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Abstract

Mathematical models based on partial differential equations have become the

main components of quantitative analysis in many areas of biological science,

engineering, finance, image processing and many other fields. Hyperbolic con-

servation laws is an important field of partial differential equations. They play

a prominent role in modelling flow and transport process. These equations are

of importance to a broad spectrum of discipline such as neuroscience, fluid

mechanics, gas dynamics, population dynamics, elasticity chromatography,

traffic flow, geophysics, meteorology, electromagnetism, astrophysics, etc.

In this dissertation, we have studied partial differential models for biological

science and designed the appropriate numerical schemes to find approximate

solutions.

Chapter 1 begins with introduction, motivation and literature review for the

research work. A brief overview to the basic theory of hyperbolic conserva-

tion law and short introduction of numerical techniques and related results

are presented. In addition, the structure of the thesis has been presented at

the end of this chapter.

Chapter 2 starts with a brief background of nervous system and related the-

ory. Further, it presents the proposed numerical scheme based on finite volume

method, which is used to find the numerical solution of the governing model

equation. This chapter also provides the stability of the proposed framework.

To evaluate the performance of proposed approach, test examples have been

considered.

Chapter 3 presents a population density model based on quadratic-integrate-

and-fire neuron. The chapter starts with the overview of quadratic integrate-

and-fire neuron model for deriving the governing equation with the help of

population density approach. Thereafter, a high-order numerical scheme has

been designed to find the approximate solution of model equation. Finally,

numerical experiments are taken to demonstrate both the effectiveness and

the efficiency of our proposed method. This chapter concludes with perfor-

mance evaluation of the proposed work.

In Chapter 4, an excitatory and inhibitory population density model based on

leaky-integrate-and-fire neuron with potential jumps has been presented. The

synaptic connection between neurons is modeled by a potential jump at the

receiving of input current. This chapter also presents a high-order numerical



scheme to find the approximate solution of the governing equation. Further,

it includes the diffusion approximation, is used to avoid the non-local terms.

The efficiency and accuracy of the proposed scheme is tested through numer-

ical experiments.

The Chapter 5 deals with a size-structured neuron model based on the articles

[1, 2]. This model consists of a transport equation with age-dependance and

spatial structure. Moreover, the governing equation is the renewal equation

for demography. The chapter also presents a finite volume approximation for

the simulation of transport equation. Theoretical analysis of the proposed

framework is also discussed in this study.

In Chapter 6, the nonlinear age-structured population model has been stud-

ied. The model consists a real biological situation in which all human beings

have a finite maximum age. The model comprises the fertility and mortality

factors, which depend on the age, seasonality and external resources in which

intrinsic mortality is unbounded. This chapter presents a high-order accu-

rate numerical scheme to approximate the solution of the model equation.

To validate the proposed framework, some numerical experiments have been

employed in this chapter.

Chapter 7 concludes the dissertation and also shed light on some future di-

rection of the present work.

Keywords: Partial differential equation, Hyperbolic conservation law, Finite

volume method, WENO scheme, IMEX strong stability preserving scheme,

MUSCL scheme, Leaky integrate-and-fire neuron, Quadratic integrate-and-

fire neuron, Population density approach, Age-structured models, Population

dynamics.
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Chapter 1

Introduction and Related Work

A Mathematical model is the mathematical representation of the real-world system.

Mathematical modelling is the technique of constructing a mathematical model of a

problem, then using it to analyze and find a solution of the problem. Also, it is an inter-

disciplinary area in which expertise from different fields share their knowledge to improve

existing results, develop better ones or to estimate the behavior of certain phenomena.

Moreover, mathematical models based on ordinary differential equations (ODEs) and

partial differential equations (PDEs) are ubiquitous these days, since they are arising in

many areas such as biology, ecology, evolution, engineering, finance, medicine, physics

and other fields. The applications of aforementioned fields are such as neuronal dynam-

ics, age-structured, tumor growth, general relativity, option pricing, fluid mechanics and

many more. The complexity of these models means that it is impossible to find the exact

solutions of governed PDE equations, even in very simple cases. Hence, the numerical

methods play a vital role in finding the approximate solution of such type of PDEs.

Overview of numerical solution. The history of numerical solution of partial dif-

ferential equation is much more recent than the analytic methods. The numerical so-

lution of differential equations has been a subject of intense activity for the last 60

years or so, primarily due to advances in computer technology and the introduction of

numerical computing applications like Fortran, Mathematica, Maple, Matlab, Pyhton,

PETSc (Portable Extensible Toolkit for Scientific Computation) and MOOSE (Multi-

physics Object-Oriented Simulation Environment), which in turn has led to improve-

ments in numerical methods that are being used. As a result many unsolved problems

related to ODEs and PDEs are solved by appropriate numerical methods such as finite

difference method (FDM), finite element method (FEM), finite volume method (FVM),

spectral method, boundary element, meshless or mesh free methods.

1 Research Motivation

Computational and Mathematical modeling is a very popular approach for inves-
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tigating the functionality of the biological system. Recent developments in numerical

techniques and computing technology have expanded its scope in the research activity.

The motivation behind this dissertation is to understand the behavior of living system

and in particular, nervous system and the population dynamics, which underlies math-

ematical analysis and study of the computer simulation. This job can be served by

computational biology The application of computational modeling to living system is

significant because, in comparison with other physical systems, where such type of mod-

eling is used, biological systems can be seen explicitly as processors of information. In

this manner, computational models for these living system are not just devices for count

or forecast but usually explain the functionality of the living system. In particular com-

putational neuroscience, the researchers are generally interested in determining what the

various parts of the nervous system do, and how they do it.

Computational neuroscience is the scientific study of the neural system. It is a part

of computational biology. Computational models, and in particular quantitative models

have become an important tool for research in neuroscience for many decades. In fact,

one of the main celebrated achievement in this field is credited to the Hodgkin-Huxley

model that describes the generation of action potentials which is based on quantitative

approach [5]. In addition, much of what is understood about the functionality of the

nervous systems has been informed by mathematical and computational modeling.

Overview of the concept of neuroscience. The brain is like a computer that con-

trols the body’s functions as well as the nervous system. It is made of large number of

different cells that relays messages to parts of the body. Among these cells, the nerve

cells or neurons are the basic processing units, known as electrically excitable cells. In

human brain, it has approximately 1011 neurons, according to Kandel et al. [6], which is

interconnected in a complex manner. More precisely, each neuron is connected to tens of

thousands of other neurons, this means there are as many connections in a single cubic

centimeter of brain tissue as there are stars in the Milky Way Galaxy.

In the late 19th century Spanish histologist Santiago Ramón y Cajal identified that “the

neuron’s place as the primary functional unit of the nervous system”. He suggested that

all neurons are discrete cells, which communicate via circuits and junctions. Moreover,

he was the first who gave the detailed information about the structure of the nerve cells,

and revealed that all neurons share the same basic structure (see in [7, 8]).

Neuron structure. A typically neuron has four major structural regions: dendrites, cell

body (soma), axon, and presynaptic terminals (axon terminals). Each of these regions

has a different role (see Fig. 1.1). The cell body also known as soma, is the main compo-

nent of the neuron that consists of the nucleus with in. It is connected to other cells by
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Figure 1.1: Structure of a typical neuron (this image is taken from Wikipedia, [3].)

dendrites which brings information to other neurons. The information communicated by

one neuron to the other neurons is transmitted by a long thin structure called the axon.

The portion of the axon where it originates from the cell body is known as axon hillock,

which is the part of the neuron and it has the greatest density of voltage-dependent

sodium channels. Near its ends, axon further divides into branches for communication to

other neurons. This structure is known as axon terminal or presynaptic cell which con-

tains the synapses (synapses refer to the interactions or junctions usually found among

neurons). There are two different type of synapses: electrical synapses and chemical

synapses. The difference is based on how the signal is transmitted from one cell to the

next cell. In the electrical synapses, the signal is transmitted through gap junctions (see

Fig. 1.2a) from one neuron to other without need of any receptors of the postsynaptic

cell. As a result signaling at electrical synapses is more rapid than that which occurs

across chemical synapses. On other side, in chemical synapses, the signal is transmitted

between two neurons through neurotransmitter (see Fig 1.2b ), by the receptors of the

postsynaptic cell. When the receptors receive neurotransmitter molecules, the ion chan-

nels begin to open. As a consequences, the flow of ions come in or out and changing

the local transmembrane potential of the cell. The resulting change in voltage is called a

postsynaptic potential. The result of this process can be excitatory in case of depolarizing

currents or inhibitory in case of hyperpolarizing currents. The excitatory or inhibitory

nature of a synapse depends on the types of ion channel conduct the postsynaptic current

displays, which in turn is a function of both the type of receptors and the type of neuro-

transmitter employed at the synapse. If a signal is transmitted at an excitatory synapse,

then the depolarization of the cell can be strong enough so that an action potential can

be initiated in the postsynaptic cell. If the depolarization induced by the excitatory post-

synaptic potential is not sufficient for an action potential initiation, then the effect of the

depolarization will last for some time, and will be progressively attenuated. Therefore, if

the neuron receives signals from the same or other neurons, the postsynaptic potentials

they provoke will be added. This phenomenon is known as the synaptic integration.
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(a) Depiction of a electrical synapse (b) Depiction of a chemical
synapse

Figure 1.2: Structure of a synapse, (both images taken from Wikipedia, [3].)

Finally, we can think of neuron as a miniature self-contained information processor. It

receives inputs, processes information, and generates outputs. The dendrites is associated

with the receiving of inputs, the cell body is associated with the information processing

and the process most associated with the output is the axon terminals (see Fig. 1.3).

The more details about modeling of neurons and neural networks see herein [9–13].

Figure 1.3: Neuron signal direction
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2 Literature Review

Integrate-and-fire (IF) neuron is the main component for the description of the neu-

ral system. It describes the neuron’s membrane potential in terms of the injected current

and the synaptic inputs that it receives. More precisely, the membrane potential receives

inputs either excitatory or inhibitory from different neurons. These inputs connected with

weighted synaptic strength are modeled either as injected current, is known as current

synapse models, or as a change in the membrane conductance, is named as, conductance

synapse models. These models (Conductance synapse models) depend on the difference

between the membrane potential and the reversal potential, and it describe the amplitude

of the excitatory and inhibitory inputs. Moreover, IF neuron model is known as a point

neuron model in which the dendrites spatial structure of the neuron is neglected.

Leaky integrate-and-fire neuron. The neuron is in fact leaky, since the contribution

of all synaptic inputs to the membrane potential of a neuron decay with a membrane

time constant. If the membrane potential decay over time is neglected, the model is said

to be a perfect integrator. Moreover, when the membrane potential of a neuron arrives a

certain fixed stage (threshold level), a spike or action potential is generated, it indicates

the first passage time of the membrane potential across the threshold. Thereafter, the

membrane potential comes back to the resting state and is deactivated for a short time.

History of integrate-and-fire neuron. The integrate-and-fire neuron has a long his-

tory. In 1907, Lapicque [14] introduced a neuron model that describes subthreshold

electrical features of a single neuron, through its membrane potential, i.e., the membrane

potential of the neuron in terms of an electric circuit consisting of a parallel capacitor and

resistor that represents the capacitance and leakage resistance of the neuron membrane,

respectively (Fig. 1.4). The membrane potential is charged until it arrives a certain level

I

V

 

Rest

R
C

V

Figure 1.4: The equivalent circuit represents the membrane potential of a neuron in
subthreshold level, where V is the membrane potential, C is the membrane capacitance,
R represents the membrane resistance, Vrest is the resting membrane potential, and I is

an injected current.
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where the spike appears, and then potential come back into the resting state (Fig. 1.5).

The dynamics of the membrane potential is given by

C
dV (t)

dt
= −V + Vrest,

where V (t) is the membrane potential of a neuron at time t, C is the membrane capac-

itance and Vrest is the resting potential. With aid of this model, Lapicque could easily

evaluate the spiking (firing) rate of a neuron (Fig. 1.6). This model is further used for

many other neuron modeling for many decades.

In 1936, Hill [15], analyzed the Lapicque’s model with external injected current in the

Figure 1.5: The dynamics of the membrane potential of a neuron.

Figure 1.6: An integrate-and-fire model neuron driven by a time varying current. The
upper trace is the membrane potential and the bottom trace is the input current. This

image taken from [4].

neuron

C
dV (t)

dt
= −V + Vrest + Ie(t).

Here, Ie denotes an external current directly injected in the neuron. The approach (IF
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model) is useful for the separation of time scales between the relatively slow subthreshold

integration and extremely rapid spike generation, which is one of the key insights into

neuronal behavior. Focusing upon the subthreshold mechanism, it has been proven that

the properties of subthreshold membrane be a powerful tool for the study of information

processing capabilities of neurons. In 1964, Gerstein and Mandelbrot [16] proposed the

stochastic integrate-and-fire neuron model which was formulated as a random walk prob-

lem with threshold barrier. The model was further modified by Stein (1965 [17], 1967

[18]) to include the decay of the membrane potential. Subsequently, developments in

this model is to use stochastic differential equations with different numerical techniques

(Knight 1972 [19], Kryukov 1976 [20], Tuckwell 1977 [21], Wilbur et al. 1982 [22] and

Lánskỳ 1984 [23]). Moreover, the aforementioned approaches have also been used to

investigate the effect of inhibition and reversal potential in the Stein’s model (Tuckwell

1978 [24], Cope et al. 1979 [25], Tuckwell et al. [26], Tuckwell 1979 [27], Wilbur et al.

1983 [28], Hanson et al. 1983 [29], Musila et al. 1994 [30]).

IF model equation. The general form of the membrane potential in IF model is

C
dV (t)

dt
= Il(V ) + Isyn(V, t) + Ie(t),

where Il is a leak current and Isyn is the synaptic current. There are many variants of this

model (IF) in which few of them have been considered in the literature. For instance,

the IF model has a leak current: Il(V ) = −g (V − Vrest), where g denotes the leak

conductance. Dividing the above equation on both sides by g, and rewrite it as

τ
dV (t)

dt
= f(V ) + Isyn(V, t) + Ie(t),

where τ =
C

g
, f(V ) = −(V − Vrest) and g has been absorbed in the currents Isyn and Ie.

The above form of the IF model is known as a leaky integrate-and-fire-neuron model.

Spike-response model. A variation in IF model can be also seen in the form of spike-

response models (Gerstner 1995 [31], Gerstner 2001 [32], Gerstner et al. 2002 [9]). Basi-

cally, spike-response model is the generalization of leaky integrate-and-fire neuron model

(LIF) and it describes the generation of action potential in neurons. The motivation

behind spike-response model is to overcome the difficulty of finding the exact solution

of integrate-and-fire neuron models when the synaptic input is inhomogeneous Poisson

stochastic type. The key difference to the classical integrate-and-fire neuron model is

that after the spike generation the resting membrane potential is achieved by adding the

additional term η(t− t̂) to the membrane potential, where t̂ is the firing time of the last

spike of the neuron and η represent the form of action potential. A notational contrast
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is that the IF model needs differential equations for the voltage while the spike response

model is formulated by integral equation

V (t) = η(t− t̂) +

∞∫
0

κ(t− t̂, s)I(t− s)ds,

where κ represent the linear response to an incoming current and I(t) a stimulating

current. The next spike generates if the membrane potential of a neuron arrives at a

fixed threshold level from below where the time t̂ is updated.

Fusi and Mattia in 1999, [33], introduced the linear integrate-and-fire neuron model for

the study of the collective behaviors of the neural networks in which the depolarization

of the subthreshold membrane potential is constant that is

dV (t)

dt
= −β + I(t),

where β > 0 is a constant decay. In 1986, Ermentrout and Kopell [34], proposed a

quadratic-integrate-and-fire (QIF) neuron model to examine of the neuron firing. This

model describes the neuron canonical form in which neuron firing is determined by Type I

bifurcation (Izhikevich 1999 [35]) and it is similar to the theta neuron model (Ermentrout

1996 [36], Gutkin et al. 1998 [37], Latham et al. 2000 [38]). A number of authors have

used QIF model for the description of the intrinsic properties of neural system (Brunel et

al. 2003 [39], Lindner et al. 2003 [40]). Further, Fourcaud-Trocmé et al. introduced the

exponential integrate-and-fire neuron model in 2005 for the description of the dynamics

of the instantaneous firing rate, see herein [41, 42] for details. Later, Brette et al. [43]

have used this model for the description of neural activity.

Neuronal Noise. Nowadays, integrate-and-fire models with noise, for a single neuron

or network of neurons have become the fascinating field of research. Noise word was

introduced in neuroscience many decades ago (Schmitt 1967 [44], DeFelice 1981 [45],

Holden 1976 [46]). Neuronal noise means the random fluctuation or variability that

occurs in the environment of a single neuron as well as in the firing activity of the neural

network. Neurons never respond in the same way under the repeated presentation of

a specific input signal. The response variability and its outcomes for neural network

function has been under observation for many years. The same scenario occurs in the

spontaneous activity, which show different kind of randomness. There are mainly two

distinct sources of noise: external and internal. The external source of noise generally

refers to the random fluctuation while the internal source indicates the probabilistic

nature of the chemicals reactions, which provide the firing activity of neurons [43, 47–50].

In a more specific manner, noise is present everywhere in the nervous system because a
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single neuron is receiving a huge amount of synaptic inputs from other neurons, and also

due to the randomness occurring in the opening and closing gates of the ion channels

[51, 52].

The noisy leaky-integrate-and-fire model (NLIF) is a mathematical model that

describes the stochastic properties of neurons [48, 53–63]. The model equation is gov-

erned by a Langevin equation and a discontinuous reset mechanism which mimic the

generation of the action potential. With the help of Langevin equation one can write the

corresponding Fokker-Planck equation, which provides the time evolution of probability

density to find the membrane potential of a neuron in a certain voltage value. Moreover,

the NLIF model is a simpler version of the Hodgkin-Huxley model [5], which is suffi-

ciently detailed to allow a qualitative comparison with physical data [10]. In spite of its

apparent simplicity many questions still remain open regarding its dynamics. There are

many authors [60, 62, 64–67], those have contributed in this field.

The concept of probability density function in computational neuroscience has a long

history [28, 47, 68] because it has been used in many contexts of neuronal modelling.

However, this approach is not appropriate for the simulation of large neural network

[57, 62, 69]. In 1996, Knight [70] innovated a population density approach which tack-

les the simulation of neural network in more effective manner. Later, this approach is

reformed in [71–73]. Several other authors have used this approach for analyzing the

firing activity of the neural network [48, 56–63]. Nowdays, there are a number of authors

[74–77] who have been used this approach for the derivation of model equations based on

PDEs.

2.1 Population Dynamics

Population dynamics is the branch of mathematical biology that deals with size, age-

structured of a population and other biological factors which affect them. Moreover, it

has a long history more than 200 years or more. Fibonacci used his well-known sequence

for the growth rate of a rabbit population model. Later, Malthus gave a mathematical

model in which he assumed that the populations of human have a constant natural growth

rate. His model was further improved by other researchers taking into consideration the

various features of populations.

Mathematical population models include age structure, or other structuring of in-

dividuals with continuously varying properties, have a long history. The age structured

model plays a key role in population dynamics. Lotka et al. and McKendrick [78, 79] set

up a foundation for partial differential equations approach to modelling of age structure
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in an evolving populations. The stabilization of age-structure with linear fertility and

mortality in models at the earlier stages is identified but not accepted [80, 81]. The anal-

ysis of these linear models was established later in [82, 83]. In 1974, Gurtin and MacCamy

[84] gave a new technology, based on a nonlinear Volterra integral equations approach,

which was used to established the existence, uniqueness and convergence of equilibrium

solution to Sharpe-Lotka-McKendrick model. A fast growth of research in non-linear

models ensued in biological applications as well as theoretical developments. Further,

Iannelli [85] introduced a comprehensive treatment of this approach. The increasingly

complex mathematical issues included in nonlinearities in age structured models directed

to the improvement of new technology. There are many other approaches available in the

literature [86–94] that can be used efficiently to solve non-linear age -structured models.

Moreover, there are many approaches available in the literature that were used to tackle

the nonlinearity in age-structured model equations [90, 91, 93, 95–98].

3 Research Gaps and Objectives

This section is devoted to the research gaps and the objectives for this research.

Research Gaps

� The synaptic input current is absent in the Stein’s model [17]. Once the voltage

V surpasses the threshold level r, it remains at the value r + dr for all subsequent

times. Both the cases need to be studied in the Stein’s model.

� Finite volume method is not used for the dynamics of a structured neuron popula-

tion [99].

� The absence of numerical study for the excitatory and inhibitory neuron population

density model based on quadratic-integrate-and-fire neuron.

� The application of population density approach for an excitatory and inhibitory

population neuron model with jumps.

� The absence of high-order numerical scheme need to be studied for noise quadratic-

integrate-and-fire neuron model.

� The application of population dynamics: an age-structured population model with

non-linear mortality rate and fertility rate need to be investigated.
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Objectives

� Development of convergent and stable finite volume approximation based on Go-

dunov method for a realistic model problem arising in neuronal variability.

� Construction of a stable and convergent discrete finite volume approximation of

higher-order to investigate the behavior of biological neuron model.

� Development and analysis of finite volume approximation for the hyperbolic con-

servation laws arising in population dynamics.

� Construction of mesh free finite volume approximation so that there should not be

any restriction on the size of the delay.

The remaining sections present an overview of some important mathematical concepts

that are related to this study.

4 Numerical Methods

Numerical analysis is the branch of mathematics and also computer science that deals

with the study of algorithms for approximate solution of the problems of continuous math-

ematics. Due to the rapid advancements in computer technology, the uses of numerical

techniques for solving the realistic mathematical model problems whose analytical solu-

tion cannot be found, have been increased. There are a number of numerical methods

such as finite difference method, finite element method, finite volume method, spectral

method, boundary element method and many more, which provide the best approximate

results for an appropriate system of differential equations.

The finite difference method is the easiest method to apply and to solve a differential

equation. The basic idea of finite difference method is to replace the derivative appearing

in differential equation by an approximate difference formula. The difference formula is

derived from Taylor series expansion. Due to the relative ease of implementation and

flexibility, the difference method is the first choice method for the numerical solution of

the differential equation. However, this method has some disadvantages: the method be-

comes intricate when solving the differential equation on an irregular domain, the PDEs

is non- linear or based on variable coefficient, it is not easy to prove the stability, con-

sistency, and convergence for the difference method. However, this method serves as a

basis for other numerical methods (see [100–102]).

The spectral method is another numerical technique to solve the differential equation.

This method is only useful when the solution is smooth and the domain is simple. This
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method has some drawbacks: it is very complicated to implement, it cannot represent

the physical processes in spectral space. Moreover this method is very expansive at high

resolution. The interested readers can find more details about this method herein [103–

108].

The finite element method. The basic idea of finite element method is the piecewise

representation of the solution in terms of specified basis functions, meshing the modeled

domain into smaller elements and solution in each element is constructed from the basis

functions. This method is very complicated to implement as compared to other numer-

ical methods. Moreover, this method is not suitable for biological problems because it

produces less physical significance solution. The detailed study of this method can be

found in [109–111].

The boundary element method. Another numerical technique is the boundary el-

ement method, which is used to solve those PDEs that can be converted into integral

equations. This method attempts to use the given boundary conditions to fit boundary

values into the integral equation, rather than values throughout the space defined by the

PDE. The interested readers can be see herein [112, 113].

The finite volume method. The finite volume method is another numerical technique

to find the solution of parabolic, elliptic and mainly first order hyperbolic PDEs, for ex-

ample, conservation laws. The basic idea of FVM is to integrate the differential equation

over each fixed size control volume or grid cell, then convert the volume integral of di-

vergence terms into the surface integrals that can be evaluated as fluxes at the surface of

each fixed volume. This method can also be used on structured or unstructured geome-

tries. Moreover, this method preserves the local conservativity of the numerical fluxes

that means the numerical flux is conserved from one cell to its neighbour cell. Before

the discussion of this (FVM) method in detail, we first review the concept of hyperbolic

conservation law.

4.1 Hyperbolic Conservation Laws

The prototype for first-order hyperbolic partial differential equation is

ut + f(u)x = 0, (t, x) ∈ (0,∞)× R, (1.1)

where u(t, x) : R+ × R → R is a unknown density of conserved quantity and f : R → R
is the flux function. The variable x denotes the space and variable t denotes the time.

The above form of hyperbolic PDE is known as conservation laws.
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Definition 4.1. Suppose the flux function f : R→ R be class C1(R). Then u = u(t, x) is

a smooth solution of Eq. (1.1) if it belongs to class C1 and satisfies Eq. (1.1) pointwise.

Physical Meaning: To understand the physical meaning of Eq. (1.1), we assume that

u is a smooth solution of Eq. (1.1), integrate the above equation with respect to x on

the closed interval [a, b], ones obtain:

d

dt

 b∫
a

u(t, x)dx

 = −
b∫

a

fx(u(t, x))dx = f(t, a)− f(t, b).

Consequently, we can say that the total amount of u contained inside any interval [a, b],

i.e.,
b∫
a

u(t, x)dx, can change only due to the flow, f(u(t, x)), of u across the boundary

points at x = a and b. In other words, u is neither created nor destroyed. Thus, we can

say that u is the conserved quantity on the given interval.

Remark 4.1. If the flux function f ∈ C1 and u is a smooth solution of Eq. (1.1), then

we can apply the chain rule to obtain

ut + f ′(u)ux = 0 or ut + a(u)ux = 0, where a(u) = f ′(u). (1.2)

Remark 4.2. If u is a smooth solution, then Eqs. (1.1) and (1.2) are equivalent.

However, if u has a jump discontinuity then Eq. (1.2) is not well defined because a

product of a Dirac measure, ux, with a discontinuous function, a(u) is involved. Hence,

we can say that Eq. (1.2) is meaningful only for class of continuous functions.

Definition 4.2. The Cauchy problem or an initial value problem (IVP) is a first order

partial differential equation of the typeut + f(u)x = 0, x ∈ R, t > 0

u(x, 0) = u0(x), x ∈ R,
(1.3)

where u0(x) is the initial condition and u = u(t, x).

Definition 4.3. If u0(x) and f(u) both are class C1 functions, then u(t, x) is a global

smooth solution of Eq. (1.3), provided it belongs to class C1 and satisfy Eq. (1.3)

pointwise.

Next we present a technique for the solution of the Cauchy problem in space of smooth

functions.

Method of Characteristic: The characteristic curve x(t, x0) associated to the solution

u(t, x) of the Cauchy problem (1.3), starting from the point (0, x0) = x0 ∈ R, is the
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solution of the following differential equation

dx(t, x0)

dt
= a(u(t, x(t, x0))) = f ′(u(t, x(t, x0))), x(0, x0) = x0. (1.4)

Solution: x(t, x0) = t.f ′(u0(x0)) + x0. (1.5)

Proposition 4.1. If u(t, x) is a smooth solution of Eq. (1.3) then it is a constant along

the characteristics curve x(t, x0).

Proof. Let x(t, x0) be a characteristic curve that begins from the point x0 ∈ R, and

exists at least on a small interval [0, t0). For any t ∈ [0, t0),

du(t, x(t, x0))

dt
= ut(t, x(t)) + ux(t, x(t)).x′(t)

= ut(t, x(t)) + ux(t, x(t).a(u(t, x(t))) = 0.

Thus, u is constant along the characteristic curve x(t, x0), and taking the value u0(x0).

Hence, we obtain the solution of (1.5) as u(t, x0) = u0(x0). This is called the method of

characteristics.

Method of characteristics gives a way, to build the smooth solution of Eq. (1.3), provided

we must extract x0 = x0(t, x), from relation (1.5).

We can extract x0 = x0(t, x), by using the inverse function theorem (which provides

sufficient conditions for a function to be invertible in a neighborhood of a point of the

domain and also provides a formula to calculate the derivative of the inverse function)

which states that if a function belongs to C1 class with non zero derivative at a point,

then the function is invertible in the neighborhood of a point. With the help of this

theorem we can find a smooth function x0(x, t) = x− t.f ′(u0(x0(t, x))) such that

u(t, x) = u(t, tf ′(u0(x0)) + x0) = u0(x− tf ′(u0(x0))).

Therefore, u(t, x) = u0(x0(t, x)), is the smooth solution of Eq. (1.3).

x(t; x0) = t.a(u0(x0)) + x0= characteristic curve.

Next, we present sufficient conditions for the existence and uniqueness of a global smooth

solution for all time, to the Cauchy problem (1.3).

Proposition 4.2. Suppose that the initial solution u0 ∈ C1(R) and f ∈ C2(R) such that

f ′′u′0 > 0 , then the function u(t, x) = u0(x0(t, x)), is well defined for all domain and is

the unique global solution to the Cauchy problem.
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Proof. Consider the derivative of function x(t;x0) with respect to x0,

∂x(t;x0)

∂x0

= tf ′′(u0(x0))u′0(x0) + 1 > 0,∀ t ∈ R+.

Hence, the relation (1.5) can be inverted. Moreover, the implicit function theorem, en-

sures that [(t, x) → x0(t, x)] is C1 function. We now verify u(t, x) = u0(x0(t, x)) is a so-

lution to the Cauchy problem. Eq. (1.4) gives x0(0, x) = x0, and u(0, x) = u0(x0(0, x)) =

u0(x0). Thus,

∂tu+ ∂x(f(u)) = ∂t(u0(x0(t, x))) + ∂x(f(u0(x0(t, x)))),

= u′0(x0)∂t(x0(t, x)) + f ′(u0(x0))u′0(x0)∂x(x0(t, x)),

= u′0(x0) (∂t(x0(t, x)) + f ′(u0(x0))∂x(x0(t, x))) . (1.6)

Taking the derivative of Eq. (1.5) with respect to x and t,

1 = (t.f ′′(u0)u′0 + 1)∂x(x0(t, x)), (1.7)

−f ′(u0) = (t.f ′′(u0)u′0 + 1)∂t(x0(t, x)). (1.8)

From Eqs. (1.6), (1.7) and (1.8), we obtain the required result.

Remark 4.3. If f ′′ and u′0 have the same sign, the characteristics do not intersect

and we can construct a smooth solution u(t, x) for all time t ≥ 0.

What happens if f ′′ and u′0 have different sign in an interval [a, b] ?

In this situation the above proposition is still hold but for small values of t, because
∂x(t;x0)

∂x0

= t.g′(x0) + 1 ∼ 1 if t ∼ 0. For large value of t, we expect the formation of

shock. Next we defined the breaking time and the location where the first shock occurs?

Breaking time. It is well known that when the characteristic curves cross to each

other, the corresponding solution becomes multivalued and generates a shock. The time

at which this incident occurs for the first time is called the breaking time. In order to find

the breaking time, consider two characteristics curve that start from the point x1 and

x2 = x1+∆x, where ∆x is a small positive constant. They will intersect only when,

x0 + a(u0(x1))t = x2 + a(u0(x2))t =⇒ t [a(u0(x1))− a(u0(x2))] = −(x1 − x2),

t = − (x1 − x2)

a(u0(x1))− a(u0(x1 + ∆x))
.

Assume ∆x→ 0, then t converge to − 1

a′(u0(x))
.
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Now for the breaking time ts, we need to find the minimum value for t

ts = min
x∈R

[
− 1

a′(u0(x))

]
.

Remark 4.4. The solution of Cauchy problem determined by method of characteristic

is valid only before the breaking time, i.e. t < ts. After the breaking time we have to

insert a shock wave into the multivalued graph in such a way so that conservation law

is preserved. Further, we see that the correct insert point is determined by Rankine-

Hugoniot jump condition.

Integral/weak solution. The only way to construct a solution after the breaking time

is to introduce discontinuity of u, that is called a shock. This can be done through a

weak solution, since the derivatives do not exist at a discontinuity in classical sense.

Let us consider a test function φ ∈ C∞0 ([0,∞)×R) and multiply Eq.(1.3) by φ(t, x) and

integrate on [0,∞)× R,
∞∫

−∞

∞∫
0

[ut + f(u)x]φ(t, x) dt dx = 0.

The main idea is to shift the derivative onto the smooth test function φ. For this purpose,

we take the integration by parts and obtain,
∞∫

−∞

∞∫
0

[φtu+ φxf(u)] dt dx+

∞∫
−∞

u0(x)φ(0, x) dx = 0. (1.9)

The above integral equation is valid for all smooth test function φ. Moreover, we can see

that there is no derivative of u.

Converse: We now assume that u is a smooth function and take the integration by parts

in the reverse order, we obtain
∞∫

−∞

∞∫
0

[ut + f(u)x]φ(t, x) dt dx+

∞∫
−∞

[u0(x)− u(0, x)]φ(0, x) dx = 0. (1.10)

Suppose that the test function φ(t, x) is zero for t = 0, and the arbitrariness of φ im-

plies

ut + f(u)x = 0 in ([0,∞)× R). (1.11)

We now assume that φ is non zero for t = 0, from Eqs. (1.10) and (1.11), we get
∞∫

−∞

[u0(x)− u(0, x)]φ(0, x) dx = 0.

Again the the arbitrariness of φ implies u(0, x) = u0(x) in R. Hence, u is the solution of

(1.3).

Remark 4.5. If u is a smooth function and satisfy Eq. (1.9), then u also satisfy Eq.
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(1.3). In contrast, if u is only a bounded function, then u satisfy Eq. (1. 4.9) but does

not satisfy Eq. (1.3).

Definition 4.4. Assume that u0 ∈ L∞loc(R). A function u ∈ L∞ ([0,∞)× R) is a weak/integral

solution of Cauchy problem (1.3) if Eq. (1.9) is satisfied for all test function φ ∈
C∞([0,∞)× R).

The Rankine-Hugoniot jump condition. The condition gives the shock position at

a time t which can be determined by the integral form of Eq. (1.3) on x1 < x < x2,

d

dt

s(t)∫
x1

u(t, x)dx+
d

dt

x2∫
s(t)

u(t, x)dx = f(u(t, x1))− f(u(t, x2)),

s(t)∫
x1

ut(t, x)dx+ lim
x→s(t)+

u(t, x)s′(t) +

x2∫
s(t)

ut(t, x)dx− lim
x→s(t)−

u(t, x)s′(t)

= f(u(t, x1))− f(u(t, x2)),

−
s(t)∫
x1

fx(u(t, x))dx+ u(t, s(t)+)s′(t)−
x2∫

s(t)

fx(u(t, x))dx− u(t, s(t)−)s′(t)

= f(u(t, x1))− f(u(t, x2)),

− f(u(t, s(t)+)) + f(u(t, s(t)−)) +
[
u(t, s(t)+)− u(t, s(t)−)

]
s′(t) = 0.

Assume that u(t, s(t)+) = uR, u(t, s(t)−) = uL

s′(t) =
f(uL)− f(uR)

uL − uR

= Rankine-Hugoniot jump condition.

Remark 4.6. The discontinuous solution satisfies the Rankine-Hugoniot jump condition

along the curve of discontinuity.

Theorem 4.1. Let us assume that u belongs to piecewise C1 class. Then u is a weak

solution of Cauchy problem (1.3) if and only if two following conditions are satisfied

� u satisfy Eq. (1.3) in the domains where u belongs to class C1.

� u satisfies the Rankine-Hugoniot jump condition along the curve of discontinuity s.

The proof of the theorem can be found in [114]. Next we will show that the Cauchy

problem (1.3) may admit more than one weak solution.

Non-uniqueness. Let us consider the Burgers equation

ut +

(
u2

2

)
x

= 0, x ∈ R, t > 0, (1.12)
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u(0, x) =

{
0 if x < 0;

1 if x > 0.

The corresponding characteristics curve are:

x(t, x0) = x0 + tu0(x0) =

{
x0 if x0 ≤ 0

x0 + t if x0 ≥ 0,
and x0 =

{
x if x < 0

x− t if x > t.

Therefore

u(t, x) =

{
0 if x ≤ 0;

1 if x ≥ t.

We notice that the region S = {0 < x < t} is not covered by the method of characteristics.

We can cover this gap through the rarefaction wave solution

u1(t, x) =


0 if x ≤ 0;

(f ′)−1
(
x
t

)
=
(
x
t

)
if 0 < x ≤ t

1 if x ≥ t,

and the shock wave solution

u2(t, x) =

{
0 if x < s(t);

1 if x > s(t),

where s′(t) is the position of a shock at time t determined by the Rankine-Hugoniot jump

condition

s′(t) =
f ′(uL)− f ′(uR)

uL − uR
=
uL + uR

2
=

1

2
.

Given the initial solution is discontinuous at x = 0, therefore the shock curve begins

at the point s(0) = 0, which is given by s(t) = t
2
. Since we have two weak solutions

corresponding to the problem (1.12), therefore, we need to find a criteria that allows us

to pick out “physical relevant solution”. Thus, we present different versions of Entropy

condition for convex flux function f.

Entropy Condition (version 1): A weak solution u(t, x) is an entropy solution if all

the discontinuities satisfy the following property

f ′(ul) > s′(t) > f ′(ur). (1.13)

The above condition is equivalent to ul > ur, since f is convex flux function. In our

case u2 does not satisfy the above entropy condition, since ul = 0 ur = 1 s′(t) = t
2

=⇒
f ′(ul) 6> S ′(t) 6> f ′(ur). In general, we say that any weak solution is admissible only when
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it becomes a shock curve along the curve of discontinuity s(t). In our case u2 is not a

shock curve along the curve of discontinuity s(t) = t/2. Hence, we reject this solution

and keeping the continuous solution u1. For general flux functions, Oleinik gave another

version of above entropy condition.

Entropy condition (Oleinik [115])(version 2). u(t, x) is the entropy solution if all

the discontinuities satisfy the following property

f(u)− f(ul)

u− ul
≥ s ≥ f(u)− f(ur)

u− ur
, (1.14)

for all u between ul and ur.

Entropy condition (version 3). A weak solution u(t, x) is an entropy solution if there

exist a constant E such that

u(t, x+ z)− u(t, x) <
E

t
z, (1.15)

for all z > 0, t > 0, x ∈ R. This version of entropy condition is useful for numerical

methods where the Eq.(1.13) is difficult to apply for numerical solutions.

We now an introduce another approach for the entropy condition, in which we need to de-

fine an entropy function that satisfy an additional conservation laws for smooth solutions.

Further this conservation laws becomes an inequality for discontinuous solutions.

Definition 4.5. A convex continuous function U : R → R is said to be an entropy for

the Cauchy problem (1.3) if there exist an entropy flux F : R→ R such that the following

relation

U ′(u)f ′(u) = F ′(u), (1.16)

holds. Here u denotes the smooth solution of Cauchy problem and f(u) represents the

corresponding flux function.

Remark 4.7. If u is a smooth solution of Cauchy problem (1.3), then it satisfies the

following conservation laws

∂tU(u) + ∂xF (u) = 0, (1.17)

provided the relation (1.16) holds.

Since u is smooth solution of (1.3) then

ut + f(u)x = 0 =⇒ U ′(u) (ut + f(u)x) = 0, since U(u) is convex continuous function,

and by (1.16), we have

∂tU(u) + ∂xF (U) = 0.
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However, the above relation (1.17) doesn’t hold for the discontinuous solutions, since

the Rankine-Hugoniot conditions corresponding to Eq. (1.3) and above Eq. (1.17) are

generally not equivalent.

Remark 4.8. To find the entropy functions for the system of nonlinear conservation

laws is a much more difficult task. However, for the scalar conservation laws any convex

function U is an entropy, which is sufficient for the computation of F (u) = U ′f ′.

The Vanishing viscosity method. It is well known that the entropy condition will

provide physically relevant weak solution for Eq.(1.3). To make this point clear, we

introduce a viscosity term ε∆uε. As a result, we get the parabolic equation

∂t(uε) + ∂xf(uε) = ε∆uε (1.18)

uε(0, x) = uε0(x),

where ε is a small positive diffusion coefficient. Next, we want to find the entropy solution

u of (1.3). For the sake of entropy solution, we can state the following theorem.

Theorem 4.2. Suppose that the Cauchy problem (1.3) admits an entropy pair (U, F )

and let (uε)ε be sequence of classical smooth solution of Eq.(1.18) such that

‖uε‖L∞([0,∞)×R ≤ C, (1.19)

where C is a positive constant and independent of ε.

uε → u as ε→ 0 a.e. in [0,∞)× R. (1.20)

Then u is a weak solution of Eq.(1.3) and satisfy the entropy condition

∂

∂t
U(u) +

∂

∂x
F (U) ≤ 0, (1.21)

in the sense of distribution on [0,∞)× R, i.e.∫
R+

∫
R

(U(u)∂tφ+ F (u)∂xφ) dx dt ≥ 0, ∀ φ ∈ C∞0 ([0,∞)× R). (1.22)

In general these two inequalities (1.21) and (1.22) are equivalent. Let us assume that

U ∈ C2 be an entropy function, and applying U ′(uε), to Eq.(1.15) we get,

∂tU(uε) + ∂xF (uε) = εU ′(uε)∆uε,

Since ∆2U(uε) = ∂2
x(U(uε)) = ∂x (∂x(U(uε))) = ∂x (U ′(uε)(uε)x) = U ′′(uε)(uε)xx+U

′(uε)∆uε,
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we rewrite the right hand side of above equation and use the convexity of U,

εU ′(uε)∆uε = ε∆U(uε)− εU ′′(uε)
∂2uε
∂x2

≤ ε∆U(uε).

Thus, we have

0 ≤ ε∆U(uε)− ∂tU(uε)− ∂xF (uε).

Multiplying the above inequality by smooth test function φ ∈ C∞0 ([0,∞)× R) and inte-

grate on [0,∞)× R, we obtain

0 ≤
∞∫

0

∫
R

(εU(uε)∆φ+ U(uε)∂tφ+ F (uε)∂xφ) dx dt+

∫
R

U(uε0(x))φ(0, x)dx.

Let us assume that (uε)ε is a sequence of sufficiently smooth solution of Eq. (1.15) (with

uε(0, x) = uε0(x)→ u0(x) as ε→ 0) which satisfies the conditions (1.16) and (1.17), then

we obtain the required result, i.e.

∞∫
0

∫
R

(U(u)∂tφ+ F (u)∂xφ) dx dt+

∫
R

U(u0(x))φ(0, x)dx ≥ 0.

4.2 Introduction to the Finite Volume Scheme

Consider a scalar transport equation∂tu(t, x) + ∂xu(t, x) = 0, t > 0, x ∈ R,

u(0, x) = u0(x), x ∈ R.
(1.23)

The principal of finite volume method for a partial differential equation is to decompose

the domain into the small control volumes (grid cells) and integrate the equation over

each volumes. Let us assume that the decomposition of the domain, [0,∞)×R, is

[0,∞)× R =
⋃
n≥0

⋃
i∈Z

[n∆t, (n+ 1)∆t)× [i∆x, (i+ 1)∆x).
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We now integrate Eq. (1.23) on one of the small rectangles, say [n∆t, (n + 1)∆t) ×
[i∆x, (i+ 1)∆x),

(i+1)∆x∫
i∆x

u((n+ 1)∆t, x)dx−
(i+1)∆x∫
i∆x

u(n∆t, x)dx+

(n+1)∆t∫
n∆t

u(t, (i+ 1)∆x)dt

−
(n+1)∆t∫
n∆t

u(t, i∆x)dt = 0. (1.24)

We now assume that the approximate value of u at time t = n∆t on the space mesh

[i∆x, (i+ 1)∆x) is ūni , and the approximate value of u at i = ∆x on [n∆t, (n+ 1)∆t) is

f̂ni (see, Fig. 1.7).

Figure 1.7: Discretization of the domain [0,∞)× (−∞,∞)

Divide the above Eq. (1.24) by ∆t, we obtain

∀ n ≥ 0, ∀ i ∈ Z :
∆x

∆t

(
ūn+1
i − ūni

)
+ f̂ni+1 − f̂ni ≈ 0. (1.25)

If we represent f̂ni in terms of (ūnj )j∈Z, the above Eq. (1.26) would provide a way to find the

values of (ūn+1
i )i∈Z, in terms of (ūni )i∈Z. Further, we obtain all the values (ūni )n≥0, i∈Z from

(ū0
i )i∈Z. The values (ū0

i )i∈Z are determined by several simple choices, for example

∀i ∈ Z : ū0
i =

1

∆x

(i+1)∆x∫
i∆x

u0(x)dx, (1.26)
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or even, u0 is smooth function, ū0
i = u0(i∆x+ ∆x

2
).

Next step is to find the suitable expression for f̂ni in terms of (ūnj )j∈Z such that the

numerical solutions (ūni )i∈Z are indeed close to exact solution of (1.24) whenever the time

and space steps tends to zero.

Centered Scheme. The simple choice is to approximate f̂ni at x = i∆x, by using the

mean value of ūni−1 and ūni

f̂ni =
ūni−1 + ūni

2
. (1.27)

Then Eq. (1.25) can be written as

∀ n ≥ 0, ∀ i ∈ Z :
∆x

∆t

(
ūn+1
i − ūni

)
+
ūni+1 − ūni−1

2
= 0. (1.28)

The resulting system [(1.26), (1.28)] does not hold the maximum principle (the values

of the solution of the governed PDE remain the minimum and maximum values of the

initial data).

Let us consider the Riemann initial condition and using Eq. (1.27), we have for all j,

u0
j =

0, j < 0,

1, j ≥ 0.

The approximate value u1
−1 = −∆t

2∆x
< 0 at t = ∆t is not staying between the minimum and

maximum approximate values of the initial data which violates the maximum principle.

The results of the centered scheme exhibit the oscillation and it can be seen in the Figs.

(1.8) and (1.9).

Upwind scheme. As we already see that the centered scheme is not appropriate for Eq.

(1.23), actually it could be predicted by using the physical elucidation of the PDE. For

obtaining the conservation laws ∂tu + ∂x(au) = 0, we first express the conservation of u

inside the control volume [i∆x, (i+1)∆x) as Eq.(1.24), in which
(n+1)∆t∫
n∆t

u(t, i∆x)dt comes

as the quantity of u that transported with velocity a via the interface x = i∆x. If the

velocity a > 0, this quantity comes from [(i− 1)∆x, i∆x) and goes into [i∆x, (i+ 1)∆x).

Due to this fact, we would approximate the quantity
(n+1)∆t∫
n∆t

u(t, i∆x)dt by using the value

of u that comes from the control volume [(i− 1)∆x, i∆x). Hence we take

f̂ni = ūni−1,
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Figure 1.8: Comparison between exact and approximate solution determined by
centered scheme, for ∂tu+ ∂xu = 0. at time t = 0.5 with ∆t = ∆x = 0.05

and then the scheme in (1.25) is written ∀n ≥ 0, ∀i ∈ Z,

∆x

∆t
(ūn+1

i − ūni ) + ūni − ūni−1 = 0. (1.29)

This scheme is called the upwind scheme (see results in Fig. (1.10)) because it is made

up by the upwind (with respect to the velocity a) choice for the computation of flux

values. On the contrary to the centered scheme, the upwind scheme hold the Maximum

principle.

Proposition 4.3. Under the condition

a ∆t ≤ ∆x, (1.30)

where a,∆t and ∆x all are non-negative, the solution (uni )n≥0, i∈Z of upwind scheme (1.29)

satisfy the following properties

inf
j∈Z

ūnj ≤ ūn+1
i ≤ sup

j∈Z
ūnj , ∀j, n ≥ 0. (1.31)
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Figure 1.9: Approximate solution determined by centered scheme, for ∂tu+ ∂xu = 0. at
time t = 0.5 with ∆t = ∆x = 0.01

In particular all the values of solution (uni )n≥0, i∈Z stay between the minimum and maxi-

mum value of ū0
i .

Proof. Rewrite the Eq. (1.29) as follows

ūn+1
i =

(
1− a∆t

∆x

)
ūni +

a∆t

∆x
ūni−1.

Under the condition (1.30), the coefficients of ūni and ūni−1 are non-negative, and sum is

equal to 1. Hence, ūn+1
i is convex combination of ūni and ūni−1 and therefore it is between

these two numbers. Thus the relation (1.31) hold for all j and n, and remaining part of

the proposition is deduced by this relation.

5 Thesis Organization

The thesis is organized into 7 chapters. A brief outline is given below:

� Chapter 1: Introduction and Related Work
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Figure 1.10: Approximate solution determined by upwind scheme, for ∂tu+ ∂xu = 0.
with Riemann initial data, at time t = 0.5 with ∆t = 0.01,∆x = 0.02.

This chapter begins with the overview of mathematical models motivated from

computational biology and numerical approximation of solutions and then moves on

computational biology. Here it discusses the neurons’ structure and its behaviors.

Further, it presents the literature survey on computational neuroscience and the

population dynamics. This chapter also introduces the theory of the governing

equation related to this study. Further, it summarizes the finite volume method

that is used in this study.

� Chapter 2: MUSCL Scheme for Transport Equation Arising in a Neu-

ronal Model

This Chapter starts with a brief background of nervous system and their related

model. Further, it presents the proposed numerical scheme based on FVM, which is

used to find the approximate solution of the governing model equation. The chapter

also discusses the stability of the proposed framework. To evaluate the performance

of proposed approach, test examples have been considered.

The paper [116] containing this work has been published in “Computers & Mathe-

matics with Applications”, Elsevier, 2015.

� Chapter 3: A Numerical Treatment of a Population Density Model Based

on Quadratic-Integrate-And-Fire Neuron

This Chapter introduces a population density model based on quadratic-integrate-

and-fire neuron. The Chapter starts with the overview of quadratic integrate-and-

fire neuron model for deriving of governing equation with the help of population
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density approach. The chapter further also presents high-order numerical scheme

to find the approximate solution of model equation. Finally, numerical experiments

are taken to demonstrate both the effectiveness and the efficiency of our proposed

method. The chapter concludes with performance evaluation of the proposed work.

The research of this work has been submitted for review in peer-reviewed journal.

� Chapter 4: A Numerical Study of the Excitatory and Inhibitory Popu-

lation Density Model

This Chapter presents the excitatory and inhibitory population density model based

on leaky-integrate-and-fire neuron with potential jumps. The synaptic connection

between neurons is modeled by a potential jump at the receiving of input current.

The chapter also presents a high-order numerical scheme to find the approximate

solution of the governing equation. Further, it includes the diffusion approximation,

is used to avoid the non-local terms. The efficiency and accuracy of the proposed

scheme is tested through numerical experiments.

The research of this work is submitted in refereed international journal.

� Chapter 5: Numerical Solver of Size Structured Neuron Model

This Chapter deals with size structured neuron model based on the articles [1, 2].

This model consists a transport equation with age-dependance and spatial struc-

ture. Moreover, the governing equation is the renewal equation for demography.

The chapter also introduces a finite volume approximation for the simulation of

transport equation. Theoretical analysis of the proposed framework is also dis-

cussed in this study.

The research work in this chapter [117] has been appeared in “Differentials Equa-

tions and Dynamical System”, Springer, 2017.

� Chapter 6: IMEX-WENO Finite Volume Approximation for Nonlinear

Age-Structured Population Model

This Chapter deals with nonlinear age-structured population model. The model

consists a real biological situation in which all human beings have a finite maximum

age. The model comprises the fertility and mortality factors, which depend on the

age, seasonality and external resources in which intrinsic mortality is unbounded.

This chapter presents high-order accurate numerical scheme to approximate the

solution of the model equation. To validation of the proposed framework, some

numerical experiments introduce in this chapter.

The research work in this chapter has been published in “International Journal of

Computer Mathematics”, Taylor & Francis, 2018 [118].
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� Chapter 7: Conclusions and Future Scope

This chapter concludes the study and discuss on some future directions of present

work.

The relevant references are appended at the end of thesis.
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Chapter 2

MUSCL Scheme for Transport Equation Aris-

ing in a Neuronal Model 1

The first chapter discussed the introduction and state-of-the-art numerical methods in the

simulation of biological models. We observed from the existing literature that the synaptic

input current and high-order numerical scheme is not considered in the Stein’s neuronal

model. To fill this gap, the synaptic current has been used, and a high-order MUSCL

(Monotonic Upwind Scheme for Conservation Laws) Finite Volume Method (FVM) has

been proposed. This chapter starts with a brief background of neuron and considers a

transport equation with mixed boundary conditions (Dirichlet and Neumann) originating

in a neuronal model. This equation contains point-wise delay and advanced argument.

Chapter then presents the stability and convergence of the proposed scheme. The impor-

tance of this scheme is that it is valid for large as well as for small values of point-wise

delay and advance. Some test examples are included to examine the behavior of the so-

lution and to verify the order of convergence. The effect of point-wise delay and advance

arguments on the solution is shown graphically.

1 Introduction

The fundamental processing unit of control nervous system is a neuron [119]. In human

brain it is approximately 1012. A typical neuron have three main components-dendrites,

soma and axon which correspond to input, processing and output functions, respectively.

The dendrites is the main input of a neuron, which adds up the output signals in the form

of an electrical potential and it diffuses along the tree to the soma. If the total potential

at the soma exceeds a certain threshold value, the neuron produces a short electrical spike

or action potential, which is then conducted along the axon. The contacts of the axon to

the target neuron are either located on the dendrite tree or directly on the soma and these

contacts are called synapses. The arrival of an action potential at the synapse induces the

1Santosh Kumar and Paramjeet Singh “Higher-order MUSCL scheme for transport equation originating in a neuronal
model”, Computers & Mathematics With Applications, Elsevier, 70(12): 2838-2853, 2015.

29



secretion of a neurotransmitter, as a result the membrane potential of targeted neuron

changes. Moreover, the incoming impulse at the synapses either increases or decreases

the post-synaptic potential and respective synapses are called excitatory or inhibitory.

Mathematical Model

Various types of mathematical models for biological neurons have been developed to

represent the biological activities. Many authors used different approaches (statistical,

analytical, and numerical) to discuss the activity of a neuron or neural network. In

1965 Stein gave an integrate-and-fire neuron model [17]. He discussed the distribution

of neuronal firing intervals, neuronal firing rat e, and strength-duration curves below the

threshold level. A number of numerical approaches [120–122] have been developed and

applied to this model. In the present study, the neuronal behavior is studied beyond the

threshold level. For this reason, we introduce a threshold level r and assume that once

the membrane potential of a neuron, Vt, at time t, surpasses r, it remains at the value

r+ dr for all subsequent time, which is absorbing state in the language of Markov chain,

i.e., p(v, t) = 0,∀v ≥ r. Here, p(v, t) denote the probability that the membrane potential

of a neuron is less than or equal to the given voltage, v, at time t. Then 1− p(r, t) is cu-

mulative probability of neuron firing up to time t. According to Stein [17], the membrane

potential of a neuron decay exponentially for subthreshold values, i.e.,

dVt
dt

= −Vt/τ.

The above equation is presented without any input current. In this chapter, the effect of

synaptic input current in the above model equation is comprised.

dVt
dt

=
−Vt +RI(t)

τ
,

where τ is a time membrane constant and RI(t) is the synaptic input current.

The rate of change of function p(v, t) with respect to time is given by ([17, 120]),

p(v, t+ δt)− p(v, t) = [1− (pe + pi)δt] [p(v + δv, t)− p(v, t)]
−peδt[p(v, t)− p(v − α, t)] + piδt[p(v + β, t)− p(v, t)].

The first term in the right-hand side of the above equation corresponds to the increase in

p(v, t) from the decay of the potential during the time δt in some trials from just greater

than v to v or less, providing no impulse occurs. The second term corresponds to the

decrease in p(v, t) from excitation of units between v − α and v while the third term

corresponds to the increase in p(v, t) from inhibition of units between v and v + β.
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Dividing the above equation by δt, we obtain

p(v, t+ δt)− p(v, t)
δt

=
[p(v + δv, t)− p(v, t)]

δt
− (pe + pi) [p(v + δv, t)− p(v, t)]

−pe[p(v, t)− p(v − α, t)] + pi[p(v + β, t)− p(v, t)].

Solving the above equation, we get

p(v, t+ δt)− p(v, t)
δt

=
[p(v + δv, t)− p(v, t)]

τ
−v+R.I(t)

δv
− (pe + pi) [p(v + δv, t)− p(v, t)]

−pe[p(v, t)− p(v − α, t)] + pi[p(v + β, t)− p(v, t)].

Taking the limit as δt→ 0, we obtain

∂p

∂t
=
∂p

∂v

1

τ
[−v +R.I(t)]− pe[p(v, t)− p(v − α, t)] + pi[p(v + β, t)− p(v, t)].

On simplifying, we obtain

∂p

∂t
−
[
∂p

∂v

1

τ
(−v +R.I(t))

]
= pe[p(v − α, t)− p(v, t)] + pi[p(v + β, t)− p(v, t)].

(2.1)

∂p

∂t
+

∂

∂v

[
−1

τ
(−v +R.I(t))p

]
=

1

τ
p(v, t) + a(v, t)[p(v − α, t)− p(v, t)]

+ b(v, t)[p(v + β, t)− p(v, t)], −∞ < v ≤ r. (2.2)

Here, a(v, t) and b(v, t) stand for the frequencies of excitatory and inhibitory impulses,

respectively. The initial and boundary conditions are given by

p(v, 0) = p0(v) ≥ 0,

p(v, t) = 0, v ∈ [−α, 0],

∂p

∂t
(r, t) = a(r, t)[p(r, t)− p(r − α, t)], p(v, t) = 0, v ∈ [r, r + β]. (2.3)

Equation (2.1) can be written in the standard form as,

pt + f(p)v = S(p),

where f(p) =

[
−1

τ
(−v +RI(t))p

]
is a flux term and S(p) =

1

τ
p(v, t)+a(v, t)[p(v−α, t)−

p(v, t)]+ b(v, t)[p(v+β, t)−p(v, t)] is the source term. The governing equation represents

a hyperbolic conservation law having source term with the above initial and boundary

conditions. Since synaptic current RI(t), depends on the total activity of the network,

therefore, RI(t) = I0 + A N(t), where I0 is the amplitude of the membrane potential, A

is constant, and N(t) represents the firing activity (firing rate) of the neurons at time t

31



defined as given in [1, 123],

N(t) =

r∫
−∞

γ(v)p(v, t)dv.

Here, term γ(v) is the modeling coefficient satisfying
r∫
−∞

γ(v)dv = 1. The problem given

by (2.1)-(2.3) cannot be solved by analytical methods [124–126] because the governing

equation contains the difference terms, and the modelling coefficients are not constant.

Several other authors modified the resulting model problem and obtained numerical solu-

tion with some restrictions, either on the size of the point-wise delay or on coefficients or

both [120, 121]. Singh and Sharma [120, 121] used the procedure based on Taylor series

approximation which is not suitable for the large size of shift arguments. The aforemen-

tioned authors only discussed the case when the neuron arrives up to a threshold level.

In this chapter, we discussed the case when the neuron surpasses the threshold level and

this situation occur only when the impulse is excitatory type. Thus, it is required to add

the boundary condition of above type. We also included the intensity of incoming current

in the original problem.

Ordinary differential equations with point-wise delay are well understood by now but

there is no comparable theory for partial differential equations having time and space

dependent unknowns. Here, we construct higher-order MUSCL finite volume approxi-

mation for the resulting Eq. (2.1). This scheme is valid for large size of delay as well

as advance argument. The developed scheme is second-order accurate. Moreover, we

used fractional step method and implicit factor to tackle the source term. Some authors

[127, 128] have made contribution for the numerical solution of hyperbolic conservation

law with source term but their procedure is based on explicit scheme. We handled the

stability of developed scheme using the semi implicit procedure to preserve the stability

and convergence.

In the next section, we discuss some preliminaries and define the notion of solutions. In

Section 3, we develop the numerical scheme for governing equation. Stability and conver-

gence analysis are given in Section 4. In Section 5, we report some numerical examples

and discuss the behavior of the solution. In the last section we present summary about

this chapter.

2 Preliminaries

In this section, we present the hypothesis on flux function f and source term S. We also

state some preliminaries and definitions related to hyperbolic conservation law including
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source term.

� f ∈ Cm(R).

� S(0) = 0, S ∈ Cm(R) is Lipschitz with constant k.

� S ′ ≤ 0.

Definition 2.1. Bounded Variation (BV): BV consist all those functions whose total

variation

TV (p) = sup
h6=0

∫
R

|p(v + h)− p(v)|
|h|

is bounded.

In the non-homogeneous conservation laws, the characteristic curves is not a straight line

along which the solution p is not necessarily a constant.

Let p(v, t) = G(t) p0 denote the weak solution of Eqs. (2.1) and (2.3) which satisfy the

entropy condition and also assume that

sup
p
S ′(p) ≤ k.

Now we recall the following Preposition, see [129].

Proposition 2.1. If the initial data p0 ∈ L∞(R)∩L1(R) , and flux function f ∈ C1(R),

then the problem (2.1) and (2.3) have a unique entropy solution p(v, t) = G(t)p0, satis-

fying following properties

(i) ‖G(t)p0‖L∞(R) ≤ ekt(‖p0‖L∞(R) + |S(0)t|).

(ii) ‖G(t)p0 −G(t)q0‖L1(R) ≤ ekt‖p0 − q0‖L1(R), provided q0 ∈ L∞(R).

(iii) G(t)p0 ≤ G(t)q0, provided p0(v) ≤ q0(v).

With the help of this Proposition (2.4), we can prove the following results.

Taking k = 0 and S(0) = 0 in (i) and (ii) of Proposition (2.4), we have

‖G(t)p0‖L∞(R) ≤ ‖p0‖L∞(R),

‖G(t)p0 −G(t)q0‖L1(R) ≤ ‖p0 − q0‖L1(R).

Again, taking k = 0 and q0(v) = p0(v + h) in Proposition (2.4), we get

|G(t)p0 −G(t)p0(v + h)| ≤ |p0 − p0(v + h)|,

|G(t)p0(v + h)−G(t)p0| ≤ |p0(v + h)− p0|,

sup
h6=0

∫
R

|G(t)p0(v + h)−G(t)p0|
|h|

≤ sup
h6=0

∫
R

|p0(v + h)− p0(v)|
|h|

,

=⇒ TV (G(t)p0) ≤ TV (p0).
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3 The Numerical Scheme

In this section, we present a fractional step method for above Eq. (2.1) in which the

problem is divided into two parts corresponding to the different process, and further

appropriate numerical method is used to solve each part independently. The idea with

the fractional step method is to combine these two approaches by applying the two

methods in an alternating manner [130, 131]. Write the Eq. (2.1) as

Problem A : pt + f(p)v = 0.

Problem B : pt = S(p).

We will solve Problem A by higher-order MUSCL finite volume approximation and Prob-

lem B will be solved by forward Euler for the ordinary differential equations. The solution

procedure for the proposed scheme can be defined in following steps.

Construct a quadratic polynomial by Taylor’s formula

p̃(v) = p(vj) + (v − vj)pv(vj) +
1

2
(v − vj)2pvv(vj) +O(∆v3), v ∈ Ij, (2.4)

where Ij =
[
vj−1/2, vj+1/2

]
is the j-th cell. Further p(vj) 6= pj. We want conservation,

therefore ignoring the higher powers of ∆v and get

1

∆v

vj+1/2∫
vj−1/2

p(v)dv = pj =⇒ p(vj) +
∆v2

24
pvv(vj) = pj

=⇒ p(vj) = pj −
∆v2

24
pvv(vj). Thus Eq. (2.4) becomes

p̃(v) = pj + (v − vj)pv(vj) +
1

2

[
(v − vj)2 − ∆v2

12

]
pvv(vj) +O(∆v3).

Hence one using the quadratic polynomial in cell (vj−1/2, vj+1/2), we have

p̃j(v) = pj + (v − vj)
pj+1 − pj−1

2∆v
+

3k

2

[
(v − vj)2 − ∆v2

12

]
(pj−1 − 2pj + pj+1)

∆v2
.

Here, we have introduced the parameter k. Chooing k = 1
3
, provide third-order accuracy

in the reconstruction. Using this value, we obtain the states at the cell faces at time level

n.

pn+
j−1/2 = p̃nj (vj−1/2),

= pnj + (vj−1/2 − vj)
pnj+1 − pnj−1

2∆v
+

3k

2

[
(vj−1/2 − vj)2 − ∆v2

12

]
(pnj−1 − 2pnj + pnj+1)

∆v2
,

= pnj −
∆v

2

(pnj+1 − pnj−1 + pnj − pnj )

2∆v
+

3k

2

[
∆v2

4
− ∆v2

12

]
(pnj−1 − pnj − pnj + pnj+1)

∆v2
,

= pnj −
1

4
(pnj+1 − pnj )− 1

4
(pnj − pnj−1) +

k

4
(pnj+1 − pnj )− k

4
(pnj − pnj−1),
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∴ pn+
j−1/2 = pnj −

1

4

[
(1− k)∆pnj+1/2 + (1 + k)∆pnj−1/2

]
, (2.5)

where ∆pnj+1/2 = (pnj+1 − pnj ), ∆pnj−1/2 = (pnj − pnj−1).

Now

pn−j−1/2 = p̃nj−1(vj−1/2) = pnj−1 + (vj−1/2 − vj−1)
(pnj − pnj−2)

2∆v

+
3k

2

[
(vj−1/2 − vj−1)2 − ∆v2

12

](
pnj−2 − 2pnj−1 + pnj

∆v2

)
.

= pnj−1 +
∆v

2

(pnj − pnj−1 + pnj−1 − pnj−2)

2∆v
+

3k

2

(
∆v2

4
− ∆v2

12

)
(pnj−2 − pnj−1 − pnj−1 + pnj )

∆v2
.

After simplification and re-arranging the above terms, we obtain

pn−j−1/2 = pnj−1 +
1

4

[
(1 + k)∆pnj−1/2 + (1− k)∆pnj−3/2

]
. (2.6)

Similarly, we can compute pn−j+1/2 and pn+
j+1/2, and the values are given by

pn−j+1/2 = pnj +
1

4

[
(1 + k)∆pnj+1/2 + (1− k)∆pnj−1/2

]
.

pn+
j+1/2 = pnj+1 −

1

4

[
(1 + k)∆pnj+1/2 + (1− k)∆pnj+3/2

]
.

In order to make the scheme TVD, we limit the reconstructed states p
n +

j+1/2. Firstly we

write

pn+
j−1/2 = pnj −

1

4

[
(1 + k)

∆pnj−1/2

∆pnj+1/2

∆pnj+1/2 + (1− k)
∆pnj+1/2

∆pnj−1/2

∆pnj−1/2

]
.

pn−j−1/2 = pnj−1 +
1

4

[
(1 + k)

∆pnj−1/2

∆pnj−3/2

∆pnj−3/2 + (1− k)
∆pnj−3/2

∆pnj−1/2

∆pnj−1/2

]
.

pn+
j+1/2 = pnj+1 −

1

4

[
(1 + k)

∆pnj+1/2

∆pnj+3/2

∆pnj+3/2 + (1− k)
∆pnj+3/2

∆pnj+1/2

∆pnj+1/2

]
.

pn−j+1/2 = pnj +
1

4

[
(1− k)

∆pnj−1/2

∆pnj+1/2

∆pnj+1/2 + (1 + k)
∆pnj+1/2

∆pnj−1/2

∆pnj−1/2

]
.

We now introduce the parameter

Zn
j =

∆pnj+1/2

∆pnj−1/2

to measure the local smoothness of the function. We also introduce the limiter function

φ,

pn+
j−1/2 = pnj −

1

4

[
(1 + k)φ

(
1

Zn
j

)
∆pnj+1/2 + (1− k)φ(Zn

j )∆pnj−1/2

]
.

pn−j−1/2 = pnj−1 +
1

4

[
(1 + k)φ

(
Zn
j

)
∆pnj−3/2 + (1− k)φ

(
1

Zn
j

)
∆pnj−1/2

]
.

pn+
j+1/2 = pnj+1 −

1

4

[
(1 + k)φ

(
1

Zn
j+1

)
∆pnj+3/2 + (1− k)φ(Zn

j+1)∆pnj+1/2

]
.
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pn−j+1/2 = pnj +
1

4

[
(1− k)φ

(
1

Zn
j

)
∆pnj+1/2 + (1 + k)φ(Zn

j )∆pnj−1/2

]
.

Remark 3.1. In smooth regions we expect Zn
j ≈ 1 and we should have φ(Zn

j ) ≈ Zn
j .

In particular, we need φ(1) = 1 in order to obtain second-order accuracy in smooth

regions.

Remark 3.2. The finite volume scheme with monotone Lipschitz continuous numerical

flux

pn+1
j = pnj − λ(F n

j+1/2 − F n
j−1/2), F n

j+1/2 = F (pn −j+1/2, p
n +
j+1/2),

where the states p
n +

j+1/2 are obtained by the k parameter MUSCL scheme, is TVD if

0 ≤ φ(Z) ≤ 3− k
1− k

− (1 + c)
1 + k

1− k
, 0 ≤ φ(Z)

Z
≤ 2 + c, c ∈

[
−2, 2

(1− k)

1 + k

]
,

under the CFL condition

λ
[2− (2 + c)]

1− k
Hj ≤ 1, Hj = max

u,v

∣∣∣∣∂F∂u (u, p+
j+1/2)− ∂F

∂v
(v, p−j+1/2)

∣∣∣∣ .
Here the maximum is taken over all u ∈ (p−j−1/2, p

−
j+1/2) and all v ∈ (p+

j−1/2, p
+
j+1/2).

Remark 3.3. The limiter function φ(Z) = max(0,min(Z, d)), d ∈
[
1, 3−k

1−k

]
satisfy the

above condition. Thus, the numerical approximation for hyperbolic part of Eq. (2.1) is

given by

pn+1
j = pnj − λ(F n

j+1/2 − F n
j−1/2), F n

j+1/2 = F (pn −j+1/2, p
n +
j+1/2).

The flux F n
j+1/2 = F (pn −j+1/2, p

n +
j+1/2) is approximated by Godunov flux which can be written

as

F n
j+1/2 =


min

pn −
j+1/2

≤w≤pn +
j+1/2

f(w), if pn −j+1/2 ≤ pn +
j+1/2

max
pn +
j+1/2

≤w≤pn −
j+1/2

f(w), if pn −j+1/2 ≥ pn +
j+1/2.

The next step is to discretize the source term. Problem B is solved by the forward Euler

method to obtain

pn+1
j = pnj + ∆tS(pnj ),

where S(pnj ) is obtained by a linear interpolation.

S(pnj ) = −1

τ
pnj + anj

[
α

vj − v0

pn0 +
vj − α− v0

vj − v0

pnj − pnj

]

+ bnj

[
vj + β − vN
vj − vN

pnj +
β

vN − vj
pnN − pnj

]
,∀j = 0, 1, 2, . . . , N.

Here we take p(v0−α, t) and p(vN +β, t) equals to zero as p(v, t) = 0 outside the domain.

Next step is to relate both numerical schemes through splitting method, which is given
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as follows

p̄nj = pnj + ∆t S(p̄nj ). (2.7)

pn+1
j = p̄nj −

∆t

∆v

[
F (p̄n−j+1/2, p̄

n+
j+1/2)− F (p̄n−j−1/2, p̄

n+
j−1/2)

]
. (2.8)

We now compute the boundary conditions by integrating from time level tn to tn+1, to

obtain

pn+1
r − pnr ≈ ∆ta(r, tn)[p(r, tn)− p(r − α, tn)].

The value of p(r − α, tn) is obtained by linear interpolation, and is given by

p(r − α, tn) = αpnr−1 − (α− 1)pnr .

Hence, the approximation for the boundary condition is given by

P n+1
N = pnN + α∆tanN [pnN − pnN−1]. (2.9)

4 Stability and Convergence

In this section, we study the stability and convergence of the developed scheme for the

problem (2.1) and (2.3). The numerical approximation of Eqs. (2.1) and (2.3) is given

by

p̄nj = pnj + ∆t, S(p̄nj ). (2.10)

pn+1
j = p̄nj −

∆t

∆v

[
F (p̄n−j+1/2, p̄

n+
j+1/2)− F (p̄n−j−1/2, p̄

n+
j−1/2)

]
. (2.11)

Proposition 4.1. Under the CFL condition [132],

∆t

∆v
max
w1,w2

{|H(u,w1)−H(v, w1)|+ |H(w2, u)−H(w2, v)|} ≤ |u− v| ∀u, v ∈M, (2.12)

where

M = {g ∈ L∞(R), ‖g‖L∞(R) ≤ ‖p0‖L∞(R)}.

The numerical approximation given by Eqs. (2.7) and (2.8) satisfy the following inequal-

ity:

(i) ‖pn+1‖L∞(Z) ≤ eµT‖pn0‖L∞(Z),

(ii) TV (pn+1) ≤ eµTTV (p0).
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Proof.

pn+1
j = p̄nj −

∆t

∆v

[
F (p̄n−j+1/2, p̄

n+
j+1/2)− F (p̄n−j−1/2, p̄

n+
j−1/2)

]
.

= p̄nj −
∆t

∆v
[F (p̄n−j+1/2, p̄

n+
j+1/2)− F (p̄n−j−1/2, p̄

n +
j+1/2) + F (p̄n−j−1/2, p̄

n +
j+1/2)− F (p̄n−j−1/2, p̄

n+
j−1/2)].

Using mean value linearization of the numerical flux, we obtain

pn+1
j = p̄nj −

∆t

∆v

∂F

∂u
(ũ, p̄n+

j+1/2)
(
p̄n−j+1/2 − p̄

n−
j−1/2

)
− ∆t

∆v

∂F

∂v
(p̄n−j−1/2, ṽ)

(
p̄n+
j+1/2 − p̄

n+
j−1/2

)
,

(2.13)

where

p̄−j−1/2 < ũ < p̄−j+1/2, p̄+
j−1/2 < ṽ < p̄+

j+1/2.

Now

p̄n−j+1/2 − p̄
n−
j−1/2 =

[
1 +

1 + k

4

(
φ(Zn

j )−
φ(Zn

j+1)

Zn
j+1

)
+

1− k
4

(
φ

(
1

Zn
j

)
Zn
j − φ

(
1

Zn
j−1

))]
×∆p̄nj−1/2, (2.14)

p̄n+
j+1/2 − p̄

n+
j−1/2 =

[
1− 1 + k

4

(
φ

(
1

Zn
j+1

)
Zn
j+1 − φ

(
1

Zn
j

))
− 1− k

4

(
φ(Zn

j+1)−
φ(Zn

j )

Zn
j

)]
×∆p̄nj+1/2. (2.15)

By using the condition given by Remark (3.2), we conclude that

p̄n−j+1/2 − p̄
n−
j−1/2 ≥ 0, p̄n+

j+1/2 − p̄
n+
j−1/2 ≥ 0.

Also,

∆t

∆v

∂F

∂u
(ũ, p̄n+

j+1/2)
(
p̄n−j+1/2 − p̄

n−
j−1/2

)
≥ 0, as given

∆t

∆v

∂F

∂u
(ũ, p̄n+

j+1/2) ≥ 0.

−∆t

∆v

∂F

∂v
(p̄n−j−1/2, ṽ)

(
p̄n+
j+1/2 − p̄

n+
j−1/2

)
≥ 0 since − ∆t

∆v

∂F

∂v
(p̄n+
j−1/2, ũ) ≥ 0.

Thus

Dn
j−1/2 =

∆t
∆v

∂F
∂u

(ũ, p̄n+
j+1/2)

(
p̄n−j+1/2 − p̄

n−
j−1/2

)
∆p̄nj+1/2

≥ 0,

Cn
j+1/2 =

−∆t
∆v

∂F
∂v

(p̄n−j−1/2, ṽ)
(
p̄n+
j+1/2 − p̄

n+
j−1/2

)
∆p̄nj−1/2

≥ 0.

From the Remark (3.2), we have Cn
j+1/2 +Dn

j+1/2 ≤ 1. From Eq. (2.13), one obtains

pn+1
j = p̄nj −Dn

j−1/2∆p̄nj+1/2 + Cn
j+1/2∆p̄nj−1/2,

pn+1
j = p̄nj + Cn

j+1/2∆p̄nj−1/2 −Dn
j−1/2∆p̄nj+1/2.
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This is incremental form which shows that the MUSCL scheme is TVD. We have

‖pn+1‖L∞(z) ≤ ‖p̄n‖L∞(z),

and TV (pn+1) ≤ TV (p̄n).

Now, p̄nj = pnj + ∆tS(p̄nj ),

|p̄nj | = |pnj + ∆tS(p̄nj )| ≤ |pnj |+ ∆t|S(p̄nj )| ≤ |pnj |+ k∆t|p̄nj |,

|(1− k∆t)||p̄nj | ≤ |pnj |,

Thus, |p̄nj | ≤
1

(1− k∆t)
|pnj |.

Under the condition k∆t < 1, using µ = k
(1−k∆t)

> 0, we obtain

|p̄nj | ≤ (1 + µ∆t)|pnj | =⇒ ‖p̄nj ‖L∞(Z) ≤ (1 + µ∆t)‖pnj ‖L∞(Z) ≤ enµ∆t‖pn0‖L∞(Z).

Hence, ‖pn+1‖L∞(Z) ≤ eµT‖pn0‖L∞(Z),

and TV (pn+1) ≤ eµTTV (p0).

Proposition 4.2. (Existence of the solution of the developed scheme) If p0 ∈ L∞(Z),

the scheme (2.8) admits a unique solution pn+1 ∈ L∞(Z).

Proof. Consider the function

θ(x) = x−∆tS(x), θ′(x) = 1−∆tS ′(x) > 0 (∵ S ′ ≤ 0).

Therefore, θ(x) is differentiable and strictly monotonic. Hence the scheme

pn+1
j = p̄nj −

∆t

∆v

[
F (p̄n−j+1/2, p̄

n+
j+1/2)− F (p̄n−j−1/2, p̄

n+
j−1/2)

]
,

admits a unique solution and pn+1 ∈ L∞(Z), since ‖pn+1‖L∞(Z) ≤ ekT‖pn0‖L∞(Z).

Remark 4.1. We now prove BV (Bounded Variation) stability in space. According to

Chalabi [127] this is a sufficient condition for BV in time and space.

Theorem 4.1. If the initial solution p0 ∈ L∞(R) ∩ L1(R), flux function f ∈ C1(R) and

source term S ∈ C1(R) such that S(0) = 0 and S ′ ≤ k, then under the CFL condition

(2.12), the approximate solution p∆v converges in L1
loc(R × (0, T )) towards the entropy

solution p of Eqs. (2.1) and (2.3) as mesh size ∆v tends to zero.

Proof. By Proposition (2.4.1) the approximate solution p∆v is bounded in L∞(R) ∩
L1(R ∩ BV (R × (0, T )), then by Helly’s theorem we can extract a subsequence of p∆v

which converges to p in L1
loc(R× (0, T )).

Further, we show that p satisfies the entropy condition. As to do, write Eqs. (2.10) and
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(2.11) in the following form

pn+1
j = p̄nj −

∆t

∆v

[
F (p̄nj , p̄

n
j+1)− F (p̄nj−1, p̄

n
j )
]
, (2.16)

and

pn+1
j = pnj −

∆t

∆v

[(
F (pn−j+1/2, p

n+
j+1/2)− F (pnj , p

n
j+1)

)
−
(
F (pn−j−1/2, p

n+
j−1/2)− F (pnj−1, p

n
j )
)]

+ ∆tS(p̄nj ). (2.17)

Since the scheme (2.16) is monotone under the CFL condition (2.12) then by the result of

Tadmor [133], ∃ a numerical entropy flux G associated entropy function η such that

η(pn+1
j )− η(p̄nj ) +

∆t

∆v

[
G(p̄nj , p̄

n
j+1)−G(p̄nj−1, p̄

n
j )
]
≤ 0.

Using convexity of η, we get

η(pn+1
j )− η(pnj ) +

∆t

∆v

[
G(p̄nj , p̄

n
j+1)−G(p̄nj−1, p̄

n
j )
]
≤ η′(p̄nj )(pn+1

j − p̄nj ),

η(pn+1
j )− η(pnj ) +

∆t

∆v

[
G(p̄nj , p̄

n
j+1)−G(p̄nj−1, p̄

n
j )
]
≤ η′(p̄nj )S(p̄nj )∆t.

Multiplying by ψnj ∆v on both side and adding over j and n.∑
j,n

∆v
[
η(pn+1

j )− η(pnj )
]
ψnj +

∑
j,n

∆t
[
G(p̄nj , p̄

n
j+1)−G(p̄nj−1, p̄

n
j )
]
ψnj ,

≤
∑
j,n

η′(p̄nj )S(p̄nj )ψnj ∆t∆v. (2.18)

Using discrete integration by parts on the L.H.S of Eq. (2.18)

A = −
∑
j,n

∆v ∆t η(pn+1
j )

(ψn+1
j − ψnj )

∆t
−
∑
j,n

∆t ∆v G(p̄nj , p̄
n
j+1)

(ψnj+1 − ψnj )

∆v
.

Hence,

A = −
∫
R

∫
R+

[η(p∆v)(ψ∆v)t +G∆v(v, t)(ψ∆v)v] dvdt,

where, G∆v(v, t) = G(p̄nj , p̄
n
j+1), (v, t) ∈ (vj−1/2, vj+1/2) × (n∆t, (n + 1)∆t). By using

Lebesgue Theorem, and obtain∫
R

∫
R+

[η(p∆v)(ψ∆v)t +G∆v(v, t)(ψ∆v)v] dvdt −→
∫
R

∫
R+

[η(p)ψt +G(p)ψv] dvdt. (2.19)

Take the R.H.S of Eq. (2.18)

∑
j,n

η′(p̄nj )S(p̄nj )ψnj ∆t∆v. =

∫
R

∫
R+

η′(p)S(p)ψdvdt. (2.20)
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Using Eqs. (2.19)-(2.20) in (2.15)∫
R

∫
R+

[η(p)ψt +G(p)ψv] dvdt ≥
∫
R

∫
R+

η′(p)S(p)ψdvdt.

Thus, the limit p is the weak solution which satisfies the entropy condition. Note that

the entropy solution is the unique solution. Hence the numerical approximation p∆v

converges towards the entropy solution p as ∆v → 0.

5 Numerical Experiments

In this section, we present some numerical examples to show the performance of developed

scheme. We do not have the exact solution of given problem (2.1), nevertheless we will

use the conventional approach for estimating the convergence rate [134].

Consider a method of order q in some norm. Let p̃(h) be the approximation to the exact

solution with grid size h. Thus,

p̃(h) = pexact + Chq + o(hq), C is a constant.

Let h∗ be the finest grid used for this method, then on a coarser grid with the step size

h, we have

p̃(h)− p̃(h∗)
p̃(h

2
)− p̃(h∗)

≈ 2q
1− (h

∗

h
)q

1− (2h∗

h
)q
. (2.21)

From the Eq. (2.21) we can compute the order of accuracy. Suppose we double the

number of grid points successively, i.e.

h∗

h
= 2−k, k = 1, 2, 3, · · · .

Then we get

p̃(h)− p̃(h∗)
p̃(h

2
)− p̃(h∗)

=
2q(1− 2−kq)

1− 2q(1−k)
. (2.22)

For a first-order method, i.e. q = 1, we have

p̃(h)− p̃(h∗)
p̃(h

2
)− p̃(h∗)

=
2(1− 2−k)

1− 2(1−k)
=

2k − 1

2(k−1) − 1
,

for k=2, 3, 4,· · · , the ratios are 3, 2.33, 2.1429· · · .
For a second order method i.e. q = 2, we have

p̃(h)− p̃(h∗)
p̃(h

2
)− p̃(h∗)

=
4(1− 4−k)

1− 4(1−k)
,

for k=2, 3, 4, · · · , the ratios are 5, 4.2, 4.0476· · · .
For a third order method i.e. q = 3, we have

p̃(h)− p̃(h∗)
p̃(h

2
)− p̃(h∗)

=
8(1− 8−k)

1− 8(1−k)
,
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for k=2, 3, 4,· · · , the ratios are 9, 8.111, 8.01369 · · · .

Figure 2.1: Numerical solution p(v, t) of Example 1.

Example 1. Consider Eqs. (2.1)-(2.2) with the following coefficients

τ = 1, a(v, t) = − 1 + v2

1 + 2vt+ 2v2 + v4
, r = 2,

b(v, t) =
1

1 + 2vt+ v4t4
, RI(t) = 1 + cos 2t.

Initial condition

p(v, 0) = e−10(4v−6)2 .

Boundary conditions

p(v, t) = 0, v ∈ [−α, 0],

∂p(r, t)

∂t
= a(r, t) [p(r, t)− p(r − α, t)], p(v, t) = 0, v ∈ (r, r + β].
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From Fig. 2.1 we see that the developed scheme is valid for higher value of delay argument

α, however the scheme in [122, 135] is not valid as the delay term is increased. We also

notice that as time increases, the graph of impulse moves from right to left and its height

decrease gradually.

Figure 2.2: Error-norm for numerical solution p(v, t) of Example 1.

Next step is to compute the errors of the computed numerical solution p at time t = 0.5

Figure 2.3: Numerical solution p(v, t) in 3D for Example 1 at time t = 0.4 and t = 0.6
with ∆t = 0.001 and N = 1000.

by using the higher order MUSCL scheme. The errors are computed in ‖.‖1, ‖.‖2, ‖.‖∞
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norms which are defined as follows

‖.‖1 = ∆v
∑
i

|(p∆v)i − (p∗)i|, ‖.‖2 =

√
∆v
∑
i

|(p∆v)i − (p∗)i|2,

‖.‖∞ = max |(p∆v)− (p∗)|,

where p∗ is the numerical solution at finest grid.

N ‖.‖1 r1 ‖.‖2 r2 ‖.‖∞ r3

20 6.76e− 02 − 2.231e− 01 − 4.85e− 02 −
40 4.76e− 02 1.42 1.160e− 01 1.92 1.32e− 02 3.67
80 1.92e− 02 2.47 5.77e− 02 2.01 3.1e− 03 4.25
160 4.90e− 03 3.91 1.54e− 02 3.74 5.120e− 04 6.05

Table 2.1: Error Table for Example 1.

From Table 2.1, we conclude that the developed scheme is second-order accurate for the

given problem. We also plotted the error norms (see Fig. 2.2).

In Fig. 2.3, we have shown the numerical solution by a 3D graph. From this figure (Fig.

2.3), we observe that as time increases the height of impulse decreases.

Example 2. Consider Eqs. (2.1)-(2.2) with the following coefficients

τ = 1, a(v, t) =
1

1 + vt+ v3
, r = 2,

b(v, t) =
1 + vt

1 + vt+ v4t4
, RI(t) = sin t+ cos 2t.

Initial condition

p(v, 0) = e−10(4v−4)2 .

Boundary conditions

p(v, t) = 0, v ∈ [−α, 0],

∂p(r, t)

∂t
= a(r, t) [p(r, t)− p(r − α, t)], p(v, t) = 0, v ∈ (r, r + β].

From Fig. 2.4, we observe that at time t = 0, the impulse will be at threshold level and

after that the size of the impulse is decreasing gradually as time increases. We easily

conclude from Figure 2.4 that the developed scheme is also valid for the higher value of

advance argument β.
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Figure 2.4: Numerical solution p(v, t) of Example 2.

Figure 2.5: Error-norms for numerical solution p(v, t) of Example 2.
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N ||.||1 r1 ||.||2 r2 ||.||∞ r3

20 7.92e− 02 − 2.106e− 01 − 3.97e− 02 −
40 4.04e− 02 1.96 1.120e− 01 1.88 1.07e− 02 3.71
80 1.67e− 02 2.41 4.990e− 02 2.24 2.6e− 03 4.11
160 4.30e− 03 3.88 1.360e− 02 3.66 4.43e− 04 5.86

Table 2.2: Error Table for Example 2

We have plotted the error-norms (see Fig. 2.5). We can also see the visualization of Ex-

ample 2 in 3D (see Fig. 2.6). From Fig. 2.6, we see that the size of impulse approaches

toward the threshold level at initial time.

Figure 2.6: Numerical solution p(v, t) of Example 2 in 3D at time t = 0.0 & N = 1000.

Figure 2.7: Numerical solution p(v, t) of Example 3.
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Example 3. Consider Eqs. (2.1)-(2.2) with the following coefficients

τ = 1, a(v, t) =
1 + t

1 + 2v + t2
, α = 0.5, β = 0.5, r = 2,

b(v, t) =
1 + vt

1 + 2t+ 3t2
, RI(t) = sin t(1− cos t).

Initial condition

p(v, 0) = g sech2(l(v − v0)), v0 = 0.4, l =
1

2
√

2

√
g

d
, d = 0.0005, g = 0.6.

Boundary conditions

p(v, t) = 0, v ∈ [−α, 0],

∂p(r, t)

∂t
= a(r, t) [p(r, t)− p(r − α, t)], p(v, t) = 0, v ∈ (r, r + β].

From Fig. 2.7, we conclude that as time increases, the impulse moves toward the left

side. In this experiment we take the same shift arguments from previous example.

Figure 2.8: Error-norms for numerical solution p(v, t) of Example 3.

Fig. 2.8 shows the error plot and Fig. 2.9 shows the envision of the Example 3 in 3D.
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Figure 2.9: Numerical solution p(v, t) of Example 2 in 3D at time t = 0.6 & N = 1000.

Table 2.3: Error Table for Example 3

N ‖.‖1 r1 ‖.‖2 r2 ‖.‖∞ r3

20 3.89e− 02 − 9.64e− 02 − 1.56e− 02 −
40 1.99e− 02 1.95 5.13e− 02 1.87 4.90e− 03 3.18
80 8.60e− 03 2.31 2.42e− 02 2.11 1.20e− 03 4.08
160 2.10e− 03 4.09 6.10e− 03 3.96 2.11e− 04 5.69

Figure 2.10: Numerical solution p(v, t) of Example 4.

Example 4. Consider the Eqs. (2.1)-(2.2) with the following coefficients

τ = 1, a(v, t) = − 1 + v2

1 + 2vt+ 2v2 + t4
, α = 0.0001, β = 0.0001, r = 2,

b(v, t) =
1

1 + 2vt+ v4t4
.

48



In this example, we take RI(t) = I0 + AN(t) and we take I0 = A = 1, for numerical

computations.

N(t) =

r∫
−∞

γ(v)p(v, t)dv.

We also take γ(v) = 1.

Initial condition

p(v, 0) = 2g sech2(3l(v − v0)), v0 = 0.4, l =
1

2
√

2

√
g

d
, d = 0.0005, g = 0.1.

Boundary conditions

p(v, t) = 0, v ∈ [−α, 0],

∂p(r, t)

∂t
= a(r, t) [p(r, t)− p(r − α, t)], p(v, t) = 0, v ∈ (r, r + β].

From Fig. 2.10, we see the particular case when the impulse hits the threshold level, the

impulse instantaneously increases at the moment, and after that as time increases the

impulse size decreases and this process continues.

Figure 2.11: Error-norm for numerical solution p(v, t) of Experiment 4.

Errors are plotted (see Fig. 2.11) and the picturization of the Experiment 4 is shown in

3D (see Fig. 2.12).
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Figure 2.12: Numerical solution p(v, t) in 3D at different time levels t = 0.5, 1.0, 1.5
& N = 100.

N ||.||1 r1 ||.||2 r2 ||.||∞ r3

20 1.25e− 02 − 3.61e− 02 − 7.20e− 03 −
40 6.80e− 03 1.83 2.19e− 02 1.64 2.50e− 03 2.80
80 3.20e− 03 2.12 1.05e− 02 2.08 6.45e− 04 3.87
160 1.07e− 03 2.98 3.60e− 03 2.91 1.34e− 04 4.81

Table 2.4: Error Table for Example 4

6 Summary

We have presented a higher order MUSCL scheme for the neuronal model with mixed

boundary conditions. The importance of this scheme is that it is valid for larger values

of advance and delay argument, which can be seen in the numerical experiments. The

stability and convergence of the present scheme are also discussed. The order of conver-

gence of the developed scheme is obtained theoretically and verified numerically. The

effect of point-wise delay with advance on the solution behavior is shown by taking some

test examples.
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Chapter 3

A Numerical Treatment of a Population Den-

sity Model Based on Quadratic-Integrate-And-

Fire Neuron 2

The previous chapter discussed Stein’s model based on leaky-integrate-and-fire neuron

and presented a high-order numerical scheme to find the approximate solution of the gov-

erning equation. This chapter introduces a population density model based on quadratic-

integrate-and-fire neuron. This model (quadratic integrate-and-fire neuron) is used for

the derivation of governing equation by using the population density approach. WENO

(weighted essentially non-oscillatory) finite volume method together with RK (Runge-

Kutta) method is applied to find the approximate solution of governing equation. The

proposed scheme is compared with second and third-order existing schemes in the liter-

ature for the same type of model equation. Numerical results depict that the proposed

algorithm is more efficient and produce accurate solutions with less number of grid cells.

In addition to this, a discontinuity is added in the application of model equation to

illustrate the good performance of the proposed scheme.

1 Introduction

It is well known that the size of presynaptic neuronal firings decides the next behavior of

a neuron. In the complex neuronal networks, the variability in neuronal firings has been

observed even the external stimuli are held constant or without any apparent external

stimulus. The possible reason is that a large number of synapses and different types of

synaptic inputs exist in neural network. In the mid of twentieth century, Stein introduced

a model about theoretical study of neuronal variability. The model is basically based on

the five assumptions and the theory of Hodgkin-Huxley (HH) model [17]. In addition

to this, Stein also discussed the distribution of neuronal firing intervals, neuronal firing

rate, and strength-duration curves. In 1979, Tuckwell modified the Stein’s model and

2Santosh Kumar et al., “High-Order Finite Volume Approximation for Population Density Model Based on Quadratic
Integrate-and-fire neuron”, Engineering Computations, Emerald. [Under Review]
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discussed the behavior of neuronal activity in quantitative terms [27]. He concluded

that the variation in inter-spike interval (times between subsequent spikes of a neuron)

greater than one is due to the strong inhibition. A number of authors ([9, 28, 136–141])

have subsequently studied this model with different applications in modeling of neural

variability. Some authors have implemented this model numerically with different forms.

In 2004, Kadalbajoo and Sharma [120] introduced a numerical scheme to discuss the

determination of the expected time for generation of action potentials in nerve cells; an

action potential is a transient event in which membrane potential has instant increase and

then decrease. Recently, several other authors [116, 122, 142], have presented high-order

numerical schemes to find the numerical solution of the above model equation. Although

a number of authors have studied the dynamic properties of the neuronal networks in the

past. Their studies have mainly based on leaky integrate-and-fire (LIF) neuron. More

information on LIF model can be found in [14, 17, 27, 53]. Moreover, their methodology

is based on probability density approach that has been widely used in biological science

and specially in neuroscience.

In this chapter, we present a quadratic-integrate-and-fire (QIF) neuron based population

density model for the study of neuronal system. In contrast to LIF model, QIF model

does have a spike production system, which means QIF model is a spiking neuron model

and is very useful for us to describe the internal behavior of neurons population. In

addition, our methodology is based on population density approach, which has become

very popular and efficiently used to describe the evolution of neurons population. The

following procedure [71], is used to derive population density model equation. Next, we

obtain the population density model equation using QIF neuron model.

The QIF neuron model was introduced by Latham et al. in [38]. This model consists of

an ordinary differential equation (ODE) that describes the time evolution of membrane

potential, and a reset mechanism. The interested reader is referred to review-articles

[10, 39, 143–145] for details. Let us consider QIF model with some modifications,τ
dv

dt
= (v − Vrest)(v − Vthresh) + Isyn(t)

if v = Vthresh then v = Vrest,
(3.1)

where Vthresh > Vrest. In Eq. (3.1), v(t) denotes the neuron’s membrane potential at

time t, τ represents the relaxation time of the membrane potential towards the resting

potential Vrest. Here, Vthresh denotes the threshold potential. The time when v hits the

Vthresh value is considered as the time when the neuron is producing a spike and the

membrane potential is instantaneously reset to Vrest. For v(t) < Vthresh, the membrane

potential decays to the resting potential in the lack of any interaction. All the interactions
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of the neuron with the network are modelled by an incoming synaptic current Isyn(t). For

v > Vthresh, the membrane potential increases so that an action potential is generated (the

neuron produce a spike) and thereafter membrane potential is instantaneously reset to

Vrest. The graphical representation of quadratic integrate-and-fire neuron is displayed in

Fig. 3.1.
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Figure 3.1: Time course of the membrane potential of quadratic integrate-and-fire
neuron. Here Vthresh = −40, Vrest = −56 and consider

Isyn(t) = −u(t) + c, c = 70, τ = 100. u(t) is the recovering current which satisfy
u′(t) = c1 (c2(v − Vrest)− u) , where c1 = 0.03 is the recovering time constant, c2 = −2.

The interaction function, Isyn(t) plays a key role in the dynamics of quadratic integrate-

and-fire neuron model. It is engendered by the activity of pre-synaptic neurons. There

are mainly two types of neurons: excitatory and inhibitory. In the structure of integrate-

and-fire neuron model, each pre-synaptic impulse generates a post-synaptic current. To

be more specific, assume that the pre-synaptic excitatory (inhibitory) neuron j has sent

a signal at time tEj (tIj ), a post-synaptic excitatory (inhibitory) neuron feels a current

with time course δ(t− tEj )(δ(t− tIj )), where δ(.), the unit impulse function, represents the

reaction of post-synaptic current. The total input current to the post-synaptic neuron

is the sum over all incoming current impulses. Moreover, the effect of the response of

a spike/current at neuron’s synapse has been modeled as a jump of size α or β of the

membrane potential. The jump is positive if the spike is received from the excitatory

neurons and negative if it is received from the inhibitory neurons. In this way the total

synaptic current is defined as

Isyn(t) = α

∞∑
j=1

δ(t− tEj )− β
∞∑
j=1

δ(t− tIj ). (3.2)
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For the dynamics of a neuron population, we derive the evolution equations for the

population density function (see [70] for details). At first, we look at the population

density function in any interval
v2∫
v1

F (v, t)dv = {Proportion of neurons with potential V (t) ∈ [v1, v2] at time t}.

Then, F (v, t) is the relative density of the population and satisfies
Vthresh∫
Vrest

F (v, t)dv = 1, (3.3)

since the evolution equation is based on conservation of probability. This means the

probability contained in any interval can change only due to the flux of probability at

the end points of given interval.

Let us introduce J(v, t), the probability flux over v at time t, then

J(v1, t)− J(v2, t) =
∂

∂t
Pr(V (t) ∈ (v1, v2)) =

∂

∂t

v2∫
v1

F (w, t)dw.

Setting the above equation by using v2 = v and differentiating with respect to v, we

obtain
∂F

∂t
= −∂J

∂v
. (3.4)

We now calculate the flux function based on Eqs. (3.1-3.2). For this purpose, we decom-

pose the flux into three components: flux based on quadratic integrate-and-fire neuron,

excitatory flux function based on the voltage of a neuron that jumps upward from v−α to

v during the receiving of excitatory input, and inhibitory flux function based on the volt-

age of a neuron which jumps downward from v+β to v during the receiving of inhibitory

input, see Fig. 3.2. Thus, the total flux is

J(v, t) =

QIF︷ ︸︸ ︷
1

τ
((v − Vrest)(v − Vthresh))F (v, t) +

excitatory︷ ︸︸ ︷
pe(t)

v∫
v−α

F (v, t)dv−

inhibitory︷ ︸︸ ︷
pi(t)

v+β∫
v

F (v, t)dv .

(3.5)

Here, pe and pi are the frequencies of excitatory and inhibitory input rates, respectively.

The derivation related to the flux term is based on the article [56, 71]. Due to the reset

mechanism, we use periodic boundary condition

lim
v→Vrest

1

τ
(v − Vrest)(v − Vthresh)F (v, t) = lim

v→Vthesh

1

τ
(v − Vrest)(v − Vthresh)F (v, t). (3.6)
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Figure 3.2: The behavior of excitatory and inhibitory neuron.

Using Eqs. (3.4)-(3.6), we have a complete model equation

∂F (v,t)
∂t

+ ∂
∂v

quadratic integrate−and−fire︷ ︸︸ ︷[
1

τ
([(v − Vrest)(v − Vthresh)])F (v, t)

]
= pe(t)(F (v − α, t)− F (v, t))︸ ︷︷ ︸

Excitation

+ pi(t)(F (v + β, t)− F (v, t))︸ ︷︷ ︸
Inhibition

,

(v, t) ∈ (Vrest, Vthresh)× (0, Tmax),

limv→Vrest
1
τ
(v − Vrest)(v − Vthresh)F (v, t) = limv→Vthesh

1
τ
(v − Vrest)(v − Vthresh)F (v, t),

F (v, 0) = F 0(v) ≥ 0, Vrest ≤ v ≤ Vthresh.

(3.7)

Due to delay and advance term we extend F by 0 for outside the domain.

The above equation is a hyperbolic partial differential equation (PDE) which includes

delay in v;F (v − α, t) and advance in v;F (v + β, t). Due to these arguments (delay

and advance) and variable coefficients in t; pe(t), pi(t) in above equation, the analytical

solution is not possible. Therefore, numerical methods are generally used to find the

approximate solution of the model equation. The finite difference methods [56, 71, 120],

quadrature type method [146] and finite element methods [122] are usually used to solve

such type of biological model equation whereas the finite volume method had never been

utilized. For all the above reasons, we propose a scheme based on FVM. In addition, the

proposed scheme is high-order accurate for governing equation. Moreover, the geometrical

flexibility of FVM is critical to deal with sophisticated neuron models that usually have

complicated geometries within the computational domain.

We here draw the main features of the present study:

� QIF neuron model is being used to study the variability of neuronal population.

� The present study adopted population density approach and such an approach is

useful to the simulation of neural network.
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� Construct a high-order accurate finite volume method to find the approximate so-

lution of governing Eq. (3.7).
� The efficiency of the design scheme is demonstrated via numerical simulations.

The remaining sections are organized as follows. In Section 2, we introduce some prelim-

inaries about TVD (total variation diminishing) scheme that is related to SSP (strong

stability preserving) method. Section 3 is devoted to the construction of deterministic

scheme. To check the performance of the design scheme, we take some test examples in

Section 4. In the final section, we present a summary about the chapter.

2 Preliminaries and Definitions

Definition 2.1. The total variation of a discrete scalar solution at nth time level is

defined as

TV (pn) =
∑
j

|pnj+1 − pnj |.

The scheme is said to be total variation diminishing (TVD) if

TV (pn+1) ≤ TV (pn).

The scheme is total variation bounded (TVB) if ∃ some constant B > 0, depending

on the initial data p0, total variation TV (p0) and all possible values of n, and ∆t with

n∆t ≤ Tend, such that

TV (pn) ≤ B.

Remark 2.1. TVD implies TVB.

Remark 2.2. TVD methods ensure that the total variation of numerical solution does

not increase with time which is a fundamental property of the exact solution of hyperbolic

conservation law. Hence, we can say that the TVD numerical methods just mimic the

property of the exact solution stated above.

3 Numerical Approximation

Finite volume methods are well known for the approximate solution of hyperbolic con-

servation laws. In this chapter, the proposed approach is based on method of lines. Here,

we used finite volume fifth-order WENO scheme for spatial discretization and strong sta-

bility preserving explicit Runge-Kutta scheme three-step three-order (SSPERK(3,3)) for

temporal discretization.
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3.1 Spatial Discretization

For the discretization of model equation, we rewrite Eq. (3.7) as follows

∂tF (v, t) = − ∂

∂v

[
1

τ
([(v − Vrest)(v − Vthresh)])F (v, t)

]
+ pe(t)(F (v − α, t)− F (v, t))

+ pi(t)(F (v + β, t)− F (v, t)). (3.8)

In standard form it can be read as

∂tF (v, t) = −∂vH(F, v) + S(F, t), (3.9)

where

H(F, v) =
1

τ
[(v − Vrest)(v − Vthresh)]F (v, t) is the flux term, and

S(F, t) = pe(t) [F (v − α, t)− F (v, t)] + pi(t) [F (v + β, t)− F (v, t)] is the source term.

Due to the presence of delay and advance difference term, we decompose the domain

[Vrest, Vthresh] into uniform grid cells [vj−1/2, vj+1/2], j = 1 . . . N, where v1/2 = Vrest and

vN+1/2 = Vthresh, with step size ∆v in such a way so that the jumps α and β are contained

in the center of the cells, say α = 1/2(vm−1/2 + vm+1/2), β = 1/2(vn−1/2 + vn+1/2), 1 ≤
m,n ≤ N.

Given the approximation of the cell averages of F (v, t) over jth grid cell:

F̄j ≈
1

∆v

vj+1/2∫
vj−1/2

F (v, t)dv, j = 1, . . . , N.

Integral formulation of Eq. (3.9) over Ij = [vj−1/2, vj+1/2], we have

d

dt
F̄j(·, t) ≡ −

1

∆v

[
H(F (vj+1/2, t), vj+1/2)− H(F (vj−1/2, t), vj−1/2)

]
+

1

∆v

vj+1/2∫
vj−1/2

S(F, t)dv.

d

dt
F̄j(·, t) ≡ −

1

∆v

[
Hj+1/2 − Hj−1/2

]
+ S∗j . (3.10)

where Hj+1/2 = H(F (vj+1/2, t), vj+1/2), Hj−1/2 = H(F (vj−1/2, t), vj−1/2) are approximations

of the flux term at cell interfaces and S∗j is approximation of the cell average of the source

term. In order to carry out unwinding for stability, we replace Hj+1/2 = Ĥ(F−j+1/2, F
+
j+1/2),

where Ĥ(F−, F+) is a monotone numerical flux.

The modified version of Eq. (3.10) is

d

dt
F̄j(·, t) ≡ −

1

∆v

[
Ĥ(F−j+1/2, F

+
j+1/2)− Ĥ(F−j−1/2, F

+
j−1/2)

]
+ S∗j . (3.11)

We now choose the numerical flux in such a way so that it must be consistent with the

original flux term H(F, v). There are many choices of these type of fluxes such as Godunov
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flux:

Ĥ(F1, F2) =


min

F1≤F≤F2

H(F, .) if F1 ≤ F2

max
F2≤F≤F1

H(F, .) if F1 > F2.

Engquist-Osher flux:

Ĥ(F1, F2) =

F1∫
0

max

(
dH(F, .)

dF
, 0

)
dF +

F2∫
0

min

(
dH(F, .)

dF
, 0

)
dF + H(0, .).

Lax-Friedrichs flux:

Ĥ(F1, F2) =
1

2
(H(F1, .) + H(F2, .)− α(F2 − F1)),

where α = max |H′(F, v)|.
The differences among these fluxes are significant for low-order scheme but it becomes

less significant for high order reconstruction [147, 148]. In this chapter, we choose the

simplest and inexpensive, Lax-Friedrichs formulation. The flux expression we use is

Ĥ(F−j+1/2, F
+
j+1/2) =

1

2

[
H(F−j+1/2, vj+1/2) + H(F+

j+1/2, vj+1/2)− α
(
F+
j+1/2 − F

−
j+1/2

)]
.

Here, the values F±j+1/2 and F±j−1/2 are high order point-wise approximations determined

by WENO reconstruction procedure. We here present a review of WENO reconstruction

procedure for the sake of completeness. The details about this method can be found in

[147, 149–151].

We first calculate three reconstructed values based on the stencils

S
(0)
j = {Ij−2, Ij−1, Ij}, S(1)

j = {Ij−1, Ij, Ij+1}, S(2)
j = {Ij, Ij+1, Ij+2}, (3.12)

as follows:

F
(0)
j+1/2 = F

(0)−
j+1/2 =

1

3
F̄j−2 −

7

6
F̄j−1 +

11

6
F̄j; F

(0)
j−1/2 = F

(0)+
j−1/2 = −1

6
F̄j−2 +

5

6
F̄j−1 +

1

3
F̄j,

F
(1)
j+1/2 = F

(1)−
j+1/2 = −1

6
F̄j−1 +

5

6
F̄j +

1

3
F̄j+1; F

(1)
j−1/2 = F

(1)+
j−1/2 =

1

3
F̄j−1 +

5

6
F̄j −

1

6
F̄j+1,

F
(2)
j+1/2 = F

(2)−
j+1/2 =

1

3
F̄j +

5

6
F̄j+1 −

1

6
F̄j+2; F

(2)
j−1/2 = F

(2)+
j−1/2 =

11

6
F̄j −

7

6
F̄j+1 +

1

3
F̄j+2.

The WENO reconstruction is a convex combination of all the above reconstructed values,

therefore,

F−j+1/2 =
2∑
r=0

ωrF
(r)−
j+1/2;

2∑
r=0

ωr = 1, and ωr =
αr

2∑
m=0

αm

, αr =
γr

(ε+ βr)2
,
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F+
j−1/2 =

2∑
r=0

ω̃rF
(r)+
j−1/2;

2∑
r=0

ω̃r = 1, and ω̃r =
α̃r

2∑
m=0

α̃m

, α̃r =
γ̃r

(ε+ βr)2
, γ̃r = γ2−r,

where ωr, ω̃r ≥ 0 are non-linear weights and γr are linear weights whose values are given

by γ0 = 1
10
, γ1 = 6

10
, γ2 = 3

10
. The terms βr are the smoothness indicators of the stencil

S
(r)
j to measure the smoothness of the function F (v, t) in the stencil, while ε = 10−6

is just a number to avoid the denominator to become zero. The values of smoothness

indicators are given by

β0 =
13

12

(
F̄j−2 − 2F̄j−1 + F̄j

)2
+

1

4
(F̄j−2 − 4F̄j−1 + 3F̄j)

2.

β1 =
13

12

(
F̄j−1 − 2F̄j + F̄j+1

)2
+

1

4
(F̄j−1 − F̄j+1)2.

β2 =
13

12

(
F̄j − 2F̄j+1 + F̄j+2

)2
+

1

4
(3F̄j − 4F̄j+1 + F̄j+2)2.

The next step is to find the approximate solution of source term,

S∗j =
1

∆v

vj+1/2∫
vj−1/2

S(F, t)dv = S̄j, S̄j = pe(t)(F̄j−m − F̄j) + pi(t)(F̄j+n − F̄j).

We now turn our attention to the rezoning approach for temporal discretization.

3.2 Temporal Discretization (strong-stability-preserving method)

In this study, we use SSPERK(3,3) scheme based on TVD, for the time integration of

the following ODE (ordinary differential equation) system.

Consider the semi-discrete scheme of model Eq. (3.7) at nth time level

dF̄ n
j

dt
= L(F̄ n

j , t
n), (3.13)

where L is the numerical approximation of the flux and the source term, determined by

WENO finite volume method.

L(F (v, t), t) ≈ − ∂

∂v

[
1

τ
([(v − Vrest)(v − Vthresh)])F (v, t)

]
+ pe(t)(F (v − α, t)− F (v, t))

+pi(t)(F (v + β, t)− F (v, t)).

Next step is to compute the numerical solution at (n + 1)th time level. This is achieved

by the aforementioned method, details can be found in [151–153]. When it is applied to

Eq. (3.12), we obtain,

F̄
(1)
j = F̄ n

j + ∆tL
(
F̄ n
j , t

n
)
,

F̄
(2)
j =

3

4
F̄ n
j +

1

4
F̄

(1)
j +

1

4
∆tL

(
F̄

(1)
j , tn + ∆t

)
,
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F̄ n+1
j =

1

3
F̄ n
j +

2

3
F̄

(2)
j +

2

3
∆tL

(
F̄

(2)
j , tn + ∆t/2

)
,

where ∆t is the time step which is conditioned by the following CFL restriction:

∆t ≤ C
∆v

max
v

∣∣ 1
τ
(v − Vrest)(v − Vthresh)

∣∣ ,
where C is a CFL coefficient and according to [151] we take C = 1. Since the spatial

approximation is high order accurate, the CFL condition does not yield restrictive time

stepping.

4 Numerical Experiments

In this section, we present some applications of our model introduced in Section 1. In

order to validate the numerical results, we compare the simulations of our model with the

simulations determined by the existing schemes in the literature [121, 122], which was

used for the population of leaky integrate-and-fire neurons. Here, we discuss the blow

up phenomena of excitatory population of quadratic integrate-and-fire neurons. For this

case, we assume that the frequency of inhibitory input rate is zero, i.e., pi = 0. We now

choose the following parameters in model Eq. (3.7),

τ = 1, α = 0.5, pe(t) =
3

2− t+ t4
, pi(t) = 0,

according to the analyzed phenomena [121, 122]. Here, we normalized the domain

[Vrest, Vthresh] into [0, 2] interval, where Vrest = 0, and Vthresh = 2.

The initial approximation is taken of Gaussian type,

i.e., F (v, 0) = e−10(4v−5)2 .

The boundary condition is given by

F (v, t) = 0, v ∈ [−α, 0] ∪ [2, 2 + β].

The numerical results of the above problem at different time levels are plotted in Fig.

3.3. This figure depicts the evolution in time of the membrane potential distribution of

the excitatory neuron population. In all the plots there are three curves: the blue solid

bar line represents the numerical solution determined by WENO-FVM, red solid line for

MUSCL-FVM based on quadratic reconstruction, and black dotted line for UFVEM. As

time goes on, the number of potential jumps increase and the solution curve tends to

stabilize to a steady state which can be seen in the lower right plot of Fig. 3.3. Further,

Fig. 3.4, displays the influence of excitatory input rate in modeling equation (3.7). Under

the influence of excitatory impulse rate, pe, taken constant in the simulation, the potential

jump move towards the threshold potential, see again in Fig. 3.4 (the threshold potential
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is the critical level to which a membrane potential must be depolarized to initiate an

action potential/spike. Threshold potential is necessary to propagate signaling to the

neuronal system). From the above observation, we conclude that the excitatory neurons

are the responsible factor of neuronal firing in a neural network. In other words, the

excitatory neurons respond by finite potential jumps when they receive the incoming

spikes from other neurons. The resolution of Example 1 in 3D at different time levels,

determined by all three schemes, is displayed in Fig. 3.5.

In order to show the accuracy and rate of convergence of the proposed scheme in the

absence of exact solution, we measured by calculating errors in the discrete L∞ norm,

where the maximum absolute error is given by

εN = max
v∈Ωh

∣∣FN
j − F 2N

j

∣∣ ,Ωh = {Vrest = v0, v1, · · · , vN = Vthresh}.

Here, the terms FN
j and F 2N

j are numerical solutions with N and 2N grid points, respec-

tively. Further, the rate of accuracy is given by

r = log2

(
εN/ε2N

)
.

The max-norm error for F is calculated for above three schemes. The results are displayed

in Table 3.1 which show that the proposed scheme is of order 4 in space for the considered

problem, while MUSCL and UFVEM schemes converge to the order 3 and 2, respectively.

The max-norm error of F for WENO, MUSCL, and UFVEM schemes at time t = 0.5

is displayed in Fig. 5(D). The above results show that the accuracy of present scheme

is better than the existing schemes in the literature. Moreover, the proposed scheme

requires less CPU time than the other two schemes. The next example is taken to show

the behavior of inhibitory neuron population. In this case, we assume that the excitatory

input rate pe(t) = 0.

Example 2. Consider the model equation (3.7) with the following parameters,

τ = 1, β = 0.5, pe(t) = 0, pi(t) =
3− 2t6

1 + 2t2
.

The initial and boundary conditions are given by

F (v, 0) = e−10(4v−5)2 ,

F (v, t) = 0, v ∈ [−α, 0] ∪ [2, 2 + β].

The numerical solution F (v, t) of this problem is shown in Fig. 3.6 at different time
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levels. From this figure, we observe that the solution curve tends to stabilize to a steady

state. The influence of inhibitory input rate in time evolution of potential distribution

of modeling Eq. (3.7) are shown in Fig. 3.7. Due to this, (inhibitory input rate, pi,

taken constant in the simulation) the potential jump move gradually towards the resting

potential, see in Fig. 3.7. The computation of max-norm error determined by WENO-

FVM, MUSCL-FVM and UFVEM at time t = 0.5 are displayed in Table 3.2. From this

table, we again observe that the proposed scheme is more accurate than the other schemes

which are used in the literature. In Fig. 3.8, we can see the visualization of Example 2

in 3D. The max-norm errors of F for Example 2 is plotted in Fig. 3.8(D).

Example 3. This example is taken to show the performance of proposed scheme in case

of discontinuous problem. Let us consider Eq. (3.7) with some modifications and choose

the following parameters,

τ = 1, α = 0.2, β = 0.5, pe(t) = 0.2, pi(t) = 0.2, H(F, v) = av, a = −0.3.

The initial and boundary conditions are given by

F (v, 0) =

0 v > 1.7, v < 1.3

0.3 1.3 ≤ v ≤ 1.7

F (v, t) = 0, v ∈ [−α, 0] ∪ [2, 2 + β].

From Fig. 3.9, we observe that our proposed scheme and MUSCL scheme perform nicely

and give accurate solutions than the UFVEM scheme. The solution obtained by these

two schemes depict no numerical oscillations. However, MUSCL scheme used 800 grid

cells to obtain the above resolution, while our proposed scheme needs only 160 grid cells

to achieve comparable resolution. From all the above observations, we point out that the

proposed scheme is efficient for this model equation.

Table 3.1: Error table for Example 1 by using three different schemes at time t = 0.5

WENO MUSCL UFVEM
N ‖‖∞ r CPU(s) ‖‖∞ r CPU(s) ‖‖∞ r CPU(s)
20 1.59e-2 - 0.0766 1.60e-2 - 0.1098 8.56e-2 - 0.1670
40 9.46e-4 4.07 0.0945 2.11e-3 2.92 0.1481 1.96e-2 2.12 0.1859
80 5.18e-5 4.19 0.1618 3.29e-4 2.68 0.1514 5.02e-3 1.97 0.2264
160 3.24e-6 4.00 0.1971 4.53e-5 2.86 0.3397 1.31e-3 1.93 0.3727
320 1.90e-7 4.09 0.2141 8.41e-6 2.43 0.4891 3.92e-4 1.75 0.7998
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Table 3.2: Error table for Example 2 by using three different schemes at time t = 0.5

WENO MUSCL UFVEM
N ‖‖∞ r CPU(s) ‖‖∞ r CPU(s) ‖‖∞ r CPU(s)
20 2.12e-2 - 0.0992 2.12e-2 - 0.1494 3.70e-2 - 0.1781
40 1.56e-3 3.76 0.1207 5.42e-3 1.97 0.1819 1.73e-2 1.09 0.2024
80 1.04e-4 3.91 0.1579 1.49e-3 1.86 0.2462 8.01e-3 1.11 0.3265
160 6.64e-6 3.97 0.1712 4.20e-4 1.83 0.4065 3.97e-3 1.01 0.4197
320 4.29e-7 3.95 0.2219 1.21e-4 1.79 0.6907 1.78e-3 1.16 0.9613

4.1 Authors’ Contributions

The model of the current study is inspired from the base model given in [17] and mod-

ified version in [120, 122]. The model equation provided by these authors is based on

leaky integrate-and-fire neuron. In the present study, the model equation is based on

quadratic integrate-and-fire neuron. The reason behind that the QIF model does have

a spike generation mechanism, which makes it suitable for us to describe the internal

behavior of a neuronal population. Further-also, we used different and latest approach

for the derivation of the model equation called population density approach. Our main

aim is to find the numerical solution based on the model presented here for the occurrence

of interesting behaviors of neuronal population, such as neuronal firing. In addition, we

introduced a discontinuous example to check the efficiency of proposed scheme.

5 Summary

The model equation is based on a quadratic-integrate-and-fire neuron. With the help of

population density approach, we obtained a model equation, which is a hyperbolic partial

differential equation. Due to the delay, advance shifts, and non-constant coefficients, the

analytical solution is not possible. Therefore, we designed a high-order numerical scheme

for the simulation of model equation. Moreover, we have discussed the role of an inhibitory

and excitatory part in the variation of neuronal firing. The validation of designed scheme

is made by comparing it with the existing schemes in the literature. It is also observed

that the proposed scheme performs nicely in case of the discontinuous solution.

The next chapter presents a numerical study of an excitatory and inhibitory population

density model based on leaky integrate-and fire neurons with jumps.
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(b) Numerical solution of Experiment 1 at time t = 0.50
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(d) Numerical solution of Experiment 1 at time t = 1

Figure 3.3: Excitatory Phenomena : Blue solid bar line represents the numerical
solution determined by WENO-FVM, red solid line for MUSCL-FVM and black dotted

line for UFVEM by using 160 grid points.
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Figure 3.4: The time evolution of population density function under the influence of
excitatory input rates at time level t = 0.5.
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(a) Numerical solution F (v, t) determined by WENO-FVM in
3D for Experiment 1 at different time levels t=0.25, 0.50, 0.75,

1.0 with N=160

(b) Numerical solution F (v, t) determined by MUSCL-FVM in
3D for Experiment 1 at different time levels t=0.25, 0.50, 0.75,

1.0 with N=160

(c) Numerical solution F (v, t) determined by UFVEM in 3D for
Experiment 1 at different time levels t=0.25, 0.50, 0.75, 1.0 with

N=160
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(d) The max norm plot of the computed solution of Experiment 1
determined by three different scheme.The slopes of the curves are

the order of convergence.

Figure 3.5: Concentration profiles of F (v, t) of Example 1 at different time levels.
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(a) Numerical solution of Experiment 2 at time t = 0.25
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(b) Numerical solution of Experiment 2 at time t = 0.50
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(c) Numerical solution of Experiment 2 at time t = 0.75
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(d) Numerical solution of Experiment 2 at time t = 1.0

Figure 3.6: Inhibitory Phenomena : blue solid line represents the numerical solution
determined by WENO-FVM, red solid line for MUSCL-FVM and black dotted line for

UFVEM by using 160 grid points.
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Figure 3.7: The time evolution of population density function under the influence of
inhibitory input rate at time level t = 0.5.
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(a) Numerical solution F (v, t) determined by WENO-FVM in
3D for Experiment 2 at different time levels t=0.25, 0.50, 0.75,

1.0 with grids N=160

(b) Numerical solution F (v, t) determined by TVD-RK in 3D for
Experiment 2 at different time levels t=0.25, 0.50, 0.75, 1.0 with

grids N=160

(c) Numerical solution F (v, t) determined by UFVEM in 3D for
Experiment 2 at different time levels t=0.25, 0.50, 0.75, 1.0 with

grids N=160
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(d) The max norm plot of the computed solution of Experiment 2
determined by three different scheme.The slopes of the curves are

the order of convergence.

Figure 3.8: Concentration profiles of F (v, t) of Example 2 at different time levels.
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(a) Numerical solution of Experiment 3 at time t = 0.20

Figure 3.9: Excitatory-Inhibitory Phenomena : blue solid line represents the numerical
solution determined by WENO scheme, red circle for MUSCL scheme and black dotted

line for UFVEM at time t=1.0.
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Chapter 4

A Numerical Study of the Excitatory and In-

hibitory Population Density Model 3

The last chapter presented the numerical study of population density model based on

quadratic integrate-and-fire neurons. This chapter describes the excitatory and inhibitory

population density model based on leaky integrate-and-fire neuron with jumps. The time

evolution of population density function is determined by a hyperbolic partial differential

equation. There are two factors which may cause difficulties to find the solution. First

one is the presence of point-wise delta type source term and second one is the presence

of the non-local terms of the voltage of a neuron. The chapter also presents a high accu-

rate scheme based on finite volume weighted essential non-oscillatory (WENO) scheme

for spatial discretization. The time evolution is done through SSPRK (strong stability

preserving Runge-Kutta) scheme. This chapter also includes some empirical examples.

Further, the behavior of governing model is compared with its diffusion approximation.

The performance of the designed scheme is shown by the convergence results.

1 Introduction

The capacity to simulate the brain activities on the computer is confined by available

computational time, because a small part of the brain includes tens of thousands of

neurons and billions of synapses (synapse is a junction at which a neuron communicates

with another neuron). Even today computers are emerging very fast, but these models

have limited study due to very high computational time. If one would like to approximate

the networks of neurons more closely, various factors have to be included and analyzed

carefully which can further create additional difficulties and the required computational

time can be unrealistic.

The population density approach is innovated for the simulation of large-scale neural

networks, which is initiated from an ordinary differential equation (ODE), describes the

3Santosh Kumar and Paramjeet Singh, “A numerical treatment for the excitatory and inhibitory population density
model”, [under review].
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dynamics of a single neuron. Under the key assumption that there is a large population

of similar neurons, one can derive a partial differential equation (PDE) that describes

the behavior of the whole population of neurons [56, 70, 71]. The possible applications of

these approach are numerous, see for instance [60, 72, 154, 155]. In addition, it can also be

used for the realistic models with two or three state variables describing the dynamics of

a single neuron, one can derive a two or three-dimensional PDE for the whole population

[59, 156]. However, such type of PDEs are very difficult to simulate and analyse. A large

amount of mathematical tools such as moment reduction [59] and phase reduction [11]

were used to reduce the computational time.

In this chapter, the large-scale excitatory and inhibitory neuronal networks is considered.

More information about the behavior of this neural network can be found in [67, 157–

161] and references therein. In present study, this approach (population density approach)

is used for the simulation of considered neural network. The approach is based on one-

dimensional leaky integrate-and-fire (LIF) neuron model that determines one dimensional

hyperbolic PDE [56, 71]. Although, the governing equation is one dimensional, analytic

solution of the model is intractable due to it’s high nonlinearity. In literature, there

are some analytical methods, for example, characteristic method [69] and eigenfunction

theory [162], that have been proposed to solve such type of PDEs, but these theories

are restricted for some simplified cases. Therefore, numerical schemes are usually used

to solve the governing equation. The finite difference method (FDM) and finite element

method (FEM) have been proposed to solve such type of PDEs, see in [120, 142, 163, 164].

However, these techniques have some drawbacks. For example, if the governing equation

contains delta type source term, the solution of the population density become divergent

in case of FDM. In order to use FDM appropriately, the modification of the governing

equation is necessary. In modification, the density function is separated into a smooth

component and a delta function component in which the smooth density is still governed

by a nonlinear PDE whereas the delta function component is described by an ODE,

see in [56]. On the other hand, FEM solves this issue, but it makes the solution more

complicated. Moreover, FEM produces less physical significance solution in some cases of

the population density approach. Hence, the present study proposes a formulation based

on finite volume method (FVM) for the governing equation. In order to see the high-

order accuracy and type of model equation, WENO scheme is a suitable scheme for this

work, which was innovated by Liu et al. for hyperbolic conservation laws without source

term [149]. The scheme was earlier constructed for third order accurate, based on finite

volume method. Later it was extended for arbitrary high-order accurate based on FDM

by Shu et al. in [150]. In this chapter, WENO scheme based on FVM is designed to solve

the governing model equation in which source term is available. Moreover, the proposed
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scheme is stable and produce more accurate solutions. To demonstrate the performance

of proposed scheme, some test examples are taken. The comparison of results between

proposed scheme and upwind FDM (proposed in [56, 71]) have been shown.

The next section reviews the introduction of population density approach and derives

the evolution of population density equation. A numerical method for the solution of

governing equation is presented in Section 3. Section 4 is devoted to the simulation

results and validation of the proposed scheme. The final section summarizes the key

features of this chapter.

2 Population Density Approach

The population density approach in present study is based on the leaky integrate-and-fire

(LIF) neuron model. In general form, it can be described as
dV

dt
= −1

τ
(V − EL) + S(t)

if V ≥ Vth then V → Vr,
(4.1)

where V (t) is the membrane potential of a neuron and τ is a time membrane constant. A

spike occurs in neuron if the membrane potential V crosses the threshold level, Vth, and

then reset to the resetting potential Vr. In this model, the time variation of V is influenced

by the leakage term and current S(t), that is the so called post synaptic current induced

by the presynaptic spike train. The presynatpic input S(t) is described as (see [53])

S(t) = h
∑
j

δ(t− tje)− h
∑
k

δ(t− tki ), h > 0, (4.2)

where tje and tki are the arrival times of the synaptic input spikes for the excitatory and

inhibitory synapses, respectively. These inputs are usually simulated by inhomogeneous

Poisson process with individual excitatory and inhibitory synaptic input average rates.

Since the dynamics induced by the presynaptic inputs is neglected, it is assumed that

each coming spike leads to a delta type change in membrane potential V with a jump

of size h. The jump (positive or negative) depending on the input spike is received from

excitatory or inhibitory neuron, respectively. Detailed information about LIF model can

be found in [4, 9, 48–50, 138, 155, 165, 166] and references therein.
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2.1 Population Density Evolution Equation

The population density function ρ(v, t) is based on probability density function. The

fraction of neurons with voltage V (t) ∈ (v1, v2) at time t is defined as =
v2∫
v1

ρ(v, t)dv.

The evolution equation for ρ(v, t) is based on the conservation of total probability. That

is the probability contained in any interval can only be changed across the boundary

points of that interval.

Let us assume that (a1, a2) be any arbitrary interval for which the time variation of total

probability is required to be evaluated. Suppose J(v, t) is the probability flux across v at time t

then

J(a1, t)− J(a2, t) =
∂

∂t
Pr{V (t) ∈ (a1, a2)} =

∂

∂t

a2∫
a1

ρ(w, t)dw

=⇒ −
a2∫
a1

∂

∂v
J(v, t)dv =

∂

∂t

a2∫
a1

ρ(w, t)dw.

Thus
∂ρ

∂t
= −∂J

∂v
. (4.3)

In order to account the firing rate and reset mechanism of total population, the modified

version of Eq. (4.3) is

∂ρ

∂t
= −∂J

∂v
+ r(t)δ(v − Vr). (4.4)

Here, r(t), is the firing rate of the population and delta term denotes the source of

probability at resting potential, Vr, produced by the reset of neurons.

Next step is to compute the flux term, J(v, t), which can be decomposed into three

parts

J(v, t) = JL(v, t) + Je(v, t) + Ji(v, t). (4.5)

JL(v, t) is advective flux developed by the leakage term in the absence of presynaptic

input. Je(v, t) and Ji(v, t) are the excitatory and inhibitory flux caused by the receiving

of excitatory and inhibitory input, respectively.

Leakage Flux JL(v, t) : This flux is related to the leakge term (see Eq. (4.1)) [56]. The

leakage flux at v is the probability per unit time that a neuron crosses v from the lower

side. Any neuron whose voltage V (t) ∈ (v−∆v, v) will cross v in time interval (t, t+∆t),
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where

∆v =
dV

dt
∆t.

The probability that a neuron is in that interval is

ρ(v, t)∆v = ρ(v, t)
dV

dt
∆t.

Therefore, the leakage flux, the probability per unit time that neuron crosses v

JL(v, t) =
ρ(v, t)∆v

∆t
= ρ(v, t)

dV

dt
= −(v − EL)

τ
ρ(v, t). (4.6)

Excitation Flux Je(v, t) : A presynaptic input event elevates the membrane potential

of neuron by a jump of size h. Any neuron with voltage V (t) = v′, v′ ∈ (v − h, v) will

cross v in time interval (t, t + ∆t) if it receives an excitatory input in this time interval.

Let us assume that Ie(t) be the excitatory synaptic input rate which is the probability

per unit time that a neuron will receive excitatory input. According to Poisson process

[167], the probability that an excitatory synaptic input receive in (t, t+ ∆t) is Ie(t)∆t.

The probability that a neuron with voltage V (t) ∈ (v′, v′ + ∆v′) which receives an exci-

tatory input event in time interval (t, t+ ∆t) is

ρ(v′, t)∆v′︸ ︷︷ ︸
I

II︷ ︸︸ ︷
Ie(t)∆t . (4.7)

Note that these two probabilistic events are independent by assumption of Poisson pro-

cess. The total flux of probability across v in time interval (t, t + dt) is determined by

the summation of Eq. (4.7) over all infinitesimal intervals from anywhere below v: v∫
v−h

ρ(v′, t)dv′

 (Ie(t)∆t) .

The excitation flux, Je(v, t), is the probability per unit time across v i.e.

Je(v, t) = Ie(t)

v∫
v−h

ρ(v′, t)dv′. (4.8)

In the same manner, the total inhibition flux can be obtained

Je(v, t) = −Ii(t)
v∫

v+h

ρ(v′, t)dv′, (4.9)

where Ii(t) be the inhibitory synaptic input rate. The excitation/inhibition,Ie/i(t), im-

pulse rate is expressed as a sum of external excitatory/inhibitory input rates, Ie/i,o(t),

and the response of the population, J
t∫

0

α(t′)r(t − t′)dt′. When an external synaptic in-

puts either from excitatory population of neurons or inhibitory population of neurons
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arrived in the population, as a result, the population produce the firing rate, r(t), is said

to be called firing rate of the population. Further, this firing rate plays a key role in

the response of the population. If the population is coupled with strength, J 6= 0, and

assume that there is some latencies of synapses within the population, the response is

given by J
t∫

0

α(t′)r(t− t′)dt′ (see Fig. 4.1). Here, α(t′), is the distribution of the latency

of synapses which satisfy the condition,
∞∫

0

α(t′)dt′ = 1.

If there is no latency of synapses, the corresponding reaction of the population is given

by Jr(t) (see Fig. 4.2),Ie/i(t) = Ie/i,o(t) + J
t∫

0

α(t′)r(t− t′)dt′ with latencies of synapses.

Ie/i(t) = Ie/i,o(t) + Jr(t), without latencies of synapses.

Next step is to compute the firing rate of the population which is determined by the

Figure 4.1: The evolution of a population of neuron under external synaptic input with
latencies of synapses

probability flux across the threshold level, Vth,

r(t) = J(Vth, t) = −1

τ
(Vth − EL)ρ(Vth, t) + Ie(t)

Vth∫
Vth−h

ρ(v′, t)dv′ + Ii(t)

Vth+h∫
Vth

ρ(v′, t)dv′.

(4.10)

The first and last terms of the right hand side of Eq. (4.8) are actually a flux to the left,

so it cannot contribute to the firing rate. Thus, it requires

ρ(Vth, t) = 0, ρ(v, t) = 0, ∀v ≥ Vth.
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Figure 4.2: The evolution of a population of neuron under external synaptic input
without latencies of synapses

Substituting these fluxes in Eqs. (4.6), (4.8) and (4.9) back into Eq. (4.4) yields

∂ρ

∂t
=− ∂

∂v
(−1/τ(v − EL)ρ(v, t)) + Ie(t) (ρ(v − h, t)− ρ(v, t))

+ Ii(t) (ρ(v + h, t)− ρ(v, t)) + δ(v − vr)Ie(t)
Vth∫

Vth−h

ρ(v′, t)dv′. (4.11)

Hence, the complete model equation is

∂ρ

∂t
+

∂

∂v
(−1/τ(v − EL)ρ(v, t)) = Ie(t) (ρ(v − h, t)− ρ(v, t))

+Ii(t) (ρ(v + h, t)− ρ(v, t)) + δ(v − vr)r(t), EL ≤ v < Vth.

Ie/i(t) = Ie/io(t) + J

t∫
0

α(t′)r(t− t′)dt′ with latencies of synapses.

Ie/i(t) = Ie/io(t) + Jr(t) without latencies of synapses.

r(t) = Ie(t)

Vth∫
Vth−h

ρ(w, t)dw.

(4.12)

The initial and boundary conditions are given by

ρ(v, 0) = ρ0(v) ∈ C1(EL, Vth), ρ(Vth, t) = 0. (4.13)

The conservation property of the model equation can be easily checked by integrating

over the interval (EL, Vth) and using the condition ρ(Vth, t) = 0.

To solve such type of PDEs, the common approach is to first discretize the spatial variables

to get a semi-discrete method of a line of approximation. In this approach, the original
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PDE is reduced to the system of time-dependent ODE. Then the ODE system is solved

by some appropriate ODE solver. The next section presents a numerical scheme in the

same manner.

3 Numerical Approximation

This chapter introduces a numerical scheme for Eq. an(4.12) based on the finite volume

WENO approximation for the advection term as well as the source term. The time

evolution is done by SSP (strong stability preserving) 3rd-order Runge-Kutta method.

Consider Eq. (4.12) and rewrite it as follows

∂t(ρ(v, t)) = −∂v
(
−(v − EL)ρ(v, t)

τ

)
+ Ie(t) (ρ(v − h, t)− ρ(v, t))

+Ii(t) (ρ(v + h, t)− ρ(v, t)) + δ(v − vr)r(t). (4.14)

Discretize the domain [EL, Vth] into uniform grid cells Ij = [vj−1/2, vj+1/2], j = 1, . . . , N,

with step size ∆v = Vth−EL

N
in such a way so that the jump h contains in center of the

cell, say h = 1/2(vm−1/2 + vm+1/2), 1 ≤ m ≤ N. Let ρ̄j(t) = 1
∆v

vj+1/2∫
vj−1/2

ρ(v, t)dv denote the

approximation of the cell average of ρ(., t) over the jth grid cell Ij.

The finite volume method approximate the above equation in integral form,

d

dt
ρ̄j(t) = − 1

∆v

[
f(ρj+1/2, vj+1/2)− f(ρj−1/2, vj−1/2)

]
+

1

∆v

vj+1/2∫
vj−1/2

S(ρ, t).

d

dt
ρ̄j(t) ≈ −

1

∆v

[
f̂j+1/2 − f̂j−1/2

]
+ S̄j(t).

Here,

f(ρ, v) = −(v − EL)

τ
ρ(t, v) is the flux term and

S(ρ, t) = Ie(t) [ρ(v − h, t)− ρ(v, t)] + Ii(t) [ρ(v + h, t)− ρ(v, t)] + δ(v − vr)r(t)

is the source term.

In order to use upwinding for stability, replace f̂j+1/2 by F (ρ−j+1/2, ρ
+
j+1/2), where F (ρ−, ρ+)

is a monotone numerical flux. In this work, the flux term is linear, thus the choice of

WENO finite volume approximation is just a simple high order for the model equation.
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The simple and monotone numerical flux is

F (u, v) =
1

2
(f(u) + f(v)− a(v − u)) ,

where a = max |f ′(ρ, v)|. On the other side, S̄j(t) denotes the approximation of the cell

average of S(ρ, t).

The values ρ−j+1/2 and ρ+
j+1/2 are high order point-wise approximation to ρ(t, vj+1/2) at

the interface of jth cell determined by WENO reconstruction procedure.

WENO-FVM: In this scheme, the advection term of model equation is approximated

by a fifth-order conservative finite volume WENO scheme. Basically, WENO scheme was

developed for the hyperbolic conservation laws. This type of finite volume method is a

mixture of the high accuracy for the smooth part of the evolution and nice treatment of

possible steep fronts by locally weighting the best stencils. This chapter summarizes the

WENO finite volume approximation for the sake of completeness. The details about this

method can be found in [149–151].

Consider the stencils

S
(0)
j = {Ij, Ij+1, Ij+2}, S(1)

j = {Ij−1, Ij, Ij+1}, S(2)
j = {Ij, Ij+1, Ij+2}.

which produce 3-different reconstruction for ρ−j+1/2 and ρ+
j−1/2, as follows

ρ
(0)−
j+1/2 =

1

3
ρ̄j−2 −

7

6
ρ̄j−1 +

11

6
ρ̄j; ρ

(0)+
j−1/2 = −1

6
ρ̄j−2 +

5

6
ρ̄j−1 +

1

3
ρ̄j.

ρ
(1)−
j+1/2 = −1

6
ρ̄j−1 +

5

6
ρ̄j +

1

3
ρ̄j+1; ρ

(1)+
j−1/2 =

1

3
ρ̄j−1 +

5

6
ρ̄j −

1

6
ρ̄j+1.

ρ
(2)−
j+1/2 =

1

3
ρ̄j +

5

6
ρ̄j+1 −

1

6
ρ̄j+2; ρ

(2)+
j−1/2 =

11

6
ρ̄j −

7

6
ρ̄j+1 +

1

3
ρ̄j+2.

After the values ρ
(r),−
j+1/2 and ρ

(r),+
j−1/2, r = 0, 1, 2, are determined, take a convex combination

of these reconstructed values to obtain

ρ−j+1/2 =
2∑
r=0

ωrρ
(r)−
j+1/2;

2∑
r=0

ωr = 1, and ωr =
αr

2∑
m=0

αm

, αr =
γr

(ε+ βr)2
,

ρ+
j−1/2 =

2∑
r=0

ω̃rρ
(r)+
j−1/2;

2∑
r=0

ω̃r = 1, and ω̃r =
α̃r

2∑
m=0

α̃m

, α̃r =
γ̃r

(ε+ βr)2
, γ̃r = γ2−r,

where ωr, ω̃r ≥ 0 are non-linear weights and γr are linear weights whose values are given

by γ0 = 1
10
, γ1 = 6

10
, γ2 = 3

10
. The terms βr are the smoothness indicators of the stencil

S
(r)
j to measure the smoothness of the function ρ(v, t) in the stencil, while ε = 10−6 is just

a number to avoid the denominator to become zero. The values of smoothness indicators
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are given by

β0 =
13

12
(ρ̄j−2 − 2ρ̄j−1 + ρ̄j)

2 +
1

4
(ρ̄j−2 − 4ρ̄j−1 + 3ρ̄j)

2.

β1 =
13

12
(ρ̄j−1 − 2ρ̄j + ρ̄j+1)2 +

1

4
(ρ̄j−1 − ρ̄j+1)2.

β2 =
13

12
(ρ̄j − 2ρ̄j+1 + ρ̄j+2)2 +

1

4
(3ρ̄j − 4ρ̄j+1 + ρ̄j+2)2.

For the above scheme to be well defined, the ghost points are necessary at the boundary

points. In this work, the values at the ghost points are zero, i.e., ρnj = 0, j = −2,−1, N +

1, N + 2. The next step is to use numerical approximation for the flux function. In this

study, the local Lax-Friedrichs flux is used

f̂j+1/2 = F (ρ−j+1/2, ρ
+
j+1/2) =

1

2

[
f−j+1/2 + f+

j+1/2 − αj+1/2(ρ+
j+1/2 − ρ

−
j+1/2)

]
,

where

f±j+1/2 = −
(
vj+1/2 − EL

τ

)
ρ±j+1/2 and αj+1/2 =

∣∣∣∣vj+1/2 − EL
τ

∣∣∣∣ .
In the same manner, the remaining flux term f̂j−1/2 can be defined.

It remains to define the approximation of source term. The approximation of the integral

of source term is given by,

S̄j(t) ≈ Ie(t)[ρ̄j−m − ρ̄j] + Ii(t)[ρ̄j+m − ρ̄j] + r(t)
H(vj − vr)−H(vj−1 − vr)

∆v
,

where H(y) represents the Heaviside unit step function:

H(y) =

{
1 if y ≥ 0;

0 if otherwise.

The numerical approximations of synaptic input rates Ie(t) and Ii(t), in both cases, are

defined in the following manner

Case 1: With latency of synapses:

Ie/i(t) = Ie/io(t) + J

t∫
0

α(t′)r(t− t′)dt′ and r(t) = Ie(t)

Vth∫
Vth−h

ρ(w, t)dw.

Ie/i(t) = Ie/io(t) + J

t∫
0

α(t′)Ie(t− t′)
Vth∫

Vth−h

ρ(w, t− t′)dt′dw, 0 ≤ t′ ≤ t.

In particular, to discretized the excitation impulse rate Ie(t) at n-th time level:

Ie(tn) ≈ Ieo(tn) + J∆t∆v
n∑
k=0

α(tk)Ie(tn − tk)
N∑

i=N−m

ρn−ki , tn = n∆t.

where Ie(tn − tk) is the approximation of the excitation impulse rate Ie(t) at previous

time levels {(n − k)∆t, k = 0, 1, . . . , n} and the voltage of jump h consist in centre of
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m-th cell.

Ie(tn) = Ieo(tn) + J∆t∆vα(t0)Ie(tn)
N∑

i=N−m

ρni + J∆t∆v
n∑
k=1

N∑
i=N−m

α(tk)Ie(tn − tk)ρn−ki , t0 = 0,

Ie(tn) =

Ieo(tn) + J∆t∆v
n∑
k=1

N∑
i=N−m

α(tk)Ie(tn − tk)ρn−ki

1− J∆t∆vα(t0)
N∑

i=N−m
ρni

, (4.15)

and the corresponding firing rate

r(t) ≈ Ie(tn)∆v
N∑

i=N−m

ρni .

Similarly the inhibition impulse rate Ii(t), and the corresponding firing rate r(t), at n-th

time level is evaluated:

Ii(tn) = Iio(tn) + J∆t∆v
n∑
k=0

N∑
i=N−m

α(tk)Ie(tn − tk)ρn−ki , (4.16)

r(t) ≈ Ii(tn)∆v
N∑

i=N−m

ρni .

Case 2: Without latency of synapses:

Ie(t
n) = Ie,o(t

n) + JIe(t
n)

Vth∫
Vth−h

ρ(w, tn)dw ≈
Ine,o

1− J∆v
N∑

i=N−m
ρni

. (4.17)

Ii(t
n) = Ini,o + Jr(tn). (4.18)

TVD-3rd order RK. The evolution in time is done by the 3rd-order SSP Runge-Kutta

method.

ρ(1) = ρ(n) + ∆tL̃ (ρn, · , tn)

ρ(2) =
3

4
ρ(n) +

1

4
ρ(1) +

1

4
∆tL̃

(
ρ(1), · , tn + ∆t

)
ρ(n+1) =

1

3
ρn +

2

3
ρ(2) +

2

3
∆tL̃

(
ρ(2), · , tn + ∆t/2

)
.

Here L̃ is the numerical approximation of the flux and the source term, i.e.

L̃(ρ(v, t), v, t) ≈ − ∂

∂v
(f(ρ, v)) + S(ρ, t),

where ∆t is the time step. Here, an explicit time-stepping scheme is used, so ∆t is con-

ditioned on the following CFL restriction: ∆t ≤ CFL
∆v∥∥∥−(v−EL)
τ

∥∥∥
∞

. Since WENO-FVM

is high accurate approximation for the term L̃, the CFL condition does not yield re-

strictive time stepping. In the next section numerical experiments are considered for the

simulation of model equation.
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4 Numerical Simulation

This section introduces some test examples of the model introduced above. A comparison

between the proposed scheme and upwind finite difference scheme (proposed in [56, 71]

for similar type of model equation) are shown in this section. Moreover, the convergence

ratios are also evaluated. All these factors are a benchmark to validate the general

behavior of the model. In order to illustrate the performance of designed scheme, some

numerical experiments are performed. In the first numerical experiment, the following

type of initial condition is used

ρ0(v) = exp(−10(4v − 2)2). (4.19)

Choose the parameters and function (given in Eq.(4.12)) as τ = 1, vr = 0, Vth = 2, EL =

0, J = 0.5, h = 0.2, α(t) = exp(−t). The numerical result determined by the proposed

scheme at time level t = 1.0 is shown in Fig. 4.3. The same experiment is performed

by using upwind FDM scheme which was used in [56, 71]. In Fig. 4.3, there are two

curves: the blue solid curve corresponding to a WENO-FVM simulation and the red

dotted curve corresponds to a upwind FDM simulation. The upper left plot of Fig. 4.3

shows the influence of excitatory input rate which is taken constant in the simulation.

Since the population density becomes positive near the threshold level, and this positive

value leaves the domain and is reset to the resting potential, this phenomena can be seen

in all plots of Fig. 4.3, where a jump is present at the resting potential and it propagates

with jump size h. The corresponding firing rate of above experiment is shown in Fig. 4.4.

The validation of the proposed scheme is shown by the convergence result. Due to the

impulse reception rate (with/without latencies of synapses) the exact solution of model

equation is not available. To illustrate the performance of designed scheme, we will

compute ‖.‖1, ‖.‖2 and ‖.‖∞ error norms. The error norms are defined in the following

manner

‖.‖1 = ∆v
N∑
j=1

|(ρ∆v)j − (ρ∆v∗)j| , ‖.‖2 =

√√√√∆v
N∑
j=1

|(ρ∆v)j − (ρ∆v∗)j|2,

‖.‖∞ = max
j
|(ρ∆v)j − (ρ∆v∗)j| ,

where ρ∆v is the approximated solution with step size ∆v and ρ∆v∗ is the numerical

solution calculated from the finest grid with step size ∆v∗ = 1
640
. In this work, the

approach for error-norms is based on [134]. The order of accuracy is obtained from the

following ratio ‖ρ∆v − ρ∆v∗‖/‖ρ∆v/2 − ρ∆v∗‖. If the ratio approaching the number 2, 5

and 9, it would indicate the order of convergence 1, 2 and 3 respectively. The ‖.‖1, ‖.‖2
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Figure 4.3: The approximate solution of Eqs. (4.12)-(4.13) that represents the physical
phenomena of excitatory neuron population. Top left: external excitation input

Ie,o = 20 units. Top right: Ie,o = 40 units. Bottom left: Ie,o = 60 units. Bottom right:
Ie,o = 80 units. The representation of ρ is evaluated at time t = 1 unit with 100 grid

cells. The external inhibition input Ii,o = 5 unit is fixed for all subplots.

and ‖.‖∞ norms for ρ have been computed by WENO-FVM and upwind-FVM scheme

at time t=1.0 (see Tables 4.1-4.2). Table 4.1 shows that the proposed scheme is of order

3 in space for the considered problem while the upwind scheme is of order 1 in space.

The L1 error norm (‖.‖1) of ρ as a function of resolution for WENO-FVM (star line) and

upwind (triangle line) schemes are shown in Fig. 4.5. The result shows the advantages

of the proposed scheme over existing scheme in the literature.

The second numerical experiment is chosen to demonstrate the inhibitory phenomena.

In this experiment, the initial condition is chosen of the following type

ρ0(v) =
e−(v−h̄)2

2α2
, h̄ = 0.03 and α = 0.3h̄, (4.20)

and with the same parameters and function as defined in the first experiment. But in
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Figure 4.4: Firing rate r(t). Top left: external excitation input Ie,o = 20 units with
same initial data as described in Eq. (4.19) and external inhibition input Ii,o = 5 units.
Top right: Ie,o = 40 units. Bottom left: Ie,o = 60 units. Bottom right: Ie,o = 80 units.

this experiment, the frequency of inhibitory input rate increased instead of excitatory

input rate. Fig. 4.6 depicts that the neuron’s movement (jumps) is very slow compare

to the excitatory phenomena. The upper part of the simulation is done by WENO-FVM

scheme while lower part of the simulation is done by upwind scheme. The corresponding

firing rate of the inhibitory neuron population is displayed in Fig. 4.7.

4.1 Diffusion Approximation

In this subsection, we present the comparison between the model for a neuron population

with voltage jumps and it’s diffusion approximation for small values of h. For this purpose,

we remove the nonlocal terms, ρ(v − h, t), ρ(v + h, t), from model Eq. (4.12).

Assume that h is very small, then

ρ(v − h, t)− ρ(v, t) ≈ −h∂ρ(v, t)

∂v
+
h2

2

∂2ρ(v, t)

∂v2
,
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N ‖.‖1 r ‖.‖2 r ‖.‖∞ r
20 2.08e− 02 − 3.231e− 02 − 1.35e− 01 −
40 2.54e− 03 8.18 4.03e− 03 8.43 1.46e− 02 9.21
80 3.40e− 04 7.47 5.03e− 04 8.01 1.91e− 03 7.65
160 4.21e− 05 8.08 6.78e− 05 7.43 2.69e− 04 7.10

Table 4.1: Error norms of Experiment 1 using WENO-FVM at time t=1.0.

N ‖.‖1 r ‖.‖2 r ‖.‖∞ r
20 9.02e− 02 − 8.31e− 02 − 9.75e− 01 −
40 3.02e− 02 2.98 2.76e− 02 3.01 4.62e− 01 2.11
80 1.23e− 02 2.45 9.55e− 03 2.89 2.76e− 01 1.67
160 6.14e− 03 2.01 4.50e− 03 2.12 1.43e− 04 1.93

Table 4.2: Error norms of Experiment 1 using upwind FDM at time t=1.0.

ρ(v + h, t)− ρ(v, t) ≈ h
∂ρ(v, t)

∂v
+
h2

2

∂2ρ(v, t)

∂v2
,

Vth∫
vth−h

ρ(w, t)dw ≈ ρ(Vth, t)−
h

2

∂ρ(Vth, t)

∂v
= −h

2

∂ρ(Vth, t)

∂v
.

Putting these expressions in Eq. (4.12) and obtain

∂ρ(v, t)

∂t
+

∂

∂v

[
−(v − EL)

τ
+ h(Ie − Ii)

]
ρ(v, t)− h2

2
(Ie + Ii)

∂2ρ(v, t)

∂v2
= δ(v − vR)r(t).

Ie/i(t) = Ie/io(t) + J

t∫
0

α(u)r(t− u)du with conduction delay.

Ie/i(t) = Ie/io(t) + Jr(t) without conduction delay.

r(t) = Ie −
h

2

∂ρ(Vth, t)

∂v
.

For the simulation of diffusion approximation, Strang splitting scheme [168] based on

WENO-finite volume approximation is used. Figs. (4.8-4.9) display the results of diffusion

approximation corresponding to same data that are used for Figs. (4.3-4.4), respectively.

The results obtained from diffusion approximation removes the oscillation due to the

jump effect at low potential but nevertheless it provides a good simulation of excitatory

and inhibitory population neuron model.

Up to now, the impulse (excitatory/inhibitory) reception rate without latencies of synapses,

given in Eqs.(4.17)-(4.18), are taken for simulation.

We consider, the impulse (excitatory/inhibitory) reception rate with latencies of synapses

given in Eqs. (4.19)-(4.20). To see the effect of these terms, the same data has been used

as given in the first experiment except the domain. The results are displayed in Fig. 4.10.

Examination of Fig. 4.10 shows that the effect of latencies of synapses on the neuron’s
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Figure 4.5: ‖.‖1 of ρ as a function of resolution for Experiment 1.

firing is almost same as the case of without latencies of synapses.

5 Summary

In this chapter, the excitatory and inhibitory neuron population model has been studied.

Initiated with a leaky integrate-and-fire neuron model that describes the dynamics of a

single neuron and then with the help of population density approach, we derive a partial

differential equation for the whole population with or without latencies of synapses. The

resulting model equation is approximated by WENO-FVM and SSP Runge-Kutta scheme.

The numerical results revealed that the present scheme is an efficient, reliable, and of

high accuracy for simulating the dynamics of a population of excitatory and inhibitory

neurons. In order to validate the proposed scheme, some test examples are taken, which

are also solved using existing schemes of similar type of model equation [56, 71], and the

results are compared. The order of convergence revealed that the proposed scheme is

better than the existing scheme. Moreover, the comparison between the original model

and the model determined with the diffusion approximation have been shown.
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Figure 4.6: The approximate solution of Eq. (4.12) that represents the physical
phenomena of inhibitory neuron population. All plotted figures in upper part are made
by WENO-FVM approximation while lower plots are made by upwind scheme scheme.
The initial data (given in Eq. 4.20 ) with external excitation input rate Ie,o = 5 unit is

used for this figure. An external inhibitory input rate in first plot: Ii,o = 20 units.
Second plot: Ii,o = 40 units. Third plot: Ii,o = 60 units. Fourth plot: Ii,o = 80 units.
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Figure 4.7: Firing rate r(t). The graph displays the firing rate of inhibition
corresponding to the external inhibition inputs, Ii,o = 20, 40, 60, 80 units with same

initial data as described in Eq. (4.20). The upper part of the graph is done by
WENO-FVM while lower part is done by upwind scheme.
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Figure 4.8: The diffusion approximation for the excitatory neural networks phenomena.
The parameters and function are same as used for the simulation of Fig. chapter4:fig3.
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Figure 4.9: The diffusion approximation for the inhibitory neural networks phenomena.
The parameters and function are same as used for the simulation of Fig. chapter4:fig6 .
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Figure 4.10: The simulation of excitatory population neuron model under the influence
of excitatory reception rate Ie(t) in case of conduction delay.
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Chapter 5

Numerical Solver of Size Structured Neuron

Model 4

This chapter and subsequent chapter deals with the numerical study of structured popu-

lation dynamics where the structure leads to a partial differential equation. The current

chapter deals with the age size-structured neuron population model which characterizes

the evolution of the density of nerve cells that grow and divide. Two numerical schemes

based on finite volume method are used to find the approximate solution of governing par-

tial differential equation. The proposed numerical schemes are analyzed for consistency,

stability, and convergence. Some numerical examples are tested to show the performance

of designed schemes.

1 Introduction

Various mathematical models for biological neurons have been developed to represent

their biological activities. Size is usually a better physiological trait to structure nerve

cell populations. Consider the size-structured population density model
∂p(s, t)

∂t
+
∂(g(s)p(s, t))

∂s
+B(s)p(s, t) = 4B(2s)p(t, 2s), (s, t) ∈ R× R+

p(s = 0, t) = 0; p(0, s) = p0(s) ∈ L1(R+).

� Here p(s, t) denotes the population density of cells of size ‘s’ at time ‘t’.

� g(s) is the growth rate of individuals at size s.

� B(.) is the cell-division rate.

�

∂

∂s
g(s)p(s, t) represents the growth of nerve cells by using the external input.

� B(s) and B(2s) describe the division of cells of size 2s into two cells of size s.

4Santosh Kumar, Paramjeet Singh “Finite volume approximation for age size structured neuron model”, Differential
Equations and Dynamical Systems, 25 (02) , Springer, 251-265, (2017).
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This model appears in many areas, for example, in physics, it represents a fragmen-

tation (degradation) phenomenon in polymer, and in telecommunication, it describes

some internet protocols. Many variants of the above model are possible (see for example

[99, 169–176] and references therein).

The dynamics of above model is characterized by the total biomass, M(t) =
∞∫
0

sp(s, t)ds,

and the total number of cells N(t) =
∞∫
0

p(s, t)ds, which increase only by external input

cells and the division of cells, respectively. This chapter focuses only on the second case,

i.e., the number of cells increase due to the division of the cells. For this reason, we take

g(s) = 1 in the above equation
∂p(s, t)

∂t
+
∂p(s, t)

∂s
+B(s)p(s, t) = 4B(2s)p(t, 2s), (s, t) ∈ R× R+,

p(s = 0, t) = 0, p(0, s) = p0(s) ∈ L1(R+).

(5.1)

The above equation represents the size-structure of the population of nerve cells. The

analytical solution of governing equation cannot be easily calculated because the govern-

ing equation consists variable coefficients. Therefore, numerical schemes are usually used

to solve the governing equation. Here, numerical schemes are based on finite volume ap-

proximation, which are widely applicable to understand the behavior of model equation.

In the next section, numerical schemes are designed to solve the above Eq. (5.1).

2 Numerical Techniques

In this section, the numerical schemes based on finite volume of type upwind and Lax-

Wendroff are designed. Since the spatial domain of governing equation is infinite, thus the

actual domain is normalized into a finite domain, namely [a, b], to find the approximate

solution of Eq. (5.1).

Upwind Finite Volume Approximation: Discretize the spatial domain into grid cells/control

volumes,

D = ∪Nj=1(sj−1/2, sj+1/2), s1/2 = a, sN+1/2 = b, ∆s = sj+1/2 − sj−1/2,

sj =
1

2
(sj−1/2 + sj+1/2).

Rewrite Eq. (5.1) in standard form

∂tp(s, t) + ∂sf(p(s, t)) = S(p, s). (5.2)
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Here, f(p(s, t)) = p(s, t) is a flux function and S(p, s) is a source term. Integrating Eq.

(5.2) over any finite grid cell (sj− 1
2
, sj+ 1

2
), from time level tn to tn+1, we obtain

tn+1∫
tn

sj+1/2∫
sj−1/2

∂tp(s, t) ds dt+

tn+1∫
tn

sj+1/2∫
sj−1/2

∂sf(p(s, t)) ds dt =

tn+1∫
tn

sj+1/2∫
sj−1/2

S(p, s)ds dt,

and on using Fundamental Theorem of Calculus, we have
sj+1/2∫
sj−1/2

p(s, tn+1)ds−

sj+1/2∫
sj−1/2

p(s, tn)ds+

tn+1∫
tn

f(p(sj+1/2, t))dt−
tn+1∫
tn

f(p(sj−1/2, t))dt

= ∆t ∆s Snj .

We now define the approximate value of the cell average of p(s, t) over jth grid cell and

flux function over [tn.tn+1)

p̄nj =
1

∆s

∫ sj+1/2

sj−1/2

p(s, tn)ds, and F n
j+1/2 =

1

∆t

tn+1∫
tn

f(p(sj+1/2, t)) dt.

Dividing both sides of the above equation by ∆s, to obtain

∴ (p̄n+1
j − p̄nj )∆s+ (F n

j+ 1
2
− F n

j− 1
2
)∆t = ∆tS(p̄nj ).

=⇒ (p̄n+1
j − p̄nj )∆s+ (p̄nj − p̄nj−1)∆t = ∆tSnj .

=⇒ p̄n+1
j = p̄nj −

∆t

∆s
(p̄nj − p̄nj−1) + ∆tSnj . (5.3)

It can be clearly seen that this scheme is consistent and conservative.

Lax-Wendroff Finite Volume Approximation: The numerical flux in this approximation

is

F n
j+1/2 =

1

2
(p̄nj+1 + p̄nj )− 1

2
(p̄nj+1 − p̄nj ).

Thus the final approximation for Eq. (5.2) is

p̄n+1
j = p̄nj −

1

2

(
∆t

∆s

)
(p̄nj+1 − p̄nj−1) +

1

2

(
∆t

∆s

)2

(p̄nj−1 − 2p̄nj + p̄nj+1) + ∆tSnj . (5.4)

This scheme is also conservative and consistent for the given Eq. (5.2).
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3 Consistency, Stability and Convergence

This section focuses on the consistency, stability and convergence of the above schemes.

Consistency: A general explicit scheme can be written as An+1 = B(An). Where B(.)

represent the numerical operator which map the numerical solution at one time step to

the next time step. One step error is defined by B(An) − p̄n+1 and the local truncation

error is defined by

τn =
1

∆t
[B(An)− p̄n+1].

Upwind Scheme: The local truncation error for the upwind scheme is defined as

τn =
1

∆t

[
p(sj, tn)− ∆t

∆s
(p(sj, tn)− p(sj−1, tn)) + ∆tS(p(sj, tn))− p(sj, tn+1)

]
.

Expand p(sj−1, tn) and p(sj, tn+1) in Taylor series

τn =
1

∆t
[p(sj, tn)− ∆t

∆s

(
p(sj, tn)− [p(sj, tn)−∆sps(sj, tn) +

(∆s)2

2
pss(sj, tn) · · · ])

)
+ ∆tS(p(sj, tn))− p(sj, tn) + ∆tpt(sj, tn)− (∆t)2

2
ptt(sj, tn)].

Simplying and obtain

τn =
1

∆t

[
−∆tps(sj, tn)−∆tpt(sj, tn) + ∆t(S(pnj )) +

∆t∆s

2
pss(sj, tn)− (∆t)2

2
ptt(sj, tn)

]
.

τn =
1

∆t

[
0 +

∆t∆s

2
pss(sj, tn)− (∆t)2

2
ptt(sj, tn) +O(∆t)2

]
.

τn =
1

2
∆s

(
1− ∆t

∆s

)
pss(sj, tn) +O(∆t)2.

Thus τn → 0 as ∆s,∆t→ 0. Hence the given scheme is consistent with the given partial

differential Eq. (5.2).

The Lax-Wendroff Scheme: The local truncation error is defined as

τn =
1

∆t
[p(sj, tn)− 1

2

∆t

∆s
(p(sj+1, tn)− p(sj−1, tn))

+
1

2

(
∆t

∆s

)2

(p(sj−1, tn)− 2p(sj, tn) + p(sj+1, tn)) + ∆tS(pnj )− p(sj, tn+1)].

Expanding the terms the p(sj+1, tn), p(sj−1, tn), and p(sj, tn+1) in Taylor series, to

get

τn =
1

∆t

[
p(sj, tn)− 1

2

∆t

∆s

(
p(sj, tn) + ∆sps(sj, tn) +

(∆s)2

2
pss(sj, tn)

+
(∆s)3

6
psss(sj, tn) · · ·

)
− 1

2

∆t

∆s

(
−p(sj, tn) + ∆sps(sj, tn)− (∆s)2

2
pss(sj, tn)
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+
(∆s)3

6
psss(sj, tn)

)
+

1

2

(
∆t

∆s

)2

(p(sj, tn)−∆sps(sj, tn) +
(∆s)2

2
pss(sj, tn)

− (∆s)3

6
psss(sj, tn)− 2p(sj, tn) + p(sj, tn) + ∆sps(sj, tn) +

(∆s)2

2
pss(sj, tn)

+
(∆s)3

6
psss(sj, tn)) + ∆tS(p(sj, tn))− p(sj, tn)−∆tpt(sj, tn)− (∆t)2

2
ptt(sj, tn)

−(∆t)3

6
pttt(sj, tn) + · · ·

]
.

τn =
1

∆t

[
−∆t

∆s

(
∆sps(sj, tn) +

(∆s)3

6
psss(sj, tn)

)
+

(
∆t

∆s

)2(
(∆s)2

2
pss(sj, tn)

)
+∆tS(p(sj, tn))−∆tpt(Sj, tn)− (∆t)2

2
ptt(sj, tn)− (∆t)3

6
pttt(sj, tn) · · ·

]
.

τn =
1

∆t

[
−∆t

(
ps(sj, tn) +

(∆s)2

6
psss(sj, tn)

)
+

(∆t)2

2
pss(sj, tn)

+∆tS(p(sj, pn))−∆tpt(sj, pn)− (∆t)

2
ptt(sj, tn)− (∆t)2

6
pttt(sj, tn)

]
.

⇒τn = −(∆s)2

6
psss(sj, tn) +

∆t

2
pss(sj, tn)− ∆t

2
ptt(sj, tn)− (∆t)2

6
pttt(sj, tn).

Thus,

τn = −1

6
(∆s)2

(
1−

(
∆t

∆s

)2
)
psss(xs, tn) +O(∆t)3.

Hence, τn → 0 as ∆s→ 0, ∆t→ 0. Hence the scheme is consistent.

Remark. Since the Lax-Wendroff method is second-order accurate and the dominant

term depends on the third derivative of p, whereas the upwind are first order accurate

with dominant error depending on the second derivative of p.

Stability. Next step is to discuss the stability of an upwind approximation and Lax-

Wendroff approximation in the l1−norm under the time step restriction.

Theorem 3.1. Under the condition k∆t < 1 (k is the Lipschitz constant), the upwind

and Lax-Wendroff schemes satisfy the following inequality

‖pn+1‖1 ≤ C‖pn‖.

Proof. Since the upwind scheme for Eq. (5.1) is

p̄n+1
j = p̄nj −

∆t

∆s
(p̄nj − p̄nj−1) + ∆tS(p̄nj ) =

(
1− ∆t

∆s

)
pnj +

∆t

∆s
pnj−1 + ∆tS(pnj ).

‖p̄n+1‖L1 = ∆s
∑
j

|p̄n+1
j | = ∆s

∑
j

∣∣∣∣(1− ∆t

∆s

)
p̄nj +

∆t

∆s
p̄nj−1 + ∆tSnj

∣∣∣∣ ,
≤
(

1− ∆t

∆s

)
∆s
∑
j

|p̄nj |+
∆t

∆s
∆s
∑
j

|p̄nj−1|+ ∆t∆s
∑
j

|Snj |,
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≤
(

1− ∆t

∆s

)
‖p̄n‖L1 +

∆t

∆s
‖p̄n‖L1 + k∆t‖p̄n‖L1 ≤ ‖p̄n‖L1 + ‖p̄n‖L1 ,

= C‖p̄n‖L1 .

Hence the inequality is proved for the upwind approximation.

Since the Lax-wendroff approximation for Eq. (5.1) is

p̄n+1
j = p̄nj −

1

2

(
∆t

∆s

)
(p̄nj+1 − p̄nj−1) +

1

2

(
∆t

∆s

)2

(p̄nj−1 − 2p̄nj + p̄nj+1) + ∆tSnj .

‖p̄n+1‖L1 = ∆s
∑
j

|p̄n+1
j | = ∆s

∑
j

∣∣∣∣∣p̄nj − 1

2

(
∆t

∆s

)
p̄nj+1 +

1

2

(
∆t

∆s

)
p̄nj−1 +

1

2

(
∆t

∆s

)2

p̄nj−1,

−
(

∆t

∆s

)2

p̄nj +
1

2

(
∆t

∆s

)2

p̄nj+1 + ∆tSnj

∣∣∣∣∣,
= ∆s

∑
j

∣∣∣∣∣
(

1−
(

∆t

∆s

)2
)
p̄nj +

1

2

∆t

∆s

(
1 +

∆t

∆s

)
p̄nj−1 −

1

2

∆t

∆s

(
1− ∆t

∆s

)
p̄nj+1,

+ ∆tSnj

∣∣∣∣∣,
≤

(
1−

(
∆t

∆s

)2
)

∆s
∑
j

|p̄nj |+
1

2

∆t

∆s

(
1 +

∆t

∆s

)
∆s
∑
j

|p̄nj−1| −
1

2

∆t

∆s

(
1− ∆t

∆s

)
∑
j

|p̄nj+1|+ ∆t∆s
∑
j

|Snj |,

≤

(
1−

(
∆t

∆s

)2
)
‖p̄n‖L1 +

1

2

∆t

∆s

(
1 +

∆t

∆s

)
‖p̄n‖L1 − 1

2

∆t

∆s

(
1− ∆t

∆s

)
‖p̄n‖L1

+ k∆t‖p̄n‖L1 ,

=

(
2 +

1

2

(
∆t

∆s

)2
)
‖p̄n‖L1 ≤ C ′‖p̄n‖L1 , since k∆t < 1, 0 ≤ ∆t

∆s
≤ 1.

Because both the schemes (upwind and Lax-wendroff) are consistent and stable, hence,

they are convergent (by Lax-Equivalence theorem).

In the subsequent section, we take some applications of the above model problem.

4 Numerical Experiments

In this section, some numerical experiments are presented to show the performance of

the developed schemes. Since exact solution of the governing equation is not available,

so errors are calculated through refining the grids. Using the half mesh principle, the
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absolute error is defined as

Abs Er = max
s∈DN

|pNj − p2N
j |,

where pNj and p2N
j are computed solutions by taking N and 2N grid cells, respectively.

Example 1. Consider Eq. (5.1) and assume that the cell-division rate is constant,

i.e., B(s) = 1.

Initial and boundary conditions are given by

p0(s) = e−10(4s−1)2 , p(s, 0) = 0, s ∈ [−δ, 0] ∪ [2, 2 + δ].

The numerical solution p(s, t) otained by upwind finite volume approximation at time

Figure 5.1: Numerical solution p(s, t) of Example 1 at different time level by upwind
scheme.

point t = 0.5, t = 1.0 and t = 1.5 are shown in Fig. 5.1, where time step ∆t = 0.1 and

space step ∆v = 0.2. We notice from Fig. 5.1, as time increases the impulse size gradually

decreases and move towards on the right side.

The numerical solution p(s, t) generated by Lax-Wendroff finite volume approximation

at different time level t = 0.5, t = 1.0 and t = 1.5 are displayed in Fig. 5.2. The time-step

and mesh-step are same as taken in the simulation of an upwind scheme. In Fig. 5.2, as

time increases the impulse size remains same. From Fig. 5.3, it is clear that as time
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The Maximum Absolute Error
∆t ↓ ∆s→ 1/200 1/400 1/800 1/1600
∆s/2 0.054246 0.027123 0.013561 0.006781
∆s/4 0.027155 0.013578 0.006789 0.003394
∆s/8 0.013564 0.006782 0.003391 0.001695
∆s/16 0.006782 0.003391 0.001695 0.000848

Table 5.1: Error table of Example 1 based on the upwind scheme.

Figure 5.2: Numerical solution p(s, t) of Example 1 at different time steps by
Lax-Wendroff method.

increases the impulse size remains same in case of Lax-Wendroff approximation, on the

other side (upwind approximation), the size of impulse decreases.

Example 2. Consider Eq. (5.1) with coefficient B(s) = sin s.

Initial and boundary conditions are given by

p0(s) = e−10(5s−3)2 , p(s, 0) = 0, s ∈ [−δ, 0] ∪ [2, 2 + δ].

The numerical simulation determined by upwind finite volume approximation at different

time step t = 0.5, t = 1.0 and t = 1.5 are depicted in Fig. 5.4, where the size of time-step

∆t = 0.1 and mesh-size ∆v = 0.2. From Fig. 5.4, we observe that, as time increases the

impulse size decreases.

The approximate solution p(s, t) determined by Lax-Wendroff finite volume approxima-

tion at different time levels t = 0.5, t = 1.0 and t = 1.5 are displayed in Fig. 5.5. The
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The Maximum Absolute Error
∆t ↓ ∆s→ 1/200 1/400 1/800 1/1600
∆s/2 0.055536 0.027368 0.013620 0.006794
∆s/4 0.027272 0.013592 0.006792 0.003395
∆s/8 0.013581 0.006785 0.003392 0.001696
∆s/16 0.006784 0.003391 0.001695 0.000848

Table 5.2: Error table of Example 1 determined by Lax-Wendroff scheme.

Figure 5.3: Comparison of numerical solution p(s, t) between upwind and Lax-Wendroff
approximations at different time levels.

comparison between numerical results obtained by upwind and Lax-Wendroff schemes

are shown in Fig. 5.6.

Example 3. Consider Eq. (5.1) with parameter B(s) = sin s+ cos s.

Initial and boundary conditions are given by

p0(s) = e−10(12s−3)2/5, p(s, 0) = 0, s ∈ [−δ, 0] ∪ [2, 2 + δ].

The numerical solution p(s, t) obtained by upwind finite volume approximation at differ-

ent time level t = 0.5, t = 1.0 and t = 1.5 are given in Fig. 5.7. The numerical solution

p(s, t) engendered by Lax-Wendroff finite volume approximation at different time level

t = 0.5, t = 1.0 and t = 1.5 are shown in Fig. 5.8.

Figure 5.9 shows that as time increases the impulse size remains same in case of Lax-

Wendroff approximation, whereas in upwind approximation, impulse size decreases.
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Figure 5.4: Numerical solution p(s, t) of Example 2 at different times obtained by
upwind scheme.

The Maximum Absolute Error
∆t ↓ ∆s→ 1/200 1/400 1/800 1/1600
∆s/2 0.090845 0.045423 0.022711 0.011356
∆s/4 0.054467 0.027234 0.013617 0.006808
∆s/8 0.026910 0.013455 0.006727 0.003364
∆s/16 0.013843 0.006921 0.003461 0.001730

Table 5.3: Error table of Example 2 determined by upwind scheme.

5 Summary

This chapter presented a numerical solution of the governing equation by using two dif-

ferent schemes. The governing equation is associated with the age-structured neuron

model. Numerical construction mainly relies on the construction of upwind and Lax-

wendroff finite volume approximations. The consistency, stability, and convergence for

above schemes are discussed. A number of numerical examples are carried out in the

support of the proposed theory. Finally, the half meshing error table demonstrate the

fact that the methods are convergent in space and time.
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Figure 5.5: Numerical solution p(s, t) of Example 2 at different times determined by
Lax-Wendroff Scheme.

The Maximum Absolute Error
∆t ↓ ∆s→ 1/200 1/400 1/800 1/1600
∆s/2 0.097694 0.046788 0.022880 0.011313
∆s/4 0.053130 0.026899 0.013533 0.006787
∆s/8 0.026753 0.013416 0.006718 0.003361
∆s/16 0.013714 0.006889 0.003453 0.001728

Table 5.4: Error table of Example 2 determined by Lax-Wendroff scheme.

The Maximum Absolute Error
∆t ↓ ∆s→ 1/200 1/400 1/800 1/1600
∆s/2 0.107050 0.053525 0.026763 0.013381
∆s/4 0.046732 0.023366 0.011683 0.005841
∆s/8 0.027477 0.013738 0.006869 0.003435
∆s/16 0.014262 0.007131 0.003565 0.001783

Table 5.5: Error table for Example 3 based on the upwind finite volume approximation.

The Maximum Absolute Error
∆t ↓ ∆s→ 1/200 1/400 1/800 1/1600
∆s/2 0.099030 0.051522 0.026263 0.013257
∆s/4 0.047903 0.023434 0.011700 0.005846
∆s/8 0.027410 0.013722 0.006865 0.003434
∆s/16 0.014122 0.007096 0.003557 0.001781

Table 5.6: Error table of Example 3 based on the Lax-Wendroff finite volume
approximation.
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Figure 5.6: Comparison of numerical results p(s, t) obtained by upwind and
Lax-Wendroff finite volume approximations of Example 2 at different time levels.

Figure 5.7: Numerical solution p(s, t) of Example 3 at different times by the upwind
scheme.
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Figure 5.8: Numerical solution p(s, t) of Example 3 at different times determined by
Lax-Wendroff.

Figure 5.9: Comparison of numerical solution p(s, t) between upwind and Lax-Wendroff
approximations of Example 3 at different time steps.
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Chapter 6

IMEX-WENO Finite Volume Approximation

for Nonlinear Age-Structured Population Model
5

1 Introduction

The mathematical study of age-structured populations play a major role in population

dynamics. The population of human, plant, and animal are all age-structured. Age is an

intrinsic and main argument of structuring a population. Many of the internal variables

depend on the age because the difference in ages means the difference in reproduction,

the difference in survival capacities, and different behaviours. Earlier these studies were

restricted to the demography, but nowadays its mathematical theory is very useful for

modelling of cancer, neuron, ecological system, epidemiology and many other fields, see

[84, 95, 98, 117, 120, 177].

Lotka and McKendrick introduced the first linear age-structured population model that

supports exponential solution [79, 178] which was later extended for non-linear models by

Gurtin and MacCamy [84]. The authors formed the nonlinear form by using the fertility

and mortality factors which are dependent on total population size. During the last two

decades, a number of authors [91, 96, 98, 177, 179, 180] produced different algorithms

to solve such type of population model equations. For the simplification of mathemat-

ical analysis, many models presumed that the mortality rate and other parameters are

bounded which lead to the possibility of immortality. There are some models which im-

pose a maximum age factor that cannot be reached, and must require that the mortality

rate becomes unbounded at that age [90, 181, 182].

It is known that, when the maximum age is infinite, the solution is smooth and its deriva-

tives are bounded if certain compatibility conditions are satisfied [84]. On the other hand,

when the maximum age is finite, the solution may be stiff, depending on the mortality

function, even if all compatibility conditions are satisfied. In that situation, most of the

5Santosh Kumar and Paramjeet Singh “High-order IMEX-WENO finite volume approximation for nonlinear age-
structured population model”, International Journal of Computer Mathematics, 95 (01),Taylor & Francis, 82-97, (2018).
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numerical methods existing in the literature does not work well near the maximum age.

A linear model with finite maximum age can produce quantitatively good results of popu-

lation dynamics for short period of advanced ages. However, a nonlinear model with finite

maximum age provides qualitative as well as the quantitative study of population dynam-

ics. Therefore, in the next section, we consider an age-structured population model in

which all human beings have a finite maximum age. Further, we assume that the fertility

and mortality factors depend on the age, seasonality and external resources in which in-

trinsic mortality is unbounded. The main objective of the numerical scheme for such type

of population models is to form the projections of population growth for the future time.

In order to see the long-term simulations in case of stiff type source term, the choice of ap-

propriate higher-order methods would be desirable and, thus (implicit-explicit weighted

essentially non-oscillatory) IMEX-WENO finite volume method is a good choice for such

type of equations. Moreover, our scheme is suitable to the different types of mortality

functions which are used in population modeling. There are other high-order schemes

available in literature for solving the governing equation given in [116, 183–185]. These

schemes become complicated to implement due to the stiff source terms and non-local

functionality. Iannelli and Milner [98] concluded that the standard lower order numerical

methods are not suitable for population model equation.

2 Model

We first consider the evolution of a population age density of classical model, given

by

∂ρ

∂t
+
∂ρ

∂a
= −µ (a,P(t)) ρ(a, t), a ≥ 0, t ≥ 0,

B(t) = ρ(0, t) =

∞∫
0

β(a,P(t))ρ(a, t), (6.1)

ρ(a, 0) = ρ0(a),

P(t) =

∞∫
0

ρ(a, t)da,

where P(t) is the total population at time t and ρ(a, t) is the population age density at

time t. Here, µ(a) is age-specific mortality rate (i.e. death rate of a population whose

age lies in the interval [a, a + da] in one-time unit), therefore µ(a,P(t)) represents the

total number of death rate at time t. Similarly, β(a) is the age-specific fertility rate (i.e.

number of new born produced by the single individual whose age lies in [a, a + da]).
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Therefore β(a,P(t)) represent the total reproduction rate. Finally, ρ0(.) represents the

initial size of the population.

In this chapter, we consider all aspects of mortality rate and write it in the separable

form and thus mortality rate is

m(a) + ξ(a, Iξ(a, t), t). (6.2)

Here, the function m(a) denotes the unbounded intrinsic mortality and ξ(a, Iξ(a, t), t)

represents the external mortality that includes seasonality t and external resources, and

depend on the non-local functionality

Iξ(a, t) = τ

a∫
0

γξ(x)ρ(x, t)dx+

amax∫
a

γξ(x)ρ(x, t)dx, (6.3)

for some given function γξ(.) and 0 ≤ τ < 1.

Similarly, we also consider all factors of fertility rate that depend on the external resources,

i.e., η(a, Iη(a, t), t). The non-local function Iη(a, t) is defined in the same way as given in

Eq. (6.3).

Further, from Eq.(6.1), we see that the maximum age was infinite, but in real situation

this is not possible, because the population cannot be immortal. Thus, we consider a

finite maximum age.

Finally, we have a complete model equation

∂ρ

∂t
+
∂ρ

∂a
= − (m(a) + ξ(a, Iξ(a, t), t)) ρ(a, t), 0 < a < amax, 0 < t < Tmax,

B(t) = ρ(0, t) =
amax∫

0

η(a, Iη(a, t), t)ρ(a, t)da,

ρ(a, 0) = ρ0(a), 0 ≤ a ≤ amax

Is(a, t) = τ
a∫
0

γs(x)ρ(x, t)dx+
amax∫
a

γs(x)ρ(x, t)dx, s = ξ, η.

(6.4)

The non-local function Is(a, t) depends on population age density ρ in a global way which

complicates the construction of higher-order WENO approximation. We point out that

the external mortality ξ and fertility rate η depend globally on the population age density

ρ, therefore, the modeling equation is highly nonlinear. Another difficulty is the presence

of the stiff type of mortality rate m(a) in the model equation. Due to this, the model

equation may have discontinuous solution. Therefore, we design a numerical scheme

in such a way which maintains high order accuracy in smooth regions and have sharp

monotone discontinuity transition. Next, we present some hypothesis on the coefficients

of model equation

� γs ∈ C2([0, amax]).

� m ∈ C2 ([0, amax)) > 0 and
amax∫

0

m(y)dy =∞.
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� ξ and η are non-negative, twice continuously differentiable functions and bounded

by some constant.

� ρ0(.) ∈ C2([0, amax]) is non-negative and satisfy the zero-order compatibility condi-

tion ρ0(0) =
amax∫

0

η(a, Iη(0), 0)ρ0(a)da.

3 Numerical Approximation

We design a numerical scheme based on the method of lines in which the spatial dis-

cretization is done using WENO5 approximation and temporal discretization is done by

IMEX Runge-Kutta method.

Consider Eq. (6.4) and write it in standard form as

∂tρ(a, t) = −∂af(ρ(a, t)) + Ŝ(ρ, a, t), (6.5)

where

� f(ρ(a, t)) = ρ(a, t) is flux function,

� Ŝ(ρ, a, t) = − (m(a) + ξ(a, Iξ(a, t), t)) ρ(a, t) is source term.

Since the natural mortality is unbounded which creates difficulty for a numerical ap-

proximation. Therefore, we consider an intermediate value a∗ ∈ (0, amax) such that natu-

ral mortality m(a) is bounded in the interval [0, a∗] and for the later age a∗ ≤ a ≤ amax,

we define the mortality by the following function g(a) = exp(
a∫
a∗

m(y)dy), a∗ ≤ a ≤ amax,

g(amax) =∞. We discretize the domain [0, amax] into N + 1 grid cells I0 = [0, a1/2], Ij =

[aj−1/2, aj+1/2], j = 1, . . . , N − 1, IN = [aN−1/2, amax] in such a way that the point a∗

become the center point of the intermediate grid cell, say M -th grid cell, with uniform

step size ∆a = aM+1/2 − aM−1/2. Note that, aj = 1
2
(aj+1/2 + aj−1/2) is the middle point

of the jth cell.

The cell average of the unknown function is given by

ρ̄(., t) =
1

∆a

aj+1/2∫
aj−1/2

ρ(a, t)da.

Integrating Eq.(6.5) over the jth grid cell, one obtains

d

dt
ρ̄j(., t) = − 1

∆a

[
f̂j+1/2 − f̂j−1/2

]
+

1

∆a
Ŝ∗j , j = 1, 2, . . . , N, (6.6)

where f̂j±1/2 = f(ρ(aj−1/2, t) is the numerical flux, and Ŝ∗j is the approximation of cell

average of source term.

In order to carry out upwinding for stability, we replace f̂j+1/2 = F̂(ρ−j+1/2, ρ
+
j+1/2), where
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F̂(ρ−, ρ+) is a monotone numerical flux. The modified version of Eq.(6.6) is

d

dt
ρ̄j(., t) ≡ −

1

∆a

[
F̂(ρ−j+1/2, ρ

+
j+1/2)− F̂(ρ−j−1/2, ρ

+
j−1/2)

]
+ Ŝ∗j .

We now choose the numerical flux in such a way so that it must be consistent with the

original flux term f(ρ(a, t)). There are many choices for such type of fluxes. Here, we

choose the simplest and inexpensive, Lax-Friedrichs formulation. The flux expression we

use is:

F̂(ρ−j+1/2, ρ
+
j+1/2) =

1

2

[
F(ρ−j+1/2) + F(ρ+

j+1/2)− ζ
(
ρ+
j+1/2 − ρ

−
j+1/2

)]
,

ζ = max |f ′(ρ(a, t))|. Here, the values ρ±j+1/2 and ρ±j−1/2 are high order point-wise approx-

imation determined by WENO reconstruction procedure. We here provide a review of

WENO reconstruction procedure for the sake of completeness.

Firstly, we calculate the smoothness indicators βi, i = 0, 1, 2, corresponding to the ith

stencil as given in [147, 150].

β+
i =

r∑
k=1

aj+1/2∫
aj−1/2

(
∂kIi(a)

∂ak

)
da ∆a2m−1, i = 0, 1, 2,

where Ii(a) is 3rd-order interpolating polynomial corresponding to the cells Ij+i−2, Ij+i−1, Ij+i.

A simple calculation reveals for 2 ≤ j ≤ N − 2,

β+
0 =

13

12
(ρ̄j−2 − 2ρ̄j−1 + ρ̄j)

2 +
1

4
(ρ̄j−2 − 4ρ̄j−1 + 3ρ̄j)

2,

β+
1 =

13

12
(ρ̄j−1 − 2ρ̄j + ρ̄j+1)2 +

1

4
(ρ̄j−1 − ρ̄j+1)2,

β+
2 =

13

12
(ρ̄j − 2ρ̄j+1 + ρ̄j+2)2 +

1

4
(3ρ̄j − 4ρ̄j+1 + ρ̄j+2)2.

The corresponding linear weights are

γ0 =
1

10
, γ1 =

6

10
, γ2 =

3

10
.

We now define the non-linear ENO stencil weights

α+
r =

γr
(ε+ β+

r )2
, r = 0, 1, 2,

where ε is a small positive number to avoid the denominator to become zero. For numer-

ical simulation we take ε = 10−6. To obtain the WENO stencil weights, we take a convex

combination of ENO stencil weights

ω+
r =

α+
r

2∑
m=0

α+
m

,
2∑
r=0

ω+
r = 1.
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Therefore, the corresponding numerical flux for WENO5 is defined as

ρ−j+1/2 = ω+
0

(
1

3
ρ̄j−2 −

7

6
ρ̄j−1 +

11

6
ρ̄j

)
+ ω+

1

(
−1

6
ρ̄j−1 +

5

6
ρ̄j +

1

3
ρ̄j+1

)
+ω+

2

(
1

3
ρ̄j +

5

6
ρ̄j+1 −

1

6
ρ̄j+2

)
, 2 ≤ j ≤ N − 2.

We can compute the value of ρ+
j−1/2 in symmetric way. For j = 0, 1, we can use smooth-

ness indicators and WENO stencil weights for the fluxes. Our computational experience

shows that the use of linear weights for these two cells give better results which are shown

in numerical experiments. Thus

f̂+
1/2 = γ0

(
1

3
ρ̄0 +

5

6
ρ̄1 −

1

6
ρ̄2

)
+ γ1

(
11

6
ρ̄1 −

7

6
ρ̄2 +

1

3
ρ̄3

)
+ γ2

(
13

3
ρ̄2 −

31

6
ρ̄3 +

11

6
ρ̄4

)
f̂+
3/2 = γ0

(
−1

6
ρ̄0 +

5

6
ρ̄1 +

1

3
ρ̄2

)
+ γ1

(
1

3
ρ̄1 +

5

6
ρ̄2 −

1

6
ρ̄3

)
+ γ2

(
11

6
ρ̄2 −

7

6
ρ̄3 +

1

3
ρ̄4

)
.

For the two cells of right boundary, we need the smoothness indicator and WENO stencil

weights. Thus for j = N − 1, smoothness indicator functions are given by

β+
0 =

10

3
ρ̄2
N−4 +

61

3
ρ̄2
N−3 +

22

3
ρ̄2
N−2 −

49

3
ρ̄N−4ρ̄N−3 +

29

3
ρ̄N−4ρ̄N−2 −

73

3
ρ̄N−3ρ̄N−2,

β+
1 =

4

3
ρ̄2
N−3 +

25

3
ρ̄2
N−2 +

10

3
ρ̄2
N−1 −

19

3
ρ̄N−3ρ̄N−2 +

11

3
ρ̄N−3ρ̄N−1 −

31

3
ρ̄N−2ρ̄N−1,

β+
2 =

4

3
ρ̄2
N−2 +

13

3
ρ̄2
N−1 +

4

3
ρ̄2
N −

13

3
ρ̄N−2ρ̄N−1 +

5

3
ρ̄N−2ρ̄N −

13

3
ρ̄N−1ρ̄N .

The corresponding linear weights are

γ0 =
−3

110
, γ1 =

47

110
, γ2 =

3

15
.

The smoothness indicator functions for j = N,

β+
0 =

22

3
ρ̄2
N−4 +

121

3
ρ̄2
N−3 +

40

3
ρ̄2
N−2 −

103

3
ρ̄N−4ρ̄N−3 +

59

3
ρ̄N−4ρ̄N−2 −

139

3
ρ̄N−3ρ̄N−2,

β+
1 =

10

3
ρ̄2
N−3 +

61

3
ρ̄2
N−2 +

22

3
ρ̄2
N−1 −

49

3
ρ̄N−3ρ̄N−2 +

29

3
ρ̄N−3ρ̄N−1 −

73

3
ρ̄N−2ρ̄N−1,

β+
2 =

4

3
ρ̄2
N−2 +

25

3
ρ̄2
N−1 +

10

3
ρ̄2
N −

19

3
ρ̄N−2ρ̄N−1 +

11

3
ρ̄N−2ρ̄N −

31

3
ρ̄N−1ρ̄N .

The corresponding linear weights are

γ0 =
3

65
, γ1 =

−417

1430
, γ2 =

137

110
.

We notice that the linear weights corresponding to (N − 1)th and Nth cells are negative.

We avoid these negative linear weights by splitting into two linear weights. To do so, we
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follow a procedure as defined in [186]. For (N − 1)th cell

γ̃+
i =

1

2
(γi + θ|γi|), where θ = 3, γ̃−i = γ̃+

i − γi, i = 0, 1, 2.

γ̃+
0 =

3

110
, γ̃+

1 =
94

110
, γ̃+

2 =
6

5
,

γ̃−0 =
6

110
, γ̃−1 =

47

110
, γ̃−2 =

3

5
.

We now scale these factors as

γ±i =
γ̃±i
z±1
, where z+

1 =
∑

γ̃+
i =

229

110
, z−1 =

∑
γ̃−i =

119

110
,

=⇒ γ+
0 =

3

229
, γ+

1 =
94

229
, γ+

3 =
132

229
,

and γ−0 =
6

119
, γ−1 =

47

119
, γ−2 =

66

119
.

The corresponding non-linear weights are

ω̃±r =
α̃±r

2∑
m=0

α̃±r

, α̃±r =
γ±r

(ε+ β+
r )2

, r = 0, 1, 2. (6.7)

Now, we have two polynomials corresponding to J = N − 1

f̃+
N−1/2 =ω̃+

0

(
11

6
ρ̄N−4 −

31

6
ρ̄N−3 +

13

3
ρ̄N−2

)
+ ω̃+

1

(
1

3
ρ̄N−3 −

7

6
ρ̄N−2 +

11

6
ρ̄N−1

)
+ ω̃+

2

(
−1

6
ρ̄N−2 +

5

6
ρ̄N−1 +

1

3
ρ̄N

)
.

f̃−N−1/2 =ω̃−0

(
11

6
ρ̄N−4 −

31

6
ρ̄N−3 +

13

3
ρ̄N−2

)
+ ω̃−1

(
1

3
ρ̄N−3 −

7

6
ρ̄N−2 +

11

6
ρ̄N−1

)
+ ω̃−2

(
−1

6
ρ̄N−2 +

5

6
ρ̄N−1 +

1

3
ρ̄N

)
.

Therefore, the corresponding numerical flux is defined as

f̂+
N−1/2 = z+

1 f̃+
N−1/2 − z

−
1 f̃−N−1/2.

Similarly, we can find the new linear weights corresponding to the last cell for j = N,

γ̃+
0 =

132

4111
, γ̃+

1 =
417

4111
, γ̃+

2 =
3562

4111
, z+

1 =
4111

1430
,

γ̃−0 =
66

2681
, γ̃−1 =

834

2681
, γ̃−2 =

1781

2681
, z−1 =

2681

1430
.
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f̃+
N+1/2 =ω̃+

0

(
13

3
ρ̄N−4 −

67

6
ρ̄N−3 +

47

6
ρ̄N−2

)
+ ω̃+

1

(
11

6
ρ̄N−3 −

31

6
ρ̄N−2 +

13

3
ρ̄N−1

)
+ω̃+

2

(
1

3
ρ̄N−2 −

7

6
ρ̄N−1 +

11

6
ρ̄N

)
,

f̃−N+1/2 =ω̃−0

(
13

3
ρ̄N−4 −

67

6
ρ̄N−3 +

47

6
ρ̄N−2

)
+ ω̃−1

(
11

6
ρ̄N−3 −

31

6
ρ̄N−2 +

13

3
ρ̄N−1

)
+ ω̃−2

(
1

3
ρ̄N−2 −

7

6
ρ̄N−1 +

11

6
ρ̄N

)
,

where ω̃±r are WENO stencil weights and defined in the same way as given in Eq.(6.7).

Thus

f̂+
N+1/2 = z+

1 f̃+
N+1/2 − z

−
1 f̃−N+1/2.

We now evaluate the left boundary condition by a fifth-order approximation

ρ̄0 = ∆a
∑̂N

i=j
ηj ρ̄j, ηj = η(aj, Iηj , .), Iηj = Iη(aj, .) (6.8)

Here, the summation
∑̂

is defined as∑̂l

i=k
Vj =

251

720
Vk +

299

240
Vk+1 +

211

240
Vk+2 +

739

720
Vk+3 +

739

720
Vl−3

+
211

240
Vl−2 +

299

240
Vl−1 +

251

720
Vl +

l−4∑
i=k+4

Vi, for l − k ≥ 7. (6.9)

Further, we calculate the non-local function Isj in the following way

Isj = I1 + τ∆a
∑̂j

i=1
γsi ρ̄i + ∆a

∑̂N

i=j
γsi ρ̄i, s = η, ξ, 8 ≤ j ≤ N − 7,

where I1 = ∆a

(
55

24
γs1 ρ̄1 −

59

24
γs2 ρ̄2 +

37

24
γs3 ρ̄3 −

9

24
γs4 ρ̄4

)
is the integral approximation

over first interval which avoids the use of ρ0. The remaining values of non-local functions

are given by

Is0 = I1 + ∆a
∑̂N

i=1
γsi ρ̄i, Is1 = τI1 + ∆a

∑̂N

i=1
γsi ρ̄i, IsN = τ Is0 ,

Is2 = τ∆a

(
8

3
γs1ρ̄1 −

5

3
γs2ρ̄2 +

4

3
γs3ρ̄3 −

1

3
γs4ρ̄4

)
+ ∆a

∑̂N

i=2
γsi ρ̄i,

Is3 = τ∆a

(
21

8
γs1ρ̄1 −

9

8
γs2ρ̄2 +

15

8
γs3ρ̄3 −

3

8
γs4ρ̄4

)
+ ∆a

∑̂N

i=3
γsi ρ̄i,

Is4 = τ∆a

(
21

8
γs1ρ̄1 −

7

6
γs2ρ̄2 +

29

12
γs3ρ̄3 +

1

6
γs4ρ̄4 −

1

24
γs5ρ̄5

)
+ ∆a

∑̂N

i=4
γsi ρ̄i
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Is5 = τ∆a
(21

8
γs1ρ̄1 −

7

6
γs2ρ̄2 +

19

8
γs3ρ̄3 +

17

24
γs4ρ̄4 +

1

2
γs5 ρ̄5 −

1

24
γs6 ρ̄6

)
+∆a

∑̂N

i=5
γsi ρ̄i,

Is6 = τ∆a
(21

8
γs1ρ̄1 −

7

6
γs2ρ̄2 +

19

8
γs3ρ̄3 +

2

3
γs4ρ̄4 +

25

24
γs5 ρ̄5 +

1

2
γs6 ρ̄6

− 1

24
γs7 ρ̄7

)
+ ∆a

∑̂N

i=6
γsi ρ̄i,

Is7 = τ∆a
(21

8
γs1ρ̄1 −

7

6
γs2ρ̄2 +

19

8
γs3ρ̄3 +

2

3
γs4ρ̄4 + γs5 ρ̄5 +

25

24
γs6 ρ̄6

+
1

2
γs7 ρ̄7 −

1

24
γs8 ρ̄8

)
+ ∆a

∑̂N

i=7
γsi ρ̄i,

IsN−1
= ∆a

( 9

24
γsN ρ̄N +

19

24
γsN−1

ρ̄N−1 −
5

24
γsN−2

ρ̄N−2 +
1

24
γsN−3

ρ̄N−3

)
+τ

(
I1 + ∆a

∑̂N−1

i=1
γsi ρ̄i

)
,

IsN−2
= ∆a

(1

3
γsN ρ̄N +

4

3
γsN−1

ρ̄N−1 +
1

3
γsN−2

ρ̄N−2

)
+ τ

(
I1 + ∆a

∑̂N−2

i=1
γsi ρ̄i

)
,

IsN−3
= ∆a

(1

3
γsN ρ̄N +

31

24
γsN−1

ρ̄N−1 +
7

8
γsN−2

ρ̄N−2 +
13

24
γsN−3

ρ̄N−3

− 1

24
γsN−4

ρN−4

)
+ τ

(
I1 + ∆a

∑̂N−3

i=1
γsi ρ̄i

)
,

IsN−4
= ∆a

(1

3
γsN ρ̄N +

31

24
γsN−1

ρ̄N−1 +
5

6
γsN−2

ρ̄N−2 +
13

12
γsN−3

ρ̄N−3

+
1

2
γsN−4

ρN−4 −
1

24
γsN−5

ρ̄N−5

)
+ τ

(
I1 + ∆a

∑̂N−4

i=1
γsi ρ̄i

)
,

IsN−5
= ∆a

(1

3
γsN ρ̄N +

31

24
γsN−1

ρ̄N−1 +
5

6
γsN−2

ρ̄N−2 +
25

24
γsN−3

ρ̄N−3

+
25

24
γsN−4

ρN−4 +
1

2
γsN−5

ρ̄N−5 −
1

24
γsN−6

ρ̄N−6

)
+ τ

(
I1 + ∆a

∑̂N−5

i=1
γsi ρ̄i

)
,

IsN−6
= ∆a

(1

3
γsN ρ̄N +

31

24
γsN−1

ρ̄N−1 +
5

6
γsN−2

ρ̄N−2 +
25

24
γsN−3

ρ̄N−3 + γsN−4
ρN−4,

+
25

24
γsN−5

ρ̄N−5 +
1

2
γsN−6

ρ̄N−6 −
1

24
γsN−7

ρ̄N−7

)
+ τ

(
I1 + ∆a

∑̂N−6

i=1
γsi ρ̄i

)
.

Next step is to find the approximation of the source term which is given by

Ŝ∗j =

−
(
m(aj) + ξ

(
aj, Iξj , .

))
ρ̄j, 0 ≤ j ≤M

−
(
g(aj) + ξ

(
aj, Iξj , .

))
ρ̄j, M + 1 ≤ j ≤ N,

where g(a) is a known function. Hence, the final form is

dρ̄j(t)

dt
= − 1

∆a

[(
f̂+
j+1/2 − f̂+

j−1/2

)]
+

1

∆a
Ŝ∗j , j = 1, 2, . . . , N. (6.10)

113



3.1 Temporal Discretization

Consider the semi-discrete scheme for the model equation at n-th time level

dρ̄nj
dt

= L(ρ̄nj ) + S∗(ρ̄nj ), (6.11)

where L(ρ̄j) = − 1
∆a

[
ρ̄j+1/2 − ρ̄j−1/2

]
and

Ŝ∗j =

−
(
m(aj) + ξ

(
aj, Iξj , .

))
ρ̄j, 0 ≤ j ≤M

−
(
g(aj) + ξ

(
aj, Iξj , .

))
ρ̄j, M + 1 ≤ j ≤ N,

are the spatial discretization of the flux and the source terms, respectively. Here the

spatial discretization is determined by WENO5 reconstruction procedure.

Further, we shall use IMEX-RK(implicit-explicit Runge-Kutta) scheme for the temporal

discretization. An IMEX-RK scheme is designed by Perschi and Russo for the balance

laws with stiff source term, see in [187]. An IMEX Runge-Kutta scheme consists implicit

discretization for the source term and explicit discretization for the non-stiff term. When

it is applied to the above Eq.(6.11) it takes the following form

ρ̄
(l)
j = ρ̄nj + ∆t

l−1∑
i=1

ãliL(ρ̄
(i)
j ) + ∆t

N∑
i=1

aliS
∗(ρ̄ij),

(6.12)

ρ̄n+1
j = ρ̄nj + ∆t

N∑
l=1

ω̃lL(ρ̄
(l)
j ) + ∆t

N∑
l=1

ωlS
∗(ρ̄lj).

The above scheme can be written with double tableau in Butchar form

c̃ Ã

ω̃T

c A

ωT

where ω̃ = (ω̃1, ω̃2, . . . , ω̃N)T , c̃ = (c̃1, c̃2, . . . , c̃N)T , c = (c1, c2, . . . , cN)T , ω = (ω1, ω2, . . . , ωN)T

all are coefficient vectors and Ã = (ãli) , ãli = 0 for i ≥ l and A = (ali) are N×N matrices.

These matrices are designed in the manner so that the above scheme become explicitly

in L and implicitly in S∗. We further consider diagonally implicit Runge-Kutta (DIRK)

method for the source term i.e. ali = 0 for i > l and assume that the first column and

first row of the matrix A are zero. This is the sufficient condition which ensure that L

is always evaluated in explicit manner. By using the above procedure, we present the

algorithm that updates the numerical solution in following manner.
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� Explicit flux function ρ̄
(l)
j∗ = ρ̄nj + ∆t

l−2∑
i=1

ãliL(ρ̄
(i)
j ) + ∆tãl,l−1L(ρ̄

(l−1)
j ).

� Implicit source function ρ̄
(l)
j = ρ̄

(l)
j∗ + ∆t

l−1∑
i=1

aliS
∗(ρ̄

(i)
j ) + ∆tallS

∗(ρ̄
(l)
j ).

� Final solution at next time level ρ̄n+1
j = ρ̄nj + ∆t

N∑
l=1

ω̃lL(ρ̄
(l)
j ) + ∆t

N∑
l=1

ωlS
∗(ρ̄lj).

In this work, we use 3rd order explicit SSP method and 3rd order DIRK method that

matches the order condition with L-stabilities as given in [187]. In Butcher form it can

be written as following,

SSP IMEX-RK

0 0 0 0
1 1 0 0
1/2 1/4 1/4 0

1/6 1/6 2/3

γ γ 0 0
1-γ 1− 2γ γ 0
1/2 1/2− γ 0 γ

1/6 1/6 2/3

Hence we have,

ρ̄
(1)
j = ρ̄nj + γ∆tS∗(ρ̄

(1)
j ),

ρ̄
(2)
j = ρ̄nj + ∆tL(ρ̄nj ) + (1− 2γ)∆tS∗(ρ̄

(1)
j ) + γ∆tS∗(ρ̄

(2)
j ),

ρ̄
(3)
j = ρ̄nj +

1

4
∆t
[

L(ρ̄nj ) + L(ρ̄
(1)
j )
]

+ (1/2− γ)∆tS∗(ρ̄
(1)
j ) + γ∆tS∗(ρ̄

(3)
j ),

ρ̄n+1
j = ρ̄nj +

1

6
∆t
[

L(ρ̄nj ) + L(ρ̄
(1)
j ) + 4L(ρ̄

(2)
j )
]

+
1

6
∆t
[

S∗(ρ̄
(1)
j ) + S∗(ρ̄

(2)
j ) + 4S∗(ρ̄

(3)
j )
]
,

γ = (1−
√

2)/2.

4 Numerical Experiments

The performance of designed scheme is tested through applying on some test problems.

In all experiments, the ratio of convergence is calculated by the following formula

r =
log
(

eh
eh/2

)
log 2

.

where eh is the error approximation with step size h in the L1 and L∞ norm.

‖eh‖∞ = max
0≤j≤N

|ρnj − ρ(aj, t
n)| and ‖eh‖1 = h

N∑
j=0

|ρnj − ρ(aj, t
n)|.

In all the experiments amax = 1, a∗ = 0.9 and time interval [0, 0.5].
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Example 1. Consider the model Eqs.(6.4) with parameters and functions as defined in

[96]

m(a) =
1

amax − a
, ξ(a, y, t) = y, η(a, y, t) = 4,

and the weight function γs = 1, s = ξ, η,

with initial condition ρ(a, 0) = 4(1− a)e−µa, τ = 0.5, µ = 2.55.

The exact solution of the given problem is ρ(a, t) = 4(1− a)e−µa
µ

((µ− 1)e−µt + 1)
.

Example 2. Consider stiff type of mortality rate and take different arguments

m(a) =
1

2(amax − a)
, ξ(a, y, t) = y2, η(a, y, t) = 4, γs = 1, s = ξ,

with initial condition ρ(a, 0) = 4
√

(1− a)e−µa, τ = 0.5, µ = 2.55.

The corresponding exact solution is

ρ(a, t) = 4
√

(1− a)e−µa
√

µ

((µ− 1)e−µt + 1)
.

Example 3. In this test experiment non-stiff mortality rate with different data is taken

as

m(a) = 10e−100(1−a), ξ(a, y, t) = 0, η(a, y, t) = 20a(1− a),

with corresponding weights as γs = 1, s = ξ, η

and initial condition ρ(a, 0) = Ce(− e(−100(1−a))

10
−µa), τ = 0.5, µ = 2.78, C = 2.96.

The modeling Eq. (6.4) has the following solution ρ(a, t) = Ce(− e(−100(1−a))

10
−µa)eµt.

Example 4. Another stiff type of mortality rate is

m(a) = − 1

α(1− a) ln(1− a)
, ξ(a, y, t) = y2, η(a, y, t) = 4,

and the weight function is γs = 1, s = ξ, η,

with initial condition ρ(a, 0) = C ln(1− a)1/16e−µa, α = 16, τ = 0.5, µ = 4.19, C = 2.37,

and true solution is ρ(a, t) = C ln(1− a)1/16e−µa
√

µ

((µ− 1)e−µt + 1)
.

The numerical results of Examples 1-4 are shown in Figs. (6.1)-(6.7), respectively. The

numerical results, when compared with exact solutions available in literature, are found

to be in good agreement, see in Fig. 6.1(A), Fig. 6.3(A), Fig. 6.5(A), and Fig. 6.7(A)

respectively. The advantage of designed scheme is that they work efficiently for stiff as

well as non-stiff terms and maintain higher order accuracy. The order of accuracy and

error norms are listed in Tables (6.1)-(6.4). These tables show the effective order of

accuracy of the designed scheme. From the above order of convergence, we can’t ensure
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that it efficiently works for the long time simulation, but it seems like a good compromise

between efficiency for long time simulation and regularity constraint on the coefficient

functions. Further, when the compatibility condition between initial age and the birth

rate is not satisfied, a jump discontinuity may arise in the first derivative or in the density

function itself. In both cases, the designed scheme works very well, because the method

gives non-oscillatory results and sharp discontinuity transitions. We point out that the

order of accuracy determined by the L1 norm is 1 more than as compared to the L∞

norm which can be seen in Fig.1B, Fig.3B, Fig.5B, and Fig.7A. The reason behind this

is the cancellation of neighboring fluxes near the boundary which gives an extra order

of accuracy which is no longer valid. A Pictorial representation of exact and numerical

solution of problems 1-3 at different time levels in 3D can be seen in Fig.2, Fig.4 and

Fig.6, respectively.

The novel work of the designed scheme is shown in the numerical results of Examples 2 and

4, because, the schemes that are already present in literature do not converge [96] for the

mortality rates of the type m(a) = c
(1−a)

, 0 < c < 1, and m(a) = 1
c1(1−a) ln(1−a)

, 0 < c1 ≤ 1.

The designed scheme efficiently works for these type of source terms which can be seen

in Figure 3 and in Figure 7.

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7

8

IMEX-WENO FVM, cell averages plot

age a

p
op
u
la
ti
on

ag
e
d
en
si
ty

ρ
(a
,
t
)

 

 

IMEX-WENO
Exact

(a) The dotted line represent the numerical
solution and the star line for the the exact

solution at time t=0.5

10
−3

10
−2

10
−1

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Error plot with different norms

da

e
rr

o
r

 

 

‖.‖L∞

‖.‖L1

(b) A graphically representation of L1 and L∞

error at time t=0.5

Figure 6.1: Simulation of Example 1

117



(a) Numerical Solution (b) Exact Solution

Figure 6.2: A Pictorial representation of exact and numerical solution of Example 1 at
different time levels in 3D by using uniform grid cells N=40.
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Figure 6.3: Simulation of Example 2

N ‖ · ‖L1 r ‖ · ‖L∞ r

16 1.08e-1 1.17e-1

32 6.89e-3 3.93 1.33e-2 3.13

64 4.91e-4 3.81 1.58e-3 3.07

128 3.26e-5 3.91 1.84e-4 3.10

256 2.14e-6 3.93 2.26e-5 3.02

Table 6.1: Comparison between L1 and L∞ errors for Example 1.
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(a) Numerical Solution (b) Exact Solution

Figure 6.4: A graphical representation of exact and numerical solution of Example 2 in
3D at different time level with uniform grid cells N=40.
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Figure 6.5: Simulation of Example 3.

N ‖ · ‖L1 r ‖ · ‖L∞ r

16 9.33e-2 7.29e-1

32 4.70e-3 4.31 8.27e-2 3.13

64 1.91e-4 4.62 1.01e-2 3.00

128 1.09e-5 4.12 1.29e-3 2.96

256 4.92e-7 4.47 1.50e-4 3.10

Table 6.2: Comparison between L1 and L∞ errors for Example 2.
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(a) Numerical Solution (b) True Solution

Figure 6.6: An illustration of approximate solutions and exact solution of Example 3 in
3D uniform grid cells N=40.
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Figure 6.7: Simulation of Example 4.

N ‖ · ‖L1 r ‖ · ‖L∞ r

16 2.86e-1 1.54e-0

32 7.83e-2 5.20 1.12e-1 3.69

64 4.17e-3 4.22 1.69e-2 3.73

128 1.46e-4 4.83 1.37e-3 3.63

256 4.68e-5 4.97 1.00e-4 3.77

Table 6.3: Comparison error table for Example 3
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N ‖ · ‖L1 r ‖ · ‖L∞ r

16 4.13e-2 1.17e-1

32 1.19e-3 5.12 6.23e-3 4.23

64 3.89e-5 4.93 3061e-4 4.11

128 1.19e-6 5.03 2.21e-5 4.03

256 3.97e-8 4.91 1.42e-6 3.96

Table 6.4: Error table for Example 4

5 Summary

In this chapter, a new population age density model has been derived, which is based

on the classical model [84]. This model includes nonlinear population growth, death rate

and birth rate, which contains the global terms in the coefficients and in the boundary

condition. The presence of global terms and stiff type of mortality rate leads complication

in the approximate solution of the problem. The design of the higher order accurate

scheme is based on a method of lines in which the spatial discretization is done through

WENO5 reconstruction procedure. Moreover, to maintain the high order accuracy in the

global boundary condition and non-local term, the fifth order composite rule in a specific

manner has been used. Semi-discretization of the problem leads to a system of first

order initial value problems. For total discretization, the particular type of scheme has

been used in which implicit discretization is utilized for natural mortality rate (stiff) and

explicit discretization is employed for non-stiff terms. Numerical examples are presented

to verify the performance of the design scheme. The numerical solution is compared with

the exact solution. We observe that the designed scheme gives high order accuracy which

indicates that it is useful for long term simulation.
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Chapter 7

Conclusions and Future Scope

This chapter summarizes the thesis findings and conclusions. The chapter also provides

recommendations and suggestions about future work.

1 Conclusions

The aim of this study is to design, analyze, and implement finite volume schemes for par-

tial differential equations originating from neuroscience and population dynamics. This

thesis naturally falls in the category of applied and computational mathematics. The

thesis finds the numerical solutions of problems in the form of partial differential equa-

tions. This area of research become fascinating field in the present time and remained

relatively unexplored until the discovery of high speed computers. We have studied bio-

logical models in the form of hyperbolic conservation law and designed suitable numerical

schemes, discussed the stability and convergence, and simulated, it on a computer to ob-

tain the required results in practice. The work has been published in the research articles

[116–118]. The objectives set out for this research work are completed in chapters. The

brief summary of each chapter is as follows.

1. The first chapter is devoted to the review and analysis of existing literature that

has been carried out to identify the gaps existing in the area of computational

neuroscience and population dynamics. The resulting equations are hyperbolic

conservation laws, thus the overview of numerical schemes for the solution of con-

servation laws are comprised in this chapter. Some preliminaries of neurons and

their structures are also discussed.

2. To address the issue of synaptic input current and neuronal behavior beyond the

threshold level, a parameter and boundary conditions are included in the Stein’s

model and discussed in Chapter 2. Due to the existence of delay as well as ad-

vance arguments and variable coefficients in the governing equation, the analytical

solution is not possible. Therefore, high-order numerical scheme is introduced in

this chapter. The performance of proposed scheme over existing schemes have been
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shown in the chapter.

3. The Stein’s model is based on leaky-integrate-and-fire neuron that has been carried

out for different applications by many researchers. In Chapter 3, a quadratic-

integrate-and-fire neuron has been introduced in the Stein’s model to discuss the

neuronal behaviour in more realistic manner. A suitable numerical approach has

been used to find the approximate solution of governing equation which is also suit-

able for the discontinuous initial data. Relevant numerical examples were provided

to validate the theoretical results.

4. The probability density approach in computational neuroscience has already a long

history and it is used in various contexts. However, this approach is not suitable for

the simulation of large neural network. In Chapter 4, we used population density

approach based on probability density function for the derivation of excitatory

and inhibitory population density model with jumps. The jumps represent the

feedback of postsynaptic neurons which originate from the receiving of incoming

currents. An appropriate and high-order finite volume scheme has been designed

for the simulation of model equation and discussed in Chapter 4. The comparative

results shows that the proposed scheme is better than the existence schemes for the

resulting model equation.

5. The Age-Structured models play a vital role in population dynamics. Thus age-

structured model has been studied in Chapters 5 & 6. Age structured model is

a non-linear hyperbolic conservation law which contains non-local terms. A new

type of finite volume approximation has been constructed to find the approximate

solution of model equation. Moreover, this scheme is also suitable for long time

behaviour of governing model equation.

2 Scope of Future Work

Research is a continuous process. The work presented in this thesis is related to the

numerical study of biological models. The aim is to understand the realistic biologi-

cal phenomena in terms of nonlinear mathematical models, which are very difficult to

solve them analytically. Hence, we need the numerical methods to find the approximate

solutions. Further research directions in this area are listed below:

1. Neurons are always noisy, even they cannot respond in the same way under repeated

input signal processes. It is very difficult to apply the correct analytical approach
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for the expression of this variability. Therefore, suitable numerical methods are

required to study the neuronal variability.

2. Some models of noisy leaky-integrate-and-fire are highly nonlinear and resulting

partial differential equations are difficult to study. We anticipate that the experience

in dealing with conservation laws from neuroscience and population dynamics would

be helpful to deal these complex phenomena.

3. A neuron network model with adaptation and fatigue can be studied. Due to the

high nonlinearities, it would be a challenge to provide the numerical study of the

impact of the fragmentation term which appears due to synchronization of neurons

in the neural network.

4. The stochastic features of neuron deals through noisy leaky-integrate-and-fire-model

as well as escape rate model. The difference between classical and stochastic ap-

proach is to tackle the noise term. Due to the variability, the exact solution of these

model equations are not available.

3 Recommendations about Future Work

It would be interesting to consider nonlinear models from related area. A further study

would be to investigate conservation laws arising in material science and related areas.

Further, applications of finite volume techniques can be explored for these problems.

Possible extension of theses models for higher space dimensions can be considered. Fur-

ther, applications of the discontinuous Galerkin methods could be explored to study the

nonlinear age-structured and neuronal models.
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