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Abstract

In this thesis, the shortcomings and limitations of the existing methods for
finding the optimal fuzzy project completion time as well as for finding minimum
fuzzy crashing cost (additional fuzzy cost) corresponding to specific fuzzy project
completion time are pointed out. Also, new methods are proposed to overcome the
limitations as well as to resolve the shortcomings of the existing methods.

The chapter wise summary of the thesis is as follows:
Chapter 1

In this chapter, a brief review of the work done in the area of fuzzy critical

path problems and fuzzy project crashing problems are presented.
Chapter 2

Liang and Han [84] proposed a method to find the optimal fuzzy completion
time of such project network problems in which time of each activity is represented
by a fuzzy number. In this chapter, shortcomings of this existing method occurring
due to existing subtraction operation are pointed out. To overcome these short-
comings a new subtraction operation, named as Mehar’s subtraction (Mehar is my

lovely daughter), is proposed and it is shown that by using Mehar’s subtraction all
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the shortcomings of the existing method [84] are resolved.
Chapter 3

Liu [93] proposed a method based on fuzzy linear programming approach to
find optimal fuzzy completion time of such project network problems in which time
of each activity is represented by a triangular fuzzy number. In this chapter, it is
shown that on applying this method more than one fuzzy numbers, representing the
optimal fuzzy project completion time, are obtained which contradicts the unique-
ness property of optimal fuzzy project completion time. Also, it is shown that the
same shortcoming is occurring in the modified Liang and Han method as well as in
the existing Liang and Han method [84]. To overcome these shortcomings, a new
method, named as Mehar’s method based on Kaufmann and Gupta ranking ap-
proach, is proposed by modifying the existing method [93] and some modifications

are also suggested in the modified Liang and Han method.
Chapter 4

In the previous chapter, it is shown that by using the proposed Mehar’s
method based on Kaufmann and Gupta ranking approach and modified Liang and
Han method based on Kaufmann and Gupta ranking approach all the shortcom-
ings of Liu method [93] and the modified Liang and Han method are resolved.
Since, Kaufmann and Gupta ranking approach [70] is applicable only for finding
the maximum and minimum of triangular fuzzy numbers so the methods, proposed
in previous chapter, can not be used to find the unique optimal fuzzy completion
time of such project network problems in which time of each activity is represented

by a trapezoidal fuzzy number. In this chapter, it is shown that it is not genuine
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to use the existing ranking approaches for finding the maximum and minimum of
trapezoidal fuzzy numbers and a new ranking approach, by extending Kaufmann
and Gupta ranking approach, is proposed for finding the maximum and minimum
of trapezoidal fuzzy numbers. Also, on the basis of extended Kaufmann and Gupta
ranking approach new methods, by modifying the methods proposed in previous
chapter, are proposed to find the unique optimal fuzzy completion time of such
project network problems in which time of each activity is represented by a trape-

zoidal fuzzy number.
Chapter 5

In this chapter, limitations of the methods, proposed in previous chapter, are
pointed out and to overcome these limitations a ranking approach by modifying
Farhadinia ranking approach [55] as well as new methods based on modified Farha-

dinia ranking approach are proposed.
Chapter 6

In this chapter, it is shown that it is not genuine to apply the modified Farha-
dinia ranking approach for finding the maximum and minimum of LR flat fuzzy
numbers and a new ranking approach, named as Mehar’s ranking approach, is pro-
posed for finding the maximum and minimum of LR flat fuzzy numbers. Also, on
the basis of proposed Mehar’s ranking approach a new method, named as Mehar’s
method based on proposed Mehar’s ranking approach, is proposed to find the unique
optimal fuzzy completion time of such project network problems in which time of
each activity is represented by an LR flat fuzzy number. Also, the modified Liang

and Han method based on modified Farhadinia ranking approach is modified on the
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basis of proposed Mehar’s ranking approach.
Chapter 7

In many situations, there is need to complete the project in a fuzzy time
which is less than the optimal initial fuzzy project completion time. To handle such
situations, Chen and Tsai [30] proposed a method for finding the minimum fuzzy
crashing cost (additional fuzzy cost) for completing the project within specific fuzzy
time which is less than the optimal initial fuzzy project completion time. In this
chapter, the shortcomings of this method are pointed out and to overcome these
shortcomings a new method, named as JMD (JAI MATA (MEHAR) DI) method,
is proposed. The advantages of the proposed method over the existing method [30]
is discussed. Also, a new representation of LR flat fuzzy numbers, named as JM D
representation of LR flat fuzzy numbers, is proposed and shown that it is better to
represent the parameters of any fuzzy linear programming problem by JM D LR flat

fuzzy numbers as compared to the existing representation of LR flat fuzzy numbers.

Chapter 8

Finally, in this chapter future scope is suggested.
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Chapter 1

INTRODUCTION

A project is a collection of activities to accomplish a specific objective. Large
and complex projects, such as constructing a building, implementing plant layout
decisions, introducing a new product, designing a computer system and planning a
military invasion etc. are common in all areas of industry and government. Project
scheduling deals with the determination of activity times in a way which minimizes
the project completion cost. Project management involves project scheduling, plan-
ning, evaluating, and controlling.

In todays highly competitive business environment, project managements abil-
ity to schedule activities and monitor progress within strict cost, time, and perfor-
mance guidelines is becoming increasingly important to obtain competitive priorities
such as on time delivery and customization. A project is deemed complete if work
along all paths (a path through a project network is one of the routes from the
starting node to the ending node) is complete. After the durations and precedence
relations of activities have been determined, project management techniques are
used to calculate the completion time of the project. Since the beginning of 1960s
critical path method (CPM) [73] have become widely recognized as valuable tools

for the planning and scheduling of projects. This method provides an excellent way



of calculating the shortest completion time and the critical activities for a project.

In many situations, the project manager must complete the project in a time,
which is less than the critical path, under budget constraint. In general, the dura-
tion of any activity of a project can be controlled by the allocation of more resources
to the activity. Therefore, project crashing is a method for shortening the project
duration by reducing the time of one or more of the critical activities to less than
its normal activity time.

In the real world, the project is executed in an environment the uncertainty
being one the principal features of it. One of these uncertainties in project planning
process is estimating the activities duration. The duration of activities is usually
estimated by the experts and considering their judgment and expertise. The experts
use terms like almost, a little more, about, more or less etc. These terms clearly
show some kind of uncertainty. Some of the methods exist for using this uncertainty
in approximating the duration of the activities, the most important and employed of
which being the probable methods like project evaluation and review technique as
well as graphical evaluation and review technique. These methods use probability
distributions such as normal distribution and beta distribution for estimating the
duration of the project activities. To use the probability distributions, the repeat-
able random samples are needed, which is not possible properly due to the unique
activities of the project and their little antecedent. Moreover, when using a proba-
bility distribution, the scheduling variables depend upon the distribution treatment,
causing restriction of the project scheduling.

One basic solution for solving such problems is using the fuzzy theory [174].

The fuzzy theory established a new attitude towards different sciences including the



project scheduling. This is a way towards realizing the project scheduling models
through considering the uncertainty in decision making parameters and using the
experts mental models.

The main advantages of methodologies based on fuzzy theory are that they
do not require prior predictable regularities or posterior frequency distributions and
they can deal with imprecise input information containing feelings and emotions
quantified based on the decision-makers subjective judgment. The comparison of
the fuzzy approach and stochastic approach to project scheduling can be found in

Shipley et al. [141].

1.1 Literature review

In this section, a brief review of the work done in the area of fuzzy critical
path problems and fuzzy project crashing problems are presented.

Gazdik [59] proposed a technique called FNET based on a combination of
fuzzy sets and the theory of graphs and used it for finding critical path as well as
for calculating fuzzy project completion time. McCahon and Lee [105] proposed a
method for determining fuzzy project completion time and the degree of criticality
of each path for such project network problems in which time of each activity is
represented by a triangular fuzzy number. Also, McCahon and Lee used possibil-
ity theory to determine the possibilities of the project completion given the fuzzy
project completion time. Kaufmann and Gupta [70] proposed a method for finding
the critical path and optimal fuzzy project completion time of such project network

problems in which time of each activity is represented by a triangular fuzzy number.



Rommelfanger [132] pointed out that in the literature extended subtraction
is used for calculating latest starting times due to which the latest starting times
turn more and more fuzzy while getting closure to the end of the calculation pro-
cess and some times the fuzzy latest starting times of the first tasks even reduce
fuzzy intervals with negative elements. To overcome this shortcoming of the exist-
ing methods, Rommelfanger proposed a method for determining latest starting and
finishing times of such project network problems in which time of each activity is
represented by an LR flat fuzzy number.

Nasution [123] proposed an extension of FNET [59] and introduced an inter-
active fuzzy subtraction in the backward calculations to show that fuzzy numbers
could be exploited further in the network. Chang et al. [21] proposed a method for
calculating the fuzzy project completion time and the degree of criticality for each
path of such project network problems in which time of each activity is represented
by a triangular fuzzy number. Mon et al. [111] adopted the concept of a-cut, the
decision-makers index of optimism, and fuzzy program evaluation and review tech-
nique to analyze the time cost trade-off problem with activity times being fuzzy
triangular distribution or fuzzy normal distribution. Yao and Lin [171] proposed a
method for comparing triangular fuzzy numbers and used it to obtain critical paths
of such project network problems in which time of each activity is represented by a
triangular fuzzy number.

Chanas and Zielinski [18] proposed two methods for calculating the path de-
gree of criticality of such project network problems in which all the activity times

are represented by different type of LR flat fuzzy numbers. Chen and Chang [25]



proposed a fuzzy project evaluation and review technique algorithm for finding mul-
tiple possible critical paths of such fuzzy project network problems in which time of
each activity is represented by a trapezoidal fuzzy number. Chanas et al. [16] offer
some methods that can be used for determining the possible criticality of paths but
can not be used to solve the problem of the degree of the necessary criticality of
activities. Lin [87] proposed an approach to develop a fuzzy critical path method
based on statistical data for solving fuzzy critical path problems.

Lin and Yao [91] proposed an approach for implementing a fuzzy critical path
method for activity networks based on statistical confidence-interval estimates and
a signed-distance ranking for (1 — a) fuzzy number levels. Dubois et al. [42] pointed
out that the existing methods can be used for computing the possible values of the
earliest starting times by means of a forward recursion procedure but can not be
used for computing possible values of the latest starting times and proposed a rig-
orous treatment of this problem in the frame work of possibility theory. Liu [93]
proposed a method based on mathematical programming formulation for finding the
optimal solutions of fuzzy critical path problems as well as fuzzy project crashing
problems. Liang and Han [84] proposed an algorithm for finding the critical path
and the optimal fuzzy project completion time of such project network problems in
which time of each activity is represented by a trapezoidal fuzzy number.

Zielinski [181] pointed out that the existing methods can be used only for
computing the intervals of possible values of the latest starting times and float of
activities of such series parallel networks in which time of each activity is repre-
sented by a fuzzy number. But, the existing methods can not be used for non-series

parallel networks and proposed polynomial algorithms to overcome this limitation



of the existing methods. Chao-guang et al. [22] proposed a method based on ge-
netic algorithms for solving such time-cost trade-off problems in which each param-
eter is represented by a triangular fuzzy number. Han et al. [63] used the existing
method [84] to tackle the problem in fuzzy airports ground operation decision anal-
ysis. Liang [81] presented an interactive fuzzy linear programming approach for
minimizing total costs with reference to direct, indirect and penalty costs of project
management decision problems in fuzzy environment.

Chen [24] proposed an approach based on the extension principle and lin-
ear programming formulation for finding the membership function of fuzzy total
duration time of such project network problems in which time of each activity is
represented by an LR flat fuzzy number. Soltani and Haji [143] proposed a method
for computing earliest times, latest times and slack times of such project scheduling
problems in which time of each activity is represented by a trapezoidal fuzzy num-
ber. Chen and Huang [29] proposed a method for computing the fuzzy bounds for
starting time, finishing time and critical degree of each activity as well as critical
degree of each critical path of such project network problems in which time of each
activity is represented by a triangular fuzzy number.

Chen and Hsueh [28] pointed out that it is difficult to use the existing ap-
proach [24] for solving such critical path problems in which activity times are repre-
sented by different type of LR flat fuzzy numbers and proposed a simple approach
for the same. Sharafi et al. [140] presented a method for calculating earliest and
latest start and finish time as well as slack time of such fuzzy project scheduling
problems in which time of each activity is represented by a triangular fuzzy number.

Liberatore [85] proposed a method for determining fuzzy set of critical path lengths



and fuzzy activity criticality of such project network problems in which time of each
activity is represented by a triangular fuzzy number. Lin [88] proposed an approach
based on statistical confidence-interval estimates and a distance ranking method for
solving fuzzy critical path and fuzzy time-cost trade-off problems. Lin [90] proposed
an approach for solving fuzzy project crashing in project management based on sta-
tistical confidence interval estimates.

Sireesha and Shankar [142] proposed a method for computing total float time
of each activity and critical path of such fuzzy project network problems in which
time of each activity is represented by a triangular fuzzy number. Shankar et at. [138]
pointed out the limitations of the existing method [25] and proposed an analytical
method based on a new defuzzification formulas for finding critical path of such fuzzy
project network problems in which time of each activity is represented by a trape-
zoidal fuzzy number. Shankar et al. [139] proposed an analytical method based on
metric distance ranking approach [26] for finding critical path of such fuzzy project
network problems in which time of each activity is represented by a trapezoidal
fuzzy number. Shahsavari pour et al. [135] proposed an algorithm based on fuzzy
linear programming model for determining the critical path of such project network
problems in which time of each activity is represented by a trapezoidal fuzzy num-
ber.

Zareei et al. [177] proposed a method based on linear programming models
to calculate fuzzy earliest and fuzzy latest events time of such project scheduling
problems in which time of each activity is represented by an L — R fuzzy number and
derived the membership functions of earliest and latest times of events by calculating

lower and upper bounds of a-cuts of earliest and latest times. Chen and Tsai [30]



pointed out that if the parameters in a project network are represented by fuzzy
numbers then the obtained minimum fuzzy crashing cost and optimal fuzzy activity
times should also be fuzzy numbers and proposed a method which is significantly
different from other existing methods to find the minimum fuzzy crashing cost and
optimal fuzzy activity times.

Madhuri et al. [97] proposed a method based on linear programming models
to calculate fuzzy earliest and fuzzy latest events time of such project scheduling
problems in which time of each activity is represented by an L — L fuzzy number
and derived the membership functions of earliest and latest times of events by cal-
culating lower and upper bounds of a-cuts of earliest and latest fuzzy times. Rao
and Shankar [128] proposed a method based on lexicographic ordering for finding
critical path of such fuzzy project network problems in which time of each activity
is represented by a trapezoidal fuzzy number.

After reviewing the literature, it can be concluded that there are several
shortcomings and limitations in the existing methods for finding the optimal fuzzy
project completion time as well as for finding minimum fuzzy crashing cost (addi-
tional fuzzy cost) corresponding to specific fuzzy project completion time. In this
thesis, new methods are proposed to overcome the limitations as well as to resolve

the shortcomings of the existing methods.

1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:
Chapter 2

Liang and Han [84] proposed a method to find the optimal fuzzy completion



time of such project network problems in which time of each activity is represented
by a fuzzy number. In this chapter, shortcomings of this existing method occurring
due to existing subtraction operation are pointed out. To overcome these short-
comings a new subtraction operation, named as Mehar’s subtraction (Mehar is my
lovely daughter), is proposed and it is shown that by using Mehar’s subtraction all
the shortcomings of the existing method [84] are resolved.
Chapter 3
Liu [93] proposed a method based on fuzzy linear programming approach to
find optimal fuzzy completion time of such project network problems in which time
of each activity is represented by a triangular fuzzy number. In this chapter, it is
shown that on applying this method more than one fuzzy numbers, representing the
optimal fuzzy project completion time, are obtained which contradicts the unique-
ness property of optimal fuzzy project completion time. Also, it is shown that the
same shortcoming is occurring in the modified Liang and Han method as well as in
the existing Liang and Han method [84]. To overcome these shortcomings, a new
method, named as Mehar’s method based on Kaufmann and Gupta ranking ap-
proach, is proposed by modifying the existing method [93] and some modifications
are also suggested in the modified Liang and Han method.
Chapter 4
In the previous chapter, it is shown that by using the proposed Mehar’s
method based on Kaufmann and Gupta ranking approach and modified Liang and
Han method based on Kaufmann and Gupta ranking approach all the shortcom-
ings of Liu method [93] and the modified Liang and Han method are resolved.

Since, Kaufmann and Gupta ranking approach [70] is applicable only for finding
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the maximum and minimum of triangular fuzzy numbers so the methods, proposed
in previous chapter, can not be used to find the unique optimal fuzzy completion
time of such project network problems in which time of each activity is represented
by a trapezoidal fuzzy number. In this chapter, it is shown that it is not genuine
to use the existing ranking approaches for finding the maximum and minimum of
trapezoidal fuzzy numbers and a new ranking approach, by extending Kaufmann
and Gupta ranking approach, is proposed for finding the maximum and minimum
of trapezoidal fuzzy numbers. Also, on the basis of extended Kaufmann and Gupta
ranking approach new methods, by modifying the methods proposed in previous
chapter, are proposed to find the unique optimal fuzzy completion time of such
project network problems in which time of each activity is represented by a trape-
zoidal fuzzy number.
Chapter 5

In this chapter, limitations of the methods, proposed in previous chapter, are
pointed out and to overcome these limitations a ranking approach by modifying
Farhadinia ranking approach [55] as well as new methods based on modified Farha-
dinia ranking approach are proposed.
Chapter 6

In this chapter, it is shown that it is not genuine to apply the modified Farha-
dinia ranking approach for finding the maximum and minimum of LR flat fuzzy
numbers and a new ranking approach, named as Mehar’s ranking approach, is pro-
posed for finding the maximum and minimum of LR flat fuzzy numbers. Also, on
the basis of proposed Mehar’s ranking approach a new method, named as Mehar’s

method based on proposed Mehar’s ranking approach, is proposed to find the unique
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optimal fuzzy completion time of such project network problems in which time of
each activity is represented by an LR flat fuzzy number. Also, the modified Liang
and Han method based on modified Farhadinia ranking approach is modified on the
basis of proposed Mehar’s ranking approach.
Chapter 7

In many situations, there is need to complete the project in a fuzzy time
which is less than the optimal initial fuzzy project completion time. To handle such
situations, Chen and Tsai [30] proposed a method for finding the minimum fuzzy
crashing cost (additional fuzzy cost) for completing the project within specific fuzzy
time which is less than the optimal initial fuzzy project completion time. In this
chapter, the shortcomings of this method are pointed out and to overcome these
shortcomings a new method, named as JM D (JAI MATA (MEHAR) DI) method,
is proposed. The advantages of the proposed method over the existing method [30]
is discussed. Also, a new representation of LR flat fuzzy numbers, named as JM D
representation of LR flat fuzzy numbers, is proposed and shown that it is better to
represent the parameters of any fuzzy linear programming problem by JM D LR flat
fuzzy numbers as compared to the existing representation of LR flat fuzzy numbers.

Chapter 8

Finally, in this chapter future scope is suggested.






Chapter 2

MobiricATiON IN LiaAne AND HAN
MEeTHOD ON THE BAsis OF
PRrorPosED MEHAR’S SUBTRACTION

Liang and Han [84] proposed a method to find the optimal fuzzy completion
time of such project network problems in which time of each activity is represented
by a fuzzy number. In this chapter, shortcomings of this existing method occurring
due to existing subtraction operation are pointed out. To overcome these short-
comings a new subtraction operation, named as Mehar’s subtraction (Mehar is my
lovely daughter), is proposed and it is shown that by using Mehar’s subtraction all

the shortcomings of the existing method [84] are resolved.

2.1 Preliminaries

In this section, some basic concepts of fuzzy set theory and fuzzy critical path

method are presented.

2.1.1 Fuzzy set theory

In this section, some basic concepts of fuzzy set theory are presented [70].

The contents of this chapter are published in the International Journal of Mathematics in
Operational Research 3 (2011) 341-357.

13
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2.1.1.1 Basic definitions

In this section, some basic definitions of fuzzy set theory are presented.
Definition 2.1 Let X be a classical set of objects. Then, the set of ordered pairs
A= {(z,pz(x)) : € X}, where pz : X — [0,1], is called a fuzzy set in X. The
evaluation function pz(z) is called the membership function.

Definition 2.2 Let A be a fuzzy set in X and A € [0,1] be a real number. Then, a
classical set A* = {x € X : uz(x) > A} is called a A\-level set or A-cut of A
Definition 2.3 A fuzzy set A = {(z, pi(x)) : o € X} is called a normalized fuzzy
set if and only if Suprg)r?um{,u i)} =1

Definition 2.4 A fuzzy set A is called a convex fuzzy set if and only if

pilazy + (1 — a)zy) > minimum{p y(x1), pi(z2)} V 21,20 € X, a € [0,1].
Definition 2.5 A convex normalized fuzzy set A = {(z, pi(x)) : x € R} on the real
line R is called a fuzzy number if and only if ;1 3(x) is piecewise continuous in R.
Definition 2.6 A fuzzy number A is said to be a non-negative fuzzy number if and
only if pz(x) =0V z <0.

Definition 2.7 A fuzzy number A defined on the universal set of real numbers R,

denoted as A = (a,b,c), is said to be a triangular fuzzy number if its membership

function, pz(x), is given by

o=a) O <z<b

1 , r=1b
pA=9 oy

=0 b<z<c

0 , otherwise

\

Definition 2.8 Let A = (a,b,c) be a triangular fuzzy number. Then, its A-cut A
is defined as follows:

A =la+(b—a)lc—(c=Db)A, 0<A<1
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Definition 2.9 A triangular fuzzy number A = (a, b, c) is said to be a non-negative
triangular fuzzy number if and only if a > 0.

Definition 2.10 A triangular fuzzy number A = (a,b, ¢) is said to be a zero trian-
gular fuzzy number if and only if a = 0,b =0 and ¢ = 0.

Definition 2.11 Two triangular fuzzy numbers 2(1 = (a1, b1, 1) and :4; = (ag, by, c2)

are said to be equal i.e., E = ITQ if and only if a; = ag,b; = by and ¢; = cs.
2.1.1.2 Arithmetic operations

In this section, some arithmetic operations between two triangular fuzzy num-

bers, defined on universal set of real numbers R, are presented.
(i) Let ;l; = (a1, by,¢1) and :4; = (ag, by, ¢2) be two triangular fuzzy numbers. Then,
Al @A, = (a1 + ag, by + ba, c1 + c2).
(i) Let ;1: = (a1,b1,¢1) and ;IVQ = (a9, by, ¢3) be two triangular fuzzy numbers. Then,
Al o4, = (a1 — ca, b1 — by, ¢1 — az).
(iii) Let jﬁlvl = (ay,b1,¢1) and :4; = (a9, by, ¢3) be two non-negative triangular fuzzy
numbers. Then, E ® ;1; ~ (ajag, biby, c103).

(iv) Let A = (a, b, c) be any triangular fuzzy number. Then,

~ { (’Yaa'ﬂ% ’VC) 720
vA =
('707 b, 'Ya) 7<0

2.1.2 Some basic definitions related to fuzzy critical path
method

In this section, some basic definitions related to fuzzy critical path method

are presented.
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Definition 2.12 [145] Any individual operation, which utilizes resources and has
an end and a beginning, is called activity. It is usually classified into the following
categories:

(i) Predecessor activity: An activity which must be completed before one or
more other activities start is known as predecessor activity.

(ii) Successor activity: An activity which start immediately after one or more of
other activities are completed is known as successor activity.

(iii) Dummy activity: An activity which does not consume either any resource or
time but merely depicts the technological dependence is known as dummy activity.
Definition 2.13 [145] An event represent the beginning or end of the activity and
as such it consumes no time. It has no time duration and does not consume any
resources. It is also known as node. An event is not complete until all the activities
flowing into it are completed.

Definition 2.14 [84] Fuzzy earliest starting time of node ¢ (?E\gz) is the fuzzy
earliest possible time for the node ¢ from which the activity start.

—_——

Definition 2.15 [84] Fuzzy earliest starting time of activity (,j) (FES;;) is the

—_——

fuzzy earliest starting time of the tail end event(node) i.e., F/E\:Sfj = F'ES,.
Definition 2.16 [84] Fuzzy earliest finishing time of activity (4, j) (F/EE]) is equal
to the sum of fuzzy earliest starting time of the activity (¢, j) and the fuzzy normal

P e N T —_—

duration time of the activity (¢, j) i.e., FEF;; = FES;; @ FNT,; = FES; & FNT;.

Definition 2.17 [84] Fuzzy earliest finishing time of node j (ﬁf]) is equal to the
maximum of fuzzy earliest finishing time of all the activities ending into that node
ie., ﬁfj = maximum{F/’E'gi @ F/\ij | i€ NP(j),j #1,j € N}

where,



17

N : The set of all nodes in a project network

NP(j) : The set of all nodes connected to all predecessor activities of node 7, i.e.,
NP(j) = {i |(ij) € F(j),i € N}

(,7) : The activity between nodes i and j

F(j) : The set of all predecessor activities of node j

Definition 2.18 [84] Fuzzy latest finishing time of node j (FL\F/’J) is equal to the

—~—

fuzzy earliest finishing time of node j i.e., FLF; = FEF;

—_~—

Definition 2.19 [84] Fuzzy latest finishing time of the activity (i,j) (F'LF};) is

—_—

equal to the fuzzy latest finishing time of node j i.e., ﬁVFw = FLF;.

—~—

Definition 2.20 [84] Fuzzy latest starting time of the activity (¢,7) (FLS;;) is

obtained by subtracting the fuzzy normal time of the activity (i, j) from the fuzzy

P e N T

latest finishing time of the activity (i, j) i.e., F'LS;; = FLF;; © FNT;; = FLF; &

—_—

FNT,.
Definition 2.21 [84] Fuzzy latest starting time of node ¢ (ﬁgz) is the minimum

of fuzzy latest starting time of all the activities originating from that node i.e.,

P e g

FLS; = minimum{FLF, & FNT;, | k€ NS(j),j #n,j € N},

where,
NS(7): The set of all nodes connected to all successor activities of node j,
ie, NS(j) ={k | (k) € 5(j), k € N},
S(7) : The set of all successor activities of node j,
n : the destination node.
Definition 2.22 [84] Fuzzy slack time is the amount of fuzzy time that an activity
can be delayed past its earliest start or earliest finish without delaying the total

fuzzy completion time of the project.
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2.2 Method for finding the maximum and min-
imum of triangular fuzzy numbers used in
Liang and Han method

Liang and Han [84] proposed a method to find the optimal fuzzy completion
time of such project network problems in which time of each activity is represented
by a fuzzy number. In this section, the method for finding the maximum and mini-
mum of triangular fuzzy numbers used in Liang and Han method [84] is presented.

Liang and Han [84] used the following method for finding maximum and min-
imum of n triangular fuzzy numbers //\l; = (aj, b,¢),1=1,2,....n:

Step 1 Choose any value of g where, 0 < 8 < 1 and calculate ranking value of A;
(R(A;)) by using the following expression:
R(A;) = Bl(ci —x1)/(xe —x1 — b+ )|+ (1 = B)[1 — (2 — a;)/(x2 — 21 + b; — a;)]

where, 1 = minimum{q;} and x5 = maximum{c;}.
1<i<n 1<i<n

Step 2 Find malﬁugum{ﬂ%(/lz)} and check that maximum occurs corresponding to
<i<n

unique value of ¢ or not.

Case (2a) If maximum occurs corresponding to unique value of ¢, say i = ¢ then

i A} = A

magmiAL = A

Case (2b) If maximum occurs for p values of i, say i = 1,2,...,p where, 2 < p <n

then go to Step 3.

Step 3 Find maximum{m(/Avi)} = maximum{b;} and check that maximum occurs
1<i<p 1<i<p

corresponding to unique value of 7 or not.

Case (3a) If maximum occurs corresponding to unique value of ¢, say ¢ = € then

maximum{zi} = Ay

1<i<p

Case (3b) If maximum occurs for [ values of i, say i = 1,2,....,1 where, 2 <[ <p
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then all the triangular fuzzy numbers :4: , :4;, ey gl can be treated as maximum

values.

Remark 2.1: The value of S can be referred as the decision maker’s risk attitude
index. If § < 0.5, it implies that the decision maker is a risk averter. If 5 = 0.5,
it implies that the risk attitude of decision maker is neutral. If g > 0.5, it implies

that the decision maker is risk lover.

2.2.1 Illustrative examples

In this section, to illustrate the method, presented in Section 2.2, some nu-
merical examples are solved by assuming 3 = 0.5.
Example 2.1 Let (14, 25, 39) and (12, 18, 28) be two triangular fuzzy numbers.
Then, find maximum{ (14, 25, 39), (12, 18,28)}.
Solution: Using the method, presented in Section 2.2, maximum{ (14, 25, 39), (12, 18,
28)} can be obtained as follows:
Step 1 Since from Step 1 of the method, presented in Section 2.2, values of x; and

xo are 12 and 39 respectively.

So, R(14,25,39) = 0.5[55-25=2—]+(1 — 0.5)[1 — z=25—H—] = 0.50032
R(12,18,28) = 0.5[z5=25 2]+ (1 — 0.5)[1 — z=5—2—] = 0.307

Step 2 Since, maximum{¥ (14, 25, 39), R(12, 18, 28)} = R(14, 25, 39)
So, maximum{ (14, 25, 39), (12, 18, 28)} = (14, 25, 39)
Example 2.2 Let (0, 15, 32) and (—11,18,30) be two triangular fuzzy numbers.
Then, find minimum{(0, 15, 32), (—11,18,30)}.
Solution: Using the method, presented in Section 2.2, minimum{ (0, 15, 32), (—11, 18,

30)} can be obtained as follows:
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Step 1 Since from Step 1 of the method, presented in Section 2.2, values of x; and

xo are —11 and 32 respectively.

So, R(0,15,32) = 0.5] =i ks (1 — 0.5)[1 — =205 = 0.58
_ 30—(—11) 32—(—11) .
%(—11, 18, 30) = 05[m]+(1 — 05)[1 - 397(711)+187(711)] = 0.46

Step 2 Since, minimum{®(0, 15,32),R(—11,18,30)} = R(—11, 18, 30)

So, minimum{ (0, 15, 32), (—11,18,30)} = (—11, 18, 30)
Example 2.3 Let (1, 4, 7) and (2,4,6) be two triangular fuzzy numbers. Then,
find maximum{(1,4,7), (2,4,6)}.
Solution: Using the method, presented in Section 2.2, maximum{(1,4,7),(2,4,6)}
can be obtained as follows:
Step 1 Since from Step 1 of the method, presented in Section 2.2, values of x; and

xo are 1 and 7 respectively.

So, R(1,4,7) = 0.5[—"==]+(1 - 0.5)[1 — ——L-] = 0.5

T—1-4+7 7—14+4-1
R(2,4,6) = 0.5[—3=5]+(1 - 0.5)[1 — 3] =05

Step 2 Since, R(1,4,7) = R(2,4,6) so go to Step 3

Step 3 Using Step 3 of the method, presented in Section 2.2, values of m(1,4,7)
and m(2,4,6) are 4 and 4 respectively.

Since, m(1,4,7) = m(2,4,6) so both (1, 4, 7) and (2, 4, 6) can be treated as maxi-

mum.

2.3 Liang and Han method

Liang and Han [84] proposed the following method for calculating the opti-
mal fuzzy completion time of such project network problems in which time of each

activity is represented by a triangular fuzzy number:
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Step 1 Assume the fuzzy earliest starting time of the starting node ﬁfE\STl as (0,
0, 0) and calculate the fuzzy earliest starting time of node j (P/’E\/’g]) by using the
expression:

FES,; = maximum{FES; ® FNT;, | i€ NP(j), j#1,j€ N}
Step 2 Assume the fuzzy latest finishing time of the last node ﬁfn equal to the

—_—

fuzzy earliest starting time of the last node FES, and calculate the fuzzy latest
finishing time of node j (fl\/fj) by using the expression:

ﬁfj = minimum{ﬁfk e F/\T{]k | ke NS(j), j#n,j€ N}
Step 3 Calculate the fuzzy total slack time of the activity (4, 7) (}7_Tv5’zj) by using

the expression:

Y~ 0 /Y

FTS,; = FLF; & (FES; ® FNT;;);i,j € N

Step 4 Find minimum{ P%,V k=1,2,..,p},
(4,) €Sk

where,

p: Number of possible paths between starting and last node.

Si: Set of all the activities of the k** path

If the minimum occurs corresponding to k = ¢ then the path P, will be the
critical path.
Step 5 Calculate the optimal fuzzy completion time FOT of the project by using
the expression:

FOT = Y. FNT,

(i,7)€5e

2.3.1 Illustrative example

In this section, the existing method [84] is illustrated by solving a numerical

example.
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Example 2.4 Find the optimal fuzzy completion time of the project network,
shown in Figure 2.1, in which the fuzzy normal time (F/]\\ffj) of the activity (4, 7)
is represented by the following triangular fuzzy numbers:

—_—— —_—— —_—

FNTy, = (5,8,14), FNTi3=(2,4,7), FNTy = (3,7, 10), FNTy = (7,

P

10, 14), FNTy = (6, 10, 15)

(7, 10, 14)

(5, 8, 14)

(3,7, 10)

(6, 10, 15)

Figure 2.1 Fuzzy activity times in the project network

Solution: Using the method, presented in Section 2.3, the optimal fuzzy com-

pletion time of the project network, shown in Figure 2.1, can be obtained as follows:

Step 1 Using Step 1 of Liang and Han method [84], presented in Section 2.3, by

—~— —~—

assuming FES; = (0, 0, 0) values of FES;, j =2,3,4 can be obtained as follows:
FESy = FES, @ FNTy = (0,0, 0) @ (5, 8, 14) = (5, 8, 14)
]?Egs = maximum {FEE S F/ﬁfw, EE_SE D ﬁﬁi:&}
= maximum{(0,0,0) @ (2,4,7), (5,8,14) & (3,7,10) }
= maximum{ (2,4, 7), (8,15,24)} = (8, 15, 24)

FES, = maximum {FES, & FNTy, FESy & FNTy}

= maximum{ (5, 8, 14) & (7,10, 14), (8, 15,24) @ (6,10, 15) }
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= maximum{(12, 18,28), (14, 25,39)} = (14,25, 39)

Step 2 Using Step 2 of Liang and Han method, presented in Section 2.3, by assum-

—~—

ing FLF, = P@E = (14, 25, 39) values of f[\/fj, j = 3,2,1 can be obtained as

follows:

—_~—

FLF, = FLF, © FNTy, = (14, 25, 39) © (6, 10, 15) = (—1, 15, 33)

FLF, = minimum{ﬁ & FNTy, FLF; 6 ﬁ\f\i’{z:s}
= minimum{ (14, 25,39) & (7,10, 14), (-1, 15,33) & (3,7,10)}
= minimum{ (0, 15, 32), (—11,8,30)} = (11,8, 30)

ﬁ = minimum{ﬁ S mSa ﬁ o F/]\?—T/H}
= minimum{(—1,15,33) & (2,4,7),(—11,8,30) & (5,8,14)}
= minimum{ (-8, 11, 31), (—25,0,25)}

ie, FLF, = (—25,0,25)

Step 3 Using Step 3 of Liang and Han method, presented in Section 2.3, values of

fi’\gz can be obtained as follows:

Y~

FTSyy = FLF, © (FES, ® FNT,)
= (—11,8,30) © ((0, 0, 0) & (5, 8, 14))
— (~11,8,30) © (5, 8, 14)
— (~25,0,25)

F/’Y?S‘Tg = m © (]?Egl D F/ﬁfl?))
— (~1,15,33) & ((0, 0, 0) & (2, 4, 7))
— (~1,15,33) © (2, 4, 7)
= (~8,11,31)

I~ Y~ e/~

FTSy = FLF3 © (FESy; ® FNTy)



24

=(-1,15,33) © ((5, 8, 14) & (3, 7, 10))
= (—1,15,33) & (8, 15, 24)
= (—25,0,25)

F/T\SYZ4 = ﬁ S/ (}@-,572 S%) F/N\Y{M)
= (14, 25, 39) & ((5, 8, 14) & (7, 10, 14))
= (14, 25, 39) © (12, 18, 28)
= (—14,7,27)

FTSs = FLF, © (FES; ® FNT,)
= (14, 25, 39) © ((8, 15, 24) @ (6, 10, 15))
= (14, 25, 39) © (14, 25, 39)
= (—25,0,25)

Step 4 Using Step 4 of Liang and Han method, presented in Section 2.3,
minimum{ﬁé’; S ﬁg& ﬁs/m S ﬁg?, @ I*:T\S’;L,ﬁé':g S ]*:7\1—5';4}
= minimum{(—25, 0, 25) ® (—14,7,27), (—25,0,25) ® (—25, 0, 25) & (—25, 0, 25),

(—8,11,31) @ (—25,0,25)}
= minimum{(—39,7,52), (=75,0,75), (—33,11,56)} = (—75,0,75)

Since, minimum is occurring corresponding to the path 1 = 2 = 3 = 4 so it

is the critical path for the chosen project network.

Step 5 Using Step 5 of Liang and Han method, presented in Section 2.3, the optimal

fuzzy completion time of the project is

e~ e~ e~

FCT = FNTy, @ FNTys @& FNTy,
= (5,8, 14) & (3, 7, 10) @ (6, 10, 15)

= (14, 25, 39)
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2.4 Shortcoming of Liang and Han method occur-
ring due to existing subtraction

It is obvious from Step 2 and Step 3 of Liang and Han method, presented

in Section 2.3, that there is need to subtract two non-negative triangular fuzzy

numbers for calculating the values of F'LF; and lFTvS” Since, EL\F/’J and FT'S;;
are representing the time and negative time has no physical meaning. So, fl\/f]
and F'T'S;; should be non-negative triangular fuzzy numbers. However, it is obvious

P e N o

from the numerical example that all the obtained values of F'LF; and FT'S;; are
not non-negative triangular fuzzy numbers e.g., m = (14, 25, 39) © (6, 10, 15)
= (=1, 15, 33) is a triangular fuzzy number with a negative part. It depicts that
time may be negative. But, the negative time has no physical meaning and it is not
feasible since it is not defined in the project scheduling. To avoid this problem, if
the Minkowski’s subtraction [70, pp. 223]
2(1 &) Z{E = (a1 — ag, by — by, c1 — ¢3) where, :4\; = (ay,b1,¢1) and Z; = (ag, by, co) are
triangular fuzzy numbers, is used.

Then, the result may be a triangular fuzzy number with negative part or may
not be a triangular fuzzy number.
Example 2.5 Let A = (10,15, 30) and B = (12,13,15). Then, A B=A =
(=2, 2, 15) is a triangular fuzzy number with negative part.
Example 2.6 Let C = (10,20,22) and D = (5,10,15). Then, C & D = C’ = (5,
10, 7) is not a triangular fuzzy number because it violates the convex conditions
(5<10<T).

Hence, it is also not genuine to use the Minkowski’s subtraction.

So, there is need to define subtraction of non-negative triangular fuzzy num-
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bers in such a way that A’ and C' are non-negative triangular fuzzy numbers.
2.5 Proposed Mehar’s subtraction

In this section, to resolve the shortcomings of existing subtraction, pointed
out in Section 2.4, a new subtraction operation, &,;, named as Mehar’s subtraction,
of non-negative triangular fuzzy numbers is proposed.

Let :4: = (ay,b1,¢1) and :4; = (a9, by, ¢3) be two non-negative triangular fuzzy
numbers. Then,

:4: Oum :4; = (a,b,c).

a = maximum{0, (a; — as)}
where, ¢ b= a + maximum{0, (b —a;) — (by — az)}

¢ =0b + maximum {0, (¢; — b1) — (c2 — ba)}

2.5.1 Advantages of proposed Mehar’s subtraction

In this section, advantages of proposed Mehar’s subtraction over existing

subtraction [70] are discussed.

2.5.1.1 Non-negativity property of proposed Mehar’s subtraction

In this section, it is proved that if :4: and :4; are two non-negative triangular
fuzzy numbers then le Oum :{TQ will always be a non-negative triangular fuzzy num-

ber.

Proposition 2.1 Let :4: = (ay,b1,c1) and :4; = (ag, by, c2) be two non-negative

triangular fuzzy numbers. Then, AL Oy Ay = (a,b,c)
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a = maximum{0, (a; — az)}
where, = a + maximum{0, (b — ay) — (by — as)}

¢ = b+ maximum {0, (¢c; —by) — (ca — ba) }

is always a non-negative triangular fuzzy number i.e.,
a>0 (i)b—a>0 (i) c—b>0
Proof: (i) Since, a; and ay are two independent real numbers so, a; > ay or
a1 = ag or a; < as.
Case (i) If a1 > ay i.e., a3 — ay > 0 then,
a = maximum{0, (a; —az)} = a; —ay >0
Case (ii) If a; = ay i.e., a3 — ay = 0 then,
a = maximum{0, (a; — as)} =0
Case (iii) If a; < ag i.e., a3 —ay < 0 then,
a = maximum{0, (a; —az)} =0
Hence, a > 0
(ii) Since, by — a; and by — ag are two independent real numbers so, (by — ay) —
(bg —ag) >0 or (by —ay) — (b —ag) =0 or (b —ay) — (by —az) <0
Case (i) If (by —a1) > (by — a2) i.e., (by —ay1) — (by — az) > 0 then,
b — a = maximum{0, (b — a1) — (by —az)} = (by —ay) — (be —az) >0
Case (ii) If (by — a1) = (by — a2) i.e., (by — a1) — (ba — az) = 0 then,
b — a = maximum{0, (b —ay) — (bs —a2)} =0
Case (iii) If (by — a1) < (by — ag) i.e., (by —ay) — (by — ag) < 0 then,
b — a = maximum{0, (b —ay) — (by —a2)} =0
Hence, b —a > 0

(iii) Since, ¢; — by and cg — by are two independent real numbers so, (¢; — by) —
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(cg —by) >0o0r (¢ —by) — (ca—bg) =0o0r (c; —by) — (cg —by) <0
Case (i) If (¢ — b1) > (c2 — bo) i.e., (c1 — by) — (ca — by) > 0 then,
¢ — b = maximum{0, (¢; — by) — (c2 — b2)} = (1 —b1) — (ca — b2) >0
Case (ii) If (¢ — by) = (e — bo) ie., (1 — b1) — (c2 — by) = 0 then,
¢ — b = maximum{0, (¢; — b)) — (ca — b))} =0
Case (iii) If (¢c; — b1) < (cg — by) i.e., (1 — by) — (c2 — bg) < O then,
¢ —b = maximum{0, (¢; — b)) — (ca —b2)} =0

Hence, ¢c — b > 0.

2.5.1.2 Cancelation property of proposed Mehar’s subtraction

In crisp environment, the cancelation properties (A + B) — B = A and B +
(A— B) = A are always satisfied but the same is not true in fuzzy environment i.e.,
neither (A @ B) © B=Anor B& (A6 B) = A eg., Let A = (15, 30, 40) and B
= (10, 12, 13) be two triangular fuzzy numbers. Then,
(A® B) © B = ((15, 30, 40) & (10, 12, 13)) © (10, 12, 13)
= (25, 42, 53) © (10, 12, 13)

— (12, 30, 43) #£ (15, 30, 40)

Also, B& (Ao B) = (10, 12, 13) & ((15, 30, 40) © (10, 12, 13))
= (10, 12, 13) @ (2, 18, 30)
— (12, 30, 43) # (15, 30, 40)

In this section, it is proved that for proposed Mehar’s subtraction this property

will always be satisfied.
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Proposition 2.2 Let A= (a1,b1,¢1) and B = (a9, by, c3) be two non-negative tri-

angular fuzzy numbers. Then, (A @ B) &y B = A and B® (Ao B) = A.
Proof: (A @ B) &y B
= ((a1,b1,¢1) ® (az, ba, c2)) Our (ag, ba, ca)
= (a1 + ag, by + by, c1 + ¢2) Oum (a2, b2, ¢2)
= (a1 + az — ag, (a1 + az — az + maximum{0, (by + by — a3 — az) — (by — ag)},
(a1 4 as —ag + maximum{O0, (by +by —ay —as) — (bs —az) } + maximum{0, (¢;
+co— by —by) — (c2 —ba)})
= (a1, a;+maximum{0, by —a; }, a;+maximum{0, by —a; } + maximum{0, ¢; —
b1})
=(@m, a1 +b—a, a1 +by—ar +c—b) (b —a, 0 —bp >0)
= (a1,b1,c1) = A

Hence, (A @& B) Oy B = A.

Similarly, it can be proved that B® (2{ Om §) = A.

2.5.2 Illustrative examples

In this section, to illustrate proposed Mehar’s subtraction and to show the
advantages of proposed Mehar’s subtraction over existing subtraction, the values of
A and 6’7, calculated in Example 2.5 and Example 2.6, are calculated using proposed
Mehar’s subtraction instead of the existing subtraction. Also, it is shown that by
using proposed Mehar’s subtraction, the shortcoming occurring in the values of A

and 6’7, pointed in Section 2.4, is resolved.

Example 2.7 Let A = (10, 15, 30), B = (12, 13, 15) and A 6y B = A’ = (a,b,c).

Then, the values of a, b and ¢ can be calculated as follows:
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a = maximum{0, (10 —12)} =0
b =0 + maximum{0, (15 — 10) — (13 — 12)} = 0 + maximum {0, (5 — 1)}
—0+4=4
¢ =4 + maximum {0, (30 — 15) — (15 — 13)} = 4 + maximum {0, (15 —2)}
=4+ 13=17
Hence, (10, 15, 30) ©, (12, 13, 15) = (0, 4, 17) is a non-negative triangular fuzzy

number.

Example 2.8 Let C' = (10, 20, 22), D = (5, 10, 15) and C &y D = C" = (a,b,c).

Then, the values of a, b and ¢ can be calculated as follows:

a = maximum{0, (10 —5)} =5

b =5 + maximum{0, (20 — 10) — (10 — 5)} = 5 + maximum {0, (10 — 5)}
=5+5=10

¢ = 10 + maximum {0, (22 — 20) — (15— 10)} = 10 + maximum {0, (2 —5)}

=10+0=10

Hence, (10, 20, 22) ©,, (5, 10, 15) = (5, 10, 10) is a non-negative triangular fuzzy

number.

It can be easily seen that if the values of A" and C" are calculated using the
proposed Mehar’s subtraction instead of existing subtraction then there does not
exist any negative part in the obtained values of A" and C". On the basis of the
obtained results, it can be concluded that it is better to use the proposed Mehar’s

subtraction instead of existing subtraction.
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2.6 Modified Liang and Han method

The shortcomings of Liang and Han method [84], pointed in Section 2.4,
can be resolved by the following modifications in Step 2 and Step 3 of the existing
method [84]:

Step 2 Calculate fL\P:J by using the expression:

FLF; = minimum{ﬁf’k Om F/\’I/’]k / k€ NS(j), j# n, j € N} instead of using
the expression:

ﬁ = minimum{]?L\F/k S F/N\ﬁk / ke NS(j),j#mn,j€ N}

Step 3 Calculate the fuzzy total slack time of the activity (7, 7) (P?S/Z]) by using
the expression:

P e s

FTS;; = FLF; &)y (FES; & FNT;;); i,j € N instead of using the expression:

e~ e~~~

FTS; = FLF; © (FES; ® FNT;); i,j € N.
2.7 Advantages of modified Liang and Han method

Since, in the modified Liang and Han method proposed Mehar’s subtraction
is used and Mehar’s subtraction is proposed in such a manner that if Mehar’s sub-
traction is used for subtracting two non-negative triangular fuzzy numbers then the
obtained number will always be a non-negative triangular fuzzy number. So, on
applying the modified Liang and Han method all the shortcomings of existing Liang
and Han method [84], occurring due to using existing subtraction, are resolved.

To show the advantages of modified Liang and Han method over the exist-
ing Liang and Han method the project network problem, chosen in Example 2.4,
is solved by using the modified Liang and Han method. Also, it is shown that by

using the modified Liang and Han method the shortcoming, pointed out in Section
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2.4, is resolved.
The results of the numerical example, obtained by using the existing Liang

and Han method and the modified Liang and Han method, are shown in Table 2.1

Table 2.1: Values of @gj, P/“Ef] and FCT obtained by using the existing
Liang and Han method and modified Liang and Han method

Methods Results of Example 2.4
FES, FLF; Critical path | FCT
FES; = (0,0,0) |[FLF, = (—25,0,25)
Existing Liang and F/EE = (5, 8, 14) F/'m = (—11,8,30)
Han method [84] |FESs = (8, 15, 24)|[FLFs = (—1,15,33)1 = 2 = 3 = 4(14, 25, 39)
FESy = (14, 25, 39)|FLF, = (14,25, 39)
FES, = (0,0,0) | FLF, = (0, 0, 0)
Modified Liang and| FESs = (5, 8, 14) | FLF = (5,8, 14)
Han method | FESs = (8, 15, 24) | FLF3 = (8, 15, 24) |1 = 2 = 3 = 4(14, 25, 39)
FES, = (14, 25, 39) FLF, = (14,25, 39)

It is obvious from the values, shown in Table 2.1, that the optimal fuzzy
completion time (ﬁ ) obtained by using the existing Liang and Han method and
the modified Liang and Han method are same. Also, it is obvious that in the values

P e N T

of FLF,, FLF; and F'LF3 obtained by using the existing Liang and Han method
there exist negative part due to which the values of ﬁfh F’-E—F/é and F’-E—F/g has no
physical meaning. However, in the values of ]?Z—P:l , ﬁ and EZ\}E obtained by

using the modified Liang and Han method there does not exist any negative part.
2.8 Conclusions

On the basis of presented study, it can be concluded that it is better to use
modified Liang and Han method instead of using the existing Liang and Han method
to find the optimal fuzzy completion time of such project network problems in which

time of each activity is represented by a triangular fuzzy number.



Chapter 3

NEw METHODS BASED ON
KAUFMANN AND GUPTA RANKING
AprrProacH For FiNDING UNIQUE
OptiMAL Fuzzy PRrROJECT
COMPLETION TIME

Liu [93] proposed a method based on fuzzy linear programming approach to
find optimal fuzzy completion time of such project network problems in which time
of each activity is represented by a triangular fuzzy number. In this chapter, it is
shown that on applying this method more than one fuzzy numbers, representing the
optimal fuzzy project completion time, are obtained which contradicts the unique-
ness property of optimal fuzzy project completion time. Also, it is shown that the
same shortcoming is occurring in the modified Liang and Han method as well as in
the existing Liang and Han method [84]. To overcome these shortcomings, a new
method, named as Mehar’s method based on Kaufmann and Gupta ranking ap-
proach, is proposed by modifying the existing method [93] and some modifications

are also suggested in the modified Liang and Han method.

The contents of this chapter are published in the Applications and Applied Mathematics: An
International Journal 6 (2011) 1992-2008.
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3.1 Liu method

Liu [93] proposed the following method to find the optimal fuzzy completion
time of such project network problems in which time of each activity is represented

by a triangular fuzzy number.

Step 1 Formulate the chosen problem into the fuzzy linear programming problem
(P 3.1)1

Maximize Z (Z;J inj)

(¢,5)€A
subject to
1 i=1 )
IR i=n
ji(ij)eA J:(ji)eA 0 i€ N — {1,n} (Ps 1)

where,

A: set of all activities (4, 7),

ﬂj: the fuzzy time duration of the activity (i, ),
N: the set of nodes,

n: the destination node,

1: the source node,

x;;: the decision variable denoting the amount of flow in the activity (i, j).

Step 2 Suppose the fuzzy linear programming problem (Ps;) have h feasible solu-
tions and {x}} is the w'" feasible solution then the aim is to find the feasible solution
with the largest objective value i.e., the aim is to find maximum{ S (ty x;’;)}

swsh S ig)ea

Although, till now there is no unique way to compare fuzzy numbers but Liu

[93] have used the concept that if maximum{ S (R(ty) x%)} is S (R(ty) )

swsho R g)ea
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then maximum { S (ty 1’:’;)} willalsobe > ( x;;), where, R(ti;) = R(ai;, bij, cij)
Iswsh (i,§)€A (i.j)eA
= Wffﬁcj represents the Yager ranking index [160] of a triangular fuzzy number
tiy = (aij, bij, cij).-
In other words, Liu [93] have assumed that the optimal solution of the fuzzy
linear programming problem (Ps;) can be obtained by solving the crisp linear pro-

gramming problem (Ps5):

Maximize Y (R(t;;) xij)

(i,7)€EA
subject to \
1 ,i=1
R =
Ji(i,4)€A J:(4i)€A 0 ,ieN—{l,n} (Ps.2)

Ve

Step 3 Solve the crisp linear programming problem (Ps ) to find the optimal solu-
tion {z;;}.

Step 4 Use the optimal solution {z;;}, obtained in Step 3, to find the critical path
and also put the obtained optimal values of ;; in > (f;; 2;) to find the optimal

(i,7)EA

fuzzy completion time of the project.

3.2 Shortcomings of Liu method

If there exist more than one critical paths for a project network problem then
the optimal fuzzy completion time of the project should be same corresponding to
all the critical paths.

In this section, a fuzzy project network problem, chosen in Example 3.1, is
solved by using Liu method [93] and shown that by using this method more than one

fuzzy numbers, representing the optimal fuzzy completion time of the same project,
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are obtained which contradicts the uniqueness property of optimal fuzzy project
completion time.

Example 3.1 Find the optimal fuzzy completion time of the project, shown by
Figure 3.1, in which the fuzzy time duration (¢;;) of the activity (,) is represented
by the following triangular fuzzy numbers:

tie = (2,4, 6), tiz = (9,13, 17), fo3 = (7,9, 11), to4 = (12, 19, 26), t34 = (6, 10,

14)

(12, 19, 26)

(7,9, 11)

&

Figure 3.1 Structure of the project network

(6, 10, 14)

(9, 13, 17)

3.2.1 Optimal fuzzy completion time of the chosen problem

Using the existing method [93] the optimal fuzzy completion time of the
project network problem, chosen in Example 3.1, can be obtained as follows:
Step 1 Using Step 1 of the Liu method [93] presented in Section 3.1 the problem,
chosen in Example 3.1, can be formulated as follows:
Maximize ((2, 4, 6) z12 @ (9, 13, 17) z13 ® (7, 9, 11) x93 @ (12, 19, 26) x94 & (6,
10, 14) 34)
subject to

19 + 113 = 1, T2 — Tog — Tz = 0, Ti3 + To3 — X34 = 0, Tog + 34 = 1
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T12, T13, T23, Ta4, T34 > 0

Step 2 Using Step 2 of Liu method [93] the fuzzy linear programming problem,

obtained in Step 1, can be written as:

Maximize (R(2,4,6) z12 + $R(9,13,17) x15 + R(7,9,11) 293 + R(12,19,26) 294 +
$(6,10,14) z34)

subject to

T2 + 213 = 1, Tiz — Tg — T23 = 0, T13 + T3 — T34 = 0, Tog + T3q =1

T12, T13, T23, Taa, T34 > 0

i.e., Maximize (4 T1o + 13 T3 + 9 Toz + 19 Tog + 10 I34)
subject to
T2 + 113 = 1, Ty — Tog — Tag = 0, T13 + Toz — w34 = 0, Tog + T34 =1

T12, T13, T23, To4, T34 > 0

Step 3 On solving crisp linear programming problem, obtained in Step 2, the fol-
lowing three optimal solutions are obtained:

(i) 212 =294 = 1 and x93 = 293 = 234 = 0

(i) 19 = w93 = x34 = 1 and x13 = w94 = 0

(111) T13 = T34 — 1 and T12 = T3 = Toq = 0

Step 4 Using the optimal values of x;;, obtained from Step 3, the following three
critical paths are obtained :

i)l1=2=4

i) l=2=3=14

(i) 1 = 3 =4

Putting the obtained optimal values of z;;, obtained from Step 3, in ((2, 4,
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6) T19 D (9, 13, 17) T3 D (7, 9, 11) Toz D (12, 19, 26) Tog D (6, 10, 14) I‘34>, the
optimal fuzzy project completion times corresponding to paths 1 = 2 =4, 1= 2

=3 =4and 1 = 3 = 4 are (14, 23, 32), (15, 23, 31) and (15, 23, 31) respectively.

3.2.2 Results and discussion

The critical paths and the optimal fuzzy project completion time for the
problem, chosen in Example 3.1, obtained by using the Liu method [93] are shown

in Table 3.1

Table 3.1 Results obtained by using Liu method

Example Critical path Optimal fuzzy project completion time
1=2=1 (14, 23, 32)
3.1 1=2=3=14 (15, 23, 31)
1=3=14 (15, 23, 31)

If there exist more than one critical paths for a project network problem then
the optimal fuzzy completion time of the project should be same corresponding to
all the critical paths. However, it can be seen from the obtained solution, presented
in Table 3.1, that the optimal fuzzy project completion time corresponding to path 1
= 2 = 4 is different from the optimal fuzzy project completion time corresponding
to paths 1 = 2 = 3 = 4 and 1 = 3 = 4 ie., (14,23,32) # (15,23,31), only
R(14,23,32) = R(15,23,31) = 23.

Since (14, 23, 32) and (15, 23, 31) are two different fuzzy numbers so their physical
interpretation will also be different i.e., for the optimal fuzzy completion time of a
same project two different interpretations will be required which is not acceptable

for real life problems.
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3.3 Shortcomings of modified Liang and Han method

In this section, the project network problem, chosen in Example 3.1, is solved
by modified Liang and Han method and shown that the same shortcoming, pointed

out in Section 3.2, is also occurring in the modified Liang and Han method.
3.3.1 Optimal fuzzy completion time of the chosen problem

Using the modified Liang and Han method, the optimal fuzzy completion time
of the project, chosen in Example 3.1, can be obtained as follows:
Step 1

—_——

Using Step 1 of the modified Liang and Han method by assuming FES; = (0,

—_——

0, 0) values of FES; , j =2,3,4 can be obtained as follows:

——~—

FES, = FES, @ FNTy, = (0,0, 0) @ (2, 4, 6) = (2, 4, 6)
ﬁ/53 = maximum{}ﬁ ® ﬂv\i& J?EE ® 17/]\77{23}
= maximum{(0,0,0) & (9,13,17), (2,4,6) & (7,9,11)}
= maximum{ (9, 13,17),(9,13,17)} = (9, 13, 17)
FES, = maximum{% D F]\?ﬁ;b Fﬁ &) F/N\TEL}
= maximum{(2,4,6) ® (12,19, 26), (9,13,17) & (6,10, 14)}
= maximum{ (14, 23, 32), (15,23,31)}
Since, R(14,23,32) = R(15, 23, 31) and m(14, 23,32) = m(15,23,31)
So, by using the existing approach used in existing method [84], discussed in Section
2.2, both (14, 23, 32) and (15, 23, 31) can be assumed as maximum i.e., further

calculations can be done by the following two ways.

Case 1: Treating F/’EEL = (14, 23, 32) as maximum.
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Case 2: Treating 14{55/4 = (15, 23, 31) as maximum.

Case 1: Remaining steps by assuming P/’Egzl = (14, 23, 32) as maximum

Step 2 Using Step 2 of the modified Liang and Han method by assuming FLF, =

(14, 23, 32) values of FEE , 7 =3,2,1 can be obtained as follows:

,~— Y~ e/~

FLF3; = FLF, 6, FNT3, = (14, 23, 32) &) (6, 10, 14) = (8,13,18)
ﬁ = minimum{ﬁ ShY F/NY{% m Sum F/ﬁﬂs}
= minimum{ (14, 23, 32) &), (12,19, 26), (8,13,18) &,/ (7,9,11)}
= minimum{(2, 4, 6), (1,4,7)}
Since, R(2,4,6) = R(1,4,7) and m(2,4,6) = m(1,4,7)
So, by using the existing approach used in existing method [84], discussed in Section

2.2, both (2, 4, 6) and (1, 4, 7) can be assumed as minimum i.e., further calculations

can be done by the following two ways.
Case (1la): Treating ﬁ = (2, 4, 6) as minimum.

Case (1b): Treating }75172 = (1, 4, 7) as minimum.

—~—

Case (1a): Remaining steps by assuming FLF, = (2, 4, 6) as minimum

Assuming EL\F/E = (2, 4, 6) value of ]?[Tﬁl can be obtained as follows:

—_—

FLF, = minimun{FLF, Oy FNTa, FLF; O3 FNT13}

= minimum{(2,4,6) Sy (2,4,6),(8,13,18) &, (9,13,17)}
= minimum{ (0, 0,0), (0,1,2)}
= (0, 0, 0)
Step 3 Using Step 3 of the modified Liang and Han method values of EESZ can

be obtained as follows:
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P T e

FTSyy = FLF, 6y (FES; ® FNT,)
= (2,4,6) ©u ((0,0,0) @ (2, 4, 6))
= (2,4,6) o (2, 4, 6)
= (0,0,0)
ﬁs/m = ﬁfs OM (ﬁgl@fﬁi:a)
= (8,13,18) o ((0, 0, 0) & (9, 13, 17))
=(0,1,2)
EZFS;:; = m S)Ys (F/’E@@FTJVJ{%)
= (8,13,18) o ((2, 4, 6) @ (7, 9, 11))
=(0,1,2)
ZFTxS; = ﬁF/h Om (F/’Ex/xgz@fj’/]\?ﬂzx)
= (14, 23, 32) &1 ((2, 4, 6) & (12, 19, 26))
= (0,0,0)
FTS3 = FLF; 6y (FES; ® FNTy)
= (14, 23, 32) &y ((9, 13, 17) & (6, 10, 14))
=(0,1,2)
Step 4 Using Step 4 of modified Liang and Han method,
minimum{ﬁg > ];7?5';4,177?:9:2 @ F/fg:a @ ﬁzx, ﬂ:ﬁ ® F/fS;L}
= minimum{(0,0,0) & (0,0,0), (0,0,0) & (0,1,2) & (0,1,2), (0,1,2) & (0, 1,2)}
= minimum{ (0, 0,0), (0,2,4),(0,2,4)} = (0, 0, 0)

Since, minimum is occurring corresponding to the path 1 = 2 = 4 so it is

the critical path for the chosen project network.

Step 5 Using Step 5 of the modified Liang and Han method, optimal fuzzy com-

pletion time of the project is
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FCT = FNTys @& FNTy = (2, 4, 6) @ (12, 19, 26) = (14, 23, 32)
Therefore, on choosing FI\/E = (2, 4, 6), the obtained critical path is 1 = 2

= 4 and the obtained optimal fuzzy project completion time is (14, 23, 32)

Case (1b): Remaining steps by assuming FLF, = (1, 4, 7) as minimum

Assuming FLF, = (1, 4, 7) value of ]F[jfl can be obtained as follows:
FLF, = minimum{fL\f’Q o FNTy, FLF; €y ﬂV\T/m}

= minimum{(1,4,7) Sy (2,4,6),(8,13,18) & (9,13,17)}

= minimum{(0, 1, 2), (0,1,2)}
FLF, = (0, 1, 2)

Step 3 Using Step 3 of the modified Liang and Han method values of F'T'S;; can

be obtained as follows:

Y~ /Y~ /~—

FTS1y = FLF, ©y (FES) ® FNTy,)
=(1,4,7) o ((0,0,0) & (2, 4, 6))
= (1,4,7) ©u (2, 4, 6)
=(0,1,2)

FTSy3 = FLF, ©y (FES; & FNTy3)
= (8,13,18) & ((0, 0, 0) & (9, 13, 17))
= (8,13,18) &y (9, 13, 17)
= (0,1,2)

F/ﬁ;&z IEEF/?, Om (EE/&@FN\T;?J
= (8,13,18) o ((2, 4, 6) @ (7, 9, 11))
— (8,13,18) &y (9, 13, 17)

= (0,1,2)
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FTSyy = FLF, ©) (FESy @ FNTy)
= (14, 23, 32) &1 ((2, 4, 6) ® (12, 19, 26))
= (14, 23, 32) o) (14, 23, 32))
= (0,0,0)
F/fs/&l = ]?EE OM (ﬁgg@fﬁfﬂ)
= (14, 23, 32) ©) ((9, 13, 17) @ (6, 10, 14))
= (14, 23, 32) o) (15, 23, 31))
= (0,1,2)
Step 4 Using Step 4 of the modified Liang and Han method,
minimum{F/T\STz ® ﬁ\g@ﬁ;‘»’; ® F/T\gs & F/T\SEAH F/T\ng ® F/T\f?;;}
= minimum{(0, 1, 2) ¢ (0,0,0), (0,1,2) & (0,1,2) & (0,1,2),(0,1,2) © (0,1, 2)}
= minimum{ (0, 1, 2), (0, 3,6), (0,2,4)} = (0, 1, 2)

Since, the minimum is occurring corresponding to the path 1 = 2 = 4 so it

is the critical path for the chosen project network.

Step 5 Using Step 5 of the modified Liang and Han method the optimal fuzzy
completion time of the project is
FCT = FNTy1, @ FNTyy = (2,4, 6) @ (12, 19, 26) = (14, 23, 32)

Therefore, on choosing P/’E'E = (14, 23, 32), the critical path is 1 = 2 = 4

and the optimal fuzzy project completion time is (14, 23, 32).

Case 2: Remaining steps by assuming Z?EE = (15, 23, 31) as maximum

Step 2 Using Step 2 of the modified Liang and Han method by assuming F LF;, =

(15, 23, 31) values of fifj , 7 =3,2,1 can be obtained as follows:

—_—~

FLFy = FLE, ©y FNTsy = (15, 23, 31) €y (6, 10, 14) = (9,13, 17)
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FL\f‘:z = minimum{ﬁ OMm ﬂvﬁ% EL\I% oM F/N\ﬁ:a}

— minimum{(15,23,31) S (12, 19,26), (9,13, 17) O (7,9,11)}

= minimum{(3,4,5), (2,4,6)}
Since, R(2,4,6) = R(3,4,5) and m(3,4,5) = m(2,4,6) so, by using the existing
approach used in existing method [84] discussed in Section 2.2, both (2, 4, 6) and
(3, 4, 5) can be assumed as minimum i.e., further calculations can be done by the

following two ways:
Case (2a): Treating ﬁ = (2, 4, 6) as minimum.

Case (2b): Treating ﬁ = (3, 4, 5) as minimum.

Case (2a): Remaining steps by assuming FLF, = (2, 4, 6) as minimum

Assuming F'LF, = (2, 4, 6) value of FILF; can be obtained as follows:

P

FLF, = minimum{ﬁ Om F/N\ﬁm ﬁf:a S)Yi F/]\?T/w}
= minimum{(2,4,6) Sy (2,4,6),(9,13,17) &5 (9,13,17)}
= minimum{ (0, 0,0), (0,0,0)}
= (0, 0, 0)
Step 3 Using Step 3 of the modified Liang and Han method values of F?SZ can

be obtained as follows:

—_—~— /~—— /~— /~—

FTS\s = FLF, 6y (FES, & FNT)y)
= (2,4,6) o ((0,0,0) & (2, 4, 6))
=(2,4,6) eum (2, 4, 6)
= (0,0,0)

FTSy3 = FLF3 Oy (FES, ® FNT3)

= (9,13,17) &7 ((0, 0, 0) @ (9, 13, 17))
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= (0,0,0)
FTSy = FLEF, Oy (FESy ® FNTy)
= (9,13,17) o ((2, 4, 6) & (7,9, 11))
= (0,0,0)
F/YT:SEL = m OM (ﬁ/&@fﬁ@)
= (15, 23, 31) ©u ((2, 4, 6) @ (12, 19, 26))
= (15, 23, 31) o (14, 23, 32)
=(1,1,1)
ﬁz’; = FEE S)Yi (m@ﬁ\ﬁ@)
= (15, 23, 31) & ((9, 13, 17) & (6, 10, 14))
= (0,0,0)

Step 4 Using Step 4 of the modified Liang and Han method,
minimum{ﬁgg S ﬁg@ﬁz S ﬁg:% S ﬁk_g;l, ]«:7?3:3 S ﬁé’;}
= minimum{(0,0,0) @ (1,1,1),(0,0,0) & (0,0,0) & (0,0,0), (0,0,0) & (0,0,0)}
= minimum{(1, 1, 1), (0,0,0), (0,0,0)} = (0, 0, 0)

Since, the minimum is occurring corresponding to the paths 1 = 2 = 3 = 4 and 1

= 3 = 4 so, these are the critical paths for the chosen project network.

Step 5 Using Step 5 of the modified Liang and Han method the optimal fuzzy
completion time of the project is
ﬁzﬁiz@ﬁ3@ﬁ§4andM3@m4

=1(2,4,6)® (7,9, 11) & (6, 10, 14) and (9, 13, 17) & (6, 10, 14)

= (15, 23, 31)

Therefore, on choosing F'LF, = (2, 4, 6), the obtained critical paths are 1 = 2 =

3= 4and 1 = 2 = 4 and the obtained optimal fuzzy project completion time is
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(15, 23, 31).

Case (2b): Remaining steps by assuming EL\]% = (3, 4, 5) as minimum

Assuming F'LF, = (3, 4, 5) value of f[jfl can be obtained as follows:
fifl = minimum{ﬁ Om 17/]\77{12, fifg S)Ys F/]\h{m}
= minimum{(3,4,5) S (2,4,6),(9,13,17) 5 (9,13,17)}
= minimum{(1, 1, 1), (0,0,0)}
FLF, = (0,0, 0)
Step 3 Using Step 3 of the modified Liang and Han method values of F/’fS/’” can

be obtained as follows:

—_— P S g

FTSy = ff]i Onm (FES; ® FNTyo)
= (3,4,5) ©u ((0,0,0) @ (2, 4, 6))
= (3,4,5) Ou (2, 4, 6)
=(1,1,1)

fT\ﬁg :ﬁ_F/g Om (ﬁa@m:ﬁ
= (9,13,17) & ((0, 0, 0) & (9, 13, 17))
= (0,0,0)

1?7?53 :ﬁ_F/g On (%@F/ﬁi&;)
= (9,13,17) S ((2, 4, 6) @ (7, 9, 11))
= (0,0,0)

F/ﬁ;; :ﬁ ) (ﬁ@F/N\TZO
= (15, 23, 31) S ((2, 4, 6) @ (12, 19, 26))
= (15, 23, 31) &y (14, 23, 32)

= (1,1.1)
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FTS3y = FLF, ©) (FES; @ FNT3y)
= (15, 23, 31) S ((9, 13, 17) @ (6, 10, 14))
— (0,0,0)
Step 4 Using Step 4 of the modified Liang and Han method,
minimum{ﬁgjg ® ]4:7\”5;4,14:7\”5’72 @ ﬁg:a @ ﬁ:g;h ]4:7?:9:3 > ﬁS/M}
= minimum{(1,1,1) & (1,1,1),(1,1,1) & (0,0,0) & (0,0,0), (0,0,0) & (0,0,0)}
= minimum{(2, 2, 2), (1,1,1),(0,0,0)} = (0, 0, 0)

Since, the minimum is occurring corresponding to the path 1 = 3 = 4 so this

is the critical path for the chosen project network.

Step 5 Using Step 5 of the modified Liang and Han method the obtained optimal
fuzzy completion time of the project is
ﬁ = F/N\T/ls S ﬂv\ﬂ4

= (9, 13, 17) & (6, 10, 14) = (15, 23, 31)

Therefore, on choosing FLFy = (3, 4, 5), the obtained critical path is 1 = 3

= 4 and the obtained optimal fuzzy project completion time is (15, 23, 31).

3.3.2 Results and discussion

The critical paths and the optimal fuzzy project completion time for the
problem, chosen in Example 3.1, obtained by using the modified Liang and Han

method are shown in Table 3.2

Table 3.2 Results obtained by using modified Liang and Han method

Example 3.1
Critical Path 1=2=1 1=2=4,
1=2=3=14

Optimal fuzzy project completion timeFFCT = (14, 23, 32)FCT = (15, 23, 31)
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Since, the results, shown in Table 3.2, obtained by using the modified Liang
and Han method, is same as the results, shown in Table 3.1, obtained by using Liu
method [93]. So, the same shortcomings, pointed out in Section 3.2, occurring in
the results obtained by using the existing method [93] is also occurring in the results

obtained by using the modified Liang and Han method.

Remark 3.1: Although, the shortcomings, pointed out in Section 3.2, will also
occur in the existing Liang and Han method [84] but in Chapter 2 it is shown that
the modified Liang and Han method is better than the existing Liang and Han
method so in this chapter the shortcomings of existing Liang and Han method [84]

are not discussed.

3.4 Origin of shortcomings

The shortcomings, pointed out in Section 3.2 and Section 3.3, are occurring
due to the following reasons:

If A; and A, are two real numbers such that A; # Ay then maximum{A;, 4>}
(or minimum{A;, As}) will be either A; or A;. On the same direction, if 2{:
and Z; are two fuzzy numbers such that ;E # Z; then maximum{;ﬂ,;ﬁ} (or
minimum{;lvl , Z;}) should be either :4: or :4; However, for the maximum{;lvl , :4;}
(or minimum{z , ;1;}) obtained by using the approaches, used in Liang and Han
method [84] and Liu method [93], this property is not satisfying e.g., Since, A = (14,
23, 32) and Ay = (15, 23, 31) are two triangular fuzzy numbers such that A; # A,
SO maximum{;lj : ;1;} (or minimum{?ﬂ, Z;}) should be either A; or A,. However,
using the method, presented in Section 2.2, used in Liang and Han method [84],

maximum{;ﬂ,;i;} = minimum{;ﬂ,;l;} = ;1: and Z; Similarly, since, :4\; = (1,
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4, 7) and Ay = (2, 4, 6) are two triangular fuzzy numbers such that A -+ Ay s0
maximum{;rl , ?1;} (or minimum{;ﬂ , ;1;}) should be either Z or ;1; However, us-
ing existing ranking approach [160], used in Liu method [93] maximum{z , sz} =

minimum{]&j, :4;} = ;1: and :4;

3.5 Existing ranking approaches for finding max-
imum and minimum of triangular fuzzy num-
bers

In Section 3.4, it is pointed out that the shortcomings in Liu method as
well as in the modified Liang and Han method are occurring due to the existing
ranking approaches, used in the existing methods [84, 93], for finding maximum
and minimum of fuzzy numbers. So, one may try to resolve these shortcomings by
using some other existing ranking approaches for finding maximum and minimum of
triangular fuzzy numbers instead of the existing ranking approaches used in existing
methods [84,93]. Although, there are several existing ranking approaches for finding
maximum and minimum of triangular fuzzy numbers. However, in this section,
some existing ranking approaches [2,11,27,31, 33,58, 70, 79,92, 113,151, 160, 172],
mostly used in the literature for finding maximum and minimum of triangular fuzzy

numbers, are presented.

3.5.1 Kaufmann and Gupta ranking approach

In this section, the existing ranking approach [70] for finding maximum and

minimum of two triangular fuzzy numbers is presented.

Let A = (a1,b1,¢1) and B = (ag, by, c2) be two triangular fuzzy numbers.

Then, use the following steps to find maximum{A, B} and minimum{A, B}:
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Step 1 Find R(A) = @42ite and R(B) = wiate
Case (i) If R(A) > R(B) then A = B i,

maximum{A, B} = A and minimum{A, B} = B
Case (ii) If R(A) < R(B) then A < B i.e.,

maximum{A, B} = B and minimum{A, B} = A
Case (iii) If R(A) = R(B) then go to Step 2.

Step 2 Find mode(A) = by and mode(B) = by

Case (i) If mode(A) > mode(B) then A = B i.e.,
maximum{A, B} = A and minimum{A, B} = B

Case (ii) If mode(A) < mode(B) then A < B i.c.,
maximum{A, B} = B and minimum{A4, B} = A

Case (iii) If mode(A) = mode(B) then go to Step 3.

Step 3 Find divergence(g) =, —ap and divergence(é) =y — Qy

Case (i) If divergence(A) > divergence(B) then A = B i.c.,
maximum{A, B} = A and minimum{A, B} = B

Case (ii) If divergence(A) < divergence(B) then A < B i.e.,

maximum{A, B} = B and minimum{A4, B} = A

Case (iii) If divergence(A) = divergence(B) then A = B

3.5.2 Wang and Lee ranking approach

In this section, the existing ranking approach [151] for finding maximum and

minimum of triangular fuzzy numbers is presented.
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Let A = (a1,b1,¢1) and B = (ag, by, c2) be two triangular fuzzy numbers.

Then, use the following steps to find maximum{A, B} and minimum{A, B}:

b T—a c T—c b T—a c T—c
Step 1 Find z; = Juy 2o ety @l o) and zz = Jug 2oy ) oy #(5y—cy )
- b T—a c T—cC - b T—a c T—cC .
A fall ( b1—a11 )dx—"_fm1 ( b1—cl1 ) B fa22 ( 52—‘32 )dx—i_f‘@2 ( b2—022 )de

Case (i) If 27 > x5 then A~ Bie.,

maximum{A, B} = A and minimum{A, B} = B

Case (ii) If 27 < x5 then A< Bie,

maximum{A, B} = B and minimum{A, B} = A

Case (iii) If z ; = 5 then go to Step 2.

:  Jo ylaa (b —a)y)dy+ [y (y(er+(br—c1)y)dy
Step 2 Find yz = r G = it et —endy | 204

_ o ylaz+(ba—az)y)dy+ [ (y(ca+(ba—c2)y)dy
YB = " [Naat(br—a)y)dyt [ (cot(ba—ca)p)dy

Case (i) If y; > yz then A~ Bie.,

maximum{A, B} = A and minimum{A, B} = B

Case (ii) If y; < y3 then A < Bie,

maximum{A, B} = B and minimum{A4, B} = A

Case (iii) If y; = yz then A~ Bie.,

maximum{A, B} = minimum{A, B} = A and B.

3.5.3 Kumar et al. ranking approach

In this section, the existing ranking approach [79] for finding maximum and

minimum of triangular fuzzy numbers is presented.

Let A = (a1,b1,¢1) and B = (ag, by, c2) be two triangular fuzzy numbers.

Then, use the following steps to find maximum{A, B} and minimum{A, B}:
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Step 1 Find RM(A) = Rank(A) = @¥2hta and RM(B) = Rank(B) = 2t2ete
Case (i) If RM(A) > RM(B) then A > B ie.,

maximum{A, B} = A and minimum{A, B} = B
Case (ii) If RM(A) < RM(B) then A < B ic.,

maximum{A, B} = B and minimum{A, B} = A

Case (iii) If RM(A) = RM(B) then go to Step 2.

Step 2 Find RM(A) = mode(A) = by and RM(B) = mode(B) = by
Case (i) If RM(A) > RM(B) then A > B i.e.,

maximum{A, B} = A and minimum{A, B} = B
Case (ii) If RM(A) < RM(B) then A < B ie.,

maximum{A, B} = B and minimum{A4, B} = A
Case (iii) If RM(A) = RM(B) then A ~ B i.c.,

maximum{A, B} = minimum{A, B} = A and B.

3.5.4 Other existing ranking approaches

In this section, some other existing ranking approaches [2,11,27,31,33,58,92,
113,160, 172] for finding maximum and minimum of triangular fuzzy numbers are

presented.

Let A = (ay,b1,c1) and B = (ag, by, c2) be two triangular fuzzy numbers.
Then, use the formulae, shown in Table 3.3, to calculate R(A) and R(B) and check

that R(A) > R(B) or R(A) = R(B) or R(A) < R(B).

Case (i): If R(A) > R(B) then A = B ie.,
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maximum{A, B} = A and minimum{A, B} = B
Case (ii): If R(A) < R(B) then A < B ie.,
maximum{A, B} = B and minimum{A, B} = A
Case (iii): If R(A) = R(B) then A ~ B i.e.,
maximum{A, B} = minimum{A, B} = A and B.

Table 3.3 Ranking formulae used in some existing ranking approaches

Ranking approaches

Ranking formulae for a triangular fuzzy number A= (a,b,c)

Yager [160]

R(A) = S (E=2)dat [ 2(§=L)dw

Ja (G=g)dat [ (5=5)da

Murakami et al. [113] R(A) = TFzOryz
C_ JRe(EEDde [ e(5=)de [l (y(at (b—a)y)dyt [3 (u(c+(b—c)y))dy
where, 23 = e g [ (tas YA T T et bmandyr I (e —ow)dy

Liou and Wang [92] R(A) = a+24b+c

Chen et al. [27] R(A) = a+24b+c

T — 2 2
R =
SR e(GEdat [§ e(§25)de
where, T3 TP D dat [ (E=L)dz
yr = Jo W(at(b=a)y))dy+ [y (y(ct(b—=c)y))dy
A Ja(at+(b—a)y)dy+ [ (c+(b—c)y)dy

Cheng [31]

Yao and Wu [172] R(A) = b+ i(c —2b+a)

Chu and Tsao [33]

S e(E=2)dat [ w(E=8)da J& y(at(b—a)y)dy+ [ y(ct(b—c)y)dy
h _ — Ja ) c ~ = Jo_ 0
WS A T T e ey [ (=0)de YA T [Tat(ma)y)dyt [§ (et (b—o))dy
Asady and Zendehnam [11]

%(A) _ a+24b+c

Garcia and Lamata [58] a+4éb+c

Abbasbandy and Hajjari [2] R(A) =b+ L(c—2b+a)

3.6 Kaufmann and Gupta ranking approach vs
other existing ranking approaches

In this section, to show the advantage of Kaufmann and Gupta ranking ap-
proach [70] over other existing ranking approaches [2,11,27,31,33,58,79,92,113,151,

160, 172] the maximum and minimum of triangular fuzzy numbers A= (14, 23, 32)
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and B = (15, 23, 31) obtained by using Kaufmann and Gupta ranking approach [70]
and other existing ranking approaches [2,11,27,31,33,58,79,92,113,151, 160, 172]

are shown in Table 3.4

Table 3.4 Maximum and minimum of triangular fuzzy numbers A and B obtained by using existing ranking

approaches

Ranking approaches Ranking value of A | Ranking value of B | maximum{A, B} | minimum{A4, B}
Yager [160] R(A) = 23 R(B) = 23 A and B Aand B
Murakami et al. [113] R(A) = 23 R(B) = 23 A and B Aand B
Liou and Wang [92] R(A) = 23 R(B) = 23 A and B A and B
Chen et al. [27] R(A) = 23 R(B) = 23 A and B Aand B
Cheng [31] R(A) = 23.005 R(B) = 23.005 A and B Aand B
Yao and Wu [172] R(A) = 23 R(B) = 23 Aand B Aand B
Chu and Tsao [33] R(A) = 11.5 R(B) = 11.5 A and B Aand B
Asady and Zendehnam [11] R(A) = 23 R(B) = 23 Aand B Aand B
Garcia and Lamata, [58] R(A) = 23 R(B) = 23 Aand B Aand B
Wang and Lee [151] y; =05 yg = 0.5 A and B A and B
Abbasbandy and Hajjari [2] R(A) = 23 R(B) = 23 A and B Aand B
Kumar et al. [79] RM(A) = 23 RM(B) = 23 A and B Aand B

Kaufmann and Gupta [70] R(A) = 23 R(B) = 23
mode(A) = 23 mode(B) = 23 A B
divergence(A) = 18 | divergence(B) = 16

It is obvious from the Definition 2.11 that A + Bie., maximum{ﬁ, E} and
minimum{g, E} should be either A or B. However, on the basis of results, shown
in Table 3.4, obtained by using the existing ranking approaches [2,11,27,31,33, 58,
79,92,113,151, 160, 172] except Kaufmann and Gupta ranking approach [70], it can
be concluded that maximum{A, B} and minimum{A, B} = A and B i.e., if instead
of existing ranking approaches used in existing methods [84,93] any other existing
ranking approaches [2,11,27,31,33,58,79,92, 113,151, 160, 172] except Kaufmann
and Gupta ranking approach [70] will be used for finding maximum and minimum
of triangular fuzzy numbers in the existing method [93] and in the modified Liang
and Han method then more than one fuzzy numbers, representing the optimal fuzzy

project completion time, may be obtained.
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3.6.1 Validity of Kaufmann and Gupta ranking approach

It is obvious that if A and B are two triangular fuzzy numbers such that

R(A) > R(B) or R(A) = R(B), mode(A) > mode(B) or R(A) = R(B), mode(A)
= mode(B), divergence(A) > divergence(B) then using the existing ranking ap-
proach, presented in Section 3.5.1, maximum{g, é} = A and minimum{g, E} = B.

In this section, it is proved that if A and B are two such triangular fuzzy

numbers for which all the three conditions of Kaufmann and Gupta ranking ap-

proach [70] are satisfied then A = B.

Proposition 3.1 [70] Let A = (ay,by,¢1) and B = (ag,bs, ¢3) be two triangular

fuzzy numbers such that

(i) R(A) = R(B) (ii) mode(A) = mode(B) (iii) divergence(A) = divergence(B).

a1+2b14+c1 _ as+42ba+co
= 4 - 4

= a1 +2b1+c¢; = as+2by+co (3.1)
(i) mode(A) = mode(B)
= by = by (3.2)
(iii) divergence(A) = divergence(B)
= Cc1—a] = Ca—Qs (3.3)
Solving (3.1), (3.2) and (3.3)

ap = as, by =0y, c1=c

ie, A

I
™
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3.7 Proposed methods based on Kaufmann and
Gupta ranking approach

As discussed in Section 3.2 and Section 3.3, that the shortcomings in Liu
method [93] and in the modified Liang and Han method are occurring due to us-
ing the existing ranking approaches, discussed in Section 3.5 and in Section 2.2 of
Chapter 2, which are used for finding maximum and minimum of triangular fuzzy
numbers. Also, in Section 3.6, it is proved that if A and B are two triangular fuzzy
numbers then maximum{A, B} and minimum{A, B} obtained by using Kaufmann
and Gupta ranking approach, will always be either A or B but maximum{g, E}
and minimum{g, E} obtained by using existing ranking approaches [2,11,27,31,33,
58,79,92,113,151,160,172] may be A as well as B.

In this section, to overcome the shortcomings of Liu method [93] and the
modified Liang and Han method, pointed out in Section 3.2 and Section 3.3, some
modifications in the modified Liang and Han method on the basis of Kaufmann and
Gupta ranking approach are suggested and also on the basis of Kaufmann and Gupta
ranking approach, a new method, named as Mehar’s method based on Kaufmann
and Gupta ranking approach, is proposed by modifying Liu method [93].

3.7.1 Modified Liang and Han method based on Kaufmann
and Gupta ranking approach

If in the modified Liang and Han method instead of the existing approach,
discussed in Section 2.2, the existing Kaufmann and Gupta ranking approach, dis-
cussed in Section 3.5.1, is used for finding the maximum and minimum of triangular
fuzzy numbers, then always a unique triangular fuzzy number, representing the op-

timal fuzzy project completion time, will be obtained i.e., the shortcoming of the
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modified Liang and Han method will be resolved.

3.7.2 Proposed Mehar’s method based on Kaufmann and
Gupta ranking approach

In this section, to overcome the shortcomings, discussed in Section 3.2, a
new method, named as Mehar’s method based on Kaufmann and Gupta ranking
approach, is proposed to find the unique optimal fuzzy completion time of such
project network problems in which time of each activity is represented by a trian-
gular fuzzy number.

The steps of proposed method are as follows:

Step 1 Find the critical path and the optimal fuzzy completion time of the chosen
problem by using the existing method discussed in Section 3.1.

Case (i): If a unique critical path and hence a unique fuzzy number, representing
the optimal fuzzy project completion time, is obtained then the obtained optimal
fuzzy project completion time is the optimal fuzzy completion time of the project
and the obtained critical path is the only critical path of the project.

Case (ii): If more than one critical paths are obtained then go to Step 2.

Step 2 Check that the fuzzy numbers, representing the optimal fuzzy project com-
pletion time, corresponding to all the critical paths are same or not.

Case (i): If a unique triangular fuzzy number, representing the optimal fuzzy
project completion time, is obtained then the critical paths obtained in Step 1 cor-
responding to which the obtained fuzzy number is obtained are critical paths of the
project and the obtained triangular fuzzy number will represent the optimal fuzzy
completion time of the project.

Case (ii): If more than one triangular fuzzy numbers, representing the optimal
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fuzzy project completion time, are obtained then go to Step 3.

Step 3 Let using previous steps p different triangular fuzzy numbers fl, @, oy T,

representing the optimal fuzzy project completion time, be obtained i.e., Ty + Ty

# ... £ T, but R(TY) = R(Ty) = ... = R(T,) = uy (say). Then, find the optimal

solution of the following crisp linear programming problem:

Maximize ) (mode(ai;,bij, cij) xij)

(i,7)€EA
subject to
\
> (Rlaij, bij, cij) ig) = wa,
(i,7)EA
1 =1
>, Ty > owi=4q —1 =1 (Ps3)
J:(4,5)€A J:(4,1)eA .
0 ,i€ N —{l,n}
Lij > 0V (Z,j) e A )

Case (i): If by putting the obtained optimal values of z;; in ( > (aij, bij, ¢ij) xi;) &
(i,5)€A

unique triangular fuzzy number, representing the optimal fuzzy project completion

time, is obtained then the obtained triangular fuzzy number will represent the opti-

mal fuzzy completion time of the project and all the critical paths can be obtained

by using the obtained optimal values of x;;.

Case (ii): If more than one triangular fuzzy numbers, representing the optimal

fuzzy completion time of the project, are obtained then go to Step 4.

Step 4 Let using previous steps [ triangular fuzzy numbers f{, T;’, e i’, where, [
< p, representing the optimal fuzzy project completion time, be obtained i.e., fl’ #*
Ty # ... # T} but R(T]) = R(TY) = ... = R(T]) = uy and mode(T]) = mode(T}) =

.= mode(’f/ ) = ug (say). Then, find the optimal solution of the following crisp



29

linear programming problem:

Maximize ) (divergence(aij,bij,ci;j) =ij)

(i,5)€A
subject to
.
> (R(aij, bij, cij) @i5) = ua,
(i,j)€A
Y. (mode(aij, bij, ¢ij) xij) = ua,
(i,j)€A
: el (Pra)
Z Lij Z Tji = —1 ) L=n H
(i,j)€A j:(4,1)€A
T ™ 0 ,i€ N—{ln}
zij = 0V (i,5) €A

Now, putting the obtained optimal values of x;; in ( > (aij, bij, cij) ij) a
(i.j)€A
unique triangular fuzzy number, representing the optimal fuzzy project completion

time, will be obtained and the critical paths can be obtained by using the obtained

optimal values of z;.

3.8 Advantages of proposed methods based on
Kaufmann and Gupta ranking approach

The main advantage of the modified Liang and Han method based on Kauf-
mann and Gupta ranking approach and the proposed Mehar’s method based on
Kaufmann and Gupta ranking approach over the modified Liang and Han method
and Liu method [93] is that on applying the modified Liang and Han method and Liu
method [93] more than one triangular fuzzy numbers, representing the optimal fuzzy
completion time of the same project, may be obtained due to which there will be dif-
ferent interpretations for the optimal fuzzy project completion time of a same project
which is not genuine. While, by using the modified Liang and Han method based

on Kaufmann and Gupta ranking approach and proposed Mehar’s method based on
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Kaufmann and Gupta ranking approach always a unique triangular fuzzy number,
representing the optimal fuzzy project completion time, is obtained. So, there will
be a unique interpretation for the optimal fuzzy completion time of project.

To show the advantages of the modified Liang and Han method based on
Kaufmann and Gupta ranking approach and proposed Mehar’s method based on
Kaufmann and Gupta ranking approach over the modified Liang and Han method
and Liu method [93], the fuzzy project network problem, chosen in Example 3.1,
is solved by using the modified Liang and Han method based on Kaufmann and
Gupta ranking approach as well as proposed Mehar’s method based on Kaufmann
and Gupta ranking approach and it is shown that a unique fuzzy number, repre-

senting the optimal fuzzy project completion time, is obtained.

3.8.1 Optimal fuzzy completion time of the chosen problem
by using proposed Mehar’s method based on Kauf-
mann and Gupta ranking approach

Using the proposed Mehar’s method based on Kaufmann and Gupta ranking

approach the optimal fuzzy completion time of the project, chosen in Example 3.1,

can be obtained as follows:

Step 1 It is obvious from the results of Example 3.1, shown in Table 3.1, that the
critical paths for the chosen problem are 1 =2 =4, 1 =2=3=4and 1= 3
= 4. Also, the optimal fuzzy project completion time corresponding to the paths 1
=2=4 1=2=3=4and 1= 3= 4 are (14, 23, 32), (15, 23, 31) and (15,
23, 31) respectively.

Since, more than one critical paths are obtained i.e., Case (ii) of Step 1 of

the proposed Mehar’s method based on Kaufmann and Gupta ranking approach is
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satisfied, so go to Step 2 of the proposed Mehar’s method based on Kaufmann and

Gupta ranking approach.

Step 2 Since, fuzzy numbers (14, 23, 32) and (15 , 23, 31), representing the opti-
mal fuzzy completion time of the project, are different i.e., Case (ii) of Step 2 of
the proposed Mehar’s method based on Kaufmann and Gupta ranking approach is
satisfied, so go to Step 3 of the proposed Mehar’s method based on Kaufmann and
Gupta ranking approach.

Step 3 Since, u; = (14,23, 32) = R(15,23,31) = 23. So, using Step 3 of the pro-
posed Mehar’s method based on Kaufmann and Gupta ranking approach there is
need to find the optimal solution of the following crisp linear programming problem:
Maximize (mode (2,4, 6) z12 + mode(9,13,17) x13 + mode(7,9,11) x93 + mode(12, 19,

26) x94 + mode(6,10,14) x34)
subject to
R(2,4,6) x12 + R(9,13,17) 213 + R(7,9, 11) 293 + R(12, 19, 26) w94 + R(6, 10, 14) x34

= 923,

T2 + 113 = 1, Ty — Tog — Tag = 0, T13 + To3 — w34 = 0, Tog + w34 = 1
T12, T13, T23, Tod, T34 = 0

On solving the crisp linear programming problem the following three optimal
solutions are obtained:
(1) T12 — XToqg — 1 and 13 — X923 — X34 — O
(11) T192 = X993 — X34 — 1 and T13 = Toq4 = 0
(111) 13 = T34 = 1 and T12 = 23 = T4 — 0

Putting the obtained optimal values of z;; in ((2, 4, 6) z12 & (9, 13, 17) 215 &



62

(7,9, 11) a3 @ (12, 19, 26) 94 @ (6, 10, 14) 34), the obtained optimal fuzzy project
completion times are (14, 23, 32), (15, 23, 31) and (15, 23, 31) respectively. Since
(14, 23, 32) # (15, 23, 31) i.e., Case (ii) of Step 3 of the proposed Mehar’s method
based on Kaufmann and Gupta ranking approach is satisfied, so go to Step 4 of the
proposed Mehar’s method based on Kaufmann and Gupta ranking approach.
Step 4 Since, us = mode(14,23,32) = mode(15,23,31) = 23. So, using Step 4
of the proposed Mehar’s method based on Kaufmann and Gupta ranking approach
there is need to find the optimal solution of the following crisp linear programming
problem:
Maximize (divergence(2,4,6) x5 + divergence(9,13,17) z13 + divergence(7,9,11)
Ta3 + divergence(12,19,26) x94 + divergence(6,10,14) x34)

subject to
R(2,4,6) 215 + R(9, 13, 17) 213 + R(7, 9, 11) w3 + R(12, 19, 26) 204 + R(6, 10, 14) 234
— 23,
mode(2,4,6) x5 + mode(9,13,17) z15 + mode(7,9,11) x93 + mode(12,19,26) x4
+ mode(6,10, 14) x5, = 23,
Tip + 213 = 1, T — Tog — T3 = 0, T13 + T3 — w34 = 0, Ty + 234 =1
T12, T13, T23, Taa, T34 > 0

On solving the crisp linear programming problem the obtained optimal solu-
tion 18 X109 = Toa = 1 and x13 = x93 = X34 = 0.

Putting the obtained optimal values of x;; in ((2, 4, 6) z12 ® (9, 13, 17) 213 @
(7,9, 11) x93 ® (12, 19, 26) 224 @ (6, 10, 14) x34) a unique triangular fuzzy number

(14, 23, 32), representing the optimal fuzzy project completion time, is obtained and
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using the same values of z;; the obtained critical path is 1 = 2 = 4.

3.8.2 Optimal fuzzy completion time of the chosen problem
by using the modified Liang and Han method based
on Kaufmann and Gupta ranking approach

Using the modified Liang and Han method based on Kaufmann and Gupta
ranking approach the optimal fuzzy completion time of the project, chosen in Ex-

ample 3.1, can be obtained as follows:

Step 1 Using Step 1 of the modified Liang and Han method based on Kaufmann

—_——

and Gupta ranking approach by assuming FES; = (0, 0, 0) the values of FES; ,

7 =2,3,4 can be obtained as follows:

~—— e~ e~

FES, = FES; ® FNTi5, = (0,0,0) & (2,4, 6) = (2, 4, 6)
ﬁ/53 = maximum{}ﬁ ® ﬂv\i& J@E ® 17/]\77{23}
= maximum{ (0,0, 0) & (9,13,17), (2,4,6) & (7,9,11)}
= maximum{ (9, 13,17),(9,13,17)} = (9, 13, 17)
FES, = maximum{% D F]\?ﬁ;b Fﬁ &) F/N\TEL}
= maximum{(2,4,6) ® (12,19, 26), (9,13,17) & (6,10, 14)}
= maximum{ (14, 23, 32), (15,23,31)}
= (14, 23, 32) ( .+ divergence(14, 23,32) > divergence(15, 23, 31))
Step 2 Using Step 2 of the modified Liang and Han method based on Kaufmann
and Gupta ranking approach by assuming ﬁ = (14, 23, 32) the values of ]?EF/},

7 =3,2,1 can be obtained as follows:

——~—

FLFy, = FLF, Oy FNTy = (14, 23, 32) s (6, 10, 14) = (8,13,18)
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FLF, = minimun{FLE, Oy FNToy, FLF; O3 FNTo)
— minimum{ (14,23, 32) ©,r (12,19, 26), (8, 13, 18) Sy (7,9, 11)}
= minimum{(2, 4, 6), (1,4,7)}

= (2, 4, 6) ( divergence(2,4,6) < dz’vergence(l,él,?))

FLF, = minimun{FLF, Oy FNTa, FLF; O3 FNT13)}
= minimum{(2, 4, 6) ©x (2,4,6), (8,13,18) & (9,13,17)}
= minimum{(0, 0, 0), (0,1,2)}

= (0,0, 0) ( R(0,0,0) < R0, 1,2))

Step 3 Using Step 3 of the modified Liang and Han method based on Kaufmann

P

and Gupta ranking approach the values of F'T'S;; can be obtained as follows:

P T e

FTSyy = FLF, ©y (FES, ® FNTy,)
= (2,4,6) oy ((0,0,0) & (2, 4, 6))
= (0,0,0)
F/T\S/B :fiﬁ, Om (fﬁ@ﬁ\f\ﬁa)
= (8,13,18) & ((0, 0, 0) @ (9, 13, 17))
— (8,13,18) Sy (9, 13, 17)
= (0,1,2)
ﬁS/Qs :ﬁf:% ) (EEE@F/J-\T\E:;)
= (8,13,18) ©u ((2, 4, 6) @ (7, 9, 11))
= (0,1,2)

FTSy = FLF, 6y (FESy ® FNTy)

= (14, 23, 32) ©u ((2, 4, 6) @ (12, 19, 26))
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= (0,0,0)
F/T\biz; = ﬁ Om (1?5/53@]6\7\7{34)
= (14, 23, 32) oy ((9, 13, 17) @ (6, 10, 14))

= (0,1,2)

Step 4 Using Step 4 of the modified Liang and Han method based on Kaufmann
and Gupta ranking approach
minimum{ﬂz ® Z;T\S;,ﬁgz ® ﬁ:g;:a @ ﬁé;b 14:7?:9:3 ® F/Y?:S‘;;}
= minimum{ (0, 0,0) & (0,0,0), (0,0,0) & (0,1,2) & (0,1,2),(0,1,2) € (0,1,2)}
= minimum{(0, 0, 0), (0,2,4), (0,2,4)}
— (0,0, 0) ( R(0,0,0) < R0, 1,2))
Since, minimum is occurring corresponding to the path 1 = 2 = 4 so it is the critical

path for the chosen project network.

Step 5 Using Step 5 of the modified Liang and Han method based on Kaufmann
and Gupta ranking approach the optimal fuzzy completion time of the project is

ﬁ: FNT12 N7 FNT24

= (2,4, 6) ® (12, 19, 26) = (14, 23, 32)

3.8.3 Comparative study

The results of the problem, chosen in Example 3.1, obtained by using the
modified Liang and Han method, Liu method [93], modified Liang and Han method
based on Kaufmann and Gupta ranking approach and proposed Mehar’s method

based on Kaufmann and Gupta ranking approach are shown in Table 3.5
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Table 3.5 Results of the chosen problem obtained using existing, modified and proposed methods

Modified Liang and Modified Liang and Han Proposed Mehar’s method based
Han method Liu method [93] method based on Kaufmann Kaufmann and Gupta
Example| and Gupta ranking approach ranking approach
Critical Optimal fuzzy Critical Optimal fuzzy | Critical Optimal fuzzy Critical Optimal fuzzy
path project path project path project path project
icompletion time| icompletion time| completion time completion time
1 =2=3=4, (15,23,31), |1l = 2= 3= 4, (15,23, 31),
3.1 1= 2= 4, (14, 23, 32), 1= 2= 4, (14, 23,32), |1 =2=4 (14, 23, 32) 1=2=4 (14, 23, 32)
1=>3=4 (15, 23, 31) 1=>3=4 (15, 23, 31)

It is obvious from the results, shown in Table 3.5, that on solving the cho-
sen problem by using the modified Liang and Han method proposed in Chapter 2
and Liu method [93] more than one fuzzy numbers, representing the optimal fuzzy
completion time of the same project, are obtained which is not appropriate. While,
on solving the same problem by using the modified Liang and Han method based
on Kaufmann and Gupta ranking approach and proposed Mehar’s method based on
Kaufmann and Gupta ranking approach a unique fuzzy number, representing the

optimal fuzzy project completion time, is obtained.

3.9 Conclusion

On the basis of presented study, it can be concluded that it is better to use
modified Liang and Han method based on Kaufmann and Gupta ranking approach
and the proposed Mehar’s method based on Kaufmann and Gupta ranking approach
as compared to modified Liang and Han method and Liu method [93] to find the
optimal fuzzy completion time of such project network problems in which time of

each activity is represented by a triangular fuzzy number.



Chapter 4

NEw METHODS BASED ON PROPOSED
ExXTENSION OF KAUFMANN AND
GurTA RANKING APPROACH FOR
Finping UNIQUE OptiMAL Fuzzy
ProJject CoMPLETION TIME

In the previous chapter, it is shown that by using the proposed Mehar’s
method based on Kaufmann and Gupta ranking approach and modified Liang and
Han method based on Kaufmann and Gupta ranking approach all the shortcom-
ings of Liu method [93] and the modified Liang and Han method are resolved.
Since, Kaufmann and Gupta ranking approach [70] is applicable only for finding
the maximum and minimum of triangular fuzzy numbers so the methods, proposed
in previous chapter, can not be used to find the unique optimal fuzzy completion
time of such project network problems in which time of each activity is represented
by a trapezoidal fuzzy number. In this chapter, it is shown that it is not genuine
to use the existing ranking approaches for finding the maximum and minimum of
trapezoidal fuzzy numbers and a new ranking approach, by extending Kaufmann

and Gupta ranking approach, is proposed for finding the maximum and minimum

The contents of this chapter are communicated for publication in International Journal of
Computational Intelligence Systems.
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of trapezoidal fuzzy numbers. Also, on the basis of extended Kaufmann and Gupta
ranking approach new methods, by modifying the methods proposed in previous
chapter, are proposed to find the unique optimal fuzzy completion time of such
project network problems in which time of each activity is represented by a trape-

zoidal fuzzy number.
4.1 Preliminaries

In this section, some basic definitions and arithmetic operations between two

trapezoidal fuzzy numbers are presented [70].
4.1.1 Basic definitions

In this section, some basic definitions are presented.
Definition 4.1 A fuzzy number A defined on the universal set of real numbers R,
denoted as A = (a,b,c,d), is said to be a trapezoidal fuzzy number if its membership

function, pz(x), is given by

( (2—a)
e O <zx<b
(2) 1 , b<z<ec
HAT)=Y (a—a)
ca » <7 <d
0 , otherwise

\

Definition 4.2 Let A = (a, b, c,d) be a trapezoidal fuzzy number. Then, its A-cut
A* is defined as follows:

A =la+(b—a))d—(d—c))\, 0< A< 1
Definition 4.3 A trapezoidal fuzzy number A= (a,b,c,d) is said to be a non-
negative trapezoidal fuzzy number if and only if a > 0.
Definition 4.4 A trapezoidal fuzzy number A = (a,b,c,d) is said to be a zero

trapezoidal fuzzy number if and only if a = 0,6 =0,¢ =0 and d = 0.
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Definition 4.5 Two trapezoidal fuzzy numbers ;4v1 = (a1,b1,¢1,dy) and :4; =
(a9, bs, co, ds) are said to be equal i.e., ;1; = ;1; if and only if a1 = as,b; = by, ¢; = ¢

and d1 = dg.

4.1.2 Arithmetic operations

In this section, some arithmetic operations between two trapezoidal fuzzy num-
bers, defined on universal set of real numbers R, are presented.
(i) Let :4: = (a1,b1,¢1,dp) and :4; = (ag, by, ¢a, d3) be two trapezoidal fuzzy num-
bers. Then, ;fl D ;1; = (a1 + ag, by + by, 1 + c2,dy + do).
(ii) Let ANI = (a1,b1,¢1,dp) and ;1; = (a9, by, ¢y, d3) be two non-negative trapezoidal
fuzzy numbers. Then, :4: ® :4; ~ (ajaq, ardy, asdy, dids)

(iii) Let A= (a, b, c,d) be any trapezoidal fuzzy number. Then,

= { (va,vb,ve,vd) v >0
vA =
(vd,vye,vb,va) v <0

Remark 4.1 If b = ¢ then a trapezoidal fuzzy number (a,b,c,d) is said to be
triangular fuzzy number and is denoted as (a,b,b,d) or (a,c,c,d) or (a,b,d) or
(a,c,d).
4.1.3 Proposed Mehar’s subtraction for trapezoidal fuzzy
numbers

In this section, by modifying Mehar’s subtraction for triangular fuzzy num-
bers, proposed in Chapter 2, Mehar’s subtraction for trapezoidal fuzzy numbers is
proposed.

Let ;11 = (a1,b1,c1,dq) and 1?2 = (ag, by, C9,dy) be two non-negative trape-

zoidal fuzzy numbers. Then,
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A1 €y Az = (a,b,¢,d)

( a = maximum{0, (a; — az)}

b= a + maximum{0, (by — a1) — (by — az)}
where, <
¢ = b+ maximum{0, (¢; — by) — (ca — b2)}

| d=c+ maximum{0, (di — 1) — (d2 — )}

Proposition 4.1 Let E = (a1,b1,c1,dy) and ;1; = (ag, by, c2,ds) be two non-

negative trapezoidal fuzzy numbers. Then, A, Sy ;1; = (a,b,c,d)

(0= maximum{0, (a; — as)}

b = a + maximum{0, (b; — ay) — (ba — az)}
where,
¢ =b + maximum{0, (¢; — by) — (ca — b2)}

| d=c+ maximum{0, (di — ¢1) — (d2 — 2)}

is always a non-negative trapezoidal fuzzy number i.e.,
(i)a>0 (ii)b—a>0 (iii))c—b>0 (iv)d—c > 0.

Proof: Proof is same as in Chapter 2.

4.2 Existing ranking approaches for finding the
maximum and minimum of trapezoidal fuzzy
numbers

Since, the limitations of the methods, proposed in previous chapter, is occur-
ring due to the existing Kaufmann and Gupta ranking approach, so to overcome
the limitations of the methods, proposed in previous chapter, one may try to mod-
ify the methods, proposed in previous chapter, with the help of existing ranking
approaches for finding the maximum and minimum of trapezoidal fuzzy numbers.
Although, there are several existing ranking approaches for finding the maximum
and minimum of trapezoidal fuzzy numbers. However, in this section, some existing

ranking approaches [2,11,27,31,33,58,79,84,92, 113,151, 160, 172], mostly used in
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the literature for finding the maximum and minimum of trapezoidal fuzzy numbers,

are presented.

4.2.1 Existing ranking approach used by Liang and Han
for finding the maximum and minimum of trapezoidal
fuzzy numbers

In this section, the existing ranking approach, used by Liang and Han [84] for
finding the maximum and minimum of n trapezoidal fuzzy numbers A = (aj, by, ¢y d;);
1=1,2,...,n, is presented.

Step 1 Choose any value of § where, 0 < 5 < 1 and calculate

—~

R(A;) = Bl(d; — 1) /(x2 — 21 — i +d)]| + (1 = B)[1 — (9 — a;) /(22 — z1 + b; — a;)]

where, 1 = minimum{a;} and 25 = maximum{d;}.
1<i<n 1<i<n

—~

Step 2 Find maélr?um{éﬁ(Al)} and check that maximum occurs corresponding to
unique value ¢ or not.
Case (2a) If maximum occurs corresponding to unique value of 7, say 7 = ¢ then
maximum{;\l/i} = A

1<i<n
Case(2b) If maximum occurs for p values of i, say i = 1,2,...,p where, 2 <p <n
then go to Step 3.
Step 3 Find mai)in?um{m(z)} = mzil}iixgum{bi + ¢;} and check that maximum oc-

<i<p ISP

curs corresponding to unique value of ¢ or not.
Case (3a) If maximum occurs corresponding to unique value of i, say ¢ = 6 then
maximum{A4;} = Ay

1<i<p
Case (3b) If maximum occurs for [ values of i, say i = 1,2, ..., where, 2 <[ <p

then all the trapezoidal fuzzy numbers :{:, E, e A; can be treated as maximum

values.
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4.2.2 Wang and Lee ranking approach

In this section, the existing ranking approach [151] for finding the maximum

and minimum of trapezoidal fuzzy numbers is presented.

Let A = (ay,b1,¢1,dy) and B = (ag, by, c2,dy) be two trapezoidal fuzzy num-

bers. Then, use the following steps to find maximum{A, B} and minimum{A, B}:

T—a c z—d
. f:l (g )da+ [, 1 xd:c+fcdl x( =7 )dx
Step 1 Find z; = lfbl( T )dx+flcl d:c—‘y—fdi( = )le and
ay by c] ‘cp—dq

b1—ay

22 o2 ) da+ [ 2 adat [ a( =2 )da

T~ = by —ag cog—dy
B by z—ag co do , x—do
S22 ) dat [ dot [ 2 (2% )de

Case (i) If x7 > x5 then A > Bie.,

maximum{A, B} = A and minimum{A, B} = B

Case (ii) If z7 < x5 then A< Bie.,

maximum{A, B} = B and minimum{A, B} = A
Case (iii) If 27 = 25 then go to Step 2.

and

. Sy (et (br—an)y))dy+ [y (y(da+(c1—d)y))dy
Step 2 Find Yi= [y (a1 +(b1—a1)y)dy+ [ (d1+(c1—d1)y)dy

_ _ Jolazt(ba—az)y))dy+ [y (y(da+(ca—da)y))dy
Yp T (@2t (ba—az)y)dy+ [ (da+(ca—d2)y)dy

Case (i) If y; > yz then A~ Bie.,

maximum{A, B} = A and minimum{A, B} = B
Case (ii) If y; < yz then A< Bie.,

maximum{A, B} = B and minimum{A, B} = A
Case (iii) If y; = y5 then A ~ B ie.,

maximum{A, B} = minimum{A, B} = A and B.
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4.2.3 Kumar et al. ranking approach

In this section, the existing ranking approach [79] for finding the maximum
and minimum of trapezoidal fuzzy numbers is presented.
Let A = (a1,b1,c1,dp) and B = (ag, b, c2,dy) be two trapezoidal fuzzy num-
bers. Then, use the following steps to find maximum{A, B} and minimum{A, B}:
Step 1 Find RM(A) = Rank(A) = @tbitatd and RM(B) = Rank(B) = %2tbeteatd
Case (i) If RM(A) > RM(B) then A = B ie.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If RM(A) < RM(B) then 4 < B ie.,
maximum{A, B} = B and minimum{A, B} = A

Case (iii) If RM(A) = RM(B) then go to Step 2.
Step 2 Find RM(A) = mode(A) = biter and RM(B) = mode(B) = bater
Case (i) If RM(A) > RM(B) then A > B i..,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If RM(A) < RM(B) then 4 < B ic.,
maximum{A, B} = B and minimum{A, B} = A
Case (iii) If RM(A) = RM(B) then A ~ B i.e.,

maximum{A, B} = minimum {A, B} = A and B.

4.2.4 Other existing ranking approaches

In this section, some other existing ranking approaches [2,11,27,31,33,58,92,
113,160,172] for finding the maximum and minimum of trapezoidal fuzzy numbers

are presented.
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Let A = (ay,b1,c1,dy) and B = (ag, by, c2,dy) be two trapezoidal fuzzy num-
bers. Then, use the formulae, shown in Table 4.1, to calculate R(A) and R(B) and
check that R(A) > R(B) or R(A) = R(B) or R(A) < R(B).

Case (i): If R(A) > R(B) then A = B ie.,

maximum{A, B} = A and minimum{A, B} = B
Case (ii): If R(A) < R(B) then A < B .,

maximum{A, B} = B and minimum{A, B} = A
Case (iii): If R(A) = R(B) then A ~ B i.c.,

maximum{A, B} = minimum{A4, B} = A and B.

Table 4.1 Ranking formulae used in some existing ranking approaches

Ranking approaches Ranking formulae for a trapezoidal

fuzzy number A = (a,b, ¢, d)
T e w(G=E)dat [ wdat [T 2(22F)d

Yager [160] R(A) = TP (=) dat J¢ daot [ (=) da
Murakami et al. [113] R(A) = Tyoryx
o f: x(f=2)dz+ [ :zd;c—&-fcd z(ﬁ:;)d;
R S = e A K = T
e = Jo (y(at+(b=a)y))dy+ [, (y(d+(c—d)y))dy
A Jo (a+(b—a)y)dy+ [, (d+(c—d)y)dy
: n a+btc+d
Liou and Wang [92] R(A) = atbdetd
A\ _ atbtctd
Chen et al. [27] R(A) = atbdetd

Cheng [31] 8%(,1) = /33121—’_3/,22{

where, 7 = Ja wb( :;Z)dw+‘r”c wdm+‘r§d ?(zij)dw
TA Jo G=8)dat [ det [J(E=5)de

Jo (w(at(b=a)y)dy+ [, (y(d+(c—d)y))dy

YA~ iat—a)y)dyt [ (d+(e—d)y)dy
Yao and Wu [172] R(A) = bret i(d—c—b+a)
Chu and Tsao [33] R(A) = TiYF

[P a(2=2)da+ [ wdat [P a(2=2)dx
[2G=2)dat [ dat [H(5=5)de
_ _ Jo ylat(b=a)y)dy+ [ y(d+(c=d)y)dy

where, x ; =

YA = T [t ) dy+ [ (at c—dy)dy
Asady and Zendehnam [11] R(A) = e e
Garcia and Lamata [58] R(A) = at2bizetd
Abbasbandy and Hajjari [2] R(A) = ey L(d—c—b+a)
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4.3 Shortcomings of existing ranking approaches

To show the shortcomings of existing ranking approaches [2,11,27,31, 33,58,

70,79,84,92,113, 151, 160, 172] the maximum and minimum of trapezoidal fuzzy

numbers A = (8, 12, 16, 20) and B = (7, 13, 15, 21), obtained by using the existing

ranking approaches [2,11,27,31,33,58,70,79,84,92,113,151, 160, 172], are shown in

Table 4.2

Table 4.2 Maximum and minimum of trapezoidal fuzzy numbers A and B obtained by using existing ranking
approaches

Ranking approaches

Ranking value of A

Ranking value of B

maximum{g, E}

minimum{zzi7 E}

Yager [160] R(A) = 14 R(B) = 14 Aand B A and B
Murakami et al. [113] R(A) = 14 R(B) = 14 Aand B A and B
Liou and Wang [92] R(A) = 14 R(B) = 14 Aand B A and B
Chen et al. [27] R(A) = 14 R(B) = 14 Aand B A and B
Cheng [31] R(A) = 14.008 R(B) = 14.008 Aand B A and B

Yao and Wu [172] R(A) = 14 R(B) = 14 A and B A and B
Chu and Tsao [33)] R(A) =7 R(B) =7 Aand B Aand B
Liang and Han [84] R(A) = 0.5 R(B) = 0.5 A and B A and B
Asady and Zendehnam [11] R(A) = 14 R(B) = 14 Aand B A and B
Garcia and Lamata [58] R(A) = 14 R(B) = 14 Aand B A and B
Wang and Lee [151] yz =05 yg =05 Aand B A and B
Abbasbandy and Hajjari [2] R(A) = 14 R(B) = 14 Aand B A and B
Kumar et al. [79] RM(A) = 14 RM(A) = 14 Aand B Aand B

Kaufmann and Gupta [70]

Not applicable

Not applicable

Not applicable

Not applicable

It is obvious from Definition 4.5 that A # B i.e., maximum{A, B} and

minimum{A, B} should be either A or B. However, on the basis of results, shown

in Table 4.2, obtained by using the existing ranking approaches [2,11,27,31, 33,58,

79,84,92,113,151,160,172] it can be concluded that maximum{A, B} and minimum

{E, E} = A and B i.e., if modified Liang and Han method based on Kaufmann and

Gupta ranking approach and proposed Mehar’s method based on Kaufmann and
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Gupta ranking approach will be modified on the basis of any of the existing rank-
ing approaches [2,11,27,31,33,58,79,84,92,113,151, 160, 172] then more than one
trapezoidal fuzzy numbers, representing the optimal fuzzy project completion time,
may be obtained. Hence, it is not genuine to modify the modified Liang and Han
method based on Kaufmann and Gupta ranking approach and proposed Mehar’s
method based on Kaufmann and Gupta ranking approach on the basis of any of the

existing ranking approaches [2,11,27,31,33,58,79,84,92,113,151, 160, 172].

Remark 4.1: In Section 4.3 the shortcomings of some ranking approaches are
pointed out. The same shortcomings is also occurring in the remaining existing

ranking approaches which are not discussed in this chapter.

4.4 Proposed extension of Kaufmann and Gupta
ranking approach

In this section, to overcome the shortcomings of existing ranking approaches
2,11,27,31,33,58,79,84,92,113,151,160,172] and limitation of Kaufmann and Gupta
ranking approach [70], a new ranking approach by extending Kaufmann and Gupta
ranking approach is proposed for finding the maximum and minimum of trapezoidal
fuzzy numbers.

Let A = (ay,b1,c1,dy) and B = (ag,bs, c2,ds) be two trapezoidal fuzzy num-

bers. Then, use the following steps to find maximum{g, B } and minimum{g, B }.

Step 1 Find R(A) = athitatd and R(B) = swtbatertd
Case (i) If R(A) > R(B) then maximum{A, B} = A and minimum{A, B} = B
Case (ii) If R(A) < R(B) then maximum{A, B} = B and minimum{A, B} = A

Case (iii) If R(A) = R(B) then go to Step 2.
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Step 2 Find mode(A) = bite and mode(B) = bater

Case (i) If mode(A) > mode(B) then maximum{A, B} = A and
minimum{g, é} =B

Case (ii) If mode(A) < mode(B) then maximum{A, B} = B and
minimum{A4, B} = A

Case (iii) If mode(A) = mode(B) then go to Step 3.

Step 3 Find divergence(A) = dta-m=h anqd divergence(B) = S

Case (i) If divergence(A) > divergence(B) then maximum{A, B} = A and
minimum{A4, B} = B

Case (ii) If divergence(A) < divergence(B) then maximum{A, B} = B and
minimum{A, B} = A

Case (iii) If divergence(A) = divergence(B) then go to Step 4.

Step 4 Find Left spread(A) = bea and Left spread(B) = bo-az

Case (i) If Left spread(A) > Left spread(B) then maximum{A, B} = A and
minimum{g, E} =B

Case (ii) If Left spread(A) < Left spread(B) then maximum{A, B} = B and
minimum{A4, B} = A

Case (iii) If Left spread(A) = Left spread(B) then A = B

Remark 4.2: In Step 4 of proposed extension of Kaufmann and Gupta ranking

approach instead of Left spread(A) = bl_T‘“ and Left spread(é) = I’Q_T“Q the

Right spread(A) = 5% and Right spread(B) = % respectively can also be

used.
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4.4.1 Validity of the proposed extension of Kaufmann and
Gupta ranking approach

It is obvious that if A and B are two trapezoidal fuzzy numbers such that

R(A) > R(B) or R(A) = R(B), mode(A) > mode(B) or R(A) = R(B), mode(A) =

mode(B), divergence(A) > divergence(B) or R(A) = R(B), mode(A) = mode(B),
divergence(A) = divergence(B), Left spread(A) > Left spread(B) then using the
proposed extension of Kaufmann and Gupta ranking approach, presented in Section
4.4, maximum{A, B} = A and minimum{A, B} = B.

In this section, it is proved that if A and B are two such trapezoidal fuzzy num-
bers for which all the four conditions of proposed extension of Kaufmann and Gupta

ranking approach are satisfied then A=B. Also, it is proved that if Le ft spread(g)

; Left spread(é) then Right spread(;{) ; Right spread(é).

Proposition 4.1 Let A= (a1,b1,c1,dp) and B = (a9, bs, c2,ds) be two trapezoidal
fuzzy numbers such that

(i) R(A) = R(B) (ii) mode(A) = mode(B) (iii) divergence(A) = divergence(B)
(iv) Left spread(A) = Left spread(B). Then, A = B i.e., a; = as, by = by, ¢1 = ¢

and d1 = d2

Proof: (i) R(A) = R(B)

= a1+bitci+di _ as+batcatds
4 4

= a1+b1+c1+dy = agt+byt+cat+dsy (41)

(i) mode(A) = mode(B)

bitci __ bates
= 2 - 2

= bi+c1 = by+co (42)
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(iii) divergence(A) = divergence(B)

citdi—a1—=by __ cotdo—as—bo
= 2 - 2

=>Cl+d1—a1—b1262—|—d2—a2—bg (43)

(iv) Left spread(A) = Left spread(B)

bi—a1 __ ba—as
= 2 - 2

= bl — a1 = b2 — Q9 (44)

Solving (4.1), (4.2), (4.3) and (4.4)

a1 = Az, b1:b2> C1 = Cy, dy = dy

ie, A=B

Proposition 4.2 Let A= (ay1,b1,c1,dy) and B = (ag, by, c2,dy) be two trapezoidal
fuzzy numbers such that

(i) R(A) =R(B) (ii) mode(A) = mode(B) (iii) divergence(A) = divergence(B).
Then,

(a) Left spread(A) > Left spread(B) iff Right spread(A) > Right spread(B)

(b) Left spread(A) < Left spread(B) iff Right spread(A) < Right spread(B)

(c) Left spread(A) = Left spread(B) iff Right spread(A) = Right spread(B)

Proof: Since, R(A) = R(B)

mode(A) = mode(B)
divergence(A) = divergence(B)

so from Proposition 4.1,

a1+b1+61+d1 = a2+b2—|—62+d2 (45)
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bi+cy = by+co (4.6)

c1+di—a;—by = cy+da—as—bsy (4.7)
Subtracting (4.6) from (4.5)

a1+dy = ay+dsy (4.8)
Subtracting (4.6) from (4.8)

(di —c1) = (b —a1) = (d2 — ca) — (b2 — az)

= (dl—cl)—<d2—02) = (bl—CLl)—(bg—CLQ) (49)

(a) Left spread(A) > Left spread(B)
o s b
& (by—ay)—(by—az) >0 (4.10)
& (dy—c1)—(dy—c2) >0 (Using equation 4.9)
Sdy—c1 >dy — e
& hoa s hoo

< Right spread(A) > Right spread(B)

Similarly, (b) and (c) can be easily proved.

4.4.2 Advantages of the proposed extension of Kaufmann
and Gupta ranking approach

The main advantages of the proposed extension of Kaufmann and Gupta rank-

ing approach over Kaufmann and Gupta ranking approach [70] is that Kaufmann

and Gupta ranking approach can be used for finding the maximum and minimum

of triangular fuzzy numbers but can not be used for finding the maximum and min-

imum of trapezoidal fuzzy numbers while the proposed extension of Kaufmann and

Gupta ranking approach can be used for finding the maximum and minimum of
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triangular fuzzy numbers as well as trapezoidal fuzzy numbers.

To show the advantages of proposed extension of Kaufmann and Gupta rank-
ing approach the maximum and minimum of trapezoidal fuzzy numbers A= (8,
12, 16, 20) and B = (7, 13, 15, 21), chosen in Section 4.3, obtained by using the

proposed extension of Kaufmann and Gupta ranking approach is shown in Table 4.3

Table 4.3 Maximum and minimum of trapezoidal fuzzy numbers A and B obtained by using proposed extension
of Kaufmann and Gupta ranking approach

Ranking approach

Ranking value of A

Ranking value of B

maximum{A, B}

minimum{ A, B}

Proposed extension
of Kaufmann and
Gupta ranking
approach

R(A) =14
mode(A) = 14
divergence(A) = 8

Left spread(A) = 2

R(B) = 14
mode(B) = 14
divergence(B) = 8
Left spread(B) = 3

B

A

4.5 Proposed methods based on proposed exten-
sion of Kaufmann and Gupta ranking approach

Due to the limitations of Kaufmann and Gupta ranking approach [70] the
methods, proposed in previous chapter, can be used only to find the unique optimal
fuzzy completion time of such project network problems in which time of each ac-
tivity is represented by a triangular fuzzy number but can not be used to find the
unique optimal fuzzy completion time of such project network problems in which
time of each activity is represented by a trapezoidal fuzzy number.

In this section, to overcome the limitations of the methods, proposed in pre-
vious chapter, new methods on the basis of proposed extension of Kaufmann and
Gupta ranking approach are proposed to find the unique optimal fuzzy completion
time of such project network problems in which time of each activity is represented

by a trapezoidal fuzzy number.
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4.5.1 Modified Liang and Han method based on proposed
extension of Kaufmann and Gupta ranking approach

If in the modified Liang and Han method based on Kaufmann and Gupta rank-
ing approach, proposed in Chapter 3, instead of using existing Kaufmann and Gupta
ranking approach [70] the proposed extension of Kaufmann and Gupta ranking ap-
proach will be used then always a unique trapezoidal fuzzy number representing the

optimal fuzzy project completion time will be obtained.

4.5.2 Proposed Mehar’s method based on proposed exten-
sion of Kaufmann and Gupta ranking approach

In this section, to overcome the limitations of proposed Mehar’s method
based on Kaufmann and Gupta ranking approach a new method, named as Mehar’s
method based on proposed extension of Kaufmann and Gupta ranking approach, is
proposed to find the unique optimal fuzzy completion time of such project network
problems in which time of each activity is represented by a trapezoidal fuzzy num-
ber.

The steps of the proposed Mehar’s method based on proposed extension of

Kaufmann and Gupta ranking approach are as follows:

Step 1 Find the critical path and optimal fuzzy project completion time of the
chosen problem by using the existing method [93] discussed in Section 3.1.

Case (i): If a unique critical path and hence a unique fuzzy number, representing
the optimal fuzzy project completion time, is obtained then the obtained optimal
fuzzy project completion time is the optimal fuzzy completion time of the project

and the obtained critical path is the only critical path of the project.



33

Case (ii): If more than one critical paths are obtained then go to Step 2.

Step 2 Check that the fuzzy numbers, representing the optimal fuzzy project com-
pletion time, corresponding to all the critical paths are same or not.

Case (i): If a unique trapezoidal fuzzy number, representing the optimal fuzzy
project completion time, is obtained then all the critical paths, obtained in Step 1,
corresponding to which the obtained trapezoidal fuzzy number is obtained, are crit-
ical paths of the project and the obtained trapezoidal fuzzy number will represent
the optimal fuzzy completion time of the project.

Case (ii): If more than one trapezoidal fuzzy numbers, representing the optimal

fuzzy completion time of the project, are obtained then go to Step 3.

Step 3 Let using previous steps p different trapezoidal fuzzy numbers fl, fg, ey

T,, representing the optimal fuzzy project completion time, be obtained i.e., T #*
Ty # .. # fp but R(T}) = R(Tp) = ... = %(fp) = uy (say). Then, find the optimal

solution of the following crisp linear programming problem:

Maximize ) (mode(aij,bij, cij, dij) xij)

(i,7)€A
subject to
\
> (Rlagj, bij, cij, dij) @ij) = uq,
(3,7)€A
1 ,i=1
> wp— Y, xp=4 -1 yi=n (Py1)
ji(ij)€A J:(ji)eA ) '
0 ,i1 € N—{1,n}

Ve
Case (i): If by putting the obtained optimal values of x;; in ( Y ((aij, bij, ¢ij, dij)
(i,5)€A

x;;)) a unique trapezoidal fuzzy number, representing the optimal fuzzy project com-

pletion time, is obtained then the obtained trapezoidal fuzzy number will represent
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the optimal fuzzy completion time of the project and all the critical paths can be
obtained by using the obtained optimal values of x;;.
Case (ii): If more than one trapezoidal fuzzy numbers, representing the optimal

fuzzy completion time of the project, are obtained then go to Step 4.

Step 4 Let using previous steps [ trapezoidal fuzzy numbers f{, 7:2', e ﬁ, where,
[ < p, representing the optimal fuzzy project completion time, be obtained i.e., TN{
# fz’ # ... # fl’ but %(ﬁ) = §R(f2’) =.. = ?R(fl’) = u; and mode(f{) = mode(f}’)
=.. = mode(fl’ ) = ug (say). Then, find the optimal solution of the following crisp

linear programming problem:

Maximize Y (divergence(a;;,bij,cij, dij) ij)

(i,7)€A
subject to
\
> (Raij, bij, cij, dij) xij) = wa,
(i,7)€A
(.;A(mOde((le, bij? Cij, dz]) xz‘j) = U2,
1,7)€
: =l (Pis)
4.2
Yo @y Yoo owi=14 —1 ,i=mn
(i,j)EA i:(j,i)EA
gi(irg 3:( 0 e N—{1,n)
Lij 2 0V (Z,j) e A )

Case (i): If by putting the obtained optimal values of x;; in ( > ((a4j, bij, Cij, dij)
(3,5)€A

x;;)) a unique trapezoidal fuzzy number, representing the optimal fuzzy project com-

pletion time, is obtained then the obtained trapezoidal fuzzy number will represent

the optimal fuzzy completion time of the project and all the critical paths can be

obtained by using the obtained optimal values of z;;.

Case (ii): If more than one trapezoidal fuzzy numbers, representing the optimal
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fuzzy completion time of the project, are obtained then go to Step 5.

Step 5 Let using previous steps k trapezoidal fuzzy numbers %?, %\2’7 s ey i? , where
k < I, representing the optimal fuzzy project completion time, be obtained i.e., T/T” #*
Ty +# .. # T/ but R(TY) = R(TY) = ... = R(T}') = uy, mode(T}') = mode(T}) = ...
= mode(f,?) = uy and divergence(i;) = divergence(]f;;) =..= d@'vergence(f;’) =
ug (say). Then, find the optimal solution of the following crisp linear programming

problem:

Maximize Z (Left spread(aij, bij; Cij, dU) xij)

(i,7)€EA
subject to
A
Yo (R(agy, by, cij, dij) xi5) = uy,
(i,7)€EA
(';A(mOde(aimbij7cij7dij) Tij) = ug,
2,7 e
(‘Z):A(divergence(aij, bij, Cijy dij) Ti5) = us,
1,7)€
1 Li=1 (P4.3)
(Z) sz'j— (Z)Al‘jz‘z —1 ,i=n
j:(i,5) € :(j)e
o J] 0 ,ie€N—{1l,n}
zi; > 0V (i,j) € A

(.

Now, putting the obtained optimal values of x;; in ( Y. ((as, bij, ¢ij, dij)
(i.j)€A
x;;)) a unique trapezoidal fuzzy number, representing the optimal fuzzy project

completion time, will be obtained and the critical paths can be obtained by using

the obtained optimal values of x;;.

4.6 Illustrative example

In this section, to illustrate the methods, proposed in Section 4.5, the prob-

lem, chosen in Example 4.1, is solved by both the proposed methods.
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Example 4.1 Find the optimal fuzzy completion time of the project, shown in Fig-
ure 4.1, in which the fuzzy time duration (E]) of the activity (i, 7) is represented by
the following trapezoidal fuzzy numbers:

tio=(2,3,5,7), tog =(2,4,5,8), tog = (5,8,12,14), 13 = (2,5,6,7)

(2,5,6,7)

(5, 8, 12, 14)

1
(2,3,5,7)

Figure 4.1 Project network of the illustrated example

(2,4,5,8)

4.6.1 Optimal fuzzy completion time of the chosen problem
by using proposed Mehar’s method based on proposed
extension of Kaufmann and Gupta ranking approach

Using the proposed Mehar’s method based on proposed extension of Kauf-
mann and Gupta ranking approach the optimal fuzzy completion time of the project,

chosen in Example 4.1, can be obtained as follows:

Step 1 On solving Example 4.1 by using existing method [93] the obtained critical
pathsare 1 = 2 =4 and 1 = 2 = 3 = 4. Also, the optimal fuzzy project comple-
tion time corresponding to the paths 1 = 2 = 4 and 1 = 2 = 3 = 4 are (7, 11,
17, 21) and (6, 12, 16, 22) respectively.

Since, more than one critical paths are obtained i.e., Case (ii) of Step 1 of the
proposed Mehar’s method based on proposed extension of Kaufmann and Gupta

ranking approach is satisfied, so go to Step 2 of the proposed Mehar’s method based
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on proposed extension of Kaufmann and Gupta ranking approach.
Step 2 Since, trapezoidal fuzzy numbers (7, 11, 17, 21) and (6, 12, 16, 22), repre-
senting the optimal fuzzy completion time of the project, are different i.e., Case (ii)
of Step 2 of the proposed Mehar’s method based on proposed extension of Kaufmann
and Gupta ranking approach is satisfied, so go to Step 3 of the proposed Mehar’s
method based on proposed extension of Kaufmann and Gupta ranking approach.
Step 3 Since, u; = R(7,11,17,21) = R(6, 12,16,22) = 14. So, using Step 3 of the
proposed Mehar’s method based on proposed extension of Kaufmann and Gupta
ranking approach there is need to find the optimal solution of the following crisp
linear programming problem:
Maximize (mode(2,3,5,7) x15 + mode(2,4, 5, 8) xa3 + mode(5, 8,12, 14) x94 + mode(2,
5,6,7) x34)

subject to
R(2,3,5,7) x12 + R(2,4,5,8) z23 + R(5,8,12,14) w9y + R(2,5,6,7) x34 = 14,
T2 = 1, T12 — Tog — Toz = 0, T3 — X34 = 0, Tog + X34 =1
T12, Ta3, Toa, T34 > 0

On solving the crisp linear programming problem the following two optimal
solutions are obtained:
(1) 212 =29 =1 and x93 =234 =0
(ii) x12 = @93 = x34 = 1 and x94 = 0

Putting the obtained optimal values of z;; in ((2, 3, 5, 7) z12 & (2, 4, 5, 8) xa3
@ (5,8,12,14) 94 B (2, 5, 6, 7) x34), the obtained optimal fuzzy project completion

times are (7, 11, 17, 21) and (6, 12, 16, 22) respectively. Since (7, 11, 17, 21) #
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(6, 12, 16, 22) i.e., Case (ii) of Step 3 of the proposed Mehar’s method based on

proposed extension of Kaufmann and Gupta ranking approach is satisfied, so go to

Step 4 of the proposed Mehar’s method based on proposed extension of Kaufmann

and Gupta ranking approach.

Step 4 Since, uy = mode(7,11,17,21) = mode(6,12,16,22) = 14. So, using Step

4 of the proposed Mehar’s method based on proposed extension of Kaufmann and

Gupta ranking approach there is need to find the optimal solution of the following

crisp linear programming problem:

Maximize (divergence(2,3,5,7) x12 + divergence(2, 4,5, 8) x93 + divergence(5, 8,12,
14) w94 + divergence(2,5,6,7) x34)

subject to

%(2,3, 5,7) T12 —+ 5)%(2,4, 5,8) T23 + %(5,8, 12, 14) To4 -+ %(2, 5, 6, 7) T34 = 14,

mode(2,3,5,7) 12 + mode(2,4,5,8) x93 + mode(5, 8,12, 14) x94 + mode(2,5,6,7) x34

— 14,
T2 = 1, T12 — Tog — Tz = 0, Toz — X34 = 0, Tog + T34 =1
T12, T23, T4, T34 > 0.

On solving the crisp linear programming problem the following two optimal
solutions are obtained:
(i) w19 =294 =1 and 293 = 234 = 0
(i) 19 = x93 = x34 =1 and 294 = 0

Putting the obtained optimal values of x;; in ((2, 3, 5, 7) z12 @ (2, 4, 5,
8) xo3 @ (5, 8, 12, 14) z94 ® (2, 5, 6, 7) x34), the obtained optimal fuzzy project

completion times are (7, 11, 17, 21) and (6, 12, 16, 22). Since (7, 11, 17, 21) #
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(6, 12, 16, 22) i.e., Case (ii) of Step 4 of the proposed Mehar’s method based on

proposed extension of Kaufmann and Gupta ranking approach is satisfied, so go to

Step 5 of the proposed Mehar’s method based on proposed extension of Kaufmann

and Gupta ranking approach.

Step 5 Since, uy = divergence(7,11,17,21) = divergence(6,12,16,22) = 10. So,

using Step 4 of the proposed Mehar’s method based on proposed extension of Kauf-

mann and Gupta ranking approach there is need to find the optimal solution of the

following crisp linear programming problem:

Maximize (Left spread(2,3,5,7) x12 + Left spread(2,4,5,8) x93 + Left spread(5, 8,
12,14) x94 + Left spread(2,5,6,7) x34)

subject to

R(2,3,5,7) 210 + R(2,4,5,8) 295 + R(5,8,12, 14) 200 + R(2,5,6,7) 251 = 14,
mode(2,3,5,7) 12 + mode(2,4,5,8) x93 + mode(5, 8,12, 14) xo4 + mode(2,5,6,7) x34
— 14,

divergence(2,3,5,7) x12 + divergence(2,4,5,8) xo3 + divergence(5,8,12,14) xo4 +
divergence(2,5,6,7) x34 = 10,

T2 = 1, T12 — Tog — Taz = 0, T3 — X34 = 0, Tog + X34 =1

T12, Ta3, Toa, T34 2> 0

On solving the crisp linear programming problem the obtained optimal solu-
tion is x1o = xo3 = x34 = 1 and x4 = 0. Putting the obtained optimal values of
zi; in ((2, 3, 5, 7) w12 @ (2, 4, 5, 8) a3 @ (5, 8, 12, 14) 294 & (2, 5, 6, 7) x34)
a unique trapezoidal fuzzy number (6, 12, 16, 22), representing the optimal fuzzy

project completion time, is obtained and using the same values of z;; the obtained
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critical path is 1 = 2 = 3 = 4.

4.6.2 Optimal fuzzy completion time of the chosen problem
by using the modified Liang and Han method based on
proposed extension of Kaufmann and Gupta ranking
approach

Using the modified Liang and Han method based on proposed extension of
Kaufmann and Gupta ranking approach the optimal fuzzy completion time of the

project, chosen in Example 4.1, can be obtained as follows:

Step 1 Using Step 1 of the modified Liang and Han method based on proposed

—_—

extension of Kaufmann and Gupta ranking approach by assuming F'ES; = (0, 0, 0,

0) the values of ]?Egj , 7 = 2,3,4 can be obtained as follows:

P e N T g

FES, = FES; @& FNTi, = (0,0,0,0) & (2,3,5,7) = (2,3, 5, 7)

P S N T

FES3; = FESy ® FNTy; = (2,3,5,7) ® (2,4,5,8) = (4,7,10,15)
FES, = maximum{fE\S/Q & FNTyy, FES; @ F/N\T/gz;}
= maximum{(2,3,5,7) & (5,8,12,14), (4,7,10,15) & (2,5,6,7)}
= maximum{(7,11,17,21), (6, 12, 16,22)}
= (6, 12, 16, 22) ( . Left spread(7,11,17,21) < Left spread(6, 12, 16, 22))
Step 2 Using Step 2 of the modified Liang and Han method based on proposed ex-

—_——

tension of Kaufmann and Gupta ranking approach by assuming F'LF,; = (6, 12, 16,

P

22) the values of FLF; , j = 3,2,1 can be obtained as follows:

P

FLF, = FLF, &3 FNTyy = (6, 12, 16, 22) ©u/ (2, 5, 6, 7) = (4,7, 10, 15)

—_—

FLF, = minimum{m OSu ﬂV\T/M, ]71717/’3 Oum ﬁv\ig}

= minimum{(6, 12, 16, 22) &y (5,8, 12, 14), (4, 7,10,15) Oy (2,4,5,8)}
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= minimum{ (1,4, 4,8),(2,3,5,7)}

=(2,3,5,7) ( Left spread(1,4,4,8) > Left spread(2,3,5,7)>
ﬁfl = ﬁ ) F/ﬁﬁQ

—(2,3,5,7) O (2,3,5,7) = (0, 0, 0, 0)

Step 3 Using Step 3 of the modified Liang and Han method based on proposed

extension of Kaufmann and Gupta ranking approach the values of F'T'S;; can be

obtained as follows:

P e T i

FTS1y = FLF, Oy (FES, © FNTh,)
=(2,3,5,7) O ((0,0,0,0) @ (2,3,5,7))
= (0,0,0,0)
ﬁ:ﬂ = FEF/’?} SV (I?EE@F/NE?J
= (4,7,10,15) ey ((2, 3,5, 7) & (2, 4, 5, 8))
= (0,0,0,0)
ﬁS/m = ﬁfh OM (%@ﬁv\i4)
= (6, 12, 16, 22) &y ((2, 3,5, 7) & (5, 8, 12, 14))
= (6, 12, 16, 22) o, (7, 11, 17, 21)
=(0,2,2,4)
ZFT\SEL = ﬁF/h OMm (F/’Eg?s@ﬁfﬂ)
= (6, 12, 16, 22) Sy ((4, 7,10, 15) & (2, 5, 6, 7))
= (0,0,0,0)
Step 4 Using Step 4 of the modified Liang and Han method based on proposed
extension of Kaufmann and Gupta ranking approach,

minimum{ﬁg D F/Y?:S'ZL,FTSH D ﬁS/gg D F/fS;;}

= minimum{(0,0,0,0) & (0,2,2,4), (0,0,0,0) @ (0,0,0,0) & (0,0,0,0)}
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= minimum{(0, 2,2,4), (0,0,0,0)}
— (0,0, 0, 0) ( ?(0,0,0,0) < %(0,2,2,4))
Since, the minimum is occurring corresponding to the path 1 = 2 = 3 = 4

so it is the critical path for the chosen project network.

Step 5 Using Step 5 of the modified Liang and Han method based on proposed
extension of Kaufmann and Gupta ranking approach, the optimal fuzzy completion
time of the project is

FCT = FNTy, ® FNTy @ FNTy,

=(2,3,57) & (2,4,5,8) @ (2,5,6,7) = (6,12, 16, 22)

4.7 Advantages of proposed methods

The main advantages of the methods, proposed in this chapter, over the
methods, proposed in previous chapter, is that the methods, proposed in previous
chapter, can be used only to find the unique optimal fuzzy completion time of such
project network problems in which time of each activity is represented by a triangu-
lar fuzzy number but can not be used to find the unique optimal fuzzy completion
time of such project network problems in which time of each activity is represented
by a trapezoidal fuzzy number. While, the methods proposed in this chapter can
be used to find the unique optimal fuzzy completion time of such project network
problems in which time of each activity is either represented by a triangular fuzzy
number or a trapezoidal fuzzy number.

To show the advantages of the methods, proposed in this chapter, over the
methods, proposed in previous chapter, the results of the problem, chosen in Exam-

ple 2.4, 3.1 and 4.1, obtained by using the methods proposed in this chapter and
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Table 4.4 Results of the chosen problems obtained by using the methods proposed in previous chapter and in this chapter

Example|

Proposed Me

based on Ka

har’s method

ufmann and

Gupta ranking approach

Modified Liang and Han
method based on Kaufmann

and Gupta ranking approach

Proposed Mehar’s method
based on proposed
extension of Kaufmann and

Gupta ranking approach

Modified Liang and Han
method based on proposed
extension of Kaufmann and

Gupta ranking approach

Critical

path

Optimal fuzzy
project

icompletion time]|

Critical Optimal fuzzy

path project

icompletion time]|

Critical Optimal fuzzy

path project

completion time|

Critical Optimal fuzzy

path project

completion time|

2.4

1 = 2= 3= 4

(14, 25, 39)

1 = 2= 3= 4 (14, 25, 39)

1 = 2= 3= 4 (14, 25, 39)

1= 2= 3= 4 (14,25, 39)

3.1

1=2=4

(14, 23, 32)

1=2=4 (14, 23, 32)

1=2=4 (14, 23, 32)

1=>2=4 (14, 23, 32)

4.1

Not applicable

Not applicable

Not applicable

Not applicable

1 = 2= 3= 4

(6, 12, 16, 22)

1= 2= 3= 4

(6, 12, 16, 22)

The results, presented in Table 4.4, can be explained as follows:

Since, proposed Mehar’s method based on Kaufmann and Gupta ranking ap-
proach and modified Liang and Han method based on Kaufmann and Gupta
ranking approach can be used only for solving such project network problems
in which time of each activity is represented by a triangular fuzzy number.
So, the problems, chosen in Example 2.4 and Example 3.1, in which time of
each activity is represented by a triangular fuzzy number can be solved by
using the methods proposed in previous chapter. But, the problem, chosen
in Example 4.1, in which time of each activity is represented by a trapezoidal
fuzzy number can not be solved by using the methods proposed in previous

chapter.

Since, the methods, proposed in this chapter, can be used for solving such
project network problems in which time of each activity is either represented
by a triangular fuzzy number or by a trapezoidal fuzzy number. So, the
problems, chosen in Example 2.4, Example 3.1 and Example 4.1, in which

time of each activity is either represented by a triangular fuzzy number or by

a trapezoidal fuzzy number can be solved by using the methods proposed in
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this chapter.

4.8 Conclusion

On the basis of presented study, it can be concluded that it is better to
use the methods proposed in this chapter as compared to the methods proposed
in previous chapter for finding the optimal fuzzy completion time of such project
network problems in which the time of each activity is either represented by a

triangular fuzzy number or a trapezoidal fuzzy number.



Chapter 5

NEw MEeTHODS BASED ON MODIFIED
FARHADINIA RANKING APPROACH
For FINnDING UNIQUE OPTIMAL
Fuzzy Project CoMPLETION TIME

In this chapter, limitations of the methods, proposed in previous chapter,
are pointed out and to overcome these limitations new methods are proposed by

modifying the methods proposed in previous chapter.

5.1 Preliminaries

In the literature [43,182], it is pointed out that the computational efforts re-
quired to solve a fuzzy linear programming problem can be reduced, if the decision
maker express his data using LR flat fuzzy numbers. All kinds of crisp numbers,
triangular fuzzy numbers and trapezoidal fuzzy numbers are LR flat fuzzy numbers.
So, LR flat fuzzy numbers are frequently used to increase the computational effi-
ciency without limiting the generality beyond the acceptable limits and facilities the
ease of acquisition of data to solve real life problems.

In this section, some basic definitions and arithmetic operations between two

The contents of this chapter are accepted for publication in Control and Cybernetics.
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LR flat fuzzy numbers are presented.

5.1.1 Basic definitions

In this section, some basic definitions are presented.
Definition 5.1 [43] A function L : [0,00) — [0, 1] (or R : [0,00) — [0, 1]) is said to
be reference function of fuzzy number if and only if
(i) L(0) =1 (or R(0) =1)
(ii) L (or R) is non-increasing on [0, 0o).
Definition 5.2 [43] A fuzzy number A defined on universal set of real numbers R,
denoted as (a,a,a”, a®) g, is said to be an LR flat fuzzy number if its membership

function () is given by

L) , v<a
pi) =4 R(%E) , z>a
1 , a<z<a

where, a* and af* are non-negative real numbers.

The cases a” = 0 and/or a® = 0 are admissible. It is assumed that L(%5%) = 0
and/or R(¥5%) = 0. Thus, any interval [a,a] and any real number @ are also LR flat
fuzzy numbers and can be written as (a,@,0,0).r and (a, a,0,0) respectively.
Definition 5.3 [43] Let A = (a,a,a”, a®).x be an LR flat fuzzy number and a be
a real number in the interval [0,1]. Then, the crisp set A, = {z € X : pz(zx) >
a} = [a—a“LYa),a+ afR(a)], is said to be an a-cut of A.

Definition 5.4 [43] An LR flat fuzzy number A = (a,@,a”, a®) g is said to be a
zero LR flat fuzzy number if and only if ¢ = 0,@ = 0,a” = 0 and a® = 0.
Definition 5.5 [43] Two LR flat fuzzy numbers A; = (a1, a7, ak, af) 5 and A, =

(az, a3, a%,a¥) g are said to be equal ie., A; = A, if and only if a1 = as, @7 =
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Gz, al = ak and off = al'.

Definition 5.6 [37] An LR flat fuzzy number A = (a,@,a”, a®) g is said to be a

non-negative LR flat fuzzy number if and only if a — al > 0.

Remark 5.1 If ¢ = @ then an LR flat fuzzy number (a, @, a”, af)r is said to be an

: L R — — L R L R
LR fuzzy number and is denoted as (a, a, a”, a") g or (@, @, a”,a") g or (a,a”,a"™) g

or (@,a”, a®)g.

Remark 5.2 If ¢ = @ and L(z) = R(x) = maximum{0, 1 —z} then an LR flat fuzzy
)

number (a,a,a”, a’)pr is said to be a triangular fuzzy number and is denoted as

(a,b,c) where, a = a — a*(or @ — a’),b = a(or @),c = a + a’*(or @+ a’).

Remark 5.3 If a # @ and L(z) = R(z) = maximum{0, 1 —z} then an LR flat fuzzy
number (a, @, a’, a)pr is said to be a trapezoidal fuzzy number and is denoted as

(a,b,c,d) where, a = a —ar,b=a,c=a,d =a+ a®.

5.1.2 Arithmetic operations

In this section, some arithmetic operations between two LR flat fuzzy num-
bers are presented [43].
Let Ay = (ay,ar,ab,aft) p and Ay = (ay, a3, a%, a) g be two LR flat fuzzy

numbers. Then,

(i) A1 ® As = (a1 + a, @1 + @, af + af, alt + af) g

() A = ) AawAadar Aaie A0
1
(/\alu )‘aly /\(l{%, —Aa%)RL A<0

Let A; = (a1, a1, af, af)pr and A, = (az, @3, a%, a¥)r be two non-negative
LR flat fuzzy numbers. Then,

SN AL @ A~ o L L L,L — R | =— R R
(iii) Ay ® Ay ~ (a1 ag, a1 G2, 105 + azay — ayay, @16y’ + Gzay" + ar'a

¥R
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5.2 Limitations of the methods proposed in pre-
vious chapter

Since, the extension of Kaufmann and Gupta ranking approach, proposed in
previous chapter, can be used for finding the maximum and minimum of triangular
and trapezoidal fuzzy numbers but can not be used for finding the maximum and
minimum of LR flat fuzzy numbers. So, the methods, proposed in previous chapter,
can not be used for finding the unique optimal fuzzy project completion time of
such project network problems in which time of each activity is represented by an
LR flat fuzzy number e.g., the problems, chosen in Example 5.1 and Example 5.2,
in which time of each activity is represented by an LR flat fuzzy number can not be
solved using the methods proposed in previous chapter.

Example 5.1 Find the optimal fuzzy completion time of the project, shown in Fig-
ure 5.1, in which the fuzzy time duration (%) of the activity (i, 7) is represented by
the following LR flat fuzzy numbers with L(z) = R(z) = e~ 1®l;

?12 - (5a 67 27 1)LR7 %V23 - (77 87 1a ]->LRa %;4 - (137 14a 27 5)LR7 %;)4 = (67 97 17 1)LR

(6,9,1,1)

(7,8,1,1)

< > (5,6,2,1) ¢

Figure 5.1 Structure of the project network

Example 5.2 A research and development department divides the whole work for
developing a new power supply for a console television set into different activities.

The activities and its time duration, represented by LR flat fuzzy numbers with
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L(z) = max{0,1 — 22} and R(z) = e I?l, are shown in Table 5.1 and the network,
connecting the different activities, is shown in Figure 5.2. Find the optimal fuzzy

completion time of the project.

Table 5.1 Fuzzy time for each activity

Job | Activity Description Duration (D;;) (days)
A (1,2) Determine output voltages (2,2.3,0.6,0.8)Lr
B (2, 3) Determine whether to use solid state rectifier (5,6,1,1.2)Lr
C (3, 4) Choose rectifiers (7,7.8,1,1.1) g
D (3, 5) Choose filters (4,4.5,0.7,2.7) LR
E (4, 6) Choose transformers (2,4.2,0.7,1.8) LR
F (5, 6) Choose chassis (5,5.5,1,2.2) g
G (4,7) Choose rectifier mounting (5,9.6,1.1,1.3) g
H (6, 7) Layout chassis (3,3.4,0.4,1.5) R
I | (7,8 Build and test (6,6.3,0.3,0.6) . &

(2,2.30.6,0.8),,

(6112),  (7,7.8111), (6961113), (6,6.30.3,0.6) ¢

3 >4 > 7 :@
\_J

(4450727, \ (2420.71.8)

(33.4,0.415)

(55512.2),,

Figure 5.2 Fuzzy activity times in the project network

5.3 Existing ranking approaches for finding the
maximum and minimum of LR flat fuzzy num-
bers

Since, the limitations of the methods, proposed in previous chapter, is occur-
ring due to the limitations of proposed extension of Kaufmann and Gupta ranking
approach, so to overcome the limitations of the methods, proposed in previous chap-
ter, one may try to modify the methods, proposed in previous chapter, with the help

of existing ranking approaches for finding the maximum and minimum of LR flat
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fuzzy numbers. Although, there are several existing ranking approaches for finding
the maximum and minimum of LR flat fuzzy numbers. However, in this section,
some existing ranking approaches [2,11,31,33,55,58,79,92,113,151,160,172], mostly
used in the literature for finding the maximum and minimum of LR flat fuzzy num-

bers, are presented.

5.3.1 Wang and Lee ranking approach

In this section, the existing ranking approach [151] for comparing LR flat

fuzzy numbers is presented.

Let A = (ay,ar,ab,af) g and B = (ay,ag, ak,af) g be two LR flat fuzzy

numbers then use the following steps to find maximum{A, B} and minimum{A, B}:
ap

Step 1 Find z7 = =+

’ o

aj—ay a

— R _
_ _ " _
I xL(%%z)dI+f;11 xderfaill “1 azR(%)dm
1 a1
afl*z

- aT+
r)det [ dat [T

and

R -
U R(S ) de

1

ar

=

= pzL(=
2

Ydz+ (72 :Bd:erf@-Hzg eR(E=22)dg
_ eg—a oy 2] il ag’

xg—

— — a5 tall — .
2 LR )dat [2 ot 2T R(Ep2)da

3

ag—ak P

Case (i) If x5 > x5 then A = B ie.,

maximum{A, B} = A and minimum{A, B} = B
Case (ii) If z 7 < x5 then A< Bie.,

maximum{g, §} = B and minimum{g, §} =A
Case (iii) If 27 = 25 then go to Step 2.

and

- i lar—aF L7 w))dy+ [y (y(@i+af R () dy

Step 2 Find yz = &m0 — oyt [ e ral i )y
- Jo (W(az—aF L= (y)))dy+ [, (y(@z+af R~ (v)))dy

B o (a2—ak L=1(y))dy+ [} (@a+af R~ (y))dy

Case (i) If y; > y3 then A Bie,
maximum{A, B} = A and minimum{A, B} = B

Case (ii) If y; < y5 then A < B i,
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maximum{A, B} = B and minimum{A, B} = A
Case (iii) If y; = y5 then A ~ B ie.,

maximum{A, B} = minimum{A, B} = A and B.

5.3.2 Farhadinia ranking approach

In this section, the existing ranking approach [55] for finding the maximum

and minimum of LR flat fuzzy numbers is presented.

Let A = (a1, a1, af, aft) g and B= (ag, @3, a%, af) g be two LR flat fuzzy num-

bers. Then, use the following steps to find maximum{g, B } and minimum{g, B }:

Step 1 Find C'(A)= inf{z € Supp(A) : pz(x) =1} = a; and

C(B) = inf{z € Supp(B) : pg(x) = 1} = ap
Case (i) If C(A) > C(B) then A - B iec.,

maximum{A, B} = A and minimum{A, B} = B
Case (ii) If C(A) < C(B) then A < B ie.,

maximum{A, B} = B and minimum{A, B} = A
Case (iii) If C(ﬁ) = C’(E) then go to Step 2.

Step 2 Find L(A) = inf Supp(A) = a1 — al and
L(B) = inf Supp(B) = ag — a¥
Case (i) If L(A) > L(B) then A = Bie.,
maximum{A, B} = A and minimum {A, B} = B
Case (ii) If L(A) < L(B) then A < B i.e.,

maximum{A, B} = B and minimum {4, B} = A
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Case (iii) If L(A) = L(B) then go to Step 3.
Step 3 Find W(A) = |[Supp(A)| = a1 — a; + aF + aff
and W (B) = |Supp(B)| = @z — az + ak + aff
Case (i) If W(A) > W(B) then A = B i,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If W(A) < W(B) then A < B i.c.,
maximum{g, é} — B and minimum {;L é} = A
Case (iii) If W(A) = W(B) then go to Step 4.
Step4F1ndS = [ pi(z)de =a; — al—l—alfo a)da + alt fo
and S(B) = [ pg()dr =@ — ag + af [} L7 (@)da + af [} R~ (a)da
Case (i) If S(A) > S(B) then A = Biec.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If S(A) < S(B) then A < B i.e.,
maximum{g, E} = B and minimum{g, E} = A

Case (iii) If S(A) = S(B) then A = B.

Remark 5.4: For an LR flat fuzzy number A= (a,a,al,a®) g
= [ ua@)de = [0 L )dv + ffder S R dr =a—a

+a” [y L7 (@)da + a® [ R (@)da

5.3.3 Kumar et al. ranking approach

In this section, the existing ranking approach [79] for finding the maximum

and minimum of LR flat fuzzy numbers is presented.
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Let A = (a1, @7, atl, al') g and B= (ag, @z, a¥, alt) Lk be two LR flat fuzzy num-

bers. Then, use the following steps to find maximum{A, B} and minimum{A, B}:

Step 1 Find RM(A) = Rank(A) = : [fol @da—fol afol(a)doz—FfOl a_ldoz+f01 al*R~(a)da]
and RM(B) = Rank(B) = L [ [} asda— [ ak L~ (a)da+ [} Gzda+ [, af R (a)dal]

Case (i) If RM(A) > RM(B) then A = B ie.,

maximum{A, B} = A and minimum{A, B} = B
Case (ii) If RM(A) < RM(B) then 4 < B i.c.,

maximum{A, B} = B and minimum{A, B} = A
Case (iii) If RM(A) = RM(B) then go to Step 2.
Step 2 Find RM(A) = mode(A) = %[fol ada + fol ardal

and RM(B) = mode(B) = %[fol asdo + fol aydal

Case (i) If RM(A) > RM(B) then A = B ie.,

maximum{A, B} = A and minimum{A, B} = B
Case (ii) If RM(A) < RM(B) then 4 < B i.c.,

maximum{A, B} = B and minimum{A4, B} = A
Case (iii) If RM(A) = RM(B) then A ~ B ie.,

maximum{A, B} = minimum{A, B} = A and B.

5.3.4 Other existing ranking approaches for finding the max-
imum and minimum of LR flat fuzzy numbers

In this section, some other existing ranking approaches [2,11,31,33,58,92,
113,160,172] for finding the maximum and minimum of LR flat fuzzy numbers are
presented.

Let A= (a,a,a”, a®)pr and B= (b,b,b", %)L be two LR flat fuzzy numbers.
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Then, use the formulae, shown in Table 5.2, to calculate R(A) and R(B) and check
that R(A) > R(B) or R(A) = R(B) or R(A) < R(B).
Case (i): If R(A) > R(B) then A = B ie.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii): If R(A) < R(B) then A < B iec.,
maximum{A, B} = B and minimum{A, B} = A
Case (iii): If R(A) = R(B) then A ~ Bie.,

maximum{A, B} = minimum{A, B} = A and B.

Table 5.2 Ranking formulae used in some existing ranking approaches

Ranking approaches Ranking formulae for an LR flat
)

fuzzy number A = (a,a@,a’,a®®) R

— E—— 12 —
- I acL(ﬂ_m)dm-&-f; xdac+f§'+a zR(Z3* )dx
Yager [160] R(A) = et e =

JE L L et [T ot [T RO do
Murakami et al. [113] R(A) =zzoryz
I oL zL(*7 7zdz+fa+aR R('T;Ra)dm
where, z 7 = = 2
fia L(&pP)dz+ [ d [T R(ZFE)de

. _ I (u(a ol L~ 1(u)))dy+fo (y(@+a®R™ 1(y)))du

AT / (a—alL— 1(y Ddy+ [ (a+aRR 1(y>>dy
Liou and Wang [92] R(A) = 5[f0 (a — oL~ (y) dy+f0 (@+a*R™1(y))dy]

Cheng [31] R(A) = \/x?Z + y%

— T a+al® r—a
ff,aL rz:L(ﬂaLﬂc )dT-‘,—f; .7.‘d.’1)+f§+a mR(%)dm

where, z 7 =
T L L e [T et T R(ERE da
__ Jdwa—aP LT (@) dy+ [ (y(@+aRRT1()))dy
AT Jia=alI 1(y>>dy+f0 (@taPR=1(y)dy
Yao and Wu [172] R(A) = fo [DL ) + Dr(y)]dy,
where, Dy (y) :gfa% 1(y) and Dg(y) =@+ a®R™1(y)
Chu and Tsao [33] R(A) =
S et
1%L LA dat [T d fatal? R(Z58)de
__ Jiwa—a LT (@) dy+[) (y@+aRR™1(v)))dy
Vi~ fo (a aLL 1(y>>dy+f0 (a+aRR T(y)dy
Asady and Zendehnam [11] =3 fO (r))dr,
where A(r)=a— aLL (T) and A(’/‘) =a+ aRR 1(7")
Garcia and Lamata [58] |R(A) = fo al L= (y))dy + fo a+a*R™ 1(y))dy fo a+a)dy]
Abbasbandy and Hajjari [2] §R(A = % fO ((a—a*L71(y)) + (@ + a®R™1(y)) +g+ a)dy|

=T3Y1 B
zdz+fa+a eR(EHE)de

where, z 7 =

5.4 Shortcomings of existing ranking approaches

To show the shortcomings of existing ranking approaches [2,11,31,33,55, 58,

79,92,113,151,160,172] the maximum and minimum of LR flat fuzzy numbers A=
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(12,16,4,4) 5 and B = (13,15,6,6) g with L(z) = R(z) = max{0, 1 —z2}, obtained

by using the existing ranking approaches, are shown in Table 5.3

Table 5.3 Maximum and minimum of LR flat fuzzy numbers A and B obtained by using existing ranking

approaches
Ranking approaches Ranking value of A | Ranking value of B | maximum{A, B} | minimum{A, B}
Yager [160] R(A) = 14 R(B) = 14 Aand B A and B
Murakami et al. [113] R(A) = 14 R(B) = 14 Aand B Aand B
Liou and Wang [92] R(A) = 14 R(B) = 14 Aand B A and B
Cheng [31] R(A) = 14.008 R(B) = 14.008 Aand B A and B
Yao and Wu [172] R(A) = 14 R(B) = 14 Aand B A and B
Chu and Tsao [33] R(A) =7 R(B) =7 Aand B Aand B
Asady and Zendehnam [11] R(A) = 14 R(B) = 14 Aand B A and B
Garcia and Lamata [58] R(A) = 14 R(B) = 14 Aand B A and B
Wang and Lee [151] yi =05 ygz = 0.5 Aand B A and B
Abbasbandy and Hajjari [2] R(A) = 28 R(B) = 28 Aand B A and B
Kumar et al. [79] RM(A) = 14 RM(B) = 14 Aand B A and B
Proposed extension Not applicable Not applicable Not applicable Not applicable
of Kaufmann and
Gupta ranking approach
Farhadinia [55] C(A) =12 C(B) = 13 B A

It is obvious from Definition 5.5 that A #+ B ie., maximum{g,é} and

minimum{z, E} should be either A or B. However, on the basis of results, shown in

Table 5.3, obtained by using the existing ranking approaches [2,11,31,33,58,79,92,

113,151,160, 172] it can be concluded that maximum{A, B} and minimum{A, B}

= A and B. Also, it is obvious from the results, shown in Table 5.3, that by

using Farhadinia ranking approach a unique LR flat fuzzy number, representing

maximum{A, B} and minimum{A, B}, is obtained. But, on the basis of this result

it can not be concluded that it is not genuine to use Farhadinia ranking approach

for finding the maximum and minimum of LR flat fuzzy numbers. To show the

shortcomings of Farhadinia ranking approach [55] the maximum and minimum of




106

LR flat fuzzy numbers A = (10,12,3,5).5 and B = (10,13,3,4) .z with L(z) =
max{0,1 — 2%} and R(z) = e~ 1* obtained by using Farhadinia ranking approach is

shown in Table 5.4

Table 5.4 Maximum and minimum of LR flat fuzzy numbers A and B obtained using Fardahinia ranking

approach
Ranking approach | Ranking value of A | Ranking value of B | maximum{A, B} | minimum{A, B}
C(A) =10 C(B) =10
Farhadinia ranking L(A) =7 L(B) =7 A and B Aand B
approach [55] W (A) = 10 W (B) = 10
S(A) =9 S(B) =9

On the basis of results, shown in Table 5.3 and Table 5.4, obtained by us-
ing the existing ranking approaches [2, 11,31, 33,55, 58,79,92, 113,151, 160, 172] it
can be concluded that maximum{A, B} and minimum{A, B} = A and B i.e., if
modified Liang and Han based on proposed extension of Kaufmann and Gupta
ranking approach and proposed Mehar’s method based on proposed extension of
Kaufmann and Gupta ranking approach will be modified on the basis of any of
the existing ranking approaches [2, 11,31, 33, 55,58, 79,92, 113, 151, 160, 172] then
more than one LR flat fuzzy numbers, representing the optimal fuzzy project com-
pletion time, may be obtained. Hence, it is not genuine to modify the modified
Liang and Han method based on proposed extension of Kaufmann and Gupta
ranking approach and proposed Mehar’s method based on proposed extension of
Kaufmann and Gupta ranking approach on the basis of the existing ranking ap-

proaches [2,11,31,33,55,58,79,92,113,151, 160, 172)].

Remark 5.5: In Section 5.4 the shortcomings of some ranking approaches are
pointed out. The same shortcomings is also occurring in the remaining existing

ranking approaches which are not discussed in this chapter.
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5.5 Modified Farhadinia ranking approach

In this section, to overcome the shortcomings of existing ranking approaches
(2,11, 31, 33, 55,58, 79,92, 113, 151, 160, 172], a new ranking approach, named as
modified Farhadinia ranking approach, by modifying the parameters of Farhadinia
ranking approach [55], is proposed for finding the maximum and minimum of LR

flat fuzzy numbers.

Let A = (a1, a1, af, aft) g and B= (ag, @3, a¥, af) g be two LR flat fuzzy num-
bers. Then, use the following steps to find maximum{A, B} and minimum{A, B}:
Step 1 Find CM(A)= inf{z € Supp(A) : pz(z) = 1} = ¢, and
CM(B) = inf{x € Supp(B) : pg(z) =1} = a
Case (i) If CM(A) > CM(B) then A = B ie.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If CM(A) < CM(B) then A < B i,
maximum{A, B} = B and minimum{A, B} = A
Case (iii) If CM(A) = CM(B) then go to Step 2.
Step 2 Find LM(A) = fo a)da and
DY(B) = 0 — a1 -
Case (i) If LM(A) > LM(B) then A = B i.c.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If LM(A) < LM(B) then A < Bie.,

maximum{A, B} = B and minimum{A4, B} = A
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Case (iii) If LM(A) = LM(B) then go to Step 3.
Step 3 Find WY (A) = a7 — ay + 2a” fo ()da + 2af fo (a)do
and WM(E):a_Q—@+2a fo a)da + 2af f;Rfl
Case (i) If WM(A) > WM(B) then A - B ie.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If WM(A) < WM(B) then A < B ie.,
maximum{A, B} = B and minimum{A, B} = A
Case (iii) If WM (A) = WM (B) then go to Step 4.
Step 4 Find SM = [pi(x)de = a7 — a1 + af fo a)da + alt folR_l
and SM(B) = [ pup(z)de = @ — az + af [} L (a)da + aff [} R~ (a)da
Case (i) If S™(A) > SM(B) then A = B i.e.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If SM(A) < SM(B) then A < B ie.,
maximum{A, B} = B and minimum{A, B} = A

Case (iii) If SM(A) = SM(B) then A = B.

5.5.1 Validity of the modified Farhadinia ranking approach

It is obvious that if A and B are two LR flat fuzzy numbers such that CM (A)
> CM(B) or CM(A) = CM(B), LM(A) > LM(B) or CM(A) = CM(B), LM(A)
= LM(B), WM(A) > WM(B) or CM(A) = CM(B), LM(A) = L™(B), WM(A) =
WM(B), SM(A) > SM(B) then using the modified Farhadinia ranking approach,

presented in Section 5.5, maximum{A, B} = A and minimum{A, B} = B
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In this section, it is proved that if A and B are two such LR flat fuzzy num-
bers for which all the four conditions of modified Farhadinia ranking approach are
satisfied then A = B.

Proposition 5.1 Let A = (a1, a1, a¥, af)p and B= (ag, @3, a¥, a¥) g be two LR
flat fuzzy numbers such that

(i) CM(A) = CM(B) (i) LM(A) = LM(B)  (iii) WM(A) = W (B)

(iv) $¥(A) = 54 (B)

Then, A=B.

Proof: (i) CM(A) = CM(B)

al fol L™ a)da = ay—a¥ fol LY (a)da (5.2)
(i) WM(A) = WM (B)
= a1 — ay + 2af fo a)da + 2alt fo a)da = a3 — ay + 2a% fo
+2af [} R\ (a)da (5.3)
(iv) SY(4) = SM(B)
:>a1—a1+a1f0 a)da + aft fo da—ag—a2+a2f0 a)da +
a¥t fol R Y(a)da (5.4)
On solving (5.1), (5.2), (5.3) and (5.4)

a; = as, a; = az, a¥ =al and af' = af!
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SM(A) = [psle) de = [0 L(SE) do + [ do+ [T R(5E) de = @~ a

+ at fol L™ (a) da + a' fol R7'(a) da

5.5.2 Advantages of the modified Farhadinia ranking ap-
proach

The main advantages of the modified Farhadinia ranking approach over the
approach, proposed in previous chapter, is that the approach, proposed in previous
chapter, can be used for finding the maximum and minimum of triangular and trape-
zoidal fuzzy numbers but can not be used for finding the maximum and minimum
of LR flat fuzzy numbers. While, the modified Farhadinia ranking approach can be
used for comparing triangular, trapezoidal as well as LR flat fuzzy numbers.

To show the advantages of modified Farhadinia ranking approach the maxi-
mum and minimum of L R flat fuzzy numbers A= (10,12,3,5) g and B= (10,13,3,4) g
with L(r) = max{0,1 — 2%} and R(x) = e~ 1#l chosen in Section 5.4, obtained by

using the modified Farhadinia ranking approach is shown in Table 5.5

Table 5.5 Maximum and minimum of LR flat fuzzy numbers A and B obtained by using modified Farhadinia
ranking approach

Ranking approach

Ranking value of A

Ranking value of B

maximum{A, B}

minimum{A, B}

Modified
Farhadinia ranking
approach

cM(A) =10
LM(4A) =8
WM(A) =16

cM(B) =10
LM(B) =8
WM(B) =15

A

B

5.6 Proposed Mehar’s subtraction for LR flat fuzzy
numbers

Since, in the modified Liang and Han method there is need to subtract fuzzy
numbers and in the literature [43] it is pointed out that an LR flat fuzzy number B

can be subtracted from an LR flat fuzzy number A if one of the following conditions
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is satisfied.

(i) A is an LR flat fuzzy number and B is a RL flat fuzzy number.
(i) For both the fuzzy numbers A and B, L(z) = R(z).

So, Mehar’s subtraction, proposed in Chapter 2, for LR flat fuzzy numbers
can be modified in the following way:
(i) Let Ay = (ay,ar,ab,af)Lr be a non-negative LR flat fuzzy number and Ay =
(ag, a3, a%, af) gy be a non-negative RL flat fuzzy number. Then,

Ay &y Ay = (a,@,a",a") g

(
a = maximum{0, (a1 — af’) — (a2 — a§)}+ maximum{0, (af — af)}
@ = a+ maximum{0, (a7 —ay) — (@3 — a2)}
where, - -
a’ = maximum {0, (af — al)}
| " = maximum {0, (af' — a3’)}

(ii) Let ;1; = (a1, ay, al af) g and ;l\; = (as, Gz, a%, al?) r be two non-negative LR
flat fuzzy numbers such that L(z) = R(x). Then,

:4: @M :4\; = (Qaaa aLaaR)LR

(
a = maximum{0, (a; — af’) — (a2 — a¥) }+ maximum{0, (af' — a%)}

@ = a+ maximum{0, (@1 — a1) — (@3 — a2)}
where, - -

a¥ = maximum {0, (@f - a§>}
a® = maximum {0, (a* — af’)}

\
Proposition 5.2 Let A; = (a;, a1, a, ") g and Ay = (ay, a3, a%, af) ,r be two non-
negative LR flat fuzzy numbers such that L(z) = R(x). Then,

:4\_; @M jA; = (Q7aa aL7aR)LR

)
a = maximum{0, (a; — af) — (a2 — a%)}+ maximum{0, (al" — af)}

a = a+ maximum{0, (a1 —ay) — (@2 — a2)}
where, - -

a® = maximum {0, (a — af)}

a® = maximum {0, (af* — af*)}

\
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is always a non-negative LR flat fuzzy number i.e.,
(i)a—a® >0 (ii)ag—a>0 (iii) a* > 0 (iv) a® > 0.

Proof: Proof is same as in Chapter 2.

5.7 Proposed methods based on modified Farha-
dinia ranking approach

In this section, to overcome the limitations of the methods, pointed out in
Section 5.2, new methods are proposed on the basis of modified Farhadinia ranking
approach to find the unique optimal fuzzy completion time of such project network
problems in which time of each activity is represented by an LR flat fuzzy number.

5.7.1 Modified Liang and Han method based on modified
Farhadinia ranking approach

If in the modified Liang and Han method instead of proposed extension of
Kaufmann and Gupta ranking approach, modified Farhadinia ranking approach and
instead of Mehar’s subtraction for trapezoidal fuzzy numbers, proposed Mehar’s sub-
traction for LR flat fuzzy numbers are used then the limitation of the modified Liang
and Han method based on proposed extension of Kaufmann and Gupta ranking ap-
proach, pointed out in Section 5.2, will be resolved.

5.7.2 Proposed Mehar’s method based on modified Farha-
dinia ranking approach

In this section, to overcome the limitations of proposed Mehar’s method based
on proposed extension of Kaufmann and Gupta ranking approach, a new method,
named as Mehar’s method based on modified Farhadinia ranking approach, is pro-

posed.
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The steps of the proposed Mehar’s method based on modified Farhadinia

ranking approach are as follows:

Step 1 Formulate the chosen fuzzy project network problem into the fuzzy linear

programming problem (Ps):

Maximize Z (%;j xij)

(i,j)€eA
subject to \
1 ,i=1
P I e A
J:(i.j)€A J:(4i)eA 0 cie N—{1,n} (F5.1)

zij = 0V (i,)) €A

where, A: set of all activities (4, j),

t;;: the fuzzy time duration of the activity (i, j).
N: the set of nodes,

n: the destination node,

1: the source node,

x;;: the decision variable denoting the amount of flow in the activity (¢, 7).

Step 2 Suppose the fuzzy linear programming problem (Ps;) have h feasible solu-
tions and {z;} is the w'" feasible solution then the aim is to find the feasible solution

with the largest objective value i.e., the goal is to find mz%)éughlm{ > (%;j xlw])}
SWs (i,j)eA
Since, in the modified Farhadinia ranking approach it is assumed that if

maimum {5 (C4(7,) a)bis $(OV(T,) o) then myximum {5 (7, 42)}

1<w<h

(i,j)€A (i,§)€A lswsh L (5 5)ea
will also be 3 (f; z;;), where, CM(ty) = CM(ay;,ay;, af,af)Lr = ai; repre-
(i,j)EA _ _

sents the first modified Farhadinia ranking index of an LR flat fuzzy number %vij

— -— L R
= (@a iz, Ay, aij)LR-
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So, by using the modified Farhadinia ranking approach the optimal solution
of the fuzzy linear programming problem (P51) can be obtained by solving the crisp

linear programming problem (Ps5):

Maximize ) (CM(tNij) i)

(i,5)€A
subject to
1 yi=1 \
e B L
J:(i,5)eA J:(Gi)eA 0 i€ N—{l,n} (Ps.2)

zi; > 0V (i,j) € A
Step 3 Solve the crisp linear programming problem (Ps3) to find the optimal solu-
tion {z;;}.
Step 4 Use the optimal solution {z;;}, obtained in Step 3, to find the critical path
and also put the obtained optimal values of ;; in > (f; 2;) to find the optimal

(i,7)EA

fuzzy completion time of the project.

Case (i): If a unique critical path and hence a unique fuzzy number, representing
the optimal fuzzy project completion time, is obtained then the obtained optimal
fuzzy project completion time is the optimal fuzzy completion time of the project

and the obtained critical path is the only critical path of the project.

Case (ii): If more than one critical paths are obtained then go to Step 5.

Step 5 Check that the fuzzy numbers, representing the optimal fuzzy project com-
pletion time, corresponding to all the critical paths are same or not.

Case (i): If a unique LR flat fuzzy number, representing the optimal fuzzy project
completion time, is obtained then all the critical paths, obtained in Step 4, cor-

responding to which the obtained fuzzy number is obtained, are critical paths of



115

the project and the obtained LR flat fuzzy number will represent the optimal fuzzy

completion time of the project.

Case (ii): If more than one LR flat fuzzy numbers, representing the optimal fuzzy

completion time of the project, are obtained then go to Step 6.

Step 6 Let using the previous steps p different LR flat fuzzy numbers fl, T;, e

T,, representing the optimal fuzzy project completion time, be obtained i.e., Ty #+

Ty # ... # T, but CM(Ty) = CM(Ty) = ... = CM(T}) = uy (say). Then, find the

optimal solution of the following crisp linear programming problem:

Maximize Y. (LM(%,G_U,afj,aﬁ)LR Tij)

(i,j)€A
subject to
3\
z (CM(%u a’_l'j7 aiLj7 a’f})LR xz]) = Uy,
(1,j)€EA
1 i=1
> wii— 2 wi=4 —1 1= (F53)
ji(i,5)EA j:(4,0)eA ) ’

0 ,ie€N—{1l,n}

Vs

Case (i): If by putting the obtained optimal values of z;; in ((';A((%, Qij, aiLj,
1,7)€E
aﬁ) LR Tij)) a unique LR flat fuzzy number, representing the optimal fuzzy project

completion time, is obtained then the obtained LR flat fuzzy number will represent

the optimal fuzzy completion time of the project.

Case (ii): If more than one LR flat fuzzy numbers, representing the optimal fuzzy

completion time of the project, are obtained then go to Step 7.

Step 7 Let using the previous steps [ LR flat fuzzy numbers ’_Z:l', ’1:2', e 1:1', where [
< p, representing the optimal fuzzy project completion time, be obtained i.e., f{ #*

Ty # ... # T but CM(T]) = CM(T3) = ... = CM(T}) = wy and LM(T}) = LM(T})
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=..=1IM (fl’ ) = us (say). Then, find the optimal solution of the following crisp

linear programming problem:

Maximize ) (WM(%,a_ij,aiLj,af})LR Tij)

(i,5)€A
subject to
— \
(-;A(CM(%’ a"'j’aiLj’ag)LR ‘Tij) = U,
1,7)€E
5 My ) =
1,7)€
1 ,i=1 (P
Yoo wi— >, Ti=14 —1 i=n 5.4
j:(4,5)EA :(ji) €A
o v 0 ,ie€ N—{1,n}
zi; > 0V (i,j) € A J
L

Case (i): If by putting the obtained optimal values of z;; in ( > ((aij, @y, a
(i,j)eA —

ij
af}) LR %ij)) a unique LR flat fuzzy number, representing the optimal fuzzy project

completion time, is obtained then the obtained LR flat fuzzy number will represent

the optimal fuzzy completion time of the project.
Case (ii): If more than one LR flat fuzzy numbers, representing the optimal fuzzy

completion time of the project, are obtained then go to Step 8.

Step 8 Let using the previous steps k LR flat fuzzy numbers T}, Ty , ..., T}, , where

k <[, representing the optimal fuzzy project completion time, be obtained i.e., ﬁ

#Tf # . # T} but CV(TY) = CM(T}) = .. = CM(TY) = wy, LM(TY) = LM(T3)
= ... = LM(T") = uy and WY (T]') = WM (T}) = ... = WM (T') = us (say). Then,

find the optimal solution of the following crisp linear programming problem:

Maximize Z (SM(aij, ﬂ'j, CLZ-Lj, aﬁ)LR xij)
(i,j)eA _

subject to
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2 (CM(azjua’_l_ﬂ aiLj7 GS)LR ng) = Uy,
(i,J)€A _

(-Z):eA(LM(%>@’ a5, T LR Tij) = Uz,
%]
(~;€A<WM(%’ ij, (O, ) LR i) = Us,
Z’J
1 ,i=1 ¢ (F5.5)
2wy = ) wi=q -l i=n
- N 0 e N—{l,n}

/

Now, putting the obtained optimal values of x;; in (( ; ((aij, @5, afy, af}) )
ij)eA
a unique LR flat fuzzy number, representing the optimal fuzzy project completion

time, will be obtained and the critical paths can be obtained by using the obtained

optimal values of x;;.

5.8 Advantages of proposed Mehar’s method based
on modified Farhadinia ranking approach over
modified Liang and Han method based on
modified Farhadinia ranking approach

Since, in the modified Liang and Han method based on modified Farhadinia
ranking approach proposed Mehar’s subtraction for LR flat fuzzy numbers is used
so due to its existence conditions, discussed in Section 5.6, the modified Liang and
Han method based on modified Farhadinia ranking approach can be used only to
find the unique optimal fuzzy completion time of such project network problems in
which time of each activity is represented by such an LR flat fuzzy number for which
the condition L(x) = R(x) is satisfied. But, the same method can not be used for
finding the unique optimal fuzzy completion time of such project network problems

in which time of each activity is represented by such an LR flat fuzzy number for
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which the condition L(z) = R(x) is not satisfied.

While, the proposed Mehar’s method based on modified Farhadinia ranking
approach can be used to find the unique optimal fuzzy completion time of all such
project network problems in which time of each activity is either represented by
such an LR flat fuzzy number for which the condition L(x) = R(z) is satisfied or
such an LR flat fuzzy number for which the condition L(x) # R(z) is satisfied e.g.,
the unique optimal fuzzy completion time of the project network problem, chosen in
Example 5.1, can be obtained by using the modified Liang and Han method based
on modified Farhadinia ranking approach. But, the unique optimal fuzzy completion
time of the project network problem, chosen in Example 5.2, can not be obtained
by using the same method. However, the unique optimal fuzzy completion time of
both the project network problems, chosen in Example 5.1 and Example 5.2, can
be obtained by using the proposed Mehar’s method based on modified Farhadinia

ranking approach.

To illustrate the proposed Mehar’s method based on modified Farhadinia
ranking approach and modified Liang and Han method based on modified Farhadinia
ranking approach the project network problems, chosen in Example 5.1 and Example

5.2, are solved by both the methods.

5.9 Optimal fuzzy completion time of the first
chosen problem

In this section, to illustrate the proposed Mehar’s method based on modified
Farhadinia ranking approach and modified Liang and Han method based on modified

Farhadinia ranking approach the project network problem, chosen in Example 5.1,
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is solved by both the methods.

5.9.1 Optimal fuzzy completion time of the first chosen prob-
lem by using the proposed Mehar’s method based on
modified Farhadinia ranking approach

Using the proposed Mehar’s method based on modified Farhadinia ranking
approach the optimal fuzzy completion time of the project, chosen in Example 5.1,

can be obtained as follows:

Step 1 Using Step 1 of the proposed Mehar’s method based on modified Farhadinia
ranking approach the problem, chosen in Example 5.1, can be formulated as follows:
Maximize ((5,6,2,1) g 712 D (7,8,1,1) L w23 B (13,14,2,5) pg 224 & (6,9,1,1) g w34)
subject to

T2 = 1, T12 — Tog — Taz = 0, T3 — x34 = 0, Ty + X34 = 1,

T12, T23, T4, T34 > 0

Step 2 Using Step 2 of the proposed Mehar’s method based on modified Farhadinia

ranking approach, the fuzzy linear programming problem, obtained in Step 1, can

be converted into the following crisp linear programming problem:

Maximize (C™(5,6,2,1)g z12 + CM(7,8,1,1) g o3 + CM(13,14,2,5) 1k oy +
CM(6,9,1,1)1r 734)

subject to

T2 = 1, T12 — Toq — Toz = 0, T3 — X34 = 0, Tog + T34 = 1,

T12, Tog, T4, T34 > 0

i.e., Maximize (5 12 + 7 Loz + 13 Toy + 6 1’34)

subject to
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T2 = 1, T2 — Tog — Tz = 0, Tog — 34 = 0, Tog + T34 = 1
T12, T2z, T4, T34 > 0

Step 3 On solving crisp linear programming problem, obtained in Step 2, the fol-
lowing two optimal solutions are obtained:
(i) 212 =294 = 1 and x93 = 234 = 0
(ii) 12 = w93 = x34 = 1 and x9y = 0
Step 4 Using the optimal values of xz;;, obtained from Step 3, the following two
critical paths are obtained :
H)l=2=14
ii)l=2=3=14

Putting the optimal values of z;;, obtained from Step 3, in ((5,6,2,1) g T12 @
(7,8,1,1) g a3 ® (13,14,2,5) g wag ® (6,9,1,1)1r 34), the optimal fuzzy project
completion times corresponding to the paths 1 = 2 = 4 and 1 = 2 = 3 = 4 are
(18,20,4,6),r and (18,23,4,3) g respectively. Since, more than one critical paths
are obtained i.e., Case (ii) of Step 4 of the proposed Mehar’s method based on
modified Farhadinia ranking approach is satisfied, so go to Step 5 of the proposed

Mehar’s method based on modified Farhadinia ranking approach.

Step 5 It is obvious from results, the optimal fuzzy completion time of the project
corresponding to the critical paths 1 =2 =4 and 1 = 2 = 3 = 4 are (18,20,4,6).r
and (18,23, 4, 3) 1 respectively. Since, the LR flat fuzzy numbers (18, 20,4, 6),z and
(18,23,4,3) g, representing the optimal fuzzy completion time of the project, are
different i.e., Case (ii) of Step 5 of the proposed Mehar’s method based on modified

Farhadinia ranking approach is satisfied, so go to Step 6 of the proposed Mehar’s
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method based on modified Farhadinia ranking approach.
Step 6 Since, u; = CM(18,20,4,6),r = CM(18,23,4,3),r = 18. So, using Step
6 of the proposed Mehar’s method based on modified Farhadinia ranking approach
there is need to find the optimal solution of the following crisp linear programming
problem:
Maximize (LM (5,6,2,1)1r 212 + LM (7,8,1,1) 15 23 + LM(13,14,2,5) 15 22
+ LM(6,9,1,1)Lp 734)

subject to
CM(5,6,2,1) g w12 + CM(7,8,1,1) g wo3 + CM(13,14,2,5) g T2a + CM(6,9,1,1) 1R
T34 = 18,
T2 = 1, T12 — Tog — Toz = 0, T3 — X34 = 0, Tog + T34 = 1,
T12, Ta3, Toa, T34 2> 0

On solving the crisp linear programming problem the following two optimal
solutions are obtained:
(1) 212 =224 = 1 and x93 = 234 = 0
(i) 12 = wo3 = x34 = 1 and x4 = 0

Putting the obtained optimal values of z;; in ((5,6,2,1).r 212 ® (7,8,1,1)1r
To3 @ (13,14,2,5) g 24 @ (6,9,1,1)r x34), the obtained optimal fuzzy project
completion times are (18,20, 4,6)r and (18,23, 4, 3)r respectively. Since (18, 20, 4,
6)rr # (18,23,4,3) g i.e., Case (ii) of Step 6 of the proposed Mehar’s method based
on modified Farhadinia ranking approach is satisfied, so go to Step 7 of the proposed
Mehar’s method based on modified Farhadinia ranking approach.
Step 7 Since, uy = LM(18,20,4,6),r = LM(18,23,4,3),r = 14. So, using Step

7 of the proposed Mehar’s method based on modified Farhadinia ranking approach
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there is need to find the optimal solution of the following crisp linear programming
problem:
Maximize (WM (5,6,2,1)Lr 212 + WM(7,8,1,1) g w23 + WM (13,14,2,5) g 224 +
WM(6,9,1,1) g 34)

subject to
LM(5,6,2,1) g 12 + LM(7,8,1,1) g wo3 + LM(13,14,2,5) g wos + LM(6,9,1,1) 1R
x34 = 14,
CM(5,6,2,1) g x12 + CM(7,8,1,1) g To3 + CM(13,14,2,5) g Tos + CM(6,9,1,1) 1
T34 = 18,
12 = 1, T1p — T4 — 23 = 0, Toz — w34 = 0, Tog + X34 = 1,
T12, Ta3, Tag, Tzg 2> 0

On solving the crisp linear programming problem the following optimal solu-
tion is obtained:
Ti2 = Tog = 1 and x93 = 234 = O.

Putting the obtained optimal values of z;; in ((5,6,2,1) g 212 ® (7,8,1,1) g o3
@ (13,14,2,5) g 24 ® (6,9, 1,1) g z34) a unique LR flat fuzzy number (18,20, 4, 6) g,
representing the optimal fuzzy project completion time, is obtained and using the

same values of z;; the obtained critical path is 1 = 2 = 4.

5.9.2 Optimal fuzzy completion time of the first chosen prob-
lem by using the modified Liang and Han method
based on modified Farhadinia ranking approach

Using the modified Liang and Han method based on modified Farhadinia

ranking approach the optimal fuzzy completion time of the project, chosen in Ex-
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ample 5.1, can be obtained as follows:

Step 1 Using Step 1 of the modified Liang and Han method based on modified

P

Farhadinia ranking approach by assuming F'ES; = (0,0,0,0) .5 the values of Z?Egj,

j = 2,3,4 can be obtained as follows:

—_——

FESQ - FESI D FNT12 = (anvoao)LR ¥ (576727 ]-)LR = (576727 1)LR

—~—

FES; = FESy; ® FNTys
= (57 6,2, l)LR D (77 8,1, 1)LR

= (12,14,3,2)1r

FES; = maximum {FES; & F/’NJ{M, ﬁgg, @ FT]VT{M}
= maximum{(5,6,2, 1),z ® (13, 14,2,5) 1r, (12,14,3,2) 12 ® (6,9, 1, 1) .z}
= maximum{ (18,20, 4, 6)r, (18,23,4,3).r}
— (18,20, 4,6) 5 ( WM (18,20, 4,6) 5 > WM (18,23, 4, 3)LR>
Step 2 Using Step 2 of the modified Liang and Han method based on modified
Farhadinia ranking approach by assuming F/’L\}i = (18,20,4,6),r the values of

—~—

FLF; , 7 =3,2,1 can be obtained as follows:

P U B

FLFy; = FLF, ©) FNTsq = (18,20,4,6) .1 ©1 (6,9,1,1) 15 = (12,12,3,5) 1

—_—

FLF, = minimum{FLF, Sy FNToy, FLF; Oy FNTas)

= m1n1mum{(18, 20, 4, 6)LR@M(13; 14, 2, 5>LR7 (12, 12, 3, 5)LR@M(77 8, 1, l)LR}
= minimum{(5,6,2,1)1r, (5,5,2,4)r}
— (5,6,2,1)1r ( WM (5,6,2,1) 1k < WM(5,5,2,4)LR>

Y~

FLFl = FLF2 @M FNT12

= (57 67 27 1)LR @M (57 67 27 1>LR = (07 07 07 O)LR



124

Step 3 Using Step 3 of the modified Liang and Han method based on modified

Farhadinia ranking approach, the values of P?:STJ can be obtained as follows:

—_~—  /—~——  /~—  —/—/—

FTS15s = FLF, &y (FES; ® FNTis)
= (5,6,2,1)r ©ar ((0,0,0,0)rr ® (5,6,2,1)r)
= (0,0,0,0).r
ﬁs/z:a :ﬁ Om (%@F/ﬁfw)
= (12,12,3,5).r ©m ((5,6,2,1)1r & (7,8,1,1)R)
= (12,12,3,5)r ©n (12,14,3,2) 15
=(0,0,0,3)Lr
F/T\S/M Zﬁ ShYs (%@ﬁzx)
= (18,20,4,6)rr ©u ((5,6,2,1)1r & (13,14,2,5) )
=(0,0,0,0)r
F/TE4 :Pﬁ SMm (Pﬁ@ﬁv\ﬂd
= (18,20,4,6).r ©u ((12,14,3,2)Lr & (6,9,1,1)1R)
=(0,0,0,3)r
Step 4 Using Step 4 of the modified Liang and Han method based on modified
Farhadinia ranking approach,
minimum{ﬁk@; ® FTSy, FTS1, @& FT Sy @ ﬁggz;}
= minimum{ (0,0, 0,0),zr$(0,0,0,0).r, (0,0,0,0),r®(0,0,0,3),r®(0,0,0,3)Lr}
= minimum{(0,0,0,0).r, (0,0,0,6).r}
— (0,0,0,0) 5 (= WM(0,0,0,0)1r < W(0,0,0,6)1r)

Since, the minimum is occurring corresponding to the path 1 = 2 = 4 so it

is the critical path for the chosen project network.

Step 5 Using Step 5 of the modified Liang and Han method based on modified
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Farhadinia ranking approach, the optimal fuzzy completion time of the project is

P e g

ﬁ = FNT12 S FNT24
= (5,6,2,1)r @ (13,14,2,5) g = (18,20,4,6).r

5.10 Optimal fuzzy completion time of the second
chosen problem

In this section, to show the advantages of proposed Mehar’s method based
on modified Farhadinia ranking approach the project network problem, chosen in

Example 5.2, is solved by both the methods.

5.10.1 Optimal fuzzy completion time of the second cho-
sen problem by using the proposed Mehar’s method
based on modified Farhadinia ranking approach

Using the proposed Mehar’s method based on modified Farhadinia ranking
approach the optimal fuzzy completion time of the project, chosen in Example 5.2,

can be obtained as follows:

Step 1 Using Step 1 of the proposed Mehar’s method based on modified Farhadinia
ranking approach the problem, chosen in Example 5.2, can be formulated as follows:
Maximize ((2,2.3,0.6,0.8) g z12 ® (5,6,1,1.2) g 223 ® (7,7.8,1,1.1) g w34 & (4,4.5,
0.7,2.7) g 35 B (5,5.5,1,2.2) g w56 D (5,9.6,1.1,1.3) L g 247 B (2,4.2,0.7,1.8) g T46

® (3,3.4,04,1.5) L5 67 @ (6,6.3,0.3,0.6) g T78)

subject to
T2 = 1, T2 — Xog = 0, To3 — T35 — T3a= 0, T34 — Ty7 — Ty6 = 0,
T35 — Ts6 = 0, Tae + Ts6 — Te7 = 0, Ta7 + Te7 — T7g = 0, T3 = 1,

T12, T23, T34, T35, Ta6, Ta7, Ts6, Te7, T7g > 0

Step 2 Using Step 2 of the proposed Mehar’s method based on modified Farhadinia
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ranking approach the fuzzy linear programming problem, obtained in Step 1, can
be converted into the following crisp linear programming problem:

Maximize (C™(2,2.3,0.6,0.8) g 12 + CM(5,6,1,1.2) g To3 + CM(7,7.8,1,1.1) g T34
+ CM(4,4.5,0.7,2.7) g w35 + CM(5,5.5,1,2.2) g 56 + CM(5,9.6,1.1,1.3) g 47 +

CM(Q, 4.2.0.7,1.8) g T46 + CM(3, 3.4,0.4,1.5) g xe7 + CM(G, 6.3,0.3,0.6)Lr x78)

subject to
T2 = 1, T2 — X9z = 0, Toz — T35 — T3a= 0, T34 — Ty7 — Tg6 = 0,
T35 — Tz = 0, Ta + Ts6 — Ter = 0, Ta7 + Te7 — Tz = 0, T7g = 1,

T12, T23, T34, T35, Ta6, Ta7, T56, Te7, T7g = 0

i.e., Maximize (2 T12 + 5) To3 + 7 T34 + 4 T35 + 5) Ts6 + ) Ta7 + 2 Ty + 3 Tgr + 6

5578)

subject to

T2 = 1, Tig — T3 = 0, Tog — X35 — T34= 0, X34 — Tgr — Ty = 0,
x35 — x56 = 0, T46 + 56 — Ter = 0, Ty7 + Ter — T7g = 0, x7g = 1,

T12, T23, T34, T35, Ta6, Ta7, T56, Te7, T78 = 0

Step 3 On solving crisp linear programming problem, obtained in Step 2, the fol-
lowing three optimal solutions are obtained:

(i) 12 = 293 = @34 = Ta7 = T7s = 1 and X35 = T56 = Tag = Te7 = 0

(ii) 212 = @93 = T35 = T56 = Te7 = T7s = 1 and 34 = T4 = T47 = 0

(iii) 12 = @23 = T34 = Tus = Te7 = ¥73 = 1 and T35 = 56 = 247 = 0

Step 4 Using the optimal values of z;;, obtained from Step 3, the following three
critical paths are obtained :

i)l=22=3=>4=7=38

ii)l=2=3=5=6=7=238
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ili)l1=2=3=4=6=7=28

Putting the optimal values of x;;, obtained from Step 3, in ((2,2.3,0.6,0.8).r
212 @ (5,6,1,1.2) 15 223 @ (7,7.8,1,1.1) 11 234 & (4,4.5,0.7,2.7) 1.5 235 & (5,5.5, 1,
2.2)1r 56 D (5,9.6,1.1,1.3) g 247 B (2,4.2,0.7,1.8)Lr T4 D (3,3.4,0.4,1.5) g xe7
@ (6,6.3,0.3,
0.6)Lr T7s), the optimal fuzzy project completion times corresponding to paths 1 =
2=3=24=7=81=22=23=5=060=7=8andl=2=3=4=6=
7 = 8 are (25,32,4,5) g, (25,28,4,9)r and (25,30, 4,7)r respectively.
Since, more than one critical paths are obtained i.e., Case (ii) of Step 4 of the pro-
posed Mehar’s method based on modified Farhadinia ranking approach is satisfied,
so go to Step 5 of the proposed Mehar’s method based on modified Farhadinia rank-

ing approach.

Step 5 Since, the LR flat fuzzy numbers (25, 32,4, 5) g, (25,28,4,9) 5 and (25, 30, 4,
7)Lr, representing the optimal fuzzy completion time of the project, are different
i.e., Case (ii) of Step 5 of the proposed Mehar’s method based on modified Farha-
dinia ranking approach is satisfied, so go to Step 6 of the proposed Mehar’s method
based on modified Farhadinia ranking approach.

Step 6 Since, u; = CM(25,32,4,5) p = CM(25,28,4,9) . = CM(25,30,4,7)Lr =
25. So, using Step 6 of the proposed Mehar’s method based on modified Farhadinia
ranking approach there is need to find the optimal solution of the following crisp
linear programming problem:

Maximize (L (2,2.3,0.6,0.8) L5 212 + L (5,6,1,1.2) g w95 + LM(7,7.8,1,1.1) 1 34
+ LM(4,4.5,0.7,2.7) g w35 + LM (5,5.5,1,2.2) g w56 + LM(5,9.6,1.1,1.3) 1 747 +

LM(Q, 42, 07, 1-8)LR Ty + LM(3, 34, 04, 1~5)LR Ter + LM(G, 63, 03, O.6)LR ZE78>
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subject to
CM(2,2.3,0.6,0.8) 1z 112 + CM(5,6,1,1.2) g w23 + CM(7,7.8,1,1.1) g w34 + CM(4,4.5,
0.7,2.7)pr w35 + CM(5,5.5,1,2.2) g w56 + C™(5,9.6,1.1,1.3) g w47 + CM(2,4.2,0.7,
1.8)1r w4 + CM(3,3.4,0.4,1.5) g x6r + CM(6,6.3,0.3,0.6) 1z 278 = 25,
T2 =1, @12 — x93 =0, T3 — Tg5 — Taa= 0, T34 — Tar — Tae = 0,
T35 — T = 0, T4 + Ts6 — Te7 = 0, Tar + Ty — T73 = 0, T7g = 1,
T12, T23, T34, T35, Ta6, Ta7, T56, Te7, T78 = 0

On solving the crisp linear programming problem the following three optimal
solutions are obtained:
(i) %12 = 293 = 34 = a7 = T7s = 1 and x35 = T56 = Tap = Te7 = 0
(i) w12 = @23 = T35 = Tsg = Te7 = T7s = 1 and @34 = T4 = T4y = 0
(iil) 12 = T93 = T34 = T4s = Toy = T7g = | and x35 = Ts6 = Ta7 = 0

Putting the obtained optimal values of x;; in ((2,2.3,0.6,0.8) g 12 ® (5,6, 1,
1.2) 15 To3 & (7,7.8,1,1.1) 15 234 & (4,4.5,0.7,2.7) 1 235 ® (5,5.5,1,2.2) 15 256 B
(5,9.6,1.1,1.3) g x47 ® (2,4.2,0.7,1.8)Lr 46 ® (3,3.4,0.4,1.5) g x67 ® (6,6.3,0.3,
0.6) g x73), the obtained optimal fuzzy project completion times are (25,32, 4,5) g,
(25,28,4,9) 5 and (25,30,4,7)Lg. Since, (25,32,4,5).r # (25,28,4,9)r # (25, 30,
4,7)r i.e., Case (ii) of Step 6 of the proposed Mehar’s method based on modified
Farhadinia ranking approach is satisfied, so go to Step 7 of the proposed Mehar’s
method based on modified Farhadinia ranking approach.
Step 7 Since, uy = LM(25,32,4,5),r = LM(25,28,4,9),p = LM(25,30,4,7)r =
%. So, using Step 7 of the proposed Mehar’s method based on modified Farhadinia

ranking approach there is need to find the optimal solution of the following crisp
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linear programming problem:

Maximize (WM (2,2.3,0.6,0.8) L 10 + WM (5,6,1,1.2) 15 wo3 + WM(7,7.8,1,1.1) 5
w3g + WM (4,4.5,0.7,2.7) g w35 + WM(5,5.5,1,2.2) g w56 + WM (5,9.6,1.1,1.3) g T47
+ WM(2,4.2,0.7,1.8)Lp w46 + WM (3,3.4,0.4,1.5) 1 w67 + W™M(6,6.3,0.3,0.6) L 77g)
subject to

CM(2,2.3,0.6,0.8) g 112 + CM(5,6,1,1.2) g w3 + CM(7,7.8,1,1.1) g w34 + CM(4,4.5,
0.7,2.7)g w35 + CM(5,5.5,1,2.2) g w56 + C(5,9.6,1.1,1.3) g 247 + CM(2,4.2,0.7,
1.8)rr 246 + CM(3,3.4,0.4,1.5) g w67 + CM(6,6.3,0.3,0.6)Lp w78 = 25,
LM(2,2.3,0.6,0.8) g w12 + LM(5,6,1,1.2) g a3 + LM(7,7.8,1,1.1) g w34 + LM (4,4.5,
0.7,2.7) g w35 + LM (5,5.5,1,2.2) g w56 + LM (5,9.6,1.1,1.3) L w47 + LM(2,4.2,0.7,
1.8)1r w46 + LM (3,3.4,0.4,1.5) g 267 + LM(6,6.3,0.3,0.6) 15 275 = %,
T2 = 1, Tz — Xo3 =0,  Tog — T35 — T3u= 0, T34 — Tg7 — Tae = 0,

T35 — Ts6 = 0, T4 + Tz — Ter = 0, Tar + Ty — 73 = 0, T7g = 1,
T12, Ta3, T34, T35, Ta6, Ta7, T56, Te7, T78 = 0

On solving the crisp linear programming problem the following optimal solu-
tion is obtained:

T1p = To3 = T35 = Tse = Ty = Trg = 1 and w3y = 146 = 247 = 0.

Putting the obtained optimal values of ;; in ((2,2.3,0.6,0.8).r 212 @ (5,6, 1,
1.2)pgr @a3 @ (7,7.8,1,1.1) g w34 & (4,4.5,0.7,2.7)Lr 235 © (5,5.5,1,2.2) g T56 D
(5,9.6,1.1,1.3) g x47 ® (2,4.2,0.7,1.8) Lr x46 ® (3,3.4,0.4,1.5)r x67 & (6,6.3,0.3,
0.6)Lr 778), a unique LR flat fuzzy number (25,28,4,9)x, representing the opti-
mal fuzzy project completion time, is obtained and using the same values of z;; the

obtained critical pathis1 =2 =3=5=6= 7= 8.
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5.10.2 Optimal fuzzy completion time of the second cho-
sen problem by using the modified Liang and Han
method based on modified Farhadinia ranking ap-
proach

Using the modified Liang and Han method based on modified Farhadinia
ranking approach the optimal fuzzy completion time of the project, chosen in Ex-

ample 5.2, can be obtained as follows:

Step 1 Using Step 1 of the modified Liang and Han method based on modified

—_—

Farhadinia ranking approach by assuming FES; = (0,0,0,0) . the values of ]*{E—Sfj,

71 =2,3,4,5,6,7,8 can be obtained as follows:

e~ e~ e~

FES, = FES;®FNT, = (0,0,0,0).z & (2,2.3,0.6,0.8) 11 = (2,2.3,0.6,0.8) .z

e~ e~ e~

FES3 = FESy; © FNTy3
== (2, 23, 06, O-S)LR D (5, 6, 1, 1-2)LR
- (7, 83, 16, 2)LR

—_—

F%:FE53EBFNT34

= (7,83,1.6,2),5® (7,7.8,1,1.1) 5

= (14,16.1,2.6,3.1) g
}«{E/& = P/’E/Sg D F/N\T{g&s
= (7,8.3,1.6,2)rr ® (4,4.5,0.7,2.7) 15
= (11,12.8,2.3,4.7) 1
]@?6 = maximum {]?EE S F/ﬁi& EE_ST’) S ﬁﬁj{%}
= maximum{(14,16.1,2.6,3.1)Lr 5 (2,4.2,0.7, 1.8) g, (11,12.8,2.3,4.7) 5

®(5,5.5,1,2.2)1r}



FES, =
@ (3,3.4,0.4,1.5),5)
FESs = FES, @ FNTy

(25,28,4,9) 11

(19,21.7,3.7,8.4) .x ® (6,6.3,0.3,0.6) r

maximum{ (16,20.3, 3.3, 4.9) 1z, (16, 18.3,3.3,6.9) .}

maximum {F/’E\7§4 @ F/ﬁfg, P/’E\fgﬁ S F/N\T{ﬁ?}

maximum{ (19, 25.7,3.7,4.4) g, (19,21.7,3.7,8.4) . }
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(16,18.3,3.3,6.9) .1 ( WM (16,20.3,3.3,4.9) Lr < WM(16,18.3,3.3, 6.9)LR>

maximum{(14,16.1,2.6,3.1) .z (5,9.6,1.1,1.3) .z, (16,18.3,3.3,6.9) . &

(19,21.7,3.7,8.4) 1r ( WM (19,25.7,3.7, 4.4) L < WM(19,21.7,3.7, 8.4)LR>

Step 2 Since, proposed Mehar’s subtraction is not defined for such LR flat fuzzy

numbers for which L(z) # R(z). So, this problem can not be solved further.

5.11

Comparative study

The results of fuzzy project network problems, chosen in Example 2.4, 3.1,

4.1, 5.1 and 5.2, obtained by using the methods, proposed in previous chapters and

the methods proposed in this chapter, are shown in Table 5.6

Table 5.6 Results of the chosen problems obtained using the proposed methods

Example|

Proposed Mehar’s method
based on proposed
extension of Kaufmann and

Gupta ranking approach

Modified Liang and Han
method based on proposed
extension of Kaufmann and

Gupta ranking approach

Modified Liang and Han
method based on modified

Farhadinia ranking approach

Proposed Mehar’s method
based on modified

Farhadinia ranking approach

Critical

path

Optimal fuzzy
project

icompletion time]|

Critical

path

Optimal fuzzy
project

icompletion time]|

Critical

path

Optimal fuzzy
project

completion time|

Critical

path

Optimal fuzzy
project

completion time|

24 [1=2=3=4 (14,25,39) |1 =2 =3=4] (14,25,39) |1 =2=3 =4 (14,25,39) |1 = 2 =3 = 4 (14, 25, 39)
3.1 1=2=4 (14, 23, 32) 1=2=4 (14,23,32) [l = 2 =3 =4 (15,23,31) [l = 2= 3 =4 (15,23, 31)
41 fl=>2=3=4(612,16,22) [l = 2 =3 = 4] (6,12, 16,22) [l = 2 = 3 = 4| (6, 12, 16, 22) [l = 2 = 3 = 4] (6, 12, 16, 22)
5.1 Not applicable | Not applicable | Not applicable | Not applicable 1=2=4 [(18,20,4,6)LRr 1=2=4 [(18,20,4,6)LR
5.2 Not applicable | Not applicable | Not applicable | Not applicable | Not applicable | Not applicable | 1 = 2 = 3 = |(25,28,4,9)Lr

5 =6 =7 = §
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The results, presented in Table 5.6, can be explained as follows:

1. The proposed Mehar’s method based on proposed extension of Kaufmann and

Gupta ranking approach and modified Liang and Han method based on pro-
posed extension of Kaufmann and Gupta ranking approach can be used only
to find the optimal fuzzy completion time of such project network problems in
which time of each activity is represented by either a triangular fuzzy number
or a trapezoidal fuzzy number. Since, in the problems, chosen in Example 2.4,
Example 3.1 and Example 4.1, time of each activity activity is represented by
either a triangular fuzzy number or a trapezoidal fuzzy number so the optimal
fuzzy project completion time of all these problems can be obtained by these
methods. However, in the problems, chosen in Example 5.1 and Example 5.2,
time of each activity is represented by an LR flat fuzzy number so the optimal
fuzzy project completion time of these problems can not be obtained by these

methods.

The modified Liang and Han method based on modified Farhadinia ranking
approach can be used to find the optimal fuzzy project completion time of
such project network problems in which time of each activity is represented
by such an LR flat fuzzy number for which L(z) = R(x). Since, in the
problems chosen in Example 2.4, Example 3.1, Example 4.1 and Example
5.1, time of each activity is represented by such an LR flat fuzzy number for
which L(z) = R(z) so the optimal fuzzy project completion time of all these
problems can be obtained by the modified Liang and Han method based on
modified Farhadinia ranking approach. However, in the problem, chosen in

Example 5.2, time of each activity is represented by such an LR flat fuzzy
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number for which L(z) # R(z) so the optimal fuzzy project completion time

of this problem can not be obtained by this method.

3. The proposed Mehar’s method based on modified Farhadinia ranking approach
can be used to find the optimal fuzzy project completion time of such project
network problems in which time of each activity is represented by such an LR
flat fuzzy number for which L(x) = R(z) or such an LR flat fuzzy number
for which L(z) # R(z) so the optimal fuzzy project completion time of all the
problems, chosen in Example 2.4, 3.1, 4.1, 5.1, 5.2, can be obtained by this

method.

5.12 Conclusion

On the basis of presented study, it can be concluded that it is better to
use the methods proposed in this chapter as compared to the methods proposed
in previous chapter for finding the optimal fuzzy completion time of such project
network problems in which time of each activity is either represented by a triangular
fuzzy number or a trapezoidal fuzzy number or an LR flat fuzzy number. Also, it
can be concluded that it is better to use the proposed Mehar’s method based on
modified Farhadinia ranking approach as compared to the modified Liang and Han
method based on modified Farhadinia ranking approach to find the optimal fuzzy
completion time of such project network problems in which time of each activity is

represented by an LR flat fuzzy number.






Chapter 6

NEw METHODS BASED ON PROPOSED
MEHAR’S RANKING APPROACH FOR
Finping UNIQUE OptiMAL Fuzzy
ProJject CoMPLETION TIME

In this chapter, it is shown that it is not genuine to apply the modified
Farhadinia ranking approach for finding the maximum and minimum of LR flat
fuzzy numbers and a new ranking approach, named as Mehar’s ranking approach, is
proposed for finding the maximum and minimum of LR flat fuzzy numbers. Also, on
the basis of proposed Mehar’s ranking approach a new method, named as Mehar’s
method based on proposed Mehar’s ranking approach, is proposed to find the unique
optimal fuzzy completion time of such project network problems in which time of
each activity is represented by an LR flat fuzzy number. Also, the modified Liang
and Han method based on modified Farhadinia ranking approach is modified on the

basis of proposed Mehar’s ranking approach.

The contents of this chapter are accepted for publication in South African Journal of Industrial
Engineering.
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6.1 Shortcomings of modified Farhadinia ranking
approach

In Step 1 of the modified Farhadinia ranking approach it is assumed that
if A= (a1, a1, af, aff) g and B = (ag, @3, %, a¥) g are two LR flat fuzzy numbers
such that CM(A) > CM(B) then A = B i.e., the maximum and minimum of LR
flat fuzzy numbers, obtained by using modified Farhadinia ranking approach, is
independent from L(z) and R(z) which is not genuine. e.g., since for LR flat fuzzy
numbers A = (13,14,2, 3) .z and B = (10,12, 3,4) . the condition CM(A) > CM(B)
is satisfying so according to modified Farhadinia ranking approach, proposed in
previous chapter, A = B for all values of L(z) and R(z) i.e, maximum{A, B} = A
and minimum{A, B} = B. Since, maximum{A, B} = A and minimum{A, B} = B
obtained by using modified Farhadinia ranking approach is independent from L(z)
and R(x) so it is not genuine to use modified Farhadinia ranking approach for finding

the maximum and minimum of LR flat fuzzy numbers.

6.2 Proposed Mehar’s ranking approach

In this section, to overcome the shortcomings of modified Farhadinia ranking
approach, a new ranking approach, named as Mehar’s ranking approach, is proposed
for finding maximum and minimum of LR flat fuzzy numbers.

Let A = (a1, a1, af,alt) g and B = (ag, @3, a%,af)r be two LR flat fuzzy

numbers then use the following steps to find maximum{A, B} and minimum{A, B}:
Step 1 Find R(A)= 1 f ardo — fo a)do + fo ardo + fo “Ha)da] and
R(B) = f asdo — f ay L™ (a)da + [, azda + fol a¥ R~ (a)da]

Case (i) If R(A) > R(B) then A = B i,
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maximum{A, B} = A and minimum{A, B} = B
Case (ii) If R(A) < R(B) then A < B ie.,
maximum{A, B} = B and minimum{A, B} = A
Case (iii) If R(A) = R(B) then go to Step 2.
= 1

Step 2 Find mode(A) = 3 [[;

@doz—l—fol aida) and mode(B) = 1 [fol %da—l—fol aydal
Case (i) If mode(A) > mode(B) then A = B iec.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If mode(A) < mode(B) then A < B i.e.,
maximum{A, B} = B and minimum{A, B} = A
Case (iii) If mode(A) = mode(B) then go to Step 3.
Step 3 Find divergence(A) = fol a_ldoH—fOl a{zR’l(a)da—fol ﬂda%—fol al L7 (a)da
and divergence(B) = fol a_gdoz—l—fol agR_l(a)da—fol asda+ [} ay L~ (a)da
Case (i) If divergence(A) > divergence(B) then A = B i.c.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If divergence(A) < divergence(B) then A < B i.c.,
maximum{A, B} = B and minimum{A, B} = A

Case (iii) If divergence(A) = divergence(B) then go to Step 4.
Step 4 Find Left spread(A) = fol aF LY (a)da and Left spread(B) = fol al L7 (a)da
Case (i) If Left spread(g) > Left spread(é) then A = B i.e.,
maximum{A, B} = A and minimum{A, B} = B
Case (ii) If Left spread(A) < Left spread(B) then A < B i.e.,

maximum{A, B} = B and minimum{A4, B} = A
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Case (iii) If Left spread(A) = Left spread(B) then A = B

Remark 6.1: In Step 4 of proposed Mehar’s ranking approach instead of
Left spread(A) = fol aF L= (a)da and Left spread(B) = fol ab L= (a)da the
Right spread(A) = al fo a)do and Right spread(B) = al fo a)da re-

spectively can also be used.
6.2.1 Validity of proposed Mehar’s ranking approach

It is obvious that if A and B are two LR flat fuzzy numbers such that R(A)
> R(B) or R(A) = R(B), mode(A) > mode(B) or R(A) = R(B), mode(A) =
mode(B), divergence(A) > divergence(B) or R(A) = R(B), mode(A) = mode(B),
divergence(A) = divergence(B), Left spread(A) > Left spread(B) then using the
proposed Mehar’s ranking approach, presented in Section 6.2, maximum{ﬁ, E} =
A and minimum{A, B} = B

In this section, it is proved that if A and B are two such LR flat fuzzy numbers
for which all the four conditions of proposed Mehar’s ranking approach are satisfied

then A = B and also it is proved that if Left spread(zz{v) ; Left spread(é) then

Right spread(g) ; Right spread(é).

Proposition 6.1 Let A = (a1, a1, af, afl) g and B = (ag, @3, a¥, a¥)r be two LR

flat fuzzy numbers such that

(i) R(A) =R(B) (ii) mode(A) = mode(B) (iii) divergence(A) = divergence(B)
(iv) Left spread(A) = Left spread(B)
Then, A=B.

Proof. R(A) = R(B)

= 1 [fol a;da — fol al L7 (a)da + fol arda + fol af! R (o)da] = 3 [fol asda



139

— [Lak LY (a)da + [, @da + [} af R (a)da)

= a1 — [y af L7 (@)da + @i + [; af R (@)da = a5 — [} ak L7 (a)da
+az + [} afR7(a)da (6.1)

(ii) mode(A) = mode(B)

= 1 [y mda + [y @ida] = } [, axdo + [ @dal

= a1+a; = az+az (6.2)

(iii) divergence(A) = divergence(B)
= Jy ada + [y af' B~ (a)da — [y arda + [y af L™ (a)da = [ Gada +
fol a R~ (a)da — fol asdo + fol ak L7 (a)da (6.3)
(iv) Left spread(A) = Left spread(B)
= fol al LY (a)da = fol ak L7 (a)da
= af = af (6.4)

On solving (6.1), (6.2) and (6.4)

af = ol (6.5)

On solving (6.3), (6.4) and (6.5)

ar—a =0 — a (6.6)

On solving (6.2) and (6.6)

a1 = ag, a1 = Gz

i.e.,ﬂ:@,a_lza_g,af:aéandaf:agso,A:B.

Proposition 6.2 Let A = (a1, ar, af, aft)p and B = (ag, @3, a¥, a¥) g be two LR
flat fuzzy numbers such that

(i) R(A) = R(B) (ii) mode(A) = mode(B) (iii) divergence(A) = divergence(B)
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Then,
(a) Left spread(A) > Left spread(B) iff Right spread(A) > Right spread(B)
(b) Left spread(g) < Left spread(é) iff Right spread(g) < Right spread(é)

(c) Left spread(A) = Left spread(B) iff Right spread(A) = Right spread(B)

Proof: Since, R(A) = R(B)
mode(A) = mode(B)

divergence(A) = divergence(B)

so from Proposition 6.1,

fo a)da +ay + fo “Ha)do = az — fol ay L™ (ar)dox
+ a; + fol a¥ R~ () da (6.7)
a1+a1—a2+ag (68)

@i+ [, R Y(a)da — ay + [, aF LN (a)da = @ + [, af R (a)do —

as + [i ay L7 (a)da (6.9)
Subtracting (6.8) from (6.7)
af—alt) fol R Y(a)da = (al—al) fol LY a)da (6.10)

(a) Left spread(A) > Left spread(B)

& fol al LY (a)da > fol ak L7 (a)da

—ak fo a)da >0 (6.11)
—al fo a)da >0 (Using equation 6.10)
& al fo a)da > ab fo

& Right sp’r’ead(;f) > Right spread(é)

Similarly, (b) and (c) can be easily proved.
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6.3 Advantages of proposed Mehar’s ranking ap-
proach

Although, both the modified Farhadinia ranking approach and proposed
Mehar’s ranking approach can be used to find the unique optimal fuzzy completion
time of such project network problems in which time of each activity is represented
by an LR flat fuzzy number. But, as discussed in Section 6.1 that the maximum
and minimum of LR flat fuzzy numbers obtained by using the modified Farhadinia
ranking approach is independent from L(z) and R(z) while the maximum and min-
imum of LR flat fuzzy numbers obtained by using the proposed Mehar’s ranking
approach is depending upon L(x) and R(x). So, it is better to use proposed Mehar’s
ranking approach for finding the maximum and minimum of LR flat fuzzy numbers

To show the advantages of proposed Mehar’s ranking approach over modified
Farhadinia ranking approach the maximum and minimum of LR flat fuzzy num-
bers A = (30,37,2,3).r and B = (25,42,4,4.5),r with different values of L(z)
and R(x), obtained by using modified Farhadinia ranking approach and proposed

Mehar’s ranking approach, are shown in Table 6.1

Table 6.1 Maximum and minimum of A and B obtained by using modified Farhadinia ranking approach and proposed Mehar’s
ranking approach

L(z) R(x) Modified Farhadinia ranking approach Proposed Mehar’s ranking approach
Ranking value of gRanking value of Emaximum{g, E} Ranking value of A Ranking value of B maximum{g, E}

max{0,1 — #2}max{0,1 — z*}| CcM(A) =30 cM(B) =25 A R(A) = 34.033 R(B) = 33.96 A
max{0,1 — 22}/ max{0,1 —x}| CM(A) =30 cM(B) = 25 A R(A) = 33.58 R(B) = 33.29 A
max{0,1 — z} jmax{0,1 — z2}| CM(A) = 30 cM(B) =25 A R(A) = 34 R(B) = 34

mode(A) = 33.5 mode(B) = 33.5 B

divergence(A) = 10divergence(B) = 22

max{0,1 — 2*}/ max{0,1 —x}| CM(A) =30 cM(B) =25 A R(A) = 33.45 R(B) = 33.025 A
max{0,1 — '} el cM(A) = 30 cM(B) =25 A R(A) = 34.5 R(B) = 34.75 B

It is obvious from the results, shown in Table 6.1, that the maximum and min-

imum of LR flat fuzzy numbers obtained by using the modified Farhadinia ranking
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approach is depending only upon the values of CM and independent from L(z) and
R(z). While, the maximum and minimum of LR flat fuzzy numbers obtained by

using the proposed Mehar’s ranking approach is depending upon L(z) and R(z).

6.4 Proposed methods based on proposed Mehar’s
ranking approach

Due to the shortcomings of modified Farhadinia ranking approach, it is not
genuine to apply the methods, proposed in Chapter 5, for finding the unique opti-
mal fuzzy completion time of such project network problems in which time of each
activity is represented by an LR flat fuzzy number. In this section, to overcome the
shortcomings of proposed methods based on modified Farhadinia ranking approach
new methods on the basis of proposed Mehar’s ranking approach are proposed to
find the unique optimal fuzzy completion time of such project network problems in
which time of each activity is represented by an LR flat fuzzy number.

6.4.1 Modified Liang and Han method based on proposed
Mehar’s ranking approach

If in the modified Liang and Han method instead of modified Farhadinia
ranking approach proposed Mehar’s ranking approach is used then the shortcomings
of modified Liang and Han method based on modified Farhadinia ranking approach
will be resolved.

6.4.2 Proposed Mehar’s method based on proposed Mehar’s
ranking approach

In this section, to resolve the shortcomings of proposed Mehar’s method based

on modified Farhadinia ranking approach, a new method, based on proposed Mehar’s
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ranking approach, is proposed.
The steps of proposed Mehar’s method based on proposed Mehar’s ranking

approach are as follows:

Step 1 Formulate the chosen fuzzy project network problem into the fuzzy linear

programming problem (Fg1):

Maximize ) (i] Tij)

(3,5)€A
subject to \
1 ,1=1
P o B e
ji:(ij)EA j:(4,i)€A 0 i€ N—{l,n} (Ps.1)

where, A: set of all activities (4, j),

ﬂ-j: the fuzzy time duration of the activity (i, j),
N: the set of nodes,

n: the destination node,

1: the source node,

x;;: the decision variable denoting the amount of flow in the activity (i, j).

Step 2 Suppose the fuzzy linear programming problem (Fg 1) have h feasible solu-
tions and {z}}} is the w'™ feasible solution then the aim is to find the feasible solution
with the largest objective value i.e., the goal is to find maximum{ > (aj xfj)}
lswsh (i.j)EA
In proposed Mehar’s ranking approach it is assumed that if
maximum{ S (R(t) x%)} is S (R(ty) ;;) then maximum{ S (t x;‘]’)}
1sw<h (ij)EA (i,j)EA l=w=h (i.j)EA

will also be (';A(Ej z;;), where, R(a;) = %(%,a_ij, afj,af;)LR = % [f()l%doz —
1,7)€E

fol aj L7 (a)do + fol a;;do + fol afR™'(a)da] i.e., by using proposed Mehar’s rank-

ing approach the optimal solution of the fuzzy linear programming problem (P ;)
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can be obtained by solving the crisp linear programming problem (Fgs):

Maximize Y. (R(t;;) z4j)

(i,5)€A
subject to
1 ,1=1 )
> my— Y wp=4 -1 yi=mn
§:(i,5) €A J:(g)eA 0 ,ie N—{1,n} (Ps.2)

Step 3 Solve the crisp linear programming problem (Fg2) to find the optimal solu-

tion {‘TU}

Step 4 Use the optimal solution {z;;}, obtained in Step 3, to find the critical path
and also put the obtained optimal values of z;; in > (#;; ;;) to find the optimal
(i,5)€A

fuzzy completion time of the project.

Case (i): If a unique critical path and hence a unique fuzzy number, represent-
ing the optimal fuzzy project completion time, is obtained then the obtained fuzzy
project completion time is the optimal fuzzy completion time of the project and the

obtained critical path is the only critical path of the project.

Case (ii): If more than one critical paths are obtained then go to Step 5.

Step 5 Check that the LR flat fuzzy numbers, representing the optimal fuzzy project

completion time, corresponding to all the critical paths are same or not.

Case (i): If a unique LR flat fuzzy number, representing the optimal fuzzy project
completion time, is obtained then all the critical paths, obtained in Step 4, corre-
sponding to which the obtained LR flat fuzzy number is obtained, are critical paths

of the project and the obtained LR flat fuzzy number will represent the optimal
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fuzzy completion time of the project.

Case (ii): If more than one LR flat fuzzy numbers, representing the optimal fuzzy

completion time of the project, are obtained then go to Step 6.

Step 6 Let using the previous steps p different LR flat fuzzy numbers ﬁ, fg, o
fp, representing the optimal fuzzy project completion time, be obtained i.e., fl #*

Ty # .. # YN’p but R(T1) = R(Ty) = ... = R(T}) = uy (say). Then, find the optimal

solution of the following crisp linear programming problem:

Maximize Y. (mode(%,a_ij,afj,ag)LR Tij)

(3,5)€A
subject to
)
Y (R(aij, ag, afj,aﬁ)LR Tij) = U,
(i,5)€A _

1 ,i=1

Yooxy— >, xip=1 —1 ,i=n

sidea | jGaea , (Fo.3)

0 ,i1€N—{1,n}

Case (i): If by putting the obtained optimal values of z;; in ((; A((%, ij, a5, alf) LR
2,7)€

x;;)) a unique LR flat fuzzy number, representing the optimal fuzzy project com-

pletion time, is obtained then the obtained LR flat fuzzy number will represent the

optimal fuzzy completion time of the project and all the critical paths can be ob-

tained by using the obtained optimal values of z;;.
Case (ii): If more than one LR flat fuzzy numbers, representing the optimal fuzzy

completion time of the project, are obtained then go to Step 7.

Step 7 Let using the previous steps [ LR flat fuzzy numbers 7:1/, 7:2/, o 7:;/, where,

[ < p, representing the fuzzy project completion time, be obtained i.e., f{ #+ fz/ #*
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o F i/ but %(ﬂ) = 8%(?2’) =.. = %(Tvl’) = u; and mode(fl’) = mOde(fQ’) =.. =
mode(fl’ ) = ug (say). Then, find the optimal solution of the following crisp linear

programming problem:

Maximize Y. (divergence(a;j, @i, ak,al)1r i;)

170 1)
(1,5)€A
subject to
— L R )
> (%(aijyaijaaijvaij)LR i) = u,
(i,j)eA  —
> (mode(aij, a5;, af, aff)Lr i) = us,
(i,)€A T
1 =1
‘ (Fo.4)
Z Lij Z L ji -1 L=
j:(i,j)EA j:(4,1)€EA
I 7 0 7i€N_{17n}
Tij > 0V (%]) € A )
Case (i): If by putting the obtained optimal values of z;; in ( 3 ((ay, a3, afj, af})rr

(3,5)EA

z;;)) a unique LR flat fuzzy number, representing the optimal fuzzy project com-
pletion time, is obtained then the obtained LR flat fuzzy number will represent the
optimal fuzzy completion time of the project and all the critical paths can be ob-
tained by using the obtained optimal values of z;;.

Case (ii): If more than one LR flat fuzzy numbers, representing the optimal fuzzy

completion time of the project, are obtained then go to Step 8.

Step 8 Let using the previous steps k LR flat fuzzy numbers T}, Ty , ..., T}, where k

< [, representing the optimal fuzzy project completion time, be obtained i.e., ’_ZT” #*

TY % .. # T/ but R(TY) = R(TY) = ... = R(T!) = uy, mode(TY") = mode(TY) = ...
= mode(ﬁ?) = uy and divergence(ﬁ) = dz’vergence(f;”) =..= divergence(]f:,?) =

us (say). Then, find the optimal solution of the following crisp linear programming
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problem:

Maximize »_ (Left spread(ai;,ai;, al, al) LR Tij)

(i,j)€eA
subject to
)
(Z):AOR(%’ &_ija ai[j‘aaf})LR mij) = Uy,
1,))€
( ZA(mode(%, Qij, aiLj,af})LR Tij) = Ug,
ij)€e
( ;A(divergence(%, [ aiLj, af})LR T;j) = us,
ij)€e
1 ,i=1 (Ps.s)
((2,9)€ :(J2)e
T o 0 i€ N—{l,n}

Vs

Now, putting the obtained optimal values of z;; in ( > ((aij, @ij, @
(Gj)ea

iLJw af})LR %))
a unique LR flat fuzzy number, representing the optimal fuzzy project completion
time, will be obtained and the critical paths can be obtained by using the obtained

optimal values of x;;.

6.5 Illustrative example

To illustrate the proposed Mehar’s method based on proposed Mehar’s ranking
approach and modified Liang and Han method based on proposed Mehar’s ranking
approach the project network problem, chosen in Example 6.1, is solved by both the

methods.

Example 6.1 A contractor divides the whole work for constructing a house into
different activities. The activities and its time duration, represented by LR flat
numbers with L(z) = maximum{0,1 — z} and R(z) = maximum{0,1 — z?}, are

shown in Table 6.2 and the network, connecting the different activities, is shown in
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Figure 6.1. Find the optimal fuzzy completion time to construct the house.

Table 6.2 Fuzzy normal time for each activity

Activity Description Fuzzy time duration (Z;;) (days)
(1, 2) Build foundation (7,7.1,0.2,2) R
(2,3) | Build walls and ceilings (10,10.2,0.5,2.5)
(3, 5) Build roofs (4,7.7,1,2.5) R
(3, 6) Do electrical wiring (9,9.7,5.3,6) LR
(3, 4) Put in windows (2,3,1.5,2) 1R
(4, 5) Put on siding (3,3.7,1.5,2) g
(5, 6) Paint house (3,4,0.3,0.5)Lr

(9.9.7.5.3,6)

(7,7.10.2,2) (1010.2,0.5,2.5),, (3,4,0.3,0.5)

1 N 5 ) (477125),

N
(231.5,2) 5

Figure 6.1 Project network of the illustrated example

(33.7152),,

6.6 Optimal fuzzy completion time of the chosen
problem

In this section, the project network problem, chosen in Example 6.1, is solved

by both the methods.

6.6.1 Optimal fuzzy completion time of the chosen problem
by using proposed Mehar’s method based on proposed
Mehar’s ranking approach

Using the proposed Mehar’s method based on proposed Mehar’s ranking ap-

proach the optimal fuzzy completion time of the project, chosen in Example 6.1,
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can be obtained as follows:

Step 1 Using Step 1 of proposed Mehar’s method based on proposed Mehar’s rank-
ing approach the project network problem, chosen in Example 6.1, can be formulated
as follows:

Maximize ((7,7.1,0.2,2) g 12 & (10,10.2,0.5,2.5)r 23 & (2,3,1.5,2)r T34 D

(4, 77, 1, 2-5)LR T35 D (9, 97, 53, 6)LR T35 D (3, 37, 15, 2>LR Ty45 D (3, 4, 03, 0'5)LR

1‘56)
subject to
T2 = 1, T2 — Tag = 0, Toz — T34 — T35 — T3 = 0, T34 — Tg5 = 0,

T35 + Tas — Tse = 0, Tze + Ts6 = 1,

T12, Ta3, T34, T35, T36, Td5, T56 = 0

Step 2 Using Step 2 of proposed Mehar’s method based on proposed Mehar’s rank-
ing approach, the fuzzy linear programming problem obtained in Step 1 can be
converted into the following crisp linear programming problem:

Maximize (%(7,7.1,0.2,2) g 212 + $(10,10.2,0.5,2.5) g 223 + R(2,3,1.5,2) g T34
+R(4,7.7,1,2.5) g w35 + $(9,9.7,5.3,6) Lr 36 + R(3,3.7,1.5,2) L g x45 + R(3,4,0.3,
0.5)Lr T56)

subject to

T2 = 1, Tig — Xo3 =0,  Tog — T3a — T35 — X36 =0, T4 — T4 =0,

T35 + Tas — Tse = 0, T36 + Ts6 = 1,

T12, To3, T34, T35, T36, La5, To6 = 0

i.e., Maximize (? T1o + %907 Tog + % T34 + % T35 + % T3¢ + %g Tys + % T56)
subject to

T2 = 1, T2 — Tog = 0, To3 — X3y — T35 — T36 = 0, T34 — Ta5 = 0,
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T35 + Ta5 — Tse = 0, T36 + Tse = 1,
T12, Ta3, T4, T35, T36, Td5, Ts6 = 0
Step 3 On solving crisp linear programming problem, obtained in Step 2, the fol-
lowing three optimal solutions are obtained:
(i) @12 =93 =236 = 1 and 234 = T35 = Tu5 = T56 = 0
(ii) Tig = Tz = T34 = Ty = Tz = 1 and x35 = w36 = 0
(ill) @12 = @o3 = w35 = 56 = 1 and w34 = 236 = 145 = 0
Step 4 Using the optimal values of z;;, obtained from Step 3, the following three
critical paths are obtained :
i)l=2=3=6
ii)l=2=3=4=5=6
ii)l=2=3=5=6

Putting the optimal values of z;;, obtained from Step 3, in ((7,7.1,0.2,2) g 12
@ (10,10.2,0.5,2.5) g x23 B (2,3,1.5,2) g w34 & (4,7.7,1,2.5) g x35 B (9,9.7,5.3,6) Lk
236 @ (3,3.7,1.5,2)r 245 ® (3,4,0.3,0.5)Lr x56), the optimal fuzzy project com-
pletion times corresponding to paths 1 = 2 =3=6,1=2=3=4=5=0
and 1 = 2= 3 =5 = 6 are (26,27,6,10.5) g, (25,28,4,9).r and (24,29,2,7.5)r
respectively.

Since, more than one critical paths are obtained i.e., Case (ii) of Step 4 of
proposed Mehar’s method based on proposed Mehar’s ranking approach is satisfied,
so go to Step b of proposed Mehar’s method based on proposed Mehar’s ranking

approach.

Step 5 Since, the fuzzy numbers (26, 27,6, 10.5) g, (25,28,4,9) g and (24,29,2,7.5) g,

representing the optimal fuzzy completion time of the project, are different i.e., Case



151

(ii) of Step 5 of proposed Mehar’s method based on proposed Mehar’s ranking ap-
proach is satisfied, so go to Step 6 of proposed Mehar’s method based on proposed
Mehar’s ranking approach.

Step 6 Since, u; = R(26,27,6,10.5),r = R(25,28,4,9)r = RN(24,29,2,7.5)Lr =
%. So, using Step 6 of the proposed Mehar’s method based on proposed Mehar’s
ranking approach there is need to find the optimal solution of the following crisp
linear programming problem:

Maximize (mode(7,7.1,0.2,2) g x12 + mode(10,10.2,0.5,2.5) L g T23 + mode(2, 3, 1.5,
2)pr 34 + mode(4,7.7,1,2.5) g w35 + mode(9,9.7,5.3,6)Lr T3¢ + mode(3,3.7,1.5,
2)Lr T45 + mode(3,4,0.3,0.5) L T56)

subject to

%(7, 71, 02, 2)LR T2 + %(10, 102, 05, 2‘5>LR To3 + §R(2, 3, 15, 2)LR T3q + %(4, 77,

1, 2~5)LR T35 + 8%(9, 97, 53, 6)LR T3g + %(3, 37, 15, 2)LR Ty5 + %(3, 4, 03, 0-5)LR T56

57
2

r12 = 1, T1p — x23 = 0, Toz — T34 — T35 — 36 = 0, T34 — T35 = 0,
T35 + Ta5 — Tz = 0, T36 + T56 = 1,
T12, T23, T34, T35, T36, Td5, T56 = 0
On solving the crisp linear programming the following three optimal solutions
are obtained:
(1) 212 =293 =36 = 1 and 234 = T35 = 145 = Ts6 = 0
(ii) @12 = @o3 = T34 = Tys = 56 = 1 and 235 = v36 = 0
(ili) @12 = @93 = w35 = w56 = 1 and w34 = 236 = 245 = 0
Putting the obtained optimal values of z;; in ((7,7.1,0.2,2) g 12 @ (10,10.2,

0~572-5)LR Tog D (27371-572)LR T3q D (4, 7.7,1,2.5)LR T35 D (9,9.7,5.3,6)LR 36
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@ (3,3.7,1.5,2) g w45 D (3,4,0.3,0.5)Lr T56), the obtained optimal fuzzy project
completion times are (26,27,6,10.5).r, (25,28,4,9).r and (24,29,2,7.5) z. Since
(26,27,6,10.5)Lr # (25,28,4,9)r # (24,29,2,7.5) r i.e., Case (ii) of Step 6 of
proposed Mehar’s method based on proposed Mehar’s ranking approach is satisfied,
so go to Step 7 of proposed Mehar’s method based on proposed Mehar’s ranking
approach.

Step 7 Since, us = mode(26,27,6,10.5) .z = mode(25,28,4,9)r = mode(24,29, 2,
7.5)Lr = % So, using Step 7 of the proposed Mehar’s method based on proposed
Mehar’s ranking approach there is need to find the optimal solution of the following
crisp linear programming problem:

Maximize (divergence(7,7.1,0.2,2)pr 212 + divergence(10,10.2,0.5,2.5) g @23 +
divergence(2,3,1.5,2) g 34 + divergence(4,7.7,1,2.5) g x35 + divergence(9,9.7,5.3,
6)Lr T36 + divergence(3,3.7,1.5,2) g 45 + divergence(3,4,0.3,0.5)Lr T56)
subject to

R(7,7.1,0.2,2) 1 T1o + R(10,10.2,0.5,2.5) 1 g 223 + R(2, 3, 1.5, 2) 1.1 234 + R(4, 7.7, 1,

2.5)LR{L‘35 + %(9,97,53, 6)LR T3¢ + 3%(3,37, 1-572)LR Ty45 + %(3,4,0.3,0.5)LR Tr6

=2
mode(7,7.1,0.2,2)r x12 + mode(10,10.2,0.5,2.5),r x23 + mode(2,3,1.5,2) g T34
+ mode(4,7.7,1,2.5) g x35 + mode(9,9.7,5.3,6)Lr T35 + mode(3,3.7,1.5,2) g T45
+ mode(3,4,0.3,0.5) g x56 = %2,

T2 =1,  x12 — w3 =0, T3 — Tzq — Tgs — T3 = 0, T34 — Ty5 = 0,

T35 + Ta5 — Tse = 0, T36 + Tse = 1,

T12, T23, T34, T35, T36, Ta5, 56 > 0

On solving the crisp linear programming the following three optimal solutions
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are obtained:
(i) @12 =wo3 =236 = 1 and 234 = T35 = Tu5 = T56 = 0
(i) 219 = X953 = T34 = T45 = T56 = 1 and 35 = 236 = 0
(ill) @12 = @o3 = w35 = 56 = 1 and x34 = 236 = 145 = 0

Putting the obtained optimal values of z;; in ((7,7.1,0.2,2) g 12 & (10, 10.2,0.5,
25)Lr Toz @ (2,3,1.5,2)1p 234 @ (4,7.7,1,2.5)1r 235 © (9,9.7,5.3,6)r T35 D
(3,3.7,1.5,2),r w45 @ (3,4,0.3,0.5)Lr z56), the obtained optimal fuzzy project
completion times are (26,27,6,10.5).r, (25,28,4,9).r and (24,29,2,7.5) . Since
(26,27,6,10.5)r # (25,28,4,9)r # (24,29,2,7.5) 5 i.e., Case (ii) of Step 7 of
proposed Mehar’s method based on proposed Mehar’s ranking approach is satisfied,
so go to Step 8 of proposed Mehar’s method based on proposed Mehar’s ranking
approach.
Step 8 Since, ug = divergence(26,27,6,10.5),r = divergence(25,28,4,9) g =
divergence(24,29,2,7.5)r = 11. So, using Step 8 of the proposed Mehar’s method
based on proposed Mehar’s ranking approach there is need to find the optimal so-
lution of the following crisp linear programming problem:
Maximize (Left spread(7,7.1,0.2,2) g 12 + Left spread(10,10.2,0.5,2.5) g T23 +
Left spread(2,3,1.5,2) g w34 + Left spread(4,7.7,1,2.5) g x35 + Left spread(9,9.7,
5.3,6)rr 36 + Left spread(3,3.7,1.5,2) L w45 + Left spread(3,4,0.3,0.5)Lr %56)
subject to
R(7,7.1,0.2,2) 1 T1o + R(10,10.2,0.5,2.5) 1 g 223 + R(2,3, 1.5, 2) g 234 + R(4,7.7, 1,

2.5) 1k T35 + R(9,9.7,5.3,6) 1k 236 + R(3,3.7,1.5,2)Lr 745 + R(3,4,0.3,0.5)1r 356

mode(7,7.1,0.2,2) g 12 + mode(10,10.2,0.5,2.5) g x93 + mode(2,3,1.5,2) g X34
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+ mode(4,7.7,1,2.5) g x35 + mode(9,9.7,5.3,6) g T35 + mode(3,3.7,1.5,2)Lr 45
+ mode(3,4,0.3,0.5) g x56 = %2,

divergence(7,7.1,0.2,2) g 212 + divergence(10,10.2,0.5,2.5) L g 223 + divergence(2,
3,1.5,2) g x34 + divergence(4,7.7,1,2.5) g x35 + divergence(9,9.7,5.3,6) g T3¢ +
divergence(3,3.7,1.5,2) g x45 + divergence(3,4,0.3,0.5) g T56 = 11,

T2 = 1, x12 — w23 = 0, To3 — T3g4 — T35 — X36 = 0, T34 — X5 = 0,

T35 + Ta5 — Ts6 = 0, T36 + Ts6 = 1,

T12, Ta3, T4, T35, T36, Td5, Ts6 > 0

On solving the crisp linear programming the following optimal solution is ob-
tained:

T1g = To3 = 36 = 1 and w34 = T35 = 745 = T56 = 0.

Putting the obtained optimal values of x;; in ((5,13, 2, 2) g 212 @ (10, 10.2, 0.5,
2.5)1r Tos ® (2,3,1.5,2)1r ¥ ® (4,7.7,1,2.5) 1k 235 @ (9,9.7,5.3,6) 1 T35 O
(3,3.7,1.5,2) g x45 ® (3,4,0.3,0.5) g x56) a unique LR flat fuzzy number (26, 27, 6,
10.5) 1 g, representing the optimal fuzzy project completion time, is obtained and us-

ing the same values of z;; the obtained critical path is 1 = 2 = 3 = 6.

6.6.2 Optimal fuzzy completion time of the chosen problem
by using the modified Liang and Han method based
on proposed Mehar’s ranking approach

In the previous chapter it is pointed out that proposed Mehar’s subtraction
is not defined for such LR flat fuzzy numbers for which L(z) # R(x). Since, in the
chosen project network problem the time of each activity is represented by such an

LR flat fuzzy number for which L(z) # R(x), so this problem can not be solved

by using the modified Liang and Han method based on proposed Mehar’s ranking



approach.

6.7 Comparative study

1

95

The results of fuzzy project network problems, chosen in Example 2.4, Ex-

ample 3.1, Example 4.1, Example 5.1, Example 5.2 and Example 6.1, obtained by

using the methods, proposed in previous chapters and the methods proposed in this

chapter, are shown in Table 6.3

Table 6.3 Results of chosen problems obtained using the methods proposed in Chapter 4 and methods proposed in this chapter

Proposed Mehar’s method Modified Liang and Han Modified Liang and Han Proposed Mehar’s method
based on proposed extension method based on proposed method based on proposed based on proposed
Example| of Kaufmann and Gupta extension of Kaufmann and Mehar’s ranking approach Mehar’s ranking approach
ranking approach Gupta ranking approach
Critical Optimal fuzzy Critical Optimal fuzzy Critical Optimal fuzzy Critical Optimal fuzzy
path [project completion) path project completion| path project completion| path [project completion|
time time time time
24 [l =2=3=4 (14,25,39) [l =>2=3=4 (14,25,39) [1=2=3=4  (14,25,39) |l =2 =3 =4 (14,25,39)
3.1 1=>2=4 (14, 23, 32) 1=>2=4 (14, 23, 32) 1=>2=4 (14, 23, 32) 1=>2=4 (14, 23, 32)
41 [1=2=3=4 (6,12,16,22) [l =2 =3 =4 (6,12,16,22) [l =2 =3 =4 (6,12,16,22) |1l =2 =3 = 4| (6,12, 16,22)
5.1 Not applicable | Not applicable | Not applicable | Not applicable [l = 2 = 3 = 4| (18,23,4,3)Lg (1 = 2 = 3 = 4| (18,23,4,3)L R
5.2 Not applicable | Not applicable | Not applicable | Not applicable |Not applicable| Not applicable 1=2=3=| (25,32,4,5)Lr
4=7=238
6.1 Not applicable | Not applicable |Not applicable| Not applicable | Not applicable| Not applicable |1 = 2 = 3 = 6/(26,27,6,10.5)r
The results, presented in Table 6.3, can be explained as follows:
1. The proposed Mehar’s method based on proposed extension of Kaufmann and

Gupta ranking approach and modified Liang and Han method based on pro-

posed extension of Kaufmann and Gupta ranking approach can be used only

to find the optimal fuzzy completion time of such project network problems in

which time of each activity is represented by either a triangular fuzzy number

or a trapezoidal fuzzy number. Since, in the problems, chosen in Example

2.4, Example 3.1 and Example 4.1, time of each activity is represented by

either a triangular fuzzy number or a trapezoidal fuzzy number so the optimal

fuzzy project completion time of all these problems can be obtained by these
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methods. However, in the problems, chosen in Example 5.1, Example 5.2 and
Example 6.1, time of each activity is represented by an LR flat fuzzy number
so the optimal fuzzy project completion time of these problems can not be

obtained by these methods.

The modified Liang and Han method based on proposed Mehar’s ranking
approach can be used to find the optimal fuzzy project completion time of
such project network problems in which time of each activity is represented
by such an LR flat fuzzy number for which L(xz) = R(z). Since, in the
problems chosen in Example 2.4, Example 3.1, Example 4.1 and Example
5.1, time of each activity is represented by such an LR flat fuzzy number for
which L(z) = R(x) so the optimal fuzzy project completion time of all these
problems can be obtained by this method. However, in the problems, chosen
in Example 5.2 and Example 6.1, time of each activity is represented by such
an LR flat fuzzy number for which L(z) # R(x) so the optimal fuzzy project

completion time of these problems can not be obtained by this method.

The proposed Mehar’s method based on proposed Mehar’s ranking approach
can be used to find the optimal fuzzy project completion time of such project
network problems in which time of each activity is represented by such an LR
flat fuzzy number for which L(x) = R(z) or such an LR flat fuzzy number
for which L(z) # R(z) so the optimal fuzzy project completion time of all the
problems, chosen in Example 2.4, Example 3.1, Example 4.1, Example 5.1,

Example 5.2 and Example 6.1, can be obtained by this method.
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6.8 Conclusions

On the basis of the presented study, it can be concluded that it is better to use
the methods proposed in this chapter as compared to the existing methods and the
methods proposed in previous chapters to find the optimal fuzzy completion time of
such project network problems in which time of each activity is represented by an
LR flat fuzzy number. Also, it can be concluded that it is better to use the proposed
Mehar’s method based on proposed Mehar’s ranking approach as compared to the
modified Liang and Han method based on proposed Mehar’s ranking approach to
find the optimal fuzzy completion time of such project network problems in which

time of each activity is represented by an LR flat fuzzy number.






Chapter 7

A NeEw METHOD For FINDING THE
UnNIQUE OprPTiMAL Fuzzy CRASHING
CosT CORRESPONDING TO SPECIFIC
Fuzzy Project COMPLETION TIME

In many situations, there is need to complete the project in a fuzzy time
which is less than the optimal initial fuzzy project completion time. To handle such
situations, Chen and Tsai [30] proposed a method for finding the minimum fuzzy
crashing cost (additional fuzzy cost) for completing the project within specific fuzzy
time which is less than the optimal initial fuzzy project completion time. In this
chapter, the shortcomings of this method are pointed out and to overcome these
shortcomings a new method, named as JM D (JAI MATA (MEHAR) DI) method,
is proposed. The advantages of the proposed method over the existing method [30]
is discussed. Also, a new representation of LR flat fuzzy numbers, named as JM D
representation of LR flat fuzzy numbers, is proposed and shown that it is better to
represent the parameters of any fuzzy linear programming problem by JM D LR flat

fuzzy numbers as compared to the existing representation of LR flat fuzzy numbers.

The contents of this chapter are communicated for publication in Neural Computing and
Applications.

159
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7.1 Chen and Tsai method

Chen and Tsai [30] proposed the following method for finding the minimum
fuzzy crashing cost (7:\5), for completing the project within specific fuzzy time

(155% ) which is less than the optimal initial fuzzy project completion time (ﬁ/n)

Step 1 Check that (CT;;)Y_, < (NT;): oV (i,j) € Aand Y, (CTSP)Y_, <

1] a=0
(i,j)€A

(PCTYL,,
where, A is the set of activities (1, j),
(CT;;)Y_, is the upper bound of the a-cut of fuzzy crash time é\sz of the activity

(i,7) corresponding to o = 0,

P

(NT;;)E_, is the lower bound of the a-cut of fuzzy normal time N'T}; of the activity

a=0
(1,7) corresponding to o = 0,

(C’Tgp )Y_, is the upper bound of the a-cut of fuzzy crash time of the activity (i, j)
on the critical path corresponding to o = 0,

(PCT)E_, is the lower bound of the a-cut of specified fuzzy project completion time

PCT corresponding to a = 0.

Case (i) If (CT}j)g=0 < (NTij)s=p V (i,4) € Aand - (CTF")5- < (PCT)¢

a=0
(i.4)eA

then the chosen problem is feasible and go to Step 2.
Case (ii) If there exist atleast one activity (i, j) such that (CT};)V_, > (NT;;)L_,

or Y (CTSP)|_y > (PCT)._, then the chosen problem is infeasible.
(1,j)€A
Step 2 Formulate the chosen problem into fuzzy linear programming problem (P ; ):
Minimize S (C; ® (NTj — 2y))
(i,j)€A

subject to
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Tij > @,
Lij < NTz'j, (P7.1)
T, < PCT,
T+ xi —T; <0,
T2 >0,1=1,2,...n,j=1,2,..,n, (i,j) € A
where,

T;: Earliest time for the node 7,

T;: Earliest time for the node j,

5T:j: Fuzzy crash time of the activity (3, j),

]Tfi-/j: Fuzzy normal time of the activity (3, j),

CA',-;: Incremental direct cost per unit decrease in the activity time,

POT: Specified fuzzy project completion time,

x;;: Time for the activity (¢, j).

Step 3 Since the term ) (CA'; ® Ni/]) is a non variable constant, so the
(i,5)€A

minimization of objective function of the problem (P;;) is equivalent to Maximize

> (sz x;;) i.e., the fuzzy optimal value of the fuzzy linear programming problem
(i,j)€A

(P71) can be obtained by subtracting the fuzzy optimal value of fuzzy linear pro-

gramming problem (P;3) from > (sz ® N\T;)
(1,7)€A

Maximize ) (C/i; Tij)
(i,5)€A

subject to (Pr2)

Constraints of (P71)

Step 4 Solve the problem (Pr3) to find the lower bound of the a-cut of optimal
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values of x;; and ) (a; z;;) corresponding to some values of a € [0, 1].

(i,5)eA
( . .
Maximize > (cijmij)
(i,5)eA
subject to
Tij 2> Clij,
Minimize
(Ci)&<ci;<(Cij)d Tij < Ny, (Prs)
Y U
(NT”)aSntz]S(NTz])a E + ‘/L‘l‘] J— T] < 07
(CTyj)&<etii <(CTiy)8 o
(PCT)§<pet<(PCT){ T, < pct,
ctij<nt;; . . ..
> ctg-PSpct V(i,j)eA 7}71.2] > 072 = 17 27 Ty )= 1727 ey T (27]) €A
(i,J)€EA

Step 5 Solve the problem (Pr4) to find the upper bound of the a-cut of optimal

values of z;; and ) (CA';] z;;) corresponding to same values of o € [0, 1] for which
(1,5)€A

the lower bounds are calculated in Step 4.

(
Maximize > (cijmij)
(i.5)€A
subject to
Tij 2> Clij,
Maximize < nt P
(Ci)&<ei;<(Ciy)d Tig = Mhij (Pra)
-\ L . - \U
(Nle)aSntzJS(NTl])a E _|_ xz] — 7—"] S 0’
(CTyj)E<cti; <(CTij)d
(PCT)E<pet<(PCT)Y T, < pct,
ctij<nt;; . . ..
S alP<pet Viijea | Tj,z;>0,i=1,2,...,n, j=1,2,..,n,(i,7) € A

(i7)€A
Step 6 Put the lower and upper bounds of the a-cut of fuzzy optimal value of

S (Cy; xy), say ZE and ZY, obtained from Step 4 and Step 5, in (TC)L =
(i.5)eA

> ((Cy)a (NTy)§) — 23 and (TC)T = 3= ((Cyy) (NTy)y) — Zg respectively
(i,5)eA (i,5)€A
to find the lower and upper bounds of the a-cut of minimum fuzzy crashing cost

TC.

Step 7 Use the values of lower and upper bounds of the a-cut of fuzzy optimal
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values of z;;, obtained from Step 4 and Step 5, to obtain the optimal fuzzy time z;;

of the activity (i, 7).

Step 8 Use the values of (TC)EL and (T'C)Y, obtained from Step 6, to obtain the

e

minimum fuzzy crashing cost TC.
7.2 Shortcomings of Chen and Tsai method

It is not genuine to apply the existing method [30] due to the following reasons:

1. To point out one of the shortcomings of the existing method [30], the graphical
representation of a-cut of an LR fuzzy number is shown in Figure 7.1 and the

results of an existing problem [30, Example 1, pp. 393] are shown in Table 7.1.

Al Al A=Al AL A

* a=1"

Figure 7.1 Lower and upper bounds of « - cut of an LR fuzzy number Z
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Table 7.1 The lower and upper bounds of the optimal fuzzy
activity time of the existing problem [30]

* * *

o Lij Tiy | X3 | @o5 | X5y | T3y | X5 | TEg
1.0 | Upper | 6 12 14 6 2 6 8
Lower 6 12 14 6 2 6 8
0.9 | Upper | 5.8 | 12.1 | 146 | 6.2 | 2.5 | 5.8 | 7.8
Lower 6 11.8 | 14 | 59 | 2.1 | 6.1 8
0.8 | Upper | 5.6 | 12.2 | 15.2 | 6.4 3 56 | 7.6
Lower 6 11.6 14 5.8 | 2.2 | 6.2 8
0.7 | Upper | 5.4 | 123 | 158 | 6.6 | 3.5 | 54 | 74
Lower 6 114 | 14 | 57|23 | 6.3 8
0.6 | Upper | 5.2 | 124 | 164 | 6.8 4 5.2 | 7.2
Lower 6 11.2 | 14 | 56 | 24 | 6.4 8
0.5 | Upper | 5 12.5 | 17 7 | 4.5 5 7
Lower 6 11 14 | 55| 25 | 6.5 8
0.4 | Upper | 4.8 | 126 | 176 | 7.2 | 4.6 | 5.2 | 6.8
Lower 6 10.8 14 54 | 2.6 | 6.6 8
0.3 | Upper | 4.6 | 12.7 | 182 | 7.4 | 4.7 | 5.4 | 6.6
Lower 6 106 | 14 | 5.3 | 2.7 | 6.7 8
0.2 | Upper | 44 | 12.8 | 188 | 7.6 | 48 | 5.6 | 6.4
Lower 6 104 | 14 | 52 | 28 | 6.8 8
0.1 | Upper | 4.7 | 129 | 189 | 7.8 | 4.9 | 5.8 | 6.2
Lower 6 102 | 14 | 51|29 | 6.9 8
0 | Upper 5 13 19 8 5 6 6
Lower 6 10 14 5 3 7 8

It is obvious from the graphical representation of the a-cuts of an LR
fuzzy number A, shown in Figure 7.1, that if AL, AV and AL, AU are the
lower and upper bounds of the a-cut of an LR fuzzy number A corresponding
to two different values of «, say «; and as respectively then the following
conditions should always be satisfied:

(i) AL < AY Voy €]0,1]
(i) AL, < ATV ay € [0, 1]
(iti) AL < AL and A > AY VO<oy <ay <1

(iv) Ay < Agoy = Ado S ATV a €0,

However, it can be easily seen from the existing results, shown in Table

7.1, that
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(i) For the lower and upper bounds of an a-cut of xis, 245 and 56, the
condition AL < AUV a=10,0.1,0.2,...,0.9 is not satisfying.
(ii) For the lower bounds of a-cut of x34 and z45, the condition Ag . < A£2 i

0 < a1 < as <1 is not satisfying.

(iii) For the upper bounds of a-cut of 56, the condition AY > AY V0 < oy

< ap <1 is not satisfying.

(iv) For the lower bounds of a-cut of x34 and z45, the condition ALY < AL |V
a € [0, 1] and for the upper bounds of a-cut of z45 and x5, the condition

AY_ < AUV «a € [0,1] is not satisfying.

So, by using the lower and upper bounds of a-cut of x19, x34, 245 and x5,
obtained by using the existing method [30], LR fuzzy numbers, representing

the optimal fuzzy activity times x12, 234, x45 and x56, can not be obtained.

. If A is any real number then the values of lower bound and upper bound of
the a-cut of A will also be A for all values of o € [0, 1]. But, it can be easily
seen from the existing results, shown in Table 7.1, that the values of lower and
upper bound of the a-cut of z;; are not same i.e., z;; should be represented by
a fuzzy number. Similarly, the parameters 7} should also be represented by
fuzzy numbers. While, it can be easily seen that in the existing formulation
(P;1), used by Chen and Tsai [30] for finding the minimum fuzzy crashing
cost for completing the project within specific fuzzy time, these parameters

are represented by crisp numbers which is not genuine.

. Chen and Tsai [30] have pointed out that since in fuzzy linear programming

problem (Pr;) the quantity > (sz ® N\ZZ) is a constant so the fuzzy
(1,5)€A
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optimal value of fuzzy linear programming problem (P; ;) can be obtained by

subtracting the fuzzy optimal value of the fuzzy linear programming prob-

lem (Pry) ie., > (CA'Z/] ® ;) from ) (C/Z ® NE) i.e., Chen and

(1,5)€A (1,5)€A
Tsai [30] have assumed that ) (C;; ® (NT;; © x;;)) can be written as
(1,5)€A
> (CA‘; ® ]Vi/]) e Y, (CA’; ® x;;). Since, ;; is a fuzzy number and
(i,5)€A (i,5)eA

in the literature [43] it is pointed out that for fuzzy numbers A, B and C the

distributive property A (E oC ) = A® BoA ® Cisnot necessarily sat-

isfied. So, Y (Cy ® (NTyemy) # Y (Cy ® NT)e X (Cy © )
(1,5)€A (1,5)€A (1,5)€A

i.e., it is not genuine to use existing fuzzy linear programming problem (P ;)

in its present form for finding the minimum fuzzy crashing cost for completing

the project within specific fuzzy time.

7.3 Drawbacks of using other existing methods

Although, Chen and Tsai [30] have used the method based on Zadeh’s exten-
sion principle [182] for solving fuzzy linear programming problem (P;;) but there
are several other methods in the literature for solving fuzzy linear programming
problems. So, due to the shortcomings of the existing method [30], pointed out
in Section 7.2, one may try to use other existing methods for solving fuzzy linear
programming problem (Pr ).

To find the fuzzy optimal solution of fuzzy linear programming problem by us-
ing other existing methods, firstly it is converted into the crisp linear programming
problem and then the optimal solution of obtained crisp linear programming prob-
lem is used to find the fuzzy optimal solution of fuzzy linear programming problem.

To convert any fuzzy linear programming problem into the crisp linear programming
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problem there is need to convert fuzzy inequality constraints into crisp inequality
constraints and also there is need to find the minimum (or maximum) of fuzzy num-
bers.

In this section, the methods, used in the existing methods [7,44-49, 53, 98—
103, 114-122], for converting the fuzzy inequality constraints into crisp inequality
constraints and to find the minimum (maximum) of fuzzy numbers are presented.
Also, drawbacks of using these methods as well as Mehar’s ranking approach, pro-
posed in previous chapter for finding the minimum and maximum of fuzzy numbers,

are pointed out.

7.3.1 Existing methods for converting fuzzy inequality con-
straints into crisp inequality constraints

In this section, the methods, used in the existing methods [7,44-49,53,98-103,

114-122], for converting fuzzy inequality constraints into crisp inequality constraints

are presented.

7.3.1.1 Fan et al. method

Fan et al. [53] have used the following method to find LR flat fuzzy number z
& which will satisfy the fuzzy inequality constraint (a, @, a*, a’*)pr ®
(2,7, 2%, ™) g @ (b,b,b%, %)L < (¢, ', ) pr @ (2,7, 2%, 2T g ® (d,d, d*, d?) 5.
Step 1 Assuming (a, @, a”, a®) g, (¢, ¢, b, c®) g and (2,7, ¥, %) L g as non-negative
LR flat fuzzy numbers and using arithmetic operations, defined in Section 5.1.2, the
fuzzy inequality constraint (a,@,a”, a®)pr ® (2,7, 2% 2%)rr @ (b,b, 0" b1 =

(c,e,ch g @ (2,7, 2%, o) g @ (d,d,d" d?)Lr can be converted into fuzzy in-

equality constraint (a z+0b,a@ Z+b, ar” +za’ —a*z" + bl @z +Ta +altx + %)
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< (cx+dcT+d ca” +xct — clal 4+ db el + Tl + cFalt + dP) g,

ol

Step 2 Convert the fuzzy inequality constraint (a z +b,a@ T +b, ar” + za* —a*2" +

cRx® + d*)pr into the following four crisp inequality constraints:
arx+b<cz+d az+b<cT+d, ar’+za’—atz"+b" < cal +zct — Ll +
d¥, ax® +7a® + afaf 4+ bf < ex® + 3l + o + dF.

Step 3 Find the values of z, 7, % and 2 satisfying the crisp inequality constraints
azx+b<cz+d, aT+b<czT+d, ar’+za®—alz"+b" < cxl+zct —clal +db,
arft+zall +altxB+bf < exf 47+ cRaf+dR as well as restrictions of non-negative
LR flat fuzzy numbers x — 2% >0, 7 — 2 > 0, 27 > 0, 2% > 0.

Step 4 Use the values of z,7, 2" and ', obtained from Step 3, to find the non-

negative LR flat fuzzy number 7 = (z,7, ¥, %) pr.

7.3.1.2 Other existing methods

In all the existing methods [7,44-49,98-103,114-122] the following method

is used to find an LR flat fuzzy number ¥ = (2,7, 2%, 2%)r which will satisfy
the fuzzy inequality constraint (a, @, a’, a®) g ® (2,7, 2% 2) g @ (b, b, 0", b)) L <

(Q? E7 cLa CR)LR X (E) ia xLa xR)LR > (C_iy (_17 dLa dR)LR'

—LR)

Step 1 Assuming (Qv a, a’La CLR)LR7 (Q: ¢ c,¢C L R)

rr and (z, 7, x", x') g as non-negative
LR flat fuzzy numbers and using arithmetic operations, defined in Section 5.1.2, the
fuzzy inequality constraint (a,a,a”,a®®); g ® (2,7, 2% 2%) g @ (b,b,b",b%)1p <

(c,e,ck e p @ (2,7, 2%, 2% g @ (d,d,d", d®?)Lr can be converted into fuzzy in-

equality constraint (a z+b,a Z+b, ax” +za” —atz* +b* @z +Tal + a2 +0%) g
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< (cx+dcT+d ca” + xct — clal +d* caft + Tl + cFall + dP) g

Step 2 Convert the fuzzy inequality constraint (a z +b,a T +b, ar* + za* — a2’ +
vl axf +zal 4+ afxf + 0% g < (cz+d, e T+d, ca +xct — clal +d- el + T +
cRx® + d)pr into the following crisp inequality constraint:

[
[

+b+az+ 0+ (@ + zaf + afla? + b7) — (ax® + za® — alat + bF)] <

N =
S
1=

+d+eT+d + 2@ + Tk + ol 4 aft) — (cat + zcl — clat + db)]

o=
10
18

Step 3 Find the values of z, 7, z% and 2 satisfying the crisp inequality constraint
[
[ +d]+

restrictions of non-negative LR flat fuzzy numbers z — 2% > 0,7 — 2 > 0, 2 > 0,

z+b+azT+ b+ (@ + zaf + aflx? + o) — (ax® + za® — alat + bF)] <

N =
S

[(Cxft + T+ cRalt + df) — (cat + zc? — Pt + dV)] as well as

S
N

+d+¢

Do
10
18

B > 0.
Step 4 Use the values of z,7, 2" and %, obtained from Step 3, to find the non-
)

negative LR flat fuzzy number 7 = (z, T, 2%, %) g

7.3.2 Existing methods for finding the minimum and max-
imum of fuzzy numbers

In this section, the methods, used in the existing methods [7,44-49,53,98-103,

114-122], for finding the minimum and maximum of fuzzy numbers are presented.

7.3.2.1 Fan et al. method

Fan et al. [53] have used the following method to find the minimum (or

maximum) of n LR flat fuzzy numbers (a;,a;,ar, al' ) r; i = 1,2,...,n

Step 1 Find R(a;, a;, aF, af') g = %U T(a; + @)d)] + fo —alL7Y(\)d\ +

17

LY@ + afR7Y(M))dN].

Step 2 Find minimum{R(a;, a;, a”, al*)Lr}.

1<i<n
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If IIlllIl<11IIl}le{§R(aZ, a;, af, af)r} = R((a)’, (@)7, (a¥)?, (a®)?) . then
mlg{g}}m{(alv Qi asz a; )LR} = ((Q)Gv (5)9’ (GJL)H’ (aR)9>LR’

Similarly, find max1mum{3?(al, ai,al, af) LR}
Z n

If maizgrgym{%(az, a;,ar,af) e} = R((2)?, (@), (a*)?, (aR)e)LR then

m%)g}g?m{(a“ a;, aZL, a; )LR} = ((Q)ea (@), (a")?, (QR)Q)LR'

7.3.2.2 Other existing methods

In all existing methods [7,44-49,98-103,114-122], the following method is used

to find the minimum (or maximum) of n LR flat fuzzy numbers (a;, @;, al, a) pg;

1=1,2,...,n.
Step 1 Find R(a;, @, af,af) g = L[ (@ — aF L7 (N)dA + [ (@ + afR(N))dA].

Step 2 Find mi&i@um{%(@, a;,ar, al)r}.

177

If mlnlmum{%(a,, a;,ar,al)r} = R((0)?, (@)?, ("), (aR)a)LR then

1<i<n i

mlg{ghlm{(a“ Qj, az y Gy )LR} - ((g)97 (6)0? (aL)07 (aR>9)LR'

Similarly, find max1mum{§R(al,aZ,a af)rr}

[AREat)
Z’n

If maximum{R(a;, @, af, af') Lr} = R((@)", @), (a")", (a%)") 1, then

mai}ilzrélélm{(a“ Qj, azLa a; )LR} - ((Q)07 (a>97 (aL)97 (aR)e)LR'

7.3.3 Drawbacks of using existing methods for converting
the fuzzy inequality constraints into crisp inequality
constraints

For all values of x which satisfies the crisp constraint ax + b < cx + d,

there always exist a non-negative real number s such that ax +0+ s = cx + d.

On the same direction for all values of ¥ = (z, 7, 2%, )z which will satisfy the



171

fuzzy inequality constraint (a,a,a’, a®)ir @ (2,7, 2% %) @ (b,b, 05, 0% p <
(¢, ct Mg @ (2,7, 2%, o) g @ (d,d, d", d?) g there should exist a non-negative

L L

LR flat fuzzy number 5 = (s,5, s, s') g such that (a, @, a’, ) r @ (2,7, 2L, 28) g
@ (b,b, b5, )L @ (5,5, %, %) = (¢, &, b, ) pr @ (2,7, 2%, 2T) g ® (d,d, d*, d) 5.
However, the values of 7 = (x,T, 2%, 2f)r, obtained by using the methods, pre-
sented in Section 7.3.1, satisfies the fuzzy inequality constraint (a,a,a’,a®)rp ®
(z,7, 2%, 2®) g ® (b, 0,65, b%) Lk = (¢, C, cF, F)r ® (2,7, 2", 2F) g @ (d, d, d*, d7) g,
but it is not always possible to find a non-negative LR flat fuzzy number s =
(5,3, 5", s%) g such that (a, @, a”, ) g ® (2,7, 2%, 7)1 @ (b,b,b% %)Lk @ (5,5, &,
sMr = (¢, 6 ch B r @ (2,7, 2%, 2% r @ (d,d,d*,d®)pR.

To show this drawback of the existing methods, one non-negative value of

L7xR)LR

7 which will satisfy the fuzzy inequality constraint (2,3,1,1).z ® (2,7, x
@ (5,8,1,5)r = (4,6,2,2)1p @ (2,7, 2%, 2%)r @® (1,2,1,1)15, where L(z) =
R(z) = max{0,1 — x}, is obtained by the methods, presented in Section 7.3.1,
and it is shown that there does not exist any non-negative LR flat fuzzy num-

ber 5 = (s,3,s%, %) g such that (2,3,1,1)rr ® (2, 7,25, 2%)1r ® (5,8,1,5)Lp @

(§7 37 SL: SR)LR = (47 6) 27 2)LR X (&7 EJ xLa xR)LR b (17 27 ]-7 ]->LR-

7.3.3.1 Fuzzy solution by using Fan et al. method

Using Fan et al. method, discussed in Section 7.3.1.1, the non-negative values

of 7 = (z,7

, 2% xf)  r which will satisfy the fuzzy inequality constraint (2,3,1,1)1r
@ (z, 7, 2% 2%)pp @ (5,8,1,5)Lr = (4,6,2,2)1r @ (2,7, 21, 2 r @ (1,2,1,1) R
can be obtained as follows:

Step 1 Using the arithmetic operations, defined in Section 5.1.2, the fuzzy inequal-

ity constraint (2,3,1,1).r @ (2,7, 2%, 2) 1 r @ (5,8,1,5)Lr < (4,6,2,2)1r @ (2,7,
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ol e r @ (1,2,1,1)r can be converted into the fuzzy inequality constraint
(2z+5,3T+8, 2+ +1,7+42%+5) g < (4dx+1,67+2,22+225 +1,28+8xF+1)
Step 2 Using Step 2 of the method, presented in Section 7.3.1.1, the fuzzy inequal-
ity constraint, obtained in Step 1, can be converted into the following four crisp
inequality constraints:

20 +5 < 4dzx+1, 37+8 < 6T+2, z+zr+1 <2422 +1, z+427+5 < 2 +8xF+1
ie,z>2,T>2, a+a">0 7 +42% >4

Step 3 There will be infinite values of z,7Z, % and zf which will satisfy the crisp
inequality constraints z > 2, 7 > 2, z + 2% > 0, T + 42 > 4 as well as restrictions
of non-negative LR flat fuzzy numbers x — 2% > 0,7 —2 > 0, 2% > 0, 2% > 0. One
of these values are 3, 4, 1 and 2 respectively.

Step 4 Using the values of z, 7, 2" and x%, obtained from Step 3, the non-negative

value of T = (z,7, 2% %) r which will satisfy the fuzzy inequality constraint
(27 3a 17 ]-)LR ® (ga T, xLa xR)LR D (57 87 1a 5)LR = (47 67 2a 2)LR & (&7 T, xLa ZL‘R)LR D

(1, 2, 1, 1>LR is (3,4, 172)LR~

7.3.3.2 Fuzzy solution by using other existing methods

Using the method, used in the other existing methods, discussed in Section
7.3.1.2, the non-negative values of 7 = (z, 7, 2%, 2%) g which will satisfy the fuzzy
inequality constraint (2,3,1,1).r ® (2,7, 2%, 2%)1p @ (5,8,1,5)Lr = (4,6,2,2)Lr

® (z, 7, 2% 2% r @ (1,2,1,1) 15 can be obtained as follows:

Step 1 Using the arithmetic operations, defined in Section 5.1.2; the fuzzy inequality
constraint (2,3,1,1),r ® (2,7, 2%, 2%) g & (5,8,1,5)1r = (4,6,2,2)1r @ (2,7, z¥,

) r @ (1,2,1,1)r can be converted into the fuzzy inequality constraint (2z +
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53T+ 8,z +al + 1,T+42 +5)1p < (4o +1,6T + 2,22 + 221 + 1,22+ 822 + 1) 15

Step 2 Using Step 2 of the method, presented in Section 7.3.1.2, the fuzzy inequality
constraint, obtained in Step 1, can be converted into the following crisp inequality

constraint:

3z + 7% — ot + 428 + 30 < 6z + 147 — 228 + 821 +6

ie., 3z + 77 — ot + 428 > 24

Step 3 There will be infinite values of x,Z, 2" and z which will satisfy the crisp
inequality constraint 3z 4+ 77 — o¥ +42f > 24 as well as restrictions of non-negative
LR flat fuzzy numbers x — 2% > 0,7 —x > 0, 2% > 0, 2 > 0. One of these values
are 3, 4, 1 and 2 respectively.

Step 4 Using the values of z, 7, z* and 2%, obtained from Step 3, the non-negative

value of 7 = (z, 7, v¥, %) L p which will satisfy the fuzzy inequality constraint (2, 3, 1,
1)LR ® (£7 Ea xL7 xR)LR S¥ (57 87 ]-7 5)LR j (47 67 27 2)LR X (&7 EJ xLJ xR)LR S¥ (17 27 ]-7 1)LR

is (3, 4, 1, 2)LR-
7.3.3.3 Drawback of the obtained fuzzy solution

On putting the value of * = (3,4,1,2).g, obtained from Step 4 of Sec-
tion 7.3.3.1, in the fuzzy inequality constraint (2,3,1,1).p ® (2,7, 2% 2% r ®
(5,8,1,5),r = (4,6,2,2)rr @ (2,7, 2%, 2%)r ® (1,2,1,1)15 it is converted into
(11,20,5,17),r = (13,26,9,25) 5. Since, 11 < 13,20 < 26, 5 <9 and 17 < 25 so
according to Fan et al. method [53], (11,20,5,17).r is less than (13,26,9,25)x.
However, it is not possible to find any non-negative LR flat fuzzy number s =
(5,5, s, s®) g such that (11,20,5,17).r ® (s,3,s", ) g = (13,26,9,25) k.

Similarly, on putting the value of z = (3,4, 1,2) g, obtained from the Step 4
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of Section 7.3.3.2, in the fuzzy inequality constraint (2,3,1,1).z ® (2,7, 2%, %) g
® (5,8,1,5)1r = (4,6,2,2)1p @ (2,7, 2%, %) g @ (1,2,1,1) g, it is converted into
(11,20,5,17) g = (13,26,9,25) . Since, $(11,20,5,17),r = 17.5 < R(13, 26,9,
25)r = 22.1667 so according to the method, used in the existing methods [7, 44—
49,98-103,114-122], (11,20,5,17) g is less than (13,26,9,25),z. However, it is not
possible to find any non-negative LR flat fuzzy number 5 = (s, 3, s*, s™)z such that
(11,20,5,17)1r @ (8,5, 5=, sB)p = (13,26, 9, 25) 5.

On the basis of these results, it can be concluded that it is not genuine to
use the methods, used in the existing methods, for converting the fuzzy inequality

constraints into crisp inequality constraints.

7.3.4 Drawbacks of using the existing methods as well as
proposed Mehar’s ranking approach for finding the
minimum (or maximum) of fuzzy numbers

If a; represents the minimum (or maximum) of n real numbers ay, as, ..., a,

then for a; the following conditions are always satisfied.

(i) a; is a unique real number.
(ii) There exist n non-negative real numbers s;, ¢ = 1,2, ...,n such that
a;+s; =a; (ora;=a;+s;),i=1,2,....,n.
On the same direction, if a; represents the minimum (or maximum) of n fuzzy

numbers ay, as, ..., a, then for a; the following conditions should always be satisfied.

(i) a; should be a unique fuzzy number.
(ii) There should exist n non-negative fuzzy numbers s;, i = 1,2, ..., n such

that @ @ 5 = @ (ord, =a ®35),i=1,2,...n.
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However, for the minimum (or maximum) of fuzzy numbers, obtained by using
the methods discussed in Section 7.3.2, these conditions are not necessarily satisfied.
Although, the minimum (or maximum) of fuzzy numbers, obtained by using Mehar’s
ranking approach proposed in Chapter 6, is a unique fuzzy number but the second
condition is not necessarily satisfied.

To show this drawback of existing methods [7,44-49,53,98-103,114-122] the
minimum (or maximum) of fuzzy numbers a; = (3,4,2,3) g, a2 = (2,5,1,2) g, a3 =
(6,8,3,5)r and ay = (5,9,1,3) g where L(z) = R(z) = max{0, 1 —x}, are obtained
by the methods, presented in Section 7.3.2, and it is shown that the minimum of
these numbers, obtained by using the existing methods [7,44-49,53,98-103,114-122],
is neither a unique fuzzy number nor it is possible to find any non-negative fuzzy
numbers S, S, §3 and §; which will satisfy the condition minimum{as, as, as, as} &
§1 = ay, minimum{ay, az, az, az} ® Sy = ay, minimum{ay, az, az,az} ® s3 = az and
minimum{ay, as, as, ay} S, = ay.

Similarly, it is shown that the maximum of these numbers, obtained by using
the existing methods [7,44-49,53,98-103,114-122], is neither a unique fuzzy number
nor it is possible to find any non-negative LR flat fuzzy numbers ;’1, ;'2, % and 5’4
which will satisfy the condition maximum{ay, az, a3, as} = a1 & .971, maximum{ay, az,

a3,d,} = Gy ® Sy, maximum{ay, ay, as,a,} = az O s; and maximum{ay, ay, as, a4}
=@ @ s,

Also, to show the drawback of Mehar’s ranking approach, proposed in Chapter
6, it is shown that although the minimum and maximum of these numbers, obtained

by using proposed Mehar’s ranking approach, is a unique LR flat fuzzy number but

it is not possible to find any non-negative LR flat fuzzy numbers s7, S5, S3, S; and
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! - -, - . . . . o .
s1, 8o’y s3’, s4’ which will satisfy the following condition:
minimum{d, @, @, @} & § = a1, minimum{a, @, @, dx} & & = d, minim-
um{ay, as, az, as} O s3 = az, minimum{a, az, az, as} ® s3 = ay and maximum{a, as,

~ ~ ~ ! . ~ ~ ~ ~ ~ / . ~ ~ ~ ~ ~
as,ay} = ay @ sy, maximum{ay, as, a3, @y} = Az B S5, maximumiay, az, az, ay} = as

’ . ~ o~ o~ o~ ~ 7
@ s5, maximum{ay, az, as, ay} = ag D s,.

7.3.4.1 Minimum (or maximum) of fuzzy numbers by using Fan et al.
method

Using Fan et al. method, discussed in Section 7.3.2.1, the minimum (or
maximum) of LR flat fuzzy numbers a3 = (3,4,2,3)Lr, a2 = (2,5,1,2)1r, a3 =
(6,8,3,5),r and ay = (5,9,1,3),r with L(z) = R(x) = max{0,1 — x} can be
obtained as follows:

Step 1 R(a1) = 7, R(a2) = T, R(az) = F and R(a) = 7.
Step 2 minimum{R(a1), R(az), R(az), R(a1)} = R(a1) = R(az) = ¥ and

maximum{R(a, ), R(as), R(as), R(aa)} = R(az) = R(a) = F
Since, minimum{R(a ), R(@), R(@), R(@1)} are R(a@) and R(@) so
minimum{ay, @z, as, a;} are a; and as.

Similarly, since maximum{R(ay), R(az), R(as), R(as)} are RN(az) and R(ay) so

maximum{ay, as, as, ay} are az and ay.

7.3.4.2 Minimum (or maximum) of fuzzy numbers by using other exist-
ing methods

Using the method, discussed in Section 7.3.2.2, the minimum (or maximum)
of LR flat fuzzy numbers a; = (3,4,2,3)r, a2 = (2,5,1,2)r, a3 = (6,8,3,5)Lr
and ag = (5,9, 1,3) g with L(z) = R(z) = max{0,1—xz} can be obtained as follows:

Step 1 R(a1) = 2, R(a) = L2, R(a3) = £ and R(ay) = L.

4 4
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Step 2 minimum{R(a1), R(az), R(az), R(a1)} = R(a1) = R(az) = 7 and
maximum{R(a1), R(as), R(@z), R(da)} = R(as) = (@) = 5

Since, minimum{R(a,), R(az), R(az), R(as)} are R(a1) and R(az) so

minimum{ay, @y, as, a,} are a; and as.

Similarly, maximum{R(a;), R(@), R(@), (@)} are R(@) and R(@) so

maximum{ay, as, as, a,} are az and ay.

7.3.4.3 Minimum (or maximum) of fuzzy numbers by using proposed
Mehar’s ranking approach

Using Mehar’s ranking approach, proposed in previous chapter, the minimum
(or maximum) of LR flat fuzzy numbers a3 = (3,4,2,3)rr, a2 = (2,5,1,2)r, a3
= (6,8,3,5)Lr and ay = (5,9,1,3),r with L(z) = R(z) = max{0,1 — x} can be
obtained as follows:
Step 1 R(@) = 2, R(@) = 2, W) = 2 and R(@) = &.
Step 2 Since, minimum{R(a;), R(az), R(az), R(az)} = 12 which is corresponding to
two LR flat fuzzy numbers a; and as so go to Step 3.
Step 3 mode(ay) = %, mode(az) = .
Step 4 Since, minimum{mode(a;), mode(az)} = % which is corresponding to two
LR flat fuzzy numbers a; and a3 so go to Step 5.
Step 5 divergence(a;) = %, divergence(as) = 5

Step 6 Since, minimum{divergence(ay), divergence(az)} = % which is correspond-

ing to a unique LR flat fuzzy number a; so minimum{ay, as, as, as} is a; = (3,4,2,3) g.

Similarly, maximum of LR flat fuzzy numbers a3 = (3,4,2,3)1r, a2 = (2,5,1,2) g,
as = (6,8,3,5)r and ay = (5,9,1,3) g with L(z) = R(xz) = max{0,1—xz}, obtained

by using proposed Mehar’s ranking approach, is a3 = (6,8, 3,5)r.
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7.3.4.4 Drawbacks of the obtained minimum (or maximum) of fuzzy
numbers

It is obvious from the results, obtained in Section 7.3.4.1 and Section 7.3.4.2
that by using the methods used in existing methods [7,44-49,53,98-103, 114—122]
for finding the minimum and maximum of fuzzy numbers, two distinct LR flat fuzzy
numbers a; and ag, representing the minimum and maximum, are obtained and if
out of them a7 is assumed as minimum then it is not possible to find non-negative
LR flat fuzzy numbers s, s, and s3 such that a; @ 51 = a2, @1 ® S = az and a;
@ S3 = ay. Similarly, if ay is assumed as minimum then it is not possible to find

non-negative LR flat fuzzy numbers s, s, and s3 such that @y @ s; = ay, da D sy
= az and ay @ sy = ay.

The same shortcomings is also occurring in the maximum of fuzzy numbers

obtained by using the existing methods [7,44-49,53,98-103, 114-122].

Also, it is obvious from the results, obtained in Section 7.3.4.3, that although
by using Mehar’s ranking approach, proposed in Chapter 6, a unique LR flat fuzzy
number (3,4, 2, 3) g, representing the minimum, is obtained but it is not possible to
find non-negative LR flat fuzzy numbers 57, S and §3 such that (3,4,2,3),r © 51 =
(2,5,1,2) 1R, (3,4,2,3)Lr ® S2 = (6,8,3,5)Lr and (3,4,2,3) g @ 53 = (5,9,1,3) k.
Similarly, it is obvious from the results, obtained in Section 7.3.4.3, that although
by using Mehar’s ranking approach, proposed in Chapter 6, a unique LR flat fuzzy
number (6,8, 3, 5) 1, representing the maximum, is obtained but it is not possible to

find non-negative LR flat fuzzy numbers sN'l, 3N'2 and SN;) such that (3,4,2,3).r @ s =

(67 87 37 5)LR7 (27 57 17 2)LR ) ;2 = (67 87 37 5)LR and (57 97 17 3)LR S ;3 = (67 87 37 5)LR-
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On the basis of these results, it can be concluded that it is not genuine to
use the methods, used in the existing methods [7,44-49,53,98-103,114-122] as well
as Mehar’s ranking approach proposed in Chapter 6, for finding the minimum and

maximum of LR flat fuzzy numbers.

7.4 Proposed methods

Since, all the shortcomings, pointed out in the first point of Section 7.2, Section
7.3.3 and Section 7.3.4 are occurring due to the shortcomings in the methods used
for converting the fuzzy inequality constraints into crisp inequality constraints and
also due to the shortcomings in the methods used for finding the minimum and
maximum of fuzzy numbers. So, in this section, a method for converting the fuzzy
inequality constraints into crisp inequality constraints and a method for finding the
minimum and maximum of fuzzy numbers are proposed. Also, on the basis of these
methods, a new method is proposed for finding the unique minimum fuzzy crashing
cost for completing the project within a specific fuzzy time.

7.4.1 Proposed JMD method for converting fuzzy inequal-
ity constraints into crisp inequality constraints

In this section, a new method for converting fuzzy inequality constraints into
crisp inequality constraints, named as JM D method for converting fuzzy inequality
constraints into crisp inequality constraints, is proposed.

If A= (a,a,a” a®) r and B = (b,b, b, bR) 5 are two LR flat fuzzy numbers
such that a —a? < b —b", aF <bF,a—a < b—b, a™ < b®, then there will always

exist a unique non-negative LR flat fuzzy number C = (c,c,ct, cf) g such that A

® C = B. Similarly, If A= (a,a,a”,a®) g and B= (b,b,b",b%) Lk are two LR flat
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fuzzy numbers such that a —a® > b—b", a* > b*, a—a > b—b, a® > b", then there

will always exist a unique non-negative LR flat fuzzy number C = (c,c,ck g
such that A = B @ C.
So, the fuzzy inequality constraints A < B and A = B should be replaced by

the crisp inequality constraints @ — a® < b—b", aF < bl,@a—a < b—b, a®* < bF

vV
(=l

anda—a® >b—b" at >bla—a — b, a® > b" respectively.

Proposition 7.1 If A= (a,a,a” a®) g and B = (b, b, %, b%) p are two LR flat
fuzzy numbers such that a — a® < b —b*, ¥ < b*, @ —a < b—10, a® < bE, then
prove that there will always exist a unique non-negative LR flat fuzzy number C =

(c,c,ck, cf) g such that Aa C = B.

Proof: Since, a —al < b — b* (7.1)
al <ot (7.2)
a—a<b-b (7.3)
a < bt (7.4)

So, there will always exist unique non-negative real numbers s, S5, s3 and s, such
that

a—a"+ s =b—0b"

a’ + sy = bF

G—a+s3=0b—0

a® 4+ s, = bt
which implies that

s =b—bl—a+a"
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s, = bft —aft

Now, it is proved that the number C= (c,c,ct ) r = (81452, 51+ 82+83, 52, 84) LR,
constructed by using the obtained values of si, sy, s3 and s4, is the unique non-
negative LR flat fuzzy number such that (a, @, a”, a’)r @ (c,C,c*, ) g = (b, b, b",

bR)LR.

(1) Since, (c, ¢, ck, cf) g satisfies all the conditions of a non-negative LR flat fuzzy
number i.e.,
(i)c—cl=(s1+82) —s9 =5 =b—bl—a+a" >0 (from (7.1))
(ii)c—c=(s1+52+53) — (51 +8) =83=b—b—a+a >0 (from (7.3))
(iii) ¢r = sy = b — a® > 0 (from (7.2))
(iv) cft = 54 = b —a® > 0 ( from (7.4))
)

So, (¢, ¢,cl, c®) g is a non-negative LR flat fuzzy number.

(2) Since, s, s2, s3 and s4 are unique real numbers so, s; + Sg, $1 + So + s3 will be

unique real numbers and hence LR flat fuzzy number (c, ¢, ct, c®) g = (s1 +
Sg, S1+ S2+ 83, S2, S4) LR, Obtained from these real numbers, will also be a unique

LR flat fuzzy number.

~—
w
N—
—
e
S|

ya,a")pr @ (¢,¢ c", )

= (a,a,a”,a™)pr @ (s1+ 52,51 + 52+ 53,52, 54) LR

= (a,a,a",a®) g ® (b—b" —a+a" +b" —a b—b" —a+a" +b" —a" +b—
b—a+a, bt —a b —a®) g

= (Q7aa aLa a’R)LR ¥ (Z_) - Qal_) - aa bL - aLa bR - aR)LR
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7.4.2 Proposed JMD method for finding the minimum and
maximum of LR flat fuzzy numbers

In this section, a new method for finding the minimum and maximum of fuzzy
numbers, named as JM D method for finding the minimum and maximum of fuzzy
numbers, is proposed.

If the minimum of LR flat fuzzy numbers A, = (a1, a1, af,aft) g and Ay =

(az, a3, a%, a¥) g is defined by

minimum{A4, B} = (a,a,a*,a") 5

4
a = minimum{a; — af,as — af} + minimum{al, al}

@ = minimum{a; — af,as — a¥} + minimum{af,af} +

where, minimum{a; — a;,a; — as}
a® = minimum{a¥, al'}
a® = minimum{af, al'}

Then, one of the following cases will be satisfied:
Case (i) minimum{A, B} = A and there will exist a unique non-negative LR flat

fuzzy number C such that A @ C = B

Case (ii) minimum{A, B} = B and there will exist a unique non-negative LR flat

fuzzy number C such that B & C = A

Case (iii) minimum{A, B} = C and there will exist two unique non-negative LR

flat fuzzy numbers a and /C’\; such that C &5 a = Aand C &b 6; - B.

Similarly, if the maximum of LR flat fuzzy numbers A; = (a1, a1, af,af)

and A, = (ag, a3, a%, af) g is defined by

maximum{A, B} = (a,a,a", a®) 5
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= maximum{a; — af, az — a¥} + maximum{af,af}

= maximum{a; — af,ay — a¥} + maximum{af,af} +

where, maximum{a; — a;,a; — as}
a® = maximum{at, al}
a™ = maximum{a®, alt}

Then, one of the following cases will be satisfied:

Case (i) maximum{A, B} = A and there will exist a unique non-negative LR flat
fuzzy number Csuchthat B C = A

Case (ii) maximum{A, B} = B and there will exist a unique non-negative LR flat
fuzzy number C such that A @ C = B

Case (iii) maximum{A, B} = C and there will exist two unique non-negative LR

flat fuzzy numbers Ei and EZ’VQ such that C = A @ EZ and C = B @ ZZ'VQ
Proposition 7.2 Let m11n<11£1um{/Avl} = rni&igmm{(@, @, ait, af)p) = A = (a,

— L R
Qg, Qg Gt )LR Wherea

a; = milngiirgum{% —a;"} + milngiirgklm{af},

a; = minimum{a; — a;*} + mi1n<in<1um{aiL } + minimum{a; — a;},
@i e i

1<i<n 1<i<n
a;¥ = minimum{a,;*},

1<i<n
a;* = minimum{a; %}

1<i<n

then prove that there will always exist n unique non-negative LR flat fuzzy numbers

Ci = (¢, ¢, cF,cf)pr; i = 1,2, ...,n such that E = E@ @; 1=1,2,...,n.

Proof Since, a; = minimum{a; — a;*} + minimum{a;*},
= 1<i<n 1<i<n

— .. L L) L N3 a: — (.
a; = mllnélzlglllm{& a;"} + Hlllnglinglrlllm{az }+ 1r111111§1ir£171111rn{aZ a;},

L .. L
ay” = rnllrlglirg}llrn{az }
a;™ = minimum{a;®}

1<i<n
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a; = minimum{a; — a;*} + a;%,
1<i<n -

a; = a; + minimum{a; — a;},
— 1<i<n -

a;¥ = minimum{a,;*},
1<i<n

R . R
a;* = minimum{a;
¢ 1<i<n {ai™}

which implies that

a; — a;¥ = minimum{a; — a;*},
- 1<i<n -

a; — a; = minimum{a; — a;},

1<i<n —
a;¥ = minimum{a,;*},
1<i<n
a;* = minimum{a; "}
1<i<n

which implies that

a — ai” < a; —a”, (7.5)
a — a <@ — ai, (7.6)
at < a;*, (7.7)
al <af;Vi=12,...n (7.8)

There will always exist 4n unique non-negative real numbers si, sb, s and s/ such
that
L

%—atL—i—sﬁ:%—ai,

y — @y + 5y = @ —

which implies that
st =a; —a;" _%+atLa

Sy = Q; — ; — G + Qy,
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i L L
Sé—ai — a7,

st =af —af;Vi=1,2,..,n
Now, it is proved that the i* LR flat fuzzy number C; = (ci et c)pr = (st +
4,8\ + sh + sb, 84, s4) LR, constructed by using the obtained values of s!, s}, si and
sk, is the unique non-negative LR flat fuzzy number such that (a;,a;, a;il,a®) g =
(ar, @7, a", a™)Lr ® (¢, @, cf Y Lr
(1) Since, (¢, ¢, ¢, cf) g satisfies all the conditions of non-negative LR flat fuzzy

number i.e.,

() & — cf = (s} +55) — 5 = 8} = @ — " — @y + @ > 0 (from (7.5))
(i) & — e = (s} + s+ 54) — (s + ) = 5§ = @ — a; — @ + @, > 0 (from (7.6))
(iii) ¢f = st = a;¥ — a;L > 0 (from (7.7))

(iv) ¢t = s = a;® — a;,* > 0 (from (7.8))
So, (¢, G, ¢k, cff) g is a non-negative LR flat fuzzy number.

(2) Since, s}, sb, st and s} are unique real numbers so, s¢ + s%, st + s} + s& will
be unique real numbers and hence the i LR flat fuzzy number (¢;, &, cF, ¢f)r
= (% + 84, s} + sb+ s, 84, s4) LR, obtained from these real numbers, will also be

a unique LR flat fuzzy number.
— L R — L R
(3) (%7 Aty Gy Ay )LR S (Q; Ci, Gy G )LR
= (a,a;,al, al) g @ (st + 88, 8¢ + 4 + b, 58, s1)
= \Q¢, Ag, Ay 5, Ay JLR 1 3)°1 2 3,937 °4)LR
_ — L R L L L L L L
= (as, ar, 0y, 0" )or @ (@i — @i — ap + a” + a;” — @™, a; — a;" — ap + @
— — L L L _ . L R_ R
—i—ai—%—at—i-%—l—ai — T, a —ag,a —at)LR
_ — L R — _— L_ L R_ R
= (ay, ar,a;’, ;" )Lr © (@ — a4, @ — @, a” — ay,a"™ — a;’) LR

= (%? a_ia aiLa af)LR-
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7.4.3 Proposed JMD feasibility criteria

Since, the fuzzy normal time (]V\YTJ) of an activity (i, j) will always be greater
than the fuzzy crash time (C’/fj) of the same activity and also, the specific fuzzy
time (F/’E’/T) in which a decision maker want to complete the project should be

greater than the sum of fuzzy crash time of all the activities lying on the critical

—~——

path (> CTSP). So, for satisfying these conditions in Step 1 of the existing
(1,5)€A

method [30] it is claimed that the problem will be feasible if and only if (CT};)Y_, <

(NT)HE_, Y (i,5) € Aand Y, (CTSP)Y_, < (PCT)E_,. However, there may

i a=0
(i.)eA

exist several L R flat fuzzy numbers, representing N\YZ-, CTfL'j, PCT and > C’Tgp ,
(i,5)€A

for which these conditions will be satisfied but it is not possible to find any non-

negative LR flat fuzzy number 51; and S such that N\T; = C/’\T/” D SNZ] and PCT =

> C’Tgp@g. So, due to the reason, pointed out in Section 7.3.3, it is not genuine
to use this feasibility criteria. Hence, in this section a new feasibility criteria, named

as JM D feasible criteria, is proposed.

1. Since, the crash time of an activity will always be less than the normal time
of the same activity so if both the activity times are represented by fuzzy
numbers then there should exist one non-negative fuzzy number S such that
fuzzy crash time @ S = fuzzy normal time. But, none of the researchers have
cared about this property in choosing the data e.g., Chen and Tsai [30] have
represented the fuzzy normal time of the activity (1,2) by the triangular fuzzy
number (13, 14, 15) and the fuzzy crash time of the same activity by triangular
fuzzy number (4, 6, 6). But, there does not exist any non-negative triangular
fuzzy number S such that (4, 6, 6) ® S = (13, 14, 15). Similarly, the same

shortcoming is also occurring in the fuzzy normal time and fuzzy crash time
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of some other activities are shown in Table 7.2.

Table 7.2: Existing fuzzy data [30]

Activity | Fuzzy normal time | Fuzzy crash time The incremental direct cost per
(%, 7) Nﬁ”ﬁ 6’?” unit decrease in activity time /CT;
(1, 2) (13,14, 15) (4,6,6) (80,100, 120)

(1, 3) (10,12,13) (7,8,9) (190, 200, 220)
(2, 5) (16, 18,19) (10,14,14) (90,100, 130)
(2, 4) (5,6,8) (3,4,5) (160, 200, 210)
3, 4) (3,4,5) (2,2,3) (180, 200, 220)
(4, 5) (7,8,10) (4,6,7) (80,100, 110)
(5, 6) (9,12, 14) (6,8,8) (90,100, 120)

However, if the fuzzy normal time (Ni/]) and fuzzy crash time (C’fi])
of all the activities (4, j) are chosen in such a manner that the condition, ]Tﬁ”;
- C/'fj is satisfied. Then, as discussed in Section 7.4.1, there will always exist
non-negative fuzzy numbers Sz such that ]V\YTJ = @ <) :SZ

So, for the feasibility of the problem the values of NE and C/?\T;j should

be chosen in such a manner so that the condition N\Yz > C/’\fw is satisfied.

. Since, the specific fuzzy time (155?) in which the decision maker want to com-
plete the project should be less than the optimal initial fuzzy project comple-
tion time (N\fn) and greater than the optimal crash fuzzy project completion
time (é’\T/n) ie., if ]56’7’, ]V\fn and é’\fn are represented by LR flat fuzzy num-
bers PCT= (pet, pet, pet™, pet™) g, NT, = (nt,, nt,, ntk nth) g and CT, =
(ctn, cly, cth, ctB) g respectively then the condition T, < PCT < NT, ie.,
cty —ctly < pet —pet® <ty —ntl, cth < pett < ntk, ct, —ct, < pet —pet <
nt, — nty, ct? < pct® < nt? proposed in Section 7.4.1, should be satisfied.
So, if the decision maker want to complete the project within specific
fuzzy time PCT for which these conditions are not satisfied then it is not

possible to complete the project within specific fuzzy time.
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7.4.4 Proposed JM D method for finding the unique optimal
initial fuzzy project completion time

The aim of decision maker is to complete the project within a specific fuzzy
time (156\’? ) which is less than the optimal initial fuzzy completion time (NT},) of
project. So, the specified fuzzy time in which the decision maker want to complete
the project should be less than the optimal initial fuzzy project completion time.

Since, Mehar’s method, proposed in Chapter 6, for finding the optimal initial
fuzzy project completion time is based on proposed Mehar’s ranking approach and
in Section 7.3.4, it is pointed out that it is not genuine to use the proposed Mehar’s
ranking approach so it is also not genuine to use Mehar’s method based on proposed
Mehar’s ranking approach for finding the optimal initial fuzzy project completion
time.

So, in this section, a new method, named as JM D method for finding the
optimal initial fuzzy project completion time, is proposed for finding the optimal
initial fuzzy project completion time.

The steps of the proposed method are as follows:

Step 1 Since, the optimal initial completion time of the project in crisp environment
is obtained by solving the crisp linear programming problem (P;5) so the optimal
initial completion time of the project in fuzzy environment can be obtained by solv-
ing the fuzzy linear programming problem (P;¢) [93].

Minimize (NT},)

subject to

NT; > NT;; + NT;, (Prs)
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NT; =0,

NT) are real numbers,

NT;; are non-negative real numbers, i =1,2,...,n, j =1,2,...,n, (i,j) € A
where,

NT;: Normal time for the node 1,

NT

j: Normal time for the node j,

NT;;: Normal time of the activity (i, j)

Minimize (NT},)

subject to
N\fj ~ N\TZ b ]Vi, (P7.6)
NT, =0,

N\fj are fuzzy numbers,

]/V\J?j are non-negative fuzzy numbers, i =1,2,...n, j =1,2,...,n, (i,j) € A
where,

N\Y/}: Fuzzy normal time for the node 1,

]ij: Fuzzy normal time for the node 7,

]Tfi-/j: Fuzzy normal time of the activity (i, j).

Step 2 Assuming N\TJ = (nt;,nt;, nt, ntf) r and ]f\f\ij = (nty, ntij,ntls, ntf) g,
the fuzzy linear programming problem (Prg) can be written as:
Minimize (nt,, nt,, ntk, ntf) g

subject to

(n_tja n_tja nt]L7 ntf)LR t (%7 Wi_j; ntfp ntrf’})LR s> (n_tw n_tia ntzL7 ntzR)LRu

(n_th n_tlv ntf) nt{%)LR = (07 07 Oa O)LRa (P7.7>
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(nt;, nt;, ntt, nti) p are LR flat fuzzy numbers,

(ntij s TLtij s TltL

i ntf})LR are non-negative LR flat fuzzy numbers, 1 = 1,2,...,n,

j=1,2,...n, (i,j) € A.
Step 3 Using the arithmetic operations, defined in Section 5.1.2, the fuzzy linear
programming problem (P 7) can be written as:

. . . —_— L R
Minimize (nt,, nt,,nt,, nt;')Lr

subject to

(nt;, nty,ntl ntf) g = (nty; + nti, nty; +nt;, nt); +ntf ntf +ntf) g, (Prg)
(n_tla n_tlu nt%7 nt{%)LR = (07 07 07 0)LR7

(nt;, nt;, nth, ntf) g are LR flat fuzzy numbers,

oo L
(ntij, ntij, ntij,

ntZ)LR are non-negative LR flat fuzzy numbers, 1 = 1,2,...,n,
j=1,2,...n, (i,5) € A.

Step 4 Using Definition 5.4 and Definition 5.6, the fuzzy linear programming prob-
lem (P;g) can be written as:

Minimize (nt,, nt,, ntL, ntl) g

subject to

(n_tj, n_tj, ntf, ntf)LR i (ntij + n_t“m + n_ti, ntf} + ntiL, mff; + nth)LR, (P7'9)

nt; =0, nt; =0 ntrt=0 ntl=0,

nt;, nt; are real numbers, nt; > ni;, nth >0, nth >0,j=1,2,...,n,

ntyy —nt; > 0, nty; — nty; >0, ntf; >0, ntf > 0,0 =1,2,...,n, j = 1,2,..,n,
(1,7) € A.

Step 5 Using the method, proposed in Section 7.4.1, for converting the fuzzy in-
equalities into crisp inequalities, the fuzzy linear programming problem (Prg) can

be written as:
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Minimize (nt,, nt,, ntL, nt?) »

subject to

ntj —nty > nty; +nt; — ntf; —ntf, nt; —nt; > nty +nt - nty; —nt, nt; >
nth +nt}, ntf > ntl 4+ ntf,

nt; =0, nt;=0 ntkt=0, ntf=0, (Pr10)
ntj,nt; are real numbers, nt; > nt;, nti >0, ntf>0,j=12..,n
%—ntfj > 0, m—% > 0, ntfj > 0, ntf} >0,i=1,2,...n, j =1,2,....n,
(i,7) € A.

Step 6 Suppose the fuzzy linear programming problem (P o) have h feasible solu-
tions then there is need to find such feasible solution, out of all the feasible solutions,
corresponding to which the value of objective function is minimum i.e., to find the
minimum of LR flat fuzzy numbers, representing the values of objective function
corresponding to all the feasible solutions i.e., if {(nt;)", (nt;)’, (nt})', (nt})'} is
the ! feasible solution of fuzzy linear programming problem (Pr 1) then the goal
is to find mlf‘;gklm{((”—t")t’ (nt,)t, (nth)t, (nt?)')pr} which can be obtained by
using the method, proposed in Section 7.4.2, i.e., by using the method proposed in
Section 7.4.2, the optimal solution of the fuzzy linear programming problem (P7 1)
can be obtained as follows:

Step 6(a) Solve the crisp linear programming problem (P 11)

Minimize (nt, — nt%)

subject to (Pr.a1)

Constraints of problem (P 1)

Step 6(b) Solve the crisp linear programming problem (P 12)

Minimize (ntL)
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subject to (Pr12)
Constraints of problem (P71) with additional constraint
nt, —nty = A

where, A; is the optimal value of crisp linear programming problem (Pr 1)

Step 6(c) Solve crisp linear programming problem (P 13)

Minimize (nt, — nt,)

subject to (Pras)
Constraints of problem (P 15) with additional constraint

ntk = A,

where, A, is the optimal value of crisp linear programming problem (FPr 15)

Step 6(d) Solve crisp linear programming problem (Pr14)
Minimize (ntZ)
subject to (Praa)
Constraints of problem (P713) with additional constraint
nt, —nt, = A;

where, Aj is the optimal value of crisp linear programming problem (P 13)
Step 7 Find the optimal initial fuzzy completion time of the project (N\T/n) by

putting the optimal values of nt,, nt,, ntL and ntZ, obtained from Step 6, in m =

(nty, nty, nty, nt) LR

7.4.5 Proposed JM D method for finding the unique optimal
crash fuzzy project completion time

The decision maker can reduce the optimal initial fuzzy completion time of

the project up to the optimal crash fuzzy completion time (éﬁ) of the project
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which can be obtained by using the method, proposed in Section 7.4.4, by replacing
the fuzzy linear programming problem (Prg) from the fuzzy linear programming
problem (P;15)

Minimize (CT},)

subject to

C/j\fj ~ éfj © C/j\i’, (P7.15)

CT, =0,

—_—

CT; are fuzzy numbers,

CT;; are non-negative fuzzy numbers, i =1,2,...,n, j =1,2,...,n, (i,j) € A

where,

—_—

C'T;: Fuzzy crash time for the node i,

CT}: Fuzzy crash time for the node 7,

CT;j: Fuzzy crash time of the activity (¢, 7).

7.4.6 Proposed JMD method for finding the unique mini-
mum fuzzy crashing cost for completing the project
within specific fuzzy time

In this section, a new method for finding the unique minimum fuzzy crashing
cost for completing the project within specific fuzzy time, named as JM D method
for finding the unique minimum fuzzy crashing cost for completing the project within
specific fuzzy time, is proposed.

The minimum fuzzy crashing cost for completing the project within a specific
fuzzy time ﬁ , for which the condition C/’T/n =< 1757” < N\fn is satisfied, can be

obtained by using the following steps:

Step 1 If instead of using fuzzy linear programming problem (P 1), obtained from
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crisp linear programming problem (P 1), fuzzy linear programming problem (P 1s),
obtained from crisp linear programming problem (P;17) which is an alternative form
of crisp linear programming problem (P;¢), is used for finding the minimum fuzzy
crashing cost for completing the project within specific fuzzy time then the short-
comings of the existing method [30], pointed out in second and third point of Section
7.2, will be resolved. So, formulate the chosen problem into fuzzy linear program-

ming problem (P71sg).

Minimize Y (Ci; (NTi; — Xi;))
(i,5)€A
subject to
Xij > CTy,
Xij < NTj, (P7.16)
T, < PCT,
T+ Xi; —1; <0,

T, X; >0,i=1,2,...n,5=1,2,...n, (i,j) € A.

Minimize Y (Cyj Yij)
(i,7)€A
subject to
Xi; < NTj, (Pra7)

Yi; + Xy = NTj,

T, = PCT,
Ty =0,
T > T; + Xy,

EaXij7l/;j Z 0, 1= 1,2, ., N, ] = 1,2,...,’[’L, (Z,]) e A
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Minimize ). (sz ® i—;z;)
(i,5)€eA

subject to

<X NT;, (Pr1s)

T, — PCT,
Ty =0,
T, = T, ® Xy,

T XU,Y,] are non-negative LR flat fuzzy numbers, ¢+ = 1,2,...n, 7 = 1,2,...,n,
(1,7) € A.
where,

}f/ivj: Reduction in fuzzy normal time (]V\YTJ) of the activity for completing the

project within specific fuzzy time PCT.

Step 2 Assuming ]Tﬁz = (ntij,nt”,nt”, -)LR, C/’f] = (tm,ct”,ct ctﬁ)LR,

157

(o o L R (. T L R _ oL
Cij = (cij» G s el iry Yig = Wigs Uigs U5, Y1) ry Xij = (245, T, 2l o} L, PCT =

(pet, pet, pet™, pet™) g and fJ (t,t; ,tE t8) g the fuzzy linear programming prob-

Jv

lem (P;1g) can be written as:

Minimize Y [(cij, Gj, ¢l el )or © (Yij» Uigs Ui Yid) LR]
(i,j)eA — _

subject to

R
(@7 x’i]7x1]7xzj)LR = ( t2j7Ctlj7Ct7,]7 ct; ')LRv

(@a Ii]axgaxR)LR = ( tz]ant1j7ntz]7nt§)LRa
(%a yT'ja yiLja yi];)LR D (&7 :E_ijv szja xf’})LR = (ntz]a ntz]a nt”, ntﬁ)LRa
(t tna tn7tn>LR = (p_Ctv Ma pCtvaCtR)LRa (P7.19>

(t_la E7 t%a t?)LR = (Oa 07 07 0)LR7
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(ﬁ?t_ja t}vtf)LR t (ﬂvt_ia tiL7t£%)LR D (@7 x_ija I‘iLj7I'LI'§)LR?

(E, t;, th, tf)LR, (@, Tij, .’EiLj, mﬁ)LR, (%, Uij yiLj, yg)LR are non-negative L R flat fuzzy

numbers, i = 1,2,...,n, j=1,2,...,n, (1,5) € A.
Step 3 Using the arithmetic operations, defined in Section 5.1.2, the fuzzy linear

programming problem (P 19) can be written as:
Minimize (( Y2 (i yi)s > (@G U5), > (e yb+yi chi—chvl), > @5yl
(i,j)€A (1,j)€A (i,j)€A (1,j)€A

T ¢ij + el vi;))er)
subject to

— L R ~+. . 4L R
(i), Tij, wi, w3y ) LR = (clij, clij, ctis, cti}) g,

— L R Py L R
(&, Lij, xij’ xz‘j)LR j (ntija ntijv ntz’ja ntz’j)LR’

— = L L ,R . ..R _ —— 4L R
(@ + Zij, Yij + Tig, Yig T Tijy Yig T rii)ir = (i, ntig, nts, nt;;) LR,

(t_nv E? tﬁ7 tﬁ)LR = (p_Cta M7 pCtL7 pCtR)LPm (P'?.ZO)
(t_la Ea t%) t{%)LR = (07 07 07 O)LR?

(E?t_jatfatf)LR = (t_z—i_@;t_z—i_m_z]?tf—’_le}atﬁ—i_xg)l/l%a

(t, 5, th t9) g, (i), Tij T, T LR, (Yij» Ui Y5, ylt) Lr are non-negative LR flat fuzzy

numbers, i = 1,2,...,n, j=1,2,...,n, (,5) € A.
Step 4 Using Definition 5.4, Definition 5.5 and Definition 5.6, the fuzzy linear pro-

gramming problem (P;g) can be written as:

Minimize (( Y0 (¢ ¥i5), > (@G %), > (g ylityy ch—chyl), > (@G yl+
(ij)eAd — — (i,j)€A (i,j)eAd — - (3,7)€A

T e+ e yf)e)
subject to

— L _R +. 4L R
(ﬁ, Lij, Tijs fL}j)LR = (cty, ctij, cly, Ctij)LRa

L

N R 1 L R
(ij, Tij, L35, T35 L = (Nhig, iz, b5, nt35) L,

— T T — L L _ L R R _ R



197

t_n = pCta E = M? tﬁ = pCtLa tf = pCtRa <P7.21)
tp=0, =0 th=0 th=0,

(ﬁat_ja t]Lvt?)LR = (t_z—i_ﬂ,t_z_'_x_lja tzL + x£77t7,R +$5)LR7

tp—th > 0,8 —t; >0,tF >0,tF >0,

L — L R
Tij — x5 2 0, Tij — x5 2 0, 25 2 0, 235 2> 0,

Step 5 Using the method, proposed in Section 7.4.1 for converting the fuzzy in-
equalities into crisp inequalities, the fuzzy linear programming problem (P;2;) can

be written as:

Minimize (( 35 (¢ 4i), > (@ U5), 2 (e bty ch—chuh), Y (@ ufi+
(i,)eAd — — (i,j)eA (ij)eA — - (i,5)€A

Ui cfj + el yiy))ir)

subject to

oL et T — . — Ctas L L R R
Tij — X5 2> Cliy — bz, Ty — Ty 2> clyy — ctyy, x5 2> ctis, x5 2> cby

L L = — L L R R
Tij — Ty < ntiy —nly, T — Ty < iy —ntig, v < ntg, xS nt,

R R __ R

_ T — L L __ L
% +@ = ntij, Yij + Tij = ntij, yij + 'Tij = nt; ij

YR
ty =pct, T, =pct, th=pctt, tF=pcth, (Pr.g2)

th=0, =0, th =0, th =0,

~

bt by —th o, Tty 2Tty 2 bl (0 iRl
Q—tfzo,t_j—ﬁzo,tfzo,tfzo,

zij —xf; > 0, Ty — a5 > 0, xf > 0, 2% >0,

Yy — 5 > 0,75 — ¥ > 0, 55 > 0,41 > 0.

Step 6 Suppose the fuzzy linear programming problem (Pr ;) have h feasible so-

lutions then there is need to find such feasible solution, out of all the possible
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feasible solutions, corresponding to which the value of objective function is mini-
mum i.e., there is need to find the minimum of LR flat fuzzy numbers representing

the values of objective function corresponding to all the feasible solutions i.e., if

{(x)', @) ()’ @)’ () @) (@5)' (u5)'s (&) @h) (v ()} is

the t'" feasible solution of fuzzy linear programming problem (P;5;) then the goal

is to find minimum{( > ((¢;) (@)t), > (@) @)Y,

Istsh " ijea — (i.j)€A

S (o) W)+ ()" (B) = (B) W), 2 (@) W) + )" () +
(i,5)€A (3,5)€A

(cﬁ)t (yﬁ)t)) rr} which can be obtained by using the method, proposed in Section
7.4.2, i.e., by using the method, proposed in Section 7.4.2, the optimal solution of

the fuzzy linear programming problem (Pr95) can be obtained as follows:

Step 6(a) Solve the crisp linear programming problem (P;3)

Minimize [ 37 (cyj yiy) — 2o (cij yi5 + vij ¢ — ¢l yi)]
(i,j)EA - (i,j)EA - -

subject to (Pra3)

Constraints of problem (P 92).

Step 6(b) Solve the crisp linear programming problem (P;4)

Minimize [(';EA(% Y+ Yij crs— byl
irj

subject to

Constraints of problem (P ;) with the following additional constraint

(;A(@@)—(;A(@?/fj+%65j—05j yh) = Ay (Pr24)
ij)e ij)e

where, A, is the optimal value of crisp linear programming problem (P 23).

Step 6(c) Solve the crisp linear programming problem (P 25)

Minimize [ >0 (@5 %) = 2. (¢ Yiy)]
(irj)eA (Z’])EA

subject to

Constraints of problem (P;24) with the following additional constraint
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(.Z):GA(% yiLj—i_%ciLj_ciLj y%LJ) = A5 (Pr.a5)
i.j

where, Aj is the optimal value of crisp linear programming problem (P ay4).

Step 6(d) Solve the crisp linear programming problem (P;.4)

Minimize [ Y (¢ yfj? + Yij Cf} + Cf} yi})]
(4,5)€A

subject to

Constraints of problem (P;25) with the following additional constraint

> @y — 2 (cij yiy) = Ae (Pr.26)

(i,7)EA (i,5)€A —

where, Ag is the optimal value of crisp linear programming problem (P a5).

Step 7 Find the fuzzy optimal solution {}A/,;, )f(\;j, fj} of the fuzzy linear program-

ming problem (P;1g), by putting the optimal values of Yij» Yij yZ-Lj, yﬁ,@, Tij, xfj, xf}

and t;,t;,t7, ', obtained from Step 6(d), in if; = (i Uig» Y55, Y1) rs Xij = (45, T,

w5, ) Lr and T = (tj,tj,t7,t]) LR respectively,

Step 8 Find the fuzzy optimal value of the fuzzy linear programming problem

(Pr1s), by putting the optimal values of if; in Y (C; ® Y).
(i,5)€A

Remark 7.1: If all the parameters are represented by LR fuzzy numbers then there

is no need of Step 6(c). Also, Ag, used in the Step 6(d), will be replaced by As.

7.5 Advantages of proposed JMD methods over
existing methods

In this section, advantages of the JM D methods, proposed in Section 7.4,
over the existing methods, presented in Section 7.1, Section 7.3.1 and Section 7.3.2

are discussed.
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7.5.1 Advantages of proposed JM D method for converting
the fuzzy inequality constraints into crisp inequality
constraints

In Section 7.3.3.3, it is pointed out that although the fuzzy solution z =

(z,T, 2%, 2%) g, obtained by using the methods, presented in Section 7.3.1, sat-
isfies the fuzzy constraint (a,a,a” o)z ® (z,7, 2% 2%)r @ (b,b,b",b%) g =
(c,e,cb g @ (2,7, 2%, 2% @ (d,d,d" d¥)pr. But, it is not always possi-

—LR)

ble to find a non-negative LR flat fuzzy number s = (s,5,s", s™) g such that

® (2,7, 2" 2™ p @ (d,d,d", d?) . However, in Proposition 7.1 it is proved that

the fuzzy solution 7 = (z,7, 2L, z%®)

LR, obtained by using the proposed JM D
method, will satisfy the fuzzy constraint (a,a, a”, ™) g ® (2,7, 2%, %)L ® (b, b, b, b)) 1
=< (¢,e,ch ) r @ (2,7, 25 2% g @ (d,d,d", d?) g as well as there will always

—LR)

exist a non-negative unique LR flat fuzzy number s = (s,3,s", s"") g such that

® (ga f: ':BL7 'IR)LR S (C_la C_l7 dL7 dR)LR-
Hence, it is better to use the proposed JM D method for converting the fuzzy

inequality constraints into crisp inequality constraints as compared to the existing

methods presented in Section 7.3.1.

7.5.2 Advantages of proposed JM D method for finding the
minimum (or maximum) of fuzzy numbers

In Section 7.3.4.4, it is pointed out that if a; is the minimum (or maximum) of
n fuzzy numbers ay, as,..., a,, obtained by using the methods, presented in Section

7.3.2, then a; is neither necessarily a unique fuzzy number nor it is always possible
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to find n non-negative fuzzy numbers si, Ss,..., S, such that a; @ s; = a; (or a
=a; ® s;), 1 = 1,2,...,n. Also, it is pointed out that if a; is the minimum (or
maximum) of n fuzzy numbers ay, as, ..., a,, obtained by using Mehar’s ranking
approach proposed in previous chapter, then a; is always a unique fuzzy number
but it is not always possible to find n non-negative fuzzy numbers s1, S, ..., S, such
that a; @ s; = a; (or @y = a; ® 8;), i = 1,2,...,n. However, in Proposition 7.2 it
is proved that if a; is the minimum (maximum) of n fuzzy numbers ay, as,..., a,,
obtained by using the proposed method, then a; will always be a unique LR flat
fuzzy number and also there will always exist n non-negative LR flat fuzzy numbers
81, 82,..., S such that a; ® s; = a; (or ay = a; ® 8;),1=1,2,...,n.

Hence, it is better to use the proposed JM D method for finding the minimum
(or maximum) of fuzzy numbers as compared to the existing methods presented in

Section 7.3.2 and proposed Mehar’s ranking approach .

7.5.3 Advantages of proposed JM D method for finding the
minimum fuzzy crashing cost for completing the project
within specific fuzzy time

In this section, the advantages of the proposed JM D method for finding the

minimum fuzzy crashing cost for completing the project within specific fuzzy time

over the existing method [30] are discussed.

1. Since, by using the proposed JM D method directly fuzzy number, represent-
ing the optimal fuzzy times of the activities and minimum fuzzy crashing cost
for completing the project within a specific fuzzy time are obtained so, the
shortcoming of the existing method [30], pointed out in the first point of the

Section 7.2, is resolved.
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2. Since, in the proposed JM D method instead of using fuzzy linear program-

ming problem (P;;) the proposed fuzzy linear programming problem (Pr;g)
is used and in the proposed fuzzy linear programming problem (P;;g) all the
parameters are represented by LR flat fuzzy numbers so, the shortcoming of
the existing method [30], pointed out in the second point of the Section 7.2,

is resolved.

Since, in the proposed JM D method the distributive property is not used. So,
the shortcoming of the existing method [30], pointed out in the third point of

Section 7.2, is resolved.

To obtain the fuzzy optimal solution by using the existing method [30] firstly
the lower and upper bound corresponding to different values of « are calculated
and then the obtained lower and upper bounds are used to construct the
fuzzy number i.e., for obtaining the optimal fuzzy activity times and minimum
fuzzy crashing cost for completing the project within a specific fuzzy time
by using the existing method [30] there is need to repeat all the steps of
the existing method again and again for different values of . While, in the
proposed JM D method there is no need to repeat the process again and again
for different values of v and directly a fuzzy number, representing the fuzzy

optimal solution, is obtained.

7.6 Illustrative example

Since, in the first point of Section 7.4.3, it is pointed that there is no physical

meaning of the existing data, presented in Table 7.2 so the existing data is modified

in such a manner that there should always exist a non-negative fuzzy number S such
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that fuzzy crash time ® S = fuzzy normal time and the existing problem [30] with

modified data, presented in Example 7.1, is solved by the proposed method.

Example 7.1: [30] Using the modified data, presented in Table 7.3, find the optimal

initial fuzzy project completion time (NTj), optimal crash fuzzy completion time

(CTg) and minimum fuzzy crashing cost (3 (a:] ® %)) for completing the
(1,5)€A

project, shown in Figure 7.2, within specific fuzzy time POT = (39,10,4) g

% (23,5,2),
: (17,3,4) @
(6,1.2)x
(12,2,2),5 83 2).s
/
(CRRI

Figure 7.2 Structure of the project network

Table 7.3: Modified fuzzy data

Activity | Fuzzy normal time | Fuzzy crash time The incremental direct cost per
(%, 7) ]rV\Y/”Z-]- &Fij unit decrease in activity time a;
(1, 2) (19,3,2)Lr (6,2,0)Lr (100,20,20)r
(1, 3) (12,2,1)Lr (8,1,1)Lr (200,10,20) g
(2, 5) (23,5,2)LRr (12,4,0)Lr (100,10,30)Lr
(2, 4) (6,1,2)Lr (4,1,1)Lr (200,40,10).r
3, 4) (4,1,1)Lr (2,0,1)Lr (200,20,10)Lr
(4, 5) (8,3,2)Lr (4,2,1)Lr (100,20,10) g
(5, 6) (17,3,4)Lr (8,2,0)Lr (100,10,20)1r

where, L(z) = R(z) = max{0,1 — z}

7.6.1 Optimal initial fuzzy project completion time

Using the method, proposed in Section 7.4.4, the optimal initial fuzzy project
completion time for the problem, chosen in Example 7.1, can be obtained as follows:
Step 1 Using the fuzzy linear programming problem (Pr ) the chosen problem can

be formulated into the following fuzzy linear programming problem:
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Minimize N\fﬁ

subject to
NT = NTs & NT, NTs = NTys & NT,
NTy = NTps & NT, NTy = NToy ® NT,
NT, = NTy & NT, NTy = NTys & NT;,

e~ —  —  —~—  ——

—~— ~—  ——~— @~ ——~—

NTis, NTi3, NT34, NTs,, NTo5, NTy5 and NT56 are non-negative LR fuzzy
numbers.
Step 2 Assuming NT; = (ntgs,ntE ntf) g, i = 1,2,3,4,5,6, the fuzzy linear pro-
gramming problem, obtained in Step 1, can be written as:
Minimize (ntg, ntl, ntl) g
subject to
(nte, nt§, ntf)Lr = (17,3,4)Lr ® (nts, ntf, ntf) g,
(nts,ntt, ntf) e = (8,3,2)Lr @ (nty,nth, nt}) g,
(nts, ntf, ntf)pr = (23,5,2)r @ (nt2, nth, ntd) g,
(nty,nty, ntf)Lr = (6,1,2)pr & (nty, nty, ntf) g,
(ntg,nth, ntf e = (4,1,1)Lr @ (nts,nts, ntf) g,
(nts,nty, ntf)pr = (12,2,1),r ® (nty, ntl, ntf) g,
(nty, ntd , ntf) e = (19,3,2)r & (nty, ntl, ntl) g,
(nty, ntl ntf) r = (0,0,0) 1R,

(ntl, nt%, ntf‘)LR, (ntg, nt%, nt?)LR, (nt3, nté, nt?)LR, (nt4, nt4L, ntf)LR, (nt5,



205

ntt, ntf) g and (nte, ntf, ntl) p are LR fuzzy numbers.

Step 3 Using the arithmetic operations, defined in Section 5.1.2, the fuzzy linear
programming problem, obtained in Step 2, can be written as:
Minimize (ntg, ntg, ntl) g
subject to
(nte, nt§, ntE)pr = (17 + nts, 3 + ntf, 4 + ntf) g,
(nts,ntE ntf) g = (8 + nty, 3+ ntl, 2 + ntl) g,
(nts,ntl ntf)rp = (23 + nty, 5 + ntk 2 + ntl) g,
(nty, ntf, ntf)pr = (6 + ntz, 1+ nts, 2 + ntld) g,
(nty, ntf, ntf)pr = (4+ nts, 1+ ntk, 1+ ntd) g,
(nts,nty, nt)pr = (124 nt1, 2+ ntl, 1+ ntf) g,
(nty, nty, ntf)pr = (19 + nty, 3 + ntf, 2 + ntf) g,
(nty,ntl nt®) r = (0,0,0) g,
(nty, ntE ntf) g, (nty, ntl ntf) g, (nts, nty ntl)pp, (nty, nth ntl) g, (nts,
ntt, ntf) g and (nte, ntf, ntl) p are LR fuzzy numbers.
Step 4 Using Definition 5.4 and Definition 5.6, the fuzzy linear programming prob-
lem, obtained in Step 3, can be written as:
Minimize (ntg, ntl, ntl) g
subject to
(nte, nt§, ntd)r = (17 + nts, 3 + ntf, 4 + ntf) g,
(nts, ntf, ntf)Lr = (8 + ntq, 3 + nth, 2 + ntd) g,
(nts, ntk, ntf)pr = (23 + nte, 5 + ntf, 2 + ntd) o,
(ntg,nty, ntf)pr = (6 + nta, 1+ nth, 2 + nt) g,

(nt4, nti,ntf)LR t (4 + ntg, 1 + ntg, ]_ + nt?)LR,
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(ntz,ntd ntl) p = (12 + nty, 2 + nt¥, 1+ ntl) g,
(ntg, ntl nt®) g = (19 + nty, 3+ ntl, 2 + ntl) g,
nt; = 0, ntf =0, ntf =0,
nt1, nty, nt3, nty, nts, ntg are real numbers,
ntf,nt%,nté,ntf,nté, nté >0,
ntf, nts, nth ntlt ntlt ntf > 0.
Step 5 Using the method, proposed in Section 7.4.1, for converting fuzzy inequali-
ties into crisp inequalities, the fuzzy linear programming problem, obtained in Step
4, can be written as:
Minimize (ntg, ntl, ntl) g
subject to
ntg — ntk > 14+ nts — ntk, ntl > 3+ ntk, ntl > 4+ ntl,
nty — nté > 54 nts — ntf, nté >34+ nt4L, nt5R > 24 ntf,
nts —ntk > 18 + nty — ntk, ntk > 5+ nth, ntl > 2 + ntl
nty —ntl > 5+ nty —ntd, ntl > 1+ nth, ntl > 2+ ntl,
nty —ntl > 3+ nty —ntl, nth > 1+ntl, nth > 1+ nth,
nty — ntk > 10 + nty — ntE, ntd > 2+ nth, ntl > 14+ ntk,
nty — ntl > 16 + nty — ntE, ntd > 3+ ntd, ntl > 2 4 ntf,
nt; =0, ntt =0, ntl =0,
nt1, nty, nt3, nty, nts, ntg are real numbers,
ntf,nt%,ntg,ntff,nté, ntﬁL >0,
ntf o ntlt ntlt ntlt ntl ntlt > 0.

Step 6 Using the method, proposed in Section 7.4.4, the optimal solution of the
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fuzzy linear programming problem, obtained in Step 5, can be obtained as follows:

Step 6(a) Solve the following crisp linear programming problem:
Minimize (ntg — nt¥)
subject to

Constraints of the problem obtained in Step 5

Step 6(b) Since, the optimal value of crisp linear programming problem, obtained
in Step 6(a) is 48, so solve the following crisp linear programming problem:
Minimize (ntl)
subject to
Constraints of the problem obtained in Step 5 with the following additional
constraint
nte — ntf = 48
Step 6(c) Since, the optimal value of crisp linear programming problem, obtained
in Step 6(b) is 11, so solve the following crisp linear programming problem:
Minimize ntf
subject to
Constraints of the problem obtained in Step 5 with the following additional
constraints
nts — nty = 48
ntf = 11
Step 7 Since, the optimal values of ntg, ntf and ntf, obtained from Step 6, are 59,
11 and 10 respectively. So, the optimal initial fuzzy completion time of the project

is NTy = (ntg, ntl, ntf) p = (59,11, 10) 5.
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7.6.2 Optimal crash fuzzy project completion time

Using the method, proposed in Section 7.4.5, the optimal crash fuzzy comple-
tion time for the problem, chosen in Example 7.1, can be obtained as follows:
Step 1 Using the fuzzy linear programming problem (P 5) the chosen problem can
be formulated into the following fuzzy linear programming problem:

Minimize Cf'\fﬁ

subject to
CTy = CTy @ CT, CTs = CTys @ CTy,
CTs = CTys @ CTo, CTy = CToy ® CTh,
CTy = CTyy @ CT, CTy = CTy3 © CT,

CTy = CTyy ® CTh,

~— Y~ —~—  —~— —~— ——~— —~—

CTiy, CTis, CTyy, C'Toy, CTys, CTys, C'Tsg are non-negative LR fuzzy num-
bers.
Step 2 Assuming CT; = (ct;, ctl, ct®) p: i = 1,2,3,4,5,6, the fuzzy linear pro-
gramming problem, obtained in Step 1, can be written as:
Minimize (ctg, ctl, ctf)r
subject to
(cts, ctg, ct§)r = (8,2,0)Lr @ (cts, ctf, ct) L,
(cts, cth, ctf)r = (4,2,1) Lk & (cty, ctf, ctf) g,
(cts,ctl ctB)pr = (12,4,0)r @ (cto, cth, ctl) g,
(cta,ctf,cti)r = (4,1, 1) @ (cto, cth, ctf) L,

(Ct4a Ct£7 th)LR i (27 07 1)LR ¥ (Ct?n Ct%a Ct?)LRv



209

(cts,ctl,ctf)r = (8,1, 1)1 @ (ct1, ctl, ctf) L,
(cto,cty, ctf)pr = (6,2,0)Lr & (ct1, ct, ct) g,
(cty, ctE et pr = (0,0,0) g,
(cty, ctt, ctl) R, (cta, cth, ctf) g, (cts, ctl, ctB) L, (cty, ctl, ct®) g, (cts,ctl,
ct® g, (ctg, ctl, ctl)Lr are LR fuzzy numbers.
Step 3 Using the arithmetic operations, defined in Section 5.1.2, the fuzzy linear
programming problem, obtained in Step 2, can be written as:
Minimize (ctg, ctl, ctl) g
subject to
(cte, ctl, ctl)pr = (8 + ct5,2 + ctk 0 + ctl) g,
(cts, ctl,ctl)r = (44 cty, 2+ ctf, 1 + ctf) o,
(cts,ctl, ct®)pr = (12 + cty, 4 + ct, 0 + ctl) 1 g,
(cty, ctl ety r = (44 cty, 1+ cth 1+ ctl) g,
(cta, cth, ctiP)ir = (24 ct3, 0+ ctf, 1 + ctf) L,
(cts, ct?f, ctff)LR = (8 +cty, 1 +cth, 1+ cth) g,
(cto, cty, cti)p = (6 + ct1,2 + ctf, 0 + cti) g,
(cty, cth et r = (0,0,0) g,
(cty, ctt ctl)pr, (cty, cth, ct®) g, (cts, ctl, ctB)pp, (cty, cth ct®) g, (cts,ctl,
ctf) R, (cte, ctl, ctl) g are LR fuzzy numbers.
Step 4 Using Definition 5.4 and Definition 5.6, the fuzzy linear programming prob-
lem, obtained in Step 3, can be written as:
Minimize (ctg, ctl, ctl) g
subject to

(cto, ctl, ctl)pr = (8 4 ct5,2 + ctl, 0+ ctf) g,
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(cts, ctl, ctf) g = (44 cty, 2 + ctf, 1 + cti) L,

(cts, cté, ct5R)LR = (12 + cty, 4 + cth, 0+ ctf) g,

(cta, cth, ctipp = (44 cta, 1+ ctf, 1 + ctf) g,

(cta, cth, cti)ir = (24 ct3, 0+ ctf, 1 + ctf) 1,

(cts,cty, ctf)pr = (8 + cty, 1+ ctf, 1 + ctf') L,

(cto, cth, ctf) g = (6 + ct1,2 + ctf, 0+ ctf) g,

ct, =0, ctlL =0, ct{% =0,

cty, cto, cts, cty, cts, ctg are real numbers,

cth ctl cth cth, ctl ctl >0,

ctf,ctf,ct?,ctf, ct?, ctg > 0.
Step 5 Using the method, proposed in Section 7.4.1, for converting fuzzy inequality
into crisp inequalities, the fuzzy linear programming problem, obtained in Step 4,
can be written as:

Minimize (ctg, ctl, ctf)r
subject to

cte —ctl > 6+cts —ctl, b > 2+ ctl, l >0+ ctl,

cts —ctt > 2+ cty —ctl, ctl > 2+ ctl, l > 1+ ctf,

cts —cth > 8+ cty —cth, ctl >4+ cth, ctl >0+ ctl,

cty —cth > 3+ cty —ctl, cth > 1+ cth, lf > 1+ tf,

cty — ctf > 24 cty — cté, ctf >0+ ct?f, ctf > 14+ ct?,

cty —cth > T +cty —ctl, b > 1+ctl, > 1+ ctf,

cty —cth > d ety —ctE) cth > 2+ cth B > 0+ ctF,

cty =0, ctl =0, et =0,

cty, cto, cts, cty, cts, ctg are real numbers,
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cth, ctl ctl cth ctl ctl >0,
ctf,ctf,ct?,ctf,ct?, cté2 > 0.
Step 6 Using the method, proposed in Section 7.4.4, the optimal solution of the
fuzzy linear programming problem, obtained in Step 5, can be obtained as follows:
Step 6(a) Solve the following crisp linear programming problem:
Minimize (ctg — ctf)
subject to
Constraints of the problem obtained in Step 5.
Step 6(b) Since, the optimal value of crisp linear programming problem, obtained
in Step 6(a) is 18, so solve the following crisp linear programming problem:
Minimize (ct§)
subject to
Constraints of the problem obtained in Step 5 with the following additional
constraint
cte — cth =18
Step 6(c) Since, the optimal value of crisp linear programming, obtained in Step
6(b) is 8, so solve the following crisp linear programming problem:
Minimize (ct&)
subject to

Constraints of the problem obtained in Step 5 with the following additional

constraints
cte — cth = 18
cth =

Step 7 Since, the optimal values of ctg, ctt and ctl, obtained from Step 6, are 26,



212

8 and 3 respectively. So, the optimal crash fuzzy completion time of the project is

C/—’\Z:G = (CtG, Ct([;, Cté%)LR = (26, 8, 3)LR-

7.6.3 Minimum fuzzy crashing cost for completing the project
within specific fuzzy time

Using the method, proposed in Section 7.4.6, the minimum fuzzy crashing cost
for completing the project within specific fuzzy time (39, 10,4),r can be obtained

as follows:

Step 1 Using the proposed fuzzy linear programming problem (P;1g), the chosen

problem can be formulated into the following fuzzy linear programming problem:

Minimize (Cia ® Y1z @ Chs ® Yis ® Cas @ Yas B Cay @ Yoy @ Csy @ Yoy & Cy @ Yis B

Cs6 ® Ysg)
subject to
X15 = CTh, X2 = NTh,,
X153 = CThs, X1z = NT,
Xo5 = CThs, Xo5 = NTs,
Xo4 = CToy, X4 = Noy,
Xgy = CTh, Xg4 = NTh,
Xy = CTys, X = NTjs,
X5 = CThg, Xs6 < N,
Yio @ Xi3 = NThy, Ty =Ty & X,
Yis ® X153 = NTjs, Ty = Ty @ X,
Yas @ Xos = NThs, Ty =Ty & Xos,
Yar @ Xog = NThy, Ty =Ty & X,

Yar & Xag = NTy, Ty = Ts & Xa,
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Yis ® X5 = NTos, Ts = Ty ® X,

Yas ® Xsg = NTsg, To = Ts ® Xsg,
Ts = PCT, T, =0,

@, }74/5, % are non-negative LR fuzzy numbers.
Step 2 Assuming 71 = (1, 17, tF) g, Ty = (to, t5,t8) 1r, Ts = (L3, t5, t5) LR,
Ty = (ta, t5, ) LR, T = (ts, t&, t8) LR, T = (te, t&, tE) LR, Xy = (212, 21y, T35 LR,
Xis = (213, 25, 28 L r, Xos = (225, 0k, ) LRy Xog = (€24, ¥k, ©5) 11y Xaa = (w3, 7,
T8 LR, 3(\; = (245, 215, T15) LR, 5(\5/6 = (56, 255, 755 LR, @ = (Y12, Uta, Yis) LR, 3?3 =
(y137y1LB?y{g)LRa 3//;5 = (y257y2L57y%)LRa {/;1 = (y24,y2L47y§;)LR, 57:;4 = (y34,y§4>y:ﬁ)LR,

Yis = (yas, yls, yit ) g and Y6 = (ys6, ¥, 25 ) g, the fuzzy linear programming prob-

lem, obtained in Step 1, can be written as:

Minimize ((100, 20,20)1r @ (y12, ¥h, yis) Lr @ (200,10,20) 1k @ (Y13, Yis, Y ) LR ©
(100,10, 30) LR ® (Y25, Y35, ¥35) Lr B (200,40, 10) LR ® (Y24, %), ¥35) LR (200,20, 10) LR ®
(ysa, 51, y5) Lr® (100, 20, 10) £r @ (yYas, Y5, yi% ) LD (100, 10, 20) L ® (56, Yis, v5) LR)

subject to

(w19, 25, 21 LR = (6,2,0) LR, (z19, 2%, 28 1R < (19,3,2) 1R,

(213, 215, 215) Lk = (8,1,1) LR,
(225, w55, 255 ) LR = (12,4,0) g,
(woa, w55, 254 e = (4,1,1) LR,
(234, ¢85y, 28 R = (2,0,1) R,
(245, 045, 235 ) e = (4,2,1) LR,

(w56, 2ks, 28 LR = (8,2,0) g,

(213, o135, 215 r = (12,2,1) g,

(225, v%5, 255 LR = (23,5, 2) LR,
(w24, 233, 253 Lr = (6,1,2) LR,
(x4, w8y, 28 r = (4,1,1) R,
(%45, 245, 255 R = (8,3,2) LR,

(w56, 2k, o8 Lr = (17,3,4) R,

(?112,?/1Lz>yf22)LR S (5512,$1Lz>33{22)LR = (19,37 2)LR,
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(Y13, Y15, yi3) e © (213, 203, 215)1r = (12,2, 1)1r,

(Y25, Y35, Yss ) i ® (o5, 235, 255 ) LR = (23,5, 2) 1R,

(Y24, Y34 Vo) LR & (o, 25y, 28 LR = (6,1,2) R,

(Y34, Y51, Ui Lr @ (2sa, ol o) r = (4,1,1) g,

(Y455 Y55 U4E) LR & (a5, 245, 255 ) LR = (8,3,2) Lk,

(56, Yos Vi) Lr @ (w56, whg, vl ) Lr = (17,3,4) LR,

(te, tL t8) pr = (39,10,4) 1R,

(t,tL ) Lk = (0,0,0) g,

(ta, t5,t5) L = (t, 87, )R © (212, 2y, T15) LR,

(3, 15, t5)er = (b, 81, 11) LR © (213,205, 713 LR,

(ts, t5,t8) LR = (to, t5 15 Lr © (225, 55, 055 ) LR,

(tas t5, U LR = (to, t5, 15 Lr © (24,254, ¥5) ) Ly

(ta, th, ) L = (3, 85, t5) Lr © (w34, 5y, 05 LR,

(ts: 5, t5) LR = (ta, t4, 1) 1R © (a5, 25, 745 ) LR

(to, b6, t6 )L = (t5, 65 1) LR © (w56, 85, T55) LR,

(t, 1 ) Lrs (Lo 5,85 LRy (E3, 155 05 LRy (ta 85 U ) LRy (5, 88 8 Ly (t6s 16, 86 1,
(%19, 275, T15) LR, (T13, T3, 215) LRy (o5, T35, T35 LRy (T24, T34, 25 LRy (T30, T84, T34 ) LR,
(s, 245, 245 Ry (56, 286, 086 LRy (Y12, Yias Yih) LRy (Y13s Ui, Yis) LR (Y2ss Uss, Y35 ) LRs
(Y24, Y20 Y21 LRy (Y34, Y51, Ysi) LRy (Yas, Yis, Yis)Lrs (Yse, Yz, Yso) LR are non-negative
LR fuzzy numbers.

Step 3 Using the arithmetic operations, the fuzzy linear programming problem,

obtained in Step 2, can be written as:

Minimize ((1003/12 + 200y13 + 100y25 + 200y24 + 200y34 + 100y45 + 100ys6, 803/%2 +

20y12 + 190y + 10y13 + 90yds + 10y95 + 160yL, + 40y24 + 180yL, + 20ys34 + S0yks +
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20y45 + 90yLs + 10ys6, 120y1% + 20y12 + 220yF + 20y13 + 130yLE + 30ye5 + 210y% +

10y24 + 210yL + 10y34 + 110y + 10y45 + 120yL% + 20y56)LR)

subject to
(12, ¥fp, 215) LR = (6,2,0) LR,
(213, 215, 215k = (8,1,1) LR,
(225, 735, 735 ) Lr = (12,4,0) Lk,
(224, vy, 28R = (4,1,1) R,
(234, ¢85y, 28 R = (2,0,1) R,
(245, 045, 235 LR = (4,2,1) LR,

(w56, ks, 28 LR = (8,2,0) g,

(712, ¥1p, o15) e = (19,3, 2) Lk,
(213, o135, 215 r = (12,2,1) g,
(225, ¥35, 255 )R = (23,5,2) g,
(224, vy, 28 R = (6,1,2) LR,
(x4, w8y, 28 r = (4,1,1) R,
(245,45, 255 R = (8,3,2) g,

(w56, 2k, 8 pr = (17,3,4) 1R,

<y12 + Z12, ylLQ + x%Qa yg + x%)LR = (197 3, 2)LR?

(913 + 13, y%:i + le?)a y{%?) + x%)LR = (127 2, 1)LR’

(Y25 + o5, Yss + 55, Yas + o) Lr = (23,5,2) L,

(y24 + Ty, y2L4 + $§'4, yi + xé%4>LR = (67 17 2)LR7

(y34 + T34, y?%4 + $§47 yzﬁ + "L‘g;zl)LR = (47 L, 1)LR’

(a5 + Ta5, Y15 + s, Y5 + T4 LR

(ys6 + Ts6, Yo + kg, Yl + 25 LR

(te, th, t8) LR = (39,10,4) 1R,

(tl? t%7 t{%)LR = (07 07 0)LR7

= (8,3,2)1r,

= (177 37 4)LR)

(t27 t%? t?)LR t (tl + 12, tlL + x1L27 t{% + x{g)LRa

(ts, th 8 LR = (t1 + @13, tF + 2y 87 + 2 1R,

(t57 té? t5R)LR i <t2 + X255, té + x§57 té{ + xﬁ;)LRa

(ta, th ) LR = (to + wou, th + 2y 8 + 28 1R,

(t47 tf? tf)LR = <t3 + T34, tél + x£47 t?]? + $3R4>LR7
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(ts, tL t8) R = (ta + was, th + 2l t7 + 28 1R,

(to, b6, t§ )L = (t5 + ws6, 15 + 25, 15 + 285 g,

(t 1 ) rs (Lo 5, 85 Lmy (E3, 15 05 Lrs (ta 85 U ) LRy (5, 88 8 ) Ly (t6s 16, 86 L,
(%19, 275, T15) LR, (213, T3, 215) LRy (o5, T35, T35 LRy (T24, T3, 25 LRy (T30, T84, T3 ) LR,
(s, 245, 245 Ry (%56, 286, 056 LRy (Y12, Yias Yih) LRy (Y13, Ui, Y15) LR (Y2ss U3s, Y55 ) LRs
(Y24, Y20 Y21 LRy (Y34, Y51, Ysi)Lrs (Yas, Yis, Yis)Lrs (Yse, Yz Yso) LR are non-negative
LR fuzzy numbers.

Step 4 Using the Definition 5.4, Definition 5.5 and Definition 5.6, the fuzzy linear

programming problem, obtained in Step 3, can be written as:

Minimize ((100y12 + 200y13 + 100y25 + 200424 + 200y54 + 100ya5 + 100ys6, 80y, +
20y12 + 190yE; + 10y13 + 90yds + 10y25 + 160yL, + 40y24 + 180y, + 20yz4 + 80yks +
20y45 + 90yks + 10ys6, 120yL, + 20y12 + 220yf% + 20y13 + 13095 + 30y95 + 2102, +

10y24 + 210y + 10ys4 + 110yf + 10ys5 + 120yL% + 20ys6) L)

subject to

(212, 215, 215) LR = (6,2,0) LR, (212, o1y, 215)Lr = (19,3,2) g,
(213, vf5, 215) Lk = (8,1,1) g, (213, of5, 215 r = (12,2,1) g,
(225, 255, o)L = (12,4,0) R, (25, 255, T ) Lr = (23,5,2) LR,
(24, vy, 28 Lk = (4,1,1) LR, (224, o5y, 25 R = (6,1,2) LR,
(234, 254, 28 e = (2,0,1) LR, (234, 254, 25 br = (4,1,1)Lg,
(245, 045, 235 LR = (4,2,1) LR, (245, 745, 235 ) R = (8,3,2) LR,
(256, T8, 255 LR = (8,2,0) L, (56, o8, 255 r = (17,3,4) g,

Y12 + T12 = 19, y%z‘“”fz =3, yg—i—x% =2,
Y13 +x13 = 12, ?J1L3+$f3 =2, yﬁ"‘xﬁ =1,

Yas + To5 = 23, y2L5 +$2L5 =9, ?Jﬁ +$§5 =2,
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You + Tos = 6, Yy + 15, = 1, yoi + w5y = 2,

Y34 + Tzq = 4, ?/?,L4+x§4 =1, yﬁ+$§4 =1,

Yas + 245 = 8, yhs + xis = 3, yff + 2l =2,

Yse + Ts6 = 17, y5L6 + xéﬁ =3, yé% + xg% =4,

te = 39, tk =10, t& = 4,

tpy =0, th =0, =0,

(t2, 13, 1) LR = (1 + 21, 8] + 2y, ] + 275) LR,

(t3, th 1) r = (t1 + 23, th + byt + 2B) 1R,

(ts, tL t8)pr = (ta + wos, th + e 5 + 2l) g,

(ta, t1, 1) LR = (ta + T, t5 4 x5, t5 + 28} LR,

(ta, tE tBY g = (t3 + w3, tE + 2k 18 + 28 1R,

(tss 15, t5) LR = (ta + 2as, 1§ + 25, U + 25 LR,

(te, tL t8)pr = (ts + w56, th + aky t8 + 28 R,

ty — th oty — Lty —th bty — th ts —tE te — tl w1e — xhy, w13 — 2k, 20y — d,
m25_5155& Toy— TGy, m34—$§4,x45—x£5, $56_$5Lﬁayl2—y1L2>913—y1L3»y24_y2L4a Yo5—
Ysss Y2u — Yaas Y34 — Yx, Yas — Yis, Yse — Yss > 0,

tr g b b U L UG 6w, w1h, oy, Ty, 2, 35, T3, 03, 15,
w8y, v, ok, v, w8, yla, Yih, Ylss Ui, Ysss Yass Ysas Your Yaas Yaus Yiss Yis Ysos Vi > 0.
Step 5 Using the method, proposed in Section 7.4.1, for converting the fuzzy in-
equality into crisp inequalities, the fuzzy linear programming problem, obtained in

Step 4, can be written as:
Minimize ((100y12 + 200y13 + 100ys5 + 20024 + 200ys4 4+ 100y45 + 100ys6, 80y +
20y12 + 190yf; + 10y13 + 90yds + 1095 + 160yZ, + 40ya4 + 180yL, + 20ys4 + 80yks +

20y45 + 90yks + 10ys6, 120yL, + 20919 + 220y5% + 20y13 + 130ydE + 30y95 + 2108, +
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10y24 + 210y2, + 10yz4 + 110y + 10y45 + 120yLE + 20y56)LR)

subject to
T19 —aly >4, 2k, > 2 2L >0, 119 — aly <16, 2k, <3, 2, <2
T3 — le3 >, xf3 >1, x% > 1, T3 — xf3 < 10, xfg < 2, xﬁ,’ <1,
Tos — ke > 8 ke >4 2lt >0, Tos — ke <18, xh <5 alt <2
Tog — aky >3, by > 1, 2f > 1, Ty —aky <5 ak <1, 2l <2
T3y — aky > 2 2k >0, 2f > 1, w3y —xk, <3, 2k <1, 2 <1,
Tys — ke > 2, 2k > 2 2l > 1, T4s — vk <5, ke <3, 2l <2
Tse — xks > 6, 2k > 2, 2l >0, T — vhs < 14, 2k <3, 2l < 4

Yi2 + @12 = 19, yly + 2ty = 3, yfh + 2f, =2,

yis + 113 = 12, yis + 215 = 2, yis + 2y = 1,

Yos + X5 = 23, y§5+x§5:5, yﬁ—i—x%:?,

You + Toa = 6, ysy + 2y =1,y + 2 =2,

Ysa + w34 = 4, yb +aky =1, ylt + 28 =1,

Yss + 145 = 8, yk + 2l =3,y + 2B =2,

Yse + 56 = 17, Yo + aky = 3, yik + ol = 4,

te = 39, tk =10, tlt = 4,

ty =0,tl =0t =0,

to—th >ty +app —tF —ah th > th 2l R > R 4 2l
ty —th >ty 4 w3 —th — ok th > b ol 8 > 4R 4 2t
ts —th >ty + w5 — tL —wk, th >tk 4 2kt > 48 4 2l
ty —th >ty + woy — th — 2l th >l 42l R >l 4 2l
ty —th > t3 f gy —th — 2k th >tk pal R >l 2l

ts —tE >ty gy —th — okt >t 4ok B > tE 4 R
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to —t& >t + w5 — th — aks th > th 4 ok ] > tE 4 2k
tl—tf,tg—t%,tg—té,t4—ti,t5—té,tG—té/,l'lg—IfQ,xlg—I’%3,JZ24—{E§4,ZL‘25—
95%5, To4 — 5554, T34 — $§4, Ta5 — l’fg,, T56 — 5U§6> Y12 — y1L27 Y13 — ylL:y Yoa — yszp Yo5—
Ysss You — Y51s Y31 — Yia Yas — Yls, Ys6 — Y = 0,
tf,t{z,t%,tf,té,t?,tf,tf,té,t?,tGL,t?,azﬁ,xﬁ,xfg,x%,x&,x%,x&,xﬁ,x@,x?ﬁ,
xé{fﬂxﬁ)?wé{i?x%vy{lZvyl%vyﬁ}vy%vy%&'nyf’;’wy§47yﬁvyéléby:ﬁvyf&yﬁwyé]&y% Z 0.

Step 6 Using the method, proposed in Section 7.4.5, the optimal solution of the
fuzzy linear programming problem, obtained in Step 5, can be obtained as follows:
Step 6(a) Solve the crisp linear programming problem:

Minimize (803/12 — 80yk, + 190y13 — 190yE; + 90y25 — 90yke + 160y04 — 160y%, +
180ys4 — 180y, + 80ya5 — 80y + 90ys — 90ys)

subject to

Constraints of the problem obtained in Step 5.

Step 6(b) Since, the optimal value of crisp linear programming, obtained in Step

6(a) is 2000, so solve the crisp linear programming problem:

Minimize (20y12 +80y{s + 10y13 + 190y{; + 10y25 + 90yLs + 40y24 + 160y5, +20y34 +
180y, + 20y45 + 80k + 10ys6 + 90yL;)
subject to
Constraints of the problem obtained in Step 5 with the following additional
constraint
80y12 — 80yfy + 190y13 — 190y15 + 90yas — 90yz5 + 160y2s — 160y5; + 180yss —

180y, + 80y45 — 80y% + 90yss — 90yk = 2000.

Step 6(c) Since, the optimal value of crisp linear programming, obtained in Step
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6(b) is 410, so solve the crisp linear programming problem:

Minimize (20y12 + 120yfs + 20y13 4+ 220y + 30yas + 130yt + 10yos + 210y5 +
10y34 + 210y2% + 10y + 110y5% + 20ys6 + 120y2%)
subject to
Constraints of the problem obtained in Step 5 with the following additional
constraints
80y12 — 80yfs + 19015 — 190y{5 + 9035 — 90y35 + 160y24 — 160y3, 4 180ys4 —
180y%, + 80ya5 — 80yis + 90ys — 90yLs = 2000,
20y12 4+ 80y15 + 10y13 + 190y 5 + 10y25 + 90y 55 +40y24 + 160y2, + 20y34 + 180y, +

20y45 + 80yks + 10ys6 + 90y = 410.

Step 7 The optimal solution of the crisp linear programming problem, obtained in
Step 6(c) is y1o = 12, yiy = 0, yih = 2, yo5 = 5, y35 = 1, 45 = 0, yas = 0, yg5 = 0,
yts = L s = 3, yks = 0, y56 = 3, y13 = 0, yi3 = 0, yfy = 0, yos = 0, y3; = 0,
Yl =0, y3a =0, y2, = 0, Y% =0, 2o = 7, 2k, = 3, 284, = 0, 213 = 12, 2 = 2,
oih =1, w95 = 18, 2l =4, a2l =2, w9y =6, 2y =1, 2l =2, 234 = 4, 2L, = 1,
ol =1 a5 =82k =3, 2l =1 256 =14, 2k =3, 2lk =1, ¢, =0, tF =0, tf = 0,
=Tt =3, tf =0, t3 =12tk =2, t’ =1, t, = 17, th = 4 tF =2, t5 = 25,

th =7t =3, ts =39, tk =10, tff = 4.

Step 8: Using the optimal values of y;;, yiLj, y{}, Tij, miLj, xg, tj, tJL, tf, the fuzzy

—

optimal values of 1//; = (yij,yfj,yf})LR, Xij = (ﬂfz'j,ﬂ?{},mg)LR and fj = (tj:tf’tf)LR
are Yis = (12,0,2)1r, Yo5 = (5,1,0) 1, Ya5 = (0,0,1)1r, Ya6 = (3,0,3)r, Y13 = Yau
= Va4 = (0,0,0) 8, X12 = (7,3,0) 18, X13 = (12,2,1) 15, Xo5 = (18,4,2) 15, Xog =
(6,1,2) 15, X3a = (4,1, 1)1r, Xas = (8,3, 1)1, Xss = (14,3, 1) 5, Ty = (0,0,0) 15,

Ty = (7,3,0)1r, Ts = (12,2, 1)pr, Ty = (17,4,2) 15, Ts = (25,7,3)1r and Ty =
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(39,10,4) 1.

Step 9: Putting the fuzzy optimal values of }7;, }7?3, ?2/5, 372/4, {/;17 )725 and )75/6 in
(100, 20, 20)LR®(y12,ylLQ,yf%)LREB(QOO, 10,20)LR®(y13,y1L3,yf%)LRGB(l()O, 10,30)Lr®
(Y25, Y35, Yas) LR ® (200, 40, 10) L R® (Yos, Y34, Y54) LR (200, 20, 10) LR ® (Y34, Y31 Y31) LRD
(100,20,10) .z @ (yas, Yis, ¥ ) Lr @ (100,10,20) 11 @ (ys6, Yis, ¥5%) Lk, the minimum

fuzzy crashing cost for completing the project within the specific fuzzy time (PCT') =

(39,10, 4) .5 is (2000,410, 1160) 5.

7.6.3.1 Physical interpretation of results

In this section, the minimum fuzzy crashing cost, obtained by using the pro-
posed method, is physically interpreted. Similarly, the obtained optimal fuzzy ac-
tivity times )f(\; can also be physically interpreted.

Using the proposed method the minimum fuzzy crashing cost is (2000, 410, 1160) .,
which can be physically interpreted as follows:

(1) The least amount of minimum crashing cost is 1590.
(2) The most possible amount of minimum crashing cost is 2000 .

(3) The greatest amount of minimum crashing cost is 3160.
i.e., the minimum crashing cost will always be greater than 1590 and less than 3160

and maximum chances are that the minimum crashing cost will be 2000.
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The variation in minimum crashing cost with respect to chances are shown in

Figure 7.3.

o o o
EN o [
L L .

Degree of membership fuction
o
o

o

1500 2000 2500 3000 3500
Minimum crashing cost

Figure 7.3 Membership function of LR fuzzy number representing
minimum fuzzy crashing cost

7.6.4 Variation in minimum fuzzy crashing cost with respect
to the specific fuzzy project completion time

To show the variation in minimum fuzzy crashing cost with respect to the spe-
cific fuzzy projet completion time, the minimum fuzzy crashing cost for the problem,
chosen in Example 7.1, corresponding to different specific fuzzy times are shown in

Table 7.4
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In crisp project network problems, on decreasing the project completion time
the crashing cost increases. On the same direction, it is obvious from Table 7.4 that
on decreasing the specific fuzzy project completion time the fuzzy crashing cost is

increasing.

7.7 Proposed JMD representation of LR flat fuzzy
numbers

In this section, a new representation of LR flat fuzzy numbers, named as
JM D representation of LR flat fuzzy numbers, is proposed and it is shown that
it is better to represent the parameters of fuzzy linear programming problems by
proposed JM D representation of LR flat fuzzy numbers as compared to the existing

representation of LR flat fuzzy numbers.

7.7.1 Basic definitions

In this section, some definitions are proposed.

Definition 7.1 Let (a,a,a’,a®).zr be an LR flat fuzzy number then its JM D

representation is (a,a’, ™, a®){MP where a = a — a’, a™ =@ — a.

Definition 7.2 A JM D LR flat fuzzy number A = (a, a’, ™, a®)74P is said to be

non-negative JM D LR flat fuzzy number if and only if a > 0, a > 0, a™ > 0 and

af* > 0.

Definition 7.3 A JMD LR flat fuzzy number A = (a,a,a™,a®)7MP is said to
be an unrestricted JMD LR flat fuzzy number if and only if a is a real number,
a >0, a™ >0 and a® > 0.

Definition 7.4 Two JMD LR flat fuzzy numbers A = (ay,at,a, a®){MP and

B = (ag, al, ad?, aft){MP are said to be equal i.e., A = B if and only if a3 = ao,
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L_ L M _ M R _ R
ay =ay, ay" =ay and ay' = ay".

Definition 7.5 Let A = (a,a,a™,a®)/MP be a JMD LR flat fuzzy number and
« be a real number in the interval [0, 1] then the crisp set A, = {z € X : pz(z) >

af = [AL AY] = [(a + ") — " L7 (), (a + a* + a™) + o' R7!(a)] is said to be

a-cut of A.
7.7.2 Arithmetic operations

In this section, some arithmetic operations between two JM D LR flat fuzzy
numbers are proposed.
Let A; = (ar,at a? af){MP and Ay = (ag, ak, ad?, af){MP be two JMD LR

flat fuzzy numbers. Then,

N A N A L L M M _R R\JMD
(i) A1 ® Ay = (a1 +ag,ay +ay,a)" + a3, a +a3') g

i) M — (Aay, Aal, Aad! | Aaft) [P A>0
L=
(May + af + a)f + aft), —Xalt, = AaM, —Xa2)FMP XN <0

Let Ay = (a1, a”,a, a®)/MP and Ay = (ag,d,ad, af)7MP be two non-
negative JM D LR flat fuzzy numbers. Then,

(iii) A ®Ay = (ayas, aral+atas+alay, ajad +atad +aMas+atal+aMad!, aiaf

L_ R M, R R R_L R M R _R\JMD
—|—a1a2 +a1 a2 +a/1a2+ala/2 +a1a2 +ala2>LR

Remark 7.2: If ™ = 0 then a JM D LR flat fuzzy number (a, a’, a™, a®)/}P is

said to be a JM D LR fuzzy number and is denoted as (a,a”,0,a®)/}P.

7.7.3 Advantages of proposed JMD representation of LR
flat fuzzy numbers over existing representation of LR
flat fuzzy numbers

To show the advantages of proposed JM D representation of LR flat fuzzy

numbers over existing representation of LR flat fuzzy numbers, the number of crisp
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constraints of a crisp linear programming problem obtained from such a fuzzy linear
programming problem in which all the parameters are represented by existing rep-
resentation of LR flat fuzzy numbers and the number of constraints of a crisp linear
programming problem obtained from the same fuzzy linear programming problem
by representing all the parameters as JM D representation of LR flat fuzzy numbers

are compared in Table 7.5

Table 7.5: Comparison of proposed JM D and existing representation of LR flat fuzzy numbers

Details of crisp constraints in the
crisp linear programming problem
obtained by using any method
with existing representation of LR flat

fuzzy number ((a, @, a”,a’®)Lr)

Details of crisp constraints in the
crisp linear programming problem
obtained by using any method
with JM D representation of LR flat

fuzzy number ((a,a®,a™, a®)7}")

Crisp constraints corresponding to one
non-negative LR flat fuzzy variable
((a,a,a*, a®) ) are

Q7aaaLaaR7@7aLvafg Z 07

Crisp constraints corresponding to one

non-negative JM D LR flat fuzzy
variable ((a,a”, a™, a®){HP)
a’,aM, af a>0

are

Number of crisp constraints corresponding
to one non-negative LR flat fuzzy variable
((a,a,a*, a®)pr) are 6

Number of crisp constraints corresponding

to one non-negative JM D LR flat fuzzy

variable ((a,a”,a™, a®){¥D) are 4

Number of crisp constraints corresponding

Number of crisp constraints corresponding

to (u) non-negative LR
flat fuzzy variables are 6 x u
Crisp constraints corresponding to one Crisp constraints corresponding to one
unrestricted LR flat fuzzy variable unrestricted JM D LR flat fuzzy variable
(a,a,a”,a)gr) are a® > 0,a® > 0, ((a,a®,aM, a®)IMPYare aF >0, a™ >0, a® >0,
@a—a>0,a>0,a">0,d>0,a" >0, a>0,a">0,a=d—ad"
a=d —d',a=a —ad’

to (u) non-negative JMD LR
flat fuzzy variables are 4 x u

Number of unrestricted crisp constraints
corresponding to one unrestricted LR
flat fuzzy variables are 9

Number of unrestricted crisp constraints
corresponding to one unrestricted JMD LR
flat fuzzy variables are 6
Number of unrestricted crisp constraints
corresponding to (v) unrestricted JMD LR
flat fuzzy variables are 6 x v

Number of unrestricted crisp constraints
corresponding to (v) unrestricted LR
flat fuzzy variables are 9 x v

Total number of crisp
constraints =6 X u+9 x v

Total number of crisp
constraints =4 xu+6 x v

It is obvious from the results, shown in Table 7.5, that if any fuzzy linear pro-
gramming problem in which parameters are represented by existing representation
of LR flat fuzzy numbers and the same fuzzy linear programming in which parame-

ters are represented by JM D representation of LR flat fuzzy numbers are converted
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into crisp linear programming problems. Then, total number of crisp constraints in
that crisp linear programming problem which will be obtained by that fuzzy linear
programming problem in which all the parameters are represented by existing rep-
resentation of LR flat fuzzy numbers will be more than the number of constraints in
the crisp linear programming problem obtained from that fuzzy linear programming
problem in which all the parameters are represented by JM D representation of LR
flat fuzzy numbers. Hence, it is better to use the proposed JM D representation of
LR flat fuzzy numbers for representing the parameters of fuzzy linear programming

problems as compared to the existing representation of LR flat fuzzy numbers.

7.8 Conclusions

On the basis of the presented study, the following conclusions can be drawn:

(i) It is better to use proposed JM D method as compared to the existing methods

for converting the fuzzy inequality constraints into crisp inequality constraints.

(i) Tt is better to use proposed JM D method as compared to the existing methods

for finding the minimum and maximum of fuzzy numbers.

(iii) It is better to use proposed JM D method as compared to the existing methods
and the methods proposed in previous chapter for finding the unique optimal
initial fuzzy project completion time as well as crash fuzzy project completion

time.

(iv) It is better to use proposed JM D method as compared to the existing method
[30] for finding the minimum fuzzy crashing cost for completing the project

within specific fuzzy time.
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(v) It is better to use JM D representation of LR flat fuzzy numbers for repre-
senting the parameters of a fuzzy linear programming problems as compared

to use the existing representation of LR flat fuzzy numbers



Chapter 8

FUTURE SCOPE

Chen [24] proposed a method to find the optimal fuzzy project completion time
of such project network problems in which time of all the activities are represented
by different type of LR flat fuzzy numbers. Chen and Hsueh [28] pointed out that
it is difficult to apply the existing method [24] and proposed a simple approach for
the same.

It is not genuine to use any of the existing methods [24,28] due to the following

reasons:

As discussed in Chapter 3, that the optimal fuzzy project completion time
corresponding to all the critical paths should be same. However, on solving the
problems, chosen in Example 3.1 of Chapter 3, by using the existing methods [24,28]
more than one fuzzy numbers representing the optimal fuzzy project completion time
are obtained i.e., the shortcomings, discussed in Chapter 3, are also occurring in the
existing methods [24, 28].

In future, it may be tried to resolve the shortcomings of the existing methods
[24,28]. Also, it may be tried to develop methods for finding the fuzzy optimal
solution of such project crashing problems in which the parameters are represented

by different type of LR flat fuzzy numbers.
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