
 

SOME APPROACHES FOR SOLVING FUZZY 

DATA ENVELOPMENT ANALYSIS MODELS  

 

 

 A THESIS SUBMITTED TO 

 THAPAR UNIVERSITY 

 PATIALA (PUNJAB), INDIA 

 FOR THE DEGREE OF 

 

 DOCTOR OF PHILOSOPHY 

 IN 

LM THAPAR SCHOOL OF MANAGEMENT 

 

 SUBMITTED BY 

 

 BINDU BHARDWAJ 

 (Registration no.: 950913006) 

 

  

 

LM THAPAR SCHOOL OF MANAGEMENT 

THAPAR UNIVERSITY PATIALA-147004 (PUNJAB) INDIA 

April - 2015 



CERTIFICATE

This is to certify that the thesis entitled, "Some Approaches for Solving Fuzzy

Data Envelopment Analysis Models", submitted by Ms. Bindu Bhardwaj, in the fulfillment

of the requirement for the award of the degree of Doctor of Philosophy in the LM Thapar

School of Management, Thapar University, Patiala, is a record of candidate's own work

carried out by her under my supervision and guidance.

The matter presented in this thesis has not been submitted in part or full for the award

of any degree in any other University or Institute.

Attestation by supervisor

Dr. Amit Kumar

Assistant Professor

School of Mathematics

Thapar University

Patiala-t47004

INDIA



DECLARATION

It is certified that the thesis is entirely my own and the ideas and references cited

herein have been duly acknowledged.

Attestation by supervisor

Dr, Amit Kumar

Assistant Professor

School of Mathematics

Thapar University

Patiala-1'47004

INDIA



 

 

 

DECLARATION 

 

DEDICATED  

TO  

MY SUPERVISOR 

& 

MY KIDS 

 

 

 

 

 



 i 

Acknowledgements 

I thank the Almighty God, who gave me the opportunity and strength to carry out this 

work. 

I feel privileged to express my sincere regards and gratitude to my supervisor Dr. 

Amit Kumar, Assistant Professor, School of Mathematics, Thapar University, Patiala for his 

expert guidance, cool and benign temperament, valuable suggestions, support, advice and 

continuous encouragement throughout the course of my research work. The critical 

comments, rendered by him during the discussions are deeply appreciated. 

I would like to acknowledge the adolescent inner blessings of Mehar lovely daughter 

of cousin of my supervisor Dr. Amit Kumar. My supervisor, Dr. Amit Kumar, believes that 

Mata Vaishno Devi has appeared on the earth in the form of Mehar and without Mehar 

blessings it would not be possible to think the ideas presented in this thesis.  

I am highly obliged to Professor Padmakumar Nair, Director, LM Thapar School of 

Management, all the members of Doctoral Committee (especially Professor Ravi Kiran and 

Dr. Piyush Verma), faculty members and non-teaching staff for providing me encouragement 

and necessary facilities for carrying out my research work. 

I am also grateful to Professor O.P Pandey, Dean of Research and Sponsored Project, 

for his constant encouragement that was of great importance in the completion of the thesis. I 

am also thankful to Professor P. K. Bajpai (Ex. Dean of Research and Sponsored Project, 

Thapar University) for his encouraging words. 

I extend my thanks to Professor Prakash Gopalan, Director, Thapar University, Patiala 

for his valuable support that made me consistent performer. 

I am grateful to Dr. K. Maddulety, Associate Professor and Area Coordinator in NITI 

Mumbai, for his support.  

I am greatful to my uncle Mr. Harinder Kumar Nanchahal, whose blessings and 

support have always encouraged me to perform best of my abilities. 



I am also grateful to my friends Jagdeep Kaur, Sukhpreet Kaur, Asmita Pandey,

Jeevanjot Kaur, Harwinder Kaur, and all other Research Scholars of School of Mathematics

and Computer Applications and LM Thapar School of Management for their timely help and

the moral support they provided me during my research work.

I feel a deep sense of gratihrde for my parents who formed part of my initial vision

and inculcated in me the real value of education which really matters in life. I would like to

give my special thanks to my Mother-in-law, Father, Mother and Bua ji for their constant

support and encouragement that was of great importance in the completion of the thesis. I

would like to acknowledge the time scarified by my cute kids and lovable husband.

Patiala

April2l,2015



 i 

Abstract 

 In this thesis, flaws in the existing fuzzy CCR DEA model as well as in some of the 

existing methods for solving fuzzy CCR DEA model are pointed out. Also, to resolve the 

flaws new fuzzy CCR DEA model and new approaches for solving it are proposed. 

 

1.2 Organization of the thesis 

 The chapter wise summary of the thesis is as follows:      

Chapter 2 

Hatami-Marbini et al. [40] proposed a method to solve fuzzy CCR DEA model for 

evaluating the best relative fuzzy efficiency of decision making units (DMUs). In this 

chapter, it is pointed that the product of fuzzy numbers, used by Hatami-Marbini et al. [40], 

in their proposed method, is incorrect and hence, the method, proposed by Hatami-Marbini et 

al. [40], is not valid. To resolve this flaw, the method proposed by Hatami Marbini et al. [40], 

is modified by using correct product of fuzzy numbers.  

Chapter 3 

Wang et al. [106] replaced the crisp output data and crisp input data of the crisp CCR 

DEA model with fuzzy data and proposed two methods for solving this fuzzy CCR DEA 

model. In this chapter, it is pointed out that the fuzzy CCR DEA model, proposed by Wang et 

al.[106], is not valid and hence the methods, proposed by Wang et al. [106] for evaluating the 

fuzzy efficiency of DMUs, are also not valid. Also, a new fuzzy CCR DEA model as well as 

a method to solve this fuzzy CCR DEA model is proposed. 

Chapter 4 

 Wang and Chin [105] proposed an optimistic as well as pessimistic fuzzy CCR DEA 

model and an approach for solving it to evaluate the best relative fuzzy efficiency as well as 

worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs. In 

this chapter, it is shown that the fuzzy CCR models, proposed by Wang and Chin [105], are 
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not valid and hence cannot be used to evaluate the best relative fuzzy efficiency as well as 

worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs. To 

resolve the flaws of the fuzzy CCR DEA model, proposed by Wang and Chin [105], new 

fuzzy CCR DEA models are proposed. Also, a new approach is proposed to solve the 

proposed fuzzy CCR DEA models for evaluating the relative geometric fuzzy efficiency of 

DMUs. 

Chapter 5 

 Puri and Yadav [83] proposed an optimistic as well as pessimistic intuitionistic fuzzy 

CCR DEA model and an approach to evaluate the best relative intuitionistic fuzzy efficiency 

as well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp 

efficiency of decision making units (DMUs). In this chapter, it is shown that the intuitionistic 

fuzzy CCR models, proposed by Puri and Yadav [83] are not valid and hence cannot be used 

to evaluate the best relative intuitionistic fuzzy efficiency as well as worst relative 

intuitionistic fuzzy efficiency and hence, relative geometric crisp efficiency of decision 

making units (DMUs). To resolve the flaws of the intuitionistic fuzzy CCR DEA model, 

proposed by Puri and Yadav [83], new intuitionistic fuzzy CCR DEA models are proposed. 

Also, a new approach is proposed to solve the proposed intuitionistic fuzzy CCR DEA 

models for evaluating the best relative intuitionistic fuzzy efficiency as well as worst relative 

intuitionistic fuzzy efficiency and hence, relative geometric  crisp efficiency of DMUs. 

Chapter 6 

Finally, in this chapter, some future directions has been suggested. 
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Chapter 1 

Introduction  

 

1.1 Introduction 

The efficiency evaluation of every system is important to find its weakness so that 

subsequent improvements can be made. The same has been practiced and studied for a long time. 

It has been recognized that the efficiency evaluation is a very complex problem. Two basic 

approaches used for evaluating efficiency are the parametric and nonparametric approaches. The 

parametric approach requires an assumption on the relationship between inputs and outputs while 

the nonparametric approach does not require any such assumption on the functional form. 

Numerous methods for measuring and evaluating productive efficiency have been developed. 

Data envelopment analysis (DEA), a non-parametric approach proposed by Charnes et al. [11], is 

an approach to measure the relative efficiency of homogenous units called decision making units 

(DMUs) which consume the same type of inputs and produce the same type of outputs. 

  A common measure of relative efficiency when there are multiple inputs and multiple 

outputs is a ratio of weighted sum of outputs to the weighted sum of inputs. DEA uses this 

concept and generalizes multiple-inputs and multiple-outputs for each DMU into a single virtual 

input and single virtual output, respectively. Specifically, it determines a set of weights such that 

the efficiency of the target DMU,      relative to the other DMUs is maximized. Thus, it 

provides an envelope for all considered DMUs rather than fitting a regression plane through the 

center of the data. Since, the pioneering work Charnes et al. [11], Data Envelopment Analysis 

(DEA) has been extensively used for evaluating the performance of many activities. 
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      The reason of the DEA methodology being recommended widely in researches and 

applications is that it possess many merits which are not covered by traditional approaches [100].  

For instance:  

(1) It is not only capable of deriving a single aggregated measure of the relative efficiency of 

DMUs in terms of their utilization of input factors to produce the desired outputs, but also 

able to provide suggestions on the possibility of increasing outputs and/ or conserving 

inputs to make the inefficient DMU become efficient. 

(2) In addition, DEA can handle non-commensurable multiple outputs and inputs without 

prior weight or prices. 

 Although, DEA methodology owns many advantages as stated above, it has some 

limitations which can be further improved [31]. The conventional DEA methods require accurate 

measurement of both the inputs and outputs. However, inputs and outputs of DMUs in real world 

problems are ever changeful. For example, for evaluating operation efficiencies of airlines, seat 

kilometers available, cargo-kilometers available, fuel and labor are regarded as inputs and 

passenger kilometers performed as the output. It is common sense that these inputs and output 

are easy to change because of weather, season, operating state and so on. Because DEA is a 

`boundary' method sensitive to outliers, it is very difficult to evaluate the efficiency of DMU 

with varying inputs and outputs by conventional DEA models. Some researchers have proposed 

several models to challenge how to deal with the variation of data in efficiency evaluation 

problems by stochastic frontier models [28]. On the other hand, in more general cases, the data 

for evaluation are often collected from investigation by polling where the natural language such 

as good, medium and bad are used to reect a kind of general situation of the investigated entities 

rather than a specific case [79]. In the above example, the expert can make a general Conclusions 



3 
 

that airline A's passenger-kilometer is about 200 passenger-kilometers and fuel cost is high based 

on his rich experience.  

 Imprecise evaluations may be the result of unquantifiable, incomplete and non-obtainable 

information. In recent years, fuzzy set theory, established by Zadeh [113] has been proven to be 

useful as a way to quantify imprecise and vague data in DEA models. Fuzzy numbers are used to 

summarize the general situation of inputs and outputs and reacts the ambiguity of the expert's 

judgment. The center of a fuzzy number represents the most general case and the spread reacts 

some possibilities. The DEA model with fuzzy data, called “fuzzy DEA” models, can more 

realistically represent real world problems than the conventional DEA models. Fuzzy set theory 

also allows linguistic data to be used directly within the DEA model. Since, the original study by 

Sengupta [94, 95] there has been a continuous interest and increased development in fuzzy DEA 

(FDEA) literature. Several approaches have been developed and many new are coming for 

handling fuzzy input and output data in FDEA.  

 There are relatively a large number of papers in the fuzzy DEA literature. Since, 

summary development of the fuzzy DEA followed by a detailed description of the fuzzy DEA 

methods is easily available in the literature [25, 35]. So, to avoid the repetition of literature, the 

same is not described here and interested readers are requested to see the literature [25, 35]. 

However, research work done in four papers, published in last 6 years and base of this thesis 

work, is described in detailed manner in Chapter 2 to Chapter 5 of  the thesis. 

 After reviewing the literature, it can be concluded that there are flaws in the existing 

fuzzy DEA models as well as in the existing methods for solving fuzzy DEA models. In this 

thesis, flaws in the existing fuzzy CCR DEA model as well as in some of the existing methods 
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for solving fuzzy CCR DEA model are pointed out. Also, to resolve the flaws new fuzzy CCR 

DEA model and new approaches for solving it are proposed. 

 

1.2 Organization of the thesis 

 The chapter wise summary of the thesis is as follows:      

Chapter 2 

Hatami-Marbini et al. [40] proposed a method to solve fuzzy CCR DEA model for 

evaluating the best relative fuzzy efficiency of decision making units (DMUs). In this chapter, it 

is pointed that the product of fuzzy numbers, used by Hatami-Marbini et al. [40], in their 

proposed method, is incorrect and hence, the method, proposed by Hatami-Marbini et al. [40], is 

not valid. To resolve this flaw, the method proposed by Hatami Marbini et al. [40], is modified 

by using correct product of fuzzy numbers.  

Chapter 3 

Wang et al. [106] replaced the crisp output data and crisp input data of the crisp CCR 

DEA model with fuzzy data and proposed two methods for solving this fuzzy CCR DEA model. 

In this chapter, it is pointed out that the fuzzy CCR DEA model, proposed by Wang et al.[106], 

is not valid and hence the methods, proposed by Wang et al. [106] for evaluating the fuzzy 

efficiency of DMUs, are also not valid. Also, a new fuzzy CCR DEA model as well as a method 

to solve this fuzzy CCR DEA model is proposed. 

Chapter 4 

 Wang and Chin [105] proposed an optimistic as well as pessimistic fuzzy CCR DEA 

model and an approach for solving it to evaluate the best relative fuzzy efficiency as well as 
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worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs. In this 

chapter, it is shown that the fuzzy CCR models, proposed by Wang and Chin [105], are not valid 

and hence cannot be used to evaluate the best relative fuzzy efficiency as well as worst relative 

fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs. To resolve the flaws of 

the fuzzy CCR DEA model, proposed by Wang and Chin [105], new fuzzy CCR DEA models 

are proposed. Also, a new approach is proposed to solve the proposed fuzzy CCR DEA models 

for evaluating the relative geometric fuzzy efficiency of DMUs. 

Chapter 5 

 Puri and Yadav [83] proposed an optimistic as well as pessimistic intuitionistic fuzzy 

CCR DEA model and an approach to evaluate the best relative intuitionistic fuzzy efficiency as 

well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp 

efficiency of decision making units (DMUs). In this chapter, it is shown that the intuitionistic 

fuzzy CCR models, proposed by Puri and Yadav [83] are not valid and hence cannot be used to 

evaluate the best relative intuitionistic fuzzy efficiency as well as worst relative intuitionistic 

fuzzy efficiency and hence, relative geometric crisp efficiency of decision making units (DMUs). 

To resolve the flaws of the intuitionistic fuzzy CCR DEA model, proposed by Puri and Yadav 

[83], new intuitionistic fuzzy CCR DEA models are proposed. Also, a new approach is proposed 

to solve the proposed intuitionistic fuzzy CCR DEA models for evaluating the best relative 

intuitionistic fuzzy efficiency as well as worst relative intuitionistic fuzzy efficiency and hence, 

relative geometric  crisp efficiency of DMUs. 

Chapter 6 

Finally, in this chapter, some future directions has been suggested. 
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Chapter 2 

Modified Approach for Solving Fully Fuzzy CCR 

DEA Model
1

 

Hatami-Marbini et al. [40] proposed a method to solve fuzzy CCR DEA model for 

evaluating the best relative fuzzy efficiency of decision making units (DMUs). In this chapter, it 

is pointed that the product of fuzzy numbers, used by Hatami-Marbini et al. [40] in their 

proposed method, is incorrect and hence, the method, proposed by Hatami-Marbini et al. [40], is 

not valid. To resolve this flaw, the method proposed by Hatami Marbini et al. [40], is modified 

by using correct product of fuzzy numbers.  

2.1 Preliminaries 

In this section, some basic definitions and arithmetic operations of fuzzy numbers are 

reviewed [123]. 

2.1.1 Basic definitions 

In this section, some basic definitions are reviewed [123]. 

Definition 2.1 If the universal set is defined as     then a fuzzy set    of    can be defined by as a 

set of pairs of element x and        ,                        , where,        ,  a real number  

in interval       represents the grade of membership function of   in   .  

                                                           
1
 The contents of this chapter are communicated for the possible publication in International Journal of Information 

and Decision Sciences. 
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Definition 2.2 A fuzzy set    is said to be convex if 

                                                            .  

Definition 2.3 A fuzzy set    in   is said to be a normal fuzzy set if there exist at least a     

such that         . 

Definition 2.4 A fuzzy set     is a fuzzy number if    is normal and convex. 

Definition 2.5 A fuzzy number    is said to be non-negative (positive) if            

          

Definition 2.6 A fuzzy number                          is said to be a triangular 

fuzzy number if its membership function is given by   

         

 
 
 

 
 

 

  
                       

                                     

 

  
                      

                           

  

Definition 2.7 A triangular fuzzy number                is said to be non-negative triangular 

fuzzy number if and only if           

Definition 2.8 A triangular fuzzy number                is said to be positive triangular 

fuzzy number if and only if           

Definition 2.9 A fuzzy number                                  , is said to be a 

trapezoidal fuzzy number if its membership function is given by   
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Definition 2.10 A trapezoidal fuzzy number                   is said to be non-negative 

trapezoidal fuzzy number if and only if           

Definition 2.11 A trapezoidal fuzzy number                   is said to be positive 

trapezoidal fuzzy number if and only if           

Definition 2.12 [40] A function           is a ranking function, where       is a set of 

fuzzy numbers that is defined on the set of real numbers. This function maps each fuzzy number 

into real line.  

Let                and               be two triangular fuzzy numbers. Then, 

(i)       iff              

(ii)       iff              

where,          
     

 
 and           

     

 
. 

Let                   and                  be two trapezoidal fuzzy numbers. 

Then, 

(i)       iff              

(ii)       iff              

where,       
     

 
 

     

 
 and       

      

 
 

     

 
. 
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Remark 2.1 A triangular fuzzy number               is also represented as             

where,                      and         In Chapter 3, this representation is 

used. 

Remark 2.2 A trapezoidal fuzzy number                  is also represented as    

           where,                           and          In Chapter 

4, this representation is used. 

Remark 2.3 Let              be a trapezoidal fuzzy number. Then,       
       

 
. 

Remark 2.4 Let            be a triangular fuzzy number. Then,       
      

 
. 

2.1.2 Arithmetic operations 

In this section, arithmetic operations of triangular fuzzy numbers and trapezoidal fuzzy 

numbers are presented. 

2.1.2.1 Arithmetic operations of triangular fuzzy numbers 

Let                 and                 be two arbitrary triangular fuzzy numbers. 

Then,  

(i)        = (                 ) 

(ii)                              

(iii)                                                     where    and 

   are non-negative triangular fuzzy numbers.   

(iv)  
   

   
   

  

  
 
  

  
  

      

     
 
      

     
 

  

  
 , where    is a non-negative triangular fuzzy 

number and    is a positive triangular fuzzy number. 
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Let                                  and                     

              be two arbitrary triangular fuzzy numbers. Then,  

(i)        =                     

(ii)                              

(iii)                          where    and    are non-negative triangular fuzzy numbers.   

(iv)  
  

  
   

  

  
 

  

  
 
  

  
 , where    is a non-negative triangular fuzzy number and     is a 

positive triangular fuzzy number. 

2.1.2.2 Arithmetic operations of trapezoidal fuzzy numbers 

Let                    and                   be two arbitrary trapezoidal fuzzy 

numbers. Then,  

(i)        = (                       ) 

(ii)                                    

(iii)                                                  

       where    and    are non-negative trapezoidal fuzzy numbers.   

(iv)   
   

   
   

  

   
  

   
  

    
      

      
      

      
  

   , where    is a non-negative 

trapezoidal fuzzy number and    is a positive trapezoidal fuzzy number. 

Let                                         and                    

                     be two arbitrary trapezoidal fuzzy numbers. Then,  

(i)        =                           

(ii)                                       
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(iii)                                 where    and    are non-negative trapezoidal 

fuzzy numbers.  

(iv)    
  

  
   

  

  
 

  

  
 
  

  
 

  

  
 , where    is a non-negative trapezoidal fuzzy number       

and     is a positive trapezoidal fuzzy number.  

2.2 Existing fuzzy DEA model 

If there are   DMUs, then the best relative efficiency       of     DMU can be obtained 

by solving the CCR DEA model-2.1 [11]. 

CCR DEA model-2.1 

            
                         

                         
  

Subject to  

 
                         

                         
             

If each DMU have   inputs (                          and   outputs (      

                 ) then the CCR DEA model-2.1 can be transformed into the crisp CCR 

DEA model-2.2 [11]. 

Crisp CCR DEA model-2.2 

            
      

 
   

       
 
   

  

Subject to 
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 where              and              are the weights assigned to the     output and     

input, respectively.  

The crisp CCR DEA model-2.2 can be transformed into the crisp CCR DEA model-2.3 

[11]. 

CCR crisp DEA model-2.3 

                  

 

   

  

Subject to 

          

 

   

 

      

 

   

            

 

   

        

               

 where              and              are the weights assigned to the     output and     

input, respectively.  

Hatami Marbini et al. [40] pointed out that the crisp CCR DEA model-2.3, proposed by 

Charnes et al. [11] can be used only to evaluate the best relative efficiency       of     DMU 

only if the collected data is precise. However, if the collected data is imprecise or vague then the 
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crisp CCR DEA model-2.3, proposed by Charnes et al. [11] cannot be used to obtain the best 

relative efficiency       of     DMU. To overcome this limitation of the crisp CCR DEA model-

2.3, proposed by Charnes et al. [11], Hatami Marbini et al. [40] transformed the crisp CCR DEA 

model-2.3 into fuzzy CCR DEA  model-2.4 by replacing the crisp parameters          

            with triangular fuzzy numbers         
    

    
 
             

     
     

 
  

      
    

    
 
                

     
     

 
  respectively. 

Fuzzy CCR DEA model-2.4 

                 
    

    
 
 

 

   

     
     

     
 
     

Subject to 

      
    

    
 
 

 

   

     
     

     
 
          

    
    

    
 
 

 

   

     
     

     
 
      

    
    

 
 

 

   

     
     

     
 
              

   
    

    
 
     

    
    

 
                

   
    

    
 
          

    
    

 
  are non-negative triangular fuzzy numbers. 

2.3 Existing method 

 Hatami-Marbini et al. [40], proposed the following method to solve the fuzzy CCR DEA 

model-2.4 for evaluating the best relative fuzzy efficiency of     DMU.  
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Step 1: The fuzzy CCR DEA model-2.4 can be transformed into the fuzzy CCR DEA model-2.5. 

Fuzzy CCR DEA model-2.5 

                  
     

      
 

    
       

 
    

     
    

  

 

   

  

    
     

      
 

    
       

 
   

     
    

      

 

   

 

    
     

      
 

    
       

 
    

     
    

  

 

   

     
     

      
 
    

       
 
   

     
    

           

 

   

    

   
    

    
 
     

    
    

 
                

   
    

    
 
          

    
    

 
  are non-negative triangular fuzzy numbers. 

Step 2:  The fuzzy CCR DEA model-2.5 can be transformed into the crisp CCR DEA model-2.6. 

Crisp CCR DEA model-2.6 
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      ,   

         
 

         

Step 3: Find the optimal value crisp optimal value           , representing ranking value of 

best relative fuzzy efficiency of     DMU, of the crisp CCR DEA model 2.6.  

2.4 Flaws in the existing method 

If                   and                    are two non-negative triangular fuzzy 

numbers then 

                                                     

 However, it is obvious from Step 1 of the existing method [40], described in Section 2.3, 

that Hatami-Marbini et al. [40], have used the incorrect product                      

                to transform the fuzzy CCR DEA model-2.4 into the fuzzy CCR DEA 

model-2.5. Hence, the method, proposed by Hatami-Marbini et al. [40], is not valid in its present 

form. 
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2.5 Modified method 

 In this section, the existing method [40] is modified. 

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy CCR 

DEA model-2.4 can be transformed into the fuzzy CCR DEA model-2.7. 

Fuzzy CCR DEA model-2.7 

                  
    

      
    

     
    

     
    

       
    

 
    

    
 
    

 
   

 
 

 

   

  

Subject to  

    
    

      
    

     
    

     
    

       
    

 
     

    
 
    

 
   

 
     

 

   

 

    
    

      
    

      
    

     
    

       
    

 
    

    
 
    

 
   

 
 

 

   

 

      
    

      
    

     
    

     
    

       
    

 
    

    
 
    

 
   

 
     

 

   

 

   
    

    
 
     

    
    

 
                 

   
    

    
 
          

    
    

 
  are non-negative triangular fuzzy numbers. 

Step 2: Using Definition 2.12, the fuzzy CCR model-2.7 can be transformed into crisp CCR 

DEA model-2.8. 

Crisp CCR DEA model-2.8 
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Step 3: The crisp CCR DEA model-2.8 can be transformed into crisp CCR DEA model-2.9. 

Crisp CCR DEA model-2.9 
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Step 4:  Using the ranking formula                  
     

 
  and Definition 2.7, the crisp  

CCR DEA model-2.9 can be transformed into the crisp CCR DEA model-2.10. 

CCR crisp DEA model-2.10 
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Step 5: Find the optimal value           , representing ranking value of relative fuzzy 

efficiency of     DMU, of the crisp CCR DEA model 2.6.  

2.6 Exact best relative fuzzy efficiency of existing problem 

Hatami-Marbini et al. [40] solved existing problem [31] to illustrate his proposed 

approach. However, as discussed in Section 2.3 that there are flaws in the existing method [40]. 

So, the results of this problem, obtained by Hatami Marbini et al. [40], is also not exact. In this 

section, the exact results of the same problem is obtained by the modified method.  
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2.6.1 Problem description 

Hatami Marbini et al. [40] evaluated the best relative efficiency of each of five DMUs, 

each with two outputs and two inputs, to illustrate their proposed approach by considering the 

existing input and output data, represented by triangular fuzzy numbers, shown in Table 2.1. 

Table 2.1. Input and output data 

(DMUs)     Input 1         Input 2             Output 1    Output 2   

1 (4, 0.5, 0.5)       (2.1, 0.2, 0.2) (2.6, 0.2, 0.2) (4.1, 0.3, 0.3)          

2 (2.9, 0, 0)        (1.5, 0.1, 0.1) (2.2, 0, 0) (3.5, 0.2, 0.2) 

3 (4.9, 0.5, 0.5)       (2.6, 0.4, 0.4) (3.2, 0.5, 0.5) (5.1, 0.8, 0.8) 

4 (4.1, 0.7, 0.7)       (2.3, 0.1, 0.1) (2.9, 0.4, 0.4) (5.7, 0.2, 0.2) 

5 (6.5, 0.6, 0.6)       (4.1, 0.5, 0.5) (5.1, 0.7, 0.7) (7.4, 0.9, 0.9) 

 

2.6.2 Fuzzy CCR DEA models 

Hatami Marbini et al. [40] solved the fuzzy CCR DEA model-2.11 to 2.15 to evaluate the 

best relative fuzzy efficiency of             respectively. 

Fuzzy CCR DEA model-2.11 
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Subject to 
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  are non-negative triangular fuzzy 

numbers. 

Fuzzy CCR DEA model-2.12 
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and  

All the constraints of fuzzy CCR DEA model-2.11 except the first constraint 
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Fuzzy CCR DEA model-2.13 
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and  

All the constraints of fuzzy CCR DEA model-2.11 except the first constraint 
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Fuzzy CCR DEA model-2.14 
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All the constraints of fuzzy CCR DEA model-2.11 except the first constraint 

“              
    

    
 
                  

    
    

 
   ” 

Fuzzy CCR DEA model-2.15 

Maximize                       
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and  

All the constraints of fuzzy CCR DEA model-2.11 except the first constraint 
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2.6.3 Exact best relative fuzzy efficiency of      

Using the method, modified in Section 2.5, the exact best relative fuzzy efficiency of 

     can be obtained as follows: 

Step 1: Using Step 1 of the modified method, fuzzy CCR DEA model-2.11 can be transformed 

into fuzzy CCR DEA model-2.16. 

Fuzzy CCR DEA model-2.16 
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  are non-negative triangular fuzzy 

numbers. 

Step 2: Using Step 2 of the modified method, the fuzzy CCR DEA model-2.16 can be 

transformed into crisp CCR DEA model-2.17. 

Crisp CCR DEA model-2.17 
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 Step 3: Using Step 3 of the modified method, the fuzzy CCR DEA model-2.17 can be 

transformed into crisp CCR DEA model-2.18. 

Crisp CCR DEA model-2.18 
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Step 4: Using Step 4 of the modified method, the fuzzy CCR DEA model-2.18 can be 

transformed into crisp CCR DEA model-2.19. 
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Crisp CCR DEA model-2.19 
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Step 5: The optimal value             , representing the ranking value of fuzzy efficiency of 

DMU1 is 0.23. 

2.6.4 Exact best relative fuzzy efficiency of remaining DMUs 

The ranking value of exact best relative fuzzy efficiency of                  

              , evaluated by solving the fuzzy CCR DEA model-2.12 to 2.15 with the 

modified method, is shown in Table 2.2. 

          Table 2.2 The ranking value of exact best relative fuzzy  

      efficiency of DMUs 

 

 

 

 

 

It is obvious from Table 2.2 that                                             Therefore, 

                      

2.7 Conclusions 

On the basis the present study, it can be concluded that there are flaws in the method, 

proposed by Hatami-Marbini et al. [40], and hence should not be used for evaluating the best 

relative fuzzy efficiency of DMUs. Also, to resolve the flaws, the method, proposed by Hatami-

DMUs Ranking value of best relative 

fuzzy efficiency 

1 0.23 

2 0.25 

3 0.245 

4 0.25 

5 0.25 
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Marbini et al. [40], is modified.  Further, the exact best relative fuzzy efficiency of the DMUs, 

considered by Hatami-Marbini et al. [40], is evaluated by using the modified method. 
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Chapter 3 

A New Approach for Solving Proposed Fuzzy 

CCR DEA Model
2

 

 The existing fuzzy CCR DEA model, used in the previous chapter to evaluate the best 

relative fuzzy efficiency of DMUs, are obtained by replacing the crisp parameters of crisp CCR 

DEA model-2.3 with the fuzzy parameters. Wang et al. [106] replaced the crisp output data and 

crisp input data of the crisp CCR DEA model-2.2 with fuzzy data instead of crisp CCR DEA 

model-2.3 and proposed two methods for solving this fuzzy CCR DEA model. In this chapter, it 

is pointed out that the fuzzy CCR DEA model, proposed by Wang et al.[106] is not valid and 

hence the methods, proposed by Wang et al.[106], for evaluating the fuzzy efficiency of DMUs 

are also not valid. Also, a new fuzzy CCR DEA model as well as a method to solve this fuzzy 

CCR DEA model is proposed. 

3.1 Existing fuzzy CCR DEA model 

 Wang et al. [106] transformed the crisp CCR DEA model-2.2 into fuzzy CCR DEA 

model-3.1 by replacing the crisp input data (   ) and crisp output data (   ) with triangular fuzzy 

numbers          
     

     
   and          

     
     

   respectively. 

Fuzzy CCR DEA model-3.1 

                 
    

    
    

       
     

     
   

   

   
 
       

     
     

  
  

                                                           
2
 The contents of this chapter are communicated for the possible publication in International Journal of Fuzzy 

Systems. 
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3.2 Existing methods 

 Wang et al. [106] proposed the following two methods for solving the fuzzy CCR DEA 

model-3.1. 

3.2.1 First method 

 Wang et al. [106] proposed the following method for solving fuzzy CCR DEA model-3.1. 

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy CCR 

DEA model-3.1 can be transformed into fuzzy CCR DEA model-3.2. 

Fuzzy CCR DEA model-3.2 
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Step 2: Using division of triangular fuzzy number, defined in Section 2.1.2.1, the fuzzy CCR 

DEA model-3.2 can be transformed into fuzzy CCR DEA model-3.3. 
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Fuzzy CCR DEA model-3.3 
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Step 3:  Using the relation   (                                                

the fuzzy CCR DEA model-3.3 can be transformed into fuzzy CCR DEA model-3.4. 

Fuzzy CCR DEA model-3.4 
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Step 4: Since,   
     

     
   So, if   

    then automatically condition   
     

     will 

be satisfied, so, the fuzzy CCR DEA model-3.4 can transformed into fuzzy CCR DEA model-

3.5. 

Fuzzy CCR DEA model-3.5 
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Step 5: Transform the fuzzy CCR DEA model-3.5 into crisp CCR DEA model-3.6 to 3.8.  

Crisp CCR DEA model-3.6 
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Crisp CCR DEA model-3.7 
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Crisp CCR DEA model-3.8 
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Step 6: The crisp CCR DEA models 3.6 to 3.8 can  be transformed into crisp CCR DEA models 

3.9 to 3.11 respectively. 

Crisp CCR DEA model-3.9 
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Crisp CCR DEA model-3.10 
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Crisp CCR DEA model-3.11 
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 Step 7: Find the optimal value   
    

    
  of crisp CCR DEA models 3.9 to 3.11 respectively. 

Step 8: Using the optimal values of   
    

    
 , obtained in Step 6, the fuzzy optimal value (best 

relative fuzzy efficiency of       of fuzzy CCR DEA model-3.1is    
    

    
  . 
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3.2.2 Second method  

 Wang et al. [106] proposed the following method for solving fuzzy CCR DEA model-3.1. 

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy CCR 

DEA model-3.1 can be transformed into fuzzy CCR DEA model-3.12. 

Fuzzy CCR DEA model-3.12 
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Step 2: Using the division of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy 

CCR DEA model-3.12 can be transformed into fuzzy CCR DEA model-3.13. 

Fuzzy CCR DEA model-3.13 
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Step 3:  Using the relation   (                                                   
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the fuzzy CCR DEA model-3.13 can be transformed into fuzzy CCR DEA model-3.14. 

Fuzzy CCR DEA model-3.14 
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Step 4: As for fuzzy CCR DEA model-3.14, since there are no restrictions imposed subjectively 

on the support of the fuzzy numbers   , its lower and upper bounds are therefore viewed as free. 

Based upon this point of view fuzzy CCR DEA model-3.14 can be transformed into fuzzy CCR 

DEA model-3.15. 

Fuzzy CCR DEA model-3.15 
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Step 5: Transform the fuzzy CCR DEA model-3.15 into crisp CCR DEA models-3.16 to 3.18. 

Crisp CCR DEA model-3.16 

           
  

      
  

   

   
 
      

    

Subject to 

      
  

   

   
 
      

        

                           

Crisp CCR DEA model-3.17 
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Crisp CCR DEA model-3.18 
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Step 6: The crisp CCR DEA models-3.16 to 3.18 can be transformed into crisp CCR DEA 

models-3.19 to 3.21 respectively. 

Crisp CCR DEA model-3.19 
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Crisp CCR DEA model-3.20 

           
        

 

 

   

   

Subject to 

   

 

   

   
     

      
 

 

   

    

 

   

   
        

                           



43 
 

Crisp CCR DEA model-3.21 
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 Step 7: Find the optimal value   
    

    
  of crisp CCR DEA models 3.19 to 3.21 respectively. 

Step 8: Using the optimal values of   
    

    
 , obtained in Step 6, the fuzzy optimal value (best 

relative fuzzy efficiency of     ) of fuzzy CCR DEA model 3.1 is    
    

    
  . 

3.3 Flaws in the existing method 

In this section, the flaws in the methods, proposed by Wang et al. [106] are pointed out. 

1.  In the fuzzy CCR DEA model-3.1,   ,    are crisp numbers. Therefore, if these numbers 

 are represented as triangular fuzzy numbers        
    

    
              

    
    

    

 then the condition,   
     

     
    

      
     

   should always be satisfied. 

 However, in both the methods, proposed by Wang et al. [106] the values of   
    

    
  

 are obtained by solving the crisp CCR DEA models-3.19 to 3.21 independently. Since, all 

 these models are solved independently, so, the optimal values of            obtained on 

 solving these models,  will not necessarily be same, i.e., if   
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 represents the optimal values of              obtained on solving crisp CCR DEA models-

 3.19 to 3.21 respectively, then the condition   
    

    
    and   

     
     

  will 

 not necessarily be satisfied. Hence, using the methods, proposed by Wang et al.[106] the 

 obtained optimal solution {  
    

    
    

    
    

 } is not an optimal solution of fuzzy 

 CCR DEA model-3.1 i.e., using the method, proposed by Wang et al. [106] it is not 

 possible to find a crisp optimal solution           of fuzzy CCR DEA model-3.1. 

2. It is well known that for a triangular fuzzy number          the property           

 should always be satisfied. However, it is obvious from Step 6 of the existing method, 

 presented in Section 3.2, that the values of   
    

    
  are obtained by solving three 

 independent crisp CCR DEA models so the restriction     
    

     
  may or may not 

 be satisfied. 

3. 4 Flaws in the existing fuzzy DEA model 

 It is obvious from Step 2 and Step 3 of the existing method [106], presented in Section 

3.2, that Wang et al. [106] have transformed the fuzzy constraints   

 
      

  
   

   
 
      

  
      

  
   

   
 
      

  
      

  
   

   
 
      

           

in to the crisp constraints. 
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Since,   
      

  
   

   
 
      

  
      

  
   

   
 
      

  
      

  
   

   
 
      

             . So, there should exist a non-negative 

triangular fuzzy number                     such that 

 
      

  
   

   
 
      

  
      

  
   

   
 
      

  
      

  
   

   
 
      

                          

 However, the following clearly indicates that there will never exist a non-negative 

triangular fuzzy number                     and hence, the constraint 
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3.5 Proposed fuzzy CCR DEA model 

Wang et al. [] transformed the crisp CCR DEA model-2.2 into fuzzy CCR DEA model-

3.1 by replacing the crisp input data (   ) and crisp output data (   ) with triangular fuzzy 

numbers          
     

     
   and          

     
     

   respectively.  

In this section, to resolve the flaws of the existing fuzzy DEA model, pointed out in 

Section 3.4, a modified fuzzy CCR DEA model is proposed. 

If there are   DMUs then the best relative crisp efficiency      of     DMU  can be 

obtained by solving the  CCR DEA model-3.22 

CCR DEA model-3.22 

            
                         

                         
  

Subject to 
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If each DMU have   inputs (                          and   outputs (      

                 ) then CCR DEA model-3.22 is transformed into crisp CCR DEA model-

3.23 

Crisp CCR DEA model-3.23 
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 where              and              are the weights assigned to the      output and     

input, respectively.  

Replacing the crisp input data (   ) and crisp output data (   ) by triangular fuzzy 

numbers          
     

     
   and          

     
     

   respectively, the CCR DEA model-3.23 

can be transformed into fuzzy CCR DEA model-3.24. 

Fuzzy CCR DEA model-3.24 

                 
    

    
    

       
     

     
   

   

   
 
       

     
     

   
  

Subject to 
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3.6    Proposed approach 

In Section 3.4, it is shown that the fuzzy CCR DEA model-3.5, proposed by Wang et al. 

[106] are not valid and hence cannot be used for evaluating the best relative fuzzy efficiency of 

DMUs. In this section, a new approach is proposed to evaluate the best relative fuzzy efficiency 

of DMUs by using the fuzzy CCR DEA model-3.24.  

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the fuzzy CCR 

DEA model-3.24 can be transformed into fuzzy CCR DEA model-3.25. 

Fuzzy CCR DEA model-3.25 

                 
    

    
    

       
       

       
   

   

       
       

       
   

   

  

Subject to 

       
       

       
  

 

   

        
       

       
  

 

   

      

                           

Step 2: Using the division of triangular fuzzy numbers defined in Section 2.1.2.1, the fuzzy CCR 

DEA model-3.25 can be transformed into fuzzy CCR DEA model-3.26. 

Fuzzy CCR DEA model-3.26 

                 
    

    
     

      
  

   

   
 
      

  
      

  
   

   
 
      

  
      

  
   

   
 
      

    

Subject  to 
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Step 3:  Using the relation   (                                                

the fuzzy CCR DEA model-3.26 can be transformed into fuzzy CCR DEA model-3.27. 

Fuzzy CCR DEA model-3.27 

                 
    

    
     

      
  

   

   
 
      

  
      

  
   

   
 
      

  
      

  
   

   
 
      

    

Subject to 

      
 

 

   

       
 

 

   

      

      
 

 

   

       
 

 

   

     

      
 

 

   

       
                   

 

   

 

                            

Step 4: The fuzzy optimal value          
    

    
   , representing the best relative fuzzy 

efficiency of     DMU, can be obtained by solving the fuzzy CCR DEA model-3.27 as follows: 

Step 4(a) Find the optimal value    
   of the crisp CCR DEA model-3.28a by solving crisp CCR 

DEA model-3.28b equivalent to crisp CCR DEA model-3.28a   
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Crisp CCR DEA model-3.28a 

           
   

      
  

   

   
 
      

   

Subject to 

      
  

   

   
 
      

     

and 

All the constraints of fuzzy crisp CCR DEA model-3.27.  

Crisp CCR DEA model-3.28b 

           
         

 

 

   

  

Subject to 

   

 

   

   
     

      
 

 

   

    

 

   

   
   

and 

All the constraints of fuzzy crisp CCR DEA model-3.27.  

Step 4(b) Find the optimal value    
   of the crisp CCR DEA model-3.29a by solving crisp 

CCR DEA model-3.29b equivalent to crisp CCR DEA model-3.29a. 
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Crisp CCR DEA model-3.29a 

           
   

      
  

   

   
 
      

   

Subject to 

      
  

   

   
 
      

    
   

  
  

      
  

   

   
 
      

     

and  

All the constraints of fuzzy crisp CCR DEA model-3.27. 

Crisp CCR DEA model-3.29b 

           
         

 

 

   

  

Subject to 

   

 

   

   
     

      
 

 

   

   
     

 

   

   
    

  
     

 

   

   
         

 

 

   

 

and 

All the constraints of fuzzy crisp CCR DEA model-3.27.   
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Step 4(c) Find the optimal value    
   of the crisp CCR DEA model-3.30a by solving crisp CCR 

DEA model-3.30b equivalent to crisp CCR DEA model-3.30a   

Crisp CCR DEA model-3.30a 

           
   

      
  

   

   
 
      

   

Subject to 

      
  

   

   
 
      

      
  

      
  

   

   
 
      

    
   

  
  

      
  

   

   
 
      

     

and  

All the constraints of fuzzy CCR DEA model-3.27.  

Crisp CCR DEA model-3.30b 

           
         

 

 

   

  

Subject to 

   

 

   

   
     

      
 

 

   

   
     

 

   

   
    



53 
 

      
 

 

   

   
     

 

   

   
    

  
     

 
      

         
     

 
      

  
    , 

and 

All the constraints of fuzzy CCR DEA model-3.27.  

Step 5: Using the optimal values of   
    

    
 , obtained in Step 4, the fuzzy optimal value (best 

relative fuzzy efficiency of      ) is    
    

    
  . 

3.7 Exact fuzzy efficiency of real life problem 

Wang et al. [106] solved a problem to illustrate his proposed approach. However, as 

discussed in Section 3.3 that there are flaws in the existing method [106]. So, the results of this 

problem, obtained by Wang et al. [106] is not exact. In this section, the exact results of the same 

problem is obtained by the proposed method.  

3.7.1 Problem description 

Consider a performance assessment problem in China where eight manufacturing 

enterprises (DMUs) are to be evaluated in terms of two inputs and two outputs. The eight 

manufacturing enterprises all manufacture the same type of products but with different qualities. 

Both the gross output value (GOV) and product quality (PQ) are considered as outputs. 

Manufacturing cost (MC) and the number of employees (NOE) are considered as inputs. The 

data about the GOV and MC are uncertain due to the unavailability at the time of assessment and 

are therefore estimated as fuzzy numbers. The product quality is assessed by customers using 

fuzzy linguistic terms such as Excellent, Very Good, Average, Poor and Very Poor. The 
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assessment results by customers are weighted and averaged. Table 3.1 shows the input and 

output data for the eight manufacturing enterprises. 

Table 3.1: Input and output data for eight manufacturing enterprises 

Enterprises 

(DMUs)                                                     Inputs   (Two)   Outputs (two) 

             MC  NOE GOV        PQ 

A (2120, 2170, 2210) 1870 (14500, 14790, 14860) (3.1, 4.1, 4.9) 

B (1420, 1460, 1500) 1340 (12470, 12720, 12790) (1.2, 2.1, 3.0) 

C (2510, 2570, 2610) 2360 (17900, 18260, 18400) (3.3, 4.3, 5.0) 

D (2300, 2350, 2400) 2020 (14970, 15270, 15400) (2.7, 3.7, 4.6) 

E (1480, 1520, 1560) 1550 (13980, 14260, 14330) (1.0, 1.8, 2.7) 

F (1990, 2030, 2100) 1760 (14030, 14310, 14400) (1.6, 2.6, 3.6) 

G (2200, 2260, 2300) 1980 (16540, 16870, 17000) (2.4, 3.4, 4.4) 

H (2400, 2460, 2520) 2250 (17600, 17960, 18100) (2.6, 3.6, 4.6) 

 

3.7.2 Proposed fuzzy CCR DEA models 

The best relative fuzzy efficiency of      to      respectively can be obtained by 

solving fuzzy CCR  DEA model-3.31 to 3.39. 

Fuzzy CCR DEA model-3.31 

                  
    

    
    

                                     

                                     
   

Subject to       
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Fuzzy CCR DEA model-3.32 

                  
    

    
    

                                     

                                     
   

Subject to     

All the constraints of fuzzy CCR DEA model-3.31. 

Fuzzy CCR DEA model-3.33 
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Subject to     

All the constraints of fuzzy CCR DEA model-3.31. 

Fuzzy CCR DEA model-3.34 

                  
    

    
    

                                     

                                     
   

Subject to     

All the constraints of fuzzy CCR DEA model-3.31. 

Fuzzy CCR DEA model-3.35 

                  
    

    
    

                                     

                                   
   

Subject to     

All the constraints of fuzzy CCR DEA model-3.31. 

Fuzzy CCR DEA model-3.36 

                 
    

    
    

                                     

                                     
   

Subject to     

All the constraints of fuzzy CCR DEA model-3.31. 

Fuzzy CCR DEA model-3.37 

                 
    

    
    

                                     

                                     
   

Subject to     

All the constraints of fuzzy CCR DEA model-3.31. 
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Fuzzy CCR DEA model-3.38 

                 
    

    
    

                                     

                                     
   

Subject to    

All the constraints of fuzzy CCR DEA model-3.31. 

3.7.3 Exact best relative fuzzy efficiency of      

Using the approach, proposed in Section 3.6, the exact best relative fuzzy efficiency of 

     can be obtained as follows: 

Step 1: Using the arithmetic operations of triangular fuzzy numbers, defined in Section 2.1.2.1, 

the fuzzy CCR DEA model-3.31 can be transformed into fuzzy CCR DEA model-3.39. 

Fuzzy CCR DEA model-3.39 

                  
    

    
    

                                           

                                          
   

Subject to     
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Step 2: The fuzzy CCR DEA model-3.39 can be transformed into fuzzy CCR DEA model-3.40. 

Fuzzy CCR DEA model-3.40 

                  
    

    
    

                                           

                                          
   

Subject to     

                           ,                                        , 

                           ,                                        , 

                           ,                                         , 

                           ,                                          , 

                           ,                                           

                           ,                                           , 

                           ,                                           , 

                           ,                                            , 

                           ,                                             , 
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                           ,                                             , 

                           ,                                              , 

                           ,                                               . 

                 

Step 3: The fuzzy CCR DEA model-3.40 can be transformed into fuzzy CCR DEA model-3.41. 

Fuzzy CCR DEA model-3.41 

                  
    

    
  

   
             

             
 
             

             
 
             

            
    

Subject to     

All the constraints of fuzzy CCR DEA model-3.40. 

Step 4: The fuzzy optimal value          
    

    
    , representing the best relative fuzzy 

efficiency of     DMU, can be obtained by solving the CCR fuzzy DEA model-3.41 as follows 

Step (4a): The optimal value    
   of the crisp CCR DEA model-3.43 and hence of crisp CCR 

DEA model-3.42 is 0.812. 

Crisp CCR DEA model-3.42 

            
  

             

             
  

Subject to     

             

             
    

All the constraints of fuzzy CCR DEA model-3.40. 
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Crisp CCR DEA model-3.43 

            
                 

Subject to     

               , 

                             

and  

All the constraints of fuzzy CCR DEA model-3.40. 

Step (4b): The optimal value    
   of the crisp CCR DEA model-3.45 and hence of crisp CCR 

DEA model-3.44 is 0.829. 

Crisp CCR DEA model-3.44 

            
  

             

             
  

Subject to     

             

             
        

      
             

             
    

All the constraints of fuzzy CCR DEA model-3.40. 

Crisp CCR DEA model-3.45 

            
                 

Subject to     
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All the constraints of fuzzy CCR DEA model-3.41. 

Step (4c): The optimal value    
   of the crisp CCR DEA model-3.47 and hence of crisp CCR 

DEA model-3.46 is 0.833. 

Crisp CCR DEA model-3.46 

            
  

             

            
  

Subject to    

             

             
        

             

             
        

      
             

            
    

and 

All the constraints of fuzzy CCR DEA model-3.40. 

Crisp CCR DEA model-3.47 

            
                 

Subject to   

                  

                                    

                                    

                                                

All the constraints of fuzzy CCR DEA model-3.40. 
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Step 5: Using the optimal values of   
    

    
   obtained in Step 4, the fuzzy optimal value (best 

relative fuzzy efficiency of      of fuzzy CCR DEA model-3.31 is    
    

    
   

                   . 

3.7.4 Results 

The exact best relative fuzzy efficiency of all the DMUs, evaluated on solving fuzzy CCR 

DEA model-3.31 to 3.38  by the proposed method, are shown in Table 3.2. Also, the ranking 

value corresponding to best relative fuzzy efficiency, obtained by using the ranking formula 

defined in Remark 2.4, is shown in Table 3.2.  

Table 3.2 Exact best relative fuzzy efficiencies of DMUs 

DMUs Exact best relative fuzzy efficiency of     DMU 

(     

Ranking Value (        

A                  .826 

B            .994 

C                  .813 

D                 .790 

E            .993 

F                  .849 

G                  .890 

H                  .833 

 

It is obvious from Table 3.2 that                                                    

                 Therefore,                                  
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3.8 Conclusions 

On the basis the present study, it can be concluded that there are flaws in the fuzzy CCR 

DEA model as well as in the method, proposed by Wang et al.[106] and hence neither the fuzzy 

CCR DEA model nor the method, proposed by Wang et al. [106] should be used for evaluating 

the best relative fuzzy efficiency of DMUs. Also, to resolve the flaws of the fuzzy CCR DEA 

model, a new fuzzy CCR model is proposed. Further, a new method is proposed to solve the 

proposed fuzzy CCR DEA model for evaluating the best relative fuzzy efficiency of DMUs. 

Further, the exact best relative fuzzy efficiency of the DMUs, considered by Wang et al. [106] is 

evaluated by using the proposed method. 
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Chapter 4 

A New Approach for Solving Proposed Fully 

Fuzzy CCR DEA Model
3

 

      Wang and Chin [105] proposed an optimistic as well as pessimistic fuzzy CCR DEA model 

and an approach for solving it to evaluate the best relative fuzzy efficiency as well as worst 

relative fuzzy efficiency and hence, relative geometric crisp efficiency of DMUs. In this chapter, 

it is shown that the fuzzy CCR models, proposed by Wang and Chin [105] are not valid and 

hence cannot be used to evaluate the best relative fuzzy efficiency as well as worst relative fuzzy 

efficiency and hence, relative geometric crisp efficiency of DMUs. To resolve the flaws of the 

fuzzy CCR DEA model, proposed by Wang and Chin [105] new fuzzy CCR DEA models are 

proposed. Also, a new approach is proposed to solve the proposed fuzzy CCR DEA models for 

evaluating the relative geometric crisp efficiency of DMUs. 

4.1 Existing fuzzy DEA models 

Wang and Chin [105] proposed the optimistic fuzzy CCR DEA model-4.1 and pessimistic 

fuzzy CCR DEA model-4.1 to evaluate the best relative fuzzy efficiency     
      and worst 

relative fuzzy efficiency     
       respectively of     DMU  by incorporating the following 

modifications in the fuzzy CCR DEA model-4.1. 

                                                           
3
 The contents of this chapter are communicated for the possible publication in Expert Systems with Applications. 

   The flaw pointed out in this chapter is published in Applied Mathematical Modelling.   
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1. Used trapezoidal fuzzy numbers instead of triangular fuzzy numbers to represent the 

input and output data. 

2. Used trapezoidal fuzzy numbers instead of crisp numbers to represent the weights. 

 

Optimistic fuzzy CCR DEA model-4.1 
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   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

Pessimistic fuzzy CCR DEA model-4.1 
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   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

4.2 Existing method 

 Wang and Chin [105] proposed the following method to evaluate best relative fuzzy 

efficiency as well as worst relative fuzzy efficiency and hence, geometric crisp efficiency of 

DMUs. 

Step 1: Using the product of trapezoidal fuzzy numbers, defined in Section 2.1.2.1, the 

optimistic fuzzy CCR DEA model-4.1 and the pessimistic fuzzy DEA model-4.1 can be 

transformed into optimistic fuzzy CCR DEA model-4.2 and the pessimistic fuzzy CCR DEA 

model-4.2 respectively. 

Optimistic fuzzy CCR DEA model-4.2 
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   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 
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Pessimistic fuzzy CCR DEA model-4.2 
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                     are non-negative trapezoidal 

fuzzy numbers. 

Step 2: The optimistic fuzzy CCR DEA model-4.2 and the pessimistic fuzzy CCR DEA model-

4.2 can be transformed into optimistic fuzzy CCR DEA model-4.3 and the pessimistic fuzzy 

CCR DEA model-4.3 respectively. 

Optimistic fuzzy CCR DEA model-4.3 
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   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

Pessimistic fuzzy CCR DEA model-4.3 
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   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

Step 3: The optimistic fuzzy CCR DEA model-4.3 and the pessimistic fuzzy CCR DEA model-

4.3 can be transformed into optimistic crisp CCR DEA model-4.4 and the pessimistic crisp CCR 

DEA model-4.4 respectively. 

Optimistic crisp CCR DEA model-4.4 
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Pessimistic crisp CCR DEA model-4.4 
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Step 4: The optimistic crisp CCR DEA model-4.4 and the pessimistic crisp CCR DEA model-

4.4 can be transformed into optimistic crisp CCR DEA model-4.5 and the pessimistic crisp CCR 

DEA model-4.5 respectively. 
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Optimistic crisp CCR DEA model-4.5 
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Pessimistic crisp CCR DEA model-4.5 
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Step 5: The optimistic crisp CCR DEA model-4.5 and pessimistic crisp CCR DEA model-4.5 

can be transformed into optimistic crisp CCR DEA model-4.6 and pessimistic crisp CCR DEA 

model-4.6 respectively. 

Optimistic crisp CCR DEA model-4.6 
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Pessimistic crisp CCR DEA model-4.6 
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Step 6: The optimistic crisp CCR DEA model-4.6 and pessimistic crisp CCR DEA model-4.6 

can be transformed into optimistic crisp CCR DEA model-4.7 and pessimistic crisp CCR DEA 

model-4.7 respectively. 
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Optimistic crisp CCR DEA model-4.7 
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Pessimistic crisp CCR DEA model-4.7 

              
          

    
  

 

   

   
    

     
    

     
    

 

 

   

 

   

 

   

   

Subject to  

   
    

 

 

   

    
    

 

 

   

    
    

 

 

   

    
    

 

 

   

   

    
    

  

 

   

   
    

     
    

     
    

 

 

   

 

   

 

   

 

     
    

 

 

   

    
    

 

 

   

    
    

 

 

   

    
    

 

 

   

          



74 
 

    
    

    
    

      
    

    
    

                     

Step 4: Find the optimal value       
      , representing the best relative crisp efficiency of     

DMU, by solving optimistic crisp CCR DEA model-4.7. 

Step 5: Find the optimal value       
       , representing the worst relative crisp efficiency of 

    DMU, by solving pessimistic crisp CCR DEA model-4.7. 

Step 6: Find the relative geometric average crisp efficiency   
          of     DMU by putting 

the values   
     and   

     , obtained in Step 4 and Step 5, in 

  
              

       
     . 

4.3 Flaws in the existing method 

 If (                             are two trapezoidal fuzzy numbers then  

  
             

             
      

  

  
 
  

  
 
  

  
 
  

  
   

  

    
  

   
  

   
  

  

 
 

and 

              

              
  

              

              
 

It is obvious that 
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However, Wang and Chin have used the property 

  
             

             
    

              

              
 

in Step 4 of their proposed method, therefore, the method proposed by Wang and Chin [105] is 

not valid. 

4.4 Proposed fuzzy DEA model 

Wang and Chin [105] transformed the crisp CCR DEA model 2.2 into fuzzy CCR DEA 

model 4.1 by replacing the crisp input data (   ), crisp output data (   ) and weights    and    

with trapezoidal fuzzy numbers          
     

     
     

  ,          
     

     
     

   and 

   
    

    
    

       
    

    
    

   respectively.  

However, the flaws, pointed out in Section 3.3 of Chapter 3, is also existing in the 

optimistic fuzzy CCR DEA model-4.1 and pessimistic fuzzy CCR DEA model-4.2  proposed by 

Wang and Chin [105] . 

In this section, to resolve the flaws of the existing optimistic fuzzy CCR DEA model-4.1 

and pessimistic fuzzy CCR DEA model-4.2, proposed by Wang and Chin [105] new optimistic 

fuzzy CCR DEA model-4.8 and pessimistic fuzzy CCR DEA model-4.8 are obtained by 

replacing the crisp weights    and    of the fuzzy DEA model, proposed in Section 3.5 of 

Chapter 3,  with trapezoidal fuzzy numbers     
    

    
    

       
    

    
    

   respectively. 

Optimistic fuzzy CCR DEA model-4.8 
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fuzzy numbers. 

Pessimistic fuzzy CCR DEA model-4.8 
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   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

4.5    Proposed approach 

In this section, a new approach is proposed to evaluate the best relative fuzzy efficiency 

as well as worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of 

DMUs by using the optimistic fuzzy CCR DEA model-4.8 and pessimistic fuzzy CCR DEA 

model-4.8.  

Step 1: Using the product of trapezoidal fuzzy numbers, defined in Section 2.1.2.2, the 

optimistic fuzzy CCR DEA model-4.8 and pessimistic fuzzy CCR DEA model-4.8 can be 
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transformed into optimistic fuzzy CCR DEA model-4.9 and pessimistic fuzzy CCR DEA model-

4.9 respectively. 

Optimistic fuzzy CCR DEA model-4.9 

            
         

        
        

        
       

    
    

    
    

    
    

    
    

   
   

    
    

    
    

    
    

    
    

   
   

  

Subject to 

     
    

    
    

    
    

    
    

  

 

   

     
    

    
    

    
    

    
    

  

 

   

      

   
    

    
    

   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

Pessimistic fuzzy CCR DEA model-4.9 

            
          

         
         

         
      

  
    

    
    

    
    

    
    

    
   

   

    
    

    
    

    
    

    
    

   
   

  

Subject to 

     
    

    
    

    
    

    
    

  

 

   

     
    

    
    

    
    

    
    

  

 

   

      

   
    

    
    

   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

Step 2: Using the division of trapezoidal fuzzy numbers, defined in Section 2.1.2.2, the 

optimistic fuzzy CCR DEA model-4.9 and pessimistic fuzzy CCR DEA model-4.9 can be 
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transformed into optimistic fuzzy CCR DEA model-4.10 and pessimistic fuzzy CCR DEA 

model-4.10 respectively. 

Optimistic fuzzy CCR DEA model-4.10 

            
         

        
        

        
     

   
   

    
  

   

   
  

      
  

   
    

  
   

   
  

      
  

   
    

  
   

   
  

      
  

   
    

  
   

   
  

      
    

Subject  to 

    
    

 

 

   

    
    

 

 

   

    
    

     
    

 

 

   

 

   

 

     
    

 

 

   

    
    

 

 

   

    
    

 

 

   

    
    

 

 

   

       

   
    

    
    

   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

Pessimistic fuzzy CCR DEA model-4.10 

            
          

         
         

         
      

   
   

    
  

   

   
  

      
  

   
    

  
   

   
  

      
  

   
    

  
   

   
  

      
  

   
    

  
   

   
  

      
    

Subject to 



79 
 

    
    

 

 

   

    
    

 

 

   

    
    

     
    

 

 

   

 

   

 

     
    

 

 

   

    
    

 

 

   

    
    

 

 

   

    
    

 

 

   

       

   
    

    
    

   and    
    

    
    

                     are non-negative trapezoidal 

fuzzy numbers. 

Step 3:  Using the relation   (                            ,                 

           the optimistic fuzzy CCR DEA model-4.10 and pessimistic fuzzy CCR DEA 

model-4.10 can be transformed into optimistic fuzzy CCR DEA model-4.11 and pessimistic 

fuzzy CCR DEA model-4.11 respectively. 

Optimistic fuzzy CCR DEA model-4.11 

             
          

        
        

        
      

  
   

    
  

   

   
  

      
  

   
    

  
   

   
  

      
  

   
    

  
   

   
  

      
  

   
    

  
   

   
  

      
    

Subject to 
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Pessimistic fuzzy CCR DEA model-4.11 

            
          

         
         

         
      

  
   

    
  

   

   
  

      
  

   
    

  
   

   
  

      
  

   
    

  
   

   
  

      
  

   
    

  
   

   
  

      
    

Subject to 

   
    

 

 

   

    
    

 

 

   

      

   
    

 

 

   

    
    

 

 

   

      

   
    

 

 

   

    
    

 

 

   

      

   
    

 

 

   

    
    

 

 

   

      

            
    

    
    

      
    

    
    

                     

Step 4: The fuzzy optimal value     
           

        
        

        
        , representing the 

best relative fuzzy efficiency of     DMU, as well as the fuzzy optimal value     
      

    
         

         
         

        , representing the worst relative fuzzy efficiency of 
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    DMU, can be obtained by solving the optimistic fuzzy CCR DEA model-4.11 and 

pessimistic fuzzy CCR DEA model-4.11 as follows: 

Step 4(a) Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-4.12a and pessimistic CCR DEA model-4.12a by solving optimistic crisp CCR DEA 

model-4.12b and pessimistic CCR DEA model-4.12b equivalent to optimistic crisp CCR DEA 

model-4.12a and pessimistic CCR DEA model-4.12a respectively .   

Optimistic crisp CCR DEA model-4.12a 

            
     

   
    

  
   

   
  

      
   

Subject to 

   
    

  
   

   
  

      
     

and 

All the constraints of optimistic fuzzy CCR DEA model-4.11. 

Optimistic crisp CCR DEA model-4.12a 

            
        

    
 

 

   

  

Subject to 

   
  

      
    ,           

    
  

       
  

      
   

and 

All the constraints of optimistic fuzzy CCR DEA model-4.11. 
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Pessimistic crisp CCR DEA model-4.12a 

            
      

   
    

  
   

   
  

      
   

Subject  to 

   
    

  
   

   
  

      
     

and 

All the constraints of pessimistic fuzzy CCR DEA model-4.11. 

Pessimistic crisp CCR DEA model-4.12b 

            
         

    
 

 

   

  

Subject  to 

   
  

      
          

    
  

       
  

      
   

and 

All the constraints of pessimistic fuzzy CCR DEA model-4.11. 

Step 4(b): Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-4.13a and pessimistic CCR DEA model-4.13a by solving optimistic crisp CCR DEA 

model-4.13b and pessimistic CCR DEA model-4.13b equivalent to optimistic crisp CCR DEA 

model-4.13a and pessimistic CCR DEA model-4.13a respectively .   
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Optimistic crisp CCR DEA model-4.13a 

            
     

   
    

  
   

   
  

      
   

Subject  to 

   
    

  
   

   
  

      
     

      

   
     

   
    

  
   

   
  

      
   

and 

All the constraints of optimistic fuzzy CCR DEA model-4.11. 

Optimistic crisp CCR DEA model-4.13b 

            
        

    
 

 

   

  

Subject  to 

   
 

 

   

   
     

   
    

 

 

   

    
        

 

 

   

   
    

   
        

 

 

   

   
      

    
 

 

   

    
 

 

   

   
   

and 



84 
 

All the constraints of optimistic fuzzy CCR DEA model-4.11. 

Pessimistic crisp CCR DEA model-4.13a 

            
      

   
    

  
   

   
  

      
   

Subject  to 

   
    

  
   

   
  

      
     

       

   
      

   
    

  
   

   
  

      
   

and 

All the constraints of pessimistic fuzzy CCR DEA model-4.11. 

Pessimistic crisp CCR DEA model-4.13b 

            
         

    
 

 

   

  

Subject  to 
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and 

All the constraints of pessimistic fuzzy CCR DEA model-4.11. 

Step 4(c): Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-4.14a and pessimistic CCR DEA model-4.14a by solving optimistic crisp CCR DEA 

model-4.14b and pessimistic CCR DEA model-4.14b equivalent to optimistic crisp CCR DEA 

model-4.14a and pessimistic CCR DEA model-4.14a respectively .   

Optimistic crisp CCR DEA model-4.14a 

            
     

   
    

  
   

   
  

      
   

Subject  to 

   
    

  
   

   
  

      
     

      

   
    

  
   

   
  

      
     

      

   
     

   
    

  
   

   
  

      
     

and 

All the constraints of optimistic fuzzy CCR DEA model-4.11. 

Optimistic crisp CCR DEA model-4.14b 

            
        

    
 

 

   

  



86 
 

Subject  to 

   
 

 

   

   
     

   
    

 

 

   

    
        

 

 

   

   
    

   
    

 

 

   

    
        

 

 

   

   
    

   
        

 

 

   

   
      

    
 

 

   

    
 

 

   

   
   

and 

All the constraints of optimistic fuzzy CCR DEA model-4.11. 

Pessimistic crisp CCR DEA model-4.14a 

            
      

   
    

  
   

   
  

      
   

Subject  to 
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and 

All the constraints of pessimistic fuzzy CCR DEA model-4.11. 

Pessimistic crisp CCR DEA model-4.14b 

            
         

    
 

 

   

  

Subject  to 

   
 

 

   

   
     

   
    

 

 

   

    
         

 

 

   

   
    

   
    

 

 

   

    
         

 

 

   

   
    

   
         

 

 

   

   
      

    
 

 

   

  

and 

All the constraints of pessimistic fuzzy CCR DEA model-4.11. 

Step (4d): Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-4.15a and pessimistic CCR DEA model-4.15a by solving optimistic crisp CCR DEA 
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model-4.15b and pessimistic CCR DEA model-4.15b equivalent to optimistic crisp CCR DEA 

model-4.15a and pessimistic CCR DEA model-4.15a respectively .   

Optimistic crisp CCR DEA model-4.15a 

            
     

   
    

  
   

   
  

      
   

Subject  to 

   
    

  
   

   
  

      
     

      

   
    

  
   

   
  

      
     

      

   
    

  
   

   
  

      
     

      

   
     

   
    

  
   

   
  

      
     

and 

All the constraints of optimistic fuzzy CCR DEA model-4.11. 

Optimistic crisp CCR DEA model-4.15b 

            
        

    
 

 

   

  

Subject  to 

   
  

      
   , 
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and 

All the constraints of optimistic fuzzy CCR DEA model-4.11. 

Pessimistic crisp CCR DEA model-4.15a 

            
      

   
    

  
   

   
  

      
   

Subject  to 
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and 

All the constraints of pessimistic fuzzy CCR DEA model-4.11. 

Pessimistic crisp CCR DEA model-4.15b 

            
         

    
 

 

   

  

Subject  to 

   
  

      
   , 

   
    

 

 

   

    
         

 

 

   

   
    

   
    

 

 

   

    
         

 

 

   

   
    

   
    

 

 

   

    
         

 

 

   

   
   

   
         

 

 

   

   
      

    
 

 

   

    

and 

All the constraints of pessimistic fuzzy CCR DEA model-4.11. 

Step 5: Using the values of    
        

        
        

    and    
         

         
         

     , 

obtained in Step (4a) to Step (4d),  find the fuzzy optimal value 

    
         

        
        

        
       of optimistic fuzzy DEA model-4.11, representing the 
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best relative fuzzy efficiency of     DMU, as well as pessimistic fuzzy optimal value 

    
          

         
         

         
        of pessimistic fuzzy DEA model-4.11, 

representing the worst relative fuzzy efficiency of     DMU.  

Step 5: Find the crisp optimal value    
          

      , representing the best relative crisp 

efficiency of     DMU. 

Step 6: Find the crisp optimal value    
           

       , representing the worst relative 

crisp efficiency of     DMU. 

Step 7: Find the relative geometric crisp efficiency   
          of     DMU  by putting the 

values   
     and   

     , obtained in Step 5 and Step 6, in   
              

       
     . 

4.6 Exact fuzzy efficiency of real life problem 

 Wang and Chin [105] evaluated the best relative intuitionistic fuzzy efficiency as well as 

worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp efficiency of by 

considering eight manufacturing enterprises (DMUs) of China with two inputs and two outputs 

shown in Table 4.1 and using the optimistic fuzzy CCR DEA model-4.1 as well as pessimistic 

fuzzy CCR DEA model-4.1. The eight manufacturing enterprises, all manufacture the same type 

of products but with different qualities. Both the gross output value (GOV) and product quality 

(PQ) are considered as outputs. Manufacturing cost (MC) and the number of employees (NOE) 

are considered as inputs. The data about the GOV and MC are uncertain due to the unavailability 

at the time of assessment and are therefore estimated as fuzzy numbers. The product quality is 
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assessed by customers using fuzzy linguistic terms such as Excellent, Very Good, Average, Poor 

and Very Poor. The assessment results by customers are weighted and averaged.  

 However, as discussed in Section 4.4, that the optimistic fuzzy CCR DEA model-4.1 as 

well as pessimistic fuzzy CCR DEA model-4.1 are not valid. Therefore, the best relative fuzzy 

efficiency as well as worst relative fuzzy efficiency and hence, relative geometric crisp 

efficiency of 8 manufacturing enterprises, evaluated by Wang and Chin [105 ], is not exact. In 

this section, to illustrate the proposed method the exact best relative fuzzy efficiency as well as 

worst relative fuzzy efficiency and hence, relative geometric crisp efficiency of Enterprise A is 

evaluated by using the proposed method.  

Table 4.1: Input and output data for eight manufacturing enterprises [105] 

(DMUs)                                                     Inputs   (Two)   Outputs (two) 

             MC  NOE GOV        PQ 

A (2120, 2170, 2210) 1870 (14500, 14790, 14860) (3.1, 4.1, 4.9) 

B (1420, 1460, 1500) 1340 (12470, 12720, 12790) (1.2, 2.1, 3.0) 

C (2510, 2570, 2610) 2360 (17900, 18260, 18400) (3.3, 4.3, 5.0) 

D (2300, 2350, 2400) 2020 (14970, 15270, 15400) (2.7, 3.7, 4.6) 

E (1480, 1520, 1560) 1550 (13980, 14260, 14330) (1.0, 1.8, 2.7) 

F (1990, 2030, 2100) 1760 (14030, 14310, 14400) (1.6, 2.6, 3.6) 

G (2200, 2260, 2300) 1980 (16540, 16870, 17000) (2.4, 3.4, 4.4) 

H (2400, 2460, 2520) 2250 (17600, 17960, 18100) (2.6, 3.6, 4.6) 
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4.6.1 Proposed fuzzy CCR DEA models 

The best relative fuzzy efficiency and worst relative fuzzy efficiency of      to      

respectively can be obtained by solving the optimistic fuzzy CCR DEA models-4.16 to 4.23 and 

pessimistic CCR DEA models-4.16 to 4.23. 

Optimistic fuzzy CCR DEA model-4.16 

             
         

        
        

     

  
                      

    
    

                   
    

    
  

                   
    

    
                      

    
    

  
   

Subject to     
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   and    
    

    
    

                 are non-negative trapezoidal fuzzy 

numbers. 

Pessimistic fuzzy CCR DEA model-4.16 

             
          

         
         

      

  
                      

    
    

                   
    

    
  

                   
    

    
                      

    
    

  
   

Subject to     
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   and    
    

    
    

                 are non-negative trapezoidal fuzzy 

numbers. 

Optimistic fuzzy CCR DEA model-4.17 

             
         

        
        

     

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of optimistic fuzzy CCR DEA model-4.16. 

Pessimistic fuzzy CCR DEA model-4.17 

             
          

         
         

      

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of pessimistic fuzzy CCR DEA model-4.16 
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Optimistic fuzzy CCR DEA model-4.18 

             
         

        
        

     

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of optimistic fuzzy CCR DEA model-4.16 

Pessimistic fuzzy CCR DEA model-4.18 

            
          

         
         

      

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of pessimistic fuzzy CCR DEA model-4.16. 

Optimistic fuzzy CCR DEA model-4.19 

             
         

        
        

     

  
                      

    
    

                  

                                     
   

  Subject to     

All the constraints of optimistic fuzzy CCR DEA model-4.16 
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Pessimistic fuzzy CCR DEA model-4.19 

            
          

         
         

      

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of pessimistic fuzzy CCR DEA model-4.16 

Optimistic fuzzy CCR DEA model-4.20 

             
         

        
        

     

  
                      

    
    

                  

                                   
   

Subject to     

All the constraints of optimistic fuzzy CCR DEA model-4.16 

Pessimistic fuzzy CCR DEA model-4.20 

            
          

         
         

      

  
                      

    
    

                  

                                   
   

Subject to     

All the constraints of pessimistic fuzzy CCR DEA model-4.16 
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Optimistic fuzzy CCR DEA model-4.22 

             
         

        
        

     

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of optimistic fuzzy CCR DEA model-4.16 

Pessmistic fuzzy CCR DEA model-4.22 

            
          

         
         

      

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of pessimistic fuzzy CCR DEA model-4.16 

Optimistic fuzzy CCR DEA model-4.23 

             
         

        
        

     

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of optimistic fuzzy CCR DEA model-4.16 

 

 



99 
 

Pessimistic fuzzy CCR DEA model-4.23 

            
          

         
         

      

  
                      

    
    

                  

                                     
   

Subject to     

All the constraints of pessimistic fuzzy CCR DEA model-4.16 

Optimistic fuzzy CCR DEA model-4.23 

             
         

        
        

     

  
                      

    
    

                  

                                     
   

Subject to    

All the constraints of optimistic fuzzy CCR DEA model-4.16 

 

Pessimistic fuzzy CCR DEA model-4.23 

            
          

         
         

      

  
                      

    
    

                  

                                     
   

Subject to    

All the constraints of pessimistic fuzzy CCR DEA model-4.16 
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4.6.2 Exact relative geometric crisp efficiency of      

Using the method, proposed in Section 4.5, the exact best relative fuzzy efficiency as 

well as worst relative fuzzy efficiency and hence relative geometric crisp efficiency of      

can be obtained as follows: 

Step 1: Using the product of triangular fuzzy numbers, defined in Section 2.1.2.1, the optimistic 

fuzzy CCR DEA model-4.16 and pessimistic fuzzy CCR DEA model-4.16 can be transformed 

into optimistic fuzzy CCR DEA model-4.24 and pessimistic fuzzy CCR DEA model-4.24 

respectively. 

Optimistic fuzzy CCR DEA model-4.24 
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Pessimistic fuzzy CCR DEA model-4.24 

            
          

         
         

      

  
        

       
         

       
         

       
  

       
       

        
        

        
        

  
   

  Subject to     

        
       

         
       

         
       

  

        
        

        
        

        
        

   

        
       

         
       

         
       

  

        
        

        
        

        
        

   

        
               

       
         

       
  

        
        

        
        

        
        

   

        
       

         
       

         
       

   

        
        

        
        

        
        

   



102 
 

        
       

         
       

         
       

  

        
        

        
        

        
        

   

        
       

         
       

         
       

  

        
        

        
        

        
        

   

        
       

         
       

         
       

  

        
        

        
        

        
        

   

        
       

         
       

         
       

  

        
        

        
        

        
        

    

    
    

    
    

      
    

    
    

                

Step 2: The optimistic fuzzy CCR DEA model-4.24 and pessimistic fuzzy CCR DEA model-

4.24 can be transformed into optimistic fuzzy CCR DEA model-4.25 and pessimistic fuzzy CCR 

DEA model-4.25 respectively. 

Optimistic fuzzy CCR DEA model-4.25 
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Pessimistic fuzzy CCR DEA model-4.25 
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 , 

       
       

        
        

 ,               
       

        
        

   

       
       

        
        

 ,                   
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 ,                
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Step 3: The optimistic fuzzy CCR DEA model-4.25 and pessimistic fuzzy CCR DEA model-

4.25 can be transformed into optimistic fuzzy CCR DEA model-4.26 and pessimistic fuzzy CCR 

DEA model-4.26 respectively. 

Optimistic fuzzy CCR DEA model-4.26 

             
         

        
        

     

   
       

       
 

      
        

  
       

       
 

      
        

  
       

       
 

      
       

     

Subject to   

All the constraints of optimistic fuzzy CCR DEA model-4.25.    

Pessimistic fuzzy CCR DEA model-4.26 

            
          

         
         

      

   
       

       
 

      
        

  
       

       
 

      
        

  
       

       
 

      
       

     

Subject to   
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All the constraints of optimistic fuzzy CCR DEA model-4.25.    

Step 4: The fuzzy optimal value     
           

        
        

         , representing the best 

relative fuzzy efficiency of     DMU, as well as the fuzzy optimal value     
      

    
         

         
        , representing the worst relative fuzzy efficiency of     DMU, can 

be obtained by solving the optimistic fuzzy CCR DEA model-4.26 and pessimistic fuzzy CCR 

DEA model-4.26 as follows: 

Step 4(a) The optimal value     
      and     

       of the optimistic crisp CCR DEA model-

4.27a and pessimistic CCR DEA model-4.27a by solving optimistic crisp CCR DEA model-

4.27b and pessimistic CCR DEA model-4.27b equivalent to optimistic crisp CCR DEA model-

4.27a and pessimistic CCR DEA model-4.27a are 0.812 and 1 respectively.   

Optimistic crisp CCR DEA model-4.27a 

             
     

       
       

 

      
        

   

Subject to  

       
       

 

      
        

     

and  

All the constraints of optimistic fuzzy CCR DEA model-4.16. 

Optimistic crisp CCR DEA model-4.27b 

             
            

       
   

Subject to  
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and  

All the constraints of optimistic fuzzy CCR DEA model-4.25. 

Pessimistic crisp CCR DEA model-4.27a 

            
      

       
       

 

      
        

   

Subject to  

       
       

 

      
        

     

and  

All the constraints of pessimistic fuzzy CCR DEA model-4.25. 

Pessimistic crisp CCR DEA model-4.27b 

             
             

       
   

Subject to  

      
        

    

       
       

        
        

   

and  

All the constraints of pessimistic fuzzy CCR DEA model-4.25. 

Step 4(b) The optimal value     
      and     

       of the optimistic crisp CCR DEA model-

4.28a and pessimistic CCR DEA model-4.28a by solving optimistic crisp CCR DEA model-

4.28b and pessimistic CCR DEA model-4.28b equivalent to optimistic crisp CCR DEA model-

4.28a and pessimistic CCR DEA model-4.28a are  0.833 and 1.046 respectively.   

 



107 
 

Optimistic crisp CCR DEA model-4.28a 

             
     

       
       

 

      
        

   

Subject to  

       
       

 

      
        

        

      
       

       
 

      
        

    

and  

All the constraints of optimistic fuzzy CCR DEA model-4.25. 

Optimistic crisp CCR DEA model-4.28b 

             
            

       
   

Subject to  

      
        

   , 

       
       

                
        

  , 

              
        

          
       

        
        

  

and  

All the constraints of optimistic fuzzy CCR DEA model-4.25. 

 

 

Pessimistic crisp CCR DEA model-4.28a 

            
      

       
       

 

      
        

   

Subject to  
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All the constraints of pessimistic fuzzy CCR DEA model-4.25. 

Pessimistic crisp CCR DEA model-4.28b 

            
            

       
   

Subject to  

      
        

   , 

       
       

        
        

 , 

      
        

         
       

   

and  

All the constraints of pessimistic fuzzy CCR DEA model-4.25. 

Step 4(c) The optimal value     
      and     

       of the optimistic crisp CCR DEA model-

4.29a and pessimistic CCR DEA model-4.29a by solving optimistic crisp CCR DEA model-

4.29b and pessimistic CCR DEA model-4.29b equivalent to optimistic crisp CCR DEA model-

4.29a and pessimistic CCR DEA model-4.29a are 0.854 and 1.072 respectively.   

Optimistic crisp CCR DEA model-4.29a 

             
     

       
       

 

      
       

   

Subject to  
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and  

All the constraints of optimistic fuzzy CCR DEA model-4.25. 

Optimistic crisp CCR DEA model-4.29b 

             
            

       
   

Subject to  

      
       

   , 

       
       

                
        

   

       
       

                
        

  , 

              
       

          
       

        
       

   

and  

All the constraints of optimistic fuzzy CCR DEA model-4.25. 

Pessimistic crisp CCR DEA model-4.29b 

            
      

       
       

 

      
       

   

Subject to  

       
       

 

      
        

     

       
       

 

      
        

        

      
       

       
 

      
       

   



110 
 

and  

All the constraints of pessimistic fuzzy CCR DEA model-4.25. 

Pessimistic crisp CCR DEA model-4.29b 

             
             

       
   

Subject to  

      
       

   , 

       
       

        
        

  

       
       

                
        

  , 

              
       

          
       

        
       

   

and  

All the constraints of pessimistic fuzzy CCR DEA model-4.25. 

Step 5: Using the values of    
        

        
    and    

         
         

       obtained in Step 

(4a) to Step (4c),  the fuzzy optimal value     
         

        
        

       of optimistic fuzzy 

DEA model-4.16, representing the best relative fuzzy efficiency of     DMU, is     
     

    
        

        
                          , as well as pessimistic fuzzy optimal value 

    
          

         
         

        of pessimistic fuzzy DEA model-4.16, representing the 

worst relative fuzzy efficiency of     DMU, is     
          

         
         

       

                 .  

Step 6: The crisp optimal value   
          

                           , representing 

the best relative crisp efficiency of     DMU is 0.833. 
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Step 7: The crisp optimal value   
           

                        , representing the 

worst relative crisp efficiency of     DMU is 1.041. 

Step 8: The geometric average crisp efficiency   
          of     DMU  by putting the values 

  
     and   

     , obtained in Step 5 and Step 6, in   
              

       
      is 

0.931. 

4.6.3 Results 

The exact best relative fuzzy efficiency, exact worst relative fuzzy efficiency and relative 

geometric crisp efficiency of all the DMUs evaluated on solving fuzzy CCR DEA by the 

proposed method are shown in Table 4.2.  

Table 4.2 Exact best relative fuzzy efficiency, exact worst relative fuzzy efficiency and relative  

geometric crisp efficiency of DMUs. 

     Best relative fuzzy efficiency Worst relative fuzzy efficiency Relative geometric crisp efficiency 

A                                              .931 

B                                  1.062 

C                                              .913 

D                                      .898 

E                      .996 

F                                        .938 

G                                           .938 

H                                              .929 
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It is obvious from Table 3.2 that                                                   

                 Therefore,                                  

4.7 Conclusions 

On the basis the present study, it can be concluded that there are flaws in the optimistic as 

well as pessimistic fuzzy CCR DEA model and in the method proposed by Wang et al. [105] and 

hence, neither the fuzzy CCR DEA model proposed by, Wang et al. [105] nor the method 

proposed by Wang et al. [105] should be used for evaluating the best relative geometric crisp 

efficiency of DMUs. Also, to resolve the flaws of the fuzzy CCR DEA models, new fuzzy CCR 

DEA models are proposed. Further, a new approach is proposed to solve the proposed fuzzy 

CCR DEA models for evaluating the best relative geometric crisp efficiency of DMUs.     
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Chapter 5 

A New Approach for Solving Proposed 

Intuitionistic Fully Fuzzy CCR DEA Model
4

 

 

 Puri and Yadav [83] proposed an optimistic as well as pessimistic intuitionistic fuzzy 

CCR DEA model and an approach to evaluate the best relative intuitionistic fuzzy efficiency as 

well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp 

efficiency of decision making units (DMUs). In this chapter, it is shown that the intuitionistic 

fuzzy CCR models, proposed by Puri and Yadav [83] are not valid and hence cannot be used to 

evaluate the best relative intuitionistic fuzzy efficiency as well as worst relative intuitionistic 

fuzzy efficiency and hence, relative geometric crisp efficiency of decision making units (DMUs). 

To resolve the flaws of the intuitionistic fuzzy CCR DEA model, proposed by Puri and Yadav 

[83], new intuitionistic fuzzy CCR DEA models are proposed. Also, a new approach is proposed 

to solve the proposed intuitionistic fuzzy CCR DEA models for evaluating the best relative 

intuitionistic fuzzy efficiency as well as worst relative intuitionistic fuzzy efficiency and hence, 

relative geometric  crisp efficiency of DMUs. 

5.1 Preliminaries 

Puri and Yadav [83] pointed out that the main characteristic of the fuzzy set theory is that 

in fuzzy sets/numbers, the degree of non-membership of an element is equal to one minus the 

                                                           
4
 The contents of this chapter are communicated for the possible publication in Expert Systems with Applications. 
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degree of its membership and thus, the sum of membership and non-membership degrees of an 

element is equal to one. However, in real life applications, we deal with the information which is 

sometimes vague or inexact or insufficient and therefore, there is possibility that the sum of the 

membership and non-membership degrees of an element may come out to be less than one. It 

means there remains some degree of hesitation. Certainly, fuzzy sets theory is not appropriate to 

deal with such type of problems/situations; rather intuitionistic fuzzy set (IFS) theory is more 

suitable. Intuitionistic fuzzy set (IFS) [5] is an extension of fuzzy set and have been found to be 

highly useful to deal with vagueness. IFS considers both the degrees of membership (acceptance) 

and non-membership (rejection) of an element such that the sum of both values is less than or 

equal to 1. 

 

5.1.1 Basic definitions 

In this section, some basic definitions are reviewed [83].   

Definition 5.1 Let   be a universe of disclosure. Then an IFS     in   is given by    

                        , where              and                with the condition,    

                        represent the membership and non-membership functions 

respectively and the numbers        and        represent the membership degree and non-

member-ship degree of the element   being in   . Further,                               

is a hesitation degree of   being in     It is obvious that                   If         

        then    becomes a fuzzy number. 

Definition 5.2 Let    be an IFS defined on the set of real numbers   with its membership 

function      and non-membership function    , then    is said to be an intuitionistic fuzzy 

numbers (IFN) if 
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(i) It is normal, i.e., there is any       such that            (so             

(ii) It is convex for                                                        

                    

(iii) It is concave for                                                        

                       

Definition 5.3 An intuitionistic fuzzy number    is said to be a triangular intuitionistic fuzzy 

number if the membership function      and non-membership function      is defined as  

          

 
 
 

 
 

     

      
         

         
     

      
         

            

  and           

 
 
 

 
 

     

      
          

         
     

      
         

            

  

where                   such that                         It is denoted by 

(                 ). 

A triangular intuitionistic fuzzy number                        becomes triangular 

fuzzy number               if                and                         and it 

becomes a real number   if                    

Definition 5.4 A triangular intuitionistic fuzzy number                        is said to be 

non-negative triangular intuitionistic fuzzy number, represented by                  , if and 

only if         

5.1.2 Arithmetic operations of triangular intuitionistic fuzzy numbers 

Let                                                     be two triangular 

intuitionistic fuzzy numbers. Then,  
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(i)                                                   

(ii)                                           for            are non-negative triangular 

intuitionistic fuzzy numbers. 

(iii)        
                               
                               

  

(iv)   
   

  
   

  

  
 
  

  
 
  

  
  

  

  
 
  

  
 
  

  
 ,     is a non-negative triangular I.F.N and   is a positive 

triangular intuitionistic fuzzy number. 

5.1.3. Comparison of triangular intuitionistic fuzzy numbers 

Puri and Yadav [83] used the following method for comparing triangular intuitionistic fuzzy 

numbers.   

If                        and                        are two triangular intuitionistic 

fuzzy numbers. Then, 

(i)                   

(ii)                   

(iii)                   

where,  

        
               

 
  and          

               

 
  

5.2 Existing intuitionistic fuzzy DEA models  

Puri and Yadav [83] proposed the optimistic intuitionistic fuzzy CCR DEA model-5.1 

and pessimistic intuitionistic fuzzy CCR DEA model-5.1, respectively, to evaluate the best 
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relative intuitionistic fuzzy efficiency and the worst relative intuitionistic fuzzy efficiency of     

DMU. 

Optimistic intuitionistic fuzzy CCR DEA model-5.1  

             
         

    
    

     
    

    
      

     
     

      
     

     
   

 

   

  

Subject to 

    
    

    
    

    
    

      
     

     
      

     
     

                  

 

   

 

    
    

    
     

    
    

      
  
   

  
   

  
    

  
   

  
   

  
 

 

   

     
    

    
    

    
    

      
  
   

  
   

  
    

  
   

  
   

  
 

 

   

                   

             

   
    

    
     

    
    

                      

   
    

    
    

    
    

                         

Pessimistic intuitionistic fuzzy CCR DEA model-5.1 

            
          

    
    

     
    

    
      

     
     

      
     

     
   

 

   

  

Subject to 
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5.3 Existing method 

Puri and Yadav [83] proposed the following method to evaluate the best relative 

intuitionistic fuzzy efficiency as well as worst relative intuitionistic fuzzy efficiency and hence, 

relative geometric crisp efficiency of DMUs. 

Step 1: Using the arithmetic operations of triangular intuitionistic fuzzy numbers, presented in 

Section 5.1.1, the optimistic intuitionistic fuzzy CCR DEA model-5.1 and the pessimistic 

intuitionistic fuzzy CCR DEA model-5.1 can be transformed into the optimistic intuitionistic 

fuzzy CCR DEA model-5.2 and the pessimistic intuitionistic fuzzy CCR DEA model-5.2 

respectively. 

Optimistic intuitionistic fuzzy CCR DEA model-5.2  

             
         

   
     

   
     

   
     

   
    

   
     

   
   

 

   

  

Subject to 
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Pessimistic intuitionistic fuzzy CCR DEA model-5.2  

            
          

   
     

   
     

   
     

   
    

   
     

   
   

 

   

  

Subject to 

    
   

     
   

     
   

     
   

     
   

     
   

                  

 

   

 

    
   

  
   

   
  
   

   
  
    

   
  
   

   
  
   

   
  
 

 

   

     
   

  
   

   
  
   

   
  
   

   
  
   

   
  
   

   
  
 

 

   

 

                              

   
    

    
    

    
    

                      

   
    

    
    

    
    

                         

Step 2: Using Definition 5.4 and the method for comparing triangular intuitionistic fuzzy 

numbers, presented in Section 5.1.2, the optimistic intuitionistic fuzzy CCR DEA model-5.2 and 
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the pessimistic intuitionistic fuzzy CCR DEA model-5.2 can be transformed into optimistic crisp 

CCR DEA model-5.3 and the pessimistic crisp CCR DEA model-5.3 respectively. 

Optimistic crisp CCR DEA model-5.3  

               
        

          
   

     
   

     
   

     
   

    
   

     
   

   

 

   

  

Subject to 

     
   

     
   

     
   

     
   

     
   

     
   

   

 

   

                 

     
   

     
   

      
   

     
   

     
   

     
   

   

 

   

      
   

     
   

     
   

     
   

     
   

     
   

   

 

   

                  

             

    
    

    
    

    
                    

    
    

    
    

    
                      

Pessimistic crisp CCR DEA model-5.3  

              
         

            
   

     
   

     
   

     
   

    
   

     
   

   

 

   

   

Subject to 
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Step 3: The optimistic crisp CCR DEA model-5.3 and the pessimistic crisp CCR DEA model-

5.3 can be transformed into optimistic crisp CCR DEA model-5.4 and the pessimistic crisp CCR 

DEA model-5.4 respectively. 

Optimistic crisp CCR DEA model-5.4  

               
        

       
  

   
     

   
      

   
     

   
     

   
  

 
 

 

   

  

Subject to 
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Pessimistic crisp CCR DEA model-5.4  

              
         

        
  

   
     

   
      

   
     

   
     

   
  

 
 

 

   

  

Subject to 

  
  

   
      

   
      

   
     

   
     

   
     

   
  

 
 

 

   

   

  
  

   
      

   
      

   
     

   
     

   
  

 
 

 

   

   
  

   
     

   
      

   
     

   
     

   
  

 
 

 

   

                 

    
    

    
    

    
                    

    
    

    
    

    
                      

Step 4: Find the optimal value    
     , representing the relative best crisp efficiency of     

DMU, by solving optimistic crisp CCR DEA model-5.4. 

Step 5: Find the optimal value    
      , representing the relative worst crisp efficiency of     

DMU, by solving pessimistic crisp CCR DEA model-5.4. 

Step 6: Find the relative geometric crisp efficiency   
          of     DMU  by putting the 

values   
     and   

     , obtained in Step 4 and Step 5, in   
              

       
     . 
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5.4 Flaws in the existing intuitionistic fuzzy CCR DEA models 

In this section, it is pointed out that Puri and Yadav [83] have considered a mathematical 

incorrect assumption to obtain the optimistic intuitionistic fuzzy CCR DEA model 5.1 as well as 

pessimistic intuitionistic fuzzy CCR DEA model 5.1 hence these intuitionistic fuzzy CCR DEA 

mode, proposed by Puri and Yadav [83], are not valid and cannot be used to evaluate the relative 

geometric crisp efficiency of DMUs.  

5.4.1 Origin of existing intuitionistic fuzzy CCR DEA models 

The intuitionistic fuzzy CCR DEA models, proposed by Puri and Yadav [83], can be 

obtained as follows: 

Step 1:  If there are   DMUs then the best relative crisp efficiency    
      and the worst 

relative crisp efficiency    
       of the     DMU can be obtained by solving the optimistic 

CCR DEA model-5.5 and pessimistic CCR DEA model-5.5 respectively. 

Optimistic CCR DEA model-5.5  

           
     

                         

                         
  

Subject to 

                                                        j.  

 Pessimistic crisp CCR DEA model-5.5  
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Subject to 

                                                        j.  

If each DMU have   inputs (                          and   outputs (      

                 ) then the optimistic crisp CCR DEA model-5.5 and the pessimistic CCR 

DEA model-5.5 can be transformed into the optimistic crisp CCR DEA model-5.6 and the 

pessimistic CCR DEA model-5.6 respectively. 

Optimistic crisp CCR DEA model-5.6  

           
     

      
 
   

       
 
   

  

Subject to  

      

 

   

          

 

   

         

               

 Pessimistic crisp CCR DEA model-5.6  

           
      

      
 
   

       
 
   

  

Subject to  
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 Replacing    ,    ,    and      by intuitionistic fuzzy numbers    
  
   

  
   

  
    

  
   

  
   

  
 , 

   
  
   

  
   

  
    

  
   

  
   

  
 ,    

    
    

     
    

    
   and    

    
    

    
    

    
  respectively, the 

optimistic crisp CCR DEA model-5.6 and the pessimistic crisp CCR DEA model-5.6 can be 

transformed into optimistic intuitionistic fuzzy CCR DEA model-5.7 and pessimistic 

intuitionistic fuzzy CCR DEA model-5.7 respectively.  

Optimistic intuitionistic fuzzy CCR DEA model-5.7  

             
      

    
    

    
     

    
    

      
     

     
      

     
     

    
   

    
    

    
    

    
    

      
  
   

  
   

  
    

  
   

  
   

  
  

   

   

Subject to 

    
    

    
     

    
    

      
  
   

  
   

  
    

  
   

  
   

  
 

 

   

  

    
    

    
    

    
    

      
  
   

  
   

  
    

  
   

  
   

  
 

 

   

                               

   
    

    
    

    
    

                      

   
    

    
    

    
    

                         

Pessimistic intuitionistic fuzzy CCR DEA model-5.7  

            
       

    
    

    
     

    
    

      
     

     
      

     
     

    
   

    
    

    
    

    
    

      
  
   

  
   

  
     

  
   

  
   

  
  

   

   

Subject to 
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Step 2: The optimistic intuitionistic fuzzy CCR DEA model-5.7 and pessimistic intuitionistic 

fuzzy CCR DEA model-5.7 can be transformed into optimistic crisp CCR DEA model-5.8 and 

pessimistic crisp CCR DEA model-5.8 respectively. 

Optimistic crisp CCR DEA model-5.8  

               
        

    
    

    
     

    
    

      
     

     
      

     
     

    
   

    
    

    
    

    
    

      
  
   

  
   

  
     

  
   

  
   

  
  

   

   

Subject to 

 

 

  
 
    

    
    

     
    

    
      

  
   

  
   

  
   

  
   

  
   

  
 

 

   

 

    
    

    
    

    
    

      
  
   

  
   

  
     

  
   

  
   

  
 

 

    

  
 

                  

    
    

    
    

    
                    

    
    

    
    

    
                      

Pessimistic crisp CCR DEA model-5.8  

              
         

    
    

    
     

    
    

      
     

     
      

     
     

    
   

    
    

    
    

    
    

      
  
   

  
   

  
     

  
   

  
   

  
  

   

   

Subject to 
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Step 4: The optimistic crisp CCR DEA model-5.8 and pessimistic crisp CCR DEA model-5.8 

can be transformed into optimistic crisp CCR DEA model-5.9 and pessimistic crisp CCR DEA 

model-5.9 respectively. 

Optimistic crisp CCR DEA model-5.9  

               
      

      
    

    
     

    
    

      
     

     
      

     
     

    
    

      
    

    
    

    
    

      
  
   

  
   

  
     

  
   

  
   

  
  

    
  

Subject to 
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Pessimistic crisp CCR DEA model-5.9  

              
       

      
    

    
     

    
    

      
     

     
      

     
     

    
    

      
    

    
    

    
    

      
  
   

  
   

  
     

  
   

  
   

  
  

    
  

Subject to 

      
    

    
     

    
    

      
  
   

  
   

  
    

  
   

  
   

  
 

 

   

   

      
    

    
    

    
    

      
  
   

  
   

  
     

  
   

  
   

  
 

 

   

                   

    
    

    
    

    
                    

    
    

    
    

    
                      

Step 5: The optimistic crisp CCR DEA model-5.9 and pessimistic crisp CCR DEA model-5.9 

can be transformed into optimistic crisp CCR DEA model-5.10 and pessimistic crisp CCR DEA 

model-5.10 respectively. 

Optimistic crisp CCR DEA model-5.10  

               
            

    
    

     
    

    
      

     
     

      
     

     
   

 

   

   

Subject to 
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Pessimistic crisp CCR DEA model-5.10 

               
             

    
    

     
    

    
      

     
     

      
     

     
   

 

   

   

Subject to 
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Step 6: The optimistic crisp CCR DEA model-5.10 and pessimistic crisp CCR DEA model-5.10 

can be transformed into optimistic intuitionistic fuzzy CCR DEA model-5.11 and pessimistic 

intuitionistic fuzzy CCR DEA model-5.11 respectively. 

Optimistic intuitionistic fuzzy CCR DEA model-5.11  
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Pessimistic intuitionistic fuzzy CCR DEA model-5.11  
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5.4.2 Mathematical incorrect assumptions  

If (                                         are two triangular intuitionistic fuzzy 

numbers then  

  
                    

                    
      

  

  
 
  

  
 
  

  
 
  

  
 
  

  
 
  

  
   

  

  
 

  

  
 

   

  
 

  

  
 

  

  

 
 

 and 

                     

                    
  

               

               
 

It is obvious that 

  
                    

                    
    

                     

                    
  

However, Puri and Yadav have used the property 

  
                    

                    
    

                     

                    
 

in Step 4 of their proposed method to transform the optimistic crisp CCR DEA model-5.8 and  

pessimistic crisp CCR DEA model-5.8 into optimistic crisp CCR DEA model-5.9 and  
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pessimistic crisp CCR DEA model-5.9 respectively. Therefore, the optimistic intuitionistic fuzzy 

CCR DEA model-5.1 and pessimistic intuitionistic fuzzy CCR DEA model-5.1, proposed by 

Puri and Yadav, are not valid. 

5.5    Proposed intuitionistic fuzzy DEA CCR models  

In Section 5.4, it is shown that the optimistic intuitionistic fuzzy CCR DEA model-5.1 

and pessimistic intuitionistic fuzzy CCR DEA model-5.1, proposed by Puri and Yadav [83], are 

not valid and hence cannot be used for evaluating the relative geometric crisp efficiency of 

DMUs. In this section, new intuitionistic fuzzy CCR DEA models are proposed.  

Replacing the trapezoidal fuzzy number with triangular intuitionistic fuzzy number in the 

optimistic fuzzy CCR DEA model-5.8 and pessimistic fuzzy CCR DEA model-5.8, proposed in 

Section-5.4 of Chapter 5, these models are transformed into optimistic intuitionistic fuzzy CCR 

DEA model 5.12 and the pessimistic intuitionistic fuzzy CCR DEA models-5.12 

5.6    Proposed approach  

In this section, a new approach is proposed to evaluate the best relative intuitionistic 

fuzzy efficiency, worst relative intuitionistic fuzzy efficiency and hence, relative geometric 

efficiency of DMUs by using the optimistic intuitionistic fuzzy CCR DEA model-5.12 and 

pessimistic intuitionistic fuzzy CCR DEA model-5.12.  

Step 1: Using the product of triangular intuitionistic fuzzy numbers, defined in Section 5.1.2, the 

optimistic intuitionistic fuzzy CCR DEA model-5.12 and pessimistic intuitionistic fuzzy CCR 

DEA model-5.12 can be transformed into optimistic intuitionistic fuzzy CCR DEA model-5.13 

and pessimistic intuitionistic fuzzy CCR DEA model-5.13 respectively. 
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Optimistic intuitionistic fuzzy CCR DEA model-5.13  
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Pessimistic intuitionistic fuzzy CCR DEA model-5.13 
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Step 2: Using the relation                                                       

                              and division of triangular intuitionistic fuzzy numbers , 

defined in Section 5.1.2, the optimistic intuitionistic fuzzy CCR DEA model-5.13 and 

pessimistic intuitionistic fuzzy CCR DEA model-5.13 can be transformed into optimistic 

intuitionistic fuzzy CCR DEA model-5.14 and pessimistic intuitionistic fuzzy CCR DEA model-

5.14 respectively. 

Optimistic intuitionistic fuzzy CCR DEA model-5.14 
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Pessimistic intuitionistic fuzzy CCR DEA model-5.14 
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Step 3: The intuitionistic fuzzy optimal value     
      

   
        

        
     

    
        

        
      , representing 

the best relative intuitionistic fuzzy efficiency of     DMU, as well as the intuitionistic fuzzy 

optimal value     
          

         
         

         
         

         
        , representing 

the worst relative intuitionistic fuzzy efficiency of     DMU, can be obtained by solving the 

optimistic intuitionistic fuzzy CCR DEA model-5.14 and pessimistic intuitionistic fuzzy CCR 

DEA model-5.14 as follows: 

Step 3(a): Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-5.15 and pessimistic CCR DEA model-5.15 respectively.   

Optimistic crisp CCR DEA model-5.15 

             
     

   
   

   
   

   
   

   
   

  

Subject to constraints of optimistic intuitionistic fuzzy CCR DEA model-5.14 with the following 

additional constraint 

   
   

   
   

   
   

   
   

    

Pessimistic crisp CCR DEA model-5.15 

            
      

   
   

   
   

   
   

   
   

  

Subject to  
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All the constraints of pessimistic intuitionistic fuzzy CCR DEA model-5.14 with the following 

additional constraint 

   
   

   
   

   
   

   
   

    

Step 3(b): Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-5.16 and pessimistic CCR DEA model-5.16 respectively.   

Optimistic crisp CCR DEA model-5.16 
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All Constraints of optimistic crisp CCR DEA model-5.14 with the following additional 

constraints: 

   
   

   
   

   
   

   
   

    
      

   
     

   
   

   
   

   
   

   
   

    

Pessimistic crisp CCR DEA model-5.16 

            
      

   
   

   
   

   
   

   
   

  



138 
 

Subject to 

All the constraints of pessimistic crisp CCR DEA model-5.14 with the following additional 

constraints: 

   
   

   
   

   
   

   
   

    
       

   
      

   
   

   
   

   
   

   
   

  

Step 3(c): Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-5.17 and pessimistic CCR DEA model-5.17 respectively.   

Optimistic crisp CCR DEA model-5.17 
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Constraints of optimistic crisp CCR DEA model-5.14 with the following additional constraints: 
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Pessimistic crisp CCR DEA model-5.17 
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Constraints of pessimistic crisp CCR DEA model-5.14 with the following additional constraints: 

   
   

   
   

   
   

   
   

    
      

   
   

   
   

   
   

   
   

    
       

   
       

  
   

  

  
   

  
 

 

   

 

Step 3(d): Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-5.18 and pessimistic CCR DEA model-5.18 respectively.   

Optimistic crisp CCR DEA model-5.18 
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Constraints of optimistic crisp CCR DEA model-5.14 with the following additional constraints: 
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Pessimistic crisp CCR DEA model-5.18 
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Constraints of optimistic crisp CCR DEA model-5.14 with the following additional constraints: 

   
   

   
   

   
   

   
   

    
      

   
   

   
   

   
   

   
   

    
       

   
   

   
   

   
   

   
   

    
       

   
       

  
   

  

  
   

  

 

   

  

Step 3(e): Find the optimal value     
      and     

       of the optimistic crisp CCR DEA 

model-5.19 and pessimistic CCR DEA model-5.19 respectively.   
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Optimistic crisp CCR DEA model-5.19 

             
      

  
   

  

  
   

  

 

   

  

Subject to 

All the constraints of optimistic crisp CCR DEA model-5.14 with the following additional 

constraints: 

   
   

   
   

   
   

   
   

    
      

   
   

   
   

   
   

   
   

    
      

   
   

   
   

   
   

   
   

    
      

   
      

  
   

  

  
   

  

 

   

    

Pessimistic crisp CCR DEA model-5.19 

            
       

  
   

  

  
   

  

 

   

  

Subject to 

All the constraints of pessimistic crisp CCR DEA model-5.14 with the following additional 

constraints: 
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Step 4: Using the values of    
        

        
        

        
     and 

   
         

         
         

         
         

     , obtained in Step (3a) to Step (3e),  find the 

intuitionistic fuzzy optimal value     
         

        
        

        
        

       of optimistic 

intuitionistic fuzzy DEA model-5.14, representing the best relative intuitionistic fuzzy efficiency 

of     DMU, as well as intuitionistic fuzzy optimal value 

    
          

         
         

         
         

         
        of pessimistic intuitionistic 

fuzzy DEA model-5.14, representing the worst relative intuitionistic fuzzy efficiency of 

    DMU.  

Step 5: Find the crisp optimal value    
          

      , representing the best relative crisp 

efficiency of     DMU. 

Step 6: Find the crisp optimal value    
           

       , representing the worst relative 

crisp efficiency of     DMU. 

Step 7: Find the relative geometric crisp efficiency    
           of     DMU  by putting the 

values   
     and   

     , obtained in Step 5 and Step 6, in   
              

       
     . 
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5.7 Exact relative geometric crisp efficiency of real life problem 

Puri and Yadav [83] evaluated the best relative intuitionistic fuzzy efficiency as well as 

worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp efficiency of 16 

branches of State Bank of Patiala, Punjab, India by considering the input and output data shown 

in Table 5.1 and using the optimistic intuitionistic fuzzy CCR DEA model-5.1 as well as 

pessimistic intuitionistic fuzzy CCR DEA model-5.1. However, as discussed in Section 5.3, that 

the optimistic intuitionistic fuzzy CCR DEA model-5.1 as well as pessimistic intuitionistic fuzzy 

CCR DEA model-5.1are not valid. Therefore, the best relative intuitionistic fuzzy efficiency as 

well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp 

efficiency of 16 branches of State Bank of Patiala, Punjab, India , evaluated by Puri and Yadav 

[83], is not exact.  

In this section, to illustrate the proposed method the exact intuitionistic fuzzy efficiency 

as well as worst relative intuitionistic fuzzy efficiency and hence, relative geometric crisp 

efficiency of these Banks is evaluated by using the proposed approach.  

Table 5.1 Input-Output for 16 bank branches 

Sr.no. 
Branch 

Name 
Inputs Outputs 

    Labour OE IE II OI 

1 
Amritsar 

(M.M) 
(15,17,19;13,17,21) (.39, .44, .46; .26, .44, .63) 9.16 1.85 0.33 

2 Patti (14, 16, 18;12,16,20) (.46, .54, .65, .38, .54, .73) 2.68 0.67 0.41 

3 
Amritsar 

E.M.N. 
(9, 11, 13; 6, 11, 15) (.47, .54, .57; .42, .54, .60) 4.24 10.73 0.49 

4 Verka (10, 13, 15; 8, 13,17) (.19, .21, .24; .18, .21, .25) 2.08 1 0.084 

5 
Amritsar 

C.W.G. 
(11, 14, 16; 9,14,19) (.25, .29, .31; .23, .29, .33) 4.73 2.88 0.2 

6 
Amritsar 

K.J.S 
(18,21,24; 15,21,27) (.28, .29, .30; .24,.29,.31) 4.58 4.97 0.85 
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7 
Mananwala 

A. D. B 
(11, 14, 17; 9, 14,19) (.21, .23, .24; .19, .23, .25) 1.33 3.94 0.28 

8 
Baba 

Bakala 
(9, 12, 13; 7, 12, 16) (.56, .60, .62; .52, .60, .64) 2.98 2.16 0.3 

9 Chabhal (6, 9, 12; 6, 9, 12) (.16, .17, .19; .13, .17, .20) 1.48 2.58 0.15 

10 Lohaka (5, 7, 9; 3, 7, 10) (.10, .11, .12; .08, .11, .13) 0.75 1 0.13 

11 
Harsha 

Chhina 
(4, 6, 8; 3, 6, 9) (.15, .18, .20; .12, .18, .21) 0.87 1.73 0.13 

12 Jhanjhoti (8, 10, 13; 6, 10, 14) (.18, .20, .22; .15, .20, .23) 0.9 1.26 0.069 

13 
Taran 

Taran 
(9, 11, 13; 7, 11, 15) (.19, .22, .24; .16, .22, .26) 1.51 3.53 0.26 

14 
Amritsar 

(Textile) 
(9, 11, 14; 8, 11, 15) (.20, .21, .23; .18, .21, .24) 2.98 5.98 0.27 

15 
Rayya 

Mandi 
(7, 10, 12; 6, 10, 14) (.21, .22, .24; .17, .22, .26) 1.99 1.79 0.16 

16 

Amritsar 

(Civil 

Lines) 

(6, 8, 10; 5, 8, 12) (.25, .39, .44, .19, .39, .47) 3.64 7.1 0.37 

(OE; Operating Expenses, IE; Interest Expenses, II; Interest Income, OI; Other Income) 

5.7.1 Proposed intuitionistic fuzzy CCR DEA models 

The best relative intuitionistic fuzzy efficiency as well as worst best relative intuitionistic 

fuzzy efficiency  and hence, relative geometric crisp efficiency of      (1
st
 Branch) can be 

obtained by solving optimistic intuitionistic fuzzy CCR DEA model-5.20 and pessimistic 

intuitionistic fuzzy CCR DEA model-5.20. 
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Optimistic intuitionistic fuzzy CCR DEA model-5.20 
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Pessimistic intuitionistic fuzzy CCR DEA model-5.20 
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5.7.2 Exact relative geometric crisp efficiency of       (Amritsar Branch, M.M.) 

Using the method, proposed in Section 5.6,  the exact relative optimistic intuitionistic 

fuzzy efficiency as well as pessimistic intuitionistic fuzzy efficiency and hence, relative 

geometric crisp efficiency of      can be obtained as follows: 

Step 1: Using the product of triangular intuitionistic fuzzy numbers, defined in Section 5.1.2, the 

optimistic intuitionistic fuzzy CCR DEA model-5.20 and pessimistic intuitionistic fuzzy CCR 

DEA model-5.20 can be transformed into optimistic intuitionistic fuzzy CCR DEA model-5.21 

and pessimistic intuitionistic fuzzy CCR DEA model-5.21 respectively. 
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Optimistic intuitionistic fuzzy CCR DEA model-5.21 
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Pessimistic intuitionistic fuzzy CCR DEA model-5.21 

        

 
 
 
 
 
 
 

   
         

        
        

        
         

        
     

 

 

 
 
 
        

          
         

         
         

         
     

       
         

          
           

         
         

   

     
       

       
       

       
       

     

      
        

        
          

        
        

    

       
         

         
          

          
         

    

 
 
 
 

 
 
 
 
 
 
 

   



157 
 

Subject to 

  

 
       

          
         

         
         

         
     

       
         

          
           

         
         

   
  

  

 

     
       

       
       

       
       

     

      
        

        
          

        
        

    

       
         

         
          

         
         

   

 

 

  

 
       

         
         

          
          

         
     

       
         

         
         

         
         

    
   

  

 

     
       

       
       

       
       

     

      
        

        
         

        
        

    

       
          

         
         

         
         

   

 

 

  

 
        

          
          

          
          

          
     

       
         

         
         

          
         

    
  

  

 

    
       

       
       

       
       

     

      
        

        
         

        
        

    

       
         

         
          

         
         

   

 

 

  

 
       

         
          

         
         

         
     

       
         

         
         

         
         

   
  

  

 

     
       

       
       

       
       

     

      
        

        
          

        
        

    

       
         

         
         

         
         

   

 

 

  

 
       

         
         

         
         

         
     

       
          

         
         

         
         

   
  

  

 

     
       

       
       

        
       

     

      
        

        
         

        
        

    

       
         

         
         

         
         

   

 

 



158 
 

  

 
       

         
          

         
         

         
     

       
         

         
         

         
         

   
   

  

 

     
       

       
        

       
       

     

      
        

        
        

        
        

    

       
         

         
          

         
         

   

 

  

  

 
       

         
          

         
         

         
     

       
         

         
         

         
         

   
   

  

 

     
       

       
       

       
       

     

      
        

        
         

         
        

    

       
          

         
         

         
         

   

 

 

  

 
       

          
          

          
         

          
     

       
          

         
          

         
         

    
   

  

 

     
       

       
       

       
        

     

      
        

        
         

        
        

    

       
         

         
          

          
         

   

 

 

  

 
       

         
         

          
         

         
     

       
         

         
          

         
         

    
  

  

 

    
      

       
       

      
        

     

      
        

        
         

        
        

    

       
         

          
         

         
         

   

 

 

  

 
       

         
         

          
         

         
     

       
          

         
          

         
         

    
   

  

 

    
      

      
       

      
       

     

      
        

        
         

         
        

    

       
         

         
          

         
         

   

 

 



159 
 

  

 
       

         
         

          
         

         
     

       
          

         
          

         
         

    
   

  

 

    
      

      
       

      
      

     

      
        

        
         

        
        

    

       
         

         
          

         
         

   

 

 

  

 
       

         
         

          
         

         
     

        
          

          
          

          
          

    
  

  

 

    
       

       
       

       
        

     

      
        

        
         

        
        

    

       
         

          
          

         
         

   

 

 

  

 
       

         
         

          
         

         
     

       
         

         
          

         
          

    
  

  

 

    
       

        
       

       
       

     

      
         

         
         

        
        

    

       
         

         
          

         
         

   

 

 

  

 
                                   

     
     

     
     

     
     

                                    
     

     
     

     
     

   
   

  

 

                     
     

     
     

     
     

     

                             
     

     
     

     
     

    

                                   
     

     
     

     
     

   

 

 

  

 
       

         
         

         
         

         
     

       
         

         
          

         
         

    
  

  

 

    
       

       
       

       
       

     

      
        

        
         

        
        

    

       
         

         
          

         
         

   

 

 



160 
 

  

 
       

         
         

          
         

         
     

       
         

         
          

         
         

    
   

  

 

    
      

       
        

      
       

     

      
        

        
        

        
         

    

       
         

         
          

         
         

   

 

 

   
    

    
     

    
    

                

   
    

    
    

    
    

                     

Step 2: Using the addition of triangular intuitionistic fuzzy numbers, defined in Section 5.1.2, 

the optimistic intuitionistic fuzzy CCR DEA model-5.21 and pessimistic intuitionistic fuzzy 

CCR DEA model-5.21 can be transformed into optimistic intuitionistic fuzzy CCR DEA model-

5.22 and pessimistic intuitionistic fuzzy CCR DEA model-5.22respectively. 

Optimistic intuitionistic fuzzy CCR DEA model-5.22 
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Pessimistic intuitionistic fuzzy CCR DEA model-5.22 
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Step 2: Using the relation                                                   

                      and the division of triangular intuitionistic fuzzy numbers, defined 

in Section 5.1.2, the optimistic intuitionistic fuzzy CCR DEA model-5.22 and pessimistic 

intuitionistic fuzzy CCR DEA model-5.22 can be transformed into optimistic intuitionistic fuzzy 

CCR DEA model-5.23 and pessimistic intuitionistic fuzzy CCR DEA model-5.23 respectively. 

Optimistic intuitionistic fuzzy CCR DEA model-5.23 
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Pessimistic intuitionistic fuzzy CCR DEA model-5.23 
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Step 3: The intuitionistic fuzzy optimal value 

    
         

        
        

        
        

        
      , representing the best relative 

intuitionistic fuzzy efficiency of     DMU, as well as the intuitionistic fuzzy optimal value 

    
          

         
         

         
         

         
        , representing the worst 

relative intuitionistic fuzzy efficiency of     DMU, can be obtained by solving the optimistic 
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intuitionistic fuzzy CCR DEA model-5.23 and pessimistic intuitionistic fuzzy CCR DEA model-

5.23 as follows: 

Step 3(a): The optimal value     
      and     

       of the optimistic crisp CCR DEA model-

5.24a and pessimistic crisp CCR DEA model-5.24a by solving optimistic crisp CCR DEA 

model-5.24b and pessimistic crisp CCR DEA model-5.24b equivalent to optimistic crisp CCR 

DEA model-5.24a and pessimistic crisp CCR DEA model-5.24a are 0.292 and 1 respectively .   

Optimistic crisp CCR DEA model-5.24a 

            
     

      
           

  

    
         

         
    

Subject to 

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.38 with the following 

additional constraint:  

      
           

  

    
         

         
      

Optimistic crisp CCR DEA model-5.24b 

            
           

           
    

Subject to 

Constraints of optimistic intuitionistic fuzzy CCR DEA model-5.24 with the following additional 

constraint:  

    
         

         
    , 
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Pessimistic crisp CCR DEA model-5.24a 

            
      

      
           

  

    
         

         
    

Subject to 

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraint:  

      
           

  

    
         

         
      

Pessimistic crisp CCR DEA model-5.24b 

            
            

           
    

Subject to 

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.24 with the following 

additional constraints:  

    
         

         
    , 

      
           

       
         

         
    

Step (3b): The optimal value     
      and     

       of the optimistic crisp CCR DEA model-

5.25a and pessimistic CCR DEA model-5.25a by solving optimistic crisp CCR DEA model-

5.25b and pessimistic CCR DEA model-5.25b equivalent to optimistic crisp CCR DEA model-

5.25a and pessimistic CCR DEA model-5.25a are 0.416 and 1 respectively .   
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Optimistic crisp CCR DEA model-5.25a 

            
     

      
         

  

    
        

         
    

Subject to  

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

      
           

  

    
         

         
          

      
      

         
  

    
        

         
      

Optimistic crisp CCR DEA model-5.25b 

            
           

         
    

Subject to  

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

    
        

         
    , 

      
           

             
         

         
   , 

          
        

         
          

         
       

        
         

    

Pessimistic crisp CCR DEA model-5.25a 
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Subject to  

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

      
           

  

    
         

         
      

  
      

         
  

    
        

         
    

Pessimistic crisp CCR DEA model-5.25b 

            
            

         
    

Subject to  

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

    
        

         
    , 

      
           

       
         

         
    

    
        

         
         

         
  . 

Step (3c): The optimal value     
      and     

       of the optimistic crisp CCR DEA model-

5.26a and pessimistic CCR DEA model-5.26a by solving optimistic crisp CCR DEA model-

5.26b and pessimistic CCR DEA model-5.26b equivalent to optimistic crisp CCR DEA model-

5.26a and pessimistic CCR DEA model-5.26b are 0.464 and 1 respectively .   
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Optimistic crisp CCR DEA model-5.26a 

            
     

       
         

  

    
         

          
    

Subject to 

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraint:  

      
           

  

    
         

         
          

      
         

  

    
        

         
         

      
       

         
  

    
         

          
      

Optimistic crisp CCR DEA model-5.26b 

            
            

         
    

Subject to 

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  
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Pessimistic crisp CCR DEA model-5.26a 

            
     

       
         

  

    
         

          
    

Subject to  

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.38 with the following 

additional constraint:  

      
           

  

    
         

         
      

      
         

  

    
        

         
      

      
       

         
  

    
         

          
   

Pessimistic crisp CCR DEA model-5.40b 

            
            

         
    

Subject to 

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  
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Step (3d): The optimal value     
      and     

       of the optimistic crisp CCR DEA model-

5.27a and pessimistic CCR DEA model-5.27a by solving optimistic crisp CCR DEA model-

5.27b and pessimistic CCR DEA model-5.27b equivalent to optimistic crisp CCR DEA model-

5.27a and pessimistic CCR DEA model-5.27a are 0.464 and 1 respectively .   

Optimistic crisp CCR DEA model-5.27a 

            
     

      
           

  

    
        

         
    

Subject to 

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

      
           

  

    
         

         
          

      
         

  

    
        

         
          

       
         

  

    
         

          
          

      
      

           
  

    
        

         
      

Optimistic crisp CCR DEA model-5.27b 
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Subject to 

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraint:  

    
        

         
       

      
           

             
         

         
     

      
         

             
        

         
     

       
         

             
         

          
     

          
        

         
          

           
       

        
         

    

Pessimistic crisp CCR DEA model-5.27a 

            
      

      
           

  

    
        

         
    

Subject to 

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraint:  
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Pessimistic crisp CCR DEA model-5.27b 

            
            

           
    

Subject to  

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

    
        

         
     

      
         

       
        

         
   

      
           

       
         

         
   

       
         

       
         

          
   

    
        

         
         

           
   

Step 3: The optimal value     
      and     

       of the optimistic crisp CCR DEA model-5.28a 

and pessimistic CCR DEA model-5.28a by solving optimistic crisp CCR DEA model-5.28b and 

pessimistic CCR DEA model-5.28b equivalent to optimistic crisp CCR DEA model-5.28a and 

pessimistic CCR DEA model-5.28a are 0.464 and 1 respectively .   

Optimistic crisp CCR DEA model-5.28a 

            
     

      
         

  

    
         

         
    

Subject to  
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Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

      
           

  

    
         

         
          

      
         

  

    
        

         
          

       
         

  

    
         

          
          

      
           

  

    
        

         
          

      
      

         
  

    
         

         
      

Optimistic crisp CCR DEA model-5.28b 

            
           

         
    

Subject to 

Constraints of optimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

    
         

         
       

      
         

             
        

         
     

      
           

             
         

         
     

       
         

             
         

          
   , 
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   , 

          
         

         
          

         
       

         
         

    

 

Pessimistic crisp CCR DEA model-5.28a 

            
      

      
         

  

    
         

         
    

Subject to  

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraints:  

      
         

  

    
        

         
      

      
           

  

    
         

         
      

       
         

  

    
         

          
      

      
           

  

    
        

         
      

  
      

         
  

    
         

         
    

Pessimistic crisp CCR DEA model-5.28b 
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Subject to  

Constraints of pessimistic intuitionistic fuzzy CCR fuzzy DEA model-5.23 with the following 

additional constraint:  

    
         

         
       

      
         

       
        

         
    

      
           

       
         

         
    

       
         

       
         

          
  , 

      
           

       
        

         
    

    
         

         
         

         
    

Step 4: Using the values of    
        

        
        

        
     and 

   
         

         
         

         
         

     , obtained in Step (3a) to Step (3e),   the 

intuitionistic fuzzy optimal value     
         

        
        

        
        

        
       of 

optimistic intuitionistic fuzzy DEA model-5.23, representing the best relative intuitionistic fuzzy 

efficiency of     DMU,  is                                       as well as intuitionistic 

fuzzy optimal value     
          

         
         

         
         

         
        of 

pessimistic intuitionistic fuzzy DEA model-5.23, representing the worst relative intuitionistic 

fuzzy efficiency of     DMU is              .  

Step 5: The crisp optimal value 

   
          

                                             , representing the best 

relative crisp efficiency of      DMU is 0.437. 
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Step 6: The crisp optimal value    
           

                      , representing the 

worst relative crisp efficiency of      DMU is 1. 

5.7.3 Results 

The best relative intuitionistic fuzzy efficiency as well as worst relative intuitionistic fuzzy 

efficiency and hence, the relative geometric crisp efficiency of all the DMUs, obtained by the 

proposed approach, are shown in Table 5.2.  

Table 5.2 Best relative intuitionistic fuzzy efficiency, worst relative intuitionistic fuzzy 

efficiency and the relative geometric crisp efficiency of all the DMUs. 

DMUs Best relative intuitionistic 

fuzzy efficiency 

Worst relative intuitionistic 

fuzzy efficiency 

Relative crisp 

geometric 

efficiency 

1                                               .661 

2                                                                 .970 

3                                                                   1.225 

4                                                       .544 

5                                               .591 

6                                     1.07 

7                                          1.825 

8                                                               .809 

9                                                               1.268 

10                                                   1.074 
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11                                                               1.405 

12                                                       .720 

13                                                                1.758 

14                                                                1.402 

15                                                            1.173 

16                                                               1.706 

 

5.8 Conclusions 

On the basis the present study, it can be concluded that there are flaws in the optimistic as 

well as pessimistic intuitionistic fuzzy CCR DEA model and in the method proposed by Puri and 

Yadav [83] and hence neither the intuitionistic fuzzy CCR DEA model proposed by, Puri and 

Yadav [83] nor the method proposed by Puri and Yadav [83] should be used for evaluating the 

best relative geometric crisp efficiency of DMUs. Also, to resolve the flaws of the intuitionistic 

fuzzy CCR DEA models, new intuitionistic fuzzy CCR DEA models are proposed. Further, a 

new approach is proposed to solve the proposed intuitionistic fuzzy CCR DEA models for 

evaluating the best relative geometric crisp efficiency of DMUs.     
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Chapter 6 

Future Scope  

 

The following may be treated as future directions: 

1. The fuzzy/intuitionistic fuzzy CCR DEA models, proposed in thesis, are valid only if 

positive fuzzy/intuitionistic fuzzy numbers represents input and output data. However, in 

real life problem, there exist several real life problems in which some of the input data 

and/ or output data may be negative e.g., investment returns of mutual funds may be 

negative. Some researchers have developed some fuzzy DEA models to deal with 

negative data. However, after a deep study of these methods, it is concluded that there are 

some flaws in these methods. In future, it may be tried to develop new fuzzy/ 

intuitionistic fuzzy DEA models to deal with negative data. 

2. In the thesis, the flaws in the exiting fuzzy/ intuitionistic fuzzy CCR DEA models are 

pointed out and to resolve the flaws, new fuzzy/ intuitionistic fuzzy CCR DEA models 

are proposed. There are several other fuzzy DEA models which are extension of fuzzy 

CCR DEA models. It can be easily verified that the flaws, pointed out in the fuzzy/ 

intuitionistic fuzzy CCR DEA models, also exists in the other fuzzy DEA models. In 

future, new fuzzy/ intuitionistic fuzzy DEA models may be developed to resolve the 

flaws of other existing fuzzy DEA models. 

3. The approaches, proposed in this thesis, may be used to evaluate the exact best relative 

geometric crisp efficiency of real life problems.  
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