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ABSTRACT 

Non-stationary signal analysis is a widely researched field in signal processing since we 

come across various non-stationary kind of signals such as human speech, music, bio-

medical signals etc., in our day-to-day lives. Within the dynamic domain of signal 

processing, non-stationary signals challenge conventional analysis with their ever-

changing characteristics. With the inefficiency of Fourier transform (FT) in analyzing such 

time-varying signals, the concept of time-frequency (TF) tools was formulated, 

revolutionizing non-stationary signal analysis by providing time-dependent power 

spectrum and simultaneous localization in both time and frequency domains. Impressed by 

the realm of TF tools, this research is focused on improving the analysis of very important 

non-stationary signal existing in nature—an electrocardiogram (ECG) signal, which is 

quasiperiodic and known to encompass a non-stationary nature. Therefore, research work 

in the thesis is centered around improving the performance of ECG analyzing system with 

a primary focus on its noise analysis model, denoising and QRS complex detection. 

ECG is considered a health biomarker and its one cardiac cycle comprises P, QRS and T 

waves. These components contain important clinical information that can be interpreted in 

different ways such as any change in their morphological pattern is an indication of cardiac 

arrhythmia, wave interval timings of QRS complex provide information about heart rate 

variability (HRV) and other features extracted from these beats can help in identifying 

various heart disorders. However during signal acquisition, ECG signal is distorted by 

various types of noise such as powerline interference, baseline drift and muscular artifacts, 

which have spectral characteristics that coincide with those of ECG signals. The variability 

in the physiology of QRS complex influences the morphology of ECG signal, alongside its 

susceptibility to noise. Thus, noise removal is an essential part of ECG processing, along 

with accurately delineating the QRS complex in designing computer-aided diagnosis tools 

to assist physicians and doctors in providing suitable medical interventions. 

Furthermore, several research methods employing time and frequency domain approaches 

have been proposed in the literature, but non-stationary characteristics of ECG signals 

hinder their effectiveness. Since TF tools have the virtue of dealing with non-stationarity, 

various TF tool-based methods have been documented in the literature for ECG denoising 

and detecting QRS complexes. However, getting a high reconstruction rate and better 

retaining of significant information is still an open problem. The work in this thesis utilizes 
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the benefits of fractional Fourier transform (FrFT) to expand conventional time-frequency 

(TF) tools to time-fractional frequency domain with fractional order parameter 𝑎, thus 

addressing the challenges and ambiguities of time-varying morphology of ECG signal 

faced by existing state-of-the-art methods. 

Moreover taking a step backward, susceptibility to various noises and artifacts for an ECG 

signal is very high. Yet, established denoising methods always employ the additive white 

Gaussian noise model to compensate for such undesirable additions and use this noise 

assumption to validate their efficacy for reliable performance. Although, justification for 

using this Gaussian distribution is backed by the Central Limit Theorem (CLT), defined for 

random variables with finite variance. But what if variables possess infinite variance and 

thus do not have a Gaussian nature? Therefore, an improvement window exists for 

analyzing the noise analysis model, which brings us to our next research aim of 

investigating the nature of noises that corrupt an ECG signal.  

This investigation study for the noise model is segregated into three parts. The first part 

employs statistical tools to prove that the noises corrupting ECG signals deviate from 

Gaussianity. Second part focuses on proving the resemblance of ECG noises with non-

Gaussian 𝛼-stable distribution model. Finally, negative impact on the performance of 

conventional methods (employing the implicit assumption of noises following Gaussian 

distribution) for R-peak detection and classification is illustrated by considering their 

functioning in real-time scenarios modelled by 𝛼-stable distribution model. 

After establishing the non-Gaussian nature of ECG noises, further research aims to design 

methods based on alternative noise analysis model. The study delves into the domain of 

morphological signal processing to thoroughly examine design techniques for 

morphological filters (MFs).  However, it is observed that less attention is paid to the design 

of structuring elements (SE) while working towards designing MF in the literature. Thus, 

a design of novel SE is put forward by merging the concept of cross-convolution with FrFT. 

In the context of preprocessing ECG signals, it is imperative to ensure that noise 

suppression techniques do not result in losing vital information. Hence, utilization of 

proposed SE in conjunction with proposed morphological operation (MO) enables 

adaptation to the non-stationary changes in ECG signals and ensures the suppression of 

noises along with facilitating the preservation of distinctive attributes of ECG signals. 
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Furthermore, as a major contribution to research work, a fractional lower-order fractional 

Stockwell transform (FLO-FrST) based on fractional lower-order statistics (FLOS) is 

proposed, which aims to resolve the shortcomings of existing TF tools by providing better 

3Rs’, namely resolution, reconstruction and robustness. This tool provides four degrees of 

freedom, leading to superior performance, particularly in terms of 3Rs’ compared to its 

counterpart TF tools. 

Additionally, study includes an electroencephalogram (EEG) as another biomedical signal 

to demonstrate the effectiveness of proposed FLO-FrST in classifying epileptic activity. 

The scope of presented work is broadened by including these non-stationary EEG signals 

for analysis. The performance of proposed FLO-FrST system is validated through the 

utilization of various convolutional neural network (CNN) models, showcasing its ability 

to excel in diverse modeling scenarios and providing good performance. 

In a broader sense, presented study has proposed solutions for non-stationary signals under 

non-Gaussian environment. This study has enabled a new perspective to adopt noise model 

analysis, ranging from impulsive to Gaussian noise environments. Additionally, proposed 

study amalgamates the concepts from multidisciplinary signal processing domains and 

comes up with robust tools and methods to analyse non-stationary signals in non-Gaussian 

environment. For instance, with an amalgamation of FrFT with ST, flexibility in terms of 

degrees of freedom has been added over traditional methods in processing ECG signals, 

putting together design methods of SE with cross-convolution window concept and FrFT 

has provided shape adaptability to classical morphological filtering, and by bringing 

together concepts of FrFT and ST with FLOS has provided fractional frequency domain 

support to existing fractional lower-order time-frequency (FLO-TF) approaches by 

improving over resolution, reconstruction and robustness for noise environments ranging 

from impulsive to Gaussian. Finally, this opens up new horizons and calls for more focus 

on research, opting for alternate noise analysis models to overcome performance 

shortcomings in conventional methods and exploring the applications of proposed tools in 

other applications of signal processing as well. 
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Chapter 1 

1 Introduction 
 

1.1 General 

Signal processing is the heart of technological advancements encompassing the theories 

and algorithms for analyzing and processing signals. It is a boon to the medical field and 

for other non-medical applications like security, home automation, etc. With extensive 

applications in diverse disciplines of research and engineering [1, 2], the primary goals of 

signal processing are often categorized into four main areas: 

(i) Signal Generation: This includes mechanisms to acquire and synthesize signals for 

describing underlying information. It includes fields like sensing, synthesis, and 

acquisition. 

(ii) Signal Representation: This includes the use of mathematical models to 

characterize signals. It deals with the field of applied mathematics and information 

theory and includes tools like the Fourier transform for suitable analysis of signals 

[1]. 

(iii) Signal Manipulation: This field circumscribes the processing techniques for 

separating/attenuating the desired component of an observed signal from noise or 

enhancing certain components to extract useful information.  

(iv) Signal Interpretation: After acquiring and processing signal, various techniques 

like segmentation are applied to extract useful information. This branch of signal 

processing includes fields like classification and pattern recognition. 

 

Recently, the focus of research in the field of signal processing has been shifting towards 

developing solutions for more complex and demanding situations that are non-stationary 

and non-Gaussian in nature. However, depending solely on a single branch of signal 

processing is inadequate to tackle these issues, thereby requiring the investigation of many 
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interdisciplinary domains within signal processing. The research encapsulated in the 

presented work is motivated by our desire to address the challenges that arise while working 

with non-stationary signals in a non-Gaussian environment. This chapter presents a 

comprehensive overview of the key areas that motivate our research. It includes a basic 

introduction to morphological signal processing, fractional-order signal processing, time-

frequency signal analysis and processing, as well as their applications. 

1.2 Concept of Morphological Signal Processing (MSP) 

MSP, a non-linear signal processing branch, originated from mathematical morphology 

(MM), originally from the mathematical framework for set theory and lattice algebra. The 

pioneering work in MM was done by French researchers Matheron [3] and Serra [4] in 

1960s, to study geometric structures of image objects as sets in Euclidean space. Since then, 

MM concept has been successfully applied to various areas of image processing like 

filtering, segmentation, character recognition, edge detection, etc., and have applications in 

areas like medical imaging and oil spills detection [5, 6, 7].  

Utilizing the concepts of MM, Maragos and Schafer [8, 9] later introduced the unified 

theory for the representation of classical linear and non-linear filters in terms of 

morphological correlations/transformations [10]. This unified theory assisted in analyzing 

geometric structures of binary signals (classified as set), multi-level signals (classified as 

functions) and filters (set-processing and function-processing). Filters employing such MM 

concept, used for filtering signals based on sets and functions, were referred to as 

mathematical morphological filter or simply morphological filters (MFs). These MFs 

locally modify the geometric features of signals using non-linear signal transformations. 

As the name “morphology” implies shape or form, MSP is the study for analyzing and 

quantifying the shape, size and other geometric aspects of the signal. The analysis and 

processing are performed using – morphological transformations, referred to as 

morphological operators (MOs) and another signal, referred to as structuring element (SE). 

As stated by Matheron [3]: “knowledge about an object depends on how we observe it.” In 

reference to MFs, this implies that the choice of SE with appropriate MO influences the 

information one can extract. The simplicity of using morphology-based processing lies in 

the concept that applying or fitting SE using MOs are determined by the kind of information 

we desire. Hence, conforming to their efficient algorithms and easy implementations, MFs 
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are widely used in 1-D and 2-D applications, including but not limited to biomedical signal 

processing [11, 12, 13], mechanical fault diagnosis [14] and seismic signal processing [15]. 

Furthermore, literature has presented the approximations of various linear and non-linear 

filters like median filter and order statistics [16]. Also, morphological wavelet theory has 

been reported in which these MOs are utilized in non-linear multi-resolution signal 

decomposition schemes [17, 18].  

However, the majority of research conducted focuses on designing various MFs by 

integrating combinations of MOs, with less attention placed on designing SE. Hence, this 

thesis aims to introduce a new SE design based on the principles of MSP for effectively 

filtering non-stationary signals in both Gaussian and non-Gaussian environments. 

1.3 Concept of Fractional-Order Signal Processing (FoSP) 

“Fractional-order” is an intriguing concept and has attracted the attention of scientists and 

engineers for a long time. From the time of understanding the beauty of fractions by 

recognizing the golden ratio: 1.618:1, natural exponential: e=2.71828 and 𝜋=3.14159, the 

approach of “fractional thinking” was incorporated, which resulted in amalgamating 

various concepts with fractional terminology. For instance, between integers fractional 

numbers were introduced; in between integer-order calculus, there is fractional-order 

calculus; in between integer-order moments, there are non-integer order moments, i.e., 

fractional-order moments; and in between time and frequency domain, fractional Fourier 

transform was formulated. 

Recalling the very first evidence of long-range dependence (LRD), Hurst reported this 

phenomenon by analyzing data collected from the Nile River in Egypt [19]. Another, 

historical example of Great Salt Lake (GSL), where variation of its elevation has been an 

issue since 1875 [20]. Among several methods employed to estimate its elevation from time 

to time, their insufficient performance led to the evidence of heavy-tailed data [21].  

Owing to these characteristics of data, many research studies pointed out that the 𝛼-stable 

process was better at handling LRD and heavy-tailed data. Delving deeper, the link between 

fractional calculus (FC) and the LRD process was found, as LRD processes could be 

generated using fractional-order differential systems [22, 23]. Similarly, 𝛼-stable process 

was found as the result of fractional-order diffusion equations [23]. With this, it is 
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imperative to say that FC holds significant importance in describing many natural and man-

made phenomena. 

Furthermore, to glance at FC [24], which encompasses fractional-order differentiation and 

fractional-order integration, is an extended concept of conventional Newtonian calculus. 

As derived from the field of pure mathematics, it has been successfully applied in various 

fields of science and engineering [25, 26, 27].  

Apart from this, another important tool that captures the essence of “fractionalization” and 

offers a solution for analyzing LRD processes is the fractional Fourier transform (FrFT) 

[28]. It generalizes the definition of classical Fourier transform, allowing for fractional 

values of transform order [29].  

Lastly, in order to put this fractionalization in proper context from the viewpoint of signal 

processing, the cumulative knowledge of three major components– fractional calculus, 𝛼-

stable distribution, and fractional Fourier transform forms the backbone of fractional-order 

signal processing (FoSP). Therefore, with the demand for analyzing and understanding 

these fractional processes, the methods for fractional-order signal processing have become 

an active research area.  

For this reason, this thesis aims to explore the applicability of FoSP tools in processing 

signals. Since real-world signals tend to have heavy-tailed characteristics, the work in this 

thesis revolves around examining the presence of non-Gaussian characteristics in real-time 

noises using FoSP tool i.e., 𝛼-stable distribution tool. Subsequently, methods for processing 

non-stationary signals in a non-Gaussian environment will be designed.  

1.4 Historical Background of Time-Frequency (TF) Tools 

The non-stationary process offers an alternate explanation for the empirical phenomenon 

that long-range dependencies are intended to solve [30]. As mentioned before, just like 

LRD data are analyzed using FoSP tools, non-stationary signals, which are the realization 

of a non-stationary process, are analyzed using time-frequency (TF) tools. They provide 

simultaneous localization of time and frequency components to efficiently analyse and 

process non-stationary signals. 

Historically, the concept of time-frequency analysis is related to the joint distribution of 

position and momentum in Quantum Mechanics [31]. Thus, the concept behind devising 

time-frequency distribution (TFD) may be traced back to the idea of joint distribution of 
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densities, which incorporates the utilization of marginals and moments of the density 

functions, as commonly employed in probability theory. Thus, the construction of TFDs 

involves the concept of joint distributions, covariations, and marginals to describe the 

energy density of a signal in both time and frequency domains [32].  

In the last few decades, TF tools have emerged as a powerful method for analyzing non-

stationary signals and have been applied to diverse fields like seismic signal processing 

[33], volcanic monitoring [34], fault signal processing [35], biomedical signal processing 

[36, 37], etc. TF tools have also shown promising results in image processing applications 

using advanced processing methods such as machine learning and deep learning [37, 38].  

With the initial classification of TF tools into linear, quadratic and higher-order 

representations, the focus was on improving the resolution of TF tools. Typical examples 

falling in this category are short-time Fourier transform (STFT) [39], Wavelet transform 

(WT) [40], Wigner-Ville distribution (WVD) [32, 41, 42, 43].  

Inspired by the advantages offered by fractional Fourier transform (FrFT) [44] in filtering, 

a new perspective to the established analytical TF tools was introduced, leading to the 

development of time-fractional frequency tools like short-time fractional Fourier transform 

(STFrFT) [45], fractional Wavelet transform (FrWT) [46] and fractional Stockwell 

transform (FrST) [47]. This new category of tools based on the FrFT kernel improved 

robustness by offering the flexibility of FrFT parameter 𝜑, which helps extract better 

characteristic information of signal by introducing time-fractional frequency resolution. 

However, most of the research related to FrFT kernel-based TF tools is limited to 

geophysics, and there is an opportunity to explore its advantages in the biomedical field. 

Therefore, the aim of this research is first to explore the performance of FrFT kernel-based 

TF tool for biomedical applications.  

Furthermore, most of the above-mentioned TF tools emphasize the analysis of real-time 

signals in the presence of a Gaussian noise environment. Nevertheless, recent literature 

studies have revealed that the effectiveness of these current TF techniques declines when 

impulsive noise is present [48]. Hence, to enhance the versatility of TF tools, new 

definitions using fractional lower-order statistics (FLOS) have been proposed, referred to 

as fractional lower-order time-frequency (FLO-TF) tools. These tools are based on 

fractional lower-order statistics (FLOS) and incorporate the FLO parameter 𝜌. In contrast 

to their TF counterpart, FLO-TF tools provide better performance in the presence of a non-
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Gaussian 𝛼-stable distribution noise environment [49, 50]. However, their performance is 

still limited by poor resolution, which results in loss of information when reconstructing. 

In order to address the limitations of current FLO-TF tools, this thesis proposes a novel 

design strategy that utilizes FrFT kernel. The objective is to improve performance in terms 

of resolution, reconstruction, and robustness in noise environments that range from 

impulsive to Gaussian. 

1.5 Contribution of Research Work 

For over 100 years, the electrocardiogram (ECG) has been used to evaluate human cardiac 

activity. It is a non-invasive technique that transforms the electric impulses evolving from 

the heart into a time-varying signal and any deviation from the normal ECG pattern is 

reflected in the subject’s ECG recording. Thus, it provides information about the 

electrophysiology of the heart and ischemic changes occurring in the heart; hence, is 

contemplated as a fundamental tool for monitoring cardiovascular disorders (CVDs). 

However, ECG analyzing systems designed to capture subtle abnormal changes in ECG 

patterns for timely and accurate diagnosis of fatal heart diseases still face challenges due to 

the non-stationary nature of ECG signals. Also, the chances of a wrong diagnosis of ECG 

signals increase if noises and distortions are not dealt with at the initial stage. Therefore, 

initial research work aims to design the denoising and QRS complex detection employing 

time-fractional frequency analysis. With the advantages of hybridizing the concept of ST 

with FrFT, the obtained spectrogram plays a key role by providing a fine signal resolution 

and avoiding the overlap between essential components present in the signal and various 

noises corrupting the ECG signal.   

Furthermore, as mentioned before, ECG gets corrupted by various impulsive noises and 

artifacts, which can cause problems in analyzing the underlying condition of the heart. The 

possible reason for these impulsive noises is electromyogram (EMG) or muscle noise, 

powerline interference and drift in ECG caused by baseline wander. However, in 

conventional ECG signal processing techniques, artifacts are assumed to follow the 

Gaussian distribution. This is why we usually use additive white Gaussian noise, for 

proving the robustness of algorithms under noisy conditions (physiological and 

environmental). However, it has been proved that various noises existing in nature do not 

follow the assumption of the Central Limit Theorem, which forms the backbone for 

assuming noise to be Gaussian. Hence, an investigation study has been presented to prove 
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the existence of non-Gaussian 𝛼-stable distribution noise nature in noises corrupting ECG 

signals. 

Subsequently, as traditional linear filtering techniques are ineffective for reducing 

impulsive noises and preserving the subtle notches and spurs in ECG signal, further 

research on non-linear filtering alternatives using morphological filters (MFs) is put 

forward. The proposed MF has the potential to suppress ECG noises and offer beat 

adaption, ultimately improving reconstruction performance.   

Lastly, the time-frequency analysis and processing methods are again explored to provide 

enhanced performance in a non-Gaussian 𝛼-stable distribution noise environment. The 

proposed novel tool has the capability of dealing with Gaussian as well as impulsive noise 

as its formulation is based on FLOS. Additionally, considering the robustness, 

reconstruction and resolution ability of proposed tool, application on 

electroencephalogram (EEG) epileptic detection is explored.  

Thus, the research encapsulated in this thesis revolves around exploring – non-stationary 

nature of signals and solutions for dealing with a non-Gaussian noise environment.  

1.6 Organization of Thesis 

The research work is structured in seven chapters. The first two chapters describe the theme 

of the presented work with its introductory and state-of-the-art works, while the main work 

of the thesis is presented in chapters three and onwards. 

 

Chapter 2: Literature Survey 

Central premise of the thesis is covered with an extensive review of research work 

pertaining to morphological filters, fractional-order signal processing and time-frequency 

signal analysis and processing. This will serve as a prerequisite for the subsequent chapters 

by highlighting the motivation, research gaps, objectives and research methodology carried 

out in this thesis. 

 

Chapter 3: ECG Signal Processing Using Fractional Stockwell Transform (FrST) 

This chapter explores the idea of TF tools based on the FrFT kernel, i.e., FrST, in processing 

non-stationary ECG signals. The methods for FrST-based denoising and FrST-based QRS 
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complex detection are devised and their performance is compared against well-established 

methods. Contrary to the classical approaches, the performance of the proposed methods 

are dependent on three variable FrST parameters (𝑎, 𝑝 and 𝑞), resulting in a dramatic 

improvement for both denoising and QRS complex detection in terms of their respective 

performance metric parameters. 

 

Chapter 4: Investigation of 𝛼-Stable Distribution Noise Analysis Model for ECG 

Signals 

This chapter addresses the question, “Is Gaussian distribution noise appropriate for 

practical scenarios?” by investigating the characteristics of real-time noises. The presence 

of a non-Gaussian α-stable distribution is demonstrated by employing several statistical 

techniques on noise data obtained from standard databases. The main highlight of this 

chapter is the evidence of performance degradation obtained by incorporating the proposed 

𝛼-stable distribution noise on existing R-peak detection methods and deep learning (DL) 

models, which are designed with the implicit assumption of normality.  

 

Chapter 5: Design of Morphological Filter for ECG Processing Considering 𝛼-Stable 

Distribution Noise 

Following the conclusion drawn from Chapter 4, the design of denoising and QRS complex 

detection is proposed for ECG signals, considering the scenario of a practical noise model, 

i.e., 𝛼-stable distribution noise model. Owing to the need to design solutions for noises 

ranging from impulsive to Gaussian, the branch of non-linear morphological filtering is 

used. With the proposed fractional structuring element and morphological operations, the 

designed filter served for noise suppression and better adaption to the changes in ECG 

signal morphology. This improved reconstruction, followed by better detection of QRS 

complex, compared to established methods.    

  

Chapter 6: Introduction of Novel Time-Frequency Tool for 𝛼-Stable Distribution 

Noise Environment 

Extending the idea of FrST in conjunction with the non-Gaussian 𝛼-stable distribution 

noise concept, a new tool based on fractional lower-order statistics (FLOS) is put forward 
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in this chapter. With an intensive comparison of the proposed FLO-FrST with existing state-

of-the-art tools, the application of EEG epileptic detection using DL is presented using the 

proposed tool. Also, validation and comparison are provided with literature methods and 

using different CNN models to indicate the potential of the proposed FLO-FrST tool. 

 

Chapter 7: Conclusion and Future Scope 

This chapter provides concluding remarks on the research encapsulated in this thesis. In 

addition, future prospects have been presented built around the potential of the proposed 

methods. 
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Chapter 2 

2 Literature Survey 
 

2.1 Overview of ECG Signal Analysis and Processing 

Over the last four decades, methods to analyze and process ECG signals have gained 

enormous attention, as ECG is the most popular tool for effectively evaluating heart 

disorders like cardiac arrhythmia and myocardial infarction. However, due to the non-

stationary nature of ECG signals and their susceptibility to various noises, it is necessary 

to devise methods for enhancing diagnostic information of ECG signals.  

A brief description of different noises corrupting ECG signals, its preprocessing and 

detection of QRS complex are summarized below. 

2.1.1 ECG Noise Analysis  

As stated before, ECG signals tend to get distorted by various physiological and 

environmental factors, even with a controlled acquisition setup. Therefore, to design 

preprocessing mechanisms for its accurate monitoring, understanding the main sources of 

noise is essential. The following categories provide an overview of different noises by 

considering all the perturbations affecting ECG [51, 52]. 

▪ Muscle noise: ECG is acquired by electrodes which are attached to patient body. 

These electrodes acquire the electric potential generated by heart muscle and other 

active muscles. Thus, muscle noise is caused by contraction of muscles also known 

as electromyogram (EMG). It is a high-frequency noise whose spectrum overlaps 

with ECG spectrum. Methods designed to address this noise reduction often result 

in distorting the essential ECG components. 

▪ Baseline wander: It is a low-frequency noise originating from physiological factors 

like respiration or body movements. This noise affects the isoelectric line of 

captured signal and thus misleading the analysis. 

▪ Powerline interference (PLI): This is a narrowband noise with frequency centered 

at 50/60 Hz. This power supply type of noise can result in sporadic impulse. 
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▪ Artifacts of motion: These are caused by loss of electrode contact due to the motion 

of patients, resulting in sharp changes. This results in a slow and gradual shift in 

baseline of ECG. These artifacts resemble baseline wander but are more 

troublesome as they appear to follow the characteristics of an ECG signal. 

▪ Other interferences of physiological and non-physiological origin: Mother ECG 

appearing in fetal ECG is an example of physiological interference, which cannot 

be controlled. Additionally, interference caused due to phonocardiogram (PCG), 

vibromyogram (VMG) and vibroarthrogram (VAG) also affect the morphology of 

ECG. On the other hand, electric interference caused by instruments used in 

acquiring ECG or present near the acquisition apparatus, such as electromagnetic 

interference, instrumentation noise etc., are of non-physiological origin.   

2.1.2 Preprocessing of ECG Signals 

Preprocessing in general is a process of removing noises and artifacts interfering with signal 

of interest and its enhancement for processing stages. This stage is foremost after acquiring 

the signal, and methods used in this stage decide the quality of subsequent stages and 

overall process involved in interpreting underlying signal. In the context of ECG processing 

normalization, resampling and ECG denoising are few blocks involved in preprocessing. 

ECG denoising is a significant block of this stage, which involves removing artifacts and 

noises and performing operations like baseline correction.  

The significance of this stage lies in the fact that during signal acquisition, ECG gets 

corrupted by various noise and artifacts (physiological and non-physiological origin), 

whose frequency mostly lies within the band of interest (0.05-100 Hz) [51, 52].  

Over the years, an extensive survey has been conducted in this field and a wide variety of 

signal processing methods to denoise ECG signals have been established.  

Conventionally, preprocessing of ECG was done using time-domain techniques as they 

were independent of spectral content required to filter out noise from signals. On the other 

hand, frequency domain techniques were implemented to get desired response 

characteristics based on spectral information [51]. Many algorithms based on adaptive 

filtering [51, 53] such as LMS and RLS were also developed for canceling noise from ECG 

signals as they could track time-varying morphology of ECG signal. To filter out noise 

from ECG signal without distorting its characteristic waveform, Savitzky-Golay filtering 
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technique [54] was also developed, which is a widely accepted tool in the research 

community.  

Recently, various decomposition-based techniques [55, 56, 57, 58, 59, 60] are introduced 

and are quite effective in handling ECG signals. Among them, empirical mode 

decomposition (EMD) based techniques are quite popular as they adaptively decompose 

signal into IMFs and process signal components based on different frequency ranges.  

In addition to these techniques, fractional-order filters [61, 62, 63] have proved 

advantageous over integer-order filters such as Wiener filters, Kalman filters, etc., as they 

can better model real-world problems. In contrast to integral filters, fractional integral 

filters do not have unity weights for getting weighted summed output of a signal. Some of 

these methods also provide zero-phase filtering, which is desirable for preserving the 

features of signal [61].     

2.1.3 QRS Complex Detection 

The goal of preprocessing stage is to suppress noises and enhance the interpretability of 

fiducial points of ECG signal namely P, Q, R, S and T. These fiducial points correspond to 

the depolarization and repolarization mechanisms related to the conduction system of heart. 

Thus, they contain important information that can be manipulated in different ways. For 

example, any change in their morphological pattern indicates cardiac arrhythmia, wave 

interval timings of QRS complex provides information about heart rate variability (HRV), 

and other features extracted from these beats can help identify various heart disorders. 

Among these points, QRS complex is the most prominent component in ECG waveform, 

which plays a key role in analyzing ECG signals. In the sequel of preprocessing ECG 

signals, detection of QRS complex holds significant importance, as its accurate detection 

plays a decisive role in feature extraction, classification and hence in the overall 

interpretation of ECG signal for suitable diagnosis. Therefore, huge research is available 

with a focus on correctly identifying the QRS complex and their brief description is 

grouped into the following three categories: 

Signal Derivative-based methods: Pan and Tompkins [64] presented the algorithm for 

detecting QRS complex in real-time based on linear filtering techniques and nonlinear 

transformations. Hamilton and Tompkins [15] modified this algorithm by optimizing the 

involved decision rules. Many detectors based on first derivative and the combination of 
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Hilbert transform were also developed to detect QRS complex [65]. Furthermore, fractional 

derivatives have recently been introduced to detect QRS complex [66, 67].  

Digital filtering methods: This involves removal of undesired frequency components 

using preprocessing techniques such as window-based filtering [68], median filtering [69], 

and adaptive filtering [53, 70, 71, 72], along with suitable thresholding to detect R-peaks. 

Time-frequency-based methods: Numerous methods based on joint time-frequency 

analysis tools have been developed to detect QRS complexes. The techniques based on 

wavelet transform utilize decomposition mechanism using different wavelet functions and 

soft and hard-based thresholding [73]. On the other hand, Stockwell transform (ST) utilizes 

Gaussian window (known to have best time-frequency bandwidth product) for extracting 

complex features [74]. Also, Empirical Mode Decomposition (EMD) based techniques are 

popular as they decompose signal into various IMFs and process components with different 

frequency ranges [55]. Apart from these, Hilbert transform-based techniques are also 

popular for finding R-peaks [75]. 

2.2 Preliminaries of Morphological Filters (MFs) 

Morphological Filters (MFs) are a category of nonlinear filters utilized in processing 

impulsive signals. By virtue of their intrinsic qualities and solid mathematical foundation, 

they are highly suitable for managing sudden and localized fluctuations in a signal. A 

comprehensive overview of its fundamentals along with its applications are presented 

below: 

2.2.1 Basics of MFs 

The fundamental concept of MF revolves around nonlinearly transforming the shape of a 

signal interacting with another signal referred to as structuring element (SE). This 

interaction involves different morphological operations (MOs) performed on underlying 

signal using suitable SE. The two key components required for designing MF are described 

below. 

2.2.1.1 Concept of Morphological Operations (MOs) 

Four fundamental MOs constituting the main frame of MSP are erosion, dilation, opening 

and closing. They are elaborated with their mathematical formulation in the subsequent 

paragraphs.  
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Let 𝑓(𝑛) be an original 1-D discrete signal that represents function over the domain 𝐹 =

(0,1, … . , 𝑁 − 1). Let 𝑔(𝑚) be the SE that is discrete function over a domain 𝐺 =

(0,1, …… .𝑀 − 1) (𝑀 ≤ 𝑁). Mathematically, four basic operators are defined as follows 

[76]: 

i. Erosion: This operation is derived from Minkowski subtraction performed on two 

sets or the intersection performed on two functions equivalently. Intuitively, erosion 

is a shrinking process and it reduces peaks present in signals. Mathematically, it is 

represented as:  

(𝑓 ⊖ 𝑔)(𝑛) = min {𝑓(𝑛 + 𝑚) − 𝑔(𝑚)} {1 ≤ 𝑛 ≤ 𝑁; 1 ≤ 𝑚 ≤ 𝑀} (2.1) 

ii. Dilation: Derived from Minkowski addition performed on two sets or equivalently 

the union operation performed on two functions. Dilation is an expanding process 

and it smoothens the peaks present in signal and is mathematically described as: 

(𝑓 ⊕ 𝑔)(𝑛) = max{𝑓(𝑛 − 𝑚) + 𝑔(𝑚)} {1 ≤ 𝑛 ≤ 𝑁; 1 ≤ 𝑚 ≤ 𝑀} (2.2) 

iii. Opening: This is cascade operation of the above two operations, i.e., erosion 

followed by dilation and is represented as:  

(𝑓 ∘ 𝑔)(𝑛) = ((𝑓 ⊝ 𝑔)⊕ 𝑔)(𝑛) (2.3) 

iv. Closing: This operation is attained by performing a dilation operation followed by 

erosion and is represented as: 

(𝑓 ∎  𝑔)(𝑛) = ((𝑓 ⊕ 𝑔)⊝ 𝑔)(𝑛) (2.4) 

where ⊖, ⊕, ∘ and ∎ denote erosion, dilation, opening and closing operations, 

respectively.  

Nonetheless, each MO possesses distinct characteristics and is selected according to an 

intended task. For instance, erosion and opening exhibit high-pass characteristics and 

dilation and closing exhibit low-pass characteristics. This enables the utilization of these 

MOs for purposes like noise reduction and feature extraction. In addition to the operations 

mentioned above, literature has documented various MOs that have been employed in 

mechanical fault diagnosis and is founded on the combination of these fundamental 

operators (morphological top-hat and morphological gradient operators, etc.) [14, 76, 77].  

2.2.1.2 Concept of Structuring Element (SE) 

In order to perform morphological filtering on the underlying signal, geometric features of 

the signal are modified by applying morphological transformations (i.e., MO) with another 
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signal referred to as SE. It is characterized by its shape, length and height. Performance of 

MF is governed by the choice of SE along with suitable MO.  

In the literature, many SE shapes are defined such as flat SE, dome-shaped SE, triangular 

SE and half-wave of sine waveform [31, 32, 33]. The selection of SE solely depends on 

signal characteristics and application for which MF is to be applied. For example, if an aim 

is to extract signal features, shape of SE is chosen to be like the shape of signal. If an aim 

is to remove noise, flat SE is used to smooth the regions where noise is present. MF is 

generally a shape-processing filtering approach and SE is like a probe that executes the 

filtering mechanism using the intended MO. After selecting a particular shape for SE, 

length of SE is then determined by 

{
𝐿𝑠 > 𝑀; 𝑠𝑒𝑔𝑚𝑒𝑛𝑡 𝑜𝑓 𝑠𝑖𝑔𝑛𝑎𝑙 𝑖𝑠 𝑟𝑒𝑡𝑎𝑖𝑛𝑒𝑑
𝐿𝑠 < 𝑀; 𝑠𝑒𝑔𝑚𝑒𝑛𝑡 𝑜𝑓 𝑠𝑖𝑔𝑛𝑎𝑙 𝑖𝑠 𝑟𝑒𝑚𝑜𝑣𝑒𝑑

  
(2.5) 

where 𝑀 is length of SE and 𝐿𝑠 denotes segment of signal under consideration. 

Furthermore, various theories are reported in the literature which employ MO multiple 

times (multi-scale morphological filtering [78]) using different SEs to process different 

scales of underlying signal. The concept of time-varying SE [79] is proposed to reduce the 

complexity of multi-scale morphological filtering and different approaches to optimize the 

length of SE in conjunction with MO are proposed for various image processing 

applications [80, 81] as well as for mechanical fault detection [82].  

2.2.1.3 Demonstration of MF 

With viewpoint of illustrating the effect of different MOs as well as providing the essence 

of working with SE, a simulated signal of following specifications is considered.  

• Two small “positive” and “negative” impulses of length 4 sampling points 

• Two large “positive” and “negative” impulses of length 6 sampling points 

And for demonstration purposes, SE characterized by following attributes is chosen. 

Shape: Flat 

Height: Zero 

Length: 3, 4, 5, and 6 sampling points, therefore for simplicity SEs will be denoted as 

𝑆𝐸𝐿3, 𝑆𝐸𝐿4 𝑆𝐸𝐿5 and 𝑆𝐸𝐿6. 

Moving further, to demonstrate the output of fundamental MOs firstly in Figure 2.1, output 

of dilation in accordance with different lengths of SE is depicted with following 

observations: 
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Impact on negative impulses 

▪ Short negative impulse: As negative impulse length is 4, 𝑆𝐸𝐿4  𝑆𝐸𝐿5 and 𝑆𝐸𝐿6 

completely suppresses its amplitude to zero (reference level of signal), whereas SE 

𝑆𝐸𝐿3 only partially reduces the amplitude as depicted.   

▪ Large negative impulse: 𝑆𝐸𝐿6 completely suppresses the amplitude whereas, other SEs 

only reduce the amplitude with worst reduction shown by 𝑆𝐸𝐿3. 

Impact on positive impulses 

▪ All SEs flatten (or smooth) the amplitude of impulses, with maximum flattening shown 

by 𝑆𝐸𝐿6 and minimum by 𝑆𝐸𝐿3.  

Thus, overall behavior of dilation is to suppress negative amplitudes (also referred to 

as valleys) and flatten positive ones (referred as peaks).   

 

 

--- Simulated signal               Output of dilation 

Output with Length of SE=4 

Output with Length of SE=6 

Output with Length of SE=3 

Output with Length of SE=5 

(a) (b) 

(c) 
(d) 

A
m
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d
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Time (in samples) 

Figure 2.1 Demonstration of dilation using different structuring element (SE) of different 

length (a) Using 𝑆𝐸𝐿3 i.e., SE of length 3 (b) Using 𝑆𝐸𝐿4 i.e., SE of length 4 (c) 

Using 𝑆𝐸𝐿5 i.e., SE of length 5 (d) Using 𝑆𝐸𝐿6 i.e., SE of length 6.  
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Next, to depict the erosion Figure 2.2 is shown with a suitable explanation as follows: 

Impact on positive impulse 

▪ For shorter impulse of length 4, 𝑆𝐸𝐿4, 𝑆𝐸𝐿5 and 𝑆𝐸𝐿6 completely suppresses its 

amplitude to zero (reference level of signal), whereas 𝑆𝐸𝐿3 only reduces the amplitude.   

Impact on negative impulses 

▪ All SEs flatten (or smooth) the amplitude of impulses, with maximum flattening shown 

by 𝑆𝐸𝐿6 and minimum by 𝑆𝐸𝐿3. 

▪ For large impulse, only 𝑆𝐸𝐿6 is able to completely suppress the peak, whereas other 

SEs show partial suppression, with worst performance shown by 𝑆𝐸𝐿3. 

 

--- Simulated signal               Output of erosion 

Output with Length of SE=4 

Output with Length of SE=6 

Output with Length of SE=3 

Output with Length of SE=5 

(a) (b) 

(c) 
(d) 

A
m
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li

tu
d

e 

Time (in samples) 

Figure 2.2 Demonstration of erosion operation using different structuring element (SE) of 

different length (a) Using 𝑆𝐸𝐿3 i.e., SE of length 3 (b) Using 𝑆𝐸𝐿4 i.e., SE of 

length 4 (c) Using 𝑆𝐸𝐿5 i.e., SE of length 5 (d) Using 𝑆𝐸𝐿6 i.e., SE of length 6.  
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Here, point worth mentioning is that erosion is the dual operation of dilation in terms of set 

complementation. Hence, performance of erosion on positive impulses is similar to the 

performance of dilation on negative impulses. 

Furthermore, performance of opening, which is a cascade operation of erosion followed by 

dilation, is depicted in Figure 2.3 with following observations: 

 

 

 

 

 

 

 

--- Simulated signal               Output of opening 

Output with Length of SE=4 

Output with Length of SE=6 

Output with Length of SE=3 

Output with Length of SE=5 

(a) (b) 

(c) 
(d) 

A
m

p
li

tu
d

e 

Time (in samples) 

Figure 2.3 Demonstration of opening operation using different structuring element 

(SE) of different length (a) Using 𝑆𝐸𝐿3 i.e., SE of length 3 (b) Using 

𝑆𝐸𝐿4 i.e., SE of length 4 (c) Using 𝑆𝐸𝐿5 i.e., SE of length 5 (d) Using 

𝑆𝐸𝐿6 i.e., SE of length 6.  
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Impact on negative impulses 

▪ Inheriting the characteristics of erosion, opening operation retains negative impulses 

and therefore, no impact is observed by using 𝑆𝐸𝐿3,𝑆𝐸𝐿4, 𝑆𝐸𝐿5 and 𝑆𝐸𝐿6 on negative 

impulse.  

Impact on positive impulses 

▪ Inheriting the characteristics of dilation, opening operation reduces the positive 

impulses. For shorter impulse, 𝑆𝐸𝐿4, 𝑆𝐸𝐿5 and 𝑆𝐸𝐿6 are equally effective and for larger 

impulse, only 𝑆𝐸𝐿6 completely removes the impulse. 

 

  

--- Simulated signal               Output of closing 

Output with Length of SE=4 

Output with Length of SE=6 

Output with Length of SE=3 

Output with Length of SE=5 

(a) (b) 

(c) 
(d) 

A
m

p
li

tu
d

e 

Time (in samples) 

Figure 2.4 Demonstration of closing operation using different structuring element 

(SE) of different length (a) Using 𝑆𝐸𝐿3 i.e., SE of length 3 (b) Using 𝑆𝐸𝐿4 

i.e., SE of length 4 (c) Using 𝑆𝐸𝐿5 i.e., SE of length 5 (d) Using 𝑆𝐸𝐿6 i.e., 

SE of length 6  
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Lastly, the performance of closing is shown in Figure 2.4 with details as follows: 

Impact on positive impulses 

▪ As closing is derived from first performing dilation followed by erosion, positive 

impulses are preserved; hence, all SEs perform equally on positive impulses. 

Impact on negative impulses 

▪ Reduction of negative peaks observed with 𝑆𝐸𝐿4, 𝑆𝐸𝐿5 and 𝑆𝐸𝐿6 is equally effective 

in suppressing amplitude of shorter impulse. Furthermore, only 𝑆𝐸𝐿6 is able to 

completely suppress larger impulse. 

Finally, to summarize the performance of different MOs, Table 2.1 gives an overview of 

their characteristics. 

 

2.2.2 Applications of MFs in Signal Processing 

Owing to the advantages offered by MFs, they have been extensively employed in 

biomedical signal processing and mechanical fault processing and their brief description is 

given below:  

2.2.2.1 MFs in ECG Signal Processing 

Numerous works have been done in the field of ECG signal processing incorporating 

morphological filtering methods. Morphological filtering methods are known to suppress 

noise and extract features from signal [83]. The pioneering work of applying morphological 

filtering on ECG was done by Chu and Delp in 1989 [13]. An algorithm based on the 

Table 2.1 Summary of morphological operations (MOs) 

S. no Name of the 

MO 

Symbol Salient features 

1 Dilation (𝑓 ⊕ 𝑔) Reduces the negative peaks and smoothens 

positive peaks 

2 Erosion (𝑓 ⊙ 𝑔) Reduces the positive peaks and smoothens 

negative peaks 

3 Opening (𝑓 ∘ 𝑔) Removes positive peaks and retains the 

negative peaks 

4 Closing (𝑓∎𝑔) Removes negative peaks and retains the 

positive peaks 

Note: 𝑓 is signal of interest and 𝑔 represents SE. 
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combination of opening and closing was developed to suppress the impulsive and 

background noise in ECG signal. Later, Trahanias et al. [84] in 1993 introduced the concept 

of morphological peak-valley extraction operator for detecting QRS complex in ECG 

signals. As morphological processing is a computationally efficient method, Sun et al. 

[85] in 2002 presented a modified morphological filtering algorithm for signal 

conditioning. Additionally, multi-scale morphological derivate was introduced to improve 

the noise sensitivity of single-scale [86]. Besides that, various QRS complex detection 

methods based on morphological filtering were developed, and this concept has also been 

incorporated into wearable devices [87]. Furthermore, the idea of adaptive morphological 

filtering was also formulated to reject broadband noises affecting ECG signal. These were 

based on an adaptive structuring element (SE), shape, size, and weight of which were 

changed based on previously detected QRS complex [88].  

Considering the advantages of MFs, such as its simple and computationally effective 

mechanism, it has been utilized in the development of wearable sensors for ECG [87] and 

has been paired with established techniques to assist in identifying ECG’s characteristic 

components [89, 90]. 

Apart from the applications of MFs in ECG signal processing, methods for EEG signal 

preprocessing based on MF have also been reported [11, 12, 91]. 

2.2.2.2 MFs in Mechanical Fault Processing 

MFs are extensively employed in applications specific to mechanical engineering. Among 

various works, various variations of MFs are reported in the domain area of bearing fault 

detection of rotating machinery and vibration analysis for detection of machine defects. A 

brief summary of MFs related to the domain of mechanical fault processing is presented as 

follows: 

Lv et al. [76] presented a new MF based on averaging the best combination of difference 

operators. This new filter enhances the accuracy of detecting positive and negative 

impulses. SE length is determined by introducing a new indicator called Teager energy 

kurtosis, which further increases the effectiveness of filter introduced for feature extraction.  

Li et al. [92] proposed a new novel scheme for feature extraction based on a mathematical 

morphological filter (MMF) along with a grey relations analysis scheme. Various 

approaches are discussed to determine the analysis scale to be used for MMF. Comparisons 

are performed with the kurtosis criterion-based MMF and spectral kurtosis criterion-based 
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MMF, and superiority is tested using the feature selection results obtained by detecting train 

axle-bearing faults. 

Meng et al. [93] made an approach to deal with fault detection of rolling element bearing 

based on MF combined with a translational invariant wavelet as a pre-filter. At a later stage, 

the proposed method utilized ensemble empirical mode decomposition to extract defect 

information. The efficiency of proposed method is evaluated by measuring signals from 

defective bearings with different fault types.  

Zhang et al. [94] constructed a morphological gradient filter using concept of SE, whose 

length parameter is decided by 𝛼-stable distribution. The parameter 𝛼 is used as an indicator 

to reflect the faults diagnosis due to its strong relation with impulse signal. The frequency 

spectrum of various gradient filters is observed, and dilation-erosion gradient filter has 

shown good performance in enhancement of impulse signal. 

Hu et al. [95] studied the concept of mathematical MF for vibration signal analysis. The 

filter characteristics are described through frequency response analysis, and relationship 

between SE length and MF’s cut-off frequency is put forward to quantitatively select SE. 

Better computational speed and filtering of impulses are found in proposed filter. 

Li et al. [79] presented time-varying morphological filtering (TMF) for rolling element 

fault detection. SE chosen for this purpose is no longer fixed and adjusts adaptively 

according to the extreme points of signal. The method employed has high computational 

efficiency and can extract features accurately. Also, some novel SEs are explored to 

improve the performance of TMF. 

Li et al. [96] presented a novel signal-processing scheme for rolling element-bearing fault 

detection. The advantage of closing and opening based gradient operator along with 

denoising characteristic of convolution operator is utilized to design morphological 

convolution operator (MCO). MCO is then introduced into lifted morphological 

undecimated wavelet to enhance detection ability.  

Yu et al. [97] proposed the enhanced form of MF based on combinations of MOs for robust 

feature extraction for vibration signals.  

Liang et al. [98] amalgamated the concepts of mathematical morphology with other signal 

processing methods, like signal segmentation, to extract the hidden features from intrinsic 

modes to enhance the accuracy of fault diagnosis. 
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2.3 Preliminaries of Fractional-Order Signal Processing (FoSP) 

Knowledge of process, such as stochastic or deterministic, is essential in understanding 

reasons behind the cause of complex phenomena. Conventional signal processing aids by 

providing various avenues to address such scenarios. For example, backed by a strong 

mathematical background, statistical models help to understand the phenomenon of signal 

and noise generation. Here, the catch is models are based on certain assumptions. However, 

to deal with practical applications where signals exhibit properties that change with time 

(non-stationary), such assumptions do not hold firm, leading to inaccuracies in analysing 

the underlying signal.  

To understand these assumptions and models, this section first introduces conventional 

assumptions, followed by a description of the tools needed to address realistic 

characteristics, namely non-Gaussian and non-stationary.  

2.3.1 Conventional Assumptions 

First assumption: The data to be analyzed is normally distributed. 

In conventional signal processing, normal distribution also referred to as Gaussian 

distribution forms the foundation for modeling and processing signals. Mathematicians 

have extensively studied this distribution model and resulting algorithms are usually of a 

simple linear nature and can be implemented in real-time. For example, the additive white 

Gaussian noise (AWGN) assumption in communication theory greatly simplifies the design 

and analysis of receiver structures [49].  

Gaussian distribution also known as the bell curve has its mathematical origins in the work 

of several mathematicians, including Abraham de Moivre (1713), Legendre (1805), Robert 

Adrain (1808), Pierre Simon de Laplace (1810, 1811, 1878-1912) with significant 

contributions from Carl Friedrich Gauss (1795). Originally utilized in the realm of 

astronomy to quantify errors, this concept now plays a crucial role in the domains of 

physics, machine learning, economics, and engineering [99, 100].  

Mathematically for a random variable X, with mean 𝜇 and standard deviation 𝜎, Table 2.2 

summarizes the statistics of Gaussian distribution. 

Moreover, this distribution holds unique properties, such as cumulants above order two 

being zero. Therefore, it is frequently used to describe uncertainty in various applications. 

Another feature of Gaussian distribution is that the Fourier transform of Gaussian 

distribution is again Gaussian distribution itself and therefore has significance in properties 
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like convolution and uncertainty and has practical implications in various fields such as 

probability theory, signal processing, quantum mechanics, to name a few. Therefore, the 

simplicity and characteristics of this distribution make it a useful tool for applying this 

model to various aspects of signal processing and other scientific and engineering fields. 

Additionally, the applicability of Gaussian distribution is supported by central limit 

theorem (CLT), which is a key concept of probability theory given by: 

Central Limit Theorem (CLT) 

Let 𝑋1,𝑋2,……𝑋𝑛, be a sequence of independent and identically distributed (i.i.d) random 

variables with mean 𝜇 and finite variance 𝜎2. Then, a sequence of sums given as [101]: 

𝑆𝑛 =
1

𝜎√𝑛
(∑ 𝑋𝑖 − 𝑛𝜇

𝑛
𝑖=1 )                                                               (2.6) 

such that its distribution function weakly converges to standard Gaussian distribution, i.e., 

to a zero-mean Gaussian variable with the same variance as Xi. CLT theoretically justifies 

the appearance of Gaussian statistics in real life. Furthermore, to understand CLT, an 

informal description is stated as follows: if the sample size of data under consideration 

contains at least 30 independent observations and is lightly skewed, then distribution can 

be well approximated by Gaussian distribution, i.e., all the parametric procedures and 

statistical procedures, designed for Gaussian distribution can be applied. Nevertheless, on 

Table 2.2 Statistics of Gaussian distribution 

Notation 𝒩(𝜇, 𝜎2) 

Range of Parameters −∞ < 𝜇 < ∞; 𝜎 > 0 

PDF 
1

√2𝜋𝜎
𝑒−(𝑥−𝜇)

2 2𝜎2⁄   

CDF 
1

2
(1 + 𝑒𝑟𝑓 (

(𝑥−𝜇)

2𝜎2
)) 

First moment; mean 𝜇 

Second moment; variance 𝜎2 

Third moment; skewness 0 

Fourth moment; kurtosis 3 

Here 𝑒𝑟𝑓(𝑥) is the Gauss error function given by 
2

 √𝜋
∫ 𝑒−𝑡

2𝑥

0
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carefully examining CLT, following constraints are observed, leading to second, third, and 

fourth assumptions as follows: 

Second assumption: Independent and identical distribution (i.i.d.) 

Third assumption: finite variance 

Fourth assumption: lightly skewed 

Furthermore, some questions were brought up in practical applications for analyzing real-

time data, like “what if variables have non-identical distribution?” “what if variables 

possess infinite variance?” Hence, the generalized central limit theorem (GCLT) was 

devised to address the second and third assumptions. For the fourth assumption, i.e., 

modeling skewed data, 𝛼-stable distribution was used as they are used to describe data with 

a heavy-tailed nature. 

Lastly, in light of the deficiencies observed in CLT and with subsequent introduction of 

GCLT, 𝛼-stable distribution emerges as a crucial tool in the field of FoSP. It incorporates 

the necessary characteristics to model heavy-tailed distributions.   

2.3.2 Introduction to First FoSP tool—𝜶-Stable Distribution 

With the need to characterize impulsive phenomenon, an important class of non-gaussian 

distributions — 𝛼-stable distribution [49], was introduced by Levy [102] in 1925 and later 

rigorously studied by various researchers [103, 104, 105]. These are heavy-tailed 

distributions widely used for modeling impulsive phenomena.  𝛼-stable distribution family 

is the generalization of Gaussian distribution with infinite variance and heavy tail. The 

following sections illustrate basic definitions and features of this distribution. 

2.3.2.1 Definition of 𝜶-Stable Distribution 

𝛼-stable random variable is represented by a characteristic function due to a lack of closed-

form expressions of its probability density functions (PDF). Mathematically represented by 

(2.7) and denoted by 𝑆(𝛼, 𝛽, 𝛾, 𝛿), where; 𝛼 is characteristic exponent (also known as 

stability parameter); measuring thickness of tails, 𝛽 is symmetry parameter; measuring 

skewness, 𝛾 is scale parameter; measuring dispersion and 𝛿 is location parameter. For a 

random variable 𝑥, characteristic function 𝜃(𝑡) of a univariate stable distribution function 

𝐹(𝑥) has the form [49] 
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𝜃(𝑡) = {
exp {𝑗𝛿𝑡 − 𝛾|𝑡|𝛼 [1 + 𝑗𝛽𝑠𝑔𝑛(𝑡) tan

𝛼𝜋

2
]} , 𝑖𝑓 𝛼 ≠ 1

exp {𝑗𝛿𝑡 − 𝛾|𝑡|𝛼 [1 + 𝑗𝛽𝑠𝑔𝑛(𝑡)
2

𝜋
log|𝑡|]} , 𝑖𝑓 𝛼 = 1

 (2.7) 

where the symbol 𝑗2 = 1, ‘𝑡’ corresponds to the continuous variable of time and 𝑠𝑔𝑛 is 

signum function given by 

𝑠𝑔𝑛(𝑡) = {

1, 𝑖𝑓 𝑡 > 0 
0, 𝑖𝑓 𝑡 = 0
−1, 𝑖𝑓 𝑡 < 0

   (2.8) 

and the four parameters are conformed in range  

0 < 𝛼 ≤ 2, −1 ≤ 𝛽 ≤ 1, 𝛾 > 0 and −∞ < 𝛿 < ∞ (2.9) 

Some of the distributions which belong to the family of 𝛼-stable distributions are reported 

in Table 2.3. 

Furthermore, the impact of four 𝛼-stable distribution parameters on its PDF is demonstrated 

in Figure 2.5 with variation in 𝛼, 𝛽, 𝛾 and 𝛿 shown in Figure 2.5 (a), (b), (c) and (d), 

respectively.  

▪ The change in 𝛼 parameter contributes to “thickness” of tails in density function. 

As the value of 𝛼 approaches zero, impulsive characteristic increases, i.e., tail 

becomes thicker and more data is centered around the central location. At 𝛼 = 2, 

the density curve corresponds to Gaussian distribution (for any 𝛾, 𝛿).  

▪ The 𝛽 factor is responsible for skewness of distribution. Negative values of 𝛽, make 

distribution skewed towards left side and positive values make distribution more 

concentrated towards the right side, with the center of the axis being at zero. This 

parameter helps understand heavy tail behavior. 

▪ The scale factor 𝛾 is similar to variance of Gaussian distribution, and its value 

corresponds to the dispersion of distribution.  

▪ The location parameter 𝛿, decides shift and scale of 𝛼-stable distribution. Also, its 

value corresponds to mean for 1 < 𝛼 ≤ 2 and median for 0 < 𝛼 < 1. 
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Table 2.3 Some special cases of 𝛼-stable distribution 

Name Notation Closed-form expression 

Standard 𝛼-stable distirbution 𝑆(2, β, 1,0) Do-not exists 

Symmetric 𝛼 stable (S𝛼S) 𝑆(𝛼, 0, 𝛾, δ) Do-not exists 

Gaussian distribution 𝑆(2,0, 𝛾, δ) Exists 

Cauchy distribution 𝑆(1,0, 𝛾, δ) Exists 

Levy stable distribution 
𝑆 (
1

2
, 1, 𝛾, δ) 

Exists 

Pearson distribution 
𝑆 (
1

2
,−1, 𝛾, δ) 

Exists 

 

(a) (b) 

(c) (d) 

Figure 2.5 𝛼-stable probability density function 𝑆(𝛼, 𝛽, 𝛾, 𝛿) at different values of 𝛼-stable 

distribution parameters (a) Density function of 𝑆(𝛼, 0,1,0) by varying 𝛼 parameter,

 (b) Density function of  𝑆(1, 𝛽, 1,0) by varying by varying 𝛽 parameter, (c) Density 

function of 𝑆(1,0, 𝛾, 0) by varying 𝛾 parameter, (d) Density function of 𝑆(1,0,1, 𝛿) 

varying 𝛿 parameter. Note: x is a random variable  
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2.3.2.2 Properties of 𝜶-Stable Distribution 

The justification for using 𝛼-stable distributions is backed by two most important properties 

stated below [49].  

i. Stability Property: A random variable 𝑌 is said to have stable distribution if and 

only if for all 𝑌1, 𝑌2 independent variables with the same distribution as 𝑌 and for 

arbitrary constants 𝑎1, 𝑎2, there are constants 𝑎 and 𝑏 such that: 

𝑎1𝑌1 + 𝑎2𝑌2 =
𝑑
𝑎𝑌 + 𝑏  (2.10) 

where 𝑋 =
𝑑
𝑍 signifies both 𝑋 and 𝑍 have the same distributions [49] . 

ii. Generalized Central Limit Theorem (GCLT): For a sequence {𝑌𝑖} of 

independent and identically distributed (i.i.d) random variables, the necessary and 

sufficient condition for 𝑌 to be the limit of distribution having form  

𝑆𝑛 =
1

𝑎𝑛
(∑ 𝑌𝑖

𝑛
𝑖=1 − 𝑏𝑛) ; 𝑖 = 1,2,⋯𝑛, 𝑛 ∈ ℤ, 𝑎𝑛 ∈ ℝ

+ and 𝑏𝑛 ∈ ℝ (2.11) 

is only if 𝑌 is a stable random variable. Here, if the i.i.d. 𝑌𝑖’s have finite variance, 

then the limit of distribution is Gaussian, as stated in Central Limit Theorem (CLT). 

2.3.2.3 Features of 𝜶-Stable Distribution 

The basic properties of 𝛼-stable distributions are detailed in [106]. However, for better 

understanding, some characteristics worth mentioning about 𝛼-stable distribution are listed 

below. 

i. No closed-form expressions exist for 𝛼-stable distributions. 

ii. 𝛼-stable distributions have algebraic tails and, therefore, are known to have 

thicker/heavier tails than Gaussian distributions, characterized by exponential tails. 

iii. For 𝛼-stable distributions, the mean only exists for 𝛼 > 1; and is zero for 𝛼 ∈ (1,2) 

iv. For 𝛼-stable distributions, except for the limiting case 𝛼 = 2 (Gaussian case), all 

have infinite variance. 

v. Higher-order moments do not exist for 𝛼-stable distributions and for 1 < 𝛼 < 2, 

fractional lower-order moments (FLOMs) of order 𝑝 are defined with 𝑝 < 𝛼. For 

details on FLOMs, refer [49] . 

 

2.3.2.4 Parameter Estimation Tests 

Accurate estimation of parameters is the key to signal modeling. Parameter estimation is 

one of the best ways to check if chosen model is the “best fit” for underlying signal data. 
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Unfortunately for 𝛼-stable distributions, conventional methods in statistics are not used for 

parameter estimation due to lack of proper closed-form density functions (which only exist 

for stable distributions –Gaussian, Cauchy, Levy and Pearson distribution). As this 

distribution includes Gaussian distribution as its special case, therefore these tests hold for 

both 𝛼-stable distribution and Gaussian distribution. Some widely used parameter 

estimation methods for 𝛼-stable distributions fall into four categories:  

a) Quantile methods based on order statistics- Based on the quantiles of distribution, 

this method was introduced by Fama and Roll [107] and was extended by 

McCulloch [108] to estimate all four parameters for cases where 𝛼 ∈ [0.6,2]. 

b) Empirical Characteristic function (ECF) method- Koutrouvelis [109] developed a 

method to estimate the sample’s characteristic function using Koutrouvelis’s 

regression-type method. Later, Kogon and Williams [110] presented a Fourier-

based method to estimate the ECF.  

c) Logarithmic moments method- As statistical moments 𝐸[|. |𝑝]of stable distributions 

only exist for 𝑝 < 𝛼 (where 𝛼 is characteristic exponent); therefore, FLOMs were 

introduced by Nikias [111] in 1995 for symmetric stable distributions. Later, 

challenges in the computation of gamma function and inversion of Sinc function for 

FLOM were eliminated by introducing Logarithmic moments [101]. This method 

is based on computing the differentiation with respect to order 𝑝.  

d) Maximum Likelihood method- This method is based on maximizing the log-

likelihood function by numerically estimating stable PDF. Estimation of stable PDF 

is performed using fast Fourier transform (FFT) or the method given by Nolan 

[112].  

In the presented work, parameter estimation tests given by McCllouch [108] and Kogon 

and Williams [110] will be utilized to estimate the parameters of considered data.  

 

2.3.2.5 Applications of 𝜶-Stable Distribution Model 

By considering the improvements attained by incorporating models that can analyze real-

time phenomena, 𝛼-stable distribution model has contributed to various domains listed 

below. 

Seismic signal processing 

Yue et al. [113] studied statistical characteristics of seismic traces and concluded that the 

distribution of real seismic traces should be heavy-tailed and asymmetric. QQ plots and 
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sample variance experiments were used to illustrate this. Following this assumption, the 

Kogon–Williams characteristic estimation method was applied to estimate the 𝛼-stable 

distribution parameters from seismic traces. 

Wireless communication 

Chen et al. [114] proposed the design of new detectors based on S𝛼S distribution, which 

outperformed existing detectors, giving improved accuracy for wireless sensing systems.  

Powerline communication 

Sanchez et al. [115] presented the application of 𝛼-stable model to synthesize noise in 

power-line. The motivation behind this model is the evidence obtained from statistical 

properties of marginal distribution of noise found in power-line communication systems. 

Image processing 

Sadreazami et al. [116] proposed a new image-denoising method in contourlet domain 

using 𝛼-stable family of distributions. Denoising in the transformed domain improves 

performance at recovering signals from noisy data. Therefore, contourlet coefficients, 

which have proven to be highly non-Gaussian with heavy tails, are modeled using 𝛼-stable 

distribution. The results show a high peak SNR and improved visual quality of denoised 

images. 

EEG signal processing 

Wang et al. [117] analyzed the effect of 𝛼-stable distribution in noise suppression for 

seizure detection from scalp EEG. Due to the heavy tails and asymmetric properties of 𝛼-

stable distribution, it is a powerful tool in modeling impulsive noises in EEG, which usually 

cannot be handled by the Gaussian distribution. The method’s superiority is proved by 

testing the proposed method with the existing approaches. Results demonstrate a better 

detection rate and less false alarms. 

ECG signal processing 

Talbi et al. [118] developed an 𝛼-stable based parametric modeling method for the 

application of ECG compression. This attempt outperformed in terms of providing a better-

quality compressed signal compared to existing modeling methods like Gaussian wavelet-

based models.  

Pander [119] described modeling of muscle noise using 𝛼-stable distribution and suggested 

the use of a nonlinear filter for its removal, owing to the impulsive characteristics of muscle 

noise. 
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Hamlili et al. [120] examined the effect of various impulsive noise models, including 𝛼-

stable distribution and concluded that regardless of filtering, 𝛼-stable distribution noise 

model has the most adverse effect on ECG signals. 

Yu et al. [121] incorporated 𝛼-stable distribution model to analyze the bearing faults. Also, 

a new statistical measure was reported to measure the non-Gaussian characteristics of 

bearing faults, and based on obtained results, it was concluded that, owing to the impulsive 

nature of bearing faults, 𝛼-stable distribution-based models offer better performance.  

Classification 

Luan et al. [122] proposed a classification feature by considering 𝛼-stable distribution for 

statistical modeling of noise, which resulted in providing robust performance in impulsive 

noise environments. 

2.3.3 Introduction to Second FoSP tool—Fractional Fourier Transform (FrFT) 

FrFT is a useful tool for analyzing time-varying signals and LRD signals since it is both 

practically and mathematically more versatile. FrFT, as the extended concept of Fourier 

transform (FT) offered immense significance in all domains and applications that utilized 

FT. It has been applied in several areas of signal and image processing [123, 124, 125, 126, 

127] and has served as the foundation of multiple tools, such as fractional correlation, 

fractional power spectrum, and fractional convolution [27, 128]. 

Initially discovered as an idea of fractional power of Fourier operator by Codon [codon] 

and Namias in solving mathematical problems in 1929, FrFT was reintroduced as a tool 

related to quantum mechanics and optics by Namias and Ozaktas [28, 123] in 1980s. 

Subsequently, it has received significant attention from the research community for 

examining its properties and applications, resulting in notable developments in the 

disciplines of fractional calculus, signal processing and imaging processing [29]. 

2.3.3.1 Definition of FrFT 

FrFT is a unitary transform that maps signal representation to an intermediate domain 

between time and frequency by varying fractional rotation parameter 𝜑 related to fractional 

order parameter 𝑎 by 𝜑 = 𝑎𝜋 2⁄ . FrFT of a signal 𝑥(𝑡) and its inverse is mathematically 

defined by the following expressions [123, 127]: 

𝑋𝜑(𝑢𝜑) =  ℱℱ
𝜑[𝑥(𝑡)] = ∫ 𝐾𝑎(𝑡, 𝑢𝜑)𝑥(𝑡)𝑑𝑡

∞

−∞
  (2.12) 

𝑥(𝑡) = ∫ 𝐾−𝑎(𝑡, 𝑢𝜑)𝑋
𝜑(𝑢𝜑)𝑑𝑢𝜑

∞

−∞
                               (2.13) 
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where 0 < |𝑎| < 2 and ℱℱ
𝜑(∙) denotes FrFT operator. Also, 𝑢𝜑 denotes fractional Fourier 

frequency and 𝐾𝑎(𝑡, 𝑢𝜑) is FrFT kernel. The transform kernel is defined by the following 

equation [127]: 

𝐾𝑎(𝑡, 𝑢𝜑) =

{
 
 

 
 

√
1 − 𝑗 𝑐𝑜𝑡 𝜑

2𝜋
𝑒𝑥𝑝 [𝑗 (

𝑡2 + 𝑢𝜑
2

2
) 𝑐𝑜𝑡 𝜑 − 𝑗𝑢𝜑𝑡 𝑐𝑠𝑐 𝜑] ,         𝜑 ≠ 𝑛𝜋

𝛿(𝑡 − 𝑢𝜑)                                                                                          𝑖𝑓 𝜑 = 2𝑛𝜋

      𝛿(𝑡 + 𝑢𝜑)                                                                                       𝑖𝑓 𝜑 + 𝜋 = 2𝑛𝜋

 (2.14) 

which coincides with FT kernel at 𝑎 = 1 i.e., for 𝜑 = 𝜋 2⁄ .  

2.3.3.2 Properties of FrFT Kernel 

FrFT is also defined as the decomposition of signal in terms of chirp signals, which are 

orthogonal basis functions analogous to sinusoids in the context of FT. However, on 

analyzing FrFT definition in (2.12), the following characteristics are observed: 

i. It can be ascertained FrFT kernel is responsible for decomposition of a signal as 

chirp signals.  

ii. FrFT kernel is composed of a time shift and phase factor along with a fixed sweep 

rate 
1

2
cot𝜑, such that: 

𝐾𝑎(𝑡, 𝑢𝜑) = 𝑒−𝑗
𝑢𝜑
2

2
tan𝜑𝐾𝑎(𝑡 − 𝑢𝜑 csc 𝜑 , 0) 

(2.15) 

Furthermore, the beauty of FrFT kernel lies in the following properties: 

i. Symmetry 

𝐾𝑎(𝑡, 𝑢𝜑) = 𝐾𝑎(𝑢𝜑 , 𝑡)  (2.16) 

ii. Unitary 

𝐾𝑎
−1(𝑡, 𝑢𝜑) = 𝐾−𝑎(𝑡, 𝑢𝜑) = 𝐾𝑎

∗(𝑡, 𝑢𝜑) 

where (. )∗ is the complex conjugate denoting Hermitian conjugation. 

(2.17) 

iii. Orthogonal 

∫ 𝐾𝑎(𝑡, 𝑢𝜑)𝐾𝑎(𝑡, 𝑣𝜑)𝑑𝑡 = 𝛿(𝑢𝜑 − 𝑣𝜑)
∞

−∞
  (2.18) 

iv. Additive 

∫ 𝐾𝑎(𝑡, 𝑢𝜑)𝐾𝑏(𝑚, 𝑢𝜑)𝑑𝑢𝜑 = 𝐾𝑎+𝑏(𝑡,𝑚)
∞

−∞
  (2.19) 

 

2.3.3.3 Discrete Fractional Fourier Transform (DFrFT) 

The potential applications of FrFT in fields of science and engineering has led to a demand 

for its practical implementation. Due to the quadratic exponential kernel and integration 
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operator in the mathematics of FrFT, it was impractical to compute it because of the 

significant memory demands, computational time and numerical inaccuracies. As a result, 

researchers have periodically proposed methods for the discrete version of FrFT. 

To effectively capture the essence of continuous FrFT, a discrete version of FrFT must meet 

the following requirements. 

i. The closest approximation to continuous FrFT 

ii. Boundary condition, i.e., at 𝑎=1 corresponding to  𝜑 = 𝜋 2⁄ , discrete FrFT 

must be reduced to a discrete Fourier transform (DFT). 

iii. Unitary property 

iv. Additivity of index 

Several definitions have been documented in literature for digital computation of FrFT and 

they can be grouped into six types namely: sampling-type DFrFTs [129, 130], group theory 

type DFrFTs [131], eigenvector decomposition type DFrFTs [132, 133], quadratic phase 

transform-type DFrFTs [134, 135], chirp-Z transform-type DFrFTs [136] and linear 

combination-type DFrFTs [137, 138, 139].   

Additionally, a thorough examination of the literature on DFrFTs has revealed that 

sampling-type and eigenvalue decomposition-type DFrFTs are most often employed based 

on their closest resemblance to the abovementioned properties [140]. Furthermore, upon 

reviewing these two definitions, it is found that eigenvalue decomposition-type DFrFTs 

have higher computation requirements and lack closed-form expressions. Therefore, the 

sampling-type DFrFT given by Pei et al. [89] will be utilized for the presented work. 

2.3.3.4 Applications of FrFT 

FrFT is a powerful mathematical tool due to its ability to rotate the time-frequency plane. 

This distinct advantage has resulted in its use across various fields, including but not limited 

to filtering, signal reconstruction, feature extraction, pattern recognition, and image 

encryption. This section discusses the applications of FrFT which have significantly 

contributed to proposing tools from the thesis perspective.  

 

FrFT as a time-frequency (TF) tool 

TF representations provide an intuitive way to analyze signals simultaneously in time and 

frequency domains. Upon reviewing the basic definition of FT, signal’s FT can be regarded 

as rotation of 𝜋/2 in a counterclockwise direction by an integer order operator 𝔽. Also, 

repeated applications of 𝔽 results in the following transformations across the TF plane, i.e.,  
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i. Rotation by zero will correspond to the identity operator, i.e., 𝔽0 = 𝕀 

ii. Rotation by 𝜋/2, results in FT, i.e., 𝔽
𝜋
2 = 𝔽 

iii. Successive rotations by angle 𝜗1 and 𝜗2 are equivalent to a single rotation 𝜗1+𝜗2 

i.e., 𝔽𝜗1 + 𝔽𝜗2 = 𝔽𝜗1+𝜗2 

iv. Rotation by 2𝜋 corresponds to the identity operator again, i.e., 𝔽2𝜋 = 𝕀 

Similarly, FrFT can be regarded as rotation by a non-integer number 𝑎, which results in 

representing signal across a fractional axis given by 𝑢𝜑 and 𝑣𝜑,  making an angle 𝜑 =

𝑎𝜋/2  with time and frequency axes, respectively, as shown in Figure 2.6. 

 

 

 

 

 

 

 

 

 

 

 

 

This interpretation of FrFT has resulted in its association with several TF tools like Wigner 

Distribution (WD) and Short-time Fourier transform (STFT). The equivalence between 

rotating the TF plane is obtained using WD or STFT in a clockwise direction by 𝜑 = 𝑎𝜋/2 

corresponds to performing FrFT [44], resulting in following relation between (𝑡, 𝑓) and 

(𝑢𝜑 , 𝑣𝜑) coordinates  

[
𝑢𝜑
𝑣𝜑
] = [

cos𝜑

−sin𝜑

sin𝜑

cos𝜑
] [
𝑡

𝑓
] 

(2.20) 

Furthermore, FrFT is also interpreted as TF transform with chirp as a basis function, thus 

establishing the relationship between FrFT and chirp transform. Additionally, this link has 

been further extended by resulting in a relation between wavelet transform (WT) and FrFT, 

where the chirp function is used as wavelet transform kernel [141, 142].  

All these connections of FrFT have resulted in the development of fractional Fourier 

domain [141, 142], eventually resulting in extensions of convolution, compaction, filtering 

𝑡 

𝜔 

𝑎th domain 

𝜑 = 𝑎𝜋 2⁄  

𝑢𝜑 

Figure 2.6 Time fractional-frequency plane 

𝑣𝜑  

𝜑 
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and multiplexing in a fractional domain. These extensions have been successfully 

employed in the arenas of filter design [45, 127, 143, 144], compression [145, 146], and 

multiplexing [147, 148] making FrFT one of the most valuable tools in signal and image 

processing.  

In addition to being recognized as a time-frequency tool and its connection with other well-

known time-frequency tools, it has demonstrated adaptability in creating new tools, such 

as FrFT kernel-based time-frequency tools (explained in Section 2.4.2). 

 

FrFT as a Feature-Extraction Tool 

FrFT provides flexibility in terms of fractional rotation parameter 𝜑, which eventually 

helps in analyzing different characteristics of signal and image under consideration. With 

an extension of correlation in the fractional domain [149], many applications involving a 

comparison between two signals (or image patterns) like matched filtering [124], pattern 

recognition [150] and object detection [151] have been improvised. Additionally, to 

facilitate classification, FrFT is employed to enhance the feature-extraction process [152, 

153, 154, 155]. Also, FrFT has been utilized to achieve variation in window function 

parameters, which further proves advantageous in practical applications such as image 

compressions [125, 145]. 

Finally, applications mentioned above served as inspiration for the presented work, which 

resulted in adopting FrFT kernel-based TF for processing ECG signals in Chapter 3. The 

design of novel SE is backed up by applying FrFT as a feature-extracting tool. Lastly, in 

Chapter 6, a novel tool known as FLO-FrST, which is constructed upon FrFT and FLOS, 

is formulated. 

2.4 Concept of Time-Frequency (TF) Tools 

TF tools are fundamental block of Time-Frequency Signal Analysis and Processing 

(TFSAP) field, with diverse applications spanning various domains such as biomedical, 

finance, engineering, and physics. In recent decades, TF tools have garnered significant 

attention from researchers globally and evolved as an essential component for devising 

advanced solutions for real-world problems. 

This section is segregated into three parts aimed at offering a concise overview of TF tools, 

followed by a description of prevalent TF tools and applications of TF tools.  
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2.4.1 Overview of TF Tools 

Time-domain and frequency-domain representations of a signal are two classical methods 

that offer insights into different aspects of signal. The time-domain representation provides 

information about signal’s temporal characteristics, such as its start, end, and strength over 

time. On the other hand, frequency-domain representation reveals various frequencies 

present in the signal, including their magnitudes. However, for signals with time-varying 

spectral content (non-stationary signals), these representations do not provide simultaneous 

information about both aspects. For example, the magnitude spectrum created by 

representing signal in frequency domain merely reveals the frequencies present in signal. 

However, it does not provide any information about the specific times when these 

frequencies occur. 

Therefore, the concept of time-frequency (TF) representation was introduced to provide 

simultaneous localization of time and frequency components and efficiently analyze and 

process non-stationary signals. This section briefly describes the fundamental concepts that 

are essential for comprehending the realm of TF tools. 

2.4.1.1 Non-Stationary Signals 

A non-stationary signal is one whose statistical structure varies with time. For example, the 

mean, variance, correlation (covariance) etc., change as time passes. For a stationary signal 

𝑠(𝑡), whose power spectrum defined by (2.21) is independent of time and autocorrelation 

𝑟(𝜏) = Ε[𝑥(𝑡 + 𝜏)𝑥(𝑡)] is sufficient to describe the statistical properties of signal 𝑠(𝑡) 

[156]. 

𝑆(𝜔) = ∫ 𝑟(𝜏)𝑒−𝑗𝜔𝜏𝑑𝜏
∞

−∞

 
(2.21) 

In contrast for non-stationary signals, spectral properties change with time; hence, for 

analyzing such signals, time-dependent power spectrum representation is needed, which is 

achieved using TF tools. 

2.4.1.2 Shortcomings of Fourier Transform (FT) 

FT is the most popular transform for stationary signals, offering time-independent power 

spectra. It provides a comprehensive description of frequency components prevalent in a 

signal. However, the disadvantage of classical representations in both time and frequency 

domains is their lack of localization concerning the excluded variable (𝑡 or 𝜔). The 

inadequacy of FT is outlined in points below [37]: 
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i. The magnitude spectrum indicates frequencies within the signal but does not 

provide information about the specific timing of those frequencies. 

ii. It is unsuitable for depicting abrupt changes or sharp angles, as it requires many 

Fourier components to represent such discontinuities accurately. 

iii. Inability to localize time and frequency together. 

iv. Not effective in analyzing time-varying signals and non-stationary signals. 

Furthermore, analyzing a signal's frequency content has been invaluable in many different 

applications, making Fourier transform (FT) an important tool for signal analysis. However, 

need to analyze problems in real time that involve changing characteristics led to the 

development of TF tools. 

2.4.1.3 Uncertainty Principle 

The uncertainty principle, originating from quantum mechanics and established by 

Heisenberg in 1927, asserts the impossibility of accurately determining both position and 

momentum of a particle simultaneously [157]. Subsequently, Gabor expanded this idea to 

signal and information theory in 1940s [158] and ever since it has also been known as the 

Heisenberg-Gabor uncertainty principle in signal processing. 

Additionally, within the context of signal processing, this principle states that it is 

impossible to localize signal 𝑥𝑠(𝑡) and its Fourier transform (FT) 𝑋𝑠(𝜔). If a signal is 

limited to an interval length of ∆𝑡 and its FT is bandlimited by  ∆𝜔, then [159]: 

 ∆𝑡 ∆𝜔 ≥
1

2
 

(2.22) 

However, Leon in [32] explained that ∆ should be understood as standard deviation. 

Therefore, another interpretation of abovementioned equation is that if ∆𝑡 is the standard 

deviation of time marginal represented as 𝑇2 and ∆𝜔 is the standard deviation of frequency 

marginal, denoted as 𝐵2, given by [32] 

𝑇2 = 𝜎𝑡
2 = ∫(𝑡 − 〈𝑡〉)2|𝑥𝑠(𝑡)|

2𝑑𝑡 
(2.23) 

𝐵2 = 𝜎𝜔
2 = ∫(𝜔 − 〈𝜔〉)2|𝑋𝑠(𝜔)|

2𝑑𝜔 
(2.24) 

Then (2.22) is modified as  

𝜎𝑡
2𝜎𝜔

2 ≥
1

4
  (2.25) 

or equivalently  
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𝑇𝐵 ≥
1

2
 

(2.26) 

This presents the idea of time-bandwidth product (TBP), calculated by multiplying a 

signal's bandwidth by its duration [37]. TBP is an alternative explanation of the uncertainty 

principle that helps comprehend a crucial aspect of TFD, namely resolution. TBP quantifies 

the trade-off between time and frequency resolution and establishes a threshold for the 

minimum level of TF resolution required for signal analysis. To achieve good resolution in 

both time and frequency domains simultaneously, TBP should be minimized in an ideal 

scenario. 

2.4.2 Preliminaries of TF Tools 

Over the past few decades, concept of time-frequency analysis has taken a big leap, and 

various tools have been developed. Owing to their fundamental characteristic of 

simultaneously distributing signal energy over both time and frequency, TF tools offer 

better interpretation of information. This is why TF tools are also referred to as time-

frequency distributions (TFDs) or time-frequency representations (TFRs). To familiarize 

with established TF tools from a thesis point of view, established TF tools are grouped into 

three parts: TF tools based on Fourier kernel, TF tools based on FrFT kernel, and TF tools 

based on fractional lower order statistics (FLOS). Furthermore, every group is accompanied 

by a description of TF tools, which are important from the thesis perspective for better 

understanding. 

2.4.2.1 Group I: TF Tools based on Fourier Kernel 

As the name suggests, TF tools employ the Fourier kernel. To delve deeper, it can be said 

that, as Fourier analysis deals with decomposing signal into orthogonal basis function, i.e., 

sines and cosines, on the same front, when this concept is amalgamated with TF tools, 

signal decomposition is attained using TF atoms localizing signal in time and frequency 

domains. Furthermore, TF tools in this group are the primitive tools that were initially 

developed since the concept of TF tools was first formulated in 1940s. The tools that are 

part of this group are STFT, CWT, WVD, and ST. Additionally, as per rich literature these 

tools belong to the category of linear (STFT, CWT and ST) and quadratic (WVD) methods. 

A description of the tools is listed below: 

i. Short-time Fourier transform (STFT): Also called windowed Fourier transform, 

STFT performs Fourier transform on the overlapping or non-overlapping signal 



Chapter 2 

40 

 

segments and then combines results to obtain TF representation. These are 

mathematically represented as [160] : 

𝑆𝑇𝐹𝑇(𝜏, 𝜔) = ∫ 𝑥𝑠(𝑡)𝑤(𝑡 − 𝜏)𝑒
−𝑗𝜔𝑡𝑑𝑡

∞

− ∞

 

(2.27) 

where 𝑥𝑠(𝜏) is signal, 𝑤(𝜏 − 𝑡) is window function, which is multiplied with 

segment of the signal under consideration. 

STFT employs a window function to segment the signal. Based on this, literature 

has reported many variants of STFT, where different windows like rectangular, 

triangular, Hanning, Kaiser, etc., are employed for localizing signals in the time-

frequency plane [161].   

Additionally, STFT is governed by the uncertainty principle. Therefore, its 

performance is limited by the trade-off between time and frequency, which was 

removed by introduction of the Gabor transform which introduced Gaussian 

window function [158] for STFT formulation.  

ii. Continuous Wavelet transform (CWT): Instead of using a Fourier kernel, CWT 

localizes time and frequency domain by applying a wavelet-based signal 

decomposition technique. It is mathematically represented as [37, 160]: 

𝑊𝑇(𝑎, 𝑏) = ∫ 𝑥𝑠(𝑡)
1

√𝑎

∞

−∞

Ψ∗ (
𝑡 − 𝑏

𝑎
)𝑑𝑡 

(2.28) 

where 𝑥𝑠(𝜏) is signal, Ψ∗ (
𝑡−𝑏

𝑎
) is a wavelet function with location parameter 𝑏 and 

scale parameter 𝑎. 

CWT offers variable TF resolution as it employs different wavelet scales for 

analyzing different frequencies of signals. They perform better than the previously 

discussed STFT tool, whose fixed resolution limits its performance. 

iii. Wigner-Ville Distribution (WVD): They employ the autocorrelation function of 

signal to form TF representation. The mathematical formulation of WVD is given 

as [160]: 

𝑊𝑉𝐷(𝑡, 𝜔) = ∫ 𝑥𝑠 (𝑡 +
𝜏

2
) 𝑥𝑠

∗ (𝑡 −
𝜏

2
) 𝑒−𝑗𝜔𝜏𝑑𝜏

∞

− ∞

 

(2.29) 

Additionally, literature has reported that the mathematical formulation of WVD can 

be seen as FT of a time-varying signal kernel [37]. Wigner distribution was initially 

introduced in quantum mechanics and later introduced for signal analysis by Ville 
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in 1960s; therefore, it is referred to as Wigner-Ville distribution. It is better than 

STFT and CWT in capturing the time-varying nature of signal, but cross-terms 

hinder its effectiveness. 

iv. Stockwell transform (ST): It is a time-frequency analysis tool that combines the 

properties of STFT and CWT. It was established by Stockwell in 1996 [162]. ST 

provides resolution dependent on frequency, sustaining a direct relationship with 

Fourier spectrum. It is an extension of the idea of STFT and is based on a moving 

and scalable Gaussian window. So far, it has been the most powerful Joint Time-

Frequency Analysis (JTFA) tool. Mathematically, ST of a signal is defined as [162, 

163]: 

𝑆(𝜏, 𝑓) =
|𝑓|

√2𝜋
∫ 𝑥𝑠(𝑡)𝑒

−(𝑡−𝜏)2𝑓2

2 𝑒−𝑗2𝜋𝑓𝑡𝑑𝑡

+∞

−∞

 

(2.30) 

where 𝑥𝑠(𝑡) is signal of interest, 𝑓 is signal frequency, 𝜏 is window’s function 

controlling parameter, which decides the position of Gaussian window on time axis 

𝑡.  

2.4.2.2 Group II: TF tools based on FrFT Kernel 

Since FrFT is the generalization of conventional FT, tools in this group are the 

generalization of conventional tools formed by replacing FT kernel with FrFT kernel [164]. 

This amalgamation of FrFT with TF tools has improved their concentration.  

i. Short-time fractional Fourier transform (STFrFT): This tool is developed by 

using STFT of signal with fractional Fourier transformed window and is 

mathematically given by [165]: 

𝑆𝑇𝐹𝑟𝐹𝑇(𝜏, 𝑢𝜑) = ∫ 𝑥𝑠(𝜏)𝑤(𝜏 − 𝑡)𝐾𝑎(𝑡, 𝑢𝜑)𝑑𝜏

+∞

−∞

 

(2.31) 

where 𝑥𝑠(𝜏) is signal, 𝑤(𝜏 − 𝑡) is window function and 𝐾𝑎(𝑡, 𝑢𝜑) is FrFT kernel. 

It was introduced to analyze multicomponent and non-chirp signals.   

ii. Fractional wavelet transform (FrWT): It is the generalization of traditional CWT, 

which introduces non-integer translations and dilations of the wavelet by adding 

fractional parameter 𝜑. Mathematically represented as [46]: 

Fr𝑊𝑇(𝑎, 𝑏) =
1

√𝑎
∫ 𝑋𝑠

𝜑
(𝑢𝜑)

∞

−∞
Ψ∗ (

𝑢𝜑−𝑏

𝑎
)𝑑𝑢𝜑 (2.32) 

where 𝑋𝑠
𝜑
(𝑢𝜑) is FrFT of 𝑥𝑠(𝑡), which is computed by (2.12). 
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iii. Fractional Stockwell transform (FrST): It is the latest time-fractional frequency 

analysis tool, which adopts FrFT kernel instead of the Fourier kernel as in existing 

time-frequency transforms. FrST is simply the extension of ST from time-frequency 

domain to a time-fractional frequency domain.  

For a signal 𝑥(𝑡), an 𝑎𝑡ℎ order FrST is defined and its inverse is defined as [47]: 

𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑) = ∫ 𝑥𝑠(𝑡)𝑔(𝜏 − 𝑡, 𝑢𝜑)𝐾𝑎(𝑡, 𝑢𝜑)𝑑𝑡

+∞

−∞

 

(2.33) 

𝑥𝑠(𝑡) = ∫ { ∫ 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑)𝑑𝜏

+∞

−∞

}

+∞

−∞

𝐾𝑎
∗(𝑡, 𝑢𝜑)𝑑𝑢𝜑 

(2.34) 

where 𝐾𝑎(𝑡, 𝑢𝜑) is kernel function of FrFT, 𝑔(𝜏 − 𝑡, 𝑢𝜑) is a scalable Gaussian 

window function depending on time 𝑡 and 𝑢𝜑 defined by [47]: 

𝑔(𝑡, 𝑢𝜑) =
|𝑢𝜑 csc 𝜑|

𝑝

√2𝜋𝑞
exp(

−𝑡2(𝑢𝜑 csc 𝜑)
2𝑝

2𝑞2
) 

(2.35) 

where 𝑝 and 𝑞 are window adjustment parameters that control window shape based 

on signal characteristics. The window function defined in (2.35) has its width 

proportional to fractional Fourier frequency 𝑢𝜑, which makes FrST somewhat 

similar to ST. Thus, FrST has two window adjusting factors (𝑝 and 𝑞) controlling 

the resolution of Gaussian window and a fractional order parameter (𝑎). Hence FrST 

is a multi-resolution fractional transform with three degrees of freedom, allowing 

for a more flexible operation. 

2.4.2.3 Group III: TF Tools based on Fractional Lower-Order Statistics (FLOS) 

These tools were an improvised version of Group I tools, designed to function effectively 

in non-gaussian environments as well. To explain further, for instance, the mathematical 

formulation of WVD involves the autocorrelation function, an essential operation within 

the category of second-order moments. When encountering impulsive noise, which is more 

accurately represented by a non-Gaussian 𝛼-stable distribution, the higher-order moments 

become unbounded, and second-order moments cease to exist. As a result, need to find 

alternatives grew, leading to the introduction of fractional lower-order statistics (FLOS), 

which is how the idea of fractional lower-order time-frequency representation (FLO-TFR) 

originated in the first place. Another possible explanation for the decline of TF tools in the 

presence of impulsive noise may be linked to the concept of linear space. TF tools are 
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frequently utilized for non-stationary signals that involve Gaussian processes, and it is 

established that linear space produced by Gaussian processes is a Hilbert space. However, 

when impulsive behavior arises, 𝛼-stable distribution is naturally involved. In this case, the 

linear space of the stable process is metric space for 𝛼 ∈ (0,1) and Banach space when 𝛼 ∈

[1, 2). Therefore, the inevitable introduction of non-linearity when addressing problems in 

Banach and metric space could cause TF degradation [49]. 

The concept of fractional lower-order covariance was introduced with the development of 

𝛼-stable distribution in modeling impulsive phenomena in signal processing 

applications[49]. Furthermore, considering the limitations associated with obtaining 

unfavorable outcomes with TF tools when encountering impulsive noise, fractional lower-

order covariance was employed in developing the fractional lower-order Wigner Ville 

distribution (FLO-WVD) [48]. Later, concept of detecting signals in unknown time-

frequency / time-scale offset was extended to the case of impulsive noise for receivers 

[166]. The idea of FLO-WVD was extended with introduction of FLO polynomial WVD 

(FLO-PWVD) to address the problem of resolution in polynomial phase signals [167]. With 

the implementation of TF tools for analyzing mechanical faults [35], TF tools with FLOS 

concept were modified to analyze and process non-Gaussian impulsive behavior of bearing 

faults [35]. With the advantages of ST in providing good resolution in TF domain, fractional 

lower-order Stockwell transform (FLO-ST) was introduced in [168] with its application in 

filtering for machine fault diagnosis. For the analysis of drive end accelerometer in 𝛼-stable 

distribution noise environment, linear chirplet transform (LCT) was combined with FLOS 

[169, 170]. Apart from design modifications resulting in various FLO-TFDs, spectrum 

methods based on 𝛼-stable statistical tools [171, 172, 173] and applications in spectrum 

sensing were also introduced [174].  

A brief description of some tools belonging to this group, which are important from a thesis 

perspective, are described below: 

i. Fractional lower-order short-time Fourier transform (FLO-STFT): This 

variant was introduced to improve the performance of STFT in 𝛼-stable distribution 

noise environment. It is defined as [175]: 

𝐹𝐿𝑂 − 𝑆𝑇𝐹𝑇(𝜏, 𝜔) = ∫ 𝑥𝑠
〈𝜌〉(𝑡)𝑤(𝑡 − 𝜏)𝑒−𝑗𝜔𝑡𝑑𝑡

∞

− ∞

 (2.36) 

where (. )𝜌 is fractional lower-order operator with with 0 ≤ 𝜌 ≤ 1 and is defined 

as: 
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𝑥𝑠
<𝜌>(𝑡) =

|𝑥𝑠(𝑡)|
𝜌+1

𝑥𝑠∗(𝑡)
 

(2.37) 

ii. Fractional lower-order Stockwell transform (FLO-ST): This modified variant 

improved the performance of ST for 𝛼-stable distribution environment. It is 

mathematically given by [168]: 

𝐹𝐿𝑂 − 𝑆𝑇(𝜏, 𝑓) =
|𝑓|

√2𝜋
∫ 𝑥𝑠

〈𝜌〉
(𝑡)𝑒

−(𝑡−𝜏)2𝑓2

2 𝑒−𝑗2𝜋𝑓𝑡𝑑𝑡

+∞

−∞

 (2.38) 

2.4.3 Applications of TF Tools 

The undeniable success of TF tools in recent decades can be attributed to their wide-ranging 

applications. Their range of applications spans various disciplines in science and 

engineering, where they are utilized for a multitude of tasks, including but not limited to 

non-stationary signal processing and analysis, feature extraction, filtering, and data 

compression [37, 176].  

The focus of this section is to outline the applications of the groups mentioned above.  

Applications of Group I Tools: These tools are widely employed in the field of signal 

processing of seismic signals [33], biomedical signals [36, 160], vibration analysis [35], 

and speech and audio signals [37]. Furthermore, these tools are also incorporated with post-

processing approaches [37, 177] like synchro-squeezing, synchro-extracting and 

reassignment to improve the energy concentration and reducing the cross terms as for the 

case of WVDs. These post-processing methods are widely employed in biomedical signals 

to improve the performance of intended application at hand [178]. Also, these tools have 

been utilized for feature extraction in machine learning applications in biomedical signals 

and deep learning, resulting in improved accuracy [179].  

Applications of Group II tools: These tools are commonly used for analyzing time-

varying signals and estimating spectra of signals that include noise due to the added benefit 

of having an extra fractional Fourier domain. With potential applications of these tools in 

seismic signal processing, detection, and estimation, their scope is limited to analyzing 

seismic signals and geophysics domain [45, 46, 47, 180, 181]. 

Applications of Group III tools: As mentioned before, the domain of these tools is strictly 

limited to mechanical fault signal analysis, where the bearing faults are known to 

encompass impulsive nature [50, 168, 174]. 
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2.5 Statistical Tools   

Statistical tools represent an extensive collection of analytical methods that enable the 

examination of many attributes of raw data, facilitating significant insights and 

conclusions. It includes methods such as data analysis, descriptive statistics, inferential 

statistics, regression analysis, and non-parametric tests. In the subsequent sections, 

statistical tests are illustrated to study the deviation of data from normality assumption, as 

it is key aspect when dealing with data in practical scenarios [182]. Here, tests are described 

to illustrate the deviation from normality and resemblance with 𝛼-stable distribution, which 

is proposed in the presented work. Four categories of statistical tests: visual inspection, 

statistical moments, parameter estimation, and hypothesis test are summarized below: 

2.5.1 Tests based on Visual Inspection 

This category includes simplest methods for identifying the characteristics of distribution 

based on their graphical representation. The tests used in proposed work are described 

below. 

2.5.1.1 Histogram 

It is a popular visualization tool in statistics and is based on graphical representation of the 

frequency of data under consideration. It reflects the shape of distribution, and for the 

normally distributed data, bell-shaped histogram is obtained. On the other hand, if the data 

representation is skewed (right or left), then distribution of data is asymmetric and has 

longer tails. 

2.5.1.2 QQ plot 

In this, quantiles of the sample dataset are plotted against theoretical quantiles obtained 

using the normal distribution. The points form a straight line if both follow the same 

distribution, and if departure is observed from the line, then it indicates the deviation from 

the normal distribution. 

2.5.2 Statistical Moment Theory 

The concept of moments in statistics plays a crucial role in describing distribution 

properties. Statistical moments are widely used in estimation theory and hypothesis testing 

[182, 183]. Generally, moments are defined by the expected value of a random variable and 

are denoted by 𝐸[|. |𝑘], where 𝑘 ∈ ℤ. The most commonly used moments are:  
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2.5.2.1 Mean, the First Moment 

It is a measure for finding the central position of distribution and is given by  

𝜇 = ∑𝑥𝑃(𝑋 = 𝑥)    (2.39) 

where 𝑥 is a random variable, 𝑃(𝑋) represents PDF of 𝑥, and 𝜇 is the mean of distribution. 

Additionally, for a data series {𝑑𝑖}, mean is calculated by: 

𝜇 =
1

𝑛
∑𝑑𝑖

𝑛

𝑖=1

 
(2.40) 

To study and concur with this characteristic of 𝛼-stable distribution, the running mean 

method is also used for the computations in proposed work [101] which is mathematically 

computed as 

𝑅𝑢𝑛𝑛𝑖𝑛𝑔 𝑚𝑒𝑎𝑛, 𝑋̅𝑛 =
1

𝑁−1
∑ 𝑋𝑠
𝑛
𝑠=1   (2.41) 

where 𝑁 are the total samples in distribution and 𝑋𝑠 is the distribution samples at 𝑠 =

1,⋯ ,𝑁. 

2.5.2.2 Variance, the Second Moment about Mean 

It is a measure of the spread of distribution about the mean value and is defined as 

𝜎2 = 𝐸((𝑋 − 𝜇)2)  (2.42) 

For data series, variance is given by: 

𝜎2 =
1

𝑛
∑(di − 𝜇)

2

𝑛

𝑖=1

 
(2.43) 

For 𝛼-stable distributions, variance is finite at 𝛼 = 2 (Gaussian case) and has infinite 

variance at 𝛼 < 2. The running variance test is conducted on sample data to support this. If 

variance converges, the distribution follows Gaussian characteristics, and if variance 

diverges, the distribution falls in the non-Gaussian 𝛼-stable family of distributions. 

Mathematically, running variance is computed as [101] 

Running Variance = 
1

𝑛−1
∑ (𝑋𝑠 − 𝑋̅𝑛)

2𝑛
𝑠=1   (2.44) 

where 𝑋̅𝑛, is the running mean as computed in (2.41).  

2.5.2.3 Skewness, the Third Moment  

It is the symmetry measure used for identifying asymmetric distributions. Mathematically, 

the skewness of a distribution is represented as [184] 

𝑆𝑘𝑒𝑤𝑛𝑒𝑠𝑠 = 𝐸 ((
𝑋−𝜇

𝜎
)
3
) =

𝐸((𝑋−𝜇)3)

𝜎3
   

(2.45) 
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For data series, it is given by: 

𝑆𝑘𝑒𝑤𝑛𝑒𝑠𝑠 = √
1

𝑛
∑

(di−𝜇)
3

𝜎
𝑛
𝑖=1   

(2.46) 

In the case of 𝛼-stable, distributions are mostly skewed due to the presence of outliers, and 

hence, skewness is a useful shape-based measure to identify the non-Gaussian 𝛼-stable 

distributions. 

2.5.2.4 Kurtosis, the Fourth Moment 

It calculates the amount of extreme data present in distribution and is mathematically given 

by [184]  

𝐾𝑢𝑟𝑡𝑜𝑠𝑖𝑠 = 𝐸 ((
𝑋−𝜇

𝜎
)
4
) =

𝐸((𝑋−𝜇)4)

𝜎4
  

(2.47) 

And for data series, it is computed as: 

𝐾𝑢𝑟𝑡𝑜𝑠𝑖𝑠 = √
1

𝑛
∑

(di−𝜇)
3

𝜎2
𝑛
𝑖=1   

(2.48) 

Kurtosis is a measure to find the “tailedness” of distribution. The value for Gaussian 

distribution is 3; for non-Gaussian and heavy-tailed distributions, the value is either greater 

than 3 or the higher-order moments do not exist. 

2.5.3 Non-Parametric Tests 

Statistical tests are essential for analyzing data and making quantitative decisions. They are 

categorized into parametric and non-parametric tests. Parametric tests rely on specific 

assumptions relating to the independence of samples, normal distribution of underlying 

data, similarity to normal distribution, and equal variances among distributions. Moreover, 

when the underlying distribution deviates from a normal distribution, parameter tests are 

conducted following certain transformations, which researchers have noted can distort the 

results. Non-parametric tests are referred to as "distribution-free tests" because they require 

minimal assumptions about the data and were developed to address the issue of assumption 

violation present in parametric tests. 

This section introduces non-parametric tests used to analyse data and determine the 

significance of 𝛼-stable distribution behaviour, which challenges the assumption of 

normality. 
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2.5.3.1 Chi-Square Goodness-of-Fit Test 

The assumption of normality is an obvious concept with CLT. CLT straightforwardly 

implies that if the samples are more than 30, regardless of the actual shape of its 

distribution, it tends to follow the normal distribution. However, before relying on Gaussian 

assumption, it is important to ascertain the presence of outliers and check if a serious 

deviation from normality exists. Therefore, hypothesis tests must also be performed to 

assess the normality assumption [184]. 

In the presented work, Chi-square goodness-of-fit test will be performed on the random 

variables and noisy samples. Introduced by Snedecor and Cochran in 1989 [185], it tests 

the hypothesis if the given sample follows specific distribution. 

For the Chi-Square test, the hypothesis used in proposed work is defined as: 

Null hypothesis, 𝐻𝑜: The sample data follows Normal distribution. 

Alternate hypothesis, 𝐻𝐴: The sample data do not follow Normal distribution. 

Also, to perform this test, the sample data is divided into 𝑘 bins and Chi-Square test statistic 

is computed as  

𝜒2 = ∑ (𝑜𝑖 − 𝑒𝑖)
2 𝑒𝑖⁄𝑘

𝑖=1   (2.49) 

where, 𝑜𝑖 and 𝑒𝑖 represents the observed and expected frequency of 𝑖𝑡ℎ cell,  𝜒2 is the data 

sample with a distribution approximated as a Chi-Square distribution with 𝑘-1 degrees of 

freedom. For the significance level equal to 𝑎 and critical value 𝜒𝑎
2, the null hypothesis is 

accepted when 𝜒2 < 𝜒𝑎
2, indicating a good fit. On the other hand, we reject the 𝐻𝑜 in favor 

of 𝐻𝐴, when 𝜒2 > 𝜒𝑎
2. 

2.5.3.2 Kolmogorov-Smirnov (KS) Test 

The Kolmogorov-Smirnov (KS) test is a distribution-free goodness-of-fit test. It is used to 

determine whether the given samples/ underlying probability distribution is similar to the 

hypothesized distribution based on quantification measure called KS statistic or D-statistic 

[186, 187]. KS test statistic value is computed as 

𝐾𝑆 𝑡𝑒𝑠𝑡 𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐 =  max|𝐹(𝑋𝑖) − 𝑅(𝑋𝑖)|, ∀ 𝑖 = 1,2,⋯ , 𝑁 (2.50) 

where 𝐹(𝑋𝑖) is the computed eCDF of sample and 𝑅(𝑋𝑖) is the reference CDF. 

There are two types of this test: 

(i) One-sample KS test: It evaluates the difference between empirical cumulative 

distribution function (eCDF) of sample and CDF of any known continuous 

distribution as depicted in Figure 2.7(a). 
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(ii) Two-sample KS test: It measures the difference between eCDF of the samples 

[188], as illustrated in Figure 2.7 (b).  

 

2.5.4 Wasserstein Distance 

Wasserstein distance provides a special way to compare probability distributions. It 

originated from the concept of optimal transport problem [189, 190] and is also known as 

Earth Mover’s Distance. It is widely employed as a statistical inference tool and goodness-

of-fit tool in statistics. For comparing two distributions, this distance is measured as: 

𝑊𝑑𝑑 = (
1

𝑛
∑‖𝐴(𝑋𝑖) − 𝐵(𝑋𝑖)‖

𝑛

𝑖=1

 )

𝑑𝑑

∀ 𝑖 = 1,2,⋯ ,𝑁 

(2.51) 

where 𝑊𝑑𝑑 denotes 𝑑𝑑-Wasserstein distance, 𝐴(𝑋𝑖) is the empirical distributions of 

underlying data, 𝐵(𝑋𝑖) is the distribution obtained using estimated parameters. For the 

present work, 𝑑𝑑 = 1 will be employed, i.e., 1-Wasserstein distance will be used to 

compare two distributions. Comparing the measure values for evaluating goodness-of-fit, 

one can ascertain that less value of 𝑊𝑑𝑑 will correspond to less distance and hence will 

signify better fit.  

Furthermore, this distance is only defined for distributions with finite moments and 

therefore, for 𝛼-stable distribution 𝑊𝑑𝑑 is only defined for 1 ≤ 𝛼 ≤ 2. 

Figure 2.7 Illustration of Kolmogorov-Smirnov (KS) test, (a) One-sample KS test, blue 

line depicts eCDF of sample and red line depicts CDF of reference 

distribution and black arrow represents KS test statistic, (b) Two-sample KS 

test, red and blue line depicts eCDF of two samples and black arrow 

represents KS test statistic.   

(a) (b) 
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2.5.5 Statistical Distributions  

Statistical distributions, commonly referred to as probability distributions, constitute 

important branches within the realm of statistics and probability theory. They are basically 

mathematical functions and offer valuable insights into the characteristics of a process. 

Various distributions that are suitable for modelling non-Gaussian processes have been 

documented in the literature. These distributions are specifically designed to handle outliers  

and exhibit heavier tails than the Gaussian distribution. This section provides an overview 

of the distribution models that will be employed in thesis. 

2.5.5.1 Gaussian Mixture Distribution (GMD) 

This distribution is composed of 𝑀 number of multivariate Gaussian distributions. The PDF 

of GMD is given by [191] : 

𝑓𝐺𝑀𝐷(𝑥) =∑𝜋𝑖

𝑀

𝑖=1

𝒩(𝑥; 𝜇𝐺𝑀𝐷𝑖, Κ𝐺𝑀𝐷𝑖) (2.52) 

where 𝜋𝑖 represents component proportion with constraint ∑ 𝜋𝑖
𝑀
𝑖=1 = 1, 𝜇𝐺𝑀𝐷𝑖 is the mean 

of 𝑖𝑡ℎ component, Κ𝐺𝑀𝐷𝑖 is the covariance matrix and 𝒩(𝑥; 𝜇𝐺𝑀𝐷𝑖 , Κ𝐺𝑀𝐷𝑖) is the density 

function of multivariate Gaussian distribution.  

Even though this model is based on Gaussian distributions, GMDs can be tailored to capture 

the heavy-tailed nature of distribution. Based on the combination of multiple Gaussian 

distributions with different means and covariances, GMD tends to provide a good fit for 

heavy-tailed distribution. This distribution is widely employed in machine learning.  

 

 

2.5.5.2 Generalized Gaussian Distribution GGD) 

As the name depicts, this is a generalization of Gaussian distribution, which offers more 

flexibility than Gaussian distribution. The PDF of this distribution is defined with three 

parameters, namely location parameter 𝜇𝐺𝐺𝐷, scale parameter 𝛼𝐺𝐺𝐷 and shape parameter 

𝛽𝐺𝐺𝐷 is given by [192]: 

𝑓𝐺𝐺𝐷(𝑥) =
𝛽𝐺𝐺𝐷

2𝛼𝐺𝐺𝐷Γ (
1

𝛽𝐺𝐺𝐷
)
𝑒
|
−(𝑥−𝜇𝐺𝐺𝐷)

𝛼𝐺𝐺𝐷
|
𝛽𝐺𝐺𝐷

 (2.53) 

where, − ∞ < 𝜇𝐺𝐺𝐷 < ∞, 𝛼𝐺𝐺𝐷 > 0, 𝛽𝐺𝐺𝐷 > 0 and Γ(. ) is gamma function.  
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Laplace distribution, Gaussian distribution and uniform distributions are the special cases 

of GGD at 𝛽𝐺𝐺𝐷 =2, 𝛽𝐺𝐺𝐷 = 1 and 𝛽𝐺𝐺𝐷 = ∞, respectively.  

GGDs are commonly used in various fields such as biomedical, machine learning, and 

economics to model data with non-Gaussian and heavy-tailed characteristics due to their 

flexible shape parameter compared to traditional Gaussian distributions [193]. 

2.5.5.3 t Location-Scale Distribution (tLSD) 

This distribution belongs to the family of location-scale distributions and is used for 

modeling heavier tails. Mathematically, tLSD is defined as [194]: 

𝑓𝑡𝐿𝑆𝐷(𝑥) =
Γ (
𝜐𝑡𝐿𝑆𝐷 + 1

2 )

𝜎𝑡𝐿𝑆𝐷√𝜈𝑡𝐿𝑆𝐷𝜋Γ (
𝜈𝑡𝐿𝑆𝐷
2 )

[
𝜈𝑡𝐿𝑆𝐷 + (

𝑥 − 𝜇𝑡𝐿𝑆𝐷
𝜎𝑡𝐿𝑆𝐷

)
2

𝜈𝑡𝐿𝑆𝐷
]

−(
𝜈𝑡𝐿𝑆𝐷+1

2
)

 (2.54) 

with location parameter 𝜇 lying in range (−∞,∞), scale parameter 𝜎𝑡𝐿𝑆𝐷 > 0, shape 

parameter 𝜈𝑡𝐿𝑆𝐷 > 0 and Γ(. ) is the gamma function.  

This distribution is also referred to as nonstandard student t distribution, and with 𝜎𝑡𝐿𝑆𝐷 =

1 and 𝜇𝑡𝐿𝑆𝐷 = 0, this distribution approaches student t distribution. Additionally, as the 

shape parameter 𝜈𝑡𝐿𝑆𝐷 → ∞ this distribution approaches Gaussian distribution and for 

small values of 𝜈𝑡𝐿𝑆𝐷 , heavy tails are achieved.  

2.6 Dataset Description 

Several benchmark databases are available at Physionet [123] to facilitate the analysis and 

evaluation of proposed methods. They provide a large collection of clinical and 

physiological data for an iterative improvisation of the proposed method. Since its 

establishment, every algorithm proposed for preprocessing, classification, etc., has been 

evaluated in its database. Hence, it serves as a standard comparison framework to validate 

performance with state-of-the-art literature methods.  

To validate the methods proposed in this thesis, the following databases will be used in 

different chapters. 

2.6.1 MIT-BIH Arrhythmia Database 

One of the firstly established databases by Moody and Mark [195], collected from the Beth 

Israel Hospital Arrhythmia Laboratory, provides an exclusive set of ECGs obtained from 

analyzing 4000 long-term Holter recordings. Database referred to as the Massachusetts 
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Institute of Technology-Beth Israel Hospital (MIT-BIH) Arrhythmia Database contains 48 

records of ECGs of length around 30 minutes, sampled at 360 Hz and 11-bit resolution over 

a 10mV range.  

These 48 recordings (100 to 234) are grouped into two sets, with the first group (100-124, 

with 23 random records) providing a representative sample of waveforms and artifacts 

encountered in routine clinical use. The second group (200 to 234, with 25 selected 

records), containing abnormalities, illustrates variations in the morphology of QRS and 

various rhythmic features [196].  

Additionally, this database contains various beat annotations, which help in describing 

certain events within the recording. The beat classes–N, S, V, F, Q described as normal beat 

(N), supraventricular ectopic beat (S), ventricular ectopic beat (V), fusion beat (F) and 

unknown beat (Q) containing information regarding unclassifiable beat, are among the five 

beat classes of Arrhythmia recommended by the American National Standards Institute 

(ANSI) and Association for Advancement of Medical Instrumentation (AAMI). The last 

four classes contain significant information regarding abnormalities; hence, their detection 

and classification is important for diagnostic purposes[197, 198, 199]. 

For example, record 104 from the first group contains a total of 2229 annotated beats with 

163 normal beats of class N, 2 premature ventricular contraction (PVC) beats of class V, 

1380 paced beats, and 18 unclassifiable beats of class Q and 666 fusion beats of class F. 

Record 208 from group second contains total of 2955 beats with 1586 normal beats of class 

N, 2 premature or ectopic supraventricular (SVPB) beats of class S, 992 PVC beats of class 

V, 373 fusion beats of class F and 2 unclassifiable beats of class Q. 

In the context of research presented in this thesis, Chapters 3 and 5 will utilize this database 

to assess the efficacy of methods proposed for denoising and QRS complex detection of 

ECG signals. 

2.6.2 MIT-BIH Noise Stress Test Database 

Created by Moody et al. [200], this database comprises two types of recordings. The first 

type includes 3 recordings of 30 minutes each, containing predominantly noises present in 

ambulatory ECG recordings. It consists of baseline wander (bwm), muscle artifact (mam), 

i.e., EMG artifact and electrode motion artifact (emm). The second type includes 12 

recordings of 30 minutes created by adding a calibrated amount of electrode motion artifact, 

i.e., emm noise to ECG records 118 and 119 from MIT-BIH Arrhythmia database. These 
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noisy segments of these recordings have signal-to-noise ratios of -6, 0 6, 12, 18, and 24 dB 

[201]. 

This database will be used in Chapters 3 and 4 to validate the performance of proposed 

denoising method and establish the presence of 𝛼-stable distribution noise characteristics 

in real-time noises, respectively. 

2.6.3 European ST-T Database 

Created by Taddei et al.[202], this database is employed for assessing the performance of 

algorithms for identifying morphological changes in ST segment and T-wave of ECG 

signals. The database has a total of 90 recordings, each lasting two hours. The recordings 

have a sampling frequency of 250Hz and a resolution of 12 bits, covering a range of 20mV. 

The recordings in this database have myocardial ischemia and show abnormalities 

depicting medication effects, ventricular dyskinesia and hypertension. Additionally, some 

excerpts indicate the instance of ST displacement and shifted T-wave [203]. 

This database will be referred in Chapter 3 to establish the effectiveness of proposed 

denoising method and prove its versatility over different databases. 

2.6.4 Motion Artifact Contaminated ECG Database 

Designed by Behravan et al. [204], this database is employed to study the impact of 

physical activities on the ECG signal. It contains short-duration ECG signals of three types: 

standing, walking and single jump. With a sampling rate of 500Hz and 16-bit resolution, 

the database comprises of signals with 4000 samples [205]. 

This database will be used in Chapter 4 to investigate the characteristics of motion artifacts 

affecting ECG signals. 

2.6.5 Examples of Electromyograms Database 

This database is composed to analyze the functionality of muscles and associated nerves. 

It helps measure muscular contractions, which can further help analyze the dysfunction in 

nerves and muscles. This database comprises three EMG signals obtained from three 

subjects with neurological disorders. The signals used in this database were recorded at a 

sampling rate of 50 kHz and then were down-sampled to 4 kHz [206]. 

This database will be used in Chapter 4 to study the behavior of muscular artifacts (EMGs) 

in ECG signals, 
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2.6.6 CHB-MIT Scalp EEG Database 

Worked upon by Ali Shoeb [207] as a part of his doctoral thesis, this database consists of 

EEG recordings with intractable seizures. It includes recordings from 24 subjects collected 

through 23 channels (some contain 24 or 26 channels) with a sampling rate of 256 Hz with 

16-bit resolution. Combinedly, this database contributes to 198 excerpts of seizures [208]. 

This database will be employed in Chapter 6 for the classification of interictal and preictal 

EEG. 

2.7 Motivation 

➢ The study and analysis of ECG signals are not limited to clinical and health care 

nowadays; they have also been used as a potential tool for designing biometric 

systems. Therefore, designing a model by replicating real-time scenarios could 

improve the performance of ECG-based devices. 

➢  R-peak plays a vital role in diagnosing ECG signals. Also, literature has reported 

that features based on R-R intervals are most efficient and contribute to the 

classification. However, impulsive noise affects these the most and consecutively 

classification performance degrades. Therefore, analyzing the noise influencing 

ECG signals followed by its preprocessing are the two highly demanded processes 

to reduce false alarms, but they are often neglected. 

➢ The conceptualization of designing SE with FrFT is to replicate the advantages of 

fractional-based filtering with improved computational efficiency. It is well known 

that MFs exhibit simple calculations based on minimum-maximum and addition-

subtraction operations, compared to integration, multiplication, and summation in 

linear filters. Therefore, MFs offer simple computation and good computational 

efficiency. By bringing together the design of MFs employing FrFT, morphological 

filtering with benefits of fractional filtering could be achieved. 

2.7.1 Research Gaps 

The following research gaps have been identified after a thorough review of the literature. 

Addressing them would be beneficial in expanding the boundaries of signal processing 

field. 

• There is a scope to expand the applicability of TF tools based on FrFT kernel in the 

field of ECG signal processing. An additional benefit of including fractional Fourier 
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domain is increased likelihood of localizing signal components, which can aid in 

the elimination of noisy counterparts and hence improve the overall diagnosis of 

ECG signal. 

• Validating the performance of any state-of-the-art method associated with ECG 

signals is based on the addition of additive white Gaussian noise (AWGN) or 

utilizing real-time noises present at standard databases: bwm, emm, mam. However, 

the underlying problem, which is less focused is that their results may not reflect 

significant improvement when dealt with real-world scenarios. As reported in the 

literature, performance of filters degrades when non-gaussian environment is 

detected. Therefore, there is a scope to investigate the nature of noises and then 

design the solution based on noise environment that could possibly be encountered. 

• With extensive survey of the literature, it has been observed that there has been a 

surge in applications areas focusing on the design of SE and mostly literature is 

focused on designing new MOs. Therefore, design methods for SE are possible 

scope of research. Additionally, they have the essence of window functions, so there 

is a possibility of designing SE by combining the advantages of existing windows 

as per intended application. 

• MFs are employed for impulsive noises, and literature reports that FrFT, with its 

variable fractional order parameter 𝑎, could be a possible contender for extracting 

features. Therefore, there is a scope to amalgamate both concepts to design an 

adaptable filter for signal-processing applications. 

• FLO-TF tools have opened a new research domain by having a versatile nature in 

dealing with impulsive as well as Gaussian noise. However, their application areas 

are restricted to mechanical fault signals; hence, they could be employed in the 

domain of biomedical signals to achieve robust performance against different noise 

scenarios.  

2.7.2 Objectives of the Research 

The following objectives are proposed based on the initial studies, the literature survey (as 

reported), and the established understanding. 

I. The areas of morphological signal processing, FOC, 𝛼-stable noise distribution and 

FLO-TFD/TFD will be reviewed in depth and simulated accordingly. 
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II. The design methods for implementing morphological filter (MF) based on FOC will 

be studied and analyzed in S𝛼S environment. 

III. A novel fractional lower-order time-frequency distribution (FLO-TFD) method will 

be investigated based on FLO statistics. 

IV. The application of the proposed MF for suitable signal processing applications and 

the comparative study with the existing techniques will be done. 

2.8 Research Methodology 

In order to bridge the gap between the prevailing research work and real-time solutions 

based on established methods, workflow for attaining the abovementioned objectives is 

illustrated in Figure 2.8. The basic aim of this thesis is centered on improving the analysis 

of non-stationary signals using TF tools. ECG signals are chosen for present study, as they 

are considered the most valuable tool for analyzing human heart and happens to be of a 

non-stationary nature as well. Furthermore, analyzing the prevailing design methods and 

their incorporated validation methodology helped to gain significant perspective about the 

noise analysis models, which led to the establishment of another important aspect of the 

thesis, i.e., analyzing non-Gaussian nature of noises corrupting ECG signals. 

 

With formulated research gaps, the core idea of thesis is to analyze non-stationary signals 

using time-frequency (TF) tools and designing new methods for dealing with a non-

Gaussian noise environment. Building upon it, a new domain of TF tools based on the FrFT 

kernel is initially explored for analyzing non-stationary nature of ECG signals. This leads 

to designing methods for denoising and QRS complex detection based on the advantage of 

processing signals in a transformed domain. Subsequently, there existed a need to validate 

processing methods by using real-time noise and varying levels of additive white Gaussian 

noise (AWGN), which eventually led to investigating the nature of ECG noises. Thus, 

an extensive simulation study is conducted to analyze the behavior of noises corrupting 

ECG signals using statistical tests.  

 

Based on this, 𝛼-stable distribution noise analysis model is put forward as it has the virtue 

of encompassing noise environments ranging from Gaussian to impulsive. Considering this 

noise analysis model, a solution for ECG processing is then proposed using morphological 

filters (MFs), which belong to the class of nonlinear filters offering better performance in 
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impulsive noise environments. This led to the amalgamation of structuring element (SE) 

and FrFT concepts in designing novel structuring element i.e., FrSE, which on conjunction 

with morphological operation (MO) formulated proposed MF (referred to as MFFrSE&MO) 

that could adapt to the shape of ECG signal and suppress noise. Furthermore, to formulate 

the solution for analyzing non-stationary signals under a non-Gaussian environment, the 

concept of TF tools is revisited to develop a more effective solution with higher resolution 

compared to current TF tools by proposing fractional lower-order fractional Stockwell 

transform (FLO-FrST) tool. The potential of this tool is then proved by designing an 

classification method using another non-stationary signal namely EEG. All the simulations 

for achieving outlined objectives have been done using MATLAB software (version 2022b) 

installed in a system with an Intel®Core i5CPU 1.7 GHz processor with 16 GB RAM. 
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Figure 2.8 Flow chart describing the workflow of thesis 
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Chapter 3 

3 ECG Signal Processing using Fractional 

Stockwell Transform (FrST) 
 

TF tools have emerged as a powerful method for analyzing non-stationary signals and have 

been extensively applied in various fields of signal processing [33, 34, 35, 36, 37]. They 

jointly display time and frequency domain information, allowing better processing 

perspectives for non-stationary signals. Under the research on TF tools, new tools based on 

fractional Fourier transform (FrFT) have been widely utilized to improve TF resolution and 

extract the information from the time-fractional frequency domain, which otherwise is 

absent in the TF tools introduced in the first place.  

To explore the potential of these improved TF tools in processing one of most important 

non-stationary signal found in nature, this chapter delves into designing ECG processing 

methods using this extended time-fractional frequency concept. It validates the 

performance with established methods through intensive simulation study. 

3.1 Time-frequency Analysis of ECG Signal using Fractional Stockwell 

Transform (FrST) 

ECG is a non-stationary signal with a quasiperiodic nature exhibiting physiological 

variations in morphology. The analysis and processing of this tool have consistently been 

a prominent research subject due to its widespread use in identifying human cardiac 

conditions. Among several techniques reported in the literature, TF tools have attained a 

distinguished recognition in capturing and analyzing the time-varying nature of ECG 

signals as discussed in Section 2.1. 

To examine and develop ECG processing techniques using FrST [47] a description of the 

FrST algorithm is first presented. Subsequently, an analysis of ECG using FrST 

spectrogram is discussed.
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3.1.1 Computation of FrST 

An efficient algorithm has been derived, as illustrated in Figure 3.1, for computing FrST 

of the signal. Different steps are described in the flowchart, followed by their detailed 

mathematics. To compute the FrFT of underlying signal and Gaussian window, we will use 

discrete fractional Fourier transform (DFrFT) algorithm described in [130]. To provide a 

more detailed process of mathematical analytical formulation, details are presented as 

follows: 

 

 

 

START 

Signal 𝑥(𝑛) 

𝑋𝜑(𝑚) = 𝐷𝐹𝑟𝐹𝑇(𝑥(𝑛)) 
𝐺𝜑(𝑚) = 𝐷𝐹𝑟𝐹𝑇(𝑔(𝑛,𝑚)) 

𝑋𝜑(𝑚) → 𝑋𝜑(𝑚 −𝑚1) 

𝑋𝜑(𝑚 −𝑚1)𝐺
𝜑(𝑚) 

𝐹𝑟𝑆𝑇𝑥
𝑎(𝑘,𝑚1) = 𝐼𝐷𝐹𝑟𝐹𝑇(𝑋𝜑(𝑚 −𝑚1)𝐺

𝜑(𝑚))  

END 

Figure 3.1 Proposed flowchart for computing FrST 

  

Gaussian window 𝑔(𝑛,𝑚) 
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First, the signal of interest, represented by 𝑥(𝑛), is sampled at regular intervals ∆𝑡. The 

DFrFT of the signal is then calculated as 

𝑋𝜑(𝑚) = ∑ 𝐾𝑎(𝑛,𝑚)
𝑁
𝑛=−𝑁  𝑥(𝑛)                                        (3.1) 

where 𝑛 = −𝑁, −𝑁 + 1, ⋯, 𝑁 − 1, 𝑁, and 𝑚 = −𝑀,−𝑀 + 1,⋯, 𝑀 − 1, 𝑀 (with 𝑀 ≥ 𝑁). 

Furthermore, with Δ𝑢𝜑 as the sampling interval, the kernel 𝐾𝑎(𝑚, 𝑛) is defined by: 

𝐾𝑎(𝑛,𝑚) = √
1 − 𝑗 cot 𝜑

2𝜋
 Δ𝑡 exp (

𝑗

2
cot 𝜑𝑚2Δ𝑢𝜑

2) exp(−𝑗 csc 𝜑 𝑛 𝑚 Δ𝑢𝜑 Δ𝑡 )exp (
𝑗

2
cot 𝜑 𝑛2Δ𝑡2) (3.2) 

Additionally, the sampling intervals Δ𝑢𝜑 and Δt must also satisfy the constraint: 

Δ𝑢𝜑 Δt = S2π sin𝜑 (2𝑀 + 1)⁄  (3.3) 

where |𝑆| is some integer prime to (2𝑀 + 1). 

Similarly, for computing the DFrFT of Gaussian window, firstly, FrFT of the window is 

computed by: 

𝐺𝜑(𝑢𝜑) = ℱℱ
𝜑
(𝑔(𝑡, 𝑢𝜑)) =

|𝑢𝜑 csc 𝜑|
𝑝

√2𝜋
√

1 − 𝑗 cot𝜑

(𝑢𝜑 csc 𝜑)
2𝑝
 − 𝑗 𝑞2cot 𝜑

exp (
cot 𝜑 (𝑢𝜑 csc 𝜑)

2𝑝
+ 𝑗𝑞2

(𝑢𝜑 csc 𝜑)
2𝑝
− 𝑗𝑞2 cot 𝜑

) (3.4) 

which can be further simplified as: 

𝐺𝜑(𝑢𝜑) =
|𝑢𝜑 csc𝜑|

𝑝

√2𝜋
√

1 − 𝑗 cot𝜑

(𝑢𝜑 csc𝜑)
2𝑝
 − 𝑗 𝑞2cot𝜑

exp (
((𝑢𝜑 csc𝜑)

4𝑝
− 𝑞4) cot𝜑 + 𝑗𝑞2 csc2𝜑 (𝑢𝜑 csc𝜑)

2𝑝

(𝑢𝜑 csc𝜑)
4𝑝
+ 𝑞4 cot2𝜑

) 
(3.5) 

where 𝐺𝜑(𝑢𝜑) has been deduced by substituting the value of 𝑢 = |𝑢𝜑 csc 𝜑|
2𝑝

𝑞2⁄ .  

Now, DFrFT of Gaussian window is obtained by replacing the variables 𝑡 with  𝑛Δ𝑡 and 

𝑢𝜑 with 𝑚Δ𝑢𝜑 in (3.5), the following formula is obtained: 

𝐺𝜑(𝑚) =
|𝑚Δ𝑢𝜑 csc 𝜑|

𝑝

√2𝜋
√

1 − 𝑗 cot𝜑

 (𝑚Δ𝑢𝜑 csc𝜑)
2𝑝
− 𝑗 𝑞2cot 𝜑

 exp (
((𝑚∆𝑢𝜑 csc 𝜑)

4𝑝
− 𝑞4) cot 𝜑 + 𝑗𝑞2 csc2𝜑 (𝑚∆𝑢𝜑 csc 𝜑)

2𝑝

(𝑢𝜑 csc𝜑)
4𝑝
+ 𝑞4 cot2𝜑

) 
(3.6) 

Subsequently, spectrum of the underlying signal, designated as 𝑋𝜑(𝑚), is multiplied with 

the shifted version of the DFrFT of the Gaussian window, represented as 𝐺𝜑(𝑚). The 

inverse DFrFT (IDFrFT) of this obtained product is then calculated by  

𝑧(𝑛) = ∑ 𝐾𝑎
∗(𝑚, 𝑛)𝑍𝜑(𝑚)

𝑀

𝑚=−𝑀

 (3.7) 
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Here, the Hermitian property of DFrFT kernel, i.e. 𝐾𝑎
∗(𝑘,𝑚) = 𝐾−𝑎(𝑘,𝑚) is utilized to 

define the IDFrFT of signal. 

Finally, FrST of signal obtained is given by: 

𝐹𝑟𝑆𝑇𝑥
𝑎(𝑘,𝑚1) = ∑ 𝐾𝑎

∗(𝑘,𝑚)𝑋𝜑(𝑚 −𝑚1)𝐺
𝜑(𝑚)

𝑀

𝑚=−𝑀

 (3.8) 

Moreover, the method used to calculate FrST utilizes DFrFT with the lowest level of 

complexity [130]. To compute FrST of a signal, a total of two DFrFT and one IDFrFT 

computations are required i.e., a total of 4𝑃 + 𝑃 log2 𝑃 multiplication operations, where 𝑃 

represents the length of output and is equal to 2𝑀 + 1. 

3.1.2 FrST Spectrogram Analysis of ECG Signals 

In terms of developing processing methods for ECG signals based on TF tools, spectrogram 

analysis plays a crucial role. Therefore, to examine FrST spectrogram of ECG, this section 

provides a simulation study for qualitative analysis of the FrST spectrogram. 

For demonstration, ECG record 100 from MIT-BIH Arrhythmia Database is used as an 

example. Furthermore, since FrST comprises three independent parameters— 𝑎, 𝑝, and 𝑞—

simulations to demonstrate variations in FrST resolutions are conducted by keeping two of 

these parameters constant (any one of 𝑎, 𝑝, and 𝑞 will do in this case; a constant value of 

0.6 is used only for experimentation) and varying the third parameter. 

To illustrate the superiority of FrST over ST, the ST spectrogram of ECG is shown in Figure 

3.2 and FrST spectrograms are shown in Figures 3.3, 3.4, and 3.5. Moreover, the 

spectrogram is a mathematical representation that depends on three variables: time, 

frequency, and signal power at each specific location. The hues in these figures represent 

the magnitude of the signal’s power: red represents a high-power level, whereas blue 

represents a low power level. Comparing these distinct spectrograms reveals the following 

distinguishing aspects. 

i. FrST spectrograms have better energy concentration and resolution than ST, as can 

be visually inspected from FrST spectrograms depicted in Figures 3.3, 3.4 and 3.5. 

ii. The spectrogram of ST shows fixed resolution, whereas variability in resolution is 

observed in the FrST spectrogram by changing FrST parameters (𝑎, 𝑝, 𝑞) as 

illustrated in Figures 3.3, 3.4 and 3.5.  
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Furthermore, the following observations are obtained to elaborate on the effect of FrST 

parameters in achieving variable resolution. 

Impact of changing window adjustment parameters 𝒑 and 𝒒: On analyzing Figures 3.3 

(a) and 3.3(b), it is observed that as the value of 𝑝 increases, resolution becomes sharp. 

Similarly, on analyzing Figure 3.4 the effect of variation in resolution is observed as the 

value of 𝑞 is increased. These changes in obtained resolutions for analysis of ECG signal 

are in accordance with the fact of Gaussian window described in [47], i.e., the width of 

Gaussian window becomes narrower when the value of 𝑝 increases and hence improving 

the resolution and vice-versa for parameter 𝑞. 

Impact of changing fractional parameter 𝒂: Fractional parameter 𝑎 is known to enhance 

the resolution obtained by varying window adjustment parameters [47], which has been 

illustrated in Figure 3.5. A smaller value of parameter 𝑎 leads to scalloping loss, which is 

smearing of frequencies due to spectral leakage. However, it provides improved time 

resolution, as seen in Figure 3.5(a). Furthermore, for larger values of 𝑎, there is an 

enhancement in frequency resolution while compromising time resolution, as depicted in 

Figure 3.5(c). Significantly improved time and frequency resolution occurs at 𝑎=0.4, for 

the chosen set of parameters, as shown in Figure 3.5(b).  

By examining these simulation findings, it is possible to deduce that the FrST tool offers 

far greater flexibility than traditional tools like ST and WT and, considering its three 

degrees of freedom, much superior time and frequency resolution [40, 162]. 
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(a) 

(b) 

Figure 3.2 (a) Time domain representation of ECG record no. 100, (b) ST spectrogram 

for ECG record no. 100 with color-bar depicting the relationship of power 

values:  red: high power and blue: low power. 
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𝑎= 0.6, 𝒑 =0.4, 𝑞 = 0.6 

𝑎= 0.6, 𝒑 =0.8, 𝑞 = 0.6 

Figure 3.3 (a) FrST spectrogram for ECG record no. 100 at 𝑎= 0.6, 𝑝= 0.4 and 

𝑞=0.6, (b) FrST spectrogram for ECG record no. 100 at 𝑎= 0.6, 𝑝= 0.8 

and 𝑞=0.6. 

  

(b) 

(a) 
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Figure 3.4 (a) FrST spectrogram for ECG record no. 100 at 𝑎= 0.6, 𝑝= 0.6 and 

𝑞=0.3, (b) FrST spectrogram for ECG record no. 100 at 𝑎= 0.6, 𝑝= 0.6 

and 𝑞=0.9. 

  

(b) 

(a) 

𝑎= 0.6, 𝑝 =0.6, 𝒒 = 0.3 

𝑎= 0.6, 𝑝 =0.6, 𝒒 = 0.9 
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(a) 

(b) 

(c) 

𝒂=0.1, 𝒑=𝒒=0.6 

𝒂=0.4, 𝒑=𝒒=0.6 

𝒂=0.8, 𝒑=𝒒=0.6 

Figure 3.5 (a) FrST spectrogram for ECG record no. 100 at 𝑎= 0.1, 𝑝= 0.6 and 𝑞=0.6, 

(b) FrST spectrogram for ECG record no. 100 at 𝑎= 0.4, 𝑝= 0.6 and 𝑞=0.6, 

(c) FrST spectrogram for ECG record no. 100 at 𝑎= 0.8, 𝑝= 0.6 and 𝑞=0.6. 
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3.2 ECG Signal Denoising using FrST 

Denoising is a crucial step for accurate diagnosis of ECG signals as during acquisition, 

ECG has a tendency to get contaminated by unwanted noises and artifacts, as discussed in 

Section 2.1. These noises significantly impact the morphology of ECG signals, posing 

challenges in accurately interpreting the information related to biomarkers, namely P-QRS-

T. 

Classical signal processing algorithms used for removing and suppressing the interfered 

noises were based on time and frequency domain filtering [51, 52]. One of the limitations 

of such classical algorithms was that they could not track the time-varying morphology of 

signal, resulting in inaccurate detection of QRS complex. Due to the non-stationary nature 

of ECG signals, TF tools [5] like ST, WT, and EMD have recently been introduced for ECG 

signal processing and analysis. However, the following shortcomings persist in using these 

tools:  

• Selection of wavelet and choice of thresholding (hard and soft) in WT method 

[209].  

• The presence of redundant information while transforming signal using the ST 

method at the initial stage, which when processed further leads to distortions and 

loss of useful information [210].  

• Poor signal retrieval in EMD based methods [55] . 

Hence, with various methods introduced for denoising ECG signals, getting a high 

reconstruction rate and better retaining significant information is still an open problem. 

Thus, to successfully reduce distortions and maintain the information content of signal, a 

new tool called FrST, which combines the qualities of ST and FrFT, has been used to build 

a denoising method. Based on suggested FrST approach, the block diagram is depicted in 

Figure 3.6. It consists of five stages, which are discussed below. 

Stage 1: In the given illustration, the ECG signal is taken from the MIT-BIH Arrhythmia 

Database [196]. To assess the effectiveness of proposed FrST-based algorithm, 

signals are intentionally distorted by introducing additive Gaussian noise 

(AWGN) generated using MATLAB. The resulting noisy signal is given 

by 𝑥𝑛[𝑛] = 𝑥𝑜[𝑛] + 𝜎[𝑛], is obtained by adding Gaussian distribution noise 

𝜎[𝑛] to the original ECG 𝑥𝑜[𝑛]. 
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Stage 2: The proposed FrST algorithm is then applied to the noisy ECG signal using the 

procedure detailed in Section 3.1.1. 

Stage 3: Time and fractional Fourier frequency domain spectrum is subsequently utilized 

to eliminate high-frequency components that are present in the noisy ECG data. 

The bandwidth of the original ECG lies in the range of 0.05-100 Hz, with 

significant information lying up to the frequency of 200 Hz. Therefore, the time-

frequency mask employed in this stage is defined such that it is unity up to 200 

Hz and zero above 200 Hz.  

Stage 4: Unwanted frequencies present between QRS complexes are removed from the 

masked output of previous stage using proper threshold level, which is known to 

play a crucial role in ECG denoising process. The improper threshold level may 

lead to distortion, so adaptive thresholding technique is applied, which only 

permits three times less standard deviation of the noisy signal [209, 210]. 

Stage 5: Finally, with inverse FrST formulation, the processed spectrum is reconstructed 

back to time domain, resulting in a denoised signal. 

The key step in the proposed denoising method is the computation of FrST spectrogram. 

This method provides simultaneous good time and frequency resolution, allowing for 

accurate identification and separation of signal and noise components. With careful analysis 

of these components and the knowledge of underlying noises corrupting ECG signals, the 

resulting FrST spectrogram can effectively remove noise from ECG signal. The quality of 

ECG signal is significantly improved and the same has been demonstrated using qualitative 

and quantitative performance metrics in next sections.   

 

 

  Mask 

Noisy ECG signal  

  𝑥𝑜(𝑛) + 𝜎(𝑛) 
Thresholding 𝐹𝑟𝑆𝑇𝑎(. ) 𝐼𝐹𝑟𝑆𝑇𝑎(. ) 

Figure 3.6 Block diagram for proposed denoising method 
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3.2.1 Performance Metric Parameters 

For quantitative analysis between proposed denoising method and the existing state-of-the-

art methods [55, 209, 210], three performance metrics— root mean square error (RMSE), 

percent root mean square difference (PRD) and improved signal-to-noise ratio (imp_SNR) 

are chosen. These performance metric parameters statistically assess the quality of denoised 

signal obtained after simulations. Also, all three performance metrics namely, RMSE, PRD 

and imp_SNR, collectively depend on fractional parameter 𝑎 and two window adjustment 

parameters 𝑝 and 𝑞.  

The performance metric parameters are calculated as [211]: 

𝑅𝑀𝑆𝐸 = √
∑ [𝑥𝑜(𝑛) − 𝑥𝑟(𝑛)]

2𝑁−1
𝑛=0

𝑁
 

(3.9) 

𝑃𝑅𝐷 = √
∑ [𝑥𝑜(𝑛)−𝑥𝑟(𝑛)]

2𝑁−1
𝑛=0

∑ [𝑥𝑜(𝑛)]
2𝑁−1

𝑛=0
× 100  

(3.10) 

𝑖𝑚𝑝_𝑆𝑁𝑅[𝑑𝐵] = 𝑆𝑁𝑅𝑜𝑢𝑡𝑝𝑢𝑡[𝑑𝐵] − 𝑆𝑁𝑅𝑖𝑛𝑝𝑢𝑡[𝑑𝐵] = 10 log [
∑ [𝑥𝑟(𝑛) − 𝑥𝑜(𝑛)]

2𝑁−1
𝑛=0

∑ [𝑥𝑜(𝑛) − 𝑥𝑛(𝑛)]
2𝑁−1

𝑛=0

] 
(3.11) 

where 𝑥𝑜(𝑛) is original ECG signal, 𝑥𝑟(𝑛) is reconstructed denoised signal, 𝑥𝑛(𝑛) is noisy 

ECG signal and 𝑁 is length of the signal.  

Usually, visual inspection is used for the clinical acceptability of the denoised signal. But 

here, quantitative analysis is also carried out to measure the level of distortion in the 

denoised signal compared to the original signal. The metric parameter RMSE measures the 

error between original signal and reconstructed (denoised) signal. The smaller its value, 

better the preserved information content. Performance metric PRD is a quality measure 

used for evaluating the real performance of the algorithm. A lower PRD value indicates 

superior performance. The imp_SNR reflects the difference between the noise level present 

before and after applying the algorithm. The greater the value of imp_SNR, the better the 

effect. 

For conventional methods [55, 209, 210, 212], the quality of denoised signal is based on 

fixed value of involved parameters. On the other hand, proposed method gives the 

flexibility of having three variable parameters, thus giving three degrees of freedom and 

increasing robustness over other state-of-the-art methods. 
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3.2.2 Simulation Results 

Numerical simulations carried out to assess the effectiveness of proposed method are 

divided into two sections: simulations to determine optimal values for the FrST parameters 

(𝑎, 𝑝, and 𝑞) and performance evaluation of proposed method to compare it with existing 

techniques using aforementioned performance metric parameters. 

Furthermore, for facilitating analysis of our proposed method, ECG signals from standard 

databases MIT-BIH Arrhythmia [196] (with MLII lead as a reference for original signal) 

and European ST-T database [203] (modified limb lead MLIII is chosen as reference) are 

selected. Moreover, to illustrate the denoising performance, MATLAB generated AWGN 

to replicate the practical noise environment is employed to distort ECG signal. Here, 5 dB, 

10 dB and 15 dB noise levels are generated to validate performance of proposed method. 

Also, real-time noise and artifacts from MIT-BIH Noise Stress Test Database [200, 201] 

are considered. 

Additionally, aforementioned performance metric parameters are used for an intuitive 

quantitative analysis between ST-based denoising and the proposed denoising method in a 

noisy environment. 

Thus, firstly the effect of variation of FrST parameters (𝑎, 𝑝, 𝑞) on the proposed denoising 

method is examined for computing optimal value set of involved FrST parameters. 

Secondly, the performance of proposed method based on the computed value set is 

recorded for comparison purposes. 

3.2.2.1 Parameter-based Performance Evaluation of Proposed Denoising Method 

As previously stated, proposed method provides three degrees of freedom, allowing for 

increased flexibility in accomplishing the denoising process. Hence, to develop an effective 

denoising technique, it is necessary to have high resolution across time-fractional frequency 

plane. Consequently, it is essential to calculate the optimal-set of values for these 

parameters. The higher the resolution, the greater the likelihood of obtaining localized 

components, reducing the possibility of information overlapping with noise, and resulting 

in higher-quality denoised signal.  

For simulation purposes, MIT-BIH ECG record number 100 (only taken for 

experimentation) of a time span of 100 seconds (36,000 samples) is artificially corrupted 

with 15 dB AWGN. This noisy signal is passed through proposed denoising model 
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illustrated in Figure 3.6. Here, a noise level of 15 dB is chosen to evaluate the proposed 

method’s efficacy in an extremely noisy environment right from the beginning. 

Furthermore, an attempt has been made to analyze the variability of all performance metric 

parameters RMSE, PRD and imp_SNR by changing values of FrST parameters 𝑎, 𝑝 and 𝑞. 

For analysis purposes, simulations are performed by keeping two FrST parameters constant 

(here, 0.5 is taken only for experimentation) and the third parameter is varied as 0.1, 0.3, 

0.5, 0.7, 0.9, 1.1 and 1.3, respectively. The simulation results are recorded in Tables 3.1, 

3.2 and 3.3 for 𝑎, 𝑝 and 𝑞. Also, a graphical depiction of these results is depicted in Figures 

3.7, 3.8 and 3.9. 

Examining the results recorded in Table 3.1, it is evident that the resulting RMSE values at 

𝑎=0.3, 0.5, 0.7, 0.9, 1.1 and 1.3 are significantly lower than those obtained using ST method 

(corresponding to 𝑎 = 𝑝 = 𝑞 = 1, as reported in [47]). Therefore, the proposed method 

achieves better reconstruction capability, and hence maximum information content is 

preserved in the denoised signal. 

Next as per Table 3.2, the variation of various performance metric parameters is presented 

by varying window adjustment parameter_1, i.e., 𝑝. On analyzing values of 𝑝 = 0.3, 0.5, 

0.7, 0.9, 1.1 and 1.3, it is observed that lower values of RMSE are obtained as compared to 

conventional ST method. For instance, RMSE value obtained for ST method is 0.15051, 

whereas, with proposed method, the lowest value of 0.0325 is obtained at 𝑝=0.7, which is 

much lower than conventional ST method. This depicts that the obtained denoised ECG 

signal is much less distorted than noisy ECG signal, and useful information content is 

preserved. Also, the examination of imp_SNR values shows a maximum improvement of 

28.15431 dB (at 𝑝 = 0.9) and a minimum improvement of 22.48855 dB (at 𝑝=0.3), which 

are significantly higher than the value of 12.68183 dB obtained for conventional ST 

method. 

Finally, the variation of second window adjustment parameter_2, i.e. 𝑞 is recorded in Table 

3.3 for different performance metric parameters and an imp_SNR value of 25.95269 dB is 

obtained for 𝑎= 𝑝= 𝑞 =0.5, which is much higher than ST method value of 12.68183 dB.  
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Table 3.1 Performance results varying 𝑎 and with 𝑝 = 𝑞 = 0.5. 

𝒂 𝒑 𝒒 RMSE PRD(%) imp_SNR(dB) 

0.1 0.5 0.5 0.18131 18.13178 22.24773 

0.3 0.5 0.5 0.07728 7.7266 22.78265 

0.5 0.5 0.5 0.04336 4.33641 25.95269 

0.7 0.5 0.5 0.03947 3.94693 26.59749 

0.9 0.5 0.5 0.04842 4.84152 24.60438 

1.1 0.5 0.5 0.04842 4.84152 24.60438 

1.3 0.5 0.5 0.03947 3.94693 26.59749 

1 1 1 0.15051 15.05162 12.68183 

Bold value indicates the minimum RMSE, minimum PRD (%) and maximum imp_SNR 

(dB) obtained by varying parameter 𝑎 and values of metric parameters obtained using 

ST method. 

Table 3.2 Performance results varying 𝑝 and with 𝑎 = 𝑞 = 0.5. 

𝒂 𝒑 𝒒 RMSE PRD(%) imp_SNR(dB) 

0.5 0.1 0.5 0.38505 38.50443 22.5313 

0.5 0.3 0.5 0.11181 11.18027 22.48855 

0.5 0.5 0.5 0.04336 4.33641 25.95269 

0.5 0.7 0.5 0.04276 4.27466 25.23005 

0.5 0.9 0.5 0.0325 3.25167 28.15431 

0.5 1.1 0.5 0.03468 3.46952 25.18319 

0.5 1.3 0.5 0.03423 3.42294 24.89507 

1 1 1 0.15051 15.05162 12.68183 

Bold value indicates the minimum RMSE, minimum PRD(%) and maximum 

imp_SNR (dB) values obtained by varying parameter 𝑝 and values of metric 

parameters obtained using ST method. 

Table 3.3 Performance results varying 𝑞 and with 𝑎 = 𝑝 = 0.5. 

𝒂 𝒑 𝒒 RMSE PRD(%) imp_SNR(dB) 

0.5 0.5 0.1 0.02344 2.34529 25.59744 

0.5 0.5 0.3 0.03933 3.93381 25.00798 

0.5 0.5 0.5 0.04336 4.33641 25.95269 

0.5 0.5 0.7 0.06686 6.68521 23.43531 

0.5 0.5 0.9 0.07464 7.4648 24.1778 

0.5 0.5 1.1 0.07049 7.04953 24.64526 

0.5 0.5 1.3 0.05786 5.78557 25.5137 

1 1 1 0.15051 15.05162 12.68183 

Bold value indicates the maximum imp_SNR (dB) values obtained by varying 

parameter 𝑞 and values of metric parameters obtained using ST method. 
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Figure 3.7 General trend in RMSE with variation in 𝑎, 𝑝 and 𝑞. 
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Upon examining these observations, it has been determined that the ideal range for FrST 

parameters (𝑎, 𝑝, 𝑞) is between 0.5 and 0.7. Any combination of FrST parameters (𝑎, 𝑝, 𝑞) 

within the specified range would yield favorable outcomes for the suggested approach. 

Therefore, optimal value set of (0.5, 0.5, 0.5) is selected to evaluate the performance of 

proposed method and demonstrate its comparison with other methods. 

3.2.2.2  Performance Evaluation of Proposed Denoising Method on MIT-BIH ECG 

Records 

For evaluating the performance of proposed method, 10 ECG records were selected with 

few artifacts, i.e., 100, 101, 102, 103, 113, together with less common arrhythmia records, 

i.e., 201, 214, 217, 231, and one with an abnormal shape, noise, and artifacts, i.e., ECG 

record 207. The selected records encompass variety of artifacts and waveform variations 

that might be encountered in routine clinical use.  

Next, selected ECG records are corrupted with MATLAB generated AWGN of level 5 dB, 

10 dB and 15 dB. This is done to effectively assess the performance of proposed method 

and ensure a fair comparison with existing methods. The output of different steps described 

in Section 3.2 are shown in Figure 3.10. The illustrations give an insight into the results 

obtained after each stage of proposed algorithm.  
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Figure 3.9 General trend in PRD (%) with variation in 𝑎, 𝑝 and 𝑞. 
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Figure 3.10 Different stages of proposed method: (a) Time domain representation of ECG record 

no. 100, (b) Time domain representation of ECG record no. 100 corrupted with 10dB 

additive white Gaussian noise, (c) FrST spectrogram for noisy ECG record no. 100 at 

𝑎= 0.5, 𝑝= 0.5 and 𝑞=0.5, (d) FrST spectrogram of ECG after masking, (e) FrST 

spectrogram of ECG after adaptive thresholding. 
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For experimentation purposes and with reference to the obtained value set derived in 

Section 3.2.2.1, denoising process is performed at 𝑎 = 𝑝 = 𝑞 = 0.5. Quantitative analysis 

using ST method is also performed on the same records for comparison purposes. 

In order to make quantitative comparisons, the experimentation is conducted on segments 

of ECG recordings that are 11 seconds long. A total of 162 segments are used to cover the 

whole 30-minute length of each ECG record. The performance metric parameters for a 

single record are generated by averaging performance metric parameters of these segments. 

The experimentation results at different noise levels for both methods are tabulated in 

Tables 3.4, 3.5 and 3.6. The performance metric parameters obtained at 5 dB input noise 

level are reported in Table 3.4. The obtained metric values show a notable decrease in 

RMSE values and a considerable increase in imp_SNR values for proposed method, 

demonstrating a considerably more substantial improvement than the conventional ST 

method. 

Analyzing the results tabulated in Table 3.5 recorded at 10 dB input noise level, a minimum 

RMSE value of 0.022 is achieved for ECG record 207 compared to 0.1179 obtained for the 

same record using the ST method. Also, a maximum SNR improvement of 25.2731 dB is 

achieved using proposed method for ECG record 201, which is much higher than 11.0387 

dB obtained using ST method.  

Similarly, by investigating the results tabulated in Table 3.6, it can be seen that minimum 

value of imp_SNR (17.767 dB) achieved using proposed method is still higher than the 

maximum value of imp_SNR (14.163 dB) achieved using ST method. This ascertains that 

even if the noise levels increase, proposed method performs better than ST method.  

Furthermore, overall performance of proposed method and ST method based on statistical 

measure RMSE is compared in Figure 3.11. The average RMSE values are plotted against 

different input noise level. The bar graphs clearly show that RMSE values for proposed 

method are much lower than ST method. Hence, this proves that proposed method is 

capable of better retaining the required information content in ECG signals, and at the same 

time it offers better noise-removing ability. 
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Table 3.4 Comparison of proposed method and ST method at 5 dB input noise level 

ECG 

record no. 

Input noise 

level 

 ST method  
Proposed method 

  
𝒂=0.5, 𝒑=0.5, 𝒒=0.5 

 
RMSE imp_SNR 

 
RMSE imp_SNR 

100 5 dB 
 

0.1291 3.5375 
 

0.0161 23.144 

101 5 dB 
 

0.1224 4.0058 
 

0.0146 23.9942 

102 5 dB 
 

0.1693 1.12146 
 

0.0185 22.0023 

103 5 dB 
 

0.137 3.414 
 

0.0169 22.9156 

113 5 dB 
 

0.1482 2.186 
 

0.0177 22.3592 

201 5 dB 
 

0.1009 5.8195 
 

0.0113 26.3795 

207 5 dB 
 

0.1169 4.4233 
 

0.0112 26.4917 

214 5 dB 
 

0.1198 4.0875 
 

0.0164 23.0122 

217 5 dB 
 

0.1519 1.9868 
 

0.0174 22.4858 

231 5 dB 
 

0.1097 5.0924 
 

0.0156 23.5468 

Note: recorded imp_SNR values are in dB 

Table 3.5 Comparison of proposed method and ST method at 10 dB input noise level 

ECG 

record no. 

Input noise 

level 

 ST method  
Proposed method 

  
𝒂=0.5, 𝒑=0.5, 𝒒=0.5 

 
RMSE imp_SNR 

 
RMSE imp_SNR 

100 10 dB 
 

0.1313 8.7687 
 

0.0293 22.4876 

101 10 dB 
 

0.1246 9.2403 
 

0.027 23.2303 

102 10 dB 
 

0.1713 6.4986 
 

0.0354 20.949 

103 10 dB 
 

0.1394 8.6448 
 

0.031 22.1491 

113 10 dB 
 

0.1502 7.4805 
 

0.0322 21.6816 

201 10 dB 
 

0.1025 11.0387 
 

0.0215 25.2731 

207 10 dB 
 

0.1179 9.7643 
 

0.022 25.1852 

214 10 dB 
 

0.1223 9.3301 
 

0.0303 22.2291 

217 10 dB 
 

0.1539 7.2883 
 

0.0324 21.6374 

231 10 dB 
 

0.1119 10.2653 
 

0.0285 22.8002 

Note: recorded imp_SNR values are in dB 
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The robustness offered by proposed method is depicted in Figure 3.12. As the noise level 

increases, ST method tends to show lesser improvement in SNR. On the other hand, 

corresponding values demonstrate the strength and effectiveness of proposed method in 

handling higher levels of noise. This indicates that proposed method can denoise signals 

more effectively, even in the presence of significant noise. 

Lastly in Figure 3.13, the performance of selected ECG records at input noise level of 15 

dB is depicted in terms of PRD values. This performance metric measures the quality of 

denoised signal, and it is known from the rich literature that its value must be lower for 

proper reconstruction of signal. Here, PRD values at 15 dB noise input are plotted to prove 

the superiority of proposed method over ST method. Its lower values mean better 

reconstruction capability, leading to better quality of denoised signal. 

Therefore, based on chosen performance metrics (RMSE, imp_SNR and PRD) and with the 

added advantage of FrST parameters (𝑎, 𝑝, 𝑞), we can conclude that proposed method 

offers better denoising ability and is more robust than existing denoising methods. 

 

 

Table 3.6 Comparison of proposed method and ST method at 15 dB input noise level 

ECG 

record no. 

Input noise 

level 

 ST method  
Proposed method 

  
𝒂=0.5, 𝒑=0.5, 𝒒=0.5 

 
RMSE imp_SNR 

 
RMSE imp_SNR 

100 15 dB 
 

0.1552 12.5655 
 

0.0807 19.0699 

101 15 dB 
 

0.1491 12.9199 
 

0.0786 19.2892 

102 15 dB 
 

0.1914 10.759 
 

0.0936 17.767 

103 15 dB 
 

0.1635 12.3742 
 

0.0855 18.515 

113 15 dB 
 

0.1722 11.5786 
 

0.0851 18.5711 

201 15 dB 
 

0.1306 14.143 
 

0.0751 19.6527 

207 15 dB 
 

0.1419 13.3693 
 

0.0774 19.41 

214 15 dB 
 

0.1474 12.9619 
 

0.0831 18.7897 

217 15 dB 
 

0.1745 11.4683 
 

0.0871 18.3946 

231 15 dB 
 

0.138 13.6527 
 

0.082 18.8998 

Note: recorded imp_SNR values are in dB 
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Figure 3.11 Comparison of average RMSE for proposed method and ST method at different 

input noise levels.  
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Figure 3.12 Comparison of average imp_SNR (dB) for proposed method and ST method at 

different input noise levels. 
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3.2.2.3 Performance Evaluation of Proposed Method with Real Noises 

To prove the robustness of proposed method, different artifacts and noises from MIT-BIH 

Noise Stress Test Database [200, 201] are added to two randomly selected MIT-BIH 

records, 100 and 222. Results recorded in Tables 3.7 and 3.8 were obtained by corrupting 

ECG records with five types of noise, namely baseline wander (bwm), electrode motion 

artifact (emm), muscle artifacts (mam) also known as EMG, noise records: 118e and 119e 

calibrated at 12dB noise level of motion artifacts. 

By analyzing the results tabulated in Tables 3.7 and 3.8, it is evident that proposed method 

obtains better results in terms of RMSE and imp_SNR than the ST method. The imp_SNR 

values obtained in Table 3.8 are plotted in Figure 3.14. Bar plots of obtained imp_SNR 

values clearly validate the robustness offered by proposed method in terms of better noise 

removing ability leading to better reconstruction of ECG signal. This highlights the strength 

of proposed method in terms of robustness against different noise types. 

 

 

 

 

Figure 3.13 Performance comparison of PRD (%) obtained for all ECG records at 15dB 

input noise level using proposed method and ST method. 
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Table 3.7 Comparison results for RMSE values obtained using proposed and ST 

method for different types of noises taken from MIT-BIH Noise Stress 

Test Database  

  ST method Proposed method 

    Noises                ECG records  100 222 100 222 

Baseline (bwm)  0.1951 0.1641 0.0397 0.0411 

EMG (mam)  0.8609 1.2066 0.1277 0.2097 

Electrode Motion (emm)  0.1224 0.1895 0.0507 0.0616 

118e  1.4214 0.9673 0.1322 0.3241 

119e  0.9698 0.7348 0.1296 0.152 

 

Table 3.8 Comparison results for imp_SNR (dB) obtained using proposed and ST 

method for different types of noises taken from MIT-BIH Noise Stress 

Test Database  

    ST method Proposed method 

Noises                  ECG records  100 222 100 222 

Baseline (bwm)  8.7144 10.0379 25.0793 25.4952 

EMG (mam)  10.1388 14.2114 25.2086 21.5302 

Electrode Motion(emm)  16.2448 15.409 26.746 25.7584 

118e  11.6429 15.3342 35.5686 28.3762 

119e  9.6312 12.7036 30.3537 29.7277 
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3.2.2.4 Performance Evaluation of Proposed Method on ECG Signals from European 

ST-T Database 

In order to justify the effectiveness of proposed method over databases other than MIT-

BIH, ECG records from the European ST-T Database [203] are also considered. This 

database was designed to monitor the quality of ambulatory ECG systems (as mentioned in 

Section 2.6.3). Four ECG records namely e0103, e0104, e0105 and e0106, are selected for 

the simulation study. These records are affected with abnormalities such as baseline ST 

segment displacement and episodes of shifts resulting in apparent S-wave and T-wave 

changes. 

For simulations, selected records are corrupted with 15dB AWGN noise, as shown in 

Figure 3.15 (here, noisy ECG record e0104 is shown with its spectrogram) and 

corresponding quantitative results are recorded in Table 3.9. The signal’s length is limited 

to 15,000 samples and modified limb lead MLIII is chosen as reference. 
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Figure 3.14 Comparison of imp_SNR (dB) values obtained using the proposed method and 

ST method for different types of noise.  
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(a) 

(b) 

Figure 3.15 (a) Time domain representation of ECG record no. e0104 from European 

ST-T Database corrupted with 15dB additive white Gaussian noise, (b) 

FrST spectrogram for noisy ECG at 𝑎= 0.5, 𝑝= 0.5 and 𝑞=0.5 
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As per Table 3.9, proposed method has obtained lower values of RMSE and much higher 

values of imp_SNR as compared to ST method. This proves the effectiveness of proposed 

method and thus making it a suitable contender for ECG pre-processing techniques. 

 

 

 

 

 

3.2.2.5 Comparison of Proposed Method with State-of-the-Art Methods 

For comparing the performance of proposed method with other state-of-art methods, full-

length ECG records similar to the ones presented in other simulation studies [58, 209, 210] 

are selected, i.e., ECG records 100, 101, 103 and 113. The imp_SNR of selected records at 

input noise level of 5 dB is shown in Figure 3.16.  

It is evident from the graphical depiction that proposed method outperforms conventional 

ST and WT methods in showing SNR improvement. Also, our proposed method shows 

significant improvement compared to Fourier decomposition-based [58] method in which 

the signals are corrupted with a 5 dB input level noise of two types: power line interference 

(PLI) noise and baseline wander (bwm).  

Hence, it can be stated that our proposed method has the potential to denoise ECG signals 

and can be a good substitute in the preprocessing stage of a computer-aided ECG analyzing 

system.  

 

Table 3.9 Comparison results for proposed method and ST method at 15 dB 

input noise level for European ST-T Database ECG records 

ECG records 

no. 

ST method  Proposed method 

 𝒂=0.5, 𝒑=0.5, 𝒒=0.5 

RMSE imp_SNR  RMSE imp_SNR 

e0103 0.1453 16.4603 
 

0.0469 24.6292 

e0104 0.1569 15.7564 
 

0.057 22.0665 

e0105 0.1145 19.1578 
 

0.0505 23.1446 

e0106 0.1187 18.9624 
 

0.0424 24.1596 
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3.3 QRS Complex Detection of ECG Signals based on FrST 

QRS complex, the most prominent component in ECG waveform, plays a key role in 

analyzing ECG signals and provides an effective basis for various front-end ECG signal 

processing measures. However, due to physiological variability of QRS complex and noise 

encountered during acquisition, the morphology of ECG gets affected. So, computer-aided 

diagnosis for accurately delineating the QRS complex is needed to assist physicians and 

doctors in providing suitable medical intervention to patients. 

Researchers have established a wide variety of QRS detection methods. Initially, the QRS 

detector developed by Pan and Tompkins [64] based on linear filtering techniques and 

nonlinear transformations was used. To enhance the performance of this algorithm, 

Hamilton and Tompkins [213] introduced modification by optimizing the involved decision 

rules. Many detectors based on the first derivative and involving combination of Hilbert 

transform were also developed to detect QRS complex [65]. However, these algorithms 

were based on processing in time and frequency domains and hence suffered from the 

limitation of tracking time-varying morphology of ECG signal and made the detection of 

QRS complex erroneous.  

To overcome this, numerous methods based on TF tools have been developed for detecting 

QRS complexes. The techniques based on WT utilize the decomposition mechanism using 
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Figure 3.16 Comparison of obtained imp_SNR (dB) of proposed method with other state-

of-art methods.  
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different wavelet functions and soft and hard-based thresholding [73]. On the other hand, 

ST method utilizes Gaussian window known to have the best time-frequency bandwidth 

product to extract the complex features [74, 162]. Also, Empirical Mode Decomposition 

(EMD) based techniques are popular as they decompose signal into various IMFs and 

process components with different frequency ranges [55].  

The application and thorough study of rich literature prove the significance of using FrFT 

and ST for studying the time-varying nature of signals. However, most of the literature 

mainly contributes to the work done by both of these tools in isolation. Hence, an attempt 

has been made to amalgamate the concepts of FrFT and ST.  FrST provides the modification 

in frequency-dependent resolution provided by ST. It utilizes window adjustment 

parameters (𝑝 and 𝑞) to achieve higher fractional-frequency resolution by adjusting the 

fractional order parameter (𝑎), which helps in extracting characteristic information of signal 

better.  

In this section, ambiguities of time-varying morphology of ECG signal faced by existing 

state-of-the-art methods are addressed by incorporating FrST-based five-stage 

methodology for QRS complex detection, depicted in Figure 3.17. 

Stage 1 Computation of FrST: Based on the algorithm described in Section 3.1.1, FrST 

of ECG signal is computed. Here, ECG signals are taken from MIT-BIH 

Arrhythmia Database [196]. 

Stage 2 Calculation of Fractional Stockwell Shannon Energy Envelope (FrSShnE): 

Shannon energy (ShnE) is among the nonlinear transformation methods used to 

transform a bipolar ECG signal into a unipolar signal for detecting R-peaks. It is 

defined as the averaged energy spectrum and is used for enhancing QRS 

complexes using a single-sided threshold mechanism [214]. The ShnE method 

significantly changes QRS amplitude values and highlights low and medium-level 

QRS better than other methods. Hence, ShnE is adopted for further processing in 

the proposed method. Here, the advantage of improved resolution provided by 

FrST is combined with ShnE method to compute FrSShnE envelope. The envelope  
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is extracted for 5-22.5 Hz as QRS complexes are more prominent in this frequency 

range. FrSShnE envelope is defined by: 

𝐹𝑟𝑆𝑆ℎ𝑛𝐸(𝑘) = − ∑ [𝐹𝑟𝑆𝑇(𝑘,𝑚)]2𝑙𝑜𝑔[𝐹𝑟𝑆𝑇(𝑘,𝑚)]2
𝑚1

𝑚=𝑚𝑜

 (3.12) 

with 𝑚𝑜 and 𝑚1 corresponding to lower and upper limit of selected frequency and 

index 𝑘 indicates row of FrST matrix. 

Stage 3 QRS Complex Localization: In this stage, localization is performed to detect QRS 

complex. It is accomplished by comparing the position of extracted FrSShnE 

envelope with a detection threshold. This threshold plays a major role in detecting 

R-peaks. If threshold is greater than or lower than the required level, number of 

false negative (FN) and false positives (FP) increases, respectively. Various QRS 

detectors reported in the literature [64, 213, 215] employ different thresholding 

schemes to estimate the detection threshold levels. Usually, QRS detectors work 

well with the threshold coefficients in the range of 0.3 to 0.4 and therefore, in 

proposed methodology, detection threshold is given by 

𝜆 = 0.3max (𝐹𝑟𝑆𝑆𝐸𝑛) (3.13) 

where 𝐹𝑟𝑆𝑆ℎ𝑛𝐸𝑛 = 𝐹𝑟𝑆𝑆ℎ𝑛𝐸 |𝑚𝑎𝑥(𝐹𝑟𝑆𝑆ℎ𝑛𝐸)|⁄  is chosen for accurate 

localization of QRS complex. The procedure for calculating QRS localization 

process using the normalized FrSShnE envelope is as follows: 

i. For finding FrSShnE envelope associated with QRS complex, detection 

threshold is applied on the computed 𝐹𝑟𝑆𝑆ℎ𝑛𝐸𝑛(𝑘)  using (3.13). The 

positions (𝑘) where 𝐹𝑟𝑆𝑆ℎ𝑛𝐸𝑛(𝑘) ≥ 𝜆, are considered and the positions 

where 𝐹𝑟𝑆𝑆𝐸𝑛(𝑘) < 𝜆 are discarded. 

ii. If multiple peaks are detected within the difference of 36 samples (100 ms), 

then the one with lower energy is eliminated. Also, in identifying the 

complex positions, refractory blanking (200 ms i.e., 72 samples) is 

considered for eliminating the multiple detections of QRS complex and false 

detection corresponding to T-wave [74]. 

Stage 4 Search-back algorithm: It is a method that re-evaluates previously rejected QRS 

peaks when the significant time has elapsed without detection. Therefore, a 

secondary threshold is applied within 150% of the current RR interval by using new 

threshold of 0.5 times the threshold value selected in Stage 3 [65, 73, 74, 213, 216]. 
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Stage 5 Identification of true R-peak: The location of detected R-peaks may vary slightly 

from the annotated time instants of true R-peaks. So, to find the real position of R-

peak, largest amplitude within ±25 samples of the identified location is searched 

and correct time of occurrence of the detected R-peak is determined [216]. Also, if 

the detected R-peak does not lie within 50 ms of the annotated time frame, it is 

considered as FP.  

3.3.1 Performance Metric Parameters 

To illustrate the performance of proposed method, four performance metric parameters: 

Sensitivity, Positive Predictivity, Error Rate and Detection Accuracy are chosen. The four 

performance metric parameters are collectively dependent on fractional order parameter 𝑎 

and two window adjustment parameters 𝑝 and 𝑞, respectively.  

The performance metric parameters are defined as follows [211]:  

𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
 

(3.14) 

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑣𝑖𝑡𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
 

(3.15) 

𝐸𝑟𝑟𝑜𝑟 𝑅𝑎𝑡𝑒 =
𝐹𝑁 + 𝐹𝑃

𝑇𝑜𝑡𝑎𝑙 𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑏𝑒𝑎𝑡𝑠
 

(3.16) 

𝐷𝑒𝑡𝑒𝑐𝑡𝑖𝑜𝑛 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃 + 𝐹𝑁
 

(3.17) 

where TP, FP, and FN are similar to four labels of confusion matrix (used for 

classification), indicating correct and wrong detection of QRS complex. The parameter TP 

is true positive; indicating correct detection of QRS complex, FP is false positive; 

indicating the number of falsely detected QRS complexes and FN is false negative; 

indicating the number of missed QRS complexes. 

For classical QRS detection algorithms [55, 64, 65, 73, 74, 213, 216, 217, 218], process 

rarely involves any variable parameter on which output result visualization (qualitative 

analysis) and performance metric (quantitative analysis) depends. Contrary to the classical 

approaches, performance of proposed algorithm is dependent on three variable parameters 

𝑎, 𝑝 and 𝑞. This provides three degrees of freedom and as a result increases the flexibility 

of QRS detection process. 
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ECG records present in the selected database contains different types of annotation beats 

such as normal beat, premature ventricular extraction, paced beat, the fusion of paced and 

normal beat, the fusion of ventricular and normal beat and unclassifiable beat. The 

detection of QRS complex of these beats is considered as TP. Total of all R-peaks detected 

from these beats combines to form TPs (109494 beats) present in MIT-BIH database. The 

ECG records also contain non-beat annotations such as ventricular flutter wave, non-R-

peaks (P-wave, T-wave, and U-wave), and isolated QRS like artifacts which are treated as 

FP if detected. 

3.3.2 Simulation Results 

The proposed method utilizes three degrees of freedom, which means three FrST 

parameters (𝑎, 𝑝 and 𝑞) may be varied to achieve desired results. For accurate delineation 

of QRS complex, an optimal value set of FrST parameters is required. Finding an optimal 

value set for FrST spectrogram of ECG signal usually implies high energy distribution 

(resolution) over time-fractional Fourier frequency domain. This optimal time-fractional 

frequency concentration will contribute in achieving a better FrSShnE envelope and better 

localization of QRS complex. 

Numerical simulations carried out to assess the effectiveness of proposed method are 

divided into two sections: simulations to determine the optimal values for FrST parameters 

(𝑎, 𝑝, and 𝑞) and performance evaluation of proposed method to compare it with existing 

techniques using the aforementioned performance metric parameters. 

3.3.2.1 Parameter-based Performance Evaluation of Proposed Detection Method 

For computing the optimal value set, an approach based on quantitative analysis is 

followed, in which a small length of the ECG record is initially considered. For 

experimental purposes, a time span of 5 minutes (108,000 samples) is considered. FrST 

spectrogram for different segments of ECG waveform is analyzed for detecting R-peaks by 

varying fractional order parameter (𝑎) and window adjustment parameters (𝑝 and 𝑞). The 

simulations are performed by keeping two parameters (any two out of 𝑎, 𝑝 and 𝑞 ) constant 

at a time (here, a constant value of 0.5 is taken only for experimentation) and the third one 

is varied as 0.1, 0.3, 0.5, 0.7, 0.9 and 1.1, respectively. The results for ECG record no. 119 

are tabulated in Tables 3.10, 3.11 and 3.12. The variation of true positives (TP), false 

positives (FP) and false negatives (FN) with FrST parameters have been investigated in 
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Figures 3.18, 3.19 and 3.20 for ECG record no. 119, respectively. The results are verified 

for every annotated beat from the database [196].  

On examining the results presented in Tables 3.10, one can determine the effect of varying 

FrST parameters on TP, FP, and FN. The results for fractional order parameter  𝑎 = 0.5 and 

0.7 have maximum TP =108, whereas for fractional order parameter less than 0.5 ( 𝑎 = 0.1 

and 0.3) and more than 0.7 ( 𝑎 = 0.9 and 1.1) has a smaller number of TPs as can be seen 

from Figure 3.18. Furthermore, the trend of detecting true beats decreases for lower and 

higher values of 𝑎 and better results are obtained at 𝑎 = 0.5 and 0.7. 

Next, from Table 3.11 we can see that the results for window adjustment parameter_1 i.e., 

𝑝 = 0.1, 0.3 and 0.9 show poor performance in terms of achieved TP and give the worst 

value at minimum value of 𝑝 = 0.1 with TP = 83. Thus, as value of 𝑝 approaches the lower 

values, the error in detection of true peaks becomes greater.  

Lastly, from Table 3.12 we can infer that for window adjustment parameter_2 i.e., 𝑞 =0.9 

and 1.1, shows poor performance by achieving the worst count of TP =21 at 𝑞 = 1.1. Thus, 

the trend of detecting accurate beats improves as the value of 𝑞 approaches 0 and it 

deteriorates for the values approaching 1. 

Next, the variation of FP with respect to FrST parameters is shown in Figure 3.19. The 

results show that the maximum number of wrongly detected QRS complexes are obtained 

at 𝑎 =0.9 and 1.1, with each giving FP= 4. Also, at 𝑝 =0.1, 0.3, 0.9 and 1.1 and 𝑞 = 0.7, 0.8 

Table 3.10 Performance results varying 𝒂 and keeping 𝑝 = 𝑞 = 0.5 for ECG record 

119 

𝒂 𝒑 𝒒 Total Beats  
True Positives 

(TP) 

False Positives 

(FP) 

False Negatives 

(FN) 

0.1 0.5 0.5 108 104 2 4 

0.3 0.5 0.5 108 108 1 1 

0.5 0.5 0.5 108 108 0 0 

0.7 0.5 0.5 108 108 0 1 

0.9 0.5 0.5 108 107 4 2 

1.1 0.5 0.5 108 107 4 2 

Bold values indicate the maximum TP and minimum FP and FN obtained by varying the parameter 𝑎. 
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and 0.9, the results have shown wrong detection, giving the maximum number at 𝑝 =0.1 

with FP =33 and at 𝑞 =1.1 with FP =36, respectively.   

Similarly, examining the results shown in Figure 3.20, count of missed QRS complexes is 

worst for higher values of 𝑞, i.e., at 𝑞 = 1.1, FN obtained a value of 87. For other parameters, 

the worst count is achieved at 𝑝 = 0.1 and 𝑎 =0.1 with FN= 25 and FN=4, respectively.  

Moreover, the reason behind the observed trend of variation in TP, FP and FN for different 

values of FrST parameters 𝑎, 𝑝 and 𝑞 can be ascertained with the concept of resolution of 

ECG signal in the time-fractional frequency plane. Window adjustment parameters (𝑝 

and 𝑞) play a key role in deciding the resolution of the signal spectrum, as demonstrated in 

Section 3.1.2. As the value of 𝑝 approaches 0 (or 𝑞 approaches 1), fractional Gaussian 

window [47, 219] becomes wider, resulting in poor resolution and decreasing the accuracy 

of detecting QRS complex. Thus, Tables 3.10, 3.11 and 3.12 summarize the effect of 

varying FrST parameters on TP, FP and FN using proposed method. 

Hence, the optimal value set of FrST parameters (as concluded by repeated simulations) is 

found to lie within the range of 0.4 to 0.6, which is deduced by eliminating all erroneous 

cases of wrong detection. Any combination of (𝑎, 𝑝, 𝑞) lying in the range of 0.4 to 0.6 will 

contribute to better detection of QRS complex. In subsection 3.3.2.2, the value set of (0.5, 

0.51, 0.51) is chosen to assess the performance of proposed method on all ECG records 

available in the selected database. 

 

 

Table 3.11 Performance results varying 𝒑 and keeping 𝑎 = 𝑞 = 0.5 for ECG 

record 119 

𝒂 𝒑 𝒒 
Total Beats 

 

True Positives 

(TP) 

False Positives 

(FP) 

False Negatives 

(FN) 

0.5 0.1 0.5 108 83 33 25 

0.5 0.3 0.5 108 103 15 5 

0.5 0.5 0.5 108 108 0 0 

0.5 0.7 0.5 108 108 0 0 

0.5 0.9 0.5 108 101 4 7 

0.5 1.1 0.5 108 108 10 0 

Bold values indicate the maximum TP and minimum FP and FN obtained by varying the parameter 𝑝. 
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Table 3.12 Performance results varying 𝒒 and keeping 𝑎 = 𝑝 = 0.5 for ECG 

record 119 

𝒂 𝒑 𝒒 
Total Beats 

 

True Positives 

(TP) 

False Positives 

(FP) 

False Negatives 

(FN) 

0.5 0.5 0.1 108 108 0 0 

0.5 0.5 0.3 108 108 0 0 

0.5 0.5 0.5 108 108 0 0 

0.5 0.5 0.7 108 108 1 0 

0.5 0.5 0.9 108 103 10 5 

0.5 0.5 1.1 108 21 36 87 

Bold values indicate the maximum TP and minimum FP and FN obtained by varying the parameter 𝑞. 
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Figure 3.18 Variation of TP with FrST parameters (𝑎, 𝑝 and 𝑞) for ECG record no. 119 
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Figure 3.19 Variation of FN with FrST parameters (𝑎, 𝑝 and 𝑞) for ECG record no. 119 
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Figure 3.20 Variation of FP with FrST parameters (𝑎, 𝑝 and 𝑞) for ECG record no. 119                              
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3.3.2.2 Performance Evaluation of all MIT-BIH ECG records 

The performance of proposed method is investigated for all 48 records available at MIT-

BIH Arrhythmia database [196]. The output waveforms obtained from different stages of 

proposed method are shown in Figure. 3.21. The results depicted in Figure 3.21(a) is the 

original ECG signal, Figure 3.21(b) illustrates FrST spectrum of ECG signal and Figure 

3.21(c) shows normalized FrSShnE plot of the associated signal with marked R-peak 

instants. 

For quantitative analysis, statistical parameters, namely Sensitivity, Positive Predictivity, 

Error Rate and Detection Accuracy are calculated at 𝑎 = 0.5, 𝑝 =0.51, 𝑞 =0.51 as explained 

in subsection 3.3.2.1. The experimental results for performance evaluation on ECG records 

are tabulated in Table 3.13. Furthermore, the experiments are conducted on every 15-

second-long segment of the ECG record and therefore there are a total of 120 segments that 

add up to 30 minutes of record length. The computation time of every segment is 29 sec.  

The proposed method provides an Error Rate of 0.03%, which is lowest among those 

obtained by any other methods reported in well-established literature [55, 74, 217, 218, 

220, 221]. Error Rate less than 0.2% is achieved for the following records: 101, 104, 105, 

200, 201, 207, 208, 210, 214, and 228, and for the rest of the records, it is 0%. Only record 

203 gives an Error Rate of 0.5%. 

The performance comparison of proposed method with other methods is reported in Table 

3.14. The proposed technique has clearly demonstrated superior performance by accurately 

detecting 99.99% of all beats. Of the total 48 records, 38 give 0% Error Rate, 100% 

Sensitivity and 100% Positive Predictivity. Total number of obtained FP and FN are 29 and 

8 respectively, which is much less than other literature methods [55, 74, 217, 218, 220, 

221]. 

The proposed method has reported a highest Error Rate of 0.5% for ECG record no. 203, 

which is much less than Error Rate reported for corresponding record utilizing [74] 

method. This record is the most challenging record containing sudden amplitude changes 

of R-peak. Also, this record is corrupted with muscle artifact and baseline shifts, which 

makes it difficult to localize the QRS complex accurately. With the optimal value set, 

proposed method manages to give FN=5 and FP=10.  
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For comparing the ability of proposed method over ST method [74], a small segment from 

1260.8 sec. to 1262.4 sec. of ECG record no. 208 is selected, as illustrated in Figures 3.22 

and 3.23. In these illustrations, first waveform shows the marked instants of R-peaks 

present for ECG record no. 208. The blue square highlights the R-peak of an unclassifiable 

beat and a non-R-peak corresponding to a QRS-like artifact. The green triangle corresponds 

to accurate detection of R-peak and red triangle corresponds to false detection.  

The main features distinguishing proposed method from ST method are as follows:  

(i) Proposed method shows better resolution than ST method, as depicted in 

Figures 3.22(b) and 3.23(b). 

(ii) The envelope extracted using FrSShnE in Figure 3.23(c) accurately traces 

significant peaks in ECG signal as compared to the envelope extracted using 

SShnE in case of ST method as shown in Figure 3.22(c).  

(iii) Better R-peak detection of unclassifiable beats is achieved by proposed method 

giving FN =0, in contrast to ST method with FN=1 as shown in Figure 3.22 (c). 

Finally, the results of erroneous records (104, 105, 107, 108, 201, 203, 208 and 228) 

obtained with proposed method and ST method are compared in Table 3.15. Less number 

of FP and FN are obtained using proposed method.  

Hence, it can be concluded that proposed method outperforms ST method in every aspect, 

i.e., better performance in terms of performance metric parameters, detection of 

unclassifiable beat, and fewer false detections 
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Table 3.13 Performance of proposed algorithm for QRS complex detection 

Record Annotated  Detected  TP FN  FP  Sensitivity Positive  Detection Error 

  No. Beats Beats     Predictivity Accuracy Rate 

100 2273 2273 2273 0 0 100.00 100.00 100.00 0.00 

101 1865 1867 1865 0 2 100.00 99.89 99.89 0.11 

102 2187 2187 2187 0 0 100.00 100.00 100.00 0.00 

103 2084 2084 2084 0 0 100.00 100.00 100.00 0.00 

104 2229 2232 2228 1 4 99.96 99.82 99.78 0.22 

105 2572 2573 2571 1 2 99.96 99.92 99.88 0.12 

106 2027 2027 2027 0 0 100.00 100.00 100.00 0.00 

107 2137 2137 2137 0 0 100.00 100.00 100.00 0.00 

108 1763 1763 1763 0 0 100.00 100.00 100.00 0.00 

109 2532 2532 2532 0 0 100.00 100.00 100.00 0.00 

111 2124 2124 2124 0 0 100.00 100.00 100.00 0.00 

112 2539 2539 2539 0 0 100.00 100.00 100.00 0.00 

113 1795 1795 1795 0 0 100.00 100.00 100.00 0.00 

114 1879 1879 1879 0 0 100.00 100.00 100.00 0.00 

115 1953 1953 1953 0 0 100.00 100.00 100.00 0.00 

116 2412 2412 2412 0 0 100.00 100.00 100.00 0.00 

117 1535 1535 1535 0 0 100.00 100.00 100.00 0.00 

118 2278 2278 2278 0 0 100.00 100.00 100.00 0.00 

119 1987 1987 1987 0 0 100.00 100.00 100.00 0.00 

121 1863 1863 1863 0 0 100.00 100.00 100.00 0.00 

122 2476 2476 2476 0 0 100.00 100.00 100.00 0.00 

123 1518 1518 1518 0 0 100.00 100.00 100.00 0.00 

124 1619 1619 1619 0 0 100.00 100.00 100.00 0.00 

200 2601 2602 2601 0 1 100.00 99.96 99.96 0.04 

201 1963 1964 1963 0 1 100.00 99.95 99.95 0.05 

202 2136 2136 2136 0 0 100.00 100.00 100.00 0.00 

203 2980 2985 2975 5 10 99.83 99.66 99.50 0.50 

205 2656 2656 2656 0 0 100.00 100.00 100.00 0.00 

207 1860 1863 1860 0 3 100.00 99.84 99.84 0.16 

208 2955 2957 2955 0 2 100.00 99.93 99.93 0.07 

209 3005 3005 3005 0 0 100.00 100.00 100.00 0.00 

210 2650 2651 2650 0 1 100.00 99.96 99.96 0.04 

212 2748 2748 2748 0 0 100.00 100.00 100.00 0.00 

213 3251 3251 3251 0 0 100.00 100.00 100.00 0.00 

214 2262 2261 2261 1 0 99.96 100.00 99.96 0.04 

215 3363 3363 3363 0 0 100.00 100.00 100.00 0.00 

217 2208 2208 2208 0 0 100.00 100.00 100.00 0.00 

219 2154 2154 2154 0 0 100.00 100.00 100.00 0.00 

220 2048 2048 2048 0 0 100.00 100.00 100.00 0.00 

221 2427 2427 2427 0 0 100.00 100.00 100.00 0.00 
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Table 3.13 continued 

Record Annotated  Detected  TP FN  FP  Sensitivity Positive  Detection Error 

  No. Beats Beats     Predictivity Accuracy Rate 

222 2483 2483 2483 0 0 100.00 100.00 100.00 0.00 

223 2605 2605 2605 0 0 100.00 100.00 100.00 0.00 

228 2053 2056 2053 0 3 100.00 99.85 99.85 0.15 

230 2256 2256 2256 0 0 100.00 100.00 100.00 0.00 

231 1571 1571 1571 0 0 100.00 100.00 100.00 0.00 

232 1780 1780 1780 0 0 100.00 100.00 100.00 0.00 

233 3079 3079 3079 0 0 100.00 100.00 100.00 0.00 

234 2753 2753 2753 0 0 100.00 100.00 100.00 0.00 

Total 109494 109515 109486 8 29 99.99 99.97 99.97 0.03 

 

Table 3.15 Comparison of the number of FN and FP obtained with ST and proposed 

method   

 
ST method Proposed method ST method Proposed method 

Records FN FN FP FP 
104 9 1 5 4 
105 22 1 10 2 
107 0 0 2 0 
108 23 0 20 0 
201 25 0 4 1 
203 11 5 9 10 
208 3 0 2 2 
228 7 0 4 3 

Bold values indicate the lowest FN and lowest FP 

 

Table 3.14 Comparison with other methods 

Methods Sensitivity Positive Error 

  Predictivity Rate 

Proposed method 99.99 99.97 0.03 

Li et al. (2018) [221] 99.87 99.93 - 

Sahoo et al. (2016) [220] 99.88 99.61 0.5 

Rakshit et al. (2016) [218] 99.95 99.88 0.16 

Sabharwal et al. (2016) [217] 99.9 99.9 0.16 

Li et al. (2014) [55] 99.94 99.87 0.19 

Zidelmal et al. (2014) [74] 99.84 99.91 0.25 
Bold values indicate the highest Sensitivity and Positive Predictivity and lowest Error Rate 
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Figure 3.22 (a) ECG record no. 208 with marked instants of R-peaks, (b) ST spectrogram, 

(c) Stockwell Shannon energy (SShnE) plot 
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Figure 3.23 (a) ECG record no. 208 with marked instants of R-peaks, (b) FrST 

spectrogram, (c) Fractional Stockwell Shannon energy (FrSShnE) plot 
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3.4 Summary 

This chapter proposes the design of denoising and QRS complex detection methods based 

on FrST. In the pursuit of exploring the application of FrST in non-stationary ECG signal 

processing, a computation algorithm for FrST is designed. From the qualitative analysis of 

spectrograms obtained using FrST tool and another established method, i.e., ST tool, it has 

been observed that FrST spectrograms outperform ST spectrogram by allowing better 

resolving ability and flexibility, which has enhanced the detection of QRS complex and 

also, improved the reconstruction performance. 

Furthermore, in order to discuss the performance of FrST-based denoising, simulation 

studies have shown that, not only is resolution improvement achieved with FrST, but also 

noise corrupting ECG signal can be suppressed by varying fractional order parameter 𝑎. At 

the same time, information present can be enhanced by window adjustment parameters 𝑝 

and 𝑞. Also, comparison and validation of proposed method are depicted using different 

levels of AWGN noise levels and different real-time noises. Also, two databases are 

referred to prove the generalizability of proposed method in handling a wide variety of 

ECG signals. The results obtained depict robustness and superiority of proposed method 

over state-of-the-art methods. The three degrees of freedom ascertained that the 

combination of ST and FrFT i.e., FrST, outperforms the existing methods.  

Additionally, the performance of FrST-based QRS complex detection has proved that, apart 

from offering fine resolution, incorporating the FrST concept with Shannon energy 

resulting in FrSShnE, is advantageous in detecting low and medium amplitude QRS 

complexes and hence, improving the performance of detection. Furthermore, it has been 

observed that the resolving ability achieved by varying FrST parameters has improved the 

detection of QRS complex of unclassifiable beats. The overall performance metric 

measures provide outstanding results in terms of Sensitivity (99.99%), Positive Predictivity 

(99.97%), Error Rate (0.03%) and Detection Accuracy (99.97%), which clearly validates 

the superiority of proposed method over other well-established methods. 

When addressing the first issue of non-stationarity with the FrST tool, it was necessary to 

evaluate the proposed method by employing real-time noise and varying levels of AWGN, 

as shown in the denoising part of this chapter. This validation, which utilizes a Gaussian 

noise model, prompts a genuine curiosity about exploring the characteristics of real-time 

noises. The purpose is to determine whether the longstanding assumption of employing a 
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Gaussian model accurately replicates the behavior of real-world scenarios, or if a more 

comprehensive model should be adopted for assessing the robustness of any signal 

processing technique. Therefore, as a major contribution to the research work carried out 

in the thesis, an intensive investigation study is demonstrated with statistical tools to prove 

the existence of non-Gaussian nature in practical scenarios. Subsequently the use of 𝛼-

stable distribution as noise analysis model is proposed as a better alternative to Gaussian 

distribution model for processing ECG signals. 
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Chapter 4 

4 Investigation of 𝛼-Stable Distribution 

Noise Analysis Model for ECG Signals 
 

The work presented in this chapter establishes the groundwork for using non-Gaussian 

framework (which shares similar characteristics with existing state-of-the-art Gaussian 

distribution model) for noise analysis. It attempts to establish the utility of proposed model 

by analyzing behavior of existing noises using a model that is more adequate for practical 

scenarios— 𝛼-stable distribution. 

4.1 Need for Adopting Noise-Analysis Model other than Gaussian 

Distribution Model 

The choice of filtering method is a significant factor influencing the performance of ECG 

processing and analysis system [58, 222]. If noises impacting ECG signal are not given 

enough importance, adopting any noise-reduction approach may be unsuccessful, leading 

to undesirable distortion in true ECG morphology. Therefore, investigating the 

characteristics of ECG noises can be beneficial in designing noise-reduction and filtering 

methods. 

The noises present in real-time scenarios may not always have Gaussian nature. 

Additionally, since real-time noise sources may not always produce noise with finite 

variance, the central limit theorem (CLT) does not apply to these noise sources. Thus, 

Gaussian assumption may not always be valid (as discussed in Section 2.3.1). Under non-

Gaussian conditions, degradation in the performance of conventional Gaussian-based 

techniques may result in inaccurate predictions or false alarms. Furthermore, following 

factors highlight the current scenario.  

• At the time of ECG signal acquisition, it gets corrupted by various impulsive noises 

and artifacts, which can cause problems in analyzing underlying condition of the 

heart. However, in conventional ECG signal processing techniques, artifacts are 
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• assumed to follow Gaussian distribution. This is why we usually use additive white 

Gaussian noise (AWGN) to prove algorithms’ robustness under noisy conditions 

(physiological and environmental). 

• Traditional signal processing methods such as adaptive filters [223], use statistical 

moments (specifically second-order moments) and criterion of least squares (i.e., 

LMS, RLS criterion) to develop filtering techniques to remove such noises. 

However, this criterion no longer applies to non-Gaussian cases, and filtering may 

result in signal distortion. So processing techniques need to adopt more robust noise 

analysis approach to better replicate the environmental conditions. 

• Also, looking at the diverse applications involving ECG signals, such as wearable 

healthcare devices and biometrics, the importance of automated noise analysis is 

highly demanded for reducing false alarms. The need to distinguish between noisy 

excerpts and true ECG morphology is required to eliminate cases of misleading and 

inaccurate diagnosis.  

Therefore, the main objective of this chapter is to introduce an alternative noise model and 

establish its efficacy to be beneficial for biomedical signal processing applications. 

4.2 Analytical Investigation of Noises using Statistical Tests 

From the viewpoint of investigating the characteristics of Gaussian and non-Gaussian 

scenarios, this section is partitioned into two sections. Initially, statistical tests are executed 

on variables generated by MATLAB. Then based on the analysis derived, characteristics of 

real-time noises that corrupt ECG signal are examined for comprehending deviation from 

or similarity to Gaussian distribution. 

Nevertheless, our investigation will revolve around four categories of statistical tests: visual 

inspection, statistical moments, parameter estimation and non-parametric tests.  

4.2.1 Simulated Variables 

To assist in understanding the behavior of real-time noises in next section, statistical 

analysis on MATLAB-generated random variables of Gaussian nature (denoted as G1, G2 

and G3) and non-Gaussian 𝛼-stable nature (denoted as A1, A2, and A3) is performed in this 

section. The random variables- G1, G2, G3, A1, A2 and A3 are plotted in Figure 4.1, and 

the parameters at which these are generated are recorded in Table 4.1. For experimental 
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purposes, a sample size of 2000 is chosen. Additionally, 𝛼-stable random variables used in 

this study are generated using the method described in [224].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.1 Representation of random variables of Gaussian and non-Gaussian nature: 

(a) G1, (b) G2, (c) G3, (d) A1, (e) A2 and (f) A3 

(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

Table 4.1 Parameters at which distribution of Gaussian and non-Gaussian random 

variables is generated. 

 

Variables Notation Type 

G1 𝒩(0,1) Gaussian nature 

G2 𝒩(1,0.5) Gaussian nature 

G3 𝒩(5,2) Gaussian nature 

A1 𝑆(2,0,1,0) Non-Gaussian 𝛼-stable nature 

A2 𝑆(1.4, −0.2,1,0) Non-Gaussian 𝛼-stable nature 

A3 𝑆(0.5,0,1,0) Non-Gaussian 𝛼-stable nature 
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4.2.1.1 Tests based on Visual Inspection  

This category includes the most straightforward methods for identifying distribution 

characteristics based on their graphical representation. 

(i) Histogram:  The histograms for random variables (both Gaussian and 𝛼-stable 

nature) are generated and shown in Figure 4.2. Based on the concept of histogram 

outlined in Section 2.5.1.1, it can be deduced that the distribution of G1, G2, and 

G3 follows a normal, Gaussian distribution as evidenced by the bell-shaped 

histogram shape and symmetry about the mean. Furthermore, for variable A1, 

which represents the limiting case (𝛼 = 2) of 𝛼-stable distribution, the histogram 

obtained is similar to that of Gaussian variables (G1, G2, and G3). Histograms for 

A2 and A3 indicate that most of data is centered around prominent peaks. This 

indicates that the distribution characteristics of A2 and A3 deviate from normality, 

becoming asymmetrical and exhibiting peaks. 

 

 

 

 

 

 

 

Figure 4.2 Histograms showing the distribution of Gaussian and non-Gaussian random 

variables: (a) G1, (b) G2, (c) G3, (d) A1, (e) A2 and (f) A3 

(b) 

(c) 

(d) 

(e) 

(f) 

(a) 
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(ii) QQ-plot: QQ plots of random variables are shown in Figure 4.3 with GQ 

representing the quantiles of Gaussian distribution (here, we have used standard 

Gaussian distribution with mean=0 and variance=1) and RQ represents quantiles of 

the sample, for which, type of distribution has to be identified as Gaussian or non-

Gaussian.  

Upon examining Figure 4.3, it is evident that the data points for G1, G2, G3 and 

A1 are accurately aligned, as depicted in Figures 4.3(a), 4.3(b), 4.3(c), and 4.3(d) 

respectively. Here, the linear relationship or straight line indicates the Gaussian 

structure of the distribution. However, in the case of A2 (Figure 4.3(e)) and A3 

(Figure 4.3 (f)), there is observable divergence at the endpoints of GQ line. This 

deviation is characterized by extended tails, providing evidence that the distribution 

of A2 and A3 is non-Gaussian. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.3 QQ plots of Gaussian and non-Gaussian random variables: (a) G1, (b) G2, (c) G3, 

(d) A1, (e) A2 and (f) A3 

(d) 

(b) 

(c) 

(a) 

(e) 

(f) 
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4.2.1.2 Statistical Moment Theory 

The values of these statistical moments for the random variables are given in Table 4.2. 

(i) Mean- the First Moment: Transitioning to the examination of random variables 

based on this concept, it is observed that the mean of Gaussian variables G1, G2, 

and G3 is in line with 𝜇 value with which the Gaussian distribution was generated, 

as reported in Table 4.1.  

Furthermore, from the viewpoint of analyzing for non-Gaussian characteristics, it 

is described in Section 2.5 that for 𝛼-stable variables, mean is zero for 𝛼 > 1 and is 

undefined for 𝛼 < 1. Therefore, upon examining mean values for 𝛼-stable 

variables, it is observed that the mean for A1 (𝛼 = 2) is 0.00 and 0.07 for A2 

(𝛼 = 1.4), which complies with the concept of mean for 𝛼-stable distribution. 

Furthermore, to prove the concept of finite mean for Gaussian variables and the 

infinite mean concept for 𝛼-stable variables, the running mean is computed and 

their graphs are shown in Figure 4.4. The running mean graphs for variables G1, 

G2, G3, A1 and A2 converges to a finite value and for A3(𝛼 = 0.5) mean exhibits 

a large negative value. The large value attained for A3 aligns with the notion of 

undefined mean as outlined for 𝛼-stable distribution family [49]. 

 

(ii) Variance- the Second Moment about Mean 

To represent the concept of variance, it is observed that the values of variance for 

G1, G2, and G3, as presented in Table 4.2, correspond to the value 𝜎2 i.e., variance 

at which distributions were generated, as tabulated in Table 4.1.  

Furthermore, to understand this concept from non-Gaussian point of view, the 

running variance method is illustrated in Figure 4.5. As stated in Section 2.3, for 

𝛼-stable distribution, variance is infinite for 𝛼 < 2. Therefore, as shown in Figure 

4.5, variances of all variables converge to specific value except for A2 and A3, 

where the graph appears to diverge and has very large value. This diverging 

behavior explains the behavior of 𝛼-stable variables and justifies the concept of 

infinite variance as described for 𝛼-stable distribution family [49]. 
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(iii) Skewness- the Third Moment  

Before analyzing skewness values obtained for generated random variables, it is 

worth mentioning that the skewness coefficient values are constrained in the range 

of [−1,1]. Now, on analyzing values from Table 4.2, values of skewness for 

variables with Gaussian nature (G1, G2, G3 and A1) seem to lie within the range 

as expected for Gaussian distribution. But for 𝛼-stable variables with 𝛼 < 2 (i.e., 

for A2 and A3), the skewness values obtained do not even comply with the range 

of skewness used in descriptive statistics for analyzing real data [184] . This proves 

that the third moment does not exist for 𝛼-stable variables. Hence, skewness could 

help to differentiate between Gaussian and non-Gaussian behavior. 

 

(iv) Kurtosis- the Fourth Moment: On analyzing Kurtosis values from Table 4.2, 

Gaussian variables: G1, G2 G3 and A1 have kurtosis value close to 3, whereas, for 

A2 and A3, the values are high enough and do not comply with the acceptable range 

for kurtosis used in descriptive statistics [184]. Thus, from skewness and kurtosis 

values, we can conclude that higher-order statistics do not exist for 𝛼-stable 

variables A2 and A3 and have non-Gaussian nature.  

 

Therefore, statistical moments hold a significant place in analyzing deviations from 

normality and are advantageous in identifying non-Gaussian characteristics. 

 

 

Table 4.2 Statistical moments of Gaussian and non-Gaussian random variables. 

 Gaussian  Non-Gaussian  

 G1 G2 G3  A1 A2 A3 

Mean -0.01 1 4.96  0.00 0.07 -264.45 

Variance 0.99 0.49 1.98  1.41 11.75 50758.79 

Skewness -0.01 -0.01 0.06  0.12 -11.76 -22.70 

Kurtosis 3.03 2.99 2.90  3.25 323.62 1126.22 
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4.2.1.3 Chi-Square Goodness-of-Fit Test 

As demonstrated in Section 2.5.3.1, this test is a normality test performed on the generated 

variables (Gaussian and 𝛼-stable variables) to check the hypothesis that if variables follow 

normal distribution, or they show deviation from normality assumption. The results are 

recorded in Table 4.3, with hypothesis defined as: 

Null hypothesis, 𝐻𝑜: The sample data follows the Normal distribution.  

Alternate hypothesis, 𝐻𝐴: The sample data do not follow the Normal distribution. 

On analyzing obtained values, it is observed that for G1, G2, G3 and A1– the chistat value, 

𝜒2 values are less than the 𝜒𝑎
2 computed at a significance level, 𝑎 = 0.05. This implies that 

our null hypothesis (𝐻𝑜) is true and variables follow normal distribution, i.e., have a 

Gaussian nature and normal distribution is a good fit for these variables.  

On the other hand, for A2 and A3 the chistat value 𝜒2 is greater than the 𝜒𝑎
2 computed at 

the same significance level. Therefore, it shows that our null hypothesis (𝐻𝑜) is rejected in 

favor of alternate hypothesis that normal distribution is not a good fit for these variables. 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4.3 Chi-Square goodness of fit test performed on MATLAB generated 

variables 

  Gaussian  Non-Gaussian  

 G1 G2 G3  A1 A2 A3 

h  0 0 0  0 1 1 

p  0.176 0.7712 0.5096  0.147 <0.00001 <0.00001 

df  6 7 7  6 1 1 

𝝌𝟐  8.9577 4.0743 6.2609  9.6397 5.10E+45 5.16E+116 

𝝌𝟎.𝟎𝟓
𝟐   11.07 12.592 12.592  11.07 3.841 3.841 

Note: Here, h= is the hypothesis value, p= probability of observing the result values in favour of the null 

hypothesis, 𝒅𝒇 is the degree of freedom, 𝝌𝟐 is the observed Chi-square test statistic and 𝝌𝟎.𝟎𝟓
𝟐  is the Chi-square 

test statistic obtained at significance level 𝒂 = 𝟎. 𝟎𝟓 for a given degree of freedom. 
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4.2.1.4 Parameter Estimation Tests 

This section intends to verify the correctness and effectiveness of parameter estimation 

methods in handling the sample-given data. Table 4.4 and Table 4.5 records the results 

obtained from the estimation tests– McCllouch [108] and Kogon and Williams [110], 

respectively. On comparing the results obtained using methods mentioned above with 

previously attained Table 4.1 (which contains the actual parameters, at which 

corresponding variables were generated in the first place), following observations are 

made: 

(i) Both methods (Tables 4.4 and 4.5) are effective in estimating the distribution 

parameters for both types of variables: Gaussian distributed as well as non-Gaussian 

𝛼-stable distributed.  

(ii) The results in Table 4.5 display a higher level of accuracy than those outlined in 

Table 4.4, so Kogon and Williams method will be employed for the proposed study 

later. 

Subsequently in next section, chosen parameter estimation will be employed along with 

significance tests to find the “best fit” among distributions for the underlying data. 

 

 

 

 

 

 

 

 

 

 

 

Table 4.4 Parameter Estimation using McCllouch method 

 G1 G2 G3 A1 A2 A3 

𝜶 1.87 1.96 2.00 1.92 1.26 0.59 

𝜷 -0.09 -0.14 -0.01 0.01 -0.21 0.10 

𝜸 0.68 0.34 1.41 0.97 0.97 0.95 

𝜹 -0.01 0.51 -0.02 0.01 0.14 -0.15 

 

Table 4.5 Parameter estimation using Kogon-William’s method 

 G1 G2 G3 A1 A2 A3 

𝜶 2.00 2.00 2.00 1.98 1.26 0.49 

𝜷 1.00 -1.00 -1.00 0.97 -0.27 -0.08 

𝜸 0.70 0.35 1.41 0.98 0.99 0.97 

𝜹 -0.02 0.50 -0.06 -0.03 0.61 0.00 
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4.2.2 Experimental Study on Real-Time Noises Corrupting ECG Signals 

The literature has always used additive white Gaussian noise for ECG signal processing to 

validate and test the noise-removal methods. Also, the trend of using Gaussian distribution 

noise is supported by the fact that this noise model allows easy analytical manipulation. 

However, as the real-time noises have higher amplitudes, impulsive nature and are 

asymmetric, therefore in this section, we shift our focus from Gaussian assumption and 

attempt to analyze the statistical behavior of noises corrupting ECG signals. Based on the 

results and analysis drawn from the statistical tests in preceding section, this section will 

investigate the behavior of real-time noises.  

For investigating behavior of real-time noises corrupting ECG signals, real-time noise data 

from three Physionet databases [225];  

• Motion Artifact Contaminated ECG Database [204, 205]: The database also has 

ECGs acquired during different physical activities 

• Examples of Electromyograms [206]:  This database is used for intensive analysis 

of EMG signals. 

• MIT-BIH Noise Stress Test Database [201]: This database contains noises– 

“baseline wander”, “electrode motion artifact”, and “muscle artifact” (commonly 

called EMG), whose frequency content overlaps with ECG signals. 

For experimental purposes and to analyze statistical characteristics of noises, the full length 

of segments available in the database are considered. 

4.2.2.1 Database 1- Motion Artifact Contaminated ECG Database  

This database [205] consists of signals acquired to study the impact of physical activities 

on ECG signal. The database comprises three types of ECG: standing ECG, walking ECG 

and single jump ECG.  

As our proposed work aims to study the characteristics of noise contaminating ECG signals, 

this database helps investigate the characteristics of motion artifacts in ECG. Three signals 

each from standing, walking, and jumping are selected for experimental purposes. 

Statistical tests described in Section 4.2 are then applied, and results are recorded in Figures 

4.6-4.9 and Tables 4.6-4.7. Here, M1, M2, and M3 denote the three motion artifacts 

corresponding to standing, walking and jumping.  
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• Visual Statistical Tests: On applying test based on histograms, it can be observed 

from Figure 4.6 that for available samples, the histograms obtained have large tails 

on the right side and are asymmetric.  

  

Figure 4.6 Histograms for different motion artifacts from Motion Artifact Contaminated 

ECG Database (a) M1, (b) M2 and (c) M3 

M1 represents the motion artifact in standing, M2 is the motion artifact due to 

walking and M3 is motion artifact caused due to the jumping from Motion Artifact 

Contaminated ECG Database. 

  

(a) 

(b) 

(c) 
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• Next, on observing the QQ plots in Figure 4.7, all three plots depicting the behavior 

of standing (M1), walking (M2), and jumping (M3) ECGs have clearly shown high 

deviation on the upper end, whereas the bottom end coincides with the straight line.  

This concludes that the motion artifact data obtained is highly right-skewed and 

does not follow the Gaussian distribution.  

  

Figure 4.7 QQ plots for different motion artifacts from Motion Artifact Contaminated 

ECG Database (a) M1, (b) M2 and (c) M3 

M1 represents the motion artifact in standing, M2 is the motion artifact due to 

walking and M3 is motion artifact caused due to the jumping from Motion Artifact 

Contaminated ECG Database. 

(a) 

(b) 

(c) 
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• Statistical Moments:  Next on examining the statistical moments values (of three 

motion artifacts, standing (M1), walking (M2), and jumping (M3), reported in Table 

4.6, it is observed that skewness value is greater than 1, which does not comply with 

the usual range of skewness (-1 to 1) as described in Section 2.5 and illustrated in 

Section 4.2.1.2. Furthermore, the large right tail values depicted in the histogram 

(Figure 4.6) and QQ plot (Figure 4.7) are quantified by kurtosis value greater than 

3, which surely signifies non-Gaussian behavior.  

Furthermore, to study the behavior of statistical moments from 𝛼-stable distribution 

point of view, running mean and running variance, plots are generated as shown 

Figures 4.8 and 4.9, respectively.  

On analyzing Figure 4.8, it is evident that the running mean either converges to 

zero or diverges. This behavior of running mean reveals certain similarities to the 

characteristics of 𝛼-stable distribution (as described in Section 2.4).  

Additionally, the running variance curves appear to diverge, as depicted in Figure 

4.9. Specifically, large value is observed in the last sample (marked in the blue box). 

This divergence is evident for all signals, indicating that these signals possess 

infinite variance and thus display the 𝛼-stable characteristics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4.6 Statistical moments of different motion artifacts from Motion Artifact 

Contaminated ECG Database 

Statistical moments Standing (M1) Walking (M2) Jumping (M3) 

Mean -0.03 10.84 -0.01 

Variance 88.56 71.77 92.62 

Skewness 3.57 4.09 3.68 

Kurtosis 18.27 21.90 19.59 
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• Parameter Estimation Test: Finally, to quantify the abovementioned traits of 

signal approaching 𝛼-stable distribution nature, Kogon and Williams’s estimation 

method is applied to estimate the parameters of sample data’s distribution and 

results are recorded in Table 4.7. 

Upon analyzing the data, it is observed that 𝛼 parameter values obtained for 

standing and jumping are below 2 and even lower than 1 for walking signal. This 

proves the presence of impulsive behavior and highlights the absence of Gaussian 

nature, clearly indicating that the 𝛼-stable distribution noise model is a suitable 

choice for real-time scenarios. 

  

Table 4.7 Parameter estimation of different motion artifacts from Motion Artifact 

Contaminated ECG Database using the Kogon-William’s method 

Estimated parameters 
Standing  

(M1) 

Walking  

(M2) 

Jumping  

(M3) 

𝜶 1.26 0.88 1.22 

𝜷 -1.00 -0.98 -1.00 

𝜸 21.84 7.99 21.48 

𝜹 34.13 -11.20 18.93 
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4.2.2.2 Database 2- Examples of Electromyograms Database 

This database comprises three EMG signals obtained from three subjects with neurological 

disorders [206]: EMG_healthym, EMG_myopathym, and EMG_neuropathym, respectively. 

To investigate the statistical behavior of these EMG signals, statistical tests were applied 

and results are recorded in Figures 4.10-4.13 and Tables 4.8-4.9. Here, EMG_healthym, 

EMG_myopathym, EMG_neuropathym denoted as E1, E2, and E3, respectively 

• Visual Statistical Tests: The histograms displayed in Figure 4.10 illustrate that the 

distribution does not follow normal bell-shaped curve. Instead, the forms of 

histograms have prominent peaks in the center. Specifically in Figure 4.10 (c), most 

of the data is concentrated in central region. Next, the QQ plots in Figure 4.11 

indicate the existence of outliers at both lower and upper extremes i.e., long tails 

are present on both sides. This reveals that the data have an asymmetric distribution, 

which in turn suggests that data are not Gaussian in nature, but rather follow a non-

Gaussian distribution. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) 

(b) 

(c) 

Figure 4.10 Histograms for different EMGs from Example of Electromyograms 

Database (a) E1, (b) E2 and (c) E3. 

E1 represents the EMG_healthym signal, E2 is the myopathym 

signal and E3 is the EMG_neuropathym signal from Examples of 

Electromyograms Database. 
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• Statistical Moments: For quantifying the results obtained using visual inspection, 

statistical moments are recorded in Table 4.8. It is evident from the long tails with 

peaky centers that the data is asymmetric and as a result, skewness values do not 

fall between -1 and 1. Likewise, kurtosis and variance values are high enough to 

indicate the presence of outliers and heavy tails, as described in Section 4.2.1.2.  

 

 

 

 

 

 

 

 

 

Figure 4.11 QQ plots for different EMGs from Example of Electromyograms 

Database (a) E1, (b) E2 and (c) E3  

E1 represents the EMG_healthym signal, E2 is the myopathym 

signal and E3 is the EMG_neuropathym signal from Examples of 

Electromyograms Database. 

(a) 

(b) 

(c) 

Table 4.8 Statistical moments of different EMGs from Example of Electromyograms 

Database. 

Statistical 

moments 

EMG_healthym  

(E1) 

EMG_myopathym 

(E2) 

EMG_neuropathym 

(E3) 

Mean 0.04 0.07 49.76 

Variance 815.77 970.30 3883.90 

Skewness 1.07 0.29 -1.40 

Kurtosis 14.10 9.43 24.95 

 

 

 

 

 



Chapter 4 

124 

 

In order to examine 𝛼-stable behavior, running mean and running variance plots 

are shown in Figures. 4.12 and 4.13, respectively. On analyzing Figure 4.12, it is 

apparent that the running mean either converges to zero or diverges for signals in 

this database.  Moreover as represented in Figure 4.13, running variance curves 

have large values at the last sample (highlighted in the blue box) for each signal, 

indicating divergence in the curve and implying an infinite variance. Therefore 

based on these data, it is accurate to state that the behavior of EMG signals does 

not conform to Gaussian assumption. 

 

 

 

 

 

 

 

(a) 

(b) 

(c) 

Figure 4.12 Running mean plots for different EMGs from Example of 

Electromyograms Database (a) E1, (b) E2 and (c) E3. 
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• Parameter Estimation Test: Lastly, the process of determining values of 

parameters is carried out to model the underlying distribution and the results are 

recorded in Table 4.9. Based on the data, it is derived that the 𝛼 value for E1 and 

E2 signals is below 2, while for E3, 𝛼 value is even below 1. This shows the 

presence of impulsive behavior, confirming our previous assumption to represent 

noise behavior using 𝛼-stable distribution.  

 

 

 

 

 

(a) 

(c) 

(b) 

Figure 4.13 Running Variance plots for different EMGs from Example of 

Electromyograms Database (a) E1, (b) E2 and (c) E3  
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4.2.2.3 Database 3- MIT-BIH Noise Stress Test Database  

This database [201] is widely referred, as it contains signals that predominantly include the 

most troublesome noises like muscle artifacts (mam), electrode motion artifacts (emm), and 

baseline wander (bwm). As discussed in Section 4.2.1, different statistical tests are applied 

to study the behavior of such noises. The signal length available in this database is 650,000 

samples, so their behavior is studied by dividing each signal into lengths of 50,000 (a total 

of thirteen segments per signal). Also mam, emm and bwm are denoted as N1, N2 and N3. 

• Parameter Estimation Test: Firstly, to model the behavior of noises, the Kogon-

Williams parameter estimation method is applied to thirteen segments and the 

results are recorded in Tables 4.10-4.12. From the recorded values of 

characteristic 𝛼 for mam noise in Table 4.10, it is evident that all the thirteen 

segments have value of 𝛼 < 2. Furthermore, six of these segments have value of 

𝛼 < 1.5. Similarly, Table 4.11 (emm noise) and Table 4.12 (bwm noise) indicate 

that all thirteen segments have value of 𝛼 < 2. It is worth noting that four segments 

for emm noise and two segments for bwm noise have values close to 2 (specifically, 

more than or equal to 1.90). The overall 𝛼 parameter attained for all three noisy 

signals is smaller than 2, which proves the existence of impulsive behavior and 

hence confirms the characteristics of 𝛼-stable distribution.  

 

 

 

Table 4.9 Parameter estimation of different EMGs from Example of Electromyograms 

Database using the Kogon-William method. 

Estimated 

parameters 

EMG_healthym 

(E1) 

EMG_myopathym 

(E2) 

EMG_neuropathym 

(E3) 

𝜶 1.64 1.33 0.77 

𝜷 -0.02 0.16 0.55 

𝜸 405.70 358.39 460.10 

𝜹 -21.22 -52.23 66.58 
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Table 4.10 Parameter estimation performed on full-length “mam” data from MIT-BIH 

Noise Stress Test Database. 

Segment no: 𝜶 𝜷 𝜸 𝜹 

1 1.66 -0.18 18.63 -1.31 

2 1.76 0.44 20.19 0.29 

3 1.79 -0.66 16.54 -2.30 

4 1.65 0.69 17.73 1.13 

5 1.60 0.39 18.95 0.73 

6 1.38 0.10 16.35 -0.08 

7 1.47 0.21 20.99 0.64 

8 1.46 0.21 13.30 1.36 

9 1.39 0.26 19.29 2.53 

10 1.31 0.10 33.57 -0.61 

11 1.44 0.04 24.16 0.79 

12 1.59 -0.14 10.32 -0.78 

13 1.58 0.03 14.47 -0.74 

Average 1.54 0.12 18.81 0.13 

Bold represents the overall averaged values of estimated parameters 

 

Table 4.11 Parameter estimation performed on full-length “emm” data from MIT-BIH 

Noise Stress Test Database. 

Segment no: 𝜶 𝜷 𝜸 𝜹 
1 1.93 -1.00 80.88 -3.20 
2 1.90 -0.12 77.04 0.00 
3 1.75 0.76 94.94 2.88 
4 1.67 1.00 92.77 24.80 
5 1.86 1.00 113.96 15.61 
6 1.67 1.00 92.29 25.48 
7 1.98 0.71 91.10 -3.81 
8 1.99 0.30 73.33 0.30 
9 1.84 1.00 101.76 13.24 
10 1.67 1.00 95.20 27.27 
11 1.82 1.00 102.99 14.96 
12 1.72 1.00 93.51 23.15 
13 1.85 1.00 95.18 10.93 

Average 1.82 0.67 92.69 11.66 
Bold represents the overall averaged values of estimated parameters  
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• Visual Inspection Method: One random segment was chosen from each signal to 

depict the results obtained through this method. Their histograms and the QQ plots 

are depicted in Figure 4.14 and 4.15, respectively. Once again, histograms exhibit 

asymmetry and distinct peak at the center. Also, QQ plots display divergence on 

both sides. This clearly indicates the presence of non-Gaussian 𝛼-stable distribution 

characteristics.  

• Statistical Moments: From the results recorded on evaluating one segment of each 

type: bwm, emm and mam in Table 4.13 it is evident that signals do not show values 

of skewness and kurtosis within expected ranges. Additionally, the value attained at 

last sample depicts divergence for running mean and running variance curves as 

shown in Figures 4.16 and 4.17. This hint towards the presence of 𝛼-stable nature 

of distribution in these signals.  

Therefore, we can conclude that these noises deviate from Gaussian assumption and follow 

non-Gaussian 𝛼-stable distribution characteristics.  

  

Table 4.12 Parameter estimation performed on full-length “bwm” data from MIT-BIH 

Noise Stress Test Database. 

Segment no: 𝜶 𝜷 𝜸 𝜹 
1 1.95 -1.00 55.36 -2.79 
2 1.54 -0.15 60.72 -8.89 
3 1.55 0.06 39.21 4.53 
4 1.31 -0.45 32.24 -21.78 
5 1.34 -0.08 30.11 -1.43 
6 1.87 -1.00 51.36 -8.19 
7 1.76 0.65 74.72 9.14 
8 1.68 -1.00 29.06 -7.03 
9 1.78 0.56 75.51 10.83 
10 1.67 -0.89 29.64 -4.03 
11 1.21 -0.46 22.36 -25.42 
12 1.98 -1.00 55.99 1.97 
13 1.62 0.13 58.40 0.54 

Average 1.64 -0.36 47.28 -4.04 

Bold represents the overall averaged values of estimated parameters  
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4.2.2.4 Chi-Square Goodness-of-Fit Test on Selected Databases 

Chi-square goodness of fit is performed on above-discussed signals to determine if these 

signals follow normal distribution and the results are recorded in Table 4.14. Upon 

analyzing the obtained values for all signals, it is evident that the computed 𝜒2 values are 

greater than the 𝜒𝑎
2 computed at 0.05 significance. This implies that null hypothesis (𝐻𝑜) 

is rejected in favor of the alternate hypothesis and normal distribution is not a good fit for 

these signals. This further strengthens our proposed argument that a different model, such 

as 𝛼-stable distribution model, should be utilized to simulate real-world noises instead of 

Gaussian distribution. 

 

Table 4.13 Statistical moments of random noisy segments extracted from “mam”, 

“emm”, and “bwm” signal. 

Statistical moments mam 

(N1) 

emm  

(N2) 

bwm 

(N3) 

Mean -0.78 0.64 -0.14 

Variance 37.56 158.41 111.09 

Skewness 0.77 1.08 3.58 

Kurtosis 7.68 4.52 35.93 

 

Table 4.14 Chi-Square goodness of fit test performed on real-time noise excerpts from 

each selected database. 

 
E1 E2 E3 M1 M2 M3 N1 N2 N3 

h 1 1 1 1 1 1 1 1 1 
p <0.00001 <0.00001 <0.00001 <0.00001 <0.00001 <0.00001 <0.00001 <0.00001 <0.00001 
df 2 3 3 3 3 3 3 6 3 
𝝌𝟐 15008.02 54753.81 110104.5 3849.934 5676.653 1761.2761 281470.02 137653.5 98421.2 
𝝌𝟎.𝟎𝟓
𝟐  5.991 7.815 7.815 7.815 7.815 7.815 7.815 5.991 7.815 
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4.2.2.5 Comparison of Proposed Noise Model with other Literature based Non-

Gaussian Models 

As demonstrated using the statistical results in previous sections, Gaussian distribution 

cannot handle real-time noises due to their asymmetric and heavy-tailed characteristics. 

Thus, in order to validate the use of proposed 𝛼-stable distribution, various other non-

Gaussian distribution models present in literature, which have been proposed as a viable 

alternative like Generalized Gaussian distribution (GGD) [192], Gaussian Mixture 

distribution (GMD) [226], along with t Location-Scale distribution (tLSD) [194] are 

investigated. The performance of these distributions is analyzed using two statistical 

measures: Kolmogorov–Smirnov (KS) test statistic [227] and Wasserstein distance [189]. 

Furthermore, for comparative analysis three real-time signals: M2 (walking), E3 

(EMG_neuropathym) and N1 (mam), which were previously mentioned in Section 4.2.2.1, 

4.2.2.2 and 4.2.2.3 respectively, are taken into consideration.  

Method: In order to apply the statistical measures, firstly estimates to the aforementioned 

distributions are obtained using the method described in [228]. Furthermore, in order to 

remove any bias, this parameter estimation method is different from the one used in 

previous sections, as it is simply based on minimizing the maximum distance between the 

empirical cumulative density function (eCDF) of the underlying data and estimated CDF 

of the distribution. 

The estimated parameters for different distributions for selected signals is presented in 

Table 4.15-4.17. On analyzing these results, it is evident that N1, M2 and E3 have heavy 

tails and follow impulsive characteristics. This is justified with the obtained values as 

explained below: 

❖ For 𝛼-stable distribution: Value of 𝛼 < 2 for N1(mam) and it is 𝛼 <1 for both 

M2(walking) and E3(standing). 

❖ For GGD, shape parameter 𝛽 < 1 for all examined signals, implying a heavier tail 

than normal distribution. 

❖ For GMD, the covariance parameter indicating significant dispersion exceeds 100 

for various Gaussian components in GMD. 

❖ Finally, for tLSD, the values for shape parameter are approximately 2 indicating 

the presence of heavy tails. 
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Thus, it can be stated that these signals have impulsive nature and Gaussian distribution 

model is not a suitable contender for modelling these noises. To quantify the obtained 

results, statistical measures-based analysis is performed which is described in next two 

sections. 

  

Note: Here, GMD distribution is estimated using two components and values are given by [first component 

respective parameter value; second component respective parameter value]. 

 

Table 4.15 Estimated parameters for different distributions corresponding to N1, N2 

and N3 

Parameter description 
Input real-time data 

N1(mam) N2(emm) N3(bwm) 

𝛼-stable distribution 

𝛼 stability parameter 1.57 1.8 1.84 

𝛽 symmetry parameter 0.12 0.71 0.66 

𝛾 scale parameter 19 95.28 23.02 

𝛿 location parameter -2.31 10.66 -3.80 

Generalized Gaussian distribution (GGD) 

𝜇𝐺𝐺𝐷 location parameter -1.06 -0.26 -3 

𝛼𝐺𝐺𝐷 scale parameter 23.17 59.46 36.03 

𝛽𝐺𝐺𝐷 shape parameter 0.93 2.10 1.30 

Gaussian Mixture distribution (GMD) 

𝜇𝐺𝑀𝐷 means parameter [-2.21; 6.95] [25.48; -16.92] [4.0414; -8.1963] 

𝐾𝐺𝑀𝐷 covariance parameter 
[562.526;5.36E+03] [1.38E+03; 1.17E+03] [1.80E+03; 

298.6483] 
 

Component proportion [0.812; 0.188] [0.3886; 0.6114] [0.6253;0.3747] 

t Location-Scale distribution (tLSD) 

𝜇𝑡𝐿𝑆𝐷  location parameter -1.74 -0.44 -2.07 

𝜎𝑡𝐿𝑆𝐷 scale parameter 23.06 40.95 29.12 

𝜈𝑡𝐿𝑆𝐷  shape parameter 2.8 2.87E+06 5.73 
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Table 4.16 Estimated parameters for different distributions corresponding to M1, 

M2 and M3 

Parameter description 
Input real-time data 

Standing (M1) Walking (M2) Jumping (M3) 

𝛼-stable distribution 

𝛼 stability parameter 0.79 0.82 0.76 

𝛽 symmetry parameter -0.70 -0.57 -0.63 

𝛾 scale parameter 11.08 7.03 10.98 

𝛿 location parameter 3.88 -3.2 3.63 

Generalized Gaussian distribution (GGD) 

𝜇𝐺𝐺𝐷 location parameter 0.47 0.00 0.46 

𝛼𝐺𝐺𝐷 scale parameter 2.43 2.58 2.41 

𝛽𝐺𝐺𝐷 shape parameter 0.40 0.44 0.40 

Gaussian Mixture distribution (GMD) 

𝜇𝐺𝑀𝐷 means parameter [-17.80; 312.74] [-6.78; 22.63] [-17.9827; 333.7128] 

𝜎𝐺𝑀𝐷 covariance parameter [1.30E+03;1.95E+04] [111.29; 2.06E+04] [1.45E+03;2.35E+04] 
 

Component proportion [0.9462; 0.0538] [0.762;0.238] [0.9489; 0.0511] 

t Location-Scale distribution (tLSD) 

𝜇𝑡𝐿𝑆𝐷  location parameter 4.28 -3.94 58.7 

𝜎𝑡𝐿𝑆𝐷 scale parameter 9.90 8.3 378.1 

𝜈𝑡𝐿𝑆𝐷  shape parameter 0.72 0.92 0.74 

 

 

 

Note: Here, GMD distribution is estimated using two components and values are given by [first component 

respective parameter value; second component respective parameter value]. 
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Table 4.17 Estimated parameters for different distributions corresponding to E1, E2 

and E3 

Parameter description 
Input real-time data 

E1(EMG_healthym) E2(EMG_myopathym) E3(EMG_neuropathym) 

𝛼-stable distribution 

𝛼 stability parameter 1.51 1.21 0.79 

𝛽 symmetry parameter 0.029 0.13 0.27 

𝛾 scale parameter 389.543 331.73 418.04 

𝛿 location parameter -21.536 -59.89 62.93 

Generalized Gaussian distribution (GGD) 

𝜇𝐺𝐺𝐷 location parameter 0.39 0.381 0.41 

𝛼𝐺𝐺𝐷 scale parameter 2.402 2.40 2.40 

𝛽𝐺𝐺𝐷 shape parameter 0.2656 0.263 0.24 

Gaussian Mixture distribution (GMD) 

𝜇𝐺𝑀𝐷 means parameter [70.3764;-25.401] [-62.468;143.468] [73.36; 9.91] 

𝐾𝐺𝑀𝐷 
covariance 

parameter 
[1.85E+06;1.88E+05] [1.25E+05;2.64E+06] [1.60E+05;4.03E+07] 

 Component 

proportion 
[0.2861;0.7139] [0.679;0.321] [0.628; 0.372] 

t Location-Scale distribution (tLSD) 

𝜇𝑡𝐿𝑆𝐷  location parameter -16.947 -50.647 58.7 

𝜎𝑡𝐿𝑆𝐷 scale parameter 471.572 378.51 378.1 

𝜈𝑡𝐿𝑆𝐷  shape parameter 2.60 1.56 0.74 

 

Note: Here, GMD distribution is estimated using two components and values are given by [first component 

respective parameter value; second component respective parameter value]. 
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4.2.2.5.1 Comparative Analysis using Kolmogorov–Smirnov (KS) Test Statistic 

The KS statistical significance test is applied on the estimated parameters of considered 

distributions, to determine the presence of statistical errors in estimations and results are 

tabulated in Table 4.18. To compare the performance of the aforementioned distributions, 

a smaller value of KS test statistic will imply better estimation and thus correspond to a 

better distribution fit for the respective signal. 

Results and Discussion: Examining the KS test statistic values, it is demonstrated that the 

𝛼-stable distribution model yields the lowest values for all signals. Hence, it can be stated 

that 𝛼-stable distribution exhibits a superior fit compared to other distributions mentioned 

in the literature. 

 

 

 

 

 

Table 4.18 KS test statistic value computed for different distributions corresponding 

to each data 

 

Dataset 𝜶-stable GGD GMD tLSD 

N1 (mam) 0.016 0.028 0.024 0.020 
N2 (emm) 0.011 0.023 0.020 0.026 
N3 (bwm) 0.021 0.027 0.034 0.051 

M1 (standing) 0.097 0.170 0.218 0.185 
M2 (Walking) 0.069 0.256 0.120 0.135 
M3 (jumping) 0.088 0.159 0.191 0.175 

E1(EMG_healthym) 0.016 0.100 0.025 0.022 
E2(EMG_myopathym) 0.031 0.111 0.036 0.032 

E3 (EMG_neuropathym) 0.030 0.117 0.078 0.075 
Bold represents the minimum KS test statistic value  
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4.2.2.5.2 Comparative Analysis using Wasserstein Distance 

Wasserstein distance measures the distance between two distributions. Also, as mentioned 

in Chapter 2 (Section 2.5.4), this measure is defined for only 𝛼-values greater than 2, 

therefore the results tabulated in Table 4.19, are only obtained for datasets which have 

value of 𝛼 > 1 i.e., N1, N2, N3, E1 and E2. Performance is compared for all distributions, 

and lesser distance signifies better fit.  

Results and Discussion: On analyzing the Wasserstein distance values, it is observed that 

𝛼-stable distribution model yields lowest values for all signals (who satify this condition). 

Hence, it is again proved that 𝛼-stable distribution is a betterfit compared to the other 

distributions mentioned in the literature. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4.19 Wasserstein distance value computed for different distributions 

corresponding to N1, N2, N3, E1 and E2 

 

Dataset  𝛼-stable GGD GMD tLSD 

N1 (mam) 0.204 0.209 0.210 0.21 

N2 (emm) 0.06 0.14 0.16 0.25 

N3 (bwm) 0.14 0.23 0.25 0.35 

E1(EMG_healthym) 0.16 0.25 0.19 0.3 

E2(EMG_myopathym) 0.14 0.23 0.25 0.29 

Bold represents the minimum Wasserstein distance  
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4.3 Shortcomings of using Gaussian Distribution Noise Model with 

Practical Implications 

This section demonstrates the effectiveness of R-peak detection techniques and deep 

learning models in the presence of two types of noise: Gaussian distribution and 𝛼-stable 

distribution. Through this study, we aim to demonstrate the behavior of two ECG 

processing stages when designed with the implicit assumption of Gaussian distribution 

noise. 

4.3.1 Impact of Literature-based Different Noise Analysis Models on R-peak 

Detection 

As discussed in Section 2.1, R-peaks are the most prominent waveform and contain crucial 

information related to the state of heart. Therefore, its detection is integral to ECG signal 

analysis and processing algorithms. Unfortunately, ECG signals are highly prone to noises 

during acquisition; thus, owing to the need for automated ECG signal analysis and 

processing, various methods for R-peak detections have been proposed in the literature. 

These established methods can be broadly categorized into methods based on signal 

derivatives [64, 229], digital filtering [68, 71] and time-frequency tools such as wavelets 

[55, 73], as previously described in Section 2.1.3.  

Furthermore, within the extensive range of methodological approaches utilized for R-peak 

detection, most follow fundamental framework of preprocessing and decision-making. The 

preprocessing stage aims to eliminate artifacts and disturbances while enhancing important 

signal components. Decision-making involves using thresholding to identify the distinctive 

properties of ECG. Despite high detection rates and excellent accuracy offered by existing 

R-peak detection algorithms, their real-time deployment is hindered by false alarm rates, 

with the primary causes of false alarms listed below: 

(i) The failure to differentiate between noises and ECG components can misidentify 

noise as a normal beat, resulting in a false positive (referred to as FP). 

(ii) The severely distorted ECG may be misclassified, leading to inaccurate 

measurements required for feature extraction. 

So, to emphasize the importance of using suitable noise analysis model in accurately 

detecting R-peaks and reducing false alarms, the performance of state-of-the-art methods 

is evaluated in Gaussian and 𝛼-stable distribution noise environments.  
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4.3.1.1 Simulation Results 

To demonstrate the behavior of R-peak detection, three R-peak detection methods are 

utilized from the categories mentioned above: signal-derivative, wavelet, and filtering. The 

performance of these methods is analyzed under traditionally used Gaussian noise model 

and the proposed 𝛼-stable distribution noise model at four input noise levels— 5 dB, 10 

dB, 15 dB and 20 dB, respectively. For this, the full-length records; 100, 101, 102, 103, 

104, 105, 106, 107, 108, 109 from MIT-BIH Arrhythmia Database are considered. 

Annotations available at the MIT-BIH directory are used to validate the true count of R-

peaks present in each record. Comparison of performance under different noises, the 

quantitative measures namely Sensitivity, Positive Predictivity, Detection Accuracy and 

Error Rate are chosen (already defined in Section 3.3.1).  

In addition, to showcase the impact of selecting an appropriate noise analysis model on true 

detections, a portion of record 105 (segment: 660s-675s) that is affected by 10 dB Gaussian 

distribution noise and 10 dB 𝛼-stable distribution noise is depicted in Figure 4.18, along 

with the results of selected R-peak detection methods. The raw ECG segment is displayed 

in the image, with Gaussian-based outcomes shown on the left side and 𝛼-stable based 

outcomes on the right side. 

According to an extensive survey of rich literature, higher TP and lower FN, FP values 

indicate a good detection performance. Upon visual inspection of Figure 4.18, it is evident 

that Gaussian noise has minimal impact on the morphology of ECG signal. On contrary, 

the presence of 𝛼-stable distribution noise has distorted the morphology of ECG 

significantly, making it more challenging to identify the true R-peaks. Moreover, from the 

number of TP, FP and FN obtained for different methods, it can be deduced that for the 

case of Gaussian noise, there is a clear and accurate detection with no instances of missed 

detections or false detections. On the other hand for 𝛼-stable, which is a more suitable 

model for the representation of practical noises, the performance of existing techniques has 

degraded, leading to inaccurate detections. Specifically, FP=3 for wavelet-based R-peak 

detection method, FP=2 for signal derivative-based R-peak detection method, and FP=8 

and FN=2 for filtering-based R-peak detection method. 

Additionally, Table 4.20 represents the simulation results recorded for these methods in the 

presence of Gaussian and 𝛼-stable distribution noise for four noise levels. Here, the average 
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TP = 21 

TP = 21 FN = 0 FP =0 

TP = 21 FN = 0 FP =0 

Figure 4.18 Performance in terms of (TP, FN and FP) for different R-peak detection methods 

applied on ECG segment corrupted with 10 dB Gaussian and 𝛼-stable distribution 

noise.  

Wavelet-method 

Signal derivative method 

Filtering method 

ECG corrupted with Gaussian distribution 

noise 

ECG corrupted with 𝜶-stable distribution 

noise 

TP = 19 FN = 2 FP =8 

TP = 21 FN = 0 FP =2 

TP = 21 FN = 0 FP =3 

TP = 21 FN = 0 FP =2 
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Sensitivity, Positive Predictivity, Detection Accuracy and Error Rate is computed after 

simulations for full-length records (i.e., 100, 101, 102, 103, 104, 105, 106, 107, 108, and 

109). 

Analyzing the results tabulated in Table 4.20, it is ascertained that the performance of the 

established approaches will deteriorate when subjected to 𝛼-stable distribution noise, in 

contrast to their performance in Gaussian environment. For example, at 15 dB noise level, 

the wavelet method shows Sensitivity of 99.55% in Gaussian noise, which drops to 63.76% 

in 𝛼-stable distribution noise, and the Error Rate increases from 0.81 % to 41.64%. 

Similarly, the Error Rate increased from 1.06 % to 38.33 % for the signal-derivative-based 

method at 15dB noise level.  

Furthermore, observing the general trend of Sensitivity, Positive Predictivity, Detection 

Accuracy and Error Rate, in the presence of both noises, it can be concluded that, although 

established selected methods can correctly detect a significant number of true peaks, false 

detections (both missed and incorrect detections) have increased at all noise levels. To 

further illustrate this, Figure 4.19 shows a comparison of obtained Sensitivity, FN and FP 

values averaged over all selected records for both Gaussian (∎) and 𝛼-stable distribution 

case (∎). The obtained bar charts clearly demonstrate that there is a significant drop in the 

performance and effectiveness of existing methods in managing noise as the noise level 

increases, particularly in the case of 𝛼-stable distribution noise. 

In the light of abovementioned observations, it is imperative to emphasize how crucial it is 

to use appropriate noise model while developing techniques for ECG signal analysis. 
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4.3.2 Impact on Different Noise Analysis Models on Classification Stage: employing 

Deep Learning Models 

Interpretation and identification of ECG signals is a useful indicator for diagnosing 

cardiovascular disorders (CVDs). Therefore, with advancements in signal processing 

techniques like machine learning (ML) and deep learning (DL) methods, various computer-

aided diagnosis (CAD) methods have been established to classify ECG signals for early 

detection of CVDs [230, 231].  

In general, the fundamental framework of CAD method employs a preprocessing stage, a 

feature extraction stage followed by classification [231, 232]. The preprocessing stage 

focuses on removing artifacts and noise, followed by segmentation. In the feature extraction 

stage, various time features, frequency features, time-frequency features, etc., are extracted 

from ECG segments, and an effective feature set is used to train the machine learning model 

for classification [233]. On the other hand, DL models involve automatic feature learning 

for effective classification [233]. Even though these CAD methods have high accuracies, 

when they are deployed in real-time, their performance degrades due to following reasons: 

i. Different noise environments can be encountered e.g., in wearable devices, captured 

ECG signals may be severely distorted with motion artifacts.  

ii. As different subjects (patients) have different ECG morphologies, only considering 

Gaussian distribution noise model-based validation of CAD method, may result in 

overfitting as data involves uniform distributed noisy samples.   

Thus, this section demonstrates the adverse impact of using conventional noise-analysis 

model (Gaussian distribution noise model) on classification by taking into account the 

classification of three ECG signals of type arrhythmia (ARR), congestive heart failure 

(CHF) and normal sinus rhythm (NSR). Furthermore, to emphasize the choice of using 

proposed noise analysis model, this section demonstrates the impact of performance on 

DL-based classification in contrast to ML-based classification. The reason is solely based 

on the fact that DL is an advanced processing method than ML, so if DL-based performance 

is degraded, it is implicit to have degradation of ML-based classification in the same 

environment. To demonstrate and emphasize the importance of noise analysis model, the 

approach followed is outlined below: 

i. Firstly, the DL model is trained on data without considering the corrupted data. This 

DL model will be referred to as DL model trained on true data for simplicity.  
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ii. Next, the DL model is trained on data considering the effect of Gaussian noise 

(conventional noise analysis model) referred to as DL model trained on Gauss data. 

iii. After training model using above mentioned points, performance of these models 

is tested under two scenarios – Gaussian distribution noise data (i.e., signals affected 

with Gaussian distribution noise) and 𝛼-stable distribution noise data (i.e., signals 

affected with 𝛼-stable distribution noise).  

4.3.2.1 Simulation Results  

To demonstrate the whole process, this section is divided into three parts. Firstly, training 

scenarios are described, with details of training performance. Then, the testing phase is 

demonstrated with description of introduction of newly generated dataset and testing 

results. Finally, quantitative analysis is provided for overall classification. 

A. Training scenarios are detailed below: 

• Training process:  In the presented demonstration, the DL model used is based on 

Continuous Wavelet Transform (CWT) and Convolutional Neural Network (CNN) 

[230] . The training process for DL model trained on true data and DL model trained 

on Gauss data involves transfer learning with the AlexNet CNN model using ECG 

dataset available at github [234]. For simulation purposes, 600 images from each 

category (ARR, CHF, NSR) are employed with 70/30 ratio to divide dataset into 

training and testing sets. The configuration parameters were set to following: ‘Max 

Epochs’= 8, ‘Initial Learning Rate’ = 1 × 10−4, ‘Mini Batch Size’ = 20 and 

‘validation frequency’ =10 with remaining parameters set to default values. 

• Training Results: Training results for DL model trained on true data are depicted 

in Figure 4.20(a) and 20(b). On analyzing the training progress for DL model 

trained on true data i.e. Figure 4.20(a), it is illustrated that a validation accuracy 

of 90.56% is achieved with loss curve converging to zero. Also, on analyzing the 

confusion matrix in Figure 4.20(b), it is observed that DL model has achieved 165 

correct predictions for ARR, 160 correct predictions for CHF and 164 correct 

predictions for NSR.  

Furthermore, the training results for another model, i.e., DL model trained on Gauss 

data, are depicted in Figure. 4.20 (c) and 4.20 (d). This model achieved a validation  
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accuracy of 96.67 % with 175 correct predictions for ARR, 179 for CHF and 168 

for NSR.  

B. To illustrate the testing phase incorporating new dataset, details are mentioned 

below: 

• Testing on new dataset: To evaluate the performance of trained models on data 

replicating real-time scenarios, following datasets are created: 

(i) New Dataset 1: ECG signals of each category (ARR, CHF, NSR) are 

corrupted with Gaussian distribution noise at 10dB input noise level. This is 

used to replicate the traditionally assumed noise environment when 

deploying the trained model. 

(ii) New Dataset 2: ECG signals of each category (ARR, CHF, NSR) are 

corrupted with 𝛼-stable distribution noise at 10dB input noise level. This 

dataset replicates the proposed noise environment to replicate real-time 

noises better. 

The important point to note is that the ECG signals used for creating these datasets 

differ from those used during the training phase. 

• Results obtained for Testing on new dataset: In order to demonstrate impact of 

different noise analysis models, the results of deploying two trained models using 

new datasets are illustrated in Figure 4.21.  

On analyzing the results in Figure 4.21(a), it is observed that under Gaussian 

environment, the DL model trained on true data with accuracy of 90.56% has 

contributed to testing accuracy of 43%. In contrast, for 𝛼-stable distribution 

environment (Figure 4.21(b)), the accuracy is decreased to 33.3%.  

Furthermore, on analyzing the results for DL model trained on Gauss data as shown 

in Figure 4.21(c) and 4.21(d), the model accuracy of 95.2% is achieved under 

Gaussian distribution noise environment. It is decreased to 34.3% under 𝛼-stable 

distribution noise environment.  

This demonstration emphasized that models trained by considering only true data 

or Gaussian data will fail if 𝛼-stable distribution noise i.e., the real-time noise 

scenario is encountered.  
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(a) 

(c) 

(b) 

Figure 4.21 Illustration of Testing results with new dataset (a) Confusion matrix obtained 

when testing the DL trained model on True data with Gaussian distribution 

noise data, (b) Confusion matrix obtained when testing the DL trained model 

on True data with 𝛼-stable distribution noise data, (c) Confusion matrix 

obtained when testing the DL trained model on Gauss data with Gaussian 

distribution noise data, (d) Confusion matrix obtained when testing the DL 

trained model on Gauss data with 𝛼-stable distribution noise data 

(d) 

Gaussian distribution noise  𝛂-stable distribution noise  

𝛂-stable distribution noise  Gaussian distribution noise  
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C. Performance Quantification: To comprehensively assess the performance of this 

multi-class classification, 𝑀𝑎𝑐𝑟𝑜𝑃+measure is employed which is given by [235].  

𝑀𝑎𝑐𝑟𝑜𝑃+ =
1

𝑛
∑𝑃+𝑖

𝑛

𝑖=1

 
(4.1) 

where 𝑀𝑎𝑐𝑟𝑜𝑃+is the macro positive predictivity (𝑃+) averaged for three classes: 

ARR, CHF and NSR. 

To provide comparison of two models in their respective noise environments, 

performance measure 𝑀𝑎𝑐𝑟𝑜𝑃+  of two trained models is computed to assess their 

overall prediction performance in Gaussian distribution noise and 𝛼-stable 

distribution noise environment and results are depicted in Figure 4.22. 

Upon examining the outcomes, it is discernible that the performance of DL model 

trained on true data is lowered from 68.05% correct predictions to 33.40% when 

encountering 𝛼-stable noise distribution. Similarly, when a training scenario other 

than Gaussian distribution is presented, the performance of DL model trained on 

Gauss data drops from 95.23% to 36.03%.  

This demonstrates that if the classification model is based on the assumption that 

noise adheres to Gaussian distribution, the model will not be effective in real-world 

scenarios. Instead, a more accurate representation of real environment can be 

achieved by modelling it using an 𝛼-stable distribution, as evidenced by the 

statistical tests conducted in Section 4.2.2. 
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Figure 4.22 Demonstration of testing performance of DL models in terms of 𝑀𝑎𝑐𝑟𝑜𝑃+ 
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4.4 Summary 

In the presented work, with rigorous simulation studies and investigation of statistical 

characteristics of real-time ECG noises, we provided evidence that real-time noises do not 

have Gaussian nature and instead have asymmetric, long tails with peaky centers.  

The work described in the presented work can be summarized in three parts: First, the 

statistical tests are applied to determine if the noisy signals are of Gaussian nature. Second, 

based on the results drawn, a new model called 𝛼-stable distribution model is suggested 

and investigated to better approximate the noises distorting ECG signals in real-time 

circumstances. Finally, the impact of using 𝛼-stable distribution noise model over Gaussian 

model in R-peak detection and deep learning is demonstrated to prove the performance 

degradation of existing methods when actual noise exhibits non-Gaussian nature. 

Hence, the inclusion of 𝛼-stable approach as a noise analysis model will contribute to 

reducing the false alarms and increasing the diagnostic accuracy of the acquired ECG 

signal.  

After establishing the non-Gassian characteristics in ECG noises, the next chapter designs 

the ECG processing methods by adopting the 𝛼-stable distribution noise model in the first 

place.
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Chapter 5 

5 Design of Morphological Filter for ECG 

Processing considering 𝜶-Stable 

Distribution  

 

ECG signals are corrupted by noises that exhibit similar morphology as that of ECG signals. 

Efficient methods are needed to process signals, but the fundamental problem with existing 

ones is that they are devised with an implicit assumption that noises follow Gaussian 

distribution. 

After establishing non-Gaussian 𝛼-stable distribution nature of ECG noises in Chapter 4, 

this chapter focuses on designing analytical model for morphological filtering, considering 

𝛼-stable distribution model of noise. This research aims to design an end-to-end processing 

approach using 𝛼-stable distribution noise model. It presents first-of-its-kind filter resulting 

in improved reconstruction and better detection of distinctive components of ECG signal. 

5.1 Notion of Morphological Filter (MF) for ECG Processing  

From monitoring the dynamics of human heart for diagnostic purposes to designing ECG-

based biometric systems, ECG signals are interpreted for various applications. 

Furthermore, several techniques, such as feature extraction and classification play a 

prominent role in interpreting the information present in these signals for various 

applications. However, to apply these techniques effectively, preprocessing of these signals 

is essential to remove unwanted artifacts encountered during signal acquisition. Numerous 

techniques exist in literature, but due to the non-stationary nature of ECG signal and the 

nature of noises interfering with signal, the methods still fail to provide high performance 

and can introduce distortion resulting in misleading diagnoses.  

To emphasize further, the methods for ECG preprocessing should be able to address two 

concerns:
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• First, it should be able to track true morphology of ECG signal. As reported in 

literature, its shape (i.e., characteristic components) forms the basis of automated 

ECG processing and analysis algorithms [51].  

• Second, it should be robust enough to handle various types of noises for example, 

Gaussian and non-Gaussian. Here, the point worth mentioning is that sometimes, to 

design a system focusing on an application involving one biomedical signal (e.g., 

ECG signal), another biomedical signal (e.g., EMG) is considered an artifact and 

must be removed.  

Therefore, to understand and analyze signals correctly, their preprocessing techniques must 

be adequately designed taking into account the nature of signals and artifacts involved 

[222].  

In rich literature, several methods have been reported to denoise ECG signals, such as 

digital filters [51, 236]; adaptive filters [51, 53]; non-linear filtering techniques like median 

filtering [51, 237]; time-frequency methods like wavelet and empirical mode 

decomposition (EMD) [212], Fourier decomposition [58] , and machine learning [238], to 

name a few. Digital filters are employed for suppressing noise, but their performance is 

affected due to spectral overlap of ECG signal and noise. Non-linear filters have good 

suppression but have complex structures and require high computations [237]. Adaptive 

filters can track the morphology of ECG but require a priori information (or reference 

signal) to filter out the noises [53]. Similarly, wavelet methods face the problem of choosing 

a suitable threshold level and mother wavelet, thus limiting their use [212]. 

Owing to the need to design solutions for noises ranging from impulsive to Gaussian, the 

branch of non-linear morphological filtering is explored in this chapter. Composed of 

structuring element (SE) and morphological operation (MO), the MF provides a shape-

based filtering mechanism to process signals, as explained in Section 2.2.  

Based on an intensive survey of rich literature, the state-of-art methods [13, 84, 85, 86, 87, 

88, 239, 240] seem to emphasize more on different combinations of MOs, but there has 

been less focus on designing SE. The SE used in MF has the essence of windows [241] , 

which are used to design finite impulse response (FIR) filters [68]. The conventional 

methods [13, 84, 85, 86] based on MF use triangular SE to extract the QRS complex. 

However, according to the literature, triangular windows have high side lobe levels (SLL), 

which can lead to errors in identifying characteristic points [241]. The literature suggests 
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using convolution windows to resolve the trade-off between desired window shape and 

SLL reduction [241, 242, 243]. Following this interpretation, the cross-convolution 

window concept is proposed in this work for the first time for formulating SE. 

In addition to cross-convolution window concept, the proposed work employs the concept 

of fractional Fourier transform (FrFT) in the design of SE. FrFT is extensively employed 

in signal and image processing [123, 124, 125, 126, 127] domain as it provides flexibility 

in terms of fractional rotation parameter 𝜑, which eventually helps in analyzing different 

characteristics of signal and image under consideration. Hence, the SE proposed in this 

work not only adapts to the morphology of ECG beats, but also ensures the removal of 

various types of noises (Gaussian and non-Gaussian). 

5.2 Design of Proposed Morphological Filter (MF) 

In the context of preprocessing ECG signals, it is imperative to ensure that noise 

suppression techniques do not result in losing vital information. Hence, the utilization of 

proposed SE in conjunction with proposed MO enables adaptation to the non-stationary 

changes in ECG signals. Additionally, proposed methodology ensures suppression of 

noises and facilitates preservation of distinctive attributes of ECG signals. 

As mentioned in Section 2.2, design of MF is determined by the selection of SE and suitable 

MO based on the intended application. The subsequent sub-sections outline the proposed 

analytical approach to design novel SE and MO for denoising ECG signals using 

morphological filtering approach. 

5.2.1 Formulation of Proposed SE—Fractional Structuring Element (FrSE) 

SE used in morphological filtering has the essence of windows. Therefore, to minimize the 

error in reconstruction, the idea is to design a new window with a QRS-like structure with 

low side lobe level (SLL). To achieve this, the cross-convolution concept is used for 

designing SE along with the FrFT concept to adapt to the non-stationary nature of ECG 

signals. 

The analytical formulation of whole process is described below.  

The window functions  𝑤1[𝑛] and 𝑤2[𝑛] are cross-convolved in time domain as given 

below: 
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𝑤𝑐[𝑛] = 𝑤1[𝑛] ∗ 𝑤2[𝑛]  (5.1) 

= ∑ 𝑤1[𝑘]𝑤2[𝑛 − 𝑘]

∞

𝑘=−∞

 
 

where ∗ represents the convolution operation. 

In the subsequent step, FrFT of this cross-convolved window is carried out using the 

definition of discrete FrFT (DFrFT) [130] given by 

Fℱ
𝜑(𝑥[𝑛]) = 𝑋𝜑(𝑚) = ∑ 𝑥[𝑛]𝐾𝜑[𝑛,𝑚]

𝑁−1
𝑛=0    (5.2) 

 = ∑ 𝑥[𝑛]𝑁−1
𝑛=0 √

1−𝑗 cot𝜑

2𝜋
𝑒
−𝑗[

𝑢𝜑
2+𝑛2

2
] cot𝜑−𝑗𝑛𝑢𝜑 csc𝜑

  
(5.3) 

Then taking the DFrFT of cross-convolved window 𝑤𝑐[𝑛], we get 

𝑊𝜑(𝑚) = ∑ 𝑤𝑐[𝑛]
𝑁−1
𝑛=0 𝐾𝜑[𝑛,𝑚]  (5.4) 

= ∑ {∑ 𝑤1[𝑘]𝑤2[𝑛 − 𝑘]
∞
𝑘=−∞ }𝑁−1

𝑛=0 𝐾𝜑[𝑛,𝑚]   (5.5) 

Next for causal sequences, (5.5) reduces to 

𝑊𝜑(𝑚) = ∑ {∑ 𝑤1[𝑘]𝑤2[𝑛 − 𝑘]
𝑛
𝑘=0 }𝑁−1

𝑛=0 𝐾𝜑[𝑛,𝑚]  
(5.6) 

Expanding the terms of (5.6) we get 

𝑊𝜑(𝑚) = (∑(∑𝑤1[𝑘]𝑤2[𝑛 − 𝑘]

𝑛

𝑘=0

)

𝑁−1

𝑛=0

√
1 − 𝑗 cot 𝜑

2𝜋
𝑒
−𝑗[

𝑢𝜑
2+𝑛2

2
] cot𝜑−𝑗𝑛𝑢𝜑 csc𝜑

) (5.7) 

Finally, the envelope of this new transformed window (obtained in (5.7)) is then extracted 

(herein, referred to as 𝑔𝑟
𝜑

) and is morphologically applied to the corrupted ECG signals 

using proposed MO (described in 5.12), discussed later in this section. 

The highlighting features of utilizing cross-convolution and FrFT are: 

i. A small value of SLL is a desirable feature for constructing SE using window 

functions as it reduces inaccuracy in identifying characteristic points of ECG beats 

[51, 68, 222]. Thus, to improve the performance of literature-based MF, cross-

convolution approach is employed in designing new window, which resulted in 

variable SLL, contrary to fixed SLL of window used in literature methods [13, 84, 

85, 86, 87, 88, 239, 240].  
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ii. In order to attain shape flexibility, the design of proposed SE (referred to as FrSE) 

utilizes FrFT to address the non-stationary characteristics of ECG signals. 

Consequently, introduction of the new window has two distinct advantages. Firstly, 

the utilization of FrFT parameter ensures alignment with QRS-like form of ECG 

signal, thereby enhancing shape matching. Secondly, the inclusion of variability in 

SLL contributes to a reduction in reconstruction error and thus facilitates the 

diagnostic process. 

5.2.2 Analytical Aspect of Designing Proposed FrSE 

Based on an extensive survey conducted on window functions, two window functions 

chosen for cross-convolution are triangular window [241, 244] and Dolph-Chebyshev [245, 

246], which are mathematically represented as follows. 

𝑇𝑟𝑖𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑤𝑖𝑛𝑑𝑜𝑤 [𝑛] = 1 −
|2𝑛|

𝑁
 ,0 ≤ |𝑛| ≤

𝑁

2
 (5.8) 

𝐷𝑜𝑙𝑝ℎ − 𝐶ℎ𝑒𝑏𝑦𝑠ℎ𝑒𝑣 𝑤𝑖𝑛𝑑𝑜𝑤 [𝑛] = 

1

𝑁
[
1

𝑟
+ 2 ∑ (𝑇𝑁−1 (𝑥𝑜 cos

𝑖𝜋

𝑁
)) cos (

2𝜋𝑛𝑖

𝑁
)

(𝑁−1) 2⁄

𝑖=1

] , 0 ≤ 𝑛 ≤ 𝑁 

(5.9) 

where 

𝑥𝑜 = cosh−1 (
1

𝑁−1
cosh−1

1

𝑟
)   

(5.10) 

𝑇𝑁(𝑥) = {
cos(𝑁 cos−1(𝑥)) , for |𝑥| ≤ 1

cosh(𝑁 cosh−1(𝑥)) , for |𝑥| > 1
        

(5.11) 

 and 𝑟 is the required ripple ratio, which contributes to side lobe attenuation [245]. 

From the viewpoint of developing SE, key points related to window concept are: 

i. The advantage of utilizing cross-convolution window in designing new SE resulted 

in reducing SLL, which in turn reduced error in reconstruction.  

ii. The Dolph-Chebyshev window is a variable-type window that offers minimum 

main-lobe width (MLW) for a given SLL [241, 244, 245, 246]. On the other hand, 

triangular window is used due to its resemblance with QRS complex but has a 

drawback of large SLL value (-26.53dB) [241, 243, 244]. Thus, by cross-convolving 
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these windows, variability in SLL is attained, as demonstrated in Figure 5.1. Here, 

the 𝑟 factor of Dolph-Chebyshev window provides variability in SLL of the newly 

formulated window. With 𝑟 changing from 5 to 100 dB, different levels of SLL can 

be achieved, which are much better than fixed windows like Hamming window 

(SLL= -42.811 dB), Hann window (SLL= -31.467 dB), and various other windows 

present in the literature [241].  

iii. Also, with the introduction of FrFT order parameter 𝑎 (where 𝑎 = 2𝜑 𝜋⁄ ), the shape 

similarity to ECG beat is attained as demonstrated in Figure 5.2. Here, the 𝑎 factor 

provides flexibility to the shape of cross-convolved window, which further allows 

new window to adapt to different ECG beats present in the signal. This is a major 

factor contributing to better reconstruction and enhancing MF performance, and 

will be illustrated in Section 5.3. 

Hence, proposed FrSE possesses two degrees of freedom (𝑟 and 𝑎), which makes the 

morphological filtering process adaptive in nature in contrast to classical approaches. 

 

 

Figure 5.1 Variation of SLL of cross-convolved window with ripple 

ratio 𝑟 of Dolph-Chebyshev Window. 
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5.2.3 Proposed Morphological Operation (MO) 

From the characteristics of different MO described in Section 2.2, the MO proposed for 

denoising ECG signal is represented by 

𝑥𝑑 =
1

2
(((𝑥𝑛 ∎ 𝑔𝑟

𝜑
∘ 𝑔𝑟

𝜑
)⊕ 𝑔𝑓𝑙𝑎𝑡) + ((𝑥𝑛 ∎ 𝑔𝑟

𝜑
∘ 𝑔𝑟

𝜑
)⊖ 𝑔𝑓𝑙𝑎𝑡))   

(5.12) 

where 𝑔𝑟
𝜑

 is the novel FrSE, ∎ is the symbol for closing, ∘ is the opening operation, 𝑔𝑓𝑙𝑎𝑡 

is the flat SE,  ⊕ represents dilation, ⊖ represents erosion, 𝑥𝑑 is the resulting denoised 

signal and 𝑥𝑛 is signal of interest.  

The operations involved in designing the proposed MO are elaborated as: 

i. Closing (or opening) removes the negative peaks (or positive peaks). As the shape 

of QRS complex needs to be preserved, cascade operation of closing followed by 

opening is chosen. The described operations are expressed as 

𝑦𝑐𝑜 = (𝑥𝑛 ∎ 𝑔𝑟
𝜑
∘ 𝑔𝑟

𝜑
) (5.13) 

This MO incorporating proposed FrSE (𝑔𝑟
𝜑

) will ensure in preserving true 

morphology of ECG beat even in the presence of noise.  

Figure 5.2 Demonstration of shape adaptability with proposed FrSE with 𝑎 

varying from 0 to 1.  
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ii. Next, to remove noises corrupting ECG signal, combination of dilation and erosion 

operation is applied, which is mathematically described as 

𝑥𝑑 =
1

2
((𝑦𝑐𝑜⊕𝑔𝑓𝑙𝑎𝑡) + (𝑦𝑐𝑜⊖𝑔𝑓𝑙𝑎𝑡)) 

(5.14) 

The explanation for choosing these operations lies in the fact that dilation (or 

erosion) is responsible for reducing the positive peaks (or negative peaks). 

Therefore, proposed MO removes the noise without distorting ECG beat. Here, flat 

SE is chosen to effectively suppress the spurious peaks resulting from noise 

interference. 

5.3 ECG Denoising Methodology 

In this study, an attempt has been made to design MF using proposed FrSE and MO (herein 

referred to as MFFrSE&MO) for denoising ECG signals. In addition, the first-of-its-kind 

proposed methodology incorporates the use of 𝛼-stable distribution as a noise analysis 

model to more accurately simulate real-time noises that interfere with ECG signals. 

Furthermore, to offer a more comprehensive description of proposed denoising approach, 

this section will commence by explaining the performance metric parameters that have 

been employed. Following that, several stages of the proposed methodology will be 

outlined. 

5.3.1 Performance Metric Parameters (PMP) 

In the reported work, different PMPs are utilized to measure the efficiency at various stages 

of denoising algorithm. The general framework of proposed denoising process considered 

in this work can be formulated as follows: 𝑥𝑛 = 𝑥𝑜 + 𝛼𝑠, where 𝑥𝑜 is the original ECG 

signal, 𝛼𝑠 is 𝛼-stable distribution-based noise model (with 𝛼 = 2 representing Gaussian 

model), 𝑥𝑛 is noisy ECG signal and 𝑥𝑑 is the denoised signal.  

To illustrate the proposed methodology, PMPs are classified into three distinct categories, 

each of which is described as follows: 

a) PMP for noise quantification - To emphasize the impact of using proposed 𝛼-stable 

distribution-based noise model, the performance of proposed MFFrSE&MO is 

quantitatively assessed using signal distortion ratio (SDR) and maximum deviation 

(Max_dev), which are defined as [13, 85] 
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𝑆𝐷𝑅 =
∑‖𝑥𝑜−𝑥𝑛‖

∑‖𝑥𝑛‖
   

(5.15) 

𝑀𝑎𝑥_𝑑𝑒𝑣 = max
𝑛=0,⋯ ,𝑁

|𝑥𝑜 − 𝑥𝑛|  
(5.16) 

Here, SDR is used to quantify as well as compare the degradation that results from 

the introduction of Gaussian distribution noise and 𝛼-stable distribution noise in 

original ECG signal. The large value of SDR indicates high level of introduced 

distortion. Similarly, large value of Max_dev signifies the maximum deviation of 

noisy ECG signal from original ECG signal when corrupted with noises of either 

type (i.e., Gaussian or 𝛼-stable). 

b) PMP for similarity - In order to achieve highest possible alignment between 

proposed FrSE and ECG beat, two similarity measures: cross-correlation 

(CC_beat) and root-mean-square-error (RMSE_beat) are used, which are defined as 

[247] 

𝐶𝐶_𝑏𝑒𝑎𝑡 =
1

𝐿
∑(𝑥𝑏𝑒𝑎𝑡−𝑥𝑏𝑒𝑎𝑡̅̅ ̅̅ ̅̅ ̅̅ )(𝑔𝑟

𝜑
−𝑔𝑟

𝜑̅̅ ̅̅ )

√
1

𝐿
((𝑥𝑏𝑒𝑎𝑡−𝑥𝑏𝑒𝑎𝑡̅̅ ̅̅ ̅̅ ̅̅ ))

2
√1
𝐿
((𝑔𝑟

𝜑
−𝑔𝑟

𝜑̅̅ ̅̅ ))
2
   

(5.17) 

𝑅𝑀𝑆𝐸_𝑏𝑒𝑎𝑡 = √
1

𝐿
∑(𝑥𝑏𝑒𝑎𝑡 − 𝑔𝑟

𝜑
)
2
  (5.18) 

where 𝑥𝑏𝑒𝑎𝑡 is ECG beat under consideration and 𝑔𝑟
𝜑

 is proposed FrSE at chosen 𝑎 

and 𝑟. 

CC_beat quantifies similarity between ECG beat and proposed FrSE, with 

maximum correlation corresponding to 1. On the other hand, a lower RMSE_beat 

value will correspond to less error and hence maximum matching. Additionally, 

proposed FrSE has two degrees of freedom (𝑎 and 𝑟). Therefore, optimal values of 

𝑎 and 𝑟 are obtained when CC_beat value is closer to one and RMSE_beat value is 

close to zero. 

c) PMP for evaluation- To quantitatively assess the performance of overall denoising 

method using proposed MFFrSE&MO, the metrics utilized are defined below [211] : 

𝑅𝑀𝑆𝐸 = √
∑ [𝑥𝑜(𝑛)−𝑥𝑑(𝑛)]

2𝑁−1
𝑛=0

𝑁
   (5.19) 
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𝑖𝑚𝑝_𝑆𝑁𝑅 [𝑑𝐵] = 𝑆𝑁𝑅𝑜𝑢𝑡𝑝𝑢𝑡[𝑑𝐵] − 𝑆𝑁𝑅𝑖𝑛𝑝𝑢𝑡[𝑑𝐵] = 10 log [
∑ [𝑥𝑑(𝑛)−𝑥𝑜(𝑛)]

2𝑁−1
𝑛=0

∑ [𝑥𝑜(𝑛)−𝑥𝑛(𝑛)]
2𝑁−1

𝑛=0
]  (5.20) 

RMSE reflects the error between original and denoised signal. A low RMSE value 

indicates better reconstruction and thus implies that the signal’s information is better 

preserved. The imp_SNR values quantify the noise level before and after applying 

the proposed methodology. Higher values of imp_SNR imply better noise removal.  

5.3.2 Proposed MF based ECG Denoising  

ECG denoising model proposed in this work employs proposed MFFrSE&MO, which focuses 

on retaining characteristic components of ECG and subsequently removes the noisy 

counterpart. The adaptiveness achieved by amalgamating the concept of FrFT (used in 

designing FrSE) with MF for ECG denoising adds the advantage of variable 𝑎 (related as 

𝑎 = 2𝜑 𝜋⁄ ), thereby providing robust performance in Gaussian as well as non-Gaussian 

environment.  

The basic framework for denoising model using proposed MFFrSE&MO is depicted in Figure 

5.3. This includes corrupting signal with 𝛼-stable distribution noise, then applying 

proposed FrSE to ECG segments followed by proposed MO, beat-by-beat. Finally, 

quantitative analysis is performed on output (denoised) signal to check the efficacy of 

proposed method. The proposed denoising method is a five-stage process and each stage is 

described below: 

Stage 1—Noise Addition: To evaluate the performance of proposed method, ECG signals 

from MIT-BIH Arrhythmia Database [196] are used. These signals are artificially 

corrupted with 𝛼-stable distribution noise model, which is more effective in 

simulating environmental conditions [49].  

Stage 2 —Beat-to-beat segmentation: In ECG signals, as each heartbeat is characterized 

by a distinct waveform, therefore proposed FrSE is used at beat-to-beat level to 

process each ECG beat independently. For simulation purposes, using the sliding 

window technique [248, 249], a segment length of 200 samples is taken to cover 

the entire ECG beat.  
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Stage 3 —Shape matching with FrSE: After beat segmentation, the selected segment with 

one beat is compared with proposed FrSE by varying fractional order 

parameter 𝑎 according to the relation 𝑎 = 2𝜑 𝜋⁄ . Additionally, by altering 

parameter 𝑎, values of PMP for similarity (CC_beat and RMSE_beat) are 

evaluated, as illustrated in Figure 5.4 (a). The value of 𝑎 at which CC_beat is 

maximum and RMSE_beat is minimum is referred to as 𝑎𝑜𝑝𝑡𝑖𝑚𝑎𝑙 (as highlighted 

in Figure 5.4(a)). At this point, proposed FrSE most closely resembles the shape 

of ECG beat under consideration, as demonstrated in Figure 5.4 (b).  

 

  

Figure 5.4 Demonstration of proposed FrSE adapting to the shape of ECG beat. (a) 

Variation of PMP for similarity with changing fractional order 

parameter 𝑎, (b) Proposed FrSE adapting to the shape at 𝑎𝑜𝑝𝑡𝑖𝑚𝑎𝑙 = 0.55 

which gives 𝜑𝑜𝑝𝑡𝑖𝑚𝑎𝑙 = 0.86394 by relation 𝜑 = 𝑎𝜋 2⁄ . 
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Stage 4 —Applying proposed MO: In this stage, proposed FrSE at 𝑎𝑜𝑝𝑡𝑖𝑚𝑎𝑙 is 

morphologically applied to ECG beat using proposed MO formulated in (5.12). 

This proposed MO, in conjunction with proposed FrSE and flat SE, not only 

preserves the distinctive shape of ECG signal but also efficiently eliminates 

noise.  

The primary objective of first MO is to preserve the shape of ECG beat while 

suppressing beat-like peaks and other spurious peaks of high amplitude. Next, 

operation described by second MO finally suppresses all the noisy peaks, 

resulting in a denoised signal. The procedure described in stages 3 and 4 

constitutes morphological filtering and these steps are repeated until all signal 

segments are traversed. 

With a sampling rate of 360Hz and the fact that QRS lasts for approximately 

100ms (36 samples) [68, 222], proposed FrSE with a length of 63 samples is 

chosen to retain the characteristic shape of ECG beat. Next, for background 

noise removal, flat SE with a length of 5 samples is chosen [13, 85]. These 

lengths have been chosen in accordance with the length of SE described in 

Section 2.2.1. 

Stage 5 —Performance Evaluation: Finally, performance of proposed method using novel 

FrSE is assessed using PMP for evaluation. The flexibility provided with two 

degrees of freedom is an additional aspect that distinguishes proposed method 

from conventional methods (having no degree of freedom) employing fixed SE  

[13, 84, 85, 86, 87, 88, 239, 240]. In addition to employing quantitative analysis 

using PMP for evaluation, the box-plot evaluation method [184] is also utilized 

to statistically measure the comparison between proposed method and state-of-

the-art methods for Gaussian and 𝛼-stable distribution noise. 
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5.4 Simulation Results  

To evaluate proposed MFFrSE&MO for ECG denoising, 10 ECG records from MIT-BIH 

Arrhythmia database [196] are used. To demonstrate proposed methodology, Figure 5.5 

(for 𝛼-stable distribution noise) and Figure 5.6 (for Gaussian distribution noise) give 

insight into the output of different stages, i.e., the addition of noise, output of first MO 

(closing followed by opening using proposed FrSE), and finally the denoised signal (output 

of second MO: average of dilation and erosion by employing flat SE). 

In further sections, the results of proposed methodology are presented from a quantitative 

and qualitative perspective.  

5.4.1 Quantification of Noise Environment 

Stage 1 of proposed methodology incorporates the 𝛼-stable distribution [49] noise model 

for replicating real-time scenario. To depict the importance of adopted noise analysis 

model, a visual comparison has been provided by corrupting ECG record 100 of MIT-BIH 

Arrhythmia Database [196] with 𝛼-stable distribution noise as well as Gaussian noise, for 

illustration purposes in Figure 5.5 (b) and Figure 5.6(b), respectively. The important points 

to consider are: 

i. The 𝛼-stable noise used here is symmetric 𝛼-stable (𝑆𝛼𝑆) noise as symmetry 

parameter 𝛽 is zero.  

ii. For simulation purposes, 𝛼-stable distribution noise is generated using the 

Chambers method [224] in MATLAB software.  

iii. As higher order moments do not exist for 𝛼-stable distribution (i.e., variance is not 

defined), so for generating a suitable noise level for 𝛼-stable distribution noise, 

concept of pseudo-SNR described in [250] is employed. 

The following distinguishing features are observed when comparing pictorial 

representations in Figure 5.5(b) and 5.6(b). 

i. Gaussian noise does not alter ECG morphology much, whereas 𝛼-stable distribution 

noise significantly distorts the morphology of ECG. 

ii. R-peaks in ECG signal corrupted by Gaussian noise can be identified relatively 

easily, whereas in ECG corrupted by 𝛼-stable distribution noise, identification of 

R-peaks is a challenging task. 



Chapter 5 

165 

 

  

Figure 5.5 Different stages of proposed methodology: (a) Time domain 

representation of raw ECG signal (MIT-BIH record 100m), (b) Raw 

ECG signal corrupted with 5dB 𝛼-stable distribution noise, (c) 

Output of MO I as per block diagram (d) Final denoised signal; 

Output of MO II as per block diagram. 
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Figure 5.6 Different stages of proposed methodology: (a) Time domain 

representation of raw ECG signal (MIT-BIH record 100m), (b) Raw 

ECG signal corrupted with 5dB Gaussian distribution noise, (c) 

Output of MO I as per block diagram, (d) Final denoised signal; 

Output of MO II as per block diagram. 
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Next, to prove the usefulness of 𝛼-stable distribution model over Gaussian distribution 

model, quantitative analysis is presented in Figure 5.7. Here, several input noise levels are 

utilized to illustrate the extent of deviation/distortion introduced in different noise 

environments. 

By investigating the results in Figure 5.7 (a), it becomes evident that distortion introduced 

by the addition of 𝛼-stable distribution is much higher than Gaussian distribution noise. To 

provide more clarification, two cases of 𝛼-stable distribution noise (𝛼 = 1.2 and 𝛼 = 1.5) 

are depicted. It can be deduced that as 𝛼 value approaches one, impulsiveness increases (as 

explained in Section 2.3.2), resulting in a higher value of SDR and hence, more 

deterioration in signal quality.  

Similarly, from the results recorded for Max_dev in Figure 5.7 (b), it can be inferred that 

the values of Max_dev are much larger for 𝛼-stable distribution case than Gaussian case. 

This clearly proves that 𝛼-stable distribution model introduces more distortion and hence 

denoising methods designed considering such noises will perform better in real-time as 

well.  

Furthermore, as established in Chapter 4, ECG noises are more closely related to 𝛼-stable 

distribution model. Thus, in the presented work an attempt has been made to model noise 

using 𝛼-stable distribution (of which Gaussian distribution is also included as a special case 

at 𝛼 = 2) to replicate real environmental conditions better.  
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Figure 5.7 Deviation introduced in signal upon adding Gaussian and 𝛼-stable noise, (a) 

Signal-to-distortion ratio (SDR) introduced after adding noises with different 

input noise levels, (b) Maximum deviation (Max_dev) introduced after adding 

noises with different input noise levels. Here, 𝛼-stable noise is generated with 

𝛼 = 1.2 and 𝛼 = 1.5.  
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5.4.2 Role of Adaptive Parameters: Ripple ratio 𝒓 and FrFT Order Parameter 𝒂    

The denoising process using proposed MFFrSE&MO has an advantage of having two degrees 

of freedom (𝑟 and 𝑎). After beat segmentation is performed in Stage 2, proposed FrSE is 

subsequently employed for each beat by computing 𝑎𝑜𝑝𝑡𝑖𝑚𝑎𝑙, as demonstrated in Stage 3 

of proposed methodology.  

Here, 𝑎𝑜𝑝𝑡𝑖𝑚𝑎𝑙 is responsible for determining best match between the shape of proposed 

FrSE and ECG beat. On the other hand, variable 𝑟 contributes in minimizing error in 

reconstruction.  

To further demonstrate the dependence of degrees of freedom (𝑟 and 𝑎 = 2𝜑 𝜋⁄ ) on 

performance of denoising method, one segment of ECG record is selected and corrupted 

with noise following 𝛼-stable distribution for purpose of simulation. By doing this, we are 

able to examine variations in performance of denoising method and demonstrate flexibility 

of our suggested methodology. 

Changing window 𝒓 level: First, the dependency of changing 𝑟 level (computed at 

𝑎𝑜𝑝𝑡𝑖𝑚𝑎𝑙) on PMP for evaluation is illustrated in Figure 5.8(a). By analyzing results, it is 

evident that as 𝑎 is optimal, imp_SNR and RMSE values tend to remain consistent at 

different 𝑟 levels. Thus, changing 𝑟 has less effect on overall denoising performance when 

𝑎 is optimal, i.e., proposed FrSE adapts to best possible shape of ECG beat. 

Changing fractional order parameter 𝒂: Next, to investigate the behavior of changing 

FrFT order parameter 𝑎, Figure 5.8(b) represents the variation in RMSE values at fixed 𝑟 

levels — 10, 30, 50, 70, and 90. RMSE values attained at different 𝑟 levels signify that, 𝑟 

level at which RMSE value is large corresponds to larger SLL values. This can be 

ascertained with the concept stated in Section 5.2.2 that, when used for processing, large 

SLL level of the window contributes to inaccurate identification of the fiducial points [51].  
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Figure 5.8 Demonstration showing performance evaluation of the proposed method 

varying degrees of freedom; ripple ratio 𝑟 and FrFT order parameter 𝑎, (a) 

Performance evaluation changing 𝑟 level with 𝑎 computed at 𝑎𝑜𝑝𝑡𝑖𝑚𝑎𝑙, (b) 

Performance evaluation changing 𝑎 at different 𝑟 levels.  

Note: To represent PMP for evaluation values in same graph, values of 

obtained imp_SNR are divided by 10 in (a). 

 

imp_SNR_by_10 
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5.4.3 Performance Evaluation using Real-Time Dataset in Presence of 𝜶-Stable 

Distribution Noise and Gaussian Distribution Noise 

To evaluate the performance of proposed MFFrSE&MO, 10 ECG records from [196]: 100, 

101,102,103,104,105,106,107,108, 109 are selected. The PMP for evaluation is computed 

for these ECG signals (length =21600 samples ~ 1 min) at three noise levels: 5 dB, 10 dB 

and 15 dB. For experimental purposes and with reference to the explanation presented in 

Section 5.4.2, denoising is performed by considering 𝑎𝑜𝑝𝑡𝑖𝑚𝑎𝑙 and 𝑟 =60 dB.  

Furthermore for comparison, quantitative analysis is also performed using morphological 

filtering method given in [13] (herein referred to as MF method 1989) and the method 

discussed in [85] (herein referred to as MF method 2002) on same records. The results for 

comparing proposed method and aforementioned selected methods are tabulated in Tables 

5.1 and 5.2.  

In Table 5.1, performance of the methods is recorded for 𝛼-stable distribution case and 

Gaussian distribution case (𝛼 = 2) and results are tabulated in Table 5.2. Analyzing values 

of PMP for evaluation, it can be ascertained that proposed method performed equally well 

in both 𝛼-stable distribution and Gaussian environments in contrast to other two methods, 

where results are acceptable only for Gaussian noise case. The low values of RMSE and 

high values of imp_SNR obtained for both noise distributions prove that the proposed 

method is robust and a suitable contender for practical scenarios.  

In order to provide more insights for the results recorded in Tables 5.1 and 5.2, the 

performance of the literature methods: MF method 1989, MF method 2002 and the 

proposed method, are also compared at 10 dB input noise level using box-plot statistical 

analysis method [184] and results are demonstrated in Figure 5.9.  

Figure 5.9 (a) and (b) demonstrate that proposed method achieves lowest RMSE for both 

noise scenarios. This signifies that proposed method leads to reduced error in 

reconstruction and better retention of characteristic information. 

Similarly, from Figure 5.9 (c) and (d), it is observed that the imp_SNR values are much 

higher for proposed method in both noise environments, as compared to other selected 

literature methods. Also, a point worth mentioning is the lower bound of imp_SNR box-

plot for proposed method is higher than the highest value attained with MF method 2002 
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and MF method 1989 in both noise environments, which signifies the effectiveness of 

proposed method.  

Thus, from overall box-plot analysis it can be depicted that, with two degrees of freedom, 

proposed method has the potential to suppress noise (as inferred from high imp_SNR 

values) and improve reconstruction (as inferred from low RMSE values). This clearly 

highlights that, with proposed FrSE used in denoising methodology, proposed method has 

the potential to provide flexible performance in noise environments ranging from Gaussian 

to impulsive.  
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5.4.4 Comparison with State-of-the-Art Methods using Limiting Case of 𝜶-Stable 

Distribution, i.e., Gaussian Distribution 

Established state-of-art methods employ the Gaussian noise model to validate the efficacy 

of their denoising methods. As we have used 𝛼-stable distribution noise analysis model in 

this work, so for fair comparison of the proposed MFFrSE&MO with the well-established 

methods, the limiting case of 𝛼-stable distribution noise model, which corresponds to the 

Gaussian case (at 𝛼 = 2) is used, and results are shown in Figures 5.10 and 5.11. 

Firstly, in Figure 5.10, the results of the proposed method are evaluated at different input 

SNR levels (-5dB, 0dB, 5dB and 10dB) to provide a fair comparison with the chosen 

literature methods such as Wavelet [251], EMD [252] and EMD- NLM [253]. 

Next, in Figure 5.11, the proposed method is exclusively compared with the 

morphological-based method [254] (herein, referred to as MF method 2013 [254]) at 10 dB 

Gaussian distribution noise level. The performance is compared in terms of imp_SNR 

values obtained for two MIT-BIH records: 106 and 228.  

Analyzing the graphical depictions in Figure 5.10, it can be depicted that the proposed 

method outperforms the established methods in dealing with Gaussian noise by achieving 

higher imp_SNR and lower RMSE values. Also, the point worth mentioning is that even at 

low input SNR levels (corresponding to high noise input level), the proposed method 

consistently performs better than other methods.  

Similarly, analyzing the results obtained in Figure 5.11, the obtained bar graphs clearly 

show the superiority of the proposed method (illustrated on right-side) in achieving higher 

imp_SNR values compared to the MF method 2013 [254] for the records 106m and 228m.   

Therefore, it can be inferred that the proposed method has the capability to deliver 

satisfactory results in the framework of conventional noise analysis models as well. 
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Figure 5.11 Comparison of proposed method with MF method 2013 when MIT-BIH 

records 106 and 228 are corrupted with 10 dB Gaussian distribution 

noise. 
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Figure 5.10 Comparison of proposed method with literature method when record 100 
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5.4.5 Comparison with State-of-the-Art Methods by Estimating Real-Time Noises 

with 𝜶-Stable Distribution 

To evaluate the performance of the proposed method in the presence of real-time noises 

corrupting ECG signals like baseline wander (bwm), muscle artifacts (mam), electrode 

motion artifacts (emm) and power-line interference (PLI), firstly, the nature of noises for 

Gaussian and non-Gaussian behavior is investigated. Then, a fair comparison of the 

proposed method with the existing state-of-the-art methods is provided. 

A. Investigation of real-time noises: For this, the results for noises available at MIT-

BIH Noise Stress Test Database [200, 201] and computed in Chapter 4, section 4.3 

are utilized, i.e., the estimate for 𝛼-stable distribution noise model parameters 

𝑆(𝛼, 𝛽, 𝛾, ζ) is: 

▪ 𝑆(1.64,0.36,47.28,4.04) for bwm 

▪ 𝑆(1.82,0.67,18.81,0.13) for emm 

▪  𝑆(1.54,0.12,18.81,0.13) for mam 

Additionally, expressing PLI as a sinusoidal polynomial [58]  and applying the 

Kogon-Williams parameter estimation method, an estimate is obtained 

as 𝑆(2,0,0.9,0). From the estimated values obtained for these noises, the following 

observations are made: 

i. As 𝛼 value is less than 2, one can ascertain that except for PLI, all the other 

real-time noises corrupting ECG signals have a non-Gaussian nature.  

ii. Furthermore, the symmetry parameter 𝛽 is non-zero, which indicates that 

the distribution is asymmetric, indicating non-Gaussian nature of noises. 

As a result of the aforementioned conclusions, it can be concluded that the 𝛼-stable 

distribution noise analysis model is a better substitute for evaluating the efficacy of 

denoising techniques. 

B. Performance comparison with existing methods: Next, to evaluate the 

performance of proposed MFFrSE&MO under these real-time noises, MIT-BIH records 

100m and 101m are corrupted with bwm noise and PLI, and comparison is made 

against well-established state-of-the-art methods Fourier decomposition (FD) [58] 

and eigenvalue decomposition (EVD) [255] in terms of imp_SNR values as depicted 

in Figure 5.12 and Table 5.3. Here, these records are specifically considered, to 

provide a fair comparison with selected literature methods.  
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Analyzing the results in Figure 5.12, it can be inferred that the proposed method 

outperforms the existing methods in the literature with a higher value of imp_SNR 

at each input SNR level for both noises—bwm and PLI. Also, on investigating the 

results tabulated for average performance of these methods from Table 5.3, it is 

evident that value of imp_SNR 21.43 dB and 35.53 dB is the maximum for the 

proposed method for bwm noise and PLI noise, respectively.  

This conclude that proposed method shows superior performance among literature-

based methods. 

 

 

Figure 5.12 Comparison of proposed method with literature methods in presence of 

real-time noises bwm and PLI 
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C. Performance comparison with literature-based morphological filtering 

method: To compare the performance of the proposed method using morphological 

based filtering method available in the literature [90] (herein, referred to as MF 

method 2019), MIT-BIH record 119m is corrupted with bwm noise as per the 

specifications mentioned in [90] to ensure a fair comparison. The comparison is 

made in terms of RMSE values, which is illustrated in Figure 5.13. It is evident 

from the graphical depiction that the proposed method has outperformed the state-

of-the-art method incorporating MF concept in achieving lower RMSE values.  

Thus, it proves that the proposed method is effective for real-time circumstances 

and outperforms conventional methods, including morphological [13, 85, 90, 254] 

and non-morphological methods [58, 251, 252, 253, 255]. 

  

Input Noise 

Level  

(dB) 

imp_SNR (in dB) Values 

bwm noise   PLI noise 
Proposed FD [58] EVD [255]   Proposed FD [58] EVD [255] 

-10 25.26 25.10 18.00  39.70 38.10 26.60 
-5 20.28 19.65 15.35  36.10 33.40 32.60 
0 20.00 19.40 12.00  33.80 28.50 27.90 
5 20.18 18.05 7.45   32.52 23.60 23.60 

Average 21.43 20.55 13.20   35.53 30.90 27.68 
Bold indicates maximum imp_SNR (dB) value 

Table 5.3 Average value comparison of literature methods with proposed method for 

bwm and PLI noise 
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5.5 Application of QRS Detection incorporating Proposed MF 

As proved through a simulation study in previous sections, the primary distinguishing 

aspects between the proposed methodology and the state-of-the-art methods [13, 58, 85, 

90, 251, 252, 253, 254, 255] are the use of the proposed FrSE, which adapts to shape of the 

ECG beat, and the incorporation of 𝛼-stable distribution noise analysis model. Additionally, 

the design of FrSE incorporated two degrees of freedom (𝑟 and 𝑎), which resulted in 

achieving low RMSE values and high imp_SNR in a noisy environment by suppressing 

noise while maintaining flexible beat-adaption for information preservation.  

Therefore, to carry forward the benefits obtained using proposed MF, this section presents 

an application of proposed MF in QRS complex detection for subsequent stages. 

Additionally, from the review of rich literature, it has been mentioned in Chapter 2 (Section 

2.2) that QRS detection framework is mainly composed of preprocessing followed by 

decision-making. Therefore, using proposed MF of this Chapter and the decision-making 

methodology proposed in Chapter 3, proposed block diagram is illustrated in Figure 5.14. 

For QRS complex detection, in the proposed scheme illustrated in Figure 5.14, firstly, the 

raw ECG signal is artificially corrupted with 𝛼-stable distribution noise model (to replicate 

the real-time scenario). Then, the corrupted signal is processed using the proposed 

MFFrSE&MO.  

Input baseline wander (bwm) noise from [201] 

R
M

S
E

 

Figure 5.13 Comparison of the proposed method with MF method 2019. 
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Then the morphologically transformed signal is passed through localization stage to 

accurately identify the occurrence of QRS events. Lastly, a searchback mechanism is 

applied to reconsider missed R-peaks. This compensates for the minimal error obtained in 

the time instants computed experimentally using the annotation codes [225] . The last three 

stages are described in detail in Chapter 3 (Section 3.3).  

5.5.1 Performance Metric Parameters 

The same performance metric parameters for QRS complex detection are used for 

performance evaluation. The performance metric parameters are mentioned again for better 

readability. 

𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
 

(5.25)  

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑣𝑖𝑡𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
 

(5.26)  

𝐸𝑟𝑟𝑜𝑟 𝑅𝑎𝑡𝑒 =
𝐹𝑁 + 𝐹𝑃

𝑇𝑜𝑡𝑎𝑙 𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑏𝑒𝑎𝑡𝑠
 

(5.27)  

𝐷𝑒𝑡𝑒𝑐𝑡𝑖𝑜𝑛 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃 + 𝐹𝑁
 

(5.28)  

where TP, FP, and FN have the usual meaning (for details refer Chapter 3 (Section 3.3.1)). 

5.5.2 Simulation Results 

To illustrate the proposed methodology's effectiveness, the denoised signals from the 

previous section—100, 101, 102, 103, 104, 105, 106, 107, 108 and 109 are considered. The 

quantitative analysis is performed considering two scenarios; firstly, real-time scenario is 

replicated using 𝛼-stable distribution noise (as established in Chapter 4 and demonstrated 

in Section 5.3 as well). Second, the results are obtained using the conventional assumption, 

i.e., Gaussian environment, by substituting 𝛼=2, in the proposed methodology. This is 

undertaken to effectively verify the performance of the proposed approach and ensure an 

equitable comparison with established methodologies. The results for the two scenarios are 

tabulated in Table 5.4 and Table 5.5, respectively. 
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On analyzing the results obtained in Tables 5.4 and 5.5, it is ascertained that QRS complex 

detection based on the proposed methodology that incorporates proposed MF
FrSE&MO

 in the 

preprocessing stage has the potential to perform as effectively in real-time environment as 

it does in the Gaussian environment. 

Furthermore, for comparative analysis with established morphological-based QRS 

complex detection methods namely; Zhang [239] (method based on multiscale 

mathematical morphology), Yazdani [88] (method based on adaptive mathematical 

morphology), and Chen [256] (combination of mathematical morphology with envelope 

for QRS complex detection) are selected. These literature methods are designed using the 

conventional assumption. The results for FN (signifying missed detections) and FP 

(signifying false detection) are presented in Table 5.6.  

From the results tabulated in Table 5.6, it can be observed that, for records 100, 102, and 

103, all the methods have reported zero missed and false detections, i.e., FN=0 and FP=0. 

However, for records 101, 104, 105, 106, 107, 108 and 109, the proposed method 

outperformed the conventional algorithms with the least cases of wrong and false detections 

(marked in bold values in Table 5.6).  

Moreover, a graphical depiction of overall wrong detections is illustrated in Figure 5.15. 

The depiction clearly demonstrates that the proposed method outperforms established 

methods in terms of minimizing wrong detections in a conventionally assumed 

environment. This indicates that despite the design methodology being based on the 

consideration of utilizing an 𝛼-stable distribution environment, the proposed method has 

surpassed established methods in terms of performance. Thus, it substantiates the notion 

that design methods can effectively operate in a broad spectrum of environments, spanning 

from the conventionally assumed Gaussian to the practical scenario of impulsive 

environments. 
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Table 5.6 Comparative analysis with established morphological based methods 

under conventional assumption. 

Record Zhang [239] Yazdani [88] Chen [256] Proposed 
  No. FN FP FN FP FN FP FN FP 
100 0 0 0 0 0 0 0 0 
101 0 1 0 1 0 1 0 1 
102 0 0 0 0 0 0 0 0 
103 0 0 0 0 0 0 0 0 
104 1 7 1 7 2 7 1 2 
105 19 7 15 22 6 13 2 2 
106 20 21 4 0 0 0 0 0 
107 0 5 1 0 1 0 0 0 
108 2 10 17 3 - - 0 2 
109 3 3 1 0 - - 0 0 

Bold indicates the minimum FN and FP obtained against established methods for records: 

101,104, 105, 106,107, 108 and 109. 
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Figure 5.15 Comparison of wrong detections obtained using established 

methods and proposed method.  
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5.6 Summary 

The proposed work presents a novel and effective method for processing ECG signals. To 

begin with, a simple and computationally efficient morphological filtering approach is 

used. Second, shape-adaptive SE is built using cross-convolution window concept, which 

takes advantage of varying FrFT order parameter 𝑎. Third, cross-convolution windowing 

method is conceptualized to design SE. More broadly, this new fractional Fourier of cross-

convolved window is first-of-its-kind that provides dual benefit of reduced SLL and shape 

similarity to ECG beat. Finally, 𝛼-stable distribution noise model used for testing includes 

Gaussian distribution as a special case, ensuring that the denoised method can handle a 

wide range of noise environments with behavior ranging from Gaussian to impulsive. 

Additionally, filter design based on such model has the ability to enhance performance of 

further processing stages, as demonstrated by detection of QRS complex in the present 

work. 

Furthermore, the performance of morphological state-of-the-art methods is based on using 

fixed SE. In contrast, proposed method introduces a novel FrSE, which has the flexibility 

of having two degrees of freedom. Thus, proposed FrSE adds an adaptive nature to 

morphological filtering, a characteristic absent in classical morphological filtering 

methods. Additionally, experimental results demonstrate that performance of proposed 

denoising method is better than that of other alternative methods that are not based on the 

concept of morphological filtering.  

A significant contribution of proposed work demonstrates the importance of using a more 

generalized noise model: 𝛼-stable distribution to improve performance of preprocessing 

algorithms for biomedical signals. The enhancement obtained in initial stage, using 𝛼-

stable distribution model, facilitated detection of QRS complex as well. 

Lastly, proposed work has combined benefits of a time-efficient shape-based filtering 

method i.e., morphological filtering and the flexibility of variation gained using FrFT order 

parameter for designing denoising and QRS complex detection algorithm for ECG signals. 

This results in improved reconstruction and enhanced detection performance and thus 

outperforms traditional established methods, which have no such flexibilities.
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Chapter 6 

6 Introduction of Novel Time-Frequency 

Tool for 𝛼-Stable Distribution Noise 

Environment 

 

As the research motivation is focused on dealing with non-stationary signals in a non-

Gaussian environment, so after establishing the potential of FrFT kernel-based TF tools for 

non-stationary signals in Chapter 3 and with a successful attempt to prove the existence of 

non-Gaussian 𝛼-stable nature in noises in Chapter 4, this chapter focuses on amalgamating 

the concept of FrFT kernel-based TF tool with non-Gaussian 𝛼-stable distribution noise 

environment. 

By introducing a novel tool namely fractional lower-order fractional Stockwell transform 

(FLO-FrST), which provides a satisfactory performance for noise environments ranging 

from impulsive to Gaussian by integrating the concepts of ST, FrFT and FLOS. The novel 

introduced tool provides better robustness against outliers with an enhanced resolution in 

the TF domain, offering better reconstruction when retrieving processed signal back to the 

time domain. 

6.1 Rise of FLO-TF tools 

Over the past few decades, numerous scientific studies and extensive literature have shown 

the use of time-frequency principles in several engineering disciplines, such as in 

communication systems for channel estimation and interference mitigation, in biomedical 

signal processing as an analysis and feature extraction tool, in seismology for detecting 

transient seismic events, in economics as trend cycle decomposition, machine monitoring 

for detecting faults and analyzing the vibration signals, to name a few.  

However, with extensive research, it has been pointed out that TF tools in general 

(including both traditional and FrFT-based) emphasize the analysis of real-time signals in 

the presence of Gaussian noise environment. There has been a surge of research dealing 

with these signals in non-Gaussian environments. Moreover, literature research has 
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indicated that the performance of these existing TF tools deteriorates in the presence of 

impulsive noise. Therefore, to enhance the versatility of TF tools, new definitions using 

fractional lower-order statistics (FLOS) have been reported in the literature, referred to as 

fractional lower-order time-frequency (FLO-TF) tools. With the introduction of these tools, 

a new category of TF tool has been derived based on the 𝛼-stable distribution model which 

encompasses Gaussian model as its special case, as outlined in Section 2.4.2.3.  

6.1.1 Need to Design New Tool (FLO-FrST) 

FLO-TF tools are gaining popularity and have found extensive applications in areas such 

as mechanical fault analysis  [50, 168, 175] where signal or noise interference tends to show 

impulsive characteristics.  

However, several challenges such as obtaining high resolution and high reconstruction rate 

remain open problems. Undoubtedly, the newly introduced FLO-TF tools perform better 

than their TF counterpart and offer more efficiency in impulsive environments. But their 

performance is still limited by poor resolution, which results in the loss of information 

when performing reconstruction process. For example, cross terms still arise in FLO-WVD 

[48, 50], FLO-STFT still faces resolution problems due to window length [175] and the 

need for choosing proper mother wavelet is still a concern in FLO-CWT [50, 257]. 

Furthermore, the limitations of existing FLO-TF tools are summarized in Table 6.1. 

Table 6.1 Summary of various fractional lower order time-frequency distributions 

(FLO-TFDs)  

S.no Literature Name Key Features 

1 Long et al. (2017) 

[175] 

FLO-STFT • offers low resolution in TF domain 

• performance is limited due to fixed length of 

window function. 

2 Griffith et at. 

(1997) [48] 

FLO-WVD • offers high resolution in TF domain. 

• performance is limited due to cross-terms 

3 Gao et al. (2012) 

[257] 

FLO-CWT • offers multi-resolution analysis in TF domain. 

• performance limited due to absence of phase 

referenced information. 

4 Long et al. (2017) 

[168] 

FLO-ST • offers improved resolution than FLO-STFT and 

FLO-CWT. 

• performance lacks resolution ability   

5 Long et al. (2020) 

[169] 

FLO-LCT • offers improved resolution than FLO-STFT and 

FLO-CWT. 

• performance limited due to smearing. 
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Therefore, considering the limitations of existing tools, a new variant of FLO-TFD has been 

put forward to improve the resolution and still provide satisfactory performance in 

impulsive and Gaussian scenarios. The proposed variant of FLO-TFD described in this 

work is based on hybridizing the concepts of FLOS with fractional Stockwell transform 

(FrST) [47], which itself is a combination of Stockwell transform (ST) and fractional 

Fourier transform (FrFT). FrST, a TF tool based on fractional Fourier kernel [258], 

enhances the time-frequency resolution and the fractional lower-order operator from FLOS 

is responsible for offering robustness and better reconstruction in impulsive scenarios.  

The FLO-FrST, a proposed novel tool, integrates the FLO concept within the FrST 

framework. This tool offers several advantages, including four degrees of freedom namely, 

the fractional-lower order parameter 𝜌, two window adjustment factors 𝑝 and 𝑞, and the 

fractional parameter 𝑎. All these factors collectively contribute to the efficacy of FLO-FrST 

as a technique for attaining superior performance in terms of resolution, reconstruction, 

and robustness, which will be demonstrated in later sections with an intensive simulation 

studies.  

6.2 Analytical Foundation of Proposed FLO-TF 

In this section, the mathematical foundation of the proposed FLO-FrST is illustrated, along 

with its inverse formulation. Additionally, a detailed description of the mathematical 

deduction illustrates the limiting cases of the proposed FLO-FrST. Lastly, an algorithm for 

its computation is also provided for its utility in applications. 

6.2.1 Proposed Fractional Lower-Order Time-Frequency (FLO-TF) Tool 

According to the definition of FLOST and FrST (detailed in Section 2.4), a novel fractional 

lower order fractional Stockwell transform (FLO-FrST) definition is proposed, which is 

defined as: 

𝐹𝐿𝑂 − 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑) = ∫ 𝑥<𝜌>(𝑡)𝑔(𝜏 − 𝑡, 𝑢𝜑)𝐾𝑎(𝑡, 𝑢𝜑)𝑑𝑡

+∞

−∞

 (6.1) 

 

where description of 𝑥<𝜌>(𝑡), 𝑔(𝜏 − 𝑡, 𝑢𝜑) and 𝐾𝑎(𝑡, 𝑢𝜑) is as follows: 

i. (. )<𝜌> is the FLO operator [48] defined as 
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𝑥<𝜌>(𝑡) =
|𝑥(𝑡)|𝜌+1

𝑥∗(𝑡)
; 0 ≤ 𝜌 ≤ 1. 

(6.2) 

ii.  𝑔(𝜏 − 𝑡, 𝑢𝜑) is scalable fractional Gaussian window function given by [47] 

𝑔(𝑡, 𝑢𝜑) =
|𝑢𝜑 𝑐𝑠𝑐 𝜑|

𝑝

√2𝜋𝑞
𝑒𝑥𝑝 (

−𝑡2(𝑢𝜑 𝑐𝑠𝑐 𝜑)
2𝑝

2𝑞2
) (6.3) 

where 𝑝 and 𝑞 are window-adjustment parameters of Gaussian window, 𝑢𝜑 is 

fractional Fourier frequency with  𝜑 = 𝑎𝜋 2⁄  .  

iii.  𝐾𝑎(𝑡, 𝑢𝜑) is kernel of fractional Fourier transform (FrFT), mentioned in Section 

2.3.3 and given by [127, 258] 

𝐾𝑎(𝑡, 𝑢𝜑) =

{
 
 

 
 

√
1 − 𝑗 𝑐𝑜𝑡 𝜑

2𝜋
𝑒𝑥𝑝 [𝑗 (

𝑡2 + 𝑢𝜑
2

2
) 𝑐𝑜𝑡 𝜑 − 𝑗𝑢𝜑𝑡 𝑐𝑠𝑐 𝜑] ,         𝜑 ≠ 𝑛𝜋

𝛿(𝑡 − 𝑢𝜑)                                                                                          𝑖𝑓 𝜑 = 2𝑛𝜋

      𝛿(𝑡 + 𝑢𝜑)                                                                                       𝑖𝑓 𝜑 + 𝜋 = 2𝑛𝜋

 (6.4) 

 

With the amalgamation of three concepts, the proposed tool has four degrees of freedom 

(𝜌, 𝑝, 𝑞, 𝑎) i.e., the fractional-lower order parameter 𝜌, two window adjustment factors 𝑝 

and 𝑞, and fractional parameter 𝑎, from FLOS, FrST and FrFT definitions, respectively. 

Thus, these degrees of freedom make the proposed FLO-FrST tool flexible and robust 

enough to work effectively in non-stationary and non-Gaussian 𝛼-stable environments.  

6.2.2 Mathematical Deduction for Limiting Cases of Fractional Lower-Order 

Fractional Stockwell Transform (FLO-FrST) 

As previously mentioned, four degrees of freedom are an advantage of the proposed tool. 

The behavior of established TF tools can be obtained by varying each of these degrees, and 

this can be determined mathematically as follows:  

Substituting values of 𝑎 = 𝑝 = 𝑞 = 1, the scalable fractional Gaussian window [47] 

reduces to Gaussian window, independent of window-adjustment parameters, which is 

given by 

𝑔(𝑡, 𝑢𝜑) =
|𝑢𝜑|

√2𝜋
𝑒𝑥𝑝 (

−𝑡2𝑢𝜑
2

2
) 

(6.5) 
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Additionally, with 𝑎 = 1;  𝜑 reduces to  𝜑 = 𝜋 2⁄  and therefore, the FrFT kernel 𝐾𝑎(𝑡, 𝑢𝜑) 

reduces to the basic Fourier kernel [47, 258] given by 

𝐾𝑎(𝑡, 𝑢𝜑) → 𝐾1(𝑡, 𝑢𝜋 2⁄ ) = 𝑒𝑥𝑝(−𝑗2𝜋𝑢𝜑𝑡) (6.6) 

Using the results obtained in (6.5) and (6.6), the mathematical formulation of (6.1) reduces 

to fractional lower-order Stockwell transform (FLO-ST), which already is an established 

FLO-TF tool [168].  

Furthermore, if the Gaussian window in (6.5) is considered a fixed window independent of 

frequency, then (6.1) reduces to the case of fractional lower-order Short-time Fourier 

transform (FLO-STFT) [175]. 

Now for the degree of freedom represented using 𝜌, as 𝜌 →1 

𝑥<1>(𝑡) =
|𝑥(𝑡)|2

𝑥∗(𝑡)
= 𝑥(𝑡)  (6.7) 

This implies the definition of FLO-FrST will get reduced to FrST [47]. Hence, the limiting 

cases of proposed FLO-FrST are FLO-ST, FLO-STFT and FrST, which are obtained by 

varying 𝑎, 𝑝 and 𝑞 for FLO-ST and FLO-STFT and  𝜌, 𝑎, 𝑝 and 𝑞 for FrST, respectively. 

6.2.3 Calculation of Inverse FLO-FrST 

In order to establish the invertible property of the suggested tool, a mathematical proof is 

presented as follows.  

Integrating (6.1) with respect to variable 𝜏 

∫ 𝐹𝐿𝑂 − 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑)

∞

−∞

𝑑𝜏 = ∫ ∫ 𝑥<𝜌>(𝑡)𝑔(𝜏 − 𝑡, 𝑢𝜑)𝐾𝑎(𝑡, 𝑢𝜑) 𝑑𝑡 𝑑𝜏
∞

−∞

∞

−∞

 (6.8) 

Rearranging integral (6.8) 

∫ 𝐹𝐿𝑂 − 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑)

∞

−∞

𝑑𝜏 = ∫ 𝑥<𝜌>(𝑡) 𝐾𝑎(𝑡, 𝑢𝜑)𝑑𝑡 {∫ 𝑔(𝜏 − 𝑡, 𝑢𝜑) 𝑑𝜏
∞

−∞

}

+∞

−∞

 (6.9) 

and using property 

∫ 𝑔(𝜏 − 𝑡, 𝑢𝜑) 𝑑𝜏
∞

−∞

= 1 
(6.10) 

(6.9) reduces to fractional lower-order fractional Fourier transform (FLO-FrFT) of signal 

𝑥(𝑡) given by: 
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∫ 𝐹𝐿𝑂 − 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑)

∞

−∞

𝑑𝜏 = ∫ 𝑥<𝜌>(𝑡) 𝐾𝑎(𝑡, 𝑢𝜑)𝑑𝑡

+∞

−∞

 (6.11) 

The point worth mentioning here is that FLO-FrFT expression obtained in (6.11) is deduced 

implicitly while proving the invertible property for the proposed FLO-FrST. Moreover, 

with the introduction of FLO-FrFT, the scope of the FrFT tool is expanded to non-Gaussian 

𝛼-stable distribution framework. Hence enhancing the applicability of FrFT in impulsive 

environments. 

Next, continuing with the proof for invertible property, consider the FrFT of a signal given 

by: 

𝐹𝑟𝐹𝑇{𝑥(𝑡)} = 𝑋(𝑢𝜑) = ∫ 𝑥(𝑡) 𝐾𝑎(𝑡, 𝑢𝜑)𝑑𝑡

+∞

−∞

 (6.12) 

Now, let  𝑥<𝜌>(𝑡) = 𝑥̃(𝑡), then using the definition derived in (6.11) and substituting in 

(6.12), FrFT of 𝑥̃(𝑡) is given by 

𝑋̃(𝑢𝜑) = ∫ 𝑥̃(𝑡) 𝐾𝑎(𝑡, 𝑢𝜑)𝑑𝑡

+∞

−∞

 (6.13) 

Using formulation for inverse FrFT, 𝑥̃(𝑡) can then be represented using 

𝑥̃(𝑡) = ∫ 𝑋̃(𝑢) 𝐾−𝑎(𝑡, 𝑢𝜑)𝑑𝑢𝜑

+∞

−∞

 (6.14) 

Now, with 𝑥̃(𝑡) computed in (6.14), to obtain 𝑥(𝑡), consider 

𝑥̃(𝑡) = 𝑐𝑡 + 𝑗𝑑𝑡, 𝑡 = 1,2,⋯𝐿𝑡, 

𝑥(𝑡) = 𝑎𝑡 + 𝑗𝑏𝑡, 𝑡 = 1,2,⋯𝐿𝑡 
(6.15) 

where 𝐿𝑡 ∈ ℤ representing length of 𝑥(𝑡). 

Substituting (6.15) in (6.2), we get 

𝑐𝑡 + 𝑗𝑑𝑡 =
(𝑎𝑡

2 + 𝑏𝑡
2)

𝜌+1
2

𝑎𝑡 − 𝑗𝑏𝑡
 (6.16) 

Simplifying further by comparing real and imaginary parts of complex numbers on both 

sides, we get 
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𝑥(𝑡) = 𝑐𝑡(𝑐𝑡
2 + 𝑑𝑡

2)
1−𝜌
2 + 𝑗𝑑𝑡(𝑐𝑡

2 + 𝑑𝑡
2)

1−𝜌
2  

(6.17) 

𝑥(𝑡) = 𝑅𝑒𝑎𝑙(𝑥̃)(|𝑥̃|)1−𝜌+𝐼𝑚𝑎𝑔(𝑥̃)(|𝑥̃|)1−𝜌 
(6.18) 

Hence, it can be concluded that the proposed transform FLO-FrST is invertible.  

6.2.4 Algorithm for Computing FLO-FrST 

For computing FLO-FrST, consider 

ℎ(𝑡, 𝑢𝜑) = 𝑥<𝜌>(𝑡)𝐾𝑎(𝑡, 𝑢𝜑) (6.19) 

Substituting (6.19) in (6.1) 

𝐹𝐿𝑂 − 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑) = ∫ ℎ(𝑡, 𝑢𝜑)𝑔(𝜏 − 𝑡, 𝑢𝜑)𝑑𝑡

+∞

−∞

 (6.20) 

                                  =   ℎ(𝑡, 𝑢𝜑) ∗ 𝑔(𝑡, 𝑢𝜑)  (6.21) 

where ∗ represents the convolution operator. 

Next, we know that FLO-FrFT of 𝑥<𝜌>(𝑡) and FrFT of scalable fractional Gaussian 

window can be represented using 

𝑋̃(𝜇𝜑) = ∫ 𝑥<𝜌>(𝑡) 𝐾𝑎(𝑡, 𝜇𝜑)𝑑𝑡

+∞

−∞

 (6.22) 

𝐺(𝜇𝜑) = ∫ 𝑔(𝑡, 𝜇𝜑) 𝐾𝑎(𝑡, 𝜇𝜑)𝑑𝑡

+∞

−∞

 (6.23) 

where 𝜇𝜑 is independent variable representing fractional Fourier frequency with 𝜑 =

𝑎𝜋 2⁄ . 

Using inverse of (6.22) and (6.23) in (6.1), we get 

𝐹𝐿𝑂 − 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑) = ∫ {( ∫ 𝑋̃(𝜇𝜑) 𝐾−𝑎(𝑡, 𝜇𝜑)𝑑𝜇𝜑

+∞

−∞

)( ∫ 𝐺(𝜇𝜑) 𝐾−𝑎(𝑡, 𝜇𝜑)𝑑𝜇𝜑

+∞

−∞

)𝐾𝑎(𝑡, 𝑢𝜑)}𝑑𝑡

+∞

−∞

 

(6.24) 

Rearranging the integrals in obtained results and using the property of FrFT kernel [127], 

(6.23) is modified as:  

𝐹𝐿𝑂 − 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑) = ∫ 𝑋̃(𝜇𝜑)( ∫ 𝐾𝑎(𝑡, 𝑢𝜑)𝐾−𝑎(𝑡, 𝜇𝜑)𝑑𝑡

+∞

−∞

)( ∫ 𝐺(𝜇𝜑) 𝐾−𝑎(𝑡, 𝜇𝜑)𝑑𝜇𝜑

+∞

−∞

)𝑑𝜇𝜑

+∞

−∞

 (6.25) 



Chapter 6 

196 

 

             = ∫ 𝑋̃(𝜇
𝜑
) 𝛿(𝑢𝜑 − 𝜇𝜑)𝑑𝜇𝜑 ∫ 𝐺(𝜇𝜑) 𝐾−𝑎(𝑡, 𝜇𝜑)𝑑𝜇𝜑 

+∞

−∞

+∞

−∞

 (6.26)    

Rearranging integrals and using the concept given in (6.20) and (6.21), expression obtained 

is given by: 

𝐹𝐿𝑂 − 𝐹𝑟𝑆𝑇𝑥
𝑎(𝜏, 𝑢𝜑) = ∫ 𝑋̃(𝜇

𝜑
) ∗ 𝛿(𝑢𝜑 − 𝜇𝜑) 𝐺(𝜇𝜑) 𝐾−𝑎(𝑡, 𝜇𝜑)𝑑𝜇𝜑

+∞

−∞

 (6.27) 

The result in (6.27) states that FLO-FrST can also be obtained by performing inverse FrFT 

on the product of FrFT of scalable fractional Gaussian window and shifted version of 

FLOFrFT of the signal under consideration.  

The whole process for computing FLO-FrST is summarized in Algorithm 1. 

Algorithm 1: FLO-FrST Computation  

1. Calculate FLO-FrFT of the signal using (6.22) 

2. Calculate FrFT of Gaussian window using (6.23). 

3. Shift the spectra obtained in Step 1.  

4. Multiply the results obtained in Step 2 and 3.  

5. Calculate inverse FrFT of the product obtained in Step 4.       

6.3 Simulation Study 

For demonstrating the performance of the proposed FLO-FrST tool, this section is 

composed of various experiments using synthetic signal to verify the effectiveness of the 

proposed tool. It is divided into three parts: In the first part, synthetic signal is described, 

along with the performance metric measures required for the quantitative assessment of the 

experiments. Subsequently, in other two parts, the synthetic signal is analyzed and 

processed using the proposed tool and its performance is evaluated in terms of its 

robustness, resolution, and reconstruction ability. 

6.3.1 Prerequisites for Experimental Study for the Proposed Tool 

• Experimental Signal: To demonstrate the performance of the proposed tool, synthetic 

signal 𝑥(𝑛) is chosen, which is a linear frequency-modulated signal given by 

𝑥(𝑛) = 𝑥1(𝑛) + 𝑥2(𝑛) (6.28) 



Chapter 6 

197 

 

with 𝑥1(𝑛) and 𝑥2(𝑛) given by: 

𝑥1(𝑛) = 𝑒
−0.004(𝑛−80)2−𝑗0.025(𝑛−80)2+𝑗1.72(𝑛−80) (6.29) 

𝑥2(𝑛) = 𝑒−0.004(𝑛−180)
2−𝑗0.025(𝑛−180)2+𝑗1.72(𝑛−180) (6.30) 

The signal 𝑥(𝑛) is subjected to additive interference from undesirable noise 𝑤(𝑛), 

which might be either Gaussian distributed noise or 𝛼-stable distributed noise. The 

resulting noisy signal is denoted as 𝑦(𝑛) and this process is described by 

𝑦(𝑛) = 𝑥(𝑛) + 𝑤(𝑛) (6.31) 

For simulation purposes, SNR=10dB is selected for the case of additive white 

Gaussian noise (AWGN). For the case of 𝛼-stable distribution noise, the concept of 

SNR is invalid [49] and thus, generalized SNR (GSNR) [50, 250] is chosen to be 18dB 

with 𝛼 = 1.1.  

• Performance Metric Parameters: Next, for assessing the performance of different 

experiments, the following quantitative measures are considered: 

a) For quantification of resolution, the Jones-Parks (JP) measure [37, 259, 260] is 

chosen, which is defined as: 

𝑄𝐽𝑃 =
∑ ∑ 𝑃𝑥(𝑛, 𝑘)

4
𝑘𝑛

(∑ ∑ 𝑃𝑥(𝑛, 𝑘)2𝑘𝑛 )2
 

(6.32) 

where 𝑃𝑥(𝑛, 𝑘) is a time-frequency matrix.  

JP measure is a concertation measure used to quantify energy concentration in 

the spectrogram. The higher value implies high energy concentration in the TF 

plane with efficient instantaneous frequency representation.  

b) For quantifying reconstruction, Root-Mean-Square-Error (RMSE) is selected, 

which is given by: 

𝑅𝑀𝑆𝐸 = √
∑ [𝑥(𝑛) − 𝑟(𝑛)]2𝑁−1
𝑛=0

𝑁
 

(6.33) 

where 𝑥(𝑛) is the original signal and 𝑟(𝑛) is the reconstructed signal.   

RMSE is used to quantify information content retained in signal post-

reconstruction. The lower its value, the better information is preserved. 



Chapter 6 

198 

 

• Optimal Parameter Selection: The proposed tool comprises four parameters — 𝜌, 𝑝, 

𝑞, 𝑎 —which play a crucial role in deciding the resolution of TF plane and satisfactorily 

suppressing the impulsive noise. Therefore, to achieve an optimized performance, the 

following three TF features are used to compute the optimal range for these parameters: 

i. Renyi entropy [37, 179, 260] is a widely used concentration measure. 

ii. Image-related feature perimeter [37, 179] is computed using the 

morphometric feature extracted from moments of binary segmented TF 

under consideration. 

iii. TF statistical features, standard deviation and skewness [37, 179] are used 

to describe instantaneous frequency components. 

With rigorous simulation on synthetic signal, it has been concluded that the optimal value 

range for four degrees of freedom conforms to the following ranges: 

• For 𝛼- stable distribution noise, the value of parameters obtained are: 

𝜌 ∈ (0, 0.45], 𝑝 ∈ [0.5, 0.9], 𝑞 ∈ [0.25, 0.5],  and 𝑎 ∈ (0.35,0.6). 

• For Gaussian noise, the value of parameters are: 

𝜌 ∈ [0.5,0.8], 𝑝 ∈ [0.5, 0.9], 𝑞 ∈ [0.1, 0.6],  and 𝑎 ∈ (0.1,0.5). 

Any combination for (𝜌, 𝑝, 𝑞, 𝑎) selected between the ranges as mentioned above will 

show good performance for the proposed FLO-FrST tool. 

6.3.2 Experiment 1: Demonstration of Resolution and Robustness Ability 

In order to demonstrate the resolution and robustness of the proposed tool, this section 

presents both qualitative and qualitative comparison of the proposed FLO-FrST and is 

compared with established state-of-the-art tools such as ST, FrST and FLO-ST. 

A. Qualitative Analysis: To demonstrate the resolution and robustness of the proposed 

tool, a qualitative comparison of the proposed FLO-FrST is performed with established 

state-of-the-art tools such as ST, FrST and FLO-ST. The obtained spectrograms are 

shown in Figures 6.1 and 6.2 for Gaussian and 𝛼-stable distribution noise, respectively. 

Furthermore, Table 6.2 shows values of selected performance metric parameter JP 

measure, computed for all these transforms to quantify the analysis. 

By analyzing the illustrations shown in Figures 6.1 and 6.2, the following distinguishing 

features are obtained: 
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i. Based on observations made from time domain signals, it can be concluded that 

Gaussian noise has minimal impact on signal morphology. This type of noise is 

also uniformly added to the signal, as illustrated in Figure 6.1 (b). In contrast, 

the 𝛼-stable distribution noise introduces two prominent peaks and substantially 

distorts the morphology of signal, as shown in Figure 6.2 (b). Hence, it can be 

deduced that 𝛼-stable distribution noise possesses greater detrimental effects 

and has the potential to inflict more harm upon the signal. 

ii. The spectrograms obtained using ST and FrST can only detect the signal in 

Gaussian noise, as depicted in Figure 6.1 (c) and Figure 6.1 (d). On the other 

hand, for 𝛼-stable distribution case as shown in Figure 6.2 (c) and Figure 6.2 

(d), the impulses have more energy concentration and thus, signal details are 

lost, resulting in poor performance of these TF tools. 

iii. The spectrogram obtained using FLO-ST (Figure 6.1 (e)) and Figure 6.2 (e)) 

demonstrates the capability of FLO-ST to identify signal components in both 

Gaussian and 𝛼-stable distribution noise. However, it has performed poorly in 

terms of resolution in 𝛼-stable environment, as depicted in Figure 6.2 (e).  

iv. On the other hand, it can be deduced from spectrogram analysis of the proposed 

FLO-FrST (as depicted in Figure 6.1 (f) and Figure 6.2(f)) that it possesses the 

capability to preserve the signal component while also offering enhanced 

resolution in both 𝛼-stable distribution and Gaussian distribution noise 

conditions. Hence, it can be inferred that the proposed FLO-FrST tool has the 

capability to provide satisfactory resolution and offers robustness in the 

presence of diverse noise types, ranging from Gaussian to 𝛼-stable.   

 

B. Quantitative Analysis: To evaluate the performance of established tools and the 

proposed tools in terms of quantitative measure, JP measure values are recorded in 

Table 6.2 for the obtained spectrograms. 

On analyzing the obtained values for Gaussian case, it is observed that the obtained JP 

measure value is highest for FLO-FrST, followed by the value obtained for FrST. This 

indicates superior performance of the proposed FLO-FrST against all selected tools. 

Moreover, the JP measure obtained for FLO-ST is observed to be higher than that of 

ST. This proves that FLO-TFs, when dealing with limiting case (𝛼 = 2, corresponding 
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to Gaussian noise [49]), are able to provide better and satisfactory results when 

compared with their TF counterparts.  

Next, on analyzing Table 6.2 for 𝛼-stable distribution case, JP measure values 

obtained for FLO-ST and FLO-FrST are far better than their TF counterparts, i.e., ST 

and FrST, respectively. This proves that FLO-TF tools are an excellent choice for non-

Gaussian impulsive environment. Furthermore, while comparing values of JP measure 

between FLO-ST and FLO-FrST, it becomes evident that FLO-FrST exhibits superior 

energy concentration, providing enhanced resolution compared to the existing FLO-

ST tool.  

Thus, by analyzing simulation results, it can be inferred that proposed FLO-FrST cannot 

only retain signal components in both Gaussian and 𝛼-stable distribution environments but 

is also effective in achieving better resolution in Gaussian as well as 𝛼-stable distribution 

noise environments. This implies that proposed FLO-FrST, with its advantage of four 

degrees of freedom, has the potential to provide enhanced resolution and robustness. 

Table 6.2 The values of JP measure obtained using different methods under Gaussian 

noise and 𝛼-stable distribution noise. 

Methods Gaussian noise 𝛼-stable distribution 

noise 

ST [163] 9.792 4.809 

FrST [47] 18.014 5.729 

FLO-ST [168] 12.282 10.604 

Proposed 19.698 20.595 

Bold indicates the maximum value 
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6.3.3 Experiment 2: Demonstration of Reconstruction Ability 

To demonstrate signal retrieval in time domain, the spectrograms obtained using different 

methods (ST, FrST, FLO-ST and proposed FLO-FrST) are subjected to basic filtering using 

Algorithm 2. The different spectrograms obtained after applying Algorithm 2 are depicted 

in Figure 6.3 (left column) for the Gaussian noise and Figure 6.4 (left column) for 𝛼-stable 

distribution case. To analyze filtered output in the time domain, the inverse of the respective 

transform is applied to obtain the reconstructed signal. The results for the same are depicted 

in Figure 6.3 (right column) and Figure 6.4 (right column) for both Gaussian and 𝛼-stable 

distribution cases, respectively.  

Additionally, as will be discussed below, qualitative and quantitative analysis are used to 

compare the effectiveness of these tools: 

A. Qualitative Analysis: On comparing the spectrograms, it can be inferred that, for the 

Gaussian case (depicted in Figure 6.3 (c), (e), (g) and (i)), all the tools are able to 

localize the signal components and have shown no effect for Gaussian distributed noise, 

as it is uniformly spread and therefore only little smearing of frequencies is observed at 

the edge of localized components.  

On the other hand, on visually inspecting the spectrograms obtained using 𝛼-stable 

distributed noise (shown in Figure 6.4 (c), (e), (g) and (i)), for ST and FrST case, 

illustrated in Figure 6.4 (c) and (e), the tools are unable to localize the signal 

components. Energy concentration is more distributed near the impulses, thus depicting 

the poor performance of conventional TF tools in comparison to FLO-TF tools shown 

in Figure 6.4 (g) and (i). 

Algorithm 2: Proposed Basic filtering method 

1. Apply FLO operator to the signal under consideration using the definition presented 

in (6.2). 

2. Apply the desired TF/FLO-TF transform tool to obtain the matrix 𝑇𝐹(𝑖, 𝑗). 

3. Take a zero matrix 𝐹(𝑖, 𝑗) of same size as the matrix obtained in Step 2. 

4. Obtain matrix |𝑇𝐹(𝑖, 𝑗)| and then compute maximum in 3 x 3 regions of |𝑇𝐹(𝑖, 𝑗)| 

and store the corresponding values in a new array 𝑚𝑇𝐹. 

5. Calculate 𝑡ℎ =
𝑚𝑇𝐹𝑚𝑖𝑛+𝑚𝑇𝐹𝑚𝑎𝑥

2
. 

6. If 𝑇𝐹(𝑖, 𝑗) ≤ 𝑡ℎ, mark corresponding location in 𝐹(𝑖, 𝑗) as zero, i.e., 𝐹(𝑖, 𝑗) = 0; 

else 𝑇𝐹(𝑖, 𝑗) ≥ 𝑡ℎ, mark corresponding location in 𝐹(𝑖, 𝑗) as one, i.e., 𝐹(𝑖, 𝑗) = 1; 

7. Finally, multiply 𝑇𝐹(𝑖, 𝑗) x 𝐹(𝑖, 𝑗) to obtain the filtered output matrix. 
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B. Quantitative Analysis: To quantify the performance for reconstruction, performance 

metric measure RMSE is computed for time-domain signals obtained after processing 

original signal with Algorithm 2. Results for the same are recorded in Table 6.3. 

Upon investigating the results for Gaussian case, it can be concluded that RMSE values 

for FrST and FLO-FrST are lower than ST and FLO-ST. This implies that FrST and 

FLO-FrST exhibit superior signal reconstruction capabilities and are more effective in 

preserving the original signal content than ST and FLO-ST.  

In the case of 𝛼-stable distributions, RMSE value obtained for the TF tools, namely ST 

and FrST, is significantly greater than the FLO-TFD tools, which implies a large error 

between original signal and reconstructed signal.  

Moreover, while analyzing the performance of FLO-TFD tools, it becomes evident that 

FLO-FrST has exhibited superior performance compared to FLO-ST, ST and FrST, as 

indicated by its lowest RMSE value. This clearly signifies that the performance of FLO-

FrST in terms of reconstruction is much superior to other established tools. 

Therefore, it can be inferred that the proposed FLO-FrST tool exhibits superiority over 

existing transforms by providing enhanced robustness and reconstruction capabilities. 

Additionally, it demonstrates high resolution in both Gaussian and 𝛼-stable scenarios, 

rendering it suitable for processing non-stationary signals even in non-Gaussian 𝛼-stable 

environments. 

 

 

 

Table 6.3 The RMSE values obtained for reconstruction experiment using different 

methods under Gaussian noise and 𝛼-stable distribution noise. 

 

Methods Gaussian noise 𝛼-stable distribution noise 

ST [163] 0.337 4.367 

FrST [47] 0.328 4.029 

FLO-ST [168] 0.330 0.359 

Proposed 0.302 0.313 

Bold indicates the maximum value 
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6.4 Application of Proposed Tool in Seizure Detection based on Transfer 

Learning 

From the viewpoint of signal processing, the concept of FLO-TFDs has never been 

incorporated into biomedical signal processing domain. With the nature of biomedical 

signals and interfering noises/artifacts showing impulsive characteristics, such as in 

electromyogram (EMG) [119] and electroencephalogram (EEG) [117], there is a scope to 

extend and utilize the FLOS for developing algorithms to process and analyze biomedical 

signals. With this objective, this section provides insights into exploring the potential of 

proposed FLO-TFD tool in classifying epileptic seizures in EEG signals. 

The classification process utilizes deep learning (DL) methodology [261], employing 

transfer learning and the AlexNet convolutional neural network (CNN) to identify the 

occurrence of epileptic events: preictal and ictal (seizure) states. The application presented 

in this section will demonstrate the advantages of using proposed FLO-FrST in 

classification. This demonstration will contribute to establishing the proposed FLO-FrST 

as a potential FLO-TF tool.  

Furthermore, to assist in depicting the performance, this section is subdivided into three 

sections: The first part unfolds the classification process using the proposed tool, the second 

part describes the performance of classification and finally in the third part, comparative 

analysis is performed with established tools. 

6.4.1 Proposed Methodology 

EEG is a widely employed non-invasive method to understand brain dynamics and 

nowadays has found extensive applications in many areas, such as computer-aided 

diagnosis [117, 179] and cognitive science [262, 263]. As EEG signal is impulsive, its 

processing and analysis must employ statistical models that consider impulsive 

characteristics. This section of work intends to apply the proposed FLO-FrST for 

processing EEG signals, as the literature has reported that models based on 𝛼-stable 

distribution show superior performance, particularly in the context of handling epileptic 

activity [117]. 

Based on the proposed tool, the methodology for classification is depicted in Figure 6.5 

and various steps are outlined below: 
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Step 1-Data Organization: The study uses CHB-MIT Scalp EEG Database [208] to 

evaluate the performance of proposed classification method employing proposed 

tool. The description of database is mentioned in Section 2.6.6. Combining EEG 

data from all channels, there are 198 seizure events [208]. As described before, the 

primary objective is to detect preictal and seizure states. Therefore, after analyzing 

the available data, a 10-minute interval (10 x 60 x 256 =153,600 samples) has been 

chosen as the preictal segment. The 10-minute interval is chosen to verify the 

efficacy of proposed FLO-FrST-based classification model in differentiating the 

minute changes occurring just before the seizure from the actual seizure state. For 

simulation purposes, all 24 records with all channels are considered with their 

respective seizure and preictal states. The annotation file available with the database 

[208] is analysed to formulate the dataset required for preictal and seizure(ictal) 

states. 

Step 2-Data segmentation: The EEG preictal data and EEG seizure data are segmented 

into 1s (256 samples) of non-overlapping segments for analyzing different states of 

EEG signals.  

Step 3-Conversion to 2-D images: The 1s data is further processed using the proposed 

FLO-FrST tool, resulting in a spectrogram, which is then resized to an image with 

227 × 227 x 3 dimensions. This resizing is done to utilize the AlexNet CNN-DL 

model. For simulation study, the optimal value set (𝜌, 𝑝, 𝑞, 𝑎) for generating an 

EEG signal spectrogram using proposed FLO-FrST is computed as demonstrated 

in Section 6.3.1. The values for preictal data are computed to be (0.01,0.4,0.4,0.3) 

and for seizures are (0.49,0.4,0.3,0.3). This optimal value has been computed by 

performing a simulation on 12s preictal as well as seizure data.  

Step 4-Training: Transfer learning is employed to use the pre-trained model (AlexNet) to 

facilitate the classification process. The process involves configuring only the last 

three layers; the fully connected layer, SoftMax layer and Output layer, to classify 

preictal and seizure outputs. The rest of the layers are transferred from the pre-

trained model. In addition, to address the issue of an imbalanced dataset [261], the 

training phase involves randomly selecting data from larger dataset (in our case, 

preictal dataset) to ensure that dataset sizes in both categories are equal. For 

classification process, 10,000 images from each category are used for simulation 
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purposes. Out of which, 80% of the data is used as a training set and 20% as a 

testing set, i.e., 8000 images from each category are used for training and 2000 

images from each category are used for testing. The configuration parameters were 

set to following: ‘Max Epochs’= 8, ‘Initial Learning Rate’ = 1 x 10−4, ‘Mini Batch 

Size’ = 250 and ‘validation frequency’ = 10, with remaining parameters set to 

default values.  

Step 5- Performance evaluation: To evaluate the performance of classification using the 

proposed FLO-FrST, the following standard performance measures are utilized 

[264]. 

𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
 

(6.34)  

𝑃𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑃𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑣𝑖𝑡𝑦 =
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
 

(6.35)  

𝐸𝑟𝑟𝑜𝑟 𝑅𝑎𝑡𝑒 =
𝐹𝑁+ 𝐹𝑃

𝑇𝑃+ 𝐹𝑁+𝐹𝑃+ 𝑇𝑁
 (6.36)  

𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =
𝑇𝑃+ 𝑇𝑁

𝑇𝑃+ 𝐹𝑁+𝐹𝑃+ 𝑇𝑁
 (6.37)  

𝐹1 − 𝑆𝑐𝑜𝑟𝑒 = 2 ×
𝑅𝑒𝑐𝑎𝑙𝑙 × 𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 

𝑅𝑒𝑐𝑎𝑙𝑙 + 𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛
=

2 × 𝑇𝑃

2 × 𝑇𝑃 + 𝐹𝑁 + 𝐹𝑃
 

(6.38)  

𝑀𝑎𝑡𝑡ℎ𝑒𝑤’𝑠 𝐶𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 =
(𝑇𝑃 × 𝑇𝑁 − 𝐹𝑃 × 𝐹𝑁)

√(𝑇𝑃 + 𝐹𝑃) × (𝑇𝑃 + 𝐹𝑁) × (𝑇𝑁 + 𝐹𝑃) × (𝑇𝑁 + 𝐹𝑁)
 (6.39)  

where TP, FN, FP and TN are four labels of confusion matrix, which indicates 

correct and wrong detection of EEG epileptic state. TP: true positive; indicating 

positive detection, FN: false negative; indicating missed detection, FP: false 

positive; indicating false detection, TN: true negative; indicating true negative 

detection.  

Sensitivity, also known as “recall,” assesses the proportion of true positive cases 

correctly detected among all actual positive cases. This measure is frequently 

employed in situations where false negatives or missed detections are a significant 

concern. A higher value of this parameter corresponds to a lower frequency of 

missed detections and hence corresponds to better performance of the 

classificational model 
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Positive predictivity, also known as “precision” is a measure that evaluates the 

accuracy of positive predictions. This method is employed in situations where false 

positives are a matter of greater significance. A higher value indicates a reduced 

number of false detections, thus corresponding to better classification performance. 

Accuracy is used to quantify the correct predictions, with larger value indicating 

superior performance. 

F1-Score evaluates the prediction ability by taking into account the performance of 

each individual class. Its value falls between 0 and 1, where 1 denotes good model 

performance. 

Matthew’s Correlation Coefficient is used to evaluate the effectiveness of prediction 

over all four areas of a confusion matrix. The value of this coefficient ranges from 

-1 to +1 with +1 indicating good performance.  

6.4.2 Simulation Results 

To investigate the performance of classification using proposed tool, the output of Step-4 

training progress generated in MATLAB is shown in Figure 6.6. With a mini-batch size of 

250 and a dataset of 20,000 classification images (including both categories for simulation), 

the process was completed in 512 iterations before reaching final convergence. A validation 

accuracy of 99.1% was attained, accompanied by a loss curve (indicating training loss and 

validation loss) that converged to zero. This convergence to zero (for both training loss and 

validation loss) indicates a lesser deviation of predicted probabilities from true ones, thus 

implying deep learning model is an optimal fit. 

To further explain its performance, Figure 6.7 depicts the confusion matrix obtained for 

the classification using the proposed FLO-FrST method. In this illustration, the green cells 

(first two diagonal cells) show the number and percentage of correct classifications by the 

trained network and the red cells indicate incorrect classifications. Of all 4000 images, 1984 

are correctly classified as preictal EEGs (which makes up 49.6 % of test data) and 19 are 

incorrectly classified as preictal EEGs (0.5% of test data). Similarly, 1981 correctly 

classified as seizure EEGs (which makes up 49.5% of test data) and 16 incorrectly classified 

as seizure EEGs (0.4 % of test data). Out of total 2003 preictal EEG detections, 99.051% 

(~ 99.1%) are positive preictal predictions, and out of 1997 seizure EEG detections, 99.19 

% (~ 99.2%) are positive seizure predictions. Furthermore, preictal Sensitivity corresponds  
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to 99.2% and seizure Sensitivity corresponds to 99.1 %. Thus, overall performance of 

classification process has contributed to Accuracy of 99.1 % (corresponding to total true 

predictions) and 0.9% is the reported Error Rate. 

 

 

 

 

  

Figure 6.7 Confusion matrix obtained using proposed FLO-FrST for preictal 

and seizure EEGs. 
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6.4.3 Comparative Analysis 

To compare the performance of proposed method, this section first includes performance 

validation of proposed tool using different transfer learning models: VGG16 and ResNet-

50. Finally, a comprehensive evaluation is conducted to compare the proposed tool with 

established methods, employing both qualitative and quantitative analyses.   

6.4.3.1 Performance Validation of Classification using Different CNN Models 

To illustrate the versatility of proposed tool, classification is also performed using different 

CNN models; VGG16 and ResNet-50, in addition to AlexNet transfer learning model. 

Keeping same configuration parameters, results over 512 iterations are depicted in Figure 

6.8, and quantification measures are summarized in Table 6.4. 

On comparing the training progress shown in Figure 6.8, it becomes evident that both 

VGG16 and ResNet-50 models exhibit validation accuracy of over 98% and the loss curve 

has converged. Furthermore, Table 6.4 illustrates the performance parameters obtained for 

different CNN methods. It can be deduced that the FLO-FrST tool, as indicated by its high 

values of Sensitivity, Positive Predictivity, Accuracy, F1-Score, and Matthew’s Correlation 

Coefficient, demonstrates effective performance across several CNN models. 

Table 6.4 Performance validation of proposed model using different CNN models 

EEG Epileptic State 
Classification Performance 

Measures 

CNN Models 

AlexNet VGG16 ResNet-50 

Preictal 

Sensitivity (%) 99.20 97.25 97.50 

Positive Predictivity (%) 99.05 99.49 99.49 

Accuracy (%) 99.13 98.38 98.50 

F1-Score 0.99 0.98 0.98 

Matthew’s Correlation Coefficient 0.98 0.97 0.97 

Seizure 

Sensitivity (%) 99.05 99.50 99.50 

Positive Predictivity (%) 99.20 97.31 97.55 

Accuracy (%) 99.13 98.38 98.50 

F1-Score 0.99 0.98 0.99 

Matthew’s Correlation Coefficient 0.98 0.97 0.97 
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(a) 

(b) 

Figure. 6.8 Training progress of different CNN models; (a) VGG16, (b) ResNet-50 
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6.4.3.2 Qualitative Investigation with Established Tools 

To demonstrate the qualitative aspect of using proposed FLO-FrST tool for classification 

(Step 3-Coversion to 2-D images), output of spectrograms generated using established 

methods: ST [163], FrST [47], FLO-ST [168] and proposed method, for preictal and seizure 

segments are illustrated in Figure 6.9 and Figure 6.10, respectively. The colors in the 

illustrations depict the energy values of signal under consideration: red: high energy, blue: 

low energy.  

On investigating the results depicted in Figure 6.9 for preictal EEG, it can be inferred that 

proposed FLO-FrST (Figure 6.9e)) is able to distinguish every characteristic feature 

present in the selected segment, and has offered better time-frequency resolution as 

compared to ST (Figure 6.9(b)), FrST (Figure 6.9(c)) and FLO-ST (Figure 6.9(d)). This 

is because with four variable parameters, proposed FLO-FrST has the advantage of 

enhancing flexibility and providing robustness in obtained spectrograms, which is absent 

in other established methods. 

Similarly, on observing the seizure EEG segment in Figure 6.10, it can be concluded that 

proposed FLO-FrST (Figure 6.10(e)) has the potential to identify the key features of 

seizure segments even in an impulsive environment due to the presence of FLOS parameter 

𝜌, which on the contrary is absent for ST and FrST as shown in Figure 6.10(b) and Figure 

6.10(c), respectively. Additionally, with better resolution ability of proposed FLO-FrST, the 

key features of seizure are preserved while also providing a sharp resolution. However, for 

the FLO-ST case, as shown in Figure 6.10(d), its poor resolution has hindered the 

distinguishing ability of FLO-ST. 
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Figure 6.9 (a) Time-domain representation of preictal EEG with duration 256 

samples, (b) ST spectrogram of preictal EEG, (c) FrST spectrogram 

of preictal EEG, (d) FLO-ST spectrogram of preictal EEG, (e) 

Spectrogram obtained using proposed FLO-FrST. The colour-bar 

scale represents the relationship between magnitude and colour.  

(a) 

(b) (c) 

(d) (e) 
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Figure 6.10 (a) Time-domain representation of seizure with duration 256 samples, 

(b) ST spectrogram of seizure EEG, (c) FrST spectrogram of seizure 

EEG, (d) FLO-ST spectrogram of seizure EEG, (e) Spectrogram 

obtained using proposed FLO-FrST. The colour-bar scale represents the 

relationship between magnitude and colour.  

(a) 

(b) (c) 

(d) (e) 
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6.4.3.3 Quantitative Comparison with Established Tools 

To validate performance of proposed method, the classification model is implemented 

using ST [22], FrST [6], and FLO-ST [168] tools. The comparison between proposed tool-

based method and established methods in terms of Sensitivity, Positive Predictivity, 

Accuracy, and Error Rate is tabulated in Table 6.5. From the results, we can see that 

proposed method has reported highest Accuracy of 99.1 % and the lowest Error Rate of 

0.9% among other methods, which illustrates superiority of proposed method over the 

established methods. 

Furthermore, to analyze values of the F1-Score and Matthew’s Correlation Coefficient, 

graphical depiction is shown in Figure 6.11. On examining bar graphs, it is observed that 

proposed method has the highest value for both F1-Score and Matthew’s Correlation 

Coefficient, which further emphasizes the superiority of proposed method. 

 

 

Table 6.5 Comparison of classification performance of proposed method with ST, FrST 

and FLO-ST. 

 Preictal  Seizure  Overall  

 

Sensitivity 

(%) 

Positive 

Predictivity (%)  

 
Sensitivity 

(%) 

Positive 

Prediction (%)  

 
Accuracy 

(%) 

Error Rate 

(%) 

ST [163] 82.3 87  87.8 83.2  85.03 14.97 

FrST [47]  95.5 91.6  91.2 95.3  93.4 6.6 

FLO-ST [168]  96 94.3  94.2 96  95.1 4.9 

Proposed 99.2 99.1  99.1 99.2  99.1 0.9 

Bold indicates the highest Sensitivity, Positive Predictivity, Accuracy and lowest Error Rate 
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6.4.3.4 Performance Comparison with State-of-the-Art Methods 

To prove efficacy of proposed tool-based classification, comparison with state-of-the-art 

literature; Khan et al. [265], Gao et al. [266] and Truong et al. [267] for a preictal duration 

of 10 mins for EEG epileptic classification has been presented in Table 6.6 As evident from 

the recorded values, Sensitivity for proposed method is highest among reported methods, 

which implies better performance in correctly identifying seizure states.  

Hence, with results obtained for classification, one can ascertain that proposed FLO-FrST-

based classification method has reported high accuracy in differentiating preictal and 

seizure stages, thus indicating that it can potentially eliminate false alarms in real-time 

monitoring of epileptic stages. 
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Figure 6.11 Comparison of F1-Score and Matthew’s Correlation Coefficient for 

proposed method with state-of-the-art methods. 

Table 6.6 Comparison of classification performance of proposed method with 

literature methods 

Literature methods Seizure Sensitivity (%) 

Khan et al. [265] 87.8 
Gao et al. [266] 95.8 

Truong et al. [267] 89.1 
Proposed 99.1 

Bold indicates the highest Sensitivity 
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6.5 Summary 

This chapter puts forward the design of a novel TF that incorporates definitions of existing 

TF tools namely: Stockwell transform (ST), fractional Fourier transform (FrFT), and 

integrates them with the concept of fractional lower order statistics (FLOS). The proposed 

tool—fractional lower-order fractional Stockwell transform (FLO-FrST) has four degrees 

of freedom and ability to offer 3 Rs’: Resolution, Reconstruction and Robustness. In a broad 

sense, resolution improves readability, reconstruction plays a crucial role in retrieving time 

domain signals, and the attribute of robustness is responsible for enhancing performance in 

adverse noisy conditions.  

Furthermore, highlighting factor of designing this tool is while proving its invertibility 

(Section 6.2.3), fractional lower-order fractional Fourier transform (FLO-FrFT) has also 

been formulated, which is likewise novel. To the best of our knowledge, no previous studies 

that combine FrFT with FLOS have been published in the literature. 

Apart from rigorous simulation study, which proved the superiority against established 

tools in both Gaussian as well as non-Gaussian 𝛼-stable distribution environments, the 

application of EEG epileptic classification is also demonstrated. With results obtained for 

classification, it is inferred that proposed FLO-FrST-based methodology has also 

established itself as an alternative to preprocessing stage as it has eliminated the 

requirement of preprocessing by suppressing impulsive artifacts, thus making the system 

model more efficient and robust. Furthermore, versatility of proposed tool has been 

demonstrated by attainment of high accuracy values and other performance metrics while 

evaluating classification performance utilizing three distinct CNN models, namely 

AlexNet, VGG16, and ResNet50. Lastly, the proposed tool has outperformed most well-

established methods and established tools in classifying preictal and ictal states.
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Chapter 7 

7 Conclusions and Future Work 
 

Signal processing is an emerging field of study since its inception. With numerous 

applications in various domains, the focus of research in the field of signal processing has 

been shifting towards developing solutions for more complex and demanding situations 

that are non-stationary and non-Gaussian in nature. The central theme of this thesis 

revolves around exploring tools for non-stationary signals and in particular, focusing on 

establishing and developing the methods for non-Gaussian 𝛼-stable distribution noise 

environment. Overall, the contributions of thesis are summarized in this section, followed 

by futuristic scope that could be achieved using the encapsulated proposed methods. 

7.1 Conclusion 

With the main contribution revolving around the design methods related to non-stationary 

nature of signals in non-Gaussian 𝛼-stable distribution environment and their applications 

in ECG signal processing and EEG classification, the main highlights of the work are listed 

below. 

• Exploring the potential of fractional Stockwell transform (FrST) in ECG denoising 

and QRS complex detection. 

• Establishment of non-Gaussian nature of ECG noises and proposing an alternative 

noise model that can handle a wide range of noise behavior ranging from impulsive 

to Gaussian. 

• Proving the degradation of R-peak detection methods and classification 

performance by incorporating deep learning techniques under Gaussian noise 

assumption. 

• Development of novel structuring element (SE) for morphological filtering based 

on 𝛼-stable distribution noise model and its application in ECG denoising and QRS 

complex detection.
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• Development of novel fractional lower-order fractional Stockwell transform (FLO-

FrST) encompassing the 3 R’s: resolution, robustness and reconstruction abilities. 

• Development of EEG epileptic classification methodology based on proposed 

FLO-FrST, which proved effective in eliminating false alarms by reporting high 

accuracy in differentiating seizure and preictal stages. Additionally, the proposed 

technique proved itself as an alternative to preprocessing stage by simply providing 

a high-resolution transformed signal, which has aided in preserving the key features 

of seizure and preictal stages even in an impulsive environment.  

Elaborating on the work focused in this thesis, firstly design methods for ECG processing 

based on time-frequency (TF) tools are developed considering the non-stationary nature of 

ECG signals. Fractional Stockwell transformed signals provide greater robustness and 

time-fractional frequency domain resolution due to the presence of three degrees of 

freedom namely, fractional order parameter 𝑎, window adjustment parameters 𝑝 and 𝑞, 

which makes it a favorable tool for processing non-stationary ECG signals. This advantage 

improved performance of the proposed denoising technique by achieving superior 

reconstruction results compared to existing ECG denoising methods. Furthermore, the 

inclusion of time-fractional frequency support with FrST-based QRS complex detection 

methodology improved the detection performance by accurately detecting QRS complexes 

present in the signal. Additionally, the proposed methodology accurately identified QRS 

complex of an unclassifiable beat, eliminating the chances of missed detection, hence 

enhancing the diagnostic ability of the proposed methodology. This broadened the 

application of FrFT kernel-based TF tools to ECG processing, addressing the initial gap in 

utilizing these tools for biomedical signal processing. 

Additionally, it is common to verify the effectiveness of the proposed method for various 

applications using a standard database and additive white Gaussian noise (AWGN) to 

simulate real-world conditions. Therefore, while validating the performance of 

aforementioned proposed denoising methodology, it was pointed out that there exists an 

improvement window for examining the noise analysis model. Hence, further research 

carried out in thesis incorporated a statistical study to investigate the nature of noises 

corrupting ECG signals. Various statistical tools were employed to establish that ECG 

noises do not have Gaussian nature, thus ruling out the assumption of modeling real-time 

noises with Gaussian distribution. Subsequently, goodness of fit tests and statistical 
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measures were used to demonstrate that ECG noises are more accurately represented by a 

non-Gaussian 𝛼-stable distribution. 

Furthermore, to illustrate the adverse impact of using conventional assumptions i.e., noises 

follow a Gaussian nature, two post-processing stages, namely R-peak detection and 

classification based on a deep learning model were chosen. The performance of state-of-

the-art methods was evaluated for selected methods individually in conventional noise 

environment and proposed non-Gaussian 𝛼-stable distribution environment which as 

established is a better substitute for replicating real-time noise environment. The results of 

R-peak detection in the proposed noise environment demonstrated poor Sensitivity, Positive 

Predictivity, Detection Accuracy and increased Error Rate, which clearly proved that the 

performance of well-established methods could deteriorate when real-time noises are 

encountered. Similarly, deep learning models trained with the assumption of noise 

following a Gaussian distribution showed poor classification accuracy when tested with 

ECG signals corrupted using real-time noise, leading to degradation in performance. 

Hence, it was established using statistical tests and emphasized with performance 

degradation of post processing stages that there is a need to adopt an alternative noise model 

that can better replicate real-time noises. With this, the prevailing research gap of 

theoretical performance and real-time performance of established methods was 

investigated and a solution based on using non-Gaussian 𝛼-stable distribution noise model 

was proposed through extensive simulation study as explained. 

After establishing the presence of non-Gaussian 𝛼-stable distribution nature in ECG noises, 

design aspects for ECG processing using morphological filters (MFs) were explored. A 

detailed literature has been available where the advantages of using MF are outlined in 

dealing with impulsive noise. However, with intensive research on MFs, it was pointed out 

that there has been a surge in designing methods for structuring element (SE), which is a 

key component of MF. Therefore, the next research work of the thesis aimed at designing 

SE for designing MF-based processing methods for ECG signals. For this, the research area 

of window functions was referred, as SE in MF design shares characteristics with window 

functions used for designing finite impulse response filters (FIRs). Thus, a new SE based 

on cross-convolution of window functions was proposed. Also, fractional Fourier transform 

(FrFT) tool as feature extraction is employed to enhance the filtering and have additional 

benefit of shape adaption. The advantage of its fractional order parameter 𝑎 or fractional 
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rotation parameter 𝜑 is utilized with a cross-convolved window, which resulted in better 

shape adaptability with ECG beats. The performance of the proposed SE based on FrFT of 

cross-convolved window (referred to as fractional structuring element (FrSE)) is then 

morphologically applied with the proposed morphological operation (MO) for denoising 

ECG signals. The first-of-its kind proposed filter (referred to as referred to as MFFrSE&MO) 

using FrSE and MO and designed with 𝛼-stable distribution noise model, proved effective 

in reducing noise and enhancing reconstruction of ECG signals contaminated with noise. 

This research work closed the gap of amalgamating the concepts of MF, FrFT and 𝛼-stable 

distribution model in designing solutions for signal processing applications.  

Finally, to address the challenges in existing TF tools, a novel fractional lower-order 

fractional Stockwell (FLO-FrST) based on robust 𝛼-stable distribution model is proposed, 

which has the advantage of having robustness against outliers, offers fine resolution in both 

time and frequency domains and can reconstruct signals back in time domain with less error 

and can work effectively for noise environments ranging from impulsive to Gaussian. The 

proposed tool outperformed the well-established tools by achieving better resolution, 

robustness, and reconstruction. Furthermore, its potential as a suitable signal processing 

tool is demonstrated by its application in electroencephalogram (EEG) epileptic 

classification. The results have also demonstrated the versatility of FLO-FrST based 

proposed methodology by achieving high accuracy values and other performance metrics 

when evaluating classification performance using three different CNN models: AlexNet, 

VGG16 and ResNet-50. With this, the last research gap proposed in this thesis is resolved, 

suggesting the use of fractional lower-order time-frequency (FLO-TF) tools for biomedical 

signal processing. 

7.2 Future Scope 

A thorough simulation study pointed out various research gaps, which were achieved using 

many proposed methods and tools. However, signal processing is a limitless domain and 

there lies opportunities for various research avenues based on the proposed work in the 

thesis as outlined below: 

i. The advantages of utilizing FrST parameters namely 𝑎, 𝑝 and 𝑞 can be extended to 

feature extraction and classification of ECG signals. Furthermore, there is a 
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possibility of utilizing time-fractional frequency features for signal processing 

applications including biomedical domain. 

ii. Incorporating 𝛼-stable distribution as a noise analysis model can open the 

possibility of increasing the efficacy of established methodologies for real-time 

implementation.  

iii. The conceptualization of FrFT with a cross-convolved window can open up new 

possibilities for spectral estimation in signal processing and various other 

biomedical engineering applications. 

iv. There is an opportunity to explore the potential of FLO-FrST tool in ECG 

processing applications, which can result in an efficient and robust ECG analyzing 

system as this model is based on a more practical 𝛼-stable distribution model. 

v. The post-processing techniques employed in TF approaches can be extended by 

integrating the 𝛼-stable distribution model and FLOS. 
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