gy As N -0
cf (2 2 2 . . _

p{(— 5@ + ) + 282) 5,4, - Qigh)S,A; — 2i6))S;A5) = 0 (2.6.10)

2n{(B® + &2 B)S, A3 + (¥ + E2Y)S3453 = 0 (2.6.11)

Above three equations will have a non-trivial solution if determinant of coefficients of

unknowns A,, A; and As vanishes.

2iaCyy (& + P2+ PP +E)2)Cn (E2+y*+ P + 899G
PS, —(2i¢B)S, —(2igy)S; =0 (26.12
0 (B° +82B)S, (® +$%7)S;

By solving the determinant, we get secular equation for skew symmetric modes of Lamb

wave as

BKpg [(VZ_E—Z) + ZZK},Z] C—;) - vk, [(ﬁ2_€2) + lzK/;Z] (Z_;) — w (2.6.13)
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Hence, by joining both (2.6.12) and (2.6.13) together, we obtain the following secular
equations for the Lamb waves in a stress and couple stress free elastic plate

BE[(r?=8%) + I’K}] (z—j)il — VK, [(B2=§%) + 12K} (Z—j)ﬂ i k) (o6.04)
where

Ky = (B*+§%)

K, = (r*+&)

P= (—%(52 +a?) +2¢2)

S1 hY) $3
ti=—,t, =—=and t; = =
L7y 72 T ey 3 C3

Here the superscript +1 corresponds to symmetric and -1 refers to skew symmetric modes of
Lamb wave propagation. Eqg. (2.6.14) represents the dispersion relation involving wave
number, phase velocity of Lamb waves and characteristic length (1) of the material for

different modes of propagation of lamb waves in a plate under the effect of couple stresses.
2.7 NUMERICAL RESULTS AND DISCUSSION

Following Vavva et al. [137], physical constants for bone like material are

E= Young’s Modulus u(BA+2u) 14 GPa
A+
v =Poisson Ratio A 0.37
2(A+p)
p =Density 1500 kg/m?3

Table 2.1 Physical data for cortical bone

The values of bulk longitudinal and shear velocities comes out to be C; = 4063 m/s, C, =
1846 m/s respectively. Here, h = 10~*m = 0.0001m comparable with the size of bone’s

microstructure.

In Fig. 2.3, it is observed that the dispersion of the lowest skew symmetrical mode (m=0) of

Lamb waves is significantly modified from that of classical theory of elasticity. These effects
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are more pronounced for the higher wave numbers. For better graphical representation of the
results, this figure is drawn by considering phase velocity on the logarithmic scale.

The variation of phase velocity of Lamb waves for m=1 skew symmetrical mode are plotted
in Fig. 2.4. Here, profiles seem to be quite in agreement, therefore to study the difference in
two profiles, ratios of the phase velocities are plotted in Fig. 2.5. It is observed that for higher
wave numbers phase velocity increases under the effect of couple stresses.

Fig. 2.6, shows the ratio of phase velocity under the effect of couple stresses and in classical
theory of elasticity, for m=2 skew symmetrical mode. It can again be seen, even in this case,
that for the higher wave numbers phase velocity of Lamb waves, under the effect of couple
stresses has increased as compared to their velocity in classical theory of elasticity and for the

lower wave numbers profiles are same.

Thus from Figs. 2.3-2.6, it can be concluded that though meagre, but impact of characteristic

length is observed on the phase velocity profiles in the higher wave number region.

5000.00 F
500.00 s
@ ]
~ )
E )
< 5000 |
= )
b [}
°
o 1 — = = V(Couple stress)
> I
§ 5.00 | — V(Classical)
= 1
Q.
I
050 -,/
’
’
’
0.05 1 1 1 J
0 5 10 15 20
Wave Numberb (rad/m)

Figure 2.3 Phase velocity profile of lamb waves with wave number in lowest (m = 0) skew

symmetrical mode in logarithmic scale

Fig. 2.7, shows the phase velocity of skew symmetrical Lamb waves in different modes,

under the effect of couple stresses. It is observed, that for a fixed wave number phase velocity
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of higher skew symmetrical modes is greater as compared to the lower modes and this same
pattern can also be seen in the case of classical theory of elasticity. In Figs. 2.3-2.7,
characteristic length [ is assumed to be of the order of cell size (h = 0.0001m) of the

material.

Variation of phase velocity profiles are plotted in Fig. 2.8, for different combinations of
characteristic length with respect to the cell size of the material for m=0, skew symmetrical
mode. By keeping the cell size h = 0.0001 m, we have shown the phase velocity of Lamb
waves for different values of internal characteristic length of the material (i) VL1, represents
the phase velocity of Lamb waves when [ = 0.00004m < h (ii) VL represents the phase
velocity of Lamb waves when [ = 0.0001m = h (iii) VLO, represents the phase velocity of
Lamb waves when [ = 0.001m > h. It can be seen that profiles are modified with change in
characteristic length. Fig. 2.9 describes the variations in the phase velocity profiles for m=1
skew symmetrical mode, since the variations are very small, so again ratios have been

plotted. The departure of I < h and [ > h profiles can be easily seen from [ = h profile.

60000.00

50000.00

40000.00 r
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20000.00 —— V(Classical)

Phase Velocity (m/sec)

10000.00 F

0.00 ' ' ' :
0 5 10 15 20

Wave Number (rad/m)

Figure 2.4 Phase velocity profile of lamb waves with wave number in m =1 skew

symmetrical mode
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Figure 2.5 Ratio of phase velocity of skew symmetrical Lamb waves in couple stress and

classical model for m = 1 mode
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Figure 2.6 Ratio of phase velocity of skew symmetrical Lamb waves in couple stress and

classical model for m = 2 mode

44



200000.00 F

2000000 N

-,
- -
-,
- - .

2000.00 | -

- = = V(m=0
200.00 |- / (m=0)
- = V(m=1)

V(m=2)

Phase Velocity (m/sec)

20.00 F

2.00 r

0‘20 / 1 1 1 1 1 J
0 5 10 15 20 25 30

Wave Number (rad/m)

Figure 2.7 Phase velocity profile of lamb waves with wave number in different skew
symmetrical modes under the effect of couple stress in logarithmic scale
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Figure 2.8 Phase velocity profile of Lamb waves in m = 0 skew symmetric mode under
varying characteristic length (VL is the phase velocity, when [ = h = 0.0001 m; VL1 is the
phase velocity, when [ = 0.00004m < h and VLO is the phase velocity, when [ =
0.001 m > h)
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Figure 2.9 Ratio of phase velocity profile of Lamb waves in m = 1 skew symmetric mode
with varying characteristic length (VL is the phase velocity, when [ = h = 0.0001 m, VL1 is
the phase velocity, when [ = 0.00004 m < h and VLO is phase velocity, when [ =
0.001m > h)

2.8 CONCLUSION

In this chapter, microstructural effects on the propagation of skew symmetric modes
of Lamb waves have been presented. Comparisons of the results obtained under couple stress
theory have been made with the results of classical theory of elasticity. Effects of varying
characteristic length as compared to cell size have been observed. Couple stress theory is
proposed to incorporate the microstructural effects into stress analysis. It is observed that
characteristic length plays a major role in the propagation of shear waves and phase velocity
increases with the increase in characteristic length. Phase velocity profiles for different Lamb
wave modes are modified under the effect of couple stress theory. In case of Lamb wave
modes, distinctions in the profiles for various combinations of characteristic lengths are
observed. Since bones have a microstructure (Fatemi et al. [34] and Vavva et al. [137]), so
the study has been carried out for a cortical bone type material and this work will be quite

useful for evaluation of characteristics of bones and the material exhibiting microstructures.
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CHAPTER-3

EFFECTS OF LIQUID LOADINGS ON LAMB WAVES IN CONTEXT
OF SIZE DEPENDENT COUPLE STRESS THEORY?

3.1 INTRODUCTION

The dynamical characteristics of a structure get affected when it is surrounded by a
fluid. This study becomes more important when the material under consideration exhibits
internal microstructure. Lamb waves are guided waves, propagating in a traction free plate
surface, however if the surface of the plate is in contact with the fluid a part of energy will
leak into the liquid and this phenomena may find possible applications not only in non
destructive evaluation of materials, but also in biomedical field. Keeping this in mind, the
fluid-solid model adopted by Sharma and Kumar [115] is applied, to extend the study of
Lamb waves carried in chapter-2 using a thin elastic plate with microstructure. The problem
of propagation of Lamb waves in a plate with internal microstructure and loaded with
inviscid liquid on both sides is studied using couple stress theory. Dispersion equation of
Lamb waves with liquid loadings is derived. The impact of liquid loadings is studied on the
propagation of Lamb waves. Effect of characteristic length (1) is also studied on the phase

velocity of Lamb waves in plate for various modes in the presence of liquid loadings

3.2 FORMULATION AND SOLUTION OF THE PROBLEM

Consider an infinite homogeneous isotropic, elastic plate of thickness 2d. The plate is
bordered both on the top and bottom with infinitely large homogeneous inviscid liquid layers
of thickness H. Consider the origin of the coordinate system (x,y,z) in the middle of the
plate. The XY- plane is chosen to coincide with the middle surface of the plate and z-axis is
normal to the plate, along the thickness of the plate pointing vertically downwards. We

consider the XZ- plane as the plane of incidence and assume that solutions are explicitly

independent of y that is % =0.

2 Contents of this chapter are published in SCI indexed journal, Journal of Theoretical and
Applied Mechanics (2015), 53(4):925-934 with impact factor-0.636
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Figure 3.1 Geometry of the problem

The basic governing equation of motion and constitutive relations of couple stress elasticity
for isotropic material in the absence of body forces (Hadjesfandiari and Dargush, [46]) are
given in chapter-2 in Egs. (2.2.1), (2.2.4) and (2.2.5)

In the liquid boundary layers, we have

W, =280

Wy = 201 00 -
1 0z 0x
' 02 0y

W, = 202 | 2%z -
2 0z 0x

where ¢; and y;, j = 1,2 are the scalar and vector potential functions for the bottom liquid
layer (j = 1) and for the top liquid layer (j = 2), u’ and w/ are respectively, x and z
components of the particle displacement in the layers of liquid. Because inviscid liquid does
not support the shear motion, so shear modulus of the liquid vanishes that is © = 0 and hence
Y; =0, =1,2. Hence Egs. (3.2.1) and (3.2.2) reduce to

’ a
: (3.2.3)
W, = 20
1 0z
' a
wi= (3.2.4)
W, = 22 .
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The potential function ¢; satisfy the basic governing equation

1 02%¢;
Vi, = Zo7 (3.2.5)
L

902
where CZ = 2—2, C, is the velocity of sound in the liquid and A, is the bulk modulus of
inviscid liquid.

For the liquid stresses are given by

0 = AU 6y

and couple stresses in case of liquid are all zero. Prime denotes same quantities for the liquid

layer as defined in couple stress theory.

o, =1 (‘% + "’aﬁ) (3.2.6)

The value of stresses in liquid in terms of potential function becomes

' *¢; | 0°¢;
Gzz=/’lL(ax;+ ’) (3.2.7)

0z 2

We assume solutions of the form

¢ = f(z) ¥~ (3.2.8)
P = g(z)et =t) (3.2.9)
¢; = ¢;(2) €70 (3.2.10)

Using solutions (3.2.8), (3.2.9) and (3.2.10) in Egs. (2.5.6), (2.5.7) and (3.2.5) and solving the

resulting differential equations, we get the expressions for ¢,y and ¢; as

¢ = (A Cosaz + A,Sinaz)ei *—ct) (3.2.11)
Y = (43C0sPBz + A,Sinfz + AsCosyz + AgSinyz)el *=<t) (3.2.12)
¢ = A,Siné[z— (d + H)]e¥¢~) d<z<d+H (3.2.13)
b, = AgSindlz +d + H|e€C=D —(d +H) < z < —d (3.2.14)
Where
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52=§2(§—1)

Here ¢, and ¢, are solutions of standing waves and are chosen in such a way that acoustical

pressure is zero at z = +(d + H).

Using Egs. (3.2.13) and (3.2.14) in (3.2.3), (3.2.4) and (3.2.7), we get

u; = A,iéSiné[z — (d + H)]e¥ x—<t) (3.2.15)
U, = AgiéSind[z + (d + H)]es x—t) (3.2.16)
w; = A,6C0s8[z — (d + H)]e¥ =<t (3.2.17)
w, = Ag8Cos8[z + (d + H)]e® =<t (3.2.18)
0, = A (€% = 862, (3.2.19)

3.3 BOUNDARY CONDITIONS

The boundary conditions to be satisfied at the solid — liquid interfaces z = +d are

(i)

(i)

(i)

(iv)

The magnitude of the normal component of the stress tensor of the plate should be

equal to the pressure of the liquid that is o,, = ¢',, that is

ou ow IA]
A(Bx-l_ )+2 AL(ax + 62)

Since liquid does not support the shear motion so, the tangential component of the

stress in plate should be equal to zero, which implies o, = 0 that is

ou ow 3u 3w a3u 3w
ou 12 ( CALANTL AL ) =0
’u(az T 6x) 1 0x20z 6x3 T 0z3 0z20x

Couple stress tensor, u,,, should vanish at the interface that is p,, = 0 that is

3%u %w
21 (55— 5ar) =0
Normal component of the displacement field of the solid plate should be equal to that of

the liquid that is w = w'; where j = 1,2

3.4 DERIVATION OF SECULAR EQUATION
Imposing these above mentioned boundary conditions and using the Eqgs. (2.5.25), (2.5.26),
(2.5.27) and (3.2.17), (3.2.18), (3.2.19), we get the following four equations
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2
(-2 @ +ad) +282) Cuid + )
2 _ 2 2 _
\—2iEBS, A5 + 2iEBCpp A4 — 2iEyS;As + 2iEyC3Aq)

( —2iaS1A; + 2ifalC1 Ay + \
(—&2 4 B2 4 128% + 12B* + 21282 82)CypAs + |
pq (82 + B2+ 1280 + 2B + 21282 %) S, A0 + } =0 (3.4.2)
(=82 +y? + 128" + Py + 21%8%y?) G345 |
U H(=82 +y2 + 128 + 12y* + 2128%y%)S54,

(B> +&2B)S2 A3 — (B° + E2B)CpAs H) _
2 3. 72 3, s2 =0 (3.4.3)
(r° +&°y)S345 — (v + §°y) G54
_Al(ZSl + AZ(ZCH + A3i€sz + A4l552 +A5l€C3 +A6I,ES3 - A75C4 =0 (344)

where

S, = Sin(ad), S, = Sin(Bd), S; = Sin(yd)
Cy1 = Cos(ad), C,, = Cos(Bd),C; = Cos(yd)
S, = Sin(6H) and C, = Cos(6H)

For symmetric modes of Lamb waves w =0 at z =0, we get A, = A; = A; =0, using

these conditions in Egs. (3.4.1) to (3.4.4), we obtain following four equations

2
M{(—% (&2 +a®) + 252) Ci141 + 2i§BCp A, + ZifVC3A6} — A,(§% + 62478, = 0(3.4.5)
2

(=2iéa)S; A + (=&% + B? + I2&* + 12B* + 21782 B2)S, A,

{ 2 2 274 2.4 2¢2.2 }:0 (3.4.6)
+(=&5+y> +17E* + 17y* + 21°¢8°y~)S3 46

—(B3 + &2B)CyoAy — (Y3 + E2y)C344 =0 (3.4.7)

—A1a51 +A4l€SZ + A6l€S?) —A76C4 = 0 (348)

Above three equations will have a non-trivial solution if determinant of coefficients of

unknowns Ay, A4, Ag and A, vanishes, so by imposing this condition we get
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WP Cyq 208Uy 2i8y uCs —,(§* +82)8,

—2iéaS; (B* =& + (B2 +E1)0)S, (r =& + P(r* + 89S, 0
=0
0 (B° + &) Cnz ¥ +E0G 0
—a’Sl lsz 1553 —5C4
(3.4.9)

By solving above determinant, we get secular equation for symmetric modes of Lamb wave

in a plate loaded with inviscid liquid layer on both sides as
ah Kyl Ks [B(1+ 12K Ytsty — v (1 4+ Ky )tata] + BRs[(r =€) + 122 |usP (2) -
YK [(8? — €2 + 12KF|uoP (2) = 4aBysus® (K — K,) (3.4.10)

For skew symmetric modes of Lamb waves u = 0 atz = 0, we get A; = A, = 45 = 0, using

this condition in Egs. (3.4.1) to (3.4.4), we obtain following four equations

u{(—% (&% + a®) + 287) S A, — 20EBS, A3 — 218y S3As | — 2, (§2 + 6245, = 0 (3.4.11)

Qiéa)Ci1 Ay + (=82 + B2 + 128* + 12B* 4 21282 B2) Cp A3
2 2 24 2.4 2222 =0 (3.4.12)
+(=&% 4+ = + 1%E* + 1°y* + 21°¢%y*) C5As
(B3 +&E2B)S, A5 + (¥ + €2y)S345 = 0 (3.4.13)
Azacll + i€CZZA3 + l€C3A5 - A76C4 = 0 (3414)

Above four equations will have a non-trivial solution if determinant of coefficients of

unknowns A,, A;, As and A, vanishes.

| uPS$; —2i¢pus, —2i¢yuS; AL (8% + 62)S,|
2i8aCyy (B> =&+ (B2 +8))Cp (¥* =& + (2 + 891G 0 ~0
0 (B +62B)S, 0 + €285 0 -
aC11 iECZZ lEC3 —6C4
(3.4.15)

By solving the determinant, we get secular equation for skew symmetric modes of Lamb

wave in a plate loaded with inviscid liquid layer on both sides as
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a7 KoK, Ks [-B(1 + 2K, ) =+ y (1 + lZKﬁ)Z—:] + BKs[(y? — %) + I’K}|usP (Z—;) -

YK [(82 — €2 + 12KFJuoP () = 4aBysus® (Ks — K,) (3.4.16)

Hence, we obtain the following secular equations for the Lamb waves in a plate loaded with
inviscid liquid layer on both sides.

( ty ty 1y
i aALKﬁKng I:—ﬁ(l + lZKy) (t3)i1 + )/(1 + lzKﬂ>(t2T:|
t\ !
J +BKs [0 = &) + LiEluop () b = 4apyous?(Ky - K,)
+1

ty
—YK, [(B? — €2) + 12K} |usP (g)

(3.4.17)
where
Ky = (B*+£%)
K, = (y*+&%)
Ks = (62+¢?)

P—( Clz(z 2 2)
=|-= ¢ +a®) +2¢
C;

S S S S.
tlz_l,tzzé, t3:C_jandt4:é

Here + sign corresponds to skew symmetric modes and - sign refers to symmetric modes of

Lamb waves. In the absence of liquid layer, (1, — 0), Eq. (3.4.17) reduces to

BKp[(r*—¢%) + PK}] (Z—;)ﬂ — vk, [(67—¢%) + K{] (i—;)ﬂ _ e UG )  (3418)

This equation is same as (2.6.14) obtained and studied in chapter-2, for Lamb waves in a

stress/couple stress free isotropic elastic plate using consistent couple stress theory.
3.5 NUMERICAL RESULTS AND DISCUSSION

(1) To investigate the effects of characteristic length and inner microstructure on the

propagation of Lamb waves, the material of the plate is assumed to have properties similar to
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cortical bone, so following Vavva et al. [137], the material properties are E = Young’s

_ uBA+2p) _ — ; i o= A Hy o= o o—
Modulus = G - 14 GPa, v = Poisson Ratio = e = 0.37 and Density = p =

1500 kg/m3. The values of bulk longitudinal and shear velocities comes out to be C; =
4063 m/s, C, = 1846 m/s respectively. Since the bone’s internal microstructure ranges
from 10 to 500 pum. Here, to study the impact of characteristic length, three different cases of
characteristic length (1), [ =0.0003m, [ =0.0001m, [ =0.00003m are considered,
which all lie in the range of bone’s internal microstructure.

(i) The fluid medium used is inviscid liquid with ¢, = 1.5 x 103 m/s and density p, =
1000 kg/m?3.

Figs. 3.2 and 3.3, show the phase velocity profile of Lamb waves in an elastic plate under the
effect of inviscid liquid layer on both sides for a fixed characteristic length (I = 0.0001m)
and fixed thickness of liquid layer (H = 0.02 m). Fig. 3.2, shows the phase velocity profiles
of fundamental modes of symmetric (S0) and skew symmetric (AO) Lamb waves. Phase
velocity profiles of skew symmetric Lamb waves for different modes (M=1, M=2 and M=3)
are shown in Fig. 3.3. It is observed that in the wave number range from 0-2, there exist only
fundamental modes i.e. SO and AO. As the wave number increases, new modes start
appearing for both symmetric and skew symmetric cases. It is observed that magnitude of
phase velocity of these profiles is quite high for the lower wave number, which decreases at a
steady rate and becomes asymptotic for the higher wave numbers.

Lamb waves propagating in a plate bordered by liquid on both sides leak some of its energy
into the liquid and this situation has practical importance in the field of NDT. To study the
impact of loadings on Lamb waves, Figs. 3.4 and 3.5, are drawn showing phase velocity
profiles of skew symmetrical Lamb waves for two different values of thickness of liquid layer
(H1 =0.01m and H2 = 0.02m) and profiles are compared with the case of no liquid
loadings HO. Fig. 3.4, is for M=1 skew symmetrical mode and Fig. 3.5, is for M=2 mode. In
both the cases, characteristic length (I = 0.0001 m) is kept fixed. It can be seen that with the
increase in the thickness of the liquid loadings phase velocity of the skew symmetrical Lamb
waves decreases for the same wave number. As the variation in the phase velocity is very
small with the increasing value of thickness of liquid layer and it is not possible to show these
variations graphically for a wide range of wave numbers, so figures are drawn with very

small variations in wave numbers to depict the effects more precisely.
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Figure 3.2 Phase velocity profile of fundamental modes of Lamb wave (Symmetrical (S0)
and Skew symmetrical (A0)) with wave number in an elastic plate bordered with liquid layer
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Figure 3.3 Phase velocity profiles of skew symmetrical modes (M1, M2 and M3 for M =
1, 2, 3 respectively) of Lamb wave with wave number in an elastic plate bordered with liquid

layer
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The effect of characteristic length parameter (1), on the phase velocity profiles of skew
symmetric Lamb waves, are shown in Figs. 3.6 and 3.7. Characteristic length parameter (1) is
a microstructural parameter involved in couple stress theory and is assumed to be of the order
of internal cell size of the considered material. As discussed earlier, here we are taking three
different values of characteristic lengths, for profile L1, characteristic length isl =
0.00003 m, for L2 profile, characteristic length is [ = 0.0001 m and for L3, characteristic
length is [ = 0.0003 m. As the problem deals with the study of microstructural effects and to
observe these effects, graphs are again drawn with a very small variation in wave number and
phase velocity of Lamb waves. Fig. 3.6, shows the phase velocity profiles of skew symmetric
Lamb waves for M=1 mode, with three different considered values of characteristic length
and fixed thickness of liquid layer (H = 0.02 m). Fig. 3.7 shows the phase velocity profiles
of skew symmetric Lamb waves for M=2 mode, again with the same considered values of
characteristic length and fixed thickness of liquid layer (H = 0.02 m). From both the figures
it is observed that with the increase in characteristic length parameter (1), the phase velocity

of skew symmetric Lamb waves is also increasing, for the same value of wave number.
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Figure 3.4 Phase velocity profile of Lamb wave for skew symmetrical mode (M = 1) with
wave number in an elastic plate bordered with liquid layer of different thicknesses (HO =
0.00m,H1 = 0.01mand H2 = 0.02 m)
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Figure 3.5 Phase velocity profile of Lamb wave for skew symmetrical mode (M = 2) with
wave number in an elastic plate bordered with liquid layer of different thicknesses (HO =
0.00m,H1 =0.01mand H2 = 0.02m)
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Figure 3.6 Phase velocity profile of Lamb wave for skew symmetrical mode (M = 1) with
wave number in an elastic plate bordered with liquid layer of fixed thickness and different
characteristic lengths L1 = 0.00003 m, L2 = 0.0001 m and L3 = 0.0003m
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Figure 3.7 Phase velocity profile of Lamb wave for skew symmetrical mode (M = 2) with
wave number in an elastic plate bordered with liquid layer of fixed thickness and different
characteristic lengths L1 = 0.00003 m, L2 = 0.0001 m and L3 = 0.0003 m

3.6 CONCLUSION

As the physical model of the problem consists of thin plate loaded with inviscid liquid
on both sides, it is of practical use in ultrasonic immersion testing of plates. The impact of
liquid loadings is studied on the propagation of phase velocity of Lamb waves. Three
different cases for the thickness of liquid loaded on both side of the plate are considered. It is
observed that with the increase in the thickness of the loadings the phase velocity tends to
decrease. The material of the plate considered, is assumed to have properties similar to
cortical bone (Vavva et al. [137]), so it also enhances the applicability of this model in the
characterisation of the properties of bones loaded with different type of fluids.

To find the impact of microstructural parameter, the problem is solved by applying
consistent couple stress theory (Hadjesfandiari and Dargush [46]). Here, three different
values of characteristic length are considered, comparable with the internal cell size of the
material and their effect is studied on the phase velocity of the Lamb waves. It is observed
that with the increase in the value of this parameter the phase velocity of skew symmetric

Lamb wave also increases.
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CHAPTER-4
INFLUENCE OF MICROSTRUCTURE, HETEROGENEITY AND
INTERNAL FRICTION ON SH WAVES PROPAGATION IN A
VISCOELASTIC LAYER OVERLYING A COUPLE STRESS
SUBSTRATE®

4.1 INTRODUCTION

In the traditional approach, theory of seismic wave propagation was developed within the
frame work of linear elasticity, but later developments showed that earth should be more
correctly regarded as a dissipative medium. To encounter dissipation of energy considerations
and to overcome the shortcomings of linear elasticity the near sub surface of earth is
modelled as linearly viscoelastic material. The geological evidence of heterogeneity within
the earth are provided by the wide variations of rocks erupted from volcanoes. The scattering
of high frequency seismic waves also support the existence of small scale heterogeneity in the
earth lithosphere. Hence, for characterising the internal microstructure of solid earth,
heterogeneity and viscoelasticity of the material composition of the earth subsurface has to be

taken into account.

In this problem, we have investigated shear horizontal wave propagation in a layered
structure, consisting of granular macromorphic rock (Dionysos Marble) substrate underlying
a viscoelastic layer of finite thickness. Dionysos Marble is a white fine-grained metamorphic
marble with a saccharoidal microstructure. SH waves characteristics are affected by the
material properties of both underlying substrate and the coating. Dispersion equation for
propagation of SH wave in considered model is derived. The effects of microstructural
parameter characteristic length of the substrate, along with heterogeneity, internal friction and
thickness of viscoelastic layer are studied on the dispersion curves. Real and damping phase
velocities of SH waves are studied against dimensionless wave number, for different

combinations of various parameters involved in the problem.

* Contents of this chapter are published in SCI indexed journal, Structural Engineering and
Mechanics (2016), 57(4):703-716 with impact factor- 0.927
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4.2 FORMULATION AND SOLUTION OF THE PROBLEM

Consider a layer of viscoelastic medium of thickness H, lying over a couple stress half space
with microstructures, characterised by an additional material parameter [, characteristic
length. The origin of the coordinate system O(x,y, z) lies on the interfacial surface joining
half space and layer of viscoelastic medium. Here, z-axis is pointing vertically downwards
into the half space, the interface between layer and half space is given by z = 0 and the free
surface of layer is z = —H. Here, we have assumed that two media are perfectly bonded to
each other at the interface. For SH waves, displacement components and body forces are
independent of y co-ordinate, so if (u, v, w) are the displacement co-ordinates of a point, then

u = w = 0 and v is function of parameters x, z and t.

z=—-H

Viscoelastic layer

v
=

0 z=0

Couple stress substrate

Figure 4.1 Geometry of the problem
4.2.1 Couple stress half space

The basic governing equation of motion and constitutive relations of couple stress theory for

isotropic material in the absence of body forces (Hadjesfandiari and Dargush [46]) are given

by

2
A+ 1+ nV2)V(V.0) + (u — nV2)V25 = p 22 (4.2.1.1)

ot?2

where A and p are Lamé constants, n = ul? is couple-stress coefficient, [ is characteristic

length, p is the density of the material of elastic half space and i is the displacement vector.

Let us assume that # = (0, v, 0) and % =0
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Imposing above said conditions, equation of motion becomes,

(fz+ei)_ﬂ(fz+fz+2 Mv)_.lﬂv (4.2.1.2)

ax2 ' 972 ax* " 09z% " “ox2022) T 2 o2
Where ¢} =&
P

Let us assume the solution of above equation as
v = f(z)e (@) (4.2.1.3)

where ¢ is the wave number, @ = éc is the angular frequency and c is the phase velocity. Eq.
(4.2.1.3) reduces to

d%f

d*f

& st pf=0 (4.2.1.4)

Where

S=28+ (4.2.1.5)
2 2

Pogtii ot (4.2.1.6)

12¢2

Since in the couple stress elastic half space amplitude of waves decreases with increase in

depth, so solution of above differential equation becomes

f(z) = Aje™"17 + Bje™017 (4.2.1.7)
Where

a, = # (4.2.1.8)
b, = STVST4P “2_4P (4.2.1.9)
Hence v = (4;67%17% + B e P17)g (@ t=$x) (4.2.1.10)

The constitutive relations for couple stress space are given by (Hadjesfandiari and Dargush

[46])

O}'i = Auklk 611 + ,Ll(ul',j + uj,l’) - T]Vz (ui'j - uj'i) (42111)
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wi = 4n(wi; — ) (4.2.1.12)

where

1
Wi = 7 €ijk U j
Here, u; are the displacement components, gj; is the non-symmetric force stress tensor, u;; is
skew symmetric couple-stress tensor, §;; is Kronecker’s delta and € is permutation tensor

andi,j,k =1,2,3.

o+ (4.2.1.13)

2 2
w,, = 2ul? (ax—2 + —2) (4.2.1.14)
Using Eqg. (4.5) in Eq. (4.8), we get

o /J(—alAle_alZ - blBle_blz) +
Y2 ul?(a,A18%e7%17 + by B E%e 017 — a3 A e~41% — b} B e P17)

e~i(@t=0) (4.2.1.15)

Ly, = 2ul?[(a?Ae™*7 + b?Bie™"17) — (Ae™1% + Bye 017)§2|ei(@t=%x) (4.2.1.16)
4.2.2 Heterogeneous viscoelastic layer

For the heterogeneity of the layer, we have assumed that properties of the medium change

only in z-direction. For SH waves propagation in the x-direction and causing displacement in

y-direction only, we shall assume that 1, = (0, v,,0) and % =0

Equation of motion in the absence of body forces and under the above mentioned

assumptions (Ravindra [103]) is given by

0Py | 0Py, _  3%py
o T T Pl (4.2.2.1)
where
d\ao
Py = (m+my) 52 (4.22.2)
d)\ao
P = (11 +m o) 22 (4.2.2.3)
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In the upper viscoelastic layer py, n1 and p; are assumed to be function of depth only and are

given by

t = po(1 — sinaz)
M =1no(1 — sinaz) (4.2.2.4)

p1 = po(1 — sinaz)

where ug, 19, po are the constant values of py, n; and p; at the interface of layer and half

space and « is an arbitrary constant having dimensions of inverse of length.

Using Egs. (4.2.2.2) and (4.2.2.3) in Eq. (4.2.2.1), equation of motion for heterogeneous
viscoelastic layer becomes

a a2 a a\a a?
(o +m ) 52+ 5 (e +m ) 32 = o 55 (4225)
Now, assuming the solution
v, = v (2)e H(@t=%x) (4.2.2.6)

Using the assumed solution in Eq. (4.2.2.5), we get

d? 1,y d 2
L +E(M1) f + (% - fZ)UL =0 (4.2.2.7)

dz?

where

— , v dig
i = — oy and (i) = %

. _ Yl(Z)

Taking v, (2) = ok Eq. (4.2.2.7) reduces to

d2Y1 1 dpy 2 1 dzm p1w2 2 _

L+ [4@2 () — =0 (4.2.2.8)

Now (7)) = % = :—Z (uqy — iawmy), using Eq. (4.2.2.4), we get

() = —p,aCos(az) + iwn,aCos(az) (4.2.2.9)
" 20T

() = ddZ“; = (u,a’Sin(az) — iwn,a’Sin(az)) (4.2.2.10)

Using Egs. (4.2.2.9) and (4.2.2.10) in (4.2.2.8), gives us
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d2Y1 + [az +p0w2
dz? 4 Iy

EZ] Y, =0, (4.2.2.11)
where fy = pg — iam
Solution to differential Eq. (4.2.2.11) is

Y, = Acos(mz) + Bsin(mz), where A and B are the arbitrary constants

where

2 2
2 a PO 2
m? = (—+—— )
4 o ¢

Hence v, = v, (z)e i(@t=¢x) = “_J%e—i(m—ex)

v, = \/% (1 — sinaz)~Y/?(Acos(mz) + Bsin(mz))e (@ t=¢x) (4.2.2.12)
0

Using Eq. (4.2.2.12) in Egs. (4.2.2.2) and (4.2.2.3), we get

ad\od (1 .
P, = (#1 + 1 a) — (—_ (1 — sinaz)~*/?(Acos(mz) + Bsin(mz))e‘l(“’t‘g")>

ax\/u_ﬂ

P, = i&\/u, (1 — Sin(az))(ACos(mz) + BSin(mz))e (@ t=$%) (4.2.2.13)

ad\ad [ 1 .
B, = (#1 + 1 a)— (—_ (1 — sinaz)~Y?(Acos(mz) + Bsin(mz))e‘l(”’t‘fx)>

az\/'u_o

2m{l — Sin(az)}(—ASin(mZ) + BCos(mZ)) +

-t —i(wt—£x)
> 2 [(1-sin(a) [ aCos(az)(ACos(mz) + BSin(mz)) l € (4.2.2.14)

4.3 BOUNDARY CONDITIONS

Boundary conditions to be satisfied at the free surface of the viscoelastic layer and at the

interfacial surface between viscoelastic layer and couple stress half space are

(i) Top surface of the viscoelastic layer should be stress free that is

01]1

a
Pyz =(,u1 +T]16—t)¥:()atZ:—H

(i) Displacement components should be continuous at the interfacial surface, that is
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vy=vatz=0

(iif) The magnitude of shear component of the stress tensor of the viscoelastic layer should be
equal to shear component of the stress tensor of couple stress substrate at the interface, that is,

B,

=0,az=0

(iv) Couple stresses of substrate should vanish the interface, that is
Uy =0atz=0

4.4 DERIVATION OF SECULAR EQUATION

Using above mentioned boundary conditions, we get following four equations

\/ﬁ[Zm(l + sin(aH))sin(mH) + acos(aH)cos(mH)]A | _ 0

+/To[2m(1 + sin(aH)) cos(mH) — acos(aH)sin(mH)]B B (4.4.1)
Gt B=0 (4.4.2)
0+ EomB + pas[1+ (af — €124y + by [1+ (bF — €118, = 0 (4.4.3)
(@} —&)A; + (b} — §%)B; =0 (4.4.4)

Egs. (4.4.1)-(4.4.4) will have a non-trivial solution, if determinant of coefficients of
unknowns A, B, A;, By vanishes. After applying this condition to the above system of

equations, we obtain following determinant

Ty T, 0 0

)

e =0 (4.4.5)
o VEem  uar[1+ (af =€) uby[1+ (bF - §)1°]
0 0 (a? — £2) (bf — &%)

By solving this determinant, we obtain secular equations for the SH waves in an

heterogeneous viscoelastic layer over a couple stress half space with microstructures as

{ZT%m(a%—bf) + 2T, {u(&? — af)(§* — bP)(a; — b1)lz} —0 (4.4.6)

+uby (82 — a}) — ua, (8% — b))} + Tyiga(b? — a?)

Where
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T, = 2m{1 + sin(aH)}sin(mH) + a cos(aH) cos(mH)

T, = 2m{1 + sin(aH)} cos(mH) — acos(aH)sin(mH)

Separating the real and imaginary parts of dispersion equation, we get real part of dispersion

equation of SH waves as

{2R1(ﬂom1 + wnem,)(af — b)) + 2L (wnymy — pemy)(af — b%)} —0
+2R;Q + a(Ryp + onoly) (b7 — a?)

and imaginary part of dispersion equation of SH waves as

{2R1(llom2 — wnomy)(af — bf) + 21, (ugmy + @nem,)(af — b%)} ~0
+212Q + a(lzl/lo - Rza)no)(blz — a%)

where

T1 = R1 + lIl

T2 = RZ + lIZ

m=my +im,

Q= M(fz - a%)(fz - blz)(al - b1)lz + .Ub1(fz - a%) - .Ua1(<fz - b12)
Ry = 2(1 + sin(aH))(myS; — m,S,) + a cos(aH) E;

I, = 2(1 + sin(aH))(myS; + myS;) — a cos(aH) E,

R, = 2(1 + sin(aH))(m E; + myE;) — a cos(aH) S,

I, = 2(1 + sin(aH))(myE; — myE,) — acos(aH) S,

S1 = sin(m{H)cosh(m,H)

S, = cos(m{H)sinh(myH)

E, = cos(m{H)cosh(m,H)

E, = sin(m{H)sinh(m,H)

1 9
my = r2cos (5)

1 9
m, = r2sin (5)

66

(4.4.7)

(4.4.8)



— Pow3no

17 wg+on}

F _a_z_.’;z Powzllo
2 — 4 2 2.2
uptweng

1
r=(Ff +F37)?
tan(0) = (%)

4.5 NUMERICAL RESULTS AND DISCUSSION

(1) For viscoelastic layer the various material parameters (Gubbins [44]) used, are

Po 4705 kg/m?3

Lo 1.987 x 10'° N/m?
to 106 st

Mo

. Ho 2055m/s
' Po

Table 4.1 Physical data for viscoelastic material

(i) The material properties for couple stress half space made of Dionysos marble
(Vardoulakis and Georgiadis [135]), are

U 30.5 x 10° N/m?
p 2717 kg/m3
C, 3350 m/s

Table 4.2 Physical data for Dionysos marble

To find the impact of characteristic length, different cases of characteristic length (1),

comparable with the internal cell size of granular macromorphic rock (0(107*)) such as
[ =0.0001m,l=0.0004m,l=0.0008m are considered.

4.5.1 Effects of heterogeneity parameter

To study the role of heterogeneity parameter on the characteristics of SH waves in

viscoelastic layer, dispersion curves are provided for three different values of heterogeneity

parameter (eH=0.18, 0.54 and 0.72 for the curves R1, R2 and R3 respectively), by keeping




fixed values of H = 0.09 m, characteristic length parameter [ = 0.0004 m and friction
parameter u; /1, = 10° s~L. From Fig. 4.2, it can be observed that normalized real phase
velocity decreases with the increase in normalized wave number before becoming
asymptotically closer to 1, for all the considered values of heterogeneity parameter. It can be
further seen that with the increase in heterogeneity parameter, real phase velocity decreases.
Similar kind of trends, as seen for real phase velocity are also observed for normalized
damping phase velocity of SH waves (Fig. 4.3). A closed survey of the demonstrated results

shows that damping phase velocity is more sensitive to heterogeneity parameter (aH).
4.5.2 Effects of friction parameter

Dispersion curves, to demonstrate the role of friction parameter on SH waves in the
viscoelastic layer are provided for three different values of friction parameter u, /n; =7 %
10°s571,10 x 10° s71,80 x 10> s~ , by keeping fixed value of heterogeneity parameter
aH = 0.54 and characteristic length parameter [ = 0.0004 m. It is observed from Figs. 4.4
and 4.5 that normalized real phase velocity tends to decrease with the increase in friction
parameter, but has an inverse impact on the normalized damping phase velocity and in both

the cases effects are seen for the normalized wave number greater than 1.5.

1.8 : :
R1 aH=0.18

1.7+ R2 aH=0.54 |
R3 aH=0.72

EH
Figure 4.2 Variation of normalized real phase velocity (c/f;) of SH waves against
normalized wave number (¢éH) for different values of heterogeneity parameter (aH)
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Figure 4.3 Variation of normalized damping phase velocity (c/B;) of SH waves against
normalized wave number (éH) for different values of heterogeneity parameter (aH)
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Figure 4.4 Variation of normalized real phase velocity (c/f;) of SH waves against
normalized wave number (¢H) for different values of internal friction parameter (u;,/n1)
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Figure 4.5 Variation of normalized damping phase velocity (c/fB;) of SH waves against
normalized wave number (éH) for different values of internal friction parameter (u; /n;)

4.5.3 Effects of thickness of viscoelastic layer

The influence of thickness(H), of viscoelastic layer on normalized real and damping phase
velocities of propagation of SH waves are shown in Figs. 4.6 and 4.7. Fig. 4.6, shows the
variation in normalized real phase velocity(c/;), against the normalized wave number (§H),
for three different values of thickness, H = 0.04 m, 0.06 m and 0.09 m keeping fixed value
of heterogeneity parameter aH = 0.54, friction parameter p; /1, = 10°s~! and characteristic
length parameter [ = 0.0004 m . It is observed that with the increase in thickness
parameter H, normalized real phase velocity decreases. Normalized damping velocity of SH
waves increases with increase in this parameter (Fig. 4.7) and again in both the cases, results
are more prominent for wave number (¢H) greater than 1.5.

4.5.4 Effects of internal microstructure of the substrate

For observing the effects of internal microstructure of the underlying substrate, the variation
in normalized real and damping phase velocities (c¢/B;), against the normalized wave
number (¢H), are provided in Figs. 4.8 and 4.9, for three different values of characteristic
length parameter [ = 0.0001m , [ = 0.0004m , [ = 0.0008 m, keeping fixed values of
heterogeneity parameter aH = 0.54, thickness of viscoelastic layer H = 0.09 m and friction
parameter u; /n; = 10° s~1. It can be observed that both real (Fig. 4.8) and damping (Fig.
4.9) phase velocities of SH waves, increase with the increase in characteristic length (1) of
the material.
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Figure 4.6 Variation of normalized real phase velocity (c/fB;) of SH waves against
normalized wave number (éH) for varying thickness of viscoelastic layer (H)
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Figure 4.7 Variation of normalized damping phase velocity (c/f;) of SH waves against
normalized wave number (¢éH) for varying thickness of viscoelastic layer (H).
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Figure 4.8 Variation of normalized real phase velocity (c/B;) of SH waves against
normalized wave number (éH) for different values of characteristic length parameter (1)
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Figure 4.9 Variation of normalized damping phase velocity (c/f;) of SH waves against
normalized wave number (éH) for different values of characteristic length parameter (1)
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4.6 CONCLUSION

The propagation of SH waves is studied in viscoelastic layer overlying a couple stress elastic
half space. It is observed that the microstructural parameter characteristic length,
heterogeneity, internal friction and thickness of layer have significant effects on the
propagation of SH waves. The numerical results are represented graphically for various
combinations of parameters involved in the problem. Following conclusions can be drawn

from the present analysis

e Increase in characteristic length parameter involved in couple stress theory results in
increase of phase velocity of the SH waves. The study has been made for both real and
damping phase velocity.

e Heterogeneity parameter involved in viscoelastic layer has prominent effects on the phase
velocity profiles of SH waves. Both real and damped phase velocities decrease with the

increase in this parameter.

e Real phase velocity is observed to be decreasing with the increase in both internal friction
parameter and thickness of the viscoelastic layer for the wave number greater than 1.5.
On the other side, these two parameters have an inverse effect on damping phase velocity

for the same range.

The theoretical consideration of study concerning microstructural effects of the substrate and
effects of other parameters of viscoelastic layer on propagation of SH waves, may find
possible applications in seismology, exploration geophysics, non destructive testing
techniques and in designing chemical and biochemical sensors coated with surface bound
receptive layers, possessing viscoelastic properties which are used to detect compounds in the

liquid or gases.
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CHAPTER-5

DISPERSION OF SH WAVES IN A VISCOELASTIC LAYER
IMPERFECTLY BONDED WITH A COUPLE STRESS SUBSTRATE"

5.1 INTRODUCTION

SH waves in a layered structure for a perfectly bonded interface between two media are
studied in context of couple stress theory in chapter-4, but this condition is difficult to
achieve in reality. Due to certain reasons like thermal mismatch or some faults during
manufacturing process, cracks or defects may appear at the interface which leads to an
imperfect interface between two media. Components of displacement field are not continuous
at the common boundary of two media in case of imperfect interface. The difference in
displacement fields is assumed to depend linearly upon traction vector. These imperfections

at the common boundary may affect the propagation of SH waves.

Keeping in mind various factors affecting the dispersion of SH waves like nature of interface
between two media, properties of both half space and coated layer, here we intend to extend
the study of SH waves in a viscoelastic layer lying over a couple stress substrate with
imperfect interface between them. To study the effects of microstructures of substrate on the
propagation of SH waves, same model as adopted in chapter-4, comprising of granular
macromorphic rock (Dionysos Marble) exhibiting the properties of a couple stress solid
underlying heterogeneous viscoelastic layer is employed. Couple stress theory is applied for
observing the effects of microstructures of the material of substrate in terms of characteristic
length and other parameters of viscoelastic layer on the propagation of SH waves. Dispersion
equation of SH waves in a viscoelastic layer overlying a couple stress substrate with
imperfect interface between them has been obtained. Dispersion equations for propagation of
SH waves with perfectly bonded interface and slippage interface between two media are also
obtained as particular cases. Effects of degree of imperfectness of the interface are studied on
the phase velocity of SH waves. Dispersion curves are plotted and effects of material

properties of both couple stress substrate and viscoelastic layer are studied.

* Communicated to SCI indexed journal
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5.2 FORMULATION AND SOLUTION OF THE PROBLEM

Consider a layer of viscoelastic medium of thickness H, lying over a couple stress substrate
with microstructures. The interface between two media is assumed to be imperfect. The
origin of the coordinate system O(x, y, z) lies on the interfacial surface joining substrate and
layer of viscoelastic medium. Here, z — axis is pointing vertically downwards into the half
space, the interface between layer and half space is given by z = 0 and the free surface of
layer is at z = —H . For SH waves, displacement components and body forces are
independent of y co-ordinate, so if (u, v, w) are the displacement co-ordinates of a point, then

u = w = 0 and v is function of parameters x, z and t.

z=—-H
A Imperfect Interface
H . . L—
Viscoelastic layer /
> x
0 z=0

Couple stress substrate

Figure 5.1 Geometry of the problem
5.3 BOUNDARY CONDITIONS

Boundary conditions to be satisfied at the free surface of the viscoelastic layer and at the

interfacial surface between viscoelastic layer and couple stress half space are

(i) Top surface of viscoelastic layer should be stress free, that is

01]1

9
B =(/¢1+r]15)5=0at2= —H.

(ii) The difference in displacement fields is assumed to depend linearly upon traction vector
that is

P,=Gv—v)atz=0

where G measures the degree of imperfectness at the interface, above equation can also be

written as
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6171

(”1-"771(%)5: Glv—vy)atz=0

(iii) The magnitude of shear stresses of both couple stress substrate and viscoelastic layer
should be equal at the interface that is B, = o,, at z = 0, hence
a3y

(,ul+771§—t)%= ,uz—z+/1l2( 0 +—)atz= 0

0x2%9z = 0z3

(iv) Couple stress tensor u,, should vanish at the interface, that is u,, = 0 atz = 0, so we
get

5.4 DERIVATION OF SECULAR EQUATION

Using Egs. (4.2.1.10), (4.2.1.15), (4.2.1.16), (4.2.2.12), (4.2.2.14) of chapter-4 and imposing

above mentioned boundary conditions and we get following four equations

[\/u:(){Zm(l + sin(aH))sin(mH) + acos(aH)cos(mH)}A +| _ 0 (5.4.1)
\/u:(){Zm(l + sin(aH)) cos(mH) — acos(aH)sin(mH)}B - o

- (J“Z:"“ + J%ZO)A — JliomB + GA; + GB; =0 (5.4.2)
DI+ JRomB + pas[1 + (af = §)I21Ay + by [1+ (bF = §1%]B; = 0 (5.4.3)
(af — DA, + (bf — E9)B; = 0 (5.4.4)

5.4.1 SH waves in a viscoelastic layer over a couple stress half space with imperfect

interface

Egs. (5.4.1) to (5.4.4) will have a non-trivial solution, if determinant of coefficients of
unknowns A, B, A, B, vanishes. Applying this condition to the above system of equations,

we obtain following determinant
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Ty T, 0 0
(YR, 6 _
— Uom G G
( 2 Jﬂ_o) v =0 (5.4.11)
"‘Zﬂ Jiom  pag[1+ (af — &)1 uby[1+ (b7 — 217
0 0 (af — &%) (b7 — &%)

By solving this determinant, we obtain secular equation for the SH waves in heterogeneous
viscoelastic layer over a couple stress half space with imperfect interface between them as

(—2Tyggm + Tyipa)(Q + G(b? — a?)) + 2T,QG =0 (5.4.1.2)
Where

T, = [2m{1 + sin(aH)} sin(mH) + a cos(aH) cos(mH)],

T, = [2m{1 + sin(aH)} cos(mH) — acos(aH)sin(mH)]

Q = pu(&* — ai)(&* — bP)(ay — b)? + puby (§* — af) — pa, (8% — bi)

Now, separating the real and imaginary parts of dispersion equation in Eq. (5.4.1.2), we get

real part of dispersion equation of SH waves as

—2R1ugmy — 2Ryonym, — 2Iyonemy +
{ 1 Zollﬂlomz +1a(RozlJoz+ 0)7;012)0 1 }(Q +Gf - a%)) +2R;Q6 =0 (5.4.1.3)
and imaginary part of dispersion equation of SH waves as

{Zleﬂoml — 2Rypuomy — 2Iipiomy —

2 _ 2 _
2L, wngm, + a(luy — Rywny) }(Q +G(bf — a}))+21,Q6 = 0 (5.4.1.4)

5.4.2 SH waves in a viscoelastic layer over a couple stress half space with perfectly bonded

interface

If in Eq. (5.4.1.2), G — «, we get dispersion equation for SH waves in a viscoelastic layer
over a couple stress half space with perfectly bonded interface between them and this is same
as obtained in chapter-4, Eq. (4.4.6)

(=2Tyfgm + Tyripa) (b? — a?)+2T,Q=0 (5.4.2.1)
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5.4.3 SH waves in a viscoelastic layer over a couple stress half space with slip interface

If in Eq. (5.4.1.2), G — 0, we get secular equation for SH waves in a viscoelastic layer over a
couple stress half space for slippage interface between them

(—2Typgm + Toipa)Q = 0 (5.4.3.1)

Parameters involved in Egs. (5.4.1.2), (5.4.1.3), (5.4.1.4), (5.4.2.1) and (5.4.3.1) are all
defined in section-4.4 of chapter-4.

5.5 NUMERICAL RESULTS AND DISCUSSION

(1) For viscoelastic layer the various material parameters (Gubbins [44]) used, are

po = 4705 kg/m3, puy = 1.987 x 101° N/m?2 20 =106 s71 g2 =£2

1o pPo

(i) The material properties for couple stress half space made of Dionysos marble
(Vardoulakis and Georgiadis [135]), are u = 30.5 X 10° N/m?, Density = p = 2717 kg/
m3, the value of shear velocity comes out to be, C, = 3350 m/s. To find the impact of
characteristic length, again three different cases of characteristic length (1), comparable with
the internal cell size of granular macromorphic rock which is of the order 10~%, such as
[ =0.0001m,!l=0.0004m,=0.0008m are considered.

5.5.1 Effects of degree of imperfectness at the interface

To study the role of degree of imperfectness of the interface on the propagation of SH waves
in the viscoelastic layer over a couple stress substrate, dispersion curves are provided in Fig.
5.2 by using Eqg. (5.4.1.3) which is real part of Eqg. (5.4.1.2) and real part of Eq. (5.4.2.1)
(which is limiting case of Eq. (5.4.1.3) as G —» o) for different values G, and by keeping
fixed values of other parameters as aH = 0.54, characteristic length parameter [ = 0.0004 m
and friction parameter w, /0, = 10° s~1. It can be observed that SH waves are dispersive and
real phase velocity (c/f;) of SH waves decreases sharply with the increase in wave number
(¢H) before becoming asymptotically constant. It can be observed from the profiles that an
increase in the value of parameter G, leads to increase in phase velocity of SH waves for any
fixed value of dimensionless wave number (éH). Since imperfectness is inversely
proportional to G, so an increase in imperfectness adversely affects the phase velocity and

phase velocity is maximum when interface is perfectly bonded (G — ).
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5.5.2 Effects of heterogeneity parameter

Role of heterogeneity parameter on the real phase velocity of SH waves in the viscoelastic
layer is studied in Fig. 5.3, again by plotting Eq. (5.4.1.3). Dispersion curves are provided for
three different values of heterogeneity parameter (¢ H=0.18, 0.54 and 0.72 for the curves R1,
R2 and R3 respectively) and by keeping fixed values of other parameters as H = 0.09m,

characteristic length parameter [ = 0.0004 m and friction parameter u, /9, = 10% s~ and

the value of G = 2 x 1.987 x 10'® which measures degree of imperfectness at the interface.
In Fig. 5.3 non dimensional phase velocity (c/B;) of SH waves is plotted against non
dimensional wave number (¢H) and it can be observed that with the increasing value of

heterogeneity parameter (aH) real phase velocity of SH waves decreases.

5.5.3 Effects of friction parameter

To demonstrate the role of friction parameter on SH waves in the viscoelastic layer dispersion
curves are provided in Fig. 5.4, for three different values of friction parameter , /n; =7 X
10°s571,10 x 10° s~1,80 x 10> s~1, by keeping fixed value of heterogeneity parameter
aH = 0.54, characteristic length parameter Il = 0.0004 m and G = 2 X 1.987 x 10'°. Here,
non dimensional real phase velocity of SH waves tends to decrease with the increasing value

of friction parameter (i, /1) and these results are visible for the wave number greater than 1.

5.5.4 Effects of thickness of viscoelastic layer

Fig. 5.5, shows the variation in non dimensional real phase velocity (c/f;), against non
dimensional wave number(éH), for three different values of thickness, H = 0.04 m,0.06 m,
and 0.09 m of viscoelastic layer keeping fixed value of heterogeneity parameter aH = 0.54,
friction parameter p,/n; = 10°s~1, characteristic length parameter [ = 0.0004 m and
G =2x1.987 x 100 . It is observed that with the increasing value of thickness of
viscoelastic layer over the couple stress substrate, real phase velocity of SH waves also

increases.
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Figure 5.2 Real phase velocity profiles of SH waves with wave number for different values
of parameter G, measuring imperfectness at the interface

R1 aH=0.18
el R2 aH=0.54 |
R3 aH=0.72
151
141
—
[N
G
1.3}
121
1.1¢
1 L L L L L L L
0 02 04 06 08 1 12 14 16

EH

Figure 5.3 Real phase velocity profiles of SH waves with wave number for different values
of parameter aH
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Figure 5.4 Real phase velocity profiles of SH waves with wave number for different values
of parameter u; /n¢

5.5.5 Effects of internal microstructure of the substrate

For observing the effects of internal microstructure of the underlying substrate, the variation
in normalized real phase velocity (c/fB;), against the normalized wave number (¢H), is
shown in Fig. 5.6, for three different values of characteristic length parameter [ =
0.0001 m,0.0004 m and 0.0008 m, keeping fixed values of heterogeneity parameter
aH = 0.54, friction parameter u,/n; = 10°s7! and G =2 x 1.987 x 10'° . It can be
observed that real phase velocity of SH waves increases with the increase in characteristic

length (1) of the material.
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5.6 CONCLUSION

The propagation of SH waves is studied in a viscoelastic layer bonded imperfectly with a
couple stress substrate. Analytical results for the perfectly bonded interface and slip interface
are also observed as particular cases. The numerical results are presented graphically.

Following major findings are drawn from the present study

1. SH waves have shown dispersion in the considered model and initially, SH wave
velocity decreases sharply with the increase in the value of wave number, then it

becomes asymptotically constant for the higher values of wave number.

2. Imperfectness factor at the interface between two media has a significant effect on the
phase velocity of SH waves. It is observed that with the decreasing value of
imperfectness at the interface, phase velocity of SH waves increases and phase

velocity is highest when interface becomes perfectly bonded.

3. Both friction and heterogeneity parameters of viscoelastic layer have an adverse effect
on the phase velocity of SH waves and phase velocity decreases with the increasing

value of both these parameters.

4. 1t is observed that with the increasing value of thickness of viscoelastic layer over a

couple stress substrate, phase velocity of SH waves also increases.

5. It is observed that characteristic length (1) which is measuring internal microstructure
of the material of underlying substrate favours phase velocity of SH waves. Phase
velocity increases with the increase in characteristic length (1) of the material of

underlying couple stress substrate.

For the interfaces involving imperfections, the study carried out in this chapter is more
realistic and logical. Further, the consideration of microstructural effects on the propagation
of SH waves may provide possible applications in the fields of non-destructive testing

techniques, semiconductor industry, seismology or geomechanics engineering.
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CHAPTER-6

EFFECTS OF MICROSTRUCTURE AND LIQUID LOADING ON
VELOCITY DISPERSION OF LEAKY RAYLEIGH WAVES AT
LIQUID SOLID INTERFACE’®

6.1 INTRODUCTION

It is interesting to study the changes in the profiles of Rayleigh type waves when
homogeneous elastic half space is loaded with liquid. This study becomes more application
oriented when the material of half space exhibits internal microstructures. Keeping this in
view, we have applied the consistent couple stress theory to study the impact of characteristic
length parameter and liquid loadings on the behaviour of leaky Rayleigh waves in a couple
stress elastic solid half space loaded with homogeneous inviscid liquid layer of finite
thickness (H) or a liquid half-space.

The study of leaky Rayleigh waves generated at the interface of solid half space with liquid
layer is of great importance for quick scanning and imaging of large civil engineering
structures. Equations of couple stress theory are solved and dispersion equations are obtained
for the propagation of leaky Rayleigh waves in a couple stress elastic half space loaded with
liquid layer of finite thickness or liquid half space. Dispersion equation for propagation of
Rayleigh waves in a couple stress elastic half space without any loadings is also obtained as a
special case. Phase velocity of leaky Rayleigh waves is studied for three different values of
characteristic length (1) which are of the order of internal cell size of the material. Effects of

thickness of liquid layer are also studied.

6.2 FORMULATION OF THE PROBLEM

Consider a couple stress elastic solid half space loaded with homogeneous inviscid liquid
layer of finite thickness (H) or a liquid half space. It is assumed that that there is no reflection
from the inner layers of the liquid medium. The origin of the coordinate system (x,y, z) lies
on the interfacial surface joining solid half space and liquid medium. It is assumed that z-axis

of the coordinate system is pointing vertically downwards into solid half space and wave is

> Communicated to SCI indexed journal
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assumed to propagate in the direction of x-axis. All the particles along a line parallel to y-
axis are assumed to be equally displaced, thus there is no variation in various fields of either

media in the direction of y-axis.

z=—-H

Inviscid liquid layer

0 z=0

Couple stress half space

v Z

Figure 6.1 Geometry of the problem

Basic governing equations of consistent couple stress elasticity for isotropic material in the
absence of body forces and constitutive relations are given in Egs. (2.2.1), (2.2.4) and (2.2.5)
of chapter-2.

In order to solve the equation given in (2.2.1), we confine our discussion to two dimensional

medium so, we take i = (u, 0,w) and we introduce potential functions, ¢ and 1/7 = (0,9,0)

in the solid which are defined by

_0% _ % _%
u=_—-—— andw = Py (6.2.1)
where ¢ and y are potential function of longitudinal and shear waves in the solid half-space.
Substituting Egs. (6.2.1) into Eqg. (2.2.1), we obtain two decoupled equations in terms of

potential functions as

1 92
V2 = C—%?‘f (6.2.2)
2 _ 274y = LW
Ve — 12V = oz (6.2.3)
where C? = (A+241) ,C2 =% are the dilatational and shear waves speed, respectively in

classical theory of elasticity.

In the liquid medium, we have
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u, = % - a(;/)L and w, = m + (6.2.4)

Here ¢, and v, are the scalar and vector potential, u; and w;, are x and z components of the
particle displacement in the liquid medium.

Because the inviscid liquid does not support the shear motion, therefore shear modulus of
liquid vanishes that is y; = 0 and hence ¥, = 0. The potential function ¢, and stresses ag in

case of liquid medium are given by

10%¢
V2¢L = E 6t2L (625)
du aw 92 92
( L L) - AL ( 6x¢2L + anSZL) (626)

where C? = 2—L , C;, is the velocity of sound in the liquid, A; is the bulk modulus, p; is the
L

density of the liquid.

6.3 BOUNDARY CONDITIONS
The boundary conditions to be satisfied at the solid liquid interface are:

(i) Continuity of normal component of stress tensor at the interface z = 0, that is ¢,, = o},

that is 1 (Z—Z ) n ZIJ— = (aiL aaVZL)

(i) Since liquid does not support the shear motion so, the tangential component of the stress
tensor of couple stress half space should be equal to zero, which implies ¢,, = 0, at z = 0 that
is

u(a—u+a—w)—ulz(ﬁ—a3—w+ag—”— 63W)=0atz:0

0z 0x 0x20z dx3 0z3 0z20x

(iii) The continuity of the normal component of the displacement field of both media, at the
interface z =0, that isw = w;,

(iv) Couple stress tensor, u,, should vanish at the interface z = 0, that is u,, = 0, that is

d2%u 92w _
Zn(az_z_azax) =0atz=0

6.4 FORMAL SOLUTION OF THE PROBLEM

We assume the solution of the form

¢ = f(z)et*=t) (6.4.1)
P = g(z)ed =D (6.4.2)
¢, = P (2)et ) (6.4.3)
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where c is the phase velocity, ¢ is the wave number. Now using the solution given in Egs.
(6.4.1) to (6.4.3) in the Eqgs. (6.2.2), (6.2.3) and (6.2.5), we obtain following three differential
equations

d? f(Z) (52 )f( ) =0 (6.4.4)
% _ (252 zZ)d 9@ | <€4 ( _ %))g(z) =0 (6.4.5)
d? ¢>L(Z) (52 2) $,(z) =0 (6.4.6)

By solving these differential equations, we get following expressions for f(z), g(z) and

(]SL (2)

f(z) = (A1e™% + Ae%) (6.4.7)
9(2) = (Bie™% + Bye %% + Bye™ + B,ef?) (6.4.8)
¢, (2) = (D" + Dye ™) (6.4.9)
where

a? = &2 (1—%)
(@ + B2 = 28% +
45 (1-

CZ
2 — g2 1——
y f( CE)

Hence solutions are given by

¢ = (A1e7% + Aye?)elt (=ct) (6.4.10)
Y = (Bie™ + Bye P + Bse™ + B,ef?) e x—ct) (6.4.11)
¢, = (Die?* + Dye71?)e(x=ct) (6.4.12)

These solutions consist of pairs of partial waves propagating along positive and negative z-
directions with A, A,, By, B,, B, By, D1, D, being unknown amplitudes. These forms of
formal solution are appropriate for the description of wave propagation in infinite elastic
media.

For wave propagation in half space, we choose the partial waves satisfying the radiation

condition that all field variables must be bounded for location deep within the solid. Thus for
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propagation in the half space z > 0 underlying a liquid layer of finite thickness (H) or a
liquid half space, we choose our solutions as

¢ = Aje ekt (6.4.13)
Y = (B1e7% + ByeF?) ¥ =et) (6.4.14)

. i€ (x—ct) iqui —H<z<
5, = {Dlslnh{y(z + H)l}e , fortheliquid layer,—H <z <0 (6.4.15)

D, eY? e (x—ct) for the liquid half — space
6.5 DERIVATION OF DISPERSION EQUATIONS

6.5.1 Leaky Rayleigh waves in a couple stress elastic half space loaded with inviscid liquid
layer of finite thickness

We derive the dispersion relations for leaky Rayleigh surface waves propagating in a couple
stress elastic half space underlying a liquid layer of finite thickness in context of couple stress
theory. Solid half space extends in the positive z-direction and liquid layer of finite thickness
(H) or liquid half-space in negative z-direction. By applying the required interfacial boundary
conditions at z = 0 given in section 6.3, we obtain the following set of four homogeneous

equations in four unknowns A;, By, B, and D,
2
H K%z (a® - 52)) + Zs‘zl A, — 2uaiéB, — 2uBi&B, — A, Sinh(yH)(y2—&2)D; = 0 (6.5.1.1)

—2uiaéA; + ull?(8% —a?)? — (82 + a®)]By + ull?(8? — p?)2 — (2 + B2)]B, =0

(6.5.1.2)
—aAq + iéBy + iéB, —yD;Cosh(yH) =0 (6.5.1.3)
ul?(aé? — a®)By + pl*(B§* — p*)B; =0 (6.5.1.4)

For non trivial solution of above four equations, we take the determinant of the coefficient

matrix of above four equations equal to zero

uP —2uai§ —2upi§ —2,Sinh(yH) (y*~¢§%)
—2ia¢ [I*(§* —a®)? = (& +a?)] [IP(&* - Bp*)* - (& + p)] 0 —0

-a ié ié —yCosh(yH)

0 (ag? - a?) (B¢ - B*) 0
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By solving this determinant, we obtain following dispersion equation for leaky Rayleigh
waves in an elastic half space loaded with liquid layer of finite thickness (H) in context of

consistent couple stress theory

(uyP — aA tanh(yH)K, {BKz (1°KZ — S,) — aK, (1?K} — Sg)} B

—4aapByu(K, — Kﬁ)EZ - Za/lLtanh()/H)fzKy(—aKa n ,BK[g) = (6.5.1.5)

where

2 Clz 2 2
P=2€ _Cz(f _a)
2

K, =" —a?)
Ky = (52 = 5
K, =@ -v")
Se = (§*+a?)
S = (€ +57)

6.5.2 Rayleigh waves in a stress free couple stress elastic half space

If we assume 1; — 0, Eq. (6.5.1.5) reduces to the dispersion equation for Rayleigh waves in
stress free homogeneous solid elastic half space under couple stress theory

P|BKs(1°K2 — S,) — aK, (1°KZ — Sg)| — 4aaB(K, — Kz)é* =0 (6.5.2.1)
6.5.3 Leaky Rayleigh waves in a couple stress elastic half space loaded with inviscid liquid

half space

Again by applying the required interfacial boundary conditions mentioned in section 6.3, at z
= 0, we obtain the following set of four homogeneous equations in four unknowns A;, By, B,
and D, for the Rayleigh waves in a couple stress elastic half space under the loading of

inviscid liquid half space

" K%ﬁ (a® - fz)) + 252] Ay — 2uaiéBy — 2uBi§B, — A, (y*—¢%)D; = 0 (6.5.3.1)
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—2uiafAy + pull?(&2 — a?)? — (82 + a®)]By + ull2(62 — p2)2 — (£ + pH)]B, =0

(6.5.3.2)
—aA, +iéB, +iéB, —yD; =0 (6.5.3.3)
ul?(a&? — a®)By + ul?(Bé? — p3)B, =0 (6.5.3.4)

For non trivial solution of above four homogeneous equations, we take the determinant of the

coefficient matrix equal to zero

1P —2uaié —2upi§ —A,(y*=¢%)

—2ia¢  [I%(¢* - az)zl - +ad)] (1R - ‘BZ)Z. - (& + %] 0 —0 (6.5.3.5)
-a ié i -y
0 (ag? - a®) (B - B°) 0

By solving this determinant, we obtain the following dispersion equation for leaky Rayleigh
waves in a homogeneous solid elastic half space loaded with inviscid liquid half space in

context of consistent couple stress theory

(uyP — a2, K, ){BKs (1PKZ — So) — aK, (I°K§ — Sp)}]

—4aapyu(K, — K)&% — 2a, 82K, (—ak, + BKg) | (653.6)

In Eq. (6.5.1.5) if H — oo, that is liquid layer changes to liquid half space, then tanh(yH) —
1, and this Eg. (6.5.1.5) reduces to the Eq. (6.5.3.6) for leaky Rayleigh waves in a

homogeneous solid elastic half space under the loading of liquid half space .

6.6 NUMERICAL RESULTS AND DISCUSSIONS

The material of the solid elastic half space is assumed to have properties similar to cortical
bone and various material parameters related to it are given in section-3.5 of chapter-3. The
liquid medium used is inviscid liquid with ¢, = 1.5 x 103 m/s and density p, =1000
kg/m3. Here to study the impact of characteristic length on leaky Rayleigh waves, three
values of characteristic length parameter (1) are considered. Graphs are plotted using Eqg.
(6.5.1.5).

6.6.1 Effects of thickness of liquid layer
Fig. 6.2, shows the trend of non dimensional leaky Rayleigh wave velocity (c/C,) with non

dimensional wave number (¢H) in a couple stress elastic half space loaded with inviscid
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liquid layer of finite thickness (H). Here, characteristic length (I = 0.00003 m) of the
material is kept fixed and thickness of the liquid layer is variable H = 0.002 m,0.003 m and
0.01 m. It can be observed that for the small values of wave number the phase velocity of
Rayleigh waves is high, which decreases sharply with the increase in wave number and then
becomes almost constant with the higher values of wave number. It shows that Rayleigh
waves are dispersive in case of couple stress model, which is in agreement with the findings
of Gazis et al. [40], Ottosen et al. [96], Georgiadis and Velgaki [42] and is contrary to the
case of linear theory of classical elasticity. It clearly depicts the impact of characteristic
length parameter (1), which was absent in the classical model. Here, in Fig. 6.2, the effect of
liquid loadings is not visible for the given value of characteristic length (I = 0.00003 m).
Fig. 6.3, is taken with the same values of all the parameters as involved in Fig. 6.2, but with
small variation in wave number for depicting the effects of liquid loadings by taking
thickness of liquid layer as H = 0.002 m, 0.003 m and 0.01 m for H1, H2 and H3 profiles
respectively. In Fig. 6.3, it can be seen that with the increase in the value of thickness of
liquid layer (H), phase velocity of Rayleigh waves is decreasing.

To further study the impact of thickness of liquid layer on the propagation of leaky Rayleigh
waves in homogeneous elastic half space, Figs. 6.4-6.5 are plotted with different values of
characteristic length. These figures are again drawn for three different values of thickness,
H = 0.002 m for the curve H1, H = 0.003 m for H2 and for curve H3, we take H = 0.01 m.
In Fig. 6.4, characteristic length is [ = 0.0001 m and for Fig. 6.5, the value of characteristic
length parameter is [ = 0.0003 m . It can be observed that for the small values of wave
number, phase velocity of leaky Rayleigh waves is almost same in all three cases of liquid
loadings, but as the wave number increases the effects are clearly visible. Similar pattern in
profiles is observed, profiles are again suppressed under the increasing liquid loadings (H) in
each case, which indicates the effect of liquid loading. Though the basic trend of profiles in
all three Figs. 6.3 to 6.5 is same but results become significant with the increasing value of
characteristic length.

6.6.2 Effects of microstructure of couple stress half space

Figs. 6.6, 6.7 and 6.8, show the effects of characteristic length parameter on the non
dimensional phase velocity (c/C,) profile of leaky Rayleigh waves against non dimensional
wave number (EH). These figures are drawn by considering three different values of
characteristic length parameter, for L1 profile characteristic length is [ = 0.00003 m , for L2

profile it is [ = 0.0001 m and for L3 the value is L = 0.0003 m . Thickness of liquid layer is
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kept as H = 0.002 m for the Fig. 6.6, H = 0.003 m for Fig. 6.7 and H = 0.01 m for Fig. 6.8.
As, material of the half space is assumed to have properties similar to cortical bone and
internal cell size of cortical bone varies from 10 to 500 um (Vavva et al. [137]). Here, all the
considered values of characteristic length parameter (1), lies within this specified range of
internal cell size of the material. From Figs. 6.6 to 6.8, it can be observed that phase velocity
of leaky Rayleigh waves increases with the increase in characteristic length (1) of the
material. It can also be seen that effects of characteristic length (1) are more visible with the

decreasing value of thickness of liquid loadings (H).
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Figure 6.2 Phase velocity profile of leaky Rayleigh waves in elastic half space, loaded with
liquid layer of finite thickness (H), when (I = 0.00003 m)
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Figure 6.3 Phase velocity profile of leaky Rayleigh waves in an elastic half space with wave

number, under the loading of liquid layer with thickness H = 0.002 m,0.003 m and 0.01 m
for H1, H2 and H3 curves respectively, when (I = 0.00003 m)
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Figure 6.4 Phase velocity profile of leaky Rayleigh waves in an elastic half space with wave
number, under the loading of liquid layer with thickness H = 0.002 m,0.003 m and 0.01 m
for H1, H2 and H3 curves respectively, when (I = 0.0001 m)
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Figure 6.5 Phase velocity profile of leaky Rayleigh waves in an elastic half space with wave
number, under the loading of liquid layer with thickness H = 0.002 m,0.003 m and 0.01 m
for H1, H2 and H3 curves respectively, when (I = 0.0003 m)
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Figure 6.6 Phase velocity profile of leaky Rayleigh waves in an elastic half space with wave
number, under loading of liquid layer with characteristic length [ = 0.00003 m, 0.0001 m
and 0.0003 m for L1, L2 and L3 curves respectively, when (H = 0.002 m)
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Figure 6.7 Phase velocity profile of leaky Rayleigh waves in an elastic half space with wave
number, under loading of liquid layer with characteristic length [ = 0.00003 m, 0.0001 m
and 0.0003 m for L1, L2 and L3 curves respectively, when (H = 0.003 m)
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Figure 6.8 Phase velocity profile of leaky Rayleigh waves in an elastic half space with wave

number, under loading of liquid layer with characteristic length [ = 0.00003 m,0.0001 m
and 0.0003 m for L1, L2 and L3 curves respectively, when (H = 0.01 m)
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6.7 CONCLUSION

Couple stress theory involving characteristic length parameter has been applied to study the
behaviour of leaky Rayleigh wave propagation in a homogeneous solid elastic half space
loaded with homogeneous inviscid liquid layer. Different combinations of characteristic
length parameter in comparison to cell size of the considered material are taken. Following
observations can be made from the present analysis

(1) Dispersion equations are obtained for the propagation of leaky Rayleigh waves in a couple
stress elastic half space loaded with liquid layer of finite thickness or liquid half space.
Dispersion equation for the propagation of Rayleigh waves in a couple stress half space
without any liquid loadings is also obtained as a particular case using couple stress theory.

(if) Rayleigh type waves at the solid liquid interface are found to be dispersive in this
considered model.

(iii) The effect of liquid loading is observed by taking three different values of thickness of
liquid layer. It is observed that phase velocity of Rayleigh waves decreases with the increase
in the thickness of liquid layer.

(iv) Effects of characteristic length parameter (1) are also studied by considering three
different values of this parameter in comparison with the internal cell size of the material. It
can be seen that with the increase in the characteristic length of the material, phase velocity
of Rayleigh waves also increases.

The applications of these waves range from geophysics to non destructive testing of
structures. A metallic structure surrounded by liquid is a natural occurring phenomenon in the
fields like oil exploration or under water NDT applications. The properties of leaky Rayleigh
waves like velocity, dispersion are affected by material properties of both loaded liquid and
underlying solid half space. Material properties of solid can be indirectly obtained by

studying the profiles of leaky Rayleigh waves.
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CHAPTER 7

DISPERSION OF RAYLEIGH WAVES IN A MICROSTRUCTURAL
COUPLE STRESS SUBSTRATE LOADED WITH LIQUID LAYER
UNDER THE EFFECTS OF GRAVITY®

7.1 INTRODUCTION

Seeing the importance of Rayleigh waves to the fields of geophysics and seismology, here we
have extended our work to study the effects of gravity together with microstructures of
substrate on propagation of leaky Rayleigh waves. The effects of gravity on wave
propagation were firstly studied by Bromwich [12] by treating gravitational force as a body
force. Love ([77], [78]) studied the effects of gravity on various problems of wave
propagation. He concluded that Rayleigh wave velocity gets significantly affected due to the
presence of gravitational field, when the wavelength of waves is large. Bhattacharyya and De
[9] studied surface wave propagation in viscoelastic media under the influence of gravity.
They derived wave velocity equations and investigated particular surface waves like
Rayleigh, Love and Stoneley waves. They also showed that their results are in agreement

with classical results when the effects of gravity and viscosity are neglected.

We have used consistent couple stress theory proposed by Hadjesfandiari and Dargush [46]
and followed the model of gravity given in Bhattacharyya and De [9] to study the impact of
characteristic length parameter, gravity and liquid loadings on velocity dispersion of leaky
Rayleigh waves propagating in a couple stress half space under the effects of gravity and
loaded with homogeneous inviscid liquid layer of finite thickness (H) or a liquid half space.
Dispersion relations for leaky Rayleigh waves in couple stress half space loaded with inviscid

liquid layer of finite thickness or a liquid half space under the effects of gravity are derived.
7.2 FORMULATION AND SOLUTION OF THE PROBLEM

Consider a layer of inviscid liquid of finite thickness (H) or a liquid half space lying over a
couple stress half space under the effects of gravity (g). It is assumed that that there is no

reflection from the inner layers of the liquid medium. The origin of the coordinate system

® Communicated to SCI indexed journal
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(x,y,z) lies on the interfacial surface joining solid half space and liquid medium. It is
assumed that z-axis of the coordinate system is pointing vertically downwards into solid half
space and wave is assumed to propagate in the direction of x-axis. All the particles along a
line parallel to y-axis are assumed to be equally displaced, thus there is no variation in the

fields of either media in the direction of y-axis.

Inviscid liquid layer

v
=

0 z=0
Couple stress half space

under gravity

vV Z

Figure 7.1 Geometry of the problem

7.2.1 Couple stress substrate under gravity

The basic governing equations of motion of couple stress theory (Hadjesfandiari and Dargush

[46]) following Bhattacharyya and De [9] for the effects of gravity, are given by

M(ﬂ oy aZW)_ﬁ _12p2 (azv_«ﬂ_u_@ BZW) aw _ 9%

(/1+2,u)(62u 6_217 02w)_ﬁ _ 12v2 (62u _62_17_& 62w) 61_@
p 0xdy +ay2 +0y62 p (1= 1°V9) dxdy T t4g ay a2 (7.21.2)

A+2 d%u %y 92w %u  9%w  9%w | 0% ou v 92w
o (2 | Ot 0y (q _pagy (SO g 0f) o (ou o) o
p 0x0z dyoz 0z p x0z 0x ady at

(7.2.1.3)
where (u, v,w) are the displacement components and g is gravity, [ is characteristic length
parameter A, u are Lame constants, p is the density of material. We confine our discussion to
two-dimensional medium so, we take 1 = (u, 0, w) and % = 0, in this case Eq. (7.2.1.2) will

be identically satisfied.

The constitutive relations for couple stress half space are given by
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O}'i = Auk’k 61] + ,Ll(ul"j + uj"l') - T]Vz (ul"j - u]"i) (7214)
,u]'i = 4‘7’]((1)1’] - wj,i)’ where w; = %Eijk uk'j (7215)

Here, o

)

, 0j; Is the non-symmetric force stress tensor, p;; is skew symmetric couple stress tensor,

; is Kronecker’s delta, n = ul* is couple stress coefficient, ¢;;, is permutation tensor.

Now we introduce potential functions ¢ and 1/7 = (0,4, 0) in the solid such that i = V¢ +

V X ), SO we get

_9¢ _ 0y
T ax oz

where ¢ and i are potential function of longitudinal and shear waves in the solid half space.

and w %+ % (7.2.1.6)

Using these values of potential functions, Egs. (7.2.1.1) and (7.2.1.3) get reduced to

el (GE+5) -5t + o] - sl - o 5+ 58) -5 - g5 = 0
(7.2.1.7)
Flet(GE+st) - Sk rast] e laa- e (G5 -5t - g5t =0
(7.2.1.8)
where

ct = W;—Z“) ,C? = % are dilatational and shear wave speed.
This gives us two partial differential equations as

2 (Le+28) 4 g2 =22 (7.2.1.9)

at?
92 92 d 92
C21-12v) (55 +5%) - g2t =22 (7.2.1.10)

0x ot?2

We consider the solution as

¢ = f(z)el x=c®) (7.2.1.11)

W = h(z)ei G=et) (7.2.1.12)
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Using given two solutions in Egs. (7.2.1.9) and (7.2.1.10), we get following two differential

equations
% (252 ! )d h(Z) <€4 (1 __)> h(z) + 1222 f(z)=0 (7.2.1.14)

By solving Egs. (7.2.1.13) and (7.2.1.14), we get following differential equation in terms of

only one function f(z)

dof(z d*f(z d%f(z
dzg)_(P1+Pz) f() + (PP, + P3)——~ f() — (PP; = P)f(2) =0 (7.2.1.15)

Where

€4+i_€zcz
12¢c2
2¢2
P, = quf 2
12CLC3

By solving Eqg. (7.2.1.15), we get
f(z) = me ™17 + mye~t227 4 mye~'33” (7.2.1.16)
¢ = (mye 117 + mye~t22% 4 myet337)elt (x—ct) (7.2.1.17)

where m,, m, and m5 are constants and

tll = w/Za —aq

tzz :\/—a—b\/§_a1

t33 :\/—a+b\/§_a1
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2a—a; >0
—a—-bV3—a; >0

—a+bV3—a; >0

r= ’—Hf‘

—/—G? — 4H?

Gy

tanf =

Gl =daz — 3(11(12 + Za%
H1 =a; — a%

G?+4H? <0

—(P; + Py)
a1:—3

P,P, + P3
=3
az = P, — PP

Using Eq. (7.2.1.16) in Eq. (7.2.1.13), we get

2
a,my [—tlzl + (1 - 2—12) 62] e_tllz +

hlz) = am, [—tzzz + (1 — %) 52] e t22% 4+ g my [—tgg + (1 — %) 52] e 133z

(7.2.1.18)

where a; = 53
L™ gig
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|(a1m1 [_tll + (1 — 2_12) 62] e_tllz +\|
2 .
Y = {almz [-t3, + (1-5) 2| ez + } it (=ct) (7.2.1.19)
| 2 |
2 ¢ 2| ,—t33z
| aims [—t33 + (1 — C—lz)f ]e 37 )
Y = [myfre 117 + myfre~t22% + myfye 337 ¥ (x—ct) (7.2.1.20)

where

Br=ay [—t121 + (1—_)52] glf —tf + (1—%)52]

2

ﬁz=a1[—t222+(1—_)52] t22+(1_2_12)€2]

,83=a1[—t§3+(1——)€2] t33+(1—%)52]

glf

7.2.2 Inviscid liquid layer

Equation of motion for inviscid liquid layer is
~ 22
LV(V.4,) =p, at"; (7.2.2.1)
where
U, = (u, vy, w,) are displacement components in liquid layer, 4, is the bulk modulus, p; is

the density of the liquid.

In the liquid medium, we have

_0¢L _ Y 96, | Yy
u;, = o 9z and w; = 9z + ox (7222)

Here ¢, and 1, are the scalar and vector potential functions, u; and w; are x and z
components of the particle displacement in the liquid medium.
Because the inviscid liquid does not support the shear motion, therefore shear modulus of

liquid vanishes that is y; = 0 and hence ¥, = 0. Using these conditions in Eq. (7.2.2.1), we

get
1 02
V2, = = a:ﬁ; (7.2.2.3)

and stresses a in case of liquid medium are given by
ab =2, (3L +2L) 6, (7.2.2.4)

where C? = p—L , C 1s the velocity of sound in the liquid.
L
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We assume the solution of type

¢, = ¢ (z)ed D) (7.2.2.5)
Using this solution in Eq. (7.2.2.3), we get following solution

¢, = (Mmyet*? + mge~taa?)el (x=ct) (7.2.2.6)
where

2
tiy = &7 (1 —F>
3

For propagation of Rayleigh waves in the half space z > 0 underlying a liquid layer of finite
thickness (H) or a liquid half space, we choose the solution as

. i€ (x—ct) iqui —-H<z<
5, = {m451nh{t44 (z+ H)le , fortheliquid layer,—H <z <0 (7.2.2.7)

myets? el (x—ct) for the liquid half space

7.3 BOUNDARY CONDITIONS
The boundary conditions to be satisfied at the solid liquid interface are:

(i) Continuity of normal component of stress tensor at the interface z = 0, that is o¢,, = o},

. ou ow ow QEL dwyp,
that IS/’I(£+¥) +2/,¢¥— AL(ax + )
(i) Since liquid does not support the shear motion so, the tangential component of the stress
tensor of couple stress half space should be equal to zero, which implies ¢,, = 0, at z = 0 that
is
3 3 3 3
M(a—u+a—w)—ulz( ou _Ow,dw 0w ) =0atz=0

0z 0x 0x20z dx3 0z3 0z20x

(iii) The continuity of the normal components of the displacement field of both media at the
interface z =0, that isw = w;,
(iv) Couple stress tensor, u,, should vanish at the interface z = 0, that is u,, = 0, that is

(azu %w
0z 2 0z0x

) =Q0atz=0
7.4 DERIVATION OF SECULAR EQUATION

7.4.1 Rayleigh waves in a couple stress elastic half space loaded with inviscid liquid half

space under gravity

Using boundary conditions given in section (7.3), together with Egs. (7.2.1.17), (7.2.1.20)

and (7.2.2.7), we get following four equations
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c? : cf ]
ﬂ{é (t3 — &%) + 282 — 2,31t1115}m1 + ﬂ{é (t3, — &%) +28% - Zﬁztzzlf}mz +

ﬂ{% (t3%3 - 5;2) + 25;2 - Zﬁgtggif}mg — AL(tz%z} — fz)m4 = 0
(B1i§ — ty1)my + (B2i§ — to)my + (B3i§ — t3z)mg — taymy =0

(B1t11E% = Brti)my + (Batz &2 — Batsr)my + (Batzzé? — Patiz)ms = 0

(7.4.1.1)

(7.4.1.2)

(7.4.1.3)

(P + tf) — 2tH 8By — 244108 — Br&% — BrtfyImy + {(IP(E* + t5, — 2t5,82)B, —
2t 0§ — B2 — Botirymy + {12 (EF + t5; — 2t538%) B3 — 2t330€ — B3€% — Pstizimz = 0

(7.4.1.4)

For non trivial solution of the above four homogeneous linear equations, determinant of

coefficient matrix should vanish. By imposing this condition we get following determinant

Ey
p1i& — t11

Pit11&% — Bitd

Fy

where

Ey

E;

C;

Pi& — ty;
Bat228% — Bot3,

CZ
M{—lz (5 — &) + 28% — 2Byt i€

E3 —A(t8, — &%)
.33152— ts3 ; —tysy -0 (7.4.1.5)
Pst33&° — Pstss 0
Fy 0

CZ
M{C_} (¢f — &%) + 282 — 2.3115111'5}

}

CZ
E; = .U{—l (t53 — &%) + 2% — 2,3315331'5}

3

Fy = (12" + ¢y — 2t} DBy — 2t41i& — P1&2 — Bith}

F, = {I2(&* + t3, — 2t5,82) By — 2t921& — o2 — Bat3,}

F3 = {I2(&* 4 t3; — 2t5E2) B3 — 2t33i€ — P32 — Patss}

By solving this determinant, we get following dispersion equation for leaky Rayleigh waves

in a couple stress substrate loaded with liquid half space under the effect of gravity
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(AL(L%A; _ 52) (=t + ,3115;)(U1 + Vi1) + (ty2 — ﬂzzf)(Uz + sz)]\

+(—t33 +&P33)(Us + Vs3)

[(g_lz (th — &) +2¢° - Zﬁlltnf) Uy + Vi1) ~1
< | o =0 (7.4.1.6)
—t44li|(g_1z (t5, — &%) + 282 — Zﬁzztzzf) Uy + V32) +
2 5 |
\ l (%2 (t3?3 - 52) + 252 - 2:833t33f) (Us + V33) J )
Where

ﬁ1=ﬁ_1-1 »ﬁz=ﬁ_%2 ,ﬁ3=ﬁ—%3

l l l

7.4.2 Rayleigh waves in a couple stress elastic half space loaded with inviscid liquid layer
of finite thickness under gravity

Using boundary conditions mentioned in section (7.3), together with Egs. (7.2.1.17),
(7.2.1.20) and (7.2.2.7), we get following four equations

p{E ek — 69 + 267 = 2Butunis)my + u {5 (B — €) + 282 — 2Bst iy +

u{% (th — &2) + 267 — 2Batas i€} my — A, (6 — £)Sinh(tyyHymy = 0 (7.4.2.1)
(B1i& — ty)my + (Brié — ty)my + (B3ié — t3z)mg — tyCosh(tyyH)ymy =0 (7.4.2.2)
(Bit11&% = Brtd)my + (Batzp8? — Bot3)my + (Batzsé? — Patiz)ms = 0 (7.4.2.3)

{I2(8* + tf) — 2t1182) By — 21118 — B1&% — PutfImy + {12 (E* + t3; — 2t5,E2)B, —
2t08 — Po&% — Botirymy + {12 (8 + tf — 2t582) B3 — 2t33i8 — P3&% — P3tiz}mz = 0

(7.4.2.4)

For non-trivial solution of the above four homogeneous linear equations, determinant of four
unknown coefficients m; ,m, ,ms ,m, must be zero. By imposing this condition we get

following determinant

E, E; E3 — 2, (t7, — §2)Sinh(tsH)
Bri§ — tiy B2i§ — ta; Bsi§ — ts3 —ty4Cosh(tssH) —0
Bit11&2 = Bitdy  Bota€® — Botdy  PBatszé? — Bstis 0
F, F, F, 0
(7.4.2.5)

105



By solving this determinant, we get following dispersion equation for Rayleigh waves in a
couple stress substrate loaded with inviscid liquid layer of finite thickness under the effect of

gravity as

( (=t11 + 11 OWy + Vi) +| )
Ay (t5y — EDtanh(ty H) | (ty — B22E) WUz + Vo) + | —
(—ts3 + &B33)(Us + Va3)

l[(%(tﬁ — &%) + 287 - 2,311t11f) Uy + V1) _]l
t44ll| (E_lz (t5, — &%) + 282 — Zﬁzztzzf) Uy + Va3) +|
| . |
| |

(%(te%e» —52)4‘252—2333%35) (Us +V33) | )

b =0 (7.4.2.6)

\

In Eq. (7.4.2.6) if H — o, that is liquid layer changes to liquid half space, then tanh(t,,H) =
1, and this Eq. (7.4.2.6) reduces to the Eq. (7.4.1.6) for leaky Rayleigh waves in a
homogeneous solid elastic half space under the loading of liquid half space with effects of

gravity.

7.5 NUMERICAL RESULTS AND DISCUSSION

Couple stress half space is assumed to have properties similar to cortical bone given in table
(2.1) of chapter-2. The values of bulk longitudinal and shear velocities comes out to be
C; = 4063 m/s, C, = 1846 m/s respectively. The liquid medium used is inviscid liquid
with €, = 1.5 x 103 m/s and density p;, = 1000 kg/m3. Here to study the impact of
characteristic length, three values of characteristic length (1), Il = 0.0001 m, [ = 0.0002 m,
[ =0.0003m are considered. Dispersion equation in Eq. (7.4.2.6) is plotted below
graphically.

7.5.1 Effects of Gravity

Fig. 7.2 shows the general trend of non dimensional phase velocity (c/C,) of Rayleigh waves
with non dimensional wave number (¢H) in a couple stress substrate with characteristic
length parameter [ = 0.0001 m under the combined effects of gravity g = 9.8 m/sec? and
liquid loadings H = 0.002 m. Rayleigh waves are observed to be dispersive in the considered
model. It is observed that Rayleigh wave velocity is higher for small wave number range and
then it decreases down with the increasing values of the wave number and for the higher

values of wave number it becomes almost constant.

106



0.95

0.9¢ b

0.85 n

0.81 i

O 0.75F m
(&)

0.7

0.65 n

0.55 i

05 ! ! ! ! ! ! ! !
0.5 1 15 2 2.5 3 35 4 4.5 5

EH

Figure 7.2 Phase velocity profile of Rayleigh waves in a couple stress substrate with wave
number under the effect of gravity and liquid loadings
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Figure 7.3 Phase velocity profile of Rayleigh waves in a couple stress substrate with wave
number under liquid loadings, showing effects of gravity
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Fig. 7.3 shows the effects of gravity on Rayleigh wave velocity in a couple stress half space
loaded with liquid layer of finite thickness. Here, the value of characteristic length parameter
is 1 = 0.0002 m and the thickness of liquid layer is H = 0.002 m. Comparison is made by
taking gravity parameter g = 9.8 m/sec? for G1 curve and g = 0.0 m/sec? for G2 curve. It
is observed that Rayleigh waves propagate with lower phase velocity under the effects of
gravity. This trend is observed only for lower values of wave number (upto {¢H = 1.6), no
such difference is observed for the higher values of wave number. This finding is quite
similar to one observed by Love ([77], [78]).
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Figure 7.4 Phase velocity profile of Rayleigh waves in a couple stress substrate with wave
number under gravity, showing effects of thickness of liquid layer

7.5.2 Effects of thickness of liquid layer

Effects of thickness of liquid layer on phase velocity of Rayleigh waves are shown in Fig.
7.4. For the curves in Fig. 7.4 the value of gravity g = 9.8 m/sec?, characteristic length
parameter [ =0.0001m and the wvalue of thickness of liquid layer are
H = 0.001 m,0.002 m,0.004 m for H1, H2 and H3 curves respectively. Form the figure it is
clear that thickness of liquid layer has a prominent effect on phase velocity of Rayleigh

waves and it is seen that increasing value of thickness of liquid layer has an adverse affect on
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phase velocity of Rayleigh waves. Phase velocity is found to be decreasing with the
increasing value of thickness of liquid layer.

7.5.3 Effects of characteristic length of couple stress half space

Fig. 7.5 shows the effects of microstructural parameter characteristic length (I) of the
underlying couple stress substrate on phase velocity of Rayleigh waves in the presence of
both gravity and liquid loadings. The values of the various parameters are H = 0.002 m, g =
9.8 m/sec? and values of characteristic length parameter are
[ =0.0001m,0.0002m,0.0003m for the curves L1, L2 and L3 respectively. From the
figure it can be concluded that increasing value of characteristic length favours phase velocity
of Rayleigh waves. For a same wave number the value of phase velocity is going higher with

the increasing value of characteristic length parameter (1).

0.9 ‘
L1 1=0.0001 m

0.88} L2
L3

[=0.0002 m |
[=0.0003 m

0.86 -

0.84

0.82

c/ C2

0.78

0.76

0.74 ! ! ! ! ! ! ! !
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

EH

Figure 7.5 Phase velocity profile of Rayleigh waves in a couple stress substrate with wave
number, under the joint effects of liquid loadings and gravity, showing effects of
microstructural parameter characteristic length
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7.6 CONCLUSION
Couple stress theory has been applied to study the behaviour of Rayleigh wave propagation in
a couple stress half space loaded with homogeneous inviscid liquid layer under the effects of

gravity. Following observations can be made from the present analysis

(1) Rayleigh waves are found to be dispersive in nature, under the model considered in the
problem. It can be observed that for the small values of wave number the phase velocity of
Rayleigh waves is high, which decreases with the increase in wave number and then becomes
almost constant for the higher values of wave numbers.

(2) It is found that gravity has minor effect on the propagation of Rayleigh wave velocity and
these are visible only for the lower values wave number. Phase velocity of Rayleigh waves
decreases due to the presence of gravity as compared to phase velocity during propagation of
these waves in same couple stress substrate with same conditions, but in the absence of
gravity.

(3) The effect of liquid loading is observed by taking three different values of thickness of
liquid layer and it is found that thickness of liquid layer has notable effects on phase velocity
of Rayleigh waves. It is observed that phase velocity of Rayleigh waves decreases with the
increase in the thickness of liquid layer.

(4) Effects of microstructural parameter involved in couple stress theory which measures
internal microstructures of the material are also studied and it is found that characteristic
length parameter also has profound effects on Rayleigh wave velocity. Study has been made
by considering three different values of characteristic length parameter and it is observed that
for a same wave number the value of phase velocity is higher with the increasing value of

characteristic length parameter.
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SUGGESTION FOR FUTURE WORK

Following suggestions have been made for the extension and further use of the present

research work:

e Couple stress theory can be further used to explore the propagation of some other type
of elastic waves like Stoneley waves, Longitudinal waves etc. to find the effects of
internal microstructures of the material.

e The applicability of theory can further be explored in the problems involving moving
loads, stress analysis and beams. The effects of internal characteristic length
parameter of the material can be calculated in these problems.

e There is a scope of solving problems of refection and transmission of waves using this
theory. This research work can be further extended to explore the effects of thermally
or electrically conducting inviscid or viscous fluid loadings.

e The effects of anisotropy can also be considered on various problems discussed
above.

e The models presented here can be further extended to theory of non linear elasticity.

The study concerning microstructural effects of material on the solution of these
problems, can propose some modifications in the literature based on classical theory of
elasticity and results generated from the solution of above mentioned problems may find
some possible applications in seismology, exploration geophysics, non destructive testing

techniques or in some other branches of engineering.
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