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ABSTRACT

Thereis a universe of mathematics lying in between
the compl ete differentiations and integrations.

— O. Heaviside.

HE PURPOSE OF THE REPORTED WORK is to provide a mahensive and unified
Tintroduction to the principles and applications tbe differentiation property in the
fractional Fourier transform domain. The fractiofaurier transform (FrFT) is a generalized
definition of the classical Fourier transform (FThe FrFT has proved to be a powerful tool for
the analysis of time—varying signals by representimtation of a signal in the time—frequency
plane. In the areas where FT and the frequency toocoacepts are used, the performance can
be enhanced through the use of FrFT. In additibhas a close relationship with other signal

transforms like wavelet, linear canonical transform

The well-known properties of the FrFT have beetal#ished in many of the rich
literatures, which have many applications in thgnal and image processing fields. In the
reported work, the concept of fractional order efiintiation property in the FrFT domain is

established.

Keeping an eye on the aspects of treetional order calculus, the proposed work is
carried out. The fractional order calculus (FOChaibranch of mathematics is as old as the
classical Newtonian calculus, and deals with theoit of differential and integral operators of

non—integer order and to the differential equatiomstaining such operators.

The origin of the FOC theory can be traced bacthéend of the seventeenth century,
the time when Newton and Leibniz developed the dation of the differential and integral
calculus. Even though the concept of the FOC théomstablished long back, yet the subject

came practically over the last few decades. The medels of the systems have been developed

Vii



by engineers and scientists based on the fractdiffatential equations approach. These models
have been successfully applied in various resediglds such as, mechanics (theory of
viscoelasticity), electrical engineering (transnaasof ultrasound waves), medicine (modeling

of human tissue under mechanical loads) and thedrgtinues.

The applications of the FOC theory are limited e tfields of electronics and
communication engineering and an attempt has besterto incorporate the concept of FOC

theory in the signal and image processing regimes.

In the proposed study, an idea of amalgamation som® picture. To achieve the
fractional order differentiation property in theFHrdomain, the concept of FOC is amalgamated
with the FrFT theory and it exhibits two degreesfreedom. In the case of the traditional
differentiation property in the FrFT domain, theseonly one degree of freedom thus, having
single varying parameter of interest. Due to twgrdes of freedom in the reported work, now

there are two varying parameters and thus, moigrésxibility can be achieved.

In order to be self-contained, the fundamental$-diT, FOC have been thoroughly
studied before coming to the main theme of theesttbA particular goal of this reported work is
to provide a solid foundation that may later bedut® the construction of the efficient and
reliable numerical methods of the results. We gfipbelieve that a successful development and
a thorough understanding of such numerical scheaanesiot possible without such analytical

background.

Before laying down the foundations of the fractioneder differentiation in the FrFT
domain, the integer order differentiation is coesétl in the FrFT domain. The closed—form
analytical expression of the integer—order difféiedor is established in the FrFT domain the

design method of window based technique.

The window functions are successfully been useddiverse areas of filtering,
beamforming, communication and signal processirgefiore, its role is quite impressive and
economical from the point of view of computatiomalmplexity and ease associated with its
application. Thus, an attempt is made to analyeewiimdow functions in the FrFT domain by
establishing the closed—form analytical expressidnich shows its behavior with varying
fractional Fourier transform (FrFT) parameter. Bliedy of main side lobe level, half main lobe

width and side—lobe fall-off rate is also doneddferent values of the FrFT parameter.

viii



The analytical aspects of establishing the fraetiarder differentiation property in the
FrFT domain is well-considered. Based on the foaetli differintegral definitions of FOC theory
namely, Riemann-Liouville (RL), Grinwald-LetnikoGl() and Caputo, the approach begins.
Thus, the formulation is established that has twoyimg parameters namely, the fractional
derivative order parametén) related to the FOC approach and the fractionaliEotransform

parametefe) of the FrFT theory.

The fractional order differentiating filter is dgaed based on the popular and familiar
definitions of FOC and FrFT theories. Following testablished analytical results, the one—
dimensional and the two—dimensional applicatiomsdiscussed. The signal filtering application
is considered that utilizes the fractional orddfedentiation property in the FrFT domain based
on the FOC concept. The signal of interest is madeorrupt with the high—frequency chirp
noise and it is shown that the fractional ordefedéntiating filter performs better to eliminate
the noise as compared to the time—domain and #wuéncy—domain filtering. Thereby, the
comparative understanding is also developed betweefractional order calculus differintegral
definitions based on the example considered. Fumibie2, the understanding so developed is in
conformity with the already established mathemétiocesults available in most of the

mathematics literatures.

The established analytical result is used for twe—tlimensional signal processing
application of edge detection on an image. Basedthen FOC definitions, the fractional
differential mask is used for the edge detectioaraton in the FrFT domain. Thus, the design
flexibility of two varying parameterg; andg performs the edge detection operation in the FrFT
domain. As stated in the rich literatures, theitradal approach of edge detection that utilizes
various edge detection operators like Roberts, Bre8obel and second-derivative Laplacian
method underperforms in the case of noisy enviranin®o, the study shows that by utilizing the
fractional differential mask in the FrFT domaingtadge detection operation performs well in
the noisy environment. The performance is judgedudh qualitative (visual perception) and
guantitative analysis (performance metric paramsetdrpeak signal to noise ratio and mean
square error). Thus, the edge detection operatibming the fractional order operators exhibits
good noise immunity and effective performance tha#ns up the horizon in the future image

processing applications.



Finally, this study has multidimensional facetsvarious research areas of electronics
and communication engineering. The fractional omddculus has inherent advantages, therefore
by amalgamating the concept of fractional ordecwdak with the signal processing transforms,
many great future developments could come up tlaldviead to many suitable applications in
various fields. We believe that the researchersh Im@w and old cannot remain within the
boundaries of the integral order calculus and thatexhibiting only one degree of freedom for
applications. So the need arises for the viablehemaatical tool that will accomplish future
endeavors of engineering developments and thdtahgonal order calculus is the future for the
signal processing society. Thus, an era has conthatpopens up the horizon of generalizing
various science and engineering problems to geéeretsults and opening a new paradigm of
FRACTIONAL ORDER SGNAL PROCESIING and the era oFRACTIONAL ORDER CALCULUS is the

calculus oR1%* CENTURY.
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INTRODUCTION

CHAPTER

Science is a way of thinking much more than itl®dy of knowledge. Science may set limits to

knowledge, but should not set limits to imagination

— Anonymous.

1.1 (GENERAL

ILTERING IS THE MOST USEFUL FORM OF SIGNAL PROCES$8E operation
Fincorporated in all applications, to remove theyfrencies in certain parts and to improve
the magnitude, phase, or group delay in some qihexs) of the spectrum of a signal. The
operation of filtering can be classified into madhfferent ways in the present scenario. There
exists no hierarchical classification as such &ssify filters. Its classification can be visuatize

pictorially as in Figure-1.1.

The demand of today’s digital world is based agitdl filtering schemes as compared to
its analog counterpart. Due to increasing speeds leost and decreased size of the
microelectronic digital components, digital filleg prevails over analog filtering. Digital
filtering is the process of spectrum shaping usliggtal hardware as the basic building block.
Thus the aim of digital filtering is the same asgh of continuous filtering, but the physical
realization is different. Linear digital filter they is based on the well-known linear difference
equations with constant coefficients, as againstlitear differential equations used for linear
continuous filter theor{45]. Real-time digital filters exhibit several advagga over continuous
filters. A greater degree of accuracy is attainedits realization. No special components are
needed to realize filters with time—varying coa#its. Aggregates of digital filters are



Chapter—1 Introduction

economic in the very low frequency band (0.01 tdZz) where the size of analog components

becomes appreciable.

The choice of filters for general applications wessed on three broad criteria that is,
filters should: (a) provide as little distortion pgssible to the signal; (b) be as flat as possible
the pass—band, and; (c) exhibit attenuation cheriatits of better than —90 dB (~3%10n
absolute terms) in the stopband. Other desirakdeackeristics include short filter length, short
frequency transition beyond the cutoff point, andsgbly the ability to manipulate the
attenuation in the stopband. These conditions elieugd to be consistent with a wide range of

general applications where one can make no assumspbout the end use of the filtdB5]

The conditions (a) to (c) as stated in the previparagraph are usually satisfied by linear
phase filters. This class of filters is most easiBsigned using finite impulse response (FIR)
techniques with appropriate windowing, known as wiedow technique. However, the main
advantages are that FIR filters are always stabte they are least susceptible to round—off
arithmetic errors as can occur in some shorterrsaal filter types. More importantly, phase
linearity is guaranteed in FIR filters, thereby @wog signal distortion.

AnalogDiscrete-Time or Digital

Time—Invariant or Time—Variant

Filter

Linear or Nonlinear

[IR or FIR

Figure—1.1: Suggested Classification of Filter.
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1.2 HISTORICAL DEVELOPMENTS OF FRACTIONAL FOURIER TRANSFORM

In mathematics and in signal processing, the teransform’ or more specifically, thgignal

transformis a mathematical transform with many applicationsciences and engineering. It is a
tool that transforms a mathematical function ofeimto a new function whose argument is
frequency with units of cycles/s (hertz) or radigoes second. The signal transforms play key
role in signal processing. It is used in all pr@teg stages, from signal representation to signal
restoration and data recovery, to signal encodimg storage and transmission, to feature

extraction and decision—making.

Since its inception in the signal processing regimthe very beginning of 1920-1940s,
the integral transforms, specifically, convolutiand Fourier and Laplace integral transforms,

have been used in the engineering discipline.

Generally, signal transformations are mapping gnai space; they define how one
signal is converted into another. For continuogsais, the signal transforms are mathematically

modeled as integral transforms,

q(€) = [ p(x) K(x,§) dx (1.1)

wherep(x) andq(¢) are input and output signals of the transformhiirtrespective coordinates
(x) and(¢) and the functiorK(x, ¢) specifies the particular transform; it is callbé transform
kernel In the signal processing jargon, transforms asme@ated with signal processing systems

and the transform kernel is called the syspenmt spread functiorf103]

Different transforms were reported based on varidefinitions of kernel functions.
Each transform has its own set of properties aedetbre is suited to a particular category of
signal only. Examples include Fourier transformplaae transformz—transform, and so on.
The other direction of development is to find neansforms that have some special capabilities
to meet new requirements for current and futurdiegmons. It is often found that some of the
transforms, when applied to solve complex probleheye their inherent shortcomings in

dealing with certain types of signals.
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For example, the Fourier transform often fails toyde meaningful information for
time—varying signals which contain frequency conga that change with time. Time-varying
(or non—stationary) signals have been extensivedyluo describe many natural phenomena. It is
easily understood that Fourier—related transfornessewnot capable of dealing with non—
stationary signals because the kernel functionsaidave any facility to describe the changes of
frequencies in timg58]

A number of time—frequency transforms are reporbeghalyze and/or synthesize various
signals in both time and frequency domains simelbaisly. According to the ways of
accommodating the nature of varying frequency, sbme-frequency transforms can be loosely
classified into the window—based category. Typieaamples are the short—time Fourier
transform and a few of the modified Wigner disttibos, such as the pseudo Wigner
distribution and smoothed Wigner distribution. Altlgh the window functions are used under
different assumptions and for different purposégsé functions all have the shortcoming of
undesirable effects on the useful signal componantthe time—frequency distribution. The
resolution in time and/or frequency is often redubecause the window unavoidably suppresses
a part of the information in the signal. Based lb@ tincertainty principle, it seems difficult to

solve the problem associated with the window—baisee-frequency transfornpl52]

In the other category, the time—frequency transfolmve their kernel functions that
inherently describe the time—varying nature of slgmal. One example is the fractional Fourier
transform whose kernel function has a variabl® rotate the time—frequency distribution in the
time—frequency plane. The idea of fractional powefshe Fourier operator appears in the
mathematical literature as early as 1929. Withragsd progress in the research community, it
finds its place in quantum mechani& 154} optics, and signal processif@5]. A lot of
research work started in the early Nineties wheadIto many scientific publications and patent
[48, 56] and is heading with a very rapid pace. It is tonoded that not only the Fourier
transform is fractionalized, but the term fractiooa fractal finds its place in almost every

research areas of optics, signal processing, naalemalysis, calculus, geometry, and so on.

Thus, for the signal transform to be completelyirdsd, it has to satisfy some basic

properties including linearity, scaling, translatiomodulation, conjugation, differentiation,
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integration, multiplication with time, division kdyme, similarity, uncertainty principle, etg5].

All the properties have been well-established endlassic works of literature.

The need arises for the differentiation propertyfraictional order in the fractional
Fourier transform framework. So, one gets the Haity of two varying parameters: fractional
derivative order parameter for the fractional order differentiation and thadtional Fourier
transform parametep for the FrFT, that will lead to many interestirgsults in the significant

applications of signal and image processing.

1.3 HISTORICAL DEVELOPMENTS OF FRACTIONAL ORDER CALCULUS

The fractional order calculus (FOC) is a naturdakesgion of the traditional Newtonian calculus.
Most of the mathematicians and researchers of FEQ&rd September 30th, 1695 as its birthday.
The intuitive idea of FOC is as old as integer—oi@#culus, as mentioned in a letter written by
Leibniz to L'Hdpital. Leibniz, when asked about wlifan were1/2 in d"y/dx™, said: “It will
lead to a paradox”. But he added propheticallyoffrthis apparent paradox, one day useful

consequences will be drawnf27]

In the last decades, it became an area of intessarch and development. It started from
some speculations of G. W. Leibniz (1695, 1697) andtuler (1730), and it has developed
progressively up to now. Various mathematicians raseéarchers who have contributed a lot for
the development of the FOC concept in science agtheering arenas includes, P. S. Laplace
(1812), S. F. Lacroix (1819), J. B. J. Fourier @B82N. H. Abel (1823-1826), J. Liouville
(1832-1873), B. Riemann (1847), H. Holmgren (18@&®5+), A. K. Grunwald (1867-1872), A.
V. Letnikov (1868-1872), H. Laurent (1884), P. Aek¥assov (1888), A. Krug (1890), J.
Hadamard (1892), O. Heaviside (1892-1912), S. PRineh(1902), G. H. Hardy and J. E.
Littlewood (1917-1928), H. Weyl (1917), P. Lvy (12 A. Marchaud (1927), H.T. Davis
(1924-1936), E. L. Post (1930), A. Zygmund (193%5)9E. R. Love (1938-1996), A. Erdelyi
(1939-1965), H. Kober (1940), D. V. Widder (194),Riesz (1949), W. Feller (1957)110]

The standard mathematical models of integer—ordevatives do not adequately define

the real life physical processes which are nonfimeaature. So the fractional order calculus has
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been used to model many physical and engineeringepses that are best described by the
fractional order differential equations. Many fiactl order derivative definitions exist to define

the FOC concept and each has their advantages iaadvdntages. In recent years, many
applications of FOC played a pivotal role in vasgoiields such as economics, chemistry to
fractional filters and fractals.

In the engineering discipline, most of the reseanagrk of fractional order differ—
integrals is dedicated in the modeling of the i@l order control systems, fractional Brownian
motion and fractional order circuits and systemsryMess research have come up in the signal
and image processing domains. So, an attentioraits ip the signal and image processing
applications utilizing the fractional order calcsiiconcept.

1.4 FRACTIONAL ORDER DIGITAL DIFFERENTIATOR

The development of FOC for modeling physical systdras been widely considered in last
decades. It has found use in the studies of viasteity and damping, diffusion and wave
propagation to many other application areas in reggging including electrical networks,

electromagnetic field and transmission line theomcrowave engineering, as a mathematical

tool in control theory, signal processing, modelamgl identification and chaos and fractals.

Fractional systems or non—integer order systemsearonsidered as a generalization of
integer order systems that rely on the mathematazd! of fractional order calculus. FOC is a
generalization of differentiation and integratiom mon—integer order fundamental operator

«D¢", wherea andt are the limits of operation and € R [89]. There exist many equivalent
definitions that are most frequently used for tlemeyal fractional differ—integral. Namely, the
Riemann-Liouville (RL) definition, Weyl definitionRiesz definition, Marchaud—Hadamard
definition, Grinwald-Letnikov (GL) definition, th€aputo definition, which will be dealt later
in the chapters.

The concept of fractional order differentiation antegration could be explained in a
lucid language as follows: Since everyone is vamifiar with the elementary calculus that was

studied in the school days. To say, for instarfafiinctionf (x) = x2 , then if we integrate it to
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first order, then the result would bef(x) dx = (1/3)x3 + C; and integrating the same
function to the second order yield§[ f(x) dx} dx = (1/12) x* + C; x + C, whereC; and(,

2
are arbitrary constants of integration. Similalfy,f(x) = 2x, and% f(x) = 2. However, if

one asks to integrate the functiftx) to its half—order, or to find its half—order deative, then

how could we define these operations?

Based on this very simple principle of fractionadler differentiation and integration, the
conversation between Leibniz and L’'Hoépital gavethbio what is known as ‘Fractional Order
Calculus’.

Based on the concept of fractional order differian, the fractional order differentiator
could be designed for suitable signal and imageqssing applications. The fractional order
differentiator is concerned with estimating thectranal order derivatives of a signal or an
unknown signal from its noisy observed data. Id§irusage in fractional order control systems,
signal processing, chaos and fractals, electriedhorks, electromagnetic field theory. In signal
processing, the fractional order differentiatorvya® to be an important mathematical tool that
can give more peculiar characteristics as comparcedhe integer order differentiator.
Furthermore, if the fractional order differentiaisrdesigned to work in the fractional Fourier
transform domain, then more suitable applicatiomdd be established in the world of sciences

and engineering.
1.5 ORGANIZATION OF THESIS

This thesis is organized into seven chapters. Tlapter wise flow is summarized below:

Chapter 2: Literature Survey

This chapter presents an in—depth literature surfeeythe research work. It presents the
preliminaries of digital differentiator, fractionadrder calculus and the fractional Fourier
transform. It also contains the explanation of masi mathematical functions required in the

proposed work.
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Chapter 3: Integer—Order Digital Differentiator (IO DD) in FrFT Domain (FrFTD)

Following the conclusions drawn in Chapter 2, tlesign of integer—order digital differentiator
in the fractional Fourier transform domain is pre@d. A brief review of its configurations and
classifications is also mentioned followed by tbenparative analysis between the finite impulse
response and the infinite impulse response diditedrentiator configurations. The main focus is
made in the finite impulse response digital differ@or, which is classified into two namely;
integer—order digital differentiator and the fraci@l—order digital differentiator. Also, various
design methods for the design of the finite impulsgponse digital differentiator are briefly
explained with their advantages and limitationse Window based design method is chosen for
its designing with the reason mentioned thereilipiced by the derivation of the closed—form
analytical expression of various window functionsd ashows its behavior in the fractional
Fourier transform domain. Lastly presented is th&aited mathematical analysis of designing

the differentiator in the fractional Fourier tramsh domain with the simulation results.

Chapter 4: Fractional-Order Digital Differentiator (FODD) in FrFT Domain (FrFTD)

In this chapter, the mathematical foundation of trectional order digital differentiator is
investigated that behaves in the FrFT domain. Tla¢hematical tool of the fractional order
calculus proves to be beneficial for this invediga The most popular and familiar definitions
of the fractional order differ-integrals are useat fderiving the closed—form analytical
expression of the fractional-order differentiatiom the FrFT domain, followed by the

uniqueness of the fractional—order differentiatotie FrFT domain.
Chapter 5: Filtering Application of FODD in FrFTD

This chapter focuses on the filtering applicatiénhe@ proposed fractional order differentiator in
the FrFT domain. The role of fractional order diffietiator as an optimal filter in the FrFT
domain is also explained. The design is proposedtife low—pass finite impulse response
fractional order differentiator in the FrFT domalmgsed on the definitions of the Riemann—

Liouville (RL) and Caputo based fractional orderidative definitions. Finally, the simulation
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results are presented for the proposed differemtidbllowed by the comparative analysis

between RL and Caputo based design.
Chapter 6: Edge Detection on Images

The application of the proposed differentiator nmage processing is discussed in this chapter.
The application of the edge detection on imagesvisstigated. First of all, basic edge detection
concept is explained followed by various edge d&trcoperators, including Roberts, Prewitt,
Sobel and second derivative Laplacian method. Hiiexe the analytical aspects concerning the
edge detection operation based on the fractiondrodifferentiation in the FrFT domain is
explained. Based on the Grunwald-Letnikov (GL) tiawal order derivative definition, a
fractional differential mask is used along with tis—dimensional fractional Fourier transform
definition to propose the edge detection in theTFd®emain. Finally, the performance of the
established edge detection operators and the prdpesge detection fractional order operator
are investigated in the FrFT domain. The perforregoarameters that are paid attention to are
peak signal to noise ratio and mean square ermbrtlagy are presented in tabular form for an
image of interest. The simulation results and thetféil discussion of the proposed edge

detection operation also add up to the completidhis chapter.
Chapter 7: Conclusions and Future Scope of Work

Finally, the conclusion of the study along with tlwture scope of the work is presented and

discussed in this chapter.
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CHAPTER

LITERATURE SURVEY

A researcher cannot perform significant researcthat first understanding the literature in the
field.

— Boote and Beile, 2005.

A THOROUGH, SOPHISTICATED LITERATURE REVIEW is thedndation and
inspiration for substantial and useful researcmdtiating a literature review is a
means of demonstrating an author's knowledge aboparticular field of study, including

vocabulary, theories, key variables and phenonmamdjts methods and history.

2.1 PRELIMINARIES OF DIGITAL DIFFERENTIATOR (DD)

Differentiators or differentiating filters are useéd many digital systems to find the time—
derivative of the incoming signal. They are usedaimost all applications of sciences and
engineering. For instance, it is used in commuiwoatcontrol and radar systems, biomedical
applications and audio and video processing apgpits, and other fields of engineering. The
advantages of digital filters are based on the tzat the performance of the applied algorithms
is always predictable. There is no dependence etiallerances and adjustment of the electrical
components as in analog counterpart which allowstle interference—proof and long—term

stable system implementation.

For the past decades, several techniques have pegyosed to design digital
differentiators. The design methods for designittgger—order digital differentiator (IODD) and

fractional—order digital differentiator (FODD) am@entioned in the next section.
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2.1.1 Design Methods of DD

There exists several design techniques for design®DD and FODD for widespread
applications. The design methods of DD are survégedoth IODD and FODD.

2.1.1.1 Integer—order DD (IODD)

A DD or IODD forms an integral part of many praelisignal processing systems because the
time derivative of signals is sometimes requiredffother use or analysis. A DD, which can be
used to simulate the behavior of an analog diffemésr, is a processor whose output pulse
sequence is obtained by approximating the derigatif’ a continuous—time signal from the
samples of that signal. First— and second—-derigalNDs have been used in the design of
compensators for control systems, for monitoriregebcardiograph (ECG) signals, in the study
of velocity and acceleration in human locomotid®0] and for the calculation of geometric

moments in optical systeni9].

Rabiner and Steiglitfl00] have presented the design of recursive and norsigelDD.
For the design of nonrecursive DD, the frequeneyming technique was used. The coefficients
for the recursive DD were optimally chosen to miiziena square—error criterion based on the
magnitude of the frequency response. It has beemdfothat the frequency response
characteristics of the recursive DD had small magiei errors but significant phase errors as
compared to the nonrecursive DD, which exhibits pi@ase errors. Also, the delay of the

recursive DDs was small compared to the delay®htimrecursive DD.

DD can be designed using two approaches, nameadtitte—domain approach and the
frequency—domain approach. In the time—domain amprofirst—derivative FIR DD can be
designed using classical numerical differentiatalgorithms such as the Newton, Bessel,
Everett, Stirling, and Lagrange formuld®7]. The underlying principle of these algorithmsas t
fit a continuous—time interpolation polynomial togaven input pulse sequence. Sampling the
continuous—time polynomial by a DD at the discretee yields the output pulse sequence,
which effectively approximates the true derivatofea continuous—time signal. The magnitude

responses of DD generally approximate the idealnibagde response reasonably well over the

12
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lower frequency band (i.eQ < wT/(2m) < 1/4, whereT is the sampling period and the

angular frequency). These differentiators are ndymeferred to as narrow—band DDs.

In the frequency—domain approach, first— and higtherivative FIR DD satisfying
prescribed specifications of the ideal frequencgpomse can be designed using the minimax
method[101], the Fourier series method in conjunction with Kaeser window functiorfl, 3],
the Fourier series method in conjunction with aacyrconstraints, the eigenfilter methd&4],
guadratic programming methdd56], the least—squares methddsl8], Taylor series method
[75] and genetic algorithfi49].

Because of the constraints imposed on the frequeasgonses, they are normally
referred to as frequency-selective differentiafittgrs which, in addition to performing signal
differentiation, can pass and reject certain fregyecomponents of the signal. That is, they can
be designed to have a narrow—band, mid-H4aad23] or wide—band99] magnitude response

depending on the applicati¢hl9].

2.1.1.2 Fractional-order DD (FODD)

The design methods of FODD are divided into twes®#s: continuous—time (CT) model and
discrete—time (DT) mode[74]

For the continuous—time model, Podlubetyal. [74] presented an approach to design
fractional order systems and fractional-order aileirs based on the concepts of continued—

fraction expansion (CFE) approach.
Other CT model methods include:

0] Carlson’s method59], where Carlson proposed an iterative approximatibthe n—th
root using a regular Newton process.

(i) Roy’'s method[130] for the realization of fractional circuits usingstdibuted circuit
model that composes passive elements such asresasid capacitors.

(i)  Charef's method8] to study the dynamic behavior of the fractal systar fractional

power pole. A method of singularity function is geated which consists of cascaded

13
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(v)
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branches of a number of pole—zero (negative reafy pr simple resistance—capacitance
(RC) section.

Matsuda’s metho{®4] based on the approximation of an irrational fumrctdy a rational
one, obtained via CFE and thereby fitting the odgifunction in a set of logarithmically
spaced points.

Oustaloup’s method13] where discretization is carried out in two steps,, first
frequency domain fitting in continuous time domais performed followed by

discretizing the fits—transfer function.

For the discrete—time model, the design method<2ddD include the following:

(i)
(ii)
(iii)
(iv)
(v)
(vi)
(vii)
(viii)

Fractional differencing formulgd.11].

Tustin method25].

Direct power series expansion (PSE) method of thiertoperatof77].

CFE method of the Tustin operaf@b].

Al-Alaoui operator, a new established mixed schefrteuler and Tustin operatoys04].
CFE of Al-Alaoui operatof25].

Numerical integration methdd7] and

Newton’s method18].

2.1.2 Applications of DD

Digital differentiator is an important component the engineering discipline including

communication, control engineering and biomedigagbliaations. This section deals with the

one—dimensional and the two—dimensional applicatmfrdigital differentiators.

2.1.2.1 One—dimensional (1D) applications

The 1D practical applications of DD as a signakpssing system is mentioned below:

14
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(a) QRS detection in ECG signal:

Electrocardiogram (ECG) represents electrical agtiof human heart. The main problem of
digitized signal is interference with other noisignals like power supply network, 50 Hz
frequency and breathing muscle artefacts. Thesgyr@ements have to be removed before the
signal is used for next data processing like hestg frequency detection. Digital filters and
signal processing should be designed very effedtiv@ext real-time applications in embedded

devices. Various algorithms have been developea [d<l1] for its processing.
(b) Power system measurement:

Parameter measurement is an important task inatliggwer metering and digital protection
relaying. Many of well-proven techniques have baesed for this purpose. One of shortcomings
of these techniques is that they need at leastam half cycle (50 ms) or more time for
frequency estimation and other parameter measuter¢rthe same time these techniques
always include much more computation for measurénpeocess. This shortcoming will

influence application of these techniques in reaet cases. Many algorithms have been
developed83] based on a numerical differentiation and digitlR Flter based algorithm for

parameter measurement of non—sinusoidal signgdeweér systems.
(c) Parameter estimation of fractional noise process:

Fractional noise process or fractionally differashd@aussian noise (fdGn) is a discrete time
equivalent of fractional Brownian noise. Filteregfsions of such processes are ideally suited for

modeling signals with different short—term and letggm correlation structure.

The fractional noise procesgn) can be modeled as the output of a fractional order
integrator with frequency responsé(jw)? driven by a white noisé(n) with zero mean and

varianceos,? [112]. So, the power spectral density of the fractiorgibe process(n) is given

2

ZZB. Thus the fractional order digital differentiatoan be used to estimate the

by: S, (w) =

15
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parametergd ando,? from the observation data whefn) passes through the ideal fractional
order digital differentiatof34].

(d) Estimation of the fractional order derivative of the contaminated signal:

Recently, Chemt al.[49] proposed a novel digital fractional order Savitz&play differentiator
(DFOSGD) to estimate the fractional order derivatof the noise—free and the noisy signal. It
uses the polynomial least—squares method and #gradRin—Liouville fractional order derivative
definition. So it gets the advantage of amalgangative fractional order calculus concept with
the Savitzky—Golay filter, to accurately and eas$fyimate the fractional order derivative of the

contaminated signal.

2.1.2.2 Two—dimensional (2D) applications
The 2D applications of DD are reviewed as below:
(a) Edge detection in images:

Edge detection consists of a set of mathematicahade which aim at identifying points in a
digital image at which the image brightness charsipesply or has discontinuities. The points at
which image brightness changes sharply are typgicatbanized into a set of curved line
segments termegddges Most of the existing analytic approaches to edggection are based on
the concept of differentiatiofi0]. The FIR edge detectoj44] are designed such that they have
the ability to differentiate the edges and to srhdbe noise in a noisy image simultaneously.

(b) Digital image sharpening:

Image sharpening refers to any enhancement teahigu highlights the edges and fine details
in an image or to enhance details that has beerediueither in error or as a natural effect of a
particular method of image acquisition. Its usageies and includes the applications like
electronic printing, medical imaging, industriakpection and autonomous target detection in

smart weapons for increasing the local contrastshiadpening the images.
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The sharpening is usually accomplished by spattat$ based on the derivative filters.
Differentiation can be expected to have the oppositect of averaging, which tends to blur
detail in an image, and thus sharpen an image anable to detect edges. The most common
method of differentiation in image processing aggiions is the gradient. The details can be
found in[34, 123]

2.2 RELIMINARIES OF FOC

The theory of fractional order calculus (FOC) hapide long and prominent history; in fact one
may trace it back to the very origins of classib&wtonian calculus itself. Interest in FOC
became evident almost as soon as the ideas ofcabsalculus were known. The systematic
studies of FOC were undertaken during the first bathe 19th century. Euler, Lagrange, and
Fourier mentioned the concept of derivatives ofiteaty order earlier in their studies without
contemplating any specific applicati¢®9]. Notable contributions have been made to both the
theory and applications of FOC during the 20th egntvhen some rather special, but natural,
properties of differintegrals (i.e., derivatives arbitrary order) were examined with respect to

arbitrary functions.

The term fractional order calculus is more than $6&rs old topic i.e., it is as old as the
integer one although up to recently its applicatiwas exclusively in mathematics. It is a
generalization of the ordinary differentiation antegration to non—integer (arbitrary) order. In a
letter to L'HoOpital in 1695, Leibniz raised the Kmoling question “Can the meaning of
derivatives with integer order be generalized tovd#ives with non—integer orders?” The story
goes that L’'Hopital was somewhat curious about gjugstion and replied by another question to
Leibniz, “What if the order will bel /2?” Leibniz replied in a letter dated September B895:

“It will lead to a paradox, from which one day usletonsequences will be drawn.” The question
raised by Leibniz for a fractional derivative was @going topic in the last 300 years. Several
mathematicians and researchers like Liouville, Riem and Weyl made major contributions to
the theory of fractional order calcul{®9, 91]. This contribution was continued from Fourier,

Abel, Leibniz, Grinwald and Letnikov.
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Many real systems are better described with FOG@ereimtial equations known as
fractional—order differential equations, as it i®lwsuited tool to analyze and characterize
problems with long—term ‘memory’ and chaotic beloavihus, it becomes a tool used in almost
every area of science and has been found to balusetarious unrelated fields including
diffusion theory, electrochemistry, rheolof§y7], theory of transmission lines, elasticj#}, the
theory of differential equationg’8], fluid mechanics and moments of probability disition
functions[89]. There are also associated logical and matherhatcacepts namely, alphabet
coding, Fourier transform, fractional Fourier trmmen and fractional order calculus for the
analysis of the deoxyribonucleic acid data of ddfeé chromosomed53.

Few years ago, the concept of FOC was unexplorednigineering, because of its
inherent complexity, the apparent self—sufficienéyhe classical integer order calculus, and the
fact that it does not have a fully acceptable geooa or physical interpretatior71].
Nevertheless, the application of FOC just emergetie last two decades, due to the progress in
the area of chaos and nonlinear dynamics. In #ié &if dynamical systems theory, some work is
carried out but the proposed models and algoritlames still in a preliminary stage of its
establishment. Its adoption in many scientific argarified that the fractional-order models
capture phenomena and properties that the classieger—order simply neglec{89]

The most popular and familiar definitions of thadtional differintegrals are Riemann—
Liouville, Grinwald-Letnikov and Caputo, which aaborated below and will be used for the

future course of the study.

2.2.1 Riemann-Liouville (RL) Definition

The concept of non—integer or fractional ordergnaéion can be traced back to the genesis of

the differential calculus itself. Fer> 0,

RLIkx(t) = %ﬂ) [t =" x(0) dr (2.2.1)

is called the Riemann—Liouville fractional integadlthe functionx(t) of orderu with Re(u) >
0.[73]
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The Riemann-Liouville differential operator of F@€orderyu is defined as:

1 amn ot x(T)
—— — [(————dr, n—1<pu<n € N,
RLDH x(t) = r(n-p) dt . 0 (t-)K+1 (2.2.2)
o x(t), u=n € N,

whereu > 0,t > 0.

2.2.2 Grunwald—-Letnikov (GL) Definition

It is one of the familiar definitions of the fraatial differintegrals, introduced by Anton Karl
Grunwald (1838-1920) from Prague, in 1867, and lek#ey Vasilievich Letnikov (1837-1888)
in Moscow in 1868. The Griinwald—Letnikgsth order fractional derivative of a functiort)
with respect ta is defined a$73]:

SLDH x(£) = limpo h™* BNo(=1)7 (#) x(t = jh) (2.2.3)

whereu > 0, D* denotes the fractional derivativé,= t/h, h is the step size, and

w\ _ #u=1)(p-2)-(u-k+1) _  T'(u+1)
(j) - k! T ok T(u-k+1)’ (2.2.4)
. _ ; r(u+1) .
SLD# x(£) = limp h™* T/ (—1)) (#jkﬂ)) x(t — jh) (2.2.5)

whererl is the gamma function defined by the Euler linxipeession

niné

F(E) = llmn_,oom (226)

whereé > 0, or the so—called Euler integral definition:

I = [t texp(—t) dt (£ > 0), (2.2.7)
SLDK x(£) = limy_o h™* T%(=1)7 by x(t — jh) (2.2.8)

where the weighing coefficients can be calculated recursively by the followingiatae:
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bo=1,b = (1 —lj—“) by, j=1 (2.2.9)
Itimplies, b, = (=) by = —, b, = =8 by = S0 . (2.2.10)
In generalp,, = % CA-wR-w-((r-1)-p),n=0,1,2,-- (2.2.11)

2.2.3 Caputo Definition

There is another option for computing fractionatiigives; the Caputo fractional derivative. It
was introduced by M. Caputo in his 1967 pdpé®] and is defined as:

1 t xM(r)
f — d, n—1<u<ne€N,
DHx(t) =" 0 (t-mkri= (2.2.12)
w x(t), u=n € N,

is called the Caputo fractional derivative or Capdifferential operator of fractional calculus of

orderpu.

It is to be noted that the RL derivatives haveaiartlisadvantages when trying to model

the real-world phenomena with fractional differah&quations[90]

2.3 $ECIAL MATHEMATICAL FUNCTIONS

Many mathematical functions have been emergedrotie field of engineering mathematics
and mathematical physics that deserves attentiofinfting the best solution to a given problem.
In fact, there is no real definition of which fuitcts are to be regarded as “special functions”
[14]. Yet there are wide range of books and courseshem which heavily use them in

engineering mathematics, analytical number thendyia mathematical physics.

During the course of this study, we came acroseesof the special mathematical

functions that find wide applicability in the studyhese are discussed below.
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2.3.1 Hermite Function

Hermite function and indeed Hermite polynomials ao¢ new. In mathematics, the Hermite
polynomials H,(t) are a classical orthogonal polynomial sequence dhiae in probability,
combinatorics and in physics. It has been usedrinmaber of important applications, including
those for multiscale analysis and communicatioriesys and signal processifi7, 97] It has
many interesting properties, including their raatito Gaussian and their property of being
eigenfunctions of the Fourier transform. In sigpedcessing, the Hermite function plays a vital
role as the eigenfunctions of Fourier transform &madtional Fourier transfornil54]. The
Hermite functions with scaling operation and chinpltiplication can also be the eigenfunctions

of the linear canonical transforfd37]. The Hermite functionH, (t) is a set of orthogonal

polynomial over the domaif—oo, c0) with weighting functione=t*, as illustrated in Figure-2.1
forn =1,2,3 and4.

H,(t)

— Hi(H)=2¢

~  — H(t)=-2+47

2 — Hi()=-12¢+8F

z '_._.Xr: —_.'-_'"f'._. /

10k — Hy(f)=12-48¢ +16¢°

Figure—2.1: Plot of Hermite function for various vdues ofn = 1,2, 3, 4.

The Hermite polynomial#l,,(z) can be defined by the contour integral:

H,(z) = 2"7] e~ti+2tzp-n-1gy (2.3.1)
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where the contour encloses the origin and is tesatem a counterclockwise directigh57]

The Hermite polynomials are defined either by:
H,(t) = (—1)"et2/2%e‘t2/2, n=0,1,2,--and—o < t < © (2.3.2)
known agprobabilists’ Hermite polynomiajor by:
H,(t) = (=Dnet” %e‘tz, n=0,1,2,--and—o < t < © (2.3.3)

known asphysicists’ Hermite polynomials

These polynomials form a set of orthogonal polyradson the real lin® with respect
to the Gaussian weighting functift07] m(t) = e~"as:
JZ H(®) Hp(®) e~ dt = 2L '\ 8,pp (2.3.4)

From these polynomials, one can construct the Herorthonormal function,, (t), which are
related to the Hermite polynomiaig, (t) by:

Hy (£) e=t2/2

P (6) = N (2.3.5)

whose graphical plot is shown in Figure-2.2.

Y (£)

(a)
Figure—2.2: First four Hermite functions. (a) p,(t), (b) ¥, (t), (c) P, (1), (d) P5(t).
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Y (1)

(b)

Yn(t)

()

Figure—2.2(Continued
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Figure—2.2(Continued

The first few Hermite polynomials are given as:

Ho(t) = 1 (2.3.6a)
H (t) =2t (2.3.6b)
Hy(t) = 4t? -2 (2.3.6¢)
Hy(t) = 8t3 — 12t (2.3.6d)
H,(t) = 16t* — 48t + 12 (2.3.6e)
Hg(t) = 32t> — 160t3 + 120t (2.3.6f)
(2.3.69)

H,, ,(t) =2tH,(t)—2nH,_,(t) n=>1
The Hermite polynomial#l,,(t) can be recursively obtained by the formula giver23.69).

2.3.2 Error Function

In the field of mathematics, the error functionsaaknown as the Gauss error function is a
special function of sigmoid shape which occurs liabability, statistics and partial differential
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equations. The error function and the complementrgr function are important special
functions which appear in the solutions of diffusiproblems in heat, mass and momentum

transfer and in digital communication and signalgesssing areas. It is defined[467]:
erf (x) = % fOx exp(—t2) dt (2.3.7)

A series approximation for small valuexodf this function is given by:

erf (x) = (x — —+ X X + - ) (2.3.8)

3-1! 5-2! 7-3!

while an approximate expression for large values cdn be obtained from:

erf () =1- 22T (1 Ly A8 A35 ) (2.3.9)

VI x 2x2  (2x2)2 (2x2)3
Some properties related ¢of function are:
i)  erf(-o)=-
(i) erf (+00) =1,
(i)  erf (0) =0,
(iv) erf (—x) = —erf (x),
(v) erf (x*) = [erf (x)]*

(v) o (erf (0) = 2222

(vii)  [erf (x) dx = xerf (x) + # + constant
(vii)  limy_,_g erf (x) = —1
(ix)  lim,_ erf (x) =1

(xX) In general ~erf x)=(— 1)” —= Hy (x) exp(— —-x*)(n=0,1,2,---)

axn+1
whereH,, (x) are the Hermite polynomials.

In addition to the error function, two other fumets related to it are also in use by the

research community. They are:

0] the complementary error functiogyfc is defined as:
erfc (x) =1 —erf (x)
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or, erfc (x) = % fxoo exp(—t?) (2.3.10)

which combined with the series expansion of theoreffunction, erf (x), provides the

approximate expressions for small and large vabtfiesas:

erfc(x)zl—%(x—%+;_—;—7x_—;+---) (2.3.11)
erfe (v) = 2N (1 Ly T8 195 ) (2.3.12)
(i) The imaginary error functiorerfi defined as:

erfi (z) = —jerf (jz) (2.3.13)
forj =+/—1

Some properties related ¢efc function are:

() erfc (—x) = 2 — erfc (x)
(i) erfc (—o0) = 2

(i)  erfc(0) =0

(iv) erfc(0)=1

(v) ;—x erfc (x) = —Ze%s;xz)

(vi)  [erfc(x) dx = x erfc (x) — # + constant

(vii)  lim,_,_q erfc (x) = 2
(vii) lim,_erfc(x) =0

(ix) fooo erfc (x) dx = 1/Vr
(X) fooo erfc? (x) dx = (2 —V2)/Vm

2.3.3 Kummer Confluent Hypergeometric Function

The Kummer confluent hypergeometric function (CHE)ongs to an important class of special
functions of mathematical physics with a large nembf applications in different branches of
guantum mechanics, atomic physics, acoustics, lectromagnetic theory, and in microwave
engineering. It also finds wide applicability ingdal communication and signal processing

fields [152]. For example, CHF can be used to obtain a staistdescription of the signal
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parameter estimator. It also helps in the deteatfam binary phase—-modulated carrier which has
been transmitted along with noise and demodulatedrbss correlation and sampling at the
receiver. In principle, the CHF function may be quted as a power series, an integral of a

function, or a solution to a differential equation.

The confluent hypergeometric function of the fkstd [107] is defined by the absolutely

convergent infinite power series:

n!

1Fi(a; b;z) = E?:og—: Z (2.3.14)

where{a, b} are parameters afd,, b,,} are rising factorials. It is analytic, regularzatro entire
single-valued transcendental function of ali,b,z (real and complex) except
b=0,-1,-2,-3,-, for which it has simple poles Far,b > 0, it is represented by the
following integral:

r(b)

1F1(a; b; Z) = m

[ p*t (1= p)P=* " exp(zv) dv (2.3.15)

wherer'(-) is the gamma function. The CHF,F;(a; b; z) can be obtained as the result of a
limit process applied to the hypergeometric funttio,F;(a, b;c;z). The hypergeometric

function ,F, is defined if107] as follows fora,, --- a,, by, by, z € C:

o @),

oFy (a1,"‘ap; by, bg; z) = Ej:om - (2.3.16)
where for some parametey the Pochhammer symb@t); is defined as:
(0)o=1,(0)j=0(0+1)(c+j—1),j=1,2,- (2.3.17)
The CHF is related to various elementary and sp&aiations as follows:

1Fi(a; a; z) = exp(2) (2.3.18)

(353 -27) = Eerf(2) (2.3.19)

The CHF function also contains other functions@ecsl cases, including many that are widely

used in mathematical physics. Special cases inchel®essel functions, the incomplete gamma

27



Chapter—2 Literature Survey

(and hence further special cases including erroctians and Fresnel integrals), Laguerre

polynomials, Hermite polynomials, Coulomb wave fiioas, and parabolic cylinder functions.

2.3.4 Gamma Function and Related Function

A transcendental function — the Gamma functiongeds the values of the factoridl to any
complex numbee. It was introduced in 1729 by L. Euler in a letterCh. Goldbach, using the
infinite product[107]:

. n!n? T n?
F(Z) = llnln_>oo m = llnln_,oo 2(142/2)(1+z/n)’ (2320)

which was used by L. Euler to obtain the integedresentation (Euler integral of the second
kind):

I'(z) = [, exp(—t) t71 dt (2.3.21)
which converges in the right half of the complean@#Re(z) > 0. Indeed, we have

r'(x+jy) = fooo exp(—t) t*" 1Y dt = fooo exp(—t) t* Lexp(jylog(t)) dt (2.3.22)
= fooo exp(—t) t*1 [cos(ylog(t)) + j sin(ylog(t))] dt (2.3.23)

The expression in the square brackets in (2.328punded for alt; convergence at

infinity is provided byexp(—t), and for the convergencetat 0 we must have = Re(z) > 1.

2.3.4.1 Fundamental relations and properties of Gama function

(1) Euler’s functional equation:

zIlN(z)=T(z+1),

1
z--(z+n)

orl'(z) = rz+n+1);

r1)=1,r(n+ 1) =n!if nis an integer; it is assumed titat= (1) = 1.
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(2) Euler's completion formula:

T

rz)yrl—z =

sin(mz)

In particular,l'(1/2) = /m;
1\ _ 13-(2n-1)
r (n + 5) - 2n v

If n > 0is an integer;

|F G +jy)|2 = COS:(W), wherey is real.

(3) Gauss’ multiplication formula:
M T (z + ) = @m)=0/2 mO/2=m7 [ (mz), m = 2,3, -~

If m = 2, this is the Legendre duplication formula.

2.4 PRELIMINARIES OF FRACTIONAL FOURIER TRANSFORM (FrFT)

The Fourier transform (FT) is one of the most wydehd frequently used signal processing tool
for signal analysis. The generalization of the silzed Fourier transform—the fractional Fourier
transform (FrFT)—has a long history dating backh® 1930465]. For the first time, Namias in

1980s employed it to solve differential and partidgferential equations in quantum mechanics
from classical quadratic Hamiltoniaj$54]. Later, McBride and Kerr improved the former

results[6] to develop operational calculus to define the FrFT

The continuous fractional Fourier transform (Frig€yforms the spectrum rotation of the
signal in the entire time—frequency plane, andeasdming an important signal processing tool

for time—varying signal analysis.

In recent years, the FrFT has attracted a condifemmount of attention, resulting in
main applications in the areas of optics and sigmatessing. The FrFT has proved to be a
suitable potential candidate in the signal processtommunity, with diverse applications
ranging from optical signal processing, time—varigtering and multiplexind65, 124}, swept—

frequency filters[95], radar and sonar signal processiig@6, 128] communication[114],
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correlation[11, 121, 127] pattern recognition, time—frequency signal preces multiplexing
[64, 93, 98, 162]digital watermarking61, 116, 143]and image encryptioj65], beamforming
for the mobile antenng420] and also in video encryption algoriti{d7] and to name a few. In
addition, [147] proposed an uncertainty relation on the produdhefsignal representations in

the two FrFT domains for the real signals.

2.4.1 Mathematical Properties of FrFT

The FrFT is the generalized formula for the Founiansform that transforms a function into an
intermediate domain between time and frequencgaiit also be interpreted as a rotation of the
time—frequency plane. The fractional Fourier transf is also calledrotational Fourier
transformor angular Fourier transformn some of the rich literature.

The traditional Fourier transform decomposes aadigno sinusoids, whereas the FrFT
expresses the signal in terms of the orthonormsistfanctions formed by chirps that is, to say
the FrFT is a time—frequency transform, which useshirp as a basis functidf5]. It is also
suitable for the analysis of linear chirp signéilscan perform pulse compression, similar to the

matched filter, when the transform order is matcdtetthe chirp rate of the signal.

The FrFT can be understood as a Fourier transfortie ath power wherega is not
required to be an integer. The signals with sigaift overlap in both the time and frequency

domain may have a little or no overlap in the fi@wal Fourier transform domain (FrFTO®5]

The FrFT of ordem of an arbitrary functionx(t) and its inverse with an angie are
defined ag495]:

X?(u,) = T2 [x(®©] = 7 Ka(ugp, t) x(¢) dt (2.4.1)
x(t) = ffooo K_o(up t)X?(uy) du, (2.4.2)

where a is the fractional Fourier transformation order responding to the rotation angle

@ = an/2 with a € R and¥?(-) denotes the FrFT operator. Thg axis is regarded as the
fractional Fourier domain, and the variahlg is the fractional Fourier frequency aﬁg(u(p, t)

is the FrFT kernel. The kernel of the FrFT is defirby the following equation:
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K, (u(p, t) =
,1—' t . (24 uy,? . if @ is not a multiple of 7,
( %exp[z ( 2"’)cot<p— Lu(ptcscq)] ¢ p
6(1: - u(p) if ¢ is a multiple of 2, (2.4.3)
S(t+uy) if ¢ + m is a multiple of 2.

and the FrFT is defined by means of the transfaonaernel:

Fe?lx(®)] = X% (u,) = [ x@®) K, (u,, t)dt (2.4.4)
/1—icot r t? + uy,? if @ i '
% Jx(t) exp [i ( ® >c0t<p— iyt csco if ¢ is not a multiple of r,
21 2
B 6(t) if ¢ is a multiple of 27,
\ 6(—1t) if ¢ is a multiple of 27,

Thus, the FrFT reduces to the conventional FT¢or /2. Hence, if we substitute

¢ = /2 in the properties of the FrFT, we obtain the prtps of the conventional FT.

2.4.1.1 Properties satisfied by the kernel of thierFT

The transformation kernel (2.4.3) can be thouglaé sequence of following operations:

(i) Multiplication by a chirp in the reference doma
(ii) A conventional Fourier transform;
(iif) Frequency scaling by a factosc ¢;

(iv) Multiplication by a chirp in the transformeauhain followed by an amplitude scaling.

The conventional Fourier transform is a decompasitof the signal into harmonics

(sinusoids). The FrFT is a decomposition of thealgnto linear chirps having fixed sweep rate

%cot @, distinguished by a time shift and phase factehdhat,

U2
Ka(upt) = e_j%tan‘pl(a(t —uy, csc,0) (2.4.5)

Here,K,(u,, t) is the FrFT kernel which holds the following projes:
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Orthogonal:

J2 Ka(ug ) Ka" (v, t)dt = 8(ug = v,) (2.4.6)
Additive:

J2 Ko(ug,t) Kp(m,ug)du, =Kqip(m,t) (2.4.7)
Unitary:

K_g(up t) = Kg"(ugp, t) (2.4.8)

where the asteriskrepresents the complex conjugate.

2.4.1.2 FrFT as atool in time—frequency plane

Time and frequency represent the two fundamentgsipll variables for signal analysis and
processing. The most widely and extensively usedatri€otransform (FT) provides a mapping
between the time domain and the frequency doitin The classical continuous—time Fourier

transformX (w) of a time domain signal(t) is defined as:
Sx) () = X(w) = % [Z x(®) eI@t dt (2.4.9)

where3J denotes the FT operator.

The inverse Fourier transform (IFT) is defined as:
x(©) = = [ e/ X(w) dw (2.4.10)

It is very well-known that the signal can be transfed from the time domain to the
frequency domain by performing the FT. To perfolme T two times cannot transform the
signal back to the time domain and it will beconteree reverse operation. Also the operation of
performing the FT four times is the same as thatitleoperation, and one can get back the

signal from the frequency domain to the time donigimperforming the FT three times.

Thus, performing the Fourier transformation camgfarm the signal to the frequency

domain. We obtain the fractional Fourier transfdiyndoing the FTp times, wherep is not an
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integer number as is shown in Figure-2.3. This aijp@n is defined as th&actional Fourier
transform(FrFT). Thus, the FrFT can be viewed as the gdimatn of FT. So many properties

associated with the FT can be generalized by ubiedrFT.

Uy

Fractional Fourier domain

\ ®

Figure—2.3: Fractional Fourier domain u,, of the time—frequency plane associated with

the transform angle ¢.

Thus, FrFT is viewed as a very powerful tool fogrsl processing, and it exhibits

potential signal processing and image processipicapions in the research community.

2.4.1.3 Properties of FrFT

Some of the essential properties of FrFT are libttdw[65]:

()  The fractional Fourier transform operator isear.
(i)  The fractional Fourier transform operator satisfia®rse property(F¥)"1 = T ~%.

(i) The first—order transforrfz' corresponds to the classical Fourier transf@mand the
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zeroth—order transforfz° means doing no transform.

(iv) The fractional Fourier transform operator satisfigariodicity property,Tz?(x(t)) =
T£?*2N"(x(t)), whereN is an integer.
y+6

(V) The fractional operator is additivez" Tz® = T

Table 2.1 presents some important and useful ptiepeof the FrFT, which are the
extensions of the corresponding properties of theThe property 10 shows the parity property:
If x(t) is even, the&? (u,,) is even; if x(t) is odd, therk? (u,,) is odd.[65]

TABLE 2.1

PROPERTIES OF FrFT

Property Signal @th order FrFT
Description
1. | Linearity ax(t) + by(t) aX‘p(u(p) + bY? (uq,)
T2 . .
_ Jj=-Sin @ cos ¢—ju,Tsin@
2. | Time shift x(t = 1) X¢(up — Tcos p)e’ g

. ; 2
3. | Modulation x(t)elat sin @ cos @+juyqcos @

X‘p(u(p — g sin (p)e_qu

4. | Time scalin x(ct : 2 2 :
g (ct) 1—jcote eju%coup(l—‘ézzz‘)’/’)xy (u siny )
c2 —jcotg ?csing

fory = arctan(c? tan @)

5. . —jmrt? - . .
Chirp x(D)e 1—jcoty ejﬂuqoz(l_:ilrrllgzgzg))(ﬁ (ufp Slnﬁ)
multiplication 1—jcotp sin @

wherecot f = cotp — .
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x(¢) 1+jtang
< [ et —————exp [—jnuq,z tan ¢ (1
6. | Chirp et Lexp (J” 1—jcotp
T T 1 i
convolution " M)} xB <_u Smﬁ)
sin ¢ cos @ ?cosg
where,cotfp = —tangp —r and’ =’ denotes the
convolution operation.
7. | Differentiation dx(t) X®'(u,) cos @ + ju,X*(u,)sing
dt
, P
where X%’ (u,) = dXT(u“’)
10
8. | Integration t _ ue? iz
Jx(t’)dt’ secpe /2 tannqo f:“’X‘/’(z)ejz rane gy,
0 Vo#(Mn+1) 7
9. | Multiplication tx(t) u,X?(uy) cos @ + jX?' (u,)sing
by t
10. | Parity x(—t) X?(—uy,)
11. | Divisi t up? 72
Division by ¢ x(t) isecqp el T ot M0 X (2)e T dz,
Vo #*nm
12. | Parseval's
Relation f x(t)y*(t) dt f X‘P(uq,) Y‘p*(u(p)du(p

—00

flx(t)lzdt

— 00

2
[ 1xe () du,
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|X‘P(u¢,)|2 is the fractional energy spectrum of the sign@l), with an anglep. If x(t) is real,

we can get one property which is related wth(u,,) as:

X% (uy) = X" (uy) (2.4.11)
where the notatior denotes the complex conjugate.

Table 2.2 provides the transform results for soomaraon functions[65]

TABLE 2.2

TRANSFORMS OF SOME COMMON WELL —KNOWN FUNCTIONS

Signal @th order FrFT Condition
1. 6(t—1) . if ¢ is not a multiple of
1 —Jjcotg ejﬁcot(p—juq,rcscqo
27T 1.
2. 1 \/me‘fuzita“‘/’ if o—m/2 is not a
multiple of .
3. elat g e_ju<p22+q2 tan g+ jupq secy if o —m/2 is not a
multiple of .
4. jc; 14 tang Mo’ c-tang if ¢ —arctan(c) —m/2
e —e]T 1+ctang . .
1+ ctang is not a multiple ofz.
5 _t2 Up®
e 2 e 2
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6. _t2 , Uup®
Hy(£) €72 e H,(u,) e 2
(Hy:

Hermite
polynomial)

7. t2 . 2 2_ 2 2
e Pz 1—jcote juL(pz 1) C;t‘P Up zz)csc Z(p
—— ¢ 2 (@Pt+cot?@)e 2 (p*+cot?g)
p—jcote

8. +i(at2+bt) : uy?(a¥tan @)+2u,b sec pFb? tan @
T Yo %)
ez Me] 2(atan @+1)
l+atang

for cotp # t+a

2.4.2 Discrete FrFT (DFrFT)

The FrFT is a generalization of the conventionaurtey transform, and has aroused wide
attention in recent years, and has found many itapbrapplications in the areas of optics,

guantum mechanics, image processing, signal procgc.

The FrFT is interpreted as a counter—clockwisatian of the time—frequency plane and
has been proven to relate to other time varyingaignalysis tools, such as, Wigner—Ville

distribution (WVD), short—time Fourier transformI{iST), wavelet transform, and so [@5].

From many years, the research community was inckeaf the efficient discrete
computational method, which plays a vital role tbe application of the FrFT to signal
processing. However, the satisfactory definitiontioé discrete FrFT (DFrFT) that is fully
consistent with the continuous FrFT was lackingt btil many prominent scientists and

researchers have contributed a lot in this directind provided a variety of approaches for its
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digital computation. The basic instinct to estdbliee discrete version of the FrFT definition
should follow the same relation as the discreterieouransform (DFT) has with the classical
Fourier transform. The ideal DFrFT will be a getieedion of the DFT that obeys the rotation

rules as the continuous FrFT and provides simdaults as the FrFT65]

The discrete version or implementation of the Fréfiould obey the properties of
unitarity, index additivity, reduction to DFT whep =n/2, and approximation of the

continuous FrFT.

Several publications have appeared in the reseammmunity proposing the
discretization of the continuous FrHE8, 31, 39, 66, 84, 135, 139]

In [133], Peiet al have proposed a new type of DFrFT algorithm, Whias the
advantageof unitary, additivity, and flexibility and the ddd advantage of obtaining the closed-
form analytic expression. The performance of thgo@thm is very similar to the continuous

FrFT and is efficiently calculated by fast Foutiemsform.

The authors 0f133] presented a good review of the DFrFT algorithnamglwith their
advantages and disadvantages. For the proposed gtadDFrFT algorithm of133] is used as it

exhibits many of the important properties of thataoious FrFT.

2.5 APPLICATIONS OF FODD IN FILTERING AND EDGE DETECTION

The FODD finds numerous applications in one—dinmarali and two—dimensional applications
of signal and image processing. It includes thedidiltering operation and the edge detection
operation. Vast amount of literature are availahléhe research community that come up for

these applications.

Samadiet al [146] proposed a discrete—time fractional-order difféator to obtain the
fractional order derivatives of Riemann—Liouvillgpe for a uniformly sampled polynomial
signal. The approach is in the time domain, whiesithput signal is represented in continuous
time using the Newton series. The closed—form esgioas for the coefficients of both the

integer and the fractional-order differentiatorsaolbitrary order are also obtained. Also, it is
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mathematically proved that the frequency resporisesystem with integer values of fractional

derivative order parameter is a Hermite approxiomato the ideal response at the origin.

Zhao et al [70] presented a novel method of designing the fraaticrder FIR
differentiators in the frequency domain. A novelthosl is proposed for designing digital FIR
fractional order differentiator using the frequen®sponse approximation. The FIR filter is
chosen to approximate to the ideal digital fractioarder differentiator under the weighting
mean square error sense of the frequency resptinseshown through simulations that the
designed FIR fractional order differentiator cacwaately calculate the fractional derivative of
given digital signal and thus the definition of thactional order differentiator in the frequency

domain is tunable and the design approach is @féect

Tsenget al [34] investigated the design of fractional order defarator based on the
radial basis function interpolation method. It géte advantage that the design error can be
reduced by suitably choosing the shape paramettiteofadial basis function. The radial basis
function based non-integer delay sample estimatiethod is applied to obtain the transfer
function of the fractional order differentiator. ngily, the applications in digital image
sharpening and parameter estimation of fractionaenprocesses are studied to demonstrate the
usefulness of the design approach. Also, a secaddr anicrowave differentiator is also
implemented by using microstrip transmission linesparticular, thez—domain formulations of
scattering characteristics of nonuniform transmoissiines facilitate the implementation of

discrete domain differentiator in microwave cirsjit9].

Tsenget al [36] presented the design of fractional order diffaetat based on the
discrete Fourier transform (DFT) interpolation noeth The initial studies shows that the DFT
interpolation and the fractional order differentiatiesign are two independent research topics
and they have attempted to combine the two ideagetoa new kind of fractional order

differentiating filter in the signal processing are

Chenet al [49] proposed the new design method for digital fraxdloorder Savitzky—
Golay (SG) differentiator. It generalizes the Sk&fifrom an integer order to the fractional order

for estimating the fractional order derivative bétcontaminated signal. It uses the polynomial
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least—squares method and the Riemann-Liouvillgifraal derivative definition to estimate the

fractional order derivative of the noise—free sigarad the noisy signal.

Tsenget al [37] proposed the design of fractional order differstoti using discrete
cosine transform. It is different from other desigethods of the researchers in the sense that it
uses the discrete cosine transform-based inteipolahethod, to compute the fractional

derivative of a given signal. It also get the adage of having the closed—form design.

Mathieu et al [26] demonstrates the edge detection operation basedowrinteger
(fractional) order differentiation. It improves theariterion of thin detection, or detection
selectivity in the case of parabolic luminance $raons, and the criterion of immunity to noise,

which can be interpreted in terms of robustnes®tse in general.

Yang et al [69] proposes a new edge detection operator that adoatsional
differentiation and integration. Its performance terms of detection accuracy and noise
immunity of the operator are compared with thoséheftraditional operators through examples.
It eliminates the smoothing preprocessing and pies/ia new approach to tune the compromise

between noise immunity and detection accuracy.

Chenet al [158] proposes the fractional differential method fogedetection operation.
It mainly discusses how to use the advantageseofrtttional differential method to improve
the shortcomings of Roberts edge detection oper&wit puts forward a new method based on
the combination of fractional differential and Raiseoperator and gets the advantage to detect

edges with high accuracy, more details, fine disiim and has good noise immunity.

2.6 MOTIVATION

As inferred from the study of available literatunethe research community, a vast amount of
research work has been carried out in the areastefer—order and fractional-order digital
differentiators. Various applications have alsorbearried out using them in the signal and
image processing domains. The insightful concepEr6iT has also been applied for different
applications in the engineering disciplines. Budttamounts to be in isolation with only one

variable parameter as the degree of freedom.
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So an interest urged to incorporate the concefriacfional order calculus for designing
the fractional order differentiators, which has ariable parameter known as the fractional
derivative order parameter. Thereby, amalgamahegwo different concepts of FOC and FrFT,
a new kind of differentiator could be proposed. e, proposed differentiator will perform in
the time—frequency plane of the fractional Foutransform. Thus, there is the advantage of

having two degrees of freedom, as against the ighga parameter of the FrFT.

Thus interestingly, based on the relevant factstaedich literature, an attempt is made

to outline the gaps in the study and to desigrstatement of problems for the proposed work.

2.6.1 Gaps in the Study

The most of the literature available mainly focusaghe work done on DD, FODD and FrFT in

isolation. Still a lot of work has to be carried éor the design of DD in the fractional domain.

There is a scope of research motivation for theégdesf DD in the fractional domain. A
new mathematical analysis has to be carried odésign DD in the fractional domain. It may be

either FOC approach or FrFT approach.

Simultaneously, a new analytical method could beeltgped to analyze window
functions such as, Dirichlet, Generalized “Hammirgft. in the fractional domain and to
investigate their various parameters like maximiae fobe level (MSLL), half main lobe width
(HMLW), side—lobe fall-off rate (SLFOR) through sitations. The advantage that is obtained
from FrFT is that it contains an adjustable paramefith which the various window parameters
can be controlled and much better results can beirdd as compared to the classical Fourier
transformation techniques. Thus, an attempt camdxe to design DD using window method in

the fractional Fourier transform domain and to gnalits behavior in the time—frequency plane.

The research focus can also be extended for thedonensional application of signal
filtering operation and the two—dimensional apglma of the edge detection on images by

utilizing the designed fractional order differemtiain the fractional Fourier transform domain.

These are some of the gaps as they are identifiedgithe course of literature survey.
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2.6.2 Statement of Problems

Based on the initial studies, literature surveyorggd and the understanding established, the

following statement of problems are undertakerhia tourse of study:

(i) The areas of FOC, FrFT and DD will be reviewddepth and design methods for
implementing DD will be studied and simulated adaogly.

(i) A detailed analysis and design of DD in thadtional domain will be done.

(i) The one-dimensional application of DD and its corapae study with the existing

techniques will be studied.

(iv) The two-dimensional application of DD in imageill be studied.

The above mentioned problems are dealt with detaif@athematical analysis, appropriate

applications and simulation studies in the follogvibhapters.

2.7 RESEARCH METHODOLOGY

The design of fractional order differentiating dilt is important for various engineering
applications. In this research work, the study Of; FrFT and DD will be considered in greater
detail. Consequently, the design of DD based on BROC FrFT theory will also be analyzed in
depth. All the requisite mathematical equationsegoing the design of DD in the fractional
domain (that is, fractional order differentiatortive fractional Fourier transform domain) will be
examined broadly. The design of DD in the fractiah@main using the window functions will
also be considered, both analytically and througiukations. Then the benefits of utilizing DD
in the fractional domain will be revealed in vasoapplications of one—dimensional and two—

dimensional forms as in filtering operation andedgtection on images.

The proposed work model describing the fractiomdko differentiation in the fractional
Fourier transform domain has been simulated on pla¢form of Wolfram Mathemati€a
software (version 8.0) on a system having confiiomaPentium 4, with an InteICPU 1.8 GHz
processor having 1 GB RAM.
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CHAPTER

INTEGER—ORDER DIGITAL DIFFERENTIATOR IN FrFTD

HE FILTERING OF THE DIGITIZED DATA is the oldest search discipline in the field
Tof digital signal processing (DSP). Its origin gdesck to forty years and today there has
been a considerable interest in the field of diditeering that the quantity of rich literature
pertaining to it exceeds to that of any other regeéeld in the digital signal processing regime
[52]. Many researchers have contributed a lot in treégdéng of digital differentiator (DD) or
differentiating filter in the Fourier transform dam. Following this, an attempt is made to
design the digital differentiator in the fractiorfaurier transform domain both analytically and

through simulations.

3.1 DGITAL DIFFERENTIATOR AT A GLANCE

Filtering is the processing of time—domain signasulting in some change in the signal’s
original spectral content. The change is usuakyrgduction or filtering out, of some unwanted
input spectral components; that is, filters alloartain frequencies to pass while attenuating

other frequencie$125]

An ideal discrete—time differentiator is a linegistem in which, when samples of a
band-limited continuous signal are used as inpet,output samples represent the derivative of
the continuous signgl31]. More precisely, given a continuous—time signglt) band-limited
to [-n/T,n/T), when its corresponding sampled versiqm) = x,(nT) is input to an ideal

differentiator, it produces the output sigivéh) such that:
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y(n) = &l (3.1.1)

at  l¢=nT

If the Fourier transform of the continuous—timensigis denoted by, (j2), then the

Fourier transform of its derivative can be dedueedj2X,(j2) [53]. Therefore, an ideal
discrete—time differentiator is characterized bfreqjuency responsH(ef‘”) of the following

form:
H(e/®) = jo,for-t<w<m (3.1.2)

The magnitude and phase responses of a differentie¢ depicted in Figure-3.1.

(e’ o)

R

(@ ®)

Figure—3.1: Magnitude and phase responses of digitdifferentiator.

Using the relationship betweéh(e/®) andh(n) as:

H(e/?) = ¥ _ o h(n)e jon (3.1.3)
h(n) = ifan(ej“’)ej“’"dw (3.1.4)

The corresponding impulse responge) of the differentiator is given by:

0 forn=0

I e R , n _n
h() = — [ joe/"dw = %ejwn(g_L) :%forn:/;()

(3.1.5)

in2
n  jn2/l_p,
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The design of an FIR differentiator can be congidaxs the problem of designing &ith
order causal linear phase FIR filter with the ingautesponsg(n) of lengthN + 1 and transfer

functionH(z), defined as:

H(z) =YN_oh(n)z™ (3.1.6)
The frequency respons‘é(ef“’T) approximates the desired frequency funcm(ref“”) given

by:

D(ef®T) = e IN@T/2(jT)K (3.1.7)

in the frequency regiowT € [0, w.T], w.T < m. The desired function in (3.1.7) corresponds to a
causal digitaKth degree differentiatof164]

The frequency response of linear phase FIR filtarsbe rewritten as:

) —jNwT/2
H(eioT) = {ie Hz(wT), Type 1,11 (3.1.8)

e INOT/2ZH (wT) Type 111, IV
whereHy (wT) is a real-valued zero—phase frequency responsan Ibe inferred from the above
equations that a Type | or Il filter must be usdiewK is even whereas, a Type Il or IV filter
must be used wheki is odd. Various characteristics of FIR differetdra depending upon FIR

filter types is summarized as in Table 3.1.

TaABLE 3.1

FIR DIFFERENTIATOR CHARACTERISTICS

Type Number of distinct coefficients K Full bandwidth
I (N/2)+1 Even Feasible

Il (N+1)/2 Even Infeasible

1 N/2 Odd Infeasible

AV (N+1)/2 Odd Feasible
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With the increasing trend towards digital simulataf physical systems, optimal techniques for
designing DDs are being more widely investigateaiskr[81] has presented a review of various

techniques for designing both nonrecursive andrsaael differentiators.

3.2 CONFIGURATIONS OF DD

The DDs are available in two configurations asstitated below.
3.2.1 Finite Impulse Response DD (FIR-DD)

Finite impulse response (FIR) digital differentistowith linear phase characteristics are
designed using various techniques for low—freque2€y 24, 76] midband frequency2p],
high—frequency[23] and wideband134, 136,148] operations. Some of the commonly used
design procedures include window based dedighsminimax design$2], eigenfilter approach
[134], optimization techniques, the weighted least sepidechnique$148], optimum noise
attenuatior{122], Taylor serie$75].

3.2.2 Infinite Impulse Response DD (IIR-DD)

The infinite impulse response (IIR) digital diffeteators are obtained by inversion and
magnitude stabilization of the existing digitalagtators. The commonly used digital integrators
are backward or rectangular integrator, Tustin rapezoidal integratof104]. Thus, it is
observed that the magnitude response of an iddabrator lies between rectangular and
trapezoidal integrators and also between trapekogsel Simpsons integrators. Various
techniques have been and are currently been usetkgign the IIR digital differentiators

utilizing the numerical analysis principl¢82, 105,106, 118]
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3.3 COMPARATIVE ANALYSIS OF FIR-DD AND IIR-DD

There exists two configurations of DD namely, FIFB-Bnd IIR-DD as explained in the Section
3.2. The comparison can be established betweetwth&inds of differentiating filters[1, 52,
53, 81, 85, 96, 99, 125]

0] FIR filters are dependent upon linear phase cheniatits, whereas IIR filters are used
for applications which are not linear.

(i) FIR is always stable, whereas IIR can be unstable.

(i)  FIR cannot simulate analog filter responses, HRitisldesigned to do that accurately.

(iv) IR filters make polyphase implementation possibidereas FIR can always be made
causal.

(v) FIR filters are helpful to achieve fractional cardt delays. The number of
multiplications and additions is used as a critefiar an IIR and FIR filter comparison.
IIR filters require more number of multiplicatioasd additions when compared to FIR,
because FIR is of a higher order in comparisoriRe which is of lower order and uses
polyphase structures.

(vi)  FIR’s delay characteristics are much better, bey tlequire more memory. On the other
hand, IIR filters are dependent on both input anighat, but FIR is dependent upon input
only. IIR filters consist of zeros and poles anduiee less memory than FIR filters,
whereas FIR only consists of zeros.

(vii) 1R filters can become difficult to implement anid@delay and distort adjustments can
alter the poles and zeros, which make the filtarstable, whereas FIR filters remain
stable. FIR filters are used for tapping of a higloeder and IIR filters are better for
tapping of lower—orders, since IIR filters may beeo unstable with tapping higher—
orders.

(viii) FIR filters are also preferred over IIR filters hase they have a linear phase response

and are non—recursive, whereas IIR filters arersieel and feedback is also involved.
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3.4 CLASSIFICATION OF FIR-DD

Digital differentiator finds wide applications as instrumentation and control, biomedical
electronics, signal and image processing areasDéterent design methods have been proposed
by research communities to design the best optofifiérentiating filter that best suits the
applications. The digital differentiating filtersaut be divided into two generations: integer—order
DD (IODD) and fractional-order DD (FODD), depending the design flexibility. From the
vast literature survey done, it is clear that ttaetional order systems tend to have larger design

flexibility than the conventional integer order ss.

3.4.1 Integer—Order DD (IODD)

In the area of the digital filter design, the comienal integer order derivative constraints have

been successfully used to design various FIR $ilt€ypical examples include:

() Inthe designing of the low pass filter, theidative constraints can be used to improve the
design accuracy at the prescribed frequency pldig8]

(i) In the notch filter design, the derivative &traints can be used to control the 3—dB
rejection bandwidth of notch such that the atteipnadf interference can be controlled.
[113, 132]

(i) the maximally flat low pass filter and digital défentiator are designed by making the

number of derivative constraints equal to the nunobélter coefficients[96]

3.4.2 Fractional-Order DD (FODD)

In recent years, the concept of the fractional ocaéculus has received great attention in science
and engineering applications, which includes autameontrol systems, electrical network,

electromagnetic theory, signal processing and inpageessing applications.

Due to the success of the integer derivative caimgtmethods in the FIR filter design, it
is interesting to apply the fractional derivativenstraints to design the linear phase FIR filter.

The fractional derivative can be regarded as aensibn of the conventional methods. The
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advantage that one gets by utilizing the fractia®alvative constraint method for designing is of
larger design flexibility as compared to the corti@ral integer derivative constrained methods.
[33]

3.5 DESIGN M ETHODS OF FIR-DD

There exists various design methods to design BRPD. Here the discussion is limited to three

of the design methods.

3.5.1 Remez Exchange Algorithm

The Remez algorithm also called Remez exchangeitlgois an application of the Chebyshev
alternation theorem that constructs the polynorafabest approximation to certain functions
under a number of conditiodd]. The Remez algorithm in effect goes a step beyibed

minimax approximation algorithm to give a slightilyer solution to an approximation problem.

Parks and McClellan in 1972 observed that a fifea given length with minimal ripple
would have a response with the same relationshipeadeal filter that a polynomial of degree
< n of best approximation has to a certain functiord so the Remez algorithm could be used to

generate the coefficients.

The algorithm is an iterative procedure consisbhtyo steps: First is the determination
of the filter coefficients from the alternation dpgencies, which involves solving a set of linear

equations. Second is the determination of theratean frequencies from the filter coefficients.

The algorithm has got the advantage that it is vebust and converges quickly to the
optimal solution and is widely used in practical&sign filters with optimal response for a given

number of taps.
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3.5.2 Fourier Series Method

A simple method for the design of FIR filters isahigh the use of the Fourier ser[é$. Since
the Fourier series coefficients are defined over thnge—oo < n < oo, two problems are

associated with the Fourier series method:

(1) The FIR filter obtained is of infinite length.

(i) The filter is noncausal because the impulse regpsnsonzero for negative time.

While designing the FIR filter using Fourier sermasthod, it is found that the amplitude
response of the filter (magnitude of the frequeresponse) exhibits oscillations in the passband
as well as the stopband, which are known as Giblsillations. They are caused by the
truncation of the Fourier series. As the filtergdnis increased, the frequency of the oscillations
increases but the amplitude stays constant. Irr etbeds, it doesn’t seem to be able to reduce
the passband and stopband errors below a centaiinbly increasing the filter length. Therefore,

the filters that can be designed with the Foureeres method are of little practical usefulness.

3.5.3 Window Based Method

The standard technique for the reduction of Gilasgillations is to truncate the infinite impulse
response through the use of a discrete—time wirfdoation. The truncation involves the use of
a window function which is multiplied with the imise response. Multiplication in the time—
domain maps into frequency—domain convolution dedgpectral characteristics of the window
function affect the design. The detailed analyais lbe found iffl]. It is found that the steepness
of the transition characteristic of the filter olbeed depends on the main—lobe width of the
window and the amplitudes of the passband and atapbipples depend on the ripple ratio of
the window. The window method uses the Fourieresdn conjunction with a class of functions

known as window functions.

The major advantages of using the window methodher relative simplicity as
compared to the other methods, closed—form metbady to apply and the design entails a
relatively insignificant amount of computation. Taeare some of the problems associated with

the window based design method as this method picaple only if the desired magnitude
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response is absolutely integrable. If it is comgdka or cannot be put into a closed—form
analytical expression, then the evaluation of theireéd impulse response becomes difficult, a
higher—order filter is needed to satisfy the regglispecifications and a higher—order filter means
more computations per sample, which implies thaséhfilters are slower and less efficient in
real-time applications.

In the fractional Fourier transform domain, the dow based design method proves to a
suitable candidate for the FIR filter design, aaiast the Remez exchange method which is a

logical algorithmic method.

3.6 ANALYTICAL ASPECTS OFWINDOW FUNCTIONS IN FrFTD

Window functions (also known as an apodization apeting function) are used in harmonic
analysis to reduce the undesirable effects relatdtle spectral leakage. In signal processing, a
window function is mathematical function that igeevalued outside of some chosen interval.
They affect many attributes of a harmonic processbich include detestability, resolution,
dynamic range, confidence and ease of implementftijo Several standard windows are also

used to optimize the requirements of a particybgnlieation in signal processing.

Window functions have been successfully used iimouarareas of signal processing and
communications such as, spectrum estimation, sppemtessing, digital filter design, and in
other related fields such as, beamforming. A cotepteview of many window functions and
their properties was presented by Haf85] and described in signal processing text bdaks
53, 99, 125]In addition, other window functions with interesgt properties are described[5b,
161]. All window functions are designed to reduce tlige dobes of the spectral output of Fast
Fourier transform (FFT) routines. Whilst applyifgetwindow function reduces the side lobe
leakage, it causes the main lobe to broaden tledsicing the resolution. This is a trade-off that

has to be made, one should choose the window umatihich best suites the application.

Window properties are determined by its spectrwﬂfef“’) that consists of the main

lobe, which is the highest peak in the spectrumthredsidelobes. The characteristic features of

the window functions are as:
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The main lobeof the window should be as narrow as possible,thagidelobesshould
be as low as possible. Narrow main lobe improveguency resolution of the DFT analysis,

while low sidelobes reduce spectral leakage.

For example, the Dirichlet window is the one wilie tharrowest main lobe, which is an
advantage and the highest sidelobes which is avhsdage. All the other window functions
reduce sidelobes, and thus spectral leakage, bgdbsieof widening main lobe i.e., reducing
frequency resolution. It is also known that rectdag window has the best noise immunity
although systematic errors caused by leakage maglob@nant for signal containing small
number of cycle§144]. As a rectangular window has large spectral slwkdpthere is a large
spectral leakage. This could pose a problem iniegtmns where the power spectral density
(PSD) of the transmit signal is required to havarge rolloff in certain frequency bands. For
example, in some wired transmission applicatioe, B8D of the downstream transmit signal
needs to fall below a threshold in the frequencyndsaof upstream transmission to avoid

interference. The PSD should also be attenuatachateur radio bands to reduce interference.

Recently, the fractional Fourier transform (FrFBshbeen developed and utilized by a
number of researchers, and being used in almospplications where Fourier transforms were
used. For example, the FrFT has been applied imapWiener filtering and matched filtering
[65]. Applications of FrFT have also been describedhiey et al [50]. Stankovicet al. have
used windowed FrFT for the analysis of non-statipisegnals 102]. Also, Sharmaet al [145]
have carried out Kaiser and Parzews®(mt) (PC6) window function analysis in fractional
Fourier transform domain to show the dependenasimdow main—lobe width on the order of
FrFT and also an alternate methodology is descrtbetliine FIR filter transition bandwidth
based on FrFT.

This section of the chapter presents the FrFT armmlgf Dirichlet and Generalized
“Hamming” window functions. The analysis has beamried out for different values of the
fractional Fourier transform parametgror fractional Fourier order parameterboth of which

are related by the relatign= a /2.

An attempt has also been made to study the vamgtd the following parameters: Half
Main Lobe Width (HMLW), Maximum Side Lobe Level (M8&) and Side—lobe fall-off rate
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(SLFOR) of these window functions with the variatiof the parametep or a. It is found that
with the adjustment of the parametegror a to different values, these window functions can

attain a maximum main lobe width and SLFOR.

3.6.1 Dirichlet Window Function

The mathematical analyses of Dirichlet window fimctin the fractional Fourier transform

domain is carried in the following section. Withdass of generality, letv(t) be unity at the

origin, and time—limited to the intervi| < % ,i.e.,

1 |t] <1/2
0 elsewhere

w(t) = { (3.6.1)

Therefore, the FrFT ab(¢) i.e., T?[w(t)] = W¥(u,) can be written as:

. 2
W‘P(u(p) = /1]2+wexp (ju%cotgo) f_11//221 * exp [j%cotgo — Jjugtcsc (p] dt (3.6.2)

Now, rewriting the integral of (3.6.2):

we(u,) =
—q 2 .
112+t‘/’ exp (ju%cot (p) f_ll/jz exp [é cotg {(t — U, sec <p)2 — (ug,sece )2}] dt  (3.6.3)

By substituting(t — U, Sec go) = R and changing the limits of the integration in (3)6

W‘P(u(p) = 1‘jz%t‘pexp (— éu(pZ tan (p) f—(z{;z)_—lizssicc(p‘»" exp [(é cot (p) RZ] dR (3.6.4)

Now, solving the integral:

f_(l/z)_ 1P ovp [(é cot (p) RZ] dR

(Y/5)-ugp seco

the following expression resuls07]

f_(l/z)_u"’ sece exp [Gcot (p) RZ] dR = —g {erfi [(12;]) m G - Uy, Sec <P)] -

(1/2)—u(p sec

erfi [(12& \/m (—% — Uy, Sec <p)]} (3.6.5)
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whereerfi (z) is an entire analytical function af which is defined in the whole complex

plane.

By rearranging (3.6.4) and (3.6.5):

W(p(uq)) =
—\/71_j+t(pexp (—%u(pz) {erfi [(12;1) \/m G — U, Sec <p)] — erfi [@ cot @ (—%—
U, sec <p)]} (3.6.6)

Thus, from (3.6.6), it can be seen that the FrFTthef Dirichlet window function is

directly dependent on the fractional Fourier transf parametep.

The various plots of the FrFT of the Dirichlet wavd function by varying the rotation
anglesg, is shown in Figure-3.2 (a) to (f), along with tbentinuum of the Dirichlet window
function shown as the three—dimensional view irufgg3.2 (g). The real parts of the FrFT are

plotted by solid blue lines and the imaginary paftthe FrFT are plotted by solid green lines.
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Continuous FrFT of the Dirichlet window function for various rotation angles or
fractional Fourier transform parameter, ¢:

@ @=0.01, (b)) =0.05, () p=0.2, (d) =0.4, (6)p=nr/4, (f) o =1/2,
(9) The continuum of the FrFT of the window functi;, where u,, is the fractional

Fourier transform domain and a is the fractional Fourier order parameter, related

by ¢ = a(m/2).
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Amplitude

Figure—3.2(Continued

3.6.2 Generalized “Hamming” Window Function
The expression for the Generalized “Hamming” Windimnction in time domain is given as
[99]:

_ (B + (1 —pB)cos(2nt) It] <1/2
wt) = {0 elsewhere (3.6.7)

For 8 = 0.50, Hanning window results and f@r= 0.54, one gets Hamming window.

Rewriting (3.6.7) in Euler’s form, one get:

ej27rt + e—jZnt)

w(t)=b’+(1—ﬂ)< >

or,w(t) = f+ (SF) (2 + e~/2m) (3.6.8)

Now, becausev(t) & W¢ (up)
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Therefore,

P _ 1-j cot<p 2 .
we(u,) = . oRP (] —cotfﬂ)f 12 w(t) exp [] —cote — juytesc (p] dt
W(p(u(p) =

1—1‘2<7:Tot</)-exp (] cot(p)f 12 [,3 + ( ) (eJZTL't + e ]2m:)]

. t? .
exp [] 7cot @ — Jugptcsc <p] dt
Rewriting the integral in (3.6.10):

W(p(uq)) =

I 1- }CO'W’exp ]—C0t§0) leexp []—Cot(p ]u<ptCSC§0] dt +

(- /3) ,1 ]cot<p exp ]—cotq)) leexp []—cot<p +je(2m —u, csc<p)] dt +
P e (/“ cotg) J2 : exp[ S cote —jt(2m + u, csc )| de

Rewriting (3.6.11) as:

We(u,) =L+ I+ I
Here,

=p 1= ]Coupexp (]—cot(p) fz exp []—cot<p ]u(ptcscq)] dt

B — 2 1
I, = (1 zﬁ) 1 ]2‘;:t(pexp (ju%cot (p) f_zl exp [j%coup +jt(21r — U CSC <p)] dt
2

1
3= (1;ﬁ) /1 JZCOW exp (] 2’ cot <p) [ exp [jgcot(p — jt(2m + u,, csc <p)] dt
2

Now, solving (3.6.13) fol;:

=p |= ]Cowexp (]—cot(p) f2 exp []—Cot(p ]u(ptcscq)] dt

5¢

(3.6.9)

(3.6.10)

(3.6.11)

(3.6.12)

(3.6.13)

(3.6.14)

(3.6.15)

(3.6.16)
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Solving (3.6.16) in the same manner as (3.6.4):

11=

- B |= ”"t‘/’ o~ Fup™tane {erfi [(1%) Jeote G—wp Sec(p)] —erﬁ[ 2]) Jeote (—%—
Uy, Sec <p)]} (3.6.17)

Now, solving (3.614) for,:

- o2 1
I, = (12‘6) ’1 jzcoup exp (] cot<p) f_zlexp [j§c0t<p +jt(27r — U, CSC <p)] dt (3.6.18)
2

(1-B) |1—jcote —cot(p[ 2_ {2mtan g — uy sec ¢} ]fz cot(p[t+ 2mtan g — ugy sec<p}]

I
2 2 21

Lcot[t+{

2
Solving the mtegrafﬂez 2mtang —ug secoll” gy following expression results:

fz eicotelt+ (zmtang —ug secol] 5y —TE {erfl[ Jcote ( +2mtang — u, sec<p)]
erfi [(2—1) JJcoto (_5 +2mtan @ — u, sec<p)]} (3.6.19)
Now rearranging (3.6.18) and (3.6.19):

— i B B 2 .
I, = _(1 _ﬁ) 1]3%“.0 ezcot(p[ugo2 {2rtang uq,secfp} ]{erfi [(12;1) /COt(p (% + 2mtan @ —

Uy sec<p)] - erfl[ 21) \/m (—% + 2mtan @ — u, sec<p)]} (3.6.20)

Now solving (3.6.15) fol;:

1
I (123) /1 jzcow exp (]—COt(p) f_zlexp [j%cot(p —jt(Zn + u, csc <p)] dt (3.6.21)
2

_ - j 2 2 1 j B 2
13 — (1213) ’1 ijTOt(P ezcot(p[uq, {271:tan(p+uq,seC(p} ] f_zleZCOt(p[t {2ntan<p+u(p sec<p}] dt
2

cot(p[t {2ntan<p +uy sec (p}]

Solving the mtegraf2 ez dt , following expression results:
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1 2
f e;cot(p[t {Zn:tan(p +uyp secgo}] dt =
2

—£{ rfi [( +)) \/T(p G —2ntan @ — u(psecq))] — erfi [UZLJ) \/m (—% —2mtan @ —
u, sec (p)]} (3.6.22)

Now rearranging (3.6.21) and (3.6.22):
- —(1-p) 1- ]cottp —cot(,o[u(p2 {2m tan @ + uy sec o) ]{ fi [@ /_COt(p (% — 2mtan g —

U, sec <p)] — erfl[ i2) m (—% —2mtang — u, sec <p)]} (3.6.23)

Thus, the FrFT of the Generalized “Hamming” windéuwmction can be obtained by
summing (3.6.17), (3.6.20) and (3.6.23) as:

W(p(u<p) =
- B = ]cow o~ Fuo"tane {erfi [(12#” J/cote G ~ Uy sec<p)] — erfi [@ Jcot (—%—
U, SEC(p)] —1-p8) 1- ]COt(P cot(,a[u(p2 {2rtan @ - u(psecgo} ]}{e i [(1-2|-]) \/m (% "

2mtan @ — u, sec<p)] — erfi [UZLJ) \/m (—% +2mtan@ — u, sec<p)]} -(1-

1- JC0t<P —cot(pu 2_{2ntang +u sec<p} . [(1+)) 1 _
B) ez [0 ® {erﬁ [T Jcotp (5 21 tan @

U, Sec <p)] - erfl[ *)) \/m (—% —2mtan @ — u, sec <p)]} (3.6.24)

Thus, the FrFT of the Generalized “Hamming” wind@wmction, as given by (3.6.24)

contains two parameters of interest:

(a) the fractional Fourier transform parameteand
(b) the controlling parameté, which determines the shape of the window thdbisf = 0.54,

one obtains the Hamming window function and,fot 0.50, Hanning window is obtained.

Therefore, by setting the parameferin (3.6.24) and by varying the different rotation

anglesp, one obtains the FrFT of both Hamming and Hanmimglow function.
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The various plots of the FrFT of Hanning and Hangnwmindow functions with the
variation of rotation angleg, is shown in Figure-3.3 (a) to (f) and Figure-84 to (f), along
with the continuum of the Hanning and Hamming wwwdfunctions shown as the three—
dimensional view in Figure-3.3 (g) and Figure-33, fespectively. The real parts of the FrFT
are plotted by solid blue lines and the imaginaaytg of the FrFT are plotted by solid green

lines.
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Figure-3.3: Continuous FrFT of the Hanning window finction for various rotation angles or
fractional Fourier transform parameter, ¢:
(@)@ =0.01, (b) ¢ = 0.05, (C) 9 = 0.2, (d) ¢ = 0.4, (e)p = /4, () ¢ = /2, (9)
The continuum of the FrFT of the window function, where u,, is the fractional

Fourier domain and a is the fractional Fourier order parameter, related by ¢ =

a(m/2).
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Figure—3.3(Continued
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Continuous FrFT of the Hamming window finction for various rotation angles or
fractional Fourier transform parameter, ¢:

(@)@ =0.01, (b) ¢ = 0.05, (C) 9 = 0.2, (d) ¢ = 0.4, () = /4, (f) ¢ = /2, (9)
The continuum of the FrFT of the window function, where u,, is the fractional

Fourier domain and a is the fractional Fourier order parameter, related by ¢ =

a(m/2).
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Amplitude

(@)

Figure—3.4(Continued

Furthermore, as the fractional Fourier order patame is varied from 0 to 1, the
continuum of Dirichlet, Hanning and Hamming winddwnction converges to Sinc pulse, as
shown in Figure-3.2 (g), 3.3 (g) and 3.4 (g), resipely. The values of maximum side lobe level
(MSLL), side—lobe fall-off rate (SLFOR) and haltm lobe width (HMLW) for Dirichlet and

Hanning window functions are tabulated in Table-8il Table-3.3, respectively for various
values of the parametar
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TABLE 3.2

PARAMETERS OF DIRICHLET WINDOW FUNCTION WITH VARIATIONS IN PARAMETER a

S. No. a MSLL (dB) HMLW (bins) SLFOR (dB/octave)
1. 1.0 -13.0 0.81 -6.00
2. 0.9 -12.9 0.80 -6.20
3. 0.8 -12.8 0.78 -6.20
4, 0.7 -12.7 0.76 -6.25
5. 0.6 -12.5 0.75 -6.29
6. 0.5 -11.9 0.74 -6.54
7. 0.4 -11.7 0.72 -6.69
8. 0.3 -11.3 0.70 -6.75
9. 0.2 -11.2 0.65 -10.30

TABLE 3.3

PARAMETERS OF HANNING WINDOW FUNCTION WITH VARIATIONS IN PARAMETER a

S. No. a MSLL (dB) HMLW (bins) SLFOR (dB/octave)
1. 1.0 -32.0 1.87 -18.00
2. 0.9 -30.7 1.77 -18.00
3. 0.8 -30.5 1.71 -18.10
4. 0.7 -30.5 1.61 -18.17
5. 0.6 -30.4 1.51 -18.20
6. 05 -30.2 1.50 -18.30
7. 0.4 -29.9 1.44 -18.32
8. 0.3 -29.6 1.36 -18.35
9. 0.2 -40.5 1.22 -17.03

7C



Chapter—3 Integer—Order Digital Differentiator inrfFTD

From the Table-3.2 and 3.3, it is clear thatdot 1 or ¢ = /2, the MSLL of Dirichlet
window function is—13 dB down from the main lobe peak and the SLFOR-ésdB/octave
whereas, for Hanning window function, it +s32 dB down from the main lobe peak and the

SLFOR is—18 dB/octave as in the case of Fourier transform.

Thus, it is observed that for Dirichlet window ftion, as the value of the parameter
decreases from 1 to O, the MSLL starts increasptg+11.2 dB ata = 0.2, HMLW decreases
from 0.81 bins to 0.65 bins and SLFOR decreasas #® dB/octave to —10.3 dB/octave,
whereas, in the case of Hanning window functiom ffe= 0.50), as the value of the parameter
decreases from 1 to 0, the MSLL starts increasptg #40.50 dB ata = 0.2, HMLW decreases
from 1.87 bins to 1.22 bins and SLFOR decreases #®8 dB/octave to—17.03 dB/octave.

3.7 Q.0SED—FORM ANALYTICAL EXPRESSION OFIODD IN FrFTD

This section derives the closed—form analyticalregpion of IODD that behaves in the FrFT
domain. We start with the known desired frequeregponse of IODD in FrFT domain as in
(3.7.1),

Jug, —m sing S u, < T sin@;

) elsewhere. (3.7.1)

Hd(”(p) = {0

WhereHd(u(p) is the of desired frequency response of the IODheé FrFT domain angd is the

rotation angle in the FrFT domain.

Therefore, the ideal impulse response of the IOBIDaithe inverse FrFL33] is given by:

__ |1+4j cote m sing
ha(n) = 27 -1 sing

Hy(u,) exp [—é (n? +u,?) cotg +jnu, csc<p] du, (3.7.2)
Solving (3.7.2), one gets

1+j cote ,m sing
ha(n) = |———

21 - sin<pju‘/’ exp [_é (nZ + ufpz) COt(p +j nu(p csc (,0] du(p (373)
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ha(n) = ’%%wexp [—é n? cot <p] ffnsi?n(p(p jexp [—é u,” cote +jnu, csc (p] du,,
(3.7.4)

Now, one has to solve the integral of (3.7.4) ta tee simplified closed—form analytical

expression:

—é u,? coto +jnu, csco = —é cot @ [(u(p —n sec <p)2 —n? sec? <p] (3.7.5)

From (3.7.4) and (3.7.5), one gets the followingression:

hy(n) = /% exp [—é n? cot <p] ffns:n(p(pjexp {—é cot [(u(p —n sec (p)z -

n? sec? (p]} du, (3.7.6)

ha(n) = /%%wexp [—é n? cot <p] exp[ jn? csc(29)] ffnsl?n(p(pjexp [—é cot g ((u(p -

n sec go)z)] dug, (3.7.7)
Now, solve the integral of (3.7.7):

By letting, (u, — n secg) = P, one gets

du,, = dP (3.7.8)

Therefore, from (3.7.7) and (3.7.8),

ha(n) = /%%wexp[j n? cot(2¢)] ffnsi?n(p(pjexp [—é cot PZ] dP (3.7.9)
Now, by Ietting< L cot <p> P=Q (3.7.10)
( /é cot<p> dP =dQ (3.7.11)
ordP =V2exp(-Ln) Jtang dq (3.7.12)

From (3.7.9), (3.7.11) and (3.7.12), one gets

72



Chapter—3 Integer—Order Digital Differentiator inrfFTD

hg(n) = /H] 2 P oxp[j n? cot(2¢)] f_n S?n(p(p]exp( QZ)\/—exp(——n) Jtang dQ

(3.7.13)
Simplifying (3.7.13), one gets
hy(n) = /@exp[j n? cot(2¢)] f_”nsl?n(p(p exp(—0?)dQ (3.7.14)
Now since the integrd exp (—Q?) = ‘/Z—Eerf @ (3.7.15)
Using (3.7.14) and (3.7.15), one gets
hy(n) = /@exp[] n? cot(2¢)] £ [erf (msing) — erf (—msing)] (3.7.16)

Now using the property of error functicerf(-) of erf (—z) = —erf (z), (3.7.16) reduces to,

hqy(n) = \/2 (—1 4+ tan ) exp[ j n? cot(2¢)] erf (7 sin @) (3.7.17)

Thus, (3.7.17) represents the closed—form analygixpression of the impulse response
for the 10DD in the FrFT domain. It is clear frorhet above analytical expression that the
coefficients of the desired impulse response of DOB the FrFT domain is dependent on the

parametetp.

Now the coefficientd;(n) obtained are of infinite in duration,ranging from—oo to .
So, to obtain the actual impulse response fromddgred infinite impulse respongg(n) of

(3.7.17), the ideal impulse resporisgn) must be truncated using the window function as:

hactuar(n) = hg(n) w(n) (3.7.18)

hoctua(n) = {\/2 (—1+j tan¢) exp[jn? cot(2¢)]erf (r sin <p)} w(n) (3.7.19)

Thus, the actual impulse response of 10DD in thETFdomain as represented by

(3.7.19) is a function ap and the window functiow(n), respectively.

For the analysis of the IODD in the FrFT domaire thindow based design method is
used, as is illustrated aboves. For the simulgtimpose, the Hamming window function is used

for the designing.
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3.7.1 Simulation Results

Figure 3.5 below shows various plots of the impulssponse coefficients of the I0DD in the

FrFT domain for Hamming window function and for tregiation of the rotation angle.
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Figure—3.5: Plots of the impulse response coefficits of the IODD in the FrFT domain

for Hamming window function.
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Figure—3.5(Continued
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1of .
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Figure—3.5(Continued

3.8 DscussION

In this chapter, the concept of digital differetaiais focused upon. Also, the fruitful insightant
its configurations and classification are dealthwifThe profound research of the signal
processing community in the area of digital différators was very significant. It has many

applications in the areas of signal processinggamaocessing and engineering sciences.

The analytical aspect of the behavior of variousiddew functions in the fractional
Fourier transform domain is considered and simdlaieordingly. The variation of parameters
like half main lobe width, maximum side lobe lewagld side—lobe fall-off rate of these window

functions with the fractional Fourier transform gaueterp is also investigated.

Lastly, the closed—form analytical relation is é$ithed for the integer—order
differentiator in the fractional Fourier transfodomain and shows its results with the variation
of the fractional Fourier transform paramegeand the impulse response approaches to the Sinc

pulse forp = /2.
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CHAPTER

FRACTIONAL—ORDER DIGITAL DIFFERENTIATOR IN
FrFT DOMAIN

RACTIONAL ORDER CALCULUS (FOC) is a field of apptiemathematics that deals
Fwith the derivatives and integrals of arbitraryens(including complex orders), and has its
applications in sciences, mathematics, economiddgfiatus of geology and cosmology etc. It is
an interdisciplinary collaboration of mathematidarstatisticians, physicists to develop the
theory and practical applications of fractals, fiatal derivatives, and heavy tailed stochastic

processes.

The fractional order calculus is a generalizatibthe classical integer order calculus that
leads to similar concepts and tools, but with amuaer applicability. At present, the number
of applications of fractional order calculus growery rapidly in the field of mathematics and
physics, but is limited to the signal and imagecpssing applications. This mathematical
phenomenon allows us to describe and model theolgatts more accurately than the classical
integer methods.

In this chapter, the closed—form analytical exgoessof the fractional order
differentiation in the signal processing framewark the fractional Fourier transform is
investigated, taking into account the establishediminary definitions of the fractional order

calculus.
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4.1 FODDINFrFTD

FOC is a field of mathematical study that grows ofuthe traditional definitions of Newtonian
calculus integral and derivative operators in mtieh same way the fractional exponents is an

outgrowth of exponents with the integer valj8, 89]

FOC — an integration and differentiation of anitéoy order or fractional/non—integer
order, is a new and emerging tool that extends diecriptive power of the conventional
calculus. The tools of FOC support mathematical efodhat in many cases more accurately
describes the dynamic response of the actual plysistems in electrical, mechanical, and

automatic control applications, and to name a {é40]

The theoretical and practical interest of thesetioaal order operators is nowadays well
established, and its applicability to science amgireeering disciplines is considered as emerging
new topics. In recent years, FOC has received @téaitions in many engineering applications
and science including automatic control systemstesy modeling and identification, electrical
networks, electromagnetic theory, speech signal efimagl biomedical and biosensor signal

processing applications and signal-image procesgptications.

In the research area of FOC, the integer orderof the derivative D™p(x) =
d™p(x)/dx™ of the functionp(x) is generalized to the fractional ordef¥p(x), whereu is a
real numbe(89]. One of the important research issues in FOC isnfslement the fractional

order operatoD# in continuous and discrete—time domains.

FOC has proved to be a successful candidate foalspgocessing, image processing and
the related field’s applications. Typical applicets include:

0] the fractional order derivative is used to dethe edges in imaggg6]
(i) noise reduction in imageg37]
(i)  to enhance the contrast of imadés, 42, 159]

(iv)  the fractional derivative is applied to detdoe R-wave of the electrocardiograph (EC
signal in the biomedical signal processifi§18, 160]
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(v) the speech processing in which the fractional dbfidal operator is used to enhance

performance of linear prediction of the speechaligB8]

(vi) in the adaptive filtering schemehe fractional derivative is applied to update

coefficients of the adaptive filter, as per the@oe learning algorithm{142]

(vil)  the signature verification, in which the ftamal differential operator is applied to extract

the dynamic features from the handwritten signa{G&j

(viii) the design of the fractional order differeatbr can be used to compute the fractional

order derivatives of the digital signaJ33, 82]

Thus, the main purpose of this chapter is to apipéymathematical aspects of FOC to
analyze and design the fractional-order differéimggfilter, also known as fractional-order

digital differentiator (FODD) that behaves in thadtional Fourier transform domain.

Since, fractional order differentiation is the maimeme of this chapter, it can be
emphasized that on two occasions includjfy and [38], the differentiation property was
independently extended to the class of Fourierstoam (FT) and fractional Fourier transform

(FrFT) respectively, but not extended to the notegar orders.

So, due to the success of the FOC concept in sggnakssing regime, it is interesting to
apply the fractional derivative to design the d#fatiating filter in the signal processing
framework of FrFT. Thus, an attempt is made togtesie fractional—order differentiating filter

both in the FrFT domain (FrFTD) for potential sigpeocessing applications.

4.2 MATHEMATICAL FOUNDATIONS OF FODD IN FrFTD

The fractional order differentiation of a givenrsad in the fractional Fourier transform domain
for different fractional derivative orders is prgeal, by utilizing the inherent approach of
fractional operators of the fractional order calsul The concept behind the study is that it
involves two different variable parametersthe fractional derivative order parametesind the

fractional Fourier transform parameter. The involvement of these two parameters was
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considered in finding the solutions of mathemadic43, 151]and physics problenf&17, 154]

but has not been dealt in the literature of theaigrocessing regime. In the contex{&8], the
fractional order calculus generalizes the derivatoperatorD# by encompassing real and
complex values for the parameter which is ordinarily an integer—valued. The detives of
non—integer order have been considered in physiggneering and in the signal processing area

[13, 60]following the work of Liouville and Riemann at theginning of the 19th century.

The idea of this concept has been motivated byvitr& of Peiet al [38] and McBrideet
al. [6]. The main differences between the proposed methddhe work of Pest al [38] are: (i)
Peiet al used the Cauchy integral formula and generalizeal define the fractional derivative
of the functions, whereas the Riemann-Liouville YRiefinition for the general fractional
differintegral is used in the proposed method, Tie aim of Pekt al [38] was to obtain the
fractional derivative using Fourier transform apgmio, whereas in the proposed method the aim
is to obtain the fractional derivative using thactional Fourier transform approach. Similarly,
McBride et al [6] derives the differentiation property in the frac@l Fourier transform to
integer order only, whereas, the proposed methatkrgéze it to obtain the differentiation
property in the fractional Fourier transform to romntieger orders. Therefore, the outcome of this
work, “establishing a closed form expression fag thactional differentiation in the fractional

Fourier transform domain” is novel and unique.

4.3 ULty oF FRACTIONAL ORDER PARAMETERIN FODD

In recent years, the application of FOC is attragtinore and more researchers in the research
areas of science and engineering. For instance,comérollers that utilize the concept of
fractional order derivatives and integrals coultliace better performance and robustness over
the conventional integer order controllejg7]. The fractional order proportional integral
derivative (PID) controller proposed {72] is a generalization of PID controller. Here the
fractional order derivatives and integrals can sidjbe frequency response of the control system.
Thus, this characteristic of great flexibility makié possible to perform much better and more

robust control is achieved as compared to thettosdil PID controller.
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In the signal processing framework of FrFT, thetistea varying parametes known as
the fractional Fourier transform parameter, whichkes use of the additional degree of freedom
¢ to achieve an optimum domain for which the perfanoe is better. It is one of the most

beneficial tools applicable in signal processimgage processing, optics applications, and so on.

By unifying the concepts of the fractional derivas and the fractional Fourier
transform, the fractional order differentiator ssiyned that has two degrees of freedom — first,
is the fractional derivative order and second, the fractional Fourier transform patanp,
respectively. Thus, one could get the advantagevofdegrees of freedom for the designed
fractional order differentiating filter, for diffent rotation angles in the time—frequency plane

with varying fractional Fourier transform paramegerfor potential engineering applications.

Thus, the proposed study possesses the benefiavimdhtwo degrees of freedom as
compared to the conventional methods.

4.4 Q.0OSED—FORM ANALYTICAL EXPRESSION OFFODD IN FrFTD

This section deals with the mathematical derivatbthe fractional order differentiation in the
fractional Fourier transform domain, utilizing theathematical principles of the fractional order
calculus. The closed—form analytical expressionbained in terms of the well-known higher
transcendental function known as the confluent hyg@metric function.

The closed—form expression is obtained by incotpugathe three most widely used
fractional order calculus definitions viz., Riemahiouville (RL) definition, Grinwald—

Letnikov (GL) definition, and the Caputo definitiarespectively.
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4.4.1 Riemann-Liouville (RL) Approach

To derive the closed—form analytical expressiorthef fractional derivative of the signal in the
FrFT domain, the inherent approach of the FOC hemnhutilized. In this section, our FOC

approach is confined to the RL definitipi8] for the general fractional differintegral.

Let D,* andD_* be the left and right RL fractional derivatives afleru on the real

axis, defined by:

DHx(t) = S {17 x(6)} (4.4.1)

wherel  * is the RL fractional integral operator,

L*x(t) = T)f (t—)* x(r)dr = % * x(t) (4.4.2)

Here, I'(*) is the well known Euler's gamma function, amde R (0 < u < 1). The operator
-1
' represents the convolution operation betweenwvoestgnals of interest, heit;g(u—) andx(t),

respectively.

D_Fx(t) = (=) {17 x(0) (4.4.3)
wherel_* is the RL fractional integral operator,

I_Hx(t) = T) Pt — D x(1)dr (4.4.4)

In this section, by considering,* RL fractional derivative operator afid< u < 1, the

following expression is obtained from (4.4.1) aAd}(2):

D x(t) = dt{ « ()} (4.4.5)

r(-u

Therefore, taking the FrFT of the fractional detiva of (4.4.5) results in the following

expression:

B0 20} = T [ {7+ 0)] (4.4.6)

dt (r(i—p)
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where the notatiofiz? (-) represents the FrFT operator, with the rotatiayiep.

By letting,b(t) = * x(t), (4.4.6) becomes:

r(1

B0 x(0) = B5” [%” (4.4.7)

Now, according to the differentiation property betFrFT[95], the right hand side of (4.4.7)
reduces to:

db(t . d
T£¢ [d—(t) = []u(p sing + cos ¢ .E] B(u,) (4.4.8)

whereB(u,) = T£?(b(t)) is the FrFT of the signai(t).

Therefore,

Buy) = T:?b(®)] = * {75z *x®]] (4.4.9)

Now, from the convolution property of the FriE; 12], the above expression reduces to:

2T

J
m *ex p[—i u(p COt(p] Tg: X(t) Tg:'

B(u,) = [r(1 "

Thus,B(u,) = ( /1_]_2:0t(p - exp [—é u,” cot <p]) -X(up) - Te? [F(tl__l;) (4.4.10)

whereX (u,, ) is the FrFT of the signai(t), i.e.,. X (u,) = T£?[x(0)].

~ B(uy) = X(u(p)f exp [é t? cotgp — Jjug,t csc go] dt (4.4.11)

mITl W

From[51, (A.1.55)] the right hand side of (4.4.11) reduces to:

j~Y

I exploe = el = Sl

(4.4.12)

(23007
b . 1M\ 57352
c

The expression on the right hand side of (4.4.4¢dlves the function ;F;, which is

known as the Kummer confluent hyper—geometric fionc(CHF) of the first kind107], which
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is an infinite power series. For computing the Kuenr@HF using the computing machine, the
series must be truncated to some finite numbegrafg. So, if the series truncation is used, there
must exist the computation error. Abramowitz andg8n[107] provide the methodology for
determining the truncation error of an infinite pavgeries. Figure-4.1 shows the variation of the
relative error (in percentage) after truncatingrdimite power series for different CHF functions
(for differenta’s andb’s) and it is clearly shown that the truncatioroemiecreases to zero point

wise, as the number of terms increases.

Relative Error (%)

k,number of terms

Figure—4.1: Variation of the Relative Error (in percentage) with the number of terms,k of the
following CHF functions:
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Solving (4.4.11) and (4.4.12) step by step, andldifing, y = —u, b = u,csco,

c2 = _?jcot(p i.e.c= a J) cot ¢ and = —ju(p2 csc(2¢), (4.4.12) becomes:

1-p1 .
mit(1+j)1H [ 1F1(TM;E;—ju(p2 csc(2<p))

oo —u o i 2 —
It exp[ jupt csco+ot cot<p] dt = Ccote) G2 )

(4.4.13)

ju,(1+ ])m (nsq, 2 csc(2¢))
2

Thus, it can be seen that the integral representéi.4.13) is a generalized expression in

terms of the fractional derivative order param@t@nd hence the closed form expression for the
integral representation (4.4.13) can be obtaineddmsidering different values of the parameter
u, respectively. The example is provided below, bgsidering the degenerate casesyfet 0

andu = 1, respectively.

For example, by letting = 0, (4.4.13) becomes:

ffooo exp [—j Uyt cscy +é t2 cot <p] dt = % 1F1 (1 2 —jug csc(Zgo))
Jrtan @ (1 + j)e Jue” csc2e) (4.4.14)

1Fi(a; a; —z) = e7#[107]. This shows that (4.4.14) is a closed form expoes$or the

integral representation (4.4.13) for the case 0.

Similarly, by lettingu = 1, (4.4.13) becomes:

@ -1 ; J 12 | A (0g-iup? escz))
f_oot exp [—] Uyt cscop + 7 t< cot (p] dt = jr e +ju<p(1 +

. 1F1 (55— jup? csc(20)
JN 2 esc(2) e (4.4.15)
2

Simplifying further (4.4.15) becom¢s07]:

ffow t lexp [—j Uyt csc +% t? cot (p] dt = jm [1 +jerf( /ju(p2 csc(2<p)>] (4.4.16)

This shows that (4.4.16) is a closed form expresdor the integral representation
(4.4.15) for the case = 1.
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Now, from (4.4.11) and (4.4.13), the following egpsion results:
B(”(p) =

e pi-n [ 1R (5B jue? esc(2¢) jug? csc(2¢)
X(u,) (’Z)t(:;j_m/zl (5 ;(H_,f‘)’ )+]u<p(1 + j)y/2 csc(2¢) i (2)4) )l

2

(4.4.17)

(M A+)HH

Now, by letting,K (u, ¢) = cote) -7z and,M (@) = j(1 +j)+/2csc(2¢), (4.4.17) becomes:

2-p3 .
1P (T“;E;—Juzpz CSC(2<.0))

r(z)

Fy (AR L iy 2 (20)
B(u<p)=X(u(p)K(H'(p)l 1 1( 2 ;(izt); csc (p)

2

+ u, M(p) ] (4.4.18)

Now, from (4.4.7) and (4.4.8),

T-{D.* x(t)} = (]u(p sing + cos ¢~ )B(u(p) = jug sm<pB(u(p) + cos <p "’) (4.4.19)

Therefore, to solve (4.4.19), one has to deterﬁ%&@ and by knowing the fact thft07]:
Up

F(a;b;z) = (%) Fi(@a+1b+1;2) (4.4.20)
Solving foriZie) ( ty) , the following expression results:
Ugp
dB(u¢) _
duy -

I’f((lL%‘ﬁ;[ B (553 =g ese(29) ) 2 (“:’)

(- wX(uy) 1F (552 csc(2<p))]

St (0, () ()

X(up) 1F (B3 —jug? esce)) +up  1F (55535 —juy? csc(20) dX(u“’)] (4.4.21)

Now, by expressing the following confluent hyperegeetric functions by the

corresponding functions as:
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1Fy (55555 —ug? esc29)) = Hi (i, 0, u,) (4.4.222)
1Py (55555 —up? cse(29)) = Hy (1. 9,u,) (4.4.220)
By (B8535 —juy? esc(20)) = Hs (1 0,u,) (4.4.22¢)
By (55535 —juy? esc(20)) = (1 0,u,) (4.4.22d)

Therefore, from (4.4.19)—(4.4.22d):
20D, (O} = K, 9) M(@) {M@) e Pl o) [y sin e + cosp 2] +

Uy ( HZ(,u, Q, u(p) []u(p sin ¢ + cos 2 ] + @ cos ¢ Hz(u, Q, u(p) +
2

(1-u) -
ﬁ(p) ﬁ H; (,u, o, u(p) + (ZT”) @ cos <pH4(u, o, u(p) u(p}X(u(p) (4.4.23)

Thus, the above expression gives the fractionalvalire of the input signak(t) for
fractional orders varying from 0 to 1 and for diffat rotation angle&p) in the time—frequency
plane of the FrFT.

Now considering two degenerate cases of (4.4.23) fe 0 andu = 1.

Foru = 0, (4.4.23) reduces to the following closed formresgion:

T#?{D,° x(©)} = cotp /1 + jtang exp(—ju,?csc(2¢)) [—ju(p cos @ + sin ¢ ﬁ] X(uy)
©
(4.4.24)

Foru =1, (4.4.23) reduces to the following closed formresgion:

T+?{D," x(t)} = g(j cotp — 1) {(ju(p sin¢@ + cos @ %) + jerf ( /iu(p2 csc(Z(p)) .
@

(ju(p sin @ + cos ¢ %) +4 f/gS(p exp(— —juy csc(2<p))} X(u(p) (4.4.25)

In a similar manner, for each value @f (4.4.23) reduces to a closed form analytical
expression for obtaining the fractional derivatofehe chosen input signal in the FrFT domain.

Thus, achieving the flexibility of variations of twariablet and¢, simultaneously.
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4.4.2 Grunwald-Letnikov (GL) Approach

An efficient algorithm to compute a discrete coup#et of the proposed algorithm is derived in
this section. There exists various fast discreteetversion of the continuous FrFT namely,
direct form of discrete fractional Fourier transfo(DFrFT), improved sampling—type DFrFT,
linear combination—type DFrFT, eigenvectors decositmm—type DFrFT, group theory—type
DFrFT and impulse train—type DFrHILL33]

The discrete FrFT algorithm proposed[183], has an important advantage of efficient
computation and implementation. As there are twigpcmultiplications and one FFT, the total
number of multiplication operations required2B + (P/2) log, P, whereP = 2M + 1 is the
length of the output. The DFrFT introduced[183] have the lowest complexity among all the
types of DFrFT that still work similarly to the domuous FrFT. Thus, utilizing the DFrFT
algorithm of Type-I proposed ifil33], a discrete—time calculation of the fractional esrd
derivative of a discrete—time signal can be redlize this method, the fractional order derivative

of a continuous—time input signa(t) is evaluated in discrete—time by the followingpste

First, uniformly sample the input function(t) and the output functioff5¢ (x(t)) =
X(u,) by the intervalA¢, Au,, respectively as
gn) = x(n-At) Gy(m) = X(m . Au(p) (4.4.26)
wheren = -N,-N+ 1, ,N—-1,N,andm = -M,-M +1,,M — 1, M.

Additionally, the constraints that

M =N @N + 1,2M + 1 are the number of points in the time, frequenaydin) and
Au, At =S -2m-sing /(2M + 1) must also be satisfied, whel®| is some integer prime to

2M + 1. (4.4.27)

For simplicity, choosé = sgn (sin ¢) = 1 and obtain the transformation matrix as:

_ . sgn(sin @)-2m-n-m

. . . j 2 j
R,(m,n) = JSgn (sin @)-(sin p—j COS(P)_e%-COt(p-mZ-(Au(p) e _e%-cotq)-nz-(At)z (4.4.28)

2M+1

Considering only the case fsin ¢ > 0, the following formula of DFrFT is obtained:
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ing-j 1. m2- z _jammm n2-(At)?
Gplm) = [FRELE. gicotom®Oup)l gl IS 2O g(m)  (4.4.29)

wheng € 2Pt + (0,m), P is an integer.

Now the evaluation of the fractional derivativetbé discrete—time signal in the DFrFT

domain is described as follows:

Considering in this paper, the GL definitign3, 89] of computing the fractional derivative,

based on the generalization of the backward diffiezeas:

dHx(t)
datH

_1\kx H
= limpgo 5% T2 2% (¢ — k- AL) (4.4.30)

DHx(t) = e

where coefficieni,” is given by:

1 k=0
A K = —F(H-I-l) = — —) ey —
A = r(k+ D) (p—k+1) {u(u 1(11122)3(: k+1)) k>1 (4.4.31)

The above notatiofi(+) is the gamma function. Based on this definitibican be shown that the
fractional derivatives of exponential, trigonometand power functions (assuming sufficiently

large) are given by:

DHlexp(pt)] = B* exp(Bt) (4.4.323)
D”[A sin(wt + 9)] = Aw* sin (a)t +6 + g,u) (4.4.32b)
D#[A cos(wt + 8)] = Aw* cos (wt + 6+ g,u) (4.4.32¢)
DH(tY) = #ﬂ) £y (4.4.32d)

Now, let us define the coefficiedfk) as:
a(k) = (DA (4.4.33)
then, the fractional derivative in (4.4.30) carréeritten as:

ak)

W x(t —k- At) (4434)

D¥x(t) = limpro X0
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The coefficient sequencédk) for various orders of fractional derivative orgrameter
u can be plotted as in Figure-4.2. It can be seam the Figure-4.2 that the sequefi¢g) is a

rapidly decaying sequence for various orderg.of

(a) (b)

1.09 . . o—

0.5} a=0. - 0.5}
| '. | =05
AR e v oo ik po——————————————————}
“‘: kL
1.0 1.0
0 5 10 15 0 (1] L 10 15 0(
k k
() (d)
1.0 1.0
05| 7 {
H. =0, L u=0.9
a(k)oo} S . T L L L B N A
0.5 0.5}
P . " dol— L " e s ik .
1.0 5 10 15 20 1.05 g 10 15 200
k k

Figure—4.2: The coefficient sequenc#&(k) for varying fractional derivative order parameter u.

Thus, by truncation, (4.4.34) can be re—written as:

a(k)
(at)#

DFx(t) = limp,g Xk_, x(t — k- At) (4.4.35)

wherel is the truncation length.
Furthermore, by removing the limit, (4.4.35) canfls¢her approximated by:

L a(k)
k=0 (AD)H

DHx(t) = x(t — k- At) (4.4.36)

Obviously, the smalleft is, the better approximation in (4.4.36) has.

Now the operatio®*x(t) att = n - At is defined as:
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a(k)
DEx(O)lt=nar = DFx(n-AL) = Xi—g @Ok

x(n-At — k - At) (4.4.37)

where the fractional order parameteri€ R (0 < u < 1) andi(k) is given by (4.4.33).

As the proposed algorithm attempts to determine dlesed—form fractional order
differentiation in the FrFT domain, thereby takitihge DFrFT of (4.4.37), as illustrated by the
DFrFT algorithm[133], (4.4.37) becomes:

Q¢ [DFx(n - A)] ~ Q7 £=O%x(n — )| (4.4.38)
i.e., Qr°[DHg(n)] = §=0% (2 (x(n - 1)) (4.4.39)

where g(n) is given by (4.4.26) and the notatidR;? represents the DFrFT operator,
respectively.

Thus,

a(k ' . ) .
Qz?[DFg(n)] = XE_, (Z(t)z‘ exp [é (kAt)?sing cos @ — ](mAuq,)(kAt) sin (p] Gy(m — k cos @)

(4.4.40)
whereG, (m) is given by (4.4.26), respectively.

Thus, (4.4.40) represents the DFrFT of the fraeti@nder derivative of the discrete—time

signalg(n), respectively.

4.4.3 Caputo Approach

In this section, a novel closed—form analytical resgion of the fractional derivative of the
signal in the FrFT domain has been derived. This been obtained by utilizing the inherent
approach of the FOC. The FOC approach in this@edsi confined to the Caputo definitipr]

for the general fractional differintegral.

Let, $D* be the Caputo fractional derivative operator afeop: on the real axis, defined
by:

tH dx(t
T ex®

Cp K —
iDH x(t) = T ot

(4.4.41)
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Here, I'(*) is the well-known Euler's gamma function, gmde R (0 < u < 1). The operator
' represents the convolution operation betweenwvoestgnals of interest, he% andx(t),
respectively.
Taking the Fourier transform (FT) of the fractiomidrivative of (4.4.41) results in the

following expression:

o~ o~ —H d
S0 (O] = 5|75 « 57 (4.4.42)

whereJ denotes the FT operator.

Now, from the convolution property of the IF125], (4.4.42) reduces to:

3150 x(0) = 3 [r=] [ 52 (4.4.43)
Therefore, the FT of the fractional derivative @f.4(41) results in the following
expression:
S50 x(D)] = (o)* X (w) (4.4.44)
where3[t™#] = (jw)* 1 ' (1 — p).

Thus, the FT of the Caputo fractional derivativeoaderu of a signal ijw)* times the

FT of the signal of interest, whefe< u < 1.
Now, we will consider the FrFT of the Caputo fractal derivative as follows:

Taking the FrFT of the Caputo fractional derivatieé (4.4.41) results in the following

expression:

Y
TS50 x (O] = T | * 52 (4.4.45)

with the transform angle = ar/2, andT;z? denotes the CFrFT operator.

From the convolution property of the Frid] and[12], the above expression reduces to:

2 j t# dx(t)
i) = ([ oo o) rt ] o [50] aae

According to the differentiation property of the=Hr[95]:
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dx(t) ax (u(p)

(4.4.47)

Tr? [ ] = []u sing X(u,) + cosgp ——
whereX(u,) = F£?[x(¢)] is the FrFT of the signai(t).
Therefore, from (4.4.46) and (4.4.47), the follogvexpression results:
F?[9DH x ()] =

T
X( ‘P) —T[ i 2 ) (7] t™H
{[]u(p sin <pX(u(p) + cos @ iy } ( /1 “rcote SXP [— 5 Up* cot (p] T [F(l—u)] (4.4.48)

t—H
®©r(1-u

exp [% t? cot —

T4 [ x(D)] = []u sin @ X(u(p) + cos g X(uw)]f
Jugpt csc (p] dt (4.4.49)

Now, for solving the integral in (4.4.49) resuitd51, (A.1.55)}

2 2
- [ 11«1(1/;1 L 452) 4 b M‘ (4.4.50)

| T YT

The function ;F; on the right hand side of (4.4.50), which is knoasmthe Kummer

JZ ¥ exp(&jbt — c?t?) dt =

CHF of the first kind is an infinite power seridor computing the Kummer CHF using the
computing machine, the series must be truncatedrtee finite number of terms. So, if the series
truncation is used, there must exist a computagiwar. The methodology for determining the

truncation error of an infinite power series isegivin[107].

The variation of the relative error (in percentggefier truncating an infinite power
series for different CHF functions (for differeas andb’'s) is shown in Figure-4.1 and it is
clearly shown that the truncation error decreasegetro pointwise, as the number of terms
increases. The functionsf (-) anderfi (-) denotes the error function and the imaginary error

function, respectively related by the relatiofi (z) = —j erf (jz). [107]

—7 _h2
Now by letting,y = —u, b = u,csco, ¢ = 7]cot<p, and% = —ju,? csc(2g),
(4.4.48) becomes:
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f_oooo t* exp [—j Uyt CSCP +% t2 cot<p] dt =

1-p1 .
mjt(1+j)1H 1F1(TH;E;—]u(p2 csc(2<p))
- (cot(p)(l_ll)/Z

r(%")

(4.4.51)

. ) 1F1(2_T“;%;—ju<p2 CSC(2<.0))
Jue(1 + )2 csc(2¢) @

2

Thus, it can be seen that the integral representéi.4.51) is a generalized closed—form
expression in terms qf, and hence the closed—form expression for theyiateepresentation
(4.4.51) can be obtained by considering differesiti@s of the parameter, respectively. The
example is provided below, by considering the degme cases fou =0 and u =1,

respectively.

For example, by letting = 0, (4.4.51) becomes:
ffow exp (—j U, t csco + é t? cot (p) dt = % B G;%; —juy? csc(Z(p)) =
Jrtang (1 + e ue’ ese2o) (4.4.52)

1Fi(a;a;—2z) = e #. Thus, (4.452) is a closed—form expression foe timtegral

representation (4.4.49) for the case 0.
Similarly, by lettingu = 1, (4.4.51) becomes:

1F1 (055 jug ? csc(29))
ra

j)\/m 1F1(5;5;—I{E1£,), CSC(th))l (4.4.53)

2

ffooot‘lexp(—ju(pt csc<p+£t2 c0t<p) dtzjn[ +ju,(1 4+

Simplifying further, (4.4.53) becomes:

ffow t lexp (—j Uy t CSCQ +£ t? cot <p) dt = jm [1 +jerf( /ju(p2 csc(2<p))] (4.4.54)

Thus, (4.4.54) is a closed-form expression forititegral representation (4.4.49) for the case
u=1

Now, from (4.4.49) and (4.4.51), the following egpsion results:
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dx(ue) nj#(1+j)1-#[ 1F1(1_—“'1'—ju<p CSC(er))

orCn KU I .
T?[5DH x(t)] = []u(p sm<pX(u(p) + cos ¢ 2y | cotg)am7z ()

2¢)
Jue(1 + j)/2 csc(2¢) g’ csc(29)

r(1 wr ()

(4.4.55)

Thus, (4.4.55) gives the Caputo-based fractiondlatve of the input signak(t) for
varying fractional orders from 0 to 1 and for diffat rotation angle&p) in the time—frequency
plane of the FrFT.

Thus, (4.4.42) and (4.4.55) represents the FT had~tFT representation of the Caputo
fractional derivative of the input signa(t) with u varying from 0 to 1 and for differert’s in
the TF plane of the FrFT.

Further, the FrFT approaches the conventional Fihie rotation angle = /2 and the
integer-order derivative in the conventional FT denobtained by substituting the parameters
u =1ande = /2 in deriving the FrFT representation of the Cagtdotional derivative of the

input signalx(t) as follows:

Substitutingp = /2 in (4.4.49) gives:

T2 [dx(t)] [wX(w)] r(1 f Jtlexp[—jwt]dt (4.4.56)
wherew = ug,

Solving (4.4.56):

2| 22| = o X (@) 5= () T (1 = 0 (4.4.57)

Now substituting:e = 1 in (4.4.57) gives:

" ] = o X (@) (4.4.58)

Thus, (4.4.58) represents the conventional FT efintkeger-order derivative of the input

signalx(t) using the FrFT representation of the Caputo foaeti derivative of the input signal

x(t).
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4.4.4 Uniqueness of FODD in FrFTD

The fractional order digital differentiator (FODDgsigned by utilizing the inherent approach of
fractional order calculus and amalgamating with #meerging signal processing tool of the
fractional Fourier transform offers the general@atof the traditional differentiating filter from

integer order to the fractional order.

A closed—form analytical expression for the fractl order differentiation in the Fourier
transform and the fractional Fourier transform dmwais derived by utilizing the basic
principles of the fractional order calculus. Thegored work is a generalization of the
differentiation property to the fractional (non-@ger or real) orders in the fractional Fourier

transform domain.

The research is motivated towards investigatingbileavior of the designed fractional
order differentiator in the fractional Fourier tshorm domain. It is provided by the inherency of
the fractional order calculus and the fractionaludi@r transformation tool. Therefore, the
research leads to the variation of two parametbesfractional derivative order parametay
and the fractional Fourier transform paramétey, which has not been taken into consideration

earlier in the signal processing applications.

The analytical expression is established in ternistlee well-known confluent
hypergeometric function, which finds a great relighinterest in the last two decades. This
function is ubiquitous in mathematical physics andmany areas of mathematics such as
representation theory, algebraic geometry and Hdtigery, combinatorics, number theory,
mirror symmetry, etc.

The confluent hypergeometric function also contaitiser functions as special cases,
including many that are widely used in mathematigdlysics, digital communication
applications, and the calculation of bit error sater different fading channels. Special cases
include the Bessel functions, the incomplete gan(ena hence further special cases including,
error functions and Fresnel integrals), Laguerrgrpomials, Hermite polynomials, Coulomb
wave functions, and parabolic cylinder functions.
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4.5 QOMPARATIVE ANALYSIS BETWEEN RL AND CAPUTO BASED DEFINITIONS

A new closed—form analytical expression for theticmal order differentiation in the fractional
Fourier transform domain is presented based orptipeillar definitions of Riemann—Liouville
(RL) and Caputo. This work is the generalizatiortha differentiation property to the fractional
orders in the fractional Fourier transform domadihus, it motivates for the variation of two
parameters— fractional derivative order parametén) and fractional Fourier transform
parameter(). This closed form analytical expression deriveadhsained with the help of the

Kummer confluent hyper—geometric mathematical fiomct

The fractional order differentiation derived in treported work proves to have a better
definition, since it achieves the flexibility offtérent rotation angleg in the time—frequency
plane of the fractional Fourier transform with vagy fractional derivative order paramefer
Due to this variation oft with ¢ in the fractional Fourier transform domain, potainsignal
processing applications can be achieved as in amendional signal processing of filtering

operation and the two—dimensional signal processirggige detection in image processing, etc.

The most known and popular fractional derivatives @most surely the RL and Caputo
derivatives as is well-established[3®, 43, 68, 73, 110, 111l has also been elaborated in rich
literature that the definition based on Caputotfomal derivative sense is preferred because its
initial conditions have a nice physical meaningsaslaborated by Podlubrijy1], and Monjeet
al. [30]. But still there has been a lot of debate abloatusage and the practicality between the
RL and Caputo based fractional derivative definisian the research community.

Furthermore, the key difference that can be poihittveen the two versions is the fact
that these two approaches requires different tygdsitial conditions when they are used to
formulate the differential equations and its neagsshat these initial value problems be well—-
posed[79]. The Caputo fractional derivative is more suitednt the usual RL derivative for the
applications in several engineering problems duthéofact that it has better relations with the
Laplace transform and because the differentiatpgrears inside instead outside the integral, so
to alleviate the effects of noise and numericdkedéntiation[71, 110]
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Thus, based on the recommendations made by thevnedoresearchers, an attempt is
made to validate the above viewpoint concerningsthitability of the two definitions from the
signal processing application point of view. Sog tbne—dimensional signal processing
application is concerned in the next chapter wtatiempts for the filtering operation in the
fractional Fourier transform domain utilizing thepaoaches of the two aforementioned

fractional derivative definitions.

Hence, the freedom of utilizing varying order ofidative (fractional derivative) in the
entire time—frequency plane of the fractional Feuriransform domain can be enjoyed for

different potential signal processing applications.
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CHAPTER

FILTERING APPLICATION OF FODD IN FrFTD

S THE RESEARCH MOTIVATION is focused on designinget fractional order
Adifferentiating filter that behaves in the fract@bnFourier transform domain, so the
foremost attempt is to establish its closed—formalgital expression. The closed—form
expression has been established in the previoygerhavhich shows that the proposed filter has
two degrees of freedom namely; the fractional aggiwe order parameter and the fractional
Fourier transform parameter, respectively. The involvement of these two paransemakes the

design more effective and exhibits less error th@conventional methods.

In this chapter, the focus is on designing thetioaal order differentiating filter in the
fractional Fourier transform domain, so as to m#ke proposed study more effective in the
design as compared to the conventional methods.

5.1 FILTERING : ONE—DIMENSIONAL SIGNAL PROCESSING

The theory of fractional order calculus was devetbjin the seventies of the last century. In
1695, Gottfried Wilhelm Leibniz was the first onénavthought about non—integer derivatives.
Other renowned mathematicians like L’Hépital, Epleaiplace and Lacroix contributed a lot to

the development of calculus of fractional/non—ietegrders[89]

In the last decades, many scientific works and litelnature have been reported on the
usage of the fractional order calculus in differeagimes of engineering arenas such as,
electrical circuits, chaotic circuits, fractionaider filters and systems, fractional order control

systems, and signal processing, to name a few.
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Fractional order calculus concerns the generatinadi differentiation and integration to
non—integer (fractional) orders. This subject hatorsg mathematical history and over the
centuries many mathematicians and physicists havé dp a vast amount of mathematical
knowledge on fractional integrals and derivativAkhough the fractional order calculus is a
natural generalization of Newtonian calculus and &dong mathematical history, still plays a

negligible role in the signal processing.

This chapter focuses on the one—dimensional sjgoakssing filtering application of the
fractional order differentiating filter in the friaanal Fourier transform domain, by combining
the elementary concepts of fractional order cakuhmd fractional Fourier transform. The
filtering operation of the input signal is corrugtéy the high—frequency chirp noise. The
proposed filter is applied to filter out the noise,that the output filtered signal is obtainedisTh
filtering scheme utilizes the fundamental concegtshe fractional order calculus namely, the
Riemann-Liouville and the Caputo based definitioAlso, an investigation is carried out to
compare the performances of the two aforementiofiadtional derivative definitions in

designing the proposed filter.

52 FODDAsANOPTIMAL FILTERIN FrFTD

Fractional order calculus has been attracting ttenton of scientists and engineers from long
time ago, resulting in the development of many i@pgibns. In recent years, the concepts of
fractional order calculus have been applied in thesign of fractional order digital
differentiators, which received much attention lie signal processing research community. In
general, the fractional order calculus with varypagametep known as the fractional derivative

order parameter allows describing the systems iaararately[110]

The research community has investigated the desiginactional order differentiator
based on the mathematical principles of fractionadler calculus. This fractional order
differentiator so obtained proves its advantagekersignal processing framework of the Fourier
transform and performs the signal filtering openatiBut after following the introduction of the
fractional Fourier transform (FrFT)L54], there has been a surge of research in the apptica

areas of signal processing and other researchsftelat encompasses the class of signals which
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behaves in a time—variant phenomenon. That isytotlsa FrFT is a time—frequency analysis tool
that finds wide applications in the signal analysisnon—stationary signals. Specifically, the
FrFT implements the so—called transform order patanp which acts on the classical Fourier
transform operator. In other words, thth order FrFT represents tipgh power of the classical

Fourier transform operator. Any intermediate vabfep (0 < ¢ < m/2) produces a signal

representation that can be considered as a rotiated-frequency representation of the signal
[54]. The time—frequency analysis refers to the distidn of the energy of a signal

simultaneously in time and frequency. The FrFT itheory developed in recent years which
processes signals in the time—frequency donjéb]. However the classical FT has the
additional flexible parameter of the FrFT rotatiamgle. This gives an added advantage over
the classical FT, which provides widespread poaémgpplications for processing nonstationary

signals.

From the best of our knowledge, most of research vesed on applying the concepts of
FOC and FrFT separately to investigate the difféga&on operation in signal processing that
leads to have the flexibility of only one individuaarying parameter for each of them. So far the
research community has not combined these two ptsiad@ FOC and FrFT in unison. By
having two varying parameters of interest (fractiloorder differentiation and transformation), a
more generalized definition could be obtained whgolld prove to be beneficial in the signal
processing applications. So, by combining these tswmlutionary ideas, the fractional order
differentiator could be designed based on the jpies of fractional order differentiation in the
signal processing framework of FrFT, thereby obiajrthe potential applications in signal and

image processing areas.

Thus, the designed fractional order differentiaitorthe fractional Fourier transform
domain possesses the benefit of having two degfeleeedom as compared to the conventional
methods. The proposed fractional order differeatias based on the added flexibility of the

fractional—order operators in the optimum fractidfaurier transform domain.

101



Chapter-5 Filtering Application of FODD in FrFTD

5.3 DEesIGN oF Low—Pass FINITE IMPULSE RESPONSE (LP-FIR) FODD IN
FrFTD

In this section, the design of the fractional ordiéferentiating filter based on the definitions of
the Riemann-Liouville (RL) and Caputo fractionatidatives is illustrated. The proposed filter

is a generalized form of the traditional integeteorfilter.

The proposed filter is designed using the fraclidfurier transformation todb5] and
the established convolution theor¢h2]. Subsequently, the simulation results are expobsitat
shows the effectiveness of the proposed method thverconventional methods. Thereby, the
performance of the RL and Caputo based fractioraldtives definitions are compared with

each other in the context of the proposed design.
5.3.1 Design based on the Riemann-Liouville (RL) Bctional Derivative Definition

The proposed fractional order differentiating filtgy scheme based on the Riemann-Liouville
(RL) based fractional derivative definition in tlggh fractional Fourier transform domain is

shown in Figure-5.1.

In this configuration, first thepth domain of FrFT[133] of the input signals(n)
corrupted with the high—frequency chirp noén) is obtained and then the fractional order
impulse response filte‘l“(u(p) is applied. The weighted convolution theorem fdfIFof [12] is
used in the proposed filtering scheme. Here, thatiom T-%(-) represents the FrFT operator,

with the rotation angle.
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Figure-5.1: Fractional order differentiating filter in fraction al Fourier transform domain based

on RL fractional derivative definition.

Finally, the resulting output filtered signal ismsformed with ordef- ¢’ to obtain the output
signal$(n) in the time domainThe optimum fractional Fourier transform domain ¢@timum
FrFT rotation anglep) is chosen, which minimizes the root mean squarer RMSE). The

RMSE is used as the metric parameter to judge its pedoce.
5.3.2 Design based on the Caputo Fractional Deriviae Definition

Another approach is elaborated to design the pespatesign utilizing the definition of the
Caputo based fractional derivative. The proposactisnal order differentiating filtering scheme

in thepth fractional Fourier transform domain is showrFigure-5.2.

In this configuration, thepth domain of FrFT[133] of the input signak(n) corrupted
with the high—frequency chirp nois®(n) is obtained. The fractional order impulse response

filter H”(u(p) is applied in this domain and then the convolutiveorem based da2] for FrFT

is used to get the filtered output sigrdl).
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Figure-5.2: Fractional order differentiating filter in fraction al Fourier transform domain based

on Caputo fractional derivative definition.

To retrieve the output filtered signal in the tig@main, the resulting waveform is transformed
with order’-¢’. The optimum fractional Fourier transform domain émtimum FrFT rotation

angley) is obtained which minimizes the metric paramefanot mean square errGRMSE).s

54 PERFORMANCE METRIC

The root mean square erfd®®MSE) is a frequently used measure of the differencevden the

values predicted by a model and the values actoabgrved from the system being modeled.

The RMSE of a model prediction with respect to the estirdatariableX;,,,4.; is defined

as the square root of the mean squared error as:

n '_ . 2
RMSE — \/Zi:l(XObS,l Xmodel.t) (541)

n

whereX,, is observed values aixg,,.; is modeled values at tinie
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In the proposed filtering scheme, tRSE is used as the performance metric parameter
for judging the performance of the designed frawlamrder differentiating filter in the fractional
Fourier transform domain, for both cases of Riem&iouville and Caputo based fractional

derivative definitions.

5.5 SMULATION RESULTS

The proposed model which describes the fractiordgrodifferentiation in the fractional Fourier
transform domain is simulated and the descriptibrthe simulation platform is provided in
Section 2.7 of Chapter 2.

The proposed model of Figure-5.1 and Figure-512sed to simulate the fractional order

differentiating filter in the fractional Fourieramsform domain.
5.5.1 Simulation Results based on Riemann—-Liouv@l(RL) Definition

For the design of the proposed filter based on RremLiouville (RL) fractional derivative
definition, the input signal is taken agn) = 2e18/m%/32  ¢=8/n%/32 Then,s(n) is corrupted
by the high frequency chirp noisEn) = 0.3¢%06/("=D°~7n a5 shown in Figure-5.3 (a) to (d)
(both real and imaginary parts). The obtained raisgupted signa¢(n) + 2(n), in Figure-5.3

(e) and (f) (both real and imaginary parts), isuinio the proposed filter model shown in Figure-
5.1.

The filtering is performed to compare the perforomrof time—domain(e = 0),
frequency—domairip = 1) and fractional Fourier domain filterin@), as shown in Figure-5.3
(g) to (). Various iterations have been carried by varying both parametegsand¢ to get

minimum error between the original signal and iliered signal.

It is shown through simulations that the fractioRalrrier domain filtering exhibits better
filtering operation for the fractional derivativeder parameter oft = 0.35 and the optimum

fractional Fourier transform parameter @f= 0.05m, as compared to the time—-domain and
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frequency—domain filtering. The root mean squarerd RMSE) is used for judging the optimal
filtering between the original signal and the fiéd signal.

The RMSE between the original and the filtered signalshsesved for different values
of fractional order parameter, which varies from 0 to 1. This confirms that thé=T domain
filtering produces minimunR MSE for optimum¢ andu as compared with the time—domain and

frequency—domain filtering, as is illustrated imytiie-5.4.

g
¥
I

Re{s(n)}
—
—

RLTAAT TV

—0.5F
-1.0 M M IU M M U 1 M " b 1 -
-20 -10 o 10 20
n
@

Figure-5.3. Fractional order filtering results based on Riemanr-Liouville (RL) fractional
derivative definition: (a), (b) original signals(n) (real Re and imaginary Ifn) parts
respectively) in time domair¢), (d) high—frequency chirp noise (re@&d and imaginary
(Im) parts respectively) in time domaife), (f) corrupted signals(n) + 2(n) (real Re
and imaginary Ifn) parts respectively) in time domaify), (h) time—domain filtered
signal,s(n) (real Re and imaginarylfn) parts respectively)i), (j) frequency—domain
filtered signal,3(n) (real Re and imaginary In) parts respectively)k), (I) fractional
order FrFT—domain filtered sign&(n) (real Re and imaginaryln) parts respectively).
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Therefore, it can be seen from Figure-5.3 (g) Jatl{at the fractional Fourier domain
filtered signal matches maximally with the origiragnal as compared with the time—domain
and frequency—domain filtered signals for the ca$eRiemann-Liouville based fractional

derivative definition.
5.5.2 Simulation Results based on Caputo Definitio

For the design of the proposed filter based on @afractional derivative definition, the input
signal is taken as(n) = 2e18/™7/32 4 ¢=8/n%/32 Then,s(n) is corrupted by the high frequency
chirp noise 2(n) = 0.3¢%06/(=1°~7/n 35 shown in Figure-5.5 (a) to (d) (both real and
imaginary parts). The obtained noise—corruptedadigfn) + 2(n), in Figure-5.5 (e) and (f)
(both real and imaginary parts), is input to thepmsed filter model shown in Figure-5.2.

The filtering is performed to compare the perforomrof time—domain(e = 0),
frequency—domairip = 1) and fractional Fourier domain filterin@), as shown in Figure-5.5
(g) to (). It is shown through simulations thattfractional Fourier domain filtering exhibits
better filtering operation for the fractional deatiwe order parameter gf = 0.5 and the
optimum fractional Fourier transform parametegof 0.05r, as compared to the time—domain
and frequency—domain filtering. The criterion u$edjudging the performance of the filtering
operation is the root mean square efftBRMSE) between the original signal and the filtered

signal.

The RMSE between the original and the filtered signalshsesved for different values
of fractional order parameter, which varies from 0 to 1. This confirms that fhé=T domain
filtering produces minimunR MSE for optimum¢ andu as compared with the time—domain and

frequency—domain filtering, as is illustrated imgtie-5.6.
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Figure-5.5: Fractional order filtering results based on Caputofractional derivative definition:
(@), (b) original signals(n) (real R€ and imaginary I(n) parts respectively) in time
domain; (c), (d) high—frequency chirp noise (reaR€ and imaginary I(n) parts
respectively) in time domaine), (f) corrupted signals(n) +2(n) (real Re and
imaginary (m) parts respectively) in time domai(g), (h) time—domain filtered signal,
§(n) (real R and imaginarylfn) parts respectively)i), (j) frequency—domain filtered
signal, s(n) (real Re and imaginary I(n) parts respectively)(k), (I) fractional order

FrFT—domain filtered sign&(n) (real Re and imaginaryl(n) parts respectively).
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5.6 PERFORMANCE ANALYSIS BETWEEN RL AND CAPUTO BASED ALGORITHMS

In this section, the comparative analysis betwédentivo aforementioned fractional derivative
definitions is carried out to examine the perforg®rof the proposed design. As is been
discussed in Section 4.5 of Chapter 4, the propéfesetional-order differentiating filter in the

FrFT domain is designed using Riemann—-Liouville YRhd Caputo based fractional derivative

definitions so it's necessary to have an insightfalv between these two definitions.

The focus here is on the usage of the Caputo bastaition in the one—dimensional
signal processing filtering application and compaits performance with the RL based
definition as is illustrated below. But still thebas been a lot of conflict on the usage of these
two definitions for the modeling of physical sigsialwhich have shown to possess inherent
fractional order dynamics and that are charactérizg heavy—tailed distributionsr (stable
distributions) [140], and it remains an open research domain for thelefimg of stable

distributions; that provides a useful theoreticall tfor non—Gaussian signals and noi&&.

Figure-5.7 plots the comparison results of the d&btinitions used in the design. It plots
the variation of theRMSE between the original signal and the filtered sigide design
example of Section 5.5.1 is used for the perforraaamalysis between the two definitions. The
two parameters of interegtand ¢ are varied for different numerical values and diféerent
values ofRMSE are noted. It is found that in the case of RL Hadefinition, the lowest value of
RMSE obtained is 0.241609 for the values of the pararsgt= 0.35 and optimakp = 0.057.

So, for this particular value of the parametgrand ¢, comparison is seen between these two

definitions as is shown in Figure-5.7.
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definition.

Therefore, it is found that for the values of thegmetersu = 0.35 and optimalp =
0.05m, the fractional order differentiating filter desggd by the Caputo based fractional
derivative definition method exhibits a smallerogyrcomputed as 0.175813 than that of RL
based fractional derivative definition, whose cep@nding error is computed as 0.241609 as is
shown in Figure-5.7. Hence, the smaller the espthie better the fractional order differentiating

filtering operation.

Thus, it can be inferred from the above exampld tha Caputo based fractional
derivative definition performs well as comparedhe RL based definition. This is in conformity
with the available literaturg30, 68, 73, 86, 90, 110khich also quote the same statement of
superiority of Caputo definition over RL definitioSo it can be suggested that the Caputo based

definition is well-suited for the one—dimensioniansl processing filtering application.
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CHAPTER

EDGE DETECTION ON IMAGES

HE ONE DIMENSIONAL APPLICATION of the fractional der differentiation in the
Tfractional Fourier transform have been discussedipusly in an expatiate manner. Now
research motivation is focused on the two dimerai@pplication utilizing the concepts of
fractional order calculus and the fractional Foutransform. Edge detection is considered here
for the two dimensional application in image pra@ieg. Edge detection is a fundamental issue
in image processing, computer vision and pattecogeition. The investigation of the Fourier
frequency domain filtering and the fractional Feurirequency domain filtering are considered

for this application investigating both the qudlita as well as the quantitative analysis.

6.1 GONCEPT OF EDGE DETECTION : TWO—DIMENSIONAL SIGNAL PROCESSING

Edge detection is the most ubiquitous step in lewell image processing. An edge is described
as “the outside limit of an object, area or surfacplace or part farthest away from the center of
something: (Oxford American Dictionary)”. Traditialty, edges have been defined as locations
of sharp changes in image intensities, and edgecudeh formulated as a problem of
differentiation of the image. The edges are oftea vital clues toward the analysis and
interpretation of the image information, both inolbgical vision and in computer image

analysis[5]

The image edge is defined as the abrupt intensignges of an image. The intensity
changes usually correspond to the physical chaimgesme property of the images 3D objects’
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surfaces. Thus, the edge detection is the proddgsdong meaningful transitions in an image. It
is very important for the subsequent higher levsion tasks and can lead to some inference
about the physical properties of the 3D wo[k].

Thus, edge detection is the process of determiwinigh pixels are the edge pixels. The
result of the edge detection process is typicatlyedge map that is, a new image that describes
each original pixel's edge classification and ppehaadditional edge attributes, such as
magnitude and orientatiofb]

An edge in a gray scale image occurs when theeetransition in gray level over an
amount of pixels. A perfect edge would be a tramsifrom black to white over one pixel as
shown in Figure-6.1. In many images, edges liksghgon’t occur (unless it's a binary image).
The transition will be blurred spreading the tréingsi over more pixels, resulting in a slope-like

profile of the gray level transition as seen inUrgg6.2.

Figure—6.1: Edge profile of a gray scale image. [5]
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edibusli

Figure—6.2: lllustration that a transition is almog never perfect. [5]

An image can be interpreted as a two—dimensionation, f (x,y) where,x andy are
the spatial coordinates, and the amplitudef ait any pair of coordinate,y) is called the
intensity or gray level of the image at that poiftius, an image can be represented by a matrix

of bounded positive integer valu¢t0]

In image processing, edge detection often make®iutde integer—order differentiation
operators, especially order ‘one’ used by the gmatdand order ‘two’ by the Laplacian of the
grey leveld80]. The estimation of the gradient vector is basetherusage of masks, which are
the low—dimensional convolution matrices. The cdatron with the grey level is performed by
sliding the kernel (mask) over the image. The Kesimoved through all the positions where the

kernel fits entirely within the boundaries of timegige.

12¢



Chapter—6 Edge Detection on Images

6.1.1 Edge Detection using First—Order Derivatives

The derivative of a digital pixel can be definedénms of differences. The first derivative of an

image containing gray value pixel must fulfill tielowing conditiong[10]:

(a) it must be zero in flat segments i.e., in afaonstant gray—level values;
(b) it must be non—zero at the beginning of a gesel step or ramp; and

(c) it must be non- zero along the ramp (consthahge in gray values).

The first—order derivative of a one—dimensional Y fihction f (x) can be obtained using:

Lo fa+D-f0 (6.1.1)
where (6.1.1) only refers to the partial derivataleng thex—axis.

Since an image is a function of two variab{gsy), therefore to estimate the derivative
of an image represented by a discrete set of pimedsneed to resort to an approximation. The
derivatives are approximated by finite differenc8s, the method to calculate the first—order

derivative is given by estimating the finite difeice as:

of . fx+hy)—f(xy)
Pl limy,_,q — (6.1.2)
of . flxy+h)—f(x,y)
5 =i 0", (613)

Thus, the finite difference can be approximated as:

a . h,y)—f(x,
7= hmhqof(’”fl—)xf("” =flx+1,y) = f(x,y); (he = 1) (6.1.4)
d . y+h)—f(x,

Thus, based on the above finite difference approacte obtains various edge detection

operators or masks, which find wide usage in in@ageessing applications.

12¢
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6.1.2 Edge Detection Operators

Edge detection plays a pivotal role in image prsicgs It is known that the edges in digital
images are areas with strong intensity contragisagnmp in intensity from one pixel to the next
can create variation in the picture qualify23]. The identification of accurate edges helps to
analyze and measure the basic properties relatddtive objects. So it is essential to detect
accurately the discontinuities in the intensitydisvin an image. Such discontinuities are detected

using edge detection operators, which are illustraielow.
6.1.2.1 Gradient Operator

The integer—order derivative operator is an impdrtaool to detect the meaningful

discontinuities in the intensity values.

The first—order derivative in image processinghis gradient The gradient of a two—

dimensional imagef(x, y) at location(x, y) is defined as the vector:

or

Vf = [ﬁ;] = E_? (6.1.6)
y

The gradient vector points in the direction of nmaxim rate of change ¢f at coordinate$x, y).

The magnitude of the gradient is calculated by:

vf =mag (7)) = [67 +6,7 = (L) +(2) (6.1.7)

oy

The above quantityf gives the maximum rate of increasefdf, y) per unit distance in the
direction of Vf [123]. The computation of the gradient of an image iseldaon obtaining the

partial derivativedf /0x anddf /dy at every pixel location.

Another important quantity in edge detection iditidn to the gradient is the direction of

the gradient vector. B(x, y) represents the direction angle of the ve®pat (x, y), then

0(x,y) = tan™?! (@) (6.1.8)

Gx
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where the angle is measured with respect toxthexis. The direction of an edge @, y) is

perpendicular to the direction of the gradient geet that point.

Figure-6.3 indicates the gradient of the edge pikke circle indicates the location of the pixel.

An edge pixel is described using two importantdesd:
(a) Edge strengthwhich is equal to the magnitude of the gradient.

(b) Edge directionwhich is equal to the angle of the gradient.

Gradient vectc

Figure—6.3: Gradient of edge pixel. [5]

Thus since the edges are the positions in theemdxpre the image function changes, so
to find these positions one has to calculate tlaelignt of the 2D functioff(x, y). The gradient
of a 2D function is a 2D vector with componentg gartial derivatives of the function along the
two orthogonal directions. In the discrete caseséhpartial derivatives are the partial differences
computed along the two orthogonal directions bygisnasks like for example, the Sobel masks.
[115]
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6.1.2.2 Roberts operator

It is one of the simplest and oldest edge deteatjmerator that is of historical interest today. It
employs two extremely small filters of si2ex 2 for estimating the directional gradient along

the image diagonals, as illustrated below:

[0 1

G = -1 0

| anda,* = [‘01 (1)] 6.1.9)

These filters naturally respond to the diagonalesdgut are not highly selective to

orientation; i.e., both filters show strong reswit®r a relatively wide range of anglgks5]

6.1.2.3 Prewitt and Sobel operators

The edge detection operators by Prewitt and Saigethe two classic methods that differ only

marginally in the filters they use.

The Prewitt and Sobel operators use linear filtieas extend over three adjacent lines and
columns, respectively, to counteract the noise igeityy of the simple (single line/column)

gradient operator$155]

The Prewitt operator uses the filters

-1 0 1 -1 -1 -1
G ' =|-1 0 1|landG,"=]0 0 0 (6.1.10)
-1 0 1 1 1 1

which compute the average gradient components sithesthree neighboring lines or columns,
respectively.
The filters for the Sobel operator are almost igaht however, the smoothing part
assigns higher weight to the current center lire@iumn[155], respectively as:
-1 0 1 -1 -2 -1
G°=|-2 0 2|andG,°=|0 o0 0 (6.1.11)
-1 0 1 1 2 1
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6.1.3 Second Derivative Method—The Laplacian

The common interpretation of finding an ideal edgequivalent to finding a point where the
derivative is maximum or minimum. The maximum ahd minimum value of a function can be
computed by differentiating the given function aittling the places where the derivative is
zero. The differentiation of the first derivativévgs the second derivative. The second-order

derivative in image processing is generally comgne using the Laplacian operatifir?3].

The Laplacian of a 2D function or an imgffe, ) is defined by:

%1 (x, 2%f(x,
Vif(x,y) = TL50 4 SLEY (6.1.12)

Because the derivatives of any order are linearatio&s, the Laplacian is a linear operator. The
Laplacian method for edge detection searches far @®ssings in the second derivative of the

image to find edges.

For digital image processing, (6.1.12) needs taliseretized. The partial second—order

derivative in thex—direction is given as:

0%f (xy) — f(x + 1;)’) + f(x -1, y) — Zf(x' y) (6113)

d0x2

Similarly, in they—direction, the partial second—order derivativgiven as:

PID — fGoy + D+ G0y =D =2f () (6.1.14)

Thus, the digital implementation of the two-dimensl Laplacian of (6.1.14) is

obtained by summing these two components as:

v2f = [f(x+ 1;)’) +f(x_ 1')’) +f(x'J’+ 1) +f(x'y— 1)] —4f(x'J’) (6115)

Therefore, (6.1.15) can be implemented using thekrmaa shown in Figure-6.4.

0 1 0
1 —4 1
0 1 0

Figure—6.4: Filter mask used to implement the digital Laplacian

13C
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1 1 1
1 -8 1
1 1 1

Figure—6.5: Filter mask used to implement the digdl Laplacian that includes the diagonal
neighbors.

The Laplacian generally is not used in its origifoam for edge detection for following
reasong123]:

(@) As a second—order derivative, the Laplacianumacceptably sensitive to noise. The
magnitude of the Laplacian produces double edgesndesirable effect because it complicates

segmentation.

(b) Useful directional information is not availalidg the use of a Laplacian operator.

6.2 ANALYTICAL ASPECTS OF EDGE DETECTION BASED ON FRACTIONAL
ORDER DIFFERENTIATION IN FrFTD

As it has been stated earlier that the fractiondkeio differentiation of a given signal in the
fractional Fourier transform domain can be obtaitgdutilizing the analytical approach of
fractional order operators of the fractional ordatculus. To say, this concept involves two
degrees of freedom to achieve the fractional deveaorder operation in the fractional Fourier
transform domain that is, the fractional derivatoreler parametex and the fractional Fourier

transform parameteys.

In this chapter, an attempt is made to amalgarttadee two concepts qgf and ¢
parameters in the image processing application. afipication of edge detection is taken for
consideration in this work that utilizes these talmove mentioned parameters and outputs the
results for an image and evaluates the metric pateswith the established edge operators or

masks.
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Before considering the edge detection operatiothénproposed work, let's go through
the analytical aspects of the two—dimensional ioaetl order calculus and how it can be applied

to design the fractional differential mask for #ge detection application.
6.2.1 Mathematical Foundation of Finite Differencdor Fractional Derivative

The fractional derivative or differenti89] is the result of the extension of the integraleord
derivative or differential. In classical theoryyen a derivative of certain ordgf™, there is a

finite difference approximation of the forf&3, 90}

9™ @) = limpoo 5 SReo (D" (3 g = k), (6.:2.1)

where,(Z) = ”(”‘1)(”‘3'"(”_""“).
This is generalized to derivatives of arbitraryler and gives rise to the Grinwald—

Letnikov (GL) fractional order derivative definitiaas illustrated below.
6.2.2 Grunwald—-Letnikov Fractional Order Derivative Definition

GL fractional order derivative definition was intieced in the original papers of Grinwald and
Letnikov in 1867 and 1868, respectively. The anedytaspect of GL based fractional derivative
definition is used in the edge detection operatmdevise the fractional differential mask. The
details regarding the mathematical definition of Gased definition can be found in Section
(2.2.2) of Chapter 2.

6.2.3 Fractional Differential Mask

For the edge detection operation in the fractiad@hain, the motive is to perform the edge

detection on images utilizing the fractional orddifferentiation in the fractional Fourier
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transform domain, so as to get inherent advantage®mpared to the traditional edge detection

operators.

As it is obvious that the edges are significactlachanges of intensity in an image that
typically occur on the boundary between two diffénegions in an image. For fulfilling the task
of edge detection, the mask is required. The n&askd over an area of the input image, changes
that pixel's value and then shifts one pixel to tight and continues to the right until it reaches
the end of a row. It then starts at the beginnih¢he next row and the process continues and

finally the edge detected image is obtained.

For the purpose of edge detection in the fractialmanain, the fractional differential
mask is devised. The utility of the fractional difntial mask for the edge detection in the

fractional domain is to show how effective is tletagttion of edges in the noisy environment.

So, for the purpose of edge detection in the ifvaat domain, the input image is made to
corrupt with the noise and the traditional as veallthe fractional mask edge detectors are then
applied to detect the high intensity edges of thages. It is also important to see how different
edge detectors (both traditional and the proposed)capable to reduce the noise from the
images and highlight the edges at the outg, 2, 158

Pu et al [159] devised the fractional differential mask based bmth RL and GL
fractional derivative definitions for dealing withigital image processing applications. Most of
the typical edge detection operators such as RabRrewitt, Sobel, second-order Laplace etc.
are based on the classical Newtonian calculus.eBbwlith many natural phenomena, it has been
proven in scientific findings that fractional ordmathematical approaches are proven to be the
best tools. Now in the modern scenario of signallysis and processing, many of the signals
that are encountered features nonlinearity, noradigyls non—Gaussian characteristics,
nonadditive white noise etc. So for analyzing amdcessing these kinds of nonproblems in
signal processing, the fractional differential-lthsaglgorithms prove to be an important
mathematical tool. It is also proved that the f@wl differential is an effective analytical tool

for dealing with fractal problems, where the intddrased tool does not suffice.

In addition, the fractional differential masks che used for nonlinearly enhancing
complex fractal-like texture detailgll, 159, 163]
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In [159], Puet al have theoretically analyzed the six fractiondfedential masks and
algorithms based on both GL and RL definitions. Tperformance of the six fractional
differential masks is investigated and the relagwer analysis have been carried out and it is

proved that the performance¥fFeiPU — 2 is the best amongst all.

Thus, for the edge detection operation in thetivaal domain, the fractional differential
mask of[159] is used for further analysis and compared withtthditional approaches. So the
coefficients of the fractional differential ma¥kFeiPU — 2 given by (18) o{159] are taken for

the study.
6.2.4 Two-Dimensional Fractional Fourier Transform(2D—FrFT)

It is well-known that the fractional Fourier traosh (FrFT) performs the rotation of signals in
the time—frequency plane and exhibits many theamsd applications in time—varying signal
analysis[65]. Many definitions pertaining to establish the d#te version of the FrFT has been
established by the research communities and thsy elassification is provided [233] for the
interested readers.

For the two-dimensional signal analysis or forcpssing images in the frequency
domain, the two—dimensional signal transform isunegl to process the images. In the initial
stages of image processing research, the two—diamedd=ourier transform (2D—FT) was the
first transform in great use and it is in continsawsage for many applications of filtering and
image processing. The detailed theoretical andyical aspects of 2D—FT for image processing
can be found in many books and scientific padéfs.123]

For the proposed work, the FrFT is utilized in tdorensions so as to have 2D-FrFT. A
good number of research papers have come up watkedtablishment of 2D-DFrFT algorithms
— a discretized version of the 2D-FrHI5, 66, 129]

For one—dimensional FrFT (1D-FrFT), the mathemhtiepresentation of the FrFT of
the signalf (t) [95] is as follows:

T2 ()] = F?(u,) = [ () Ky(tu,)dt, (6.2.2)
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whereK, (t,u,) = i,/l — j cot @ exp [% (t% +uy?) cot — j tu, csc go] (6.2.3)

is the transform kernel, the notati@a? (-) represents the FrFT operator apdepresents the

fractional Fourier transform rotation angle.

The signalf (t) can be recovered back by the FrFT operation wighbackward rotation

angle’p’ as follows:

f@© =7 K ,(tu,) Fo(u,)du, (6.2.4)

The FrFT definition can easily be extended to tiwoeshsions of one assumes a separable
kernel. The separable 2D-FrFT is nothing but atigpe of the transform in the and they
directions independently and is not the most gérdefnition possible in the two dimensions
[16]. These definitions have separable kernels andepsgzoperties similar to 1D— FrFT. The
separable 2D-FrFT of ordegsfor thex axis andy for they axis for0 < ¢ < /2 and0 <y <

/2, respectively, is defined as:
T2Y[f(x,y)] = J-"""V(u(p,vy) = ffooo ffowf(x, y) K(p,y(x, Y, u(p,vy) dx dy, (6.2.5)

WhereK(pJ,(x, Y, Ug, vy) =K, (x, u(p) Ky(y, vy) (6.2.6)

1 . ; j . j
= ;\/1 —jcotg /1 —jcotyexp [é(xz +u,?)cote —jxu, cscgo] exp [é(yz +
v,2) coty —jy v, cscy] (6.2.7)
Here ¢ andy indicates the rotation angles of the transformgdad for 2D—FrFT, respectively.
The properties of the 2D—FrFT have been well-eistaddl in[15].

The signaf(x,y) can be recovered by a 2D—FrFT operation with thekiward angles
(—¢p,—y) as:

flx,y) = ffooo ffooo T‘p'y(u(p, vy) K_p—y (u(p, vy, X, y) du, dv, (6.2.8)

Now the(M, N)—point 2D discrete transform is computed as:
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FOV (g, v,) = TN TN O y) exp [E (62 +up?) cotg — j g escp exp L (v2 +
vyZ) COt}/—ijy CSC)/] (6.2.9)

For 2D-separable kernel, its 2D transform can b@lemented by row-—column

computation as:

For(u,, v,) = XHzE [29;’;01 (x,v) exp [é (x? 4+ u,?) cotp — j x uy, csc go” exp [é (y? +
v,2)coty —jy v, cscy] (6.2.10)

Thus, for anM x N matrix, the 2D-DFrFT is computed in a simple walye 1D-DFrFT
is applied to each row of the matrix and then teheaolumn of the result. Thus, the
generalization of the DFrFT to two—dimension isegivby taking the DFrFT of the rows of the

matrix and then taking the DFrFT of the resultaatn® columnwise.

6.2.5 Block Diagram Representation of the Proposeildge Detection in the
FrETD

The proposed work focuses on achieving the edgectigh on images in the fractional Fourier
transform domain utilizing the fractional differ@aitmask, obtained from the analytical aspects
of the fractional order calculus. Figure-6.6 shaws general block diagram of the proposed
filtering in the FrFTD.

There are two popular methods of filtering operatio image processing applications.
First method encompasses the convolution operatbreen the input image and the filter mask
to get the processed image. This method of filgersnknown as the ‘spatial domain filtering’.
The second method employs the ‘frequency domaterifilg’. It involves taking the transforms
of the input image and the filter mask respectivalyd thereby using the convolution theorem in
that transformed domain, so as to multiply the t@ntities of interest in the transformed
domain. Then, the output processed image can kainebt by the inverse transform of the

resulting convolved image in the frequency domamis illustrated in Figure-6.6 below.
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Input Image,

f,y)

Output magg,
9(x,y)

Direct Frequency Inverse
Transformation Filter Transformation

Figure—6.6: General block diagram of the filteringoperation in image processing.

In the proposed work, the block diagram of Figuré-& used for the edge detection
operation in the ‘frequency domain’. The fractioRalurier transform of the input imagéx, y)
and the fractional differential mask,are obtained. According to the convolution theowdrthe
fractional Fourier transfornf9, 12], the two transformed quantities are then multipli&he
output from this convolution operation is then irses transformed in the fractional Fourier
transformed domain to get the output imagés, y) as shown in Figure-6.7, respectively. On the
similar ground of Figure-6.7, the comparative as@lyis performed between various edge
detector masks such as, Roberts, Sobel, PrewittLapthcian and the fractional differential

mask(u), which is dealt in the section that follow.
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Input Imag, ——>| Tz? () X Tz ?(-) |——> Outpu Imagg,
fCy) 9(x,y)

T ()

Fractional Differential Masky

Figure—6.7:  Block diagram representation of the proposed edgeatection system in the FrFT
domain utilizing fractional differential mask. The notation Tz?(:) represents the

fractional Fourier transform operator.

6.3 FERFORMANCE METRIC PARAMETERS

To illustrate the performance of the edge detectperation, the two performance metric
parameters — mean square eftiSE) and peak signal to noise ratiBSNR) are chosen. That
is, MSE andPSNR parameters assess the quality of the restorediomtiages, in addition to the
visual examination. The two performance metric peters obtained are both dependent upon
the fractional differential mask parameterand the fractional Fourier transform paramegeor

fractional Fourier order parameter,related byy = a(m/2).

The output edge detected images obtained are cedhpeith the traditional and the
proposed edge detection operators and the tabalaesy of MSE and PSNR are obtained for

varyingu ande parameters and examined accordingly for theirati@ns.

The performance metric parameters are definedliasvi

MSE = - SH SN (F () — 9(x,3))° (6.2.11)
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PSNR = 10 log (21252°) (6.2.12)

wheref (x,y) andg(x,y) represents the input and the output images, régpc andMAX; is
the maximum possible pixel value of the image. Wtenpixels are represented using the 8 bits
per sample, this value is 2930, 123]

Thus, the quantity/SE is an estimator to quantify the amount by whiah dlutput image
differs from the input image and the quanttyNR (in dB) is commonly used as a measure of
the quality reconstruction of an image. Higher ttdue of PSNR, higher the quality of an

image.

Therefore, both the above metric parameters departhe fractional Fourier transform
rotation angle parameteqy and the fractional differential mask operator fi@ctional order

differentiation operator).

For the traditional edge detection operators, thguwt image visualization (qualitative
analysis) and the metric parameters (quantitatnadyais), both depends on only one varying
parameter i.e.p only, and for the fractional differential mask eddetection operator, they

depends on the two flexible varying parameteende, respectively.

Figure-6.15 and 6.16 shows various plots M§E and PSNR with respect to the
parametern of the FrFT operation for various traditional gsrdposed edge detection operators.
It is observed through simulations that by utilgzithe fractional differential masku) for the
edge detection, the optimum performance is achiévedgalues ofa varying betweer).90 to
0.98. The values oMSE and PSNR are also tabulated in Tables 6.1 and 6.2, resgdgtio
show the variation oM SE andPSNR with the parametex of FrFT for different edge detection

operators.
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6.4 SMULATION RESULTS AND DISCUSSION

Numerical simulations are performed for the proposege detection operation utilizing the
fractional differential mask along with the variotraditional edge detection operators like

Roberts, Sobel, Prewitt and Laplacian in the faawl Fourier transform domain.

The proposed model describing the edge detecti@natipn using the fractional order
differentiation in the fractional Fourier transfoisomain is simulated in the platform illustrated
in the Section 2.7 of Chapter 2.

The experiment is performed on the image of Lerth @66 x 256 pixels. The various
traditional edge detection operators such as Reb8dbel, Prewitt and Laplacian that are used
in rich literature, show good results on the ndise images, but their performance degrades in

the presence of noise.

Thus, the study is performed between the variadittonal edge detection operators and
the fractional differential mask edge detectionraps in the ‘noisy environment’ and the
comparison is made between the two, both througllitgtive and quantitative analysis. An
attempt is also made to show that the fractionffedintial mask edge detection operator

performs better in the noisy environment.

The input image is corrupted with Gaussian noiseeod mean and variance @fl, and
then input to the proposed model. The fractionalriés transform of various traditional edge
detection operators (masks) are taken and the ddggetion operation is performed. In this
study, the edge detection operation is dependenbrdy one varying parametep of the

fractional Fourier transform and the processed Wutpage is obtained after inverse transform
with ‘= ¢, as illustrated in the proposed model.

For the fractional differential edge detection maglerator in the fractional Fourier
transform domain, there are two varying parametensely, u for the fractional differential

mask employing the fractional order differentiation the two dimensions an¢ for the

fractional Fourier transform domain.
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Thus, the edge detection operation performed Wigse two varying parametersande
eliminates the noise corrupted in the input imagd ahows the detected edges much more
clearly (visually) as is shown in Figure-6.08= 0.95,u = 0.5) and Figure-6.14a = 0.95,u =
0.6 ), as compared to the traditional case of edge tieteoperators where only one varying

parametetp is employed, as is shown in Figure-6.9 to 6.12peetively.

Thus, it can be seen from the Figure-6.13 and Ei§ut4 that the proposed fractional
differential mask (named as ‘FOC—FrFT approachhmm respective figures) performs better for
eliminating the noise for optimuma = 0.95 and for two different values of the paramateias
can be visualized from the qualitative analysis giettl better quantitative metric parameters of
MSE and PSNR as compared to the traditional edge detectionabpes, as indicated in the
tabular form in Tables 6.1 and 6.2 and in the pbdtSigures-6.15 and 6.16, respectively.

Figure-6.8 (a) and (b) shows the input Lena imagkthe noise corrupted Lena image. It
is input to the proposed model and the edge deteciperation is performed. The output edge
detected images are obtained as shown in Figuéets@.14, both for traditional edge detection
operators and the fractional differential mask edfggection operator for spatial-domain,

fractional Fourier frequency domain and frequenoyndin, respectively.

Figure—6.8 (a): Original Lena Image. Figure—6.8 (b):  Original Lena Image
corrupted with Gaussian
Noise.

141



Chapter—6 Edge Detection on Images

Figure—6.9: Roberts mask—FrFT based edge detection.
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Figure—6.10:  Sobel mask—FrFT based edge detection.
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Figure-6.11.  Prewitt mask-FrFT based edge detectiol
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Figure-6.1z  Laplacian mask-FrFT based edge detectiol
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a=0,u = 0.5 FOC-FrFT approach a =0.95,u = 0.5 FOC—FrFT approach

a =1,u = 0.5 FOC-FrFT approach

Figure—6.13:  Fractional differential mask based edge detectionof u = 0.5 and for varying
FrET order a.
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a=0,u= 0.6 FOC-FrFT approach a = 0.95,u = 0.6 FOC-FrFT approach

a=1,u = 0.6 FOC-FrFT approach

Figure—6.14:  Fractional differential mask based edge detectionof u = 0.6 and varying FrFT
order a.
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— =Roberts
— - Sobel

= === Prewitt
= - =Laplacian

Figure—6.15:

Peak Signal to Noise Ratio (PSNR) (dB)

18

0.2 0.4 0.6 0.8 1
Fractional Fourier order parameter, a

Variation of Mean Square Error (MSE) versus fractional Fourier order
parameter, a for different mask operators and the fractional diferential mask u
using FrFT.
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Chapter—6 Edge Detection on Images

TABLE 6.1
VARIATION OF MSE OF LENA IMAGE FOR VARYING a OF DIFFERENT EDGE DETECTION
OPERATORS

a Roberts Sobel Prewitt Laplacian u=20.5 u=20.6

0 723.400 490.854 714.300 622.190 313.600 294.084
0.1 437.606 574.540 307.357 846.940 304.47y7 307.4(76
0.2 469.256 811.787 303.472 958.880 303.445 319.623
0.3 477.913 491.017 305.375 425.034 320.821 330.620
0.4 481.166 403.467 312.863 787.460 333.922 407.394
0.5 475.528 546.277 552.098 862.160 382.4313 301.1p0
0.6 664.233 603.510 866.780 900.290 394.570D 348.8p2
0.7 529.158 874.270 880.920 700.770 372.970D 519.747
0.8 373.647 407.147 831.360 856.770 462.766 397.078
0.95 520.844 911.890 925.250 764.990 202.117 225.692

1 576.122 741.449 617.498 774.730 355.691 331.146

TABLE 6.2

VARIATION OF PSNR (IN dB) OF LENA IMAGE FOR VARYING a OF DIFFERENT EDGE
DETECTION OPERATORS

a Roberts Sobel Prewitt Laplacian u=20.5 u=0.6

0 19.53702 21.22128 19.59200 20.19160 23.16704 48831
0.1 21.71997 20.53760 23.25437 18.85228 23.295p6 .25289
0.2 21.41671 19.03638 23.30960 18.31316 23.31000 23.08442
0.3 21.33732 21.21984 23.28247 21.84660 23.06818 22.93751
0.4 21.30785 22.07270 23.17726 19.16852 22.89435 22.03066
0.5 21.35904 20.75667 20.71064 18.77492 22.305p5 .34297
0.6 19.90760 20.32396 18.75171 18.58698 22.16956 .70227
0.7 20.89495 18.71435 18.68144 19.675085 22.414D6 .97288
0.8 22.40620 22.03329 18.93291 18.80216 21.47719 22.14205
0.95 20.96373 18.53138 18.46821] 19.29425 25.07480 24.59560

1 20.52566 19.42999 20.22445 19.23930 22.62007 30819
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Chapter—6 Edge Detection on Images

Thus, the edge detection operation is performddziang the traditional edge detection
operator masks like Roberts, Sobel, Prewitt anddcgn and the fractional differential mask
(w) in the fractional Fourier transform domain. Thealifative (visual perception) and the
guantitative analysis (performance metric paramsgtare shown for an input image corrupted
with the Gaussian noise in three domains— spatethain, fractional Fourier frequency domain

and frequency—domain, respectively.

The edge detection results are obtained for spdtahain(a = 0), fractional Fourier
frequency domain (varying) and frequency—domaifa = 1). The values of the fractional
Fourier order parameter is varied between 0 and 1. For the traditionaleedgtection mask
operators of Roberts, Sobel, Prewitt and Lapladiais, seen from Figures-6.9 to 6.12 that the
output edge detected images obtainedrnatemuch clearer visually as seen by the qualitative
analysis. That is, for the input noise—corruptedgds) the output edge detected image also
exhibits noise. It implies that the traditional eddetection mask operators are incapable to
eliminate the noise from the output edge detectedge, which is in conformity with the
literature[123].

On the other hand, in the case of the fractiontiemintial mask operatofu) in the
fractional Fourier transform domain, the perform@ans much better as compared to the
traditional mask operators. In the rigorous simafe, the values qgf anda are varied between
0 to 1. The quantitative results MISE andPSNR are also shown in Figures-6.15 and 6.16 and
Tables 6.1 and 6.2 for the traditional edge deteathask operators and for the two valueg of
0.5 and 0.6, respectively.

Also, it can be seen from Table 6.1 that for tlalitional edge detection mask operators;
Roberts, Sobel, Prewitt and Laplacian, the metaameterM SE shows the variation with the
parameten. For example, typical values dfSE for Roberts, Sobel, Prewitt and Laplacian mask
operators are 373.647, 403.467, 303.472 and 42%d03Mfferent values oft = 0.8, 0.4, 0.2, and
0.3, respectively. Also, these values corresponthéominimum value oMSE and maximum
value of PSNR as compared to spatial-domdin = 0) and frequency—domaifa = 1) as is

exhibited by Tables 6.1 and 6.2, respectively.
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Chapter—6 Edge Detection on Images

The MSE and PSNR are used as the metric parameters to evaluatpettiermance of
different edge detection operators with varyingapaeters,u and a. The edge detection
operation is performed for different values of th@ametera. The value of optimumu is
recorded with varying:r, where the metric parameters show sudden chavi§& @nd PSNR
shows dip and peak in their respective curves watying a). In the other case of fractional
differential mask in the FrFT domain, the parametas varied and the values of the metric
parametersMSE andPSNR are noted. With varying fractional differentialrpmeteru between
0 and 1, different values MSE andPSNR are obtained and the best results are obtainedewhe

the MSE shows minimum and theSNR shows maximum values.

Thus, the performance of the fractional order déifdiation(u) in the FrFT domairfep)
is observed to perform better than the traditicedde detection operators in the FrFT domain
(¢). Furthermore, the fractional differential mask dzth®dge detection operator is capable of
eliminating the noise in the image. The output edge&cted images utilizing the fractional
differential mask performs well in the noisy envineent as compared to the traditional edge
detection operators, which under performs in tresg@nce of noise. Thus, it has been ascertained
that the fractional order differentiation in thadtional Fourier transform domain outperforms in

comparison to the traditional edge detection opesat
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CHAPTER

CONCLUSIONS AND FUTURE SCOPE OF WORK

Taking mathematics from the begigrof the world to

the time whemltbn lived, what he had done was much the bethaé&n

-Gottfried Wilhelm Leibniz (1646-1716).

7.1 CONCLUSIONS

HIS STUDY EXAMINES THE ANALYSIS OF fractional ordedifferentiation in the
Tfractional Fourier transform domain. The conceptfraictional order differentiation is
based on the mathematical tool of ‘Fractional O@elculus’, which is a calculus of derivatives
and integrals of arbitrary (real) order, fractiorafferential equations and methods of their

solution, approximations and implementation techag)

The advantages of fractional order calculus (FO@) are described and pointed out by
many researchers and authors are that the frattmwar models of the real systems are

regularly more adequate than the usual integer ondeels.

This study has established the new signal proogsapproach of investigating the
fractional order differentiation that behaves ie fractional Fourier transform (FrFT) domain.

The dual concepts of fractional order calculus fradtional Fourier transform are amalgamated
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Chapter—7 Conclusions and Future Scope of Work

to examine the proposed differentiation operatiorthie time—frequency plane of the fractional
Fourier transform.

Based on the proposed differentiation operatiorth@ FrFT domain, the study has
explored to design the differentiating filter; ndynéoth integer—order and fractional—order
differentiators.

The work was set out to explore the concept ofgeteorder and fractional—order
differentiators and has identified the analyticgppects of their behavior in the fractional Fourier

transform domain.

For designing the integer—order differentiator,examination is done (both analytically
and through simulations) for the behavior of difetr signal processing window functions in the
time—frequency plane of the FrFT domain. The clefmwin analytical expression of the
behavior of Dirichlet and Generalized “Hamming”imdow functions is established, utilizing
various special mathematical functions in the foaal Fourier transform domain. It is shown
that the fractional Fourier transform of Dirichleind Generalized “Hamming” window
functions are directly dependent on the fractidf@lrier transform parameter, thus exhibiting

the flexibility of various applications in signaté@image processing.

It is also shown that the increasing value of trectfonal Fourier order parameter
reduces the side lobe levels, which in turn broad#re main lobe width, thus reducing
resolution. It can further be concluded that fori@ilet window function, as the parameteis
increased, maximum side lobe level (MSLL), half mibe width (HMLW) and side—lobe fall—
off rate (SLFOR) starts increasing. Similarly, felanning window function (forg = 0.5),
MSLL, HMLW and SLFOR starts increasing with incriegsvalue of the parameter Also, it is
seen that below the value of the parameter 0.2, it is impossible to detect the variations in the
window parameters. This is because of oscillatitvas occur at around = 0.2 and also it can

be seen that all the lobes are merging to the tobm

Thus, it is revealed that there is a variationhe window function parameters with the
variation in the fractional Fourier order parameteand a best optimal solution can be obtained
for the variety of practical applications such iasimage compressions. Efforts have also been

made to choose the most convenient parameter adjusto reduce the side lobe effect and to

154
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increase the intensity of the main lobe. Also,rémults discussed in the above techniques can be

beneficial to reduce the undesirable effects ofstectral leakage.

Following the work of designing integer—order diffatiator in the FrFT framework, an
attempt is made to design fractional—order difféegar in the FrFT framework. To start with,
the concept of FOC is used as an assistance thel.afalytical approach of deriving the new
closed—form analytical expression of the fractiooaler differentiation in the FrFT domain is
investigated. This expression is the generalizatbthe differentiation property to fractional
(non—integer) orders in the FrFT domain. The predodractional order differentiation
expression is derived based on the three well-kndefimitions of FOC namely, Riemann—
Liouville (RL), Grinwald—Letnikov (GL) and Caput@proach. It motivates for the variation of
two parameters: the fractional derivative orderapaeter (u) and the fractional Fourier
transform parametdip), which was not communicated earlier by the reseaoenmunity, to the
best of our knowledge. This closed—form analytieapression is obtained with the help of

special mathematical function of Kummer conflueyppdrgeometric function.

The fractional order differentiation thus derivesdai more generalized definition, since it
achieves the flexibility of different rotation aegle in the time—frequency plane of the FrFT
with varyingu. Due to this variation gf with ¢ in the FrFT domain, potential signal processing
applications can be achieved, for example in filtasign and edge detection in image

processing, and so on.

Next, the established fractional order differembiatproperty in the FrFT domain is
examined for potential applications in the signatl d@mage processing research areas. The
application example of designing an FrFT—based fms8s finite impulse response fractional
order differentiator is demonstrated. The propodédterentiator is designed based on the
underlying principles of fractional order calculasd the fractional Fourier transform. The
design results are presented by utilizing the fi@amiFOC definitions and demonstrate its

validity.

Thus, the proposed fractional order differentiatatudes the following advantages. First
it is the first and new attempt of combining the@®@oncept with the FrFT and it provides a new

way of designing the digital fractional order difatiator. Second, it provides the flexibility of
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two different varying parameters, which could bendfecial in different signal and image
processing applications. Thus, the freedom ofaitigj varying order of the derivative (fractional
derivative) in the entire time—frequency plane led FrFT domain can be utilized for different
potential signal processing applications. Alsodbmparative analysis between the two proposed
definitions used in designing the proposed difféetar is examined. As it is evident from the
mathematics literature that the Caputo based diefinbutperforms the RL definition, so the
superiority of the Caputo based definition over Bised definition is also established through

the use of metric parameter, which is in conformitih the available mathematics literatures.

Thus, the design example of one—dimensional fraatiorder differentiating filter in the

FrFT domain is demonstrated and shows the effewts® of the proposed method.

Following the work introduced above, the curiodagds to extend the proposed method
to design the two—dimensional fractional orderetéhtiating filter in the FrFT domain. For this,
the edge detection operation in image processiegamined through the analytical approach of
combining the FOC concept with the two—dimensidradtional Fourier transform concept. The
fractional differential mask based on the Grinwhktrikov fractional differentiation definition
is utilized for the edge detection operation basedts utility. Thus, the comparative study of the
traditional edge detection operators with the fomal differential mask edge detection operator
in the fractional Fourier transform domain is exaedl in the noisy environment. For judging the
performance, the metric parameters of peak signahdise ratio and mean square error are used
and it is shown that with two varying parameterg.aind¢, the edge information is extracted

more specifically as compared to the traditiongrapches.

Thus, the image edge detection results utiliziregfthctional order operator show that the
proposed method is not only effective but also lkixfigood noise immunity. Furthermore, the
fractional differential approach in the field of age processing will have broad application

prospects in the near future.
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7.2 FUTURE SCOPE OF WORK

The design of fractional order differentiator itopic without boundaries. Further, studies

can be extended in areas like:

(i)

(ii)

(iii)

(iv)

The closed—form analytical expression of thectronal order differentiation in the FrFT
domain is established for the fractional order paater of the differentiation operation
restricted in the rangé < u < 1. So further studies could be established for #recal
class of fractional order parameter,

Further, this task can be extended for other signatessing transforms which exhibits
more than one extra degree of freedom and thus patestial applications in signal and

image processing could be examined.

In image processing application, the operatainedge detection is performed utilizing
the fractional differential mask based on Grinwhktnikov definition in the FrFT

domain. The comparative analysis of different fiawl differential masks based on
Riemann-Liouville and Caputo definitions in the FrBomain was not made. This
stimulates to analyze the different fractional eliéintial masks for the edge detection
operation. So the conclusion can be made for @approach. Also, different transform
techniques can be applied for the edge detecti@ratipn in addition to the FrFT

techniques and analyze the results.

There exist many definitions of fractionaldsr differentiation in the available research
literatures. We have restricted our proposed waorkomly three of the well-known
definitions, and presented their results in thespitirof signal and image processing
applications. Further studies could be examinethbgrporating other known definitions

of FOC and analyze their results in the enginedigids.

Practical solutions for the implementation tbk fractional order differentiation in the

FrFT domain could be established.
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