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ABSTRACT

During the last four decades, a large number of mathematical tools have been
developed in Operational Research. For the linear programming problems in the
crisp scenario, the aim is to maximize or minimize a linear objective function subject
to linear constraints. But in many practical situations, the decision maker may not
be in a position to specify the objective and/or constraint functions precisely but
rather can specify them in a “fuzzy sense”. In such situations , it is desirable to use
some fuzzy variable linear programming type of modeling.

This thesis is devoted to solve fuzzy variable linear programming problems. The
main topics are fuzzy simplex method , fuzzy dual simplex method and sensitivity
analysis for fuzzy variable linear programming problems.

The chapter-wise summary of the thesis is as follows:

Chapter 1 is introductory in nature. This chapter includes basic definitions,
arithmetic operations and concepts used throughout the work. A brief review of
the work done in the area of fuzzy variable linear programming problem is also
presented.

In Chapter 2 , fuzzy simplex method for solving fuzzy variable linear pro-
gramming problem , is presented .

In Chapter 3, some duality results and fuzzy dual simplex method for solv-
ing fuzzy variable linear programming problem , is presented . To illustrate the
presented method, a numerical example is solved.

In Chapter 4, a method to deal with sensitivity analysis for fuzzy variable
linear programming problems is presented . To illustrate this method some numer-
ical examples are solved.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1.1 Introduction

The notion of fuzzy set is widely spread to various fields. The application to
mathematical programming has relatively long history. This is the fruit of the contin-
uous efforts of the researchers in that topic. The fuzzy mathematical programming
was developed for treating uncertainties in the setting of optimization problems. It
treats decision making problem under fuzzy goals and constraints. The fuzzy goals
and constraints represent the flexibility of the target values of objective functions
and the elasticity of constraints.

The basic definitions used throughout the work are as follows [30]:
Definition 1.1

A crisp set or a classical set A is defined as a collection of distinct and

distinguishable objects. The objects are called elements of A . A crisp set A ,
defined on the universal set X | can also be represented by A = {(z, pa(z));z € X}

where 4 : X — {0,1} is called characteristic function defined by

1, ifreAd;
pa(z) =
0, otherwise .
Definition 1.2

The characteristic function p4 of a crisp set A C X assigns a value either

0 or 1 to each member in X. This function can be generalized to a function p ; such



that the value assigned to the element of the universal set X fall within a specific
range [0, 1] i.e., pj : X — [0, 1]. The assigned values indicate the membership grade
of the element in the set A.

The function p; is called the membership function and the set A=
{(x,nz(x));2 € X} defined by pj for each x € X is called a fuzzy set. pj(x)

is the degree of membership of z in A .

Definition 1.3
Let A be a fuzzy set and a be real number in the interval [0, 1] . The

crisp set A, defined by A, = {z € X : pz(x) > a} is called « - cut of A

Definition 1.4
A fuzzy set A | defined on the universal set of real numbers R , is said to

be a fuzzy number if its membership function has the following characteristics:

1) pz: R — [0,1] is continuous.
2) pi(z) =0 for all z € (—o0, ] U [d, o).
3) Is strictly increasing on [c, a] and strictly decreasing on [b, d] .

4) pi(z) =1for all z € [a,b] .

Definition 1.5
The support of a fuzzy set A is the crisp subset of X and is represented

as .

e

Supp(A) = {z € X | pz(x) > 0},



1.2 Arithmetic operations on fuzzy numbers

Let a = (a*,a", a, 3) and b= (bE,8Y 7, 0) be two trapezoidal fuzzy num-

bers then

+b=(a+ 0k a" + 0V, a+v,8+0)

js )

—b=(ab =0V, a" —b " a+0,5+7)

js )

L

x>0, va = (va’, zd¥, za, z3)

L

r <0, va= (za¥, za® —283, —za)

1.3 Ranking function

A convenient method for comparing of the fuzzy numbers is by use of
ranking function . A ranking function defined as R : F(R) — R maps each fuzzy

number into a real line. If @ = (a’,a", o, 3) and b= (bE,bY 7, 0) are two trapezoidal

fuzzy numbers then ,

where R(a) = a* + a¥ + %(5 — ) and R(b) = b* +bY + %(6 — 7).

Lemma 1.1 Let  be any linear ranking function . Then

jSh

biffa—b>=0iff —b>= —

Y

i)a

ii) Ifdigandéicz,thend—i—étgjtcz.



1.4 Literature review

The concept of fuzzy mathematical programming on a general level was first
proposed by Tanaka et al. [54] in the framework of the fuzzy decision of Bellman
and Zadeh [6]. The first formulation of fuzzy linear programming (FLP) is proposed
by Zimmermann [67]. Afterwards, many authors have considered various kinds of
FLP problems and have proposed several approaches for solving these problems
[15-19,35-39,44,47].

In addition, some authors have used the concept of comparison of fuzzy numbers
to solve fuzzy linear programming problems. In fact, most convenient methods
are based on the concept of comparison of fuzzy numbers by using linear ranking
functions [18,21,35-39].

Of course , linear ranking functions have been proposed by researchers to suit
their requirements of the problem under consideration and conceivably there are
no generally accepted criteria for application of ranking functions. Nevertheless,
usually in such situations authors define a crisp model which is equivalent to an
FLP problem and then use optimal solution of the model as the optimal solution
of the FLP problem. Based on this idea Maleki et al. [39] proposed a new method
for solving the fuzzy variable linear programming (FVLP) problem. Ebrahimnejad
et al. [18] gave another efficient method namely primaldual simplex algorithm to
obtain a fuzzy solution of FVLP problems. Also, Nasseri and Ebrahimnejad [44]
applied a fuzzy primal simplex method [37] to solve flexible linear programming
problems directly without solving any auxiliary problem. Moreover, Ebrahimnejad

and Nasseri [15] used the complementary slackness to solve FVLP problems without



the need of a simplex table.

In published works on fuzzy linear programming there are only a few papers
dealing with stability or sensitivity analysis in fuzzy mathematical programming.
Sensitivity analysis in FLP problems (with crisp parameters and soft constraints)
was first considered by Hamacher et al. [26], where a functional relationship between
changes of parameters of the right-hand side and those of the optimal value of the
primal objective function was derived for almost all conceivable cases. Sensitivity
analysis for fuzzy linear fractional programming problems was studied by Dutta et al.
[13]. Tanaka et al. [55] have discussed the value of information in an FLP problem
(with symmetrical triangular fuzzy numbers) via sensitivity analysis. Fuller [22]
investigated the stability of the solution of FLP problems with respect to changes
of centers of fuzzy parameters. He showed that the solution to these problems is
stable under variations in the membership function of the fuzzy coefficients.

Ebrahimnejad [14] generalized the concept of sensitivity analysis on the param-
eters of the crisp linear programming [2] to the fuzzy number linear programming
and showed that the fuzzy primal simplex algorithm stated in [37] and the fuzzy
dual simplex algorithm presented in [43] is useful for post optimality analysis on

linear programming problems with fuzzy numbers.



CHAPTER 2

FUZZY SIMPLEX METHOD FOR SOLVING FUZZY
VARIABLE LINEAR PROGRAMMING PROBLEMS

In this chapter , the fuzzy simplex method for solving fuzzy variable linear

programming problems is presented .

2.1 Fuzzy variable linear programming problems

A fuzzy variable linear programming problem is defined as follows:
min  Z X cx

subject to

AT =~ b, (2.1)

where , b e (F(R)™, T e (F(R)",Ae R™" T cR" .

Definition 2.1
A fuzzy vector = € (F(R))"™ is a fuzzy feasible solution to (2.1) iff T satisfies

the constraints of the problem.



Definition 2.2
A fuzzy feasible solution z, is a fuzzy optimal solution for (2.1), if for all

fuzzy feasible solution z for (2.1), cx, = cZ.

2.2 Fuzzy basic feasible solution

Consider the system AT =~ band 7 = 0. Let A = [@i]mxn. Assume
rank(A) = m. Partition A as [B N| where B , m X m is nonsingular . It is obvious
that rank(B) = m . Let y; be the solution to By = a;. It is apparent that the basic
solution.

Tp~ (Tp1, . Zpm)’ ~ Bb, Ty ~ 0 (2.2)

is a solution of AT ~ b . We call T , accordingly partitioned as (T Ty
fuzzy basic solution corresponding to the basis B. If A&;B > 0, then the fuzzy
basic solution is feasible and the corresponding fuzzy objective value is z &~ cgxp ,
where , cg = (cp,,...,cp,, ). Now , corresponding to every fuzzy nonbasic variable
2j,1<j<n,j#B,;, andi=1,..,m, define

_ _ -1
zj = cpyj; = cgB™ a;

If zg > 0, then 7 is called a nondegenerate fuzzy basic feasible solution and if at
least one component of Tp is zero, then x is called a degenerate fuzzy basic feasible

solution.

Theorem 2.1
If a fuzzy variable linear programming problem is nondegenerate then a
fuzzy basic feasible solution g =~ B~ , Zy =~ 0 is optimal if and only if z; =

cpB'a; < ¢;, for minimization ( z; > ¢;, for maximization) for all 1 < j <n .



Proof: Suppose 7, ~ (75 74)T is a fuzzy basic feasible solution to (2.1) (min-
imization) , where g = B‘lg, Iy = 0. Then the corresponding fuzzy objective

value is
Z. N CT, ~ cplp ~ cgB~'h.

On the other hand , for any fuzzy basic feasible solution z to (2.1)

b~ Ar ~ Bxgp+ Ny
Hence , this can be rewritten as follows :

Fp~ B 'b— B 'Niy
Then, for any basic feasible solution of (2.1) ,

ZRCT X cpTp +CNIN & CBB_lb — (CBB_lN — CN)iN .

~ CBBilﬂl;— Z(CBBilaj - Cj)jfj ~ CBBilfg— Z(Zj — Cj)ivj.
j=1

j=1

Hence |,

IR =) (35— )T

J#Bi
Now, if for all j , 1 < j < n z; < ¢; , then from feasibility of T , (z; — ¢;)z; = 0,
and then Z (zj —¢j)xy = 0 . Therefore it follows that 3 = z, and so x, is optimal.
J#Bi
For “only if” part , let =, be a fuzzy optimal basic feasible solution to (2.1) . For
Jj=B;,1<i<m, weknow that z; —¢; = 0. From above , it is obvious that if for
any nonbasic variable z; we have z; > ¢; , then we can enter z; into the basis and

obtain Z, = 7 (because the problem is nondegenerate and & > 0 in the new basis).

This is a contradiction to z, being optimal . Hence , z; < ¢j,1 < j < n.



2.3 Optimal solution of fuzzy variable linear programming problems
Consider the fuzzy variable linear programming problem as is defined in (2.1).

mazr z ~ CBgB + CNfN
subject to
B%/B + N:’LtN ~ g,

Tp, oy > 0,

Then | it is possible to write T ~ B~1b— B~!N7y and 7 ~ cB(B_lg— B7'NZy)+
cnZy. Also, it can be written as 75 + B~!N2y ~ B~ , and also for objective
function z + (cg B™'N — cny)Tn & cpB~1b.

Currently Tn ~ 0 s0 T ~ B~ ,and Z ~ csB~'b . And the above fuzzy

variable linear programming problem can be rewritten in the following table format:

Table 2.1

Fuzzy simplex table

Z|Tp TN R.H.S.

z |1 0 CBB_IN— CN CBB_IE

T |0 1 BN B~

The Table (2.1) gives all the information that is needed to proceed with the
simplex method . The cost row in the above table is (v;);25, = (cgB'aj—c¢;)jz5, =
(2j — ¢;)j£B;- According to the optimality condition for these problems if v, > 0 for
all 7 # B; then the solution is optimal . On the other hand , if v, < 0, for a £ # B;

9



then Zp, can be exchanged with Z; . Then compute the vector 3, = B~ 1a; . If y; <0
, then x; can be increased indefinitely and then the optimal objective is unbounded.
On the other hand , if 3, has at least one positive component , then the increase in

will be blocked by one of the current basic variables, which drops to zero.
2.3.1 Pivoting

If z; enters the basis and xg_ leaves the basis then pivoting on y,; can be
stated as follows:
1) Divide row 7 by y,;.
2) For i = 1,...,m and i # r update the /" row by adding to it —y; times the new

rth row.

3) Update row zero by adding to it 7, times the new r** row.

Theorem 2.2

If in a fuzzy simplex table, an [ exists such that z; — ¢; < 0 and there
exists a basic index ¢ such that y; > 0, then a pivoting row r can be found so that
pivoting on y,; will yield a fuzzy feasible table with a corresponding nondecreasing
objective value.
Proof: A criterion is needed for choosing a fuzzy basic variable to leave the basis
so that the new simplex table will remain feasible and the new objective value is
nondecreasing. Assume column [ is the pivot column. Also, suppose that = ~

(T5 TN)"

is a fuzzy basic feasible solution to the fuzzy variable linear programming
problem , where 75 ~ B~'b and Ty ~ 0. Then , the corresponding fuzzy objective

value is Z ~ cg B~ 1b ~ cgyp.

On the other hand , for any fuzzy basic feasible solution to the fuzzy variable linear

10



programming problem

Tp+ > T = 1o
J#B;

where , y; = B 'a;.

So, if x; enters into the basis it can be written as
Tp R Yo — YT

Since , we want xg be feasible , hence 3,0 — yyx; = 0, for all i =1, ..., m.
If y; < 0, then it is obvious that the above condition will hold.

Hence , for all y; > 0, it must be needed that

7=
Yil

To satisfy the definition of linear ranking function it is sufficient to let

?77"0 . gi()
— ~min{—|y; >0
Yrl {yil | }

Also , for any fuzzy basic feasible solution to the fuzzy variable linear programming

problem

Z & cplo— g (zj—¢;)x;
J#Bi
So, if x; is allowed to enter into the basis , then
Z = CpYo — (Zz - 01)371
Now , the new objective value is nondecreasing , since

Z & cpyo — (21— )T = ¢BYo

Using the fact that (z; — ¢;)z; < 0.

11



Theorem 2.3

If for any fuzzy basic feasible solution to the fuzzy variable linear program-
ming problem there is some column not in basis for which 2z, — ¢; < 0 and y; < 0,
1 =1,...,m, then the fuzzy variable linear programming problem has an unbounded
solution.
Proof: Suppose that xg is a fuzzy basic solution to the fuzzy variable linear pro-

gramming problem , so

‘/L‘Bi_'_ E yij'rj%yzﬂvi:17"'7m7j:17"'ana
J#Bi

or

rp; ~ Yio — § yijxjalz]-)"'amaj :]_,...,TL,
J#Bi

Now , if Z; enter into the basis , then z; >~ 0 and z; =~ 0, for all j # B; Ul. Since

yiu < 0,2 =1,...,m, hence
Yio — Yazr = 0

Therefore , the current fuzzy basic solution will remain feasible. Now , the value of

z for the above fuzzy feasible solution is as following:

CBEB + CNZi'/N

N>
e

Q

Z e, (Yio — ya®i) + @y
i=1

m m
E CB;Yio — ( E CB;Yil — Cl)ﬂfz
i=1 =1

CB% - (CB?jl - Cl)fl

Q

Q

~ Z-— (Zl — Cl)@.

So,

12



ZZ— (Zl—Cl)Za. (23)
Hence, x; can be entered into the basis with arbitrarily large fuzzy value. Then |,

from (2.3) , there is unbounded solution.

2.3.2 Fuzzy simplex method

Suppose that a basic feasible solution with basis B is given. Then:
Step 1: The basic feasible solution is given by Tp =~ B b~ Yo and T ~ 0. The

fuzzy objective Z &~ c5 B~1b ~ cpijo.

Step 2: Calculate w = cg B~ and yo = R(yp). For each nonbasic variable , calculate
v; = z; — ¢; = cgB7a; — ¢j = wa; — ¢j. Let v, = min;{v;}. If 4y > 0, then stop ;

the current solution is optimal. Otherwise go to Step 3.

Step 3: Calculate y; = B~'a;. If y; < 0, then stop ; the optimal solution is un-
bounded. Otherwise determine the index of the variable zp, leaving the basis as

follows :

. Yo
— =min{— | yy >0
Yrl { Yil | }

Iro Iro

yq for ¢ # r and y,q by replacing . Also , update

rl Yri

Update y;o by replacing ;0 —

Z by replacing z — @(zl —¢;) . Then , update B by replacing ag_ with a; and go

rl

to Step 2.

2.3.3 Illustrative example

For an illustration of the fuzzy simplex method a fuzzy variable linear

programming problem is solved by use of fuzzy simplex method.

13



Example 2.1

maxr z ~ 311 + 479

subject to

37 + 75 < (2,4,1,3)
277 — 322 < (3,5,2,1)

1,22 = 0

Solution: The chosen problem can be written as
311 + T2 + 73 ~ (2,4, 1,3)
217 — 3T + T4 ~ (3,5,2,1)
T1, T2, T3, T4 = 0

The first table is as follows:

Basis | 77 | @2 | 3 | 7y | R.H.S. | R(R.H.S.)
7 | -3|-4]|0]o0 0 0
T3 3 1 110 (24,13) 7
Ty 2 | =310 1](352]1) 7.5
Now , the obtained values are v; = z1—c; = =3 < 0and vy = 20—cy = —4 < 0.

Then, 75 < 1. Hence , related fuzzy nonbasic variable to s, that is x5 is an entering
variable. Therefore , according to the minimum ratio test given in Step 3 of fuzzy

simplex algorithm , 73 is a leaving variable. Now , after pivoting the new table is:

14



Basis | 77 | x2 | 73 | x4 | R.H.S. R(R.H.S.)

Z | 9]0]4]0](8164,12) 28

B |31 ]1]0| (2413) 7

i |11 0| 3] 1](917510)| 285

According to the above table , for fuzzy nonbasic variables 7,73 , 73 =
9 > 0,73 = 4 > 0. Hence , using the optimality condition for the fuzzy variable
linear programming problems , the optimal fuzzy solution is obtained i.e. 77" ~
(0,0,0,0), 22" =~ (2,4,1,3), 73" ~ (0,0,0,0),z," =~ (9,17,5,10) and Z ~ (8, 16,4, 12)

with (z) = 28.

2.4 Conclusion
In this chapter , the fuzzy simplex method for solving fuzzy variable lin-
ear programming problems is presented and the presented method is illustrated by

solving a fuzzy variable linear programming problem .

15



CHAPTER 3

DUALITY RESULTS AND FUZZY DUAL SIMPLEX
METHOD FOR FUZZY VARIABLE LINEAR
PROGRAMMING PROBLEMS

In this chapter the dual problem of the linear programming problem with
fuzzy variables and some duality results are presented. Also , the fuzzy dual sim-
plex method for solving fuzzy variable linear programming problems is presented.
The presented method is illustrated by solving a fuzzy variable linear programming

problem.

3.1 Formulation of the dual problem

Consider the following fuzzy variable linear programming problem below:
min zZ X ct

subject to

I
=N
| A
v@‘?

jen)i

=

=

)

or

n
mimn z = E CiZy,
j=1
subject to

n

E Q35 5 j bi7 1= 1, M,

j=1
=0, j=1,2,..,n, (3.1)

16



where & = (£, ..., 7,)7 € (F(R)",b = (b1, ....bm)" € (F(R)™, A = [i;]mxn; ¢ =

(1, s )T € R by = (b7, Y, 02,07) € F((R)), 5 = (2,2, 25, 2)) € F((R)).

1Y% 2 Y0 Yy 777307

It is obvious that problem (3.1) is equivalent to problem (3.2) given below:
min z = R(cx)

subject to

R(3) >0, (3.2
where , R(Z) = (R(z1), ..., R(7,))" € R", R(b) = (R(by), ..., R(bn))" € R™
In the above notations , R(z;) = CLZ‘JL + CUI;J + cat§ + Cgacf, R(b;) =

cLbZ-L + cUbg] +cobf + cBbf, where |, cr, cy, cq, cs are constants , at least one of which

1S nonzero.

Theorem 3.1
Problems (3.1) and (3.2) are equivalent to the following problem:
min z = ¢R(T)

subject to

R(7) > 0. (3.3)

Proof. Since , R is a linear ranking function , so ,

n n

R(cx) = %(Z ¢jTj) = Z R(c;z;)
=D _ o R(i)) = R(3),
where , R(Z) = (R(4), ..., R(z;,))" € R"

On the other hand ,

17



RO aid) = Rlayzy) =Y ayR(;).

j=1 j=1 j=1

So , if we denote the " row of matrix A by @;, we have
R(AT) = (R(@7), ... R(an )"

= (%(Z a1Tj), oo %(Z )"

n n

— (Z alj%(fj)a ey Z amj%(‘fj»T

J=1 J=1

= (@R(2), ..., anR(2)" = AR(2).

For any feasible € (F/(R))"™ for (3.1)

or , using a linear ranking function ,

n
Zaij(chf—i-cUx;]—kcax?—l—cﬁxf) < cLb,;L—i-cUbg]—l—cab?—kcﬂbf
j=1

crattepal et st <0, j=1,2,..n.

Now , for any optimal solution z* for (3.1)
cr* < cf

for any feasible solution z for (3.1) , or,

18
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n n

DGR < Y o),

j=1 j=1

or, using linear ranking function ,

n

xL *«U e *3
g cjlcLe” + cyxi” + car® + cpx}”)

=1
n

< Z cj(chf—kox;]—kcax?—i—cﬁxf) (3.5)
=1

Therefore , x* = (2%, ...,2%)7, where 3537 = (ij,x;U,x;a,x;ﬂ)T € F(R), is optimal

for (3.1) , if and only if z* = (a3F, 22V 2t 03P axl oV g 29T € R is an
optimal solution for (3.2).

Theorem 3.2
The dual of (3.1) is defined to be:
maxr U ~ yl~)
subject to
yA <c,
y <0, (3.6)
Now, shown that the dual of (3.1) is indeed (3.6) , using the usual definition
of the dual in linear programming . Using Theorem (3.1) and applying a linear

ranking function , (3.1) can be written as

n

: _ L U a B
min z = E cjlcLay + cuxj + cax§ + cpxf),
i=1

subject to

n
Z aij(ch]L + cUa:;] + ot + 051’5) < 8%(51), i=1,2,....,m,
j=1

ch]L+cUx§J+cax?+cﬁxf >0, i=1,2...n (3.7)

19



The dual of (3.7) is

ma = " enb + ot + ol + est) = 3 (b,
=1

i=1

subject to

m
E QijCLYi + CLYm+1 = CLCj,

i=1

m
E aijCuYi + CuYm+1 = CUCj,
=1
m

E @ijCaYi + CalYm+1 = CaCy,
i=1

Zaijcﬂyi + C8Ym+1 = CBCy, 7=12,...n
i=1
Yty -y Um < 07 Ym+1 2 0. (38)

If any of ¢y, cy, cq, cp is equal to zero then the corresponding constraint is not present

, and since at least one of the values cr, cy, cq, cg is nonzero , the corresponding
m

constraints reduce to Zaijyi + Yms1 = ¢ , for j = 1,2,...,n. Then (3.8) can be

i=1
written as

maz = 3 (6,
=1

subject to
Zyiaij < Cj, ] = 1,2, .., n,
i=1
y; <0, 1=1,2,....m (3.9)

or, using matrix notations,

maz u = yR(b;),
subject to

yA <,

20



y <0,
Since problems (3.6) and (3.10) are equivalent , then problem (3.6) is the dual of

(3.1) in the usual definition of the dual in linear programming.

Lemma 3.1

The dual of the problem (3.6) is the problem (3.1).

Proof. Problems (3.6) and (3.1) are , respectively , equivalent to problems (3.9)
and (3.7) . Knowing from linear programming that the dual of (3.9) is (3.7) , it

follows that the dual of (3.6) is (3.1).
Theorem 3.3

If £y and wy are feasible solutions to fuzzy variable linear programming

problem and its dual , then cxy >~ wob.

Proof. Multiplying Az = b on the left by wy < 0 and wyA < ¢ on the right by

fo E 6 . Thus s Cfo i ’(UoAfo i ’(Uol;.

Corollary 3.1
If £y and wy are feasible solutions to fuzzy variable linear programming
problem and its dual and cxy ~ wOB , then 2y and wy are optimal solutions to their

respective problems.

Proof. Theorem 3.3 indicates that c& = wob &~ ¢z , for each feasible solution  of
fuzzy variable linear programming problem . Thus ;| 2 is an optimal solution to the
fuzzy variable linear programming problem.

Also , wb < ey & wb , for each feasible solution w of dual fuzzy linear program-

ming problem. Thus , wy is an optimal solution to the dual fuzzy linear programming
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problem
Theorem 3.4 (Strong duality)

If either a fuzzy variable linear programming problem or its dual has an
optimal solution , then both problems have optimal solutions and the two optimal
value of ranking functions for the fuzzy objective values are equal. (If fact , if z*
with xN*B ~ B!, and :L‘N}kv ~ 0 is optimal solution of the primal problem then the
crisp vector w* = cgB~!, where B is the optimal basis , is optimal solution of the

dual problem.).

Proof. First , assume that the fuzzy variable linear programming problem has a
fuzzy optimal solution , and rank(A) = m . Let § = 0 be the fuzzy slack variable
for the constraints AZ < b . The new equivalent problem to the fuzzy variable linear

programming problem is

min zZ ~ cx + 0y

subject to

o
Sh

+gzl~),

IS
Y
(@l

<
Y
(@)

(3.11)

Assume B is the optimal basis matrix and Z, ~ (237 07)7 ~ (,TB~T 07)7 is the
fuzzy basic optimal solution corresponding to the fuzzy variable linear programming

problem . From Theorem 2.1 of Chapter 2
cgB™la; —¢; <0, j=12,...,nn+1,..n+m,

or equivalently ,
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Hence |,
cgB1A < ¢
CBB_1 < 0.

Now, let w, = cgB~!. Using the above inequalities ,

Thus , w, is a feasible solution to the dual

w,b ~ cgBb ~ cpap ~ c7,

and hence

web =~ cx,

Therefore , the result follows immediately from Theorem 3.3.

Remark 3.1

We emphasize that the basic solution to the fuzzy variable linear program-
ming problem is a fuzzy vector that is uniquely determined by the optimal basis B.
The solution to the dual problem is a unique crisp solution, however , depending
solely on the basis matrix B , with the objective value of the dual having the same
rank as the primal . We realize that the duality result obtained here are independent

of the choice of the linear ranking function . It is clear that we can use any other
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linear ranking function , and although the solution obtained may be different but
the duality result are still valid for the new solution . In the , the dual simplex
algorithm that we present later will find the fuzzy solution of the primal as well as
crisp solution of the dual problem along with the induced basis corresponding to
the ranking function being used (we point out that the optimal basis corresponding
to a linear ranking function does not change if the ranking function is multiplied
by a positive constant). As for the types of the fuzzy data in the model and the
assumption of fuzziness in the variables , the choice and compatibility of the ranking
function for the ranking function for the linear programming model should be the
decision maker’s main concern. For trapezoidal fuzzy numbers and variables , the

linear ranking function defined in Chapter 1 is deemed to be appropriate.

For an illustration of the above theorem consider the following fuzzy vari-

able linear programming problem and its dual.
Example 3.1
min z ~ 6x7 + 1025
subject to
311 + 425 = (5,8,2,5),
371 + 425 = (6,10,2,6),
Zy, 7 = 0.
maz u =~ (5,8,2,5)w; + (6, 10,2, 6)w;

subject to
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2w1 + 311}2 < 6,

5’(1)1 -+ 4’(1)2 < 10,

wy, wy = 0.

We see that the fuzzy basic optimal solution for the fuzzy variable linear

=

- ot Ao (=5 12 18 19\ = . (=2 30 30 38 sy _ 15
programming problem is 71 ~ (=2, %, %, %) , 72 ® (=, =, %, =) with R(21) = 33

, R(#) = 2 and also the optimal objective value is Z ~ (=22, 320 380 418) with

R(Z) = 38.1428 , with the optimal basis matrix

4 3
Hence , using w = cgB~! , w = (g, 1—70), which is equal to the optimal solution
of the dual . On the other hand , R(u) = 38.1428 . Therefore , both problems
have optimal solutions and the two optimal value of ranking functions for the fuzzy

objective values are equal.

Theorem 3.5
Let x, and w, be any feasible solutions to fuzzy variable linear programming problem
and its corresponding Dual fuzzy variable linear programming problem . Then x,
and w, are respectively optimal if and only if

(wyA—c), = 0, w,(b—Az,) ~ 0. (3.12)
Proof. Suppose that x, and w, are feasible solutions to fuzzy variable linear pro-
gramming problems and Dual fuzzy variable linear programming problems , respec-

tively . Therefore,
Az, <D (3.13)
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and
w,A < e (3.14)

Multiplying Az, < b on the left by w, < 0 yields

w, AT, < w,b. (3.15)

Multiplying w,A < ¢ on the right side by Z, = 0 yields

W AT, = CTy. (3.16)

Therefore ,

wyb < W, AT, = .. (3.17)
On the other hand , since x, and w, are optimal solutions to the primal and dual

problems , respectively , then by Theorem 3.1 , w,b ~ ¢z, and (3.17) is written as

web ~ w, AL, ~ cz,. (3.18)

From (3.18)

(wyA—c)E, ~ 0,w,(b—AF,) ~ 0. (3.19)
The converse of the theorem follows from the fact that (w,A — ¢)2% ~ 0 and w, (b —
Ag,) ~ 0 imply that c7, ~ w,b . Therefore | optimality of x, and w, follows from

Corollary 3.1.

3.2 Primal optimality and dual feasibility

Consider the following fuzzy variable linear programming problem |,

>0, (3.20)
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where |, T = (fl,...,fn)T,i) = (51,...,bm)T,A = [aijlmxn, ¢ = (c1,..sCn),, b3, Tj €

F((R)),cj,ai; € R for all 4,5 .

Now, we may rewrite (3.20) as follows:

min Z ~ cx + 0y

subject to

N
Sh

+gzl~),

IS
Y
VO?

(3.21)

<
Y
[@n)]

where ) g = (y~17 ay’Nm)T
Define 7 € (F(R))"™™ and ¢ € R"™™ as

iL‘j, ]:1,2,,n,

Yji—n, J=n+1,n+2, .. n+m

ci, J=12,...,m;
¢ = (3.22)
0, 7=n+1n+2,...n+m.
Suppose that a basic solution for (3.21) is given by 25 =~ B~1b , with the basis matrix
B . Now , let z; = ¢gB~'a;, yo ~ B~'b, where ¢ = (¢p,, ...,Cp,,), and d; is the ;™
column of the coefficient matrix [A ] . Consider Table 3.1 , where (z3), is the
i, fuzzy basic variable , y; = B™'a;, and R(yy) is the real number corresponding

to the fuzzy number y,9 obtained by a linear ranking function . Suppose that for

j=1,2,..,n+m , we have

2 — ¢ <0 (3.23)
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Define w = ¢gB~ !, where w = (wy, ..., w,,). For j = 1,2, ....n, we have
_ - _ - -1 _
ygj—Zj—Cj—CBB aj—cj—waj—cj,
Therefore , for j =1, ...,n, from z; —¢; < 0. Then ,

wA < ¢ (3.24)

Table 3.1

A dual feasible simplex table

Basis il T Tptm R.H.S. | R(R.H.S)
z 2—C | e | 21— | oo | Zngm — Cnem | CBYo R(cBYo)
(ZTp) Y11 Y1 Y1,n+m Y10 R (yi0)
(ZEB>7’ Yr1 Yri Yrn+m y;O %(?ﬁo)
(Q_ZB)m Ym1 Yml ym,ner y;n() §R(y;LO)

On the other hand , using (3.23) ,we have

0> 2ygi — Cpyi = cgB7le; — 0 =we; = w;, i=1,2,...,m,
and hence |,

w <0, (3.25)
yielding the dual feasibility . If R(y9) = 0, for all r = 1,2,...,m, then a fuzzy
feasible solution for the fuzzy variable linear programming problem is at hand .

Moreover , we will have ,



and thus , by Corollary 3.1 , establishing the optimality of ¥ and w for the fuzzy
variable linear programming problems and its dual. Therefore , we have the following

result.

Theorem 3.6

The optimality criteria z; — ¢; < 0 for all j , for the fuzzy variable linear
programming problem is equivalent to the feasibility condition for the Dual fuzzy
variable linear programming problem. If | in addition , Z corresponding to a basis is
primal feasible then Z is optimal for the fuzzy variable linear programming problem

and w = ¢gB~! is optimal to the fuzzy variable linear programming problem.

Proof. Now, let us assume that the Dual fuzzy variable linear programming problem
is feasible and ¥ , corresponding to a basis B , is dual feasible but primal infeasible

(and hence not optimal). That is , we have ,
Yoj =2 — ¢ <0, j=1,..... ,n+m

and there exists at least one  such that 47y < 0 . We can immediately deduce that
the primal must be finite. Thus, the fuzzy variable linear programming problem
can be either infeasible (in which case , the dual fuzzy variable linear programming
problem is unbounded) , or it has an optimal solution . In what follows we will show
how to work on row r of the simplex table corresponding to B,as the pivoting row,
and either (1) detect infeasibility of the fuzzy variable linear programming problem
(or unboundedness of the Dual fuzzy variable linear programming problem) , or (2)
find a column [, as the pivoting column , to pivot on y,; and obtain a new dual
feasible table with a nondecreasing primal objective value. We explain these cases

as Lemma 3.2 and 3.3 below.
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Lemma 3.2
If in a dual feasible simplex table an r exists such that 3 < 0 and Yrj =0

for all j , then the fuzzy variable linear programming problem is infeasible.

Proof. Suppose that a dual simplex table is feasible , and an r exists such that

Yo < 0 and y;; = 0, for all j . Corresponding to the rth row of the table , we have

Zyrjfj R Yro - oince y,; = 0 for all j and z; is required to be nonnegative , then
J

Z?Jm‘fj > 0 for any fuzzy basic feasible solution. However , 35y < 0 . This shows

j
that fuzzy variable linear programming problem is infeasible.

Lemma 3.3

If in a dual feasible simplex table , an r exists such that ¥y < 0 and
there exists a nonbasic index j such that y,; < 0, then a pivoting column [ can be
found so that pivoting on y,; will yield a dual feasible table with a corresponding

nondecreasing objective value.

Proof. A new criterion is needed for choosing a nonbasic fuzzy variable to enter the
basis so that the new simplex table will remain dual feasible and the new objective
value is nondecreasing . Assuming column [ is the pivot column . Pivoting on the

pivot y,; will result in the new 0" row as follows:

~

Yoj = ?JOj_??Jm‘, J=12,..,ntm, j# B, (3.26)
rl

For the new table to be dual feasible it is needed that
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which , using (3.26) , results in

Yri yrj

To satisfy (3.28) , it is sufficient to let

o in {?ﬂwrj < o} .j # B; (3.29)
Yri yrj

Note that the new objective value is nondecreasing , since

Yoo = N <y6o — ??ﬁo) =R (yoo) — N (??ﬁo) = R (yoo) ,

rl rl

using the fact that

R (wy;o) <0.
Y

rl

3.3 Fuzzy dual simplex method

(1) Given a basis B for the fuzzy variable linear programming problem such that

Yoj = z; — ¢; < 0 for all j. Compute the simplex table.

(2) If 4o = 0 then Stop (the current solution is optimal) else select the pivot row r

with 270 < 0 (that is , r so that R(yy9) < 0 ).

(3) If y,; > 0 for all j then Stop (the fuzzy variable linear programming problem is

infeasible ) else select the pivot column [ by the following minimum ratio test:

Yo _ min{&wﬁ < 0} ,J # B;
Yri yTj

(4) Pivot on y,; and go to (2).
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Remark 3.2

One suggestion for choice of 7 in Step (2) may be so that

R(yro) = mini<icm{R(Yio) }

Remark 3.3
Pivoting on y,; in Step (4) is the usual Gaussian elimination process that,
using y,; , converts column [ to the unit vector e, yielding the new simplex table

corresponding to the new basis (the one that is obtained by replacing column 7 of

B with ap )

3.4. A numerical example

Example 3.2

min Z ~ 6x7 + 1025

subject to

271 + bzy = (5,8,2,5),
37 + 475 = (6,10,2,6),
T1, Ty = 0.
Its first dual feasible simplex table as follows :
—2%1 — by + 73 =~ (—8, 5,5, 2),
—34, — 4@y + 44 ~ (—10,—6,6,2),
£, ..., @y > 0.

or equivalently ,
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Basis | 21 | @2 | 23 | 24 R.H.S. R(R.H.S.)
=6 -10l0]0]| (0000 0
7 | =2 =5 | 1] 0| (=8-552) | -7.25
| =3 —4 0] 1|(~10,-6,6,2) -9

24 is a leaving variable and x7 is an entering variable. The new table is

Basis | 41 | 4o |43 | 4 R.H.S. R(R.H.S.)

o =2 0] =2 (12,20,4,12) 18

@ | 0| =7/3|1|-2/3|(-4,5/3,19/3,6) | —15/12

@ | 1] 43 10| =1/3] (210/32/32) 3

23 is a leaving variable and 25 is an entering variable. The next table is

Basis .fl 172 ZEN3 Zf4 R.H.S. %(RHS)

Z 1 0]0|—=6/7T|-10/7]| (—62/7,300/7,360/7,418/7) | 267/7
B | 01| =3/7| 2/7 (—5/7,12/7,18/7,19/7) 15/14

g | 10| 4/7 | =5/7 | (=2/7,30/7,30/7,38/7) 32/7

Therefore, the optimal solution of the fuzzy variable linear programming problem
obtained by the dual method is 71 ~ (32,2, 2,8) 7 ~ (2,22 2) and

S (=62 300 360 418
Z’”(7’7’7>7)'

Now if we consider the optimal solution , showing four decimal places for the frac-

tional parts , we have

71 ~ (—0.2857,4.2857,4.2857,5.4286),
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T ~ (—0.7143,1.7143,2.5714, 2.7143),
7~ (—8.8571,42.8571,51.4286, 59.7143),

and  R(Z) = 38.1428

3.5 Conclusion

In this chapter , the dual of linear programming problem with trapezoidal fuzzy
variables and some duality results based on certain linear ranking functions , for
the fuzzy primal and fuzzy dual problems are presented . The duality results using
certain general linear ranking functions on trapezoidal fuzzy numbers are presented
which are natural extensions of the results for linear programming problems with
crisp data . Using these results and the feasible primal simplex table , fuzzy dual

simplex method for solving the primal and the dual problems directly is presented.
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CHAPTER 4

SENSITIVITY ANALYSIS FOR FUZZY VARIABLE
LINEAR PROGRAMMING PROBLEMS

In this chapter , a method to deal with sensitivity analysis of fuzzy variable
linear programming problem , is presented. The presented method is illustrated with
the help of some numerical examples.

4.1 Sensitivity analysis

It is important to be able to find the new optimal solution of the fuzzy variable
linear programming problem as other estimates of some of the fuzzy data become
available, without the expensive task of resolving the problem from scratch. It is
important to update the current solution in a way that takes care of these factors.
It is desirable to examine the effect of relaxing some of the constraints on the value
of the optimal fuzzy objective without having to resolve the problem. These topics
constitute sensitivity analysis.

Consider the following fuzzy variable linear programming problem,

AT < b, (4.1)

where , b e (F(R))™, 7 € (F(R))",Ae€ R™" ¢’ € R" .

Suppose that we have an optimal fuzzy solution for (4.1) by zp ~ B*fl;, with

basis matrix B. We shall describe how to make use of the optimality conditions in
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order to find the new optimal fuzzy solution, if some of the fuzzy variable linear
programming problem data change. The following variations in the fuzzy variable

linear programming problem will be considered.

1) Change in the fuzzy right hand side vector b,
2) Change in the constraint matrix A |

3) Addition of a new constraint ,

4) Change in the cost vector ¢ ,

5) Addition of a new activity (trapezoidal fuzzy variable) .

4.1.1 Change in the fuzzy right hand-side vector Z,

Suppose that fuzzy right-hand-side vector b is replaced by d , where d = (671, ey d)T
, and CZ € F(R). Then the new fuzzy variable linear programming problem is as

follows :

AT =~ d, (4.2)

70,

Therefore , B~1b will replaced by B~1d. Since , z; —¢; < 0 for all for all nonbasic
fuzzy variables, the only possible violation of optimality is that the new fuzzy vector
B~ld may have some negative entries. If B'd >0 , then the same basis remains
optimal, and the values of the basic fuzzy variables are B —1d and the objective has
fuzzy value csB~1d. Otherwise the dual method is used to find the new optimal

fuzzy solution by restoring feasibility.
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Consider the following linear programming problem with fuzzy variables.

Example 4.1
min Z &~ 6x1 + 102,
subject to
2x1 + 5zy = (5,8,2,5)
3z + 4xs = (6,10,2,6)
1, = 0,
The optimal solution of above fuzzy variable linear programming problem is ;" ~

(0,0,0,0), "~ (2,4,3,1) and Z=(—16,-8,12,4) with R(Z) = 28.

" (1,4,1,3)
Now , suppose that the right hand side is replaced by d =~
(1,2,1,2)
=3/7 2/7
The inverse of the current basis matrix is B~' = and hence
4/7  —=5)7

~ (_10/771/7711/771) ~ ~ ~
B'd =~ . Then , d =~ B7'd % 0 with R(Z,) =

(—6/7,11/7,14/7,17/7)
—11/7 , R(z1) = 13/14 , and so the new fuzzy solution is not feasible . Then ,

we can use from the dual method for finding the new optimal solution by restoring
feasibility or determine infeasibility of the new fuzzy variable linear programming

problem shown in Table 4.1.
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Table 4.1

Basis | 71 | To | 23 Ty R.H.S. R(R.H.S.)

7 0|0 |-6/7|-10/7|(-196/7,16/7,214/7,152/7) | —142/14
& | 0| 1| =3/7| —2/7 (—10/7,1/7,11/7,1) —11/7

&1 o | 47 | =57 | (—6/7,11/7,14/7,17/7) 13/14

Since , R(—10/7,1/7,11/7,1) = —11/7 < 0, therefore ¥ is leaving variable

and 73 is entering variable (Table 4.2) .

Table 4.2

Basis | 71 | 7o | 73 T4 R.H.S. R(R.H.S.)

7 | o] —2 | 0| —6/7 | (—132/49,846/49,708/49,1026/49) | 873,49

g | 0| =7/3| 1| 2/3 (5/3,16/3,5/3,13/3) 25,3

7| 1] 4/3 | 0| —23/21 | (—22/49,141/49,118/49,171/49) | 291/98

Now since , R(z1) = 291/98 > 0 and R(z3) = 25/3 > 0 . Therefore ,
the optimal fuzzy solution of the problem is ¥3 =~ (5/3,16/3,5/3,13/3) and 7; =~
(—22/49,141/49, 118 /49,171/49). Then , % ~ (—132/49,846/49, 708/49, 1026 /49)

with R(Z) = 873/49
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4.1.2 Change in the constraint matrix A

Here the effect of change some of the entries of the constraint matrix A is discussed .
We only consider changes involving nonbasic column and omit other case. Therefore,
suppose that in the fuzzy variable linear programming problem problem , is defined
in Example 4.1, the nonbasic column ay, is modified to ay .

Then the new updating column is 4, = B~ 'a, and z; — ¢ = cgB~lay — ¢ =
CBYk — Ck-

Hence if z; — ¢ < 0, then the old solution is optimal ; otherwise the fuzzy
primal simplex method is continued , after column £ of the tableau is updated , by

introducing the fuzzy nonbasic variable zy, .
Example 4.2
min Z &~ 611 + 102,

subject to
221 + 525 = (5,8,2,5)
3z, + 4x2 = (6,10,2,6)
7, = 0,
The optimal solution of above fuzzy variable linear programming problem is ;" ~
(—2/7,30/7,30/7,38/7), z3" ~ (—5/7,12/7,18/7,19/7) and Z ~ (—62/7,300/7,360/7,418/7)

with R(Z) = 38.1428.

Suppose that the column a, = in above fuzzy variable linear
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4

programming problem , is replaced by a; = . Hence , Zy — ¢y = cg B~ ta, —
4
—230
= — < 0.

Therefore | the current fuzzy solution is still optimal with respect to the new

fuzzy variable linear programming problem.

4.1.3 Adding a new constraint

Consider the fuzzy variable linear programming problem , as defined in (4.1).
Suppose that we have an optimal fuzzy basic solution by Tp = 3, = B‘lg, with
basis matrix B . Also , suppose that a new constraint is added to the problem.

Then, the new fuzzy variable linear programming problem is given as following:

where , T = (Z1, ..., )7, % = (b1, o, bp) T, = (c1, ooy €0)y A = [@ijlmnn > bi s bo s T €
F(R), ¢j, ajj € R, p" € R, for all i, .

Then with add up fuzzy basic variable Z, 1, the new constraints can be rewritten
as follows: PT + Ty & 50 or

PBTB + PNIN + Tit1 = bo.

where pp and py are the multiplication vectors of fuzzy basic and nonbasic variable
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in the new constraint , respectively. Then , the new basis matrixis B =

and its order is (m + 1)% . So ,
B! 0
—pgB~! 1
Now we consider ¢p as the multiplications vector of fuzzy basic variables in
objective and @; as the multiplications vector of j'h fuzzy variables in constraints ,

then we have :

Bil 0 (lj
(CB O> — G =
B .

cgB7la; —¢; = z; — ¢;.
Remark 4.1

Adding a new constraint to the fuzzy variable linear programming problem is inef-
fective on the optimality condition.
Now we show that the adding a new constraint can be effective on the feasibility

condition.

Example 4.3

Consider the fuzzy variable linear programming problem given in Example 4.2. Sup-
pose that we add a new constraint by z;+2z5 > 30, where by = (2,3,1,2). According
to Remark 4.1 we should investigate the feasibility condition for the new constraint
by the current optimal fuzzy solution. By use of the final tableau, the optimal fuzzy

solution is as follows:
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Z1 = (—2/7,30/7,30/7,38/7), %1 = (—5/7,12/7,18/7,19/7).

Then, the left side of the new constraint is T, + 27y ~ (—12/7,54/7,66/7,76/7),
and R(Z; + 2%,) = 47/7. In the other hand , we have R(by) = 11/2. Hence, the

optimal fuzzy solution of the problem is given in Example 4.2 for the new constraint

is feasible , too. Therefore , the current optimal fuzzy solution is still optimal.

Example 4.4

Consider the fuzzy variable linear programming problem given in Example 4.2. Sup-
pose that we add a new constraint by 7; + 279 = gg, where by ~ (2,3,1,2). Note
that the current optimal fuzzy solution does not satisfy in the new constraint. Then
, with add up the fuzzy variable x5 as basic variable of the added constraint we
obtain ¥5 ~ (—40/7,33/7,83/7,80/7) with R(5) = —17/14. So , ¥5 < 0 . Hence ,

Table 4.3 with the constraint can be considered .

Table 4.3

Basis | 71 | Zo T3 T4 R.H.S. R

z | 0] o0|=6/7|-10/7|(—62/7,300/7,360/7,418/7) | 267/7
T, | 0| 1| =3/7| 2/7 (—=5/7,12/7,18/7,19/7) | 15/14
| 1] 0| 4/7 | =5/7 | (-2/7,30/7,30/7,38/7) 32/7

Zs | 00| 2/7 | 97 | (—40/7,33/7,83/7,80/7) | —17/14

Now , by use of dual method , the basic fuzzy variable 5 is eligible to
leave the basis, but we are not able to determine any variable to enter the basis.
Therefore , we follow that the new fuzzy variable linear programming problem is

not feasible.
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4.1.4 Change in the cost vector c

Here, a particular situation that could affect the optimality of the current fuzzy
solution , is considered . Suppose that a fuzzy optimal basic feasible solution is
given and cost coefficient of one (or more) of the fuzzy variables is changed from ¢4
to ¢, . These changes only affect the optimality of the fuzzy solution , that is dual
feasibility may be lost. In general there are two cases :

1) The new cost row satisfies the optimality condition and the fuzzy solution remains
unchanged.

2) The optimality condition is not satisfied, in which case the fuzzy primal simplex
method is used to recover optimality.

In the first case suppose that the cost coefficient of a fuzzy nonbasic variable
is changed , that is ¢, — ¢ , wherek # B;, (i = 1,...,m). In this case ¢p is not
affected , and hence z; = cg B~ 'a; is not changed for any j. Thus z; — ¢4 is replaced
by zi — ¢. If 2z — & < 0, the current fuzzy solution is still optimal with respect
to the new fuzzy variable linear programming problem , and if z; — ¢ is positive ,
then fuzzy variable 7, must be introduced into basis and the fuzzy primal simplex
method is continued as usual.

In the second case suppose that the cost coefficient of a fuzzy basic variable is
changed. In this case z; = cg B~ 'a; is changed for any j , since cp is replaced by ¢p
Let the new value of z; be Z;k = B; , and e; = (0,...,0,1,0,...,0) is the kth unit
vector . Then z; —¢; = EBBflaj —¢j.

It is obvious that for j = k , z; — ¢; = 0, since

N | ~ - = = A =
Zj—¢;j=cgpB " a; —¢j =cpey, — ¢, = Cp, — Cp = C, — C = 0.
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Therefore , it is enough that we update the cost row only for 7 # B; and evaluate
the optimality condition for new fuzzy variable linear programming problem . It

can be obtained by

s ~ 71~N o O
Znew ~ CBB b~ CBYo ~

cpio + (€, — ¢B,)Yyo = Z + (B, — CB,)V0-
Example 4.5

Consider the fuzzy variable linear programming problem given in Example 4.2. Sup-
pose that the cost vector ¢ = (6 , 10) is replaced by ¢ = (7, 9). Then cp is changed
toc= (7, 9), since T, Ty are fuzzy basic variables. Then the coefficient of the fuzzy

nonbasic variables in zero row are as follows (Table 4.4):

15
Zy—c3 =cpBlag — 3 = —,
—59
24 — C4 = EBB_ICL4 — Cq = 7
Table 4.4
Basis | 1 | T2 | 73 Ty R.H.S. R(R.H.S.)

7 | 0] 0| 15/7|—=59/7| (—62/7,300/7,360/7,418/7) | 267/7
i | 0| 1| =3/7| =27 | (=5/7,12/7,18/7,19/7) 15/14

i | 10| 47 | =5/7 | (=2/7,30/7,30/7,38/7) 32/7

Since , Z3 —c3 > 0, x3 is an entering variable , and z; is a leaving variable.

Therefore , by use of the fuzzy primal simplex method in Table 4.5 as follows
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Table 4.5

Basis T Ty | T3 Ty R.H.S. R(R.H.S.)

T | —15/4| 0| 0 | —161/28 | (—=117/14,621/14,729/14,837/14) |  279/7

T 3/4 1]0 | —23/28 (—13/14,69/14,81/14,95/14) 75/17
T3 7/4 0|1 —5/4 (—=1/2,15/2,15/2,19/2) 9
. _ —15 i — .

Since , zZ; — ¢; = I <0, zZg—cy = 8 therefore , fuzzy optimal

solution is obtained.

4.1.5 Adding a new activity

Suppose a new activity x, 1 with cost coefficient ¢, and consumption column a4
is considered for possible production . Now , it is necessary to calculate z, 1 — ¢4

and in the next example optimality conditions are discussed.

Example 4.6

Consider the fuzzy variable linear programming problem given in Example 4.2. Sup-
~ -2

pose that a new activity z5 = 0 with ¢ = —2 and a5 = is introduced |,

the new problem will be as follows

min Z &~ 6x7 + 1029 — 275

subject to
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341 + Ay 4 T = (6,10,2,6)
71, 29,5 = 0,

/7 —92
Then, Z5IEBB_IG5: s 25— C5 = —— < 0.

7
—13/7

Hence , the current fuzzy solution is still optimal.

4.2 Conclusion

In this chapter , a method to deal with sensitivity analysis of fuzzy variable
linear programming problem , is presented and the presented method is illustrated

with the help of some numerical examples.
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