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Abstract

The present thesis deals with the study of investigating the effects of rotation and tidal distor-
tions on the shapes of the radial velocity curves of the pulsating variable stars. Such a study
has practical relevance in astrophysics where it is expected to help in better understanding the
problems of the shapes of the radial velocity curves of the rotating stars as well as stars in the
binary and multiple systems.

A lot of work has been done on the problem of determining the equilibrium structures ,
periods of pulsation of pulsating variable stars and their light curves. However, the concept of
anharmonic pulsations has not yet fully explored to understand the observed shape of the radial
velocity curves. Most of the studies have included only the fundamental and first two higher
modes of oscillations in the equation of anharmonic pulsation expecting that inclusion of higher
modes will not substantially change the shape of the radial velocity curve. However, Mohan
[42] has found that when higher modes are included in the case of a massive star in helium
burning phase the shape of the radial velocity curve gets radically changed. But, after this
study no systematic works have been done to check whether this was an isolated phenomenon,
specific to that model or it is a general trend.

It is well known that in a pulsating star alongwith the radial modes, the nonradial modes of
oscillations are also likely to be excited. However, no attempt has been made so far to see how
the inclusion of nonradial modes of oscillations in the equation of anharmonic pulsation will
affect the shape of the radial velocity curves.

Many of the pulsating variable stars are known to be rotating stars as well as stars in binary
systems. Extensive study has been done on the problem of determining the effect of rotation
and tidal distortion on the periods of oscillations of stellar models. However, the effect of
rotation and tidal distortion on the radial velocity curve of such stars has not been investigated
in detail. So it will be worthwhile to see how the rotation and tidal effects will affect the shapes
of radial velocity curves of certain stellar models.

The following objectives have been accomplished in this study:

1. To investigate the effect of inclusion of higher modes of radial oscillations in the equation
of anharmonic pulsation and hence to analyze its corresponding effect on the shapes of
radial velocity curves of certain theoretical models of stars, representing different types

of pulsating variable stars.

2. To study the effect of inclusion of nonradial modes of oscillation in the equation of an-
harmonic pulsations and hence to analyze the corresponding effect on the shape of radial

velocity curve of certain nonradial pulsating stellar models.

3. To determine the effects of rotation and tidal distortions on the shapes of radial velocity
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curves of certain radial and nonradial stellar models.

In the present thesis we have used the anharmonic theory of pulsating stars as proposed by
Rosseland [61] and methodology of Prasad [58] to study the anharmonic pulsation of pulsating
variable stars. The Mohan and saxena ([44], [45]) approach has been used to incorporate the
effects of rotation and tidal distortions in our study. So, in the present work we have considered
the possibility of further using Mohan and Saxena ([44], [45]) approach to determine the effects
of rotation and tidal distortions on the shapes of radial velocity curves of the radial and non-
radial oscillations of the polytropic models of pulsating variable stars using the technique of
Rosseland [61] and Prasad [58].

The thesis consists of six chapters. Summary of the each chapter is presented as follows:

Chapter 1

Chapter 1 is introductory in nature. In this chapter we have briefly discussed the astrophysical
significance of the problem of determining equilibrium structures, periods of small adiabatic
oscillations and radial velocity curves of the rotationally and/or tidally distorted stellar mod-
els. We have discussed in brief fundamental system of differential equations that governs the
equilibrium structure of stars, average technique of Kippenhahn and Thomas [25] and concepts
of Roche equipotential. The equations that governs the equilibrium structures and small adia-
batic modes of oscillations of rotationally and tidally distorted polytropic models of stars (as
obtained earlier by Mohan and Saxena [45]) has been presented. The anharmonic theory of
pulsating star as given by Rosseland [61] has been used in conjuction with Mohan and Saxena
[45] approach to obtain the anharmonic pulsation equation of RTD stellar models of star. The
methodology of Prasad [58] has been then used to solve the anharmonic pulsation equation of
RTD stellar models. A brief survey of the literature available on the subject and summary of

the work presented in the succeeding chapters of the thesis are also presented in this chapter.

Chapter 2

In Chapter 2, we formulated the anharmonic pulsation equation for rotationally and/or tidally
distorted polytropic models of pulsating variable stars using the theory of Rosseland [61] along
with Mohan and Saxena ([44], [45]) approach. The methodology of Prasad [58] has been
used to solve these equations. Numerical computations have been performed to determine
the solution of anharmonic equation for certain rotationally and/or tidally distorted polytropic
models (with polytropic indices N = 1.5 and N = 3.0 ) of pulsating variable stars. The radial
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velocity curves of certain rotationally and/or tidally distorted polytropic models of pulsating
variable stars has been then obtained. The numerical results and figures has been then analysed

to draw certain conclusions.

Chapter 3

In Chapter 3, we study the effects of the higher radial modes on the anharmonic pulsations
and hence on the radial velocity curves of the polytropic models of rotationally and/or tidally
distorted pulsating variable stars. For this purpose, we have considered the following cases of
radial oscillations: (i) fundamental mode ; (ii) fundamental and the first mode ; (iii) fundamen-
tal and the next two modes and (iv) fundamental and the next three higher modes of pulsation.
Numerical computations have been performed to determine the solution of anharmonic pulsa-
tion equation for certain rotationally distorted and rotationally and tidally distorted polytropic
models ( with polytropic indices N = 1.5, N = 3.0 and N = 4.0 ) of pulsating variable stars .
Radial velocity curves have been then drawn for all the considered models. Finally, numerical

results and figures have been analysed to obtain certain conclusions.

Chapter 4

The work done in Chapter 2 and Chapter 3 has further been extended and presented in Chapter
4. In this Chapter we have studied the effect of varying the relative amplitude of oscillations
on the anharmonic radial modes of oscillations and hence on the shapes of the radial velocity
curves of rotationally and tidally distorted polytropic models of pulsating variable stars. The
interaction of various modes have also been taken into account (as discussed in Chapter 3)
while studying the effect of relative amplitude. Numerical computations have been performed
to determine the solution of anharmonic pulsation equation for certain rotationally and tidally
distorted polytropic models of stars with indices 1.5, 3.0 and 4.0 and for certain values of
relative amplitude of oscillation. The radial velocity curves of all the considered models have

been then plotted and finally certain conclusions has been drawn.

Chapter 5

In Chapter 5, we have studied the effects of non-radial modes along with radial modes of
oscillations, ( that is mixing modes ) on the shapes of radial velocity curves of rotationally and

tidally distorted polytropic models of pulsating variable stars. For this purpose, following cases
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of radial and nonradial modes of oscillations have been considered: (i) fundamental non-radial
mode (ii) fundamental radial mode (iii) fundamental radial and fundamental non-radial modes
(iv) fundamental radial, fundamental non-radial and first radial modes (v) fundamental radial,
fundamental non-radial, first radial modes and first gravity modes. The anharmonic pulsation
equation that governs the anharmonic pulsations (radial and nonradial) of certain rotationally
and tidally distorted polytropic models of pulsating variable stars has been solved numerically
for all such cases. Radial velocity curves has been drawn for all the considered models and

certain conclusions drawn.

Chapter 6

The astrophysical significance of the present work along with the limitations and scope of the

present work are discussed briefly in the concluding Chapter 6.

A research paper entitled ”Effects of rotation and tidal distortions on the shapes of ra-
dial velocity curves of polytropic models of pulsating variable stars  based on the contents
of the work presented in chapter II has been published in the international Journal of Research
in Astronomy and Astrophysics (RAA), Institute of Physics (IOP) publishing, Vol.18 No.6.
63(10pp), 2018. A research paper entitled ’Effect of interaction of the various modes on the
radial velocity curves of the polytropic models of rotationally and tidally distorted pulsat-
ing variables stars” based on the contents of the work presented in chapter III has been ac-
cepted for publication in the international Journal of Research in Astronomy and Astrophysics
(RAA), Institute of Physics (IOP) publishing, 2018.

Based on the contents of chapter 4 a research paper entitled “Effect of the relative amplitude
of the radial pulsation on the radial velocity curves of the polytropic models of rotationally
and tidally distorted pulsating variable stars”, is to be communicated shortly. A research paper
entitled ” Effect of the interaction of nonradial modes with radial modes on the radial velocity
curves of the polytropic models of rotationally and distorted pulsating variable stars”, based on

contents of Chapter 5 is to be communicated shortly.
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n The rotation parameter that represents distortions due to rotation.

q The tidal parameter that represents distortion due to tidal effects

N Polytropic index

(1) The displacement at the surface of star at a time ¢

T A variable for time (7 = ot)

o1 Eigenfrequency of fundamental mode

i The relative amplitude of displacement of an element at a distance r

from the center of star.

K The Skewness coefficient

RTD Rotationally and Tidally distorted

RD Rotationally distorted

TD Tidally distorted

RVC Radial Velocity Curve(s)

flf- fundamental radial mode

f+1 fundamental and first radial mode

f+2 fundamental and next two higher radial modes
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for fundamental nonradial mode
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Chapter 1

Introduction

Chapter 1 is introductory in nature which is organised as follows: In section 1.1, we first ex-
plain in brief the astrophysical significance of the theoretical study to determine the equilibrium
structures and periods of adiabatic oscillations of gaseous spheres in the presence of distortional
parameters (due to rotation and / or tidal force). A literature review available on the topic is
presented in Section 1.2. In section 1.3, we present the fundamental system of differential equa-
tions which governs the equilibrium structures of a gaseous sphere in hydrostatic and thermal
stages. In subsection 1.3.1 we describe the application of averaging technique of Kippenhahn
and Thomas [25] to obtain the equilibrium structures of rotationally and tidally distorted (RTD)
gaseous spheres. The concepts of Roche equipotentials and Roche limits are then introduced
in subsection 1.3.2. In section 1.4, equilibrium structures of RTD polytropic models of stars
has been discussed. In section 1.5, we have presented an eigenvalued boundary value prob-
lem (as obtained by Mohan and Saxena [45]) that determines the eigenfrequencies of small
adiabatic pseudo-radial modes of oscillations of RTD polytropic models of stars. In section
1.6, we present an eigenvalued boundary value problem that determine the eigenfrequencies
of nonradial modes of oscillations of RTD polytropic models of stars. Section 1.7 deals with
formulation of Anharmonic pulsation equation for a RTD stellar model using the theory of
Rosseland [61] and Mohan and Saxena [45] . Method for solving the equation of anharmonic
radial oscillations for RTD Polytropic model of star using the technique of Prasad [58] has been
discussed in section 1.8. A brief summary of the work presented in the succeeding chapters of

this thesis is finally presented in section 1.9.

1.1 Astrophysical significance of the problem determining
the effects of rotational and tidal distortions on the
equilibrium structure and the periods of oscillations of
gaseous sphere

Like our sun, most of the stars observed in the sky are huge masses of gas in hydrostatic equi-
librium radiating enormous amounts of energy in the form of heat and light. Theoretically a star
is considered as a self gravitating gaseous sphere in hydrostatic and thermal equilibrium. So
the problems of the equilibrium structure of gaseous spheres have often been studied to under-

stand the inner structures, accountable for different observed feature of the stars. Observations



indicate that some of the stars are single others are in group of two or more . It is observed that
some of the stars are rotating about their axes of rotation. This rotation may be either a uniform
or a differential rotation. Observations indicate that many of the stars in binary and multiple
systems are also known to be rotating about their axes as well as revolving around each other.
Thus, if we assume the equilibrium model of a single non rotating star as a gaseous sphere, the
equilibrium model of a rotating star will be rotationally distorted (RD) gaseous sphere. Simi-
larly, the equilibrium model of a star appearing in a binary or a multiple system will be a tidally
distorted (TD) gaseous sphere if it is not rotating and a rotationally and tidally distorted (RTD)
gaseous sphere if the star is rotating as well.

Observation also indicates that the brightness of certain observed stars varies with time.
These are called variable stars. In some of these variable stars, the variations in luminosity
are periodic. It is reasonable to assume that such a regular variable stars are pulsating gaseous
spheres in which the variation in luminosity is being due to the periodic contraction and expan-
sion of the gaseous mass. The regular variable stars gained importance in astrophysics when
it was discovered that there exists a definite relation between the periods of pulsation and the
luminosities of such stars. This relationship has been utilized to determine the distance of stars.
So, variable stars motivated theoretical astrophysicists to investigate the problems of small os-
cillations of the equilibrium models of the variable stars to understand the mechanism which
could possibly be sustaining pulsations in these stars. Such investigations are also expected to
help us knowing the nature of the internal structure of the stars. In most of these theoretical
studies, the variable star is represented by a gaseous sphere undergoing radial and nonradial
oscillations.

Besides periods of pulsations, another observable feature of variable star is the shape of
their light curve which changes periodically with the period of pulsation. A star is expected to
brighter when it is most compressed and least brighter when it is fully expanded. The shape of
the light curve is usually taken to represent the shape of radial velocity curve (RVC) of the star.
On the basis of periodic pulsation, this curve should Sine curve in nature. But, observations

show that it in not.

Observations, also, show that some of the variable stars are also rotating stars. The theo-
retical models of such rotating stars can be regarded as RD gaseous spheres performing small
oscillations about their equilibrium configuration. Similarly, some of the variable stars have
also been observed in binary and multiple stellar systems. The theoretical model of such stars
can be regarded as RTD gaseous spheres performing small oscillations about their equilibrium
configuration. So, astrophysicist have turn their attention towards the analytical study of the
problems of rotating stars and stars in binary systems have engaged the attention of astrophysi-
cist since long with a view to analyze and understand the observational behavior of such stars.

Many of the pulsating stars are known to be rotating stars as well as stars in binary systems.

Extensive study has been done on the problem of determining the effect of rotation and tidal



distortion on the periods of oscillations of stellar models. However, the effect of rotation and
tidal distortion on the RVC of such stars has not been investigated in detail. So it will be worth
to see how the rotation and tidal effects will affect the shapes of radial velocity curves of certain

stellar models.

1.2 Literature Review

In a star there is a finite balancing act between the radiation force produced within itself that
tends to expand the star and the gravitational force that tend to contract the star. In most of
the theoretical studies, the equilibrium structures of the stars have been carried out in literature
by assuming the star to be an undistorted gaseous sphere. A substantial literature is found
on this subject Chandrashekhar [5], Schwarzschild [67], Eddington [16], Cox and Giuli [10],
Kippenhahn and Weigert [26], Horedt [22]).

The prototype for one of the most prominent class of variables stars in astronomy was
discovered by Goodricke [18]. The periodic and asymmetric light variation in §-Cephei was
first discovered by Goodricke [18] and in the same year he also discovered the eclipsing binary
star J-Lyrae. After two years, he discovered the variability of Algol.

Mathematical study of the problems of small adiabatic oscillations of gaseous sphere gained
importance in astrophysics when it was realized that many of the observed feature of certain
types of variable stars could be explained on the basis of small periodic oscillations. Ritter was
perhaps the first who suggested in the year 1879 that the periodic variation in the luminosity of
variable stars may be due to radial oscillations. The two famous papers of Eddignton [14, 15]
on the pulsation problem, raised the pulsation hypothesis up to rank of a major astrophysical
theory. Since then extensive studies have been made on the problems of small radial oscillation
of gaseous spheres that are taken as representative models of the real star( for detailed see
references Rosseland [61], Ledoux and Walraven [36] and Cox [9], Hilditch [21] ).

In case of regular variables stars, the high symmetry of their observed properties favor
the hypothesis of purely radial oscillations. However, purely radial oscillation may not be
able to explain many other phenomena observed in case of certain variables stars. Ledoux
and Walraven [36] pointed out that the dynamical instability leading to explosions in the stars
might be easier to reach for some modes of nonradial oscillations. Chandrasekhar and Lebovitz
[6] discussed that it might be possible to explain variability of - Canis Majoris type star on
the basis of resonance between the radial and nonradial modes of oscillations. Dalsgaard and
Gough [11] suggested that certain observed phenomena in the outer layer of sun could be
explained on the basis of certain nonradial modes of oscillations of the sun. Smith [73] studied
zero-age main sequence B star and found that this star is pulsating nonradially.

Theoretical study of the problem of nonradial oscillations started with Kelvin’s investiga-



tion of the oscillatory modes of an incompressible gaseous sphere. But the proper mathemat-
ical formulation of the problem is due to Perkeris [57] who derived the fourth order linear
differential equation governing the adiabatic nonradial modes of oscillations of a compressible
self-gravitating gaseous sphere. Since then, the theoretical studies of the problem of nonradial
oscillations of spherical models have been carried out by many investigators. Several authors
such as Cowling [8], Kopal [27], Ledoux [35], Owen [52], Hansen et al [20], Saio [63], Clement
[7], Singh et al. [69], McDermott et al [40], Bhatia [2], Mohan et al. [49], Lee and Strohmayer
[37], Savonije [64], Lovekin and Deupree [38] and Lal et al [33, 34] have made significant

contribution to the studies of the problems of nonradial pulsation of stars.

Mohan and Saxena [44, 45] studied the effects of rotation and tidal distortions on the equi-
librium structure and pulsations of the polytropic models of stars by using the averaging con-
cept of Kippenhahn and Thomas [25] along with certain results of Roche equipotential. Saxena
[65] extensively discussed this approach in his thesis. Later, Mohan and Agarwal [43] used it
to study the structure and periods of small adiabatic oscillations of RTD composite models of
stars. The technique was subsequently formalized by Mohan et al. ([48], [49]) to study the
problems of equilibrium structures and oscillations of RTD main sequence stars. Singh [70]
computed frequency of fundamental modes of oscillations for the White dwarf models with
varying degeneracy parameters. Lal [32] discussed extensively the equilibrium structures and
periods of oscillations of differentially rotating stellar models. The problems of oscillations of
differentially rotating stars in binary system was also studied by Singh and Sharma [72] . Lal et
al. [31] obtained the equilibrium structure of white dwarf stars distorted by differential rotation
and tidal distortion . Further, Pathania et al. [53] used the concept of Roche equipotentials
to analyse the problem of structure and oscillations of synchronous and nonsynchronus binary
stars as well as single rotating stars. Pathania and Medupe [54] also computed the dimensions
and equilibrium structure of the primary components of the nonsynchronous binaries stars.
Saini et al [62] have computed the eigenfrequencies of pseudo-radial modes of oscillations of
polytropic models of stars taking into account the mass variation inside the star that is rotating
differentially. The equilibrium structures and various physical parameters of differentially ro-
tating polytropic models of stars consedring the effect of mass variation inside the star and on

its equipotential surfaces has been studied by Kumar [30].

Sen [68] has studied the anharmonic pulsation of the Cepheid variable star. He has shown
that only homogeneous stars are capable of uniform, radial, adiabatic pulsations and found a
high degree of compressibility, in general, for the Cepheids. Rosseland [61] developed the
theory of anharmonic pulsation to study the effect of higher modes and higher order of terms
in the pulsation equation on the shape of radial velocity curve (RVC) of a pulsating stellar
model. This theory has been subsequently used by different investigators such as Bhatnagar
and Kothari [3], Schwarschild and Savedoff [66], Prasad [58], Gurm [19], Van der Borght and
Murphy [75] , Prasad and Mohan [60] and Mohan [42] . Prasad [58] applied the Fourier series



to solve the anharmonic equation in general and developed a method to evaluate the coefficient
in the series. He applied the method to the standard model with two overtone and showed that
the skewness in the radial velocity is in fair agreement with the observed one. The same study
has been further applied to the homogeneous and the inverse square model by Prasad [59], the
Roche model by Bhatnagar and Kuskwaha [4], the two phase model by Lal and Jain [23] and a
composite model and main sequence star by Gurm [19].

In the equation of anharmonic pulsation, most of the authors have considered only the first
three or four modes of pulsations. On the basis of their results, it was expected that the inclusion
of additional higher modes in the equation will bring theoretical results closer to the observed
RVC of the classical cepheids. However, the calculation of Van der Borgat and Murphy [75]
have shown that the inclusion of fifth and sixth modes creates humps in the RVC in an early
main-sequence star of ten solar masses. The RVC of the stellar model so obtained was different
from the observed RVC of cepheids. Mohan [46] had considered the anharmonic pulsation
of a 15.6 solar mass star in the helium burning phase taking into account the fifth and sixth
modes in the anharmonic pulsation equation of the nonrotating stars. He has found that with
the inclusion of the fifth mode the skewness coefficient again increases and create humps in the
RVC of a nonrotating star with the inclusion of the sixth modes. However, with the inclusion
of the modes higher than the fourth mode the RVC start deviating from the observed RVC of
the cepheids. So, he concluded that modes higher than the fourth are not active in most of the

cepheid type pulsating variable stars.

The pulsation properties of a sequence of massive stars have been discussed by Murphy
[50]. Murphy [51] also found the skewness of the radial velocity at the surface of a pulsating
massive star with higher modes of oscillations. Arentoft et al. [1], presented the light curves of
V1162 Ori, including multiperiodicity and cyclic amplitude variability. Coupling coefficients
for low-order radial modes have been calculated by Perdang & Blacher [56] for a polytropic
model and by Takeuti et al. [74] for models of classical Cepheids. Van Hoolst [76] deter-
mined the coupling coefficients for low-order radial and second-degree nonradial modes of a
polytropic model with index 3.0. Van Hoolst [77], have also calculated the self-coupling co-
efficients for radial and non-radial modes of oscillations of polytropic models in the isentropic

approximations.

Goraya [17] has studied the spectrophotometric observations of four Be stars and one nor-
mal B- type star. Pandey et al. [55] have studied the anharmonic vibration in pulsating stars
using the Hamiltonian formulation of Newtonian dynamics. Joshi et al. [24] discussed the
light curve, frequency spectra and various astrophysical parameters of 108 chemically peculiar
stars. In order to understand the pulsation mechanism of cepheids Dehnen at el. [13] have pre-
sented a model based on primary physical principles, namely energy conservations, mechanical
adiabaticity and hydrodynamical equilibrium. They have found that the star pulsates anharmon-

ically if the parameter a takes values close to 1 and harmonically when a ~ 0 . Kjurkchieva



et al. [29] has conducted intensive photometric and spectral observations of the variable star
V2551 Cyg. They have also studied its RVC and have found it to be a pulsating star that pulsate

with the fundamental mode. Das et al. [12], analysed the light curve of RR Lyrae variable and

also studied the multiband theoretical light curves of RR Lyrae stars.

1.3 Fundamental equations determining the equilibrium

structure of a gaseous sphere

A system of equations which governs the equilibrium structures of a gaseous sphere in hydro-

statics and thermal equilibrium, especially as they pertain to the problems of the equilibrium

structure of stellar models, is well established in literature. Let P and p represent pressure and

the density respectively at a point distant 7 from the center of the sphere and M (r) the mass

contained within the sphere of radius r. Also, let 7" be the temperature at a point distant r from

the center of the sphere. L(r) the net amount of energy crossing a spherical surface of radius

r per second and ¢ the rate of energy generation from thermo-nuclear processes per gram per

second,
The the equation of conservation of mass is given by

dM(r)

e 42 p

The equation of hydrostatic equilibrium gives

ar GM(r)p

dr r2

where ( is the gravitational constant.

The luminosity equation is

dL(r)
dr

= 4mr?pe

and the energy transport equation states

dI” 3k p L(r)
dr — 4ac T3 4mr2

in case of radiative equilibrium and for convective equilibrium,

dr 1_1 T dP
dr v /) P dr

(1.3.1)

(1.3.2)

(1.3.3)

(1.3.4)

(1.3.5)



where « is the mass absorption coefficient of the gas, c is the velocity of light, a is the Stefan-
Boltzmann constant and v is an adiabatic exponent which is equal to ratio of specific heats
at constant pressure and volume (for a perfect non degenerate particle gas in the absence of
radiation (v = 1). In addition to the above four differential equations we also require three
more explicit relations which characterize more specifically the behavior of the interior gas.
They are the equation of state, the equation for the mass absorption for energy generation by

thermonuclear processes. The equations may be formally represented by

P =P (p,T, chemical composition) (1.3.6)

k =k (p, T, chemical composition) (1.3.7)
and

e =¢ (p,T,chemical composition) (1.3.8)

Equations (1.3.1-1.3.5) are to be satisfied in every layer of gaseous sphere. In addition to these,
certain boundary conditions are also to be satisfied. It is obvious from the definitions of M (r)

and L(r) that at the center, we have

r=0:M(r)=0,L(r)=0 (1.3.9)

r=R:M(r)=ML(r)=1L (1.3.10)

where the symbol R, M and L represent total radius, total mass and total energy radiated by
the gaseous sphere respectively. The pressure and the temperature at the outermost surface
of a gaseous sphere, taken as the representative of star, are often approximated by what are

generally known as zero boundary conditions. Under these conditions we take
r=R:P=0andT =0 (1.3.11)

Conditions (1.3.11) are reasonably accurate for most of the theoretical stellar models. If more-

over, more accurate computations are to be done then we may replace (1.3.11) by
r=R:P=PFP,andT =T, (1.3.12)

where P; is determined from the pressure of the upper atmospheric layers and 7 is determined

from the effective temperature of the star



The problem in which thermal properties are either not important or not to be investigated,
the equilibrium structure of such gaseous sphere may be determined by solving equations

(1.3.1-1.3.2) using some appropriate equation of state together with boundary conditions:

At the center

r=0: M(r)=0 (1.3.13)

At the surface

r=R: M(r)=M, P=0or P, p=_0or p;s (1.3.14)

A several theoretical as well as numerical studies for the equilibrium structures of gaseous
spheres are available in literature (Chandrasekhar [5] , Schwarzschild [67], Eddington [16],
Menzel et al. [41], Cox and Giuli [10], Kippenhahn and Weigert [26])

1.3.1 Averaging technique of Kippenhahn and Thomas

Kippenhahn and Thomas [25] defined topologically equivalent spherical surfaces to corre-
sponding to the actual equipotential surfaces of a RTD model to study the effect of rotation and
tidal distortion on the equilibrium structure of a gaseous sphere. On the equivalent spherical
surfaces, they defined quantities such f, g etc., respectively certain averages of the quantities f,
g respectively, on the actual equipotential surfaces. Thus, if ¢ denotes the total potential arises
due to gravitational, rotational and tidal forces of a RTD model at an arbitrary point (z,y, 2)
then ¢ (x,y, 2) = constant represents an equipotential surface. Let V, and S;, be the volume
and the surface area of this equipotential surface 1) = constant. Then in analogy with a sphere,
Kippenhahn and Thomas [25] defined a variable r, by the relation.
4

Vy = gnrf;, (1.3.15)

where r,;, 1s the radius of the topologically equivalent spherical surface. They also defined the

mean value of any function f(z,y, z) over the equipotential surface 1)=constant by the relation

f= i/ fdo, (1.3.16)
S’@D =const.

where do denotes the surface element of an equipotential surface 1) =constant. f represents

the value of f over the topologically equivalent spherical surface. Clearly f is a function of



only can be determined for each equipotential surface ¢/ =constant. Also by definition

Sy = / fdo, (1.3.17)
Pp=const.

(clearly Sy is in general not equal to 47T7"i) Corresponding to the usual definition of ¢/, the
acceleration due to gravity, Kippenhahn and Thomas [25] defined a function g(z,y, z) by the

relation

@

= 1.3.18
o ( )

9

dn being the distance between two neighbouring equipotential surfaces {) =constant and ) +
diy =constant. The distance dn in general is not constant. Thus using the equation (1.3.16) the

mean value § and g—!, respectively, may be defined by the relations

1 dib
g=— —d 1.3.19
g Sd} =const. dn ’ ( )
and
1 dip
= —)7'd 1.3.20
g Sw p=const. ( dn ) 7 ( )

The mean values § and g—! defined over the equipotential surface ) =constant are clearly func-

tion of 1) only and represent the value of ¢, g~*

, respectively, over the topologically equivalent
spherical surface. The volume dV;; enclosed between the equipotential surfaces 1) = constant
and ¢ + di) =constant is given by

dip

dVy = / dndo = di) (%)_10[0 = Sypg~tdy. (1.3.21)
Yp=const. p=const.

Kippenhahn and Thomas [25] also defined nondimensional parameters u,v,w as

Sy oy -, GM,y
u—47rri’v_gGM¢’w_g Ti

(1.3.22)

where M, is the mass enclosed by equipotential surface ¢ = constant

Thus, the RTD equipotential surface i) = constant may be considered as topologically
equivalent to a sphere of radius r,, for which the various quantities are defined by the above
relations. ( it is important to note that if 1) is the gravitational potential of a sphere then

1) =constant are spherical surface with r,, = r and therefore, u = 1. Also, on these spher-

GMy

"

ical surfaces g = is constant and hence u = w =1.)

Equation (1.3.15) to (1.3.22) can be applied to gravitational fields of gaseous spheres dis-



torted by rotation and tidal forces. In hydrostatics equilibrium it is obvious that the equipoten-
tial surfaces are also surfaces of equipressure and equidensity. Therefore, pressure P, and the

density p,, are also constant on an equipotential surface .

Using equation (1.3.15), the mass dM,, within the equipotential surface ¢ = constant and
1 + dip = constant is obtained by

de = deplb = 47T7“12ppwd7’1/, (1323)
Thus, we get

dMy, 9

—dw = 47”"7,0% (1.3.24)

From equation (1.3.21) and (1.3.36), we have

dip dVy _ dMy,  dM,

dy = ——dVy = ( ) = = (1.3.25)
dvy VT Ay py Sugipy
Using relations (1.3.22), we get
GMydM
dip = ¥ (1.3.26)
Amry pypuw
The condition for hydrostatic equilibrium, dd% = —py be written with equation in the form
dPy GM,y,
- _ 1.3.27
dMy, 471'7’3} P ( )
where
1 drrd 1
fp=— =" (1.3.28)

uw  GMy Syg~?

Clearly, the factor f, is a function of 1 only. If 1 is known the equipotential surfaces can
be determined and consequently with then values Sy, 7y, g and g~! for each equipotential
surface can also be obtained . The M, which depends on the density distribution p,, can be
determined by integrating the equation (1.3.36). Similarly, the other structure equations derived
by Kippenhahn and Thomas [25] which include the effects of rotation and tidal distortions on

the equilibrium structure of a gaseous sphere are as follows.

For chemically homogeneous gaseous spheres, the nuclear energy generation rate ¢ depends
only on p,, and the temperature 77, and is, therefore, constant on equipotential surfaces. Thus if

L, is the energy which passes per second through the equipotential surface ¢ = constant, then

10



dL,
_ 1.3.29
M,  © (1.3.29)

using (1.3.36) it can be written as

dL
ﬁ = 4712 pye (1.3.30)
if the energy is transported by radiation, then the energy transport equation is

_ _4acT 12 @ dTy uw47rrf‘p
v 3k dndMy GM,

(1.3.31)

where (£7;) is the radiative flux on the equipotential surface ) =constant. By integrating F,

over the equipotential surface ¢) =constant. we get

647m2acT jrfpu%wﬂ

Ly= / Fydo = — . My (1.3.32)
Pp=const.
so that
dMy — 64m?acTiry u?ow o
using (1.3.36) this equation can be expressed as
dTw 3/€pr¢
Y _TVTY 1.3.34
dry 167racT£r?p Jr ( )
with
1
fr= 2 (1.3.35)

Thus these four Equations (1.3.36), (1.3.28), (1.3.29) and (1.3.33) governs the equilibrium

structures of a gaseous sphere distorted by rotation and tidal forces may now be summerised

as:
dM,, 9
—drw = 47rr¢p¢ (1.3.36)
dP,  GM,
- _ 1.3.37
dM,, 47T7”i To ( )

11



dL,

- 1.3.38
i, € ( )
and
dTw 3/€pr¢
—_— = 1.3.39
dry, 167chf;’ri Jr ( )
where
1
fo= — (1.3.40)
1
fr=— - (1.3.41)

The boundary conditions to be satisfied are:
My =0,L,=0 (1.3.42)
at the center 7, = 0

My = My, Ly = Ly,
P¢:O, T¢:007’P¢:P¢S,T¢:Tws

(1.3.43)

at the free surface ry=I,

In the above conditions M is the total mass of the model and L, Py, Ty are the values
of Ly, Py, T, respectively, on the outer most equipotential surface.

If there is no distortion, then v = v = w = 1 and also f, = fr = 1. Clearly, the above
equations reduce to the usual equations governing the equilibrium structure of an undistorted
gaseous sphere. Kippenhahn and Thomas [25] advocated the use of these equations to deter-

mine the inner structure of stars distorted by rotation and tidal forces.

12



1.3.2 Roche equipotential

A binary system of stars consists of a pair of stars rotating about their axes as well as revolving
around their common center of mass. Of the two components of binary stars, one is generally
larger in size and mass (called primary) than the other (called secondary). Because of rotation
and tidal effects of the companion, the components of a binary system become RTD stars. In
order to investigate the problems of structure and stability of such stars the concepts of Roche
equipotential and Roche limits have often been discussed in literature. Following Kopal [28]
and Mohan and Singh ([46], [47]), the results on Roche equipotentials of practical interest to

the present study are summarized below.

Let M, and M; be the masses of the primary and secondary components of a binary system
assumed to be gaseous spheres. Since primary is assumed to be much larger than the secondary
(My > My). Let D be the distance between the centers of these two masses. Further, suppose
that the position of two components of this binary system is referred to a rectangular system
of cartesian coordinates having the origin at the centers of the two components, and X — axis
along the line joining the center of two components, and Z— axis perpendicular to the plane of
the orbit of the two components. Then 1) the total potential of the gravitational, rotational and
other disturbing forces acting at an arbitrary point P(z,y, z), which is not inside any of these

two gaseous spheres, can be expressed as

My M 1, MD \?
- e -0 St 1.3.44
v Ty i T * 2 [(x Mo—l-M1> +y ( )

where 72 = 2% + y? + 2%, r2 = (D — 1)* + y* + 2%, G is the gravitational constant, r; and
749, respectively, the distance of the arbitrary point P from the centers of these two masses M|
and M, and 2 the angular velocity of rotation of the system about an axis perpendicular to
the XY — plane and passing through the center of gravity of the system. The three terms on
the right hand side of (1.3.44) are, respectively, the potential arising from the mass primary
My , the disturbing potential of its companion of mass M, and the potential arising from the
centrifugal forces. Equation (1.3.44) strictly holds at points which are outside the components

of binary system.

If we assume Roche model for the primary and a point mass for the secondary component,
equation (1.3.44) holds everywhere. Also, if the angular Velocity {2 is assumed to be identical
with Keplerian angular Velocity (2, that is

My + M,

2 2

(1.3.45)
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Then

n=-—- (1.3.46)

So, in nondimensional form equation (1.3.44) can be expressed as

1 1
o — M+ nr 2 (1 — 12 1.3.47
v T q[\/l—Q/\r*+r*2 ] ( ) ( )
where
. D M?
" (0 1

T GM, 2My(M, + M)

is the nondimensional form of total potential 1) and r* =  is nondimensional form of r. Also
A =sinfcos ¢, p = sinflcos¢ and v = cos b (r, 0, ¢ being the polar spherical coordinate of

the point ). Moreover,

= — 1.3.48
i (1.3.48)

q

1* is a nondimensional parameter representing the ratio of mass of the secondary over primary
and 2n represents the square of the normalized angular velocity 2. The equation (1.3.44)
reduces to the potential of a purely rotating spherical model if ¢ = 0. For n = 0, it reduces to the
potential of a non-rotating spherical model distorted by the tidal effects of the companion alone.
The surfaces generated by setting 1) =constant on the left hand side of the equation (1.3.44)
are referred to the Roche equipotentials. Roche equipotentials in nondimensional form may
be represented by 1)* =constant where ¢* is same as defined in equation (1.3.47). The form
of Roche-equipotential depends entirely upon the values of . If ¢ is large the corresponding
equipotentials consist of two separate ovals, around each of the two mass point . For specified
values of M, M7, 2 and D the right hand side of equation (1.3.44) can be large only if r; and
ro becomes small. Therefore, large values of i correspond to equipotentials which differ little
from spheres surrounding each of the two mass centers. With decreasing values of 1, these
spherical equipotential surface become oval shaped and get elongated in the direction of the
center of gravity of the system until for a certain critical value of v, which is characteristics of
each mass ratio, both oval shaped surface unite at a single point on the x-axis to form a dumbbell
like configuration. These limiting values of 1) are called Roche limits. For certain mass, ratios
Kopal [28] computed the numerical values of Roche limits in the case of synchronous binary

stars for values of ¢ ranging from zero to one.

Defining a non-dimensional variable r( by the relation

1
v*—q

(1.3.49)

To =
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Kopal [28] has also shown that on the surface of Roche equipotential (r, 6, ¢) are connected

through the relation
= 7“0[1 + 037’8 + 047“8 + 057"8 + 067’8 + 077“5 -+ Og’l“g + Cg’l"g -+ 0107“30 .. ] (1350)

where

Cy =qPy+n(l —1?),Cy = qPs3,Cs = qPy,

Cs = qPs + 3C3,Cr = qPs + TqC3 Ps,

Cs = qP; + 8qC3 P, + 4¢° P} (1.3.51)
Cy = qPs + 9¢C3P5 + 9¢* P Py

Cio = qPy + 10qC3Ps 4 5¢*( Py + 2P P5)

Here, P; = p;(\) are the Legendre polynomials and terms upto second order of smallness in
n and ¢ have been in equation (1.3.50). This relation helps to obtain the shape of a Roche
equipotentials 1» =constant. The volume enclosed by the equipotential surface 1)* =constant is

given by

/ / —d)\dl/ (1.3.52)
-1_1=x2

Kopal [28] has shown that the explicit expression of V, in term of 7y defined by equation
(1.3.49), can be explicitly obtained as

4 12 8 32 15 ,
Vi = g7TD31~8’ ll + Qnrg + (1—5(12 + gnq + En2> 7’8 + 7(] 7’0 + 2q2 0, ]
(1.3.53)

Also, averaging parameter r,;, given by

3V 2n 4, 8 76 5 2 5 10
ro =\ —Dro 1—1—?7’0—1— 5q +EHQ+4_5H r0+7q7’0+3qr0 +...

(1.3.54)

where terms upto second order of smallness in n and ¢ have been retained.
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1.4 Equilibrium structures of RTD polytropic models of
stars

If we assumed a polytropic model of star subjected to rotational and tidal forces then its struc-
ture will be a RTD polytropic model. Using the approach discussed in section 1.3.2, we may
further approximate the equipotential surfaces of this distorted model by Roche equipotentials

and use Kippenhahn and Thomas [25] averaging technique to determine its structure.

Let P, and p,, denotes pressure and density respectively the equipotential surface ) =constant
of the distorted model. Then the value of the density and the pressure on the equivalent equipo-
tential surface of the corresponding spherical shell will also be P, and p,, respectively. We
shall assume that the topologically equivalent spherical model of the RTD polytropic model
also behave like a polytropic model of the same polytropic index so that P, and p, of this

distorted model are connected through the polytropic relations of the type
Py = Peyly™ " py = poyly” (1.4.1)

where P, and p.,, are values of P, and p,, at the center, NV is Polytropic index, § (0 < 6 < 1)
is a parameter depending upon the distance of the chosen point from the center and 0,, is the
value of # on the equipotential surface 1/ =constant. Using the pressure and mass equation,

Mohan and Saxena [44] developed structure equation of RTD polytropic model given as

d do u
d_TO [H(n7Q7 To)d_7”1§:| = _%egrgfl(nacb'r0> (1.4.2)
where
r 2 4 16 9 8
H _To_ 2y ‘9 * 10 9) 6, 7 28, 9 9 10 14,
(n,q,r0) 7, g [ + (561 + 15nq~|— =) 7o + 1470 + o770 (1.4.3)
and
36 24 96 55 26
filn,q,ro) = 1+4nrd + || —¢® + =ng+ =n? | rS+ =5+ =i’ (1.4.4)
5 5 5) 7 3
2 4 48 .9 8
fa(n,q,m0) =1 — KgQQ +Enat En2> o — ﬁq27’§ + 56127"30] (1.4.5)
In above expressions ry = ﬁ, (1) 1s nondimensional form of Roche equipotential), K = % (

Where R, is the undistorted radius of primary and D is the separation between the centers of
the primary and secondary components of the binary system ) and &, is the value of £ (where
¢ 1s Lane-Emden variable: specifically we have value of &, = 3.65375, 6.89685 and 14.97155
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corresponding to polytropic index N = 1.5, 3.0 and 4.0 respectively ) at the outermost surface
of Polytropic models. The symbols n and ¢ are the same as define in section 1.3 As regards the
boundary conditions, P and p,;, must be maximum at the center and zero at the free surface.

These require 0, to be maximum at the center and zero at the free surface. This leads to the
oy

condition: ¢,, and i

at the center and ¢, = 0 at the free surface. Thus the boundary conditions
which equation (1.4.2) has to satisfy are
by

Oy, =1 — 1.4.6
P 7d7,0 ( )

at the center 1o = 0
0y, =0 (1.4.7)

at the surface rg = 7

where 1, is the value of r at surface For no distortions ( f1=f>=1), equation (1.4.2) reduces
to the usual Lane-Emden equation governing the equilibrium structure of an undistorted poly-
tropic model of index /V in nondimensional form. To find the numerical solution of the second
-order nonlinear differential equation (1.4.2) subject to the boundary conditions (1.4.6-1.4.7),
we integrate equation (1.4.2) for certain choices of the values of NV, &, k, n and ¢ with boundary
conditions (1.4.6-1.4.7). The integration may be continued till 8,, first becomes zero. The value
of ry (i.e 79s) when 0, first becomes zero determines the outermost free surface of the topolog-
ically equivalent spherical model. Once the solution of the equation (1.4.2) are obtained, we
know the values of 6, for various values of the nondimensional independent variable r varying
from zero to 7y,. The pressure P, and the density p,, on various equipotentials of the distorted
model may now be obtained through the relation (1.4.1) in the same manner as is done for
undistorted polytropic model. Also, radius r,, of the topologically equivalent spherical surface
corresponding to the equipotential surface ¢** = constant can be written as

aky, 76 8

2 4 5 2
Ty = (7> o [1 + gnrg’ + (ng + EnQ + 1—5nq) 7"8 + ?QQTS + §q2réo + ...

(1.4.8)

1.5 Eigenvalued boundary value problem determining the
eigenfrequencies of small adiabatic pseudo-radial modes
of oscillations of RTD polytropic models of stars

In order to determine the eigenfrequencies of pseudo radial modes of oscillations of RTD poly-

tropic models, we have used the equation developed by Mohan and Saxena [45]. This equation
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in nondimensional form is given by

d*n dn
Hld_rg + Hgd—rg + (Hsw® — Hy)n =0 (1.5.1)

where

16 56 112 104 90 44
H =1- gm“g’ — <€q2 + 1—5nq + Erf) ro — 7q2r§ — quréo +...
1 64 296 592 1064 560
Ha=s) [(4 R (?qQ e f”) B
316 , 1 1 dby
— N+1|{———]|roH
3 T0+ >+< +>(9wdx Tollq
N+1 p 1
i, = * ) 2P
37T05 Pe 8’1/1
1.doy |\ 1 10n 32 64 188
Hi=—|3—-—|(N+D)|[—L|=|1- =} - | =+ — —n? |
50
—20q s+,
where
D3 2 2
w? = GZ(\];OU and ry = xrgs,

n is a rotation parameter (2n = 2, € is the normalized angular velocity of rotation), ¢
is the ratio of the mass of secondary to primary star, D is the separation between the two
components of a binary stars, GG is the universal gravitational constant, M, is the total mass of
the star, w? is the non-dimensional form of the actual eigenfrequencies of oscillation o , 7,
being the value of 7 on the outermost surface, N is the polytropic index, i, Hs, Hs and H,
are nonlinear functions of distortions parameters n and ¢, p. represents density at center, p is
the average density of the undistorted polytropic model of star and &, is the value of ¢ (where
¢ is Lane-Emden variable: specifically we have value of &, = 3.65375,6.89685 corresponding

to polytropic index N = 1.5, 3.0 respectively ) at the outermost surface of Polytropic models.

Equation (1.5.1) is the general equation in nondimensional form which determine the eigen-
frequencies of small pseudo-radial modes of oscillations of RTD polytropic model when terms
upto second order of smallness in n, ¢ and upto 7% in r( are retained. For numerically eval-
uation of the eigenfrequencies, the second order differential equation (1.5.1) is to be solved
numerically subject which require 7 to be finite at points corresponding to the center (o = 0)

and the free surface (rg = r,) of the model.
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On setting n = ¢ = 0, equation (1.5.1) reduces to the usual equal which determines the
eigenfrequencies of small adiabatic radial oscillations of an undistorted polytropic model (cf.
Singh [71]). We can study the effects of rotational distortions alone by setting ¢ = 0 in (1.5.1)
and by setting n = 0 in (1.5.1) the effects of tidal distortions alone on the eigenfrequencies of
small radial oscillations of polytropic models can be studied . Also by setting n = (q;r—l), we
can discuss the problem of small adiabatic pseudo-radial oscillations of the primary component

that the primary component has a polytropic structure.

1.6 Eigenvalued boundary value problem determining the
eigenfrequencies of small adiabatic nonradial modes of
oscillations of RTD polytropic models of stars

Mohan and Saxena ([45]) formulated the eigenvalued boundary value problem for determin-
ing the eigenfrequencies of small adiabatic nonradial modes of oscillations of RTD polytropic

models of stars, which are given by

d 1 1
de + B¢+ (B2 + —233) n+ —Bsp =0,
dx w w
dn 2 do
— FE E E E — =0
gp T (B Be) G By o+ Ead o 0 =0, (1.6.1)
and
d? d
_¢+F1£+F2C+F377+F4¢:0
dx? dx
[+1 N+1(14do
T v 0y dx
By = —(N + D&, 1+ 4n(args)® + 36 2 + Bn + @rﬂ (2795)°
27 k20, 0s 570 T 15T g5 0:
55 26
+ —q2(x7“05)8 + —qQ(xros)m +...,
7 3
311+ D), [ pe Sn, o (28, 56 532, ;
By=—-—55 — F 1+§(377”05) Ll AR il (270s)
45 22
+ 7q2(m‘05)8 + qu(xros)m +...,

2k3 B
STOS'r Y
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+ 5q2(m‘03)8 + 6q2(m’08)10 + ...

2
= N+1\1 (db, 1
Ey=2—(N- | |2 1 — 4n(zros)?
2 ( v >9w<dff> <f5’>[ e

36 144 72 55 26
— (3(12 + 4—5nq + 1—5712) (ZL’T‘QS)G — 7(_12(967“05)8 - §6q (zro )10 +...,
l N+1\1do
Bty (N— + >_ o
x ~y 0y dx
[
E4 )
x
l 3 2 2 6
Fy=—2(1+1) — 4n(zros) 24¢° 4 16nq + 32n° | (xros)
T

— 40¢* (2795)® — 60¢% (2105) ™" + . ...

o (N——N”)eg-l@
TosZ ¥ dx

4 8 56 '
1+ ?n(av7"05)‘3 + <4q2 + §nq + EnQ) ($r08)6

+ 5q2(m’08)8 + 6q2(x7’08)10 + ...

N+1 uN12

9

16 56 112 1384
1+ —n(a:r()s)g + (—q2 + ——ng + —n2> (2705)°

3 5 15 45
90 44
+ 7q2(17r05)8 + EqQ(xros)lo +...,
[ 48 , 96 972
F, = — = [l{éln(:m"g’s + ( : ¢+ 1—5 q+ 4—5712) (a;ms)G
80 40
+ 7q2(m‘05)8 + EqQ(xros)lo 4+ ... } + 8n(x7"05)3
+ 108 —i-@n —i-%n (2705)° —i-@ (2705)® +@ ?(ar0s) 0 +
5 — 9 15 q 5 0s 7 q 0s 3 q 0s ca
and
D3 3 2
w2 — TOSO-

G M,

w being the nondimensional form of the eigenfrequency o. &,, p., p

The eigenvalue problem (1.6.1) determining the eigenfrequencies of nonradial modes of

oscillations of RTD polytropic model of star has to be solved subject to the boundary conditions
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at the center and the free space.

The boundary condition at the center (z = 0) for the case distorted polytropic model is give
by

2K3w3 [ p do
_ L _r _ 1.6.2
n+e 3lrd, (pc> < dz 0 (1.6.2)

The boundary condition at the free space (x=1) for the case of polytropic models is given by

36 72 864 55 26 K? dby
777“35 {1 + 4nr§’s + (ng + 1—5nq + Eng) rgs + 7q2r§s + ngrég + QCT%%C = O}
(1.6.3)

and

4o, o [(l + {1 + 2nrg, + <%q2 +

48 396 L\ o 40T, 20,
dx 5 Os

1_57“]'{'4—571 7q7’03+§q7’(1)2}—|—l}=0

(1.6.4)

The system of differential equations (1.6.1) with the boundary conditions (1.6.2 - 1.6.4) consti-
tute a eigenvalued boundary value problem determining the effects of rotation and tidal distor-

tions on the eigenfrequencies of nonradial oscillations of polytropic models.

For distortion i.e. n = g = 0, the system of differential equations (1.6.1) along with
the boundary conditions (1.6.2-1.6.4) reduce to the usual eigenvalued boundary value problem

determining the eigenfrequencies of nonradial oscillations of undistorted polytropic models.

On setting ¢ = 0 or n = 0 separately in the system of the equation (1.6.1) along with
the boundary conditions (1.6.2-1.6.4) we can study the effect of rotational distortion alone or

the effect of tidal distortion alone on the eigenfrequencies of the various modes of nonradial

_ (g+1)
2 9

non-radial oscillations of a RTD primary component of a synchronously rotating binary system

oscillations of the polytropic models. By setting n we may also discuss the problem of

assuming that the primary component has polytropic structure.

1.7 Anharmonic radial pulsation equation for a RTD
Stellar model

Following, the approach used by Rosseland [61], the equation of anharmonic pulsation of RTD
stellar model can be written by applying it to the topological equivalent spherical model. Using
the averaging concept of Kippenhahn and Thomas [25] as used by Mohan and Saxena [45], we

assume 71, to be average of the displacement on the equipotential surface ( 1) = constant )
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and write it as

"1y = M (Top)q1(t) + n2(royp) @2 (t) + n3(roy)as(t) + ..., (L7.1)

where 7)1, 12, 13,. .. are the solutions for the various modes of pulsation equation as discussed
by Mohan and Saxena [45] and ¢;(¢), ¢2(t), g5(t). . . are the functions of time to be determined
by substituting in the exact equation of motion.

Let r,, denote the radius of the topologically equivalent spherical model which corresponds
to an equipotential surface 1)=constant of RTD model. Also, let R, be the value of r, on the
outermost equipotential surface of the model. So, the equation of motion of a RTD gaseous

sphere can be written as

. 1 dPy
Ty =—¢ — —— (1.7.2)

v py dry
On substituting 7 = rou(1 + 714) in equation (1.7.2) and using the adiabatic condition P, =
constant p,, and the equation of continuity pyTypdry = poyrg,droy (subscript zero refers to

the equilibrium value) we get after some simplification

(1 + 7"11/,)2 0
poy  Oroy

7’01,11%;11,1): —(1+7’1¢>_290—

—2y (97”11/) -
P(w, (1 + le) 1 + 7’111, + T0¢ aT
0y

(1.7.3)

where Fyy, poy and ro, are the equilibrium values of pressure Py, density p,, and distance

from the center r,, «y is the ratio of specific heat, and ry,, is the relative displacement %

The dots denote differentiation with respect to time ¢.

The terms q1, g2, gs,. . . appearing in Equations (1.7.1) can be separated by using the orthog-
onality property

Ry,
/ powéwjnkdrow =0, J#k (1.7.4)
0

On expanding the right hand side and retaining terms up to second order, Equation (1.7.3) can

be written as
popropty = Poy [(37 — )71y + yroprty] + v Poy (471, + royrty)
1 1
— Py, [5(37 — By + Dty + 9By = Drogrigriy + 577 + 1)T’§¢Ti¢2]
— 7oy [4(37 — D)rigryy, +2(27 + 1)7"(2)¢7",1¢2 + (37 = Drogrigriy + (v + 1)7"(2)¢7",1¢7“/1/¢]
(1.7.5)
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where the prime symbols denote differentiation with respect to ry,, . On multiplying Equation
(1.7.5) by r%wnkdrow, integrating over the entire star and then using Equation (1.7.1), the left
hand side of Equation (1.7.5) gives

Ry
/ po,Topk | > (mdi) | droy = I, (1.7.6)
0

J

where

Ry
I, = / pwréwnzdrw. (1.7.7)
0

The other terms vanish due to orthogonality in Equation (1.7.4). On the right hand side of
Equation (1.7.5), the linear terms yield

Ry 4 — 4
/ 7P0¢,7“§¢77k 1y + Mr'w - (3 — —) %le droy (1.7.8)
0 Toy T/ Toy
where
_ oy @by
Pow d’l“ow

Substituting for ry,, from Equation (1.7.1) and using the fact that 1, 1, 773,. . . are the eigenfunc-

tions of pulsation equation discussed by Mohan and Saxena [45] with corresponding periods

(27r 3_’; (2;; .), Equation (1.7.8) can further be written as
Ry
_/ VPOszownk: Z quj)dﬁw = — 1,0k k.- (1.7.9)
0

Now, the second order terms on the right hand side of Equation (1.7.5), after integrating the

last two terms by parts to get rid of 77, gives

1 Ry 1 Ry
— 5(37 —4)(3y+1) /0 Pyt droy + 57(37 - 1) /0 Powréd,nkr’w?drow
Ry A 1 Ry 2
+7(3y—1) PowTop kT 10T 190y + 57 (7 + 1) Poyrguniriy drog  (1.7.10)
2
0 0
Substituting this expression (1.7.1) for 714, , it may further be expressed as
> Ding +2> Dywaigi| . (5 >1), (1.7.11)
7 2%
i#]
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where

1 4 By
Djjr = -5 3 — S (3v+1) Poyrouminimedroy
0

Ry
+ -3y —-1) / Poyr oy (il + minimi + e ) droy
0

+

N~ DN —

Ry
(y+1) / Poyroymil;iidroy (1.7.12)
0
Thus, the pulsation equation breaks up into the equations

%+w%=%~2ﬁwﬁﬁﬁj%ww, (j = i) (1.7.13)
) 2

).
i#]

where k=1,2,3.... It is more convenient to take the time variable 7 instead of ¢ such that
T =01t

where o0 is the eigenfrequency of fundamental mode for stellar model. This makes the period
of oscillation in the fundamental mode as 27 in the variable 7. So using 7 = 0t , the Equation
(1.7.13) becomes

d? L.
& B = —5 | D 423 Dijsaigs| . (G=4) for k=1,2,3...
dr Iyo7 - —
! l?ﬁJJ
(1.7.14)
where
2
g
B = U_’; (1.7.15)
1

Using ry, py and Py ( that denote the equilibrium values on the equipotential surface ) in place

of 7oy, poy and Py, respectively, the expression for /i and D;; i, finally becomes.

Ry
[k:/ PT Ty (1.7.16)
0

and

1 4 o 3
Dije=—513- 5 (3v+1) ; Pyryninedry
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Ry
+ -3y -1) / Pyry (minmle + ningmy, + ninfme)dry
0

+

N = DN~

Ry
(v+1) / Pyronmimdry (1.7.17)
0

So, Equations (1.7.14-1.7.17) constitute the equations of anharmonic radial pulsations for a
RTD stellar model correct up to second order.The coefficients D;; , and I, are constants which
can be computed for a given stellar model. In calculating D;; , and I, we take the amplitude
of pulsation to be normalized to unity at the star’s surface, so that the displacement g, at the

surface is given by

b =q +q+qg+... (1.7.18)

1.8 Method for solving the equation of Anharmonic
pulsation for a RTD Stellar model

In order to solve the equation (1.7.14), we consider the equations for ¢, g2 and ¢3. These may

be written as

d*q

Fgl +q1 = Anaqt + 241910102 + 2A13101G3

d*qy Ao+ 924 A (1.8.1)
g2 Paqz = Ar12¢7 + 2A122q142 + 2A1321G3 -0
d2(]3 o 2

2 T B3qz = A113¢7 + 241230142 + 241330143

where Aiq 1, A121, Ai3,1...are constants that are to be determined. Following Prasad [58], we

assume the solution for these equations of the form

1 = Qo1 + a1,1 COSNT + Qg1 COS 21T + az 1 coS3NT + ...
G2 = Qg2 + 12 COSNIT + A2 COS 2N T + Az COS3NT + ... (1.8.2)

g3 = Qo3 + A1,3COSNT + A3 COS 2N T + a33COS3NIT + ...

where @p,1,01,1,021,...,00,2,012,022,...,003,013,023, ... and ny are constants that are to
be determined. These values of ¢, ¢» and g3 are substituted in Equation (1.8.1). On equating

the constant terms and the coefficients of cos kn;7 (for different k) to zero we get

1 1 1
2 2 2 2
ap1 = A1 apy + a1+ 505, + 503, + -

2 2 2
1 1 1
+2A191 |ao1a02 + §a1,1a1,2 + §a2,1a2,2 + §a3,1a3,2 + ...
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1 1 1

+ 21413,1 ap,1Q0,3 + 5@1}1&173 + §CL2’1CL273 -+ 501371&373 =+ ... (1838.)
(1 — n%) ar1 = A (2001011 + ap 1621 + agpasg + ..
1
+2A191 |a11a02 + appa1,2 + az a2 + B G1,102,2 + Q2,101 2
1
+ 5(&2,1613,2 +asqaz2) + ...
1 1 1
+2A131 | 2001013 + a11a03 + 5611,1@2,3 + §a2,1a1,3 + §a3,1a2,3 + ...
(1.8.3b)
1 k o)
<1 - nfk2) a1 = A11,1 5 ; a;10k—4,1 + ; ai,lak-i-i,l]

k 0o 7]
1 1
+ Ao 3 E ;10— + 3 E i1 Ahti2 + Qg 152
=0 =0 |

k 00 T
1 1
+ A5 D i+ 5 > (ai,lak-&-@S + ak+i,1a¢,3> (1.8.3¢)

i=0 =0

We derive similar equations from the second equation in Equation (1.8.1) which are same as
above but with (85 — k*n?)ay.» in place of (1 — k?*n%)ay; and Ay 9, A1z and Ay 5 in place of
Aq11, A121 and Ay3 5 respectively.

In order to solve these algebraic algebraic equations, defined in Equation (1.8.3a-1.8.3c),
we suppose that a; ; is known small quantity and we determine the other a’s in terms of a4 ;.
Considering Equation (1.8.3a) we see that ag ; is a small quantity of the second order, all other
terms are square or products and they contain the term ail.

Similarly we find that a5 ; is a quantity of the second order, a3 ; is of the third and in general
ar1(k > 1) is of the k™ order. Considering the equation for a; 5 is of third order and as 5 is of
the second order and in general ay o(k > 1) is of the k*" order. Therefore, a first approximation

to the solution of the equation (1.8.3a-1.8.3c) can be given as:

1
2
Qp,1 = —A11,1CL1 15
2 )
1
_ 2
g1 = ——A11,1a1717
6
1 1 2 A121

431= 76 |3 11,1"‘@ ,
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1
Qg2 = §A11,2ai1/527

5 8§ —3 A 003
a1 = [ Apg + ( ) 1 2L

265(4 — B2) 1P| (B2 — 1)
1y — _ LA
7 2(4—p)
aso = 1 FAU 1 Aiz } An,zdil
To23 (4—52)] (9—52)

2
ap,3 = 51411,3@171/537

. {514 (8 — 308s) ] Ay 3a3
1.3 11+ 265(4 — B3)" 7] (85— 1)
S _11411,3@171
23 2(4—fs3)
11 A13 3 All 3&? 1
= — —A : 7 :
1 2{31“*<4—mﬂ<9—&>
and
n? = [ Al + (8 =302) A1a1Ano/ (262 (4 = B))| af

These value of a; 1, a;2 and n; are substituted in Equations (1.8.3a-1.8.3c) and a better ap-
proximation is obtained. The new values are resubstituted in (1.8.3a-1.8.3c) and the process is

repeated a number of times till we attain the desired accuracy.

1.9 The Present Work

The present study is primarily a possibility of using the the methodology of Mohan and Saxena
[45] that utilizes the averaging technique of Kippenhahn and Thomas [25] and results of Roche
equipotentials as given by Kopal [28] to incorporate the effects of rotations and/or tidal distor-
tions in our present study. The various assumptions that have been made in this methodology
are (1) Star is highly centrally condensed so that the actual equipotential surfaces of rotationally
and tidally distorted star can be approximated by Roche equipotential surfaces. (ii) Binary sys-
tems are considered to be circular, synchronous and aligned so that the axis of rotation of the

star under investigation (primary component) is at right angle to the line joining the center of
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the primary and secondary component of the binary system. (iii) The rotational velocity as well
as ratio of the mass of the companion causing tidal distortions to the mass of the primary star are
not too large so that models do not deviate too much from spherical symmetry and, hence the
terms beyond second order of smallness in rotational distortion parameter and tidal distortion
parameter can be neglected in various mathematical expressions used. (iv) The distorted model
of the star is well within its Roche lobe. (v) The equipotential surfaces of the distorted star are
also the surfaces of equipressure and equidensity. (vi) Oscillations are barotropic so that fluid
elements on the equipotential surface of the star in its equilibrium position always remain on it
during the entire period of small adiabatic oscillations. So in the view of these assumptions our
present analysis is applicable to highly centrally condensed pulsating variable stars with small
oscillations that are (i) Single and rotating slowly. (ii) Slow rotating primary components of
synchronous, circular and aligned binary systems in which the mass of the secondary is very
less than the mass of the primary star.

In the present work we have formulated the anharmonic pulsation equation for RTD poly-
tropic models of pulsating variable stars using the theory of Rosseland [61] along with Mohan
and Saxena ([44], [45]) approach. The methodology of Prasad [58] has been then used to solve
these equations. We have considered the problem of determining the effects of rotation and/or
tidal distortions on the shapes of RVC of polytropic models of pulsating variable stars. This
approach has also been extended to study the effect of amplitude on the anharmonic radial os-
cillations and hence on the shapes of the RVC of polytropic models of rotationally distorted
(RD) and RTD polytropic models of pulsating variable stars. We have also studied the effects
of non-radial modes along with radial modes, that is mixing modes on the shapes of RVC of
RD and RTD polytropic models of pulsating variable stars.

Chapterwise summary of the work presented in the subsequent chapters of this thesis is as

follows:

Chapter 1

Chapter 1 is introductory in nature. In this chapter we have briefly discussed the astrophysical
significance of the problem of determining equilibrium structures, periods of small adiabatic
oscillations and radial velocity curves of the rotationally and/or tidally distorted stellar mod-
els. We have discussed in brief fundamental system of differential equations that governs the
equilibrium structure of stars, average technique of Kippenhahn and Thomas [25] and concepts
of Roche equipotential. The equations that governs the equilibrium structures and small adia-
batic modes of oscillations of rotationally and tidally distorted polytropic models of stars (as
obtained earlier by Mohan and Saxena [45]) has been presented. The anharmonic theory of

pulsating star as given by Rosseland [61] has been used in conjuction with Mohan and Saxena
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[45] approach to obtain the anharmonic pulsation equation of RTD stellar models of star. The
methodology of Prasad [58] has been then used to solve the anharmonic pulsation equation of
RTD stellar models. A brief survey of the literature available on the subject and summary of

the work presented in the succeeding chapters of the thesis are also presented in this chapter.

Chapter 2

In Chapter 2, we formulated the anharmonic pulsation equation for rotationally and/or tidally
distorted polytropic models of pulsating variable stars using the theory of Rosseland [61] along
with Mohan and Saxena ([44], [45]) approach. The methodology of Prasad [58] has been
used to solve these equations. Numerical computations have been performed to determine
the solution of anharmonic equation for certain rotationally and/or tidally distorted polytropic
models (with polytropic indices N = 1.5 and N = 3.0 ) of pulsating variable stars. The radial
velocity curves of certain rotationally and/or tidally distorted polytropic models of pulsating
variable stars has been then obtained. The numerical results and figures has been then analysed

to draw certain conclusions.

Chapter 3

In Chapter 3, we study the effects of the higher radial modes on the anharmonic oscillations
and hence on the radial velocity curves of the polytropic models of rotationally and/or tidally
distorted pulsating variable stars. For this purpose, we have considered the following cases of
radial oscillations: (i) fundamental mode ; (ii) fundamental and the first mode ; (iii) fundamen-
tal and the next two modes and (iv) fundamental and the next three higher modes of pulsation.
Numerical computations have been performed to determine the solution of anharmonic pulsa-
tion equation for certain rotationally distorted and rotationally and tidally distorted polytropic
models ( with polytropic indices N = 1.5, N = 3.0 and N = 4.0 ) of pulsating variable stars .
Radial velocity curves have been then drawn for all the considered models. Finally, numerical

results and figures have been analysed to obtain certain conclusions.

Chapter 4

The work done in Chapter 2 and Chapter 3 has further been extended and presented in Chapter
4. In this Chapter we have studied the effect of varying the relative amplitude on the anharmonic

radial modes of oscillations and hence on the shapes of the radial velocity curves of rotationally
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and tidally distorted polytropic models of pulsating variable stars. The interaction of various
modes have also been taken into account (as discussed in Chapter 3) while studying the effect of
relative amplitude. Numerical computations have been performed to determine the solution of
anharmonic pulsation equation for certain rotationally and tidally distorted polytropic models
of stars with indices 1.5, 3.0 and 4.0 and for certain values of relative amplitude of oscillation.
The radial velocity curves of all the considered models have been then plotted and finally certain

conclusions has been drawn.

Chapter 5

In Chapter 5, we have studied the effects of non-radial modes along with radial modes of
oscillations,( that is mixing modes ) on the shapes of radial velocity curves of rotationally and
tidally distorted polytropic models of pulsating variable stars. For this purpose, following cases
of radial and nonradial modes of oscillations have been considered: (i) fundamental non-radial
mode (ii) fundamental radial mode (iii) fundamental radial and fundamental non-radial modes
(iv) fundamental radial, fundamental non-radial and first radial modes (v) fundamental radial,
fundamental non-radial, first radial modes and first gravity modes. The anharmonic pulsation
equation that governs the anharmonic pulsations (radial and nonradial) of certain rotationally
and tidally distorted polytropic models of pulsating variable stars has been solved numerically
for all such cases. Radial velocity curves has been drawn for all the considered models and

certain conclusions drawn.

Chapter 6

The astrophysical significance of the present work along with the limitations and scope of the

present work are discussed briefly in the concluding Chapter 6.
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Chapter 2

Effects of rotation and tidal distortion on the shapes

of RVC of polytropic models of pulsating variable

stars !

The linear theory of the radial pulsations predicts a symmetrical sine curve as the shapes of
radial velocity curve for a pulsating stars. However, observations show that Cepheid variables
have their velocity curves, and also their light curves which are far from being represented
by simple sine curves. The discrepancies in the observed and predicted data are attributed to
various effects such as coupling of the various modes of oscillations. Theory of anharmonic
pulsations has frequently used in literature to discuss the effects of coupling of various modes
on the radial velocity of a variable star (Rosseland ([61])

In this chapter, we have considered the problem of determining the effects of rotation and/or
tidal distortions on the radial velocity curve of a pulsating variable star based on the theory
of anharmonic pulsation as given by Rosseland [61]. Anharmonic radial pulsation equation
of a RTD polytropic model of a star have been formulated in section 2.1. The equations of
anharmonic pulsation for the first three modes of RTD polytropic models of stars have been
solved numerically in section 2.2 to obtain their effects on the RVC . Certain observations
based on the results obtained in the present chapter are finally made in section 2.3. Numerical

solution of anharmonic equation has been discussed in section 2.4.

2.1 Anharmonic radial pulsation equation of a RTD
polytropic model of a star

Suppose a polytropic model of a star is subjected to rotation and tidal distortions. Then structure
of such a star will be RTD polytropic model. Following the approach adopted by Mohan
and Saxena [45], we may approximate the equipotential surfaces of this distorted model by
Roche equipotential and use Kippenhahn and Thomas [25] averaging technique determine its
structure.

On Substituting the values of P, and p, given in equation (1.4.1) of chapter 1, in the

IKumar,Tarun, et al. “Effects of rotation and tidal distortion on the shapes of radial velocity curves of polytropic models of pulsating
variable stars”, Research in Astronomy and Astrophysics, Iop, Vol 18, pages 63, 2018.
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anharmonic pulsation equation for RTD stellar model discussed in Equation (1.7.14) of Chapter

1, we obtain the anharmonic pulsation equation for RTD polytropic model of stars as:

d*qp, Y . i .
W‘i‘ﬁk%:m ZAii,in2+2ZAij,inQj ) (J=1d) for k=1,2,3...
T rwi - =
i#j
(2.1.1)
where
2 * D*.
wk * i,k * ij,k
— Zk.opAx  — L
ﬁk %7 i1,k %[}: ij,k w%]}:

. N+1 4 !
Dij,k = —( 5 ) (3 — ;) (3v+1) / (9N9’x377mj77kdx
0

1 1
+53v—1) / 2 0N (i’ + ningml + i) da
0
1 1
+5(r+1) / 20Nyl g d
0

where 7 is the ratio of specific heat, w? is eigenfregency of fundamental radial mode, x is
non-dimensional variable of displacement varying from center to surface for a given polytropic
model of a star and 7y, 72, 13,...are the eigenfuctions of various modes of radial oscillation
of RTD polytropic models of stars (obtained by solving pulsation Equation (1.5.1). So, the
Equation (2.1.1) governs the anharmonic radial pulsations of rotationally and /or tidally dis-

torted polytropic models of stars. The coefficients D}, and I;; are constants which can be
computed for a given rotationally and/or tidally distorted polytropic model of a star. Also the

displacement ¢, at the surface of the star can be obtained by using Equation (1.7.18)

2.2 Numerical Computations

Following the approach as discussed in Chapter 1, Section (1.8) to solve the anharmonic equa-
tion, we have solved the equation of anharmonic oscillation for the first three modes of pseudo

radial oscillations of the RTD polytropic models of stars for polytropic indices 1.5, 3.0 and for
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various values of distortion parameters n and ¢ with v = g Simpson’s one third rule has been

*

used to numerically evaluate the coefficients I;; and D, appearing in the anharmonic pulsa-
tion Equation (2.1.1). The values of A7, are presented in the Tables (2.4-2.9) for the possible
models.

While solving the anharmonic equation we require various eigenfrequencies of pseudo ra-
dial modes of oscillations of RTD polytropic models. These are obtained by solving Equation
(1.5.1) and presented in Table (2.1-2.3) for certain polytropic models of stars.

The skewness coefficient K (the ratio of the time of rise of the radial velocity curve from
minimum to the maximum to the total pulsation period) has also been computed in each case
and given in Table (2.10-2.12). Finally, radial velocity curves for each model (graph of %
against n;7) of polytropic indices 1.5 and 3.0 has been obtained and are shown in Figs. (2.1-
2.3).

In the present work, to study the effects of rotation and/or tidal distortion on the anharmonic
radial oscillations and hence on the radial velocity curves of pulsating variable stars, we have
considered the following polytropic models of pulsating variable stars: (i) undistorted star (
single non-rotating star, no rotational or tidal effects (n = 0, ¢ = 0) ), (ii) single rotating
star or RD star (¢ = 0, n has some value), (iii) tidally distorted star ( n = 0, ¢ has some value,
although stars with only tidal distortion and no rotation does not exist observationally, however,
from theoretical point of view and for the completeness of our study we have also considered
the case of tidally distorted (TD) stars ), (iv) a rotating star which is primary component in
a synchronous, circular and aligned binary system or RTD star ( n and ¢ has some value,
2n = q + 1 is the same as what was derived by Kopal [28] for synchronous binary stars

assuming Keplerian angular velocity).

2.3 Concluding Observations

The results presented in Tables (2.1-2.3) represent the eigenfrequencies of the fundamental,
first and second pseudo radial modes of oscillations, for RTD polytropic models for v = g and
with polytropic index N = 1.5,3.0. The eigenfrequencies of radial modes of RD , TD and,
RTD polytropic models are smaller as compared to the values of undistorted polytropic model.
These results are in accordance with previous results of Mohan and Saxena [45].

From Fig.(2.1), we observed that with increase in the value of n (or angular velocity of
rotation of star or rotational distortion ) the RVC for rotating polytropic models of pulsating
variable stars deviates more from the RVC of undistorted polytropic model and this effect is
more appreciable near points of maxima and minima. Also in the case of polytropic index
N = 1.5, more deviation is observed near points of maxima and minima with increasing value

of n as compared to polytropic model with index N = 3.0.
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From Fig.(2.2), we can conclude that with increase in value of ¢ (tidal distortions due to
companion or secondary component ) there is no appreciable effect on the shapes of radial
velocity curves for TD polytropic models as compared to radial velocity curve for undistorted
polytropic model.

It is clear from Fig.(2.3), that when combined effects of rotation (n) and tidal distortions (q)
are considered then again radial velocity curves of these RTD polytropic models of pulsating
variable stars deviate from radial velocity curve of undistorted model and these deviations are
more near points of maxima and minima.

From Table (2.10-2.12), it can be observed that, as compared to undistorted model, there is
decrease in the value of skewness coefficient K under the effect of rotational distortions , tidal
distortions and rotational and tidal distortions. Also from Table (2.10), it can be concluded that
the value of K decreases with increase in rotational distortions. However, from Table (2.11-
2.12) we can observe that with increase in tidal distortions and rotation and tidal distortions
there is no change in the value of skewness coefficient K.

So from the present study we can conclude that rotational effects causes more deviations
in the shapes of RVC for pulsating variables stars as compared to tidal effects. Also these

deviations in the shapes of RVC increases with increase in the effects of rotational distortions.
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Table 2.1: Eigenvalues for Various Modes of RD Polytropic Models of Stars

N=1.5 N =3.0

w? w3 w3 w? w3 w3

(n=0,q=0) 2.7058 12.5337 26.533 0.2545 16.9839 28.5540
(n:0.0l,q:0.0) 2.6442 12.0984 25.6116 0.1138 16.6188 27.8497
(n=0.03,q=0.0) 2.5747 11.6478 24.5983 8.8233 15.8699 26.4272
n=0.05,q=0.0) 2.4865 11.0428 23.2970 8.5190 15.0990 24.5980

q

(n:0.07,q:0.0) 2.3974 10.3877 21.9816 8.3061 14.6425 23.9485
(n:0.09,q:0.0) 2.3072  9.7802 20.6470 7.8535 13.4209 21.1310

Table 2.2: Eigenvalues for Various Modes of TD Polytropic Models of Stars

N =15 N =30

w? w3 w3 w? w3 w3

(n=0,q=0) 2.7058 12.5337 26.5330 90.2545 16.9839 28.5540
(n=0.0,q=0.1) 2.7050 12.5260 26.5160 0.2522 16.9754 28.5377
(n=0.0,q=0.2) 2.7024 12.5026 26.4640 9.2450 16.9497 28.4760
(n=0.0,q=0.3) 2.6982 12.4636 26.3770 9.2333 16.9105 28.3776
(n=0.0,q=0.4) 2.6931 12.3947 26.2333 0.2162 16.8496 28.2289
(n=0.0,q=0.5) 2.6855 12.3378 26.1021 90.1941 16.7664 28.0370

Table 2.3: Eigenvalues for Various modes of RTD Polytropic Models of Stars

N =15 N =3.0
w2 w3 w3 w? w3 w3
(n=0,q=0) 2.7058 12.5337 26.5330 9.2545 16.9839 28.5540
n=0.505,q=0.01) 2.4279 10.6362 22.4308 8.3099 14.5690 23.7700
n=0.515,q=0.03) 2.4218 10.5909 22.3374 8.2874 145112 23.6428
n=0.525,q=0.05) 2.4182 10.5123 22.3225 8.2654 14.4514 23.5060
n=0.535,q=0.07) 2.4094 10.4994 22.1448 8.2418 14.3914 23.3520
(n=0.55,q=0.1) 2.3999 10.4282 21.9953 8.2064 14.3000 23.1500
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Table 2.4: Coefficients A;;

Js

ofindex N =1.5

;. of the anharmonic pulation equation of the RD Polytropic model

. ij,k
EEE (n=0.0, g=0.0) | (n=0.01, g=0.0) | (n=0.03, g=0.0) | (n=0.05, q=0.0) | (n=0.07, g=0.0) | (n=0.09, g=0.0)
1|1]1 3.31231 3.40219 3.51283 3.66106 3.82290 4.00063
121 1.35696 1.38073 1.41236 1.45613 1.50643 1.56479
11311 0.02743 -0.00573 0.015847 0.00873 0.00264 -0.00138
1112 14.4451 14.95689 15.97793 17.15933 18.51124 20.08999
11212 16.46809 17.24269 18.37087 19.88555 21.6597 23.77456
11312 6.65729 6.80944 7.38326 8.00170 8.76204 9.70755
1]1]3 1.22131 -0.25376 0.75385 0.43140 0.13484 -0.073196
11213 27.83933 27.80873 31.04755 33.53074 36.41042 39.87174
1133 36.12107 37.64862 40.67610 4424114 48.33155 53.06956
Table 2.5: Coefficients Aj; , of the anharmonic pulation equation of the RD Polytropic model
of index N = 3.0
| A%
(n=0.0, g=0.0) | (n=0.01, g=0.0) | (n=0.03, g=0.0) | (n=0.05, q=0.0) | (n=0.07, g=0.0) | (n=0.09, g=0.0)
1111 0.97465 0.99671 1.04606 1.10458 1.09927 1.28304
112]1 0.44855 0.46174 0.49076 0.52392 0.51298 0.63582
11311 0.10505 0.10985 0.11926 0.12982 0.12424 0.18971
11112 5.29616 5.46698 5.85807 6.34924 6.75130 8.22679
11212 3.83660 3.96707 4.25913 4.61944 4.90935 6.25329
1132 1.64354 1.71116 1.84751 2.01451 2.14087 3.25355
11113 8.01184 8.38203 9.26522 10.44854 11.47172 16.26754
1123 10.6158 11.02734 12.0238 13.37862 15.01983 21.56199
11313 8.54528 8.86136 9.60193 10.64789 12.34753 20.22074
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Table 2.6: Coefficients A}

s

ofindex N =1.5

.. of the anharmonic pulation equation of the TD Polytropic model

iljlk Ak
(n=0.0, g=0.0) | (n=0.0, g=0.1) | (n=0.0, q=0.2) | (n=0.0, g=0.3) | (n=0.0, g=0.4) | (n=0.0, q=0.5)

111 3.31231 3.31336 3.31684 3.32233 3.32922 3.33901
1121 1.35696 1.35715 1.35779 1.35872 1.36019 1.36121
1131 0.02743 0.02737 0.02714 0.02675 0.02685 0.02553
112 1444512 14.45846 14.49666 14.55945 14.65903 14.76138
1[2]2] 1646809 16.48454 16.53318 16.61336 16.73216 16.87151
132 6.65729 6.66589 6.69143 6.73375 6.80064 6.87126
10113 1.22131 1.21925 1.21047 1.19568 1.20474 1.14900
1]2]3] 2783933 27.86864 27.94965 28.08307 28.30783 28.51527
113]3] 3612107 36.16305 36.28221 36.47876 36.77976 37.11134

Table 2.7: Coefficients A;*jﬁk

of index N = 3.0

of the anharmonic pulation equation of the TD Polytropic model

i]jlk A
(n=0.0, q=0.0) | (n=0.0, q=0.1) | (n=0.0, ¢=0.2) | (n=0.0, q=0.3) | (n=0.0,q=0.4) | (n=0.0, g=0.5)

1{1]1 0.97465 0.97469 0.97499 0.97542 0.97618 0.97721
1{2]1 0.44855 0.44858 0.44859 0.44857 0.44852 0.44860
1311 0.10505 0.10502 0.10487 0.10455 0.10429 0.10397
1|12 5.29616 5.29548 5.31008 5.33448 5.37192 542118
122 3.83660 3.83610 3.84392 3.85703 3.87788 3.90596
11312 1.64354 1.64329 1.64378 1.64395 1.64756 1.65292
1|1]3 8.01184 7.98046 8.02535 8.10116 8.21549 8.37344
11213 10.61583 10.5780 10.62612 10.71098 10.83637 11.01595
1{3]3 8.54528 8.52565 8.55073 8.59833 8.67292 8.79246
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Table 2.8: Coefficients Aj; , of the anharmonic pulsation equation of the RTD Polytropic
model of index N = 1.5

i A%

(n=0.0, g=0.0) | (n=0.505, (n=0.515, (n=0.525, (n=0.535, (n=0.55,

q=0.01) 4=0.03) 4=0.03) q=0.07) q=0.1)

1] 1] 3231231 3.76598 3.76720 3.75879 3.79993 3.81758
2| 1] 135696 1.48840 1.48893 1.48186 1.49876 1.50413
31 [0.02743 0.00456 0.00442 0.00334 0.00340 0.00285
1| 2] 14.4451 18.02925 18.03482 18.1668 18.33277 18.49502
2| 2| 16.4680 21.02290 21.03273 21.2376 21.4241 21.63938
3|2 |6.65729 8.48588 8.48923 8.59366 8.66572 8.76365
1|31 1.22131 0.23034 0.22330 0.17031 0.17320 0.14563
2| 3] 27.8393 35.37746 3539046 35.7175 36.0303 36.38150
3|3 |36.1210 46.87448 46.89429 47.3876 477916 48.28095

Table 2.9: Coefficients A, . of the anharmonic pulation equation of the RTD Polytropic
model of index N = 3.0

J>

ik Ak

(n=0.0, g=0.0) | (n=0.505, (n=0.515, (n=0.525, (n=0.535, (n=0.55,

q=0.01) q=0.03) q=0.03) q=0.07) q=0.1)

1| 1097465 1.15018 1.15519 1.16060 1.16586 1.17459
2| 1| 0.44855 0.54983 0.55267 0.55590 0.55889 0.56389
31010505 0.13892 0.14009 0.14151 0.14321 0.14532
1252916 6.75115 6.80429 6.87199 6.92002 7.03432
2| 2 | 3.83660 4.92309 4.96424 5.01643 5.05595 5.14737
3| 2| 1.64354 2.17605 2.20088 223217 2.26317 2.31989
1|3 801184 11.42663 11.57716 11.8660 11.9216 12.35315
2| 3| 106158 14.57736 14.77283 15.1410 15.2152 15.80812
3| 3| 8.54528 11.76512 11.96513 12.3094 12.4369 13.04652
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2.4 Solution of Anharmonic equation for RD polytropic
models with index N = 1.5

Case 1: (n=0.0, g=0.0)

qi\T

T

=

(1)

5(7)

3(7) = 0.00253 + 0.00903 cos ni7 4+ 0.00603 cos 2n17 + 0.03528 cos 3ny7 + 0.00009 cos 4nq7 . ..
(1)

R

qu\T

Case 2: (n=0.01, g=0.0)

)
)

7) = 0.00262 + 0.00991 cos n17 + 0.00619 cos 2ny7 + 0.04009 cos 3ny7 + 0.00027 cos 4n4 7 . ..
)

Case 3: (n=0.03, g=0.0)

Qi\T

(1)
¢2(T) = 0.00573 + 0.02059 cos n17 4 0.04954 cos 2ny7 + 0.00077 cos 3ny 7 + 0.00009 cos 4n;7 . . .
g3(T) = 0.00389 + 0.01324 cos ny7 + 0.00936 cos 2n17 + 0.05270 cos 3ny 7 + 0.00020 cos 4ny7 . . .
(1) = 0.01532 + 0.09083 cos ny7 + 0.05700 cos 2ny7 + 0.05302 cos 3ny7 + 0.00030 cos 4ny 7. . .

Case 4: (n=0.05, g=0.0)

Qi\T

(1)

o(7) = 0.00627 + 0.02776 cos nyT + 0.06319 cos 2ny7 + 0.00075 cos 3ny7 + 0.00016 cos 4n4 7. . .
(1)
(1)

™)

T

S

3

qu\T

Case 5: (n=0.07, g=0.0)

qi\7

(1)

o(7) = 0.00694 + 0.04189 cos nyT + 0.09037 cos 2ny7 + 0.00021 cos 3ny7 + 0.00038 cos 4n4 7. . .
(1)
(1)

™)

T

=

3

qu\T
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= 0.00538 + 0.05700 cosny7 — 0.00179 cos 2ny7 — 0.00031 cos 3ny7 + 0.00000 cos 4nq7. ..
= 0.00506 + 0.01424 cosny7 + 0.03713 cos 2ny7 + 0.00071 cos 3n;7 + 0.00004 cos 4nq7 . . .

= 0.01297 + 0.08027 cos ny 7 + 0.04137 cos 2n,7 + 0.03568 cos 3n;7 + 0.00013 cos 4nq 7. . .

= 0.00552 + 0.05700 cos ;7 — 0.00184 cos 2n17 — 0.00037 cos 3n17 + 0.00001 cos 4nq7 . ..
= 0.00531 + 0.01672 cosny7 + 0.04223 cos 2ny7 — 0.00018 cos 3ny7 + 0.00011 cos 4nq7. ..

= 0.01345 + 0.08363 cos ni7 + 0.04658 cos 2n17 + 0.03954 cos 3ni7 + 0.00039 cos 4nq7. ..

= 0.00570 + 0.05700 cos ny7 — 0.00190 cos 2ny7 — 0.00045 cos 3ny7 + 0.00001 cos 4nq7. ..

= 0.00594 + 0.05700 cosny7 — 0.00198 cos 2n;7 — 0.00060 cos 3ny7 + 0.00001 cos4n,7 . ..

= 0.00559 + 0.01804 cos ny7 + 0.01337 cos 2n17 + 0.06971 cos 3n;7 + 0.00038 cos 4nq7 . . .
= 0.01780 + 0.10280 cos ni7 + 0.07458 cos 2ny17 + 0.06986 cos 3n,7 + 0.00055 cos 4nq7 . ..

= 0.00621 + 0.05700 cos ny7 — 0.00207 cos 2ny7 — 0.00091 cos 3ny7 + 0.00003 cos 4nq7. ..

= 0.00911 + 0.02741 cosny7 + 0.02118 cos 2n17 + 0.09376 cos 3n; 7 + 0.00103 cos 4nq7 . . .
= 0.02226 + 0.12630 cos ny 7 + 0.10948 cos 2n,7 + 0.09306 cos 3n;7 + 0.00144 cos 4nq7 . . .



Case 6: (n=0.09, g=0.0)

qi\7

T

=

2

(1)
(1)

3(7) = 0.01680 + 0.04572 cosnyT + 0.03767 cos 2ny7 + 0.12206 cos 3ny7 + 0.00263 cos 4n, 7. . .
(1)

(=)

au\T

2.4.1 Solution of Anharmonic equation for TD polytropic models with
index N = 1.5

Case 1: (n=0.0, g=0.1)

)
)

7) = 0.00254 + 0.00907 cos n17 + 0.00606 cos 2n17 + 0.03547 cos 3ny7 + 0.00009 cos 4n4 7 . ..
)

Case 2: (n=0.0, g=0.2)

@1(t) = 0.00538 4+ 0.05700 cos ny7 — 0.00179 cos 2ny7 — 0.00032 cos 3ny7 + 0.00000 cos 4n47 . . .
¢2(T) = 0.00509 + 0.01446 cos ny7 4 0.03759 cos 2n17 + 0.00072 cos 3ny 7 + 0.00005 cos 4ny 7. . .
q3(t) = 0.00257 + 0.00918 cos n17 + 0.00614 cos 2n17 + 0.03599 cos 3ny 7 + 0.00009 cos 4ny7 . . .
(1) = 0.01304 + 0.08064 cos ny7 + 0.04194 cos 2ny7 + 0.03639 cos 3ny7 + 0.00014 cos 4ny 7. . .

Case 3: (n=0.0, g=0.3)

Qi\T

(1)

o(7) = 0.00512 + 0.01473 cos ny7 + 0.03819 cos 2ny7 + 0.00074 cos 3ny7 + 0.00005 cos 4n4 7. . .
(1)
(1)

™)

T

S

3

qu\T

Case 4: (n=0.0, g=0.4)

qi\7

(1)

o(7) = 0.00517 + 0.01530 cos ny7 + 0.03954 cos 2ny7 + 0.00079 cos 3ny 7 + 0.00005 cos 4ny 7. . .
(1)
(7)

™)

T

=

3

qu\T
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= 0.00662 + 0.05750 cos ny7 — 0.00220 cos 2n17 — 0.00150 cos 3n17 + 0.00005 cos 4nq7 . ..
= 0.00783 + 0.06925 cos ny 7 + 0.13907 cos 2ny7 + 0.00126 cos 3n;7 + 0.00079 cos 4nq7 . . .

= 0.03125 4+ 0.17247 cosny7 + 0.17454 cos 2n17 + 0.12182 cos 3ny 7 + 0.00347 cos 4nq7 . . .

= 0.00538 + 0.05700 cosny7 — 0.00179 cos 2ny7 — 0.00031 cos 3ny7 + 0.00000 cos 4nq7. ..
= 0.00507 + 0.01430 cos ny7 + 0.03724 cos 2ny7 + 0.00072 cos 3ny7 + 0.00005 cos 4nq7 . . .

= 0.01292 + 0.08037 cosni7 + 0.04151 cos 2n17 + 0.03588 cos 3n,7 + 0.00014 cos 4nq7 . ..

= 0.00539 + 0.05700 cosny7 — 0.00179 cos 2n; ™ — 0.00032 cos 3ny7 + 0.00000 cos 4n,7 . ..

= 0.00263 + 0.00936 cos ny7 + 0.00628 cos 2117 + 0.03691 cos 3ny7 + 0.00009 cos 4ny7 . ..
= 0.01314 + 0.08109 cos ny7 + 0.04268 cos 2ny7 + 0.03733 cos 3ny7 + 0.00014 cos 4ny7 . ..

= 0.00540 + 0.05700 cos ny7 — 0.00180 cos 2ny7 — 0.00034 cos 3ny7 + 0.00000 cos 4nq7 . ..

= 0.00275 + 0.00975 cos ny7 + 0.00660 cos 2n17 + 0.03887 cos 3ny7 + 0.00009 cos 4ny7 . ..
= 0.01332 + 0.08205 cos ny 7 + 0.04434 cos 2n,7 + 0.03932 cos 3n;7 + 0.00014 cos 4nq7 . . .



Case 5: (n=0.0, g=0.5)

(1) = 0.00542 + 0.05700 cos ny7 — 0.00180 cos 2n,7 — 0.00034 cos 3ny7 + 0.00000 cos 4ny7 . ..

o(7) = 0.00522 + 0.01570 cos ny 7 + 0.04033 cos 2ny7 + 0.00079 cos 3ny 7 + 0.00005 cos 4ny 7. . .

3(7) = 0.00283 + 0.01002 cos ny7 + 0.00679 cos 2ny7 + 0.04020 cos 3ny7 + 0.00010 cos 4n4 7. . .
(1)

= 0.01347 + 0.08272 cos ny 7 + 0.04532 cos 2n,7 + 0.04065 cos 3n;7 + 0.00015 cos 4nq 7. . .

q1

T

K

au\T

2.4.2 Solution of Anharmonic equation for RTD polytropic models with
index N = 1.5

Case 1: (n=0.505, g=0.01)

) = 0.00611 4 0.05700 cos ny7 — 0.00203 cos 2ny7 — 0.00076 cos 3ny7 + 0.00002 cos 4ny7 . ..
) = 0.00670 4 0.03520 cos n17 + 0.07714 cos 2ny7 4 0.00068 cos 3ny7 + 0.00025 cos 4n4 7 . ..
7) = 0.00745 + 0.02303 cos ny17 + 0.01764 cos 2ny7 + 0.08411 cos 3ny7 + 0.00063 cos 4n4 7 . . .
) = 0.02026 + 0.11523 cos ny7 + 0.09275 cos 2ny 7 4 0.08403 cos 3n,7 + 0.00090 cos 4nq7 . . .

Case 2: (n=0.515, g=0.03)

@1(t) = 0.00612 4 0.05700 cos n17 — 0.00204 cos 2ny7 — 0.00075 cos 3ny7 + 0.00002 cos 4n47 . . .
¢2(T) = 0.00668 + 0.03491 cos ny7 4 0.07641 cos 2ny7 + 0.00064 cos 3ny 7 + 0.00025 cos 4ny 7. . .
q3(T) = 0.00739 + 0.02283 cos n17 + 0.01747 cos 2n17 + 0.08343 cos 3ny 7 + 0.00063 cos 4ny7 . . .
@(7) = 0.02019 + 0.11474 cos ny 7 + 0.09185 cos 2ny 7 + 0.08332 cos 3ny 7 + 0.00090 cos 4ny 7. . .

Case 3: (n=0.525, g=0.05)

1 = 0.00589 + 0.05600 cosny7 — 0.00196 cos 2n;7™ — 0.00080 cos 3ny7 + 0.00002 cos 4n,7 . ..

(1)

o(7) = 0.00655 + 0.03689 cos ny7 + 0.08229 cos 2ny7 + 0.00071 cos 3ny7 + 0.000271 cos 4ny7 . . .
(1)
(1)

™)

= 0.00776 + 0.02417 cos ny7 + 0.01844 cos 2n,7 + 0.09035 cos 3n;7 + 0.00066 cos 4nq7 . . .
= 0.02020 + 0.11706 cos ny7 + 0.09877 cos 2ny7 + 0.09026 cos 3n,7 + 0.00095 cos 4ny7 . ..

T

S

3

qu\T

Case 4: (n=0.535, q=0.07)

q1 () = 0.00617 4 0.05700 cosny7 — 0.00205 cos 2n;7 — 0.00083 cos 3n17 + 0.00002 cos 4n47 . ..

(1)

o(7) = 0.00683 + 0.03847 cosny7 + 0.08330 cos 2ny7 + 0.00066 cos 3ny7 + 0.00030 cos 4n4 7. . .
(1)
(7)

™)

= 0.00807 + 0.02453 cos ni7 + 0.01900 cos 2n,7 + 0.08722 cos 3ni7 + 0.00073 cos 4nq7 . . .
= 0.02107 + 0.12000 cos ny 7 + 0.10025 cos 2n,7 + 0.08705 cos 3n;7 + 0.00105 cos 4nq7 . . .

T

=

3

qu\T
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Case 5: (n=0.55, g=0.1)

qi\7

T

=

2

(1)
(1)

3(7) = 0.00881 + 0.02655 cos ny7 + 0.02069 cos 2ny7 + 0.09284 cos 3ny7 + 0.00083 cos 4n4 7. . .
(1)

(=)

au\T

2.4.3 Solution of Anharmonic equation for RD polytropic models with
index N = 3.0

Case 1: (n=0.0, g=0.0)

¢1(T) = 0.00168 + 0.05880 cos ny7 — 0.00056 cos 2n,7 + 0.00001 cos 3ny 7 — 0.00000 cos 4n47 . . .
¢2(T) = 0.00498 + 0.00260 cos ny7 — 0.00422 cos 2n,7 + 0.00133 cos 3ny 7 — 0.00001 cos 4n47 . . .
g3(T) = 0.00501 + 0.00089 cos ny7 — 0.01650 cos 2n17 + 0.00178 cos 3ny 7 — 0.00003 cos 4n47 . . .
(1) = 0.01167 + 0.06229 cos ny7 — 0.02128 cos 2ny 7 + 0.00313 cos 3n,7 — 0.00004 cos 4ny 7 . . .

Case 2: (n=0.01, g=0.0)

q1(t) = 0.00173 4+ 0.05900 cos n17 — 0.00057 cos 2n17 + 0.00001 cos 3ny7 — 0.00000 cos 4n47 . . .
¢2(T) = 0.00521 + 0.00285 cos ny7 — 0.00437 cos 2n,7 + 0.00140 cos 3ny 7 — 0.00001 cos 4n47. . .
q3(T) = 0.00540 + 0.00113 cosny7 — 0.01709 cos 2ny7 + 0.00189 cos 3ny 7 — 0.00003 cos 4n47 . . .
(1) = 0.01234 + 0.06298 cos ny7 — 0.02203 cos 2n, 7 4+ 0.00330 cos 3n,7 — 0.00004 cos 4ny 7 . . .

Case 3: (n=0.03, g=0.0)

Qi\T

(1)

o(7) = 0.00566 + 0.00342 cos ny7 — 0.00463 cos 2ny7 4+ 0.00156 cos 3n,7 — 0.00001 cos 4ny7 . ..
(1)
(1)

™)

T

S

3

qu\T

Case 4: (n=0.05, g=0.0)

qi\7

(1)

o(7) = 0.00633 + 0.00436 cos ny7 — 0.00503 cos 2n17 4 0.00185 cos 3n,7 — 0.00002 cos 4ny 7 . . .
(1)
(7)

™)

T

=

3

qu\T
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= 0.00620 + 0.05700 cos ny;7 — 0.00206 cos 2n17 — 0.00087 cos 3n17 + 0.00002 cos 4nq7 . ..
= 0.00691 + 0.04044 cos ni7 + 0.08702 cos 2ny7 + 0.00066 cos 3ni7 + 0.00032 cos 4nq7. ..

= 0.02192 + 0.12399 cos ny 7 + 0.10565 cos 2n,7 + 0.09263 cos 3n;7 + 0.00117 cos 4nq7 . . .

= 0.00182 + 0.05900 cos ny7 — 0.00060 cos 2n17 + 0.00002 cos 3ny7 — 0.00000 cos 4n17 . ..

= 0.00626 + 0.00175cosni;7 — 0.01837 cos 2n17 + 0.00213 cos 3n17 — 0.00004 cos 4nq7 . ..
= 0.01374 + 0.06417 cos ny7 — 0.02360 cos 2ny7 + 0.00371 cos 3n;7 — 0.00005 cos 4nq7 ...

= 0.00197 + 0.05900 cos ny7 — 0.00065 cos 2ny7 + 0.00002 cos 3n;7 — 0.00000 cos 4nq7 . ..

= 0.00780 + 0.00293 cos ny7 — 0.02072 cos 2ny7 + 0.00254 cos 3n;7 — 0.00006 cos 4nq7 . ..
= 0.01610 + 0.06629 cos n;7 — 0.02640 cos 2n17 + 0.00441 cos 3n;7 — 0.00008 cos 4n17 . ..



Case 5: (n=0.07, g=0.0)

qi\7

T

=

2

(1)
(1)

3(7) = 0.00860 + 0.00347 cosnyT — 0.02220 cos 2ny7 + 0.00299 cos 3n,7 — 0.00007 cos 4ny 7 . . .
(1)

(=)

au\T

Case 6: (n=0.09, g=0.0)

qi\T

T

=

(1)

5(7)

3(7) = 0.01591 + 0.00994 cos ny7 — 0.03544 cos 2ny 7 4+ 0.00554 cos 3n,7 — 0.00021 cos 4ny 7 . . .
(1)

e

au\T

2.4.4 Solution of Anharmonic equation for TD polytropic models with
index N = 3.0

Case 1: (n=0.0, g=0.1)

@1(t) = 0.00169 + 0.05900 cos n17 — 0.00056 cos 2n17 + 0.00001 cos 3ny7 — 0.00000 cos 4n47 . . .
¢2(T) = 0.00502 + 0.00262 cos ny7 — 0.00425 cos 2ny7 + 0.00133 cos 3ny 7 — 0.00001 cos 4n47 . . .
g3(T) = 0.00503 + 0.00090 cos ny7 — 0.01656 cos 2ny7 + 0.00179 cos 3ny 7 — 0.00003 cos 4n47 . . .
(1) = 0.01174 + 0.06252 cos ny7 — 0.02137 cos 2ny 7 + 0.00313 cos 3n,7 — 0.00004 cos 4ny 7 . . .

Case 2: (n=0.0, g=0.2)

Qi\T

(1)

o(7) = 0.00504 + 0.00264 cos nyT — 0.00426 cos 2n17 4 0.00133 cos 3n,7 — 0.00001 cos 4ny 7 . ..
(1)
(1)

™)

T

S

3

qu\T

Case 3: (n=0.0, g=0.3)

qi\7

(1)

o(7) = 0.00507 + 0.00267 cos ny7 — 0.00428 cos 2n17 4+ 0.00134 cos 3n,7 — 0.00001 cos 4ny7 . . .
(1)
(1)

™)

T

=

3

qu\T
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= 0.00191 + 0.05900 cos ny;7 — 0.00063 cos 2n17 + 0.00002 cos 3n;7 — 0.00000 cos 4nq7 . ..
= 0.00666 + 0.00473 cosniT — 0.00525 cos 2ny7 + 0.00220 cos 3n;7 — 0.00002 cos 4nq7 . ..

= 0.01718 + 0.06720 cos ny7 — 0.02808 cos 2n17 + 0.00521 cos 3ny7 — 0.00009 cos 4n,7 . ..

= 0.00223 + 0.05900 cos ny7 — 0.00074 cos 2ny7 + 0.00003 cos 3n;7 — 0.00000 cos 4nq7. ..
= 0.00837 + 0.00801 cos ny;7 — 0.00625 cos 2n17 + 0.00420 cos 3ny7 — 0.00005 cos 4nq7 . ..

= 0.02651 + 0.07695 cos ny7 — 0.04243 cos 2ny7 + 0.00977 cos 3n;7 — 0.00026 cos 4nq7 . ..

= 0.00169 + 0.05900 cos ny7 — 0.00056 cos 2n17 + 0.00001 cos 3ny7 — 0.00000 cos 4n17 . ..

= 0.00507 + 0.00093 cos ny7 — 0.01660 cos 2ny7 + 0.00180 cos 3n;7 — 0.00003 cos 4nq7 . ..
= 0.01180 + 0.06257 cosny7 — 0.02142 cos 2ny7 + 0.00314 cos 3n;7 — 0.00004 cos 4nq7 . ..

= 0.00169 + 0.05900 cos ny7 — 0.00056 cos 2ny7 + 0.00001 cos 3n;7 — 0.00000 cos 4nq7 . ..

= 0.00514 + 0.00098 cos ny7 — 0.01667 cos 2ny7 + 0.00181 cos 3n;7 — 0.00003 cos 4nq7 . ..
= 0.01190 + 0.06265 cosni;7 — 0.02151 cos 2n17 + 0.00316 cos 3ny7 — 0.00004 cos 4n17 . ..



Case 4: (n=0.0, g=0.4)

qi\7

T

=

2

(1)
(1)

3(7) = 0.00525 + 0.00105 cos ny7 — 0.01678 cos 2ny 7 4+ 0.00183 cos 3n,7 — 0.00003 cos 4ny 7 . . .
(1)

(=)

au\T

Case 5: (n=0.0, g=0.5)

qi\T

T

=

(1)

5(7)

3(7) = 0.00539 + 0.00115cosni7 — 0.01694 cos 2ny7 + 0.00186 cos 3n;7 — 0.00003 cos 4nq7 . ..
(1)

e

au\T

2.4.5 Solution of Anharmonic equation for RTD polytropic models with
index NV = 3.0

Case 1: (n=0.505, g=0.01)

@1(t) = 0.00200 + 0.05900 cos ny7 — 0.00066 cos 2n17 + 0.00002 cos 3ny7 — 0.00000 cos 4n47 . . .
¢2(T) = 0.00670 + 0.00491 cos ny7 — 0.00523 cos 2n17 + 0.00204 cos 3ny 7 — 0.00002 cos 4n47 . . .
q3(T) = 0.00873 + 0.00375 cos ny7 — 0.02200 cos 2n,7 + 0.00281 cos 3ny 7 — 0.00007 cos 4n47 . . .
(1) = 0.01743 + 0.06766 cos ny7 — 0.02789 cos 2ny 7 + 0.00487 cos 3n,7 — 0.00009 cos 4ny 7 . . .

Case 2: (n=0.515, g=0.03)

Qi\T

(1)

o(7) = 0.00676 + 0.00501 cos ny7 — 0.00526 cos 2ny7 4+ 0.00209 cos 3n;7 — 0.00002 cos 4ny7 . . .
(1)
(1)

™)

T

S

3

qu\T

Case 3: (n=0.525, q=0.05)

qi\7

(1)

o(7) = 0.00684 + 0.00513 cos ny7 — 0.00531 cos 2ny7 4+ 0.00218 cos 3n,7 — 0.00002 cos 4ny 7 . . .
(1)
(1)

™)

T

=

3

qu\T
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= 0.00169 + 0.05900 cos n;7 — 0.00056 cos 2n17 + 0.00001 cos 3n;7 — 0.00000 cos 4nq7 . ..
= 0.00511 + 0.00272 cos ny7 — 0.00430 cos 2ny7 + 0.00136 cos 3n;7 — 0.00001 cos 4nq7. ..

= 0.01205 + 0.06277 cosni7 — 0.02164 cos 2n17 + 0.00320 cos 3n17 — 0.00004 cos 4n17 . ..

= 0.00170 + 0.05900 cos ny7 — 0.00056 cos 2ny7 + 0.00001 cos 3n;7 — 0.00000 cos 4nq7. ..
= 0.00517 + 0.00278 cos ny;7 — 0.00433 cos 2n17 + 0.00138 cos 3n;7 — 0.00001 cos 4nq7 . ..

= 0.01226 + 0.06293 cos n;7 — 0.02183 cos 2ny7 + 0.00325 cos 3n;7 — 0.00004 cos 4nq7 . ..

= 0.00201 + 0.05900 cos ny7 — 0.00067 cos 2n17 + 0.00002 cos 3ny7 — 0.00000 cos 4n17 . ..

= 0.00892 + 0.00391 cos ny7 — 0.02229 cos 2n17 + 0.00287 cos 3n17 — 0.00007 cos 4nq7 . ..
= 0.01769 + 0.06792 cos ny7 — 0.02822 cos 2ny7 + 0.00498 cos 3n;7 — 0.00009 cos 4nq7 . ..

= 0.00202 + 0.05900 cos ny7 — 0.00067 cos 2ny7 + 0.00002 cos 3n;7 — 0.00000 cos 4nq7. ..

= 0.00923 + 0.00413 cosny;7 — 0.02286 cos 2n17 + 0.00298 cos 3n;7 — 0.00007 cos 4nq7 . ..
= 0.01809 + 0.06826 cos n;7 — 0.02884 cos 2n17 + 0.00518 cos 3ny7 — 0.00009 cos 4nq7 . ..



Case 4: (n=0.535, q=0.07)

qi\7

T

=

2

(1)
(1)

3(7) = 0.00936 + 0.00429 cos nyT — 0.02294 cos 2n, 7 4+ 0.00300 cos 3n,7 — 0.00007 cos 4ny 7 . . .
(1)

(=)

au\T

Case 5: (n=0.55, g=0.1)

qi\T

T

=

(1)

5(7)

3(7) = 0.00984 + 0.00463 cos ni7 — 0.02386 cos 2ny7 + 0.00320 cos 3n;7 — 0.00008 cos 4nq7 . ..
(1)

e

au\T
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= 0.00202 + 0.05900 cos n;7 — 0.00067 cos 2n17 + 0.00002 cos 3ny7 — 0.00000 cos 4nq7 . ..
= 0.00689 + 0.00522 cosni7 — 0.00534 cos 2ny7 + 0.00219 cos 3n;7 — 0.00002 cos 4nq7 . ..

= 0.01827 + 0.06851 cosny7 — 0.02895 cos 2n17 + 0.00521 cos 3ny7 — 0.00009 cos 4nq7 . ..

= 0.00204 + 0.05900 cos ny7 — 0.00068 cos 2ny7 + 0.00002 cos 3n;7 — 0.00000 cos 4ny 7. ..
= 0.00702 + 0.00542 cos ny;7 — 0.00542 cos 2n17 + 0.00235 cos 3ny7 — 0.00002 cos 4nq7 . ..

= 0.01890 + 0.06905 cos ny7 — 0.02996 cos 2ny7 + 0.00557 cos 3ny7 — 0.00010 cos 4nq7 . ..



Table 2.10: Values of n? and Skewness Coefficient K for RD Polytropic Models of Stars

N =15 N =3.0
n? K n? K
(n=0,g=0) 0.90616 0.79 0.99468 0.29
(n=0.01,q=0.0) 0.89568 0.79 0.99431 0.29
(n=0.03,q=0.0) 0.88040 0.79 0.99353 0.28
(n=0.05,g=0.0) 0.85341 0.78 0.99213 0.28
(n=0.07,g=0.0) 0.80337 0.78 0.99235 0.27
(n=0.1,q=0.0) 0.71363 0.77 0.98854 0.26

Table 2.11: Values of n? and Skewness Coefficient K for TD Polytropic Models of Stars

N =15 N =30

n? K n3 K

(n=0,g=0) 0.90616 0.79 0.99468 0.29
(n=0.0,g=0.1) 0.90595 0.79 0.99464 0.28
(n=0.0,q=0.2) 0.90534 0.79 0.99633 0.28
(n=0.0,q=0.3) 0.90430 0.79 0.99461 0.28
(n=0.0,q=0.4) 0.90212 0.79 0.99457 0.28
(n=0.0,g=0.5) 0.90067 0.79 0.99453 0.28

Table 2.12: Values of n? and Skewness Coefficient K for RTD Polytropic Models of Stars

N =15 N =3.0
n3 K ni K
(n=0,q=0) 0.90616 0.79 0.99468 0.29
(n=0.505,9q=0.01) 0.82681 0.78 0.99166 0.27
(n=0.515,q=0.03) 0.82789 0.78 0.99156 0.27
(n=0.525,q=0.05) 0.82170 0.78 0.99143 0.27
(n=0.535,q=0.07) 0.81556 0.78 0.99133 0.27
(n=0.55,q=0.1) 0.80884 0.78 099113 0.27
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Chapter 3

Effect of interaction of the various modes on the
RVC of the polytropic models of RTD pulsating vari-

ables stars 2

In this chapter , we considered the problems of determining the effects of including the higher
modes on the anharmonic radial pulsation and hence on the RVC of the polytropic models of
rotationally and/or tidally distorted pulsating variable stars . We use the same approach as
discussed in Chapter-2 to study the effect of interaction of the various modes on the radial
velocity curves of the polytropic model of RTD pulsating variable star.

Using the approach of section 2.1 of Chapter-2, Anharmonic radial pulsation equation of a
RTD polytropic model of a star have been formulated in section 3.1. In section 3.2 we describe
in brief the technique which can be used to solve the equations of anharmonic pulsation of
a RTD polytropic models of pulsating variable stars. The equations of anharmonic pulsation
obtained in section 3.1 have been solved numerically in section 3.3 for the first four radial
modes of oscillations of RTD polytropic models with polytropic indices 1.5, 3.0 and 4.0. The
effects of including the various modes of oscillations on the RVC have also been discussed in
this section. Certain observations based on the results obtained in the present chapter are finally

made in section 3.4.

3.1 Anharmonic radial pulsation equation of a RTD
polytropic model of a star

Following the methodology as developed in section (2.1) the equation governing the anhar-
monic radial pulsations of the RTD polytropic model of a star for first four modes can be
expressed as

d2Qk - Y * 2 * . . i
— + Brq. = ZAii7kqi +2 ZAij,kqiqj , (j >14) for k=1,2,3,4...

2 *, ,2
dr Iiwi

0]
i#]

(3.1.1)

2 Tarun Kumar, Ankush Pathania and Arvind Kumar Lal, “Effect of interaction of the various modes on the radial velocity curves of
the polytropic models of rotationally and tidally distorted pulsating variables stars”, Research in Astronomy and Astrophysics,IOP,(2018).
[Accepted for publication]
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where

2 * *
Wi * Dii7k * Di]}k‘

T=wt; B = Ajix = 5 ik T T a7s
Wi wily wily

1
I,z‘:/ ON *nidx
0

N +1 4 !
D - —%G_?)(?’”“)/ 70 o
0

1 1
+537—1) / 2 0N (i’ + ningml + i) da
0
1 1
+5(r+1) / 20N il da
0

Where the symbols v, 7, 6, w%, z, D%kj,  and I;" have the same meaning as explained in section
(2.1) and 1y, 72, M3, N4, - .., are the eigenfuctions of the various modes of pulsation Equation
(1.5.1) of the radial oscillation of the RTD polytropic models of the stars. So, the displacement
q» at the surface in this case becomes

B=q +q+q+q+... (3.1.2)

3.2 Method for solving the equation of the anharmonic
radial oscillation of RTD polytropic model of a star

In order to solve the equation (3.1.1) we have followed the same approach as discussed in

section (1.8) in Chapter 1. In this case, the equation for ¢, ¢2, ¢3 and g, becomes

d2
FQ; +q1 = A11,1Q% +2A121¢1q2 + 24131193 + 2A14101q4
Top — Ao + 24 A A
=) + Baqa = Ar12q7 + 2A1220192 + 2A132q1G3 + 2A142q104
4 (3.2.1)
d*qs

2 + Bsqz = A113q7 + 2A12301G2 + 241330103 + 2A14 314

) + Baqs = A11,4C]f +2A1240102 + 2A13.4193 + 2A1441qa
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where Ajy 1, A121, A131, A1a,1...are the constants that are to be determined. Following Prasad

[59], we assume the solution of these equations in the form

q1 = Qo1 + a1,1 COSNT + Qg1 COS 2Ny T + a1 COS3NIT + @y cOS4n T + ...

G2 = Qo2 + G412 COSNT + Qg2 COS 2Ny T + G392 COS3NIT + Ag 2 COS4NT + . .. 30

g3 = A3 + 41,3 COSNIT + 23 COS 2N T + a3 3 COS3NIT + g3 COS4NIT + . ..

gs = Qg4 + Q14 COSNIT + A2 4 COS 2N T + A34 COS3NIT + Qg4 COSANIT + . ..

where ap,1,01,1,a21,...,00,2,012,022,...,003,a13,023,...,004,A1,4,024, ... and Ny are con-

stants that are to be determined. The values of ¢y, g2, q3 and g4 are substituted in (3.2.1) and on

equating the constant terms and the coefficients of cos kn;7 (for different k) to zero we get

1

1 1
- A]_]_’]_ (Lal + _ail + _a/;l + 2

ap,1 5 B

[ 1
—Qa

2

—a

2

—a

+2A191 |ag1a02 + 5 1,101,2 + Q21022 + <a31a32 + . ..

+2A131

2

2

ap,100,3 + 5

1,113 + a21023 + a3,103,3 =+ ...

1
+ 2A1471 ECL —a (3238.)

2

Qp,100.4 + =@1101,4 + 502,1a2,4 + -asia34+ ...

2
1—n7)aiq = Ai1,1|2a0,101,1 + aia21 + azias; + ...

1
+ 2A151[a11a02 + agaa12 + az1a02 + 3 a1,1022 + Q21012

+ —(ag a32 + az1a32) + .. ]

N —

1
+ 2443, 5@ -a

2

2ap1a13 + a11a03 + §a1,1a2,3 + saz 1013 + sas1az3 + ...

1
+ 2A14,1 §CL —a

2

2ap1a1,4 + 11004 + §a1,1a2,4 + zag1014 + zaG31024 + - ..

k

2

1=0

1

[o@)
3 a;10—;1 + E A 1041

=0

271.2
1-— nlk ar1 = All,l

1< 1S
+ A2 3 E ;10,2 + 5 E i1 Ahti2 + Apgi 12
i=0 1=0
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k oo 7]
1 1
+ Auz 2 E :ai,lakfi,:% + 2 E (ai,lak+i,3 + ak+i,1az‘,3>

=0 i=0

k 00 7
1 1
+ Aiaq 3 Z; ;1 Qg—ia + 3 Z; (ai,lak+i,4 + ak+i,lai,4> (3.2.3¢)

We get similar equation from the second equation in (3.2.1) which are same as above but with
(B2 — k*n?)ak o in place of (1 — k*n?)ay; and Ay1 9, A2, A1z and Ayy, in place of Ay g,

Aq2.1, Ay31 and Ayy; respectively.

In order to solve these algebraic (3.2.3a-3.2.3c) equations, we suppose that a;; is a known
small quantity and we determine the other a’s in terms of a; ;. Considering (3.2.3a) we see
that ag; 1s a small quantity of the second order, all other terms are square or products and they

contain the term a? .

Similarly we find that ay; is a quantity of the second order, as; is of the third and in gen-
eral a1 (k > 1) is of the k' order. Considering equation for a; » of third order and as » of the
second order and in general ayo(k > 1) of the k™ order. Therefore, a first approximation to

the solution of the equation (3.2.3a-3.2.3c) can be given as:

ap,1 = _All,la% 15
2 )
1
az1 = —61411,1@%,1,
171 12,1
= — A2 —— A
as 1 16 |:3 11,1 (4 _ 52) 11,2} a4,

1
ap,2 = §A11,2ai1/527

5 (8 —3p,) A ga?,
ai2 {6 11,1 + 25(4 — By) 12,2} (o 1)
- _11411,2@%71
1 1 A122 All QQ? 1
= - _A ) ’ 5
w2y {3 1.1 ¥ (4 - 52)} (9 — B2)

1
ap,3 = 5/411,3@%71/53,
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) (8 —303) Ay 3a3
=|=-A — 27 A 7 o
a3 [6 11,1 + 205(4 — Bs) 13,3 Bs—1)
- _11411,3@%1
111 A13 3 All 3&? 1
= — —A 2 ’ 2
=g [3 R m)] (9 B)
1 2
Qo4 = 51411,4@1,1/54;
5 (8 — 364) AH 4@? 1
= |-A — 7 et et
i {6 .t 264(4—B1)" ] (B 1)
S _11411,4@%71
11 A14 4 All 401% 1
= — —A J ? )
w1 [3 R /54)] (9—B)

and

5
n12 =1- [EA?M + (8 — 382) A12,1A11,2/ (282 (4 — B2)) a%@

These value of a; 1, a;2, a;3, a; 4 and n; are substituted in (3.2.3a-3.2.3c) and a better ap-
proximation is obtained. The new values are resubstituted in (3.2.3a-3.2.3c) and the process is

repeated a number of times till we attain the desired accuracy.

3.3 Numerical Computations

We have solved the equation of the anharmonic radial oscillation upto first four modes for
certain RTD polytropic models of the stars. We have considered the polytropic models with
indices 1.5, 3.0 and 4.0 for the different values of the rotational distortion parameter (n) and
the tidal distortion parameter (q) with v = % Simpson’s rule has been used to numerically
evaluate the coefficients /; and D}, ; in the anharmonic pulsation equation (3.1.1). Numerical
technique discussed in section (3.2) has been used to solve the anharmonic pulsation equation
(3.1.1). The values of A;‘j,k: are presented in tables (3.2-3.7). The solution of anharmonic
equation has been given in the tables (3.8-3.10).

The eigenfrequencies of the pseudo radial modes of the oscillations of the RTD polytropic

models have been obtained using the approach of Mohan and Saxena [45] and are presented in
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Table (3.1) for certain polytropic models of the stars. The RVC for each model of polytropic
index N = 1.5,3.0 and 4.0 have been obtained and are shown in Fig. (3.1-3.13). The value
of the skewness coefficient K has also been computed in each case and are given in the Table
(3.11).

In the present work, to study the effect of the interaction of the various modes on the radial
velocity curves of the RTD polytropic models of the stars we have considered the following
cases: (i) fundamental mode (from hereafter f mode) (ii) fundamental and the first mode (from
hereafter f + 1 modes) (iii) fundamental and the next two modes (from hereafter f 4+ 2 modes)
and finally (iv) fundamental and the next three higher modes (from hereafter f + 3 modes) of
the pulsation. For computational and numerical purpose following polytropic models of the
pulsating variable stars have been considered (i) undistorted star (no rotational or tidal distor-
tion) (ii) single rotating star (only rotational distortion) (iii) rotating star which is a primary
component of the synchronous, circular and aligned binary system (or RTD star) in which the

mass of the secondary is assumed to be very less than the mass of the primary star.

3.4 Concluding Observations

The results shown in the Table (3.1) represents the eigenfrequencies of the fundamental, first,
second and third pseudo radial modes of the oscillations of the RTD polytropic models with
index N = 1.5,3.0 and 4.0. From this table it is clear that the eigenfrequencies of the radial
modes of the RD and the RTD polytropic models are small as compared to the corresponding
values of the undistorted polytropic model. Also, from this table it can be observed that with
increase in the rotational distortions (the value of n or angular velocity of the rotation of the
star) and the rotational and tidal distortions ( the value of both n and ¢ where ¢ represent tidal
distortions due to secondary component) the value of the eigenfrequencies decreases. These
results are in accordance with the previous results of Mohan and Saxena [45].

From Figs. (3.1-3.7), it can be observed that as we consider the interaction of the funda-
mental mode with the higher modes there is appreciable deviation in the shape of the radial
velocity curve of the RD and the RTD polytropic models of the pulsating variable stars. These
deviations in the shape of the RVC (as compared to the shapes of the RVC obtained for the
f mode) are more in the case of the polytropes with index 1.5 then for the polytropes with
index 3.0 and 4.0. However, for the polytropes with index 1.5 the f + 3 modes do not seems
to change the radial velocity curve further, infact the radial velocity curve coincides with the
radial velocity curve of the f + 1 modes in all the considered cases.

From Figs. (3.8-3.13), it can be observed that with increase in the value of n (rotation
distortions ) and both n and ¢ (rotational and tidal distortions) there is no change in the shape
of the RVC (as compared to the shape of the radial velocity curve of the undistorted model)
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when only f mode is considered. However, on considering the interaction of the f mode with
the higher modes there is appreciable change in the shape of the RVC of the various polytropic
models with increasing value of n and both n and q. Also the radial velocity curve show more
deviation in case of the rotational distortion (n) than the rotational and tidal distortion (both n
and q). These results are in accordance with the results of our paper 1 except for the case when
we have considered only f mode.

From Table (3.11), it is clear that when only f mode is considered and when the interaction
of f mode with the higher modes is taken into account then, in general , there is slight decrease
in the value of K with increasing value of n and both n and ¢. The value of K decreases more
in case of RD than RTD. Again these results are in accordance with the results of our Chapter
2.

However, in Table (3.11), we have also got some results that are contrary to the usual
trend and also contrary to the trend we obtained in Chapter 1. Firstly for polytropes of index
N = 3.0 when f + 3 modes are considered then the value of K shows opposite behavior. It
tends to increase with increase in the value of n and both n and ¢g. Secondly there is appreciable
decrease in the value of K with increase in the value of n and both n and ¢ for polytropes of
index N = 4.0 when higher modes f + 2 and f + 3 are considered. Whereas, in general, vary
slight decrease is observed in the values of /K with increasing values of n and both n and ¢ in
all other cases.

Again from Table (3.11), it can be observed that for polytropes of index N = 1.5 with
increase in the number of modes (upto f + 2 modes) the value of K increases and then it
decreases for f + 3 modes. However, for polytropes of index N = 3.0 and N = 4.0 with
increase in the number of modes the value of /K decreases, except for polytropes with index
N = 3.0 where after f + 2 modes the value start increasing.

So from the present study we can conclude that interaction of the fundamental mode with
the higher modes appreciably changes the shape of the RVC of the RD and RTD polytropic

models of the pulsating variable stars.
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Table 3.1: Eigenfrequencies of the various modes of the Polytropic models of the stars

N =15 N =30 N =40
- R B -2 R B - B S
Undistorted
(n=0,qg=0) 2.705 12.533 26.533 44.509 9.254 16983 28.554 44.749 15.149 24834 35477 48.859
Rotationally distorted
(n=0.03,g=0.0) 2.574 11.647 24.598 41.247 8.823 15.869 26427 41.452 14.157 23.029 33.112 45.684
(n=0.05,q=0.0) 2.486 11.042 23.297 39.138 8519 15.099 24.598 38.495 13.463 21.827 31.618 43.568
(n=0.07,q=0.0) 2.397 10.387 21.981 37.074 8306 14.642 23.948 35977 12.996 20.707 30.933 41.514
Rotationally and Tidally distorted

(n=0.525,q=0.05) 2.418 10.512 22.322 37.645 8.265 14.451 23.506 35.449 12.887 20.938 31.120 42.012
(n=0.535,q=0.07) 2.409 10.499 22.144 37.337 8241 14391 23352 35.110 12.835 20.850 31.058 41.701
(n=0.55,q=0.1) 2.399 10.428 21.995 37.113 8206 14.300 23.150 34.599 12.697 20.726 31.011 40.456
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Table 3.2: Coefficients Aj;, of the anharmonic pulation equation of the RD Polytropic model
of index N = 1.5

ililk Ak
(n=0.0, q=0.0) | (n=0.03, g=0.0) | (n=0.05, q=0.0) | (n=0.07, g=0.0)

111 3.31231 3.51283 3.66106 3.82290
1121 1.35696 1.41236 1.45613 1.50643
131 002743 0.015847 0.00873 0.00264
1[4|1]| -0.00860 -0.00667 -0.00426 -0.00046
112 14.4451 15.97793 17.15933 18.51124
1]22] 1646809 18.37087 19.88555 21.6597
1132 6.65729 7.38326 8.00170 8.76204
1]4|2] 043958 0.458271 0.50262 0.58983
113 1.22131 0.75385 0.43140 0.13484
1]2]3] 27.83933 31.04755 33.53074 36.41042
113]3| 3612107 40.67610 4424114 48.33155
1{4|3] 1620271 18.21582 19.76019 21.41668
1]1]4] -1.05032 -0.87048 -0.58046 -0.06629
1]2]4| 504100 5.28091 5.81220 6.92110
1[3]4| 444322 49.91790 54.5296 60.47534
1]4|4| 6241050 70.78386 77.0786 84.06400
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Table 3.3: Coefficients Aj; , of the anharmonic pulation equation of the RD Polytropic model
of index N = 3.0

ililk Ak

(n=0.0, q=0.0) | (n=0.03, g=0.0) | (n=0.05, q=0.0) | (n=0.07, g=0.0)
1[1]1]| 097465 1.04606 1.10458 1.09927
1]2]1| 044855 0.49076 0.52392 0.51298
131 0.10505 0.11926 0.12982 0.12424
1/4/1] 001105 0.01359 0.01427 0.12656
1]1|2] 52916 5.85807 6.34924 6.75130
1]22] 3.83660 4.25913 4.61944 4.90935
1132 1.64354 1.84751 2.01451 2.14087
1]4|2] 037458 0.42577 0.45963 0.51551
1]1|3] 801184 9.26522 10.44854 11.47172
11213 10.6158 12.0238 13.37862 15.01983
1{3|3]| 854528 9.60193 10.64789 12.34753
143 381192 4.17756 4.62528 6.03474
114 3.82727 5.13360 5.66245 4.80950
1{2/4]| 1097957 13.4689 15.04909 14.88510
1[3]4] 17.29856 20.30580 22.80309 24.83664
1]4|4] 14.09451 15.68404 17.73249 22.61527
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Table 3.4: Coefficients Aj;, of the anharmonic pulation equation of the RTD Polytropic
model of index N = 1.5

ililk A

(n=0.525, ¢=0.03) | (n=0.535, g=0.07) | (n=0.55, g=0.1)
111 3.75879 3.79993 3.81758
1121 1.48186 1.49876 1.50413
1311 0.00334 0.00340 0.00285
1141 -0.00058 -0.00090 -0.00030
112 18.1668 18.33277 18.49502
11212 21.2376 21.4241 21.63938
11312 8.59366 8.66572 8.763654
1142 0.57970 0.58191 0.598324
113 0.17031 0.17320 0.145634
11213 35.7175 36.0303 36.38150
11313 47.3876 47.7916 48.28095
143 21.0128 21.20292 21.38807
1|14 -0.08463 -0.12901 -0.04430
11214 6.79706 6.81449 7.02989
134 59.27892 59.71772 60.53256
1144 82.42178 83.11356 83.91493
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Table 3.5: Coefficients Aj;, of the anharmonic pulation equation of the RTD Polytropic
model of index N = 3.0

ililk A

(n=0.525, ¢=0.03) | (n=0.535, g=0.07) | (n=0.55, g=0.1)
111 1.16060 1.16586 1.17459
1211 0.55590 0.55889 0.56389
1131 0.14151 0.14321 0.14532
1141 0.01549 0.01592 0.01651
112 6.87199 6.92002 7.03432
1122 5.01643 5.05595 5.14737
1132 2.23217 2.26317 2.31989
1142 0.54441 0.56315 0.59605
113 11.8660 11.9216 12.35315
11213 15.1410 15.2152 15.80812
133 12.3094 12.4369 13.04652
143 5.88115 6.07011 6.58884
1|14 5.59654 5.42658 5.58154
11214 15.91093 15.50161 16.14662
134 25.33959 24.85333 26.19331
1144 22.11620 22.16785 24.05023
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Table 3.6: Coefficients Aj; , of the anharmonic pulation equation of the RD Polytropic model
of index N = 4.0

iljlk Ak
(n=0.0, g=0.0) | (n=0.03, q=0.0) | (n=0.05, g=0.0) | (n=0.07, q=0.0)

1[1]1]| 044815 0.48779 0.51922 0.64149
1[2(1] 019850 0.21256 0.21516 0.31405
1[3[1] 007512 0.07487 0.05450 0.11754
1[4]1] 003389 0.02759 -0.00095 0.03744
1]1]2] 284184 3.07914 3.14942 4.70009
1]2]2] 214585 2.25631 2.01911 3.41354
1132 149776 1.50833 0.93520 1.75900
14]2] 114211 1.11172 0.37423 0.65936
1]1]3]| 53369 5.09683 4.46411 18.2299
1]2]3| 743179 7.08760 5.23286 18.22865
113]3] 857790 8.18978 4.76193 11.84319
1]4]3| 920889 9.00431 4.62496 4.68669
1]1]4] 265455 1.77130 -0.08414 18.02847
1]2]4] 624807 4.92599 2.26529 21.21085
13]4] 10.15299 8.49075 5.00333 14.54821
1]4|4]| 1362364 12.10364 8.33263 5.02924
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Table 3.7: Coefficients Aj;, of the anharmonic pulation equation of the RTD Polytropic
model of index N = 4.0

ililk A

(n=0.525, ¢=0.03) | (n=0.535, g=0.07) | (n=0.55, g=0.1)
111 0.60241 0.62250 0.65150
1121 0.27884 0.29798 0.32637
1311 0.08944 0.10448 0.12930
1141 0.01652 0.02809 0.05042
112 4.15692 4.43460 4.88539
1122 2.87423 3.14874 3.65073
1132 1.32043 1.54184 1.97868
1142 0.34987 0.51439 0.87330
113 12.1415 15.3274 21.26884
11213 12.0237 15.19819 21.74330
133 7.22367 9.51668 14.73403
143 2.33096 3.46873 6.76375
1|14 4.82860 10.86599 32.61130
11214 6.85970 13.36766 37.72879
134 5.01882 9.14478 26.59176
1144 2.78649 3.43955 10.25171
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Table 3.8: Solution of the Anharmonic equation for RD and RTD for Polytropes with index

N=1.5
Models Value of displacement on the surface of Star (g, (7))
f-mode

(n=0.0,g=0.0) qp(7) = 0.00538 4 0.05700 cos n17 — 0.00179 cos 2n1 7 + 0.00004 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.03,9=0.0) qv(7) = 0.00570 4+ 0.05700 cos n17 — 0.00190 cos 2n1 7 + 0.00004 cos 3ny 7 + 0.00000 cos 4dn 7 . . .
(n=0.05,9=0.0) gp(7) = 0.00584 + 0.05650 cos ny T — 0.00194 cos 2n17 + 0.00005 cos 3ny 7 + 0.00000 cos 4nq 7. ..
(n=0.07,9=0.0) qp(7) = 0.00610 4 0.05650 cos n17 — 0.00203 cos 2n1 7 + 0.00005 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.525,q=0.05) | ¢»(7) = 0.00599 + 0.05650 cos ny7 — 0.00199 cos 2n17 + 0.00005 cos 3ny7 + 0.00000 cos 4ny 7 . ..
(n=0.535,9q=0.07) | ¢»(7) = 0.00606 + 0.05650 cos ny7 — 0.00202 cos 2n17 + 0.00005 cos 3ny7 + 0.00000 cos 4n; 7. ..
(n=0.55,g=0.1) q»(7) = 0.00609 4 0.05650 cos n17 — 0.00203 cos 2n1 7 + 0.00005 cos 3n1 7 + 0.00000 cos 4n 7 . . .

f + 1-modes
(n=0.0,g=0.0) qp(7) = 0.01044 4 0.07124 cos n17 + 0.03533 cos 2ny 7 — 0.00795 cos 3ny 7 + 0.00092 cos 4nq 7 . . .
(n=0.03,q=0.0) qp(7) = 0.01144 4 0.07758 cos n17 + 0.04763 cos 2ny 7 — 0.01165 cos 3ny 7 + 0.00155 cos dn 7 . . .
(n=0.05,9=0.0) gp(7) = 0.01222 + 0.08476 cos ny T 4+ 0.06121 cos 2n17 — 0.01589 cos 3ny 7 + 0.00023 cos 4ny 7. ..
(n=0.07,9=0.0) qp(7) = 0.01315 4 0.09890 cos n17 + 0.08831 cos 2ny 7 — 0.02435 cos 3ny 7 + 0.00429 cos 4nq 7 . ..
(n=0.525,9=0.05) | q»(7) = 0.01289 4 0.09590 cos n17 + 0.08323 cos 2ny 7 — 0.02257 cos 3ny 7 + 0.00381 cos 4n 7. ..
(n=0.535,9q=0.07) | ¢»(7) = 0.01300 + 0.09547 cos n17 + 0.08124 cos 2n;7 — 0.02228 cos 3n17 + 0.00380 cos 4ny 7. ..
(n=0.55,g=0.1) qp(7) = 0.01311 4 0.09744 cos n17 + 0.08497 cos 2ny 7 — 0.02347 cos 3ny 7 + 0.00409 cos 4n 7 . . .

f + 2-modes
(n=0.0,9g=0.0) qp(T) = 0.01298 4 0.08028 cos n17 + 0.04137 cos 2n1 7 + 0.03569 cos 3ny 7 + 0.00014 cos 4dnq 7 . . .
(n=0.03,g=0.0) | ¢»(7) = 0.01534 + 0.09083 cos n17 + 0.05700 cos 2n17 4 0.05303 cos 3ny 7 + 0.00031 cos4n 7. . .
(n=0.05,9g=0.0) qp(7) = 0.01781 + 0.01028 cos ny 7 4 0.07458 cos 2n17 + 0.06987 cos 3ny 7 + 0.00056 cos 4nq 7. ..
(n=0.07,9=0.0) qp(7) = 0.02222 4 0.12631 cos n17 + 0.10948 cos 2n1 7 + 0.09306 cos 3ny 7 + 0.00143 cos dn 7 . . .
(n=0.525,9=0.05) | g»(7) = 0.02021 4 0.11707 cos n17 + 0.09877 cos 2n17 + 0.09026 cos 3n1 7 + 0.00096 cos 4n 7 . . .
(n=0.535,q=0.07) | g»(7) = 0.02108 4 0.12000 cos n17 + 0.10025 cos 2n1 7 + 0.08706 cos 3ny 7 + 0.00106 cos 4n 7 . ..
(n=0.55,g=0.1) qv(7) = 0.02193 4 0.12399 cos n17 + 0.10565 cos 2n1 7 + 0.09263 cos 3ny 7 + 0.00119 cos dn 7 . . .

f + 3-modes
(n=0.0,g=0.0) qp(T) = 0.01054 4 0.07137 cos n17 + 0.03554 cos 2ny 7 — 0.00729 cos 3ny 7 + 0.00089 cos 4dn 7 . . .
(n=0.03,g=0.0) | ¢»(7) = 0.01148 4 0.07765 cosn17 + 0.04774 cos 2ny7 — 0.01093 cos 3ny 7 + 0.00151 cos4nq 7. ..
(n=0.05,9=0.0) qp(7) = 0.01223 + 0.08480 cos ny 7 4 0.06126 cos 2n17 — 0.01517 cos 3ny 7 + .002336 cos 4ny 7. ..
(n=0.07,9=0.0) qp(7) = 0.01316 4 0.09893 cos n17 + 0.08834 cos 2ny 7 — 0.02376 cos 3ny 7 + 0.00425 cos dnq 7 . . .
(n=0.525,9=0.05) | g»(7) = 0.01291 + 0.09594 cos n17 + 0.08327 cos 2ny7 — 0.02183 cos 3ny 7 + 0.00377 cos 4dn 7 . ..
(n=0.535,q=0.07) | g»(7) = 0.01302 4 0.09550 cos n17 + 0.08128 cos 2n17 — 0.02162 cos 3ny 7 + 0.00376 cos 4n 7 . ..

(r) =0.

(n=0.55,g=0.1)

qp(7) = 0.01313 + 0.09748 cos n17 + 0.08500 cos 2n,7 — 0.02281 cos 3ny 7 + 0.00405 cos 4n17 . . .
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Table 3.9: Solution of the Anharmonic equation for RD and RTD Polytropes with index

N =3.0
Models ‘ Value of displacement on the surface of Star (g, (7))
f-mode

(n=0.0,g=0.0) gp(7) = 0.00169 + 0.05900 cos ny 7 — 0.00056 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4nq7 . ..
(n=0.03,g=0.0) qp(7) = 0.00182 4 0.05900 cos n17 — 0.00060 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.05,9=0.0) qp(7) = 0.00192 4 0.05900 cos n17 — 0.00064 cos 2n1 7 + 0.00005 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.07,q=0.0) qp(7) = 0.00191 + 0.05900 cos ny 7 — 0.00063 cos 2n17 + 0.00000 cos 3n17 + 0.00000 cos 4ny 7. ..
(n=0.525,9=0.05) | g»(7) = 0.00202 4 0.05900 cos n17 — 0.00067 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . ..
(n=0.535,9q=0.07) | ¢»(7) = 0.00202 + 0.05900 cos ny7 — 0.00067 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . ..
(n=0.55,g=0.1) qp(7) = 0.00204 4 0.05900 cos n17 — 0.00068 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .

f + 1-modes
(n=0.0,g=0.0) qp(7) = 0.00672 + 0.06162 cos n1 T — 0.04823 cos 2n17 + 0.00017 cos 3ny 7 — 0.00000 cos 4ny 7. ..
(n=0.03,q=0.0) qp(7) = 0.00751 4 0.06249 cos n17 — 0.05219 cos 2n1 7 + 0.00021 cos 3ny 7 — 0.00000 cos 4n 7 . . .
(n=0.05,9=0.0) gp(7) = 0.00815 + 0.06320 cos ny 7 — 0.00560 cos 2n17 + 0.00024 cos 3ny7 — 0.00000 cos 4nq 7 . ..
(n=0.07,9=0.0) qp(T) = 0.00857 4 0.06373 cos n17 — 0.00589 cos 2n1 7 + 0.00027 cos 3ny 7 — 0.00000 cos 4n 7 . . .
(n=0.525,9=0.05) | g»(7) = 0.00886 + 0.06413 cos n17 — 0.00598 cos 2n1 7 + 0.00028 cos 3n 7 — 0.00000 cos 4n 7 . . .
(n=0.535,9q=0.07) | ¢»(7) = 0.00892 + 0.06423 cos ny7 — 0.00602 cos 2n17 + 0.00028 cos 3n17 — 0.00010 cos 4ny 7. ..
(n=0.55,g=0.1) q»(7) = 0.00906 + 0.06442 cos n17 — 0.00610 cos 2n1 7 + 0.00029 cos 3ny 7 — 0.00000 cos 4n 7 . . .

f + 2-modes
(n=0.0,g=0.0) qp(7) = 0.01169 4 0.06229 cos n17 — 0.02130 cos 2n1 7 + 0.00313 cos 3ny7 — 0.00004 cos 4n 7 . . .
(n=0.03,q=0.0) | g»(7) = 0.01375 + 0.06418 cos n17 — 0.02361 cos 2ny 7 + 0.00372 cos 3ny 7 — 0.00006 cos 4n 7 . . .
(n=0.05,9=0.0) gp(7) = 0.01610 + 0.06629 cos n1 T — 0.02641 cos 2n17 + 0.00442 cos 3n17 — 0.00008 cos 4ny 7. ..
(n=0.07,g=0.0) qp(7) = 0.01718 4+ 0.06720 cos n17 — 0.02809 cos 2n1 7 + 0.00521 cos 3ny7 — 0.00010 cos 4n 7 . . .
(n=0.525,q=0.05) | ¢»(7) = 0.01809 + 0.06827 cos ny7 — 0.02884 cos 2n17 + 0.00519 cos 3ny7 — 0.00010 cos 4ny 7 . ..
(n=0.535,q=0.07) | gq»(7) = 0.01828 4 0.06851 cos n17 — 0.02896 cos 2n17 + 0.00522 cos 3ny7 — 0.00010 cos 4n 7 . . .
(n=0.55,q=0.1) | g»(7) = 0.01891 + 0.06906 cos n17 — 0.02996 cos 2ny 7 + 0.00559 cos 3n7 — 0.00011 cos 4n, 7. ..

f + 3-modes
(n=0.0,g=0.0) qp(7) = 0.01261 4 0.06326 cos n17 — 0.01208 cos 2ny7 — 0.00041 cos 3ny7 — 0.00001 cos 4n, 7 . ..
(n=0.03,9g=0.0) gp(7) = 0.01480 + 0.06622 cos ny 7 — 0.00846 cos 2n17 — 0.00093 cos 3ny7 — 0.00001 cos 4ny 7. ..
(n=0.05,9=0.0) qp(1) = 0.01656 4 0.07003 cos n17 — 0.00346 cos 2ny 7 — 0.00233 cos 3ny7 — 0.00001 cos 4nq 7. ..
(n=0.07,q=0.0) | g»(7) = 0.01743 4+ 0.07526 cos n1 7 + 0.00149 cos 2ny 7 — 0.00471 cos 3ny 7 — 0.00001 cos 4n, 7 . ..
(n=0.525,q=0.05) | ¢»(7) = 0.01839 + 0.07962 cos n17 + 0.00987 cos 2n;7 — 0.00682 cos 3ny7 — 0.00000 cos 4ny 7 . ..
(n=0.535,q=0.07) | q»(7) = 0.01846 + 0.08096 cos n17 + 0.01252 cos 2ny7 — 0.00750 cos 3ny 7 — 0.00000 cos 4n 7 . . .
(n=0.55,9g=0.1) gp(7) = 0.01899 + 0.08675 cos ny 7T 4+ 0.02063 cos 2n17 — 0.01064 cos 3ny7 — 0.00000 cos 4nq 7 . ..

68




Table 3.10: Solution of the Anharmonic equation for RD and RTD Polytropes with index

N =40
Models ‘ Value of displacement on the surface of Star (g, (7))
f-mode
(n=0.0,g=0.0) gp(7) = 0.00080 + 0.06000 cos ny 7 — 0.00026 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4nq7 . ..
(n=0.03,g=0.0) qp(7) = 0.00087 4 0.06000 cos n17 — 0.00029 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . ..
(n=0.05,9=0.0) q»(7) = 0.00093 4 0.06000 cos n17 — 0.00031 cos 2ny 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.07,q=0.0) qp(7) = 0.00115 + 0.06000 cos ny T — 0.00038 cos 2n17 + 0.00000 cos 3n1 7 + 0.00000 cos 4ny 7. ..
(n=0.525,9=0.05) | g»(7) = 0.00108 4 0.06000 cos n17 — 0.00036 cos 2n17 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . ..
(n=0.535,9q=0.07) | ¢»(7) = 0.00112 + 0.06000 cos ny7 — 0.00037 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . ..
(n=0.55,g=0.1) qp(7) = 0.00117 4 0.06000 cos n17 — 0.00039 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . ..
f + 1-modes
(n=0.0,g=0.0) qp(7) = 0.00398 + 0.06127 cos ny 7 — 0.00240 cos 2n17 + 0.00004 cos 3ny 7 — 0.00000 cos 4ny 7. ..
(n=0.03,q=0.0) qp(7) = 0.00428 4 0.06140 cos n17 — 0.00262 cos 2n1 7 + 0.00005 cos 3ny 7 — 0.00000 cos 4n 7 . . .
(n=0.05,9=0.0) gp(7) = 0.00443 + 0.06137 cos ny 7 — 0.00269 cos 2n17 + 0.00005 cos 3ny 7 — 0.00000 cos 4nq 7 . ..
(n=0.07,q=0.0) qp(7) = 0.00635 4 0.06311 cos n17 — 0.00394 cos 2n1 7 + 0.00012 cos 3ny 7 — 0.00000 cos 4n 7 . . .
(n=0.525,9=0.05) | g»(7) = 0.00569 + 0.06239 cos n17 — 0.00351 cos 2ny 7 + 0.00009 cos 3ny 7 — 0.00000 cos 4n 7 . . .
(n=0.535,9q=0.07) | ¢»(7) = 0.00603 + 0.06275 cos ny7 — 0.00372 cos 2n17 + 0.00010 cos 3ny7 — 0.00000 cos 4ny 7 . ..
(n=0.55,g=0.1) qv(7) = 0.00656 4 0.06335 cos n17 — 0.00410 cos 2n1 7 + 0.00013 cos 3ny 7 — 0.00000 cos 4n 7 . . .
f + 2-modes
(n=0.0,g=0.0) qp(7) = 0.00859 4 0.06384 cos n17 — 0.00942 cos 2n1 7 + 0.00108 cos 3ny7 — 0.00001 cos 4n 7. ..
(n=0.03,q=0.0) | g»(7) = 0.00879 + 0.06408 cos n17 — 0.00929 cos 2ny 7 + 0.00101 cos 3ny 7 — 0.00000 cos 4n 7 . . .
(n=0.05,9=0.0) qp(7) = 0.00443 + 0.06137 cos ny 7 — 0.00269 cos 2n17 + 0.00005 cos 3ny 7 — 0.00000 cos 4nq 7. ..
(n=0.07,g=0.0) qp(7) = 0.02290 4 0.07299 cos n17 — 0.03236 cos 2n1 7 + 0.00525 cos 3ny 7 — 0.00011 cos dn, 7 . . .
(n=0.525,q=0.05) | ¢»(7) = 0.01599 + 0.06778 cos ny7 — 0.01992 cos 2n1 7 + 0.00225 cos 3ny7 — 0.00003 cos 4ny 7 . ..
(n=0.535,q=0.07) | q»(7) = 0.01944 4 0.07027 cos n17 — 0.02592 cos 2n1 7 + 0.00363 cos 3ny7 — 0.00006 cos 4n 7 . ..
(n=0.55,q=0.1) | g»(7) = 0.02633 + 0.07538 cos n17 — 0.04051 cos 2ny 7 + 0.00762 cos 3ny7 — 0.00019 cos 4n 7 . . .
f + 3-modes
(n=0.0,g=0.0) qp(7) = 0.00953 4 0.06135 cos n17 — 0.01445 cos 2ny 7 + 0.00139 cos 3ny 7 — 0.00001 cos 4n 7. . .
(n=0.03,9g=0.0) gp(7) = 0.00920 + 0.06197 cos ny T — 0.01224 cos 2n17 + 0.00102 cos 3ny7 — 0.00000 cos 4nq 7 . ..
(n=0.05,9=0.0) qv(7) = 0.0780 4 0.06212 cos n17 — 0.00736 cos 2n17 + 0.00025 cos 3ny7 — 0.00000 cos 4nq 7 . ..
(n=0.07,q=0.0) | g»(7) = 0.02983 4 0.06537 cos n17 — 0.06861 cos 2n1 7 + 0.00481 cos 3ny 7 — 0.00002 cos 4ny 7
(n=0.525,q=0.05) | ¢»(7) = 0.01740 + 0.06440 cos ny7 — 0.02902 cos 2n; 7 + 0.00140 cos 3ny 7 — 0.00000 cos 4n; T
(n=0.535,9=0.07) | q»(7) = 0.02343 4 0.06532 cos n17 — 0.04724 cos 2n17 + 0.00265 cos 3n 7 — 0.00001 cos 4ny T
(n=0.55,9g=0.1) gp(7) = 0.04056 + 0.06074 cos ny T — 0.10102 cos 2n17 + 0.01132 cos 3ny 7 — 0.00001 cos 4nq 7
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Table 3.11: Values of n? and the skewness coefficient K for RD and RTD Polytropic models
Models f mode f + 1 modes f + 2 modes f + 3 modes
Polytropic index (N = 1.5)
(n=0.0,q=0.0) 0.97029 | 0.4632 | 0.90616 | 0.6207 | 0.90616 | 0.7926 | 0.90616 | 0.6219
(n=0.03,g=0.0) | 0.96658 | 0.4588 | 0.88041 | 0.6152 | 0.88040 | 0.7920 | 0.88040 | 0.6213
(n=0.05,g=0.0) | 0.96434 | 0.4569 | 0.85341 | 0.6082 | 0.85341 | 0.7830 | 0.85341 | 0.6131
(n=0.07,g=0.0) | 0.96114 | 0.4541 | 0.80336 | 0.6082 | 0.80337 | 0.7821 | 0.80335 | 0.5983
(n=0.525,q=0.05) | 0.96243 | 0.4551 | 0.82527 | 0.5944 | 0.82170 | 0.7822 | 0.82526 | 0.6035
(n=0.535,g=0.07) | 0.96160 | 0.4544 | 0.81557 | 0.5975 | 0.81556 | 0.7813 | 0.81556 | 0.6013
(n=0.55,q=0.1) | 0.96123 | 0.4541 | 0.80885 | 0.5956 | 0.80884 | 0.7812 | 0.80882 | 0.5993
Polytropic index (/N = 3.0)
(n=0.0,q=0.0) 0.99724 | 0.4965 | 0.99467 | 0.4181 | 0.99468 | 0.2891 | 0.99464 | 0.3615
(n=0.03,g=0.0) | 0.99682 | 0.4955 | 0.99349 | 0.4126 | 0.99353 | 0.2830 | 0.99349 | 0.4038
(n=0.05,g=0.0) | 0.99646 | 0.4947 | 0.99252 | 0.4074 | 0.99252 | 0.2770 | 0.99252 | 0.4754
(n=0.07,g=0.0) | 0.99649 | 0.4948 | 0.99235 | 0.4038 | 0.99235 | 0.2716 | 0.99235 | 0.5106
(n=0.525,q=0.05) | 0.99609 | 0.4939 | 0.99143 | 0.4026 | 0.99143 | 0.2718 | 0.99143 | 0.5541
(n=0.535,q=0.07) | 0.99605 | 0.4938 | 0.99133 | 0.4022 | 0.99133 | 0.2717 | 0.99133 | 0.5620
(n=0.55,q=0.1) | 0.99599 | 0.4937 | 0.99113 | 0.4021 | 0.99111 | 0.2698 | 0.99113 | 0.5735
Polytropic index (N = 4.0)
(n=0.0,q=0.0) 0.99939 | 0.5033 | 0.99855 | 0.4608 | 0.99855 | 0.3764 | 0.99855 | 0.3433
(n=0.03,g=0.0) | 0.99928 | 0.5028 | 0.99845 | 0.4567 | 0.99833 | 0.3764 | 0.99833 | 0.3388
(n=0.05,g=0.0) | 0.99919 | 0.5024 | 0.99819 | 0.4555 | 0.99819 | 0.3763 | 0.99819 | 0.3385
(n=0.07,g=0.0) | 0.99876 | 0.5003 | 0.99661 | 0.4443 | 0.99661 | 0.2760 | 0.99661 | 0.2701
(n=0.525,q=0.05) | 0.99891 | 0.5013 | 0.99723 | 0.4414 | 0.99723 | 0.3021 | 0.99722 | 0.3008
(n=0.535,q=0.07) | 0.99883 | 0.5010 | 0.99691 | 0.4377 | 0.99691 | 0.2882 | 0.99691 | 0.2818
(n=0.55,q=0.1) | 0.99872 | 0.5006 | 0.99642 | 0.4318 | 0.99642 | 0.2643 | 0.99642 | 0.2501
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Figure 3.1. Radial velocity curves of the undistorted Polytropic models (n = 0.0, ¢ = 0.0 )
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Chapter 4

Effects of the amplitude of the radial pulsation on
the shapes of the RVC of the RTD polytropic models

of the pulsating variable stars

In chapter two we have studied the effect of rotation/or tidal distortions on the RVC of the
polytropic models of the pulsating variable stars. In chapter three we studied the effect of
interaction of the various modes on the radial velocity curves of the RD and RTD polytropic
models of the pulsating variable stars. In these two chapters while solving the anharmonic
pulsation equation we have considered the initial amplitude of the fundamental mode equal to
0.06 (¢1(0) = 0.06) in each case. That is, the relative amplitude of pulsation in the fundamental
mode has been assumed to be 0.06 at the surface of the star as this value corresponds to the
mean observed relative amplitude (Eddigton [16]). Now in the present chapter we have further
extended our work to check how change in the value of relative amplitude affects the RVC of
the RD and RTD polytropic models of the pulsating variable stars.

In section 4.1, the equations of anharmonic pulsation as discussed in Chapter 3 has been
solved numerically for first four modes of RD and RTD polytropic models of the pulsating
variable stars considering certain values of relative amplitude . The results so obtained has
been used to study how amplitude of pulsation affects the shape of the radial velocity curves
of RD and RTD Polytropic models of pulsating variable stars. Certain conclusion based on the

results obtained in the present chapter are finally discussed in section 4.2.

4.1 Numerical Computations

We have solved the equation of the anharmonic radial oscillation upto first four modes for
certain RD and RTD polytropic models of the stars with polytropic indices 1.5, 3.0 and 4.0. We

have considered the polytropic models (same as considered in chapter 3) with different values
5

5.
Simpson’s one third rule has been further used to numerically evaluate the coefficients /;; and

*
Dij,k

of the rotational distortion parameter (n) and the tidal distortion parameter (¢) with v =
in the anharmonic pulsation equation (3.1.1). Numerical technique as discussed in section

(3.2) has been used to solve the anharmonic pulsation equation (3.1.1).

In Chapter 2 and Chapter 3 the equation of anharmonic pulsation have been solved with
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¢1(0) = 0.06 in each case. This corresponds to the value of the relative amplitude of pulsation
in the fundamental mode being assumed to be ¢;(0) = 0.06 at the surface of the star. Now,
in the present chapter we have started with ¢;(0) = 0.02 and the solution have been obtained
for the higher values upto ¢;(0) = 0.08 with an intervals of 0.02. That is, we have considered
¢1(0) = 0.02, 0.04, 0.06 and 0.08. We have solved the equation of anharmonic equation
(3.1.1) for fundamental (f), fundamental and first mode (f+1), fundamental and first two modes
(f+2), fundamental and next three higher modes (f+3) modes of pulsation for certain values of
amplitude of pulsation.

The eigenfrequencies of the pseudo radial modes of the oscillations of the RD and RTD
polytropic models have been obtained earlier in chapter 3 using the approach of Mohan and
Saxena [45] and are presented in Table (3.1) for certain polytropic models of the stars. The
solution of the anharmonic equation has been presented in tables (4.1-4.12). The RVC for each
model of polytropic indices N = 1.5,3.0 and 4.0 have been obtained and are shown in Figs.
(4.1-4.24). The value of the skewness coefficient K has also been computed in each case for

certain values of amplitude and are given in the Table (4.13.4.15).

4.2 Concluding Observations

From Figs. (4.1-4.24), it can be observed that with increase in the value of relative amplitude
of pulsation , in general, there is deviation in the shape of the radial velocity curves of the
RD and RTD models of the pulsating variable stars. This effect is more appreciable near the
point of maxima and minima. Also these changes in the shapes of RVC, in general, are more
predominant in polytropes with index 1.5 then polytropes with index 3.0 and 4.0.

From Table (4.13-4.15), it can be observed that with increase in the value of relative am-
plitude there is decrease in the value of skewness coefficient (/') for RD and RTD polytropic
models of pulsating variable stars. This result hold true for all polytropes with index 1.5, 3.0
and 4.0.

Hence, from the present study we can conclude that with increase in the value of relative
amplitude there is decrease in the value of K and also there is appreciable deviation in the shape

of radial velocity curves of RD and RTD polytropic models of the pulsating variable stars.
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Table 4.1: Solution of the Anharmonic equation for RD and RTD Polytropes with index

N = 1.5 for f mode

¢1(0) ‘ Value of displacement on the surface of Star g;(7)
(n=0.0,¢=0.0)
0.02 qv(7) = 0.00066 + 0.02000 cos n17 — 0.00022 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 | g(7) =0.00251 + 0.03900 cos n17 — 0.00084 cos 2n17 + 0.00001 cos 3n17 + 0.00000 cos 4ny7. ..
0.06 | g¢y(7) =0.00538 + 0.05700 cos ny7 — 0.00179 cos 2n17 + 0.00004 cos 3n17 + 0.00000 cos 4ny7 ...
0.08 qp(7) = 0.00906 + 0.07400 cos n1 7 — 0.00302 cos 2n17 + 0.00009 cos 3n17 + 0.00000 cos 4ny 7. ..
(n =0.03, ¢ =0.0)
0.02 qv(7) = 0.00070 4+ 0.02000 cos n17 — 0.00023 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 qv(7) = 0.00267 4 0.03900 cos n17 — 0.00089 cos 2n1 7 + 0.00001 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.06 | g¢y(7) =0.00570 + 0.05700 cos ny7 — 0.00190 cos 2n17 + 0.00004 cos 3n17 + 0.00000 cos 4n;7 ...
0.08 qp(7) = 0.00961 + 0.07400 cos n1 7 — 0.00320 cos 2n17 + 0.00010 cos 3n17 + 0.00000 cos 4nq 7. ..
(n =0.05,¢ =0.0)
0.02 qv(7) = 0.00073 4+ 0.02000 cos n17 — 0.00024 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 | g(7) =0.00278 + 0.03900 cos n17 — 0.00092 cos 2n17 + 0.00001 cos 3n17 + 0.00000 cos 4nq7. ..
0.06 | gy(7) =0.00584 + 0.05650 cos ny7 — 0.00194 cos 2n17 + 0.00005 cos 3n17 + 0.00000 cos 4ny7. ..
0.08 qp(7) = 0.01002 + 0.07400 cos n1 7 — 0.00334 cos 2n17 + 0.00001 cos 3n1 7 + 0.00000 cos 4nq 7. ..
(n =0.07,¢ =0.0)
0.02 qv(7) = 0.00076 + 0.02000 cos n17 — 0.00025 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 q»(7) = 0.00290 + 0.03900 cos n17 — 0.00096 cos 2n1 7 + 0.00001 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gy(7) =0.00610 + 0.05650 cos ny7 — 0.00203 cos 2n17 + 0.00005 cos 3n17 + 0.00000 cos 4ny7 ...
0.08 qp(7) = 0.01032 + 0.07350 cos n1 7 — 0.00344 cos 2n1 7 + 0.00012 cos 3ny 7 + 0.00000 cos 4nq 7. ..
(n = 0.525, ¢ = 0.05)
0.02 qv(7) = 0.00075 4+ 0.02000 cos n17 — 0.00025 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 | g(7) =0.00285 + 0.03900 cos n17 — 0.00095 cos 2n17 + 0.00001 cos 3n17 + 0.00000 cos 4nq7. ..
0.06 | g»(7) = 0.00600 + 0.056500 cos ;7 — 0.00200 cos 2n17 4 0.00005 cos 3n17 + 0.00000 cos 4n 7 . . .
0.08 gp(7) = 0.01015 + 0.07350 cos n1 7 — 0.00338 cos 2n17 + 0.00011 cos 3ny7 + 0.00000 cos 4nq 7. ..
(n =0.535, ¢ = 0.07)
0.02 qv(7) = 0.00076 + 0.02000 cos n17 — 0.00025 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 | g(7) =0.00289 + 0.03900 cos n17 — 0.00096 cos 2n17 + 0.00001 cos 3n17 + 0.00000 cos 4nq7. ..
0.06 | gy(7) =0.00606 + 0.05650 cos ny7 — 0.00200 cos 2n17 + 0.00005 cos 3n17 + 0.00000 cos 4n;7 ...
0.08 qp(7) = 0.01026 + 0.07350 cos n1 7 — 0.00342 cos 2n17 + 0.00011 cos 3ny7 + 0.00000 cos 4nq 7. ..
(n =0.55,q¢=0.1)
0.02 qv(7) = 0.00076 + 0.02000 cos ny17 — 0.00025 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 q»(7) = 0.00290 + 0.03900 cos n17 — 0.00096 cos 2n1 7 + 0.00001 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gy(7) =0.00609 + 0.05650 cos n17 — 0.00203 cos 2n17 + 0.00005 cos 3n17 + 0.00000 cos 4n;7. ..
0.08 gp(7) = 0.01031 + 0.07350 cos n1 7 — 0.00343 cos 2n17 + 0.00012 cos 3ny 7 + 0.00000 cos 4nq 7. ..
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Table 4.2: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 1.5 for f + 1 mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00128 + 0.02061 cos ny7 + 0.00435 cos 2n17 — 0.00034 cos 3ny7 + 0.00001 cos 4n 7 . . .
0.04 | gp(7) = 0.00489 + 0.04356 cosn17 + 0.01654 cos 2n17 — 0.00254 cos 3n17 + 0.00018 cos 4nq 7. ..
0.06 | gp(7) = 0.01044 + 0.07124 cosny7 + 0.03533 cos 2n17 — 0.00795 cos 3ny7 + 0.00092 cos 4nq 7 . . .
0.08 | gp(7) = 0.01808 + 0.10745 cos nqy7 + 0.06117 cos 2ny7 — 0.01812 cos 3ny 7 4 0.00313 cos 4ny 7. ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00140 + 0.02088 cos n17 + 0.00586 cos 2n17 — 0.00050 cos 3ny 7 + 0.00002 cos 4n 7 . . .
0.04 | gp(7) = 0.00535 + 0.04559 cosni7 + 0.02230 cos 2n17 — 0.00373 cos 3n17 + 0.00030 cos 4n 7. ..
0.06 | gp(7) = 0.01144 + 0.07759 cosny7 + 0.04764 cos 2n17 — 0.01165 cos 3ny7 + 0.00155 cos 4nq 7 . . .
0.08 | gp(7) =0.01981 + 0.12190 cos nq17 + 0.08248 cos 2ny 7 — 0.02654 cos 3ny 7 4+ 0.00548 cos 4ny 7 . ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00150 + 0.02119 cosny7 + 0.00748 cos 2n17 — 0.00068 cos 3n1 7 + 0.00002 cos 4n 7 . . .
0.04 | gp(7) = 0.00572 + 0.04784 cosni7 + 0.02845 cos 2n17 — 0.00505 cos 3n17 + 0.00045 cos 4nq 7. ..
0.06 | gp(7) = 0.01222 + 0.08460 cosny7 + 0.06078 cos 2n17 — 0.01579 cos 3ny7 + 0.00235 cos 4nq 7 . . .
0.08 | gp(7) =0.02115 + 0.13787 cos n17 + 0.10523 cos 2ny 7 — 0.03597 cos 3ny 7 4+ 0.00874 cos 4ny 7 . ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00161 + 0.02181 cosny7 + 0.01087 cos 2n17 — 0.00105 cos 3ny7 + 0.00004 cos 4n 7 . . .
0.04 | gp(7) = 0.00615 + 0.05242 cosni7 + 0.04134 cos 2n17 — 0.00780 cos 3ny7 + 0.00077 cos 4nq 7 . . .
0.06 | gp(7) = 0.01315 + 0.09890 cosny7 + 0.08831 cos 2n17 — 0.02435 cos 3ny7 + 0.00429 cos 4nq 7 . . .
0.08 | gp(7) = 0.02276 + 0.17045 cos n17 + 0.15290 cos 2ny 7 — 0.05548 cos 3ny 7 4 0.01784 cos 4ny 7 . ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00158 + 0.02168 cosny7 + 0.01024 cos 2n17 — 0.00092 cos 3ny 7 + 0.00004 cos 4n 7 . . .
0.04 | gp(7) = 0.00603 + 0.05146 cosn17 + 0.03895 cos 2n17 — 0.00722 cos 3ny7 + 0.00070 cos 4nq 7 . . .
0.06 | gp(7) = 0.01289 + 0.09590 cos ny7 + 0.08322 cos 2n17 — 0.02256 cos 3n17 + 0.00381 cos 4nq 7 . ..
0.08 | gp(7) = 0.02232 + 0.16362 cos nq7 + 0.14407 cos 2ny7 — 0.05141 cos 3ny 7 4+ 0.01539 cos 4ny 7. ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00160 + 0.02166 cos ni7 + 0.01000 cos 2n17 — 0.00096 cos 3n17 + 0.00004 cos 4n 7 . . .
0.04 | gp(7) = 0.00608 + 0.05132 cosn17 + 0.03803 cos 2n17 — 0.00713 cos 3n17 + 0.00069 cos 4nq 7 . . .
0.06 | gp(7) = 0.01300 + 0.09547 cosny7 + 0.08124 cos 2n17 — 0.02228 cos 3ny7 + 0.00380 cos 4n 7 . . .
0.08 | gp(7) = 0.02252 + 0.16264 cos nq17 + 0.14066 cos 2ny7 — 0.05076 cos 3ny 7 4+ 0.01534 cos 4ny 7 . ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00161 + 0.02174 cosny7 + 0.01045 cos 2n17 — 0.00101 cos 3ny7 + 0.00004 cos 4n 7 . . .
0.04 | gp(7) = 0.00614 + 0.05195 cosni7 + 0.03977 cos 2n17 — 0.00751 cos 3ny7 + 0.00074 cos 4nq 7 . . .
0.06 | gp(7) = 0.01311 4 0.09744 cosny7 + 0.08495 cos 2n17 — 0.02346 cos 3ny7 + 0.00409 cos 4nq 7 . . .
0.08 | gp(7) =0.02270 + 0.16713 cos ny7 + 0.14708 cos 2ny 7 — 0.05346 cos 3ny 7 4+ 0.01677 cos 4ny 7. ..
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Table 4.3: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 1.5 for f + 2 mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00134 + 0.02099 cos ny7 + 0.00448 cos 2n17 + 0.00283 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00549 + 0.04640 cosni7 + 0.01799 cos 2n17 + 0.01583 cos 3n17 + 0.00002 cos 4nq 7 . . .
0.06 | gp(7) = 0.01298 + 0.08028 cosny7 + 0.04137 cos 2n17 4 0.03571 cos 3ny7 + 0.00014 cos 4nq 7 . . .
0.08 | gp(7) = 0.02542 + 0.12849 cos nq17 + 0.07806 cos 2n1 7 + 0.05854 cos 3ny T 4+ 0.00058 cos 4ny 7 . ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00148 + 0.02144 cosni7 + 0.00605 cos 2n17 + 0.00555 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00624 + 0.04977 cosni7 + 0.02454 cos 2n17 4 0.02652 cos 3n17 + 0.00005 cos 4nq 7. ..
0.06 | gp(7) = 0.01534 + 0.09088 cosny7 + 0.05710 cos 2n17 4+ 0.05312 cos 3ny7 + 0.00031 cos 4nq 7 . ..
0.08 | gp(7) =0.03135 + 0.15292 cos nq7 + 0.10886 cos 2n1 7 + 0.08040 cos 3ny 7 4+ 0.00136 cos 4ny 7. ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00159 + 0.02195 cosny7 + 0.00770 cos 2n17 + 0.00981 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00696 + 0.05357 cosni7 + 0.03179 cos 2n17 + 0.03884 cos 3n17 + 0.00009 cos 4nq 7. . .
0.06 | gp(7) = 0.01781 4 0.10282 cosny7 + 0.07460 cos 2n17 + 0.06989 cos 3n1 7 + 0.00056 cos 4n 7 . . .
0.08 | gp(7) = 0.03783 + 0.18040 cos nq17 + 0.14308 cos 2n1 7 + 0.09953 cos 3ny 7 4+ 0.00281 cos 4ny 7. ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00176 + 0.02296 cosni7 + 0.01124 cos 2n17 + 0.02088 cos 3ny7 + 0.00001 cos 4n 7 . . .
0.04 | gp(7) = 0.00816 + 0.06105 cosni7 + 0.04641 cos 2n17 4+ 0.05929 cos 3n17 + 0.00019 cos 4nq 7. ..
0.06 | gp(7) = 0.02227 + 0.26334 cosny7 + 0.10966 cos 2n17 + 0.09354 cos 3n17 + 0.00130 cos 4n 7 . . .
0.08 | gp(7) = 0.05007 + 0.23437 cos n17 + 0.21079 cos 2n1 7 + 0.12505 cos 3ny 7 4+ 0.00988 cos 4ny 7. ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00171 + 0.02275 cosni7 + 0.01059 cos 2n17 + 0.02016 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00787 + 0.05950 cos n17 + 0.04364 cos 2n17 4+ 0.05806 cos 3n17 + 0.00016 cos 4nq 7. ..
0.06 | gp(7) = 0.02123 4 0.12145 cosny7 + 0.10297 cos 2n17 4 0.09212 cos 3ny7 + 0.00105 cos 4nq 7 . . .
0.08 | gp(7) = 0.04727 + 0.22316 cos n17 + 0.19786 cos 2n1 7 + 0.12357 cos 3ny 7 4+ 0.00696 cos 4ny 7 . ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00173 + 0.02271 cosny7 + 0.01034 cos 2n17 + 0.01864 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00791 + 0.05925 cos ny7 + 0.04265 cos 2n17 + 0.05578 cos 3n17 + 0.00016 cos 4nq 7. ..
0.06 | gp(7) = 0.02130 + 0.12070 cosny7 + 0.10079 cos 2n17 + 0.08955 cos 3ny7 + 0.00108 cos 4n 7 . . .
0.08 | gp(7) = 0.04736 + 0.22149 cos nq17 + 0.19395 cos 2n1 7 + 0.12064 cos 3ny 7 4+ 0.00710 cos 4ny 7 . ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00175 + 0.02286 cosny7 + 0.01082 cos 2n17 + 0.02061 cos 3ny7 + 0.00001 cos 4n 7 . . .
0.04 | gp(7) = 0.00807 + 0.06031 cosni7 + 0.04468 cos 2n17 + 0.05865 cos 3n17 + 0.00017 cos 4nq 7. ..
0.06 | gp(7) = 0.02193 + 0.12400 cosny7 + 0.10566 cos 2n17 + 0.09261 cos 3ny7 + 0.00119 cos 4nq 7 . . .
0.08 | gp(7) = 0.04790 + 0.22906 cos nq17 + 0.20333 cos 2n1 7 + 0.12387 cos 3ny 7 + 0.00843 cos 4ny 7. ..
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Table 4.4: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 1.5 for f + 3 mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00129 + 0.02062 cos ny7 + 0.00437 cos 2n17 — 0.00315 cos 3ny 7 + 0.00001 cos 4n 7 . . .
0.04 | gp(7) = 0.00493 + 0.04360 cosn17 + 0.01663 cos 2n17 — 0.00233 cos 3n17 + 0.00018 cos 4nq 7. ..
0.06 | gp(7) = 0.01054 + 0.07137 cosny7 + 0.03554 cos 2n17 — 0.00729 cos 3n17 + 0.00089 cos 4ny 7 . . .
0.08 | gp(7) =0.01825 + 0.10775 cos n17 + 0.06153 cos 2ny 7 — 0.01660 cos 3ny T 4+ 0.00304 cos 4ny 7. ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00141 + 0.02089 cos n17 + 0.00588 cos 2n17 — 0.00047 cos 3ny7 + 0.00001 cos 4n 7 . . .
0.04 | gp(7) = 0.00537 + 0.04562 cos n17 + 0.02239 cos 2n17 — 0.00350 cos 3n17 + 0.00300 cos 4nq 7. ..
0.06 | gp(7) = 0.01148 4+ 0.07768 cosny7 + 0.04783 cos 2n17 — 0.01095 cos 3ny7 + 0.00152 cos 4nq 7 . . .
0.08 | gp(7) =0.01988 + 0.12212 cos nq7 + 0.08280 cos 2ny 7 — 0.02492 cos 3ny 7 4 0.00537 cos 4ny 7. ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00150 + 0.02120 cosny7 + 0.00754 cos 2n17 — 0.00065 cos 3n17 + 0.00002 cos 4n 7 . . .
0.04 | gp(7) = 0.00573 + 0.04790 cos n17 + 0.02868 cos 2n17 — 0.00486 cos 3n17 + 0.00044 cos 4nq 7 . ..
0.06 | gp(7) = 0.01223 4 0.08480 cosny7 + 0.06127 cos 2n17 — 0.01517 cos 3ny7 + 0.00233 cos 4n 7 . . .
0.08 | gp(7) =0.02119 + 0.13834 cos n17 + 0.10608 cos 2n; 7 — 0.03457 cos 3ny 7 4+ 0.00868 cos 4ny 7. ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00162 + 0.02181 cosny7 + 0.01087 cos 2n17 — 0.00102 cos 3ny7 + 0.00004 cos 4n 7 . . .
0.04 | gp(7) = 0.00616 + 0.05243 cosni7 + 0.04136 cos 2n17 — 0.00761 cos 3ny7 + 0.00077 cos 4nq 7. ..
0.06 | gp(7) = 0.01316 + 0.09893 cosny7 + 0.08834 cos 2n17 — 0.02376 cos 3ny7 + 0.00425 cos 4nq 7 . . .
0.08 | gp(7) =0.02279 + 0.17052 cos nq17 + 0.15295 cos 2ny 7 — 0.05413 cos 3ny 7 4 0.01770 cos 4ny 7. ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00159 + 0.02168 cosny7 + 0.01025 cos 2n17 — 0.00094 cos 3ny 7 + 0.00004 cos 4n 7 . . .
0.04 | gp(7) = 0.00604 + 0.05147 cosni7 + 0.03897 cos 2n17 — 0.00699 cos 3n17 + 0.00069 cos 4nq 7 . ..
0.06 | gp(7) = 0.01291 + 0.09594 cos ny7 + 0.08326 cos 2n17 — 0.02182 cos 3ny7 + 0.00377 cos 4nq 7 . . .
0.08 | gp(7) =0.02236 + 0.16371 cos ny7 + 0.14414 cos 2ny 7 — 0.04972 cos 3ny 7 4+ 0.01523 cos 4ny 7. ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00160 + 0.02166 cosni7 + 0.01000 cos 2n17 — 0.00093 cos 3n17 + 0.00004 cos 4n 7 . . .
0.04 | gp(7) = 0.00609 + 0.05133 cosn17 + 0.03805 cos 2n17 — 0.00692 cos 3n17 + 0.00069 cos 4nq 7. ..
0.06 | gp(7) = 0.01302 + 0.09550 cosny7 + 0.08128 cos 2n17 — 0.02162 cos 3ny7 + 0.00376 cos 4n 7 . . .
0.08 | gp(7) = 0.02255 + 0.16271 cos ny7 + 0.14072 cos 2ny 7 — 0.04926 cos 3ny 7 4+ 0.01519 cos 4ny 7. ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00161 + 0.02174 cosny7 + 0.01046 cos 2n17 — 0.00098 cos 3ny 7 + 0.00004 cos 4n 7 . . .
0.04 | gp(7) = 0.00615 + 0.05196 cosny7 + 0.03979 cos 2n17 — 0.00730 cos 3n17 + 0.00074 cos 4nq 7 . . .
0.06 | gp(7) = 0.01313 4 0.09748 cosny7 + 0.08500 cos 2n17 — 0.02281 cos 3ny7 + 0.00405 cos 4nq 7 . . .
0.08 | gp(7) =0.02274 + 0.16722 cos nqy7 + 0.14717 cos 2ny7 — 0.05197 cos 3ny 7 4+ 0.01662 cos 4ny 7 . ..
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Table 4.5: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 3.0 for f mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00019 + 0.02000 cos 7 — 0.00006 cos 2n17 4 0.00000 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00780 + 0.04000 cos 17 — 0.00026 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | g»(7) = 0.00169 + 0.05900 cos ny7 — 0.00056 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4nq 7 . . .
0.08 | gp(7) = 0.00300 + 0.07850 cos ny7 — 0.00100 cos 2n; 7 + 0.00001 cos 3ny T 4+ 0.00000 cos 4ny 7 . ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00020 + 0.02000 cos ny 7 — 0.00007 cos 2n17 4 0.00000 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00083 + 0.04000 cos 7 — 0.00027 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7. . .
0.06 | gp(7) = 0.00182 + 0.05900 cos ny 7 — 0.00060 cos 2n1 7 4+ 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00322 + 0.07850 cos ny7 — 0.00107 cos 2n1 7 + 0.00001 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00022 + 0.02000 cos 7 — 0.00007 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00088 + 0.04000 cos 17 — 0.00029 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7. ..
0.06 | gp(7) = 0.00192 + 0.05900 cos ny 7 — 0.00064 cos 2n17 4+ 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00340 + 0.07850 cos ny7 — 0.00113 cos 2ny 7 + 0.00001 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00022 + 0.02000 cos 17 — 0.00007 cos 2n17 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00087 + 0.04000 cos 17 — 0.00029 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7. . .
0.06 | gp(7) = 0.00191 + 0.05900 cos ny 7 — 0.00063 cos 2n17 4+ 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00338 + 0.07850 cos n17 — 0.00112 cos 2ny 7 + 0.00001 cos 3ny T 4+ 0.00000 cos 4ny 7. ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00023 + 0.02000 cos 7 — 0.00007 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00092 + 0.04000 cos ;7 — 0.00030 cos 2n1 7 4 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00202 + 0.05900 cos ny 7 — 0.00067 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00357 + 0.07850 cos ny7 — 0.00119 cos 2n; 7 + 0.00001 cos 3ny 7 4+ 0.00000 cos 4nq 7 . ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00023 + 0.02000 cos 7 — 0.00007 cos 2n17 4 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . . .
0.04 | g»(7) = 0.00093 + 0.04000 cos ;7 — 0.00031 cos 2n17 4 0.00000 cos 3n17 + 0.00000 cos 4n 7. . .
0.06 | gp(7) = 0.00202 + 0.05900 cos ny 7 — 0.00067 cos 2n17 4+ 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00359 + 0.07850 cos ny7 — 0.00119 cos 2n1 7 + 0.00001 cos 3ny T 4+ 0.00000 cos 4ny 7 . ..
(n =0.55,q=0.1)
0.02 | g»(7) = 0.00023 + 0.02000 cos 7 — 0.00007 cos 2n17 4 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | g»(7) = 0.00094 + 0.04000 cos 7 — 0.00031 cos 2n17 4 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00204 + 0.05900 cos ny 7 — 0.00068 cos 2n17 4+ 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00361 + 0.07850 cos ny7 — 0.00120 cos 2ny 7 + 0.00001 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
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Table 4.6: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 3.0 for f + 1 mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00077 + 0.02010 cos ny 7 — 0.00055 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00308 + 0.04081 cosni7 — 0.00221 cos 2n17 4+ 0.00005 cos 3n17 + 0.00000 cos 4nq 7 . . .
0.06 | gp(7) = 0.00672 4 0.06162 cosny7 — 0.00482 cos 2n17 + 0.00017 cos 3ny7 + 0.00000 cos 4nq 7 . . .
0.08 | gp(7) = 0.01189 + 0.08468 cos n17 — 0.00853 cos 2n1 7 + 0.00041 cos 3ny 7 — 0.00001 cos 4ny 7. ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00086 + 0.02013 cosny7 — 0.00060 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00344 + 0.04106 cosni7 — 0.00240 cos 2n17 4+ 0.00006 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00748 + 0.06242 cosny7 — 0.00523 cos 2n17 + 0.00021 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01325 + 0.08656 cos ny7 — 0.00927 cos 2n1 7 + 0.00050 cos 3ny 7 — 0.00001 cos 4ny 7. ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00093 + 0.02016 cosny7 — 0.00064 cos 2n17 + 0.00001 cos 3ny7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00375 + 0.04131 cosny7 — 0.00257 cos 2n17 4+ 0.00007 cos 3n17 + 0.00000 cos 4n 7. . .
0.06 | gp(7) = 0.00815 + 0.06320 cosny 7 — 0.00560 cos 2n17 4+ 0.00024 cos 3n17 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01444 + 0.08840 cos n17 — 0.00991 cos 2n1 7 + 0.00057 cos 3ny 7 — 0.00002 cos 4ny 7 . ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00098 + 0.02018 cosny 7 — 0.00067 cos 2n17 + 0.00001 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00394 + 0.04147 cosny7 — 0.00270 cos 2n17 4+ 0.00008 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00857 + 0.06373 cosny7 — 0.00589 cos 2n17 + 0.00027 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01518 + 0.08964 cos n17 — 0.01042 cos 2n1 7 + 0.00063 cos 3ny 7 — 0.00002 cos 4ny 7. ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00101 + 0.02020 cos 7 — 0.00068 cos 2n17 + 0.00001 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00407 + 0.04160 cosny7 — 0.00275 cos 2n17 4+ 0.00008 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00886 + 0.06413 cosnyT — 0.00598 cos 2n17 4 0.00028 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01568 + 0.09060 cos ny7 — 0.01059 cos 2n1 7 + 0.00066 cos 3ny T — 0.00002 cos 4ny 7 . ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00102 + 0.02020 cos 7 — 0.00069 cos 2n17 + 0.00001 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00410 + 0.04163 cosny7 — 0.00276 cos 2n17 + 0.00008 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00892 + 0.06423 cosny 7 — 0.00602 cos 2n17 4 0.00028 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01580 + 0.09081 cos ny7 — 0.01065 cos 2n1 7 + 0.00067 cos 3ny 7 — 0.00002 cos 4ny 7 . ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00104 + 0.02021 cosny7 — 0.00070 cos 2n17 + 0.00001 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00416 + 0.04169 cosny7 — 0.00280 cos 2n17 4+ 0.00009 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00906 + 0.06442 cosniT — 0.00610 cos 2n17 4+ 0.00029 cos 3n17 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01605 + 0.09128 cos ny7 — 0.01080 cos 2n1 7 + 0.00069 cos 3ny 7 — 0.00002 cos 4ny 7 . ..
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Table 4.7: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 3.0 for f + 2 mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00127 + 0.02013 cosny7 — 0.00232 cos 2n17 + 0.00012 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00527 + 0.04109 cosny7 — 0.00951 cos 2n17 4+ 0.00098 cos 3n17 — 0.00001 cos 4nq 7. ..
0.06 | gp(7) = 0.01177 4 0.06252 cosny7 — 0.02145 cos 2n17 4 0.00316 cos 3ny17 — 0.00004 cos 4nq 7 . . .
0.08 | gp(7) = 0.02157 + 0.08684 cos n17 — 0.03996 cos 2n; 7 + 0.00748 cos 3ny 7 — 0.00014 cos 4ny 7 . ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00149 + 0.02020 cos ny 7 — 0.00247 cos 2n17 + 0.00014 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00610 + 0.04160 cosni7 — 0.01026 cos 2n17 4+ 0.00115 cos 3ny7 — 0.00001 cos 4nq 7. ..
0.06 | gp(7) = 0.01375 + 0.06418 cosny 7 — 0.02361 cos 2n17 4 0.00372 cos 3ny17 — 0.00006 cos 4n 7 . . .
0.08 | gp(7) = 0.02556 + 0.09077 cos ny7 — 0.04514 cos 2n1 7 + 0.00880 cos 3ny 7 — 0.00019 cos 4ny 7. ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00167 + 0.02026 cosni 7 — 0.00262 cos 2n17 + 0.00016 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00688 + 0.04215 cosny7 — 0.01103 cos 2n17 4 0.00133 cos 3ny7 — 0.00001 cos 4nq 7. ..
0.06 | gp(7) = 0.01569 + 0.06593 cosny 7 — 0.02588 cos 2n17 + 0.00430 cos 3ny7 — 0.00007 cos 4nq 7 . . .
0.08 | gp(7) = 0.02957 + 0.09495 cos n17 — 0.05072 cos 2n1 7 + 0.01019 cos 3ny 7 — 0.00024 cos 4ny 7 . ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00180 + 0.02031 cosny7T — 0.00278 cos 2n17 + 0.00020 cos 3ny7 — 0.00001 cos 4n 7. . .
0.04 | gp(7) = 0.00748 + 0.04254 cosny7 — 0.01182 cos 2n17 + 0.00162 cos 3ny7 — 0.00002 cos 4nq 7. ..
0.06 | gp(7) = 0.01718 4+ 0.06720 cosny 7 — 0.02809 cos 2n17 + 0.00521 cos 3ny17 — 0.00010 cos 4n 7 . . .
0.08 | gp(7) =0.03270 + 0.09797 cos n17 — 0.05593 cos 2n1 7 + 0.01233 cos 3ny 7 — 0.00033 cos 4ny 7. ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00187 + 0.02035 cos ny7 — 0.00280 cos 2n17 + 0.00020 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00782 + 0.04287 cosny7 — 0.01199 cos 2n17 + 0.00161 cos 3ny7 — 0.00002 cos 4nq 7 . ..
0.06 | gp(7) = 0.01809 + 0.06827 cosny 7T — 0.02884 cos 2n17 4 0.00519 cos 3n17 — 0.00010 cos 4n 7 . . .
0.08 | gp(7) = 0.03472 + 0.10053 cos n17 — 0.05827 cos 2n1 7 + 0.01230 cos 3ny 7 — 0.00033 cos 4ny 7. ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00189 + 0.02036 cos ny 7 — 0.00280 cos 2n17 + 0.00020 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00790 + 0.04295 cosni7 — 0.01201 cos 2n17 + 0.00162 cos 3ny7 — 0.00002 cos 4nq 7. ..
0.06 | gp(7) = 0.01829 + 0.06852 cosny 7 — 0.02896 cos 2n17 + 0.00522 cos 3n17 — 0.00010 cos 4n 7 . . .
0.08 | gp(7) =0.03516 + 0.10113 cos ny7 — 0.05870 cos 2ny 7 + 0.01237 cos 3ny 7 — 0.00033 cos 4ny 7. ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00194 + 0.02038 cosny7 — 0.00286 cos 2n17 + 0.00021 cos 3ny7 — 0.00002 cos 4n 7 . . .
0.04 | gp(7) = 0.00814 + 0.04311 cosni7T — 0.01235 cos 2n17 4+ 0.00173 cos 3ny7 — 0.00002 cos 4nq 7 . . .
0.06 | gp(7) = 0.01891 + 0.06906 cos ny 7 — 0.02996 cos 2n17 + 0.00559 cos 3n17 — 0.00011 cos 4nq 7. ..
0.08 | gp(7) = 0.03651 + 0.10242 cos ny7 — 0.06116 cos 2ny 7 + 0.01323 cos 3ny 7 — 0.00037 cos 4ny 7. ..
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Table 4.8: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 3.0 for f + 3 mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00145 + 0.02016 cosny7 — 0.00138 cos 2n17 + 0.00000 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00580 + 0.04132 cosni7 — 0.00555 cos 2n17 — 0.00001 cos 3n17 — 0.00000 cos 4nq 7. ..
0.06 | gp(7) = 0.01261 + 0.06326 cosny7 — 0.01208 cos 2n17 — 0.00004 cos 3ny7 — 0.00001 cos 4nq 7 . ..
0.08 | gp(7) = 0.02205 + 0.08785 cos ny7 — 0.02112 cos 2ny7 — 0.00009 cos 3ny 7 — 0.00003 cos 4ny 7 . ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00169 + 0.02027 cosnyT — 0.00097 cos 2n17 — 0.00003 cos 3ny7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00679 + 0.04223 cosny7 — 0.00389 cos 2n17 — 0.00029 cos 3n17 + 0.00000 cos 4n 7. ..
0.06 | gp(7) = 0.01477 4+ 0.06616 cosny 7 — 0.00848 cos 2n17 — 0.00093 cos 3ny7 — 0.00001 cos 4nq 7 . ..
0.08 | gp(7) = 0.02615 + 0.09536 cos n17 — 0.01501 cos 2n; 7 — 0.00218 cos 3ny 7 — 0.00004 cos 4ny 7 . ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00190 + 0.02043 cosny7 — 0.00039 cos 2n17 — 0.00009 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00761 + 0.04344 cosni7 — 0.00159 cos 2n17 — 0.00072 cos 3ny7 — 0.00000 cos 4nq 7 . ..
0.06 | gp(7) = 0.01656 + 0.07003 cosny 7 — 0.00346 cos 2n17 — 0.00233 cos 3n17 — 0.00001 cos 4nq 7. ..
0.08 | gp(7) = 0.02932 + 0.10450 cos ny7 — 0.00613 cos 2ny 7 — 0.00550 cos 3ny 7 — 0.00004 cos 4ny 7 . ..

(n = 0.07, ¢ = 0.0)

0.02 qv(7) = 0.00200 + 0.02063 cos n17 + 0.00017 cos 2n17 — 0.00018 cos 3ny7 — 0.0000 cos 4n4 7 . ..

0.04 7) = 0.00801 + 0.04506 cos n17 + 0.00068 cos 2n17 — 0.00146 cos 3ni7 — 0.00000 cos 4n; 7. ..

(
0.06 | gp(7) = 0.01743 4+ 0.07526 cosny7 + 0.00149 cos 2n,7 — 0.00471 cos 3ny17 — 0.00001 cos 4nq 7 . . .
0.08 | gp(7) = 0.03086 + 0.11679 cos n17 + 0.00265 cos 2ny7 — 0.01109 cos 3ny 7 — 0.00004 cos 4ny 7 . ..

(n = 0.525, ¢ = 0.05)

0.02 | gp(7) = 0.00211 + 0.02080 cos n17 + 0.00113 cos 2n17 — 0.00026 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00845 + 0.04642 cosni7 + 0.00453 cos 2n17 — 0.00212 cos 3ny7 — 0.00000 cos 4nq 7. ..
0.06 | gp(7) = 0.01839 + 0.07962 cosny7 + 0.00987 cos 2n17 — 0.00682 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.03256 + 0.12706 cos ny7 + 0.01747 cos 2ny7 — 0.01607 cos 3ny 7 — 0.00030 cos 4ny 7 . ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00212 + 0.02079 cos ni7 + 0.00102 cos 2n17 — 0.00025 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00848 + 0.04634 cosn17 + 0.00408 cos 2n17 — 0.00204 cos 3ny7 — 0.00002 cos 4nq 7. ..
0.06 | gp(7) = 0.01845 + 0.07935 cosny7 + 0.00888 cos 2n17 — 0.00654 cos 3ny7 — 0.00001 cos 4nq 7 . ..
0.08 | gp(7) = 0.03266 + 0.12643 cos n17 + 0.01572 cos 2ny7 — 0.01542 cos 3ny 7 — 0.00003 cos 4ny 7 . ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00218 + 0.02108 cos n1 7 + 0.00237 cos 2n17 — 0.00041 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00873 + 0.04864 cosn17 + 0.00948 cos 2n17 — 0.00331 cos 3ny7 — 0.00000 cos 4nq 7. ..
0.06 | gp(7) = 0.01899 + 0.08675 cosny7 + 0.00206 cos 2n;7 — 0.01064 cos 3n17 — 0.00001 cos 4nq 7 . ..
0.08 | gp(7) = 0.03362 + 0.14386 cos n17 + 0.03652 cos 2ny 7 — 0.02507 cos 3ny 7 — 0.00000 cos 4ny 7 . ..
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Table 4.9: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 4.0 for f mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00009 + 0.02000 cos ny 7 — 0.00003 cos 2n1 7 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00035 + 0.04000 cos 7 — 0.00012 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | g»(7) = 0.00080 + 0.06000 cos ny7 — 0.00026 cos 2n17 4+ 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00143 + 0.08000 cos ny7 — 0.00047 cos 2n17 + 0.00000 cos 3ny T 4+ 0.00000 cos 4ny 7 . ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00009 + 0.02000 cos ny 7 — 0.00003 cos 2n17 + 0.00000 cos 3ny 7 + 0.00000 cos 4ny 7 . . .
0.04 | g»(7) = 0.00039 + 0.04000 cos 7 — 0.00013 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00087 + 0.06000 cosny7 — 0.00029 cos 2n17 4+ 0.00000 cos 3ny 7 + 0.00000 cos 4nq 7 . . .
0.08 | g»(7) = 0.00152 + 0.07900 cos ny7 — 0.00050 cos 2n1 7 + 0.00000 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.05,¢ =0.0)
0.02 | g»(7) = 0.00010 + 0.02000 cos 7 — 0.00003 cos 2n1 7 + 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00041 + 0.04000 cos 7 — 0.00013 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7. ..
0.06 | g»(7) = 0.00093 + 0.06000 cosny 7 — 0.00031 cos 2n17 4+ 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00166 + 0.08000 cos ny7 — 0.00055 cos 2n1 7 + 0.00000 cos 3ny T 4+ 0.00000 cos 4nq 7. ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00012 + 0.02000 cos 7 — 0.00004 cos 2n17 4 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00051 + 0.04000 cos 7 — 0.00017 cos 2n17 4 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | g»(7) = 0.00115 + 0.06000 cos ny 7 — 0.00038 cos 2n17 4+ 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.08 | g»(7) = 0.00200 + 0.07900 cos ny7 — 0.00066 cos 2n1 7 + 0.00000 cos 3ny T 4+ 0.00000 cos 4ny 7 . ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00012 + 0.02000 cos 7 — 0.00004 cos 2n17 4 0.00000 cos 3n1 7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00048 + 0.04000 cos ;7 — 0.00016 cos 2n17 4 0.00000 cos 3n17 + 0.00000 cos 4n 7. . .
0.06 | g»(7) = 0.00108 + 0.06000 cos ny 7 — 0.00036 cos 2n17 4+ 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00188 + 0.07900 cos ny7 — 0.00062 cos 2n1 7 + 0.00000 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00012 + 0.02000 cos 7 — 0.00004 cos 2n1 7 4 0.00000 cos 3ny 7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00498 + 0.04000 cos ;7 — 0.00016 cos 2n17 4 0.00000 cos 3n17 + 0.00000 cos 4n 7 . ..
0.06 | gp(7) = 0.01121 4 0.06000 cos ny 7 — 0.00037 cos 2n17 4 0.00000 cos 3ny7 + 0.00001 cos 4n 7 . . .
0.08 | gp(7) = 0.01943 + 0.07900 cos ny7 — 0.00064 cos 2n1 7 + 0.00000 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00013 + 0.02000 cos 7 — 0.00004 cos 2n1 7 + 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00521 + 0.04000 cos 7 — 0.00017 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7 . ..
0.06 | gp(7) = 0.01173 4+ 0.06000 cos ny 7 — 0.00039 cos 2n17 4+ 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00203 + 0.07900 cos ny7 — 0.00067 cos 2n17 + 0.00000 cos 3ny 7 4+ 0.00000 cos 4ny7 . ..
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Table 4.10: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 4.0 for f + 1 mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00044 + 0.02004 cos 7 — 0.00026 cos 2n17 + 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00173 + 0.04037 cosny7 — 0.00107 cos 2n17 4 0.00001 cos 3n17 + 0.00000 cos 4n 7. . .
0.06 | gp(7) = 0.00398 + 0.06127 cosny7 — 0.00240 cos 2n17 + 0.00004 cos 3n17 + 0.00000 cos 4nq 7 . . .
0.08 | gp(7) = 0.00709 + 0.08301 cos ny7 — 0.00427 cos 2ny 7 + 0.00011 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00047 + 0.02005 cos 7 — 0.00029 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . . .
0.04 | gp(7) = 0.00190 + 0.04041 cosni7 — 0.00116 cos 2n17 4+ 0.00001 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00428 + 0.06140 cosny7 — 0.00262 cos 2n17 4+ 0.00005 cos 3n17 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00743 + 0.08220 cos n17 — 0.00455 cos 2n1 7 + 0.00012 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00049 + 0.02005 cos ny7 — 0.00029 cos 2n17 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00196 + 0.04040 cosni7 — 0.00119 cos 2n17 4+ 0.00001 cos 3n17 + 0.00000 cos 4n 7 . . .
0.06 | gp(7) = 0.00443 + 0.06137 cosny7 — 0.00269 cos 2n17 4+ 0.00005 cos 3n17 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00768 + 0.08213 cos ny7 — 0.00467 cos 2n17 + 0.00011 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00070 + 0.02011 cosny7 — 0.00043 cos 2n17 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00282 + 0.04092 cosny7 — 0.00175 cos 2n17 4+ 0.00003 cos 3n17 + 0.00000 cos 4nq 7 . . .
0.06 | gp(7) = 0.00635 + 0.06310 cosny7 — 0.00394 cos 2n17 4+ 0.00012 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01102 + 0.08608 cos ny7 — 0.00684 cos 2n1 7 + 0.00028 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00063 + 0.02008 cos ny 7 — 0.00039 cos 2n17 + 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00252 + 0.04071 cosny7 — 0.00156 cos 2n17 4+ 0.00002 cos 3n17 + 0.00000 cos 4n 7. ..
0.06 | gp(7) = 0.00569 + 0.06239 cosniT — 0.00351 cos 2n17 4+ 0.00009 cos 3n17 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.00986 + 0.08446 cos ny7 — 0.00608 cos 2n1 7 + 0.00021 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00067 + 0.02010 cosny7 — 0.00041 cos 2n17 + 0.00000 cos 3n17 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00268 + 0.04081 cosni7 — 0.00165 cos 2n17 4+ 0.00003 cos 3n17 + 0.00000 cos 4n 7 . ..
0.06 | gp(7) = 0.00603 + 0.06275 cosny T — 0.00373 cos 2n17 4 0.00010 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01046 + 0.08528 cos n17 — 0.00647 cos 2n17 + 0.00024 cos 3ny 7 4+ 0.00000 cos 4ny 7 . ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00072 + 0.02012 cos ny7 — 0.00045 cos 2n17 + 0.00000 cos 3ny 7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00291 + 0.04099 cosny7 — 0.00182 cos 2n17 4 0.00004 cos 3n17 + 0.00000 cos 4n 7 . ..
0.06 | g»(7) = 0.00656 + 0.06335 cosny T — 0.00410 cos 2n17 4+ 0.00013 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.08 | gp(7) =0.01137 + 0.08665 cos ny7 — 0.00711 cos 2ny 7 + 0.00031 cos 3ny 7 4+ 0.00000 cos 4nq 7 . ..
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Table 4.11: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 4.0 for f + 2 mode

¢1(0) ‘ Value of displacement on the surface of Star g, (7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00090 + 0.02014 cosny7 — 0.00093 cos 2n17 + 0.00004 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00368 + 0.04113 cosny7 — 0.00390 cos 2n17 4 0.00032 cos 3n17 — 0.00000 cos 4n 7 . ..
0.06 | gp(7) = 0.00859 + 0.06384 cosny7 — 0.00942 cos 2n17 4 0.00108 cos 3ny7 — 0.00001 cos 4nq 7 . . .
0.08 | gp(7) = 0.01603 + 0.08913 cos n17 — 0.01835 cos 2ny 7 + 0.00257 cos 3ny 7 — 0.00003 cos 4ny 7 . ..
(n =0.03,¢ =0.0)
0.02 | gp(7) = 0.00092 + 0.02015 cosny7 — 0.00091 cos 2n17 4 0.00003 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00376 + 0.04120 cosni7 — 0.00384 cos 2n17 4+ 0.00030 cos 3n17 — 0.00000 cos 4n 7. ..
0.06 | gp(7) = 0.00879 + 0.06408 cosny7 — 0.00929 cos 2n17 4 0.00101 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01597 + 0.08834 cos ny7 — 0.01757 cos 2n1 7 + 0.00231 cos 3ny 7 — 0.00002 cos 4ny 7 . ..
(n =0.05,¢ =0.0)
0.02 | gp(7) = 0.00087 + 0.02011 cosny7 — 0.00084 cos 2n17 + 0.00000 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00355 + 0.04049 cosni7 — 0.00346 cos 2n17 4+ 0.00016 cos 3n17 — 0.00000 cos 4n 7 . ..
0.06 | gp(7) = 0.00815 + 0.06318 cosny7 — 0.00808 cos 2n17 4 0.00056 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.08 | gp(7) = 0.01453 + 0.08628 cos n17 — 0.01468 cos 2n1 7 + 0.00128 cos 3ny 7 — 0.00001 cos 4ny 7. ..
(n =0.07,¢ =0.0)
0.02 | gp(7) = 0.00225 + 0.02047 cosny7 — 0.00287 cos 2n17 + 0.00019 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00946 + 0.04382 cosni7 — 0.01263 cos 2n17 4 0.00158 cos 3n17 — 0.00020 cos 4nq 7. ..
0.06 | gp(7) = 0.02297 + 0.07298 cosny 7 — 0.03268 cos 2n17 4 0.00535 cos 3n17 — 0.00011 cos 4ny 7 . ..
0.08 | gp(7) = 0.04369 + 0.10881 cos n17 — 0.06648 cos 2n1 7 + 0.01223 cos 3ny 7 — 0.00035 cos 4ny 7. ..
(n = 0.525, ¢ = 0.05)
0.02 | gp(7) = 0.00165 + 0.02028 cos 7 — 0.00195 cos 2n17 + 0.00008 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00679 + 0.04229 cosni7 — 0.00820 cos 2n17 4 0.00066 cos 3n17 — 0.00000 cos 4nq 7 . ..
0.06 | gp(7) = 0.01599 + 0.06778 cosnyT — 0.01992 cos 2n17 4 0.00225 cos 3n17 — 0.00030 cos 4n 7 . . .
0.08 | gp(7) = 0.02932 + 0.09683 cos n17 — 0.03791 cos 2ny 7 + 0.00515 cos 3ny 7 — 0.00009 cos 4ny 7 . ..
(n =0.535, ¢ = 0.07)
0.02 | gp(7) = 0.00196 + 0.02037 cosny T — 0.00241 cos 2n17 + 0.00013 cos 3ny7 + 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.00814 + 0.04303 cosny7 — 0.01036 cos 2n17 4+ 0.00107 cos 3n17 — 0.00001 cos 4nq 7. ..
0.06 | gp(7) = 0.01944 + 0.07027 cosny7 — 0.02592 cos 2n17 4 0.00363 cos 3ny7 — 0.00006 cos 4n 7 . . .
0.08 | gp(7) = 0.03627 + 0.10257 cos ny7 — 0.05097 cos 2n1 7 + 0.00830 cos 3ny 7 — 0.00019 cos 4ny 7. ..
(n =0.55,q=0.1)
0.02 | gp(7) = 0.00251 + 0.02056 cos ny7 — 0.00335 cos 2n17 + 0.00028 cos 3ny7 — 0.00000 cos 4n 7 . . .
0.04 | gp(7) = 0.01066 + 0.04453 cosni7 — 0.01513 cos 2n17 + 0.00225 cos 3ny7 — 0.00003 cos 4nq 7. ..
0.06 | gp(7) = 0.02633 + 0.07538 cosny7 — 0.04050 cos 2n17 4 0.00762 cos 3n17 — 0.00019 cos 4n 7 . . .
0.08 | gp(7) = 0.05098 + 0.11436 cos ny7 — 0.08520 cos 2ny 7 + 0.01744 cos 3ny 7 — 0.00059 cos 4ny 7 . ..
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Table 4.12: Solution of the Anharmonic equation for RD and RTD Polytropes with index
N = 4.0 for f + 3 mode

¢1(0) ‘ Value of displacement on the surface of Star g;(7)

(n = 0.0, ¢ = 0.0)

0.02 | gp(7) = 0.00105 + 0.02005 cos ny7 — 0.00160 cos 2n17 + 0.000005 cos 3n17 — 0.00000 cos 4n 7 . . .

0.04 qp(7) = 0.00423 4 0.04040 cos n17 — 0.00642 cos 2n1 7 + 0.00041 cos 3n7 — 0.00000 cos 4n 7 . . .

(
0.06 | g¢y(7) =0.00953 + 0.06135 cos ny7 — 0.01445 cos 2ny7 + 0.00139 cos 3n17 — 0.00008 cos 4ny 7. ..
0.08 qp(7) = 0.01695 + 0.08321 cos n1 7 — 0.02569 cos 2n1 7 + 0.00331 cos 3ny7 — 0.00002 cos 4ny 7. ..

(n = 0.03, ¢ = 0.0)

0.02 qp (T

0.
0.0
0.
0.

(7)
0.04 qv(7)
0.06 | g(7)
0.08 | qp(7)

(n = 0.05, ¢ = 0.0)

0.02 qQp (T

0
0
0
0

(7)
0.04 | q(7)
0.06 | gy(7)
0.08 | qp(7)
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0.04 | gy(7)
0.06 | gy(7) =0.04056 + 0.06072 cosny7 — 0.10105 cos 2n17 + 0.01133 cos 3n17 — 0.00006 cos 4n;7 ...
0.08 | gy(1) =

98

00102 + 0.02007 cosn17 — 0.00136 cos 2n17 + 0.00003 cos 3n;7 — 0.00000 cos 4nq 7. ..
00409 + 0.04058 cosn17 — 0.00543 cos 2n17 + 0.00030 cos 3ny ™ — 0.00000 cos 4nq 7. ..
00920 + 0.06197 cosni7 — 0.01223 cos 2n17 + 0.00102 cos 3n17 — 0.00000 cos 4nq7. ..
01595 + 0.08349 cosni7 — 0.02121 cos 2n17 + 0.00233 cos 3ny7 — 0.00001 cos 4nq7. ..

.00086 + 0.02007 cos ny7 — 0.00081 cos 2n1 7 + 0.00000 cos 3nq17 + 0.00000 cos 4nq7. ..
.00346 + 0.04062 cos n17 — 0.00327 cos 2n17 + 0.00007 cos 3ny7 + 0.00000 cos 4nq7 . . .
.00780 + 0.06212 cosnyT — 0.00736 cos 2n17 + 0.00025 cos 3n17 + 0.00000 cos 4nq7 . ..
.01353 + 0.08384 cos 7 — 0.01276 cos 2n17 + 0.00058 cos 3ny7 + 0.00000 cos 4nq 7. ..

.00334 + 0.02019 cos ny7 — 0.00768 cos 2n17 + 0.00018 cos 3n17 — 0.00000 cos 4nq7. ..
.01338 + 0.04155 cosny7 — 0.03075 cos 2n17 + 0.00147 cos 3ny7 — 0.00000 cos 4nq7 ...
.03012 + 0.06524 cos ny7 — 0.06920 cos 2n17 + 0.00496 cos 3n;7 — 0.00003 cos 4nq 7. ..
.05222 + 0.09096 cos 17 — 0.11996 cos 2n17 + 0.01132 cos 3ny7 — 0.00009 cos 4nq 7. ..

.00193 + 0.02016 cos ny7 — 0.00322 cos 2n1 7 + 0.00005 cos 3n17 — 0.00000 cos 4nq7. ..
.00773 + 0.04130 cos n7 — 0.01290 cos 2n17 + 0.00041 cos 3ny7 — 0.00000 cos 4nq7 . . .
.01740 + 0.06440 cos n17 — 0.02904 cos 2n17 + 0.00140 cos 3n17 — 0.00008 cos 4nq7 . ..
.03017 + 0.08905 cos 17 — 0.05034 cos 2n17 + 0.00320 cos 3ny7 — 0.00002 cos 4nq7. ..

.00260 + 0.02019 cos ny 7 — 0.00525 cos 2n1 7 + 0.00009 cos 3n17 — 0.00000 cos 4nq7 . ..
.01041 + 0.04157 cosny7 — 0.02101 cos 2n17 + 0.00078 cos 3ny7 — 0.00000 cos 4nq7 . . .
.02343 + 0.06531 cosny7 — 0.04728 cos 2n1 7 + 0.00265 cos 3n17 — 0.00001 cos4nq7. ..
.04062 + 0.09114 cos nq7 — 0.08197 cos 2n17 + 0.00606 cos 3n17 — 0.00004 cos 4nq7 ...

0.00450 4+ 0.02002 cosni7T — 0.01128 cos 2n17 + 0.00042 cos 3n17 + 0.00000 cos 4nq 7. ..
0.01802 + 0.04021 cos n17 — 0.04491 cos 2n17 + 0.00335 cos 3n7 — 0.00001 cos 4n7. ..

0.07031 + 0.08066 cosniT — 0.17519 cos 2n17 + 0.02586 cos 3n17 — 0.00020 cos 4nq 7. ..




Table 4.13: Values of n? and the skewness coefficient K for RD and RTD Polytropes with

index N = 1.5
¢1(0) f mode f + 1 modes f + 2 modes f + 3 modes

(n=20.0,q=0.0)
0.02 | 0.99634 | 0.4944 | 0.98844 | 0.6431 | 0.98844 | 0.7926 | 0.98844 | 0.6477
0.04 | 0.98609 | 0.4812 | 0.95607 | 0.6428 | 0.95607 | 0.7905 | 0.95607 | 0.6473
0.06 | 0.97029 | 0.4621 | 0.90616 | 0.6226 | 0.90616 | 0.7899 | 0.90616 | 0.6219
0.08 | 0.94993 | 0.4449 | 0.83753 | 0.5833 | 0.83753 | 0.7807 | 0.83753 | 0.5935
(n =0.03, ¢ =0.0)
0.02 | 0.99588 | 0.4934 | 0.98527 | 0.6534 | 0.98526 | 0.7999 | 0.98526 | 0.6551
0.04 | 0.98435 | 0.4682 | 0.94401 | 0.6464 | 0.94395 | 0.7992 | 0.94395 | 0.6502
0.06 | 0.96658 | 0.4587 | 0.88040 | 0.6152 | 0.88028 | 0.7920 | 0.88028 | 0.6213
0.08 | 0.94368 | 0.4400 | 0.79294 | 0.5643 | 0.79273 | 0.7775 | 0.79273 | 0.5700
(n =0.05, ¢ = 0.0)
0.02 | 0.99553 | 0.4927 | 0.98203 | 0.6627 | 0.98195 | 0.8048 | 0.98195 | 0.6643
0.04 | 0.98301 | 0.4750 | 0.93167 | 0.6476 | 0.93136 | 0.8032 | 0.99833 | 0.6501
0.06 | 0.96434 | 0.4568 | 0.85404 | 0.6081 | 0.85338 | 0.7910 | 0.99819 | 0.6131
0.08 | 0.93883 | 0.4364 | 0.74730 | 0.5418 | 0.74617 | 0.7717 | 0.99661 | 0.6131
(n =0.07,q = 0.0)
0.02 | 0.99512 | 0.4919 | 0.97579 | 0.6549 | 0.97579 | 0.8138 | 0.97579 | 0.6756
0.04 | 0.98147 | 0.4733 | 0.90794 | 0.6480 | 0.90794 | 0.8042 | 0.90794 | 0.6500
0.06 | 0.96112 | 0.4540 | 0.80335 | 0.5951 | 0.80335 | 0.7849 | 0.80335 | 0.5983
0.08 | 0.93420 | 0.4329 | 0.65955 | 0.4917 | 0.65955 | 0.7600 | 0.65955 | 0.4961
(n = 0.525, ¢ = 0.05)
0.02 | 0.99529 | 0.4922 | 0.97725 | 0.6734 | 0.97725 | 0.8139 | 0.97725 | 0.6744
0.04 | 0.98209 | 0.4740 | 0.91352 | 0.6490 | 0.91349 | 0.8052 | 0.91352 | 0.6515
0.06 | 0.96241 | 0.4551 | 0.81528 | 0.5993 | 0.81522 | 0.7872 | 0.81528 | 0.6035
0.08 | 0.93639 | 0.4345 | 0.68020 | 0.5068 | 0.68010 | 0.7619 | 0.68020 | 0.5127
(n = 0.535, ¢ = 0.07)
0.02 | 0.99518 | 0.4921 | 0.97729 | 0.6721 | 0.97729 | 0.8127 | 0.97729 | 0.6731
0.04 | 0.98169 | 0.4735 | 0.91365 | 0.6477 | 0.91365 | 0.8047 | 0.91365 | 0.6499
0.06 | 0.96158 | 0.4544 | 0.81556 | 0.5975 | 0.81556 | 0.7870 | 0.81556 | 0.6013
0.08 | 0.93495 | 0.4355 | 0.68068 | 0.5039 | 0.68068 | 0.7626 | 0.68068 | 0.5090
(n=0.95,q=0.1)
0.02 | 0.99514 | 0.4919 | 0.97646 | 0.6734 | 0.97646 | 0.8140 | 0.97646 | 0.6743
0.04 | 0.98152 | 0.4733 | 0.91051 | 0.6476 | 0.91050 | 0.8047 | 0.91050 | 0.6498
0.06 | 0.96123 | 0.4540 | 0.80884 | 0.5956 | 0.80882 | 0.7860 | 0.80882 | 0.5993
0.08 | 0.93438 | 0.4330 | 0.66905 | 0.4962 | 0.66901 | 0.7611 | 0.66901 | 0.5011
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Table 4.14: Values of n? and the skewness coefficient K for RD and RTD Polytropes with

index N = 3.0
¢1(0) f mode f + 1 modes f + 2 modes f + 3 modes

(n=20.0,q=0.0)
0.02 | 0.99968 | 0.5049 | 0.99938 | 0.4749 | 0.99938 | 0.3873 | 0.99938 | 0.4321
0.04 | 0.99873 | 0.5006 | 0.99745 | 0.4437 | 0.99753 | 0.3226 | 0.99753 | 0.3866
0.06 | 0.99724 | 0.4964 | 0.99464 | 0.4181 | 0.99464 | 0.2889 | 0.99464 | 0.3615
0.08 | 0.99512 | 0.4919 | 0.99052 | 0.3960 | 0.99052 | 0.2670 | 0.99064 | 0.3455
(n =0.03, ¢ =0.0)
0.02 | 0.99963 | 0.5046 | 0.99925 | 0.4721 | 0.99925 | 0.3814 | 0.99925 | 0.4546
0.04 | 0.99854 | 0.5000 | 0.99702 | 0.4388 | 0.99702 | 0.3161 | 0.99702 | 0.4228
0.06 | 0.51253 | 0.4954 | 0.99353 | 0.4122 | 0.99353 | 0.2830 | 0.99353 | 0.4085
0.08 | 0.50937 | 0.4906 | 0.98855 | 0.3897 | 0.98855 | 0.2621 | 0.98855 | 0.4027
(n =0.05, ¢ = 0.0)
0.02 | 0.99959 | 0.5044 | 0.99914 | 0.4696 | 0.99914 | 0.3759 | 0.99914 | 0.4873
0.04 | 0.99837 | 0.4995 | 0.99656 | 0.4347 | 0.99656 | 0.3102 | 0.99656 | 0.4773
0.06 | 0.99646 | 0.4946 | 0.99252 | 0.4074 | 0.99252 | 0.2780 | 0.99252 | 0.4755
0.08 | 0.99373 | 0.4895 | 0.98676 | 0.3847 | 0.98676 | 0.2579 | 0.98676 | 0.4682
(n =0.07,q = 0.0)
0.02 | 0.99959 | 0.5044 | 0.99912 | 0.4677 | 0.99912 | 0.3694 | 0.99912 | 0.5195
0.04 | 0.99838 | 0.4995 | 0.99648 | 0.4316 | 0.99648 | 0.3031 | 0.99648 | 0.5186
0.06 | 0.99649 | 0.4947 | 0.99235 | 0.4039 | 0.99235 | 0.2716 | 0.99235 | 0.5168
0.08 | 0.99379 | 0.4895 | 0.98645 | 0.3810 | 0.98645 | 0.2526 | 0.98645 | 0.5143
(n = 0.525, ¢ = 0.05)
0.02 | 0.99955 | 0.5042 | 0.99901 | 0.4670 | 0.99901 | 0.3692 | 0.99901 | 0.5618
0.04 | 0.99820 | 0.4990 | 0.99606 | 0.4305 | 0.99606 | 0.3031 | 0.99606 | 0.5611
0.06 | 0.99609 | 0.4938 | 0.99143 | 0.4026 | 0.99143 | 0.2718 | 0.99143 | 0.5531
0.08 | 0.99308 | 0.4884 | 0.98484 | 0.3798 | 0.98484 | 0.2529 | 0.98484 | 0.5443
(n = 0.535, ¢ = 0.07)
0.02 | 0.99954 | 0.5041 | 0.99900 | 0.4682 | 0.99900 | 0.3692 | 0.99900 | 0.5577
0.04 | 0.99818 | 0.4989 | 0.99601 | 0.4302 | 0.99601 | 0.3030 | 0.99601 | 0.5572
0.06 | 0.99605 | 0.4938 | 0.99133 | 0.4022 | 0.99133 | 0.2717 | 0.99133 | 0.5620
0.08 | 0.99302 | 0.4883 | 0.98465 | 0.3793 | 0.98465 | 0.2528 | 0.98465 | 0.5416
(n=0.95,q=0.1)
0.02 | 0.99954 | 0.5041 | 0.99898 | 0.4662 | 0.99898 | 0.3366 | 0.99898 | 0.5916
0.04 | 0.99816 | 0.4988 | 0.99592 | 0.4292 | 0.99592 | 0.3003 | 0.99592 | 0.5883
0.06 | 0.99599 | 0.4937 | 0.99113 | 0.4011 | 0.99113 | 0.2695 | 0.99113 | 0.5735
0.08 | 0.99291 | 0.4881 | 0.98430 | 0.3783 | 0.98430 | 0.2510 | 0.98430 | 0.5600
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Table 4.15: Values of n? and the skewness coefficient K for RD and RTD Polytropes with

index N = 4.0
¢1(0) f mode f + 1 modes f + 2 modes f + 3 modes

(n=20.0,q=0.0)
0.02 | 0.99993 | 0.5072 | 0.99983 | 0.4924 | 0.99983 | 0.4517 | 0.99983 | 0.4184
0.04 | 0.99973 | 0.5053 | 0.99935 | 0.4761 | 0.99935 | 0.3975 | 0.99935 | 0.3598
0.06 | 0.99939 | 0.5033 | 0.99855 | 0.4608 | 0.99855 | 0.3764 | 0.99855 | 0.3403
0.08 | 0.99892 | 0.5013 | 0.99743 | 0.4465 | 0.99743 | 0.3217 | 0.99743 | 0.2996
(n =0.03, ¢ =0.0)
0.02 | 0.99992 | 0.5070 | 0.99981 | 0.4909 | 0.99981 | 0.4527 | 0.99914 | 0.4302
0.04 | 0.99968 | 0.5049 | 0.99925 | 0.4732 | 0.99925 | 0.3996 | 0.99925 | 0.3750
0.06 | 0.99928 | 0.5028 | 0.99833 | 0.4567 | 0.99833 | 0.3764 | 0.99833 | 0.3388
0.08 | 0.99876 | 0.5007 | 0.99711 | 0.4421 | 0.99711 | 0.3261 | 0.99711 | 0.3151
(n =0.05, ¢ = 0.0)
0.04 | 0.99991 | 0.5069 | 0.99979 | 0.4905 | 0.99979 | 0.4577 | 0.99979 | 0.4598
0.06 | 0.99964 | 0.5047 | 0.99919 | 0.4724 | 0.99919 | 0.4113 | 0.99919 | 0.4191
0.06 | 0.99919 | 0.5024 | 0.99819 | 0.4555 | 0.99819 | 0.3763 | 0.99819 | 0.3885
0.08 | 0.99856 | 0.5001 | 0.99687 | 0.4407 | 0.99687 | 0.3482 | 0.99687 | 0.3666
(n =0.07,q = 0.0)
0.02 | 0.99986 | 0.5064 | 0.99962 | 0.4819 | 0.99962 | 0.3684 | 0.99962 | 0.3158
0.04 | 0.99945 | 0.5036 | 0.99849 | 0.4566 | 0.99849 | 0.3043 | 0.99849 | 0.2838
0.06 | 0.99876 | 0.5008 | 0.99661 | 0.4343 | 0.99661 | 0.2744 | 0.99661 | 0.2688
0.08 | 0.99786 | 0.4980 | 0.99414 | 0.4162 | 0.99414 | 0.2590 | 0.99413 | 0.2592
(n = 0.525, ¢ = 0.05)
0.02 | 0.99987 | 0.5065 | 0.99969 | 0.4849 | 0.99969 | 0.4033 | 0.99969 | 0.3712
0.04 | 0.99951 | 0.5039 | 0.99876 | 0.4619 | 0.99876 | 0.3407 | 0.99876 | 0.3245
0.06 | 0.99891 | 0.5013 | 0.99722 | 0.4414 | 0.99722 | 0.3055 | 0.99722 | 0.3008
0.08 | 0.99811 | 0.4987 | 0.99518 | 0.4242 | 0.99518 | 0.2851 | 0.99518 | 0.2897
(n = 0.535, ¢ = 0.07)
0.02 | 0.99987 | 0.5064 | 0.99965 | 0.4834 | 0.99965 | 0.3847 | 0.99965 | 0.3379
0.04 | 0.99948 | 0.5038 | 0.99862 | 0.4592 | 0.99862 | 0.3204 | 0.99862 | 0.3379
0.06 | 0.99883 | 0.5010 | 0.99691 | 0.4377 | 0.99691 | 0.2876 | 0.99691 | 0.2818
0.08 | 0.99798 | 0.4983 | 0.99484 | 0.4201 | 0.99464 | 0.2698 | 0.99464 | 0.2711
(n=0.95,q=0.1)
0.02 | 0.99985 | 0.5064 | 0.99960 | 0.4809 | 0.99960 | 0.3532 | 0.99960 | 0.2959
0.04 | 0.99943 | 0.5035 | 0.99840 | 0.4547 | 0.99840 | 0.2902 | 0.99840 | 0.2678
0.06 | 0.99872 | 0.5006 | 0.99642 | 0.4318 | 0.99642 | 0.2633 | 0.99642 | 0.2535
0.08 | 0.99779 | 0.4978 | 0.99379 | 0.4134 | 0.99379 | 0.2502 | 0.99379 | 0.2439
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Figure 4.1. Radial Velocity Curves of RD Polytropic models with index N = 1.5 for
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Figure 4.2. Radial Velocity Curves of RD Polytropic models with index N = 3.0 for
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Figure 4.3. Radial Velocity Curves of RD Polytropic models with index N = 4.0 for
fundamental (f) mode

104



1% N\
-‘3 —‘2 ‘1 0] N\ i 2‘ "/
0.02 \\ ! / /
\\\ // /
-0.04 \*‘._\\\——// g /
- /
-0.06 \ /
~
|— 4,(0)=0.02 — — ¢,(0) =0.04 - -- 4,(0) =0.06 — - ¢,(0) = o.os|
(a) (n=0.0,q=0.0)
7N
/ \ 0.064,(7)
/N
/ o \ 0.04
/7 \\\l"'\
S/ \ 024
) Q
Iz | A |
-3 -2 1 0] N 1 2 /
\\ an //
0.02-] '1}‘\\ ////
\ \\ // /
-0.04 1 \ -
\ /
-0.06 1 \\ //
~
|— 9,(0)=0.02 — — ¢,(0) =0.04 - - ,(0) =0.06 — - ¢,(0) = 0.08|

(¢) (n=0.535,4=0.07)

VRN
// N\ 0.0644,(t)
/ o~ \ 0.04-
/ / \\A*\
Sy / \\‘X).oz E
/// \§
//\ T T x T T A
-3 -2 1 0 N 1 2 /,-'
\\ mt ///
-0.021 \\\ //'
coN / /
LN
-0.04 \ S~ /
Wl N/
~7
|—ql(0):0.02——q1(0):004 ----- ql(O):0.0é—-ql(O):0.08|
(b) (n=0.525,g=0.05)
VRN
// N\ 0.06d,(7)
/ — \ 0.04
/ e R
// \\‘X).ozf
[/ N\
o/ N
Iz | \ |
3 2 1 0 N 1 2 /'/
\\ mT //
0.02 \ /
AN 2y
N\ s
\N )
-0.04 \ S~
-0.06 \ /
~
|—q1(0):0.02——q1(0]20404 ----- ql(O):O.06—-q1(0):0.08|

(d) (n=0.55,9=0.1)

Figure 4.4. Radial Velocity Curves of RTD Polytropic models with index N = 1.5 for
fundamental (/) mode

105



/N VAR
// \\ 0.0644,(7) // \\ 0.06d,(7)
/ —— -"-._\0.047 / /——\\V.“._\Omf
: // N ’ // N-
/ \\\ | / \\'% |
i 3 i 3
/ Y N\
‘3 -‘2 ‘1 0 N ; é /7’ ‘3 -‘2 ‘l 0 N 1‘ ‘2 /7
N\ mT // AN nt //
0.02 \ yar 0.02 \ Yz
AN S \N S
AN VN
-0.04 Lo~ =T -0.04- = o/
-0.06 1 \ -0.06 \
N4 < ./
N N
|— 4,(0)=0.02 — — ¢,(0) =0.04 - -- 4,(0) =0.06 — - ¢,(0) :o.os| |— 4,(0)=0.02 — — ¢,(0) =0.04 ----- 4,(0) =0.06 — - ¢,(0) :o.os|
(a) (n=0.0,q=0.0) (b) (n=0.525,g=0.05)
VAR VRN
// \\ 0.064,(7) // \\ 0.064,(7)
/. — \ 0.04 / — 0.04-
/ N / e
/// X /// R
s \\ 7 \\
3 2 1 0] 1 i ‘ 3 2 1 0 1 2 ‘-
N\ g N 7
\ nt // N\ nt //
0.02 \ ya 0.02 \
\:\ S \oN /o
\- N - \- N S
-0.04 T —— / -0.04+ T = /
-0.06 \ -0.06 \
N4 N4
N N
|— 9,(0)=0.02 — — ¢,(0) =0.04 - - 4,(0) =0.06 — - ¢,(0) :o.ox| |— ,(0)=0.02 — — ¢,(0) =0.04 ----- 4,(0)=0.06 — - ¢,(0) :0.08|
(¢) (n=0.535,q=0.07) (d) (n=0.55,9q=0.1)

Figure 4.5. Radial Velocity Curves of RTD Polytropic models with index N = 3.0 for
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Figure 4.6. Radial Velocity Curves of RTD Polytropic models with index N = 4.0 for
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Figure 4.10. Radial Velocity Curves of RTD Polytropic models with index N = 1.5 for
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Figure 4.12. Radial Velocity Curves of RTD Polytropic models with index N = 4.0 for
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Figure 4.18. Radial Velocity Curves of RTD Polytropic models with index N = 4.0 for
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Figure 4.19. Radial Velocity Curves of RD Polytropic models with index N = 1.5 for
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Figure 4.22. Radial Velocity Curves of RTD Polytropic models with index N = 1.5 for
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Figure 4.24. Radial Velocity Curves of Polytropic models with index N = 4.0 for
fundamental and next three higher (f + 3) modes
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Chapter 5

Effects of interaction of the radial modes with non
radial modes on the shapes of the RVC of the poly-

tropic models of the pulsating variable stars

In all our previous work upto chapter four we have studied the anharmonic radial pulsation
of the RD and RTD polytropic models of the pulsating variable stars. Observations show that
along with radial modes certain nonradial modes of oscillations can also get excited. So, in
this chapter, we have studied the effects of the interaction of the radial modes with non radial
modes ( that is , mixing modes ) on the shapes of the RVC of RD and RTD polytropic models of
the pulsating variable stars. For this purpose, following cases have been considered: (i) funda-
mental non-radial mode (ii) fundamental radial mode (iii) fundamental radial and fundamental
non-radial modes (iv) fundamental radial, fundamental non-radial and first radial modes (v)
fundamental radial, fundamental non-radial, first radial and first gravity modes.

Anharmonic pulsation equation of RD and RTD polytropic model of a star have been for-
mulated for mixing modes (radial and non-radial oscillations) in section 5.1. The equations
obtained for the mixing modes of oscillations have been solved numerically in section 5.2. The
results so obtained has been then used to study the effects of nonradial modes of oscillation
on the shapes of the RVC of certain polytropic models of the pulsating variable stars. Certain
conclusions based on the results obtained in the present chapter are finally discussed in section
5.3.

5.1 Anharmonic pulsation equation of RD and RTD
polytropic model of a star for mixing mode of
oscillations

As discussed in Chapter 2 and Chapter 3, the equation that governs the anharmonic pulsations
of the RD and RTD polytropic model of a star can be written as
_dQQk + Beqr = 0 Zm.kq? + QZA’.‘.kqiqA , (j>14) for k=1,2,3,4
d7_2 ]]:w% 3 * ' i,j e ! N
i

(5.1.1)

127



where

2 * *
Wi * Dii7k * Di]}k‘
T=wt; B = Ajix = 5 ik T T a7s
Wi wily wily

1
I,z‘:/ ON *nidx
0

. N+1 4 '
D}, = _( 5 )(3 — ;)(37 +1) / O 0’z da
0

1

+%(3’Y -1) /0 2 0N (i ningmy, + nine) dee

_{_1( 1 ! 5n(N+1) Tl !

5(r+1) /0 0 nnde

where the symbols v, 7,60 (0 < 0 < 1), N, w?, z, Dj; . and I} are same as discussed
in Chapter 2. Now, here 7, 12, 13, 74, ..., are the eigenfuctions of the various modes of the
pulsation equation as obtained in chapter 1 ( (1.5.1) for radial modes and equation (1.6.1) for
nonradial modes of pulsation of RD and RTD polytropic models of stars as derived by Mohan
and Saxena [45]) . As done earlier we will obtain the radial modes of oscillations using equation
(1.5.1), however, to obtain the nonradial modes of oscillations we will use the equation (1.6.1).

Also the displacement g, at the surface is given by

B=q0+q+qs+qat... (5.1.2)

5.2 Numerical Computations

Following the approach as discussed in Chapter 2 and Chapter 3 the anharmonic pulsation
equation (5.1.1) has been solved for the mixing modes of RD and RTD polytropic models of the
pulsating variable stars. In order to study how the interaction of nonradial modes with the radial
modes of oscillations affects the shapes of RVC of RD and RTD polytropic models of pulsating
variable stars, we have considered the following cases: (i) fundamental nonradial (f,,,) mode
(i1) fundamental radial (f,) mode (iii) fundamental radial and fundamental non-radial modes
( fr + far from hereafter f,,. mode) (iv) fundamental radial, fundamental nonradial and first
radial ( f. + f.,+ fi, from hereafter f,,,; mode ) modes of oscillations (v) fundamental radial,
fundamental nonradial , first radial and first gravity (f, + f.» + fi, + g1, from hereafter f,,,1,
mode) modes of oscillations .

The value of coefficients A*

1; has been given in table (5.3-5.6) for all the considered cases
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where nonradial modes has been taken into account. The solution of anharmonic equation has
been presented in tables (5.7-5.9). The RVC obtained in each case are shown in Figs. (5.1-5.5) .
The value of skewness ratio K obtained for different models are presented in Table (5.10-5.11).

5.3 Concluding Observations

Table (5.1) represents the eigenfrequencies of the fundamental non-radial modes of the oscil-
lations of the RD and RTD polytropic models with indices 1.5, 3.0 and 4.0, whereas Table
(5.2) represents the eigenfrequencies of the first gravity modes of the non-radial oscillations
of RD and RTD polytropic models with indices 3.0 and 4.0. From these tables it is clear that
the eigenfrequencies of the non-radial modes of the RD and the RTD polytropic models are
small as compared to the corresponding values of the undistorted polytropic model. Also, from
this table it can be observed that with increase in the rotational distortions (the value of n or
angular velocity of the rotation of the star) and the rotational and tidal distortions ( the value of
both n and ¢ where ¢ represent tidal distortions due to secondary component) the value of the
eigenfrequencies decreases. These results are in accordance with the previous results of Mohan
and Saxena [45].

From figs. (5.1-5.5), it can be observed that with the inclusion of non radial modes there
is deviation in the shapes of radial velocity curves (as compared to shapes of RVC when only
radial modes are considered) of the RD and RTD polytropic modes of the pulsating variable
stars. This effect is more dominant near the points of maxima and minima. It can also be
observed from the these figures that due to the interaction of non radial modes with the radial
modes more deviation in the shapes of RVC is observed in case of polytropes with index 1.5
then with index 3.0 and 4.0. Also, there is more deviation in the shapes of the RVC of the RD
and RTD models of pulsating variable stars as we consider more nonradial modes.

From table (5.10) and (5.11) we can conclude that when the interaction of fundamental
nonradial modes is considered with fundamental radial modes then there is decrease in the
value of skewness coefficient. However, when fundamental ¢g; mode is considered along with
radial modes (fundamental and first radial modes) then there is increase in the value of K.

So, from this study we can conclude that due to interaction of nonradial modes with radial
modes there is appreciable deviation in the RVC of RD and RTD polytropic models of pulsating
variable stars. And these deviations in the RVC increases when more nonradial modes are

considered.
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Table 5.1: Eigenfrequencies of the fundamental non-radial modes of the Polytropic models of

the stars
N=15 N =30 N =40
wi w? w

Undistorted
(n=0,q=0) 2.705 9.254 15.149

Rotationally distorted
(n=0.03,g=0.0) 2.574 8.823 14.157
(n=0.05,g=0.0) 2.486 8.519 13.463
(n=0.07,g=0.0) 2.397 8.306 12.996

Rotationally and Tidally distorted
(n=0.525,9=0.05) 2.418 8.265 12.887
(n=0.535,q=0.07) 2.409 8.241 12.835
(n=0.55,9=0.1) 2.399 8.206 12.697

Table 5.2: Eigenfrequencies of the fundamental gravity non-radial modes (g; modes) of the
Polytropic models of the stars

N =30 N =40

wi wi
Undistorted
(n=0,q=0) 4.9152 27.590
Rotationally distorted
(n=0.03,q=0.0)  4.8208 26.500
(n=0.05,g=0.0)  4.7471 25.678
Rotationally and Tidally distorted
(n=0.525,q=0.05)  4.6920 24.998

(n=0.55,g=0.1)  4.6790 24.9760
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Table 5.3: Coefficients A}, , of the anharmonic pulsation equation of the RD and RTD

Js

Polytropic model of index N = 1.5 for f,,

il Afik
(n=0.0, g=0.0) | (n=0.03, g=0.0) | (n=0.05, g=0.0) | (n=0.525, q=0.05) | (n=0.55, q=0.1)

Polytropic Index N = 1.5

1)1 3.30942 3.52437 3.66129 4.0034 3.89636
Polytropic Index N = 3.0

1|1 0.63479 0.63541 0.63693 0.61446 0.63380
Polytropic Index N = 4.0

11 1.61708 1.73672 2.09065 2.01045 2.31602

Table 5.4: Coefficients A*

15,k

of the anharmonic pulation equation of the RD and RTD

Polytropic model of index N = 1.5 for f,,,,1

ilk A?j,k
(n=0.0, g=0.0) | (n=0.03, g=0.0) | (n=0.05, g=0.0) | (n=0.525, q=0.05) | (n=0.55, g=0.1)

1)1 3.31241 3.51283 3.61862 3.78842 3.81760
211 2.99412 3.07492 3.12022 3.30507 3.23378
311 1.35702 1.41236 1.43739 1.49525 1.50414
1]2 3.66300 4.09744 4.34227 4.55228 4.73581
212 3.48504 3.81091 4.00458 4.31841 4.31771
312 1.60760 1.81763 1.93984 2.08631 2.13932
13 14.44663 15.97793 17.0278 18.22858 18.49512
213 13.98916 15.43127 16.51277 18.46579 17.96226
313 16.46942 18.37087 19.75046 21.28627 21.63951
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Table 5.5: Coefficients Aj; ; of the anharmonic pulation equation of the RD and RTD
Polytropic model of index N = 3.0 for f,p,14

ik Ak
(n=0.0, g=0.0) | (n=0.03, q=0.0) | (n=0.05, g=0.0) | (n=0.525, g=0.05) | (n=0.55, g=0.1)

11| 097465 1.04599 1.10442 1.16063 1.17446
21| 083638 0.84188 1.06426 0.88885 0.90705
31| 044846 0.49080 0.52390 0.55567 0.56378
411 1.13898 1.15105 1.42564 1.32292 1.33607
12| 059844 0.70342 0.49666 0.85299 0.85459
22| 085348 0.67852 0.56527 0.71231 0.80723
312| 027092 0.33370 0.22124 0.42512 0.42597
4121 050966 0.66839 0.67551 1.12008 1.22812
13| 529235 5.85030 6.33856 6.86254 7.02087
23| 446838 4.76057 5.73598 5.47104 5.63035
33| 3.83474 4.25459 4.61245 5.00994 5.13783
413 | 478411 5.13713 6.05124 6.33086 6.46950
14| 029146 0.32328 0.21972 0.33530 0.33688
24| 018228 0.22467 0.22316 0.29582 0.32866
314| 010374 0.12104 0.07711 0.62615 1.30990
44| 071709 0.89246 0.61332 0.62615 0.63738
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Table 5.6: Coefficients Aj; ; of the anharmonic pulation equation of the RD and RTD
Polytropic model of index N = 4.0 for f,p,14

ik Ak
(n=0.0, g=0.0) | (n=0.03, q=0.0) | (n=0.05, g=0.0) | (n=0.525, g=0.05) | (n=0.55, g=0.1)

11| 044815 0.48762 0.51921 0.60233 0.64847
21| 002288 0.01381 0.00667 0.02635 0.04074
31|  0.19850 0.21244 0.21516 0.27952 0.32486
411  0.07680 0.06664 0.05567 0.07145 0.08554
12| 264658 1.69727 0.96761 3.41953 6.22891
22| 273791 3.07198 2.79829 2.30117 1.98971
32| 497430 4.40245 3.40399 5.32510 8.82607
412| 337558 3.23890 3.42267 2.27053 2.36366
13| 284184 3.07556 3.14938 4.13752 4.86288
23| 061564 0.51858 0.34359 0.60756 0.86410
33| 214585 225122 2.01908 2.86214 3.63393
413  1.09615 1.04032 0.85771 1.08164 1.35419
14| 277099 3.44893 3.74835 5.63748 7.62496
214  1.05286 1.36390 1.58919 1.38070 1.37805
34| 276245 3.71900 3.94541 5.76492 8.06422
44| 165589 2.21645 2.57196 2.51416 2.43827
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Table 5.7: Solution of the Anharmonic equation of the RD and RTD polytropic models of

Index N =1.5
Models Value of displacement on the surface of Star ¢ (7)
fnr-mode
(n=0.0,g=0.0) qp(7) = 0.00537 4 0.05700 cos n17 — 0.00179 cos 2n1 7 + 0.00004 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.03,9=0.0) qp(7) = 0.00572 4 0.05700 cos n17 — 0.00190 cos 2ny 7 + 0.00004 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.05,9=0.0) qp(7) = 0.00584 + 0.05650 cos n T — 0.00194 cos 2n17 + 0.00005 cos 3ny 7 + 0.00000 cos 4ny 7. ..
(n=0.525,9=0.05) | q»(7) = 0.00639 + 0.05650 cos n17 — 0.00213 cos 2n1 7 + 0.00006 cos 3n1 7 + 0.00000 cos 4n 7 . ..
(n=0.55,9g=0.1) gp(7) = 0.00621 + 0.05650 cos ny 7 — 0.00207 cos 2n17 + 0.00005 cos 3ny 7 + 0.00000 cos 4nq 7 . ..
fr-modes
(n=0.0,g=0.0) gp(7) = 0.00538 + 0.05700 cos ny 7 — 0.00179 cos 2n17 + 0.00004 cos 3ny 7 + 0.00000 cos 4ny 7. ..
(n=0.03,g=0.0) gp(7) = 0.00570 + 0.05700 cos ny 7 — 0.00190 cos 2n;17 + 0.00004 cos 3n1 7 + 0.00000 cos 4nq 7 . ..
(n=0.05,9=0.0) qp(T) = 0.00587 4 0.05700 cos n17 — 0.00195 cos 2n1 7 + 0.00005 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.525,9=0.05) | g»(7) = 0.00604 + 0.05650 cos n17 — 0.00201 cos 2n1 7 + 0.00005 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.55,9=0.1) q»(7) = 0.00609 4 0.05650 cos n17 — 0.00203 cos 2n1 7 + 0.00005 cos 3ny 7 + 0.00000 cos 4n 7 . . .
frnr-modes
(n=0.0,g=0.0) gp(7) = 0.01202 + 0.01756 cos ny T — 0.00371 cos 2n17 + 0.00017 cos 3ny7 — 0.00000 cos 4ny 7 . ..
(n=0.03,q=0.0) qp(7) = 0.01333 4 0.01719 cos n17 — 0.00403 cos 2n1 7 + 0.00020 cos 3nq7 — 0.00000 cos 4n 7 . . .
(n=0.05,q=0.0) | g»(7) = 0.01395 + 0.02000 cos 17 — 0.00412 cos 2ny7 + 0.00021 cos 3ny 7 — 0.00000 cos 4n4 7. . .
(n=0.525,q=0.05) | ¢»(7) = 0.01463 + 0.01601 cos ny7 — 0.00432 cos 2n1 7 + 0.00024 cos 3ny7 — 0.00000 cos 4ny 7 . ..
(n=0.55,q=0.1) qp(7) = 0.01504 4 0.01479 cos n17 — 0.00442 cos 2n1 7 + 0.00024 cos 3ny 7 — 0.00001 cos dn, 7 . . .
frnr1-modes
(n=0.0,g=0.0) qp(7) = 0.01347 4 0.03331 cos n17 + 0.01672 cos 2ny 7 — 0.01598 cos 3ny 7 + 0.00037 cos 4nq 7 . ..
(n=0.03,q=0.0) qp(7) = 0.01641 4 0.04007 cos n17 + 0.03645 cos 2ny 7 — 0.02354 cos 3ny 7 + 0.00061 cos 4n 7 . . .
(n=0.05,9=0.0) gp(7) = 0.01962 + 0.05074 cos ny 7 4 0.06817 cos 2n17 — 0.03199 cos 3ny7 + 0.00088 cos 4ny 7. ..
(n=0.525,q=0.05) | g»(7) = 0.02184 4 0.05621 cos n17 + 0.09606 cos 2n17 — 0.04276 cos 3ny7 + 0.00131 cos4n, 7 . ..
(n=0.55,9=0.1) qv(7) = 0.02336 + 0.05833 cos n17 + 0.11238 cos 2ny 7 — 0.04663 cos 3ny 7 + 0.00139 cos 4n 7 . . .
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Table 5.8: Solution of the Anharmonic equation of the RD and RTD polytropic models of

Index N = 3.0
Models Value of displacement on the surface of Star ¢ (7)
fnr-mode
(n=0.0,g=0.0) qv(7) = 0.00114 4 0.06000 cos n17 — 0.00381 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4dn 7 . . .
(n=0.03,9g=0.0) gp(7) = 0.00114 + 0.06000 cos ny 7 — 0.00038 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4nq 7. ..
(n=0.05,9=0.0) qp(7) = 0.00114 4 0.06000 cos n17 — 0.00038 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . ..
(n=0.525,q=0.05) | ¢»(7) = 0.00110 + 0.06000 cos ny7 — 0.00036 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . ..
(n=0.55,9=0.1) gp(7) = 0.00114 + 0.06000 cos ny 7 — 0.00038 cos 2n17 + 0.00000 cos 3ny 7 + 0.00000 cos 4ny 7. ..
fr-modes
(n=0.0,9=0.0) gp(7) = 0.00169 + 0.05900 cos ny 7 — 0.00056 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7. ..
(n=0.03,g=0.0) qp(7) = 0.00182 4 0.05900 cos n17 — 0.00060 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.05,g=0.0) | ¢»(7) = 0.00192 + 0.05900 cos ny7 — 0.00064 cos 2n1 7 4 0.00000 cos 3ny 7 + 0.00000 cos 4n 7. . .
(n=0.525,9=0.05) | ¢»(7) = 0.00202 + 0.05900 cos n17 — 0.00067 cos 2n17 + 0.00000 cos 3n,7 + 0.00000 cos 4ny 7 . ..
(n=0.55,g=0.1) qp(7) = 0.00204 4 0.05900 cos n17 — 0.00068 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
frnr-modes
(n=0.0,g=0.0) qp(7) = 0.00287 + 0.05727 cos ny 7 — 0.00090 cos 2n17 + 0.00001 cos 3ny7 + 0.00000 cos 4ny 7. ..
(n=0.03,9=0.0) qp(7) = 0.00319 4 0.05692 cos n17 — 0.00100 cos 2n1 7 + 0.00001 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.05,9=0.0) gp(7) = 0.00287 + 0.05746 cos ny T — 0.00092 cos 2n17 + 0.00001 cos 3ny7 + 0.00000 cos 4nq 7 . ..
(n=0.525,q=0.05) | q»(7) = 0.00366 + 0.05611 cos n17 — 0.00115 cos 2n17 + 0.00001 cos 3ny 7 + 0.00000 cos 4n 7 . ..
(n=0.55,9=0.1) qv(7) = 0.03694 4 0.05589 cos n17 — 0.00116 cos 2ny 7 + 0.00001 cos 3ny 7 + 0.00001 cos 4n 7 . . .
frnr1-modes
(n=0.0,g=0.0) qp(7) = 0.08029 4 0.06052 cos n17 — 0.00550 cos 2n1 7 + 0.00033 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.03,9=0.0) qp(7) = 0.00908 4 0.06115 cos n17 — 0.00615 cos 2ny 7 + 0.00040 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.05,q=0.0) qp(7) = 0.00955 4 0.06238 cos n17 — 0.00668 cos 211 7 + 0.00046 cos 3nq 7 + 0.00000 cos 4n7 . . .
(n=0.525,9=0.05) | g»(7) = 0.01095 4 0.06243 cos n17 — 0.00741 cos 2n1 7 + 0.00054 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.55,9g=0.1) gp(7) = 0.01119 + 0.06256 cos ny T — 0.00759 cos 2n17 + 0.00056 cos 3ny7 + 0.00000 cos 4nq 7. ..
frnr1g-modes
(n=0.0,g=0.0) gp(7) = 0.00885 + 0.05963 cos ny 7 — 0.00530 cos 2n17 + 0.00017 cos 3ny7 + 0.00000 cos 4nq 7. ..
(n=0.03,q=0.0) gp(7) = 0.00988 + 0.05999 cos ny T — 0.00578 cos 2n17 + 0.00020 cos 3ny 7 + 0.00000 cos 4ny 7. ..
(n=0.05,9=0.0) qp(7) = 0.00979 4 0.06146 cos n17 — 0.00598 cos 2n1 7 + 0.00023 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.525,9=0.05) | g»(7) = 0.01152 4 0.06091 cos n17 — 0.00662 cos 2n17 + 0.00027 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.55,q=0.1) qp(7) = 0.01173 4 0.06098 cos n17 — 0.00674 cos 2n1 7 + 0.00028 cos 3ny 7 + 0.00000 cos 4n 7 . . .
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Table 5.9: Solution of the Anharmonic equation of the RD and RTD polytropic models of

Index N =4.0
Models Value of displacement on the surface of Star ¢ (7)
fnr-mode
(n=0.0,g=0.0) qv(7) = 0.00281 4 0.05900 cos n17 — 0.00938 cos 2n1 7 + 0.00001 cos 3ny 7 + 0.00000 cos 4dn 7 . . .
(n=0.03,9g=0.0) gp(7) = 0.00297 + 0.05850 cos ny 7 — 0.00099 cos 2n17 + 0.00001 cos 3ny7 + 0.00000 cos 4nq7 . ..
(n=0.05,9=0.0) qp(7) = 0.00363 4 0.05900 cos n17 — 0.00121 cos 2ny 7 + 0.00001 cos 3nq 7 + 0.00000 cos 4n 7 . . .
(n=0.525,q=0.05) | ¢»(7) = 0.00389 + 0.05800 cos ny7 — 0.00112 cos 2n17 + 0.00001 cos 3ny7 + 0.00000 cos 4ny 7 . ..
(n=0.55,9=0.1) qp(7) = 0.00344 + 0.05850 cos ny T — 0.00114 cos 2n17 + 0.00002 cos 3n1 7 + 0.00000 cos 4ny 7. ..
fr-modes
(n=0.0,9=0.0) gp(7) = 0.00080 + 0.06000 cos ny7 — 0.00026 cos 2n17 + 0.00000 cos 3ny7 + 0.00000 cos 4ny 7 . ..
(n=0.03,g=0.0) qp(7) = 0.00087 4 0.06000 cos n17 — 0.00029 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.05,q=0.0) | g»(7) = 0.00093 + 0.06000 cos n17 — 0.00031 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
(n=0.525,q=0.05) | ¢»(7) = 0.00116 + 0.06000 cos n17 — 0.00038 cos 2n17 + 0.00000 cos 3n,7 + 0.00000 cos 4ny 7 . ..
(n=0.55,9=0.1) q»(7) = 0.00108 4 0.06000 cos n17 — 0.00036 cos 2n1 7 + 0.00000 cos 3n1 7 + 0.00000 cos 4n 7 . . .
frnr-modes
(n=0.0,g=0.0) qp(7) = 0.00290 + 0.06035 cos ny T — 0.00301 cos 2n17 + 0.00007 cos 3ny 7 + 0.00000 cos 4nq 7. ..
(n=0.03,q=0.0) | g»(7) = 0.00218 + 0.06021 cos n17 — 0.00213 cos 2n1 7 + 0.00005 cos 3n1 7 + 0.00000 cos 4dn 7 . . .
(n=0.05,9=0.0) gp(7) = 0.00167 + 0.06012 cos ny7 — 0.00136 cos 2n17 + 0.00003 cos 3ny7 + 0.00000 cos 4nq 7 . ..
(n=0.525,q=0.05) | q»(7) = 0.00585 4 0.06072 cos n17 — 0.00735 cos 2n1 7 + 0.00015 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.55,g=0.1) | g»(7) = 0.03718 + 0.06043 cos 17 — 0.00406 cos 2n17 + 0.00009 cos 3ny7 + 0.00000 cos 4n 7. . .
frnr1-modes
(n=0.0,9g=0.0) qp(7) = 0.00613 4 0.06162 cos n17 — 0.00531 cos 2n1 7 + 0.00010 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.03,9=0.0) qp(7) = 0.00562 4 0.06152 cos n17 — 0.00465 cos 2n1 7 + 0.00011 cos 3ny 7 + 0.00000 cos 4n 7 . . .
(n=0.05,q=0.0) qp(7) = 0.00528 4 0.06151 cos n17 — 0.00388 cos 2n1 7 + 0.00009 cos 3nq 7 + 0.00000 cos 4n 7 . . .
(n=0.525,9=0.05) | q»(7) = 0.01174 4 0.06430 cos n17 — 0.01166 cos 2n1 7 + 0.00030 cos 3n1 7 + 0.00000 cos 4n 7 . ..
(n=0.55,9g=0.1) gp(7) = 0.00858 + 0.06292 cos ny T — 0.00754 cos 2n17 + 0.00019 cos 3ny 7 + 0.00000 cos 4nq7 . ..
frnr1g-modes
(n=0.0,g=0.0) gp(7) = 0.00876 + 0.06219 cos ny T — 0.00747 cos 2n17 + 0.00015 cos 3ny 7 — 0.00000 cos 4ny 7. ..
(n=0.03,q=0.0) | gp(7) = 0.00848 + 0.06221 cos ny7 — 0.00783 cos 2n1 7 4+ 0.00017 cos 3ny7 — 0.00000 cos 4n 7. . .
(n=0.05,9=0.0) qp(7) = 0.00870 4 0.06253 cos n17 — 0.00697 cos 2n1 7 + 0.00015 cos 3ny 7 — 0.00000 cos 4n 7 . . .
(n=0.525,9=0.05) | g»(7) = 0.01823 4 0.06610 cos n17 — 0.01777 cos 2ny 7 + 0.00044 cos 3ny 7 — 0.00001 cos 4dn 7 . ..
(n=0.55,q=0.1) qp(7) = 0.01355 4 0.06437 cos n17 — 0.01210 cos 2n1 7 + 0.00029 cos 3ny 7 — 0.00000 cos 4n 7 . . .
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Table 5.10: Values of n? and the skewness coefficient K for the radial and nonradial Modes

Models fnr mode fr modes frnr modes frnr1 modes
Polytropic index (N = 1.5)
(n=0.0,g=0.0) | 0.97034 | 0.4605 | 0.97029 | 0.4632 | 0.93622 | 0.3318 | 0.93622 | 0.1683
(n=0.03,q=0.0) | 0.96636 | 0.4585 | 0.96658 | 0.4588 | 0.96576 | 0.3238 | 0.92621 | 0.1772
(n=0.05,q=0.0) | 0.96433 | 0.4567 | 0.96434 | 0.4569 | 0.92099 | 0.3161 | 0.92099 | 0.1856
(n=0.525,g=0.05) | 0.95736 | 0.4509 | 0.96243 | 0.4551 | 0.91268 | 0.3132 | 0.91268 | 0.1896
(n=0.55,q=0.1) | 0.95961 | 0.4527 | 0.96123 | 0.4541 | 0.91105 | 0.3063 | 0.91105 | 0.1910
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Table 5.11: Values of n? and the skewness coefficient K for the radial and nonradial Modes

Models fnr mode fr modes frnr modes frnr1 modes frnr1g modes
Polytropic index (N = 3.0)
(n=0.0,g=0.0) | 0.99879 | 0.4929 | 0.99724 | 0.4965 | 0.99555 | 0.4802 | 0.99555 | 0.3939 | 0.99555 | 0.4003
(n=0.03,g=0.0) | 0.99894 | 0.4929 | 0.99682 | 0.4955 | 0.99485 | 0.4777 | 0.99485 | 0.3847 | 0.99485 | 0.3935
(n=0.05,g=0.0) | 0.99878 | 0.4929 | 0.99646 | 0.4947 | 0.99472 | 0.4796 | 0.99472 | 0.3790 | 0.99472 | 0.3922
(n=0.525,g=0.05) | 0.99886 | 0.4932 | 0.99605 | 0.4938 | 0.99358 | 0.4736 | 0.99358 | 0.3693 | 0.99358 | 0.3828
(n=0.55,g=0.1) | 0.99879 | 0.4929 | 0.99599 | 0.4937 | 0.99344 | 0.4733 | 0.99344 | 0.3671 | 0.99344 | 0.3812
Polytropic index (N = 4.0)
(n=0.0,g=0.0) | 0.99241 | 0.4792 | 0.99939 | 0.5033 | 0.99936 | 0.4400 | 0.99906 | 0.4054 | 0.99936 | 0.3808
(n=0.03,q=0.0) | 0.99139 | 0.4776 | 0.99928 | 0.5028 | 0.99927 | 0.4567 | 0.99927 | 0.4143 | 0.99926 | 0.3809
(n=0.05,g=0.0) | 0.98753 | 0.4722 | 0.99919 | 0.5024 | 0.99918 | 0.4954 | 0.99918 | 0.4722 | 0.99918 | 0.3861
(n=0.525,g=0.05) | 0.98886 | 0.4737 | 0.99891 | 0.5013 | 0.99887 | 0.4222 | 0.99887 | 0.3800 | 0.99887 | 0.3468
(n=0.55,g=0.1) | 0.98496 | 0.4690 | 0.99872 | 0.5006 | 0.99864 | 0.3801 | 0.99864 | 0.3490 | 0.99864 | 0.2713
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Chapter 6

Concluding Obsevations

In this chapter we have critically overviewed in brief the work accomplished in the earlier
chapters of this thesis. Besides discussing the limitations and scope of the method developed
in preceding chapters for determining the effects of rotation and tidal distortions, interactions
of higher and mixing modes of oscillations on the shapes of RVC of RTD polytropic modes of
stars, we have also analysed the astrophysical significance of results obtained in these chapters.
This chapter ends with some suggestions for further work in this field.

In section 6.1 we critically review the method discussed in this thesis for determining the
effect of rotation and tidal distortion on the RVC of RTD polytropic models of pulsating vari-
able stars. The limitations and scope of the method discussed in the thesis analysing the effects
of interaction of higher modes and mixing modes on the RVC and RTD polytropic models of
stars are next presented in section 6.2. Section 6.3 deals with astrophysical significance of the
results obtained in earlier chapters. The scope of further research work on this topic is finally

discussed in section 6.4.

6.1 Limitations and scope of the method proposed in the
thesis for determining the effects of rotation and tidal
distortion on the RVC of polytropic models of stars

In the present thesis we have primarily considered the feasibility of using Mohan and Saxena
[45] approach to determine the effect of rotation and tidal distortions on the RVC of polytropic
models of variable stars by using the technique of Rosseland [61] and Prasad [58]. The method-
ology of Mohan and Saxena [45] utilizes the average concepts of Kippenhahn and Thomas [25]
in conjuction with the results of Roche equipotentials obtained by Kopal [28] to incorporate the
effects of rotation and tidal distortion on the stars. The eigenvalued boundary value problem
determining pseudo radial and nonradial modes of oscillations of RTD stars, presented in sec-
tions 1.5 and 1.6 are the same as discussed by Mohan and Saxena [45]. However, it is important
to mention that while developing the explicit formulations of these eigenvalued boundary value

problems, it is assumed that:

1. Actual equipotential surfaces of the distorted star can be approximated by the appropriate

Roche equipotential surfaces.
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2. Effect of rotation and tidal distortion are not too large so that terms beyond second order

of smallness in rotational and tidal distortion parameters can be neglected.
3. The distorted model is well within its appropriate Roche lobs.

4. During the oscillations, the points on each equipotential surface oscillate in unison about

their equilibrium positions (i.e. oscillations are assumed to be barotropic).
5. Effects of Coriolis force can be neglected.

In order to determine the effects of rotation and tidal distortion on the RVC predicted on the
basis of the theory of anharmonic oscillation, we first formulate in Chapter 1, the general equa-
tion of anharmonic oscillations of a RTD model using the theory of Rosseland [61] and Mohan
and Saxena [45] and then use it in Chapter 2 to determine the RVC of certain RTD polytropic
models of variable stars with index N = 1.5, 3.0 and 4.0. The results show that with the intro-
duction of rotational effects, the RVC for polytropic models of pulsating variable stars deviates
more as compared to the tidal effect. The shapes of the radial velocity curves depicted in the
graphs of this chapter also show that distortional effect are more dominant near the point of
maxima and minima. This flattening effect is considerably enlarged in the case of synchronous
binary system.

While studying the effect of rotation and tidal distortion on the RVC of polytropic models
of stars we have considered only first four radial modes of oscillations. A difficulty arises to
find higher (fifth onward) modes of radial oscillations of RTD polytropic models of stars.

Our investigations on the shapes of RVC of rotating variable stars and variable stars in
binary system can also be of some help in better understanding the nature of the stars. Present
results show that rotation and tidal pull of the companion star can be some of the possible
causes for exciting resonance phenomenon between different modes of oscillation of a variable

stars.

6.2 Limitations and scope of the method determining the
effects of higher modes, mixing modes and amplitude of
pulsation on the shapes of RVC of RTD polytropic
models of stars

The equation of anharmonic pulsation developed in Chapter 2 to analyse the effects of rotation
and tidal distortion on the RVC of RTD polytropic models has been next used in Chapter 3 to
determine the effect of higher modes of radial oscillations on the shapes of RVC of RTD poly-

tropic pulsating models of stars. In this Chapter, we have considered the interaction of various
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modes such as : (i) fundamental mode (ii) fundamental and first mode (iii) fundamental and the
next two modes and finally (iv) fundamental and next three higher modes. The methodology
developed in Chapter 2 and Chapter 3 has been further used in Chapter 4 to determine the ef-
fect of amplitude of radial oscillations on the shapes of RVC of above mentioned distorted stars.
The same methodology is used in Chapter 5 along with the results of nonradial oscillations dis-
cussed in Chapter 1 (subsection 1.6) to determine the combined effect of radial and nonrdial
modes, that is , mixing modes on the shape of RVC of polytropic models of variable stars. The
methodology developed in this thesis can be conveniently used to exhibit the behaviour of RVC
of RTD polytropic models of variable star under the assumptions specified earlier.

In the case of combined effects of radial and nonradial modes of oscillations on the RVC
of RTD polytropic models, we have only considered the fundamental and gravity g; modes of
nonradial oscillations. It is assumed that fundamental mode is more dominant over the other
modes.

Our results in Chapter 4 show that physically possible solution of the anharmonic equations
are only possible upto a certain value of amplitude of pulsation. The upper limit of the am-
plitude of pulsation giving a physically possible solutions of the RVC changes from model to
model and decrease with the inclusion of higher modes in the anharmonic equations. On the
basis of these results, we may, therefore, say that if the stars are pulsating with small radial
oscillations and shapes of the observed RVC is due to the anharmonic effects, then there is an
upper limit to the amplitude with which a star pulsateS.

The present study is expected to give an answer to the question whether theory of anhar-
monic pulsation can properly explain the shapes of RVC of observed variables stars or the
observed shape of the light curve is due to some other physical cause working in the star. In
case we are able to find a mathematical model of the star whose RVC resembles the shape
of RVC of an observed variable star then it would not only validate the theory of anharmonic

pulsation but will also give an insight into the nature of the interior structure of such stars.

6.3 Astrophysical Significance of the present work

The computational methods developed in this thesis are primarily designed to study the effects
of rotation and tidal distortion on the RVC of polytropic models of pulsating variable stars .
Since polytropic models are often used in astrophysical literature to depict the inner structure
of a variety of realistic stars, the results obtained in chapter (2-5) have practical significance.
In order to compare the the radial velocity curves for the present undistorted polytropic
model (n = ¢ = 0) with that of standard model of star obtained by Prasad [58], we have
show that both the curves in Figs. (6.1-6.2). In Fig. (6.1) the solid red line represents the

radial velocity curve for fundamental and first mode for standard model obtained by Prasad
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[58] and black dotted line represent the radial velocity curve for fundamental and first mode for
undistorted polytropic model of index 3.0 obtained in the present study. We observed that both
the curves are in good agreement

In Fig.(6.2) the solid red line represents the radial velocity curve for fundamental and next
two higher modes for standard model obtained by Prasad [58] and black dotted line represent
the radial velocity curve for next two higher modes for undistorted polytropic model of index
3.0. The value of skewness coefficient for the radial velocity curve for fundamental and next
two higher modes for standard model obtained by Prasad [58] was 0.307 and the value of
skewness coefficient for fundamental and next two higher modes for undistorted polytropic
model of index 3.0 is 0.29 which is again in good agreement. The values of skewness ratio &

for different undistorted models are collected and presented in Table (6.1).

Table 6.1: Comparison of Skewness ratio K of present result with some realistic stars

S.No Star K

1 Homogenous model 0.46*

2 Standard model (N = 3.0) 0.307**

3 Standard model (Commensu- 0.287+
rable period)
4 K(10) model 0.268T
5  The present model N = 1.5 0.79
6 The present model N = 3.0 0.29
7  The present model N = 4.0 0.376
8 1 Aquilae 0.24%
9  § Cephei 0.20%

* Prasad[59], xx* Prasad [58], 1 Gurm [19], { Schwarzchild and Savedoff [66]

No specific conclusion of astrophysical significance can be straightway drawn on the basis
of the work reported in this thesis. However, the developed method and numerical results re-
ported in this thesis can be of some help in arriving at conclusion which can have astrophysical
significance. The technique discussed in the present thesis can be used to determine the shapes
of RVC of rotating stars and stars in binary systems. The methods reported in this thesis can
also help in deciding whether an observed rotating star has a uniform rotation or a differential
type of rotation depending upon which law best predicts its observed features. Investigations
on the effects of rotation and tidal distortions on the shapes of RVC of rotating variable stars
and variable stars in binary system can also be of some help in better understanding the true

nature of these stars. Present results also that rotation and tidal pull of the companion star can
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be some of the possible causes for exciting resonance phenomena between different modes of

oscillations of a variable stars.
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6.4 Future Scope

Determining the effect of rotation and tidal distortion on the RTD gaseous sphere are very
complex mathematical problems. Therefore, it is not easy to provide general results applicable
to all type of rotating variable star which exists as single or binary star. Due to its practical
utility, analysis of such problem is of practical interest to the theory of stellar structure. During
the progress of the present study on the anharmonic pulsation of variable star, several interesting
topics have come up to our attention. However, it is not possible to pursue all these within the
research framework of this thesis. Hence, in the concluding chapter, some of them will be
proposed as a focus for further research.

In the present work we have primarily considered the effectiveness of Mohan and Saxena
[45] approach for studying the anharmonic pulsation of RTD stars. We have formulated the
equation of anharmonic for RTD polytropic model of stars correct upto second order terms. It
will be worthwhile to extend further the analysis of the present methods to include higher order
terms, so that method can be used to study the more realistic problems of stars.

While formulating the equipotential surfaces of the distorted models of stars, Mohan and
Saxena [45] considered the rotational and tidal forces only. This approximation is much better
if we include Coriolis force, magnetic field and radiation pressure other than rotation and tidal
force. It will be of our interest to see how the combined forces affects the RVC of the pulsating
variable stars.

In the present investigation it has been assumed that in a RTD model only those eigen-
frequencies excited are radial and nonradial modes of oscillations of undistorted spherically
symmetric star (barotropic). There is every likelihood of modes other than these (baraclinic
modes of oscillations). The present study can be extended to investigate the eigenfrequencies
of RTD stars without barotropic assumptions. Also, the present approach can be modified by
including the effects of higher modes of radial oscillations and pressure and gravity modes in
the case of nonradial oscillations.

In the present approach we have considered the effect of rotation and tidal distortion on the
RVC only. This can be further used to analyse the effects of rotation and tidal distortion on the
rate of energy generation inside the core and damping effects of the outer ionization zone. It
will help us in deciding the pulsations stability of rotating variable stars and variable stars in
binary systems.

The present approach to study the behaviour of RVC of RTD polytropic models of variable
stars in the presence of distortional force only . It will be of our interest to see how the shape
of RVC of other realistic variable stars (such as White dwarf, Composite model, Roche model
etc).

From the view point of astrophysical importance, it will also be worthwhile to apply the

technique developed in thesis to determine the radial velocity curves of some realistic models
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of rotating stars and stars in binary systems by using the approach of section 2.1 in conjunction
with some available computer code for determining the radial velocity curves of RTD theoreti-
cal models of realistic stars.

From the astrophysical view point, it will be worthwhile to incorporate the present method-
ology into certain computer codes for anharmonic pulsation and apply it to determine the var-
ious shapes of RVC and skewness of distorted models of star and also trace the evolutionary
traces of certain realistic models of rotating variable stars and stars in binary systems. Use of
the method developed in this thesis for determining the radial velocity curves of rotating vari-
able stars and variable stars in binary systems is also likely to yield results of some practical
interest to astronomy.

We shall also develop necessary computational algorithms to determine RVC of certain
radial and nonradial pulsating stellar models. These algorithms will be helpful for those who
are working in these fields either in observations or in theoretical work.

It is to be noted that the theory of anharmonic pulsation is not only of interest to the problem
of variable stars in astronomy and astrophysics but is of vital interest in studies of vibrations of

mechanical structures in engineering as well as analysis of earthquakes in geophysics.
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