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Abstract

The usage of composite materials in the structural analysis have increased extensively in

recant decades across various engineering applications. The functionally graded materials

(FGM) are advanced composite materials which are significantly used for fabrication and

have improved the performance of structural components due to their unique combination

of properties. The advancements in material technologies in last few years have played

a crucial role in the development of modeling and analysis techniques of composite struc-

tures. Therefore, it is essential to mathematically model these structures. The mathematical

modeling consists of converting any physical phenomenon into mathematical problem. Com-

posite plates are the most significant structural elements that have been studied by many

researchers in the past. The analysis of composite plates have been carried out in terms of

three mechanical responses: static, buckling and free vibration. Different solution method-

ologies have been adopted to derive the governing mathematical system and predict the

accurate mechanical response of composites plates. In this light, the current work focuses

on different modeling and solution techniques to study the structural behavior of composite

structures.

The thesis aims to propose a new higher order hyperbolic shear deformation theory for

mechanical analysis of cross-ply and angle-ply multi-layered plates. Analytical solutions

to the static and buckling responses of symmetric and anti-symmetric laminates are pre-

sented. The theory incorporate secant hyperbolic function in terms of thickness variable in

the displacement field. Also the developed theory assumes non-linear distribution of dis-

placements and ensures that the top and lower surfaces of the plates have zero transverse

shear stresses. The equilibrium equations are derived by implementing the principle of vir-

tual work (PVW). The consideration of stiffness characteristics is essential in the analysis

of cross-ply and angle-ply laminates when solving the governing equations. The Navier so-

lution are applied to solve the governing equations of plate satisfying the simply supported

boundary conditions. The results for non-dimensional deflections, and stresses of composite

laminates under the effect of sinusoidal and uniform distributed load are thus obtained.

The uni-axial and bi-axial loads are incorporated to evaluate critical buckling loads. The

validity of present formulation is demonstrated by comparing our results with some of the

available results in literature. Also some new results are generated for future references and

applications in structural analysis.

The functionally graded materials (FGM) are advanced composite materials which are sig-

nificantly used for fabrication and have improved the performance of structural components
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due to their unique combination of properties. During the manufacturing process, porosities

may exist within the material, and hence it is necessary to assess the porosity effect while

modeling the FGM. Thus, the effect of porosity distribution on static and buckling response

of a functionally graded (FG) porous plate with all its edges simply supported is investi-

gated. The plate’s displacement field is approximated based on an inverse hyperbolic shear

deformation theory (IHSDT) involving five variables. The material properties of porous

FG plate are assumed with an additional term of porosity and power-law is adopted for

smooth variation in the direction of thickness. In this study, five types of porosity distribu-

tion functions are considered. The analytical solutions for non-dimensional deflections and

critical buckling loads of FG plate are thus obtained. To validate the accuracy of present

findings, the results are compared with available results in the literature, and good agree-

ment is achieved. Moreover, the novel results are presented to study the influence of various

parameters such as porosity parameter, the power-law exponent, side-thickness ratio etc. on

the dimensionless deflections, stresses, and critical buckling loads. The contribution of this

study is seen in its utilisation across diverse industries.

The Navier’s technique provides analytical solutions and is applicable for analysis of plates

with simply supported edges. Most of the problems with general boundary conditions are

solved via numerical technique. The numerical solutions have gained popularity in last few

decades due to its applicability in complex geometries problems. This study aims to investi-

gate the static deformation characteristics and stress analysis of laminated and functionally

graded porous plates for various combination of boundary conditions in the framework of

finite element method. The variation of properties in FG material is supposed to be along

the thickness direction according to the power-law (P-FGM) and sigmoid-law (S-FGM). A

novel secant hyperbolic higher order shear deformation theory is utilized to approximate the

displacement field of FG plate containing five unknown variables. Furthermore, three differ-

ent kinds of porosity distributions are assumed in terms of thickness parameter to model the

porous plate. A suitable C0 continuous isoparametric eight noded FE with 7 degrees of free-

dom (DOF) per node combined with biquadratic serendipity shape functions is employed to

examine the desired mechanical responses of FG plates. The numerical assessments of bend-

ing deflections and buckling loads for laminated and funcionally graded(P-FGM and S-FGM)

porous plate are presented. Moreover, the influences of parameters like span-thickness ratio,

boundary conditions, material exponent, etc. on the dimensionless deflection, and buckling

load are discussed in detail. To demonstrate the accuracy of proposed theory, the com-

parison study is made between present and previously published results in literature and

well agreement is achieved. Additionally, several numerical illustrations with new generated

results are provided to serve as benchmarks for further study of porous FG plates.
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Chapter 1

Introduction

1.1 Composite Material

The majority of man made materials developed for structural applications such as con-

crete, metals and ceramics have uniform properties throughout the material. Typically such

structural materials exhibit strong mechanical properties to resist the maximum stress. It is

however well known that maximal stress occurs most often in a small portion of the struc-

tural element. Therefore, the structural safety is ensured through this approach but it is

inefficient in the use of material resources, as it results in some of the structural elements

receiving a higher volume of resources than it is necessary. The advancements in material

technologies in the last few decades and their usage in engineering applications have led to

significant advances in the modeling and analysis of composite structures. The utilisation of

composite materials in the designs of structural components has gained significant growth

in recent decades across various engineering fields. The composite material refers to the

material which has strong reinforcements as fibers surrounded by a matrix material. The

matrix which is continuous provides support to hold the fibres together at proper orientation

and reinforcement (discontinuous) provides strength to the composites. Matrix transfers the

loads acting on the composite to the reinforcement. These advanced materials are signifi-

cantly used for fabrication and have improved structural system performance due to their

higher specific strength, stiffness-weight ratios, impact resistance, specific Young’s modulus,

design flexibility, etc. Due to these attributes, these potential materials find enormous ap-

plications related to aerospace industry, civil and automobile engineering, aeronautical and

sports industries, marine structures, thermal conductivity, etc.

Classification of Composites

The composite material are classified based on reinforcements in three different categories

listed below:

• Particulate Composite

The content of this chapter has been published in The European Physical Journal B, 93: 1-10, (2020).
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• Fiber reinforced Composites

• Laminated Composite

Where the laminated composite material is mainly used in the structural industry as well as

in many engineering applications. Laminated composites are composed of layers of different

materials and bonded with each others in a specific sequence and orientation. In industry

and emerging fields of technology, laminated composite plates are extensively used. The

performance and reliability of such structures depend strongly on the modeling, analysis, and

design methodologies adopted. The increased use of such advance structures has contributed

to the development of modern and efficient analytical and approximate tools which are

capable for the study and accurate prediction of the mechanical behavior of such multi-layer

structures. For efficient use of laminated composite plates, a thorough understanding of

their dynamic and structural behavior, also an effective knowledge of bending characteristics,

stress distribution, and buckling loads subjected to different conditions is needed.

1.1.1 Functionally Graded Material

Along with above mentioned composite materials, the functionally graded material (FGM)

is an advance composite material widely utilised in several structural systems during the

last few years. In mid-1980s, the scientists of Japan firstly introduced the FGMs, which are

amalgamation of two distinct materials ceramics and metal [1]. These advanced materials

are inhomogeneous composites used in many engineering industries whose material prop-

erties are varied smoothly in the specified direction. The gradual variation in properties

allows for tailored performance characteristics such as ability to control deformation, high

thermal resistance, heat conductivity, etc. Therefore, these materials have wide range of

applications in aerospace industry, aircraft, biomedical implants, nuclear reactors and civil

engineering [2]. The material properties of functionally graded (FG) structures are mainly

described by using power-law, exponential-law and sigmoid-law distributions along thickness

direction. The other advantage of FGM is that it eliminates the delamination between the

interfaces associated with laminated composite. These advantages have drawn the attention

of numerous researchers to study the structural behavior of FG structures [3–5].

1.1.2 Porous Material

Recent advancements in FGM include the incorporation of micro-voids or porosity. Dur-

ing preparation of functionally graded structures, voids may occur in the materials when

the sintering technique is used [6]. This is because of the substantial disparity in solid-

ification temperature between the material constituents. Porous materials are a type of
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low weight materials that can have their mechanical characteristics continuously varied in

certain directions. Consequently, these materials have received considerable interest from

the researchers ever since their initial proposition by German scientist Terzaghi in 1923.

The FG porous materials have been applied in various systems because of their high tensile

strength, better stiffness, light weights and good conductivity etc. Therefore, it is essential

to consider the porosity effect when modeling the FG structures. Usually, the distribution of

porosity in porous plates is analysed in the direction of their thickness. Wattanasakulpong

et al. [7] discussed the effect of considering porosity in FGM beams to study the vibration

behavior.

1.2 Mathematical Modeling

The most important things the researchers do is to model physical phenomena. Practi-

cally, every phenomenon in nature, whether aerospace, biological and mechanical can be

described in terms of algebraic, differential or integral equations with the help of law of

physics or other fields. In mathematical modeling, it is required to accurately model the

physical system in terms of mathematical parameters and then implement the governing

principles of the physical system to yield the system of differential or integral equations [8].

The next step is to get the mathematical solution of this governing system of equations.

The obtained solution is then interpreted in terms of the physical parameters or response.

Some Real world situations requiring mathematical modeling are given in Fig. (1.1)
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Figure 1.1: Structures requiring mathematical modeling

Mathematical model:

Consider a Real world model of cantilever beam as shown below:

Where one end is fixed at A, on other end, there is load applied (P) at point B. Let the

deflection between loaded beam and unloaded beam is δ measure from point B.

• Let L be length of cantilever beam and x be distance covered from point B towards

A. That is, at point B, x=0 and at A, x=L.

• Therefore, the differential equation of above real world model is given as:

EI
d2y

dx2
= M (Beam deflection equation) (1.1)

Where E is young’s modulus, I is moment of inertia. Using M = px in equation (1.1), we
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have

EI
d2y

dx2
= px, 0 ≤ x ≤ L (1.2)

On Integrating twice, EIy =
px3

6
+ C1x+ C2 (1.3)

Boundary conditions: (i) y = 0, at x=L (ii) dy
dx

= 0, at x=L

0 =
pL3

6
+ C1L+ C2, using (i) (1.4)

0 =
pL2

2
+ C1, using (ii) (1.5)

Solving (1.4) and (1.5), we get, C1 = −pL2

2
and C2 =

pL3

3
.

Mathematical result:

Putting values of C1 and C2 in equation (1.3), we get,

y =
1

EI

[
px3

6
− pL2

2
x+

pL3

3

]
(1.6)

Thus, equation (1.6) represent deflection of beam at a x distance from B. Where 0 ≤ x ≤ L

Interpretation of the solution in the terms of physical parameter or real situation

:

Since maximum deflection is at point B, where x = 0.

Hence, yB = δ = PL3

3EI
is maximum deflection of beam at B.

Modeling of Composite Structures

The growing utilisation of composites for the structural applications particularly in the form

of multilayered structures, FGM porous plates, and carbon nanotubes (CNTs) reinforced

composites, has prompted the development of new analytical and numerical tools which are

suitable to effectively analyse and accurate prediction of the mechanical behavior of these

structures. The complicating effects of these composite structures have been mathemat-

ically addressed in a variety of ways. The accuracy of any mathematical model depends

primarily on two factors: how any physical system is converted into a mathematical one

and the methodology employed to solve the resulting mathematical problem. In order to

mathematical model the composite structures, the 3D elasticity equations are implemented

to model these structures in a three-dimensional manner. Incorporating the equilibrium

equations, strain-displacement relationship, and constitutive relations (Generalised Hooke’s
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law) into the principle of virtual work yields the governing equations of the plate. The

elasticity solution is found by solving these governing equations exactly. Some of the signifi-

cant studies on 3D modeling of composite structures were performed by Pagano [9], Pagano

and Hatfield [10], Noor [11, 12], Srinivas and Rao [13], and Demasi [14]. Nonetheless, it is

important to note that the application of 3D solutions is restricted to simple geometry and

specific boundary conditions. In addition, the exorbitant computational cost of 3D model-

ing reduces its applicability for practical problems. The fact that, in plate structures, one

dimension is significantly smaller relative to the other two dimensions provides the facility

to implement a 2D approach instead of a 3D. Hence the use of two-dimensional models is

favoured for the purpose of modeling and analysing composite structures. Further, these

approaches can be classified as models of a continuum, asymptotic, and axiomatic form [15].

The axiomatic type approaches can further be classified as displacement based, stress based

or mixed formulation depending upon the choice of the approximation. The displacement-

based axiomatic approaches are equivalent single layer (ESL), zig-zag (ZZ), and layerwise

theories (LW) which depends upon the variable description chosen. The classification of

these plate theories is depicted in Fig. (1.2).

Figure 1.2: Classification of Plate Theories

1.3 Solution Methodologies

In addition to the advancement of plate theories, significant developments has been made

towards the solution techniques. The choice of solution approach to derive the governing

mathematical system for practical applications is an important feature for accurate analysis.

The closed-form solutions are the most accurate and different analytical techniques are em-
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ployed for structural responses of laminated plates. Different solutions techniques have been

adopted by researchers to evaluate the bending, stability and free vibration behavior of com-

posite structures. A solution that satisfies the governing differential equations at all points

of the given domain and satisfies the associated boundary conditions of the problem is called

an analytic solution. There are various methods for finding the analytical solution of differ-

ential equations, called analytical methods. The set of functions including tn, exp(t), sin(t),

log(t), etc. manipulation of these functions according to the laws of mathematics is used to

find behaviors in closed form. Navier’s and Levy’s methods are mainly analytical approach

used to examine laminated composite plates. These approaches are generally applied to spe-

cific boundary constraints, lamination sequences, loading conditions, etc. The presence of

these constraints renders analytical solutions less suitable for practical problems that involve

curved geometries and various boundary conditions. Consequently, analytical solutions are

mostly employed for validation purposes. Therefore, in most practical problems, the solu-

tion approach involves the application of numerical/approximate computational methods

for solving the governing equations of system [16]. With the development of computational

technologies, various numerical solutions came into existence for the structural analysis of

composites. The finite element method (FEM) are widely used for analysing the plate and

shell structures. In addition to finite element method, various numerical solutions such

as Rayleigh-Ritz, meshfree, wavelets-based, and differential quadrature methods have been

developed in the past.

1.4 Objectives of the Ph.D. Thesis

The purpose of this study is to investigate appropriate solution approaches and their ex-

tensions for solving problems related to mechanical responses of composite structures. The

complete objectives of the work are outlined as follows.

1. Development of shear deformation theory for the modeling of composite structures.

2. Development of numerical techniques and their comparison with the analytical solu-

tions.

3. Application of the developed methodology to predict the mechanical responses of the

composite structures.

1.5 Organization of the Thesis

The thesis’ primary contribution is the modification, and development in modeling and

analysis techniques of composite structures. The applications of developed plate theories and
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solution methodologies in analyzing laminated and FGM composites have been discussed.

The affects of porosity in computing the mechanical responses of the structures have also

been examined. In addition, the thesis consist of seven chapters and is organized based on

the following concepts as

Chapter 1 provides an overview and introduction to the structures composed of composite

materials such as laminated composite plates, FGM porous square/rectangular plates, and

CNT reinforced plate/shell. Different shear deformation theories have been discussed in this

chapter to model the composite and advanced composite structures. Further, in solution

methodologies, the various analytical, semi-analytical, and numerical techniques to assess

the free vibration, bending, and buckling response of composite structures have been briefly

introduced.

Chapter 2 presented the literature review on the modeling techniques to analyse the me-

chanical behavior of composite structures. In order to analyze these structures, it becomes

mandatory to develop appropriate mathematical models to govern the physical system. The

effects of shear deformation are significant in composite structures due to the high ratio

of elastic modulus to shear modulus. Therefore, different shear deformation theories in

framework of equivalent single layer theories have been discussed in details in the present

chapter. Also, the theories incorporating the interlaminar continuity in framework of LW

and ZZ theories has been introduced. Moreover, it is necessary to employ a compendious

solution technique to assure its suitability to various geometries, boundaries, and loading

conditions. Thus, the literature review concerning about the static, buckling and free vi-

bration response of composite plate, beam and shell structures employing various analytical

and numerical methods has presented in detailed. The analytical approaches are reviewed

in the framework of Navier technique, Levy Method, and Symplectic superposition method

while the numerical approaches are reviewed in the framework of Rayleigh-Ritz method,

finite element method (FEM), meshfree methods, wavelets-based methods and differential

quadrature method. Then the gaps and motivation associated with this work has been

identified.

In the Chapter 3, the mathematical formulation for modeling the laminated and FG com-

posite plate is provided in details. The displacement field of plate is assumed in terms

of non-polynomial shear deformation theory. The governing equations are derived based

on principle of virtual work incorporating strain-displacement, stress-strain relations. The

Navier’s method is most efficient in finding the analytical solutions to differential equations

with particular boundary conditions. Further, the system of equations to examine the static

and buckling responses are derived for cross-ply as well as angle-ply plates. The finite ele-

ment methodology also presented in this chapter along with detailed formulation to derive
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the numerical solution of composite plates subjected to various boundary conditions.

In the Chapter 4, the new hyperbolic shear deformation theory proposed in Chapter 3

is implemented to examine the mechanical response of laminated composite plates. The

analytical solutions are presented for simply supported cross-ply and angle-ply plates. The

problem is solved by Navier’s approach and matlab code is implemented to find the solu-

tion. The non-dimensional results for deflection and stresses are validated with pre-existing

data. Also the new results are presented for multilayered plates subjected to uniform dis-

tributed (UDL) and sinusoidal loads (SSL). The dimensionless buckling loads are obtained

for symmetric plates under in-plane uni- and bi-axial compressive force. The influence of dif-

ferent parameters such as aspect ratio, lamination sequence, etc. on the static and buckling

response of plate are evaluated.

Chapter 5 deals with application of IHSDT to predict the structural response of FG plate

with porosity. The impact of porosity distributions on bending and buckling behavior of

porous plate is investigated. Five different kinds of porosity distributions are taken for

analysis. The analytical solutions are obtained for dimensionless deflections, and buckling

loads using Navier’s methodology. To show the applicability and accuracy of this approach,

the obtained results are validated with the existing literature and are found to agree well.

The results due to new secant hyperbolic theory are also validated with IHSDT. The non-

dimensional stresses are also plotted in this chapter for FG plate under transverse loading.

The effects of parameters such as side-thickness ratio, power-law index, porosity content,

and aspect ratio on the desired responses are also evaluated. At the end of the each chapter,

the conclusion of the outcomes is presented.

Chapter 6 provides the analysis of laminated and FGM porous plate in framework of finite

element (FE) formulation. An eight noded continuous isoparametric FE with 7 degrees of

freedom per node is taken to divide the plate domain. The mathematical formulation for fi-

nite element modeling discussed Chapter 3 is implemented providing the displacement field

involves higher order theory based on secant hyperbolic function. The numerical findings of

bending deflections and buckling loads for FG porous plate subjected to different boundary

conditions are presented. The material properties of FGM vary according to power-law and

sigmoid-law distributions. The comparison study demonstrates that the proposed theory

is well accurate for analysis of laminated, P-FGM and S-FGM plates and revealed good

agreement with available results in literature.

Chapter 7 of the thesis provides a summary of the findings discussed in the earlier chap-

ters. The major outcomes of the thesis revolve around finding the modeling and analysis

techniques of investigating laminated and FGM composite structures. Additionally, we

detail several intriguing potential extensions of the proposed models for future research
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problems.

The literature review discussed in next chapter help us to choose the suitable modeling and

solution technique to accurately predict the response of plate structure and identified the

gaps in the research.
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Chapter 2

Literature Review

The composite structures have been investigated through various approaches in the past.

But the focus is made on 2D displacement based approaches. In general, the mechanical

responses of composite structures are obtained in the form of displacements at any general

point within the domain of the structure. Thus, the first step in two dimensional approaches

is to mathematically define the displacements at any arbitrary point within the domain in

terms of mid-plane parameters. The two dimensional displacement based approaches are

classified as:

(a) Equivalent single-layer (ESL) theories

(b) Layerwise Theories

(c) Zig zag Theories

2.1 Equivalent Single Layer Theories

In this approach, a single displacement field is axiomatically prescribed for all the layers of

the structure. In these theories, the field variables depends solely upon the displacement

field and remains independent of the number of layers. The orthotropic/anisotropic plates

were modeled and analyzed using conventional plate theories particularly developed for ho-

mogeneous plates. Love [17] presented the theories for isotropic plates and their refinements.

These theories are classified as Love first (LFAT) and second approximation theory (LSAT).

The assumption in LFAT is that the normal to the reference plane remain normal in the

deformed state and do not change in length (Kirchoff’s assumption). The refinements in

LFAT were obtaining by relaxing the assumptions of normality in LFAT and the theories

were termed as LSAT. However, Koiter [18] took into account the energy considerations and

suggested a recommendation popularly known as Koiter’s Recommendation which states

that: ”a refinement of Love’s first approximation theory is indeed meaningless, in general,

unless the effects of transverse shear and normal stresses are taken into account at the same

The content of this chapter has been published in European Journal of Mechanics-A/Solids, 105157,
2023.
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time.” The implementation of LFAT to multilayered composite plate is termed as classical

plate theory (CPT). It should be noted that the implication of CPT for modeling thick and

moderately thick plates leads to inadequate results since it does not consider shear defor-

mation effects which are more pronounced for such cases. The limitations of CPT led to the

development of alternative approaches that consider the transverse shear effects. Therefore,

the first shear deformation theory (FSDT) provided by Reissner [19, 20] is consistent the-

ory to include the shear deformation effect. The basic assumption made by Reissner gives

a consistent representation of stress distribution across the thickness, which results in a

through-thickness linear variation of in-plane displacements and constant normal deflection

across the plate thickness. The primary assumption in the formulation of FSDT is that

the transverse lines to the reference plane remains straight in deformed state. However,

it is no longer perpendicular to the reference surface. Mindlin [21] obtained the govern-

ing equations using the direct method without imposing the assumptions of corresponding

stress distributions. In Mindlin’s derivation, it is necessary to introduce a correction factor

in the shear stress resultants to meet the plate boundary conditions on the bottom and top

surface. Yang et al. [22] generalized the Reissner-Mindlin thick plate theory for arbitrary

laminated anisotropic plates and isotropic plates. The FSDT cannot accurately predict the

mechanical response because the shear correction factor (SCF) depends upon the lamina-

tion sequence, loading, and boundary conditions as discussed by Pai [23]. The requirement

of SCF and constant shear stress throughout the plate’s thickness makes the FSDT less

reliable. Therefore, the research continued with the removal of the assumption of planer

cross-section i.e, an initial planer cross-section is allowed to deform in a generic shape after

deformation. There are various higher shear deformation theories (HSDTs) that possess the

non-linear representation of the deformation. These theories also omit the transverse shear

stress conditions on the plate surfaces without any need of SCF [24, 25]. The advancement

of HSDTs can be seen in terms of polynomial (PSDTs) and non-polynomial shear deforma-

tion theories (NPSDTs). In the framework of PSDTs, the displacements are expanded by

employing Taylor’s series coefficients of thickness coordinate and higher-order terms. Hilde-

brand et al. [26] firstly introduced the Taylor’s series approach to improve plate and shell

theories. The significant development in PSDTs are due to Levinson [27], Reddy [28], Kant

et al. [29], Maiti and Sinha [30], Khdeir and Reddy [31], Kant and Swaminathan [32, 33],

Swaminathan and Patil [34], Ferreira et al. [35]. In framework of NPSDTs, a shear strain

function is taken to define the shear deformation. The several strain shape functions such

as trigonometric ( Touratier [36]; Soldatos [37]; Grover et al. [38]; Singh and Singh [39]),

exponential (Aydogdu [40];), hyperbolic (Mahi and Tounsi [41]), inverse trigonometric [42],

inverse hyperbolic [43], etc. have been utilized for accurate representation of the shear stress

distribution. The notable review articles on this topic are due to Mallikarjuna and Kant [44],
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Reddy and Robbins [45], Ghugal and Shimpi [46], Carrera and Brischetto [47], and Jha and

Kant [48]. Overall, the development of theories has been a significant point of interest of

the research community involved in composite plates modeling and analysis.

2.1.1 Layerwise and Zigzag Theories

In addition to shear deformation effects, the interlaminar continuity has played a significant

role in the modeling of multilayered composites. The various approaches in the framework of

LW and ZZ theories and their requirements are outlined in the review articles presented by

Carrera [49] and Carrera and Brischetto [47]. The significant development towards layerwise

approaches are presented by Ambartsumyan [50], Srinivas [51], Reddy [52], Toledano and

Murakami [53], Cho et al. [54], Ferreira et al. [55], Cetkovic and Vuksanovic [56], and Thai

et al. [57]. The layerwise theories discussed above are excellent in terms of accuracy for

multilayered composite plates. However; In LW theories, the field variables depend on the

number of layers which makes computationally very expensive especially when multilayered

structures are the subject of concern. In order to maintain control over the field variables

while satisfying the continuity requirement of displacements and stresses, zig-zag theories

were developed. The significant work on Zig-zag theories is presented by Ren [58], Di

Sciuva [59], Cho and Parameter [60], Chakrabarti et al. [61]. Although ESL theories are

not very precise in predicting inter-laminar behaviour of layered structures, due to their

lower computational cost and ease of execution, they are commonly used to evaluate the

response of structures. Additionally, it should be emphasized that the ZZ theories are derived

from ESL theories by boosting all displacements with a zigzag function such as Murakami’s

zigzag function, Heaviside function. Whereas each layer is modeled using ESL theory in LW

theories as if it is a plate. It should be noted that for ESL theory serve as a basis for both

LW and ZZ theories. From the reviewed literature in above section, the displacement fields

of various ESL theories given by different researchers are listed in Table 2.1

2.2 Mechanical Response

When there is a load acting on structure components, the structure tends to deform. The

structural response depends upon the loading conditions, material and geometric properties.

In general following three linear mechanical responses are significant, Bending, Buckling

and Free vibrations. Therefore, these mechanical analysis of composite plates have received

widespread attention in recent years. The various analytical and numerical methods based

on plates theories have been developed by the researchers for analysis of shear deformable

structures.
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Table 2.1: Displacement field of various ESL theories having different shear strain functions.

Model Displacement field No. of unknowns

Mindlin [21] u = u0 − zϕ1, v = v0 − zϕ2, w = w0 05

Ambartsumian [62] u = u0 − z ∂w
∂x +

[
z
2

(
h2

4 − z2

3

)]
ϕ1 05

v = v0 − z ∂w
∂y +

[
z
2

(
h2

4 − z2

3

)]
ϕ2

w = w0

Panc [63] u = u0 − z ∂w
∂x +

[
5
4z
(
1− 4z2

3h2

)]
ϕ1 05

v = v0 − z ∂w
∂y +

[
5
4z
(
1− 4z2

3h2

)]
ϕ2

w = w0

Reddy [28] u = u0 + z
[
ϕ1 − 4

3 (
z
h )

2
(
ϕ1 +

∂w
∂x

)]
05

v = v0 + z
[
ϕ2 − 4

3 (
z
h )

2
(
ϕ2 +

∂w
∂y

)]
w = w0

Pandya and Kant [64] u = u0 + zθx + z2u∗
0 + z3θ∗x 9

v = v0 + zθy + z2v∗0 + z3θ∗y

w = w0

Touratier [36] u = u0 − z ∂w
∂x + h

π sin(
πz
h )ϕ1 5

v = v0 − z ∂w
∂y + h

π sin(
πz
h )ϕ2

w = w0

Soldatos [37] u = u0 − z ∂w
∂x +

[
z cosh( 12 )− h sinh( zh )

]
ϕ1 05

v = v0 − z ∂w
∂y +

[
z cosh( 12 )− h sinh( zh )

]
ϕ2

w = w0

Shimpi et al. [65] u = u0 − z ∂w
∂x+sin(πzh )ϕ1 06

v = v0 − z ∂w
∂y +sin(πzh )ϕ2

w = w0+cos(πzh )ξ

Ferreira et al. [55] u = u0 − z ∂w
∂x+sin(πzh )ϕ1 05

v = v0 − z ∂w
∂y +sin(πzh )ϕ2

w = w0
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Table 2.1: Continued.

Model Displacement field No. of unknowns

Karama et al. [66] u = u0 − z ∂w
∂x + ze−2( z

h )2ϕ1 05

v = v0 − z ∂w
∂y + ze−2( z

h )2ϕ2

w = w0

Aydogdu [40] u = u0 − z ∂w
∂x + zα−2(z/h)2/ln(α)ϕ1 05

v = v0 − z ∂w
∂y + zα−2(z/h)2/ln(α)ϕ2

w = w0

Mieche et al. [67] u = u0 − z ∂wb

∂x −
[

h
π sinh(πz

h )−z

cosh(π/2)−1

]
∂ws

∂x 04

v = v0 − z ∂ws

∂y −
[

h
π sinh(πz

h )−z

cosh(π/2)−1

]
∂ws

∂y

w = wb + ws

Mantari et al. [68] u = u0 − z ∂w
∂x +

[
sin(πzh )e

1
2 cos(πz

h ) + mπz
h

]
ϕ1 05

v = v0 − z ∂w
∂y +

[
sin(πzh )e

1
2 cos(πz

h ) + mπz
h

]
ϕ2

w = w0

Mantari et al. [69] u = u0 − z ∂w
∂x +

[
tan(mz)− sec2(mh

2 )
]
ϕ1 05

v = v0 − z ∂w
∂y +

[
tan(mz)− sec2(mh

2 )
]
ϕ2

w = w0

Neves et al. [70] u = u0 + zu1 + sinh(πzh )uz 9

v = v0 + zv1 + sinh(πzh )vz

w = w0 + zw1 + z2w2

Thai et al. [71] u = u0 −
(
z − 4z3

3h2

)
βx − 4z3

3h2ϕx 07

v = v0 −
(
z − 4z3

3h2

)
βy − 4z3

3h2ϕy

w = w0

Thai and Vo [72] u = u0 − z ∂wb

∂x −
[
z − h

π sinh(πzh )
]

∂ws

∂x 04

v = v0 − z ∂ws

∂y −
[
z − h

π sinh(πzh )
]

∂ws

∂y

w = wb + ws

Grover [43] u = u0 − z ∂w
∂x −

[
sinh−1( rzh )− z 2r

h
√

(r2+4)

]
ϕ1 05

v = v0 − z ∂w
∂y −

[
sinh−1( rzh )− z 2r

h
√

(r2+4)

]
ϕ2

w = w0

Zenkour [73] u = u0 − z ∂w
∂x −

[
h sinh( zh )−

4
3
z3

h2 cosh(
1
2 )
]

∂ϕ1

∂x 04

v = v0 − z ∂w
∂y −

[
h sinh( zh )−

4
3
z3

h2 cosh(
1
2 )
]

∂ϕ1

∂y

w = w0 +
1
12

[
cosh( zh )−

4z2

h2 cosh( 12 )
]
ϕ1
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2.3 Analytical Methods

These series-based solutions have been well summarised in [74] based on Navier’s and Levy’s

methods. In the Navier method, the field variables of the governing differential equation

are expressed in the series of double trigonometric functions. The series solution is chosen

in such a way that it satisfies the prescribed boundary conditions as a priori. The series

solution in Navier form is well established for simply supported end conditions. It should be

noted that the Navier solution is limited to specific boundary conditions (simply supported),

however, it provides the series solution and is free from any computational error. Moreover,

the trigonometric series of the Navier solution also depends upon the lamination sequence

specifically categorized for cross-ply and angle-ply laminates. The assumed series solution

is then substituted into the differential equations to yield the algebraic system of equations.

As discussed so far, Navier’s solution is simple and provides mathematical advantages by

simplifies the solution to algebraic equations and can handle any type of load acting on lat-

eral sides of the plate. However, its applicability is restricted solely to boundary conditions

that are simply supported. So Nadai-Levy in 1899 developed the Levy-type solution to

solve the differential equations of rectangular plates having simply supported two opposite

edges and the other two edges with arbitrary boundary conditions, it may be subjected to

clamped, free or a combined all edges. The method reduces the partial differential equa-

tions to ordinary ones. Reddy et al. [75] developed Levy type solutions for bending analysis

of laminated rectangular Plates in framework of first-order transverse shear deformation

theory. In analytical approaches, the investigations focus on analysing the buckling, static

bending, and free vibration behavior of composite structures by Navier’s and Levy’s ap-

proach. Kant et al. [76] adopted the Navier’s method to find the natural frequencies of

composite beams based on higher-order refined theory. The theory assumed cubic in-plane

and transverse displacements and involves eight field variables. Matsunaga [77] analyzed

the natural frequencies and buckling stresses of multilayered cross-ply plates in framework

of global higher order theory. A set of governing equations of a two-dimensional plate theory

is derived using Hamilton’s principle. Kant and Swaminathan [32] obtained the analytical

solutions of simply supported laminated plates for vibration characteristics. They imple-

mented a 12 variables theory incorporating cubic in-plane displacements and then reduced

it to a nine variable displacement field by assuming the negligible transverse normal strain.

The eigenvalue problem was formulated in closed form by expanding these nine field vari-

ables in double trigonometric series using Navier’s technique. Matsunaga [78] considered

angle-ply rectangular composite plates to evaluate the buckling loads and natural frequen-

cies using two-dimensional higher order plate theory. The results for bending deformations

of simply supported composite plates are presented by Kant and Swaminathan [33] using
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HSDT. Swaminathan and Patil [34] applied the Navier method to find theoretical solutions

for bending analysis of angle-ply composite plates. Akavci [79] implemented displacement-

based new HSDT to predict the buckling loads and natural frequencies for symmetric and

anti-symmetric thick elastic rectangular plates. Analytical solutions related to critical buck-

ling for laminated plates were obtained using Navier’s method. Aydogu [40] employed a new

shear deformation theory in modification of model given by Karama et al. [80] to assess the

static and dynamic behavior of composite structures. Using the Navier’s approach, the

free vibration and buckling response of composite plates have been evaluated by various re-

searchers using different plate theories in following papers [81–85]. After analyzing previous

work by researchers, Grover et al. [43] discussed the static response of laminated composite

cross-ply plates. A new shear deformation theory which involves an inverse hyperbolic shape

function in displacement field was introduced. The theory accounts for the non-linear distri-

bution of the transverse strains and is well accurate for further analysis of composite plate

in terms of structural behavior. Ghugal and Sayyad [86] presented the trigonometric shear

deformation theory to investigate the static response of a symmetric and anti-symmetric

laminated square plates. Adim et al. [87] obtained the analytical solution for the bending

analysis and vibration characteristics of cross- and angle-ply laminated plates using simple

refined higher-order theory involving four variables. The generalized differential equations

were obtained with help of the Hamilton’s principle. Lam et al. [88] carried out the bending,

buckling, free vibrations of rectangular uniform loaded Levy-plates based on two-parameter

elastic foundations. The canonical exact solutions for assumed plates with all six combi-

nations of boundary conditions are obtained using Green’s function. Xiang and Wei [89]

presented Levy solution with the state-space approach to attain the vibration frequencies

of simply supported Mindlin plates involving free and clamped boundary conditions. Xiang

et al. [90] presented the Levy method to examine the behavior of free vibrations for multi-

span rectangular plates with internal line supports. The plate with simply supported condi-

tions on the two opposite edges and combination of simply supported, or clamped boundaries

on other remaining two edges is considered. The analytical solutions for different mechanical

responses (free vibrations, Hashemi et al. [91], Baferani et al. [92], Farsangi and Saidi [93])

and buckling behavior (Bodaghi and Saidi [94], Mohammadi et al. [95], Hu et.al [96]) were

predicted for functionally graded thin or thick plates with arbitrary boundary conditions

along edges in framework of levy method. Also, the analytical solutions in terms of a static

response of laminated structures have been investigated in following research [84, 97] and

static behavior of composite FG plates were examined by researchers [98–100]. Zenkour and

Aljadani [101] applied the refined 3D-quasi theory for buckling of FG porous plates by em-

ploying the three porosity distribution models. The theory assumes the effect of thickness

stretching in the displacement field. The analytical solutions discussed so far, Navier’s and
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Levy’s, are restricted to certain boundary conditions. Numerous other analytical methodolo-

gies have been devised in the literature to overcome this limitation. Li et al. [102] proposed

a symplectic superposition method (SSM) to analyse the flexural behaviour of rectangular

thick plates. They derived the governing equations that describe the flexural behaviour of

a thick plate within the framework of Hamiltonian space. The separation of variables tech-

nique is used to solve the governing equation, resulting in the acquisition of the eigenvalue

problem. The general solution of the problem is obtained by employing the characteristic

equation form. To obtain the specific solution for the prescribed boundary conditions, the

deriving expressions for the boundary conditions are employed which yields a set of linear

simultaneous equations. Further, the attainment of a non-trivial solution necessitates the

determinant of the coefficient matrix of the simultaneous equation to be zero. This yields

transcendental equations of non-zero eigenvalues. The symplectic solutions of three types of

problems are obtained, considering the following cases of plates: plates with opposite two

edges as simply supported, plates with other opposite edges as slidingly clamped and plates

with an edge slidingly clamped and its opposite edge simply supported.

2.4 Numerical Methods

The advances in computational technology over the last few decades have enabled the imple-

mentation of efficient numerical techniques for solving the governing mathematical system

related to composite structures. As the analytical and semi-analytical methods are limited

to a restricted class of problems, most of the problems of the general category are solved

using different numerical techniques.

Rayleigh Ritz Method:

In 1908, Ritz [103] introduced a method for determining the natural frequencies and mode

shapes of continuum systems such as strings, plates, beams, etc. This method is further used

by Rayleigh in his research hence is called the Rayleigh-Ritz method. This is a numerical

method for finding the approximate solution of eigenvalue equations that are not amenable

to analytical solutions. For the free vibration eigenvalue problem and static equilibrium, the

multiple admissible displacement functions (satisfying the geometric boundary conditions

of the problem) having undetermined coefficients are assumed. By minimising an energy

functional that incorporates both potential and kinetic energies, one can determine the

frequencies and mode shapes associated with the system.It is an integral approach method

and is useful for solving structural analysis problems.

Solution procedure of Rayleigh method
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• Assume a approximate function by linear combinations of certain linear independent

functions as

v(x) = c1g1(x) + c2g2(x) + c3g3(x) + ........+ cngn(x)

where c′is are unknowns and gi(x)
′s are known functions, for example, algebraic poly-

nomials or trigonometric functions. The deflection curve v(x) is chosen such that it

must satisfies displacement boundary conditions.

• The potential energy is obtained as function of coefficients as

I(c1, c2, .....cn) = U(potential energy) +V(kinetic energy)

• Apply the principle of minimum potential energy to determine unknown coefficients,

that is the functional I is minimized by simply taking the partial derivatives

∂I
∂ci

= 0 for all i’s.

Finite Element Method:

The use of the finite element method for structural applications is versatile. A finite element

method (FEM) is a numerical approach to a class of problems governed by partial elliptical

differential equations to obtain an approximate solution. The FEM transforms the ellip-

tic partial differential equation into a series of algebraic equations which are easy to solve.

The detailed discussion about FEM for different problems is provided by J.N. Reddy [104].

Zhang and Yang [105] presented the recent development of the FE technique for analysis of

composite plates. The FEM approach have also been extensively developed and employed

for the nonlinear analysis of structures subjected to various geometry and loading conditions.

The FEM involves the following steps:

1. Integral Form : Firstly, the governing differential equation of problem is transformed

into an integral form. There are two techniques to obtain this form, (i) Variational

Technique and (ii) Weighted Residual Technique. The calculus of variation is applied

in the variational technique for attaining the integral form to the corresponding dif-

ferential equation. The integral form for structural dynamics problems turns out to

be the expression for the overall potential energy of the system. Then this integral

must be minimized to get the problem solved. The integral form is constructed as a

weighted integral of the governed differential equation in the weighted residual tech-

nique, where the given weight functions are arbitrary except that they satisfy certain

boundary conditions. In order to get a solution to the problem, the integral form is

then set equal to zero. The weight function is then called a virtual displacement for
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structural analysis problems and the integral form then becomes the representation of

the structure’s virtual work.

2. Finite element discretization. In this second step, the problem domain is divided

into several subdomains, called finite elements. This is named discretization of do-

main. For one-dimensional (1-D) problems, the elements are line segments with only

length and no geometrical structure. The components used are triangles, rectangles,

and quadrilaterals with angled/smooth borders for two-dimensional (2D) problems,

and with straight or curved surfaces for three-dimensional problems, tetrahedron and

parallelepiped. Domain division into elements is called mesh. The elements are con-

nected with each other at points called nodes.

3. Element equations. In this step, over each element an appropriate approximation

for the primary variable of the problem is chosen as linear combinations of approxima-

tion functions (shape functions) and undetermined coefficients (nodal values). Usually,

polynomials are chosen as the approximation functions and they are derived using in-

terpolation theory, so-called interpolation functions. In addition, in the integral form,

the primary variable approximation is then replaced. The algebraic equations for the

unknown nodal values of the primary variable are minimized for the variational type

integral form and it is set to zero in the weighted-integral sense to obtain the algebraic

equations. In each cases, the algebraic relations among the unknown coefficients are

obtained element-wise and then assembled for the whole domain using continuity over

each element to get the solution .

Meshless Method:

The meshless methods have also been adopted in the last two decades to find the approximate

solution of an elliptical boundary value problem for the structural analysis of composites.

Meshless methods have several advantages, including their ability to be applied to complex

geometries, moving discontinuities such as crack propagation, and the capability to couple

with other numerical methods. In the framework of meshless methods, the approximate

solution is assumed employing various methods such as kernel approximations (reproducing

kernel particle (RKP) [106]), element-free Galerkin (EFG) [107], mesh-less Galerkin using

radial basis function (RBF) [108], mesh-less local Petrov-Galerkin (MLPG) [109], the collo-

cation technique employing RBF and the modified smoothed particle hydrodynamics.

The basic framework of the meshless methods is outlined as follows: A linear elliptical

boundary value problem defined in domain Ω is as follows:

Su(y)= g(y), y ∈ Ω
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Ru(y)= f (y), y ∈ ∂Ω

Where S and R are linear differential operators, and g and f are smooth functions. A

collection of nodes (n) is constructed within the domain.

In kernel approximations, the solution uk(y) is approximated as follows:

uk(y) =
∫
Ω

w(y − x, k)u(x)dΩx

Where w(y-x,k) is the kernel or weight function and k is the measure of size of the support.

The kernel is required to satisfy the conditions such as non-negativity, normality, monoton-

ically decreasing [110]. The commonly used weight functions are the exponential, the cubic

spline and the quartic spline.

The EFG method depends on moving least square (MLS) approximations in which the

function u(y) is expressed as

uk(y, ȳ) =
∑n

i=1 pi(ȳ)ai(y)

Where pi(ȳ) are the monomial basis functions of order m, and ai(y) are the coefficients to be

determined by performing minimization of difference between local approximation and nodal

values. With the determination of these coefficients, the MLS approximation is obtained as

follows

uk(y) =
∑n

i=1Ψi(y)ui

Where Ψi(y) is the shape function and n is the number of local nodes.

The mesh-free collocation methods with finite point multiquadric for the analysis of com-

posite and functionally graded plates is presented by Ferreira et al. [111]. The multiquadric

method is based on the selection of points on ∂Ω and in the interior of domain Ω.

The solution uk(y) for the boundary value problem is approximated as

uk(y) =
∑n

i=1 aig
(
||y − y(i)||, c

)
Where ai are the constants to be determined, and norm is the Euclidean distance between

points y and yi and c is a constant. There are various form of function g
(
||y − y(i)||, c

)
such as mutiquadric, inverse multiquadric, Gaussian, Thin Plate spline, etc. The substitu-

tion of the assumed solution alongwith the prescribed boundary conditions into the defined

boundary value problem at appropriate points yield a system of algebraic equations which

are employed to find the constant coefficients (ai).

Differential Quadrature Method:

The Differential Quadrature (DQ) Method is also numerical approach was presented by
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Bellman and Casti [112] in 1971 and has been used recently by Bert and Malik [113], Chen

et al. [114] in the solid mechanics solution problems. Wu and Liu [115] proposed differential

quadrature method to solve initial and boundary-value problems. The proposed method can

be used to solve single-span Bernoulli beam’s buckling equation and the dynamic equation

having one degree of freedom.

The mechanical responses of composite structures examined via discussed numerical meth-

ods are given in literature as follows. Chen et al. [116] developed two triangular elements

for dynamical behavior of plates/shells structures based on the integral finite element ap-

proach. They proposed an element with 12 nodes having 42 degrees of freedom (DOF) and

also a 6 noded element with 33 DOF to discretize a plate domain. Ribeiro [117] studied the

natural frequencies for moderately thick isotropic laminated plates using p-version hierar-

chical finite element method with geometrical non-linearity. The harmonic balance method

was used to derive the frequency-domain equations of motion, which were further solved

by a predictor-corrector method. Hu et al. [118] adopted the procedure of Rayleigh-Ritz to

study the vibration characteristics of angle-ply composite laminated plates. A set of orthog-

onal polynomials generated by the Gram–Schmidt process was assumed to be displacement

functions with three linear and two angular displacement components. Chakrabarti and

Sheikh [119, 120] carried out bending and dynamic response of composite and sandwich

plates. They developed a C1 continuous six-noded triangular element for derivation of gov-

erning equation. Liew et al. [121] presented moving least squares DQ method to studied

the free vibration behavior of symmetrically laminated plates. The first shear deformation

theory is used to obtained the governing equations of plate. Malekzadeh and Karam [122]

studied the free vibrations of rectangular plate of non-uniform thickness on elastic founda-

tions in framework of differential quadrature method. Gupta et al. [123] studied the elastic

foundation effect to buckling loads and natural frequency of circular polar plates with elasti-

cally restrained edge using Ritz method. Fazzolari et al. [124] reported numerical results of

the free-vibrations and critical buckling loads of anisotropic multi-layered composite plates

by employing the method of Rayleigh-Ritz approximation and Carrera Unified Formulation.

Also, the mechanical responses of anisotropic laminated rectangular plates have been eval-

uated using different plate theories in framework of hierarchical Ritz formulation [125,126].

The free vibrations and buckling response are evaluated by Oyekoya et al. [127] for FG

composite plates using the finite element technique. In the present model, Mindlin-type

formulation assuming average transverse shear distribution based on Lagrangian interpo-

lation and Reissner-type element formulation based on the Hermitian interpolation was

proposed. Ferreira et al. [128] studied the collocation method of higher order for analysis of

isotropic laminated composite plates. The results for bending and free vibration analysis are

evaluated based on Deslaurier–Dubuc interpolating wavelets. Talha and Singh [129] used
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polynomial based HSDT to examined the bending and free vibration analysis of FGM plate.

Castro et al. [130] employed a wavelet collocation method based on Deslaurier-Dubuc inter-

polating functions to examine the static deformation of sandwich plates. Hao et al. [131]

presented the non-linear vibrations of FGM plates having different boundary conditions

along adjacent edges. Zhang [132] proposed the modified couple stress theory for examined

the static, free vibrations and stability behavior of non-classical Mindlin plate. The numer-

ical solutions are evaluated by using finite element formulations. Mantari and Soares [133]

presented a FE approach based on a generalized LW higher order plate theory to analyze

static response of symmetric composite plates. A C0 Lagrangian iso-parametric four-noded

quadrilateral element was assumed to discretize a plate domain. Further, the higher order

ZZ theory have been employed by Chakrabarti et al. [134] to find the buckling behavior

and by Chalak et al. [135] to examine the bending and free vibration analysis of soft core

sandwich structures using refined C0 finite element method. However, implementation of

ZZ theory in finite element formulation makes it difficult as C1 continuity is required for

transverse displacement at each node. Therefore, Pandey and Pradyumna [136] employed

a new higher-order LW theory for the bending characteristics and natural frequencies of

laminated composite plates using C0-continuous finite element procedure. An eight-noded

isoparametric element with 13 DOF is proposed for discretization of the plate. Ferreira et

al. [137] predicted the static deformations and the free vibration behavior of thick cross-ply

laminated plates. They used the generalized differential quadrature (DQ) technique to solve

the governing equations. Liu et al. [138] adopted the DQ based finite element method to an-

alyze free vibration responses of isotropic laminated composite plates subjected to arbitrary

boundary conditions. Some studies related to different mechanical responses of composite

structures in framework of differential quadrature method are reported in [121,122,139].

In order to find the approximate solution of an elliptical boundary value problem for the

structural analysis of composite plates, the meshless methods have been adopted in the last

two decades. The meshless methods possess advantages such as applicability to complex

geometries, moving discontinuities such as crack propagation, and the capability to couple

with other numerical/approximate methods. A continuous moving least square approxima-

tion is presented by Belytschko et al. [140] in order to develop a common framework for

MLS approximations and kernel approximations. A mesh-free approach was developed by

Liu and Chen [141] to study the deflection and free vibrations of thin rectangular plates

with regular irregular node distribution. They employed moving least-squares (MLS) in-

terpolation to approximate shape function. Ferreira et al. [142] considered the laminated

composite moderately thick plates and examined the free vibration behavior. The FSDT and

multiquadric radial basis function (RBF) was employed to derive the equations of motion

and describes a problem of eigenvalue which can be solved by different algorithms. Further,
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Ferreira et al. [143] used a LW deformation theory to evaluate deflections and natural fre-

quencies of composite laminated plates. The multiquadric RBF meshless method is applied

to discretize the domain of plate with uniform and sinusoidal distributed force. Vaghefi et

al. [144] purposed meshless local Petrov-Galerkin method to obtain complete 3D elastostat-

ics solutions of FG thick plates with different boundary conditions. Bui et al. [145] further

studied the vibration behavior of multi-layered plates by employing an efficient meshfree

method. Rodrigues et al. [146] presented meshless local RBF based differential quadrature

collocation method to obtain the static, free vibrations and buckling response of square lam-

inated plates. Carrera’s unified formulation was applied to obtain equations of motions and

the loading conditions for a plate. Some other significant meshless methods are smoothed

particle hydrodynamics (SPH) method [147], hp-clouds [148] and and radial point interpola-

tion method (RPIM) [149]. Sator et al. [150] analyze the bending of thin and or thick elastic

FG plates by using the Kirchhoff Love theory, FSDT and HSDT. They employed meshless

technique with the moving least square approximation for governing field variables. Do

and Lee [151] employed the modified mesh-free RPIM for the nonlinear bending analyses

of simply supported FGM plates. The shape functions are constructed by the new radial

basis function without any fitting parameters to approximate the displacement fields. An

improved meshless technique of moving kriging in proposed by Do and Lee [152] to inves-

tigate the stability behavior of composite FGM plates. The nth-order shear deformation

theory was implemented for the formulation of discrete system equations of the thermal

buckling problem. Huang [153] et al. proposed meshfree isogeometric collocation technique

to study the mechanical behavior of laminated plates. The FSDT is applied to govern the

deformation of plate under different boundary constraints. Chaabani et al. [154] present

a higher order continuation based FE approach to predict the buckling characteristics of

porous FG plates under various loading conditions.

2.5 Discussion and Literature Gap

This chapter provides a state-of-art literature review of modeling techniques and solution

methodologies for structural analysis of composites. Such a review is inherently incomplete,

considering the scope of the subject is as extensive as that of a complete book. An overview

of mathematical formulation for the numerical methods is also presented. The comprehen-

sive overview of the primary advantages and drawbacks of each approaches are enumerated

ahead. The plates with general boundary conditions along the edges cannot be analyzed

properly by using analytical methods. As Navier’s method is only applicable to predict

mechanical response of structures with simply supported boundary conditions. Therefore,

numerous approximate and semi-analytical methods were explored to investigate the struc-
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tural response subjected to various boundary conditions. Rayleigh-Ritz method, finite ele-

ment method (FEM), meshfree methods, differential quadrature method and wavelets-based

method are efficient numerical tools for solving PDEs problems which could not be solved

analytically. The FEM is most useful numerical tool for solving problems with complex

geometries, loadings and material properties. The FE method has demonstrated remark-

able efficacy in conducting both static and dynamic analyses of plates. However, the FEM

requires a mesh to provide connectivity between elements in order to form the finite element

equations. Also in this method, the function remains continuous over the meshes while par-

tial derivatives are not continuous. Recently, in the field of computational mechanics, there

has been development of a numerical technique known as the mesh-free method which does

not necessitate the use of a mesh for the interpolation of displacement fields. The meshless

nature and straightforward implementation of this approach make it a viable substitute for

finite elements in the study of structures with arbitrary shapes.

Apart from FEM and meshless techniques, various numerical approaches have also been

explored in literature. The available analytical tools for a specific class of boundary value

problems provide a strong basis for comparing with exact solution and various numerical

techniques. Moreover, the applications of developed methodologies to investigate the com-

posite/advance composite structures have been discussed. The observations drawn from the

aforementioned literature review are as follows:

• The polynomial and non-polynomial shear deformation theories have been applied to

model and study the laminated and functionally graded composite plates. The use of

non-polynomial higher order theory is very limited in analyzing FG plate with porosity.

• However it is evident from literature review, the porous FG plate is not previously

modeled in framework of NPSDT incorporating inverse hyperbolic function.

• There has been limited literature towards the development of mathematical mod-

els/solution methodologies for the response of composite structures.

• The research related to static and buckling response of angle-ply laminated plates

based on non-polynomial higher order plate theory is somehow limited.

• During the manufacturing of FGM, porosity or voids may occur in the materials,

which may behave differently depends upon type of distributions. Therefore, effects

of porosity needs to be considered while analyzing FGM structures.
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2.6 Summary

In this chapter, the study has been conducted on several modeling techniques, structural

analysis, porosity effect and solution methodologies in the analysis of composite structures.

The literature review related to different plate theories and solutions techniques to solve the

governing equations are presented in detailed. An overview of mathematical formulation

for the numerical methods is also presented. On the basis of the review presented for

different mechanical responses, some observations are identified. By analysing literature

and considering the motivation behind the study, the relevant research gaps are identified.

Based on these research gaps, objectives for the current study are established.
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Chapter 3

MATHEMATICAL FORMULATION

Introduction

In the chapter 2, the literature review of modeling approaches, and solution methodologies

for structural behavior of laminated and FG composite structures has been done. Based

on the discussion and observations made in chapter 2, this chapter provides the modeling

and mathematical formulation of laminated and FG plate in detailed within the context of

non-polynomial shear deformation theory. The basic assumptions taken for the modeling

and analysis of multi-layered and functionally graded composite plates are also introduced.

The strain-displacement relationship, and constitutive relations are introduced to describe

the kinematics of the structure, and the behaviour of deformation. The derivation of the

governing differential equation using the principle of virtual displacements is briefly ex-

plained in this chapter. The system of governing equations are further transformed in terms

of primary field variables. Then these differential equations are solved analytically by em-

ploying Navier Solution technique along with associated boundary conditions. Further, the

porous FG plate is modeled mathematically in the framework of inverse hyperbolic shear

deformation theory (IHSDT) wherein the material follows the linear elastic behavior. The

volume fraction of FG materials is defined by some rule of mixture and different porosity

distributions are considered for analysis of structural behavior. This chapter also includes

a detailed presentation of the finite element method for deriving the numerical solution of

composite plates under different boundary conditions. The mathematical system involves

simultaneous equations is then obtain for analysis of mechanical behavior (bending, buckling

and vibration response).

The chapter is divided into five sections: The mathematical formulation for displacement

field of laminated plate is presented in section 3.1. The analytical formulation of governing

differential equations of plate are discussed in Section 3.2. The section 3.3 carried out the

Navier’s methodology to solve the governed system of equations to predict the mechanical

response characteristics and section 3.4 presents the modeling of functionally graded plate.

In section 3.5, the modeling of plate in the framework of finite element methodology is

The content of this chapter has been published in Journal Of Applied Mechanics, 90(5):051004, 2023.
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presented. The summary and scope of this chapter is concluded in section 3.6.

3.1 Mathematical Formulation

Assumption: The following assumptions are led to the mathematical development in this

work:

1. For laminated and FG plates, the reference plane used to determine displacements and

rotations is assumed to be the centre plane (at x3=0).

2. The composition of FG material varies gradually from one end to the other and as-

sumed to follow a certain mathematical rule to define the material property.

3. The material is assumed to follow linear elastic behavior

4. The structural kinematics relies on the premise that deformations and rotations are

small.

5. The displacement field of proposed theory involves five primary field variables.

6. The in-plane displacements varies non-linearly and transverse displacement is supposed

to be constant through the thickness of composite plate.

3.1.1 Displacement Field

In the present work, a rectangular laminated plate having dimensions a, b, and h and

composed of N orthotropic layers is modeled mathematically in the framework of a new

displacement-based hyperbolic shear deformation theory. The geometry of considered plate

in the Cartesian co-ordinate (x1−x2−x3) is depicted in Fig. (3.1) The axiomatic formulation

based displacement field with non-polynomial function of thickness as shear strain function

is as follows.

u(x1, x2, x3) = u0(x1, x2)− x3
∂w0

∂x1
+ f(x3) ·Θx1(x1, x2)

v(x1, x2, x3) = v0(x1, x2)− x3
∂w0

∂x2
+ f(x3) ·Θx2(x1, x2)

w(x1, x2, x3) = w0(x1, x2) (3.1)

where (u, v, w) are the displacements at any point in the x1, x2, and x3 directions, respec-

tively. u0, v0 are the in-plane deformations of mid-plane (x3 = 0) along x1 and x2 co-ordinates

respectively and w0 is the transverse displacement at a point on the mid-plane. The pa-

rameters Θx1 and Θx2 are the shear rotations about x2 and x1 axis of plate respectively.
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Figure 3.1: Geometry of Laminated plate

The coefficient f(x3) of shear rotations represent the strain shape function, which deter-

mines the variations of transverse shear strains through the plate thickness. The function

f is expressed as f(x3) = g(x3) + Ωx3, where g(x3) = x3 sech
(
rx3

h

)
and Ω = -sech(r/2 )(1-

(r/2 )tanh(r/2 )). The value of parameter Ω determined by satisfying the condition of zero

transverse shear stress as a priori on the top and bottom surfaces of plate i.e at z = ±h/2.

An optimized value of r is selected as 2.5 and the evaluation of parameter r is achieved

through post-processing after comparison the results of the present theory with the elas-

ticity solution for a variety of examples. In order to represent the transverse shear stress

distribution, the different shape functions given by authors are listed in Table 3.1.

3.1.2 Structural Kinematics

Under the assumption of small elastic deformations, the strains associated with displace-

ments given in Eqs.(3.2) are expressed linearly in terms of variables (u0, v0, w0,Θx1 ,Θx2) and

are as follows [155]

ϵ11 =
∂u

∂x1

=
∂u0

∂x1

−x3
∂2w0

∂x2
1

+(g(x3)+Ωx3)
∂Θx1

∂x1

, ϵ22 =
∂v

∂x2

=
∂v0
∂x2

−x3
∂2w0

∂x2
2

+(g(x3)+Ωx3)
∂Θx2

∂x2

γ12 =

(
∂u

∂x2

+
∂v

∂x1

)
=

(
∂u0

∂x2

+
∂v0
∂x1

)
−2x3

∂2w0

∂x1∂x2

+(g(x3)+Ωx3)

(
∂Θx1

∂x2

+
∂Θx2

∂x1

)
(3.2)

γ23 =
∂v

∂x3

+
∂w

∂x2

= f ′(x3)Θx2 = (g′(x3)+Ω)Θx2 , γ13 =
∂u

∂x3

+
∂w

∂x1

= f ′(x3)Θx1 = (g′(x3)+Ω)Θx1

Where prime (′) in f ′(x3) denotes the derivative of function f with respect to x3. The

parameters ϵii(i = 1, 2) are direct strains in x1, and x2 directions. Where γ13 and γ23
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represent the transverse shear strains while γ12 denotes the in-plane shear strain. The γ13

and γ23 are found to be clearly dependent on shear rotations and f ′(x3).

Table 3.1: Different shear strain shape functions.

Model g(x3) Ω

Reddy [28]
(
x3 − 4x3

3

3h2

)
0

Touratier [36] h
π
sin(πx3

h
) 0

Soldatos [37] hsinh(x3

h
) cosh(1

2
)

Karama et al. [66] x3e
−2(x3/h)2 0

Aydogdu [40] x3α
−2(x3/h)2/ln(α), α > 0 0

Mieche [156] 0.6626h
π
sinhπx3

h
-0.6626

Mantari [68] sin
(
πx3

h

)
e

1
2
cos(πx3

h ) π
2h

Mantari [69] tan(mx3) -msec2(mh
2
)

Grover et al. [43] sinh−1( rx3

h
) −2r

h
√

(r2+4)
; r=3

Present x3 sech( rx3

h
) 0.0320; r=2.5

3.1.3 Constitutive Relations

Since the laminated plate is made of orthotropic layers, thus the stress-strain relations for

each layer k of the composites having any fiber orientation are defined as follows [38]


σ11

σ22

τ12

τ23

τ13


(k)

=


Q̄11 Q̄12 Q̄16 0 0

Q̄12 Q̄22 Q̄26 0 0

Q̄16 Q̄26 Q̄66 0 0

0 0 0 Q̄44 Q̄45

0 0 0 Q̄45 Q̄55


(k)


ϵ11

ϵ22

γ12

γ23

γ13


(k)

or, [σ]5×1 =
[
Q̄
]
[ϵ]5×1 (3.3)

The
[
Q̄
]
is reduced transformed stiffness matrix depending upon the material properties

(Young’s modulus, shear modulus, Poisson’s ratio) [87]. Where [σ]=[σ11 σ22 τ12 τ23 τ13]
T

and [ϵ]= [ϵ11 ϵ22 γ12 γ23 γ13]
T are the stress and strain vectors, respectively. The relationship

between coefficients of the reduced transformed stiffness matrix and fiber angle are given
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as

Q̄11 = Q11 cos
4 θ + 2(Q11 + 2Q66) sin

2 θ cos2 θ +Q22 sin
4 θ

Q̄12 = (Q11 +Q22 − 4Q66) sin
2 θ cos2 θ +Q12(sin

4 θ + cos4 θ)

Q̄22 = Q11 sin
4 θ + 2(Q12 + 2Q66) sin

2 θ cos2 θ +Q22 cos
4 θ

Q̄16 = (Q11 −Q12 − 2Q66) sin θ cos
3 θ + (Q12 −Q22 + 2Q66) sin

3 θ cos θ

Q̄26 = (Q11 −Q12 − 2Q66) sin
3 θ cos θ + (Q12 −Q22 + 2Q66) sin θ cos

3 θ (3.4)

Q̄66 = (Q11+Q22 − 2Q12 − 2Q66) sin
2θ cos2 θ+Q66(sin

4 θ+cos4 θ)

Q̄44 = Q44 cos
2 θ +Q55 sin

2 θ

Q̄45 = (Q55 −Q44) cos θ sin θ

Q̄55 = Q55 cos
2 θ +Q44 sin

2 θ

Where Q11 =
E1

1− ν12ν21
, Q22 =

E2

1− ν12ν21
, Q12 =

ν12E2

1− ν12ν21
, Q21 =

ν21E1

1− ν12ν21

Q44 = G23, Q55 = G13, Q66 = G12, ν21 =
ν12E2

E1

Where E is young’s modulus and ν is poisson’s ratio.

3.2 Analytical Formulation

The derivation of governing differential equations and analytical solution approach to solve

these equations is presented in this section. The system of equations is then attained in

algebraic way to obtain the structural response of composite plates.

3.2.1 Equations of Motion

The governing equations of the plate are generated by implementing the principle of virtual

work as follows ∫ T

0

(δU − δW )dt = 0 (3.5)
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where expression for variation of strain energy, δU, virtual work done δW as a result of

applied forces are

δU =

∫
Ω

{∫ h
2

−h
2

[σ11δϵ11 + σ22δϵ22 + τ12δγ12 + τ23δγ23 + τ13δγ13]dx3

}
dx1dx2 (3.6)

δW = −
[∫

Ωs

(
q̄δw0 + N̂11

δw0

δx1

∂δw0

δx1

+ N̂22
δw0

δx2

∂δw0

δx2

)
dx1dx2

]
(3.7)

where, q̄ and N̂11, N̂22 are transverse, axial compressive forces in x1 and x2 directions.

Here, N̂11 = −N0, and N̂22 = −KmN0. Where Km corresponds to the load index and N0

to buckling load.

The expression of virtual strains from the Eqs.(3.2) is adopted to compute the strain energy

δU and then the value of δU and δW is substituted in the equation of virtual work Eq.

(3.5). Using the fundamental lemma of variation, the virtual terms are then solved. To

satisfy Eq. (3.5) independently, it should be emphasized that all variations are arbitrary,

and thus taking the coefficients of δu0, δv0, δw0, δΘx1 , and δΘx2 equal to zero. Hence, the

system of differential equations is obtained as indicated in Eqs. (3.8).

∂N11

∂x1

+
∂N12

∂x2

= 0, and
∂N22

∂x2

+
∂N12

∂x1

= 0

∂2M11

∂x1
2

+
∂2M22

∂x2
2

+ 2
∂2M12

∂x1∂x2

+ q̄ + N̂11
∂2w0

∂x1
2
+ N̂22

∂2w0

∂x2
2
= 0 (3.8)

∂P11

∂x1

+ Ω
∂M11

∂x1

+
∂P12

∂x2

+ Ω
∂M12

∂x2

− ΩQ13 −K13 = 0

∂P22

∂x2

+ Ω
∂M22

∂x2

+
∂P12

∂x1

+ Ω
∂M12

∂x1

− ΩQ23 −K23 = 0

The terms N, M are stress resultants and (P, Q, K ) denotes the higher-order moments

which are defined as followsN11 M11 P11

N22 M22 P22

N12 M12 P12

 =

∫ h
2

−h
2

σ11

σ22

τ12

[1 x3 g(x3)
]
dx3 (3.9)

[
Q23 K23

Q13 K13

]
=

∫ h
2

−h
2

[
τ23

τ13

] [
1 g′(x3)

]
dx3 (3.10)

To transform the governing equations Eqs.(3.8) in terms of primary deformations using the

integral relations established in Eq. (3.11) and Eq. (3.12), we need to perform the necessary
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substitutions.

[
Aij Bij Dij Eij Fij Hij

]
=

∫ h
2

−h
2

[
Q̄ij

] [
1 x3 x23 g(x3) x3.g(x3) (g(x3))

2
]
dx3 (3.11)

for i, j = 1, 2, 4, 5, 6.

[
Kij Lij

]
=

∫ h
2

−h
2

[
Q̄ij

] [
g′(x3) (g′(x3))

2
]
dx3 for i, j = 4, 5. (3.12)

After substituting equations Eqs.((3.9)-(3.12)) in (3.8), the governing equations of motion

in general form can be written in terms of generalized displacements as follows

[K] {∆} = {F} (3.13)

where K is an symmetric matrix of partial derivative with respect to x1 and x2, ∆ denotes

the vector of generalized displacement and F is load vector, respectively. Further, the most

general form of system of governing equations as given in (3.13) is reliable for any lamina-

tion sequence. However, the governing equations for cross-ply and angle-ply laminates are

derived in the form of primary displacements and are discussed in the further sections.

Governing equations for cross-ply laminates:
For cross-ply laminated plates, the characteristics of stiffness are given as

A16 = A26 = B16 = B26 = D16 = D26 = 0

E16 = E26 = F16 = F26 = H16 = H26 = 0 (3.14)

A45 = K45 = L45 = 0

The above characteristics are substituted into Eq. (3.13) and thus, the governing equa-

tions for considered laminates in explicit form of generalized displacements are expressed as

follows

A11

(
∂2u0

∂x1
2

)
+B11

(
Ω
∂2Θx1

∂x1
2

− ∂3w0

∂x3
1

)
+ E11

(
∂2Θx1

∂x1
2

)
+ A12

(
∂2v0

∂x1∂x2

)
+B12

(
Ω

∂2Θx2

∂x1∂x2

)
−

B12

(
∂3w0

∂x1∂x2
2

)
+ E12

(
∂2Θx2

∂x1∂x2

)
+ A66

(
∂2u0

∂x2
2
+

∂2v0
∂x1∂x2

)
+B66

(
Ω

(
∂2Θx1

∂x2
2

+
∂2Θx2

∂x1∂x2

))
−

B66

(
2

∂3w0

∂x1∂x2
2

)
+ E66

(
∂2Θx1

∂x2
2

+
∂2Θx2

∂x1∂x2

)
= 0
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A12

(
∂2u0

∂x1∂x2

)
+B12

(
Ω

∂2Θx1

∂x1∂x2

− ∂3w0

∂x2
1∂x2

)
+ E12

(
∂2Θx1

∂x1∂x2

)
+ A22

(
∂2v0
∂x2

2

)
+B22

(
Ω
∂2Θx2

∂x2
2

)
−B22

(
∂3w0

∂x2
3

)
+ E22

(
∂2Θx2

∂x2
2

)
+ A66

(
∂2u0

∂x2∂x1

+
∂2v0
∂x1

2

)
+B66

(
Ω

(
∂2Θx1

∂x1∂x2

+
∂2Θx2

∂x1
2

))
−B66

(
2

∂3w0

∂x1
2∂x2

)
+ E66

(
∂2Θx1

∂x1∂x2

+
∂2Θx2

∂x1
2

)
= 0

B11

(
∂3u0

∂x1
3

)
+D11

(
Ω
∂3Θx1

∂x1
3

− ∂4w0

∂x1
4

)
+ F11

(
∂3Θx1

∂x1
3

)
+B12

(
∂3v0

∂x1
2∂x2

+
∂3u0

∂x1∂x2
2

)
+B22

(
∂3v0
∂x2

3

)
+D12

(
Ω

(
∂3Θx2

∂x1
2∂x2

+
∂3Θx1

∂x1∂x2
2

)
− 2

∂4w0

∂x1
2∂x2

2

)
+ F12

(
∂3Θx2

∂x1
2∂x2

+
∂3Θx1

∂x1∂x2
2

)
+D22

(
Ω
∂3Θx2

∂x2
3

)
−D22

(
∂4w0

∂x2
4

)
+ F22

(
∂3Θx2

∂x2
3

)
+ 2B66

(
∂3u0

∂x1∂x2
2
+

∂3v0
∂x1

2∂x2

)
+ 2D66

(
Ω

(
∂3Θx1

∂x1∂x2
2
+

∂3Θx2

∂x1
2∂x2

))
− 2D66

(
2

∂4w0

∂x1
2∂x2

2

)
+ 2F66

(
∂3Θx1

∂x1∂x2
2
+

∂3Θx2

∂x1
2∂x2

)
+ q̄ + N̂11

∂2w0

∂x1
2
+ N̂22

∂2w0

∂x2
2
= 0

(ΩB11 + E11)

(
∂2u0

∂x1
2

)
+ (ΩD11 + F11)

(
Ω
∂2Θx1

∂x1
2

− ∂3w0

∂x1
3

)
+ (ΩF11 +H11)

(
∂2Θx1

∂x1
2

)
+ (ΩB12 + E12)(

∂2v0
∂x1∂x2

)
+ (ΩD12 + F12)

(
Ω

∂2Θx2

∂x1∂x2

− ∂3w0

∂x1∂x2
2

)
+ (ΩF12 +H12)

(
∂2Θx2

∂x1∂x2

)
+ (ΩB66 + E66)

(
∂2u0

∂x2
2
+

∂2v0
∂x1∂x2

)
+ (ΩD66 + F66)

(
Ω

(
∂2Θx1

∂x2
2

+
∂2Θx2

∂x1∂x2

)
− 2

∂3w0

∂x1∂x2
2

)
+ (ΩF66 +H66)

(
∂2Θx1

∂x2
2

+
∂2Θx2

∂x1∂x2

)
−
[
Ω2A55 + 2ΩK55 + L55

]
Θx1 = 0

(ΩB12 + E12)

(
∂2u0

∂x1∂x2

)
+ (ΩD12 + F12)

(
Ω

∂2Θx1

∂x1∂x2

− ∂3w0

∂x1
2∂x2

)
+ (ΩF12 +H12)

(
∂2Θx1

∂x1∂x2

)
+

(ΩB22 + E22)

(
∂2v0
∂x2

2

)
+ (ΩD22 + F22)

(
Ω
∂2Θx2

∂x2
2

− ∂3w0

∂y3

)
+ (ΩF22 +H22)

(
∂2Θx2

∂x2
2

)
+

(ΩB66 + E66)

(
∂2u0

∂x1∂x2

+
∂2v0
∂x1

2

)
+ (ΩD66 + F66)

(
Ω

(
∂2Θx1

∂x1∂x2

+
∂2Θx2

∂x1
2

)
− 2

∂3w0

∂x1
2∂x2

)
+

(ΩF66 +H66)

(
∂2Θx1

∂x1∂x2

+
∂2Θx2

∂x1
2

)
−
[
Ω2A44 + 2ΩK44 + L44

]
Θx2 = 0 (3.15)
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Governing equations for angle-ply plates:
The following stiffness characteristics for angle-ply laminated plates are identically zero

A16 = A26 = D16 = D26 = 0

B11 = B22 = B12 = B66 = 0

E11 = E22 = E12 = E66 = 0 (3.16)

F16 = F26 = H16 = H26 = 0

A45 = K45 = L45 = H45 = 0

After substituting these characteristics into Eq. (3.13), the following governing equations

(Eq. (3.17)) in explicit form for the angle-ply laminates are generated

A11

(
∂2u0

∂x1
2

)
+ A12

(
∂2v0

∂x1∂x2

)
+B26

(
Ω
∂2Θx2

∂x2
2

− ∂3w0

∂x3
2

)
+ E26

(
∂2Θx2

∂x2
2

)
+ A66

(
∂2u0

∂x2
2
+

∂2v0
∂x1∂x2

)
+B16

(
Ω

(
2
∂2Θx1

∂x1∂x2

+
∂2Θx2

∂x1
2

)
− 3

∂3w0

∂x1
2∂x2

)
+ E16

(
2
∂2Θx1

∂x1∂x2

+
∂2Θx2

∂x1
2

)
= 0

A12

(
∂2u0

∂x1∂x2

)
+ A22

(
∂2v0
∂x2

2

)
+ E26

(
2
∂2Θx2

∂x1∂x2

+
∂2Θx1

∂x2
2

)
+B16

(
Ω
∂2Θx2

∂x1
2

− ∂3w0

∂x1
3

)
+ E16

(
∂2Θx2

∂x1
2

)
+ A66

(
∂2u0

∂x2∂x1

+
∂2v0
∂x1

2

)
+B26

(
Ω

(
2
∂2Θx1

∂x2
2

+ 2
∂2Θx2

∂x1∂x2

)
− 3

∂3w0

∂x1∂x2
2

)
= 0

D11

(
Ω
∂3Θx1

∂x1
3

− ∂4w0

∂x1
4

)
+ F11

(
∂3Θx1

∂x1
3

)
+B16

(
3

∂3u0

∂x1
2∂x2

+
∂3v0
∂x1

3

)
+B22

(
∂3v0
∂x2

3

)
+D12(

Ω

(
∂3Θx2

∂x1
2∂x2

+
∂3Θx1

∂x1∂x2
2

)
− 2

∂4w0

∂x1
2∂x2

2

)
+ F12

(
∂3Θx2

∂x1
2∂x2

+
∂3Θx1

∂x1∂x2
2

)
+D22

(
Ω
∂3Θx2

∂x2
3

− ∂4w0

∂x2
4

)
+ F22

(
∂3Θx2

∂x2
3

)
+B26

(
∂3u0

∂x2
3
+ 3

∂3v0
∂x1∂x2

2

)
+ 2D66

(
Ω

(
∂3Θx1

∂x1∂x2
2
+

∂3Θx2

∂x1
2∂x2

)
− 2

∂4w0

∂x1
2∂x2

2

)
+ 2F66

(
∂3Θx1

∂x1∂x2
2
+

∂3Θx2

∂x1
2∂x2

)
+ q̄ + N̂11

∂2w0

∂x1
2
+ N̂22

∂2w0

∂x2
2
= 0
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(ΩD11 + F11)

(
Ω
∂2Θx1

∂x1
2

− ∂3w0

∂x1
3

)
+ (ΩF11 +H11)

(
∂2Θx1

∂x1
2

)
+ (ΩB26 + E26)

(
∂2v0
∂x2

2

)
+ (ΩD12 + F12)(

Ω
∂2Θx2

∂x1∂x2

− ∂3w0

∂x1∂x2
2

)
+ (ΩF12 +H12)

(
∂2Θx2

∂x1∂x2

)
+ (ΩB16 + E16)

(
2

∂2u0

∂x1∂x2

+
∂2v0
∂x1

2

)
+ (ΩD66 + F66)

(
Ω

(
∂2Θx1

∂x2
2

+
∂2Θx2

∂x1∂x2

)
− 2

∂3w0

∂x1∂x2
2

)
+ (ΩF66 +H66)

(
∂2Θx1

∂x2
2

+
∂2Θx2

∂x1∂x2

)
−
[
Ω2A55 + 2ΩK55 + L55

]
Θx1 = 0

(ΩD12 + F12)

(
Ω

∂2Θx1

∂x1∂x2

− ∂3w0

∂x1
2∂x2

)
+ (ΩF12 +H12)

(
∂2Θx1

∂x1∂x2

)
+ (ΩB16 + E16)

(
∂2u0

∂x1
2

)
+ (ΩD22 + F22)

(
Ω
∂2Θx2

∂x2
2

− ∂3w0

∂y3

)
+ (ΩF22 +H22)

(
∂2Θx2

∂x2
2

)
+ (ΩB26 + E26)

(
∂2u0

∂x2
1

+ 2
∂2v0

∂x1∂x2

)
+ (ΩD66 + F66)

(
Ω

(
∂2Θx1

∂x1∂x2

+
∂2Θx2

∂x1
2

)
− 2

∂3w0

∂x1
2∂x2

)
+ (ΩF66 +H66)

(
∂2Θx1

∂x1∂x2

+
∂2Θx2

∂x1
2

)
−
[
Ω2A44 + 2ΩK44 + L44

]
Θx2 = 0 (3.17)

3.3 Solution Methodology

Navier Solution: In order to predict the accurate response of structure and applicability

of the new higher order theory for laminated plates, it is necessary to solve the governing

equations in exact manner. The above coupled partial differential equations for cross-ply

Eq. (3.15) and angle-ply Eq. (3.17) plates are solved by implementing Navier solution to

yield the static and buckling responses. However, the Navier type solution is restricted to

Simply supported laminated plates. The SS1 boundary conditions are imposed for cross-ply

laminated plate are mentioned in Eq. (3.18) [43]

v0 = w0 = Θx2 = N11 = M11 = 0 at x1 = 0, a

u0 = w0 = Θx1 = N22 = M22 = 0 at x2 = 0, b (3.18)

For angle-ply plate, SS2 boundary conditions are given in Eq. (3.19) as

v0 = w0 = Θx1 = N22 = M22 = 0 at x2 = 0, b

u0 = w0 = Θx2 = N11 = M11 = 0 at x1 = 0, a (3.19)
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The suitable series solution of Navier in terms of mid-plane field variables for cross-ply plates

is assumed to satisfy the boundary conditions Eq. (3.18) and is given as follows

u0 =
∞∑

m=1

∞∑
n=1

Umncos(βx1)sin(γx2)

v0 =
∞∑

m=1

∞∑
n=1

Vmnsin(βx1)cos(γx2)

w0 =
∞∑

m=1

∞∑
n=1

Wmnsin(βx1)sin(γx2) (3.20)

Θx1 =
∞∑

m=1

∞∑
n=1

Xmncos(βx1)sin(γx2)

Θx2 =
∞∑

m=1

∞∑
n=1

Ymnsin(βx1)cos(γx2)

Where, β= mπ
a
, γ=nπ

b
. Here, the coefficients Umn,Vmn,Wmn,Xmn, and Ymn are the

arbitrary coefficients to be determined.

The Navier solutions in terms of primary field variables are presented for angle-ply plate

and satisfying SS2 conditions Eq. (3.19) are expressed as follows [157]

u0 =
∞∑

m=1

∞∑
n=1

Umnsin(βx1)cos(γx2)

v0 =
∞∑

m=1

∞∑
n=1

Vmncos(βx1)sin(γx2)

w0 =
∞∑

m=1

∞∑
n=1

Wmnsin(βx1)sin(γx2) (3.21)

Θx1 =
∞∑

m=1

∞∑
n=1

Xmncos(βx1)sin(γx2)

Θx2 =
∞∑

m=1

∞∑
n=1

Ymnsin(βx1)cos(γx2)

Substituting the above series solutions (3.20) into differential equations given by (3.15) and

solutions given by (3.21) into equations (3.17) yields the system of equation involving param-

eters (Umn,Vmn,Wmn,Xmn, and Ymn) which is solved by any appropriate technique. Where

the integers m, n are depending on the transverse loading type. The desired mechanical

response is evaluated after solving these equations. In the similar fashion, the loading is
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assumed in consistency with the transverse deformation, i.e.

q̄ =
∞∑

m=1

∞∑
n=1

Q̄mnsin(βx1)sin(γx2) (3.22)

where Q̄mn = q̄0 for sinusoidal load (SSL) (m=n=1) and Q̄mn = 16q̄0
π2mn

(m, n= 1,3,5,,.....13) for

the uniformly distributed load (UDL). The substitution of assumed solution and loadings in

the governing differential equations yields the general system of algebraic equation as shown

in Eq. (3.23).

[
K̄ −N0G

]
{△} = {q̄} (3.23)

where {△} = {Umn,Vmn,Wmn,Xmn,Ymn}T is a vector of unknown field variables and {q̄} ={
0 0 Q̄mn 0 0

}T
is the load vector. Where,

[
K̄
]
is the stiffness matrix.

Figure 3.2: The sinusoidal and uniform distributed load

3.3.1 Static Analysis of Cross-ply and Angle-ply Plates

Cross-ply: In order to study the static response of cross ply laminated plate, the plate is

assumed in the transverse direction and load is expressed in the Fourier expansion as given in
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Eq. (3.22) The in-plane loads (N̂11, N̂22) are made equal to zero and hence, after substitution

of solution from Eq. (3.20) and loadings from Eq. (3.22), the system of equations take the

form as

[
K̄C] {△} = {q̄} (3.24)

The stiffness matrix
[
K̄C
]
is defined in Appendix A.

Angle-ply: For bending behavior of laminated angle-ply plates, the assumed plate is having

the SS2 boundary conditions. Hence, after substitution of assumed solution from Eq. (3.21)

in the system of equations (3.17), the following matrix form is obtained

[
K̄A] {△} = {q̄} (3.25)

The stiffness matrix
[
K̄A
]
is defined in Appendix B.The system of equations (3.24) and

(3.25) are solved for the parameters appearing in {△} using the matrix inversion method.

These parameters are then used in the presumed solutions (3.20) and (3.21) to compute the

in-plane displacements and rotations.

3.3.2 Buckling Analysis of Laminates

In the proposed theory, to examine the buckling response, the assumed plate is subjected to

in-plane compressive loads (uni-axial and bi-axial). The others loading terms (q̄) appearing

in Eq. (3.15) are taken as zero. Therefore, the following mathematical system is obtained

for cross-ply laminated plate

[
K̄C −N0G

]
{△} = 0 (3.26)

The corresponding system for angle-ply plate is given as

[
K̄A −N0G

]
{△} = 0 (3.27)

where [G] is the geometric matrix due to axial load. The N0 is buckling load parameter.

Therefore, the above system becomes an eigenvalue problem. The buckling loads are rep-

resented by the eigenvalues, and minimum eigenvalue is analogous to the critical buckling

load.
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Figure 3.3: The Geometry of uniaxial and bi-axial buckling load

3.4 Modeling of Functionally Graded Plate

In this section, the mathematically modeling of functionally graded plate based upon IHSDT

is presented wherein the gradient of the material properties is adopted using the power-

law [158] and is given as follows

E(x3) = Eb + (Et − Eb)

(
2x3 + h

2h

)k

(3.28)

Where E denotes Young’s modulus, k is the power-law or volume fraction index. The

material degenerates into an isotropic one for k=0. The subscripts b refer to the bottom

and t represent top surfaces of the plate, respectively.

Displacement field: The displacement components at point (x1, x2, x3) in terms of the

shear strain function (inverse hyperbolic function of thickness coordinate [43]) are given as

follows:

u(x1, x2, x3) = u0(x1, x2)− x3
∂w0

∂x1
+
(
sinh−1

(
rx3

h

)
− x3

2r

h
√
r2 + 4

)
·Θx1(x1, x2)

v(x1, x2, x3) = v0(x1, x2)− x3
∂w0

∂x2
+
(
sinh−1

(
rx3

h

)
− x3

2r

h
√
r2 + 4

)
·Θx2(x1, x2)

w(x1, x2, x3) = w0(x1, x2) (3.29)

The value of parameter r is fixed as 3.0. The strain-displacement relations expressed as
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given in Eq. (3.2). The material is assumed to follow the linear elastic behavior and under

these assumptions, the stress-strain relations are defined using Hooke’s laws as follows [159]:


σ11

σ22

τ12

τ23

τ13

 =


Q̄11 Q̄12 0 0 0

Q̄12 Q̄22 0 0 0

0 0 Q̄66 0 0

0 0 0 Q̄44 o

0 0 0 0 Q̄55




ϵ11

ϵ22

γ12

γ23

γ13

 or, [σ]5×1 =
[
Q̄
]
5×5

[ϵ]5×1 (3.30)

Where Q̄11 = Q̄22 =
E(x3)

1− ν2
o

, Q̄12 =
νoE(x3)

1− ν2
o

, Q̄44 = Q̄55 = Q̄66 =
E(x3)

2(1 + νo)

Where E is Young’s modulus and ν0 is the Poisson’s ratio which is assumed to be constant

through the thickness of the plate.

Algebraic system: The formulation derived in sections (3.2) and (3.3) is employed to

obtain the governing differential equations based on SS1 boundary conditions (3.18) and

algebraic system to examine the structural response of FG plates is given as follows:

[
K̄ −N0G

]
{△} = {q̄} (3.31)

The stiffness matrix
[
K̄
]
is defined in Appendix C.

3.5 Finite Element Formulation

The formulation and solution methodology described in the previous sections are limited

to composite plates with simply supported boundary conditions. The Navier’s approach is

renowned for its ability to analyze the behaviour of simply supported plates. The plates

with curved geometries and various boundary conditions along the edges cannot be analyzed

properly by using analytical methods. Thus, the finite element method (FEM) is proposed to

find the numerical solutions and overcome the limitations of existing method. FEM provides

a versatile platform to simulate and analyze the response of composite plates under different

loading scenarios. Consequently, in this section, the finite element formulation in framework

of higher order theory is presented to derive the governing equations of composite plate and

hence predict the response of structure under various boundary conditions.
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3.5.1 Displacement Field

The displacement field given in Eqs. (3.1) requires condition of C1 continuity in modeling

the plate in framework of FEM because of the presence of first derivatives in the list of

primary variables in the displacement field. However, difficulties related to C1 continuous

FE increase the computational expense. To reduce the continuity in the FE formulation and

make the computation less expensive, auxiliary variables are introduced. Specifically, these

variables correspond to the first-order derivatives of the transverse displacement appearing

in the in-plane displacement terms. By treating these derivatives as separate independent

degrees of freedom, ϕx1 = ∂w0

∂x1
, and ϕx2 = ∂w0

∂x2
, the displacement field is modified so as to

ensure the C0 continuity requirement and given in Eqs. (3.32).

u(x1, x2, x3) = u0(x1, x2)− x3ϕx1 + f(x3)Θx1(x1, x2)

v(x1, x2, x3) = v0(x1, x2)− x3ϕx2 + f(x3)Θx2(x1, x2)

w(x1, x2, x3) = w0(x1, x2) (3.32)

3.5.2 Strain-displacement Relations

Under the assumption of small elastic deformations and moderate rotations, relationships be-

tween strain and displacements due to von-karman non-linear strains are given as [160]

{ϵ} = {ϵl}+ {ϵnl} (3.33)

{ϵ}5×1= [ϵ11 ϵ22 γ12 γ23 γ13]
T

{ϵl}=
[

∂u
∂x1

∂v
∂x2

∂u
∂x2

+ ∂v
∂x1

∂v
∂x3

+ ∂w
∂x2

∂u
∂x3

+ ∂w
∂x1

]T
{ϵnl}=

[
1
2

(
∂w
∂x1

)2
1
2

(
∂w
∂x2

)2
1
2

(
∂w
∂x1

)(
∂w
∂x2

)
0 0

]T

It should be noted that for static analysis, linear strains are considered to derive the elastic

stiffness matrix while non-linear strains are assumed in buckling analysis to get the geometric

stiffness matrix.

Proposed Element :

In the present finite element formulation, a C0-continuous iso-parametric serendipity element

with eight nodes at each element is chosen to discretize the plate geometry. The element

assumed is biquadratic quadrilateral. Each node in the element has seven degrees of freedom,

corresponding to the number of field variables required to meet the C0 criteria. The shape

functions at node i for an eight noded serendipity element are as follows [160]
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Ni =



1
4
(1 + ξξi)(1 + ηηi)(ξξi + ηηi − 1) for i= 1, 2, 3, 4

1
2
(1− ξ2)(1 + ηηi) for i= 5, 7

1
2
(1− η2)(1 + ξξi) for i= 6, 8

Due to the isoparametric serendipity element, the field variables and geometry are specified

by the same shape function. Consequently, the general displacement vector and element

geometry of the model at any point are represented in terms of shape functions in the

following manner:

g =
n∑

i=1

Nigi, q =
n∑

i=1

Niqi (3.34)

Where g is the generalized geometrical co-ordinate, gi is the value of variable corresponding

to node i and Ni is the shape function at ith node, qi is the value of field variable at node i

for generalized variable q.

3.5.3 Derivation of Strain Energy and work Done

Linear strain energy: The strain-displacement relationships due to linear strain given

in Eqs.(3.2) are employed and moreover, the strain components given in vector {ϵ} can be

written in terms of generalized strains as follows [160]

{ϵ} = [H]5×13 {ϵ̄}13×1 (3.35)

where {ϵ}= [ϵ11 ϵ22 γ12 γ23 γ31]
T is the strain vector. The elements of the matrix [H] are

dependent on the variable x3, unit step functions and parameter Ω, given as follows.

[H] =


1 0 0 x3 0 0 g(x3) 0 0 0 0 0 0

0 1 0 0 x3 0 0 g(x3) 0 0 0 0 0

0 0 1 0 0 x3 0 0 g(x3) 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 g′(x3) 0

0 0 0 0 0 0 0 0 0 0 1 0 g′(x3)

 (3.36)

Again, the generalized strain vector {ϵ̄}13×1 consist of functions of unknown variables as

follows

{ϵ̄} = {ϵ01, ϵ02, ϵ06, k0
1, k0

2, k0
6, k1

1, k1
2, k1

6, ϵ04, ϵ05, k2
4, k2

5}
T

where ϵ01=
∂u0

∂x1
, ϵ02=

∂v0
∂x2

, ϵ06=
∂u0

∂x2
+ ∂v0

∂x1
, k0

1 = Ω
∂Θx1

∂x1
− ∂ϕx1

∂x1
, k0

2 = Ω
∂Θx2

∂x2
− ∂ϕx2

∂x2
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k0
6 = Ω

(
∂Θx1

∂x2
+

∂Θx2

∂x1

)
−
(

∂ϕx1

∂x2
+

∂ϕx2

∂x1

)
, k1

1 =
∂Θx1

∂x1
, k1

2 =
∂Θx2

∂x2
, k1

6 =
(

∂Θx1

∂x2
+

∂Θx2

∂x1

)
,

ϵ04 =
∂w0

∂x2
+ ΩΘx2 − ϕx2 , ϵ05 =

∂w0

∂x1
+ ΩΘx1 − ϕx1 , k2

4 = Θx2 , k2
5 = Θx1

It should be noted that the generalised strains are derivative terms of field variables and

hence an operator matrix [L] is used to establish the relationship between generalized strains

and the field variables {q}. Therefore, the strain vector {ϵ̄} in Eq. (3.35) can be presented

in terms of field variables appearing in vector {q} as follows

{ϵ̄}13×1 = [L]13×7 {q}7×1 (3.37)

where {q}7×1 = [u0, v0, w0,Θx1 ,Θx2 , ϕx1 , ϕx2 ]
T

The strain-displacement relations for the kth element can be derived by substituting Eq.

(3.34) into Eq. (3.37), resulting in the following expressions:

{ϵ̄}k = [B]k {qi}k (3.38)

The energy resulting from linear strain for the kth element is determined by Eq. (3.39)

U
(k)
l =

1

2

∫
V

{ϵ}Tk {σ} dV (3.39)

Further, the constitutive relations (3.3) is used to convert stress terms into strain terms and

following expression for strain energy is obtained as follows

U
(k)
l =

1

2

∫
V

{ϵ}Tk {σ} dV =
1

2

∫
V

{ϵ}Tk
[
Q̄
]
{ϵ}k dV (3.40)

Moreover, the expression given in Eq. (3.40) is simplified in terms of field variables by

utilising Eq. (3.35) and (3.38) in Eq. (3.40) in the subsequent manner.

U
(k)
l =

1

2

∫
V

{ϵ̄}Tk [H]Tk
[
Q̄
]
[H]k {ϵ̄}k dV

=
1

2

∫
S

{qi}Tk [B]Tk [D]k[B]k {qi}k dx1dx2 =
1

2
{qi}Tk [K]k {qi}k (3.41)

Where [D]k =
∫ h/2

−h/2
[H]Tk

[
Q̄
]
[H]kdx3 and [K]k =

∫∫
[B]Tk [D]k[B]kdx1dx2

Where [K]k is elemental stiffness matrix and [D] is the function of the thickness variable.

The Gauss quadrature technique is employed to compute the integral involve in elemental
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stiffness matrix using the Jacobian as [K]k =
∫ 1

−1

∫ 1

−1
[B]Tk [D]k[B]k|J |dζdη to simplify the

transformation between ζ-η and x1-x2 coordinates.

Total strain energy, U is calculated by performing assembly over all the elements and is

expressed as:

Ul =
nel∑
k=1

1

2
{qi}Tk [K]k {qi}k =

1

2
{q}T [K] {q} (3.42)

where {q} global displacement vector, [K] is global stiffness matrix.

Non-linear strain energy: Geometrical stiffness matrix depends on geometry as well

as on the internal in-plane forces and is obtained by using non-linear strain–displacement

relationships (Eq. (3.33)). The strain energy for non-linear strains due to external in-plane

force for the kth element is derived as:

U
(k)
nl =

1

2

∫
V

{ϵnl}Tk {σ} dV =
1

2

∫
V

{ϵnl}Tk
[
S̄
]
{ϵnl}k dV =

1

2

∫
V

{ϵ̄nl}Tk [HG]
T
k

[
S̄
]
[HG]k {ϵ̄nl}k dV

=
1

2

∫
S

{qi}Tk [BG]
T
k [G]k[BG]k {qi}k dx1dx2 =

1

2
{qi}Tk [KG]k {qi}k (3.43)

Where [G] =
∑nl

j=1

∫ h/2

−h/2
[HG]

T
[
S̄
]
[HG]dx3 and [S̄] =

[
Sx1x1 Sx1x2

Sx1x2 Sx2x2

]

The in-plane stresses, Sx1x2 andSx2x2 are written in terms of Sx1x1 as Sx2x2 = λ1Sx1x1 and

Sx1x2 = λ2Sx1x1 .

Total strain energy Unl because of non-linear strains is attained by conducting assembly

process across all the elements and is given as:

Unl =
nel∑
k=1

Uk
nl =

1

2
{q̄}T [KG] {q̄} (3.44)

where [KG] is global geometric stiffness matrix.

Work done: The work done as a result of an external transverse load can be expressed as

follows:

W =
nel∑
k=1

Wk =
nel∑
k=1

∫
Ak

p(x1, x2)wdAk =
nel∑
k=1

{f}k {q}k = {F} {q} (3.45)

where [f]=[0, 0, p0, 0, 0, 0, 0], p0 is applied transverse load. For Uniformly distributed load

(UDL), p0=q0, whereas for sinusoidal load (SSL), p0 = q0 sin(πx1/a)sin(πx2/b)

45



3.5.4 Derivation of Governing System

The energy terms and work done related to the structural analysis of FG plates as discussed

in previous section are utilised in the principle of minimal potential energy to formulate the

governing equations of system. The Lagrange equations of motion for minimum potential

energy is given as follows [160]

∂Ul

∂q
+

∂Unl

∂q
− ∂W

∂q
= 0 (3.46)

The terms Ul and Unl and W appearing in Eqs. (3.42), (3.44), and (3.45) are substituted in

Eq. (3.46) to obtain the following system of equations.

[K] {q}+ λ [KG] {q} = F (3.47)

The above system is algebraic system of governing equations in general form which can be

solved to yield the desired response of the composite FG plates.

Static Analysis: The static response of the plate under consideration is solely influenced

by transverse loads, while any other external forces are neglected. Therefore, for static

analysis, the geometric stiffness matrix [KG] becomes zero and the system of equations for

static analysis is reduced as in Eq. (3.48)

[K] {q} = {F} (3.48)

Buckling Response: For buckling analysis, the considered plate is subjected to in-plane

compressive forces only, due to which instability occurs in the plate. Therefore, in this case,

the load vector in Eq. (3.47) will become zero. So the mathematical system of the FG plate

are obtained in the form of an eigenvalue problem as given in Eq. (3.49)

[K + λKG] {q} = 0 (3.49)

The above system is solved mathematically for eigen values, where the eigenvalues are

associated with the phenomenon of buckling, and the least eigenvalue specifically represents

the critical buckling load.

3.6 Summary

In this chapter, the laminated and FG plate are modeled and analyzed based on non-

polynomial shear deformation theories. The formulation of governing differential equations
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along with solution methodology are presented in details. The Navier’s solution approach is

implemented to examine the structural behavior of composite plates. The system of equa-

tions are then attained for cross-ply and angle-ply laminated plates. Moreover for FG plate,

the material properties are varied accordance to power-law rule of mixture. The algebraic

system for FG plate is presented in this chapter to yield the desired mechanical behavior.

The finite element methodology also presented in this chapter along with detailed formu-

lation to derive the numerical solution of composite plates subjected to various boundary

conditions. The newly developed secant hyperbolic shear deformation theory is proposed in

the chapter 4 and 6 to analyze the bending and buckling response of multi-layered structures

and FGM plates. The inverse hyperbolic theory is implemented for the first time to predict

the structural response of FG porous plate in chapter 5.
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Chapter 4

Development of new shear deformation the-

ory

Composite plates are particularly important structural elements that have been extensively

studied by researchers in the past. In industry and emerging fields of technology, lami-

nated composite plates are extensively used. These plates are made by stacking layers of

different materials in a specific orientation to achieve desired mechanical properties. Over

the last few decades, several plate theories have been proposed for modeling of laminated

composite plates. In existing literature, there are variety of analytical and numerical meth-

ods to analyze laminated composite plates. Kant and Swaminathan [161] presented a re-

view of several methods to investigate the stress analysis of laminated composites. The

different higher shear deformation theories (HSDTs) which contain polynomial and non-

polynomial types shape function have been developed earlier [27–29, 66–68]. Swaminathan

and Ragounadin [162] proposed analytic solutions for the flexural analysis of angle-ply plates

employing a higher-order refined theory. Aydogdu [163] evaluated the deflections, buckling

and stresses of symmetric cross-ply plates using various HSDTs. Akavci [164] carried out

the free vibrations and buckling response of cross-ply laminated composites using hyperbolic

shear deformation theories. The analytical solutions are obtained using Navier method. For

laminated plates, Karama et al. [165] introduced a new shear deformation theory based on

exponential strain shape function. Aydogdu [40] modified the model of Karama et al. [165]

and analyzed the bending, buckling, and free vibrations responses for laminated plates. Fur-

ther, a novel refined non-polynomial based higher order theory is developed by Mantari et

al. [166] to study the static and dynamic behavior of laminates. Piskunov et al. [167] per-

formed the static analysis of anisotropic cross- and angle-ply plates and shells using rational

transverse HSDT. A noval shear deformation theory was introduced by Mahi et al. [41] for

bending and free vibrations characteristics of FG plates. The theory provides non-linear

variation of transverse strains having five degrees of freedom. Dhuria et al. [168] evaluated

the bending and buckling response for FGM porous plates with simply supported edges

using Navier solution technique. Thai and Kim [4] presented analytical solutions for static

and free vibration response of FG plates using simple HSDT. Further, different methods

The content of this chapter has been published in Journal Of Applied Mechanics, 90(5):051004, 2023.
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have been employed to obtain the mechanical responses of laminated composite plates using

different plate theories [145, 169–171]. All of these studies are limited in that they analyze

cross-ply laminated plates in most of the research based on higher order theory. Only a

few articles have proposed analytical solutions for angle-ply laminated plate employing the

recent non-polynomial shear deformation theory.

In this study, a new higher order hyperbolic shear deformation theory is developed in the

axiomatic framework which deals with the static and buckling behavior of both cross- and

angle-ply laminated composite plates. The assumed plate is subjected to have simply sup-

ported conditions along its edges. The Navier-type solution technique is used to solve the

governed equations. The independent Navier solutions are obtained for cross- as well as

angle-ply plate. The numerical results for deflections and critical buckling load of rectangu-

lar and square laminates are presented. To ensure the validity of present theory, the findings

are compared with solutions obtained from other theories in existing literature, and they

are found to be in good agreement. The new results are taken as benchmark for further

study of laminated plates.

4.1 Results and Discussion

In this section, the new shear deformation model (3.1) proposed in chapter 3 and the devel-

oped solution methodology is implemented to analyze the structural response of composite

laminates. The mathematical formulation performed in chapter 3 is utilised to examine the

bending and buckling behavior of cross-ply and angle-ply multi-layered plates. To verify the

accuracy of proposed model, various numerical examples are discussed in predicting the me-

chanical behavior of plates. This is done by comparing our results with those already existed

in the literature. The MATLAB generalized program is developed to obtain the analytical

solutions for considered laminated plates. The plate under consideration is subjected to a

transverse SSL and UDL. Moreover, the effects of shear deformation, side-thickness ratio,

lamination sequence, and loading conditions on the mechanical responses are investigated.

Different material properties of the laminated plate are as follows

Material properties 1 (MP1) [43]

E1

E2

= 25,
G12

E2

= 0.5,
G13

E2

= 0.5,
G23

E2

= 0.2, ν12 = 0.25 (4.1)

Material properties 2 (MP2) [87]

E1

E2

= 40,
G12

E2

= 0.6,
G13

E2

= 0.6,
G23

E2

= 0.5, ν12 = 0.25 (4.2)
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Material properties 3 (MP3) [162]

E1 = 38.61 GPa, E2 = 8.27 GPa, G12 = 4.14GPa, G13 = 4.14GPa, G23 = 3.45GPa, ν12 = 0.26

(4.3)

4.1.1 Static Response of Cross-ply Plates

This section focuses on studying the static behaviour of symmetric and anti-symmetric cross

ply laminated plates. The bending of plate is assumed in the transverse direction and the

load q̄ is expressed in the Eq. (3.22). Thus, the system of equations Eq. (4.4) can be solved

algebraically to find the deflections and stresses for cross-ply plates.

[
K̄C] {△} = {q̄} (4.4)

The stress analysis is then carried out by employing the strain-displacement relationship

given by (3.2) and the stress-strain relations (3.3). In static response, the stresses and

transverse deflection are evaluated at critical points. The results for deflections and stresses

are presented in the non-dimensional forms indicated in Eq. (4.5).

W = w0

(
a

2
,
b

2

)
100E2h

3

q̄0a4
, σ̄11 = σ11

(
a

2
,
b

2
,
h
2

)
h2

q̄0a2
, σ̄22 = σ22

(
a

2
,
b

2
,
h

4

)
h2

q̄0a2

τ̄12 = τ12

(
0, 0,

h

2

)
h2

q̄0a2
, τ̄13 = τ13

(
0,
b
2
, 0

)
h

q̄0a
, τ̄23 = τ23

(a
2
, 0, 0

) h

q̄0a
(4.5)

Analysis of square [0/90/90/0] Laminated Plates Subjected to SSL

As a first example, a simply supported four-layered symmetric plate under sinusoidal load

is considered for analysis. The non-dimensional maximum deflection (W ) and the stresses

are evaluated for various values of thickness parameter a/h using non-dimensional forms Eq.

(4.5). The material properties (MP1) are used to examine static response characteristics.

The obtained numerical results are presented in Table 4.1 along with the existing results

based on different shear deformation theories. The present theory exhibits good agreement

of deflection, and normal stresses results when compared with exact solution of Pagano and

Hatfield [10]. However, there is a considerable difference of transverse shear stresses with

3D elasticity solution, as in evaluation of transverse stresses, the equilibrium equations are

not maintained in the formulation. The average absolute error (%Error) for evaluation of

non-dimensional deflection (W ) is 1.43% for the present theory which is lower than previ-
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Table 4.1: The dimensionless deflection and stresses for [0/90/90/0] laminated plate

a/h Theory W σ̄11 σ̄22 τ̄12 τ̄23 τ̄13

%Error %Error %Error %Error %Error %Error

4 Pagano and Hatfield [10] 1.954 - 0.72 - 0.663 - 0.047 - 0.291- 0.219 -

Present 1.9243 1.52 0.7307 1.48 0.6377 3.81 0.0474 0.85 0.2676 8.04 0.2489 13.65

Mantari et al. [69] 1.921 1.69 0.74 2.78 0.635 4.22 0.048 2.13 0.269 7.56 0.254 15.98

Grover et al. [43] 1.9257 1.45 0.7255 0.76 0.639 3.62 0.0473 0.64 0.27 7.21 0.25 14.15

Karama et al. [165] 1.919 1.79 0.699 2.92 0.636 4.07 0.0459 2.34 0.226 22.34 0.226 3.196

Reddy [28] 1.893 3.12 0.665 7.64 0.632 4.68 0.044 6.38 0.239 17.87 0.206 5.94

10 Pagano and Hatfield [10] 0.743 - 0.559 - 0.401 - 0.028 - 0.196 - 0.301 -

Present 0.7289 1.89 0.5589 0.017 0.3949 1.52 0.0275 1.92 0.1749 10.7 0.3275 8.80

Mantari et al. [69] 0.73 1.75 0.561 0.36 0.395 1.50 0.028 0 0.176 10.2 0.335 11.3

Grover et al. [43] 0.7284 1.96 0.5578 0.22 0.3947 1.57 0.0275 1.92 0.1762 10.1 0.3287 9.22

Karama et al. [165] 0.724 2.56 0.553 1.07 0.393 2 0.027 3.57 0.163 16.84 0.294 2.33

Reddy [28] 0.715 3.77 0.546 2.33 0.389 3 0.027 3.57 0.153 21.94 0.264 12.3

20 Pagano and Hatfield [10] 0.517 - 0.543 - 0.308 - 0.023 - 0.156 - 0.328 -

Present 0.5103 1.29 0.5428 0.03 0.3065 0.48 0.023 0 0.1401 10.1 0.3531 7.65

Mantari et al. [69] 0.51 1.35 0.542 0.18 0.306 0.65 0.023 0 0.132 15.38 0.323 1.52

Grover et al. [43] 0.5102 1.32 0.5425 0.09 0.3064 0.52 0.023 0 0.1412 9.48 0.3542 7.98

Karama et al. [165] 0.509 1.55 0.541 0.37 0.306 0.65 0.023 0 0.131 16.03 0.316 3.66

Reddy [28] 0.506 2.13 0.539 0.74 0.304 1.3 0.023 0 0.123 21.15 0.283 13.72

100Pagano and Hatfield [10] 0.439 - 0.539 - 0.276 - 0.022 - 0.141 - 0.337 -

Present 0.4345 1.03 0.5388 0.03 0.271 1.81 0.0214 2.73 0.126 10.6 0.3632 7.77

Mantari et al. [69] 0.435 0.91 0.539 0 0.271 1.81 0.021 4.55 0.119 15.6 0.332 1.48

Grover et al. [43] 0.4345 1.03 0.5388 0.03 0.271 1.81 0.0214 2.73 0.1271 9.85 0.3643 8.1

Karama et al. [165] 0.435 0.91 0.538 0.19 0.27 2.18 0.021 4.55 0.118 16.3 0.324 3.86

Reddy [28] 0.434 1.14 0.538 0.19 0.27 2.18 0.021 4.55 0.112 20.57 0.29 13.95

ously developed theories (1.70% (Karama et al. [165]), and 2.54% (Reddy [28])) and well

agreement is found with (Grover et al. [43] (1.44%), Mantari et al. [69](1.425%)). Moreover,

for moderate thick to thin plates (a/h≥10), the proposed theory is more accurate and gives
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better results in terms of central deflections, normal stresses and the shear stresses. Also, it

is observed that as span-thickness ratio a/h increases, the corresponding deflection of square

plate decreases.

The influence of plate aspect ratio on the dimensionless bending of symmetric cross-ply

plate is shown in Fig. 4.1 for different side-thickness ratios. It is noted that the transverse

deflection increases with the increment in aspect ratio for any value of a/h. So the square

plate possess smaller deflection than rectangular plate. Also it is observed that the thick

plate (a/h=4) has more non-dimensional deflection than moderately thick or thin plate

(a/h=10,100). The variations of in-plane stresses σ11 across the thickness and transverse

shear stresses σ13 for different a/h ratios is obtained for considered laminated plate in Fig.

4.2 and 4.3. The variations in stress σ11 decreases with increase in span-thickness ratio.

Aspect ratio (b/a)
1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

W

0

0.5

1

1.5

2

2.5

3

3.5

a/h=4

a/h=10

a/h=100

Figure 4.1: The influence of b/a ratio on dimensionless deflections for cross-ply plate.

Anti-symmetric Cross-ply Square Plates Subjected to UDL

As a next example, the multilayered cross-ply [0/90]n plates subjected to UDL are con-

sidered. The results of maximum deflection for two, four, six and eight layered plates are

obtained corresponding to various span-thickness ratios and are plotted in Fig. 4.4. It can

be noticed that the increasing number of layers decrease the non-dimensional deflection. The

decrease in deflection is clearly notable from two to four layered plate. Also, the thick plate

(a/h=4) possesses the more deflection as compare to moderately thick and thin plates.

Three-layer [0/90/0] Symmetric Square Plate Under Transverse SSL (MP1)
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Figure 4.2: Variation of σ̄11 across thickness for symmetric cross-ply laminates.
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Figure 4.3: Variation of σ̄13 across thickness for symmetric cross-ply laminated plate.

In the second example, the transverse deflections and stresses for symmetric cross-ply lam-

inated plate under sinusoidal loading are obtained. The results of present theory are com-

pared with 3D-elasticity solution presented by Pagano and Hatfield [10] and the other shear

deformation theories ( [43], [69], [165], [28]) in Table 4.2 using different values of a/h. The

results predicted by the present model agreed well with results due to (Grover et al. [43]) for

a/h = {10, 20, 50, 100} except for transverse shear stresses τ̄23 and τ̄13. The dimensionless

deflection, axial stresses (σ̄11, σ̄22), in-plane shear stress (τ̄12) and transverse shear stress
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Figure 4.4: Effect of side-thickness ratio on non-dimensional deflection of cross-ply [0/90]n square
laminate.

(τ̄23) decrease as a/h ratio increase. However, transverse shear stress (τ̄13) increase with

increase in a/h ratio.

4.1.2 Bending Analysis of Angle-ply Laminated Plates

The static bending behavior of laminated angle-ply plates is examined in this study. The SS2

boundary conditions and the material properties MP2 are taken here. The mathematical

system of equations for angle-ply plate in the matrix form Eq. (4.6) is solved for components

in vector {△}.

[
K̄A] {△} = {q̄} (4.6)

Thus, the displacement components and the rotations are then obtained.

In this section, firstly the two and six layered angle-ply plates with different alignment of

fiber orientation are considered for analysis. The orientations of fiber are taken as 5, 30 and

45 degree. The flexural behavior of the square anti-symmetric laminated plates is obtained

in terms of maximum transverse deflection and non-dimensionality form is given in Eq. (4.5).

The results given in Table 4.3 for dimensionless deflection obtained from present theory are

compared to those given by using different theories such as IHSDT [157], third order shear
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Table 4.2: The deflections and stresses for laminated symmetric [0/90/0] plate subjected to SSL

a/h Theory W σ̄11 σ̄22 τ̄12 τ̄23 τ̄13

4 Pagano and Hatfield [10] 2.006 0.755 0.556 0.0505 0.217 0.282

Present 1.9490 0.8127 0.5000 0.0532 0.2000 0.2415

Mantari et al. [69] 1.9434 0.823 0.497 0.0536 0.201 0.245

Grover et al. [43] 1.955 0.8079 0.5015 0.0532 0.2019 0.2438

Karama et al. [165] 1.944 0.775 0.502 0.0516 0.191 0.22

Reddy [28] 1.9218 0.734 - - 0.183 -

10 Pagano and Hatfield [10] 0.7405 0.59 0.288 0.0289 0.123 0.357

Present 0.7322 0.5856 0.2755 0.0275 0.1139 0.3068

Mantari et al. [69] 0.7342 0.588 0.276 0.0288 0.115 0.314

Grover et al. [43] 0.7329 0.5845 0.2757 0.0286 0.1148 0.3091

Karama et al. [165] 0.723 0.576 0.272 0.0281 0.108 0.272

Reddy [28] 0.7125 0.568 - - 0.103 -

20 Pagano and Hatfield [10] - 0.552 0.21 0.0234 0.094 0.385

Present 0.5100 0.5506 0.2065 0.0233 0.0897 0.3228

Mantari et al. [69] 0.5113 0.551 0.206 0.0233 0.09 0.331

Grover et al. [43] 0.5102 0.5503 0.2065 0.0233 0.0903 0.3252

Karama et al. [165] 0.508 0.548 0.205 0.0231 0.086 0.285

50 Pagano and Hatfield [10] - 0.541 0.185 0.0216 0.084 0.393

Present 0.4440 0.5406 0.1840 0.0216 0.0819 0.3278

Mantari et al. [69] 0.445 0.541 0.184 0.0217 0.082 0.336

Grover et al. [43] 0.4441 0.5406 0.184 0.0216 0.0825 0.3302

Karama et al. [165] 0.435 0.538 0.27 0.021 0.118 0.324

100 Pagano and Hatfield [10] - 0.539 0.181 0.0213 0.083 0.395

Present 0.4344 0.5392 0.1807 0.0214 0.0807 0.3285

Mantari et al. [69] 0.4353 0.539 0.181 0.0214 0.081 0.337

Grover et al. [43] 0.4344 0.5392 0.1807 0.0214 0.0813 0.3309

Karama et al. [165] 0.435 0.538 0.18 0.0213 0.78 0.289

Reddy [28] 0.4342 0.539 - - 0.075 -

deformation theory (TSDT) [172] and FSDT [172]. It is evident that this theory is more

accurate in predicting the non-dimensional deflections for angle-ply plates (a/h = 4, 10, 20)
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than other theories presented in Table 4.3. The good agreement of results are found with

results due to Joshan et al. [157] for thin plates (a/h = 50, 100). Further, it is observed that

the deflection corresponding to any particular alignment of fiber-orientation decreases with

increase in number of layers from two to six.

Further, a four layered [45/-45/45/-45] square anti-symmetric angle-ply composite plate

subjected to transverse sinusoidal loading is considered. The material properties set is used

as MP3. The dimensionless maximum deflection W , in-plane stresses σ̄11, σ̄22 and σ̄12 are

evaluated for different value of side-thickness ratios and are presented in Table 4.4 along

with other existing results given by Swaminathan and Ragounadin [162]. It is evident that,

the deflections and stresses obtained from proposed theory are well agreed with higher order

refined theory due to Swaminathan and Ragounadin [162] for (a/h = 10, 100). Moreover,

for thick plates (a/h = 4), considerable difference is found with available results.

Fig. 4.5 depicts the dimensionless deflection of two [45/-45] and four layered [45/-45]2 degree

angle-ply square and rectangular (b/a = 2) plates corresponding to various a/h ratios. The

material properties MP1 are used for analysis. The results indicate that the plate with

two layers has a greater deflection compared to the four-layered plate. Also, it can be seen

that for square plate, the dimensionless deflection is significantly lower as compared to the

rectangular plate.
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Figure 4.5: The non-dimensional deflection of multi-layered square and rectangular anti-
symmetric plate corresponding to span thickness ratios subjected to SSL.

57



Table 4.3: The deflection for multi-layered angle-ply plates under SSL with respect to different
a/h ratios (MP2).

a/h Theory [5/−5] [5/−5]3 [30/−30] [30/−30]3 [45/−45] [45/−45]3

4 Present 1.1926 1.1663 0.9945 0.8417 0.9303 0.7935

Joshan et al. [157] 1.1955 1.1689 0.9968 0.843 0.9326 0.7948

Reddy (TSDT) [172] 1.2625 1.2282 1.0838 0.8851 1.0203 0.8375

Reddy (FSDT) [172] 1.3675 1.2647 1.2155 0.8994 1.1576 0.8531

10 Present 0.478 0.4431 0.5791 0.2977 0.5455 0.2717

Joshan et al. [157] 0.4783 0.4434 0.5794 0.2978 0.5457 0.2718

Reddy (TSDT) [172] 0.4848 0.4485 0.5916 0.3007 0.5587 0.2745

Reddy (FSDT) [172] 0.4883 0.4491 0.6099 0.2989 0.5773 0.2728

20 Present 0.3564 0.3197 0.5149 0.2121 0.4866 0.1899

Joshan et al. [157] 0.3565 0.3198 0.515 0.2121 0.4866 0.1899

Reddy (TSDT) [172] 0.3579 0.3209 0.518 0.2127 0.4897 0.1905

Reddy (FSDT) [172] 0.3586 0.3208 0.5221 0.2121 0.4914 0.1899

50 Present 0.3212 0.284 0.4967 0.1877 0.4699 0.1667

Joshan et al. [157] 0.3212 0.284 0.4967 0.1877 0.4699 0.1667

Reddy (TSDT) [172] 0.3215 0.2842 0.4972 0.1878 0.4704 0.1608

Reddy (FSDT) [172] 0.3216 0.284 0.4979 0.1877 0.4712 0.1667

100 Present 0.3162 0.2788 0.4941 0.1842 0.4675 0.1633

Joshan et al. [157] 0.3162 0.2788 0.4941 0.1842 0.4675 0.1638

Reddy (TSDT) [172] 0.3162 0.2789 0.4912 0.1842 0.4676 0.1634

Reddy (FSDT) [172] 0.3162 0.2789 0.4914 0.1842 0.4678 0.1638

Table 4.4: The non-dimensional deflection and stresses of four layered [45/-45/45/-45] angle-ply
plates under the sinusoidal loading (MP3).

a/h Theory W (a2 ,
b
2 ) σ̄11(

a
2 ,

b
2 ,

h
2 ) σ̄22(

a
2 ,

b
2 ,

h
2 ) σ̄12(0, 0,

h
2 )

4 Present 1.9838 0.1885 0.1885 -0.1535

Ref. [162] 2.0392 0.1945 0.1945 -0.1468

10 Present 1.2958 0.1670 0.1670 -0.1359

Ref. [162] 1.3040 0.1681 0.1681 -0.1348

100 Present 1.1638 0.1628 0.1628 -0.1326

Ref. [162] 1.1638 0.1628 0.1628 -0.1325
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4.1.3 Buckling Analysis of Laminates

In this section, a simply supported symmetric cross-ply multi-layered [0/90/0], [0/90/90/0],

[0/90/0/90/0], [0/90/0/90/0/90/0/90/0] square plates are considered and stability analy-

sis is performed under in-plane uni-axial compressive load. The non-dimensional form of

buckling load parameter is defined as N̄cr= λa2/(E2h
3). A comparison between the results

obtained for non-dimensional buckling load parameter using the various theories given by

authors [43] [173], [174], [175] and exact elasticity solutions [176] are shown in Table 4.5.

Effect of anisotropy is observed for various types of laminates with constant side-thickness

ratio (a/h=10) and the material properties MP2 are used with E1

E2
as a variable. The ob-

tained results indicate that the proposed HSDT is appropriate in predicting the buckling

loads when compared to Putcha and Reddy [173]. Further, it is visible from Table 4.5 that

the value of buckling load parameter increases with increase in value of modulus ratio E1

E2
.

Moreover, the impact of span thickness ratio on uni and bi-axial buckling load is shown in

Fig. 4.6 and Fig. 4.7, respectively for anti-symmetric (0/90)n square laminated plates. It is

observed that the value of critical buckling load parameter is large for higher values of a/h

for both axial compressive loads. Also, as the number of layers vary from 2 to 4, the critical

buckling experience a significant increment and for a number of layers greater than four,

the value of buckling loads comes closer to each other. Moreover, the critical buckling load

value corresponding to uni-axial loading is double than that of bi-axial compressive force

for any value of a/h.
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Figure 4.6: Plot of uni-axial buckling load parameter with span thickness ratios for antisymmetric
(0/90)n cross-ply laminated plate.

In Table 4.6, the numerical values of dimensionless buckling load for a two-layer [30/-
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Table 4.5: Uniaxial buckling load parameter of symmetric laminated plates (a/h = 10).

N Theory E1
E2

3 10 20 30 40

3 Present 5.3955 9.8525 14.9473 18.9854 22.2859

Grover et al. [43] 5.3949 9.8503 14.9415 18.975 22.27

Putcha and Reddy [173] 5.3933 9.9406 15.298 19.6741 23.34

Ferreira et al. [174] 5.3872 9.8331 14.8975 18.8942 22.1513

Noor [176] 5.3044 9.7621 15.0191 19.304 22.8807

4 Present 5.4006 9.9757 15.3981 19.8494 23.5916

Grover et al. [43] 5.4002 9.974 15.3936 19.8413 23.579

Putcha and Reddy [173] 5.114 9.965 15.298 19.6744 23.34

Liu et al. [175] 5.412 10.013 15.309 19.778 23.412

5 Present 5.4167 10.1409 15.9328 20.8337 25.0452

Grover et al. [43] 5.4163 10.139 15.9287 20.8263 25.0344

Putcha and Reddy [173] 5.4096 10.15 16.008 20.999 25.308

Ferreira et al. [174] 5.4041 10.089 15.7913 20.5914 24.6901

Noor [176] 5.3255 9.9603 15.6527 20.4663 24.5929

9 Present 5.4207 10.2125 16.1965 21.3510 25.8442

Grover et al. [43] 5.4202 10.21 16.1911 21.3413 25.8298

Putcha and Reddy [173] 5.4313 10.197 16.172 21.315 25.79

Ferreira et al. [174] 5.4092 10.1767 16.1063 21.1918 25.6088
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Figure 4.7: Variation of bi-axial buckling loads versus a/h ratio for antisymmetric (0/90)n cross-
ply square laminates.
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30] degree and [45/-45] degree angle-ply square laminate subjected to uni-axial loading

is presented. The following material properties are used, E1 = 40E2, G12 = G13 =

0.5E2, G23 = 0.6E2, ν12 = 0.25. The present results are compared with the published

results reported in Table 4.6. It is seen that, when the angle of fiber is equal to 30◦ and a/h

= 4, the percentage error between the buckling load values predicted by present theory and

Adim et al. [87] is 4.34 %. The percentage error decreases with increase in value of a/h and

for thin plate (a/h = 100), the current results are agreed upon with those reported by Adim

et al. [87], Ren [177], and Reddy [172]. Further, the buckling parameter value grows with

increment in a/h ratio for any fiber orientation. Fig. 4.8 shows the influence of modulus

ratio on the uni-axial buckling stress of a simply supported two-layer [30/-30] and [45/-45]

degree square laminate for (a/h = 4, 10). The material properties MP2 are used. It can be

observed from figure that as modulus ratio increases the corresponding buckling load pa-

rameters increase monotonically. Moreover, the value of uni-axial buckling load is higher for

fiber orientation θ=45◦ as compared to θ=30◦ for any value of a/h. The variation of dimen-

sionless buckling loads with respect to various load index (Km) are presented in Fig.(4.9) for

four layer [0/90/90/0] laminated square plate. The results are graphed for different values

of a/h = (4, 10, 20, 50) and material properties MP1 are used. The load index (Km=0)

indicates the uni-axial loading whereas (Km=1) corresponds to bi-axial compressive force.

It is seen that the values of critical buckling load decrease gradually with increase in load

index. Also, it is observed from Fig.(4.9) that the thick plate (a/h = 4) possess smallest

buckling load parameter value relative to thin plate (a/h = 10, 20, 50) plates.
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Figure 4.8: Variation of uni-axial buckling load with respect to modulus ratio of antisymmetric
two layer angle-ply square plate.
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Table 4.6: Buckling load parameter of two-layer (θ/-θ) angle-ply laminates under uni-axial load-
ing.

a
h

Theory Buckling Load

θ= 30◦ θ= 45◦

4 Present 9.9844 10.8912

Adim et al. [87] 9.5688 9.9302

Ren [177] 9.5368 9.8200

Reddy [172] 9.3391 8.2377

10 Present 17.3089 18.5749

Adim et al. [87] 17.2795 18.1544

Ren [177] 15.7517 16.4558

Reddy [172] 17.1269 18.1544

100 Present 20.4030 21.6719

Adim et al. [87] 20.5020 21.6663

Ren [177] 20.4793 21.6384

Reddy [172] 20.5017 21.6663

Figure 4.9: The impact of load index values on critical buckling load of cross-ply laminate.

4.2 Conclusions

In this chapter, a new secant hyperbolic shear deformation theory in axiomatic framework is

developed for mechanical analysis of laminated composite plates. The closed form solution

62



are presented to predict structural responses of the cross-ply and angle-ply simply supported

plates. The theory accounts for a non-linear variation of transverse strains through thickness

and does not require shear correction factors to meet the stress free conditions on the plate

surfaces. Distinct solutions for cross- and angle-ply plates are obtained due to differing

stiffness characteristics. The deflections and stresses are evaluated for plates subjected to

in-plane transverse load (SSL and UDL). The dimensionless buckling load parameters for

uni-axial and bi-axial force are found by solving an eigenvalue problem. The accuracy of

results due to proposed theory is determined by comparing it with existing solutions of 3D

elasticity theory and other higher order plate theories. The effects of different parameters

such as aspect ratio, fiber-orientation, span thickness ratio, etc. on the static and buckling

response of plate are examined. The following conclusions are drawn on the basis of present

theory results.

• The present theory findings for the bending and buckling response of laminated cross-

ply and angle-ply plate are well agreed with the published results.

• It is concluded that as aspect ratio (b/a) of cross-ply plate increases, the corresponding

deflection also increase. Moreover, the non-dimensional displacement decreases with

increment in side-thickness ratio, which conclude that thick plate possesses higher

non-dimensional deflection.

• The maximum transverse deflection of anti-symmetric square plate reduces with in-

crease in number of layers.

• For anti-symmetric angle-ply composite plates subjected to SSL, the dimensionless

deflection values obtained using present theory are quite accurate as compared to the

other existing theories found in the literature.

• Four layered [45/-45/45/-45] angle-ply composite rectangular laminate acquired more

deflection than corresponding square plate.

• It is also concluded that multi-layered anti-symmetric plate possess a higher critical

buckling load when subjected to uni-axial force as compared to bi-axial force for any

side-thickness ratio and fiber-orientation.

• The effect of load index values on critical buckling is also investigated. It is noticed that

as load index vary from -0.8 to 1 monotonically, the value of corresponding buckling

parameter reduces gradually.

• The newly proposed theory can be taken as benchmark to further study the structural

behavior of multi-layered composite structures.
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Chapter 5

Mechanical Analysis of Functionally Graded

Porous Plates

Functionally graded material (FGM) possess the spatial variation of the properties within

one or more specific directions of the material. These materials have seen wide utility

in various systems during the last few years due to properties such as specific strength,

lightweights, and corrosion resistance etc. This facilitates their utilisation in fundamental

structural components as well as in special-purpose applications across various industries

such as aerospace industry, electrical devices, optics, and others. [178]. In order to describe

the variation of properties in FGMs and structures mathematical laws such as exponential

law [179], sigmoid law [180], and power-law [158] are used. The manufacturing process used

for the fabrication of FGM causes the porosity within the material [6,181]. The influence of

porosities on the effective material properties of functionally graded materials is significant,

since it also affects the macroscopic response of FG structures, including beams, plates, and

shells. So it is crucial to incorporate the porosities in order to accurately model the effective

material properties and hence predict the response.

In the open literature, some studies about the effect of porosity in the FGM structures have

been published. Magnucki and Stasiewicz [182] considered the isotropic porous beams of

rectangular cross-section and examined the elastic buckling assuming the degree of porosity

varying in the transverse direction, attaining its maximum value at the beam axis. The

buckling and bending analysis of FG beam were examined by Chen et al. [183] wherein they

considered the Timoshenko beam. Chen et al. [184] carried out the nonlinear free vibration

response of a sandwich beam in which they considered a functionally graded porous core.

The porous isotropic circular plates were examined by Jabbar et al. [185] and Mojahedin et

al. [186]. Yu et al. [187] calculated the numerical results of thermal buckling for FG plates

with internal defects. Mouaici et al. [155] carried out the vibration analysis of porous non-

homogeneous plates using hyperbolic shear deformation theory. Rezaei et al. [159] investi-

gated the natural frequencies of porous FG plates with even and uneven porosity distribution

and employed four-variable FSDT for deformation characteristics. Wang et al. [188] studied

the vibration response of longitudinally traveling FGM plates with evenly and unevenly dis-

The content of this chapter has been published in Journal, Structures, 34: 1458-1474, Elsevier, 2021.
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tributed porosities. Kamranfard et al. [189] presented the vibration and buckling responses

of annular sector porous plates under in-plane compressive force. Demirhan and Taskin [190]

performed the bending and free vibration analysis of porous FG plate using the state space

approach. They considered even and uneven distributions of porosity and modeled the FGM

using the power law. Based on modified FSDT Theory, Trabelsi et al. [191] studied the ther-

mal buckling and post-buckling analysis [192] of functionally graded plates and cylindrical

shells. The proposed theory assumes the parabolic distribution of the transverse shear defor-

mation across the shell thickness, and the displacement field is approximated by using Four

node finite elements. Guellil et al. [193] examined the influence of porosity distributions

on the static response of FG plates that are supported by a Pasternak foundation based

on HSDT. The structural analysis such as static, free vibration, and dynamic analysis have

been carried out for the porous plates in the existing literature ( [194–202]). The FGM

plates are generally modelled in two-dimensional framework under the hypothesis of classi-

cal plate theory CPT ( [203–206]), FSDT ( [207–209]), and HSDT ( [4,210–216]). Moreover,

various studies have been carried out considering porosities into account ( [217–219]). The

extensive reviews on the modeling and analysis of FGM plates and beams have been carried

out ( [220–223])

It is evident from the above literature review and to the best of authors’ knowledge, there

is no published research examining the impact of porosity distributions on the bending and

buckling behaviors of porous FG plates with five different porosity distributions using the

IHSDT. In the present work, the IHSDT that contains an inverse hyperbolic shear strain

function is employed to model the porous FG plate. The responses for static and buck-

ling analysis are investigated using an analytical approach following Navier’s method. Five

different types of porosity distributions are considered for analysis. The effects of various

parameters such as side-thickness ratio, power index, porosity content, and aspect ratio on

the non-dimensional deflections, stresses, uni-axial and bi-axial buckling loads of porous FG

plate are evaluated. For static analysis the uniform and sinusoidal distributed transverse

loads are considered. To show the applicability and accuracy of this approach, the obtained

results are validated with the existing literature and are found to agree well. On the basis

of presented results, various conclusions are drawn.

5.1 Modeling of Porous Functionally Graded Plate

In this section, the porous FG plates are modeled mathematically in the framework of

inverse hyperbolic shear deformation theory. The plate under consideration is a rectangular

FG plate that contains porosities wherein The material properties vary according to a power-

law gradient [158] while five different types of porosity distributions are considered. The
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considered porosity distributions are even, uneven, symmetrical center enhanced (SCE),

bottom enhanced (BE), and top enhanced (TE). The geometry of porous FG plate is depicted

in Fig. (5.1). The material property of FG plate for even and uneven porosity distributions

are expressed as [159].

Even Distribution:

E(x3) =

[
Eb + (Et − Eb)

(
2x3 + h

2h

)k
]
− e

2
(Et + Eb) (5.1)

Uneven Distribution:

E(x3) =

[
Eb + (Et − Eb)

(
2x3 + h

2h

)k
]
− e

2
(Et + Eb)

(
1− 2|x3|

h

)
(5.2)

The Young’s modulus of porous FG plate for other three distributions is given as follows

[196]:

E(x3) =

[
Eb + (Et − Eb)

(
2x3 + h

2h

)k
]
(1− Φ(x3)) (5.3)

The Eb and Et are value of material properties at bottom and top surfaces of plate, respec-

tively. The function Φ(x3) represents the distribution of porosity, and it is dependent on

both the thickness coordinate and the porosity parameter (e). These functions are listed in

Table (5.1).

Figure 5.1: FG porous plate
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Table 5.1: Porosity distribution functions

Types of Porosity Distribution Φ(x3)(Porosity Distribution Function)

Symmetrical Center Enhanced (SCE) Distribution e cos(πx3

h )

Bottom Enhanced (BE) Distribution e cos
(
π
2

(
x3

h + 0.5
))

Top Enhanced (TE) Distribution e cos
(
π
2

(
x3

h − 0.5
))
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Figure 5.2: Variation of elastic modulus of plate across the thickness

In Fig.(5.2) Young’s modulus of porous FG plate with different porosity distributions for

power-law index k=0 and for different parameters (e=0, 0.1, 0.2) is plotted against x3/h

(-h/2 to h/2). It can be observed that when both k and e are equal to zero, the Young’s

modulus exhibits uniformity across all five porosity distributions. At the center of the FG

plate, the value of elasticity modulus for e=0.1 and e=0.2 remains same for both even and

uneven distributions. It is noted that the elasticity modulus of FG plate for even porosity

distribution is constant, whereas for uneven distribution, it shows a linear and symmetric

trend. Further, the variation of elasticity modulus (E(x3)) for SCE porosity distribution is

symmetric and parabolic, and with the increment in porosity parameter from e=0.1 to 0.2,

the value of E(x3) tends to decreases for all porosity distributions. This is due to the fact

that a higher value of porosity parameter decreases the stiffness of the plate.

Fig.(5.3) shows the distribution of elasticity modulus of plate for the volume fraction index

(k=0.1) and porosity indices (e=0, 0.1 ,0.2) with five porosity distribution functions. The

figure demonstrates that when the values of k and e are set to 0.1 and 0 respectively,
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Figure 5.3: Young’s modulus of plate for k=0.1 with different porosity distribution

the elasticity modulus remains same throughout all five porosity distributions. The value

of elasticity modulus decreases as parameter e increases from 0.1 to 0.2. The analytical

solution is obtained to solve these equations under the assumption of simply supported

boundary conditions.

5.2 Results and Discussion

In this section, the displacement field model of inverse hyperbolic theory given in (3.1) of

Chapter 3 is employed to derive the governing equations. The Navier’s methodology is

implemented to solve these equations and system of algebraic equations (5.2) is then formed

to yield the the structural response of of FG plate.

[
K̄ −N0G

]
{△} = {q̄} (5.4)

Moreover, this section presents the results for static and buckling response of functionally

graded non-porous and porous plates. The FG plates are constituted of metallic phase and

ceramic phase, where the metallic phase is Aluminum while the ceramic phase is Alumina.

The plate is assumed to be ceramic rich at the top surface and the FG material follows the

power law. The material properties of Aluminum-Alumina FG material are listed in Table

(5.2). The porosity distributions considered are even, uneven, symmetric center enhanced,
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bottom enhanced, and top enhanced. The effect of porosity distribution and the extent of

porosity is examined on the bending and stability behavior of FG plates. Also, the impact of

span-thickness ratio, aspect ratio, power-law index, and loading conditions is investigated.

Table 5.2: Material properties of top and bottom

Bottom (Aluminum) Top (Alumina)

Elastic modulus Eb = 70GPa Et = 380GPa

Poisson ratio vb=0.3 vt=0.3

5.2.1 Static Analysis

The results for static analysis of FG porous plates are presented in this section. The plate

under consideration is subjected to a transverse load. All others loading terms are zero.

Therefore, the mathematical system given in Eq. (5.2) reduces to the following form.

[
K̄
]
{△} = {q̄} (5.5)

The above system is solved via matrix inversion method for constant coefficients. These

constants are then substituted in the assumed solution (3.20) to find the mid-plane field

variables. The strain-displacement and the constitutive relations are employed to obtain

the stresses at critical points. The transverse load is considered as sinusoidal load (SSL)

and uniformly distributed load (UDL). The static response is evaluated in terms of transverse

deflection and stresses. The dimensionless results for deflections and stresses are obtained

and the following non-dimensional forms are used.

W̄= 10h3Et

q̄0a4
w̄(a2 ,

b
2 ,

h
2), σ̄11=

h
q̄0a

σ11(
a
2 ,

b
2 ,

h
2), τ̄13=

h
q̄0a

τ13(0,
b
2 , 0)

The numerical results of the non-dimensional deflections of nonporous and porous FG

plates subjected to UDL are tabulated in Table (5.3) for a variety of span-thickness ra-

tio (a/h = 5, 10, 20), power law index (k = 0, 0.1, 0.5, 1), porosity parameter (e = 0, 0.2, 0.4),

and porosity distributions. It is noted that the materials properties are negative for the

even type porosity distribution for the value of e greater than 0.32. Therefore, the results

correspondence to e=0.4 for even type distribution are not reported in the present work.

The non-dimensional deflections obtained through the use of IHSDT are being compared

to the previously reported results in existing literature based on four variable refined plate
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theory given by Demirhan and Taskin [190]. The comparison is being conducted for both

even and uneven distributions of porosity. The results of IHSDT are also compared with

newly developed theory in chapter 4 for all porosity distributions in tables (5.3) and (5.4).

This is observed that, present results show good agreement with the results obtained due

to Demirhan and Taskin [190] and also with theory proposed in [168]. for all the values

of a/h ratio and power law index. The deflections corresponding to e = 0 indicate the

responses of non-porous FG plate. From the tabulated results, it is noted that the non-

dimensional deflection increases as the value of porosity parameter increase for any value

of a/h and k. This is accounted towards the fact that the increase in porosity parameter

value reduces stiffness of the plate, therefore increasing the deflection. Additionally, when

the span-thickness ratio increases, the deflection of plate reduces consistently for all porosity

distributions. The effect of variation in the porosity distribution on the non-dimensional

deflection reveals that the response of porous plate depends not only on the type of dis-

tribution but also on the span-thickness ratio. For isotropic plate (k=0), the plate with

uneven porosity distribution possesses the lowest bending deflection. In contrast, the plate

with bottom or top enhanced distribution possesses the highest non-dimensional deflection.

However, for FG plates (k ̸=0), it is seen that the plate exhibiting an uneven distribution

of porosity has the least non-dimensional deflection, whereas the plate with a even porosity

distribution experiences the maximum deflection.

Further, the normal (σ̄11) and transverse shear stresses (τ̄13) are evaluated for the porous

FG plates subjected to UDL. The distribution of these stresses across the thickness of the

plate is obtained and is depicted in Figures 5.4 to 5.8. Fig. (5.4) and Fig. (5.5) shows

the dimensionless normal and shear stress for different values of the power-law index and

porosity parameter. In Fig. (5.4), the even porosity and Fig. (5.5), the uneven porosity

type is considered. For k = 0, the distribution of non-dimensional normal stress is linear in

nature and symmetric as shown in Fig. (5.4) and Fig. (5.5). As the value of k increases,

the stress distribution becomes non-linear and non-symmetric. This is due to the reason

that there is a change in material properties of plate with an increase in power-law index

values (k >0). Moreover, it can be observed from the data that the largest value of the

normal stress occurs at the top of the plate. It is observed that for a particular value of

k, with an increase in porosity parameter (e), the maximum normal stresses of porous FG

plate increases for both types of porosity distributions. Moreover, for the isotropic plate

(k = 0), the shear stress is maximum at the center of the plate, and for higher values of k,

the maximum shear stress shifts to the upper surface.

In Figures 5.6 to 5.8, the non-dimensional stresses are presented for FG porous plate sub-

jected to UDL for various power-law index values and porosity parameters with SCE, BE,
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Table 5.3: The non-dimensional deflection of FG plate subjected to uniform distributed load

a/h k e Even Even Even Uneven Uneven Uneven

Present(IHSDT) Present(New) Demirhan et al. [190] Present(IHSDT) Present(New) Demirhan et al. [190]

5 0 0 0.533 0.5329 0.5352 0.533 0.5329 0.5352

0.2 0.6046 0.6045 0.60706 0.5545 0.5544 0.58052

0.4 – – 0.70111 0.5785 0.5785 0.63466

0.1 0 0.5881 0.5879 0.58992 0.5881 0.5879 0.58992

0.2 0.6769 0.6768 1.57969 0.6141 0.6139 0.64981

0.4 – – 0.80066 0.6433 0.6431 0.71393

0.5 0 0.8053 0.8052 0.8083 0.8053 0.8052 0.8083

0.2 0.9968 0.9966 0.98705 0.8578 0.8576 0.92411

0.4 – – 1.3267 0.9201 0.9198 1.08409

1 0 1.0410 1.0408 1.04469 1.041 1.0408 1.04469

0.2 1.4328 1.4325 1.43735 1.1424 1.1421 1.27236

0.4 – – 2.47062 1.2748 1.2744 1.66012

10 0 0 0.4660 0.4660 0.46655 0.4660 0.4660 0.46655

0.2 0.5286 0.5286 0.52922 0.4816 0.4815 0.5045

0.4 – – 0.61134 0.4984 0.4983 0.54923

0.1 0 0.5162 0.5162 0.51714 0.5162 0.5162 0.51714

0.2 0.5946 0.5946 0.59566 0.5354 0.5354 0.56398

0.4 – – 0.89806 0.5563 0.5563 0.64537

0.5 0 0.7147 0.7146 0.71361 0.7147 0.7146 0.71361

0.2 0.8887 0.8887 0.8895 0.7561 0.7561 0.81751

0.4 – – 1.18947 0.8042 0.8042 0.95489

1 0 0.9279 0.9278 0.92873 0.9279 0.9278 0.92873

0.2 1.2913 1.2913 1.29241 1.0115 1.0114 1.13392

0.4 – – 2.29216 1.119 1.1189 0.8372

20 0 0 0.4492 0.4492 0.44939 0.4492 0.4492 0.44939

0.2 0.5096 0.5096 0.50971 0.4633 0.4632 0.48543

0.4 – – 0.5888 0.4782 0.4782 0.52782

0.1 0 0.4982 0.4982 0.49834 0.4982 0.4982 0.49834

0.2 0.574 0.574 0.57412 0.5157 0.5157 0.54338

’ 0.4 – – 0.67728 0.5345 0.5345 1.38928

0.5 0 0.6919 0.6919 0.69209 0.6919 0.6919 0.69209

0.2 0.8616 0.8616 0.86177 0.7306 0.7306 0.79069

0.4 – – 1.551 0.7751 0.7751 0.92626

1 0 0.8995 0.8995 0.89968 0.8995 0.8995 0.89968

0.2 1.2558 1.2558 1.25611 0.9786 0.9786 1.09915

0.4 – – 2.24366 1.0799 1.0799 1.44418

and TE porosity distribution. It is noted that non-dimensional normal stress reaches its

maximum value when the plate is composed of ceramic material and with higher power law

index values, the maximum normal stress is higher. Also, Fig. 5.8 shows that in the case of

top enhanced porosity distribution, the maximum normal stress decreases with an increase
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Table 5.4: The non-dimensional deflection of FG plate subjected to uniform distributed load

a/h k e SCE SCE BE BE TE TE

Present(IHSDT) Present (New) Present(IHSDT) Present (New) Present(IHSDT) Present (New)

5 0 0 0.533 0.5329 0.533 0.5329 0.533 0.5329

0.2 0.5850 0.5848 0.6075 0.6074 0.6075 0.6074

0.4 0.6519 0.6517 0.7151 0.7149 0.7151 0.7149

0.1 0 0.5881 0.5879 0.5881 0.5879 0.5881 0.5879

0.2 0.6462 0.646 0.6703 0.6701 0.6706 0.6704

0.4 0.7210 0.7208 0.7889 0.7887 0.7894 0.7892

0.5 0 0.8053 0.8052 0.8053 0.8052 0.8053 0.8052

0.2 0.8887 0.8885 0.9179 0.9177 0.9195 0.9193

0.4 0.9969 0.9967 1.080 1.0797 1.083 1.0828

1 0 1.041 1.0408 1.041 1.0408 1.041 1.0408

0.2 1.1512 1.151 1.1877 1.1874 1.188 1.1877

0.4 1.2953 1.2949 1.3986 1.3982 1.3971 1.3968

10 0 0 0.4660 0.4660 0.4660 0.4660 0.466 0.4660

0.2 0.5050 0.5050 0.5302 0.5302 0.5302 0.5302

0.4 0.5521 0.5521 0.6236 0.6235 0.6236 0.6235

0.1 0 0.5162 0.5162 0.5162 0.5162 0.5162 0.5162

0.2 0.5604 0.5603 0.5875 0.5875 0.5874 0.5874

0.4 0.6139 0.6139 0.6913 0.6913 0.6907 0.6907

0.5 0 0.7147 0.7146 0.7147 0.7146 0.7147 0.7146

0.2 0.7804 0.7804 0.8143 0.8143 0.8138 0.8137

0.4 0.8617 0.8616 0.9591 0.9591 0.9561 0.9561

1 0 0.9279 0.9278 0.9279 0.9278 0.9279 0.9278

0.2 1.0161 1.0161 1.0591 1.0591 1.0552 1.0551

0.4 1.1267 1.1266 1.2499 1.2498 1.2365 1.2365

20 0 0 0.4492 0.4492 0.4492 0.4492 0.4492 0.4492

0.2 0.4849 0.4849 0.5108 0.5108 0.5108 0.5108

0.4 0.527 0.527 0.6006 0.6006 0.6006 0.6006

0.1 0 0.4982 0.4982 0.4982 0.4982 0.4982 0.4982

0.2 0.5388 0.5388 0.5668 0.5668 0.5666 0.5665

0.4 0.5870 0.5870 0.6669 0.6669 0.6659 0.6659

0.5 0 0.6919 0.6919 0.6919 0.6919 0.6919 0.6919

0.2 0.7532 0.7532 0.7883 0.7883 0.7872 0.7872

0.4 0.8277 0.8277 0.9288 0.9288 0.9243 0.9243

1 0 0.8995 0.8995 0.8995 0.8995 0.8995 0.8995

0.2 0.9822 0.9822 1.0269 1.0269 1.0219 1.0219

0.4 1.0844 1.0844 1.2126 1.2126 1.1963 1.1962

in porosity coefficient from e=0.2 to e=0.4.
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Figure 5.4: The dimensionless normal and shear stress of uniform loaded FG plate
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Figure 5.5: The distribution of normal and shear stress across the thickness for uneven porosity
distribution.

As a next example, the porous FG plates are assumed to be subjected to transverse SSL.

The dimensionless deflection and stresses (normal and transverse shear) are evaluated for

the considered types of porosity distributions. The effects of porosity, span-thickness ratio,

and volume fraction index on the static response of plates are examined.
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Figure 5.6: The normal and shear stress of uniformly loaded FG plate with symmetric center
enhanced (SCE) porosity distribution.
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Figure 5.7: The distribution of dimensionless normal and shear stress across the thickness of
plate with BE porosity distribution.

In Table (5.5), the results of dimensionless deflections of sinusoidal loaded porous and non-

porous FG plates are presented for various power law exponent (k=0, 0.1, 0.5, 1), porosity

parameter (e=0, 0.2, 0.4) and a/h ratios (5, 10, 20). It is seen that for all types of porosity
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Figure 5.8: The normal and shear stress of FG uniformly loaded porous plate with TE distribu-
tion.

distributions, increasing a/h ratio leads to decreasing non-dimensional deflection of the plate

for a particular value of e and k. Further, when e=0, the deflections correspond to all types

of porosity distributions are the same, as it corresponds to the non-porous plate. Moreover,

it can observe that for non-porous plates, the value of non-dimensional deflections for even

porosity model is higher than the uneven distribution. As depicted from Table (5.5), the

deflection increases with an increase in power law exponent from 0 to 1. This is due to the

fact that overall stiffness of the plate reduces as the power law exponent increases.

The normal and shear stresses for different values of k and e are presented with even and

uneven porosity distribution in Fig. (5.9) and Fig. (5.10). In both distribution, we see that

at the bottom surface of the plate, the value of normal stress is minimum, and with moving

towards the upper surface, its value is increasing. The maximum normal stress occurs at the

surface, where the plate is ceramic rich. The maximum normal stress increases as the power

law and porosity index increase. This is due to the reason that there is a change in material

properties of plate with an increase in power-law index values (k >0). Also, it is observed

that for isotropic plates, the dimensionless shear stress shows the symmetric distribution

and its value is maximum at center. As evident from Fig. (5.8) and Fig. (5.10), the non-

dimensional normal and shear stresses possess higher values for even porosity distribution

relative to uneven distribution for any value of exponent k and porosity parameter.
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Table 5.5: The non-dimensional deflection of nonporous and porous FG plate for sinusoidal load

a/h k e Even Uneven SCE BE TE

5 0 0 0.3416 0.3416 0.3416 0.3416 0.3416

0.2 0.3875 0.3556 0.3754 0.3894 0.3894

0.4 — 0.3713 0.4191 0.4584 0.4584

0.1 0 0.3768 0.3768 0.3768 0.3768 0.3768

0.2 0.4336 0.3937 0.4145 0.4295 0.4297

0.4 — 0.4127 0.4632 0.5055 0.5059

0.5 0 0.5154 0.5154 0.5154 0.5154 0.5154

0.2 0.6376 0.5493 0.5693 0.5874 0.5886

0.4 — 0.5897 0.6396 0.6911 0.6934

1 0 0.6659 0.6659 0.6659 0.6659 0.6659

0.2 0.9155 0.7313 0.7371 0.7597 0.7602

0.4 — 0.8166 0.8305 0.8943 0.8943

10 0 0 0.2957 0.2957 0.2957 0.2957 0.2957

0.2 0.3354 0.3056 0.3205 0.3364 0.3364

0.4 — 0.3163 0.3506 0.3957 0.3957

0.1 0 0.3275 0.3275 0.3275 0.3275 0.3275

0.2 0.3772 0.3397 0.3556 0.3727 0.3727

0.4 — 0.3531 0.3898 0.4386 0.4382

0.5 0 0.4532 0.4532 0.4532 0.4532 0.4532

0.2 0.5635 0.4796 0.4951 0.5164 0.5161

0.4 — 0.5102 0.5469 0.6082 0.6064

1 0 0.5883 0.5883 0.5883 0.5883 0.5883

0.2 0.8184 0.6415 0.6445 0.6715 0.6691

0.4 — 0.7098 0.7149 0.7924 0.7842

20 0 0 0.2841 0.2841 0.2841 0.2841 0.2841

0.2 0.3223 0.2930 0.3067 0.3231 0.3231

0.4 — 0.3025 0.3334 0.3799 0.3799

0.1 0 0.3151 0.3151 0.3151 0.3151 0.3151

0.2 0.3630 0.3261 0.3408 0.3585 0.3583

0.4 — 0.3381 0.3714 0.4218 0.4212

0.5 0 0.4376 0.4376 0.4376 0.4376 0.4376

0.2 0.5448 0.4621 0.4764 0.4985 0.4978

0.4 — 0.4902 0.5235 0.5873 0.5845

1 0 0.5688 0.5688 0.5688 0.5688 0.5688

0.2 0.7941 0.6189 0.6212 0.6494 0.6462

0.4 — 0.6830 0.6859 0.7668 0.7565

In Figures (5.11), (5.12) and (5.13) the non-dimensional normal and shear stress is presented

for SCE, BE, and TE porosity distribution. The stresses are evaluated for a variety of power-
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Figure 5.9: The normal and transverse shear stress of porous plate subjected to SSL
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Figure 5.10: The normal and transverse shear stress of porous FG plate with uneven porosity
distribution

law index and porosity parameters. From Fig. (5.11) and Fig.(5.12), it is observed that the

maximum normal stress at the top surface increases with an increase in the value of e for a

particular value of k. On the other hand, for the top enhanced (TE) porosity distribution

in Fig. (5.13), the maximum normal stress decreases as the porosity parameter increases.
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Figure 5.11: The dimensionless normal and transverse shear stress of porous FG plate subjected
to SSL
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Figure 5.12: The effect of porosity parameter and power law index on dimensionless normal and
shear stress for porous FG plate

Further, it is evident that for SCE distribution, the non-dimensional shear stress for isotropic

plate (k=0) is maximum at the center of a plate and its value at the center decreases as

the value of e increases. Furthermore, it is evident from Fig. (5.13) that an increase in the
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Figure 5.13: The non-dimensional normal and shear stress of porous FG plate with top enhanced
porosity distribution.

porosity index leads to an increase in the values of dimensionless shear stress for values of

x3/h below the centre, while it results in a decrease for values of x3/h above the centre.

Additionally, the dimensionless shear stress remains zero at the top and bottom surfaces of

the plate for all values of the power-law index and porosity parameter.

5.2.2 Buckling Analysis

In order to assess the buckling behavior, the plate is subjected to in-plane uni-axial and

bi-axial compressive forces only. Hence, the mathematical system presented in Eq. (5.2)

can be simplified to the subsequent expression:

[
K̄ −N0G

]
{△} = 0 (5.6)

[G] is the geometric matrix due to uni-axial and bi-axial load. The parameter N0 corre-

sponds to the buckling load. The above system of equations is an eigenvalue problem. The

eigenvalues correspond to the buckling, and the minimum eigenvalue corresponds to the

critical buckling load.

The analysis is carried out for square as well as rectangular plates. The critical buckling load

parameter of FG plates subjected to uni-axial loads is examined for a variety of power-law

exponent (0, 0.1, 0.5, 1), porosity parameter (0.2, 0.4), side-to-thickness ratio (5, 10), and
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aspect ratio (b/a=2, 1). The obtained results are listed in Table (5.6). It is observed that

the plate with uneven porosity distribution possesses the highest buckling load. Moreover,

the increment in porosity parameter reduces the buckling load. This is accounted towards

the fact that the density of internal pores becomes higher and hence the stiffness of plate

decreases thereby causing reduction in the buckling load parameter. The plate with higher

span-thickness ratio possess the higher buckling load parameter. Further, it is observed

that as the value of k increases, the dimensionless buckling load values decrease. Due to

increment in k, the FG plate becomes metallic rich. Since the metal has less Young’s modulus

relative to ceramic, therefore the buckling load decreases. Table (5.7) shows the results of

bi-axial buckling loads considering various parameters. The tables (5.6) and (5.7) indicate

that the uni-axial and bi-axial buckling loads for uneven type porosity distribution surpass

those of all other porosity distributions for specified values of parameters k, e, a/h, and

b/a. From the Table (5.6), it is deduced that the effect of aspect ratio is significant between

b/a=2 and b/a=1, since uni-axial buckling load values experience a sudden increase with

a small change in aspect ratio b/a=2 to b/a=1 for all porosity distributions. As seen from

Table (5.6) and Table (5.7), the value of critical buckling load for a porous FG square plate

(b/a=1) subjected to bi-axial compressive force is lower compared to that under uni-axial

compression.

In order to study the response of FG plates subjected to bi-axial force, the non-porous and

porous (e=0.1) plate with five different porosity distributions are considered. The effect

of load index on the dimensionless buckling load is investigated. The load index term Km

defines the magnitude of axial load in the y-direction in terms of axial load in the x-direction.

The value ofKm=0 corresponds to uni-axial compressive force. The bi-axial loads are applied

by assuming non-zero values of Km. The impact of the load index parameter on the buckling

load is assessed, and the corresponding outcomes are presented in Fig. (5.14). The load

values for both uni-axial load (Km=0) and bi-axial load (Km=-0.8, -0.6, -0.4, -0.2, 0.2, 0.4,

0.6, 0.8, and 1) are shown in Fig. (5.14). The values of non-dimensional critical buckling

loads reduce with an increase in load index values. This is because higher loads increase the

tendency for the structure to buckle under compressive force. Also, it is seen that the FG

non-porous plate possesses the higher non-dimensional buckling load relative to the porous

plate. This is due to that young’s modulus of non-porous plate is higher than porous plate.

Further, for porous FG plates, the plate with uneven porosity distribution possesses the

highest non-dimensional buckling load value, while the plate with even porosity possesses

the lowest critical buckling load.

The effect of span-thickness (a/h) ratio on dimensionless buckling load is studied for porous

FG square plate subjected to a uni-axial and bi-axial compressive forces. The results in

81



Table 5.6: The critical buckling loads of porous FG plate under in-plane uni-axial loading

a/h b/a k e Even Uneven SCE BE TE

5 2 0 0.2 5.9434 6.4978 6.1739 5.9192 5.9192

0.4 — 6.2480 5.5815 5.0307 5.0307

0.1 0.2 5.2989 5.8585 5.5792 5.3558 5.3549

0.4 — 5.6103 5.0362 4.5511 4.5510

0.5 0.2 3.5772 4.1758 4.0365 3.8925 3.8893

0.4 — 3.9062 3.6211 3.3069 3.3055

1 0.2 2.4780 3.1299 3.1098 3.0021 3.0061

0.4 — 2.8146 2.7800 2.5472 2.5598

1 0 0.2 14.1937 15.4666 14.6528 14.1232 14.1232

0.4 — 14.8138 13.1249 11.9991 11.9991

0.1 0.2 12.6838 13.9721 13.2711 12.8068 12.8005

0.4 — 13.3263 11.8734 10.8815 10.8729

0.5 0.2 8.6261 10.0131 9.6607 9.3631 9.3442

0.4 — 9.3275 8.5994 7.9591 7.9320

1 0.2 6.0082 7.5217 7.4619 7.2405 7.2354

0.4 — 6.7353 6.6228 6.1501 6.1503

10 2 0 0.2 6.5338 7.1785 6.8507 6.5161 6.5161

0.4 — 6.9436 6.2816 5.5407 5.5407

0.1 0.2 5.8054 6.4535 6.1700 5.8768 5.8785

0.4 — 6.2175 5.6452 4.9946 5.0002

0.5 0.2 3.8773 4.5634 4.4234 4.2341 4.2381

0.4 — 4.2951 4.0144 3.5943 3.6081

1 0.2 2.6649 3.4094 3.3952 3.2532 3.2669

0.4 — 3.0852 3.0676 2.7560 2.7891

1 0 0.2 16.4000 17.9991 17.1606 16.3508 16.3508

0.4 — 17.3877 15.6863 13.9018 13.9018

0.1 0.2 14.5825 16.1914 15.4669 14.7570 14.7598

0.4 — 15.5787 14.1096 12.5413 12.5523

0.5 0.2 9.7617 11.4689 11.1104 10.6519 10.6581

0.4 — 10.7802 10.0578 9.0440 9.0704

1 0.2 6.7205 8.5746 8.5347 8.1909 8.2204

0.4 — 7.7486 7.6934 6.9413 7.0141

terms of non-dimensional buckling load are obtained for non-porous and porous FG plate

with five different porosity distributions. The obtained results are depicted in Fig. (5.15).

Also, it is seen that the increase in the side-to-thickness ratio increases the buckling loads,
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Table 5.7: The non-dimensional buckling loads of porous FG plate for bi-axial in-plane force

a/h b/a k e Even Uneven SCE BE TE

5 2 0 0.2 4.7547 5.1982 4.9391 4.7354 4.7354

0.4 — 4.9984 4.4652 4.0245 4.0245

0.1 0.2 4.2391 4.6868 4.4634 4.2847 4.2839

0.4 — 4.4882 4.0289 3.6409 3.6408

0.5 0.2 2.8618 3.3407 3.2292 3.1140 3.1115

0.4 — 3.1249 2.8968 2.6456 2.6444

1 0.2 1.9824 2.5039 2.4879 2.4017 2.4048

0.4 — 2.2516 2.2240 2.0378 2.0478

1 0 0.2 7.0968 7.7333 7.3264 7.0616 7.0616

0.4 — 7.4069 6.5625 5.9995 5.9995

0.1 0.2 6.3419 6.9861 6.6355 6.4034 6.4002

0.4 — 6.6632 5.9367 5.4408 5.4364

0.5 0.2 4.3130 5.0065 4.8303 4.6815 4.6721

0.4 — 4.6637 4.2997 3.9796 3.9660

1 0.2 3.0041 3.7609 3.7310 3.6202 3.6177

0.4 — 3.3676 3.3114 3.0750 3.0752

10 2 0 0.2 5.2271 5.7428 5.4805 5.2129 5.2129

0.4 — 5.5549 5.0252 4.4326 4.4326

0.1 0.2 4.6443 5.1628 4.9360 4.7015 4.7028

0.4 — 4.9740 4.5162 3.9957 4.0002

0.5 0.2 3.1018 3.6507 3.5387 3.3872 3.3905

0.4 — 3.4361 3.2115 2.8755 2.8865

1 0.2 2.1319 2.7275 2.7161 2.6026 2.6136

0.4 — 2.4681 2.4541 2.2048 2.2312

1 0 0.2 8.2000 8.9995 8.5803 8.1754 8.1754

0.4 — 8.6938 7.8431 6.9509 6.9509

0.1 0.2 7.2912 8.0957 7.7335 7.3785 7.3799

0.4 — 7.7894 7.0548 6.2707 6.2761

0.5 0.2 4.8809 5.7344 5.5552 5.3259 5.3290

0.4 — 5.3901 5.0289 4.5220 4.5352

1 0.2 3.3602 4.2873 4.2673 4.0954 4.1102

0.4 — 3.8743 3.8467 3.4707 3.5070
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which concludes that the thin FG plates possess larger buckling loads. However, the rate

of increment decreases with increase in a/h ratio. The type of porosity distribution also

influence the buckling load of porous FG plate. Among the considered porosity distributions,

the plate with uneven porosity distribution possess the highest buckling load parameter

while the plate with even porosity distribution possess the lowest buckling load for a specific

porosity parameter and a/h ratio. This is due to the fact that the elasticity modulus of

the uneven FG plate is greater than the even one nearby lower and upper surface. The

non-dimensional buckling for porous and non-porous FG square plate subjected to uni-axial

load is twice of the same plate subjected to bi-axial load.
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Figure 5.14: The effect of load index on the non-dimensional buckling load
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Figure 5.15: The dimensionless critical buckling load of FG plate under (a) uni-axial load (b)
bi-axial load.

5.3 Conclusions

In the present work, the porosity in the FG plates is mathematically modeled based on

five different distributions. These distributions are chosen as even, uneven, symmetric cen-

ter enhanced, symmetric bottom enhanced, and top enhanced to account for the porosities

present in the material. The FG plate is modeled in a displacement-based axiomatic frame-

work wherein inverse hyperbolic shear deformation theory is chosen. The IHSDT employs

a non-polynomial function of thickness co-ordinate to express the shear deformations. The

use of such functions in the theory enables to introduce the traction free boundary con-

ditions on top and bottom surfaces of the plate without using the shear correction factor.

The mathematical system of equations is obtained by using the principle of virtual work

by employing linear strain- displacement relations and generalized Hook’s law. These equa-

tions are then solved via an analytical approach following the Navier method for simply

supported boundary conditions. The static and buckling response of FG porous plates is

examined. The effects of various parameters such as types of porosity distribution, poros-

ity parameter,span-thickness ratio, aspect ratio, power-law index, and loading conditions

on dimensionless deflection and critical buckling loads are evaluated. On the basis of the

presented results, the following conclusion are observed:

• The present results for the static response of porous FG plates agree well with the
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existing results, whichever available.

• The non-dimensional deflection of the FG porous plate is affected by the kind of

porosity distribution. In case, when (e ̸= 0), the FG porous plate with uneven porosity

distribution possesses the lowest non-dimensional deflection while the plate with even

porosity distribution possesses the highest non-dimensional deflection.

• The non-dimensional deflection increases with increase in porosity parameter due to

the fact that the increment in porosity parameter reduces the stiffness of FG plate.

However, the increment rate depends on the type of porosity distribution, power index,

and span-thickness ratio.

• The FG porous plates subjected to UDL possesses higher dimensionless deflections

relative to the corresponding plates subjected to SSL.

• The non-dimensional buckling loads of porous FG plates subjected to bi-axial load

possess a lower value than uni-axial buckling load for any value of side-thickness ratio,

power-law index, and porosity parameter.

• The value of critical buckling load for square plate (b/a=1) subjected to uniaxial

compressive force is double than in case of biaxial loading.

The response of FG plate with different porosity distributions have been examined via

Navier’s method in this chapter. As Navier’s solutions are well accurate as well as easy to

implement in comparison with exact solutions, but they can applicable to simply supported

boundary conditions only. Therefore, several numerical techniques are available in literature

to model and analyze the FGM structures with various boundary conditions. Therefore,

next chapter deals with implementation of numerical technique to examine the mechanical

behavior of FG plate under different boundary conditions.

86



Chapter 6

Finite element analysis of newly developed se-

cant hyperbolic shear deformation theory

In this Chapter, we investigated the static and buckling behavior of composite laminated

and FG porous plates for various combination of boundary conditions in the framework of

finite element (FE) formulation. In order to accurately predict the response of structures,

power law (P-FGM), and exponential law (E-FGM) functions are commonly used for mod-

eling of the FGM plate [129, 224]. In both P-FGM and E-FGM distributions, the stress

concentrations occur in the interfaces of material where it is varies continuously. Thus,

the sigmoid law (S-FGM) which is amalgamation of two piecewise exponent functions is

introduced by Chung and Chi [225] to define a new volume distribution. The advantage

of S-FGM is that it can reduce the stress intensity factor more effectively. Stress concen-

trations do not occur to any appreciable extent at the interface of the materials when the

FGM plate is modeled by sigmoid law distributions. Many researchers have adopted the

power-law, exponential-law and sigmoid-law distributions to study the mechanical behav-

ior of FGM structures using different plate theories. Lee et al. [226] carried out bending

analysis of P-FGM, and S-FGM plates on elastic foundation using a four-variable higher

order plate theory. Chi and Chung [227] studied the dynamical behavior of FGM plates

subjected to transverse force and further they investigated the impacts of loadings, and

aspect ratio on static deflection. Grover et al. [85] adopted an 8 noded bi-quadratic FE to

predict the free vibration behavior of laminated composite and sandwich plates. They used

inverse hyperbolic strain shape function in displacement field to investigate the response of

general laminates with arbitrary boundary conditions. Duc and Cong [228] computed the

non-linear dynamic response of thin sigmoid FG plates by employing CPT. Fazzolari [229]

determined the modal characteristics of FG plates subjected to temperature environment

whose material properties follow power- and sigmoid-law distributions by employing im-

proved higher order plate theory. Further, bending, stress analysis, and vibration response

of FG plates in the framework of P-FGM and E-FGM distributions have been conducted

by researchers using various techniques [41, 70, 230–234]. Duc and Cong [235] obtained the

nonlinear postbuckling response of thick FG plates on elastic foundations using third order

deformation theory. Singh and Harsha [236] presented the free vibration and buckling anal-

87



ysis of sandwich plate whose material properties varied according to sigmoid distribution

law. The inverse hyperbolic HSDT is adopted to formulate the plate governing equations.

Jung et al. [237] proposed the four variable refined higher order plate theory to yield the

non-dimensional frequencies of sigmoid FG plates on elastic foundation Thang et al. [238]

developed the analytical approach to study the post-buckling behavior of imperfect S-FGM

plates by employing classical plate theory. Mehar et al. [239] used finite element approach

to investigate the deflection, and stress values of CNT reinforced sandwich plate under the

effect of the mechanical loading. Jung and Han [240] examined the influence of power-law

index, and loading conditions on static deflection of S-FGM nanoscale plates. Using Hamil-

ton’s principle, the governing equations of plate are formed and analytical solutions are

obtained in framework of a nonlocal elasticity theory. Ali et al. [241] computed the vibra-

tion characteristics of FGM Levy plates assuming sigmoid distribution law. The dynamic

stiffness method is proposed to asses the effect of different parameters on natural frequencies

and mode shapes. The finite element modeling have been carried out in analysis of smart

shells and beams in following articles [242–244]. Apart from the existing literature on the

research of FGM plates, there exist various articles that investigate the mechanical analysis

of FGM beams and shells as well [183,245–253]

Based on aforementioned research, it can be concluded that the most of the study for

FGM structures analysis is based upon P-FGM and E-FGM distribution. But so far the

research leading to the bending analysis of sigmoid FGM plates considering porosity effect is

somehow limited. Further, the majority of researchers have almost focused on free vibration

response of the S-FGM plate. In view of the research gap, this study deals with static,

buckling and stress analysis of both P-FGM and S-FGM plates with porosity effect by using

a new hyperbolic shear deformation theory. The finite element procedures illustrated for

composite, and porous FG plates with power-law as well as sigmoid law gradient. The FE

approach with C0 isoparametric eight noded quadrilateral element is proposed to examine

the bending and buckling behavior. Furthermore, the effects of porosity index, power-law

exponent, loading conditions, and the aspect ratio are investigated on computing deflections

and critical buckling loads.

6.1 Mathematical Modeling

In this section, the functionally graded plate in which the material properties vary along the

thickness direction is considered. The volume fraction of constituent materials is defined by

adopting power-law and sigmoid-law distributions. Three different choices of distributions

are also taken to evaluate the effect of porosity in modeling the FG plate. The geometric

representation of FGM plate is illustrated using Cartesian coordinates (x1 − x2 − x3) in
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Figure (6.1).

The Young’s modulus of assumed porous FG plate along the thickness is represented by

Figure 6.1: Geometry of FG plate

P-FGM and S-FGM distributions as follows.

Power-law function (P-FGM):

According to rule of mixture, the material property of P-FGM can be defined by [226]

E(x3) =

Eb + (Et − Eb)

(
x3 +

h
2

h

)k
 where, 0≤ x3 ≤ h (6.1)

Sigmoid-law function (S-FGM):

The volume fractions of material in accordance with sigmoid-law distribution are given

as [226,240]

E1(x3) =

Eb + (Et − Eb)

1− 1

2

(
h
2
− x3

h
2

)k
 where, 0≤ x3 ≤

h

2
(6.2)

E2(x3) =

Eb + (Et − Eb)
1

2

(
h
2
+ x3

h
2

)k
 where, −h

2
≤ x3 ≤ 0 (6.3)

Where Et and Eb are properties of material at top and bottom of plate and k denotes the

power-law exponent that indicates the volume fraction of the material. Fig. (6.2) and (6.3)

represent the variation of Young’s modulus for P-FGM and S-FGM plates with respect to

the transverse direction for various values of parameter k.
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Figure 6.2: Variation of Elasticity modulus of P-FGM plate with respect to x3/h ratios.
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Figure 6.3: Young’s Modulus of S-FGM plate with respect to normalized thickness ratios for
different material indexes k.

6.1.1 Porous Functionally Graded Material

In this paper, three types of porosity distributions are proposed using different mathematical

functions. The symmetric center enhanced (SCE), bottom (BE) and top (TE) enhanced

distributions are employed to determine the material properties of porous plates. Taking

into consideration the impact of porosity distribution, the Young’s modulus of FG plate
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obeying P-FGM law are written as follows:

E(x3) =

Eb + (Et − Eb)

(
x3 +

h
2

h

)k
 (1− Φ(x3)) where, 0≤ x3 ≤ h (6.4)

Further, according to the sigmoid-law rule, the material property of porous plate are written

as below:

E1(x3) =

Eb + (Et − Eb)

1− 1

2

(
h
2
− x3

h
2

)k
 (1− Φ(x3)) where, 0≤ x3 ≤

h

2
(6.5)

E2(x3) =

Eb + (Et − Eb)
1

2

(
h
2
+ x3

h
2

)k
 (1− Φ(x3)) where, −h

2
≤ x3 ≤ 0 (6.6)

Where Φ(x3) is porosity distribution function depending on parameter e and thickness co-

ordinate. The different types of distributions functions are given in Table 7.1. Where e is

porosity index and the FGM plate becomes perfect for e=0. The distribution of porosity

with different types through thickness is shown in Fig. 6.4.

Table 6.1: Porosity distribution functions

Types of Distributions Φ(x3) (Different Porosity Functions)

SCE (Symmetric Center Enhanced Distribution) e cos(πx3

h
)

BE (Bottom Enhanced Distribution) e cos
(
π
2

(
x3

h
+ 0.5

))
TE (Top Enhanced Distribution) e cos

(
π
2

(
x3

h
− 0.5

))

6.2 Results and Discussion

In this study, the results of numerical analyses of the bending and buckling of perfect and

porous FGM plates are calculated. The considered FGM plate is made of ceramic phase on

its top surface while bottom of FG material is metallic rich. The finite element modeling

is proposed to ensure the accuracy and applicability of present formulation to analyze FG

plates subjected to various boundary conditions. For validation of the proposed theory,

a comparison study is conducted between the present results and some existing FG plate
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Figure 6.4: Porosity distribution:(a) SCE (b) BE (c) TE

theories results. Also the significances of boundary conditions, material characteristics,

porosity parameter, and side to thickness ratio on the static deflections and buckling loads

of FG plates are discussed. In order to evaluate the flexural response of FGM plates,

a MATLAB program was developed using the present finite element formulation. After

evaluating the elemental stiffness and geometrical matrix, the assembly of plate over whole

domain is carried out. The Gaussian Quadrature scheme is used to compute the integral

over domain. It should be noted that problem of shear locking arises particularly for the

thin plates. In order to eliminate the same, selective integration is adopted wherein bending

terms are integrated with 3x3 order while the shear terms are integrated with 2x2 order.

The following boundary conditions are implemented for solving problems related to bending

and buckling responses.

• Simply supported Conditions (S):

u0 = w0 = Θx1 = ϕx1 = 0 (Edge parallel to x1-axis)

v0 = w0 = Θx2 = ϕx2 = 0 (Edge parallel to x2-axis)

• Clamped Condition (C): u0 = v0 = w0 = Θx1 = Θx2 = ϕx1 = ϕx2 = 0

The material properties of ceramic-metal FG plate are given in Table 6.2. Where v is

constant poison ratio of assumed material.
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Table 6.2: Material properties

Material Properties (MM1) Material Properties (MM2)

Metal Ceramic Metal(Aluminum) Ceramic(Alumina)

Elastic modulus Eb = 1.44GPa Et = 14.4GPa Eb = 70GPa Et = 380GPa

Poisson ratio vb=0.38 vt=0.38 vb=0.3 vb=0.3

6.2.1 Static Analysis

The aforementioned system (3.48) is solved to obtain the nodal displacements after im-

plementing the boundary conditions. Firstly, the non-dimensional deflections and stresses

are evaluated for four layered simply supported symmetric plates under transverse SSL for

different a/h ratio in Table (6.3). The non-dimensional forms given is Eq. (4.5) are taken

for analysis. Convergence analysis for laminated plate is performed for various mesh sizes.

The results are being compared with exact solutions and other available results in literature.

It is observed that well convergence is achieved for deflection for mesh size upto 8 and for

stresses, converges to exact results is obtained for size of mesh upto 14. The variation in

convergence between deflection and stresses is due to fact that displacements are primary

variable, whereas stresses are derived quantities in the assumed displacement field.

Further, the numerical results for deflection of P-FGM and S-FGM plates subjected to SSL

and UDL are presented. As a second example, the non-dimensional deflections obtained

from proposed theory for perfect S-FGM simple supported plate are presented in Table

(6.4) for various values of a/h. The results are validated with published results of Jung and

Han [254] for homogeneous (k=0) plate and for power-law exponent (k=1,5) under uniform

load. Further, the non-dimensional displacements are evaluated for P-FGM plate (k=0,1,5)

and results are validated with those obtained by Thai and Cho [255] for power-law index 0,

and 1 in Table 6.5. It is apparent that the results of present study are in excellent agreement

with those found in previous literature. The non-dimensional forms and material properties

(MM1) are used as follows [254]:

W =
h3Eb × 102

q0a4
w(

a
2
,
b
2
,
h
2
), Et = 14.4GPa, Eb = 1.44GPa, v = 0.38, q = 1N/m2

(6.7)

It is also observed from Table (6.4) and (6.5) that the maximum deflection for P- and S-FGM

plates does not differ for values of k=0 and k=1. This occurs due to the fact that material

characteristics of P- and S-FGM are same for k= 0 and 1.
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Table 6.3: The dimensionless deflection and stresses for [0/90/90/0] laminate subjected to trans-
verse SSL

a/h Theory W σ̄11 σ̄22 τ̄12 τ̄23 τ̄13

4 Present(4×4) 1.9172 0.5786 0.5286 0.0551 0.2512 0.2377

Present(6×6) 1.9263 0.6401 0.5849 0.0509 0.2597 0.2329

Present(8×8) 1.9277 0.6648 0.6075 0.0492 0.2625 0.2307

Present(10×10) 1.9281 0.6769 0.6185 0.0484 0.2638 0.2296

Present(14×14) 1.9283 0.6877 0.6284 0.0476 0.2649 0.2286

Present (Analytical) 1.9243 0.7307 0.6377 0.0474 0.2676 0.2489

Grover et al. [43] 1.9257 0.7255 0.639 0.0473 0.27 0.25

Reddy [28] 1.893 0.665 0.632 0.044 0.239 0.206

Exact [9] 1.954 0.72 0.663 0.047 0.291 0.219

10 Present(4×4) 0.7275 0.4636 0.3267 0.0323 0.1695 0.3490

Present(6×6) 0.7285 0.5129 0.3613 0.0299 0.1767 0.3426

Present(8×8) 0.7286 0.5327 0.3753 0.0289 0.1788 0.3394

Present(10×10) 0.7286 0.5424 0.3821 0.0284 0.1797 0.3377

Present(14×14) 0.7287 0.5511 0.3882 0.0280 0.1804 0.3362

Present (Analytical) 0.7289 0.5589 0.3949 0.0275 0.1749 0.3275

Grover et al. [43] 0.7284 0.5578 0.3947 0.0275 0.1762 0.3287

Reddy [28] 0.715 0.546 0.389 0.027 0.163 0.294

Exact [9] 0.743 0.559 0.401 0.028 0.196 0.301

100 Present(4×4) 0.4339 0.4445 0.2235 0.0253 0.1165 0.3825

Present(6×6) 0.4344 0.4930 0.2478 0.0232 0.1234 0.3843

Present(8×8) 0.4344 0.5121 0.2575 0.0224 0.1256 0.3837

Present(10×10) 0.4343 0.5214 0.2621 0.0221 0.1265 0.3828

Present(14×14) 0.4343 0.5298 0.2664 0.0217 0.1273 0.3815

Present (Analytical) 0.4345 0.5388 0.271 0.0214 0.126 0.3632

Grover et al. [43] 0.4345 0.5388 0.271 0.0214 0.1271 0.3643

Reddy [28] 0.434 0.538 0.27 0.021 0.112 0.29

Exact [9] 0.439 0.539 0.276 0.022 0.141 0.337

As an next example, the maximum non-dimensional deflections are shown in Table (6.6)

for different mesh density for square (b/a = 1) and rectangular (b/a = 2) homogeneous

P-FGM plate. The material properties (MM2) given in Table (6.2) and dimensionality form

W = 10Eth3

q0a4
w(a

2
, b
2
, h
2
), is used for analysis. The results for simply supported (SSSS) and

clamped (CCCC) conditions on all the edges are presented along with different porosity

distributions. The convergence study of FEM for central deflection with various mesh sizes

is performed for porous FG plate. it is evident from the analysis that convergence is mono-

tonic and size of mesh 8×8 is adequate for the precise prediction of maximum displacement.
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Table 6.4: Comparison of dimensionless deflection of S-FGM square plates under uniform loads
(MM1).

a/h Homogeneous
plate(k=0)

k=1 k=5

Present
(S-FGM)

Jung and Han [254] Present
(S-FGM)

Jung and Han [254] Present
(S-FGM)

Jung and Han [254]

5 0.5136 0.5145 1.1517 1.1533 1.5578 1.5599

10 0.4413 0.4415 1.0201 1.0205 1.4338 1.4344

20 0.4231 0.4232 0.9871 0.9873 1.4027 1.4029

100 0.4173 0.4173 0.9765 0.9766 1.3927 1.3929

Hence, mesh of size eight is taken into account for subsequent study. It is also observed

that deflection corresponding to SSSS boundary conditions is larger than the plate with all

edges clamped for any value of b/a ratio. Several numerical studies are further discussed to

examine the effects of parameters such as boundary conditions, porosity coefficient, volume

fraction index and some others on transverse deflection of porous FG plate.

For an S-FGM simply supported plate, the non-dimensional displacements evaluated by

present theory are given in Table (6.7) for different porosity distributions, power-law ex-

ponent (k = 0, 0.1, 0.5, 1) and side-thickness ratio. The impact of porosity coefficient

(e = 0, 0.2, 0.4, 0.8) is also investigated on deflections of square plate subjected to UDL.

The material properties given in equation (6.7) are employed for analysis. It is observed

from Table (6.7) that with the increase of span-thickness ratio a/h the magnitude of deflec-

tion decreases and with the increment in power-law exponent (k) corresponding deflection

of S-FGM plate increases significantly. For k=0, the properties of material are identical

at top and bottom of plate, hence deflection values remain same for BE and TE porosity

distributions for any value of a/h.

Table 6.5: Comparison of non-dimension deflection of simply-supported P-FGM plates under
uniform loads (b=a).

a/h Homogeneous plate k=1 k=5

Present (P-FGM) Thai et al. [255] Present (P-FGM) Thai et al. [255] Present (P-FGM)

5 0.5136 0.5147 1.1517 1.1536 2.4301

10 0.4413 0.4415 1.0201 1.0205 2.0340

20 0.4232 0.4231 0.9871 0.9873 1.9343

As an another example, the influence of different combination of boundary conditions on

non-dimensional deflection of S-FGM plate under SSL and UDL load is assessed in Table

(6.8). Also, the results are presented for perfect and porous FG along with three porosity
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Table 6.6: Mesh convergence: Maximum non-dimensional center deflection under UDL (a/h=10,
e=0.5)

b/a Boundary Conditions Mesh density e=0 SCE BE TE

1 SSSS 4×4 0.4660 0.5795 0.6895 0.6895

6×6 0.4663 0.5799 0.6901 0.6901

8×8 0.4664 0.5799 0.6901 0.6901

12×12 0.4664 0.5800 0.6902 0.6902

1 CCCC 4×4 0.1632 0.2109 0.2418 0.2418

6×6 0.1639 0.2112 0.2428 0.2428

8×8 0.1638 0.2110 0.2427 0.2427

12×12 0.1638 0.2110 0.2426 0.2426

2 SSSS 4×4 1.1409 1.4092 1.6879 1.6879

6×6 1.1410 1.4093 1.6880 1.6880

8×8 1.1412 1.4095 1.6883 1.6883

12×12 1.1413 1.4097 1.6884 1.6884

2 CCCC 4×4 0.3132 0.4009 0.4639 0.4639

6×6 0.3152 0.4023 0.4669 0.4669

8×8 0.3151 0.4019 0.4667 0.4667

12×12 0.3151 0.4019 0.4667 0.4667

distributions and power-law indices (k=1, 2, 5). It is noticed from tabulated results that the

central maximum deflection for considered boundary conditions are in sequence of decreas-

ing order as SSSS>SCSC>SCCC>CCCC, i.e plate with simply supported (SSSS) conditions

possess largest deflection while clamped (CCCC) plate possesses smallest. The average de-

crease in normalized deflection from SSSS to CCCC is approximate 35% for uniform load

and decrement is almost 40% for plate subjected to SSL. It is also observed that the dimen-

sionless bending corresponding to SCE (symmetric center enhanced) porosity distribution is

lowest whereas TE (Top enhanced) distribution attained highest deflection. This is due to

that plate is more stiffer at mid-plane than top and bottom surfaces. Furthermore, higher

deflections are observed for S-FGM plate subjected to UDL than transverse SSL for any

value of power-law exponent.

Next, a perfect P-FGM square plate composed of alumina (ceramic) and aluminum (metal)

is taken. The proposed theory results of non-dimensional displacements for plate under

SSL are shown in Table 6.9 along with available results in literature reported by by Car-

rera et al. [256], Neves et al. [257] and Nguyen et al. [258]. The non-dimensional form
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Table 6.7: The non-dimensional deflection of porous S-FGM Simply supported plate for UDL

a/h Porosity Model e k

0 0.1 0.5 1

5 SCE 0 0.5136 0.9409 1.0277 1.1517

0.2 0.5643 1.0344 1.1363 1.2803

0.4 0.63 1.1556 1.2787 1.4505

0.8 0.8832 1.6233 1.83 2.1153

BE 0 0.5136 0.9409 1.0277 1.1517

0.2 0.5855 1.072 1.1707 1.3115

0.4 0.6891 1.2611 1.3763 1.5398

0.8 1.2062 2.1971 2.3583 2.5888

TE 0 0.5136 0.9409 1.0277 1.1517

0.2 0.5855 1.0733 1.1746 1.3187

0.4 0.6891 1.2639 1.3847 1.5563

0.8 1.2062 2.2203 2.4338 2.7235

10 SCE 0 0.4413 0.8092 0.8956 1.0201

0.2 0.4784 0.878 0.9793 1.1239

0.4 0.5233 0.9615 1.0838 1.2567

0.8 0.6615 1.2197 1.4238 1.7122

BE 0 0.4413 0.8092 0.8956 1.0201

0.2 0.502 0.9207 1.0204 1.163

0.4 0.5905 1.0832 1.2019 1.3692

0.8 1.0521 1.9242 2.1037 2.3489

TE 0 0.4413 0.8092 0.8956 1.0201

0.2 0.502 0.9209 1.0201 1.1637

0.4 0.5905 1.0829 1.1988 1.3677

0.8 1.0521 1.9322 2.1212 2.3921

50 SCE 0 0.418 0.767 0.8532 0.9779

0.2 0.4507 0.8277 0.9289 1.0737

0.4 0.4891 0.8992 1.0212 1.1943

0.8 0.5899 1.0893 1.2926 1.582

BE 0 0.418 0.767 0.8532 0.9779

0.2 0.4752 0.8722 0.9721 1.1153

0.4 0.5588 1.0261 1.1459 1.3144

0.8 1.0026 1.8365 2.0219 2.2718

TE 0 0.418 0.767 0.8532 0.9779

0.2 0.4752 0.872 0.9705 1.1139

0.4 0.5588 1.0249 1.1391 1.3071

0.8 1.0026 1.8397 2.0209 2.2859
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Table 6.8: The effects of boundary conditions on central deflection of S-FGM plates subjected to
UDL and SSL (a/h=10)

Power-law Boundary e=0 e=0.2 e=0.4

conditions SCE BE TE SCE BE TE

UDL

1 SSSS 1.0201 1.1239 1.163 1.1637 1.2567 1.3692 1.3677

SCSC 0.5212 0.5774 0.5937 0.5961 0.6509 0.6977 0.7024

SCCC 0.4398 0.4875 0.501 0.5031 0.5499 0.5885 0.593

CCCC 0.3538 0.3926 0.4029 0.4049 0.4437 0.4731 0.4776

2 SSSS 1.2073 1.3372 1.3757 1.3791 1.5062 1.616 1.6208

SCSC 0.6091 0.6775 0.6933 0.6976 0.7678 0.8125 0.8224

SCCC 0.5134 0.5712 0.5842 0.5881 0.6477 0.6846 0.6935

CCCC 0.4117 0.4586 0.4684 0.4719 0.5207 0.5486 0.5569

5 SSSS 1.4338 1.5847 1.632 1.6363 1.7808 1.9111 1.9179

SCSC 0.7148 0.7928 0.8125 0.818 0.8954 0.9493 0.9621

SCCC 0.6018 0.6677 0.6839 0.6888 0.7544 0.7989 0.8104

CCCC 0.4813 0.5344 0.5468 0.5512 0.6045 0.6384 0.6491

SSL

1 SSSS 0.6467 0.7128 0.7373 0.7379 0.7973 0.868 0.8673

SCSC 0.3532 0.3912 0.4024 0.4039 0.4409 0.4728 0.4759

SCCC 0.303 0.3358 0.3452 0.3465 0.3787 0.4056 0.4084

CCCC 0.2536 0.2814 0.2889 0.2902 0.3178 0.3393 0.3422

2 SSSS 0.765 0.8474 0.8716 0.8739 0.9548 1.0237 1.0272

SCSC 0.4129 0.4592 0.47 0.4729 0.5204 0.5509 0.5574

SCCC 0.3539 0.3937 0.4027 0.4053 0.4463 0.472 0.4779

CCCC 0.2955 0.329 0.3362 0.3386 0.3734 0.3938 0.3995

5 SSSS 0.9079 1.0037 1.0334 1.0363 1.1281 1.2099 1.2148

SCSC 0.4848 0.5376 0.5511 0.5547 0.6071 0.6439 0.6523

SCCC 0.415 0.4604 0.4717 0.475 0.5201 0.5511 0.5588

CCCC 0.3457 0.3837 0.3928 0.3958 0.434 0.4586 0.466
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) for in-plane stress is assumed

for study. The influence of material index k=(1, 4, 10) and side-to-thickness ratio a/h=(4,

10, 100) is also investigated. Higher the material index, stiffness of the plate will decreases,

hence more will be corresponding deflection. An increment in the a/h ratio leads to an

decrease in the maximum deflections, which concludes that thick plates provides more de-

flection than moderately thick and thin plats. The variations of dimensionless deflection

Table 6.9: The non-dimensional deflection of perfect P-FGM plate for sinusoidal distributed load
MM2

a/h Method k=1 k=4 k=10

Deflection σ̄11 Deflection σ̄11 Deflection σ̄11

4 Present 0.7266 0.5649 1.1613 0.4267 1.3861 0.3126

Carrera et al. [256] 0.7289 0.7856 1.1673 0.5986 1.3925 0.4345

Neves et al. [257] 0.7308 0.5806 1.1553 0.4338 1.376 0.3112

Nguyen et al. [258] 0.7279 0.5811 1.1588 0.4391 1.3882 0.3218

10 Present 0.5885 1.4425 0.8817 1.1393 1.0079 0.8487

Carrera et al. 0.5890 2.0068 0.8828 1.5874 1.0090 1.1807

Neves et al. [257] 0.5913 1.4874 0.877 1.1592 0.9952 0.8468

Nguyen et al. [258] 0.5882 1.4896 0.8791 1.1757 1.0051 0.87581

100 Present 0.5623 14.4833 0.8284 11.5350 0.9359 8.6177

Carrera et al. 0.5625 20.149 0.8286 16.047 0.9361 11.989

Neves et al. [257] 0.5648 14.944 0.8241 11.737 0.9228 8.6011

Nguyen et al. [258] 0.5622 14.989 0.8280 11.939 0.9354 8.9198

with parameter (e) for three types of porosity distributions functions are depicted in Fig.

(6.5). The deflections are evaluated for P-FGM plate under uniform distributed force for

different material index (k = 0.1, 0.5, 1) and thickness of plate is assumed to be h = a/10.

The figure shows that, higher porosity index (e) results in more central deflections, as the

elasticity modulus of plate reduces with increasing values of e. The curves corresponding

to SCE distribution always locate below the BE and TE distributions curves for any value

of material index. This reveals that porosity distribution type has unique impact on non-

dimensional deflection.

The influence of span-thickness ratio on the static deflection of porous (e = 0.2) plate for

different porosity distributions is assessed in Fig. (6.6). The results are displayed for P-FGM

and S-FGM simply supported plates with power-law exponent (k=2) subjected to SSL and

material properties MM2 are considered. It is seen that the central deflection for higher

span-thickness (a/h) value is less than corresponding to smaller a/h ratio. Moreover, the

deflection decreases significantly as a/h ratio increase from 2 to 4, i.e maximum reduction

99



in deflection is approximately 39%. Also the influence of P-FGM and S-FGM distribution

is observed on predicting the maximum deflection at center. The S-FGM plate possesses

smaller deflections at the middle of plate than P-FGM distribution. The non-dimensional

deflections for various aspect ratio and different kind of boundary conditions are shown in

Fig. (6.7). It is seen that the increase in aspect ratio have increasing effect on normalized

deflection for any type of porosity distribution. As it is clear that SSSS plate obtained

more deflection value than plate with SCSC boundary conditions. The percentage decrease

in deflection between SSSS and SCSC FG porous plate is approximately 45% for b/a=1,

whereas the difference is increases significantly as b/a ratio approaches towards 3.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0

0.5

1

1.5
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2.5

3

Figure 6.5: Effect of porosity parameter on dimensionless deflection of P-FGM plate subjected
to UDL (a/h=10).

6.2.2 Buckling Response

The mathematical system given in Eq. (3.49) is solved to yield the buckling response of the

FG plate. The several numerical results for buckling analysis are presented in this section

for perfect and porous plates. The assumed FG plate is subjected to compressive uni-axial

and bi-axial loads. The non-dimensional form for the buckling load parameter is defined as

N̄σ = Nσa2

EBh3 . Initially, the stability behavior of simply supported S-FGM plate is investigated

and the non-dimensional buckling loads for uni-axial loading are evaluated for perfect FG

plate by using present theory. The obtained results for critical buckling are tabulated in

Table (6.10) along with previous published results given by Jung and Han [254] for different
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Figure 6.6: Effect of side to thickness ratio on central deflection of P-FGM and S-FGM plate
subjected to SSL (MM2).
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Figure 6.7: The effect of aspect ratio on normalized deflection of S-FGM plate under different
boundaries conditions (k = 2, e = 0.5)

values of thickness ratio and material index (k). It is found that present approach results

are well agreed with those obtained form Jung and Han [254] for S-FGM plate. In second

example, an P-FGM plate made of Aluminum/Alumina (MM2) is taken and effect of poros-

ity distributions, power-law indices and a/h ratios on the non-dimensional buckling load
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Table 6.10: The critical buckling load of simply supported perfect S-FGM square plates (MM1).

a/h (k=1) k=5 k=10

Present
(S-FGM)

Jung and Han [254] Present
(S-FGM)

Jung and Han [254] Present
(S-FGM)

Jung and Han [254]

5 13.7420 13.7221 10.1995 10.1852 9.6914 9.6792

10 15.6616 15.6552 11.1566 11.1520 10.5346 10.5306

20 16.2304 16.2284 11.4252 11.4238 10.7693 10.7681

100 16.4216 16.4209 11.5142 11.5137 10.8468 10.8464

parameter is assessed. In Table (6.11), the numerical results due to newly developed secant

hyperbolic theory for uni-axial buckling loads for porous FG simply supported plate are also

compared with analytical (IHSDT) results for various porosity parameters e and porosity

distributions. It is concluded from Table (6.11) that the porosity has significant influence

on buckling behavior of FGM plate, that is perfect plate possess higher critical buckling

load as compare to porous plate. Also, it is noted that the fundamental buckling loads are

reduced with increment in material index (k), which concludes that the homogeneous plate

(k=0) attained the higher critical buckling load. This is due to that the FG plate become

softer when power-law index changes from 0 to 1, hence value of buckling load parameter

decreases.

As an next example, additional results of uniaxial and biaxial buckling load parameters

for S-FGM plate (MM1) are presented in Table (6.12) for various material exponent, span-

thickness ratio (a/h) and porosity distributions. It is noticed that, a/h ratio has the consid-

erable effect on non-dimensional buckling load, i.e with rise in a/h ratio the corresponding

buckling load value increases for any porosity distribution type. Moreover, the effect of in-

plane loading conditions on the buckling behavior is clearly shown in Table (6.12), the values

of critical loads in case of uni-axial buckling are double relative to the bi-axial compressive

force.

The critical loads for uni-axial case are depicted in Fig. (6.8) for P-FGM plate and effects

of different boundary conditions are studied. The properties of material are taken as MM2

in this case. The porosity effect on non-dimensional buckling load is also shown for three

types of porosity models, where dimensionless buckling load decreases as the magnitude of

porosity increases. Moreover, the plate with SSSS boundary conditions possesses less critical

buckling value as compare to SCSC and CCCC boundary conditions. The SCE distribution

attained the highest buckling load parameter among others porosity distributions.
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Table 6.11: The stability behavior of porous P-FGM plate subjected to uni-axial load

a/h Porosity Model e k = 0 k = 0.5 k = 1

Present
(New)

Analytical
(IHSDT)

Present
(New)

Analytical
(IHSDT)

Present
(New)

Analytical
(IHSDT)

5 Perfect Plate 0 16.0466 16.1003 10.6396 10.6722 8.2359 8.2597

SCE 0.2 14.6133 14.6528 9.6367 9.6607 7.4447 7.4619

0.4 13.1027 13.1249 8.5857 8.5994 6.6133 6.6228

BE 0.2 14.0777 14.1232 9.3367 9.3631 7.2218 7.2405

0.4 11.9626 11.9991 7.9391 7.9591 6.1365 6.1501

TE 0.2 14.0777 14.1232 9.3152 9.3442 7.2135 7.2354

0.4 11.9626 11.9991 7.907 7.9320 6.1305 6.1503

10 Perfect plate 0 18.5869 18.6030 12.1276 12.1370 9.3427 9.3496

SCE 0.2 17.1488 17.1606 11.1034 11.1104 8.5298 8.5347

0.4 15.6798 15.6863 10.0539 10.0578 7.6908 7.6934

BE 0.2 16.3371 16.3508 10.6519 10.6442 8.1856 8.1909

0.4 13.8909 13.9018 9.0383 9.0440 6.9376 6.9413

TE 0.2 16.3371 16.3508 10.6496 10.6581 8.2141 8.2204

0.4 13.8909 13.9018 9.063 9.0704 7.0083 7.0141
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Figure 6.8: The plotting of uni-axial buckling loads w.r.t various porosity indices for different
boundary conditions. (a/h=10, k=1).
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Table 6.12: The critical buckling load for S-FGM plates subjected to uni-axial and bi-axial force

a/h Material e=0 e=0.2 e=0.4

index (k) SCE BE TE SCE BE TE

Uni-axial Buckling

5 0 30.719 27.923 26.942 26.942 24.968 22.892 22.892

0.5 15.3752 13.8899 13.4967 13.4468 12.3244 11.4828 11.4028

1 13.742 12.3511 12.0684 11.9964 10.8876 10.2824 10.161

5 10.1995 9.1721 8.9816 8.8975 8.09 7.6986 7.5463

10 0 36.170 33.349 31.788 31.788 30.462 27.028 27.028

0.5 17.8299 16.299 15.6487 15.6507 14.719 13.286 13.3167

1 15.6616 14.2106 13.7381 13.7275 12.704 11.6699 11.6784

5 11.1566 10.0921 9.8021 9.7748 8.9787 8.3716 8.338

50 0 38.355 35.571 33.737 33.737 32.783 28.693 28.693

0.5 18.7937 17.2614 16.4937 16.5204 15.7007 13.9924 14.0755

1 16.3973 14.9332 14.3772 14.3946 13.4247 12.1991 12.2667

5 11.5029 10.4278 10.0981 10.0941 9.3071 8.6132 8.6283

Bi-axial Buckling

5 0 15.359 13.961 13.471 13.471 12.484 11.446 11.446

0.5 7.6876 6.94495 6.74835 6.7234 6.1622 5.7414 5.7014

1 6.871 6.17555 6.0342 5.9982 5.4438 5.1412 5.0802

5 5.0998 4.5861 4.4908 4.4488 4.045 3.8493 3.7732

10 0 18.085 16.674 15.894 15.894 15.231 13.514 13.514

0.5 8.9149 8.1495 7.8244 7.8254 7.3595 6.643 6.6584

1 7.8308 7.1053 6.8691 6.8638 6.352 5.835 5.8392

5 5.5783 5.0461 4.9011 4.8874 4.4894 4.1858 4.169

50 0 19.178 17.785 16.869 16.869 16.392 14.347 14.347

0.5 9.3969 8.6307 8.2469 8.2602 7.8504 6.9962 7.0378

1 8.1987 7.4666 7.1886 7.1973 6.7124 6.0996 6.1334

5 5.7515 5.2139 5.0491 5.0471 4.6536 4.3066 4.3142

6.3 Conclusions

The FE analysis for newly developed theory has been done in this chapter. The results are

provided for laminated and porous FG plate. In the present study, stress analysis, bending
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and buckling response of S-FGM and P-FGM plates are evaluated. Three types of porosity

distribution in terms of cosine functions are taken for modeling of FG porous plates. The

higher shear deformation theory involving secant hyperbolic based shear strain function is

proposed to assess the static and stability behavior of considered plates. The finite element

formulation in framework of minimum energy principle is employed to derive the equations

of motion. The numerical solutions of non-dimensional deflections and critical buckling loads

are determined for FG plate under various boundary conditions. Two types of distributed

loads UDL and SSL are considered under plate deformation. Through the comparison

study of results, it is observed that the proposed theory is well accurate for analysis of

laminated and FGM plates and revealed good agreement with available results in literature.

The influences of parameters such as span-thickness ratio, power-law index, porosity factor,

aspect ratio, boundary constraints etc. on mechanical behavior of FG plates have also

assessed. After confirming the accuracy, the present results will be used as the foundation

for further research. The concluded summary of the proposed work is as follows:

• The non-dimensional deflections for P-FGM and S-FGM plates remains same for ho-

mogeneous plate (k=0, 1).

• As the value of aspect ratio increases from b/a= 1 to 2, the magnitude of deformation

also increase significantly.

• The non-dimensional displacement increases with increasing the porosity parameter

for all boundary constraints.

• It is noticed that the critical buckling loads decrease significantly when material index

(k) increases for any porosity distribution. Due to increment in k, the FG plate

becomes metallic rich. Since the metal has less Young’s modulus relative to ceramic,

therefore the buckling load decreases.
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Chapter 7

Summary and Future Scope

The final chapter of this thesis is to briefly summarise the main findings and provide an

perspective on potential future research. The primary outcomes of the thesis focus on

developing the the modeling and analysis techniques for investigating laminated and func-

tionally graded composite structures. The efficiency of proposed model on analysing such

structures has been achieved by comparing the results with existing models. Furthermore,

we also describe a number of intriguing potential extensions of the proposed models for

future research ideas.

7.1 Summary

This thesis explores the use of mathematical modelling as an effective tool for understand-

ing and predicting the mechanical behavior of composite structures. The study focuses on

the development and implementation of mathematical models to examine the mechanical

behaviour of these composite structures under different loading conditions. The thesis be-

gins by providing a comprehensive review of existing mathematical models and solution

methodologies, discussing their strengths and limitations. Subsequently, it introduces novel

mathematical formulations that aim to enhance the accuracy and efficiency of predicting

the mechanical responses of composite structures. Thus, the literature review concerning

about the static, buckling and free vibration response of composite structures employing

various analytical and numerical methods has presented in detailed. In industry and emerg-

ing fields of technology, laminated and functionally graded composite plates are extensively

utilised. Different plate theories are available for accurately model these plates and to

consider the shear deformation effect. In addition to the advancement in plate theories, sig-

nificant progress has been achieved in solution methodologies. The method used to derive

the governing mathematical framework for practical applications is an important feature for

accurate analysis. Thus the literature revealed that the Navier’s solution approach is most

accurate and simplest to obtain analytical solutions for simply supported structures. Thus

the literature survey on solution and modeling approaches have motivated us to complete

our first objective.
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For the first objective, the multi-layered composite rectangular plate is considered and a

new higher order shear deformation theory is developed to model the plate. The Navier

technique is employed to solve the governing equations and yield the desired mechanical

responses. The static and buckling responses are evaluated for cross-ply and angle-ply

laminated plates. The accuracy of the results obtained from the proposed theory is assessed

by comparing them with existing solutions of 3D elasticity theory and other higher order

plate theories. The proposed theory for evaluating non-dimensional deflections and stresses

agree well with previously developed theories for thick plate (a/h=4) and gives better results

for moderate thick to thin plates (a/h≥10). An investigation is also conducted to analyse

the impact of several factors, including aspect ratio, lamination sequence, and span thickness

ratio, on the static and buckling behaviour of laminated plates.

• It may be inferred that when the aspect ratio (b/a) of a laminated plate rises, the

deflection correspondingly increases. Moreover, the non-dimensional displacement de-

creases with increment in side-thickness ratio, which conclude that thick plate possesses

higher non-dimensional deflection.

• The maximum transverse deflection of anti-symmetric square plate reduces with in-

crease in number of layers.

• Furthermore, it has been determined that the multi-layered rectangular laminate ex-

hibited greater deflection than corresponding square plate.

• The dimensionless uni-axial buckling load value for symmetric cross-ply composite

plate increases with increment in modulus ratio and decreases as number of layers

increase.

• The newly proposed theory can be taken as benchmark to further study the structural

behavior of multi-layered composite structures.

As an other application, the FGM plate with porosity was considered and analyzed by imple-

mentation of Navier’s method. Thus to complete the third objective, the IHSDT is proposed

for the first time to investigate the bending and buckling response of FG porous plate incor-

porating different porosity distributions. Moreover, the stresses are plotted against different

z/h ratios for different distributions of porosity. The current findings on the static response

of porous FG plates under UDL are in good agreement with the available prior results. Also

new results are generated for bending and buckling loads for further applications in struc-

tural responses. The influence of various parameters including the distribution of porosity

types, porosity parameter, power-law index, and loading conditions on dimensionless deflec-

tion and critical buckling loads are evaluated.
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• It is revealed that the increase in porosity parameter decreases the stiffness of the FG

plate, hence corresponding deflection increases.

• The FG plate under a UDL exhibit greater dimensionless deflections compared to the

plates under a SSL.

• The mechanical response of the FG plate is influenced by the type of porosity distri-

bution. The non-dimensional uniaxial and biaxial buckling loads of the plate with an

uneven distribution are greater than those of the plate with an even porosity distribu-

tion.

• The increasing of span-thickness ratio a/h reduces the bending deflection of porous FG

square plate subjected to uniformly as well as sinusoidal distributed load. In contrast,

the uni-axial and bi-axial buckling loads of porous FG plate increase with increases in

span-thickness ratio from 5 to 10.

The proposed solution methodology in objective first and third is efficient to derive the ana-

lytical solutions for structural response of composite simply supported plates. The Navier’s

method is well known to analyze the plate behavior under simply supported boundary con-

ditions only. Therefore, to analyze structures with curved geometries and various boundary

conditions, different numerical techniques have been developed in literature. Thus, the finite

element method is proposed to find the numerical solutions and overcome the limitations of

existing method. In order to fulfill the second objective, the secant hyperbolic shear defor-

mation theory is applied to mathematically model the sigmoid FGM porous plate. Further,

to enhance the applicability of FEM, the structural response of FGM porous plate is pre-

dicted subjected to general boundary conditions. The governing equations are derived by

employing the C0 isoparametric eight noded quadrilateral finite element in the mathematical

formulations. The new numerical results are evaluated for flexural and stability responses

for P-FGM and S-FGM plates and comparison study have also carried out with some ana-

lytical results. It is seen that the non-dimensionalized deflection of FGM plate decreases as

the span-thickness ratio (a/h) increases.

• It is observed that the dimensionless deflection diminishes when the boundary condi-

tions change from simply-supported to clamped edge condition.

• The average reduction in normalised deflection from simply supported to clamped end

conditions is approximately 35% for a uniform load, while the decrease is nearly 40%

for a plate subjected to SSL.

• The non-dimensional deflections for P-FGM and S-FGM plates remains same for ho-

mogeneous plate (k=0, 1).
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The research not only enhances our understanding of analysis of composite structures but

also provides practical tools for engineers and researchers to optimize the mechanical per-

formance of composite structures in real-world applications. The modeling and solution

techniques presented in this thesis have demonstrated their improvement over previous re-

search. Our work is expected to make a valuable contribution to the advancement in analysis

of laminated and FGM structures. The present results will be used as the foundation for

further research.

7.2 Future Scope

This section explores potential research areas for future extensions of the proposed work.

Some possible research directions are outlined below.

• The present work deals with static loading conditions to examine the behavior of

composite FGM plates. Therefore, to understand the dynamic response and failure

mechanisms of FGM plates, modeling techniques can also be extended to dynamic

loading conditions, including impact and vibration analysis.

• The present work studied the static and buckling response of rectangular laminated

plate. The proposed theory can be extended to analyze the structural behavior of

laminated skew plates.

• The research can be extended to nonlinear analysis of composite structures to predict

the dynamic behavior of these structures under various loading conditions and large

deformations.

• The research can also be extended to artificial neural network methodologies for esti-

mating structural damage in modeling the composites.

Appendix

Appendix A

K̄C
11 = A11β

2 +A66γ
2, K̄C

12 = A12βγ +A66βγ, K̄C
13 = −(B11β

2 + (B12 + 2B66)γ
2)β

K̄C
14 =

[
(ΩB11 + E11)β

2 + (ΩB66 + E66)γ
2
]
, K̄C

15 = (ΩB12 + E12 +ΩB66 + E66)βγ,

K̄C
21 = K̄C

12, K̄C
22 = A66β

2 +A22γ
2, K̄C

23 = −(B22γ
2 + (B12 + 2B66)β

2)γ
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K̄C
24 = (ΩB66 + E66 +ΩB12 + E12)βγ, K̄C

25 =
[
(ΩB66 + E66)β

2 + (ΩB22 + E22)γ
2
]

K̄C
31 = K̄C

13, K̄C
32 = K̄C

23, K̄C
33 =

[
D11β

4 + (2D12 + 4D66)β
2γ2 +D22γ

4
]
,

K̄C
34 = −

[
(ΩD11 + F11)β

2 + (ΩD12 + F12)γ
2 + (2ΩD66 + 2F66)γ

2
]
β

K̄C
35 = −

[
(ΩD12 + F12)β

2 + (2ΩD66 + 2F66)β
2 + (ΩD22 + F22)γ

2
]
γ

K̄C
41 = K̄C

14, K̄C
42 = K̄C

24, K̄C
43 = K̄C

34

K̄C
44 = [Ω(ΩD11 + F11)β

2 + (ΩF11 +H11)β
2 +Ω(ΩD66 + F66)γ

2 + (ΩF66 +H66)γ
2

+Ω2A55 + 2ΩK55 + L55]

K̄C
45 = [Ω(ΩD12 + F12) + (ΩF12 +H12) + Ω(ΩD66 + F66) + (ΩF66 +H66)]βγ

K̄C
51 = K̄C

15, K̄C
52 = K̄C

25, K̄C
53 = K̄C

35, K̄C
54 = K̄C

45

K̄C
55 = [Ω(ΩD22 + F22)γ

2 + (ΩF22 +H22)γ
2 +Ω(ΩD66 + F66)β

2 + (ΩF66 +H66)β
2

+Ω2A44 + 2ΩK44 + L44]

Appendix B

K̄A
11 = A11β

2 +A66γ
2, K̄A

12 = A12βγ +A66βγ, K̄A
13 = −(3B16β

2γ + (B26γ
3))

K̄A
14 = [(2ΩB16βγ + 2E16βγ], K̄A

15 = (Ωβ2B16 + β2E16 +ΩB26γ
2 + E26γ

2),

K̄A
21 = K̄A

12, K̄A
22 = A22γ

2 +A66β
2, K̄A

23 = −(B16β
3 + 3B26βγ

2)

K̄A
24 = (ΩB16β

2 + E16β
2 +ΩB26γ

2 + E26γ
2), K̄A

25 = (2ΩB26βγ + 2E26βγ)

K̄A
31 = K̄A

13, K̄A
32 = K̄A

23, K̄A
33 =

[
D11β

4 + (2D12 + 4D66)β
2γ2 +D22γ

4
]
,
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(ΩD11 + F11)β

2 + (ΩD12 + F12)γ
2 + (2ΩD66 + 2F66)γ

2
]
β

K̄A
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(ΩD12 + F12)β

2 + (2ΩD66 + 2F66)β
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2
]
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K̄A
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34
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44 = [Ω(ΩD11 + F11)β

2 + (ΩF11 +H11)β
2 +Ω(ΩD66 + F66)γ
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2
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K̄A
45 = [Ω(ΩD12 + F12) + (ΩF12 +H12) + Ω(ΩD66 + F66) + (ΩF66 +H66)]βγ

K̄A
51 = K̄A

15, K̄A
52 = K̄A
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53 = K̄A

35, K̄A
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45
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55 = [Ω(ΩD22 + F22)γ

2 + (ΩF22 +H22)γ
2 +Ω(ΩD66 + F66)β

2 + (ΩF66 +H66)β
2
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Appendix C

K̄11 = A11β
2 +A66γ

2, K̄12 = A12βγ +A66βγ, K̄13 = −(B11β
2 + (B12 + 2B66)γ

2)β

K̄14 =
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(ΩB11 + E11)β

2 + (ΩB66 + E66)γ
2
]
, K̄15 = (ΩB12 + E12 +ΩB66 + E66)βγ,

K̄21 = A66βγ +A12βγ, K̄22 = A66β
2 +A22γ
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2)γ
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[
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2
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K̄34 = −
[
(ΩD11 + F11)β

2 + (ΩD
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β

K̄35 = −
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(ΩD12 + F12)β

2 + (2ΩD66 + 2F66)β
2 + (ΩD22 + F22)γ

2
]
γ
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K̄41 = K̄14, K̄42 = K̄24, K̄43 = K̄34

K̄44 = [Ω(ΩD11 + F11)β
2 + (ΩF11 +H11)β

2 +Ω(ΩD66 + F66)γ
2 + (ΩF66 +H66)γ

2

+Ω2A55 + 2ΩK55 + L55]

k̄45 = [Ω(ΩD12 + F12) + (ΩF12 +H12) + Ω(ΩD66 + F66) + (ΩF66 +H66)]βγ

K̄51 = K̄15, K̄52 = K̄25, K̄53 = K̄35, K̄54 = K̄45

K̄55 = [Ω(ΩD22 + F22)γ
2 + (ΩF22 +H22)γ

2 +Ω(ΩD66 + F66)β
2 + (ΩF66 +H66)β

2

+Ω2A44 + 2ΩK44 + L44]

Appendix D

Gauss Quadrature method: This method is employed to compute the integral involve in elemental

stiffness matrix using the Jacobian as [K]k =
∫ 1
−1

∫ 1
−1[B]Tk [D]k[B]k|J |dζdη to simplify the transfor-

mation between ζ-η and x1-x2 coordinates.To evaluate the surface integration, following gaussian

quadrature formula is used in general∫ 1

−1

∫ 1

−1
f(x, y)dxdy =

n∑
i=1

m∑
j=1

ωiωjf(xi, yj)

where n and m are the number of quadrature points in the x and y directions. (xi, yj) are the

quadrature points and ωi, ωj are the corresponding quadrature weights.
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Table 7.1: Guassian locations and weights

Number of Points (n) weight functions ωi Sampling Points

2 ω1=1 λ1=-0.577350269

ω2=1 λ2=0.577350269

3 ω1=0.55555556 λ1=-0.77459667

ω2=0.88888889 λ2=0

ω3=0.55555556 λ3=0.77459667

4 ω1=0.34785485 λ1=–0.86113631

ω2=0.65214515 λ2=-0.33998104

ω3=0.65214515 λ3=0.33998104

ω4=0.34785485 λ4=0.86113631
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