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ABSTRACT

During the last four decades, a large number of mathematical tools have been

developed in Operational Research. For the linear programming problems in the

crisp scenario, the aim is to maximize or minimize a linear objective function subject

to linear constraints. But in many practical situations, the decision maker may not

be in a position to specify the objective and/or constraint functions precisely but

rather can specify them in a “fuzzy sense”. In such situations , it is desirable to use

some fuzzy variable linear programming type of modeling.

This thesis is devoted to solve fuzzy variable linear programming problems. The

main topics are fuzzy simplex method , fuzzy dual simplex method and sensitivity

analysis for fuzzy variable linear programming problems.

The chapter-wise summary of the thesis is as follows:

Chapter 1 is introductory in nature. This chapter includes basic definitions,

arithmetic operations and concepts used throughout the work. A brief review of

the work done in the area of fuzzy variable linear programming problem is also

presented.

In Chapter 2 , fuzzy simplex method for solving fuzzy variable linear pro-

gramming problem , is presented .

In Chapter 3, some duality results and fuzzy dual simplex method for solv-

ing fuzzy variable linear programming problem , is presented . To illustrate the

presented method, a numerical example is solved.

In Chapter 4, a method to deal with sensitivity analysis for fuzzy variable

linear programming problems is presented . To illustrate this method some numer-

ical examples are solved.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1.1 Introduction

The notion of fuzzy set is widely spread to various fields. The application to

mathematical programming has relatively long history. This is the fruit of the contin-

uous efforts of the researchers in that topic. The fuzzy mathematical programming

was developed for treating uncertainties in the setting of optimization problems. It

treats decision making problem under fuzzy goals and constraints. The fuzzy goals

and constraints represent the flexibility of the target values of objective functions

and the elasticity of constraints.

The basic definitions used throughout the work are as follows [30]:

Definition 1.1

A crisp set or a classical set A is defined as a collection of distinct and

distinguishable objects. The objects are called elements of A . A crisp set A ,

defined on the universal set X , can also be represented by A = {(x, µA(x));x ∈ X}

where µA : X → {0, 1} is called characteristic function defined by

µA(x) =


1, if x ∈ A ;

0, otherwise .

Definition 1.2

The characteristic function µA of a crisp set A ⊆ X assigns a value either

0 or 1 to each member in X. This function can be generalized to a function µÃ such
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that the value assigned to the element of the universal set X fall within a specific

range [0, 1] i.e., µÃ : X → [0, 1]. The assigned values indicate the membership grade

of the element in the set A.

The function µÃ is called the membership function and the set Ã =

{(x, µÃ(x));x ∈ X} defined by µÃ for each x ∈ X is called a fuzzy set. µÃ(x)

is the degree of membership of x in Ã .

Definition 1.3

Let Ã be a fuzzy set and α be real number in the interval [0 , 1] . The

crisp set Aα defined by Aα = {x ∈ X : µÃ(x) ≥ α} is called α - cut of Ã .

Definition 1.4

A fuzzy set Ã , defined on the universal set of real numbers R , is said to

be a fuzzy number if its membership function has the following characteristics:

1) µÃ : R→ [0, 1] is continuous.

2) µÃ(x) = 0 for all x ∈ (−∞, c] ∪ [d,∞).

3) Is strictly increasing on [c, a] and strictly decreasing on [b, d] .

4) µÃ(x) = 1 for all x ∈ [a, b] .

Definition 1.5

The support of a fuzzy set Ã is the crisp subset of X and is represented

as :

Supp(Ã) = {x ∈ X | µÃ(x) > 0}.
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1.2 Arithmetic operations on fuzzy numbers

Let ã = (aL, aU , α, β) and b̃ = (bL, bU , γ, θ) be two trapezoidal fuzzy num-

bers then

ã+ b̃ = (aL + bL, aU + bU , α + γ, β + θ)

ã− b̃ = (aL − bU , aU − bL, α + θ, β + γ)

x ≥ 0, xã = (xaL, xaU , xα, xβ)

x ≤ 0, xã = (xaU , xaL,−xβ,−xα)

1.3 Ranking function

A convenient method for comparing of the fuzzy numbers is by use of

ranking function . A ranking function defined as < : F (R) → R maps each fuzzy

number into a real line. If ã = (aL, aU , α, β) and b̃ = (bL, bU , γ, θ) are two trapezoidal

fuzzy numbers then ,

ã � b̃ iff <(ã) > <(b̃)

ã � b̃ iff <(ã) > <(b̃)

ã ≈ b̃ iff <(ã) = <(b̃)

where <(ã) = aL + aU +
1

2
(β − α) and <(b̃) = bL + bU +

1

2
(θ − γ) .

Lemma 1.1 Let < be any linear ranking function . Then

i)ã � b̃ iff ã− b̃ � 0 iff −b̃ � −ã

ii) If ã � b̃ and c̃ � d̃ , then ã+ c̃ � b̃+ d̃.
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1.4 Literature review

The concept of fuzzy mathematical programming on a general level was first

proposed by Tanaka et al. [54] in the framework of the fuzzy decision of Bellman

and Zadeh [6]. The first formulation of fuzzy linear programming (FLP) is proposed

by Zimmermann [67]. Afterwards, many authors have considered various kinds of

FLP problems and have proposed several approaches for solving these problems

[15-19,35-39,44,47].

In addition, some authors have used the concept of comparison of fuzzy numbers

to solve fuzzy linear programming problems. In fact, most convenient methods

are based on the concept of comparison of fuzzy numbers by using linear ranking

functions [18,21,35-39].

Of course , linear ranking functions have been proposed by researchers to suit

their requirements of the problem under consideration and conceivably there are

no generally accepted criteria for application of ranking functions. Nevertheless,

usually in such situations authors define a crisp model which is equivalent to an

FLP problem and then use optimal solution of the model as the optimal solution

of the FLP problem. Based on this idea Maleki et al. [39] proposed a new method

for solving the fuzzy variable linear programming (FVLP) problem. Ebrahimnejad

et al. [18] gave another efficient method namely primaldual simplex algorithm to

obtain a fuzzy solution of FVLP problems. Also, Nasseri and Ebrahimnejad [44]

applied a fuzzy primal simplex method [37] to solve flexible linear programming

problems directly without solving any auxiliary problem. Moreover, Ebrahimnejad

and Nasseri [15] used the complementary slackness to solve FVLP problems without
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the need of a simplex table.

In published works on fuzzy linear programming there are only a few papers

dealing with stability or sensitivity analysis in fuzzy mathematical programming.

Sensitivity analysis in FLP problems (with crisp parameters and soft constraints)

was first considered by Hamacher et al. [26], where a functional relationship between

changes of parameters of the right-hand side and those of the optimal value of the

primal objective function was derived for almost all conceivable cases. Sensitivity

analysis for fuzzy linear fractional programming problems was studied by Dutta et al.

[13]. Tanaka et al. [55] have discussed the value of information in an FLP problem

(with symmetrical triangular fuzzy numbers) via sensitivity analysis. Fuller [22]

investigated the stability of the solution of FLP problems with respect to changes

of centers of fuzzy parameters. He showed that the solution to these problems is

stable under variations in the membership function of the fuzzy coefficients.

Ebrahimnejad [14] generalized the concept of sensitivity analysis on the param-

eters of the crisp linear programming [2] to the fuzzy number linear programming

and showed that the fuzzy primal simplex algorithm stated in [37] and the fuzzy

dual simplex algorithm presented in [43] is useful for post optimality analysis on

linear programming problems with fuzzy numbers.
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CHAPTER 2

FUZZY SIMPLEX METHOD FOR SOLVING FUZZY

VARIABLE LINEAR PROGRAMMING PROBLEMS

In this chapter , the fuzzy simplex method for solving fuzzy variable linear

programming problems is presented .

2.1 Fuzzy variable linear programming problems

A fuzzy variable linear programming problem is defined as follows:

min z̃ ≈ cx̃

subject to

Ax̃ ≈ b̃,

x̃ � 0̃,

Or

max z̃ ≈ cx̃

subject to

Ax̃ ≈ b̃, (2.1)

x̃ � 0̃,

where , b̃ ∈ (F (R))m, x̃ ∈ (F (R))n, A ∈ Rm×n, cT ∈ Rn .

Definition 2.1

A fuzzy vector x̃ ∈ (F (R))n is a fuzzy feasible solution to (2.1) iff x̃ satisfies

the constraints of the problem.
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Definition 2.2

A fuzzy feasible solution x̃∗ is a fuzzy optimal solution for (2.1), if for all

fuzzy feasible solution x̃ for (2.1), cx̃∗ � cx̃.

2.2 Fuzzy basic feasible solution

Consider the system Ax̃ ≈ b̃ and x̃ � 0. Let A = [aij]m×n. Assume

rank(A) = m. Partition A as [B N ] where B , m×m is nonsingular . It is obvious

that rank(B) = m . Let yj be the solution to By = aj. It is apparent that the basic

solution.

x̃B ≈ (x̃B1, ..., x̃Bm)T ≈ B−1b̃ , x̃N ≈ 0 (2.2)

is a solution of Ax̃ ≈ b̃ . We call x̃ , accordingly partitioned as (x̃TB x̃TN)T , a

fuzzy basic solution corresponding to the basis B. If b̃B � 0 , then the fuzzy

basic solution is feasible and the corresponding fuzzy objective value is z̃ ≈ cBx̃B ,

where , cB = (cB1 , ..., cBm). Now , corresponding to every fuzzy nonbasic variable

x̃j, 1 6 j 6 n, j 6= Bi, and i = 1, ...,m, define

zj = cByj = cBB
−1aj

If x̃B � 0, then x̃ is called a nondegenerate fuzzy basic feasible solution and if at

least one component of x̃B is zero, then x̃ is called a degenerate fuzzy basic feasible

solution.

Theorem 2.1

If a fuzzy variable linear programming problem is nondegenerate then a

fuzzy basic feasible solution x̃B ≈ B−1b̃ , x̃N ≈ 0 is optimal if and only if zj =

cBB
−1aj 6 cj, for minimization ( zj > cj, for maximization) for all 1 ≤ j ≤ n .
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Proof: Suppose x̃∗ ≈ (x̃TB x̃TN)T is a fuzzy basic feasible solution to (2.1) (min-

imization) , where x̃B = B−1b̃, x̃N = 0̃ . Then the corresponding fuzzy objective

value is

z̃∗ ≈ cx̃∗ ≈ cBx̃B ≈ cBB
−1b̃.

On the other hand , for any fuzzy basic feasible solution x̃ to (2.1)

b̃ ≈ Ax̃ ≈ Bx̃B +Nx̃N

Hence , this can be rewritten as follows :

x̃B ≈ B−1b̃−B−1Nx̃N

Then, for any basic feasible solution of (2.1) ,

z̃ ≈ cx̃ ≈ cBx̃B + cN x̃N ≈ cBB
−1b̃− (cBB

−1N − cN)x̃N .

≈ cBB
−1b̃−

n∑
j=1

(cBB
−1aj − cj)x̃j ≈ cBB

−1b̃−
n∑
j=1

(zj − cj)x̃j.

Hence ,

z̃ ≈ z̃∗ −
∑
j 6=Bi

(zj − cj)x̃j.

Now, if for all j , 1 6 j 6 n zj 6 cj , then from feasibility of x̃ , (zj − cj)x̃j � 0̃,

and then
∑
j 6=Bi

(zj − cj)x̃j � 0̃ . Therefore it follows that z̃ � z̃∗ and so x̃∗ is optimal.

For “only if” part , let x̃∗ be a fuzzy optimal basic feasible solution to (2.1) . For

j = Bi , 1 6 i 6 m, we know that zj − cj = 0. From above , it is obvious that if for

any nonbasic variable x̃j we have zj > cj , then we can enter x̃j into the basis and

obtain z̃∗ � z̃ (because the problem is nondegenerate and x̃j � 0̃ in the new basis).

This is a contradiction to z̃∗ being optimal . Hence , zj 6 cj, 1 6 j 6 n.
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2.3 Optimal solution of fuzzy variable linear programming problems

Consider the fuzzy variable linear programming problem as is defined in (2.1).

max z̃ ≈ cBx̃B + cN x̃N

subject to

Bx̃B +Nx̃N ≈ b̃,

x̃B, x̃N � 0,

Then , it is possible to write x̃B ≈ B−1b̃−B−1Nx̃N and z̃ ≈ cB(B−1b̃−B−1Nx̃N) +

cN x̃N . Also, it can be written as x̃B + B−1Nx̃N ≈ B−1b̃ , and also for objective

function z̃ + (cBB
−1N − cN)x̃N ≈ cBB

−1b̃.

Currently x̃N ≈ 0 so x̃B ≈ B−1b̃ , and z̃ ≈ cBB
−1b̃ . And the above fuzzy

variable linear programming problem can be rewritten in the following table format:

Table 2.1

Fuzzy simplex table

z̃ x̃B x̃N R.H.S.

z̃ 1 0 cBB
−1N − cN cBB

−1b̃

x̃B 0 1 B−1N B−1b̃

The Table (2.1) gives all the information that is needed to proceed with the

simplex method . The cost row in the above table is (γj)j 6=Bi
= (cBB

−1aj−cj)j 6=Bi
=

(zj − cj)j 6=Bi
. According to the optimality condition for these problems if γj ≥ 0 for

all j 6= Bi then the solution is optimal . On the other hand , if γl < 0 , for a ` 6= Bi
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then x̃Br can be exchanged with x̃l . Then compute the vector yl = B−1al . If yl ≤ 0

, then x̃l can be increased indefinitely and then the optimal objective is unbounded.

On the other hand , if yl has at least one positive component , then the increase in

will be blocked by one of the current basic variables, which drops to zero.

2.3.1 Pivoting

If x̃l enters the basis and x̃Br leaves the basis then pivoting on yrl can be

stated as follows:

1) Divide row r by yrl.

2) For i = 1, ...,m and i 6= r update the ith row by adding to it −yil times the new

rth row.

3) Update row zero by adding to it γl times the new rth row.

Theorem 2.2

If in a fuzzy simplex table, an l exists such that zl − cl < 0 and there

exists a basic index i such that yil > 0 , then a pivoting row r can be found so that

pivoting on yrl will yield a fuzzy feasible table with a corresponding nondecreasing

objective value.

Proof: A criterion is needed for choosing a fuzzy basic variable to leave the basis

so that the new simplex table will remain feasible and the new objective value is

nondecreasing. Assume column l is the pivot column. Also, suppose that x̃ ≈

(x̃TB x̃TN)T is a fuzzy basic feasible solution to the fuzzy variable linear programming

problem , where x̃B ≈ B−1b̃ and x̃N ≈ 0. Then , the corresponding fuzzy objective

value is z̃ ≈ cBB
−1b̃ ≈ cB ỹ0.

On the other hand , for any fuzzy basic feasible solution to the fuzzy variable linear
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programming problem

x̃B +
∑
j 6=Bi

yjx̃j ≈ ỹ0

where , yj = B−1aj.

So, if x̃l enters into the basis it can be written as

x̃B ≈ ỹ0 − ylx̃l

Since , we want x̃B be feasible , hence ỹi0 − yilx̃l � 0, for all i = 1, ...,m.

If yil 6 0 , then it is obvious that the above condition will hold.

Hence , for all yil > 0 , it must be needed that

x̃l �
ỹi0
yil

To satisfy the definition of linear ranking function it is sufficient to let

ỹr0
yrl
≈ min{ ỹi0

yil
|yil > 0}

Also , for any fuzzy basic feasible solution to the fuzzy variable linear programming

problem

z̃ ≈ cB ỹ0−
∑
j 6=Bi

(zj−cj)x̃j

So, if x̃l is allowed to enter into the basis , then

z̃ ≈ cB ỹ0 − (zl − cl)x̃l

Now , the new objective value is nondecreasing , since

z̃ ≈ cB ỹ0 − (zl − cl)x̃l � cB ỹ0

Using the fact that (zl − cl)x̃l � 0.
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Theorem 2.3

If for any fuzzy basic feasible solution to the fuzzy variable linear program-

ming problem there is some column not in basis for which zl − cl < 0 and yil 6 0,

i = 1, ...,m, then the fuzzy variable linear programming problem has an unbounded

solution.

Proof: Suppose that x̃B is a fuzzy basic solution to the fuzzy variable linear pro-

gramming problem , so

x̃Bi
+
∑
j 6=Bi

yijx̃j ≈ ỹi0, i = 1, ...,m, j = 1, ..., n,

or

x̃Bi
≈ ỹi0 −

∑
j 6=Bi

yijx̃j, i = 1, ...,m, j = 1, ..., n,

Now , if x̃l enter into the basis , then x̃l � 0 and x̃j ≈ 0 , for all j 6= Bi ∪ l. Since

yil 6 0, i = 1, ...,m, hence

ỹi0 − yilx̃l � 0

Therefore , the current fuzzy basic solution will remain feasible. Now , the value of

ẑ for the above fuzzy feasible solution is as following:

ẑ ≈ cBx̃B + cN x̃N

≈
m∑
i=1

cBi
(ỹi0 − yilx̃l) + clx̃l

≈
m∑
i=1

cBi
ỹi0 − (

m∑
i=1

cBi
yil − cl)x̃l

≈ cB ỹ0 − (cB ỹl − cl)x̃l

≈ z̃ − (zl − cl)x̃l.

So,
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ẑ ≈ z̃−(zl−cl)x̃l. (2.3)

Hence, x̃l can be entered into the basis with arbitrarily large fuzzy value. Then ,

from (2.3) , there is unbounded solution.

2.3.2 Fuzzy simplex method

Suppose that a basic feasible solution with basis B is given. Then:

Step 1: The basic feasible solution is given by x̃B ≈ B−1b̃ ≈ ỹ0 and x̃N ≈ 0. The

fuzzy objective z̃ ≈ cBB
−1b̃ ≈ cB ỹ0.

Step 2: Calculate w = cBB
−1 and y0 = <(ỹ0). For each nonbasic variable , calculate

γj = zj − cj = cBB
−1aj − cj = waj − cj. Let γl = minj{γj}. If γl > 0, then stop ;

the current solution is optimal. Otherwise go to Step 3.

Step 3: Calculate yl = B−1al. If yl 6 0, then stop ; the optimal solution is un-

bounded. Otherwise determine the index of the variable x̃Br leaving the basis as

follows :

yr0
yrl

= min{yi0
yil
| yil > 0}

Update ỹi0 by replacing ỹi0−
ỹr0
yrl
yil for i 6= r and ỹr0 by replacing

ỹr0
yrl

. Also , update

z̃ by replacing z̃ − ỹr0
yrl

(zl − cl) . Then , update B by replacing aBr with al and go

to Step 2.

2.3.3 Illustrative example

For an illustration of the fuzzy simplex method a fuzzy variable linear

programming problem is solved by use of fuzzy simplex method.
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Example 2.1

max z̃ ≈ 3x̃1 + 4x̃2

subject to

3x̃1 + x̃2 � (2, 4, 1, 3)

2x̃1 − 3x̃2 � (3, 5, 2, 1)

x̃1, x̃2 � 0

Solution: The chosen problem can be written as

3x̃1 + x̃2 + x̃3 ≈ (2, 4, 1, 3)

2x̃1 − 3x̃2 + x̃4 ≈ (3, 5, 2, 1)

x̃1, x̃2, x̃3, x̃4 � 0

The first table is as follows:

Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ −3 −4 0 0 0̃ 0

x̃3 3 1 1 0 (2,4,1,3 ) 7

x̃4 2 −3 0 1 (3,5,2,1) 7.5

Now , the obtained values are γ1 = z1−c1 = −3 < 0 and γ2 = z2−c2 = −4 < 0.

Then, γ2 < γ1. Hence , related fuzzy nonbasic variable to γ2, that is x̃2 is an entering

variable. Therefore , according to the minimum ratio test given in Step 3 of fuzzy

simplex algorithm , x̃3 is a leaving variable. Now , after pivoting the new table is:
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Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ 9 0 4 0 (8,16,4,12) 28

x̃2 3 1 1 0 (2,4,1,3 ) 7

x̃4 11 0 3 1 (9,17,5,10) 28.5

According to the above table , for fuzzy nonbasic variables x̃1, x̃3 , γ1 =

9 > 0, γ3 = 4 > 0. Hence , using the optimality condition for the fuzzy variable

linear programming problems , the optimal fuzzy solution is obtained i.e. x̃1
∗ ≈

(0, 0, 0, 0), x̃2
∗ ≈ (2, 4, 1, 3), x̃3

∗ ≈ (0, 0, 0, 0), x̃4
∗ ≈ (9, 17, 5, 10) and z̃ ≈ (8, 16, 4, 12)

with <(z̃) = 28.

2.4 Conclusion

In this chapter , the fuzzy simplex method for solving fuzzy variable lin-

ear programming problems is presented and the presented method is illustrated by

solving a fuzzy variable linear programming problem .
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CHAPTER 3

DUALITY RESULTS AND FUZZY DUAL SIMPLEX

METHOD FOR FUZZY VARIABLE LINEAR

PROGRAMMING PROBLEMS

In this chapter the dual problem of the linear programming problem with

fuzzy variables and some duality results are presented. Also , the fuzzy dual sim-

plex method for solving fuzzy variable linear programming problems is presented.

The presented method is illustrated by solving a fuzzy variable linear programming

problem.

3.1 Formulation of the dual problem

Consider the following fuzzy variable linear programming problem below:

min z̃ ≈ cx̃

subject to

Ax̃ � b̃,

x̃ � 0̃,

or

min z̃ ≈
n∑
j=1

cjx̃j,

subject to

n∑
j=1

aijx̃j � b̃i, i = 1, ...,m,

x̃j � 0̃, j = 1, 2, ..., n, (3.1)
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where x̃ = (x̃1, ..., x̃n)T ∈ (F (R))n, b̃ = (b̃1, ..., b̃m)T ∈ (F (R))m, A = [aij]m×n, c =

(c1, ..., cn)T ∈ Rn, b̃i = (bLi , b
U
i , b

α
i , b

β
i ) ∈ F ((R)), x̃j = (xLj , x

U
j , x

α
j , x

β
j ) ∈ F ((R)).

It is obvious that problem (3.1) is equivalent to problem (3.2) given below:

min z = <(cx̃)

subject to

<(Ax̃) = <(b̃),

<(x̃) > 0, (3.2)

where , <(x̃) = (<(x̃1), ...,<(x̃n))T ∈ Rn,<(b̃) = (<(b̃1), ...,<(b̃m))T ∈ Rm.

In the above notations , <(x̃j) = cLx
L
j + cUx

U
j + cαx

α
j + cβx

β
j , <(b̃i) =

cLb
L
i + cUb

U
i + cαb

α
i + cβb

β
i , where , cL, cU , cα, cβ are constants , at least one of which

is nonzero.

Theorem 3.1

Problems (3.1) and (3.2) are equivalent to the following problem:

min z = c<(x̃)

subject to

A<(x̃) 6 <(b̃),

<(x̃) > 0. (3.3)

Proof. Since , < is a linear ranking function , so ,

<(cx̃) = <(
n∑
j=1

cjx̃j) =
n∑
j=1

<(cjx̃j)

=
n∑
j=1

cj<(x̃j) = c<(x̃),

where , <(x̃) = (<(x̃1), ...,<(x̃n))T ∈ Rn.

On the other hand ,
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<(
n∑
j=1

aijx̃j) =
n∑
j=1

<(aijx̃j) =
n∑
j=1

aij<(x̃j).

So , if we denote the ith row of matrix A by āi, we have

<(Ax̃) = (<(ā1x̃), ...,<(āmx̃))T

= (<(
n∑
j=1

a1jx̃j), ...,<(
n∑
j=1

amjx̃j))
T

= (
n∑
j=1

a1j<(x̃j), ...,
n∑
j=1

amj<(x̃j))
T

= (ā1<(x̃), ..., ām<(x̃)T = A<(x̃).

For any feasible x̃ ∈ (F (R))n for (3.1)

n∑
j=1

aij<(x̃j) 6 <(b̃i), i = 1, 2, ...,m,

<(x̃j) > 0, j = 1, 2, ..., n,

or , using a linear ranking function ,

n∑
j=1

aij(cLx
L
j +cUx

U
j +cαx

α
j +cβx

β
j ) 6 cLb

L
i +cUb

U
i +cαb

α
i +cβb

β
i i = 1, 2, ...,m,

cLx
L
j +cUx

U
j +cαx

α
j +cβx

β
j 6 0, j = 1, 2, ..., n. (3.4)

Now , for any optimal solution x̃∗ for (3.1)

cx̃∗ � cx̃

for any feasible solution x̃ for (3.1) , or,

<(cx̃∗) = c<(x̃∗) 6 <(cx̃) = c<(x̃),

or
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n∑
j=1

cj<(x̃∗j) 6
n∑
j=1

cj<(x̃∗j),

or, using linear ranking function ,

n∑
j=1

cj(cLx
∗L
j + cUx

∗U
j + cαx

∗α
j + cβx

∗β
j )

6
n∑
j=1

cj(cLx
L
j +cUx

U
j +cαx

α
j +cβx

β
j ) (3.5)

Therefore , x̃∗ = (x̃∗1, ..., x̃
∗
n)T , where x̃∗j = (x∗Lj , x

∗U
j , x∗αj , x

∗β
j )T ∈ F (R), is optimal

for (3.1) , if and only if x∗ = (x∗L1 , x∗U1 , x∗α1 , x
∗β
1 , ..., x

∗L
n , x

∗U
n , x∗αn , x

∗β
n )T ∈ R4n is an

optimal solution for (3.2).

Theorem 3.2

The dual of (3.1) is defined to be:

max ũ ≈ yb̃

subject to

yA 6 c,

y 6 0, (3.6)

Now, shown that the dual of (3.1) is indeed (3.6) , using the usual definition

of the dual in linear programming . Using Theorem (3.1) and applying a linear

ranking function , (3.1) can be written as

min z =
n∑
j=1

cj(cLx
L
j + cUx

U
j + cαx

α
j + cβx

β
j ),

subject to

n∑
j=1

aij(cLx
L
j + cUx

U
j + cαx

α
j + cβx

β
j ) 6 <(b̃i), i = 1, 2, ...,m,

cLx
L
j + cUx

U
j + cαx

α
j + cβx

β
j > 0, j = 1, 2, ..., n (3.7)
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The dual of (3.7) is

max u =
m∑
i=1

yi(cLb
L
i + cUb

U
i + cαb

α
i + cβb

β
i ) =

m∑
i=1

yi<(b̃i),

subject to

m∑
i=1

aijcLyi + cLym+1 = cLcj,

m∑
i=1

aijcUyi + cUym+1 = cUcj,

m∑
i=1

aijcαyi + cαym+1 = cαcj,

m∑
i=1

aijcβyi + cβym+1 = cβcj, j = 1, 2, ..., n

y1, ..., ym 6 0, ym+1 > 0. (3.8)

If any of cL, cU , cα, cβ is equal to zero then the corresponding constraint is not present

, and since at least one of the values cL, cU , cα, cβ is nonzero , the corresponding

constraints reduce to
m∑
i=1

aijyi + ym+1 = cj , for j = 1, 2, ..., n. Then (3.8) can be

written as

max u =
m∑
i=1

yi<(b̃i),

subject to

m∑
i=1

yiaij 6 cj, j = 1, 2, ..., n,

yi 6 0, i = 1, 2, ...,m (3.9)

or, using matrix notations,

max u = y<(b̃i),

subject to

yA 6 c,
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y 6 0, (3.10)

Since problems (3.6) and (3.10) are equivalent , then problem (3.6) is the dual of

(3.1) in the usual definition of the dual in linear programming.

Lemma 3.1

The dual of the problem (3.6) is the problem (3.1).

Proof. Problems (3.6) and (3.1) are , respectively , equivalent to problems (3.9)

and (3.7) . Knowing from linear programming that the dual of (3.9) is (3.7) , it

follows that the dual of (3.6) is (3.1).

Theorem 3.3

If x̃0 and w0 are feasible solutions to fuzzy variable linear programming

problem and its dual , then cx̃0 � w0b̃.

Proof. Multiplying Ax̃0 � b̃ on the left by w0 6 0 and w0A 6 c on the right by

x̃0 � 0̃ . Thus , cx̃0 � w0Ax̃0 � w0b̃.

Corollary 3.1

If x̃0 and w0 are feasible solutions to fuzzy variable linear programming

problem and its dual and cx̃0 ≈ w0b̃ , then x̃0 and w0 are optimal solutions to their

respective problems.

Proof. Theorem 3.3 indicates that cx̃ � w0b̃ ≈ cx̃0 , for each feasible solution x̃ of

fuzzy variable linear programming problem . Thus , x̃0 is an optimal solution to the

fuzzy variable linear programming problem.

Also , wb̃ � cx̃0 ≈ w0b̃ , for each feasible solution w of dual fuzzy linear program-

ming problem. Thus , w0 is an optimal solution to the dual fuzzy linear programming
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problem

Theorem 3.4 (Strong duality)

If either a fuzzy variable linear programming problem or its dual has an

optimal solution , then both problems have optimal solutions and the two optimal

value of ranking functions for the fuzzy objective values are equal. (If fact , if x̃∗

with x̃∗B ≈ B−1b̃ , and x̃∗N ≈ 0̃ is optimal solution of the primal problem then the

crisp vector w∗ = cBB
−1, where B is the optimal basis , is optimal solution of the

dual problem.).

Proof. First , assume that the fuzzy variable linear programming problem has a

fuzzy optimal solution , and rank(A) = m . Let ỹ � 0̃ be the fuzzy slack variable

for the constraints Ax̃ � b̃ . The new equivalent problem to the fuzzy variable linear

programming problem is

min z̃ ≈ cx̃+ 0ỹ

subject to

Ax̃+ ỹ ≈ b̃,

x̃ � 0̃,

ỹ � 0̃. (3.11)

Assume B is the optimal basis matrix and x̃∗ ≈ (x̃B
T 0̃T )T ≈ (b̃TB−T 0̃T )T is the

fuzzy basic optimal solution corresponding to the fuzzy variable linear programming

problem . From Theorem 2.1 of Chapter 2

cBB
−1aj − cj 6 0, j = 1, 2, ..., n, n+ 1, ..., n+m,

or equivalently ,
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cBB
−1aj 6 cj, j = 1, 2, ..., n,

cBB
−1ei 6 0, i = 1, 2, ...,m.

Hence ,

cBB
−1A 6 c

cBB
−1 6 0.

Now, let w∗ = cBB
−1. Using the above inequalities ,

w∗A 6 c

w∗ 6 0

Thus , w∗ is a feasible solution to the dual

w∗b̃ ≈ cBB
−1b̃ ≈ cBx̃B ≈ cx̃∗

and hence

w∗b̃ ≈ cx̃∗

Therefore , the result follows immediately from Theorem 3.3.

Remark 3.1

We emphasize that the basic solution to the fuzzy variable linear program-

ming problem is a fuzzy vector that is uniquely determined by the optimal basis B.

The solution to the dual problem is a unique crisp solution, however , depending

solely on the basis matrix B , with the objective value of the dual having the same

rank as the primal . We realize that the duality result obtained here are independent

of the choice of the linear ranking function . It is clear that we can use any other
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linear ranking function , and although the solution obtained may be different but

the duality result are still valid for the new solution . In the , the dual simplex

algorithm that we present later will find the fuzzy solution of the primal as well as

crisp solution of the dual problem along with the induced basis corresponding to

the ranking function being used (we point out that the optimal basis corresponding

to a linear ranking function does not change if the ranking function is multiplied

by a positive constant). As for the types of the fuzzy data in the model and the

assumption of fuzziness in the variables , the choice and compatibility of the ranking

function for the ranking function for the linear programming model should be the

decision maker’s main concern. For trapezoidal fuzzy numbers and variables , the

linear ranking function defined in Chapter 1 is deemed to be appropriate.

For an illustration of the above theorem consider the following fuzzy vari-

able linear programming problem and its dual.

Example 3.1

min z̃ ≈ 6x̃1 + 10x̃2

subject to

3x̃1 + 4x̃2 � (5, 8, 2, 5),

3x̃1 + 4x̃2 � (6, 10, 2, 6),

x̃1, x̃2 � 0̃.

max ũ ≈ (5, 8, 2, 5)w1 + (6, 10, 2, 6)w2

subject to
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2w1 + 3w2 6 6,

5w1 + 4w2 6 10,

w1, w2 > 0.

We see that the fuzzy basic optimal solution for the fuzzy variable linear

programming problem is x̃1 ≈ (−5
7
, 12

7
, 18

7
, 19

7
) , x̃2 ≈ (−2

7
, 30

7
, 30

7
, 38

7
) with <(x̃1) = 15

14

, <(x̃2) = 32
7

and also the optimal objective value is z̃ ≈ (−62
7
, 300

7
, 360

7
, 418

7
) with

<(z̃) = 38.1428 , with the optimal basis matrix 5 2

4 3


Hence , using w = cBB

−1 , w = (6
7
, 10

7
), which is equal to the optimal solution

of the dual . On the other hand , <(ũ) = 38.1428 . Therefore , both problems

have optimal solutions and the two optimal value of ranking functions for the fuzzy

objective values are equal.

Theorem 3.5

Let x̃∗ and w∗ be any feasible solutions to fuzzy variable linear programming problem

and its corresponding Dual fuzzy variable linear programming problem . Then x̃∗

and w∗ are respectively optimal if and only if

(w∗A−c)x̃∗ ≈ 0̃, w∗(b̃−Ax̃∗) ≈ 0̃. (3.12)

Proof. Suppose that x̃∗ and w∗ are feasible solutions to fuzzy variable linear pro-

gramming problems and Dual fuzzy variable linear programming problems , respec-

tively . Therefore,

Ax̃∗ � b̃ (3.13)
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and

w∗A 6 c. (3.14)

Multiplying Ax̃∗ � b̃ on the left by w∗ 6 0 yields

w∗Ax̃∗ � w∗b̃. (3.15)

Multiplying w∗A 6 c on the right side by x̃∗ � 0̃ yields

w∗Ax̃∗ � cx̃∗. (3.16)

Therefore ,

w∗b̃ � w∗Ax̃∗ � cx̃∗. (3.17)

On the other hand , since x̃∗ and w∗ are optimal solutions to the primal and dual

problems , respectively , then by Theorem 3.1 , w∗b̃ ≈ cx̃∗ and (3.17) is written as

w∗b̃ ≈ w∗Ax̃∗ ≈ cx̃∗. (3.18)

From (3.18)

(w∗A−c)x̃∗ ≈ 0̃, w∗(b̃−Ax̃∗) ≈ 0̃. (3.19)

The converse of the theorem follows from the fact that (w∗A− c)x̃∗ ≈ 0̃ and w∗(b̃−

Ax̃∗) ≈ 0̃ imply that cx̃∗ ≈ w∗b̃ . Therefore , optimality of x̃∗ and w∗ follows from

Corollary 3.1.

3.2 Primal optimality and dual feasibility

Consider the following fuzzy variable linear programming problem ,

min z̃ ≈ cx̃

subject to

Ax̃ � b̃,

x̃ � 0̃, (3.20)
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where , x̃ = (x̃1, ..., x̃n)T , b̃ = (b̃1, ..., b̃m)T , A = [aij]m×n, c = (c1, ..., cn), , b̃i, x̃j ∈

F ((R)), cj, aij ∈ R for all i, j .

Now, we may rewrite (3.20) as follows:

min z̃ ≈ cx̃+ 0ỹ

subject to

Ax̃+ ỹ ≈ b̃,

x̃ � 0̃,

ỹ � 0̃. (3.21)

where , ỹ = (ỹ1, ..., ỹm)T .

Define x̄ ∈ (F (R))n+m and c̄ ∈ Rn+m as

xj =


xj, j = 1, 2, ..., n;

yj−n, j = n+ 1, n+ 2, ..., n+m.

cj =


cj, j = 1, 2, ..., n;

0, j = n+ 1, n+ 2, ..., n+m.

(3.22)

Suppose that a basic solution for (3.21) is given by x̄B ≈ B−1b̃ , with the basis matrix

B . Now , let zj = c̄BB
−1āj, ỹ0 ≈ B−1b̃, where c̄B = (c̄B1 , ..., c̄Bm), and āj is the jth

column of the coefficient matrix [A I] . Consider Table 3.1 , where (x̄B)r is the

rth fuzzy basic variable , yj = B−1āj, and <(ỹr0) is the real number corresponding

to the fuzzy number ỹr0 obtained by a linear ranking function . Suppose that for

j = 1, 2, ..., n+m , we have

zj − c̄j 6 0 (3.23)
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Define w = c̄BB
−1, where w = (w1, ..., wm). For j = 1, 2, ..., n, we have

y0j = zj − c̄j = c̄BB
−1aj − cj = waj − cj,

Therefore , for j = 1, ..., n, from zj − cj 6 0. Then ,

wA 6 c (3.24)

Table 3.1

A dual feasible simplex table

Basis x̄1 ... x̄l ... x̄n+m R.H.S. <(R.H.S)

z̃ z1 − c̄1 ... zl − c̄l ... zn+m − c̄n+m c̄B ỹ0 <(c̄B ỹ0)

(x̄B)1 y11 ... y1l ... y1,n+m ỹ10 <(ỹ10)

...
...

...
...

...
...

(x̄B)r yr1 ... yrl ... yr,n+m ỹr0 <(ỹr0)

...
...

...
...

...
...

(x̄B)m ym1 ... yml ... ym,n+m ˜ym0 <( ˜ym0)

On the other hand , using (3.23) ,we have

0 > zn+i − cn+i = cBB
−1ei − 0 = wei = wi, i = 1, 2, ...,m,

and hence ,

w 6 0, (3.25)

yielding the dual feasibility . If <(ỹr0) > 0, for all r = 1, 2, ...,m, then a fuzzy

feasible solution for the fuzzy variable linear programming problem is at hand .

Moreover , we will have ,

c̄x̄ ≈ c̄B ỹ0 ≈ c̄BB
−1b̃ ≈ wb̃,
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and thus , by Corollary 3.1 , establishing the optimality of x̄ and w for the fuzzy

variable linear programming problems and its dual. Therefore , we have the following

result.

Theorem 3.6

The optimality criteria zj − c̄j 6 0 for all j , for the fuzzy variable linear

programming problem is equivalent to the feasibility condition for the Dual fuzzy

variable linear programming problem. If , in addition , x̄ corresponding to a basis is

primal feasible then x̄ is optimal for the fuzzy variable linear programming problem

and w = c̃BB
−1 is optimal to the fuzzy variable linear programming problem.

Proof. Now, let us assume that the Dual fuzzy variable linear programming problem

is feasible and x̄ , corresponding to a basis B , is dual feasible but primal infeasible

(and hence not optimal). That is , we have ,

yoj = zj − c̄j 6 0, j = 1, ........, n+m

and there exists at least one r such that ỹr0 ≺ 0̃ . We can immediately deduce that

the primal must be finite. Thus, the fuzzy variable linear programming problem

can be either infeasible (in which case , the dual fuzzy variable linear programming

problem is unbounded) , or it has an optimal solution . In what follows we will show

how to work on row r of the simplex table corresponding to B,as the pivoting row,

and either (1) detect infeasibility of the fuzzy variable linear programming problem

(or unboundedness of the Dual fuzzy variable linear programming problem) , or (2)

find a column l, as the pivoting column , to pivot on yrl and obtain a new dual

feasible table with a nondecreasing primal objective value. We explain these cases

as Lemma 3.2 and 3.3 below.
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Lemma 3.2

If in a dual feasible simplex table an r exists such that ỹr0 ≺ 0̃ and yrj > 0

for all j , then the fuzzy variable linear programming problem is infeasible.

Proof. Suppose that a dual simplex table is feasible , and an r exists such that

ỹr0 ≺ 0̃ and yij > 0 , for all j . Corresponding to the rth row of the table , we have∑
j

yrjx̄j ≈ ỹr0 . Since yrj > 0 for all j and x̄j is required to be nonnegative , then∑
j

yrjx̄j � 0̃ for any fuzzy basic feasible solution. However , ỹr0 ≺ 0̃ . This shows

that fuzzy variable linear programming problem is infeasible.

Lemma 3.3

If in a dual feasible simplex table , an r exists such that ỹr0 ≺ 0̃ and

there exists a nonbasic index j such that yrj < 0 , then a pivoting column l can be

found so that pivoting on yrl will yield a dual feasible table with a corresponding

nondecreasing objective value.

Proof. A new criterion is needed for choosing a nonbasic fuzzy variable to enter the

basis so that the new simplex table will remain dual feasible and the new objective

value is nondecreasing . Assuming column l is the pivot column . Pivoting on the

pivot yrl will result in the new 0th row as follows:

ŷ0j = y0j−
y0l

yrl
yrj, j = 1, 2, ..., n+m, j 6= Bi. (3.26)

For the new table to be dual feasible it is needed that

ŷ0j 6 0, j 6= Bi, (3.27)
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which , using (3.26) , results in

y0l

yrl
6
y0j

yrj
, ∀j 6= Bi, (3.28)

To satisfy (3.28) , it is sufficient to let

y0l

yrl
= min

{
y0j

yrj
|yrj < 0

}
, j 6= Bi (3.29)

Note that the new objective value is nondecreasing , since

ŷ00 = <
(
ỹ00 −

y0l

yrl
ỹr0

)
= < (ỹ00)−<

(
y0l

yrl
ỹr0

)
> < (ỹ00) ,

using the fact that

<
(
y0l

yrl
ỹr0

)
6 0.

3.3 Fuzzy dual simplex method

(1) Given a basis B for the fuzzy variable linear programming problem such that

y0j = zj − c̄j 6 0 for all j. Compute the simplex table.

(2) If ỹ0 � 0̃ then Stop (the current solution is optimal) else select the pivot row r

with ỹr0 ≺ 0̃ (that is , r so that <(ỹr0) < 0 ).

(3) If yrj > 0 for all j then Stop (the fuzzy variable linear programming problem is

infeasible ) else select the pivot column l by the following minimum ratio test:

y0l

yrl
= min

{
y0j

yrj
|yrj < 0

}
, j 6= Bi

(4) Pivot on yrl and go to (2).
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Remark 3.2

One suggestion for choice of r in Step (2) may be so that

<(ỹr0) = min16i6m{<(ỹi0)}

Remark 3.3

Pivoting on yrl in Step (4) is the usual Gaussian elimination process that,

using yrl , converts column l to the unit vector er yielding the new simplex table

corresponding to the new basis (the one that is obtained by replacing column r of

B with al ).

3.4. A numerical example

Example 3.2

min z̃ ≈ 6x̃1 + 10x̃2

subject to

2x̃1 + 5x̃2 � (5, 8, 2, 5),

3x̃1 + 4x̃2 � (6, 10, 2, 6),

x̃1, x̃2 � 0̃.

Its first dual feasible simplex table as follows :

−2x̃1 − 5x̃2 + x̃3 ≈ (−8,−5, 5, 2),

−3x̃1 − 4x̃2 + x̃4 ≈ (−10,−6, 6, 2),

x̃1, ..., x̃4 � 0̃.

or equivalently ,

32



Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ −6 −10 0 0 (0,0,0,0) 0

x̃3 −2 −5 1 0 (−8,−5, 5, 2) −7.25

x̃4 −3 −4 0 1 (−10,−6, 6, 2) −9

x̃4 is a leaving variable and x̃1 is an entering variable. The new table is

Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ 0 −2 0 −2 (12,20,4,12) 18

x̃3 0 −7/3 1 −2/3 (−4, 5/3, 19/3, 6) −15/12

x̃1 1 4/3 0 −1/3 (2,10/3,2/3,2) 3

x̃3 is a leaving variable and x̃2 is an entering variable. The next table is

Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ 0 0 −6/7 −10/7 (−62/7, 300/7, 360/7, 418/7) 267/7

x̃2 0 1 −3/7 2/7 (−5/7, 12/7, 18/7, 19/7) 15/14

x̃1 1 0 4/7 −5/7 (−2/7, 30/7, 30/7, 38/7) 32/7

Therefore, the optimal solution of the fuzzy variable linear programming problem

obtained by the dual method is x̃1 ≈
(−2

7
, 30

7
, 30

7
, 38

7

)
, x̃2 ≈

(−5
7
, 12

7
, 18

7
, 19

7

)
and

z̃ ≈
(−62

7
, 300

7
, 360

7
, 418

7

)
.

Now if we consider the optimal solution , showing four decimal places for the frac-

tional parts , we have

x̃1 ≈ (−0.2857, 4.2857, 4.2857, 5.4286),
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x̃2 ≈ (−0.7143, 1.7143, 2.5714, 2.7143),

z̃ ≈ (−8.8571, 42.8571, 51.4286, 59.7143),

and <(z̃) = 38.1428

3.5 Conclusion

In this chapter , the dual of linear programming problem with trapezoidal fuzzy

variables and some duality results based on certain linear ranking functions , for

the fuzzy primal and fuzzy dual problems are presented . The duality results using

certain general linear ranking functions on trapezoidal fuzzy numbers are presented

which are natural extensions of the results for linear programming problems with

crisp data . Using these results and the feasible primal simplex table , fuzzy dual

simplex method for solving the primal and the dual problems directly is presented.
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CHAPTER 4

SENSITIVITY ANALYSIS FOR FUZZY VARIABLE

LINEAR PROGRAMMING PROBLEMS

In this chapter , a method to deal with sensitivity analysis of fuzzy variable

linear programming problem , is presented. The presented method is illustrated with

the help of some numerical examples.

4.1 Sensitivity analysis

It is important to be able to find the new optimal solution of the fuzzy variable

linear programming problem as other estimates of some of the fuzzy data become

available, without the expensive task of resolving the problem from scratch. It is

important to update the current solution in a way that takes care of these factors.

It is desirable to examine the effect of relaxing some of the constraints on the value

of the optimal fuzzy objective without having to resolve the problem. These topics

constitute sensitivity analysis.

Consider the following fuzzy variable linear programming problem,

min z̃ ≈ cx̃

subject to

Ax̃ � b̃, (4.1)

x̃ � 0̃,

where , b̃ ∈ (F (R))m, x̃ ∈ (F (R))n, A ∈ Rm×n, cT ∈ Rn .

Suppose that we have an optimal fuzzy solution for (4.1) by x̃B ≈ B−1b̃, with

basis matrix B. We shall describe how to make use of the optimality conditions in
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order to find the new optimal fuzzy solution, if some of the fuzzy variable linear

programming problem data change. The following variations in the fuzzy variable

linear programming problem will be considered.

1) Change in the fuzzy right hand side vector b̃,

2) Change in the constraint matrix A ,

3) Addition of a new constraint ,

4) Change in the cost vector c ,

5) Addition of a new activity (trapezoidal fuzzy variable) .

4.1.1 Change in the fuzzy right hand-side vector b̃,

Suppose that fuzzy right-hand-side vector b̃ is replaced by d̃ , where d̃ = (d̃1, ..., d̃m)T

, and d̃i ∈ F (R). Then the new fuzzy variable linear programming problem is as

follows :

min z̃ ≈ cx̃

subject to

Ax̃ ≈ d̃, (4.2)

x̃ � 0̃,

Therefore , B−1b̃ will replaced by B−1d̃. Since , zj−cj ≤ 0 for all for all nonbasic

fuzzy variables, the only possible violation of optimality is that the new fuzzy vector

B−1d̃ may have some negative entries. If B−1d̃ � 0̃ , then the same basis remains

optimal, and the values of the basic fuzzy variables are B−1d̃ and the objective has

fuzzy value cBB
−1d̃. Otherwise the dual method is used to find the new optimal

fuzzy solution by restoring feasibility.
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Consider the following linear programming problem with fuzzy variables.

Example 4.1

min z̃ ≈ 6x̃1 + 10x̃2

subject to

2x̃1 + 5x̃2 � (5, 8, 2, 5)

3x̃1 + 4x̃2 � (6, 10, 2, 6)

x̃1, x̃2 � 0̃,

The optimal solution of above fuzzy variable linear programming problem is x̃1
∗ ≈

(0, 0, 0, 0) , x̃2
∗ ≈ (2, 4, 3, 1) and z̃ = (−16,−8, 12, 4) with <(z̃) = 28.

Now , suppose that the right hand side is replaced by d̃ ≈

 (1, 4, 1, 3)

(1, 2, 1, 2)


The inverse of the current basis matrix is B−1 =

 −3/7 2/7

4/7 −5/7

 and hence

B−1d̃ ≈

 (−10/7, 1/7, 11/7, 1)

(−6/7, 11/7, 14/7, 17/7)

 . Then , d̃ ≈ B−1d̃ � 0̃ with <(x̃2) =

−11/7 , <(x̃1) = 13/14 , and so the new fuzzy solution is not feasible . Then ,

we can use from the dual method for finding the new optimal solution by restoring

feasibility or determine infeasibility of the new fuzzy variable linear programming

problem shown in Table 4.1.
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Table 4.1

Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ 0 0 −6/7 −10/7 (−196/7, 16/7, 214/7, 152/7) −142/14

x̃2 0 1 −3/7 −2/7 (−10/7, 1/7, 11/7, 1) −11/7

x̃1 1 0 4/7 −5/7 (−6/7, 11/7, 14/7, 17/7) 13/14

Since , <(−10/7, 1/7, 11/7, 1) = −11/7 < 0, therefore x̃2 is leaving variable

and x̃3 is entering variable (Table 4.2) .

Table 4.2

Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ 0 −2 0 −6/7 (−132/49, 846/49, 708/49, 1026/49) 873/49

x̃3 0 −7/3 1 2/3 (5/3, 16/3, 5/3, 13/3) 25/3

x̃1 1 4/3 0 −23/21 (−22/49, 141/49, 118/49, 171/49) 291/98

Now since , <(x̃1) = 291/98 > 0 and <(x̃3) = 25/3 > 0 . Therefore ,

the optimal fuzzy solution of the problem is x̃3 ≈ (5/3, 16/3, 5/3, 13/3) and x̃1 ≈

(−22/49, 141/49, 118/49, 171/49). Then , z̃ ≈ (−132/49, 846/49, 708/49, 1026/49)

with <(z̃) = 873/49
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4.1.2 Change in the constraint matrix A

Here the effect of change some of the entries of the constraint matrix A is discussed .

We only consider changes involving nonbasic column and omit other case. Therefore,

suppose that in the fuzzy variable linear programming problem problem , is defined

in Example 4.1, the nonbasic column ak is modified to ãk .

Then the new updating column is ȳk = B−1āk and z̄k − ck = cBB
−1āk − ck =

cB ȳk − ck.

Hence if z̄k − ck ≤ 0, then the old solution is optimal ; otherwise the fuzzy

primal simplex method is continued , after column k of the tableau is updated , by

introducing the fuzzy nonbasic variable x̃k .

Example 4.2

min z̃ ≈ 6x̃1 + 10x̃2

subject to

2x̃1 + 5x̃2 � (5, 8, 2, 5)

3x̃1 + 4x̃2 � (6, 10, 2, 6)

x̃1, x̃2 � 0̃,

The optimal solution of above fuzzy variable linear programming problem is x̃1
∗ ≈

(−2/7, 30/7, 30/7, 38/7) , x̃2
∗ ≈ (−5/7, 12/7, 18/7, 19/7) and z̃ ≈ (−62/7, 300/7, 360/7, 418/7)

with <(z̃) = 38.1428.

Suppose that the column a2 =

 5

4

 in above fuzzy variable linear
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programming problem , is replaced by ā2 =

 4

4

. Hence , z̄2− c2 = cBB
−1ā2−

c2 =
−230

7
< 0.

Therefore , the current fuzzy solution is still optimal with respect to the new

fuzzy variable linear programming problem.

4.1.3 Adding a new constraint

Consider the fuzzy variable linear programming problem , as defined in (4.1).

Suppose that we have an optimal fuzzy basic solution by x̃B = ỹ0 = B−1b̃, with

basis matrix B . Also , suppose that a new constraint is added to the problem.

Then, the new fuzzy variable linear programming problem is given as following:

min z̃ ≈ cx̃

subject to

Ax̃ � b̃ , px̃ � b̃0 (4.3)

x̃ � 0̃,

where , x̃ = (x̃1, ..., x̃n)T , x̃ = (̃b1, ..., b̃n)T , c = (c1, ..., cn), A = [aij]m×n , b̃i , b̃0 , x̃j ∈

F (R) , cj , aij ∈ R , pT ∈ Rn, for all i, j.

Then with add up fuzzy basic variable x̃k+1, the new constraints can be rewritten

as follows: px̃+ x̃k+1 ≈ b̃0 or

pBx̃B + pN x̃N + x̃k+1 ≈ b̃0.

where pB and pN are the multiplication vectors of fuzzy basic and nonbasic variable
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in the new constraint , respectively. Then , the new basis matrix is B̄ =

 B 0

pB 1


and its order is (m+ 1)2 . So ,

B̄−1 =

 B−1 0

−pBB−1 1


Now we consider c̄B as the multiplications vector of fuzzy basic variables in

objective and āj as the multiplications vector of jth fuzzy variables in constraints ,

then we have :

(zj − cj)new = c̄BB̄
−1āj − cj =

(
cB 0

)  B−1 0

−pBB−1 1


 aj

pj

− cj =

cBB
−1aj − cj = zj − cj.

Remark 4.1

Adding a new constraint to the fuzzy variable linear programming problem is inef-

fective on the optimality condition.

Now we show that the adding a new constraint can be effective on the feasibility

condition.

Example 4.3

Consider the fuzzy variable linear programming problem given in Example 4.2. Sup-

pose that we add a new constraint by x̃1+2x̃2 � b̃0, where b̃0 = (2, 3, 1, 2). According

to Remark 4.1 we should investigate the feasibility condition for the new constraint

by the current optimal fuzzy solution. By use of the final tableau, the optimal fuzzy

solution is as follows:
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x̃1 = (−2/7, 30/7, 30/7, 38/7), x̃1 = (−5/7, 12/7, 18/7, 19/7).

Then, the left side of the new constraint is x̃1 + 2x̃2 ≈ (−12/7, 54/7, 66/7, 76/7),

and <(x̃1 + 2x̃2) = 47/7. .In the other hand , we have <(̃b0) = 11/2. Hence, the

optimal fuzzy solution of the problem is given in Example 4.2 for the new constraint

is feasible , too. Therefore , the current optimal fuzzy solution is still optimal.

Example 4.4

Consider the fuzzy variable linear programming problem given in Example 4.2. Sup-

pose that we add a new constraint by x̃1 + 2x̃2 � b̃0, where b̃0 ≈ (2, 3, 1, 2). Note

that the current optimal fuzzy solution does not satisfy in the new constraint. Then

, with add up the fuzzy variable x̃5 as basic variable of the added constraint we

obtain x̃5 ≈ (−40/7, 33/7, 83/7, 80/7) with <(x̃5) = −17/14. So , x̃5 ≺ 0̃ . Hence ,

Table 4.3 with the constraint can be considered .

Table 4.3

Basis x̄1 x̄2 x̄3 x̄4 R.H.S. R̄

z̄ 0 0 −6/7 −10/7 (−62/7, 300/7, 360/7, 418/7) 267/7

x̄2 0 1 −3/7 2/7 (−5/7, 12/7, 18/7, 19/7) 15/14

x̄1 1 0 4/7 −5/7 (−2/7, 30/7, 30/7, 38/7) 32/7

x̄5 0 0 2/7 9/7 (−40/7, 33/7, 83/7, 80/7) −17/14

Now , by use of dual method , the basic fuzzy variable x̃5 is eligible to

leave the basis, but we are not able to determine any variable to enter the basis.

Therefore , we follow that the new fuzzy variable linear programming problem is

not feasible.
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4.1.4 Change in the cost vector c

Here, a particular situation that could affect the optimality of the current fuzzy

solution , is considered . Suppose that a fuzzy optimal basic feasible solution is

given and cost coefficient of one (or more) of the fuzzy variables is changed from ck

to c̄k . These changes only affect the optimality of the fuzzy solution , that is dual

feasibility may be lost. In general there are two cases :

1) The new cost row satisfies the optimality condition and the fuzzy solution remains

unchanged.

2) The optimality condition is not satisfied, in which case the fuzzy primal simplex

method is used to recover optimality.

In the first case suppose that the cost coefficient of a fuzzy nonbasic variable

is changed , that is ck → c̄k , wherek 6= Bi, (i = 1, ...,m). In this case cB is not

affected , and hence zj = cBB
−1aj is not changed for any j. Thus zk− ck is replaced

by zk − c̄k. If zk − c̄k ≤ 0, the current fuzzy solution is still optimal with respect

to the new fuzzy variable linear programming problem , and if zk − c̄k is positive ,

then fuzzy variable x̃k must be introduced into basis and the fuzzy primal simplex

method is continued as usual.

In the second case suppose that the cost coefficient of a fuzzy basic variable is

changed. In this case zj = cBB
−1aj is changed for any j , since cB is replaced by c̄B

.Let the new value of zj be z̄jk = Bi , and eTk = (0, ..., 0, 1, 0, ..., 0) is the kth unit

vector . Then z̄j − cj = c̄BB
−1aj − cj.

It is obvious that for j = k , z̄j − c̄j = 0, since

z̄j − c̄j = c̄BB
−1aj − c̄j = c̄Bek − c̄k = c̄Bt − c̄k = c̄k − c̄k = 0.
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Therefore , it is enough that we update the cost row only for j 6= Bi and evaluate

the optimality condition for new fuzzy variable linear programming problem . It

can be obtained by

z̃new ≈ c̄BB
−1b̃ ≈ c̄B ȳ0 ≈

cB ȳ0 + (c̄Bt − cBt)ỹy0 ≈ z̃ + (c̄Bt − cBt)ỹt0.

Example 4.5

Consider the fuzzy variable linear programming problem given in Example 4.2. Sup-

pose that the cost vector c = (6 , 10) is replaced by c̄ = (7 , 9). Then cB is changed

to c̄ = (7 , 9), since x̃1, x̃2 are fuzzy basic variables. Then the coefficient of the fuzzy

nonbasic variables in zero row are as follows (Table 4.4):

z̄3 − c3 = c̄BB
−1a3 − c3 =

15

7
,

z̄4 − c4 = c̄BB
−1a4 − c4 =

−59

7
.

Table 4.4

Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ 0 0 15/7 −59/7 (−62/7, 300/7, 360/7, 418/7) 267/7

x̃2 0 1 −3/7 −2/7 (−5/7, 12/7, 18/7, 19/7) 15/14

x̃1 1 0 4/7 −5/7 (−2/7, 30/7, 30/7, 38/7) 32/7

Since , z̄3−c3 > 0 , x̃3 is an entering variable , and x̃1 is a leaving variable.

Therefore , by use of the fuzzy primal simplex method in Table 4.5 as follows
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Table 4.5

Basis x̃1 x̃2 x̃3 x̃4 R.H.S. <(R.H.S.)

z̃ −15/4 0 0 −161/28 (−117/14, 621/14, 729/14, 837/14) 279/7

x̃2 3/4 1 0 −23/28 (−13/14, 69/14, 81/14, 95/14) 75/17

x̃3 7/4 0 1 −5/4 (−1/2, 15/2, 15/2, 19/2) 9

Since , z̄1 − c1 =
−15

4
< 0 , z̄4 − c4 =

−161

28
, therefore , fuzzy optimal

solution is obtained.

4.1.5 Adding a new activity

Suppose a new activity x̃n+1 with cost coefficient cn+1 and consumption column an+1

is considered for possible production . Now , it is necessary to calculate z̄n+1− cn+1

and in the next example optimality conditions are discussed.

Example 4.6

Consider the fuzzy variable linear programming problem given in Example 4.2. Sup-

pose that a new activity x̃5 � 0̃ with c5 = −2 and a5 =

 −2

1

 is introduced ,

the new problem will be as follows

min z̃ ≈ 6x̃1 + 10x̃2 − 2x̃5

subject to

2x̃1 + 5x̃2 − 2x̃5 � (5, 8, 2, 5)
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3x̃1 + 4x̃2 + x̃5 � (6, 10, 2, 6)

x̃1, x̃2, x̃5 � 0̃,

Then , z5 = c̄BB
−1a5 =

 4/7

−13/7

 , z̄5 − c5 =
−92

7
< 0.

Hence , the current fuzzy solution is still optimal.

4.2 Conclusion

In this chapter , a method to deal with sensitivity analysis of fuzzy variable

linear programming problem , is presented and the presented method is illustrated

with the help of some numerical examples.
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