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ABSTRACT

Image processing most frequently uses the transforms like Discrete Cosine Transform
or Fourier transform for image compression. This involves the conversion of the source
signal fto frequency component. The application of Fractional version of cosine
transform called Discrete Fractional Cosine Transform) to image compression is fairly
new. DFRCT shares many useful properties of reqular DCT & it has free parameter, ifs
fraction. When it is O we get cosine modulated version of input signal. When it is unity
we get conventional DCT. As the fraction changes from 0 fo 1 we get different forms of
signal which interpolate between cosine modulated form of signal & its DCT signal
representation. Due fto its free parameter its ‘a’ DRFCT may find its place in many
applications like image encryption & image compression where DCT /s found fo be
useful. DRFCT provides low Mean Square Error & high Peak Signal Noise Ratio as
compare to DCT for image compression. Another key advantage of DRFCT s that it is
used for image encryption using random phase masking. This technique provides more
secure image encryption & low value of Mean Square Error, with the addition of extra

degree of keys provided by the fractions of DRFCT.
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Chapter 1
INTRODUCTION

Introduction

Digital image processing techniques are used to enhance the quality of image and to
reduce the data needed to represent the image without visually affecting the quality of image.
The objective of compression is to reduce the data volume and achieve reproduction of the
original data without any perceived loss in data quality. Applications of compression include
digital imaging. Compression of medical images for efficient use of storage space and
transmission bit rate has become a necessity.

Cryptographic techniques are used to scramble images so that an adversary could
not the original image without knowing the secret key. The objective of encryption is to
transform data into an unreadable form to ensure privacy. Encryption was widely used in
military imaging for secure transmission of information. Today, however, encryption is widely
used by everyone to transmit information such as commercial transactions (exchange of credit
card information, etc.).

In the case of the former, the "compressed" data needs to be uncompressed to the original
form while in the case of the latter; the "encrypted" data needs to be decrypted to the original

form.

1.1 IMAGE COMPRESSION

Today transmitting multimedia material in uncompressed form is completely out of

question. The only hope is that massive compression is possible. Fortunately a large body of



research over past few decades has led to many compression techniques and algorithms that
make multimedia transmission feasible. There is a problem of storing, transmitting and
manipulating digital image because of the size of image files involved, transmitting images will
always consume large amount of bandwidth and storing images will require hefty resources as

shown in Table 1

Table 1.1 Multimedia data types and uncompressed storage space, transmission

bandwidth, and transmission time required.

. Transmission
Bits/Pixel or Uncompressed || Transmission Time (using a
Multimedia Data || Size/Duration . Size Bandwidth &
Bits/Sample B forb b for bi 28.8K
(B for bytes) (b for bits) Modem)
» » Varying 32-64
A page of text 11”x 8.5 resolution 4-8 KB Kb/page 1.1-2.2sec
Telephone 10 sec 8 bps 80 KB 64 Kb/sec 22.2 sec
quality speech
Grayscale Image H 512 x 512 8 bps || 262 KB H2.1 Mb/image” 1 min 13 sec
Color Image 512 x 512 24 bps 786 KB Mb6/£n9age 3 min 39 sec
Medical Tmage || 2048 x 1680 | 12 bps siemB || rfage 23 min 54 sec
SHD Image | 2048 x 2048 | 24 bps 12.58 MB Mb}i%?age 58 min 15 sec
640 x 480, 1
Full-motion min
Video (30 24 bps 1.66 GB 221 Mb/sec || 5 days 8 hrs
frames/sec)

The examples above clearly illustrate the need for sufficient storage space, large

transmission bandwidth and long transmission time for image, audio, and video data [1].




1.1.1 Principal behind Compression

In images the neighboring pixels are correlated and therefore contain redundant
information [2]. The fundamental components of compression are redundancy and irrelevancy
reduction. Redundancy means duplication and Irrelevancy means the parts of signal that will not
be noticed by the signal receiver, which is the Human Visual System .

There are three types of redundancy can be identified:
e Spatial Redundancy i.e. correlation between neighboring pixel values.
e Spectral Redundancy i.e. correlation between different color planes or spectral bands.
e Temporal Redundancy i.e. correlation between adjacent frames in a sequence of images

(in video applications).

Image compression focuses on reducing the number of bits needed to represent an image
by removing the spatial and spectral redundancies. The audio, video and image signals are
available to be compressed, because there is a considerable redundancy in these signals. Since

this thesis is about still image compression, therefore temporal redundancy is not relevant.

1.1.2 Asymmetries in compression Algorithms

There are certain asymmetries in compression algorithms that are important to
understand:-

All compression systems require two algorithms, one for compressing the data at the
source, and another for decompressing it at the destination. These algorithms are also referred as
encoding and decoding algorithm. They have certain asymmetry like, for many applications a
multimedia document, say, a movie only be encoded once but will be decoded thousands of time.

This asymmetry means that it is acceptable for encoding algorithm to be slow and require



expensive hardware provided that decoding algorithm is fast and does not require expensive
hardware. After all, the operator of a multimedia server might be quite willing to rent a parallel
supercomputer for a few weeks to encode its entire video library, but requiring consumers to rent
a supercomputer for 2 hours to view a video is not likely to be a big success. Many practical
compression systems go to great lengths to make decoding fast and simple, even at the price of
making encoding slow and complicated.

On the other hand, for real time multimedia, such as video conferencing, slow encoding
is unacceptable. Encoding must happen on the fly, in real time. So, real-time multimedia uses
different algorithms or parameters than storing videos on disk, often with appreciably less
compression.

A second asymmetry is that the encode/decode process need not to invertible. That is,
when compressing a file, transmitting it, and then decompressing it, the user expects to get the
original back, accurate down to the last bit. With multimedia, this requirement does not exist. It
is usually acceptable to have the video signal after encoding and then decoding is slightly
different than the original. When the decoded output is not exactly equal to the original input, the
system is said to be lossy. If the input and output are identical, the system is lossless. Lossy
systems are important because accepting a small amount of information loss can give a huge

payoff in terms of the compression ratio possible.

1.1.3 Image Compression System

Some of the most successful image compression techniques (both lossless and

lossy) involve the following three major stages: image transformation, quantization



(lossy compression only) and encoding. Fig 1.1 shows the block diagram of simple

compression system.

L

Quantize Encode

L]

Transform

y

Image

Fig 1.1: Block diagram of Simple compression System

(a) Transform

Image transform, sometimes referred to as decorrelation, is used to reduce the

dynamic range of the signal, to eliminate redundant information, and to provide a

suitable representation for entropy encoding.

A transform should satisfy three conditions [3]:

(i) All transform coefficients become statistically independent.

(i) Energy of the transformed image is compacted into a minimum number of

coefficients.

(iif) The transform coefficients are concentrated in minimum frequency or transform

Scale regions

(b) Quantizer



A Quantizer reduces the precision of the values generated by the transform and therefore
reduces the number of bits required to save the transform co-coefficients. Quantization is
fundamentally lossy,the loss in decompressed image is due to this section.

(c) Entropy Encoder

An entropy encoder does further compress the quantized values. This is done to achieve
even better overall compression. The various commonly used entropy encoders are the Huffman
encoder, arithmetic encoder, and simple run-length encoder. For better performance with

compression, it’s important to have the best of all the three components.

1.1.4 Compression Schemes

Compression schemes can be divided into two general categories: entropy encoding and
source encoding [4].
(a) Entropy Encoding

Entropy encoding just manipulates bit streams without regard to what the bits mean. It is a
general, lossless, fully reversible technique, applicable to all data. .

The first type of entropy encoding is run-length encoding. In many kinds of data, strings
of repeated symbols (bits, numbers etc.) are common. These can be replaced by a special marker
not otherwise allowed in the data, followed by the symbol comprising the run, followed by how
many times it occurred. If the special marker itself occurs in the data, it is duplicated (as in
character stuffing). For example, consider the following string of decimal digits.

3150000000000008458711111111111116354670000000000000065
If we now introduce A as the marker and use two digit numbers for the repetition count,

we can encode the above digit string as



315A01284587A11316354674A02265

Here run length encoding has cut the data string in half.

Runs are common in multimedia. In audio, silence is often represented by runs of zeros.
In video, runs of the same color occur in shots of the sky, walls, and many flat surfaces. All of
these runs can be greatly compressed.

The second type of entropy encoding is statistical encoding. In this we use a short code to
represent common symbols and long ones to represent infrequent ones. Morse code uses this
principle, with E being and Q being... and so on. Huffman coding and the Ziv-Lempel algorithm
used by the UNIX compress program also use statistical encoding.

The third type of entropy encoding is CLUT (Color Look up Table) encoding. Consider
an image using RGB encoding with 3 bytes/pixel. In theory, the image might contain as many as
2% different color values. In practice, it will normally contain many fewer values, especially if
the image is a cartoon or computer generated drawing, rather than a photograph. Suppose that
only 256 color values are actually used. A factor of almost three compressions can be achieved
by building a 768 byte table listing the RGB values of the 256 colors actually used, and then
representing each pixel by the index of its RGB value in the table. This is a clear example where
encoding is slower than decoding because encoding requires searching the table whereas
decoding can be done with a single indexing operation.

(b) Source Encoding

Source encoding, takes advantage of properties of the data to produce more (usually
lossy) compression. Some examples of source encoding are, the first example is differential
encoding, in which a sequence of values (e.g. audio samples) are encoded by representing each

one as the difference from the previous value. Differential pulse code modulation is an example



of this technique. It is lossy because the signal might jump so much between two consecutive
values that the difference does not fit in the field provided for expressing differences, so at least
one incorrect value will be recorded and some information lost.

Differential encoding is a kind of source encoding because it takes advantage of the
property that large jumps between consecutive data points are unlikely .Not all the sequence of
numbers have this property

The other type of source encoding consists of transformations .By transforming signals
from one domain to another, compression may become easier .If we take the Fourier transform
of 1-D signal in which we represent a function of time as a list of amplitudes now if we give the
exact value of all amplitudes, the original function can be reconstructed perfectly .However by
only giving the values of, say first 8 amplitudes rounded to first two decimal places, the signal
can still reconstructed so well that the listener can’t tell that some information has been lost. The
gain is that transmitting 8 amplitudes require many fewer bits than transmitting the sampled
waveform.

Transformations are also applicable to 2-D image data. Suppose that 4 X 4 matrix given
in Fig. 1.2(a) represents the gray scale value of monochrome image. Transform these data by
subtracting the value in the upper left hand corner from all elements except itself, as shown in
Fig. 1.2(b). This transformation might be useful if variable-length encoding is used. For example,
values between -7 and +7 could be encoded with 4-bit numbers and values between 0 and 255

could be encoded as a special 4-bit code (-8) followed by an 8-bit number.

160 160 161 160 160 0 1 O
161 165 166 158 I 5 6 -2
160 167 165 161 0 7 5 1
159 160 160 160 -1 01 O



Fig. 1.2(a) Fig. 1.2(b)

Although this simple transformation is lossless, other, more useful ones are not. An
especially important two-dimensional spatial transformation is the DCT (Discrete Cosine
Transformation) [5-7]. This transformation has the property that for images without sharp
discontinuities, most of the spectral power is in the first few terms, allowing the later ones to be
ignored without much information loss. In this thesis fractional version of DCT called Discrete
Fractional Cosine Transform (DFRCT) is used as transformation.

The third example of source encoding is vector quantization, which is also directly
applicable to image data. Here, the image is divided up into fixed-size rectangles.

In addition to the image itself, we also need a table of rectangles of the same size as the
image rectangles (possibly constructed from the image). This table is called the code book. Each
rectangle is transmitted by looking it up in the code book and just sending the index instead of
the rectangle. If the code book is created dynamically (i.e. per image), it must be transmitted, too.
Clearly, if a small number of rectangles dominate the image, large savings in bandwidth are
possible here.

An example of vector quantization is shown in Fig.1.3. In Fig. 1.3(a) we have a grid of
rectangles of unspecified size. In Fig. 1.3(b) we have the code book. The output stream is just the

list of integers 001022032200400 shown in Fig. 1.3(c) each one represents an entry from the

code book.
0O 1|0 1 0 0 010110212103 |212|01|01410
2 |2 2 0 1

» Encoded Image




l l

Square with many Code Book
pixel values

Fig. 1.3(a) Fig. 1.3(b) Fig. 1.3(c)

In a sense, vector quantization is just a two-dimensional generalization of CLUT. The
real difference is what happens if no match can be found. Three strategies are possible. The first
one is to use the best match, and append some information about how to second one is to use the
best match, and append some information about how to improve the match. The first two
strategies are lossy but exhibit high compression. The third is lossless but less effective as a
compression algorithm. By this, it is seen that encoding (pattern matching) is far more time

consuming than decoding (indexing into a table).

1.2 ENCRYPTION

The explosive growth in the use of computers for storing information and e-mail

for transmitting it, and the arrival of e- commerce, has led to cryptography becoming an

essential feature of modern communications and data storage. Cryptography is the

study of mathematical techniques related to aspects of information security such as

confidentiality, data integrity, entity authentication and data origin authentication.

Encryption is an area of cryptography involving the transformation of information



into some gibberish form, thus ensuring privacy by keeping the information hidden from

anyone for whom it is not intended - one may wish to encrypt files on a hard disk to

prevent an intruder from reading them, or in a multi-user setting, encryption allows

secure communication over an insecure channel. An example of this: A wishes to send

a message to B so that no one else besides B can read it. A encrypts the message

(plaintext) with an encryption key; the encrypted message (cipher text) is sent to B. B

decrypts the cipher text with the decryption key and reads the message. An attacker, C,

may either try to obtain the secret key or to recover the plaintext without using the

secret key. In a secure cryptosystem, the plaintext cannot be recovered from the cipher

text except by using the decryption key.

Till today the most successful image encryption scheme is random phase

encoding in fractional domain. In this thesis DFRCT with random phase masking is used

as basic cryptographic tool. This double phase encoding scheme encrypts the image

into different fractional orders and random distribution that the unauthorized person by



no means access the image without keys. The significant feature of image encryption

benefits from its extra degree of freedom that is provided by fractional orders.

1.3 OBJECTIVE

In this thesis Fractional version of Discrete Cosine Transform (DCT) called

Discrete Fractional Cosine Transform (DFRCT) is used as basic tool in image

processing for applications like image compression and image encryption. It is seen that

due to its fractional order DFRCT may find its place in many applications where DCT is

found to be useful. The objectives of thesis are

1. To form 2-D DFRCT from 1-D DFRCT by applying 1-D DFRCT to each row of matrix

and then to each column of result.

2. To implement DFRCT on four natural gray scale still images and study the effects of

variations of cutt off, Compression Ratio (CR) and fractional order.

3. To prove DFRCT due to its free parameter its fraction ‘a’ provides better result than

DCT in the field of image compression



4. To encrypt the image using fractional orders of DFRCT along with the random phase

masking and to show this encrypto system gives nearly zero MSE between original

and decrypted image.

1.4 ORGANIZATION

The thesis is organized in six chapters:

Chapter 2 describes the basic concept of Discrete Cosine Transform. This

chapter shows how the image is decompressed into its underlying frequency

coefficients. In end this chapter gives the mathematical definition for 1-D & 2-D Discrete

Fractional Cosine Transform.

Chapter 3 describes the Fractional operators, need of discretizatio, in end

calculation of DRFCT kernel from Hermite eigenvectors and eigenvalues.

Chapter 4 gives the various steps to implement 2-D Discrete Fractional Cosine

Transform on image.



Chapter 5 gives the image encryption algorithm using Fractional orders of
Fractional Discrete Transforms with random phase masking.

Chapter 6 gives the results of implementation of DRFCT on four natural gray
scale cons, cameraman, Lena & Rice images for applications like image compression &
image encryption.

In the end of thesis the whole work is concluded.

Chapter 1
INTRODUCTION

Introduction

Digital image processing techniques are used to enhance the quality of image and to
reduce the data needed to represent the image without visually affecting the quality of image.
The objective of compression is to reduce the data volume and achieve reproduction of the
original data without any perceived loss in data quality. Applications of compression include
digital imaging. Compression of medical images for efficient use of storage space and
transmission bit rate has become a necessity.

Cryptographic techniques are used to scramble images so that an adversary could
not the original image without knowing the secret key. The objective of encryption is to
transform data into an unreadable form to ensure privacy. Encryption was widely used in

military imaging for secure transmission of information. Today, however, encryption is widely



used by everyone to transmit information such as commercial transactions (exchange of credit
card information, etc.).

In the case of the former, the "compressed" data needs to be uncompressed to the original
form while in the case of the latter; the "encrypted" data needs to be decrypted to the original

form.

1.1 IMAGE COMPRESSION

Today transmitting multimedia material in uncompressed form is completely out of
question. The only hope is that massive compression is possible. Fortunately a large body of
research over past few decades has led to many compression techniques and algorithms that
make multimedia transmission feasible. There is a problem of storing, transmitting and
manipulating digital image because of the size of image files involved, transmitting images will
always consume large amount of bandwidth and storing images will require hefty resources as

shown in Table 1

Table 1.1 Multimedia data types and uncompressed storage space, transmission

bandwidth, and transmission time required.

o Transmission
Bits/Pixel or Uncompressed || Transmission Time (using a
Multimedia Data || Size/Duration . Size Bandwidth
Bits/Sample || gt bytes) || (b for bits) 28.8K
yt Modem)
» » Varying 32-64
A page of text 11”x 8.5 resolution 4-8 KB Kb/page 1.1-2.2sec
Telephone 10 sec 8 bps 80 KB 64 Kb/sec 22.2 sec
quality speech
Grayscale Image H 512 x 512 H 8 bps || 262 KB H2.1 Mb/image” 1 min 13 sec
6.29 .
Color Image 512 x 512 24 bps 786 KB Mb/image 3 min 39 sec
Medical Image || 2048 x 1680 12 bps 5.16 MB 41.3 23 min 54 sec




Mb/image

100 .
SHD Image 2048 x 2048 24 bps 12.58 MB Mb/image 58 min 15 sec
640 x 480, 1
Full-motion min
Video (30 24 bps 1.66 GB 221 Mb/sec || 5 days 8 hrs
frames/sec)

The examples above clearly illustrate the need for sufficient storage space, large

transmission bandwidth and long transmission time for image, audio, and video data [1].

1.1.1 Principal behind Compression

In images the neighboring pixels are correlated and therefore contain redundant

information [2]. The fundamental components of compression are redundancy and irrelevancy

reduction. Redundancy means duplication and Irrelevancy means the parts of signal that will not

be noticed by the signal receiver, which is the Human Visual System .

There are three types of redundancy can be identified:

e Spatial Redundancy i.e. correlation between neighboring pixel values.

e Spectral Redundancy i.e. correlation between different color planes or spectral bands.

e Temporal Redundancy i.e. correlation between adjacent frames in a sequence of images

(in video applications).

Image compression focuses on reducing the number of bits needed to represent an image

by removing the spatial and spectral redundancies. The audio, video and image signals are




available to be compressed, because there is a considerable redundancy in these signals. Since

this thesis is about still image compression, therefore temporal redundancy is not relevant.

1.1.2 Asymmetries in compression Algorithms

There are certain asymmetries in compression algorithms that are important to
understand:-

All compression systems require two algorithms, one for compressing the data at the
source, and another for decompressing it at the destination. These algorithms are also referred as
encoding and decoding algorithm. They have certain asymmetry like, for many applications a
multimedia document, say, a movie only be encoded once but will be decoded thousands of time.
This asymmetry means that it is acceptable for encoding algorithm to be slow and require
expensive hardware provided that decoding algorithm is fast and does not require expensive
hardware. After all, the operator of a multimedia server might be quite willing to rent a parallel
supercomputer for a few weeks to encode its entire video library, but requiring consumers to rent
a supercomputer for 2 hours to view a video is not likely to be a big success. Many practical
compression systems go to great lengths to make decoding fast and simple, even at the price of
making encoding slow and complicated.

On the other hand, for real time multimedia, such as video conferencing, slow encoding
is unacceptable. Encoding must happen on the fly, in real time. So, real-time multimedia uses
different algorithms or parameters than storing videos on disk, often with appreciably less
compression.

A second asymmetry is that the encode/decode process need not to invertible. That is,

when compressing a file, transmitting it, and then decompressing it, the user expects to get the



original back, accurate down to the last bit. With multimedia, this requirement does not exist. It
is usually acceptable to have the video signal after encoding and then decoding is slightly
different than the original. When the decoded output is not exactly equal to the original input, the
system 1is said to be lossy. If the input and output are identical, the system is lossless. Lossy
systems are important because accepting a small amount of information loss can give a huge

payoff in terms of the compression ratio possible.

1.1.3 Image Compression System

Some of the most successful image compression techniques (both lossless and

lossy) involve the following three major stages: image transformation, quantization

(lossy compression only) and encoding. Fig 1.1 shows the block diagram of simple

compression system.

w
L]
L

Image Transform Quantize Encode

Fig 1.1: Block diagram of Simple compression System

(a) Transform



Image transform, sometimes referred to as decorrelation, is used to reduce the

dynamic range of the signal, to eliminate redundant information, and to provide a

suitable representation for entropy encoding.

A transform should satisfy three conditions [3]:

(i) All transform coefficients become statistically independent.

(i) Energy of the transformed image is compacted into a minimum number of

coefficients.

(iif) The transform coefficients are concentrated in minimum frequency or transform

Scale regions

(b) Quantizer

A Quantizer reduces the precision of the values generated by the transform and therefore
reduces the number of bits required to save the transform co-coefficients. Quantization is
fundamentally lossy,the loss in decompressed image is due to this section.
(c) Entropy Encoder

An entropy encoder does further compress the quantized values. This is done to achieve
even better overall compression. The various commonly used entropy encoders are the Huffman
encoder, arithmetic encoder, and simple run-length encoder. For better performance with

compression, it’s important to have the best of all the three components.



1.1.4 Compression Schemes

Compression schemes can be divided into two general categories: entropy encoding and
source encoding [4].
(a) Entropy Encoding
Entropy encoding just manipulates bit streams without regard to what the bits mean. It is a
general, lossless, fully reversible technique, applicable to all data. .

The first type of entropy encoding is run-length encoding. In many kinds of data, strings
of repeated symbols (bits, numbers etc.) are common. These can be replaced by a special marker
not otherwise allowed in the data, followed by the symbol comprising the run, followed by how
many times it occurred. If the special marker itself occurs in the data, it is duplicated (as in
character stuffing). For example, consider the following string of decimal digits.

3150000000000008458711111111111116354670000000000000065

If we now introduce A as the marker and use two digit numbers for the repetition count,
we can encode the above digit string as

315A01284587A11316354674A02265

Here run length encoding has cut the data string in half.

Runs are common in multimedia. In audio, silence is often represented by runs of zeros.
In video, runs of the same color occur in shots of the sky, walls, and many flat surfaces. All of
these runs can be greatly compressed.

The second type of entropy encoding is statistical encoding. In this we use a short code to
represent common symbols and long ones to represent infrequent ones. Morse code uses this
principle, with E being and Q being... and so on. Huffman coding and the Ziv-Lempel algorithm

used by the UNIX compress program also use statistical encoding.



The third type of entropy encoding is CLUT (Color Look up Table) encoding. Consider
an image using RGB encoding with 3 bytes/pixel. In theory, the image might contain as many as
2% different color values. In practice, it will normally contain many fewer values, especially if
the image is a cartoon or computer generated drawing, rather than a photograph. Suppose that
only 256 color values are actually used. A factor of almost three compressions can be achieved
by building a 768 byte table listing the RGB values of the 256 colors actually used, and then
representing each pixel by the index of its RGB value in the table. This is a clear example where
encoding is slower than decoding because encoding requires searching the table whereas
decoding can be done with a single indexing operation.

(b) Source Encoding

Source encoding, takes advantage of properties of the data to produce more (usually
lossy) compression. Some examples of source encoding are, the first example is differential
encoding, in which a sequence of values (e.g. audio samples) are encoded by representing each
one as the difference from the previous value. Differential pulse code modulation is an example
of this technique. It is lossy because the signal might jump so much between two consecutive
values that the difference does not fit in the field provided for expressing differences, so at least
one incorrect value will be recorded and some information lost.

Differential encoding is a kind of source encoding because it takes advantage of the
property that large jumps between consecutive data points are unlikely .Not all the sequence of
numbers have this property

The other type of source encoding consists of transformations .By transforming signals
from one domain to another, compression may become easier .If we take the Fourier transform

of 1-D signal in which we represent a function of time as a list of amplitudes now if we give the



exact value of all amplitudes, the original function can be reconstructed perfectly .However by
only giving the values of, say first 8 amplitudes rounded to first two decimal places, the signal
can still reconstructed so well that the listener can’t tell that some information has been lost. The
gain is that transmitting 8 amplitudes require many fewer bits than transmitting the sampled
waveform.

Transformations are also applicable to 2-D image data. Suppose that 4 X 4 matrix given
in Fig. 1.2(a) represents the gray scale value of monochrome image. Transform these data by
subtracting the value in the upper left hand corner from all elements except itself, as shown in
Fig. 1.2(b). This transformation might be useful if variable-length encoding is used. For example,
values between -7 and +7 could be encoded with 4-bit numbers and values between 0 and 255

could be encoded as a special 4-bit code (-8) followed by an 8-bit number.

160 160 161 160 160 0 1 0
161 165 166 158 1 5 -2
160 167 165 161 0 7 5 1
159 160 160 160 -1 0 0
Fig. 1.2(a) Fig. 1.2(b)

Although this simple transformation is lossless, other, more useful ones are not. An
especially important two-dimensional spatial transformation is the DCT (Discrete Cosine
Transformation) [5-7]. This transformation has the property that for images without sharp
discontinuities, most of the spectral power is in the first few terms, allowing the later ones to be
ignored without much information loss. In this thesis fractional version of DCT called Discrete
Fractional Cosine Transform (DFRCT) is used as transformation.

The third example of source encoding is vector quantization, which is also directly

applicable to image data. Here, the image is divided up into fixed-size rectangles.



In addition to the image itself, we also need a table of rectangles of the same size as the
image rectangles (possibly constructed from the image). This table is called the code book. Each
rectangle is transmitted by looking it up in the code book and just sending the index instead of
the rectangle. If the code book is created dynamically (i.e. per image), it must be transmitted, too.
Clearly, if a small number of rectangles dominate the image, large savings in bandwidth are
possible here.

An example of vector quantization is shown in Fig.1.3. In Fig. 1.3(a) we have a grid of
rectangles of unspecified size. In Fig. 1.3(b) we have the code book. The output stream is just the

list of integers 001022032200400 shown in Fig. 1.3(c) each one represents an entry from the

code book.
0 |0 1 0 0 0/0(1]0|2(2]{0|3]2]|2|0]0[4]0
2 |2 2 0 1
» Encoded Image
3 2 2 0 2
0 4 0 0 3
Square with many Code Book

pixel values

Fig. 1.3(a) Fig. 1.3(b) Fig. 1.3(c)

In a sense, vector quantization is just a two-dimensional generalization of CLUT. The
real difference is what happens if no match can be found. Three strategies are possible. The first
one is to use the best match, and append some information about how to second one is to use the

best match, and append some information about how to improve the match. The first two



strategies are lossy but exhibit high compression. The third is lossless but less effective as a
compression algorithm. By this, it is seen that encoding (pattern matching) is far more time

consuming than decoding (indexing into a table).

1.2 ENCRYPTION

The explosive growth in the use of computers for storing information and e-mail

for transmitting it, and the arrival of e- commerce, has led to cryptography becoming an

essential feature of modern communications and data storage. Cryptography is the

study of mathematical techniques related to aspects of information security such as

confidentiality, data integrity, entity authentication and data origin authentication.

Encryption is an area of cryptography involving the transformation of information

into some gibberish form, thus ensuring privacy by keeping the information hidden from

anyone for whom it is not intended - one may wish to encrypt files on a hard disk to

prevent an intruder from reading them, or in a multi-user setting, encryption allows

secure communication over an insecure channel. An example of this: A wishes to send

a message to B so that no one else besides B can read it. A encrypts the message

(plaintext) with an encryption key; the encrypted message (cipher text) is sent to B. B



decrypts the cipher text with the decryption key and reads the message. An attacker, C,

may either try to obtain the secret key or to recover the plaintext without using the

secret key. In a secure cryptosystem, the plaintext cannot be recovered from the cipher

text except by using the decryption key.

Till today the most successful image encryption scheme is random phase

encoding in fractional domain. In this thesis DFRCT with random phase masking is used

as basic cryptographic tool. This double phase encoding scheme encrypts the image

into different fractional orders and random distribution that the unauthorized person by

no means access the image without keys. The significant feature of image encryption

benefits from its extra degree of freedom that is provided by fractional orders.

1.3 OBJECTIVE

In this thesis Fractional version of Discrete Cosine Transform (DCT) called

Discrete Fractional Cosine Transform (DFRCT) is used as basic tool in image

processing for applications like image compression and image encryption. It is seen that



due to its fractional order DFRCT may find its place in many applications where DCT is

found to be useful. The objectives of thesis are

1. To form 2-D DFRCT from 1-D DFRCT by applying 1-D DFRCT to each row of matrix

and then to each column of result.

2. To implement DFRCT on four natural gray scale still images and study the effects of

variations of cutt off, Compression Ratio (CR) and fractional order.

3. To prove DFRCT due to its free parameter its fraction ‘a’ provides better result than

DCT in the field of image compression

4. To encrypt the image using fractional orders of DFRCT along with the random phase

masking and to show this encrypto system gives nearly zero MSE between original

and decrypted image.

1.4 ORGANIZATION

The thesis is organized in six chapters:



Chapter 2 describes the basic concept of Discrete Cosine Transform. This

chapter shows how the image is decompressed into its underlying frequency

coefficients. In end this chapter gives the mathematical definition for 1-D & 2-D Discrete

Fractional Cosine Transform.

Chapter 3 describes the Fractional operators, need of discretizatio, in end

calculation of DRFCT kernel from Hermite eigenvectors and eigenvalues.

Chapter 4 gives the various steps to implement 2-D Discrete Fractional Cosine

Transform on image.

Chapter 5 gives the image encryption algorithm using Fractional orders of

Fractional Discrete Transforms with random phase masking.

Chapter 6 gives the results of implementation of DRFCT on four natural gray

scale cons, cameraman, Lena & Rice images for applications like image compression &

image encryption.

In the end of thesis the whole work is concluded.



Chapter 2
DISCRETE COSINE TRANSFORM

Introduction

In this chapter an especially important two-dimensional spatial Discrete Cosine transformation
(DCT) is discussed. This transformation has the property that for images without sharp
discontinuities, most of the spectral power is in the first few terms, allowing the later ones to be
ignored without much information loss. Due to it’s this property it is widely used in the field of

image compression.

2.1 BASIC DCT CONCEPTS

It is seen that the human visual system response is very dependent on spatial frequency. If
we could somehow decompose the image into a set of waveforms, each with a particular spatial
frequency, we might be able to separate the image structure the eye can see from the structure

that is imperceptible. The DCT can provide a good approximation to this decomposition [8].

2.1.1 The one-dimensional DCT
To understand how an image can be decomposed into its underlying spatial frequencies,
first consider a one-dimensional (1-D) case. Start with a set of eight arbitrary grayscale samples

such as is shown in Fig. 2.1.

Eight Arbitrary Gray-Scale Sample

Sample Value

Fig. 2.1(a)
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Fig. 2.1(b)

Coefficeints for decomposition into
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Fig. 2.1(c)

The samples have values in the range 0 to 255, but after a level shift by 128 (as is done
by JPEG), we get the values f(x)in Fig. 2.1(b). To decompose these eight sample values into a

set of waveforms of different spatial frequencies.

Fig. 2.2 shows a set of eight different cosine waveforms of uniform amplitude, each

sampled at eight points. The top-left waveform (k =0)is simply a constant, whereas the other

seven waveforms (k =1,......,7) show an alternating behavior at progressively higher frequencies



K=0 H=4

k=1 k=5

K=2 k=6

Fig. 2.2 Cosine Basis Waveforms

These waveforms (which are called cosine basis functions) are said to be orthogonal. A
set of waveforms is orthogonal if it has the following interesting property: if the product of any
two waveforms in the set at each sampling point, and sum these products over all sampling
points, the result is zero. If the waveform is multiplied by itself and summed, the result is a
constant. For example, the product of waveform O and waveform 1, is taken and the sum is
calculated over all the sample points, the result is zero. On the other hand, the product of
waveform 1 with itself is taken, the product at each sample point is the square of the waveform
value; therefore, the sum of the products over all sample points is a positive constant (which is

used to define a scale factor for the waveforms).



Orthogonal waveforms are independent. That is, there is no way that a given waveform
can be represented by any combination of the other waveforms. However, the complete ser of
eight waveforms when scaled by numbers called coefficients and added together, can be used to

represent any eight sample values such as those in Fig. 2.1(b). The coefficients s(k) are plotted

in Fig. 2.1(c)
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Fig. 2.3 Progressively summed waveforms



Fig. 2.3 shows a sequence in which the eight scaled waveforms are progressively
summed, starting with the lowest frequency (adding one more each time), until finally the
original set of samples in reconstructed. The coefficients plotted in Fig. 2.1(c) are the output of
an 8-point DCT for the sample valued in Fig. 2.1(b).

The coefficient that scales the constant basis function (k=0) is called the DC

coefficient. The other coefficients are called AC coefficients. These names are derived from the
historical use of the DCT for analyzing electrical currents that had both direct-and alternating-
current (DC and AC) terms. The DC term gives the average over the set of samples.

The process of decomposing a set of samples into a scaled set of cosine basis functions is
called the Forward Discrete Cosine Transform (FDCT). The process of reconstruction the set of
samples from the scaled set of cosine basis functions is called the Inverse Discrete Cosine
Transform (IDCT). If the sample sequence is longer than eight samples, it can be divided into
eight-sample groups and DCT can be computed independently for each group. Because the
cosine basis functions always have the same set of values at each of the discrete sampling points,

only the coefficient values change from the one group of samples to the next.

2.1.2 The two-dimensional DCT
The 1-D DCT can be extended to apply to 2-D image arrays. Fig. 2.4 shows a set of 64 2-

D cosine basis functions that are created by multiplying a horizontally oriented set of 1-D 8-point
basis functions (shown in Fig. 1.2) by a vertically oriented set of the same functions.

The horizontally oriented set of basis functions represents horizontal frequencies and the
other set of basis functions represents vertical frequencies. By convention, the DC term of the
horizontal basis functions is to the left, and the DC term for the vertical basis functions is at the
top. So, the top row and the left column have 1-D intensity variations, which, if plotted, would be
the same as in Fig. 2.2 (neutral gray represents zero in these figures, white represents positive

amplitudes, and black represents negative amplitudes.)
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Fig. 2.4 2-D Cosine Basis

When scaled by an appropriate set of 64 coefficients, these 64 basis functions can be used
to represent any 64 sample values such as the 8x8 block of samples shown at the upper left
corner of the Fig. 2.5.

Fig. 2.5 also shows the sequence in which these 64 basis functions are progressively
summed following the zigzag sequence shown by the white connecting lines. The zigzag pattern,
which is used in the JPEG algorithms, approximately orders the basis functions from low to high
spatial frequencies.

Because the 2-D DCT basis functions are products of two 1-D DCT basis functions, the
only constant basis function is in the upper left corner of the array; the coefficient for this basis
function is called the DC coefficient, whereas the rest of the coefficients are called AC

coefficients.



Fig. 2.5 8x8 Block of Samples

2.2 DCT INTEGER QUANTIZATION

Quantization allows us to reduce the accuracy with which the DCT coefficients are
represented when converting the DCT to an integer representation. This can be very important in
image compression, as it tends to make many coefficients zero-especially those for high spatial
frequencies.

The quantization values can be set individually for each DCT coefficient, using criteria
based on visibility of the basis functions. By measuring the threshold for visibility of a given

basis function - the coefficients amplitude that is just detectable by the human eye. The



coefficients are divided by that value (with appropriate rounding to integer values). By
multiplying (dequantize) the scaled-down coefficients by that value before reconstructing, a
condition is created in which the eye should not be able to detect any difference between
quantized and unquantized DCT coefficient. To tolerate some visible artifacts in the
reconstructed image, the larger value of the visibility threshold can be used..

This process of scaling the DCT coefficients and truncating them to integer values is
called quantization, and the rescaling to restore approximately the original DCT coefficient

magnitude is called dequantization.

2.3 MATHEMATICAL DEFINITION OF DCT

2.3.1 The One Dimensional Discrete Cosine Transform

Let x(n)denotes a N point sequence that is zero outside 0 <n < N —1.Among several
variation consider one variation known as even symmetrical DCT , which is most often used in
signal coding application .To derive DCT relationship, it is convenient to relate N point

sequence x(n)to derive new 2N point sequence y(n), which is then related to its 2N point

DFT y(k). Then relate y(k) toC (k),then N point DCT of x(n)

N — point 2N —point DFT 2N — point N — point )1
x(n) o y(n) o Y(k)y & C.(k) '
The sequence x(n) is related to y(n)by
y(n)=x(n)+x2N-1-n» e 2.2

={x(m),0<n<N-1
{2N-1-n),N<n<2N-1



\ x(n) y(n) = x(n) + x(ZN -1 = pn)

Al

01 2 3 4 5
(a) (b)
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7

Fig 2.6

An example of x(n)and y(n)when N =4 is shown in Fig. 2.6. The sequence y(n)is

symmetric with respect to the half-sample point atn = N — 12. A periodic sequence ;c(n) is
formed by repeating x(n) every N points, ;c(n) has artificial discontinuities, since the beginning
and end part of x(n) are joined in the repetition process. A periodic sequence ;/(n) is formed by

repeating y(n)every 2N point, however, y(n)no longer contains the artificial discontinuities.

This is shown in Fig. 2.7 for x(n) and y(n)and for X (n) and Y (n) shown in Fig. 2.6.
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Fig. 2.7

The 2N point DFT Y (k) is related to y(n)by



2N-1
Y(k)=Y y(mW)5.0<k <2N -1 2.3a

n=0

Where
W,, = e /C72M 2.3b
From (2.3a) & (2.3b)
N-1 2N-1
Y(k) =Y x(mWyy + Y xQN -1-n)W,3.0< k <2N -1 2.4
n=0 n=N

With a change of variables and after some algebra, 2.4 can be expressed as

kN
Y(k)=W,2 ZZx(n)cos%k(2N+l),O <k<2N-1 2.5

n=0
The N point DCT of x(n), C_(k), is obtained from Y (k) by

k

C.() = {WAY(K), 0<k<2N-I e

0, otherwise

From (2.5) and (2.6)

N-1
T
- <k< -
cx(k):nzz(.)zx(”)COSZNk(ZnH), 0<k<2N-1 -

0, otherwise
Equation (2.7) is the definition of the DCT of x(n). From (2.7), C_(k),is a N point sequence, and
therefore N values of x(n) are represented by N values of C (k). If x(n)is real, C (k)is real. If
x(n) is complex, so is C_ (k). To derive the inverse DCT relation, we relate C_(k)to
Y(k), Y(k)Y(k) to y(n),y(n), then y(n)tox(n). First consider determining Y (k)from C_ (k).

Although Y(k)is a 2N point sequence and C (k)is an N point sequence, redundancy in



Y (k)due to the symmetry of y(z)allows us to determine Y(k)from C (k). Specifically, from

(2.5)
—k — <k< —
Y(k) = W,XY(2N —k), 0<k<2N-1 5 g
0, k=N
From (2.6) and (2.8)
W, C. (k) 0<k<N-1
Y(k)= 0, k=N 2.9

k

~W,2C. 2N -k), N+1<k<2N-1

The sequence Y (k)is related to y(n)through the 2N point inverse DFT relation given by

2N-1
y(n) = % Y Y(oW;" 0<n<2N -1 2.10

k=0

From (2.2), x(n) can be recovered from y(n)by

y(n), 0<n<N-1
x(n) = 2.11
0, otherwise
From (2.9), (2.10), and (2.11), and after some algebra, we get
C.(0)
ad <pn< N —
() = N[ ch (k)cos Sk@naD | 0sn<N-1 )
0, otherwise
Equation (2.12) can also be expressed as
1 N-1 T
— — <n<N-
) =1 ;w(k)Cx (kycos——k(2n+1), 0<n<N-1 5 134
0, otherwise
Where
! k=0
w(k) =42’ - 2.13b
I, 1<k<N-1

Equation (2.13) is the inverse DCT relation. From (2.7) and (2.13), we get FDCT



Discrete Cosine Transform Pair

FDCT 2.14a

N-1
T
i <L <N_
C.(k) ;:o 2x(n)cos N k(2n+1), 0<k<N-1

0, otherwise

1 b4
— Al <n<N-—
x(n) = N;W(k)cx(k)COSZNk(2n+1), 0<n<N-1 IDCT 7 14b

0, otherwise

From the derivation of the DCT pair, the DCT and inverse DCT can be computed by

Computation of Discrete Cosine Transform

Step 1. y(n)=x(n)+x(2N —-1-n)
Step 2. Y (k) = DFT[y(n)] (2N Point DFT computation)
k
Step 3. C.(k)y={WaY(k), 0<k<N-I
0, otherwise

Computation of Inverse Discrete Cosine Transform

W, C_ (k), 0<k<N-1
Step 1. Y(k)= 0, k=N

k

~W,2C.(2N—k), N+1<k<2N-1

Step 2. y(n) = IDFT [Y(k)]( 2N Point inverse DFT computation)
, 0<n<N-1
Step 3. x(n) = {y (), O=n<A
0, otherwise

In computing the DCT and inverse DCT, Steps 1 and 3 are computationally quite simple.
Most of the computations are in Step 2, where a 2N point DFT is computed for the DCT and a
2N point inverse DFT is computed for the inverse DCT. The DFT and inverse DFT can be

computed by using Fast Fourier transform (FFT) algorithms. In addition, because y(n)has

symmetry, the 2N point DFT and inverse DFT can be computed by computing the N point DFT



and the N point inverse DFT of an N point sequence. Therefore, the computation involved in
using the DCT is essentially the same as that involved in using the DFT.

In the derivation of the DCT pair, we have used an intermediate sequence y(n)that has

symmetry and whose length is even. The DCT derived is thus called an even symmetrical DCT.
It is also possible to derive the odd symmetrical DCT pair in the same manner. In the odd

symmetrical DCT, the intermediate sequence y(n)used has symmetry, but its length is odd. For

the sequence x(n)shown in Fig. 2.8(a), the sequence y(n)used is shown in Fig. 2.8(b). The

length of y(n)is 2N —1,and ;1(11), obtained by repeating y(n)every 2N —1points, has no
artificial discontinuities. The even symmetrical DCT is more commonly used, since the odd
symmetrical DCT involves computing an odd-length DFT, which is not very convenient when

one is using FFT algorithms.

A yin)=x(n) + x(2N =2 = n) = xIN = 1)8(n — (N = 1))

x(n)

Fig. 2.8

2.3.2 The Two-Dimensional Discrete Cosine Transform

The 1-D DCT can be extended straightforwardly to two dimensions. Let x(n,,n,)denote
a 2-D sequence of N ,xN, points that is zero outside 0 <n, < N, -1, 0<n, <N, —1.Derive the
2-D DCT pair by relating x(n,,n,)to a new 2N,x2N,point sequence y(n,,n,), which is then
related to its 2N, x2N, point DFT Y (k,,k,). Then relate Y(k,,k,)to C (k,,k,),the N ,xN,point
DCT. Specifically,

N,xN, — point 2N,x2N, — point 2N,x2N, — point N,xN, — point
x(n;,n,) “ y(n,,n,) “— Yk, ky) “ C, (k. ky)



The sequence x(n,,n,)is related to y(n,,n,)by

y(n,,n,)=x(n,,n,)+x2N, -1-n,,n,)+x(n,,2N, -1-n,)+x(2N, -1-n,,2N, —1-n,)
(2.16)

An example of x(n,,n,)and y(n,,n,)whenN, =3, N, =4is shown in Fig. 2.9(a) and (b),

respectively.
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Fig. 2.9

A periodic sequence ;c(nl, n2) with a period of N,xN,obtained by repeating x(n,,n,)is

shown in Fig. 2.10(a). A periodic sequence y(n,,n,)with a period of 2N ,x2N,obtained by
repeating y(n,,n,)is shown in Fig. 2.10(b). The artificial discontinuities present in );(nl, n2) are

not present in ;/(nl, n2). The sequence y(n,,n,)is related to Y (k,,k,)by

Y(k,,k,) = DFT[y(n,,n,)]. 2.17



The N,xN,point DCT of x(n,,n,),C (k,,k,),1s obtained from Y (k,,k,) by

ko ok
C.(k,,k,) = W War Yk ky), 0<k <N, -1, 0<k,<N,-1 718

0, otherwise
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Fig. 2.10

From (2.16), (2.17), and (2.18), and after some algebra

N,—IN,—1

T T
4x(n,,n,)cos——k,(2n, +1)cos k,(2n, +1),
ZOZO<> 2N11<1) 2N22(2)
C. (k. ky)=1 forO<k,<N,-10<k, <N, -1 2.19

0,otherwise

Equation (2.19) is the definition of the 2-D DCT. The inverse DCT can be derived by
relating C (k,,k,)toY(k,,k,), exploiting the redundancy in Y(k,,k,)due to the symmetry of



y(n,,n,),relating Y(k,,k,)to y(n,,n,)through the inverse DFT relationship, and then relating

y(n,,n,)tox(n,,n,). The result is

1 NS

T b4
w, (k)w, (k,)C (k,,k,)cos——k,(2n, +1)cos k,(2n, +1),
NN, A kO ()C ki K eos -k (2 + Deos ks (2, +1)
x(n,,n,) =+ forO<n <N, -1,0<n,<N, -1
0,otherwise
2.20a
Where
! k=0
w (k) =472’ L 2.20b
I, 1<k <N,-1
1 I =
w,(k,)=139" 2 2.20c
I, 1<k, <N,-1
From (2.19) and (2.20), FDCT is written as
Two-Dimensional Discrete Cosine Transform Pair
lfo’l4x(n n )cosik (2n, +1)cos il k,(2n, +1)
P 1072 2N1 1 1 2N2 2 2 )
C.(k,k,) =1 forO<k, <N, -10<k, <N, -1 FDCT 2.21a
0,otherwise
1 NNl P P
w, (k))w,(k,)C. (k,,k,)cos——k,(2n, +1)cos——k,(2n, +1),
N, i 1 KW () (ko) cos ook (2ny +Deos Tk (2, +1)
x(n;,n,) =1+ for0<n, <N, -1,0<n, <N, -1

0, otherwise

IDCT 2.21b



Chapter 3

DISCRETE FRACTIONAL COSINE TRANSFORM

Introduction

There is a close relationship between the conventional Discrete Cosine Transform (DCT)
and Discrete Fourier Transform (DFT). This chapter introduce another transform, the Discrete
Fractional Cosine Transform (DFRCT), which has a similar relationship with the Discrete
Fractional Fourier Transform (DFRFT). The DFRCT share many useful properties of the
regular DCT, and it has a free parameter, its fraction. When the fraction is zero, we get the
cosine modulated version of the input signal. When it is unity, we get the conventional DCT. As
the fraction changes from 0 to 1 we get different forms of the signal which interpolate between
the cosine modulated form of the signal and its DCT representation. Thus, DFRCT is a general
form of DCT which has an additional free parameter, and with this free parameter it may find its

place in many applications where DCT is found to be useful.

3.1 FRACTIONAL OPERATIONS

The fourth power of 7 may be defined as 7= 7x7x7x7, but it is not obvious from this
definition how one might define 7*°. It must have taken sometime before the common definition
7% = 7" = N7 emerged. The first and second derivatives of the function f (x) are commonly

denoted by:



2
i\ f (x) respectively.
dx

J

dflx) o dfG)_d {df(X)}:d[df(x)/dX]:[
dx dx dx| dx dx

Higher order derivatives are defined similarly. Now what the 1.5™ derivative of a function might

mean is not clear from the above definition. Let F (i) denote the Fourier transform of f(x). The

d"f(x)

n

FT of the nth derivative of f(x) {i.e. } is known to be given by (i2mu)" F (W), for any

positive integer n. Now let us generalize this property by replacing n with the real order ‘a’ and

d*f(x)

a

take it as the a™ derivative of f(x). Thus to find , the a™ derivative of f(x), find the inverse

Fourier transform of (i2muw)* F (W). In both of these examples we are dealing with the fractions of

an operation performed on an entity, rather than fractions of the entity itself. 2°° is the square root

dO.Sf(x)

is the
dx05

of the integer 2. The function [f(x)]JS is the square root of the function f(x). But

0.5
0.5™ derivative of f(x) with (dfd_(xn being the square root of the derivative operatordi. The
x X
process of going from the whole of an entity to fractions of it underlies several of the more

important conceptual developments. e.g. fuzzy logic, where the binary 1 & 0 are replaced by

continuous values representing our certainty or uncertainty of a proposition.



3.2  FRACTIONAL COSINE TRANSFORM

The DFRCT, which is the generalization of cosine transform. The real part of FRFT
kernel was chosen as the kernel for Fractional Cosine Transform as in case of (CT) where
real part of FT is chosen as (CT) kernel.

The FRFT belongs to the class of time frequency representation that has been
extensively used by the signal processing community. In all the time frequency
representation, one normally uses a plane with two orthogonal axis corresponding to time
& frequency. If we consider a signal x(7)to be represented along the time axis and its
ordinary FT X(F)to be represented along the frequency axis, then the FT operator
(denoted by F) can be visualized as change in representation of signal corresponding to
counter clock wise rotation of the axis by an angle n/2 [9,10]. This is consistent with some of
absorb properties of FT. For example, two successive rotations of a signal through n/2 will
result in an inversion of time axis. Moreover, four successive rotations will leave the signal
unaltered since a rotation through 27 of the signal should leave the signal unaltered. The
FRFT is a linear operator that corresponds to rotation of signal through an angle which is
not multiple of /2, that is it is the representation of the signal along the axis u making an

angle o with time axis.

The FRFT F“(u) of a function f(x)is defined as

Fu)=RE[f (x)ku)= ﬁ .[k“ (x,u)f (x)exp(= jux/sin & )dx, (3.1)

Where



exp jE (x} !
k, (x,u)= —CXP[E j(x2 +u’ )cot 0{} (3.2)

A jsino
1 . .
For o = En’, for which k_,,(x,u)=1,we have the normal FT, while for «—0 we have the

identity transformation: F°(x) = f(x). The FRFT of an even function is even, while the FRFT of

an odd function is odd. Consider one sided function f(x), with f(x)=0 for x <0, and define

the FRCT as

Fou)=RE[f ()= RE[f ()% £ 0)Mu)= F )+ F* (-u) (3.3)

= \/%T k, (x,u)f (x)cos(ux / sin & )dx, =0)

which reduces to the normal Cosine Transform (CT) for 6{2%75. To express the

relationship between the FRFT of one sided function Cosine Transform (CT) and Sine

transform (ST) of this function in a different way, it can be written as
2F*(tu) = F*(u)texp(- ja)F* (u) (3.4)

Considering the kernels of the fractional transforms R“,

R : (llﬂ)(a (x,u)exp(— jux/sin) (3.5)
R®: /327 ke, (x,u)cos(ux / sin cx) (3.6)

R”is related to the even part of R, .In general we conclude that, to determine the FRCT

of a one sided function f(x), we can as well determine the FRFT of the evenly extended two-

sided function f(x)+ f (- x)



3.3 CALCULATION OF DFRCT KERNEL

With the advent of computers and enhanced computational capabilities the Discrete
Fourier Transform (DFT) and Discrete Cosine Transform (DCT) came into existence in
evaluation of FT for real time processing. Further these capabilities are enhanced by the
introduction of DSP processors and Fast Fourier Transform (FFT) algorithms. On similar lines,
so there arises a need for discretization of DFRCT [11]. This section introduces a discrete
version of continuous fractional cosine transform using discrete Hermite eigenvector.

There are four types of DCT’s and their kernel matrices are given as [12]:

1. DCT1
cl., = \/z[kk cos(m”” ﬂ 3.7)
N N
For mn=0,1,2,....ccccuuuuue...... N.
2. DCT-1I
1
T m ot
Cy = \/; k,, cos N (3.8)
For mn=12,..ccccccuueeee..... N —1.
3. DCT-III
1
) 5 m+ p
Cl = \/; k, cos N (3.9
For mn=12,..cccccouuueun..... N-—1.

4. DCT-IV



o]
m+—|n+
C,’vv—\/ik cos

3.10
N (3.10)

For mn=12,..cccccouuuuun..... N-—1.

k,and k, in the above four definition are defined as

1
— m=0and m=n
km_ﬁ\/g

L others
DCT-I kend havesymmretricrudureand peiicdicwith paiod 2. Thepaiadiaty
meansthat repaated goplicationsof DCT-1 wauld gvethearigna sequence DCT-
IV issameas DCT-l far symmrtry and paiicdiaty, but DCT-11 and DCT-1 1]
aaasarefaward andinvasetransvasepar of each ather and arenan-

peicdc Hee DCI-1 will bechasan and will beusad in derdqoing DFRCT.

3.3.1 Eigenvectors and Eigenvalues of kernel matrices:

TheDF T kend matrix hasfaur dsinad @ganvalues (1, -, -1, j) axdits

nultipliatiesaresummarizedin Table3.1.

Table 3.1 Eigen value multiplicities of DFT-I kernel matrices

N Multiplicity of | Multiplicity of | Multiplicity of | Multiplicity of j
1 - -1
4m m+1 m m m-1
4m+1 m+1 m m m
dm+2 m+1 m m+1 m
4m+3 m+1 m m+1 m




Baausethe DF T hasanly faur digind @genvalues theDF T égawvedas
will aongtitutefour agengoaces It istrivid tofindthat any vedar oanned by the
DF T agawvadasaxrepondngtothesareagawvaueisgill aDF T agawvadar.
Thedaethaeexid infiniteagawvedasfar theDF T kand matrix. The
nultipliatiesof DFT eégawalues arejud thedimensons of egengoaces

All the DFT eigenvectors are even or odd. The even eigenvectors with the eigenvalues 1,
—1 in addition, the odd eigenvectors correspond to the eigenvalues j or -j.

The DCT-I eigenvectors can be attained from the DFT eigenvectors [13, 14].
If v= [vo,vl, ...... SVnas Vi gs Vg seeeees V) ['is an even eigenvector of the (2N —2)point

DFT kernel matrix. F,, ,v = Av(1 =1,~1) Then

vz[vo,\/avl,...,\/zvN_z,vN_l]r (3.11)
will be an eigenvector of the N point DCT-I kernel matrix, where A is the corresponding
eigenvalue.
CyVv=Av (3.12)
Where
L v ! ‘
2 V2 V2 2
2
= cos cos W-2fz Lcos W -1
7 V2 -1 N-1 V2 N-1
Cy=——| M M M N
N-1 (N -2\ (N-2)x 1 (N=2XN-1)
——  cos cos —=Cos
V2 N -1 N-1 V2 N -1
2
1 Lcos (W -2)r Lcos (W -2Jv -1 lcos W-1yz
2 2 N -1 NG} N -1 2 N -1




The eigenvalues of DCT-I kernel matrices are only 1 and —1. Their multiplicities are shown in

Table 3.2.

Table 3.2 Eigen value multiplicities of DCT-I kernel matrices

N Multiplicity of 1 Multiplicity of -1
Odd N +1 N -1
2 2
Even N N
2 2

Now theN pant DFRFT kend isgvenby [15]:

1 0
ZE T e_ja T
Fy,=VyDJyVy =V, 0 Vy (3.13)
0 oI (N-De
Where V, = ﬁvo|vl| ....... |vN_1|1vk is the kth order DFT hermite eigenvector, and o indicates the

rotation angle of transform in time-frequency plane. When a=0, Fy 4 is an identity operator. If

a=m/2, the DFRFT becomes the conventional DFT. Similar to DFRFT, the N point DFRCT

kernel can be identified as:

0 o IN-Da

(3.14)

Where V, = ﬂv0|vl| ....... |vN_1|]vk is the DCT-I order eigenvector given by equation 3.11, and &

indicates the rotation angle of transform in the time-frequency plane. When a=0, Cy is an



identity operator. If a=m/2, the DFRCT becomes the conventional DCT. The steps were
constructing the N point DFRCT kernel with angular parameter o are summarized as follow :
Step 1: Compute the M _point DFT hermite even eigenvectors.

Where M, =2(N —-1)
Step 2: Use Step 1 to compute the DCT-I eigenvectors from the DFT hermite even eigenvectors.

Step 3: Determine the DRFCT transform kernel by the following equation.

o

CN,tx = VNDN”V]\?

Where V, = ﬂv0|v1| ....... |vN_1|] v, is the DCT-I eigenvector obtained from the kth order Hermite

eigenvector given by equation (3.11).



Chapter 4

IMAGE COMPRESSION USING DFRCT

Introduction

Image compression using transform coding yields extremely good compression with
controllable degradation of image quality. By adjusting the cut-off of transform coefficient, a
compromise can be made between image quality and compression factor. The human visual
system response is very dependent on spatial frequency. If we could somehow decompose the
image into a set of waveforms, each with a particular spatial frequency, we might be able to
separate the image structure the eye can see from the structure that is imperceptible. The DCT
can provide a good approximation to this decomposition. In this chapter, DRFCT is used as tool

for image compression.

4.1 IMAGE COMPRESSION ALGORITHM

Following steps are used in image compression using Discrete Fractional Cosine

Transform are:-

1. An image is first partition into non-overlapped NxN sub images.

2. A 2-D DRFCT is applied to each block at particular value of ‘a’. For simplicity, the ‘a’ order
along x and y direction are taken to be same. This is done to convert the gray scale levels of
pixels in spatial domain into coefficients in frequency domain.

3. The coefficients are normalized by different scale according to cut-off selected. To attain

higher compression the larger value of cut-off is selected. The quantized coefficients are



rearranged in a zigzag scan order i.e. from lower frequency components to higher frequency
components to be further compressed by efficient lossless coding strategies.
4. At decoder end simply inverse process of encoding by using inverse 2-D DFRCT is performed.

Inverse DFRCT is obtained by negative value of ‘a’ that used in forward DFRCT.

4.2 CHARACTERISTIC TO JUDGE COMPRESSION ALGORITHM

Image quality describes the fidelity with which an image compression scheme

recreates the source image data. There are four main characteristics to judge image-compression

algorithms:

I. Compression Ratio
2. Compression Speed
3. Mean Square Error

4. Peak Signal to Noise Ratio
These characteristics are used to determine the suitability of a given compression

algorithm for any application.

4.2.1 Compression Ratio

The compression ratio is equal to the size of the original image divided by the size of the
compressed image. This ratio gives how much compression is achieved for a particular image.

The compression ratio achieved usually indicates the picture quality. Generally, the
higher the compression ratio, the poorer the quality of the resulting image. The trade-off between

compression ratio and picture quality is an important one to consider when compressing images.



Some compression schemes produce compression ratios that are highly dependent on the
image content. This aspect of compression is called data dependency. Using an algorithm with a
high degree of data dependency, an image of a crowd at a football game (which contains a lot of
detail) may produce a very small compression ratio, whereas an image of a blue sky (which

consists mostly of constant colors and intensities) may produce a very high compression ratio.

4.2.2 Compression Speed

Compression time and decompression time are defined as the amount of time required to

compress and decompress a picture, respectively. Their value depends on the following

considerations:

. the complexity of the compression algorithm

. the efficiency of the software or hardware implementation of the algorithm
. the speed of the utilized processor or auxiliary hardware

Generally, the faster that both operations can be performed, the better. Fast compression
time increases the speed with which material can be created. Fast decompression time increases

the speed with which the user can display and interact with images.

4.2.3 Mean Square Error

Mean Square Error measures the cumulative square error between the original

and the compressed image.

The formula for MSE is giving as



MSE =(L)if[l(x, V)= y)f

NxN /=73
Where NxN is the size of image

I’(x,y) And I(x,y) are the matrix elements of the decrypted and original elements at (x,y)

pixel.

4.2.4 Peak Signal to Noise Ratio

Peak signal-to-reconstructed image measure known as PSNR.

The formula for PSNR is given as

PSNR =20%*log 10 L
sqrt( MSE )

Here signal is original image and noise is error in reconstructed image.

In general, a good reconstructed image is one with low MSE and high PSNR. That means

that the image has low error and high image fidelity.



Chapter 5

IMAGE ENCRYPTION USING DRFCT

Introduction

In this chapter, a novel technique for image encryption that uses cascaded multistages of
DFRCT with random phase mask at each stage is presented. This technique provides more
secure image encryption and zero mean square error, with the addition of extra degree of

freedom provided by DRFCT.

5.1 KEYS IN DRFCT

It has been recently noticed that Fractional Transforms can be used in encryption of
images [15]. In this encryption utilizes cascaded multistage DFRCT with random face filters in
between. The n-stage of DFRCT can provide n-dimensional extra keys indicated by the
fractional orders. In case of two-dimensional DFRCT transform, there are two different
fractional orders along x-axis and y-axis respectively. Such a system can have n-1 random phase
filters, so that the total encryption keys can be increased to as many as  3n-1. Thus the security
strength of the encryption keys may be greatly enhanced.

For simplicity, the ‘a’ order along x and y direction are taken to be same i.e. a, =a, =@

and three stages of DFRCT are cascaded together. Thus in the intermediate planes two randomly

encoded phase masks are used.



5.2 ALGORITHM FOR IMAGE ENCRYPTION

Algorithm consists of two parts Encryption to encrypt image and Decryption to retrieve image.

5.21 Encryption
The image encryption can be described as follows [16]. Let f(x,,y,), a real valued two-

dimensional data, denote the image that is to be encrypted. To this data DFRCT is applied
continuously three times with the fractional orders o, o, and o3, respectively. In the
intermediate stages two random phase masks

H, (xl,yl): [—i27£¢1(xl,yl )] and H, (xz,y2)= [—i27r¢2(x2,y2)] respectively are used.
Where ¢, (xz, yz) are randomly generated homogeneously distributed functions.

Thus the resultant transformed function w (x, y)can be written as

y(x y)= F2 4y, (0. v,)H, (6, 3, ))x. y) 6.1
with

w, (. y,)=F %y, (x,, y)H, &,y ), v,) 6.2
and

ACRIED IS TACN D) 6.3

The resultant transformed function  (x, y) can be regarded as the encrypted image.

5.2.2Decryption

The decryption process is the reverse operation with respect to the encryption. Firstly

take DFRCT of order -0 on the encrypted imagey (x,y) and multiplying the random phase



mask H, (x,,y,), and then the mid term function y,(x,, y,) is obtained. Then perform DFRCT of
order -0, on the function l//z(xz,yz)and multiplying the random phase mask H, (xl, yI), thus
function w, (x,,y,)will be recovered. After another DFRCT of order -0y on the
functiony, (x,,y,), the original image f (x,,¥,)1s obtained. Here the random phase masks

H, (x,,y,)and H,(x,,y,)are complex conjugates H,(x,,y, )and H,(x,,y,) respectively.



Chapter 5

IMAGE ENCRYPTION USING DRFCT

Introduction

In this chapter, a novel technique for image encryption that uses cascaded multistages of
DFRCT with random phase mask at each stage is presented. This technique provides more
secure image encryption and zero mean square error, with the addition of extra degree of

freedom provided by DRFCT.

5.1 KEYS IN DRFCT

It has been recently noticed that Fractional Transforms can be used in encryption of
images [15]. In this encryption utilizes cascaded multistage DFRCT with random face filters in
between. The n-stage of DFRCT can provide n-dimensional extra keys indicated by the
fractional orders. In case of two-dimensional DFRCT transform, there are two different
fractional orders along x-axis and y-axis respectively. Such a system can have n-1 random phase
filters, so that the total encryption keys can be increased to as many as  3n-1. Thus the security
strength of the encryption keys may be greatly enhanced.

For simplicity, the ‘a’ order along x and y direction are taken to be same i.e. a, =a, =@

and three stages of DFRCT are cascaded together. Thus in the intermediate planes two randomly

encoded phase masks are used.



5.2 ALGORITHM FOR IMAGE ENCRYPTION

Algorithm consists of two parts Encryption to encrypt image and Decryption to retrieve image.

5.21 Encryption
The image encryption can be described as follows [16]. Let f(x,,y,), a real valued two-

dimensional data, denote the image that is to be encrypted. To this data DFRCT is applied
continuously three times with the fractional orders o, o, and o3, respectively. In the
intermediate stages two random phase masks

H, (xl,yl): [—i27£¢1(xl,yl )] and H, (xz,y2)= [—i27r¢2(x2,y2)] respectively are used.
Where ¢, (xz, yz) are randomly generated homogeneously distributed functions.

Thus the resultant transformed function w (x, y)can be written as

y(x y)= F2 4y, (0. v,)H, (6, 3, ))x. y) 6.1
with

w, (. y,)=F %y, (x,, y)H, &,y ), v,) 6.2
and

ACRIED IS TACN D) 6.3

The resultant transformed function  (x, y) can be regarded as the encrypted image.

5.2.2Decryption

The decryption process is the reverse operation with respect to the encryption. Firstly

take DFRCT of order -0 on the encrypted imagey (x,y) and multiplying the random phase



mask H, (x,,y,), and then the mid term function y,(x,, y,) is obtained. Then perform DFRCT of
order -0, on the function l//z(xz,yz)and multiplying the random phase mask H, (xl, yI), thus
function w, (x,,y,)will be recovered. After another DFRCT of order -0y on the
functiony, (x,,y,), the original image f (x,,¥,)1s obtained. Here the random phase masks

H, (x,,y,)and H,(x,,y,)are complex conjugates H,(x,,y, )and H,(x,,y,) respectively.






