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Abstract

The thesis aims to study the propagation of Rayleigh waves in a homogeneous
isotropic elastic half-space under free conditions and underlying a liquid half-space
of inviscid liquid. Secular equations are obtained for the propagation of Rayleigh
waves. Variation of phase velocity with the wave number has been depicted by

graphs.

There are mainly two types of waves generated in a solid,Body waves and Surface
waves. Body waves include P-waves and S-waves and Surface waves include Love
waves and Rayleigh waves. Surface waves are generated by the constructive inter-
ference of P and S waves. These waves usually propagate in the half-space. They

have wide range applications in seismology and non-destructive evaluation.

Chapter-1 deals with the brief historical introduction of the theory of elasticity.
Continuum mechanics is the branch of the mechanics that deals with the kine-
matic behavior of continuous matter. Summary of Hooke’s law has been discussed.
Types of elastic waves with their subtypes have been discussed in this chapter.
The basic governing equations of elasticity have been presented and expressions
for speeds of primary and secondary waves have been derived using Helmholtz

decomposition .

Chapter-2 deals with the Rayleigh waves in the homogeneous isotropic elastic half-
space. In this chapter, formulation of the problem is done and secular equation
is obtained from the basic governing equation of elasticity in the absence of body

forces. The value of Rayleigh phase velocity is obtained.

Chapter-3 deals with the study of propagation of rayleigh waves in an elastic half-
space underlying a half-space liquid. In this chapter, effect of fluid loading on
phase velocity of Rayleigh waves has been studied.The secular equation is derived

analytically. Effect of liquid loading is shown graphically.
In the present work I have reviewed the following work in the field of wave prop-
agation in elastic solid.

1. (Chapter-5 Waves in infinite media) of the textbook
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Graff, K. F.(1991): Wave motion in elastic solids.Dover Publications, New
York.

. Particular case of Resarch Article:

Sharma, J. N., Satish Kumar, and Y. D. Sharma. ”"Propagation of Rayleigh
surface waves in microstretch thermoelastic continua under inviscid fluid
loadings.” Journal of Thermal Stresses 31 (2008): 18-39.
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Chapter 1

Introduction

1.1 Theory of elasticity

Solid mechanics is the branch of continuum mechanics that studies about the
behavior of solid materials, especially their motion and their changes under the
action of forces, temperature changes, phase changes, and other external or inter-
nal agents. Solid bodies are basically divided into two categories: plastic body
and an elastic body. Elastic bodies are the bodies that return to its normal shape
after the removal of external forces acting on it. This elastic behavior is exhibited
by bodies over small loads only. Thus the theory of elasticity is the mathemati-
cal analysis of the elastic behavior of a solid body. Plastic bodies are the bodies
that do not return to its original shape and size upon the removal of the external

forces.

Before moving on to the modern conceptions it is necessary to study the research
of seventeenth and eighteenth centuries. In seventeenth and eighteenth century
experimental knowledge of the behavior of strained bodies was studied and their

related principles were formulated|[1].

Robert Hooke (1678) gave the relation between the applied forces and deformation
occured in the body. This law assumes linear relationship between stress and
strain. Thus Hookes law of elasticity basically states that extension of the body is
proportional to the load applied to it. As solids obey Hookes law up to a certain
limit, that limit is known as an elastic limit. It is the maximum change that a body
will undergo without being permanently changed. When elastic limit is exceeded
it becomes a plastic body. Glass is a brittle material that usually breaks near its
elastic limit. Many other scholars also published similar discoveries as given by
Hookes. Swiss mathematician and mechanicians, Euler(1703-1783) proposed that
a linear relation between stress and strain is of the form ¢ = Fe, where E is the
coefficient of elasticity generally named after the scientist Thomas Young. In 1821
Louis Navier gave three-dimensional equations of elasticity. According to him
elastic reactions arise from the changes in the force which are acting between the

molecules, which are taking place due to changes in the molecular arrangement.



Navier assumed the isotropic material to be characterized by two elastic constants.
Poisson[2]used his theory to carry out the research on the propagation of waves
through an isotropic elastic solid. He showed that the motion send out by the
quicker wave was longitudinal. While the motion sends out by the slower wave
was transverse. Further, Cauchy a mathematician and engineer also studied the
theory of elasticity. Cauchy studied elasticity in a different manner by considering
the notion of pressure on the plane. He gave the concept of stress in the form of
three-dimensional theory. Cauchy had discovered most of the elements of the pure
theory of elasticity. According to him, stress at a point is completely resolved if the
deformations per unit area across all plane elements through point were known.
Cauchy formalized the stress concept in three dimensional theory. Cauchy derived
the equations for motion in the terms of components of stress and discussed for
the elastic solids. Besides this, equation of stress with six components were also
introduced (three longitudinal and three shears) in the terms of derivatives of

displacements.

1.2 Generalised Hooke’s law

Hooke’s law states that the force needed to extend spring by some distance z is
directly proportional to that distance[3]. Stress is that quantity that is directly
proportional to the force causing a change (deformation) and strain is the measure
of a degree of change. Further stress has two components; normal and shear stress.
Normal stress is defined as the deforming force acting on per unit area normal to
the surface of the body while tangential stress is the deforming force acting per
unit area tangential to the surface of the body. In three-dimensional axes, stress
is resolved into three parts. One normal stress and a shearing stress which can be
further resolved into two components parallel to the direction of coordinates. Thus
nine stress components are used to describe the stress state of any cubic body.
These are 0,4, 0gy, Ozzy Oyz, Oya, Oyys Ozzy Oy, 04z, Where the first suffix indicates the
direction of the normal to the plane under consideration while the second suffix
reffers to the the component of stress vector. In the similar way, a strain is also
resolved into two components longitudinal and shear strain. The longitudinal
strain is the change in the length per unit original length while shear strain is
the change in the shape of the body. The nine strain components are defined as
€xas €xys €z Eyz, €y, Eyys €y €2y, €22 Modified form of Hookes law was introduced
which states that stress components are the functions of strain components .This

is the generalized form of Hookes law.



In its most generalized form Hooke’s law is defined by
Tij = CijkiCkl

; Cijrr 1s the fourth order tensor giving different coeffecients of elasticity, where 7;;

is stress tensor , ey is strain tensor defined by

e = ~( 2k Qu
kl_? 8%1 8xl

A medium is said to be elastically homogenous if elastic properties are same at
all points of medium. In general case ¢;;,; will have 81 constants but if body is
assumed to be isotropic i.e is elastic properties are independent of orientation of
axes of coordinates, then number of elastic constants reduces to two. Further,if
medium is both isotropic and homogenous then these elastic coefficients are con-
stants. The two constants in the isotropic case are called Lame constants A and

1 and Hooke’s law takes the form
Oi5 = A(Sijur,r + ,Lb(ui,j -+ uj,i)

where (1,j,r=1,2,3) d;; is Kronecker delta and o;; is the stress tensor.

1.3 Elastic waves

A wave is an oscillation along with a transfer of energy from one point to another.
Mainly there are two types of waves; mechanical and electromagnetic Waves. Elas-
tic waves are the mechanical waves that need medium for its propagation. The
small disturbances in the elastic waves differs it from the other ordered motion of

the medium particle.

1.3.1 Types of Elastic Waves

1. Body Waves

2. Surface Waves



1.3.1.1 Body Waves

Body waves are the waves that can travel deep into the medium along which paths
are controlled by the material properties in term of density. These properties vary

according to temperature and material phase. There are two types of body waves.

1. Longitudinal waves

2. Transverse waves

Longitudnal waves(primary waves) : The waves in which the displacement
of the medium is in the direction of wave propagation are the longitudinal waves.
The particles are oscillating back and forth about the equilibrium position. It
travels in the form of compressions and rarefactions as the two components in
which they are traveling. The P-waves are also known as compressional waves.
P-wave is a type of a body wave which is the fastest kind of the seismic wave.
These waves can move through the solids as well as through the liquid layers of
water. Vibrations in the solid are along or parallel to the direction of wave energy.

Examples of primary waves are sound waves.

Tranverse waves(secondary waves) : The transverse waves are the waves in
which particle vibrate perpendicular to the direction of wave propagation. The
particles in the transverse wave are not moving along with the wave but are oscil-
lating up and down about their individual positions. The transverse wave which is
also known as secondary wave is slower than the primary wave. As the secondary
waves move as the shear waves, so they can move the rock particles up and down
or side to side perpendicular in the direction in which wave is traveling. Examples

of sound waves are Light waves, waves in a guitar string.

Differnce between longitudinal and transverse waves
In Longitudinal waves, the particles are moving left and right which results in the
oscillation of the other particles also. While the transverse waves are the waves in

which the motion of the medium is at the right angle.

The waves in which boundary interactions are not possible are basically involved

in infinite media[4]. The governing equation in the absence of body forces



Figure 1.1: Primary waves

Figure 1.2: Secondary waves



for an elastic solids

(A + p)\V(V.70) + pV2i = pii (1.1)

Here 4 is displacement vector and @ = (u,v,w), A and p are Lame’s constant and

p is density. In two-dimensional problems we take
U= (u,0,w)

and

According to Helmholtz theorem, any vector field is uniquely seperable into a

divergence-free part(solenoid part) and a curl free part(irrotational part) as

U=Vo+V x1 (1.2)
such that
Vap=0
Here we take
Y =(0,v,0)
= (u,0,w)
0
~Z -0
dy

If the vector operation of divergence is applied then using eq.(1.2) in eq.(1.1) we
get
(A +2p) V2D = pd

pNV2 = p0
In general wave equation is as
1 .
Vi =50
€1
1 .
VQ\IJ - —2\11
G

Here,

A+ 2u
CcCl =
p



_\/ﬁ
Cy = —
P

Here ¢; is the velocity of the longitudinal waves and ¢y is the velocity of shear

waves in the elastic half-space.

1.3.1.2 Surface waves

It is a mechanical wave that propagates along the interconnection between differing
media. They propagte on the surface along a circular wave front[1][5]. In seis-
mology, different types of surface waves are encountered. On seismograms these
waves form the principal phase. These waves usually have larger amplitudes and
longer periods. They display a characteristic dispersion and polarization at the
surface of water and air. These waves are generated by shallow earthquakes.There

are two types of surface elastic waves
1. Rayleigh surface waves

2. Love Waves

Rayleigh surface waves : In 1887 Lord Rayleigh showed that there exist a
wave that propagates along the surfaces and the motion associated with it decayed
exponentially. These types of waves are known as Rayleigh Waves. Rayleigh waves
have both longitudinal as well as transverse motion. In solids, these waves cause
the surface particles to move in ellipses in planes normal to the surface and parallel
to the direction of propagation. In seismology, they are known as ground roll.

Rayleigh waves do not show dispersion an ideal, elastic, homogeneous solids.

Love waves : In these waves, particle motion is transverse and parallel to the
surface. In opposition to Rayleigh waves, Love waves cannot propagate in homo-
geneous half-space. Propagation of Love waves takes place if the S-wave velocity
increases with the distance from the surface of the medium. Love waves can prop-
agate in a homogeneous isotropic layer on a homogeneous isotropic half-space.

The velocity is dependent on frequency.

1.4 Applications of Rayleigh surface waves

1. Seismology
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Figure 1.3: Rayleigh waves

propagation

Figure 1.4: Love waves

2. Non-destructive evaluation

Seismology : The interest of seismologists on Rayleigh waves developed due to
the fact that Rayleigh waves were investigated with noise on seismic records|[6][1] .
To enhance the signal strength noise has to be removed. For multilayered media,
Rayleigh waves make it possible to determine seismic velocities. Several results

have been obtained in soils on large and small scales.

Non-destructive evaluation : In concrete structure, non-destructive tech-

niques use different physical phenomena like ultrasonic, electronic methods etc|7].



Rayleigh waves satisfy many non-destructive testing requirements. The basic fea-
tures of Rayleigh waves is that whole energy propagates near the free surface,
parallel to it. As the surface waves propagate radially on the surface, the contrac-
tion of this wave by geometrical spreading is shorter than that of body waves with
a spherical wavefront. Due to these features, Rayleigh waves are easy to excite
and to record. The detection and characterisation of surface cracks with Rayleigh

waves were developed for metallic materials with ultrasonic techniques.



Chapter 2

PROPAGATION OF RAYLEIGH WAVES
IN A HOMOGENOUS ISOTROPIC ELAS-
TIC HALF-SPACE

2.1 Introduction

Rayleigh waves are known as surface seismic waves which are responsible for de-
struction and loss of human lives in earthquakes. They are an important part
of seismology as they cause a vertical shifting of the earth during an earthquake.
Rayleigh[8] had discussed the propagation of surface waves in an isotropic elastic
solid half-space and named these waves as Rayleigh wave. Besides Rayleigh, many
other scientists have also discussed, the propagation of Rayleigh waves. The ratio
of the horizontal and vertical component of these waves which was approximate
to their observed value was found by a A.E.H Love[3]. Sengupta[9] studied the
propagation of wave in an elastic medium and discussed the effect of gravity on
the Rayleigh waves. In this section we have studied about the Rayleigh wave with
free boundary conditions in a homogeneous isotropic elastic half-space. Secular
equations giving the information about the Rayleigh wave in elastic half-space has

been derived analytically.

2.2 Formulation of the problem

When an Elastic wave encounters a body between two media energy is reflected
as well as transmitted from and across the boundary[10]. Consider the wave
propagating in a homogenous isotropic elastic solid half-space. Assume a Cartesian
coordinate system where the x-plane is along the surface of the medium and z-
axis is pointing vertically downwards in positive direction. Due to shear, the
transverse particle motion has components in vertical as well as parallel to the
horizontal plane. Origin of the cartesian coordinate system (x,y,z) is taken at the

top of the solid half-space. @ = (u, v, w)represents the displacement components.

10



As the wave motion is invariant w.r.t z-axis. These field quantities are independent

of y coordinate. The surface of half-space is free of stresses.

Direction of propagation

—_

— $ )
! U X-axIs

Y zaxks

The basic governing equation of elastic stress in the absence of body forces is

O*u

A+ u)V(V.10) + uV3i = ) (2.1)
The consitutive relation is given as
Tij = )\umdij + u(um + U]"Z') (22)

where

U= (u,v,w)

is the displacement vector. A and p are Lame’s constant of classical elasticity, p
is the density
Here we assume that

= (u,0,w)

By using Helmholtz decomposition, we have

Vo+V xy (2.3)

u

where

11



Thus we get displacement components as:-

¢ oY
=— - = 24
““or 8- (24)
and 96 oy
=—+ == 2.5
Y=oz * ox (25)
where ¢ is saclar potential function representing longitudnal waves and
1) is vector potential function representing shear waves in an solid half-space.
On subsituting these values of the eq.(2.4) (2.5) in eq.(2.1), we have
we get
1 0%¢
Vi = S—— 2.6
¢ 2 ot? (2:6)
vy = 00 (2.7
¢} ot '
where
o At+2u
;= p
2 _ M
5 ==
2

are longitudnal and shear velocities.

using eq.(2.4) and eq.(2.5) the stress - displacement equations in the form of the

potential functions are

B 8% 8% 6% 8%
e = Mgz + g2) 2455 ~ 500 (2.8)
82q§ 82¢
Tyy = )‘(@ + @) (2.9)
B 62q§ 82¢ 82¢ 82w
Tpy = A(@ + @) + +2“<@ + (%ax) (2.10)

12



*y %Y

Taz = M(@ - @) (2.11)

2.3 Boundary conditions

As we have assumed that the surface of solids is free of stresses ,so the boundary
conditions are ;
at 2 =0

T, =0

Ter = 0

2.4 Formal solution of the problem

We assume the solution of above problem as follows

b = ¢(z)eis) (2.12)

P = h(z)e@=D (2.13)
where ¢ is non-dimensional phase velocity

CcC =

w
£
¢ is the wave number

w is the circular frequency.

Now using the above solution of (2.12)in the (2.6)

?¢(z) 2 ? _
1 —&(1 - C—%)Qﬁ(Z') =0
d*¢(2)

dZ2Z - 2¢(2) - 0

where
2 2 1— é)

a”=¢ ( C%

Therefore,

13



O(z) = A1e® + Age™

where A; and A, are arbitary constants

¢ — (Aleaz + A2efaz)ei§(xfct) (214)

Similarly using (2.7) in (2.13) we obtain

d2 2
€= S =0
d*1h(
dzj) — B*(z) = 0
where )
2 _ 204 C
#=e1-5)
Y = (ByeP* + Bge_ﬁz)eig(m_Ct) (2.15)

If ¢ > a and ¢ > (3, radicals x and t are real, so that amplitudes ¢(z) and (2)
are oscillating functions for z — oo. The terms containing A, and B, decreases
exponentially as z — oo. However, the terms with A; and B; increase to infinity,

which is physically implausible. Thus, we must put A; = B; = 0.

¢ = AgeZeitl@et) (2.16)

) = Boe F7eitlE=ch) (2.17)

On applying boundary conditions, 7,, = 0, at z =0

we get

(A(0® = €) + 2u0?) Ay — (21i€B) By = 0 (2.18)

T, =0at z=0

we get

(2ai€) Ay + (8% + €) By (2.19)

14



Eq.(2.18) (2.19) represents a system of linear homogenous equations. The equa-

tions possess the non trival solution if determinant is equal to zero .

AMa? — &) +2u0®  —i2uBE | 0
20ii¢ (8% +¢€7)
Thus the equation is given as

dapug? — (7 + €)(A(o? — €) + 2u0?) = 0 (2.20)

This equation is known as dispersion equation/frequency equation involving phase

velocity and wave number of Rayleigh wave.

15



2.5 Numerical example and graph

For the graphical representation of phase velocity with respect to wave number in
the case of Rayleigh wave proapating in a homogenous isotropic elastic half-space,
we take the following data for the alluminium epoxy material[11].

c1 = 7205m/s, co = 2937m/s, p = 1500kg/m?>

Fig 2.1 Represents the variation of phase velocity with wave number for the prop-
agation of Rayleigh waves.It is observed that Rayleigh wave propagate in the
velocity approximately equal to 2790.1m/s

0.8 i

0.6r i

c/c2

0.2 i

0 1 2 3 4 5 6 7 8 9 10

Figure 2.1: Variation of phase velocity with wave number

16



2.5.1 Conclusion

It is observed that Rayleigh wave doesnot exhibit any dispersion. It is one of the
property of the Rayleigh wave that is doesnot show dispersion in isotropic elastic

half-space [4]. For the considered material it is found to be as 2970.1m/s

17



Chapter 3

PROPAGATION OF RAYLEIGH
WAVES IN AN ELASTIC HALF SPACE
UNDERLYING A LIQUID HALF-SPACE

3.1 Introduction

The study of Rayleigh waves becomes more interesting and application oriented
when homogeneous elastic half-space is loaded with liquid. Interaction of elastic
waves with fluid loaded solids can be used for non-destructive evaluation of solid
structure. This type of phenomena have been studied for wide variety of solids
extending from simple half-space to more complicated systems of anisotropic me-
dia. Wu and Zhu[12] studied the propagation of Lamb waves in a plate bordered
with a layer of inviscid liquid. Further, Zhu and Wu[13] derived the dispersion
equation of Lamb waves of a plate bordered with a viscous liquid layer. The ex-
act characteristic equation for leaky waves propagating in isotropic elastic solids
loaded with the viscous fluid including half-space and finite thickness plates totally
immersed in fluids is derived by Nayfeh and Nagy[14]. Rayleigh Surface waves in
microstretch thermal continua under inviscid loading has been studied by Sharma
et al.[11]. Sharma and Pathania[15][16] also discussed the propagation of leaky
surface waves in thermoelastic solids due to inviscid fluid loadings. Viscous fluid
loading on the propagation of leaky Rayleigh wave in the presence of heat conduc-
tion effect is studied by Qi[17]. Here, in this chapter we have derived the secular
equation for propagation of Rayleigh waves propagating in an elastic half-space

underlying a half-space of inviscid liquid .

3.2 Formulation of the problem

Consider a homogeneous, isotropic elastic half-space of inviscid liquid. Introducing
a cartesian coordinate where z axis is along the surface of the medium and z-axis

is downwards in positive direction. All the particles lying along the line which is

18



parallel to the y-axis are equally displaced, so the solutions are independent of y

coordinate.

The basic governing equations and constitutive relations for solid half-space are

discussed in Ch-2 (eq.(2.1) to eq.(2.11))

Liquid Half Space

Elastic Half Space

In case of liquid medium we have equation of the form,
A V(Vaiy) = priy
Ar is Bulk modulous, py, is density of liquid and
ur, = (ug,0,wp)
is displacement of fluid medium. The consitutive relations are
Té = A0ij(Uk k)L

where 75 is force stress tensor for liquid medium

By using Helmholtz decomposition

iy, = Ve +V X 1y,

¢1 = (Oa 77va 0)

where

Vi =0

19
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We have,

_0¢L Oy

wL = oz 0z (34)
0o | OYr

L= 0z + ox (3:5)

or ,z/;L are scalar and vector potential functions. Since liquid doesnot support
shear stress i.e u, = 0 and ¢, = o Then using eq.(3.3) (3.4) and (3.5) in eq. (3.1)

we have

Vi, = L4, (3.6)

L

Therefore )
Vi, = o1 (3.7)

L

where,
P
L )\L

3.3 Boundary Conditions

The following boundary conditions have to be satisfied at solid liquid interface at

z=0

1) The normal component of stress in an elastic half-space is equal to the normal

component of stress in liquid half-space at z =0

Tor =T (3.8)
2)The shear component of stress in an elastic half-space at z =0
Tow =0 (3.9)

3)The displacement of vertical z-axis of elastic half-space is equal to the vertical

displacement component of liquid half space

w = wy, (3.10)

20



3.4 Formal solution of the problem

Assuming solution of the eq.(3.6) be of the form
Dy = Pp(z)el@e) (3.11)

subsituting this solution in the eq.(3.6), we get

d*¢(2)

dz?

C2

— &1 = 5)or(x) =0 (3.12)

2
L

dz?
where )
@ =(1-5)
cf
d(z) = Are %% 4 Age™
where
5202
&2 — 52 _ 7
1
Therefore
O (2) = (D1e* + Doe™ %) (3.13)

Hence the solutions are

(I)L = (Dleaz + D2€7az)ei§(x7ct)

In bounded elastic media, as only two waves are propagated.These two types
of waves are P or SH waves. As in half-space problem, the boundary is also
considered, the third type of wave exists whose effect is confined to the surface.
Applying the conditions that variables are bounded within the solids.

We take solution as

b, = (Dleazeif(x—ct))

The stress-displacement for liquid half-sapce is

21



QuL 8wL

L _ JR— JR—
7o = Al ox * 0z )
¢ *ér
T = Au 0x? * 022 )

We obtained the following system of equation using boundary conditions (eq.(3.8)
to (3.10))

[N(a® =€) + 2ua”] Ay — [12uB¢] By — [AL(a® — €)D1] = 0 (3.14)
—215()[142 + (ﬁQ + 52)B2
—OéAQ + Z§B2 - CLD1 =0 (315)

These are homogenous eq.’s with unknown amplitudes A,, By and D; For non-
trival solution determinant of coeffcients of unknown constants As, B and D is

equal to zero

AMa? = &) +2ua®  —i2uBs  —(a® + )AL
2i€a (8*+¢€) 0 =0

—Q 1€ —a

Thus the equation is obtained as
aldp®apf — (67 + ) [Aa® — €) + 2ua’]] — adp(a® = €)(58* - €) =0 (3.16)

This is the secular equation for the proapagation of rayleigh waves in an elastic

solid half-space underlying a liquid half-space.

Validation : When A\;, = 0 eq.(3.16) reduces to
4pgaf — (6% + €)[Ma” = €) + 2ua”] = 0

This is the frequency equation (2.20) of Rayleigh wave in solid elastic half-space
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as obtained in Chapter-2.

3.5 Numerical example and graph

For the graphical representation of phase velocity with respect to wave number
in the case of Rayleigh wave proapating in a elastic half-space underlying a liquid
half-space, we assume the half-space to be of alluminiun epoxy material as taken
in chapter-2. The physical data for which is :

c1 = T7205m/s, co = 2937m/s,

p = 1500kg/m3,

The liquid taken for thr numerical purpose is water, where ¢, = 1.5km/s |

pr = 1000kg/m?

Variation of phase velocity with wave number in the case of rayleigh waves have

been shown in figure (3.1)

0.8 b

c/c2

041 b

0.2 b

0 1 2 3 4 5 6 7 8 9 10

Figure 3.1: Variation of phase velocity with wave number
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3.5.1 Conclusion

The Rayleigh phase speed in the absence of half-space is obtained in Chapter-2.
Here, in the presence of liquid half-space the phase speed has decreased signifi-

cantly. This phase speed in the presence of the liquid is 851.7m/s.

Thus, under the effect of liquid loading phase speed decreases. This fact can be
utilised for scanning the surface of the solids in the non-destructive testing of the

material.
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