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ABSTRACT

Regular languages are used in various fields ofpcen science like compilers, data
compression, text processing, software engineeand,pattern matching. Language can
be categorized as regular, context free, contaxittee or recursive enumerable based
on chomsky hierarchy for languages. Regular languean be described by regular
expression or finite automata (deterministic or-deterministic). Regular languages are
of various types like infix free, prefix free, sufffree. These are used in various
applications like pattern matching, computing fdd#n words and text searching.

The state complexity of an operation for regulaglaages is the number of states that are
necessary and sufficient in the worst-case for riirimal deterministic finite-state
automaton or non-deterministic finite automata thatepts the language obtained from
the operation. For state complexity, we have tceples minimal state deterministic and
non-deterministic models. For example, if the stataplexity of the union of an m-state
DFA language and an n-state DFA language is nmeHns that there exists two regular
languages which are respectively accepted by atate-BFA and an n-state DFA, such
that their union is accepted by a mn-state DFAeworst case.

A regular language is infix-free if, for all distinstrings x, ye >*, and x, y€ L imply
that x and y are not substrings of each othereStamplexity for deterministic and non-
deterministic model in case of infix-free langudgese been determined. A software is

designed for checking whether the language is-fné® or not.
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Chapter 1

Regular Language

This chapter gives an introduction to regular laaggy their operations and some
basic definitions involved in regular language. sThhapter also contains outline of
thesis along with brief introduction to each chapte

1.1 Regular Languages

There are four levels of languages according todm@msky hierarchy of formal

languages, which are regular languages, contegt{aaguages, context-sensitive
languages and recursively enumerable languagesil&dgnguage can be described
by regular expression or finite automata (detersticior non-deterministic). Regular
languages are used in various fields of computemse like compilers [21], data

compression [21], text processing [6], software ieegring [21], and pattern

matching [21] and many more areas. Further redatayuages can be classified into
infix free, prefix free and suffix free. These aised in various applications like
pattern matching [19], computing forbidden word®][BAnd text searching [7]. A

language L is regular if and only if there is aulag expression E such that L = L(E).
1.2 Basic Notations and Definitions

1.2.1 Alphabet and Language

An alphabet is a finite, nonempty set of symboksnated by). The notation)*
means the set containing all the finite strings seheymbols are chosen from an
alphabety.. Strings, which are finite sequences of letters,aso called words. Null
language is denoted b). Symbole denotes the null string. For a word x over an
alphabety, its length is the number of occurrences of Istterx. It is denoted by |x|.
The a-length of the word x is the number of tintest the letter ‘a’ appears in x [8]. It
is denoted by |x| A language ovey, is a set of words which are chosen frpfm The
notation |L| will be used to denote the cardinabtya language L, i.e., the number of
words in L.

1.2.2 Regular Expression

A regular expression [13]is a pattern that degssribome set of strings. A regular
expression ‘r' matches a string s if s is in theddestrings described by r.



They are usually used to give a concise descrigifam set, without having to list all
elements.
Example 1: a|b* denotesg{a, b, bb, bbb, ...}
(alb)* denotes the set of all strings with no symlmher than a and b, including the
empty string: §, a, b, aa, ab, ba, bb, aaa, ...}
ab*(cg) denotes the set of strings starting with a, thero or more b’s and finally
optionally c: {a, ac, ab, abc, abb, abbc, ...}
Set containing the three strings "Handel", "Handeitid "Haendel" can be described
by the pattern h|ae?)ndel. Alternatively, it is said that the pattern matches
each of the three strings.
1.2.3 Deterministic Finite Automata
A deterministic finite-state automaton is a finstate machine accepting finite strings
of symbols.
Definition 1: DFA [13] is defined by 5-tuples (Q;, 6, s, F) where
Q is a finite set of states,
> is an input alphabet
d: QX3 ~>Q is a transition function,
s is the starting state and belongs to Q.
F is subset of Q is a set of final states.
Example 2: Given a DFA M, with binary alphabet, elhaccept all string containing
even number of Os .Let M = (@, 9, s, F) where& = {0, 1}, Q ={s1, &}, F = {s1}

1 o 1
AT

T
K

(s ) (s
—’l\‘-q__—_—l__':;/! ‘R‘_-—E—F’/’I
"\uf

0

Figure 1.1: Deterministic Finite Automata M
The transition functiow can be defined by state transition table

States/Input 0 1
S S S
S S S

Table 1.1:State Transition table for given automata M

2



1.2.4 Non-Deterministic Finite Automata

Definition 2: A non-deterministic finite state automaton (NDFAR] is same as
DFA except the transition function defined as 2%

Example 3: Given a NFA M (@, 9, s, F) where Q ={1, 2, 3, 4, 5, &,={a, b},
s={1}, F = {6}

Figure 1.2: Non-deterministic finite automata M
The transition functiow can be defined by state transition table

States/Input a b
1 {2,3} -

2 - 6
3 4 -

4 - 5
5 - 6
6 - -

Table 1.2: State transition table for given automata
M

|Q| denotes the number of states in Q. &hddnotes the number of transitionsdin
Then the size of automata A is denoted by |A| andhleto |Q|+)|. For a transition
3(p, @) = g in A, p has an out-transition and g &@sn-transition. Furthermore, p is a
source state of q and q is a target state of p.

Definition 3: A finite automaton A is non-returning if the statate of A does not
have any in-transitions and A is non-exiting if faiflal states of A do not have any
out-transitions.

A string x overy is accepted by A if there is a labeled path frotm 8 state in F such

that this path spells out the string x. Thus, theguage L(A) of a finite-state

3



automaton A is the set of all strings that arelspgebut by paths from s to a final state
in F.

1.2.5 Operations on Regular Languages

There are various operations that can be perforomecegular languages, which are
described below:

a) Intersection of Regular Languages:Suppose L and L, are two regular
languages, then intersection of these regular gesiis given by 10L,.

Example 4: supposet{a"b} and L,={ab™} then L;NL,={ab}

b) Union of Regular LanguagesSuppose Land L, are two regular languages, then
union of these regular languages is given Byll,, which represents language that
accepts all string fromiLand L. If E and F are regular expression, then E+F is a
regular expression denoting the union of L(E) a(ié)L

c) Concatenation of Regular Languagestf E and F are regular expressions, then
E.F is a regular expression denoting the concatenatf L(E) and L(F). The
Concatenation of languages and L, is represented by L,= {Xy | X €L;, yE€Ly}. It
denotes all words that are formed by concatenati@word x from L with a word y
from Lo.

Example 5: If L={a, ab} and L,={aa, bb, abb} then {L,={aaa, abb, aabb, abaa,
abbb, ababb}

d) Closure or Kleene Closure of Regular LanguageS:he closure or kleene closure
of a given regular language L is the collectionatif possible finite-length strings
generated from the symbolslinincluding null string. It is denoted by L

Example 6: If the regular language L contains ahghsy ={a, b} then LU'={¢,a, b, ab,
ba, aa,...} i.e. any string of a and b.

e) Complement of Regular LanguagesThe complement of a regular language is
defined with respect &~ The complement of a regular language L is given by
L=Y"-L

Example 7: Supposg ={a} and the language L consists of all non emgttyng of
even length of a’'s. L={aa, aaaa, aaaaaa, aaaaaaaa,.}. Then the complement of
the language L is given by 0= -L ={¢, a, aaa, aaaaa,......}i.e. L consists of all string
of odd length of a’s including null string.

f) Reversal of Regular LanguagesGiven an NFA A (Q),, 3, s, F) for a regular
language L, thea NFA A (Q, 3, §, f, s) for L® can be constructed by flipping the



directions of all transitions and interchange tteetsstate and the final state. Sinde L

=L(A®) and both A and A have the same set Q of states.

1.2.6 Sink StatesA complete DFA is one that has transitions defif@deach state

in Q and each input symbol M. A sink state is a state from which there exmsis

sequence of transitions to a final state [26].

1.2.7 Forms of Regular Languages

There are prefix free, infix free and suffix freerhs of regular languages.
a) Prefix-Free: A language L is prefix free [19] if, for all disit strings X, y >*
and x, ye L imply that x and y are not prefixes of each otl&ven two strings x
and y overy, x is a prefix of y if there exists& > * such that xz = y. Given two
stringsx = abcbba and y = abcbbab. string x is in prefix ahgty. The language
that consists of string x and y is not prefix free.
b) Infix-Free: A language L is infix free [19f, for all distinct strings x, ye > *,
and x, ye L imply that x and y are not substrings of eacheatlx is said to be
substring or an infix of y if there are two stringsand v such that uxv = y. Given
two strings x = aba and y = aabab. string x is infix or substrihgtang y. It means
that the language consists of string x and y igmfot free.
c) Suffix-Free: A language L is suffix free [19] if, for all disioh strings X, ye > *,
and x, ye L imply that x and y are not suffixes of each otl®iven two strings x
and y overy, x is a suffix of y if there exists > * such that zx = y. Given two
stringsx = abb and y = aaabb. string x is suffix of stringltymeans that the
language consists of string x and y is not suffeef

1.3 Outline of Thesis

The thesis is structured as follows:

Chapter 1 gives a brief introduction of thesis @adkground information relating to

regular languages, various operations on regulaguages and different forms of

regular languages.

Chapter 2 gives a Literature survey of researchltie®n various forms of regular

languages, checking the various forms like infieiness, prefix-freeness, suffix-

freeness and state complexities of various bascabipns on various forms of regular
languages.

Chapter 3 describes motivation behind thesis asdudses problem statement and
state complexities of operations, including unidnfersection, concatenation,

reversal, and complement on infix free regular leagg.
5



Chapter 4 presents the implementation details opgsed algorithm for checking
infix freeness of regular expression.

Chapter 5 concludes the thesis along with futurekwo



Chapter 2

Literature Review

This chapter describes the various forms of redalaguages, and various approaches
for checking the prefix freeness, infix freenessl anffix freeness as proposed by
Han[19,22] and state complexity of various basierapjons on prefix free and suffix
free regular languages for both deterministic ama-deterministic finite automata.

2.1 Prefix Free Regular Languages
A language L is prefix free [19] if, for all disehstrings x, ye >*, x €L and ye L

implies that x and y are not prefixes of each ot@ven two strings x and y ovgi,

x is a prefix of y, if there exists € >* such that xz = y. For example: given two
stringsx = abcbbab and y = abcbbababatying x is prefix of string y. The language
that consists of string x and y is not prefix free.

A regular expression E is prefix-free if the langed.(E) is prefix-free and FA A is
prefix-free if L(A) is prefix-free. Moreover, if 14) is prefix-free, then A must be
non-exiting. If a prefix-free FA A has several firgtates, then all final states are
equivalent and, thus can be merged into a singlal Btate[19]. Since A is non-
exiting. therefore a minimal NFA for a prefix-freegular language must have a
single final state[22].

2.1.1 Checking Prefix Freeness of Finite Languages

Han proposed an approach for checking prefix fregnef a finite language
[22].Given a finite set of strings W = fwv,, . . . ,w}, where n is the number of
strings in W. A trie is an ordered tree that isdiso store a set of strings and each

edge in the tree has a single character label Je&je T is constructed for W.

CFE
z L
s \/ ,\/%/ Cs TR
o A z e
L T AN
r\_i_# \:"_’&/‘ '\\:‘ﬁt/"

Figure 2.1: The trie for W = {aa, ba, baaa, baab, bba, bbb, bhi}.



In figure 2.1 # denotes the end-marker for theesponding string. f anode qin T
has an end-marker, then it means that the correapgpstring from the root to q is in
W. Assume that string s a prefix of string w, where # j. It implies that |w < |w

|. Then wand w must have common path in T from the roottmode q. Therefore,
if q is reachable while traversing the path feiwT, then wis a prefix of w

Assume the case when construct a path fdirst and then, construct a path foyriw
T. The path for wends at the | node q that already has a child node for the path
for w;. Therefore, wis a prefix of some other string. Trie for W cadonstructed in
O(lwa| + |wg| + - - - |w) time, which is linear in the size W. Han [22pposed that it
can be determined whether a finite language iSxpfefe or not in linear time in the
size of W by constructing a trie for W. A trie Trf@/ is constructed in linear time and
checked if any internal node has an end-markerenthdversing T in linear time. If
any internal node with an end-marker is identifieden W is not prefix-free.
Otherwise, W is prefix-free.

2.1.2 Checking Prefix Freeness of Regular language

A regular language is represented by a FA or desdriby a regular expression.
Y.Han [22] proposed an approach for determining tivle a regular language is
prefix free or not on basis of following conditions

1. If the regular language is represented by a detestia finite automata, then
regular language L(A) is prefix-free, if and onify deterministic finite
automata A is non-exiting. If A has out-transitiomem a final state, then
L(A) is not prefix-free[22]. If A is non-exiting @& has several final states,
then all final states are equivalent and, therefoa® be merged into a single
final state.

2. If the regular language is represented by a noerdetistic finite automata,
then if there are two strings and s accepted by A and $s a prefix of g It
means that there are two distinct paths in A tpatlut § and g and these
two paths spell out the same prefix Bor example, irfigure 2.2 two paths
for s, = abcbb and,s= abcbbab are different although they have theessurh-
path for ab in common. If the path faris a sub path of the path faor, then it
implies that there is another final state that la@s out-transition. This
contradicts that A is non-exiting. Han [22] propdsthat if the regular

language is represented by NFA in which there isw@ntransition from final

8



state then regular language is not prefix freg¢hdf NFA is non exiting then

first state pair graph is constructed to identife unique path for common
string.

) o)
Vk,_.#’ AD
\‘I/"‘nl a b Pl
}

. -
l\_.f H"m_..-":l H“*x_.a*'{h /I?:'-ZTI;D
c Y ) ' i E:"
]—-{ ) |

Figure 2.2: Two distinct paths for abcbb and abcbbab.

Given an NFA A = (Q),, 9, s, ), then each state is uniquely numbered deimoto
construct state pair graph. By assigning a uniqueber for each state from 1 to m,
where m is the number of states in Q. statdsrql < i < m is used to denote the
corresponding state in A. For exampledgnotes s and,ienotes f .
Definition 2.1: Given an NFA A = (QY,, 9, s, F), the state-pair grapmG(V, E),
where V is a set of nodes and E is a set of edgeshe defined as follows[19].

V={(j) | 9 and qeQ} and

E={((i.)),a,(x,y)) | (q.a,9) and (ga,q) €5 and a} }

") /i
| 2) (22)
voA g AL ” ,ﬁ'\ L
TN b ;\i‘}'ﬁﬁ"‘ -
Y SN Y N = S0 fomld Yol fen 0 [on
|. 1 j f O .|h " ] | L M -']\:- 0 r-:jiT::: ] l—i{ : :I}}—"ﬁ‘ H ' 2.0 f:i.]
[ S PR\ A N A
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Figure 2.3(a): Given finite automata A Figure 2.3(b): State pair graph for

given finite automata A
Han [22] proposed that, L(A) is prefix-free if aodly if there is no path from (1, 1)

to (m, j ), for any j#m, in Ga. All nodes that are unreachable from node (1,2) ar
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omitted in the state pair graph. Given L(A) is pogfix-free since A accepts both aba
and abab. Prefix aba appears on the path(2 (3, 3y > (4, 6> (5,7)inG

2.2 Suffix Free Regular Languages

A language L is suffix free [19] if, for all distih strings x, y€ >*, xe L and ye L
imply that x and y are not suffixes of each otl@&ken two strings x and y ovér, X

is a suffix of y if there exists > * such that zx = y. Given two strings= abb and

y = aaabb. string x is suffix of string y. The laage that consists of string x and y is
not suffix free.A regular language L is said to be suffix-free ifsLa suffix-free set
[22]. A regular expression E is suffix-free if L)Y suffix-free. Similarly, an FA A

is suffix-free if L (A) is suffix-free. MoreoverfiL(A) is suffix-free and non-empty,
then A must be non-returning-he advantage of prefix-free codes is that a given
encoded string can be decoded deterministically; [22

2.2.1 Checking Suffix Freeness of Finite language

Han [22] proposed an approach for checking suffeefiess of a finite language.
Given a finite set of strings W = {yws,, . . . ,wi}, where n is the number of strings in
W. A trie is an ordered tree that is used to stoset of strings and each edge in the
tree has a single character label [22]. A trie Tdastructed for W. Suppose W={aa,
ab, aaab, baab, abb, bbb, bbbb}

Figure 2.4: The trie for W = {aa, ba, baaa, baab, bba, bbb, bbbb}.
In figure 2.4 # denotes the end-marker of the spwading string. A trie for Wcan
be constructed in O(jv+ [wg| + - - - |w]) time, which is linear in the size of W. Han
[22] proposed that it can be determined whetheniteflanguage is suffix free or not
in linear time in the size of W by constructing rie tfor WX, A trie T for W? is

constructed in linear time and checked if any maémnode has an end-marker while

10



traversing T in linear time. If any internal nodé@wan end-marker is identified, then

WR is not prefix-free therefore W is not suffix free.

2.3 Infix Free Regular Language

A language L is infix free [19f, for all distinct strings x, y¢ >*, x € L and ye L

imply that x and y are not substrings of each otkes said to be substring or an

infix of y if there are two strings u and v suclatthuixv = y. Given two strings= aba

and y = aabab. string x is infix or substring afreg y. The language that consists of

string x and y is not infix free. Han [19] propogidt the family of infix-free regular

languages is closed under concatenation and ictemsebut not under union,

complement or star.

2.3.1 Checking Infix Freeness of Regular language

A regular language is represented by a finiteesaitomaton or described by a

regular expression. it is assumed thdbes not belongs to L, where L is not equal to

e. otherwise, L is not infix-free sineeis an infix of all strings.

1) Consider the representation of a regular langualgg &n NFA A. If L (A) is
not infix-free, then there are two distinct strirg@nd s accepted by A and s
is an infix of s. It implies that there are two distinct paths inhat spell out s
and g, respectively, and the path fortsas a sub-path that spells out s
2) If a final state in A has an out-transition, the(ALis not prefix-free and,

therefore, not infix-free. Similarly, if start seéabf A has an in-transition, then
L(A) is not suffix-free and, therefore, not infixele. Thus, it can be assumed
that A is non-returning and non-exiting. Furthereaf A is non-exiting and
has several final states, then all final statesegugivalent and, therefore, are
merged into a single final state.

For example, in figure 2.4, the given finite-statéomaton accepts s abba and,s=

aabbab and the sub patfogs—> s> 0, s Of the path for salso spells out;s

Figure 2.5: Strings abba and aabbab showing two distinct paths a given finite-

state automaton [19].
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Han [19] proposed that if the regular languageemesented by NFA in which there
is no out transition from final state and no inABHAION to start state. Then state pair
graph is constructed as defined in definition 24t is able to identify the case when
two distinct paths in A spell out and s, and s is an infix of g as illustrated in figure
2.6(a). Given an NFA A = (@}, 9, s, f), then each state is uniquely numbered in
order to construct state pair graph. By assigningigue number for each state from
1 to m, where m is the number of states in Q. Stafer 1 <i < m is used to denote

the corresponding state in A.

G269 63
L3636

Figure 2.6(a): Given finite automata A  Figure 2.6(b): State pair graph for

given finite automata A
For example, ffdenotes s and.gdenotes f. Figure 2.6(b) illustrates the state-pai
graph for a given finite-state automaton A. All eedhat have no out-transitions are
omitted in state pair graphaGHan [19] proposed that if there is no path frdm) (to
(m,j) in GaA except from (1,1) to (m,m), for &i , j < m, then L(A) is infix-free.
Language L(A) {ab, aabb} is not infix-free since ighban infix of aabb. Note that the

infix ab appears on the path from (1,3) to (6,5%m.

Algorithm 2.1: Infix-Freeness (A= (Q,>Y, 9, s, F))
Step 1: if A is not non-exiting or not non-returgin
then print “ Not infix-free ”
return

end if

Step 2: Construct state pair graph ©(V, E) from A
Step 3: Repeat step 4, 5 for each node (1, i) whére Zi<m

12



Step 4: DFS ((1, 1) in ®
Step 5: if we meet a node (m, j) for any g l<m
then output L(A) is not infix-free

end if
Step 6: DFS ((1, 1)) in G
Step 7: if a node (m, j) is found for any § & m

then output L(A) is not infix-free

end if
Complexity of the state-pair grapha@V, E) for a given finite-state automaton
AQ, Y, 8, s, f) is at most |&nodes andsf edges. A sub-function DFS((i,j)) in
infix-freeness (IF) algorithm is a depth-first sdathat starts at a node (i,j) imG
Although DFS((i, j)) is executed several times diesfor loop in the algorithm, each
node in @ is visited at most twice. The construction ok & (V, E) from A takes
O(|Qf+[5P) time in the worst-case and DFS takes O(]V| +tjEf¢. Therefore, the
total running time for infix freeness O(|Qf + pP).
If a language is described by a regular expresdimm construction of finite-state
automata can be choosen that improves the worst-o&sning time. Since the
complexity of the state-pair graph depends on timabrer of states and the number of
transitions of a given automaton, so there is adnee finite-state automata
construction that gives fewer states and transtiéian [19] proposed an algorithm
which uses Thompson construction to convert regedgression to NFA with null
transitions. State pair graph have large numbestaies and transitions which can be
improved by using an efficient approach for conwmgrtregular expression to finite

automata which have less number of states.

2.4 State Complexity of Prefix free Regular Languags

The state complexity of prefix free languages fariaus kinds of operations can be
deterministic or non-deterministic.

2.4.1 Non-Deterministic State Complexity of PrefiXree Regular Languages

Han, Salomaa, and Wood [28] works on the non-detestic state complexity of

prefix free regular languages for various operation
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i) Intersection of Prefix-Free Regular Languages

Given two finite automata A and B, then a FA foe ihtersection of L(A) and L(B)
can be constructed based on the cartesian prodisthies. Given finite automata
AQ1 2, 81,8, R)andB(Q 3,82, 9 ). Let M= (Q xQ, 2., 8, (51, %), . xF),
where for all peQ; and q€Q, and a€), and transition functior® is given by

3 ((p, 9), @) =&1(p, a),62(q, a)) and L(M) = L(A)L(B). This construction shows that
mn states are sufficient in the worst case foritkersection of L(A) and L(B), where
|A| = m and |B|=n.

It has been observed that [28], in the case whé) &Qd L(B) are prefix-free, M has
some useless states and, thus M is not minimalra§gh used to reduce the number
of states by identifying and removing these usedgtes from M based on structural
properties of prefix-free NFAs. A unique numbeassigned to each state from 1 to m
in A and from 1 to n in B, where |A] = m and |B}.7Assume that the frstate and the
n" state are the final states in A and B, respegtivat A Nc B denote the resulting
intersection automaton that is computed based enc#rtesian product of states.
Then, (1, 1) is the start state and (m, n) is tiique final state. All states (m, i) and (],
n), for 1<i<n-1 and X j <m-1, do not appear in an accepting path iINAB since
L(A) and L(B) are prefix-free. If a state (m, i)rfo# n appears in an accepting path,
then the final state m of A has an out transitiowl #his contradicts that L(A) is
prefix-free. All states (m, i) and (j, n), for<li< n—-1 and X j <m-1 can be removed,

since they are useless.

n—1
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I i i i i i i
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VoS M s Mgl Mg S Kegof |
e i) [ —— D _j L (m-Ln) |
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Figure 2.7: Intersection of two prefix-free minimal NFAs
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All transitions are omitted, and all states indide two dotted boxes are useless [28].
These useless states can be removed, the resaltiognaton has mn—-(m - 1)—(n - 1)
= mn—(m + n)+2 states. Thus mn — (m + n) + 2 state sufficient for L (AL (B),
where [A| = m and |B| = n.
Given two prefix-free regular languages &nd Ly, then the nondeterministic state
complexity for Ly NL, is mn—(m+n)+2, where m and n are nondeterministate
complexity of Ly and L, respectively.
i) Union of Prefix-Free Regular Languages
Given two prefix-free regular languages &nd Ly, then the nondeterministic state
complexity for LLUL, is m + n, where m and n are nondeterministic stateplexity
of L; and L, respectively.
Let A (Qu, >, 81, 51, F), be a minimal NFA for Land B (Q, >, 32, & F), be a
minimal NFA for L,. NFA C for Ly U L; is constructed by introducing a new start
state for the alternation of L(A) and L(B). Name{y,= (Q,Y,, o, s, {f, f2}), where
Q=Q U QU {s} and for a state ¢Q and a charactere) .

d1(s,a)Udz(s,a) if p=s

é(p,a) = <61(p,a) if @Q1

52(p.a) if Q2
It can be observed that the two final statearfd  are equivalent and, thugsdnd $
can be merged. Thus m+n + 1 -1 =m + n statesudficient for Iy U L,.
iii) Concatenation of Prefix-Free Regular Languagse
Given two prefix-free regular languages band L, the nondeterministic state
complexity for L, is m + n — 1, where m and n represents nondetestigirstate
complexity of Ly and L, respectively.
Let A=(Q, Y, 61, s, f1), be a minimal NFA for Land B = (Q, >, 02, $, 2 ), be a
minimal NFA for L. It can be assumed that A and B have only oné $itade, that is
non-exiting. An NFA C for L(A).L(B) can be constited by merging the final state f
of A and the start state ®f B to give a single state that also eliminatésoat-
transitions of f of A. C=(Q,>,, 6, s, f2) where Q=Q UQ,\{f 1} and for each state p
€ Q and &) and transition functiod is given by

2S if Q1 and 61(p,a)=h
3(p, a) 61(p,@)  if EQq and 61(p,a):
d2(p,a) otherwise
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It is easy to verify that L(C) = L(A)L(B) from theonstruction. Since Q =,QJQ, \
{f .} and therefore, the construction shows that m + h states are sufficient in the
worst case for the concatenation of L (A) and L,(Bhere m and n are non-
deterministic state complexity of A and B respesiyv
iv) Reversal of Prefix-Free Regular Languages
Given a prefix-free regular language L, the noretfatnistic state complexity for_
is m where m is non-deterministic state complewity.. Given a minimal NFA A
=(Q,>, 0, s, f) that accepts L, where |Q| = m. A hasglsifinal state and it is non-
exiting. Based on the structural property, an NFA far L® can be obtained by
flipping the directions of all transitions and irdkeange the start state and the final
state. New obtained NFA: (Q, Y, 8, f, s) such that T =L(AF). A and A both are
having same set of states Q, Hence m states digientffor L~.
v) Complementation of Prefix-Free Regular Language
A n-state NFA can be transformed into DFA with absn 2' states. The
complementation of an n-state DFA does not chahgestate complexity since it
simply interchanges final states and non-final estatThus, based on the subset
construction, 2 states are sufficient for the complementation 0frastate NFA.
Given an n-state prefix-free NFA A = (@, §, f, s). A can be converted into DFA'A
using subset construction and it can have at mbstaéles (some of them may be
useless states), and the final states are thetsutis® that contain f. Since L(A) is
prefix-free, L(A") is also prefix-free and, all"2 final states can be merged into a
single final state’fin A'. Therefore, the number of states for a DFA forA) {s
2"1+1. Now interchange final states and non-finalestathus the resulting FA is an
NFA for L(A). 2"'+1 states are sufficient for complement Ianguaqg)_of n-state
NFA.
vi) Kleene Star of Prefix-Free Regular Languages
Given a prefix-free minimal NFA A (@, 9, s, ), a new NFA is constructed (@,
¥, 8, s, f) where transition functicilis given by
o'(p,a) = |o(p,a) if g
o(s,a@)  if p=f -—-mmmmmmm e (2)
It shows L(A)=L(A)* from above construction.
Theorem 2.1-:A is a minimal NFA if and only if Ais a minimal NFA [28].
Proof-: Assume that A is not minimal. This implies thatréhexists a minimal NFA
C such that L(C) = L(A) and |C| < |A]. Since L(€)prefix-free, it is non-exiting and
16



has a single final state. Then, same constructiarséd above and obtain a new NFA
C such that L(¢ = L(C)"= L(A)".

Since |G = |C| < |A| = |A there is a smaller NFA for L{A This theorem shows that
m states are sufficient for L(A) Since for every n® 1 there exists a prefix-free
language L with non-deterministic state complerity

Given a prefix-free minimal NFA A=( @, 3, s, f) , a minimal NFA A( Q, Y, 8, s,

f) is constructed such that LAL(A)* . Now change the start state oftA f and
denote the resulting NFA as B (), 8, f, f). Since f is now a start statecL(B). Let

W =wiw; - - - be a string in L(A. This implies that there is an accepting pathaor
in A Sinced!(s, wy) = 8(f, w1) by equation 1. Same set of states is reached afte
reading w in both A and B. Consequently, the same accepting path edallowed

in B because od' is the same. Similarly it can be shown that itrang w #¢ €L(B),
then weL(A'). This gives an upper bound of the nondetermmisttte complexity for
L". Thus nondeterministic state complexity fordf a prefix-free regular language is
m. Deterministic state complexity of kleene cl@sof regular languages [5] i§72+
2"2 and non-deterministic state complexity of kleelmsure of regular languages is
m + 1 where m is the number of states in both cases

2.4.2 Deterministic State Complexity of Prefix fredRegular Languages

Han, Salomaa, and Wood [27] works on the detertmnsgate complexity of prefix
free regular languages for various operations.

i) Intersection of Prefix-Free Regular Languages

Given two DFAs A and B, then a DFA for the intetsat of L(A) and L(B) can be
constructed based on the cartesian product ofss@iteen two DFAs A (@ Y, 61, S,
F1),and B = (Q, Y, 82, 9, ). Let M = (Q xQy, 3., 6, (31, &), k. XF), where for all p
€Q; and eQ; and ac), and transitiord is given as ((p, 9), &) = &1(p, a),52(q, a))
Then, L(M) = L(A) NL(B).

Since the resulting automaton M is deterministiee tonstruction shows that mn
states are sufficient for the intersection of L(apd L(B), where m and n are
deterministic state complexity of A and B respesiyy State complexity of
intersection of prefix-free regular languages can ibvestigated based on the
structural properties of these minimal DFAs. Inéetgon of two prefix-free minimal
DFAs can be determined based on the cartesian gradustates as suggested by

Hopcroft and Ullman [2].
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Assign a unique number for each state from 1 te A and from 1 to n in B, where
|A| = m and |B| = n. Assume that (m2&tate and (n—1)state are final states, and
m" state and i state are sink states in A and B, respectively.A.€. B denote the
resulting intersection automaton that is computesked on cartesian product of states.
Then (1, 1) is the start state and (m-1, n-1) iBnal state. Now identify all
equivalent states in A, B and merge them to compute the minimal DFA for L(A
NL(B).

Theorem 2.2: Given two prefix-free minimal DFAs A and B, mn—-2(mi6 states
are necessary and sufficient in the worst-casahferminimal DFA of L(A)NL(B)
[27].

Proof-: Let |A] is m and |B]| is n. Let M be the minimal DF# the intersection of
L(A) and L(B). All equivalent states are merged AnNc B. Thus, M requires
(m-2)(n—-2) states. M also needs one final stateamsink state. It shows that M

needs (m-2)(n-2)+ 2 states and, therefore, mn —+2(# 6 states are necessary

Ty
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Figure 2.8: Intersection of two prefix-free minimal DFAs [27]
i)Union of Prefix-Free Regular Languages
Given two DFAs A and B, then a DFA for the union IgfA) and L(B) can be
constructed based on the cartesian product ofsst@igen two DFAs A =(Q >, 61,
s, ), andB=(Q Y, 02, % R). Let M (Q xQ,, Y, 8, (31, %), F1 xR), denotes the
union of A and B. For all gQ; and qeQ. and ae), ands is given bys ((p, q), @) =

(31(p, @),82(q, @) and final state F = {(pa)f| p€Qu}U {(f 1, 9) | 4€EQS}.
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L(M)

= L(A) U L(B) and M is deterministic. Althoughhe structure of Ac B

illustrated in Fig.2.8 and the structure of A UcaBe similar, following are two
differences occur in A Uc andi¥c B [27]:

1.

States in the second-last row and all states irs¢éigend-last column of A Uc
B are final states.
Except for the state (n, m), all states in the tagt and all states in the last

column of A Uc B are not necessarily sink states.

Because of these two distinct properties, thedesstae not equivalent in A Uc B.

Theorem 2.3:Given two prefix-free minimal DFAs A and B, mn-2atds are
necessary and sufficient in the worst-case fomtiremal DFA of L(A)UL(B) .[27]
Proof: In the resulting DFA M, L(m,n-1) =4 U Ly-1={e} and L(m-1,n) = L1 U L,
={¢} since A and B are non-exiting. Therefore, L(m,h=1L(m-1,n) = L(m-1,n-1).

These three states (m, n-1), (m-1, n) and (m-1) ar& merged to reduce the

number of states. It shows that mn — 2 states uffiisnt for the union of the two

prefix-free regular languages.
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Figure 2.9: Union of two prefix-free minimal DFAs

iii) Concatenation of Prefix-Free Regular Languages

Let A and B be minimal DFAs for two regular langeads; and L, and |A| = m and
|B| = n. Yu et al [12] obtained the size of the imial DFA for LiL, is m2' - 2" in

the worst-case. A regular language is Prefix ffeend only if its minimal DFA is

non-exiting [27].
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Theorem 2.4: Given two prefix-free minimal DFAs A and B, m+n-2ates are
necessary and sufficient in the worst-case fomtiv@mal DFA of L(A).L(B), where
m = |A| and n = |B|. [27]

Proof-: A and B are prefix free minimal DFAs. They are redting and have only
one final state. DFA for L(A)L(B) can be construttey merging the final state of A
and the start state of B to give a single stateclwhiso eliminates all out-transitions
from the final state of A . Two sink states areoatserged to give single sink state.
The resulting automaton is deterministic and m + 2 states are sufficient in worst

case for concatenation of two prefix free minim&A3.
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Figure 2.10Concatenation of two prefix-free minimal DFAs.
iv) Kleene Closure of Prefix Free Regular Languages
Given a prefix-free minimal DFA A (Q, 8, s, F), a new NFA AQ, Y, 8, s, F) is
constructed where transition functidns given byd'= 6 U{(f, a, q) |f€ F and (s, a, Q)
€ 6 for a€ Y }That is new out-transitions with the same labehi all final states are
added for each out-transition from the start stdein figure 2.11(b) such that L
(A)=L(A")
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Figure 2.11(a):Given DFA A Figure 2.11(b): DFA for language

L(A™)
Since A is a prefix-free minimal DFA, then A hadyone final state and, therefore

A’ also has one final state. For the minimal DFA EgA)", e-transition is also
20



considered. Add a new start stateisd make a null-transition fromit® s in A and

make $as a final state.
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Figure 2.12(a): DFA for L(A)* Figure 2.12(b):Minimal DFA for

language L(A)*
Since $ and f are equivalent states, these states candogeth and merging two
equivalent states does not affect the language,)L£A.(B).
Theorem 2.5: Given a prefix-free minimal DFA A, n states arecessary and
sufficient in the worst-case for the minimal DFALo{A)*, where n = |A|. [27]
2.5 State Complexity of Suffix free Regular Languags
The state complexity of suffix free languages farious kinds of operations can be
deterministic or non-deterministic.
2.5.1 Nondeterministic State Complexity of Suffix Fee Regular Languages
Han, Salomaa, and Wood [29] works on the non-detestic state complexity of
suffix free regular languages for various operatiolike union, intersection,
concatenation, reversal, kleene closure and congri&ation.
i) Intersection of Suffix-Free Regular languages
Given two FAs A and B, a FA for the intersection IofA) and L(B) can be
constructed based on the cartesian product ofsst@igen two FAs A (@ >, 61, S,
F1), and B (Q, 3, 02, 9, F). Let M = (Q xQy, >, 9, (s, &), k. xF) denotes the
intersection of A and B. For all Q; and qeQ, and ae), and transition functiod
is given bys ((p, 9), @) = &(p, a),02(q, a)). Cartesian product shows that mn states
are sufficient for the intersection of L(A) and )(Bvhere m and n are the numbers of
states for A and B. Since A and B are suffix-friégs implies that both A and B are
non-returning and, thug snd s do not have any in-transitions. All stateg ¢p and
(p, 9), for pts1 € Q1 and @s, € @, are unreachable from(ss) in M. All
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unreachable states are removed, so mn—(m-1)—-(n—-tph=(m+n)+2 are sufficient
for L(A)NL(B).

i) Union of Suffix-Free Regular languages

Han and Salomaa [29] showed that mn—(m+n)+2 isthAte complexity of the union
of an m-state suffix-free DFA and an n-state sdfifee DFA using the cartesian
product of states. For the NFA state complexityN&# for the union of two suffix-
free regular languages can be constructed withatiésian product. The construction
relies on non-deterministic property and the faet the suffix-free FA cannot have in
transition to the start state.

Theorem 2.6: Given two suffix-free regular languages; Land L, the
nondeterministic state complexity foriWL, is m+n-1, where m and n are
nondeterministic state complexity of &nd L, respectively.[29]

iii) Concatenation of Suffix-Free Regular languages

Theorem 2.7: Given two suffix-free regular languages; Land L, the
nondeterministic state complexity for;l, is m+n-1, where m and n are
nondeterministic state complexity of &nd L, respectively.[29]

iv) Kleene Star of Suffix-Free Regular languages

Han and Salomaa [26] investigated that the detestiérstate complexity for kleene-
closure of m-state minimal suffix free DFA i§72 +1. Han [29] suggest that if the
language is suffix-free regular language L, then-deterministic state complexity for
L™ is m, where m is non-deterministic state complesftregular language L.

v) Reversal of Suffix-Free Regular languages

Given a suffix-free regular language L, the noredministic state complexity for_
is m+1, where m is non-deterministic state compyerf L. A minimal NFA A =
(Q, Y, 8, s, f) that accepts L, where |Q| = m. NFA for LR can be obtained by
flipping the directions of all transitions and make start state to be a final state and
all final states to be start states of A. New mtetd NFA AR has multiple start states.
Then a new start state is introduced and madeti@nsition from the new start state
to the start states ib®. Applying ¢ -transition removal techniqug9], does not
change the number of states. Thus, an m+1 state fdFAT is obtained. Han [29]
proposed that if L is a suffix-free regular langeagcognized by an NFA with m
states, then non-deterministic state complexityewérsal of given suffix free regular

language L is m+1.
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vi) Complementation of Suffix-Free Regular language

A n-state NFA can be transformed into DFA with absin2' states [29]. The
complementation of an n-state DFA does not chahgestate complexity since it
simply interchanges final states and non-final estatThus, based on the subset
construction, 2 states are sufficient for the complementation 0frastate NFA.
Given an n-state suffix-free NFA A (G}, 8, f, s). A can be converted into DFA"A
using subset construction and it can have at mbstaéles (some of them may be
useless states), and the final states are thetsutis® that contain f. Since L(A) is
suffix-free, all 2 starting states can be merged into a single state in A.
Therefore, the number of states in DFA for L(A)2[5+1. Now interchange final
states and non-final states, thus the resultingsFa NFA for L(A). 2"+1 states are
sufficient for complement language L (A) of n-statdfix free NFA.

2.5.2 Deterministic State Complexity of Suffix freedRegular Languages

Han, Salomaa, and Wood [26] works on the detertiingtate complexity of suffix
free regular languages for various operations.

i) Intersection of Suffix-Free Regular languages

Given two DFAs A and B, a DFA for the intersectioh L(A) and L(B) can be
constructed based on the cartesian product ofsst@igen two DFAs A =(Q >, 61,

s, ), andB=(Q Y, 8, & F). Let M = (Q xQ, Y, 8, (S, ), A xF) represents
the intersection of DFA’'s A and B, where for allg®, and qeQ. and a€), and
transition functiord is given byd ((p, q), a) = &1(p, a),02(q, a)).

Construction shows that mn states are sufficienttfe intersection of L(A) and L(B),
|A|]= m and |B| = n. It has been observed that j@@he case when L(A) and L(B) are
suffix-free, M has some useless states and, thus, Mt minimal because L(A) and
L(B) are suffix-free. Approach used here is to @®uhe number of states by
identifying and removing these useless states fvbbased on structural properties of
suffix-free NFAs. Assign a unique number for eatdtesfrom 1 to m in A and from 1
to n in B, the i state and the"hstate are the sink states in A and B, respectively

A Nc B denote the resulting intersection automatort thkacomputed using the
cartesian product of states then minimiz€@ 4B by merging all equivalent states and
removing unreachable states from the start stdtest#tes (i, n) for K i <m and all
states (m, j) for X j < n of A Nc B are equivalent. All states (1, j) for 1<nj of

A Nc B are not reachable from (1, 1) and thereforesdhstates are useless. Similarly
all states (i, 1) for 1<im are useless.
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Theorem 2.8: Given two suffix-free minimal DFAs A and B with rand n
deterministic state complexity. Han [26] proposé@dttmn-2(m+n)+6 states are
necessary and sufficient in the worst-case fomthremal DFA of L(A) NL(B).

i) Union of Suffix-Free Regular languages

Given two DFAs A and B, DFA for the union of L(Apd L(B) can be constructed
based on the cartesian product of states. GiverDiwbds A =(Q, Y, 61, &1, F), and
B=(Q,>, 029 R). Lt M= (Q xQ, >, 9, (31, &), B XF,) represents the union of
A and B, where for all gQ; and qeQ, and a€}’, and transition functiod is given
by 3 ((p, 0), @) = &(p, a),52(q, a)) and final states F = {(p)f| p€Q}U {(f 1, a) | q
€Qy}. For a state (i, j) in A YB the language (; of (i, j) is the union of Lin A and

Lj in B. Since kmj=LnUL, #®. It means all states (i,n) and (m,j) foxl < m and
1<j<n in AU, B are not necessarily equivalent. Thus, these sstea@not be
merged. It is observed that all states (i, 1) dnd)(for 1<k m and 1< n are useless
since L(A) and L(B) are suffix-free. Therefore, AB is minimized by removing
these m + n - 2 states.

Theorem 2.9:Given two suffix-free minimal DFAs A and B, mn—(mj#2 states are
necessary and sufficient in the worst-case fomtiremal DFA of L(A)UL(B), where
m and n are the Deterministic state complexity &l B respectively. [26]

i) Reversal of Suffix-Free Regular languages

If a regular language L is accepted by an n-staténmal DFA, then its reversal‘lis
accepted by an n-state NFA [26]. So the state oexitgl of L™ is at most 2since
DFA can be obtained using subset construction gfragtate NFA. Reversal can be
obtained by just flipping the direction of all tsations and interchange start and final
state in any NFA. Then perform subset construditofind DFA which have at most
2" states. Given DFA A (@, 5, s, F) then its reversal can be represented bfQa
3., 8, F, s). Since A is suffix-free DFA so it is nortaening, A% will be non-exiting.
But AR has some useless and non-reachable states.

Theorem 2.10: Given m-state suffix-free minimal DFA A, thefi2+ 1 states are

necessary and sufficient in the worst-case fomhemal DFA of L(A)". [26]

24



Chapter 3

Problem Statement and State complexity of Infix Fre Language

3.1 Problem statement

Han proposed an approach for checking infix freerasa non-deterministic finite
automata based on state pair graph concept [19].at$®d checked the infix freeness
of a regular expression by converting regular esgios into NFA through thompson
construction and then construct state pair grapghcieck the infix freeness. But this
approach leads to large number of states and ti@msi So checking infix freeness of
a regular expression with less state complexityeguired. Han determined the state
complexity of various basic operations (union, igéetion, concatenation, reversal,
complement, kleene closure) on prefix free regldaguages and suffix free regular
languages. It is natural to investigate the deteistic and non-deterministic state

complexity of various basic operations on infixefregular languages.
3.2 Objectives

1. Comparison among the state complexity for variousdwaperations on various
forms of regular language.

2. To determine deterministic and non-deterministitescomplexities of various
operations on infix free regular languages.

3. To propose an approach for checking infix-freeréssregular expression using
state pair graph that has minimal number atiest

4. To design a software for checking infix-freenefa cegular expression.
3.3 Comparison among State Complexities of Variousorms of

Regular Language

The state complexity of a regular language L isrnthmber of states of the minimal
FA that accepts L. Yu [12] proposed the state cewipl of basic operations on
regular languages. If a regular languagesLaccepted by m-state DFA and a regular
language L is accepted by n-state DFA. Then the determinitte complexity of
basic operations on regular languages is reprasémtihe table 3.1. S.Yu [11] also
proposed the state complexity of basic operationBnite languages. If a language L
is accepted by an m-state DFA and a language &ccepted by an n-state DFA and t
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denote the number of final states in. Ahen the deterministic state complexity of

basic operations on finite languages is represanttt table 3.2.

Operation Y31 >|>1
L.iUL, mn, for (M= mn
L.NL, mn, for (m, n)=1 mn
Lil, mn, for (M=1 mz2"t
Ly (m2H1 Bl o2
> Ly m m

LR m m2

Table 3.1: Comparison among deterministic state coplexity of regular

languages [12]

Operation DA >1>1

L,UL, max (m, mrkm, n)=1 O(mn)

L.NL, min (m, n) For (m, n)=1 O(mn)

Lil, m+n-1 {on, n)=1 O(mit+n)

Ly “rvm+13 for m>4 2%+ 2™ for m>4
> Ly m m

LR m Btor [|=2

Table 3.2: Comparison among deterministic state coptexity of finite languages
[11]

Y.Han proposed the non-deterministic and determingate complexity of various
basic operations on prefix free regular languages suffix free regular languages.
The comparison of state complexity of prefix fr@&,p8] is represented in table 3.3
and comparison of state complexity of suffix fr@é,p9] is represented in table 3.4.

Operation Prefix fileEAS Prefix free NFAs
L, UL mn-2 m+n

L:NL> mn-2(m+n)+6 mn-2(m+n)+2
L.L, m+n-2 m+n-1

Ly m m

> Ly m Pl+1 or 2™

LR 2™+ m

Table 3.3: Comparison of state complexity of prefix free regudr languages
[27,28]
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Operation Suffix frBEAs Suffix free NFAs

L,UL, mn—(m+n)+2 m+n-1

L:NL> mn-2(m+n)+6 mn-2(m+n)+2
LiLo (m-1¥21 m+n-1

Ly m3+1 m

> Ly m i1

LR 2™%+1 m+1

Table 3.4: Comparison among state complexity of suffix free mgular languages
[26,29]
3.4 Non-Deterministic State Complexity of Operatios on Infix-Free

Regular Languages

3.4.1. Intersection of Infix-Free Regular Language

Given two finite automaton Aand A, then a FA for the intersection of L{Aand
L(A,) can be constructed based on the cartesian pramfustates of both finite
automata. Given finite automata @, >, 61, i, F1) and A (Qa, Y, 62, $, ). Let A
(QiX Q2 3, 8, (51, &), B XF,) denotes the intersection of And A where for all
pEQ: and =Q, .and transition functio is given byd((p, q), a)= §1(p, a),62(q, a))
for all p=Q, and Q.. The construction shows that mn states are suftide the
intersection of L(A) and L(A), where m and n are the non-deterministic state
complexity of A and A. But it is not minimal, since it has been obsertiet infix
free regular languages are non returning and nam@xSo their intersection L(A)
has some useless states, which can be removeddtmerghe size of resulting
automaton.

A unigue number is assigned to each state fromrh to Ay and from 1 to nin A
where |A| = m and [A| = n. Assume that the"rstate and the'hstate are the final
states in A and A, respectively. Let A0 A, denote the resulting intersection
automaton. Then, (1, 1) is the start state andnms the unique final state. Since
L(A1) and L(A) are infix free then all states (1, i) and (jfd) 2<i<n and Zj<m are
not reachable from (1,1), so these states are alguivand can be merged with
starting state(1,1). and all states (m, i) andh)jfor I<i<n and Xj<m are useless
states because they are non-accepting statesraidtate is unreachable from these
states, so these states can be merged. After reqialliuseless states and merging all
equivalent states, the resulting automaton has mt){(n-1)-(m-2)-(n-2)

=mn-2(m+n)+6 states.
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Figure 3.1: Intersection of two infix-free minimal NFAs

Thus mn-2(m+n)+6 states are sufficient in worsedas intersection of two infix free
minimal NFA’s.

3.4.2 Union of Infix-Free Regular Languages

Given two infix-free regular languages Bnd L. Let A; (Q, Y, 61, &, F1) be a
minimal NFA for Ly and A (Qy, >, 02, ©, ) be a minimal NFA for k. Then an NFA
for L (A1UA>) can be constructed by A (Q, 9, s, (k, i)) where Q=Q U Q, U{s}

and for a state § Q, ¢ is defined as

6 (q,8)=31(s1,a) Udx(s2,@) When g=s

% (9,2)=d1(q,a) when §Q,

6 (9,@)=02(q,a) when §Q

Since A and A are infix free, so it can be observed that the fiwal statessfand

are equivalent and, thugsdnd $ can be merged, because final states do not have an
out transitions. Starting state can’t have anyamgitions so they can be removed by
replacing the transitions from sind g by same transitions from new start state s.
After removing all useless states the resultingm@aton has (m+n)+1-1-2= (m+n-2)
states. Thus (m+n-2) states are sufficient in woeste for union of two infix free
NFA's.

3.4.3 Concatenation of Infix-Free Regular Languages

Given two infix-free regular languages bBnd L, Let Ay = (Qy, >, 01, S, 1), be a
minimal NFA for Ly and A = (@, >, 62, 9, f2), be a minimal NFA for . Since A
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and A are infix free. It can be assumed thatakd A have only one final state, that
is non-exiting. NFA A for L(A).L(A2) can be constructed by merging the final state
f; from A; and the start statg of A,to give a single state that also eliminates alt out
transitions of f of A;. NFA A=(Q, Y, 5, s, f» ), where Q=Q UQ,\{f 1} and for each
state pe Q and &)_ and transition functiof is given by

2S if Q1 and 61(p,a)=h

3(p, a) 61(p,@)  if EQq and 61(p,a)

d2(p,a) otherwise
It is easy to verify that L(A) = L(AL(A2) from the construction. Since Q 53 QQ. \
{f .} and therefore, the construction shows that m + h states are sufficient in the
worst case for the concatenation of LYand L (A), where | Al = m and | A= n.
3.4.4 Complement of Infix-Free Regular Languages
A n-state NFA can be transformed into a DFA with mbst 2 states. The
complementation of an n-state DFA does not chahgestate complexity since it
simply interchanges final states and non-final estatThus based on the subset
construction, we know that"2tates are sufficient for the complementation ohan
state NFA. Given an n-state infix-free NFA A = (8, 9, f, s). A can be converted
into DFA A' using subset construction and it can have at &asttes (some of them
may be useless states), Final states ‘irake the subset of all states that includes f.
Since in infix free language final states are npithgy, so all final states are
equivalent and can be merged. All'Zinal states can be merged into one final state.
Also in infix free language all starting statesmm have any in transitions, so these
2" starting state can be merged into one starting.sBait 2 states are taken twice
in subsets of start and final states. Thereforer aéiducing the useless stat8g2*-
1)- (2"%1)+2"2 =2"2 +2 states are sufficient in worst case for completation of an
infix-free minimal NFA.
3.4.5 Reversal of Infix-Free Regular Languages
Given an infix-free regular language L. Supposeehe a minimal NFA A (QY., 9,
s, ) that accepts language L where |Q|=n. A is-ating and non-returning. So A
has single final state. NFATXQ, ¥, 8%, f, s) for L? can be obtained by flipping the
direction of transitions and interchange final atart state in A. A and Aboth are
having the same number of states. Hence n staesufficient for I¥. So worst case

non-deterministic state complexity for reversairgix free regular language is n.
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3.4.6 Kleene Closure of Infix-Free Regular Language

Given an n-state infix-free NFA A (Q,, 8, s, F), a new NFA AQ, Y, 8, s, F) is
constructed where transition functiéhis given byd'= 6 U{(f, a, q) | fe F and (s, a,

q) € o for @& >}. New out-transitions with the same label from fatlal states are
added for each out-transition from the start saatén figure 3.2(b) such that L tA=
L(A™). Since A is an infix-free NFA, then A has onlyeofinal state and, therefore A
also has one final state. In NFA for L{(A}-transitions are also considered. So add a
new start state’ &nd make a null-transition fromt® s in A and make 'sas a final

State.

A P ———— A’ ] _r'" =

I

i S Y -
| ) &

X

\-

B - 7]

Figure 3.2(a):Given NFA A Figure 3.2(b): NFA for language L(A")
Since $and f are equivalent states, so these statesecamelged as shown in figure

3.3(b) and merging two equivalent states doesfiett the language, L(A = L(B).

N S | @ *k' T N \a
ar | I
_— /oy & L Y P
) i ~CT) ~FY
S AW R (@) sl Jb (@)

1

Figure 3.3(a):NFA for L(A)* Figure 3.3(b): NFA after merging s’ and f

Two equivalent states and f in A’ are merged and state s is removed and obtain
NFA B for language L(A)* as shown in figure 3.3(@here L(B) = L(A)*. Thus n-1
states are necessary and sufficient in the woss-6ar the minimal NFA for kleene
closure of infix free NFA.

Figure 3.3(c):NFA for L(A)*
3.4.7 Comparison among Non-Deterministic State Contgxity of Infix Free

Regular Languages
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Operation Infix free NFAs
L, NLy mn-2(m+n)+6
L. UL m-+n-2

Li.L2 m-+n-1

Y Ly "2+2

L° n

Ly n-1

Table 3.5: Comparison among non-deterministic state complexityof infix free

regular languages

3.5 Deterministic State complexity of Operations oninfix-free

Regular Languages

3.5.1 Intersection of Infix-Free Regular Languages

Given two deterministic finite automata(®1, >, 61, S, F1) and A(Qz, Y., 62, $, F),
then a deterministic finite automata A for the meeztion of L(A) and L(A) can be
constructed based on the cartesian product ofsstatteboth deterministic finite
automata. Let A is given by (@ Qa, Y, 9, (s, $), B X F,) and transition functiod

is 3 ((p, 0),a)= §1(p, a),52(q, &) for all EQ: and Q.. Then L(A) = L(A) N L(A2)

It shows that mn states are sufficient for thersgetion of L(A) and L(A), where
|A1]l = m and |Al= n. If L is a regular language, its minimal DF8es$ not necessarily
have a sink state. However, if L is infix free, thigs minimal DFA A must have a
sink state since A is non-exiting. A unique numisegissigned to each state from 1 to
m in A; and from 1 to n in A where |A] = m and |A| = n. Assume that DFA and
A, are complete. So each state Halsdut- transitions and A may have sink state.
Assume that (m-1) state and (n-1) state are the final states in; Aand A,
respectively. All out transitions from (m*1nd (n-1¥ states i.e. final states can only
target to sink states, since And A are non-exiting. Let fistate and i state are the
sink states in Aand A. Let AiN A, be the cartesian product of states for (A
L(A>).
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Figure 3.4:Intersection of two infix-free minimal DFAs
(1, 1) is the start state and (m-1, n-1) is thequaifinal state. Since L¢hand L(A)
are infix free then all states (1,i) and (j,1) Bti<n and Zj<m are not reachable from
(1,1) so these states are equivalent and can bgethevith starting state(1,1). All
states (m, i) and (j, n) for<i<n and ¥<m are sink states and in case of infix free
regular languages all sink states are equivalethtcan be merged. All states (m-1, i)
and (j, n-1) are useless states because they araacepting states and final state is
not reachable from these states. After removingualless states, The resulting
automaton has mn-((m-1)+(n-1))-((m-2)+(n-2))-((m-@)-3))= mn-3(m+n)+12 states.
Thus mn3(m+n)+12 states are sufficient in worst case fersection of two infix
free minimal DFA.
3.5.2 Union of Infix-Free Regular Languages
Given two DFAs A and A, then a DFA for the union of L(A and L(A) can be
constructed based on the cartesian product ofsst&iwen two infix-free minimal
DFAs A (Qu, 2, 81, 1, ), and A (Q2, X, 82, %, F). Let A (Qu xQ, 3, 8, (31, ), B
xF,) denotes the union of;Aand A, where for all p=Q; and qeQ; and a), ands
((p, 9), &) = &(p, &).52(q, a)) and final state is given by F = {(g) Fp€Q}U {(f 1, q)
| g€Q2}. Then, L(A) = L(A))UL(A?)
All states in the last row and all states in thstlcolumn of AUc A, are not
necessarily sink states except for state (m, n)h®ee states are not equivalent in
AjUc Ax. But L (m,n-1) = Iy U Ly-1 = {e} and L(m-1,n) = -1 U L, = {&}
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Since A and A are non-exiting. Therefore, L(m, n—-1) = L(m-1,n)Lém-1,n-1).
These three states (m, n-1), (m-1, n) and (m-1) cath be merged to reduce the
number of states. Since L{Aand L(A) are infix free so they are non-returning. All
states (i, 1) and (1, j) for 1<im and 1<f n are unreachable from (1, 1), so they are
useless and can be removed to reduce the numbstatef in the resulting DFA.
Therefore, AU; A, can be minimized by removing these m + n - 2 std&emaining
states in the resulting DFA are mn-(m+n-2)-2=mn-{nstates.

Thus mn-(m+n) states are sufficient in worst caseuhion of two infix free minimal
DFA's.
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Figure 3.5: Union of two infix-free minimal DFAs
3.5.3 Concatenation of Infix-Free Regular Languages
Let A; and A be minimal DFAs for two infix-free regular languesgl; and L, where
|A1] = m and |B| = n. If A regular language is infigd, then its minimal DFA is non-
exiting and non-returningConcatenation of two infix free DFA’s can be ob&drby
merging the final state of first DFA with start t#af second DFA and sink states in
both DFA’s can be merged. Given two infix-free mmal DFA’s Ay (Qa, Y., 61, 1, F1)
and A (Q2, Y, 82, 9, ) . Deterministic finite automata A(Q;, 8, s1, ) as L(A. A)

can be constructed by merging the final state pivah start state of Aand merging
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the sink states of Aand A. Hence m+n-2 states are sufficient in worst case f
concatenation of two infix free DFA’s.

3.5.4 Complement of Infix-Free Regular Languages

The complementation of an n-state DFA does not ghdine state complexity since it
simply interchanges final states and non-finalestaHence n states are necessary and
sufficient in worst case for determining complemehan infix-free DFA. Worst case
deterministic state complexity of complementatiéméx free regular language is n.
3.5.5 Reversal of Infix-Free Regular Languages

Given infix free minimal DFA A (QY, 8, s, F). If a regular language L is accepted by
n-state minimal DFA, then its reversdf Is accepted by n-state NFA. So reversal of
A can be represented by*AQ, Y, 8, F, s) and can be obtained by just flipping the
direction of all transitions and interchange stad final state. A is an infix-free DFA,
therefore it is non-exiting and non-returning® Avill be non-returning and non-
exiting. State complexity of Lis at most 2since DFA can be obtained using subset
construction from any n-state NFA. Since A is aimal infix free DFA, so there will
be a sink state in DFA. Let d is a sink state intten all state Q\{d} in & do not
have any out transition to d &, so sink state d is useless iR @&nd can be removed.
Thus n-1 states are remaining iff.An subset construction'2 subsets of states can
be constructed. So"2 final states and"Z starting states can be merged. afid 2
states are common in both subsets of startingfinatistates. Hence total"2 (2"
1)-(2V%1)+2"3=2"%+2 states are necessary and sufficient in worst far reversal of
n-state DFA.

3.5.6Kleene Closure of Infix Free Regular Languages

Given an infix-free minimal n-state DFA A (Q, 8, s, F), a new DFA AQ, Y., 8, s,

F) is constructed, where transition functi®ns given byd'= & U{(f, a, q) |f€ F and

(s, a, gq)e o for a€ > }. New out-transitions with the same label frorhfalal states
are added for each out-transition from the statesas in figure 3.6 (b) such that L
(AH=L(A"). Since A is a infix-free minimal DFA, then A hasly one final state and,
therefore, Aalso has one final state. For the minimal DFALfG&) ", e-transition is
also considered. So add a new start staémd make a null-transition fromt® s in

A’ and make 'sas a final state.’ &nd f are equivalent states, so these statesean b

merged and merging two equivalent states doesffeat #he language, L(A = L(B).
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Figure 3.6(a): Given DFA A Figure 3.6(b): DFA for language L(A")
L(A) is infix-free, f has no out-transitions whoteget state is not a sink state. Two
equivalent states and f in A" are merged and s is removed and obtain minimal DFA
B for language L(A)*, where L(B) = L(A)*. Thus n-%tates are necessary and

sufficient in the worst-case for the minimal DFA fdeene closure of infix free DFA.
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Figure 3.7(a):DFA for L(A)* Figure 3.7 (b): DFA after merging s and f

™l a
b | -

Figure 3.7(c):Minimal DFA for L(A)*

3.5.7 Comparison among Deterministic State Completyi of Infix Free Regular

Languages
Operation Infix free DFAS
L; NL> mn-3(m+n)+12
L, UL, mn-(m+n)
L..Lo m+n-2
Y L n
L]_R 2n—3+2
Ly n-1

Table 3.6: Comparison among deterministic state complexity oinfix free regular

languages
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Chapter 4

Implementation and Experimental results

4.1 Algorithm used for checking Infix Freeness of Rgular

Expression

We first convert a regular expression into DFA #émeh check whether DFA is infix-
free or not.

4.1.1 Algorithm used for converting regular expressn to DFA

We make use of the algorithm for direct converadRE to DFA []. After obtaining
the DFA, we check for infix-freeness of the langelag

Algorithm 1 (RE, DFA)

Input: This algorithm take a regular expression as input.

Output: DFA is generated from the regular expression.

Step 1: Syntax tree is created for augmented reguf@ession r#.

Step 2: Follow () // call to procedure

Step 3: Consider firstpos (root) into the stateBIBA as an unmarked state.

Step 4: while (there is an unmarked state S irsthtes of DFA) do

Step 5: mark S
Step 6: for each input symbol a do
Step 7: let,s.,s are positions in S and symbols in those positavesa
Step 8: % followpos(s) O ... O followpos(s)
Step 9: move(S«&) S
Step 10: if (S is not empty arat m the states of DFA)
Step 11: Put S’ into the statEBFA as an unmarked state.
end if
end for
end while

Step 12: Start state of DFA is first-pos(root) aedepting state of DFA are all states
containing the position of #

Procedure follow ()

Consider ¢ and ¢ are left and right child of a node while traversbh node is having

single child consider it as.c

Step 1: Repeat step 2 to 5 for each node of tieedineng post order Traversal

Step 2: if a node is a leaf node
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First-pos of that node is nodeitias,
Last-pos of that node is node jms;
end if
Step 3: if a node is a concatenation node then
First-pos of concatenation nodfrst of ci;
Last-pos of concatenation nodass position of g
Follow-pos of all lastpos afantains firstpos of.c
end if
Step 4: if new node is union node then
First-pos of union node is uniorficdtpos of ¢ and ¢
Last-pos of union node is unionastpos of ¢and ¢
end if
Step 5: if new node is star or kleene closure then
First-pos of star node is firstpds;
Last-pos of star node is lastpos; of

Add followpos of last node is fjges of star
end if

end of procedure
4.1.2 Algorithm used for checking infix-freeness oDFA
Algorithm 2: Infix-freeness (DFA)
Step 1: if DFA A is not non-exiting or not non-wating

Then A is not infix free
Step 2: Construct State pair graph Constryct@V, E) from A
Step 3: Repeat step 4, 5 for each node (1, i), whére Zi<m
Step4: DFS ((1,1)ing
Step 5: if we meet a node (m, j) for any £ fI<m

Then output L(A) is not infix-free
end if

Step 6: Otherwise L(A) is infix-free

4.2 Example for Checking Infix-Freeness of a Regutd&Expression

1. Converting Regular Expression into DFA Example
Given regular expression (a|b)*.a
The augmented regular expression is given by (aj#*
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Syntax tree with first-pos and last-pos for givegular expression

{1.2}

{1,2}

{1}

a

{1,2,3}

{12} {3}

o (2

{2}

/ .
{1,2,3}* - &

/\ v @

‘ {1.2} 4 {3}

Figure 4.1: Syntax tree for regular expression (alj.a.#

Follow-pos for given regular expression

Node n followpos(n)
1 {1,2,3}

2 {1,2,3}

3 {4}

4 {}

Table 4.1: Follow Position of Nodes

Starting state Sfirst-pos(root)={1,2,3}
U mark S

a: followpos(1) followpos(3)={1,2,3,4}=%

b: followpos(2)={1,2,3}=%

U mark $
a: followpos(1) followpos(3)={1,2,3,4}=%

move(§a)=S
move(3,b)=S

move($,a)=S



b: followpos(2)={1,2,3}=% move(,b)=S

Figure 4.2: DFA for regular expression (a|b)*.a

2. Checking Infix-Freeness of DFA

Since there is in-transition on starting stateD$§®\ is not non-returning. So the given

regular expression is not infix-free.

4.3 Experimental Results

A tool is designed for checking infix-freeness ofegular expression. We use Java
platform for implementing the tool. This tool autates the procedure for checking
infix-freeness of a regular expression. It takegular expression as input and check
regular expression for infix-freeness and givesrésailt.

Here some experimental results are presentednmsfof snapshots.

Case 1: When DFA is non-returning and non-exiting

Regular Expression  (a.b)|(al(b.b)).a*b 'Errte_'r- | (

Figure 4.3: Non-returning and non-exiting DFA
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State Pair Graph: In form of vertex and edges

Skart Page ﬁ|@0utput ﬁ|@,ExpressionTreel.java ml@l ke java mi@] MewIFrame,java &2

3
-

)2 | kk (run) % | Conversion of DFA to RE (run) $| kk (run) #2 % |

Hodes and their transitions
%& (1,1ico(2,2)1label is a

(1,2itoiZ,4)label is
{1,4icoi{Z,4)1label is
(1,5/coiZ,4)labhel is
(1,1ita(3,3)11label is
{1,21toi3,5)1label is
(1,31toi3,4)1label is
{1,41to{3,6)1label is
{1,5itoi3,&8)label is
{Z,licoi4,2)1label is
{Z,Z2)toi4,4)1label is
{Z,4itoi4,4)1label is
{Z,580toi4,4)1label is
{2,1ico(5,3)11abel is
(2,21to(5,5) label is
{2,3toi5,4)1label is
{Z2,4ico(5,8)1label is
{Z,58)toib,8)label is
{3,lito(4,3)1label is
{3,21toi4,5]label is
{3,3)tol4,4)label is
{3,4)to({4,6)label is
{3,68itoi4,8)label is
(4,1icoi4,2)1label is
(4,2itoi4,4)label is
(4,4itoi4,4)1label is
(4,8/toi4,4)label is
(4,1ico(E,3)1label is
(4,21to(&,5) label is
(4,3toi&,4)label is
(4,4ito(E,8)label is

PP Eppopop FEFEFEFEEFEEREE R OpppEREEE o

(4,8lcolg,81label is
(5,1)to{4,2)label is
(5,2)to(4,4) lahel is
(G,41co(4,411abel is
(5,5)to(4,4)label is
(&,litol{&,311label is
(5,2)to{E,5)label is
(5,300 (&,4) label is
(5,41t0(E,8)11abel is
(5,8lto{g,61label is

12--a-->24

L - - N - - TR TR TR TR -

Zd-—g--544
4d-—a-—-=44
44--b--*EE

final state foundes

Given language is not infix free.. ... ... ......

Z24--h--=>58
12--b-—-=35
35--b--=r4E
13—-b-—-=34
Bd--b-->48
l14--a--=>24
14--b—-=3&
15--a--»Z4
15--b—-=36

C://Users/Pinder /Documents/HetBeansProjects/Syntaxtree/outcount . gif

Figure 4.4: State pair graph for non-returning andnon-exiting DFA
Output: There is a path from (1,2)(2,4)>(4,4)~>(6,6)

Given regular expression is not infix-free
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Case 2: When DFA is not non-returning or not non-eiing
Input Regular Expression: ((a)*)*.a.(alb)*

Regular Expression  |({3)"".a.(alb)” Enter |

Figure 4.5:Not non-returning and not non-exiting DFA

State Pair Graph: In form of vertex and edges

Nodes and their transitions
{1, litoiZ,2)label is= a
(1,21ta(2,2)label is
{1,31t0(Z,3)label is
(2,11ta(2,2)label is
(2,21ta(2,2)label is
(2,31t0(Z,3)label is
(2,21ta(3,3)label is
(Z2,31ta(3,3)label is
13,11ta(3,2)label is
(3,21ta(3,2)label is
13,3t0(3,3)1abel is
13,21ta(3,3)label is
(3,31t0(3,311label iz b

There is an out-transition from fimal state todso Not Infix free

m

Fpopp & popp

C://Users/Pinder /Docunents/NetEeansProjects/Syntaxtree/outcount . gif

1

Figure 4.6: State pair graph for not non-returningand not non-exiting DFA
Output: There is an out-transition from final state

Given regular expression is not infix-free
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Case 3: Regular expression is infix-free
Input regular expression: a.b.b*.a

"
Regular Expression |[abb*a Enter

Figure 4.7: Infix-free DFA
State Pair Graph: In form of vertex and edges

Nodes and their transitions
(1,lita(Z,2)1label iz a

(1,31ta(Z,4)11label is
{2,2)ta(3,3) label is
(2,31ta(3,311abel is
{3,lita(4,2)label is
{3,31ta(4,4)label is
{3,2)ta(3,3) label is
{3,31ta(3,3) label is

F B opop B B @

13--a--+24

Given Language is Infix Free

C://Users,/Pinder /Document s /MetBeansProjects/Syntartree/outcount . gif

m

4

Figure 4.8: State pair graph for infix-free DFA
Output: Given regular expression is infix-free
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Chapter 5

Conclusion and Future Scope

5.1 Conclusion

Regular languages are used in various fields of pewen science like data
compression, network intrusion detection, compjletext processing, software
engineering, pattern matching and various othetddi Further regular languages are
categorized into infix free, prefix free, suffixel. These are used in various
applications like pattern matching, computing fdd#n words, text searching.
Comparative study of state complexity of variougrations on suffix-free and prefix
free are carried out. State complexities of variopsrations like union, intersection,
concatenation, reversal, complement, and kleensuo on infix-free regular

language are determined. A brief comparison betwibeir state complexities is

presented.

Operation Infix fred=Bs Infix free NFAs
L; NL, mn-3(m+n)+12 mn-2(m+n)+6
L,UL mn—(m+n) m+n-2

Li.Lo m+n-2 m+n-1

Y Ly n +2

LR 2"34+2 n

Ly n-1 n-1

Table 5.1: Comparison among state complexity of infix fregular languages
A software is designed for checking infix-freenesshe language.
5.2 Future Scope:
Following are the future directions on which, wadn be carried out:
1. To determine the precise state complexity of comtodm of multiple
operations on various forms of regular languages.

2. To study the closure properties of various forringegular languages.
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