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Abstract

In this thesis, flaws in the existing fuzzy CCR DEA model as well as in some of the
existing methods for solving fuzzy CCR DEA model are pointed out. Also, to resolve the

flaws new fuzzy CCR DEA model and new approaches for solving it are proposed.

1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:
Chapter 2

Hatami-Marbini et al. [40] proposed a method to solve fuzzy CCR DEA model for
evaluating the best relative fuzzy efficiency of decision making units (DMUs). In this
chapter, it is pointed that the product of fuzzy numbers, used by Hatami-Marbini et al. [40],
in their proposed method, is incorrect and hence, the method, proposed by Hatami-Marbini et
al. [40], is not valid. To resolve this flaw, the method proposed by Hatami Marbini et al. [40],
is modified by using correct product of fuzzy numbers.

Chapter 3

Wang et al. [106] replaced the crisp output data and crisp input data of the crisp CCR
DEA model with fuzzy data and proposed two methods for solving this fuzzy CCR DEA
model. In this chapter, it is pointed out that the fuzzy CCR DEA model, proposed by Wang et
al.[106], is not valid and hence the methods, proposed by Wang et al. [106] for evaluating the
fuzzy efficiency of DMUSs, are also not valid. Also, a new fuzzy CCR DEA model as well as
a method to solve this fuzzy CCR DEA model is proposed.

Chapter 4

Wang and Chin [105] proposed an optimistic as well as pessimistic fuzzy CCR DEA
model and an approach for solving it to evaluate the best relative fuzzy efficiency as well as
worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs. In

this chapter, it is shown that the fuzzy CCR models, proposed by Wang and Chin [105], are



not valid and hence cannot be used to evaluate the best relative fuzzy efficiency as well as
worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs. To
resolve the flaws of the fuzzy CCR DEA model, proposed by Wang and Chin [105], new
fuzzy CCR DEA models are proposed. Also, a new approach is proposed to solve the
proposed fuzzy CCR DEA models for evaluating the relative geometric fuzzy efficiency of

DMUs.

Chapter 5

Puri and Yadav [83] proposed an optimistic as well as pessimistic intuitionistic fuzzy
CCR DEA model and an approach to evaluate the best relative intuitionistic fuzzy efficiency
as well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp
efficiency of decision making units (DMUSs). In this chapter, it is shown that the intuitionistic
fuzzy CCR models, proposed by Puri and Yadav [83] are not valid and hence cannot be used
to evaluate the best relative intuitionistic fuzzy efficiency as well as worst relative
intuitionistic fuzzy efficiency and hence, relative geometric crisp efficiency of decision
making units (DMUSs). To resolve the flaws of the intuitionistic fuzzy CCR DEA model,
proposed by Puri and Yadav [83], new intuitionistic fuzzy CCR DEA models are proposed.
Also, a new approach is proposed to solve the proposed intuitionistic fuzzy CCR DEA
models for evaluating the best relative intuitionistic fuzzy efficiency as well as worst relative

intuitionistic fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs.

Chapter 6

Finally, in this chapter, some future directions has been suggested.
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Chapter 1

Introduction

1.1 Introduction

The efficiency evaluation of every system is important to find its weakness so that
subsequent improvements can be made. The same has been practiced and studied for a long time.
It has been recognized that the efficiency evaluation is a very complex problem. Two basic
approaches used for evaluating efficiency are the parametric and nonparametric approaches. The
parametric approach requires an assumption on the relationship between inputs and outputs while
the nonparametric approach does not require any such assumption on the functional form.
Numerous methods for measuring and evaluating productive efficiency have been developed.
Data envelopment analysis (DEA), a non-parametric approach proposed by Charnes et al. [11], is
an approach to measure the relative efficiency of homogenous units called decision making units

(DMUs) which consume the same type of inputs and produce the same type of outputs.

A common measure of relative efficiency when there are multiple inputs and multiple
outputs is a ratio of weighted sum of outputs to the weighted sum of inputs. DEA uses this
concept and generalizes multiple-inputs and multiple-outputs for each DMU into a single virtual
input and single virtual output, respectively. Specifically, it determines a set of weights such that
the efficiency of the target DMU, DMU, relative to the other DMUs is maximized. Thus, it
provides an envelope for all considered DMUSs rather than fitting a regression plane through the
center of the data. Since, the pioneering work Charnes et al. [11], Data Envelopment Analysis

(DEA) has been extensively used for evaluating the performance of many activities.



The reason of the DEA methodology being recommended widely in researches and
applications is that it possess many merits which are not covered by traditional approaches [100].

For instance:

(1) It is not only capable of deriving a single aggregated measure of the relative efficiency of
DMUs in terms of their utilization of input factors to produce the desired outputs, but also
able to provide suggestions on the possibility of increasing outputs and/ or conserving
inputs to make the inefficient DMU become efficient.

(2) In addition, DEA can handle non-commensurable multiple outputs and inputs without
prior weight or prices.

Although, DEA methodology owns many advantages as stated above, it has some
limitations which can be further improved [31]. The conventional DEA methods require accurate
measurement of both the inputs and outputs. However, inputs and outputs of DMUs in real world
problems are ever changeful. For example, for evaluating operation efficiencies of airlines, seat
kilometers available, cargo-kilometers available, fuel and labor are regarded as inputs and
passenger kilometers performed as the output. It is common sense that these inputs and output
are easy to change because of weather, season, operating state and so on. Because DEA is a
“boundary' method sensitive to outliers, it is very difficult to evaluate the efficiency of DMU
with varying inputs and outputs by conventional DEA models. Some researchers have proposed
several models to challenge how to deal with the variation of data in efficiency evaluation
problems by stochastic frontier models [28]. On the other hand, in more general cases, the data
for evaluation are often collected from investigation by polling where the natural language such
as good, medium and bad are used to reect a kind of general situation of the investigated entities

rather than a specific case [79]. In the above example, the expert can make a general Conclusions



that airline A's passenger-kilometer is about 200 passenger-kilometers and fuel cost is high based

on his rich experience.

Imprecise evaluations may be the result of unquantifiable, incomplete and non-obtainable
information. In recent years, fuzzy set theory, established by Zadeh [113] has been proven to be
useful as a way to quantify imprecise and vague data in DEA models. Fuzzy numbers are used to
summarize the general situation of inputs and outputs and reacts the ambiguity of the expert's
judgment. The center of a fuzzy number represents the most general case and the spread reacts
some possibilities. The DEA model with fuzzy data, called “fuzzy DEA” models, can more
realistically represent real world problems than the conventional DEA models. Fuzzy set theory
also allows linguistic data to be used directly within the DEA model. Since, the original study by
Sengupta [94, 95] there has been a continuous interest and increased development in fuzzy DEA
(FDEA) literature. Several approaches have been developed and many new are coming for
handling fuzzy input and output data in FDEA.

There are relatively a large number of papers in the fuzzy DEA literature. Since,
summary development of the fuzzy DEA followed by a detailed description of the fuzzy DEA
methods is easily available in the literature [25, 35]. So, to avoid the repetition of literature, the
same is not described here and interested readers are requested to see the literature [25, 35].
However, research work done in four papers, published in last 6 years and base of this thesis
work, is described in detailed manner in Chapter 2 to Chapter 5 of the thesis.

After reviewing the literature, it can be concluded that there are flaws in the existing
fuzzy DEA models as well as in the existing methods for solving fuzzy DEA models. In this

thesis, flaws in the existing fuzzy CCR DEA model as well as in some of the existing methods



for solving fuzzy CCR DEA model are pointed out. Also, to resolve the flaws new fuzzy CCR

DEA model and new approaches for solving it are proposed.

1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:
Chapter 2

Hatami-Marbini et al. [40] proposed a method to solve fuzzy CCR DEA model for
evaluating the best relative fuzzy efficiency of decision making units (DMUSs). In this chapter, it
is pointed that the product of fuzzy numbers, used by Hatami-Marbini et al. [40], in their
proposed method, is incorrect and hence, the method, proposed by Hatami-Marbini et al. [40], is
not valid. To resolve this flaw, the method proposed by Hatami Marbini et al. [40], is modified

by using correct product of fuzzy numbers.

Chapter 3

Wang et al. [106] replaced the crisp output data and crisp input data of the crisp CCR
DEA model with fuzzy data and proposed two methods for solving this fuzzy CCR DEA model.
In this chapter, it is pointed out that the fuzzy CCR DEA model, proposed by Wang et al.[106],
is not valid and hence the methods, proposed by Wang et al. [106] for evaluating the fuzzy
efficiency of DMUs, are also not valid. Also, a new fuzzy CCR DEA model as well as a method

to solve this fuzzy CCR DEA model is proposed.

Chapter 4

Wang and Chin [105] proposed an optimistic as well as pessimistic fuzzy CCR DEA

model and an approach for solving it to evaluate the best relative fuzzy efficiency as well as



worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs. In this
chapter, it is shown that the fuzzy CCR models, proposed by Wang and Chin [105], are not valid
and hence cannot be used to evaluate the best relative fuzzy efficiency as well as worst relative
fuzzy efficiency and hence, relative geometric crisp efficiency of DMUSs. To resolve the flaws of
the fuzzy CCR DEA model, proposed by Wang and Chin [105], new fuzzy CCR DEA models
are proposed. Also, a new approach is proposed to solve the proposed fuzzy CCR DEA models

for evaluating the relative geometric fuzzy efficiency of DMUs.

Chapter 5

Puri and Yadav [83] proposed an optimistic as well as pessimistic intuitionistic fuzzy
CCR DEA model and an approach to evaluate the best relative intuitionistic fuzzy efficiency as
well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp
efficiency of decision making units (DMUs). In this chapter, it is shown that the intuitionistic
fuzzy CCR models, proposed by Puri and Yadav [83] are not valid and hence cannot be used to
evaluate the best relative intuitionistic fuzzy efficiency as well as worst relative intuitionistic
fuzzy efficiency and hence, relative geometric crisp efficiency of decision making units (DMUs).
To resolve the flaws of the intuitionistic fuzzy CCR DEA model, proposed by Puri and Yadav
[83], new intuitionistic fuzzy CCR DEA models are proposed. Also, a new approach is proposed
to solve the proposed intuitionistic fuzzy CCR DEA models for evaluating the best relative
intuitionistic fuzzy efficiency as well as worst relative intuitionistic fuzzy efficiency and hence,

relative geometric crisp efficiency of DMUEs.

Chapter 6

Finally, in this chapter, some future directions has been suggested.






Chapter 2

Modified Approach for Solving Fully Fuzzy CCR

DEA Model*

Hatami-Marbini et al. [40] proposed a method to solve fuzzy CCR DEA model for
evaluating the best relative fuzzy efficiency of decision making units (DMUSs). In this chapter, it
is pointed that the product of fuzzy numbers, used by Hatami-Marbini et al. [40] in their
proposed method, is incorrect and hence, the method, proposed by Hatami-Marbini et al. [40], is
not valid. To resolve this flaw, the method proposed by Hatami Marbini et al. [40], is modified

by using correct product of fuzzy numbers.
2.1 Preliminaries

In this section, some basic definitions and arithmetic operations of fuzzy numbers are

reviewed [123].
2.1.1 Basic definitions
In this section, some basic definitions are reviewed [123].

Definition 2.1 If the universal set is defined as X then a fuzzy set A of X can be defined by as a
set of pairs of element x and uz (X), 4 = {((X, uz (X))|x € X)}, where, uz (x), areal number

in interval [0,1] represents the grade of membership function of x in A.

! The contents of this chapter are communicated for the possible publication in International Journal of Information
and Decision Sciences.



Definition 2.2 A fuzzy set A is said to be convex if

ui(Ax; + (1 — D)xy) = minimum {uz(x;), ui(x2)}, Vxy, x, € X, 1 € [0,1].

Definition 2.3 A fuzzy set 4 in X is said to be a normal fuzzy set if there exist at least a x € X

such that uz(x) = 1.
Definition 2.4 A fuzzy set A is a fuzzy number if 4 is normal and convex.

Definition 2.5 A fuzzy number 4 is said to be non-negative (positive) if p,(x) = 0,Vx <

0 (Vx <0).

Definition 2.6 A fuzzy number 4 = (a, a% a?),a% = 0,a? > 0, is said to be a triangular

fuzzy number if its membership function is given by

1
(a—a(x—aM+a“), a’ —a% <x < a¥

1 = gM
g (x) = x=a

—(a"—x+daf), a¥"<x< a’+adf
aP

0, otherwise.

Definition 2.7 A triangular fuzzy number 4 = (a™, a%, a®) is said to be non-negative triangular

fuzzy number if and only if a®—a“% > 0.

Definition 2.8 A triangular fuzzy number A = (a™, a%, aP) is said to be positive triangular

fuzzy number if and only if a®—a“% > 0.

Definition 2.9 A fuzzy number 4 = (a", a",a%, a¥),a" < a",a* > 0,a® > 0, is said to be a

trapezoidal fuzzy number if its membership function is given by



na () =9 4
a—ﬁ(aN—x+a5), a¥ <x < aV+adf

\ 0, otherwise.

Definition 2.10 A trapezoidal fuzzy number 4 = (a™, a", a%, aP) is said to be non-negative

trapezoidal fuzzy number if and only if a”—a® > 0.

Definition 2.11 A trapezoidal fuzzy number 4 = (a™,a", a%, af) is said to be positive

trapezoidal fuzzy number if and only if a”—a% > 0.

Definition 2.12 [40] A function R : F (R) — R is a ranking function, where F (R) is a set of
fuzzy numbers that is defined on the set of real numbers. This function maps each fuzzy number

into real line.
Let A = (a™,a% af) and B = (bM, b%, bP) be two triangular fuzzy numbers. Then,
() 4> B iff R(A) = R(B)
(i) 4 ~ B itf R(A) = R(B)

aP—q® pP—p2

where, R(4) = a +

and R(B) = bM +

Let A = (a™,a",a% af) and B = (b™,b", b%, bP) be two trapezoidal fuzzy numbers.
Then,

() 4= B iff R(A) = R(B)

(i) 4 ~ B itf R(A) = R(B)

pMypN  pB_pa
2 + 4

where, R(4) = aM;raN + aﬁ;aa and R(B) =



Remark 2.1 A triangular fuzzy number 4 = (aM, a%, al”) is also represented as A = (a, b, c),
where, a = a—a% b = a™,c = a” + af and a < b < c. In Chapter 3, this representation is

used.

Remark 2.2 A trapezoidal fuzzy number 4 = (a™, a", a%, af) is also represented as A =
(a,b,c,d), where, a = a¥—a% b =a",c =a",d = a" + af and a < b < ¢ < d. In Chapter
4, this representation is used.

a+b+c+d

Remark 2.3 Let A = (a, b, ¢, d) be a trapezoidal fuzzy number. Then, ®(4) = ——.

a+2b+c

Remark 2.4 Let A = (a, b, ¢) be a triangular fuzzy number. Then, R(4) = ——.

2.1.2 Arithmetic operations

In this section, arithmetic operations of triangular fuzzy numbers and trapezoidal fuzzy

numbers are presented.

2.1.2.1 Arithmetic operations of triangular fuzzy numbers

Let A= (aM,a% af) and B = (bM, b% bF) be two arbitrary triangular fuzzy numbers.

Then,

(i) A+ B=(a™ +bM,a* + b% af + bF)

(i) A—B = (a™ — bM™,a% + b¥, af + b%)

(iii) AB = (abM, aMb* + b™ a® — a*b%, a"bP + b"af + aPbP), where 4 and
B are non-negative triangular fuzzy numbers.

M M

a aM—q® gMigB oM

. A a ~. . .
(iv) 5= (b—M, o T MR o pE b—M), where A is a non-negative triangular fuzzy

number and B is a positive triangular fuzzy number.

10



Let A= (ay, by, ¢;) = (a™ —a%a™, a™ +aP) and B = (ay, by, c;) = (bM —
b%, bM,b™ + bP) be two arbitrary triangular fuzzy numbers. Then,
(i) A+ B=(a; +ayb;+by,cy+cy)

(ii) A-B= (ay — ¢c3,by — by, ¢ — ay)

(iii) A B = (a,a,, b1b,, c;c,), Where A and B are non-negative triangular fuzzy numbers.

b ~ . . . ~ .
(ﬂ L C—l), where A is a non-negative triangular fuzzy number and B is a

. A
(IV) E Cy ’ bz ! ay

positive triangular fuzzy number.
2.1.2.2 Arithmetic operations of trapezoidal fuzzy numbers
Let A= (aM,a",a%af) and B = (b™,bM, b, bF) be two arbitrary trapezoidal fuzzy
numbers. Then,
(i) A+ B=(a™+bM,a" + b",a* + b% af + bF)
(i) A—B = (a™ —b",a" — bM,a* + bB, af + b%)
(i) AB = (a™bM,a"b" aMb* + bM a® — a®b%, aMbFf + bMaf +
afbP), where 4 and B are non-negative trapezoidal fuzzy numbers.
e M N M M_,«a N B N ~
(iv) % = (a— a L e are a—), where 4 is a non-negative
trapezoidal fuzzy number and B is a positive trapezoidal fuzzy number.
Let A = (ay, by, ¢1,dy) = (a¥ —a%aM,aV,a" +aP) and B = (ay by ¢y, dy) =

(b™ — b*,bM, bV, bN + bF) be two arbitrary trapezoidal fuzzy numbers. Then,

(i) A+ B=(a; +ay by +by,cy+cydy +dy)

11



(iii) AB = (ajay, bib,,cyic,y,dyd,), where A and B are non-negative trapezoidal

fuzzy numbers.

T |

b d ~ . . .
= (ﬂ a4a —1), where A is a non-negative trapezoidal fuzzy number

dz, Cz’az az

(iv)
and B is a positive trapezoidal fuzzy number.

2.2 Existing fuzzy DEA model

If there are n DMUs, then the best relative efficiency (E,) of pt™ DMU can be obtained

by solving the CCR DEA model-2.1 [11].

CCR DEA model-2.1

Virtual output of pt* DMU]

Maximize | E. =
ax1mlze[ P Virtual input of pth DMU

Subject to

[Virtual output of j** DMU

=1 =1,..,n
Virtual input of jth DMul =L J=4Len

If each DMU have m inputs (x;;; { = 1,2,...,m;j = 1,2,...,n) and s outputs (y,;; 7 =
1,2,..s; j = 1,2,...,n) then the CCR DEA model-2.1 can be transformed into the crisp CCR

DEA model-2.2 [11].

Crisp CCR DEA model-2.2

S
Yr=1 U,
. . r=1%“%r)r
Maximize [Ep = m—pl
Yt ViXip

Subject to

12



S

r=1UrYrj .
— <1, vj
M pox;

i=1 Vitij
u,v; =0, vr,i.

where u, (r =1, ...s) and v; (i = 1, ..., m) are the weights assigned to the " output and i*"

input, respectively.
The crisp CCR DEA model-2.2 can be transformed into the crisp CCR DEA model-2.3

[11].

CCR crisp DEA model-2.3

N

Eb :::E:lﬁﬁ?p

r=1

Maximize

Subject to

m
Z vixip =1 ,

i=1

S m
Zuryrj— Zvixij SO, VJ,
r=1 i=1
u,v; =0, vr,i.

where u, (r = 1,....s) and v; (i = 1, ..., m) are the weights assigned to the " output and i*"

input, respectively.

Hatami Marbini et al. [40] pointed out that the crisp CCR DEA model-2.3, proposed by
Charnes et al. [11] can be used only to evaluate the best relative efficiency (E,) of pt" DMU

only if the collected data is precise. However, if the collected data is imprecise or vague then the

13



crisp CCR DEA model-2.3, proposed by Charnes et al. [11] cannot be used to obtain the best

relative efficiency (E)) of pt™ DMU. To overcome this limitation of the crisp CCR DEA model-

2.3, proposed by Charnes et al. [11], Hatami Marbini et al. [40] transformed the crisp CCR DEA

model-2.3 into fuzzy CCR DEA model-2.4 by replacing the crisp parameters u,, y.,j,

v;and x;; with triangular  fuzzy numbers @, = (u%,uﬁ‘,uf), Vrj = (

~( M . a . B & _ (M
vi(vi Y Vi Uy ) and X;; = (x;5, %},

Fuzzy CCR DEA model-2.4
N

By~ ) (ut s, uf) @ (v, v5.9%3)

r=1

Maximize

Subject to

m
Z v , v v (xlp,xlp,x >~(100)

i=1

J m
Z(uﬁ/['u?’uf) (yr]'yr];yr] Z U 17 v
r=1

i=1

(u’r"’,uﬁ‘,uﬁ) (v vf v) (0,0,0), V1, i.

(uf‘f’, uy, uf) and (v{"’, v, vf) are non-negative triangular fuzzy numbers.

2.3 Existing method

> xﬁ) respectively.

yr]' yr]' YS)

£) < (000),v),

Hatami-Marbini et al. [40], proposed the following method to solve the fuzzy CCR DEA

model-2.4 for evaluating the best relative fuzzy efficiency of pt* DMU.

14



Step 1: The fuzzy CCR DEA model-2.4 can be transformed into the fuzzy CCR DEA model-2.5.

Fuzzy CCR DEA model-2.5

Maximize | E z uM yrp+ yrp yﬁ;,) uﬁ Vb, uryrp)

R

~
1l
[y

M( .M B a B.M a M\ _
(vl- (xip + Xip — Xip ), V; Xip, Vj xip) =1,

N

(w (v + 5 —ye ), uf v, ugyit)

<
1l
[y

m
Z x +x xi“j),v.ﬁ {]”,v-“ M) (0,0,0), v/,

i=1

(uﬁ”,u‘r",uﬂ) (v vf v) (0,0,0), v, i.

(uf‘f’, uy, uf) and (v{"’, v, vf) are non-negative triangular fuzzy numbers.
Step 2: The fuzzy CCR DEA model-2.5 can be transformed into the crisp CCR DEA model-2.6.

Crisp CCR DEA model-2.6

3] 0%
1

Maximize | E

p = Eyp
[ r=1

Mg
=
<
VS
Rat
SIS
+
RS
o B
N——
=
=™
|
e
Y
N———
=
< R
N——
+
<
g
—
RS
S e
N———
=
SRS
N—————
|
<
~Q
VS
/-~
S e
N———
=
SRS
N—————
Il
P

~
1]

[
r

%)

<
1l
=



ul — (—) u% + (—) uf > 0,Vr,

1 1 _
v — (Z) v + (Z) v 20, i
uf > 0,uf >0,vr,vf =0, v’ >0, vi.

Step 3: Find the optimal value crisp optimal value E, = ER(E"p), representing ranking value of

best relative fuzzy efficiency of pt* DMU, of the crisp CCR DEA model 2.6.
2.4 Flaws in the existing method

If A= (aM a%af) and B =(bM b%bP) are two non-negative triangular fuzzy

numbers then
A ®B = (a"p™, ab*+bM a% — a*b%, a™bP + bMaf + aPbP).

However, it is obvious from Step 1 of the existing method [40], described in Section 2.3,
that Hatami-Marbini et al. [40], have used the incorrect product 4 ® B = (a™ (b™ + bF —
b%), afbM, a®*bM) to transform the fuzzy CCR DEA model-2.4 into the fuzzy CCR DEA

model-2.5. Hence, the method, proposed by Hatami-Marbini et al. [40], is not valid in its present

form.
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2.5 Modified method
In this section, the existing method [40] is modified.

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy CCR

DEA model-2.4 can be transformed into the fuzzy CCR DEA model-2.7.

Fuzzy CCR DEA model-2.7

S

E, ~ Z(u’r"y%, ul s + i uf — ufy, ulyh, + yiuf + ulyl)

r=1

Maximize

Subject to

M., M M.« M . a a.,a
(vi Xipy Vi Xip T Xip Vi’ = Vi Xip, ip i

R

ﬁ
1l
fy

M, B M B B ~
Vi Xyt Xip U +vl.xl.p)~ 1,

%)

(uhrylt, ultyss + yMuf — ufyd, ullyl +yhul + ulyh)

<
1l
oy

m
M. M .M.« M . a a.a M. B M _B B.B .
i

4

(ult,ug,uf ), (v, v, vF) > (0,0,0),vr, .

(u’r"’,uﬁ‘,uf) and (le v, vﬁ) are non-negative triangular fuzzy numbers.

i

Step 2: Using Definition 2.12, the fuzzy CCR model-2.7 can be transformed into crisp CCR

DEA model-2.8.

Crisp CCR DEA model-2.8

17



Maximize

N
R(E,) = 91(2(#3%, ullys, + v uf — ufyd, ulyl, +yhul + uf yfi))]

r=1

Subject to

m
%(Z(v{”x%, vxl + xip vt — v, viMxi[; + xj viﬁ + viﬂxgg)) =R(1,1,1)
i=1

S
m(Z(u’r"’yﬁ’]’ wlyl + yhuf — uty, ulrwyrﬁj + 7] uf + ufyf;))
r=1

m
<R M, M . M_«a M. a_ . a.a M B M B B.B Vi
i=1

‘R(u’r"’,uﬁ‘,uf) > 93(0,0,0),9%(17{", vl-“,viﬁ) > 9%(0,0,0), V7, i.

ul — u% >0vr,

ue > 0,uf > 0,vr,v¥ 20, v’ >0, vi.
Step 3: The crisp CCR DEA model-2.8 can be transformed into crisp CCR DEA model-2.9.

Crisp CCR DEA model-2.9

Maximize

S
R(E,) = Z ﬂi(uyyr";’,, Wyl + i uf — ufyl, uﬂ”yf; + 75 uf + ufyr[;)
r=1
Subject to

m

M., M M., a M. a a.a M. B M _ B B.B\ _
Z‘ﬁ(vi Xipry Vi Xip + Xip V' = V' X, Vi X+ Xip Uy + VX ) = R(1,1,1)
i=1
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N
> w(ultyl, s+ yug - ugyd, w4yl + ufyf)
r=1

m

M, M .M.« M .. a a.a M. B M _ B B.B ;

S%(Z(vi Xij, Vi Xij X5 v — VX, Y xij+xij v, + v X;j ,VJ,
i=1

R(ul, uf, uf ) = 1(0,0,0),R(v}, v, vf) = 1(0,0,0), vr .

uM — u% >0vr,

uf > 0,uf = 0,vr,v¥ 20, v’ =0, vi.

B_,
Step 4: Using the ranking formula R (aM, a%, aﬁ) = a" + % and Definition 2.7, the crisp

CCR DEA model-2.9 can be transformed into the crisp CCR DEA model-2.10.

CCR crisp DEA model-2.10

N
Maximize |E, = Z (u;w)’%
r=1
A ORC LA L) |
4
Subject to

m
1
M. M M. B M B B.B M M —
E (vl- Xip T [(vi Xip + Xip U + v xip) — (vMxl 4+ xiy vff — vf‘x{g)]) =1,

=1
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S
1
z (uyyﬁ’]’- +2 [(u’r”yfi. + vy ub + ufyf;) — (uMy’ +yMuf - uﬁ‘yﬁ‘,)])
r=1

m
1
_ Z (vl"”xf‘;’ +7 [(lexg + x!f viﬁ + vlﬁxg) — (vxf + xlf v — vixf ]) <0,Vj,

=1

uM —u% >0,vr,

uf > 0,uf >0,vr,vf =0, v’ >0, vi.

Step 5: Find the optimal value E,, = ER(EP), representing ranking value of relative fuzzy
efficiency of pt* DMU, of the crisp CCR DEA model 2.6.

2.6 Exact best relative fuzzy efficiency of existing problem

Hatami-Marbini et al. [40] solved existing problem [31] to illustrate his proposed
approach. However, as discussed in Section 2.3 that there are flaws in the existing method [40].
So, the results of this problem, obtained by Hatami Marbini et al. [40], is also not exact. In this

section, the exact results of the same problem is obtained by the modified method.
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2.6.1 Problem description

Hatami Marbini et al. [40] evaluated the best relative efficiency of each of five DMUs,
each with two outputs and two inputs, to illustrate their proposed approach by considering the

existing input and output data, represented by triangular fuzzy numbers, shown in Table 2.1.

Table 2.1. Input and output data

(DMUs) Input 1 Input 2 Output 1 Output 2
1 (4,05, 0.5) (2.1,02,0.2) | (2.6,0.2,0.2) | (4.1,03,0.3)
2 (2.9,0,0) (1.5,0.1,0.1) (2.2,0,0) (3.5,0.2,0.2)
3 (4.9, 0.5, 0.5) (2.6,0.4,04) | (3.2,05,05) | (5.1,0.8,0.8)
4 (4.1,0.7,0.7) (2.3,0.1,0.1) | (2.9,04,04) | (5.7,0.2,0.2)
5 (6.5, 0.6, 0.6) (4.1,05,05) | (5.1,07,0.7) | (7.4,0.9,0.9)

2.6.2 Fuzzy CCR DEA models

Hatami Marbini et al. [40] solved the fuzzy CCR DEA model-2.11 to 2.15 to evaluate the

best relative fuzzy efficiency of DMU,to DMU5 respectively.

Fuzzy CCR DEA model-2.11
Maximize [El ~ (2.6, 0.2,0.2)(u¥,uf,uf) + (4.1,0.3,0.3)(ug4,ug,u§)]
Subject to

(4,0.5,0.5)(17{4,17{‘, vf) + (2.1,0.2,0.2)(1;54, vg,vf) ~ 1,

21



|(2.6,0.2,0.2) (udf, ug, uf ) + (4.1,03,0.3) (udf, ug, uf )| - [(4,05,0.5) (v, v, v ) +

(2.1,0.2,02)(v4, v§,v5 )| < (0,00,

|22,0,0)(uh, ug, uf ) + (3.5,02,0.2) (wf, ug, )|

— [@9,0,0)(v¥, vg, v ) + (1.5,0.1,0.0) (v}, v§, v )| < (0,00,
(32,05,0.5) (ult, ug, uf ) + (5.1,08,0.8) (udh, ug, uf )|

— [49,0.5,0.5)(v¥, ve, v ) + (2.6,0.4,04) (v}, v§, v )| < (0,00,
|(2.9,0.4,0.4) (udt, ug, uf ) + (5.7,02,0.2) (udh, ug, uf )|

— [@1,07,07) (vl v, vf ) + 23,01, 0.0) (v}, v, vf )| < (0,00),
((5.1,07,0.7) (ult, ug, uf ) + (7.4,09,0.9) (udh, ug, uf )|

— [(65,0.6,0.6) (v}, v, vf ) + (4.1,0.5,0.5) (v}, v&, vf )] < (0,0,0),
(ult,ug,uf) > 00,00, (uff,ug, uf ) > (0,0,0),
(vl ve,vf) = 0,00, (v4, v, vF ) = (0,00,

(u’lw, uf, uﬂ), (u’zw ug, uB), (v{”, ve, vf) and (vé”, vy, vf) are non-negative triangular fuzzy

numbers.

Fuzzy CCR DEA model-2.12
Maximize |E, ~ (2.2,0,0)(ulf,uf,uf ) + (3.5,0.2,02) (udl, uf,uf) |

Subject to
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(2.9,0,0)(v}, v, v’ ) + (1.5,01,0.1) (v, v§, v ) ~ 1,
and

All the constraints of fuzzy CCR DEA model-2.11 except the first constraint

“(4,05,0.5) (vl ve, vf ) + (21,02,0.2) (v}, v§, v} ) ~ 17

Fuzzy CCR DEA model-2.13

Maximize [E; ~ (3.2,0.5,0.5)(udf,uf,uf ) + (5.1,0.8,0.8) (udl, uf, uf ) |
Subject to

(4.9,05,05) (v}, v, v ) + (2.6,04,0.4) (v, v§, v} ) ~ 1,

and

All the constraints of fuzzy CCR DEA model-2.11 except the first constraint

“(4,05,0.5) (v}, v¢, vf) + (21,0.2,0.2) (v¥, v§, v) ) ~ 17

Fuzzy CCR DEA model-2.14

Maximize |E, ~ (2.9,04,0.4)(udf, uf,uf ) + (5.7,0.2,0.2) (udf, ug,uf )|
Subject to

(4.1,07,0.7) (v, v, vl ) + (2.3,01,0.1) (vd, v§, v ) ~ 1,

and
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All the constraints of fuzzy CCR DEA model-2.11 except the first constraint

“(4,05,0.5)(v¥, v%, vf ) + (21,02,0.2) (v}, v§, v} ) ~ 17

Fuzzy CCR DEA model-2.15

Maximize |Es ~ (5.1,0.7,0.7) (udf, uf, uf ) + (7.4,09,0.9) (udl, ug, s )|
Subject to

(6.5,0.6,0.6)(17{"’, Ve, vf) + (4.1,0.5,0.5)(1;54, g, v,f) ~1,

and

All the constraints of fuzzy CCR DEA model-2.11 except the first constraint

“(4,05,0.5) (v}, v&, v ) + (21,02,0.2)(vd, v8, vf ) ~ 17

2.6.3 Exact best relative fuzzy efficiency of DMU;

Using the method, modified in Section 2.5, the exact best relative fuzzy efficiency of

DMU, can be obtained as follows:

Step 1: Using Step 1 of the modified method, fuzzy CCR DEA model-2.11 can be transformed

into fuzzy CCR DEA model-2.16.

Fuzzy CCR DEA model-2.16
Maximize |E; ~ (2.6ulf,0.2ull + 2.4u,0.2 ulf + 2.8 uf)

+ (4.1ul, 0.3uY + 3.8ug, 0.3ull + 4.4u ) |
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Subject to
(40}, 050} +3.5v8,0.5 vl + 450 ) + (2.104, 020} + 1.9 v§, 0.20} + 2.3vf ) ~ 1,

(2.6ulf,02ulf +2.4uf,02ulf + 284} ) + (4.1ul,0.3ull + 3.8ug, 0.3ull + 4.4uf)
— (417{"’, 0.5vM + 3.5vf‘,4.5vf + 0.5v{”)

— (2104, 0.20¥ + 1.9v§ 020} + 239} ) < (0,0,0),

(220,22 u¢, 2.2 ) + (3.5ul, 0.2ulf +33uf, 0.2u¥f + 3.7uf ) — (29v}, 2.9v¢, 2.9v )

— (1504, 010} + 1.4vg, 0.1v}! + 1.6} ) < (0,0,0),

(320, 0.5u) + 2.7uf, 0.5u} +3.7uf ) + (5.0l 0.8 ul +43uf,08ul + 5.9uf )
— (490}, 0.50} + 4.4v¢,0.50} + 5.4v] )

— (2604, 0.4v¥ + 2.2 v§,0.4v¥ +3.00) ) < (0,0,0),

(2.9uf, 0.4ulf + 2.5uf,, 0.4u} + 3.3uf ) + (5.7ulf, 0.2u} + 5.5 ug, 0.2ul +5.9u5 )
— (4.1 v},0.70} + 3.4v¢, 070} + 4.8v))

— (2304, 010} + 220,004 + 2.4v)) < (0,0,0),

Aduy?, 0.7uy’ + 4.4 u%,0.7u; + 5.8u; )+ ( 7.4u), 0.9u) + 6.5u¥,0.9u;" + 8.3u
(510, 0.7ulf + 44 ug, 0.7ulf + 5.8uf ) + (7.4}, 0.9uY + 6.5ug, 0.9u}! +8.3uf )
— (6.5v},0.60} + 5.9v¢,0.6v} + 7.1v] )

— (4104, 0.5v¥ + 3.6v5,0.5v} + 4.6v) ) < (0,0,0),

(udt,ug,uf) > (0,0,0), (u, ug, ) > (0,0,0),
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(vt 08, vf) = 0,00, (v¥, v§, v ) > (0,00),

(u’lw,uf,uﬁ), (ué‘“ ug, uﬁ), (v{"’, ve, vf) and (vé”, vy, vf) are non-negative triangular fuzzy
numbers.

Step 2: Using Step 2 of the modified method, the fuzzy CCR DEA model-2.16 can be

transformed into crisp CCR DEA model-2.17.

Crisp CCR DEA model-2.17
Maximize |%(E;)
=R ((2.6144, 0.2ulf + 2.4uf, 02}l + 2.8} )
+ (410!, 0.3ulf + 3.8, 03ull + 4.4u} ))]
Subject to

R ((417{4, 050} +3.5 0,05 v} + 450 ) + (2.0}, 0.2v}' + 1.9 v§, 0.2v}' + 2.3v,f)>

=R(1,1,1),

R ((2.6u§", 0.2ulf +2.4uf,02ulf + 28u} ) + (4.1, 03ul +3.8uf,03ul + 4.4} )
— (417{"’, 0.5vM + 3.5v¢, 4.5v° + 0.517{”)

_ (2.11;;‘4, 0.2v¥ + 1.9v¢,0.2vM + 2.3vf)) < R(0,0,0),
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R ((2.214”, 22uf,2.2u) ) + (3.5u¥,02ul +3.3u¢ , 0.2u}f + 3.7u5)
— (2.9v#,2.9v¢,2.99] ) — (1504, 010} + 1.4v¢, 0.1} + 1.6vf))
< %(0,0,0),
R ((3.2 ull, 0.5uf! + 2.7uf, 0.5uf +3.7uf ) + (5.1, 0.8 ulf + 4.3ug, 0.8ul + 5.9u )
- (4.917{", 0.5vM + 4.4v%, 0.50M + 5.4vf)

— (2.60¥, 0.4v} + 22 v¢, 0.4v} + 3.0vf)) < %(0,0,0),

R ((2.91,44, 0.4ulf +2.5uf,, 0.4u}! +3.3uf ) + (5.7ulf, 0.2u}f + 5.5 ug, 0.2ul + 5.9u5 )
— (41,070} + 3.4v%,0.7v} + 4.8v] )

— (2.3v¥,0.10} + 2208, 0.0} + 2.4v2f”)) < %(0,0,0),

R ((5.1u'1", 0.7ulf + 44 uf,0.7ull + 5.8uf ) + (7.4uY,0.9uY + 6.5ug,0.9uY + 8.3 )
— (6.5v},0.6v} + 5.9v¢ ,0.6v} + 7.1 )
- (4.1v§", 0.50 + 3.6v%,0.50Y + 4.6vf)) < %(0,0,0),
R(ull,uf,uf ) = %(0,0,0), R(ul, ug, uf ) = %(0,0,0),
ER(U{V’, ve, vlﬁ) > %(0,0,0),%(vé"’,vﬁ‘, vzﬁ) > R(0,0,0),
ull —uf > 0,ull —uf =0,v¥ —v¥ > 0,v) —v§¥ >0,

ug > 0,uf >0,vr,r =120 20, v’ 20, vi,i = 1,2.
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Step 3: Using Step 3 of the modified method, the fuzzy CCR DEA model-2.17 can be

transformed into crisp CCR DEA model-2.18.
Crisp CCR DEA model-2.18
Maximize [92(5‘1)
= R(2.6ulf,0.2ulf +2.4uf, 02 ull +2.8uf)

+ R(4.1ul, 0.3u}f + 3.8ug, 0.3ull + 4.4uf )|

Subject to

R(4vl, 0.50) +3.5 v, 0.5 v} + 4.50] ) + R(2.6u}, 0.2u} + 2.4uf,0.2u} +2.8u))

+ m(4.1u12", 0.3ull + 3.8ug, 0.3ul! + 4.4u° )(2.1v§", 0.2vM + 1.9 v%,0.2vM

+2.3vF) = R(1,1,1),

R(2.6u), 0.2ulf + 2.4uf, 0.2ul + 2.81f ) + R(4.1ul!, 0.3ud! + 3.8ug, 0.3udl + 4.4u5 )

— %(417{"’, 0.5vM + 3.50%, 4.5v° + O.SUf”)

— R(2.10¥, 020 + 1.9v¢ 0.2} + 23v)) < R(0,0,0),

R(2.2ul, 2.2 uf, 2.2uf ) + R(3.5u}, 0.2ud" + 3.3uf, 0.2udf + 3.7uf )

—R(2.9v}, 2.9v¢, 2.90] ) - R(1.5v4, 010} + 1.4v§,0.10} + L.6v} )

< 1(0,0,0),
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(in(3.2 ull, 0.5uf! + 2.7uf, 0.5uf + 3.7uf ) + R(5.1uY, 0.8 ull + 4.3ug, 0.8ulf + 5.9 )
— R(4.9v1,0.50} + 4.4v¢,0.50} + 5.40] )

- in(z.evgf, 0.4vM + 2.2 v, 0.4vY + 3.0v§)) < %(0,0,0),

R(2.9ul, 0.4ulf +2.5uf,,04ulf +3.3uf ) + R(5.7u¥,0.2u + 5.5 ug, 0.2ul + 5.9uf)
_ an(4.1 vM 0.70vM + 3.4v%,0.70vM + 4-8v1ﬁ)
— m(2.3vg4, 0.1v) + 2.2v%,0.1v) + 2-4”5)
< R(0,0,0), R(5.1ulf, 0.7ull + 4.4 uf, 0.7ulf + 5.8 )
+ m(7.4ugl, 0.9u + 6.5u,0.9ul! + 8.3u" )
_ 9}{(6.51}{"’, 0.6v}" +5.9v¢ , 0.6v}! + 7.1v) )

— R(4.10},0.5v) +3.6v§,050} + 4.6v) ) < R(0,00),
R(ull,uf,uf ) = %(0,0,0), R(ul, ug, uf ) = %(0,0,0),
ER(U{"’, vf‘,vf) > iR(0,0,0),SR(vQ”,vg, vf) > R(0,0,0),
ull —uf > 0,ull —uf =0,v¥ — v >0,v) —v§ >0,

ug > 0,uf >0,vr,r=12,v¢ 20, v¥ 20, vi,i = 1,2.

Step 4: Using Step 4 of the modified method, the fuzzy CCR DEA model-2.18 can be

transformed into crisp CCR DEA model-2.19.
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Crisp CCR DEA model-2.19

Maximize (E; =

<10.4 w —2.4u + 284 +16.4uY — 3.8ug + 4.4u° )]
4

Subject to
16 vM —35v% + 4507 + 8.4vM —19v¢ + 230 =1,

10.4uM — 2.4uf + 2.8ub + 16.4ul! — 3.8uf + 4.4ub — 18vM + 3.5v% — 4.50F —

8.4vM + 1.9v¢ — 2.3vF <o,

8.8uM — 2.2 uf + 2.2uf + 14ul! —3.3ug + 3.7u5 — 11.6vY + 2.9v¢ — 2.9vF — 6v

+ 14v¢ — 1.6vF <0,

12.8uM — 2.7uf + 3.7uf + 20.4ul — 4.3uf + 5.9ub — 19.6vM + 4.4v — 5.40F — 10.40vY

—22v¢-3.0v° <o,

11.6uM — 2.5uf +3.3uf +22.8ul —5.5ug + 5.9uf — 16.4vM + 3.4v% — 4.8vF — 9.20M

1
+2.2v¢ —240F <o,

20.4uM — 4.4 u? + 5.8uf +29.6ul — 6.5uf + 8.3uf — 260 +5.9v% — 7.1vF — 16.4v}

+3.6v% — 4.6vF <0,

ull —uf >0,ul —uf =0,vM —vf >0,v —v¥ >0.



ug > 0,uf >0,vr,r=12,v¢ 20, v¥ 20, vi,i = 1,2.

Step 5: The optimal value E; = ER(El) representing the ranking value of fuzzy efficiency of

DMU; is 0.23.
2.6.4 Exact best relative fuzzy efficiency of remaining DMUs

The ranking value of exact best relative fuzzy efficiency of DMU,, DMU,, DMU3;,
DMU, and DMUs , evaluated by solving the fuzzy CCR DEA model-2.12 to 2.15 with the

modified method, is shown in Table 2.2.

Table 2.2 The ranking value of exact best relative fuzzy

efficiency of DMUs

DMUs Ranking value of best relative
fuzzy efficiency

0.23

0.25

0.245

0.25

0.25

gl B W N -

It is obvious from Table 2.2 that R (E,) = R (E,) = R (Es) > R(E;) > R (E,). Therefore,
E,~E,~E;>E; > E,.
2.7 Conclusions

On the basis the present study, it can be concluded that there are flaws in the method,
proposed by Hatami-Marbini et al. [40], and hence should not be used for evaluating the best

relative fuzzy efficiency of DMUs. Also, to resolve the flaws, the method, proposed by Hatami-
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Marbini et al. [40], is modified. Further, the exact best relative fuzzy efficiency of the DMUs,

considered by Hatami-Marbini et al. [40], is evaluated by using the modified method.
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Chapter 3

A New Approach for Solving Proposed Fuzzy

CCR DEA Model?

The existing fuzzy CCR DEA model, used in the previous chapter to evaluate the best
relative fuzzy efficiency of DMUs, are obtained by replacing the crisp parameters of crisp CCR
DEA model-2.3 with the fuzzy parameters. Wang et al. [106] replaced the crisp output data and
crisp input data of the crisp CCR DEA model-2.2 with fuzzy data instead of crisp CCR DEA
model-2.3 and proposed two methods for solving this fuzzy CCR DEA model. In this chapter, it
is pointed out that the fuzzy CCR DEA model, proposed by Wang et al.[106] is not valid and
hence the methods, proposed by Wang et al.[106], for evaluating the fuzzy efficiency of DMUs
are also not valid. Also, a new fuzzy CCR DEA model as well as a method to solve this fuzzy

CCR DEA model is proposed.
3.1 Existing fuzzy CCR DEA model

Wang et al. [106] transformed the crisp CCR DEA model-2.2 into fuzzy CCR DEA

model-3.1 by replacing the crisp input data (x;;) and crisp output data (y,;) with triangular fuzzy
numbers %;; = (xf;, x{}, x}) and §.; = (v}, ¥r7, ¥rj) respectively.

Fuzzy CCR DEA model-3.1

N L M U
r=1Ur (yrp' yrp' yrp)

m L M U
i=1 Vi (xip'xip'xip

Maximize | E, ~ (E5, EY EY) =

% The contents of this chapter are communicated for the possible publication in International Journal of Fuzzy
Systems.
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Subject to

S L M U
~ (E}EMEY) = == 1”T(y”’y”’yfj) < (1,1,1),),
L i (o x

u,v; =0, i=1,..,m, r=1,..,s.
3.2 Existing methods

Wang et al. [106] proposed the following two methods for solving the fuzzy CCR DEA

model-3.1.
3.2.1 First method
Wang et al. [106] proposed the following method for solving fuzzy CCR DEA model-3.1.

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy CCR

DEA model-3.1 can be transformed into fuzzy CCR DEA model-3.2.

Fuzzy CCR DEA model-3.2

(Z?S" 1ury1£p'2i lury%r r luryr%)
(Zl 1Vi xlp' =1 Vi xlp’zl 1 Vi lp)

Maximize | £, =~ (EI%,E;,V’, EZS’) e~

Subject to

M U
(Zr 1uryr]' f‘luryrj' S—luryr])

E z(E.L EM E.U)
p /R
(21 1lel]’ i= 1lel]' i= 1vl L])

< (1'1'1)” VJ,

U, v; =0, i=1,..m, r=1,..,s.

Step 2: Using division of triangular fuzzy number, defined in Section 2.1.2.1, the fuzzy CCR

DEA model-3.2 can be transformed into fuzzy CCR DEA model-3.3.
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Fuzzy CCR DEA model-3.3

L M U
Maximizelf?p ~ (Eze E£4 E;)’) ~ <2$’=1uryrp r=1UrYrp ?=1uryrp>l

m U’\ym M’ y'm L
i=1 Ui xip i=1vi xip i=1 vi xip

Subject to

s L N M S U
Zr:luryrj Zr:luryrj r=1ur3’rj>

F o (pL M pUY
[Ep“'(Ej'Ej'Ej)“'< m o, U ym o M ymo, oL
i=1Yitij ai=1Yitij i=1Yi*ij

< (11171)” V];

u,v; =0, i=1,..,m, r=1,..,s.
Step 3: Using the relation (at,a™,aV) < (b%,bM,bY) = al < bL, a™ < bM, aV < bY,
the fuzzy CCR DEA model-3.3 can be transformed into fuzzy CCR DEA model-3.4.

Fuzzy CCR DEA model-3.4

S L s M Y's U
Maximize | E, ~ (EL, EY,EV) ~ < r=1UrYrp Zr=1U%rYrp r=1ur)’rp>l
p pr=p tp

m U m M’ ym L
i=1ViXip Zi=1ViXyp Li=1ViXip
Subject to

S L
Zr:luryrj

m U
i=1 Vi Xij

<1vj,

s M
Zr:l uryrj
M
)

<1,Vj
m — L )

Zsz u yU.
r=1%r TL] < ij,

m
i=1 Vi Xjj

u,v; =0, i=1,..,m, r=1,..,s.
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Step 4: Since, Ef < EM < E/, So, if E/’ < 1 then automatically condition £/ < E < 1 will
be satisfied, so, the fuzzy CCR DEA model-3.4 can transformed into fuzzy CCR DEA model-

3.5.

Fuzzy CCR DEA model-3.5

B s= U L s= u M s= u U
Maximize Ep ~ (E;%,E;.W; E;,]) ~ <Zr 1 ryrp Zr 1 ryrp Zr 1 ryrp>l

m U’\ym M’ \y'm L
i=1 Vi X; i=1 ViXip Li=1ViXjp

l p
Subject to
s U
r=1UrYrj .
smo L =LV,
i=1 Vi Xjj
u,v; =0, i=1,..,m, r=1,..,s.

Step 5: Transform the fuzzy CCR DEA model-3.5 into crisp CCR DEA model-3.6 to 3.8.

Crisp CCR DEA model-3.6

s L
.. r=1 uryr
Maximize lE{; = —pl

m u
i=1ViXip

Subject to

s U
r=1UrYrj .

S < LV,
i=1 Vi Xjj

u,v; =0, i=1,..m, r=1,..,s.
Crisp CCR DEA model-3.7

s M
.. r=1 uryr
Maximize lE{;” = —pl

m M
i=1 Vi Xip

Subject to
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r=1 ryr .
- LJ <1,vj,
A V: Xi
=1"17%ij
u,v; =0, i=1,..,m, r=1,..,s

Crisp CCR DEA model-3.8

s_ U L
Maximize [Eg = Z—r_l r%pl

m U
i=1 ViXip
Subject to
s U
r=1UrYrj .
w1 <LV,
i=1 Vi Xjj
u,v; =0, i=1,..,m, r=1,..,s.

Step 6: The crisp CCR DEA models 3.6 to 3.8 can be transformed into crisp CCR DEA models

3.9 to 3.11 respectively.

Crisp CCR DEA model-3.9

S
Maximize | E; = Z U Vip ]
r=1
Subject to
m
Z V; Xl% = 1,
i=1

%)
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Crisp CCR DEA model-3.10

N

Maximize |E,' = Zury}‘;',
r=1

Subject to

m
Z vixly =1,

i=1

S m
zuryr] z l] <0, V],
r=1 i=1
u,v; =0, i=1,..,m, r=1,..,s.

Crisp CCR DEA model-3.11

s
Eg = z uryr% ]

r=1

Maximize

Subject to

m
L _
zvixl-p =1,

i=

S m
Zuryr] Z l] — O v]l
r=1 i=1

u,v; =0, i=1,..m, r=1,..,s.

[y

Step 7: Find the optimal value Ej, E}!, EJ of crisp CCR DEA models 3.9 to 3.11 respectively.

Step 8: Using the optimal values of EL, E{,”, E{,’, obtained in Step 6, the fuzzy optimal value (best

relative fuzzy efficiency of DMU,,) of fuzzy CCR DEA model-3.1is (E}, E}', EY)).
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3.2.2 Second method
Wang et al. [106] proposed the following method for solving fuzzy CCR DEA model-3.1.

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy CCR

DEA model-3.1 can be transformed into fuzzy CCR DEA model-3.12.

Fuzzy CCR DEA model-3.12

(Zi 1urerp'Zf‘ 1 Uy Y%’ZS 1 Ur YTI{?)

(21 1lelp' i= 1lelp' i= 1vl lp)

Maximize | E, ~ (E5, E)E)) =

Subject to

M
(Zr 1u"r'y7‘j’ 75‘ 1uryrj' 1uryr])

E. ~ (ELZEM EV
] (], ]’ ]) (Zl 1UUX lllel]’ lel U)

']'

u,v; =0, i=1,..,m, r=1,..,s.

Step 2: Using the division of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy

CCR DEA model-3.12 can be transformed into fuzzy CCR DEA model-3.13.

Fuzzy CCR DEA model-3.13

Max1mlzel
p’=p’=p m U'’ym M’ y'm L
im1ViXip Nimq ViXip Lizq ViXp

Subject to

N

s L s M
F =~ (FL EM EU ~ r=1UrYrj Zir=1UWrYr; ZLir=1 ryr]
p~ ( IR B ) ~ m 7

M’ L < (11111)1 v];

i=1 ViXij Zij=1ViXjj = vix ij

u,v; =0, i=1,..,m, r=1,..,s.

Step 3: Using the relation (a*,a™,aV) < (b%,bM,bY) = at < b, a < bM, aV < bY,
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the fuzzy CCR DEA model-3.13 can be transformed into fuzzy CCR DEA model-3.14.

Fuzzy CCR DEA model-3.14

S L s M V'S U
Maximize | E, = (EL EM EU) ~ < r=1UrYrp Zr=1UrYrp r=1ur)’rp>l
p prEp s Ep

m U m M’ ym L
i=1 Ui xip i=1 vi xip i=1 vi xip
Subject to
S L
1 UrYri
r=1%rr .
= < 1,Vj,
m . xU
=1"17%ij
s M
r=1UrYrj .
< 1\; <1,vj,
Vs X
=1"1""ij

Yr=1 urygj .
- L = 1,v],

m
i=1 Vi Xjj

u,v; =0, i=1,..,m, r=1,..,s.

Step 4: As for fuzzy CCR DEA model-3.14, since there are no restrictions imposed subjectively
on the support of the fuzzy numbers 1, its lower and upper bounds are therefore viewed as free.
Based upon this point of view fuzzy CCR DEA model-3.14 can be transformed into fuzzy CCR

DEA model-3.15.

Fuzzy CCR DEA model-3.15

14 p’»=p>

m U’y'm M’ ym L
i=1ViXip Li=1ViXip Zi=1ViXp
Subject to

S M

r=1UrYrj .
—M] <1,vj.

m
i=1 Vi Xij
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u,v; =0, i=1,..,m, r=1,..,s.
Step 5: Transform the fuzzy CCR DEA model-3.15 into crisp CCR DEA models-3.16 to 3.18.
Crisp CCR DEA model-3.16

s L

1 Uy

. . r=1%rJr
Maximize [Ez% === TP l

m U
i=1 ViXip
Subject to
s M
r=1 rYrj .
- ,rV,] <1,vj,
i=1 Vi Xjj
u,v; =0, i=1,..,m, r=1,..,s

Crisp CCR DEA model-3.17

s M
Uy Y
. . r=1“%rJ)r
Maximize [E{,V’ == TP l

MmooV x{‘g
Subject to

S M
r=1uryrj .

Sm o, o =LV,
i=1 Vi Xjj

u,v; =0, i=1,..m, r=1,..,s.
Crisp CCR DEA model-3.18

N L
.. r=1 uryr
Maximize lE},’ = —pl

m U
i=1 ViXip

Subject to
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u,v; =0, i=1,..,m, r=1,..,s.

Step 6: The crisp CCR DEA models-3.16 to 3.18 can be transformed into crisp CCR DEA

models-3.19 to 3.21 respectively.

Crisp CCR DEA model-3.19

s
E% =::E:1H@¢b]

r=1

Maximize

Subject to

vV X —1

'MS

~
1l
[y

S m
uryr] zv l] —_ Olv]l

r=1 i=1
u,v; =0, i=1,..m, r=1,..,s.
Crisp CCR DEA model-3.20

S
E)l = Zuryr";’,]

r=1

Maximize

Subject to

m
M _
zvixl-p =1,

i=

S m
UrYyj = zv xj = 0,9,

r=1 i=1

=

u,v; =0, i=1,..m, r=1,..,s.

42



Crisp CCR DEA model-3.21

S
- . U _ U
Maximize E, = Z UrYrp ]
r=1

Subject to

m
Z v xp, =1,

i=1

S m

M M .

zuryrj - z vix;; <0,V
r=1 i=1
u,v; =0, i=1,..,m,

r=1,..,s.

Step 7: Find the optimal value E}, E}', Ej} of crisp CCR DEA models 3.19 to 3.21 respectively.

Step 8: Using the optimal values of E}, E}, E,), obtained in Step 6, the fuzzy optimal value (best

relative fuzzy efficiency of DMU,) of fuzzy CCR DEA model 3.1 is (E5, E)!, EY).

3.3 Flaws in the existing method

In this section, the flaws in the methods, proposed by Wang et al. [106] are pointed out.

In the fuzzy CCR DEA model-3.1, u,, v; are crisp numbers. Therefore, if these numbers
are represented as triangular fuzzy numbers u, = (uk, u,u¥)andv; = (vf, vM,v}),
then the condition, ut = uM = ul,vf = vM = v/, should always be satisfied.
However, in both the methods, proposed by Wang et al. [106] the values of Ej, E}', Ej
are obtained by solving the crisp CCR DEA models-3.19 to 3.21 independently. Since, all
these models are solved independently, so, the optimal values of u, and v;, obtained on

solving these models, will not necessarily be same, i.e., if uk,vF,uM, v and ul, v’
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represents the optimal values of u, and v;, obtained on solving crisp CCR DEA models-

3.19 to 3.21 respectively, then the condition ut =u¥ =uY and vF = vM = v/ will

L
not necessarily be satisfied. Hence, using the methods, proposed by Wang et al.[106] the
obtained optimal solution {uk, v}, uM, v, uY, v’} is not an optimal solution of fuzzy

CCR DEA model-3.1 i.e., using the method, proposed by Wang et al. [106] it is not

possible to find a crisp optimal solution {u, ,v;} of fuzzy CCR DEA model-3.1.

It is well known that for a triangular fuzzy number (a, b, ¢), the property a < b < ¢
should always be satisfied. However, it is obvious from Step 6 of the existing method,
presented in Section 3.2, that the values of E;, E})',E, are obtained by solving three
independent crisp CCR DEA models so the restriction Ej < E,' < EJ may or may not

be satisfied.

3. 4 Flaws in the existing fuzzy DEA model

It is obvious from Step 2 and Step 3 of the existing method [106], presented in Section

3.2, that Wang et al. [106] have transformed the fuzzy constraints

s L s M s U
Zr:l uryrj Zr:l uryrj Zr:l uryrj

m U’\ym
i=1 ViXjj Zij=1ViX

: > <(1,1,1)

ij

M )

m
ij Zi=1ViX

in to the crisp constraints.

s L
r=1UWrYr

m
i=1 Vi X

j .
T <1V,
ij
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=1 Uy .
rm 2] <1,vj,
i=1 Vi Xij
i S UrVE; Tio ey ioiuryl; . : .
Since, (Zrml Jx.{’.]’ Cnlvrxnrdj = vrxzj) < (1,1,1),Vj. So, there should exist a non-negative
i=1"1"ij i=1"1%ij i=1"71"ij

triangular fuzzy number (St,sM,sY), St < sM < SU such that

N L N M s U

Zr:luryrj Zr:luryrj r=1uryrj L oM cU )
m U’ vm M’ ~m 2 +(S ,S ,S )=(1,1,1),V]
LU X VX v xs
i=1"%1"%ij 1=1"17%ij i=1"17%ij

However, the following clearly indicates that there will never exist a non-negative

triangular fuzzy number (S%,SM,SY), S < S™ < SY and hence, the constraint

Zs= u yL' Zsz u yM 25= u yU' . - -
( T o ) < (1,1,1), V) cannot be transformed into the constraints
Zi=1vixij Zi=1vix 1

ij i=1"1%ij

s L
r=1 ur:Vrj

m U
i=1 Vi Xjj

<1,Yj,

S M
Zr:luryrj

m M
i=1 Vi Xjj

<1vj,

Yr=1 uryfj .

m
i=1 Vi Xij

N L s M s U
Zr=1uryrj Zr=1 uryrj r=1uryrj

) ) < (1I1I1)

m . xU m . xM m 4. xL

1=1"l7"ij 1=1"17y i=1"17%ij

s L N M s U
( r=1 uryrj r=1 uryrj r=1uryrj

m U’ym M’ \y'm L
i=1 Vi X i=1 ViXij lij=1ViXjj

) + (St,sM,sY) = (1,1,1)

ij

s L s M s U

r=1 uryrj L r=1uryrj M r=1uryrj U
—_—F+ S =l +5" =1, =F+5" =1

m ;s XU m s xM m ;s XL

i=1 Vi Xjj i=1Yitij i=1"1%ij
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s
Zr:luryW L Zr:luryr] M “r=1 ryr] U
———— =1-SL, Y——— =1-SM ——~ =1-S".
i—1 Ui X% Vi X;; i—1 Ui Xi3
i=1"1"%ij =1"17%ij =1 "17%ij
Now,
s L s M N U
Zr:lur3/rj r=1uryrj r=1uryrj
m u — m M — m L
i=1 Vi Xij i=1 Vi Xjj i=1 Vi Xjj

>1-Sl<1-SM<1-58V
=St <-sM < -§Y

=Sl >8M>gU

= (SL,5M,8Y) is not a triangular fuzzy number.

3.5 Proposed fuzzy CCR DEA model
Wang et al. [] transformed the crisp CCR DEA model-2.2 into fuzzy CCR DEA model-

3.1 by replacing the crisp input data (x;;) and crisp output data (y,;) with triangular fuzzy

= L M U ~ L M U H
numbers ¥;; = (x;j, x;5, xi;) and §; = (¥}, ¥rj» Vrj) respectively.

In this section, to resolve the flaws of the existing fuzzy DEA model, pointed out in

Section 3.4, a modified fuzzy CCR DEA model is proposed.

If there are n DMUs then the best relative crisp efficiency (E),) of p" DMU can be

obtained by solving the CCR DEA model-3.22
CCR DEA model-3.22

o Virtual output of p** DMU
Maximize | E, = — .
Virtual input of pt" DMU

Subject to

Virtual output of j* DMU < Virtual input of j** DMU,V j.
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If each DMU have m inputs (x;;; { = 1,2,...,m;j = 1,2,...,n) and s outputs (y,;; 7 =
1,2,..s; j =1,2,...,n) then CCR DEA model-3.22 is transformed into crisp CCR DEA model-

3.23

Crisp CCR DEA model-3.23

Yr=1 ur}’rpl
Z?;1 17ixip

Maximize [Ep =

Subject to

s m
z UrYrj < Z ViXij VJ:
r=1 i=1

U, v; =0,vr,i.
where u, (r = 1,....s) and v; (i = 1, ..., m) are the weights assigned to the r** output and i*"

input, respectively.

Replacing the crisp input data (x;;) and crisp output data (y,;) by triangular fuzzy
numbers X;; = (xl], ijrX ) and J,; = (yr]'yr]'yr]) respectively, the CCR DEA model-3.23

can be transformed into fuzzy CCR DEA model-3.24.

Fuzzy CCR DEA model-3.24

N L M ,,U
r=1Ur (yrp: yrpf yrp)

i= 1vl (xlp' ip’ lp)

o ” L oM pU
Max1mlze[Ej (Ep,Ep,E )~

Subject to

zu‘r‘(y?"]’y?"jlyr]) Zvl (xlj’ ll\;l, j=1,..,n
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u,v; =0, i=1,..,m, r=1,..,s.
3.6 Proposed approach

In Section 3.4, it is shown that the fuzzy CCR DEA model-3.5, proposed by Wang et al.
[106] are not valid and hence cannot be used for evaluating the best relative fuzzy efficiency of
DMuUs. In this section, a new approach is proposed to evaluate the best relative fuzzy efficiency

of DMUs by using the fuzzy CCR DEA model-3.24.

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy CCR

DEA model-3.24 can be transformed into fuzzy CCR DEA model-3.25.

Fuzzy CCR DEA model-3.25

N L M U
r=1 (uryrp' uryrp' uryrp)

m L M U

p

Maximize [ E; ~ (EL E)E)) =

Subject to
S m
L M U L M U :
Z(uryrj,uryrj,uryrj) < Z(vixij,vixij,vixij) V),
r=1 i=1

u,v; =0, i=1,..m, r=1,..,s.

Step 2: Using the division of triangular fuzzy numbers defined in Section 2.1.2.1, the fuzzy CCR

DEA model-3.25 can be transformed into fuzzy CCR DEA model-3.26.

Fuzzy CCR DEA model-3.26

p~ pr=pr=p )~

m Uu’ym M’ ym L
i=1ViXip Zi=1ViXyp Zi=1ViXip

Subject to
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S m
L M., U Lo oMUY i
Z(urym': WYy U yry) < Z(Uixij' vix], vix{}), vj,

r=1 i=1

u,v; =0, i=1,..,m, r=1,..,s.
Step 3: Using the relation (a*,a,a%) < (b%,bM,bY) = at < b*,a™ < bM,aV < bY,
the fuzzy CCR DEA model-3.26 can be transformed into fuzzy CCR DEA model-3.27.

Fuzzy CCR DEA model-3.27

MaximizelE ~ (EL EM EU) ~ <Z§‘=1ury‘rl'lp $=1ur3’% f”:lllﬂ)@%)l
p pr=ptp

m Uu’ym M’ ym L
i=1ViXip Zi=1ViXyp Li=1ViXip
Subject to
N m
L L ;
Zuryrj = Z viXiz, V),
r=1 i=1
S m
M M :
zuryrj Szvixij' vJ,
r=1 i=1
S m
U U :
Zuryrj SZvixij , V7,
r=1 i=1

u,v; =20, i=1,...m r=1,..,s.

Step 4: The fuzzy optimal value (Ep ~ (EL EYEY ) representing the best relative fuzzy

efficiency of pt* DMU, can be obtained by solving the fuzzy CCR DEA model-3.27 as follows:

Step 4(a) Find the optimal value (Ez%) of the crisp CCR DEA model-3.28a by solving crisp CCR

DEA model-3.28b equivalent to crisp CCR DEA model-3.28a

49



Crisp CCR DEA model-3.28a

Zf‘:l urerpl

Maximize |E; =
m
i=1 Vi X

u
ip
Subject to

S L
r=1 ur)’rp

<1
m — 4,
i=1 ViXip

and

All the constraints of fuzzy crisp CCR DEA model-3.27.

Crisp CCR DEA model-3.28b

N

E;% = Zuryﬁp

r=1

Maximize

Subject to

All the constraints of fuzzy crisp CCR DEA model-3.27.

Step 4(b) Find the optimal value (E{,V’) of the crisp CCR DEA model-3.29a by solving crisp

CCR DEA model-3.29b equivalent to crisp CCR DEA model-3.29a.
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Crisp CCR DEA model-3.29a

s_ u M
Maximize [E{,V’ = —Zr_l Tyrpl

m M
i=1 Vi xip

Subject to

s L
Zr:l UrYrp

_ rlL
m ., xU _Ep’
i=1"1%ip
s M
r= 1urYr
Eb<=—P <1,
i=1 Vi Xip
and

All the constraints of fuzzy crisp CCR DEA model-3.27.

Crisp CCR DEA model-3.29b

S
E; = Zuryr“;’,]

Maximize

Subject to

m
zvl =1,

i=1

Zuryrp ;?(i 1p>,

m S
L M M
E, (Z v; xl-p> < Z UrYrp
i=1 r=1

and

All the constraints of fuzzy crisp CCR DEA model-3.27.
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Step 4(c) Find the optimal value (E},’) of the crisp CCR DEA model-3.30a by solving crisp CCR

DEA model-3.30b equivalent to crisp CCR DEA model-3.30a

Crisp CCR DEA model-3.30a

N U
L r=1UrYr
Maximize lEg = —pl

m L
i=1 Vi xip

Subject to

s L
Zr=1 UrYrp

_ L
m 44U _EP
i=1"1"%ip
s M
Zr:lurer_ M
m M — “p>
i=1 ViXip
N U
=1 Uy Y,
EM < &r=1"r-rp <1,
P m v xk
i=1"1%ip
and

All the constraints of fuzzy CCR DEA model-3.27.

Crisp CCR DEA model-3.30b

S
w=zw%]

r=1

Maximize

Subject to
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S m
D wyhy = EYf (Z )

Ezl)w(zyi1 Vi xin) < Xr=1 ur)’rl{a < XiLvi xin '
and
All the constraints of fuzzy CCR DEA model-3.27.

Step 5: Using the optimal values of Ej, E}', E}, obtained in Step 4, the fuzzy optimal value (best

relative fuzzy efficiency of DMU, ) is (E}, EM, EY ).
3.7 Exact fuzzy efficiency of real life problem

Wang et al. [106] solved a problem to illustrate his proposed approach. However, as
discussed in Section 3.3 that there are flaws in the existing method [106]. So, the results of this
problem, obtained by Wang et al. [106] is not exact. In this section, the exact results of the same

problem is obtained by the proposed method.
3.7.1 Problem description

Consider a performance assessment problem in China where eight manufacturing
enterprises (DMUSs) are to be evaluated in terms of two inputs and two outputs. The eight
manufacturing enterprises all manufacture the same type of products but with different qualities.
Both the gross output value (GOV) and product quality (PQ) are considered as outputs.
Manufacturing cost (MC) and the number of employees (NOE) are considered as inputs. The
data about the GOV and MC are uncertain due to the unavailability at the time of assessment and
are therefore estimated as fuzzy numbers. The product quality is assessed by customers using

fuzzy linguistic terms such as Excellent, Very Good, Average, Poor and Very Poor. The
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assessment results by customers are weighted and averaged. Table 3.1 shows the input and

output data for the eight manufacturing enterprises.

Table 3.1: Input and output data for eight manufacturing enterprises

Enterprises

(DMUs) Inputs (Two) Outputs (two)

MC NOE GOV PQ

(2120, 2170, 2210) | 1870 | (14500, 14790, 14860) (3.1, 4.1, 4.9)

(1420, 1460, 1500) | 1340 | (12470, 12720, 12790) (1.2,2.1, 3.0)

(2510, 2570, 2610) | 2360 | (17900, 18260, 18400) | (3.3, 4.3, 5.0)

(2300, 2350, 2400) | 2020 | (14970, 15270, 15400) (2.7,3.7, 4.6)

(1480, 1520, 1560) | 1550 | (13980, 14260, 14330) (1.0, 1.8, 2.7)

(1990, 2030, 2100) | 1760 | (14030, 14310, 14400) | (1.6, 2.6, 3.6)

(2200, 2260, 2300) | 1980 | (16540, 16870, 17000) (2.4, 3.4, 4.4)

I ® M m O O @ >

(2400, 2460, 2520) | 2250 | (17600, 17960, 18100) (2.6, 3.6, 4.6)

3.7.2 Proposed fuzzy CCR DEA models

The best relative fuzzy efficiency of DMU, to DM Uy respectively can be obtained by

solving fuzzy CCR DEA model-3.31 to 3.39.

Fuzzy CCR DEA model-3.31

~ 14500,14790,14860)u, + (3.1,4.1,4.9)u
Maximize |E; = (Ej,EA{VI,E[l{) ~ ( Jug + ( Ju, ”

(2120,2170,2210)v, + (1870,1870,1870) v,

Subject to
(14500u, + 3.1uy, 14790u, + 4.1u,, 14860u, + 4.9u,)

< (2120v; + 1870v,,2170v; + 1870v,,2210v,; + 1870v,),
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(12470u, + 1.2uy, 12720u, + 2.1uy, 12790u, + 3.0u,)

< (1420v, + 1340v,, 1460v, + 1340v,, 1500v, + 1340v,),
(17900u, + 3.3u,, 18260u; + 4.3u,, 18400u, + 5.0u,)

< (2510v; + 2360v,, 2570V, + 2360v,,2610v; + 2360v,),
(14970u, + 2.7uy, 15270u, + 3.7uy, 15400u, + 4.6u,)

< (2300v, + 2020v,, 2350V, + 2020v,, 2400V, + 2020v,),
(13980u; + 1.0uy, 14260u,; + 1.8u,, 14330u, + 2.7u,)

< (1480v, + 1550v,,1520v; + 1550v,,1560v; + 1550v,),
(14030, + 1.6uy, 14310u, + 2.6u,, 14400u, + 3.6u,)

< (1990v, + 1760v,,2030v, + 1760v,,2100v, + 1760v,),
(16540u; + 2.4u,, 16870u,; + 3.4u,,17000u, + 4.4u,)

< (2200v; + 1980v,,2260v; + 1980v,,2300v; + 1980v,),
(17600u, + 2.6u,, 17960u, + 3.6u,, 18100u, + 4.6u,)

< (2400v, + 2250v,, 2460V, + 2250v,, 25200, + 2250v,),

Uy, Uy, V1, vy = 0.

Fuzzy CCR DEA model-3.32

Maximize |Ep ~ (EL, EY EY) =

(12470, 12720,12790)u, + (1.2,2.1,3.0)u,
(1420, 1460, 1500)v, + (1340,1340,1340)v,

Subject to
All the constraints of fuzzy CCR DEA model-3.31.

Fuzzy CCR DEA model-3.33

Maximize |E, ~ (EL EM,EY) =~

(2510, 2570,2610)v, + (2360,2360,2360)v,

(17900, 18260, 18400)u, + (3.3,4.3,5.0)u, “
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Subject to
All the constraints of fuzzy CCR DEA model-3.31.

Fuzzy CCR DEA model-3.34

ED ~ (EéngI'Eg) ~

Maximize

(14970, 15270, 15400)u, + (2.7,3.7, 4.6)u,
(2300, 2350, 2400)v, + (2020,2020,2020)v,

Subject to
All the constraints of fuzzy CCR DEA model-3.31.

Fuzzy CCR DEA model-3.35

Maximize |E; ~ (EE EM EY) ~

(13980, 14260, 14330)u, + (1.0,1.8,2.7)u,
(1480, 1520, 1560)v, + (1550,150,150) v,

Subject to
All the constraints of fuzzy CCR DEA model-3.31.

Fuzzy CCR DEA model-3.36

Ep ~ (Ef, B!, Ef) ~

Maximize

(14030, 14310, 14400)u, + (1.6,2.6,3.6)u,
(1990,2030,2100)v, + (1760,1760,1760)v,

Subject to
All the constraints of fuzzy CCR DEA model-3.31.

Fuzzy CCR DEA model-3.37

Maximize |E; =~ (EL E¥,EY) =

(16540,16870,17000)u, + (2.4,3.4, 4.4)u,
(2200, 2260, 2300)v, + (1980,1980,1980)v,

Subject to

All the constraints of fuzzy CCR DEA model-3.31.
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Fuzzy CCR DEA model-3.38

Maximize |Ey ~ (E5 EM EY) =

(17600,17960, 18100)u, + (2.6, 3.6, 4.6)u,
(2400, 2460, 2520)v, + (2250,2250,2250)v,

Subject to
All the constraints of fuzzy CCR DEA model-3.31.

3.7.3 Exact best relative fuzzy efficiency of DMU,4

Using the approach, proposed in Section 3.6, the exact best relative fuzzy efficiency of

DMU,4 can be obtained as follows:

Step 1: Using the arithmetic operations of triangular fuzzy numbers, defined in Section 2.1.2.1,

the fuzzy CCR DEA model-3.31 can be transformed into fuzzy CCR DEA model-3.39.

Fuzzy CCR DEA model-3.39

Maximize (E, ~ (E}, EM,EY) =~

(14500u, + 3.1uy, 14790u, + 4.1uy, 14860u, + 4.9u,)
(2120v, + 4.9uy, 2170v, + 1870v,, 2210V, + 1870v,)

Subject to
(14500u, + 3.1u,,14790u, + 4.1u,, 14860u, + 4.9u,) < (2120v; +
1870v,,2170v, + 1870v,,2210v; 4+ 1870v,),
(12470u; + 1.2uy, 12720u, + 2.1u,, 12790u, + 3.0u,)
< (1420v; + 1340v,,1460v, + 1340v,,1500v; + 1340v,),
(17900u, + 3.3u,,18260u,; + 4.3u,, 18400u, + 5.0u,)
< (2510v, + 2360v,, 2570v; + 2360v,,2610v; + 2360v,),
(14970u, + 2.7u,,15270u, + 3.7u,, 15400u, + 4.6u,)

< (2300v; + 2020v,,2350v; + 2020v,,2400v, + 2020v,),
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(13980u, + 1.0uy, 14260u, + 1.8uy, 14330u, + 2.7u,)

< (1480v; + 1550v,,1520v; + 1550v,,1560v; + 1550v,),
(14030u; + 1.6uy, 14310u, + 2.6u,, 14400u, + 3.6u,)

< (1990v; + 1760v,,2030v; + 1760v,,2100v; + 1760v,),
(16540u, + 2.4u,, 16870u, + 3.4uy, 17000u, + 4.4u,)

< (2200v, + 1980v,, 2260V, + 1980v,, 2300V, + 1980v,),
(17600u, + 2.6u,,17960u, + 3.6u,, 18100u, + 4.6u,)

< (2400v, + 2250v,,2460v, + 2250v,,2520v, + 2250v,),

Uq, Uy, V1, Uy = 0.

Step 2: The fuzzy CCR DEA model-3.39 can be transformed into fuzzy CCR DEA model-3.40.

Fuzzy CCR DEA model-3.40

Maximize |E, ~ (E}, EM,EY) =

(14500u, + 3.1uy, 14790u, + 4.1u,, 14860u, + 4.9u,)
(2120v, + 4.9uy, 2170V, + 1870v,, 2210V, + 1870v,)

Subject to

14500u, + 3.1u, < 2120v; + 1870v,, 14790u, + 4.1u, < 2170v; + 1870v,,
14860u, + 4.9u, < 2210v, + 1870v,, 12470u; + 1.2u, < 1420v; + 1340v,,
12720u; + 2.1u, < 1460v; + 1340v,, 12790u; + 3.0u, < 1500v; + 1340v,,
17900u; + 3.3u, < 2510v; + 2360v,, 18260u; + 4.3u, < 2570v; + 2360v,,
18400u, + 5.0u, < 2610v; + 2360v,, 14970u, + 2.7u, < 300v; + 2020v,,
15270u,; + 3.7u, < 2350v; + 2020v,, 15400u; + 4.6u, < 2400v, + 2020v,,
13980u, + 1.0u, < 1480v; + 1550v,, 14260u; + 1.8u, < 1520v; + 1550v,,
14330u, + 2.7u, < 1560v; + 1550v,, 14030u; + 1.6u, < 1990v; + 1760v,,
14310u, + 2.6u, < 2030v; + 1760v,, 14400u, + 3.6u, < 2100v; + 1760v,,
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16540u,; + 2.4u, < 2200v, + 1980v,, 16870u,; + 3.4u, < 2260v, + 1980v,,

17000u,; + 4.4u, < 2300v; + 1980v,, 17600u,; + 2.6u, < 2400v, + 2250v,,

17960u, + 3.6u, < 2460v,; + 2250v,, 18100u, + 4.6u, < 2520v; + 2250v,.
Uy, Uy, Uy, Uy = 0.

Step 3: The fuzzy CCR DEA model-3.40 can be transformed into fuzzy CCR DEA model-3.41.

Fuzzy CCR DEA model-3.41

Maximize |E, ~ (E}, EM,EY)

[( 14500u,; + 3.1u, 14790u,; + 4.1u, 14860u, + 4.9u2>]
~ [\2210v, + 1870v,’2170v, + 1870w,  2120v, + 4.9u,

Subject to

All the constraints of fuzzy CCR DEA model-3.40.
Step 4: The fuzzy optimal value (EA ~ (EL EN, E}{)) , representing the best relative fuzzy
efficiency of A™™ DMU, can be obtained by solving the CCR fuzzy DEA model-3.41 as follows

Step (4a): The optimal value (Ez%) of the crisp CCR DEA model-3.43 and hence of crisp CCR

DEA model-3.42 is 0.812.

Crisp CCR DEA model-3.42

14500u, + 3.1u,
2210v, + 1870v,

Maximize |Ex =

Subject to

14500u; +3.1u, _
2210v, + 1870v, —

All the constraints of fuzzy CCR DEA model-3.40.
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Crisp CCR DEA model-3.43

Maximize [Ef = 14500u, + 3.1u,]

Subject to

2210v; + 1870v, = 1,

14500u; + 3.1u, < 2210v; + 1870v,,

and

All the constraints of fuzzy CCR DEA model-3.40.

Step (4b): The optimal value (Eg’) of the crisp CCR DEA model-3.45 and hence of crisp CCR

DEA model-3.44 is 0.829.

Crisp CCR DEA model-3.44

i [ _ 14790 +4.1u2]
AXIIZE 54" = 51700, + 18700,

Subject to

14500u, + 3.1u,
2210v, + 1870v,

= 0.812,

14790u, + 4.1u,
0.812 < <1,
2170v, + 1870w,

All the constraints of fuzzy CCR DEA model-3.40.

Crisp CCR DEA model-3.45

Maximize [EM = 14790u; + 4.1u,]
Subject to
2170v, + 18700, = 1,

14500u, + 3.1u, = 0.812(2210v, + 1870v,),
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0.812(2170v, + 1870v,) < 14790u, + 4.1u, < 2170w, + 1870v,,

All the constraints of fuzzy CCR DEA model-3.41.
Step (4c¢): The optimal value (E;,’) of the crisp CCR DEA model-3.47 and hence of crisp CCR

DEA model-3.46 is 0.833.

Crisp CCR DEA model-3.46

o gy 14860u; +4.9u,
Maximize |E; = ]

2120v, + 4.9u,

Subject to
14500u, + 3.1u,
= 0.812,
2210v; + 1870w,
14790u, + 4.1u,
= 0.829,

2170v, + 1870v,

00 < 14B60U +49u;
' ~ 2120v; +49u,

and
All the constraints of fuzzy CCR DEA model-3.40.

Crisp CCR DEA model-3.47

Maximize [Ef = 14860u, + 4.9u,]

Subject to

21200, + 4.9u, = 1,

14500u, + 3.1u, = 0.812(2210v, + 1870v,),

14790u, + 4.1u, = 0.829(2170v, + 1870v,),

0.829(2120v; + 4.9u,) < 14860u, + 4.9u, < 2120v; + 4.9u,,

All the constraints of fuzzy CCR DEA model-3.40.
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Step 5: Using the optimal values of E%, EM, EY, obtained in Step 4, the fuzzy optimal value (best
relative fuzzy efficiency of DMU, of fuzzy CCR DEA model-3.31 is (E} EM,EY) =

(0.812,0.829,0.833).
3.7.4 Results

The exact best relative fuzzy efficiency of all the DMUs, evaluated on solving fuzzy CCR
DEA model-3.31 to 3.38 by the proposed method, are shown in Table 3.2. Also, the ranking
value corresponding to best relative fuzzy efficiency, obtained by using the ranking formula

defined in Remark 2.4, is shown in Table 3.2.

Table 3.2 Exact best relative fuzzy efficiencies of DMUs

DMUs | Exact best relative fuzzy efficiency of j** DMU |  Ranking Value (R (E;)
(Ej)
A (.812,.829,.833) 826
B (.975,1,1) 994
C (.797,.815,.825) .813
D (.776,.792,799) .790
E (.973,1,1) 1993
F (.835,.852,.857) .849
G (.875,.893,.900) .890
H (.820,.836,.843) .833

It is obvious from Table 3.2 that R (Ez) > R (Ez) > R (E;) >R (Er) >R (Ey) > R (E,) >

R (E;) > R (Ep). Therefore, Ep > Ep > E; > Ep > Ey > Eg > Ec > Ep.
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3.8 Conclusions

On the basis the present study, it can be concluded that there are flaws in the fuzzy CCR
DEA model as well as in the method, proposed by Wang et al.[106] and hence neither the fuzzy
CCR DEA model nor the method, proposed by Wang et al. [106] should be used for evaluating
the best relative fuzzy efficiency of DMUs. Also, to resolve the flaws of the fuzzy CCR DEA
model, a new fuzzy CCR model is proposed. Further, a new method is proposed to solve the
proposed fuzzy CCR DEA model for evaluating the best relative fuzzy efficiency of DMUs.
Further, the exact best relative fuzzy efficiency of the DMUs, considered by Wang et al. [106] is

evaluated by using the proposed method.
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Chapter 4

A New Approach for Solving Proposed Fully

Fuzzy CCR DEA Model®

Wang and Chin [105] proposed an optimistic as well as pessimistic fuzzy CCR DEA model
and an approach for solving it to evaluate the best relative fuzzy efficiency as well as worst
relative fuzzy efficiency and hence, relative geometric crisp efficiency of DMUSs. In this chapter,
it is shown that the fuzzy CCR models, proposed by Wang and Chin [105] are not valid and
hence cannot be used to evaluate the best relative fuzzy efficiency as well as worst relative fuzzy
efficiency and hence, relative geometric crisp efficiency of DMUs. To resolve the flaws of the
fuzzy CCR DEA model, proposed by Wang and Chin [105] new fuzzy CCR DEA models are
proposed. Also, a new approach is proposed to solve the proposed fuzzy CCR DEA models for

evaluating the relative geometric crisp efficiency of DMUEs.
4.1 Existing fuzzy DEA models

Wang and Chin [105] proposed the optimistic fuzzy CCR DEA model-4.1 and pessimistic
fuzzy CCR DEA model-4.1 to evaluate the best relative fuzzy efficiency (EgEST) and worst
relative fuzzy efficiency (EW2RST) respectively of pt* DMU by incorporating the following

modifications in the fuzzy CCR DEA model-4.1.

® The contents of this chapter are communicated for the possible publication in Expert Systems with Applications.
The flaw pointed out in this chapter is published in Applied Mathematical Modelling.
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1. Used trapezoidal fuzzy numbers instead of triangular fuzzy numbers to represent the
input and output data.

2. Used trapezoidal fuzzy numbers instead of crisp numbers to represent the weights.

Optimistic fuzzy CCR DEA model-4.1

i iva | FBEST BEST [BEST p[BEST pBEST
Max1mlzelEp ~((Ep1 Epy”  Eps” Epy )

S L M, N , U L M ,,N U
r=1(uri Uy, Uy, Uy )(yrpl yrp' yrp' yrp)l

L M. N U\(sL M N U
ﬁl(vi YV Ui, Uy )(xip'xip'xip'xip)]

Subject to

s L M N U L M N U
r=1(ur:ur » Ur :ur)(yrj'yrj'yrj'yrj)

m L M N U L M N U
i=1(vi'vi y Vi Uy )(xij'xij'xij'xij ]

E, ~ (E}EMENEY) = <(1111),Vv,j,

(uk,u, ul,uY) and (vEvM,vY,v’),i=1,..,m, r=1,..,s, are non-negative trapezoidal

fuzzy numbers.

Pessimistic fuzzy CCR DEA model-4.1

Minimize EI‘,/VORST ~ (E%ORST, E%ORST, EZ%ORST, Ez‘;‘éll-ORST

S L. M, N , U L M ,,N U
r=1(u1"i Uy, Uy, Uy )(yrpl yr'p' yr'p' er)

¥ Sm (oL M N UN(oL oM N U
izl(vi Y Vi Ui Vg )(xip'xip'xip'xip ]

Subject to

s L M N , U L M N U
r=1(ur’ur » Ur tur)(yrj'yrj'yrj'yrj)

m L M N U L M N U
izl(vi'vi Y UiV )(xij'xij'xij'xij ]

L o~ L oM N U\ _ 1
E ~ (ElEMENE]) = » (L111),V,],

66



(uk,u, ul,uY) and (vE,vM,vN,vY),i=1,..,m, r=1,..s, are non-negative trapezoidal

fuzzy numbers.
4.2 Existing method

Wang and Chin [105] proposed the following method to evaluate best relative fuzzy
efficiency as well as worst relative fuzzy efficiency and hence, geometric crisp efficiency of

DMUs.

Step 1: Using the product of trapezoidal fuzzy numbers, defined in Section 2.1.2.1, the
optimistic fuzzy CCR DEA model-4.1 and the pessimistic fuzzy DEA model-4.1 can be
transformed into optimistic fuzzy CCR DEA model-4.2 and the pessimistic fuzzy CCR DEA

model-4.2 respectively.

Optimistic fuzzy CCR DEA model-4.2

s LoL ,,MyM NN . U.U
L FBEST . BEST BEST pBEST EBEST)) . Tﬂ(uryrp’ur yrp;uryrp;u‘ryrp)
Maximize | E =~ ((Epi”  Eny” En3™  Epy, ~
p p p p p m (vaL oMM NN UL U
i=1\"i *ip’ Yi “ip? Vi *ip’ Vi “ip

Subject to

s Ly,L ,,M,M . N, N . U.,U
r=1(uryrj:ur yrjrur yrjrur yrj)

m (Lol MM NN U
izl(vix'v

E'j ~ (E-L,}_'TJM,E]-N,EJ-U) = < (1,1,1,1),v,j,

U
ijo Vi Xij» Vi Xijp Vi Xij

(uk,u, ul,uY) and (vEvM,vY,v’),i=1,..,m, r=1,..,s, are non-negative trapezoidal

fuzzy numbers.
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Pessimistic fuzzy CCR DEA model-4.2

i o | EWORST  (pWORST pWORST pWORST pWORST
Minimize | Ep ~(Ep1  Epa  Ep3 y Epy

N L,,L MM , NN u,,u
r=1(uryrp' Uy YVrp) Ur Yrp) Uy er)

~ o ym L,L ., M,M ,,N.,.N .,U.U
i=1(vi Xip Vi Xip Vi Xip) Vi Xip

Subject to

s Lyl . M M o NN U U
r=1(uryrjrur yrjrur yrjrur yrj)
m (,,LoL MM NN 7]
i=1(vi Xijp Vi Xij, Vi Xij» ij

E'j ~ (E-L,EJM,E]-N,EJ-U) = > (1,1,1,1),v,],

vMx v/x

(uk,u, ul,uY) and (vE,vM,vN,vY),i=1,..,m, r=1,..,s, are non-negative trapezoidal

fuzzy numbers.
Step 2: The optimistic fuzzy CCR DEA model-4.2 and the pessimistic fuzzy CCR DEA model-

4.2 can be transformed into optimistic fuzzy CCR DEA model-4.3 and the pessimistic fuzzy

CCR DEA model-4.3 respectively.

Optimistic fuzzy CCR DEA model-4.3

oo | FBEST A BEST [BEST pBEST [BEST
Max1mlzelEp ~((Ep1 VEpy”  Ep3”t Epy )

s L.,L s M. ,M N N.,,N N Uu,,Uu
. (Zr:lurer' r=1Uyr er' r=1uryrp' r=1uryrp)

~ m . L.L m . M,M ym NN yvm ,U.U
(Zi=1vixip' i=1 Vi Xipr»Li=1Vi Xip» Zi=1 Vi Xip

Subject to
TS ubyk, Tio ulyM, T ul yN, ¥ ulyY,
( r=1UrYrj» Lr=1Ur Yrj» Lr=1Ur Vrj» Lir=1 ryr]) < (1,1,1,1),v,),

m ..L..L vm ,,M,.M vm ,,N.N vm .,U.U)
(Zi=1vixij' i=1 Vi Xij»Zi=1Vi Xij» Li=1 Vi Xjj

Ej ~ (EJ'L' EJM‘ EJ'N'EJ'U) =
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(uk,u, ul,uY) and (vE,vM,vN,vY),i=1,..,m, r=1,..s, are non-negative trapezoidal

fuzzy numbers.

Pessimistic fuzzy CCR DEA model-4.3

Minimize E;,/VORST ~ (EZ'%ORST,EWORST,EWORST,E”QORST)

p2 p3

s M., M s N,,N §'s Uu,U
(Zr 1uryrp» r=1Ur Yrp) Zr=1Ur Yrp) Zir=1Ur Vrp

m m
(lele lllep lllep lllep

Subject to

L N
(ZS 1u7L"yrj’Zs 1Ur yrpzs 1uf‘vyrj' f‘ 1U ryr])

(21 1le i= 1vl xlj i= 1vl xlj i= 1vl xl]

~ (EJ'L’ E", EJN'EJ'U) = Z(1111),V,),

(uk,u, ul,u?) and (vE,vM,vN,v)i=1,. r=1,..,s, are non-negative trapezoidal

fuzzy numbers.

Step 3: The optimistic fuzzy CCR DEA model-4.3 and the pessimistic fuzzy CCR DEA model-
4.3 can be transformed into optimistic crisp CCR DEA model-4.4 and the pessimistic crisp CCR

DEA model-4.4 respectively.

Optimistic crisp CCR DEA model-4.4

Minimize |R(EEEST) = m((ngST EBEST, pBEST pEEST )

=R
m

s M.,M
(Zr 1uryrp» r=1Ur yrp’ r 1ur yrp' r 1uryrp)l
(Zl 1le i= 1vl xlp i= 1v1 x i=1 l

Subject to
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(Z$=1 u7l:y1l:j' Xr=1 uﬁ”y%, =1 ui"yivj, =1 uerU])

m . L.L ym M. M ym . N.N
(Zi=1vi XijrZuj=1 Vi Xij» Zj=1Vi Xij»

R(E) = H(5}, B, £ ) =

m ()
i=1 Vi Xij

S m(lllllll)’ v’j’

Pessimistic crisp CCR DEA model-4.4

chimi FWORSTY — WORST [;WORST [;WORST [;WORST
Minimize ER(EP )—‘R(Epl yEp2 T Eps 0 Epy

s L,,L s M.,,M N N.,,N N Uu,,Uu
(Zr:luryrp: r=1Ur yrp' r=1urer' r=1urYTp)

m L..L m M. ..M m N..N m Uu.,U
(2i=1vi Xipr 2ai=1 Vi Xip» Zij=1Vi Xip» Li=1Vi Xip

=R

Subject to

s L,,L s M., M S N.,N s Uu.,,U
(2r=1uryrj' r=1Ur yrj' r=1ur3’rj' r=1uryrj)

m L..L m M. M m N..N m Uu.,uU
(2i=1vixij' i=1 Vi Xij»Zi=1Vi Xjj» Li=1 Vi Xjj

R(E) = %(5}. B, E), EY) =

>R(1,1,1,1),v,j,

Step 4: The optimistic crisp CCR DEA model-4.4 and the pessimistic crisp CCR DEA model-
4.4 can be transformed into optimistic crisp CCR DEA model-4.5 and the pessimistic crisp CCR

DEA model-4.5 respectively.
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Optimistic crisp CCR DEA model-4.5

. FBESTY) — BEST p[BEST p[BEST pBEST
Maximize &R(Ep )—ER((Epl VEpy”  Eps” Epy )

s L,,L s M\,M 'S N,,N §'s U,,U
_ lm(2r=1uryrp' r=1Ur Yrp) Lir=1Ur Yrp, r=1uryrp)

- m ,,L.L m ,,M.,.M ym ,,N,N yvm .U.,U
m(zi=1vixip' i=1 Vi X i=1 Vi X i=1 Vi Xi

p’ p’ p

Subject to

s L,,L s M\,M \'s N,,N ¥'s U,,U
9{(Zr=1uryrj' r=1Ur yrj' r=1uryrj' r=1ur3’rj)

m L..L m M ..M m N..N m Uu.,Uu
m(2i=1vi Xijor2aj=1 Vi Xij» Li=1Vi Xij» Lij=1 Vi Xjj

R(E) = R(E B ' E) =

<R(1,1,1,1),V,j,

Pessimistic crisp CCR DEA model-4.5

R LWORSTY — WORST pWORST pWORST pWORST
Minimize ER(Ep ) = ER(Ep1  Ep? Ep3 » Epy )
s L,,L N M.,M N N.,,N N u,,Uu
_ ER(Zrzl uryrp: Zrzl Uy yrp» Zrzl Uy yrpr Zrzl Uy yrp)

- m .,L.L m ,M,M ym ,N.,.N yvm .U.,U
m(zi=1vixip' i=1 Vi XiprZi=1Vi Xip» Li=1Vi Xip

Subject to

S L,,L s M, M s N,,N N U,,U
SR(Zr:luryrj' r=1Ur yrj' r=1uryer T=1uTYTj)

m L.,L m M., M m N .,.N m U.U
m(zizlvi XijrZai=1 Vi Xij» Zj=1Vi Xjj» Li=1 Vi Xjj

R(E) = R(ELEMENEY) =

> R(1,1,1,1),V,),
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Step 5: The optimistic crisp CCR DEA model-4.5 and pessimistic crisp CCR DEA model-4.5
can be transformed into optimistic crisp CCR DEA model-4.6 and pessimistic crisp CCR DEA

model-4.6 respectively.

Optimistic crisp CCR DEA model-4.6

Maximize l‘ﬁ(E'BEST) _ (Zf*:l u#)’er + 251 uerI\;Ia + Xr=1 uiv)’rl\;]; +Xr=1 uy}’r%)
P (Z:Zl 17iL’Cin + Xitq vlgle% + s vlgvxlg\zl) + 22 viUxiL,')
Subject to

R <(Zi=1 u#Yﬁj + 251 u,@”y% + 251 u’rvyiv, + =1 uHYrL;)

m L.L m M., .M m N..N m Uu.U >S1,,V,j,
(X, v X+ Niza Vi Xij + Ximq Vi X5+ Ning v X

o<ul<uM<ul<ul;o<svi<vM<vV<vli=1,.,m, r=1,..,s.

Pessimistic crisp CCR DEA model-4.6

(215:1 u#)’er + i1 ufﬂw}’% + X5=1 uerJ’rAz]; + Xio1 UEYT%)
T oL MM NN U_U
(X, vixg, + X oMl + X v+ S vl )

Minimize lm(ggvomr) =

Subject to

R <(Zf~=1 u#)’ﬁj + 251 uyy% + 251 uzrvy% + =1 uEYrU})

m L.L m M., .M m N..N m UU>21'v'j’
(X, v X+ Nima Vi Xij + Ximq Vi X+ Xing v X

Step 6: The optimistic crisp CCR DEA model-4.6 and pessimistic crisp CCR DEA model-4.6
can be transformed into optimistic crisp CCR DEA model-4.7 and pessimistic crisp CCR DEA

model-4.7 respectively.
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Optimistic crisp CCR DEA model-4.7

Maximize

N N N N
W(EFET) = ) ubyly + ) ultylh+ ) ullyly+ ) ulyl
r=1 r=1 r=1 r=1

Subject to
m m m m
ZviinLp + Zv{v’x% + Zv{vx{;’[, +Zviuxg, =1
i=1 i=1 i=1 i=1
N N N N
L,,L M. M N.,N u.,,Uu
( uryrj +Zur yrj + zur yrj + Uy yrj)
r=1 r=1 r=1 r=1
m m m m
_ (Z vhx+ ) vl 4wl ) v:fxg) <0,v,j,
i=1 i=1 i=1 i=1
o<ul<uM<ul <ul;o<vi<vM<v¥y<v/i=1.m r=1,

Pessimistic crisp CCR DEA model-4.7

s s s s
P i WORST\ — L,,L M., M N,,N U,,U
Minimize 2R(Ep ) = z UrYrp + z Ur Yrp + Z Ur Yrp + Z Ur Yrp
r=1 r=1 r=1 r=1
Subject to
m m m m
L. L M ..M N . .N u,u _
Zlelp +Zvi Xip +Zvl Xip +Zvl Xip = 1
i=1 i=1 i=1 i=1
s s s s
L.,L M.,,M N.,N U,,U
( uryr] +Zur yrj+zuryr] + uryrj>
r=1 r=1 r=1 r=1
m m m m
L.L M. .M N.,.N u.u '
—<Zl7ixij+2vi xij +Zvi xij‘l' vi xij) ZOJiji
i=1 i=1 i=1 i=1
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O<ul<uM<ul<uls0<vi<vM<v<vli=1.m r=1,..,s

Step 4: Find the optimal value (91(15"55")), representing the best relative crisp efficiency of pt"

DMU, by solving optimistic crisp CCR DEA model-4.7.

Step 5: Find the optimal value (%(E;{VORST)), representing the worst relative crisp efficiency of

pt" DMU, by solving pessimistic crisp CCR DEA model-4.7.

Step 6: Find the relative geometric average crisp efficiency ESEOMETRIC of pth DMU by putting

the values EFET and E)ORST,  obtained in Step 4 and Step 5, in

GEOMETRIC _—_ BEST WORST
ES = \/Ep x EJORST,

4.3 Flaws in the existing method

If (at,a,a",a%) & (b%, bM, bV, bY) are two trapezoidal fuzzy numbers then

S
=
<

L
L .M N ,U L M N U a—-|—
ER((a,a ,a,a )) (a a aV a )_bu

%3
|+
Sk
2
+
Z[%

(bL,bM pN pUY) = 7 \pU’ BN pM’ L
and

R(a" a", a"a’) a"+ a"+ a" + aY
R(bL,bM, bV, bU) _ DL+ bM + bV + bV

It is obvious that

- (at,a™, a",a?) R(al,a, a",a?)
L, b, b, 50) ) © R(bL, b, bV, bU)
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However, Wang and Chin have used the property

- (a",a", a",a"%)\ _ R(a",a" a", a"%)
(b, bM™,bN,bU) ) — R(b:,bM, bV, bY)

in Step 4 of their proposed method, therefore, the method proposed by Wang and Chin [105] is

not valid.

4.4 Proposed fuzzy DEA model
Wang and Chin [105] transformed the crisp CCR DEA model 2.2 into fuzzy CCR DEA

model 4.1 by replacing the crisp input data (x;;), crisp output data (y,;) and weights u, and v;

with trapezoidal fuzzy numbers fl]=(xfjx{§’x{}’x3) }7rj=(yﬁj,Y%:Yivj,yﬁ'j) and

(uk,u, ul,uY), (vh,vM, vN, v?) respectively.

However, the flaws, pointed out in Section 3.3 of Chapter 3, is also existing in the
optimistic fuzzy CCR DEA model-4.1 and pessimistic fuzzy CCR DEA model-4.2 proposed by

Wang and Chin [105] .

In this section, to resolve the flaws of the existing optimistic fuzzy CCR DEA model-4.1
and pessimistic fuzzy CCR DEA model-4.2, proposed by Wang and Chin [105] new optimistic
fuzzy CCR DEA model-4.8 and pessimistic fuzzy CCR DEA model-4.8 are obtained by

replacing the crisp weights u,- and v; of the fuzzy DEA model, proposed in Section 3.5 of

Chapter 3, with trapezoidal fuzzy numbers (uf,u,ul,ul), (vF,vM, v¥,v7) respectively.

Optimistic fuzzy CCR DEA model-4.8

N L M N , U L M ,,N U
T=1(u1"'ur » Uy, Uy )(er, er» er» yTp)

(kv vl vl) (hy, xlh, kL xB)]

LI BEST BEST pBEST pBEST pBEST)\ ~
Maximize (E} ~(Ep1 Epy”  Ep3”  Epy ~

Subject to
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N m

LM N UL M N U L M N U\ L .M N U\ \ i
Z(ur,ur yUp Ur ) (Vs Yrjp Yrjp Vrj) S Z(Ui Y UiV, U4 )(xij'xijlxij'xij) Y
i=1

r=1
(uk,ut, ul,u?) and (vE,vM,vY,v’),i=1,..,m, r=1,..,5s are non-negative trapezoidal

fuzzy numbers.

Pessimistic fuzzy CCR DEA model-4.8

L WORST WORST pWORST pWORST p[WORST
EWORST ~ (EWORST | EpiOfST, EpyOFsT)

Minimize yEp2  Ep3

N L ,,M , N U L M N U
r=1(ur: Uy, Uy, Uy )(yrp' Yrp» Vrps er)l

L M N U L M N U
l@1(vi Y ViU, Vg )(xip'xip'xip'xip)]
Subject to

s m

L, M, N U L M N U L .M N U L .M N U .
z(ur'ur 'ur:ur)(yrj'yrjryrjlyrj) Z Z(vi Ui Vi Uy ) (xij'xij'xijlxij)lvl]'
r=1 i=1

(uk,uM,ul,ul) and (vF, oM, v¥,vY),i=1,..,m r=1,..,s, are non-negative trapezoidal
fuzzy numbers.

4.5 Proposed approach

In this section, a new approach is proposed to evaluate the best relative fuzzy efficiency
as well as worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of

DMUs by using the optimistic fuzzy CCR DEA model-4.8 and pessimistic fuzzy CCR DEA

model-4.8.

Step 1: Using the product of trapezoidal fuzzy numbers, defined in Section 2.1.2.2, the

optimistic fuzzy CCR DEA model-4.8 and pessimistic fuzzy CCR DEA model-4.8 can be
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transformed into optimistic fuzzy CCR DEA model-4.9 and pessimistic fuzzy CCR DEA model-

4.9 respectively.

Optimistic fuzzy CCR DEA model-4.9

s Lol , MyM , NoN o UxU
Maximize | EBEST ~ (EBEST BEST BEST [BESTY . r=1(uryrp'ur Yrp) Ur Yrp) Ur Yrp

m o (vExk, vMal, vVl vl x

i=1\"i *ip’ ¥i “ip’¥i “ip» Yi “ip

Subject to

S m
Lol o MoM o NoN o UL U L,L . M,M _N._N . U.U ;
Z(uryrj:ur Vrjp Ur Yrj Ur yrj) < Z(Ui Xijp Vi Xij, Vi Xij» Vi xij)'v']'
i=1

r=1

(uk,u, ul,uY) and (vE,vM,vN,vY),i=1,..,m, r=1,..,s, are non-negative trapezoidal

fuzzy numbers.

Pessimistic fuzzy CCR DEA model-4.9

Minimize EIIJ/I/ORST ~ ( E%ORST, E}%ORST, EVIgORST’ EMZORST)
s Lol . MyM , NN , UU
T:l(u‘l"yrpl ur yrp; u"l" yTp' u-r yrp)l
~5m (Lol MM N N U U
izl(vi Xip» Vi Xips Vi Xip, Vi Xy
Subject to

S m

Lol M M NN . U.U L.L .MM _N_N . U.,U ;
Z(uryrj'ur Yrj Ur Yrjr Ur yrj) 7 Z(Ui Xijp Vi Xij, Vi Xij» Vi xl-]-),v,j,
r=1 i=1

(uk,uM, ul,uY) and (vE,vM,vN,vY),i=1,..,m, r=1,..,s are non-negative trapezoidal

fuzzy numbers.

Step 2: Using the division of trapezoidal fuzzy numbers, defined in Section 2.1.2.2, the

optimistic fuzzy CCR DEA model-4.9 and pessimistic fuzzy CCR DEA model-4.9 can be
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transformed into optimistic fuzzy CCR DEA model-4.10 and pessimistic fuzzy CCR DEA

model-4.10 respectively.

Optimistic fuzzy CCR DEA model-4.10

i i | FBEST . (BEST pBEST pBEST [BEST
Max1mlzelEp ~(Ep1 VERy”t  Epst Epy

s Lyl NS . MyM NS . NoN NS UL U
- < r=1WYrp Lr=1Ur Yrp Zr=1Ur Vrp r=1urer>l
m Uu.,U’\ym N N ’\y'm M., M’ \'m L ,L
i=1 Vi Xip Zi=1Vi Xip Zi=1Vi Xip Zi=1Vi Xip

Subject to
N N N N
L,,L M., M N,,N U,,U
(Z ur:Vrp ’ Z Uy yrp ’ Z Uy yrp: Z Uy yrp)
r=1 r=1 r=1 r=1
m m m m
L.L M. M N,..N u.,u .
< <z Vi Xip »z Vi Xip »z Vi Xip :z v xip>'v']'
i=1 i=1 i=1 i=1

(uk,uM,ul,ul) and (vF,vM,v¥,vY),i=1,..,m r=1,.,s, are non-negative trapezoidal

fuzzy numbers.

Pessimistic fuzzy CCR DEA model-4.10

oo | FBWORST  (WORST WORST pWORST pWORST
Minimize IEp ««(Ep1 Ep2 ,Ep3 Epa )

N L,,L N M. ,M N N,,N N u,,u
~ < r=1uryrp r=1Ur yrp r=1Ur yrp r=1uryrp>l

m U.,U’ym N ,.N ’y'm M . M’\ym L ..L

i=1 Vi Xip Li=1Vi Xip Li=1Vi Xip Li=1Vi Xip

Subject to
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rUDh
1%,)
N
S~
=
[%,)
N
3=
2
S
W
<
<=z
L
gz
W
<
S Q
2
=a
N———

m m m m
Lol MM NN U U -
><§ vixip'§ v; xip'§ v Xip E v; xip),\?’,],

M U

(uk,uM, ul,u?) and (vE,vM,vY,v’),i=1,..,m, r=1,..5s, are non-negative trapezoidal

fuzzy numbers.
Step 3: Using the relation (at,a™,aV,a’) < (b bM,b",bY), a* < bt a < bM,aV <
bN,aV < bY,the optimistic fuzzy CCR DEA model-4.10 and pessimistic fuzzy CCR DEA

model-4.10 can be transformed into optimistic fuzzy CCR DEA model-4.11 and pessimistic

fuzzy CCR DEA model-4.11 respectively.

Optimistic fuzzy CCR DEA model-4.11

oo | FBEST BEST [BEST pBEST pBEST
Max1mlzelEp ~((Ep1 VEpy”  Ep3”t Epy )

S L.,L S M., M N N,.,N N U,,U
~< r=1uryrp r=1Ur yrp r=1Ur yrp r=1uryrp>l

m Uu.,U’ym N ,.,N ’y'm M  M’\ym L .,.L

i=1 Vi X i=1Vi X i=1 Vi X i=1 Vi Xi

lp p p lp
Subject to

S m
Lol Lol v ;
Zuryrj < Zvi Xij V.,
1 i=1

r=

N m

M. M M. .M .
Up Yrj S § v Xij, V. ],
r=1 i=1

%)

m

N.,N N ..N :
Ur Yrp Szvi Xip» Vo],

r=1 i=1
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Pessimistic fuzzy CCR DEA model-4.11

oo | FWORST  (WORST WORST pWORST pWORST
Minimize [Ep ~(Ep1  Epy  Eps3 y Epy )

N L,,L N M., M s N.,N s U,,U
~< r=1UrYrp Zr=1Ur Yrp Zr=1Ur Yrp r=1urer>l

m Uu.,U’\ym N ..N’\y\'m M. M’\m L ..L
i=1 Vi Xip Li=1Vi Xip Zi=1Vi Xip Li=1Vi Xip

Subject to

3

%)

3

Step 4: The fuzzy optimal value (EgEST ~ (((ng”, Do EgST BT ))) representing the

best relative fuzzy efficiency of p*® DMU, as well as the fuzzy optimal value (E;’VORST ~

(E1ORST, EJYORST, EORST | E 1Y ORST ) , representing the worst relative fuzzy efficiency of
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pt™" DMU, can be obtained by solving the optimistic fuzzy CCR DEA model-4.11 and

pessimistic fuzzy CCR DEA model-4.11 as follows:

Step 4(a) Find the optimal value (EZFT) and (Ep;°®T) of the optimistic crisp CCR DEA
model-4.12a and pessimistic CCR DEA model-4.12a by solving optimistic crisp CCR DEA
model-4.12b and pessimistic CCR DEA model-4.12b equivalent to optimistic crisp CCR DEA

model-4.12a and pessimistic CCR DEA model-4.12a respectively .

Optimistic crisp CCR DEA model-4.12a

s L.l
. Zr=1uryr
Maximize | EBEST = ZZ=2 T7TP

p1 - ym .U.U
i=1 Vi Xip

Subject to

s L., L
2 =1u’ Y
T roTp 1,

m u.u —
i=1 Vi Xip

and

All the constraints of optimistic fuzzy CCR DEA model-4.11.

Optimistic crisp CCR DEA model-4.12a

S
Maximize [ EJF5T = Zuﬁyﬁp]
r=1
Subject to
m U U _ L.l m U .U
iz Vi Xip =1, Yr=1 UrYrp = Xiz1 Vi Xip,
and

All the constraints of optimistic fuzzy CCR DEA model-4.11.
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Pessimistic crisp CCR DEA model-4.12a

s Lo, L
r=1UrY,

A WORST _ &r=1"1JTp

Minimize | Ep; =7

m U .U
i=1 Vi Xip

Subject to

N L.,L

=1 Uy,

r=1%r)r
P>1’

m v .U —
i=1 Vi Xip

and
All the constraints of pessimistic fuzzy CCR DEA model-4.11.
Pessimistic crisp CCR DEA model-4.12b

N

WORST _ L.,L
Epl - Z uryrp

r=1

Minimize

Subject to

m U U _ s Lo L m . U.U
i=1Vi Xip = 1, Zr=luryrp =YtV Xip»

and

All the constraints of pessimistic fuzzy CCR DEA model-4.11.

Step 4(b): Find the optimal value (EZZ5T) and (Ej,°%ST) of the optimistic crisp CCR DEA
model-4.13a and pessimistic CCR DEA model-4.13a by solving optimistic crisp CCR DEA
model-4.13b and pessimistic CCR DEA model-4.13b equivalent to optimistic crisp CCR DEA

model-4.13a and pessimistic CCR DEA model-4.13a respectively .
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Optimistic crisp CCR DEA model-4.13a

s 1uMyM

. . BEST __ r= T Jrp
Maximize (E,5”" = oo~ v SN N
i=1"%i *ip

Subject to

s L, L
r=1UrYVrp

m U

_ pBEST
vV xU Ep1
i=1"%i “ip

)

S M.,M
EBEST< r=1Ur y‘l’p
pl

>3m N N’
i=1 Vi Xip

and
All the constraints of optimistic fuzzy CCR DEA model-4.11.

Optimistic crisp CCR DEA model-4.13b

s
BEST _ M.\,M
EpZ - Z Uy yrp]

r=1

Maximize

Subject to

and
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All the constraints of optimistic fuzzy CCR DEA model-4.11.

Pessimistic crisp CCR DEA model-4.13a

N M.,M
Minimize | EWORST = Lr=1Ur Yrp

p2 m .,N ..N
i=1 Vi Xip
Subject to
S L,,L
r=1ur)’rp _ WORST
m ,,U.U — “pl ’
i=1 Vi Xip

s MM
EWORST r=1Ur Yrp
p1 = ym N N’

i=1"Yi “*ip

and

All the constraints of pessimistic fuzzy CCR DEA model-4.11.

Pessimistic crisp CCR DEA model-4.13b

Maximize

s
WORST _ M.\,M
EpZ - Z Uy yrp]

r=1

Subject to
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and

All the constraints of pessimistic fuzzy CCR DEA model-4.11.

Step 4(c): Find the optimal value (EFFST) and (Ep%°%ST) of the optimistic crisp CCR DEA
model-4.14a and pessimistic CCR DEA model-4.14a by solving optimistic crisp CCR DEA

model-4.14b and pessimistic CCR DEA model-4.14b equivalent to optimistic crisp CCR DEA

model-4.14a and pessimistic CCR DEA model-4.14a respectively .

Optimistic crisp CCR DEA model-4.14a

s_ ulyN
. . BEST __ r= rJrp
Maximize (E,3°" = o7 1 oM oM
i=1"%i “ip

Subject to

s L., L
r=1 uTyTp _ EBEST
m U, U — 7Pl
i=1"%i “ip

)

s M., ,M
T'=1u1" yrp _ BEST
m N, N ~— ~“p2
i=1 Vi Xip

s N,,N
-1 U
EBEST< r=1 ryrp<1

p2 =\ym ., M. M=
i=1 Vi Xip

and
All the constraints of optimistic fuzzy CCR DEA model-4.11.
Optimistic crisp CCR DEA model-4.14b

s
BEST _ N.,N
Ep3 - Z Uy yrp]

r=1

Maximize
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Subject to

s m
M.,M _ pBEST N ..N
Z Uy er - Epz <Z Vi xip))
r=1 i=1

and
All the constraints of optimistic fuzzy CCR DEA model-4.11.

Pessimistic crisp CCR DEA model-4.14a

s N,,N
Yr=1Ur Y

P e s WORST __ &r=1%rJrp

Minimize | Ep3 = S M M

i=1 Vi “Aip

Subject to

S N,,N
r=1Ur Yrp
m M, M =
i=1 Vi Xip

s Lo,L
r=1UrYrp _ EWORST
=E)] ,

m U .U
i=1Vi Xip
s M., ,M
T=1uT yrp _ WORST
m ,,N. N — “p2 ’
i=1 Vi Xip

86



s N,,N
EWORST< T=1uTyTp
p2 = ym MM
i=1%i ip

and
All the constraints of pessimistic fuzzy CCR DEA model-4.11.

Pessimistic crisp CCR DEA model-4.14b

N

WORST _ N.,,N
Ep3 - Z Uy yrp

r=1

Minimize

Subject to

r=1 i=1
s m
M. M _ pWORST N ,.N
z Uy yrp - Epz <Z Vi x1p>'
m s
WORST M M N.,,N
EpZ <Z Vi xip) = Ur Yrp»
i=1 r=1
and

All the constraints of pessimistic fuzzy CCR DEA model-4.11.

Step (4d): Find the optimal value (EZF5T) and (E}4°RST) of the optimistic crisp CCR DEA

model-4.15a and pessimistic CCR DEA model-4.15a by solving optimistic crisp CCR DEA
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model-4.15b and pessimistic CCR DEA model-4.15b equivalent to optimistic crisp CCR DEA

model-4.15a and pessimistic CCR DEA model-4.15a respectively .

Optimistic crisp CCR DEA model-4.15a

S U.,,Uu
.. Zr=1 ur yr
Maximize | EBEST = ZI=2 TP

p4 m .,L ..L
i=1 Vi Xip
Subject to
s LA, L
r=1uryrp _ BEST
m ,U.U — “pl
i=1 Vi Xip
s M., M
r=1ur yrp _ BEST
m .,N.,N ~— ~“p2
i=1 Vi Xip
s N.,N
ZT‘:IuT yrp _ BEST
m ..M.,M~— “p3
i=1Vi Xip

N u,,u
pBEsT o ar=1trYm
p3 = ym L,L =

i=1 Vi Xip

and
All the constraints of optimistic fuzzy CCR DEA model-4.11.
Optimistic crisp CCR DEA model-4.15b

s
BEST _ u,,Uu
Ep4 - Z Uy yrp]

r=1

Maximize

Subject to

m L.L __
Diz1V; Xip =1,
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S m
M.,M _ pBEST N ,.N
Zur yrp - EpZ z Vi xlp )
S m
N.,N BEST M .M
Z Ur Yrp = Ep3 (Z Vi xlp ’
r=1 i=1

%]

and

All the constraints of optimistic fuzzy CCR DEA model-4.11.

Pessimistic crisp CCR DEA model-4.15a

N 1quU
. s . r= T Jr
Minimize |Ey/°R5T = o= 7P
m Ly L
i=1"i *ip
Subject to
S m
L.,L _ pWORST U, U
Zuryrp - Epl zvl xlp ’
r=1 =1
S m
M. M _ pWORST N N
Zur Yrp = Epz Zvi xip ’
s N.,N
r=1UrYrp _ _worsT
m M., M~ “p3 ’
i=1Vi Xip

S u,,u
EWORST ~ Lr=1Ur Yrp

p3 = y'm L

L =1
i=1 Vi xlp
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and

All the constraints of pessimistic fuzzy CCR DEA model-4.11.

Pessimistic crisp CCR DEA model-4.15b

S
Minimize | E,,°%T = z uy yg,]
r=1
Subject to
m

L. L _
i=1 Vi Xip = 1,

s m
M.,M _ pWORST N ..N
z Ur Yrp = Epz <Z U xip);

r=1

N m

N.,N _ pWORST M .M
Z Uy :Vrp — &~p3 (Z Uj xlp )
r=1 i=1
s m
N.,N _ pWORST M ..M
z Uy Yrp = Ep3 (Z Vi xlp)
m s
WORST U . U U,,U
Eps <Z v; xip) < Z Ur Yrp < 1,
i=1 r=1
and

All the constraints of pessimistic fuzzy CCR DEA model-4.11.

Step 5: Using the values of ESFST, EBEST, pBEST pBESTang EWORST pYORST pWORST plWORST,

obtained in Step (4a) to Step (4d), find the fuzzy optimal value

(EgEST = (EBEST, EBEST EBEST EBEST ) of optimistic fuzzy DEA model-4.11, representing the
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best relative fuzzy efficiency of p** DMU, as well as pessimistic fuzzy optimal value
(Eg"ORST=(E%'{ORST,EV'QORST,E%ORST,EVZORST)) of pessimistic fuzzy DEA model-4.11,

representing the worst relative fuzzy efficiency of pt* DMU.

Step 5: Find the crisp optimal value (E{fEST = SR(E{,?EST)), representing the best relative crisp

efficiency of pt* DMU.

Step 6: Find the crisp optimal value (E,‘;VORST = m(E,‘;VORST)), representing the worst relative

crisp efficiency of pt* DMU.

Step 7: Find the relative geometric crisp efficiency ESEOMETRIC of pth DMU by putting the

values EEEST and E}VORST, obtained in Step 5 and Step 6, in EFEOMETRIC = \/ EFEST x E)/ORST,

4.6 Exact fuzzy efficiency of real life problem

Wang and Chin [105] evaluated the best relative intuitionistic fuzzy efficiency as well as
worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp efficiency of by
considering eight manufacturing enterprises (DMUs) of China with two inputs and two outputs
shown in Table 4.1 and using the optimistic fuzzy CCR DEA model-4.1 as well as pessimistic
fuzzy CCR DEA model-4.1. The eight manufacturing enterprises, all manufacture the same type
of products but with different qualities. Both the gross output value (GOV) and product quality
(PQ) are considered as outputs. Manufacturing cost (MC) and the number of employees (NOE)
are considered as inputs. The data about the GOV and MC are uncertain due to the unavailability

at the time of assessment and are therefore estimated as fuzzy numbers. The product quality is
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assessed by customers using fuzzy linguistic terms such as Excellent, Very Good, Average, Poor

and Very Poor. The assessment results by customers are weighted and averaged.

However, as discussed in Section 4.4, that the optimistic fuzzy CCR DEA model-4.1 as
well as pessimistic fuzzy CCR DEA model-4.1 are not valid. Therefore, the best relative fuzzy
efficiency as well as worst relative fuzzy efficiency and hence, relative geometric crisp
efficiency of 8 manufacturing enterprises, evaluated by Wang and Chin [105 ], is not exact. In
this section, to illustrate the proposed method the exact best relative fuzzy efficiency as well as
worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of Enterprise A is

evaluated by using the proposed method.

Table 4.1: Input and output data for eight manufacturing enterprises [105]

(DMUs) Inputs (Two) Outputs (two)

MC NOE GOV PQ

A (2120, 2170, 2210) | 1870 | (14500, 14790, 14860) (3.1, 4.1, 4.9)

B (1420, 1460, 1500) 1340 (12470, 12720, 12790) (1.2,2.1,3.0)

C (2510, 2570, 2610) 2360 (17900, 18260, 18400) (3.3,4.3,5.0)

D (2300, 2350, 2400) 2020 (14970, 15270, 15400) (2.7,3.7,4.6)

E (1480, 1520, 1560) 1550 (13980, 14260, 14330) (1.0,1.8,2.7)

F (1990, 2030, 2100) 1760 (14030, 14310, 14400) (1.6, 2.6, 3.6)

G (2200, 2260, 2300) 1980 (16540, 16870, 17000) (24,3.4,4.4)

H (2400, 2460, 2520) 2250 (17600, 17960, 18100) (2.6, 3.6, 4.6)
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4.6.1 Proposed fuzzy CCR DEA models

The best relative fuzzy efficiency and worst relative fuzzy efficiency of DMU, to DMUy
respectively can be obtained by solving the optimistic fuzzy CCR DEA models-4.16 to 4.23 and

pessimistic CCR DEA models-4.16 to 4.23.

Optimistic fuzzy CCR DEA model-4.16

Maximize |ESEST = (EBEST, gpBEST pBEST)

(14500, 14790, 14860) (ut, u,u¥) + (3.1,4.1,4.9) (uk, ul, ul)
" 1(2120,2170,2210) (vE, vM, vY) + (1870,1870,1870) (vL, vM, v¥)

Subject to
(14500, 14790, 14860) (uk, u, u¥) + (3.1, 4.1, 4.9) (ub, ub, uy

< (2120,2170,2210) (v, v, v¥) + (1870,1870,1870) (vk, v, v¥)
(12470,12720,12790) (uk, u,u¥) + (1.2,2.1,3.0) (ub, u¥, ud)

< (1420,1460,1500) (vi, v¥, v¥) + (1340,1340,1340) (vk, v, v¥)
(17900, 18260, 18400) (uk, u, u¥) + (3.3,4.3,4.0) (uk, v, ul)

< (2510, 2570,2610)(vE, v, vY) + (2360,2360,2360) (vi, v, vY)
(14970,15270, 15400) (uk, u, u¥) + (2.7,3.7, 4.6) (ub, u¥, ud)

< (2300, 2350, 2400) (vE, vM,vY) + (2020,2020,2020) (v%, v, vY)
(13980, 14260, 14330) (uk, u!, u¥) + (1.0,1.8, 2.7) (ub, ub, u¥)

< (1480, 1520, 1560) (v, v, v{) + (1550,1550,1550) (vi, v¥, vY)

(14030,14310, 14400) (uk, u?, u?) + (1.6, 2.6,3.6) (ub, ub, ul)

< (1990, 2030, 2100) (vE, v, vY) + (1760,1760,1760) (v%, v, vY)
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(16540,16870,17000) (uk, ul, u¥) + (2.4,3.4, 4.4) (ub, ud, ud)
< (2200,2260, 2300) (vE, v, vY) + (1980,1980,1980) (v, v}, v¥)
(17600,17960,18100) (uk, u,u¥) + (2.6,3.6,4.6) (us, u¥,ud)
< (2400, 2460, 2520) (vi, v¥, vY) + (2250,2250,2250) (v, v¥, v¥),
U

(uk,uM, ul,u?) and (vi,vM,v¥,vY),i =12, r= 12, are non-negative trapezoidal fuzzy

numbers.

Pessimistic fuzzy CCR DEA model-4.16

Minimize "XI/ORST — (EXI{ORST, EXIQORST, EXIgORST)
(14500, 14790, 14860) (ukt, u,u¥) + (3.1,4.1,4.9) (uk, u, ud)
~1(2120,2170,2210) (vE, vM, vY) + (1870,1870,1870) (vL, vM, v¥)
Subject to

(14500, 14790, 14860) (uk, u¥,u¥) + (3.1,4.1,4.9) (us, u¥,ud)

¥ (2120,2170,2210) (vE, v, vY) + (1870,1870,1870) (vi, v, vY)
(12470,12720,12790) (uk, u,u¥) + (1.2,2.1,3.0) (ub, u¥, ud)

¥ (1420,1460,1500) (vi, v, v¥) + (1340,1340,1340) (vk, v, v¥)
(17900, 18260, 18400) (uk, u, u¥) + (3.3,4.3,4.0) (uk, v, ud)

< (2510, 2570, 2610)(vE, v, vY) + (2360,2360,2360) (vi, v, vY)
(14970,15270, 15400) (ul, u¥,u¥) + (2.7,3.7, 4.6) (ub, u¥, ud)

¥ (2300,2350,2400) (v, v, v¥) + (2020,2020,2020) (v5, v, v¥)
(13980, 14260, 14330) (uk, u!, u?¥) + (1.0,1.8, 2.7) (ub, ub, u¥)

> (1480,1520,1560) (v, v, vY) + (1550,1550,1550) (vi, v¥, vY)
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(14030, 14310, 14400) (ut, u, u¥) + (1.6,2.6,3.6) (uk, ul, u¥)
* (1990, 2030, 2100) (vE, v, vY) + (1760,1760,1760) (vi, v, vY)
(16540,16870,17000) (uk, u,u¥) + (2.4,3.4, 4.4) (u5, u¥,ud)
> (2200, 2260, 2300) (v}, vM, vY) + (1980,1980,1980) (L, v}, v¥)
(17600, 17960, 18100) (ut, uM, u¥) + (2.6,3.6,4.6) (ul, ult, u¥)
¥ (2400,2460,2520) (vE, vM,vY) + (2250,2250,2250) (v5, v, vY),
(uk,uM, ul,u?) and (vi, v, v¥,vY),i =12, r= 12, are non-negative trapezoidal fuzzy

numbers.

Optimistic fuzzy CCR DEA model-4.17

o FBEST _ (pBEST [BEST pBEST
Maximize |Eg*>" = (Eg;°" ,Egs> ,Eg3>")

(12470,12720,12790) (ut, u,u¥) + (1.2,2.1,3.0)u,
- (1420,1460,1500)v; + (1340,1340,1340)v,

Subject to
All the constraints of optimistic fuzzy CCR DEA model-4.16.

Pessimistic fuzzy CCR DEA model-4.17

Minimize ~gI/ORST — (E%ORST’EEVZORST’E%ORST
(12470,12720,12790) (uk, uM,u?) + (1.2,2.1,3.0)u,
N (1420,1460,1500)v, + (1340,1340,1340)v,
Subject to

All the constraints of pessimistic fuzzy CCR DEA model-4.16
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Optimistic fuzzy CCR DEA model-4.18

oo | BBEST _ ([BEST pBEST pBEST
Maximize |E;*" = (E¢;>  Eqy”"  EGs™)

(17900, 18260, 18400) (ut, ul’,u¥) + (3.3,4.3,4.0)u,
- (2510, 2570,2610)v; + (2360,2360,2360)v,

Subject to
All the constraints of optimistic fuzzy CCR DEA model-4.16

Pessimistic fuzzy CCR DEA model-4.18

i | FEWORST _ (pWORST WORST pWORST
Minimize | E/ = (EF°" ES™ ESET™T)

(17900, 18260, 18400) (ut, u,u¥) + (3.3,4.3,4.0)u,
- (2510, 2570,2610)v; + (2360,2360,2360)v,

Subject to
All the constraints of pessimistic fuzzy CCR DEA model-4.16.

Optimistic fuzzy CCR DEA model-4.19

s FBEST _ (pBEST [BEST pBEST
Maximize |Ep*>" = (Ep;> ,Eps>" , Eps

(14970, 15270, 15400) (uk, uM, u¥) + (2.7,3.7, 4.6)u,
~ (2300, 2350, 2400)v, + (2020,2020,2020)v,

Subject to

All the constraints of optimistic fuzzy CCR DEA model-4.16
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Pessimistic fuzzy CCR DEA model-4.19

s | BWORST _ (pWORST pWORST pWORST
Minimize | E} = (Epy ™ Epy ™" Ep3 ™)

(14970,15270,15400) (ut, ul’,u¥) + (2.7,3.7,4.6)u,
- (2300, 2350, 2400)v; + (2020,2020,2020)v,

Subject to
All the constraints of pessimistic fuzzy CCR DEA model-4.16

Optimistic fuzzy CCR DEA model-4.20

S I BEST __ BEST pBEST pBEST
Maximize |Eg">" = (Eg;>" ,Egy”"  Egs

_[(13980, 14260, 14330) (uf, wy’, uy) + (1.0,1.8,2.7)u,
- (1480, 1520, 1560)v; + (1550,150,150)v,

Subject to
All the constraints of optimistic fuzzy CCR DEA model-4.16

Pessimistic fuzzy CCR DEA model-4.20

s | BWORST _ (pWORST WORST pWORST
Minimize | Ey = (Egy”™"  Egy ™" EZ5™)

(13980, 14260, 14330) (uk, uM, u?) + (1.0,1.8,2.7)u,
- (1480, 1520, 1560)v; + (1550,150,150)v,

Subject to

All the constraints of pessimistic fuzzy CCR DEA model-4.16
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Optimistic fuzzy CCR DEA model-4.22

Maximize |EBEST = (EBEST EBEST pBEST

(14030, 14310, 14400) (ut, u’,u¥) + (1.6, 2.6,3.6)u,
- (1990, 2030, 2100)v; + (1760,1760,1760)v,

Subject to
All the constraints of optimistic fuzzy CCR DEA model-4.16

Pessmistic fuzzy CCR DEA model-4.22

wWORST _ WORST pWORST pWORST
EF - (EFl ’ E ’ EF3 )

Minimize 72

(14030, 14310, 14400) (ut, u,u¥) + (1.6, 2.6,3.6)u,
- (1990, 2030, 2100)v; + (1760,1760,1760)v,

Subject to
All the constraints of pessimistic fuzzy CCR DEA model-4.16

Optimistic fuzzy CCR DEA model-4.23

I IBEST __ BEST §BEST pBEST
Maximize (E;*" = (Ez;>  Eq5” JEG3”")

(16540, 16870, 17000) (uk, uM, u¥) + (2.4, 3.4, 4.4)u,
~ (2200, 2260, 2300)v, + (1980,1980,1980)v,

Subject to

All the constraints of optimistic fuzzy CCR DEA model-4.16
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Pessimistic fuzzy CCR DEA model-4.23

i | FWORST _ (pWORST WORST pWORST
Minimize | Eg = (Egi" " Egy W Egs )

(16540,16870,17000) (ukt, u,u¥) + (2.4,3.4,4.4)u,
- (2200,2260,2300)v; + (1980,1980,1980)v,

Subject to
All the constraints of pessimistic fuzzy CCR DEA model-4.16

Optimistic fuzzy CCR DEA model-4.23

S I BEST __ BEST pBEST pBEST
Maximize (E;™>" = (Ey?° , Ens”  Ens

_[(17600,17960,18100) (uf, wy’, uy) + (2.6,3.6,4.6)u,
- (2400, 2460, 2520)v; + (2250,2250,2250)v,

Subject to

All the constraints of optimistic fuzzy CCR DEA model-4.16

Pessimistic fuzzy CCR DEA model-4.23

s | BWORST _ (pWORST pWORST pWORST
Minimize | EY = (Egy™"  Ey ™" Ef3 ™)

(17600,17960,18100) (ut, uM, u¥) + (2.6,3.6,4.6)u,
- (2400, 2460, 2520)v; + (2250,2250,2250) v,

Subject to

All the constraints of pessimistic fuzzy CCR DEA model-4.16
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4.6.2 Exact relative geometric crisp efficiency of DMU 4

Using the method, proposed in Section 4.5, the exact best relative fuzzy efficiency as
well as worst relative fuzzy efficiency and hence relative geometric crisp efficiency of DMU,

can be obtained as follows:

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the optimistic
fuzzy CCR DEA model-4.16 and pessimistic fuzzy CCR DEA model-4.16 can be transformed
into optimistic fuzzy CCR DEA model-4.24 and pessimistic fuzzy CCR DEA model-4.24

respectively.

Optimistic fuzzy CCR DEA model-4.24

I BEST __ BEST pBEST pBEST
EA - (EAI IEAZ ’ )

Maximize A3

[ (14500uf + 3.1u3, 14790uf + 4.1u3, 14860uf + 4.9u3) ]

~ (21200 + 4.9v%,2170vM + 1870vM, 221007 + 1870vY)
Subject to
(14500ul + 3.1ub, 14790ul! + 4.1ulf, 14860uY + 4.9uY)

< (2120vF + 1870v%,2170vM + 1870v,2210vY + 1870vY)
(12470ut + 1.2ub,12720uM + 2.1u¥,12790uY + 3.0uY)

< (1420vF + 1340v%, 14600 + 134003, 15000 + 1340vY)
(17900ut + 3.3u,, 18260ul + 4.3ul, 18400u¥ + 4.0uY)

< (2510vF + 2360v%, 2570vM + 2360vY,2610vY + 2360vY)

(14970ut + 2.7u%, 15270ul! + 3.7ul!, 15400uY + 4.6uY)

< (2300vF + 2020v%, 23500 + 202005, 2400vY + 2020vY)
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(13980ut + 1.0ub, 14260ud + 1.8u¥,14330uY + 2.7uY)

< (1480vF + 1550v%, 15200 + 1550v%,1560vY + 1550vY)
(14030uf + 1.6ul, 14310ul! + 2.6ul, 14400uY + 3.6uY)

< (1990vf + 1760vE, 20300 + 1760v), 210007 + 1760vY)
(16540ut + 2.4u%,16870ul + 3.4u¥,17000uY + 4.4uY)

< (2200vF + 1980v%, 2260vM + 1980vY,2300vY + 1980vY)
(17600ut + 2.6u%,17960ul + 3.6ud,18100uY + 4.6uY)

< (2400vE + 22500k, 2460vM + 225002, 252007 + 2250vY),

Pessimistic fuzzy CCR DEA model-4.24

s oo | EWORST _ (pWORST pWORST pWORST
Minimize | E, = (Ef 7" Ef° 7 Ef5°™)

(14500ut + 3.1u%, 14790ur + 4.1uk, 14860ut + 4.9uk)
“|(21200F + 4.9v%,2170vM + 1870vM, 221007 + 1870vY)

Subject to
(14500ut + 3.1ub, 14790ud + 4.1u¥,14860uY + 4.9uY)

= (2120vF + 1870v%,2170vM + 1870v,2210vY + 1870vY)
(12470ut + 1.2ub,12720uM + 2.1u¥,12790uY + 3.0uY)

= (1420vF + 1340v%, 14600 + 1340vY,1500vY + 1340vY)
(17900ut + 3.3u,, 18260ul + 4.3ul, 18400u¥ + 4.0uY)

> (2510vF + 2360v%, 2570vM + 2360vY,2610vY + 2360vY)
(14970ut + 2.7u%, 15270ul! + 3.7ul!, 15400uY + 4.6uY)

¥ (2300vF + 2020v%, 23500 + 202005, 2400vY + 2020vY)
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(13980ut + 1.0ub, 14260ud + 1.8u¥,14330uY + 2.7uY)

» (1480vE + 1550v%, 15200 + 1550v%,1560vY + 1550vY)
(14030uf + 1.6ul, 14310ul! + 2.6ul, 14400uY + 3.6uY)

= (1990vE + 1760vE, 20300 + 1760v), 210007 + 1760vY)
(16540ut + 2.4u%,16870ul + 3.4u¥,17000uY + 4.4uY)

> (2200vF + 1980v%, 2260vM + 1980vY,2300vY + 1980vY)
(17600ut + 2.6u%,17960ul + 3.6ud,18100uY + 4.6uY)

¥ (2400vE + 22500k, 2460vM + 225002, 252007 + 2250vY),

Step 2: The optimistic fuzzy CCR DEA model-4.24 and pessimistic fuzzy CCR DEA model-
4.24 can be transformed into optimistic fuzzy CCR DEA model-4.25 and pessimistic fuzzy CCR

DEA model-4.25 respectively.

Optimistic fuzzy CCR DEA model-4.25

Maximize |ESST = (EBEST, ESEST, EREST)
(14500ut + 3.1ub, 14790ut + 4.1uf, 14860ut + 4.9ub)
~ (21200 + 4.9v%,2170vM + 1870vM, 221007 + 1870vY)
Subject to

14500ut + 3.1ub < 2120vF + 1870v%, 14790ul! + 4.1ul < 2170vM + 1870vY,
14860uY + 4.9uy < 2210vY + 1870vY,  12470ul + 1.2ul < 1420vF + 13400,
12720ul + 2.1ud! < 14600 + 13400,  12790uY + 3.0uY < 15000V + 134007,

17900ut + 3.3u, < 2510v% + 2360v%, 18260uM + 4.3ul! < 2570vM + 2360vY,
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18400uY + 4.0uY < 2610vY +2360vY,  14970ub + 2.7ul < 2300v* + 2020v%,

15270ul + 3.7ul! < 2350vM 4+ 2020v¥,  15400uY + 4.6uY < 2400vY + 202007,

13980ul + 1.0ub < 1480vF + 155004, 14260ul + 1.8ud < 1520vM + 15500,
14330uY + 2.7u¥ < 1560vY + 155007, 14030ut + 1.6ul < 1990vF + 1760v%,
14310u}! + 2.6ul < 2030vM + 1760vY, 14400uY + 3.6ud < 2100vY + 1760v7,
16540ut + 2.4ul < 2200vF + 198004, 16870u}! + 3.4ul < 2260v + 1980vY,
17000uY + 4.4uf < 2300vY + 1980v7, 17600ul + 2.6us < 2400vf + 2250v%,
17960ul + 3.6ul < 2460vM + 2250vY, 18100uY + 4.6uY < 25200V + 225007,
O<ut<uf<ul <uls0<vi<vM<vV<v/, i=12 r=12,

Pessimistic fuzzy CCR DEA model-4.25

Minimize EXI/ORST — (EXI{ORST,EXLQORST,EX;ORST)
(14500ut + 3.1ub, 14790ut + 4.1uk, 14860ut + 4.9ub)
~|(2120vF + 4.9v%,2170vM + 1870v¥, 2210vY + 1870vY)
Subject to

14500uf + 3.1ub > 2120vF + 1870v%,  14790ud! + 4.1ul > 2170vM + 18700,
14860uY + 4.9uY > 2210vY + 1870vY,  12470ut + 1.2u} > 14200t + 134004,
12720ul + 2.1ud! > 14600 + 13400,  12790uY + 3.0uY > 15000V + 134007,
17900ut + 3.3u, > 2510vF + 236004, 18260ul! + 4.3ul > 2570v} + 2360v3,
18400uY + 4.0ud > 2610vY + 2360vY, 14970uf + 2.7ul = 2300vf + 2020v%,
15270ul! + 3.7ul > 2350vM + 2020vY, 15400uY + 4.6ul > 2400vY + 2020vY,
13980ul + 1.0ul > 1480vF + 1550v%, 14260ul! + 1.8ul! > 1520vM + 15500,

14330uY + 2.7ud > 1560vY + 155007, 14030ut + 1.6ul > 1990vF + 1760v%,

103



14310u + 2.6ul! > 2030vM + 1760vY,  14400u? + 3.6uY > 2100vY + 1760vY,

16540uf + 2.4ub > 2200v{ + 1980v%, 16870u! + 3.4u}! = 2260vy! + 1980vY,
17000u{ + 4.4uy = 2300v{ + 1980v, 17600ut + 2.6us = 2400v) + 225003,
17960ul! + 3.6ub! > 2460v} + 2250vY, 18100uY + 4.6uy > 2520v + 22500V,
O<ul<utM<ul <ulso0<vi<vM<vl<v’/, i=12 r=12,

Step 3: The optimistic fuzzy CCR DEA model-4.25 and pessimistic fuzzy CCR DEA model-
4.25 can be transformed into optimistic fuzzy CCR DEA model-4.26 and pessimistic fuzzy CCR

DEA model-4.26 respectively.

Optimistic fuzzy CCR DEA model-4.26

Maximize |EFEST = (EBEST, EBEST EBEST)
14500ut + 3.1ul  14790ud! + 4.1ul! 14860uV + 4.9uY
~1\2210v7 + 187007’ 2170vM + 1870vM’ 21200k + 4.9vk
Subject to

All the constraints of optimistic fuzzy CCR DEA model-4.25.

Pessimistic fuzzy CCR DEA model-4.26

Minimize E‘XVORST — (EXI{ORST’EXlgORST'EXIgORST)
145000t + 3.1uk  14790uM + 4.1u¥ 14860uY + 4.9uY
~ [\2210v7 + 187007’ 21700 + 18700’ 21200F + 4.9v%
Subject to
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All the constraints of optimistic fuzzy CCR DEA model-4.25.

Step 4: The fuzzy optimal value (E"fEST ~ (((EEEST,EEZ’Z"ST, EBEST ))) , representing the best

relative fuzzy efficiency of A" DMU, as well as the fuzzy optimal value (E"}{"ORST A

(EJHORST EMWORST EWORSTY) | representing the worst relative fuzzy efficiency of A™ DMU, can
be obtained by solving the optimistic fuzzy CCR DEA model-4.26 and pessimistic fuzzy CCR

DEA model-4.26 as follows:

Step 4(a) The optimal value (EFEST) and (EX°RST) of the optimistic crisp CCR DEA model-
4.27a and pessimistic CCR DEA model-4.27a by solving optimistic crisp CCR DEA model-
4.27b and pessimistic CCR DEA model-4.27b equivalent to optimistic crisp CCR DEA model-

4.27a and pessimistic CCR DEA model-4.27a are 0.812 and 1 respectively.
Optimistic crisp CCR DEA model-4.27a

14500u’ + 3.1uk
.. BEST __ 1 2
Maximize |Eg;>" = 2210vY + 1870vY

Subject to

14500ut + 3.1us -
2210vY + 1870vY —

)

and
All the constraints of optimistic fuzzy CCR DEA model-4.16.

Optimistic crisp CCR DEA model-4.27b

Maximize [EZEST = 14500uf + 3.1uk]
Subject to

2210vY + 1870vY =1
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14500uk + 3.1ub < 22100 + 1870vY,
and
All the constraints of optimistic fuzzy CCR DEA model-4.25.

Pessimistic crisp CCR DEA model-4.27a

14500ut + 3.1uk
2210vY + 187007

Minimize |Ef{ORST =

Subject to

14500uf +3.1up _
221007 + 187007 ~

)

and
All the constraints of pessimistic fuzzy CCR DEA model-4.25.

Pessimistic crisp CCR DEA model-4.27b

Minimize [E}{°R5T = 14500ul + 3.1ui]

Subject to

2210vY +1870vY =1

14500ut + 3.1ul = 2210vY + 187077,

and

All the constraints of pessimistic fuzzy CCR DEA model-4.25.

Step 4(b) The optimal value (EZEST) and (EJORST) of the optimistic crisp CCR DEA model-
4.28a and pessimistic CCR DEA model-4.28a by solving optimistic crisp CCR DEA model-
4.28b and pessimistic CCR DEA model-4.28b equivalent to optimistic crisp CCR DEA model-

4.28a and pessimistic CCR DEA model-4.28a are 0.833 and 1.046 respectively.
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Optimistic crisp CCR DEA model-4.28a

o 14790uM + 4.1ul
Maximize |Ef™" = 2170v;" + 18700

Subject to
14500ut + 3.1u}
- — = 0.812
2210vY + 18700}
14790ul! + 4.1uY
0.812 < = <
2170v;" + 1870v;,
and

All the constraints of optimistic fuzzy CCR DEA model-4.25.

Optimistic crisp CCR DEA model-4.28b

Maximize [ESEST = 14790ul! + 4.1ulf]

Subject to

2170vM + 1870v) =1,

14500ut + 3.1ul = (0.812)(2210v¢ + 1870vY),

(0.812)(2170vM + 1870v") < 14790ul! + 4.1ul! < 2170vM + 1870v!
and

All the constraints of optimistic fuzzy CCR DEA model-4.25.

Pessimistic crisp CCR DEA model-4.28a

- 14790uM + 4.1ul!
Minimize | E/ORST = 2170vY + 1870vY

Subject to
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14500ut + 3.1ub

2210vY + 18700y

)

- 14790ul! + 4.1uY
~ 2170vM + 1870vY

All the constraints of pessimistic fuzzy CCR DEA model-4.25.

Pessimistic crisp CCR DEA model-4.28b

Minimize[ESEST = 14790ul! + 4.1ul]

Subject to

2170vM + 1870v =1,

14500ut + 3.1ul = 221007 + 1870vY,

2170v)" + 1870v) < 14790ul + 4.1ul.

and

All the constraints of pessimistic fuzzy CCR DEA model-4.25.

Step 4(c) The optimal value (EZEST) and (EX°RST) of the optimistic crisp CCR DEA model-
4.29a and pessimistic CCR DEA model-4.29a by solving optimistic crisp CCR DEA model-
4.29b and pessimistic CCR DEA model-4.29b equivalent to optimistic crisp CCR DEA model-

4.29a and pessimistic CCR DEA model-4.29a are 0.854 and 1.072 respectively.
Optimistic crisp CCR DEA model-4.29a

14860uY + 4.9uY
2120vF + 4.9v%

Maximize |EZEST =

Subject to

14500ut + 3.1u}

. - = 0.812
2210vY + 1870v%
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14790uM + 4.1ul
2170v) + 1870v5!

= 0.833

14860u! + 4.9uy

0.833 < <1,
2120vF + 4.9vk

and
All the constraints of optimistic fuzzy CCR DEA model-4.25.

Optimistic crisp CCR DEA model-4.29b

Maximize [EZEST = 14860uY + 4.9uY]

Subject to

2120vF + 4.9v% =1,

14500ut + 3.1uf = (0.812)(2210v{ + 1870vY)

14790ul! + 4.1ul! = (0.833)(2170v} + 1870v),
(0.833)(2120vF + 4.9v%) < 14860u¥ + 4.9uY < 2120vF + 4.9v%.
and

All the constraints of optimistic fuzzy CCR DEA model-4.25.

Pessimistic crisp CCR DEA model-4.29b

14860uY + 4.9uY
2120vF + 4.9v%

Minimize | Ef{ORST =

Subject to

14500ut + 3.1u}

221007 + 18700y

14790ul! + 4.1uY

= 1.046
2170vM + 1870vY

14860uY + 4.9uY

1.046 < T 7
2120vy + 4.9v;
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and
All the constraints of pessimistic fuzzy CCR DEA model-4.25.

Pessimistic crisp CCR DEA model-4.29b

Minimize [E}3O%5T = 14860uY + 4.9uY]

Subject to

2120vF + 4.9v% =1,

14500ut + 3.1ul = 2210vY + 1870vY

14790ul! + 4.1ul! = (1.046)(2170v + 1870v),
(1.046)(2120vE 4+ 4.9v%) < 14860uY + 4.9uY < 2120vF + 4.9vL.
and

All the constraints of pessimistic fuzzy CCR DEA model-4.25.

Step 5: Using the values of EZEST, EBEST EBESTand E)YORST, EJWORST pIWORST "optained in Step
(4a) to Step (4c), the fuzzy optimal value (E}EEST = (EBEST, EffST,EffST)) of optimistic fuzzy
DEA model-4.16, representing the best relative fuzzy efficiency of A** DMU, is (EEEST =
(EBEST EPEST EBEST) = (0.812,0.833,0.854)), as well as pessimistic fuzzy optimal value
(E}{"ORST = (EX‘{ORST,EX'QORST,EX'QORST)) of pessimistic fuzzy DEA model-4.16, representing the
worst relative fuzzy efficiency of A DMU, is (1‘{" ORST = (EJNORST, EJVORST EWORST) =

(1,1.046,1.072)) .

Step 6: The crisp optimal vaIue(EfEST = R(EFEST) = 9%(0.812,0.833,0.854)), representing

the best relative crisp efficiency of A®* DMU is 0.833.
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Step 7: The crisp optimal vaIue(E}{"ORST = R(EYORST) = 9%(1,1.046,1.072)), representing the

worst relative crisp efficiency of A* DMU is 1.041.

Step 8: The geometric average crisp efficiency ESEOMETRIC of Ath DMU by putting the values

EPEST and EJVORST, obtained in Step 5 and Step 6, in EJEOMETRIC — [ EBEST » pWORST jg

0.931.
4.6.3 Results

The exact best relative fuzzy efficiency, exact worst relative fuzzy efficiency and relative
geometric crisp efficiency of all the DMUs evaluated on solving fuzzy CCR DEA by the

proposed method are shown in Table 4.2.
Table 4.2 Exact best relative fuzzy efficiency, exact worst relative fuzzy efficiency and relative

geometric crisp efficiency of DMUs.

DMU; | Best relative fuzzy efficiency | Worst relative fuzzy efficiency | Relative geometric crisp efficiency
A (.81238,.833217,.85407) (1,1.04625,1.07227)) 931
B (.97498,1,1) (1,1.12689,1.28793) 1.062
C (.79661,.815201,.83732) (1,1.01738,1.055204) 913
D (.77643,.79636,81927) (1,1,1.028724) .898
E (.97303,1,1) (1,1,1) .996
F (.83517,.85653,.879205) (1,1,1.104026) .938
G (.87519,.89757,.92263) (1,1.07384,1.1585) .938
H (.819529,.84089,.86447) (1,1.009602,1.08548) 929
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It is obvious from Table 3.2 that R (Ez) > R (Ez) > R (E;) = R (Er) > R (Ey) > R(E,) >

R (E;) > R (Ep). Therefore, By > Ep > E; ~ Ep > E4 > Ey > Ec > Ep.
4.7 Conclusions

On the basis the present study, it can be concluded that there are flaws in the optimistic as
well as pessimistic fuzzy CCR DEA model and in the method proposed by Wang et al. [105] and
hence, neither the fuzzy CCR DEA model proposed by, Wang et al. [105] nor the method
proposed by Wang et al. [105] should be used for evaluating the best relative geometric crisp
efficiency of DMUs. Also, to resolve the flaws of the fuzzy CCR DEA models, new fuzzy CCR
DEA models are proposed. Further, a new approach is proposed to solve the proposed fuzzy

CCR DEA models for evaluating the best relative geometric crisp efficiency of DMUs.
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Chapter 5

A New Approach for Solving Proposed

Intuitionistic Fully Fuzzy CCR DEA Model*

Puri and Yadav [83] proposed an optimistic as well as pessimistic intuitionistic fuzzy
CCR DEA model and an approach to evaluate the best relative intuitionistic fuzzy efficiency as
well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp
efficiency of decision making units (DMUSs). In this chapter, it is shown that the intuitionistic
fuzzy CCR models, proposed by Puri and Yadav [83] are not valid and hence cannot be used to
evaluate the best relative intuitionistic fuzzy efficiency as well as worst relative intuitionistic
fuzzy efficiency and hence, relative geometric crisp efficiency of decision making units (DMUs).
To resolve the flaws of the intuitionistic fuzzy CCR DEA model, proposed by Puri and Yadav
[83], new intuitionistic fuzzy CCR DEA models are proposed. Also, a new approach is proposed
to solve the proposed intuitionistic fuzzy CCR DEA models for evaluating the best relative
intuitionistic fuzzy efficiency as well as worst relative intuitionistic fuzzy efficiency and hence,

relative geometric crisp efficiency of DMUs.

5.1 Preliminaries

Puri and Yadav [83] pointed out that the main characteristic of the fuzzy set theory is that

in fuzzy sets/numbers, the degree of non-membership of an element is equal to one minus the

* The contents of this chapter are communicated for the possible publication in Expert Systems with Applications.
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degree of its membership and thus, the sum of membership and non-membership degrees of an
element is equal to one. However, in real life applications, we deal with the information which is
sometimes vague or inexact or insufficient and therefore, there is possibility that the sum of the
membership and non-membership degrees of an element may come out to be less than one. It
means there remains some degree of hesitation. Certainly, fuzzy sets theory is not appropriate to
deal with such type of problems/situations; rather intuitionistic fuzzy set (IFS) theory is more
suitable. Intuitionistic fuzzy set (IFS) [5] is an extension of fuzzy set and have been found to be
highly useful to deal with vagueness. IFS considers both the degrees of membership (acceptance)
and non-membership (rejection) of an element such that the sum of both values is less than or

equal to 1.

5.1.1 Basic definitions
In this section, some basic definitions are reviewed [83].

Definition 5.1 Let X be a universe of disclosure. Then an IFS A in X is given by A =
{(x, uz(x), vi(x)):x € X}, where uz : X — [0,1] and v5: X — [0,1] with the condition, 0 <
ui(x) + vz(x) <1,vx € X represent the membership and non-membership functions
respectively and the numbers u;(x) and v;(x) represent the membership degree and non-
member-ship degree of the element x being in 4. Further, mz(x) = 1 — puz(x) — vz (x),Vx € X
is a hesitation degree of x being in A. It is obvious that 0 < m5(x) < 1,Vx € X. If m;(x) =

0,Vx € X then A becomes a fuzzy number.

Definition 5.2 Let A be an IFS defined on the set of real numbers R with its membership
function uz; and non-membership function vz, then A is said to be an intuitionistic fuzzy

numbers (IFN) if
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Q) It is normal, i.e., there is any x, € R such that u;(x,) = 1 (s0 vz(x,) = 0).
(i) It is convex for pz (x),i.e.,uz(Ax; + (1 — Mxy) = min(,ug(xl),ug (xz)),
Vx;,x, ER, A €[0,1].
(i) It is concave for wz(x),i.e.,vz((Ax; + (1 — Mx,) < max (vg(xl),vg(xz)),

Vx.,x, € R, A €[0,1].

Definition 5.3 An intuitionistic fuzzy number A is said to be a triangular intuitionistic fuzzy

number if the membership function uz and non-membership function v; is defined as

xX—a xX—a
) — ) — )
L, gy <x<a, 2 a,<x< a,
I az—aq I as—az
1, X = a,, 0, X = a,,
i @=1{ and vg (0 = { L

kaz—az , Ay =x<as, kas—az

0, otherwise. 1, otherwise.

a, <x< as,

where a4, a4,a,,a3,a5 € R suchthata, < a; < a, < az < as. Itisdenoted by

(alr Qp,Aaz; Ay, dy, aS)'

A triangular intuitionistic fuzzy number A = (a,, a,, as; as, a,, as) becomes triangular
fuzzy number 4 = (ay,a,,a3) ifa; = as, a3 = as and vz (x) = 1 — pz(x),vx € Rand it

becomes a real number a ifa, = a; = a, = a; = as = a.

Definition 5.4 A triangular intuitionistic fuzzy number A = (a4, a,, as; a4, a,, as) is said to be
non-negative triangular intuitionistic fuzzy number, represented by A4 3 (0,0,0; 0,0,0), if and

onlyifa, = 0.
5.1.2 Arithmetic operations of triangular intuitionistic fuzzy numbers

Let A = (aq,a,,as; ay, a,,as) and B = (by, by, bs; by, by, bs) be two triangular
intuitionistic fuzzy numbers. Then,
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(l) A 69 é = (a‘l + bl,az + bz,a3 + b3, a4, + b4,a2 + bz,as + b5)
(i) A ® B = (a,by, ayb,, azbs; aub,, ab,, as bs) for Aand B are non-negative triangular
intuitionistic fuzzy numbers.

(kay, ka,, kas; kay, ka,, kas), k =0,

(i) fed = {(kbg,kbz,kbl : kbg, kb, kb,), k < 0.

A o . . ~. .
(iv) == (—,—,—; —,—,—), Al is a non-negative triangular I.F.N and Bis a positive
B b3’ by’ by’ bs’ by’ by

triangular intuitionistic fuzzy number.
5.1.3. Comparison of triangular intuitionistic fuzzy numbers

Puri and Yadav [83] used the following method for comparing triangular intuitionistic fuzzy

numbers.

If A = (ay,a,,as;ay a, as) and B = (by, by, bs; by, by, bs) are two triangular intuitionistic
fuzzy numbers. Then,

(i) 4> B o R(A) = R(B)

(i) A< B & R(4) < R(B)

(iii) A ~ B o R(4) = R(B)

where,

ER(A) _ (a1+a3+4:2+a4+a5) and R (é) _ (b1+b3+4b2+b4+b5)

8

5.2 Existing intuitionistic fuzzy DEA models

Puri and Yadav [83] proposed the optimistic intuitionistic fuzzy CCR DEA model-5.1

and pessimistic intuitionistic fuzzy CCR DEA model-5.1, respectively, to evaluate the best
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relative intuitionistic fuzzy efficiency and the worst relative intuitionistic fuzzy efficiency of pt*

DMU.

Optimistic intuitionistic fuzzy CCR DEA model-5.1

S

Maximize E‘I‘?EST zZ(u{,ug,ug; uZ,ug,u§)®(y1 L L L L )
r=1

Subject to

m

Z(vl' vi, vl vk, vl v)®(xP, x P 2 2P, 2P, xP) = (1,1,1;1,1,1),

i=1

T T T AT T T rj rj . TJ.
z(ul,uz,u3, u4,u2,u5)®(y1 Y2 u V3T Va '3’2 '3’5 )

m
Z(vll 172, v3l v4.; le v5)®(-x1 lx;]i x;}} x4. lxz lx ) (05050; OIOIO)Ile
i=1

=123, ..,n

(uf,ul,ul; uy,uj,uc) = ,vr =123, ...,s,
(vl vi,vivhvivl) 26 Vi=123,..,me>0.

Pessimistic intuitionistic fuzzy CCR DEA model-5.1

Minimize E{,"’ORST

~ T T T. T T T
~Z(u1,u2,u3, u4,u2,u5)®(y1 '3’2 '3’3 '3’4 ryz '3’5 )
r=1

Subject to

2(171, v, vk vk, vz,v5)®(x1 ,x2 ,x3 ; x4 ,xz , Xs ) (1,1,1;1,1,1),
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N

Z(uI'uEJug; uZJuZ' )®(y1 'yZ 'y3 ; y4- 'yZ 'y5 )

r=1

Z(U1'U2»U3'v4» v, v )® (a1, x5, x5 x4, x5, x5) ¥ (0,0,0;0,0,0), ),
=1,2,3,..,n,
(ul,ul, ul; uj,ul,ul) = ,vr =123, ..,s,
(vl vi, vivhvivl) 26 Vi=123,..,me>0.
5.3 Existing method

Puri and Yadav [83] proposed the following method to evaluate the best relative
intuitionistic fuzzy efficiency as well as worst relative intuitionistic fuzzy efficiency and hence,

relative geometric crisp efficiency of DMUs.

Step 1: Using the arithmetic operations of triangular intuitionistic fuzzy numbers, presented in
Section 5.1.1, the optimistic intuitionistic fuzzy CCR DEA model-5.1 and the pessimistic
intuitionistic fuzzy CCR DEA model-5.1 can be transformed into the optimistic intuitionistic
fuzzy CCR DEA model-5.2 and the pessimistic intuitionistic fuzzy CCR DEA model-5.2

respectively.

Optimistic intuitionistic fuzzy CCR DEA model-5.2

S
- ( 7. TD )
~ ury ,u2y2 ,u3y3 ,u4y4,u2y2 ,u5y5

r=1

Maximize EEEST

Subject to
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ip, i ip i .
Z(lel bl vkl vixl?, vixl vix?) = (1,1,1;1,1,1),

r.vtk ,,r..vtk . r. 1k, r.,Tk rk
Z(uﬂﬁ JURYy G UZY3 T UsYs »u23’2 U Y5 ) Z(U1x1 'szz ,v3x3 'V4x4 rvzxz ,175X5

< (0,0,0;0,0,0),vj = 1,23, ...,n,
(uf,ub,ul; uy,uj,uc) = ,vr =1,2,3, ..., s,
(vl,vz,v3,v4, vz,vs) gVi=1273,..,me>0.

Pessimistic intuitionistic fuzzy CCR DEA model-5.2

Ps s mWORST r,™ ,r.,'P . r. TP ra.,TP
Minimize | £} ~Z(u1y1 Uy, L ubys s ub s, uby, L ulys”)

r=1
Subject to
m
2(le1 ,vbalP vix?; ikl vix?, vixlP) ~ (1,1,1;1,1,1),
i-1

Z(u{ylr],uzyz ,u3y3 ; uhy,’ ,uzy2 ,usysj) z:(le1 ,vzxz ,v3x§’,v4xf}],v2x2 ,vgx ])
> (0,0,0;0,0,0),Vj = 1,2,3,...,n
(ul,ul, uf, uy,ul,ul) > g, vr =123, ..,s,
(vl,vz,v3,v4,v2,v5) gVvVi=123,..,m¢e>0.

Step 2: Using Definition 5.4 and the method for comparing triangular intuitionistic fuzzy

numbers, presented in Section 5.1.2, the optimistic intuitionistic fuzzy CCR DEA model-5.2 and
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the pessimistic intuitionistic fuzzy CCR DEA model-5.2 can be transformed into optimistic crisp

CCR DEA model-5.3 and the pessimistic crisp CCR DEA model-5.3 respectively.

Optimistic crisp CCR DEA model-5.3

S
Maximize i]‘{(EgEST) = EBEST :Z‘R(u{y"’,uzyz S ubys P byl uby, P utys )

r=1

Subject to

z%(lel i, vl vixl vixl vix®) = R(1,1,1;1,1,1),

zm(uﬂﬁ ,u2y2 s U3Y3 ,u4y4 :u23’2 ;usys )

m
— > R(vixlk, vixdk, vixlk; vixlk, vixdk, vixi¥) < 1(0,0,0;0,0,0), V)

i=1
=123,..,n,
SS ZS Sugsuggug Vir:1P2F3F"'ISI

e<v <v1<v2<v3<v5‘v’1 1,2,3,...,m, e>0.

Pessimistic crisp CCR DEA model-5.3

S
Minimize %(E;,”ORST) = EVORST = (Z R(uly, P uhy, L ubys s ubys, uby, b ulye ))

Subject to

(z ‘}{(lel ,vzxz ,v3x3p,v4x4 ,vzxz ,v5'x )) =R(1,1,1;1,1,1),
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s
r.,vk ., v vk vtk o r.ovrk o r. Tk T TK
(Z m(uﬂﬁ yUY2 , U3Y3 UsYs 5 UzY2 , Us)Ys )

r=1
m
— z R(vixik, vixdk, vixll; vixlk, vixk, vixlk ) > %.(0,0,0; 0,0,0), Vj
=1
= 1’2’3’ ’n’

e<vi<vi<vi<vi<viv,i=123,.,m  &£>0.

Step 3: The optimistic crisp CCR DEA model-5.3 and the pessimistic crisp CCR DEA model-
5.3 can be transformed into optimistic crisp CCR DEA model-5.4 and the pessimistic crisp CCR

DEA model-5.4 respectively.

Optimistic crisp CCR DEA model-5.4

r.,TD r.,TPh T+, TP r.,TP r.,TP
L. wyy;s +uzy;s 4wy, Fuy,” +Usys
Maximize

S
m(ggEST) = EBEST = z< -

r=1

Subject to

Z <v{x1p + vox)” + vixd +vix)” +vixl” + v\ .
8 )

i=1

N
r.,Tk r.,Tk r.,Tk ., Tk ., Tk
Z uyy; + uzys +H4uzy;” ugys + usys
8
r=1
m i.ik i ik i ik i ik i ik
Z(lel + vixdC + 4vixd + vixg© + vixt
8

)saw=1z&mm

i=1

e<up<ui<ui<ul<ui V,r=123,..,s
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esvisvi<vi<vi<viv,i=123..,m  &>0.

Pessimistic crisp CCR DEA model-5.4

wly P +ulyl? + 4uly,? +ulby,” +ulyl?
Minimize 11 3)3 2Y2 4Ys 5)s5

S
R(EWORST) = EWORST = Z( :

r=1

Subject to
Z vix + vixP + vixd +vix) + vixP + vix?

5 =
i=1

N
Z <uIy1”‘ + ufys* + 4uhyr* +ugyl* + uEys”‘>
8
r=1

.1k i..ik i.ik .1k i.ik
ViX1 + U3x3 +4vx5° + vux,” + vexe )
- E ( =>0,vj=123,..,n,

; 8
=1
e<uf <ui<ul<ul<ui V,r=123,..,s,

e<vi<vi<vi<vi<vlv,i=123,..,m,  &£>0.

Step 4: Find the optimal value (EEEST), representing the relative best crisp efficiency of p"

DMU, by solving optimistic crisp CCR DEA model-5.4.

Step 5: Find the optimal value (E}9RST), representing the relative worst crisp efficiency of p*"

DMU, by solving pessimistic crisp CCR DEA model-5.4.

Step 6: Find the relative geometric crisp efficiency ESEOMETRIC of pth DMU by putting the

values ESEST and E}VORST, obtained in Step 4 and Step 5, in EFFOMETRIC = \/ EFEST x E)/ORST,
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5.4 Flaws in the existing intuitionistic fuzzy CCR DEA models

In this section, it is pointed out that Puri and Yadav [83] have considered a mathematical
incorrect assumption to obtain the optimistic intuitionistic fuzzy CCR DEA model 5.1 as well as
pessimistic intuitionistic fuzzy CCR DEA model 5.1 hence these intuitionistic fuzzy CCR DEA
mode, proposed by Puri and Yadav [83], are not valid and cannot be used to evaluate the relative

geometric crisp efficiency of DMUs.
5.4.1 Origin of existing intuitionistic fuzzy CCR DEA models

The intuitionistic fuzzy CCR DEA models, proposed by Puri and Yadav [83], can be

obtained as follows:

Step 1: If there are n DMUs then the best relative crisp efficiency (EZEST) and the worst

relative crisp efficiency (E}°%ST) of the p*® DMU can be obtained by solving the optimistic

CCR DEA model-5.5 and pessimistic CCR DEA model-5.5 respectively.
Optimistic CCR DEA model-5.5

Virtual output of pt* DMU
Virtual input of pt" DMU

Maximize EgEST =

Subject to

Virtual output of j®* DMU — Virtual input of j®* DMU < 0, Vj.

Pessimistic crisp CCR DEA model-5.5

Virtual output of p* DMU
Minimi EWORST —
HIHIIZE | 5p Virtual input of pt" DMU
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Subject to

Virtual output of j** DMU — Virtual input of j** DMU > 0, Vj.

If each DMU have m inputs (x;;; { = 1,2,...,m;j = 1,2,...,n) and s outputs (y,;; 7 =
1,2,..s; j = 1,2,...,n) then the optimistic crisp CCR DEA model-5.5 and the pessimistic CCR
DEA model-5.5 can be transformed into the optimistic crisp CCR DEA model-5.6 and the

pessimistic CCR DEA model-5.6 respectively.

Optimistic crisp CCR DEA model-5.6

N
EBEST _ r=1uryrpl
BEST —

Maximize
Y™M vx;
i=1"1"p

Subject to
S m
zuryrj - z vix;; <0 Vj,
r=1 i=1
u‘r‘p Ul 2 0, VT‘, i.

Pessimistic crisp CCR DEA model-5.6

N
EWORST — ZT‘=1 uryrpl
p

Minimize l -
A V:X;
i=1 Yitip

Subject to

S m
zurym' - 2 vix;j =20 V),
r=1 i=1

u,v; =0, vr,i.
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Replacing x;;, ¥j, u, and v; by intuitionistic fuzzy numbers (x/, x, x/; x/, x7, x7),

(yl '3’2 'y3 ) 4 ;)’2 »3’51) (u1, uz, uz; uj, uy, us) and (vi; vé, Ugi,; Ui,vé, vé)respectively, the
optimistic crisp CCR DEA model-5.6 and the pessimistic crisp CCR DEA model-5.6 can be
transformed into optimistic intuitionistic fuzzy CCR DEA model-5.7 and pessimistic

intuitionistic fuzzy CCR DEA model-5.7 respectively.

Optimistic intuitionistic fuzzy CCR DEA model-5.7

s r v  Te o7 7 o7
Maximize E"BEST ~( r=1(u1'u21u3' u4,u2,u5)®(y1 'yz 'y3 ) y4 'yZ lys ))]
D =~

(v vy vk v v, )@ (P 1 )

Subject to

Z(ulyuZJuP,; u4;u2;u5)®(yrj;y2 )y3 ] y4, :yz ,y5]) -

m
Z(vl,vz,vg,m, vi, v (Y, x¥, xY; 7, %, x7) <(0,0,0;0,0,0),¥j = 1,2,3,...,n
i=1

T ' T. T T r J—
(ul,uf, uf; uy, uy,ul) = &, vr =1,2,3,...,s,
(vl,vz,v3,v4,v2,v5) gVi=1273, .., me>0.

Pessimistic intuitionistic fuzzy CCR DEA model-5.7

S T T T. T
Minimize EwomN( S (ulub, ufs uf ub, uD)®( Py, P s vit v vet)
p - M ()0 as0 i i ip ip, ip _ip _ip
izl(vl,vz,v3,v4,v2,v5)®(x VX Xy 5 Xy Xy s X
Subject to

Z(ul,uZJU3, u4,u2,u5)®(y”,y2 ;yg .}/4 ;yz ,}’5]) -
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m

ij i, ij
Z(vl, vi, vk vk, vz,v5)®(x1 Xy, Xg x4 ,x2 ,x )(ul,uz,u3, uy,uy,ut) = &Vr
i=1

=123,..,s,

(ul, ub, ub; uh, ub,ul), (vi,vi,vi;vi,vi,vl) = evi=123,..,me>0.

Step 2: The optimistic intuitionistic fuzzy CCR DEA model-5.7 and pessimistic intuitionistic
fuzzy CCR DEA model-5.7 can be transformed into optimistic crisp CCR DEA model-5.8 and

pessimistic crisp CCR DEA model-5.8 respectively.

Optimistic crisp CCR DEA model-5.8

Maximize

R(EEEST) ~ R P (i, b, uf; g, ub, ud)® (v, " '3’2 '3’3 '3’4 '3’2 '3’5 ))
Pa(vvh, v vh, v, )@ (o 1 x5 1 x )

Subject to

S
/Z(uf,ug,ug; uLuQ,uQ)@(y”,yz Vs .y4 .yz ,ys \
| = i e, Vji=123, ..,n

ij o ij,
Z(vl,vz,v3, v4, vz,v5)®(x1 Xy, X3 ; x4 ,x2 ,x /
i=1

e<up <ui<ui<ul<ui V,r=123,..,5s,

e<vis<vi<vi<vi<vivi=123..,m  &£>0.

Pessimistic crisp CCR DEA model-5.8

Minimize m (i i i i ip ip, ip
i=1(v1,v2,v3;v4,v2,v5)®(x y Xy s Xy x x x)

m(EZ‘;VORST) zm< f‘zl(u{'uglug; uZ'uz' )®(y1 'yz ,y3 ; y4. »yz ;y5 ))

Subject to
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S
Z(ul,UZ,U3, U4,u2,U5)®(y1 ;yz ;yg ) y4. 'yz ;Y5]) -
R| T >e,Vj=1,23,..,n,

m
j ij
\ Z(vl,vz,v3,v4,v2,v5)®(x1,xz,x3 ,x4,x2,x )
e<up<ui<ul<ul<uc V,r=123,..,s
e<visvisvi<vi<viv,i=123..m,  £>0.

Step 4: The optimistic crisp CCR DEA model-5.8 and pessimistic crisp CCR DEA model-5.8
can be transformed into optimistic crisp CCR DEA model-5.9 and pessimistic crisp CCR DEA

model-5.9 respectively.

Optimistic crisp CCR DEA model-5.9

Maximize [R(EZEST) =91(25 (g, ufs ul ub ub)®(y; '3’2 '3’3 ,)/4 '3’2 ’,9"))

R (vh, vi, vh; vl v, vh)® (), 1) x5 X% 'xp))

Subject to

N
m(Z(u{ruglugi uZ:”E:uE)®(y1 ;yz 1y3 ) 3’4 ;3’2 :3’5 ))
r=1

o0 _
<z(v1,v2,v3,v4, vz,v5)®(x1 ,x2 ,x3 ; Xy, Xy, X )) <egVji=123,..,n,

eSuy<ui<u;<uj<ul v,r=123,..,s

e<vi<vi<vi<vi<vlv,i=123,..,m, £>0.
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Pessimistic crisp CCR DEA model-5.9

R(EWORST) :m(zs (ul, ug,ul; ug, ug, u)®( Yy, st 3’4 '3’2 'ySp))

Minimize
R l(vl,vz,v3,v4,v2,v5)®(x xpx ))

Subject to

S
%<Z(uf.u5,u§: wh,ub, ud)(v vy i v v vt )>
r=1

vl,vz,v3,v4,v2,v5 Q(x, x, x5 xJ % xD) | 2 e, vj = 1,2,3,..
1:X5 X3 5 Xg, X5

efup<ui<uy<uy<ug V,r=123,..,s
e<vi<vi<vi<vi<vlv,i=123,.,m  &£>0.

Step 5: The optimistic crisp CCR DEA model-5.9 and pessimistic crisp CCR DEA model-5.9
can be transformed into optimistic crisp CCR DEA model-5.10 and pessimistic crisp CCR DEA

model-5.10 respectively.

Optimistic crisp CCR DEA model-5.10

Maximize

N
m(EgEST) :m<z(u;"u5’u§; uz;’ug'ug)®(y1 ,yz :y_:; y Y4, ,yz i:VS ))

r=1

Subject to

m
l
%(Z(vl, vi, vi; vk, vz,v5)®(x1 ,xzp,x3 ; x4 ,x2 ,X p))

i=1

128



T oo T AT AT T rj . rj 7],
Z(ul'ubuﬁ' u4'u2'u5)®(y1 'yz 'y3 ) 4 'yZ 'yS )

) ) ) -
- R Z(vl,vz,v3,v4,v2,v5)®(x1,xz,x3 ,x4,x2,x5) < g, Vj
i=1
=123, ..,n
e<ul<ui<ul<ul<uc V,r=123,..,s

e<vi<vi<vi<vi<viv,i=123,.,m  &£>0.

Pessimistic crisp CCR DEA model-5.10

S
Minimize |R(EWORT) = R Z(ul,uz,u3, uh, us, uD®( Ly, L v3 L Val ¥y Yat)

Subject to
Z(vl, vi, vi; vk, vl vE)®(xP, xP; 1, xP, %P, xP) | =

N

R E(ui,u&%: wh, ub, w0, vy v v vy v

r=1
j joi i .
- R 2(171,172,173,1?4,172,175)@(961.Xz.xg ,x4,x2,x5) < & Vj
i=1
=1,23,..,n
e<up<ui<ul<ul<ui V,r=123,..,s
£<v4< <v < §<v§ v,i=123,..,m, > 0.
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Step 6: The optimistic crisp CCR DEA model-5.10 and pessimistic crisp CCR DEA model-5.10
can be transformed into optimistic intuitionistic fuzzy CCR DEA model-5.11 and pessimistic

intuitionistic fuzzy CCR DEA model-5.11 respectively.

Optimistic intuitionistic fuzzy CCR DEA model-5.11

S
EC IBEST .~ LAY G G (R e o
Maximize Ep =~ E (ul,uz,u3,u4,uz,u5)®(y1 ,y2 ,y3 ,y4 ,y2 ,y5 )

r=1

Subject to

ip _ip
Z(vl' v, v vk, vz,v5)®(x1 , %P ,x3 s x,xl ,x5 ~ (1,1,1;1,1,1)

z(ul'uZJu3' u4,u2,u5)®(y1 'yz 'y3 ) y4. 'yz rys )

m

ij ij
Z(vl,vz,v3,v4, vz,v5)®(x1 , Xy ,x3 ; x4 ,x2 ,x ) V=123, ..,n,
i=1

(uf,ul,ul; uy,uj,uc) = ,vr =123, ...,s,
(vl vi,vivhvivl) 26 Vi=123,..,me>0.
Pessimistic intuitionistic fuzzy CCR DEA model-5.11

Minimize E{,"’ORST

~ T s 7. T s T
~Z(u1,u2,u3, uh, ub, uD (s Vst Val ¥yt Vs®)
r=1

Subject to

Z(vl,vz,v3,v4, vz,v5)®(x1 ,x2 ,x3 ; x4 ,x2 ,x ) (1,1,1,1)
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N

Z(u{.u;ug: up, ub, w0 vy v v vy ve)

r=1

ij
Z(vl,vz,v3, 174, vz,v5)®(x1 ,x2 ,x3 ; x4 ,x2 ,x ) V=123, ..,n,

(ul,ul, ul; uj,ul,ul) = ,vr =123, ..,s,
(vl vi,vivhvivl) 2 Vi=123,..,me>0.
5.4.2 Mathematical incorrect assumptions

If (a1, a,, as; ay, a,, as) & (by, by, bs; by, by, bs) are two triangular intuitionistic fuzzy

numbers then

a, ,az  4a, a,  as
sR((al,az,a3;a4,az,a5)) _ (a1 a, as a, a, a5) by +b1 + D, +b5 +b4

(b1, by, b3; by, by, bs) bs'b, by bs’'b, by 8

and

R(ay,az,a3;0a4,0,a5) a1 +az+4a, +a,+as
R(by, by, b3; ba, by, bs) by + by + 4by + by + b

It is obvious that

R ( (aq,a3,as3; a4, az'as)) R(ay,az,a3;a4,a,as)
(b1, by, b3; by, by, bs) R(by, by, b3; by, by, bs)

However, Puri and Yadav have used the property

R ( (aq,ay,a3; a4, 05, ‘15)) _ R(ay,az,a3;a4,a,as)
(b1, by, b3; by, by, bs) R(by, by, b3; by, by, bs)

in Step 4 of their proposed method to transform the optimistic crisp CCR DEA model-5.8 and

pessimistic crisp CCR DEA model-5.8 into optimistic crisp CCR DEA model-5.9 and
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pessimistic crisp CCR DEA model-5.9 respectively. Therefore, the optimistic intuitionistic fuzzy
CCR DEA model-5.1 and pessimistic intuitionistic fuzzy CCR DEA model-5.1, proposed by

Puri and Yadav, are not valid.

5.5 Proposed intuitionistic fuzzy DEA CCR models

In Section 5.4, it is shown that the optimistic intuitionistic fuzzy CCR DEA model-5.1
and pessimistic intuitionistic fuzzy CCR DEA model-5.1, proposed by Puri and Yadav [83], are
not valid and hence cannot be used for evaluating the relative geometric crisp efficiency of

DMuUs. In this section, new intuitionistic fuzzy CCR DEA models are proposed.

Replacing the trapezoidal fuzzy number with triangular intuitionistic fuzzy number in the
optimistic fuzzy CCR DEA model-5.8 and pessimistic fuzzy CCR DEA model-5.8, proposed in
Section-5.4 of Chapter 5, these models are transformed into optimistic intuitionistic fuzzy CCR

DEA model 5.12 and the pessimistic intuitionistic fuzzy CCR DEA models-5.12

5.6 Proposed approach

In this section, a new approach is proposed to evaluate the best relative intuitionistic
fuzzy efficiency, worst relative intuitionistic fuzzy efficiency and hence, relative geometric
efficiency of DMUs by using the optimistic intuitionistic fuzzy CCR DEA model-5.12 and

pessimistic intuitionistic fuzzy CCR DEA model-5.12.

Step 1: Using the product of triangular intuitionistic fuzzy numbers, defined in Section 5.1.2, the
optimistic intuitionistic fuzzy CCR DEA model-5.12 and pessimistic intuitionistic fuzzy CCR
DEA model-5.12 can be transformed into optimistic intuitionistic fuzzy CCR DEA model-5.13

and pessimistic intuitionistic fuzzy CCR DEA model-5.13 respectively.
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Optimistic intuitionistic fuzzy CCR DEA model-5.13

s TP TP TP, T TP
Maximize | EBEST ~ &7= (u13’1 YUY, U3Y3 5 u43’4 YUY, u53’5 )
(17 vxpvxpvxpvx lep)
=1\V1X{ » V2 3 4 2 5
Subject to

r.rj
Z(uly by usys’s uhyy wbyy utyl’) <

ij ij ij
z(lel ,v2x2 ,v3x3 s vk ,vzxz ,vsx ) Vi=123,..,n

(ul,u, uf; uy,ul,ul) = g, vr =123, ...,s,
(vl,vz,v3,v4, vz,vs) gVi=1273, .., me>0.

Pessimistic intuitionistic fuzzy CCR DEA model-5.13

r.,T™ v, 7D .17
Minimize EWORST ~ 1(u1 u2y2 u3y3 u4y4- u2y2 u5y5 )
ip ip ip
s 1(”1 X3 'szz ,v3x3 ’174"4 'Vz sts )
Subject to

r i o i o Ti, . T . T]
Z(ulyl ugyy ubys’s why whyy utyl) =

ij ij ij
Z:(le1 ,vzx2 ,v3x3 ,v4x4 ,vzx2 ,vsx ) vVj=123,..,n,
i=1

. T T T —
(uf,ul,ul; uy,uj,ul) = g, vr =1,2,3,...,s

(vl, vz,v3,v4, vz,vs) gVvVi=1273,..,me>0.
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Step 2: Using the relation (aq,a,, as;as, a,,as) < (by, by, bs; by, by, bs),= a; < by,a, <
by,as; < b3, a, < by, as < bs and division of triangular intuitionistic fuzzy numbers |,
defined in Section 5.1.2, the optimistic intuitionistic fuzzy CCR DEA model-5.13 and
pessimistic intuitionistic fuzzy CCR DEA model-5.13 can be transformed into optimistic
intuitionistic fuzzy CCR DEA model-5.14 and pessimistic intuitionistic fuzzy CCR DEA model-

5.14 respectively.

Optimistic intuitionistic fuzzy CCR DEA model-5.14

Maximize |EZF5ST

i D’ ym i.P 7 ym i D’ ym i P’ ym 0.0 ym i LD

s ra.,TP s ., TP N r.,TP S r.,TP s ra., TP N r.,TP
N <Zr=1 ULy, Lr=1UzVp  Xr=1U3Ys Dr=1Usls Xr=1UzY, Lr=1UsYs )]

m l l L L l l

i=1 V3X3 i=1 V2%, i=1 V1% i=1 UsXsg i=1 V2%, i=1 VaXy

Subject to

S m

Dy < ) vlal vi=123,.m,
r=1 i=1

S m
Dy < ) vk vj=123,..n,
r=1 i=1

S m
D uvy < ) b vi=123,.m,
r=1 i=1

S m
2 uhy,’ < 2 vix vj=123,..,n,
r=1 i=1

S m
Dby <y vk vi=123,..n
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eSuy<ui<u;<uj<ul vV,r=123,..,5,

e<vi<visvi<vi<vlv,i=123,..,m  &£>0.

Pessimistic intuitionistic fuzzy CCR DEA model-5.14

Minimize | Ey/ ORST
s r., TP s r.,TP S r.,TP s r.,TD s r., TP S r.,TP
~ r=1 ulyl r=1 uzyz r=1 u3y3 r=1 u4y4 r=1u2y2 1 u5y5
- m i ip’ym i i0’ym i ib’ym i ib’ym i 0’ yvm . i.iD
i=1V3%3 i=1V2%; i=1 V1% i=1 VsX5 i=1 V2X; i=1 VaXy
Subject to
S m
r.,TJ [
zulyl 2 z lel v] - 112131 ., n,
S m
rj v
ZuEyZ = Z véxZ v] - 1;2;3, o n,
r=1 i=1
S m
Tj i .
Z u§y3 2 Z v3x3 v] - 1l2I3I -, n,
r=1 i=1
S m
rj i i .
Zuz:ﬁ 2 Z v4l-x4 v_] - 1P2P3P . n,
r=1 i=1
S m
T.,7J P v
2 ugy,’ = 2 vixd Vvj =123, ..,n,
r=1 i=1
r —
efuy<ui<u;<uj<ui V,r=123,..,5,
SV, SviSvi<Svi<vEV,i=123,..,m,  &>0.
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EBfST BZEST B?I)E'ST.

. intiiitionicti ; I"BEST _ | P 7D 7P ! ;

Step 3: The intuitionistic fuzzy optimal value | £, = <EB455T BEST Bé?ST) , representing
b 7P 'ep

the best relative intuitionistic fuzzy efficiency of p®* DMU, as well as the intuitionistic fuzzy

optimal value (Eg" ORST = (EpqORST, EORST, EJGORST, E”{LORST,EI%ORST,EV'QORST)) , representing

the worst relative intuitionistic fuzzy efficiency of pt" DMU, can be obtained by solving the
optimistic intuitionistic fuzzy CCR DEA model-5.14 and pessimistic intuitionistic fuzzy CCR
DEA model-5.14 as follows:

Step 3(a): Find the optimal value (EZEST) and (Ep°RST) of the optimistic crisp CCR DEA

model-5.15 and pessimistic CCR DEA model-5.15 respectively.

Optimistic crisp CCR DEA model-5.15

Maximize

EBEST _ $‘=1u£y4:p
pé¢ T gm0
i=1 VsX5
Subject to constraints of optimistic intuitionistic fuzzy CCR DEA model-5.14 with the following

additional constraint

s r., TP
r=1 u4y4

m i D T
i=1 UsXsg

Pessimistic crisp CCR DEA model-5.15

s T, 1P
EWORST — T=1u4y4
p4 ip

Minimize -
m l
i=1 VsXsg

Subject to
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All the constraints of pessimistic intuitionistic fuzzy CCR DEA model-5.14 with the following

additional constraint

s r.,TP
r=1 u4y4

m 0D =1
i=1 VsXs

Step 3(b): Find the optimal value (EZEST) and (Ep{°RST) of the optimistic crisp CCR DEA
model-5.16 and pessimistic CCR DEA model-5.16 respectively.

Optimistic crisp CCR DEA model-5.16

Maximize | E; —
i=1V3X3

N T+, 1P
EBEST — r=1u1y1 ]

Subject to

All Constraints of optimistic crisp CCR DEA model-5.14 with the following additional

constraints:

s T.,TD
T'=1u4-y4 __ pBEST
m i ip P
i=1 VsXg

s r.,TD
—1Uu
paEST < 2=ty
p m i 0P
i=1Y3"3

Pessimistic crisp CCR DEA model-5.16

s r.,TP
EWORST — T=1u1y1
r1 m i D
i=1"Y3"3

Minimize
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Subject to
All the constraints of pessimistic crisp CCR DEA model-5.14 with the following additional

constraints:

s r.,TD
Zr=1u4y4 _EWORST

m i ip P4 ’
i=1VsX5
N r.,TD
EWOR5T< r=1u1y1
p4 - i ip"

m L
i=1V3X3

Step 3(c): Find the optimal value (EZFST) and (Ep4°%ST) of the optimistic crisp CCR DEA

model-5.17 and pessimistic CCR DEA model-5.17 respectively.

Optimistic crisp CCR DEA model-5.17

N

TP
EBEST — Uz2¥2
p2 vix ip
2

r=1 2

Maximize

Subject to

Constraints of optimistic crisp CCR DEA model-5.14 with the following additional constraints:

s T.,TD
T'=1u4-y4 __ pBEST
m ,i.ip Pt
i=1 VsXg
s r.,TD
r=1u1y1 _ pBEST
m i.ip Pl
i=1V3X3

N

T.,TD
u
e < YUy

i.ip —
—1 szz

138



Pessimistic crisp CCR DEA model-5.17

S

T.,TD

EWORST _ Uz2¥z
p2 vixip
r=1 272

Minimize

Subject to

Constraints of pessimistic crisp CCR DEA model-5.14 with the following additional constraints:

S ra.,TP

r=1Wals  _worst
m i.ip P4
i=1 UsXsg

s .0

r=1u1y1 =EWORST
m ,i..0P p1 !
i=1V3X3

N

r.,TP
EVI{ORST < § Uy,
p — .

i.ip"~
=1 V2%

Step 3(d): Find the optimal value (EZ5*") and (Ep:°®5") of the optimistic crisp CCR DEA

model-5.18 and pessimistic CCR DEA model-5.18 respectively.

Optimistic crisp CCR DEA model-5.18

N

ra.,TD
EBEST — Usys
p3 vixip

1*1

r=1

Maximize

Subject to

Constraints of optimistic crisp CCR DEA model-5.14 with the following additional constraints:

s r.,TD
r=1u4y4- _ pBEST
m i.ip T PE
i=1 VsX5
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s T,,TP
ZT=1 ulyl __ ' BEST

m i ip Pl
i=1 V3X3
S ra.,TP
T=1u2y2 __ BEST
m i ip P2
i=1 V2%,

N

r., TP
u
EREST < ) Y2 g
p lelp
r=1 171

Pessimistic crisp CCR DEA model-5.18

N

T+, 7D

EWORST _ Usys
p3 vixip
r=1 171

Minimize

Subject to

Constraints of optimistic crisp CCR DEA model-5.14 with the following additional constraints:

S ra., TP

r=1Wals _ _worst
m i ip P4

i=1 UsXsg

S ., TP

r=1W1Y1 _ _worsr
m i ip Pl ’
i=1 V3X3

s r.,TD
Zr=1u2y2 =EWORST
m i iD p2 ’
i=1 V2%,

N

r.,TD
ot < Y
p2 = ,

i.ip’
r=1 lel

Step 3(e): Find the optimal value (EZEST) and (E}Z°RST) of the optimistic crisp CCR DEA

model-5.19 and pessimistic CCR DEA model-5.19 respectively.
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Optimistic crisp CCR DEA model-5.19

o ulyl”
ss BEST _ 5
Maximize |Eps —zﬁ
VX
r=1 474
Subject to

All the constraints of optimistic crisp CCR DEA model-5.14 with the following additional

constraints:

s r., TP
T=1u4y4 __ BEST
m i.ip  P%
i=1 VsXg

s r.,TD
Zr:lulyl __ BEST
m .i.,ip Pl
i=1V3X3

s .,
Zr=1u2y2 __ pBEST
m i.,ip P2
i=1 V2%,

N

r.,TD
u
gBEST <y 155 g
p lelp
r=1 474

Pessimistic crisp CCR DEA model-5.19

N

r.,TP
gworstT _ N UsYs
p5 vixip
4

r=1 4

Minimize

Subject to

All the constraints of pessimistic crisp CCR DEA model-5.14 with the following additional

constraints:

s r.,TD

r=1u4y4- _ rWORST
m i ip P4
i=1 VsX5
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S r
Z =1l y 1 WORST

ip _ Ep1 ’
i= 1v3x3
S_iu
r=1 2y2 EWORST
ip = b2
i= 1172 2
s
r.,TD
EWORST ~ Usys
p3 = i ip"
r=1 v4x4

Step 4: Using the values of EJ7T, EJ7°T, Eps®T; EJFST, EZE°T and

EpiORST, EoORST, ERORST EORST, ENORST, EJCORST  obtained in Step (3a) to Step (3e), find the

intuitionistic fuzzy optimal value (EBEST (EJEST, EBEST, EBEST, EBEST, EBEST ) of optimistic
intuitionistic fuzzy DEA model-5.14, representing the best relative intuitionistic fuzzy efficiency
of pt" DMU, as well as intuitionistic fuzzy optimal value

(EWORST ( WORST, II;IQORST, pVgORST' mORST‘ Z%ORST EWORST )of pessimistic intuitionistic

fuzzy DEA model-5.14, representing the worst relative intuitionistic fuzzy efficiency of

pth DMU.

Step 5: Find the crisp optimal value (E,?EST = %(EEEST)), representing the best relative crisp

efficiency of p* DMU.

Step 6: Find the crisp optimal value (EWORST ER(EWORST)) representing the worst relative

crisp efficiency of pt* DMU.

Step 7: Find the relative geometric crisp efficiency (ESEOMETRICY of pth DMU by putting the

values ESEST and E}VORST, obtained in Step 5 and Step 6, in EFFOMETRIC = \/ EFEST x E)/ORST,
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5.7 Exact relative geometric crisp efficiency of real life problem

Puri and Yadav [83] evaluated the best relative intuitionistic fuzzy efficiency as well as
worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp efficiency of 16
branches of State Bank of Patiala, Punjab, India by considering the input and output data shown
in Table 5.1 and using the optimistic intuitionistic fuzzy CCR DEA model-5.1 as well as
pessimistic intuitionistic fuzzy CCR DEA model-5.1. However, as discussed in Section 5.3, that
the optimistic intuitionistic fuzzy CCR DEA model-5.1 as well as pessimistic intuitionistic fuzzy
CCR DEA model-5.1are not valid. Therefore, the best relative intuitionistic fuzzy efficiency as
well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp
efficiency of 16 branches of State Bank of Patiala, Punjab, India , evaluated by Puri and Yadav

[83], is not exact.

In this section, to illustrate the proposed method the exact intuitionistic fuzzy efficiency
as well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp

efficiency of these Banks is evaluated by using the proposed approach.

Table 5.1 Input-Output for 16 bank branches

Branch
SINo. | \ame Inputs Outputs

Labour OE IE I Ol

1 (AI\TW” (15,17,19;13,17,21) | (.39, .44, .46; .26, .44, 63) | 9.16 | 1.85 | 0.33

2 | Patti (14, 16, 18;12,16,20) | (.46, .54, .65, .38, .54, .73) | 2.68 | 0.67 | 0.41

3 érpﬂr'lt\lsar (9,11, 13; 6,11, 15) | (.47,.54, .57; .42, .54, .60) | 4.24 |10.73 | 0.49

4 | Verka (10,13,15; 8,13,17) | (.19, .21, .24;.18,.21,.25) | 2.08 | 1 | 0.084

5 ér\‘)\;'téar (11,14, 16;9,14,19) | (.25, 29, .31; .23, .29, .33) | 4.73 | 2.88 | 0.2

6 QTVS”S"” (18,21,24; 15,21,27) | (.28, .29, .30; .24,.29,.31) | 4.58 | 4.97 | 0.85
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Mananwala

7 A DB (11, 14, 17; 9, 14,19) | (.21, .23, .24; .19, .23,.25) | 1.33 | 3.94 | 0.28
Baba . .

8 (9,12, 13; 7, 12, 16) | (.56, .60, .62; .52, .60, .64) | 2.98 | 2.16 | 0.3
Bakala

9 | Chabhal (6,9,12; 6,9, 12) (.16, .17,.19; .13,.17,.20) | 1.48 | 258 | 0.15

10 | Lohaka (5,7,9;3,7,10) (.10, .11, .12; .08, .11, .13) | 0.75 1 0.13
Harsha . .

11 Chhina (4,6,8;3,6,9) (.15, .18, .20; .12, .18,.21) | 0.87 | 1.73 | 0.13

12 | Jhanjhoti (8,10, 13; 6, 10, 14) | (.18, .20, .22; .15, .20,.23) | 0.9 1.26 | 0.069

13 Egﬂ (9,11, 13: 7,11, 15) | (.19, .22, .24; .16, .22, .26) | 151 | 3.53 | 0.26
Amritsar ) .

14| (Textile) (9,11, 14; 8,11, 15) | (.20, .21, .23; .18,.21,.24) | 2.98 | 598 | 0.27
Rayya ) .

15 | viandi (7,10, 12; 6,10, 14) | (.21, .22, .24; 17,.22,.26) | 1.99 | 1.79 | 0.16
Amritsar

16 | (Civil (6, 8, 10; 5, 8, 12) (.25, .39, .44, .19, .39, .47) | 364 | 7.1 | 0.37
Lines)

5.7.1 Proposed intuitionistic fuzzy CCR DEA models

(OE; Operating Expenses, IE; Interest Expenses, I1; Interest Income, Ol; Other Income)

The best relative intuitionistic fuzzy efficiency as well as worst best relative intuitionistic

fuzzy efficiency and hence, relative geometric crisp efficiency of DMU; (1% Branch) can be

obtained by solving optimistic intuitionistic fuzzy CCR DEA model-5.20 and pessimistic

intuitionistic fuzzy CCR DEA model-5.20.
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Optimistic intuitionistic fuzzy CCR DEA model-5.20

Maximize ~}13EST ~ ((Ejl)BEST’ (E[}Z)BEST, (Ej3)BEST; (Ejél)BEST’ (EALZ)BEST' (EjS)BEST)

(1.85) (ud?, u3?, ud®; ui*, ud? ul®) +
(0.33) (ui', uz? us®; ui* uz? ug®)
(15,17,19; 13,17,21) (vit, v12,v13; vt vi2 v15) +
(.39,.44, .46; .26,.44,.63) (v, v22, v23; v2*4, v32, v25) +

(9.16) (W3, v32, v33; v3*, V32, v3d)

—

N

Subject to

(1.85)(uit, ud?, ud®; ul*, ui?, ul®) +
(0.33) (u?t,u2?,u3; u?*, u2?, u®)
(15,17,19; 13,17,21) (vit, v32, v33; vit, v3% vi®) +
(.39,.44, .46; .26,.44,.63)(v?!, v2%, v2% v vE2, v25) +

(9.16) (v3t, v32, v33; vt v32, v3®)

(0.67)(uit, ui?, ui®; ui* ui? ul®) +
(0.41) (u?t,u2?,u23; u?*, uz?, u2®)
(14,16,18; 12,16,20) (vit, v32, vi3; vit, vi2, vi®) +
(.46,.54,.65,.38,.54,.73) (vZ!, v3%, v33; v2*, v, v2°) +

(2.68)(v3t, v32, v33; vt v3?, vi®)

(10.73) (uft, ud? ud®; udt, ul?, ul®) +
[ (0.49) (uf', ud? uf’; uf*, ud? ug®)
(9,11,13; 6,11, 15) (v, vi2, vi3; vi*, v32, vi®) +
(47,.54,.57; 42,.54,.60) (v, v3%, v33; vt va2, v2®) +

(4.24) (v, v32, v33; V3%, v32, v3®)
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ESS

[(1.00)(u%1,u%2,u§3; uit, ui?, ul®) +
(.084) (u?t,u2?,u23; u*, us?, u®)
(10,13,15; 8,13,17)(vit, v3% vi%; vit, vi2, vi®) +
(.19,.21,.24; .18,.21,.25) (v¥, v32, v3%; vt v22, v2%) +

(2.08)(v3t, v32, v33; V3t v32, v3®)

l(2.88)(u%1,u%2,u§3; uit, ui?, ud) + l _

(0.20) (u?t,u2?,u23;us* us?, u®) o
(11,14,16; 9,14,19)(vit, vi2, vi3; vit vi2, vi®) +

(:25,.29,.31; .23,.29,.33) (v, v32, v33; vt v3%, v2%) +

(4.73) (v, v32, v33; V3t v32, vE®)

(4.97)(uit, ui? ud® ujt, ud?, ul®) +
(0.85) (u,u2? uZ*;ud* ui?, u®) | -
(18,21,24; 15,21,27)(vit, vi?, vi% vit vi2, vi®) +
(:28,.29,.30;.24,.29,.31) (v, v32, v33; vt v3%, v2®) +

(4.58) (v, v3?, v33; v3t, v3Z, vi®)

(3.94) (ui', ud? ud®; ul®, ui? ul®) +
(0.28) (ui',uz? uf®; ui* uz? u®)
(11,14,17; 9,14,19)(vit, v32, v33; vit, vi3 vi®) +
(:21,.23,.24; .19,.23,.25)(v?, v32, v33; vt vE2,v2%) +

(1.33)(v3t, v32, v33; v3* v32, v3®)

(2.16) (uit, u3? us®; ui* uj? ui®) +
(0.30) (u?t,u2?,u2; u*, us?, u®)
(9,12,13; 7,12,16)(vi*, v32, vi3; vit, v3%, ve®) +
(:56,.60,.62; .52,.60,.64)(v?, v32, v33; vt v22,v2%) +

(2.98)(vit, v32, v33; v3*, v3?, v3®)
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ESS

[(2.58)(u%1,u%2,u§3; uit, ui?, ul®) +
(0.15) (u?t, u2?, u23; uz*, u2?, uz>)
(6,9,12; 6,9,12)(vit,vi2,vi3%; vt vi4, vi®) +
(.16,.17,.19; .13,.17,.20) (v?, v32, v33; vt v22, v2%) +

(1.48) (v3t, v32, v33; v3*, v32, v3®)

(1.00)(uit, u3?, ui®; uj*, ud? ul®) +
(0.13) (2L, u2?, u23;u2* u2?,u2% |
(5,7,9; 3,7,10)(vit, v3?, vi% vit vit vi®) +
(.10,.11,.12; .08,.11,.13) (v, v32, v33; vZ*, v3%, v2®) +

(0.75)(v3t, v32, v33; V3t v32, vE®)

(1.73)(uit, ui?, ud®; ujt ud? ul®) +
(0.13) (u3t,ud?, ud®;ut ug? us) | -
(4,6,8; 3,6,9)(vit,vi?, vi%vit vit vi®) +
(.15,.18,.20; .12,.18,.21) (v¥, v3?, v33; vt v32, v2®) +

(0.87)(vit, v32, v33; V3%, v32, v3®)

(1.26)(uit, u3? us®; uj* uj? ui®) +
(0.069) (u?,u2?,u23; u2* uz?,uz®)
(8,10,13; 6,10,14)(vi?, v32%, v3%; vi*, v3%, vi®) +
(.18,.20,.22; .15,.20,.23)(v?, v32, v3%; vt v22, v2%) +

(0.90)(v3t, v32, v33; V3t v32, v3®)

(3.53)(uit, ud? ud®; ul*, ui? ul®) +
(0.26) (ui', uz?, ud®; uit uz u2®) | -
(9,11,13; 7,11, 15)(v{*, v32, vi3; vit, v3%, ve®) +
(.19,.22,.24; .16,.22,.26)(v?, v32, v33; vt v22,v2%) +

(15D (v3t, v32, v33; v3t, vi2, v3®)
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(5.98)(uit, ui?, ui®; ujt, ul? ul®) +
(0.27) (uY,u2?, u3;u2*, u2,u2® |
(9,11,14; 8,11, 15) (vt vi2, vi3; vi* vi2, vi®) +
(:20,.21,.23; .18,.21,.24) (v, v3?, v3%; vt v22, v2%) +

(2.98)(vit, v32, v33; V3t v32, v3®)

(1.79)(uit, ui?, ud®; ujt, ud? ul®) +
(0.16) (u?t,u2?,u23;u2* us?, u?®) h
(7,10,12; 6,7,14)(vit, v3?, vi3%; vi* vi3 vi®) +
(:21,.22,.24; .17,.22,.26) (v, v3?, v33; vt v32, v2®) +

(1.99)(vit, v32, v33; v3t, v32, v3®)

(7.10) (ui", ub? uz®; ui*, uz?, ug®) +
<
(0.37) (u?t,u3?,u23; u?*, us?, u®)
(6,8,10; 5,8,12)(vit,vi?, vi%; vt vi3, vi®) +
25,.39,.44,.19, .39, .47) (v, v32, v33; v v32,v2°) +
1 2 3 2 5

31 .32 ..33..34 .32 35
(3.64)(171 , V35,0370, 034, Vs )
(uf,u},ul; uy,uj,uc) = g,vr = 1,2, (v{,vé,vé; Vs, vé,vé) =& Vi=1273,¢>0.

Pessimistic intuitionistic fuzzy CCR DEA model-5.20

Minimize ”EEST ~ ((Ejl)BEST, (EjZ)BEST’ (Ej3)BEST; (EI}AL)BEST' (EI}Z)BEST' (E[}S)BEST)

/ (1.85) (ui, uz?, uz®; uit, uz®, ud®) + \I
(0.33) (ui', ud? uf’; uf* uf? u®)
(15,17,19; 13,17,21) (vi1, v3%, vi3; v}, vi%, v2®) +
(.39,.44, .46; .26,.44,.63) (v, v22, v23; v24, v22, v25) +

(9.16) (31, v32,v33; v3*, V32, v3°) |
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Subject to

(1.85)(uft, ud? ud®; ujt, ul? ul®) +
(0.33) (ui', uz?, ud®; uj*, ui? ut®)
(15,17,19;13,17,21) (v{*, v3%, v33; vit, vi2,vi®) +
(.39,.44, .46; .26,.44,.63) (v, v3?, v2%;vit, v22, v2%) +

(9.16) (v3t, v32, v33; vt v32, v3®)

(0.67)(ult, ud? ul® ui*, ud?, ud®) +
(0.41) (u?t,u2?,u23; u?*, uz?, u2®)
(14,16,18; 12,16,20) (vit, v32, vi3; vit, vi2, vi®) +
(.46,.54,.65,.38,.54,.73) (v2!, v3%, v33; v2*, v32, v2°) +

(2.68)(v3t, v32,v33; vt v3?, v3®)

l(10.73)(u%1,u%2,u§3; uit, ui?, ul®) +
(0.49) (u?t,u2?,u23; u*, us?, u®)

(9,11,13; 6,11,15)(vi!, v32, v33%; vi*, v3%, vi®) +
(47,.54,.57; .42,.54,.60)(vZ!, v32, v33; v2*, va2, v2®) +

(4.24) (v, v32, v33; V3t v32, vE®)

[(1.00)(u}1,u%2,u§3; uit, ui?, ud®) + l
(.084) (ui', uf? ui® ui* ui? ug®)

(10,13,15; 8,13,17)(vi%, v3%, vi%; vit, vi2, ve®) +
(.19,.21,.24; .18,.21,.25) (v, v3?, v33; vt v32, v2%) +

(2.08)(vit, v3%, v33; vt v32, vd®)

l(2.88)(u}1,u%2,u§3; uit, ui®, ud®) + l o

(0.20) (u?t,u3?, u23; ui* us?, u®) ”
(11,14, 16; 9,14,19)(v{*, v3%, v3%; vit, vi2, ve®) +

(:25,.29,.31; .23,.29,.33)(v?, v32, v33; vt v22,v2%) +

(4.73) (v, v32, v33; V3t v32, v3®)
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(4.97)(uit, ui? ud® udt ul?, ul®) +
(0.85) (2!, u2?, u%;uz* u2, u%) | =
(18,21,24; 15,21,27)(vit, v3%, v3% vit, vi2, vi®) +
(:28,.29,.30;.24,.29,.31) (v¥, v32, v3%; vt v22, v2%) +

(4.58)(vit, v32, v33; v3*, v32, v3®)

(3.94) (uit, ui?, ui® ujt, ud?, ul®) +
(0.28) (u?t,u2?,u23; us* uz?, u?®) ”
(11,14,17; 9,14,19)(vit, vi2, vi3; vit vi3 vi®) +
(:21,.23,.24; .19,.23,.25) (v, v32, v33; vt vi%,v2) +

(1.33)(v3t, v32, v33; v3t v32, vE®)

(2.16)(ui', uz?, uz®; uit uy® ud®) +
>
(0.30) (ui', uz? ui® ui*, ui? ug®)
(9,12,13; 7,12,16) (vit, vi?%, vi3%; vit, vi2, vi5) +
(.56,.60,.62; .52,.60,.64) (v, vi?, v33; vt vi%, v2®) +

(2.98)(vfl, v32,v33; v34, vgz,v535)

l(2.58)(u}1,u%2,u§3; uit, ud ud®) + l
(0.15) (u?t, u2?, u23; uz*, u2?, u2>)

(6,9,12; 6,9,12)(vil, v3% vi3; vi* vi3 vi®) +
(.16,.17,.19; .13,.17,.20) (v?, v32, v3%; v2*, v22,v2%) +

(1.48) (v3t, v32, v33; v3*, v32, v3®)

(1.00) (ui?, ud?, ud®; ul*, ui?, ul®) +
(0.13) (u?t,u2?,u23; u?*, us?, u2®)
(5,7,9; 3,7,10)(vit, v3?, vi% vit vit vi®) +
(.10,.11,.12; .08,.11,.13) (v?, v32, v33; v2*, v22,v2%) +

(0.75)(v3t, v32, v33; V3t v32, v3®)
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(1.73)(ui", ub? uz®; ui* uz?, ug®) +
>
(0.13) (u?t,u2?,u23; u*, us?, u2®)
(4,6,8; 3,6,9)(vit,vi%,vi%vit vit vi®) +
(.15,.18,.20; .12,.18,.21) (v?, v32, v3%; vt v22, v2%) +

(0.87)(v3t, v32, v33; v3*, v32, v3®)

(1.26)(uit, u3?, ud’®; ujt, ud? ul®) +
(0.069) (u?1,u2?,u33; uz* us? uzs) g
(8,10,13; 6,10,14) (vit, vi?, v3% vi* vi%, vi®) +
(.18,.20,.22; .15,.20,.23) (v, v32, v33; vt v32, v2®) +

(0.90)(v3t, v32, v33; V3t v32, vE®)

(3.53) (i, uz? uz®; uit uy® ud®) +
>
(0.26) (ui',uz? ui® ui* us? ug®)
(9,11,13; 7,11,15) (vit, v32, v33%; vit vi2, vi5) +
(.19,.22,.24; .16,.22,.26) (v, v3?, v33; vt v3%, v2%) +

(15D (vit, v32, v33; v3t, v32, vE®)

(5.98)(uit, ud? ud®; ul*, ui?, ul®) +
(0.27) (u?t,u2?,u23; u?*, us?, u2®)
(9,11,14; 8,11,15)(vi!, v3?%, v3%; vi*, vi%, vi®) +
(:20,.21,.23; .18,.21,.24) (v?, v32, v33; vt v22, v2%) +

(2.98)(v3t, v32, v33; V3t v32, v3®)

(1.79) (uit, ud?, ud®; ul*, ui?, ul®) +
(0.16) (uf', uz? uf® ui*, uz?, ud®)
(7,10,12; 6,7,14)(vi', v32, vi3%; vyt vi3, vi®) +
(21,.22,.24; .17,.22,.26)(v?, v32, v33; vt v22,v2%) +

(1.99)(vit, v32, v33; v3*, v32, v3®)
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(7.10) (uft, ui?, ud®; ujt ul? ul®) +
(0.37) (U2, u2?, u3;u2, u2,u%) | =
(6,8,10; 5,8,12)(vit,vi?,vi%; vt v, vi®) +
(:25,.39,.44,.19,.39, .47) (vZ!, v2%, v2%; v24 v22, v25) +

(3.64) (v, v32, v33; vt v3?2, v3®)
(ul,ul, uf; uj,ul,ul) = &, vr = 1,2,
(v{, vé,vé;v};, vé,vé) =&Vi=123,¢>0.
5.7.2 Exact relative geometric crisp efficiency of DMU, (Amritsar Branch, M.M.)

Using the method, proposed in Section 5.6, the exact relative optimistic intuitionistic
fuzzy efficiency as well as pessimistic intuitionistic fuzzy efficiency and hence, relative

geometric crisp efficiency of DMU; can be obtained as follows:

Step 1: Using the product of triangular intuitionistic fuzzy numbers, defined in Section 5.1.2, the
optimistic intuitionistic fuzzy CCR DEA model-5.20 and pessimistic intuitionistic fuzzy CCR
DEA model-5.20 can be transformed into optimistic intuitionistic fuzzy CCR DEA model-5.21

and pessimistic intuitionistic fuzzy CCR DEA model-5.21 respectively.

152



Optimistic intuitionistic fuzzy CCR DEA model-5.21

Maximize E{?EST ~ (El BEST EBEST EBEST EBEST EBEST EBEST)

/ (1.85uf?, 1.85 u3?, 1.85uj; 1. 85u14, 1.85u?,1.85us®) +
B I (0.33u2%,0.33u22,0.33 u%?; 0.33 u?*,0.33u3?,0.33u2®)
B k (15v1t,17v12, 19v§3, 13v)4, 17v212,21v;5) +

(.3917121, 44032, 46V23; 26 v24, 44032, 63020
(9.16v31,9.16v32,9. 16v§3, 9.16v3*,9.16 v32,9. 16v§’5)

|
)

Subject to

A

(1.85ui?, 1.85 u3?, 1.85uj®; 1.85uj?, 1.85u3%, 1.85us®) + |
l (0.33u?%,0.33u2?,0.33 u23; 0.33 u?*,0.33u2?,0.33u2%) |
(15v1%,17v3%,19v33; 13v}4, 17v32, 21vd%) +
(.39v#1, 44022, 46v323; 26 vi*, 44032, .63v2%) +
(9.16v31,9.16v3%,9.16v33; 9.16v3%,9.16v52%,9.16v3°) ]

A

(0.67u}?, 0.67ul?, 0.67ul?; 0.67ui* 0.67 ui?, 0.67ui®) + |
l (0.41u?*,0.41u32?, 0.41u23; 0.41u?*, 0.41u2?, 0.41u?2")
(14v1t, 16032, 18v33; 12v}4, 16032, 20085) +
(.46v71,.54v2%, .65v23%; 38v7%, .54v2%,.73v%) +
(2.68v31,2.68 v32,2.68v33; 2.68v34, 2.68v32, 2.68v35).

55

(10.73uft, 10.73u3?,10.73u3?; 10.73u}*, 10.73u?, 10.73us’) +
[ (0.49u?1,0.49u322, 0.49u23; 0.49u2%, 0.49 u3?, 0.49u?>
(9vit, 11v32,13v33; 6vit, 11vi% 15v3°%) +
(47v21, 54022, 57v23; 42024, 54v32, 60v§5)+
(4.24v31,4.24v3%, 4.24v33; 4.24v34, 4.24v32,4.24035)
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(1.00u{?, 1.00u3?, 1.00 u3®; 1.00uj*, 1.00u3?, 1.00us®) + |
l (.084u?%,.084u2?,.084u23; .084u?*, .084u3?,.084uz%) |
(10v1t, 13v32,15v13; 8vi*, 13vi%, 17v3%) +
(19v%1,.21v32, .24v33; 18 v24,.21v22, .25v2%) +
(2.08v31,2.08v52, 2.08v33; 2.08v54, 2.08v32, 2.08v35)

l(2.88u%1, 2.88u3?, 2.88ul%; 2.88ul*, 2.88ul?, 2.88ul%) + |
(0.20u?%,0.20 u22,0.20u33; 0.20u2*,0.20u3?, 0.20u2>) |
(11v11, 14032, 16v33; v}t 14 v12,19v8%) +
(.25v21,.29v22,.31v33; .23v2%,.29v22, .33v25) +
(4.73v31,4.73v32%,4.73v33; 4.73v3*4, 4.73v32,4.73v35)

(4.97uit, 4.97ul?, 4.97 ul®; 4.97u}*, 4.97u3?, 4.97u®) + |
[ (0.85u?1,0.85u322, 0.85u33; 0.85u2*, 0.85u3?, 0.85u2>) |
(18v1t, 21v32, 24v33; 15v}4, 21v32,27vd%) +
(.28v%1,.29v22,.30v33; .24v24, .29v22, 31v2%) +
(4.58v31,4.58v32,4.58v33; 4.58 v3*, 4.58v32,4.58v3°) |

(3.94ui?, 3.94ul?, 3.94 ul®; 3.94u}?, 3.94u3?%,3.94ul’) + |
0.28u?1,0.28u3?, 0.28u23; 0.28u2*, 0.28u2?,0.28u%) |
1 2 3 2 5
(11v1t, 14v32,17v33; 9v}*, 14032, 19v2°%) +
(21v%1,.23v22,.24v33; 19v24, .23 v22,.25v2%) +
(1.33v31,1.33 v32,1.33v33; 1.33v34, 1.33v32, 1.33v3°) |

l(2.16u%1, 2.16 u3?, 2.16 ul?; 2.16uj*, 2.16uj?,2.16 ul®) +
(0.30u?%,0.30 u22,0.30u33; 0.30u2%,0.30u2?, 0.30u2>)
(9 v32,12v3%,13v33; 7vi*, 12vi%, 16 v3°) +
(56v21,.60v22,.62v23; 52v2%,.60v32,.64v2%) +
(2.98v31,2.98v32,2.98v33; 2.98v34,2.98 v32,2.98v3%)
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A

(2.58uf?, 2.58ud?, 2.58u®; 2.58uj*, 2.58u3?, 2.58us°) + |
[ (0.15u?1,0.15u32,0.15u23; 0.15u2%,0.15u3?2, 0.15u2%) |
(6vit,9vi2,12v13; 6vit, 9vi2 12 vi%) +
(1607, .17v32,.19v33; 13v24,.17v22, .2002%) +
(1.48v31,1.48v3%,1.48 v33; 1.48v3%, 1.48v32, 1.48v3%) |

N

l(1.00u%1, 1.00u?, 1.00u33; 1.00ui*, 1.00ui?, 1.00ui®) + |
(0.13u?%,0.13 u22,0.13u23; 0.13u?*, 0.13u2?,0.13u2%) |
(5vit, 7v32, 9v13; 3vit 7viZ 10vi%) +
(10v2%, 11v22,.12v33; .08v2*,.11 v22,.13v25) +
(0.75v31,0.75v32,0.75v3%; 0.75v3%,0.75v32,0.75v3°)

A

(1.73uf?, 1.73ud?, 1.73ud?; 1.73uj*, 1.73u3?, 1.73ul®) + |
l (0.13u?%,0.13 u22,0.13u23; 0.13u?*,0.13u2?,0.13u2%) |
(4vit, 6v32,8v13; 3v}t, 6vi%, 9vl®) +
(.15v%1,.18v22,.20033; .12v2%,.18v22, 21v2%) +
(0.87v31,0.87v32,0.87v33; 0.87v3%, 0.87v32,0.87v3%)]

[ (1.26ult, 1.26ud?, 1.26ul®; 1.26ut*, 1.26u3? 1.26ul’) + _
(0.069u2*,0.069u22,0.069u23; 0.069u2*, 0.069u22, 0.069u2%) |
(8vit, 10v3%,13v13; 6vi% 10vi%, 14 vi%) +
(18v21,.200v22,.22v33; .15v2%,.20022,.23v2%) +
(0.90v31,0.90v32,0.90 v33; 0.90v3%,0.90v52,0.90v3%)

A

[(3.53141, 3.53uj?,3.53u}?; 3.53ui*, 3.53ui?, 3.53ul’) + |
(0.26u2%,0.26u2%,0.26u23; 0.26u2*,0.26u2?,0.26 u2°) |
(9vit, 11v3%, 13 v33; 7vi* 11vi%, 15v3°%) +
(19v21, 22 v3?, 24 v23; 16v2%,.22v32, 26V2°) +
(1.51v3%,1.51v3%, 1.51v33; 1.51v3%, 1.51v32, 1.51v3%)]
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l(5.98, 5.98,5.98; 5.98,5.98,5.98)(ui!, u3? ui® ui*, ui?, ui®) +
(0.27,0.27,0.27; 0.27,0.27,0.27) (u2*,u22, u23,u2* u2?,u2s) |
(9,11,14; 8,11, 15)(vit, vi%, vi3, vi*, vi2, vi%) +
(:20,.21,.23; .18,.21,.24) (v¥, v32, v33, vt v22, v2%) +
(2.98,2.98,2.98; 2.98,2.98,2.98)(v3', v32, v33, vit, v32, v3)

B

l(1.79u%1, 1.79ui?, 1.79ud3; 1.79ui*, 1.79ul?, 1.79ui®) +
(0.16u?%,0.16u2?,0.16u23; 0.16u?*,0.16u2?, 0.16uz%)
(7vit, 10032, 12v33; 6vit, 10vi% 14v3°) +
(21v21,.22v22, .24v23; 17v2%, 22022, 26v25) +
(1.99v31,1.99v52, 1.99v33; 1.99v54, 1.99v32,1.99v35)

A

l(7.10ui1, 7.10u3?,7.10ud?; 7.10u}*, 7.10ui?, 7.10ui®) + |
(0.37u?',0.37u3?,0.37u?3; 0.37u2*,0.37u??,0.37uz®) |
(6vit,8vi2,10v13; 5 v}, 8vi2, 12v8%) +
(.25v%1,.39v22, 44033, 19v2%,.39v22, 47 v2°) +
(3.64v31,3.64v32,3.64v33; 3.64v3%,3.64v32,3.64v3°)]

(ul, ub, ul; uh,ub,ul) > & vr =1,2, (vi, v, vi; vl vi,vl) = 6Vi=123:¢>0.

Pessimistic intuitionistic fuzzy CCR DEA model-5.21

IBEST BEST §;BEST pBEST. ;BEST BEST pBEST
El ~ (Ell 'E12 'E13 rE14 'E12 'E

Minimize 15

(1.85ui?, 1.85 u3?, 1.85ul?; 1.85uj*, 1.85u3?, 1.85u’) +

(0.33u?1,0.33u22,0.33 u23; 0.33 u3*, 0.33u3?,0.33uz®)

- (1501, 17012, 19v13; 13v}%, 17012, 21v35) + |
(.39v21,.44v22, 46v23; 26 V4, 44037, .63v2°) +

k (9.16v31,9.16v3%,9.16v33; 9.16v3%, 9.16 v32%,9.16v3°) /
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Subject to

W

l(1.85u%1, 1.85 u3?, 1.85u3?; 1.85u}*, 1.85ui?, 1.85ui®) + |
(0.33u?%,0.33u22,0.33 u2%; 0.33 u?*,0.33u2?,0.33u2’) |
(15v11, 17v32,19v33; 13v}4, 17v22, 21vd%) +
(.39v71,.44v2%, 46v23; 26 vZ*, 44v32,.63v3°) +
(9.16v3%,9.16v52,9.16v33%; 9.16v54,9.16v52,9.16v35)]

W

(0.67uit, 0.67ul? 0.67ul®; 0.67ui*,0.67 u3? 0.67ul®) + |
l (0.41u?,0.41u3?,0.41u2%; 0.41u2*, 0.41u3?, 0.41u2%)
(14v1t, 16032, 18v33; 12v14, 16032, 2002%) +
(.46v71,.54v2%,.65v23%; 38v7%, .54v2%,.73v%) +
(2.68v31,2.68 v32,2.68v3%; 2.68v5%, 2.68v32, 2.68v35) ]

l(10.73u}1, 10.73uj?,10.73u3?; 10.73uj*, 10.73u}?,10.73ul®) + l o
(0.49u21,0.49u22, 0.49u33; 0.49u2*, 0.49 u3?, 0.49u2>)
(9vil, 11v3%,13v33; 6vit, 11v12, 15v1°) +
(47v3, 54022, 57v33; 42024, .54v22,.60v2%) +
(4.24v31,4.24v3%,4.24v33; 4.24v3% 4.24v32,4.2403°

[(1.00141, 1.00u3?,1.00 u3%; 1.00ui*, 1.00ui?, 1.00ul®) + l o
(.084u?!,.084u2?,.084u23; .084u2*,.084u2?,.084u%) |~
(10v11,13v32, 15v33; 8vi*, 13vi%,17vd%) +
(19v21,.21v22,.24v323; 18 v24,.21v22, .25v25) +
(2.08v31,2.08v32,2.08v33; 2.08v3%, 2.08v32, 2.08v3%)

A\

l(2.88u%1, 2.88uj?,2.88uj%; 2.88ui*, 2.88u}?, 2.88ul’) + |
(0.20u?1,0.20 u3?, 0.20u33; 0.20u3*, 0.20u3?, 0.20uz®) |
(11v11, 14v32, 16v33; 9vi*, 14 v32, 19v3%) +
(.25v21,.29v22, 31v23; 23v34,.29v22, 33v2%) +
(4.73v31,4.73v3%,4.73v33; 4.73v3%, 4.73v32,4.73v3°) |
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l(4.97u}1, 4.97u3?, 4.97 u3®; 4.97uj*, 4.97u3?, 4.97u®) + |
(0.85u?1,0.85u32, 0.85u23; 0.85u3*, 0.85u32, 0.85u2®) |
(18v1t, 21v32, 24v33; 15v14, 21v32, 27vd5) +
(.28v%1,.29v32,.300v33; .24v24, .29v22, 31v2°) +
(4.58v31,4.58v32,4.58v33; 4.58 v3*, 4.58v32,4.58v3°) |

l(3.94u%1, 3.94u}?,3.94 ul?; 3.94ul*, 3.94ul?, 3.94ul%) + |
(0.28u?1,0.28u322,0.28u33; 0.28u2*,0.28u32?, 0.28u2>) |
(11v11, 14v32,17v33; v}t 14032, 19v2%) +
(21v31,.23v22,.24v33; 19v2*, .23 v22, 25v25) +
(1.33v31,1.33 v32,1.33v33%; 1.33v34, 1.33v532, 1.33v3°) |

(2.16uit, 2.16 ud?, 2.16 ul®; 2.16uj*, 2.16ui? 2.16 ul®) +
l (0.30u?%,0.30 u32,0.30u23; 0.30u2*,0.30u??,0.30u2")
(9 v32,12v3%,13v33; 7vi* 12v3%,16 v2°) +
(56v%1,.60v32,.62v33; .52v2%,.60v22,.64v2%) +
(2.98v31,2.98v32,2.98v33; 2.98v3%,2.98 v32,2.98v3%)

(2.58uf?, 2.58ud?, 2.58u®; 2.58uj?, 2.58u3?, 2.58us’) + |
(0.15u2%,0.15u32,0.15u33; 0.15u2*,0.15u3?, 0.15u2>) |
(6vit,9vi2,12v13; 6vit, 9vi2, 12 vi%) +
(16v2, 17v32,.19v33; 13v2%,.17v22, .20v2%) +
(1.48v31,1.48v3%,1.48 v33; 1.48v3%, 1.48v32,1.48v3%) |

[(1.00@1, 1.00u3?, 1.00ul?; 1.00ui*, 1.00ui?, 1.00ui) + |
(0.13u?%,0.13 u32,0.13u23; 0.13u2%,0.13u3?,0.13u2>) |
(5vit, 7vi2,9v13; 3vit, 7viZ 10v3°) +
(10v21, .11v22,.12v23; .08v24,.11 v32,.13v2%) +
(0.75v31,0.75v32,0.75v33; 0.75v3%,0.75v32,0.75v3°) ]
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A\

(1.73uf?, 1.73ud?, 1.73ud®; 1.73uj*, 1.73u3?, 1.73u®) + |
(0.13u?%,0.13 u22,0.13u23; 0.13u2*,0.13u2?,0.13u2%) |
(4vit, 6v32,8v13; 3v}t, 6viZ, 9wl +
(15v%1,.18v32,.20033; .12v24,.18v22, 21v2%) +
(0.87v31,0.87v32,0.87v33; 0.87v3%,0.87v32,0.87v3%)]

(1.26ult, 1.26ud?, 1.26ul®; 1.26ui*, 1.26u3? 1.26ul’) + o
l(o.069ufl, 0.069u22,0.069u23; 0.069u2*, 0.069u2?,0.069u2%) |
(8vil, 10v3% 13v33; 6vi%, 10vi%, 14 v3®) +
(18v21,.200v22,.22v23; 15v24,.20022,.23v25) +
(0.90v31,0.90v32%,0.90 v33; 0.90v3%,0.90v32,0.90v3%)

A\

(3.53uf?, 3.53ul?, 3.53u?; 3.53uj?, 3.53u3?,3.53u’) + |
l (0.26u?%,0.26u2?,0.26u23; 0.26u2*, 0.26u2?,0.26 u2°) |
(9vil, 11v3%,13 vi3; 7vi* 11vi%, 15v3%) +
(19v21,.22 v32,.24 v23; 16v2%,.22v322, 26V2°) +
(1.51v31,1.51v3%,1.51v33; 1.51v3%, 1.51v32, 1.51v3%) ]

7

(5.98,5.98,5.98; 5.98,5.98,5.98)(ui!, ud? ui® uit, ui? ui®) +
[ (0.27,0.27,0.27; 0.27,0.27,0.27) (u?!,u2?,u23,u2* u??,u2%)
(9,11,14; 8,11,15)(vi%, vi%, vi3, vi*, vi%, vi®) +
(:20,.21,.23; .18,.21,.24) (v¥, v32, v33, v2*, v22, v2%) +
(2.98,2.98,2.98; 2.98,2.98,2.98)(v3', v32, v33, vit v32, v3)

A\

l(1.79u%1, 1.79u3?, 1.79ud?; 1.79ui*, 1.79u?, 1.79ui®) + |
(0.16u?*,0.16u2?,0.16u23; 0.16u2*, 0.16u2?,0.16u2%) |
(7vil, 10032, 12v13; 6vit, 10v12, 14v1°) +
(21v21,.22v22,.24v33; 17v2%, 22022, 26v2%) +
(1.99v31,1.99v32,1.99v33; 1.99v3%,1.99v32,1.99v3%)
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(7.10uf?, 7.10ud?, 7.10ui®; 7.10uj*, 7.10u3?, 7.10us®) + |
(0.37u?',0.37u3?,0.37u?3; 0.37u2*,0.37u??,0.37uz®) |
(6vil,8vi2,10v13; 5 v}, 8vi2, 12v8%) +
(.25v%1,.39v22, 44033, 19v2%,.39v322, 47 v2°) +
(3.64v31,3.64v32,3.64v33; 3.64v3%,3.64v32,3.64v3°)]

A\

(ul,ul, uf; uj,ul,ul) = &, vr = 1,2,
(vi, v, vi;vhvivl) =6 Vi=123,¢>0.

Step 2: Using the addition of triangular intuitionistic fuzzy numbers, defined in Section 5.1.2,
the optimistic intuitionistic fuzzy CCR DEA model-5.21 and pessimistic intuitionistic fuzzy
CCR DEA model-5.21 can be transformed into optimistic intuitionistic fuzzy CCR DEA model-

5.22 and pessimistic intuitionistic fuzzy CCR DEA model-5.22respectively.

Optimistic intuitionistic fuzzy CCR DEA model-5.22

.. | #BEST ._ (pBEST pBEST pBEST. BEST BEST BEST
Maximize | E; ~ (Eir> Ery” JErs” S Evy" JEry > Efs

1.85ui! + 0.33u??,1.85 ul? + 0.33u3?,1.85ui® + 0.33 u23;
3 ( 1.85ui* + 0.33 u?*,1.85ul? + 0.33u??,1.85ui® + 0.33u?® )
B 150! + 39021 + 9.16v31,17v12 + 44v22 + 9.16v52,
k 19v33 + .46v23 4+ 9.16v3%; 13v* + .26 v2* + 9.16v3%, /
17v3% + 44022 + 9.16 v3%,21v5 + .63v2° + 9.16v3°

Subject to

1.85ui! + 0.33u?1,1.85 ul? + 0.33u32,1.85ui® + 0.33 u23,
1.85uj* + 0.33 u?4,1.85ul? + 0.33u3?,1.85u> + 0.33u2®
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1501t + 3908 + 9.16v3%, 17v32 + 44v3% + 9.16v37
19v33 + 46v23 + 9.16v33; 13v}* + .26 v* + 9.16v3%, |,
17v32 + 44022 + 9.16 v3?,21v° + .63v2° + 9.16v3°

0.67uj! + 0.41u?1,0.67ui? + 0.41u2?%,0.67u3® + 0.41u33; _
0.67ui* + 0.41u?*,0.67 ui? + 0.41u2?,0.67ui® + 0.41u?®

14vi1 + 46v21 + 2.68v31, 16v12 + 540322 + 2.68 v32
18v33 +.65v23 + 2.68v33; 12vi* + .38v2* + 2.68v3%, |,
16v32 + .54v22 4 2.68v32, 20035 + .73v2° + 2.68v3°

10.73ui* + 0.49u?*,10.73ul? + 0.49 u22,10.73ul® + 0.49u2®

Ly 4703 + 424030 11032 + .541722 + 4.24v3%,
13v +.57v33 + 4.24v33; 6vit + 4207 + 4.24054, |,
11v32 + 54022 + 4.24v3%,15v3° + .60175 + 4.24v3%

1.00ui! +.084u3t, 1.00ul? +.084u3?,1.00 u3® + .084u3>;
1.00ui* +.084u3*, 1.00u3? +.084u3?,1.00ui® + .084u2°> | °

10vit +.19v21 + 2.08v31, 13v12 + 21v22 + 2.08v32
15v33 + .24v23 + 2.08v33; 8v}* +.18v2* + 2.08v3*, |,
13v32 + 21v2% + 2.08v32,17vi% + 25v2° + 2.08v32

(10 73uil + 0.49u?t,10.73ul? + 0.49u3?,10.73ul3 + 0.49u§3;> _

2.88ui! + .20u?t, 2.88ui! + .20u3t, 2.88ui! + .20uil,;
2.88ui! + .20u?t, 2.88ui! + .20u?t, 2.88uit + .20u3t ) °

11vit + .25v21 + 4.73v31, 14012 + 29032
16v33 + .31v23 + 4.73v33; 9v}* + 23v3*
14v32 + 29022 4 4.73v32,19v35 + 331325

4.97ui' + .85u?t, 4.97ul! + .85u?1,497ul! + 85u?!,;
4.97ul' + .85u?1,4.97uj! + .85u?t,4.97ult + 85u2t |

161

+ 4.73v3%
+ 4.73v3%, |,
+ 4.73v3*



2403 + 30023 + 4.58v33; 15v1* + .24v2* + 4.58v3%, |,

< 18vit +.28v21 + 4.58v31, 21v3% + 291322 + 4.58v32,
21v3% + 29v%% + 4.58v32,27vi% + 31v2° + 4.58v3%

3.94ult + 0.28u??,3.94ul? + 0.28u??,3.94 ui® + 0.28u’3;
3.94ul* + 0.28u?*, 3.94ul? + 0.28u%?,3.94u® + 0.28u2> ) °

17v33 + .24v23 + 1.33v33; v}t + .19v3* + 1.33v34, |,

< 11vit + 21v# + 1.33v3%, 14032 + 23022 + 1.33v3%,
14v32 + .23v32 + 1.33v3%,19v2° + .25v2° + 1.33v3°

2.16uit + 0.30u?1, 2.16ul? + 0.30u3?,2.16 u3® + 0.30u?3;
2.16ui* + 0.30u?t, 2.16ui? + 0.30u??,2.16ui® + 0.30u2® ) °

it +.56vit + 2.98v51, 12032 + .60v32 + 2.98v32,
13v33 +.62v3% + 2.98v33; 7vi* + .52v7* + 2.98v5*,
12032 + .60v2% + 2.98v32,16vi5 + .64v2° + 2.98v32

2.58ui! + 0.15u#!, 2.58ul? + 0.15u3?,2.58 u3® + 0.15u23;
2.58u}* + 0.15u2*, 2.58ul? + 0.15u3?,2.58ul® + 0.15u2> | °

6vil +.16v3! + 1.48v51, 9vi? + 17032 + 1.48v3?,
1217313 + _191]3%3 + 1_481)333; 617%4 + .131734 + 1.481734, )
93?2 +.17v2% + 1.48v32,12v3° + .20v2° + 1.48v5°

1.00ui! + 0.13u?%,1.00ul? + 0.13u32,1.00 u3® + 0.13u33;
1.00u3* + 0.13u2%,1.00ui? + 0.13u2?,1.00ul® + 0.13u2> ) °

5vit +.10v21 +.75v31, 7vd? + 11v3?% +.75v32,
9v33 +.12v23 + .75v33; 3vit +.08v2* +.75v3%, |,
7vi% + .11v%% + 75v32,10v3° + 13025 +.75v3?
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1.73ult + 0.13u?t, 1.73ul? + 0.13u2?,1.73 ui® + 0.13u23;
1.73ui* + 0.13u3*,1.73ul? + 0.13u2?,1.73ud® + 0.13u2> ) °

4v}" +.1507" + .87v7",6v3” +.18v5° + 87037,
8v13 +.2003° + .87v$; 3v}* + .1207* + 87V},
6v;% +.18v3% + .87v3%, 9vg° + 21vE° + .87v3?

1.26ui! + 0.069u?1, 1.26ul? + 0.069u2?,1.26 ui® + 0.069u33;
1.26u3* + 0.069u2*, 1.26ul? + 0.069u3%,1.26ui® + 0.069u2° | °

8vil +.18v2 + .90v31, 10v3% + .20v5% + .90v37,
13033 + .22v23 4+ .90v33; 6vi* + .15v3* +.90v34, |,
10032 +.20v32 + 90032, 14v2° + .23v2° + .90v32

3.53ui! + 0.26u?!,3.53ul? + 0.26u3?,3.53 u3® + 0.26us3;
3.53ui* + 0.26u3*, 3.53ul? + 0.26u3?,3.53ui®> + 0.26u2°> | °

9vit +.19v#t + 1.51v5t, 11v)2 + .22v32 + 1.51v57,
13v33 + .24v23 + 1.51v33; 7vi* + .16v2* + 1.51v34, |,
11v3% + .22v22 + 1.51v3%,15v2° + 26v2° + 1.51v3?

5.98ull + 0.27u?1,5.98ul? + 0.27u3?,5.98 u3® + 0.27u?3;
5.98ui* + 0.27u?*,5.98ui? + 0.27,5.98ul® + 0.27u2® A

9vil +.20v21 + 2.98v31, 11v3? + .21v22 + 2.98v32,
14v33 + .23v23 + 2.98v33; 8v}* + .18v3* + 2.98v34, |,
11v32 + 21v3% 4+ 2.98v32,15v8° + 24025 + 2.98v32

1.79ui! + 0.16u?t, 1.79ul? + 0.16u3?,1.79 u3® + 0.16u33;
1.79ui* + 0.16u3*, 1.79ui? + 0.16,1.79u® + 0.16u?2® S

7vit + 2102t + 1.99v51, 10v3% + 22032 + 1.99v3%,
1203 + 24023 + 1.99v3%; 6v3* + .17v7* + 1.99v3*, |,
7032 + 22037 + 1.99v32, 14vi5 + 26v2° + 1.99v32
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7.10uit + 0.37u?t, 7.10ui? + 0.37u2?,7.10 u3® + 0.37us3;
7.10ui* + 0.37u*,7.10ul? + 0.37,7.10ud® + 0.37u?® S

6,']%1 + .2517%1 + 3_64’Ufl’ 81]%2 + .3917%2 + 3.6417232;
10023 + 4423 4 3.64v3%; 5vi* +.19v2* + 3.64v34, |,
8v32 +.39vF2 + 3.64v32,12v1° + 47vZ® + 3.64v3?

(ul,ul, uf; uj,ul,ul) = & vr = 1,2,
(vi, v, vi; vl vivl) =6 Vi=123¢>0.

Pessimistic intuitionistic fuzzy CCR DEA model-5.22

ciio o | FBEST o (pBEST pBEST [BEST. ;BEST pBEST [BEST

1.85ui! + 0.33u3?, 1.85 ul? + 0.33u3?,1.85u3® + 0.33 u33;
1.85ui* + 0.33 uz*, 1.85ul? + 0.33u3?, 1.85us® + 0.33u2®

I )
N k 15011 +.39v21 + 9.16v31,17v32 + 44v2% + 9.16v32, )

19v33 + .46v23 + 9.16v33%; 13v}* + .26 vZ* + 9.16v3%,
17v3% + 44022 + 9.16 v3%,21v5 + .63v2° + 9.16v3°

Subject to

1.85ui! + 0.33u?1,1.85 ul? + 0.33u3?,1.85ui® + 0.33 u3;
1.85ui* + 0.33 u?4,1.85ul? + 0.33u3?,1.85u> + 0.33u2®

1501t + .39v21 + 9.16v3%, 17vi%2 + 44022 + 9.16v37,
19v33 + 46v23 + 9.16v33; 13v}* + .26 v* + 9.16v3%, |,
17v32 + 44v3% + 9.16 v32, 21085 + 63025 + 9.16v3
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0.67uj! + 0.41u?1,0.67ui? + 0.41u2?%,0.67u3® + 0.41u33; o
0.67ui* + 0.41u?*, 0.67 ui? + 0.41u2?,0.67ui® + 0.41u?®

14vit + 46vi + 2.68v31, 16v3% + .541722 + 2.68 v3%,
18013 + 65023 + 2.68v33; 120} + 38v2* + 2.68v3%, |,
16v32 + .54v22 4 2.68v32,20v3° + .73v2° + 2.68v3°

10.73ul! + 0.49u?1,10.73ui? + 0.49u2?,10.73ul® + 0.49u33;
10.73ui* 4+ 0.49u2*,10.73ul? + 0.49 u22,10.73u® + 0.49u2> ) ~

13v33 + .57v23 + 4.24v33; 6v}* + 420" + 4.24v3%, |,
11v32 + 54022 + 4.24v32,15v5 + 60025 + 4.24v3?2

1.00ui! + 084u§1, 1.00ul? +.084u3?,1.00 u3® + .084u3>;
1.00ui* +.084u3*, 1.00u3? + .084u3?,1.00ut® + .084u2° ) ~

10vit +.19v#! + 2.08v31, 13032 + .21v32 + 2.08v32
15033 +.24v23 + 2.08v33; 8vi* + .18v3* + 2.08v34, |,
13v32 + 21v2% + 2.08v3%,17vi% + .25v2° + 2.08v32

< L4 47023 + 4.24v31, 11032 + 540322 + 4.24v32

2.88ui! + .20u?t, 2.88ui! + .20u3t, 2.88uit + .20uil,;
2.88ui! + .20u?t,2.88ui! + .20u??,2.88uj' + .20ut | 7

11vil + 25021 + 4.73v31, 14012 + 29v22
16v33 + .31v23 + 4.73v33; 9v}* + .23v3*
14v32 + 29v32 + 4.73v32,19v8° + 33v2°

18vi! +.28v2 + 4.58v31, 21v32 + .29v%% + 4.58v52
24v33 4+ 30033 + 4.58v33; 15v]* + .24v* + 4.58v34, |,
21v3% + .29v%% + 4.58v3%,27vi + 31v2 + 4.58v3%

3.94ult + 0.28u??,3.94ul? + 0.28u3?,3.94 ui® + 0.28u3>;
3.94ul* + 0.28u3*, 3.94ul? + 0.28u3?,3.94ui® + 0.28u2> | ~
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11vit + 21v21 + 1.33v31, 14032 + .23v22 + 1.33v32,
17v33 + 24v23 + 1.33v33; 9v}* +.19v2* + 1.33v34, |,
14v3?% + .23v2%2 + 1.33v3%, 19035 + 25v2° + 1.33v3?

2.16ult + 0.30u?, 2.16ui? + 0.30u??,2.16 ui® + 0.30us3;
2.16ui* + 0.30u?%, 2.16ui? + 0.30u??,2.16ui® + 0.30u2® | =

vyt +.56vF + 2.98v3t, 12v3% + .60v22 + 2.98v37,
13v3% +.62v3% + 2.98v33; 7vi* + .52vF* + 2.98v5*,
12v3% +.60v2% + 2.98v32,16v3% + 64025 + 2.98v5?

2.58ult + 0.15u?1, 2.58ul? + 0.15u3?,2.58 u3® + 0.15u23;
2.58ui* + 0.15u?*,2.58ui? + 0.15u2?,2.58ui® + 0.15u2° | 7

6vil +.16v3! + 1.48v5, 9vf? + 17032 + 1.48v3?,
1203° +.19v3% + 1.48v5%; 6vi* + .13v2* + 1.48v54, |,
93?2 +.17v2% + 1.48v32,12v3° + .20v2° + 1.48v5°

1.00ui! + 0.13u3?, 1.00ul? + 0.13u3?,1.00 u3® + 0.13u3>;
1.00ui* + 0.13u3*, 1.00ui? + 0.13u32,1.00ui® + 0.13u2° ) 7

S5vit +.10v21 +.75v31, 7vd? + 11v3?% +.75v3%,
w33 +.12v23 + .75v33; 3vit +.08v2* +.75v3%, |,
7vi2 + 11v2% + 75032, 10v3° + 13v2° +.75v32

1.73ui! + 0.13u?%,1.73ul? + 0.13u22,1.73 u3® + 0.13u33;
1.73u3* + 0.13u2%,1.73ul? + 0.13u2?,1.73ul® + 0.13u2> | 7

4vit +.15v7" + .87v{", 6v5% +.18v3% + .87v37,
8v1% + 2002 + 87v3%; 3vit + 1202 + 87v",
6vy? +.18v2% + .87v3%,9v3° + .21vE° + .87v3?

1.26ui! + 0.069u?t, 1.26ul? + 0.069u2?,1.26 ui® + 0.069u3;
1.26ui* + 0.069u3*, 1.26ul? + 0.069u3?, 1.26us° + 0.069us> | ~
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8vi! +.18vE 4+ .90v31, 10v3% + .20v5% + .90v37,
13v33 +.22v23 + 90v33; 6vi* + .15v2% + .90v3%, |,
10v32% +.20v2%2 + 90032, 14vd° + .23v2° + .90v32

3.53ui! + 0.26u?!,3.53ul? + 0.26u3?,3.53 u3® + 0.26u33;
3.53ui* + 0.26u*, 3.53ul? + 0.26u?,3.53ui®> + 0.26uz®> ) 7

vt +.19v21 + 1.51v31, 11v32 + .22v%% + 1.51v5%,
13v33 + .24v%3 + 1.51v3%; 7vi* + .16vi* + 1.51v54, |,
11v32 + .22v3% + 1.51v3%,15v8° + .26v2° + 1.51v32

5.98ul! + 0.27u?%,5.98ul? + 0.27u3?,5.98 ui® + 0.27u2’;
5.98ui* + 0.27u?*,5.98ui? + 0.27,5.98ul® + 0.27u2® ”

vt +.20v2 + 2.98v31, 11v32 + 21v3% + 2.98v5%,
14v33 + .23v23 + 2.98v33; 8v}* + .18v3* + 2.98v34, |,
11v32 + 21v3% 4+ 2.98v32,15v8° + 24025 + 2.98v32

1.79ui! + 0.16u3?, 1.79ud? + 0.16u3?,1.79 u3® + 0.16u3>;
1.79u3* + 0.16u3*, 1.79ui? + 0.16,1.79u® + 0.16u?2’ ”

7vit + 2102t + 1.99v51, 10v3% + 22032 + 1.99v3%,
12033 + 2403 + 1.99v33; 6v}* + .17v2* + 1.99v3%, |,
7032 +.2203% + 1.99v32, 14vi5 + 26v2° + 1.99v32

7.10uit + 0.37u?1, 7.10ul? + 0.37u3?,7.10 u3® + 0.37u?3;
7.10ui* + 0.37u?*,7.10ul? + 0.37, 7.10ui® + 0.37u?® ”

6vit + 2507 + 3.64v51, 8012 + 39022 + 3.64v57,
10033 + 44023 4 3.64v33%; 5v}* + .19v2* + 3.64v3*, |,
8v3% +.39v22 + 3.64v3%,12v8° + 47v25 + 3.64v32

T T T. T T T —
(ul,ul, ul; uj,ul,ul) = &, vr = 1,2,
(v{,vé,vé;vﬁ,vé,vé) =& Vi=1,23,¢>0.
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Step 2: Using the relation (aq,a,, as;as, ay,as) < (b, by, bs; by, by, bs) = a; < by,a,; <
b,,as; < bs,a, < by, as < bs and the division of triangular intuitionistic fuzzy numbers, defined
in Section 5.1.2, the optimistic intuitionistic fuzzy CCR DEA model-5.22 and pessimistic
intuitionistic fuzzy CCR DEA model-5.22 can be transformed into optimistic intuitionistic fuzzy

CCR DEA model-5.23 and pessimistic intuitionistic fuzzy CCR DEA model-5.23 respectively.

Optimistic intuitionistic fuzzy CCR DEA model-5.23

[

. : "BEST . BEST BEST BEST ., nBEST BEST BEST
Maximize | EPEST ~ (EBEST, EEEST EBEST, EBEST | pBEST pBEST)

/ 1.85u}® + 0.33u?! 1.85 ul? + 0.33u?? 1.85u3® + 0.33 u33 _\]
.| 19v33 + .46v23 + 9.16v33 " 17v)% + 44v3% + 9.16v3% 15v]! + 39v2! + 9.16v31’ ||
- 1.85u;* + 0.33 uf* 1.85u3? + 0.33u3? 1.85ui® + 0.33u2®

\2117515 + .63v35 +9.16v3° 17v3% + 44v22 + 9.16 v32 13v)* + 26 vZ* + 9.16vj4/J

Subject to
1.85ul! + 0.33u?! < 15v{! + .39v?1 + 9.16v31,
1.85ui? + 0.33u?? < 17vi? + 44v3% + 9.16v37,
1.85ul® + 0.33u?3® < 19v13 + 46v23 + 9.16v33,
1.85ul* + 0.33u?* < 13v}* + .26 v* + 9.16v3*,
1.85ui® + 0.33u?® < 21v2° + .63v2° + 9.16v3°
0.67ull + 0.41u?! < 14v]' + 46v2 + 2.68v31,

0.67ul? + 0.41u?? < 16v3? + .54v22 + 2.68 v3?
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0.67ul® + 0.41u?3 < 18v33 + .65v23 + 2.68v33,
0.67ul* + 0.41u?* < 12v}* + .38v2* + 2.68v3%,
0.67ul® + 0.41u?® < 20v2° +.73v25 + 2.68v35,
10.73ui! + 0.49u?! < 9pil + 47v21 + 4.24v31,
10.73ui? + 0.49u?? < 11v1? + 54022 + 4.24v32,
10.73ui® + 0.49u?® < 13v33 + .57v23 + 4.24v33;
10.73ul* + 0.49u?* < 6V}t + .42v2* + 4.24v3%,
10.73u}® + 0.49u?® < 15v3° + .60v2° + 4.24v3°,
1.00u}! +.084u?t < 10vi! +.19v2! + 2.08v3?,
1.00u}? +.084u?? < 13v3? + .21v22 + 2.08v3%,
1.00ul® +.084u?3 < 15v33 + .24v23 + 2.08v33;
1.00ul* +.084u?* < 8v}i* + .18v3* + 2.08v3*,
1.00ul® +.084u?> < 17v5 + .25v2° + 2.08v3%,
2.88ull + .20u?t < 11vit + .25v2t + 4.73v31,
2.88ul? + .20u?? < 14v1?% + .29v22 + 4.73v32,
2.88uit +.20ui! < 16v33 + .31v23 + 4.73v33;
2.88ui* +.20u* < 9vi* + .23vF* + 4.73v3%,

2.88ul® +.20u?° < 19v3° + 33025 + 4.73v35
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4.97uit + .85uft < 18vi! + .28v7! + 4.58v31,
4.97ui? + .85uf? < 21v3% + .29v2% + 4.58v3%,
4.97ui® + .85uf® < 24033 + 30023 + 4.58v33;
4.97ul* + .85u* < 15v3* + .24v2* + 4.58v3*,
4.97ul® + .85u?® < 27v1° + 31v2° + 4.58v3°,
3.94ui' + 0.28u?! < 11vit + .21v?! + 1.33v31,
3.94u}? + 0.28u?? < 14v3% + .23v2% + 1.33v3?,
3.94ul3 + 0.28u?® < 17v33 + .24v23 + 1.33v35;
3.94ui* + 0.28uf* < 9vi* + .19v7* + 1.33v5%,
3.94ul5 + 0.28u?° < 19v3° + .25v2° + 1.33v3°
2.16ui' + 0.30u?! < 9vit +.56v21 + 2.98v31,
2.16ui? + 0.30u?? < 12v3% + .60v2% + 2.98v32,
2.16ul® + 0.30u?® < 13v13 +.62v2% + 2.98v33;
2.16ut* + 0.30u?* < 7v}* + .52v2* + 2.98v34,

2.16ui® + 0.30u?® < 16v2° + .64v2° + 2.98v3°,

2.58ui! + 0.15u?! < 6vi! + .16v21 + 1.48v37,
2.58ul? + 0.15u?? < 9v3? + .17v3? + 1.48v37,

2.58ui® + 0.15u?3 < 12033 + .19v33 + 1.48v33;
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2.58ui* + 0.15uf* < 6v;* + .13v7* + 1.48v3%,
2.58ul% + 0.15u?° < 1205 + .20v2° + 1.48v5°,
1.00ul! + 0.13u?! < 5vit +.10v2t +.75v3,
1.00ui? + 0.13u?? < 7v3? + 11v2% + .75v3%,
1.00ul® + 0.13u?3 < 9vi3 + .12v23 + .75v33;
1.00ut* + 0.13u?* < 3vi* +.08v* +.75v3%,
1.00u}® + 0.13u?® < 10v° + .13v2° + .75v3°
1.73ul! + 0.13u?! < 4vit + 15v2t + .87v3L,
1.73ul? + 0.13u?? < 6v1? +.18v2?% + .87v3?,
1.73uf? + 0.13u?® < 8v33 + .20v3 + .87v33;
1.73ul* + 0.13u?* < 3v}* + .12v3* + .87v3%,
1.73u}® + 0.13u?° < 9vd® + 21v2° + .87v3°

1.26uit + 0.069u?! < 8vi! +.18v?! + .90v31,
1.26ui? + 0.069u?? < 10v3% + .20v2% + .90v32,
1.26ui3 + 0.069u?3 < 13v13 + .22v23 + .90v33;
1.26ui* + 0.069u?* < 6v;* + .15v2* + .90v3*,
1.26ui® + 0.069u?® < 14v3° + .23v2° + .90v3°
3.53uit + 0.26uf! < 9vi' +.19v#! + 1.51v3?,

3.53ui? + 0.26u?? < 11v3? + .22v%% + 1.51v37,
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3.53ui® + 0.26uf® < 13v33 + .24v3 + 1.51v3°
3.53ui* + 0.26uf* < 7vi* +.16v2* + 1.51v3%,
3.53u}® + 0.26u?® < 15v3° + .26v2° + 1.51v3°
5.98ui® + 0.27uf! < 9vi' + .20v#! + 2.98v3?,
5.98ul? + 0.27u?? < 11v3? + .21v22 + 2.98v3?,
5.98uf® + 0.27uf® < 14v33 + .23v23 + 2.98v33;
5.98ui* + 0.27uf* < 8vi* + .18v7* + 2.98v3%,
5.98ul® + 0.27u?® < 15v3° + .24v25 + 2.98v3°
1.79uit + 0.16ust < 7v{' + 21v#t + 1.99v31,
1.79ul? + 0.16u?? < 10v3% + .22v%% + 1.99v32,
1.79u® + 0.16u?3 < 12v33 + .24v23 + 1.99v33;
1.79ui* + 0.16uf* < 6v;* + .17vi* + 1.99v3%,

1.79u}® + 0.16u?° < 14v5 + 26v2° + 1.99v3°,

7.10uit + 0.37uft < 6vi! + .25v21 + 3.64v37,

7.10ul? + 0.37u? < 8v3? + .39v%% + 3.64v5%,

7.10 u3® + 0.37u?® < 10023 + 44023 + 3.64v33,

7.10ui* + 0.37u?* < 5vi* +.19v2* + 3.64v3%,

7.10ud® + 0.37ul® < 12v8° + 47vZ + 3.64v3°
eSup<ui<uy <uj<ug V,r=12

e<visvi<vi<vi<viv,i=123  £>0.
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Pessimistic intuitionistic fuzzy CCR DEA model-5.23

R I BEST . BEST pBEST pBEST. pBEST BEST rBEST

|

1.85uj® + 0.33u?! 1.85 u3? + 0.33u?? 1.85u3° + 0.33uf® ]
19v33 + 46023 + 9.16v33 " 17v1% + 44v%% + 9.16v32° 15v1 + .39v2! + 9.16v31 ’\‘I
1.85uj* + 0.33 u2* 1.85ui? + 0.33u2? 1.85ui® + 0.33u2® |
21085 4+ .63v2° + 9.16v3° 17v3% + 44v22 + 9.16 v3% ' 13v* + .26 v2* + 9.16vj4/J

Subject to
1.85ui! + 0.33uf! > 15v7! + .39v2 + 9.16v51,
1.85ui? + 0.33uf? > 17v3? + .44v2% + 9.16v3%,
1.85ul® + 0.33u?3® > 19v13 + 46v23 + 9.16v33,
1.85u}* + 0.33u?* > 13v}* + .26 v2* + 9.16v3*,
1.85ul® + 0.33u?° > 21v° + .63v2% + 9.16v3°
0.67ui' + 0.41u?' > 14vit + 46v?1 + 2.68v31,
0.67ul? + 0.41u?? > 16vi? + .54v22 + 2.68 v3?
0.67ui® + 0.41u?3 > 18v13 + .65v33 + 2.68v33,
0.67ui* + 0.41u#* > 12v}* + .38v* + 2.68v3%,
0.67ul® + 0.41u?° > 20v1° +.73v2° + 2.68v3°,

10.73ul! + 0.49u2 > 9vil + 47vit + 4.24v31,

173



10.73ul? 4+ 0.49u?? > 11v3? + .54v%% + 4.24v3?,
10.73ui® + 0.49u?3 > 13013 + 57v23 + 4.24v33;
10.73ul* + 0.49u?* > 6v}* + 420" + 4.24v3%,
10.73ul® + 0.49u?° > 15v2° + .60v2° + 4.24v3°,
1.00ui! +.084ut > 10v]! +.19v2! + 2.08v3?,
1.00ui? + .084u?? > 13v3? + .21v%% + 2.08v3?,
1.00ul® +.084u?3 > 15v33 + .24v23 + 2.08v33;
1.00ut* +.084us* > 8vi* + .18vi* + 2.08v3*,
1.00ul® +.084u?° > 17v3° + .25v2% + 2.08v35,
2.88ull + .20u?t > 11vit + .25v2t + 4.73v31,
2.88ui? +.20u?? > 14v3% + .29v%% + 4.73v3%,
2.88ull + .20u?! > 16v33 + 31v323 + 4.73v33;
2.88uf* +.20u* > 9vi* + .23v7* + 4.73v34,
2.88ul® +.20u?® > 19v3° + .33v2% + 4.73v35
4.97ul' + .85u?! > 18vi! + .28v3! + 4.58v31,
4.97ul? + .85u?? > 21vi% + .29v2? + 4.58v32,
4.97ui® + 85u?® > 24v13 + .30v23 + 4.58v33;
4.97ui* + .85uf* > 15vi* + .24v2* + 4.58v3%,
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4.97ul® + .85uf> > 27vd> + 31v2° + 4.58v3°,
3.94ui! + 0.28u?t > 11v}! + 21v#! + 1.33v31,
3.94ui? + 0.28u?? > 14v3? + .23v2% + 1.33v3%,
3.94ui® + 0.28u?® > 17v13 + .24v2% + 1.33v33;
3.94ul* + 0.28u2* > 9v}* + .19v2* + 1.33v34,
3.94ul® + 0.28u?® > 19v2° + .25v2° + 1.33v3°
2.16uit + 0.30uf! > 9vi' + 56wt + 2.98v31,
2.16uj? + 0.30u?? > 12v32? + .60v22 + 2.98v32,
2.16ui® + 0.30u?® > 13v13 + .62v2% + 2.98v33;

2.16ul* + 0.30u2* > 7vi* + .52v3* + 2.98v34,

2.16ui® + 0.30u?® > 16vi° + .64v2° + 2.98v3°,

2.58ul! + 0.15u2! > 6vit + .16Vt + 1.48v31,
2.58ul? + 0.15u?? > 9v1% + .17v%% + 1.48v3?,
2.58ui® + 0.15uf® > 12v3 + .19v33 + 1.48v33;
2.58ui* + 0.15uf* > 6v;* + .13v7* + 1.48v;%,
2.58ui® + 0.15u?® > 12v3° + .20v2° + 1.48v3°,
1.00ui! + 0.13u#! > 5v{! +.10v#t +.75v31,

1.00ui? + 0.13u?? > 7vi? + 11v2% 4+ .75v32,
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1.00ul3 + 0.13u?3 > 9vi3 + 120323 + .75v33;
1.00ut* + 0.13u?* > 3v;* +.08v* +.75v3%,
1.00ul® + 0.13u?° > 10v° + .13v25 + 75035
1.73ul! + 0.13u?! > 4vit + 15v2t + .87v3L,
1.73ul? + 0.13u?? > 6v1i? + .18v2? + .87v3?,
1.73ui® + 0.13u?3® > 8v13 + .20v23 + .87v33;
1.73ut* + 0.13u?* > 3v3* + .12v7* + .87v3%,
1.73u}® + 0.13u?° = 9vd® + 21v2° + .87v3°

1.26ul! + 0.069u?! > 8vi! +.18v2! + .90v3?,
1.26u}? + 0.069u?? > 10v3% +.20v22 + .90v32,
1.26ui3 + 0.069u?3 > 13v13 + .22v23 + .90v33;
1.26ul* + 0.069u?* > 6vi* +.15v3* + .90v3*4,
1.26ul® + 0.069u?® > 14vi% + .23v25 + .90v3°
3.53ull + 0.26u?! > 9vit +.19v! + 1.51v31,
3.53ui? 4+ 0.26uf? > 11v3% + .22v2% + 1.51v32,
3.53ui® + 0.26u?® > 13v33 + .24v23 + 1.51v33
3.53ui* + 0.26ui* > 7vi* + .16v2* + 1.51v5%,
3.53ui + 0.26u® > 15v3° + .26v2° + 1.51v3°
5.98uil + 0.27u?! > 9vi! + .20v3! + 2.98v31,

5.98ul? + 0.27u?? > 11v3? + .21v22 + 2.98v3?,
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5.98uj® + 0.27u?3 > 14v33 + .23v%3 + 2.98v33;
5.98ui* + 0.27u2* > 8v}* + .18vi* + 2.98v34,
5.98ul® + 0.27u?® > 15v1% + .24v2° + 2.98v3°
1.79ul! + 0.16u?! > 7vi! + .21v21 + 1.99v31,
1.79u}? + 0.16u#? > 10v32 + .22v22 + 1.99v32,
1.79ui® + 0.16u33 = 12v33 + .24v23 + 1.99v33;
1.79ul* + 0.16u* > 6v;* + .17vi* + 1.99v3%,

1.79ul® + 0.16u2° > 14v3° + .26v2° + 1.99v55,
7.10ult + 0.37u?! > 6vit + .25v%1 + 3.64v31,
7.10ul? + 0.37u3? > 8vi? + .39v32 + 3.64v52,
7.10 u3® + 0.37u?® = 10v33 + 44023 + 3.64v33,
7.10uj* + 0.37ud* > 5v}* +.19v3* + 3.64v34,
7.10u’ + 0.37u2® > 12v3% + 47v25 + 3.64v3°,
efup<ui<uy<ujy<ug V,r=12

e<vi<vi<vi<vi<viv,i=123  £>0.

Step 3: The intuitionistic fuzzy optimal value

(EPEST = (BEEST, EBFST, EBFST; EFST, EBFST, EBFST)), representing the best relative
intuitionistic fuzzy efficiency of 15¢ DMU, as well as the intuitionistic fuzzy optimal value
(E{/I/ORST = (EWORST EWORST pWORST, EHORST,E%ORST’E%ORST)) , representing the worst

relative intuitionistic fuzzy efficiency of ISt DMU, can be obtained by solving the optimistic
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intuitionistic fuzzy CCR DEA model-5.23 and pessimistic intuitionistic fuzzy CCR DEA model-

5.23 as follows:

Step 3(a): The optimal value (EZEST) and (E}4ORST) of the optimistic crisp CCR DEA model-
5.24a and pessimistic crisp CCR DEA model-5.24a by solving optimistic crisp CCR DEA
model-5.24b and pessimistic crisp CCR DEA model-5.24b equivalent to optimistic crisp CCR

DEA model-5.24a and pessimistic crisp CCR DEA model-5.24a are 0.292 and 1 respectively .
Optimistic crisp CCR DEA model-5.24a

EBEST _ 1.85ui* + 0.33 u2*
YT 2105 + 6302° 4+ 9.16v3°

Maximize

Subject to

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.38 with the following

additional constraint:

1.85ui* + 0.33 u2*
21v3° + .63v2° + 9.16v3° ~

Optimistic crisp CCR DEA model-5.24b
Maximize[EBEST = 1.85ui* + 0.33 u24]
Subject to

Constraints of optimistic intuitionistic fuzzy CCR DEA model-5.24 with the following additional

constraint:

21085 4+ .63v2° +9.16v3° =1,
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1.85ui* + 0.33 uZ* < 21v3° + .63v2° + 9.16v3°.

Pessimistic crisp CCR DEA model-5.24a

1.85ui* + 0.33 u2*
.. WORST _ 4 2
Minimize | E7, - 2117;5 + ,63v525 + 9.16v§‘5

Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraint:

1.85ui* + 0.33 u2*
> 1.
21v3° + .63v2° + 9.16v3°

Pessimistic crisp CCR DEA model-5.24b
Minimize[EJ4ORST = 1.85ui* + 0.33 u2*]
Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.24 with the following

additional constraints:
21085 + .63v2° +9.16v3° = 1,
1.85ui* + 0.33 u3* = 21vd° + .63v2° + 9.16v3°.

Step (3b): The optimal value (EZEST) and (E}Y9RST) of the optimistic crisp CCR DEA model-
5.25a and pessimistic CCR DEA model-5.25a by solving optimistic crisp CCR DEA model-
5.25b and pessimistic CCR DEA model-5.25b equivalent to optimistic crisp CCR DEA model-

5.25a and pessimistic CCR DEA model-5.25a are 0.416 and 1 respectively .
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Optimistic crisp CCR DEA model-5.25a

11 21
MaXimize ElBlEST — 185u1 + 033u1
19023 + 46v2% + 9.16v33

Subject to

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:

1.85ui* + 0.33 u2*
21v3° + .63v2° + 9.16v3°

= 0.292,

1.85ui! + 0.33u3!
19v33 + .46v23 + 9.16v3° —

0.292 <

Optimistic crisp CCR DEA model-5.25b
Maximize[ EZEST = 1.85ul! + 0.33u?1]
Subject to

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:
19v33 + .46v23 + 9.16v3° =1,
1.85u}* + 0.33 u3* = 0.292(21v2° + .63v2° + 9.16v3°),

0.292(19v33 + .46v23 + 9.16v33) < 1.85ui! + 0.33u?! < 19v33 + 46033 + 9.16v3°.

Pessimistic crisp CCR DEA model-5.25a

11 21
EWORST _ 1.85u;™ + 0.33uf
11

Minimize =
19v33 + 46v23 + 9.16v3°
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Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:

1.85u;* + 0.33u*
21v3% + .63v2° +9.16v3°

)

__ 185ul'+033u}"
T 19v33 + 46v23 + 9.16v3%

Pessimistic crisp CCR DEA model-5.25b
Minimize[E}YORST = 1.85u}! + 0.33u?1]
Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:

19v33 + 46v33 + 9.16v3° =1,

1.85ui* + 0.33 u?* = 21v° + .63v2° + 9.16v3°,
19v33 + .46v23 4+ 9.16v3° < 1.85ui! + 0.33u?l.

Step (3¢c): The optimal value (EEEST) and (EJSORST) of the optimistic crisp CCR DEA model-
5.26a and pessimistic CCR DEA model-5.26a by solving optimistic crisp CCR DEA model-
5.26b and pessimistic CCR DEA model-5.26b equivalent to optimistic crisp CCR DEA model-

5.26a and pessimistic CCR DEA model-5.26b are 0.464 and 1 respectively .
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Optimistic crisp CCR DEA model-5.26a

1.85 ul? + 0.33u??
.. BEST __ 2 2
Maximize | EEFST = 17012 + 44022 + 9.16v32

Subject to

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraint:

1.85ui* + 0.33 u2*
21v3° + .63v2° + 9.16v3°

= 0.292,

1.85u;' +0.33uf' 16
19013 + 46v2% +9.16v33

1.85 ul? + 0.33u3?

0.416 < <1
17v3% + 44022 + 9.16v32

Optimistic crisp CCR DEA model-5.26b
Maximize[EEEST = 1.85 ul? + 0.33u2?]
Subject to

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:
17v3% + 44v2%2 + 9.16v3% =1,
1.85uj* + 0.33 u2* = 0.292(21v2° + .63v2° + 9.16v3%),

1.85ui! + 0.33u?! = 0.416(19v13 + 46v33 + 9.16v33),
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0.416(17v2% + 44v22 + 9.16v32) < 1.85 ul? + 0.33u? < 17v3? + .44v22 + 9.16v32.

Pessimistic crisp CCR DEA model-5.26a

1.85 u}? + 0.33u3?
. BEST _ 2 2
Minimize | EBEST = 17v12 + 44022 + 916132

Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.38 with the following

additional constraint:

1.85u;* + 0.33ug*
2105 + .63v%° +9.16v3°

)

1.85u;' +0.33uf'
19033 + 46v2° +9.16v3°

)

1.85 ul? + 0.33u3?

0.416 <
17v3% + 44022 + 9.16v32

Pessimistic crisp CCR DEA model-5.40b
Minimize[EEEST = 1.85 ul? + 0.33u?2?]
Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:
17v3% + 44v2% + 9.16v3% =1,
1.85ui* + 0.33 u3* = 21vd® + .63v2° + 9.16v3°,

1.85ui! + 0.33u?! = 19v33 + 46v23 + 9.16v33,
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17v3% + 44v%% + 9.16v3% < 1.85 u3? + 0.33u3>

Step (3d): The optimal value (EZEST) and (E}%9%5T) of the optimistic crisp CCR DEA model-
5.27a and pessimistic CCR DEA model-5.27a by solving optimistic crisp CCR DEA model-
5.27b and pessimistic CCR DEA model-5.27b equivalent to optimistic crisp CCR DEA model-

5.27a and pessimistic CCR DEA model-5.27a are 0.464 and 1 respectively .
Optimistic crisp CCR DEA model-5.27a

1.85ul® + 0.33 u?®
. BEST _ 3 3
Maximize |Ef5°" = 15v11 4+ 39021 + 9.16v3"

Subject to

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:

1.85ui* + 0.33 u2*

= 0.292,
21v3° + .63v2° + 9.16v3°
1.85uj! + 0.33u?!
13 23 33 — 0.416,
19v3° + .46v35° + 9.16v;
1.85 u3? + 0.33u3?
= 0.464,

17v3% + 44v2% 4+ 9.16v32

1.85u3® + 0.33 u23

0.464 < <1
15v1! +.39v2! + 9.16v3!

Optimistic crisp CCR DEA model-5.27b

Maximize[EBEST = 1.85ul3 + 0.33 u33]
13 3 3
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Subject to

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraint:

15vi +.39v2 + 9.16v3t =1,

1.85uj* + 033 u2* = 0.292(21v2° + .63v2° + 9.16v3°%),

1.85ui! + 0.33u?! = 0.416(19v33 + .46v33 + 9.16v33),

1.85 ul? + 0.33u2? = 0.464(17v3% + .44v2? + 9.16v52),

0.464(15v1! + .39v21 + 9.16v31) < 1.85ul® + 0.33 u3® < 15v! +.39v21 + 9.16v31,

Pessimistic crisp CCR DEA model-5.27a

13 23
N 150" +.39v7! + 9.16v5"

Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraint:

1.85u;' +0.33uf'
19013 + 46v2% +9.16v3°

)

1.85u;* + 0.33u3*
21v% + .63v2° +9.16v3°

)

1.85 ul? + 0.33u2? B
17v3% + 44v3? + 9.16v3%

)
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- 1.85u3® + 0.33 u23
T 1591t + .39v2 + 9.16v31

Pessimistic crisp CCR DEA model-5.27b
Minimize[EJ}ORST = 1.85ui® + 0.33 u2?]
Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:

15vit + .39v21 + 9.16v3 =1

1.85uit + 0.33u?! = 19v33 + .46v5 + 9.16v3°
1.85ui* + 0.33 u3* = 21vd° + .63v2° + 9.16v3°
1.85 u3? + 0.33u3? = 17v3% + .44v5% + 9.16v3°
15v1t + 39921 + 9.16v3! < 1.85ul® + 0.33 u33

Step 3: The optimal value (EZEST) and (E}XORST) of the optimistic crisp CCR DEA model-5.28a
and pessimistic CCR DEA model-5.28a by solving optimistic crisp CCR DEA model-5.28b and
pessimistic CCR DEA model-5.28b equivalent to optimistic crisp CCR DEA model-5.28a and

pessimistic CCR DEA model-5.28a are 0.464 and 1 respectively .

Optimistic crisp CCR DEA model-5.28a

1.85uz” + 0.33ug”
Maximize | EEEST = > >

T 13uM + 26 v2* +9.16v3%

Subject to
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Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:

1.85ui* + 0.33 u2*

= 0.292,
21v3° + .63v2 + 9.16v3°
1.85ui! + 0.33u??
13 23 33 = 0416,
19v3° + .46v35° + 9.16v;
1.85 u3? + 0.33u3?
12 22 3z = 0464,
17v,° + 44v5“ + 9.16v;
1.85u3® + 0.33 u23
= 0.464,

15v{1 + 39v#! + 9.16v31

0464 < 1.85ui® + 0.33u2® <1
T 13ut+ 2602t +9.6u T

Optimistic crisp CCR DEA model-5.28b
Maximize[EFEST = 1.85ui® + 0.33u?’]
Subject to

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:

13vi* + 26 vi* + 9.16v5* =1,

1.85ul! + 0.33u?! = 0.416(19v33 + .46v33 + 9.16v33),
1.85uj* + 0.33 u2* = 0.292(21v2° + .63v2° + 9.16v3°%),
1.85 ul? + 0.33u2? = 0.464(17v3% + 44v%2 + 9.16v3?),
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1.85ul® + 0.33 u23 = 0.464(15v1! + .39v?! + 9.16v31),

0.464(13v}* + .26 vZ* + 9.16v3*) < 1.85u® + 0.33u2® < 13v}* + .26 v2* + 9.16v3%

Pessimistic crisp CCR DEA model-5.28a

15 25
Minimize | EV{ORST = 1.85uz> + 0.33us
13" + .26 v2* + 9.16v3*

Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraints:

1.85u;' +0.33uf' .
19033 + 46v2° +9.16v3°

1.85u;* + 0.33ug*
2105 + .63v%° +9.16v3°

)

1.85 u3? + 0.33u3? B
17v12 + 44v%% + 9.16v3%

)

1.85uz> + 033uf® )
15011 4+ .39v21 +9.16v31

1.85ul® + 0.33u2®
< .
13v}* + 26 v2* + 9.16v3*

Pessimistic crisp CCR DEA model-5.28b

1.85ud® + 0.33u2®
Minimize | E/ORST = > >

13vM* + .26 v2* + 9.16v3*
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Subject to

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following

additional constraint:

13vi* + 26 vZ* + 9.16v3* =1,

1.85uit + 0.33u?! = 19v33 + .46v33 + 9.16v33,
1.85ui* + 0.33 u2* = 21v° + .63v2° + 9.16v3°,
1.85 u3® + 0.33u3? = 17v3? + 44v2% + 9.16v32,
1.85u3® + 0.33u3® = 15v{* +.39v#! + 9.16v57,
13v3* + .26 v2* + 9.16v3* < 1.85ul® + 0.33u?2®.

Step 4: Using the values of E;r5", EJFST, EJ5ST; ExeST, EJEST and

EpiORST, EoORST, EpgORST; EjORST, EbORST, EpiORST | obtained in Step (3a) to Step (3e), the
intuitionistic fuzzy optimal value (EfEST = (EBEST gBEST EBEST, pBEST pBEST pBEST ) of
optimistic intuitionistic fuzzy DEA model-5.23, representing the best relative intuitionistic fuzzy
efficiency of IS* DMU, is (0.416,0.464,0.464;0.292,0.464,0.464)as well as intuitionistic
fuzzy optimal value (E’"{/I/ORST — (E{A{ORST‘ E%ORST' E%ORST; E{/ZORST' E%ORST' E%ORST)) of
pessimistic intuitionistic fuzzy DEA model-5.23, representing the worst relative intuitionistic
fuzzy efficiency of IS*DMU is (1,1,1;1,1,1).

Step 5: The crisp optimal value

(EfEST = R(EPEST) = R(0.416,0.464,0.464; 0.292,0.464,0.464)), representing the best

relative crisp efficiency of IS* DMU is 0.437.
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Step 6: The crisp optimal value (E{’VORST =

worst relative crisp efficiency of It DMU is 1.

5.7.3 Results

R(EFORT) = R(1,1,1; 1,1,1)), representing the

The best relative intuitionistic fuzzy efficiency as well as worst relative intuitionistic fuzzy

efficiency and hence, the relative geometric crisp efficiency of all the DMUs, obtained by the

proposed approach, are shown in Table 5.2.

Table 5.2 Best relative intuitionistic fuzzy efficiency, worst relative intuitionistic fuzzy

efficiency and the relative geometric crisp efficiency of all the DMUs.

DMUs Best relative intuitionistic Worst relative intuitionistic Relative crisp

fuzzy efficiency fuzzy efficiency geometric

efficiency
1 (.416,.464,.464;.292,.464,.464) (1,1,1;1,1,1) .661
2 (.742,.751,.763;.727,.751,.768)| (1,1.243,1.532; 1,1.243,1.352) .970
3 (.940,.946,.949;.937,.947,.958)| (1.023,1.245,2.034; 1,1.243,3.65 1.225
4 (.238,.278,.305;.216,.278,.325) (1,1,1.554;1,1,1.554) 544
5 (.345,.351,.353;.339,.351,.360) (1,1,1;1,1,1) 591
6 (1,1,1;1,1,1) (1,1,1.582; 1,1,1.603) 1.07
7 1,1,1;1,1,1) (1,2.63,3.96;1,2.63,10.21) 1.825
8 (.525,.525,.525;.525,.525,.525)| (1,1.234,1.952;1,1.234,2.018) .809
9 (.623,.630,.635;.604,.630,.639)| (1,2.349,3.809;1,2.349,6.023) 1.268
10 (.825,.830,.838;.823,.830,.842) (1,1,1;1,1,5.508) 1.074
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11 [(.716,.718,.723;.710,.718,.728)| (1,2.938,3.809;1,2.938, 4.432) 1.405
12 | (.473,.473,.473; 473,473, .473) (1,1,1.247;1,1,1.513) 720
13 [ (.820,.827,.830;.818,.827,.837)| (1,3.253,3.997; 1,3.253, 10.908) 1.758
14 [ (.679,.685,.690;.672,.685,.693)| (1,3.040,4.411;1,3.040,4.411) 1.402
15 | (.732,.735,.739; 727,735,748) | (1,1.853,2.092;1,1.853,3.453) 1.173
16 | (.733,.737,.740;.730,.737,.742)| (1,3.973,5.298;1,3.973,8.416) 1.706

5.8 Conclusions

On the basis the present study, it can be concluded that there are flaws in the optimistic as

well as pessimistic intuitionistic fuzzy CCR DEA model and in the method proposed by Puri and

Yadav [83] and hence neither the intuitionistic fuzzy CCR DEA model proposed by, Puri and

Yadav [83] nor the method proposed by Puri and Yadav [83] should be used for evaluating the

best relative geometric crisp efficiency of DMUs. Also, to resolve the flaws of the intuitionistic

fuzzy CCR DEA models, new intuitionistic fuzzy CCR DEA models are proposed. Further, a

new approach is proposed to solve the proposed intuitionistic fuzzy CCR DEA models for

evaluating the best relative geometric crisp efficiency of DMUEs.
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Chapter 6

Future Scope

The following may be treated as future directions:

1. The fuzzy/intuitionistic fuzzy CCR DEA models, proposed in thesis, are valid only if
positive fuzzy/intuitionistic fuzzy numbers represents input and output data. However, in
real life problem, there exist several real life problems in which some of the input data
and/ or output data may be negative e.g., investment returns of mutual funds may be
negative. Some researchers have developed some fuzzy DEA models to deal with
negative data. However, after a deep study of these methods, it is concluded that there are
some flaws in these methods. In future, it may be tried to develop new fuzzy/
intuitionistic fuzzy DEA models to deal with negative data.

2. In the thesis, the flaws in the exiting fuzzy/ intuitionistic fuzzy CCR DEA models are
pointed out and to resolve the flaws, new fuzzy/ intuitionistic fuzzy CCR DEA models
are proposed. There are several other fuzzy DEA models which are extension of fuzzy
CCR DEA models. It can be easily verified that the flaws, pointed out in the fuzzy/
intuitionistic fuzzy CCR DEA models, also exists in the other fuzzy DEA models. In
future, new fuzzy/ intuitionistic fuzzy DEA models may be developed to resolve the
flaws of other existing fuzzy DEA models.

3. The approaches, proposed in this thesis, may be used to evaluate the exact best relative

geometric crisp efficiency of real life problems.
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