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ABSTRACT

The intent of this dissertation entitled, “COMMON FIXED POINT THEOREMS FOR
COMPATIBLE AND WEAKLY COMPATIBLE MAPPINGS”, embodies a brief
account of investigations carried out by various authors on existence of fixed points of
self-mappings in metric spaces under the supervision of Dr. S.S. Bhatia, Professor,
School of Mathematics and Computer Applications, Thapar University, Patiala.

The aim of this work is to study and obtain some result on existence and
uniqueness of common fixed points. Fixed point theory has wide ranging
application in many areas of mathematics. For example, in finding the solution of the
system of linear equations, in proving the existence of solutions of ordinary and partial
differential equation, integral equations, analysis and many other disciplines.

The work presented in this dissertation has been divided into four chapters. The
first chapter is introductory. In this chapter we present a brief account of basic definitions
and results which will be used in the later chapters. In 2nd chapter, the Banach
Contraction principle and some basic fixed point theorems have been studied. Also an
application to system of integral equations is given in this chapter.

Whereas, in 3rd chapter, the concept of compatible mappings introduced by
Jungck, G. [15] has been studied. Also, some of the properties of this “weakend
commutativity” has been given. We study the utility of this concept in the context of
metric fixed point theory by replacing the commutativity hypothesis by compatibility.
The purpose of the 4th chapter is to study the common fixed point theorem proved by
Chugh, R. and Kumar, S. [7], from the class of compatible continuous maps to a larger
class of maps having weakly compatible maps without appeal to continuity.

Towards the end, references of various publications cited in the present
dissertation have been reported.
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CHAPTER-1
INTRODUCTION & DEFINITIONS

Introduction

A fixed point of a function is a point that is mapped to itself by the function. Let X be any
non-empty set. Given a functionf: X - X, a fixed point of f is a pointx € X such
that f(x) = x, that is, a point which remains invariant under the mapping f. A set of fixed
points is sometimes called a fixed set. This is to say, c is a fixed point of the function f(x)
if and only if f(c) = c. For example, if a function f defined on the real numbers by
f(x) = x> — 3x + 4, then 2 is a fixed point of f. Not all functions have fixed points: for
example if f is a function defined on the real numbers as f(x) = x + 1, then it has no
fixed points. In graphical terms, a fixed point means the point (x, f(x)) is on the line
y =X, or in other words the graph of f has a point in common with the line. The
example f(x) = x + 1, is a case where the graph and the line are a pair of parallel lines.

The origin of metric contraction principles rest in the method of successive
approximations for proving existence and uniqueness of solutions of differential
equations. This method is associated with the names of celebrated nineteenth century
mathematicians such as Cauchy, Liouville, Lipschitz, Peano and especially Picard. In fact
precursors of the fixed point theoretic approach are explicit in the work of Picard.
However, it is the Polish Mathematician Stefan Banach who is credited with placing the
ideas underlying the method into an abstract framework suitable for broad applications
well beyond the scope of elementary differential and integral equations.

Although the basic idea about the fixed point theory was known to others earlier, but
the credit of making it useful and popular goes to Polish mathematician Stefan Banach. In
1922, he proved a common fixed point theorem, which ensured the existence and
uniqueness of a fixed point under appropriate conditions. This result of Banach [2] is
known as Banach fixed point theorem or contraction mapping principle.

Fixed point theory has wide ranging applications in many areas of Mathematics. For
example, in proving the existence of solutions of ordinary and partial differential

equations, integral equations and many other disciplines. Moreover, fixed point theorems



have applications in the theory of matrices, mathematical economics, game theory,
optimal control theory, dynamical systems, functional analysis and many other areas.

Basic Definitions
We now present a brief account of basic definitions, which will be used in the subsequent
chapters. These definitions have been taken from Rudin [29], Ansari [1], Kreyszig [22]

and others.

Metric Space
A set X, whose elements we shall call points, is said to be a metric space if with any two

points x and y of X there is associated a real number d(x, y), called the distance from x to

Yy, such that
1) d(x, y) > 0ifx#y; d(x,x) = 0;
2) d(xy) =d(y, x); (Symmetry)

3) d(x,y) <d(x,z) + d(z,y),foranyz € X.  (Triangle inequality)
Any function with these three properties is called a distance function, or a metric.
Examples of Metric Space:-
1) Let X =R. Forx,y € X, define d: X x X — R by
dx,y) =[x -yl
Then (X, d) is a metric space. This is called the metric space R with the usual metric.

2) Let X be an arbitrary non-empty set. For x,y € X, define d: X x X — R by

d(xy) = {

Then (X, d) is a metric space. The metric d is called the discrete metric and the space

Oifx=y
lifx#y

(X, d) is called the discrete metric space.

Limit Point

A point x is a limit point of the set E if every neighborhood of x contains a pointy # x

such thaty € E.



Example of Limit Point:-
Let (X, d) be a metric space where X =R and d(x,y) = |x — y|. Let A= Q c R. Then the

set of limit points of Ais R.

Closed Set

A set E is closed if every limit point of E is a point of E.

Example of Closed Set:-

Let (X, d) be a metric space where X = R and d(x,y) = |x — y|. If we take A =[0,1]

then every limit point of A is contained in A. Thus, A is a closed set.

Theorem 1.1: Let (X, d) be a metric space and A be a subset of X. Thenx € A if and
onlyif d(x,A) =0, whered(x,A) = inf{d(x,y):y € A}.

Proof: Let x € A.Ifx € A, then obviously we have d(x,A) = 0. Assume x & A. Then X is
a limit point of A. Thus for any € > 0, there exists a y € S;(x) N A, that is, d(x,y) < e.
Therefore d(x,A) < € forany € > 0. Hence d(x,A) = 0.

Conversely, suppose that d(x,A) = 0. Ifx € A, thenx € A. Assume x & A. Then by the
property of the infimum, for any e > 0, there is ay € A such that d(x,y) < ¢, that
is y € S.(x) NA. Since x & A, theny # x. Therefore, x is a limit point of A, and thus x €
A.

Compact Set

A subset K of a metric space X is said to be compact if every open cover of K contains a
finite subcover.

Examples of Compact Set:-

1) Closed and bounded set is compact in R™.

2) The discrete metric space (X, d), where X is a finite set, is compact.

Sequence
By a sequence, we mean a function f defined on the set J of all positive integers.
If f(n) = x,,forn € J, it is customary to denote the sequence f by the symbol {x,}, or

sometimes by x4, X5, X3, ..... The value of f, that is the element x,, are called the terms of



the sequence. If A is a set and if x, € Aforalln € J, then {x,} is said to be a sequence
in A, or a sequence of elements of A.

Examples of Sequence:-

1) {x,} = {%}n € N is a sequence. Here x; =

==

1
Xz = 2, ...50 ON.

2) {x,} =(—1)",neNisasequence. Here x; = —1,x, = 1,x3 = —1,...soon.

Convergent Sequence

A sequence {x,} in a metric space X is said to converge if there is a point x € X with the
following property:

For every € > 0 there is an integer N such thatn > N implies that d(x,,x) < €. (Here 'd'
denotes the distance in X.)

In this case we also say that {x,} converges to x, or that x is the limit of {x,}, and we
write x, — X, or

lim x, = x.

n—oo

If {x,} does not converge, it is said to diverge.

Cauchy Sequence
A sequence {x,}in a metric space X is said to be a Cauchy sequence if for every ¢ > 0,

there is an integer N such that

d(xn, xm) <egVnm=N.

Remark

Every convergent sequence is a Cauchy sequence but the converse is not true as shown
by the following example.

Example:-

Let X = (0,1] be a metric space with the usual metric 'd". Let{x,} be a sequence in

1 . .
X, where {x,} = - Then, {x,} is a Cauchy sequence since for each ¢ > 0, we have
1 1 1
d(Xm, Xn) = |; - H| <gVmn > ;

On the other hand, x, — 0 & X. Therefore, {x,} is a Cauchy sequence but not a

convergent sequence.

10



Complete Metric Space

A metric space in which every Cauchy sequence converges is said to be complete.

Examples of Complete Metric Space:-

1) Let X =R and 'd' be the usual metric on X. Then, (X, d) is a complete metric space.

2) The set of integers Z with the usual metric is a complete metric space. Let {x,} be a
Cauchy sequence of integers, that is, each term of the sequence belongs to Z =

{..,—2,—-1,0,1,2,...}. Then the sequence must be of the form {x4,x;, ..., X, X, X,
X,..}. Indeed, if we choose & = 1/2, then, x,, x, €Z and [x, —xp| < %

implies x, = x,,. Hence the sequence {x;, x5, ...,X,, X, X, X, ... } converges to X.

Continuous Function
Suppose X and Y are metric spaces, E ¢ X,p € E, and f maps E into Y . Then f is said to
be continuous at p if for every € > 0 there exists a § > 0 such that
dy (f(x),f(p)) < &
for all points x € E for which dy (x, p) < é. If fis continuous at every point of E, then f is
said to be continuous on E.
Example of Continuous Function:-
1) Let (X, d) be a metric space and f: X — X be a constant function. Then f is continuous.

2) Let (X, d) be a discrete metric space then every function f: X — Y is continuous on X.

Lower Semi Continuous Function
Let (X, d) is a metric space. A function ¢: X —» R is called lower semi continuous
atx, € X if

)}Lgﬁo inf (%) = @(xo).

Example of Lower Semi Continuous Function:-
Let ¢: R — R be a function defined by

(—1ifx<0
‘p(x)_{ 1 ifx>0

Then ¢ is lower semi continuous at x, = 0.

11



Upper Semi Continuous Function
Let (X, d) is a metric space. A function ¢: X —» R is called upper semi continuous
atx, € Xif

lim sup @(x) < @(xg).

X=X

Example of Upper Semi Continuous Function:-
Let ¢: R — R be a function defined by

_( —1ifx<0
‘P(X)‘{ 1ifx>0

Then ¢ is upper semi continuous at x, = 0.

Fixed Point
Let X be a non-empty set and T be a self map on X defined as
T:X-X

By a fixed point of T, we mean an element x € X such that T(x) = x.

Examples of Fixed Point:-

1) A translation has no fixed point. Let X be a non empty set. We can define a
translation T: X — X as T(x) = x + a wherex € X and 'a' is any constant. Clearly, it
has no fixed point.

2) The mapping T: R — R defined as T(x) = x* has only two fixed points. Here 0 and 1
are only fixed points.

3) The mapping T: R* — R? defined as T(x, y) = (0, y) has infinitely many fixed points.

4) The mapping T: R — R defined as T(x) = x/2 has unique fixed point. Clearly, 0 is the

only fixed point.

Contraction Mapping
Let (X, d) be a metric space. A mapping T: X — X is called contraction of X if there
exist a real number a with 0 < a <1 such that
d(Tx, Ty) < ad(x,y) Vx,y €X.
Example of Contraction Mapping:-
Let X =[0,1 ]. The mapping T: X — X given by T(x) = %(x?’ +x%2+1)Vx€X. Then

T is a contraction mapping.

12



We have,

1 1
d(TxTy) = |Z(C +x* + D) =2 (° +y* + 1)
13 3 2 2
=216~y + (2~ )

1 2 2
=7|x—y||x +xy+y°+x+y|

< Lix—yiisl = 2dey)
< Zlx—yllsl < ZdGxy

Thus d(Tx, Ty) < ad(x,y) where a = ; <1

Contractive Mapping
Let (X, d) be a metric space. A mapping T: X — X is called contractive if
d(Tx, Ty) < d(x,y) Vx,y € Xandx #y.

Commuting Mapping [12]

Two self mappings f and g on a metric space (X, d) are said to be commuting if
fog(x) = gof(x) Vx € X.

Example of Commuting Mapping:-

Let X =[1,00) and d(x,y) = |x — y|. Let f,g: X > X by f(x) = xand g(x) = x* +

% for x € X. Then,

(fog)x = f(g(x)) = f(XZ n %) . _I_%

and

1
(gohx = g(f(x) = g() = x* +3

Since (fog)x = (gof)x for all x € X. Thus f and g are commuting mappings.
Weakly Commuting Mapping [30]

Two self mappings f and g on a metric space (X, d) are said to be weakly commuting if

d(fgx, gfx) < d(fx,gx) Vx € X.

13



Example of Weakly Commuting Mapping:-

Let X = [0, 1] with the usual metric d. Define fand g : X — X by f(x) = - and

—X

g(x) = % Vx€X.
X _ X 2
(4-2x) (4—x)

Then d(fgx, gfx) = |

( ZX)( X)
X

(4-2x)
= d(fx, gx)

Thus, fand g are weakly commuting mappings.

X X

(2—x) 2

Compatible Mapping [15]
Two self mappings f and g on a metric space (X, d) are said to be compatible if

lim d(fgx,, gfx,) =0,
n —»oo

whenever { x,,} is a sequence in X such that

lim fx, = lim gx, =t forsomet €X.
n —» oo

n - oo
Example of Compatible Mapping:-
Let X = R and d be the metric on X. Let f, g: (X, d) — (X, d) are self maps defined as

f(x) =x3andg(x) =2 —x
Here, f(g(x,)) = f(2 = x,) = (2 — x,)° and g(f(x,)) = g(x,%) = 2 — x,°.
Therefore, d(fx,, gx,) = %, — 2 + x,| = |(x, — D (.2 +x, + 2)| = |x, — 1]Ix,2 +
x, + 2| —» Oifandonlyif x, » 1 andd(fgx,, gfx,) = [(8 — x,° — 12x, + 6x,%) —
2+x,)| =6x,2—12x, + 6| =6|x, —1|> =0iffx, > 1. Thus f and g are

compatible mappings.

Compatible Mapping of Type (A) [17]
Two self mappings f and g on a metric space (X, d) are said to be compatible of type (A)
if
lim d(fgx,,ggx,) = 0and lim d(gfx,, ffx,) =0,
whenever {x,} is a sequence in X such that

lim fx, = lim gx, =t forsomet €X.

n —» oo n —» oo

14



Example of Compatible Mapping of Type (A):-
Let X = R, with the usual metric d. Define f, g: R — R by

2, ifx=2
and g(x) = {6, if2<x<5
x—3, ifx>5

f(x) = {2, ifx=2orx >5
“ |6 if2<x <5

Then, for the sequence {x,} = {5 + %},We see that fx, = 2, gx, = 2,asn — o0.Also
ftx, = 2, gfx, = 2 and fgx, = ggx, = 6.
Therefore,
lim d(fgx,, ggx,) = lim |6 — 6] =0,
and
nli_r)rolO d(gfx,, ffx,) = nli_f)‘f(l)o|2 —-2| =0,

Thus, fand g are Compatible mappings of type (A).

Compatible Mapping of Type (B) [27]
Two self mappings f and g on a metric space (X, d) are said to be compatible of type (B)
if

Jilrc}o d(fgx,, ggx,) < % [nli_r>noo d(fgx,, ft) + I11_1)‘{)10 d(ft, ftx, )],

and

1
lim d(gfx,, ffx,) < > [ lim d(gfx,, gt) + lim d(gt, ggx,)],
n —oo n — oo n—oo

whenever {x,} is a sequence in X such that

lim fx, = lim gx, =t forsomet € X
n —» oo

n —» oo
Example of Compatible Mapping of Type (B):-
Let X=[0, 6] with usual metric d. Define f, g: X — X by

_ (% ifx€[0,3) _ (6—x, ifx €[0,3)
) = {6, itxe 36 4 8X= {6, ifx €[3,6]

Then f and g are not continuous at x = 3. Here f and g are not compatible but they are
compatible of type (A) hence compatible of type (B).

To see this, suppose that {x,} < [0, 6] and that fx,, gx, — t. By definition of fand g, t €
[3, 6].

15



Since f and g agree on [3, 6], we have only to consider t = 3. So we can suppose that
X, = 3 and x, < 3 for all n. Then gx, = 6 — X, — 3 from the right and X, = X, — 3 from

the left. Thus, since x,< 3 and 6 — x,> 3 for all n,
lim d(fgx,, gfx,) = lim|6 — (6 —x,)| = 3,
n—-oo n—oo

Further we have,
lim d(fgx,, ggx,) = |6 —6| = 0,
n—o0o

1
> [lim d(fgx,,f3) + lim d(f3,ffx,)] - = and

lim d(gfx,, ffx,) = lim|(6 —x,) —x,| = 0,
n —»oo n—oo

1
—[lim d(gfx,,g3) + lim d(g3,ggx,)] = = as x, = 3
n—oo n—-oo

2
Therefore f and g are both compatible mappings of type (A) and compatible mapping of

type (B) but they are not compatible.

Compatible Mapping of Type (P) [26]
Two self mappings f and g on a metric space (X, d) are said to be compatible of type (P)

if
lim d(ffx,, ggx,) =0,
n —oo

whenever {x,} is a sequence in X such that
lim gx, =t forsomet €X.
n — oo

lim fx, =

Example of Compatible Mapping of Type (P):-

Let X = [0, 1] with the usual metric d(X, y) = [x — y|. Define self maps f and g as
(1 i 1 (1 ; 1

= ifx € [0,) JZ, leE[O,Z)

2 . 1 2 . 1

37 1fX=E and g(x) = 3 1fx=5

LX, if x € G, 1]

l1 —x, ifxe (%1]

f(x) = J
Consider a sequence {xn} in X such that x, — % X, > % V n. Then we have

1

1
fx, =(1—-x,) = Eztandgxn: xn—>§

Since 1—x, — ;,Vn. We have ffx, = f(1 — x,) =% and ggx, = gx, — % . Also we

:t'

have f(t) = 2/3 = g(t). Therefore f and g are compatible of type (P).

16



Weakly Compatible Mapping [18]

Two self mappings f and g on a metric space (X, d) are said to be weakly compatible if
they commute at coincidence points.

Example of Weakly Compatible Mapping:-

Let X = [0, 3] with usual metric d(X, y) = |x — y| and define £, g: [0, 3] — [0, 3] as

_ (% ifx€[0,1) _ (3—x, ifx€e[0,1)
) = {3, ifxe[3 4 8= {3, ifx € [1,3]

Then for any x € [1, 3], x is a coincident point and fg(x) = gf(x) showing that f, g are

weakly compatible maps on [0, 3].

In 2" chapter, the Banach Contraction principle and some basic fixed point theorems
have been studied. Also an application to system of integral equations is given.

Whereas, in 3 chapter, the concept of compatible mappings introduced by Jungck
[15] has been studied. Also, some of the properties of this “weakend commutativity” has
been given. We study the utility of this concept in the context of metric fixed point theory
by replacing the commutativity hypothesis by compatibility. We study the (g, §)
contractiblity for four functions introduced by Jungck [15]. Towards the end, we study
the existence of unique common fixed point of four mappings.

The purpose of the 4™ chapter, is to study the common fixed point theorem proved by
Chugh and Kumar [7], from the class of compatible continuous maps to a larger class of
maps having weakly compatible maps without appeal to continuity. These results of
Chugh and Sanjay [7] generalize the results of Jungck [16], Fisher [10], Kang and Kim
[19], Jachymski [11] and Rhoades [28].

17



CHAPTER-2
BANACH FIXED POINT THEOREM

Introduction

First fixed point theorem was proved by Brouwer [4], but the credit of making this
concept useful and popular goes to polish mathematician Banach [2] who proved the
famous contraction mapping theorem also called the Banach fixed point theorem in 1922.
The Banach fixed point theorem concerns certain mappings of a complete metric space
into itself. It states conditions sufficient for the existence and uniqueness of a fixed point.
The theorem also gives an iterative process by which we can obtain approximations to the
fixed point. Banach fixed point theorem has many applications to linear algebraic
equations, ordinary differential equations, integral equations and many other fields of
mathematics.

In this chapter, we present Banach contraction theorem and some other fixed point
theorems. At the end, we present an application of fixed point theorem for system of

integral equations.

Fixed Point [1]
Let X be a non-empty set and T be a self map on X defined as
T:X-X

By a fixed point of T, we mean an element x € X such that T(x) = x.

Examples of Fixed Point:-

1) A translation has no fixed point. Let X be a non empty set. We can define a
translation T: X — X as T(x) = x + a where x € X = R. Clearly, it has no fixed point.

2) The mapping T: R — R defined as T(x) = x* has only two fixed points. Here 0 and 1
are only fixed points.

3) The mapping T: R* — R? defined as T(x, y) = (0, y) has infinitely many fixed points.

4) The mapping T: R — R defined as T(x) = x/2 has unique fixed point. Clearly, 0 is the
only fixed point.

18



Contraction Mapping [1]
Let (X, d) be a metric space. A mapping T: X — X is called contraction of X if there
exist a real number o with 0 < o < 1 such that
d(Tx, Ty) < ad(x,y) Vx,y € X
Example of Contraction Mapping:-
Let X =[0,1]. The mapping T: X — X given by T(x) = %(X3 +x%+1)Vx€X. Then

T is a contraction mapping. We have

1 1
d(TxTy) = |Z (¢ +x* + D) =2 (° +y* + 1)
1.3 3 2 2
= 2166~y + (2~ y?)

1 2 2
=—|x—yllx*+xy+y*+x+y]|

7
< 1| 5
< ZIx—ylIs|
5
S;d(x,y)

Thus d(Tx, Ty) < ad(x,y) where a = ; <1.

Contractive Mapping [1]
Let (X, d) be a metric space. A mapping T: X — X is called contractive if
d(Tx, Ty) < d(x,y) Vx,y € Xandx #y.

Complete Metric Space [29]
A metric space (X, d) is said to be complete if every Cauchy sequence in X is convergent.

Example of Complete Metric space:-

The set of integers Z with the usual metric is a complete metric space. Let {x,} be a
Cauchy sequence of integers, that is, each term of the sequence belongs toZ =
{..,—2,—-1,0,1,2,...}. Then the sequence must be of the form {xy,xy,...,X,, X, X,

X, ...} Indeed, if we choose & = 1/2, then, x,, x, € Z and |x, — x| < % implies x, =

X, . Hence the sequence {x;, X, ...,X,, X, X, X,..} converges to X.
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Main Theorem

Theorem 2.1(Banach Contraction Theorem) [1]: Let (X,d) be a complete metric

space and let T : X — X be a contraction on X. Then, T has a unique fixed point in X.

Proof: Since T is a contraction on X so, there exists a number o with 0 < a < 1 such that
d(Tx,Ty) < ad(x,y), Vx,y € X.

We prove the theorem in various steps.

Step (i) We construct a sequence {x,} < Xas follows:

Take any point x, € X and inductively construct the sequence {x,} of points in X as:

X, = Tx,—1 = T" X,
Clearly, {x,} is the sequence of images of x, under repeated application of T.
Step (ii) {xn} is a Cauchy sequence in X. Let m < n. Then
d(Xp, Xx,) = d(T™ xqy, T"Xg)

< ad(T™ 1 xy, TN 1xp)

IA

a™ d(x, T"™xq)
< a™[d (%9, Txg) + d (Txq, T?x¢) + ...+ d (T" ™ 1x,, TV "™x,)]

(by triangle inequality)
< o™ [d (%0, TXg) + ad (X0, TXg) + ...+ a® ™71 d (x4, TXg)]

=a™[1+a+a®+-+a ™ 1] d( xo, Txg)

m

d (Xo,TXO), (0 < a< 1)

T 1—-a
-0

as m (and hence n) » oo. Hence {x,} is a Cauchy sequence.
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Step (iii) Since X is complete and {x, } is a Cauchy sequence in X, 3 x € X such that
X, = X.
Step (iv) x is a fixed point of T. We have
d(x, Tx) < d(x,x,) + d(x,, Tx) ( by triangle inequality)
=d(xx,) + d(T(a-1), TX) (0 Xp = Txp_1)
<d(x,x,) + ad(x,_1,X)
- 0, asn— o
= d(x,Tx) = 0
x = Tx
Hence x is a fixed point of T. Thus the existence of a fixed point is established.
In the last step, we verify the uniqueness of such a fixed point.
Step (v) x is a unique fixed point of T. Let if possible, x and y be two fixed points of T in
X.Then Tx = xand Ty = y. Now, note that
d(xy) = d(TxTy) = d(xy)
= dxy) =0
= X =Yy

This completes the proof of the theorem.

Remark: If X is not complete in the Banach Contraction Theorem, then T may not have

a fixed point as shown by the following example.
Example: Take X = (0,1) and a mapping T: X = X defined as T(x) = g Here, T is a

contraction but X is incomplete. Therefore, T has no fixed point. In fact T(0) = 0 ¢ X.

Remark: If T is not a contraction in the Banach Contraction Theorem, then T may not
have a fixed point as shown by the following example.
Example: Take X = (0, o] and a mapping T: X — X defined as T(x) = 1/1 + x2. Here,

X is complete but T is not a contraction. Therefore, T has no fixed point.

Remark: The following example shows that if X is complete metric space and T: X — X

is not a contraction mapping but T2 = T o T is contraction, even then T has a fixed point.
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Example: Let X = R be a metric space with the usual metric and T: X — X be a mapping
defined as

_ (1 ifxisrational
TG = {O if x is irrational.

Then T is not continuous and hence not a contraction mapping. But
T2(x) = T(T()) = {

Then T2 is a contraction mapping but both T2 and T have the same fixed point that is 1.

T(1) =1 ifxisrational
T(0) =1 ifxisirrational.

Theorem 2.2 [1]: Let (X, d) be a complete metric space and T: X — X be a mapping such

that for some integer m, T™ =ToTo ..o T is a contraction mapping. Then T has a

m times

unique fixed point.
Proof: By the Banach Contraction Theorem, T™ has a unique fixed pointx € X, that
is, T™(x) = x. Then

T(x) = T(T™(x)) = T (T(x))
So T(x) is a fixed point of T™. Since the fixed point of T™ is unique, T(x) = x. To prove
the uniqueness, we assume that y is another fixed point of T.
Then T(y) = y and so T™(y) = y. Again by the uniqueness of the fixed point of T™, we

have x =y. Hence x € X is a unique fixed point of T.

The following theorem guarantees the existence of a fixed point for a contractive
mapping:

Theorem 2.3 [1]: Let (X, d) be a compact metric space and T: X — X be a contractive
mapping. Then T has a unique fixed point X. Moreover, for any x € X, lim,_,., T"(x) = X,
that is, the successive iterates T(x), T?(%), ..., T"(x), ... converges to the unique fixed

point X of T.
Proof: Define a mapping ¢: X - R* by

PY(x) = d(x,T(x)) vV x€X
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Then s is continuous, Indeed by contractiveness of T, we have
W) =y = [d(x T) — d@, TG
< [d(x T()) = d(T(),y)| + [d(T),y) — d(y, T¢))!
< dxy) +d(TX), T(y))
< 2d(x,y).
Let € > 0 be given. Then

[P(x) —P(y)| < 2d(x,y) < € whenever d(x,y) < § = %
Therefore, g is continuous. Clearly, s is bounded below. Since X is compact and {r is
continuous, there exists a minimize X € X of Y, that is, there exists X € X such
that Y (X) < Y(y) for all y € X. We show that x is a fixed point of T.

Suppose on the contrary that X is not a fixed point of T. Then T(X) # X. By
contractiveness of T, we have

Y(TE) = dTE, T’ ®) <dETE) = ¥E)
which contracts that X is a minimizer of . Hence X is a fixed point of T. The uniqueness
follows on the lines of the proof of Banach contraction theorem.
Letx € X. IfT"(x) # X, then
d(T" "1 (x),%) = d(T"" (%), T(®)) < d(T"(x),X) V n€N.
Therefore, {d(T" " (x),%)} is a strictly decreasing sequence of non-negative real numbers
and so converges to its infimum. Suppose that a = lim, _,., d(T"*1(x),X). Since {T"(x)}
is a sequence of points of a compact metric space, there exists a subsequence {T"k(x)}
which converges to some point, say, y € X. Since {T"(x)} is decreasing,
d(y,%) = lim d(T"(x), X) = lim d(T"" (%), ) = a.
If a # 0,then y # X and so we have
a=d(y,%) > d(T(y), TX) = d(T(y),%)
= Jim d(T(T"(x), X) = d(T"*1(x),%)
=q

a contradiction. Thus a = 0, and therefore, lim,_,,, T" (x) =X.
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Application of fixed point theorems for system of integral equations
The most interesting applications of fixed point theorems arise when the underlying
metric space is a function space. Here we discuss the existence and uniqueness of the

Volterra integral equation by using the Theorem 2.1.

Volterra Integral Equation
Let K be a continuous function on [a,b] X [a,b] and let ¢ be a continuous function

on [a, b]. Consider the equation

fx) =) + Af K(x,y)f(y)dy forallx € [a,b] (2.1)

where A is a parameter. It is called the Volterra equation.

Theorem 2.4 [1]: For each A € R, the Volterra equation (2.1) has a unique solution f that
is continuous on [a, b].

Proof: LetX = C[a,b] the set of all continuous functions defined on [a, b] with the
uniform metric. Since K is continuous, there exists a constant k > 0 such that |[K(x,y)| <
k for all X,y € [a, b]. Define the transformation T: f — T(f) on X by

T(f00) = () + A f K(x y)f(y)dy.

For all f,g € X, we have

X

A f K(x,y)I£(y) — g(y)ldy

< [Alk(x —a)d(f,g) forallx € [a,Db].
Since T2(f) — T?(g) = T(T(H) — T(T(g)), we have

X

A f K(x,y) ITCEE)) — T(g(y))ldy

a

IT(f(0) - T(g())| =

IT?(£(x)) — T*(g(x))| =

< f IKGx, )1 1Al K(y — a) d(f, g) dy
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< 2K f (v — ) dy d(f, g)

21,2 _ 2
< |A|"k*(x — a)
2
Continuing this iterative process, we obtain

T (f(x)) — T"(g(x))| < |)\|nknr(: —a)" d(f,g) forallx € [a,b].

d(f, g).

Hence,

d(f, g).

T (6) — T (g < e Z

Recalling that;—nl — 0asn - o foranyr € R, we conclude that there exists n such

[Alk(b—a)]"
|

that T™ is a contraction mapping. Taking n sufficiently large to have . < 1.By

Theorem 2.2, there exists a unique solution f € X satisfying T(f) = f. Obviously, if T(f) =

f, then f solves Volterra equation.
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CHAPTER -3
COMMON FIXED POINTS FOR COMPATIBLE MAPS

Introduction

In this chapter we will study the results proved by Jungck [15] in 1986. A new concept of
compatible mappings was introduced by Jungck [15] which was the generalization of the
commuting mappings concept. Also, Jungck [15] derived some of the properties of
compatible mappings and obtained related results. The following generalization of

Banach contraction Theorem was proved by Jungck [12].

Theorem 3.1: A continuous self map of a complete metric space (X, d) has a fixed point
iff there existsr € (0,1) and a mapping g: X — X which commutes with f (gf = fg) and
satisfies: g(X) c f(X) and d(g(x),g(y)) < rd(f(x),f(y)) forx,yinX. In fact, f and g
have a unique common fixed point.

The purpose of the paper by Jungck [12] was to depict commuting mapping as a tool
for generalization. Various extensions, generalizations and applications of Theorem 3.1.
related to commuting maps were studied by number of authors like Chang [6], Chang [5],
Das and Naik [8], Fisher [9], Jungck [13], Jungck [14], Park [24].

Meir and Keeler [23] proved the following theorem concerning the contraction theorem :
Theorem 3.2: Let (X, d) be a complete metric space and f be a mapping of X into itself if
for givene > 0, 3 § > 0 such that

e<d(xy) <&+ impliesd(f(x),f(y)) < e
holds then f has a unique fixed point p. Moreover, for any x € X

lim () = p,

Further Park and Bae [25] generalize this result of Meir and Keeler [23] in the form of
following theorem:
Definition: Let f and g be self maps of a complete metric space X and g is an (g, §)-f-

contraction iff for any € > 0 there is a 6 > 0 such that

@ e< d(f(x),f(y)) < & + § implies d(g(x),g(y)) < g and

26



(b) g(x) = g(y) when f(x) = f(y).

Theorem 3.3: Let f and g be is a continuous self map of a complete metric space X and g
is an (g, §)-f-contraction which commutes with f, then f and g have a unique common
fixed point in X.

Sessa [30] generalized commuting maps by calling self maps f and g of a metric
space (X, d) a weakly commuting pair iff d(fgx, gfx) < d(fx, gx) for x in X. Of course,
commuting pair is weakly commuting, but the converse is not true. Baskaran and
Subrahmanyam [3] obtained useful fixed point results using this concept. However, since
elementary functions as similar asf(x) = x3and g(x) = 2x3are not weakly
commutative, it was desirable to introduce a less restrictive concept — a concept called as
compatibility.

We will study the properties of compatible functions, and examples to illustrate the
extent to which the commutativity requirement has been weakened. We will also study
the utility of this concept in the context of metric fixed point theory by replacing the
commutativity hypothesis in Theorem 3.3. by compatibility. Theorem 3.3. was further

extended by Jungck [15] by defining (g, §)-contractibility for four functions.

Compatible Mappings

Two self mappings f and g on a metric space (X, d) are said to be compatible if
lim d(fgx,,gfx,) =0,

whenever, { x,} is a sequence in X such that

lim fx, = lim gx, =t forsomet € X
n —» oo

n —» oo

Any pair f and g of self maps of a set commute on the set of common fixed points
{x € X: f(x) = g(x) = x}. But, the above definition of compatible mappings require that f

and g commute on a larger set {x € X: f(x) = g(x)}.

Remark: Clearly, any weakly commuting pair is compatible but the converse is not true

as shown by the following examples.
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Example 1: Let X = R and d be the metric on X. Let f, g: (X, d) — (X, d) are self maps
defined as f(x) = x3 and g(x) = 2x3.
Here
f(g(x)) = f(2x3) = 8x% and g(f(x)) = g(x®) = 2x°

Therefore,

d(fgx, gfx) = |8x° — 2x°| = 6|x°| and d(fx, gx) = |x3|
Clearly, f and g are not weakly commuting as 6|x°| > |x3|. On the other hand, the
functions f and g are compatible since d(fx, gx) = |x3| — 0 iff d(fgx, gfx) = 6|x°| - 0.

Thus f and g are compatible but are not weakly commuting pair.

Example 2: Let X = R and d be the metric on X. Let f, g: (X, d) = (X, d) are self maps
defined as f(x) = x3and g(x) = 2 — x.

Here, f(g(x,)) = f(2 — x,) = (2 — x,)? and g(f(x,) = g(x,*) = 2 — x,,°.

Therefore, d(fx,, gx,) = |x,° — 2 + x| = |(x, — D (X2 +x, +2)| = |x, — 1]|x,% +
x, + 2| = 0iffx, —» 1 and d(fgx,, gfx,) = [(8 —x,3 — 12x, + 6x,%) — (2 +x,%)| =
|6x,% — 12x, + 6] = 6|x, — 1|2 = 0iff x,, » 1. Thus f and g are compatible pair.

At x =0, d(fgx, gfx) = 6|—1|%> = 6 and d(fx, gx) = |—1]|2| = 2. Clearly, f and g are not

weakly commuting pair.

Example 3: Let X = R and 'd' be the metric on X. Let f, g: (X, d) — (X, d) are self maps
defined as f(x) = cosh(x) and g(x) = sinh(x).

Here |f(x) — g(x)| = e™* — 0iff x - 0. But f(x), g(x) - +o0 as x = +oo. Hence f and
g do not converge to an element t of X. Thus, condition of compatibility is satisfied

vacuously.
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Jungck [15] provide the following criterion for identifying compatible mappings:
Proposition 3.4: Let (X,d) be a metric space and f, g: (X,d) —» (X, d) be continuous self
mappings, and let F = {x € X : f(x) = g(x) = x}. Then f and g are compatible if any one
of the following conditions is satisfied.
(@) If f(x,),g(x,) = t(eX),thent €F.
(b) d(f(x,),g(x,) ) — 0implies D(f(x,),F) = 0.
(c) F compactand d(f(x,), g(x,)) — 0 implies D(x,,F) - 0.
where D(x, F) = inf{d(x,y):y € F}.
Proof: Suppose that lim,, _,., f(x,) = lim,_,, g(x,) = tfor some t € X. (3.4.1)
Suppose (a) holds, i.e., f(x,), g(x,) = tthent € F so, f(t) = g(t) = t. The continuity of f
and g on F implies that fg(x,) - f(t) =t and gf(x,) - g(t) =t, so thatd(fg(x,),
gf(xn)) — 0. Thus f and g are compatible mappings.
Suppose (b) holds, i.e., d(f(x,),g(x,)) — 0 implies D(f(x,), F) - 0. Since f and g are
continuous, we obtain that F is closed and by Theorem 1.1 we have

D(f(x,),F) = inf{d(f(x,),y):y € F} > 0 = f(x,) € F=F. (3.4.2)
From (3.4.1) and (3.4.2) we obtain that t € F. So, f and g are compatible by the condition
(a).
Suppose (c) holds, i.e., F is compact and d(f(x,), g(x,)) — 0 implies D(x,,F) - 0.
Since F is compact there is a subsequence {an} of x, which converges to some element ¢
of F. Then, by the continuity of f, f(an) — f(c) = c as ¢ € Fand by the continuity of f.
Consequently, (3.4.1) implies that c =t € F. So, f and g are compatible by the condition
of (a).

Example: Let f(x) = x* + ax?(a = 1) and g(x) = x? with X = R. Then |f(x,) — gx,| =
X, 2|%,2 + (a—1)| - 0iffx, —» 0(€ F), so that f and g are compatible by proposition

3.4(c). But f and g are not weakly commutative fora=2 and x = 1.

Corollary 3.5: Suppose that f and g are continuous self maps of R such that f—g is

strictly increasing. If f and g have a common fixed point, then f and g are compatible.
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Example: Let X = R and d be the metric on X. Let f, g: (X, d) — (X, d) are self maps
defined as f(x) = x3 + ax and g(x) = mx where a > m, then f and g are compatible.
Clearly f, g are continuous self maps of X. Also f-g is increasing as a > m and f(0) =

g(0) = 0. Therefore, f and g are compatible mappings by Corollary 3.5.

The following result will be useful for proving our main result:
Proposition 3.6: Let (X, d) be a metric space and f,g: (X,d) - (X,d) are compatible
mappings.
(1) If f(t) = g(t), then fg(t) = gf(t).
(2)  Suppose that lim,,_,, f(x,) = lim,_, g(x,) = tforsomet € X.

(@) If fis continuous at t, then lim,,_,., gf(x,) = f(t).

(b) If fand g are continuous at t, then f(t) = g(t) and fg(t) = gf(t).
Proof: To prove (1) suppose that f(t) = g(t) and let x, =t forninN. Then f(x,),
g(x,) — f(t), sothat d(fg(t),gf(t)) = d(fg(xn),gf(xn)) — 0 by compatibility. Thus,

d(fg(t), gf(t) = 0 = fg(t) = gf(v).

To prove 2(a) suppose g(x,) — t, then by the continuity of f, f(g(x,)) — f(t). But if
f(x,) — talso, since d(gf(x,), f(t)) < d(gf(x,), fg(x,)) + d(fg(x,), f(t). Therefore, by
the compatibility of f and g and using f(g(x,)) — f(t) so that, d(gf(x,), f(t)) —» 0. Hence
lim,, ., gf(x,) = f(t).
To prove 2(b) using the continuity of f, by 2(a) we have, g(f(x,)) — f(t) and by the
continuity of g, g(f(x,)) — g(t). Thus, by uniqueness of limit f(t) = g(t). Therefore, by
part (1), gf(t) = fg(t).

Common Fixed Points for (g,8) Contractions

Definition 3.7: A pair of self maps A and B of a metric space (X, d) are (¢,8) -S, T -
contractions relative to maps S, T: X — X iff A(X) c T(X), B(X) c S(X), and there is a
function 8: RT - R* such that §(¢) > ¢ for all e and for x, y € X:

(1) e < d(Sx, Ty) < 6(¢) implies d(Ax, By) < &, and

(2) Ax = By whenever Sx = Ty.
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Clearly, if A and B are (g, 6)-S, T- contractions, then d(Ax, By) < d(Sx, Ty) for all
X,y € X strict inequality holds when S(x) # T(y). Consequently, even though A and B
are (g,8) - S, T- contractions, then it is not necessary that the pair B, A also (g,8) -S, T -

contractions.

Definition 3.8: Let A, B, S, T be self mappings of a set X such that A(X) c
T(X) and B(X) < S(X). For x, € X,any sequence {y,} defined by y,,_1 = Txp,_1 =
Ax,,_, and y,, = Sx,, = Bx,,_1 for n € N will be called an S, T- iteration of x, under
A and B.

Lemma 3.9: Let S and T be self maps of a metric space (X, d) and let the pair A, B
be (g, 6)-S, T- contractions. If x, € X and {y,} is an S, T- iteration of x, under A and B,
then
(a) For each & > 0,& < d(y,,y,) < 6(¢) implies d(yp+1,¥q+1) < € When p and g are of
opposite parity.

(b) d(¥n, ¥n+1) = 0,and
(c) {y.}is a Cauchy sequence.
Proof: (a) Let € > 0. Since A and B are (g, §)-S, T- contractions,

e < d(Sx, Ty) < §(¢) implies d(Ax, By) < e. (3.9.1)
Now suppose that € < d(yp, yq) < §(¢) and that p and q are of opposite parity, say p =
2nand q = 2m — 1. Then

d(Yp+1,Yq+1) = dWan+1,Yam) = d(Axzy, Bxom—1). (3.9.2)
and d(yp,¥q) = d(¥2n, Yam—-1) = d(Sxzn, TXom—1)- (3.9.3)
By the above assumption and (3.9.3) we thus have € < d(Sx3,, TX2m-1) < 8(€), so that
(3.9.2) and (3.9.1) yields d(Axy,, Bxom—1) = d(yp+1,Yq+1) < € as desired.
(b) We know that d(Ax, By) < d(Sx, Ty) V x,y by the hypothesis on A, B, S and T. So if
m is even, say m = 2n,
d(Ym,Ym+1) = d(Yzn Y2n+1) = d(Bxzn-1, AX2y)
< d(Txzn-1,SX2n) = d(Y2n-1,Y2n)
=dYm-1,Ym)- (3.9.4)
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Similarly, if we take m is odd say m = 2n — 1,
d(Ym,Ym+1) = d(Yz2n-1,¥2n) = d(AX2,—2, BX25-1)
< d(Sx2n-2, TX2n-1) = d(¥2n-2,Y2n-1)
= dym-1,Ym)- (3.9.5)
Thus by equations (3.9.4) and (3.9.5) the sequence d{(Ym,Ym+1)} IS non increasing and
converges to the greatest lower bound of its range which we denote by r. Now r > 0; in
fact, r = 0. Otherwise, since m and m + 1 are certainly of opposite parity by part (a) we
have d(ym41 Ymsz) <7 Whenever r < d(Ypm, Ymi1) < 8(r). But since {d(ym,ym+1)}
converges to r, there is a k such that d(yy, yx+1) < 8(r) so that d(yy4+1, Vis2) <7 -
which contradicts the designation of r. Hence r = 0, and we have d(y,, y,+1) — O.
(c) let a = 2€ be given. Withr = §(g) — ¢, part (a) of lemma asserts that
d(Yp+1,Yq+1) < & whenever e < d(y,,yq) <e+randpandq are of opposite
parity.
(3.9.6)
Assume without loss of generality that r < €. By part (b) of the lemma we can choose
ng € N such that
d(Ym,Ym+1) < r/6 for m > n,. (3.9.7)
We now letq > p = n, and show that d(y,, yq) < a, thereby proving that {y, } is indeed
Cauchy. So suppose that
d(y,,yq) =26 =« (3.9.8)
In order to show that (3.9.8) yields a contradiction, we first want an m > p such that
e+r/3< d(yp,ym) < &+ r with p and m of opposite parity. (3.9.9)
To this end let k be the smallest integer greater than p such that d(yp,yk) >e+r1/2.
Here k exists by (3.9.8) since r < &. Moreover,
d(yp,yk) < &+ (2r)/3. (3.9.10)
For otherwise, €+ (2r)/3 < d(yp, Yi-1) + d(Yk-1,¥1) < d(yp, Yi-1) + /6.
Since k —1 > p = ny, and therefore

e+r/2< d(yp,yk_l). (3.9.11)
Sincek —1 > p, (3.9.11) implies p < k — 1. But then (3.9.11) contradicts the choice of
k. We thus have
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e+r/2 <d(y, yx) <e+(2r)/3. (3.9.12)

Thus, if p and k are of opposite parity we can letk = m in (3.9.12) to obtain (3.9.9). If p
and k are of like parity, p and k+1 are of opposite parity. Moreover, since d(yy, Yi+1) <
r/6 by (3.9.7), the triangle inequality and (3.9.12) imply

e+1/3 < d(yp,yis1) < €+ (5r)/6. (3.9.13)
In this instance let m = k+1.
In any event, by (3.9.12) and (3.9.13) we can choose m such that p and m are of opposite
parity and (3.9.9) holds. But then p,m > n, (3.9.7) and (3.9.9) imply

e+1/3 <d(yp,¥m) < d(¥p, ¥p+1) + d(¥p+1, Ym+1) + dVm+1,Ym)
<r/6+ d(Yp+1'Ym+1) +r/6
<r/3 +¢,by (3.9.6) and (3.9.9).
This is the contradiction.

The following lemma highlights the role of compatibility in producing common fixed
Points:

Lemma 3.10: Let S and T be self maps of a metric space (X, d) and let A and B be (g, 6)-
S, T-contractions such that the pairs A, S and B, T are compatible. If there exists z € X
such that Az = Sz and Bz = Tz, then ¢ = Tz s the unique common fixed point of A, B, S
and T.

Proof: The definition of (g, §)-S, T- contractions implies d(Ax, By) < d(Sx, Ty) if Sx #
Ty. Thus, if we take Sz # Tz then the hypothesis yields the contradiction that d(Az, Bz) <
d(Sz, Tz) = d(Az, Bz). Thus we can conclude that Sz = Tz = Az = Bz. Now let c = Tz
and suppose that c # Tc. Since we have T and B are compatible and Tz = Bz then, by
proposition 3.6, we have TBz = BTz. Then, d(c, Tc) = d(Az TBz) = d(Az BTz) <
d(Sz, TTz) = d(c, Tc), which is a contradiction. Thus ¢ must equal to Tc. Similarly, we
can prove that c = Sc for this let ¢ = Sz and suppose that c # Sc. Since S and A are
compatible and Az = Sz, then ASz = SAz by Proposition 3.6. Then d(c,Sc) =
d(Bz,SAz) = d(Bz, ASz) < d(Tz SSz) = d(c, Sc), which is a contradiction. Thus ¢ must

equal to Sc. Since A and S are compatible and Az = Sz = ¢, proposition 3.6. implies
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Ac = A(Sz) = S(Az) = Sc. (3.10.1)
Similarly if we take B and T are compatible and Bz = Tz = ¢, Proposition 3.6. implies

Bc = B(Tz) = T(Bz) = Tc (3.10.2)
Then (3.10.1) and (3.10.2) yields: Ac = Sc = Tc = Bc = c. Thus c is the common fixed
pointof A, B, S, T.
To prove c is unique. Take t another fixed point of A, B, S, T. Then d(c,t) = d(Ac, Bt) <
d(Sc, Tt) = d(c,t) which is a contradiction. Therefore ¢ is unique common fixed point of
A /B,SandT.

Main Results

We now study the main results of this chapter:

Theorem 3.11: Let S and T are self maps of a metric space (X, d) and let A and B be
(g,6)-S, T- contractions such that the pairs A, S and B, T are compatible. Let x, €
X and let {y,} be any S, T- iteration of x, under A and B. If {y,} has a cluster point z in
X, then {y,} converges to z, and Tz is the unique common fixed point of A, B, Sand T
provided these functions are continuous at z.

Proof: By lemma 3.9, {y,} is a Cauchy sequence and therefore converges to the cluster
point z in X. Then Ax,,, SX2,, BX2n-1, TX2,-1 = z Where Ax,,, SX,p,, BXop 1, TXp,—1 are
defined in definition 3.8. Since A and S are compatible and also continuous at z then, by
Proposition 3.6.2.b, Az = Sz. Similarly, B and T are compatible and also continuous at z
then, by Proposition 3.6.2.b, Bz = Tz. Therefore, we have Az = Szand Bz =Tz
where z € X. Thus by Lemma 3.10, Tz is the uniqgue common fixed point of A, B, S and
T.

Corollary 3.12: Let S and T be continuous self maps of a complete metric space (X, d)
and let A and B be (g 6)-S, T- contractions such that the pairs A, S and B, T are
compatible. If A and B are continuous, then A, B, S and T have unique common fixed

point.
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Example 3.13: Let X=[1,o)andd(xy) =|x—y|. LetSx=(x*+1)/2,Ax =
x?,Bx =xand Tx = (x? + 1)/2 forx in X.

Here (X, d) is a complete metric space and A, B, S and T are continuous self maps of
(X, d). Since A1 =S1=1and (S — A)x = (x? — 1)2/2 is increasing on X. Therefore, by
using corollary 3.5 we have A and S are compatible on X. Which is clearly valid on any
connected subset of R. However, A and S are not even weakly commutative; for this
consider x = 2 then d(AS(2),SA(2)) > d(A(2),S(2)). so, we can say that A and S are
not weakly commuting. On the other side, B and T are commuting as BT = TB and as we
know that every commuting pair is compatible also. Therefore B and T are also
compatible on X. Thus we have A, S and B, T as compatible pairs.
Now to see that the hypothesis of Corollary 3.12 is satisfied, we have only to show that A
and B are (g, §)-S, T-contractions. For this let € > 0. Consider a function §: R* - R*
such that &< |Sx—Ty| = |(x* —y?)/2| < 6(e) implies |Ax — By| = |x? —y| < e.
Remembering as x,y =1, it is easy to show that |(x* —y?)/2| = ¢ implies that
(x*+y) = (1 ++2e+1). But then|(x* —y?)/2| < §(c) implies that |x? —y| <
28(e)(x%+y) 1 <28(e)(1++2e+1)7', so that |x*—y|<eifé(e) =¢e(1+
v2e + 1)/2. Now & so defined for all € > 0 is a continuous mapping from R* into R*
such that &(¢) > € so that property (1) of definition 3.7 is satisfied. For satisfying
property (2) we see that |Sx — Ty| = |(x* —y?)/2| = |Ax — By||(x? + y)/2|, which
requires that Ax = By when Sx = Ty since x,y > 1. Thus all conditions of (g, §)-S, T-
contraction are satisfied. Therefore, by Corollary 3.12 A, B, S and T have unique

common fixed point.

Remark: The mappings A, B, S and T as defined in example 3.13, the pair A, B are
(g, 6)-S, T- contractions, whereas the pair B, A are not (g,6) — S, T — contractions since
|IBx — Ay| = |[x —y?| = 3and |Sx — Ty| = |(x* —y?)/2| = 3/2 withx = 1andy = 2.

In Example 3.13. we have used the function § which is continuous. But, our next result

tells us that if we merely require that 6 be lower semi continuous then, A and B in

Corollary 3.12 need not be continuous.
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Theorem 3.14: Let S and T be continuous self maps of a complete metric space (X, d)
and let A and B be (g, 8)-S, T-contractions such that the pairs A, S and B, T are
compatible. If § is lower semi continuous, then A, B, S and T have a unique common
fixed point.
Proof: Let x, € Xand let {y,} be an S, T-iteration of x, under A and B. Since (X, d) is
complete and by lemma 3.9, {y,} is Cauchy. Therefore, {y,} converges to some element
z of X. Then
Axyp, Sxop, Bxon_1, TXon_1 = Z. (3.14.1)
where Ax,,, Sx,,, Bx»,-1, TX2,—1 are defined in definition 3.8. Since T is continuous and
the pair B, T is compatible, then by using the Proposition 3.6, the continuity of T and by
(3.14.1) we have
BTx,,_; = Tz and T?x,,_; = T(Txy,_1) = Tz (3.14.2)
Similarly, since S is continuous and the pair A, S is compatible, then by using the
Proposition 3.6, the continuity of S and by (3.14.1) we have
ASX,, = Sz and $?x,, = S(Sx;,) = Sz. (3.14.3)
Now, we assert that Sz = Tz. For proving this suppose that d(Sz, Tz) = € for some € > 0.
Since §:R™ —» Rt is lower semi continuous and §(¢) > . Therefore by using the
definition, there is a neighborhood N(¢) of € such that &(t) > & fort € N(g). We can
thus choose t, such that 0 <ty <e<é8(ty). By (3.142) and (3.14.3)
d(S?x,,, T?X,,_1) — €, and we can therefore choose n, such that d(S?x,,, T?X,,_1) €
(to,8(tp)) forn = ny. Then the definition of & implies that d(ASx, BTxp, 1) <
to for n = ng. But then (3.14.2) and (3.14.3) implies that d(Sz, Tz) <ty < € = d(Sz, T2),
the contradiction. Therefore, Sz = Tz.
Now Sz = Tz by  definition 3.7 implies  that Az = Bz. Moreover,
Az = Tz, since d(Az, Tz) = I}l_r)lgo d(Az,BTx,,_1) < I}l_{g d(Sz, T?x,,_1) = d(Sz,Tz) = 0.

Thus, we have Az = Bz = Sz = Tz, by Lemma 3.10, Tz is the unique common fixed
point of A, B, Sand T.

Corollary 3.15: Let S and T be self maps of a complete metric space (X, d), and let
A,B: X - S(X) n T(X). Suppose that S and T are continuous and the pairs A, Sand B, T
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are compatible. If there exists r € (0, 1) such that

d(Ax, By) < rd(Sx, Ty) forx,y € X. (3.15.1)
Then A, B, S and T have a unique common fixed point.
Proof: Define § by §(¢) = £/r. Then § is a continuous self map of R* such that §(¢) > «.
Also, d(Sx, Ty) < &(¢) implies d(Ax,By) < r(e/r) = &. Thus, A and B are (g, §)-S, T-
contractions and the hypothesis of Theorem 3.14. is satisfied. Therefore, A, B, Sand T

have a unique common fixed point.

Corollary 3.16: Let S and T be continuous self maps of a complete metric space (X, d).
Let {A;:i € I} be a family of maps A;:X — S(X) n T(X) compatible with both S and T
and let | be any indexing set . If there exists r € (0, 1) such that
d(Ai X, Ajy) <rd(Sx,Ty)V x,y € Xandi #j. (3.16.1)

then there is a unique point ¢ € X such that c = Sc = Tc = A, foralli € L.
Proof: Let i,j € I(i+j). By corollary 3.15, there is a unique pointc € X such that
c = Ajc = Ajc=Sc=Tc Now if k€eI(i# k), there is a unique point d € X such
thatd = A;d = Ayd = Sd = Td. Then (3.16.1) implies:

d(c,d) = d(Aic,Axd) < rd(Sc, Td) = rd(c,d) < d(c, d).
Sincer < 1, c must equal to d and then there is a unique point c € X such that c = Sc =

Tc= Ajcforalli € L.

Remark: The functions in Example 3.13. shows that the concept of (g, 6)-S, T-
contractions does indeed the generalization of the relation (3.15.1) of corollary 3.15,
since in example 3.13. if we take x = 1, then we have |S1 — Ty| = |A1 — By||(1 +
y)/2| where (1 +y)/2 converges to 1 as y approaches 1 from the right; i.e., there exists
nor € (0,1) such that |Ax — By| < r|Sx — Ty| forall x,y > 1.
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CHAPTER -4
COMMON FIXED POINTS FOR WEAKLY COMPATIBLE
MAPS

Introduction

The purpose of this chapter is to study the common fixed point theorem proved by Chugh
and Kumar [7], from the class of compatible continuous maps to a larger class of maps
having weakly compatible maps without appeal to continuity. The results proved by them
generalize the results of Jungck [16], Fisher [10], Kang and Kim [19], Jachymski [11]
and Rhoades [28].

In 1976, Jungck [12] proved a common fixed point theorem for commuting maps
generalizing the Banach fixed point theorem, which states that, 'let (X, d) be a complete
metric space. If T satisfies d(Tx, Ty) < kd(x,y) for each x,y € X where 0 < k < 1, then
T has a unique fixed point in X'. This theorem has many applications but suffers fron one
drawback that the definition requires that T be continuous throughout X. There then
follows a number of papers involving contractive definition that do not require the
continuity of T. This result was further generalized and extended in various ways by
many authors. On the other hand, Sessa [30] defined weak commutativity and proved
common fixed point theorem for weakly commuting maps. Further Jungck [15]
introduced more generalized commutativity, the so-called compatibility, which is more
general than that of weak commutativity. Since then various fixed point theorems, for
compatible mappings satisfying contractive type conditions and assuming continuity of at
least one of the mappings, have been obtained by many authors.

It has been known from the paper of Kannan [20] that there exists maps that have a
discontinuity in the domain but which have fixed points, moreover , the maps involved in
every case were continuous at the fixed point. In 1988, Jungck and Rhoades [18]
introduced the notion of weakly compatible and showed that compatible maps are weakly

compatible but converse need not be true.
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Weakly Compatible Mappings

Two self mappings f and g on a metric space (X, d) are said to be weakly compatible if
they commute at coincidence points.

Example: Let X = [0, 3] with the usual metric d(x, y) = |X — y| and define f, g: [0, 3] —
[0, 3] as

_ (% ifxe€[0,1) _ (3—x, ifx€[0,1)
) = {3, ifxe[,3 4 8= {3, ifx € [1,3]

Then for any x € [1, 3], X is a coincident point and fg(x) = gf(x) showing that f, g are
weakly compatible mappings on [0, 3].

Example: Let X = R with the usual metric d(x, y) = |Xx — y| and define f, g: R = R by
f(x) = g,x € R and g(x) = x%,x ER.
Here 0 and1/3 are two coincidence points for the maps f and g. Here f and g commute at

0, ie. fg(0) = gf(0) = 0,butfg(5) = £(;) = andgf () = g (5) = .. Therefore f

and g not commute at 1/3. Thus f and g are not weakly compatible mappings.

Remark: Clearly, any compatible pair is weakly compatible but the converse is not true
as shown by the following example.

Example: Let X = [2, 20] and d be the usual metric on X. Define f, g: X = X as

e X, ifx =2
f(x):{z’ i?;;io<1§>5 and g(x) =112, if2<x<5

X—3, ifx>5
The mappings f and g are not compatible as we define a sequence {x,} byx, =5+

%,n > 1. Then, fx, = 2,gx, — 2,fgx, = 6,gfx, = 2. Hence f and g are not compatible

mappings. But they are weakly compatible mappings since they commute at coincidence
point at x = 2 as fg(2) = gf(2) = 2.

Main Results

Let R* denote the set of non-negative real numbers and F a family of all mapping
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@ (R+)5 S RT
such that ¢ is upper semi-continuous, non-decreasing in each coordinate variable and, for
anyt > 0,
e(t,t,0,at,0) < Bt, o(4,t0,0,at) < Bt,
where =1fora=2andfB < 1fora< 2,
Y(®) = ot t, o4t oyt azt) < ¢,
where y: RT - R* is a mapping and oy + a, + o3 = 4.

For the proof of our main result the following lemmas will be used:
Lemma 4.1 [31]: For everyt > 0, y(t) < tif and only if lim,_ y"(t) = 0, where y"
denotes the n times composition of y.
Proof: Since ¢ is upper semi continuous, theny is upper semi continuous.
Assume lim,,_,,, Y"(t) = A, where A # 0. Then

A= lim y"*1 () <y lim y" () = y(A) < A
that is, A < A, a contradiction. Therefore A = 0 implies

Ill_r)glo y"(t) = 0.

Conversely since ¢ is non-decreasing, then vy is non-decreasing. Given lim,_., y"(t) =
0, assumey(t) >t for somet > 0,theny"(t) >t for somet>0forn=1,2,3,...
Thus lim,_,, y"(t) » 0 a contradiction. Also if y(t)=t for somet>0
then lim,,_,., y" (t) »» 0. Hence, forallt > 0,y(t) < t.

Let A, B, C and D be mappings from a metric space (X, d) into itself satisfying the
following conditions:

A(X) c D(X) and B(X) c C(X), (4.1)

d(Ax,By) < (p(d(Cx, Dy), d(Ax, Cx), d(By, Dy), d(Ax, Dy), d(By, Cx)) (4.2)

for all x,y € X, where ¢ € F. Then for arbitrary pointx, in X, by (3.1), we choose a

point x; such that Dx; = Ax, and for this point x;, there exists a point x, in X such that

Cx, = Bx; and so on. Continuing in this manner, we can define a sequence {y,} in X

such that
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Yan = AXpn = Dxppqq and yon4q = Bxppyg = Cxpp42,n=0,1,2,3,... (4.3)

Lemma 4.2: lim,,_,,, d(y,,yn+1) = 0, where {y, } is the sequence in X defined by (4.3).
Proof: Letd, = d(y,,Ya,+1),n = 0,1, 2, ... Now we shall prove that the sequence {d,}
is non-increasing in R*, that is, d, < d,_; forn = 1,2, 3, .... From (4.2), we have
d(Axzp, Bxpn41) < @(d(Cxzpn, DXop41), d(AXgy, CX2p ), d(BXgp 41, DX2n41),
d(AX2n, DX2041), d(BX2n 41, CX20))-
d(yzn Yzn+1) < @(d(Yzn-1,Y20), Y20, Y2n-1), A¥2041, Y2n),
d(¥2n,Y2n), d(¥zn+1Y2n-1))
= @(d(yzn-1,Y2n), d(Yzn, Y2n-1), d(Yzn+1, Y2n),
0, [d(yzn+1,Y2n) + d(Y2n, y2n-1)1)
= ¢@(dzn-1,d2n-1,d2n, 0, d2n + d2n-1). (4.2.1)
Suppose that d,,_; < d,, for some n. So,
d,.4 +d, <d, +d, = 2d,.
Then, for somea < 2,d,_4 +d, = ad,. Since ¢ is non-increasing in each variable
and B < 1 for some a < 2. From (4.2.1) we have
dzy < @(dzy, d2n, dz2n, 0, adzy) < Bdz, < dap
Similarly, we have d,,,; < d,,41. Hence, for every n,d, < Bd, <d,, which is a
contradiction. Therefore, {d,} is a non-increasing sequence in R*. Now, again by (4.2),
we have
d; = d(yy,y2) = d(Axy, Bxq)
< @(d(Cx,, Dx4),d(Ax,, Cx,),d(Bxy, Dxy),
d(Ax,, Dx;),d(Bxq, Cx3))
= @(d(y1,¥0), d(y2,y1), d(y1,¥0), d(¥2,¥0), d(y1,¥1))
< ¢(dgy, dq,dg, dg + dy,0)
< @(do, do, do, 2dg, do)
= v(do)
In general, we have d,, < y"(dy), which implies that, if dy > 0, by lemma 4.1,

lim d, < lim y"(dy) = 0.
n—>o0o n—>oo
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Therefore, we have lim,,_,, d, = 0. Ford, = 0, since {d,,} is non-increasing, we have

lim,_, d, = 0. Thus lim,, . d(y,, Yn+1) = 0. This completes the proof.

Lemma 4.3: The sequence {y, } defined by (4.3) is a Cauchy in X.

Proof: By virtue of lemma 4.2, it is a Cauchy sequence in X. Suppose that {y,,} is not a
Cauchy sequence. Then there is an € > 0 such that for each even integer 2k, there exist
even integer 2m(k) and 2n(k) with 2m(k) > 2n(k) > 2k such that

d(Y2mm) Yanao) > € (4.3.1)
For each even integer 2k, let 2m(k) be the least even integer exceeding 2n(k) satisfying
(4.3.1), that is,

d(Yan(0, Yamo-2) < € and d(Yanao, Yamao ) > €. (4.3.2)
Then for each even integer 2k, we have

e < d(yZn(k): YZm(k))

< d(Y2000, Yam@o—2) + A(Y2mao-2 Y2mao—1) + A(Y2mao-1, Y2mao)-
By lemma 4.2 and (4.3.2), it follows that

d(Y2n Yam@o) = €ask - oo (4.3.3)
By the triangle inequality, we have

1d(¥2n00) Y2mao-1) — A¥V2na0 Y2mao) | < d¥Vam@o-1, Y2mao)
and

|d(¥2n00 Yamo-1) — A(¥anaor Yameo)| € d(Y2mao-1,Y2mao) + A(Yz2naor Yanao+1)-
From lemma 4.2 and eq. (4.3.3), ask — oo,

d(¥2na0» Yamao-1) = €and d(Yzno+1, Yamao-1) = & (4.3.4)
Therefore, by (4.2) and (4.3), we have

d(¥2n00, Y2m@) < d(¥2na0 Y2na0+1) + d@2n00+1, Yamao)
= d(Y2n00), Y2no+1) + A(AX2m a0, BXan o +1)
< d(Yan ) Yano+1) + @(A(CXam a0 DXan(o)+1),
d(AXzm 10» CX2m 0 )» A(BXzn10+1, DXan@o+1)>
d(AX2m 1), DX2n (10)+1)» A(BXzn ()41, CXam (1))
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= d(¥2n00» Y2n@+1) + @A(Y2ma0-1,Y2na0 )
d(¥2m ) Y2m (0-1)» A(Y2n)+1 Y2000 )
d(Y2mm)» Y2000) AV 2n00+1 Yamao-1))-  (43.5)
Since ¢ is upper semi continuous, ask — oo as in (4.3.4), by lemma 4.2, eqs (4.3.3),
(4.3.4) and (4.3.5) we have
€< ©(g0,0,5¢) <y(e) <g,
which is a contradiction. Therefore, {y,,} is a Cauchy sequence in X and so is {y,}. This

completes the proof.
The following is the main result of this chapter:

Theorem 4.4: Let (A, C) and (B, D) be weakly compatible pairs of self maps of a
complete metric space (X, d) satisfying (4.1) and (4.2). Then A, B, C and D have a
unique common fixed point in X.
Proof: By Lemma 4.3, {y,} is a Cauchy sequence in X, Since X is complete there exists
a point z in X such that
&1_{{)10 Vn = Z. &1_{{)10 Ax,, = I11_r)£1o Dx5,41 = Z and &1_{210 Bxy,41 = &1_{210 SXpn42 =7 i€,
lim Ax,, = lim Dx;,,1 = lim Bx,,,1 = lim Cx;,,, =z
n—co n—co n—co n—co
Since B(X) € C(X), there exists a point u € X such that z = Cu. Then, using (4.2),
d(Au,z) < d(Au,Bx,,_1) + d(Bxy,-1,2)
< @(d(Cu, Dxy,_1), d(Ay, Cu), d(Bxz,_1, DXz, 1),
d(Au, Dxz,-1), d(Bxz; -1, Cu)).
Taking the limit as n — oo yields
d(Auy,z) < ¢(0,d(Au, Cu), 0,d(Au,z),d(z,Su))
= ¢(0,d(Au,z),0,d(Au,z),0) < Bd(Au,z),
where $ < 1. Therefore z = Au = Cu.
Since A(X) c D(X), there exists a point v € X such that z = Dv. Then again using (4.2)
d(z,Bv) = d(Au, Bv) < ¢@(d(Cu, Dv), d(Au, Cu),d(Bv, Dv),d(Au, Tv),d(Bv, Cu))
= ¢(0,0,d(Bv,2),0,d(Bv,z)) < o(t, £, £,2t,t) < ¢,
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where t = d(z, Bv). Therefore z = Bv = Dv. Thus Au = Cu = Bv = Dv = z. Since pair
of maps A and C are weakly compatible, then ACu = CAui.e., Az = Cz. Now we show
that z is a fixed point of A. If Az # z, then by (4.2),

d(Az,z) = d(Az Bv) < ¢(d(Cz Dv),d(Az Cz),d(Bv, Dv), d(Az Dv), d(Bv, Cz))

= ¢(d(Azz),0,0,d(Az z),d(Azz))
< @(tt,2t,t,t) < t,wheret = d(Az, z).
Therefore, Az = z.Hence Az = Cz = z.
Similarly, pair of maps B and D are weakly compatible, we have Bz = Dz = z, since
d(z,Bz) = d(Az Bz) < ¢(d(Cz Dz),d(Az, Cz),d(Bz, Dz),d(Az, Dz),d(Bz, Cz))
= ¢(d(z Dz),0,0,d(z, Dz),d(z Dz)
< o(tt2ttt) < t,wheret = d(z Dz) = d(z Bz).
Thus z = Az = Bz = Cz = Dz, and z is a common fixed point of A, B, C and D.
Finally, in order to prove the uniqueness of z, suppose that z and w, z # w, are common
fixed points of A, B, C and D. Then by (4.2), we obtain
d(z, w) = d(Az, Bw) < ¢(d(Cz, Dw),d(Az, Cz), d(Bw, Dw), d(Az, Dw), d(Bw, Cz))
= @(d(z,w),0,0,d(z, w),d(z,w))
<oett2ttt) <t wheret=d(z,w).
Therefore, z = w. Thus A, B, C and D have a unique common fixed point in X. The

following corollaries follow immediately from Theorem 4.4.

Corollary 4.5: Let (A, C) and (B, D) be weakly compatible pairs of self maps of a
complete metric space (X, d) satisfying (4.1), (4.3) and (4.5.1)

d(Ax,By) < hM(x,y),0 < h < 1,x,y € X, where
M(x,y) = max{d(Cx, Dy), d(Ax, Cx), d(By, Dy), [d(Ax, Dy) + d(By, Cx)]/2}. (4.5.1)
Then A, B, C and D have a unique common fixed point in X.

Proof: We consider the function ¢: [0, 9)° — [0, o) defined by
1
©(Xq,X3,X3,X4,X5) = hmax xl,xz,x3,5 (x4 +x5)|.

Since @ € F, we can apply Theorem 4.4 and deduce the corollary.
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Corollary 4.6: Let (A, C) and (B, D) be weakly compatible pairs of self maps of a
complete metric space (X, d) satisfying (4.1), (4.3) and (4.6.1).

1
d(Ax, By) < h max{d(Ax, Cx), d(By, Dy), 5 d(Ax, Dy),

1
3 d(By, Cx),d(Cx, Dy)} for all x,y in X, where 0 < h < 1. (4.6.1)

Then A, B, C and D have a unique common fixed point in X.

Proof: We consider the function ¢: [0, 0)> — [0, o) defined by

1 1
(p(X1'X2iX3iX4'X5) =h maX{X1!X2'X3'EX4!EX5}'

Since @ € F, we can apply Theorem 4.4 to obtain this corollary.

Remark: Theorem 4.4 is a generalization of the result of Jungck [16] by using weakly
compatible maps without continuity at S and T. Theorem 4.4 and Corollary 4.6 are also
generalization of the result given by Fisher [10] by using compatible maps instead of

using the commutativity of maps.
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