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Abstract

Multiple-criteria or multiattribute decision-making problems are the imperative part of
modern decision theory where a set of alternatives has to be assessed against the multiple
influential attributes before the best alternative is selected. In a decision-making(DM)
process, an important problem is how to express the preference value. Due to the increasing
complexity of the socioeconomic environment and the lack of knowledge or the data about
the DM problems, it is difficult for the decision maker to give the exact decision as there is
always an imprecise, vague or uncertain information. To deal with this, the theory of the
fuzzy sets or its extensions such as intuitionistic fuzzy sets, interval-valued intuitionistic
fuzzy sets, soft sets, vague sets, type-2 fuzzy sets, etc., are widely used by the researchers
so as to minimize the uncertainty level. During the last decades, the researchers are
paying more attention to these theories and have successfully applied it to the various
situations in the DM process. Among these, an aggregation operator is an important
part of the DM which usually takes the form of mathematical function to aggregate all
the input individual data into a single one. However, an information measure such as the
distance and similarity measures, complementary to each other, are defined to differentiate
between the two or more objects. These two measures can be considered as two diverse
perspectives of discrimination. The similarity measure utilized to show the proximity
whereas the distance measure is utilized to show the contrast between the objects. In
the existing theories and their corresponding work, there occur some limitations such as
how to set the membership function in each particular object, insufficiency to consider
the parameterizations tool, etc., and hence their corresponding analysis does not give the
correct decision to the decision-maker. To overcome these limitations, Molodtsov in 1999,

took the soft set (SS) theory where the preferences for each alternative is given on different
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parameters. The advantage of this extended theory is that they are capable of facilitating
the descriptions of the real-world situation with the help of their parameterized property.
Thus in order to handle the information in a more accurate and certain manner, there is
a need to plan/adopt suitable methodologies to solve the DM problems.

The objective of this research work is to develop some new methodologies under the
intuitionistic fuzzy soft set (IFSS) environment by utilizing available information and
uncertain data. For analyzing this, some aggregation operators and information measures
are proposed for solving the problems under the intuitionistic and/or interval-valued IFSS
information. The various desirable relations between the proposed measures and operators
are studied. Later, based on the proposed measures, an efficient method is developed
to solve the multicriteria DM (MCDM) problems in which information related to each
alternative is assessed under the consideration of the experts as well as parameters features.
The presented approaches are the extensions of the existing studies under the intuitionistic
fuzzy set environment. Several real-life practical examples are taken to demonstrate the
approach and compared their performance with some of the existing studies.

The present thesis is organized into eleven chapters which are briefly summarized as fol-
lows:

A brief account of the related work of various authors in the evaluation of decision mak-
ing approaches by using several approaches is presented in the first chapter. In Chapter
2, the basics and preliminaries related to the intuitionistic fuzzy set, soft sets, aggregation
operators, etc., are given.

Chapter 3 presents the concept of the dual hesitant fuzzy soft set to define the several
axioms of distance and similarity measures based on the metric of Hamming, Euclidean,
and Hausdorff. The desirable inequalities in the form of their relationships between them
have also been discussed. Later, a DM approach is presented based on the proposed
measures where the features of the objects are taken in the form of dual hesitant fuzzy soft
numbers. The effectiveness of the proposed measures is demonstrated through concrete
examples of pattern recognition and medical diagnoses and compare the study with the

several existing approaches.

Chapter 4 deals with the correlation coefficient and weighted correlation coefficients
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under the DHFSS environment in which pairs of membership, non-membership are to
be considered as vector representation during the formulation and to investigate their
properties. Further, under this environment, an MCDM method based on the proposed
correlation coefficients are presented. Three numerical examples, one from the selection
procedure and other from the medical diagnosis and pattern recognition, are taken to
demonstrate the efficiency of the proposed approach and compared their results with the

several existing approaches results.

Chapter 5 utilized the idea of dual hesitant fuzzy soft sets (DHFSS) and presents
some new aggregation operators, namely, dual hesitant fuzzy soft weighted averaging and
geometric operators proposed along with their proofs to aggregate the different prefer-
ences of the decision makers. Various desirable properties of its are also investigated in
details. Further, these aggregation operators are extended to its generalized operator by
incorporating the attitude character of the decision maker towards the data. Later, a
MCDM approach is presented based on the proposed operators for solving DM problems.
An illustrative example is taken to demonstrate the approach under DHFSS environment

and compared their results with some of the existing approaches results.

In Chapter 6, we present a nonlinear programming (NLP) model based on the tech-
nique for order preference by similarity to ideal solution (TOPSIS), to solve multi-attribute
DM problems. In this approach, both ratings of alternatives on attributes and weights of
attributes are represented by IVIF sets. Based on the available information, NLP models
are constructed on the basis of the concepts of the relative-closeness coefficient (RCC)
and the weighted distance. A real example is taken to demonstrate the applicability and

validity of the proposed methodology.

In Chapter 7, we have defined some new averaging and geometric prioritized aggre-
gation operators in which the preferences related to attributes are taken in the form of
IFSSs. Desirable properties of its have also been investigated. Furthermore, based on
these operators, an approach to investigate the multi-criteria decision making (MCDM)
problem has been presented. The effectiveness of these operators has been demonstrated

through a case study.

In Chapter 8, we present two new scaled prioritized averaging aggregation operators
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by considering the interaction between the membership degrees for the IFSSs. The princi-
pal advantage of the operators is that they consider the priority relationships between the
parameters as well as experts. Furthermore, some properties based on these operators are
discussed in detail. Then, we utilized these operators to solve DM problem and validate
it with a numerical example.

Chapter 9 presents some new Bonferroni mean(BM) and weighted BM averaging
operator for aggregating the different preferences of the decision maker. Some of its
desirable properties have also been discussed in details. Further, a DM method based on
proposed operators has been presented and then illustrated with a numerical example.
A comparative analysis between the proposed and the existing measures under the IFSS
environment has been performed in terms of counter-intuitive cases for showing the validity
of it.

In Chapter 10, we develop some new power aggregation operators based on the
Archimedean t-norm operators for IFSSs. The developed AOs are named as intuitionistic
fuzzy soft (IFS) power averaging and geometric operators, weighted IFS power averaging
and geometric operators, weighted and ordered weighted IFS power averaging and geo-
metric operators. The salient features of these operators are also discussed in details.
Further, these operators are extended to generalized IFS power averaging or geometric
aggregation operators. Finally, the applicability of these developed operators is explained
with a numerical example related to decision making problems. A comparative analysis
of existing approaches has been done for showing the validity of the proposed work.

Chapter 11 presents the concept of generalized IFSS (GIFSS), as well as the group-
based generalized IFSS (GGIFSS) in which the evaluation of the object is done by the
group of experts rather than a single expert. Based on this information, a new weighted
averaging and geometric aggregation operator has been proposed by taking the intuition-
istic fuzzy parameter. Finally, a DM approach based on the proposed operator is being
built to solve the problems under the intuitionistic fuzzy environment. An illustrative
example of the selection of the optimal alternative has been given to show the developed
method. Comparison analysis between the proposed and the existing operators have been

performed in term of counter-intuitive cases for showing the superiority of the approach.
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Chapter 1

Introduction

Decision-making (DM) is a subjective process utilized in both businesses and academic
classes for the design of a strategy among the given alternatives scenario by processing
the different preferences of the expert(s). To complete the process, the most important
problem is to choose the appropriate decision about the task and to find the optimal results.
DM is a crucial task for all those professions where experts apply their knowledge in a given
zone to take the appropriate decision. However, in many situations, the alternatives among
which one must choose or make decisions need to be evaluated in light of multiple criteria.
For it, generally, a set of decision makers has taken to evaluate the given alternatives. The
focus of such a process is to assign the preferences of decision makers together to solve
a specific issue by following some general principle of the decision-making (DM) process.
The general framework of the DM problem to select the best option(s) takes the steps

shown in Figure 1.1.
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the requirement of Set the objectives alternatives of the criteria based on
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Figure 1.1: Framework of Decision-making process




The development of multi-criteria DM (MCDM) began in 1971, whose main objective
is to provide a tool to the decision makers to solve the problem whose several criteria
are taken into account simultaneously. In literature, many terms have been used for
MCDM such as multi-criteria decision analysis(MCDA), multi-objective DM (MODM),
multi-attribute DM (MADM), etc. and have been frequently used by the researchers to
solve real-world DM problems. Generally, MCDM issue is explained in the two-stage pro-
cess: (i) the aggregation of the estimations of criteria for every option (ii) the positioning
or ranking between the options.

The general process of MCDM problem consists a set of alternatives A = { A1, A, ..., A, }
and criteria G = {G1,Go, ..., Gn} such that it is divided into two mutually disjoint sets
namely, F)(the cost criteria) and Fy(the benefit criteria). The importance factor of these
criteria is given in the form of weight vector (wi,ws,...,wy) such that w; > 0 and
m

>~ w; = 1. The decision matrix corresponding to given alternatives is given as:
j=1

G G ... Gn
Ar (A A .. A
Ao | Aox Ao ... Aoy
An Anl An2 . Anm
where A;; represents the preference of decision maker for alternative A;(i = 1,2,...,n)
over the criteria G;(j = 1,2,...,m).

However, due to various constraints in day-to-day life, decision makers may unable
to give their judgments in exactly crisp form. Thus, to handle it, they prefer to give
their preferences under the uncertain and imprecise in nature by using the theory of
fuzzy set(FS)[255]. Using this theory, decision makers use the membership degree(MD) to
represent their judgment. But with the growing complexity, there always exists a degree of
hesitancy between the preferences of the decision making and hence the analysis conducted
under such circumstances is not ideal. To address it, an important extension of F'Ss such as
intuitionistic fuzzy set(IFS)[8], hesitant fuzzy set[194], Neutrosophic set[178], the interval-

valued IFS[7] and so on appears simultaneously. All the extensions are characterized by



non-membership degree(NMD) along with MD such that their sum is less than one. As
these theories have effectively connected, however, at the same time it has been seen that
they have their inherent difficulties related to considering the parametrization tool. To
deal with them and to provide the decision making more smooth and exact, Molodtsov
[139] proposed a new generalized type of fuzzy set called soft set. Later on, this set is
hybridized with F'S and IFS and Maji et al. [129, 130] came up with the concept of the
fuzzy soft set(FSS) and intuitionistic fuzzy soft set(IF'SS) respectively. In the present
scenario of DM, MCDM is an important topic for a decision maker under the soft set
environment to evaluate the considered alternative.

The objective of this work is to develop some novel techniques to access the best
alternative(s) for the decision makers under the soft set environment. Brief literature on
various issues related to the MCDM process by using existing methods have been reviewed

and are given section-wise hereafter.

1.1 Literature Review

In this section, a brief literature review with respect to various MCDM methods under

different scenario is given.

1.1.1 Review of distance/similarity measures

Distance and similarity measures, complementary to each other, are defined to differen-
tiate between the two or more objects. These two measures can be considered as two
diverse perspectives of discrimination. The similarity measure utilized to show the prox-
imity whereas the distance measure is utilized to show the contrast between the objects.
Since the distance and similarity measures play a significant role in real life, numerous
analysts have been defined by various distance and similarity measures in different envi-
ronments. For instance, Szmidt and Kacprzyk [185], firstly defined basic distances such
as Hamming and Euclidean to distinguish two IFSs. Later on, Grzegorzewski [69] pro-
posed some distance measures based on the Hausdorff metric. Wang and Xin [208] pro-

posed a generalized definition of distance measure under IF'S environment. Dengfeng and



Chuntian [38] introduced the concept of similarity measure to find the closeness degree
between the two IFSs. However, Liang and Shi [112] found some drawbacks in [38] and
introduced an improved similarity measure to overcome their limitations. Based on a
statistical viewpoint, Mitchell [136] developed a modified Dengfeng-Chuntain similarity
measure. Afterward, Hung and Yang [86] presented the similarity measures based on
Hausdorff distance. Szmidt and Kacprzyk [186] proposed a similarity measure and dis-
cussed its importance in medical diagnosis. Li et al. [111] analyzed the existing similarity
measures and summarized their limitations with some counter-intuitive examples. Fur-
thermore, Xia and Xu [218] developed the aggregation operator (AO) for IFSs based on
the similarity measures. Ye [247] highlighted the errors of existing similarity measure[111]
and constructed the cosine similarity, weighted cosine similarity measure to solve pattern
recognition and medical diagnosis problems. Besides that, Hwang et al. [88] introduced
a new similarity measure induced by Sugeno integral. Based on the medians of intervals
and the Hausdorff distance, Chen and Randyanto [29] discussed a similarity measure for
IFSs. Later on, Boran and Akay [17] proposed a parametric similarity measure for IFSs
and done a comparative analysis with some existing similarity measures[38, 112, 136, 247|
in terms of counter-intuitive cases. Song et al. [179] discussed the similarity measure and
applied it to the problem of pattern recognition. Chen, Cheng and Lan [27] presented a
similarity measure based on the centroid points of transformed right-angled triangular to
overcome the limitations of existing measures [17, 38, 86, 112]. Garg [58] characterized the
distance and similarity measures for intuitionistic multiplicative preference relation and
its application in DM issues. Later on, Song et al. [180] proposed a similarity measure
to overcome the restrictions of existing measures [17, 38, 86, 88, 247]. Jiang et al. [90]
defined distance and similarity measure based on the transformed triangles and discussed

their application in pattern recognition.

Soft set theory is one of the successful extensions of the existing theories by considering
the parameterization factor during an analysis. After it, Maji et al. [129, 130] combine
the feature of SS with FSs and IFSs and came up with the concept of FSS and IFSS.
Under these environments, researchers are paying attention to develop some information

measures to solve DM issues. For example, Majumdar and Samanta [131] proposed the



distance based similarity measures to compare two SSs. Kharal [100] gave some coun-
terexamples to show the limitations of the measures proposed by Majumdar and Samanta
[131]. Majumdar and Samanta [132] introduced three different approaches for defining
the concept of a similarity measure for FSSs. Rajarajeswari and Dhanalakshmi [160] and
Sut [184] discussed the notion of the similarity measures for handing DM problems un-
der FSS environment. Sulaiman and Mohamad [181] proposed a set-theoretic similarity
measure for FSSs and applied it to solve DM problems. Feng and Zheng [53] defined
similarity measures based on different distance measures of F'SSs. Later on, Liu et al.
[126] developed similarity measures associated with fuzzy equivalences for FSSs. Cagman
and Deli [21] proposed the similarity measure and applied it to DM problems. Besides
that, Rajarajeswari and Dhanalakshmi [161] introduced three distinct approaches such as
matching function, distance measure and set-theoretic, of similarity measures to compare
two IFSSs. Later on, Muthukumar and Krishnan [142] defined the similarity and weighted
similarity measures for IFSSs and illustrated their application in medical diagnosis. The
distance-based similarity measure is proposed by Sarala and Suganya [168]. Moreover,
Selvachandran, Maji, Faisal and Salleh [171] introduced distance measures based on Ham-
ming and Euclidean distances and applied it to solve DM problems. Apart from them,
some other distance/similarity measures and their applications to solve the DM problems
are summarized in [96]. Thus, based on the above literature, it can be observed that the
distance and similarity measures play an important role for handling the MCDM problems
in various fields such as image processing, pattern recognition, medical diagnosis, Machine

learning, and market prediction problems.

1.1.2 Review of TOPSIS approaches

The study described in Section 1.1.1 is based on the distance/similarity between the sets to
rank the given alternatives. However, apart from them, in our day-to-day life, it is always
possible to determine the best alternative(s) by measuring its values from its ideal states.
To address it, a TOPSIS (“Technique for order preference by similarity to ideal solution”)
is one of the pioneer method developed by Hwang and Yoon [87]. The prominent char-

acteristics of TOPSIS method are that they not take into account the distance/similarity



between the sets but also examine similar or dissimilar between the sets so as to avoid
to draw the conclusion based on the small distance or large similarity. The underlying
principle of the TOPSIS method is to select the best alternative whose distance is farthest
from its negative ideal. By utilizing these features, several researchers have addressed the
issues of TOPSIS method during the process of MCDM methods. For example, Chen [24]
initiated the concept of TOPSIS technique under fuzzy environment to solve the MCDM
problems. However, Chen et al. [31] extended the concept of TOPSIS method from FSs to
IF'Ss environment by using various existing distance measures [38, 69, 86, 112, 136, 208]
and then analyzed their results. Boran et al. [18] developed the TOPSIS technique and
discussed their application in handling the DM problem of supplier selection. Li [105]
formulated a TOPSIS method based non-linear programming model under the interval-
valued IFS (IVIFS) environment, where, as well as the weights, are taken as an interval.
Ye [245] presented the TOPSIS method to solve DM problems with incomplete and un-
certain information under the IVIFS environment. Tan [191] presented a TOPSIS method
for group DM problems using Choquet integral-based Hamming distance for IVIFSs. Park
et al. [150] constructed an optimization model based on TOPSIS approach to determine

the criterion weights under IVIFS environment.

Zhang and Yu [259] constructed an optimization model based on TOPSIS model by
utilizing cross-entropy to determine the weight of attributes under the IVIFS environ-
ment. Bai [13] presented an improved score function based TOPSIS method for solving
DM problems. Chen, Cheng and Tsai [28] presented a generalized improved score func-
tion for IVIFS and hence its based approach to solving the DM problems under IVIFS
environment. Joshi and Kumar [93] developed a TOPSIS method based on an entropy
and distance measure to solve the problems under the IFS environment. Li et al. [110]
connected the quality function deployment framework with the TOPSIS method to han-
dle MCDM problems by considering two different types of criteria including customer and
system criteria. Chen [30] defined two optimization models to optimize the TOPSIS ap-
proach with the IVIFS information and then inclusion-comparison possibilities to rank the
different alternatives. Zhang and Xu [261] presented a soft-computing technique based on

maximizing consensus and TOPSIS to solve MCDM problems. Later on, Chen, Cheng



and Lan [26] proposed a similarity measure based TOPSIS method under IFS environment
to overcome the drawbacks of some existing methods[93, 217]. Later on, Wang and Chen
[200] combined the linear programming model with the TOPSIS method to tackle MCDM
problems. Vommi [198] developed a TOPSIS method with statistical distance and applied
them to solve the DM problem. Gupta et al. [72] presented an algorithm for solving group
DM problem based on extended TOPSIS method by adding an indeterminacy degree to
the IVIFS values. Shen et al. [174] presented a TOPSIS method based on an improved
distance measure to solve MCDM problems under IFS environment and illustrated their
advantages over the existing approaches [93, 245]. However, apart from them, some other
TOPSIS approaches and their applications to solve the DM problems are summarized in
(67, 133].

Researchers are extensively using the above theories and their respective approaches,
but parametrization tools are not sufficiently taken into account during the DM process.
To overwhelm it, Soft set theory[139] and their extensions[129, 130] are the successful
theories which can address the uncertainties more effectively. Based on the SS theory,
Eraslan [44] defined a TOPSIS method to solve DM problems. Further, Eraslan and
Cagman [45] proposed the technique by combining the TOPSIS and gray method for FSS
environment. Liu and Liu [123] presented a method to determine entropy weights and then
proposed a technique based on TOPSIS to solve the DM problem. Eraslan and Karaaslan
[46] presented a group DM approach based on TOPSIS method for IFSS information.
Further, Yang and Peng [244] defined a TOPSIS approach based on IVIFSS models with
incomplete weights. Apart from these, some other researchers have investigated the DM
problems under different environments, for such reads, we refer to [35, 37, 40, 64, 66, 67,

128, 143, 163, 164, 172].

1.1.3 Review of Correlation coefficients

Correlation coefficient plays a crucial part in statistical analysis to measure the strength
of the linear relationship between the two variables. In statistical theory, the observations
ought to be depicted by a certain probability distribution. However, in day-to-day life, the

observations are sometimes unpredictable due to the lack of information provided by an



expert or deficiency of the paper knowledge. Hence, in the light of such information, it is
difficult to measure the correlation between the two variables. To describe it, the concept of
the correlation coefficient is extended to the IFNs and IVIFNs by Gerstenkorn and Manko
[68] and Bustince and Burillo [19] respectively. Saneifard and Hassasi [167] addressed the
problem of parametric interval approximation of fuzzy numbers with fuzzy correlation.
A fuzzy correlation coefficient method is presented by Wu and Hung [215], which can be
utilized for cases with two information sets of fuzzy intervals, the one information set may
be a fuzzy interval and second is a real number or both are real numbers. Ruan et al.
[166] proposed correlation coefficient method integrated with centroid technique to solve

DM problem having data in the form of fuzzy numbers.

After their existence, several researchers put forwards many works on correlation coef-
ficient to solve the DM problems under IFS environment. For example, Hung [83] defined
the correlation coefficient based on the statistical view-points for IFSs. Hung and Wu
[85] presented a centroid method based correlation coefficient between the two IFSs to
show their positively or negatively correlated data. Mitchell [137] improved the existing
correlation coefficient [83] by defining new ones for IFSs. Hong [78] defined the correlation
coeflicient by using an extension principle of a fuzzy number under weakest t-norm oper-
ations. Xu [226] defined the correlation coefficients of IFSs and its applications towards
medical diagnosis problems. Also, it is mentioned by them that the existing correlation
coefficient [19, 83, 85, 137] of IFSs does not satisfy the reflexive property. Besides that,
Park, Kwun, Park and Park [147], Park, Lim and Lee [148] proposed the correlation coef-
ficient for IVIF'Ss and IFSs, respectively and discussed their applications in DM problems.
Szmidt and Kacprzyk [187] proposed the correlation coefficient for IFSs which capture the
relative strength between the two IFSs. Also, Szmidt and Kacprzyk [188] introduced the

Spearman rank correlation coefficient for IFSs.

Szmidt et al. [189] discussed the Pearson correlation coefficient for IFSs which is de-
scribed by three components i.e. membership, non-membership, and hesitation degrees.
Wei et al. [213] defined the weighted correlation coefficient measure in which weights are

determined by an optimization model based on the max-min operator. Hanafy et al. [73]



discussed the correlation coefficient based on the centroid method to capture the rela-
tionship between two IFSs and also extended this method for IVIFSs. Further, Szmidt
et al. [190] developed the concept of the Kendall rank correlation coefficient and illus-
trated it with the examples. Liu et al. [117] developed the correlation coefficient based
on the variance and covariance of IFSs and extended it to describe the correlation coeffi-
cient for IVIFSs. Later on, Robinson [162] discussed the correlation coefficient contrast-
ing with distance measure for solving DM problems having interval-valued intuitionistic
trapezoidal fuzzy numbers. Qu et al. [158] utilized the Choquet integral for describing
the correlation coefficient. However, Huang and Guo [82] highlighted the drawbacks of
existing approaches[224, 226] and developed an improved correlation coefficient for IFSs.
Recently, Xuan Thao [236] developed the correlation coefficient based on the variance and
covariance of IFS and discussed their application for solving the DM problem of pattern
recognition. The correlation coefficients between two intuitionistic multiplicative sets have

been presented by Garg [60].

In the above theories, the preferences given by the experts are supposed to be either
a single number or an interval. But, these theories have their inherent difficulties such as
how to establish membership when decision makers hesitate to express their preferences
over alternatives. To handle such cases, Torra [194], Torra and Narukawa [195] introduced
hesitant fuzzy set(HFS) theory in which preferences are neither a single number nor an
interval, but a set of possible values between 0 and 1. Further, Zhu et al. [267] extended
this theory to dual hesitant fuzzy set(DHFS) which comprises two sets. Xu and Xia [232]
introduced the distance and correlation measure to measure the relationship between two
HFSs. Chen et al. [25] proposed the correlation coefficient for HFSs and described their
application in clustering analysis. Wang et al. [203] introduced the correlation coefficient
under the DHFS environment. Later on, Farhadinia [48] proposed the correlation coef-
ficient for DHFS and discussed its application in DM problem of medical diagnosis. A
weighted correlation coefficient is defined by Ye [248]. Under the DHFS environment,
Tyagi [196] proposed the correlation coefficient to solve DM problems. Meng and Chen
[135] presented the Shapley weighted correlation coefficients to solve the DM problem hav-
ing HFS data with incomplete weights. Further, Liao et al. [116] pointed out the errors
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of existing measures[25, 232] and developed an improved correlation coefficient measure
for HF'Ss. Tong and Yu [193] defined some weighted correlation coefficients for HFSSs to
solve the DM problem. Liao and Xu [115] defined the entropy and correlation coefficient
measures for HFSs. Recently, Sun et al. [182] presented a TOPSIS approach based on
correlation coefficient for HFSs. Yang et al. [243] discussed the weighted correlation coeffi-
cient and applied this for solving DM problems of supplier selection and medical diagnosis.
Guan et al. [70] pointed out the errors of existing correlation coefficients[25, 116, 232] and
developed an improved correlation coefficient measure based on the mean, variance and
length of each HF'S.

The above theories and their respective approaches are used extensively by researchers,
but the parameterization tool during DM process is insufficiently considered. To overcome
this, Babitha and John [11] introduced the hesitant FSS (HFSS) theory in which prefer-
ences are given over different parameters. Zhang and Shu [257] further extended this
theory to dual hesitant FSS (DHFSS). Das, Malakar, Kar and Pal [36] introduced the
correlation coefficient for measuring the relationship between two HFSSs and illustrated
with an example of a DM problem. From the literature, we can conclude that the re-
search is progressing quickly on correlation coefficient under different environments and it
has applications in various fields such as image processing, pattern recognition, medical

diagnosis, Machine learning, etc.

1.1.4 Review of Aggregation operators

The AO is the most useful information fusion tool that plays an imperative role in the
DM process and is important due to the significant applications in different fields. An
AO usually takes the form of a mathematical function in which multiple inputs can be
combined and fused into one representative value. In the aggregation process, we ought
to consider two prospectives: one is the functions and the other is operations. In the
functions, the traditional arithmetic mean operator[227] and geometric mean operator[231]
can only aggregate all the input individual information into one single value. Several
extensions of these AOs have been developed such as power operator[238], prioritized

operator[241], Bonferroni mean operator[242], etc. which consider the dependency between
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the attributes. On the other hand, for operations, there are a lot of t-norms and t-
conorms are defined in literature such as algebraic t-norm and t-conorm, einstein t-norm
and t-conorm, Hamacher t-norm and t-conorm, frank t-norm and t-conorms. With the
combination of these functions and operations, the aggregation process has become an
active research area for solving MCDM problems and a lot of research has also been

developed in different fields.

For instance, Yager [237] introduced an ordered weighted averaging(OWA) operator to
aggregate the data. Chiclana et al. [33] proposed the ordered weighted geometric(OWG)
operator and discussed their applications in MCDM problems. Xu [227] defined the
weighted averaging(WA) AOs and Xu and Yager [231] developed the weighted geomet-
ric(WG) AOs based on algebraic norms. Further, Wei and Wang [214] proposed the OWG
AO and intuitionistic hybrid geometric AO to solve the DM issues. Li [104] extended
the generalized OWA AO introduced by Yager [240]. Wei [211] suggested and applied
induced OWG AOs to the group DM problems. Zhao et al. [263] proposed the generalized
intuitionistic WA, generalized intuitionistic OWA and generalized intuitionistic hybrid av-
eraging AOs. Moreover, Beliakov et al. [15] discussed various averaging operators based on
triangular norms. Wang and Liu [209] developed some AOs based on Einstein norms. Xia
et al. [219] proposed the AOs based on Archimedean norms which are the generalization of
other norms such as algebraic, Einstein, Hamacher and frank norms. Zhao and Wei [264]
developed some hybrid AOs based on Einstein norms. He et al. [74] introduced some im-
proved operations for IFSs and utilized these to developed averaging and geometric AOs.
The main advantage of these operations is that these consider the interaction between the
membership and non-membership degrees of the alternative. All the above AOs assume
that the aggregated arguments are independent i.e. these operators do not consider any
relationship between the input arguments. However, in real life situations, there always
exists a dependency between the diverse criteria such as prioritization, support and im-
pact each other which plays a dominant role during the process of aggregation. In order
to make an optimum decision, it is essential to take this interdependence into account in

the aggregation process.

To overcome this situation, Yager [238] introduced the power average(PA) operator
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in which the weight vectors depend upon the input contentions and permit values being
aggregated to support and strengthen each other. By taking advantage of power operator,
Xu and Yager [233] defined the power geometric(PG), power ordered geometric(POG)
and power ordered weighted geometric(POWG) and presented an approach for solving DM
problem based on uncertain multiplicative preference relations. Xu [223] developed a series
of AOs based on PA operator[238] and discussed various properties on these operators.
Zhou et al. [265] defined some generalized power AOs and discussed their application
in DM problems. Moreover, Yager [241] established the prioritized AO that considers
the prioritized relationship between criteria and the associated weights depend on the
satisfaction of the higher priority criteria. Yu [249] defined the generalized intuitionistic
fuzzy prioritized WG operator based on Archimedean norms and discussed its application
in MCDM problems. Yu and Xu [254] proposed different AOs based on the prioritized
AO [241]. Another AO, Choquet integral is developed by Choquet [34], in which the
operator not only take into account the significance of the elements or their position but
can also reflect the correlations between elements or their ordered positions. Further,
Yager [239] developed an induced Choquet integral AO and discussed its applications.
Xu [229] discussed the averaging and geometric operator based on Choquet integral to
aggregate interval-valued intuitionistic fuzzy information. Xu et al. [222] described the
AOs based on Choquet integral and Einstein norms. Ngan et al. [146] presented an AO

for solving the medical diagnosis problems.

In order to consider the interrelation between two criteria, Bonferroni means (BM) op-
erator is introduced by Bonferroni [16]. The difference between these two operators is that
the BM operator can reflect the interrelationship between two criteria but it ignores the
interrelationship of criteria with itself. Although the HM operator has the same expression
it overcomes the limitation of BM operator. By taking advantage of BM operator, Yager
[242] generalized the BM operator by replacing simple average operator with another mean
operator such as OWA and Choquet integral to aggregate the crisp values. Xu and Chen
[225] established the BM operator to fuse the data given as intuitionistic fuzzy numbers

(IFNs). Xu and Chen [225] introduced the BM operator to solve the MCDM problems
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under the interval-valued intuitionistic fuzzy environment. Later on, Xia et al. [221] de-
scribed the generalized weighted BM averaging and geometric operators and presented
an approach to solving MCDM problems. Liu and Chen [118] proposed the HM AOs
based on Archimedean norms for solving the DM problem having intuitionistic fuzzy set
information. Besides that, Maclaurin [127] introduced the concept of Maclaurin symmet-
ric mean(MSM) operator which was further developed by DeTemple and Robertson [39].
The conspicuous characteristic of the MSM operator is that the relationship between the
multi-input arguments can be captured. The principal difference between MSM and BM
is that MSM reflects the interaction between the multi-input arguments, while the BM
reflects only the connection between the two arguments. Qin and Liu [155] extended this
operator to develop MSM operators for aggregating the intuitionistic fuzzy information.
Later on, Ju et al. [94] extended the MSM to the intuitionistic linguistic environment and
illustrated it for solving the DM problem. Garg [57] and Garg [54] proposed the intuitionis-
tic fuzzy interactive averaging and geometric AOs based on Einstein norms. Further, Garg
[55] defined some intuitionistic fuzzy multiplicative interactive weighted, ordered weighted
and hybrid weighted geometric AOs. He, He and Shi [75], He, He, Zhou and Deng [76]
developed some scaled prioritized aggregation operations and discussed their application
in MCDM problems. Wang, Fu, Meng and He [199] defined scaled prioritized intuitionistic
fuzzy geometric interaction averaging and weighted geometric interaction averaging oper-
ators. Later on, Garg [59] defined some improved operations based on Einstein norms and
utilized these operations to develop the weighted, ordered weighted and hybrid weighted
AOs under IFS environment. Garg et al. [63] proposed the scaled prioritized interactive
AOs for interval-valued IFNs. Liu and Li [119] established some Muirhead mean operators
for IFNs. The main advantage of these operators is that they consider the interconnection
between any number of arguments. Liu and Li [120] developed the power Bonferroni mean
operator to aggregate the interval-valued intuitionistic numbers. Moreover, Wu et al. [216]
developed some Dombi Hamy mean operators based on Dombi operations[43]. Liu, Liu
and Chen [121] proposed the Dombi Bonferroni mean AOs and discussed the MCDM pro-
cess by utilizing these operators. Tao et al. [192] developed weighted AOs by defining

the Archimedean copulas and corresponding co-copulas. Besides them, some additional
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AOs together with their applications to solve DM problems are summarized in [122, 140].
Recently, Garg [61] highlighted the limitations of existing Hamacher operator and pro-
posed improved Hamacher AOs to overcome the shortcomings. Wang and Mendel [207]
investigated that there is a lack of monotonicity property in existing prioritized AOs and
resolved this problem by defining a new AO which satisfy the monotonicity property.
Researchers utilize the above theories and their respective approaches extensively, but
the parameterization tool is not adequately taken into consideration during the DM pro-
cess. To handle this difficulty, soft set(SS)[139] and their extensions such as FSS [130]
and IFSS [129] etc. are the mathematical tools which can address the uncertainties more
effectively. By taking advantage of FSS, Balami and Onyeozili [14] introduced a fuzzy soft
AO and discussed their application in MCDM problems. A systematic review of different
approaches under the SS theory is done by Khameneh and Kiligman [99]. Feng et al.
[52]developed an algorithm to deal with DM issues with a combined use of the general-
ized intuitionistic soft set, extended intersectional operation, weighted averaging operator
and other related concepts. Recently, Chang [23] defined an intuitionistic fuzzy weighted
averaging method to solve the DM problem of supplier selection. Hu et al. [79] developed
the weighted intuitionistic fuzzy soft Bonferroni mean operator for the IFSSs, in which
weights are determined by the maximizing deviation method. A survey on different al-
gorithms of parameter reduction based on some types of (fuzzy) soft sets is presented in
[3, 256]. However, for more studies about the soft sets and its applications, we refer to

[2, 5,9, 10, 20, 22, 42, 51, 125, 144, 145, 165, 169, 170].

1.1.5 Review of dual hesitant fuzzy soft set

The above sections deal with the various methods and algorithms for solving DM problems
by using some AQOs and information measures with either a crisp or an interval form
numbers. However, apart from them, there may be another possible way to express the
decision-maker preference in terms of the possible values between 0 and 1 rather than a
crisp or in [0, 1]. The set which describes such possible information is named as hesitant
fuzzy set(HFS)[194, 195]. For example, if decision maker rates certain objects with their

satisfaction level as either 0.7 or 0.75 or 0.8 then such values are represented in terms
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of HFS as {0.7,0.75,0.8} which is completely differ from interval [0.7,0.8] information.
Hence, due to the much successful representation of the preferences of the decision-maker,
the HFS theory is much attention drawn by the scholars and hence solved the various
DM problems. In terms of the AOs, Xia and Xu [220] developed some series of operators
to aggregate the different hesitant fuzzy numbers. Yu et al. [252] utilized the Choquet
integral to define the AOs for HF'Ss. Zhu et al. [266] defined the Bonferroni mean geometric
AOs which reflect the conjunction between two inputs and applied it to MCDM problems.
Meng and Chen [134] utilized the Shapley function to define an operator for interval-
valued hesitant fuzzy sets and explained them by presenting an algorithm to solve MCDM
problems. To capture the interrelation between multi-inputs, Qin et al. [156] developed
the Maclaurin symmetric mean operator for HFSs and presented an approach to solve DM
problems. Qin et al. [157] defined the AOs based on Frank triangular norms under HFS

environment.

Apart from AOs, some information measures under HFSs are also defined by scholars
to solve MCDM problems. For example, Farhadinia [47] defined entropy, distance and
similarity measures and solve the problem of data analysis and classification based on it.
The correlation coefficients of HF'Ss is defined in [25, 116] and explained with the problem
of clustering analysis. Also, Meng and Chen [135] defined the correlation coefficient for
solving DM problems by using Shapley fuzzy measures. Li et al. [108] defined the distance
and similarity measures for the HF'Ss and discussed their application in MCDM problems.
Hu et al. [81] developed the similarity and entropy measure based on the distance measures
for HFSs. Liao and Xu [115] defined the correlation and entropy measures for HFSs. Xu
and Zhang [235] developed an approach based on TOPSIS method to solve the MCDM
problem with incomplete weight information. However, Zhang and Xu [260] presented
a linear programming technique with hesitant fuzzy information to solve DM problems.
Sun and Ouyang [183] utilized the entropy to extract the weight and hence developed the
TOPSIS method under hesitant fuzzy information. Guan et al. [70] defined the correlation
coefficient based on the mean, variance and length of HFSs. Yang et al. [243] pointed out
some deficiencies in the existing correlation coefficients[25, 116, 232] and hence defined

an improved correlation coefficient measures for them. Sun et al. [182] extended the
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TOPSIS method based on the correlation coefficients for HFS information. Farhadinia
and Xu [50] presented the distance measures for the HFSs. Apart from them, some other
kinds of measures, to handle the uncertainty using HF'S information, are developed by the

researchers. For more details about them, we refer to read [4, 49, 80, 89, 92, 193].

The above theories are strictly based on the consideration of the membership degrees
in HFSs. Besides it, in our day-to-day decision making, it is quite equally important
to consider a degree of non-membership into the analysis. To address it properly, Zhu
et al. [267] defined the concept of dual HFSs (DHFSs). Under this set, the authors in
[32, 203, 248] defined the variate of the correlation coefficient for DHFSs. Also, Farhadinia
[48] defined some correlation coefficients for DHFSs and dual interval-valued HFSs and
applied them to solve the medical diagnosis problems. However, Wang, Xu, Wang and Ni
[205] and Singh [176] defined the distance and similarity measures between the DHFSs to
solve the MCDM problems. Besides that, in terms of the AOs for DHFSs, some scholars
have also made an investigation on it. For example, in [250, 253], authors have developed
some weighted, ordered weighted and the hybrid AOs, while in [95, 262], the authors have
presented them by using Einstein and Hamacher t-norm operations respectively. Later
on, Wang, Shen and Zhu [204] presented the power AOs based on Archimedean t-norms
for DHFSs to solve DM problems. Qu et al. [159] presented the induced Shapley hybrid

weighted averaging and geometric operators for DHFSs.

As the HFSs or DHF'Ss are successfully applied in many domains to solve the prob-
lems, but these theories don’t consider the uncertainties in a parametric manner. To
address it properly, soft set(SS) theory[139] which is a generalization of the fuzzy set the-
ory to deal with the uncertainty in a parametric manner under the notion of hesitant
environment, Babitha and John [11] defined the concept of HFSSs by embedding the fea-
tures of SS with HFS. Wang et al. [202] defined the averaging and geometric operation
by using Archimedean t-norms operations for HFSSs. Peng and Yang [153] presented
an algorithm for interval-valued HFSS by using AOs. Das, Malakar, Kar and Pal [36]
proposed the concept of the correlation coefficient for HFSSs and interval-valued HFSSs.
Peng and Dai [151] presented some DM approaches for HFSSs by using Multi-Attributive
Border Approximation area Comparison(MABAC), Weighted Aggregated Sum-Product
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Assessment(WASPAS) and Complex Proportional Assessment(COPRAS) methods. Garg
et al. [62] presented the notion of fuzzy numbers intuitionistic fuzzy soft. Peng and Garg
[152] defined an algorithm form solving DM problems for interval-valued FSS by using
Weighted Distance Based Approximation (WDBA) and Combinative Distance-based As-
sessment (CODAS) methods. Furthermore, Peng and Yang [154] initiated the concept of
the DHFSS which is the generalization of HFSS. Zhang and Shu [257] investigated the
properties of DHFSS. He [77] developed an algorithm for solving the DM problems under
the DHFSS environment. However, apart from them, some other researchers have investi-
gated the DM problems under HFSS and/or DHFSS environment, for such reads, we refer
to [103, 262].

1.2 Gaps and motivation of the work towards the soft set

environment

In the above sections, we have reviewed different techniques which are utilized to deal
with DM problems under the environment of the intuitionistic fuzzy set(IFS)[8] theory.
As these hypotheses have effectively connected, but at the same time, it has observed
that they have their intrinsic flaws which are pointed out by Molodtsov [139]. During
their information collection phase, these theories could not model the vagueness of the
system because of the inadequacy of its parameterization tool. Therefore, techniques need
to be strengthened to resolve these problems in order to obtain a better decision. To
deal with them, a concept of soft set[139] and their extensions such as FSS [130] and
intuitionistic fuzzy set [129] had been developed. FSS and IFSS theories are the novel
research hypothesis with their viable applications. Moreover, the assessment presented by
the IFSSs show the positive, negative and reluctant features of experts which can assist
experts in making decisions more in keeping with the actual situation. In order to classify
the various alternatives having IFSS information, it is necessary to have an AO which
aggregate all the preferences of decision-makers into a collective value. However, research
on FSSs and IFSSs is confined to fundamental theories and applications. Thus, there is a

need to enhance the techniques for fusing the data given in the form of IFSSs.
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On the other hand, from the literature of hesitant fuzzy set[194, 195] and dual hesitant
fuzzy set [267], it has been observed that researchers are extensively using these theories
and approaches. However, in these existing theories, a concept of the parametrization tool
is not appropriately taken in the DM process. To address it, a concept of HFSS [11] and
DHFSS[257] are utilized. In these theories, the preferences of the experts are given as a
set of possible values rather than a single number. Also, from the literature, it has been
noticed that the existing methods[77, 258] under DHFSS environment are unable to fuse
the different preferences of experts given in terms of DHFSSs. Thus, there is a need to
develop some information measures and AOs for the DHFSSs in order to solve the DM

problems.

1.3 Objective of the Thesis

The present work is intended to find some new techniques/ methods to solve DM problems
under intuitionistic fuzzy soft sets. By motivating from the above literature and gaps, the

main objectives of the work are summarized as:
(O1) To develop some aggregation operators for solving decision-making problems.

(0O2) To develop and apply some information measures in decision-making problems under

soft sets.

(O3) To develop a prioritized weighted aggregation operator for soft set information.

1.4 Structure of the Thesis

The present thesis is organized into eleven chapters which are briefly summarized as fol-
lows:

A brief account of the related work of various authors in the evaluation of decision mak-
ing approaches by using several approaches is presented in the first chapter. In Chapter
2, the basics and preliminaries related to the intuitionistic fuzzy set, soft sets, AOs, etc.,

are given.
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Chapter 3 presents the concept of the dual hesitant fuzzy soft set to define the several
axioms of distance and similarity measures based on the metric of Hamming, Euclidean,
and Hausdorff. The desirable inequalities in the form of their relationships between them
have also been discussed. Later, a DM approach is presented based on the proposed
measures where the features of the objects are taken in the form of dual hesitant fuzzy soft
numbers. The effectiveness of the proposed measures is demonstrated through concrete
examples of pattern recognition and medical diagnoses and compare the study with the

several existing approaches.

Chapter 4 deals with the correlation coefficient and weighted correlation coefficients
under the DHFSS environment in which pairs of membership, non-membership are to
be considered as vector representation during the formulation and to investigate their
properties. Further, under this environment, a multicriteria DM method based on the
proposed correlation coefficients are presented. Three numerical examples, one from the
selection procedure and other from the medical diagnosis and pattern recognition, are
taken to demonstrate the efficiency of the proposed approach and compared their results

with the several existing approaches results.

Chapter 5 utilized the idea of dual hesitant fuzzy soft sets and presents some new
AOs, namely, dual hesitant fuzzy soft weighted averaging and geometric operators pro-
posed along with their proofs to aggregate the different preferences of the decision makers.
Various desirable properties of its are also investigated in details. Further, these AOs are
extended to its generalized operator by incorporating the attitude character of the decision
maker towards the data. Later, an MCDM approach is presented based on the proposed
operators for solving the DM problems. An illustrative example present to demonstrate
the approach under DHFSS environment and compared their results with some of the

existing approaches results.

In Chapter 6, we present a nonlinear programming (NLP) model based on the tech-
nique for order preference by similarity to ideal solution (TOPSIS), to solve multi-attribute
DM problems. In this approach, both ratings of alternatives on attributes and weights of
attributes are represented by IVIF sets. Based on the available information, NLP models

are constructed on the basis of the concepts of the relative-closeness coefficient (RCC)
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and the weighted distance. A real example is taken to demonstrate the applicability and

validity of the proposed methodology.

Chapter 7, we have defined some new averaging and geometric prioritized AOs in
which the preferences related to attributes are taken in the form of IFSSs. Desirable
properties of its have also been investigated. Furthermore, based on these operators, an
approach to investigate the multi-criteria decision making (MCDM) problem has been
presented. The effectiveness of these operators has been demonstrated through a case

study.

In Chapter 8, we present two new scaled prioritized averaging AOs by considering
the interaction between the membership degrees for the intuitionistic fuzzy soft sets. The
principal advantage of the operators is that they consider the priority relationships between
the parameters as well as experts. Furthermore, some properties based on these operators
are discussed in detail. Then, we utilized these operators to solve the DM problem and

validate it with a numerical example.

Chapter 9 presents some new Bonferroni mean(BM) and weighted BM averaging
operator for aggregating the different preferences of the decision maker. Some of its
desirable properties have also been discussed in details. Further, a DM method based on
proposed operators has been presented and then illustrated with a numerical example.
A comparative analysis between the proposed and the existing measures under the IFSS
environment has been performed in terms of counter-intuitive cases for showing the validity

of it.

In Chapter 10, we develop some new power AOs based on the Archimedean t-norm
operators for intuitionistic fuzzy (IF) soft numbers. The developed AOs are named as
intuitionistic fuzzy soft power averaging and geometric operators, weighted intuitionistic
fuzzy soft power averaging and geometric operators, weighted and ordered weighted intu-
itionistic fuzzy soft power averaging and geometric operators. The salient features of these
operators are also discussed in details. Further, these operators are extended to its gener-
alized version and called generalized intuitionistic fuzzy soft power averaging or geometric
AOs. Finally, the applicability of these developed operators is explained with a numerical

example related to DM problems. A comparative analysis of existing approaches has been



21

done for showing the validity of the proposed work.

Chapter 11 presents the concept of generalized IFSS (GIFSS), as well as the group-
based generalized intuitionistic fuzzy soft set (GGIFSS) in which the evaluation of the
object is done by the group of experts rather than a single expert. Based on this infor-
mation, a new weighted averaging and geometric AO has been proposed by taking the
intuitionistic fuzzy parameter. Finally, a DM approach based on the proposed operator
is being built to solve the problems under the intuitionistic fuzzy environment. An il-
lustrative example of the selection of the optimal alternative has been given to show the
developed method. Comparison analysis between the proposed and the existing operators
have been performed in term of counter-intuitive cases for showing the superiority of the

approach.
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Chapter 2

Preliminaries

In this chapter, we present the basic concepts and the mathematical structure related to

IFS, IFSS, DHF'S, HFS, aggregation operators, etc., over the universal set X.

2.1 Intuitionistic fuzzy sets and its extensions
Definition 2.1.1. [8] An IFS A is given as

A={ @ ua@),va@) | @ € X}, (2.1)

where, u4(x),va(z) € [0,1], represents MD and NMD of = with 0 < ua(z) +va(z) <1
holds for Vz. We call, this pair (u4,v4) as an IFN [231].

Definition 2.1.2. [8] For any two IFNs A = (u4,v4) and B = (ug,vg) , we have
(i) ACBifuy <upand vy > vp.
(ii) A=Bif ACBand ADB.
(ili) A° = (va,uq).
(iv) AU B = (max{u4,up}, min{v4,vg}).
(v) AN B = (min{u4,up}, max{vg,vg}).
Definition 2.1.3. [231] The score function for an IFN A = (u4,v4) is defined as :
S(A) = ua —va, (2.2)

23
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and accuracy function is defined as:
H(A) =usg+va (2.3)
Definition 2.1.4. [7] An IVIFS A in X is defined as
A=A{(z,ua(@),v4(2)) | v € X}, (2.4)

where U4(z) = [uf(2),uf(2)] and Ta(z) = [vh(z),v4(x)] are all subsets of [0,1], and
represents the MDs and NMDs of z to A such that for any z € X,0 < uY(z) +0v4(z) < 1.

For convenience, we denote the pair as A = ([ul, Y], [vF,vY]) and called as IVIFN.

Definition 2.1.5. Let A = ([uf,uq], [v],vY]) and B = ([ug, u¥], [vE, v¥]) be any two

IVIFNs, then
(i) ACB ifuf4 < ué,u% < ug,vﬁ > Ué’ and v% > Ug.
(i) A=Biff AC Band AD B.

(1) A° = ([0}, o], [y, u).

() AUB = ((max{ul, uf}, max{u, ug}]. lmin{vh, uf}, min{o} ug})):
(v) ANB = (Imax{ul, uf}, max{uf, u§}], min{v’y uk}, minfof, ug}).

Definition 2.1.6. [228] The score function for an IVIFN A = ([uf, uY], [vh, vY]) is defined

as:

L U L U
UQ+ Uy — v — vy
2 )]

S(A) = (2.5)

and accuracy function is

uly + Y + v +0f
5 .

H(A) = (2.6)

To order the different IFNs and/or IVIFNs, a comparison law between them is defined

as follow.

Definition 2.1.7. [227] Let A and B be either two IFNs and/or IVIFNs then based on
the score and accuracy functions as defined in Definitions 2.1.3 and 2.1.6, an order relation

A = B, where “>” refer “preferred to”, occurs if anyone of the following condition met.



25

(i) If S(A) > S(B).
(i) S(A) = S(B) and H(A) > H(B).

Definition 2.1.8. [194, 195] A hesitant fuzzy set (HFS) A on X is defined as a mapping

from X to a finite subset of [0, 1], which can be represented as:
A= {(u, ha(u®) |u e ¥}, (2.7)

where s represent the number of values in h4(u) and hg(ul®)) is a set of some different

values in [0, 1], denoting the possible membership degrees of the element u € X'.

Definition 2.1.9. [267] The dual hesitant fuzzy set (DHFS) A on X is defined as:

A= {(wha(®), ga@?) | u e x} (2.8)

where s and t represents the number of values in h4(u) and g4(u) and ha(u(®), g4(u®) are
two sets of some values in [0,1], denotes the possible MDs and NMDs of the element u € X

to the set A, respectively, with the condition that 0 < (4,94 <1 and 0 < Cj + 19:2 <1

where (4 € hy, 94 € gA,Cj € h; = UCAEhA max{(A},ﬁj‘ € g;{ = UﬁAEgA max{VU}.

2.2 Soft sets

In this section, we briefly overview the basic terms associated with soft set over the set X.

For it, let £ be a set of parameter.

Definition 2.2.1. [139] A pair (F,€) is called soft set (SS), if F is a mapping from & to

power set of X, i.e., PY.

Definition 2.2.2. [130] A SS is said to be FSS, if F : £ — P~ defined as:
Fui(ej) = {(ui, G(wi)) [ ui € X} (2.9)

where F% be the set containing fuzzy subsets of X' and (j(u) represents the MD of u over

the parameter e; € £.
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Definition 2.2.3. [129] A SS is said to be IFSS, if F : & — ZFX defined as the set

containing intuitionistic fuzzy subsets of X is defined as:
Fui(e5) = {(wi, Gi(ui), 95(ui)) | u; € X} (2.10)

where ZF% be the set containing intuitionistic fuzzy subsets of X and (;(u;) and 9 (u;)
represents the MDs and NMDs of u over e; such that 0 < ¢;,9; <land 0 < (;+9; <1
for all u € X. For simplicity, we denote the pair of F,(e;) as A;; = ((ij, ¥45) and known
as IF soft number (IFSN).

Definition 2.2.4. [6] The score function of an IFSN A = (¢, 9) is given as S(A) = ( — 7,
while an accuracy function is H(A) = ¢ + ¢. Based on it, an order relation “~” between
two IFSNs A and B defined as A > B if either S(A) > S(B) or S(A) = S(B) and
H(A) > H(B) holds.

Definition 2.2.5. [129] Let (J—",El) = {(ui,le(ui),ﬁjl(ui)) ‘ u; € X,ejl € 51} and
(G, &) = {(wi, (o (wi), 95, (wi)) | wi € X,ej, € E} are two IFSSs, then the following

operations hold:
(i) (F,&1)U (G, &) = (H,E) where € =& UE; and

fui(6]’1) if e; € & —&
,Hui(ej) = Qui(ejg) if e; € E—&
]:ui (6j1) U guz‘(eh) if €j € &iné
(ii) (F,&)N (G, &) = (H,E) where € =& N & and
fui (ejl) if €j € & —&
Hu,(e5) = Gu, (€5,) ifej €& —&
Fui(€) N Gui(ejy) €5 € E1NE,
(ili) (F,&1)° = {(ui, U5, (i), Gy (i) | ui € X, 5, € Ex}

(iv) (F, &) is soft subset of (G, &), if
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(a) 51 g 52.

(b) Vej S 51,]'—%(6]‘) - guz(e])
and is denoted by (F,&1) € (G, &);
(v) (F,&1) = (G,&) if (F, &) € (G,&2) and (G, &) € (F, &1).

Definition 2.2.6. [91] A pair (F,€) is called an IVIFSS over X iff F : £ — KU where
KU denotes the set of all IVIF subsets of X and for any e € £, the IVIFSS is defined as

Fule) = {(u, [6F (), & ()], [9F (w), 95 (w)]) | u € X} (2.11)

where C]-L(u), 19JL (u) are the lower bounds and CJU(U), ﬂJU(u) are the upper bounds of degree

of the MDs and NMDs respectively, such that CJU(u) + '19]U(u) <1forallueX.

Definition 2.2.7. [11] Let € be a set of parameters and H* denote set of all hesitant
fuzzy subsets of X. A pair (F,E) is called a hesitant fuzzy soft set (HFSS) over X, if and
only if F is a mapping denoted by F : £ — H*. For any parameter ej € €, F(ej) can be

written as:

Fuleg) = {(ui, {hrguy (€)}) | us € X} (2.12)

where hr(,,)(e;) is a set of possible values in [0, 1], denoting the membership degrees of

the element u; € X to the parameter e;.

Definition 2.2.8. [257] A pair (F,€) is called a dual hesitant soft set (DHFSS) over X
if and only if F is a mapping given by F : £ — D, dual hesitant fuzzy subsets in X. For

any parameter e; € £, F(e;) can be written as:

Fules) = {(ui, Thrun ()}, {97 (€)1 | us € X} (2.13)

where hz(,,)(e;j) and gr(,,)(e;j) are two sets of some values in [0, 1], denoting the possible

MDs and NMDs with the conditions 0 < Cr(y,), 9z, < 1 and ¢t + 9% < 1 where

e U maxdCule)laddte U max{iru(e)) For
CF(ug) (€5)ERF(u;)(ej) 97 (u;) (€5)€E9F (uy) (€5)
the sake of simplicity, we denoted the pair F,,(e;) to be Aj; = {{hi;},{gi}} or Aij =

({hij},{9i;}) and called as dual hesitant fuzzy soft numbers (DHFSNs).
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2.3 Information measures

Let ®(X) be the collections of the soft sets defined over the set X = {u1,us,...,u,} and

& be the set of the parameters.

Definition 2.3.1. [205] Let A and B be two sets on X = {uq,ug, ..., u,} then the distance
measure between them is defined as D(A, B), if it satisfies the following properties for

A,B,C € B(X)

(P1) 0 < D(A,B) < 1.

(P2) D(A,B) =0 if and only if A= B.

(P3) D(A,B) = D(B, A).

(P4) If A C B CC then D(A,B) <D(A,C) and D(B,C) < D(A,C).

Under the DHFS environment, the researchers [176, 205] have presented some dis-
tance measure which are defined as follows. For it, let A = (hg(z),g4(x)) and B =
(hg(z), gn(x)) be two DHFSs. Then, we have

(i) Wang et al. [205] proposed the weighted distance measure:

§ Z ‘,&(J)(ui) _ ,YZ(J)(W)‘/\
D(AB) =) |w li ”:;g (2.14)
i=1 i o, o
+ 3 o i) = ng® ()|
L k=1 |

where ’yj‘(j )(u,) be the j* largest value in h4(u;) and nil(j ) (u;) be the 5™ largest
value in g (u;) for DHFS and A > 0, #h,, and #g¢,, are the number of the elements

in ha(u;) and ga(u;) respectively such that l,, = #hy, + #gu,-

(ii) Singh [176] proposed a generalized normalized and weighted distance measure de-

noted by dgg4, and dgg,, respectively
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ddgn(Aa B) = %
and
1
ddgw (A, B) = 5

=1

> | () =

()|
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>

(2.15)

>

(2.16)

where A > 0 and w; and z; be the weights assigned to membership degree and

non-membership degree, respectively.

(iii) Wang et al.[205] proposed the distance measure as

n

d(A,B) =)

1=

1

>4 5|
Ya€hA(ui) _ B€hs(us)
#ha(u;) #hps(u;)
nNA nB
n nA€ga(ui) _ nsEgs(ui)
#Hga(u;) #95(u;)

A

>

(2.17)

where #h 4(u;) and #g4(u;) are the number of the elements in hy and g4 respec-

tively.

Definition 2.3.2. [205] Let A and B be two DHFSs on & = {uq,us,..

.,Up} then the

similarity measure between them is defined as s(A, B), if it satisfies the following properties

(P1) 0< s(A,B) < 1.

(P2) s(A,B) =1if and only if A= 5.

(P3) s(A,B) =s(B,.A).
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(P4) If A C B C C then s(A, B) > s(A,C) and s(B,C) > s(A,C).

For two DHFSs A and B, Wang, Xu, Wang and Ni [205] defined the similarity measures

between them as follows.

1 a(j o(j o(k o(k
S/(A,B) —1_ Z w; r Z ,)/A(J) o ,.YB(J) + Z 77A( ) 773( ) (218)
i=1 i\ j=1 k=1

a(4)

where 75" be the 4% largest value in hg(z) and ’yg(

7 be the 4§ largest value in gp(z) for
DHFS di = (he(x),ge(x)) and XA > 0, ly;, = (#hy,) + (#9u,), #h and #g are the number

of the elements in h and g respectively,

Definition 2.3.3. Let A and B be any two sets then the correlation coefficient between

them is denoted by p(A, B) if it satisfies the following properties:
(P1) 0 < p(A,B) < 1.

(P2) p(A,B) = p(B, A).

(P3) p(A,B)=1if A=B.

For two DHFSs A and B, some of the existing correlation coefficient measure are

defined as below.
(i) Wang et al. [203] defined the correlation coefficient as:

n 1 k; 1 l;
> (Z > hgots) (i) hgos (ui) + T ZlgAn<t>(ui)gsvm(ui))
1 t=

PAB) = —ShS e L (2.19)
5 (5 e 0043 00 ) £ (5 2 00+ 5 s )
(ii) Ye [248] defined the weighted correlation coefficient as:
g:“’i (kll 2 B gty gt (i) + é} 940 (i) 9o (ui)>
p(A,B) = ki it (2.20)

n 1 ki 1 15 . n k; 1 1;
£ i (2 W00+ - 2 00 )1 5 0 (1 25 W 0+ 35 By )
i= Vi §= Yi t= i

=1 li iz

2.4 Archimedean t-norms and Archimedean t-conorms
A t-norm (fuzzy intersection)[101, 138] “7” is a binary operation on [0, 1] i.e.

T :10,1] x [0,1] — [0, 1] (2.21)
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defined by
(B1NBg)(x) =T (Bi(x), Ba(x)) Vz € [0,1] (2.22)

where By and Bs are arbitrary fuzzy sets. Further, the mapping T satisfies the following

axioms for all a,b,d € [0,1]

Axiom 1: T(a,1) =a (Boundary Condition)
Axiom 2: If b < d then T (a,b) < T (a,d) (Monotonicity)
Axiom 3: T (a,b) = T(b,a) (Commutativity)
Axiom 4: T (a, T (b,d)) = T(T (a,b),d) (Associativity)

Alternatively, a T-conorm (fuzzy union)[101, 138] ‘S’ is also a binary operation on

[0, 1] given by
S:[0,1] x [0,1] = [0,1] (2.23)
defined by
(B1UBsy)(x) =S (Bi(x), Ba(x)) Vz € [0,1] (2.24)

Also, the mapping ‘S’ further satisfies the boundary, monotonicity, commutativity and
associativity conditions.

The relation between ‘S’ and ‘7’ norms is given as
S(a,b)=1-T(1—a,1—->b) Va,bel0,1] (2.25)

A class of fuzzy intersection (t-norm) is obtained if t-norm also satisfies the additional
axioms [101, 138], i.e.,

Axiom 5: T is continuous function (Continuity)

Axiom 6: T (a,a) <a (Subidempotency)

Axiom 7: If a1 < ag and by < by implies 7 (a1,b1) < T (az,b2)  (Strict monotonicity)

Similarly, for t-conorm, Axiom 6 is replaced by S(a,a) > a and is called superidempo-

tency.
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A continuous t-norm that satisfy the subidempotency i.e., T(a,a) < a is called an
Archimedean t-norm(AT)[101, 138]. If it also satisfies the strict monotonicity then it is
called strict Archimedean t-norm. On the other hand, a continuous t-conorm that satisfies
the superidempotency i.e. S(a,a) > a is called an Archimedean t-conorm(AC)[101, 138].
If it also satisfies the strict monotonicity then it is called strict Archimedean t-conorm.

Furthermore, strict AT and AC can be expressed in the form of continuous function

k:[0,1) — [0,1] and [ : (0, 1] — [0, 1] respectively for a,b € [0,1] as
T(a,b) =17((a) +1(b)) and S(a,b) =k~ (k(a) + k(D))

where [(or k) is a decreasing(or increasing) function with {(1) = 0, £(0) = 0 and l(a) =
k(1 — a). However, some standard union and intersection form for a,b € [0, 1] are defined

as [101, 138]:
(i) Standard intersection and union[101, 138]
T (a,b) = min(a,b) ; S(a,b) = max(a,b)
(ii) Algebraic product and algebraic sum
T (a,b) =ab ; S(a,b) =a+b—ab
(iii) Bounded Difference and Sum
T (a,b) = max(0,a+b—1) ; S(a,b) = min(1,a + b)

(iv) Drastic intersection and union

a ;whenb=1 a ;whenb=0
T(a,b)=4b :;whena=1 ; S(a,b)=4b ;whena=0
0 ;otherwise 1 ;otherwise

(v) Yagar class of t-norm and t-conorm

T(a,b) =1 — min (17 [(1—a)?+(1— b)p]l/p) ;
S(a,b) = min [l, (aP + bp)l/p}

where p > 0.
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Apart from them, some other well known ATs and ACs with their generator function

are summarized in Table 2.1 [101, 138].

Table 2.1: Some AT and AC with their relative additive generators

Name T-norm Additive generator S-norm Additive generator
T (a,b) z(t) S(a,b) y(t)
Algebraic ab —log(t) a+b—ab —log(1—1t)
Einstein 1“1—07;)(14)) log (Zt_") 1”rabb log %)
Hamacher (y > 0) Wgﬁbiab) log (M) % log (W)
Frank(n > 1) log,, (1 + %) —log (;’t%ll) log,, (1 + %) —log (nln’%)

2.5 Aggregation operator

The operations AT and AC are commonly used to combine several fuzzy sets into a single

set by using desirable pattern is called as aggregation operators (AOs).

Definition 2.5.1. An aggregation operator on ‘n’ fuzzy sets (n > 2) is defined as
F:[0,1]" — [0,1] (2.26)

Let By, Bo, ... B, be first ‘n’ fuzzy sets defined on X, then function ‘F’ produce an ag-
gregate fuzzy set B by operating the membership degrees of these sets for each x € X,

ie.,

B(z) = F (Bi(z), Ba(x), ..., By(x)) (2.27)
Further, an aggregation operator F must satisfies the three axiomatic conditions.
Axiom 1: F(0,0,...,0) =0and F(1,1,...,1) =1 (Boundary condition)

Axiom 2: If a; < b; for i = 1,2,...n, then F (a1,as,...,a,) < F (b1,b2,...,b,) (Mono-

tonicity)
Axiom 3: F is continuous. (Continuity)

Definition 2.5.2. [6] For a positive real number A\ and three IFSNs A = ({,9), 411 =
(¢11,911), A1z = (C12,Y12), we have
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(i) A @Az = (1 - (1= ¢u)(1 = G2), 911912)
(i) A1 ® Az = (G1iz, 1 — (1 — 911)(1 — V12))
(iii) M= (1— (1 -9
(iv) A* = (M 1—(1—9)Y)

Based on these operations, Arora and Garg [6] proposed the following weighted aggre-
gation operators for the collection of IFSNs A;;(i = 1,2,...,n;j = 1,2,...,m) with weight
vectors = (n1,M2,...,nn)7 and & = (&1,&2,...,&,)T for the experts and the parameters

n m
respectively such that 7;,&; > 0,> 7, =1and ) & = 1.
i=1 j=1

(i) IF soft weighted average (IFSWA) operator
m n & m &
IFSWA (A1, Ao, ... Apm) = <1 -1I (Hu — Gij)" ) 1 <H19 ) ) (2.28)
j=1 \i=1
(ii) IF soft weighted geometric (IFSWG) operator
m n & m n &
IFSWG(Awr, Ar2, - .., Anm) = (H (H Z) 11— (H(l —m-jw) ) (2:29)
j=1 \i=1 j=1 \i=1

Definition 2.5.3. [242] Let A;, As, ..., A, be a collection of alternatives. For any real

numbers p, ¢ > 0, the Bonferroni mean(BM) of the given values is defined as:

1 n
BPY(AL, Az, .. Ay) = 2D > AA (2.30)
i,j=1
i#]

which satisfies the following properties:
(i) BP1(0,0,...,0) =0.
(ii) BP1(AA, ..., A) = A, if A, = A for all i.

(iii) BPY( Ay, Ag, ..., Ay) > BPYBy, By, ..., B,) ie., BP? is monotonic, if A; > B;, for

all 4.

(iv) min{A;} < BPU(Ay, A, ..., A,) < max{A;}
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Definition 2.5.4. [238] Let Aj, Ao, ..., A, are the attributes then the power averaging
(PA) operator is given as

n

PA(A1 Az, .. Ap) = w (2.31)
i=1 > (1+T(A))

=1

where T'(A;) = ) Sup(A;, Ax) and Sup(A;, Ag) is the support for A; from Ay, defined
k=1
i£k

as

Sup(A;, Ag) = 1 — d(A;, Ag) (2.32)

where d(A;, Ay) is the hamming distance between A; and Ay. Also, it satisfies the prop-

erties as given below:
(i) Sup(A;i, Ax) € [0,1];
(ii) Sup(A;, Ag) = Sup(Ag, A;);
(ifi) if d(Ai, Ay) < d(Ar, A,) then Sup(As, Ay) > Sup(A,., A,).

Definition 2.5.5. [241] Let Ay, As, ..., A, are the attributes then the prioritized mean

average(PMA) operator is given as

PMA (AL As, o A) = 3 o A, (2.33)

i—1
where Th =1 and T; = [] S(Ax);i=1,2,...,n, S(Ax) represents the score of Ay.
k=1

2.6 Description of the decision making model

Assume that A = {A(l),A(2),...,A(t)} be the set of different alternatives and & =
{e1,e2,...,en} be the set of different parameters whose weight vectoris {;(j = 1,2,...,m)
m
such that & > 0, > & = 1. Consider X = {u1,u2,...,u,} as a set of different experts
j=1
n
with weight vector 7;(i = 1,2,...,n) such that n; > 0 and > n; = 1, which give their

=1
preferences after evaluating the alternatives A®) (b=1,2,...,t) over different parameters
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ex(k = 1,2,...,m) in terms of IFSNs A;x = (Cik, V)@ = 1,2,...,n;k = 1,2,...,m).
Here (. represents the degree of satisfaction and 1;; represents the degree of rejection of
the alternative over the experts and parameters. Thus, the complete decision matrix of
the given alternative is summarized as M = (A;j)nxm. The general procedure to access

the best alternative(s) are summarized in the following steps:

Step 1: Arrange the information related to each alternative are assessed in terms of in-
(b)

tuitionistic fuzzy soft decision matrix M©® = (A Jnxm for i =1,2,....n;j =
1,2,...,m, as follows
e1 e ... em
w [AY Al Al
b b b
M — u [AS AR AR
un [AY) A Al

Step 2: Normalize the rating values of the cost type attributes into the benefit type by

using the following normalization equation

) ({i(jl-’ ),19§?)) ; if j € benefit type parameter
J (19(1)) (b))

i > Gij ; if j € cost type parameter

and hence obtained the normalized decision matrices R(®) = (rg-)) )

Step 3: Aggregate the preference values of the all the alternatives into the overall collective

values by using appropriate method/technique.

Step 4: Utilize the appropriate defuzzification method to compute the crisp value of the

alternatives.

Step 5: Rank the alternatives based on the defuzzified values and select the best one(s)

according to them.



Chapter 3

Distance and similarity measures
for dual hesitant fuzzy soft sets
and their applications

In this chapter, we utilized the concept of the dual hesitant fuzzy soft set to define the
several axioms of distance and similarity measures based on the metric of Hamming,
FEuclidean, and Hausdorff. The desirable inequalities in the form of their relationships
between them have also been discussed. Later, a DM approach is presented based on the
proposed measures where the features of the objects are taken in the form of dual hesitant
fuzzy soft numbers. The effectiveness of the proposed measures is demonstrated through
concrete examples of pattern recognition and medical diagnoses and compare the study

with the several existing approaches.

3.1 Introduction

The extensive literature related to distance and similarity measures for solving the DM
problems under the different environment are summarized in Section 1.1.1 of Chapter 1.
During the phase of expressing the preferences over alternatives by an expert, a hesitant
fuzzy set HEFS) [194, 195] and dual hesitant fuzzy set (DHFSs) [267] provides a useful

reference. Since these theories are successfully applied in various disciplines but failed

!The content of this chapter is published as “Distance and similarity measures for dual hesitant fuzzy
soft sets and their applications in multi-criteria decision making problem”, International Journal for Un-
certainty Quantification, 7(3), 229 - 248, 2017 (SCI: Impact Factor 3.259).
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to handle the parameterized tool during the analysis and hence they couldn’t be applied
effectively in real life problems. To overwhelm this, soft set theory [139] pays great atten-
tion and successfully deal with these type of conditions. Maji et al. [129, 130] combined
the theory of soft set with the fuzzy and IFS theory and come up with the new concept
of fuzzy soft set (FSS) and intuitionistic fuzzy soft set (IFSS). Peng and Yang [154] and
Zhang and Shu [257] proposed the concept of dual hesitant fuzzy soft set (DHFSS) by
combining the theory of DHFS with the SS. The advantages of these extended theories
are that they are capable to facilitate the descriptions of the real-world situation with the
help of their parameterized property. Due to this fact as well as the consideration of the
hesitant membership and nonmembership degrees are very common in decision making
(DM), it is necessary to develop such distance measures.

Therefore, by keeping the advantages of the DHFSS to express the uncertainty and
fuzzy DM and the distance measures to compare the discrimination between the two sets,
we have defined some new families of distance and similarity measures for two or more
DHEFSS based on Hamming, Euclidean, Hausdorff metric. Later, these distance measures
are extended to their generalized measures. The various desirable properties between the
proposed measures have been investigated in detail. Further, we developed a DM approach
based on the proposed measures under the dual hesitant fuzzy soft set environment. The

applicability of the approach is demonstrated through some numerical examples.

3.2 Proposed distance and similarity measure for dual hes-

itant fuzzy soft sets

In this section, some distance measures and their corresponding similarity measures for
DHFSSs have been proposed on the set of universe X'. For it, let £ is the set of parameters

and ®(X') be the collections of DHFSSs.

Definition 3.2.1. A real-valued function D : ®(X) x ®(X) — [0, 1] is called as distance
measure, if D satisfies the following properties for (F,€), (G,€), (H,€) € &(X):

(P1) 0 < D((F,&),(G,E)) < 1.
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(P2) Tf (F,€) = (G,€) then D((F,E),(G,E)) = 0.

(P4) If (F,€) C (G.€) C (H,E) then D((F,E),(G.€)) < D((F,E),(H,E)) and D((G,E),
(H,€)) < D((F, &), (H,€)).

For two DHFSSs (F, &) = (¢ (), 053 (ui)) and (G,€) = (¢Z0)) (i), g0 (us))

defined over the universal set X', we define some series of the distance measures as follows.

(i) Hamming distance

k.
1 - oS o(s
Lo | 2l ) = G
Di((F.€),(6.6) =5 81—1% (3.1)
Jj=li=1 a(t) oty /-
g 2 e () = U ()
(ii) Normalized Hamming distance
1
1 & e 2 oy () = G2 (w)
o v s=1
D3((F,€),(9,€)) = 2mn;zzl L ) (32)
gy 227 () = Ve ()
(iii) Euclidean distance
|k ) 3
| 2GR ) = G0 )
D3((F.€).(6.8) =15 = (3.3)
j=11i=1 L g (t) o(t) 2
gy 2277 () = Ve ()
(iv) Normalized Euclidean distance
k; 2
1 - S o(s 2
;| o T Z C]:(e))(uz) - Cg((e))(uz)
(F€),(G:€) = 5 2 - (3:4)
2mn =i 1 o | 4o) o(t) 2
- l; 19}'(63')( i)~ 199(61')( i)
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where k; and [; represent the number of values in C;((‘Z)_)(ui)and ﬁgf(ge))(ul) respectively.
J J
In order to justify, whether the measures defined as above are valid distance measures

for DHFSSs. For it, we prove the results in the following theorems.

Remark 3.2.1. In particular, if we take m = 1, we will get the distance measures for
DHFS [176, 205] as defined in Eq. (2.18) of Chapter 2. Thus, distance measures of the

DHEFSs are the special case of the proposed distance measures under DHFSSs.

Proposition 3.2.1. The measure Dy, between two DHFSSs (F,£) and (G, £) satisfies the

properties as mentioned in Definition 3.2.1.

Proof. Let (F,E),(G,€) be two DHFSSs with n alternatives and m parameters; then we

have

’CG(S Cg(( ))(Uz)’ > 0 and ’19 (u;) — 792%2)(2%)‘ > 0. Therefore,
SIERS (5) 0 ) — 90

0' 0’ s o(t
; [ 2_:1‘ Fen (1) = GGop (i) | + 1 Z |95 e, (i) = O >(“i)\] >0

Hence Dy ((F,€),(G,€)) >0

Furthermore, |¢ U(S ( i) — Cgéz (ui)] <1 and ‘193_.((2])(%) — 7928)(“@)‘ < 1 which

implies that

m n k;
1 1 - oS 0‘ S 0—
2mn Z : [k Z ‘Cf((e)j)( ( } + - Z |19 ((2)(“1”] <1

Hence 0 < D, ((F,€),(G,€)) <1

(P2) Let (F,€) =(G,€) & CU(S ( i) = Cg(s ) (u ;) and 190(;) ) (u ) g(e ( i), for each i
and j, if and only if, ’ a(s (ui) — Cg( (ui)| = 0 and ‘19 (u;) — 19 (t) uz)‘ =0.

G(ej)
HenceDg(( , ),(Q,E))Z

(P3) For any two real numbers a and b, we know that ‘a — b‘ is equivalent to }b — a}. Thus
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by definition of D5, we have

1 m n s .

=mm22kZK( o]+ 35 - 75 )

]: 1= L 1

. 1 m n a(s) o(s 190'(t ' o-(t) ( )‘_
N 2mn;; ki Z’CQ 67) -7:(6]) ‘+ Z‘ u;) }‘(e )\t

= DQ((g75)7( ’ ))

(P4) Let (F,€) C (G,€) € (H,€) = (Fe) (wi) < G2\ (ws) < () (wi) and 93 (wi) >

%@wmz 2%<>ﬂm\”“ i) - @” Dl < 160 ) = Gy (wa.
<ae ey )| < |50, %@ ww‘i‘w%a>w 95 ()~

o s) o'
19,}_[( ) (u;) ‘ and }19 ul) ’H(e
definition of Dy, we can easily obtain that Ds((F,£), (Q,E)) < Do((F,E), (H,E))
and D2((G,€), (H,€)) < D2 ((F, &), (H,€)).

‘ ‘19]_.(6]) (u;)— 193_[( (u; } Therefore, by the

Hence D5 is a valid distance measure. O

Proposition 3.2.2. The measure Dy as defined in Eq. (3.4) is also a valid measure.

Proof. Follows from Preposition 3.2.1, so we omit it here. O

The working of these proposed measures are explained with a numerical example as

below.

Example 3.2.1. Let X = {uy,ua, us, us} represent the set of four houses under the con-
sideration of a person to purchase, £ is a set of parameters such that E={e; (“expensive”),
ea(“beautiful”), es3(“in good location”)}. An expert gives their preferences in terms of
DHFSSs, (F,€) and (G, E), for describing the “attractiveness of the houses” and their
rating values are summarized in the form of the following decision matrices as follows:
el €2 €3
wr [({0.7,0.6,0.5},{0.3,0.2,0.1})  ({0.6,0.5,0.4},{0.4,0.3,0.2}) ({0.3,0.2,0.1},{0.7,0.6,0.6})

(F.€) = uz |({0.6,0.5,0.4},{03,0.2,0.1}) ({0.5,0.4,0.3},{05,0.3,0.3}) ({0.7,0.7,0.5},{03,0.2,0.2})
) ) )
) ) ( )

us [({0.8,0.7,0.7},{0.2,0.1,0.1})  ({0.8,0.8,0.7},{0.2,0.2,0.1})  ({0.7,0.6,0.5},{0.3,0.2,0.1}
us [({0.4,0.4,0.3},{0.6,0.5,0.4}) ({0.6,0.6,0.5},{0.4,0.3,0.2}) ({0.8,0.7,0.6},{0.2,0.1,0.1}
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el )

uy [({0.7,0.6,0.4},{0.3,0.2}) ({0.6,0.4,0.3},{0.3,0.1})
G.6) = w2 | ({0.9,07,06},{0.1})  ({0.7,0.5,0.4},{0.3,0.2})

us [({0.8,0.7,0.6},{0.2,0.1})  ({0.5,0.4},{0.2,0.1})

uy [({0.6,0.5,0.5},{0.4,0.2}) ({0.8,0.7,0.5},{0.2,0.1})

By applying Eq. (3.2), we have

D,((F.€),(G.€))
1 3 4 1 k; o(s)
SR RS CTNINEEAIIERS oL
j=11i=1 s=1

€3

({0.6,0.4,0.3},{0.4,0.1})
({0.4,0.3,0.3},{0.6,0.5})
({0.9,0.8,0.6},{0.1})
({0.6,0.4,0.3},{0.3,0.1})

— ey (u)]

= 413(|0.7-=0.7] + |0.6 — 0.6] + 0.5 — 0.4]) + £(|0.6 — 0.6| + |0.5 — 0.4| + |0.4 — 0.3])

0.3 - 0.6 +]0.2—0.4] 4+ |0.1 = 0.3]) +
0.5-0.7| + 0.4 — 0.5 4 |0.3 — 0.4]) +

0.8 — 0.8 + (0.7 — 0.7 + 0.7 — 0.6

_|_

0.7—0.9] + 0.6 — 0.8] + 0.5 — 0.6]) +

0.6 — 0.8] + 0.6 — 0.7| + 0.5 — 0.5]) +

_l’_

0.7 - 0.4] 4 |0.6 — 0.1] + [0.6 — 0.1]

+
oo\»—\ WP W RPWRPRWRPRWRWRWRWFRWEW e

+

0.5—0.3] 4+ |0.3 — 0.2 + [0.3 — 0.2

02—0.2] + (0.1 - 0.1] +]0.1 - 0.1]) +

( )
( )
( )
( )
( )
(]0.3—0.3] 4+ [0.2 = 0.2| +]0.1 — 0.2])
( )
( )
( )
( )

0.3 —0.1] +{0.2 = 0.1] + [0.1 — 0.1]) +

— W R WRFRWRWRWRWRFRWRWRWRW -

+ QO4 0.2] +]0.3-0.1| + 0.2 —0.1]) +

= 0.1569

and by applying Eq. (3.4), then we get Dy((F,£),(G,€)) = 0.2003.
If we considered the weights & > 0 of the element u; € X (i =

and n; > 0 be the weight vector of the parameters e;(j = 1,2,...,

( )
( )
( )
( )
( )
(]0.4 —0.3] 4+ [0.3 = 0.1| +]0.2 — 0.1])
( )
( )
( )
( )

1,2,...,

0.6 —0.9] + (0.5 —0.7| + 0.4 — 0.6
0.7 —0.4| +[0.7—0.3| + 0.5 - 0.3
0.8 —0.5] + [0.8 — 0.4 + 0.7 — 0.4]
0.4 —0.6| + [0.4 — 0.5 + [0.3 — 0.5]

0.8 —0.6] + (0.7 —0.4| +]0.6 — 0.3

03-0.1]+]0.2—-0.1| + |0.1 - 0.1
0.3 - 0.6 + |0.2— 0.5 + [0.2— 0.5
0.2—0.2] +[0.2 = 0.1] +]0.1 — 0.1

0.6 — 0.4 + 0.5 —0.2| +]0.4 — 0.2

(]0.2 =03 +1]0.1 = 0.1 + 0.1 — 0.1])

n) with Z &E=1
=1

m
m) such that ) n; =1,

Jj=1
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then we develop some normalized weighted Hamming and Euclidean distances between

the two DHFSSs (F,€) and (G, ) and a real number A\ > 0.

(i) Normalized weighted Hamming distance

k.
IS o(s) o(s)
m n ks Z }Cf(e.i)(ui) - Cg(e.i)(ui)|
Ds((F.€),(G:€)) = g i | D6 SZIL (3.5)
N 1S~ 900 R0
+ 7 2 |95, (i) = Vg (wi)]
b =1
(ii) Normalized weighted Euclidean distance
o‘(s) o‘(s) 2 ’
m n k Z| (e] g(ej)(ui)|
De((F,£),(G,€)) =X 5 > > & . (3.6)
== R 97
TZ i) = V(0 (i)

(iii) Generalized normalized weighted Hamming distance

>

J= = .
1 + 1. Z |19]:((12j)(ul) ﬂg((e )(ul)|)‘
ti=1

Further, it is easy to check that the weighted distances Dy (k = 5,6, 7) between DHFSSs
(F,€) and (G, ) also satisfy the properties (P1)-(P4) as defined in Definition 3.2.1.

Proposition 3.2.3. Let (F,€) and (G, ) be two DHFSSs in X, then D5((F, &), (G,€)),
Ds((F,E),(G,E)) and D7((F,E),(G,E)) are the valid distance measures.

Proof. Since n; € [0,1], & € [0,1] and Z nj = 1, i & = 1 then we can easily obtain
i=1
0 < D5((F,E),(G,€)) < Do((F,E), (G, 5’)) Thus, D5((F, &), (G, €)) satisfies (P1). The

proofs of (P2)-(P4) are similar to those of proposition 3.2.1. Similarly for Dg and D;. O

Proposition 3.2.4. The measures D, and Ds satisfies the following properties for DHF-
SSs,

(i) 0 <Dy < mn.
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(ii) 0 < D3 < y/mn.

Proof. For any two DHFSSs (F, £) and (G, £), we can easily obtain that Dy ((F,£), (G,€)) =
mnDy((F,E),(G,€)) and thus by Proposition 3.2.1, we get 0 < Dy ((F,€),(G,€)) < mn.
Similarly we can obtain 0 < D3((F, &), (G,€)) < v/mn. O

Below we give an example to illustrate the proposed distance measures:

Example 3.2.2. If we consider the weight vectors ¢ = (0.2,0.3,0.4,0.1)" and n =
(0.35,0.25,0.4) for u;(i = 1,2,3,4) and e;(j = 1,2, 3) respectively on two DHFSS (F, &)
and (G, &) defined in Example 3.2.1, then the measurement values between them by us-
ing D5, Dg and D7 are obtained as D5 ((F, £), (G,€)) = 0.0351, Dg ((F, £), (G, €)) = 0.0938
and D7 ((F,€),(G,€)),_, = 0.0351; D7 ((F,€),(G,€)),_, s = 0.0667; D7 ((F,€),(G,€))
= 0.0938; D7((F,E),(G,€))\_qs = 0.1130; D7((F,E),(G,€)),_s = 0.1381. From these
results, it has been seen that with the increase of the parameter A, the corresponding

measure values defined by D7 are increasing.

Proposition 3.2.5. The distance measures Dy and Dj satisfies the inequality D5 < Dy
for DHF'SSs.

Proof. Since, n; € [0,1], & € [0,1] and n; <1, & < 1, then we have

m n ks
1 1 — o 0
T omn j;nj [; (lfz e ‘ (e] g(e ‘ + — Z ‘19 (ej)(m)})]
< Lzmjzn: 1 ki ‘Ccr(s) (u;) a(s (u; ‘4_ Z }79 97® (u)l
- 2mn e k; p— Fleg) ™ g(e i (e]-) i

Since (F,€) and (G, &) are arbitrary DHFSSs and hence we get D5 < Dy. is true for all
DHFSss. O

Proposition 3.2.6. The distance measures Dy and Dg satisfy the inequality Dg < D4 for
DHFSSs.
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Proof. Result is easily derived as similar to the proof of the Proposition 3.2.5, so we omit

them here. 0

Proposition 3.2.7. The distance measures Dy and Dy satisfy the inequalities Dy < /Do
for DHF'SSs.

Proof. For any two DHFSSs (F,€) and (G,€), we have ‘CU(S (u;) — CU(S (uz)} <1,
‘193_.((2 u;) — 190(8))(1%-)‘ < 1. Further, we know that for any a € [0,1], we have a® < a.

g(
e i) = Cg(e w)l* <| G((Sej) u;) C‘g’((jj)(ui)\ and Wi(fe)j)(ui) — 9 ((t)J)( ) <
waf(@j)(ui) 19 E))( )‘ Therefore,
1ii<likf G ZW w) — Vg, <u>\2)
2mn e k; (e]) g(e]) Fej) g(e)
<L T 1 ki J(S 97 REON
- zmnjg”:1 <1<;Z 5:1‘ (e] Gty (il + Z\ Dgie ,)(uz)}>

which implies that (D4((F, &), (G, €)))? < D2((F,E),(G,E&)). Since (F,&) and (G, &) are
arbitrary DHFSSs and hence Dy < +/Ds. O]

Proposition 3.2.8. The measures Dg and Ds satisfy the inequalities Dg < /D5 for
DHEFSSs.

Proof. Results is easily follows from the Proposition 3.2.7. O

Hausdorff distance between two non-empty closed and bounded sets is a measure of
resemblance between them. For example, consider A = [z1,22] and B = [y1,y2] in the

Fuclidean domain R, the Hausdroff distance in additive set environment is given by:

d?(A,B) = max{’xl -1

7|$2—y2‘}

Now, for any two DHFSSs (F,€) and (G,E&) over X = {uy,us,...,u,}, we propose the

following utmost distance measures:

(i) Normalized Hamming-Hausdorff distance

DI((F,£),(6.6)) = 5 — LS Y ax : 190(2)) (3.8)

j=li=1 m?Xw}'(ej)(ui)_ 9(6.1)(ui)’
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(ii) Normalized weighted Hamming-Hausdorff distance

(rs) o(s)
max (7 (us) — Cgo )y (wi)]
DY (F.€).6.6) = 5,0 30 > max o (3.9)
=t mtax|19f(ej)(u) 19‘3(%')(“1)|

(iii) Normalized Euclidean-Hausdorff distance

[SIE

o(s o(s 2
., m max [ (us) = G ()|,
Dy ((F,E),(Q,g)) = an Z_: Z max o0 (3.10)
j=li=1 max’v“]__( )( u;) — g(e Z)‘
(iv) Normalized weighted Euclidean-Hausdorff distance
o(s) o(s) 2 2
1 m n max }C}-(e].)(ui) - Cg(e])(ui)| )
DH((F,€),(6,8)) = S 2 nj | 2o & max o) o) ) (3.11)
j=1 i=1 mtax }ﬁf(ej)(ui) — ﬁg(ej)(ui)‘
(v) Generalized Normalized weighted Hausdorff distance
1 m n maX |C;‘(S) (ul) - U(S) 71’i)|)\a *
DY ((F.€),(6,€)) = S 22 15 | 2o €imax (3.12)

== mae [0 (ui) = 0G0 ()]
Proposition 3.2.9. The distance DI defined in Eq. (3.8) for two DHFSSs (F, &) and

(G,€) is a valid distance measure.

Proof. Let (F,€&), (G,€) be two DHFSSs with n alternatives and m parameters, then

measure DI satisfies the following properties:

cr(s o(s) a(t)
(P1) For DHFSSs, we have |7, (u;) — CGle, (uz)‘ > 0 and ‘?9;(6 ui) — ﬁg(ej)(u')‘ >0

which implies that 51— 321 ZZ max { max !C Fle g Gle ( D, ‘ﬁﬂ(t )(ul) _

19222)(1%)‘} > 0 and hence we get DI ((F,€), (g,é:)) >0

Also, ‘CJ(? (u;) — Cg(s) (ui)| <1 and |190(8) (u;) —ﬁg%s))(u)‘ < 1 which implies that

e Zl Zlmax{maux‘g“]r (u;) Cg 7). ( )|, max‘z?g(tej)( )—ﬁggt ’} <1 and
j=1i

hence DY ((F,€),(G,€)) < 1. Therefore, we have 0 < DI ((F, &), (G,€)) <

(P2) Let (F,€) = (G,€) & (Y (w) = ¢ (w) and 95 (u;) = 9 (w;), which
implies, |(;((‘2)(u2) — Cg((zj))(uz ‘ =0 and W;((te)j) u;) — 190@ (u; ‘ = 0. Hence, we get

G(ej)
{I((]:’f,’)’ (gag)) =
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(P3) It is straightforward.

(P4) Let (F,€) C (g 5) (H.€) = CFley) < Coe) < Chiey) and Vr(e;) = 09( ) 2

D34(e,)- Thus, lelzl max{maX’ 0<s () — Cg((;).)(ui)\,mgxwgf(&)(u o(t )|}
< Eué max { max |7 (u) - c"(s () e [ 950 (i) ﬁ;’_fzj)(ui)‘} and
éémx{maﬂéj (w) = b )], max[9g ) — 950 ()|}

Jén:lzzzl max { meoe (5 (ur) — G (i) mae [050) ) (us) — 950 ()|} There-

fore, by the definition of Dl , we can obtain that DI ((F,€),(G,€)) < DI ((F,€),
(H, £)) and DI ((G,€), (H,€)) < DI ((F,€), (H,E)).

Hence, DI is a distance measure. O

Proposition 3.2.10. The measures DI, D DI and DH for DHFSSs are the valid

distance measures.

Proof. 1t follows from Proposition 3.2.9. O

Example 3.2.3. If we utilize the distance measures D DY DH DH and DI, on the
data as considered in Example 3.2.2, then we get Dfl = 0.2667,2)2 = 0.0221,2)? =
0.2915,DF = 0.0846 and DI [,—; = 0.0221; DH|\_15 = 0.0534; D|y—y = 0.0846;
DH|\_y5 = 0.1130 ; DH|\_5 = 0.1381.

Proposition 3.2.11. The measures DY and D satisfies the inequality DY < D for
DHESSs.

Proof. Since 7;,& € [0, 1], therefore

H(( £).(6,))
= 2mn Z W [Z €imass {max |G (us) = G20 (o) mae [ 950 (o) — ﬁggté)(uz‘)!}]
= 2mn Zz;max {max ‘C}'(E Q ))(ui) ’ W )(u,) - 19?(2)(“1)'}
j=141

= D{{((‘F’ E,')’ (978))

Hence, DY < DI, O
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Proposition 3.2.12. The measures DX and DY satisfies the inequality DY < DI for
DHF'SSs.

Proof. Follows from proposition 3.2.11, so we omit their proof here. O

Proposition 3.2.13. The measures Dgf and D{{ satisfies the inequality D:,{{ < D{{ for
DHEFSSs.

Proof. Since for any a € [0,1], a® < a < a'/2, the remaining proof follows from the above

Propositions. O

Proposition 3.2.14. The measures DI and D satisfies the inequality DY < /DI for
DHEF'SSs.

Proof. Follows from Proposition 3.2.13. O

Proposition 3.2.15. The measures Dy and DI satisfy the following inequalities Dy < DI
for DHF'SS.

k
Proof. Since for any k numbers, 1 z max {a.}. Thus from the definition of Dy, we

have
Dz((f £),(9,))
- 2mn Z Z < k; Z ‘C}-(EJ Cg(ea) b ‘ T Z ‘19‘7(15 ul) - 192((?])(’“@)}>

7=111=1
1 X2 G(S) "
< 2 ;;max {maX ‘C}' (Uz) ’?9]_-(6 )(u ) — ﬁg(;.)(ui)’}
1 i o(s o "
< ;;max {mSaX |CJ-‘((e)j)(uz') - Cg(( %) (u; ) max ‘19;( (W) = 199%2)(“1)‘}

= DI'((F.£).(9,¢))
Therefore, the inequality Dy < DI holds. O

Proposition 3.2.16. The measures D4 and DP{{ satisfy the inequality Dy < DP{{ for
DHF'SSs.

Proof. Results follows from the proposition 3.2.15. O
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Proposition 3.2.17. The measures Dy, D5 and Dg satisfy the following inequalities
(i) D > (D5 + Ds) /2,
(ii) DH > /D5 - D.

Proof. Since D5 < Doy < D{{ and Dg < Dy < D{{ . So by adding these inequalities, we get
DH > (D5 + Dg) /2. On the other hand, by multiplying these, we get DF > /D5 - Dg. [

It is well known that similarity measures can be generated from distance measures.
Therefore, based on the relationship between the distance and similarity measures, we can

define some similarity measures Sy, ((F,€),(G,€)), (k =1,2,3) between two DHFSSs as

(i) Hamming similarity

]- g(s g\s
N o B IR IR
S((F.)G.8)=1-5—> > | 7, (3.13)

mn S L o(t) o(t)
+ — |’ﬁ ; (uz) — 9 y (uz)|

(ii) Euclidean similarity

o
S
NI

1 o(s o(s
EZK}'((e]( ) gg((e)< >|

1 m n .
5((F.6,G.6)=1-1525 5 1 " (3.14)
Iz o(t) 0 2
7 2105 (i) = PGy (wi)]
t=1
(iii) Normalized Hamming similarity
1
R © o V|
{ m =n EZ_:KF(%)( i) = Cgey (wa)]
S((F€,G.8) =1-|5—x x| 7, (3.15)

s

S
<

I
MR
-

I
MR
—_

which satisfies the following properties:
(P1) 0 < Sk((F,€),(6,6)) <1

(P2) If (F,&) = (G,€) then Si((F,€),(G,€)) =
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(P?’) Sk((F7€)7(g’g)) :Sk((g78)7(F78))

(P4) If (F,€) C(G,€) C (H,E) then Sp((F,E),(H,E)) < Sk((F,€),(G,€)) and

It is clear that the larger the value of Sy ((F,€),(G,€)), (k = 1,2,3), the more the simi-
larity between DHFSSs (F,€) and (G, E).

3.3 Approach based on the proposed distance measures for

decision making process

In this section, a DM method by using above defined distance measures for DHFSSs have
been presented.

The general description of the DM problem is summarized in Section 2.6 of Chapter 2.
The rating values of each alternative is assessed by a decision maker and represent their
information in terms of DHFSNs. Their collective information is represented in the form of
the dual hesitant fuzzy soft decision matrix (F, Ag) = (az(e;)(Ui))nxm Where az(;)(u;) =
(C;_.((z)(ug),ﬁ”f((te)j)(ug)) for e; € X and ¢ = 1,2,...,k. Then, in the following, based on
the proposed distance measures, we develop an approach to solve the DM problems with

dual hesitant fuzzy soft information. The various steps associated with the approach are

given as below.

Step 1: Arrange the collective information of the alternatives A,(¢ = 1,2...,k) as a

decision matrix (F,Ay).

Step 2: Normalize the collective information, if required by using Eq. (2.34) of Chapter 2

and obtained the nornalized decision matrix.

Step 3: Utilize the proposed distance measures D to compute the overall value of each

alternative.

Step 4: Rank the alternatives by finding the minimum value of arg min{D} and select the

best one(s).
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3.4 Illustrative Examples

In order to illustrate the performance and validity of the above proposed distance measures,
examples from the field of pattern recognition and medical diagnosis have been taken into

account.

3.4.1 Example 1: Pattern recognition

Let w1, us, ug be three experts which are going to evaluate the three known patterns A;, As
and Ajs over four different parameters eq, es, e3 and es. Assume that the rating values of
each pattern given by the expert against the parameters e;(j = 1,2,3,4) are represented

in the form of the DHFSSs which are given in Table 3.1.

Table 3.1: Rating values of the patterns in terms of DHFSNs
For pattern A

€1 €2 €3 €4
up | ({0.7,0.6,0.5},{0.3,0.2,0.1}) ({0.6,0.5,0.4},{0.4,0.3,0.2}) ({0.3,0.2,0.1},{0.7,0.6,0.6}) ({0.8,0.7,0.5},{0.2,0.1})
ug | ({0.6,0.5,0.4},{0.3,0.2,0.1}) ({0.5,0.4,0.3},{0.5,0.3,0.3}) ({0.7,0.7,0.5},{0.3,0.2,0.2}) ({0.4,0.3,0.2},{0.5})

uz | ({0.8,0.7,0.7},{0.2,01})  ({0.8,0.8,0.7},{0.2,0.2,0.1}) ({0.7,0.6,0.5},{0.3,0.2,0.1}) ({0.7,0.6,0.5},{0.3,0.2,0.1})

For pattern As

el € e3 eq
ur | ({0.4,0.4,0.3},{0.6,0.5,0.4}) ({0.6,0.6,0.5},{0.4,0.3,0.2}) ({0.8,0.7,0.6},{0.2,0.1,0.1}) ({0.7,0.5,0.4},{0.2,0.2,0.1})
up | ({0.7,0.6,0.4},{0.3,0.2}) ({0.6,0.4,0.3},{0.3,0.1}) ({0.6,0.4,0.3},{0.4,0.1})  ({0.5,0.4,0.2},{0.4,0.3,0.1})
u ({0.9,0.7,0.6}, {0.1}) ({0.7,0.5,0.4}, {0.3,0.2}) ({0.4,0.3,0.3}, {0.6,0.5}) ({0.7,0.6,0.4}, {0.2,0.1})
For pattern As

el () €3 €4
w | ({0.8,0.7,0.6},{0.2,0.1}) ({0.5,0.4}, {0.2,0.1}) ({0.9,0.8,0.6}, {0.1}) ({0.9,0.7,0.5}, {0.1})
up | ({0.6,0.5,0.5},{0.4,0.2}) ({0.8,0.7,0.5}, {0.2,0.1}) ({0.6,0.4,0.3},{0.3,0.1})  ({0.3,0.2,0.1}, {0.5,0.3,0.2})
us (£0.7,0.6,0.4}, {0.2}) (40.6,0.4,0.3}, {0.3}) (£0.4,0.3,0.3},{0.2,0.1}) ({0.6,0.3,0.2},{0.2,0.1})

Consider an unknown pattern B € DHFSS which will be recognized, where the rating
value of it is shown in Table 3.2. Then the target of the considered problem is to classify

the pattern B in one of the classes A1, A3 and Ajz. For it, the various proposed distance

Table 3.2: Rating values of the pattern B in terms of DHFSNs

el €9 es €4
u | ({0.3,0.2,0.1},{0.2,0.1})  ({0.4},{0.3,0.2})  ({0.6,0.4,0.3},{0.2}) ({0.4},{0.5,0.1})
uy | ({0.6,0.5,0.2},{0.4,0.3}) ({0.5,0.2},{0.3,0.1}) ({0.7,0.3},{0.3,0.1}) ({0.2,0.1},{0.3})
us | ({0.6,0.4,0.3},{0.2})  ({0.9,0.7,0.5},{0.1}) ({0.4,0.2},{0.5,0.3})  ({0.8},{0.1})
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measures, D1, Dy, D3, Dy, Dfl and Dg are utilized to compute the measurement values of
the alternatives Aq(q = 1,2,3) from B. The results corresponding to each measure are

summarized as below.

Di((A1,€), (B, £)) = 2.8000, Dy((As,E),(B,E)) = 2.2667, Dy((As, &), (B,E)) = 2.5222
Do((A1,€), (B, E)) = 0.2333, Dy((A2,E), (B,E)) = 0.1889, Dy((As, &), (B,E)) = 0.2102
Ds((A1,€), (B, £)) = 0.8705, Ds((As, ), (B,E)) = 0.7087, Ds((As, &), (B,E)) = 0.9037
Di((A1,€), (B, £)) = 0.2513, Dy((As,E), (B,E)) = 0.2046, Dy((As, &), (B.E)) = 0.2609

DH((A1,8),(B,E)) = 04222, DH((A2,E),(B,E)) =0.3444, DH((A43,8),(B,&)) = 0.4444
DI((A1,€),(B,E)) =0.3859, DH((A2,€),(B,&)) =0.3145, DI((A3,8),(B,E)) = 0.4269

Thus, from these distance measures, we conclude that the pattern B belongs to the pattern
As.

On the other hand, if we assume that weight vector of the experts is & = (0.3,0.5,0.2)7
and the parameter weight is n; = (0.1,0.3,0.4, 0.2)T, then by utilizing the distance mea-

sures Ds, Dg, Df and Df , their measurement value are computed as

Ds((A1,E), (B,E)) = 0.0429, Ds((Ag, &), (B,E)) = 0.0313, Ds(As, B) = 0.0396
Ds((A1,E), (B,E)) = 0.1087, Dg((Agz &), (B,E)) = 0.0818, Dg(Asz, B) = 0.1137
DY (A1, E), (B,€)) = 0.0353, DY ((A2,€),(B,E)) = 0.0249, DI (A3, B) = 0.0336
DY ((A1,€),(B,€)) = 0.1125, DY ((A3,€),(B,£)) = 0.0799, DY (A3, B) = 0.1147

Thus, the ranking order of the three patterns is As, A3 and A; and hence A is the most
desirable pattern to be classified with B. Furthermore, it can be easily verified that these
results validate the above-proposed propositions on the distance measures.

In order to compare the performance of the proposed measures with some existing
measures, an analysis has been conducted under the DHFS environment in which firstly
the different parameters of the alternatives are aggregated by using the parameter weights
n;’s and then some existing measures [12, 176, 203, 205, 248] have been applied on it.

Their corresponding decision matrix is summarized in Table 3.3.
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Table 3.3: Comparative analysis of Example 1: Pattern recognition

When equal weightage has been taken When weights ¢ and n have been taken
Measure value of B from Ranking Measure value of B from Ranking
Methods Ay As As order A As As order
Correlation coefficient [248] 0.7807 0.7798 0.7556 A; = Ay = A3 | 0.7611 0.7583 0.7383 A = Ay = A3
Cosine similarity measure [12] | 0.9403 0.9449 0.8662 Az >~ A; > A3 | 0.9338 0.9413 0.8657 Az = A; = A
Correlation coefficient [203] 0.7266 0.7511 0.6878 As = A; > Az | 0.7231 0.7492 0.6860 Ay = A; > Aj
Distance measure [205]
A=1 0.1631 0.1388 0.2080 Az = A; > Az | 0.1677 0.1260 0.2129 Ay = A; > A3
A=2 0.1687 0.1432 0.2145 Ay > Ay = A3z | 0.2991 0.2476 0.3862 Az > A; > A3
A=5 0.1841 0.1583 0.2323 Az = A; > Az | 0.4650 04170 0.5972 As = A; > A3
Distance measure [176]
A=1 0.1479 0.1167 0.1585 Az = A; = Az | 0.1555 0.1164 0.1620 Az = A; > A3
A=2 0.1651 0.1443 0.1926 Ay > A; = A3z | 0.1731 0.1492 0.1959 Ag > A; > A3
A=5 0.1975 0.1908 0.2656 Az = A; > Az | 0.2090 0.2050 0.2678 Ag = A; > A3
Table 3.4: Rating values of the diseases in terms of DHFSNs
For diseases A;
Temperature HeadAche Stomach Pain Cough Chest Pain
dy | ({0.6,0.4,0.3},{0.3,0.1}) ({0.8,0.7,0.5},{0.1}) ({0.4,0.3},{0.2}) ({0.8,0.7,0.5},{0.2,01})  ({0.8,0.7},{0.2,0.1})
dy | ({0.9,0.8,0.7},{0.1}) ({0.7,0.6,0.4}, {0.3,0.2}) ({0.5,0.3,0.1},{0.3}) ({0.5,0.4,0.3},{0.5,0.3})  ({0.5,0.3,0.1}, {0.4,0.3})
dy | ({0.5,0.4,0.2},{0.5,0.3}) ({0.5,0.4,0.3},{0.4,0.2,0.1})  ({0.8,0.6,0.5},{0.2,0.1})  ({0.6,0.3,0.2},{0.4,0.1}) ({0.2,0.1},{0.8})
dy | ({0.3,0.2},{0.4,0.2}) ({0.7,0.6},{0.3,0.2,0.1}) ({0.2,0.1},{0.5,0.4}) ({0.2,0.1},{0.7,0.5}) ({0.3,0.1},{0.6,0.4})
For diseases Ay
Temperature HeadAche Stomach Pain Cough Chest Pain
di | ({0.8,0.7},{0.2,0.1}) ({0.5,0.4,0.3}, {0.4,0.3}) ({0.6,0.4}, {0.4,0.2}) ({0.3,0.2},{0.6,0.5}) ({0.6,0.5,0.3},{0.2})
dy | ({0.4,0.3},{0.6,0.2}) ({0.7,0.6},{0.3,0.2}) ({0.7,0.6},{0.3,0.2}) ({0.7,0.6,0.4},{0.2,0.1})  ({0.7,0.3},{0.3,0.1})
dy | ({0.5,0.4},{0.3,0.2}) ({0.6,0.4},{0.3}) ({0.6,0.5},{0.3}) ({0.6,0.5},{0.3,0.2}) ({0.4,0.2},{0.5,0.3})
dy | ({0.8,0.7},{0.2,0.1}) ({0.8,0.7},{0.2,0.1}) (£0.7,0.6}, {0.2}) (£0.4,0.3},{0.2,0.1}) ({0.2,0.1},{0.3})
For diseases A3
Temperature HeadAche Stomach Pain Cough Chest Pain
di | ({0.6,0.5},{0.2,0.1}) ({0.6,0.4},{0.3,0.2}) ({0.7,0.4,0.2}, {0.2,0.1}) ({0.7,0.6},{0.3,0.2})  ({0.6,0.4,0.3},{0.3,0.1})
ds (£0.5,0.4}, {0.2}) ({0.7,0.6,0.4},{0.3,02})  ({0.7,0.6,0.5},{0.3,02,0.1})  ({0.9,0.7,0.6},{0.1})  ({0.7,0.5,0.4},{0.3,0.2})
ds ({0.6,0.5}, {0.1}) ({0.4,0.3},{0.6,0.5}) ({0.6,0.5,0.4},{0.3,0.2,0.1})  ({0.8,0.7,0.6},{0.2,0.1})  ({0.5,0.4},{0.4,0.3})
di | ({0.5,04},{0.2,0.1}) ({0.8,0.7},{0.2}) ({0.4,0.4,0.3}, {0.6}) ({0.6,0.5},{0.4,0.2}) ({0.6,0.5},{0.2,0.1})

3.4.2 Example 2: Medical diagnosis

Consider a set of three diseases A = {A;(Viral fever), Az(Malaria), Az(Typhoid)} and

a set of five symptoms £ = {e; (Temperature), es (HeadAche), e3 (Stomach Pain), e4

(Cough), e5 (Chest pain)}. A team of four doctors di,ds,ds,ds are able to examine the

patients in terms of diseases. The rating values of each person who is affected by the

disease Ai(k = 1,2,3) under the set of symptoms are summarized in terms of DHFSS
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given in Table 3.4.

A medical team is conducting research in a laboratory to identify that the most infected
diseases suffered by the patient B using the four set of symptoms £ = {e1, e, e3,e4}. The
rating value of the patient B is given in Table 3.5. The target of this problem is to classify

Table 3.5: Rating values of patient B in terms of DHFSNs
Temperature HeadAche Stomach Pain Cough Chest Pain

d | ({0.9},{01})  ({0.6,0.5},{0.4}) ({0.4,0.3},{0.5}))  ({0.8,0.7},{0.1}) ({0.4,0.3}, {0.6})
dy | ({0.6,0.4},{0.4})  ({0.8},{0.2})  ({0.7,0.5},{0.3}) ({0.3,0.2,0.1},{0.5}) ({0.7,0.5},{0.3,0.1})
ds | ({0.71,{0.2})  ({0.4,0.3},{0.2}) ({0.8,0.7},{0.2})  ({0.6,0.3},{0.2}) ({0.6},{0.4})

di | ({08),{02))  (0.9,0.6},{01}) ({0.6,0.4},{0.3)) ({0.5,0.4},{02,0.1})  ({0.6,0.4},{0.2})

the patient B with one of the diseases A1, As and Aj. For it, the proposed distance
measures, D1, Do, D3, Dy, DF and Déq have been computed from B to Ai(k =1,2,3) and

their corresponding measurement values are given as below.

Di((A1,E), (B,E)) = 7.2917, D1((Ag,E), (B,E)) = 5.1111, D1((As,E), (B,E)) = 5.2917
Dy((A1, E), (B,E)) = 0.3646, Dy((Az,E), (B,E)) = 0.2556, Dsy((As, ), (B,E)) = 0.2646
Dy((A1,E), (B,E)) = 1.5754, Ds((Az,E), (B,E)) = 1.1738, Ds((As,E), (B,E)) = 1.2230
Di((A1,E), (B,E)) = 0.3523, Dy((Az,E),(B,E)) = 0.2625, Dy((As,E),(B,E)) = 0.2735
DH((A1,8),(B,€)) =0.6167, DH((A2,E),(B,&)) =0.4083, DI ((A3,8),(B,E)) = 0.4833

DI((A1,€),(B,E)) =0.5083, DH((A2,€),(B,&)) =0.3500, DI((A3,8),(B,E)) =0.4143

Thus, from these distance measures we conclude that the patient B suffers from the A,
disease.

Furthermore, if we assign weights & = (0.5,0.2,0.2,0.1)7 and ; = (0.4,0.1,0.2,0.2,0.1)"
corresponding to experts and parameters respectively, then we utilize the distance mea-
sures Dj, Dg, DI and DI for obtaining the most suitable disease who affected by the

patient B, we have

Ds((A1,€), (B, €)) = 0.0546, Ds((Asz, &), (B,E)) = 0.0356, Ds((As, &), (B,E)) = 0.0377

De((A1,€), (B,E)) = 0.1448, Dg((As, &), (B,E)) = 0.0980, Dg((As, &), (B,E)) = 0.1064
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DI ((A1,€),(B,E)) = 0.0333, DI ((As,E),(B,£)) =0.0218, DE((A3,8),(B,€)) = 0.0264

DH((A1,8),(B,€)) =0.1234, DH((A2,E),(B,&)) = 0.0822, DI ((A3,€),(B,E)) = 0.0981

Thus, we compute that the patient B suffer from the disease A, i.e. Malaria.

In order to verify the feasibility of the proposed DM approach based on a distance
measure, we conducted a comparative analysis on the considered data by using some
existing measures [12, 176, 203, 205, 248] under dual hesitant fuzzy set environment.
The analysis corresponding to it has been summarized in Table 3.6 and concluded that
the patient B suffers from the disease As(Malaria) which coincides with the proposed

approach results.

Table 3.6: Comparative analysis of Example 2: Medical diagnosis

Method Measure values of B from Ranking
Ay Ay As
Correlation coefficient [248] 0.9116 0.9556 0.7952 Ay = A; = Az

Cosine similarity measure [12] 0.6686 0.4609 0.5533 A; > Az > A3

Correlation coefficient [203] 0.7235 0.8081 0.7511  Ag > Az = A;

Distance measure [205]

A=1 0.1650 0.0660 0.0970 Az > Az >~ As
A=2 0.3574 0.1426 0.2145 Ay > Az >~ A;
A=5 0.6067 0.2451  0.3608 Ay > A3z >~ Ay

Weighted distance measure [205]

A=1 0.1795 0.1040 0.1201 Ay > Az >~ Ay
A=2 0.3806 0.1944 0.2445 Ay > Az >~ Ay
A=5H 0.6867 0.3232 0.4180 Ay > A3z >~ A;

Distance measure [176]
A=1 0.1382 0.0845 0.1029 Az > Az > A
A=2 0.1680 0.1036 0.1262 Az > Az >~ A
A=5 0.2311 0.1352  0.1656 Az > Az >~ A;
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3.4.3 Advantages of proposed method

According to the above comparison analysis, the proposed method for addressing the DM

problems has the following advantages.

(i)

(iii)

DHFS theory has some limitations and is not able to model the uncertain data be-
cause of their insufficiency for parameterization tool. To overcome these, the dual
hesitant fuzzy soft set is a generalization of the hesitant fuzzy set, intuitionistic fuzzy
set and dual hesitant fuzzy set which contains more information related to an object
than the others. In the proposed theory, information related to an object contains
both membership hesitant degrees as well as nonmembership hesitant degrees which
are measured with the different parameter factors than the hesitant fuzzy set (only
membership hesitant degrees), the intuitionistic fuzzy set (both membership and
non-membership degrees) and dual hesitant fuzzy set (both membership and non-
membership hesitant degrees). Thus, the proposed distance and similarity measures
are the further generalization of the distance and similarity measures of dual hesitant

intuitionistic fuzzy sets [12, 176, 203, 205].

The proposed measures consider the decision makers’ risk attitude A, which provide
the decision makers more choice as different values of parameters. Since Tables 3.7
and 3.8 gives the different ranking for different values of the risk parameter A\ and
hence it provides the different option for the decision-makers to choose the best one

accordingly.

From the proposed distance and similarity measures, it has been seen that the mea-
sures defined in the hesitant fuzzy set, dual hesitant fuzzy set, intuitionistic fuzzy set
are special cases of the proposed ones. Therefore, the proposed measures can easily
be utilized to solve the problems under hesitant fuzzy set, dual hesitant fuzzy set,
and intuitionistic fuzzy set, while the existing ones are not able to solve the problem

under the environment considered in this chapter.
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Table 3.7: Results obtained by measure D for different values of decision makers’ param-
eter A

A Ay As As Ranking

1 |0.0429 0.0313 0.0396 Ay = Az > Ay
2 1 0.1087 0.0818 0.1137 As > A; = As
5 102173 0.1711 0.2549 Ay >~ A = As
10 | 0.2982 0.2426 0.3648 As = A; = As
15 ] 0.3417 0.2819 0.4210 As > Ay = As
30 | 0.4081 0.3348 0.4982 Ay = A; >~ A3

Table 3.8: Results obtained by measure Dgf for different values of decision makers’ pa-
rameter A

A Ay As As Ranking

1 [0.0353 0.0249 0.0336 Ay = A3 = Ay
2 | 0.1125 0.0799 0.1147 As = A; = As
5 10.2452 0.1775 0.2676 Ay = A; = Az
10 | 0.3346 0.2516 0.3746 As = A; = As
15 [ 0.3777 0.2904 0.4276 Ay = A; = Aj
30 | 0.4330 0.3402 0.5013 Ay = A = Ag

3.5 Conclusion

Since the existing theories namely intuitionistic fuzzy set, hesitant fuzzy set and dual
hesitant fuzzy set cannot model the data accurately due to its inadequacy for parameteri-
zation tool. In order to overcome this problem, a dual hesitant fuzzy soft set contains more
information about an object than the other existing theories. In this context, a series of
distance measures based on Hamming, Euclidean, and Hausdorff metric has been proposed
along with their required properties. Based on these distance measures, a DM method
has been proposed and demonstrated with numerical examples of pattern recognition as
well as the medical diagnosis. A comparative study, as well as the effect of the parameters
on the ranking of the alternative, will support the theory and hence demonstrate that the

proposed measures place an alternative way for solving the DM problems.
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Chapter 4

Correlation coefficient measure of
dual hesitant fuzzy soft sets and
their application in decision
making

In this chapter, we develop correlation coefficient and weighted correlation coefficients
under the DHFSS environment in which pairs of membership, non-membership are to
be considered as vector representation during the formulation and to investigate their
properties. Further, under this environment, a MCDM method based on the proposed
correlation coefficients are presented. Three numerical examples, one from the selection
procedure and other from the medical diagnosis and pattern recognition, are taken to
demonstrate the efficiency of the proposed approach and compared their results with the

several existing approaches results.

4.1 Introduction

In statistical analysis, the correlation coefficients play a vital role to measure the linear
relationship between the two variables, whereas in fuzzy set theory the correlation mea-
sure determines the degree of dependency between two fuzzy sets. In that direction, Hung

and Wu [84] firstly defined the correlation coefficient for fuzzy numbers. Gerstenkorn and

IThe content of this chapter is published as “A robust correlation coefficient measure of dual hesitant
fuzzy soft sets and their application in decision making”, Engineering Applications of Artificial Intelligence,
72, 80 - 92, 2018 (SCI: Impact Factor 3.526)
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Manko [68] introduced the correlation coefficients of IF'Ss which was later analyzed by
Szmidt and Kacprzyk [187]. Garg [60] presented the correlation coefficients for the intu-
itionistic multiplicative sets and applied them to solve the problems of pattern recognition
and DM. In these above theories, it is assumed that preferences given by the experts are
either a single number or an interval. However, in such a situation, these conditions may
be unfulfilled by an expert. To manage such situations, the concept of the hesitant fuzzy
sets (HFSs) and dual HFS (DHFS), was introduced by Torra [194], Torra and Narukawa
[195] and Zhu et al. [267] respectively. Under this environment, Chen et al. [25] discussed
the correlation coefficients of HF'Ss and their applications to clustering analysis. Xu and
Xia [232] discussed the correlation measures for HFSs. Farhadinia [48], Ye [248] presented

the correlation coefficients and applied them to solve the multi-attribute DM problems.

Although, the above theories are successfully applied in various situations they have
their inherent difficulties such as how to set the membership degrees in each particular
case. For instance, some experts may assign the membership value as 0.2, some other
assign 0.5, while rest assigns 0.7. Thus, under situations, the above-mentioned techniques
are unable to compute the desirable value. To manage such situations where decision
makers are hesitant in expressing their preferences over alternatives, Babitha and John
[11] have introduced hesitant fuzzy soft set (HFSS) which is the hybridization of HFS and
SS. For the above situation, the satisfactory membership degrees are represented by a
hesitant fuzzy element {0.2,0.5,0.7}, which is different from a fuzzy number 0.2 (or 0.7),
the interval-valued fuzzy number [0.2, 0.7] and the intuitionistic fuzzy number (0.2, 0.5).
Das, Malakar, Kar and Pal [36] presented the correlation coefficients for HFSS. Later on,
the concept of the dual HFSS (DHFSS)[154, 257] has explored by embedding the features
of the DHFS with SS.

Presently, the correlation measure is one of the most important information measures
and has drawn more attention by a number of researchers under the uncertain environment.
Also, DHFSSs have the great powerful ability to model the imprecise and ambiguous
information in the real-world application than the other existing theories such as IFSs,
HFSs, DHFSs, and HFSSs. For example, if on a certain object, three experts discuss the

membership and non-membership degrees on a certain criterion and give that preferences
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in terms of acceptance is 0.5, 0.3, 0.4 respectively while the degree of rejection is 0.4,
0.5, 0.2. For such a case, the degrees are represented by a dual hesitant fuzzy element
({0.5},{0.4}), ({0.3},{0.5}) and ({0.4},{0.2}) which is entirely different from the fuzzy
numbers 0.5 (or 0.3), the interval-valued intuitionistic fuzzy numbers ([0.3,0.4], [0.4, 0.5]).
Hence, the dual hesitant environment reflects all the possible opinions and appears to be
a more flexible method to be valued in multifold ways according to the practical demands
than the existing sets.

Therefore, keeping the advantages of this set and taking the importance of the correla-
tion measure, this chapter derived the degree of cohesiveness among the DHFSS. In order
to achieve it, we first define some operational laws and their corresponding informational
energies, as well as the covariance between the two DHFSSs. Then, based on these, we
introduce correlation coefficient for DHFSSs and obtain some properties. Also, in order to
deal with the situation where the elements in a set are correlative, the weighted correlation
coefficient are defined. Furthermore, we propose a DM algorithm based on the DHFSSs
and the correlation coefficients. The feasibility, as well as the superiority of the proposed

approach, has been illustrated with a numerical example.

4.2 Correlation coefficient of Dual Hesitant Fuzzy Soft Sets

In this section, we propose some correlation coefficients under the DHFSS environment
which can be applied to numerous engineering and scientific fields.

Let X = {u1,us,...,u,} be a discrete universe of discourse, and (F, &) and (G, &) be
two nonempty DHFSSs defined on the X by (F,€&) = {ui,C]:(ej)(ul(-s)), ﬁ;(ej)(ul(t)) | u; €
X} and (G,€E) = {u, g‘g(ej)(ul(s)), ﬁg(ej)(uz(.t)) | u; € X'} respectively, then the informational
intuitionistic energies of two DHFSSs (F, ) and (G, ) are defined as

n m k; l;
1 T s 1 K
Epurss(F.€) = . (,ﬂ, D Gy ) + 7 Zﬂ%f<ej)<u§”>> (4.1)
v s=1 =1

i=1 j=1
n m 1 k; 1 l;
s t
Epurss(G,€) = > > (h > Cé(ej)(uz( )+ T Zﬁ%(ej)(uz( ))> (4.2)
i=1j=1 \ * s=1 b =1

where k; and [; represent the number of values in ( _F(ej)(UES))and 9 f(ej)(uz(-t)) respectively.



62

The correlation of the DHFSSs (F, ) and (G, ) is defined as

Cpnrss((F, 5) (G,8))

n m S s 1
>N ( > ZC}'(ej) )Co(ep) (™) + +y Zﬁf(ej)(Uz(t))ﬁg(ej)(ugt))> (4.3)

i=1 j=1

From Eq.(4.3), it is obvious that the following properties holds.
(P1) Cpmrss((F,€),(F,€)) = Epnrss(F, E)
(P2) Cpurss((F,€),(G,€)) = Cpurss((G,€), (F,E))

Definition 4.2.1. Let £ be a set of parameters defined on the object of the universe
X = {ug,ua,...,u,}. If (F,€) and (G, E) be two DHFSSs, then the correlation coefficient
between them is denoted by K1 ((F, &), (G, €)) and defined as

CDHFSS((fvg)’ (gv“:))
\/EDHFSS(]: &) - Epnrss(9,€)

f: in: ( Z Cre;) (W) g (e () +
i=1j=1 z s=1

K1 ((*Fa 8)7 (g7 5))

s
Li i

n o m 1 k; . 1
(5 (F S0 @W%)x

i=1 j=1

n m 1 k; . 1 l;
X JZZ (kz ZCg(e (uf™) T ;%(ej)(“z(‘t)o

i=1 j=1
Theorem 4.2.1. For two DHFSSs (F,€) and (G,€), the measure given in Definition

(4.2.1) satisfy the following properties:

(P1) Ki((F,€),(9,8)) = K1((G,8), (F, £))-
(P2) 0 <Ky ((F,€),(6,€)) <1

(P3) Ki((F,€),(G,€)) =1if (F, &) =(G,&).

Proof. Let (F,&) = {us, Cre)(wd?), Ope,y(u?) | u; € X} and (G,€) = {us, ey (),
19g(€])( ) | u; € X} be two DHFSSs. Then, we have

(P1) It is straightforward.
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(P2) The inequality K1 ((F,E), (G,€)) > 0 is obvious. Let us prove K1((F, &), (G,€)) <1

CDHFSS((]:v 5)7 (g’ 5))

I
1 t
( Z g]-' (e1) CQ (e1) ( ) + E Zﬁ]-—(eﬂ(ugt))ﬂg(el)(ug ))>
t=1
1 1 & (t) (1)
S S t
+ (k Z Cr(en) (u5)) e (us)) + Py Zﬁf(el)(uz )V (er) (ug ))
( ch o ) ot () zﬁf )06 el><u,:>>)
1 t
( Z C]—' (e2) <g (e2) ( ) + E Zﬂf(ez)(ugt))ﬁg(@)(ug ))>
t=1
1 1 & (t) (1)
S S t
+ <k Z Crten) (57 g ey (057) + 1 2 Vten) (v Vgt (0 ))

( Zcm u$)Cg(eq) (1)) Zﬁm>ut> ><uJ>>>
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k‘l ll
1 s s 1
(lﬁ > e (1) g e (w5 + m > ﬁf(em(ugt))ﬁgwm)(ugt)))
s=1 t=1
1 & 1 (0
s s t
+ + (k'Q Z C]:(em)(ug ))Cg(em)(ug )) + E Z ﬁf(em)(ug ))ﬁg(em)(UQ ))

< ZCJ—‘ em) Cg(em) Zﬁ]—' (em) t g(em)(urf))>

— i 3 C7(61)(“%@)) Cg(ej)(U?)) +i 3 Cf(ej)(uéS)) Cg(ej)(“58))
VR Vi S m V2
bt 3SR ) Gte () | s Pt () Dt (47)
""" = Vha N R A
+ilzwf<ej ) (u$)) Cge;y (ud?) . +ilZ 95 (e (W) Copey) (ull)
= NS =L N

According to Cauchy-Schwarz inequality:
(urys + ugya + - . F unyn)? < (W +ud + -+ ud)(F F s+ +y2)
where (u1,ug,...,uy) € R™ and (y1,y2,...,yn) € R", we can obtain:

(Courss((F.€),(G,€)))?

m 1 k1 n ]. i
z:lklz:lcg:(ea +anzcg:e]
< = . -
= m I T n
DI WERUITINES S ST
\ p o = n
m 1 k1 9
‘Z; ky Z; Cg(ej T Z Z Cg(e]
Jj= s= .
X
m 1 -
+Zz11 ey (") +~--+Z%Z%(eﬂ(ug))
=hi i =1

X
—
(]
]z
7 N N
N“H
Mr
&
&
—
£

&
S~—
_|_
QN

'c?
i/
——

= Epurss(F,E) - Epurss(9,€)
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Therefore, Cpurss((F,E),(G,€)) < \/EDHFSS(.F, E) - Epurss(G,€). Hence, from
Eq. (4.4), it follows that 1 ((F,€),(G,€)) < 1.

(P3) If (F, &) = (G, &) this implies Cr(e) (ul*)) = gy (ul) and O gy (u”) = dg¢e, ) (),

u; € X, where s = (1,2,...,k;), t = (1,2,...,;) and i =1,2,...,n, 7 =1,2,...,m
and thus from Eq. (4.4), it follows that K1 ((F, &), (G,€&)) = 1.

Hence, the theorem holds. ]

Example 4.2.1. Let & = {e1, e2,e3} be set of parameters and (F,€) and (G, E) be two
DHFSSs in X = {u1, ug, us, us} defined as

el 2 es
up [{{0.7,0.6,0.5},{0.3,0.2,0.1}} {{0.6,0.5,0.4},{0.4,0.3,0.2}} {{0.3,0.2,0.1},{0.7,0.6,0.6} }
(F.&) = u2 |{{06,05,0.4},{0.3,02,0.1}} {{0.5,04,0.3},{0.5,0.3,03}} {{0.7,0.7,0.5},{0.3,0.2,0.2}}
uz |{{0.8,0.7,0.7},{0.2,0.1,0.1}}  {{0.8,0.8,0.7},{0.2,0.2,0.1}} {{0.7,0.6,0.5},{0.3,0.2,0.1}}
uy 1{{0.4,0.4,0.3},{0.6,0.5,0.4}} {{0.6,0.6,0.5},{0.4,0.3,0.2}} {{0.8,0.7,0.6},{0.2,0.1,0.1}}

and

el €2 €3
ur [{{0.7,0.6,0.4},{0.3,0.2}} {{0.6,0.4,0.3},{0.3,0.1}} {{0.6,0.4,0.3},{0.4,0.1}}
G,&)= w2 | {{09,0.7,0.6},{0.1}}  {{0.7,0.5,0.4},{0.3,0.2}} {{0.4,0.3,0.3},{0.6,0.5}}
uz [{{0.8,0.7,0.6},{0.2,0.1}}  {{0.5,0.4},{0.2,0.1}} {{0.9,0.8,0.6},{0.1}}
ug [{{0.6,0.5,0.5},{0.4,0.2}} {{0.8,0.7,0.5},{0.2,0.1}} {{0.6,0.4,0.3},{0.3,0.1}}

By applying Eq. (4.1), the informational energy of (F,&):

43 ki L
1 & s 1 <&

Fourss(F,€) = 33 (k D e () 1 D 0 (i ))
" s=1 L=1

i=1 j=1

o
Il

= %(0.72 +0.6% + 0.5%) + é(o.:a? +0.2% +0.1%) + %(0.62 +0.5% + 0.4%)
- é(o.zﬁ +0.3% +0.2%) + %(0.32 +0.2° +0.1%) + %(0.72 +0.6% + 0.6?)
+ %(0.62 +0.5% +0.4%) + %(0.32 +0.22 +0.1%) + %(0.52 +0.4% +0.3%)
- %(0.52 +0.3% +0.3%) + %(0.72 +0.72 +0.5%) + %(0.32 +0.22 +0.2%)

1 1 1
- g(0.82 +0.72 +0.7%) + g(0.22 +0.12 4+ 0.1%) + g(0.82 +0.8% +0.7%)
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1 1 1

- g(0.22 +0.22 +0.1%) + g(0.72 +0.6% +0.5%) + 5(0-32 +0.22 +0.1%)
1 1 1

5(0'42 +0.4% +0.3%) + g(0.62 +0.5% +0.4%) + g(0.62 +0.6% 4 0.5%)
1 1 1

- §(0.42 +0.3% +0.2%) + 5(0.82 +0.7* + 0.6%) + 5(0.22 +0.1% +0.1%)

= 5.2200
Similarly, the informational energy of (G, &) is

Epnrss(G,€)
SETRR @, 1% (t
s t
SPO 3 (D SENTRSS STMEL)
i=1j=1 \ * s=1 L

1 1 1 1
= §(0.72 +0.6% + 0.4%) + 5(0.32 +0.2%) + g(0.62 +0.4% +0.3%) + 5(0.32 +0.1%) +

1 1 1 1
+ §(0.82 +0.72 4+ 0.5%) + 5(0.22 +0.1%) + §(0.62 +0.4% +0.3%) + 5(0.32 +0.1%)

= 4.7800
Thus, by Eq. (4.3), we get:

Cpwurss ((F, ) (G.€))

4 3
- ZZ( zZC“J otey 0" Zﬂfej ") ﬁg(en(uz(‘t)))

i=1 j=1
1

= (0.7 0.7 +0.6 % 0.6+ 0.5 x 0.4) + §<0-3 X 0.340.2 x 0.2+ 0.1 x 0.2)
1 1

+ 5(0.6 x0.6+0.5x04+0.4x0.3)+ 5(0.4 x0.34+0.3x0.14+0.2x0.1)
1 1

503506402504+ 0.1x0.3) + 5(0.7 x 0.4+ 0.6 x 0.1+ 0.6 x 0.1)

1 1

5(0.6 x 0.94 0.5 x 0.7+ 0.4 x 0.6) + 3(0.3 x0.14+0.2x0.140.1x0.1)
1 1

+ 5(0.5 X 0.740.4%x054+0.3x0.4)+ §(0.5 x 0.34+0.3x0.240.3x0.2)
1 1

+ (07X 0440703 4+05x0.3) + 5(03 % 0.6+ 02 x 0.5+ 0.2 x 0.5)

1 1
+ §(0.8 x 0.840.7x 0.7+ 0.7 x 0.6) + 5(0.2 x0.240.1x0.1+0.1x0.1)
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+ %wsx05+08x04+07x04y+§@2x02+02x01+01xon
+ %mjx09+06x08+05x06y+ém3x01+02x01+01xau
+ %(0.4 % 0.6+ 0.4 % 0.5+ 0.3 x 0.5) + %(0.6 % 0.4+ 0.5 % 0.2+ 0.4 x 0.2)
+ %(0.6 X 0.8 +0.6 x 0.7+ 0.5 x 0.5) + %(0.4 x0.240.3x0.1+0.2x0.1)

1 1
+ 5(08x06+07x04+06x03)+ (02x03+01x01+01x0.1)

= 4.4500

Hence, the measure K1 between (F, &) and (G, ) is calculated as:

Ki((F,€),(G,€)) = Cpurss ((F, &), (G,E))

N \/EDHFSS(]:78) : EDHFSS(gag)

= 44500 = 0.8909

v5.2200+/4.7800

Definition 4.2.2. Let (F,€&) and (G, ) be two DHFSSs, then the correlation coefficient

is defined as

Cprrss((F,€),(G,E))

max {EDHFSS .7: 5 EDHFSS(gv 5)}
n m 1 ki 1 l;
> <kz 221 Cren () g e, (us™) l:- Z ﬂf(ej)(ugt))ﬁg(ej)(ugt))>
=l =l 5= =
- n m k; 1 li
33 (1 35 bl 3y )
i=1 j=1 li =
max
n m 1 ki ) ®) 1 li ) )
D2 | o 2o ey @)+ 7 2 Ve (i)
i=1 j=1 s=1 t=1

Theorem 4.2.2. The correlation coefficient of two DHFSSs (F, &) and (G, £) defined as
Ko((F,E),(G,E)) in Eq. (4.5) satisfies the following properties:

(Pl) ICQ((‘F75>7 (g75)) = K:Q((gag)v (‘7:’ 8))
(P2) 0 < Ka((F,€),(9,8)) <1

(P3) Kao((F,E),(G,8)) =1if (F,E) = (G,E).
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Proof. Since (F,€&),(G,€) € DHFSS(U), then

0 < Cren (@) 1,0 < Wp (W) <1, forallu; € X
0 < Cgiey (V) < 1,0 < Oge () <1, forall u; € X
and thus, by Eq. (4.5), we get Ko((F,€),(G,E)) > 0. The inequality ICo((F, E), (G,€)) < 1

can be proven directly by using the well-known Cauchy-Schwarz inequality:

o<y () (4

with equality if and only if the two vectors a = (a1, aq,...,a,) and b = (b1,be,...,b,) are

linearly dependent.

In fact, by Eq. (4.6), we have

s {(£4) (B (e {E B B )

and from Eq. (4.5), it follows that ICo((F,E),(G,€)) < 1 which completes the proof of
(P2). In addition, by Eq. (4.5), we have

n m 1 ki s s 1 l;
>y (k, 2 Crte) (5 )gte) (w”) + 7 32 O Et’>ﬂg(ej><u§”>)

i=15=1 \Ki s=1 =
Kal(F£),(6,€)) = : n m 1 ki 1 l;
s t
33 (3¢ + 3 )
i=1j=1 \"" s=1 =1
max
n m 1 k; ) (®) 1 l; , ®
Z % CGep(ui ) + Z*Zﬁg(ej)(uz )
i=1 j=1 v s=1 vy—1

i=1 j=1 v s=1 t=1
max
n o m 1 ki (®) 1 l; ) ©
2 s
>0 T, 2 SFlen HgZﬁHey)(“z )
i=1 j=1 s=1 t=1

Thus, (P1) also holds. Similarly, we can complete the proof of (P3).
Hence, the theorem holds. O
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From the Definition 4.2.1 and Definition 4.2.2, we observe that the correlation coeffi-
cient defined by Eq. (4.4) uses the geometric mean of the informational energies of the
DHFSSs (F,€) and (G,€), and the correlation coefficient defined by Eq. (4.5) applies
the maximum between them. For the optimistic decision makers, they tend to use the
correlation coefficient defined by Eq. (4.4). Contrary to the optimism decision makers,
the pessimistic decision makers tend to apply the correlation coefficient defined by Eq.
(4.5).

However, in order to take the importance of the experts as well as parameters into the
analysis, we incorporated their weight vectors into the defined correlation coefficients. For

n
it, consider & > 0 be the weight vector of the elements u; with ) & = 1 and 7; > 0 be
i=1
m
the weight vector of the parameters e; such that ) n; = 1, then we have the extended
j=1
the above formulated correlation coefficient X7 and Ko to weighted correlation coefficient

as follows:
R vV Ewpnrss(F, €)\/BEwpnrss (G, €)
iléi ilnj( Z C}"(ej)( )Cg<e] (u!” )+ Zﬁf(f,])( e )Ug(e;) (u Et)))
_ i=l j=
m 1 ki . 1
$ Zfzz% (k ZC;:(EJ.)(“E )) + . Zﬁfr(ej)(ugw))
i=1 =1 ts=1 v=1
n m 1 ki
X\j;&;m <k¢21§5<ej> u Z%(e () >
i= j= s=
and

Ki((F.€),(6,€)) = Cwonrss((7.£), (9,€)) (4.8)

max § Ewpnrss(F, €), Ewpnrss (9, €) }

—N—

n m 1 k; 1 l;
2 2 < Z Cf(e7)( i )Cg<ej)( ul) + L2 Z ﬂf(e_i)(uz('t))ﬁg e Et)))
- e (s)y u®)
Z&Zm’ <kiZCf(ej)( 3 Zﬂ}'(e] i
max =1 j=1 s=1

n m ki l;
P <,j_ > G+ Y ﬁé(ej><u£t>>>
vs=1 v =1

i=1  j=1



70

It can be easily verify that, if £ = (1/n,1/n,...,1/n)T and = (1/m,1/m,...,1/m)7T,
then equation (4.7) and equation (4.8) reduces to the correlation coefficient (4.4) and (4.5)
respectively. It is easy to check that the weighted correlation coefficient K3((F, &), (G, E))
between DHFSSs (F, £) and (G, £) also satisfies the property of 0 < K3((F,€&),(G,€)) <1

Theorem 4.2.3. The weighted correlation coefficient between the DHFSSs (F, &) and
(G, &) defined by Eq. (4.7), satisfies:

(Pl) IC3((]:,5),(Q,5)) = K3((ga5)a (]:a 5))
(P2) 0 <K5((F,€),(6,€)) <1
(P3) K3((F,€),(G,8)) =1if (F,&) = (G,E).

Proof. For any two DHFSSs (F, ) and (G, &), the proofs of the properties (P1) and (P3)
are straight forward so we omit here. Also KC3((F, &), (G,€)) > 0 is evident so we need to
show only K3((F,E&),(G,€£)) < 1. Since,

Cwonrss((F,€),(6,€))

n m k;
= Zgz an < Z C]:(ej) S Cg(ej i 219]: 3] Et 19g ej)(ugt))>

i=1  j=1
li

- Ziz m ZC]—" (e1) S CQ (e1) 8) + ! Zﬁ}— (e1) ﬁg 61)(u§t))
i=1 li

k; )
1 S S ].
+n2 (k Z C]'—(GZ)(UE ))Cg(ez)(uz(' )) + T Z ﬁf(eQ)(ugt))ﬁg(@)(uZ(.t)

N
@

Il S
-

~

Il e
—_

N—

\/

1 S S
§1q +m <k1 Z Cren) (ud)) g en) () + m Z ﬁf(eQ)(Ugt))ﬁg(eg)(Ugt))>
s=1 t=1

kl ll
1
t=1
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ko 2
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By using Cauchy-Schwarz inequality, we obtain:

(Cwpnrss((F,€),(G,€)))?

n m k; I
= { 2,62 <li D Gy (i) + 11.2793:<ej>(u§”)> }
=1 j=1 1 g—1 i
1 9
" {Z&an<kzcé(‘fj)( Zﬁg(e uf >}
=1 = 1 g—1

= FEwpnrss(F, ) - BEwpnrss (9, €)

Therefore, Cwpurss((F,£€),(G.€)) < /Ewpnrss(F.€) - Ewpnrss (G, €) and hence

Theorem 4.2.4. The correlation coefficient of two DHFSSs (F,€) and (G, £) as defined

in Eq. (4.8) i.e. K4 satisfies the same properties as those in Theorem 4.2.3.
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Proof. The proof is similar to Theorem 4.2.2, so we omit here. O

Example 4.2.2. Assume that ¢ = (0.2,0.3,0.4,0.1)T, n = (0.35,0.25,0.40) be the weight
vectors of u;(i = 1,2,3,4) and e;(j = 1,2,3) respectively for two DHFSSs (F,&) and
(G, &) defined in Example 4.2.1 then the correlation coefficients between these two DHF-
SSs by using Eq. (4.7) and Eq. (4.8) are given by K3((F,€&),(G,€)) = 0.8949 and
K4((F,€),(G,E)) = 0.8800 respectively.

4.3 Proposed decision making approach based on the cor-

relation coefficients

In this section, we shall utilize the proposed correlation coefficients of DHFSSs to MCDM

with dual hesitant fuzzy soft set information.

The general description of the DM problems is given in Section 2.6 of Chapter 2 with
dual hesitant fuzzy soft information. The rating values corresponding to each alternative
A9 (¢ =1,2,... k) are represented in the form of DHFSS (A, £) over X which is given

as follows.

AD(eg) = (us, {Caeyy @)} {0 a0 o)) @)} s € X) (4.9)

fori = 1,2,...,n;5 = 1,2,...,m;q = 1,2,..., k. Here, CA(q)(ej)(ul(s)),ﬁA(q)(e],)(ul(-t)) €

[0,1] represents the discrete set of the possible MDs and NMDs for the alternative A

given by the expert u; under the parameter e;. For convenience, we denote this DHFSS

by (A9 €) = (Ci(;z),ﬁgg)) where Ci(;-z) € [0,1] and 192(-?) € [0,1] with the condition that
s t

G @)+ 0P w?) <1

Then, we summarize the steps of the proposed approach based on the developed cor-

relation coefficients as below to find the best alternative(s).

Step 1: Collect the information related to each alternative from a decision makers and

represent them as a DHF soft decision matrix
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Step 2: Compute the correlation coefficient measures between an DHFSSs (A, £) and
the reference set (B, ) by using either K; or Kq or by using weighted correlations

K3, K4 measures.

Step 3: Choose the highest index corresponding to the argmax{K} and select the best

alternative(s) corresponding to them.

4.4 Illustrative Examples

In order to demonstrate the above-mentioned approach based on correlation coefficients,

three illustrative examples are taken as below.

4.4.1 Example 1: Selection of the best candidate

A practical example of faculty recruitment for multiple criteria DM problem is discussed.
Assume that there is a central Government university who wants to recruit an Assistant
Professor in the Department of Mathematics. The panel of three experts wuy, ug, ug will
judge the certain candidates and select one candidate on the basis of certain parameters
E = {ey,e9,€3,e4} which stands for the Qualification, Teaching experience, number of
publications and Teaching Ability respectively. The weight vector corresponding to these
parameters are taken as 7 = (0.1,0.3,0.4,0.2)” while corresponding to three experts are
€ =(0.3,0.5,0.2)7. Assume that there are three candidates A1), A®) and A®) selected
for an interview in front of the three experts w;(i = 1,2,3) after the screening test. The
department head inform to the administrators regarding the requirement of the suitable

candidate with some desired features and hence three experts set up a threshold over each
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parameter e; according to their levels in the form of DHFSS (B,£). The rating values
of (B,€&) is given in Table 4.1, which is called as a “reference candidate set” in order
to evaluate the given three candidates. The target of this problem is to find the best
candidate out of AN, 4@ and A®) which should be classified with the set B.

Table 4.1: Rating values of the reference set with DHFSN information
(B.€) el €2 e3 e4
w | {{0.3,0.2,0.1},{0.2,0.1}}  {{0.4},{0.3,0.2}}  {{0.6,0.4,0.3},{0.2}} {{0.4},{0.5,0.1}}
up | {{0.6,0.5,0.2},{0.4,0.3}} {{0.5,0.2},{0.3,0.1}} {{0.7,0.3},{0.3,0.1}} {{0.2,0.1},{0.3}}
us {{0.6,0.4,0.3},{0.2}}  {{0.9,0.7,0.5},{0.1}} {{0.4,0.2},{0.5,0.3}}  {{0.8},{0.1}}

Then, the steps of the proposed approach are executed as below to find the best

candidate(s):

Step 1: During the interview, experts evaluate each candidate one-by-one and give his own
preferences with respect to each parameter e; in terms of DHFSS environment. The

rating values of such candidates A@ (g = 1,2, 3) are summarized in Table 4.2.

Table 4.2: Rating values of the candidates with DHFSN information

(AD &) el ey es ey
w | {{0.7,0.6,0.5},{0.3,0.2,0.1}} {{0.6,0.5,0.4},{0.4,0.3,0.2}} {{0.3,0.2,0.1},{0.7,0.6,0.6}}  {{0.8,0.7,0.5},{0.2,0.1}}
up | {{0.6,0.5,0.4},{0.3,0.2,0.1}} {{0.5,0.4,0.3},{0.5,0.3,0.3}} {{0.7,0.7,0.5}, {0.3,0.2,0.2}} {{0.4,0.3,0.2}, {0.5}}
us {0.8,0.7,0.7},{0.2,0.1}}  {{0.8,0.8,0.7},{0.2,0.2,0.1}} {{0.7,0.6,0.5},{0.3,0.2,0.1}} {{0.7,0.6,0.5},{0.3,0.2,0.1}}
(A(2)7 5) €1 €2 €3 €4
w | {{0.4,0.4,0.3},{0.6,0.5,0.4}} {{0.6,0.6,0.5},{0.4,0.3,0.2}} {{0.8,0.7,0.6},{0.2,0.1,0.1}} {{0.7,0.5,0.4},{0.2,0.2,0.1}}
up {{0.7,0.6,0.4}, {0.3,0.2}} {{0.6,0.4,0.3},{0.3,0.1}} {{0.6,0.4,0.3},{0.4,0.1}}  {{0.5,0.4,0.2},{0.4,0.3,0.1}}
uz {0.9,0.7,0.6}, {0.1}} {{0.7,0.5,0.4}, {0.3,0.2}} {{0.4,0.3,0.3}, {0.6,0.5}} {{0.7,0.6,0.4}, {0.2,0.1}}
(A(3)75) e1 eo e3 e4
w {40.8,0.7,0.6}, {0.2,0.1}} {{0.5,0.4},{0.2,0.1}} {{0.9,0.8,0.6}, {0.1}} {40.9,0.7,0.5}, {0.1}}
us {{0.6,0.5,0.5), {0.4,0.2}} {{0.8,0.7,0.5}, {0.2,0.1}} {0.6,0.4,0.3},{0.3,0.1}}  {{0.3,0.2,0.1},{0.5,0.3,0.2}}
us {{0.7,0.6,0.4}, {0.2}} {{0.6,0.4,0.3}, {0.3}} {{0.4,0.3,0.3},{0.2,0.1}} {{0.6,0.3,0.2},{0.2,0.1}}

Step 2a: By applying the correlation coefficient K; between the alternative (B, ) and (A, €)
(¢ = 1,2,3), we can obtain their corresponding indices measurement values as
Ki((AD €, (B,€)) = 0.8603, K1 ((AP), &), (B, E)) = 0.8916 and K1 ((A®), &), (B, €)) =
0.8276. On the other hand, if we utilize the correlation coefficient Ky then their corre-
sponding measurement values are Ko (A1), £), (B,£)) = 0.7111, K2 (AP, €), (B, £)) =
0.7834, Ka((A®), &), (B, &)) = 0.7580.
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Step 2b: If we assign the weights of the expert as ¢ = (0.3,0.5,0.2)7 and the parame-
ters as 7 = (0.1,0.3,0.4,0.2)7, then K3 measure, we get K3((AM, &), (B,&)) =
0.8390, K3((A®,&),(B,€)) = 0.8926 and K3((A®),&),(B,€)) = 0.8356. Simi-
larly, by using the correlation coefficient /4, we get the measurement value of
each candidate is K4((AD, ), (B,E)) = 0.6878, K4((AP), ), (B,E)) = 0.7946 and
Ki((A®)€),(B,E)) = 0.7509.

Step 3: From these computed values, we can obtain the ranking order of the alternatives as
A®@) o A« AB) when either K1 or K3 is used while A®) = AG) « AM when
Ko or K4 is used. Since, the similarity index of the candidate A®@) belongs to the
reference candidate B is highest and hence the best alternative for the required post

is A®),

As the different correlation has different indices so, based on the behavior of the deci-
sion makers, they can use the best and worst alternatives. For instance, for an optimistic
decision makers behavior, they tend to prefer A over A®) alternative while contrary to

the optimism behavior, the pessimistic choice tend to choose A®) over A candidate.

4.4.2 Sensitivity analysis

As it has been observed from the above results that the best candidate is A?) for the
desired post. However, if we are interested to find which expert gives his highest rec-
ommendation to A® candidate w.r.t. the parameters e;(j = 1,2,3,4), an analysis has
been conducted in which various choices corresponding to expert u;(i = 1,2,3) are ag-
gregated by using the parameter weights n; = (0.1, 0.3, 0.4,0.2)7. Then the correlation
index corresponding to each expert has been obtained as K3(A® up), (B, u;)) = 0.8228,
K3((AP ug), (B,us)) = 0.6942 and K3((A® u3), (B,u3)) = 0.8310. Thus uz expert give
his highest recommendation to candidate A®) for post of the suitable candidate w.r.t. the
parameter e;.

On the other hand, in order to judge which parameter is the strongest of it and which
expert give their highest recommendation to it, an analysis has been done by applying

proposed approach to A2 candidate only. For this, the different preferences of the experts
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ui(t = 1,2,3) towards each parameter e;(j = 1,2,3,4) are aggregated by using weight
vector & = (0.3,0.5,0.2)”. Thus based on it, the correlation coefficient measure between
them are 0.9323,0.7273,0.7390, and 0.8851 respectively for e, eq,e3 and e4 of the best
candidate A® with reference candidate B. Therefore, A®?) candidate has e; parameter as
the strongest based on the expert views.

Finally, an element wise correlation coefficient has been summarized in Table 4.3.
From this analysis, it has been concluded that the expert u; gives ey attribute to his best
Table 4.3: Correlation coefficient of (A®), B) corresponding to u; and e;

e1 €9 es eq
up | 0.8736 0.9759 0.9589 0.8297

uz | 0.9628 0.8848 0.8783 0.8082
uz | 0.9543 0.9541 0.9472 0.9659

recommendation while uo and w3 give to e; and ey respectively parameter.

4.4.3 Comparative studies

In order to compare the proposed approach with some existing metrics, an analysis has
been conducted for the aggregated dual hesitant fuzzy set matrix in which different pa-
rameters of the candidate are aggregated using weighted averaging formula using weight
vector £ = (0.3,0.5,0.2)7. Then, based on these aggregated values, we conduct the fol-

lowing analysis by using existing approaches.

(i) By taking the correlation coefficient (p) as defined by Ye [248], we compute the
measurement values of the given alternatives from reference set. The obtained values
are p(AM . B) = 0.7633, p(A®),B) = 0.7597 and p(A®), B) = 0.7335. Thus, it has

been computed from these results that the best candidate is AW,

(ii) By taking cosine similarity measures as (Cpurs) as proposed by Bai [12] to find the
best candidate(s), then their corresponding measurement values are Cpprs (A1), B) =
0.9316, Cpurs(A®), B) = 0.9385 and Cpyrs(A®), B) = 0.8641. Thus, the ranking
order is A®) = A1 ~ A®) and the best candidate is A2,

(iii) By applying correlation coefficient measure [203] to the considered data, we get
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p(AD B) = 0.7231, p(A®),B) = 0.7492, p(A®), B) = 0.6836. Therefore, the best

candidate for the post is A2,

(iv) By taking the distance measure as defined in Eq. (2.17) of Chapter 2 and for different

value of the parameter A\, we get the following values and the ranking order.

Distance values of B from Ranking Best candidate
A AL A®) A®) order
1 01518 0.1101 0.1438 A® = AG) = AW A®)
2 0.2652 0.2263 02870 A® = A1 = AB) A®)
5 0.3973 0.3794 04736 A® = A1 = AB) A®)

On the other hand, by taking the similarity measures as defined in (2.18) of Chapter

2, we get the values for different values of \’s are as below.

Similarities values of B from Ranking Best candidate
A AL A®) AB) order
1 08329 08744  0.7874  A® = AD » AG) A®)
2 0.7015 0.7526  0.6140  A® = A1) = AG) A®)
5 05351 05830 04028  A® = AL = AG) A2

(v) By taking a generalized distance measures as defined in Eq. (2.15) of Chapter 2 to the

considered data, then the measurement indices to each alternative are summarized

as below.
Similarities values of B from Ranking Best candidate
A AL A®) AB) order
1 01543 0.1156  0.1612  A® = AD » A4G) A2
2 01721 0.1489  0.1957  A® = AD = AG) AR
5 0.2086 0.2050  0.2678  A®) = A1) = AG) A®)

From these results, it has been concluded that the proposed index results coincide with
the existing methodology results. Thus, it can suitably solve the problem in a real-life
situation and can be found as an alternative place than of the existing measures in a dual

hesitant fuzzy soft set environment.
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4.4.4 Example 2: Medical diagnosis problem

Consider a set of diagnoses C = {CM(Viral fever), C®)(Malaria), C®®)(Typhoid)} de-

fined

over the discrete set of doctors {di,ds,ds,ds}, and a set of symptoms & = {e;

(Temperature), es (HeadAche), e3 (Stomach Pain), e4 (Cough), e5 (Chest pain)}. Sup-

pose a patient D, with respect to all the symptoms &£, can be represented by the following
DHF'SS denoted by (D, €) in Table 4.4.

Table 4.4: Rating values of the patient with DHFSN information

(D,€) Temperature HeadAche Stomach Pain Cough Chest Pain
dy {{0.9},{0.1}} {{0.6,0.5},{0.4,0.3,0.1}} {{0.4,0.3,0.2},{0.5}} {{0.8,0.7},{0.1}} {{0.4,0.3},{0.6,0.5}}
do {{0.6,0.4},{0.4,0.2}} {{0.8},{0.2}} {{0.7,0.5},{0.3,0.2}} {{0.3,0.2,0.1},{0.5,0.3}} {{0.7,0.5},{0.3,0.1}}
ds {{0.7},{0.2,0.1}} {{0.4,0.3},{0.2,0.1}} {{0.8,0.7},{0.2,0.1}} {{0.6,0.3},{0.2}} {{0.6},{0.4,0.2}}
dy {{0.8},{0.2}} {{0.9,0.6},{0.1}} {{0.6,0.4},{0.3}} {{0.5,0.4},{0.2,0.1}} {{0.6,0.4},{0.2}}

Then, the target of this problem is to diagnose the disease of the patient D among one

of the C, €@ and ¢®). For it, we utilized the steps of the proposed approach to obtain

the ranking order of the diagnoses which are summarized as follows:

Step 1:

Step 2a:

Step 2b:

Step 3:

The rating values of each diagnosis C(Q)(q = 1,2,3) is expressed by doctors d;(i =
1,2,3,4) under the set of symptoms e;(j = 1,2,...,5) are summarized in Table 4.5.

By applying the correlation coefficient K1 between the alternatives (D, £) and (C(@), &),
we get the similarity index for each alternative as K1((C™), &), (D,€)) = 0.8048,
K1((€®),€),(D,€)) = 0.9013 and K1((C®), £), (D, £)) = 0.8876. On the other hand,
by using Ky measure, we get Ka((CD,E),(D,E)) = 0.7321, K2((CP), ), (D, E)) =
0.8292 and Ko((C®), &), (D, E)) = 0.8248.

If we assign the weight vectors & = (0.5,0.2,0.2,0.1)T and n; = (0.4,0.1,0.2,0.2,0.1)T
respectively to the doctors and symptoms, then by using K3 measure, we get the mea-
surement values are Ks((C(), &), (D, £)) = 0.8202, K3((C?), &), (D, £)) = 0.8936 and
K3((C®),€),(D,E)) = 0.8976. However, if we utilize Ky, then we have K4((C™, £),
(D,&)) = 0.6836, K4((CP, &), (D, E)) = 0.7952 and K4((CP), &), (D, E)) = 0.7476.

Thus, from this study, we concluded that the patient D suffer from the Malaria

(C®?). Thus, we compute that diagnoses C®) or C(? is the most desirable diagnoses
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to be classifier with patient D according to the correlation coefficient K3 and K4

respectively.

Furthermore, if we compute the similarity index by using various existing measures
under the dual hesitant environment [12, 176, 203, 205, 248] to the considered problem
then the detail analysis corresponding to it are summarized in Table 4.6. From these
results, we have concluded that the patient can be assign to the diagnosis C(?) (Malaria)

and the proposed result coincides with the existing ones.

4.4.5 Example 3: Pattern recognition

Consider three experts wi,us and us which are going to evaluate the three unknown
patterns A1), A2 and A®) over the three different parameters eq, es and e3. Each expert
is advised to evaluate the given alternatives under the DHFSS environment. Let B be the
formulated desired standard for the recognitions to get selected and its value are given in
the form of the DHFSS in Table 4.7.

The target of this problem is to identify the best unknown pattern among A1), A(2)
and A®) which are well recognized with the desires of the experts given in DHFSS B. In
order to achieve it, the steps of the proposed approach are utilized here to obtain the best

pattern as follows.

Step 1: Each unknown pattern A@(q = 1,2,3) is evaluated by an expert u;(i = 1,2,3)
under the different parameters e;(j = 1,2, 3) and their rating values are summarized

in Table 4.8 with DHFSS information.

Step 2a: By applying the correlation coefficients K1 and Ky between the alternatives (B, )
and (AW, &)(q = 1,2,3), we compute their measurement values are Ki((AW, E),
(B,£)) = 0.7524, K1((A®), ), (B,&)) = 0.7901, K1 ((A®), &), (B, E)) = 0.7577 while
by Ko we get Ka((AD,E),(B,€)) = 0.7365, Ka((AD,E),(B,€)) = 0.7734 and
Ka((AB®) ), (B,E)) = 0.7481.

Step 2b: With weight vector £ = (0.5,0.3,0.2)” and n = (0.4,0.3,0.3)7 to experts and param-

eters, we get the measurement values of each pattern A@ (¢ =1,2,3) from the known
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pattern B are K3 (A1, €),(B,€)) = 0.7604, K3 ((AP),€),(B,£)) = 0.8051 and
Ks ((A(3) ,€),(B,€)) = 0.7328. On the other hand, if we utilize the weighted correla-
tion coefficient &4 then these measurement values are K4 ((.A(l) ,€),(B,E )) = 0.7466,
Ka (AP, €),(B,€)) = 0.8031 and K4 ((AD),€), (B, &)) = 0.7203.

Step 3: From these computed values, we concluded that A® is the most desirable pattern

to be classified with the known pattern B.

4.5 Superiority and advantages of the proposed measures

over the existing approaches

In this section, we present some counterexamples which show that the existing approaches
fail to rank the given alternatives while the proposed approach can overcome their short-

coming.

4.5.1 Superiority of the proposed measures

Example 4.5.1. Consider the DM problem in which there are two alternatives denoted
by A and A(Q), which are evaluated over the set of criteria denoted by {Gi, G2, G3}
with weight vector (0.26,0.48, 0.26)T. The preferences corresponding to each alternative

as evaluated are represented in the form of DHFS as follows.

g1 G2 g3
AW [{{0.70,0.60},{0.30,0.10}}  {{0.8,0.7},{0.2,0.1}} {{0.6,0.4},{0.40,0.32}}
AP [{{0.22,0.19},{0.62,0.50}}  {{0.3,0.2},{0.5,0.4}} {{0.2,0.1},{0.41,0.40}}

Now, if we utilize cosine similarity measure proposed by Bai [12] to find the similarity de-
gree between the alternatives and the ideal alternative B = (({0.7,0.6}, {0.3,0.1}), ({0.5,0.3},
{0.5,0.4}), ({0.3,0.1}, {0.4,0.3})), then the measure values corresponding to alterna-
tive AM and A® are 0.8792 and 0.8792 respectively. Thus we get AL = A®. But
AM = AR) and hence the existing measure is unable to distinguish between the alter-

natives. On the other hand, if we apply proposed measures to this problem, then their
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respective values are K3 (A1, B) = 0.8674, K3(A®), B) = 0.8446 and K4 (A, B) = 0.7187,
Ki(A® B) =0.5121. Thus, AV = A® and hence AW is preferred over A®3).

Example 4.5.2. Consider two alternatives A1) and A which are evaluated by con-
sidering certain attributes {G1, G2, G3} with weight vector (0.25,0.32,0.43)7 and whose

preference values are summarized under DHFS environment as follows:

g1 Go g3
AWM T140.8,0.7},{0.2,0.1}}  {{0.7,0.6},{0.3,0.1}} {{0.60,0.42},{0.3,0.1}}
A® 1{{0.3,0.2},{0.4,0.3}} {{0.5,0.4},{0.5,0.4}} {{0.41,0.30},{0.2,0.1}}

If we apply distance measure d(.) as proposed by Wang, Xu, Wang and Ni [205], then their
measure values of the alternatives A1) and A®) from the ideal alternative B = (({0.7,0.6},
{0.2,0.1}), ({0.4,0.3}, {0.4,0.3}), ({0.3,0.2}, {0.5,0.4})) are d(A™M,B) = 0.1941 and
d(A(Z),B) = 0.1941. Thus, it has been seen that by their approach it is unable to dis-
tinguish between them. On the other hand, if we apply the proposed measure then corre-
sponding to the alternatives A1) and A®) the measure values are K3(AM, B) = 0.8829,
K3(A®) B) = 0.8251 and K4(AM, B) = 0.7425, K4(AP, B) = 0.5199. Hence we conclude
that the alternative A() is better than the alternative A®),

Example 4.5.3. Consider the DM problem in which there are two alternatives A1) and
A®) | which are evaluated by two judges {u1,us} having weight vector (0.87,0.13)”, under
the set of parameters {e1, e, e3} with weight vector (0.39,0.36,0.25)7. The preference
values corresponding to each alternative are summarized under DHFSS environment as

follows:

€1 €2 €3

(AD g) = w [{{0.5,0.4},{0.2,0.1}} {{0.43,0.38},{0.3,0.2}} {{0.5,0.4},{0.2,0.1}}]
{{0.3,0.2},{0.4,0.3}}  {{0.40,0.30},{0.5,0.4}} {{0.3,0.2},{0.2,0.1}}

U2

and

€1 €92 €3
(A® g) = w [{{0‘55,0‘50},{0.25,0.10}} {{0.45,0.33},{0.17,0.15}} {{0.58,0.43},{0.25,0.19}}}

uy [{{0.20,0.10},{0.25,0.15}}  {{0.30,0.20},{0.15,0.13}}  {{0.13,0.14},{0.25,0.15}}



82

By utilizing existing measure as proposed by Ye [248] under DHF'S environment, the cor-
relation coefficients between the alternatives and the ideal alternative (B,&)=(({0.8,0.7},
{0.2,0.1}), ({0.7, 0.6}, {0.3, 0.1}), ({0.6, 0.5}, {0.3,0.2}) are p(A) B) = 0.9344 and
p(A(2),B) = 0.9344. As both have same values so it is not possible to choose the best.
Now, if we utilize the proposed measure on them then the relative values of the al-
ternatives are K3((AM, &), (B,£)) = 0.9553 and K3((AP),€),(B,€)) = 0.9318. Since
/Cg((.A(l),E), (B,£)) is greater than IC3((.A(2), €),(B,€)), therefore, AW is preferred over
AP,

4.5.2 Advantages of the proposed measure

From the above studies and the comparison, we address the following advantages of the
proposed method for solving the DM problems under the dual hesitant fuzzy soft environ-

ment.

(i) DHFSS is a generalization of HFSS, DHFS, HFS and IFS which contains more in-
formation related to an object than the others. Thus, the proposed correlation
coefficient under DHFSS environment is a more generalizations than the existing

correlation coefficients [25, 36, 203, 232, 246, 248|.

(ii) It is observed from the proposed study that the correlation coefficients of HFS
[25, 232], IFS [246], DHF'S [203, 248], HFSS [36] are the special cases of the pro-
posed correlation coefficients in this chapter. Therefore, from it, we can say that
the proposed correlation coefficients can equivalently be utilized to solve the DM
problems under these existing HFS, IFS, DHFS, HFSS environment, whereas the
method in Chen et al. [25], Xu and Xia [232] or Ye [246] or Wang et al. [203], Ye
[248] or Das, Malakar, Kar and Pal [36] is not suitable to solve the problem under

the environment considered in this chapter.

(iii) With respect to the DM approach, the main advantage of the proposed approach
over the existing DM approaches under the IFS, HFS, DHFS environment is that
it contains much more information to handle the uncertainties in the data. In it,

information related to the object is expressed more precisely and objectively and
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hence is a useful tool for handling the imprecise and ambiguous information during

the DM process.

4.6 Conclusion

In this chapter, we addressed the concept of novel correlation and weighted correlation
coefficients for the DHFSS by embedding the features of the FSS and DHF'S into a single
form. The various desirable relations and inequalities are proposed to support the proposed
measures. Later, it has been shown that the proposed correlation coefficients satisfy the
general properties of the correlations and also some of the existing measures under the
DHEFS, HFS, etc., are the special cases of the proposed one. In order to enhance the
study, we present a DM approach based on the proposed correlation coefficients to find the
best alternative(s) under the DHFSS environment. Three numerical examples are taken,
from the field of the selection procedure, medical diagnoses and pattern recognition, for
illustrating the approach and compared their results with some of the existing approaches.
From the studies, it has been concluded that the proposed correlation coeflicients can
suitably handle the real-life DM problem with their targets. Finally, the superiority of the
proposed approach has been validated by giving some examples to show that the proposed
approach is suitable for working in those cases when the existing approaches [12, 205, 248]

fails.
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Table 4.5: Rating values

of the diagnose with DHFSN information

€M, & Temperature HeadAche Stomach Pain Cough Chest Pain
dy {{0.6,0.4,0.3},{0.3,0.1}} {{0.8,0.7,0.5},{0.1}} {{0.4,0.3},{0.2}} {{0.8,0.7,0.5},{0.2,0.1}} {{0.8,0.7},{0.2,0.1}}
day {{0.9,0.8,0.7},{0.1}} {{0.7,0.6,0.4},{0.3,0.2} } {{0.5,0.3,0.1},{0.3}} {{0.5,0.4,0.3},{0.5,0.3}} {{0.5,0.3,0.1},{0.4,0.3}}
ds {{0.5,0.4,0.2},{0.5,0.3}} {{0.5,0.4,0.3},{0.4,0.2,0.1}} {{0.8,0.6,0.5},{0.2,0.1}} {{0.6,0.3,0.2},{0.4,0.1}} {{0.2,0.1},{0.8}}
dy {{0.3,0.2},{0.4,0.2}} {{0.7,0.6},{0.3,0.2,0.1}} {{0.2,0.1},{0.5,0.4}} {{0.2,0.1},{0.7,0.5}} {{0.3,0.1},{0.6,0.4}}
€@, &) Temperature HeadAche Stomach Pain Cough Chest Pain
dy {{0.8,0.7},{0.2,0.1}} {{0.5,0.4,0.3},{0.4,0.3} } {{0.6,0.4},{0.4,0.2}} {{0.3,0.2},{0.6,0.5}} {{0.6,0.5,0.3},{0.2}}
da {{0.4,0.3},{0.6,0.2}} {{0.7,0.6},{0.3,0.2}} {{0.7,0.6},{0.3,0.2}} {{0.7,0.6,0.4},{0.2,0.1}} {{0.7,0.3},{0.3,0.1}}
ds {{0.5,0.4},{0.3,0.2}} {{0.6,0.4},{0.3}} {{0.6,0.5},{0.3}} {{0.6,0.5},{0.3,0.2}} {{0.4,0.2},{0.5,0.3}}
dy {{0.8,0.7},{0.2,0.1}} {{0.8,0.7},{0.2,0.1}} {{0.7,0.6},{0.2}} {{0.4,0.3},{0.2,0.1}} {{0.2,0.1},{0.3}}
() Temperature HeadAche Stomach Pain Cough Chest Pain
dy {{0.6,0.5},{0.2,0.1}} {{0.6,0.4},{0.3,0.2}} {{0.7,0.4,0.2},{0.2,0.1}} {{0.7,0.6},{0.3,0.2}} {{0.6,0.4,0.3},{0.3,0.1}}
day {{0.5,0.4},{0.2}} {{0.7,0.6,0.4},{0.3,0.2} } {{0.7,0.6,0.5},{0.3,0.2,0.1}} {{0.9,0.7,0.6},{0.1}} {{0.7,0.5,0.4},{0.3,0.2}}
ds {{0.6,0.5},{0.1}} {{0.4,0.3},{0.6,0.5}} {{0.6,0.5,0.4},{0.3,0.2,0.1}} {{0.8,0.7,0.6},{0.2,0.1}} {{0.5,0.4},{0.4,0.3}}
dy {{0.5,0.4},{0.2,0.1}} {{0.8,0.7},{0.2}} {{0.4,0.4,0.3},{0.6}} {{0.6,0.5},{0.4,0.2}} {{0.6,0.5},{0.2,0.1}}
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Table 4.6: Comparative studies for Example 2: Medical diagnoses

Ref. Method Overall value from D Ranking
cw c® c® order
Ye [248] Correlation coefficient 0.9228 0.9682 0.8057 | @) = M) = B
Bai [12] Cosine similarity measure | 0.6942 0.4706 0.5731 | ¢V = ¢®) = c(?
Wang et al. [203] Correlation measure 0.7439  0.8317 0.7730 | C®) = ¥ » ¢
Wang, Xu, Wang and Ni [205]
A=1 Distance measure 0.1319 0.0848 0.0884 | C?) = 3 » ¢
A=2 0.3139  0.1497 0.1961 | C®? » 3 » ¢
A=5 0.5698 0.2277 0.3354 | C?) - ¥ » ¢
A=1 Distance measure 0.1785 0.1051 0.1159 | ¢® = ¢c®) - cM
A=2 0.3784 0.1842 0.2381 | C®?) - @) » ¢
A=5 0.6818 0.2870 0.4112 | C® = ¢c®) » cD
Singh [176]

A=1 Distance measure 0.1432  0.0959 0.0958 | C®) =~ c® »- ¢
A=2 0.1685 0.1068 0.1202 | C®?) = @) ~ ¢
A=5 0.2303 0.1314 0.1604 | ¢ = c®) » ¢

Table 4.7: Rating values of known pattern with DHFSN information

(B,€)

€1 €2

€3

u1

Uz

u3

{{0.7,0.6},{0.2}} {{0.2},{0.8,0.7}} {{0.6,0.4},{0.2}}
{{0.7},{0.1}}
{{0.5,0.3},{0.4}} {{0.5},{0.3,0.2}} {{0.3,0.1},{0.6}}

{{0.6},{0.3,0.1}}  {{0.3,0.2}, {0.7}}
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Table 4.8: Rating values of the patterns with DHFSN information

(AW, )

el €2 es
Uy {{0.7,0.6},{0.2}} {{0.8,0.7},{0.1}} {{0.2},{0.4,0.3}}
Ug {{0.9},{0.1}} {{0.7},{0.3,0.2}} {{0.6},{0.2,0.1}}
us {{0.6,0.5},{0.2,0.1}} {{0.4},{0.5,0.3}} {{0.7,0.6},{0.1}}
(-A(2)’5) €1 €2 es
Uy {{0.7,0.6},{0.2,0.1}} {{0.5},{0.4,0.3}} {{0.3,0.2},{0.6}}
Ug {{0.4,0.3},{0.5}} {{0.8},{0.2,0.1}} {{0.8,0.7},{0.2,0.1}}
us3 {{0.5},{0.3,0.2}} {{0.7,0.6},{0.2}} {{0.6},{0.2}}
(-/4(3),5) €1 €2 es3
Uy {{0.2,0.1},{0.7}} {{0.7,0.6},{0.3,0.1}} {{0.7},{0.1}}
U2 {{0.7,0.6},{0.2,0.1}} {{0.4},{0.5}} {{0.6},{0.2,0.1}}
U3 {{0.6},{0.3,0.1}} {{0.1},{0.7}} {{0.6,0.5},{0.2}}




Chapter 5

Dual hesitant fuzzy soft
aggregation operators and their
application in decision making

In this chapter, we developed some new aggregation operators, namely, dual hesitant
fuzzy soft weighted averaging and geometric operators proposed along with their proofs to
aggregate the different preferences of the decision makers. Various desirable properties of
its are also investigated in details. Further, these aggregation operators are extended to its
generalized operator by incorporating the attitude character of the decision maker towards
the data. Later, an MCDM approach is presented based on the proposed operators for
solving DM problems. An illustrative example present to demonstrate the approach under
DHFSS environment and compared their results with some of the existing approaches

results.

5.1 Introduction

MCDM is considered a cognitive-based human activity for selecting the best alternative,
and it has been applied widely across various domains. Traditionally, MCDM problem
often requires decision makers to provide evaluation information about the criteria and

the alternatives with an FS, IFS, and other extended sets. In all these above studies, it

!The content of this chapter is published as “Dual hesitant fuzzy soft aggregation operators and their
application in decision making”, Cognitive Computation, 10(5), 769 - 789, 2018 (SCI: Impact Factor
4.287)
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is assumed that the preferences related to each object to a set are taken either as a single
number or in terms of interval-valued. But in some other cases, assume that an evaluation
was conducted and the results are given by the different five DMs as {0.3,0.4,0.5,0.5,0.6}
which is entirely different from the representation of existing theories such as fuzzy num-
bers 0.3 (or 0.4 or 0.5), the interval-valued fuzzy number [0.3, 0.6]. Then under such
circumstances, the above-mentioned techniques are unable to compute the desired value.
To manage such situations, Babitha and John [11] introduced the concepts of hesitant
fuzzy soft sets (HFSS). Later on, HFSS concepts have been extended to the dual hesitant
fuzzy soft set (DHFSS) [154, 257] by embedding the hesitant degree of non-membership
into the analysis. The advantages of these extended theories are that they are capable to
facilitate the descriptions of the real-world situation with the help of their parameterized
property.

Presently, an aggregation operator is one of the thrust areas in the field of the DM pro-
cess and has drawn great attention from the researchers under an uncertain environment.
The extensive literature on the AOs to solve the DM problems are reviewed in Section 1.1.4
of Chapter 1. Further, DHFSSs have the great potential to handle imprecise and vague
information than the existing approaches such as IFSs, SSs, FSSs, HFSSs. For instance, if
an evaluator gives their rating values by considering the parameterizations factor during
an evaluation towards the objects in terms of the acceptance as 0.3, 0.4, 0.45 while the
degree of rejection is 0.2, 0.25, 0.3. For such a case, the degrees are represented by a dual
hesitant fuzzy element ({0.3,0.4,0.45},{0.2,0.25,0.3}) which is completely different from
the fuzzy number or the interval-valued intuitionistic fuzzy numbers ([0.3,0.45],[0.2,0.3]).
Hence, the dual hesitant fuzzy number can represent the information in a better way than

the other numbers.

Therefore, by considering the advantages of DHFSS and the importance of the AOs,
this chapter derives some series of the weighted averaging and geometric aggregation op-
erators among the DHFSS. As per our knowledge, the aggregation operators under the
DHFSS environment given in the aforementioned studies, however, cannot be utilized to
solve the DM problem. Hence, there is a need to propose such aggregation operators for

DHFSSs. In order to achieve it, we define some new operational laws for dual hesitant
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fuzzy soft numbers (DHFSNs) and investigate their properties. Then, based on these
operational laws, some weighted averaging and geometric aggregation operators based on
the t-norm are defined for DHFSNs. The various desirable properties of these operators
are discussed in details. Also, these aggregation operators are extended to its generalized
form by adding the risk attitude parameter A\ into the analysis and hence developed their
corresponding weighted averaging and geometric operators. Further, we propose a DM
approach based on the proposed operators and the feasibility of the proposed approach is

illustrated with a numerical example.

5.2 Operational laws for dual hesitant fuzzy soft sets

In this section, we discuss some operational laws and the corresponding properties for

DHFSNs.

Definition 5.2.1. [257] A pair (F,€) is called a dual hesitant fuzzy soft set (DHFSS)

over X if and only if F is a mapping given by F : £ — D defined as

Fe(u;) = {(uu hf(ej)(ui),gf(ej)(ui)) | u; € X} : (5.1)

where D% represents the dual hesitant fuzzy subsets in X, hr(e;)(ui) and gr(,)(u;) are
two sets of some values in [0, 1], denoting the possible membership and non-membership
degrees with the conditions 0 < 7,6 < 1 and " + 6T < 1 where v € hxe,)(ui), 6 €

97 (e;)(ui) and for any z € X, v+ € h;(e (ui) = U max{y} and 6 € gr(,)(wi) =

’ YERF(e;) (i)
U max{d}.
6€9F (e;)(us)

For the sake of simplicity, we denoted Az, (ui) = (h;(ej)(ui), g;(ej)(ui)> as a
DHFSN, denoted by A;; = ({hij},{gi;}), with the conditions v;; € hij, dij € gij, ’y;; €
h;; _ U%jehij max{v;;}, 52,‘; c 9;3_' = U(Sijegij max{d;;}, 0 < 75,05 < 1,and 0 < 7;;' +5;; <

1.

Definition 5.2.2. For a DHFSN A = ({h}, {g}), a score function S of A is defined as

S = 3= -3 (5.2)
YEh

d€g
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while an accuracy function H of A is defined as

A):;;LZ%LZ‘S (5.3)

where #~ and #4J are the number of values in h and g respectively.
Based on these functions, an order relation between two DHFSNs A and B, denoted

by A > B, if either of the following condition is satisfied:
(i) If S(A) > S(B);
(ii) If S(A) = S(B) and H(A) > H(B).

Based on the t-norm operations as defined in Section 2.4 of Chapter 2, and considering
a generator k and [, we define the general operational laws for DHFSNs A;; = (hij, i)

such that neither h;; =0 or 1 nor g;; = 0 or 1.

Definition 5.2.3. Let Ay; = ({1}, {91;}) (7 = 1,2) and A = ({h},{g}) be DHFSNs
and A > 0 be a real number; then based on norms’ generators k and [, we define the
generalized operational laws for them as follows:

(i) A1 @ Ajg = U ({l YU(yn) +1(m2) b5 (RN 511)+k(512))}>~

Y11€h11,712€R12,
611€911,012€912

(i) A ® Aip = U ({k k(1) + k(yz2) }, {171 (1(011) +1(612)) } )

V11€h11:712€R12,
011€911:012€912

(i) M= U ({70} {FOwE)} ).

~yEh,0€g

(v) A= U (RO} @)} ).

YyEh,0€g
Theorem 5.2.1. All the operational laws for DHFSNs given in Definition 5.2.3, i.e.,
A @ Ara, A1l @ Aja, M and A are also DHFSNs for a real number A > 0.

Proof. For two DHFSNs A;; and Ajs, we have

A1 ® Aig = U ({l_l(l(’Yll) +1(n2)}, {k_l(k((ﬁl) + k(612))})

Y11€h11,712€R12,
811€911,012€912
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As k : [0,1] — [0,00) is a decreasing function and I(t) = k(1 — t), so, we get 0 <
k1 (/ﬂ(’yn) + ]{3(’)/12)) <land 0< -1 (l(dll) + l(512)) < 1. Therefore,

IN

K 1(k<1—5n )+ k(1= 612)) + 17 (10601) + 1(012))

k! (k(%l) + k(712)> +17t (5(511) + 5(512))
-1~ 1(5(511) + 5(512)) + l_1<l(511) + 1(512))

\ /\

| /\

Thus, A11 ® A12 is a DHFSN. Similarly, we can prove for the other parts. O

Theorem 5.2.2. Let Ay;(j = 1,2) and A be three DHFSNs and A, A;, A2 > 0 be three

real numbers, then we have
(i) A1 © A1z = A12 @ A1
(i) A ® Az = A2 ® Ay
(iii) A(An @ A1) = A @ M.
(iv) (An® -/412)/\ = Aﬁ ® A{é'
(V) MA@ AA = (A + o)A
(vi) AN ® AN = AN A2,
Proof. We shall prove the parts (i), (iii), (v) and others can be proved analogously.

(i) For two DHFSNs A;; and Aj2, we have

A @ Ap = U ({0 U(vn) + Uma2) b {7 (B(611) + k(612)) })

V11€h11:712€R12,
011€911,612€912

= U ({17 U(n2) + 1) b {E7H (R(012) + K(011)) })

Y11€h11:712€R12,
611€911,012€912

= Ap® An

(iii) For a real number A > 0,

MA@ Arg) = U A <{l_l (l(’m) + l(’yu))} , {k_l <k(511) + k(512)) })

V11€h11:712€R12,
011€911:012€912
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- U

116h11 ’Yl2€h 2
51 1,612

el

7 (w0 - 400) )

- 1<>\ 1) + U(712) >} )
(

- U

1€h11,712€hR12
5116 11 5126 12

E7H( A(K(011) + k(612)) }

(0
I 1(1(1 L (y11)) +l 7L fm))))} )

k™ 1<k(k LK (011)) (Ak(&u))))}
= U ({l FA() } o BT (MR (1 )})

- U

v11€h11,712€0125
511€911,612€912

— —— —— —A— A

o U {7 N2} (57 (k(012)) })

v12€h12,
512€912

= A1 M2

(v) For real numbers Aq, A2 > 0,

MA©XMA = | (T}, {E T (ME6))})
e U ({000} (- Oako))})

! {2 (o oaen ) + o 0aen) ),
vehseg {k:l(k(k Ol’f@) < (Aek(9 ))i

= U {7 Oul) + xal()} {ET (Mk(S) + Aak(S

YEh,0Eg
= (/\1 + /\2)./4

Theorem 5.2.3. For three DHFSNs A, A;1, Aj2, and a real number A\ > 0 we have
(i) (A = (AA)“.

(i) A(A%) = (AV)°.
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(i) A§, © ASy = (A1 @ A12)".
(iv) Af; ® Afy = (A1 & Ap2)"
where A° = ({g},{h}) denotes the complement of DHFSN A = ({h}, {g}).

Proof. By the operational laws as defined in Definition 5.2.3, we have

i) (A= U ({&1(k0)}, {17 (N() ) = (AA)“.

YEh,6€g

(i) AMA) = U ({71 N(©) }, {E7H(Ak()) }) = (AN

yEh,6€g

{71 (1(y) + Um2)) } s
(i) Af; & Afy = U = (A1 ® Ap2)“.
Y11€h11,712€R 12, {k;_ ( 511 _|_ k 512 )}

011€911:012€912

) {k‘_l( (511 + k 512 )},
(iv) Af; ® Afy = . U X ) = (A1 © Ap)°
w7 00w +10w))
which completes the proof. O

5.3 Aggregation Operators for Dual Hesitant Fuzzy Soft
Sets

In this section, we define some series of the weighted averaging and geometric aggregation

operators based on the generalized t-norm operators for a collection of DHFSNs.

5.3.1 Dual hesitant fuzzy soft weighted averaging operator

Definition 5.3.1. Let A;;(: = 1,2,...,n;j = 1,2,...,m) be the collection of DHFSNs.
A DHFSWA operator is a mapping DHFSWA : Q" — Q, and is defined as

DHFSWA (A1, A12, ...y Apm) = @ (fj @ (T]i.Aij)> (5.4)

j=1 i=1
where 2 is the collection of DHFSNs, &;(j = 1,2,...,m) and (i = 1,2,...,n) are the
weight vectors corresponding to the parameters and the experts respectively such that

m n

&,m > 0and Y & =1, > n; = 1. Then DHFSWA is called dual hesitant fuzzy soft
j=1 i=1

weighted averaging operator.
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Theorem 5.3.1. For a collection of DHFSNs A;; = ({hi;},{gi;}) (i = 1,2,...,n;j =

1,2,...,m) the aggregated value by using DHFSWA operator is again a DHFSN and is

{ll (Z & (Z Uil(%'j)>) } ,
7j=1 =1
DHFSWA (A1, A1z, - -, Aum) = U
15 | Lt (e (e
=1 \i=l

Proof. We will prove the result given in Eq. (5.5) by mathematical induction on n and

given as

(5.5)

m. The following steps of the mathematical induction are executed as follows
Step 1: For n =1, we have 1 =1, so

DHFSWA (A1, A12, - - -, Aim)

= Py,
j=1

- U ( =t (Zﬁjl(vu)) kT (ijﬂ%)) )
M;5€h1;5,01;€915 J=1 7=l

m 1
Vij€hij,0i5€9ij 1
EIY G ( mk(%))
Jj=1 i=1

Similarly, for m = 1, we have £; = 1, so

DHFSWA (A1, Ao, - . ., An)

= @m’flu
i—1
1 n
{ll (Z & (Z 77il(7ij)>) } )

=1 =1

N ’yithlgijegij -1 : &
Y G ik (8i5)
=1 \i=l

Thus the result holds for n =1 and m = 1.
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Step 2: Assume that the result is true for m = k1,n = ko +1 and m = k1 +1,n = ko then

for m = k1 + 1,n = ky + 1, we have

k1+1 ko+1
$ <§j o, (mAz‘j)>

j=1 i=1
ko+1 k2+1

_ @( & (na >)ea,sml( )
=1 =1 =1

k1 ko+1
{ (z@ (Zm )
N ’Y/"Eth/"Eg“ kat1
%] KVEMEY] 7 { (Zgj (Z 771

ko+1
{ <5k1+1 (Z il (Vitky +1) )
=1
ey | { (s (z k(s ))}
]{:2-&-1
Zéj Z mil %]
ko+1
( <§k1+1 (Z il (Vi(ky +1) )))
— U =1 /
- i5€Rij,0i5€9ij k2+1
e - ( (Z & Z nik ))
ko+1
+k <1€ ! <5k1+1 (Z 0ik (O +1) )))
ko+1 ka+1
{ (Z & (Z il (i > + &y 1 (Z "7il(7z‘(k1+1))>> } ;
=1
%‘thiH;ingz‘j kat1 k2t
ng (Z nzk ij ) +§k1+1 (Z 771 z(kﬁ—l) >
k1+1 ko+1 k141 ko+1
= hU(i ( {l_l (Z & (Z Th‘K%‘j))) } ; {k_l (Z & (Z m‘k(5ij)>) }
Yij €hij,0i5€9i5 j=1 i=1 j=1 i=1

which is true for m = k1 +1 and n = ko + 1.

l_l

Hence, the result given in Eq. (5.5) is true for all positive integers m, n. ]
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Based on the Theorem 5.3.1, it is observed that the DHFSWA operator satisfies some

properties which are stated as below.

Property 5.3.1. Suppose A = ({h},{g9}) = U ({7}, {d}) and Aij = ({hi;}, {9:5}) (i =

yEh,0€g
1,2,...,m;5 =1,2,...,m) be a collection of DHFSNs. If for all 4, j, v;; = v and d;; = 6,

where ;; are elements of h;;, ;; are elements of g;;, v is the element of h, and ¢ is the
element of g, then

DHFSWA (A1, Ao, ..., Apm) = A.
This property is called Idempotency.

Proof. Let Ai; = ({hi;},{gi;}) and A= ({h},{g}) be DHFSNs such that A;; = A for all
i,j. Then from Eq. (5.5), we get

DHFSWA (A1, A1, .., Aum)

{ (i@@w)}

Yij Ehz] 757.] €9ij

= ( 3 Zm ) AETD g (Z mk(5)>
veh 5€g =1 i= ;

Y€Eh, 6€g

= ({n}{g}h) =
O

Property 5.3.2. Suppose A;; = ({hi;},{9i;}) (1 =1,2,...,n;5 =1,2,...,m) be a family
of DHFSNs. If Ymin = m]m lelIl {Vij | Yij € hij}a Ymax = mjaxmlax {’71']' ’ Yij € hij}a Omin =

minmin {d;; | 6;; € g;;} and dmax = maxmax{d;; | 6;; € g;;} for all 4, j, then
J ? 7 7

A~ < DHFSWA (A1, Asa, ..., Apm) < AT

where A7 = ({min}, {0max}) = 7U ({3 {67}) and AT = ({ymax}, {Omin}) =
i+ com
U  ({y*},{67}). This property is called Boundedness.
¥t €vmax,

67 €dmin
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Proof. Since for all 4,7 and for any 7;; € hij, d;j € gij, we have minmin-y;; < ;5 <
¥ (2

max max-;j, minmind;; < ¢;; < maxmaxd;; and the generator k,l are decreasing and
i i i
increasing functions respectively, then we get

n
Zm’l (rrljjnrrllin’yij> Zm Yij) < Zm (mjax rnax%]>

=1 =1

= memmln%j<zm %j <Z:mn[1axma><’yU
i=1 =1 =1

= minminyi; <Y mil (i) < max max vy
I i—1 7

fo <m1nm1n'y”> < Zé} (Z il (i )

7j=1

<~ Zf] (maxmaxm)

7j=1

m n
. . 1
= minminvy;; <1 Zﬁj (Z il (%‘j)) < MAaX max

J j=1 i=1

= Vi <171 ij (Z n;l (%’j)) < Ymax
j=1 i=1
= Ymin < Z I~ ! Z f] (Z 771 'Yz] > < Ymax

’YL] Ehzg
Similarly, we can obtain
m n
minmjn (5,']' < ]{571 Zéj ank ((5”) < maxmaxé,-j
7ot =1 i=1 st
ji =

m

mln > l Z k_ Z&j (an z] ) < 5max

61] ng

where [; and Iy are the numbers of the values in the membership degrees and the non-
membership degrees of DHFSWA (A11, Aja, ..., Anm), respectively. Therefore, according

to Definition 5.2.2, we can obtain

({’}/min}a {5max}) < DHFSWA(A117 v 7~Anm) < ({’Ymax}’ {6min})

which implies that A~ < DHFSWA (A11, A12, ..., Apm) < AT O
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Property 5.3.3. Suppose Ai; = ({ha;},{94,}) (i = 1,2,...,n;j = 1,2,...,m) and
Bi; = ({hlgij}, {ggij}) be two families of DHFSNs, where ;; are elements of hy,,, d;; are
elements of g 4,;, 0;; are elements of hp,; and o;; are elements of gg, ;. If for all 4, j, v;; > 6;;

and 5ij < 0ij, then
DHFSWA(AH, Ao, ..., .Anm) > DHFSWA(BH, Bia, ..., Bnm)

This property is called Monotonicity.

Proof. By Theorem 5.3.1, we get

DHFSWA(Alla A127 s 7Anm) = U
'YithAi]"
5ij69A~

and

DHFSWA (Bi1, Bi2, - .., Bum) = U
Oi-EhBi.-, _ " o
Uz']j GQB;' B Z & (Z mM@j))

Furthermore, since v;; > 6;; and d;; < 05, for all ¢, 7, then according to the definition of

the comparison laws of DHFSNs, we know that Property 5.3.3 is true. O

Property 5.3.4. Suppose A;; = ({hij}, {9i;})(i=1,2,...,n;j =1,2,...,m) be a collec-

tion of DHFSNs. If B = ({hg},{9B}) = U ({8}, {98}) is DHFSN, where v;; are
Y8€hsB,68€95
the elements of h;; and d;; are the elements of g;;, then

This property is called Shift Invariance.

Proof. As A;; and B are two DHFSNs then for all 7, j, we have

Aii @B = U {7 () + 1) 3 {7 (R(vig) + k(8)) })
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Therefore, from Eq. (5.5), we get

DHFSWA (A1 @ B, A12@ B, ..., Apm @ B)

{ll (Z & ( nil (lfl (Z(%’j) + l("yB))))) } ,
- U =1 \is

Vij €hij:0i5€955,
WBGhB,(SBGQB

- U

Vij€hij-0i5€955,
YBERB,SBEIR

- U

Vij€hij:0i5€955,
WBGhB,(SBGgB

= U - § o U ({08}

i3 €hig 915€9:3 {kl (Z 3 (Z ni (M&'j)))) } Tacon
=1 \i=l

= DHFSWA(A11, Arz, ..., Apm) © B

Thus, DHFSWA(.AH &) B, Ao @ B, L. ,Anm D B) = DHFSWA(.AH, ./412a - ,Anm) o B
holds. O

Property 5.3.5. Suppose A;; = ({hi;},{9i;}) (1 =1,2,...,n;5 =1,2,...,m) be a family
of DHFSNs. If A > 0 be a real number, then

DHFSWA(AA11, A2, ..., M) = ADHFSWA (A11, Aj2, ..., Apm)
This property is called Homogeneity.

Proof. For a collection of DHFSNs A;; and according to Definition 5.2.3, we have

A;j = U {7 O b (T (R (A6)) })

Vij€hij,0i5€9ij
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According to Theorem 5.3.1, we have

DHFSWA (M1, Mz, - -+, Mpm)

T (i Cl m W(%ﬂ))))) } ,

Vij €hij,0i5€755

Vij€hij,0i5€Gij

- U

Yij €Piz,0i5 €gij

g
|t
o [
ot
"
-

Thus, DHFSWA (AA11, A\ 12, . . ., AMum) = ADHFSWA(Aq1, Ajo, ..., App) holds. O

Property 5.3.6. Suppose A;; = ({hi;},{gi;}) and Bij = ({¢4}, {14}) be two families of
DHFSNs for ¢ = 1,2,...,n;5 = 1,2,...,m, where v;;, 6;5, 0;; and o;; are the elements of
hij, gij, ¢ij and 1);; respectively, then

DHFSWA(Ay; & Bi1, A2 @ Bia, . .., Apm @ Bam)

= DHFSWA(AH, .Alg, R >-Anm) D DHFSWA(BH, 812, R ,Bnm)

Proof. For a collection of two DHFSNs A;; = ({hi;},{9:;}) and Bi; = ({04}, {¢4;}) and

by using operational laws of Definition 5.2.3, we have

Aij @ Bij = U ({071 Ulyg) + 10 } > 1B (R(Big) + E(035)) })

ij €hij:0ij€ij
0ij€9ij:0i € Vi
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Therefore, according to Theorem 5.3.1, we have

DHFSWA (A & Bi1, A2 @ Bia, . .., Apm @ Bum)

{ll (Z & (Z mil (171 (1) + l(%’))))) } )
j=1 =1

— U - §
o (Z & <Z nik (k™1 (k(5i) + k(%‘))))) }

Vij €Mij:0i5€945,
0;1€0ij:0i5€Y4

Vij €ENij:0i5 €955,
0ij€ij:7ij €Vij

|
S 1
|
|

W..Eh.Lg..Eg,. m n

(%) 1791 130 -1

0;€¢;5,0i5 €Yy k {j 77,‘]{((5”)
7j=1 =1

o U ({ll > g ml(@ij))>}, Y ka(%)>)}
0,;€04;. j=1 i=1 j=1 i=1

7ij €V

= DHFSWA(.AH; A127 L. ,.Anm) (&) DHFSWA(BU, 812, L 7Bnm)
]

Property 5.3.7. Suppose A;; = ({hi;},{9i;}) (1 =1,2,...,n;5 =1,2,...,m) be a family
of DHFSNs. If A > 0 be a real number and B = ({h},{g}) = U, epse, {7} {6}) is a
DHFSN, then

DHFSWA(AA11 @ B,AA12 @ B, ..., Ay @ B) = ADHFSWA (A1, Ao, ..., Aum) © B.

Proof. According to Properties 5.3.4 and 5.3.5, we can get the proof easily, so we omit

here. O
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Furthermore, some of the special cases of the aggregation operators are obtained from
the proposed DHFSWA operator by assigning the different form of the generator k as

follows:
(i) If we take k(t) = —log(t); ¢ > 0 then Eq. (5.5) becomes

DHFSWA (A1, Arg, . .., Anm)

- U (e di(ie o) in e

i €hig j=1 \i=1 j=1 \i=1
6ij €955
and is called as dual hesitant fuzzy soft Archimedean weighted averaging operator.
" 2—t
(ii) If we take k(t) = log — ;¢ > 0 then Eq. (5.5) becomes

DHFSWA (A1, A12, - - -, Apm)

m n ) & m n &
I1 <H (1+%J)m) - 11 <H (1 %J)m>
7=1 \i=1 7j=1 \i=1
m n - & m n n & ’
fi (f1ea) (11 0-")
B U (J=1 \i=1 7j=1 \i=1
N ( m n &
Yij €hijy0ij €ij 211 < I1 57?)
j=1 \i=1 "
m n i & m n ] &
fi (1 e-s)m) i (1)
7=1 \i=1 7j=1 \i=1

and is called as dual hesitant fuzzy soft Einstein weighted averaging operator.

p+(1—p)t
t

DHFSWA (A1, A1, -+ - s Aum)

(iii) If we take k(t) = log ( >, p € (0,00), then Eq. (5.5) becomes

Yij€hij n b £j
(%) 137 K3
51 €9 p 11 ,H 5z‘j

I <ﬁ (1+<f’—1><1—5i->>m)§j -l (ﬁ 5;7;)5]'

j=1 \i=1 j=1 \i=1

and is called as dual hesitant fuzzy soft Hammer weighted averaging operator.
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5.3.2 Dual hesitant fuzzy soft weighted geometric operator

In this section, we present some geometric aggregation operators for a collection of DHF-

SNs under the DHFSS environment.

Definition 5.3.2. Let A;;, (1 = 1,2,...,n;5 = 1,2,...,m) be a family of DHFSNs. A
DHFSWG operator is a mapping DHFSWG : Q" — ) defined by

m n &

DHFSWG(A11, A1z, - .., Anm) = X) <® (Aij)m) (5.6)
j=1 \i=1

then DHFSWG is called dual hesitant fuzzy soft weighted geometric operator and &;(j =

1,2,...,m) and n;(i = 1,2, ...,n) are the weight vectors corresponding to the parameters

(2

m
and the experts respectively such that &;,7;, > 0 and )" & =1,
i=1

n
ni = 1.
j= =1

Theorem 5.3.2. For a collection of DHFSNs A;; = ({hi;},{gi;}) (i = 1,2,...,n;j =
1,2,...,m), the aggregated value by using DHFSWG operator is still a DHFSN and is
given by

> g <Z mk(%j)> ;
j=1 i=1

DHFSWG( A1, Ai2, ..., Apm) = U (5.7)

'vz-jehij, 1 m n
8ij€95j - ij Zml(éw)
j=1 i=1
Proof. Proof of this theorem is similar to Theorem 5.3.1, so we omit here. 0

Also, DHFSWG operator satisfies the certain properties such as idempotency, bound-
edness, monotonicity etc., for a collection of DHFSNs which are stated without proof as

follows:
(P1) If A;j = A for all 4, j, then we have DHFSWG(A11, A2, ..., Aum) = A.

(P2) If A~ and AT are the lower and upper bounds of DHFSNs A4;;, then we have A~ <
DHFSWG( A1, Ao, ..y Apm) < AT

(P3) For two DHFSNs A;; and B;; such that A;; < B;; for all ¢, j, then we have DHFSWG( A1,
Ai2, .., Apm) < DHFSWG(B11, Bia, - . ., Bum)-
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(P4) For DHFSNs B and A;;, we have DHFSWG(A11 @ B, A2 @ B,..., Apm @ B) =
DHFSWG(AH, .Alz, .. ,Anm) o B.

(P5) For real number A > 0, we have, DHFSWG(AA11, M2, - . ., AMum) = ADHFSWG( A1,
A2, Anm)-

(P6) For real number A > 0 and DHFSN B, we have DHFSWG(AA11 & B,AA12 @
B,...,A\Mum ® B) = \DHFSWG (A1, A2, ..., Anm) © B.

(P7) For DHFSNs A;; and B;j, we have DHFSWG(A11®Bi11, A128B12, . . ., Aum®Bnm) =
DHFSWG(AH, A12, ... a-Anm) D DHFSWG(BH, Bia, ... ,Bnm)

Furthermore, by assigning the different form of the generator k, the following are some
special cases of the aggregation operators which have been derived from the proposed

DHFSWG operator.

(i) If we take k(t) = —log(t);t > 0, then Eq. (5.7) becomes

DHFSWG( A1, Az, ..., Aum)

m n & m n &
- U (§I(Is) Fge- T (TTe-a)
1 7

Vij€higs Jj=1 \i= 7j=1 \i=1
61'.7'691‘]'
and is called as dual hesitant fuzzy soft Archimedean weighted geometric operator.
.. 2—t
(ii) If we take k(t) = log 5 ;t > 0, then Eq. (5.7) becomes

DHFSWG(A11, A2, ..., Anm)
(

m

+ 11

B U j=1 j=1
N m n &j m
Vij€hij,0i5€9i5 H <H (1 +5ij)m) . H
: =1

m

+ 11

and is called as dual hesitant fuzzy soft Einstein weighted geometric operator.
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p+(1—p)t

(iii) If we take k(t) = log ( .

>, p € (0,00), then Eq. (5.7) becomes

DHFSWG( A1, A12, .-, Apm)

i) Il <ﬁ (I+(p— 1)5ij)"i>£j -1 <ﬁ (1- 5¢j)"i>£j

I (ﬁ (1+(p— 1)5ij)m>§j (-1 < nl (1- 5ij)m>§j

7j=1 \i=

and is called as dual hesitant fuzzy soft Hammer weighted geometric operator.

5.3.3 Generalized aggregation operators for DHFSSs

In this section, the above defined aggregation operators are extended to its generalized
version by adding the attitudinal character A of the decision maker towards the aggregation

process.

Definition 5.3.3. Let A;;(i = 1,2,...,n;5 = 1,2,...,m) be a collection of DHFSNs

and ;,n; are weight vectors of the parameters and the experts respectively, satisfying
m n

&,m > 0and Y & = 1,> 1m = 1. A generalized dual hesitant fuzzy soft weighted

j=1 i=1
averaging (GDHFSWA) operator is a mapping from Q" to 2 and is defined as:

1

m n A
GDHFSWA (A11, A12, ..., Anm) = @ (fj @ <77ZAZ)}>) ;i A>0 (5.8)

j=1 i=1

In particular, if we take A = 1, then the GDHFSWA operator reduces to the DHFSWA

operator.

Theorem 5.3.3. For a collection of DHFSNs A;; = ({hij},{gij}), the aggregated value
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by using GDHFSWA operator is still a DHFSN and given by:

= %k It ifj (zn:ml(kl()‘k(%'j)))> )
j=1 i=1
g - (5.9)
e R T E U D o (ka(l”@l(@j))))
=1 \i=t

Definition 5.3.4. For a collection of DHFSNs A;;(i = 1,2,...,n;j =1,2,...,m), a gen-
eralized dual hesitant fuzzy soft weighted geometric(GDHFSWG) operator is a mapping
from Q" to 2 and is defined as:

m n EJ
GDHFSWG (A1, A1z, .. ., Anm) = ! X (@ (AAij)m> © A>0 (5.10)

In particular, if we take A = 1, then the GDHFSWG operator reduces to the DHFSWG

operator.

Theorem 5.3.4. For a collection of DHFSNs A;; = ({hi;},{gi;}) (i = 1,2,...,n;j =
1,2,...,m), the aggregated value by using GDHFSWG operator is still a DHFSN and
given by

GDHFSWG (A1, Ao, ..., Aum)
1

N A L DI (ka(l‘l(kl(%ﬂ))) 7
j=1 i=1
U (5.11)
el | Lk %k Yy (Zml(k_l(Ak‘(&j))))
=1 \i=1

Note that both the GDHFSWA and GDHFSWG operators have the properties such as
idempotency, boundedness under some conditions. These properties can be proved similar

to the properties of DHFSWA operator.
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5.4 Proposed decision making approach with dual hesitant

fuzzy soft information

In this section, we shall utilize the proposed operators to develop a MCDM method under

dual hesitant fuzzy soft environment.

For it, the brief description of the MCDM problem is given in Section 2.6 of Chapter 2.
To evaluate the best alternative among them, we construct a dual hesitant fuzzy soft set
(A®) &), where A®)(b=1,2,...,2) is the mapping defined as A® : £ — D¥. The rating
values of each alternative A®) are provided by an expert ui(t=1,2,...,n) under DHFSS
environment in the form of DHFSNs as Ag) = ({hg)},{gg)}) where h;j,g;; € [0,1]
represents the possible set of hesitant degrees of the membership and non-membership with
the condition that 0 < v, <1 and v"+d§" < 1 where v € hij, 6 € gij, vt = U max{y}
and 0t = |J max{d}. The following are the proposed steps to determvirelzwthe best

§€g¢j
alternative(s) with dual hesitant fuzzy soft information.

Step 1: Arrange the collective information in terms of dual hesitant fuzzy soft decision

matrices (A®), €) = (AE?))nxm corresponding to each alternative as
€1 €2 Ce em
b b b b b b
w (0160 (0L EY) o (0 1)
b b b b b b
a®.gy— v | (1)) aY) (09) ) - (i) (i)
un \((3) {3) () od) - (0l (o))
Step 2: Normalize the information, if required, by using Eq. (2.34) of Chapter 2 and get

the decision matrix R = (rl(?)) .
nxm

Step 3: Aggregate all the values of the alternative A(b)(b = 1,2,...,2) into the overall
assessment value 7(®) = ({hy}, {gy}) based on the GDHFSWA operator as follows
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Step 4:

Step 5:

r® = GDHFSWA(Y +0) ..

nn)
(e e eem)
o (ol (B (e o))}

On the other hand, if we utilize the GDHFSWG operator then the aggregated

H'Mg

values are obtained as

r® = GDHFSWG(rﬁ),r@,... r(®))

r'nm

e (B (zm Y m») ,
<>U<> 1 " -
2 o (3 (B (et
J1= 1=

ij “9ij

where k, [ are the generator represents the t-norm and t-conorm respectively, 7;(i =

1,2,...,n) be the expert weights and £;(j = 1,2, ...,m) be the parameter weights.

Compute the score values of the overall aggregated values r® = ({hy}, {gp}) (b =
1,2,...,2z) by using equations
# Z b~ #7 Z b
Y Ehy ohEGD
where #hy and #gp, represents the number of elements in hy and g respectively.
If there is no difference between two score values S(r®)) and S(r(%2)) for any two
positive b1, ba, then we need to calculate the accuracy values of the alternatives as

r # Z’yb # ch

o€y 5b€gb

Rank all the feasible alternatives A®(b=1,2,...,z) according to the Definition

5.2.2 and hence select the most desirable alternative(s).

The above mentioned steps of the proposed approach are summarized in the flow chart

given in Fig. 5.1.
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Figure 5.1: Flow chart of the proposed approach
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5.5 Illustrative example

The above mentioned approach has been illustrated with a numerical example related to

the DM process which can be read as:

5.5.1 A case study

Monsoon rains in river catchments have caused flooding in the northeastern state of As-
sam, India in July 2016. The Brahmaputra river and its tributaries overflow as a result
of monsoon rains which effected over 80,000 people and 4,000 hectares of crop land ac-
cording to Assam State Disaster Management Agency(ASDMA). The worst affected areas
of Assam are treated as an alternative denoted by Lakhimpur (A(M), Dhemaji (A®),
Nagaon (A®)) and Jorhat (A®). A team of three experts, denoted by {uy,us,us} from
different departments of ASDMA will inspect the flood affected areas. The weight vector
of these experts is = (0.5,0.3,0.2)7 and they gave their own report of disaster based
on the certain parameters namely, loss of life (e;), crop loss (ez), damage of houses (e3)
with weight vector & = (0.4,0.3,0.3)7. The main task of this problem is to tell us the
government that which area is affected more based on the preference values of experts, so
as to allocate the funds accordingly to the level of damage. In what follows, we utilize
the multicriteria DM method proposed in above section to determine the most desirable

alternative(s) under dual hesitant fuzzy soft environment.

By GDHFSWA Operator

First, we utilize the GDHFSWA aggregation operator to aggregate the different prefer-

ences. The following steps of it are executed as below.

Step 1: The combined rating values of each alternative based on the expert preferences
are summarized in Table 5.1 in the form of DHFSNs AZ(-?) = ({hz(-?)} , {g?});
1=1,2,3;7=1,2,3;b=1,2,3,4.

Step 2: Since all the parameters are of the same types, so there is no need of normalizing

the data.
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Step 3: Without loss of generality, we take A = 1 and a generator k(t) = —log(t),¢ > 0.
Now, by utilizing GDHFSWA operator corresponding to the weight vectors n =
(0.5,0.3,0.2)7, € = (0.4,0.3,0.3)”, we get the aggregated values r®) corresponding
to each alternative A®) (b= 1,2,3,4) as follows:

o= u (i) i)

NEOPIEH j=1 \i=1 i=1
7,] 17

(1) (1)

0.6862,0.6807,0.6806, 0.6750,0.6676, 0.6665, 0.6618, 0.6616,
0.6607, 0.6605,0.6557, 0.6546, 0.6468, 0.6406, 0.6404, 0.6342
( 0.1935, 0.1876, 0.1865, 0.1853, 0.1830, 0.1818,0.1809, 0.1797,
0.1786,0.1775,0.1765,0.1763,0.1753,0.1752,0.1741, 0.1732,

0.1719,0.1711,0.1700, 0.1699, 0.1690, 0.1688, 0.1678, 0.1668,

0.1658,0.1647,0.1639, 0.1628, 0.1608, 0.1597, 0.1588, 0.1540

3 3 & 3 3 N3
= U (T8 AT (I
ADen?, j=1 \i=1 j=1 \i=1

(2)

5t eql
0.6062, 0.5994, 0.5989, 0.5982, 0.5919, 0.5916, 0.5912, 0.5907,
0.5845,0.5839, 0.5836, 0.5833, 0.5829, 0.5767, 0.5761, 0.5756,
0.5755,0.5751,0.5744, 0.5681,0.5677,0.5674, 0.5670, 0.5665,
= L 0.5599, 0.5593, 0.5590, 0.5586, 0.5516, 0.5509, 0.5504, 0.5426
( 0.3017,0.2921, 0.2890, 0.2835, 0.2797, 0.2744, 0.2715, 0.2663,

0.2628,0.2627,0.2578,0.2551, 0.2543, 0.2516, 0.2469, 0.2468,

0.2435,0.2389, 0.2363, 0.2318, 0.2288, 0.2244, 0.2221, 0.2150

3 3 & 3 3 . &
o= U (VeI AT (e
SO en®, j=1 \i=1 j=1 \i=1

53 g
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0.5566, 0.5506, 0.5461, 0.5411,0.5399, 0.5371, 0.5349, 0.5308,
0.5301, 0.5260, 0.5238, 0.5208, 0.5197, 0.5144, 0.5094, 0.5028
0.2976,0.2796, 0.2739, 0.2726, 0.2573, 0.2561, 0.2524, 0.2508,

0.2371,0.2356, 0.2323,0.2312,0.2182,0.2172,0.2127,0.1998
and

RO 1_13[(1—[(1—%]) )fj | jﬁ(ﬁ(ég)yi)@

@ en® j=1 \i=1 i=1

74]

(4) (4)

€a,;
0.54197 0.5363, 0.5349, 0.5294, 0.5293, 0.5237, 0.5222, 0.5164, )
0.5147,0.5131,0.5089, 0.5073, 0.5072, 0.5057, 0.5015, 0.5014,

0.4998, 0.4998, 0.4955, 0.4939, 0.4938, 0.4922, 0.4878, 0.4861,

0.4843,0.4781,0.4765,0.4702, 0.4701, 0.4638, 0.4622, 0.4557
0.3145, 0.3083, 0.3069, 0.3009,

0.2757,0.2702, 0.2690, 0.2637

Step 4: By using score equation, we get S(r()) = 0.4880, S(r(?) = 0.3196, S(r(®)) =

Step 5:

0.2850 and S(r®) = 0.2115.

Since S(rM) > S(r?) > S(r®) > S(r®) and hence based on it, the ranking of
all the feasible alternatives A®) (b= 1,2,3,4) is shown as follows

AL o A42) o AB) o 4@

where the symbol “>~” means “preferred to”. Thus, we conclude that the best

alternative is AM, i.e., AM is the most damaged area than the others.

On the other hand, if we take the generator k(t) = log (%) instead of k(t) = —log(t)

to aggregate the different preference values during the aggregation process then corre-

sponding to A = 1 and by using DHFSWA operator, we get the overall score values of each
alternative as S(r() = 0.4731, S(r®) = 0.3020, S(r®) = 0.2566 and S(r*¥) = 0.1857.

Based on it, the ranking order of the alternatives is AN = A@ = AG) = A® and hence

the best alternative remains A
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By GDHFSWG Operator

If in Step 3, instead of using GDHFSWA operator, we utilize GDHFSWG to aggregate the
dual hesitant fuzzy soft information, then the following steps of the proposed approach

are executed to get the optimal alternative(s):

Step 1: It is similar to above of Step 1.

Step 2: It is similar to above of Step 2.

Step 3: Without loss of generality, we take A = 1, k(t) = —log(¢) and their corresponding
DHFSWG operator given in Eq. (5.7) to aggregate the dual hesitant fuzzy soft
decision matrix R. The aggregated values corresponding to each alternative are

obtained as follows:

0.5745,0.5693, 0.5662, 0.5631, 0.5610, 0.5580, 0.5571, 0.5550,
0.5520, 0.5499, 0.5490, 0.5461, 0.5440, 0.5410, 0.5381, 0.5332
0.2348,0.2276,0.2267, 0.2256,0.2193, 0.2192, 0.2182, 0.2173,
0.2169, 0.2118, 0.2109, 0.2099, 0.2098, 0.2095, 0.2086, 0.2075,

0.2034, 0.2023, 0.2014, 0.2011, 0.2010, 0.2000, 0.1990, 0.1938,

[ 0.1934,0.1924,0.1914, 0.1913, 0.1848, 0.1836, 0.1827,0.1749 |

( 0.5414, 0.5365, 0.5350, 0.5300, 0.5250, 0.5231, 0.5202, 0.5187,
0.5183,0.5168, 0.5140, 0.5121, 0.5095, 0.5072, 0.5048, 0.5034,
0.5025, 0.5011,0.4988, 0.4965, 0.4940, 0.4922, 0.4895, 0.4881,

r® = 0.4877,0.4863,0.4836, 0.4818,0.4773,0.4729,0.4716, 0.4672

0.3543,0.3474,0.3473, 0.3404, 0.3403, 0.3391, 0.3389, 0.3333,

0.3321, 0.3320, 0.3318, 0.3317, 0.3250, 0.3249, 0.3247, 0.3246,

| 0.3234,0.3177,0.3174,0.3162, 0.3161, 0.3089, 0.3088, 0.3015 )
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0.4449, 0.4401, 0.4368, 0.4348, 0.4320, 0.4300, 0.4268, 0.4222,

0.3873,0.3831,0.3802,0.3785,0.3761, 0.3744, 0.3716, 0.3675

3) _
' N 0.4135,0.4072, 0.4051, 0.4015, 0.3988, 0.3952, 0.3930, 0.3909,
0.3866, 0.3844, 0.3823, 0.3786, 0.3757,0.3719, 0.3697, 0.3630
and

0.4675,0.4533,0.4507, 0.4488, 0.4399, 0.4377,0.4370, 0.4351,
0.4327,0.4265,0.4244,0.4241,0.4223, 0.4220, 0.4201, 0.4195,

W 0.4118,0.4113, 0.4095, 0.4092, 0.4074, 0.4071, 0.4051, 0.3993, 7
- 0.3971,0.3953, 0.3948, 0.3928, 0.3850, 0.3833, 0.3812, 0.3696

0.4498, 0.4453, 0.4329, 0.4284,

0.4153,0.4106,0.3974, 0.3925

Step 4: The score values of the alternatives A®) (b = 1,2,3,4) are S(r(V)) = 0.3483,
S(r?) =0.1751, S(r®)) = 0.0168, and S(rY) = —0.0052.

Step 5: According to the score values S(r(®)(b = 1,2,3,4), we get the ranking order of
the alternatives A®) (b = 1,2,3,4) as A1) = AP = AG) ~ AW Therefore, the

most desirable alternative is also AWM.

Here, if we take the generator k(t) = log (27%) instead of k(t) = —log(t) and A = 1
during the aggregation process then the aggregated values of each alternative are obtained
by using DHFSWA operator as S(r()) = 0.4731, S(r®) = 0.3020, S(r®)) = 0.2566 and
S(r®) = 0.1857. Thus, based on the ranking order, the most damaged area is A" and

A® is the least one.

5.5.2 Validity test

Wang and Triantaphyllou [210] established the following testing criterions to evaluate the
validity of MCDM methods.
Test criterion 1: “An effective MCDM method does not change the index of the best

alternative by replacing a non optimal alternative with a worse alternative without shifting
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the corresponding importance of every decision attribute”.

Test criterion 2: “To an effective MCDM method must be satisfy transitive property”.
Test criterion 3: “If we decomposed a MCDM problem into the sub DM problems and
same MCDM method is utilized on sub problems to rank alternatives, collective ranking
of alternatives must be identical to ranking of un-decomposed DM problem”.

Validity of the proposed approach is tested by using these criteria as follows:

Validity test by criterion 1

For testing the validity of proposed approach under the criterion 1, we replace the non
optimal alternative A®) with the worse alternative (A*) in original decision matrices

with their rating values is summarized in Eq. (5.12).

el €2 €3
o (105.041,{04) ({0.1},{09,08) ({0.4,03),{05])
(A= | (10.3),{0.4,0.3))  ({0.3,0.2},{0.7}))  ({0.5},{0.3}) (5.12)

us \({0.3,0.2},{0.6}) ({0.4},{0.5,0.4}) ({0.2,0.1},{0.7})

Now by applying the proposed approach by taking A\ = 1 and k(t) = —log(¢) to this
modified data, we get the score values of each alternative are S(r()) = 0.4880, S(r®) =
0.3196, S(r®) = 0.2850 and S((r™¥)) = —0.1747. Thus AD = A®) »~ AG) = AW and
hence the most desirable alternative remains A1) which validates the proposed approach

satisfy test criterion 1.

Validity test by criteria 2 and 3

For evaluating the proposed MCDM approach under the criteria 2 and 3, we have de-
composed original DM problem into three sub DM problems which contains the alterna-
tives { AWM, A®), AW L AD AG) ADY and {AP), AB), AW}, If we apply the proposed
MCDM approach on these sub problems then we get ranking order of alternatives as
AL 0 A@) o AW AD) o AB) o AW and AP = AB) = AW respectively. After
combining together the ranking of the alternatives of these smaller problem, we get the

final ranking order as AL — A@) o AB) o AM which is same as un-decomposed problem
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and show transitive property. Hence, the proposed MCDM approach is valid under the

criteria 2 and 3.

5.5.3 Sensitivity Analysis

In order to analyze the impact of the parameter A on the ranking, an investigation has
been conducted by taking a different value of A for the considered problem. For it, Step 3
of the proposed approach has been executed for different values of A by using aggregation
operators GDHFSWA and GDHFSWG corresponding to different generators of k(t). The
overall score values and the ranking order of the alternatives are summarized in Table 5.2.
From this tabulated value, we observe that as the value of the A increases, then the score
value corresponding to GDHFSWA operator increases while the score values corresponding
to GDHFSWG operator decreases. Therefore, our proposed approach is more flexible as
the decision-maker(s) can choose the parameters and the operators according to their
preferences and practical situations. For instance, if the decision maker’s attitude towards
the alternative is optimistic in nature and they prefer GDHFSWA operator then he or she
can prefer the larger value of A. On the other hand, if decision maker can take a decision
according to the pessimistic nature towards the alternatives, then he or she can choose the
lower value of the parameter A during the aggregation process. Besides this, if a person
utilizes GDHFSWG operator and shows an optimistic in nature towards the alternatives,
then he or she can assign the lower valve of A, while for pessimistic nature, they can
choose the larger value of A\. Also, it is observed that the best alternative remains the
same, which influenced that the results are objective and cannot be changed by decision
makes’ preference of pessimism and optimism. Thus, the ranking results are reliable.
From this analysis, the decision maker can see their goals and hence select the best one

according to their attitude.

5.5.4 Comparative Studies

In order to compare the performance of the proposed algorithm with some of the existing
metrics under the dual hesitant fuzzy set environment, an analysis has been conducted

with some existing approaches [95, 176, 201, 248, 250, 251, 253]. For it, firstly the different
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parameters of the alternatives are aggregated by using aggregation operator proposed by
Yu et al. [253]. The aggregated values of each alternative are summarized in Table 5.3.
By using this matrix, the various existing approaches [95, 176, 201, 248, 250, 251, 253|
have applied on it to find the most desirable alternative. The results corresponding to
these approaches are summarized in Table 5.4. From this analysis, it is noted that the
final ranking order of the alternatives is similar to that of the proposed approach. But
simultaneously it is noted that the computational procedure of the proposed approach
is completely different from these existing approaches. For instance, in [95, 201, 250,
251, 253], weighted averaging and the geometric aggregation operators were proposed
by the authors under the dual hesitant fuzzy set environment without considering the
parameterizations factor during the analysis. Therefore, there is an information loss during
an aggregation process under the existing environment.

On the other hand, in [176, 248] authors have used the correlation coefficient as well
as distance and similarity measures to solve the DM problems. In these approaches,
the measurement values are computed from the ideal alternatives, which is usually does
not exist in our real-life problems and hence results obtained are sometimes inconsistent.
Therefore, the proposed technique can suitably utilize to solve the DM problem than the
other existing measures.

In the end, it is concluded that the proposed aggregation operators have considered the
preferences of the decision makers’ risk attitude A during the aggregation process, which
provides more choices to the decision makers to avail their desirable alternatives. Based
on these parameters, the decision maker can choose their desire operator to solve their DM
problems. Also, the corresponding studies under the dual hesitant fuzzy set environments
are considered as a special case of the proposed operators by taking the number of the

parameters to be one.

5.5.5 Advantages of the proposed approach

From the existing studies and the proposed operators, we address the following merits of

the proposed method to solve the DM problem under the DHFSS environment.

(i) DHFSS is a generalization of the existing studies such as HFSS [11], FSS[130],
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DHFS [267], HFS [194, 195] and IFS by considering much more information re-
lated to an object during the process. For instance, DHFSS contains information
(both the membership and non-membership degrees) with different parameter fac-
tors under hesitant environment than the HFSS (contains only hesitant membership
degree with parameter values), FSS (with a crisp membership degree), DHFS (both
membership and non-membership degrees without parameter factor), HFS (with a
hesitant membership degree only without parameter factor) and IFSs (with crisp
membership and non-membership degrees). Thus, the proposed aggregation oper-
ators under DHFSSs environment is more generalizations than the existing ones

[54, 59, 65, 95, 113, 114, 192, 201, 250, 251, 253].

(ii) It is revealed from the present study that the aggregation operators under DHFSs
[201, 250, 251, 253], HFSs [113, 114], IFSs [54, 59, 192], are the special cases of the
proposed aggregation operators. Thus, we conclude that the proposed aggregation
operators can equivalently be utilized to solve all the DM problems under DHFS,
HFS and IFS environments while the methods under the existing approaches are

unable to solve the problems under the environment considered in the present work.

(iii) With respect to the DM problems, the major advantages of the proposed approach
are to consider the much more information more precisely and objectively related
to the object to reduce the information loss. Further, the risk attitude parameter A
give various choices to the decision makers based on their optimists and pessimists

behavior towards the aggregation process.

5.6 Conclusion

This chapter addressed the MCDM problems in which alternatives are assessed under the
different parameters and experts in the form of dual hesitant fuzzy soft numbers. To do
so, we first present the concept of the operational and comparison laws of DHFSNs. Then,
based on the operational laws of DHFSNs, we developed some generalized weighted aver-
aging and geometric aggregation operators, namely, DHFSWA, DHFSWG, GDHFSWA,
and GDHFSWG for aggregating the different dual hesitant fuzzy soft information. The
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various desirable characteristics of these operators are investigated in details. Based on
these operators, an approach for solving the DM problems has been presented by tak-
ing different values of A which makes the proposed operators more flexible and offers the
various choices to the decision-maker for assessing the decisions. Based on the decision
maker’s attitude towards the aggregation, he or she may choose a suitable value of A and
change their decision accordingly. Finally, a practical example is given to illustrate the
application of the proposed method and to demonstrate its feasibility. A comparative
study with some existing approaches shows that the proposed operators provide a more
practical nature to the decision-maker during the aggregation process. From the study,
it is concluded that existing studies [54, 59, 65, 95, 113, 114, 192, 201, 250, 251, 253]
are taken as a special case of the proposed DHFSSs theory. Thus, we conclude that the

present study is more generalized one to solve the MCDM problems.
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Table 5.1: Rating values for the alternatives in terms of DHFSNs

For alternative A®) For alternative A(®)
€1 €2 €3 €1 €2 €3
Uy ({0.7,0.6},{0.2}) ({0.8,0.7},{0.1}) ({0.2},{0.4,0.3}) | ({0.7,0.6},{0.2,0.1}) ({0.5},{0.4,0.3}) ({0.3,0.2},{0.6})
Un ({0.9},{0.1}) ({0.7},{0.3,0.2}) ({0.6},{0.2,0.1}) ({0.4,0.3},{0.5}) ({0.8},{0.2,0.1}) ({0.8,0.7},{0.2,0.1})
uz | ({0.6,0.5},{0.2,0.1})  ({0.4},{0.5,0.3})  ({0.7,0.6},{0.1}) | ({0.5},{0.3,0.2})  ({0.7,0.6},{0.2}) ({0.6},{0.2})
For alternative A®) For alternative A®
el €2 e3 €1 €2 €3
Uy ({0.2,0.1},{0.7}) ({0.7,0.6},{0.3,0.1}) ({0.7},{0.1}) ({0.7,0.6},{0.2}) ({0.2},{0.8,0.7}) ({0.6,0.4},{0.2})
us | ({0.7,0.6},{0.2,0.1}) ({0.4},{0.5}) ({0.6},{0.2,0.1}) ({0.6},{0.3,0.1}) ({0.3,0.2},{0.7}) ({0.7},{0.1})
u3 ({0.6},{0.3,0.1}) ({0.1},{0.7}) ({0.6,0.5},{0.2}) ({0.5,0.3},{0.4}) ({0.5},{0.3,0.2}) ({0.3,0.1},{0.6})
Table 5.2: Ranking of alternatives at different values of A
When k(t) = —log(t) When k(t) = log(27%)
AWM A® AB) A Ranking order AW A®) AB) A® Ranking order
N0 GDHFSWA | 04649 0.2924 0.2316  0.1658 | AD = A® » ABG) = AW | 04724 0.3005 0.2435  0.1763 | AD = A® = AG) » AW
GDHFSWG | 0.4028 0.2281  0.1078  0.0662 | AW = A®) = AG) » AW | 03977  0.2227  0.0941  0.0551 | AD = AR = AB) - A®)
N 05 GDHFSWA | 0.4766 0.3060 0.2592  0.1889 | AM = A® =~ AG) = AW | 04683 0.2960 0.2380  0.1709 | AD = AR = AG) = AW
GDHFSWG | 0.3770  0.2029  0.0637  0.0317 | AD = A® = AG®) = A® | 03984 0.2241  0.0993  0.0600 | AD = AR = AG) = AD
N1 GDHFSWA | 0.4880 0.3196  0.2850  0.2115 | AD = A® = ABG) » AW | 04731  0.3020 0.2566  0.1857 | AM = A@) = AG) . AW
GDHFSWG | 0.3483 0.1751  0.0168  -0.0052 | AM = A® » AG) = A@ | 03720 0.1993 0.0624  0.0320 | AD = A@) = AG) = AW
N GDHFSWA | 0.4988 0.3332  0.3080  0.2328 | AD = A® » ABG) » 4@ | 04838 0.3163 0.2866  0.2132 | AD = A® = ABG) » AW
GDHFSWG | 0.3179  0.1461 -0.0295 -0.0424 | AW = A®) » AG) - AM | 03306 0.1585 0.0020 -0.0167 | AD = AR = AB) - AX)
- GDHFSWA | 0.5089 0.3463  0.3282  0.2525 | AD = A® = AG) = AW | 04969 0.3351  0.3171  0.2438 | AD = AQ) = AG) = AW
GDHFSWG | 0.2871 0.1173  -0.0728 -0.0781 | AW = A® » A®) » A@ | 02849 0.1134 -0.0629 -0.0717 | AD = A®) » AG) = A4¥)
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Chapter 6

TOPSIS-based nonlinear -
programming methodology for
decision-making problems with
interval-valued intuitionistic fuzzy
soft sets'

In this chapter, an attempt has been made to present a nonlinear-programming (NLP)
model based on the technique for order preference by similarity to ideal solution (TOP-
SIS), to solve decision-making problems. In this approach, both ratings of alternatives on
attributes and weights of attributes are represented by IVIF sets. Based on the available
information, NLP models are constructed on the basis of the concepts of the relative-
closeness coefficient (RCC) and the weighted distance. A real example is taken to demon-

strate the applicability and validity of the proposed methodology.

6.1 Introduction

The extensive literature related to the DM approach under the different environment by
using TOPSIS approaches are summarized in Section 1.1.2 of Chapter 1. However, there

is less literature available on how to solve the MADM problems in which the rating of

!The content of this chapter is published as “A nonlinear-programming methodology for multi-attribute
decision-making problem with interval-valued intuitionistic fuzzy soft sets information”, Applied Intelli-
gence, 48(8), 2031 - 2046, 2018 (SCI: Impact Factor 2.882)
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alternatives on attributes are expressed using IF or IVIF sets and preference informa-
tion on attributes is incomplete. In that direction, Li [105] constructed an NP model
based on TOPSIS method to solve the DM problem under IVIFS environment. Li [106]
also presented a closeness coefficient based NP method to solve the DM problems with
incomplete preference information. Park et al. [150] established an optimization model
to determine the weights of attributes and hence the relative closeness coeflicient of the
TOPSIS method based on the distance measures has been utilized to rank the alterna-
tives. Zhang and Yu [259] presented an optimization model based on the cross-entropy
to determine attribute weights for MADM problems with incomplete weight information
of criteria under IVIFS environment. Li and Wan [107] presented the possibility linear
programming method to solve MADM problems with triangular fuzzy numbers having
multiple types of attributes and incomplete weight information. Chen [30] proposed the
two optimization models to determine the criterion weights for addressing the situations
in which the preference information is completely unknown or incompletely known under

the IVIFS environment.

From these studies, it has been concluded that the work conducted under IFS, IFSS
and IVIFSS theories by the researchers are based on the assumptions that both the ratings
of alternatives on attributes and weights of an attribute are represented by the known crisp
numbers. However, the information about the attribute weights provided by the decision-
maker is usually incomplete. So, an interesting and important issue is how to utilize the
collective IVIF soft decision matrix and the unknown preferences information to find the

most desirable alternative(s) during the DM process.

In light of this, in this chapter, we have presented a concept of new nonlinear pro-
gramming (NLP) method for solving the DM problems with the concept of the closeness
coefficient. In it, the ratings of alternatives on attributes are expressed using IVIF sets
and the preference information on attributes is incomplete under IVIFSS environment.
Also, in the approach, the information extracted by the alternatives on attributes and
the preference for attributes is expressed in the form of IVIF soft numbers. A weighted
distance between an alternative and the IVIF soft positive ideal solution (IVIFSPIS) as
well as the IVIF soft negative ideal solution (IVIFSNIS) is used to define the concept
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of closeness coefficients, which are continuous and monotonic functions with respect to
the MDs and NMDs of the alternatives on attributes and preference on attributes. A
pair of auxiliary nonlinear fractional programming model is constructed to calculate these
coefficients’ intervals of alternatives with respect to the IVIFSPIS which can be used to

generate the ranking order of the alternatives.

6.2 Non-Linear Programming method under IVIFSS envi-

ronment

In this section, an approach has been presented for solving MADM problem by using the

nonlinear programming model under IVIFSS environment.

6.2.1 Description of MADM problem under IVIFSSs

The description of the MADM problem is given in Section 2.6 of Chapter 2 under the

IVIFSS environment, i.e., the overall representation of these rating values can be framed
into the interval-valued DM matrix as M= ([(Ci(k))L, (Ci(]?))U], [(198?))]“, (ﬁgf))U]), (i =
1,2,...,n;5 =1,2,....m;k = 1,2,...,1). Also, it is quite noticed that different criteria
always plays an important role at different priority levels during the evaluations of the
alternatives in our real-life problems. To address it, the weight vector for each expert
u;(i = 1,2,...,n) is expressed as an interval set W; = {(u;, [wF, w¥], [pF, p¥], | u; € X},
which is usually denoted by W; = ([wl, wV], [pF, p¥]) for short, where 0 < w! < w? <1
and 0 < piL < pZU <1 and wlU + pg-] < 1. Similarly, the weight vector for each parameter
¢j is denoted by x; = ([¢7,&]], [n7,nj']) where 0 < & < & <1, 0 < nf < <1

and fju + 77JU < 1. Therefore, the weight vector of all the experts and the parameters can

be concisely expressed as W = (([wF, V], [oF, pV))uxt and x = (165, €V, I, nV 1)

respectively.

6.2.2 Determination of ideal solutions

As the matrix M is an IVIFSNs where 0 < (Ci(]]fc))L < (C-(I?))U < 1land 0 < (ﬁgf))L <

1,

(191(-?))11 < 1, so accordingly the two ideals namely, IVIF soft positive and negative ideal
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solutions, denoted by IVIFSPIS (A1) and IVIFSNIS (A™) respectively may be taken as
At = {(AF,[1,1],[0,0])} and A~ = {(A

Zja zja
At = ([1,1],[0,0]) and A~ = ([0,0],[1,1]) respectively. It has been seen from them that

[0,0],[1,1])} which are written in short as

AT and A~ are complement to each other.

However, apart from fixed values, these reference points A" and A~ can also be defined
as A+ = (g5, [0, h5D)nsm and A= = (g5, 95, [, B s where g =
max{¢ |i=1,2,...,n;5 = 1,2,...,m}, hi; = min{df; | i =1,2,...,n;j = 1,2,...,m},
g9;; = min{¢y | i=1,2,...,n;5 = 1,2,...,m} and hj; = max{V} | i = 1,2,...,n;j =
1,2,...,m}. Since 95 < Z% < Cg < gig and h;; < 191-Lj < 19% < h;;, therefore, for all 4, j,
([955 9570, [hig hig)) € (¢ € 195, 95) € ([935, 9351, [hifs b))

6.2.3 Separation measurement values

The weighted Hamming distance measure for IVIFSS are taken to compute measure-
ment values between the alternatives A(k)(k: =1,2,...,1) from its reference values AT =
_ . k k k
([1,1],[0,0]) and A~ = ([0,0],[1,1]). For it, assume that for any (i(j) € [<<Z(j))L7 (Ci(j))U])
k k k
25 € [05)F W), wi € ko], pi € [oF, 0], & € [6f.€7) and m; € [nf,nl), the

separation measure of A% from AT and A~ are defined as

DAY, A% =3¢, (Z i1 - <§f)>) 2 (Z mﬁ%“)) - (6.1)
j=1 i=1 j=1 =1

and
_ - - k - - k
DAY, A7) =Y (Zwicz%)) + 2 (Z pill —19%))) - (6.2)
However, if an expert utilize AT = ([gfg,giﬁ], [h:‘;ah;‘;])IXn, and A~ = ([gi;,gi;],

[hi_j, hi_j])lxn then the separation measures between them are defined as

D(A(k)7A+) _ :fj (Z 1(9:; Q(]k))> + E Ul <§ pi(ﬁg) - h:;)) (6.3)
and

D(A(k)wér) — Zngj (Zn: wi(@(j’?) _ g;)) 4 inj (Zn: Pz‘(hi—j — 195?)) (6.4)
j=1 i=1 =t -
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6.2.4 Relative-closeness coefficient and its monotonicity

To measure the relative strength of the alternatives AR (k=1,2,...,1) with respect to
AT and A~, we define the RCC of the alternatives by Eq. (6.5) as
k k
(Cl(j ))nxm7 (ﬂgj))nxma (wi)nxh D(A(k) A*)

) _ ! ; 6.5
(Pi)nxl’ (5j)m><17 (nj)mxl D(A(k)’A_) T D(A(k)’A+) ( )

provided D(A®) At) #£ 0 for i = 1,2,...,n;5 = 1,2,...,m. Here, (Ci(jl-g))nxm and
(ﬁg;?))nXm are n X m matrices and (w;)nx1, (Pi)nx1 be the column weight vector of n—
dimension corresponding to the membership and non-membership degrees of an expert u;
while (&5)mx1, (7j)mx1 are the column vectors of m— dimension corresponding to mem-
bership and non-membership degrees of a parameter e;. Further, it has been seen that 0 <
D(AW, A7) < D(AR), A7) +D(A®), AT) and hence 0 < RE () (00 ) serms (Wi,
(Pi)nx1s (§)mx1, (Uj)mxl) < 1. Also from the Eq. (6.5), it is clearly seen that R*) is
a continuous function of 2[(1 + m)(1 + n) — 1] variables, which rises sharply even for a
small value of m and n. For instance, if m = 2 and n = 3 then the unknown variables
are 22 whereas if m = 5 and n = 6 then the unknown variables are 82. Therefore, it is a
tedious task to invest effort leading to large computational time and excess cost. So, there
is a need for construction of a time-efficient algorithm to resolve this problem so that the
number of unknowns gets reduced.

To do so, firstly we check the monotonicity and boundedness of the function SR
with respect to the unknown variables Ci(f) € [(Ci(f))L, (Ci(f))U] and 192?) € [(79(k)) (ﬂ(k)) ],
respectively. For it, by taking the measures given in Egs. (6.1) and (6.2), we explicit the

expression of R¥) given in Eq. (6.5) as

i & (f) me?) + i nj (i pi(1l— 195?))

i=1

E(E] o Ero ) £ (Eo-a)-£n (E4)
So (L)« Ea(Saa-u)

- = =1 (6.6)

n

f:l > (&wi +mjpi)
j=1i=1

Rk —

To address the monotonic behavior of R (k = 1,2,...,1), differentiate it partially
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with respect variable CZ»(JI»C) and get

OR®) & ;
7 ES

j=11q

1

(&wi +mjpi)

MSTMS

Il
N

. . (k) (k)
Since wj, pi, &5, n; € [0, 1], it follows that % > 0. For &, w; # 0, ?)?’“) > 0. Therefore,
ij

3

M"*) (k =1,2,...,1) are monotonic and non-decreasing functions of the variables CZ» J (z =

L2, .. mj=12....mk=12..1.

Similarly, partial derivatives of |*) with respect to the variables 191(5) are computed
as follows:
03
M5
OR*) j=1 =1
o0 ShS N
ij 2 3 (i +mipi)
J=1l1=

For p;,m; # 0, am—fk; < 0, therefore, ") are monotonic and non-increasing functions of
ij

the variables 19( )(z =1,2,...,n;5=1,2,...,m).

Since, (5,5, w;s, pi,&j,n; are all closed and bounded elements of the subintervals of
the interval [0,1] then the continuous functions R(*) are bounded, that is, the value of
9% lies in the range [0, 1] which is denoted by [(R*))E, (9:(*))V] respectively. Therefore,
by the basic definition as well as the continuous nature of the function R*), we have
0 < (R < (RN < 1 for Ci(f) € [(Cff))L, (CZ»(;.C))U] and so on. Therefore, the RCC of
an alternative A®) is an interval-valued set [(R*)L, (R))U] and lies in the interval [0, 1].
Further, it can be seen that (R*)F + (1 — (RENY) = 1+ (RE)L — (R’(F)U) < 1. Hence,
(RENE and (RN satisfy the following conditions; 0 < (RF)E < 1;0 <1 (RW)V <1
and (RUNL + (1 — (RFHY < 1. Thus, the set [(:*)E, (:/*))V] may equivalently be
expressed as intuitionistic fuzzy set R*) = ((R*)E 1 — (RF)Y) which means that the
degree of the closeness and non-closeness of the alternatives A®*) € A to the IVIFSPIS A
are (RNL and 1 — (RF)Y | respectively. Hence, the set /¥ = [(R*) L (9:())V] can be
used to determine the ranking of the alternatives A®) (k =1,2,...,1).
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6.2.5 Auxiliary NLP models

Since (RF)L and (R*))V are the lower and upper bounds of R*), respectively, which are
bounded and continuous functions of the variables (;;, ¥4, ws, pi, §5 and n; (i1 =1,2,...,n;j =
1,2,...,m;k =1,2,...,1). Now, by combining with Eq. (6.6), (%(k))L and (%(k))U can
be captured by solving the NLP models, constructed as follows:

(R0 = min { RO () axoms 05 e, @i, (00t (€Dt (M)nsa) } - (67)

and

(RO = masx RO (¢ Vaxams (B s @t (Piducts (E)amcs ()mxa) - (6:8)

subject to

(€5 mems (95 Yy (@it (pi)xts (€Dmx1s () )

€ Q, x 0, xQy, xQ, x Qe xQ,
k k k k k k k
Here, @, = {(¢S ) | (CF)F < ¢ < (€Y, @0 = {05 ) | WEHE < 0 <
(191(5))U} represents all the possible values of the membership and non-membership of
k alternatives on n experts and m parameters, respectively. €, = {(wi)nx1 | wZ-L <
Wi S w%U(Z = 1727' "7n)}7 QP = {<pz)n><1 ’ sz S Pi S IO'EJ(Z = 1727" . ,TL)}, respectively,

represent all the possible values of the importance or unimportance of the n experts while
Qe = {(E)mx1 | §f <& <& = 1,2,...,m)} and Q) = {(nj)mx1 | nf < 1y <
njU(j = 1,2,...,m)} respectively represents all the possible values of the importance or
unimportance of the m parameters. €2, x €, x Q, x 2, x ¢ x €2, is the cartesian product
of all the sets €2,,,€2,, Qu,, Q,, Q¢, 1.

As stated above, R*) is a monotonic and continuous functions so it reaches its min-
imum at the lower bounds of the interval [(Cl(f ))L , (Ci(f))U] and the upper bounds of the

interval [(198-6))’: , (191(5))[]] respectively. Therefore, model (6.7) can be further reduce to

n

lC) + 2 mi( 55 it = @)1))

n

i=1 i=1

5 &
(i)‘i(k))L — min{ = :

—— (6.9)
> X (&wi +mipi)
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5.t = (6.10)

Obviously, the model (6.9) is a nonlinear fractional programming model and it contains
2(n + m) unknown variables, which is less than that of unknown variables in the model
(6.7), and hence it can be solved easily as compared to the model (6.7). Similarly, (R(*)V
given in the model (6.8) attains its maximum at the upper bounds (CZ(J’.{))U of the interval
[(Ci(f))L,(Cg))U] and the lower bounds (29§;?))L of the interval [(ﬁgf))L,(vﬂgf))U]. Thus,
model (6.8) can be further reduced to

(6.11)

36 (Swie)”) + S (sz(l—(()) )
S (&

which consists of 2(n + m) unknown variables subject to constraints given in Eq. (6.10).

Also, this model has lesser number of unknown variables than the model (6.8).

Now, these models (6.9) and (6.11) can be simplified as linear fractional programming

models based on Charnes and Cooper’s transformations [71]. Forit, let z = — 1 ,
> Z (5jwi+ﬁjpi)

j=1li=1
t;j = 2§jw; and y;; = zn;jp; and hence the above nonlinear fractional programming model

is transformed into the equivalent linear programming models as follows.

R = min § 33 15 E + (1 - Y

j=14i=1
L L U, ,U.
ij wi’ Sty < ij Wi

ZUJLPiL < iy < a0 pYs
s.t. (6.12)
E E (tij +vij) =1

j=1li=1
z>0
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and

m n

(%(k))U = max Zztij(@(ﬁ))[]"‘yij(l—(ﬂgf))L)

j=1 i=1

2fwl <ty < zEJw!;
anbpl <yi; < ¥ pl;
m n

2 2 (i) =1
j=1i=1

z>0
\

s.t. (6.13)

which can be solved easily by using any existing method and thus RCC of each al-
ternative A(k)(k = 1,2,...,1) can be obtained in the form of the interval set RK) =
[(RW)E, (rE)"].

In order to rank the different alternative, the inclusion-comparison probability of in-
tuitionistic fuzzy soft event R*) D ROk v € {1,2,...,1} is denoted by p(%(k) ) S‘i(”))
and hence the likelihood of the alternatives p(A®) = A®)) = p(R*) D RV)) is defined as

RONU _ (k)L

where L(R®)) = (RN — (RENL and LK) = (R)Y — (R)L are the hesitation
degrees of A®) and A®) respectively and their corresponding likelihood matrix is denoted
by P = (p¥);,; where p*) = p(A®) = A®): (kv = 1,2,...,1). Further, it has been
clearly observed that 0 < p(*) <1 and p(*) 4+ p(vk) = 1. (k,v = 1,2,...,1) which implies
that P is the fuzzy-complementary-judgement matrix. Now, based on the values of p(k?),

the optimal degrees of the alternative .A(k)(k =1,2,...,1) are computed as:

l
1 o
o) _ o (pr i 1> (6.15)
v=1

and select the best alternative(s), according to the decreasing order of values of ()’s.
Based on the above analysis, we summarize the algorithm for solving MADM problem

with IVIF soft sets as follows:

Step 1: Arrange the information about alternatives A(k)(k: =1,2,...,1) given by decision

makers in the form of IVIF soft matrix M = ([(Ci(f))L, (Ci(f))U], [(ﬁg?))L, (1955))[]])
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Step 2:

Step 3:

Step 4:

Step 5:

6.3

Summarize the subjective weight vector of each expert u; and parameter e; as
Wi, (i =1,2,...,n) and xj,(j = 1,2,...,m), respectively in the form of IVIF

numbers.

Construct the models (6.12) and (6.13) for each alternative A®*) and hence obtain
their RCCs RF) = [(RENL (RN for k =1,2,...,1.

Construct the likelihood matrix and obtain the values of §*)’s by using Eq. (6.15).

Based on the descending values of #()’s, rank the given alternatives.

Additional features of the proposed NLP models

The proposed designed models (6.9) and (6.11) also has some additional features as com-

pared to the other approaches which are enlisted below:

(i) The above computed RCCs are based on the weighted distance from its reference

points which are taken as a fixed with respect to the decision makers, which results

that RCCs could not show any variation even if the alternatives are changed. How-

ever, instead of fixing these reference points as a priori, we can take them as given

in Section 6.2.2, and hence by using Eqs. (6.3) and (6.4), we explicitly defined the
RCC of the alternatives .A(k)(k: =1,2,...,1) as follows:

D LA -

(e = ap) + X (£ mln 9
Jj=1 i=1 Jj=1 i=1

i&(i‘ﬁ JU >+ inj(?éﬂz (hi; _ﬂ(k) +]§1£1<§ gz] 7] (sz 195;) _hz]))

)
=50 ) i)+ 5
gb:f](iwz _g@])>+ UJ(ZZTL: pi(h _ﬁ(k )

Jf) {il (g”—gw> (épz —h+)>

]: =1

MS

<.
Il
—
—

||M3

.
.

Thus, in view of Eqs. (6.7) and (6.8), (M®*))Z and (M*))V can similarly be captured

by solving the NLP models as follows:

(93 = min {9 (¢ ncms (9 Joxms (@3)axts (00Dt (€)mxts (n)mxr) | (6.16)

and

(RONY = max { RO (¢ (0 Imscms (@idaxts (Pt (€ )moxts ()mt) b (6.17)
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subject to

((Cz(jk))nxmv (ﬁgf))nxm; (wi)nxla (pi)nxb (gj)mxly (77j>m><1)
€ x Qy, x Qy x Q, x Qe xQ (6.18)

respectively. Thus, RCCs and ranking of the alternatives can be found for the given

set of alternatives.

(ii) If the weights of the criterion as well the parameters are known a priori, then we
can still utilize the Eqgs. (6.9) and (6.11) provided all the constraints given in Eq.
(6.10) as known constants. Then, (93(*))L and (S3(*))V of alternative A*) to AT are
obtained directly as

f) <§) wi( ¢ )L> + i nj (Zﬂj pi(1— (ﬁgj))U))

=1

(RENE = 7 S (6.19)
(ﬁng-i-??yﬂz)

w (L ma-wm)

M=

Il
—
.
Il
—

= o
M: \_Q/
_l_
i

MS
(\
It

&

~

ij

(RN = j=1 - (6.20)
Z (f]wz + 77]01)
j=1li=1
respectively.
(iii) If in the proposed approach, we utilize the weighted Euclidean distances
m n L m n i
DAR, A = 13 6( 3wl —cf2) + X ( X p2) ©21)
= i1 j=1 i=1
and
_ = " k S - k
DAM, A7) = 1> ¢ ( > wilc] ))2) +y 77]'(2 pi(l— 191(3’))2) (6.22)
j=1 i=1 j=1 i=1

in place of the weighted Hamming distances between the alternatives A%*) and AT,

as well as between A®*) and A~, then the closeness-coefficients of the alternatives
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A®) to AT is written as follows:

B (Ee@)) B (B )
V0 (S ) S (S (- )
J=1 =1 j=1 -1

R (k) (6.23)

N ifﬂ‘ (Zn:wz (1 - Cff)>2> +]§m (ZZ; pi (v“gf)f)

j=1 i=1

Now, according to the monotonicity of SR*) as stated earlier, the bounds of RCC

ie., (R and (MY are obtained by solving the models

RE)E = min (/O (I, O s @1, (i)t (€)1, (7)mx1) }

RO = max {RO (5 OS5 E s @1, (i)t (€ )moxts (1)mx1) }

respectively, subject to ((wi)nx1, (Pi)nx1s (§)mx1; (Mj)mx1) € Y X Qp X Qe X Q.

6.4 Illustrative example

In this section, a real example related to the DM problem is used to demonstrate the

proposed method under IVIFSS environment.

6.4.1 A case study

The Kedarnath valley, along with other parts of the state of Uttarakhand in the north of
India, was hit with unprecedented flash floods in July 2013. A large number of roads, which
connect to the Kedarnath valley with other parts of Uttarakhand had been destroyed in
this flood. In this context, the Uttrakhand government had taken a considerable number
of road building projects either to preserve the roads already built or to undertake the
new roads. These projects have been carried out by a limited number of well-established

contractors, and the selection process has been on the basis of bid price alone. In recent
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years, increased project complexity, technical capability, higher performance, and safety
and financial requirements have been demanding the use of multi-attribute DM methods.
For this, Uttarakhand government had issued the notice in the newspapers, and considered
three parameters required for contractor selection, namely, tender price (e;1), completion
time (e2) and technical capability (e3). The three contractors taken as in the form of
the alternatives, namely, Jai Hind Road Builders Private Ltd. (A("), J.K. Construction
(A®) and Build quick Infrastructure Private Ltd. (A®)) bid for these projects. An
expert committee of four members X' = {uy, ug, ug, us} with weight vector is being set up
to choose the best one on the basis of the above parameters £ = {ej,e2,e3}. Then the
objective of the Government is to choose the best contractor among them for the task.
In order to fulfill it, the computational procedure to solve this problem is summarized as

below:

Step 1: The rating values of the alternatives given by the experts are represented in the
form of IVIF soft decision matrices in Table 6.1.

Table 6.1: Input preference values of each alternative in terms of IVIFSNs

For alternative A"
el € e3
ur | ([0.4,0.5),00.3,0.4]) (]0.4,0.6],00.2,0.4]) ([0.1,0.3],(0.5,0.6])
uz | ([0.6,0.7],[0.2,0.3])  (]0.6,0.7],[0.2,0.3]) (]0.4,0.7],[0.1,0.2])
us | ([0.3,0.6],[0.3,0.4]) ([0.5,0.6],[0.3,0.4]) (]0.5,0.6],[0.1,0.3])
ug | ([0.7,0.8,00.1,0.2])  ([0.6,0.7),0.1,0.3])  ([0.3,0.4],[0.1,0.2])
For alternative A2
e1 € €3
ui | ([0.7,0.8],00.1,0.2]) (]0.6,0.8],0.1,0.2]) ([0.2,0.3],(0.3,0.5])
ue | ([0.6,0.8],[0.1,0.2]) ([0.5,0.6],[0.2,0.3]) (]0.4,0.5],[0.3,0.4])
us | ([0.4,0.6],0.2,0.3])  ([0.7,0.8],0.1,0.2])  ([0.6,0.7],[0.1,0.2])
ug | ([0.6,0.7],00.2,0.3])  ([0.3,0.4],[0.5,0.6])  ([0.5,0.7],[0.1,0.2])
For alternative A3
e1 €2 €3
ur | ([0.2,0.3],]0.4,0.5])  (]0.5,0.6],00.1,0.3])  ([0.4,0.5],0.2,0.4])
us | ([0.6,0.7),]0.2,0.3])  (]0.5,0.6],0.1,0.3])  ([0.6,0.7),[0.2,0.3])
uz | ([0.4,0.5),00.3,0.4]) (]0.7,0.8],0.1,0.2])  ([0.5,0.6,[0.3,0.4])
ug | ([0.5,0.6],00.3,0.4]) ([0.5,0.7],0.1,0.3])  (0.7,0.8],[0.1,0.2])
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Step 2: Assume that the subjective weights of the experts and the parameters are given in
the form of intervals as W; = (([0.15,0.45], [0.2, 0.4]), ([0.3,0.4], [0.4,0.5]), ([0.6,0.7],
[0.1,0.2]), ([0.5,0.7], [0.1,0.3])) and x; = (([0.1,0.4], [0.2,0.55]), ([0.2,0.5], [0.15,
0.45)), ([0.25,0.6], [0.15,0.38]))7, respectively.

Step 3: The optimization models (6.12) and (6.13) are constructed based on the given

information. For example, for an alternative A1), these models becomes:

RW)E = min{0.4t11 + 0.6y11 + 0.4t12 + 0.6y12 + 0.1t13 + 0.4y13 + 0.6t21 +
0.7y21 4 0.6t + 0.7yaz + 0.4t93 + 0.8y03 + 0.3t31 + 0.6y31 + 0.5t35 +

0.6y32 + 0.5t33 + 0.7ys3 + 0.7t41 + 0.8y41 + 0.6t45 + 0.7y40 + 0.3t43 + 0.8y43}

0.0152z < t1; <0.180%
0.030z < y12 < 0.180z
0.030z < t21 <0.160%

0.060z < y92 < 0.2252

)

b

)

0.040z < y11 <£0.2202
0.037z < t13 < 0.270z
0.080z < y91 < 0.2752
0.0752z < to3 < 0.2402

I

b

0.030z < t12 <0.2252
0.030z < y13 < 0.152z
0.060z < tg3 < 0.200z
0.060z < y23 < 0.1902

$.t.4 0.060z < t3; <0.280z ; 0.020z <y3; <0.110z ; 0.120z < t32 < 0.3502 (6.24)
0.015z < y32 <0.090z ; 0.150z <t33 <0420z ; 0.015z < y33 <0.0762
0.050z < t4; <0.280z ; 0.020z < ygy <0.165z ; 0.100z < t49 < 0.3502
0.015z < y42 <£0.1352 5 0.1252 <143 <0420z ; 0.0152 < yy3 <0.1142
3 4(tij+yij):1 i 2>0
j=li=1
and

(RN = max{0.5t11 + 0.7y11 + 0.6t12 + 0.8y12 + 0.3t13 4 0.5y13 +
0.7t21 + 0.8y21 + 0.7t22 + 0.8y22 + 0.7¢23 4+ 0.9y23 + 0.6¢31 +
0.7y31 + 0.6t32 + 0.7y39 + 0.6t33 + 0.9y33 + 0.8t41 + 0.9y4; +
0.7t4g + 0.9y42 + 0.4t43 + 0.9y43}

subject to the constraints given in Eq. (6.24).

The optimal values of these models are obtained as (R™M))X = 0.41473 and (R(M)V =
0.75279, i.e., the interval RCC of AM is R = [0.41473,0.75279]. In the same
way, using models (6.12) and (6.13), the RCCs of the alternatives A®) (k = 2,3)
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are obtained as R = [0.46473,0.78963] and ) = [0.50540,0.78798] respec-

tively.
Step 4: By Eq. (6.14), the likelihood probability matrix is given as

0.5 04345 0.3986
P=105655 0.5 0.4679
0.6014 0.5321 0.5

and hence by Eq. (6.15) we get () = 0.3055,0®) = 0.3389 and 0©®) = 0.3556

respectively.

Step 5: Based on values of #)’s, we get the ranking order of alternatives as A®) = A2 -
AWM and hence A®) is the best company for the above said project, i.e., the Build

quick Infrastructure Private Ltd.

6.4.2 Comparison analysis with the existing approaches

In order to conduct a comparative analysis of the proposed method with some existing
approaches under IVIFSS environment by taking the weights of each expert as well as
the parameters are in the form of constants rather than the interval sets. For it, assume
that x = (0.1,0.4,0.5)" and W = (0.1,0.2,0.4,0.3)” and hence the results corresponding
to the existing approaches are summarized in Table 6.2. It is clearly seen that the best
alternative remains the same with these different approaches and the proposed approach

which shows the stability and feasibility of the approach.

Table 6.2: Comparative analysis with IVIFSS studies

Overall values of Ranking Best
Method Al A? A3 order alternative

Khalid and Abbas [98] Distance measure | 0.3603 0.3365 0.3103 A®) = AP~ AW AB)
Mukherjee and Sarkar [141] Similarity measure | 0.3125 0.3875 0.3292 A® ~ A®) »~ AW AP
Liu and Qin [124] Entropy measure | 0.5979  0.5205 0.5144 A®) = A®) »~ AW AB)
Shanthi et al. [173] Similarity measure | 0.5916 0.6047 0.6180 A® = A®) » A1) A®
Cagman and Deli [21] Similarity measure | 0.6397 0.6635 0.6897 A®) = A?) = A1) A®)
Rajarajeswari and Dhanalakshmi [161] | Similarity measure | 0.5235 0.5725 0.6085 A®) = AR » A AB)
Sarala and Suganya [168] Similarity measure | 0.2795 0.3270 0.3795 A®) = A® » AW A®
Muthukumar and Krishnan [142] Similarity measure | 0.0400 0.0442 0.0475 A®) = A®) = A1) AB)
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However, we also conduct a comparative analysis of the proposed method with some
of the existing approaches [19, 147, 149, 175, 214, 230] under the IF'S environment. For it,
we first aggregate the rating values of each alternatives with respect to the parameters by
taking the parameters weight y = (0.1,0.4,0.5)” and then their corresponding approaches
are applied. The results obtained from them are summarized in Table 6.3. Hence, from
the above comparative analysis, it has been concluded that the decision results obtained

by our proposed method coincide with the existing approaches results.

Table 6.3: Comparative analysis with IVIFSS studies

Overall values of Ranking Best
Method Al A? A3 order alternative

Wei and Wang [214] Aggregation operator 0.2490 0.2892 0.3645 AG) = A®) » A1) AB)
Xu and Jian [230] Similarity measure 0.3157 0.3809 0.4108 A®) = AR ~ AD AB)
Park et al. [149] Distance measure 0.3728 0.3349 0.3140 A® = A®) - AD) A®
Bustince and Burillo [19] Correlation coefficient 0.8569 0.9044 0.9169 A®) = AR = AD AB)
Park, Kwun, Park and Park [147] | Correlation measure 0.7774 0.8458 0.8691 A®) = AR - AD) A®
Singh [175] Cosine similarity measure | 0.8678 0.9147 0.9278 A®) = A = A1) AB)

6.4.3 Superiority of the proposed approach

In this section, we have presented some counterexamples which show that the existing
method under the IVIF soft set environment fails to rank the given alternatives while the

proposed approach can overcome their shortcoming.

Example 6.4.1. Consider a DM problem by considering the two alternatives, namely
AM and A® which have been evaluated by the experts {ui,us} over the set of three
parameters, say {e1,es, es}. The objective of the problem is to find the best alternative
under the given set by paying equal weight to each expert as well as to the parameters, i.e.,
&= (%, %, %)T and w = (%, %)T In order to do so, an expert evaluated these alternatives
and gave the preferences in terms of IVIF numbers which are summarized as follows:
e1 €9 es
AW —  w [([0.6,0.7],[0.2,0.3]) ([0.4,0.6],[0.1,0.2]) ([0.1,0.3],[0.4,0.5])
uz 1([0.4,0.5],]0.3,0.4]) ([0.7,0.8],[0.1,0.2]) ([0.6,0.7],[0.2,0.3])



139

and

e1 €2 €3
AP = wm ([0.5,0.6],10.1,0.2])  (]0.5,0.7],]0.1,0.2]) (]0.1,0.3],[0.6,0.7])
ug 1([0.5,0.6],[0.3,0.4]) ([0.7,0.8],[0.1,0.2]) ([0.5,0.6],[0.3,0.4])

Then, the target of this problem is to choose the best alternative among them. For it, if we
utilize the existing distance measure, D(-), as proposed by [98], then their corresponding
distance measures for the alternative A and A®) from its positive ideal measure A+ =
(([1,1],]0,0]))2x3 are D(AM, AT) = 0.9333 and D(A®P), A+) = 0.9333 respectively. Thus,
from it, we have analyzed that their measure is unable to distinguish between these two
alternatives.

Since all the weights of the criterion as well as the parameters are known a priori,
then we can apply Egs. (6.19) and (6.20) of the proposed approach to the considered
problem. Based on these equations, we get the optimal values of the alternative A as
(MRNL = 0.5750 and (RW)Y = 0.6917, i.e., the interval RCC is R = [0.5750,0.6917].
Similarly, we can obtain the interval RCC for alternative A, is %2 = [0.5583,0.6750].
The likelihood probabilities of the pairwise components of ) (k = 1,2) can be obtained

by using Eq. (6.14) and are expressed as the matrix format as follows:

P:

0.5 0.5714]
0.4286 0.5

The ranking values which represent the optimal degrees of the alternative .A(k)(k =1,2)
is obtained by Eq. (6.15) as () = 0.5357 and #(®) = 0.4643 and thus, A1) is the best
alternative. Therefore, the proposed approach is suitably working in those cases when the

existing approach fails.

Example 6.4.2. Consider an another DM problem with two alternatives AM) and A®)
which are evaluated under the set of the different parameters e;, eo and ez with weight
vector as £ = (0.52,0.34,0.14)T. Two experts u; and uz, whose weight vector is w =

(0.37,0.63)”, have evaluated these alternatives under the set of the three parameters eg,
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eo and ez and gave their preferences in terms of IVIF numbers, represented here in the

form of decision-matrices as follows:

el €2 €3
40— w [([0.4,0.5],[0.2,0.3]) (10.7,0.8],[0.1,0.2]) ([0.3,0.4],[0.4,0.5])]
uy ([0.5,0.6],[0.3,0.4]) ([0.6,0.7],]0.1,0.2]) (]0.5,0.6],[0.3,0.4])
and
e1 €2 €3
A® —  w [([0.5,0.6],[0.3,0.4]) (10.6,0.7],10.1,0.2]) ([0.3,0.5],[0.3,0.4])]
up 1([0.3,0.5],[0.2,0.3]) ([0.7,0.8],[0.1,0.2]) (]0.5,0.6],[0.3,0.4])

Based on this information, if we utilize Cagman and Deli [21] approach to compute the dis-
tance measures of the given alternatives from its ideal alternative A" = (([1,1],[0,0]))2x3
then we get their respective measures values as D(A™M, AT) = 0.3505 and D(A?), A*) =

0.3505. Hence, it is unable to choose the best one.

On the other hand, if we can apply Egs. (6.19) and (6.20) of the proposed approach
to the considered problem, then we get the optimal values of the closeness-coefficient for
alternative A as (RM)E = 0.5995 and (RM)Y = 0.6995 and for AP is (RP)L = 0.5902
and (M®)Y = 0.7091. Hence, the RCCs of AM and A® are ®() = [0.5995,0.6995] and
%) = [0.5902,0.7091]. Thus, the likelihood probabilities of the pairwise components of

M) (k = 1,2) are obtained by using Eq. (6.14) and are summarized as follows:

P =

0.5 0.4993
0.5007 0.5

The optimal degrees of the alternative based on the likelihood probabilities values are
computed by using Eq. (6.15) as #(1) = 0.4997 and #®) = 0.5003 respectively. Thus, the
ranking order is A®) = A1) where - refers to “preferred to” and hence A® is the best

alternative.
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6.5 Conclusion

IVIF soft set is a useful tool to deal with fuzziness and uncertainties in DM problems.
In IVIFSS, the hesitancy of the decision makers’ judgment over the different parameters
has been taken into consideration as compared to the existing IFSs and IVIFSs. In this
chapter, we have developed a methodology for solving the DM problems under the IVIFSS
environment in which the ratings of all alternatives on attributes and preference informa-
tion on attributes are incomplete and expressed with the IVIF sets. In this methodology,
the fractional programming models based on the TOPSIS method are established to ob-
tain an RCC interval where preference information is independently determined for each
alternative. Further, these derived models are transformed into two simpler auxiliary lin-
ear programming models using the Charnes and Cooper’s transformation to compute the
closeness coeflicients of alternatives with respect to IVIFSPIS, which are used to generate
the ranking order of the alternatives based on the concept of likelihood of interval numbers.
Furthermore, the derived auxiliary models are extremely flexible since some extensions are
easily implemented from them. Therefore, if a DM problem includes imprecise and uncer-
tain properties of IVIFSSs, the proposed methodology is useful due to their simplicity and
flexibility with regard to incomplete and inconsistent preference information. Also, the
existing studies such as IFSs and IVIFSs are the special cases of the IVIFSSs and hence
the proposed approach can be applied to DM problems with IFSs and IVIFSs. Finally, a
numerical study has been presented to verify the developed approach and to demonstrate
the effectiveness by comparing their results with some of the existing approaches’ results.
From this study, it has been concluded that the proposed results coincide with the ones

shown in the existing approaches’ results.
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Chapter 7

Prioritized averaging and
geometric aggregation operators
for the intuitionistic fuzzy soft set
environment

In this chapter, we have defined some new averaging and geometric prioritized aggregation
operators in which the preferences related to attributes are taken in the form of IFSSs.
Desirable properties of its have also been investigated. Furthermore, based on these opera-
tors, an approach to investigate the MCDM problem has been presented. The effectiveness

of these operators has been demonstrated through a case study.

7.1 Introduction

The literature related to different AOs are summarized in Section 1.1.4 of Chapter 1. From
these studies, it has been concluded that most of the existing approaches are worked under
the restriction that the parameters and the decision-makers are at the same priority level.
But this assumption needs to be relaxed for better decision analysis. So to investigate
this issue, the present work proposed some prioritized aggregation operations under IFSSs
environment by taking advantage of the prioritized aggregation operator [241]. Thus, by

considering the fact that the IFSS has a powerful tool to deal with the ambiguity and

!The content of this chapter is published as “Prioritized averaging/geometric aggregation operators
under the intuitionistic fuzzy soft set environment”, Scientia Iranica, 25(1), 466 - 482, 2018 (SCI: Impact
Factor 0.718).

143



144

vagueness of the data, the work introduced a series of aggregation operators namely, the
intuitionistic fuzzy soft prioritized weighted and ordered weighted averaging, intuitionistic
fuzzy soft prioritized weighted and ordered weighted geometric. Furthermore, these op-
erators have been tested on the problem of MCDM where the most desirable alternative
has been computed under the set of different criteria. Finally, the computed results are

compared with the existing operators result for showing their effectiveness.

7.2 Operational law for IFSNs

In this section, we introduce some operations on IFSNs and solved some desirable prop-

erties on it.

Definition 7.2.1. Let A = (C,ﬁ), ./411 = (C11,1911) and A12 = (<12,1912) be three IFSNs

and for any real number A > 0, then by algebraic norms we have
(i) A1 @ Az = (Ci1 + G2 — Gz, Y11th2).
(i) A ® A2 = (G1¢i2, V11 + Y12 — Y11012).

(iii) A A= (1— (1= Y.

(iv) A* = (M 1= (1=9)Y).

Theorem 7.2.1. All the operations laws for IFSNs as given in Definition 7.2.1 i.e., A11 &
Aia, A1 @ Aj2, M and A* are also IFSNs.

Proof. Since A;;j(j = 1,2) are IFSNs this implies 0 < ¢;; < 1,0 < 91; < 1,0 < (5+91; <
land hence 0 < (1—=(11)(1—C12) <1< 0<1—(1—-C1)(1—=¢12) < land 0 < Y¥y12 < 1.
Further, 1 — (1 — (11)(1 — Ci2) + 911012 < 1 — 91n1the + d11the < 1. Thus, Ay & Ajg is
IFSN.

Also, 1-(1-0*>0,9*>0,1-(1-O "+ <1—-(1-0O*+(1-¢* < 1. Thus,
AA is also an IFSN. Similarly, for others. O

Theorem 7.2.2. (Commutative law) Let A;; = (¢15,715)(j = 1,2) be two IFSNs, then

(i) A1 ® A2 = A2 ® A
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(i) A1 ®@ A1z = A12 ® Ay
Theorem 7.2.3. (Associative law) Let Aj; = ((15,715)(j = 1,2, 3) be three IFSNs, then
(i) (A1 @ A1) © A1z = A11 © (A12 @ Ais)
(i) (A1 ® A12) ® A1z = A1 ® (A2 @ Ass)
Theorems 7.2.2 and 7.2.3 are straightforward and we omit their proofs.

Theorem 7.2.4. Let A = (¢,9) and Ay; = ((15,7%15)(j = 1,2) be three IFSNs then for a

real numbers \’s,

(i) MA@ A12) = M1 @ M.
(i) (A ® Ap)* = A} @ A,
(iii) MA D XA = (A1 + A2)A.
(iv) AM @ AN = AMHA2,
Proof. We prove the part (i) and (iii) and hence similar for other.

(i) For real number A > 0, A1 = (1 — (1 —¢11)*,97) and M1z = (1 — (1 —(12)*, 97y).
Thus,

A1 @ A2
= (1-(1-0-a-a))(1- (-1 =), )
= (1-=a)a-c) vhod)
= (1 — (=G = G2, (1911’1912)A)
= MA@ App)

Hence the result.

(iii) For A1, A2 > 0 and IFSN A = (¢, ), we have

MA:(l—(l—C)Al,ﬁ*l) ; AQA:<1—(1—4)A2,19A2)
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Thus,

MA S A

(- (- 0 (1= -0
(1-a-ora-orene)

_ (1 . O,\1+A2719A1+A2)

= ()\1 + )\2)./4

Hence the result.

7.3 Intuitionistic fuzzy soft Prioritized aggregation opera-

tors

In this section, we will investigate the prioritized averaging and geometric AOs for the
IFSSs. The formal definition of the Prioritized weighted average operator is already given

in Definition 2.5.5 of Chapter 2. We restated here as follows.

Definition 7.3.1. [241] For a collection of attributes ai, ag, ..., a, whose rating are lies
between [0,1]. Let prioritization linear relation between them are expressed with ordering
ai = as > ... > ap, indicating that the attribute a; has a higher priority than ay if j < k.

Then, the prioritized weighted averaging (PWA) operator is defined as

T
PWA(al,ag,...,an):Z J aj,
j=1 T,

r=1

j—1
where T = [[ ag, j =2,3,...,nand T} = 1.
k=1

Based on this definition, we have presented averaging and geometric AOs as follows.
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7.3.1 Prioritized weighted average operator

Definition 7.3.2. Let A;; = (¢i5,945), (1 = 1,2,...,m;j = 1,2,...,n) be collection of
IFSNs. Then we have

m T n R
IFSPWA (A1, Ao, ..., A @ — @ - J Aij (7.1)
i=1 Y T; \ i=1 Y. R,
i=1 r=1

j—1 i—1
where Ry = 1, T1 = 1 and R; = [[ S(Axy),(j = 2,3,...,n), T; = [] S(Ax)(i =
=1 k=1
2,3,...,m) where S(A;;) represents the score function of IFSN A;;.

By using Definition 7.3.2, we can get the following result.

Theorem 7.3.1. The aggregated value of all IFSNs by IFSPWA operator is still an IFSN

and is defined as:

IFSPWA (A1, A2, - - -, Amn)

R T Rj mTi
= (1= | TIC—¢p= JI T2 (7.2)
=1\ j=1 i=1 \ j=1

Proof. We will proof the results by mathematical induction on n. For n = 1, we have

IFSPWA(A11, Aot - - ., Am1)

m

T
- B
i=1 Y Ty
1, T
m Z Ts
= 1 - H(l - Czl H 19
=1
. T; R, mTi

J

m
m 1 1 > Ts

= |1-1] H(l—gij)rger - T T

=1\ j=1 i=1 | j=1
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and for m =1,

IFSPWA (A1, Aro, ..., A1p)

n
R.
- DAy
i=1 Y R,
r=1
R, By
n n n
> Rr T; Rr
= |1-TJa=¢p=" ]9
j=1 j=1
. i Ry 1Ti
: a %RJRT 1‘21 - - %ljR’" igl "
- [T o-a 5" )2 T 1T
i=1 \ j=1

i=1 | j=1

Thus, Eq. (7.2) holds for n = 1;m = 1. Assume Eq. (7.2) holds for m = k; + 1,n = ks
and m=ki,n=ko+ 1, ie.

k1+1 T ko R
? J
@ m n ‘AU
i=1 Y Ts \ =1 Y. R,
s=1 r=1
T:
T; i
Rj \ m - L
ki1+1 ko i R sngS k1+1 ko % Ry = s
— 1_ (1_C»~)r:l ’[9T:1
] I 1]
i=1 \j=1 i=1 \ j=1
and
k1 T ko+1 R
7
m @ n AU
i=1 Y Tg \ i=1 > R,
s=1 r=1
. TZ
R, o e 2.
k1 ko+1 [ n ZlTs k1 ko+1 % R =1 s
™ s§= =1
= |- IT - AT 115
=1 7=1 ]
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ki1+1
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ko+1

1; R;
@ kit 1 @ kot 1 Aij
=1 ST, | =t SR,
s=1 r=1
k1+1 1.,,@ ko Rj A Rk2+1
- @ k1t 1 @ kot 1 i D A(ka+1);
= ST, | = YR, SR,
s=1 r=1 r=1
k1+1 1.,2 ko R] ki+1 E Rk2+1
= EB ki+1 @ ko+1 Aij @ ki+1 kot1 Ak 1)

ki1+1

= 1_H

i=1

i=1 Z TS j=1 Z Rr
s=1 r=1

i=1 Z TS Z Rr
s=1 r=1

T
Ry klfi B\ Ry
ko+1 ko+1 > Ts ki+1 | ko1 k2+1R s§1 Ts
E R s=1 r=1 "
[[Ta-a)= I I 25
7j=1 =1 j=1

Therefore, Eq. (7.2) holds for m = k1 + 1 and n = ks + 1 and hence by mathematical

induction the result holds for all positive integers m,n > 1. O

Example 7.3.1. Let £ = {e1,e2,e3} be a set of parameters and X = {u1,ug2,us, us}

be set of experts which give their preferences A;; for describing the “attractiveness of a

house” in terms of IFSNs and are summarized as below.

By utilizing these information and R; =

el () es

u; [(0.8,0.1) (0.5,0.3) (0.4,0.5)]
up [(0.4,0.3) (0.3,0.5) (0.7,0.2)
uz |(0.7,0.1) (0.8,0.2) (0.5,0.1)
ugy [(0.3,0.5) (0.5,0.2) (0.6,0.1)]
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i—1
I S(A)(i = 2,3,4), we get
k=1

(1 0.85 0.60) [ 1]

1 055 0.40 0.71
R: 5 T:

1 0.80 0.80 0.57

1 040 0.65 0.78

Thus, the aggregated IFSN by using Eq. (7.2) becomes

IFSPWA (A11, A2, ..., A43)

T, T
Rj 1 _ R\ 4
e sl TN (Ul
= |- Ho-w= 1T (I
=1 \j=1 i=1 | j=1
Now,
T;
Bj 4
- % e |2 0.33
H H 1 — Clj = ((1 _ 0‘8)0.41 % (1 _ 0‘5)0.35 % (1 _ 0‘4)0.24>
=1\ j=1
0.23 0.1
X ( 1 —0. 4 0.51 o —0. 3)0428 X (1 _ 0.7)0.20) % ((1 _ 0.7)038 % (1 _ 0.8)0'31 % (1 _ 05)0.31)
0.25
X < 0 49 (1 _ 0'5)0.20 X (1 _ 0.6)0'32)
— 0.429
and
T
_EBi O\ 2
3 % Ry §1 s
r=1
IT|ITv;
i=1 \ j=1
0.33 0.23
= <(0-1)°'41 x (0.3)%35 x (0.5)0-24> x <(0.3)°-51 x (0.5)%28 x (0.2)0-2O>
0.25

0.19
X <(0.1)0-38 x (0.2)031 x (0.1)0-31> X ((0.5)0-49 x (0.2)%20 x (0.1)0-32>
= 0.2219
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Therefore, by IFSPWA operator, we get
IFSPWA (A1, Ao, .. ., Az) = (0.5709,0.2219)
Based on Theorem 7.3.1, we have the following properties for IFSNs A;; = ((ij, ¥45)-
Property 7.3.1. (Idempotency) If A;; = Ae = (¢, ?),(say) for all 7, j, then
IFSPWA (A11, A12, ..., Amn) = Ae
Proof. Since for all 4, j, A;; are equal i.e. A;; = A, then we have

IFSPWA (A11, A2, . . ., Amn)

T T
Rj ey Rj ™
m n i " Sgl Ts m n iil? Sgl Ts
= 1—1_[ H(]_fg)rzl ’H Hfﬂr:l
=1\ j=1 =1 \ j=1
T; T;
n ’L;l n 1=1
> RJ > Ts Z R] > Ts
Jj=1 s=1 Jj=1 s=1
> Ry > Rr
— 1_ (1_C)r:1R , fﬁr:lR
= (1-(1-¢),9)
= (¢.9)
= A,

O]

Property 7.3.2. (Boundedness) Let A;; = (min min{¢;;}, max max{¥;;}) and A:; =
i j i j

( max max{¢;;}, minmin{d;;}) then
i j i j
Ai; STFSPWA(Ai1, Ava, - An) < A,

Proof. As A;; represents an IFSNs so for all 4, j, minmin{¢;;} < {;; < maxmax{(;;} this
% J ? J

Rj
S Rr
implies 1 — maxmax{(;;} < 1—¢; < 1—minmin{¢;} < (1 — maxmax{(;})=t <
i j z J v J
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Rj Rj Rj
3 Ry . . 5 Ry L S5 Ry
(1 —=¢j)=" < (1 —-minmin{¢;})=" & 1—-maxmax{¢;} < [[(1—-¢y)= <
7 7 1 J j=1
Ry T;
. m n R\ 5T ) .
1 —maxmin{¢;} < 1 —maxmax{(;} < [] ( [T(1—¢j)= )S—l < 1—minmin{(;}
O i i=1 \ j=1 i
and hence
T;
Rj m
m n % P Sngs
minmin{¢;;} <1 [T [ [T -¢)= < max max{(;;} (7:3)
1 J ) N 1 J
i=1 \ j=1
R; Rj

J

> Ry xR
Furthermore, min min{d;;} < ¥;; < maxmax{d;;} & (minmin{d;;})=1 <97 <
i i i

. R,
R; Sk T;

S Ry no 3 R 57
(maxmax{¥;;})=1 & minmin{d;;} < [[ 97 < maxmax{¥;;} < (minmin{d;;})=
i i j=1 i i

nRij T; T; ¢'§1Ti ni T;
n X Rey S o ) . o m n X Rey $op
(Mog" " )= < maxmax{vy}) =" & minminfy, }) = < T (1o )=
=1 v o =1\ j=1
m
2T
1=1
m
> Ts
(max max{z?ij})s=1T and hence
i
m n i R | =1 s
miin mjin{ﬁij} < H H U < max mjax{z?ij} (7.4)

i=1 | j=1

Let A =IFSPWA(A11, A2, ..., Amn) = (C4,P4) then we have from Eq. (7.3) and (7.4),
min min{¢;;} < (4 < maxmax{(;;} and minmin{d;;} < ¥4 < maxmax{d;;}.
i i i i
Now, by definition of score function, we have

1 4+ maxmax{¢;;} — min min{d;;}
i i

14 Ca—9
S(A) = C"; 4 < 5 = 5(AF)
1 + minmin{¢;;} — max max{";}
14+¢4—79 i / i ! -
S(A) = C“‘; A > ! T = S(A;)

In that direction, three cases are considered.

Case 1: If S(A;;) < S(.A;;) and S(A;;) > S(A;;) then by comparison laws between two

IN
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IFSNs we have
Ai; <TFSPWA(Ai1, Avg, - Apn) < A
Case 2: If S(A;;) = S(.A;;) ie, (4 — V4 = mjaxrn?x{gj} — Irljjnmiin{ﬁij} then by above
inequalities, we have (4 = max mlax{Q-j} and U4 = mjin miin{ﬁij}. Thus
H(A) =C+94= max mzax{gj} + mjin miin{ﬁij} = H(A)
then by comparison laws between two IFSNs, we have
IFSPWA (A1, Aig, - - -, Anm) = A
Case 3: If S(A;) = S(A;;) e, (a4 —a = mjinmiin{gj} - m]axm?x{ﬂij} then by above
inequalities, we have (4 = mjin miin{g}j} and ¥4 = mjax mzax{z%-j}. Thus
H(A)=Ca+04= mjin min{G;;} + max max{dy;} = H(A;)
then it follows that
IFSPWA(A11, A, ..., Anm) = Aj;

Hence, property holds.

O]

Property 7.3.3. (Monotonicity) Let Aj; be another IFSNs such that A;; < A;; for all

1,7, then
IFSPWA (A11, A1a, . .y Amn) < TFSPWA (A, Al .. AL

Proof. 1t is similar to Property 7.3.2, so we omit here. 0

7.3.2 Prioritized ordered weighted averaging operator

Definition 7.3.3. Let A;; = ((ij,045), (1 = 1,2,...,m;5 = 1,2,...,n) be IFSNs. Then
an intuitionistic fuzzy soft prioritized ordered weighted average (IFSPOWA) operator is

defined as follow:

IFSPOWA (A1, Arz, ..., Amn) = ED B L Asini) (7.5)

n

m
i=1 Y T \ j=1 > R,
s=1 r=1
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where R; = H S(A;y) and T; = H S(Asky)- Let Ry =1, Ty = 1 and S(A.) represent
score functlon of IFSN A.. and 4, ’y are permutations of (1,2,...,m) and (1,2,...,n) such
for any 1, j.

that esi); 2 es(i-1)j and €iy(j) 2 €iy(j-1)

Theorem 7.3.2. The aggregated value of all IFSNs A;; = ((5,%5), (1 =1,2,...,m;j =
1,2,...,n) by using IFSPOWA operator is still an IFSN and is defined as:

IFSPOWA (A;1, A2, ..., Amn)

= | t-TI{ T =sera) ™ | TT| I %00 (7.6)
i=1 \ j=1 : ,

WhereRl—lTl—lR—HS( ) (G = 2,3, .. ,)andT-HS(fL; ))s (i =
2,3,...,m) where S(A,) represent score function of IFSN A..
Proof. Similar of this theorem is same as Theorem 7.3.1. O

Example 7.3.2. As given in Example 7.3.1, (F,€) is an IFSN. Now, by using score
function, we have S(ej1) = 0.85, S(ej2) = 0.60, S(e13) = 0.45. Thus, S(e11) = S(e12) =
S(e13) and therefore, A1) = (0.8,0.1), A1(2) = (0.5,0.3), A13) = (0.4,0.5). Similarly,

we can find the other A

iv(j)- Hence, the ordered matrix of e;,(;)’s is given as
v(e1) v(e2) v(es3)
u; [(0.8,0.1) (0.8,0.2) (0.5,0.1)]
(F, &)= w (0.7,0.2) (0.4,0.3) (0.3,0.5)
uz [(0.7,0.1) (0.8,0.2) (0.5,0.1)
ug [(0.6,0.1) (0.5,0.2) (0.3,0.5)]

Furthermore, S(A;4(1)) = 0.85, S(Az(1)) = 0.75, S(Asz(1)) = 0.8, S(A4y(1)) = 0.75, there-
fore

S(Ay1) = S(Azyq)) = S(Azy1)) = S(Asgy1))-



155

Thus, -Aé(l)'y(l) = (0.8,0.1),./45(2)7(1) = (0.7,0.1),./45(3)7(1) = (0.7,0.2),./45(4)7(1) = (0.6,0.1).
Then the ordered matrix for IFSS (F,E) is:

v(e1) v(ez2) v(es)
S(uy) [(0.8,0.1) (0.8,0.2) (0.5,0.1)]
(F,€) = O(u2) [(0.7,0.1) (0.5,0.2) (0.4,0.5)
§(ug) 1(0.7,0.2) (0.5,0.3) (0.3,0.5)
6(ug) 1(0.6,0.1) (0.4,0.3) (0.3,0.5).

7—1 i—1

Now, by using, Ry =1, T1 =1, Rj = H S(Az'y(l))’ (] = 273) and T; = H S(A(S(k)% (Z =
=1 k=1

2,3,4), we get

1 085 0.80] 1

1 0.80 0.65 0.7868
R - s T =

1 0.75 0.60 0.6376

|1 075 0.55] 0.6583 |

Hence,

IFSPOWA(AII, -/4]_2a oo 7-’443)

R; Y By i
1 5 % R; s§1 s 4 3 % Ry Sgl o
r=1
= L— H H (1 - Cé(i)v(j)) = =H H 195(2’)7(]‘)
=1\ j=1 i=1 | j=1

= (0.5964,0.2127)

As similar to IFSPWA operator, IFSPOWA operator also satisfies some properties:
Property 7.3.4. Let A;; and A, (i = 1,2,...,m;j = 1,2,...,n) be two collections of
IFSNs, then

(i) (Idempotancy) If all A;; = Ac, then IFSPOWA (A1, A1, ..., Ampn) = Ae.

(i) (Boundedness) Let A;; = (miin mjin{(ij},mlax mjax{z?ij}) and .A;; = (mzaxm]ax{gj},

minmin{?;;}), then .Ai_j <IFSPOWA(Ai1, Aia, ..., Amn) < «4;;
i

(iii) (Monotonicity) If A;; < AL, for all 4,7, then IFSPOWA (A1, A12,. .., Amn) <

(YR
IFSPOWA (A4, ALy, ..., AL
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7.3.3 Prioritized weighted geometric operator

Definition 7.3.4. Let A;; = ((ij,745), (4 = 1,2,...,m;j = 1,2,...,n) be collection of
I[FSNs. Then an IFSPWG operator is defined as follow:

IFSPWG (A1, A2, .- ., Amn) @ ®A“ (7.7)

J i—1
where Ry = 1, 71 =1, Rj = [[ S(Au), (G = 2,3,...,n) and T; = [ S(Ax)(@ =

=1 k=1
2,3,...,m) where S(A.) represents the score function of IFSN A..

Theorem 7.3.3. The aggregated value of all IFSNs A;; by using IFSPWG operator is
still an IFSN and is defined as:

IFSPWG( A1, A1z, -+ s Amn)

T;
R]- m R.

m n % Ry — 7RT o
= (1| 1I¢ A-TT ]~ ﬁij)Tgl (7.8)

i=1 | j=1 i=1 \ j=1

Proof. We prove this result by mathematical induction on n and m. For n =1,

IFSPWG (A1, As1, ..., A1)

’nL

T T;
m S Ty m .
= |1l -l -wa)
i=1 i=1
T; T,
Bj m R, e
m 1 S Ry El Ts m 1 1 JR 521 Ts
- T | =TT | - n®
i=1 | j=1 i=1 \ j=1




and for m =1,

IFSPWG(A11, A1z, ..., A1n)
_B
= ’V‘éer
= QA
j=1
Rj Bj
nooE R n S Ry
= [ a-T[a-oy=
J=1 J=1
T;
Rj 21: T
1 n n s 1
> Ry s=1
= |II| Il 1-11
i=1 | j=1 i=1

Assume the

T
R; k1+1
ki+1 ko % - 321 Ts
r=1
X | Q4
i=1 | j=1
T;
Rj Bl
kil [ ke F o ) 2
_ r=1
= | 1T |11
i=1 | j=1
and
T.
Rj .
kg+1 T
ki [ kel PRT 5 R
r=1
Q| &4
=1 7j=1
’1"v
Rj e
ki Ra1 3T 2T
_ r=1
= 1| Il <
i=1 \ j=1
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R

n
Ry s

(1—95) =
j=1

result is true for m = k1 +1,n = ko and m = k1,n = ko + 1, i.e.

T;
J k1+1
ki1+1 ko k Ts
Ry s=1
T T
=1 7j=1
T,
R] klz
Fo+1 T,
k1 ko+1 2Z Ry sgl s
AT IT (o =ve) =
i=1 7=1
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Now to prove the result is true for m = k1 +1,n = kg + 1

T;
Rj FpT1
kyo1 [ koptl kZirer Sgl Ts
r=1
QR | @ A;
i=1 | j=1
T;
R Rrot1 ki+1
kg +1 ko+1 > T
ki1 [ ko 221 Ry 221 . | =1 °
_ r= r=
= Q| R4 @A,
i=1 | j=1
T " i
% ki1 . k21+1 kg .
ki+1 ko 25 Ry Sgl Ts ki+1 25 Ry s=1 °
_ r=1 r=1
= | Q| R4 Q) | Ay
i=1 | j=1 i=1
T; T.
. le k1+i Rj k1+7i
kit [ ket1 BRI, 2 T kitl [ kol Rl z s
_ r=1 ) p— T =
= | II | 1T ¢ A= 11|[ IT a=vy) =
=1\ j=1 i=1 | j=1

It shows the result holds for m = k1 + 1 and n = k9 4+ 1, thus by mathematical induction

the result holds for all m,n > 1. ]

Example 7.3.3. Let X = {uy,ua,us,us} be set of experts which give their preferences
for describing their “usage of a mobile” on certain parameters £ = {e1, e2, eg}, then IFSS

(F, &) is defined as

U1

u3

Ug

€1
0.7,0.2
0.7,0.1
0.6,0.1
0.6,0.4

~~ ~~ o~~~
— ~—  ~—  —

€2
0.4,0.1
0.5,0.3
0.5,0.2

~—~ o~ o~
—_ — —  ~—

0.8,0.1

€3

0.3,0.6
0.8,0.1

~—~~ o~~~ o~~~
~—_— ~— —  —

0.6,0.1

0.6,0.1)]
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Based on these data, we get

1 0.75 0.65] 1

1 0.80 0.60 0.35
R: s T:

1 0.75 0.65 0.37

1 0.60 0.85 10.37]

and hence by using Eq. (7.8), we get:

IFSPWG (A1, A, ..., Ags)

R; 4 R;
3
> Ry s=1
1

4 3 4 3 ER W)
= (IT|IT<r A-TT{ T a-vy)=
=1

i=1 | j=1

= (0.84,0.42)

7.3.4 Prioritized ordered weighted geometric operator

Definition 7.3.5. Let A;; = (Gj,%5), (1 = 1,2,...,m;j = 1,2,...,n) be the collection
of IFSNs. Then an IFSPOWG operator is defined as follow:

n L g Ts
m n > Ry s=1
IFSPOWG(A11, Arz, . Amn) = Q) | @) Ajii) (7.9)

i=1 \ j=1

j—1 i—1

where Ry = 1, Ty = 1 R; = [] S(Au), Ti = [] S(Asx))and S(Ae) represents the score
I=1 k=1

function of IFSN 4, and 4, are permutations of (1,2,...,m) and (1,2,...,n) such that

€s(i)j = €s(i—-1); ANd €iq(j) = €iy(j—1) for any i, j.

Theorem 7.3.4. The aggregated value of all IFSNs A;; by using IFSPOWG operator is
still an IFSN and is defined as:

m n SR, | s=1 m 7 > Ts

r= - > Ry s=1
= [T | %60 A-11 (1= Ds(pyi) ™= (7.10)

i=1 | j=1 i=1 \ j=1
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j—1 i—1

where R1 = 1, T1 = 1, Rj = S(Aw(l)),] = 2,3,...,n, TZ = H S(.A(g(k))(z =
=1 k=1

2,3,...,m).

Proof. 1t is similar to the Theorem 7.3.3, so we omit here. O

Example 7.3.4. Considered the Example 7.3.3 and by using score function, we get the

ordered matrix as:

7(e1) v(e2) 7(e3)
§(u1) [(0.8,0.1) (0.6,0.1) (0.4,0.1)
(F.€) = O(u2) |(0.8,0.1) (0.6,0.1) (0.5,0.2)
§(us) [(0.7,0.1) (0.6,0.1) (0.6,0.4)
8(ug) L(0.7,0.2) (0.5,0.3) (0.3,0.6)]

j—1 i—1
Thus, based on it, values of R; = [[ S(Aiy),7 =2,3 and T; = [] S(Ax),i = 2,3,4, as:
=1 k=1

1 085 0.75] 1

1 0.85 0.75 0.35
R — s T =

1 0.80 0.75 0.38

1 075 0.60] 10.39]

Hence, by Eq. (7.10), we get

IFSPOWG (A1, A12, - -, Aeys)

T; T,
Rj 1 R]- 3 7
% Rj .gl R 4 3 % R 9;1 Ts
r=1 J =
= H HC (01 A= L= Ysina) =
=1\ j=1 =1\ j=1

= (0.85,0.41)

As similar to IFSPWA and IFSPOWA operators, IFSPWG and IFSPOWG operators

also satisfies same properties for the collection of IFSNs Aj;;.
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7.4 Proposed approach

The description of the DM problem is given in Section 2.6 of Chapter 2, where the each
alternative A® is assessed by an expert and rates them in the form of IFSNs AZ(-;)) =

(Cg.)),ﬁg)). Then, the following steps of the proposed approach are summarized as below

to get the best alternative(s).

Step 1: Collect and arrange the information of the alternatives in terms of intuitionistic

fuzzy soft matrices M©®) = (AZ(»?)) = (Cl-(]l-)), 792(;?))m><n-

Step 2: Normalize the values, if required, by using Eq. (2.34) of Chapter 2 and get the
(b) ).

normalized decision matrix D®) = (Tz»j

Step 3: Calculate the Rgb) (j=1,2,...,n), 7® (1=1,2,...,m) as follows:

(2

T =1, rRY =1 (7.11)
j—1
RV =T[SAY), j=1.2,....n (7.12)
=1
1—1
and TV =] SAY), i=1.2,....m (7.13)
k=1

Step 4: Aggregate the IFSNs rg-))(i = 1,2,...,m;5 = 1,2,...,n) for each alternative
A®)(h =1,2,...,t) into collective preference value r(®) = (¢, 9(®)) by the pro-
posed IFSPWA (or IFSPWG, IFSPOWA, IFSPOWG) operator.

Step 5: Compute the score function of r(®) by using equation

S(r®y = ¢® — y® (7.14)
Step 6: Rank the alternatives A®) (b =1,2,...,t) and select the best one(s).

7.5 Numerical Example

The above DM procedure has been illustrated with a practical example of the recruitment

of Professor in the Mathematics department for a central Government University.
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7.5.1 Case study

For it, consider a panel of five experts uy, us, us, w4, us will judge four candidates AV, A@)
AB) - AM and select one candidate on the basis of certain parameters & ={“Qualification
(e1)”, “Teaching experience(ez)”, “research experience (e3)”, “number of publications
(eq)” and “Teaching Ability (e5)”}. Then, we implemented the proposed approach steps

to get the most desirable alternative(s).

Step 1: The rating values of each alternative is provided by the five experts under the

parameters and summarized in Table 7.1.

Table 7.1: Rating values of the candidates in terms of IFSNs

For alternative A(1) For alternative A
e1 es €3 es es er es es e es
w | (0.3,0.4) (0.5,0.1) (0.6,0.2) (0.7,0.1) (0.6,0.2) | (0.4,0.3) (0.5,0.1) (0.6,0.2) (0.7,0.1) (0.7,0.2)
up | (0.6,0.1) (0.6,0.2) (0.2,0.4) (0.5,0.1) (0.7,0.3) | (0.6,0.1) (0.5,0.3) (0.4,0.3) (0.4,0.3) (0.4,0.1)
uz | (0.5,0.1) (0.7,0.2) (0.5,0.4) (0.2,0.2) (0.4,0.2) | (0.5,0.3) (0.5,0.1) (0.5,0.3) (0.3,0.2) (0.6,0.2)
ug | (0.2,0.4) (0.5,0.1) (0.6,0.1) (0.4,0.1) (0.6,0.2) | (0.5,0.3) (0.7,0.3) (0.4,0.2) (0.5,0.1) (0.5,0.2)
us | (0.6,0.1) (0.3,0.4) (0.4,0.3) (0.6,0.1) (0.5,0.2) | (0.4,0.2) (0.5,0.2) (0.3,0.3) (0.6,0.1) (0.4,0.2)
For alternative A®) For alternative A(*)
el e es eq es
w | (0.4,0.3) (0.5,0.4) (0.5,0.2) (0.6,0.1) (0.4,0.2) | (0.3,0.4) (0.8,0.1) (0.7,0.1) (0.4,0.3) (0.2,0.3)
ug | (0.5,0.1) (0.3,0.2) (0.3,0.2) (0.4,0.2) (0.3,0.2) | (0.5,0.1) (0.4,0.2) (0.4,0.2) (0.6,0.1) (0.2,0.6)
uz | (0.5,0.3) (0.5,0.1) (0.4,0.2) (0.2,0.2) (0.5,0.4) | (0.2,0.1) (0.4,0.2) (0.5,0.4) (0.4,0.2) (0.5,0.2)
uyg | (0.5,0.1) (0.4,0.5) (0.3,0.2) (0.7,0.2) (0.3,0.2) | (0.7,0.2) (0.5,0.1) (0.6,0.1) (0.4,0.1) (0.7,0.1)
us | (0.7,0.1) (0.4,0.6) (0.4,0.2) (0.3,0.1) (0.6,0.1) | (0.5,0.2) (0.5,0.4) (0.4,0.2) (0.3,0.2) (0.7,0.1)

Step 2: As all the parameters are of same types, so there is no need of normalization.

Step 3: By Egs. (7.11)-(7.13), we get the values of Rj(b),Ti(b)(b =1,2,3,4) as

0.45 0.70 0.70 0.80
0.75 0.70 0.40 0.70
0.70 0.75 0.55 0.50|,R}) =
0.40 0.70 0.75 0.65
0.75 045 0.55 0.75

0.55 0.70 0.70 0.80]
0.75 0.60 0.55 0.55
0.60 0.70 0.60 0.55
0.60 0.70 0.60 0.70
0.60 0.65 0.50 0.75]

=)

e

=

=

Il
e e

—_ = = =




Step 4:

Step 5:

Step 6:
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1 055 055 0.65 0.75 1 045 0.85 0.80 0.55
1 070 055 055 0.60 1 070 0.60 0.60 0.75

RY = |1 060 070 0.60 0.50|,R" =1 055 060 055 0.60
1 070 045 055 0.75 1 075 0.70 0.75 0.65
1 080 040 0.60 0.60 1 065 055 060 055
[ 1] 1] 1] 1]
0.6760 0.7063 0.6272 0.6474

7V = o.6834|, 7 = |o.6521| , TP = |0.6092| , T = |0.6243
0.6554 0.6360 0.6076 0.6017
0.6427 10.6554) 10.6327 0.7403

Without loss of generality, we take the IFSPWA operator to aggregate the dif-
ferent preferences by Eq. (7.2) and hence get the collective values r(®) as (1) =
(0.5166,0.1853), r?) = (0.5157,0.1942), 7(®) = (0.4614,0.1943), and r*) = (0.4932,
0.1839).

By Eq. (7.14), we get S(r™M)) = 0.6657, S(r?) = 0.6608, S(r®) = 0.6335, and
S(rW) = 0.6547.

Since S(r) = S(r®) = S(r®W) = S(r®)) and hence AM is best candidate for

the required post.

On the other hand, if we utilize IFSPWG operator to aggregate the information, then

the steps of the proposed approach are executed as follows:

Step 1:
Step 2:

Step 3:

Same as that of above.
All parameters are of same types, so no need of normalization.

By Eq. (7.11)-(7.13), we get

1 1 1 1
0.6335 0.6803 0.6075 0.5736
7V = | 0620 |, T® = |0.6280] , T = |0.5967| , T = |0.5624
0.6132 0.6178 0.5795 0.5692
105889 06376 05873 10.7223 ]
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Step 4: By taking Eq. (7.2), we get the aggregated values of each alternative as r) =
(0.4632,0.2251), r?) = (0.4897,0.2152), r3) = (0.4295,0.2378), and r*) = (0.4319,
0.2285).

Step 5: The score values of r®) are computed as S(r()) = 0.6191, S(r®) = 0.6372,

S(r®) =0.5958, and S(r*)) = 0.6017.

Step 6: Therefore, the raking is S(r?) = S(rM) = S(r@W) = S(r®)) and hence A is
best candidate for the required post.

7.5.2 Comparative studies

To demonstrate the effectiveness of the proposed approach as compared to the existing
ones approaches, an analysis has been conducted by using different operators as proposed
by various researchers [197, 206, 209, 227, 231]. For this, grades corresponding to differ-
ent parameters to each candidate are aggregated by geometric operator corresponding to
weight vector (0.2,0.2,0.2,0.2,0.2)7 and their aggregated results are summarized in Table

7.2. By using these aggregated values, the different approaches as proposed by various

Table 7.2: Aggregated intuitionistic fuzzy soft matrix for candidates

A

A®2)

AB)

A

u1

Uz

u3

Ug

Us

(0.4807,0.2150)
(0.5796,0.2052)
(0.4854,0.1879)
(0.4107,0.2104)
(0.4407,0.2512)

(0.5368,0.1841)
(0.4786,0.2063)
(0.4973,0.1991)
(0.5562,0.2528)
(0.4440,0.1959)

(0.4554,0.2921)
(0.3508,0.1761)
(0.4512,0.2497)
(0.4103,0.3011)
(0.4947,0.3264)

(0.4103,0.2552)
(0.3704, 0.2990)
(0.3596,0.1879)
(0.5839,0.1261)
(0.5111,0.2550)

authors [197, 206, 209, 227, 231] have been applied on it and their score values as well as
ranking for each candidate are computed and tabulated in Table 7.3. From these results,

we have concluded that A®) is still the best candidate for the required post.
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Table 7.3: Comparative Studies with the existing studies

Method

Score value of

Ranking

Xu and Yager [231]

Xu [227]

Wang and Liu [209]
Wang and Liu [206]
Verma and Sharma [197]

0.1255
0.1271
0.1257
0.1269
0.6275

0.1411  0.0920
0.1443 0.0951
0.1416  0.0925
0.1438 0.0946
0.6435 0.5957

0.1086 | A® « A o« A@) « 4B)
0.1175 | A@ = AD » A® » AG)
0.1098 | A® = AM = AW AG)
0.1162 | A® = AL = AW « AB)
0.6144 | A@ = AD) o A@ » AG)

7.6 Conclusion

The aim of this chapter is to present the intuitionistic fuzzy soft prioritized aggregation

operator to solve the DM problem in which the priority level for each parameter and expert

is different. For this, a series of prioritized averaging and geometric aggregation opera-

tors such as IFSPWA, IFSPOWA, IFSPWG, and IFSPOWG have been presented. The

important characteristic of these operators is that they take the parameters and decision

makers according to their priority level. Finally, an approach for solving MCDM problems

under the intuitionistic fuzzy soft set environment has been given. To demonstrate the

proposed work, a practical example of the recruitment of the candidate is given and the

results obtained from the proposed approach are compared with the existing methods.
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Chapter 8

Scaled prioritized intuitionistic
fuzzy soft interaction averaging
aggregation operators and their
application to multi criteria
decision making

In this chapter, we present two new scaled prioritized averaging aggregation operators by
considering the interaction between the membership degrees for the intuitionistic fuzzy
soft sets. The principal advantage of the operators is that they consider the priority
relationships between the parameters as well as experts. Furthermore, some properties
based on these operators are discussed in detail. Then, we utilized these operators to

solve DM problem and validate it with a numerical example.

8.1 Introduction

Decision-making (DM) is one of the widely interesting topics in these days to choose a
suitable alternative from a certain goal. Initially, it is assumed that the information about
the alternatives is taken as a crisp number, but in a real-life situation, the collective data

always contain imprecise and vague information. From the literature, it is observed that

!The content of this chapter is published as “Novel scaled prioritized intuitionistic fuzzy soft interaction
averaging aggregation operators and their application to multi criteria decision making”, Engineering
Applications of Artificial Intelligence, 71, 100 - 112, 2018 (SCI: Impact Factor 3.526)
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the aggregation operators are based on the algebraic sum and product to carry out the
aggregation process. However, all these aggregation processes do not take into account
the interdependency relationship between the attributes and the parameters. Considering
the importance of the relationship between the attributes, prioritized aggregation (PA)
operators are one of the great significance of the decision problem. For it, Yager [241] in-
troduced the prioritized averaging operator. Xu and Yager [233] investigated the MCDM
based on prioritized aggregation operators. Wei [212] investigated the PA operator under
hesitant fuzzy environment. In [75, 76], authors proposed the scaled prioritized intuition-
istic fuzzy interaction aggregation operator with consideration of the priority relationship
between the different criterion.

Thus, in this chapter, by keeping the advantages of PA operators and by taking the
specific priority degrees of different parameters and the experts, we develop the scaled
prioritized intuitionistic fuzzy soft interaction averaging (SPIFSIA) operator and its gen-
eralized form GSPIFSIA. In these proposed operators, the weighting vectors depend upon
the input arguments and aggregated the values based on the priority degrees, and study
their desirable properties. Then, we developed a new approach to MCDM problems under
the IFSS environment based on the proposed aggregation operators. The feasibility, as
well as the superiority of the proposed approach, has been illustrated with a numerical

example. The main research contents of this chapter are divided into three parts:
(i) to propose some new interaction operations laws for IFSNs.

(ii) to introduce the scaled PA operator under IFSS environment and its generalized

form,

(iii) to establish an MCDM method based on these proposed operators.

8.2 Proposed scaled prioritized aggregation operators

In this section, we develop some scaled prioritized aggregation operators under the IFSS

environment.
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8.2.1 Improved operational laws for IFSNs

Definition 8.2.1. Let A = ((,9), A11 = (C11,7Y11) and A2 = ((12,Y12) are IFSNs and a
real number A\ > 0. Then the proposed operational laws defined for it are summarized as

follows:
() A @ Az = (1= (1= Cu) (1= Gi2), (1= Gu) (1= Gia) = (1= G = 1) (1 = oo = 01) )
(i) Ay ® Ajp = ((1 ) (1= 919) — (1 — G — 911) (1 — Cra — P12) 1 — (1 — 911) (1 — D12) )
(ii)) M= (1-(1-0* 1= =1 -¢=9)*).
(iv) AN = ((1—19)A—(1—4“—19)&1—(1—19%).
Theorem 8.2.1. The operations defined in Definition 8.2.1 for IFSNs are also IFSNs.

Proof. Since A;j(j = 1,2) are IFSNs, therefore 0 < (1;,%1; < 1 and (1 + ¥1; < 1 which
implies 0 < (1—-¢(11)(1—=Ci12) <1 0<1-(1-C1)(1—C2) <land 11 —v1; < 11—y
which implies (1 — (11 — 911)(1 — G2 —P12) < (1 = (1) (1 = C2) <10 < (1 - ¢1)(1 —
C2) = (1 =G —=Y91)1—=Ca—v12) <1 -(1—-Cu—9n)(1—-CG2—v12) <1 & 0<
(1 =G = G2) = (1= G = d1)(1 = G2 — Y12) < 1. Further, 1 — (1 — ¢u1)(1 — Gi2) +
(1-CG1)A=¢C2)— 1 —=C1—Y1u)(I—Ca—t2) =1—(1—C1 — Y1) (1 — G2 —vhi2) < 1.
Thus, A1 @ Ajpo is an IFSN.

Also, 0 < (1 — ¢)* < 1 which implies 0 < 1 — (1 —¢)* < 1 and (1 — ¢ —9)* <
(1 —¢)* <1 which implies 0 < (1 —O)* = (1 - ¢ -9 <1— (1 —¢ —9)* < 1. Further,
I-1-0M+ (1=~ (1-¢—9) =1—(1-¢—9)* <1. Thus, M is also an IFSN.

Similarly, we can prove for the other parts. O
The proposed operation laws also satisfy certain properties which are stated as below.
Theorem 8.2.2. (Commutative law) If Ay; = (¢15,915)(j = 1,2) be two IFSNs, then
(i) A & Az = A12 ® A
(i) A1 ®@ A1z = A12 ® Apy

Theorem 8.2.3. (Associative law) If Ay; = (¢15,915)(j = 1,2, 3) be three IFSNs, then



170

(i) (A @ Ar2) ® A1z = A1 @ (A2 ® Aia)

(i) (A ®A12) ® Az = A @ (A2 ® As)

Proof of these Theorems are easily obtained from their definitions, so we omit their

proofs here.

Theorem 8.2.4. Let A = ((,¥) and Ay; = ((15,7Y15)(j = 1,2) be three IFSNs and real

numbers A\, A1, A2 > 0, we have
(i) MA@ Ar2) = M @ A Aq.
(i) (An® -/412))‘ = A{H ® A{é'
(iii) MA® AA = (A1 + A2)A.
(iv) AM @ Ar2 = AMitAe,
Proof. Here, we prove the parts (i) & (iii) only and the proof of others are similar.
(i) Since for IFSNs 417 and A;o,
My = (1 Q=) A=) = (1= — 7911)’\>
and
Mg = (1 — (=GN (1=G2)* = (1= Ca— 1912)’\>
Thus, we have

A(A1 @ A1)
= <1 — (=GN 1= G2 (1= )M = G
B I i G e S B (e e G S A (RSOl )
+ (1= = vn) + (1= G2 = V12)"
= (1-a-wl-a)
(1= M1 =) = (1= G = )M (1 = Gz = 012)*)

= AN11 D MA1a
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(iii) For real numbers A1, A2 > 0 and the IFSN A = (¢, 9), we have
MA= (1 (- 0N, (=M — (¢ o))

and

MA=(1-(1=¢)2 (1= - (1-¢—0)2).

Therefore,

MAG A = (1-(1-OM -0,
(L=OMA=QM = (1=¢ =M (1= C—0)™)
= (1 — (=M - QM (1= (- Wlm)
= (M +X)A

O

Next, in the below section, we present the scaled prioritized averaging (PA) AOs by

considering the prioritized relationship between the experts as well as the parameters.

8.2.2 Scaled prioritized intuitionistic fuzzy soft interaction aggregation

operator

Consider a set of ‘m’ parameters & = {ej,ea,...,e,} and a set of ‘n’ experts X =
{ui,ua, ..., un}, such that e; < ¢ if j <1 and u; = uy if i < k. Note that “<” denotes
the “higher priority”. Assume that these parameters and experts have their own priority

coefficients denoted by b; ;41 and d; ;41 respectively, and their degrees are defined as
(i) For “extreme priority”, b; j+1 = 0.1 and d; ;41 = 0.1;

(ii) For “strong priority”, b; j+1 = 0.4 and d; ;41 = 0.4;

(iii) For “slight priority”, b; j+1 = 0.6 and d; ;11 = 0.6;

(iv) For “weak priority”, b; j+1 = 0.8 and d; ;11 = 0.8;

(v) For “equal priority”, b; ;41 =1 and d; 11 =1



172

Based on these priority degrees, we define the weights of the parameters and experts,

respectively are as follows

bo1 =1 ; Jj=1
&= j , (8.1)
gj*l'bjfl,j = H bl—l,l ; J = 2737"'7m
=1
and
do1 =1 ; 1=1
n = i , (8.2)
Ni—1-di—1; = [ de—16 ; i=2,3,...,n
k=1

Definition 8.2.2. A SPIFSTA operator is a mapping SPIFSIA : Q" — ) defined as

H bi—1, no Il de—1k

J

SPIFSIA(A11, Az, .. ., Anm) = P — - 1], =L Ayj (8.3)
=S T bmayg =0 X0 T dr—1k
j=11=1 i=1k=1

where Q be the collection of all IFSNs A;;, do,1 = bo1 = 1, d; ;41 and b; j41 indicates
the priority coefficient between the experts u; and u;1, as well as the parameters e; and
ej+1 respectively. Then SPIFSIA is called as scaled prioritized intuitionistic fuzzy soft

interaction aggregation operator.

Theorem 8.2.5. For a collection of IFSNs A;; = ((;5,945)(i =1,2,...,n;5 =1,2,...,m),

the aggregated value by SPIFSIA operator is still an IFSN and given by:

SPIFSIA (A1, A2, - - ., Anm) (8.4)
- (i1 (H 0 g»m) , (H(l . cm) .| (Hu G- ) )
j=1 \i=1 j=1 \i=1 j=1 \i=1
- ll[ b1, ﬁ di—1,k
where §; = —=1 and 7; = =L
> Il b1y 20 I de-1k

Proof. We prove Eq. (8.4) by principle of mathematical induction (PMI) on n and m.
Since for all 4, j; A;; are IFSNs which implies that ¢, %;; € [0,1] and ;; + 945 < 1.
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Step 1: For n =1, we have 77; = 1 and hence from Eq. (8.3), we get

SPIFSIA(A11, Ao, ..., Aim)
j
II bi—1,

j=11=1
) (1 -JIa- )%, [Ta- Clj)gj -JTa-¢s- 191]);)
j=1 Jj=1 J=1
m 1 _ £~J m 1 £~]
= 1—H (H(l—glj)m> 7H (H (1_Clj)m>
j=1 \i=1 J=1 \i=1

Similarly, for m = 1, we have {NJ =1 and

SPIFSIA(A11, A1, - - -5 Ant)

n 11[ dr—1k
e
=13 T di—1e
1=1k=1
1 n _ gj 1 n gj
- (i1 (Hu . w) 1 (H<1 . w)
j=1 \i=1 j=1 \i=1
1 n fJ
_H (H(l_Czl_ﬂzl)m> )
j=1 \i=1

Thus, Eq. (8.4) true for n =1 and m = 1.

Step 2: Assume the Eq. (8.4) holds for m = k1,n = ko +1 and m = k1 + 1,n = ko, then
form=ki +1,n = ko + 1, we have

k1+1 ~ ko+1
SPIFSIA(.AH, A217 cey A(k2+1)(k1+1)) = @ gj <® T~h./4”>
i=1

J=1
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ki1 ka2
- D¢ ((@ 77@'-’42']) ® (ﬁk2+1“4(k2+1)j)>
7=1 =1

ki+1 kil
= @ §j (@ Ni l]) D @ & (ﬁk2+1“4(’€2+1)j>

j=1
by induction m=k1+1,n=ko by induction m=ki+1
ki+1 / ko 5] k141 / ko 7 Ej
() (o)
j=1 \i=1 j=1 \i=1
k1+1 ﬁ g]
7 (fje-eo))
=1 =1
k1+1 ~ g] ki1+1 gj
Mko+1 nk2+1
@ <1 o H ((1 o C(k2+1)j> > ) H <(1 - C(k2+1) ) >
j=1 j=1

ft ! Tho+1 J
—H ((1—C(k2+1)j_19(k2+1)j) i ) >
j=1
ki+l [katl ; & k4l /hotl - 3
= 1—Hl<H(1 i) ) H(H(l i) )
j=

7=1 =1
ki+1 /ko+1 gj
_H<H (1_<Zj zg) )
j=1
Hence the result holds for all positive integers m,n. O

Based on Theorem 8.2.5, we have observed that proposed SPIFSIA operator satisfies

the idempotency, boundedness and monotonicity properties.
Property 8.2.1. (Idempotency:) If A;; = A= (¢,¥), for all 4, j then

SPIFSIA(A, A,..., A) = A

llI bi—ip ﬁ di—1,k
Proof. If A;; = A, for all 4, j, and §J =L L= =L are the weight vectors
> I by 2 I di—1k

j=1l=1 i=1k=1

such that Z £] =1 and E 7; = 1, then by Eq. (8.4), we have
7j=1 =1
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SPIFSIA(A, A, ..., A)

m n & m n 3 m n g
- <1‘H<H(1—C)ﬁi> ,H<H(1—g)’7f> —H( (1—(—79)51‘) )
j=1 \i=1 j=1 \i=1 j=1 \i=1

n i n ij n ny
(1—((1—@-— ) ((1—0; ) ((1—< )= ) )

= (G9)

M

O
Property 8.2.2. (Boundedness:) Let A~ = (mjin miin{gj},mjax m?x{cij—f—ﬁij}—mjin miin{gj})
and AT = (mjax mlax{gj}, max ((), mjin miin{(ij + 045} — mjax mlax{g-j}> ) then
A~ < SPIFSIA(A11, As, ..., Apm) < A
Proof. For IFSNs A;;, we have
mjin miin{gj} < Gj < mJaXHlZ?%X{Cij}
& 1-maxmax{Gy} <1—¢;j < 1—minmin{C; }
i

& <1 — max maX{Cz‘j}> " <(1—=¢y)" < (1 — min min{(ij})
J J o

& 1- maxmax{(zj} < H 1—¢)T<1— mmmln{gj}
J
=1

m n &
& 1- maxmax{(zj} < H < (1—Gij)" > <1 — minmin{¢;}
j i
1

7j=1

1=

and hence

m n 5.7
minmin{G;;} <1 - 11 <H (1- g‘ij)’“> < maxmax{Gi;} (8.5)

j=1 \i=1

Furthermore, we have
minmin{¢; + ¥i;} < G + i < maxmax{G; + Us;}
Jooi Joo

& 1 -maxmax{G; + ¥y} <1 - ¢ — ¥y < 1 — minmin{G; + 945}
J g J ?
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& (1 — max max{(;; + V;; >
j i
<

B i
Gy < (1m0 )

n
< 1 —maxmax{G; + 7} H — Gy — 93)" <1 — minmin{G; + 0y}
J ? o J 7

& (1 — maxmax{G; +19z‘j}>€ = (ﬁ (1

=1

and hence, we get

1— m]axmaX{Qg + 95} < H (H

=1

3

From Egs. (8.5) and (8.6), we have

I

min min{¢;; + 95}
7 % j=1

S

<
— max max{(;;}
j i

Also, we have

[I

Jj=1

l

(1

~ éj
1- Cij)m) -

Thus,

0, min min{¢;; + ¥;;}
max ! ! <

— max max{(; }
j i

Take v = SPIFSTA (A11, A12, .. -,

n _ 'Sj
( (1- Cij)m)
=1

nm) = (C’yy 7)7

C’Lj

IN

&j
- Gij — Z] ﬁi) <1l- m]m mz.in{(z‘j + ﬁij} (8.6)

max max{(y; + Jy;}
J %

— min min{¢;;}
j i

&

max max{Cy; + Ui}
J (2

— min min{(;; }
J i

N\& &
Zj) 1) < <]- - min mln{CZ] + 191]})
j i

(8.7)

~ = (minmin{¢;; }, max max{¢;;+
j ) j )

U5 }—minmin{¢;;}) and A" = ( max max{¢;;}, max (0, min min{¢;;+9;; } —max max{¢;; }))
J ? J [ J 7 j 7

then from Egs. (8.5) and (8.7), we have

minmin{¢;; } < ¢y < max max{;}
J ? 7 2

and

0, min min{¢;; + 95}
max J ‘
— max max{(;; }
j i

max max{(;; + ¥ }
j i

<, <

— min min{¢;; }
] 1
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So by definition of score function, we get
S(V) = Cv - 197
< mjax m?X{Cij} — max {0, mjin miin{Cij + i} — mjax m?X{Cij}}
= S(AY)
and S(v) = ¢ — 9,
> minmin{G;;} — (maxmax{Gi; + dy;} — minmin{¢;})

= S(A7)
Now based on it, the following three cases arises:
Case 1. If S(y) < S(A*") and S(y) > S(A™), then, we have A~ <y < At

Case 2. If S(vy) = S(AT), ie., ¢ — ¥, = maxmax{(;} — max{0, min min{{;; + J;;} —
J 1 7 A
max max{(;;}}, then by above inequalities, we have ¢, = maxmax{(;;} and
i P
¥, = max{0, min min{¢;; + v;;} — maxmax{¢;;}}. Therefore, H, = (, + ¥, =
J ? J 7

max max{¢;; } + max{0, min min{{;; + 9;;} — maxmax{(;;}} and v = A*.
J 7 J (3 7 I3

Case 3. If S(v) = S(A7), ie., (=¥, = min min{¢;; } —(max max{(;;+3;; } —min min{¢;;}),
J g J L J i
then by above inequalities, we have ¢, = minmin{{;;} and ¥, = max max{(;; +
J 1 7 7
¥ }—min min{¢;; }. Therefore, we have H, = (y+v, = min min{{;; }+(max max{{;;+
j 7 J i J i

¥;;} — minmin{¢;}) and v = A~.
J i
Hence, by combining all these cases, we have

A~ < SPIFSIA(A11, A2, . .., Apm) < AT

Property 8.2.3. (Monotonicity:) If A;; < A}, for all 4, j,, where A}; is IFSN, then
SPIFSIA (A1, Ao, ..., Apm) < SPIFSIA(AY, Als, ..., AL

Proof. Follows from Property 8.2.2, so we omit here. O
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8.2.3 Generalized SPIFSIA operator

Definition 8.2.3. A GSPIFSIA operator for a collection of IFSNs 4;; is a mapping
GSPIFSIA : Q" — Q and is defined as

>l=

j i
I b1, n 1] de—1k

GSPIFSIA(AwL, Atz Aum) = | P ———— L A0
=S I bimayg \ = 20 T de-1k
j=1li=1 i=1 k=1

Theorem 8.2.6. For a collection of IFSNs A;; = ((i;,945), the aggregated value by
GSPIFSIA is still an IFSN and given by:

GSPIFSIA (A1, A1a, ..., Anm)

>l=

7%

j=1 \i=1
1
A AN
ﬁ pof 1= (1 =)
1
7j=1 =1 +<1—C“—19“))\
1— “J *J (8.9)
(TG0
j=1 \i=1
7 J
IT di—1k N I bi—1,
where 7; = =——, {; = —-=5—— be the weight vector of the experts and the
> I di—1k > Il bi—1y
i=1k=1 j=11=1
parameters respectively.
Proof. 1t can be easily obtained as parallel to the Theorem 8.2.5. O

Also, GSPIFSIA operator satisfies the properties such as idempotency, boundedness,

and monotonicity. Further, we assume In0 = 0 and In (%) = 0, if necessary.



where ¢/ denotes fil—f’\.

Proof. Since, for a given y, we have

. 1 . In(y) I 1; /
lim (y) lim (e™)" = lim y(In(y))
i\ &
i
mo [ (1= (1—0945)"
But, }\in%]y = ;ir% 11111 \ = 1. Therefore, Eq.
— —045=11 =1 + (1 _ Cij _ 19”)
comes
li " = lim(l !
lim (y) lim (In(y))
~ /
m 5 &
A A\
= lm {In (H(f{(l(l%) + (1= Gij — 935) ) ) ))
j=1 \i=

m n A\ '
— ;13% Zln(H(l—(1—19,-j)A+(1—<2-j—19,-j)A) ) )

= lim igjln (f[ (1 — (=) + (1= ¢y — ﬂij)A)ﬁi))

- )1\13% Z%( ﬁiln(l(119ij))\+(1@j19ij)/\)>)
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(8.10)

(8.11)

(8.11) be-

1- (1—19ij> + (1_Cij_'l9ij)

771' — ln(l — 19@]) + 111(1 — Cij — 19@])>)

— 1 —Gij — vy
Z"’ln< 1— 9 >)

Hence the result.

= lim (i gj (Zn: i (_(1_19ij))\ln(l_ﬁij)“f‘)(\l_(:ij_ﬁij)/\1n(>\1_<ij_19ij)>))
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m n A 771 é-j
Lemma 8.2.2. If z = H ((1 — Cij — 191]) ) s then
j=1 \i=1
) i
lim (2)" = In H (H (1= Gij — ¥s5) ) (8.12)
7j=1 \i=1
where 2z’ denotes g—f\.

Proof. For a given z, we have lim z = 1 and thus

A—0
. I In(z)\/ _ 12 /
lim(z) = lim(e"®)) = lim > (In(2)
m n N o g] '
Jj=1 \i=
!
m . n _ )\
= }\g% 'Z:1€j (;mln (1 — Gij —19zj> )
J= 1=

= lm 3F (iﬁi(nn(l—@j—%))>

= ;li% igg (iﬁiln (1 — Gij —ﬁij))

j=1 =1
= Zgj < In (1—(1]—19”‘)771)
j=1 i=1
m n ﬁz gj
- (][] <H (1= Gy~ 0y) )
j=1 \i=1
Hence, the result. ]

Theorem 8.2.7. For IFSNs A;;, if A — 0, then GSPIFSIA operator becomes

lim GSPIFSIA (A1, A1, .. ., Apm)
A—0

moo~ L) —Cii—0 m n 7 g -
- Z &5 < Z 7i In (llc”ﬂﬂ”)> +In < - (H (1—47',]—191'1') 71’) ]> m n B &j
i=1 i=1 i =1 \i=1 i
¢ - (H (1= Gij — ) ) ;
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J i
~ ITbi—1, IT dk—1,x
where &; = =1 and 7; = =%
> Il b1y > Il de—1k
j=11=1 i=1k=1

.

(8.13)

- B
i .
o | (1 (1 Gy - 0) n (o i\ &
=TT TT S (g0
j=1 |i=1 \ + (1= 9y) j=1 \i=1
1
- 1 _ ~ oo
= )1\13%)(1 y+2) (1°°form)
— lim eln(17y+z)%
A—=0

. In(1—y+=z)
iﬂ%{x } 0
= e —form
0
!
)

!
lim =¥ *=
— e —0 1-y+=z

— lim y'+ lim 2’
= e A0 A0 l'1—y+2z=1 as A—=0

_g:l & (E g hl(lC”iﬂiJ”)) e (Jﬁl (zljl (1_Cij_19ij)m)§j>

= €

Hence, Eq. (8.13) holds.
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Therefore,

lim GSPIFSIA (A1, Ao, ..., Apm)
A—0

~ 1
EAN
m n 1—(1-— 191., A
1— H ( ]) N
— | 1im j=1 |=1 \ + (1 = Gij — 191']‘)/\ _ lim ﬁ ) (1—Cij — 19,4)771 o
I ~ A=04=1 \i=1 Y N 7
m n ~ J
i
+11 (H (@ =¢y-0)") )
j=1 \i=1
~ 1
AN
A
1-1] R
1 — lim j=1 |i=1 + (1 - (ij 29”)
A—0 -
m n N &5
+ H (H (1 - CZJ 791]) )n>
j=1 \i=1
mo m n i gj ~
_]Z=:1 ]<l§ 'ﬁlln( Cij 191;))—}—111(]1;[1(11;[1 (1—C'L] 191]> ) > m n N
~ e S (f0-g-m")
j=1 \i=1
mo n =9 m n n: g
(g n(6 (1 0e00))
1 —e Jj=1 i=1 3 j=1\i=1
Hence the result. O

8.3 Proposed operators based decision-making approach

The brief description of the MCDM problem is given in Section 2.6 of Chapter 2. The
rating values of each alternative is represented in the form of intuitionistic fuzzy soft

decision matrix M = (Cg-)),ﬁg?)).

The priority relationship between the parameters e;
and ej1 as well as between the experts u; and u;41 are denoted by priority coefficients
bjji+1(j =1,2,...,m—1) and dj;41(i = 1,2,...,n — 1), respectively. Then, the follow-
ing steps based on the proposed operators are stated to solve the DM problems, whose

flowchart is given in Fig. 8.1.
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Figure 8.1: Flow chart of the proposed approach



184

Step 1:

Step 2:

Step 3:

Step 4:

Arrange the information of each alternative A®) (b= 1,2, ... ,t) in terms of deci-

sion matrices M©®),

Normalize the data information by using Eq. (2.34) of Chapter 2 and obtained

the decision matrices R(®) = (Tg-)) Jnxm-

Aggregate the preference values r( ) of the alternatives A® (b =1,2,...,t) into

the collective one r(® = (¢ 9®)), for a real positive number ), either by using

SPIFSIA aggregation operator as

r® = SPIFSIAG-Y ) .. r0))
_ (1_1_[(1_[ (1_C§;)>m> J’ (8.14)
j=1 \i=1
(17 (1) "t 1— ¢ -9 ’
(L)) Iy
j=1 \i= =N

or by using GSPIFSIA operator as

r® = GSPIFSIA(AY, #Y), ... r®)

m n 19(17) @ £]
j=1 |i=1 \ + (1 ﬁ(b) (1 7\ ¥
: ,71 T 5 T

ﬂ(ﬁ( (W _ <b>)) )E

i 57 A
o PR
=11 () _ 9B\
1 j=1 li=1 \ +(1— G — U, ) (8.15)
m n _ E]
+ H <H ((1- CZ’(JI')) - 195?)>A)77i)
j=1 \i=1
ﬁ dk—1k Il[ bi—1,1
where 7; = S =——, § = —.
> Il dk—1k > Il b1y
1=1k=1 j=1l=1

Compute the score values S(r(b)) = ¢ —9®) for each aggregated number () (b=
1,2,...,1).
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Step 5: Rank the alternatives A®) (b =1,2,...,t) and choose the desirable one(s).

8.4 An illustrative example

The above algorithm has been illustrated with a numerical example which is stated as

follows.

8.4.1 A case study

Monsoon rains in river catchments have caused flooding in the northeastern state of As-
sam, India in July 2016. The Brahmaputra river and its tributaries overflow as a result of
monsoon rains which effected over 80,000 people and 4,000 hectares of crop land accord-
ing to Assam State Disaster Management Agency(ASDMA). The worst affected areas of
Assam are {Lakhimpur(A;), Dhemaji(A®), Nagaon(A®)), Jorhat(A®)}. A team of five
experts, denoted by {u1, ug, us, ug, us} from different departments of ASDMA will inspect
the flood affected areas on the different parameters {loss of life (e1), loss of livestock (e2),
crop loss (e3), damage of houses (e4), ecological damage (e5)}. Consider the prioritized
relationship between the parameters and between the experts which are indicated by the

priority coefficients b; ;41 and d; ;41 respectively, given in Tables 8.1 and 8.2. Based on

Table 8.1: Priority relationship between the parameters
PR(e1, e2) PR(e2, e3) PR(es, e4) PR(e4, €5)

Priority relationship Strong priority Slight priority Weak priority Extreme priority
Priority coefficient 0.4 0.6 0.8 0.1

Table 8.2: Priority relationship between the experts
PR(u1,uz) PR(u2,u3) PR(us, ua) PR(ud, us)

Priority relationship Strong priority ~Weak priority Slight priority Extreme priority
Priority coefficient 0.4 0.8 0.6 0.1

their priority level, the government has to allocate funds according to the level of damage.
In order to achieve it, given experts have evaluated the alternatives in terms of IFSNs.

Then, the following steps have been followed to find the best alternative(s):
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Step 1:

The collective information of each alternatives A(b)(b = 1,2,3,4) is summarized

in Table 8.3.

Table 8.3: Intuitionistic fuzzy soft matrices for alternatives

For alternative (AM, &) For alternative (A®), &)
€1 €2 €3 €4 €5 €1 €2 €3 €4 €5
ur | (0.3,04) (0.5,0.1) (0.6,0.2) (0.7,0.1) (0.6,0.2) | (0.4,0.3) (0.5,0.1) (0.6,0.2) (0.7,0.1) (0.7,0.2)
us | (0.6,0.1) (0.6,0.2) (0.2,0.4) (0.5,0.1) (0.7,0.3) | (0.6,0.1) (0.5,0.3) (0.4,0.3) (0.4,0.3) (0.4,0.1)
us | (0.5,01) (0.7,0.2) (0.5,0.4) (0.2,0.2) (0.4,0.2) | (0.5,0.3) (0.5,0.1) (0.5,0.3) (0.3,0.2) (0.6,0.2)
ug | (0.2,04) (0.5,0.1) (0.6,0.1) (0.4,0.1) (0.6,0.2) | (0.5,0.3) (0.7,0.3) (0.4,0.2) (0.5,0.1) (0.5,0.2)
us | (0.6,0.1) (0.3,0.4) (0.4,0.3) (0.6,0.1) (0.5,0.2) | (0.4,0.2) (0.5,0.2) (0.3,0.3) (0.6,0.1) (0.4,0.2)
For alternative (A®), &) For alternative (A, )
el €2 €3 [ es el €2 €3 [ es
ui | (0.4,0.3) (0.5,04) (0.5,0.2) (0.6,0.1) (0.4,0.2) | (0.3,0.4) (0.8,0.1) (0.7,0.1) (0.4,0.3) (0.2,0.3)
up | (0.5,0.1) (0.3,0.2) (0.3,0.2) (0.4,0.2) (0.3,0.2) | (0.5,0.1) (0.4,0.2) (0.4,0.2) (0.6,0.1) (0.2,0.6)
us | (0.5,0.3) (0.5,0.1) (0.4,0.2) (0.2,0.2) (0.5,0.4) | (0.2,0.1) (0.4,0.2) (0.5,0.4) (0.4,0.2) (0.5,0.2)
ug | (0.5,01) (0.4,0.5) (0.3,0.2) (0.7,0.2) (0.3,0.2) | (0.7,0.2) (0.5,0.1) (0.6,0.1) (0.4,0.1) (0.7,0.1)
us | (0.7,0.1)  (0.4,0.6) (0.4,0.2) (0.3,0.1) (0.6,0.1) | (0.5,0.2) (0.5,0.4) (0.4,0.2) (0.3,0.2) (0.7,0.1)

Step 2: Since all the parameters are of same type, so there is no need of normalizing the
data.

Step 3: Without loss of generality, we take A = 1 and SPIFSIA operator given in Eq.
(8.14) to aggregate the different preferences and get () = (0.4792,0.2492), r(?) =
(0.5059, 0.3668), r3) = (0.4571,0.5429) and r* = (0.4989, 0.2235).

Step 4: The score values are S(r()) = 0.2300,S(r®) = 0.1391, S(r(®)) = —0.0857 and
S(r®) = 0.2754.

Step 5: Since S(r@) > S(rM)) > §(r?)) > §(r®)) and thus ranking order of the alterna-

tives is A® = AM = A®) »— AB) Note that “~” means “preferred to”. From it,

it is concluded that the most damaged area is A®.

However, in order to analyze the impact of A on the ranking, the value of A has been varied

from 0 to 20 in Step 3 of the approach and the overall score values of each alternative are

presented in Table 8.4. From it, the following observations have been noted.
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(i) When X € (0,0.0887], then the ranking order of alternatives is A = A® ~ A1)
AB),

(ii) When X € (0.0887,0.0978], then A®) = AR = AD) » AG),
(iii) When A € (0.0978,1.3891], then A® = AM » AR » AG),
(iv) When A € (1.3891,1.4803], then A® = A » A1) » AG),
(v) When X € (1.4803,1.5373], then A®) = A® » A1) » AG),
(vi) When A € (1.5373,1.5708], then A®) = AW » AG) - AD),
(vii) When A € (1.5708,1.6793], then A®) = AG) = A® » AD),
(vili) When X € (1.6793,1.8670], then A®) = AR = A® — A1),

(ix) When \ € (1.8670,20], then A®) = AP = AD ~ AW which gives A®) is the most

damaged area.

As we see, based on the preference of the decision makers’ parameter A, the ordering of

the alternative is different, which is useful for selecting the most desirable one.

8.4.2 Validity test

Wang and Triantaphyllou [210] proposed the following testing criteria to validate any
MCDM problem:

Test criterion 1: “The best alternative should never be changed on replacing a non-
optimal alternative by other worse alternative without changing the relative importance
of each decision criteria.”

Test criterion 2: “The transitivity property should be followed by an efficient DM
method.”

Test criterion 3: “The ranking of DM problem should never be changed by applying same
DM method to the smaller problems which are decomposed from the original problem.”

The applicability of test criteria to proposed DM method is discussed below:
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Table 8.4: Effect of A on ranking order of the alternatives based on GSPIFSIA operator

Score value of the alternatives

A—=0 A=0.1 A=05 A=1.0
AW 0.2365 0.2179 0.1911 0.2300
A® 0.4157 0.2099 -0.0633 0.1391
A®) -1.000 -1.000 -0.7800 -0.0857
AW 0.2536 0.2581 0.2702 0.2754
Ranking  A® = AW = AD = AG) AW = AD) = AG) = AG) AW 0 AD) = AR) = AB) AW = AD) = AR) - AG)
A=15 A=20 A=25 A=30
AW 0.2664 0.2972 0.3213 0.3396
A® 0.2853 0.3723 0.4224 0.4516
A® 0.2529 0.4087 0.4879 0.5318
A® 0.2811 0.2934 0.3089 0.3243
Ranking  A® = A® = AD = AG)  AG) o AP o AD) = 4@ AG) 1 A@) o AD) o 4G AG) o A@) o AD) - 4G
A=50 A=75 A=125 A=155
AW 0.3797 0.4047 0.4355 0.4480
A® 0.4952 0.5162 0.5480 0.5635
AB) 0.5955 0.6227 0.6579 0.6744
AW 0.3684 0.3988 0.4317 0.4441

Ranking A®) = A® = AD o« A@)

AB) o« A@ AW « A@  AB) = AP A1) o« g@)

AB) o« A@ o« AD) . AW

Validity test with criterion 1

For testing the validity of our approach under test criterion 1, the alternative A®) (non-

optimal alternative) is to be substituted with any arbitrary alternative (A®)) (worse

alternative) with their rating values is summarized in Eq. (8.16).

uy
U2
u3
Uy

Us

€2
(0.3,0.6)
(0.2,0.4)
(0.3,0.3)
(0.2,0.7)
(0.3,0.7)

es e4

(0.4,0.5) (0.4,0.3)
(0.2,0.4) (0.2,0.5)
(0.3,0.5) (0.1,0.4)
(0.1,0.4) (0.5,0.3)
(0.2,0.5) (0.2,0.3)

€5
(0.2,0.5)
(0.2,0.4)
(0.3,0.6) (8.16)
(0.2,0.5)
( )

0.4,0.3

Now, by applying the proposed SPIFSIA operator to this modified data we get the

aggregated numbers of each alternative are (1) = (0.4792,0.2492), 2 = (0.5059, 0.3668),
(r(®)) = (0.3174,0.6826), and ) = (0.4989,0.2235). The score values of these numbers
are S(r)) = 0.2300, S(r®) = 0.1391, S((r®)") = —0.3652, and S(r®) = 0.2754 and
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thus A@ = AM ~ A®) » (AB)) . Therefore, the desirable alternative is remain A®

which validates the proposed approach satisfy test criterion 1.

Validity test with criteria 2 and 3

Under this test, if we decomposed the given MCDM problem into the smaller subprob-
lems such as “{AM, AR AG) Y - «f AR AB) ANV and L ABG) AW AW}V and then
by applying the proposed approach, we get the ranking order of these problems are
“AM o AR o AB w AW AR AB)? and “A® = AD) = ABG)” respectively.
Thus, by combining these ordering we get A® = A1) = AR — AG) which is identical
to the original MCDM problem and hence follows transitivity. Therefore, the proposed

method validates the test criteria 2 and 3.

8.4.3 Superiority of the proposed operator over the existing approaches

Here, we have presented some examples which show that under some certain cases, the

existing approaches are unable to classify the alternatives while the proposed one does.

Example 8.4.1. Assume there are two alternatives A1) and A®), which are assessed
under three parameters eq, es, es with their weight vector 0.34,0.33 and 0.33 respectively.
Two different experts u; and wus, whose weight vector is 0.54 and 0.46, have evaluated

these alternatives and represent their information in the form of IFSNs as follows.

€1 €2 €3
AW — w [(0.6, 0.4) (0.5,0.3) (0.7, 0.2)]
(0.4,0.5) (0.7,0.2) (0.5,0.4)

Uz

and

(&) €9 €3
A? = w [(0.5,0.2) (0.6,0.2) (0.5,0.4)]

up [(0.3,0.2) (0.6,0.2) (0.5,0.3)

If we followed an aggregation operator as mentioned in Liu and Li [119] then we get

the score value of the alternatives as S(AM) = 0.2697 and S(A®)) = 0.2697 and hence
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conclude that A®) ~ A®). But, clearly seen from the input argument that AM ~ A®)
and therefore, Liu and Li [119] approach is unable to classify these alternatives. On the
other hand, by applying the proposed SPIFSIA operator corresponding to equal priority

levels between the parameters and the expert, we get their respective score values are

S(AM) =0.1623 and S(A®?) = 0.2402. Since S(A?) > S(AD) and thus A® - AW,

Example 8.4.2. Consider two alternatives A1) and A®) which are evaluated by consid-
ering set of parameters {ej, ey, es} and two judges {u1,us} whose preference values are

summarized under IFSS environment as follows:

€1 €2 €3
A = w [(0.5,0.4) (0.7,0.1) (0.6,0.2)]

up [(0.3,0.6) (0.8,0.1) (0.6,0.3)

and

(&) €9 €3
A — w [(0.7,0.1) (0.6,0.3) (0.3,0.4)]

up 1(0.5,0.4) (0.6,0.1) (0.8,0.2)

By applying Khalid and Abbas [98] approach to compute the measurement values ‘d’
of the given alternatives from its ideal values B = ((1,0))ax3, we get d(A™M, B) = 0.4167
and d(A(2), B) = 0.4167. From this, it is unable to classify the alternatives. However, if
we SPIFSIA operator then the score values are S(A™M) = 0.3520 and S(A®)) = 0.2260.
Thus, we conclude that A = A®).

Example 8.4.3. Consider MCDM problem with two alternatives A1) and A® which
are evaluated under three parameters {ej, ea, e3} by the two judges {ui,u2}. The rating

values corresponding to its are summarized as follows:

el €9 es
AW — wp [(0.7,0.1)  (0.8,0.2) (0.6,0.2)
up [(0.3,0.5) (0.5,0.4) (0.7,0.3)
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and

el €9 €3
A® — wui [(0.8,0.2) (0.7,0.3) (0.5,0.3)
us [(0.6,0.2) (0.3,0.4) (0.6,0.2)

Based on this information, by applying Cagman and Deli [21] approach under IFSS en-
vironment, from its ideal value B = ((1,0))ax3 then the measurement values of A1) and
A®) are obtained as 0.6833 and 0.6833. Clearly, from it we are unable to select the best
one. On the other hand, by utilizing proposed operator with equal priorities levels we get
relative score values as S(AM) = 0.2622 and S(A®)) = 0.2260 which implies A1) = A(?)

and hence A is preferred over A®2).

8.4.4 Comparative study

A comparative analysis with some of the existing approaches [6, 21, 98, 142, 161, 168, 171]
under IFSS environment has been conducted on the considered problem. The ranking

order of the alternative based on these approaches is summarized in Table 8.5. It is

Table 8.5: Comparison with existing approaches under IFSS environment

Overall values of alternatives Ranking

AM A?2) A®) A@
Arora and Garg [6] 0.3324 0.3054 0.2517 0.3486 | A = A = A®) = AB)
Selvachandran, Maji, Faisal and Salleh [171] | 0.7300 0.7232 0.7566 0.7377 | A®) = A1) = A®) - AG)
Muthukumar and Krishnan [142] 0.0185 0.0188 0.0161 0.0185 | A®) = AMD ~ AW ~ AB)
Sarala and Suganya [168] 0.6565 0.6792 0.6025 0.6552 | A®) = AN = AW » AB)
Khalid and Abbas [98] 0.5080 0.5040 0.5640 0.5280 | AP = AW = AM) = AG)
Rajarajeswari and Dhanalakshmi [161] 0.3260 0.2778 0.2275 0.3370 | AW = AM = AR = AG)
Cagman and Deli [21] 0.3260 0.2778 0.2275 0.3370 | A® = AN = A~ AB)

noted from this table that the final ranking of the proposed approach is different from
these approaches which are quite obvious. This is mainly due to the changeable decision
environments. For instance, in [6], weighted averaging and geometric aggregation operators
were introduced based on the algebraic sum and product and do not take into account

the information related to the dependency factor between the pairs of the IFSNs. On
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the other hand, the proposed method considers the consistency of the priority levels of
different parameters and the experts for MCDM problems. In [21, 98, 142, 161, 168, 171],
authors have used the similarity or distance measures to solve the MCDM problem. In
these, measures have been computed from their ideal alternatives without considering the
interaction between them and hence results obtained are inconsistent. For instance, from
the table, it is seen that result corresponding to the approach [142] is unable to distinguish

between the alternatives A1) and A® while the proposed one can easily distinguish them.

It is noted from the study that the computational procedure of the proposed approach
is different from the existing distance/similarity or aggregation methods [6, 21, 98, 142,
161, 168, 171], but the proposed result in this work is more rational to reality in the decision
process due to the consideration of the consistent priority degree between the pairs of the
arguments. In addition, the advantages of the proposed operator are that it is based on
the interactive operational laws defined in Definition 8.2.1, while the aggregation operators
developed by Arora and Garg [6] are based on the traditional operations. Further, based
on the comparison in Examples 8.4.1-8.4.3, we concluded that our proposed approach have
benefits over the existing aggregation operators [6], information measures [21, 98, 142, 161,

168, 171], when prioritized relationship between the parameters is considered.

In the end, it is concluded that proposed operators consider the decision makers’ risk
parameter A, which provide, the more choices to the decision makers to avail their desirable
alternatives depending upon the different ranking values for the different parametric value
of A. Also, the corresponding studies under the IF set environment can be considered as

a special case of the proposed operators by taking the number of parameters to be one.

8.5 Conclusion

This chapter develops some new aggregation operators, namely SPIFSIA and GSPIFSIA
under the IFSS environment by considering the priority levels to show the relationship
between the parameters and the experts. In these proposed operators, the factors of the

degree of hesitancy have been brought into account during their operational laws. The
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prominent feature of these operators is studied. Furthermore, we have utilized these op-
erators to develop some approaches to solve the MCDM problem with IFSS information.
Finally, the effectiveness, feasibility, and superiority of the approach have been evidenced
by a numerical example and some comparison is given. Also, the raking corresponding to
the different attitude parameter A will give the different choices to the decision makers to
choose their desirable alternatives. From the existing approaches, our proposed approach
also delivers a benefit over the existing approaches when the prioritized relationship be-

tween the parameters and the experts is considered.
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Chapter 9

Bonferroni mean aggregation
operators under intuitionistic
fuzzy soft set environment and
their applications to decision -
making

In this chapter, we developed some new Bonferroni mean (BM) and weighted BM averaging
operator for aggregating the different preferences of the decision maker. Some of its
desirable properties have also been discussed in details. Further, a DM method based on
proposed operators has been presented and then illustrated with a numerical example.
A comparative analysis between the proposed and the existing measures under the IFSS
environment has been performed in terms of counter-intuitive cases for showing the validity

of it.

9.1 Introduction

The extensive literature related to aggregation operators (AOs) for solving the DM prob-
lems are summarized in Section 1.1.4 of Chapter 1. However, from this literature, re-

searchers have highlighted the importance of each factor or its ordered position but cannot

!The content of this chapter is published as “Bonferroni mean aggregation operators under intuitionistic
fuzzy soft set environment and their applications to decision-making”, Journal of the Operational Research
Society, 69(11), 1711 - 1724, 2018. (SCI: Impact Factor 1.754)
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reflect the interrelationships of the individual data. On the other hand, in our real-life
situation, there always exist a situation in which a relationship between the different cri-
teria such as prioritization, support, and impact each other pays a dominant role during
an aggregation process. For example, when a decision maker makes a judgment based on
consideration of risk and costs in a project, he should assign a higher priority to risk than
cost. As an important tool, the AO plays a requisite role in aggregating the evaluations
knowledge under the fuzzy environment. Though some operators have been proposed
to aggregate uncertain and fuzzy information by taking all the input arguments as au-
tonomous during the process. However, different criteria are not always free as some sort
of relationship exists among them. So, combining the information with some classical
AOs which considering the interrelationships between the argument is required. To ad-
dress this, Bonferroni [16] suggested a mean-type operator named as Bonferroni mean
(BM), which encapsulates the interconnection among the criteria and preferences. Due
to this characteristic of BM operator, researchers are paying more attention to it. For
example, Yager [242] introduced the BM operator with its interpretation and suggested
its generalization. Xu and Yager [234] pointed out that BM operator can be used for ag-
gregating not only crisp numbers but can be used for fuzzy arguments also and introduced
BM operator for IFS theory. Kaur and Garg [97] put forward BM operator under cubic
IF'S environment. Li et al. [109] generalized BM operator and geometric mean and hence,

proposed generalized Bonferroni mean and investigated their desirable properties.

Since, IFSSs have the great powerful ability to model the imprecise and ambiguous
information in the real-world application than the other existing theories such as IFSs,
IVIFSs. In the present chapter, motivated by the concept of the Bonferroni mean and
by taking the advantages of the IFSS to express the uncertainty, we propose some new
AOs called the intuitionistic fuzzy soft Bonferroni mean (IFSBM), as well as weighted in-
tuitionistic fuzzy soft Bonferroni mean (WIFSBM) operator to aggregate the preferences
of decision makers. Various desirable properties of these operators have also been inves-
tigated in details. The major advantages of the proposed operator are that they have
considered the interrelationships of aggregated values. Further, we examine the proper-

ties and develop some special cases of proposed work. Some of the existing studies have
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been deduced from the proposed operator which signifies that the proposed operators are
more generalized than the others. Finally, a DM approach has been given for ranking the

different alternatives based on the proposed operators.

9.2 Aggregation operators based on Bonferroni mean

In this section, some new AQOs have been presented for solving the DM problems. Under
it, we shall propose the averaging operators namely, the intuitionistic fuzzy soft bonferroni
mean(IFSBM) and weighted intuitionistic fuzzy soft bonferroni mean(WISFBM) operators
for the collection of IFSNs A;x(i = 1,2,...,n;k = 1,2....,m), denoted by €, such that

&, and n; respectively be the weight vector of the parameters and the experts such that

n m
Ni, &k >0and Y nm =1, > & = 1.
i=1 k=1

9.2.1 Intuitionistic fuzzy soft Bonferroni mean operator

Definition 9.2.1. Let Ay(i = 1,2,...,n;k = 1,2,...,m) be a collection of IFSNs. A
IFSBM is a mapping IFSBM : Q" — ) defined as

1

pt+q
IFSBMP9( A1, Ava, .. .y Anm) = (mn( D) @ EB (AL, ® A%, ) (9.1)

k,l=1 i,5=1
k#L  i#]

where p, ¢ > 0 be any two real numbers. Then, IFSBM is called as an intuitionistic fuzzy

soft Bonferroni mean averaging operator.

Theorem 9.2.1. Let Ajx = (G, Vi), (1 = 1,2,...,n;k = 1,2,...,m) be a collection of
IFSNs. Then, the aggregated value obtained by applying Definition 9.2.1 is again IFSN

and is given by

IFSBMp’q(.AH, ./412, cee Anm)

(- (L fre-asrm=re)

k,l=1 i,5=1
kAL i)
= 1 1 (9.2)

< ﬁ ﬁ < 1_19ik)p(1—19jl)q>nmw>p+q

RI=1 G j=1
7]
MEL it
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Proof. We will prove the Eq. (9.2) by mathematical induction on n and m. Since for all

i, k; A, is an IFSN so we have 0 < (i, ¥ < 1 and (i + 94 < 1. Then the following steps

of the mathematical induction have been followed.

Step 1: For n = 2, we have

pt+q
1 m 2
IFSBMPY( Ay, Ara, . . ., Aom) = Zm =) P (4, ©.A%)
k=1 i,j=1
kAL i)

Now, by addition law of IFSNs, defined in Definition 2.5.2 of Chapter 2, we have

2
EB (Ah, ® A?z)
Z;‘J;é_jl
= (A}, ® A3 ) ® (‘Agk ® Af))
= (Rl 1 — (1= 91)P(1 1921)") ® (Cé”kcfl, 1—(1—9)P(1— 2911)")
= (1 DG = Gct). (1= (L= D)1 = va)7) (1= (1= D)1 - ﬁlm))
2
- it TT (10 vy o)
;s

Hence,

Similarly, for m = 2, we have

IFSBMM(AH, A, An2)

_ <2nn—1 @@ Afk®Aq>

k,l=1 i,5=1
k#l i#£]
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k,l=1 i,5=1
k#l 1#£]
2 n 1
2n(n—1) \ p+q
1—<1—H H(l—(l—ﬁik) (1—79Jl)q) > )
k,l=1 i,5=1
k#L  i#]

Thus, the result holds for n = 2 and m = 2.

Step 2: If Eq. (9.2) holds for m = ki,n = ko +1 and m = k; + 1,n = ko then, for
m:k1+1,n:k2+l,

k1+1 ko+1
D B (A 0A)
k=1 i,j=1
kL i
k1 ko+1 k1 ko1 k1 ko+1
= kelz @1 (AR @A%) | @ EB @1 (A ® Aq (ks +1)) o| D G?l (A% i(k1+1) ® Aj,) (9.3)
puils =G S
Now, for it we can firstly prove
ko+1
1_H( Cqukl—&—l)
ko+1 i,j=1
P q i#]
D A A ) =| (94)
521
gy IT (== 2) = 98,51)))
z;:j;&:jl
by using mathematical induction on ko.
Step 2a: For k9 = 1, we have
2
'L%];ézjl
2 2
= (1= T = ) H in)? (1 = j(h141)%)
Z%;gzjl
Step 2b: Assume the result is true for ky = 2z,
z+1
1_H( Ckch1+1)
z+1 i,j=1
P q o i#]
@ ('Alk ®'Aj(k1+1)) o 2+1
ii=1
oy (1= (1= )P (1 =Yk, 41)))
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then for ko = z + 1, we have

z+2

@ (Apk ® Aq(k1+1 )

3,j=1
i#]

z+1

= (@ (AL @ A](kﬁ-l))) & <@z+1 (‘A(z+2>k ® Az<k1+1))> & (@fj} (Afk ® A<qz+2)(kl+1))>

i,j=1
i#]

z+1 z+1

= [1- H ( Ckcq ki+1) ) H (1= (1= 0)P(1 = 9, 41))%)
gy g
241 241
® (1 - H ( <€z+2)kczg(k1+1)> ) H (1 —(1- ?9(z+2)k)p(1 - ﬁz‘(klﬂ))q))
sz z+1 -
( H (chtan) T[T (0= (= dar1 - 19(2+2)(k1+1>)q)>
i=1

i,j=1 i,5=1
i#] i#£j

D
z+2 z+2
= [1- H kc;'](kl-&-l)) ’ H (1= (1= 0)P (1 = 9, 41)%)

Hence, Eq. (9.4) holds for ko = z + 1.

Therefore, we have

k1 ko+1 k1 ko+1
DD (AoAln) = |1-TLIT (1 Gn) -
k=1 #j=1 k=1 i.j=1
] i#]
k1 ko+1
[T IT (1= (=971 = 9, 0)%)
k=1 ij=1
i#]

Similarly, we can prove

k1 kao+1 k1 ko241
EB @ (‘A?(kl+1) ® Ajk) = |1- H H (1 - Cﬁklﬂ)g‘]k) ;
k=1 %,J=1 k=1 i,j=1
i#] i#]
k1 ko+1
H H (1= (1 = Dir,+1))P (1 = 9j)) (9.5)
=1 %Jj=1

i#]



) TT TT (1= (=970 = 9508, 41)%)

o). T T (= (= o - vy

) I T - 0= va)ra - v

Thus, from Eqgs. (9.3), (9.4), and (9.5), we get
ki+1 ka+1
p q
B & (4, 4)
k=1 i,5=1
kAL i
k1 ko+1 k1 ko+1
_ _ __ /P
= |1-TI I (r-<
k=1 i,j=1 k=1 i,j=1
kAL i) kL i)
k1 ko+1 k1 ko+1
o |1-T] I (-
k=1 i,J=1 k=1 i,j=1
i#] i#]
k1 ko+1 k1 ko+1
o | 1= IT (0= i) I IT 0-0
k=1 iJj=1 k=1 i,j=1
i#j i#]
ki+1 ka+1 ki+1 ka+1
_ 4
o (B 1 g
k=1 i,j=1 k=1 i,j=1
kL i) kL i)

Hence the result given in Eq. (9.2), is true for all positive integers m, n.

Dithy+1))" (1 = Dji)?)
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The above proposed AO has been illustrated with a following example to describe the

“attractiveness of a house” under the IFSS environment.

Example 9.2.1. Let X = {uy, ua, us, us} represent the set of four experts which give their

preferences to describe the “attractiveness of a house” over the set of parameters £ such

that £={e1(“expensive”), ea(“beautiful”), es3(“in good location”)} and corresponding to

it the intuitionistic fuzzy soft set (F, ) which describes the “attractiveness of the houses”

to the person have been evaluated by the decision-maker and gave their preferences as

follows:

Ul

u3

Ug

€1
[(0.8,0.1
0.4,0.3
0.7,0.1
1(0.3,0.5

/-\A/-\/-\
—_  ~— ~—  —

€2
0.5,0.3
0.3,0.5
0.8,0.2
0.5,0.2

~—~~ o~ o~
_— — —

€3
0.4,0.5)]
0.7,0.2
0.5,0.1
0.6,0.1)]

~~ o~
\_/\_/\_/\_/
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For the sake of simplicity, consider p = ¢ = 1, be two real numbers. Then, we have

3 4 )
H H (1 — GirCy) ¥+GB-DE-—D

k=1 i,j=1
k£l i#j

(1— (0.8)(0.3))72 x (1 — (0.8)(0.8))72 x (1

— (0.8)(0.5))7 x
...... x (1= (0.6)(0.3))7 x (1

— (0.6)(0.8))7

and

k=1 i,j=1
k#L A

304 IG-DE-D
1T 11 <1—(1—19ik:)(1—19jz)> o

(1—(1=0.1)(1—0.5))7 x (1 —(1—0.1)(1—0.2))72 x

(1—(1—-0.1)(1—05))7 x (1 —(1—0.1)(1 —0.2))7=

Therefore, by using Eq. (9.2), we get IFSBMY ! (A;1, A1a, . .., Asz) = ((1 — 0.6899)2,1 —
(1—0.4180)2) = (0.5569, 0.2371).

Further, from the Theorem 9.2.1, we have observed that proposed IFSBM operator
satisfies the certain properties such as idempotency, boundedness, monotonicity which
can be read as follows:

Property 9.2.1. (Idempotency:) If A, = A = ((,9), for all i, k then

IFSBMP4 (.Au, A12,

G Aum) = A
Proof. If for all i, k, A;, = A, then
IFSBMP4(A1q, A2, ..., Apm)
m n T}Fq
1— H 1 _ Cpcq mn(m 1)(n ) ’
k=1 1 j:l
k#l #Jj

ij=1
i£j

m n 1 piq
mn(m—1)(n—1)
— | | | | < DP(1 —9)4 )
k=1
i
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m n pta
+ mn(m n
1- HH — P = =1) :
k,l=1 i,j=1
o k#L i#]
- 1
m n 1 p+q
mn(m—1)(n—1)
LT (- 0o
k,l=1 L :1
k#l #J

- ((1—(1—@?%))%1—(1—<1—<1—ﬂ>p+q>>piq)
B <<<p+q>piq, 1= (- ﬂ)”“””iq)
= (4779) =A
Hence the result. ]

Property 9.2.2. (Boundedness:) Let A~ = (mlgnmin{(ik}, mkaxmax{g}k}) and AT =
(m]?xmax{gk}, mkin min{(;;}), then
A™ <TFSBMP( Ay, Ara, ..o Apm) < AT

1

Proof. For the sake of simplicity, we denote § = =T =T}

Now, for all 7, k, we have

IIllIl mm{Qk} < G < ml?xmax{(,k}

p+q

+q
2N (mmmln{(zk}>p < ¢h Jql (mgxmaX{Cik}>

o ( maxmax{czk}>p+q>§ <(1-¢ jl) < <1 - <mkinmiin{§ik}>p+q>5
& ﬁ lj_n_[ (1— (maxmaX{Czk})er) ﬁ li[ ( ?z)é
[T [y

i)
0

T (v o))
i

i,j=1
i#j

m n p+q
s 1- <mgxmzax{gk}> < H H ( b qu> <1l- (mkinmiiﬂ{@k}>

p+q m n p+q
& (m}gn miin{cik}> H H (1 - ¢ qu> < (m}gx m?x{gk})
fori
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Therefore, we have

p+q

n
. . . _ _ q .
Inklnmiln{czk}g 1 1;[ 1 C jl Sml?xmlax{(m} (9.6)
i#]

‘u’:]s

k l

Furthermore,

mkin min{d;r} < Yy < max max{;}
K] K2

pt+q pt+q
& (1 — max max{ﬁik}> <A =P9)P(1—-95)7 < (1 - mkin min{ﬁik})

p+q

ptq
& 1- <1 - mkin mm{ﬂlk}> <T—(1—=9g)P1—-v;)1<1- (1 — max max{ﬂik}>

<1- (1 - m]?xmax{ﬁik}>

-+ m n
& (1 — mkaxmflx{ﬂz‘k}>p ' <1l- H H (1= (1 —=Ju)P(1 - 29jl)q)é

p+q
< <1 - mkin mjn{ﬁik}>

Therefore, we have

1
pt+q

min min{d;} < 1- H H (1— (1= 9)P(1 —09;)7)° < maxmax{¥ix}  (9.7)
i

Take § = IFSBMP( A1, A2, ..., Anm) = ((3,93), A~ = (mljnmjn{gik},m]?xmax{gk})

and AT = (mI?x max{(;x }, mkin min{¢;;}) then from Eq. (9.6) and (9.7), we have mkin min{ ¢y} <

(g < m]?xmax{(:ik} and mk:}n min{d;,} < Jg < max max{¥;;}. So by definition of score
7 7 7
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function, we get
S() = G5t < maxmax{Ge) — minmin{dy) = S(AY)
and () = (g — Vs 2 minmin{Gy} — maxmax{dix} = S(A7)
Now, based on it, the following three cases arises:
(Case 1:) If S(B8) < S(A™") and S(B) > S(A™), then, we have
A~ < IFSBMPY( A1y, A2, . ., Apm) < AT
(Case 2:) If S(B) = S(AT),1e., (p—Vp = max m?X{Cik}—mkin miin{ﬂik}, then, by above in-
equalities, we have (3 = m]?x mlax{gk} and ¥g = mkin miin{z%k}. Therefore, Hg =

(g +Vg = ml?xmax{gk} + mkin min{¥;;} and IFSBMP4( A1, A12, ..., Apm) =
AT

(Case 3:) If S(B) = S(A7), ie, (g — U5 = mkin miin{(:,»k} — max mzax{ﬁik}, then by above
inequalities, we have (g = mkin miin{Qk} and ¥g = max mlax{ﬂik}. Therefore, we
have Hg = (g + U5 = mlgnnliin{Cik} + ml?xmzax{ﬁik} and IFSBMP9( A1, Asg,

ey Apm) = A7

Hence, by combining all these cases, we have
A~ <IFSBMPY( Ay, A2, ..oy Apm) < AT
O

Property 9.2.3. (Monotonicity:) Let A}, be an another collection of IFSNs such that
Aip < Al for all k, 4, then

IFSBMp’q(AH, AIQ, . 7~Anm> < IFSBMp’q< /11, /12, ey A;Lm)
Proof. Proof of this property is similar to Property 9.2.2, so we omit here. O

Property 9.2.4. (Commutativity:) Let A;x(: = 1,2,...,n;k = 1,2,...,m) be a collec-
tion of IFSNs. Then

IFSBMP4( A1, Ag, . .., Apm) = IFSBMPY( A1, Aa, ..., Apm)

where (.An, Aa, . .. , Apm) is any permutation of (Aj1, A12, ..., Apm).
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Proof. Since (A11, Ao, ..., Apm) be any permutation of (A;1, Ao, ..., Apm), then Al ®
,4;1,1 = _Afk ® A?l. Hence, by definition of IFSBMP 4 we get the desired result. O

9.2.2 Weighted intuitionistic fuzzy soft Bonferroni mean operator

From the IFSBM AQ, it has been examined that they have considered only the preferences
of decision makers over the different parameters. However, in real-life situations, it is
necessary to consider the weights of the parameters and the experts during the analysis,
so that the decision-maker may get the more closeable result according to their desired
goals. For this, in the following, we have proposed the weighted intuitionistic fuzzy soft

BM operator(WIFSBM), for the collection of IFSN.

Definition 9.2.2. A WIFSBM operator for a collection of IFSNs A, (i = 1,2,...,njk =
1,2,...,m) is a mapping WIFSBM : Q" — Q defined for any real numbers p,q > 0 as

WIFSBMp’q(.AH, .A12, e ,Anm) (9.8)

1
p+q

= | mn(m —11)(n ) D D <(5k(77i«4ik))p ® (fz(??jAﬂ))q)

k=1 4,j=1
k£l iAj

where & = (£1,6,...,&0)T and = (91,72, ...,7,)" be the weight vectors of parameters
m n

and the experts respectively such that & >0, > & =1, >0and > n = 1.
k=1

= i=1
Theorem 9.2.2. The aggregated value of IFSNs Az = (G, Vik); (10 = 1,2,...,nk =
1,2,...,m) by using WIFSBM operator is still IFSN and is given by:

WIFSBMP( Ay, A1z, - - - s Apm) =

p+q
m n 1
1— H H (1 — (1= (1= )8 )P(1— (1 — le)izm)q> mn(m=1)(n=1) 7
k=1 i,j=1
KA i
LS =) &
s 5 . mn(m—1)(n—
1- (1= J] II <1 — (1= 95 yP(1 - %”J)q) (9.9)
k=1 i,j=1
AL i

Proof. Similar to Theorem 9.2.1, so we omit here. O
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Example 9.2.2. Consider a data as given in Example 9.2.1. In it, let £ = (0.3,0.5,0.2)7
and n = (0.1,0.2,0.4,0.3)” be the weight vectors of different parameters and the experts,
respectively. Then by using Eq. (9.9) corresponding to p = ¢ = 1, we have

WIFSBMY! (Ay1, Ara, . . ., Ag3)

[V

3 4
1
= | {1= [ T IT (- 0= (= Gy = (1 = gyt e
k=1 i,j=1
k#L i)
1 i\ 34.(3=1).(4—1)
=TT TT (- 0= —oim)
k=1 i,j=1
k#L i)

- ((1 ~0.9960)%,1 — (1 — 0.9817)%)

= (0.0635,0.8647)

9.2.3 Special cases of the proposed operator

In the following, we will discuss some special cases of WIFSBM operator by taking different

values of p and gq.

Case 1. If ¢ — 0, then, the proposed operator reduces to weighted intuitionistic fuzzy soft

mean operator as follows:

lim WIFSBMp’q(.AH, A12, e ,Anm)
q—0

p+q
m n
1
1— H (1-(1-(1- Cir) &M (1 — (1 — Cﬂ)ézm)q)m ,
k=1 i,j=1
= lim A
0 m n 1 ﬁ
_ O\ mam=1)(n-1)
1-[1-T] II (1 — (1 — 98 yP(1 — 192"1)‘1>
k=1 %,j=1
KAL it

<1 - (ﬁﬁ (1-a-q —<>€>><>%<>))

1
m n (m-1)(n-1) \ p

) mn(m—1)(n—1)
1—[1- HH(1—(1—19§;;"1)10>

k=1i=1
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k=1i=1
1
= <1€mBé (& (miAin)) )p
mn \ 1 T
k=1 i=1
= WIFSBMP?(Ay1, Ara, . .., Apm)

Case 2. If p =2 and ¢ — 0, then the proposed operator reduces to weighted intuitionistic

fuzzy soft square mean operator as follows:

WIFSBM??( A1, Ara, . .., Anm)

Case 3. If p =1 and ¢ — 0, then Eq. (9.9) reduces to weighted intuitionistic fuzzy soft

average operator as follows:

WIFSBM0 (A1, Ara, ..., Anm)

(- (ETe-u-o-wen))
(o))

1=

: L(ﬁﬁ@%mg#»(bﬁﬁwwW)

k=1i=1
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If p = ¢ =1, then we have

WIFSBMY! (Ay1, Ara, . . ., Apm)

N[

mn

| o= D D (mdn) © (atnA))

k=1 i,j=1
k#L  i#]
1
m n 1 2
=1 M 1T -0 - qusm - - gysm)memio | |
k];l;é:]l I;J;Zl

1

m L . . mn(m—1)(n—1)

1= (1= 0 (1-a-omn-oim)
k=1 ij=1
AL i

The reduced operator WIFSBM!! is called the weighted intuitionistic fuzzy soft

interrelated square mean.

9.3 Proposed approach

In this section, based on the proposed operator, a DM method has been presented for

ranking the different alternatives under the IFSS environment.

The description of the MCDM problem is given in Section 2.6 of Chapter 2. In it,

the rating values corresponding to each alternative .A(b)(b =1,2,...,t) is assessed by an

expert u;(i = 1,2,...,n) under the parameters e;(j = 1,2,...,m) and represent them in

terms of IFSNs A;r = (Gik, ¥ix). Then, the following steps of the proposed approach are

stated based on the proposed operators, to find the best alternative(s) among the all.

Step 1:

Step 2:

Step 3:

Arrange the information related to each alternative in terms of intuitionistic fuzzy

soft matrix M = (A;,) fori =1,2,...,n;k=1,2,...,m.

Obtain the normalized decision matrices R = (r;) corresponding to each alter-

native, where r; is given according to Eq. (2.34) of Chapter 2.

Aggregate the IFSNs 7 (i = 1,2,...,n;k = 1,2,...,m) for each alternative
A (b = 1,2,...,t) into collective decision matrix 7, = (¢, 9®)) by the pro-
posed IFSBM or WIFSBM operator(given in Egs. (9.2) and (9.9) respectively).
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Step 4: Calculate the score function of the aggregated value r(® = (¢ ®) 9®)) by using
Eq.(9.10) as

S(r®y = ¢® _ y® (9.10)

If for any two indices by and b2, we get S(rp, ) = S(7,) then compute the accuracy

degree corresponding to such indices by using Eq. (9.11) as

H(r®) = ¢® 4+ 9® (9.11)

Step 5: Rank the alternatives A®) (b = 1,2,...,t) based on its score values and hence

select the best one(s).

9.4 Numerical Example

The above-mentioned approach has been illustrated with a practical example of DM which

can be read as:

9.4.1 Case study

Monsoon rains in river catchments have caused flooding in the northeastern state of As-
sam, India in July 2016. The Brahmaputra river and its tributaries overflow as a result of
monsoon rains which effected over 80,000 people and 4,000 hectares of crop land accord-
ing to Assam State Disaster Management Agency(ASDMA). The worst affected areas of
Assam are {Lakhimpur(.A™M), Dhemaji(A®)), Nagaon(A®), Jorhat(A®)}. A team of five
experts, denoted by {uy, ua, us, us, us} from different departments of ASDMA with weight
vector = (0.2,0.15,0.2,0.3,0.15)7, will inspect the flood affected areas on the different
parameters {crop loss (ej), loss of livestock (e3), loss of life (e3), damage of houses (ey),
ecological damage (e5)} having weight vector £ = (0.2,0.1,0.3,0.15,0.25)"". Based on their
recommendations, the government has to allocate funds according to the level of dam-
age. In order to fulfill it, they have evaluated these and gave their preferences in terms
of IFSNs. The main procedure steps for obtaining the best alternative(s) by utilizing the

developed approach are summarized as follows:
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Table 9.1: Rating values of each alternative in terms of IFSNs

For alternative A(Y) For alternative .A®?)
€1 €9 €3 €4 €5 €1 €9 €3 €4 €5
up | (0.3,0.4) (0.5,0.1) (0.6,0.2) (0.7,0.1) (0.6,0.2) | (0.4,0.3) (0.5,0.1) (0.6,0.2) (0.7,0.1) (0.7,0.2)
uy | (0.6,0.1) (0.6,0.2) (0.2,0.4) (0.5,0.1) (0.7,0.3) | (0.6,0.1) (0.5,0.3) (0.4,0.3) (0.4,0.3) (0.4,0.1)
us | (0.5,0.1) (0.7,0.2) (0.5,0.4) (0.2,0.2) (0.4,0.2) | (0.5,0.3) (0.5,0.1) (0.5,0.3) (0.3,0.2) (0.6,0.2)
ug | (0.2,0.4) (0.5,0.1) (0.6,0.1) (0.4,0.1) (0.6,0.2) | (0.5,0.3) (0.7,0.3) (0.4,0.2) (0.5,0.1) (0.5,0.2)
us | (0.6,0.1) (0.3,0.4) (0.4,0.3) (0.6,0.1) (0.5,0.2) | (0.4,0.2) (0.5,0.2) (0.3,0.3) (0.6,0.1) (0.4,0.2)
For alternative A®) For alternative A%
€1 €2 €3 €4 €5 €1 €2 €3 €4 €5
up | (0.4,0.3) (0.5,0.4) (0.5,0.2) (0.6,0.1) (0.4,0.2) | (0.3,0.4) (0.8,0.1) (0.7,0.1) (0.4,0.3) (0.2,0.3)
uy | (0.5,0.1) (0.3,0.2) (0.3,0.2) (0.4,0.2) (0.3,0.2) | (0.5,0.1) (0.4,0.2) (0.4,0.2) (0.6,0.1) (0.2,0.6)
us | (0.5,0.3) (0.5,0.1) (0.4,0.2) (0.2,0.2) (0.5,0.4) | (0.2,0.1) (0.4,0.2) (0.5,0.4) (0.4,0.2) (0.5,0.2)
ug | (0.5,0.1) (0.4,05) (0.3,0.2) (0.7,0.2) (0.3,0.2) | (0.7,0.2) (0.5,0.1) (0.6,0.1) (0.4,0.1) (0.7,0.1)
us | (0.7,0.1) (0.4,0.6) (0.4,0.2) (0.3,0.1) (0.6,0.1) | (0.5,0.2) (0.5,0.4) (0.4,0.2) (0.3,0.2) (0.7,0.1)

Step 1: The experts give their rating values of each alternative Ay(b = 1,2,3,4) under
the consideration of the parameter set {e1,es,es,e4,e5} in terms of IFSNs and
summarized in Table 9.1.

Step 2: Since all the preferences given by an expert are of same type, so there is no need
of normalizing the data.

Step 3: Aggregate the preferences of these values corresponding to each alternative by
utilizing the proposed aggregation operator WIFSBM, as given in Eq. (9.9),
for p = ¢ = 1, we get the respective values, denoted by r(®; (b = 1,2,3,4)
are (U = (0.0273,0.9290), @ = (0.0270,0.9318), ) = (0.0228,0.9312) and
r® = (0.0273,0.9265).

Step 4: The overall preference values of these aggregated number are computed by us-
ing the score function and get S(r) = —0.9017, S(r®) = —0.9048, S(r®) =
—0.9084 and S(r) = —0.8992.

Step 5: According to the score values, the ordering of the alternatives is A% = A1) »

A®@ — AG) in which ‘-’ means “preferred to”. From this, it has been seen that

the best alternative is A®, ie., A® is the most damaged area than the other
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areas.

In order to see the impact of p and ¢ on the DM, an analysis has been conducted by taking
different values of p and ¢ for the considered problem. Based on these different values, the
proposed AO has been applied and their corresponding score values, as well as the ranking

order of the alternatives, are summarized in Table 9.2. From this, it has been examined

Table 9.2: Behavior on ranking order of the alternatives by WIFSBM operator for different
p and ¢

Value of Rating Values Ranking

p q A A®) AB) A@

1 0 |-0.9071 -0.9099 -0.9131 -0.9028 AW = AD = A@ » AG)
2 0 |-0.89041 -0.9011 -0.9031 -0.8842 A®W = AM » A AG)
10 0 |[-0.8058 -0.8548 -0.8569 -0.7958 AW = AM » AR~ AG)
0 1 |-09051 -0.9075 -0.9135 -0.9048 A® = AD = A@ o AG)

0 2 |-0.8911 -0.8959 -0.9018 -0.8887 AW = A1) o« A2 = 4B)
1 1 |-0.9017 -0.9048 -0.9084 -0.8992 A®W = AD) = A2 o AB)
2 2 |-0.8807 -0.8895 -0.8922 -0.8760 AW = AL = A2 = ABG)

that as the value of p or ¢ increases, the score values of each alternative by WIFSBM
operator will also increase. Further, it has been concluded that the ranking order of given
alternatives is same in each case and found that the most suitable alternative is A®, i.c.,
AW is the most damaged area. In the special cases where at least one of two parameters
p and ¢ take the value of zero, the WIFSBM operator cannot capture the interrelationship
of individual arguments. So, for convenience, the values of the parameters can be set as
=q =1 or p =q = 2, which makes the computational procedure quite easy and also
reflect the correlation among the criteria. Thus, the decision-maker can easily select the
desirable alternative according to the actual need of the DM process.
In order to compare the performance of the proposed approach with some existing
approaches under IFSS environment, we conducted a comparative analysis based on the
different approaches, as given by the authors [6, 21, 98, 142, 161, 168, 171]. The results

corresponding to it have been summarized in the Table 9.3.
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Table 9.3: Comparison with existing approaches under IFSS and IFS environment

Method Rating Values Ranking
AWM A AB) AW
Arora and Garg [6] Aggregation operator | 0.3324 0.3054 0.2517 0.3486 | A® = A1) = A » AB)
Selvachandran, Maji, Faisal and Salleh [171] | Distance measure 0.7300 0.7232 0.7566 0.7377 | A® = AL = AW - AB)
Muthukumar and Krishnan [142] Similarity measure | 0.0185 0.0188 0.0161 0.0185 | A® = AW = AD - AB)
Sarala and Suganya [168] Similarity measure 0.6565 0.6792 0.6025 0.6552 | A®) = AD = AW » AG)
Khalid and Abbas [98] Distance measures 0.5108 0.5070 0.5705 0.5100 | A® = A® » AD) - AB)
Rajarajeswari and Dhanalakshmi [161] Similarity measures | 0.3260 0.2778 0.2275 0.3370 | A® = AD = A?) = AG)
Cagman and Deli [21] Similarity measures | 0.3260 0.2778 0.2275 0.3370 | AW = AW = A®) - AG)

9.4.2 Superiority of the proposed operator over the existing approaches

In this section, we have presented some counterexamples which show that the existing ap-
proaches under the IF'SS environment fail to rank the given alternatives while the proposed

approach can overcome their shortcoming.

Example 9.4.1. Consider the DM problem in which there are two alternatives denoted
by AM and A®, which are evaluated by the two judges u; and us under the set of
parameters denoted by ey, e, e3 with weight vector (0.34,0.33,0.33)7. Assume that the
weight vector of two judges are 0.54 & 0.46 and the preferences corresponding to each

alternative as evaluated by these judges are represented in the form of IFSNs as follows.

€1 €9 €3
(AD g) = w [(0.6,0.4) (0.5,0.3) (0.7,0.2)]
up [(0.4,0.5) (0.7,0.2) (0.5,0.4)
and
€1 €9 €3
(A &) = w [(0.5,0.2) (0.6,0.2) (0.5,0.4)]
up [(0.3,0.2) (0.6,0.2) (0.5,0.3)

Now, if we utilize an AO as proposed by Liu and Li [119] then the score values corre-
sponding to alternative A1) and A® are: 0.2697 and 0.2697 respectively. Thus we get
AWM =A@ But AM #£ A®) . Thus the existing operator is unable to distinguish between

the alternatives. On the other hand, if we apply proposed AO to this problem, then
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their respective score values are S(AM) = —0.6916 and S(A®?)) = —0.6804. Thus, we get
A® — AM and hence A® is preferred than AW,

Example 9.4.2. Consider two alternatives A1) and A® which are evaluated by consid-
ering set of parameters {ej,es,es} and two judges {u,us} whose preference values are

summarized under IFSS environment as follows:

el €2 es3
(AD, &) = w [(0.5,0.4) (0.7,0.1) (0.6,0.2)]
ug [(0.3,0.6) (0.8,0.1) (0.6,0.3)
and
€1 €92 €3
(AP &) = [(0.7,0.1) (0.6,0.3) (0.3,0.4)]
ug [(0.5,0.4) (0.6,0.1) (0.8,0.2)

If we apply distance measure d(.) as proposed by Khalid and Abbas [98] under IFSS
environment, then their measure values of the alternatives A and A® from the ideal
alternative B = ((1,0))ax3 are d(AM, B) = 0.4167 and d(A®, B) = 0.4167. Thus, it
has been seen that by their approach it is unable to distinguish between them. On the
other hand, if we apply the proposed aggregation IFSBM operator then the score values
corresponding to the alternatives A1) and A® are 0.3058 & 0.3809. Hence we conclude

that the alternative A2 is better than the alternative A,

Example 9.4.3. Consider the DM problem in which there are two alternatives A1) and
A®) | which are evaluated by two judges {u1,u2} under the set of parameters {ej, e, e3}.
The preference values corresponding to each alternative are summarized under IFSS en-

vironment as follows:

el D) es
(AD &) = w [(0.7,01) (0.8,02) (0.6,0.2)
up [(0.3,0.5) (0.5,0.4) (0.7,0.3)
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and

€1 €9 €3
(AD &) = w [(08,02) (0.7,03) (0.5,0.3)
uy [(0.6,0.2) (0.3,0.4) (0.6,0.2)

If we apply existing distance measure d;(.), as proposed by Cagman and Deli [21] under
IFSS environment to find the measure values of alternatives A and A® from the ideal
value B = ((1,0))ax3 then we get: di (AN, B) = 0.6833 and d;(A®), B) = 0.6833. As both
have same distances so it is not possible to choose the best. Now, if we utilize the proposed
operator on them then the relative score values of the alternatives are S(AM) = 0.3202
and S(A®)) = 0.3233. Since the S(A®?) is better than S(AM) and hence A®?) is preferred

over A,

9.5 Conclusion

The intuitionistic fuzzy soft set is an important tool for dealing with the uncertainty and
fuzziness by considering the parametrization factor during the DM process. The aim of
this chapter is to present an AO named as Bonferroni Mean operator whose remarkable
characteristic is their efficiency to capture the relationships between individual arguments.
For this, we have presented two Bonferroni mean operators i.e., the IFSBM operator
and the WIFSBM operator, to aggregate the different preferences of experts given over
different parameters under IFSS environment. An approach for solving the DM problems
has been presented by taking different values of parameters p and ¢, which makes the
proposed operators more flexible and offers the various choices to the decision-maker for
assessing the decisions. A comparative study with some existing operators shows that the
proposed operators and their corresponding techniques provide a more stable, practical
and optimistic nature to the decision-maker during the aggregation process. Also, the
superiority of the proposed work over the existing methods is discussed by considering

some examples.
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Chapter 10

Generalized intuitionistic fuzzy
soft power aggregation operator
based on t-norm and their
application

In this chapter, we develop some new power AOs based on the Archimedean t-norm
operators for IFSNs. The developed AOs are named as intuitionistic fuzzy soft (IF'S) power
averaging and geometric operators, weighted IFS power averaging and geometric operators,
weighted and ordered weighted IFS power averaging and geometric operators. The salient
features of these operators are also discussed in details. Further, these operators are
extended to its generalized version and called generalized IF'S power averaging or geometric
aggregation operators (AQOs). Finally, the applicability of these developed operators is
explained with a numerical example related to DM problems. A comparative analysis of

existing approaches has been done for showing the validity of the proposed work.

10.1 Introduction

The basic definition related to Archimedean t-norm and t-conorm are given in Section 2.4
of Chapter 2, while the literature related to AOs are defined in Section 1.1.4 of Chapter 1.

The theories presented in these sections have the advantage of being capable of framing the

!The content of this chapter is published as “Generalized intuitionistic fuzzy soft power aggregation
operator based on t-norm and their application in multi criteria decision-making”, International Journal
of Intelligent Systems, 34(2), pp. 215-246, 2019 (SCI: Impact Factor 7.229)
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descriptions of the real-world situation, but these operators do not consider the supported
aggregation. However, the power aggregation (PA) operator allows the input data to
support each other during the aggregation process. Moreover, the PA operator can remove

the impact of inconsistent data of decision-makers giving power weight to all individuals.

Considering the importance of the relationship among the attributes, prioritized AOs
are one of the great significance of the decision problem. PA operator allows the input
data to support each other during the aggregation process. In our real-life situation,
there always exist a situation in which a relationship between the different criteria such as
prioritization, support, and impact each other pays a dominant role during an aggregation
process. For example, when a decision maker makes a judgment based on consideration
of risk and costs in a project, he should assign a higher priority to risk than cost. For
handling such types of situations and to incorporate into the DM analysis, Yager [238]
proposed the power averaging (PA) operator which highlights the support of input values
during the aggregation process. Wei [212] investigated the prioritized AO under hesitant
fuzzy environment. Xu and Yager [233] proposed some geometric operations to introduce
weighted and ordered weighted power geometric operators. Zhou et al. [265] developed
a power averaging operator for measuring the performance of the different alternatives.
Simultaneously, selecting the appropriate operational laws during the aggregation phase
is crucial. For it, AT and AC and families, which is an important tool for some sets to
generate general operational laws. They contain various ATs and ACs such as Algebraic,
Einstein, Hamacher and so on, which is very useful to achieve the intersection and unions

of the fuzzy evaluations given in Table 2.1 of Chapter 2.

Therefore, in this chapter, by keeping the advantages of PA operators and by taking
the specific priority degrees of different attributes, we develop the power AOs under the
intuitionistic fuzzy soft set environment. For it, different operators named as IF soft power
averaging (IFSPA), weighted IFSPA (WIFSPA), ordered weighted IFSPA (OWIFSPA),
IF soft power geometric (IFSPG), weighted IFSPG (WIFSPG), ordered weighted IFSPG
(OWIFSPG), generalized weighted IFSPA (GWIFSPA), generalized ordered weighted IF-
SPA (GOWIFSPA), generalized weighted IFSPG(GWIFSPG) and generalized ordered
weighted IFSPG (GOWIFSPG) operators are proposed. The salient properties of these
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operators have also been studied in details. Then, we developed a new approach to MCDM
problems under the IFSS environment based on the proposed AOs. The feasibility, as well

as the superiority of the proposed approach, has been illustrated with a numerical example.

10.2 Intuitionistic fuzzy soft Power aggregation operators

In the following, we shall develop some IF soft power averaging and geometric AOs based
on the generalized t-norm operations of IFSNs and PA. For it, a strict AT and AC can be
expressed in the form of continuous functions p, ¢ : [0, 1] — [0, 1] respectively as T'(z,y) =
g Yq(z)+q(y)) and S(x,y) = p~(p(z)+p(y)) where g (or p) is a decreasing (or increasing)
function with ¢(1) = 0; p(0) = 0 and ¢(x) = p(1 — z).

10.2.1 Operational laws for IFSSs

Definition 10.2.1. Let Ay; = ((15,%15);(j = 1,2) and A = (¢, ) be three IFSNs; then

we have
(1) A @Az = (p7" (p(C1) +2(Gi2) a7 (@(Wn) + g(D12))).-
(i) An ® Az = (¢ (a(C11) + a(C12)) 7" (p(V11) + p(V12))).
(iii) A = (p~! (Ap(C)), ¢~ (\g(9))), A > 0.
(iv) A*= (¢~ (Ma(C)),p~ ! (Ap(¥))), A > 0.

Theorem 10.2.1. If Ay; = ((15,%15);(j = 1,2) and A = ((,¥) be IFSNs; then for
A>0; A1 @ Ao, A ® Aga, A and A\A are also IFSNs.

Proof. By using basic definition of p and ¢, we get 0 < ¢~ (¢(¢11) +¢q(¢12)) < 1 and
0 <p~'(p(911) +p(12)) < 1. Therefore,

g " (q(C1) + q(C2)) + " (p(911) + p (V12))
<q ' (g1 —911)+q(1—012) +p " (p(W11) +p (V12))
<1—p ' (p(Wn) +p(ha) +p " (p(911) + p (V12))

<1
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Therefore, A1 ® Ajs is an IFSN. Similarly, we can prove Ay & Ajo, AN and \A are
IFSNss. O

Theorem 10.2.2. Let Ayj; (j = 1,2) and A be three IFSNs, then
(i) Au @ Ars = A1z @ An.
(i) A ® Arz = A12 ® Au.
(i) A(An @ As) = M ® M, for A > 0.
(iv) (A1 ® A;p)* = A}, @ A}y, for A > 0.
(v) ALA® Ao = (A1 + o)A, for A, Ag > 0.
(vi) AM @ AN = ANMFR2 for A\ Ay > 0.
Proof. We will prove the parts (iii) and (v). Proofs of others can be proceeded likewise.
(iii) For any real number A > 0,
A(A1 @ Ar2)
A ( “Hp (G) +p(G2) a7 (g (911) + g (912)))
() +p(G2))at (M (a7 (g (W11) + g (912)))))
(P (C1) +p(C12)) 50 (A (g (911) + ¢ (912))))
o +p (p_l (Ap(¢12)))) ,>
( (A

q (t12))))
11 )) & (p7 (W (¢12)) 7" (Aq (W12)))

( (g 011)

= A1 © Ao

(v) For real number Aj, A2 > 0,

MAD A = (7 Q). a7 (Mg (@) @ (p" (Map(€) a7 (Aaq (1))
B (pl(p( A () +p (' (Map (€ ))7)
e @ @) + a7 Qaa (9))))
= (" p Q) +2p(Q) a7 (Mg () + g (9)))
= (M +X)A
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]

Theorem 10.2.3. For three IFSNs A, A;; and Az, A > 0 be real number, we have

(i) (A = (AA)

(i) A(A°) = (4%)"

(i) Af; & Af, = (A1 ® A12)°.

(iv) Af; ® Afy = (A1 @ Aj2)°.
where A = (9, ¢) denotes the complement of IFSN A = (¢, 9).
Proof. By using operations stated in Definition 10.2.1, we have

(1) (A9 = (¢ (g (), (0 (Q))) = (AA)".

(i) AMA) = (p" () ,a " (M Q) = (AY)".

(i) Af ® Afy = (p7" (0 (1) + 2 (C12)) ¢ (g (V1) + ¢ (V12))) = (A @ Ara)".

(iv) Ay @ Ay = (¢ (¢ (W11) + ¢ (912)) , 7 (p (C11) + 0 (C12))) = (A & A12)".
which completes the proof. 0

Based on these operations, we have defined some new weighted averaging and geometric

AOs as follows:

10.2.2 Intuitionistic fuzzy soft power averaging operator

Let A;; = (Gij,Vij) , be a collection of IFSNs such that ¥;; # 0 for all 4, j, then we define

the intuitionistic fuzzy soft power averaging (IFSPA) operator on IFSNs as follows.
Definition 10.2.2. For IFSNs A;; € €, IFSPA operator is a mapping from (" to {2 and
is defined as:

IFSPA( A1, Ar, ... Apm) = @ <€J @ (771'./4@']')> (10.1)

j=1 i=1

where §; = ,,SHiT) N = M and R; = Z Sup(Aij, Akj), Tj = > Sup(A;, A;) and
(1473 S (14Ry) =t =

Sup(Aij, Akj) refers the support for A;; from Ay;.
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Theorem 10.2.4. For a collection of IFSNs A;; = ((i;,7;5), the value obtained with
IFSPA operator is still an IFSN and given by:

IFSPA (A1, A1g, ..y Anm)

= |pr' D¢ (Zmﬂ%)) a4 <Z77iQ(19ij)) (10.2)
J=1 i=1 Jj=1 i=1

Proof. To prove the result given in Eq. (10.2), we have applied principle of mathematical

induction on n,m as follows.

Step 1: For n =1, we have

IFSPA(A11, Aia, ..., Aim)

= PGy,
j=1
= | [ Do) | a7t [ Do ga )
=1 =1

m 1 m 1
= "D ¢4 (Z nip (Qj)) a1 g (qu(ﬁij)>
J=1 i=1 j=1 i=1
Similarly, for m = 1, we have

IFSPA(.AH, ./421, e 7./4“1) = @ 771\/41'1
i=1

1 n 1 n
= (' [D]¢ (Z 1P (Cz’j)) a1 (Zmﬂ%ﬂ)
J=1 i=1 j=1 i=1
Thus the result holds for n =1 and m = 1.

Step 2: Assume the result is true for m = k1,n = ko + 1 and m = ki + 1,n = ks then for
m=ki+1,n=ky+ 1, we have

ki1+1 ko+1
@ (fj @ (m«%))

j=1 i=1

1 ko+1 ko+1
= (53’ @ (772'«417')) D ky 41 <@ (niAi(k1+1)))

j=1 i=1 i=1
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— ( (ZEJ (lwilmp (Gij) >) g (jzk?ij (Télmq (%‘))))
o R ) Rl R ) )

— ( (Zé} (lﬁ?il nip Cu)> + &1 (kil mip (Cz’(k1+1))>) :

=1 =1

ko+1 ka+1
(ny (Z niq (V45 > + &1 (Zl 7iq (ﬁi(k1+1))>))
ki1+1 ko+1 ki1+1 ko+1
(pl (Z & (Z nip (Cm))) g (Z & (Z 771'(](192]'>>>)

Thus, the result holds for m = k1 + 1,n = ko + 1. Hence, by mathematical induction, the

S

result is true for all positive integers m, n. O
It can be easily proved that the IFSPA operator has the following properties:
Property 10.2.1. (Idempotency:) If A;; = A= ((,9) for all ¢, j then
IFSPA(A11, Al, ... Apm) = A.
Proof. 1If A;; = A, for all 4, j, then by using Eq. (10.2), we have
IFSPA(A11, A12, ..., Apm)

- (Bl (Bl

= (' (), a7 (g(9)))
= A

Property 10.2.2. If A;; and A are IFSNs, then

IFSPA(.All A ALPA, ..., A B .A) = IFSPA(.AH7 Ao, ... ,.Anm) oA
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Proof. As A;; and A are the IFSNs, then for all ¢, j, we have

Ag @ A= (p7 (p(Gy) +p(Ca) a " (g (¢ig) +q(Ca)))

Therefore,
IFSPA(A11 @ A, A1a @ A, ..., A @ A)

p! ZEJ (Zmp Yp (Cij)+p(CA)))>)>

i=1

> mig (a7 (g (Wi +Q(’19A)))>)

=1

n

777, 2] +q 19/1

fo<
P! Zsj (Zn (Gij) +p @))))
z@(

=

)
p! p( ]f;@ Zm P (Gij) )) +p(C ))
g ( f:l@ Zm )
o (e (Snow)),

=1

= ® (Ca,92)
- z@ (Zm 95 ))

= IFSPA(.AH, Ao, ... ,Anm) oA

Property 10.2.3. For a collection of IFSNs A;; and real number A > 0,
IFSPA(MA11, A2, ..., A ) = A TFSPA(Ay1, A1, - .. Anim)

Proof. If Aij = (Gij,%45)31 =1,2,...,n;j = 1,2,...,m are the IFSNs then for any real
number A > 0, we have AMA;; = (p™ (p (A(i5)) ;a7 (g (A45))). Therefore,
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IFSPA(MA11, Mg, .., AMum)

p! Zég (ZZ:m " ( Qﬂ))))) :
ZZm (N 29@))))))

p! ij EZ i <Ap<<ij>>>) :
el o)
el

= AIFSPA(A11, Ai2, ..., Anm)

Property 10.2.4. If A;;, B;; for all 4, j are IFSNs, then

IFSPA(.AU D 811, .A12 @ BlQ, e 7-Anm S Bnm)
= IFSPA(.Alh .A127 - 7~Anm) &) IFSPA(BH, 812, - ,Bnm)

Proof. Let A;j = ((ij,045) and Bi; = (05, pi;) be two IFSNs for all ¢, 5. Then, we have
Aij ® Bij = (7! (p(Gij) + 0 (0i5)) 47" (¢ (Vi5) + q (¢i5))). Therefore,

IFSPA(A1 @ A1, A2 @ Ajg, ..o, Apm @ Anm)

(Zﬁg (;mp p(Cij) + (0 ))))) :
- (jilﬁj (gmq a0y ‘|‘Q(<PZJ)))>)
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P D¢ m(p(Cinp(@zj)))),
j=1 i=1
a1 ﬁi(qwij)JrQ(%j))))
j=1 i=1
p! ij ' Ui(P(Cz‘j)er(@ij)))),
(935) (")))

j=1 i=1
P D¢ ip (Cm)> +Y 4 ( mip (%))) :
_ j=1 i=1 j=1 i=1
DG D ma (%)) +Y 4 ( mq(som)>
7=1 =1 j=1 =1

<
(
[
( |
5
(

= IFSPA(All,AlQ, IFSPA 811,612,... Brm)

10.2.3 Special cases of IFSPA operator

By assigning various values to the generator ¢, the proposed IFSPA operator is particu-

larized as follows:

(i) If q(t) = —log(t) is to be taken, then Eq. (10.2) reduces to intuitionistic fuzzy soft

Archimedean weighted averaging operator [6].

m n & m n 3
IFSPA( A1, A2, ... Apm) = (1 - H (H (1- Cl])m> 7H (H 197;) )

=1 \i=1 =1 \i=1

2—-t
(i) If q(¢t) = log (t) , then Eq. (10.2) reduces to intuitionistic fuzzy soft Einstein
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weighted averaging operator.

IFSPA(A11, A2, ..., Aum)

— Jijl <£[1 1+ Qj)m)éj - ]ijl <£[1( ~ )’ )E] 2jfjl (11;11 ﬁz)gj

d+(1=9)t
(iii) If ¢(t) = log <+(t)>’ d € (0,00), then Eq. (10.2) reduces to intuitionistic

fuzzy soft Hammer weighted averaging operator.

IFSPA (A1, Aia, ..., Anm)

fi(fosover) fi (flo-or)
Jﬁl ﬁ (146 - 1)Cij)m>§j +(0 - l)jﬁ1 <Zﬁ1 (1- gij)"i)€j7
: ofi (f)°
1 (ﬁ (L+(6—1)(1— mj))"ifj F6E-DTI (f{ 19;7;>£j

7=1
10.2.4 Weighted and ordered weighted IFSPA operator

Definition 10.2.3. For the IFSNs A;; € Q, WIFSPA operator is a mapping from 2" to
Q and is defined as:

WIFSPA(A11, Arg, ..., A @( e ”)> (10.3)
1= 1

Jj=1

where o = —HHR) o piOFT) g 2 Sup(Aij, Agj), Tj = 2 Sup(A;, A))

» Pj
Z ri (14 Ry) Z pi (14T}
= k;éz l;éj

and pj, k; > 6 are the Welght vectors correspondmg to the parameters and the experts
respectively with condition Z p; = 1 and Z k; = 1. Then, WIFSPA is called weighted
i=1

j=1
intuitionistic fuzzy soft power averaging operator.

Theorem 10.2.5. For a collection of IFSNs A;; = ((i;,745), the value obtained with
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WIFSPA operator is still an IFSN and given by:

WIFSPA (A1, A2, ... Apm)

= Z% (ZWD Gij ) .q Zqﬁg (Z biq(9 )> (10.4)

=1 =1

Proof. Similar to that of Theorem 10.2.4. O

Definition 10.2.4. For the IFSNs A;; € 2, OWIFSPA operator is a mapping from Q"
to Q and is defined as:

OWIFSPA (A1, A, ... @ ( @ a(z)g(]))) (10.5)

= =1
where o = 0T g 04T p Z Sup(Aij, Ayj), Tj = Z Sup(A;, A))
; “1(1+Rz) Z PJ(1+T) k;éz l;éj

and pj, k; > 0 are the Welght Vectors correspondmg to the parameters and the experts re-

spectively with condition Z p; = 1and Z k; = 1 and o0, ¢ are permutations of (1,2,...,n)
j=1 i=1
and (1,2,...,m) with condition Ay(;); > As(i—1); and Aic(j) > Ajg(j—1) for any i,j. Then,

OWIFSPA is called ordered weighted intuitionistic fuzzy soft power averaging operator.

Theorem 10.2.6. For a collection of IFSNs A;; = ((i;,745), the value obtained with
OWIFSPA operator is still an IFSN and given by:

OWIFSPA (A1, A1, ..., Anm)
= ("D e (Z bip (Co(oq(j))) Y DY (Z wbig (ﬁomcu))) (10.6)
j=1 i=1 ‘
Proof. Similar as Theorem 10.2.4, so we omit here. O

Clearly, the proposed WIFSPA and OWIFSPA operators also possess the properties
defined in Properties 10.2.1- 10.2.4.

10.2.5 Intuitionistic fuzzy soft power geometric operator

Let A;; = ((ij, Yij) , be a collection of IFSNs such that (j; # 0 for all 4, j, then we define

the intuitionistic fuzzy soft power geometric (IFSPG) operator on IFSNs as follows.
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Definition 10.2.5. For the IFSNs A;; € €, IFSPG operator is a mapping from Q" to Q

and is defined as:

m n fj
IFSPG(A11, A1z, - -, Anm) = X) <® (Aij)"i> (10.7)

j=1

m
where §; = ,,EHT) 1= (HR) and R; = Z Sup(Aij, Awj), Tj = Z Sup(A;, A;) and

pEEE IR WY = o

Sup(Aw,Ak]) means the support for A;j from Ay; and Sup(A;, 4;) is the support of A;
from A;.

Theorem 10.2.7. For a collection of IFSNs A;; = ((i;,745), the value obtained with
IFSPG operator is still an IFSN and given by:

IFSPG(A11, A12; - - -, Anm)
m n m n
- o (e (Tm) ) (e (Lwwwn) ]| cos
j=1 i=1 j=1 i=1
Proof. To prove the result given in Eq. (10.8), we have applied mathematical induction
on n, m and the following are the steps to be followed.
(Step 1:) For n = 1, we have

IFSPG(A117 »A127 oo 7A1m)

m

= X (A~

j=1

= |q¢! (iﬁjq C1j ) (ijﬁjp 1 ))

m m 1
= ' [D¢ (qu (Cij)) N DI (Z nip (ﬂij))
=1 \i=1 =1 \i=1

Similarly, for m = 1, we have

IFSPG (A1, A1, - -, An1)

n

_ ® (Ail)m

=1

1 n 1 n
S (zmqm) 3 (zmm))
7=1 =1 7j=1 =1
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Thus the result holds for n =1 and m = 1.

(Step

2:)

for m =k1 +1,n = kg + 1, we have

kitl (ko1 &
X <® (Aij)m>
7j=1 =1
ki (ka1 & k2+1 Eky+1
= X <® (Az‘j)m> ® ( Aiky+1)) )
j=1 \i=1
k2+1
(Z fj Z 79 Cz] ) <£k1+1
- kl kg—}—l
ZEJ 277119 1] ) <§k1+1
7=1 =
k1 k2+1 ko+1
(Z Z ni4 Clj ) + &k +1 ( 1niq
=1 =1 =1
- ko+1 ko+1
Z£J (Z nip (¥ ij ) + &ky 11 <Z mp
k1+1 ko+1 k141
= > g (Z niq (Cz‘j)) VYRS
j=1 i=1 j=1

Thus the result holds for all positive integers m, n.

5

Assume the result is true for m = ky,n = ks + 1 and m = k; + 1,n = ko then

ko+1

Z 19 gz(kl—i—l )

()
)

o))
k1+1))>
)

ko+1

> mip (93

O]

Based on the Theorem 10.2.7, it has been seen that the following properties are satisfied

by proposed IFSPG operator.
Property 10.2.5. If A;;,B;5;i=1,2,...,n;5 =1,2,...

any real number A > 0, we have

,m and A are the IFSNs then for

(P1) If all A;; are identical, i.e., A;; = A for all 4, j, then IFSPG(A11, Ai2, ..., Aum) = A.
(P2) IFSPG(A11 @ A, A12D A, ..., Ay @ A) = TFSPG(A11, A12, ..., Apm) @ A
(P3) IFSPG()\.AH, Mg, ..., )\Anm) = A IFSPG(.AH, Aia, ... ,Anm)

(P4) TFSPG(A11 ® Bi1, A12 ® B,y ...y Apm © Bum)

= IFSPG(AH, A12, L ,.Anm) D IFSPG(BH, 812, R ,Bnm)
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Further, by assigning the various values of generator ¢, the proposed IFSPG operator

can be particularized as follows.
(i) If we take ¢(t) = —log(t), then Eq. (10.8) reduces to intuitionistic fuzzy soft
Archimedean weighted geometric operator [6].
m n & m n &
TFSPG (A, Arg, -, Awm) = | [ ] (H g;y‘) A-T] ( (1- ﬁij)m>
j=1 \i=1 j=1 \i=1

2—-1
(ii) If we take ¢(t) = log <t)’ then Eq. (10.8) becomes intuitionistic fuzzy soft

Einstein weighted geometric operator.

IFSPG (A1, A1a, - - -, Aum)
lele (Zli CZ?;) & lT_n[ ( ﬁ (1+19ij)ni)€j _]_ﬁl (Z

j=1\i=1

]ijl(ﬁ (2—<ij>"i)§j+ fi ”lc?;')gj i (f1 <1+mj>"f)€j+]ﬁ (1 (1—1924»)%‘)%

i=1 j=1\i= j=1\i=1

d+(1=9)t
(iii) If ¢(¢t) = log <+(t)>’ 0 € (0,00), then Eq. (10.8) reduces to intuitionistic

fuzzy soft Hammer weighted geometric operator.

IFSPG(A11, A1z, .- -5 Aum)
m n ) &
5 11 (H 2)

j=1 \i=1

l (ﬁl(H(5‘1><1—@j))m>€j G-I (ﬁ Z‘i)gjv

= J=1 \i= na

10.2.6 Weighted and ordered weighted IFSPG operator
Definition 10.2.6. For the IFSNs A;; € 2, WIFSPG operator is a mapping from 2" to
Q and is defined as:

m n ¢J'
WIFSPG (A1, Ara, - -, Anm) = (@ (Aij)“’i> (10.9)

j=1 \i=1
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where o = —H0HR) o piOFT)  po 2 Sup(Aij, Agj), Tj = 2 Sup(A;, A))

(AR
Z wi(1+R;) Z Py (14T;)
= ok o

and pj, k; > 6 are the We1ght vectors correspondlng to the parameters and the experts
respectively with condition Z pj =1 and Z k; = 1. Then, WIFSPG is called weighted
i=1

j=1
intuitionistic fuzzy soft power geometric operator.

Theorem 10.2.8. For a collection of IFSNs A;; = ((;j, ;) , the value obtained with
WIFSPG operator is still an IFSN and given by:

WIFSPG(A11, A1z, - -+, Anim)
= | [ D¢ (Z %q((n)) 2D ¢ <Z T;Z)ip(’ﬂij)> (10.10)
Jj=1 i=1 j=1 i=1

Proof. Similar to Theorem 10.2.7, so we omit here. O

Definition 10.2.7. For the IFSNs A;; € Q, OWIFSPG operator is a mapping from Q"
to 2 and is defined as:

m ®;j
OWIFSPG (A1, A1z, . ., Anm) = (X) (@ o ()5 ) (10.11)
1

where ¢ = L g — WD)y = S Sup(Ayy, Ayg), Ty = - Sup(Aj, A
k=1 =

)y @j
Z Ki(1+R;) > pi(14T5) : =1
i=1 j=1 ki 1#£]

and pj, k; > 0 are the weight vectors corresponding to the parameters and the experts re-

m n

spectively with condition Z pj = 1and Z ki = 1 and o, are permutations of (1,2,...,n)
J=1 i=1

and (1,2,...,m) with condition A, (;y; > Agi—1); and A (j) > Aj(j—1) for any i, j. Then,

OWIFSPG is called ordered weighted intuitionistic fuzzy soft power geometric operator.

Theorem 10.2.9. For a collection of IFSNs A;; = ((i;,745), the value obtained with
OWIFSPG operator is still an IFSN and given by:

OWIFSPG (A1, A2, - -, Anm)

= q—1 Z¢] (Z Yiq (CJ(Z')C 7) ) »D Z¢] <Z ¢zp a(i)s(j) ) (1012)
7j=1 =1

Proof. Similar to Theorem 10.2.7, so we omit here. O

Clearly, the proposed WIFSPG and OWIFSPG operators also possess the properties
defined in Properties 10.2.1- 10.2.4.
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10.3 Generalized weighted intuitionistic fuzzy soft power

aggregation operators

In this section, some generalized averaging and geometric power AOs namely, GWIF-
SPA, GOWIFSPA, GWIFSPG and GOWIFSPG operators are presented to aggregate the
collection of IFSNs €.

Definition 10.3.1. For the IFSNs A;; € Q, GWIFSPA operator is a mapping from Q"
to 2 and is defined as:

GWIFSPA(A11, A12, ..., Apm) = EB <¢j @ (%.A{\])) (10.13)

j=1 i=1

where ; = IR ¢j = 0T , Ry = Z Sup(Aij, Aij), Tj = E Sup(A;, A;)
= w14 R) £ 0,041;)
=

= k;éL l;éj
and pj, k; > 0 are the Welght vectors correbpondlng to the parameters and the experts

respectively with condition Z p; =1 and Z ki = 1.
j=1 i=1

Remark 10.3.1. In particular, if we take A = 1, then the GWIFSPA operator transformed
to WIFSPA operator.

Theorem 10.3.1. For a collection of IFSNs A;; = ((i;,745), the value obtained with
GWIFSPA operator is still an ITFSN and given by:

GWIFSPA (A11, Ara, .. ., Anm)

3 1 3 m n

a5k (P ;cbj (Zwm (A Qﬂ))) :
( Pig (p~' (A (%’))))

Definition 10.3.2. For the IFSNs A;; € 2, GOWIFSPA operator is a mapping from Q"

.

(10.14)

1 m
—1 -1
Pt e >4

=1

to 2 and is defined as:

1

m n A
GOWIFSPA (Ar1, A, .. - P <¢] D (wiAg(i)g(j)D (10.15)

Jj=1
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where ¢ = gy = PO Ry = 33 Sup(Aij, Ay), T = 3 Sup(Ay, A)

J
S Ri(1+R:) Z Py (14Ty)
i=1 k;éz z;ﬁj

and pj, k; > 0 are the Welght Vectors correspondmg to the parameters and the experts re-

spectively with condition Z pj = 1and Z ki = 1 and o, ¢ are permutations of (1,2,...,n)
7=1 i=1
and (1,2,...,m) with condition Ay(;); > Agi—1); and A;(jy > Ajgj—1) for any i, j.

Remark 10.3.2. In particular, if we take A = 1, then the GOWIFSPA operator trans-
formed to OWIFSPA operator.

Theorem 10.3.2. For a collection of IFSNs A;; = ((i;,745), the value obtained with
GOWIFSPA operator is still an IFSN and given by:

GOWIFSPA(Ai1, Ai2, ..., Anm)

g Z@(Zwm (M (Coiyets )))> ,

= (10.16)

o (£ (S0 (v )

Definition 10.3.3. For the IFSNs A;; € 2, GWIFSPG operator is a mapping from Q"
to 2 and is defined as:

m n ¢j
1 .
_ A\
GWIFSPG (A, Az, -, Anm) = g) <(§:§1) (Aavij) > (10.17)
where o = mHR)_ g I g 2 Sup(Ais, Ay, Ty = 3 Sup(A;, A)

v @j
Z wi(1+R;) Z Py (14T;)
= fioh o

and pj, Kk; > 6 are the Welght Vectors correspondlng to the parameters and the experts

respectively with condition Z pj =1 and Z ki = 1.
j=1 i=1

Remark 10.3.3. In particular, if we take A = 1, then the GWIFSPG operator trans-
formed to WIFSPG operator.

Theorem 10.3.3. For a collection of IFSNs A;; = ((i;,7;5), the value obtained with
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GWIFSPG operator is still an IFSN and given by:

GWIFSPG (A1, A1, ..., Anm)

p( ( (Z@(inlmq 1<Ap<cij>>)>>>),

g %k D e (Zwip(q_l(AQ(ﬂij)))>

j=1 i=1

(10.18)

Definition 10.3.4. For the IFSNs A;; € Q, GOWIFSPG operator is a mapping from Q"
to 2 and is defined as:

m n b;
1 v
GOWIFSPG( A1, Arz, - Anm) = 1 | &) <® (AAa(i)C(j))wl> (10.19)
j=1 \i=1

where 1; = M , Gi = M , Ry = Z Sup(Aij, Akj), T = Z Sup(A;, A;)

J
Ki(1+R; P (1+T5
El i ) Z i ( ) =l -~

and pj, k; > 0 are the Welght Vectors correspondlng to the parameters and the experts re-

spectively with condition Z pj = 1and Z ki = 1 and o, ¢ are permutations of (1,2,...,n)
J=1 =1
and (1,2,...,m) with condition A,(;y; > Agi—1); and A;(j) > Ai(j—1) for any 4, 5.

Remark 10.3.4. In particular, if we take A\ = 1, then the GOWIFSPG operator trans-
formed to OWIFSPG operator.

Theorem 10.3.4. For a collection of IFSNs A;; = ((i;,V;5), the value obtained with
GOWIFSPG operator is still an IFSN and given by:

GOWIFSPG(A117 A127 e 7Anm)

p(( (z%(zwzq 0w (G >>>))))7
(10.20)
i (ik (pl (i o (S~ 0 wa(mm»))) ))

Clearly, the proposed GWIFSPA, GOWIFSPA, GWIFSPG and GOWIFSPG operators
also possess the same properties that WIFSPA and WIFSPG operators have.
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10.4 Proposed decision-making approach

In this section, an approach has been presented to solve DM problems with proposed
AOs under IFSS environment. Assume a set of z alternatives A = { A1), A®) . AG)}

which are to be inspected by the experts X = {uj,us,...,u,} having weights k =
n

(K1, K2, - - ,mn)T such that x; > 0 and )  k; = 1. The evaluation has been done over
i=1
the set of parameters & = {e1,ea,...,e,} whose weight vector is p = (p1,p2,. .., pm)"
m
such that p; > 0 and ) p; = 1. Consider alternative ratings on the parameter e;,
j=1

(j = 1,2,...,m) to be examined by the expert w;, (i = 1,2,...,n) in terms of IFSNs
denoted by A;; = (;j,7i;) such that 0 < (5,95 < 1 and ¢;; + ¥i; < 1. Then, following
are the steps to be adopted to choose the supreme alternative(s) in accordance to the

proposed operators.

Step 1: Arrange the information corresponding to each alternative A®):b=1,2,... 2 in

the form of IFSNs A;; and their matrix is summarized as follows:

€1 €9 E€m

up (AD 4D AP

b b b

(A gy = U2 Agl) A§2) AgTzl
b b b

up \AY A A

Step 2: Compute the support R; for each expert u;;¢ =1,2,...,n by using

RY = Z Sup (Ag’ : )) (10.21)
k;éz
where Sup (.Ag7 ,.A ) =1- (Alj), A ) .

Step 3: By using appropriate weighted averaging or geometric operations over expert
wi;i = 1,2,...,n and hence find the support T;(j = 1,2,...,m) for each pa-

rameter as:

b)

® = iSup (A§b),A§b>) (10.22)

1#]



Step 4:

Step 5:

Step 6:

10.5
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Utilize WIFSPA or WIFSPG operator to aggregate the different preference of
alternative A®:p = 1,2,...2 by using R; and T} into the collective one r®) =
(C ®), 19(’))). For example, by WIFSPA operator, the collective values are computed

as

+® — WIFSPA (Aﬁ’?, AY «45%)

(i) i

while by WIFSPG operator, we get

¢j

(f}g?))wi) (10.23)

n n

)

1 =1

@ = WIFSPG (AR, A, ..., AL,

(i) i

j=1 \i=1

)

(1 - ﬁgﬁ)wi) ” (10.24)

n
=1
Compute the score values of 7®:b=1,2,...,z as

S (r<b>> — ) _ ),

If for any two positive integers b; and by, we have & (r(bl)) =S8 (r(bz)) then we

compute the accuracy function as
ey (r(b)> = ¢ 4 9®),

Rank the alternative A®) (b=1,2,...,2) by using descending value of S(r(b)) and
hence find the desired one(s).

Illustrative Example

The above developed approach is illustrate with a numerical example as follows.

10.5.1 A case study

Goods and Services Tax (GST) is an indirect tax which is designed to make India an

integrated common market. While GST promises to the user in an era of the unified
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indirect tax regime, integrating India into a single homogenous market, it comes with
certain complications inherited from the legacy tax regime. With the government gearing
up to enforce the GST in Punjab from July 1, the issue of traders having limited computer
knowledge and poor connectivity. In order to counter this, the state government has
planned to train more than 2,000 youths as ‘GST Mitra’ to cater the traders. Punjab
GST Mitra Scheme, which has to be started as a pilot project from Patiala, proposes to
assist taxpayers in furnishing the details of outward supplies, inward supplies and returns,
filing claims or refunds, filing any other applications, etc., in GST Regime. It aims to
create a group of Tax professionals available in the locality or at the doorstep of the
taxpayer, at affordable costs throughout the State of Punjab.

The poor internet connectivity in far-flung areas has emerged as a big stumbling block
in the success of ‘GST Mitra’ scheme. In order to provide the online services to run
this scheme, state government is planning to give contract combinedly to private mobile
service provider along with state-owned BSNL. For this purpose, an expert committee of
five members wuy,ug,u3, us and us, with weights x = (0.3,0.2,0.25,0.15,0.1)7 is formed
by the government short-listed the four internet service provider, namely, Bharti Airtel
(AM | Relience Communications (A®)), Vodafone India (A®)) and Mahanagar Telecom
Nigam (A®) under the parameters: Customer Services (e;), Bandwidth (ey), Pacakage
Deal (e3), Total Cost (e4), Internet speed (es) having weights p = (0.3,0.2,0.3,0.1,0.1)7.
The experts have evaluated these different alternative A(b)(b = 1,2,3,4) under the set
of parameters e;(j = 1,2,3,4,5) and given their decision preferences in terms of IFSNs
summarized in Table 10.1. The procedure of selecting the best internet service provider

by using proposed approach has been listed as follows:

Step 1: The rating values towards the each alternative are summarized in Table 10.1.

Step 2: By Eq. (10.21), the values of Rgb); b=1,2,3,4 are computed as

33500 2.9000 3.2500 3.1000 3.2000] [2.7500 3.4500 3.3500 3.4000 3.2500
3.5500 3.3500 3.4000 3.4000 3.5000 2.8000 3.4500 3.4000 3.5000 3.4500
RY = [3.7000 3.8500 3.8000 3.8000 3.8500|,R® = [3.3000 3.6000 3.6500 3.4500 3.6000
3.6000 3.3000 3.6500 3.6000 3.4500 3.6000 3.6500 3.7500 3.8000 3.8000
36500 3.3500 3.4500 3.5500 3.6000] 13,6000 3.6000 3.4500 3.7500 3.6000]
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For alternative A®)

For alternative A®

e1 e es e es el e es e es
w | (05,0.3) (0.6,02) (0.5,0.2) (0.4,03) (0.6,0.2) | (0.4,05) (0.5,0.5) (0.6,0.4) (0.6,0.3) (0.5,0.3)
wp | (0.8,0.1) (0.7,01) (0.6,0.2) (0.7,02) (0.8,0.2) | (0.7,02) (0.8,0.1) (0.7,0.1) (0.8,0.2) (0.7,0.3)
us | (0.4,0.4) (05,04) (0.6,0.3) (0.5,03) (0.6,0.4) | (0.6,03) (0.6,0.2) (0.7,0.2) (0.7,0.3) (0.6,0.1)
ui | (0.4,05) (05,04) (0.6,0.3) (0.4,0.3) (0.5,0.3) | (0.8,0.2) (0.7,0.1) (0.8,0.1) (0.7,0.2) (0.6,0.3)
us | (0.7,0.2) (0.6,0.1) (0.6,0.2) (0.5,0.1) (0.5,0.2) | (0.8,0.1) (0.8,0.1) (0.7,03) (0.7,0.2) (0.6,0.4)

For alternative A®) For alternative A®

€1 €2 €3 €4 €5 €1 €2 €3 €4 €5
w | (07,02) (0.6,0.1) (0.6,0.2) (0.5,02) (0.7,0.1) | (0.7,02) (0.7,0.1) (0.8,0.1) (0.9,0.1) (0.8,0.2)
up | (0.8,01) (0.7,0.1) (0.7,02) (0.6,0.2) (0.6,0.3) | (0.6,0.1) (0.5,0.2) (0.6,0.3) (0.6,0.2) (0.5,0.3)
us | (0.6,0.1) (05,02) (0.6,02) (0.5,0.3) (0.6,0.3) | (0.5,0.3) (0.4,0.4) (0.4,0.3) (0.5,0.4) (0.5,0.2)
ui | (0.4,0.3) (0.6,0.1) (0.4,0.1) (0.4,03) (0.4,0.2) | (0.7,0.1) (0.7,0.2) (0.6,0.3) (0.5,0.2) (0.5,0.1)
us | (0.2,0.3) (02,04) (0.3,04) (0.3,05) (0.2,0.5) | (0.8,02) (0.9,0.1) (0.8,0.1) (0.7,0.2) (0.7,0.3)
3.3000 31000 3.3000 3.2000 2.9000] 3.6500 35500 3.3000 3.6000 3.5000]
35000 3.3500 3.4000 3.5000 2.6500 3.4000 3.3500 2.9000 3.4500 3.1000
R® = 35500 3.4000 3.5500 3.3000 3.0000|,R* = [3.3000 3.5000 3.2000 3.5000 3.3000
35500 3.4000 3.6000 3.5500 3.1000 3.0500 3.5500 3.2000 3.5000 3.5000
13.0500 3.4000 3.4000 3.2500 2.7000) 13.3500 3.5500 3.6000 3.4500 3.4500

Step 3: By using Eq. (10.22) and the averaging operator, we get the values of Tj(b); b=

1,2,3

,4 as

1) _
T, =

[3.8592]

3.8465 3.8202
3.8852| \T\" = |3.8328
3.7968 3.8367
13.8198 ] 137693

3.8196)

3.7778 3.9168
,Tj(?’) — |3.8358 ,Tj(4) = [3.9240
3.6350 3.8512
_3.8219_ _3.8926_

[3.7372] [3.9134]

On the other hand, the values of Tj(b); b=1,2,3,4 by using geometric operations

are obtained as

1) _
T, =

[3.7611] 37752
3.8599 3.8658
3.8348| . T = |3.8268
3.7865 3.8399

13.8135 3.8204 ]

3.8125] [3.8829]
3.8017 3.9142
T = |3.8500 | , T\ = |3.9265
3.7137 3.9094
13.8209) 13.9225
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Step 4: By Eq. (10.23), we get the collective value r®):b = 1,2,3,4 of each alternative
as 7). = (0.5746,0.2443), r® = (0.6684,0.2222), r(®) = (0.5898,0.1766) and
r® = (0.6612,0.1848), while by Eq. (10.24), these values are obtained asr(t) =
(0.5482,0.2744), r®) = (0.6390,0.2696), r3) = (0.5427,0.2018) and Y= (0.6135,
0.2134).

Step 5: The score values of collection 7(?) obtained during the Step 3 are computed as
S(rM) = 0.3303, S (r?@) = 0.4462, S (r®) = 0.4132 and S (r¥)) = 0.4764.
While these score values for the collective information obtained through WIFSPG
operator are given as S (7“(1)) =0.2738, S (7“(2)) =0.3694, S (r(3)) = 0.3409 and
S (r) = 0.4000.

Step 6: The ranking order of A®):b =1,2,3 4 are: AW = A@ = AG) — AW 1y WIFSPA
as well as WIFSPG operator based approach.

However, if we apply other proposed operators such as IFSPA, IFSPG, OWIFSPA
and OWIFSPG, on this considered data for different generator, say q(t) = —log(t), ¢(t) =
log (%) etc. Then their corresponding aggregated results of each alternative A®);b =
1,2,3,4 are summarized in Table 10.2. From this, we conclude that the best alternative
found with different operators are slightly different. So, based on decision maker preference

regarding optimistic and pessimistic viewpoint, they can select the best one accordingly.

To analyze the effect of A on DM problem, an analysis has been performed by tak-
ing different values of A. Based on these different values, the proposed AOs GWIFSPA,
GWIFSPG, GOWIFSPA, and GOWIFSPG have been applied to each alternative then
their score values together with the ranking order are summarized in Table 10.3. From
this, we conclude that the results obtained with different values of A are different and their
corresponding ranking is also not same, which will help the expert to study the impact of
the alternative values on the final decision process. Also, it has been observed that the
best alternative obtained for different values of A is different. Thus, the decision-maker

can easily assess the decision according to the actual need of the DM process.
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Table 10.2: Ordering of the ranking obtained with different operators

Overall Score values of

Generators Operators Ranking
AM A®@) AB) A@
IFSPA 0.3461 0.4793 0.3392 0.4836 A® = A@) = AN = AB)
IFSPG 0.2875 0.4161 0.2397 0.4066 A® = A® = AN » AG)
WIFSPA | 0.3303 0.4462 0.4132 0.4764 AW = A® « AB) « gD
q(t) = —log(t)
WIFSPG | 0.2738 0.3694 0.3409 0.4000 A@ = A® « AB) » AD
OWIFSPA | 0.3836 0.5148 0.4072 0.5351 A® = A®) « AG) » A1)
OWIFSPG | 0.3494 0.4827 0.2971 0.4748 A® = AW = AD « AB)
IFSPA 0.3386  0.4728 0.3271 0.4747 A®W = A®@) o A1) o« AB)
IFSPG 0.2963 0.4265 0.2559 0.4177 A®@ = A@ « A1) o AG)
o o | WIFSPA | 0.3229 04379 0.4051 0.4676 A@W = A® - AG) - AD)
q(t) = log (374)
WIFSPG | 0.2823 0.3827 0.3532 0.4114 AW = A®@ « AB) « gD
OWIFSPA | 0.4092 0.5390 0.4249 0.5506 A® = A = AG) « A1)
OWIFSPG | 0.3626 0.4987 0.3695 0.4916 A® = AW = AG) « A1)

10.5.2 Effect of the parameters and experts in DM process

From the above results, it is noticed that A® is the best alternative. However, if we are

interested to know which expert gives his highest preference and which is the strongest

parameter of this alternative, an analysis has been conducted which is as follows:

(i) If the various choices over the parameters e;,j = 1,2,3,4,5 for each expert u;,i =

1,2,3,4,5 are aggregated then the results obtained are shown in Table 10.4. From

this, it has been observed that A® is highly recommended by the experts us and u;

while A® is best according to all other experts.

(ii) If the different preferences given by experts u;,i = 1,2, 3,4,5 are aggregated then the

computed values are listed in Table 10.5. In this, we have seen that A®) and A%

has e as their strongest parameter while AWM and A® are best over the parameters

e4 and es respectively.
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Table 10.3: Ranking of the alternatives at different values of A

When ¢(t) = — log(¢) When ¢(t) = log (%)
AW A® AB®) AW Ranking order AWM A® AB®) AW Ranking order
GWIFSPA | 0.3199 0.4352 0.4002 0.4647 | AW = A®) = AC) = AD | 0.3236 0.4398 0.4040 0.4695 | AW = AR = AG) » AD)
A—0 | GWIFSPG | 0.2952 0.4026 0.3692 0.4320 | AW = A®) = AG) » A1) | 02939 0.4044 0.3667 0.4308 | AW = A®) = AG) = AD)
GOWIFSPA | 0.3758 0.5084 0.3731  0.5176 | A® = A® = A0 = AG) | 04104 0.5402 0.4245 0.5529 | AW = A® = AG) » AD)
GOWIFSPG | 0.3666 0.5044 0.3400 0.4873 | A@ = A® » 4D » AG) | 03745 0.5134  0.3844 0.5143 | AW = AQ) = AG) - AD)
GWIFSPA | 0.3250 0.4406 0.4068 0.4704 | AW = A® » AG) o« AD | 03216 0.4373  0.4021 0.4668 | AW = AD — AG) = 41D
\_o5 | GWIFSPG | 0.2851 03873 0.3562 04169 AW = AQ) o ABG) o AD) | 02039 0.4023  0.3671  0.4297 | AW = A®) = AB) - A0
GOWIFSPA | 0.3796 0.5115 0.4012  0.5306 | A® = A@ » AG) « AM | 04082 0.5388 0.4221 0.5505 | A® = AP » AG) . A1)
GOWIFSPG | 0.3528 0.4941 0.3270 0.4714 | A® = A® = AD » AG) | 03739  0.5129 0.3844 0.5126 | A? = AW = AG) = A0
GWIFSPA | 0.3303 0.4462 0.4132 0.4764 | AW = A® = AG) = A 0.3229  0.4379  0.4051 0.4676 | AW = 4@ » AG) » 4D
N GWIFSPG | 0.2738 0.3694 0.3409 0.4000 | AW = A®) = AG) = AM | 02823 0.3827 0.3532 0.4114 | AW = AQ) = AG) » AD)
GOWIFSPA | 0.3836 0.5148 0.4072 0.5351 | AW = A@ » AG) o AD | 04092 0.5390 0.4249  0.5506 | AW = 4@ = AG) = 4O
GOWIFSPG | 0.3494 0.4827 0.2971 0.4748 | A® = AW = AD = AB) | 0.3626 0.4987 0.3695 0.4916 | A® = AW = AG) - AD)
GWIFSPA | 0.3798 0.4897 0.4589 0.5258 | AW = A®) = AG) = AM | 04024 0.5032 0.4737 0.5406 | AW = A®) = AG) »~ A0
N s GWIFSPG | 0.1812 0.2224 0.1888 0.2754 | AW = A® » AG) « AD | 01532  0.1797  0.1321  0.2450 | AW = A® = 4D o 4B)
GOWIFSPA | 0.4312 0.5616 0.4745 0.5653 | AW = A®@) » AG) » AN | 04788  0.5769 0.4881 0.6060 | AW = A2 = AG) - A0
GOWIFSPG | 0.2621 0.3539 0.1836 0.3474 | A® = A® = AM » AG) | 02326 0.3141 0.1265 0.3165 | AD = AR = AD » AG)
GWIFSPA | 0.4425 0.5340 0.5020 0.5780 k@ =A@ = AG) o AD | 04990  0.5708  0.5395 0.6222 | AD = A®) — AG) . AD)
\_ o | GWIFSPG | 0.1027 0.1110  0.0396 0.1883 @ A@ » AW = AG) | 0.0675 0.0666 -0.0372 0.1552 | AD = AD) » AR » 4G)
GOWIFSPA | 0.5109 0.5792 0.5148 0.6344 | AW = A@ » AG) o« AD | 05422 0.6193  0.5506 0.6739 | AW = AP » AG) . 4D
GOWIFSPG | 0.1757 0.2234  0.0350  0.2559 | AW = A@ » 4D « AG) | 01387 0.1847 -0.0413 0.2223 | AW = 4@ AD) o 4B)
GWIFSPA | 0.4924 0.5664 0.5357 0.6169 | A® = A®@ » AG®) « AM | 05553 0.6077 0.5813 0.6709 | AW = AP » AG) . 4O
N1 GWIFSPG | 0.0535 0.0521 -0.0485 0.1393 | AW = AM = A = AG) | 0.0206 0.0157 -0.1162 0.1101 | AW = AD = AP » AG)
GOWIFSPA | 0.5374 0.6032 0.5471 0.6645 | AW = A®) » AG) » AD) | 05863 0.6426 0.5899 0.7113 | AW = A?) » AG) - A0
COWIFSPG | 0.1202 0.1440 -0.0514 0.2014 | A® = A®) = AD = AB) | 0.0799 0.1070 -0.1190 0.1666 | A® = AP = AN =~ AG)
GWIFSPA | 0.5293 0.5900 0.5623 0.6463 | AW = A® » AG) « 4D | 05888 0.6293 0.6078 0.7006 | AW = A® = AG) = A1)
\_op | GWIFSPG | 0.0214 00178 -0.1025 0.1089 > D A =A@ AG) | .0.0072 -0.0120 -0.1596 0.0843 | AX = AD) »— AR . AG)
GOWIFSPA | 0.5660 0.6208 0.5721 0.6877 | AW = A®@ » AG®) » AD) | 06125 0.6494 0.6145 0.7326 | AW = AQ) = AG) - AD)
GOWIFSPG | 0.0798 0.0935 -0.1044 0.1640 LE A® =AM — A 0.0409 0.0602 -0.1618 0.1306 | A® = A® = A1 o« ABG)
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(iii) The element-wise weighted results of the alternative A®) are given in Table 10.6.

From this table, it has been observed that expert u; and us give their highest pref-

erence to A®W over the parameter es while e is preferred by the other experts.

Table 10.4: Score values obtained by aggregating different parameters eg-s (j=1,2,3,4,5)

AM A2 AB) A@
up | 0.2891 0.0963 0.4729 0.6396
ug | 0.5809 0.5868 0.5703 0.3805
uz | 0.1608 0.4237 0.3955 0.1383
ug | 0.1280 0.6114 0.2769 0.4670
us | 0.4534 0.5776 -0.1425 0.6632

Table 10.5: Score values obtained by aggregating preferences of experts uls (i=1,2,3,4,5)

€1

€2

€3

€4 €5

AM
A
AB)
A4

0.1586
0.0857
0.2011
0.1724

0.1988 0.1919
0.1421 0.1076
0.2897 0.2291
0.1745 0.1411

0.2438 0.1182
0.0517 0.1673
0.2508 0.2013
0.0922  0.1600

Table 10.6: Score values of weighted alternative .A®)

€2

€3

€4

€5

€1
up | -0.8352
ug | -0.8137
us | -0.8898
uy | -0.8147
us | -0.8180

-0.8639 -0.7865
-0.9075 -0.8857
-0.9426 -0.9036
-0.8848 -0.8825
-0.8258 -0.7720

-0.9101 -0.9368
-0.9468 -0.9638
-0.9670 -0.9561
-0.9526 -0.9394
-0.9445 -0.9539

10.5.3 Comparative study

To compare the proposed approach with some existing approaches under the IFSS en-

vironment, a comparative analysis has been performed with different approaches given
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in [6, 21, 98, 142, 161, 168, 171]. The obtained results have been described in Table

10.7. From this table, it is noticed that the resulting values evaluated by utilizing the

Table 10.7: Comparison with existing approaches under IFSS environment

Authors Rating values of Ranking
A A AB) A®

Arora and Garg [6] 0.3334  0.4378 0.4096 0.4756 | AW = AP = AG) = AD)
Selvachandran, Maji, Faisal and Salleh [171] | 0.7507 0.6569 0.7609 0.6558 | A® = A®) = A1) - AG)
Muthukumar and Krishnan [142] 0.0208 0.0241 0.0211 0.0239 | A®) = AW = AG) = AD
Sarala and Suganya [168] 0.7122 0.7734 0.7391 0.7892 | AW = A® = A®) » AW
Khalid and Abbas [98] 0.4400 0.3545 0.4365 0.3710 | A® = AW = AG) = 4D
Rajarajeswari and Dhanalakshmi [161] 0.3030 0.4010 0.3955 0.4205 | A® = AR = AG) = AD
Cagman and Deli [21] 0.3030 0.4010 0.3955 0.4205 | A® = A@) = AG) — AD

prevailing methods coincide with the proposed approach outcomes. However, these op-
erators do not consider the relationship between the parameters as well as between the
experts by the power weighting, but the proposed operators consider such relationships.
In the proposed operators, the weight of each input argument depends upon the other
input arguments. From these facts, we can conclude that the proposed method is more
reasonable and valid for intuitionistic fuzzy soft set information. Moreover, to solve DM
problem[21, 98, 142, 161, 168, 171], we have to assume an ideal extreme alternative which
increases the complexity and in turn leads to additional overheads but with the proposed
operators we don’t need any ideal alternative which decreases the cost, computation time
and complexity of the experts. Thus, the proposed method is suitable for solving the DM

problem than the existing methods.

10.5.4 Validity test

Wang and Triantaphyllou [210] proposed the following testing criteria to validate MCDM
method:

Test criterion 1: “The best alternative should never be changed on replacing a non-
optimal alternative by other worse alternative without changing the relative importance
of each decision criteria.”

Test criterion 2: “The transitivity property should be followed by an efficient DM
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method.”
Test criterion 3: “The ranking of DM problem should never be changed by applying same
DM method to the smaller problems which are decomposed from the original problem.”

The applicability of test criteria to proposed DM method is discussed below:

Validity test with criterion 1

For testing the validity of our approach under test criterion 1, the alternative AB) (non-
optimal alternative) is to be substituted with any arbitrary alternative (A(3))/ (worse
alternative) then the preference values by each decision-maker under different parameters

for the alternative A®) is replaced with the matrix given in Table 10.8. If the proposed

Table 10.8: Intuitionistic fuzzy soft matrix for transformed (./4(3))/

ey €9 e3 e4 es

up | (0.5,04) (0.4,0.3) (0.4,0.5) (0.3,0.4) (0.4,0.3)
up | (0.6,0.2) (0.5,0.4) (0.5,0.3) (0.4,0.5) (0.5,0.4)
us | (0.4,0.3) (0.3,0.5) (0.4,0.4) (0.3,0.5) (0.4,0.4)
ug | (0.2,05) (0.4,0.2) (0.1,0.4) (0.2,0.5) (0.1,0.3)
us | (0.1,0.5) (0.1,0.6) (0.2,0.5) (0.1,0.6) (0.1,0.7)

WIFSPA operator applied to modified decision matrices then the aggregated value for
each alternative is obtained as: (1) = (0.5746,0.2443); (2} = (0.6684,0.2222); (r®)) =
(0.3809,0.3824) and r* = (0.6612,0.1848) and hence the score values are S(r(l)) =
0.3303, S (r®) = 0.4462, S ((r®)’) = —0.0015 and S (r®) = 0.4764. Thus, the ranking
order the alternatives is A® = AR » A1) (.A(?’))/ and hence the best alternative
AW is similar as obtained with the original DM problem which indicates that the best
alternative is same by replacing a non-optimal alternative with other worse alternative,

which validates the test criterion 1.

Validity test with criteria 2 and 3

For testing the validity of our approach with test criteria 2 and 3, the decomposed smaller

subproblems are taken as { A1), A®) AG)} (AR AG) ADY and {AB®), 4D AL}, Then
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by applying the proposed WIFSPA operator, the corresponding ranking is AR AB)
AL AW AP AG) and AW = AG) = A respectively and finally the combined
ordering is A® = A® — AG) — A which is identical with the actual DM problem and

thus follows transitivity. Thus, the proposed method validates the test criteria 2 and 3.

10.6 Conclusion

In this chapter, we have presented some series of the power AO under the IF soft set
environment. The existing operators and measures under IFSS environment to solve DM
problem assume that the input argument is independent of the attributes and hence their
results are sometimes undesirable to find the best alternatives. In order to resolve it, this
chapter presents some series of AOs namely IF soft power averaging and geometric AOs,
weighted and ordered weighted IF soft power averaging/geometric operators to aggregate
the different preferences of the parameters and the experts under IFSS environment. The
characteristics of these operators are also discussed in details. Then, we solve the DM
problem based on these operators to show the superiority of the approach and compare
their results with existing studies. Finally, an effect of the decision parameter A has been
made to show their effects on the ranking order of the alternatives. From the existing
approaches, our proposed approach also delivers a benefit over the existing approaches

when the prioritized relationship between the parameters and the experts is considered.



Chapter 11

Generalized and Group-based
Generalized intuitionistic fuzzy
soft sets with applications in
decision-making

In this chapter, we presented the concept of generalized IFSS (GIFSS), as well as the
group-based generalized intuitionistic fuzzy soft set (GGIFSS) in which the evaluation
of the object is done by the group of experts rather than a single expert. Based on
this information, a new weighted averaging and geometric AO has been proposed by
taking the intuitionistic fuzzy parameter. Finally, a DM approach based on the proposed
operator is being built to solve the problems under the intuitionistic fuzzy environment. An
illustrative example of the selection of the optimal alternative has been given to show the
developed method. Comparison analysis between the proposed and the existing operators
have been performed in term of counter-intuitive cases for showing the superiority of the

approach.

11.1 Introduction

During the DM model, the hesitancy of expert is occurring at the membership grades,

since the IFS allows an expert to record his hesitancy factor. However, it indicates only

!The content of this chapter is published as “Generalized and Group-based Generalized intuitionistic
fuzzy soft sets with applications in decision-making”, Applied Intelligence, 48(2), 343 - 356, 2018 (SCI:
Impact Factor 2.882).
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an expert preference during the decision process which is completely made by his views
hence may lead to unfair decisions. Furthermore, the hesitancy is a feature of one’s own
perception, and therefore, it needs to be supported by other independent observer/expert.
For addressing this issue, the concept of the generalized intuitionistic fuzzy soft set (GIFSS)
was introduced by [41] by incorporating the idea of generalized preference of the other
senior expert. In contrast to an IFSS, GIFSS provides the framework for assessing the
credibility of the information in the original IFSS so as to make up for any distortion in the
information provided. The major advantage of adding the generalized parameter into the
analysis is to reduce the possibility of errors caused by the imprecise information by taking
the moderator’s opinion on the same. For example, a patient might report the symptoms
to a doctor as per his perceptions, and the real information might get distorted in its
reporting. Unless this misrepresentation is factored in by a doctor, it would lead to the
wrong diagnosis. For this, it may be more judicious to have a junior and/or senior doctor
moderate the severity of the symptoms of a patient through a generalization parameter,

which indicates the credibility of the information presented to him.

The GIFSS has a wide scope in the different areas of DM such as medical diagnosis, plot
selection process, object recognition, supplier selection problem, etc. In such type of DM
problems, the possibility of error in the judgment of the domain experts cannot be ruled
out. So, in such situations there is a need for a generalization parameter, indicating an
expert’s level of trust in the credibility of information, significantly making the approach
quite close to real-life situations. This helps in removing the individual bias from the input
data and brings more reliability to the final decision. Although, both of generalized FSS,
as well as GIFSS, have a generalization parameter to express the uncertainties, still they
have some limitations as it is hard for a single senior/junior expert (or moderator) to give
a suitable generalization parameter with more fuzzy information according to his/her own

knowledge.

To overcome the shortcomings of the existing work, in the present chapter, the concept
of the GIFSS has been extended to group-based generalized intuitionistic fuzzy soft set
(GGIFSS) by incorporating the ideas of more than one experts’ opinion which will reduce

the impact of the single expert’s preferences. Further, in order to rank the different objects,
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an AQO is necessary to aggregate all the preferences of the decision maker, which are in
the form of IFNs, into a collective one. Thus, by considering the fact that the GIFSS, as
well as GGIFSS, have a powerful tool to deal with the ambiguity and vagueness of the
data, the present chapter will introduce some new averaging and geometric AOs denoted
by GWA and GWG as well as GGWA and GGWG operators for the GIFSS and GGIFSS
respectively. The advantages of these operators are that they are capable of facilitating the
descriptions of the real-world situation with the help of their parameterizations property.
Further, some of its desirable properties have been investigated in detail. Meanwhile, we
also provide a DM method based on the proposed operators under the IFSS environment

and then illustrate with a numerical example.

11.2 Generalized and Group-based Generalized Intuitionis-

tic Fuzzy Soft Set and its operator

In this section, the concept of generalized and group generalized IF'SS has been presented
in a family of all GIFSSs and IFSs, denoted by s and 2 respectively, along with their
AOs.

Definition 11.2.1. Generalized intuitionistic fuzzy soft set (GIFSS) [1]: A GIFSS, Fjs
over the soft universe (X, ) is defined as a mapping F5 : € — KUY x I'F and the general-
ization parameter 3 : £ — IF = ((g,vYg). Mathematically, it is defined as

Fs(e) = (F(e), Ble)) (11.1)

where F(e) € KU and B(e) € IF for e € €. Here, B(e) = ((s(e),95(e)) indicates the senior
person/expert assessment on the elements of £ in F(e) such that (g € [0,1],95 € [0,1]
and (g +vg <1forecé.

Example 11.2.1. Assume that a person wants to purchase a mobile from the set of pos-
sible five alternatives, say X = {m1, ma, ms, mg, ms} under the set on certain parameters

E = {e1,e2,e3,e4} and evaluate these alternatives with their rating values in the form of



250

IFNs denoted by F(e) as follows:

mi mso ms my

Flea) = {<(o.3,0.5)’ (0.6,0.2)" (0.5,0.3)" (0.7,0.3) (0. 8 ) 2) }

Fley = {((0.727?;).6)’ (o.g?é.m’ (o.g,l?())ﬁ) (0. ?04 07 02 )}

Flea) = {((0.25.5)’ (0.17,%.7)’ (o.g,l?(’).?) (0. 2103 02 06 )}

Fles) = {((ofé.?)’ (0.;?(2).5)’ (0.23.4) (0. Zlo4 05 02 )}
)

Further, assume that a single senior expert 5 who gives his opinion, in the form of IFNs,
for each parameter towards the assessment of the five possible alternatives in F(e) as
B(e1) = (0.4,0.5), B(e2) = (0.7,0.3), B(e3) = (0.6,0.3) and S(esq) = (0.3,0.5). Then, the
GIFSS Fjs for the considered problem over the universal set (X, ) is given as

Fale) {<02 0.6)’ 0?(2)5)’(0.27?).3)’(0;3.4)’(0.;7?32) 04 0.5) }
Fale2) {<o4 0.5)" 01?)7) (0.?37)’(0.:3.3)’(0.;36) 07 0.3) J
Fales) {<01 0.7)’ 02?)5) (03%.4)’(0.2?3.4)’(0.;82) 0.6, 03}
Falea) {< (0.3, o 5)" (0.6, ?)2) (o.g??()).?,)’ (0.%.3)’ (0.&??3.2))’ (0.3,50.5)}

Definition 11.2.2. [1] Let Fg(e) = (F(e), 5(e)) and G,(e) = (G(e),y(e)) be two GIFSSs

over the soft universe (X, &) with two generalized parameters 5 and v respectively. Then
(i) Fg € Gy, if

(a) B<n

(b) F(e) is an intuitionistic fuzzy subset of G(e),Ve € £.
(ii) Fp =Gy, if

(a) G(e) is an intuitionistic fuzzy subset of F(e),Ve € €

(b) F(e) is an intuitionistic fuzzy subset of G(e),Ve € £.

Definition 11.2.3. [1] The complement of GIFSS Fjp, denoted by F§, is defined as
Fi(e) = (F<(e), B°(e)), Ve € €.
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11.2.1 Aggregation operator for GIFSS

In this section, we have presented a weighted averaging and geometric AOs for a collection
of generalized intuitionistic fuzzy soft set (GIFSS) Fpg,(e) = (Fi(e), Bi(e)), (i =1,2,...,n)
and are denoted by GWA and GWG respectively.

Definition 11.2.4. Let F3,(e) = (Fi(e), fi(e)), (i = 1,2,...,n) be any GIFSS over (X, &),
where Fi(e) = {Ai1, Aia, ..., Aim} € K¥ and Bi(e) = ((s,,9p,) is an expert assessment
on X for the i alternative F;(e). Assume that w = (wi,ws,...,wn)? be the normalized

weight vector of F;(e) such that w; > 0 and > w; = 1 and let GWA : QF} — Q,
j=1
IFWA : Q" — Q. If

GWA(Ail, Ao, ... ,Azm) = ﬁl(e) & IFVVA(./‘lﬂ7 Ao, ... ,Alm) (11.2)
then GWA is called GIFSS weighted averaging operator.

Theorem 11.2.1. If Aj; = (Ca;;,94,;), (i =1,2,...,n;5 =1,2,...,m) be an IFN, then
the aggregated value by GWA operator is given by
GWA (Ai1, A2, ..., Aim)

m m m

= (¢ [1-TIO—ca) ) 05+ [T95%, =96 1T 94, (11.3)
j=1 j=1 j=1

Proof. We will prove the result by using mathematical induction on m. For it, firstly, for

m = 2, we have
GWA (Ai1, Ai2) = Bi(e) @ IFEWA(A;1, Ajo)
= (G P) @ (1 (1= Can) (1= Ca)™, 95,92, )

= (Cﬂi‘(l - (1 - CAﬂ)wl (1 - C-Am) ) "951 + 190“ 79‘% - 19:81' ’ 19311119‘;1222)
2
(03 W
= Cp; - 1_[1 I_CAZJ ’ﬁ’gi—l_,l_[ﬁv‘\]ij_ﬂﬁi.nﬁf{ij
= =
Thus, Eq. (11.3) is true for m = 2. Assume the result holds for m = ¢, i.e.,

GWA (Air, Aig, ..., Ait)
t

= ¢ 1—H(1—CA” “il g, +H”l9] — Vg, - Hﬁ

Jj=1
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Then, for m =t + 1, by using the operational laws between the IFNs, we have

GWA (A1, Aigs - -, Ajeg))
= Bile) @ IFWA(Ai1, A2, - -, Aie11))

t+1 t+1
= (C,,98,) ® 1—H(1_4A” ) HﬂAm
j=1 Jj=1
t+1 t+1 t+1
= (¢ [1-T] - ca,)™ 1951+H191 — g, - Hﬁ

j=1
It shows that the result holds for m =t + 1, hence by mathematical induction, it holds

for all positive integer m. O
Further, from this operator, it has been observed from the GWA operator that it is
bounded, idempotent and monotonic which can be demonstrated as follows.

Property 11.2.1. (Idempotency:) If A;; = A; for all j then, GWA(A;1, Aio, . .., Aim) =
Bi @ A;

Proof. Since A;; = A; for all j i.e., (4,; = Ca; and ¥4,; = V4,, then from Eq. (11.3), we

have
GWA (A1, Aigy ..., Aim) = (ng H 1—Ca,)™ , Vg, + H 192]1 — Vg, - H 19:32
j=1 j=1 j=1
5 > >
= |G- (T=Ca )= |, O+ 0, =0y,

= (G (1= (1 =Ca))s g+ 0, — V5,0
(o Cars P+ 9, = 05, 0a,)

= (G 9p:) @ (CaisVay)

= Bi®A
Hence, the result. O

Property 11.2.2. (Boundedness:) Let A, = (ngg A VoA, ) and A = (CHZ_‘%XAij,ﬁgﬁg Aij)
then,

A7 < GWA(Ai, Aoy ooy Ain) < AP



253

Proof. Since Aij = (Ca,;,Y4,;) and B; = (g, Vp,) be IFNs, so for all 4,7, 8 ® Aj; =
(o - Cayyr 1= (1=05,) (1 = Va;))- Denote (i = G5 - CAT G5, = G5™ - G
Ogisa, = 1= (=95 (1 - 03") and 5%, = 1— (1 -95™)(1-95). Now, for A;j =

(Cayy» V) for all i, j, we have, (3™ < Ca,; < CR™ & (1—CU%) < (1-Cay) < (1=

= (1—Cf23x)"§1% < jl;[l(l—CAij)“f < (1—%;‘)7; & 1-(1-¢n) < 1—j€[1(1—CA¢j)‘”j <
1—(1- Cﬁ‘f}") ie., Cj‘;f <1- jli(l — ;)" < Cf\l;x‘ Also, ngin < (s, < ¢ which
implies that ¢5™ - (ggj; < (g, - (1 — ]E[lu — gAij)%‘) <R CR Le,
m
Chima, <Co - [ 1= T = Cay)™ | < Bz, (11.4)
j=1

. m .
Furthermore, 19“““ <y, < ngax & 291“411;1 < TI 195{ ﬁmax &1 - 19““”‘ <1-— H Ll A”
j=1 j=1
1—192\‘2?. Similarly, 1—19%?" <1-95, < 1—19@1rl and hence we get 1—(1—19%2”‘)(1 19“1;‘) <

= (U= 0p) (1= T195,) < 1= (1= 051 = 055), e
]:

Bia, < Vs + ]9, — 05 (H 9%,) < R (1L.5)
Jj=1
Let o = GWA(Ai1, Ao, - - ., Aim) = (o, V) then from the Egs. (11.4) and (11.5), we get
gnlin < Ca S Cmax . EiQ%Aij S "904 S ﬁmax

QA = QA Bi®A;j;

Take A, = ((n;g 4,0 V. Aij) and A = (CI?%XAU, gil(g -Aij) and thus, by definition of score

function, we get S(a) = (o — Vo < Chrod, — 19m1§A” = S(AF) and S(a) = (o — Vo >
C“;g 4, ~ Vsea, =S (A;) and hence by order relation between two these numbers, we

have A7 < GWA(Air, Aig, - . ., Aim) < AT
O

Property 11.2.3. (Monotonicity:) Let A;j be an another collection of IFSNs such that
Aij < Aj; for all 4, j, then

GWA(Ai1, Aiz, . ., Aim) < GWA (A, Ay, ... Ayy)

Proof. Proof follows from property 11.2.2, so we omit here. O
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Property 11.2.4. If the preferences of the senior expert 8 towards the alternative F;(e) =
{Ai1, Aia, ..., Aim} € K over the universal set (X, &) is given by Bi(e) = (1,0) for all
e € &£, then

GWA (A1, Aia, . .., Ai) = IFWA (A1, Aig, - .., Aim)

Property 11.2.5. If the preferences of the senior expert 3 towards the alternative F;(e) =
{Ai, A2, ..., Aim} € K% over the universal set (X, &) is given by B;(e) = (0,1) for all
e € £, then

GWA (A1, Ajgy ..., Aim) = (0,1)

Proof. Omitted. O

Definition 11.2.5. Let F3,(e) = (Fi(e), fi(e)), (i = 1,2,...,n) be any GIFSS over (X, &),
where F;(e) = {Ai, Ai2, ..., Aim} € K% and Bi(e) = ({s,,9p,) is an expert assessment
on X for the i'" alternative Fj(e). Assume that w = (wi,ws,...,wn)? be the normalized

weight vector of F;(e) and let GWG : QF — Q,, IFWG : Q" — Q. If
GWG(.A“, Aiz, . ,Azm) = ﬁ,(e) X IFWG(A@'I, .Ai2a e ,.Azm) (11.6)
then GWG is called GIFSS weighted geometric operator.

Theorem 11.2.2. If Aj; = (Ca;;,94,), @ = 1,2,...,n;5 = 1,2,...,m be collection of

IFNs, then the aggregated value by GWG operator is given by

GWG(A;j1, Aia, - ., Aim) (11.7)
= {16, va+ (1-T1O =04 | =05 | 1= ][0 = 0a,)*
j=1 j=1 j=1
Proof. Follows from Theorem 11.2.1, so we omit here. O

Further, as similar to GWA operator, it has been observed that GWG operator also

satisfies the property of boundedness, idempotent and monotonicity. Also, we have

Property 11.2.6. If the preferences of the senior expert /5 towards the alternative F;(e)
over (X,€&) is given as S;(e) = (1,0) for all e € &, then

GWGC(Ait, Az, - -+, Aim) = TEWGC (A1, Ao, - -, Aim)
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Property 11.2.7. If the preferences of the senior expert 8 towards the alternative F;(e)
over (X, &) is given as B;(e) = (0,1) for all e € £, then

GWG(Ai1, Aia, ..., Aim) = (0,1)

11.2.2 Aggregation operator for GGIFSS

In the above section, we have extended the above AOs by considering the experience of
more than one experts on the elements of X in F(e) for aggregating the various preferences
of the decision-makers in a more effective way. For it, we have presented a weighted
averaging and geometric AOs for a collection of group generalized intuitionistic fuzzy soft
set (GGIFSS) Fg,(e) = (Fi(e),Gi(e)), (i = 1,2,...,n) and are denoted by GGWA and
GGWG respectively.

Definition 11.2.6. A group generalized intuitionistic fuzzy soft set (GGIFSS), Fg, over
the soft universe (X, &) is defined as the mapping Fg : £ — K X % IF then, for every

e € £, we have
Fgle) = (F(e), Gsle)) (11.8)

where F(e) € K% and Gg(e) € IF. Here G = {$1,52,..., 3} is an intuitionistic fuzzy
subset of set of the parameter £ and Gg(e) denotes the opinion of experts on the elements

of X in F(e).
The above defined GGIFSS has been explained with a following example.

Example 11.2.2. Consider the data as given in Example 11.2.1 and their relative rating
values for evaluating the different preferences of the houses with respect of the parameters
E = {e1,e2,e3,e4} are denoted by F(e) for e € £. Further, if we assume that there are
three senior experts, denoted by G = {31, B2, 83}, which gives their opinion toward the
assessment of the rating values of the alternatives in F(e) in the form of IFNs, then for

any e € &, the GGIFSS Fg(e) is given as:

Fgler) = {((0.2,(1).6)’ [0.3,05)° (06,03 (05,04)" (0.7,8.2))’ <(0.4,B.5)’ (0.6,20.3)’ (0.5,%.3)) }’
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_ m m m m m B B B
Fgle2) = {((0.4,5.5)7 (0.1,(2).7)’ (0.3,8.7)> (0.4,3.3)’ (0.2,8.6))’ ((0.7,%).3)7 (0.4,%).5)7 (0.5,%.2)) }v

_ m m m m m B B B
Fgles) = {((0.1,(1).7)’ (02.05)" [0.6.04)" [0.4.04)" (0.5,8.2))7 ((0.6,}).3)’ 0701 (0.6,6.2)) }7

_ m m m m m B B B
Fgles) = {((0.3,5.5)’ [0.6.02)° (05.03) 0.7.03) (0.8,8.2))’ ((0.3,%).5)7 0406 (0.2,36.5))}

where [31(e1) = (0.4,0.5), B2(e1) = (0.6,0.3) and SB3(e1) = (0.5,0.3) are the assessment of
the experts towards the alternative under e; parameter. Similarly for the others assess-

ment.

Definition 11.2.7. Let Fg(e) = (F(e),G(e)) and Cp(e) = (C(e),D(e)) be two GGIFSS

over the universe (X, ) then

e G(e) is intuitionistic fuzzy subset of D(e) for all e € &,

e F(e) is intuitionistic fuzzy subset of C(e) for all e € €.
(ii) Fg =Cp, if

e Fg(e) is intuitionistic fuzzy subset of Cp(e) for all e € &,

e Cp(e) is intuitionistic fuzzy subset of Fg(e) for all e € £.

Definition 11.2.8. The complement of Fg, denoted by F¢, is defined as F§(e) = (F(e),
G(e)), for alle € €.

Definition 11.2.9. Let Fg,(e) = (Fi(e),Gi(e)), (i = 1,2,...,n) be any GGIFSSs over
(X,8), where F;(e) = {Ai1, Aia, ..., Aim} € K% and Gi(e) = {Bi1, Bia,---,Ba} be the

T

experts assessment on X for alternative F;(e). Assume that w = (w1, ws,...,wy)" and

€= (£1,8,...,8)T, respectively, are the normalized weight vectors of F;(e), Gi(e) and let
GGWA : Q¢ — Qg, IFWA : Q" — Q. If

GGWA (A1, Aia, - .., Aim) = IFWA(Bi1, Bia, - - -, Bit) @ IFWA (A1, Aia, - - ., Aim) (11.9)

where g, 2 be the families of GGIFSS and IFSs respectively, then GGWA is called as
GGIFSS weighted averaging operator.
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Theorem 11.2.3. If A;; = (Ca,;,Ya4,;) and By = (g, Vp,.), (0 = 1,2,...,m5 j =
1,2,...,m; k = 1,2,...,1) are IFNs then the aggregated value by using GGWA oper-

ator defined in Definition 11.2.9 is given by

l m
<1‘H<1—<ﬁik>§k>' t=TIa =™ )

GGWA (A1, Aig, .. ., Aim) = h=t =t (11.10)

H ﬂﬁm + H ﬁj H 19 .A”
j=1

7j=1
Proof. We will prove the result by using mathematical induction on m. Then, the following

steps of the mathematical induction have been followed:

Step 1: For m = 2, we have

GGWA(.Aﬂ, Alg) = IFWA(ﬁ“, ﬁig, - ,ﬁil) & IFWA(.AH, ./412)
l l
- (1 N H(l - Cﬁik)ék’ H ﬂ%ﬁk)
k=1 k=1
® (1= (1= Can) (1= €)™, 99,92, )

[
(1 -JIa- %ﬁ) 1= (1= Can)* (1= Ca)™),
k=1
l [

13 3
H ﬁﬁljk + 192119%2 B H ﬁﬁik ’ ﬁjlﬂﬁiziz

k=1 k=1
l 2

(1 - H(l - Cﬂzk)§k> | 1- H(l - CAij)wj )
o k=1 7=1
N l 2 2

3 wj k ‘”
HW:-MLHﬂA Hﬂ ik 'Ajlj
k=1 j=1 j=1

Thus, results holds for m = 2.

Step 2: If Eq. (11.10) holds for m = t, i.e.,

l t
< H C,Blk ) 1= H(l - CAij)Wj )

k=1 j=1

1%, +H0 Hﬁ V%,
k=1

7j=1

GGWA (Air, Aia, ..., Air) =
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then for m =t + 1, we have
GGWA(.AM, .Ai27 ey ‘Ai(t-l—l))
= IFWA(Bi1, Bi2, - - -, Bir) @ IFWA(Air, Aiz, - ., Ag(r41))

l l t+1 .t+1 ‘
= (1—H<1—<ﬁik>fhm§’;)® L-TT(=ca,)” TT 9,
k=1 j=1 j=1

k=1

l t+1
<1_ H(l_gﬁik)£k> ) 1_H(1_CAij)wj )

B k=1 j=1
l t+1 l t+1
Ek wj &k wj
H ’lgﬁik + H ﬂAij H ﬂﬁik' 19~Aij
k=1 j=1 k=1 j=1

Thus, Eq. (11.10) holds for m = t+1 and hence, by the principle of mathematical

induction, result given in Eq. (11.10) holds for all positive integer m.

O]

Now, for a collection of IFSNs Fg, (e) over the (X, &), the proposed GGWA operator
satisfies the idempotent, boundedness and monotonicity property, which are stated as

follows:

Property 11.2.8. LetFg,(e) = (Fi(e), Gi(e)) be any GGIFSSs over (X, ) where F;(e) =
{Ai1, Aiay ..., Aim} € K and G;(e) = {Bi1, Bio, - - -, Ba} be the experts assessment on X

for alternative F;(e). Then, we have
(P1) (Idempotency:) If A;; = A; and S, = B; for all j, k then, we have
GGWA (Air, A, ..., Aim) = Bi @ A;
(P2) (Boundedness:) If A~ and AT be the lower and bound of the collections of IFSNs
Fi(e), then we have
A7 < GGWA (A1, Aig, ..., Aiy) < AT
(P3) (Monotonicity:) If F; (e) = (F(e),Gi(e)) be the another collection of IFSNs where

Flle) = {Al, Ay, ..., AL} € K¥ and Gi(e) = {Bi1,Bi2,...,Bu} be the experts

assessment on & for alternative F;(e) such that A;; < Aj; for all 4, j then,

GGWA(.AH, Ao,y .n s .Azm) < GGWA( ;1, QQ, e .A;m)
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Definition 11.2.10. Let Fg,(e) = (Fi(e),Gi(e)), (i = 1,2,...,n) be any GGIFSSs over
(X, &), where F;(e) = {Ai1, Aia, ..., Aim} € KV and Gi(e) = {Bi1, Bia,---,Ba} be the

experts assessment on X for alternative JFj(e). Assume that w = (wi,wa,...,wn) and

€= (&,8&,...,&)T, respectively, are the normalized weight vectors of F;(e), Gi(e) and let
GGWG : Q% — Qg, IFWG : Q" — Q. If

GGWG(Aj, Ao, - .., Aim) = IEWG(Bi1, Bi2, - - -, Bit) @ IFWG(Air, Aig, - - - Aim)

(H%Hc (1- SR )+ (1= -4,

k=1
l m
—<1—H(1—z95m ) ( H 1—9a,) J>) (11.11)
k=1 j=1
where Qg,  is the family of GGIFSS and IFSs, then GGWG is called as GGIFSS weighted

geometric operator.

The proposed GGWG operator also follows the same properties as that of GGWA

operator. In addition to these, we have

Property 11.2.9. If the expert assessment towards the alternatives are represented as

Bir = (1,0) for k =1,2,...,1 then, we have
GGWG( A1, Aiz, . - ., Aim) = TFWG( A1, Ao, - . - Aim)

Property 11.2.10. If the expert assessment towards the alternatives F;(e) is taken as
Bi = (0,1) for k=1,2,...,1, then

GGWG(A;1, Aiz, - - -, Aim) = (0,1)

11.3 Proposed DM method based on the operators

In this section, a DM method by using above defined AOs for GIFSSs have been presented.

Consider a DM problem with a collection of alternatives, AM, A®@) .. AM™ and
the parameters £ = {ej,e2,...,en}t. A committee of the experts has been constituted
which are going to evaluate each alternative A® (1t =1,2,...,n) against the parameter

ej(j =1,2,...,m) and given their rating in terms of [FNs denoted by A;; = (Ca;;,V4;;)-



260

Let {f1, 52, ..., 0} be the group of senior persons/experts which furnish their assessment
towards the preferences of the each alternatives A;; in terms of IFNs £, = ({g,,73,),
(k=1,2,...,1). Then, in the following, we develop an approach based on the proposed

operators with intuitionistic fuzzy soft information, which involve the following steps:

Step 1: Create a framework of the experts’ assessment related to each alternative in the

form IFNs and hence construct their corresponding decision matrix [Flyxm.-

Step 2: Obtain the generalization parameter matrix [Ggl,x; by incorporating the prefer-

ences of the senior persons/experts’ committee on each alternative.

Step 3: Add the matrix [Gg] into assessment matrix [F] for i*" alternative A®) and con-

struct the new matrix [Fglp,x (mt1)-

Step 4: Compute the net aggregation evaluation of the matrix Fg by using GGWA or
GGWG operator, given in Eq. (11.10) or Eq. (11.11), of alternative A® and its

results are denoted by r@ i=1,2,...,n.

Step 5: Rank the alternatives based on the descending values of their score values (%),

11.4 TIllustrative Example

The presented approach has been demonstrated with a numerical example to show the

superiority of it.

11.4.1 A case study

Consider a university which wants to appoint an outstanding professor in their respective
department from the six suitable candidates denoted by, AN, A2 AG) AW AG) and
A These candidates have been screened out with respect to the five different parameters
as & ={“qualification” (e1), “teaching experience” (e2), “research experience” (e3), “number
of publications”(e4), “teaching capability” (e5) } whose weight vector is w =(0.19, 0.17,
0.19, 0.23, 0.22). The evaluation of these candidates against the parameters is measured

by the screening committee and arranged their rating values in the form of the IFNs
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Table 11.1: Intuitionistic fuzzy assessment matrix [Flgxs

el €o es ey €5
AWM 1 (0.92,0) (0.92,0) (1,0) (0.73,0.21)  (0.98,0)
AP | (0.52,0.29) (0.56,0.19) (0.92,0.03) (0.67,0.19) (0.54,0.31)
AB) | (0.78,0.06) (0.24,0.47) (0.75,0.16) (0.33,0.48) (0.67,0.24)
A® 1(0.52,0.39) (0.35,0.59) (0.88,0.03) (0.55,0.26)  (0.96,0)
A®) | (0.38,0.33) (0.72,0.10)  (0.96,0)  (0.13,0.49)  (0.96,0)
A©) 1(0.02,0.82) (0.28,0.47) (0.81,0.12) (0.29,0.48) (0.67,0.22)

and are summarized in Table 11.1. Further, assume that there are three senior experts

from the university denoted by G = {f1, B2, 83}, who provides their assessments toward

the candidates AM, A@) AB) 4D AG) and A®), which reflect their attitude with the

descriptions, in the form of IFNs and are their rating values are summarized in Table 11.2.

Also, assume that the weight vector of these three senior experts is & = (0.4,0.3,0.3)7.

b1 B2 B3
AWM 1 (0.92,0) (0.96,0) (0.90, 0)
A® | (0.71,0.16)  (0.82,0.1)  (0.74,0.15)
A®) | (0.62,0.20) (0.65,0.20) (0.65,0.27)
AW 1 (0.78,0)  (0.84,0.07) (0.62,0.30)
AB) | (0.75,0.20)  (0.80,0)  (0.68,0.21)
A©) | (0.82,0.08)  (0.96,0) (0.9,0)

Table 11.2: The generalization parameter matrix Gg given by the experts

Then, the following steps have been executed for finding the most desirable candidate

for the post of an outstanding professor, in their respective department, by using GGWA

operator as follows:

Step 1:

Step 2:

shown in Table 11.1.

of decision matrix [G]ex3, as shown in Table 11.2.

Construct the description matrix [Flgxs of the alternatives in terms of IFNs, as

Evaluation matrix of the three experts’ toward the alternatives is assessed in terms
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Step 3: Create a new generalized IFSS matrix [Fglexs as shown in Table 11.3.

Table 11.3: GGIFSS assessment matrix [Fglexs

el 2 €3 €4 es B B2 Bs
AW | (092,00 (0.92,0) (1,0)  (0.73,0.21)  (0.98,0) | (0.92,0)  (0.96,0)  (0.90,0)
A® | (0.52,029) (0.56,0.19) (0.92,0.03) (0.67,0.19) (0.54,0.31) | (0.71,0.16) (0.82,0.1) (0.74,0.15)
A® | (0.78,0.06) (0.24,0.47) (0.75,0.16) (0.33,0.48) (0.67,0.24) | (0.62,0.20) (0.65,0.20) (0.65,0.27)
AD | (0.52,0.39)  (0.35,0.59) (0.88,0.03) (0.55,0.26)  (0.96,0) | (0.78,0)  (0.84,0.07) (0.62,0.30)
AG) | (0.38,0.33) (0.72,0.10)  (0.96,0)  (0.13,0.49)  (0.96,0) | (0.75,0.20)  (0.80,0)  (0.68,0.21)
A©) | (0.02,0.82) (0.28,0.47) (0.81,0.12) (0.29,0.48) (0.67,0.22) | (0.82,0.08)  (0.96,0)  (0.9,0)

Step 4: Aggregate these different preferences of the decision-maker corresponding to the
weight vectors w and & by using GGWA operator, as given in Eq. (11.10), and
hence, we get (1) = (0.9305,0), r® = (0.5253,0.2758), r(3) = (0.3874,0.3942),
r® = (0.5951,0), ) = (0.6058,0) and r©) = (0.4541,0.3427).

Step 5: Score value of each candidate is obtained as S(r)) = 0.9305, S(r?) = 0.2496,
S(r®) = —0.0068, S(r™®) = 0.5951, S(r®) = 0.6058 and S(r(®) = 0.1114 and
thus ranking order is A1 = A®) = A® = AR » AO) » AG)  Therefore, the

candidate AM) is the best one for the required post.

11.4.2 Comparison of results with those obtained through GWA

As it has been observed from the above results that the best candidate is AW for the
desired post. However, if we are interested to know the recommendation of an individual
expert, then an analysis has been conducted for the considered problem by using GWA

operator as given in Eq. (11.3), for each expert.

(i) If only expert-1 i.e., 51 has been taken into the account during the analysis, then by
following the proposed approach steps we get the score values of each alternative are
S(rM) = 0.9200, S(r?) = 0.1972, S(r®) = —0.0033, S(r¥W) = 0.6072, S(r®)) =
0.4073 and S(r(®)) = 0.0166. Thus, their ranking is A®) = A® = AG) = A?) »
A6) o« ABG),

(ii) If only expert-2 i.e., 32 has been taken into an account, then the score values of their
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corresponding aggregated values are S(r()) = 0.9600, S(r(?)) = 0.3239, S(r®) =
0.0149, S(r®) = 0.5839, S(r®) = 0.6477 and S(r(®)) = 0.1396. Therefore, ranking
order of the candidate is A1) = AG) = A® = AR) = AO) . AG),

Finally, if only ([3 expert has been taken into an account, then their correspond-
ing score value of each candidate is S(r(!) = 0.9000, S(r?) = 0.2264, S(r®) =
—0.0394, S(r¥W) = 0.1827, S(r(®)) = 0.3406 and S(r(®) = 0.1094 and hence ranking
is AL = AB) =A@ = AW - A6) - AG),

As each expert has their own preferences and parameters due to their own knowledge,

experience, etc., the ranking based on expert-1 preference is, obviously, different from the

expert-2 or expert-3. But the best (A1) and worst (A®)) candidates found by the GWA

or GGWA operator are same.

11.4.3 Comparison of results with those obtained through IFSS

The existing approaches on the IFSS environment have been utilized here for finding the

best alternative(s) and their results are summarized as follows:

(1)

(iii)

If we utilize the distance measure(ljpg) as proposed by Cagman and Deli [21] on
the considered problem, then corresponding to each alternative, the index values
are obtained from their ideal alternative B = (1,0) as I5.4(AM,B) = 0.0660,
1305 (AP) B) = 0.2800, I .6 (A®), B) = 0.3640, I5.4(AW, B) = 0.3010, I .4(A®), B) =
0.2770 and Z?FS(.A((S), B) = 0.5040. Thus, their ranking order is A1) = A®) » AR) »
AW~ AG) » A6) and hence, it has been concluded that the best candidate is AM).

If we compute the best alternative based on the similarity measure(S) for IFSS
as proposed by Rajarajeswari and Dhanalakshmi [161], then we have S(AM, B) =
0.8680, S(A®) B) = 0.4400, S(A®), B) = 0.4240, S(A®W, B) = 0.4940, S(A®),B) =
0.5900 and S(A©), B) = 0.4640. Therefore, based on their measurement values the
ranking order is AN = AG) « A®) » AO) o AR) o AG),

If we apply distance measure(dy) as proposed by Khalid and Abbas[98] to find the
best candidate of the considered data from the ideal alternative B = (1,0) then, their
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corresponding measurement values are dH(A(l),B) = 0.0900, dH(.A(Q), B) = 0.3580,
dr(A®) B) = 0.4460, diy (AW, B) = 0.3480, dy (A®), B) = 0.3700 and dy (A©), B) =
0.5860. Therefore, their ranking order is A = AW = A®@) - AG) » AB) . A©)

and hence A is the best candidate.

(iv) If we compute distance measure(d, ) as given by Sarala and Suganya [168] to the
considered data from the ideal alternative B = (1,0) then, we get d,z (AN, B) =
0.0660, dpzr (A®), B) = 0.2800, dpir (A®), B) = 0.3640, dpyir (AW, B) = 0.3010, dy,z7 (A®),
B) = 0.2770 and d,,z7 (A©®), B) = 0.5040 and thus, their ranking order is A®) = A®)
AR = AW AG) - A6),

(v) If we apply weighted similarity measure(W;pgs) as proposed by Mutukumar and
Krishnan [142], then we get their measurement values are Wrrss(AM, B) = 0.2161,
Wirss(A®,B) = 0.2956, Wirss(A®), B) = 0.3106, Wirss(A® B) = 0.2773,
Wirss(A®), B) = 0.2450 and W;pgs(A©),B) = 0.3308. The ranking order cor-
responding to it is A = AG) = A® ~ AR~ AG) — A©) and hence, AW is the

best alternative.

11.4.4 Comparison of results with those obtained through IFNs

On the other hand, if we ignore the additional judgements of the experts matrix |G| and
evaluate the performance of the alternative by using decision matrix [F] only, then the
following approaches as proposed by the authors [206, 209, 227, 231] have been utilized

and obtained the following results.

(i) By aggregating the preference values of the considered problem using IFWA operator
[227] approach, we get the overall score values for each alternative are S(r()) =
1.0000, S(r®) = 0.5327, S(r®)) = 0.3824, S(r¥W) = 0.7785, S(r®)) = 0.8097,
S(r®) = 0.1596 and thus ranking order is A = A®) = AW »— AR) = AB) = AO),

(ii) If we utilize IFWG operator as proposed by Xu and Yager [231] to aggregate the
different preferences of the decision-maker, then we get their corresponding score

values are S(r(V)) = 0.8459, S(r() = 0.4165, S(r®) = 0.1980, S(r®*) = 0.3486,
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S(r®)) = 0.2637 and S(r®)) = —0.2313. Thus, the ranking order of the alternative
is A = AP = A@ — AG) = AG) . AO)

(iii) If we utilize Wang and Liu [206] approach, then the score values corresponding to
their approach are S(r) = 1.000, S(r?) = 0.5197, S(r®) = 0.3606, S(r*)) =
0.7630, S(r®)) = 0.7850, S(r(®)) = 0.1134 and hence the ranking order is A -
AB) = A o AG) o AB) o A6)

(iv) If we utilize Wang and Liu [209] approach, then we get score values of each alternative
are S(rt)) = 0.8544, S(r®) = 0.4277, S(r®) = 0.2266, S(r¥) = 0.3876, S(r®)) =
0.3277, S(r(®)) = —0.1809. Thus, the best one is A1),

11.4.5 Superiority of the proposed approach

In this section, we have presented some counterexamples which show that the existing
operators under the IFS, as well as IFSS, environment fails to rank the given alternatives

while the proposed approach can overcome their shortcoming.

Example 11.4.1. Consider a DM problem by considering the two alternatives, namely
AWM and A® which have been evaluated by the expert over the set of three parameters,
say {e1,ea,e3} whose weight vector is w = (0.24,0.40,0.36)”. Then, the objective of
the problem is to find the best alternative under the given set. In order to do so, an
expert evaluated these alternatives and gave their preferences in terms of IFNs which are

summarized as follows:

g1 Go g3
M= AW [(0.510,0.361) (0.66,0.25) (0.53,0.29)
A® [(0.532,0.400) (0.36,0.52) (0.76,0.12)

Now, if we utilize IFWG operator [231] for aggregating these preferences then, the score
values corresponding to these alternatives are 0.2949 and 0.2949 respectively. Therefore,
we can see that both the alternatives have same score value hence we can’t choose the

best one. This is due to the fact that IFWG operator completely ignores the judgments of
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the senior experts’ and thus they have completely made by his own views while evaluating
the alternatives and hence lead to an unfair decision.
On the other hand, if we utilized the proposed GWA operator by adding preference of

one senior expert

(0.9,0.1)
(0.5,0.4)

towards the two different alternatives then, we get their relative score values as S(AM) =
0.1654 and S(A®) = —0.2813. Thus S(AM) > S(A?) and hence AY) = A®?) where >

represents the “preferred to”.

Example 11.4.2. Consider a DM problem which consists of two different alternatives
denoted by A™M and A®) under the set of the different parameters/criteria denoted by
{G1,Go, G3} whose weight vector is w = (0.24,0.40,0.36)7. A decision-maker has evaluated
these alternatives and give their preferences with respect to these three criteria in the form

of the intuitionistic fuzzy decision matrix M as follows:

g1 Ga g3
M= AD [(0.361,0.51) (0.25,0.66) (0.29,0.53)
A® | (0.4,0.532)  (0.52,0.36) (0.12,0.76)

Then, the target of this problem is to choose the best alternatives among the two. For
it, the existing IFWA operator [227] has been utilized for aggregating these different
preferences and hence, the relative score values corresponding to the alternative A and
A are —0.2949 and —0.2949. Hence, it is unable to justify their approach to find the
best alternative which leads to an unfair decision.

On the other hand, if we apply the proposed GWA operator by considering the prefer-
ence of one senior expert 3, towards the assessments of the rating values of A1) and A®),

as

(0.9,0.1)
(0.5,0.4)
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then, we get the relative score values corresponding to their alternatives A and A®)
as —0.3528 and —0.5254 respectively. Thus, from it, it has been concluded that the

alternative A() is better than the alternative A®2).

Example 11.4.3. Consider an another DM problem with two alternatives A and A®)
which are evaluated under the set of the different parameters e;, eo and e3. An expert has
evaluated these alternatives under the set of the three parameters e, eo and es and gave
their preferences in terms of IFNs, which are represented in the form of decision matrix

M as follows:

€1 €9 €3
M= AWD [(0.5,04) (0.7,0.2) (0.6,0.2)
A® 1(0.4,05) (0.8,0.1) (0.6,0.3)

Then, the target of this problem is to choose the best alternative among them. For it, if
we utilize the existing distance measure, d(-), as proposed by Khalid and Abbas [98], then
their corresponding distance measures for the alternative AWM and A®@ from its positive
ideal measure Gt = ((1,0))ax3 are d(AM,GT) = 0.4 and d(A®,G) = 0.4 respectively.
Thus, from it, we have analyzed that their measure is also unable to distinguish between
these two alternatives. On the other hand, if we apply the proposed GWA operator by
adding preference of one senior expert S as given in above example then, we get their
respective score values as S(AM) = 0.7316 and S(A®) = 0.0670. From it, we can
conclude that A®) is preferred to A®).

11.4.6 Advantages of the proposed approach

Based on the comparative studies, the following advantages have been obtained which are

summarized as follows.

(i) The results computed under IFNs [54, 56, 102, 177, 206, 209, 227, 231] have com-
pletely ignored the judgments of the expert’s matrix [Gg] and thus they have com-

pletely made by his own views and hence lead to an unfair decision.

(ii) The results computed by the existing approaches [21, 98, 142, 161, 168] under
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the IFSS environment did not consider the degree of the expert’s opinion fSi(k =

1,2,...,10)’s during the analysis.

(iii) The influence of each expert on the ranking of the alternative has been judged by
using GWA operator and found that the on expert-1 preference, a ranking is dif-
ferent from the expert-2 or expert-3 since each expert has their own knowledge and
experience during the judgment of the alternative. But the best alternative remains

same as found by the GWA or GGWA operators.

(iv) On the other hand, it has been seen the effect of the generalized parameter 3(e) on
the ranking of the candidate. For example, as far as for the candidate concerned,
A®) ig leading to A©®), AW is leading to A®) with the IFSS approaches, but with
the consideration of the generalized parameters, A®) precedes A®) and A® precedes
A®@ Also, it has been observed that the best candidate has remained A®M) but their
results are no longer suitable from a practical point of view due to non-consideration

of the parameters of the expert opinion.

11.5 Conclusion

In this chapter, we have presented the concept of generalized IFSS and group-based gen-
eralized IFSS based on the preferences of the group of experts’ whose rating values are
summarized in the form of IFNs. To do so, we first study few properties of GIFSS and
then an averaging and the geometric aggregating operator named as GWA and GWG
have been proposed. Further, the concept of GIFSS has been extended to GGIFSS and
hence their corresponding averaging and geometric AO have been proposed by embedding
more number of senior experts which reduce the impact of single senior expert’s preference
during the DM process. The proposed approach has been illustrated with a numerical ex-
ample and compared the study with the state-of-art literature. From the study, it has been
concluded that without considering the generalization parameter of the expert’s opinion
in the decision process, the results are no longer suitable from a practical point of view.
Furthermore, the proposed GGIFSS reduces the impact of unfair arguments on the final

results given by a single expert.
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