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ABSTRACT

Optical frequency comb, a spectrum of equidistant lines, has attracted theoretical and
experimental research interest since more than the last two decades. In this thesis work we
theoretically generated the optical frequency comb in a dissipative microresonator based on a
vertical cavity surface emitting laser (VCSEL). The vertical cavity surface emitting laser is
coupled with a saturable absorber and frequency selective feedback. Optical frequency comb
has been investigated for different input profiles namely Gaussian, super-Gaussian,
sinh-Gaussian and cosh-Gaussian. Both chirped and unchirped profiles have been studied. In
all cases optical frequency comb has been generated via cavity soliton formation of the input
field. Split-step Fourier transformation based numerical method has been used to find the
frequency comb. The generated optical frequency comb from different profiles are then
compared. The parametric regions of optical frequency comb generation have been identified
for each profile. The possibility of tuning the optical frequency comb has been highlighted.
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CHAPTER 1

1.1 INTRODUCTION

Frequency comb is an interesting topic of contemporary research that has attracted renewed
attention since the Nobel Prize was awarded to Roy J. Glauber, John L. Hall and Theodor W.
Hansch in 2005 [1]. Optical frequency comb (OFC) is a spectrum consisting of equidistant
lines. It measures a very high frequency of short pulses of light. It can be achieved by
ultrafast lasers because they accurately measure the higher frequency [2]. For OFC if we
make a graph of intensity corresponding to the frequency, the ‘teeth’ or line come with
different colours; arranged according to their pulse with small frequency comes at left and the
pulse with large frequency comes at right of the graph. OFCs give equally spaced frequency
lines [3, 5]. They are creating novel applications for precision spectroscopy [6], sensing,
microwave synthesis, optical waveform generation, and physical sciences [7,8]. Earlier,
frequency comb has been generated using the mode-locked laser but unfortunately this leads
to limited frequency pitch. It stabilizes the repetition rate and carrier envelope phase [9]. To
produce the broadband frequency comb, femtosecond mode-locked lasers are a very suitable
source. Its optical spectrum consists of equally spaced descreste lines to pulse repetition
frequency ( ). Outside the laser cavity, if we use strong optical nonlinearities, for𝑓𝑟𝑒𝑝
example from highly nonlinear optical fibers the comb can be further broadened [10]. We get
the output in the time domain, but results in the time domain cannot be easily observed so we
have to consider a fourier transformation which converts the time domain into frequency
domain and stabilizes the carrier phase with respect to pulse envelope. Because the group and
phase velocities are different in the laser cavity, so from pulse to pulse, this phase is not
constant. The output of a mode-locked laser gives combs of frequencies that are separated by
the repetition rate. In narrow bandwidth, pulses interfere, and we can find the signal only
where they add constructively [11] i.e., have a phase shift of If the time between the2𝑛π.
pulse train is , these frequencies are , where n is integer andτ 𝑓𝑛 = 𝑛/τ = 𝑛 𝑓𝑟𝑒𝑝

is the repetition frequency of pulse trains. If carrier phase is integer multiple of𝑓𝑟𝑒𝑝 = 1/τ 
, there is no offset, but if it is not integer multiple of then there will be offset frequency2π 2π

i.e., 𝑓𝑛 = 𝑛 𝑓𝑟𝑒𝑝 + δ

1.2  LITERATURE REVIEW:

Little more than 20 years ago, frequency combs were found as a laser technology which can
count the fast oscillating cycles of light [14]. As mentioned earlier, the frequency comb is a
spectrum which consists of equally spaced lines i.e., having equally spaced frequency
components [15,16]. This shows the optical spectrum and there are millions of little teeth of
optical comb. OFC was found to count the cycles from optical atomic clocks [12]. OFC
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attracts attention because of many applications for example frequency metrology, precision
spectroscopy, distance measurement or telecommunication. Frequency comb can be produced
in many ways like mode-locked laser, four wave mixing, saturable absorber etc. However, the
size of mode locked lasers tells that these systems would never be available widely and they
have limited capabilities [13]. To solve this problem, there was new development to control
the spectrum of mode-locked lasers, which leads to optical frequency comb. The
self-referencing technique helped the frequencies of combs to be “locked” to radio frequency
[17,18,19,20]. The Fourier transform gives the equally spaced lines of OFC in the frequency
domain [21,22]. Virtually, everything in this world may be described by the waveform which
is defined as a function of time or space [23]. Frequency transform gives a good way of
viewing these waveforms [24]. OFC was found to support the most precise atomic clocks.
Optical clocks are based on atom’s optical transitions that operate on high frequency as
compared to the microwave atomic clocks. This is used to define the second with high
accuracy. Applications of OFC have expanded and there are many developments in this
technology. Between the comb lines of frequency combs, frequency stability and phase
coherence can provide good merits. Mode-locked lasers can produce frequency comb that
allow optical frequency metrology to extend in the 1.55μm region. OFC can be shown in
different ways. Among all these, we use VCSEL to generate the frequency combs. VCSEL
has many advantages over other lasers like low power consumption [27], use of a low current
to operate (under 10mA) and gives an array of output beams[28, 29]. The gain switching
method starts to generate the OFC [30, 31]. We didn't get the equal frequency separation in
the mode-locked laser but with the help of gain switching, we can equally maintain the
frequency separation [32, 33].

1.3 MOTIVATION

Although a lot of work has been done on OFC during the last two decades till several issues
related to OFC are unanswered. For example, tunability of OFC, role of various saturable
absorbers etc. need more research attention. Frequency combs have been studied in
microresonators in recent times. It would be a very novel idea to investigate the frequency
comb generation in the light of cavity soliton. Therefore, our present investigation will try to
club the concept of cavity soliton in frequency comb generation.

1.4 OBJECTIVE

In view of gap in present scientific literature, we purpose to investigate

1.   the generation of optical frequency comb  using cavity solitons in microcavity.

2.   to identify the role of writing beam profiles in the generation of optical frequency comb.

1.5 METHODOLOGY
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We generate OFC in a microresonator that comprises VCSEL with a saturable absorber (SA)
and coupled with frequency selective feedback (FSF). The governing equation for the electric
field of the electromagnetic field inside the microresonator can be expressed by the Complex
Ginzburg-Landau equation (CGLE). The following Complex CGLE can be used to express
the cavity field of our microresonator system.

= …………..(1)∂𝐸
∂𝑡 [− (1 − 𝑖θ) + µ(1−𝑖α)

1+ 𝐸| |² − γ(1−𝑖β)
1+𝑠 𝐸| |² + 𝑖∆] 𝐸 + (𝑎 − 𝑖𝑏)𝐸   

where, is the slowly varying amplitude of the electric field. is the cavity mistuning𝐸 θ
parameter, i.e., it captures the mismatch in frequency between the cavity field and the
external field. The cavity loss is so normalized that it leads to the “1” in the first term in the
right hand side of the equation. α and β are line width enhancement factors for active and
passive material respectively. µ and γ are pump parameters for active and passive parameters
respectively. is the transverse laplacian. The last term is the FSF term that compensates for∆
the loss of the cavity and helps in stabilizing the cavity soliton, via which we generate OFC.

and are the feedback parameters.𝑎 𝑏

The aforesaid CGLE, i.e., the governing equation generally does not have an closed form
exact analytic solution. However, some analytical-numerical methods, e.g., separation
method (splitting the CGLE into two eigenvalue problems and solving) by Firth et.al. can
give an essential idea of the solution zone [34]. One can try to solve the CGLE by an
approximate analytical method (eg: vibrational method) as done by B. Kaur et.al [35]. For the
current investigation, following the footsteps of the leading researchers, we adopt a
numerical method, namely, split step fourier method to generate OFC by solving this
governing CGLE. In general, numerical methods of two major categories are used to solve
such CGLE or similar perturbed nonlinear Schrodinger equations: (1) finite difference time
domain (FDTD) method and (2) Split-Step Fourier transform method (SSFM). We choose a
direct numerical path and prefer SSFM over FDTD as the former is the faster routine and
suffers from less instability. [55]. SSFM is a pseudo-spectral method and is faster than
general numerical methods up to an order of magnitude to achieve the same accuracy.

1.5.1 SPLIT- STEP FOURIER METHOD

It is a pseudo-spectral numerical method used to solve the nonlinear partial differential
equation like the nonlinear Schrodinger equation and different CGLE (as one we used in our
investigation). This method is used to find the solution in small steps and treat the linear and
nonlinear steps separately. This method is used in the field in which light propagates along a
waveguide or the optical field evolves with time, but the linear and nonlinear interaction
make it difficult to find the solution. In this method the length of the waveguide or the
evolution time is split into small steps/ segments. The input field is then rewritten into
Fourier domain. Now the effect of propagation (diffraction, dispersion etc.) is incorporated
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into the problem and then integrated. The result, i.e., the field at the end of the small segment
is then written using the inverse Fourier transform. Nonlinearity is introduced in an
interesting manner. First the average of the nonlinearity is calculated and then is added in the
half-way of the segments. Also, there are other variants of the method. A general description
of the steps are portrayed below.

Firstly, the governing  equation (here, the CGLE) is rewritten in operator form as

= . ……………. (2)∂𝐸
∂𝑧 (𝐷 + 𝑁)𝐸

Where is differential operator that accounts for dispersion and absorption in a linear𝐷
medium and is a non-linear operator. The SSFM obtains appropriate solutions by assuming𝑁
that in propagating the optical field over a small distance h, the dispersive and nonlinear
effects can be pretended to act independently. Propagation from to is carried out in𝑧 (𝑧 + ℎ)
two steps. In the first step, nonlinearity acts alone, and . In the second step, dispersion𝐷 = 0
acts alone, and . Mathematically,𝑁 = 0

. .……………. (3)𝐸(𝑧 + ℎ, 𝑇) ≈ 𝑒𝑥𝑝(ℎ𝐷)𝑒𝑥𝑝(ℎ𝑁)  𝐸(𝑧, 𝑇)

The exponential operator  can be evaluated in the Fourier domain using the prescription

. …………….. (4)𝑒𝑥𝑝(ℎ𝐷)𝐵(𝑧, 𝑇) = 𝐹ₜ⁻¹𝑒𝑥𝑝[ℎ𝐷(𝑖ω)]𝐹ₜ 𝐵(𝑧, 𝑇)

Where denotes Fourier transform operator.𝐹

To estimate the accuracy of the split step Fourier method, we note that a formally exact
solution of equation (1) is given by

. …………….. (5)𝐸 (𝑧 + ℎ, 𝑇) = 𝑒𝑥𝑝[ℎ(𝐷 + 𝑁)] 𝐸(𝑧, 𝑇)

If is assumed to be independent. At this point, it is useful to recall the Baker-Hausdorff𝑁 𝑧
formula [14] for two non-commuting operators a and b.

……………. (6)𝑒𝑥𝑝(𝑎)𝑒𝑥𝑝(𝑏) = 𝑒𝑥𝑝(𝑎 + 𝑏 + 1
2 [𝑎, 𝑏] + 1

12 [𝑎 − 𝑏, [𝑎, 𝑏]] +...)

where, by using eqn. (6) with and , the dominant error term is found to𝑎 = ℎ𝐷 𝑏 = ℎ𝑁
result from the single commutator . Thus the split-step Fourier method is accurate to second
order in the step size .ℎ
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CHAPTER 2

In this chapter we describe the OFC in detail. We also discuss the components and concepts
associated with the formation of OFC in our investigation.

Scientists used the laser that gives continuous and closely spaced pulses that have many
different colours [36]. Time and frequencies are inversely related i.e. if time is small it results
in larger frequency numbers. Let we have light of four colours i.e., blue, red, green and
yellow [37]. Blue light moves faster than the red light and green and yellow moves between
them. If we make a graph corresponding to the frequency comb, we get the line that comes
with different colours and they are arranged according to their oscillation. Blue light rotates
fast but the red light rotates slowly. If blue takes four rotations then red takes only one
rotation or oscillation at that time [38] that means pulse oscillates very slowly, comes at left
i.e. red and the pulse that oscillates very fast comes at right of the graph. The graph is
between intensity (X-axis) and frequency (Y-axis).

Figure 2.1.1: OFC having equally spaced frequency components

A.TIME DOMAIN
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B. FREQUENCY DOMAIN

Figure 2.1.2 :(A) In the time domain, the phase between the carrier (blue) and the envelope
(red) evolve from pulse to pulse by the amount .∆ϕ
(B) In the frequency domain, the elements of the frequency comb of a mode-locked
pulsetrain are spaced by frep.

Teeth are closely and equally spaced and are used to measure the light emitted by the laser. If
the pulse is fast then it takes a small time and frequency becomes high [39]. Scientist used
‘mode-locked’ which emits femtosecond ( sec) pulses that have millions of seconds that10⁻¹⁵
result in several hundred thousand frequencies or teeth [40].
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Figure 2.1.3: The injected signal (upper panel) and the generated optical frequency comb
(lower panel). The system parameters are
θ = 1. 0,  𝜇 = 1. 34,  𝛼 = 2. 4,  𝛾 = 0. 42,  𝛽 = 0,  𝑠 = 10,  λ = 0. 42,  σ = 0. 316,  ω = 1. 7 

In the upper panel of the above figure, the beam is given as input ( in solid blue) which is
divided into two spikes ( in dotted red). The spikes are at the same distance from the beam.
These spikes are thin that’s why frequency comb in output will be wide, which is in space
[41]. In all other lasers, light reflects in the mirror cavity repeatedly but in ‘mode-locked’
lasers, peaks of different colours coincide at regular intervals. Spacing between the lines of
the frequency combs can be determined by Time between pulses. As fast as the repetition of
pulses, the space will be less between the teeth [42].

To know about the mechanism of OFC formation in our method we need to learn about
saturable absorber, soliton, cavity soliton and VCSEL. We have a saturable absorber in
VCSEL which will help in achieving a cavity soliton ( a unique family of localized optical
structure/ spot inside the VCSEL cavity) as well as mode-locked. The OFC is investigated for
such  cavity solitons.

2.2 COMPONENTS OF GENERATION OF OFC

There are many methods to produce OFC like mode-locking, four wave mixing etc. We
generate via cavity soliton, which is based on the microcavity of a VCSEL. The components
to produce the optical frequency are described below.

2.2.1 CAVITY SOLITON:

Solitons are wave packets that maintain their shape and size during the propagation and even
after collision with another one [47]. Conservative soliton will create if two phenomena
balance each other i.e. dispersion, or self diffraction induced broadening is balanced by
nonlinearity induced self-phase modulation or self-focusing. Conservative systems are rare
and so the conservative soliton [48]. A dissipative soliton can be created in a lossy system,
when the balancing condition for corservative soliton is present and additionally and
essentially the loss of the system is balanced by an external gain [43]. Cavity solitons (CS)
are a unique class dissipative soliton that can be generated inside a cavity of a wide cross
sectional area resonator. CSs are bright peaks over a dark homogeneous background [44, 45].
They are created below threshold and the whole system is mathematically bistable. Soliton
can’t be stable if the system has any loss so this loss is compensated by the gain. We gave the
holding beam to get gain in the system. Now, we have two other methods by which the
system can gain i.e., frequency selective feedback and saturable absorber. In optical cavities,
these are bright spots of light. The cavity contains a nonlinear medium that provides the
confinement of the light [46].
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Figure2.2.1: Continuous and discrete solution in conservative and dissipative system.

2.2.2 VERTICAL CAVITY SURFACE EMITTING LASER ,  CS and OFC

Figure 2.2.2: Structure of vertical cavity surface emitting laser (VCSEL).

We can produce the OFC by using many different ways, but in this thesis we use the idea of
soliton for the generation of the OFC, particularly cavity soliton. We take two mirrors, one is
partially reflecting i.e and the other is full reflecting i.e and the active region is90% 100%
on the first mirror stack and a second mirror stack is on the active region [52]. Now put the
saturable absorber in it [51]. Cavity soliton needs to be bistable. First, we will incident a
beam on it which creates a non-linearity in the system. The laser beam, that was diffracting,
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is now trying to focus because of this non-linearity in the material. There is a loss in the
system because of the saturable absorber so to overcome this we have a feed-back system.
When the loss, gain, self-diffraction and self-focusing will balance then we will get a spot
which is called soliton. We create OFC in time domain i.e., temporal cavity soliton and it
should be thin so that we can get a wider OFC. If we have a cavity soliton in the time domain
then take the Fourier transformation and then we get the OFC. The thinner the cavity soliton,
the OFC will be wider. If peaks are nearer, the frequency comb of the first will interfere with
the other one and that’s why we get the wider OFC. We can also erase this bright spot by
giving opposite phases of the pulse that we gave. We can’t make it too close because180°
this will oppose the formation of other soliton but beyond some distance, they can be created
anywhere. If we put this cavity soliton in the frequency domain then we will get the optical
frequency spectrum, whose structure is almost like a ‘comb’ or ‘tooth’. Frequency is equally
spaced here, because there is phase change in the cavity [53]. VCSEL are the type of laser
diode that offer some important properties because of their ability to emit the light vertically
and in perpendicular direction to their semiconductor layers. These are cost effective devices,
small in size and easy to use and with a high modulation bandwidth.

Figure 2.2.3: Structure of VCSEL emitting the light in the perpendicular direction to the
chip surface.

VCSELs are the laser diodes, where the light emits in the perpendicular direction to the
surface. Between these we have the active region and its thickness is a few micrometers. In
many cases, the active region produces output in the range by electrically0. 5 − 5𝑚𝑊
pumping. VCSELs emit wavelengths mostly in the range of . Long750 − 980𝑛𝑚
wavelength, example- , or even beyond can be obtained with dilute1. 3µ𝑚 1. 55µ𝑚 2µ𝑚
nitrides and from the device based on indium phosphide. Optical amplifiers are also there and
are similar to VCSEL. Basically, they are VCSELs with less top mirror reflectivity. An
important practical advantage of VCSELs as compared to edge emitting semiconductor laser,
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is that they can be tested and characterized directly after growth i.e., before the wafers are
cleaved. Special VCSELs are developed which are essentially thresholdless lasers. They are
interesting in this domain because they allow the utilization of quantum effects related to the
modification of the mode density by the cavity. With such technique, a threshold current of
only has been demonstrated. Much higher powers can be generated with a VCSEL36µ𝐴
array. In comparison with conventional edge-emitting laser diodes, VCSEL arrays have low
power conversion efficiency, but these have merits for applications like simplification of
beam shaping optics, the small emission linewidth, the higher wavelength stability etc.
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CHAPTER 3

3.1 RESULTS AND DISCUSSION

In this chapter we present our result to generate OFC in a microresonator cavity that
comprises a VCSEL with SA and coupled with FSF. We use different input field pulse
profiles to create CS in the microcavity. The input field profiles, corresponding cavity soliton
and OFC are described below. Also, the parametric region of CS and hence OFC formation is
mentioned in the corresponding tables.

1.  For GAUSSIAN profile:

Gaussian profile is given by

,𝑈(0, 𝑇) = 𝑈
0
 𝑒𝑥𝑝 − 𝑇²

2𝑇₀²( )
Where is maximum amplitude is time and is pulse width .𝑈₀ 𝑇 𝑇₀

(a)                                                                        (b)

(c)

Figure 3.1.1: (a) Blue line is the initial pulse which is in the time domain (b) 3D profile for
the same. (c) Shows the output in the frequency domain. Here

.α = 2. 7,  β = 0. 5,  γ = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3,  ω = 1. 6,  θ = 1. 3
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The Figure 3.1.1: (c) suggests that we didn’t get a good quality OFC here for the given value
of parameters. Now, if we change the parameter , we can observe the OFC givenα = 10. 1
below.

(a)                                                                                   (b)

(c)

Figure 3.1.2: Initial and final pulse profile and corresponding frequency comb (a) The blue
line is the initial pulse and narrow cavity soliton represented by a dotted red line. Initial pulse
splits into two cavity solitons of high intensity (b) 3D profile of initial pulse (c) The
corresponding OFC. Here and the rest of the parameters are the same as in figureα = 10. 1
3.1.1(c).

The generation of exact frequency comb is slightly difficult, but we check it by varying the
different parameters. The range in which we found the OFC for gaussian pulse is given
below.

TABEL-1: Parametric values / range for acceptable OFC for Gaussian profile

parameters value/range parameters value/range

𝛼 10.11 to 10.12 λ 0.49999 and 0.511

𝛽 5 to 5.91 𝜎 0.3 and 0.299
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𝛾 0.4,0.5,0.515,0.516 and
0.7

𝜔 1.61 to 1.67

s 9.9 to 10.1,10.11,10.12
and 10.21

𝜃 1.3 to 1.36

If we introduce the chirping in the Gaussian profile, the chirped Gaussian pulse is given by:

𝑈(0, 𝑇) = 𝑈₀ 𝑒𝑥𝑝 − 1+𝑖𝐶( )𝑇²
2𝑇₀²( )

For , we don’t get OFC𝑐 = 1

(a) (b)

Figure 3.1.3: (a) and (b) Shows the initial and final pulse profile and corresponding
frequency comb but it is not an exact OFC. here all the parameters are same as in figure
3.1.2(c)

Now if change some parameters like , we get the OFCβ = 0. 7

(a)                                                         (b)

(c)
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Figure 3.1.4: (a) Initial pulse with blue line splits into two cavity soliton with dotted red
lines. (b) 3D spectrum of figure 3.1.4(a). (c) Shows the frequency comb. Here andβ = 0. 7
the rest of the parameters are the same as in figure 3.1.3(c).

TABLE-2: Range in which we found the frequency comb for Chirping Gaussian pulse where
is given below.𝑐 = 1

parameters value/range parameters value/range

𝛼 0.5999 𝜎 0.3,0.31

𝛽 0.5,0.7,0.9 𝜔 1.6,1.7

s 10 𝜃 1.3 to 25

λ 0.5

If we introduce , we don’t get the OFC𝑐 = 2

(a)                                                            (b)

Figure 3.1.5: (a) Initial pulse in time domain. (b) Shows the generation of OFC, but it is not
exact. all parameters are the same as in figure 3.1.2(c).

To get OFC for chirping we have to change the parameter , we will get the𝑐 = 2 α = 6
OFC.

(a)                                                                   (b)
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(c)

Figure 3.1.6: (a) Blue line is the initial pulse split into two cavity soliton. (b) 3D profile for
the figure 3.1.6(a). (c) Corresponding OFC. here and the rest of the parameters are theα = 6
same as in figure 3.1.5(c).

TABLE-3: Range in which we found the frequency comb for Chirping Gaussian where
is given below.𝑐 = 2

parameters value/range parameters value/range

𝛼 6 to 8 𝜎 0.3,0.31,0.33

𝛽 0.5,0.9,1 𝜔 1.6,1.7

s 10 𝜃 1.3 to 30

λ 0.51,0.52

If we introduce the value of , we don’t get the OFC.𝑐 = 3

(a) (b)
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Figure 3.1.7: (a) Initial and final pulse profile time domain. (b) Shows the corresponding
OFC, but not perfect OFC. Here all the parameters are the same as in  the figure 3.1.2(c).

If we change the parameter , we will get the frequency comb.λ = 0. 51

(a)                                                                (b)

(c)

Figure 3.1.8: (a) Initial pulse in time domain splits into two soliton. (b) 3D profile for initial
pulse. (c) Shows the frequency comb. Here and the rest of the parameters are theλ = 0. 51
same as in figure 3.1.2(c).

TABLE-4: Range in which we found the frequency comb for chirping gaussian where 𝑐 = 3
is given below.

parameters value/range parameters value/range

𝛼 7,8 𝜎 0.3,0.31,0.32
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𝛽 0.5,0.8,0.9,1 and 2 𝜔 1.6,1.61 to 1.63

s 10,10.1 𝜃 1.3 to 30

λ 0.5,0.51,0.52

2. For SUPER GAUSSIAN profile:

The super-Gaussian profile is given by

,𝑈(0, 𝑇) = 𝑈₀ 𝑒𝑥𝑝 − 𝑇
𝑇₀( )²ⁿ⎡⎣ ⎤⎦

where is maximum amplitude is time, is half width.𝑈₀ 𝑇 𝑇₀

When , it becomes a gaussian pulse. We varied from .𝑛 = 1 𝑛 = 2 𝑡𝑜 4

For , keeping the parameters same and see the spectrum𝑛 = 2

(a) (b)

Figure 3.1.9: (a) Initial pulse is with blue line which is in the time domain and split into two
cavity soliton which are in red dotted line. (b) Generation of frequency comb but not exact
OFC. Here α = 2. 7,  β = 0. 5,  γ = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3,  ω = 1. 6,  θ = 1. 3
.

In the above figure, we didn’t get the OFC.

Now, To get the OFC for Super Gaussian Profile we have to change the parameter α = 2. 8
and  we will get the OFC.

(a)                                                                      (b)
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(c)

Figure 3.1.10: Initial and final pulse profile and corresponding frequency comb. (a) Blue
line is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Frequency comb. Here and theα = 2. 8
rest of the parameters are the same.

TABLE-5: Range where we can get the OFC for Super Gaussian pulse when parameters will
change, is given below.

parameters value/range parameters value/range

𝛼 2.8 to 3 𝜎 0.3

𝛽 0.48,0.5,0.53 to 0.59 𝜔 1.8,1.81,1.82,1.6,1.9
and1.91

s 9.8 to 10 𝜃 1.3 to 30

λ 0.47,0.5,0.51 and 0.52

If we introduce the chirping in super gaussian pulse i.e.,

𝑈(0, 𝑇) = 𝑈₀ 𝑒𝑥𝑝[− 1+𝑖𝑐
2

𝑇
𝑇₀( )²ⁿ]

For , we get the OFC.𝑐 = 1

(a) (b)
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(c)

Figure 3.1.11: Initial and final pulse profile and corresponding frequency comb. (a) Blue
line is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Corresponding frequency comb. Here all
the parameters are same as in figure 3.1.10

TABLE-6: Range in which we observed the frequency comb for Super Gaussian pulse where
and .𝑛 = 2 𝑐 = 1

parameters value/range parameters value/range

𝛼 3 𝜎 0.3,0.31

𝛽 0.5,0.7,0.9 𝜔 1.6 to 1.8

s 10,10.1,10.3 𝜃 1.3 to 30

λ 0.5,0.6

Similarly, If we introduce the chirping , we get the OFC.𝑐 = 2

(a) (b)
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(c)

Figure 3.1.12: (a) Initial pulse is denoted by the blue line which is in the time domain and it
splits into two soliton denoted by the red line. (b) 3D profile of the same. (c) Frequency
comb.  Here all the parameters are the same as in figure 3.1.10.

TABLE-7: Range in which we observed the frequency comb for Super Gaussian pulse where
.𝑛 = 2 𝑎𝑛𝑑 𝑐 = 2

parameters value/range parameters value/range

𝛼 3 𝜎 0.31,0.32

𝛽 0.5 to 0.7 𝜔 1.6,1.7

s 10,10.1 𝜃 1.3 to 30

λ 0.5, 0.51

If we introduce the chirping , we get the OFC.𝑐 = 3

(a) (b)
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(c)

Figure 3.1.13: (a) Initial pulse is denoted by the blue line which is in the time domain and it
splits into two soliton denoted by the red line. (b) 3D profile of the same. (c) Frequency
comb.  Here all the parameters are the same as in figure 3.1.10.

TABLE-8: Range in which we observed the frequency comb for Super Gaussian pulse where
.𝑛 = 2 𝑎𝑛𝑑 𝑐 = 3

parameters value/range parameters value/range

𝛼 3 𝜎 0.3,0.31

𝛽 0.5 to 0.7 𝜔 1.6,1.61

s 10,10.2,10.3 𝜃 1.3 to 30

λ 0.5 to 0.52

For , keeping all the parameters same and see the change in spectrum 𝑛 = 3

(a) (b)
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Figure 3.1.14: (a) Initial pulse is with blue line which is in the time domain and split into two
cavity soliton which are in red dotted line. (b) Generation of frequency comb but not exact
OFC. Here α = 2. 7,  β = 0. 5,  γ = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3,  ω = 1. 6,  θ = 1. 3
.

In the above figure, we didn’t get the OFC.

Now, if we change the parameter .α = 2. 3

(a) (b)

(c)

Figure 3.1.15: (a) Initial pulse is denoted by the blue line which is in the time domain and it
splits into two soliton denoted by the red line. (b) 3D profile of the same. (c) Frequency
comb.  Here and rest  of the parameters are the same as in figure 3.1.14α = 2. 3
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TABLE-9: Range in which we observed the frequency comb for Super Gaussian pulse where
.𝑛 = 3

parameters value/range parameters value/range

𝛼 2.32, 2.33, 2.35 𝜎 0.3

𝛽 0.5 to 1 𝜔 1.6,1.8

s 9.8 to 10 𝜃 1.3 to 30

λ 0.5 ,0.6

If we introduce the chirping and keep other parameters the same as in figure 3.1.15. we𝑐 = 1
don’t get the frequency comb.

(a) (b)

Figure 3.1.16:. (a) Initial pulse is with blue line which is in the time domain and split into
two cavity soliton which are in red dotted line. (b) Generation of frequency comb but not
exact OFC. Here
α = 2. 3,  β = 0. 5,  γ = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3,  ω = 1. 6,  θ = 1. 3

If we change the parameter , it will give the OFC.θ = 2

(a) (b)
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(c)

Figure 3.1.17: Initial and final pulse profile and corresponding frequency comb. (a) Blue
line is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Corresponding frequency comb. Here

and the rest of  the parameters are the same as in figure 3.1.16.θ = 2

TABLE-10: Range in which we observed the frequency comb for Super Gaussian pulse
where .𝑛 = 3 𝑎𝑛𝑑 𝑐 = 1

parameters value/range parameters value/range

𝛼 2.3, 2.31 𝜎 0.3, 0.32

𝛽 0.5, 0.8, 0.9 𝜔 1.6, 1.61, 1.62

s 10, 10.2 to 10.4 𝜃 1.3 to 30

λ 0.5 ,0.51 to 0.53

If we introduce the chirping and keeping all the parameters constant as for , we𝑐 = 2 𝑐 = 1
didn’t get the OFC.

(a)                                                               (b)
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Figure 3.1.18: (a) Initial pulse is with blue line which is in the time domain and split into
two cavity soliton which are in red dotted line. (b) Generation of frequency comb but not
exact OFC. Here
α = 2. 3,  β = 0. 5,  γ = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3,  ω = 1. 6,  θ = 1. 3

If we change the parameter alpha =2, it will give the OFC.

(a) (b)

(c)

Figure 3.1.19: Initial and final pulse profile and corresponding frequency comb. (a) Blue
line is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Corresponding frequency comb. Here

and the rest of  the parameters are the same as in figure 3.1.18.α = 2

TABLE-11: Range in which we found the frequency comb for Super Gaussian pulse where
.𝑛 = 3 𝑎𝑛𝑑 𝑐 = 2

parameters value/range parameters value/range

𝛼 3.2, 3.3, 3.4 𝜎 0.3, 0.31, 0.32

𝛽 0.5 to 0.51 to 0.55 𝜔 1.6,1.8

s 10, 10.1, 10.2 𝜃 1.3 to 30
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λ 0.5 ,0.51

If we introduce the chirping , it will also not give the frequency comb.𝑐 = 3

(a) (b)

Figure3.1.20: (a) Initial pulse is with blue line which is in the time domain and split into two
cavity soliton which are in red dotted line. (b) Generation of frequency comb but not exact
OFC. Here α = 2. 3,  β = 0. 5,  γ = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3,  ω = 1. 6,  θ = 1. 3

If we change the parameter we get the OFC.α = 2,

(a) (b)

(c)
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Figure 3.1.21: initial and final pulse profile and corresponding frequency comb. (a) Blue line
is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) shows the initial pulse in 3D. (c) Corresponding frequency comb. Here

and the rest of  the parameters are the same as in figure 3.1.20.α = 2

TABLE-12: Range in which we found the frequency comb for Super Gaussian pulse where
.𝑛 = 3 𝑎𝑛𝑑 𝑐 = 3

parameters value/range parameters value/range

𝛼 2.4, 2.5, 2.6 𝜎 0.3,0.31

𝛽 0.5, 0.51 to 0.55 𝜔 1.6,1.8

s 10, 10.1 𝜃 1.3 to 30

λ 0.5 ,0.51

For , keeping all the parameters same as for and see the change in spectrum𝑛 = 4 𝑛 = 3

(a)                                                                (b)

Figure 3.1.22: (a) initial pulse is with blue line which is in the time domain and split into two
cavity soliton which are in red dotted line. (b) Generation of frequency comb but not exact
OFC. Here α = 2. 7,  β = 0. 5,  γ = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3,  ω = 1. 6,  θ = 1. 3

In the above figure, we didn’t get the OFC so to get the frequency comb we will change the
parameters.

Now, if we change the parameter .α = 2. 8

(a)                                                               (b)
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(c)

Figure3.1.23: Initial and final pulse profile and corresponding frequency comb. (a) Blue line
is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Corresponding frequency comb. Here

and the rest of  the parameters are the same as in figure 3.1.22.α = 2. 8

TABLE-13: Range in which we found the frequency comb for Super Gaussian pulse where
.𝑛 = 4

parameters value/range parameters value/range

𝛼 2.8 to 3.2 𝜎 0.3, 0.31

𝛽 0.5, 0.7 𝜔 1.6

s 10,10.1 𝜃 1.3 to 30

λ 0.5, 0.52, 0.53

When we introduce the chirping , we will get the frequency comb.𝑐 = 1

(a) (b)
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(c)

Figure 3.1.24: Initial and final pulse profile and corresponding frequency comb. (a) Blue line
is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Corresponding frequency comb. Here all
the parameters are the same as in figure 3.1.23.

TABLE-14: Range in which we found the frequency comb for Super Gaussian pulse where
.𝑛 = 4 𝑎𝑛𝑑 𝑐 = 1

parameters value/range parameters value/range

𝛼 2.9 to 5 𝜎 0.3, 0.31

𝛽 0.5, 0.7, 0.8 𝜔 1.6 to 1.8

s 10, 10.1 𝜃 1.3 to 30

λ 0.5 to 0.52

If we introduce the chirping , we get the OFC.𝑐 = 2

(a) (b)
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(c)

Figure 3.1.25: (a) Initial and final pulse profile and corresponding frequency comb. (a) Blue
line is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Corresponding frequency comb. Here all
the parameters are the same as in figure 3.1.23.

TABLE-15: Range in which we found the frequency comb for Super Gaussian pulse where
.𝑛 = 4 𝑎𝑛𝑑 𝑐 = 2

parameters value/range parameters value/range

𝛼 3.1, 3.2, 4, 5, 6 𝜎 0.3

𝛽 0.5, 0.7 𝜔 1.6 to 1.8

s 10, 10.1 𝜃 1.3 to 30

λ 0.5 ,0.52, 0.53

IF WE INTRODUCE CHIRPING , WE GET THE OFC𝑐 = 3

(a)                                                  (b)
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(c)

Figure 3.1.26: Initial and final pulse profile and corresponding frequency comb. (a) Blue line
is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Corresponding frequency comb. Here all
the parameters are the same as in figure 3.1.23.

TABLE-16: Range in which we found the frequency comb for Super Gaussian pulse where
.𝑛 = 4 𝑎𝑛𝑑 𝑐 = 3

parameters value/range parameters value/range

𝛼 3, 5, 6 𝜎 0.3

𝛽 0.5, 0.7 𝜔 1.6

s 10, 10.1 𝜃 1.3 to 30

λ 0.5 ,0.52

3. For Cosh gaussian profile i.e.,

The Cosh Gaussian profile is given by:

],𝑈(𝑡) = 𝑈₀ 𝑒𝑥𝑝[− 𝑡−𝑏( )²
2𝑇₀² ] + 𝑒𝑥𝑝[− 𝑡+𝑏( )²

2𝑇₀²

Where is maximum amplitude is time, is half width and is the angle𝑈₀ 𝑇 𝑇₀ 𝑏
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When we take the Cosh Gaussian Profile, we get the frequency comb on some particular
parameters as shown in figure 3.1.27.
.

(a) (b)

(c)

Figure 3.1.27: Initial and final pulse profile and corresponding frequency comb. (a) Blue line
is the initial pulse which splits into two cavity solitons of high intensity denoted by red
dotted lines. (b) Shows the initial pulse in 3D. (c) Corresponding frequency comb. Here

and .α = 4,  β = 0. 5,  γ = 0. 5,  𝑠 = 10,  σ = 0. 3,  ω = 1. 6,  λ = 0. 5 𝑏 = 1

In the above figure, for , we get the OFC. Now we will change some other parameters𝑏 = 1
and can observe the frequency comb.

WHEN β = 0. 6

(a)                                                    (b)

(c)
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Figure 3.1.28: (a) Initial pulse is denoted by the blue line which is in the time domain and it
splits into two soliton denoted by the red line. (b) 3D profile of the same. (c) Corresponding
frequency comb. Here and the rest of the parameters are the same as in figureβ = 0. 6
3.1.27.

TABLE-17: Range in which we get the OFC for Cosh Gaussian pulse where .𝑏 = 1

parameters value/range parameters value/range

𝛼 4,5 𝜎 0.3, 0.32, 0.33

𝛽 0.5 to 1 𝜔 1.6,1.7

s 10, 10.1 𝜃 1.3 to 30

λ 0.52

In the above figure 3.1.28, the initial pulse was not the cosh gaussian curve but it was the
gaussian curve. The cosh gaussian curve and corresponding frequency comb will be observed
by varying the different values of .𝑏
FOR .𝑏 = 2

(a)                                                               (b)

Figure 3.1.29: (a) Initial pulse is denoted by the blue line which is in the time domain and it
splits into two soliton denoted by the red line. (b) Frequency comb. Here and all the𝑏 = 2
other parameters are the same as in figure 3.1.27.

We will get the similar results for .𝑏 = 2, 3, 5 𝑡𝑜 10, 14 𝑡𝑜 19, 22, 23

Curve in time domain is start getting broad when but don’t get the exact OFC.𝑏 = 25

WHEN .𝑏 = 25
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(a) (b)

Figure 3.1.30: (a) Blue line denotes the initial pulse which is in the time domain and it splits
into two soliton denoted by the red lines. (b) Generation of frequency comb but not exact
OFC.  Here and  all the other parameters are the same as in figure 3.1.27.𝑏 = 25

When 𝑏 = 27

(a) (b)

Figure 3.1.31: (a) Initial pulse is denoted by the blue line which just starts splitting in the two
curves and the cavity soliton denoted by the red line. (b) Frequency comb. Here all the
parameters are the same as in figure 3.1.27.

By varying the value of b from , we can see the curve start splitting in figure27 𝑡𝑜 35
3.1.31(a).

when𝑏 = 45
(a)                                                           (b)

Figure 3.1.32: (a) Initial pulse is denoted by the blue line which is in the time domain and it
divides into two curves and becomes a cosh gaussian pulse. Cavity solitons are denoted by
the red line. (b) Frequency comb. Here and the rest of the parameters are the same𝑏 = 45
as in figure 3.1.27.
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In the range , we get the cosh gaussian curve as shown in figure 3.1.32(a) and𝑏 = 45 𝑡𝑜 50
corresponding frequency comb.

4. For Sinh gaussian profile i.e.,

The Sinh Gaussian profile is given by

],𝑈(𝑡) = 𝑈₀ 𝑒𝑥𝑝[− 𝑡−𝑏( )²
2𝑇₀² ] − 𝑒𝑥𝑝[− 𝑡+𝑏²( )

2𝑇₀²

Where is maximum amplitude is time, is half width and is the angle.𝑈₀ 𝑇 𝑇₀ 𝑏

When we take the Sinh Gaussian Profile, We can observe the OFC as shown in the figure
given below.

(a)                                                        (b)

(c)

Figure3.1.33: (a) Initial pulse is denoted by the blue line which is in the time domain and it
splits into two soliton denoted by the red line. (b) 3D spectrum of initial pulse (c) Frequency
comb. Here and .α = 3,  β = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3,  ω = 1. 6 𝑏 = 45

TABLE-18: Range in which we found the frequency comb for Sinh Gaussian pulse is given
below.

parameters value/range parameters value/range
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𝛼 2, 3 𝜎 0.3 to 0.33

𝛽 0.5, 0.7 to 1 𝜔 1.6, 1.7

s 10 to 10.6 𝜃 1.3 to 30

λ 0.5 to 0.53

TABLE-19: Range in which we can find the Sinh Gaussian curve in time domain and
corresponding frequency comb by varying the different values of is given below.𝑏

Parameter Range

b 20 to 22, 24, 25, 28 to 35, 37, 38, 40
to 42, 44, 45, 47 to 50

5. COMPARISON BETWEEN GAUSSIAN AND SUPER GAUSSIAN

As we see in above figures, when parameter , we get the frequency comb for eachβ = 0. 5
profile, so we will compare the number of lines/peaks by keeping the parameter constant asβ

.0. 5

TABLE-20:

Profile Parameter Number of lines

Gaussian 𝛽=0.5 9

Super gaussian
(𝑚 = 2)

𝛽=0.5 49

𝑚 = 3 𝛽=0.5 Didn’t get the exact
OFC

𝑚 = 4 𝛽=0.5 47

Without chirping, we get the OFC on some particular parameters. If we keep all those
parameters constant and introduce the chirping, check whether we get the OFC or not.
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TABLE-21:

profile parameter c=1 c=2 c=3

Gaussian 𝛼=10.1 No No No

Super gaussian
(𝑚 = 2)

𝛼=3 Yes Yes Yes

𝑚 = 3 𝛼=2.3 No No No

𝑚 = 4 𝛼=2.8 Yes Yes Yes

6. COMPARISON BETWEEN and GAUSSIAN PULSE:𝑠𝑖𝑛ℎ 𝑐𝑜𝑠ℎ

TABLE-22:

profile parameter No. of lines

cosh 𝛽=0.5 25

sinh 𝛽=0.5 26

TABLE-23:

profile Range of in which the initial pulse𝑏
in the time domain splits into two.

cosh b= 45 to 50

sinh b=20 to 50

3.2 CONCLUSION OF RESULTS:

Frequency comb has been obtained for four different input profiles, namely, Gaussian, Super-
Gaussian, Cosh-Gaussian and Sinh-Gaussian. When we have the Gaussian profile, the initial
pulse splits into two or more cavity solitons and we get the OFC on some particular
parameters whose range is determined. When chirping is introduced by keeping all the
parameters constant, we don’t get the OFC but while changing the parameters, we can find
the frequency comb. For the Super-Gaussian profile, when , the initial pulse in the𝑚 = 2
time domain starts broadened and splits into two or more soliton and gives the frequency
comb. When we introduce the chirping i.e., and by keeping all the parameters𝑐 = 1, 2 3
constant, it will also give the frequency comb. For The initial pulse in the time domain𝑚 = 3
expands more and gives the OFC on some particular parameters and when we introduce the
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chirping, OFC will not observe so to get the frequency comb, we have to change some
parameters. Similarly for , the initial pulse spreads more than and ,𝑚 = 4 𝑚 = 2 𝑚 = 3
which gives the frequency comb in the frequency domain by changing some parameters. By
keeping all parameters constant and introducing the chirping will also result in OFC. It can
also observe if we change the parameters. We don’t get the exact and perfect frequency comb
for as compared to and .𝑚 = 3 𝑚 = 2 𝑚 = 4

For the Cosh-Gaussian profile, the initial pulse in the time domain splits into two lobes as we
increase the value of . Change in by keeping the other parameters constant will result in'𝑏' '𝑏'
different frequency comb.

For the cosh-Gaussian and then for Sinh-Gaussian profile, we can observe the OFC (1) by
keeping constant and change other parameters and (2) by keeping other parameters'𝑏'
constant and changing the value of .'𝑏'

For , we can find the OFC for all profiles i.e., Gaussian, Super-Gaussian,β = 0. 5
Cosh-Gaussian and Sinh-Gaussian profiles. Other parameters on which we get the OFC for
each profile are .γ = 0. 5,  𝑠 = 10,  λ = 0. 5,  σ = 0. 3, ω = 1. 6 𝑎𝑛𝑑  θ = 1. 3

A quick idea of the outcome of the investigation can be achieved by analysing the tables in
chapter 3. The tables provide the parametric region of stable CS and more importantly stable
OFC for different profiles. Further, it can be observed from the tables that by changing one
or more system parameters one can tune the OFC characteristics. This is particularly helpful
for experimental observation of OFC. Also this tenability may be useful for the fabrication of
efficient OFC-based instruments in future.

3.3 APPLICATIONS

Main application is that – It is used to make optical atomic clocks which are hundred times
more accurate as compared to other clocks and also able to improve technology of advanced
communication systems. Today’s best atomic clock is based on natural oscillation of cesium
atoms whose frequency lies in the microwave region. So atomic clocks vibrate at microwave
frequencies which have billion cycles per second. That's why it oscillates much faster.9
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Figure 3.3.1: Show the applications of frequency comb.

3.4 FUTURE SCOPE

In the future, it may be possible that optical frequency comb generators will be developed in
a compact platform to reduce the size, cost, weight and power consumption. OFC opens the
new gate of optical communication, RF Processing, arbitrary wave generation and THz
wireless communication. This investigation basically compares the role of different input
profiles in the generation of OFC. Each profile gives different results. Also, one can identify
suitable input profiles for practical use. This work can be further extended to measure the
direction - To control the overall bandwidth of the OFC and the spacing between the intensity
peaks. we can extend the frequency comb in the frequency domain. If the bandwidth of the
OFC is in small range, it may give the result in the infrared region but for large range
bandwidth, it may give the result in the ultraviolet region or in some other regions, which will
be more useful and may give many other applications. OFC will be able to replace the
frequency multipliers, resulting in increasing the accuracy of optical atomic clocks. Spacing
between the intensity peaks indicates the time between the ultrashort pulses, which should be
small so that we can get the more lines in femtoseconds.
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