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Abstract

In the present thesis, an attempt has been made to demonstrate some robust and efficient
mesh-free techniques for approximating the solutions of singularly perturbed problems.
It is observed that the proposed mesh-free method are more efficient than the conven-
tional methods and are, at the same time, conceptually simple. We consider one and
two-dimensional singularly perturbed problems commonly arise in the field of science and
engineering. Besides it, a well-developed theory for their convergence and error estimates
has also been proved. Numerical experiments have been carried out extensively to support

the theoretical results. The research work started with the following three objectives:

e To propose and implement a mesh-free method for solving linear/non-linear singu-

larly perturbed problems in one dimension.

e To implement the proposed mesh-free method for solving the higher dimensional

singularly perturbed problem.
e To implement the proposed mesh-free method for solving a real-life problem.

To accomplish these objectives, the research work has been carried out and organized in
form of Chapters. The thesis is categorized into seven Chapters. A brief overview of the
Chapters is given below:

In Chapter 1 of the proposed thesis work focuses on singularly perturbed differential
equations and their importance in various fields. It provides an introduction to basic
definitions and notations related to singularly perturbed problems (SPP), highlighting
their significance in real-world applications. The Chapter emphasizes on the need for
efficient and accurate methods for solving SPP, and reviews various analytic and numerical
techniques proposed in this regard. The discussion also includes a summary of mesh-
free schemes and their developments, highlighting their advantages and limitations. The
presented literature survey on this topic has led to the identification of gaps in the existing
approaches which motivates for the objectives of the Ph.D. thesis. Overall, Chapter 1 lays
the foundation for the subsequent Chapters by providing a clear and concise overview of

the problem domain.

Chapter 2 deals with one-dimensional singularly perturbed linear and non-linear elliptic
differential equations. Singularly perturbed problems have solutions that exhibit sharp
boundary layers, which makes them difficult to solve using traditional numerical methods.
This Chapter discusses the element-free Galerkin (EFG) methodology for solving the SPP.

Due to the absence of element connectivity, the EFG method’s main feature lies in its



ability to add or delete node particles without much difficulty. This feature makes the
method more adaptable than other conventional numerical techniques. The EFG method
uses moving least-square (MLS) approximation to generate shape functions. The impact of
different weight functions on the accuracy of the method has been discussed. The method-
ology is based on the global weak form, and the numerical integrations are computed using
background cells created by the Gauss quadrature formula. Since the MLS shape functions
do not satisfy the Kronecker delta function property, the boundary conditions can not be
implemented directly. Therefore, Lagrange multipliers approach has been used to impose
the essential boundary constraints. The quasilinearization technique has been adopted for
handling the nonlinearity present in the considered problems and its rate of convergence
has also been derived. Shishkin’s approach has been utilized to generate more nodes in
the boundary layer region and to capture these layers sharply. The EFG method’s robust-
ness is verified through various numerical examples and L.,—errors have been presented.

Comparisons of solutions have been made with those available in the literature.

Chapter 3 of the thesis focuses on the numerical analyzation of the time-dependent
singularly perturbed parabolic reaction-diffusion equation. To accomplish this, the authors
utilized the element-free Galerkin (EFG) method for spatial discretization in conjunction
with the implicit Crank-Nicolson scheme for temporal discretization. Due to the steep
boundary layers in the solution to the problem, the authors employ a piecewise uniform
layer-adapted Shishkin’s technique to generate more dense node points near the boundary
layer region. Stability and a posteriori errors of the proposed method have been analyzed
using Lo-norm. The e-uniform convergence of the full-discrete scheme is shown to be
O(7%+0,™), where T represents the time step size and 0, represents the size of the influence
domain. Some numerical experiments have been conducted to validate the theoretical
results and to verify the computational consistency and robustness of the proposed scheme.

The numerical order of convergence has also been presented.

Chapter 4 is dedicated to demonstrate the application of the proposed method for solving
real-life problems. In particular, the study focuses on a realistic model that displays the
phenomenon of traveling wave propagation. The time-dependent singularly perturbed
Fisher’s problem, represented by the below given equations, has been used as the model

problem for analysis:
wy(z,t) = eVu(z,t) + Bu(x, t)(1 — u(z,t), (z,t) € Q=Q, x Q= (0,1) x (0, 7],
with initial condition

u(z,0) = up(x), = € Qy,
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and boundary conditions as
u(0,t) = f(t), u(l,t)=g(t), t €,

where u(z,t) symbolizes the occurrence of traveling waves. Implicit Crank-Nicolson tech-
nique has been employed for temporal semi-discretization. Spatial discretization has been
carried out using mesh-free element-free Galerkin scheme. The authors analyzed the sta-
bility of the semi-discrete scheme. The non-linear terms has been tackled by using the
quasilinearization process. The convergence analysis of the quasilinearization process and
the full discrete scheme has also been discussed. Numerical experiments have been per-
formed to validate the theoretical findings and to show the robustness of the proposed
scheme. The numerical results demonstrate the efficiency and accuracy of the proposed

method in solving the time-dependent singularly perturbed Fisher’s problem.

Chapter 5, a more generalized version of the Fisher’s model problem, i.e. Burger-Fisher’s
problem, has been considered to check the robustness of the proposed EFG method. The

considered Burger-Fisher’s model problem is given by

=~V +ou’— = F(u), (z,t) € Q=Q, x Q = (0,1) x (0,7,

u(r,0) = up(z), = € Qy,
u(0,t) = f(t), u(l,t)=g(t), t € Q.

Mesh-free EFG method along with Crank-Nicolson scheme has been proposed to analyze
the realistic model problem which generally arises in the biological field. The shape func-
tions are generated using the moving least-square (MLS) approximation and the Lagrange
multiplier method has been invoked to implement the essential boundary conditions. The
existence and uniqueness of the EFG solution has been presented. Stability and uniform
convergence of the proposed scheme for the non-linear model problem has also been pre-
sented for fixed value of singular perturbation parameter. Numerical results have been

presented which depicts the efficiency of the scheme.

In Chapter 6, the proposed scheme has been extended to solve the two-dimensional
time-dependent non-linear singularly perturbed reaction-diffusion initial-boundary value
problem. The temporal and spatial discretizations have been carried out using the Crank-
Nicolson and element-free Galerkin scheme respectively. Again the MLS approach has been
invoked to generate the basis functions. To impose the boundary conditions, Lagrange

multiplier method has been utilized. Stability of the time semi-discrete problem has been
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analyzed. Uniform convergence of the proposed scheme has been shown in the Ly;— norm.

Numerical results have been presented to validate the efficiency of the method.

In Chapter 7, we have investigated a real-life application of a two-dimensional singularly
perturbed parabolic equation in the context of finance. Specifically, the Black-Scholes
(B-S) model has been considered, commonly used for option pricing and based on the
principle of hedging to eliminate risks associated with underlying assets and stock options.

The two-dimensional Black-Scholes (B-S) equation for a European call option pricing is

given by:

oC 1 0*C 0*C 1 0*C

E(Sl,SQ, )+ 01512852 (Sl,SQ, )+2p0'10'28152651852(51,52, )+ 0'253852 (Sl,SQ,t)
oC oC

+ 7|15 (1, S2,t) + S (51,92, 1) | —rC(Sh, Sa, ) =0,

051 0S5,

(S1,55,t) € (0,00) x (0,00) x (0,7,
with initial condition
C(S1, Ss,0) = Somax(S; — E,0), (S1,S52) € (0,00) x (0,00)
and terminal conditions
C(0,S2,t) =0=C(51,0,t), te]0,T]

where C(S1, Se,t) denotes the value of a call option with underlying asset prices Sy, Ss
at time 't’. Here, ‘o] and "o}, are the volatility rates of the underlying assets S; and S,
respectively. 'r’ is the risk-free interest rate, 'p’ is correlation value between Sy, So and F
is the strike or exercise price.

A dimensionless interpretation of the two-dimensional B-S equation has been demonstrated
by using linear transformations. The above model has been reformulated into initial-value

singularly perturbed parabolic problem as follows:

0 0? 0?
LU(x,y,7) = { —a——i-ela 5 +€2(9 5 —1}U(m,y,7) = 0.

2
Here, ¢, = € = ;—j are dimensionless perturbation parameters, €, € € (0, 1].

o1
2r?
The numerical treatment of the deemed problem has been accomplished by adopting the
element-free Galerkin (EFG) approach. The proposed mesh-free scheme is novel for the
singularly perturbed B-S equation for 0 < €1, €5 << 1. An implicit Crank-Nicolson scheme

has been used to discretize temporal variable. Error analysis of the scheme reveals an order
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of convergence O(7%+0,™), where 7 and 0, are the time step size and size of the influence
domain, respectively. Numerical experiments verify the theoretical and computational
consistency of the proposed scheme, and L.,—errors of solutions with sharp boundary
layers are presented.

Conclusion of the thesis has been presented in the last followed by bibliography.
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Chapter 1

Introduction

The environment around us is continually changing, such as plant growth,
stock market fluctuations, population expansion, temperature changes, the
value of the money in bank accounts, the strength of an electric field, phys-
ical forces acting on an object, etc. All these changes depend upon some
factors like time, climate, the position of an object etc. These rates of
change can be described mathematically by derivatives. Any relation be-
tween these derivatives and their functions or physical quantities can be
described as a differential equation. Differential equations have a remark-
able ability to anticipate the world around us, including the transmission of
illnesses through a population, the exponential development and decay of
species, and changes in investment return over time, to mention some exam-
ples. Hence the differential equations are used in a wide variety of disciplines
like biology, physics, chemistry, engineering, stock markets, business, statis-
tics etc. Due to the advanced development of science and technology, the
governing differential equations modeling physical phenomenon are becom-
ing more and more complex. One such problem that usually occurs in fluid

and gas dynamics is a boundary layer problem.

1.1 Singularly perturbed problems

The mathematical representation of boundary layers is the presence of a
small parameter, €, called the singular perturbation parameter, multiplying
with the coefficients of some or all the terms involving highest order deriva-

tives in the differential equations. In the limiting case, when this singular



perturbation parameter ¢ approaches zero, then, in general, all the bound-
ary conditions are not satisfied and hence, a boundary layer appears in the
solution, and the problem is said to be singularly perturbed.
Geometrically, a boundary layer is defined to be a region of rapid change
in the solution near the endpoints. The concept of boundary layer theory
was first introduced by Ludwig Prandtl [176], a 29-year-old professor at
the Technische University in Hanover, on August 12, 1904, at the Third
International Congress of Mathematicians in Heidelberg, Germany, where
he presented his paper entitled “On Fluid Motion with small Friction”.
Prandtl’s presentation was only ten minutes long. His seven-pages paper
described a new concept of fluid dynamics called boundary layer theory.
The presence of boundary layers in fluid and gas dynamics was unknown
before the early twentieth century.

The term “Singular Perturbation” was coined by Friedrichs and Wasow [78]
at New York University in 1946 in a seminar on non-linear vibrations. Their
work was motivated by analysing the edge effect for buckled plates. Levin-
son [129] began the study of a wide spectrum of important topics using
asymptotic analysis and made definitive contributions to singular perturba-
tions. In 1961, Friedrichs and Erdelyi [65] evolved an asymptotic matching
of the inner and outer expansions at the edge of the boundary layer. In
1965, Wasow’s [223] book placed singular perturbations in the context of
the analytic theory of differential equations. By 1970, courses on pertur-
bation methods became common in engineering and applied mathematics
departments. Bender and Orszag [165], in 1978, emphasized more general
asymptotic techniques for ordinary differential equations. Much of the work
on singular perturbation partial differential equations started appearing in
the late 1980s. Nayfeh [161] made the elementary concepts of singular and
regular perturbation theory as a part of the undergraduate study for most

scientists and engineers.



1.2 Significance of singularly perturbed problems

One of the primary motivations for studying singularly perturbed differ-
ential equations is that the partial differential equations that occur in the
field of hydrodynamics are typically singularly perturbed. The singularly
perturbed nature of differential equations becomes apparent when the mag-
nitude of convection terms is much larger than diffusion terms. Such differ-
ential equations arise in various fields of applied mathematics, fluid dynam-
ics, quantum mechanics, aerodynamics, plasma dynamics, reaction-diffusion
processes, oceanography and other domains of fluid motion. Some of the
standard singular perturbation models arising in various areas have been

mentioned below:

Singularly perturbed Kolmogorov-Fokker-Planck model

Khasminskii and Yin [113] derived asymptotic expansions for solutions of
singularly perturbed Kolmogorov-Fokker-Planck equation having two time

scales. The equation is given by

Op° A(b(t,y)p°) 10%(al(t,y)p")

GE(S,QZ’@y)—l— oy (s,x,t,y) _§ ay2 (va7t7y) =0, t>s
Wlth tkgl—op (S,Jf,t,y) = 5(.17 _ y)’

where p(s, x,t,y) denotes the transition density, € > 0 is a small parameter,
b(t,z) and a(t,x) represents the drift and diffusion coefficient, respectively.
The asymptotic expansion of carried out explicitly and showed that the
initial layer term decays at an exponential rate. This study has a broad
spectrum of applications in manufacturing systems, queueing networks, sta-

tistical physics, population biology, financial economics, and many other
related fields.



Predator-Prey model for interacting populations

Dunbar [63] presented the singularly perturbed predator-prey model pro-
duced by modifying the Lotka-Volterra equations, including predator sati-

ation effect, is demonstrated in the following system of equations:

U = Uy + Au(l —u/K) — B1 inu’
UW
:5 .’I:‘T_C .D .
Wy oW w + 1+ Fu

The functions u(t, z), and w(t, x) are the densities of the prey and preda-
tor, respectively. Here, 0, and &9 are the diffusion coefficients, A is a growth
factor for the prey species, C' is a death rate for the predator in the ab-
sence of prey, K is the carrying capacity of the prey species, B and D are
the interactions rates for the two species. The parameter £/ measures the
satiation effect, which is prey consumption by a unit number of predators.
The author considered 6 = 0, i.e. situation in which the prey species dif-
fuses much more slowly than the predator species. The existence of periodic
traveling wave solutions in heteroclinic orbits of the considered model has

been discussed and showed that 7 chaotic” orbits could not exist in R3.

Biological model for wound healing assay

Maini et al. [147] suggested extension of Fishers equation in the medical
context in which cell propagation for wound healing was modeled by Fickian

diffusion has been discussed. The model is given by

on 0*n
i D@ + rn(N —n),

where n(x,t) represents cell number density at position z and at time ¢, r N
denotes linear growth of cells, D is the diffusion coefficient and N is the

carrying capacity. The authors discussed the migration of healing wound



assay which exhibits constant speed v = 2,/(rN D) traveling waves.

Semiconductor device modeling

Roosbroeck [184] was developed the basic model for electric current through

a semiconductor in terms of the electric potential ¢ as

6V2¢ =q(n—p—D),
on

—QE +V.J, = qR,
o
qa—f +V.J, = —qR,

Here, n is an electron, and p is the hole density of negative and positive
charges. € symbolizes permittivity of the material, ¢ is the unit charge, D
denotes the doping concentration in the background, and R is a recombi-
nation term. The combination of J,, and J, currents give the drift-diffusion

model of the form
In = qun(UVn — nV o),

where u,, is the electron mobility, a potential internal barrier is represented
by Ut.

Air pollution

The Chernobyl disaster brought international attention to the modeling of
atmospheric pollution. Pudykiewicz [178] demonstrated the importance of
employing a full three-dimensional model of the following modestly simpli-
fied form for a group of radioactive tracers of specified activity A°,
DA
ot
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In this case, a terrain-following vertical coordinate o is utilized, with Vy
representing an average horizontal wind vector in the ¢ system and Vg
denoting thegradient operator. The various sources and sinks are gathered
in S’, which includes a matrix of coefficients characterizing the radioactive
decay and transformation of all the isotopes in the model, K, is a vertical
diffusion coefficient which varies with height, and V! is made up of the ver-
tical motion in the o system and the gravitational settling velocity. Wind
velocity and other atmospheric parameters were determined using standard
meteorological forecast data.

Moreover, the horizontal and vertical scales used here are significantly dif-
ferent. Horizontal length scales are generally thousands of kilometers, with
velocities of 10 m/s, resulting in a Reynolds number in the 1011102 range.
However, the length scale and velocity are much smaller in the vertical direc-
tion. The turbulent diffusion coefficient is much larger: in the atmospheric
boundary layer, K, maybe 10°> m?/s, giving a Pclet number around 102,
and in the free atmosphere, where K, is typical 10 m?/s, the Pclet number

would be around 10.

Navier-Stokes model for nozzle flow

The following equation represents a shock wave in a one-dimensional nozzle
flow. The steady state Navier-Stokes equation give
u A(x)

n_ z . !/ i .
eA(x)uu” —[1 + 5 eA'(z)]uu” + " + e

v—1

5 uH)=0; 0<z<1,

(1-

where z is the normalized downstream distance from the throat, u is a
normalized velocity, A(x) is the area of the nozzle at = and € is essentially the
inverse Reynolds number, e.g. € = 4.792 x 1078, The boundary conditions

are

w(0) = 0.9129, u(1) = 0.375.



For this BVP, an O(y/€)-wide shock develops whose location depends on

€.

Black-Scholes model for European option pricing problems

The Black-Scholes (B-S) equation is well-known for demonstrating option
pricing theory, which generally occurs in the model of the financial world. As
a result, it has become an extensive elementary subject for studying financial
engineering and financial theory. In 1973, Black and Scholes [26] published
the B-S model and option pricing formula in their paper to analyze the
behavior of financial derivatives in the market. The B-S model is based
on the principle of hedging and focus on eliminating risks associated with
the volatility of underlying assets and stock option. The generalized B-S

equation governing Furopean call option C(S,t) at asset price S at time ¢

is given as
oC(S,t) 1 4 ,0*C(S,1) oC (S, 1) B
BT + 50 (5,1)S 552 +7r(5,1)S 55 r(S,t)C' =0,
(S,t) € RT x (0,7),
(1.2.1)
equipped with the terminal and boundary conditions
C(S,0) = max(S — E,0), SeR", (1.2.2)
C(0,t) =0; C(S,t)~ S for S — oot, tel0,T], (1.2.3)

where o(S,t) > 0 denotes the volatility function of underlying asset; T,
the maturity time; E, symbolizes the exercise price and r(S,t) > 0 is the

risk-free interest rate.



Groundwater flow and solute transport

The passage of water and solutes across the unsaturated zone has a vital
role in conventional applications of groundwater hydrology, soil physics, and
agronomy. The modeling of water flow through a liquid phase in unsatu-
rated porous media , in one dimension, can be stated by a combination of

Darcys law and the equation of continuity given as

0 0* 0
ac(w,t) = D@c(x,t) - v%c(x,t) — Ae(z,t), x>0, t>0, (1.2.4)

where x denotes the distance, which is zero at the soil center and computed
positive towards the right side of the soil center, herein, ¢(z,t) is the solute
density at time ¢; D represents diffusivity of soil water, v is velocity and k
signifies the decay coefficient.

The mathematical modeling for unknown coefficient ¢(z,t) is represented

by defining dimensionless variables as

= T=— C=—. (1.2.5)

t
A v/\ Co
The equation (1.2.5) is known as the solute transport equation. Now, refor-

mulate the above equation (1.2.4) using these scaled variables, we get

—c(x,t) = —2 (x,t) —v—c(x,t) — Ac(z, 1) >0, t>0

c(x e~——c(z v=——c(x c(x x

ot ox? or n ’ ’
where € = —AUEQ is singular perturbation parameter and € < 1. Bear and

Verruijt discussed various ground water transport models in [17].

Though we have mentioned some singular perturbed models, but many
more singular perturbed models can be found out arising in various different
fields. Thus, we can say that singularly perturbed problems (SPP) plays
an important role in our day to day life and hence, it becomes a necessity

to develop more and more stable and robust numerical methods for solving
SPP.



1.3 Solution methodology

The solution of SPP typically contains boundary layers. Prandtl began
the study of fluid-dynamical boundary layers by analyzing viscous flows.
Broadly asymptotic and numerical techniques are two principle approaches
to tackle SPP.

1.3.1 Analytical approach

The analysis of singularly perturbed differential equations began early in
the 20" century when approximate solutions were constructed from asymp-
totic expansions. An asymptotic analysis provides the qualitative behavior
of singularly perturbed differential equations. Mainly, asymptotic analysis
for differential operators was developed for regular perturbation. In brief,
we present the development of analytical methods for SPP below.

Friedrichs and Wasow [78] is widely considered the first mathematicians to
initiate the study of asymptotic solutions for singularly perturbed boundary
layer problems. In 1908, Birkhoff [25] discussed the asymptotic character
of the solution of linear differential equations containing a parameter. In
1926, significant work on turning point problems was done by Wentzel [225],
Kramers [116] and others. Later on, Langer [128] investigated the asymp-
totic dependence of the solution of ordinary differential equations upon com-
plex parameters. The author concluded that the asymptotic representation
utilizes multiple-valued expressions for the description of single-valued so-
lutions of SPP. During the 1950s, some interesting physical problems such
as low-Reynolds number flow problems were solved by Carrier, Cole, Latta,
Van Dyke etc. The authors discussed the asymptotic expansion procedures
for more general singular perturbation problems. The lectures of Friedrichs
and Erdelyi [65] discussed asymptotic matching in detail, where they ob-

tained uniform valid asymptotic approximations by adding the inner and



outer expansions. By the end of the 1970s, singular perturbation theory
was placed in the contents of the analytic theory of differential equations.
In 1968, Cole developed limit-process expansions for SPP. Later, in 1979,
Friedman obtained the asymptotic behavior of eigenvalues for a singular
perturbation problem in partial differential equations. Kamin [108], in
1979, considered singularly perturbed Dirichlet problem and proved that
as € — 0, the solution converges to a constant using a formal asymptotic
expansion. In 1982, Frank and Wendt [76] studied linear elliptic singular
perturbation problems. They converted the singular problem to a regular
problem and thus found the asymptotic formula for the solution of the sin-
gular problem. Flyud and Tsimbal [72] obtained asymptotic expansions in
the form of power series with respect to a small parameter ¢ for the solu-
tion of the Cauchy problem for the linear second-order singularly perturbed
hyperbolic equation. Makarov [148] presented Eigen function expansion of
the solution for linearly parabolic singularly perturbed partial differential
equations. Asymptotic expansions for the corresponding Eigen functions in
the form of powers of the perturbation parameter were presented. In 1986,
Butuzov and Nesterov [33] constructed an asymptotic representation of the
solution for the boundary value problems. Liu and Zheng [141] also pro-
posed an asymptotic analysis approach for the solution of self-adjoint first-
order elliptic boundary value problems. In 1989, Garbey [79] established
a constructive procedure for obtaining the uniform asymptotic approxima-
tion for quasi-linear hyperbolic singular perturbation problems. During the
same time, Butuzov and Nefedov [32] developed the asymptotic solution
for boundary value problems. Melenk and Schwab [152], in 1999, assumed
analyticity of the singularly perturbed elliptic problem in two-dimension.
They gave asymptotic expansion of the solution and found error bounds
that were uniform with respect to the singular perturbation parameter.

Though analytical methods provide us exact solutions, at the same time, it

is challenging to apply these techniques to find the solution to non-linear
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or complex problems or for problems with complex domains etc. Numerical
techniques have tremendous advantages over analytical techniques for solv-

ing such types of problems and other complex and real-life problems.

1.3.2 Numerical approach

The studies of SPPs problems have been tackled by many researchers, but
the majority of these problems cannot be solved analytically, therefore, one
has to use numerical methods. The numerical analysis provides quantitative
information about a particular problem but is applicable to broad classes of
problems. A brief survey of various numerical techniques for SPP has been
presented below:

Pearson [173,174] is considered to be the first researcher who provided the
numerical solution to SPP using the classical three-point finite difference
scheme over a non-uniform mesh. Axelsson and Gustafsson [7] presented
a modified upwind scheme for convection-dominated problems. Ortiz [166]
discussed error bounds for the 7-method for singularly perturbed (SP) dif-
ferential equations. Kelley [111] derived sufficient conditions for the ex-
istence and asymptotic behaviour of the solution of SP boundary value
problems (BVP). In 1980, Flaherty and Mathon [70] developed a colloca-
tion method using cubic splines and polynomial for linear singularly per-
turbed 2-point BVP. Niijima [163] analyzed an exponential type difference
scheme for solving non-linear SPPs. Sakai et al. [186] introduced hyperbolic
and trigonometric B-splines of the fourth degree for SPP. Kadalbajoo and
Rao [99] discussed a parallel discrete invariant algorithm for SP boundary
value problems.

With the day-by-day advancements of science and engineering, various new
numerical schemes are being proposed, mainly depending on specific prob-
lems. A few decades back, traditional finite difference methods, finite el-

ement methods, finite volume methods, etc., were widely used for solving

11



problems. But mesh generation, discretization of the domain, element con-
nectivity, re-meshing, and adaptivity in complex two- and three-dimensional
geometries are still challenging exercises for researchers and engineers in uti-

lizing these methods.

Because of the inefficiency of the existing traditional numerical methods for
solving specific problems, e.g., crack growth problems, problems with mov-
ing discontinuities, etc., mesh-free methods have drawn a lot of attention
from engineers and mathematicians in the latter two decades.

From literature, it seems that Lucy and Monaghan [151] were the first ones
who proposed the first mesh-free method named the smooth particle hy-
drodynamics (SPH) method in 1977. Later on, in 1992, the diffuse element
method was developed by Nayroles et al. [162] at the University of Tech-
nology of Compiegne. The MLS approximation [127] was utilized in the
method for generating smooth approximations of functions. Afterward, Be-
lytschko [23], in 1994, introduced the EFG method where MLS approxima-
tion was employed for generating shape functions and Lagrange multipliers
for imposing boundary conditions. During the same time, Liu et al. [143]
pioneered the reproducing kernel particle method (RKPM) in 1995 as an im-
provement of SPH. In 1996, Duarte and Oden [62] used MLS interpolation
equations to generate the hp-meshless cloud method, which is almost en-
tirely meshless. Melenk [150] was the first to propose the partition-of-unity
finite element method (PUFEM) technique in his Ph.D. thesis. Further,
in 1997, Babuska and Melenk [10] extended this work and introduced a
new meshless method known as the partition of unity method. Later on,
Mayer and Mandel [149] proposed a finite ray element method in 1997,
an extension of the partition of unity method, to solve the Helmholtz equa-
tion. In 1998, Atluri and Zhu [6] suggested a meshless local Petrov-Galerkin
method which was based on local symmetric weak form and MLS approxi-
mation. In the late 1990, various mesh-free methods were developed, such
as the point/radial point interpolation method (PIM/RPIM), the natu-

12



ral neighbor method, diffuse element method, mesh-free particle methods,
multiple-scale kernel particle methods, multiple scales mesh-free methods,
local boundary integral equation method, Petrov-Galerkin diffuse element
method (PG-DEM), natural element method, etc. In 1996, Belytschko and
his co-authors [21] presented an overview of meshless strategies and their
developments.

Even though the mesh-free techniques have been applied effectively in dif-
ferent fields like fluid dynamics, heat transfer, solid mechanics, structural

analysis, etc., most of them are still in progress.

Among the above discussed meshfree methods, the EFG method is the
foremost common method broadly used to deal with numerous engineering
problems. The MLS approximation is utilized to produce the shape func-
tions. Belytschko developed the EFG method in 1994 by improving the
methods of Nayroles [162] based upon the concept of the diffuse element
method (DEM). Looking on the bright side, the EFG technique is very effi-
cient for approximating partial differential equations solutions. Due to the
absence of element connectivity, node particles can be added or removed
without re-meshing. Thus, an adaptive refinement of the discretization
can be achieved efficiently and easily. The simple integration cells are re-
quired for integration over the solution domain. These features make the
EFG method more adaptable than the finite element method (FEM). On
the other hand, the EFG technique still has some downsides in compar-
ison to FEM. The EFG method is computationally more expensive and
has a more complex implementation algorithm than FEM. Moreover, the
method depends upon the MLS shape functions, which do not satisfy the
Kronecker delta property. As a result, the imposition of boundary con-
ditions is not trivial as in the case of FEM. To overcome this challenge,
one has to utilize some special techniques such as Lagrange multipliers
method [9, 23], coupling EFG with FEM [117], penalty method [247]. De-

spite all the downsides, the element-free Galerkin method is widely used
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for solving various engineering problems. Considering the importance and
positive points of the EFG method for solving various kinds of problems,
many of its improved versions, such as the complex variable EFG (CVEFG)
method [45], improved EFG method [243], interpolating complex variables
EFG (ICVEFG) method [58], improved interpolating EFG method [211]
have been developed by several researchers. The work on the improvement
of the EFG technique for various kinds of problems is still in progress.

Hashemian and Shodja [86] applied gradient reproducing kernel particle
method for solving the one-dimensional Burgers problem. The authors used
different initial and boundary transformation techniques for the enforce-
ment of essential boundary conditions. The reproducing kernel method was
adopted by Geng and Qian [80] to solve SP turning point problems with
twin boundary layers. Afterwards, the authors devised a modified reproduc-
ing kernel method [81] to handle singularly perturbed delay boundary value
problems, and the proposed method’s error estimations were also analyzed.
Nadjafi and his co-authors [160] described a meshless method based on the
MLS technique for solving singularly perturbed differential-difference equa-
tions. Following that, Ghassabzade et al. [82] introduced the radial basis
collocation method with the coordinate stretching approach for the numer-

ical analysis of SP differential-difference equations.

1.4 Gaps in the literature

Because of the increasing use of SPP in science and engineering, the field of
singular perturbation theory has been an attraction to researchers. Many
researchers have continuously proposed and developed many analytical and
numerical techniques for solving SPP. Due to arising in nonlinearity and
complexity in the singularly perturbed models, numerical techniques have

always been preferred over analytical techniques. Further, among the nu-
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merical techniques, it is clear from the survey, finite difference methods, fi-
nite element methods, collocation methods, spline approximation methods
etc., have been widely used for solving SPP. Though the use of mesh-free
methods has been increasing day by day for solving differential equations,
these mesh-free techniques have yet to be used for solving singularly per-
turbed problems. We have carried out a thorough survey on numerical
techniques for SPP but could not find any application of mesh-free meth-
ods for solving SPP. Thus, the proposed research work leading to Ph.D. is

to propose some mesh-free techniques for solving the SPP.

1.5 Objectives of the study

Based on the survey and gaps in the literature, the following objectives have

been proposed for the Ph.D. research work:

e To propose and implement a mesh free method for solving linear /non-

linear singularly perturbed problems in one dimension.

e To implement the proposed mesh free method for solving higher di-

mensional singularly perturbed problem.

e To implement the proposed mesh free method for solving real-life prob-

lem.

1.6 Element-free Galerkin method and its develop-

ment

Belytschko et al. [23] were the first who proposed the EFG method and
implemented it on elasticity and heat conduction problems in 1994. The
weak formulation trial and test functions were constructed using MLS in-

terpolants. It was shown that the proposed method’s performance depends
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upon the weight function choice. The authors demonstrated the impact of
two different weight functions graphically. The Lagrange multiplier method-
ology was employed to incorporate the essential boundary conditions. The
numerical outcome shows that the proposed scheme has achieved a higher
resolution of steep gradient and convergence rate than standard FEM.
Later, in the same year, Lu et al. [145] discussed the element-free Galerkin
technique for solving the partial differential equations using MLS approx-
imations. The Lagrange multiplier method was used to implement the
essential boundary conditions. Weighted orthogonal basis functions were
described for MLS interpolants. The authors discussed the problems of the
standard patch test, cantilever beam problem, edge crack, and the infinite
plate with hole issues. With the help of numerical results, it was shown that
the proposed method has higher accuracy than FEM for elliptic partial dif-
ferential equations and provides smooth solutions for stains and stresses.
Further in 1995, the authors of [146] employed EFG method to solve the

following transient problem in elasticity with small displacements:
V.o +b=pa, in €,

where o;; are the stress components, v = u and a = v are the velocity
and acceleration respectively, b is body force vector and p is the density.
The initial conditions, natural and kinematic boundary conditions are given

as

u(@,0) = up(z), in €,
v(x,0) = vo(x) in Q,
on =1t on I},

u=u on I,

where uy(z) and vg(x) are the initial displacements and velocity respectively,

n is the unit normal to the domain 2. The shape functions were constructed
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using orthogonal basis functions, due to which the stiffness matrix becomes
symmetric and positive semi-definite, and hence the consistency, conver-
gence and stability analysis of time integration remain similar as for in the
FEM. The relationship between the EFG method and SPH method was
also discussed.

Belytschko et al. [24] described the applications of the EFG method in stat-
ics. The stationary growing crack problems, straight crack growth, and
curvilinear crack growth problems were discussed. To capture the stress
singularity and stress intensity factors, dense grids of nodes were aligned
around the crack tip. The Lagrange multiplier method was considered for
enforcing essential boundary conditions. Numerical results show that au-
thentic stress intensity factors are achieved by this method without any
enrichment of the displacement field by a near-crack tip singularity. The
obtained results were compared with the existing results of the boundary
element method and finite element method. A comparison of results ob-
tained by regular square and radial patterns of nodes around the crack tip
was shown. The rate of convergence of the method was also discussed.

In 1997, Fleming et al. [71] proposed an enriched EFG formulation for
fracture problems. The authors proposed two refinement strategies near
the crack tip for enriching the EFG formulation for better results. The
trial functions have been augmented for the first approach to include the
near-tip asymptotic field. For the second approach, the EFG basis functions
have been augmented to include functions similar to the near-tip asymptotic
fields. Numerical outcomes demonstrated that the two strategies largely di-
minish stress oscillations and computational degree of freedom. Later on,
in the same year, Belytschko et al. [22] proposed a three-dimensional formu-
lation and implementation of the EFG method for dynamic problems with
explicit time integrations. The consistency approach has been utilized for
generating the approximation function, which speeds up the calculations

of shape functions. The central difference scheme in the classical form has
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been utilized for time discretization. The coupled EFG-FEM technique has
been used to impose the essential boundary conditions. Numerical results
for two real-life problems, the fluid sloshing problem and the Taylor bar
impact problem, have been compared with reference solutions available in
the literature.

A formulation of the EFG method and its implementation has been dis-
cussed by Bouillard and Suleau [28] for analyzing the harmonic forced re-
sponse of acoustic problems governed by the Helmholtz equation. The au-
thors used the EFG and finite element methods to review the dispersion
and pollution phenomena. Numerical tests described that the EFG solu-
tions have significantly more accuracy than the FEM solutions.

Dolbow and Belytschko [61] examined various numerical integration schemes
and described the Galerkin weak form for linear elastostatic problems. Nu-
merical studies using the mesh-free EFG method have been carried out for
second-order elliptic boundary value problems and investigated the effect of
integration errors. Several integration errors and oscillations due to large
as well as small changes in nodal spacing have been discussed which highly
affect the rate of convergence. The integration of the weak form with the
newly constructed technique known as boundary box cells has been shown
to improve the results and to recover the convergence rates.

In 1999, Barry and Saigal [15] presented a three-dimensional formulation of
the EFG method for static elastic and elastoplastic analysis. In the MLS
approximations, singular weight functions were utilized for a formulation
that allows a direct and accurate imposition of essential boundary condi-
tions at the boundary nodes. The elastoplastic implementation is based on
an increment approach, together with a consistent tangent operator. More
accurate results were obtained for the J-integral in the case of the EFG
approach with linear basis functions than for the finite element analysis.
Park and Leap [171] presented an application of the element-free Galerkin

(EFG) method for groundwater flow model in a two-dimensional confined
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aquifer domain {2 given by

V.(TVh) + R = S%, in Q,

with the boundary conditions defined by

where V is a vector differential operator, R is source or sink strength and
t is time. The transmissivity T is the product of hydraulic conductivity
K and aquifer thickness b. The storativity S is the product of specific
storage Sy and aquifer thickness b. q is the specified flux of groundwater
flow at the constant flow boundary I'j, h is the specified hydraulic head
at the constant head boundary I';, and n is the unit vector normal to the
constant flow boundary I',. The construction of shape functions is based
on the MLS approximations. A computer code has been developed with
irregular boundaries for solving groundwater flow problems. The accuracy
of the developed code was tested on groundwater problems with analytical
solutions in a confined aquifer. The coupled EFG-FEM method was utilized
to enforce the Dirichlet boundary conditions. The flexibility of the method
was tested on the groundwater flow problem in a heterogeneous aquifer.
The accuracy of solutions obtained by the EFG method was very similar to
that of the FEM.

As described earlier, though the EFG method has the benefit of non-
connectivity of nodes over the finite element method, it requires more CPU
time to search nodes in the MLS procedure for generating shape functions
as compared to the finite element method. This issue has been addressed
by Hagihara et al. in their paper [84]. The authors proposed the method of
the directed graph and the Delaunay triangulation for searching nodes and

the division of the integral domain respectively to reduce CPU time. These
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techniques are useful for saving CPU time and simplification the analysis
for the EFG method. Further, for the first time, the authors employed the
EFG method for solving non-linear creep problems under elevated temper-
ature, elastocreep problems, and center-cracked plate problems. Numerical
results obtained from the EFG method and the FEM were shown to agree
with each other.

Singh and Tanaka [205] carried out the heat transfer analysis of composite
slabs using the EFG method in the three-dimensional domain by proposing
trigonometric and polynomial basis functions. The authors considered a
general form of the energy equation for three-dimensional steady-state heat
transfer in isotropic composite slabs given by

o?’T  O0°T 0*T
0x? * Oy? * 822)

k( +Q = pcT,

with initial conditions
T = Ty, on £,
essential boundary conditions at the surface of slab 1,
T'=Tsg,

and natural boundary conditions at the outer surfaces of slab 1 and slab
2,

or

—k on'

cos(n’,n") = h(T — T),
Sh

The compatibility requirement at the interface of two slabs is given by

NE
Oz x=L/21slabl Oz x=L/2

slab2
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Here k, denotes the coefficient of thermal conductivity, @ is rate of inter-
nal heat generation, p is density of material, ¢ represents specific heat of
material, 7" is %—?, h is convection heat transfer coefficient, cos(n’,n") is the
cosine of angle between n’ and n”, n’ is the outward normal to the surface,
n’ = (z,y,2) and S}, = SoUS3U...US1;. MLS approximants are utilized to
approximate the temperature T'(z). Results obtained using trigonometric
and polynomial basis functions for constructing approximants have been
compared with the existing one. The trigonometric basis functions produce
slightly more accurate results than the other two by comparing the results.
Penalty and Lagrange multiplier techniques have been used to enforce the
essential boundary conditions. The effect of the penalty parameter on EFG
results has also been discussed. Polynomial basis functions provide quite
accurate results for the penalty approach in comparison to the other two.

In 2007, Singh et al. [203] considered the following general form of energy
equation for three-dimensional heat transfer in isotropic materials with tem-

perature dependent material properties:
VAR(T)VT} 4+ Q = p(T)C(T)T,
with initial and boundary conditions defined as

T(x,0)=1T;, onV,
T(:E,t) = TSU x € 951,
q(z,t) =h(T —Ty), z€S;, j=2,3,...,6.

Here, k(T) = ko(1 + 51T) is thermal conductivity, p(T) = po(1 + B2T) is
density, C(T) = Cy(1 — 3T is specific heat, h is heat transfer coefficient,
Ty is surrounding fluid temperature and 7T} is initial temperature. The
meshless EFG method has been successfully utilized to obtain the numer-
ical solution of the above unsteady state non-linear heat transfer problem.

The authors assumed that the material parameters, namely thermal con-
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ductivity, specific heat, and density vary linearly with temperature. The
quasilinearization process has been used to obtain the solution to the non-
linear model problem, whereas the backward difference method has been
used for the time integration. The results obtained by the EFG method are
in good agreement with those obtained by the finite element approach.
Singh et al. [206] presented a thermal analysis of carbon nanotube (CNT)
based composites by meshless EFG method. The governing heat conduction
equation is given by
o*’T k0T 0T

e )
or? r Or + 022 $

with the following essential boundary conditions

at z=0,T="1T7,
at z=L, T ="1T}k.

A cylindrical representative volume element (RVE) has been chosen to eval-
uate the thermal properties of nanocomposites. Continuum mechanics ap-
proach, multi-domain, and simplified approaches have been applied to cal-
culate heat conductivity. It has been observed that the simplified approach
provides more accurate results as compared to the multi-domain approach.
The thermal conductivity of the composites was found to be a function
of CNT length, CNT radius, RVE length, and RVE radius. The analysis
found that temperature distribution on the surface of CN'Ts comes out to
be almost uniform.

Zhang et al. [244] presented the following two-dimensional elasticity model

problem on the domain {2

V.io+b=0, i Q,
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where o is the stress tensor and b the body force. The boundary conditions

are given by:

u(z) =u(zr), x=ely,
t(r) =o(x)n=t(x), xeTly,,

where o is the stress tensor, b is body force, u is the displacement vector, ¢
the traction vector, w and ¢ the prescribed displacement and traction vec-
tors on the displacement boundary I', and on the traction boundary I',,
respectively, and n the unit outward normal to the boundary I'. For ap-
proximating the solution of the presented model, the authors proposed an
improved EFG method. The authors utilized improved MLS approxima-
tion in which the orthogonal function system with a weight function is used
as the basis function. The improved MLS approximation has greater com-
putational efficiency and precision than the existing one. The considered
strategy has the added benefit that the resulting system does not become
ill-conditioned.

Pan and Yuan [168] developed EFG algorithm for strain-gradient-based
nonlocal damage models to overcome the problem of convergence of finite
element computation occurring, especially due to large strains in damaging
elements.

The considered micro-mechanical damage model is given by

o A—p q 3qap *
(0, AP, f*) = (W)Z +2q1 f COSh(wagp)) — 1+ a’f?).

Here, o is stress tensor of the material, Y (g, A€) is effective yield stress
depending on gradient plastic strain, ¢; and ¢» are constants, ¢ is the Mises
stress, p is hydrostatic pressure, and f* is the function of the void volume
fraction f. The EFG algorithm obtained the plastic strain by interpolating

the strain values on integration points using the MLS shape functions. Also,
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high-order spacial derivation on integration points has been directly calcu-
lated with the interpolated nodal plastic strain by using the MLS shape
function so that no additional plastic strain boundary conditions are re-
quired. The mesh dependence of damage localization was removed using
the EFG algorithm’s gradient regulator. The computational results exhibit
the stability of the EFG method for complex material models.

Yang and He [230], in 2010, solved a smoothed effective heat capacity model
by using the EFG method with phase change. The problem domain {2 was
divided into two distinct phases as liquid phase region €); and solid phase

region (2;. The governing equations in these two regions are given as fol-

lows:
oT
CZE = V(]CZVT), in Ql,
csz—f = V.(k,VT), in €,

where ¢; and ¢, denote the volumetric heat capacities and k£ = k; and k;
are the thermal diffusivities of materials in ; and €2, respectively. The

boundary conditions are specified as

T =1, onl}y,
—kVTn=gq, onls.

Here, n is the unit outside the normal vector, ¢ stands for a heat flux along
n, and k is thermal diffusivity. The sigmoid function has been employed to
build a continuous and smooth effective heat capacity function that avoids
numerical oscillations caused by the step jump. The impacts of the arrange-
ment of EFG nodes and the parameters relevant to the Sigmoid function on
the solutions have been investigated. The proposed numerical model has
been verified via two numerical examples, and reliable results have been
achieved in comparison with analytical solutions.

Sharma et al. [196] studied heat transfer of an incompressible, electrically
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conducting micropolar fluid along with a semi-infinite vertical porous mov-
ing plate in the presence of viscous dissipation, magnetic field, and heat

absorption. The model problem is governed by the following set of equa-

tions:

Mass:
0
2 _o.
dy

Momentum:

ou  Ou O*u  ON (n+k)  Fpe
) = - —— _ | oB?
p(at,+vay) (,u+k‘)ay2+kay (0 5+ k) €+ k:;/?u u
+ ng(T - Too)

Angular momentum:

ON ON ~ &N k < 8u)
— U = — ; 2N + .
ot Ay  pj Oy*  pj

Energy equation:

2 2 2
8T+U8T_ kf8T+ 1 <(,u+/~€)eu2+Fpe &t (4 k) (@) )

ot’ dy  pc, Oy pe, ky k;/ 2 oy
- @(T - Too)-
PCp

The corresponding boundary conditions are given as:
y=0: u=wu, N=-s— T=T,+0T,—Ty)e",
y—oo: u=0 N—=0, T =T,

where u and v are components of velocities along and perpendicular to the
plate respectively, ¢’ denotes the time, p is fluid dynamic viscosity, k is vor-

tex viscosity, IV is the angular velocity, o is electrical conductivity, By is the
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strength of the magnetic field, € is porosity, 8 denotes thermal expansion
coefficients, ¢ is gravitational acceleration medium, p is density, 7 is spin
gradient viscosity, ¢, represents specific heat at constant pressure, @)y is heat
absorption coefficient, F' is empirical constant, &, is the permeability of the
porous, j denotes micro-inertia per unit mass and k is thermal conductiv-
ity. The authors utilized the Darcy-Brinkman-Forchheimer model to include
the effects of boundary and inertia forces. The transformed system of non-
dimensional ordinary differential equations is numerically solved using the
EFG method. The influence of viscosity ratio, Darcy number, Forchhimer
number, magnetic field parameter, heat absorption parameter, and the mi-
cropolar parameter on the velocity and temperature has been analyzed.

In 2011, Shibata and Murakami [197] proposed a stabilization methodology
for mesh-free analysis of the soil-water coupled boundary-value problem us-
ing the EFG method. A stabilization term has been incorporated into the
equilibrium equation to avoid instability in the pressure field. This stabi-
lization term consists of first-order derivatives, which makes the derivative
of the interpolation functions smooth. The added benefit of this stabiliza-
tion parameter is that the interpolation order for the pore pressure becomes
the same as that for the displacements, making the numerical results more
accurate. The saturated column test and the foundation loading problem
have been solved by using the stabilization procedure. The proposed stabi-
lized scheme has been validated using the numerical results.

Peng and Li [175] considered the following two-dimensional elastoplasticity

model problem
L6 +b=0, 2€,

together with the boundary conditions



Here, L is the differential operator matrix, u is displacement, € is strain,
o is stress at time ¢, b is body force rate. % and ¢ are the prescribed ve-
locity distribution and the prescribed traction rate at an arbitrary point
z on the essential boundary I', and the natural boundary I'; respectively.
The authors proposed a complex variable element-free Galerkin (CVEFG)
method based on the complex variable MLS approximation for solving the
above-mentioned model problem. The Galerkin weak form is used to obtain
the linear system. The penalty method is used to incorporate the essential
boundary conditions. The inverse matrix A~! of a complex variable has
been obtained easily. It has been shown that the proposed CVEFG scheme
has higher computational precision and efficiency than the EFG scheme.
In 2012, Wang et al. [221] proposed a hybrid particle element-free Galerkin
(HPEFG) method for simulating free-surface flow problems. The technique
combines the advantages of the EFG method in the Eulerian description
and the particle method in the Lagrangian description. The EFG method
in the Eulerian description completely avoids node coacervation, and the
particles in the Lagrangian description capture the free surface. The feasi-
bility and ability of the proposed scheme have been verified by solving four
fluid flow problems with a free surface.
During the same year, Cai et al. [34] considered the following two-dimensional
time-dependent non-linear Schrodinger equation

.0 0? 0?

Zalthr 8;§+ 8;5 B

B(SE, Y, t),(vb - C(:U7 y)‘¢‘qw =0,

with the initial conditions

Y(z,y,0) = flx,y), (v,y) €Q,
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and boundary conditions

V(r,y,t) =Y(x,y,t), (v,y)€ly, 0t
t

oY(z,y,1)
on

IA

T,
T,

IA

=p(z,y,t), (z,y)el,, 0

where 1 is an unknown complex-valued function of (z,y) and t. B(x,y),
C(z,y), f(z,y), ¥ and p(x,y,t) are given complex-valued functions, ¢ is
positive real constant, I', and I', are non-intersecting curves forming a
simple closed curve I' bounding {2 and n is unit outward normal vector to
I'. The author and his co-workers obtained the numerical solutions of the
proposed model problem by using a meshless global element-free Galerkin
method. The MLS approximation scheme was employed to construct the
shape functions. A time-stepping method was applied to deal with the
time derivative term. Numerical solutions of the Schrodinger equation were
presented for different cases and were compared with the analytical results.
Based on the numerical results, it has been concluded that the EFG method
can be applied to this kind of problem with reasonable accuracy. Later
on, in 2014, the two-dimensional non-linear time-dependent Schrodinger
equation was also analyzed by Zhang et al. [236] by utilizing the improved
complex variable MLS approximation in the EFG method. Samimi and Pak
[188] presented fully coupled three-dimensional hydro-mechanical problems
arising in geotechnical engineering. The system of governing equations for

analyzing a two-phase deforming porous medium is stated as follows:

oij + pgi = 0,

a—n n | Jdp _ 1 s
[ . +lea+&ui7i+p—w[pwnui ]Z.:O.

Herein, o;; is the total stress tensor, p is the porous medium density, g; is
the gravity acceleration vector, « is Biots parameter, n is the porosity of soil

mass, p is the pore fluid pressure, t is time, u; is the velocity vector of solid
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phase, p,, is the pore fluid density, ug"s is the relative velocity between fluid
and solid phase, and K and K, are the bulk modulus of solid grains and
pore fluid, respectively. Considering the displacement of the soil skeleton
(u;) and the pore fluid pressure (p) as the main variables of the governing
equations, the required initial and boundary conditions can be expressed as
follows:

Initial conditions:
.0 _ .0 _
u=u;, p=p, att=0, on .

Boundary conditions for the displacement field:

u; =u;, only, oyn;=1t, onl,.

Boundary conditions for the pore pressure field:

p=D, onTy, Kij/u(—pj+pugj)ni =7, on Ty,
where @;, t;, p and g are the prescribed displacement, traction, pore pres-
sure and flux respectively on the corresponding boundaries I',, I',, I'), and
I';. n; is the unit normal vector of the boundary I'. The authors used the
EFG method for the numerical simulation of the proposed coupled hydro-
mechanical model problem. The weighted residual method and the Galerkin
technique were used for the weak formulation of the governing equations.
The penalty method was used for the imposition of essential boundary con-
ditions. The spatial discretization of the resulting constrained Galerkin
weak forms was based on EFG shape functions for displacements and pore
water pressures, and a fully implicit scheme was used for time discretiza-
tion. Numerical results obtained using the employed numerical technique
were compared with analytical solutions. The numerical results indicate the
capability of mesh-free code for simulating fully coupled hydro-mechanical

problems without spurious oscillations in three dimensions. In 2013, a new
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enrichment criterion was proposed by Pant and Singh [170] for modeling
and simulating kinked crack problems using the EFG method. The au-
thors proposed some modifications to the conventional intrinsic enrichment
criterion by adding some extra terms to enhance its capabilities to cap-
ture the kinked cracks and the straight cracks. The modeling capability
of the proposed criterion has been demonstrated by modeling cracks with
multiple kinked segments and the quasi-static crack growth where crack
tracking has been required at each incremental step of crack growth. Also,
quasi-static crack growth in the two-dimensional domain subject to the
mixed-mode loading conditions has been modeled. This implantation and
analysis of complex and realistic fracture mechanics problems and compar-
ison of numerical results with the FEM results prove the capabilities of the
proposed method. Jaberzadeh et al. [93] investigated the buckling behavior
of skew functionally graded plates (FGP) under thermal loading using the
EFG method. MLS approximation, the Lagrange multiplier method, and
orthogonal transformation techniques have been utilized to generate the
shape functions and enforce the essential boundary conditions, respectively.
The formulation was based on the classical plate theory. The material prop-
erties of the FGP were assumed to vary continuously and smoothly through
the thickness according to the power-law distribution of the volume frac-
tion of the constituents. In the thermal buckling analysis of an FGP, it is
assumed that the temperature varies only in the thickness direction and is
uniform, linear or non-linear over any plane. The deflection of plates was
only unknown at a node. Therefore, the dimension of the discrete eigenvalue
equations was equal to the number of nodes that discretize the plate do-
main. The effects of aspect ratio, thickness ratio, gradient index, and skew
angle on the critical buckling temperature difference have been analyzed.
Numerical results verify that the EFG method was efficient for modeling
the skew and trapezoidal plates with various boundary conditions. In 2014,

Sharma [195] examined the effects of thermal radiation on heat transfer over
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a stretching sheet under a uniform magnetic field. The governing equations
of the flow in two dimensions are given as follows:

Continuity equation:

o
or Oy
Equation of momentum:
ou  Ou O*u  ON (u+k) 5
— 4 v—) = k k — — o Bju.
p(u8$+vay) (IM )a 2+ ay kp u o5)u
Equation of angular momentum:
ON ON vO*N k ou
— 4t v—)=~-—5 — =2N + —).
p(u8x+vﬁy) J Oy? j( +8y)
Equation of energy:
or 9T, ko*T 10q. 1 (u+k) ou., oB? ,
— Ftv—)=—— — —— + — k)(— —u”.
p(u8x+v(9y) cp 0y ¢, Oy +cp( k, W )(Qy) )+ Cp

Herein, z and y are the coordinate directions, u,v, N and T are the fluid
velocity components, the components of micro rotation and temperature,
in the x and y directions respectively. m,k and r denote the viscosity,
the Eringen vortex viscosity, and the fluid density respectively. &y and &,
are the thermal conductivity and the permeability. c, is the specific heat
at constant pressure, T;, and T, are the plate temperature and the fluid
free-stream temperature respectively. Using appropriate transformations,
the author non-dimensionalized the governing conservation equations and
transformed them into ordinary differential equations. The EFG method
has been employed to simulate the resulting system of equations. The FEM
and EFG solutions have achieved an excellent correlation. The effects of
temperatures, micro-rotation, linear velocity, skin friction coefficient, and
heat transfer rate have been studied graphically. Zhang et al. [235] employed

the improved EFG method to solve the degenerate parabolic equations aris-
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ing from the spatial diffusion of biological populations. The proposed non-

linear fractional-order biological population model is given as
pr=Pa+ Py T 0(p), t>0, 2,y €R,

with the initial condition p(z,y,0) = py and the boundary conditions

p(z,y,t) =plx,y,t), (x,y) €T,

where p denotes the population density and o represents the population
supply due to births and deaths. The implementation process involves em-
ploying the improved MLS approximation to construct shape functions. The
main aim of the authors was to check the applicability of the method for
biological problems. For this, the method was applied to many biological
problems wherein the boundary conditions were considered time-dependent
for most of the problems. The penalty method was employed to impose the
essential boundary conditions. The convergence of the proposed method has
been proved numerically by varying the number of nodes and time steps.
Numerical results obtained are found to be in good agreement with those
available in the literature. It has been concluded that the improved EFG
method has the potential to solve linear and non-linear biological model
problems. Debbabi et al. [54] presented a comparison between the EFG
method using the MLS approximation and the improved EFG method us-
ing the improved MLS approximation. These two meshless methods have
been applied to solve one- and two-dimensional potential problems. The
shape functions have been obtained without matrix inversion which accel-
erates the computing speed. It has been shown through numerical exam-
ples that 75% of calculation time can be saved by using an improved EFG
method as compared to the EFG method. The improved EFG method also
provides better precision than the EFG method. Thus, the improved EFG

method has been preferred over the EFG method for solving one- and two-
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dimensional potential problems. During the same time, Li et al. [136] dis-
cussed error analysis for improved MLS approximation in multidimensional
Sobolev spaces under some appropriate assumptions on weight functions.
These assumptions on weight functions arise naturally in the derivation of
error approximations. The theoretical results show that the error is directly
related to the nodal spacing. Some properties of the improved MLS shape
functions have been discussed. These improved MLS approximation error
results have been further used to obtain optimal order error estimates for
the improved EFG method to solve Neumann boundary value problems. To
incorporate the Dirichlet boundary conditions, the penalty method has been
used. Error analysis of the improved EFG method for Dirichlet boundary
value problems has also been provided. Li and others [138] analyzed the
EFG method to solve the non-linear time-dependent sine-Gordon (SG) and
generalized sine-Gordon (GSHG) equations. The considered sine-Gordon

model problem is given as:

O*u(x,t)
ot?

ou(x,t)
ot

+ 0 = Au(x,t) —(x)sinu(x,t), €, t>0.

Boundary conditions are assumed to be of Neumann type

ou(x,t)

Tz@(m,t), .fleF, tZO,

q(z,t) =

where the bounded function () is Josephson current density, u(x,t) is the
wave displacement at position x = (z1, 79, ...,24)7 and ¢, A is the Lapla-
cian operator, [ is dissipative term, g(x,t) is a given function of x and ¢
and n = (ng,no, ..., np)T is the unit outward normal on I'. Theoretical er-
ror estimates of the EFG strategy based on MLS approximation have been
derived from energy norms. Boundary conditions for the GSHG equation
were of Dirichlet form, and the penalty method has been adopted to imple-
ment these boundary conditions. The theoretical results and capabilities

of the technique have been affirmed by numerical examples. Convergence

33



studies have been conducted to approve the accuracy and proficiency of the
EFG method for the SG and GSHG equations. The numerical results are in
great understanding with the extant literature. The sine-Gordon equation
was also solved by Dehghan and Shokri [57] by using the mesh-free colloca-
tion method based on the radial basis function. In 2016, Zhang et al. [238]
considered a natural convection heat transfer between the concentric in-
ner heated elliptic cylinder and the outer inclined square enclosure. The
authors analyzed the phenomenon using the variational multiscale element-
free Galerkin (VMEFG) method. The distribution of isotherms, stream-
lines, and the average Nusselt number on the inner elliptic cylinder were
obtained from the computational results for different tilted angles ranging
from v = 0° to 45°, different dimensionless major axes of the elliptic cylin-
der from a = 0.2 to 0.4 and different Ra number from 10% to 10°. Numerical
results indicated that the tilted angle (), the magnitude of major axis a,
and Ra numbers have remarkable effects on the streamlines, temperature
forms, and vortex formation in the enclosure. The average Nusselt number
on the inner elliptic cylinder increases with the increase of Rayleigh num-
ber, but the distribution of these numbers was almost independent of the
variation of the tilted point of the square enclosure. Bahmyari et al. [11]
carried out the stochastic analysis of moderately thick plates. The authors
considered a combination of the EFG method with generalized polynomial
chaos to quantify the uncertainties in the bending analysis of shear de-
formable plates. Based on the first-order shear deformation plate theory,

the displacement field is expressed as:

u(:z:,y,Z) = Ze:c(xay)a
v(z,y,2) = Zey(xay)7
’lU(.T,y,Z) - w(xay)7
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where u, v and w are the displacement of the plate in x, y and z direction,
6, and 0, denote the rotations of the cross-section of the plate about y and
x-axis, respectively. The MLS approximation has been used to produce the
displacement shape functions and the penalty method has been employed
for imposing the essential boundary conditions. The Karhunen-Loeve (KL)
expansion and gPC have been used to represent random input and response
respectively. The applicability and versatility of the presented method have
been demonstrated by solving numerical examples for various values of co-
efficient of variations, aspect ratio, thickness and several combinations of
boundary conditions, different types of lateral loading, and various values
of stiffnesses of restrained edges and elastic foundation. Numerical results
have been compared with the Monte-Carlo simulation and are found to be
in very good agreement. Firoozjace and Sahebdel [68] carried out numeri-
cal simulations of the bed-load sediment transport problem using the EFG
method on the regular and irregular meshes. The governing shallow water

equations, Coriolis forces and friction losses are presented as follows:

Oth + 0, (hu) + 0,(hv) = 0,
Oy (hu) + Oy (hu® + %ghQ) + 0y (huv) = —ghd, Z,

Oy (hv) + 0, (huv) + 9, (hv* + %gh2) = —gho,Z.

Here, t is the time, u and v are the depth-averaged velocities in x and y
directions respectively, h is the height of the water, ¢ is the gravitational
acceleration and Z is the bottom topography. The non-linear shallow water
equation was considered for describing the hydrodynamic components, while
the Exner equation was used to model the bed-load components, which de-
termine the sediment continuity for depicting the bed updating. The gov-
erning equations were formulated for a coupled approach and were rewritten
as a non-conservative hyperbolic system. The numerical results depict the

capabilities of the EFG method to capture the shock resolution and trav-
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eling discontinuities without generating nonphysical oscillations. To check
the robustness and efficiency of the EFG approach, the solutions to several
benchmark problems have been compared with the existing solutions in the
literature. Cheng et al. [41] introduced a hybrid improved complex variable
EFG method by combining the dimension splitting and the improved com-
plex variable EFG methods for solving three-dimensional potential prob-
lems. The dimension splitting method was employed to transform the three-
dimensional potential problem into a series of two-dimensional ones which
were solved using the improved CVEFG method. The improved complex
variable MLS approximation and the penalty method were used to con-
struct the shape functions and to impose the essential boundary conditions
respectively. The finite difference method was used for time discretization,
while space derivative terms were discretized using Galerkin’s weak form to
obtain the final discretized equations. The effects of the scale parameter,
the penalty factor, the number of nodes, the step number, and the weight
function on the computational precision and efficiency were discussed. The
numerical results obtained by using the proposed method and the improved
EFG method were compared with the analytic ones. It has been concluded
that the proposed scheme is computationally more efficient for the same
accuracy than the improved EFG scheme.

Talebi et al. [213] utilized the EFG method to analyze the material flow
during the friction stir welding (FSW) process. A mortar contact was used
to account for the stirring effect and heat generation from the frictional
contact. During the coupled thermomechanical process, a two-way adap-
tive method (rh-adaptive) was utilized to overcome potential numerical
problems due to the extensive mesh distortion and material deformation.
The mesh was globally refined by perusing an anisotropic tetrahedral mesh
(h-adaptive). r-adaptivity was incorporated by building a completely new
mesh based on the old mesh. The authors utilized a certain time integra-

tion scheme and mortar surface-to-surface contact to handle the apparatus
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and workpiece interaction. The simulation was performed on an aluminium
sheet with a cylindrical instrument to exemplarily show the applicability
of the adaptive EFG method. The obtained deformation and temperature
fields from the simulation were compared to the experimental results of
FSW.

The numerical study of regularized long wave (RLW) equation was pre-
sented by using the simplified interpolating EFG (IEFG) strategy with the
Galerkin weak form by Sun and Wang [210] in 2017. The trial functions
in the interpolating moving least-square (IMLS) strategy have one less un-
known coefficient than within the traditional MLS approximation. The
shape functions fulfil the interpolating property at the nodes. In this man-
ner, the essential boundary conditions were automatically imposed. The
accuracy and viability of the IEFG strategy were tested by the problems
of the single solitary wave, the interaction of two solitary waves and the
solitary waves with Maxwellian starting conditions. The error estimates
of the semi-discrete scheme and the convergence rate of the fully discrete
scheme for the RLW equation were examined in terms of the radius of the
influence domain and the time step. The theoretical results show that the
IEFG strategy has a good convergence rate for the RLW problem. The
numerical convergence rates agree with those of theoretical results. Muthu
et al. [159] proposed a multiple crack weight technique with a level set
method to model multiple cracks by employing a coarse mesh-free nodal
discretization. The EFG method has been considered to solve the problem
of modeling interacting cracks in isotropic and bi-materials. This approach
has been expanded to analyze kinked cracks that have knee singularity. The
level sets for multiple cracks are extrapolated to a generic point through tri-
angulation of the closest level set coordinates. These level sets are upgraded
at each step of crack propagation. The stress intensity factors and energy
release rates for interacting cracks in isotropic and homogeneous materials,

including a crack at a bi-material interface, are determined by utilizing the
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standard interaction integrals. The results have been compared with the ex-
isting results in the literature. It has been observed that with coarser nodal
thickness, the error is less than 1%, and the solutions converged with the
increment in nodal density. Bahmyari et al. [11] combined the EFG method
and the generalized polynomial chaos expansion to analyze the stochastic
bending of moderately thick plates with flexibly restrained edges resting
on a two-parameter elastic foundation. The deterministic governing equa-
tions were derived from the first-order shear deformable plate theory. The
MLS approximation has been utilized to produce the displacement shape
functions, and the penalty method has been utilized for imposing the es-
sential boundary conditions. The plate modules of elasticity, stiffness of the
elastically restrained edges, and foundation stiffness have been represented
using the Karhunen-Loeve expansion. The accuracy and convergence of
the developed method have been examined by comparing the numerical
results with those obtained by the Monte Carlo EFG method. The appli-
cability and versatility of the developed method have been demonstrated
by solving numerical examples for various values of the parameters like as-
pect ratio, thickness, coefficient of variations, correlation lengths, different
types of boundary conditions, etc. Zhang et al. [234], in 2017, set up a
numerical model for steady heat transfer analysis of the orthotropic struc-
ture and employed the EFG method. The essential boundary conditions
were enforced by using the penalty method. The reliability of the heat
transfer model and MATLAB programs were confirmed by solving com-
plex engineering heat transfer problems. The impacts of node distribution
patterns, scaling factors, penalty factors and weight functions on the tem-
perature of different orthotropic structures were investigated. The cubic
spline and parabolic weight functions have been favored in the heat trans-
fer analysis. The CPU computation time for the EFG and the FEM has
also been calculated and compared. The relative computational error in-

creases with the decrease of the orthotropic factor for different weight func-
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tions. The steady heat transfer analysis has been expanded to the transient
heat transfer analysis and thermal structure topology optimization of the
three-dimensional complex orthotropic structures considering the material
discontinuity. Later, the same year, the authors also analyzed the transient
heat model for anisotropic material using the EFG approach [233]. The
governing equations for the heat transfer model in anisotropic material are

described as

0*T : oT
+Q =pc—, T(x,y) €, (i,7=1,2),

ki' )
J axz(‘?x] ot

where k is thermal conductivity, T'(z, t) is the transient temperature, Q(x, t)
is the heat generation per unit volume, p and c are the material density
and the specific heat respectively. The initial and boundary conditions for

considered model are given as:

T(z,0) =1y, z €,
T(l‘,t) :T, T e Fl,

oT
_kija_ajinj =q, x €1y,
oT
—k}ija—xinj = h(T — Tf), x € I's,

where T} is the initial temperature on €2, T is the constant temperature
on I'y, n; is directional cosine of the unit outward normal vector to the
boundary point z, ¢ is the prescribed heat flux on I's. Ty and h are a pre-
scribed ambient temperature and a convection heat transfer coefficient on
I'3 respectively.

Also for this model, the EFG and the finite element solutions have been com-
pared and it has been concluded that the EFG approach provides a higher
accuracy at very time instants than the finite element approach for tran-
sient heat transfer problems, especially in complex geometries with mixed

thermal boundaries. The impact of orthotropic factors and off-angles on
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anisotropic thermal conductivity was investigated. It has been concluded
that the thermal performance of complex geometries can be boosted by
controlling the orthotropic factors and off-angles.

Zhang and Li [240] developed a variational multiscale interpolating element-
free Galerkin method by coupling the EFG method with Hughes’s vari-
ational multiscale (HVM) approach for analyzing the Darcy flow. The
improved IMLS method is used to construct shape functions that satisfy
the no-penetration boundary condition in the Darcy flow. The spurious
numerical oscillations were controlled by utilizing the HVM approach. Nu-
merical results demonstrate high accuracy and improved stability for both
velocity and pressure. Later, in 2018, the authors [241] developed a gener-
alized element-free Galerkin (GEFG) method for tackling Stokes’s problem
in primitive variable form. The MLS shape functions in the GEFG strat-
egy were chosen as a partition of unity functions. The penalty method was
used to employ the Dirichlet boundary conditions. Similar to the variational
multi-scaled element-free Galerkin (VMEFG) method, theoretical analysis
shows the stability of the GEFG method. Numerical results show the supe-
riorities of the GEFG method over the VMEFG and FEM. By eliminating
numerical oscillations from the standard EFG method, the GEFG method
provides better accuracy and computational efficiency. Furthermore, the
proposed method requires less CPU time, resulting in superior precision
and computational proficiency compared to the VMEFG method based on
the numerical results.

Li and Li [137] discretized the p-Laplacian problem into a non-linear al-
gebraic system by utilizing the improved EFG method. To overcome the
drawbacks of the MLS approximation, the authors introduced weighted
orthogonal basis functions in the MLS approximation similar to [44] and
generated the IMLS approximation. Further, to enhance the stability and
performance of the improved MLS approximation, a stabilized improved

MLS approximation has been adopted to form meshless shape functions.
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The method is implemented through computer code written in MATLAB.
Numerical results show that the improved EFG method for the p-Laplacian
problem is convergent and has high computational accuracy.

Cheng et al. [42] presented a hybrid improved CVEFG method by combining
the dimension splitting method and improved CVEFG method for three-
dimensional advection-diffusion problems. The dimension-splitting method
has been used to transform the three-dimensional advection-diffusion prob-
lem into a series of two-dimensional problems, which have been further
solved by the improved CVEFG method. The formulae of the proposed
method have been obtained by constructing the shape functions using im-
proved CVEFG approximation. Essential boundary conditions have been
imposed by using the penalty method and the Galerkin weak form has been
used to obtain the discretized equations for advection-diffusion problems.
Six numerical examples have been considered and results were compared
with the improved EFG method. Results show that the proposed method is
convergent and the computational accuracy and efficiency are much higher
than the improved EFG method. In 2018, Li [135] discussed the formula-
tions and error analysis of the CVEFG method for three-dimensional elliptic
problems and wave equations. For given functions o(z), f(x), @ and g, the
author considered the following elliptic problem in  C R? with boundary
I'=TpUTly where I'pNIT'y =0,

r—dz’v(A(:c)Vu(a:)) +o(x)u(z) = f(x), =€,
§ u(z) =u(z), zelp,
| A(@)Vu(z).n(z) =4q(z), v€ly.

Herein, A(x) is 3 x 3 positive definite and symmetric matrix, u is the
unknown function and n = (nq,ns,n3)7 is the unit outward normal to
['. The complex variable moving least-square (CVMLS) approximation on

the three-dimensional domain is developed to form shape functions. The
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approximation involves fewer coefficients, requires fewer nodes than the
standard MLS approximation, thus, more computationally efficient. Nu-
merical examples are presented to verify the convergence and efficiency of
the CVEFG method. Numerical results reveal that the method has better
accuracy and higher computational efficiency than the EFG method. In
2019, Zhang et al. [232] established the thermo-mechanical coupling anal-
ysis for orthotropic structures. The considered two-dimensional model for

heat transfer in orthotropic structure is given as
V.AVT)+Q =0, TeQ,

where T is the temperature field in the domain ©, Q is the density of heat
sources, A is the second-order tensor of thermal coefficients. The three types
of boundary conditions have been considered and are given as:

Dirichlet boundary condition:
T=T, TeTl,.
Neumann boundary condition:
—KVTn=gq, TeT,.
Robin boundary condition:
—KNVTn=h(T—-1Ty), Tels,

where T is constant temperature on I'y, ¢ is the heat flux on 'y, T ' and
h are ambient temperature and convection heat transfer coefficient on I's
respectively. n represents the unit outward normal vector of the bound-
ary I'. The authors proposed the EFG method to analyze the presented
model. The feasibility of the proposed method and programs have been
verified through thermoelastic problems of complex orthotropic structures.

It has been concluded that the EFG solutions have higher calculation pre-
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cision and adaptability than the FEM solutions, irrespective of whether the
nodes are distributed regularly or irregularly. The authors discussed the
effects of off-angles and orthotropic material factors on the magnitude and
direction of total thermal deformation displacement and Mises stress. The
result shows that the value of thermal deformation and thermal stress for
the orthotropic structure is reduced by 11% and 24% respectively by using
the proposed model.

Mohammadi and Dehghan [156] applied a mesh-free method to solve the
time-dependent Cahn-Hilliard equation and tumor growth model. The
Cahn-Hilliard equation is a time-dependent fourth-order partial differen-

tial equation defined as

Oulrl) = (M (ula, 1))V ),

w(z,t) = F(u(x,t)) — EB?Au(x,t), 2€Q, 0<t<T,

where Q C R4(d = 1,2,3), V is the gradient operator, A is Laplace oper-
ator, T is the final time, F'(u) is the Helmholtz free energy, u is chemical
potential, E(u) is the Ginzburg-Landau free energy and M (u) is diffusional

mobility. The boundary conditions on u and p are considered as

ou ou
ajn = ajn —0, on 89,

where 7/ is the unit normal vector on the boundary.
A mathematical model of tumor growth of a fourth-order differential equa-

tion split into two second-order differential equations is given as follows:

,
Ou(z,
- (M p(2,1)) + Yz, 1),

V.
pu(,t) = F'(u(z,t)) — E*Au(z, t) + Dux(u(z, t), n(,1)),
Pt = V(M V(. ) = ulz, 1),

| n — Dox(u(z, t),n(z, ) + 20z eQ 0<t<T.

g
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Herein, u denotes the tumor cell volume fraction, n is nutrient-rich extracel-
lular water volume fraction, F'(u) represents the free-energy density func-
tion, x(u,n) represents the chemotaxis energy, o denotes a small parameter
governing the relative strength, u, and pu, are the chemical potentials due
to u and n respectively, E? is the diffusivity parameter for the surface en-
ergy term. The boundary conditions for u, u,, n and u, are considered as

follows

8u_8,uu_8n_8,un_0
on  on  om 0w

on 051,

in which 77 is the unit normal vector on the boundary. The EFG technique
was considered for approximating the spatial variables. An adaptive time
algorithm was employed to reduce the number of iterations and the tem-
poral variable was discretized using a second-order semi-implicit backward
differential formula. Some numerical simulations have been carried out to
show the capabilities of the proposed numerical scheme.

The classical EFG method is based on the shape functions constructed us-
ing the MLS approximation. Since the shape functions are unable to satisfy
the Kronecker delta property, essential boundary conditions cannot be im-
posed naturally. To overcome this problem, Dehghan and Abbazadeh [56],
in 2019, employed an interpolating element-free Galerkin (IEFG) technique
for solving the magneto-hydrodynamic equation wherein the shape func-
tions were so modified as to satisfy the Kronecker delta property. The
authors first employed the Gant-Nicosen scheme to discretize the temporal
derivative term. The energy method was used to investigate the stabil-
ity and convergence of the time-discrete scheme. Then, the IEFG method
was employed to discretize the spatial derivatives. Some error estimates
have been presented, and the convergence order of the proposed numerical
scheme is of O(7% 4+ §™). Numerical results confirm the efficiency of the
developed method.

Cheng et al. [43] employed an improved CVEFG method for solving wave
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propagation problems. The shape functions were obtained by using im-
proved complex variable MLS approximation. The discretized equations of
two-dimensional wave propagation problems were obtained using Galerkin’s
weak form for space variables and the finite difference method for time vari-
ables. The penalty method has been utilized for enforcing the essential
boundary conditions. The convergence of the proposed improved CVEFG
method about node distribution and time step has been analyzed and the
influence of weight functions, scale parameter of the influence domain and
penalty factor on the numerical solutions have also been discussed.

Dinesh et al. [59] is the first who apply the EFG method for solving the verti-
cally integrated three-dimensional multiphase flow model for the horizontal
aquifer, the sloped aquifer, the non-homogeneous aquifer and the horizontal
aquifer with multiple wells with and without the consideration of a local
nodal refinement zone around the discontinuities. The three-dimensional

multiphase flow model under consideration is given by

DPpaSa
ot

+ V-(paﬁa) = Pala, O = 1(bm’ne), 2(002)?

where ¢[L"] is the porosity of the aquifer, ¢[T] is time, po[M L] and
S,[L"] are the density and the fluid saturation respectively, for each phase,
qo[ LT~ is a source/sink term, and g is the volumetric flux of each phase.
The authors showed that the EFG formulation for the resulting coupled
system of PDE, together with the Crank-Nicolson scheme, provides higher-
order shape functions and ease of nodal refinement. These features make
the mesh-free method more attractive for modeling hydrodynamic problems,
specifically for those with a sharp change in the solutions. The temporal
analysis has been carried out using implicit pressure and explicit satura-
tions.

Azhari et al. [8] proposed coupling of the EFG method and the classic finite
strip method for investigating the static and buckling analysis of the thin

plates to reduce the computational cost. The modified variational forms
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were obtained by utilizing the Lagrange multiplier method to satisfy the
combined conditions of displacement. In the finite strip sub-domain, three
triangular shape functions were used to approximate the displacement field
of each strip. A rectangular plate with a hole at the centre under static and
buckling load was analyzed, and good convergence results were achieved.
The results showed that the analysis time in the EFG-finite strip method
is reduced in comparison to the EFG method. Essential boundary condi-
tions were easily enforced infinite strip sub-domains which demonstrate the
effectiveness of the present coupling method.

In 2019, Zhou and Song [245] developed a three-dimensional strain-rotation-
EFG (3D-SR-EFG) method to investigate the non-linear bending analysis
of functionally graded carbon nanotube-reinforced composite (FG-CNTRC)
plates. The method was based on the Strain-Rotation (S-R) decomposition
theorem. The discretized equations were obtained by global weak form,
and the incremental variational equation was derived from an updated co-
moving coordinate formulation. The numerical stability and accuracy of the
proposed 3D-SR-EFG method have been confirmed through convergence
and comparison studies. Numerical results indicate that the 3D-SR-EFG
method has effectively predicted the non-linear bending behavior of the
CNTRC plates.

1.7 Norms and notations

In the thesis, we define some of standard notations of Sobolev spaces and
the spaces of vector-valued functions. Let 2 C R? be a bounded and open
set (d =1 or 2). For p < oo, we define LP(f2) as the space of all measurable
functions u : 2 — R such that

1/p
19| e () = (/prdx) < 0.
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For p = 2, the space L?(2) forms a Hilbert space with the inner product

<,€ >= /gzﬁ(x)ﬁ(x)dx,

and the endowed norm

19 = [< 9,0 >]'2

= </Qi9(x)19(x)dx> 1/2.

We assume that € is an open domain in R?, a = (aq, ..., o) is a d-tuple of

non-negative integers and |a| = 2% a;. If € € L3(Q), then define

|
Dag _ a f

- [ % [ Qg
0z{"'0zy°...0x),

Further, we define

H'(0) = (€ € I*(0), 5 € X)),

H™(Q) = {€ € L*(Q), D¢ € L*(Q)V |a| <m}.
The inner product in the Hilbert space H™(€) is defined by
<V E>p= ) / DY D¢dx,
la|<m f
which induces the norm
1/2
[0 ) = ( > |DO‘19||%2<9>> :
|| <m

We proposed the parameter-uniform or e-uniform method, which generated
numerical solutions that converge uniformly for all values of the parame-
ter € in the range (0, 1] and that require a parameter-uniform amount of

computational work to compute each numerical solution. If the technique
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is e-uniform, the difference between the exact solution u, and the numerical

* N

*¥ corresponds to an estimate of the form:

solution u

For some Ny € Z", all integers N > Ny and all € € (0, 1],we have
luf = ucllg < GNP,

where € and p are positive constants independent of ¢ and N. The maxi-
mum norm on the whole domain Q is denoted by ||.||g. Such a numerical
technique approximates the problem’s solution and its first derivative, e-
uniformly, is called a robust method.

The application of a maximum or minimum principle can effectively pro-
vide priori estimates for the solutions and their derivatives of differential
equations. A comprehensive discussion of these comparison principles can
be found in Protter and Weinberger [177]. In this thesis, the maximum
principle [187] is utilized to achieve e-uniform error estimates. The maxi-
mum norm is chosen as the error measurement due to the need to estimate
the error in the extremely small domains where the boundary layers occur.
In the boundary layer region, the local behavior of the error may not be
captured by other norms, such as the root mean square, which involves av-
erages of the error that smooth out rapid changes in the solutions. Farrell
et al. [66] and Hegarty et al. [88] provide additional discussion on the choice

of an appropriate norm.

1.8 Conclusion

In this Chapter, significance of singularly perturbed problems and various
models have been presented. Basic concepts and some definitions involved
in the thesis work have been discussed. Survey on different mesh-free tech-
niques has been carried out for solving SPP based models governing real-
life phenomenon. Based on the extensive survey, gaps in the literature

have been pointed out and consequently, objectives of the thesis have been
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framed. These objectives have been achieved via the work which has been

categorized in six different Chapters to follow.

49



50



Chapter 2

Element-free Galerkin method for one-
dimensional singularly perturbed elliptic prob-

lem

2.1 Introduction

Due to rapid advancements in science and technology, modeling of real-life
phenomenon with differential equations turn out to be a complex prob-
lem. It become more complex if singularly perturbation parameter is intro-
duced. The mathematical representation of boundary layers is the presence
of a small parameter ¢, called singular perturbation parameter, multiplying
with the coefficients of some or all the terms involving highest order deriva-
tives in the differential equations. Singular perturbation problems (SPP)
emerge in almost all the fields of science and engineering, e.g. plasma dy-
namics, oceanography, biochemistry, elasticity, electric power systems, fluid
dynamics, aerospace systems, ecology, reaction-diffusion processes, etc. [40].
Therefore, one has to pay a great attention while approximating the solu-

tions of such SPP having boundary layers.

Several authors worked on numerical schemes for approximating the solu-
tions of SPP [66, 183]. Survey papers of Kadalbajoo and his co-authors
[100-103, 105] throw light on various computational techniques used for
solving SPP. Pearson [173,174] is considered to be the first researcher who
provided the numerical solution to SPP using the classical three-point finite
difference scheme over a non-uniform mesh. Axelsson and Gustafsson [7]

presented a modified upwind scheme for convection-dominated problems.

o1



Ortiz [166] discussed error bounds for the 7-method for singularly perturbed
(SP) differential equations. Kelley [111] derived sufficient conditions for the
existence and asymptotic behavior of the solution of SP boundary value
problems (BVP). In 1980, Flaherty and Mathon [70] developed a colloca-
tion method using cubic splines and polynomial for linear singularly per-
turbed 2-point BVP. Niijima [163] analyzed an exponential type difference
scheme for solving non-linear SPP. Sakai et al. [186] introduced hyperbolic
and trigonometric B-splines of the fourth degree for SPP. Kadalbajoo and
Rao [99] discussed a parallel discrete invariant algorithm for singularly per-
turbed BVP.

Shishkin [198-202] employed special type of mesh, called Shishkin mesh,
to generate parameter-uniform numerical schemes under finite difference
framework. Several authors [4, 30, 115] also utilized Shishkin meshes for
generating parameter-uniform numerical schemes for SPP having additional
singularities. Recently, researchers have paid considerable attention to the
developments of mesh-free methods taking into account the benefits and
advantages of mesh-free methods over other numerical schemes. But for
SPP, some mesh-free techniques have been proposed.

Hashemian and Shodja [86] applied gradient reproducing kernel particle
method for solving the one-dimensional Burgers problem. The authors used
different initial and boundary transformation techniques to enforce essential
boundary conditions. Geng and Qian [80] employed the reproducing kernel
method for obtaining numerical solutions to singularly perturbed turning
point problems having twin boundary layers. Later, the authors developed
a modified reproducing kernel method [81] to solve singularly perturbed
delay boundary value problems.

The method was based on the reproducing kernel theory, and the error
estimates of the method were discussed. Nadjafi and his co-authors [160]
described a meshless method based on the moving least-square (MLS) tech-

nique for solving singularly perturbed differential-difference equations. Af-
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ter that, a meshless approach namely radial basis collocation method, with
the coordinate stretching procedure was presented by Ghassabzade et al.
[82] for the numerical treatment of singularly perturbed differential-difference
equations.

In the present Chapter, we propose an element-free Galerkin (EFG) method.
The method lies in the category of mesh-free methods and was given by Be-
lytschko et al. [23]. The authors then applied the proposed method to solve
the elasticity and heat conduction problems. To the best of our knowledge,
the proposed method has rarely been applied for solving SPP as these types
of problems require some special treatment in order to capture the bound-
ary layers.

In the current work, this treatment is carried out by proposing some special
type of node distribution so that the proposed method can be made capa-
ble of capturing the sharp boundary layers. The proposed technique is very
efficient for approximating the solutions of partial differential equations.
Node particles can be added or deleted without difficulty due to the lack of
element connectivity. As a result, a flexible refinement of domain discretiza-
tion can be achieved efficiently and quickly. This feature makes the EFG
method better adaptable than the finite element method (FEM). The pro-
posed scheme utilizes MLS approximation for generating shape functions.
The methodology is based on the global weak form, and the numerical
integrations are computed employing background cells. The Lagrange mul-
tipliers approach is used to impose the essential boundary constraints as
the MLS shape functions do not satisfy the Kronecker delta function prop-
erty.

The Chapter is organized as follows: In Section 2.2, the continuous singu-
larly perturbed problem has been considered. The numerical methodology
consisting of the node generation, MLS approximation, weight functions
and weak formulation, is discussed in Section 2.3. Section 2.4 focuses on

the one-dimensional non-linear singularly perturbed elliptic problem. The
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quasilinearization technique and its convergence are discussed in Section
2.5. The numerical algorithm of the proposed method and numerical tests
are conducted in Section 2.6 to evaluate its efficiency and robustness. Cer-

tain conclusion based on the present analysis are finally discussed in Section
2.7.

2.2 Singularly perturbed linear elliptic differential equa-

tion

In this Chapter, we will investigate the following one dimensional singularly

perturbed problem

d?u(z)
dax?

du(x)
dx

+ a(x)

€ +b(x)u(z) = f(x), xe€Q=(0,1) (2.2.1)

with essential boundary conditions defined by
u(0) = ug, u(l) = uy, (2.2.2)

where € is a small positive parameter known as singular perturbation pa-
rameter with 0 < e < 1, and a(x), b(x) and f(z) are continuous functions

in the specified domain.

2.3 Formulation of element-free Galerkin method

2.3.1 Node generation

As discussed by Roos et al. [183], when € tends to 0, boundary layers ap-
pear in the solution and we need to adopt some special technique in order
to capture these boundary layers. In the present work, we have utilized
Shishkin’s approach in order to generate more nodes in the boundary layer

region and to capture these layers nicely. The distribution of nodes has
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been carried out by splitting up the spatial domain Q = [0,1] into two
subintervals [0,1 — d] and [1 — §,1], where the transition parameter § is

chosen as
|
d = mm{g, keln N},

where k is a constant chosen appropriately and N denotes the total number
of nodes. Here, we have considered that the boundary layers appear at
x = 0. Similar procedure can be carried out for boundary layers appear-
ing at x = 1. On each of these sub-domains, the nodes are generated as

follows:

ixhi,  i=0,1,..

|2

T, —
6+ (i —N/2)xh;, i=%+1,..., N,

where mesh spacings hi s are given by

20 - N
B, — N Z—O,l,...,?
.=
00 =841, N

Remark: Shishkin’s idea is used only to generate nodes and not the mesh as

the present method does not require elements or element connectivity.

2.3.2 Moving least-square approximation

The field function u(z) is approximated by u"(z) using MLS approximants
in the domain €2. These approximants contain three components: firstly,
basis functions which are usually polynomials, secondly, weight functions
which are related to nodes present in the influence domain of a particular
node and lastly, the set of coefficients that depend upon the position of
nodes. The domain of influence of any nodal point x; is defined as a local

neighbourhood of x; or the domain that the particular node z; exerts an
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influence upon. The MLS approximation of the unknown function u"(z) is
as follows:

u'(z) =) ei(w)ai(z) = T (x)a(), (2.3.1)

i=1

where c(x) is a vector of monomial basis functions, m is the number of
components in the basis and a(x) is an unknown vector of coefficients of
the basis functions.
Further, the approximated values of the field function u"(x) at the nodes
xr, I = 1,2,...,n lying in the influence domain of the point z, are given
by

u(z,21) = ¢’ (zp)a(z).

Following are the most common basic functions:

e Linear basis:

c’(x) = (1,z) in 1D.
¢’ (z,y) = (1,z,y) in 2D.

e Quadratic basis:

c’(z) = (1,z,2%) in 1D.

cl(x,y) = (1, z,y,2% y* zy) in 2D.

We define the weighted residual functional as

J(a) => w(z -z (zr)a(z) - ug)’, (2.3.2)

where n denotes the number of nodes x; in the support domain of the point
of interest x. The nodes in the support domain of any point x are used to

support or approximate the function value at x. The dimension 0, of the
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support domain of the point x is defined by

where o, signifies the dimensionless size of the support domain and nodal
spacing at the point, z is described by the characteristic length .. w(z—x7)
in the expression (2.3.2) is weight function which is generally chosen as
monotonically decreasing as |z — x| increases. In the literature, researchers
have developed and employed numerous weight functions, as mentioned in
Section 2.3.3. The condition m > n generally leads to an ill-conditioned
system of equations in MLS approximation.

On simplification, Eq. (2.3.2) can be rewritten as follows:
J = (Ca-u)’ W(Ca-u),
where

uT(x) = (u1, ug, usg, ..., Uy)

ci(x1) c(ze) -+ ci(zy)
C_ co(x1) colwa) -+ colmp)
cn(z1) cn(m2) -+ calwn)]

and W is the diagonal matrix defined as

w(X—X1> 0

0 w(x — Xg)

o7



The minimization of J with respect to a(z) leads to g—‘i = 0.

This gives

where

n

P(x) = Zw(a: —zp)e(zr)e! (zg),

I=1

S(z) = [w(x — x1)c(z1), w(r — z3)c(x2), ..., w(T — X,)c(T7)].

h

Therefore, from (2.3.1), the approximated field function u" can be computed

as

¢]($)U[,

where the shape functions ¢;(z), I =1,2,3,...,n, are defined by

7=1

() = 3 @ (P @S
= CTPils[.

2.3.3 Choice of weight functions

The weight function corresponding to any node provides weights for the
residuals at different nodes within the support domain of the node of in-
terest. It ensures that nodes should enter and leave the support domain
smoothly so that the shape functions satisfy the compatibility condition
and the approximation is globally continuous. The weight functions must

be continuous and positive in the corresponding support domains. The
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weight functions should satisfy the following properties:

1. w(x — x;) > 0 in the support domain €2, of the node z,

\)

- w(

. w(x — x7) = 0 outside the support domain €2,

3. w(|z — zy]) is a monotonically decreasing function,
4. w(|lz — z7]) = d(|]z — z1]) as b — 0,

where §(|z —x|) represents the Dirac delta function and h is measure of the

size of the support domain €2,. The weight functions are usually based on a
|z —a;|
05

domain. In the literature [28,60, 71,98, 171, 204, 230, 231, 234], there are

variety of weight functions available for the MLS approach. Some of the

normalized distance s = , where 0, denotes the radius of the influence

weight functions, which are widely used in literature, are defined below.
Though many researchers utilize these weight functions, some of them have

been referred here.

e Quadratic spline: The weight function of a quadratic spline is defined

as follows:

Singh [204] compared different weight functions (exponential, elliptical,
cosine and quadratic) under EFG method for heat transfer problems.
It is found that elliptical, quadratic and cosine weight functions pro-
vide acceptable results for the support domain with radius 0, = a, * 0.,
where the scaling parameter 0. satisfies 0 < 9, < 1.5, whereas expo-
nential weight functions provide good results for the scaling parameter
1 <9, < 2.0. In overall comparison, the author found that the ex-
ponential weight functions provide much better results than the other
weight functions (i.e. elliptical, cosine, and quadratic) for heat transfer

problems.
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e Cubic spline: The weight function of a cubic spline is defined by

(
2 — 45+ 457, s<1/2

w(s) = 4 %—454—452—%53, 1/2<s<1

0, s > 1.
\

Cubic spline weight functions were firstly proposed by Dolbow and Be-
lytschko [60] in the study of EFG method. The authors constructed
cubic spline weight functions to impose C?-continuity requirements
while solving linear elastostatic problems. Some of the frequently used
weight functions widely adopted by many researchers while employing
the EFG methodology. Park and Leap [171] utilized the EFG method
with cubic spline weight functions for solving groundwater flow prob-
lems. Yang and He [230] utilized these weight functions in the EFG
method for heat transfer problems. Juan et al. [98] used cubic spline
weight functions to solve the topology optimization problem of the
continuum structures. Zhang et al. [237] also applied the EFG method
with cubic spline weight functions for two-dimensional elastodynamics
problems. Sharma [194] also successfully applied these weight func-
tions along with the EFG method to study the heat transfer fluid flow

problems over a stretching sheet.

e Quartic spline: The quartic spline weight function is given by

1—682+883—3S4, s<1

0, s> 1.

Researchers widely use these weight functions as it provides C? conti-
nuity. Shibata and Murakami [197] presented a stability procedure for
soil-water coupled problems using the EFG method with quartic spline

weight function. He et al. [87] established a hybrid EFG method and
scaled boundary method known as EFG scaled boundary method. The
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authors further employed quartic spline weight function in EFG formu-
lation to carry out numerical results. Jaberzadeh et al. [93] also con-
sidered quartic weight function in EFG methodology to study thermal
buckling of trapezoidal plates. Cheng et al. demonstrated improved
complex variable EFG method for advection-diffusion [42]. The impact
of cubic and quartic spline weight functions on computational precision
has been discussed in both articles. The proposed method has higher
computational accuracy while employing quartic spline weight func-
tions. The quartic spline weight functions in the EFG technique have
been adopted by various researchers for solving different problems like
non-linear shallow water equations [231], static and buckling analysis
of thin plate [158] etc.

Gaussian exponential spline: The Gaussian exponential spline weight

function is defined as

e—(s/a)? _o—(1/a)?
1—e- (/@2

0, s > 1.

s<1

Here, the parameter « is generally chosen from the interval [0.3,0.5].
The Gaussian weighting function of exponential type is one of the most
commonly used weight functions. These weight functions have been ini-
tially utilized by Belytschko and his co-authors to solve elasticity and
heat conduction problems [23], crack propagation problems [24] and
fracture problems [71]. Following these, many researchers employed
Gaussian exponential weight functions for solving various types of other
problems like fractional cable equation [55], quasi three-dimensional
free vibration analysis of multilayered composite plates [228] and bi-
material problems [169] etc. The performance of Gaussian weight func-

tions has been analyzed by comparison with other weight functions
in [157,248].
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e Conical weight function: Conical weight function is defined as

s<1

0, s > 1.

Liu et al. [142] performed EFG formulation with conical weight func-
tion to obtain the numerical solutions to 3D electromagnetic prob-
lems. The authors compared the performance of different weight func-
tions(cubic spline, rational formula, conical formula, negative exponen-
tial, quartic spline) by correlating the results obtained by EFG method
with the exact one. The graphical results indicate that error estimation
of the conical formula increases by increasing the value of scaling pa-
rameter d.. Zhuang et al. [248] highlighted issues and sources of errors
for meshless methods. The control of errors has been shown by con-
sidering three types of weight functions, i.e. rational function, an ex-
ponential function, and a conical function in the element-free Galerkin
methodology. Graphical results of curve fitting problems show that
the conical weight function exhibits lower error in comparison to the
exponential weight function. The steady heat transfer analysis for or-
thotropic structure has been carried out by Zhang et al. [234] based
on the proposed EFG technique. Different weight functions like cubic
spline, parabola function, conical function, triangle weight function
and exponential weight function have been considered. The numerical
results suggest preferring cubic spline and parabola weight functions

compared to the conical weight function for the heat transfer problems.
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Figure 2.1: Graphical representation of different types of weight functions.

e Cosine weight function: The cosine weight function is defined as

cos(5), 0< s<1

w(s) =

0, s > 1.

Though only a few researchers have utilized the cosine weight functions
in the EFG formulation, these weight functions provide C*'-continuous
approximations. Bouillard and Suleau [28] successfully applied these
weight functions for numerical assessment of the pollution effect gov-
erned by the Helmholtz model problem. After that, Singh [204] also
mentioned the cosine weight function along with some other weight
functions for the EFG formulation to solve three-dimensional heat

transfer problems.

e Hyperbolic and Elliptical weight functions : Hyperbolic and el-
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liptic weight functions are given by

sech(s+3), 0< s<1
0, s>1,

and

2v1—3s2, 0< s<1

0, s> 1,

w(s) =

respectively. Elliptical weight functions have been used by Singh in
[204]. The author also considered exponential and cosine weight func-
tions to carry out error and steady-state analysis for 3D heat transfer
problems under the EFG framework.

The shapes of different weight functions at any point z in the domain

have been presented in Fig. 2.1.

2.3.4 Weak formulation

Following MLS methodology, the EFG weak formulation, for the problem
discussed in (2.2.1), is given by

Zj: [e /Q G dS) — /Q a(x) i, dSY — /Q b(g;)mjdg] "
YD (=Ngu)| = D oA Niwg)
Lo z=0 l x=0
+ZZ5“1<_¢1NJ'))\]' +ZZ(SPJ'(—RZ¢J-)UJ-
l j =0 I j
+2 D du(=aiR;)p;
1 T

- [ [oswaa ol - wo

o1 dx

r=1

=Y dp(—Row)
l

r=1

] (2.3.3)

r=
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Here, the test functions ¢.s are obtained using the moving least-square ap-
proach, as discussed in subsection 2.3.2. The last terms in Eq. (2.3.3) are
due to the method of Lagrange multipliers for handling essential boundary
conditions (2.2.2).

After solving and assembling nodal weak formulations, the resulting alge-

braic equations can be expressed in matrix form as follows:

K G H| |U F
GT 0 0 Al = 1q
H" 0 0] |p Ge

where
Ky = —c /Q §16/d) /Q () 6,892 — /Q b(a) s 2.
E = 1 dQu
/Q b.f ()

G%; = 5\ (N;)

, H=—bp;j(Rio;)
=0

. Qo = —0pi(Ryuy)
=0

g = —0N(Nuy)

r=1

where A = > NyAj and p = > | Rip; are Lagrange multipliers and N

and R; are shape functions for I'” node on the essential boundary.

2.4 Singularly perturbed non-linear elliptic problem

We have investigated the following non-linear singularly perturbed prob-

lem:

e = f(u',u,x), x€Q=(0,1), (2.4.1)
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with essential boundary conditions defined by
u(0) = ug, u(l) =wuy, ug,u; € R, (2.4.2)

where € is a small positive parameter known as singular perturbation pa-
rameter with 0 < ¢ < 1 and we suppose that f(u',u, ) is non-linear term

which is continuously differentiable function.

2.5 Quasilinearization technique

Quasilinearization is a standard technique that is widely used for approxi-
mating the non-linear problems by their linearized version for obtaining the
approximate solutions. Since the problem under consideration is non-linear
in nature, we will discuss the quasilinearization process and its convergence
for such a problem in this Section.

Using the quasilinearization process by Bellman and Kalaba [20], Eq. (2.4.1)

can be linearized as follows:

!+ :f(u/(k)’u(k)’x> + (u/(k—H) _ u/(k)) of (u/(k)’u(k)7x)

o’
+ (u* Y —u(k))a—f(u’(k) u® | ) (2.5.1)
8?1/ Y Y Y
where u**1) stands for the approximate solution at (k + 1)th iteration

level.

2.5.1 Convergence of quasilinearization process

To establish the convergence of the quasilinearization process, Eq. (2.4.1)

can be considered as

e = f(u), 0<z<l,
u(0) = ug, u(l) =wuy.

66



By using quasilinearization process, the differential equation has been dis-

cretized in the form of given by

k
e = By 1 (kD) U(k))af(@U( ))’
Uu

u* D (0) = up, uFV(1) = uy, (2.5.2)

0<z <],

where (k) denotes the iteration level. We assume u*=?) be the initial guess
which also incorporates the boundary conditions. Rewriting the above re-

lation at the previous iteration step, we get

Of (1)

n(k) _ (k—1) (k) . (k-1)
w™) = F(u D) + (@ — ) 20

0<z<l. (2.5.3)

By subtracting Eq. (2.5.3) from Eq. (2.5.2), the following relation is ob-

tained

af (u®)
ou

0<z<l1. (2.5.4)

6(u//(k—i—l) . u//(k)) :f(u(k)) - f(u(k—l)) + (u(k+1) _ u(k))

(k1)
- u(k—n)%,

The above differential equation is of second order in (u**1) — (). Further,
with the help of Green’s function G(z,7), the above Eq. (2.5.4) can be

converted into the integral equation

(- ) = / Glar) () = futD) 4 (=) )2 (a“(k))
a U
~1)
— (u® — u(kl))m ds 0 <x <1, (2.5.5)

ou

where G(z,r) is defined as

z(r—1), 0<z<r<1
G(x,r) =
(x—1r, 0<r<az<l,
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and

max G(z,r) = i (2.5.6)

x,r

Now, by using mean value theorem, we get

(k=1) k) _ o (h—1)\2 72
F®) = FutD) = @® — u(k_m)@f(gu ) N (u QU ) 86{7:4(20)’

(2.5.7)

where u*=1) < 9 < u®).
So, using Eq. (2.5.7) in Eq. (2.5.5), we get the following expression

) ) /b Glor) [(u(k:) — ut=D)2 92 £(p) (D) u(,ﬂ))éf(u(k))} is

2 ou? ou
0<z <l
(2.5.8)
Suppose
0*f(0) f (™)
|u(knlia>}|<g1 ou? )_L’ k<t Ou ‘_R' (2:5.9)

Using maximum norm over the spatial domain and using Fqgs.(2.5.6) and
(2.5.9) in Eq.(2.5.8), we get

b
[(u®+D — 0| < i/ [é(u(k) — kDY o Rk u(k)H}ds.

The given inequality can be simplified to obtain

L
8¢ — 2R

= Q™ —u* V)3,

) = ) o < (@ = u D)

where ) = L/(8¢ — 2R).

Thus, the quasilinearization process converges quadratically by choosing
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the appropriate initial iterative approximation u(k=0)

. Therefore, in order
to find the solution of the non-linear problem (2.4.1), it is sufficient to find
the solution of its approximate linearized problem (2.5.1). Next, we will
discuss the proposed numerical strategy to approximate the solution of the

linearized problem (2.5.1).

2.5.2 Weak formulation

Following MLS, the EFG weak formulation for the linearized problem (2.5.1)
is given by

_€/¢¢ g0 — gf,( ™, 2) i
of

,(k+1)

| Fe ™ u®, 2)grol ) de | uf Y +Zl:zj:5Al(—Nl¢juj)
T El: > dui(—¢;Ni)A

- J

+ ; 2 Sm(—Riduy| ; 5p1(—Rywn)

2D om(eihn| S /Q 64f ()5

— Z 5)\[(—NZUQ)

r=1

af /(k)
[ L. )0
gi« )P i a0
+epi(Du'|  — edi(0)u
z=1 =0

On solving the above nodal weak formulations and assembling, the resulted

algebraic linear equation thus obtained can be written in the matrix form
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as

K G H| |V F
GT O O A — q )
H" 0 0] |p qe
where
(k+1) f k+1)
/ 66" aq — | SL ), 20,0,
(k+1) 4
8u( u )¢Z¢
Gj; = 5)\1(Nz¢j) : Hfg— —opl(Rig5)|
r=1
/ Gif (x)dQ — f PN
/),
L s
@ =—0NNuo)|  , qe = —0p(Ru)|
=0 r=1

where A and p have same expressions as defined in subsection 2.3.4.

2.6 Numerical results and discussions

In the present Section, we, firstly formalize the algorithm of the proposed
scheme to help the interested researchers and then illustrate it with numer-

ical examples.

2.6.1 Algorithm for the element-free GGalerkin scheme

We mention below the step-by-step algorithm for the proposed scheme:
1. Enter the given parameter values and material properties.

2. Set up the adaptive nodal coordinates in the domain of interest.
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3. Set up the Gauss quadrature background points(to carry out numerical

integrations), weights, and Jacobian.
4. Define the support domain of nodal points.

5. Set parameters for weight functions and calculate the weight functions

for each node.
6. Define loop over Gauss integration points and do:
(a) Construct shape functions and their derivatives at each node.

(b) Assemble the contributions from each node to matrix K and the
source vector F' based on the weak formulation as defined in the

last Section.

(c¢) Incorporate the essential boundary conditions using the Lagrange
multiplier method (G and H matrices defined above) or the penalty
method.

7. Solve the global system using some efficient solver to get the nodal

parameter values u;.

Next, we will consider some linear and non-linear SPP to test the efficiency
and robustness of the proposed scheme. The basis functions have been
chosen as ¢(z) = [1, x, 2%]. Since the boundary layer appears in the solution
of SPP, non-uniformly distributed nodes have been generated, wherein more
nodes have been put in the boundary layer region as discussed in Section
2.3.1. The accuracy of the proposed method also depends upon the choice of
the size of the support domain, which is taken as 2.8 < a, < 3.4. Two-point
Gauss quadrature rule has been implemented in order to approximate the
resulted integrals arising due to the EFG weak formulation. The pointwise

errors and maximum absolute errors have been presented for the considered
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problems. These errors have been estimated by

N

e = |u(z;) — Up(x;)| and EY = maxel

) 7

Herein, u(z) and Uy (x) are exact and computed EFG solutions respectively
and NN represent number of nodes.

To demonstrate the potential of the present approach, the numerical results
obtained using the proposed numerical methodology have been compared
with those cited in the literature. Computations have been performed on
MATLAB R2016a software. Absolute errors have been presented for the
numerical examples to depict the numerical efficiency and accuracy of the

proposed scheme.

Example 2.6.1 We considered the following non-homogeneous convection-

diffusion singularly perturbed problem [122]
e +u =1+ 2,

with Dirichlet boundary conditions

Ezact solution of the problem s given by

(2¢ — 1)(1 — e72/¢)

u(z) =x(x+1—2€) + (1= 179

The problem has been solved using the proposed EFG method with ex-
ponential weight functions. Table 2.1 shows the maximum absolute errors
for various values of the singular perturbation parameter ¢ and number of
nodes N. The table also shows the numerical convergence of the proposed

scheme.
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Table 2.1: Maximum absolute errors for Example 2.6.1.

€ N =16 N =32 N =64 N =128 N =256

2-2 5.00 x 1073 2.50 x 1073 1.20 x 1073 2.00 x 1073 1.97 x 1073
2-4 2.45 x 1072 4.60 x 1073 2.90 x 1073 2.10 x 1073 1.96 x 1073
2-6 5.66 x 1072 8.30 x 1073 3.80 x 1073 3.10 x 1073 2.90 x 1073
2-8 9.05 x 10~2 2.60 x 10—2 9.10 x 1073 4.40 x 1073 2.50 x 10—3
2-10 7.74 x 1072 6.10 x 10~3 8.50 x 1073 4.50 x 1073 2.21 x 1073
2-12 8.22 x 10~2 6.00 x 1073 4.90 x 1073 4.30 x 1073 3.40 x 1073
2-14 8.34 x 10~2 6.10 x 1073 5.40 x 1073 3.80 x 1073 2.90 x 1073
2-16 8.37 x 1072 6.10 x 1073 5.55 x 1073 3.80 x 1073 2.90 x 1073
2-18 8.37 x 10~2 6.10 x 1073 5.55 x 1073 3.80 x 1073 2.90 x 1073

Table 2.2: Comparison of numerical results of Example 2.6.1 with the results of [122]

with € = 1074,

T Exact solution u(z) [122] Present method Absolute errors
0.0001 —0.653191 —0.632020 —0.653352 1.61E — 04
0.0020 —0.997783 —0.997996 —0.996840 9.43E — 04
0.1000 —0.887528 —0.890000 —0.887320 2.08E — 04
0.3000 —0.607484 —0.610000 —0.607528 4.40F — 05
0.5000 —0.247780 —0.250000 —0.248012 2.32FE - 04
0.7000 0.191586 0.190000 0.191220 3.66E — 04
0.9000 0.710613 0.709000 0.710274 3.39E — 04

1.0000 1.000000 1.000000 1.000000 0

It can be recognized that the proposed scheme approximates the solution
very efficiently even for extremely small values of € such as € = 271% and
for a very less number of nodal points N = 32 which clearly depicts the
robustness of the scheme. A comparison of the solutions obtained using the
proposed scheme has been made with those obtained by Kumar et al. [122]
in Table 2.2 for e = 1074
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Figure 2.2: (a) Exact and EFG solution plot; (b) Pointwise absolute error plot for
e =277, N =128 for Example 2.6.1.

It can clearly be observed that the proposed scheme provides a better so-
lution for the considered problem. Fig. 2.2 illustrates the contrast of the
numerical solution with exact solution along with the maximum absolute
error for e = 27% N = 128. One can easily see in the Figure that the EFG

solution matches the exact one with great accuracy.
Example 2.6.2 Consider the following homogeneous problem [122]
e+ u —u=0,
with
u(0) =1, and u(l) = 1.
Its exact solution is given by
(™2 — 1)e™* + (1 — e )em2*

u(x) = . ,
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where

When the singular perturbation parameter e approaches zero, the considered
problem exhibits boundary layers at x=0. The considered problem has been
examined by Kumar et al. [122] by using the boundary value technique.
Table 2.3, which shows the maximum absolute errors obtained for various
values of € and N, testifies the good performance of the EFG method. Table
2.4 exhibits the contrast between absolute errors attained by the proposed
scheme and the boundary value approach in [122]. Plot 2.3(a) illustrates the
comparison of the exact and computed solutions for € = 272 and N = 128.
The plot clearly depicts that the proposed method is robust enough to
capture even very sharp boundary layers. Maximum pointwise errors have
been plotted in Plot 2.3(b) over the whole domain.

Table 2.3: Maximum absolute errors for Example 2.6.2.

€ N =16 N =32 N =64 N =128 N =256

272 2.00 x 1073 1.50 x 1073 1.00 x 1073 2.00 x 1073 1.98 x 1073
2—4 7.00 x 1073 3.40 x 1073 2.20 x 1073 1.90 x 1073 1.90 x 103
276 1.05 x 1072 4.00 x 1073 2.50 x 1073 2.00 x 1073 1.50 x 1073
2-8 3.81 x 1072 4.60 x 1073 5.00 x 1073 2.30 x 1073 1.93 x 1073
2-10 3.61 x 10~2 3.70 x 1073 3.40 x 10~3 2.30 x 10~3 2.20 x 1073
2-12 3.54 x 102 3.50 x 1073 3.20 x 1073 2.70 x 1073 2.69 x 1073
2-14 3.52 x 1072 3.50 x 10~3 3.40 x 1073 2.50 x 1073 2.40 x 1073
2-16 3.52 x 1072 3.50 x 1073 3.40 x 10~3 2.54 x 1073 2.40 x 1073
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Table 2.4: Comparison of pointwise absolute errors of the EFG method and boundary
value method (BVM) [122] for Example 2.6.2 for ¢ = 107,

T Exact solution Present method Abs.errors(EFGM)  Abs.errors(BVM)
0.0 1.000000 1.000000 0.000000 0.000000
0.1 0.404952 0.404784 0.000168 0.000365
0.3 0.495583 0.495747 0.000164 0.000347
0.5 0.607250 0.607150 0.000100 0.000302
0.7 0.745500 0.745398 0.000102 0.000222
0.9 0.954685 0.954679 0.000006 0.000090
1.0 1.000000 1.000000 0.000000 0.000000
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Figure 2.3: (a) Exact and EFG solution plot; (b) Pointwise absolute error plot for

e =212 N = 64 for Example 2.6.2.

Example 2.6.3 Consider the following variable coefficients singularly per-

turbed problem [104]

ev + (14 2)* +2(1 + 2)u = f(x),

with boundary conditions



where f(x) is so chosen to satisfy the exact solution

u(z) = e % — oo +30+3) /3¢

The proposed EFG scheme has been employed to solve the problem 2.6.3.
The problem has been solved by considering different weight functions and
using both the linear and the quadratic basis functions. Comparisons have
been made for different weight functions in both the cases and the results
have been tabulated in Tables 2.5 and 2.6 for 128 nodes and different val-
ues of singular perturbation parameter . One can easily observe that the
present scheme provides more accurate results by utilizing the Gaussian ex-
ponential and cubic spline weight functions with shape parameter a = 0.3
for both linear and quadratic basis functions. Also, as expected, the nu-
merical results are more accurate in the case of quadratic basis functions in

comparison to the linear basis functions.

Table 2.5: Maximum absolute errors for Example 2.6.3 for different values of € with linear
basis functions.

€ Quadratic Cubic Quartic Gaussian ~ Cosine Conical Hyperbolic Elliptic
spline spline spline exp.spline function function function function

272 1.51x1072  1.60x107% 1.54x1072 357x1075 1.18x1072 2.01x1072 1.45x10~! 7.10x1073
2-4 6.08x10—2 3.48x1073 532x1072 5.06x107* 4.10x1072 9.63x1072 5.60x10"' 3.45x 1072
2-6 5.85x1072 562x1073 549x1072 849x107% 530x1072 9.58x1072 6.83x10"1 451 x 1072
2-8 9.08x1072 557x1073 523x1072 854x107* 586x1072 9.73x1072 6.91x 1071 4.60x 1072
2-10 8.57x1072 558x1072 5.14x1072 880x107* 546x1072 9.83x1072 6.76x1071 4.57x 1072
2-12 741x1072 558x1073 5.07x1072 860x107% 536x1072 9.26x1072 6.74x10"1 4.72x 1072
214 7.39x1072 559x1073 5.08x1072 8.08x107% 5.34x1072 9.18x1072 6.73x107! 4.69x 1072
2-16 7.44x 1072 5.60x1073 547x1072 8.24x107%* 533x1072 9.18x1072 6.73x107! 4.64x1072
2-18 748 %1072 560x1073 537x1072 833x107%* 5.33x1072 9.18x1072 6.73x10"1 4.64x 1072
220 749x1072 560x1073 5.34x1072 836x107% 5.33x1072 9.18x1072 6.73x107! 4.64x 1072
2722 749x1072 560x1073 5.33x1072 836x107% 5.33x1072 9.18x1072 6.73x107} 4.64x 1072
2724 749%x1072 560x1073 533x1072 836x10"% 533x1072 9.18x1072 6.73x 107! 4.64x 1072
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Table 2.6: Maximum absolute errors for Example 2.6.3 for different values of € with
quadratic basis functions.

€ Quadratic Cubic Quartic Gaussian  Cosine Conical Hyperbolic Elliptic
spline spline spline exp.spline function function function function

272 2.27x 1072  1.78x 1073 3.20x107! 3.35x107%* 590x1073 450x1073 4.02x1072 1.98x 1072
2—4 9.69x1072 255x1073 1.47x10"1 930x107* 2.10x1072 2.07x1072 1.24x107' 7.23x1072
2-6 1.18x 1071 2.83x1073 3.96x107! 7.66x107% 273x1072 2.72x1072 1.28x10"! 8.28x 1072
2-8 1.18x1071  1.09x1073 7.82x1071 7.09x107% 260x1072 2.51x1072 1.27x10"! 8.48x 1072
2-10 1.19x 1071 6.78x107* 8.18x 107! 7.36x107* 294x1072 248x1072 1.25x10"! 852x1072
2-12 1.19x 1071 7.03x107% 8.01x107! 7.34x107% 232x1072 244x1072 1.27x10"! 8.05x 1072
214 1.19x 1071 7.06x107% 860x1071 7.34x107% 237x1072 244x1072 1.27x10"! 8.05x 1072
2-16 1.19x 1071 7.13x107% 8.00x10~! 7.34x107* 237x1072 243x1072 1.27x10"! 8.05x 1072
2-18 1.19x 1071 7.22x107% 7.75x 1071 7.35x107%  2.37x1072 243x1072 1.27x10"! 8.05x 1072
2-20 1.19x 1071 7.42x107% 7.62x107! 7.35x107% 237x1072 243x1072 1.27x10"! 8.05x 1072
2722 1.19x 1071 748 x107% 7.84x107' 7.35x107% 237x1072 243x1072 1.27x10"! 8.05x 1072
2—24 1.19x 1071 7.50x10™%  7.41x107' 7.35x107% 2.37x1072 243x1072 1.27x10"! 8.05x 1072

Table 2.7: Maximum absolute errors for Example 2.6.3 for different values of e.

€ N =16 N =32 N =64 N =128 N =256

272 4.40 x 1073 2.90 x 1073 5.00 x 104 3.35 x 1074 1.35 x 1073
2—4 7.90 x 1073 7.40 x 1073 8.00 x 10~ 9.30 x 10—4 1.54 x 1073
2-6 1.18 x 1072 6.70 x 1073 1.00 x 1073 7.66 x 10~* 4.87 x 104
2-8 1.76 x 1072 6.10 x 1073 1.10 x 1073 7.09 x 10~4 2.14 x 10~
2-10 2.17 x 1072 6.30 x 10~3 1.10 x 1073 7.36 x 10~4 2.20 x 10~
2-12 2.20 x 1072 6.70 x 10~3 1.10 x 1073 7.34 x 10~4 2.22 x 10™4
2-14 2.20 x 1072 6.70 x 1073 1.10 x 1073 7.34 x 10~4 2.24 x 10~
2-16 2.20 x 1072 6.70 x 1073 1.10 x 1073 7.34 x 1074 2.27 x 1074

The problem has been solved again for different values of ¢ and the different
number of nodes by considering quadratic basis and Gaussian exponential
spline weight functions. The L., —errors have been presented in Table 2.7.
It can be observed that for each €, the maximum pointwise absolute errors

decrease as the number of nodes increases.
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Table 2.8: Comparison of L., —errors for fitted mesh finite difference method

(FMFDM) [104] and EFG method for Example 2.6.3.

€ N =64 N =128 N =256 N =512
FMFDM | EFGM FMFDM | EFGM FMFDM | EFGM FMFDM | EFGM
24 0.29x1072 | 0.81x1073 | 0.73x1073 | 0.93x1073 | 0.18 x 1073 | 0.15x 1073 | 0.46 x 10* | 0.30 x 10~3
28 0.39x 1071 | 0.11x1072 | 0.12x 107! | 0.70x 1073 | 0.38x 1072 | 0.21 x 1073 | 0.12x 1072 | 0.19 x 10~2
10~ 0.38x10~1 | 0.10x1072 | 0.11x10~ | 0.73x 1073 | 0.37x1072 | 0.21 x 1073 | 0.12x 1072 | 0.19 x 10~2
1073 0.38x1071 | 0.11x1072 | 0.11x1071 | 0.73x 1073 | 0.37x1072 | 0.22x 1073 | 0.12x 1072 | 0.19x 1072
106 0.38x 1071 | 0.11x1072 | 0.11x 107! | 0.73x 1073 | 0.37x1072 | 0.22x 1073 | 0.12x 1072 | 0.19 x 10~2

This clearly depicts that the proposed scheme converges numerically. The
results thus obtained from the proposed scheme have also been compared

with those cited in the literature in Table 2.8.
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Figure 2.4: (a) Exact and EFG solution plot; (b) Pointwise absolute error plot for
e =10"%, N = 128 for Example 2.6.3 using linear basis and cubic spline weight functions

It can be noticed that the proposed scheme provides comparative and better
accurate results. Fig. 2.4 also exhibits that the EFG scheme is very efficient

in capturing the sharp boundary layers.

Example 2.6.4 The following variable coefficients convection-diffusion sin-
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gularly perturbed problem [104] has been considered:
eu’ + (14 2)’u' = f(x),

with boundary conditions

Its exact solution s given by
—[(@+1)*—1]/4e

(x+1)3

¢ +e /2,

u(zx) =

Table 2.9: Maximum absolute errors for Example 2.6.4 for different values of € with linear

basis functions.

€ Quadratic Cubic Quartic Gaussian  Cosine Conical Hyperbolic Elliptic
spline spline spline exp.spline function function function function

272 7.14x1071  436x1072 5.05x1072 437x1072 574x1072 355x1072 2.71x107t 3.72x 1072
24 2.60x 1071 6.17x 1073 555x1072 7.51x 1073 4.90x1072 3.61x1072 4.98x107! 453 x 1072
2-6 2.90x 1071 4.38x1073 4.11x1072 510x107% 5.95x1072 3.80x1072 4.35x107! 3.55x 1072
2-8 4.41x1071  455x1073 4.24x1072 4.24x107%* 4.90x1072 3.71x1072 4.18x107' 3.36x 1072
2-10 441x1071  455x1073 4.38x1072 588x107* 5.17x1072 3.86x1072 4.18x107! 3.29x 1072
2-12 440x 1071 455x107%  4.11x1072 7.09x107* 531x1072 3.79x1072 473x107! 3.26x1072
2-14 4.40x1071  456x 1073 4.63x1072 8.13x107* 5.34x1072 3.78x1072 4.21x107' 3.27x 1072
2-16 440x1071  456x1073 5.85x1072 857x107* 535x1072 3.78x 1072 4.21x107! 3.27x 1072
2-18 440x 1071 456x1073 596x1072 870x107* 535x1072 3.78x1072 420x10"! 3.27x1072
220 4.40x 1071 456x1073 5.35x1072 8.74x107* 535x1072 3.78x1072 4.20x 10! 3.27x 1072
222 440x1071  456x1073 591x1072 8.74x107* 535x1072 3.78x1072 4.20x 1071 3.27x 1072
2—24 4.40x1071  456x1073 599x1072 8.74x107* 535x1072 3.78x 1072 4.20x 1071 3.27x 1072

The problem 2.6.4 has boundary layers at * = 0 for small values of the

singular perturbation parameter ¢. For this problem also, it can be easily

noticed in both the cases, i.e. linear basis functions(Table 2.9) and quadratic

basis functions(Table 2.10), that the Gaussian exponential spline weight

functions provide better results in comparison to the other weight functions
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for all values of the singular perturbation parameter e.

Table 2.10: Maximum absolute errors for Example 2.6.4 for different values of € with
quadratic basis functions.

Quadratic  Cubic

spline spline

Quartic

spline

Gaussian  Cosine

exp.spline function

Conical

function

Hyperbolic Elliptic

function function

2—24

8.26 x 1072 4.33x 1072
1.88x 1071  7.46x1073
1.91x 1071 2.71x 1073
1.77x 1071 1.07x1073
1.61x1071  7.09x10~4
1.86x 10~ 7.19x10~%
1.86x 1071 7.23x 1074
1.86x10"1  7.21x1074
1.86x1071  7.19x 1074
1.86x 1071 7.14x 1074
1.86x10~1  7.14x1074

1.86 x 10~1  7.14x10~¢

2.87x 1071
4.21x 1071
3.43x 107!
6.67 x 1071
8.38 x 107!
8.37x 107!
8.85 x 1071
8.21 x 107!
8.15x 107!
8.17x 1071
8.14 x 1071

8.20 x 101

436 x1072  4.60x 10~2

7.80%x 1073 291 x10~2

878 x10™% 2.63x 1072

5.57x10~% 2.37x1072

2.74%x107%  2.84 %1072

2.83x107% 241x1072

3.05x10~% 2.39x1072

3.02x10~% 2.38x102

3.01x10~* 2.38x10~2

3.01x10"% 2.38x1072

3.01x10~% 2.38x1072

3.01x10~% 2.38x102

4.28 x 1072
2.12x 1072
2.32 x 1072
2.42 x 1072
2.46 x 1072
2.45%x 1072
2.47 x 1072
2.47x 1072
2.47x 1072
2.47 x 1072
2.47x 1072

2.47 x 102

7.32x1072  4.41x1072
1.73x 1071 1.17x 1072
1.55x 1071 7.60 x 1073
1.51x 1071 6.10x 1073
1.50x 107! 5.90 x 1073
1.54x1071  6.10x 1073
1.53x 1071 5.90 x 1073
1.53x 1071 6.10x 1073
1.563x 1071  6.20x 1073
1.53x 1071 6.20 x 1073
1.53x 1071 6.20x 1073

1.53x 107!  6.20x 103

The maximum absolute errors obtained by the proposed method for differ-

ent values of € and N have been presented in Table 2.11. From all these

tables, one can easily conclude the numerical convergence of the proposed

scheme.

Table 2.11: L.,—errors for Example 2.6.4 for different values of € for quadratic basis and
Gaussian weight functions.

€ N =16 N =32 N =64 N =128 N =256
272 4.25 x 1072 4.31 x 1072 4.37 x 1072 4.36 x 10~2 4.22 x 1072
2—4 1.45 x 1072 8.40 x 1073 7.70 x 1073 9.80 x 1073 6.40 x 10~3
2-6 1.37 x 1072 2.30 x 1073 1.40 x 1073 8.78 x 10~ 1.43 x 10~%
2-8 1.81 x 1072 3.40 x 10~2 7.00 x 10~4 5.57 x 10~4 1.30 x 1074
2-10 1.92 x 1072 3.80 x 1073 7.00 x 10~* 2.74 x 10~4 2.10 x 10~
2-12 1.95 x 1072 4.00 x 1073 7.00 x 10~4 2.83 x 1074 3.00 x 104
2-14 1.96 x 1072 4.00 x 1073 7.00 x 10~4 3.05 x 10~4 3.00 x 10~
2-16 1.96 x 1072 4.00 x 1073 8.00 x 10~ 3.02 x 10~ 3.00 x 1074
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Table 2.12: Comparison of L., —errors for FMFDM [104] and EFG method for Example

2.6.4.
€ N =64 N =128 N = 256 N =512
FMFDM | EFGM FMFDM | EFGM FMFDM | EFGM FMFDM | EFGM
2-8 0.39x10~1 | 0.90x1073 | 0.12x10~! | 0.57x 1072 | 0.39x 1072 | 0.13x1073 | 0.12x10~2 | 0.11x10~2
10—4 0.38x 1071 | 0.80x10~23 | 0.11x10~1 | 0.21x1073 | 0.37x10~2 | 0.46x1073 | 0.12x1072 | 0.42x 1073
10—° 0.38x1071 | 0.81x1073 | 0.11x107! | 0.21x1073 | 0.37x1072 | 0.46x1073 | 0.12x1072 | 0.41x 1073
10-6 0.38x 1071 | 0.82x1073 | 0.11x10~! | 0.20x10~2 | 0.37x 1072 | 047x 1073 | 0.12x10~2 | 0.41x 103
10—7 0.38x 1071 | 0.82x10723 | 0.11x10~1 | 0.20x 1073 | 0.37x 102 | 047x1073 | 0.12x10"2 | 0.38 x 10~3
10-8 0.38x 1071 | 0.82x1072 | 0.11x10~ | 0.20x 1073 | 0.37x 102 | 0.47x 1073 | 0.12x1072 | 0.38 x 10~3
2.2 | 45 x10° | | |

181
16
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Figure 2.5: (a) Exact and EFG solution plot; (b) Pointwise absolute error plot for
€ =277 N = 128 for Example 2.6.4 using linear basis and cubic weight functions.

Comparison of the EFG method results in Table 2.12 with those cited in the

literature for different values of € also justifies the efficiency of the proposed
EFG scheme. In plots (a) and (b) of Fig. 2.5, comparison of the EFG,

the exact solutions and the L..-errors have been plotted. The Figure shows

that very sharp boundary layers appear in the solution at x = 0 and the

proposed EFG scheme is efficient enough to capture these layers efficiently

even for very small values of €. The L..-error plot also presents the stability
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of the proposed scheme.
Example 2.6.5 Consider the following non-linear singularly perturbed prob-
lem [144]

e +2u +e" =0,

with boundary conditions

The exact solution of the above problem is not available, however, a close

approximation of the exact solution of the problem s considered to be

x+1 Iy
In (= z/e,
5 + In 5 e

u(z) =—1In (2.6.1)

Table 2.13: Maximum absolute errors for Example 2.6.5 for different values of € with
linear basis functions.

€ Quadratic Cubic Quartic Gaussian  Cosine Conical Hyperbolic Elliptic
spline spline spline exp.spline function function function function

272 3.40x1072 283x1072 8.09x1072 283x1072 3.35x1072 3.03x1072 1.14x107! 271x107!
2—4 2.79x 1071 1.88x1072 7.19x1072 1.55x1072 3.15x1072 1.18x107! 3.60x10"' 540x10"1!
2-6 1.03x1071  6.77x1073 6.01x1072 572x1073 849x1072 1.32x10"! 4.14x10"! 5.26x 107!
2-8 1.07x 1071 3.38x1073 6.26x1072 1.78x1073 8.78x1072 1.35x107' 445x10~! 5.09x 10~1
2-10 1.08x 1071 3.39x1073 6.33x1072 6.64x107% 887x1072 1.36x1071 4.28x107! 5.04x 1071
2-12 1.08x1071  3.39x1073 6.26x1072 553x107% 889x1072 1.36x10~! 4.41x10~! 5.06x 10!
2-14 1.08x 1071 3.40x1073 6.29x1072 551x107% 886x1072 1.36x107' 3.91x10~! 4.96x10~1!
2-16 1.08x 1071  3.41x1073 6.51x1072 5.63x107% 884x1072 1.36x107' 3.96x107! 4.99x 1071
2-18 1.08x1071  341x1073 642x1072 567x107% 883x1072 1.36x10~! 3.97x10~! 5.00x 10!
2-20 1.08x 1071  3.41x1073 6.41x1072 5.68x107% 883x1072 1.36x10~' 3.97x10~! 5.00x10~1
2-22 1.08x 1071 3.41x1073 6.41x1072 5.68x107% 883x1072 1.36x1071 3.97x10~! 5.00x 1071
2-24 1.08x1071  341x1073 641x1072 568x107% 882x1072 1.36x10~! 3.97x10~! 5.00x 107!

Alike the above test problems, comparisons of the EFG solutions obtained

using different weight functions for both the linear and the quadratic basis
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functions have been presented in Tables 2.13 and 2.14 respectively.

Table 2.14: Maximum absolute errors for Example 2.6.5 for different values of € with
quadratic basis functions.

€ Quadratic Cubic Quartic Gaussian ~ Cosine Conical Hyperbolic Elliptic
spline spline spline exp.spline function function function function

2-2 2.88x 1072 2.83x1072 287x1072 283x1072 286x1072 3.03x1072 3.02x1072 4.04x1072
2—4 2.01x1072 1.61x1072 3.29x10~! 1.53x1072 1.95x1072 6.08x1072 5.67x1072 6.63x 1072
2-6 2.31x1072  7.76x1073 3.15x107' 515x1073 1.99x1072 6.04x1072 6.18x1072 8.89x 1072
2-8 240x 1072 2.15x1073 2.10x 107! 1.88x 1073 2.07x1072 6.04x1072 6.43x1072 7.18x 1072
2-10 240x 1072 8.66x107% 2.58x107! 9.85x107% 209x1072 6.03x1072 643x1072 6.17x1072
2-12 240x 1072 825x10% 2.33x107' 9.23x107%* 2.09x1072 596x1072 6.53x1072 5.79x 1072
214 240x1072 820x10™% 236x107! 9.19x107% 275x1072 596x1072 6.64x1072 567 x 1072
2-16 240x 1072 821x107% 1.65x107! 9.16x107% 220x1072 596x1072 6.67x1072 5.66x 10~2
218 240x 1072 8.29x10™*% 1.19x107' 9.12x107% 200x1072 5.96x1072 6.68x1072 5.65x 1072
2-20 240x1072 825x107% 1.03x107! 9.14x107% 2.09x1072 596x1072 6.69x1072 564 x 1072
2722 240x 1072 821x107% 1.03x107! 9.14x107% 2.09x1072 596x1072 6.69x1072 5.64x 1072
2-24 240x1072 821x10™* 1.03x10~' 9.14x10"% 2.09x1072 596x1072 6.69x1072 5.64x 1072

Table 2.15: L. ,—errors for Example 2.6.5 for different values of e.

€ N =16 N =32 N =64 N =128 N =256

272 2.76 x 1072 2.81 x 1072 2.82 x 1072 2.82 x 1072 2.69 x 102
2—4 2.02 x 1072 1.76 x 10~2 1.64 x 1072 1.53 x 10~2 1.42 x 1072
2-6 8.50 x 1073 5.60 x 1073 5.00 x 1073 5.15 x 1073 4.92 x 1073
2-8 1.03 x 1072 4.80 x 1073 2.80 x 1073 1.88 x 1073 1.76 x 1073
2-10 1.24 x 1072 5.20 x 1073 2.70 x 1073 9.85 x 104 8.57 x 104
2-12 1.31 x 1072 5.40 x 1073 2.80 x 1073 9.23 x 10~4 8.70 x 10~4
2-14 1.33 x 1072 5.50 x 1073 2.80 x 1073 9.19 x 10~ 8.04 x 10~
2-16 1.34 x 1072 5.50 x 1073 2.80 x 1073 9.16 x 104 8.37 x 1074
218 1.34 x 1072 5.60 x 1073 2.80 x 1073 9.12 x 10~4 8.65 x 10~4
2-20 1.34 x 1072 5.60 x 10~3 2.80 x 10~3 9.14 x 10~ 8.63 x 10~4
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Figure 2.6: (a) Exact and EFG solution plot; (b) Pointwise absolute error plot for
e =107% N = 128 for Example 2.6.5 using linear basis and cubic weight functions.

It can clearly be observed that for the non-linear SPP, Gaussian expo-
nential spline weight functions perform much better than the other weight
functions. The L. ,—errors have been presented in Table 2.15 for distinct
values of ¢ and the different number of nodes. The comparison of the EFG
solution with that given by (2.6.1), depicting the sharp boundary layer,
has been displayed in Fig. 2.6(a). The pointwise absolute error plot in
Fig. 2.6(b) demonstrate the compatibility and robustness of the proposed

scheme.

Example 2.6.6 For the fourth example, we have considered the following
non-linear singularly perturbed problem [110,181]

euw +uu' —u=0, xe(0,1),
w(0) = —1, u(1) = 3.9995,
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with uniformly valid approrimation

u(z) = x 4 ¢; tanh % Ty : (2.6.2)
€

where ¢ = 2.9995, ¢y = éloge [2—;] .

Table 2.16: Comparison of the EFG solution with exact and other scheme solutions of
Example 2.6.6 for e = 1072, N = 103.

x Exact solution EFG method Kaushik [110] Reddy [181]
0.00 —1.00000 —1.00000 —1.00000 —1.00000
0.01 3.009500 3.009567 3.009400 —

0.02 3.019500 3.019534 3.019500 3.019465
0.03 3.029500 3.029753 3.029500 -

0.04 3.039500 3.039727 3.039500 3.039476
0.05 3.049500 3.049770 3.049500 —

0.06 3.059500 3.059949 - 3.059494
0.08 3.079500 3.079712 — 3.079436
0.10 3.099500 3.099492 3.099500 3.099503
0.20 3.199500 3.199682 - 3.199500
0.30 3.299500 3.299199 3.299500 -

0.40 3.399500 3.399990 — 3.399476
0.50 3.499500 3.499973 3.499500 -

0.60 3.599500 3.599599 - 3.599431
0.70 3.699500 3.699656 3.699500 —

0.80 3.799500 3.799260 — 3.799473
0.90 3.899500 3.899348 3.899500 -

1.00 3.999500 3.999500 3.999500 3.999499

From Table 2.16, one can analyze the validity and accuracy of the proposed
EFG scheme. The pointwise EFG solution of the considered problem 2.6.6
and the solutions obtained by different methods [110, 181] have also been
presented in this Table. From the Table, it is clear that the EFG results
are in good agreement with those cited in the literature. The comparison of

the EFG solution and the approximate solution obtained by Eq. (2.6.2) has
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Figure 2.7: Exact and EFG solution plot for e = 107>, N = 256 for Example 2.6.6.

been made in Fig. 2.7. Clearly, the EFG solution approximates the close

approximation of the exact one up to a reasonable precision of accuracy.

2.7 Conclusion

In the present work, an effort has been made to propose the appropriate
weight functions in order to implement the EFG method for SPP. Since
boundary layers appear in the solutions of SPP, non-uniform nodes have
been generated, which condense in the boundary layer region and thus
utilize the benefit of the proposed scheme. As for the choices of weight
functions which affects the approximation in the EFG method, a variety of
weight functions have been presented and tested in the EFG formulation
for solving both linear and non-linear SPP. It has been concluded that the
exponential weight functions are the most reliable and provides the most ac-
curate results for SPP in comparison to other weight functions in presence

of both the linear and quadratic basis functions. The MLS approxima-
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tions and the Lagrange multiplier method have been utilized to generate
the shape functions and implement the boundary conditions, respectively.
For non-linear problems, the quasilinearization process has been used, and
its convergence has been discussed. Since the radius of the support domain
also affects more to the accuracy of the EFG solution, after a lot of numer-
ical experiments, it has been concluded that for the range a, € (2.8,3.2),
the proposed method provides better approximate results. The convergence
of the proposed method has been shown numerically in different examples.
The EFG results have been compared with those available in the litera-
ture and are found in good agreement with both the linear and non-linear

singularly perturbed problems.
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Chapter 3

Element-free Galerkin method and its analy-
sis for one-dimensional singularly perturbed

parabolic problem

3.1 Introduction

In engineering and the applied sciences, singularly perturbed time-dependent
problems are a relatively new and vigorous area of research. However, con-
ventional numerical techniques developed so far, including finite difference
methods, finite element methods, and finite volume methods etc., are unable
to provide precise solutions for a suitable mesh length of the solution do-
main. Furthermore, these techniques do not possess parameter-independent
convergent strategies. This dilemma occurs due to the presence of the per-
turbation parameter € as well as the presence of boundary layers where the

solutions fluctuate significantly [153].

In order to solve the singularly perturbed problems (SPP) with diverse phys-
ical behaviors, some of the effective numerical approaches have been pre-
sented in [31,38,39,50-52,118,119,123,124,172,193]. These techniques yield
precise solutions for SPP. Comparative analysis of these methods demon-
strate their incredibility for solving the SPP. Additionally, the techniques
employed to solve various classes of singularly perturbed problems are uni-
formly convergent. Volterra Integro differential equations of fractional order
has recently been studied for their approximation and convergence analy-
sis [53,180]. Also, a graded mesh refinement method for singularly per-

turbed time-delayed parabolic convection-diffusion problems has been pre-
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sented in [121]. These techniques present a parameterized operator-based
approach that approximates the solutions of considered problems.
Typically, nonlinearity in SPP can be managed by using quasilinearization
techniques. In [13,118-120, 123, 124], researchers focused on the analysis
of singularly perturbed semi-linear spatial delay differential equations. The
majority of these developed numerical algorithms produce reliable results
only when the mesh length of the solution domain is less than the perturba-
tion parameter value and hence most of these schemes are computationally
expensive. Considering the literature reviews, since some of the mesh-free
methods have been applied to the singularly perturbed parabolic problems,
so far, thus in the present work, we have introduced a robust and efficient
numerical approach known as the element-free Galerkin (EFG) technique
to capture the solutions of these problems. The key feature of the proposed
method includes the non-requirement of node connectivity, due to which
node particles can be added or deleted without difficulty. As a result, a
flexible refinement of domain discretization can be achieved efficiently and
quickly. In the present Chapter, drive to this advantage, non-uniformly
distributed nodes that condense in the boundary layer region have been
constructed. The proposed scheme uses moving least-square (MLS) ap-
proximation to generate shape functions. The methodology is based on the
global weak form. The numerical integrations are computed by employ-
ing the Gauss quadrature background cells. The time discretization has
been carried out by using the implicit Crank-Nicolson method before spa-
tial discretization. The Lagrange multipliers approach imposes the essential
boundary constraints as the MLS shape functions do not satisfy the Kro-
necker delta function property. The Chapter is structured as follows:

The model problem has been discussed in the Section 3.2. The Crank-
Nicolson scheme for temporal discretization has been discussed in the Sec-
tion 3.3, where the stability of the time-discrete approach have also been

investigated. The EFG methodology with the node generation procedure
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has been explained in the Section 3.4. The Section 3.5 demonstrates the
existence and uniqueness of the EFG solution. The convergence analysis
of the full-discrete scheme has been carried out in the Section 3.6. Section
3.7 deals with the numerical experiments that depict the robustness and
efficiency of the proposed strategy. Finally, the conclusion has been given

at the end of Chapter in Section 3.8.

3.2 Model problem

In the current Chapter, we consider the time dependent singularly per-

turbed reaction-diffusion equation of the form

w(x, t)—eV2u(z, t) + alx, t)u(z, t) = Flu(z, b)),
(2, 1) e Q=Q, x Q= (0,1) x (0,7, (3.2.1)

with initial condition

u(z,0) = ug(x), = € Qy, (3.2.2)
and boundary conditions as
u(0,t) = f(t), u(l,t) =g(t), t €y, (3.2.3)

where a(z,t) is continuous function satisfying o < a(z,t) < o and F(u)
is the continuous non-linear term. In Eq.(3.2.1), € is known as singular
perturbation parameter satisfying 0 < ¢ < 1. The problem (3.2.1) exhibits
boundary layers in the solution when ¢ — 0.

We impose the compatibility conditions as

u(0,0) = up(0) = f(0), and u(1,0) =ue(l) = g(1), (3.2.4)
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so that the data matches at the end points (0,0) and (1,0) of the domain

Q.

3.3 Time semi-discrete scheme

The weak form of the considered problem (3.2.1) is
<, v > 4 < Vu, Vo > + < au,v >=< F(u),v >, YuveH(Q).

We define t,, = nT, n = 0,1,..., N, where 7 = T'/N is the step-size of the
time variable. We will discretize the time derivative term using implicit

Crank-Nicolson scheme for the above equation as follows:

~ A~ — (N 1 -
< BT 4> e < VI Vo s + < al Y o> =< FU™YY v >,

Y oue Hl(Q),
(3.3.1)
where we have used the notations
n+1 n n+1 n
@U("H):U( ) — y(n) ﬁ(nﬂ):U( ) ™)
T ’ 2 ’

and U1 is the solution of semi-discrete scheme at (n + 1) time level.

On simplification, we get

<UD v >+ % <vU"t) vo > +g < a4 >

— % < FU") v >=< UM v > —% < VU™ Vv >

T

—5 < MU v > +g < F(U™),v> VYuveH(Q).
(3.3.2)
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3.3.1 Stability of the time-discrete scheme

Before proving the stability of the method, we state below some Lemmas

which will be used in the results to follow.

Lemma 3.3.1 [190] Let 0 < € < 1. Then under the compatibility con-

ditions defined by (3.2.4), the solution u(x,t) of the continuous problem
(3.2.1) satisfies

’u(sc,t)—uo(a:)‘ <Ot Y(z,t) € Q

and ‘u(:c,t) —f(t)’ <Czx V(z,t) € .

Lemma 3.3.2 From Lemma 3.3.1, one can easily deduce that

‘u(az,t)) <C V(zx,t) €.

Lemma 3.3.3 Let u € C(Q) and Q C R? be a bounded closed set. Then

the non-linear term F(u) satisfies the inequality
IF(u)| < 7.

Proof From the given assumption, we have

min{u:u € C(Q)} <u< max{u:ue C(Q)},

and thus 4 a positive integer M such that

max |u| < M. (3.3.3)
ueC(Q)

The result follows from (3.3.3).

Proposition 3.3.4 [179] Let {0,}, {¢n} and {dy} be non-negative se-

quences and vy > 0 be any real number. Suppose that the sequence 6,
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satisfies

90 S Vo,

O <vo+ o di+ 00 dub, n> 1.

If vg > 0 and dy > 0, then

0, < (UO—'_:Zédk) exp(ZXé@), n > 1.

Theorem 3.3.5 Suppose U™ ¢ HY(Q)). Then the time discrete scheme
(3.3.2) is unconditionally stable.

Proof Setting v = U™*Y in the time-discrete variational weak formulation

(3.3.2) provides

<ut ) gt > +% < vutt vyt > +g < "yl gt

_ % < F(U(TH—l)), U(n—H) S—c U'n7 U(n+1) > _% < VU(n), VU(TH—l) S

- % < aMy®™ gD 5 +% < F(U™), ) >

Using the Cauchy-Schwarz inequality and simplifying, we get

e I i N [ e e
Q) 2 L2(Q) — L2(9) L2(9)
1+ llyym 'HVU(HH)‘ +L‘z* U(n+1)‘2
2 L2(9) L2(9) 2 L2()
ot 3" _HU(nH)’ n ZHF(U(n—H))‘ .HU(n—H)‘
2 L2(Q) L2(Q) 2 L2(Q)
-
Trw™ .HU(”“)’ .
+ 2” ( ) L2(Q) L2(Q)

The use of Young’s inequality and Lemma 3.3.3 results in the following
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relation

A P K R e K |
2 x4 L2(Q) — 2 L2(Q) L2(Q)
2 2
+(3a +2)ZHU(”+U‘ | o T,
4 L2(Q) L2(Q)
(3.3.4)
Next, we define the following weighted Hilbert norm
HU(n—H)‘ HU (n+1) ‘ (n+1)‘ 2 .
H,(Q) T2 L2(Q) L2(Q)
Then, Eq.(3.3.4) can be rewritten as
2 2 2
HU(”“)‘ SHU ) + (30" + 2)ZHU(”“)’
H H, () 2 Ho,(9)
Nyl Iap.
L2(Q) 2

Considering the above relation at all time levels and summing them up leads

to

(30 +2)2 ZHWV

H, ()
T N
_ M2

<ZHU

To*

Sl
1=0

or equivalently

HU (n+1) ‘

i

n ‘ 9
+ (22" 4+ )T Z HU“H)‘ @)
i=0 v

Applying Proposition 3.3.4 to the above inequality, we arrive at

2 2
<||lo
Hy(Q)

H,(Q)

H U(n—l—l)’

+ %\MF] exp((Qa* + 1)n7’)
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< o]

2 T __
Syt (2* 1T>
Hw(9)+2’ |]exp(oz+)

<o)

2
Hy(Q)

Thus, the semi-discrete scheme (3.3.2) is unconditionally stable.

3.4 Element-free Galerkin formulation

In order to elaborate the proposed EFG formulation, we start with the

generation of nodes in the spatial domain 2,.

3.4.1 Domain discretization

The node generation process has been carried out by employing Shishkin’s
technique. The strategy has been designed to accommodate density of
points in the boundary layer region. We will illustrate the node distribution
by considering that the boundary layer occurs at both endpoints.

Let N be the total number of nodes in domain Q = [0, 1]. Divide the spatial
domain € into three subdomains [0,6], [6,1 — §] and [1 — §, 1], where the

transition parameter is given by
(1
0= mm{z, H]EIDN},

where k is a constant chosen appropriately. On each of these sub-domains,

the nodes are generated as follows:

p
iXhi,

0
T =1 5+ (i — NJ4) x hs, Tr1<i<

|(1—0)+ (i —3N/4) x hy, E+1<i<N,
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where the step size h.s are given by

- 8 0<i<f; M 41<i<N
LY o(1-26) N 3N

3.4.2 Moving least-square approximation

Let Q;, = {x;}; be distribution of nodes in the spatial domain 2, = [0, 1]
as discussed above.
The domain of influence of any typical node x with radius 0, is defined

o) ={z" € Qp: |z — 2| <ds(x)}.
We define
¢(2) = [ea(2), 2(2), o em(@)] 2 €

to be the set of polynomial basis functions. In the present Chapter, we use

quadratic basis functions defined as
c(z) = [1,z,2%.

Let the field function u(x,t) is approximated by uy(x,t) using MLS approx-
imation in the domain €2 and is defined as

m

up(z,t) =Y g(z)a(z,t) = ! (z)a, (3.4.1)

j=1
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where a is an unknown vector of coefficients which depends on x and ¢, and

is to be determined by minimizing the weighted residual functional

J = zn; w(z — ;) [cT(xi)a — u} T.

The minimization of J with respect to a leads to ‘g—i = 0.

This gives

a =P (2)S(x)u.

(3.4.2)

Furthermore, on solving this expression as in Section 2.3.2 of Chapter 2,

the approximate EFG solution can be written as

u(z, t) = up(z,t) = Z D, (x)u;,
i=1
in which the MLS shape functions are given by

S 6 () (P—1<:c>s<w>)ﬂ, rea,

O, T §_Z 01,

(3.4.3)

and u; are nodal approximants. Note that u; are not nodal values of uy(x,t)

because uy(x,t) is an approximant, not an interpolant. The derivatives of
the MLS shape functions can be obtained by differentiating (3.4.3) with

respect to the spatial coordinates.

The continuity of the shape functions ¢;(x) depend on the continuity of the

weight function w;(x) and that of the basis functions c(z). If w;(z) € C¥,

then it follows that ¢;(x) € C* for a polynomial basis.

In the EFG method, every node is associated with a domain of influence,

generally known as support of the weight functions w(z) corresponding to

the node x with w(z) > 0 in the domain of influence and w(z) = 0 outside

it.
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Though the cubic spline functions are commonly used in practice, whileas

the appropriate selection of weight function exert impact on the accuracy of

the solution as clearly shown in [109]. In the current Chapter, the following

Gaussian exponential spline weight function, based on a normalized distance
lz—]|

§ =5, has been employed

e—(s/a)? _o—(1/a)?
1—6_(1/0‘)2 )

0, s> 1,

s<1

where the parameter « is mostly taken as a = 0.3 and 0; = a0, is the

radius of the influence domain of the node z;.

3.4.3 Element-free Galerkin discrete scheme

Let V}, be the finite dimensional subspace of H'(€2).

Then the full-discrete scheme is given by

< 6U Y vy > 4+ e < VO Vo > + <@ DT g >

=< F((/j}smrl)), v >, Yy € V. (3.4.4)

3.5 Existence and uniqueness of the element-free GGalerkin

solution

Theorem 3.5.1 Suppose U}(Ln), the solution at (n)™ time level of the EFG
scheme (3.4.4) is known. Then the solution U,(lnﬂ) of (3.4.4) at (n+ 1)

time level exists.

Proof We can rewrite Eq. (3.4.4) as

- —~ (n+1
<U]§n+1),vh> _ <Uf(Ln)’ Uh> i €T<VUf(Ln+1)7 Vvh> + T<CLU§L + ),Uh>

= T<F((7;Ln+l)),vh>.
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Define the operator ¢ as follows:

<C(w),vh> = <w,vh> -+ eT<Vw,Vvh> + T<CLUJ,Uh> — <U}(Ln),vh> — T<F(w),vh>.

Thus, we will have
<C(w1) — ((w9), vh> :<w1 - wg,vh> + eT<V(w1 — wo), Vvh>
+ T<a(w1 — wo), vh> — T<F(w1) — F(w9), Uh>.

By using Lipschitz condition on F' i.e. |F(u1) — F(u2)| < L£lu; — us| and
employing the Cauchy-Schwarz inequality, we get

() = Gl vn) < (w1 = wn)

+ ETHV(w1 — wy)

Uh

12(Q) H L2(Q)

A\ + (" + S)TH(wl — wy)

Jo

L2(Q) H L2(Q) L2(9)

Lm)]

L2(Q)

<

(1+ \/M)H(wl _ wg)Hm) +\er

i |

’V(wl — wy)

X

e

Using the weighted norm definition

- (14 VT o ¢

the above inequality can be written as

o

Ho(Q) L2(Q)

(Clen) = Clwa)n) < [[(wr =)

Uh’

Hoe (Q) H Ho(Q)

Let v, = w, then

<C(w),w> = <w,w> + 67’<Vw,Vw> + 7‘<aw,w> — <U,§n),w> — T<F(w),w>
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2 P P
> Hw‘ +67’)V&)H + a7 ‘w‘
L2(Q) L2(Q) L2 ()
ol L PO O a0l
2l 2 2l 2@
2 2
% e L N R L0 N 1
H, () H,(Q) H,(Q) H., () H,(Q)
=ll e [l = 7l = 1087y = N |
H,(£2) H, () H,(€2) H, ()
By selecting
Hw} — HUf(Ln) —a'r ’wHJrTHF(w)‘ .
Ho (%) Ho(9) H.,(Q)

Now, the existence of the EFG solution of (3.4.4) can be concluded using

Brouwer’s fixed point theorem.

Theorem 3.5.2 If the (n + 1) time-level EFG solution of (3.4.4) exists,

then it 1s unique.

Proof Assume U™ and U be two EFG solutions of (3.4.4).
Define

Then, Eq. (3.4.4) yields

<" v > +% < V" Vo > +% < alm N s
T < PULT) = PUS) 0 =< v > -2 < T o s
T n n T n n
-5 <"y v 2 < FUR) - FU) v >

Setting v = Xénﬂ) in above relation gives

n n TE n n T n n n
<X§L H):X;z +1) > -I-? < VX% H)aVX;l +1) > _|_§ < a( H)X% +1)7X§L +1) >
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TE
=< x>

2
- G > D < PO - P >

T n n n+1
+5< FUIY — FUih), ) >

> <V vyl s

Proceeding further as in Theorem 3.3.5 results in

Ol O MT
HXh Ho(Q) — Hxh ‘Hw(Q) eXp( )
As Xgo) = 0, we have
(n) -0
i
= Xén =0

This completes the proof.

3.6 Convergence of full-discrete scheme

To estimate the error bounds of the EFG method, we present some prelim-
inaries which will be used in the current Section.

We define the finite-dimensional solution space
Vi, = span{¢1, @2, ..., dn},
and the Ritz-projection
T4 HY(Q) =V,
such that for u € H*(Q)

< VTfu, Vv, >=< Vu,Vu, >, Yu, € V.
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Lemma 3.6.1 [212] Let o(x) € C™Y(Q). Then there exist constant C,
independent of 05 such that

HDHQ@ - DKT;ZSOHL?(Q) < Cm05m+1_|’€‘|gp|m,17 ‘H‘ <2

Before proving the convergence of the EFG scheme, we discuss weak for-

mulation as follows:

Find U™ € Vj, such that

<U"™Y v, > +% < VU Vo, > 4= < oIy ntY

— g < F(UM™), v, >=< U™ 0, > —% < VU™, Vo, >
— g < a(")U}(ln),Ur > +% < F(U,(ln)),vr > . (3.6.1)

Lemma 3.6.2 Let

n 1 n
< v, >= = < UM gty > +% < VUt — gyt g, >
T

1 n 1 n

— 5 < (M =" D)"Y = UY) 0 > 5 < (M =)0 = U), 0, >
L _

- < v —um oy, > +% < VU™ —vU™ y, > . (3.6.2)

Then, we have
185 Nz < Cou™

Proof Setting v, = Sénﬂ) in Eq. (3.6.2) and using Cauchy-Schwarz in-
equality, we have

[y = O = 000+ 5102 = el - 0
(@) ) 2 @)
+ o -oe|| ]+ |o - o
£2(Q) 12(Q)
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+ 2 ||vues —votn| |l vot - vot
2 L2(9) L2().
N R
2 ) £2(®)
+ Z|vues — ot 4 |lvot - vot .
2 L2(9) L2(9).

Now, by using Lemma 3.6.1, the proof is clear.

Since U (= U(x,t,41)) is the temporal discrete approximation of the

exact solution ™V (= u(x,t,41)), hence u(x,t) satisfies

<u(”+1),vr > +% < vu(nﬂ)7 Vo, > +g < a("“)u(”*l),vr > —% < F(u(n+1)),v7« >

=< u™ v, > —% < Vu™ Vo, > —% < a™u™ o, > +% < F(u(”)),vr >

— 7 < € v, >, (3.6.3)

where € is the residual term due to the temporal semi-discretization.

Theorem 3.6.3 Let U,(LHH) be the element-free Galerkin solution given by
(3.3.2) and u™*Y be solution of (3.2.1). Then the EFG scheme converges
with

HU}En—I—l) _ u(n—i—l)’ < 6(7'2 + asm)-

H,, ()

Proof Since the time-discrete solution U™*1) and w1 satisfies Eqgs. (3.6.1)
and (3.6.3) respectively, subtracting these equations, we get
<UD ) s 1 T < guetD - ) vy, >
)y Fr 2 ) r
+% < gD _ u(n—&—l)),vr > _% < F(U™) - F(u(n—&-l))’vr >
=< UM — " v, > —% <vu™ — vy vu, > —% <a" (U™ — ™) v, >

+ % < F(U™) — F(u™), v, > +7 < € v, >, v, € V}.
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Then using mean value theorem, we have

<UD gyt D) gy s _|_% < VU — vy Ty, << UM — 0 4 >
_ % < VU™ —vu™ Vo, > +% < (M — a(n+1))(U(n+1) _ U(nﬂ)),vr >

_ < (M — ™) (U™ —ul) v, > 47 < &, v, >,

3

where max |F'(z)| = M.

Now, we can write

U(n—H) o u(n-i—l) _ (U(n—H) o U(n-l—l)) + (U(TH-I) B u(n_H))7

we get

<UPY =D oy > 42 < VUMY = VD, Vo, ><< U —u, v, >

_ % < VU,E”) —vu™, Vo, > +% < (M- a(n—|—1)>(U}(Ln+1) —u) g, >

+% <M =) U —u) v, > — < UM = U™ 0, >

+ % < VU — VU™ Vo, > + < U g g s

+ % < VU vyttt v, > —% < (M — amyUm) — gty g

— g < (M — a(”))(U}(Ln) —U™) 0, > 47 < &0, > . (3.6.4)
Taking

%Eznﬂ) _ U}(Ln+1) . u(nH)

Eq.(3.6.4) can be rewritten as

<X g > +% <vx" Vo, ><< 2" v, > —% < vx, Vo, >

‘|‘% < (M — a(n+1))%§ln+l);vr > _|_% < (M . a(n))%%n),vr > 4+ < (Zgln—l—l),UT >
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+ 5 <V Vo > 5 < (M —a g v, >

— < iﬁl"),vr > 425 < VS%”),VUT >

. Lo (M =™y, >

2
+7< & v >

Thus, using the definition (3.6.2), we have

<X > 4 o vxlm) gy, s <zl g, > —% <vx" Vo, >

2
—|—% < (M —a™ x> —|—% < (M — a(”))%gl"),vr >
Fr <3 0 s 41 < € o>

Setting v, = %2%1) in above relation, we obtain

<x§ln+1)7%(n+l) > + < v% (n+1) V% (n+1) ><< %h ’x(n—l—l) >

2
- 36 < vl x5 +§ < (M — a0y gl
-|-% < (M — a(n))%én)’%(n—s—l) S 47 < Sn—s—l X (n+1) > 47 <€ :{(m—l)

By employing Cauchy-Schwarz and Young’s inequalities, yields

1 (n+1) 2 TE (n+1) 2
a5y + TV <3 + v
QH oz T h 12Q) — 2 L2(92) 12()
3 n 2
+ (1M = ol +1) 7% “)H + \M_a|—Haeh
12(9) 4 12(9)
n—l—l
e[,
1 o IR
By defining weighted norm,
2 1 2 e 2
%(n-i-l)‘ :_H:{(nH)H _H %(n—kl)‘
H h m. 2077 L2(Q)Jr 4 V&, 12(9)
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we get

2 2 2
=], SH*“” +(3‘M—a‘+4)fo<”“)\
H, H,(Q) 2 H, ()
M- —H a8 + 3l 365
+|M —al=||x" +3 5 30190 (3.6.5)
Summing Eq. (3.6.5) over j from 0 to n,

3 1 NP0 3 1 R C IR K
“ b lE, Q) — 4 "7, @ H,(9)
valyd [, s+, <],
+| QIZ%HQ+ZS L2+Z -
[z <O —al I3 [
e, — 17 lm, @ 2 £ L )
——— Jj=0

L2(Q)

Applying Proposition 3.3.4, the above relation can be written as

(n+1) J+1) 2 _ nT
2], = 5 (Z Hg [y €l 0 (€122 =l 1))
[ } exp ((4|M —of + l)T) [since T' = nr]
< e +1°)%
Thus we have
(n—l—l)’ <@ 2 m
H%h Ho() ~ (7" +0:"),

which completes the proof.
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3.7 Numerical results and discussions

In the current Section, we will numerically examine the convergence and
stability of the proposed EFG scheme by considering some examples. It has
been observed that the computational efficiency of the proposed scheme is
significantly influenced by the size of the nodal influence domain. In this
study, we choose scaling parameter 0, € [2.7,3.2]. Moreover, as discussed
in the previous Chapter, the Lagrange multiplier technique is employed to
impose the essential boundary conditions. The Gauss quadrature formula
has been implemented for background integral cells in which the nodes align
nicely with the background cell vertices, minimizing overlapping in nodal
influence domains. The L, —errors for the considered problems have been
estimated by

eNT = |u(w, t;) — Up(zi,t;)| and ENT = max e (3.7.1)
where N represents the number of nodes in the spatial direction, t; = j7.
Herein, u(z,t) and Uy(z,t) refer to the exact and computed EFG solutions

respectively.

Example 3.7.1 Consider the following non-linear singularly perturbed time-

dependent problem

u — eV + (14 zexp(—t))u = F(z,1),

where F(x,t) is chosen to satisfy the exact solution

exp (—2//€) + exp (—(1 = 2)/\/6) cos? ()
1+ exp (—1/1/6) |

u(x,t) :t{
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Table 3.1: Maximum absolute errors for Example 3.7.1 for different values of € at t = 1.0.

€ N =32 N =64 N =128
272 9.864 x 10~5 5.527 x 107° 1.384 x 10~
2—4 9.718 x 1075 9.333 x 1075 2.334 x 1075
2-6 9.513 x 10~ 2.969 x 10~4 7.432 x 1075
2-8 6.151 x 10~3 9.854 x 10~4 3.197 x 10~4
2-10 5.140 x 1073 7.183 x 1073 6.053 x 10~
2-12 6.432 x 1073 6.678 x 1073 5.690 x 1074
2-14 1.466 x 102 6.546 x 1073 6.276 x 10~4
2-16 3.093 x 1072 6.510 x 1073 8.711 x 10~*
2-18 3.441 x 1072 6.507 x 1073 8.727 x 1074
2-20 3.441 x 1072 6.491 x 1073 8.727 x 10~4

Table 3.1 displays the maximum absolute errors to demonstrate the e—uniform
convergence of the proposed method. Since the exact solution is known, the

maximum absolute errors have been calculated by using (3.7.1).

0.1 T T T T

* EFG sol.
Exact sol.

u(x,0.9)

-0.9 1 1 1 1
0 0.2 0.4 0.6 0.8 1
X-axis

Figure 3.1: Comparison of EFG solution with exact solution for N = 64, ¢ = 277, 2718,

Fig. 3.1 displays the element-free Galerkin solutions together with the exact
ones for N = 64 and ¢ = 277,27 at time level ¢ = 0.9. The boundary
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layers are clearly visible near both the end points i.e. x = 0 and x = 1

of spatial domain. The plot clearly signifies the efficiency of the proposed

scheme.

-0.6
0.4 0.6 0.8 1
X-axis

Figure 3.2: Epsilon-effect for N = 64 and ¢t = 0.5.

u(x,t)

1 1 1

1 1 1 1 1

-0.9 !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

X-axis

0.8 0.9 1

Figure 3.3: Time-effect on EFG solution for N = 128 and e = 2714,
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In the next two Figures i.e. 3.2 and 3.3, we show the effect of the singularly
perturbation parameter € and the time ¢ which exhibit the consistency and
flexibility of the EFG method. The behavior of the EFG solution corre-
sponding to small values of € has been shown in Fig. 3.2. The sharpness of
the boundary layers at the end points increases as € — 0. Nodal refinement
has been carried out in the steep boundary layer region by using Shiskhin’s
approach. Fig. 3.3 displays EFG solution plot at different time levels i.e.
t=0.1, 0.3, 0.5, 0.7, 0.9 with N = 128 and € = 27 . These solution plots
easily verify the ability of the proposed EFG scheme in capturing very sharp
boundary layers. The evolution of the EFG solution profile with respect to

the continuous space-time domain has been displayed in Fig. 3.4.

X

Figure 3.4: The numerical solution profile w.r.t. space-time domain for ¢ = 2714,

Example 3.7.2 For the second example, we have considered the following
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time-dependent singularly perturbed reaction-diffusion problem

1 2
uy — eVu + %u = exp(t) — 1 + sin(7x),

u(z,0) =0,
u(0,t) = u(l,t) = 0.

The exact solution of the considered problem is not known.

The boundary layers for this problem also occur on both sides of the so-
lution, i.e., at x = 0 and x = 1. Table 3.2 presents the EFG solution at
different spatial and temporal values and for different values of € for future

comparisons.

Table 3.2: EFG solution for Example 3.7.2 for different values of ¢, x and ¢ with N = 128.

t T e=2"" e=2"10 e=2"15 e=2"20
0.1 0.007 0.00303 0.00476 0.00726 0.00611
0.015 0.00598 0.00658 0.00819 0.01086
0.25 0.07185 0.07477 0.07608 0.07428
0.50 0.09909 0.10178 0.10217 0.10197
0.75 0.08150 0.07123 0.07196 0.07339
0.95 0.01670 0.01899 0.01968 0.01990
0.5 0.007 0.01880 0.05000 0.13349 0.14220
0.015 0.03701 0.07056 0.14690 0.16377
0.25 0.39344 0.45005 0.45636 0.44905
0.50 0.50581 0.56217 0.56448 0.56446
0.75 0.37818 0.41551 0.41908 0.42621
0.95 0.09899 0.17874 0.18962 0.19068
1.0 0.007 0.04033 0.13289 0.41972 0.49704
0.015 0.07929 0.18892 0.47368 0.53307
0.25 0.80396 0.99474 1.00586 0.99459
0.50 0.99904 1.15783 1.16629 1.16320
0.75 0.76318 0.89813 0.90433 0.91653
0.95 0.20851 0.47535 0.53075 0.53263
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In Fig. 3.5, the grid validation test has been performed for ¢ = 2710 at
t = 0.8. Shishkin’s approach has been utilized to generate more nodes in
both boundary layer regions. It can be seen that a grid of 64 or more nodes
is sufficient enough to capture very sharp boundary layers for very small
values of the singular perturbation parameter like ¢ = 271, The impact of
the singular perturbation parameter on the EFG solution for different values
of e =273, 279 2715 and 27! at final time ¢t = 1.0 has been illustrated in
Fig. 3.6. The evolution of sharp boundary layers at both the end points of

the domain can be noticed in the EFG solutions as € approaches to zero.

1.2 T T T T T T T T T
r D B .
! it TRk 05
& e '
/}Q{/F \(&\; >
0 8 [ /Q// \/& s
—_ Vo \\ 0
© K ®, 0995
o b RN
506 K &,
5: ﬁ;/ i
> A ‘
¥
Ty
)
Cj ; —0—N=32
021 —+—N=64
P . N=128
A 0 2 4 6 8
0 | ol 10-3 | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
X-axis

Figure 3.5: Grid validation test for e = 2716 at t = 0.8.
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u(x,1.0)
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x-axis

Figure 3.6: e—effect for ¢ = 1.0 and N = 64 on EFG solution.

1.2 T T T T

0.2 0.4 0.6 0.8
X-axis

Figure 3.7: Time-effect on the numerical solution for € = 2713 and N = 32.
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u(x,t)

Figure 3.8: The EFG solution profile for Example 3.7.2 w.r.t. space-time domain for
e=2"3and N = 64.

In Fig. 3.7, the numerical solution has been plotted for e = 2713 at time
levels t = 0.1, 0.3, 0.5, 0.7 and 0.9. All these solution plots easily verify the
ability of the EFG method to capture very sharp boundary layers present in
the solution. The three-dimensional solution plot for the space-time domain

has been displayed in Fig. 3.8.

3.8 Conclusion

In the present Chapter, we have proposed element-free Galerkin technique
to investigate the solution of the non-linear time-dependent singularly per-
turbed reaction-diffusion problem (3.2.1). The method combines the EFG
scheme for spatial discretization with an implicit Crank-Nicolson method
for temporal discretization. The stability of the time-discrete scheme for
the considered non-linear problem has been analyzed. The existence and

uniqueness of the EFG solution have been proved. It has been demonstrated
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that the proposed approach converges uniformly with order (72 +9,™). Nu-
merical tests have been performed to validate the efficiency and robustness
of the proposed scheme. The numerical outcomes confirm the theoretical
findings addressed in the present work and the capabilities of the algo-
rithm. Moreover, the presented technique is quite capable of capturing
sharp boundary layers occurring in the solution when ¢ — 0. In order to
test the ability and robustness of the proposed EFG technique for singularly
perturbed problems, in the next two Chapters, we will propose the EFG ap-

proach for solving two model problems governing real-life phenomenon.

116



Chapter 4

Application of the element-free Galerkin method

and its analysis for Fisher’s problem

4.1 Introduction

In 1937, Fisher [69] examined the contrast of linear diffusion and non-linear
reaction terms and proposed the Fisher’s equation as a model for the prop-
agation of genes in a habitat with an advantageous selection intensity. The
present Chapter deals with one such kind of model problem known as time-
dependent singularly perturbed Fisher’s problem and is given by

ou(x,t)

e eViu(x,t) + Bu(z, t)(1 — u(x,t)),

(2,t) e =0, x Q= (0,1) x (0,7], (4.1.1)

with initial condition

u(z,0) = ug(x), = € Qy, (4.1.2)
and boundary conditions as
U(O,t) - f(t)a U(Lt) - g(t)a te Qt? (413)

where u(x,t) symbolizes the occurrence of traveling waves, the parameter
B is non-negative and 92 = Q\Q is the boundary of the domain. In Eq.
(4.1.1), € is known as singular perturbation parameter satisfying 0 < € < 1.

The problem (4.1.1) becomes singularly perturbed in the case € — 0.

The considered Fisher’s problem is widely encountered in chemical kinet-
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ics [83] and population dynamics [91] which include problems such as non-
linear evolution of a population in habitat, flame propagation in nuclear
reactor theory, the branching Brownian motion process [35] etc. Due to the
extensive range of applications, researchers have been interested in solutions
of Fisher’s problem. Various numerical approaches have been developed to
solve Fisher’s equation.

Wazwaz and Gorguis [224] developed an analytical solution of generalized
Fisher’s equation by using the Adomian decomposition methodology. Rosa
et al. [185] presented an application of Lie point symmetries for gener-
alized Fisher’s equation modeling the tumor progression in biological in-
terests. A numerical analysis of the reaction-diffusion problem has been
carried out by Al-Khaled [2] by employing the sinc collection approach.
Ablowitz and Zeppetella [1] derived an explicit solution of the traveling
wave equation and determined the exact solution for a particular value of
wave speed ¢ = 5/4/6. Thenceforth, Wang [220] obtained exact and explicit
solitary wave solutions of generalized Fisher’s equation by introducing a
mathematical method based on the non-linear transformation. Analyti-
cal representations of various traveling wave solutions for Fisher’s equation
have been derived by Brazhnik and Tyson [217] in two spatial dimensions.
Feng and Li [67] obtained complex traveling wave solutions by reducing
Fisher’s equation to a first-order integrable ordinary differential equation us-
ing the first integral method. Mittal and Jiwari [154] adopted the differential
quadrature method to study the numerical solutions of Fisher’s problem. A
pseudo-spectral technique was presented by Olmos and Shizgal [164], later
by Balyan et al. [12]. Carey and Shen [36] developed a least-squares finite-
element formulation for solving Fisher’s equation. Petrov-Galerkin finite
element method has been presented by Tang and Weber [214] to deal with
Fisher’s problem. Khader and Saad [112] developed a numerical technique
for solving the fractional Fisher’s equation, which represents the problem of

biological invasion. The spectral collocation technique based upon Cheby-
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shev approximations was employed to reduce the considered problem into a
system of ordinary differential equations, which were further solved by the
finite difference method. Radial basis functions based mesh-free approach
for solving extended Fisher-Kolmogorov model was studied by Kumar et
al. [121]. Atangana [5] applied fractional derivatives, introduced by Ca-
puto and Fabrizio, to the non-linear Fisher’s equation and derived a unique

solution using the Sumudu decomposition iterative method.

Even though Fisher’s problem has vast applications in diverse areas of sci-
ence and engineering, only a few researchers have paid attention to the solu-
tion strategies for the singularly perturbed version of the Fisher’s problem
i.e. for e < 1, only a few researchers have proposed any numerical scheme so
far. Dag and Ersoy [49] suggested a collocation scheme for solving Fisher’s
equation with a small value of the diffusion coefficient €. Uzunca et al. [218]
developed a discontinuous Galerkin approach with a moving mesh strategy
for solving non-linear Fisher’s equation with traveling wave solutions. Nu-
merical results demonstrate different natures of traveling waves for ¢ — 0.
In the present Chapter, we will focus on the numerical analysis of the EFG
scheme for singularly perturbed Fisher’s model problem. To handel the non-
linearity present in the model problem, we have utilized the quasilineariza-
tion process proposed by Bellman and Kalaba [20]. The EFG technique has
already been discussed in the previous Chapters. The work presented in
this Chapter is organized as follows:

In Section 4.2, the Crank-Nicolson scheme is introduced as a method for
temporal discretization. Section 4.3 deals with the quasilinearization pro-
cess and its convergence. EFG formulation have been explained briefly in
Section 4.4. In Section 4.5, the convergence of full-discrete scheme has been
discussed. Section 4.6 presents numerical results which help to illustrate
the effectiveness and accuracy of the EFG scheme. In the last, conclusion

has been presented.
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4.2 Temporal semi-discretization

In order to discretize the considered Fisher’s model problem, first we dis-

cretize the time-derivative term by invoking the Crank-Nicolson scheme.

4.2.1 Semi-discrete scheme

To derive the weak formulation of Eq. (4.1.1), first we discretize the equa-
tion with respect to time. We employ the implicit Crank-Nicolson scheme
with a uniform step size of 7 for temporal semi-discretization. Perform-
ing temporal semi-discretization as discussed in Section 3.3, the considered

problem reduces to

[y(n+1) _ r7(n) V2y () 4ow2p(n) ﬁU(nH) +yn 5(U2)(n+1) + (U2)(n)
€ + - )
2

T 2 2
(4.2.1)

where U™+ denotes the solution of the temporal discrete scheme at (n+1)""

time level. On simplifying, Eq. (4.2.1) results in

[ntl) _ EVQU(nH) B ﬂU(nH) i ?((ﬂ)nﬂ

2 2
- v+ gy Dy DBz, (422)

277(n+1)
where V2U (il — 8%7.

The stability of the above time semi-discrete scheme (4.2.2) is given by the

following theorem:

Theorem 4.2.1 Suppose U™V ¢ HY(Q). Then the time discrete scheme
(4.2.2) is unconditionally stable.

Proof The proof of the theorem can be derived on similar lines as in The-

orem 3.3.5.
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4.3 Quasilinearization technique

As the problem under consideration is non-linear in nature, and quasilin-
earization is a standard technique broadly used for approximating the non-
linear problems by their linearized version for obtaining the approximate
solutions, in this Section, we will linearize the considered problem using the
quasilinearization process and will discuss its convergence.

By using the quasilinearization process proposed by Bellman and Kal-
aba [20], Eq. (4.2.2) can be transformed into the linear form

_€%V2U(n+1),(l€+1) 4 [1 _ 5% i BTU(H—H),(]@)}U(n+1),(l<:+1) _ (1 i 5%)(](”)

+ E%WUW - 5%((]2)(7” + 5%((]2)(”“)4@, (4.3.1)

with initial condition U©)¢+1) = Uy(z),

and boundary conditions
U(n+1)’(k+1)(0,t) _ f(t(n+1)) and U(n+1)’(k+1)(1,t) _ g(t(n+1)),

where U™+1):(#+1) denotes the approximate solution at time level (n + 1)
and (k + 1) iteration.

Theorem 4.3.1 (Convergence of quasilinearization technique) Let
{U (n+1),(k)}ZO:0 be the sequence produced by quasilinearization technique at
(n + 1) time level and (k)™ iteration. Then there exist a constant Q > 0,

independent of n, such that

HU(nJrl),(k‘Jrl) . U(n+1)7<k)HQx < QHU(nJrl),(k') . U(nJrl),(k—l)H%I’
i.e. the quasilinearization process converges quadratically.

Proof In order to prove the convergence of the quasilinearization process,
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we consider

EVQU (n+1) (Un+1)’ = Qx; n Z 0’
U("H)(O,t) _ f(thrl)’ U(”H)(l,t) _ g(t”“), n > 0.

We assume UTHD(F=0) he the initial guess which also incorporates the

boundary conditions.

By applying quasilinearization process, we obtain a sequence {U (n+1), } =0

of linear differential equations determined by the following recurrence rela-

tion:

8F( n—|—1),(k))
ou ’

(4.3.2)
U(n+1),(k+1)(0’t> = (Y, U(n+1),(k:+1)(1’t) = g(t"™)), z€Q,, n>0.

EVQU(n—H),(k—i—l) ~ F(U(n+1)’(k)) + (U(n+1),(k+1) _ U(n+1 )

At k—th iteration step, the above Eq. (4.3.2) becomes

HF (U D= 1))
oU ’

x € Qy, n>0.

(4.3.3)

6v2U(n+1),(k) _ F(U(n+1),(k—1)) + (U(n+1),(k) . U(n—H),(k—l))

Subtracting Eq.(4.3.3) from (4.3.2), we have

(V2U (n+1),(k+1) VZU (n+1),(k )) _ F(U(n—i-l),(k;)) . F(U(n+1),(k—1))
(9F( n+1),(k))

oU
8F(U<”+1)’(k‘1))

ou ’

+ (U(n—H),(k—i-l) . U(n+1 )

_ (U(nﬂ)»(k) _ U(ﬂ“)»(’f—l)) x €, n=>0,

(4.3.4)

which is of second-order differential equation in (U 1+ _ {ynt).(k))

Utilizing Green’s function, Eq. (4.3.4) can be converted into the integral
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equation

E(Uv(n+1),(k+1) n+1 / G ,I 8 n+1),(k)) . F(U(nJrl),(k—l))

8F( n+1),(k))

(U (n+1),(k+1) U(n+1 )

oU
aF(U(n+1)7(k—1))
_ (k) _ pr(n1),(k-1) }d
( 2O Nas
r e, n>0, (4.3.5)
where the Green’s function G(z, s) is defined by
r(s—1), 0<z<s<1,
G(z,s) =
(x—1)s, 0<s<z<l1,
and
1
max G(z,s) = 1 (4.3.6)

Using mean value theorem, we have

8F(U(n+l),(k—l))

F(U(n+1),(k)) . F(U(n+1),(k—1)) :(U(n+1),(k) . U(n+1),(k—1))

ou
(U(n+1),(kz) _ U(n+1)7(k—1))2 aQF(Q)
" 2 i

(4.3.7)

where UM+H).(k=1) < g < y+D:F)  Now substituting the value of
FOUCDE)) — p(U+DE=1D) in Eq. (4.3.5), the resulting expression will

become

1 nt1),(k) _ 77(n+1), 2
(T -41) _ (). (8)y :/ Glx, s) [(U( F1L(E) D), (k=1))2 92 (g
0

2 oU?
OF (UM +1:(k))
(n41),(k+1) _ r(n+1),(k)
+HU U —5 }ds,
r €y, n>0. (4.3.8)
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Assume that

92 F ()
BliE

aF(U(nJrl),(k))
oU

max
6]<1

’ — L, max ’ ~ R (4.3.9)

U (D). (k) [ <1
Now using (4.3.6) and (4.3.9) in Eq. (4.3.8) and taking maximum norm, we
get

1
EHU(m—l),(k—H) B U(n+1),(k)‘ Sl/ [E(U(nﬂ),(k) _ ()2
0

&=y 2
+ RHU<n+1)7(k+l) o U(n+1)7(k)’

QJ ds.

On simplifying this inequality, we get

L
8¢ — 2R
= Q\](U("+1)v(k) _ U(n+1),(kz—1))

2

Q)

H(U(n—l-l),(lﬁ—l) . U(n+1),(k))| H(U(n—i-l),(k) o U(n+1),(k—1))|

9, =

Ig,

where Q = L/(8¢ — 2R).
Hence, with the appropriate choice of initial iterative approximation U "+1):(#=0),

the quasilinearization technique converges quadratically.

4.4 Element-free Galerkin weak formulation

As discussed earlier in Section 4.3, in order to obtain the solution of the
Fisher’s problem, we consider its linear approximation (4.3.1), obtained by
quasilinearization process.

The EFG weak formulation of the linearized Eq. (4.3.1) is given as fol-

lows:

i/ VU(”+1)’(k+1)V¢-dx i [1 _ & 4+ BTU(n—i—l),(k:)] / U(n+1)7(k+1)¢.dx
2 Q. v 2 Q. A
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— AU = f(t))|  —o0UA  =0op(U—g(t)] —oUp
=0 =0 =1
(1+%)/ " ydax ——/ VUV ¢da
Qz

—&/Q( )0 da +@/Q(UQ>"+1 \pud,

r=1

2

where ¢}s are the test functions formulated by MLS approach as specified
in Section 3.4.2. The last terms on the left-hand side of the above equation
are introduced due to the method of Lagrange multipliers to enforce the
essential boundary conditions (4.1.3). On solving and assembling, the above

nodal weak formulations can be reformulated as

K G H| |U F
GT O O A — q )
H" 0 0| |p G

where
Kij = eg /Q Vo, Vidr + [1 — B% + pru (8] /Q ¢ pidz,

Gl = —6N(Nig;)

9

=0

)
r=1

Hl: = —6p(Rio;)

-
T 2\ (n+1),(k) 4
+B2/Qw(U) TR gide,

U(”>gbid:1:—e% / VU(”)ngidx—Bg / (U)W pyda
Qm Qa:

q = —O6N(Nif(1))

= —6pi(Rig(t))
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Here, A and p are Lagrange multipliers.

4.5 Convergence of full-discrete scheme

The variational weak form of Eq. (4.2.2) is given as:
Find v™*Y ¢ H'(Q) such that

<u™ ) v, > +% < Vu" v, > —? <u™Y > +§ < (W)™ v, >
B RSRRA O v oI O R C (u?)™ v, >
A 2 I r 2 )y r 2 ) T
+r< et g > (4.5.1)

where the last term denotes the residual.

Theorem 4.5.1 Let u"*Y) be solution of (4.5.1) and U,(Lnﬂ) be solution of
(4.3.1). Then

< C(7% +0,™).

HU(W+1) _ u(n+1))
" H, (%)

Proof of the theorem can be derived using the similar arguments as discussed
in Theorem 3.6.3.

4.6 Numerical results

In this Section, we will numerically validate the theoretical findings and
demonstrate the consistency and accuracy of the proposed method with
the help of examples. The L., —errors have been estimated by

N,

€, = |u(xi,t;) — Up(xi,t;)| and ENT = max el

g
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where N symbolize number of nodes in the spatial direction and ¢; = j7.
Herein, u(x,t) and Uy(z,t) are exact and computed EFG solutions respec-
tively.

The order of convergence has been calculated by employing double mesh

principle defined by

e | (EY) — 2V
Pe In (2)

Example 4.6.1 Consider the singularly perturbed non-linear Fisher’s equa-
tion [154]

ou  O*u
E—E@—Fu (1 —w),

where the initial and boundary conditions are set to satisfy the exact solution

1
1+ exp(\/1/2ex —t/2)

u(z,t) =

EFG method has been applied to the problem in order to check the ef-
ficiency of the method. Table 4.1 displays the maximum absolute errors
for different number of nodes as ¢ — 0. Convergence order has also been
presented in the Table. The numerical convergence of the proposed scheme
can easily be observed from the Table. The robustness of the method in
approximating the exact solution for very small values of the singular per-
turbation parameter can also be noticed clearly even for very less number
of nodes.

In Table 4.2, the numerical results have been compared with those provided
in [16,154] for ¢ = 1. It can clearly be observed that the present results
obtained using proposed EFG method are quite better than those of differ-
ential quadrature method (DQM) and sixth-order compact finite difference
method (CFD), presented in [16, 154] respectively.

127



The behavior of the solution has been plotted in Figs. 4.1 —4.4 for different
parametric values. Grid validation of the code has been tested at time level
t = 1.0 for the singular perturbation parameter values ¢ = 27!% and 27
in Fig. 4.1. From these solution plots, it can clearly be seen that though
a grid of 32 elements is sufficient enough to capture very sharp boundary
layers for small values of ¢ like 2717, for the rest of the graphs, a grid of 64

elements has been considered for more accurate EFG solution plots.

Table 4.1: Maximum absolute errors and order of convergence for Example 4.6.1 for
different values of e.

€ N =32 N =64 N =128

272 4.63 x 107° 1.16 x 1076 2.91 x 1077
1.99 1.99

24 2.41 x 107° 6.04 x 1076 1.51 x 1076
1.99 2

26 9.60 x 107° 2.40 x 107° 6.00 x 1076
2 2

278 3.71 x 1074 9.60 x 107 2.40 x 107°
1.95 2

2-10 8.43 x 107* 3.16 x 107* 9.63 x 107°
1.41 1.72

2712 8.43 x 10~* 3.16 x 10~* 1.08 x 10~*
1.41 1.55

214 8.44 x 1074 3.16 x 107* 1.08 x 10~*
1.41 1.55

2-16 8.44 x 10~* 3.16 x 10~* 1.08 x 104
1.41 1.55

218 8.44 x 1074 3.16 x 107 1.08 x 10~*
1.41 1.55

2-20 8.44 x 107* 3.16 x 107* 1.08 x 10~*
1.41 1.55
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Table 4.2: Comparison of results for Example 4.6.1 for e =1 and N = 13.

T DQM [1 54] CFD EFGM FExact Absolute error
0.25 0.51831 0.518298 0.518299 0.518297 1.69 x 106
0.75 0.43038 0.430373 0.430374 0.430372 1.60 x 106
0.25 0.58012 0.580110 0.580111 0.580109 1.71 x 106
0.75 0.49243 0.492418 0.492419 0.492418 1.84 x 106
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Figure 4.2: e-effect at different time levels=0.5, 1.0.
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Figure 4.3: Comparison of EFG solution with exact for N = 64, e = 273, 276 2712 2-18

The behavior of the singular perturbation parameter on the EFG solution
has been illustrated in Fig. 4.2 as ¢ — 0. These solutions have been plotted
for different values of ¢ at time levels t = 0.5 and ¢t = 1. The more sharper
boundary layers arise in the solution as the singular perturbation parame-
ter tends to zero, as seen in both the graphs and the proposed numerical
technique is efficient enough to capture these boundary layers.

In Fig. 4.3, the comparison of exact solutions with the computed ones is
shown for different values of €, which clearly depicts the efficiency and ro-
bustness of the proposed method in capturing very sharp boundary layers.
One can easily observe that the EFG solutions overlap the exact solutions.
The evolution of the EFG solution profile with respect to the space-time
profile has been displayed in Fig. 4.4.

Example 4.6.2 For the next example, consider the following singularly

perturbed Fisher’s equation [49]

ou  0%u
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= 6 07 08

03 04

X

Figure 4.4: The space-time continuous solution profile of the EFG scheme for € = 2713,

with initial condition

1
0) = ——
U(ZE; ) (1—|—601$>2 )
and boundary conditions
1 1
0,t1) = ——— 1,t) = .
U( ) ) (1+6_02t)2 ) u( ) ) (1+€91—92t)2

The analytical solution is not available in the literature for the considered
problem 4.6.2. The particular solution of the problem (4.6.1) for the case
¢ = 1 has been found out by Ablowitz and Zepetella [1] and is given by

1
(1 + eﬁlx—ﬁgt)Q )

u(x,t) =

where 6, = /3/6 and 02 = 5/3/6.

The boundary layers for the problem under consideration occur on both
sides of the solution, i.e., at x = 0 and x = 1. This problem has not been
solved in literature for small values of the singular perturbation parameter
e to the best of the our knowledge.

In Table 4.3, the EFG solution has been presented for different spatial and
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temporal values and for different values of e for future comparisons. The
maximum absolute errors for different number of nodes and at different time
levels are presented in Table 4.4 for e = 1. These tables clearly demonstrate

the accuracy and reliability of the proposed technique.

Table 4.3: EFG solution for Example 4.6.2 for different values of € with N = 64.

t x e=10"4 e=10"8 e=10"1°
0.1 0.001 0.2696461 0.2688272 0.2576586
0.02 0.2669727 0.2654958 0.2576586
0.35 0.2653053 0.2333000 0.2417905
0.50 0.2183068 0.2180167 0.2165156
0.95 0.1768352 0.1757330 0.1757698
1.00 0.1759522 0.1756538 0.1715217
0.5 0.001 0.3602343 0.3551286 0.3522459
0.02 0.3521729 0.3512406 0.2576586
0.35 0.3501394 0.3130705 0.3330882
0.50 0.2941294 0.2945654 0.3019519
0.95 0.2427267 0.2420207 0.2500889
1.00 0.2521243 0.2524966 0.2445094
1.0 0.001 0.4838590 0.4751190 0.4605548
0.02 0.4734536 0.4708751 0.2576586
0.35 0.4704418 0.4282732 0.4394011
0.50 0.4072134 0.4069866 0.4041880
0.95 0.3435735 0.3441542 0.3431434
1.00 0.3656529 0.3652396 0.3364854

Table 4.4: L..-errors at different time levels for € = 1 for Example 4.6.2.

Nodes t=02 t=04 t=0.6 t=0.8 t=1.0

N =32 5.28 x 1073 1.08 x 10—2 1.61 x 10~2 2.13 x 1072 2.50 x 1072
N =64 5.41 x 1073 1.09 x 1072 1.64 x 1072 2.14 x 10~2 2.52 x 1072
N =128 5.37 x 1073 1.10 x 1072 1.65 x 1072 2.14 x 10~2 2.54 x 10~2

In Fig. 4.5, the grid validation test has been performed for ¢ = 107% at
t = 1.0. Shishkin’s approach has been utilized to generate more nodes

in both the boundary layer regions. It can be seen that a grid of 64 or
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Figure 4.5: Grid validation test for e = 1078,
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Figure 4.6: e-effect on the EFG solution at time level ¢ = 0.5.
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Figure 4.7: Time effect for N=32 and ¢ = 107°.

more nodes is sufficient enough to capture very sharp boundary layers for
very small values of the singular perturbation parameter like € = 107°.
The impact of the singular perturbation parameter on the EFG solution
for different values of € = 1072, 107, 107, 107% and 107 at time level
t = 0.5 has been illustrated in Fig. 4.6. The evolution of sharp boundary
layers at both the end points of the domain, i.e. at + = 0 and z = 1, can

be noticed in the solutions as € approaches to zero.

In Fig. 4.7, the solution has been plotted for ¢ = 107 at time levels
t=20.2, 0.4, 0.6, 0.8 and 1.0. These solution plots clearly depict the ability
of the EFG method to capture such sharp boundary layers at various time
levels. The three-dimensional solution plot for the whole space-time domain

has been displayed in Fig. 4.8.
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Figure 4.8: The numerical solution profile for e = 107°.

Example 4.6.3 For the third example, we have considered the following

singularly perturbed non-linear Fisher’s equation

and boundary conditions

1/3
1 1 15t
u(0,t) = 2 + §tanh (?)] ,ou(lt) =

L1 (3
o T M e

1/3
AR
ol

The boundary layers for the problem under consideration occur at both

boundary points, i.e., at x = 0 and x = 1. To the best of the our knowledge,
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this problem has not yet been solved in literature for small values of the
singular perturbation parameter ¢. Here the problem has been solved by
using the EFG method to check the convergence and robustness of the

proposed method.

Table 4.5: Maximum absolute errors and order of convergence for Example 4.6.3 for
different values of e.

€ N =32 N =64 N =128 N =256

2-2 1.83 x 1072 1.51 x 102 1.61 x 1073 1.29 x 1073
0.277 3.229 0.319

24 2.88 x 1072 1.18 x 1072 4.06 x 1073 1.51 x 1073
1.280 2.744 1.426

2-6 3.12 x 1072 4.07 x 1073 4.02 x 104 4.56 x 1075
2.938 3.339 3.140

2-8 3.17 x 1072 4.07 x 1073 3.60 x 104 2.86 x 1075
2.961 3.498 3.654

2-10 3.38 x 1072 4.03 x 1073 3.27 x 1074 3.34 x 1075
3.068 3.623 3.291

2-12 3.37 x 10~2 4.01 x 1073 3.26 x 104 2.90 x 1075
3.071 3.620 3.490

214 3.37 x 1072 4.04 x 1073 3.26 x 10~4 2.91 x 1075
3.061 3.631 3.486

2-16 3.36 x 102 4.04 x 1073 3.26 x 1074 2.91 x 1075
3.061 3.631 3.486

2-18 3.36 x 1072 4.04 x 1073 3.26 x 104 2.91 x 1075
3.061 3.631 3.486

2720 3.36 x 1072 4.04 x 1073 3.26 x 10~ 2.91 x 1075
3.061 3.631 3.486

Table 4.5 provides the maximum norm errors and order of convergence of the
EFG scheme for Example 4.6.3. The outcomes clearly depict the parameter

uniform numerical convergence of the proposed method as € — 0.
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Figure 4.9: e-effect for N =64 at ¢t = 0.9.

The physical behavior of the solution has been plotted in Figs. 4.9 - 4.12
for different values of the parameters.

Fig. 4.9 illustrates the singular perturbation parameter i.e. e-effect on the
EFG solution for various values of e = 272, 274 278 2716 9720 5t + = (0.9
and for N = 64. For € tends to zero, the evolution of sharp boundary layers
at both the end points of the domain can clearly be observed and has been
highlighted through the zoomed Figure.

The impact of time on the EFG solution has been presented in Fig. 4.10
at different time levels t = 0.1, 0.3, 0.5, 0.7, 0.9 for N = 64 and € = 2713,
The proficiency of the proposed method in capturing edgy boundary layers
at various time levels is easily verified through these plots. The continuous
space-time profile of the EFG solution have been presented in Figs. 4.11

and 4.12 for € = 272 and € = 272 respectively.
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Figure 4.12: The solution profile w.r.t. time for e = 272,

4.7 Conclusion

In the present Chapter, the element-free Galerkin method together with the
Crank-Nicolson scheme have been proposed for the singularly perturbed
Fisher’s problem. The semi-discrete scheme is unconditionally stable in
the weighted H'-norm with second-order convergence. The nonlinearity
present in the problem has been handled by utilizing the quasilinearization
approach, and its convergence has also been studied. To capture the sharp
boundary layers more precisely, non-uniformly distributed grid points con-
densing near the boundary layers have been generated. Some numerical
examples have been considered to validate the theoretical results. The nu-
merical results depict the robustness and efficiency of the proposed scheme
in capturing very sharp boundary layers even for significantly less number of
nodes, and hence proving the computational efficiency of the method. Over-
all, the proposed scheme provides satisfactory results for approximating the

solution to the non-linear Fisher’s problem.
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Chapter 5

Numerical investigation of element-free (Galerkin

method for Burger-Fisher’s model

5.1 Introduction

In the present Chapter, we have considered another real-life mathematical
Burger-Fisher’s model problem for the numerical analyzation using element-
free Galerkin technique alongwith the Crank-Nicolson scheme. The Burger-
Fisher’s equation is a well-known non-linear partial differential equation
that has numerous applications in various fields of science and engineering.
In recent years, there has been a growing interest in the applications of
the Burger-Fisher’s equation in modeling complex phenomena in different
domains. Its applications varied from fluid dynamics and traffic flow to
chemical physics and non-linear optics. The equation describes the behavior
of a wide range of physical systems, including turbulent fluids, chemical
diffusion, and light propagation in non-linear media etc.

In this Chapter, we consider the generalized Burger-Fisher’s model given

2

where 7 is the diffusion coefficient, and «, [ and ¢ are the parameters with
a, f#>0and § > 0. For § > 1, Eq. (5.1.1) is known as generalized non-
linear Burger-Fisher’s problem.

Due to the wide range of applications, researchers have focused on develop-

ing numerical solutions for the Burger-Fisher’s equations in the past years.
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Ismail et al. [92] employed Adomain decomposition method to approxi-
mate the solution of the Burger-Fisher’s and Burger-Huxley equations. Ja-
vidi [94] proposed another numerical scheme for solving the generalized
Burger-Fisher’s equation. The author used spectral collocation method to
compute differentiation matrix and forth-order Runge-Kutta method for
the numerical integration of the system. Bekir and Boz [19] studied Exp-
function method to construct the solutions for non-linear evolution equa-
tions like Burger-Fisher’s. The finite difference method of sixth-order along
with Runge-Kutta method of third-order have been presented by Sari et
al. [191] for solving the Burger-Fisher’s equation. Behzadi [18] carried out
the comparison between Adomain decomposition method, variational iter-
ation method, homotopy method and their modified versions for solving
Burger-Fisher’s equation. An exponential spline approximation for sec-
ond order derivative and finite difference approximation for time derivative
term have been developed by Mohammadi [155] to solve the generalized
Burger-Fisher’s equation. The stability and convergence of the mentioned
methods have also been discussed. Yadav and Jiwari [229] obtained the
numerical solution of generalized Burger-Fisher’s equation using finite el-
ement scheme. Wasim et al. [222] approximated the generalized Burger-
Fisher’s and Burger-Huxley equations by applying hybrid B-spline colloca-
tion method which was based on the finite difference scheme and Crank-
Nicolson method.

From above literature review, we can see that several numerical approaches
have been suggested so far to estimate the solution of the generalized
Burger-Fisher’s equation, including the finite element method [167], least
squares quadratic B-spline finite element method [125], element-free charac-
teristic Galerkin method [242], meshless method of lines [85], discontinuous
Galerkin method [239], collocation of cubic B-spline scheme. But, hardly
any researcher has demonstrated interest in mesh-less techniques for solving

generalized Burger-Fisher’s equations.
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In the present Chapter, we have proposed the EFG technique for approxi-
mating the solution of generalized Burger-Fisher’s problem. Moving least-
square (MLS) approximation has been followed for generating shape func-
tions and Lagrange multiplier strategy has been utilized for incorporating
the boundary conditions. The methodology is based on the global weak
form and Gauss quadrature background cells have been used for the com-
putation of numerical integrations as has been discussed in the previous
Chapters. The time discretization has been carried out by using the im-
plicit Crank-Nicolson technique, before the spatial discretization.

The Chapter is organized as follows: In Section 5.2, the problem under
consideration is presented with a brief description. In Section 5.3, semi-
discrete scheme has been discussed. The numerical methodology has been
presented in Section 5.4. Stability analysis of the semi-discrete scheme and
existence and uniqueness of the full-discrete scheme have been carried out in
Section 5.5. Section 5.6 deals with the convergence analysis of full-discrete
scheme. Numerical results have been discussed in the Section 5.7 followed

by conclusion.

5.2 Continuous generalized Burger-Fisher’s problem

In the present study of the initial-boundary-value problem (5.1.1), we have
taken a = 0 and b = 1. Therefore, the time dependent one-dimensional

Burger-Fisher’s equation will become

ou O s0u B B
E— %—FO(U%ZF(U), (I’,t)EQ:QxXQt:(()?l)X(O,T]
(5.2.1)
with initial condition
u(x,0) = up(x), v € Q,, (5.2.2)
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and boundary conditions

u(0,t) = f(t), u(l,t)=g(t), t € Q. (5.2.3)

Here, we have taken F(u) = Bu(l —u’), and «, 3 and ¢ are the parameters
satisfying o > 0, > 0 and 6 > 1.

We also assume that the compatibility conditions
u(0,0) = up(0) = f(0), and u(1,0) =up(l) = g(1) (5.2.4)

are satisfied.

5.3 Time semi-discrete scheme

The weak form of Eq.(5.2.1) is given by

<%’“> + 7<%> %> + <O‘“5% v> <F(u),v>, Yo e H(Q). (5.3.1)

Define t, = nt for n = 0,1, ..., N where 7 =T/N.

Now, introducing the notations

yn+1) _ rr(n) nd DD _ Ul ¢ g

SUTY =
t - 9 ,

and employing the implicit Crank-Nicolson scheme, (5.3.1) results in

(50 0) + 7<8l7' s AWML <al7<"“>7v> — (R,

ox ox ox
Yo € HY(Q).
(5.3.2)
Ut — v 7 oU D aU "oQu\  a, smy U gu™)
:>< T > §< %>+§U < ox * ox
B <F(U n+1)) + F(U( )) U> (5 5 3)
- 2 9 9 I
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where U("+1) denotes the solution of the semi-discrete scheme at (n + 1)

time level.

5.4 Element-free (Galerkin methodology

Utilizing the moving least-square approach for generating the basis func-
tions and the node generation, as discussed in the earlier Chapters, the

finite-dimensional discrete scheme can be written as

(50 ) 422 52 ot () = ()
(5.4.1)

in which U}gnﬂ) is an approximation of U™t and U }EHH) € V}, where V, is
the finite dimensional subspace of H*(€2). Since the basis functions used in
the EFG technique do not follow the Kronecker delta property, therefore,
in order to incorporate the boundary conditions (5.2.3), the application of
the Lagrange multiplier methodology results in the following element-free
Galerkin formulation for Eq. (5.4.1):

aU(n+1) 9 . 3U(n+1) . .
£< L Uh>+%Ui(LS( )< L 7Uh>+<Ui§ +1)7Uh> _Z<F(Ui§ +1))7Uh>

2 oxr  Ox ox 2
—ONU = f()|  —dUA|  —dpU —g(t)| —Up| ={(U", )
z=0 z=0 r=1 r=1
(n) (n)
AT s OU, N\ Ty OU T Qo T (n)
9 ~h < or 7Uh> 2< ox 7(9:13>—|—2<F(Uh )’Uh>'

Further, taking v, = ¢;, 1 =1,2,3,..., N in the above equation and assem-

bling, the resulted system of equations can be rewritten as

K G H| |U F
GT 0 0 Al = 1|q
H" 0 0] |p G
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where

Ky = (22 + S (20 0+ (0,.00) - F (o o),

GZTJ. = —dN(Nigj)

)

=0
Hl? = _5Pl(Rl¢j) )
r=1
(n) (n) (n)
5 )\ ozTU,‘f ou, A ou,” 09, T ONI
E_<Uh ’¢Z> 2 < O ’¢Z> 2< Oz ’ax>+2<F(Uh )’¢Z>’
q = _5)\1(le(1€)) )
=0
e, = —0pi(Ihg(t))
=1

Here, A and p are Lagrange multipliers, ¢}s are shape functions computed

using MLS approach as discussed in subsection 3.4.2 of Chapter 3.

5.5 Stability analysis

Theorem 5.5.1 Assuming U™ € HY(Q), the semi-discrete scheme given

in Eq. (5.3.3) exhibits unconditional stability.

Proof Setting v, = UM™Y in Eq.(5.3.3), we obtain

aU(n—H) aU(n—i—l)
>+TA1< oxr = Ox

_ Z<F(U(n+1))7 U(n+1)> _ <U(n)’ U(n+1)> B TA1<8

oU (n+1)
ox >
U grntl)
or = Ox >

<U(n+1)7 [7(n+1) > _ TA2<U(”H),

where A; = /2, Ay = ozU5<n)/2.
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Utilizing Cauchy-Schwarz inequality leads to
n+1)

ox

2

aU(n—i—l)
< THAzH<U )

aU(n—i—l)
L2(Q) H ox

[

+ TA1H
L2(Q)

L2()

U(n—|—1)

e,

) +’7'A1H

ox

L2(Q) ’

oum 7U(n+1)> i
Oz 2

L2(Q L2(Q)

+ 7l Asll( =
Now, Lemma 3.3.2 conclude
[A2]] < C.

On simplification, the above relation can be written as

n+1 n+1
R e S L N s
L2(Q) Oor L2 — L2(Q) Oor llr2(9)
(n+1)
+ HU“” me e
L2(9) Or l12(9) or Q)
+ TCH HU<”+1> + ZHF(U(’””) + F(U™) HU(”“) .
oxr r2(Q) 2 2(Q) L2(Q)
By using the Lemma 3.3.3 for F-terms and simplifying, the above relation
outputs as
1 2 1 oy (nt1 1 1 Um 2
e e e
ZHU L2(9)+4T ! Ooxr 2@ — 2 U L2(9)+QT "oz L2(9)
5702 202 Ar =z
) HU sty yity 5.5.1
o4 H 12@) ,Hel M (5:5.1)
Defining
e R I |
Hy(Q) 2 12(Q) ox @)’
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Eq. (5.5.1) can be expressed as

207
+T—HU

H U(nm‘ 2 57C? H U@m)’ 2
H,(Q

H,(Q) + 24, H,(Q)
+T—|M]2

SHUW 2

H,(©)

2 57C? & ~
U(H—l)‘
H,(Q) * Aq Z H H,(Q)

b3 sl R o1

T— 7'— .
Al 1=0
On simplyfing, we get
2 n
L P L P | LAl T Tl
H,(Q) — H,(Q) Aq H,(9)

Applying generalized Gronwall inequality on previous relation, we have

2 i 2 2
0o [ 2 (22
w w 1

- ) T

< HU(O)‘ +T—‘M’ ]exp <9 ¢ ) [T = n7]
i Hy(2) 1

<ol

N H,(Q)

Thus, the time discrete scheme is unconditionally stable.

5.5.1 Existence and uniqueness of the element-free Galerkin so-

lution

In this subsection, we will prove the existence and uniqueness of the element-

free Galerkin scheme for the considered Burger-Fisher’s mathematical model.

Theorem 5.5.2 Suppose U}(Ln), the EFG solution of the full discrete EFG
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scheme (5.4.1) at (n)'" time level, exists. Then U,(Lnﬂ) also exists.

Proof Eq.(5.4.1) can be rewritten as

n , U™t gy n 10U
<U}(L +1)’Uh> B <Ul§ )’Uh> +VT< gaj ’ 35(:h> +CWU;3( )< g:c ’Uh>

= T<F(ﬁ}(ln+1)), Uh>.
Define the operator ¢ with the help of weak formulation as

(sthun) = () +rm(G2 ) +artt (o) = ()
— T<F(w),vh>.

Then,

(=) =)+ - 52

+ aTUgn<%(w1 — wg),vh> — T<F(OJ1 — wg),vh>.

Next, invoking the Lipschitz condition on F' and simplifying the above equa-

tion results in

<C(w1) — C(wz),vh> < H(M — W) LQ(Q)HU}‘ £2(0)

+ ozTUfz(n)H2 (w1 — wo) LZ(Q)HW 12(Q)

TR e
o [ YRS

Vgt = v

o] [l
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(n) vy,
ol ], v J
+ STH(M ) L2(Q)th 12(Q)

(1+ \/E)H(wl — wz)HLQ(Q) + (\/ a7‘U5 + \/’y_7'> H (w1 — wo)

fb@=0+ﬂ9+vm%WMwL
+ (ort® + i) |52

Therefore, the above inequality simplifies to

LQ(Q)]

5Uh

(14 Ve o) fon] o+ v 5

Define

o

2(12)

2

(Clwn) = Clwn),un ) < (wr = w2)]

”Uh’

Ho (Q) H Hy(Q)

Taking v, = w, we obtain

() = o) =orti™ 52) (25— (01 =o{ 01

2 Ow
> Hw +’y7’H —om'Uh — Hw
L2(Q) 2(Q) Q) L2(Q)
o O P e LA/
L2(Q) L2(Q) L2(Q) L2(Q)
2
> [ wﬂ 4WWM@ |+
H, (Q) Q) H,(Q)
— THF
H w
Ow
R e B L R LAl
[ R | h a () Ho(Q)
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By choosing

|

the above relation yields <C (w), w> > 0.

Now, using the Brouwer’s fixed point theorem, the existence of (5.4.1) can

+ owui(n)
H,(Q)

Y

i R L

(n)
>
Hy(Q) — HUh

be concluded.

Theorem 5.5.3 The EFG solution U,(Ln) of Eq. (5.4.1), if exists, is unique.

Proof Let U and U™ be two EFG solutions of Eq. (5.4.1).

Take XEL”H) _ Ul(ZH) o U2(ZH)-

Then, from Eq. (5.4.1), we get

<5tX}(l +1)’Uh> +7< ng ’ (9J:h> +04U,f( )< X(;x ’Uh>

= <F<ﬁl(z+1)> — F((72(2+1)),Uh>, V Uy, € Vh.

By following the similar steps as in Theorem 5.5.1, we can obtain

o = Sl
HXh @ = 1 )
As x) = 0, we have
n+1
Il ) = 0.
= XEL”H) =0,

which completes the proof.
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5.6 Convergence of full-discrete scheme

Next, we will prove the convergence of the proposed scheme (5.4.1) for the

considered Burger-Fisher’s model.

Theorem 5.6.1 Let vV and Uf(LnH) be the exact and the element-free

Galerkin solutions of (5.3.1) and (5.4.1) respectively. Then, the following

error estimates for the full discrete scheme hold:

Hu(n—l-l) o Uf(;H_l)‘

2 m
H(@) < G(T + 05 )7

where C is independent of T and 0s.

Proof We can write

u(tn—f—l) T
Take

egLnJrl) _ U(n+1) . u(n—&-l).

Now, using the main weak form, we get

8/6\51714—1)

- gei"t " "
(e ™) + 2 ( =g G ) e (T = (&

where 8(v;) = <F(ﬁ<n+l>),vh> - <F(a<n+1>),vh>

and
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(5.6.1)

Uh> + R(vp),
(5.6.2)



Taking v, = &," ™" in Eq. (5.6.2), we obtain

<5 el (n+1) /\(n—|—1)> +7<8€§L”+1) 8/\(714—1 >+ " 5(n )<A(n+1 aA( n+1) >
! ' Ch ox = Ox e\ Ty
_ <%§Ln+1) /\(n+1)> -l-ﬁ(/\(n—H))

By summing the above relation from 7 = 0 to n and simpliying, we have

2 12 n o geuth 2 n | .
3 el e ST v 5 )
: =

j+1) n
+ Bor Z <4a+1 | ) 08y > +2r Y /@), (5.6.3)

J=0

where B = 2|al[u"™]].

Utilizing the Cauchy-Schwarz inequality and €) = 0, relation (5.6.3) be-

comes
~(n+1) 9
Ay 200 gy 27 2 [ [
H L2()Jr i Oor 1lr2(Q) T]z_: L2(Q L2(9)
~(j+1) A(j D A(+1
N e N e S
+ 27_2 L2(Q) or L2(Q) T TZ

Using Lipschitz condition on last term, we get

0y 20| oy < S+ S
H 2( ) + |7‘T 81- L2( TZ % L2 + TZ Q)
*2 A(J“‘
+ [ gy + e,
278
4\7\ ZH 12(Q) +7hl Ox llr2@) T Z
(5.6.4)

where C* is generic constant.
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Now,

X+ _ G+ _ 5,64

h
. 1 [+t
=gt — —/ w(t)dt
t

T J
1 lj+1
= — )‘j-l-l (t)uttt (t)dt,

where \;j11(t) = (tj41 — t)(t — ;).

Thus,
1/2 1/2
. 1 lj+1 5 L1 9 2
36(”1)‘ < — / to—t) dt / t—t, ‘ t’ dt
H h LQ(Q) - 27— Ifj ( Jj+1 ) tj ( ]) U’ttt( ) L2(Q)

< Cri/2 (/tﬁl (t — t‘)z‘
> . j

J

) 1/2
o] )

n ] n t].+1 92
G+ || 2 2
-3 \mwz( [ <ttj>uﬁt<t>;mdt>

j—O

<€T4Z </+

By simplification, the inequality (5.6.4) yields

1)
(9x‘

HA(nH ‘

+T|wH

< GT4+T<1

) Z e

(5.6.5)

L*(Q) L*(Q)
Using the definition of weighted norm,

1) 2
(9:13’

et e

H/\(TH—I

b))

L2() £2(9)’
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the inequality (5.6.5) can be written as

0, <ot
Heh Ho(Q) Tt TZ Ho ()
where M = (1 + 40‘—27 —|—2£).
Utilizating the Proposition 3.3.4 results in
2
Héhnﬂ)) o) < Crieaxp(Mnr)
< e,
4”*”‘ < e’ 5.6.6
Heh oy S G (5.6.6)

From Eq. (5.6.1), we have

Hu(nﬂ) B U}(Ln+1)’

< Hu(nﬂ) _ U(n—H)’

- HU (n+1) — U,ﬁ”*”‘ .
Hy () Q) H,(Q)

The inequality (5.6.6) and the Lemma 3.6.1 yields

< e*(TQ + asm)a

Hu(n-i-l) B U}(Ln+1)‘
Ho(Q)

which completes the proof.

5.7 Numerical experiments

To test the efficiency and accuracy of the proposed scheme numerically, we
have considered the generalized Burger-Fisher’s problem (5.2.1) with initial

condition

]1/5

u(z,0) = 0.5+ 0.5tanh (¢1z)| (5.7.1)
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and boundary conditions as

1/5
(0, 1) = [0.5 +0.5tanh ( — ¢1¢2t)} , (5.7.2)
1/6
u(1,) = [0.5 +0.5tanh (¢ (1 — W))} , (5.7.3)
where ¢ = WO‘J‘;) and 9 = 595 + W.

The exact solution of problem (5.2.1) is given by [189]

1/6
u(z,t) = [0.5 + 0.5 tanh (¢ (z — ¢2t>)i| :

0.5026 T T | | | | T T T

—0—N=32
—+—N=64 |-
R

0.5024

0.5022

2)

. 0.502

=0

t

u(x

0.5018

0.5016 05016

0.50155

0.5014

0.5015
0.7 0.75 0.8

05012 | | | | | | | | |
0 01 02 03 04 05 06 07 08 09 1

X-axis

Figure 5.1: Grid-validation test for N = 32,64, 128 at ¢t = 0.9.

L.,—errors have been calculated using the formula as discussed in Section
4.6 of Chapter 4. The grid validity test for various number of nodes has
been plotted in Fig. 5.1. It is clear that the proposed EFG scheme provides

good accurate results even for 32 number of nodes.

Example 5.7.1 For this example, we took the following values of the coef-
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ficients of problem (5.2.1):
vy=1,a=0.1, § =-0.0025 and 7 = 0.0001.

Table 5.1: Comparison of L.,—errors for BSQI [246] and EFG method for o = 0.1,
B = —0.0025 and for different values of ¢.

t =1 6=2 =4
BSQI EFGM BSQI EFGM BSQI EFGM
0.1 1.32 x 10— 11 1.14 x 1012 2.84 x 10~10 1.66 x 10—12 3.99 x 10~10 5.35 x 10~ 14
0.2 1.78 x 10—11 1.58 x 10~12 3.87 x 10~10 2.31 x 10~12 5.43 x 10~10 7.40 x 10~14
0.3 1.94 x 10~11 1.74 x 10—12 4.24 x 10~10 2.55 x 1012 5.95 x 1010 8.02 x 1014
0.4 2.00 x 10—11 1.80 x 1012 4.37 x 10~10 2.64 x 10~12 6.13 x 10—10 8.24 x 10~ 14
0.5 2.02 x 10~ 11 1.82 x 10~12 4.02 x 10~10 2.67 x 10712 6.19 x 10~10 8.31 x 1014
0.7075 T T T T
—+—1=0.1
0.70745 + 4 =03
0.7074
0.707359
0.7073 |
o L
> 0.70725
>

For these values, the L.-errors in the EFG solution have been presented in
Table 5.1 for different values of § and t. These errors have been compared
with those cited in [246], obtained by using B-spline quasi-interpolation
(BSQI) technique. From the Table, it is evident that the proposed EFG

0.7072

0.70715 |

0.7071

0.70705

0.707
0

0.2

0.4

0.6

X-axis

0.8

Figure 5.2: Time-effect for a = 0.1, § = —0.0025.
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scheme provides much better results than the existing ones. The scheme
provides an accuracy of 107! with only very less number of nodes like 64.

Also one can clearly observe the numerical convergence of the proposed
EFG scheme.

2 Xlo_lz T T T T

— error of EFGM
1.8 T T b

1.6 .
1.4 7 N -

1.2 - 7 \ T

error
[EY
T
L

04r vl

0.2F/ -

0 2 1 1 1 1
0 0.2 0.4 0.6 0.8 1

X

Figure 5.3: Error plot for a = 0.1, f = —0.0025 and 7 = 0.0001.

In Fig. 5.2, time effect on the EFG solution has been displaced at various
time levels. The EFG solution errors have been plotted for the considered
model in Fig. 5.3.

Example 5.7.2 For the second example, we have considered the following
values of the coefficients:
y=1,a=1, =1 and 7 = 0.0001.

The Ly.-errors in the EFG solution have been compared with those of the
BSQI method for distinct values of 6 and ¢ in Table 5.2. In this case also, it

can be seen that the proposed scheme provides more accurate and reliable
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results than those cited in the literature.

numerical convergence of the EFG scheme.

Table 5.2: Comparison of L,,—errors of BSQI [246] and EFG methods for a = 1, § = 1.

The table clearly depicts the

t §=1 §=2 §=4

BSQI EFGM BSQI EFGM BSQI EFGM
0.2 5.55 x 107 1.82 x 1077 2.56 x 10~6 4.29 x 1077 1.76 x 10~6 8.53 x 107
0.4 9.05 x 107 2.20 x 10~7 4.24 x 1076 4.84 x 1077 4.17 x 1076 8.71 x 1077
0.6 2.18 x 1076 2.30 x 10~7 3.56 x 10~6 4.84 x 1077 2.42 x 1076 8.71 x 10~7
0.8 2.93 x 10~ 2.31 x 1077 1.46 x 10—6 4.84 x 1077 2.35 x 10~ 8.71 x 1077
1.0 3.01 x 10~ 2.31 x 1077 5.54 x 1076 4.84 x 1077 1.44 x 10~ 8.71 x 1077

The continuous space-time evolution of the EFG solution profile has been

shown in Fig. 5.4.

Example 5.7.3 For the third example, in Table 5.3, we have demonstrated

the maximum absolute errors for different values of § at different time levels

Figure 5.4: The EFG solution profile for « = 1, § = 1.

with vy =1, a = 8 =0.001 and 7 = 0.0001.
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Table 5.3: Maximum absolute errors for Example 5.7.3 for different values of § and ¢ with

N = 64.
t 5=1 §=2 =4 §=8
0.1 1.45 x 10713 3.38 x 10713 7.07 x 10713 1.44 x 10~12
0.3 2.14 x 10713 5.19 x 10~13 1.08 x 10712 2.21 x 10712
0.5 2.42 x 10713 5.44 x 10713 1.13 x 10712 2.32 x 10712
0.7 2.46 x 10~13 5.47 x 10713 1.14 x 10~12 2.34 x 10~12
0.9 2.46 x 10~13 5.49 x 10~13 1.14 x 10712 2.34 x 10712

Table 5.4: Absolute error comparison of EFG solution with FEM and Exp-Function

error

method at ¢ = 0.1 for « = 0.001, 5 = 0.001.

T EFGM FEM Exp — Fun
0.00 1.03 x 10—14 1.40 x 10—13 2.23 x 1078
0.20 9.53 x 10~13 6.97 x 10~ 10 1.70 x 108
0.40 1.38 x 1013 1.12 x 1079 1.04 x 108
0.60 1.40 x 10—13 1.12 x 10~9 2.35 x 1079
0.80 9.71 x 10~13 6.97 x 1010 7.06 x 1079
1.00 1.01 x 10— 14 1.40 x 10~ 14 1.78 x 10~8
-13
x 10
6 T T T T
e error of EFGM
0 AN
/ N
a N
,/' \‘\
/ .
4 / kN
B \
/'/ N\
a \\\
3r ‘/‘/ ‘\‘\ _
/ \
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/'/ \
/ \
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X

Figure 5.5: Error plot for a = 0.001, 5 = 0.001 and 7 = 0.0001.
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Table 5.4 shows the comparison of L.-errors in the EFG solution and in
the finite element method (FEM) and Exp-Function solutions [229]. Here
also, one can notice that the EFG scheme provides more accurate results

than the other numerical schemes cited in the literature.

Table 5.5: Comparison of exact solution with EFG method for o = 0.001, 5 = 0.001 and

t=1.
x Fxact EFGM Error
0.10 0.5002383415 0.5002383415 3.79 x 10~13
0.20 0.5002246696 0.5002246696 1.54 x 10—13
0.30 0.5002109977 0.5002100997 2.01 x 10~13
0.40 0.5001973258 0.5001973258 2.37 x 10713
0.50 0.5001875602 0.5001875602 2.38 x 10~13
0.60 0.5001738884 0.5001738884 2.26 x 10713
0.70 0.5001621696 0.5001621696 2.18 x 10713
0.80 0.5001484977 0.5001484977 1.41 x 10—13
0.90 0.5001367790 0.5001367790 7.80 x 10~ 14
0.95 T T T
* EFG sol.
0.945 Exact sol.
0.94
0.935
o 0.93
S
R
S 0.925
0.92
0.915
0.91
0.905 . . .
(0] 0.2 0.4 0.6 0.8 1

X-axis

Figure 5.6: Comparison of EFG solution with exact solution at ¢ = 0.5 for a = 0.001,
8 = 0.001.
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Fig. 5.5 displays the error plot. The comparison of exact solution with the
EFG solution is presented in Table 5.5 and has been plotted in Fig. 5.6. All
these tables clearly depict the robustness of the EFG method. The method
provides an accuracy upto 10~ which is very small even with very less
number of nodes. We can notice that the EFG solutions are in very good

agreement with the exact ones.

5.8 Conclusion

In this Chapter, we have established the element-free Galerkin approach
to deal with the generalized non-linear Burger-Fisher’s equation. Initially,
the time derivative term has been discretized by employing the Crank-
Nicolson strategy. The semi-discrete scheme is shown to be unconditional
stable. Furthermore, the existence and uniqueness of the solution of the
suggested technique have been analyzed in detail. In the second step, the
error estimates of the full-discrete EFG formulation have been examined
and it has been derived that the scheme converges with O(72 +0,™), where
7 is the time-step and 0y is the size of influence domain, respectively. Here,
it is to be noted that the diffusion coefficient v is not singular perturbation
parameter. The EFG scheme does not converges uniformly in principle if we
let v — 0. The full discrete scheme converges with the condition that the
diffusion coefficient should be bounded below. The test problem have been
studied for different values of the parameters and the numerical results have
been presented. The L..-errors proves the robustness and efficiency of the
proposed EFG scheme. It can be clearly observed that the EFG technique

provides much better results than those cited in the literature.
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Chapter 6

Element-free Galerkin method and its conver-
gence analysis for two-dimensional singularly

perturbed parabolic problem

6.1 Introduction

In the present Chapter, we consider the following two-dimensional non-
linear time-dependent singularly perturbed reaction-diffusion initial-boundary-
value problem (IBVP):

ou d*u 0*u
E(X, t) — 61@(}(, t) — 628_y,2(x’ t) + a(x, t)u(x,t) = F(u(x,t)), (x,t)€Q,

(6.1.1)
u(x,0) = ug(x), x € Qy,
u(x,t) = f(x,t), (x,t) €900 x[0,T],

where, x = (z,9), Q@ = (0,1)2 x (0,T], and 0 < 1,65 < 1 are small
singular perturbation parameters. a(x,t) is sufficiently smooth function
satisfies a < a(x,t) < o* and F(u,x,t) is non-linear. We also assume that
the compatibility conditions are satisfied on the boundary of the domain,

u(x,0) = up(x) = f(x,0); x € 09, (6.1.2)

Parameter-dependent differential equations, specifically singularly perturbed
differential equations, describe numerous realistic problems in the field of

science and engineering. When the singular perturbation parameter ap-
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proaches zero, the solutions to the problems may possess a multi-scale char-
acter, with abrupt fluctuations in some narrow regions adjacent to both the
left and right lateral boundaries [153]. Classical numerical techniques fail
to portray this sharpness in solutions since these schemes are inefficient in
capturing the behavior of exact solutions, especially in the boundary layer
regions. This causes a higher errors unless very small step sizes are used
and also produces a negative impact on the computational efficiency of the
method. Particularly, traditional finite difference or finite element methods
on uniform meshes are insufficient to provide appropriate numerical results.
Over the last few decades, many researchers have developed reliable nu-
merical approaches to approximate the solutions. Linfl and Stynes [139]
carried out a survey on e—uniform numerical techniques for 2D singularly
perturbed parabolic PDE. In [207], traditional finite difference approaches
are applied to construct effective numerical methods for a 2D singularly
perturbed parabolic system with reaction-diffusion type equations. The
time derivative has been approximated using the implicit-Euler approach
and demonstrated that the proposed technique is first- and second-order
uniformly convergent in the temporal and spatial variables, respectively.
Clavero and Jorge [46] recently presented a full-discrete finite difference
scheme together with the fractional implicit Euler method for a 2D sin-
gularly perturbed parabolic problem. First-order accuracy and pointwise
error estimation have been accomplished using Shishkin mesh.

For a system of coupled reaction-diffusion equations with parameters of
various magnitudes, LinB and Madden [140] developed a finite element dis-
cretization on Shishkin and the Bakhvalov mesh. A finite element scheme
for a system of singularly perturbed reaction-diffusion BVP have been dis-
cussed in [139], and accuracy of O(N~!'In N) has been described in some
balanced norm. For a huge system of SPP in one dimension, the convergence
theory of conforming linear finite elements is provided in [136] on arbitrary

meshes, based on piecewise quadratic splines. Maneesh et al. [208] estab-
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lished the superconvergence property of the Galerkin FEM for a system of
singularly perturbed reaction-diffusion and convection-diffusion BVP. Er-
ror estimates have been improved using Gauss-Lobatto interpolation in the
layer regions and for achieving second-order superconvergence results. Fur-
thermore, Li et al. [130-132] demonstrated several strategies for obtaining
uniformly convergent FEM in the L?—norm for the singularly perturbed
elliptic problem. Jorge and Bujanda [97] developed a new strategy by com-
bining the alternating direction method with the Runge-Kutta scheme to
deal with parabolic two-dimensional reaction-diffusion problems with non-
linear reaction terms.

To the best of the our knowledge, the two-dimensional singularly perturbed
parabolic reaction-diffusion problem has still not been studied under the
framework of the mesh-free approach which is parameter uniform conver-
gent. Therefore, the primary purpose of this research is to establish a robust
EFG approach for problem (6.1.1) and to examine the error estimates for
the proposed scheme. The key benefit of the EFG method is the non-
requirement of nodal connectivity which makes it easy to add and remove
nodes as per necessity. This feature makes the mesh-free methods popular
for problems involving moving boundaries, cracks or discontinuity in do-
mains etc. In the case of SPP, where the solution contains sharp boundary
layers, the EFG scheme exhibits more accurate and reliable results than any
other traditional numerical method. The element connectivity-free feature
of the proposed method benefits in the sense of inclusion of more nodes in
the region of steep boundary layers arising in the solution profile and aids in
capturing them. Consequently, a flexible refinement of domain discretiza-
tion can be achieved efficiently and quickly, emphasizing the accuracy of the
approximate solution. There are minor drawbacks of the EFG scheme, as
it takes more computational time than FEM. Moreover, the imposition of
essential boundary conditions is not straightforward, as the EFG method is

based on the MLS approximation. The shape functions generated by using
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MLS approximation lacks in satisfying the Kronecker delta property. In
literature, the Lagrange multiplier, penalty, and coupled EFG-FEM meth-
ods have been adopted to conquer this issue. The methodology is based
on the global weak form, and background cells have been generated using
the Gaussian quadrature to compute numerical integrations. The choice of
weight functions plays a crucial role in the formulation of the method and
directly influences the efficiency and robustness of the EFG method.

The Chapter has been organized in the following way: The EFG methodol-
ogy and discretization of time derivative by using implicit Crank-Nicolson
scheme have been discussed in Section 6.2. Stability analysis of the semi-
discrete scheme has been demonstrated in Section 6.3. Section 6.4 deals
with the convergence of the full-discrete scheme. Some numerical experi-
ments have been carried out in Section 6.5 to validate the theoretical re-
sults. Section 6.6 provides the summary of the findings discussed in the

Chapter.

6.2 Element-free Galerkin formulation

6.2.1 Domain discretization

In case of SPP, very dense and fine nodal points are required inside the
boundary layer regions which benefits in approximating the solution spe-
cially in the boundary layer regions. For the same, in the present work,
we have employed Shishkin’s approach in order to generate more number
of nodes in the boundary layer regions. Let N € Z" be the number of
elements in each x— and y-direction. The transition parameter 9, will be
used to determine the boundary layer width along x-direction and is defined

as

1
0y = min{i,/-ﬁelnN}.
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Similarly, we can define the boundary layer width €2, along y-direction.
We assume that the boundary layers arise in all the four corners of the
spatial domain 2. Now, the spatial domain 2 can be partitioned into four

sub-domains using these transition parameters as follows:

Q= Q11 U Qg1 U Qo U Oy,

)
=
o

|
—

= [0, 1 — 6,] x [6,,1 —6,],
Qo1 = ([0,6,] UL = 8,,1]) x [6y,1 — 6],
= [0,,1—0,] x ([0,0,] U1 —6,,1]),
= [0,6,] x ([0,6,] U1 —4,,1]) U [[1 =6, 1] x ([0,0,] U1 —6,,1])].

—

In the x—intervals [0, 6,] and [1—6,, 1], and y—intervals [0, ,] and [1—46,, 1],
we generate /V/4 equidistant nodes, while as in [0,,1—0,] and [0,, 1 —9,], we
generate N/2 equidistant nodes. This results in a coarse nodal distribution

on [0, 1 —6,] x [6,,1 —9,] and a fine nodal distribution elsewhere.

The set of nodal points 0 =zp <1 <29 < .. <zy=land 0=y <y <

... <yny = 1 are generated as follows:

4

i X h; fori=1,...,N/4,
Ti= 10,4+ (i —N/4) x h; fori=(N/4)+1,..,3N/4,
(1= 0z) +ix h fori=(3N/4)+1,.., N.

rjxkj for j=1,...N/4,
5,+(j— NJ/4) x k; for j=(N/4)+1,..,3N/4,
(1 =0y) +] xkj for j=(3N/4)+1,...,N.

7\

Yj =
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with step sizes h; and k; for 4,7 = 1,2, ..., N, defined by

hi =46,/N fori=1,..,N/4;(3N/4)+1,...,N
hy =2(1—25,)/N fori=(N/4)+1,....3N/4,

,L' =

and

ki =46,/N for j=1,..,N/4;(3N/4)+1,...N
ky =2(1—26,)/N for j=(N/4)+1,...,3N/4.

j -

6.2.2 Moving least-square approximation

As discussed in one-dimensional case, in the EFG technique, the trial and
test functions for the variational weak form are constructed by utilizing
the MLS approximation [127]. The MLS approximation uy(z, t) of the field
variable u(g,t) defined in the domain 2 = (0,1)* x (0, 7] is given by

up(r,t) = Z]%(P)Ai(?, t)=p" (), (6.2.1)

where p(r) is the polynomial basis in the two-dimensional space coordinate
r = [z, y]T, m is the number of terms in the basis and AT = (A\(, Xa, ..., \pn)
is unknown coefficient vector of p (x), needed to be determined and which
depends upon r and t.

The coefficients \;(z,t) in Eq. (6.2.1) are to be determined by performing

a weighted least square fit locally. This results in the quadratic form
J(1) =) w(r — ) [ua(x — 5, t) — u,)?
j=1

= Zn:w(zc—xj)[ipi(zc)& —ujr, (6.2.2)
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where u; are the nodal approximants of the unknown function u(x, t) at the
node g;.
In order to derive the parameters \;, we compute the extremum of J
from

g—;\]j =A()A — B(r)u =0, (6.2.3)

where

u = [ug, ug, ..., un]T

AG) = Z w(r — 1)p@E)p" ),

Y

and B(r) = [w(x —r1)p(x1), w(r — 2)p(r2), - w(Ex — 1a)p(xn)]-

If A is invertible, the vector A can be expressed as
A=A ()B@)u

Substituting the above value in Eq. (6.2.1), we obtain

we) = 35 pi®) A ©) BE)su;

j=1 i=1
= Z ¢;(x)u,
j=1

where the EFG shape functions are given by

¢;(x) = Zpi(zc) A (B

Similar to one-dimensional case, here also in the EFG method every node is
associated with a domain of influence, generally known as ball or support of
the weight function w;(r). The most commonly used domains of influence

are in the rectangle form or are circles.
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For the two-dimensional case, we have chosen the Gaussian exponential
spline weight functions, with rectangular nodal support domains, of the

form

w(s) = w(sy).w(sy)

:w<||$—$j||>.w<|ly—yj|\>
0T o /7

S

where 07 and 0¥ are radii of influence domain along x— and y—axis respec-
tively.
The weight function w(s,) is defined as
e—(sz/a)? _,—(1/a)?
1—67(1/0‘)2 9 SI S ]-

0, Sy > 1,

_ =yl
SI — ng )

influence domain of the node r; along z-axis while the scaling parameter « is

|z—2,|| is normalized distance, and 95 = ad, is the radius of the

mostly taken as oo = 0.3 and 97 is the average nodal spacing. The derivative

of the weight functions can be computed using the chain rule.

6.2.3 Time semi-discrete scheme

The weak form of the considered problem (6.1.1) is given by

(ol b oally B o) - (o). v

(6.2.4)

Define t, = nt for n =0,1, ..., N where 7 =T/N.
Further, as discussed in Chapters 3 and 5, with the use of Crank-Nicolson

scheme and the notations

~ — N U 4 yh-1
S UM = : U = 'z : (6.2.5)
T
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the temporal semi-discrete scheme for Eq. (6.2.4) becomes

(5000 o ) el Ty ) + (0 0) = (P

Simplifying, we get

(U0,0) 4 D22 D0y oAU D0y 74 g )

2\ 9z 'dx/ 2\ Ay oyl 2
R ) = (0,0 - (2 0
_%<a(n—1)U(n—1)’U>+%<F<U(n—1))’v>. (6.2.7)

Let V}, be the finite dimensional subspace of H1(2). Then the full-discrete

EFG scheme can be written as

<U}En);vh> N 6_17<8U]§”) 8vh> N 6_27<6U,§”> avh> n %<a(")U,§n),vh>

2 or  Ox 2 oy Oy
i) = o) ) - P )
— %<a(n_l)Uén1),”Uh> + %<F(U,§n1)),vh>, Yo, € V), (6.2.8)

where U f(Ln) is finite-dimensional approximation of U™,

6.3 Stability analysis of temporal-discrete scheme

Before proving the stability of the semi-discrete scheme (6.2.7), we state the

following Lemmas which will be used in our analysis:

Lemma 6.3.1 [190] Let 0 < €1,69 < 1. If the compatibility conditions
defined by (6.1.2) hold, then the solution u(x,t) to the continuous problem
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(6.1.1) will fulfill the conditions

‘u(x,t) —uo(x)‘ <Ct V(xt) €0

and ‘u(x,t) — f(x,t)’ <Cr V(x,t) €Q.
Lemma 6.3.2 [t is straightforward to derive from Lemma 6.5.1 that

‘u(x,t)‘ <C V¥(xt) e

Lemma 6.3.3 Assuming u € C(Q) and Q C R? (d=3) to be a bounded and

closed set, the non-linear function F(u) satisfies the inequality

[F(u)] < M.

Next, we will comprehensively analyze the stability of the time-discrete

scheme given by (6.2.7).
Theorem 6.3.4 The temporal discrete scheme given by (6.2.7) is stable.

Proof Putting v = U™ in Eq. (6.2.7) yields

<U<”>, U<n>> n ET<8U(”)7 8U(")> N 6_2T<8U(") 5U(”)> N Z<a<n>U<n>, U<n>>

2 or = Ox 2 oy = Oy 2
- rwe,um) = (ot o) - $o{ T 2
() S+ e o),
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_HU(H) H 627_ oU ™) |2 <1HU(”_1) 2
2 Or lr2) 4 Oy @) — 2 L2(Q)
€1 H@U” 1) € ’ T |2
ox 2(Q) 4 L2(Q)
* 2 2 2
o RS R T
4 2@ 4 L2(Q) L2(Q)
T (A PR A
4“‘ ) L2(Q)Jr ()l
(Using Young’s inequality)
<1)Un1 a HaU‘”‘” :
— 2 Oor L2
O‘—HU” 1 ]2 + (3O‘* +1>Z‘U() TV TmE (63.0)
L2(9) 2 2 L2Q) 2 ' o
Define the weighted norm |||z, ) as
00y~ 30 A+ A
Ho(Q) 2 Ox L) 4 dy @)
Eq. (6.3.1) can be expressed as
R AR T AR )
Q) H,(Q) 2 H, () 2 H,(9)
T
—|M|%.
+ 2]

Taking summation for ¢ from 1 to n leads to

- : 2 T — :
SRS ol
Q) 12—1: H H,(Q) + 2 21:

3a* - 112
sl
+< -+ )T; v

2

Sl
— H,(9)

2 2

N HU(n)

<[

H,(Q) H,(9)
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Using Gronwall-Bellman inequality, we get

)| o2 T 572 )
U < |[||U + —n|M|7| exp | (2" + 1)Tn
H, () H,(Q) 2
- 2 .
< |||lg@ _ M) (2 “ 41 T)
< Hw(m+2\ " | exp ( (22" +1)
) P
< Cx U(O)’ ,
H, ()

which shows that the time discrete scheme is unconditionally stable.

6.4 Convergence of full-discrete scheme

The results provide the convergence of the full discrete EFG scheme (6.2.8).

Lemma 6.4.1 [212] Let p(x) € C™Y(Q). Then there exist constant C,
independent of 05 such that

HD% — DR Y < C "M g, |k < 2.

(@)

Lemma 6.4.2 Define E;ln) as

(2,v) = 1<U,§”> — U™, v + €—1<3(U,§”> — ) 8v>

T 2 \0x " Ox
_ %<(M (U~ U),0) - %<<M YO - U)o,

(6.4.1)
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Then,

| Egln) |22y < Co™.

Since U™ is the temporal discrete approximation of the exact solution (™,

hence u(z,t) satisfies

(s S G+ T B ) + )
- 5{ra) = () - O 2

TR S ) o)

(6.4.2)

where ‘R is the residual.

Theorem 6.4.3 Let u(x,t,) = ul™ be the exact solution of Eq. (6.1.1) and
U}(Ln) be the solution of the full discrete scheme (6.2.8). Assume that u(x,t) €
HY(Q),V t € [0,T], then the element-free Galerkin scheme converges with

e

2 m
(@) < @(7’ + 0, ),

i which egn) = U,(Ln) — .

Proof Since the time-discrete solution U™ and u(™ satisfies Eqgs. (6.2.7)

and (6.4.2) respectively, subtracting these equations, arrives at

<U(”) _ u(”),v> N T€1< 9 (U _ ) 5“> n T€2< 9 () _ ). @>

2 \0x ox/ T 2 \dy Ay
TLa® ™ — ™y o - TR ™Y — ™y o) = (=D _ (=D
—|—2<a (U u ),U> 2<F(U ) — F(u ),U> <U u ,U>
T/ 9 -y _ -y OV T/ O ey -1y OV
2 <8x(U " )’ax> 2 <8y(U " )’6y>
A

= Har DD — v ), 0 4 L) = P, 0) + (R, 0),

v eV,
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Then using mean value theorem, we have

<U(n) — u(n),v> + %<%(U(”) — u(n))7 g_i> + %<%(U(n) _ u(n)), g—Z>

0 ov
<oy _ -1 N\ T/ 9 1) (1) 9Y
- <U b ’U> 2 <8:U(U Y )’(9x>
Te2/ 0 1) _ -1y OUN L T/ )y ) )
+ <8y(U u ),ay>+2<(M a" ) (U u ),U>
T

+ 2((0 = )OO — D) o) + (R, 0),

where max |F' (z)| = M.

Now, we can write

we get
() _ . () Ter/ 0 )y OUN\ L T/ O ) )y OV
<Uh “ ’U>+ 2 <8x(Uh N )’8x> 2 <3y(Uh )’(9y>
(n=1) . (n—1) Te1/ 0 L n-1)  (ne1)y OV
< _ _ 2= _ -
= <Uh U ’U> 2 <8x(Uh Y )’8x>
Tea/ 0 tn1) ety OO\ T e ) ()
+ 2<ay(Uh u ),ay>+2<(M (O} = u), )
T _ =)y =) o (n-1) (n) _ rr(n)
+2<(M a (U, U ),U>+<Uh U ,U>
Ter/ O )y VN L T€ /0 m) )y OV
3 <8:C(Uh v )’8x>+ 2 <5’y(Uh v >’8y>
(oo ) e e, )
Te/ 0 1) _ -ty OUN T/ ey ) _ )
+ 2<8y<Uh U >,ay> (M =) U = U™),0)
_T _ =171 _ pr(n-1)
2<(M a")(U, U ),U>+T<,‘R,v>. (6.4.3)
Assuming
e}gn) :U}E”)_u(n)7 pgzn) :Uf(an) _U(n)7
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then, relation (6.4.3) can be rewritten as

(n)
(eiho) + <aan 6%%;%?f<#”w>

a2 0oy Tea BT 00 L 70— el o)

T . n—1 n T€1 /0 (ny OU
+§<<M—a< el v+ (e o) + (5 5)

a2
* Tq<aax gf) + 762<ai §Z>
E

— §<(M —al” ))pgln),v> — %<(M — a("_l))pgln_l),v> + T<9ﬁi,v>.

Thus, using the definition (6.4.1), we have

(e o)+ T2k 20y e D) Oy oo

B 7261 <3(e§;—1))7%> n T2€2<0(e§;—1))7g_z> N %<(M B a(n))62n>,’l)>
+ g<(M — a(”_l))eén_l), > + T<H§l >, > + T<9f{, U>.

(n)

Now we set v = ¢, which gives

(e ) 4 T (2 Oy | men 0l Oy o o

n—1 n n—1 n
B T61<5€§L )’ 862 )> n 7262<365L ) 862 )> n Z<(M . a(”))egn),egn)>

2 ox ox oy Oy 2
+ g<(M — a(”_l))egnfl), e,(f)> + T<H§L ), egn)> + T<£R, eé”)>.
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By employing Cauchy-Schwarz inequality, we obtain

(n)
o I = e .
207 ey 4 1l 0z 2 2 12(9)
(n—1) 1)
Tey || Oy, ‘2 762)8% ‘2 < >TH IR
I 2 2IM — 1)L
4 0z L2(Q)Jr 4 y LZ‘(Q)Jr 2| ol + 211" 1l 20
v oyl + 515
+ | 04‘4 2 h
Define
N R e
e = -
Pllm, 200 o) oz 2o
we get
iy S (3107 =l 8) 5[, + 1 = i)
Heh Ho(Q) — “n Hw(Q)+ | ol + 21| Ho(Q) *| &‘2
LTIz il
21 7h 2
Writing the above relation at all time-levels and summing up, we get
ey <+ ) H
e < e 3IM — al + 8 e
;H h @) ; b ) | | Z )
T |-
S ST PRES » T ES o
Simplifying furthermore, we can get
o1k <| <o>‘2 (17— af +2)2 - H @‘2 TN 20
Heh Ho(Q) — “n Hw(Q)+ | ol + T; “n Hw(Q)+2 — 17" L2

=0
™

2

2

£2()
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Employing Gronwall’s Lemma, we achieve

: A0
< |= =
H,(Q) {2 (2 H h

Jei”

This completes the proof.

6.5 Numerical results and discussions

In this Section, numerical studies have been carried out for two examples to
check the robustness and efficiency of the proposed scheme. The errors are
presented, and the accuracy of the proposed method has been demonstrated.

Maximum relative errors have been estimated using

e

) tj) = U 13 lj T

N — ulxi ) = Un(xi, ) and BN = maxe, ",

J ’U,(XZ', tj) i,J g

where u(x, t) and Uy, (x, t) denote the exact and the computed EFG solutions

respectively.

Example 6.5.1 For the first example, we have considered the following
singularly perturbed time-dependent problem:
ou 0u 0u
— €l — €

ot orr Yo
u(z,y,0) = exp(z/y/e1 + y//e2).

F(u), (6.5.1)

The function F(u) is taken so that the exact solution of Eq. (6.5.1) becomes

u(z,y,t) = exp(x/\/er +y//e2 + 2t).

Example 6.5.2 For the second example, we examine the following non-
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linear parabolic equation:

ou  €0*u e 0%
L H=s2 ., 27" 1—
o~ 202 T age ol mw,

with initial condition

1
(14 exp(z/ /e +y/ /@)

u(z,y,0) =

The exact solution of this problem is not known.

For Example 6.5.1, the maximum relative errors have been tabulated in
Table 6.1. Since the exact solution is not known for Example 6.5.2, the L.,
errors, given in Table 6.2, have been calculated using the double mesh prin-
ciple. From these Tables, we can clearly conclude that the proposed EFG
scheme produces very good accurate results and the scheme is reliable and
efficient enough to capture the solution nicely. The numerical convergence

of the EFG technique can also be clearly observed from these Tables.

Table 6.1: Maximum relative errors for Example 6.5.1 for different values of € at ¢t = 1.0.

€ N=4 N =16 N =16 N =32 N =64 N =64
M=4 M =4 M =16 M =38 M =16 M =64
2-2 1.92x 1073  9.26x107% 1.38x107% 2.20x107* 565x107° 6.51 x 1076
24 6.17x1073  275x 1073 4.41x107% 952x107% 232x107% 2.72x107°
26 450x 1072  3.27x1072 9.45x107% 3.33x1073 6.25x107% 4.38x107°
28 5.35x1072  3.35x 1072 1.22x1072 3.38x1073 1.81x1073 4.38x10~*
2-10 531x1072 3.37x1072 1.28x1072 3.38x1073 1.88x1073 4.38x107*

Table 6.2: Maximum absolute errors for Example 6.5.2 for different values of € at t = 1.0.

€ N =16 N =32 N =64 N =32 N =64 N =64
M =4 M =8 M =16 M =16 M =32 M =64
272 3.32x 1073  817x107* 2.08x107% 245x107* 6.11x107° 7.82x10°
2-4 8.19x1072 939x1073 230x1073 271x107* 6.76x10"% 8.96x 107°
2-6 8.14x1072 4.09x1072 9.38x1073 1.10x1073 3.27x1073 3.89x 104
28 8.14x 1072 4.08x1072 8.22x1072 228x1072 3.85x10"3 1.80x1073
2-10 8.14x1072 4.08x1072 8.22x1072 238x1072 3.85x1073 1.80x1073
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To observe the effect of the singular perturbation parameter ¢ on the solu-
tion computed using EFG technique, the EFG solutions have been plotted
in Figs. 6.1 and 6.4 by fixing the variable y = 0.5 in the solution. One
can easily notice how the boundary layers arise in the solution as ¢ — 0.
In order to depict the clear effect, in other plots also y has been fixed as
0.5.

70 T T T T
—— =2 2
60 B ————7€=2'4 -
=28
50 + .
40 + -
o}
30 r .

Figure 6.1: Epsilon-effect for Example 6.5.1 for y = 0.5, N = 32 and ¢ = 0.1.
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Figure 6.2: Grid validation for Example 6.5.1 for e = 273 and e = 27% at t = 0.5.
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Figure 6.3: Numerical results for Example 6.5.1 for e = 272, N = M = 16, at time level
t=1.0.
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Figure 6.4: Epsilon-effect for Example 6.5.2 for y = 0.5, N = 32 and ¢t = 1.0.
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Figure 6.5: Grid validation for Example 6.5.2 for e = 272 and e = 278 at t = 0.9.
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Figure 6.6: Time effect on EFG solution of Example 6.5.2 for y = 0.5, N = 16 and
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Figure 6.7: Numerical results for Example 6.5.1 for e = 275, N = M = 64, at time level

t=1.0.
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Figure 6.8: Numerical results for Example 6.5.2 for e = 278, N = 32, at time level ¢ = 1.0.

Grid validity has been shown via Figs. 6.2 and 6.5. One can see that even
with very less number of nodes, the proposed EFG scheme provides very nice
solution and no instability is present in the EFG solutions. The temporal
effect on the solution have been presented in Fig. 6.6. The capability of the
proposed EFG method to capture the sharp boundary layers with different
number of nodes can clearly be observed from these Figures. Figs. 6.3-6.8
demonstrate the graphs of numerical solutions at the final time level ¢ = 1.
Figs. 6.3-6.7 clearly shows how the EFG scheme is capable of capturing
even very large solutions with values like 6 x 10° by considering very small
grid size of 64 nodes in each x— and y-directions. From the results given
in Tables 6.1-6.2 and Figs. 6.1-6.8, the applicability and accuracy of the

proposed scheme can clearly be verified.
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6.6 Conclusion

In this Chapter, the proposed EFG scheme has been extended to approxi-
mate the solution of two-dimensional singularly perturbed time-dependent
reaction—diffusion problems. The algorithm uses the EFG scheme to dis-
cretize the spatial terms and an implicit Crank-Nicolson method to dis-
cretize the temporal derivative. The stability of the semi-discrete scheme
has been discussed. The full-discrete scheme is shown to be e-uniform con-
vergent with order of convergence O(72 + 9,™), where 7 is the time-step
and 0, is the size of the influence domain. The numerical results validate
the robustness and efficiency of the proposed EFG scheme. The scheme is
capable of capturing the solutions with very large sudden changes in very
small regions. The error tables clearly depict the numerical convergence of
the proposed scheme. To conclude, the EFG technique is uniformly con-
vergent with respect to the singular perturbation parameter and is efficient
enough in capturing the sharp boundary layers arising in the solutions of
the two-dimensional reaction-diffusion problems. In the next Chapter, the
proposed EFG scheme has been tested on mathematical models arising in

the field of mathematical finance.
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Chapter 7

Numerical investigation of two-dimensional sin-
gularly perturbed Black-Scholes model using

element-free Galerkin technique

7.1 Introduction

Mathematical modeling [73-75,90, 96, 114,209, 227] of financial market in-
struments has become a rapidly increasing study subject for both the math-
ematicians and the people with financial domain. Across major economies,
financial derivatives are heavily used for transactional and investment pur-
poses. Financial markets can be broadly classified into three categories:
equity, debt and derivatives market. Among derivative instruments, op-
tions are the most commonly used derivative securities. An option gives
the right to the holder to buy or sell the underlying asset at a contractually
agreed price (called the exercise price or strike price) within a prescribed
time period. While the seller of the option has the contractual obligation
to fulfil this demand of the buyer.

Options are divided into call option(right to buy)and put option(right to
sell). Among options, the European and American options are the widely
used. Under the European options, the holder of the option can exercise
his right only on the prescribed expiration date. In contrast, under the
American options, the holder of the option can exercise his right at any
time before the expiration date.

The Black-Scholes (B-S) equation is the well-known method to estimate the

option pricing in the financial world. As a result, it has become an extensive
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elementary subject for studying financial engineering and financial theory.
In 1973, Black and Scholes [26] published the B-S model and option pricing
formula in their paper to analyze the behavior of financial derivatives in
the market. Their methodology is based on hedging and minimizing option
pricing risk while buying or selling underlying assets. The European call
option value of this model fluctuates with time and stock price. Moreover,
the price of assets is modeled by a geometric Brownian motion with a con-
stant drift and volatility term.

Various approaches have been explored for financial derivatives in the past
few years. It is well known that there are some analytical techniques to
obtain the solutions of many significant derivatives; and hence, the approx-
imation procedures have been followed to find their estimation. To achieve
this objective, various numerical approximation methods have been devel-
oped in the literature [3,27,29,37,64,95,182,226].

In many situations, obtaining an explicit analytical solution to the gen-
eralized B-S equation is absurd. Thus, efficient and reliable numerical
techniques are required to provide a wide variety of derivative securities.
The lattice approach [48] has been suggested as the first numerical ap-
proach for the B-S equations. After that some other approximation tech-
niques have been developed in the financial literature which are exten-
sively used by researchers and option traders such as finite-difference tech-
nique [14, 47,89, 192, 215, 219, 226], finite volume method, cubic B-spline
collocation method [106,107], homotopy perturbation method [216] etc.

In the present work, we are more interested in the European call option
because of the benefits of European option pricing regarding trade at a
discount. We have considered the two-dimensional B-S equation, known
as the singularly perturbed B-S problem, in a dimensionless variable with
two small parameters multiplying with the highest order space derivative
terms. Thin layer phenomena arises in SPP, known as boundary layers,

forming an essential subclass of mathematical problems with nonsmooth
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solutions. Very few mathematicians and scientists have put efforts toward
the singularly perturbed B-S model. For instance, Fouque et al. [75] pre-
sented a singular perturbation analysis of stochastic volatility pricing PDE
and dealt with the non-smoothness of the payoff function inherent to option
pricing. Li et al. [133,134] employed a parameter-uniform method for singu-
larly perturbed parabolic equation modeling B-S equation with boundary
layers. Therefore, we need to adopt some superior numerical techniques to

capture these boundary layers when € — 0.

So far, none of the mesh-free methods has been applied to solve the two-
dimensional singularly perturbed B-S equation. The main motive of the
present study is to introduce a robust and efficient numerical approach
known as the element-free Galerkin (EFG) method to capture the non-
smooth solutions of the singularly perturbed B-S equation. Due to absence
of nodal connectivity, domain discretization can be achieved efficiently and
quickly. The shape functions has been constructed by using moving least-
square (MLS) approximation. The temporal discretization has been car-
ried out by using the implicit Crank-Nicolson method before spatial dis-
cretization. Stability and convergence analysis of semi- and full-discrete
schemes for the two-dimensional problem have been analyzed in L? and H'

spaces.

The Chapter is organized as follows:

In Section 7.2, the formulation of singularly perturbed B-S equation in one
and two dimensions has been explained. The EFG scheme and its conver-
gence analysis has been addressed in Section 7.3. The effectiveness and
robustness of the proposed method have been exhibited through numerical
results in Section 7.4. Certain conclusions based on the present study are

finally discussed in Section 7.5
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7.2 Modeling of singularly perturbed Black-Scholes

equation

In this Section, we will present the formulation of one-dimensional Black-
Scholes (B-S) model followed by the formulation of the model in two-

dimensions.

7.2.1 Formulation of one-dimensional Black-Scholes model

In this subsection, we will discuss the Black-Scholes (B-S) model in one-
dimension which is based on the principle of hedging, and focus on elimi-
nating risks associated with the volatility of underlying assets and stock op-
tion. The generalized B-S equation governing European call option C(S,t)

for asset price S at time ¢ is given as

0*C(S,t)
0S5?

0C(S,t)
oS
(S,t) € RT x (0,7),

90(5.1) + 102(5, t)S?

By 5 +7r(S,t)S

—r(S,t)C(5,t) =0,

(7.2.1)

equipped with the terminal and boundary conditions

C(S,0) =max(S — E,0), SeR", (7.2.2)
C(0,t) =0; C(S,t)~ S for S— oo™, te€][0,T). (7.2.3)

In the above expression, o(S5,t) > 0 denotes the volatility rate of the un-
derlying asset; T', the maturity time; £ symbolizes the exercise price and
r(S,t) > 0 is the risk-free interest rate.

Eq. (7.2.1)-(7.2.3) represents an option pricing formula for European call

option together with the following assumptions

e ‘S’ supports stochastic differential equation named as geometric Brow-

nian motion i.e. dS = puSdt + oSdw, in where p is known as trend or
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drift rate and w is increment of standard Brownian motion.

e The trend p, used to compute the average rate of growth of the asset
price, the volatility o of underlying asset, and the risk-free interest rate
r, used to evaluate the standard deviation of the returns, are known
and constants for 0 < 7 < T. No dividends are paid in that time

period.
e The frictionless market.

e No arbitrage: There are no arbitrage opportunities of making a risk-

less profit.

The market is complete under these hypothesis.

Here, we assume that o (S, t) and (.5, t) are sufficiently smooth and bounded
on the domain. If we consider o and r as constants, Eqs. (7.2.1)-(7.2.3)
becomes the classical B-S model whose existence and uniqueness are given
by [77,126].

The present B-S model is de-generated when S — 0 and is also backward-
in-time. To transform Eqgs. (7.2.1)-(7.2.3) into non-degenerate and forward-

in-time, we employ the transformations S = exp(z) and t =T — 7, i.e.
r=1In(S), 7=T-t.

Then the transformed equation becomes

aC 1., 2C 1, oC =
E — 50- (1’77)W + (7”(33',7') o 50- (33,7'))% _ T($77_>C’ (33,7’) € R X (O7T)7
(7.2.4)

together with the initial and boundary conditions

C(z,0) = max(e” — E,0), z€R

~

C(z,7) =0as x — —oo,t € [0,T],
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where

C(x,7) = C(S,t) = C(e, 1),
o(x,7)=0(S,t) =c(e’, 1),
r(z,7) =71(5,t) =r(e", 7).

In order to remove the complexity during numerical analysis, we need to
define (7.2.4) on truncated domain 2 = (Zin, Tmax) X (0, T) where Zpin, Tmax
are suitably chosen real numbers so that they do not effect the option price.

Therefore, we consider the problem as

ou 1~ 0*U . 1. oU (z, ~

W 2@ nTIETD o) - 222w BT e ),
(x,7) € Q,
(7.2.5)
with initial and boundary conditions

U(z,0) = max(e” — F,0), * € (Tmin, Tmax), (7.2.6)
U(Twmin, 7) =0, 7€10,7], (7.2.7)
U(Zmax, T) = €™ — Be~ o Twmacs)ds 7 c 10 T, (7.2.8)

The boundary conditions are chosen according to [219]. The existence and
uniqueness of classical solution of Egs. (7.2.5)-(7.2.8) are given in [77,126].
Thus, the final one-dimensional B-S model is given by rewriting Eqs. (7.2.5)-
(7.2.8) on the truncated region 2 = Q, X Q; = (Tin, Tmax) X (0,7 as:

LU (z,7) = {E—e@—aa—x—r}U(x,T) =0, (z,7)€,
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with initial and boundary conditions

U(x,0) = max(e" — E,0), =€,
U(xminﬂ_) =0, 7€ ﬁt;
U(xmax, 7_) = emax — Ee_ foT ?(%nax,S)ds’ = §t7

/5 AN AN
where e = 5, a =7 —¢cand r =T.

7.2.2 Formulation of two-dimensional Black-Scholes model

The two-dimensional B-S model is formed by extending the model problem
(7.2.1) as follows:

In general, B-S model with two assets for option pricing is given by

oC 1 ,0*C 02C
5 —— (51, S9,1) + 0151 952 (51,52, ) + 2/)01025152851852(51’ Sa, 1)
1 ,0*C oC oC
888 5z (51 50ut) - [S155-(51,82.0) + S5 (51, 50.0)

— TC(Sl,SQ, t)=0, (S1,52,t) € (0,00) x (0,00) x (0,T7), (7.2.9)
with the terminal condition
C(S1, S9,0) = max{f1S1 + 252 — E,0},
and the boundary conditions

B1S1 + Sy — Ee"T=7) as Sy, Sy — o0
0 as S1, Sy — 0,

C(S1, S, t) =

where C(S1, Se,t) denotes the value of a call option with underlying asset
prices S; and S at time 't’. Here, ‘o7 and ’o are the volatilities of the
underlying asset prices S; and Sy, respectively. 'r’ is the risk-free interest

rate, p is correlation value between S; and Sy, E is the strike or exercise

193



price, and 31, By are the coefficients so that all risky asset prices are at same
level.

Now, to reformulate the above model into new problem where independent
parameters appear in the coefficients of the equation, we use the following

transformations

z=1In(S;) — (r— %O‘%)T, y =In(S:) — (r — %O‘%)T and 7 =T —t.

(7.2.10)

The dependent variable C'(Sy, Ss, t) is transformed into new dependent vari-
able U(z,y, T) by using above transformations,

ie.
C(S1, S9,t) = U(x,y, 7).

Eq. (7.2.9) can be written as

or 2 0x2 2 0y? pol 2 0x0y

which satisfies the terminal condition
Ulz,y,7) = max{ﬁle”(T_%)T + ﬁgeer(r_%)T — E.,0},
and boundary conditions

o2 o3
Bre® =21 4 Boett =) — F asw, y — o0

C(x,y,7) =
0 as x, Yy — 00.

In the present study, we assume that there is no correlation between the

asset prices S7 and Sy and hence p = 0.

194

—rU =0, (z,y,7)€R xR x[0,T],



Thus, we obtain the following equation

o o1 0 o3 0
LU(xayaT):{E_f— 21a$2+ 228_y2T}U(xay7T):O>

(x,y,7) € R x R x (0,T].

Under the conditions » = O(1) and for o taking any value from the half-
open interval (0, @), we come to the following initial-value problem which

is of singularly perturbed type

0 0* 0*
LU (z,y,7) = —@——l— 16_“2@_7“ U(x,y,7) =0, (7.2.11)

along with the above mentioned conditions.
0'2 0'2
Here, ¢g = 3, e = 7

€1, € € (0,1].

are dimensionless perturbation parameters and

7.3 Formulation and analysis of element-free Galerkin

scheme

The weak form of the considered problem (7.2.11) is

<%_(t],v> 61@_5, g_;> <Z_Z, g—;’> n <U,U> =0, veH'(Q).

Now the semi-discrete temporal scheme is given by

(o) + 37 ) + 5 (G gy )+ 50 = ()

€1 <8U” 1 8U> € <8U” 1 8v> <U” ) >7 (73.1)

"9\ "oz oz 2 dy

where U" denote the numerical solution of (7.3.1) at the n'" time level.
Now, the stability of the above semi-discrete scheme (7.3.1) can be stated

as:
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Theorem 7.3.1 Let U" € H'(2). The temporal-discrete scheme given by
Eq. (7.3.1) will be unconditionally stable.

Proof The proof of the theorem follows on similar lines as outlined in 6.3.4
of Chapter 6.

7.3.1 Convergence of the full-discrete scheme

Let V}, be the finite dimensional subspace of H1(2). Then the full-discrete

scheme is given by

(U, + Do (U7 Py o OO Doy 7y

2 dr  Ox 2 dy Oy 2
(n—1) (n—1)
B (n—1) @ ou, ovy, e ou, ovy, T/ n-)
- <Uh ’Uh> 2T< dr ' Oz > 2T< gy Oy > 2<Uh ’Uh>’
Vup € Vi, (7.3.2)

where U ,En) is finite dimensional approximation of U™.

Theorem 7.3.2 Let v € HY(Q) be the solution of Eq. (7.2.11) and let
U € Vi(Q) be the solution of Eq. (7.3.2). Then, the error in the EFG

method can be estimated as

where C 1s a constant independent of T and 0s.

u" — U} < C(r* +0),

Hy(Q)

The theorem can be proved using the similar concepts as followed in The-
orem 6.4.3.

7.4 Numerical results and discussions

Example 7.4.1 To test the proposed EFG scheme, we have considered

the following mathematical one-dimensional singularly perturbed B-S model
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problem

ou 0% ou
a1 = a2 T g, trut flat), (7.4.1)

u(0,t) =0, wu(l,t) =0,
u(z,0) = 2*(1 — ),

where f(xz,t) = (2t+2)2?(1—z)—(t+1)*[e(2—62) + (22 —32?) —ra*(1—x)].
The exact solution is not known in this case.

Numerical experiments have been carried out for the European call option

Table 7.1: Maximum absolute errors for Example 7.4.1 for different values of € at ¢ = 1.0.

€ N =16 N =32 N =64
272 9.69 x 10~4 2.40 x 10~4 6.00 x 1075
2-4 2.60 x 1073 6.49 x 10~ 1.02 x 107*
2-6 5.37 x 1073 1.14 x 1073 2.44 x 10~
2-8 1.10 x 1072 2.56 x 1073 7.50 x 10~*
2-10 1.35 x 1072 3.80 x 10—3 8.23 x 1074
2-12 1.36 x 10~2 3.87 x 1073 8.21 x 10~4

for the parametric values of risk-free interest rate r = 0.05, volatility o =
25%, € = 02/2, a = (r — ¢€) and time-period T' = 1. Double mesh-principle
has been used to calculate maximum absolute errors presented in Table 7.1.
Numerical convergence of the proposed scheme is illustrated from the table.
One can notice that the errors are decreasing with the increase in number
of nodes. Fig. 7.1 shows the time effect on the solution of the problem for
e = 278, Fig. 7.2 displays the continuous time-space plot and density plot
of the solution for a very small value e = 27! of the singular perturbation

parameter.
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Figure 7.1: Time effect on the EFG solution for e = 278, N = 32.
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Figure 7.2: EFGM solution and density plot for € = 2712, N = 64 at t = 0.5.

Example 7.4.2 For the second example, we have considered the two-dimensional
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Black-Scholes model given by Eq. (7.2.9) based on European call option with
two assets S1 and Sy over the range of 0 < S7 < 200 and 0 < Sy < 200.
The numerical simulations have been carried out for the financial parame-
tersey = %, o= %2, T =1, E=70, 8 =2, =1 and p = 0. The
numerical tests have been performed for the following cases:

Case 1. o1 = 10%, o9 = 20%, r = 5%.

Case 2. 01 = 5%, 09 = 5%, r = 5%.

Case 3. o1 = 30%, o9 = 10%, r = 5%.

Where o1 and o9 represent volatility rates for the assets S1 and Sy respec-

tively.

Using the transformations given by (7.2.10), the generalized Black-Scholes
model is transformed into singularly perturbed Eq. (7.2.11) with the smooth

initial condition

u(a:, Y, O) _ maX{ﬁle(0.05—61+x) + 6(0.05—62-4-1/) — 70, 0}

Surface plot of option price

Density plot of Option price

B 500

600

- 400
500

400
300

3 300

= 200
o 200
¢]

100

-100
6

4 6
2 5 0 1 2 3 4 5

Asset 2 0 Asset 1 X

Figure 7.3: EFG solution profile for Example 7.4.2 at time level ¢t = 1.0.
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Figure 7.4: EFG solution profile w.r.t. time for asset 1 and asset 2 for Example 7.4.2.

The solution graphs for the problem under consideration are plotted in Figs.
7.3-7.5. In Fig. 7.3, for Case 1, the EFG solution and the density plots of
the option price have been presented with respect to the asset prices over
the range of 0 < x < 5.3 and 0 < y < 5.3 by taking 32 number of nodes in
each direction. From the graph, we can easily analyze that more nodes have
been generated in the region where the solution change is large. Also, we
can notice that the option price is high for asset 1 in comparison to asset 2
which describes the physical phenomenon that in the case of low volatility
rate, the option price should be high. For Case 2, we have considered the
volatility rate to be 5% for both the assets, and hence the option price should
increase in the same ratio for both the assets which is clearly describes by
the EFG solution plot in Fig. 7.4. The solution has been plotted at time
level t = 0.1 with N = 32 in both the directions.

For Case 3, the volatility rates have been taken as 30% and 10% for the

assets 57 and S, respectively. Since the volatility rate is less for asset S5, the

200



T ]
: 350 ’
100 I i
o 300
/ ]
]
I 250 |
] I
] /]
9 ’ gzoof 1
3 / E !
< ' < ]
S / S 150 1
G 0 ’ & /
" 100 ’
! /
¢/ o
ol ,/ ] 50 /
. - ’
____—-’ '/
0 ,'/
-50 -_\-——\"

-100

Asset 1 Asset 2

Figure 7.5: European call option value at time level t = 0.5 for case 3 of Example 7.4.2.

option price should be high for asset S5 in comparison to asset S7. This real
phenomenon is clearly portrayed by the EFG solution in Fig. 7.5. In order
to give the clear picture, the option price graphs i.e. the solution graphs
have been plotted w.r.t. assets 1 and 2 separately by fixing the other one.
These fix values have been taken as y = 0.5 and x = 0.5 respectively in the

plots.

7.5 Conclusion

To test the element-free Galerkin method for mathematical models gov-
erning real-life phenomenon, very famous Black-Scholes model arising in
the field of financial mathematics has been considered in both the one-
and two-dimensions. The considered model represents European call op-
tion pricing phenomenon by considering the one and two assets for one-
and two-dimensions respectively. Firstly the models have been rewritten
by considering suitable transformations and then the EFG technique has
been applied for spatial discretization together with Crank-Nicolson scheme

for temporal discretization. The proposed scheme produces good accurate
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results. The EFG results have been compared with the exact ones in one-
dimensional case where the solution is known. The error analysis clearly
depicts the theoretical and numerical convergence. Numerical results ex-
hibit the expected results. The proposed scheme proves to be robust and

reliable.
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Conclusion and future scope

The present thesis focuses on proposing a mesh-free technique called element-
free Galerkin (EFG) scheme for singularly perturbed problems (SPP). Sin-
gularly perturbed problems arise in almost all areas of science and engineer-
ing and hence plays an important role in the field of differential equations
and are needed to be solved. Since these problems exhibit sharp changes,
which are generally called boundary layers, in the solution in a very nar-
row region of the domain of the problem, standard numerical techniques
fail to capture the solution of these problems nicely. Hence we need some
special strategies to solve these problems. For the same purpose, EFG
approach has been proposed for solving the SPP. The scheme has been ap-
plied on both the linear and non-linear SPP in one- and two-dimensions. To
start with, the proposed scheme has been applied on one-dimensional time-
independent SPP. Since various weight functions exist in the literature for
mesh-free methods, a numerical study has been carried out for choosing the
best weight function for SPP. It has been concluded that Gaussian exponen-
tial splines provide better results in comparison with other weight functions
for singular perturbed problems. In order to capture the boundary layers in
the solution nicely, density of nodes has been created using Shishkin’s ap-
proach. Then the proposed EFG scheme has been applied to solve the one-
dimensional time-dependent linear and non-linear reaction-diffusion SPP.
Crank-Nicolson method has been used for temporal discretization while
as for spatial discretization, EFG scheme has been provoked. The pro-
posed EFG technique utilizes moving least-square method to generate basis
functions. Since these basis functions do not satisfy the Kronecker delta
property, Lagrange multiplier technique has been utilized to enforce the
boundary conditions. The existence and uniqueness of the solution of the

proposed scheme has also been shown. The stability and convergence of the
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proposed scheme has been discussed. The scheme is shown to be second
order accurate in time and 0" accurate in space, where the 04 represents
the size of the support domain and m is the number of basis functions while
representing the EFG solution in the support domain of some node point.
The proposed EFG technique has also been applied to solve two real-life
model problems. The first model, i.e. Fisher’s model commonly occurs in
the area of chemical reactions and bio-mathematical fields. In order to han-
dle the non-linearity present in the model, quasilinearization process has
been invoked. It comes out that the proposed quasilinearization process
converges quadratically. Stability of the scheme has been analyzed and the
scheme is shown to be stable. Convergence of the proposed scheme has also
been shown. For the second real-life model problem, Burger-Fisher’s prob-
lem has been considered which governs the wave propagation phenomenon.
The stability of the proposed scheme has proven and the convergence of
the proposed scheme is shown for the case where the singular perturbation
parameter is bounded below. The proposed scheme has been applied to
various numerical examples. The proposed EFG scheme provides solutions
which are in good agreement with the exact ones and with those cited in
the literature. The scheme is shown to be consistent and robust enough to

capture even very sharp boundary layers.

The EFG approach has also been proposed for solving time-dependent two-
dimensional non-linear SPP. The EFG scheme has been invoked for spatial
discretization. The basis functions have been generated using the mov-
ing least-square approach and the Lagrange multiplier approach has been
exploited to enforce the boundary conditions. Nodes have been created
based on Shishkin’s approach in order to put more nodes in the boundary
layer region. The Crank-Nicolson scheme has been utilized for temporal
discretization. The proposed scheme is again shown to be stable. The con-
vergence of the proposed scheme has also been discussed and the scheme

is shown to be uniformly convergent. To test the efficiency of the scheme,
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the EFG scheme has been applied to solve the one- and two-dimensional
Black-Scholes model problems which arise in the field of financial mathe-
matics. The present considered model governs the Furopean call option.
The proposed scheme is shown to be stable and uniformly convergent for
the considered model problems. Numerical results validate the efficiency

and robustness of the EFG scheme.

To conclude, the element-free Galerkin scheme together with the Crank
Nicolson scheme has been proposed to solve the one- and two-dimensional
time-dependent singularly perturbed reaction-diffusion linear and non-linear
problems. The proposed strategy has been applied on numerous one- and
two-dimensional non-linear real-life model problems and examples. The
proposed scheme turns out to be stable and uniformly convergent overall.
The numerical scheme provides reliable and robust results for SPP. The
scheme is efficient enough to capture even very sharp boundary layers in

both one- and two-dimensions.

For the future work, we plan to extend the proposed scheme for time-
dependent three-dimensional non-linear reaction-diffusion SPP. Further, the
stability and convergence analysis need to be carried out for the three-
dimensional problems. It has been analyzed that the proposed EFG scheme
is computationally more expensive specially for higher dimensional prob-
lems and hence takes more time to provide the solutions. We plan to work
on the parallelization of the proposed scheme so that it can be made time-

efficient.
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