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ABSTRACT  

This thesis aims to study the propagation of love waves in the layered media. Dispersion 

equation has been obtained for propagation of Love wave in three different types of 

problems. Variation of the phase velocity with the wave number has been depicted by graphs. 

Effect of reinforcement on the dispersion curve is also shown. Comparison is also made to 

study the effect of reinforced medium over the reinforced free medium.  

        There are two main types of waves generated by earthquakes, body waves (P-waves, S-

waves) and surface waves, which include Love waves and Rayleigh waves. Surface waves 

are generated by the constructive interference of incident P and S -waves arriving at the free 

surface and propagating parallel to the surface. The amplitude of surface waves decreases 

with increasing depth and are affected by lateral variations in structure. Another property that 

surface waves exhibit is dispersion, where the velocity of a wave on the surface is dependent 

on its frequency (or period). 

        Love waves are a type of surface wave formed by the constructive interference of 

multiple reflections of SH waves at the free surface. Love waves are faster than Rayleigh 

waves and therefore arrive before them on a seismogram. The particle motion for Love waves 

is parallel to the surface but perpendicular to the direction of propagation and found on the 

transverse record of a rotated seismogram. Because Love waves need a low-velocity layer 

over a half-space to exist, they are always dispersive. 

        Dispersion is the apparent surface-wave velocity that depends on the period and reflects 

the velocity variation with depth. Dispersion appears on a seismogram as different periods 

arriving at different times. In general, short period surface waves, which sample rocks closer 

to the surface, travel slower than long period waves. Long periods are sensitive to faster 

velocities found deeper in the Earth. Love waves exhibit dispersion and are used to estimate 

shear-velocity variations in the crust and upper mantle. 

Chapter-1 deals with the study of basic concepts and equation of motion of elastic medium. 

In this chapter, the importance of problems of elastic wave propagation has been highlighted 

and the brief outlines of the anisotropic elasticity have been presented.  
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Chapter-2 deals with the study of Love wave propagation in an isotropic layer lying over 

homogeneous isotropic half space. The dispersion relation has been found in closed form and 

graphical illustration has been made to get practical insight into the problem.  

Chapter-3 deals with the study of dispersion relation of Love waves in a sandwiched layer 

between two homogeneous isotropic half spaces. It is found that phase velocity is depending 

on the wave number and the thickness of the layer. The dependency relation is found in 

closed form and graphical illustration is being made. 

Chapter-4 deals with the dispersion relation of Love waves in a fibre-reinforced layer lying 

over the homogeneous isotropic half space. The dispersion relation is found in closed form 

and matched with the classical Love wave dispersion equation as a particular case. The 

comparative study has been made for reinforced and reinforced free medium through graph. 

Some of the important peculiarities have been traced out through comparison. 
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1.1 Basic Definitions 

Continuum mechanics is a branch of mechanics that deals with kinematics and mechanical 

behaviour of continuous matter. If a body contains a sufficiently large number of molecules, 

so that the distance distances between two neighbouring molecules are negligible in 

comparison with the dimensions of the body, then the body is said to be the continuous body 

and it behaves in accordance with the law of mechanics. To simplify mathematical analysis, it 

is convenient to disregard the actual discrete molecular structure of the body, and treat the 

matter as uniformly and continuously distributed in the region of space without voids 

occupied by the body. There are mainly two themes to perform the study of mechanics of 

continuous matter: (i) Derivation of fundamental equations and (ii) Derivation of constitutive 

relations. Fundamental equations for continuous body are based upon universal laws of 

physics such as conservation of mass, momentum and principle of energy etc., while the 

constitutive relations characterize the material properties of the matter, e.g., mechanical and 

thermal properties. These equations are in fact, the key points around which the various 

studies in the field of continuum mechanics proceed. Mathematically, the fundamental 

equations of the continuum mechanics are developed in two separate but essentially 

equivalent formulations. One, the integral or global form, derives from a consideration of the 

basic principles being applied to a finite volume of the material. The other, a differential or 

field approach, leads to equations resulting from the basic principles being applied to a very 

small (infinitesimal) element of volume. Under the continuum assumption, the field 

quantities such as density and volume which reflect the mechanical or kinematical properties 

of continuum bodies are expressed mathematically as continuous functions or at worst as 

piecewise continuous functions of space and time variable. Mathematical theory of 

continuous media is built upon the basic concepts of stress, motion and deformation, the law 

of conservation of mass, linear momentum, moment of momentum, energy and on the 

constitutive relations. 

         The problems of wave propagation through continuous bodies have been a subject of 

keen interest since long. The theory of wave propagation in elastic solids was developed 

during 19
th

 and 20
th

 centuries by Poisson (1829), Kelvin (1863), Rayleigh (1877, 1885, 

1912), Stoneley (1924), Stokes (1924), Love (1944), Biot (1965) and many others. Wave is a 

mode of energy transfer from one place to another, in a medium, often with little or no 

permanent displacement of the particles of the medium, i.e., little or no associated mass 
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transport; instead there are oscillations around almost fixed positions. The mechanical waves 

require a medium to travel, while the electromagnetic waves can travel through the vacuum. 

Thus, in wave propagation, the particles in the medium do not change their original positions 

but they oscillate about their mean positions and usually periodic in nature with a finite 

velocity, e.g., water waves, sound waves, elastic waves. It is interesting to note that all wave 

motions have two important characteristics in common. First, energy is propagated to distant 

point. Second, the disturbance travels through the medium without giving the medium, as a 

whole, any permanent displacement. Each successive particle of the medium performs a 

motion similar to its predecessors but later in time and returns to its original. 

1.2 Stress and Strain relations 

There are two types of forces acting on a continuous body (i) internal forces and (ii) external 

forces. Internal forces are the forces of interaction between the constituent particles of a 

continuum. External forces are those generated by the external agencies. Note that the 

internal forces act even when no external forces are applied on the body. The deformation in 

the continuum is mainly due to external forces. These forces are (i) Body forces and (ii) 

Surface forces. Body forces are proportional to the mass contained in the volume element of 

the body, i.e., they act on all volume elements distributed continuously throughout the body, 

e.g., gravitational force. As they act on volume element, therefore these forces are also 

known as volume forces. Surface forces are those forces which act upon and are distributed in 

some fashion over a surface element of the body, regardless of whether that element is a part 

of the bounding surface, or an arbitrary element of surface within the body, e.g., hydrostatic 

pressure on the surface of a submerged body. 

         Continuum solids such as rocks at normal temperature when subjected to external loads 

get deformed and when external forces are removed, these continuum solids return to their 

original shape and size. This property exhibited by a continuum is called elastic property and 

the continuum is called the elastic body. In fact, when the external forces are applied on the 

continuous body, the relative positions of its constituent particles get altered and the body is 

called the strained body. The change in the relative position of the particles is known as 

deformation. At this stage of deformation, the particles resist to change their positions but it 

is the external force which makes them to change their positions up to some extent. Thus, 

when the external forces are withdrawn, these particles at once regain their original shape and 

size. The elastic property of a continuum body depends on the strength of resistance to this 
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type of deformation. Greater the resistance of a body to deform, the more elastic it is said to 

be. That is why steel is more elastic than rubber. 

         The forces per unit area set up inside the body to resist deformation are called stresses. 

The deformation of the body accompanying stress is called strain. Thus stress and strain 

occur together. The strain set up in a body in such a way that there is a change in volume but 

no change in shape, is called dilatation. There are two kinds of dilatation: compression, in 

which volume is reduced; and rarefaction, in which the volume is increased. The second type 

of elastic deformation is a change of shape without a change in volume and is called shear. 

Consider a surface element, ∆S situated either in the interior or on the boundary of a medium, 

and let the force acting on this surface element be T∆S. We have 

 );(lim i
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xT
S
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


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,                                                                                                           (1.2.1) 

where the vector T is called stress vector and represents the surface force per unit area of the 

surface element acting at the point )( ix  whose orientation is specified by a unit normal 

vector,  . The stress force depends not only on the position of the surface element but also 

on the orientation of the surface element. The state of stress at any point of a medium is 

completely characterized by the nine quantities, called stress tensors, ij (see sokolnikoff, 

1956). In more precise form, if T  be the stress vector acting at a point of a surface to which 

  is normal, then the  stress tensor can be written as 

T jij               (i, j = 1, 2, 3)                                                                                       (1.2.2) 

Here, ij  is the j
th

 component of the stress vector acting on a surface element to which ix  axis 

is normal. The relation of the strain tensor ije  with the components of displacement vector u=

),,( 321 uuu  for a continuous deformable medium, is given by (see sokolnikoff, 1956)
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In the classical theory of elasticity, the relation between the stress components, ij  and the 

strain components, ije  for an elastic solid continuum is given by Hooke’s law. It states that, 

within the elastic limit, the stress is a linear function of strain. That is
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klijklij ec           (i, j, k, l = 1, 2, 3)                                                                               (1.2.4) 

where ijklc are the elastic constants or elastic moduli, which characterize the elastic 

properties of the body. These constants are 81 in number. If the elastic constants vary from 

point to point of the medium, i.e., the elastic constants are the functions of the position, the 

body is said to be elastically non homogeneous or inhomogeneous. On the other hand if the 

elastic constants are same for all points of the medium, then the body is called elastically 

homogeneous. 

1.3 Equation of motion for an elastic solid 

Considered a continuous solid medium, every portion of which is contained within the 

volume V and bounded by a closed surface S. The resultant force acting on the matter within 

V (combine both forces, i.e., body force and surface force) must be equal to the inertia force. 

We shall calculate the ix - component of this force. Suppose F is the body force per unit 

volume, T  be the surface force per unit area and ρ ),,( 321 xxx be the mean density of the 

medium. The component of the force of inertia acting on the mass contained within the 

volume element dV which is bounded by the surface element dS is .
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Making use of the relation (1.2.2) and applying Gauss Divergence theorem, the second term 

in the left hand side of the equation (1.3.1) becomes 

dVdS
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ji   ,                                                                                                           (1.3.2)      

where jji,  denotes the derivative of  ji  with respect to jx  of the co-ordinate system. Using 

(1.3.2) into equation (1.3.1), we have 
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Since the region V of integration is arbitrary and the integrand o the equation (1.3.3) is 

continuous, it gives (see Rudin, 1976: pp. 138)  
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This is the equation of motion for a homogeneous elastic body, in the presence of body 

forces. For a homogeneous isotropic elastic medium, the coefficient ijklc can be expressed 

by only two elastic constants   and  called Lame’s parameters and the stress-strain relation 

(Hooke’s law) is given by 

 ijkkijij ee  2                                                                                                            (1.3.5) 

where ij is Kronecker delta. 

Inserting (1.2.3) and (1.3.5) into (1.3.4), the equation of motion in the absence of body force 

in vector form is given by 
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Using the vector identity given below 
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into equation (1.3.6), we have 
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Now we shall show that this equation of motion leads to two wave equations, one 

representing the dilatational wave and another one representing the distortional wave. They 

are obtained respectively by taking divergence and curl of equation (1.3.8) separately. First, 

taking the divergence of equation (1.3.8) and using the vector identity ,0  we have  

,
).(1

).(
2

2

2

2

t

u

c
u

L 


         



 22 
Lc                                                                         (1.3.9) 

Equation (1.3.9) represents the dilatational wave in the displacement form propagating with 

the phase speed Lc . Again, taking the curl of equation (1.3.8) and using the vector identity 

,0  we have 
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Using the vector identity in (1.3.7) and ,0).(  u the equation (1.3.10) can be reduced as
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Equation (1.3.11) represents the distortional wave in terms of displacement. Equations (1.3.9) 

and (1.3.11) can be represented in terms of potentials due to Helmholtz’s theorem, which 

states that any vector field is uniquely separable into a divergence-free part (solenoidal part) 

and a curl-free part (irrotational part) as  

, u         0.                                                                                           (1.3.12) 

where the function   is called the scalar potential of u and   is called its vector potential. 

We have 2. u  and  22.  u , and since 0.  . 

Substituting equation (1.3.12) into (1.3.9) and (1.3.11), we have 
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These equations represent the wave motions in terms of potentials for a homogeneous 

isotropic elastic body. Since ,0   the motion is curl-free or irrotational and 0. u , 

there are volume changes in the material, the equation (1.3.13) represents the dilatational 

motion which is also called compressional. As the velocity of this wave depend both on the 

bulk and shear moduli, it is associated with shearing as well as compression. Since 

,0).(   the motion represented by equation (1.3.14) is purely shear without any 

volume change and hence, this equation represents the distortional motion. 

1.4 Nature of elastic waves 

The wave travelling through an elastic solid with finite velocity is known as elastic wave. As 

shown above that in a homogeneous isotropic elastic medium, there can travel two types of 

waves with different velocities. We shall now show that one is longitudinal in nature and 
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other is transverse in nature. Consider a plane displacement wave propagating with phase 

speed c in the direction of unit propagation vector p in the form (D’Alembert solution) 

),.(. ctprfdu                                                                                                                 (1.4.1) 

where r is the position vector and d is the unit vector in the direction of motion. Substituting 

(1.4.1) into equation (1.3.6), we obtain  

  0).().)(( "2  ctprfdcpdpd            

which is equivalent to  

0).)(()( 2  pdpdc                                                                                         (1.4.2) 

Since the vectors p and d, are two different unit vectors, therefore, equation (1.4.2) can be 

satisfied only in two ways: either d=±p or p.d=0.  

If d=±p, then we have d.p=±1 and equation (1.4.2) gives 



 2
 Lcc                                                                                                              (1.4.3) 

This shows that motion of the particles are along or parallel to the direction of propagation. 

Thus, the wave travelling with phase speed Lc and represented by the equation (1.3.13) is a 

longitudinal wave. 

If d≠p, then both the terms in equation (1.4.2) must vanish separately. This would give p.d=0 

and  




 Tcc                                                                                                                      (1.4.4) 

This shows that the motion of particles is perpendicular to the direction of wave propagation. 

Thus, the wave travelling with phase speed   Tc  and represented by the equation (1.3.14) is a 

transverse wave. 
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1.5 Seismic waves 

The study of elastic wave propagation through the earth medium is concerned with the 

subject of Seismology. There are reasonable grounds in the open literature that Earth medium 

is composed of different types of materials maybe isotropic or anisotropic, homogeneous or 

inhomogeneous and elastic or viscoelastic in nature. Although the materials in the earth 

medium are not perfectly elastic, but they can be best modelled with the theory of elasticity. 

The elastic waves travelling through the earth medium are known as Seismic waves in 

Seismology, they may be caused due to sudden break of the rocks or explosion. These waves 

can be divided in two kinds: (i) Body waves and (ii) Surface waves. The waves which can 

travel deep into the earth medium are called body waves. These waves are known as P- 

waves (Primary waves) and S- waves (Secondary waves) in Seismology. The P- wave which 

is longitudinal in nature, associate with pulling or pushing of the particles in the same 

direction in which the energy is travelling. They are the fastest elastic waves and can 

propagate through solid rocks and fluids like water or the liquid layers of the earth. 

         The S- wave is transverse in nature, (i.e., the particle motion is perpendicular to the 

direction of wave propagation). This wave can be polarised into vertical and horizontal 

directions, which are known as shear vertical (or SV-) wave and shear horizontal (or SH- ) 

wave respectively. The velocity of the body wave depends not only on the elastic property of 

the medium but also on the density of the medium. The propagation of the SV- wave in the 

elastic medium through a surface boundary is often, associated with P- waves. If a train of P-

/SV- wave comes across a surface boundary, the phenomena of reflections involve P- and 

SV- waves. But, if a train of SH- wave strikes at a boundary, only the reflection of SH- wave 

takes place. 

        Those waves, which can propagate in the neighbourhood of  free surface of a body or 

along the interfaces between half spaces or layer over a half space are known as surface 

waves and the strength, amplitude of these waves decrease exponentially with increasing 

distance from the boundary surface. There are mainly three types of surface waves: Rayleigh 

waves, Stoneley waves and Love waves. Rayleigh waves are the surface waves that travel 

along the stress free boundary of an elastic half space such that the disturbance is largely 

confined to the neighbourhood of the free boundary of the half space. It was introduced by 

Rayleigh (1887) and hence, called Rayleigh waves. These waves are the result of superposing 

longitudinal and transverse waves. Thus, Rayleigh wave is a no new wave; it is a 
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combination of vibrations due to longitudinal and transverse waves. During the propagation 

of Rayleigh waves, the surface particle motion is found to be counter clockwise elliptical 

(retrograde), which changes from retrograde at the surface to prograde (clockwise elliptical) 

at depth, passing through a node at which there is no horizontal motion. Stoneley waves are 

those surface waves, which can propagate along the interface between liquid-solid or solid-

solid half spaces. They are non dispersive in nature. These waves can travel along the solid-

solid interface when their elastic properties are nearly same. Love (1911) found that certain 

type of shear wave can travel in a layer lying over an elastic half space,  provided the phase 

speed of the wave lies between the phase speed of shear wave in the layer and that of in the 

half space. It is the fastest surface wave and moves the ground side to side in a horizontal 

plane parallel to the earth’s surface but at the right angle to the direction of propagation. 

                                                       

                                     Figure 1.1: P-wave and S-wave 

                                          

                                     Figure 1.2: Rayleigh wave 

                                        

                                      Figure 1.3: Love wave 
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1.6 Applications of elastic waves 

Elastic waves have numerous applications in various fields. The subject of elastic wave 

propagation and their phenomena of reflection and transmission from a boundary surface are 

of great practical importance in the field of Seismology, Earthquake engineering and 

Geophysics. They give valuable information about the interior of the material body. In 

geophysics, they are helpful not only in the exploration of internal structure of earth but also 

in the exploration of valuable materials buried inside the earth like minerals, metals, 

hydrocarbons and petroleum, etc. The method of wave propagation used in the exploration of 

oils, minerals, crystals and others is one of the best suitable methods because it is cheap and 

less time consuming. 

      The body waves (P- and S- waves) are used in earthquake engineering for predicting 

earthquake in the dynamic response of soils and man- made structures. For locating the 

epicentre of an earthquake, seismic signals are recorded by seismograms at different seismic 

stations. On each of these seismic stations, the S-P time intervals are measured. These S-P 

time intervals are used to determine the distance that the waves have travelled from the origin 

to that station. The actual location of the earthquake’s epicentre will be on the perimeter of a 

circle drawn around the recording stations. The radius of this circle is the unknown epicentral 

distance. One S-P time measurement will produce one epicentral distance, the distance from 

which the waves will come out. Three stations are needed in order to “triangulate” the 

location and using the seismic signals, the epicentre of the earthquake is determined. This is 

one of the best methods to know the epicentre of the earthquake. 

       In geophysics, the wave propagation technique is used for the estimation of the earth’s 

internal composition. The body waves have been sent from one station and then, the signals 

are received in other station and examined. These signals give indirect information about the 

internal structure of the earth. To know about the deep interior of earth materials, the seismic 

body waves are very useful. It is proved in the literature that seismic S- waves cannot travel 

through the interior of the core (the innermost part of the earth). This had led to the 

conclusion that the earth core is composed of material which is non viscous liquid like. Thus, 

the earth core is believed to be in liquid form at high temperature (which makes the liquid of 

the core almost a non-viscous) and harder than the solid. Some notable books containing the 

literature of wave propagation are Ewing et al. (1957), Brekhovskikh (1960), Achenbach 

(1976), Graff (1991), Udias (1999), Aki and Richards (2002). 
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1.7 Anisotropic elastic solids 

An elastic body which contains an internal structure (such as crystals) so that the elastic 

properties of the material are not same in all directions at a point of the body, is said to be 

anisotropic or aeolotropic elastic body. The variation of properties for purely elastic solids, 

containing crystals, can be fully described by a fourth order tensor ijklc  of material    

constants.  These materials constants are 81 in number. Since jiij   , kljiklklijkl ecec   

and equation (1.2.4) reduces to  

;klijklij ec        jiklijkl cc                                                                                          (1.7.1) 

Now, ijklc  can be written as the sum of symmetric and skew symmetric tensors, i.e., 

,"'

ijklijklijkl ccc    where 
'

ijklc and 
"

ijklc are respectively the symmetric and skew symmetric 

with respect to suffixes k and l, defined as 

'' )(
2

1
ijlkijlkijklijkl cccc     and    

"" )(
2

1
ijlkijlkijklijkl cccc     

Equation (1.7.1) can be written in the form as 

klijklklijklij ecec "'                                                                                                        (1.7.2) 

But, lkijlkklijkl ecec ""  (interchanging the dummy indices k and l) 

                   lkijklec" (Since
""

ijlkijkl cc  ) 

                   klijklec"   (Since lkkl ee    ) 

Hence  klijklec"
 =0. 

Equation (1.7.2) reduces to  

;'

klijklij ec        
''

ijlkijkl cc                                                                                              (1.7.3) 

Combining equations (1.7.1) and (1.7.3), we have 
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;klijklij ec                                                                                                                     (1.7.4) 

where  jilkijlkjiklijkl cccc   because of the symmetry of ij and kle . Hence, 

ijklc  has 36 distinct elastic coefficients instead of 81. Introducing the notations 

,111     ,222     ,333     ,423     ,531     ,612    

,111 ee   ,222 ee   ,333 ee   ,2 423 ee   ,2 531 ee   ,2 612 ee   

,111111 cc   ,121122 cc   ,131133 cc   ,141123 cc   ,151131 cc   ,161112 cc     etc., 

the compact form of equation (1.7.4) can be written as 

,jiji ec      (i, j =1, 2...., 6)                                                                                           (1.7.5) 

The number of elastic constants can be reduced further to twenty one, to ascertain the 

existence of strain energy density function W. This function is defined by  

,
2

1
jiij eecW                                                                                                                     (1.7.6) 

such that 

i

ie

W





                                                                                                                         (1.7.7) 

One can see that 

iikiki

k

ecec
e

W

2

1

2

1





                                                                                                       (1.7.8) 

Now, from equations (1.7.5), we have ,ikik ec and hence, from (1.7.7) iki

k

ec
e

W





. 

Owing to (1.7.8), this yields  ikki cc   or jiij cc  , that is, ijc  is symmetric. This reduces the 

number of elastic constants to twenty one. These twenty one independent elastic constants in 

the stress-strain relation (Hooke’s law) correspond to general anisotropic medium. As the 
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stress components, i  and strain components, ie  depend on the choice of the co-ordinate 

systems, the elastic coefficients, ijc , in general, depend on the reference frame. When the 

elastic coefficients, ijc  remain invariant under a given transformation of co-ordinates for a 

medium is called elastically symmetric. The elastic symmetry imposes restrictions on these 

coefficients for a particular type of anisotropic symmetry. 

        A material body which is elastically symmetric with respect to one plane has 13 elastic 

coefficients to represent the stress-strain relation and such a medium is known as anisotropic 

medium with monoclinic symmetry or monoclinic medium. Thus, in this type of anisotropy 

symmetry, the elastic coefficients reduce to 13 from 21. Lithium tantalate, lithium neobate, 

etc. show the monoclinic elastic symmetry. 

        A material body, which has elastic symmetry with respect to two mutually perpendicular 

planes, has 9 elastic coefficients to represent the stress-strain relation and such a medium is 

known as anisotropic medium with orthorhombic symmetry or orthotropic medium. Clearly, 

if there are two orthogonal planes of elastic symmetry in a material, then the third orthogonal 

plane is automatically a plane of elastic symmetry. Thus in such a medium, there are three 

mutually orthogonal planes of elastic symmetry. Wood is an example of such an orthotropic 

anisotropic medium. 

        If a material body exhibits the same elastic properties with respect to each of three 

orthogonal planes of symmetry, then the strain-energy density function would remain 

invariant when the co-ordinates axes are permuted cyclically. In such a medium, there are 

only 3 elastic coefficients to represent the elastic properties of the medium and such a 

medium is known as anisotropic medium with cubic symmetry or cubic medium. If a material 

body shows the elastic symmetry with respect to an axis of a Cartesian co-ordinate system, 

the strain energy function remains unaltered, when the system is rotated about the axis 

through any angle. Thus, when a material body has an axis of elastic symmetry, it has two 

planes o elastic symmetry at right angle to each other. Such an elastic symmetry is 

represented by 5 elastic coefficients and is known as transversely isotropic material. In this 

symmetry, the three planes of three dimensional system have one plane symmetry which is 

anisotropic in nature and the other two planes are isotropic in nature. A fibre-reinforced 

medium, a perfectly conducting self-reinforced elastic medium and a prestressed elastic 

medium are some examples of anisotropic medium. 
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          A fibre -reinforced composite material with the reinforcement distributed continuously 

in concentric circles is a material of locally transversely isotropic with the circumferential 

direction as the preferred direction coinciding with fibre directions. The fibres maybe 

continuous, in which each fibre extends through a body from one boundary to another, or 

discontinuous, but in the discontinuous case, the length of the fibre must be large as 

compared to its diameter. Such a material medium is known as fibre-reinforced medium. In 

such composites, the fibres are usually arranged in parallel straight lines. The idea of 

continuous theory in the fibre reinforced material is developed by Adkins and Rivlin (1955), 

Adkins (1956), Spencer (1972, 1974) and Maugin (1981) on the theory of large deformations 

of elastic materials reinforced by inextensible cords. An example is that of circumferential 

reinforcement, for which the fibres are arranged in concentric circles, giving strength and 

stiffness in the tangential direction. This produces a material, which is potentially useful for 

supporting a radially applied pressure or for reinforcement of a hole in a plate. Such a 

composite material is then locally transversely isotropic, with the direction of the axis of 

transverse isotropy now not constant, but everywhere directed along the tangents to circles in 

which the fibres lie. Thus, elastic fibre –reinforced composite materials, typical carbon fibre-

epoxy resin composites are not just anisotropic but also strongly anisotropic in the sense that 

modulus for extension in the fibre direction greatly exceeds the moduli for extension in the 

transverse direction and for shear in the fibre or transverse direction. Fibres have an excellent 

potential to improve the mechanical properties of rapid-setting materials, and could be used 

effectively to improve the performance of repairs. The behaviour of fibre-reinforced rapid-

setting materials is similar to that of Portland cement fibre-reinforced concrete. A fibre 

medium in which the body force play an important role in a uniformed motion of the particles 

is known as self-reinforced fibre medium. This material is reinforced by strong fibres. In a 

perfectly conducting fibre-reinforced elastic medium, the motion of the particles create 

electric current and hence, a Lorentz body force is generated by the movement of the particles 

and acts as a body force in the particles motion. This type of medium is a good example of 

self-reinforced fibre medium. 

        A state of initial stress in a deformable medium induces mechanical properties which 

depend mainly on the magnitude of the stress and are quite distinct from those associated 

with the rigidity of the material itself. Such a medium, which changes the state of the medium 

due to some physical or mechanical loads, is defined as prestressed medium. The presence of 

an initial stress may increase or decrease the over-all rigidity of an elastic structure. In a rod 
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under axial compression, the initial stress produces a decrease in lateral stiffness. For 

increasing values of the compression, this decrease will overcome the natural bending rigidity 

of the rod, producing an instability known as buckling. On the other hand, a cable hanging 

under its own weight is under an initial tension which increases its rigidity. In geophysical 

applications, the state of the initial stress in the earth is a result of a slow but highly 

irreversible process of a viscous or plastic nature. Rapid deformation may be approximate to 

elastic anisotropy in nature. In the rapid elastic deformations in earth, the initial stress is 

associated with a slow process of creep due to viscous and plastic deformation.  
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Love wave is a kind of surface wave and it is a horizontally polarised shear wave. For the 

propagation of love wave, a superficial layer is needed. The particle motion in these waves is 

transverse and is confined to the horizontal plane. The simplest model in which Love wave 

can propagate consists of a homogeneous isotropic layer on a homogeneous isotropic half 

space. Love waves are dispersive i.e., their velocities are dependent on frequency. 

       In the present problem we have considered the propagation of Love wave in an isotropic 

layer lying over a homogeneous isotropic half space. 

2.1 Formulation of the problem 

                                                     H                 isotropic layer   

                                                                      O                 x                     

                                                                                     isotropic semi-infinite medium 

                                                                         z 

                                         Figure 2.1: Geometry of the problem. 

Let the density and rigidity of the layer and semi infinite media are 11 ,  and 22 ,  

respectively. The thickness of the layer is H. The Co-ordinate system is being considered in 

such a way that the direction of propagation of wave is along x-axis and z-axis is taken 

vertically downwards. Let u, v, w are displacements along x, y, z axis respectively. 

For love wave propagation, we have 

),,(,0 tzxvvwu 

                                                         

                                 (2.1.1)                                         

At first we look for the equation governing the propagation of Love wave in homogeneous 

isotropic elastic medium. Since the equations of motion for a homogeneous isotropic elastic 

solid in the absence of body forces are   

..

, ijij u           (i, j=1, 2, 3) 

In component form, above equation can be written as 

2

2

t

u

zyx
zxyxxx



















                                                                                        (2.1.2)  
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2

2

t

v

zyx
zyyyxy



















                                                                                     (2.1.3) 

2

2

t

w

zyx
zzyzxz



















                                                                                     (2.1.4) 

Hooke’s law in isotropic medium gives us the equation: 

ijijij  2                                                                                                      (2.1.5) 

where , are Lame’s constant and is cubical dilatation. 

Since, 























i

j

j

i
ij

x

u

x

u

2

1
                                                                                                           (2.1.6) 

Calculating the strain components 
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
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1
  

Now, calculating stress components using equation (2.1.5), we have 

02  xxxxxx   
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02  yyyyyy 
     

 

02  zzzzzz   

x

v
xyxyyxxy




  2  

02  xzxzzxxz   

z

v
zyyzzyyz




  2  

Substituting the above values in equation (2.1.2), (2.1.3), (2.1.4), we get the only non 

vanishing equation as 
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
                                                                                                          (2.1.7)                                                                                           

where 



 2  is the shear wave speed. 

If ),,( 111 wvu  and ),,( 222 wvu  are the displacement components for the layer and the half 

space, then the equations of motion for propagation of Love wave in layer and half space are 

given by 

2
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x
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


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









                                                                                                     (2.1.8) 
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                                                                                                    (2.1.9) 

where  
1

12

1



   and 

2

22

2



  . 

The boundary conditions are as follows: 

(i) The upper surface is stress free, 
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,at01
1 Hz

z

v
yz 




                                                                                     (2.1.10) 

(ii) The displacements are continuous at common interface, 

 ,0at21  zvv                                                                                       (2.1.11) 

(iii) The stress is continuous at common interface, 

.0at2
2

1
1 









z

z

v

z

v
                                                                                        (2.1.12)  

2.2 Solution of the problem 

We can assume the solution of (2.1.8) and (2.1.9) as 

)(

1 )(),,( ctxikezVtzxv                                                                                                     (2.2.1) 

)(

2 )(),,( ctxikezVtzxv                                                                                       (2.2.2) 

where k is the wave number and c is the velocity of love wave. 

In view of (2.2.1), equation (2.1.8) gives, 

01

2

12

1

2

 Vs
dz

Vd
                                                                                                               (2.2.3) 

where  

2
2 2

1 2

1

1
c

s k


 
  

 
  

Solution of equation (2.2.3) is 

 zsBzsAV 111 sincos                                                                                               (2.2.4) 

where A and B are arbitrary constants.                    

Using (2.2.2) in equation (2.1.9), we get 

02

2

22

2

2

 Vs
dz

Vd
                                                                                                              (2.2.5) 
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where 








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

c
ks  

Keeping in mind that love wave dies out with increase in depth, so we can write the solution 

of the equation (2.2.5) as  

zs
CeV 2

2


                                                                                                                          (2.2.6) 

where C is the arbitrary constant. 

Using boundary condition (2.1.10), we get  

0cossin 11  HsBHsA                                                                                                    (2.2.7) 

Using boundary condition (2.1.11), we get 

A = C                                                                                                                                 (2.2.8) 

Using boundary condition (2.1.12), we get                                     

2211 CsBs                                                                                                                 (2.2.9) 

Divide (2.2.9) by (2.2.8), 
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Using (2.2.7) in above equation, we get 
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                                                                              (2.2.10)

 

which is the dispersion relation for the propagation of Love wave in an isotropic layer lying 

over a homogeneous isotropic half space.  

Validity       1)/(1)/( 2

1

22

2

2   candc  
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Thus 1 2c                                     

Hence, for propagation of Love wave, velocity of wave must be greater than the phase 

velocity of layer and less than phase velocity of lower medium. 

2.3 Numerical example and discussion 

 For the graphical representation of phase velocity of Love wave in an isotropic layer lying 

over a homogeneous isotropic half space, we take the following data 

i) For isotropic layer (Gubbins 1990) 

29

1 /104.63 mN  ,  
3

1 /3364 mKg  

ii) For homogeneous isotropic half space (Gubbins 1990) 

29

1 /104.78 mN  , 
3

1 /3535 mKg   

Figure 2.2 represent the variation in dimensionless phase velocity 1/ c  against 

dimensionless wave number kH. Graph reveals that, phase velocity decreases with increase in 

wave number. 

 

Figure 2.2: Variation of dimensionless phase velocity with dimensionless wave number 
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The present problem deals with the propagation of Love wave in a sandwiched homogeneous 

isotropic elastic layer between two homogeneous isotropic elastic half spaces. 

3.1 Formulation of the problem 

  

                                                    z        medium 1(isotropic semi infinite medium) 

                                                    O                            x 

                                              h             medium 2 (isotropic layer) 

                                                             medium 3 (isotropic semi infinite medium)                                                          

                                        

                                  Figure 3.1: Geometry of the problem 

Let rigidity and density of isotropic semi infinite (medium1), intermediate layer (medium 2) 

and isotropic semi infinite (medium 3) be 1 1 2 2 3 3, , , and ,      respectively. The 

thickness of the sandwiched layer is h. The Co-ordinate system is being considered in such a 

way that the x-axis is along the interface of separation of medium 1 and medium 2 and z-axis 

is taken vertically upwards. Wave is propagating along x-axis. Let u, v, w are displacements 

along x, y, z axis respectively. 

 For love wave propagation we have, 

 u=w=0 and v=v(x, z, t)                                                                                        (3.1.1) 

If ),,( 111 wvu , ),,( 222 wvu  and ),,( 333 wvu  are the displacement components for the medium-1, 

medium-2 and medium-3 respectively, then equations of motion for propagation of love wave 

in medium 1, 2 and 3 respectively (see equation (2.1.7)) are given by  

2

1

2

2

1

2

1

2

2

1

2
1

t

v

z

v

x

v
















                                                                                                   (3.1.2) 
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                                                                                                   (3.1.4) 

where 
i

i
i




       (i=1, 2, 3) 

The boundary conditions are given as follows: 

(i) Displacement is continuous at the interface of medium 1 and medium 2 i.e. 

1 2 at 0v v z                                                                                          (3.1.5) 

(ii) Stress is continuous at the interface of medium 1 and medium 2 i.e. 

1 2
1 2 at 0

v v
z

z z
 
 

 
                                                                                                 (3.1.6)                                                                                                          

(iii) Displacement is continuous at the interface of medium 2 and medium 3 i.e. 

hzvv  at32                                             (3.1.7)
 

(iv) Stress is continuous at the interface of medium 2 and medium 3 i.e. 
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                                                                                  (3.1.8) 

3.2 Solution of the problem  

We can assume the solution of (3.1.4), (3.1.5), and (3.1.6) as 

)(

11 )(),,( ctxikezVtzxv                                                                                                       (3.2.1) 

)(

22 )(),,( ctxikezVtzxv                                                                                                       (3.2.2) 

)(

33 )(),,( ctxikezVtzxv                                                                                                       (3.2.3) 

where k is the wave number and c is the velocity of Love wave. 

In view of (3.2.1) equation (3.1.2) gives, 



35 
 

01

2

12

1

2

 Vs
dz

Vd
                                                                                                                (3.2.4)                                                                          

where 









2

1

2
22

1 1


c
ks   

Keeping in mind that Love wave dies out with increase in depth, so we can write the solution 

of the equation (3.2.4) as 

zs
BezV 1)(1


                                                                                                                     (3.2.5) 

where B is an arbitrary constant.  

Using (3.2.3) in equation (3.1.4), we get  
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Similarly, the solution of the equation (3.2.6) is 
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                                                                                                                    (3.2.7) 

where C is an arbitrary constant. 

Using (3.2.2) in equation (3.1.3), we get 
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                                                                                                               (3.2.8) 

where  




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
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2


c
ks  

Solution of equation (3.2.8) is 

zsEzsDzV 222 sincos)(                                                                                              (3.2.9) 

where D and E are arbitrary constants. 
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Using boundary condition (3.1.5), we get 

B=D                                                                                                                                 (3.2.10) 

Using boundary condition (3.1.6), we get  

2211 EsBs                                                                                                             (3.2.11) 

Using boundary condition (3.1.7), we get 

3

2 2cos sin
s h

D s h E s h Ce


                                                                                          (3.2.12) 

Using boundary condition (3.1.8), we get  

3

2 2 2 2 3 3( sin cos )
s h

s D s h E s h s Ce  
                                                                     (3.2.13) 

 Divide (3.2.11) by (3.2.10), we get 

11

22

s

s

E

D




                                                                                                                     (3.2.14) 

Divide (3.2.13) by (3.2.12), we get                                                                        

223333222tan s
E

D
ss

E

D
shs  










 

Using (3.2.14) in the above equation, we get 

  2 2 3 3 1 1
2 2 2

2 2 1 1 3 3

( )
tan

s s s
s h

s s s

  

  





 

which is the dispersion relation for the propagation of love wave in an intermediate isotropic 

layer lying between two isotropic semi infinite medium. 

Validity 

Thus, the existence of love type wave is possible if 

2 1 3 2 3 1orc c          
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3.3 Numerical example and discussion  

For the graphical representation of phase velocity of Love wave in an intermediate isotropic 

layer lying between two homogeneous isotopic half spaces, we take the following data 

i) For homogeneous isotropic half space (medium-1) (Gubbins 1990) 

  
210

1 /101.7 mN  , 
3

1 /3321 mKg  

ii) For isotropic layer (medium-2) (Gubbins 1990) 

210

2 /1034.6 mN  , 
3

2 /3364 mKg  

iii) For homogeneous isotropic half space (medium-3) (Gubbins 1990) 

210

3 /1084.7 mN  , 3

3 /3535 mKg  

Figure 3.2 represent the variation of dimensionless phase velocity 2/ c  against 

dimensionless wave number kH. We observe that phase velocity decreases with increase in 

the wave number. Phase velocity has the steep decrement upto kH =1.65 but from kH >1.65, 

phase velocity decreases with comparatively moderate rate. 

 

      Figure 3.2: Variation of dimensionless phase velocity with dimensionless wave number 
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PROPAGATION OF LOVE WAVE IN A FIBRE -

REINFORCED LAYER LYING OVER HOMOGENEOUS 
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There is sufficient evidence in the literature that the earth crust may contain some hard/soft 

rocks or materials that may exhibit self reinforcement properties. The study of mineral 

explorations and geophysics also proves the existence of reinforced material in the earth. 

Keeping these facts in mind we have studied the propagation of Love wave in fibre-

reinforced layer, lying over a homogeneous isotropic half space. 

4.1 Formulation of the problem 

First we need to find the equation governing the propagation of Love wave in a fibre-

reinforced crustal layer. The constitutive equation for fibre-reinforced linearly elastic medium 

given by Belfield et al. (1983) is  

jikmmkkikjkjkiTLjikkijkmmkijTijkkij aaeaaeaaeaaaaeeaaee   ))((2)(2   

(i,j,k,m=1,2,3)                                                                                                                                                                                                                                                                                                                   

where  ij  are components of stress, ije  components of infinitesimal strain,  ij  is kronecker 

delta, ia  components of 


a , all referred to rectangular Cartesian co-ordinates ix

),,( 321 aaaa 


 is the preferred directions  of reinforcement such that .12

3

2

2

2

1  aaa The 

vector 


a  may be function of position. Indices take the values 1, 2, 3 and summation 

convention is employed. The coefficients  and ,,, TL  are elastic constants with 

dimensions of stress. T can be identified as the shear modulus in transverse shear across the 

preferred direction, and L as the shear modulus in longitudinal shear in the preferred 

direction.  and are specific stress components to take into account different layers for 

concrete part of the composite material.
 

 

                                                H            Fibre-reinforced layer                                  

                                                     O                             x 

                                                                    Semi infinite isotropic medium 

                                                             z 

                                   Figure 4.1: Geometry of the problem 
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Let rigidity and density of the semi infinite medium be 2 and 2  respectively. The thickness 

of the layer is H. The Co-ordinate system is being considered in such a way that x-axis is 

along the direction of wave propagation and z-axis is taken vertically downwards. Let (u, v, 

w) be displacements along x, y, z-axis respectively. 

For a Love wave propagation in the x-direction and causing displacement in the y-direction 

only, we shall assume that 

),,(,0 tzxvvwu                                                                                                         (4.1.1) 

The non vanishing equation of motion for the propagation of Love wave is given by 

2

2

t

v

zx
yzyx














                                                                                                    (4.1.2) 

where 
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Using above, equation (4.1.2) gives, 

2
2 2

1 1 3 1 3 3 2

2 2 2 2

2 2 2

2
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2

1

1 3

( )( ) ( )( )
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( )
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  

  

 

           
                     

   
  

    

  

  

 

  

If 1 1 1( , , )u v w  are the displacement components of the layer, then equation of motion governing 

the propagation of Love wave in the fibre reinforced layer is given by 

2
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1
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2
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
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where 
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)(2

)(

)(

31

2

1

2

3

TL

TLT

TLT

aaR

aQ

aP













                                                                                                        (4.1.3)                                                                     

 

If ),,( 222 wvu are the displacement components in the half space, then equation of motion 

governing the propagation of Love wave in isotropic medium (see equation (2.1.9)) is 
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







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




                                                                                                    (4.1.4) 

where  
2

22

2



 

 

The boundary conditions are as follows: 

(i) Stress is continuous at common interface, 

0at
)2()1(

 zyzyz                                                                                             (4.1.5) 

(ii) Displacement is continuous at common interface, 

0at21  zvv
                                                                                            (4.1.6) 

(iii) Upper surface is stress free, 

hzyz  at0
                                                                                        (4.1.7) 

4.2 Solution of the problem 

We can assume the solution of (4.1.3) and (4.1.4) as 

)(

1 )(),,( ctxikezVtzxv                                                                                                         (4.2.1) 

)(

2 )(),,( ctxikezVtzxv                                                                                                        (4.2.2) 

where k is the wave number and c is the velocity of Love wave.  

In view of (4.2.1) equation (4.1.3) gives 
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                                                                               (4.2.3) 

Solution of (4.2.3) is 

)sincos( 21
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1 TzcTzceV
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                                                                                            (4.2.4)      
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1c and 2c are arbitrary constants. 

Using (4.2.2) in equation (4.1.4), we get 
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dz
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                                                                                                                 (4.2.5)

     

 

where 
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c
ks

                                                                                               

 

Keeping in mind that love waves dies out with increase in depth, so we can write the solution 

of (4.2.5) as 

zs
ecV 2

32


                                                                                                                       (4.2.6) 

where 3c is an arbitrary constant. 

Using boundary condition (4.1.5), we get 

32221
22

csPTcc
RikP















                                                                                    (4.2.7) 

Using boundary condition (4.1.6), we get 
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31 cc                                                                                                                                 (4.2.8) 

Divide (4.2.7) by (4.2.8), we get 
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Using boundary condition (4.1.7), we get 
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                                               (4.2.10) 

Using (4.2.9) in the equation (4.2.10), we get 

PT

s
TH 22tan


                                                                                                                  (4.2.11) 

which is the dispersion relation for the propagation of love wave in the fibre-reinforced 

crustal layer lying over isotropic homogeneous half space. 

4.3 Particular case 

0,

,When
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

RQP T
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Then, dispersion relation (4.2.11) reduces to 
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which is the dispersion relation (2.2.10) for propagation of Love wave in an isotropic layer 

lying over isotropic half space. 

4.4 Numerical example and discussion  

For the graphical representation of phase velocity of Love wave in a fibre-reinforced layer 

lying over a homogeneous isotropic half space, we take the following data 
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(i) For fibre-reinforced layer (Markham 1970) 

29 /1066.5 mNL  ,
   

29 /1046.2 mNT  , 
3

1 /7800 mKg

 

(ii) For homogeneous isotropic half space (Gubbins 1990) 

210

2 /1010.7 mN ,
3

2 /3321 mKg

  

Moreover the following data is (Hool and Kinne, 1924) is used  

 

00316227.01 a

 

Figure 4.2 represent the variation in dimensionless phase velocity 1/ c against dimensionless 

wave number kH. Curve 1 represents the dispersion curve in the presence of reinforcement in 

the layer where as curve 2 represent the dispersion curve for the reinforced free layer. In both 

the cases phase velocity is decreasing with the increase in the wave number. On comparing 

both the curves we observe that phase velocity is more for the reinforced case than the 

reinforced free case.       

                   

Figure4.2: Variation of dimensionless phase velocity with dimensionless wave number both 

in the presence and absence of reinforcement 
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4.5 Concluding remark  

We found that phase velocity for reinforced medium is more in comparison to reinforced free 

medium. This study has some possible applications in the fields of civil engineering and 

geophysics. Reinforced cement concrete is a basic material for civil engineering construction 

work viz. building, bridges, tunnels and towers, etc. Ground shaking and earthquake loads 

can be visualized through this study. It is the fact that the earth crust and built up RCC and 

masonry structures over it will be proportionately affected by the response of the ground 

motion for these wave propagation. This study has established that the phase velocity 

dispersion curve is affected by its reinforced parameters. Hence, the study of propagation in 

fibre-reinforced media provides valuable information for selection of proper structure 

materials for present day construction work. This study will help to understand the causes of 

damages during large earthquakes.                                            
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