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ABSTRACT

Regular expressions are widely used in various applications such as XML schema
languages, compiler designs, model checking, bio-informatics, virus detection
systems, intrusion detection systems, finite state based testing, text processors and as a
programming tool for multifarious scripting languages such as PHP and PERL, etc. A
regular expression extended by intersection and shuffle operators do not increase the
expressive power of the regular expression, but succinctness due to the inclusion of
these additional operators are difficult to handle with the standard operators. In one
form or another, the additional operator shuffle appears in different forms of computer
science, namely process algebra, multipoint communication, XML schema RELAX NG,
computational resource reduction, and concurrency of processes.

This dissertation focuses on the design of algorithm’s for the conversion of
regular expressions with additional operators to the finite automaton. Firstly, we
develop an algorithm for the conversion of parallel regular expressions to non-
deterministic finite automata using the follow-position of symbols presenting in the
parallel regular expressions. It has also been proven that parallel regular expressions
cannot be converted into deterministic finite automata directly. In the worst-case
scenario, 2"*! number of states are required for the construction of the non-
deterministic finite automaton, where m represents the number of instances of
alphabets in a parallel regular expression. In earlier existing approaches, the
number of states of the non-deterministic finite automaton in the worst case is equal to
22IM=3€ where |r| and C represent respectively the length and number of concatenation
in a parallel regular expression.

Secondly, we explore and design a sound and complete algorithm for the
conversion of semi-extended regular expressions to deterministic finite automata.

Comparison demonstrates that the deterministic finite automaton generated using the

11



proposed algorithm is smaller than the earlier existing approaches in the literature.
The proposed method is an extension of the direct conversion of regular expressions to
deterministic finite automata.

Finally, we develop an algorithm for the metamorphosis of parallel
regular expressions to the right linear grammar. The metamorphosis of parallel regular
expressions to right linear grammar gives a prescript of reduction in concurrency.
The novelty of the algorithm is the use of follow-position of symbols for the

metamorphosis of parallel regular expressions to regular grammar.

Keywords: Regular expression, Parallel regular expression, Deterministic finite

automata, Non-deterministic finite automata, Parallel finite automata.
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PREFACE

This manuscript presents my research work done at the Computer Science and
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regular expressions with shuffle and intersection operators as follows:

1. Conversion of parallel regular expressions to non-deterministic finite

automata and their state complexity issues.

2. An improved algorithm for the conversion of semi-extended regular

expressions to deterministic finite automata.

3. An algorithm for metamorphosis of parallel regular expression to regular

grammar.
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Chapter 1

INTRODUCTION

The purpose of this chapter is to introduce preliminary concepts, notations, motivations

for the thesis, and the thesis outline.

1.1 MOTIVATION

Various models of computation, such as finite automata, push-down automata, linear
bounded automata and the Turing machine can be defined mathematically. The Turing
machine is equally as powerful as an actual computer. The simplest mathematical
model is Finite Automata (FAs). The underlying principle of the finite automaton is that
it consists of a finite number of states and can move among the states in a predictable
way by accepting input signals. The language represented by the finite automaton is
regular language. A regular language can be described by a regular expression, finite
automaton and a regular grammar [37].

Regular expressions have been widely used since their appearance, and they
play a significant role in myriad areas of computer science such as compiler design,
protocol analysis, text processor, XML schema language, virus scanning system,
operating system for specifying sharing of resources, bio-information, intrusion
detection systems, natural language processing and as a programming tool for
various scripting language such as PHP, PERL etc. [3-4, 9, 15, 17, 32, 47, 53, 56,
58, 63, 66].

Extended regular expressions consist of union, Kleene closure, concatenation,
intersection, shuffle and counting operators. Use of these additional operators does not
increase the expressive power of regular expressions, but the succinctness achieved

by the addition of these operator is difficult to control using the union, Kleene



closure and concatenation operators. An extended regular expression can be rewritten
into an equivalent regular expression, but the equivalent regular expression is usually
larger and more complicated. Therefore, extended regular expressions are preferred to
regular expressions. Inclusion of these additional operators means that the patterns
are represented more elegantly and are easier to understand. Regular expressions
with subtraction operators can be useful in programming languages, such as for
describing an identifier using certain standard patterns of regular expressions minus
a set of keywords. Regular expression does not provide an adequate way of depicting
this. Semi-extended regular expressions consists of concatenation, union, intersection
and Kleene closure operators.

Parallel Regular Expressions (PRESs) [5] consist of shuffle, union, concatenation
and Kleene closure operators. PREs are useful in different areas of computer science
namely multipoint communications, natural language processing, pattern matching,
XML schema RELAX NG, concurrency of processes, system verification etc. [35, 67,
74,76].

The concept of shuffle operators in regular expressions was introduced by Garg
and Ragunath [70], they specified that the shuffle operators are useful in the modelling
of interleaving processes and that there is a close relationship between petri nets and
shuffle languages.

Carberry [61] proposed various techniques for plan recognition. In plan recog-
nition, an agent’s goal is identified on the basis of the agent’s actions [10, 61].
Hogberg [38] proposed a model-based approach to represent a multi-agent scenario
in which shuffle operators are used in context-free languages.

Iwama [41] used shuffle operators in multi-point communication, where all
stations share a single bus. The decomposition of a string x into y;,y,, ...,¥,, 1s such that
each decomposition belongs to a predetermined language, L;,L;,...,L,. Conditions

under which such a decomposition is unique are extremely important in multi-point



communication.

Estrade et al. [6] investigated various applications of the parallel regular
expressions in the field of modelling of multitasking and multiuser operating
systems. Parallel regular expressions can be used for describing a number of competing
processes, with each symbol representing a critical section. For a single CPU, the
equivalent regular expression corresponding to a parallel regular expression describes
how these processes can be scheduled. Parallel regular expressions are also useful in
the modelling of concurrent systems. In the event that the number of processors is
reduced, partial serialization can be useful [5].

The design of efficient algorithms for the conversion of regular expressions
with additional operators to deterministic and non-deterministic automata has become

crucial, as these are widely used in various fields of computer science.

1.2 TERMINOLOGY

In this section, we describe some basic definitions and notations that are used
throughout the remaining part of the thesis.

¥ denotes an alphabet representing a finite non-empty set of symbols. X* is the
free monoid generated by concatenation on X including the null string [37]. A string
or word w = ajay...a, is a finite sequence of symbols taken from X, having length
n. Length of a string w is denoted by |w|. Empty string (represented by €) does not
contain any symbol. A language L is a subset of X*. Null language (denoted by 0) does
not consist of any string.
DEFINITION 1.2.1. Language L [37] elucidated by RE r over an alphabet ¥ can be

defined using the following rules:

L L(¢) < {¢}

2. L(g)«{¢}



3. ForackX, L(a) < {a}
4. L(ryry) < L(r;)L(r2)
5. L(r) + U3 {(Lh}
6. L(r;Ury) <« L(r;)UL(r2)
DEFINITION 1.2.2. DFA [37] is a quintuple M = (Q,X,q,, 8, F), where
1. Qs the set of states.
2. X is an alphabet.
3. gy € Q is the starting state.
4.  Transition function (0) is a partial function mapping Q x ¥ — Q.
5. Set F C Q is the set of final states.

Figure 1.2.1 delineates the DFA for the language L = (a|b)*ba. Throughout the thesis,
the final state of the finite automaton is represented by green color circle or by double

circle.

a

Figure 1.2.1: DFA for L = (alb)*ba

DEFINITION 1.2.3. NFA [37] is a quintuple M = (Q, X, q,, 6, F), where

4



1. Qs the set of states.

2. X is an alphabet.

3. gy € Q is the starting state.

4. Transition function (8) is a partial function mapping Q x X — 2¢.

5. Set F C Q is the set of final states.

Figure 1.2.2 delineates the NFA for the language L = (a|b)*ab.

a,b

Figure 1.2.2: NFA for L = (a|b)*ab

DEFINITION 1.2.4. Shuffle operator is denoted by &. Shuffling [50] can be formally

defined as follows:
1. ForackX, ake=€e&a=a

2. Fora,beX, x,yck"

ax&by = a (x&by) Ub (ax&y)

EXAMPLE 1.2.1. Consider w; = abc and wy = xy, then

wi&w; = {abcxy, xyabc,axbcy, axybe,axbyc,abxyc,xabcy,xaybc,xabyc,abxcy}
DEFINITION 1.2.5. If L; and L, are two languages, then L;&L; is a set consisting of
the strings w such that

{w|w=x&y,(Axe L;))N(Ty € L,)}



DEFINITION 1.2.6. Syntax tree of RE r is a binary tree in which every node has at

most two children and the following conditions holds:

1.

2.

3.

a € X, # appear as a leaf node.
Operators act as an internal node of the syntax tree.

In-order traversal of the syntax tree is equivalent to the RE.

DEFINITION 1.2.7. Language L [6] elucidated by PRE r over an alphabet X can be

defined using the following rules:

1.

L(9) < {9}

L(e) ¢}

Fora € X, L(a) + {a}
L(ryr2) + L(r1)L(r2)
L(r') < U5 {9}
L(r1Urz) ¢ L(r1) UL(r2)

L(r;&ry) < L(r;)&L(r2)

DEFINITION 1.2.8. PFA [69] consists of 7-tuple (£,0,¢qy,F,N,d,7), where

1.

¥ is an alphabet.

0 C 2V is a finite set of states.

qp € Q is the starting state.

Set I C N is the set of final states.

N is a finite non-empty set of nodes.

6



6. & is a state transition function defined by Q x (ZUA) — 29.
7. 7is a node transition function defined by 22 x (ZUA) — 22",

Figure 1.2.3 delineates the PFA for the language L = 0&(01).

9—0—0

Figure 1.2.3: PFA for L = 0&(01)

1.3 THESIS OUTLINE

This thesis is devoted to the design of algorithms for the conversion of PREs to NFAs.
The results obtained are discussed in chapter 3 to chapter 7. A chapter-wise summary
of the thesis is as follows:

The first chapter is introductory and serves the purpose of developing the
preliminary concepts, including definitions and basics, keeping in view the
pre-requisites for the subsequent chapters.

In chaper 2, we discuss various methodologies that exists in the literature for the
conversion of RE to DFA or NFA. This chapter also contains the literature survey of

PRE and their conversion to NFA. In last section, gaps in the area of PRE are explored.



In chapter 3, an algorithm is designed for the conversion of shuffled regular
expression (SRE) to NFA. We have proved that a PRE cannot be converted into DFA

2m+s+1 pumber of states

directly. NFA generated using the proposed approach requires
in the worst-case scenario, which is a significant improvement over the other existing
approaches in the literature. It has been proved that if V(r;&rj) € r A ((symbol(r;) N
symbol(r;)) # 0), then it is implausible to generate deterministic finite automaton
directly from the parallel regular expression.

In chapter 4, an algorithm is designed for the metamorphosis of PREs to NFAs
without using intermediate steps. Estrade er al. [6] investigated the PREs and
proposed an algorithm for the conversion of a PRE to NFA using PFA as an
intermediate step. The proposed algorithm is an extension of the direct conversion
method used for converting a RE to DFA. For a given PRE r, let m be the number of
symbols that occur in r and let C denote the number of concatenation operators in 7,
then in the worst case, 2" states are required for the construction of the NFA using
the proposed algorithm. In the earlier existing approaches, the number of states of the
NFA in the worst case is equal to 22Ir=3¢,

In chapter 5, the worst case state complexity of the e-free NFA is analyzed using
the partial derivative automata. The study of derivatives of RE were introduced by
Brzozowski [33], and by applying this algorithm, a RE can be converted into DFA.
Later on, Antimirov [68] proposed the concept of partial derivatives for the conversion
of RE to NFA. It has been proven that the worst case NFA (i.e. NFA having m+ 1
states) occurs using partial derivatives, if m instances of symbols are connected by
(m — 1) concatenation operators and no other operators are used. Various properties
of the PRE have been explored, as well as how partial derivatives are useful for the
conversion of PRE to NFA.

In chapter 6, an algorithm is designed for the conversion of PRE to right

linear grammar. The proposed algorithm uses the concept of follow-position of the



symbols. The metamorphosis of PRE to regular grammar gives a prescript of
reduction in concurrency, which can be credited as a novel algorithm. The numeri-
cal implementation of the algorithm is outlined, and some specific numerical examples
are given to illustrate the proposed conversion. Furthermore, the grammar procured
from the proposed algorithm can be easily converted into a minimized DFA.

In chapter 7, an algorithm is designed based on the follow-positions of
symbols present in the SERE for the conversion of SERE to DFA. Comparison
demonstrates that the DFA generated using the proposed algorithm is smaller than
the earlier existing approaches in the literature. The proposed algorithm is an
extension of the direct conversion method used for converting the regular expressions
into deterministic finite automata whereas Yamamoto algorithm [31] is based on the
Glushkov automata [72]. Finally, to expound this approach, we endow some numerical
examples.

Finally, conclusions are presented, followed by the future work and cessation with

references, including papers, books and websites.



Chapter 2

PRIOR WORK

Over the last six decades, extensive research has been conducted on the
conversion of regular expressions to deterministic and non-deterministic finite
automata. In this chapter, we will first review some of the techniques for the
conversion of regular expressions to finite automata. We will also review the
literature on the conversion of regular expressions with additional operator shuffle and

intersection to the finite automata.

2.1 FroM REGULAR EXPRESSIONs TO NFAs

Kleene [62] described the simplest model of computation in 1956, since known as
deterministic finite automaton (DFA). He proposed a specification language known as
regular language and used notation nerve nets in place of DFAs. He also proposed the
Kleene theorem, which states that every regular expression (RE) can be represented by
a non-deterministic finite automaton (NFA).

Thompson [43] proposed a classical approach, by means of which a
regular expression can be converted into an €-NFA in linear time. Thompson’s
construction is still used in many applications because it is easy to implement.
Given RE r having length n, e-NFA can be generated using Thompson’s construction
requires atmost 2n states and 4n transitions. Figure 2.1.1 delineates various rules for
Thompson’s construction.

Sippu and Soisalon-Soininen [65] proposed an approach whereby a smaller
€—NFA can be constructed than is possible when using the Thompson’s automata.
Figure 2.1.2 delineates various rules for union, concatenation and Kleene closure

using the Sippu and Soisalon-Soininen construction.
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Figure 2.1.1: Thompson’s Construction [43]
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Figure 2.1.2: Sippu and Soisalon-Soininen Construction [65]
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Figure 2.1.3: Ilie and Yu Construction [44]

Ilie and Yu [44] introduced the concept of follow automata. This is based on
the equivalence relation of the set of positions of symbols occurring in a regular
expression. The NFA obtained using follow automata consist of (m + 1) states and
(m? +m) transitions in the worst-case scenario where m be the number of symbols that
occur in RE r. Follow automata can be constructed by merging the equivalent states of
the Glushkov automata. Ilie and Yu [45] gave a method which can convert a RE into
NFA whose size is less than or equal to the size of the NFA obtained using the position,
partial derivative and follow automata.

The concept of €—free NFA is introduced as position automata, proposed
independently by McNaughtonYamada [59] and Glushkov [72]. The size of the NFA
obtained using the position automata lies between the linear and the quadratic. Using
Bruggemann-Klein’s [1] approach, the position automata can be obtained in quadratic
time. In positional automata, each occurrence of the symbol from an alphabet is
assigned a position and each position is considered as a state. A limitation of the
position automata is that the number of transitions can be equal to m” +m in the worst-
case scenario. In position automata, first, last and follow(i) are determined using the

following rules:
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first={jlaja € L(r)}
last = {j|locaj € L(r)}

follow(j) = {i|oaja;p € L(r)}

In position automata, each state represents the occurrence of a symbol from the
symbols in r. Consider r = ab(a|b)*. Figure 2.1.4 represents the position automata
equivalent to L(r). State 1 represents the occurrence of symbol a, state 2 represents the

occurrence of symbol b and so on.

Figure 2.1.4: Position automaton for RE r = ab(a|b)*

Brzozowski’s [33] proposed the concept of word derivatives for the conversion
of REs to DFAs. Antimirov [68] used the concept of partial derivatives for the
construction of NFAs from a regular expression having the time complexity O(n”).
Champarnaud and Ziadi [39] improved the time complexity of Antimirov’s partial
derivatives with quadratic time complexity. They proved that the partial derivative
automata are a quotient of position automata.

Consider a language L over an alphabet {a, b} denoted by RE r. Then, according

to Antimirov [68] following are the properties of partial derivatives:

d,(8)=10
2,(0)=0
di(a)=¢
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d.(b) =10
Ja(xUy) = 0a(x) U da(y)
0a(x") = da(x) (x)
If € € L(x) then
0a(xy) = (9a(x)y) U du(y)
If € ¢ L(x) then
0a(xy) = (da(x)y)

Berry and Sethi [20] used Brzozowski’s results [33] and improved the
McNaughton and Yamada’s algorithm [59] for the metamorphosis of REs into
NFAs. Klein [1] converts the RE into star normal form and proposed a two-pass
algorithm for computing McNaughton and Yamada’s [59] NFA using the same kind of
mechanism used by Berry and Sethi [20]. Ziadi and Champarnaud [16] proposed an
optimal algorithm for converting a regular expression into Glushkov automata using
star normal form. Broda et al. [60] studied the relation between partial derivative
automaton and Glushkov automaton.

Garcia et al. [57] proposed a methodology using which a smaller NFA can be
constructed. They propose an algorithm, using which the states of the c-continuation
automaton are merged if they satisfy the follow automata property keeping the
c-continuation of the merged states. This give each merged states having several
expressions representing the same language. Then, the states which are having a
common regular expression are also merged. The size of the obtained NFA is
upper bound of the size of smallest automata obtained from the existing approaches
in the literature [57].

Giammarresi et al. [11] characterized the Thompson digraphs and proposed an
algorithm using which a regular expression can be generated from a Thompson
machine having size linear in terms of the total number of states and transitions.

Castiglione et al. [21] proposed the concept of non-deterministic Moore automaton
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and showed that it has the same computational power as minimal deterministic Moore
automaton. Sakuma et al. [78] worked on the strategy of regular expression used in
Perl and translated a regular expression into transducers. Several researchers investi-
gated different types of open problems and explored various applications in the area of

regular expressions [40, 71, 79-80].

2.2 FroMm EXTENDED REGULAR EXPRESSION TO NFA

Garg [69] proposed the concept of parallel regular expressions (PREs) for the modeling
and analysis of concurrent systems. It is proved that PREs can represent the similar
language as petri nets [70].

Stotts and Pugh [56] introduced that Parallel Finite Automata (PFAs) can be
used for describing the finite automata with interleaving operators. They specify that
the PFAs can combine the modelling capabilities of petri nets without admitting the
possibility of an infinite state space. An algorithm was designed for converting
parallel regular expressions to PFAs using composition rules. PFAs can be used in
the modelling of hypertext and nonlinear interactive networks.

Mishna et al. [52], worked on shuffle product, shuffle closure and shuffle
grammar and they gave explicit generating function consequences. Pardeep and
Murthy [7] designed a constant time algorithm for determining whether a string can be
generated from the shuffling of two strings. Hovland [12, 13] proposed a membership
algorithm for RE consisting of union, concatenation, Kleene closure and unordered
concatenation.

Estrade et al. [6] designed an algorithm for the conversion of PREs to DFAs
using the intermediate step of PFAs and NFAs. They designed a Formal Language
Toolkit (FLaT) [28] for the conversion of PREs to DFAs. The conversion of PREs

to DFAs serializes the parallelism and concurrency. PRE to PFA conversion can be
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achieved by using the modified Thompson’s construction [5]. Conversion of PFAs to
NFAs requires the elimination of A-transition and this can be done by enumerating all
states explicitly. NFA to DFA conversion can be achieved by the well-known subset
construction technique. Estrade et al. [6] investigated different application of parallel
regular expressions in the field of computation resource reduction, modelling a multi-
tasking and multiuser operating system. They also explored some potential areas for

future research directions.

Figure 2.2.1: PFA for PRE r = a*&bc using Estrade et al. methodology [6]

Table 2.2.1: Execution sequence of w = baca for PFA

Active node | Input Action

0 A Control goes to {1,2,4,5}
{1,2,4,5} b Control goes to {1,2,4,6}
{1,2,4,6} a Control goes to {2,3,4,6}
{2,3,4,6} c Control goes to {2,3,4,7}
{2,3,4,7} a Control goes to {2,3,4,7}
{2,347} A Control goes to {8}

Berglund [48] studied the complexity of the membership problem involved in the

shuffled language. Berstel ef al. [34] studied the different kinds of language classified
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based on the shuffle operations and proved partial results for the star-free commutative
language. Micciancio [14] proved the decidability of valid equations and inequations
between regular expressions containing intersection and shuffle operators. Bjorklund
and Bojanczyk [23] worked on shuffled expressions and words with nested data. They
showed that the emptiness is decidable in case of unordered data and undecidable with
ordered data.

Semi Extended Regular Expressions (SEREs) consisting of concatenation, union,
intersection and Kleene closure operators. In many applications, the words represented
by the patterns are long and cannot be easily depicted by the REs. These patterns can
be easily depicted by using SEREs.

Yamamoto [31] proposed an algorithm for the metamorphosis of SEREs into
Non-deterministic Finite Automata (NFAs). This algorithm is founded on the
concept of Glushkov Automata [55]. Yamamoto [30] designed an algorithm for the
membership of SEREs using its metamorphosis to partially input-synchronized
alternating automata.

Kupferman and Zuhovitzky [54] designed the improved algorithm for the
membership of SEREs on the basis of alternating automata with synchronized
universality and negation. It is arduous for the conversion of a SERE into alternating
automaton whenever sub-expression (r; Nr;)r occurs in the SERE. Problem occurs
because sub-expression (r; Nr;)rg is not equal to (r;rx) N (rjrx) whereas (r; U rj)ry is
equal to (r;rx) U (rjry) -

A number of membership algorithms exist for checking whether string w can
be produced from the SERE or not. Useful membership algorithms for SEREs have
been provided by Yamamoto [30] and extensively improved by Kuperferman and
Zuhovitzky [54], Rosu [22], Peterson [29].

In recent years, the succinctness of REs with additional operators like shuffle,

intersection [24, 25, 42, 74, 75] has been widely studied and reasserted that double
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exponential size is needed for the construction of RE from RE with intersection

operators.

2.3  GAPSIN THE LITERATURE

Shuffle decomposition for a regular language L is the decomposition of L into two
regular languages L; and L, such that L = L;&L,. Campeanu et al. [8] proved that for
certain sub-classes (like commutative regular languages) of regular language, shuffle
decomposition is decidable and undecidable for context-free languages.

Ito showed that if one of the component languages is restricted to be finite then,
shuffle decomposition is decidable [51]. Domaratzki et al. [49] considered the
concepts of decomposition of unary regular language along with a regular set of
trajectories to obtain the decidability of the unary regular language. Biegler et al.
[18] proved that the shuffle decomposition of finite languages is not unique but shuffle
decomposition is unique for words and arbitrary sets.

From the above stated work, it has been shown that knowing exactly which
finite sets have a unique decomposition is a still an open problem as is the status of
decidablity.

Estrade et al. [6] suggest that a serialized form cannot be easily recognized from
its parallel regular expression. Further, unshuffling of PREs (i.e. converting a serial
regular expression back into source language PRE) is still an problem. The open issues
are to convert PREs into invertible forms and the ability to correctly identify the source
languages. As a result, it leads to a high complexity of the problem, but also offers a
greater possibility to find the nested level of concurrency.

According to Estrade et al. [6], an algorithm can be designed for the direct
conversion of PREs to DFAs, which can be useful to study the properties of shuffle

operators and useful in the field of concurrency.
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2.4 OBJECTIVES OF THE RESEARCH WORK

The main objective of this research work is the design of algorithms for the conversion
of PREs to DFAs. Based upon the literature survey and the gaps, following research

objectives are outlined for the proposed work:

1. To explore various algorithms in the field of Parallel Regular Expressions (PREs)

and Parallel Finite Automata (PFAs).

2. To explore various techniques / technologies for the conversion of PREs to finite

automata.
3. To propose an efficient algorithm to convert PREs to DFAs.
4. To Verify and Validate the proposed algorithm.

Based upon the above objectives the outcomes of this research is the design of an

algorithm for the conversion of PRE to NFA.

PRE PRE
PFA
NFA
NFA
DFA DFA
(a) Estrade et al. approach [6] (b) Proposed Approach

Figure 2.4.1: Comparison between Estrade et al. approach [6] and proposed approach

In addition to the above mentioned objectives following algorithms are also designed:

1. Conversion of the Semi-extended Regular Expressions (SERESs) to DFAs.

2. Conversion of PREs to right linear grammars.
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Chapter 3

A NOVEL ALGORITHM FOR THE CONVERSION OF
SHUFFLED REGULAR EXPRESSIONS TO
NON-DETERMINISTIC FINITE AUTOMATA

3.1 INTRODUCTION

Shuffled Regular Expression (SRE) is a confined form of Parallel Regular
Expression (PRE) in which shuffle operators explicitly occur between Regular
Expressions (REs). Conversion of SRE to RE or Deterministic Finite Automaton (DFA)
has been studied widely in the area of concurrency.

SRE's can be used for depicting the number of processes competing for the critical
section [5]. Each critical section of a process can be described by a symbol. For
example, critical sections of the three processes could be represented by a, (ab)* and
b*. For a single CPU, SRE describes the probabilistic way of scheduling. Equivalent
RE commensurate to the SRE renders the way for tasks to be completed. In case of
resource reduction in the modelling of concurrent systems, partial serialization can be
useful [6]. In this chapter, an algorithm is proposed for the metamorphosis of SRESs to
&-free Non-deterministic Finite Automata (NFAs) without using intermediate steps.

Various methodologies exist in the literature for the metamorphosis of REs to
NFAs named as Thompson’s construction [43], partial derivatives [68], and follow
automata [44]. Estrade et al. [6] worked on the conversion of Parallel Regular
Expression (PREs) to NFAs using Parallel Finite Automata (PFAs) as an
intermediate state. PRE to PFA conversion can be achieved by using the modified
Thompson’s construction. PFA with n states can be converted into a NFA require

2" states in the worst-case scenario [6]. However, RE can be converted into DFA

IResults of this chapter are published in Maejo International Journal of Science and Technology,
Vol. 7(3), 396-407, 2013.
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directly with fewer states than the trivial Thompson’s construction. Motivation for

developing an efficient algorithm, with lesser number of states stems as there is a scope

for conversion of PRE to NFA by extending the direct conversion method [3, 20].

3.2 PROPOSED APPROACH

In direct conversion [3, 20] of REs to DFAs, a syntax tree is constructed for the

augmented RE. firstpos, lastpos and nullable are determined using the rules given in

Table 3.2.1. The additional rules for shuffle operator are described along with the rules

for the direct conversion of RE to DFA [20]. followpos are determined using the rules

given in Table 3.2.2. firstpos, lastpos, followpos and nullable are determined for the

nodes of the syntax tree, and using these followpos, an equivalent DFA can be gener-

ated.
Table 3.2.1: Rules for firstpos(r), lastpos(r) and nullable
RE firstpos(r) lastpos(r) Nullable
r==0 0 0 false
r==¢ 0 0 true
r=a position(a) position(a) false
r=r;Urj | firstpos(r;) Ufirstpos(rj) | lastpos(r;) Ulastpos(rj) | nullable(r;) \V nullable(rj)
r=ryrj | If(ee€L(ry)) If (e € L(r})) nullable(r;) A nullable(r;)
firstpos(r;) Ufirstpos(r;) | lastpos(r;) Ulastpos(r;)
Else Else
firstpos(r;) lastpos(rj)
r=rf firstpos(r;) lastpos(r;) true
r=ri&r;j | firstpos(ri) Ufirstpos(rj) | lastpos(r;) Ulastpos(rj) | nullable(r;) A nullable(rj)

SRE r with s shuffle operators can be dispensed into s+/ sub-regular expressions

r;,r2,..., sy such that:

1. r=r&nrn&.. &rg,;
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Table 3.2.2: Rules for followpos [3]

RE Jollowpos

rirj € r | For p € lastpos(r;)

followpos(p) < followpos(p) U firstpos(r;)
ri €r | Forp € lastpos(r;)

followpos(p) < followpos(p) Ufirstpos(r;)

2. rp,ra,...,rsyg are the REs.

An augmented SRE can be obtained by adding # before each shuffle
operator and at the end of SRE r. The first step is to construct a syntax tree
(similar as shown in Figure 3.2.1) for the augmented SRE, such that symbols and #s
appear at leaf nodes, and operators appear as the internal nodes. For all leaf nodes,
except a node labeled with #, followpos are calculated. followpos(#) is taken as null

set.

&

N\

AR

Figure 3.2.1: Syntax tree for the augmented PRE r = (rj#&r #&r;#)

followpos for each sub-regular expression is calculated separately. Consider, SRE
r = r;&rj having a single shuffle operator. firstpos, lastpos and followpos of r; and r;
are calculated separately. The starting state of the NFA is the union of firstpos(r;) and
firstpos(rj). lastpos of the root node is determined by taking the union of all positions
labeled with #. State g; is a final state if lastpos(root) C g;. Using the definition of
the shuffle, the resulting NFA must include all strings generated from the shuffle of

the strings generated from r; with the strings generated from r;. The final state of the
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NFA should accept all strings generated from r;&r;. At any instant of time during the
processing of string w, consider g; is the current state. On reading symbol a, from
the sub-regular expressions r; and rj, the following two cases can occur after reading

symbol a as depicted in Figure 3.2.2.

1. Reading of symbol a, from r;:

q; < followpos((position(r;) labeled with a) in q;) U (positions(r;) in q;)

2. Reading of symbol a, from r;:

gy < followpos((position(r;) labeled with a) in q;) U (positions(r;) in g;)

.........

Figure 3.2.2: Reading of symbol a from (r;&rj)

Similarly, there is a possibility of reading symbol a, on states g; and g; from
sub-expressions 7; and r; respectively. Hence, if ((symbols(r;) A\ symbols(r;)) # 0) A
(ri&r; € r), then an NFA is generated from r using the proposed approach. Repeating
this procedure, all possible shuffled strings can be generated. The final state of the
NFA will accept all strings which are obtained by r;&r;. In general, SRE r consists
of (s+1) sub-regular expressions (r,r2,73,...,rs+1), such that r = r; &ry&r3&... &rgy ;.
At any instant of time during the processing of a string w, consider g; is the current
state. Symbol a can be taken from sub-regular expressions ry, ry, and r; of the state g;.

Following cases can occur after reading symbol a:

1. Reading of symbol a from r:
q; < followpos((position(ry) labeled with a) in q;) U (q; — positions(ry))
2. Reading of symbol a from ry:

gy, < followpos((position(ry) labeled with a) in q;) U (q; — positions(ry))
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3. Reading of symbol a from r;:

q; < followpos((position(r;) labeled with a) in q;) U (q; — positions(r;))

Further, reading of symbol a, from the sub-expressions ry and r; on state g; is
possible. Similarly, there is a possibility of reading symbol a, on states g, and g;.
Repeating this procedure, all possible shuffled strings can be generated from the
sub-regular expressions rj,72, ..., s+ ;. The final state will accept all strings of the SRE
r. If a common symbol appears in different sub-regular expression of r, involved in

shuffling, then DFA cannot be generated directly from SRE r.
Notation used in the algorithm: The following notation are used in the algorithm:

a: It indicates any symbol from X.
cy: It represent left child of a node or single child of Kleene closure.
¢,: It represent right child of a node.

Position(n):1t depicts the positions of the symbols from RE embarked at node n.

Using Klein’s [1] methodology; firstpos, lastpos, and followpos are determined
for all nodes except for shuffle operator. The rules for determination of firstpos,
lastpos, nullable and followpos are depicted in Table 3.2.1 and Table 3.2.2. The same

is represented in the procedure Calculate _Follow.

Algorithm 3.2.1: SRE_NFA(p,NFA)

Input: SRE p

Output: e—free NFA M such that L(M)=L(p)
1 Generate augmented SRE p

2 Construct a syntax tree for augmented SRE p. > Syntax tree construction
3 Calculate_Follow(p). > Call to Procedure Calculate follow
4 Create_NFA(firstpos,lastpos, followpos) > Call to Procedure Create_NFA
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Algorithm 3.2.2: Calculate_Follow(p)

Input: Syntax tree for the SRE p.
Output: firstpos, lastpos and followpos.
for (n € postorder(syntax tree)) do

end

end

end

end

)

end
end

end
end

end
end

> n is the current node during postorder traversal of a syntax tree

if (n=a)V(n=#)) then
firstpos(n) < position(n) > Leaf node
lastpos(n) < position(n)

if (n = |) then
firstpos(n) < firstpos(cy) Ufirstpos(cz) > Union node
lastpos(n) < lastpos(cy) Ulastpos(c;)

if (n = .) then

firstpos(n) < firstpos(cy)
lastpos(n) < lastpos(cz)
if (c; = %) then

> Nullable at left child is true

firstpos(n) < firstpos(n) U firstpos(c2)

if (c; = %) then

> Nullable at right child is true

lastpos(n) < lastpos(n) Ulastpos(cy)

or (i € lastpos(c;)) do
followpos(i) < followpos(i) Ufirstpos(cz)

if (n = %) then

> Kleene closure

firstpos(n) < firstpos(cy)
lastpos(n) < lastpos(c;)
for (i € lastpos(n)) do

followpos(i) < followpos(i) U firstpos(n)

if (n = &) then

> Shuffle operator

firstpos(n) < firstpos(cy) Ufirstpos(cz)
lastpos(n) < lastpos(cy) Ulastpos(cz)
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Algorithm 3.2.3: Create_NFA (firstpos, followpos, lastpos)

Input: firstpos, lastpos and followpos of SRE p.
Output: NFA equivalent to SRE p.

1 gy < firstpos(root)
2 5 < number of shuffle operator in p
3 Q < g, and make g, as unmarked.
4 while ((q € Q) A\ (g is unmarked)) do
5 Choose an unmarked state g and mark it.
6 Prevlast <+ 0
7 > Previast indicates the last position of the sub-expression recently processed
8 i+ 1
9 while (i <s+1)do
10 > Reading of a on the current sub-expression
1 currentlast < i™ value of lastpos(root)
12 T+ 0
13 for (Vpos € g) do
14 if (Previast < pos < currentlast) then
15 ‘ T <+ TUpos
16 end
17 end
18 N=gq-T
19 for (Va € X) do
20 Newstate < ()
21 for (Vt € T) do
22 if (symbol(t) = a) then
23 ‘ Newstate <— Newstate U followpos(t)
24 end
25 end
26 end
27 if (Newstate # 0) then
28 Newstate < Newstate UN
29 Tran|q,a] < Newstate
30 if (Newstate ¢ Q) then
31 0 < QU Newstate
32 Make Newstate as unmarked state.
33 end
34 end
35 Prevlast < currentlast
36 i< i+1
37 end
38 end

3

o

90 = {4lq = firstpos(root) }

a0 F={q(qs € Q) A (lastpos(root) C q;) }

=

> Starting state
> Final state

26




The reading of a symbol on a state is processed by two steps. In the first step, we
find the followpos of the current symbol from a sub-regular expression. In the second
step, we add the positions of other sub-regular expressions involved in a shuffling of
the current state to the result of the first step. This process is repeated for each ¢ € Q
and each a € X. Initial state and final state are determined using firstpos and lastpos of
the root node respectively. Complete procedure is specified in Algorithm 3.2.3.

The complete procedure for the conversion of SRE to NFA is expounded by the

following numerical example.

Example 3.2.1. Given r = (a(a|b)*)&(a*b")

Augmented r = (a;(az|b3)*)#4&(asby)#7

Figure 3.2.3 delineates the syntax tree for the augmented SRE. The firstpos of a node

is depicted on the left side of the node in the blue color, and the lastpos of a node is

depicted on the right side of the node in the green color.

15,6,7

W\ 7
.
56
1@ 1 2,3\ 2,3 /
23 ] 2.3
5 a 5 6 b 6
2 a
2 b
3 3

Figure 3.2.3: Syntax tree for the augmented PRE r = (a(a|b)*)&(a*b")

followpos(1) < {2,3,4}
followpos(2) <+ {2,3,4}

27



followpos(3) < {2,3,4}
followpos(5) < {5,6,7}
followpos(6) < {6,7}
followpos(4) < followpos(7) < 0

a,b

L)

Figure 3.2.4: NFA for PRE r = (a(a|b)*)&(a*b*)

Figure 3.2.4 delineates the NFA M=({qy,q;,Fo,F:1},{a,b},0,q9,{Fo,F1})
corresponding to SRE r.

3.3 RESuLTS AND DISCUSSION

Theorem 3.3.1 If C is the number of occurrence of the concatenation operator in PRE

"=3C states

r, then the NFA obtained using Estrade et al.’s [6] methodology requires 2° |
in the worst case.

Proof. Estrade et al.’s methodology [6] converts r into PFA using the modified
Thompson’s construction. The number of states of the PFA using the modified Thomp-
son’s construction is equal to 2|r| — 3C. PFA with n states can be converted into NFA
using the subset construction that requires 2" states in the worst case [6]. Hence, PFA

r|—-3C

with 2|r| — 3C states can be converted into NFA using 22 | states in the worst case.

O
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Theorem 3.3.2 If m denotes the number of instances of symbols, and s denotes the
number of shuffle operators in the SRE r, then €-free NFA can be constructed using the

2m+S+]

proposed algorithm requiring states in the worst case.

Proof. In the proposed algorithm, the syntax tree is constructed such that all symbols
and #’s appear as the leaf nodes. Each state can be constructed using the positions
assigned to the leaf nodes. Total number of leaf nodes in the syntax tree is (m + s+

2m—|—s+1

1). Maximum state can be constructed using the positions of the syntax tree.

Hence using the proposed algorithm, the worst case state complexity of the NFA is
2m+s+1 ) ]

Theorem 3.3.3 The state complexity of the proposed algorithm is less than the state
complexity of the Estrade et al.’s methodology [6] for the conversion of SRE to NFA.

Proof. SRE r with m, u, k, s and c represent instances of symbols, union, Kleene
closure, shuffle and concatenations respectively. The worst case state complexity of
the proposed algorithm and Estrade e al.’s methodology are 2"*+! and 22(m+u+k+s)-C
respectively. That the proposed algorithm will generate NFA with fewer states can be

proved by the relation:

m+s+1<2(m+ut+k+s)—C=1<m+2u+2k+s—C

Each concatenation operation is performed between two symbols. Similarly, n
concatenation can be performed with at least (n+17) symbols, which means m — C > 1.
Hence the relation / < m+ 2u+ 2k+ s — C always holds, and the worst case state
complexity of the proposed algorithm is always less than the Estrade et al.’s method-

ology. U

Table 3.3.1: Comparison between Estrade et al.’s approach and the proposed algo-

rithm
Criterion Estrade et al. Proposed Algorithm
methodology [6]
Worst case state complexity | 22IM=3€ omtstl
Output e-NFA e-free NFA
Conversion Chain PRE — PFA — NFA — DFA | SRE — NFA — DFA
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Worst-case state complexity of the e-NFA is 22Ir=3¢

using the Estrade et al.’s
methodology [6]. The pattern matching will decelerate if the NFA consists of &-
transitions. Using the proposed algorithm, €-free NFA is generated. The worst case
state complexity of the NFA is 2"*5*!. Table 3.3.1 describes the differences in the

proposed approach and Estrade et al.’s methodology [6].

3.4 CONCLUSION

In this chapter, an algorithm is designed for the metamorphosis of SREs to €-free NFAs
without using any intermediate steps. Using the proposed approach, a svelte NFA is
generated. The number of states of the NFA generated using the proposed approach is
smaller than the number of states of the NFA generated using the existing approaches
in the literature. Further, if V(r;&r;) € r A ((symbols(r;) N symbols(r;)) # 0), then it is
implausible to generate a DFA directly from the SRE. In the future, this work can be
extended for the metamorphosis of PREs to NFAs.
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Chapter 4

A NOVEL ALGORITHM FOR THE CONVERSION OF
PARALLEL REGULAR EXPRESSIONS TO
NON-DETERMINISTIC FINITE AUTOMATA

4.1 INTRODUCTION

Estrade et al. [6] calibrate the metamorphosis of Parallel Regular Expressions (PREs)
to Deterministic Finite Automata (DFAs) using parallel finite automata (PFAs) and
non-deterministic finite automata (NFAs) as intermediate steps. PREs to PFAs
metamorphosis can be accomplished by using the modified Thompson’s
construction. PFAs to NFAs metamorphosis require the effacement of A —transitions
and enumeration of all possible states explicitly [5]. A —transitions represent the
joining of two languages using a shuffle operator. The FLAT tool kit [28] is designed
for the metamorphosis of PREs to DFAs using the intermediate steps of Parallel Finite
Automaton (PFA) and NFA.

In the direct conversion method [20], REs can be converted into DFAs.
Given RE r over an alphabet X with length n. Let m depicts the number of
instances of symbols from X in r. Table 4.1.1 narrates the output and number of states
generated by Thompson’s construction [43], Glushkov automata [72] and the direct
conversion method [20]. Clearly the direct conversion method is preferential in terms
of the number of states and outputs generated to the Thompson’s construction and
Glushkov automata. There is scope for producing svelte finite automata using the
direct conversion method [20] for the metamorphosis of PREs to NFAs.

In this chapter, we concoct an algorithm for the metamorphosis of PREs to e-free

NFAs. For a given parallel regular expression r, let m be the number of symbols that

'Results of this chapter are published in Applied Mathematics & Information Sciences, Vol.
8(1), PP.: 95-105, 2014.
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Table 4.1.1: Comparison between direct conversion, Thompson’s construction and

Glushkov automata

Criterion Thompson’s Glushkov Direct
Construction [43] | Automata [72] | Conversion [20]
Output e-NFA NFA DFA
Number of states 10| < 2n 0| =m+1 0| <m—+1

occur in r and let C denote the number of concatenation operators in r. In the worst
case, 2"+ states are required for the construction of the non-deterministic finite au-
tomaton using the proposed algorithm. In the earlier existing approaches, the number

of states of the non-deterministic finite automaton in the worst case scenario is equal

to 22|r\73C.

4.2 PRELIMINARIES

DEFINITION 4.2.1. Syntax tree of PRE r is a binary tree in which every node has at

most two children and the following conditions holds:
1. ae€ X, #and#; appear as a leaf node.
2. Operators act as an internal node of the syntax tree.
3. In-order traversal of the syntax tree is equivalent to the PRE.

DEFINITION 4.2.2. Firstpos(r) [3] is a function that renders a set of positions of the
first symbol occurs in the strings defined by PRE r. Firstpos(r) is inductively calculated

as follows:

1. firstpos(@) < firstpos(€) < {0}
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2. If((@a€eX)V(a=#))
firstpos(a) < position(a)
3. Let(r=(rir))
If € ¢ L(r;) then

firstpos(r) < firstpos(r;)

Else

firstpos(r) < firstpos(r;) Ufirstpos(r;)
4. Letr= (ri|rj) then

firstpos(r) < firstpos(r;) Ufirstpos(r;)
5. Letr=rj then

firstpos(r) < firstpos(r;)
6. Letr= (r;&r;) then

firstpos(r) < firstpos(r;) U firstpos(r;)

DEFINITION 4.2.3. Lastpos(r) [3] is a function that renders a set of positions of the
last symbol occurs in the strings defined by PRE r. Lastpos(r) is inductively calculated

as follows:
1. lastpos(§) < lastpos(g) < {0}
2. If((acX)V(a=4#)
lastpos(a) < position(a)
3. Letr=(rirj)

If (e ¢ L(rj)) then
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lastpos(r) < lastpos(rj)
Else

lastpos(r) < lastpos(r;) U lastpos(rj)
4. Letr = (ri|rj) then

lastpos(r) < lastpos(r;) Ulastpos(r;)
5. Letr=rj then

lastpos(r) < lastpos(r;)
6. Letr= (r;&r;) then

lastpos(r) < lastpos(r;) U lastpos(r;)

DEFINITION 4.2.4. Nullable [3] is a function that returns either true or false value.

Nullable(r) is inductively calculated as follows:

1. nullable() < nullable(a) < false

nullable(€) < true

2. Letr=rj then
nullable(r) < true
3. Letr=(rirj)
If ((nullable(r;) = true) A (nullable(rj) = true))
nullable(r) < true
Else

nullable(r) + false

34



4. Letr= (ri&rj)
If ((nullable(r;) = true) A (nullable(rj) = true))
nullable(r) < true
Else
nullable(r) < false
5. Letr=(rir)
If ((nullable(r;) = true) V (nullable(r;) = true))
nullable(r) < true
Else

nullable(r) + false

DEFINITION 4.2.5. followpos(i) [1] of a position i consists of a set of positions which

can follow the position i in the RE r. followpos is inductively calculated as follows:
1. If ((€ € L(ri)) A (j € lastpos(ri))
followpos(j) < followpos(j) Uy,crfirstpos(r;)
2. If (i € lastpos(rj))
Jollowpos(i) < Uy, firstpos(ry)
DEFINITION 4.2.6. Shuffle flag at a node of the syntax tree is calculated as follows:
1. shuffle(¢) < shuffle(€) < false
2. Let((aeX)V(a=#))
shuffle(a) < false
3. Let ((ri&rj) €r)
shuffle(r;&r;) < true
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4. Letr; € rthen
shuffle(r;) < shuffle(r;)
5. Let ((ri|lrj;) €r)
If (shuffle(r;) = true) V (shuffle(rj) = true)
shuffle(r;|r;) < true
Else
shuffle(r|rj) < false
6. Let(rirjer)
If (shuffle(r;) = true)
shuffle(r;r;) < true
Else
If ((shuffle(r;) = true) A (nullable(r;) = true))
shuffle(r;rj) < true
Else
shuffle(r;r;) < false

EXAMPLE 4.2.1. Given a particular node with the PRE, following are the various

shuffle flag value depending upon PRE formed at that node.
1. shuffle(a) < false
2. shuffle(a&b) «+ true
3. shuffle(a&b)* < true

4. shuffle(ab)* < false
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5. shuffle((a&b)c) + false
6. shuffle(a(b&c)) < true
7. shuffle((a&b)c*) < true

DEFINITION 4.2.7. shuffle-first(r) of a PRE r consists of set of positions calculated as

follows:

1. shuffle — first(r) < {0}
2. If ((ri#&ritty) € 1)
shuffle — first(r) < shuffle — first(r) UMin(firstpos(ri#;))U
Min(firstpos(ri#s))

DEFINITION 4.2.8.Shuffle-last(r) of a PRE r consists of set of positions calculated as

follows:
1. shuffle —last(r) < {0}

2. If ((ri#ts&ritts) €71)
shuffle — last(r) < shuffle — last(r) UMax (lastpos(ri#;))U

Max(lastpos(rit;))

EXAMPLE 4.2.2. Given PRE r = ((ab)#,&(cd)#;)#

Augmented PRE ¥ = ((ab)#,&(cd)#;)#

shuffle — first(r) < shuffle — first(r) UMin(firstpos(ab#;)) UMin(firstpos(cd#s))
—{1,4}

shuffle — last(r) < shuffle — last(r) UMax(lastpos(ab#;)) UMax(lastpos(cd#))
+—{3,6}

37



followpos of #; are taken as (. Now the question arises: which symbol is the
next to be processed, after reading each symbol of r; and r; involved in shuffling?
Immediate-follow will give the positions to be followed after a pair of #; involved in
the shuffling, as discussed below.
DEFINITION 4.2.9. Immediate-follow(p) of a set of positions p labeled by #; is

calculated as follows:
1. Let ((ri#&ri#ts)ri € 1)
If (eer)N(ee€r))
IF < positiony (ri#s) Upositiony (rj#;)
immediate — follow(IF) < immediate — follow (IF) U firstpos(ri#s)
Ufirstpos(ri) U positiony (ri#s)
2. Let ((ri#&rjts) €7)
If (e er#)N(eer))
IF < positiony (ri#s) U positiony (ri#;)
immediate — follow(IF) < immediate — follow(IF) U firstpos(rj#;)
Upositiony (ri#;) U firstpos(ry,)
3. Let ((ri#&ritt)re )
IF < positiony (ri#s) U positiony (rj#;)
immediate — follow(IF) < immediate — follow(IF) U firstpos(ry.)
4. Let ((ri#&rits)*ri €71)
IF < positiony (ri#s) U positiony (rj#)
immediate — follow(IF) <— immediate — follow(IF) U firstpos(r;&rj)
immediate — follow(IF) < immediate — follow(IF) U firstpos(ry)
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EXAMPLE 4.2.3. Given the PRE r < ((ab)#,&(cd)#;)et
Augmented PRE with their position is ((a;b2)#3& (cqds)#s)etts
immediate — follow(3,6) < {7}

EXAMPLE 4.2.4. Given the PRE r < ((ab)*#,&(cd)#;)e#
Augmented PRE with their position is ((a;by)*#3&(c4ds)#s6)er#s
immediate — follow(3,6) < {1,6,7}

EXAMPLE 4.2.5. Given the PRE r < ((ab)#,&(cd)#;)*e#
Augmented PRE with their position is ((a;b;)#3&(cads)#s) erts
immediate — follow(3,6) < {1,4,7}

EXAMPLE 4.2.6. Given the PRE r < ((ab)*#,&(cd)*#;)e#
Augmented PRE with their position is ((a;b;)*#,3&(c4ds) #6)etts
immediate — follow(3,6) < {1,4,7}

DEFINITION 4.2.10. Separator is a function that returns either true or false value.

Separator at a node 7 is inductively calculated as follows:
1. separator(Q) < separator(g) < separator(a) < separator(#) < false
2. Let(rr)er
If((shuffle(r;) = true) V (shuffle(r;) = true))
separator(ri|rj) < true
Else
separator(ri|rj) < false
3. Let(rf)er
separator(r}) <— separator(r;)
4. Let (ri&rj) €r

If((shuffle(r;) = true) V (shuffle(r;) = true))
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separator(r;&rj) < true
Else
separator(r;&r;) < false
5. Let(rirj) €r

If((shuffle(r;) = true) A (shuffle(r;) = true))

If (nullable(r;) = true)
separator(rirj) < true

Else

separator(r;rj) < false
DEFINITION 4.2.11. Separator-first(r) of a PRE r is calculated as follows:

1. Separator— first(r) < 0
2. Let(rilrj) er
If((shuffle(r;) = true) V (shuffle(r;) = true))
Separator — first(r) <— Separator — first(r) UMin(firstpos(r;))
UMin(firstpos(r;))
3. Let(rirj)er
If((shuffle(r;) = true) A (shuffle(r;) = true) A (nullable(rj) = true))
Separator — first(r) < Separator — first(r) UMin(firstpos(r;))
UMin(firstpos(r;))

DEFINITION 4.2.12. Separator-last(r) of a PRE r is calculated as follows:

1. Separator-last(r) < 0
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2. Let(rilrj) er
If((shuffle(r;) = true) V (shuffle(r;) = true))
Separator — last(r) < Separator — last(r) UMax(lastpos(r;))

UMax(lastpos(rj))

3. Let(rirj)er
If((shuffle(r;) = true) A (shuffle(r;) = true) A (nullable(rj) = true))
Separator — last(r) < Separator — last(r) UMax(lastpos(r;))

UMax(lastpos(rj))

EXAMPLE 4.2.7. Given the augmented PRE r = ((a;#2)& (b3#4))|((cstss) & (d7#s))
at a node n.

separator(n) < true

separator — first(r) <— {1,5}

separator — last(r) < {4,8}

EXAMPLE 4.2.8. Given the augmented PRE r = ((a;#,)&(bs#s4)).((cstse) &(d7#ss))
at a node n.

separator(n) < true

separator — first(r) < {1,5}

separator — last(r) < {4,8}

4.3 PROPOSED ALGORITHM

In the direct conversion [20] of RE to DFA, a syntax tree is constructed conforming
to the augmented RE r# such that all operators act as the internal nodes and symbols

act as the leaf node of the syntax tree. Positions are assigned to the symbols of the
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RE increasing from left to right. The leftmost symbol of r is assigned the position
one. Firstpos, lastpos and nullable are defined for all the nodes of the syntax tree.
Followpos is computed for the leaf node of the syntax tree. Using firstpos, lastpos,
nullable and followpos, an equivalent DFA is generated.

In this section, an algorithm (MPRENFA) is proposed for the
metamorphosis of PREs to NFAs. This conversion is evolved on the followpos of

symbols of the PRE. The detail of the MPRENFA algorithm is as follows:

1. Augmented PRE: Add # at the end of PRE. If (r,-&rj) € r, enclose #, after r; and

rj. Assign position to the symbols of the augmented PRE from left to right.

2. Calculation of Followpos, Shuffle-first, Shuffle-last and Immediate-follow:
Syntax tree is constructed for the augmented PRE. L and R enlighten the left
and the right child of a node during traversal of the syntax tree. Firstpos,
lastpos, nullable and followpos of the nodes are determined using definitions
4.2.2 to 4.2.5 with meagre modification. These variations occur due to the
shuffle operators. Shuffle, shuffle-first, shuffle-last, separator, separator-first,
separator-last and immediate-follow are determined using the definitions 4.2.6

to 4.2.12.
3. NFA Creation: Using different values determined in step 2, €-NFA is generated.

Shuffle operator is associative. Given PRE r = r;&r;&r; is converted into

(r;&r)&r3 or ri&(r&r3) before applying the algorithm.

EXAMPLE 4.3.1. Given PRE r = ((a&b)*c)&d
Using step 1 and step 2 of the algorithm MPRENFA,
Augmented PRE ¥ = ((aj#,&Dbs#y)* sty ) &dtste
A syntax tree as shown in Figure 4.3.1 is constructed for the augmented

PRE 7. During traversal of the syntax tree in post-order, different values are computed
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using the definitions 4.2.2 to 4.2.12.
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N: nullable is true

L3 2,48 S: shuffle is true
Blue color: firstpos of a node.
Green color: lastpos of a node
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Figure 4.3.1: Syntax tree for the augmented PRE r = ((a#,&b#;)* c#t) &di##

Notation used in the algorithm : Current node of the post-order traversal is
represented by n. The left and right children are depicted by L and R respectively.
At any instant of time, let sf indicates the number of elements in the separator-first.
Based on the values of separator-first and separator-last, immediately-follow is
determined in the procedure Follow_Calc. In the procedure shuffle-traverse, for
avoiding duplicate entries in the shuffle-first, care should be taken so that the left and
right branch of the syntax tree, which was already traversed, does not contain a shuffle
operator. Min and Max represent the minimum and maximum values from a set. The
complete procedure is explained with the help of example 4.3.2. symbol(i) depicts the

symbol at i position. IF depicts the positions of a pair of #,.

EXAMPLE 4.3.2. On applying Follow_Calc(7') to the Example 4.3.1
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Using algorithm 4.3.2, following values are determined during traversal of the syntax
tree:

immediate — follow(2,4) < {1,3,5}

immediate-follow(6,8) < {9}

shuffle — first < {1,3}

shuffle — last < {2,4}

followpos(1) <— {2}, followpos(3) < {4}

followpos(5) <— {6} , followpos(7) < {8}

Using different values determined from algorithm Follow_Calc, we can convert
PRE into €—free NFA. The proposed algorithm for the construction of NFA is given in
algorithm 4.3.5. Consider the state g € Q consists of positions from the sub-expression
ri and r; such that (r;&rj) € r. Consider the situation, where we have to take the
symbol a on g from r; then epos depicts the positions in g pertaining to r;. Epos will
not include the position of #;. Lpos depicts the position on which we have recently
read the symbol a. g € Q depicts the current states on which symbols are read.
Consider there are n entries in the shuffle-first and shuffle-last. Consider there are m
entries in the separator-first and separator-last. The step by step procedure of the

algorithm is illustrated in section 4.4 by a numerical example.

Algorithm 4.3.1: MPRENFA(r, NFA)

Input: PRE r
Output: e—free NFA M such that L(M)=L(r)
for 3((r;&rj) € r) do

> Augmented PRE
T < r,'#s
rj < rj#s

¥ r#
Assign position to the symbols of the augmented PRE
Follow_Calc(r") > Call to procedure Follow_Calc

1
2
3
4
5 end
6
7
8
9 Create-NFA() > Call to procedure Create-NFA
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Algorithm 4.3.2: Procedure Follow_Calc(7)

Input: An Augmented PRE v/
Output: Followpos, shuffle-first, shuffle-last, immediate-follow,
separator-first, separator-last

1 Construct a syntax tree for
2 Repeat step 3 to 60 for each node n during the post-order traversal of the syntax tree
3if((n=a)N(@a€X))V((n=#)V(n=4%))) then
4 | firstpos(n) < lastpos(n) < position(n) > Leaf Node
5 nullable(n) < shuffle(n) < false
6 separator(n) < false
7 end
8 if (n = .) then
9 | Concatenation-traverse(); > Concatenation operator, call to Algorithm 4.3.3
10 end
11 if (n = %) then
12 firstpos(n) < firstpos(L) > Kleene closure
13 lastpos(n) < lastpos(L)
14 nullable(n) < true
15 separator(n) < separator(L)
16 shuffle(n) < shuffle(L)
17 IF <0
18 for (i € lastpos(n)) do
19 if (symbol(i) # #;) then
20 | followpos(i) < followpos(i) Ufirstpos(n)
21 else
22 | IF <+ IFUi
23 end
24 end
25 if (IF # 0) then
26 if (separator(n) = true) then
27 > Assume sf element in separator-first
28 for (i< I;i<sfii<i+1)do
29 for (z € IF) do
30 T+0
31 if (separator — first[i] < z < separator — last|i]) then
32 | T« TUz
33 end
34 immediate — follow(IF) < immediate — follow(IF)
U firstpos(L)
35 end
36 end
37 else
38 | immediate — follow(IF) < immediate — follow(IF) U firstpos(L)
39 end
40 end
41 end
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Algorithm 4.3.2: Procedure Follow_Calc(7) Continued Algorithm 4.3.2

4
43
44
45
46
47
48
49
50
51
52

(%]

53

54
55
56
57
58
5
60
61

3=

if (n = |) then

firstpos(n) < firstpos(L) Ufirstpos(R) > Union Node
lastpos(n) < lastpos(L) Ulastpos(R)
if ((nullable(L) = false) N (nullable(R) = false)) then
| nullable(n) < false
else
| nullable(n) < true
end
if ((shuffle(L) = true) V (shuffle(R) = true)) then
shuffle(n) < separator(n) < true
separator — first <—
separator — first UMin(firstpos(L)) UMin(firstpos(R))
separator — last <—
separator — last UMax(firstpos(L) ) UMax(firstpos(R))
else
shuffle(n) < false
separator(n) < false
end

end
if (n = &) then

Shuffle-traverse(); > Shuffle operator, call to Algorithm 4.3.4

end

Algorithm 4.3.3: Procedure Concatenation_traverse

Input: An Augmented PRE v
Output: Followpos,shuffle-first,shuffle-last, immediate-follow,separator-first,

separator-last at Concatenation operator

1 firstpos(n) < firstpos(L)
lastpos(n) < lastpos(R)
if (nullable(L)=true) then

2
3
4
5
6
7
8
9

firstpos(n) < firstpos(n) U firstpos(R)

end
if (nullable(R)=true) then

lastpos(n) < lastpos(n) Ulastpos(L)

end
if (nullable(L) = true) A ((nullable(R) = true) V (R = #;)) then

else

nullable(n) < true
(

nullable(n) < false

end
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Algorithm 4.3.3: Procedure Concatenation_traverse Continued Algorithm 4.3.3

14 if (shuffle(R) = true) then
15 | shuffle(n) < true

EN

16 else

17 if ((shuffle(L) = true) A\ ((R = #;) V (nullable(R) = true))) then
18 | shuffle(n) < true

19 else

20 | shuffle(n) < false

21 end

22 end

23 if ((shuffle(L) = true) A (shuffle(R) = true)) then
24 if (nullable(R) = true) then

25 separator(n) < true

26 separator — first < separator — first UMin(firstpos(L))
UMin(firstpos(R))

27 separator — last < separator — last UMax(lastpos(L))
UMax(lastpos(R))

28 end

29 else

30 | separator(n) < false

31 end

32 > IF consists of positions of #

3 IF<0

34 for (i € lastpos(L)) do

35 if (symbol(i) # #;) then

36 followpos(i) < followpos(i) U firstpos(R)

37 | else

38 | IF < IFUi

39 end

40 end

a1 if (IF # 0) then

4 > Assume sf elements in separator-first
43 if (separator(n) = true) then

44 for (i=1Li=sfii=i+1)do

45 for (z€ IF) do

46 T0

47 if (separator — first[i] < z < separator — last[i]) then
48 ‘ T+ TUz

49 end

50 end

51 immediate — follow(T) < immediate — follow(T) U firstpos(R)
52 end

53 else

54 | immediate-follow(IF) <— immediate-follow(IF) U firstpos(R)
55 end

56 end

47




Algorithm 4.3.4: Procedure Shuffle_traverse

Input: An Augmented PRE v/
Output: Followpos,shuffle-first,shuffle-last, immediate-follow,separator-first,
separator-last at shuffle operator
1 firstpos(n) < firstpos(L) U firstpos(R)
lastpos(n) < lastpos(L) U lastpos(R)
shuffle(n) < true
if (nullable(L) = true) \ (nullable(R) = true) then
| nullable(n) < true
else
| nullable(n) « false
s end
9 flag < false
10 if (shuffle(L) = false) then

N QA B A WN

1 > For avoiding duplicate entry in shuffle-first
12 for (z=1,z<m;z=z+1)do

13 > Assume m shuffle-first entry
14 if (Min(firstpos(L)) < shuffle — first[z] < Max(lastpos(L))) then

15 flag < true

16 break

17 end

18 end

19 if (flag # true) then

20 shuffle — first < shuffle — first UMin(firstpos(L))

21 shuffle — last < shuffle — last UMax(lastpos(L))

22 end

23 end

24 flag < false > For avoiding duplicate entry in shuffle-first

2

wn

if (shuffle(R) = false) then

26 for (z=1;z<m;z=1z+1)do

27 if ((Min(firstpos(R)) < shuffle — first[z) < (Max(lastpos(R))) then
28 flag < true

29 break

30 end

31 end

32 if (flag # true) then

33 shuffle — first < shuffle — first UMin(firstpos(R))

34 shuffle — last < shuffle — last UMax(lastpos(R))

35 end

36 end

37 if ((separator(L) = true) \V (separator(R) = true)) then

38 | separator(n) < true

39 end

40 [F<—0 > Determine immediate-follow
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Algorithm 4.3.4: Procedure Shuffle_traverse Continued Algorithm 4.3.4
a1 if (i € lastpos(n)) then

) if (symbol(i) = #;) then

s | | IF«IFUI

44 end

45 end

46 if (IF # 0) then

47 immediate — follow(IF) < 0

48 if (nullable(L) = true) then

49 immediate — follow(IF) < immediate — follow(IF) U firstpos(L)

50 if (nullable(R) = false) then

51 | immediate — follow(IF) < immediate — follow(IF) Ufirstpos(R)
52 end

53 end

54 if (nullable(R) = true) then

55 immediate — follow(IF) < immediate — follow(IF) U firstpos(R)

56 if (nullable(L) = false) then

57 | immediate — follow(IF) < immediate — follow(IF) Ufirstpos(L)
58 end

59 end

60 end

4.4 NUMERICAL EXAMPLE

In this section, the complete procedure for the conversion of PRE to NFA is described
with the help of an example.
EXAMPLE 4.4.1. Given the PRE r = (a&b)*(c&d)*

followpos(1) <— {2}, followpos(3) < {4}

followpos(5) < {6}, followpos(7) < {8}

shuffle — first(r) < {1,3,5,7}

shuffle — last(r) < {2,4,6,8}

Algorithm 4.3.5: Procedure Create-NFA

Input: Augmented PRE and different values calculated using Follow_Calc(r)
Output: An equivalent NFA corresponding to PRE

1 Starting state: g, < firstpos(root)

2 Q <+ {q,} and make g, as unmarked state. Continued...
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Algorithm 4.3.5: Procedure Create-NFA

Continued...

3 for (3 unmarked q € Q) do
4 Choose an unmarked state g and mark it.
5 for (Ja € X) do
6 > For each value of shuffle-first and shuffle-last
7 for (i=1i<mji=i+1)do
8 epos < Ipos < gtrans < 0
9 for (3j € ¢) do
10 if (shuffle — first[i] <j < shuffle — last[i]) then
u if (symbol(j) = a) then
12 gtrans + gtransUfollowpos(j)
13 Ipos «+j
14 else
15 if (symbol(j) # #) then
16 | epos < eposUj
17 end
18 end
19 end
20 end
21 if (gtrans = 0) then
2 | gotostep 7
23 end
24 for(j=1,j<m;j=j+1)do
25 if (separator — first|j] < Ipos < separator — last[j]) then
26 | break
27 end
28 end
29 for (3pos € epos) do
30 if (separator — first[j] > pos) V (separator — last[j] < pos) then
31 ‘ epos = epos — pos
32 end
33 end
34 qtrans < gtrans\J epos
35 IF 0
36 for (3pos € gtrans) do
37 if (symbol(pos) = #;) then
38 | IF < IFUpos
39 end
40 end
41 if (immediate — follow(IF) # @) then
42 gtrans < qtrans — IF Uimmediate — follow (IF)
43 trans|q,a] = gtrans
44 0+ QUgtrans
45 end
46 end
47 end
48 end

49 Final state: F = {Vqy|(lastpos(root) C qs) A (qy € Nstates)}
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6,8,S

Figure 4.4.1: Syntax tree for the augmented PRE r = (a# &bi#;)* (c#,&d#;)* using
the proposed approach

Figure 4.4.1 delineates the syntax tree corresponding to r.
immediate — follow(2,4) «+ {1,3,5,7,9}
immediate — follow(6,8) < {5,7,9}
separator — first <— {1,5}
separator — last < {4,8}
NFA creation:
qo < firstpos(root) < {1,3,5,7,9}
Reading of symbols on ¢,
Symbol a
i< 1

gtrans < followpos(1) < {2}, epos < {3,5,7}
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Using separator — first < {1,5}, separator — last < {4,8}, and
epos < {3}
gtrans < followpos(1)Uepos < {2,3}
trans(qg,a) «+ {2,3} < q;
i< 2,i¢3,i+ 4
qtrans < 0
Symbol b
i< 1
qtrans < 0
i< 2
gtrans < followpos(3) < {4}, epos < {1,5,7}
Using separator — first <— {1,5}, separator — last <— {4,8}, and
epos < {1}
gtrans < followpos(3) Uepos < {1,4}
trans(qy,b) «+ {1,4} < q>
i< 3,i+ 4
gtrans <— 0
Symbol ¢
i« 1,i<2
qtrans < 0
i3
gtrans < followpos(5) < {6}, epos < {1,3,7}
Using separator — first <— {1,5}, separator — last <— {4,8}, and
epos < {7}
gtrans < followpos(5) Uepos < {6,7}
trans(qg,c) < {6,7} < q;3

i< 4
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qtrans < 0
Symbol d
i< 1,i<2,i<3
qtrans <— 0
i< 4
gtrans < followpos(7) < {8}, epos < {1,3,5}
Using separator — first <— {1,5}, separator — last < {4,8}, and
epos < {5}
gtrans <— followpos(7) Uepos < {5,8}
trans(qg,d) < {5,8} < qu
Reading of symbols on ¢,
Symbol a
i< 1
gtrans < followpos(1) < {2}, epos < {4}
Using separator — first < {1,5}, separator — last < {4,8}, and
epos < {4}
gtrans < followpos(1) Uepos < {2,4}
trans(q,,a) < immediate — follow{2,4} + {1,3,5,7,9} + q,
i< 2,i<3,i+< 4
qtrans <— 0
Symbol b
i< 1
qtrans < 0
i< 2
gtrans < followpos(3) < {4}, epos < {2}
Using separator — first <— {1,5}, separator — last <— {4,8}, and

epos < {2}
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gtrans < followpos(3) Uepos < {2,4}
trans(q;,b) < immediate — follow{2,4} < {1,3,5,7,9} < q,
Symbol ¢
i< 1,04 2,i<3,i+ 4
qtrans < 0
Symbol d
i< 1,i<2,i<3,i+ 4
qtrans < 0
On repeating the procedure, we obtain the NFA M({qy,9;,9>,93,494.95},{a,b},
40,9,{40,95s}) shown in Figure 4.4.2.

Qa4

q3

Figure 4.4.2: DFA for PRE r = (a&b)*(c&d)*
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4.5 RESULTS AND DISCUSSION

Using Estrade et al.’s methodology [6], PREs r can be converted into PFAs using
the modified Thompson’s construction requiring 2|r| — 3C where C is the number of
times a concatenation operator appears in r. A PFA (having 2|r| — 3C states) can be

1-3C states in the worst

converted into NFA using subset construction requiring 22l
case. Figure 4.5.1 delineates the PFA corresponding to PRE a&b” using Estrade
et al.’s methodology. Figure 4.5.2 delineates the DFA corresponding to the PRE
a&b™* using the proposed algorithm. Table 4.5.1 depicts the differences between the

proposed algorithm and Estrade ef al.’s methodology.

Table 4.5.1: Comparison between Estrade et al.’s methodology and proposed algo-

rithm

Criterion Estrade et al. [6] Proposed Algorithm
Output e-NFA &-free NFA
Conversion chain | PRE — PFA — € — NFA PRE — NFA
Number of states 22IM=3€ gtates omH

Figure 4.5.1: PFA for r = a&b* using Estrade er al.’s methodology
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Figure 4.5.2: DFA for r = a&b* using the proposed approach

THEOREM 4.5.1. Let m denote the total number of occurrences of symbols in
PRE r, then the worst case state complexity of the NFA generated using the proposed

approach is equal to 2"/,

Proof. A state of the NFA can be constructed from a set of positions.
Maximum 2" states can be constructed using the n positions. The number of
leaf nodes in the syntax tree is equal to m+2s+1. A state except the final state
cannot be constructed by contemplating only the positions of #;. The number of
positions is equal to (m+1) by excluding the positions of #;. Hence, the worst case
state complexity of the NFA constructed from (m+1I) positions is equal to 2"+

states. O

4.6. CONCLUSION

An algorithm is proposed for the metamorphosis of PREs to e-NFAs. The worst
case state complexity of the NFA is equal to 2/ which is a significant improvement
over the Estrade et al. approach [6]. The major benefit of the proposed algorithm is
the production of a svelte NFA. Another major benefit of the proposed algorithm is that
the PREs can be converted into €-free NFAs without using any intermediate steps. In
future, work can be done on reducing the time complexity of the proposed algorithm.

A tool can be designed for the conversion of PRE to NFA using the proposed algorithm.
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Chapter 5

STATE COMPLEXITY OF THE NON-DETERMINISTIC
FINITE AUTOMATA OBTAINED FROM PARALLEL
REGULAR EXPRESSIONS USING PARTIAL DERIVATIVES

5.1 INTRODUCTION

Thompson [43] proposed the first technique for the conversion of Regular
Expression (RE) to Non-deterministic Finite Automaton (NFA). Sippu and Soisalon-
Soininen [65] proposed an approach, using which a smaller NFA can be generated than
the Thompson’s construction. The NFA generated using both the above approaches
involves e-transitions. If the NFA contains e-transitions, the pattern matching will be
delayed due to the e-transitions involved in the NFA. e-free NFA can be constructed
using different techniques named as Glushkov automata, follow automata and partial
derivative automata [44, 68, 72]. Partial derivative automata generate a smaller e-free
NFA having at most (m+1) states and m’ transitions. Champarnaud and Ziadi [39]
proposed an improved algorithm with O(n?) time complexity for the construction of
partial derivative automata.

Researchers have proposed different methodologies for the conversion of Parallel
Regular Expressions (PREs) to NFAs having the number of states O(2"). Estrade et
al. [6] investigated the conversion of PREs to Deterministic Finite Automata (DFAs).
The proposed work of this chapter is to generalize the partial derivative automata for
the conversion of PRE to &-free NFA. This innovative approach is the generalization
of the Antimirov partial derivatives for the conversion of REs to e-free NFAs. Using
this approach, the number of states of the NFA is reduced from exponential O(2") to

polynomial O(m*+1).

IResults of this chapter are peer reviewed and accepted for publication in Chiang Mai Journal of
Science
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5.2 PRELIMINARY CONCEPT

DEFINITION 5.2.1. First(r) can be defined as a set consisting of the positions of the
first symbols generated from RE r.
DEFINITION 5.2.2. Integer partition [27] of a positive integer n is a non-increasing
sequence of positive integers p;,py,...,p, such that n = p; +p, + ... +p,. Each p; is
called a part of the partition.
EXAMPLE 5.2.1. For n = 5, following seven partitions exist:
DS i)4+1ii)3+2 iv)3+14+1 v)2+2+1 vi)2+1+1+1 vi)l+1+1+1+1
DEFINITION 5.2.3. Sub-regular expression denotes a part of the PRE which does not
contain any shuffle operator and it contain only the union, concatenation and Kleene
closure operator.
DEFINITION 5.24. PRE r is in unit-level of shuffling if shuffled sub-regular
expressions of r will not get shuffled with other sub-regular expressions.
DEFINITION 5.2.5. PRE r is in integration or multiple level of shuffling if shuffled
sub-regular expressions of r will get shuffled with other sub-regular expressions.
EXAMPLE 5.2.2. (a&b)c|(a&c) is an example of unit-level of shuffling. (a&b)&c is
an example of multiple level of shuffling.

Throughout this chapter, m and k denotes the total number of occurrence of
symbols and level of shuffling in ». We use ordered integer partitions with a

maximum value (n — 1) and order of integers play a significant role.

5.3 PARTIAL DERIVATIVE AUTOMATA

Derivatives of RE were introduced by Brzozowski [33] in 1964, applying this
algorithm RE can be converted into DFA. Later on, Antimirov [68] proposed the
concept of partial derivatives for the conversion of RE to NFA.

Consider a language L over an alphabet {a,b} denoted by RE r. Then, according to
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Antimirov [68] starting and final state of the partial derivative automata is determined
using the following rules:
Starting state (q,) and final state (F) of the NFA are defined as follow:
go=rand F={q € Qle € L(q)}
EXAMPLE 5.3.1. Consider the RE r = (a|b)*aa(a|b)* over an alphabet X = {a,b}.
Using partial derivatives, NFA (illustrated in Figure 5.3.1) is computed as follow:
r=(alb)*aa(alb)* =0
3u((alb)*aa(alb)*) = (3u(alb)*) (aa(alb)*) U du(aalalb)*)
= (a|b)*aa(a|b)* U (a(a|b)*) =0U1
9 ((alb)*aa(alb)*) = (dp(a|b)*)(aa(a|b)") U ) (aa(alb)®)
= (alb)*aa(a|b)* U0 =0
da(a(alb)”) = (da(a)(alb)”) = (alb)" = 2

Figure 5.3.1: NFA for r = (a|b)*aa(a|b)*

dp(a(alb)”) =0
da((a|b)*) = (alb)" =2
9 ((alb)*) = (alb)" =2
PROPOSITION 5.3.1. Worst case NFA (i.e. NFA having m 4 I states) occurs using
partial derivatives, if m instances of symbols are connected by (m — 1) concatenation
operators and no other operators are used.
Proof. Consider RE r = a;a;...a,. Using partial derivative automata, g, = r.
6(qg,ar) = da1(r) = azas...am = q;

0(q;,a2) = du2(q;) = azaq...am = q;

59



8(dm.1,am) = Oam(Gy—1) = € = qy,

If m instance of symbols are connected by (m — ) concatenation operators and
no other operators are used, then using partial derivatives (m + I) states are required.
Next, we prove that the worst case cannot occur if r contains union or Kleene closure
operator.

RE r contains Kleene closure: Consider RE r is of the form
aaz...ai—;(a;...a;)*aj;...an. Using partial derivatives,
0(qi_s,ai) = 0o, ((aj...aj) ajy1...am) = (Qit1...a;)(Qiait1...a;)*ajy ] ...am = q;
0(g;,aiv1) = Oay; ((Ging---aj) (a...aj) ajy 1 ...am)
= (Gjt2..-a;)(QiQit1...a;) Ajs 1 ...Om = G4
0(qj—1,a) = 9u;(a;)(ai-..a;)*(@j41---Am)
= (Qi@iy1...0;)* Ay 1. .0m = q;_;

Thus, each Kleene closure causes the number of states to be reduced by one.
Hence, if r contains a Kleene closure, then it cannot have more than m states.

RE r contains wunion operator: Consider RE r is of the form

aaz...a;—;(a;...a;|aj1j...a;) a1 ...ap.

Using partial derivatives
0(qi_1,ai) = 0o, ((a...aj|aj1...a1) a1 1 ...am) = (Qig1...0})Arg ] ...Om = q;
0(q;,aiv1) = Oay, ((ig 1)) Ar g 1...m) = (Qig2...0)) sy 1. = G4
5(qj_],aj) = aaj((aj)at+1...am) = Ari ]G = qj

Similarly,
0(q;_1,aj+1) = (9%.“((ai...aj|aj+1...at)atH...am) = (Ajs2...1) Q14 ] ...Qm = qjt1
8(qussar) = 3u,(@0)ars 1) = (@4 1--m) = g

On reading a; and a; respectively from g; ; and g, ;, a new state g;
is generated. Hence, the number of states will be decreased by one. Each
union operation causes the number of states to be decrease by one.

Therefore, if RE contains union operator, it can have maximum m states using partial
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derivatives. 0
PROPOSITION 5.3.2. NFA obtained using Thompson’s construction will have the
minimum number of states, if r contains only concatenation operator.

Proof. Using Thompson’s construction [43], each symbol, Kleene closure and
union operator can be represented by the addition of two new states, but each
concatenation operator is carried out by merging of two states. If r only
contains (m — I) concatenation operators, then the NFA constructed using Thomp-
son’s construction require (m + /) states. Best case of the NFA (NFA having the
minimum number of states) using Thompson’s construction occurs if r contains only

concatenation operators. O

5.4 StaTE COMPLEXITY OF NFA OBTAINED FROM PRE

Following are the properties of shuffle operator [5, 6]:

1. Identity law: e & r = r

2. Associative law: (r; & ry) & r3 = r; & (r; & r3)
3. Commutative law: (r; & r2) = (r2 & rp)

4. e&e=¢

5. (a&b)" = (a]|b)*

6. (r1&nr)&(r3&ry) = (r1&r&r;&ry)

LEMMA 5.4.1. For each symbol a € ¥ and for regular terms x,y and 7 over X,

following equations will hold:
1. d,(x&y) = (s (x) &y) U (x &, ())
2. g (x&y)&2z) = (o () &y &z) U (x&d, (y) & 2)U(x &y & 9, (2))
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Proof.

1. Let r = x & y be a state at any moment of time. For each symbol, a € X, we

may or may not have input transitions from the state represented by x & y.
If a € first(x), then O (n,a) = (da(x)&y).

Similarly, if a € first(y), then §(n,a) = (d,(y)&x).

Combining these using shuffle properties, we get

da (x&y) = (da (x) &y) U (x & Iy (¥))-

2. 0y (x&y)&z) = ((da (x&y)) &2) U((x&Yy) & d, (2))
=(da () &y &z) U(x& dy(y) & z) U((x & y) & dy (2))

= (0 () &y&z) U (x&0d, (y) &2)U(x&y&d, (z)) O

LEMMA 5.4.2. Consider a state n; = (x&y)z such that € ¢ L(x&y). On reading

symbol a € ¥, we have
1. If 9, (x) =0 and d, (y) # 0, then 6(n;,a) = (x&d,(y))z = ny
2. Ifd, (x) =d, (y) =0, then §(nj,a) =0

Proof.

1. a ¢ first(x) implies d, (x) = 0 and a € first(y) implies d, (y) # 0.

Given € ¢ L(x & y) and d, (x) = 0, implies that symbol a, cannot be generated

from x and z. Using partial derivatives 6(n;,a) = (x&d,(y))z = n

2. If 9, (x) =9, (y) =0 means a ¢ first(x) and a ¢ first(y) . It means the symbol a,
cannot be the first symbol generated from the PRE x&y. Using partial derivatives
5(71 1 a) =0 U
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Table 5.4.1 and Table 5.4.2 show the precedence and associativity of operators.

Table 5.4.1: Operator’s precedence and associativity in PRE

S.No. Operator Associativity | Example Preference
Name
1 Shuffle Right to Left | a&(b|c) shuffle
2 Union Right to Left | a* |bc Union
3 Kleene Closure | Right to Left a*b Kleene closure
4 Concatenation | Left to Right abc First Concatenation

Table 5.4.2: Operator precedence while one operator distributed over other operators

S.No. Description Expression | Example(s) | Preference
Type
1 Shuffle operator | ri&(ry | r3) a&(b|c) shuffle
distributed over | (r;)*&(r2)* | (a&b)*&c*
other operators | (ryr2)&(rsrq) | (ab)&(cd)
2 Union operator | ry|(r2&r3) | ¢|(a&b) Union
distributed over rr|r (ab)| (cd)
other operators (r7) ] (75) a*|c*
3 Kleene closure (ri&rp)* (a&b)* Kleene closure
operator over (rir2)* (ab)*
other operators (r|r)* (ablbc)*
4 Concatenation (ry | r2)c (a|b)c Union
(ri&rz)c (a&b)c Shuffle
(ry|r)rs (a&b)*c | Kleene closure
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LEMMA 5.4.3. Consider a state n; = (x&y)z such that € € L(x&y). On reading of

symbol a € ¥, we have

1. If 9, (x) =0 and d, (y) # 0, then 6(n;,a) = (x&3d,(y))zU da(z) = nUnjs
2. If 9, (x) = dy (y) =0, then &(n;,a) = d,(2)
Proof.

1. If € € L(x&y), then
Oa(x&y)z = (04 (x)&y)zU (x&0u(y))zU du(2)

If d, (x) =0, then 8(n;,a) = (x&da(y))zU da(z) = np Uns

2. Ife € L (x&y) then
0 (X & y)z = (da (x) &y) 2 U (x& du (y)) 2 U 0u (2)
9, (x) = d, (v) =0, implies that 6 (n;,a) = d,(z) O
EXAMPLE 5.4.1. Given PRE r = ((a & b)c & ab)
States of the NFA are represented by natural numbers, and its corresponding NFA is

shown in Figure 5.4.1.
r = ((a&b)c&ab)=0
0y (r) = (bc&ab) U ((a&b)c&b) = 1U3

dp (r) = (ac & ab) = 2

o (r) =

0y (bc & ab) = bc & b = 4

Op (bc & ab) = c&ab =5

0, (ac & ab) = (c & ab) U (ac&b) = 5U 6
9 (a&b)c&b) = bc& b = 4

(
Op((a & b)c & D) = (ac & b) U ((a&b)c) = 6 U7
p(bc & b) = (c& D) Ubc = 9U S8
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Figure 5.4.1: NFA for r = ((a&b)c&ab) using partial derivatives

9, (¢ &ab) = (¢ & d, (ab)) = (c&b) = 9
oc (c& ab) = ab = 10
Oy (ac&b) = (c&b)=9

(

(

(
op (ac &b) = ac = 11
0, ((a & b)c) = be = 8
dp ((a & Db)c) = ac = 11
dp (bc) = ¢ = 12
O (c&b) =c =12
Do (c&b) = b = 13
dy (ab) = b = 13
0, (ac) = ¢ = 12
oy (b) = € = 14

o-(¢) =€ =14
EXAMPLE 5.4.2. Given PRE r = (a&b)*&c*
Starting state 0 = (a&b)*&c*

s ((a & b)*&c*) = (bla& b)) &c* =1
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&
&c*) = (a&b)"&c* =0
& (b(a& b)) &c* =1
dys((ala & b)*)&c*) = (a&b)* & c* =0
o-((ala & D)*)&c*) = ((a(la & b)*) & ¢*) = 2
LEMMA 5.4.4. If PRE r consists of unit-level of shuffling.  Then, using

9

*

SN~—
I

partial derivatives, the number of states obtained in the NFA is always less than
(m+1)(m+2)/2 where m represents the number of instances of symbols in r.
Proof. Using partial derivatives, = worst case can occur if PRE
r=(ajaz...a;)&(b;b;...b;) and m = i+ j. Starting state gy = (ajaz...a;)&(b;b;...b;).
We can represent the starting state by (/, /) indicating that we are going to read a; and
b; from state q,).

0(qg,ar) = 04, (r) = (az...a;)&(b;,bs...bj;) = (2,1)

0(qg,b1) =0, (r) = (as,az...a;)&(b,...b)) = (1,2)

Two new states are generated on reading of the first symbol. The number of

new states generated is equal to the ordered integer partition of three, such that the
maximum number is two, and the number of parts in the partition is two. T;; denote

the number of ordered integer partitions of j with the maximum number (j — /) and
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each partition consists of exactly 7 parts. If the sum of k numbers is n, then the range

for picking k number is [(n —k+1),...,1].

Figure 5.4.3: NFA for r = (aja2)&(b1byb3)

If k = 2 and sum = 3, then the range of each number is [2, /]. On reading of the second

symbol, following additional states are generated:

5((2,1),a2) = 9,(2,1) = (a3,a4,...a;)&(by bz, ... b;) = (3, 1)
5((2,1),b;) = 0, (2,1) = (a2,a3,...,a;)&(bz,b3, ... b)) = (2,2)
5((1,2),a1) = da,(1,2) = (az,a3, .., a:)& (b2, bs, ..., bj) = (2,2)
5((1,2),b2) = 9y, (1,2) = (a1,az, .., a:)& (b3, bs, ..., bj) = (1,3)

Repeating the above process, 72,12 = (m+1).
Total number of states in the NFA is Y\=5" (T2;) = (m+1)(m+2)/2 = O(m?).

In actual, number of states obtained is always less than (m+ 1)(m+ 2)/2.
After reading of m'h symbol, we consider (m+ 2) new states, but in actual there is
only one final state. Suppose i < j and after reading i symbol, Ty iv2) = (i+1)
new states are generated. We have no other options, but to read b; on state
represented by (i +1,1). Hence (i+ I) new states are generated for reading i
to j symbol as shown in Figure 5.4.3. Number of new states generated on
reading of (j+ 1) and onwards symbols can be represented by T5 (j4245) = (i +

1) —s. The number of states generated in the worst case of a NFA is equal to
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jj+i+j+1.Clearly (ij+i+j+1) < ((m+1)(m+2)/2) where m = i +j. Hence, the

number of states required for the NFA is always less than (m+1)(m+2)/2. O]
For finding the number of states in multi-level shuffling, we consider the number

of states in unit-level of shuffling is equal to (m+ 1)(m+2)/2.

LEMMA 5.4.5. If PRE r consists of 2-level of shuffling. Using partial derivatives, the

number of states obtained in the NFA is O(m?).

Proof. Consider m = i+ j+ k and PRE r is of the form of
(ar,az,...,a;)&(by,bs,...,bj)&(cy, 2, ...,cx). Starting state g, = r and represented by
(1,1,1).

0(qg,ar) = 04, (r) = (az,...,a;)&(by,....,b;)&(cy, ...,ck) = (2,1,1)
0(qg,b1) =0, (r) = (ay,...,a;)&(b2,...,b;) &(
0(qg.c1) =0, (r) = (as,...,a;))&(by,...,bj)&(c2,....,cx) = (1,1,2)
Clearly range of picking three numbers is [4 — 3+ 1,..., 1].

)
)

T34=3=T22+T23
On reading second symbol, the number of new state generated is equal to
T35=T4+T23+T2,
Repeating the above process, if the sum of three numbers is n then
T3n=Ton-1+T2p2+T22=n—-2)(n—-1)/2
Number of states in the NFA is Y.\~ =3 (T3,) = (m? )6 +mP + 11m/6+ 1) = O(m®)O
THEOREM 5.4.1. If PRE r consists of k-level of shuffling. Using partial derivatives,
the number of states obtained in the NFA is O(mF+1).
Proof. 1f r consists of k-level of shuffling, the starting state will be represented by
k-parts whose sum is k. If the sum of k numbers is n, then range of the kK numbers is
[n-k+1,....1].
Forn > 4, Ty, =T3,_1+ T3, 2+ ...+ T3 3 and the number of new states after
reading each symbol is of the form of .

Ifn :4, T474 =1

68



Similarly,

Forn >k, Tin=Ti—j1pn—1+Tk—1n—2+ ...+ T—1 k7 and is a polynomial of the
form of O(n¥).

Iftn=FkTi,=1

By using the Bernoulli’s formula [26], for summing the series of natural number,
we obtain a polynomial of degree (k+ /). Hence the number of states obtained in the

NFA is O(mF+1). O

5.5 CoONCLUSION

In this chapter, the worst case state complexity of PREs to NFAs is explored using the
partial derivatives. The number of states generated using this approach in the worst
case is O(m**!), which is a significant improvement as compared to other existing

approaches till date.
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Chapter 6

AN ALGORITHM FOR METAMORPHOSIS OF PARALLEL
REGULAR EXPRESSION TO RIGHT LINEAR GRAMMAR
BASED ON THE FOLLOW-POSITION OF SYMBOLS

6.1 INTRODUCTION

This chapter proposes an algorithm for metamorphosis of parallel regular expression
(PRE) to right linear grammar, using the concept of follow-position of the symbols.
The metamorphosis of PRE to regular grammar gives a prescript of reduction in con-
currency.

In the neoteric years, studies of regular expressions with shuffle operator have
attracted significant attention due to its theoretical and practical applications in the
field of XML schema language, concurrent system, modeling of process algebra,
multipoint communication and critical section problem etc. [6, 35-36, 41, 56].
Therefore, conversion of the PRE to regular grammar attain significant importance.

The following section describes the preliminaries and then the proposed algorithm

is described followed by numerical examples.

6.2 PRELIMINARIES

DEFINITION 6.2.1. A grammar [2] G = (N,X,S,P) consists of an alphabet of non-
terminals &V, an alphabet of terminals X, a starting symbol S€ N and a finite set of
production P C (NUX)* x (NUX)*.

DEFINITION 6.2.2. A grammar G = (N,X,S,P) is said to be right linear if the
production P C N x (ZU(ZoN)U{e}).

DEFINITION 6.2.3. A grammar G = (N,X,S,P) is said to be left linear if the
production P C N x (XU (NoX)U{e}).
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DEFINITION 6.2.4. A grammar G = (N,X,S, P) is said to be regular grammar if it is
either left linear or right linear.

EXAMPLE 6.2.1. Given the regular expression r = ab(cb|bb)*.

1. Right linear grammar
S — abA

A — cbA|bbA|e

2. Left linear grammar

S — Scb|Sbb|ab

DEFINITION 6.2.5. A production p € P is null production [2] if p € (N x {€}).

6.3 PROPOSED ALGORITHM

The following section highlights the proposed algorithm and as per the
literature review no such algorithm for conversion of PRE to regular grammar has been
proposed. Algorithm 6.3.1, converts PRE to a right linear grammar G such that
L(G) = L(r). This metamorphosis consists of following six steps:

1. Augmented PRE: Add # at the cessation of PRE r. If (r;&r;) € r, add
# after each r; but immediately before the next symbol a € X or a =
#. Addition of # enlighten the end of extant shuffle operation. Assign
positions to the symbols of the augmented PRE. Position of the leftmost
symbol is one and increases towards the right side of the symbols. Generate a
non-terminal corresponding to each position. Initially, set N = {S,S;,S>,...,S,}.

Non-terminal S; suggests that we are going to process i’ symbol.

2. followpos Calculation: Procedure follow partition the set N into two sets.
First set consists of the non-terminals formed from the positions of the

symbols besmeared in the shuffling. The second set consists of non-terminals
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whose corresponding symbol is not besmeared in shuffling. Using the
procedure follow, followpos of each position assigned to the symbols are
determined. Set union_left consists of minimum position of each r; where
(rilrj) € r. Set union_right consists of minimum position of each r; where
(rilrj) € r. Non-terminal Sk denotes a non-terminal where I = firstpos(ry,),
J = firstpos(r,), K is the position of # immediately after r, and (r,,&r,) € r.
Non-terminal Spx indicates that we are going to process a symbol from a

positioni € lorjeJ.

At shuffle operator:

firstpos(&) = firstpos(rm) U firstpos(ry)
lastpos(&) = lastpos(ry,) U lastpos(ry)

nullable(&) = nullable(r,,) A nullable(ry)

G

Figure 6.3.1: Closure of shuffle operator

If i € lastpos(ry), add E to followpos(i). Similarly, if j € lastpos(r,), add E to

followpos(i). Followpos of the symbols involved in the sub expressions r;,, and
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r, can be determined using the well known methodology [20]. Consider Sk is

the starting non-terminal of r,,&r;,.

Figure 6.3.1, shows that if (r,,&r;,)* € ¥, add a production rule Sx — Syk.

If € € 1, add a production rule Syx — Sgjk.

Similarly, if € € r,, add a production rule S;jx — Siek.

If € € (r&ry,), add a production rule S;x — Sgek-

. Productions of the positions not involved in shuffling: Set first(r) gives
the positions of the first symbol generated from . Consider first(r) =
{i,j,k}, add production S — S;|S;[Sk. It means, we can continue to one

of the non-terminal {S;,S;,S;} from the starting non-terminal S. Add

production rule corresponding to each position i using the following rules:
For each (j € followpos(i))
If (a,' € E)
(S:) = ails;)
Else
(Si) = (S))
End If
End of Loop
. Shuffle Productions: Consider (r,,&r,,) € r'. Traverse r in preorder. Smallest
position symbol of r,, occurs after the shuffle operator. Starting non-terminal
Sk can be found using the smallest position of r,. Productions of
sub expression (r,&r;,) can be generated using the procedure shuffle-

productions(G, 7, Sx). (K — 1) gives the highest position of the symbol of sub

expression (r,&ry,). lower_left and lower_right provides the lowest position
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of left and right sub expression besmeared in the union operator. In the union
operator, one of the paths is chosen from the two possible paths. If the followpos
of a position contains a value less than or equal to itself, it means a Kleene
closure operator occurs. Whenever a symbol at a position occurs in Kleene
closure, wariness should be taken to dislodge smaller values while considering

the larger values.

5. Removal of S, non-terminal: A non-terminal S, € N produces a null
production if S, — €. Null production of S, can be detached by simply

substituting € in place of S, in the right side of all productions.

6. Removal of terminating and unit productions: A non-terminal S; € N
produces a terminating production if p; : N x {T*}. Terminating production can
be removed by simply substituting the right hand side of production in place of
S; in the right side of all productions. A non-terminal S; € N is in unit production
if p; : N x {N}. Unit production can be removed by simply substituting the right

hand side non-terminal in place of §; in all productions.

Notations used in the algorithm: The following notations are used in the algorithm:

current: It represents current symbol. It can be one of the symbols from X, an operator
or # symbol.

pos: pos represents the position of a symbol.

left: 1t represents the left child of a node in the syntax tree. Single child of a node is
also represented by left.

right: It represents the right child of a node in the syntax tree.
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Algorithm 6.3.1: PRE_RLG(r)

1

2
3

10

11
12
13

14
15
16
17
18

19
20

21
22
23

24
25
26
27
28

Input: PRE r
Output: Regular grammar G such that L(G)=L(r)
Augmented PRE 1’ r#

if ((I’,’&I’j) € r) then

Add # after r; but immediately before the next symbol a where

((a=#)V(a€X))
end

Assign positions to the symbols from X and # € /.

N+« {S,5,,8,....8,} and N' + {}

Follow(#,N)
for (Vi € first(r')) do
if (S; € N) then
P+ PU{(S) — (S)}

end

end
or (VS; € N) do

if (S; # S) then
for (V] € followpos(i)) do
if (a; € X) then
if (S; € N) then
‘ P+ PU{(S) — ai(S)}

else
Choose X such that ((j € X) A (Sx € N'))

P+ PU {<Si> — ai<Sx>}
end
else
‘ P—PU{(S:)— ()}
end
end
end
end
P+ PU{(Sy) — (&)}

=]

29 pos < 0

30

shuffle < false

> Continued...
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Algorithm 6.3.1: PRE_RLG(r) Continued...
31 for ((Vcurrent € Preorder(r’)) \ (Scan Preorder(r’) from left to right)) do
32 if (current € ¥) then
33 pos < pos+ 1
34 if (shuffle=true) then
35 shuffle < false
36 Choose X such that (pos € X) A (Sx € N) A (E ¢ X)

37 if (pos € firstpos(r')) then
38 P+ PU{(S) — (Sx)}
39 end

40 shuffle-production(r’, Sx)
4 end

42 end

43 if (current = &) then

44 shuffle<—true

45 end

46 Eliminate_#-production(G)

47 Eliminate_terminating-production(G)
48 Eliminate_unit-production(G)

49 end

Example 6.3.1 Consider PRE r = e(ab&cd)*f

Using algorithm 6.3.1, PRE ¥ = e (axbs&cqds)  H#ef7#ts
N={S,S1,...,Ss}

N ={}

Using algorithm 6.3.2

union_left = union_right = { }

followpos(1) ={2,4,6}
followpos(2) = {3}

followpos(3) = followpos(5) = {E}
followpos(4) = {5}

followpos(6) = {7}

followpos(7) = {8}

76



followpos(8) = {}

union_left = union_right = { }
N={S,581,56,57,5s}

N' = {S245}

Starting and ending non-terminals of (ab&cd) are S»4s and S respectively. Sub
expression (ab&cd) can occur zero or more times. For second and onward iteration,
we add a production rule (Ss) — (S246) to P.

Using algorithm 6.3.1, add productions corresponding to the positions whose

symbol are not involved in shuffling.

firstpos(r') = {1},P < PU{(S) — (S))}

Jfollowpos(1) = {2,4,6},P < PU{(S1) — e(Ss)|e(S246) }

followpos(6) = {7},P + PU{(Ss) — (S7)}

followpos(7) ={8},P < PU{(S7) — f(Ss)}
P+ PU{(Ss) — €}

Preorder of ¥/ = ...e*&.ab.cd#f#

pos =2

Procedure shuffle-productions(G, 7/, S>45) generates the productions of the

position involved in shuffling. U

Various rules for calculating followpos, union_left, union_right and productions are
given in Table 6.3.1. These rules in conjunction with the rules proposed in direct
conversion method [20] are used in algorithm 6.3.2.

In the shuffle-production procedure, various productions and non-terminals are
generated that occurs due to shuffle operator. Starting positions of the Kleene closure

are found using step 2 of the algorithm 6.3.3.
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Figure 6.3.2: Syntax tree of the sub expression

Table 6.3.1: Rules for determining various values and productions occurs due to shuf-

fle operator

Syntax tree Current node Production rules

Figure 6.3.2 (¢) | Shuffle operator firstpos(&) = firstpos(r;) U firstpos(rj)
lastpos(&) = lastpos(r;) U lastpos(r;)
nullable(&) = nullable(r;) A nullable(r;)

Figure 6.3.2 (d) | Union operator | union_left < union_left UMin(firstpos(r;))

union_right < union_right UMin(firstpos(r;))
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Table 6.3.1: Rules for determining various values and productions occurs due to shuf-

fle operator Continued...
Syntax tree Current node Production rules
Figure 6.3.1 Kleene closure #pos = position(#)

X « firstpos(r;) Ufirstpos(rj) U#pos
(Stpos) — (Sx)

Figure 6.3.2 (a) | Shuffle operator #pos = position(#)

X < firstpos(r;) U firstpos(rj) U#pos
Y < firstpos(r;) UE U#pos
(Sx) = (Sy)

E indicate that we are taking € from r;

Figure 6.3.2 (b) | Shuffle operator #pos = position(#)
X < firstpos(r;) U firstpos(rj) U#pos
Y <~ EUfirstpos(r;) U#pos
(Sx) = (Sv)

E indicate that we are taking € from r;

Algorithm 6.3.2: Follow(r,N)

Input: Augmented PRE r’
Output: firstpos, lastpos, followpos, N and N’

1 Draw a syntax tree for r’ such that the symbols from X and # appear as the leaf
node.
union_left <— union_right < {}
Traverse the syntax tree in post-order
if ((current € X) V (current = #)) then
firstpos(current) < position(current)

i A W

lastpos(current) <— position(current)
end

SN
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Algorithm 6.3.2: Follow(r,N)

Continued...

8
9
10
11
12
13

14
15

16
17
18
19

20
21

22
23
24

25
26

27
28
29

30
31

32
33
34

35
36
37

38
39
40
41

42
43

44
45

if (current = &) then
firstpos(current) < firstpos(left) Ufirstpos(right)
lastpos(current) < lastpos(left) U lastpos(right)
nullable(current) < nullable(left) N\ nullable(right)
for (Vi € lastpos(current)) do
‘ followpos(i) < followpos(i) U{E}
end
i1 < Min(firstpos(left))
ir < Max(lastpos(right))
for (i< i;i<ipi<i+1)do
N+ N-S§;
i< i+1
end
X « firstpos(current) U (i + 1)
N < N USx
if (nullable(current) = true) then
P+ PU{(Sx) — €}
end
if (nullable(left) = true) then
Y <— EUfirstpos(right) U (i + 1)
N < N USy
P+ PU {(Sx> — <Sy>}

end

if (nullable(right) = true) then

Y « EUfirstpos(left) U (i + 1)
N «— NUSy

P+ PU{(Sx> — <Sy>}

end
end
if (current = |) then

firstpos(current) < firstpos(left) Ufirstpos(right)

lastpos(current) < lastpos(left) U lastpos(right)

if ((nullable(left) = true) V (nullable(right) = true)) then
nullable(current) < true

end
union_left < union_left UMin(firstpos(left))

union_right < union_right UMin(firstpos(right))

end
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Algorithm 6.3.2: Follow(r,N)

Continued...

46
47
48
49
50
51
52

53
54
55

56
57

58
59
60

61
62
63
64
65
66
67

68
69

70

71
72

73
74
75

76
77
78
79

if (current = x) then
firstpos(current) < firstpos(left)
lastpos(current) < lastpos(left)
nullable(current) < true
if (left # &) then
for (V] € lastpos(current)) do
‘ followpos(j) < followpos(j) U firstpos(current)
end

else
Let Sy be the recently added non-terminal to N’

#pos + Max(X)
P < PU{(Stpos) = (Sx) }
end

end
if (current = .) then

firstpos(current) < firstpos(left)

lastpos(current) < lastpos(right)

if (nullable(left) = true) then

firstpos(current) < firstpos(current) U firstpos(right)
end

if (nullable(right) = true) then

lastpos(current) <— lastpos(current) U lastpos(left)

end
if ((nullable(left) = true) N\ (nullable(right) = true)) then
nullable(current) < true
end
if (left # &) then
for (V] € lastpos(left)) do
if (E ¢ followpos(j)) then
‘ followpos(j) < followpos(j) U firstpos(right)
end
end
end
end

Example 6.3.2 Apply shuffle — productions(r,Sx) to Example 6.3.1.

For non-terminal S5
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closure_start = {}
i=2
i & union_left and i ¢ union_right
P+ PU{(S246) — a(S346) }
NT = {S246,5346}
i=4
i ¢ union_left and i ¢ union_right
P < PU{(S246) — c(S256) }
NT = {S245,5346,5256 }
For non-terminal S;,4
i=3
i ¢ union_left and i ¢ union_right
P« PU{{(S346) — b{SE45)}
NT' = {S246,S346,5256,SE46 }
i—4
i ¢ union_left and i ¢ union_right
P < PU{(S346) — c(S356) }
NT' = {S246,S346,5256, SE46, 356 }
For non-terminal S,s4
i=2
P+ PU{(S256) — a(S3s6)}
NT' = {8246, 5346, 5256, SE46,S356 }
i=5
P < PU{(S2s5) — d{S2Es) }
NT' = {S245,S346,5256,SE46, 5356, S2E6 }
For non-terminal Sg44

i=4

82



P« PU{(Sg4s) — c(Sgss)}
NT = {S246,5346, 5256, SE46, 5356, S2E6,SES6 }
For non-terminal S;s4
i=3
P < PU{(S355) — b(Skss)}
NT = {S246,5346, 5256, SE46, 5356, S2E6, SES6 }
i=5
P+ PU{(S355) — d{(S3g5)}
NT = {S246,5346, 5256, SE46, 5356, S2E6,SES6: S3E6 }
For non-terminal S>z4
i=2
P < PU{(S2e6) — a(S3gs) }
NT' = {S246,S5346,5256,SE46,S356,S2E6,SES56,S3E6 }
For non-terminal Sgsg
i=5
P« PU{(Sgss) — d(Sges)}

NT' = {8246, 346, 5256, SE46, 5356, S2E6+ SES6+ S3E6, SEES }

For non-terminal S;z4
i=3
P < PU{(S3g6) — D(SEEs) }

NT' = {S246,5346,S256,SE46,S356,S2E6, SEs6, S3E6, SEES |

Production P
($) = (S1)
(1) — e(Se)|e(S246)
(S6) = (S7)[(S246)
(S7) — f(Ss)
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(Ss) — (&)

(S246) — alS346)|c(S2s6)
(S346) — b(SE46)|c(S356)
(S256) — a(S356)|d(S2Es)
(Sk46) — c(SEs6)

(S356) — b(SEs6)|d(S3E6)
(S266) — a(S3E6)

(Sess) — d(Se)

(S3E6) — b(S6)

Algorithm 6.3.3: shuffle-production(7’, Sx)

Input: Augmented PRE r’.
Output: Set of non-terminal N7~ and Productions.

1 NT +— Sx

2 closure_start < {}

3 for (i + Min(X);i <Max(X)—1;i=i+1) do
4

closure < false
5 for (j € followpos(i)) do
6 if (j <i)A(j #E)) then
7 closure _start <— closure_startUj
8 closure < true
9 end
10 end
11 if (closure = true) then
12 for (Vk € followpos(i)) do
13 if (k > i) A\ (k # E)) then
14 ‘ closure_start < closure _start\ Uk
15 end
16 end
17 end
18 end
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Algorithm 6.3.3: shuffle-production(’, Sx)

Continued...

19 for (VSx € NT') do

20 temp < X

a | jed{)

22 for (Vi € temp) do

23 X X

24 if (a; € ¥) then

25 if (i € union_left) then

26 Choose{j|((j € union_right) A (index[i] = index|j]))}
27 X =X'—j

28 else

29 if (i € union_right) then

30 Choose{ j|((j € union_left) A (indexli]| = index|j])) }
31 X =X'—j

32 end

33 end

34 if (j € closure_start) then

35 for (Vk € closure_start) do

36 if (k> j)A(j,k € followpos(k—1))) then
37 | X'« X'— followpos(k—1)
38 end

39 end

40 end

41 templ + X'

2 if (i € closure_start) then

43 for (Vk € closure_start) do

44 if ((k > i) A (i,k € followpos(k—1))) then
45 | X'« X'— followpos(k—1)
46 end

47 end

48 end

49 templ < templ — X' +i

50 for (i € templ) do

51 for (Vj € followpos(i)) do

52 X'+ X —i

53 X' X" +j

54 P(-PU{Sx—)aiSX//}

55 NT «— NT' U SX"

56 end

57 end

58 temp <— temp — temp 1

59 end

60 end

61 end
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Algorithm 6.3.3: shuffle-production(’, Sx) Continued...
62 Find Sx|(E € X) A (#p05 € X) A (apos ¢ X)
63 X' + X —{E}
64 P« PU{Sx — Sx'}
65 N< NUNT

On applying algorithm 6.3.4, the productions (S7) — fand (Sg) — € are removed.
Procedure Eliminate #-production(G) eliminates the non-terminal S, and its

corresponding productions.

Algorithm 6.3.4: Eliminate_#production(G)

Input: Regular grammar G = (N, T, S, P)

Output: Regular grammar G’ such that L(G') = L(G)
1 for (Vp € P) do
2 if (S, occurs in the right side of production p) then
3 Replace (S,) — €
4 N+N-G,
5 P+ P—{(Sy) — &}

end

7 end

Procedure Eliminate _terminating—production(G) removes the non-terminals which
only produces terminal strings. Procedure Eliminate_unit-production(G) deletes the

non-terminals which only produces unit productions.

Algorithm 6.3.5: Eliminate_terminating-production(G)

Input: Regular grammar G = (N, T, S, P)

Output: Regular grammar G’ such that L(G') = L(G)

1 for (Vp € P) do

2 | if(p:(Si) = wlweX¥) then

3 Replace (S;) — w in all productions having S; in the right hand side.
4 P=P—{(S;) —>w}

5 N+ N-S§;

6 end

7 end
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Example 6.3.3 On applying the algorithm 6.3.5 and 6.3.6 to the production P of
example 6.3.2.
Production P
) — €(Ss)le(S246)
6) = f1(S246)

(S
(S
{
{
(S256
(
{
{
(
{

Algorithm 6.3.6: Eliminate _unit-production(G)

Input: Regular grammar G = (N, T, S, P)

Output: Regular grammar G’ such that L(G') = L(G)
1 for Vp € P do
2 if ((S;) — (S;)) then
3 Replace §; — §; in all productions having S; in the right hand side.
4 N+ N-S§;
5 end
¢ end

6.4. NUMERICAL EXAMPLES

In this section, two numerical examples are given for illustrating the
metamorphosis of PRE to regular grammar.
Example 6.4.1 Let r = a((b*c|d)&e)f
Y = a;((bics|dy) &es)#efAts
N=1{S8,8;,5>,...,Ss}
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={}

union_left = union_right = { }

followpos(1) ={2,3,4,5}

followpos(2) ={2,3}

followpos(3) = followpos(4) = followpos(5) = {E}
followpos(6) = {7}

followpos(7) = {8}

followpos(8) = {}

union_left = {2}
union_right = {4}
N={8,5/,56,57,5s}
N = {S23456}
firstpos(r') = {1}

P PU{(S) = (S1)}

P <+ PU{(S1) — a(S23456)}
P PU{(Ss) = (S7)}
P+ PU{{S7) — f(Ss)}
P« PU{(Ss) — €}
pos <+ 2

shuffle — productions(G, v ,S23456)
For non-terminal S>3/
union_left = {2}, union_right = {4}, closure_start = {2,3}
temp=X =X=1{2,3.4,5,6}
i=2
i € union_left
j=4,X ={2,3,5,6}
templ ={2,3,5,6}
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i € closure_start,k = 3 and i,k € followpos(k— 1)
X ={2,3,5,6}—{2,3} ={5,6}
templ = templ — X' ={2,3,5,6} —{5,6} = {2,3}
i=2
P < PU{(S23456) — b(S36)}
P+ PU{(S23456) — b{(S356)}
i=3
P < PU{(S23456) — c(Sgss)}
NT' = {823456, 5256, 5356+ SES6 }
temp ={2,3,4,5,6} —{2,3} = {4,5,6}
i=4
X =X=1{2,3,4,56)
union_left = {2}, union_right = {4}, closure_observe = {2,3}
i € union_right,X' ={3,4,5,6}
J € closure_start
X ={3,4,5,6}—{2,3} ={4,5,6}
templ = {4}
P < PU{(S23456) — d(Sks6)}
NT' = {823456,5256, 5356, SE36 }
temp ={4,5,6} — {4} = {5,6}
i=5
X =X=1{2,3,4,56)
union_left = {2}, union_right = {4}, closure — observe = {2,3}
templ = {5}
P+ PU{(S23456) — €(S234E6) }
NT' = {823456,5256,S356,SE56,S234E6 }

For non-terminal S;54
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temp=X =X=1{2,56}

union_left = {2}, union_right = {4}, closure — observe = {2,3}
templ =X =X —{4} ={2,5,6}

templ =templ — X' +i=1i={2}

P < PU{(S256) — b(S256)}

P < PU{(S256) — b(S356)}

NT = {S23456,5256,5356, SES6, 523486 }

P« PU{(S256) — e(S2k6)}
NT' = {S23456,5256, 356, SES6,S234E65 S2E6 }
For non-terminal S354
i=3
temp=X =X=1{3,5,6}
union_left = {2}, union_right = {4}, closure — observe = {2,3}
P« PU{(S356) — c¢(Sgs6)}
NT' = {S823456,5256, 356, SES6,S234E65 S2E6 }
i=5
P« PU{(S356) — e(S3E6) }
NT' = {23456, 525658356, SES6, S234E6, S2E6, S3E6 }
For non-terminal Sgs¢
i=5
temp=X =X={E, 5,6}
union_left = {2}, union_right = {4}, closure — observe = {2,3}
P+ PU{(SEss) — e(Sgks)}
NT' = {S823456, 525618356, SES6, S234E6, S2E6, S3E6, SEES }

For non-terminal S,3454
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temp=X =X=1{2,3,4,E,6}

union_left = {2}, union_right = {4}, closure — observe = {2,3}
X =X —j=1{2,3,E6}

i € closure_start

X' =X — followpos(2) ={2,3,E,6} — {2,3} = {E, 6}
templ = {2,3}

i=2

P < PU{{(S23486) — b{S2E6)}

P <+ PU{{(S23486) — b{S3E6)}

i=3

P < PU{(S23486) — ¢(SEE6) }

NT' = {823456,5256, 356, SE56: 52346, S2E6, S3E6, SEES }

union_left = {2}, union_right = {4}, closure — observe = {2,3}
X=X—-j= {4,E,6}
P+ PU{(S>34z6) — d(SEEs)}
NT = {823456,5256, 5356, SE56,S234E6, S2E6, S3E6, SEES }
For non-terminal S,z4
i=2
X =X —{j} ={E,6}
P+ PU{(S2z5) — b(S2:6)}
P PU{(S2g6) — b(S3k6)}
NT' = {823456, 5256, 5356, SE56,S234E6, S2E6, S3E6, SEES }
For non-terminal S;z4
i=3
X =X —{j} ={E,6}

91



P+ PU{(S3g6) — c(Sgks)}

NT' = {823456,5256,S356,SE56,S234E6, S2E6, S3E6, SEES }
On applying algorithms 6.3.4, 6.3.5 and 6.3.6

(S) — a(S23456)
(S23456) — D(S256)|cef|def|e(S234r6) | beeflbecf
(S2s56) — D(S2s6)|€(S2E6) |bcef|becf
(S234E6) — b(S2k6) |bcf|cfldf
(S2E6) — b(S2E6) |bef
Example 6.4.2 Let r = ((ab)*&c*)d
Y = ((a1b2)*&ch)#adsts
N=1{5,5,5,....55}

={}
union_left = union_right = {}
followpos(1) = {2}
followpos(2) ={1,E}
followpos(3) = {3,E}
followpos(4) = {5}
followpos(5) = {6}
followpos(6) = {}

N = {8134}

P« PU{(S134) — (Sk34)|(S1£4)|€}
N=1{S,54,55,56}

P+ PU{(S) = (S4)}

P PU{(S4) = (S5)}

P« PU{(Ss) — d(Ss)}

P+ PU{(Ss) — €}

P+ PU{(S) = (S134)}
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union_left = union_right = {}
For non-terminal S;34
i=1
X ={1,3,4}
closure start = {1,3}
X =X —followpos(2) = {3,4}
P+ PU{(S134) — a(S234)}
NT = {S134,5234}

X ={1,3,4}
X =X-3={1,4)
P« PU{(S134) = c(S134)}
P <+ PU{(S134) = c(S1E4)}
NT = {S134,5234,81E4}

For non-terminal S»34

i=2

X=1{2,3.4)
X=X—2={3,4)
P PU{(Sa3) = b(S130)}
P PU{(S335) — b{Spsa)}
NT = {8134,5234,51E4,SE34}

X=12,3,4}

X=X —3=1{2,4)

P+ PU{(S234) — ¢(S234)}

P+ PU{(S234) = c(S2E4)}

NT' = {S134,5234,51E4,SE34,S2E4}
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For non-terminal S;z4
i=1
={1,E,4}
—{1} ={E 4}
P+ PU{(Sig4) — a(S254)}
NT' = {S34,5234,51E4,SE34,S2E4}
For non-terminal Sg34
i=3
={E, 3,4}
— {3} ={E4}
P+ PU{(Sg34) — ¢(Sk34)}
P+ PU{(Sg34) — c(SEE4) }
NT' = {S134,5234,51E4,SE34, S2E4, SEE4}
For non-terminal S>z.
i=2
={2,E,4}
—{2} ={E4}
P+ PU{(S2p4) = b(SiE4) }
P+ PU{(S2g4) — b{(Sgg4)}
NT' = {S134,5234,51E4,SE34,S2E4, SEE4 }
On applying algorithm 6.3.4, 6.3.5 and 6.3.6
(S) — d|(S134)

(S134) = a(S234)|c(S134)|c(S1£4) |(SE34) | (S1E4) | €
(S234) = b(S134)|b(SE34)[c(S234) |c(S2E4)

(S1E4) — a(S2E4)

(Sg34) — ¢(SE34)|cd

(S2£4) — b(S1E4)|bd
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6.5. CONCLUSION

In this chapter, an algorithm is proposed for the metamorphosis of PRE to
regular grammar. It is a first attempt of its kind in this direction. Although,
computational algorithm has been designed by other authors [3, 20] for the
metamorphosis of regular expression to DFA using the followpos of symbols. The
novelty of the algorithm is the use of followpos for the metamorphosis of PRE to
regular grammar. The numerical implementation of the algorithm is outlined, and
specific numerical examples are given to illustrate the proposed algorithm. Further, the
grammar procured from the proposed algorithm can be easily converted into a mini-
mized DFA. This algorithm can also be beneficial for studying and analyzing various

properties of the PRE.
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Chapter 7

AN IMPROVED ALGORITHM FOR THE
METAMORPHOSIS OF SEMI-EXTENDED REGULAR
EXPRESSIONS TO DETERMINISTIC FINITE AUTOMATA

7.1 INTRODUCTION

Semi-extended regular expressions (SERESs) consist of intersection, union, concatena-
tion and Kleene closure operators. Comprisal of intersection operators in REs makes
it comfy to use. In many applications, the words depicted by the patterns are long and
cannot be easily described by the REs. These patterns can easily be depicted by using
SERE.

Yamamoto [31] proposed an algorithm for the translation of SEREs into non-
deterministic finite automata(NFAs). Yamamoto [30] proposed an algorithm for
the membership of SEREs using its metamorphosis to partially input-synchronized
alternating automata.

Kupferman and Zuhovitzky [54] proposed the improved algorithm for the
membership of SERE using the concept of alternating automata with synchronized
universality and negation. It is arduous for metamorphosis a SERE into alternating
automaton whenever sub-expression (r; Nr)r; occurs in the SERE. Problem occurs
because sub-expression (r; Nry)rz is not equal to (r;r; Nryrz)whereas (r; Urp)rs is
equal to (r;r3Urors).

In recent years, lot of research is targeted towards the succinctness of REs with
additional operators like intersection, shuffle [24-25, 74-76]. They reasserted that
double exponential size is required for construction of RE from RE with intersection
operators. There exists a number of membership algorithms, for checking whether
w can be generated from the SERE or not. Useful membership algorithms for SERE

has been provided by Yamamoto [30] and extensively improved by Kuperferman and
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Table 7.1.1: Comparison between direct conversion, Thompson construction and

Glushkov automata

Criterion Thompson’s Glushkov Direct
Construction [43] Automata [72] Conversion [20]
States At most 2n states | Exactly m + [ states | At-most m + / states
Output e-NFA NFA DFA

Zuhovitzky [54], Peterson [29], Rosu [22]. For a given RE r of length n and m be
the number of symbols occur in r. Table 7.1.1 shows the comparison between three
approaches for the conversion of RE to DFA.

Table 7.1.1 shows that the direct metamorphosis method gives less number of
states than the other two approaches for the conversion of RE to finite automaton. It
produces a DFA while the other two approaches generate NFA. Yamamoto algorithm
for the metamorphosis of SERE to NFA is based on the Glushkov automata [72]. There
is a possibility of generating a compact finite automaton using the direct conversion
method [20] for converting a SERE to finite automaton. Motivation for this research
stems from the importance of SEREs in the field of XML theory and programming
language [19, 46, 64, 73]. Given two deterministic finite automata (DFAs) N; and N;
with m and n states respectively. DFA corresponding to N; N N> requires up to mn
states.

In this chapter an algorithm is designed for the metamorphosis of SEREs to DFA.
The proposed algorithm is based on the follow-positions of symbols present in the
SERE. Comparison demonstrates that the DFA generated using the proposed algorithm
is smaller than the earlier existing approaches in the literature. Finally, to expound this

metamorphosis, we endow some numerical examples.
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7.2 PRELIMINARIES AND NOTATION

DEFINITION 7.2.1. Given two automata M; = (X,0Q;,q90;,F1,6;) and M, =
(X,05,902,F2,02). Intersection of M; and M, can be represented by an automaton

M= (%,0,q,,F,d) defined as follows:
1. 0« 0;x0;

2. qp < (901,4902)

3. F«F; xF;

4. 8((q1,92),a)+(8(q1,a),6(q2,a))

In this chapter, a metamorphosis of SEREs to DFAs algorithm (MSEREDFA) is
evolved using the followpos of symbols. For a sketch of how the proposed algorithm
is executing, we bestow numerical examples. The detail of MSEREDFA algorithm is

introduced as follows:

1. Augmented SEREs: Add # at the cessation of SERE r. If (r;Nrj) € r, add #

after r; and r; . Assign position to the symbols of the augmented SERE.

2. Calculation of followpos: Using Calc_follow, followpos of position are
determined. In Calc_follow, definitions of firstpos, lastpos, followpos, and
nullable at the union, concatenation and Kleene closure with the minor
alterations occur due to intersection operators. f posy.,r depicts a set containing

the first positions of all sub-expression (r;N7;) € r.
At intersection operator:
firstpos(N) = firstpos(r;) U firstpos(rj)
lastpos(N) = lastpos(r;) U lastpos(r;)
nullable(N) = nullable(r;) A\ nullable(r;)
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IPOS tuter = fPOS sy U firstpos (ri# N rj#)

3. Construction of DFA: firstpos(r’) render the starting state of the DFA. New
states are framed on reading of symbols using the concept of followpos. Each
state is partitioned into two sets of positions. First set consists of the positions
which are not involved in the intersection and the other one consists of the
positions involved in the intersection operation. DFA is constructed using the

procedure Intersection _DFA for the positions of a state involved in shuffling.

Using the analysis described above an algorithm MSEREDFA is designed for the
metamorphosis of SEREs to DFAs.

Notation used in the algorithm: Throughout this chapter, node represents the
current symbol. It can be one of the symbols from X, an operator or # symbol. L and R
depict the two children of a node in the syntax tree. Single child of a node is depicted
by L.

Procedure Calc_follow will receive an augmented SERE as input and determine
firstpos, lastpos and nullable at each node. This procedure will also determine the
followpos of the positions. Additional rules are given in Table 7.2.1 that occurs due to
the intersection operator.

Intersection_DFA will produce the states of the DFA occurs due to the intersection
operators. Partition state g into sets C and D such that C contains the positions of r; and
D contains the positions of r; for the sub-expression (r;N7;) € r. For each symbol a,
followpos of C and D are determined. If both are not null, then a new state is generated
by taking the union of followpos of C and D at symbol a. This process is repeated until
we have an unmarked state occurs due to the current intersection operator. The final
state (say ¢, ) of the intersection operator contains the positions of both #’s occur after
ri and r;. Before returning to the calling function, MSEREDFA forge g; as unmarked

state and ¢ is substituted by the followpos of # of the sub-expression (r# N r#).
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Table 7.2.1: Additional Rules occurring due to the Intersection operator

Syntax tree Current node Rules

Intersection firstpos(node) < firstpos(L) U firstpos(R)

N
/ \ operator lastpos(node) < lastpos(L) U lastpos(R)
f I

nullable(node) <— nullable(L) N\ nullable(R)

fposlnter :fposlnter Uﬁrstpos(node)

Concatenation | nullable(node) = (nullable(L) A nullable(R))

/ operator If(nullable(node)=false)
! #
nullable(node) = (nullable(L) N\ (R = #))

7.3 ALGORITHM FOR METAMORPHOSIS OF SEREs TO DFAs

In this section the algorithm for the metamorphosis for the conversion of SEREs to

DFAs is given.

Algorithm 7.3.1: MSEREDFA(r)

Input: SERE r
Output: DFA M such that L(M) = L(r).

Augmented SERE: ¥ < r#
for (V(r;iNrj) € ) do
ri < ri#
rj < rj#
end
Assign position to the symbols of 7.
Q <_fposlnter 0
Calc _follow(r)

qo < firstpos(r')

o S N N AR W N -
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Algorithm 7.3.1: MSEREDFA(r) Continued...

10 0+ QUg,

11 for (Vg € Q) do

12 Mark ¢

1B | ¢g<«0

14 q" < q

15 for (Vi€ g) do

16 if (i € fpos;,;.,) then

17 q +q Ui

18 q" —qg—i

19 end

20 end

21 if (¢’ # 0) then

22 | Intersection_DFA(q, Q)
23 end

24 if (¢" # 0) then

25 for (Va € X) do

26 Ostate < 0

27 for (Vi€ 4") do

28 if (a; = a) then
29 | Ostate < Qstate U followpos(i)
30 end

31 end

32 if Ostate # 0 then
33 0 < QU Qstate
34 trans(q,a| < Qstate
35 end

36 end

37 end

38 end

Algorithm 7.3.2: Calc_follow(r')

Input: An augmented SERE ¥ .
Output: fposy,,,,, firstpos, lastpos and followpos.

1 Draw a syntax tree for #/ such that the operators appear as the internal nodes and
symbols from X and #’s appear as the leaf node.

2 Traverse the syntax tree in post-order and perform step 3to 7.  Continued...

101




Algorithm 7.3.2: Calc _follow(r') Continued...

N A AW

e ®

10
11
12

13
14
15
16
17
18
19
20

21
22
23
24
25
26

27
28
29
30
31
32
33
34
35
36
37
38
39
40

if ((node =a) A\ (a € X)) then
firstpos(node) < position(node)
lastpos(node) <— position(node)
nullable(node) < false

end

if (node = |) then

firstpos(node) < firstpos(L) U firstpos(R)
lastpos(node) < lastpos(L) U lastpos(R)
nullable(node) < nullable(L) \ nullable(R)
end

if (node = *) then
firstpos(node) < firstpos(L)
lastpos(node) < lastpos(L)
nullable(node) < true
for (Vj € lastpos(node)) do
| followpos(j) < followpos(j) U firstpos(node)
end
end

if (node = N) then

firstpos(node) < firstpos(L) U firstpos(R)
lastpos(node) < lastpos(L) U lastpos(R)
nullable(node) < nullable(L) A nullable(R)

dfposlnter %fposlnter UﬁrStpos<n0de)
en

if (n = .) then
firstpos(node) < firstpos(L)
lastpos(node) < lastpos(R)
nullable(node) < (nullable(L) A nullable(R)) V (nullable(L) AR = #)
if (nullable(R) = true) then

| lastpos(node) < lastpos(node) Ulastpos(L)
end
if (nullable(L) = true) then

| firstpos(node) < firstpos(node) U firstpos(R)
end
for (Vj € lastpos(L)) do

| followpos(j) < followpos(j) U firstpos(R)
end
end
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Algorithm 7.3.3: Intersection_DFA(q, Q)

Input: state q
Output: Addition of states in Q
anter —q
for (\V/(] S Qinter) do
C—D<+0
Mark ¢
for (Vi € ¢g) do
if ((i € pos(ri#)) A ((ri#Nrj#) € r')) then
| C<+CUi
end
if ((i € pos(ri#t)) A ((ri#t(Orj#) € r')) then
| D« DUi
end
end
or (VacX)do
E—F<+0
for (Vie C) do
if (a; = a) then
| E < EUfollowpos(i)
end
end
or (Vie D) do
if (a; = a) then
| F < FUfollowpos(i)
end
end
if (E#£0)N\(F#0) ) then
if ({E/F} ¢ Qinter) then
‘ Qinter = Qinter Y {E/F}
end
trans|q,a) < {E/F}
end
end
end
Choose g such that ((¢ € Qjyrer) N (pos(#(ri#))) A (pos(#(ri#))))
q < followpos(#(ri#)) U followpos(#(r#))
Unmark ¢
Q — Q U Qinter

o X 1 AR W N -

—
-

NN DD = e e e e e e
N = N AW
=g}

=g

W N NN NN NN
S ° N AW

W W W W W W
A Ui A W N =

Limitation of the Algorithm: In the following two cases, the proposed algorithm

converts a SERE into €-free NFA instead of DFA.

1. If (r;Nrj)r € F'and the following conditions exist:
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(a) nullable(r;Nrj) = true
(b) (SymbOZslastpos(r,ﬂrj)) (symbOZsﬁrstpos ) #0
2. If ri(riNrj) € r'and the following conditions exist:

(a) nullable(ry) = true

(b) (Symbozslaslpos(rk)) N (symbozsﬁrstpos(riﬂrj)) 7é 0

EXAMPLE 7.3.1. Given r = a(((a|b)*a(a|b)*a(a|b)*) N (a*ba*ba*))b

On enforcing the proposed algorithm on r, we obtain the DFA as shown in Figure 7.3.1.

b a

0

DA

—> g — &

Q\@/ \

ok

Figure 7.3.1: DFA for r = a(((alb)*a(alb)*a(a|b)*) N (a*ba*ba*))b

7.4 RESULTS AND DISCUSSION

Using Yamamoto algorithm [31], SERE can be converted into a &-NFA. Pattern
matching will be delayed if the NFA consists of &-transitions. Yamamoto algorithm is

based on the Glushkov automata [55]. The number of states in the Glushkov automata
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is equal to |r| 4+ 1 . The proposed approach is based on the direct conversion of REs
to DFAs. In direct conversion method [20], numbers of states are reduced due to the
occurrence of each Kleene closure and union operators. For conversion of RE to
finite automaton, Glushkov automata generate more states than the direct conversion

method. SERE can be converted into DFA using the proposed approach.

EXAMPLE 7.4.1. Consider r = (a|b)*ab. Figure 7.4.1 illustrate the finite automata
obtained using the Glushkov automata and direct conversion method. The number of
states in a finite automaton obtained using the direct conversion method is less than the

number of states obtained using the Glushkov automata.

(a) Glushkov automata (b) DFA using the direct conversion method

Figure 7.4.1: RE r = (a|b)*ab

Following example, illustrate the result obtained by the proposed algorithm for
converting a SERE to DFA. At the same time, the result of Yamamoto algorithm is
presented for comparing the size of the automaton.

EXAMPLE 7.4.2. Given r = 1(((00)*) N ((000)*))1 . Using the proposed algorithm,
the DFA generated is shown in Figure 7.4.2.
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Figure 7.4.3: NFA for r = 1(((00)*) N ((000)*))I using Yamamoto Methodology

Figure 7.4.3 shows the €-NFA obtained using the Yamamoto Methodology.
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Table 7.4.1: Comparison between Yamamoto algorithm and proposed algorithm

Criterion Yamamoto algorithm Proposed Algorithm
Output e-NFA DFA
Approach Based on Glushkov Automata | Based on direct conversion
of REs to DFAs.
Number of states More states Less states

Table 7.4.1 shows the comparison between the two approaches.
Yamamoto algorithm is founded on the modular decomposition of r. The

number of states using the Yamamoto algorithm [31] is at most N, where N, is equal

t0 Yher [Iren (N + 1) where

1. R is the set of modules obtained from the SERE r.
2. H is the accumulation of all independent subset of R.
3. N is the total number of symbols and intersection operators occur in R.

Now, we claim that the number of states of the DFA generated using the
proposed approach is less than the number of states of the NFA generated using
Yamamoto algorithm. In the proposed methodology, N be the total number of

symbols occurs in R. Following two cases can occur:

1. For each unyoked module, the number of states obtained using the proposed
approach is less than the Yamamoto algorithm. In unyoked module, each
sub-expression is a RE. Table 7.1.1 show, that the number of states of the DFA
generated by direct conversion is less than NFA generated using the Glushkov

automata.

2. Let H; € H be a subset whose sub-expressions are involved in the

intersection operators and H; = {r;,r2,...}. For each r; € H; , the number of
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states generated using the direct conversion method is less than the Glushkov
automata (as shown in Table 7.1.1). Each intersection operation performed
between the NFA obtained for r; causes the addition of two new states and a
number of transitions in the Yamamoto approach, which is not added in the
proposed approach. Hence we claim that the number of states of the DFA
obtained using the proposed approach is less than the number of states of the

NFA generated using Yamamoto algorithm [31].

7.5 CONCLUSION

In this chapter, an algorithm for direct metamorphosis of SEREs to DFAs has been
proposed. This algorithm is based on the direct conversion of REs to DFAs. Major
benefit of the proposed algorithm is the generation of a svelte DFA. Another major
benefit of the proposed algorithm is that it will not face any problem if SERE contains
sub-expression (r; Nr)r;. The numerical implementation of the proposed algorithm
is expounded by numerical examples in Sections 7.3 and 7.4. The major contribution
can be highlighted as this being on novel concept, one of its own kind, never explored
before. Further, using this approach the number of states of the DFA generated using
the proposed algorithm is less than the e-NFA generated using the existing approaches

till date.
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Chapter 8

CONCLUSION AND FUTURE SCOPE

8.1 SuMMARY OF THE MAIN CONTRIBUTION

In this dissertation, we proposed three algorithms in the field of parallel
regular expressions and semi-extended regular expressions. The first proposed
algorithm (MPRENFA) converts parallel regular expressions into svelte non-
deterministic finite automata and proves that if V(ri&r;) € r A ((symbol(r;) N
symbol(rj)) # 0), then it is implausible to generate a deterministic finite automaton
directly from parallel regular expression. The number of states of the NFA generated
using the proposed approach is 2/, which is a significant improvement over the
Estrade et al. [6] approaches. The obtained NFA can be converted into DFA using
subset construction.

Our second proposed algorithm (MSEREDFA) converts semi-extended regular
expressions to deterministic finite automata. The proposed algorithm is founded on
the direct conversion of REs to DFAs [20]. Further, It has been proved that the number
of states obtained in deterministic finite automaton (DFA) is less than the size of non-
deterministic finite automaton (NFA) obtained using Yamamoto algorithm [30], which
is a significant contribution in the field of automata theory.

The third algorithm (PRE_RLG) is proposed for the metamorphosis of PRE to
regular grammar. To the best of the author’s knowledge, no such metamorphosis has
ever been proposed. The grammar procured from the proposed algorithm can be easily
converted into a minimized DFA. The metamorphosis of parallel regular expressions
to regular grammar gives a prescript of reduction in the field of concurrency. The

contribution will open new avenues for the research in this field.
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8.2 PRESPECTIVES
Following are a number of promising and stimulating directions for future
research building on the proposed work and gleaning of knowledge presented in this

dissertation.

8.2.1 CONVERSION OF EXTENDED REGULAR EXPRESSIONS TO NFA

One main goal in this thesis is the conversion of parallel regular expressions to non-
deterministic finite automata. Another goal in this thesis is the metamorphosis of
semi-extended regular expressions to deterministic finite automata. This will leads
to another interesting problem for the conversion of extended regular expressions
(regular expressions having shuffle and intersection operators) to non-deterministic

finite automata.

8.2.2 FURTHER OPTIMIZATIONS IN TERM OF THE SIZE OF NFA

Although, the size of the non-deterministic finite automata obtained using the proposed
approach is smaller than the existing approaches in the literature, we cannot say that it
is the minimal one, and there is still a scope of optimization in terms of the number of

states.

8.2.3 CONVERSION OF PRE TO RE

There is a need of more precise and credible choice for the conversion of
parallel regular expressions to regular expressions. However, conversion of parallel
regular expressions to partial serialization can be useful in the field of modeling of

concurrent systems.

8.2.4 AUTOMATION OF THE DESIGNED ALGORITHMS

Parallel regular expressions are useful in different fields of Computer Sciences. There

is a scope of the automation of the newly designed algorithms.
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8.2.5 COMPARISON BETWEEN THE NOVEL ALGORITHMS

In chapter 6, we have designed an algorithm for the conversion of parallel
regular expressions to right linear grammar. There is a scope for the conversion of right
linear grammar to minimized deterministic finite automaton, which will lead to another
interesting direction for the conversion of parallel regular expressions to
deterministic finite automata. This work can be extended for the comparison between
the two proposed approaches (PRE — NFA — DFA and PRE —

right linear grammar — DFA).

8.2.6 TIME COMPLEXITY OF NOVEL ALGORITHMS

All three designed algorithms work better in terms of the number of states than the
existing approaches in the literature. However, there is a need to work on another

parameter (time complexity) for the newly developed algorithms.
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