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ABSTRACT 

 
�,PDJH�SURFHVVLQJ�PRVW�IUHTXHQWO\�XVHV�WKH�WUDQVIRUPV�OLNH�'LVFUHWH�&RVLQH�7UDQVIRUP�

RU�)RXULHU�WUDQVIRUP�IRU�LPDJH�FRPSUHVVLRQ��7KLV�LQYROYHV�WKH�FRQYHUVLRQ�RI�WKH�VRXUFH�

VLJQDO� WR� IUHTXHQF\� FRPSRQHQW�� 7KH� DSSOLFDWLRQ� RI� )UDFWLRQDO� YHUVLRQ� RI� FRVLQH�

WUDQVIRUP�FDOOHG�'LVFUHWH�)UDFWLRQDO�&RVLQH�7UDQVIRUP�� WR� LPDJH�FRPSUHVVLRQ� LV� IDLUO\�

QHZ��')5&7�VKDUHV�PDQ\�XVHIXO�SURSHUWLHV�RI�UHJXODU�'&7�	�LW�KDV�IUHH�SDUDPHWHU��LWV�

IUDFWLRQ��:KHQ�LW� LV���ZH�JHW�FRVLQH�PRGXODWHG�YHUVLRQ�RI�LQSXW�VLJQDO��:KHQ�LW� LV�XQLW\�

ZH�JHW�FRQYHQWLRQDO�'&7��$V�WKH�IUDFWLRQ�FKDQJHV�IURP���WR���ZH�JHW�GLIIHUHQW�IRUPV�RI�

VLJQDO� ZKLFK� LQWHUSRODWH� EHWZHHQ� FRVLQH� PRGXODWHG� IRUP� RI� VLJQDO� 	� LWV� '&7� VLJQDO�

UHSUHVHQWDWLRQ�� 'XH� WR� LWV� IUHH� SDUDPHWHU� LWV� D � '5)&7� PD\� ILQG� LWV� SODFH� LQ� PDQ\�

DSSOLFDWLRQV� OLNH� LPDJH� HQFU\SWLRQ� 	� LPDJH� FRPSUHVVLRQ� ZKHUH� '&7� LV� IRXQG� WR� EH�

XVHIXO�� '5)&7� SURYLGHV� ORZ�0HDQ� 6TXDUH� (UURU� 	� KLJK� 3HDN� 6LJQDO� 1RLVH� 5DWLR� DV�

FRPSDUH�WR�'&7�IRU�LPDJH�FRPSUHVVLRQ��$QRWKHU�NH\�DGYDQWDJH�RI�'5)&7�LV�WKDW�LW�LV�

XVHG�IRU�LPDJH�HQFU\SWLRQ�XVLQJ�UDQGRP�SKDVH�PDVNLQJ��7KLV�WHFKQLTXH�SURYLGHV�PRUH�

VHFXUH� LPDJH�HQFU\SWLRQ�	� ORZ�YDOXH�RI�0HDQ�6TXDUH�(UURU��ZLWK�WKH�DGGLWLRQ�RI�H[WUD�

GHJUHH�RI�NH\V�SURYLGHG�E\�WKH�IUDFWLRQV�RI�'5)&7� 
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Chapter 1 

INTRODUCTION 
 

Introduction 

Digital image processing techniques are used to enhance the quality of image and to 

reduce the data needed to represent the image without visually affecting the quality of image. 

The objective of compression is to reduce the data volume and achieve reproduction of the 

original data without any perceived loss in data quality. Applications of compression include 

digital imaging. Compression of medical images for efficient use of storage space and 

transmission bit rate has become a necessity.  

 Cryptographic techniques are used to scramble images so that an adversary could 

not the original image without knowing the secret key. The objective of encryption is to 

transform data into an unreadable form to ensure privacy. Encryption was widely used in 

military imaging for secure transmission of information. Today, however, encryption is widely 

used by everyone to transmit information such as commercial transactions (exchange of credit 

card information, etc.).  

In the case of the former, the "compressed" data needs to be uncompressed to the original 

form while in the case of the latter; the "encrypted" data needs to be decrypted to the original 

form.  

 

1.1 IMAGE COMPRESSION 

Today transmitting multimedia material in uncompressed form is completely out of 

question. The only hope is that massive compression is possible. Fortunately a large body of 



research over past few decades has led to many compression techniques and algorithms that 

make multimedia transmission feasible. There is a problem of storing, transmitting and 

manipulating digital image because of the size of image files involved, transmitting images will 

always consume large amount of bandwidth and storing images will require hefty resources as 

shown in Table 1 

7DEOH� ���� 0XOWLPHGLD� GDWD� W\SHV� DQG� XQFRPSUHVVHG� VWRUDJH� VSDFH�� WUDQVPLVVLRQ�
EDQGZLGWK��DQG�WUDQVPLVVLRQ�WLPH�UHTXLUHG���
 

Multimedia Data� Size/Duration� Bits/Pixel or   
Bits/Sample�

Uncompressed  
Size  

(B for bytes)�
Transmission  

Bandwidth  
(b for bits)�

Transmission  
Time (using a  

28.8K 
Modem)�

A page of text� 11’’ x 8.5’’� Varying 
resolution� 4-8 KB� 32-64 

Kb/page� 1.1 - 2.2 sec�
Telephone 

quality speech� 10 sec� 8 bps� 80 KB� 64 Kb/sec� 22.2 sec�
Grayscale Image� 512 x 512� 8 bps� 262 KB� 2.1 Mb/image� 1 min 13 sec�

Color Image� 512 x 512� 24 bps� 786 KB� 6.29 
Mb/image� 3 min 39 sec�

Medical Image� 2048 x 1680� 12 bps� 5.16 MB� 41.3 
Mb/image� 23 min 54 sec�

SHD Image� 2048 x 2048� 24 bps� 12.58 MB� 100 
Mb/image� 58 min 15 sec�

Full-motion 
Video�

640 x 480, 1 
min  
(30 

frames/sec)�
24 bps� 1.66 GB� 221 Mb/sec� 5 days 8 hrs�

 

The examples above clearly illustrate the need for sufficient storage space, large 

transmission bandwidth and long transmission time for image, audio, and video data [1].  

 

 

 



1.1.1 Principal behind Compression 

In images the neighboring pixels are correlated and therefore contain redundant 

information [2]. The fundamental components of compression are redundancy and irrelevancy 

reduction. Redundancy means duplication and Irrelevancy means the parts of signal that will not 

be noticed by the signal receiver, which is the Human Visual System . 

There are three types of redundancy can be identified: 

• Spatial Redundancy i.e. correlation between neighboring pixel values. 

• Spectral Redundancy i.e. correlation between different color planes or spectral bands. 

• Temporal Redundancy i.e. correlation between adjacent frames in a sequence of images 

(in video applications).  

  Image compression focuses on reducing the number of bits needed to represent an image 

by removing the spatial and spectral redundancies. The audio, video and image signals are 

available to be compressed, because there is a considerable redundancy in these signals. Since 

this thesis is about still image compression, therefore temporal redundancy is not relevant. 

 

1.1.2 Asymmetries in compression Algorithms 

There are certain asymmetries in compression algorithms that are important to 

understand:- 

All compression systems require two algorithms, one for compressing the data at the 

source, and another for decompressing it at the destination. These algorithms are also referred as 

encoding and decoding algorithm. They have certain asymmetry like, for many applications a 

multimedia document, say, a movie only be encoded once but will be decoded thousands of time. 

This asymmetry means that it is acceptable for encoding algorithm to be slow and require 



expensive hardware provided that decoding algorithm is fast and does not require expensive 

hardware. After all, the operator of a multimedia server might be quite willing to rent a parallel 

supercomputer for a few weeks to encode its entire video library, but requiring consumers to rent 

a supercomputer for 2 hours to view a video is not likely to be a big success. Many practical 

compression systems go to great lengths to make decoding fast and simple, even at the price of 

making encoding slow and complicated. 

On the other hand, for real time multimedia, such as video conferencing, slow encoding 

is unacceptable. Encoding must happen on the fly, in real time. So, real-time multimedia uses 

different algorithms or parameters than storing videos on disk, often with appreciably less 

compression. 

A second asymmetry is that the encode/decode process need not to invertible. That is, 

when compressing a file, transmitting it, and then decompressing it, the user expects to get the 

original back, accurate down to the last bit. With multimedia, this requirement does not exist. It 

is usually acceptable to have the video signal after encoding and then decoding is slightly 

different than the original. When the decoded output is not exactly equal to the original input, the 

system is said to be lossy. If the input and output are identical, the system is lossless. Lossy 

systems are important because accepting a small amount of information loss can give a huge 

payoff in terms of the compression ratio possible. 

 

1.1.3 Image Compression System 

6RPH�RI�WKH�PRVW�VXFFHVVIXO� LPDJH�FRPSUHVVLRQ�WHFKQLTXHV��ERWK�ORVVOHVV�DQG�

ORVV\�� LQYROYH� WKH� IROORZLQJ� WKUHH� PDMRU� VWDJHV�� LPDJH� WUDQVIRUPDWLRQ�� TXDQWL]DWLRQ�



�ORVV\� FRPSUHVVLRQ� RQO\�� DQG� HQFRGLQJ�� )LJ� ���� VKRZV� WKH� EORFN� GLDJUDP� RI� VLPSOH�

FRPSUHVVLRQ�V\VWHP��

�

)LJ������%ORFN�GLDJUDP�RI�6LPSOH�FRPSUHVVLRQ�6\VWHP�

�D��7UDQVIRUP�

,PDJH�WUDQVIRUP��VRPHWLPHV� UHIHUUHG� WR�DV�GHFRUUHODWLRQ�� LV�XVHG�WR� UHGXFH�WKH�

G\QDPLF� UDQJH� RI� WKH� VLJQDO�� WR� HOLPLQDWH� UHGXQGDQW� LQIRUPDWLRQ�� DQG� WR� SURYLGH� D�

VXLWDEOH�UHSUHVHQWDWLRQ�IRU�HQWURS\�HQFRGLQJ��

$�WUDQVIRUP�VKRXOG�VDWLVI\�WKUHH�FRQGLWLRQV�>�@���

�L��$OO�WUDQVIRUP�FRHIILFLHQWV�EHFRPH�VWDWLVWLFDOO\�LQGHSHQGHQW��

�LL��(QHUJ\�RI�WKH�WUDQVIRUPHG�LPDJH�LV�FRPSDFWHG�LQWR�D�PLQLPXP�QXPEHU�RI��

������FRHIILFLHQWV��

�LLL��7KH�WUDQVIRUP�FRHIILFLHQWV�DUH�FRQFHQWUDWHG�LQ�PLQLPXP�IUHTXHQF\�RU�WUDQVIRUP��

��������6FDOH�UHJLRQV�

(b) Quantizer  



A Quantizer reduces the precision of the values generated by the transform and therefore 

reduces the number of bits required to save the transform co-coefficients. Quantization is 

fundamentally lossy,the loss in decompressed image is due to this section. 

(c) Entropy Encoder  

An entropy encoder does further compress the quantized values. This is done to achieve 

even better overall compression. The various commonly used entropy encoders are the Huffman 

encoder, arithmetic encoder, and simple run-length encoder. For better performance with 

compression, it’s important to have the best of all the three components. 

 

1.1.4 Compression Schemes 

            Compression schemes can be divided into two general categories: entropy encoding and 

source encoding [4].  

(a) Entropy Encoding       

           Entropy encoding just manipulates bit streams without regard to what the bits mean. It is a 

general, lossless, fully reversible technique, applicable to all data. .  

The first type of entropy encoding is run-length encoding. In many kinds of data, strings 

of repeated symbols (bits, numbers etc.) are common. These can be replaced by a special marker 

not otherwise allowed in the data, followed by the symbol comprising the run, followed by how 

many times it occurred. If the special marker itself occurs in the data, it is duplicated (as in 

character stuffing). For example, consider the following string of decimal digits. 

 3150000000000008458711111111111116354670000000000000065 

If we now introduce A as the marker and use two digit numbers for the repetition count, 

we can encode the above digit string as 



315A01284587A11316354674A02265   

Here run length encoding has cut the data string in half. 

Runs are common in multimedia. In audio, silence is often represented by runs of zeros. 

In video, runs of the same color occur in shots of the sky, walls, and many flat surfaces. All of 

these runs can be greatly compressed. 

The second type of entropy encoding is statistical encoding. In this we use a short code to 

represent common symbols and long ones to represent infrequent ones. Morse code uses this 

principle, with E being and Q being… and so on. Huffman coding and the Ziv-Lempel algorithm 

used by the UNIX compress program also use statistical encoding. 

The third type of entropy encoding is CLUT (Color Look up Table) encoding. Consider 

an image using RGB encoding with 3 bytes/pixel. In theory, the image might contain as many as 

224 different color values. In practice, it will normally contain many fewer values, especially if 

the image is a cartoon or computer generated drawing, rather than a photograph. Suppose that 

only 256 color values are actually used. A factor of almost three compressions can be achieved 

by building a 768 byte table listing the RGB values of the 256 colors actually used, and then 

representing each pixel by the index of its RGB value in the table. This is a clear example where 

encoding is slower than decoding because encoding requires searching the table whereas 

decoding can be done with a single indexing operation. 

(b) Source Encoding 

Source encoding, takes advantage of properties of the data to produce more (usually 

lossy) compression. Some examples of source encoding are, the first example is differential 

encoding, in which a sequence of values (e.g. audio samples) are encoded by representing each 

one as the difference from the previous value. Differential pulse code modulation is an example 



of this technique. It is lossy because the signal might jump so much between two consecutive 

values that the difference does not fit in the field provided for expressing differences, so at least 

one incorrect value will be recorded and some information lost. 

Differential encoding is a kind of source encoding because it takes advantage of the 

property that large jumps between consecutive data points are unlikely .Not all the sequence of 

numbers have this property  

The other type of source encoding consists of transformations .By transforming signals 

from one domain to another, compression may become easier .If we take the Fourier transform 

of 1-D signal in which we represent a function of time as a list of amplitudes now if we give the 

exact value of all amplitudes, the original function can be reconstructed perfectly .However by 

only giving the values of, say first 8 amplitudes rounded to first two decimal places,  the signal 

can still reconstructed so well that the listener can’t tell that some information has been lost. The 

gain is that transmitting 8 amplitudes require many fewer bits than transmitting the sampled 

waveform. 

Transformations are also applicable to 2-D image data. Suppose that 4 X 4 matrix given 

in Fig. 1.2(a) represents the gray scale value of monochrome image.  Transform these data by 

subtracting the value in the upper left hand corner from all elements except itself, as shown in 

Fig. 1.2(b). This transformation might be useful if variable-length encoding is used. For example, 

values between -7 and +7 could be encoded with 4-bit numbers and values between 0 and 255 

could be encoded as a special 4-bit code (-8) followed by an 8-bit number. 

160160160159
161165167160
158166165161
160161160160

    

0101
1570
2651

010160

−

−
 



Fig. 1.2(a)                Fig. 1.2(b) 

Although this simple transformation is lossless, other, more useful ones are not. An 

especially important two-dimensional spatial transformation is the DCT (Discrete Cosine 

Transformation) [5-7]. This transformation has the property that for images without sharp 

discontinuities, most of the spectral power is in the first few terms, allowing the later ones to be 

ignored without much information loss. In this thesis fractional version of DCT called Discrete 

Fractional Cosine Transform (DFRCT) is used as transformation. 

            The third example of source encoding is vector quantization, which is also directly 

applicable to image data. Here, the image is divided up into fixed-size rectangles.  

In addition to the image itself, we also need a table of rectangles of the same size as the 

image rectangles (possibly constructed from the image). This table is called the code book. Each 

rectangle is transmitted by looking it up in the code book and just sending the index instead of 

the rectangle. If the code book is created dynamically (i.e. per image), it must be transmitted, too. 

Clearly, if a small number of rectangles dominate the image, large savings in bandwidth are 

possible here. 

An example of vector quantization is shown in Fig.1.3. In Fig. 1.3(a) we have a grid of 

rectangles of unspecified size. In Fig. 1.3(b) we have the code book. The output stream is just the 

list of integers 001022032200400 shown in Fig. 1.3(c) each one represents an entry from the 

code book. 

 

0 0 1 0  0  0 0 1 0 2 2 0 3 2 2 0 0 4 0 0 

  2 2 2 0  1  

3 2 2 0  2   
Encoded Image 



0 4 0 0  3   

 

 

     

 Fig. 1.3(a)   Fig. 1.3(b)   Fig. 1.3(c) 

In a sense, vector quantization is just a two-dimensional generalization of CLUT. The 

real difference is what happens if no match can be found. Three strategies are possible. The first 

one is to use the best match, and append some information about how to second one is to use the 

best match, and append some information about how to improve the match.  The first two 

strategies are lossy but exhibit high compression. The third is lossless but less effective as a 

compression algorithm. By this, it is seen that encoding (pattern matching) is far more time 

consuming than decoding (indexing into a table). 

 

1.2 ENCRYPTION 

7KH�H[SORVLYH�JURZWK�LQ�WKH�XVH�RI�FRPSXWHUV�IRU�VWRULQJ�LQIRUPDWLRQ�DQG�H�PDLO�

IRU�WUDQVPLWWLQJ�LW��DQG�WKH�DUULYDO�RI�H��FRPPHUFH��KDV�OHG�WR�FU\SWRJUDSK\�EHFRPLQJ�DQ�

HVVHQWLDO� IHDWXUH� RI� PRGHUQ� FRPPXQLFDWLRQV� DQG� GDWD� VWRUDJH�� &U\SWRJUDSK\� LV� WKH�

VWXG\� RI� PDWKHPDWLFDO� WHFKQLTXHV� UHODWHG� WR� DVSHFWV� RI� LQIRUPDWLRQ� VHFXULW\� VXFK� DV�

FRQILGHQWLDOLW\�� GDWD� LQWHJULW\�� HQWLW\� DXWKHQWLFDWLRQ� DQG� GDWD� RULJLQ� DXWKHQWLFDWLRQ����

� (QFU\SWLRQ�LV�DQ�DUHD�RI�FU\SWRJUDSK\�LQYROYLQJ�WKH�WUDQVIRUPDWLRQ�RI�LQIRUPDWLRQ�

Square with many 
pixel values 

Code Book 



LQWR�VRPH�JLEEHULVK�IRUP��WKXV�HQVXULQJ�SULYDF\�E\�NHHSLQJ�WKH�LQIRUPDWLRQ�KLGGHQ�IURP�

DQ\RQH� IRU�ZKRP� LW� LV�QRW� LQWHQGHG� ��RQH�PD\�ZLVK� WR�HQFU\SW� ILOHV�RQ�D�KDUG�GLVN� WR�

SUHYHQW� DQ� LQWUXGHU� IURP� UHDGLQJ� WKHP�� RU� LQ� D� PXOWL�XVHU� VHWWLQJ�� HQFU\SWLRQ� DOORZV�

VHFXUH�FRPPXQLFDWLRQ�RYHU�DQ�LQVHFXUH�FKDQQHO��$Q�H[DPSOH�RI�WKLV��$�ZLVKHV�WR�VHQG�

D�PHVVDJH� WR�%� VR� WKDW� QR�RQH�HOVH�EHVLGHV�%� FDQ� UHDG� LW��$�HQFU\SWV� WKH�PHVVDJH�

�SODLQWH[W��ZLWK�DQ�HQFU\SWLRQ�NH\�� WKH�HQFU\SWHG�PHVVDJH��FLSKHU�WH[W�� LV�VHQW� WR�%��%�

GHFU\SWV�WKH�FLSKHU�WH[W�ZLWK�WKH�GHFU\SWLRQ�NH\�DQG�UHDGV�WKH�PHVVDJH��$Q�DWWDFNHU��&��

PD\� HLWKHU� WU\� WR� REWDLQ� WKH� VHFUHW� NH\� RU� WR� UHFRYHU� WKH� SODLQWH[W� ZLWKRXW� XVLQJ� WKH�

VHFUHW�NH\��,Q�D�VHFXUH�FU\SWRV\VWHP��WKH�SODLQWH[W�FDQQRW�EH�UHFRYHUHG�IURP�WKH�FLSKHU�

WH[W�H[FHSW�E\�XVLQJ�WKH�GHFU\SWLRQ�NH\��

7LOO� WRGD\� WKH� PRVW� VXFFHVVIXO� LPDJH� HQFU\SWLRQ� VFKHPH� LV� UDQGRP� SKDVH�

HQFRGLQJ�LQ�IUDFWLRQDO�GRPDLQ��,Q�WKLV�WKHVLV�')5&7�ZLWK�UDQGRP�SKDVH�PDVNLQJ�LV�XVHG�

DV�EDVLF� FU\SWRJUDSKLF� WRRO�� 7KLV� GRXEOH� SKDVH�HQFRGLQJ� VFKHPH�HQFU\SWV� WKH� LPDJH�

LQWR�GLIIHUHQW�IUDFWLRQDO�RUGHUV�DQG�UDQGRP�GLVWULEXWLRQ�WKDW�WKH�XQDXWKRUL]HG�SHUVRQ�E\�



QR�PHDQV�DFFHVV� WKH� LPDJH�ZLWKRXW�NH\V��7KH�VLJQLILFDQW� IHDWXUH�RI� LPDJH�HQFU\SWLRQ�

EHQHILWV�IURP�LWV�H[WUD�GHJUHH�RI�IUHHGRP�WKDW�LV�SURYLGHG�E\�IUDFWLRQDO�RUGHUV��

�

����2%-(&7,9(�

,Q� WKLV� WKHVLV� )UDFWLRQDO� YHUVLRQ� RI� 'LVFUHWH� &RVLQH� 7UDQVIRUP� �'&7�� FDOOHG�

'LVFUHWH� )UDFWLRQDO� &RVLQH� 7UDQVIRUP� �')5&7�� LV� XVHG� DV� EDVLF� WRRO� LQ� LPDJH�

SURFHVVLQJ�IRU�DSSOLFDWLRQV�OLNH�LPDJH�FRPSUHVVLRQ�DQG�LPDJH�HQFU\SWLRQ��,W�LV�VHHQ�WKDW�

GXH�WR�LWV�IUDFWLRQDO�RUGHU�')5&7�PD\�ILQG�LWV�SODFH�LQ�PDQ\�DSSOLFDWLRQV�ZKHUH�'&7�LV�

IRXQG�WR�EH�XVHIXO��7KH�REMHFWLYHV�RI�WKHVLV�DUH�

���7R�IRUP���'�')5&7�IURP���'�')5&7�E\�DSSO\LQJ���'�')5&7�WR�HDFK�URZ�RI�PDWUL[�

DQG�WKHQ�WR�HDFK�FROXPQ�RI�UHVXOW��

���7R�LPSOHPHQW�')5&7�RQ�IRXU�QDWXUDO�JUD\�VFDOH�VWLOO�LPDJHV�DQG�VWXG\�WKH�HIIHFWV�RI�

YDULDWLRQV�RI�FXWW�RII��&RPSUHVVLRQ�5DWLR��&5��DQG�IUDFWLRQDO�RUGHU��

���7R�SURYH�')5&7�GXH�WR�LWV�IUHH�SDUDPHWHU�LWV�IUDFWLRQ� D �SURYLGHV�EHWWHU�UHVXOW�WKDQ�

'&7�LQ�WKH�ILHOG�RI�LPDJH�FRPSUHVVLRQ�



���7R�HQFU\SW�WKH�LPDJH�XVLQJ�IUDFWLRQDO�RUGHUV�RI�')5&7�DORQJ�ZLWK�WKH�UDQGRP�SKDVH�

PDVNLQJ�DQG�WR�VKRZ�WKLV�HQFU\SWR�V\VWHP�JLYHV�QHDUO\�]HUR�06(�EHWZHHQ�RULJLQDO�

DQG�GHFU\SWHG�LPDJH���

�

����25*$1,=$7,21�

7KH�WKHVLV�LV�RUJDQL]HG�LQ�VL[�FKDSWHUV��
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Chapter 1 

INTRODUCTION 
 

Introduction 

Digital image processing techniques are used to enhance the quality of image and to 

reduce the data needed to represent the image without visually affecting the quality of image. 

The objective of compression is to reduce the data volume and achieve reproduction of the 

original data without any perceived loss in data quality. Applications of compression include 

digital imaging. Compression of medical images for efficient use of storage space and 

transmission bit rate has become a necessity.  

 Cryptographic techniques are used to scramble images so that an adversary could 

not the original image without knowing the secret key. The objective of encryption is to 

transform data into an unreadable form to ensure privacy. Encryption was widely used in 

military imaging for secure transmission of information. Today, however, encryption is widely 



used by everyone to transmit information such as commercial transactions (exchange of credit 

card information, etc.).  

In the case of the former, the "compressed" data needs to be uncompressed to the original 

form while in the case of the latter; the "encrypted" data needs to be decrypted to the original 

form.  

 

1.1 IMAGE COMPRESSION 

Today transmitting multimedia material in uncompressed form is completely out of 

question. The only hope is that massive compression is possible. Fortunately a large body of 

research over past few decades has led to many compression techniques and algorithms that 

make multimedia transmission feasible. There is a problem of storing, transmitting and 

manipulating digital image because of the size of image files involved, transmitting images will 

always consume large amount of bandwidth and storing images will require hefty resources as 

shown in Table 1 

7DEOH� ���� 0XOWLPHGLD� GDWD� W\SHV� DQG� XQFRPSUHVVHG� VWRUDJH� VSDFH�� WUDQVPLVVLRQ�
EDQGZLGWK��DQG�WUDQVPLVVLRQ�WLPH�UHTXLUHG���
 

Multimedia Data� Size/Duration� Bits/Pixel or   
Bits/Sample�

Uncompressed  
Size  

(B for bytes)�
Transmission  

Bandwidth  
(b for bits)�

Transmission  
Time (using a  

28.8K 
Modem)�

A page of text� 11’’ x 8.5’’� Varying 
resolution� 4-8 KB� 32-64 

Kb/page� 1.1 - 2.2 sec�
Telephone 

quality speech� 10 sec� 8 bps� 80 KB� 64 Kb/sec� 22.2 sec�
Grayscale Image� 512 x 512� 8 bps� 262 KB� 2.1 Mb/image� 1 min 13 sec�

Color Image� 512 x 512� 24 bps� 786 KB� 6.29 
Mb/image� 3 min 39 sec�

Medical Image� 2048 x 1680� 12 bps� 5.16 MB� 41.3 23 min 54 sec�



Mb/image�
SHD Image� 2048 x 2048� 24 bps� 12.58 MB� 100 

Mb/image� 58 min 15 sec�

Full-motion 
Video�

640 x 480, 1 
min  
(30 

frames/sec)�
24 bps� 1.66 GB� 221 Mb/sec� 5 days 8 hrs�

 

The examples above clearly illustrate the need for sufficient storage space, large 

transmission bandwidth and long transmission time for image, audio, and video data [1].  

 

 

 

1.1.1 Principal behind Compression 

In images the neighboring pixels are correlated and therefore contain redundant 

information [2]. The fundamental components of compression are redundancy and irrelevancy 

reduction. Redundancy means duplication and Irrelevancy means the parts of signal that will not 

be noticed by the signal receiver, which is the Human Visual System . 

There are three types of redundancy can be identified: 

• Spatial Redundancy i.e. correlation between neighboring pixel values. 

• Spectral Redundancy i.e. correlation between different color planes or spectral bands. 

• Temporal Redundancy i.e. correlation between adjacent frames in a sequence of images 

(in video applications).  

  Image compression focuses on reducing the number of bits needed to represent an image 

by removing the spatial and spectral redundancies. The audio, video and image signals are 



available to be compressed, because there is a considerable redundancy in these signals. Since 

this thesis is about still image compression, therefore temporal redundancy is not relevant. 

 

1.1.2 Asymmetries in compression Algorithms 

There are certain asymmetries in compression algorithms that are important to 

understand:- 

All compression systems require two algorithms, one for compressing the data at the 

source, and another for decompressing it at the destination. These algorithms are also referred as 

encoding and decoding algorithm. They have certain asymmetry like, for many applications a 

multimedia document, say, a movie only be encoded once but will be decoded thousands of time. 

This asymmetry means that it is acceptable for encoding algorithm to be slow and require 

expensive hardware provided that decoding algorithm is fast and does not require expensive 

hardware. After all, the operator of a multimedia server might be quite willing to rent a parallel 

supercomputer for a few weeks to encode its entire video library, but requiring consumers to rent 

a supercomputer for 2 hours to view a video is not likely to be a big success. Many practical 

compression systems go to great lengths to make decoding fast and simple, even at the price of 

making encoding slow and complicated. 

On the other hand, for real time multimedia, such as video conferencing, slow encoding 

is unacceptable. Encoding must happen on the fly, in real time. So, real-time multimedia uses 

different algorithms or parameters than storing videos on disk, often with appreciably less 

compression. 

A second asymmetry is that the encode/decode process need not to invertible. That is, 

when compressing a file, transmitting it, and then decompressing it, the user expects to get the 



original back, accurate down to the last bit. With multimedia, this requirement does not exist. It 

is usually acceptable to have the video signal after encoding and then decoding is slightly 

different than the original. When the decoded output is not exactly equal to the original input, the 

system is said to be lossy. If the input and output are identical, the system is lossless. Lossy 

systems are important because accepting a small amount of information loss can give a huge 

payoff in terms of the compression ratio possible. 

 

1.1.3 Image Compression System 

6RPH�RI�WKH�PRVW�VXFFHVVIXO� LPDJH�FRPSUHVVLRQ�WHFKQLTXHV��ERWK�ORVVOHVV�DQG�

ORVV\�� LQYROYH� WKH� IROORZLQJ� WKUHH� PDMRU� VWDJHV�� LPDJH� WUDQVIRUPDWLRQ�� TXDQWL]DWLRQ�

�ORVV\� FRPSUHVVLRQ� RQO\�� DQG� HQFRGLQJ�� )LJ� ���� VKRZV� WKH� EORFN� GLDJUDP� RI� VLPSOH�

FRPSUHVVLRQ�V\VWHP��

�

)LJ������%ORFN�GLDJUDP�RI�6LPSOH�FRPSUHVVLRQ�6\VWHP�

�D��7UDQVIRUP�



,PDJH�WUDQVIRUP��VRPHWLPHV� UHIHUUHG� WR�DV�GHFRUUHODWLRQ�� LV�XVHG�WR� UHGXFH�WKH�

G\QDPLF� UDQJH� RI� WKH� VLJQDO�� WR� HOLPLQDWH� UHGXQGDQW� LQIRUPDWLRQ�� DQG� WR� SURYLGH� D�

VXLWDEOH�UHSUHVHQWDWLRQ�IRU�HQWURS\�HQFRGLQJ��

$�WUDQVIRUP�VKRXOG�VDWLVI\�WKUHH�FRQGLWLRQV�>�@���

�L��$OO�WUDQVIRUP�FRHIILFLHQWV�EHFRPH�VWDWLVWLFDOO\�LQGHSHQGHQW��

�LL��(QHUJ\�RI�WKH�WUDQVIRUPHG�LPDJH�LV�FRPSDFWHG�LQWR�D�PLQLPXP�QXPEHU�RI��

������FRHIILFLHQWV��

�LLL��7KH�WUDQVIRUP�FRHIILFLHQWV�DUH�FRQFHQWUDWHG�LQ�PLQLPXP�IUHTXHQF\�RU�WUDQVIRUP��

��������6FDOH�UHJLRQV�

(b) Quantizer  

A Quantizer reduces the precision of the values generated by the transform and therefore 

reduces the number of bits required to save the transform co-coefficients. Quantization is 

fundamentally lossy,the loss in decompressed image is due to this section. 

(c) Entropy Encoder  

An entropy encoder does further compress the quantized values. This is done to achieve 

even better overall compression. The various commonly used entropy encoders are the Huffman 

encoder, arithmetic encoder, and simple run-length encoder. For better performance with 

compression, it’s important to have the best of all the three components. 

 



1.1.4 Compression Schemes 

            Compression schemes can be divided into two general categories: entropy encoding and 

source encoding [4].  

(a) Entropy Encoding       

           Entropy encoding just manipulates bit streams without regard to what the bits mean. It is a 

general, lossless, fully reversible technique, applicable to all data. .  

The first type of entropy encoding is run-length encoding. In many kinds of data, strings 

of repeated symbols (bits, numbers etc.) are common. These can be replaced by a special marker 

not otherwise allowed in the data, followed by the symbol comprising the run, followed by how 

many times it occurred. If the special marker itself occurs in the data, it is duplicated (as in 

character stuffing). For example, consider the following string of decimal digits. 

 3150000000000008458711111111111116354670000000000000065 

If we now introduce A as the marker and use two digit numbers for the repetition count, 

we can encode the above digit string as 

315A01284587A11316354674A02265   

Here run length encoding has cut the data string in half. 

Runs are common in multimedia. In audio, silence is often represented by runs of zeros. 

In video, runs of the same color occur in shots of the sky, walls, and many flat surfaces. All of 

these runs can be greatly compressed. 

The second type of entropy encoding is statistical encoding. In this we use a short code to 

represent common symbols and long ones to represent infrequent ones. Morse code uses this 

principle, with E being and Q being… and so on. Huffman coding and the Ziv-Lempel algorithm 

used by the UNIX compress program also use statistical encoding. 



The third type of entropy encoding is CLUT (Color Look up Table) encoding. Consider 

an image using RGB encoding with 3 bytes/pixel. In theory, the image might contain as many as 

224 different color values. In practice, it will normally contain many fewer values, especially if 

the image is a cartoon or computer generated drawing, rather than a photograph. Suppose that 

only 256 color values are actually used. A factor of almost three compressions can be achieved 

by building a 768 byte table listing the RGB values of the 256 colors actually used, and then 

representing each pixel by the index of its RGB value in the table. This is a clear example where 

encoding is slower than decoding because encoding requires searching the table whereas 

decoding can be done with a single indexing operation. 

(b) Source Encoding 

Source encoding, takes advantage of properties of the data to produce more (usually 

lossy) compression. Some examples of source encoding are, the first example is differential 

encoding, in which a sequence of values (e.g. audio samples) are encoded by representing each 

one as the difference from the previous value. Differential pulse code modulation is an example 

of this technique. It is lossy because the signal might jump so much between two consecutive 

values that the difference does not fit in the field provided for expressing differences, so at least 

one incorrect value will be recorded and some information lost. 

Differential encoding is a kind of source encoding because it takes advantage of the 

property that large jumps between consecutive data points are unlikely .Not all the sequence of 

numbers have this property  

The other type of source encoding consists of transformations .By transforming signals 

from one domain to another, compression may become easier .If we take the Fourier transform 

of 1-D signal in which we represent a function of time as a list of amplitudes now if we give the 



exact value of all amplitudes, the original function can be reconstructed perfectly .However by 

only giving the values of, say first 8 amplitudes rounded to first two decimal places,  the signal 

can still reconstructed so well that the listener can’t tell that some information has been lost. The 

gain is that transmitting 8 amplitudes require many fewer bits than transmitting the sampled 

waveform. 

Transformations are also applicable to 2-D image data. Suppose that 4 X 4 matrix given 

in Fig. 1.2(a) represents the gray scale value of monochrome image.  Transform these data by 

subtracting the value in the upper left hand corner from all elements except itself, as shown in 

Fig. 1.2(b). This transformation might be useful if variable-length encoding is used. For example, 

values between -7 and +7 could be encoded with 4-bit numbers and values between 0 and 255 

could be encoded as a special 4-bit code (-8) followed by an 8-bit number. 

160160160159
161165167160
158166165161
160161160160

    

0101
1570
2651

010160

−

−
 

Fig. 1.2(a)                Fig. 1.2(b) 

Although this simple transformation is lossless, other, more useful ones are not. An 

especially important two-dimensional spatial transformation is the DCT (Discrete Cosine 

Transformation) [5-7]. This transformation has the property that for images without sharp 

discontinuities, most of the spectral power is in the first few terms, allowing the later ones to be 

ignored without much information loss. In this thesis fractional version of DCT called Discrete 

Fractional Cosine Transform (DFRCT) is used as transformation. 

            The third example of source encoding is vector quantization, which is also directly 

applicable to image data. Here, the image is divided up into fixed-size rectangles.  



In addition to the image itself, we also need a table of rectangles of the same size as the 

image rectangles (possibly constructed from the image). This table is called the code book. Each 

rectangle is transmitted by looking it up in the code book and just sending the index instead of 

the rectangle. If the code book is created dynamically (i.e. per image), it must be transmitted, too. 

Clearly, if a small number of rectangles dominate the image, large savings in bandwidth are 

possible here. 

An example of vector quantization is shown in Fig.1.3. In Fig. 1.3(a) we have a grid of 

rectangles of unspecified size. In Fig. 1.3(b) we have the code book. The output stream is just the 

list of integers 001022032200400 shown in Fig. 1.3(c) each one represents an entry from the 

code book. 

 

0 0 1 0  0  0 0 1 0 2 2 0 3 2 2 0 0 4 0 0 

  2 2 2 0  1  

3 2 2 0  2  

0 4 0 0  3  

 

 

 

     

 Fig. 1.3(a)   Fig. 1.3(b)   Fig. 1.3(c) 

In a sense, vector quantization is just a two-dimensional generalization of CLUT. The 

real difference is what happens if no match can be found. Three strategies are possible. The first 

one is to use the best match, and append some information about how to second one is to use the 

best match, and append some information about how to improve the match.  The first two 

Encoded Image 

Square with many 
pixel values 

Code Book 



strategies are lossy but exhibit high compression. The third is lossless but less effective as a 

compression algorithm. By this, it is seen that encoding (pattern matching) is far more time 

consuming than decoding (indexing into a table). 

 

1.2 ENCRYPTION 
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VHFXUH�FRPPXQLFDWLRQ�RYHU�DQ�LQVHFXUH�FKDQQHO��$Q�H[DPSOH�RI�WKLV��$�ZLVKHV�WR�VHQG�
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Chapter 2 

DISCRETE COSINE TRANSFORM 
 

Introduction 
In this chapter an especially important two-dimensional spatial Discrete Cosine transformation 

(DCT) is discussed. This transformation has the property that for images without sharp 

discontinuities, most of the spectral power is in the first few terms, allowing the later ones to be 

ignored without much information loss. Due to it’s this property it is widely used in the field of 

image compression. 

 

2.1 BASIC DCT CONCEPTS 
It is seen that the human visual system response is very dependent on spatial frequency. If 

we could somehow decompose the image into a set of waveforms, each with a particular spatial 

frequency, we might be able to separate the image structure the eye can see from the structure 

that is imperceptible. The DCT can provide a good approximation to this decomposition [8]. 

 

2.1.1 The one-dimensional DCT 
To understand how an image can be decomposed into its underlying spatial frequencies, 

first consider a one-dimensional (1-D) case. Start with a set of eight arbitrary grayscale samples 

such as is shown in Fig. 2.1. 
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Fig. 2.1(a) 
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Fig. 2.1(c)  

 

The samples have values in the range 0 to 255, but after a level shift by 128 (as is done 

by JPEG), we get the values )(xf in Fig. 2.1(b).  To decompose these eight sample values into a 

set of waveforms of different spatial frequencies. 

 

Fig. 2.2 shows a set of eight different cosine waveforms of uniform amplitude, each 

sampled at eight points. The top-left waveform )0( =k is simply a constant, whereas the other 

seven waveforms )7,......,1( =k  show an alternating behavior at progressively higher frequencies           

 



 
Fig. 2.2 Cosine Basis Waveforms 

 

These waveforms (which are called cosine basis functions) are said to be orthogonal. A 

set of waveforms is orthogonal if it has the following interesting property: if the product of any 

two waveforms in the set at each sampling point, and sum these products over all sampling 

points, the result is zero. If the waveform is multiplied by itself and summed, the result is a 

constant. For example, the product of waveform 0 and waveform 1, is taken and the sum is 

calculated over all the sample points, the result is zero. On the other hand, the product of 

waveform 1 with itself is taken, the product at each sample point is the square of the waveform 

value; therefore, the sum of the products over all sample points is a positive constant (which is 

used to define a scale factor for the waveforms). 



Orthogonal waveforms are independent. That is, there is no way that a given waveform 

can be represented by any combination of the other waveforms. However, the complete ser of 

eight waveforms when scaled by numbers called coefficients and added together, can be used to 

represent any eight sample values such as those in Fig. 2.1(b). The coefficients )(ks  are plotted 

in Fig. 2.1(c) 

 
 

 
Fig. 2.3 Progressively summed waveforms 

 

 



Fig. 2.3 shows a sequence in which the eight scaled waveforms are progressively 

summed, starting with the lowest frequency (adding one more each time), until finally the 

original set of samples in reconstructed. The coefficients plotted in Fig. 2.1(c) are the output of 

an 8-point DCT for the sample valued in Fig. 2.1(b). 

The coefficient that scales the constant basis function )0( =k  is called the DC 

coefficient. The other coefficients are called AC coefficients. These names are derived from the 

historical use of the DCT for analyzing electrical currents that had both direct-and alternating-

current (DC and AC) terms. The DC term gives the average over the set of samples. 

The process of decomposing a set of samples into a scaled set of cosine basis functions is 

called the Forward Discrete Cosine Transform (FDCT). The process of reconstruction the set of 

samples from the scaled set of cosine basis functions is called the Inverse Discrete Cosine 

Transform (IDCT). If the sample sequence is longer than eight samples, it can be divided into 

eight-sample groups and DCT can be computed independently for each group. Because the 

cosine basis functions always have the same set of values at each of the discrete sampling points, 

only the coefficient values change from the one group of samples to the next. 

 

2.1.2 The two-dimensional DCT 
The 1-D DCT can be extended to apply to 2-D image arrays. Fig. 2.4 shows a set of 64 2-

D cosine basis functions that are created by multiplying a horizontally oriented set of 1-D 8-point 

basis functions (shown in Fig. 1.2) by a vertically oriented set of the same functions.  

The horizontally oriented set of basis functions represents horizontal frequencies and the 

other set of basis functions represents vertical frequencies. By convention, the DC term of the 

horizontal basis functions is to the left, and the DC term for the vertical basis functions is at the 

top. So, the top row and the left column have 1-D intensity variations, which, if plotted, would be 

the same as in Fig. 2.2 (neutral gray represents zero in these figures, white represents positive 

amplitudes, and black represents negative amplitudes.) 

 



 
Fig. 2.4 2-D Cosine Basis 

 

When scaled by an appropriate set of 64 coefficients, these 64 basis functions can be used 

to represent any 64 sample values such as the 8x8 block of samples shown at the upper left 

corner of the Fig. 2.5. 

Fig. 2.5 also shows the sequence in which these 64 basis functions are progressively 

summed following the zigzag sequence shown by the white connecting lines. The zigzag pattern, 

which is used in the JPEG algorithms, approximately orders the basis functions from low to high 

spatial frequencies.  

Because the 2-D DCT basis functions are products of two 1-D DCT basis functions, the 

only constant basis function is in the upper left corner of the array; the coefficient for this basis 

function is called the DC coefficient, whereas the rest of the coefficients are called AC 

coefficients. 



 

 
Fig. 2.5 8x8 Block of Samples 

 

2.2 DCT INTEGER QUANTIZATION 
Quantization allows us to reduce the accuracy with which the DCT coefficients are 

represented when converting the DCT to an integer representation. This can be very important in 

image compression, as it tends to make many coefficients zero-especially those for high spatial 

frequencies. 

The quantization values can be set individually for each DCT coefficient, using criteria 

based on visibility of the basis functions. By measuring the threshold for visibility of a given 

basis function - the coefficients amplitude that is just detectable by the human eye. The 



coefficients are divided by that value (with appropriate rounding to integer values). By 

multiplying (dequantize) the scaled-down coefficients by that value before reconstructing, a 

condition is created in which the eye should not be able to detect any difference between 

quantized and unquantized DCT coefficient. To tolerate some visible artifacts in the 

reconstructed image, the larger value of the visibility threshold can be used.. 

This process of scaling the DCT coefficients and truncating them to integer values is 

called quantization, and the rescaling to restore approximately the original DCT coefficient 

magnitude is called dequantization.  

 

2.3 MATHEMATICAL DEFINITION OF DCT 

 

2.3.1 The One Dimensional Discrete Cosine Transform 
Let )(nx denotes a N point sequence that is zero outside .10 −≤≤ Nn Among several 

variation  consider one variation known as even symmetrical DCT , which is most often used in 

signal coding application .To derive DCT relationship, it is convenient to relate N point 

sequence )(nx to derive new N2 point sequence )(ny , which is then related to its N2  point 

DFT )(ky . Then relate )(ky  to )(kCx , then N  point DCT of )(nx  
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The sequence )(nx is related to )(ny by 

)12()()( nNxnxny −−+=                                                                  ------2.2        

 ={ 10),( −≤≤ Nnnx  

    { 12),12( −≤≤−− NnNnNx  



 
Fig 2.6 

 

An example of )(nx and )(ny when 4=N  is shown in Fig. 2.6. The sequence )(ny is 

symmetric with respect to the half-sample point at 2
1−= Nn . A periodic sequence )(

~

nx  is 

formed by repeating )(nx every N  points, )(
~

nx has artificial discontinuities, since the beginning 

and end part of )(nx are joined in the repetition process. A periodic sequence )(
~

ny  is formed by 

repeating )(ny every N2  point, however, )(
~

ny no longer contains the artificial discontinuities. 

This is shown in Fig. 2.7 for )(nx and )(ny and for )(nX and )(nY shown in Fig. 2.6. 

 

 
Fig. 2.7 

 

The N2 point DFT )(kY is related to )(ny by 
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From (2.3a) & (2.3b) 
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With a change of variables and after some algebra, 2.4 can be expressed as 
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The N point DCT of ),(nx ),(kC x  is obtained from )(kY  by  
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From (2.5) and (2.6) 
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Equation (2.7) is the definition of the DCT of ).(nx From (2.7), ),(kC x is a N point sequence, and 

therefore N values of )(nx are represented by N values of ).(kCx  If )(nx is real, )(kCx is real. If 

)(nx  is complex, so is ).(kCx  To derive the inverse DCT relation, we relate )(kCx to 

),(kY )(kY Y(k) to ),(ny y(n), then )(ny to ).(nx  First consider determining )(kY from ).(kCx  

Although )(kY is a N2 point sequence and )(kCx is an N point sequence, redundancy in 



)(kY due to the symmetry of )(ty allows us to determine )(kY from ).(kCx  Specifically, from 

(2.5) 

 

   




=
−≤≤−

=
−

Nk

NkkNYW
kY

k
N

,0
120),2(

)( 2                                           2.8 

From (2.6) and (2.8) 
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The sequence )(kY is related to )(ny through the N2 point inverse DFT relation given by 
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From (2.2), )(nx can be recovered from )(ny by  
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From (2.9), (2.10), and (2.11), and after some algebra, we get 
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Equation (2.12) can also be expressed as 
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Equation (2.13) is the inverse DCT relation. From (2.7) and (2.13), we get FDCT 

 



Discrete Cosine Transform Pair 
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From the derivation of the DCT pair, the DCT and inverse DCT can be computed by 

Computation of Discrete Cosine Transform 

 

Step 1.  )12()()( nNxnxny −−+=  

 

Step 2.  [ ])()( nyDFTkY =  ( N2 Point DFT computation) 

Step 3.  






−≤≤=
otherwise

NkkYWkC
k

Nx

,0
10),()(

2
2  

 

Computation of Inverse Discrete Cosine Transform 

Step 1.  
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Step 2.  [ ])()( kYIDFTny = ( N2 Point inverse DFT computation) 

Step 3.  

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=
otherwise

Nnny
nx
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)(  

In computing the DCT and inverse DCT, Steps 1 and 3 are computationally quite simple. 

Most of the computations are in Step 2, where a N2 point DFT is computed for the DCT and a 

N2 point inverse DFT is computed for the inverse DCT. The DFT and inverse DFT can be 

computed by using Fast Fourier transform (FFT) algorithms. In addition, because )(ny has 

symmetry, the N2 point DFT and inverse DFT can be computed by computing the N point DFT 



and the N point inverse DFT of an N point sequence. Therefore, the computation involved in 

using the DCT is essentially the same as that involved in using the DFT. 

In the derivation of the DCT pair, we have used an intermediate sequence )(ny that has 

symmetry and whose length is even. The DCT derived is thus called an even symmetrical DCT. 

It is also possible to derive the odd symmetrical DCT pair in the same manner. In the odd 

symmetrical DCT, the intermediate sequence )(ny used has symmetry, but its length is odd. For 

the sequence )(nx shown in Fig. 2.8(a), the sequence )(ny used is shown in Fig. 2.8(b). The 

length of )(ny is ,12 −N and ),(
~

ny  obtained by repeating )(ny every 12 −N points, has no 

artificial discontinuities. The even symmetrical DCT is more commonly used, since the odd 

symmetrical DCT involves computing an odd-length DFT, which is not very convenient when 

one is using FFT algorithms.                                                      

 
Fig. 2.8 

 

2.3.2 The Two-Dimensional Discrete Cosine Transform 

The 1-D DCT can be extended straightforwardly to two dimensions. Let ),( 21 nnx denote 

a 2-D sequence of 21xNN  points that is zero outside ,10 11 −≤≤ Nn  .10 22 −≤≤ Nn Derive the 

2-D DCT pair by relating ),( 21 nnx to a new 21 22 NxN point sequence ),,( 21 nny which is then 

related to its 21 22 NxN point DFT ).,( 21 kkY Then relate ),( 21 kkY to ),,( 21 kkCx the 21xNN point 

DCT. Specifically, 
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The sequence ),( 21 nnx is related to ),( 21 nny by 

)12,12()12,(),12(),(),( 22112212112121 nNnNxnNnxnnNxnnxnny −−−−+−−+−−+=   

          (2.16) 

An example of ),( 21 nnx and ),( 21 nny when 31 =N , 42 =N is shown in Fig. 2.9(a) and (b), 

respectively. 

                                               

 
Fig. 2.9 

A periodic sequence  n2) (n1,x
~

with a period of 21xNN obtained by repeating ),( 21 nnx is 

shown in Fig. 2.10(a). A periodic sequence ),( 21 nny with a period of 21 22 NxN obtained by 

repeating ),( 21 nny is shown in Fig. 2.10(b). The artificial discontinuities present in  n2) (n1,x
~

are 

not present in  n2). (n1,y
~

The sequence ),( 21 nny is related to ),( 21 kkY by  

 [ ]),(),( 2121 nnyDFTkkY = .                   2.17  

 



The 21xNN point DCT of ),( 21 nnx , ),( 21 kkCx , is obtained from ),( 21 kkY  by 
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Fig. 2.10 

 

From (2.16), (2.17), and (2.18), and after some algebra 
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Equation (2.19) is the definition of the 2-D DCT. The inverse DCT can be derived by 

relating ),( 21 kkCx to ),( 21 kkY , exploiting the redundancy in ),( 21 kkY due to the symmetry of 



),,( 21 nny relating ),( 21 kkY to ),( 21 nny through the inverse DFT relationship, and then relating 

),( 21 nny to ),( 21 nnx . The result is  
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Where  
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From (2.19) and (2.20), FDCT is written as 

  

Two-Dimensional Discrete Cosine Transform Pair 
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Chapter 3 

DISCRETE FRACTIONAL COSINE TRANSFORM  

 

Introduction 

There is a close relationship between the conventional Discrete Cosine Transform (DCT) 

and Discrete Fourier Transform (DFT). This chapter introduce another transform, the Discrete 

Fractional Cosine Transform (DFRCT), which has a similar relationship with the Discrete 

Fractional Fourier Transform (DFRFT). The DFRCT share many useful properties of the 

regular DCT, and it has a free parameter, its fraction. When the fraction is zero, we get the 

cosine modulated version of the input signal. When it is unity, we get the conventional DCT. As 

the fraction changes from 0 to 1 we get different forms of the signal which interpolate between 

the cosine modulated form of the signal and its DCT representation. Thus, DFRCT is a general 

form of DCT which has an additional free parameter, and with this free parameter it may find its 

place in many applications where DCT is found to be useful. 

 

3.1 FRACTIONAL OPERATIONS 

The fourth power of 7 may be defined as 74= 7x7x7x7, but it is not obvious from this 

definition how one might define 73.5. It must have taken sometime before the common definition 

73.5 = 77/2 = √77 emerged. The first and second derivatives of the function f (x) are commonly 

denoted by: 
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Higher order derivatives are defined similarly. Now what the 1.5th derivative of a function might 

mean is not clear from the above definition. Let F (µ) denote the Fourier transform of ( )xf . The 

FT of the nth derivative of ( )xf  
( )
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




n

n

dx
xfd

ei ..  is known to be given by (i2πµ)n F (µ), for any 

positive integer n. Now let us generalize this property by replacing n with the real order ‘a’ and 

take it as the ath derivative of ( )xf .  Thus to find
( )
a

a

dx
xfd

, the ath derivative of ( )xf , find the inverse 

Fourier transform of (i2πµ)a F (µ). In both of these examples we are dealing with the fractions of 

an operation performed on an entity, rather than fractions of the entity itself. 20.5 is the square root 

of the integer 2. The function ( )[ ] 5.0xf  is the square root of the function ( )xf . But 
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xfd
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0.5th derivative of ( )xf  with 
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dx
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being the square root of the derivative operator
dx
d

. The 

process of going from the whole of an entity to fractions of it underlies several of the more 

important conceptual developments. e.g. fuzzy logic, where the binary 1 & 0 are replaced by 

continuous values representing our certainty or uncertainty of a proposition.  



3.2 FRACTIONAL COSINE TRANSFORM 

The DFRCT, which is the generalization of cosine transform. The real part of FRFT 

kernel was chosen as the kernel for Fractional Cosine Transform as in case of (CT) where 

real part of FT is chosen as (CT) kernel.  

The FRFT belongs to the class of time frequency representation that has been 

extensively used by the signal processing community. In all the time frequency 

representation, one normally uses a plane with two orthogonal axis corresponding to time 

& frequency. If we consider a signal )(tx to be represented along the time axis and its 

ordinary FT )(FX to be represented along the frequency axis, then the FT operator 

(denoted by F) can be visualized as change in representation of signal corresponding to 

counter clock wise rotation of the axis by an angle S/2 [9,10]. This is consistent with some of 

absorb properties of FT. For example, two successive rotations of a signal through S/2 will 

result in an inversion of time axis. Moreover, four successive rotations will leave the signal 

unaltered since a rotation through 2S of the signal should leave the signal unaltered. The 

FRFT is a linear operator that corresponds to rotation of signal through an angle which is 

not multiple of S/2, that is it is the representation of the signal along the axis u making an 

angle D with time axis.  

The FRFT )(uF α of a function )(xf is defined as 
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For ,
2
1 πα = for which ( ) ,1,2/ =uxkπ we have the normal FT, while for α→0 we have the 

identity transformation: ).()( xfxF =
�

The FRFT of an even function is even, while the FRFT of 

an odd function is odd. Consider one sided function ),(xf with 0)( =xf  for ,0%x and define 

the FRCT as 
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π
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which reduces to the normal Cosine Transform (CT) for .
2
1 πα =  To express the 

relationship between the FRFT of one sided function Cosine Transform (CT) and Sine 

transform (ST) of this function in a different way, it can be written as 

( ) ( ) ( ).exp)(2 uFjuFuF sc
ααα α−±=±       (3.4) 

Considering the kernels of the fractional transforms ,αR  

( ) ( ) ( )απ α
α sin/exp,2/1: juxuxkRF −       (3.5) 

( ) ( ) ( )απ α
α sin/cos,2/2: uxuxkRc        (3.6) 

α
cR is related to the even part of .α

FR In general we conclude that, to determine the FRCT 

of a one sided function f(x), we can as well determine the FRFT of the evenly extended two-

sided function ( ) ( ).xfxf −+     



3.3 CALCULATION OF DFRCT KERNEL 

 With the advent of computers and enhanced computational capabilities the Discrete 

Fourier Transform (DFT) and Discrete Cosine Transform (DCT) came into existence in 

evaluation of FT for real time processing. Further these capabilities are enhanced by the 

introduction of DSP processors and Fast Fourier Transform (FFT) algorithms. On similar lines, 

so there arises a need for discretization of DFRCT [11]. This section introduces a discrete 

version of continuous fractional cosine transform using discrete Hermite eigenvector. 

There are four types of DCT’s and their kernel matrices are given as [12]: 
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     












=+ N

mn
kk

N
C nm

I
N

π
cos

2
1        (3.7) 

 For ............,.........2,1,0, Nnm =   

2. DCT-II 









































 +

=
N

2
1

nm
cosk

N
2

C m
II
N

π
       (3.8) 

For .1...........,.........2,1, −= Nnm  

3. DCT-III 









































 +

=
N

nm
k

N
C m

III
N

π
2
1

cos
2        (3.9) 

For .1...........,.........2,1, −= Nnm  

4. DCT-IV 
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mk and nk in the above four definition are defined as 
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DCT-I  kenel have symmetric structure and periodic with period 2. The periodicity 

means that repeated applications of DCT-I  would give the original sequence. DCT-

IV is same as DCT-I  for symmetry and periodicity, but DCT-I I  and DCT-I I I  

operators are forward and inverse transverse pair of each other and are non-

periodic. Here DCT-I  will be chosen and will be used in developing DFRCT. 

 

3.3.1 Eigenvectors and Eigenvalues of kernel matrices: 

The DFT kernel matrix has four distinct eigen values (1, -j, -1, j) and its 

multiplicities are summarized in Table 3.1. 

Table 3.1  Eigen value multiplicities of DFT-I kernel matrices 

N Multiplicity of 
1 

Multiplicity of  
-j 

Multiplicity of  
-1 

Multiplicity of j 

4m m+1 m m m-1 
4m+1 m+1 m m m 
4m+2 m+1 m m+1 m 
4m+3 m+1 m m+1 m 

 



Because the DFT has only four distinct eigenvalues, the DFT eigenvectors 

will constitute four eigenspaces. I t is trivial to find that any vector spanned by the 

DFT eigenvectors corresponding to the same eigenvalue is still a DFT eigenvector. 

Therefore there exist infinite eigenvectors for the DFT kernel matrix. The 

multiplicities of DFT eigenvalues are just the dimensions of eigenspaces. 

All the DFT eigenvectors are even or odd. The even eigenvectors with the eigenvalues 1, 

–1 in addition, the odd eigenvectors correspond to the eigenvalues j or -j. 

The DCT-I eigenvectors can be attained from the DFT eigenvectors [13, 14]. 

If [ ]T
NNN vvvvvvv 121210 ,......,,,,......,, −−−= is an even eigenvector of the )22( −N point 

DFT kernel matrix. ( ).1,122 −==− λλvvF N  Then  

[ ]TNN vvvvv 1210 ,2,...,2, −−=    (3.11) 

will be an eigenvector of the N point DCT-I kernel matrix, where λ is the corresponding 

eigenvalue. 
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The eigenvalues of DCT-I kernel matrices are only 1 and –1. Their multiplicities are shown in 

Table 3.2. 

Table 3.2 Eigen value multiplicities of DCT-I kernel matrices 

N Multiplicity of 1 Multiplicity of -1 
Odd 

2
1+N

 
2

1−N
 

Even 
2
N

 
2
N

 

 

 

Now the N point DFRFT kernel is given by [15]: 
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Where [ ] kNN vvvvV ,....... 110 −= is the kth order DFT hermite eigenvector, and α indicates the 

rotation angle of transform in time-frequency plane. When α=0, FN,α is an identity operator. If 

α=π/2, the DFRFT becomes the conventional DFT. Similar to DFRFT, the N point DFRCT 

kernel can be identified as: 
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Where [ ] kNN vvvvV ,....... 110 −= is the DCT-I order eigenvector given by equation 3.11, and α 

indicates the rotation angle of transform in the time-frequency plane. When α=0, CN,α is an 



identity operator. If α=π/2, the DFRCT becomes the conventional DCT. The steps were 

constructing the N point DFRCT kernel with angular parameter α are summarized as follow : 

Step 1: Compute the cM point DFT hermite even eigenvectors. 

 Where )1(2 −= NM c  

Step 2: Use Step 1 to compute the DCT-I eigenvectors from the DFT hermite even eigenvectors. 

Step 3: Determine the DRFCT transform kernel by the following equation. 

T
NNNN VDVC π

α

α

2

, =  

Where [ ] kNN vvvvV ,....... 110 −= is the DCT-I eigenvector obtained from the kth order Hermite 

eigenvector given by equation (3.11). 



Chapter 4 

IMAGE COMPRESSION USING DFRCT   

 

Introduction 

Image compression using transform coding yields extremely good compression with 

controllable degradation of image quality. By adjusting the cut-off of transform coefficient, a 

compromise can be made between image quality and compression factor. The human visual 

system response is very dependent on spatial frequency. If we could somehow decompose the 

image into a set of waveforms, each with a particular spatial frequency, we might be able to 

separate the image structure the eye can see from the structure that is imperceptible. The DCT 

can provide a good approximation to this decomposition. In this chapter, DRFCT is used as tool 

for image compression. 

 

4.1 IMAGE COMPRESSION ALGORITHM 

Following steps are used in image compression using Discrete Fractional Cosine 

Transform are:- 

1. An image is first partition into non-overlapped NxN sub images. 

2. A 2-D DRFCT is applied to each block at particular value of ‘a’. For simplicity, the ‘a’ order 

along x and y direction are taken to be same. This is done to convert the gray scale levels of 

pixels in spatial domain into coefficients in frequency domain. 

3. The coefficients are normalized by different scale according to cut-off selected. To attain 

higher compression the larger value of cut-off is selected. The quantized coefficients are 



rearranged in a zigzag scan order i.e. from lower frequency components to higher frequency 

components to be further compressed by efficient lossless coding strategies. 

 4. At decoder end simply inverse process of encoding by using inverse 2-D DFRCT is performed. 

Inverse DFRCT is obtained by negative value of ‘a’  that used in forward DFRCT. 

 

4.2 CHARACTERISTIC TO JUDGE COMPRESSION ALGORITHM                              

                  Image quality describes the fidelity with which an image compression scheme 

recreates the source image data. There are four main characteristics to judge image-compression 

algorithms:  

1. Compression Ratio 

2.  Compression Speed  

3. Mean Square Error 

4. Peak Signal to Noise Ratio 

These characteristics are used to determine the suitability of a given compression   

algorithm for any application.  

 

4.2.1 Compression Ratio 

The compression ratio is equal to the size of the original image divided by the size of the 

compressed image. This ratio gives how much compression is achieved for a particular image. 

The compression ratio achieved usually indicates the picture quality. Generally, the 

higher the compression ratio, the poorer the quality of the resulting image. The trade-off between 

compression ratio and picture quality is an important one to consider when compressing images.  



Some compression schemes produce compression ratios that are highly dependent on the 

image content. This aspect of compression is called data dependency. Using an algorithm with a 

high degree of data dependency, an image of a crowd at a football game (which contains a lot of 

detail) may produce a very small compression ratio, whereas an image of a blue sky (which 

consists mostly of constant colors and intensities) may produce a very high compression ratio. 

 

4.2.2 Compression Speed 

Compression time and decompression time are defined as the amount of time required to 

compress and decompress a picture, respectively. Their value depends on the following 

considerations:  

• the complexity of the compression algorithm  

• the efficiency of the software or hardware implementation of the algorithm  

• the speed of the utilized processor or auxiliary hardware  

Generally, the faster that both operations can be performed, the better. Fast compression 

time increases the speed with which material can be created. Fast decompression time increases 

the speed with which the user can display and interact with images. 

 

4.2.3 Mean Square Error  

0HDQ�6TXDUH�(UURU�PHDVXUHV� WKH�FXPXODWLYH�VTXDUH�HUURU�EHWZHHQ� WKH�RULJLQDO�

DQG�WKH�FRPSUHVVHG�LPDJH���

The formula for MSE is giving as 
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Where NxN is the size of image  

 ( )yxI ,’  And ( )yxI ,  are the matrix elements of the decrypted and original elements at (x,y) 

pixel. 

 

4.2.4 Peak Signal to Noise Ratio 
Peak signal-to-reconstructed image measure known as PSNR. 

7KH�IRUPXOD�IRU�3615�LV�JLYHQ�DV�
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)MSE(sqrt
255

10log*20PSNR   

Here signal is original image and noise is error in reconstructed image. 

 

In general, a good reconstructed image is one with low MSE and high PSNR. That means 

that the image has low error and high image fidelity. 

. 



Chapter 5 

IMAGE ENCRYPTION USING DRFCT 

 

Introduction 

In this chapter, a novel technique for image encryption that uses cascaded multistages of 

DFRCT with random phase mask at each stage is presented. This technique provides more 

secure image encryption and zero mean square error, with the addition of extra degree of 

freedom provided by DRFCT. 

 

5.1 KEYS IN DRFCT 

It has been recently noticed that Fractional Transforms can be used in encryption of 

images [15]. In this encryption utilizes cascaded multistage DFRCT with random face filters in 

between. The n-stage of DFRCT can provide n-dimensional extra keys indicated by the 

fractional orders. In case of two-dimensional DFRCT transform, there are two different 

fractional orders along x-axis and y-axis respectively. Such a system can have n-1 random phase 

filters, so that the total encryption keys can be increased to as many as    3n-1. Thus the security 

strength of the encryption keys may be greatly enhanced. 

For simplicity, the ‘a’  order along x and y direction are taken to be same i.e. ααα == yx  

and three stages of DFRCT are cascaded together. Thus in the intermediate planes two randomly 

encoded phase masks are used.  

 

 



5.2 ALGORITHM FOR IMAGE ENCRYPTION 

Algorithm consists of two parts Encryption to encrypt image and Decryption to retrieve image.  

 

5.21 Encryption 

The image encryption can be described as follows [16]. Let ),,( 00 yxf  a real valued two-

dimensional data, denote the image that is to be encrypted. To this data DFRCT is applied 

continuously three times with the fractional orders α1, α2 and α3, respectively. In the 

intermediate stages two random phase masks  

( ) ( )[ ]111111 ,2, yxiyxH πφ−=  and ( ) ( )[ ]222222 ,2, yxiyxH πφ−=  respectively are used. 

Where ( )222 , yxφ  are randomly generated homogeneously distributed functions.  

Thus the resultant transformed function ( )yx,ψ can be written as 

( ) ( ) ( ){ }( )yxyxHyxFyx c ,,,, 222222
3 ψψ α=    6.1 

with 

( ) ( ) ( ){ }( )22111111
2

222 ,,,, yxyxHyxFyx c ψψ α=    6.2 

and  

    ( ) ( ){ }( )11002
1

111 ,,, yxyxfFyx c
αψ = .    6.3 

The resultant transformed function ( )yx,ψ  can be regarded as the encrypted image. 

 

5.2.2Decryption 

The decryption process is the reverse operation with respect to the encryption. Firstly 

take DFRCT of order -α3 on the encrypted image ( )yx,ψ  and multiplying the random phase 



mask ( )22
*
2 , yxH , and then the mid term function ( )222 , yxψ  is obtained. Then perform DFRCT of 

order -α2 on the function ( )222 , yxψ and multiplying the random phase mask ( ),, 11
*
1 yxH , thus 

function ( )111 , yxψ will be recovered. After another DFRCT of order -α1 on the 

function ( )111 , yxψ , the original image ),( 00 yxf is obtained. Here the random phase masks 

( ),, 11
*
1 yxH and ( )22

*
2 , yxH are complex conjugates ( )111 , yxH and ( ),, 222 yxH respectively. 
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