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AAbbssttrraacctt 

 To set up an efficient wireless and mobile communication system, requires 

characterization of its environments and its components, in particular, its array 

processing architecture. This research work has been prompted by the current thrust in 

wireless and mobile communication technology to look for new approaches and 

technologies to improve performance of array processing architectures, thereby 

improving spectrum efficiency and to be able to support the projected capacity 

demands with the introduction of new personal communication services. The results 

presented in this thesis constituted four targets.  

 First, new side lobe control beamforming algorithms for array processing 

architectures of CDMA based wireless communication systems are developed for 

interference reduction. It is shown that conventional arrays based on nulling procedure 

are unlikely to be applicable in practical CDMA based wireless communication 

systems for large number of interferers. The role of FrFT in providing taper of varying 

side-lobe level and beamwidth is investigated. A procedure for tapering in FrFT 

domain is proposed, which can be used with optimal array processing also. The weights 

obtained by FrFT taper are found to be practically realizable weights. The one to one 

relationship between capacity and beampattern is established. A relationship between 

the side-lobe level and number of interferers is derived. A new algorithm capable of 

synthesizing Chebyshev-like low side-lobe beam patterns with adjustable beamwidth 

and steering invariance is developed. The proposed algorithm is shown to handle large 

angular spreads of interference effectively. The increase in information capacity and the 

performance improvement in various performance metrics viz; Signal-to-interference-

plus-noise ratio (SINR), Normalized SINR (NSNIR), Array gain (AG) and Mean 

square error (MSE), of array processing architectures, by implementation of new 

beamforming algorithm, are investigated. It is shown through Monte Carlo simulations 

that for large number of interferers the proposed algorithm outperforms the adaptive 

algorithm. 

 The second target of this thesis has been the development and application of 

advanced array signal processing techniques to wireless and mobile communication 

systems that have a practical implementation complexity and achieve high performance 

levels. The second target is achieved by development of FrFT based beamforming 
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algorithms, in non stationary environments, towards improving the performance of 

array processing architectures of adaptive antenna from the point of view of reducing 

mean squared error. It is shown that the FrFT based optimal beamformer reduces the 

Mean Square Error to a greater extent for multipath fading signal over the additive 

white Gaussian channel. The proposed optimum FrFT beamformer is shown yielding 

small errors in case of accelerating source problems also which are common in wireless 

communication. The proposed FrFT based beamforming algorithm is investigated in 

different fading channels to demonstrate the merits of the algorithm. The superiority of 

the proposed beamforming technique over time and frequency domain beamforming is 

established in fading channels. The proposed FrFT based optimum beamformer 

outperforms the time domain and frequency domain optimum beamformer in terms of 

bit error rate in Rayleigh and Nakagami fading channels.   

 The use of FrFT based arrays for MIMO systems is proposed for decreasing 

channel estimation errors caused by Gaussian noise. A new optimum FrFT based 

MIMO receive beamformer is proposed. The performance of proposed beamformer is 

evaluated for spatial multiplexed systems in terms of bit error rate and block error rate. 

The use of proposed beamformer with rate one systems is also demonstrated. It is 

shown that BER of spatial multiplexed as well as rate one system can be decreased with 

use of proposed beamformer. 

 The use of adaptive antennas on handheld radios is a new area of research. All 

the research in the field of smart antennas at handset is in the area of diversity, capacity 

improvement, reduction of multi- path fading, suppression of interference signals, 

improvements of call reliability, mitigation against dead zones, increased data rates, 

spectral efficiency etc. The effectiveness of smart antenna in controlling radiation 

hazards at handset is explored in the light of establishing the advantages of smart 

antenna over a single antenna system at the handset. The adaptive antenna at the 

handset constantly forms a broad null towards the user head. The power absorbed and 

rise in temperature of various tissues of head is compared for omni directional as well 

as adaptive antenna. It is established that future mobile handset employing adaptive 

antenna, could also reduce the RF hazards. 
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1.1 INTRODUCTION 

 The goal for the next generation of wireless communication systems is to 

seamlessly provide a wide variety of communication services to anybody, anywhere, 

anytime. Radio communication has been mobile since the early work of Marconi, 

transmitting Morse signals wirelessly across the Atlantic Ocean in 1901. Technical 

advances in this field have promptly been adopted by the public. Cellular radios can be 

regarded as the earliest form of “Wireless Personal Communications” [85]. In the last 

twenty years, mobile radio communication has become a consumer product. In some 

areas the cellular phones are even more common than phones connected to the fixed 

net. The first generation (1G) of wireless networks, commonly referred to as analog 

systems, was primarily concerned with the provision of voice services, allowing user’s 

transition from conventional fixed telephony to mobile telephony. The Advanced 

Mobile Phone System (AMPS) is the most notable of the 1G systems developed by the 

Bell Telephone System. Due to limited spectrum and high capacity demand, Bell Tell 

Labs proposed the frequency reuse concept. 

  In the system proposed by Bell-Tell Labs, a mobile entity is linked to a base 

station (BS). BS’s are connected to a radio network controller, which uses additional 

interfaces that cater for the access to the public switched telephone network (PSTN). As 

the signals on the air–interface experience a distance dependent attenuation and 

transmit powers are limited, the coverage area of a BS is limited. The area which is 

covered by a BS is referred to as a cell. When modeling cellular systems, cells are 

approximated by hexagons as they can be used to cover a plane without overlap and 

represent a good approximation of circles [167]. Since the total available radio resource 

is limited, the spatial dimension is used to allow wide area coverage. This is achieved 

by splitting the radio resource into groups. These groups are then assigned to different 

contiguous cells. This pattern is repeated, as often as necessary, until the entire area is 

covered. A single pattern is equivalent to a cluster. Therefore, a radio resource which is 
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split into K groups directly corresponds to a cell cluster of size K. In this way, it is 

ensured that the same radio resource is only used in cells that are separated by a defined 

minimum distance. When mobile moves from one base station to another, a handover 

takes place.  

1.2  EVOLUTION OF MOBILE COMMUNICATION  

 As the wireless communication systems evolved, service quality and capacity 

were of primary importance. To develop such spectrum efficient systems a suitable air 

interface is required.  For this four multiple access (MA) techniques are used. MA 

technique is the approach to accommodate a large number of users simultaneously and 

at the same time separate their signals, so that they do not cause interference to each 

other called multiple access interference (MAI). An ideal MA technique supports the 

time variant request of radio capacity because this means that, at any given time, only 

those resources are allocated which are actually required [156]. The four MA principles 

are:-  

• Frequency Division Multiple Access(FDMA) 

• Time Division Multiple Access (TDMA) 

• Code Division Multiple Access (CDMA) 

• Space Division Multiple Access (SDMA) 

 In FDMA, the total available bandwidth is divided into a number of non 

overlapping frequency bands. In FDMA, the user signal is separated in frequency 

domain and at the receiver band pass filter is used for signal separation. In TDMA, the 

user signal is separated in time domain by dividing time axis into non overlapping time 

frames consisting of non overlapping time slots. With in these time frames one or more 

time slots are allocated to each user. In CDMA, a reuse factor of unity can be realized 

[128]. Here the user signals are transmitted simultaneously and are separated by a 

unique orthogonal PN sequence code. The technique is also called “spread spectrum”. 

Spread spectrum technique was first invented in the beginning of 1950 and since then it 

has mostly been used for military purposes. The spread spectrum was especially used in 

anti jamming (strong intentional interference) techniques. Now, after almost 50 years, 

the CDMA technique is highly in focus again, this time for advanced digital radio 

communication. Of all the variants of CDMA, the Direct Sequence Code Division 

Multiple Access (DS-CDMA) technique is used in the next generation of mobile 
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communication systems [92]. The space dimension (SDMA) is of particular 

significance as it allows the use of the same radio resource at the same time, frequency 

and with the same code at another physical location, which is spatially separated in 

distance or angle. The magnitude of spatial separation depends on the required level of 

interference protection. 

 The rapid growth in the number of subscribers and the proliferation of many 

incompatible first generation systems were the main reason behind the evolution of the 

second generation cellular systems. Second generation (2G) systems take the advantage 

of compression and coding techniques associated with digital technology. All the 

second generation systems employ digital modulation schemes. Multiple access 

techniques, like TDMA and CDMA are used along with FDMA in the second 

generation systems. 2G cellular systems include: United States Digital Cellular (USDC) 

standards IS-54 and IS-136[158], Global System for Mobile communications (GSM) 

[109], Pacific Digital Cellular (PDC) and cdmaOne. These systems have transitioned 

the voice services supported by analog networks into a digital environment, thus 

increasing the supported capacity and allowing for additional services, such as text 

messaging and limited access to data services. GSM, IS54 and PDC systems use a 

combination of FDMA and TDMA [85, 109], while the IS 95 system uses a 

combination of CDMA and FDMA [13]. Second generation networks, currently in use, 

are very near to their maximum capacity but they still lack in two aspects:- 

• Unable to meet increase demand for capacity [45] 

• Incompatible standards in 2G systems [2,68] 

 Merrill Lynch had already forecasted per diem traffic of 7000 Gigabytes to be 

carried by 1 million base stations in 2003 and by 2005; 1 billion subscribers are 

predicted [131]. In order to accommodate the growth in capacity and bandwidth needs, 

the World Administrative Radio Conference (WARC) of the International 

Telecommunications Union (ITU) [68] has identified extended spectrum for third 

generation (3G) systems, around the 2GHz band. Additionally, the 3G technology 

proposals, known as International Mobile Telecommunications for the year 2000 (IMT-

2000), use improved and more sophisticated modulation schemes, so as to maximize 

the new spectrum allocation. 3G systems offer enhanced features, adding video and 

images to the voice services and allowing improved access to data networks and to the 

Internet. Unlike the transition from first to second generation, the migration from 2G to 
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3G is occurring smoothly. Existing 2G networks evolved to 3G, with transitional 

solutions known as 2.5G, bridging the gap between them. The increasing demand for 

capacity in the already saturated 2G networks, as well as for enhanced data and Internet 

services, have made 2.5G solutions very appealing and important. These solutions 

relied on technology improvements to existing networks and allowed for an extension 

of their “lifespan”, until the 3G proposals were finalized and validated. The 

introduction of multimedia services in 3G networks implies an increase in the 

bandwidth requirements. 3G cellular systems are being designed to support wideband 

services like high speed Internet access, video and high quality image transmission with 

the same quality as the fixed networks. The primary requirements of the 3G systems are 

[68]:- 

• Voice quality comparable to Public Switched Telephone Network. 

• Support of both packet-switched and circuit-switched data services. 

• More efficient usage of the available radio spectrum. 

• Backward Compatibility with pre-existing networks and flexible introduction of       

new services and technology. 

• An adaptive radio interface suited to the highly asymmetric nature of most 

Internet communications. 

• A much greater bandwidth for the downlink than the uplink.  

• Support of high data rate. 

 The table 1.1 shows the data rate requirement of the 3G systems 

Table-1.1: 3G Data Rate 

S. No Type of traffic Data rate 

1. Vehicular 144kbps 

2. Outdoor  & Pedestrian 384kbps 

3. Indoor  2Mbps 
 

 The CDMA technology is the base of 3G wireless personal communication 

systems [128-129, 94]. There are two proposed wideband CDMA systems as the 3G 

standards, which meet the IMT-2000 requirements. The first standard is the Wideband 

CDMA (WCDMA) system, often called Third Generation Partnership Project (3GPP) 

[2] that were proposed by Europe and Japan. The 3GPP system was designed to be 

backward compatible with the GSM system, which is a second generation TDMA 
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standard deployed in Europe. The second standard is the cdma2000 system [69, 158] 

proposed by Telecommunications Industry Association (TIA). The cdma2000 system is 

evolved from IS-95, which is a second generation CDMA standard deployed in the 

North America and Korea. For the 3GPP system, there are two modes for the radio 

access technologies: a Time Division Duplex (TDD) mode and a Frequency Division 

Duplex (FDD) mode. The 3GPP system with the FDD mode is a CDMA system, but 

the 3GPP system with the TDD mode is a combined system of CDMA and TDMA. In 

this thesis CDMA based wireless communication system, which is backward 

compatible to GSM, is considered1. The WCDMA standard is discussed next in brief.  

1.3 WIDEBAND CODE DIVISION MULTIPLE ACCESS  

 Several proposals supporting WCDMA were submitted to the ITU and IMT-

2000 for taking initiative for 3G. Among several organizations trying to merge their 

various WCDMA proposals were:- 

• Japan’s Association of Radio Industry and Business (JARIB) 

• Alliance for Telecommunications Industry Solutions (ATIS) 

• European Telecommunications Standards Institute (ETSI) through its Special 

Mobile Group (SMG) 

 All these schemes try to take advantage of the WCDMA radio techniques 

without ignoring the numerous advantages of the already existing GSM networks. Thus 

the most promising feature of 3G is to combine a WCDMA air interface with the fixed 

network of GSM. The standard that has emerged is based on ETSI’s Universal Mobile 

Telecommunication System (UMTS) and is commonly known as UMTS Terrestrial 

Radio Access (UTRA) [41-42,157]. The access scheme for UTRA is DS-CDMA. The 

information is spread over a band of approximately 5 MHz. This wide bandwidth has 

given rise to the name Wideband CDMA or WCDMA. WCDMA can operate in FDD 

or TDD mode.  

1.3.1 Main WCDMA Technical Features 

 The chip rate of the WCDMA system is 3.84 Mcps. The frame length is 10 ms 

and each frame is divided into 15 slots (2560 chip/slot at the chip rate 3.84 Mcps). 

Spreading factors range from 256 to 4 in the uplink and from 512 to 4 in the downlink. 

Thus, the respective modulation symbol rates vary from 960ksymbols/s to15 symbols/s  

 
 
_________________________________________________________________________________________________________ 
1. [P3] “3G Evolution towards Broadband”, Telecommunications: The Indian Journal of Telecommunications, (Special issue on 
broadband services) pp.41-47, May-June 2005. 
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(7.5 k symbols/s) for FDD uplink. For separating channels from the same source, 

orthogonal variable spreading factor (OVSF) channelization codes are used. In the 

downlink, Gold codes with a 10-ms period (38400 chips at 3.84 Mcps) are used to 

separate different cells, with the actual code itself length 218-1 chips. In the uplink, 

Gold codes with a 10 ms period, or alternatively short codes with a 256-chip period, are 

used to separate the different users. For the channel coding three options are supported: 

Convolutional coding, Turbo coding, or no channel coding. Channel coding selection is 

indicated by upper layers. Bit interleaving is used to randomize transmission errors. 

The modulation scheme is QPSK. The carrier spacing has a raster of 200 kHz and can 

vary from 4.2 to 5.4 MHz. The different carrier spacing can be used to obtain suitable 

adjacent channel protections depending on the interference scenario. The table 1.2 

shows the main technical features of the WCDMA radio interface:- 

Table-1.2: Main WCDMA Technical Specifications 

Channel bandwidth  5 MHz 

Duplex mode  FDD and TDD 

Downlink RF channel structure  Direct spread 

Chip rate  3.84 Mcps 

Frame length  10 ms 

Spreading modulation Balanced  

QPSK (downlink) 

Dual-channel QPSK(uplink) 

Complex spreading circuit 

Data modulation  
QPSK (downlink) 

BPSK (uplink) 

Channel coding  Convolutional and turbo codes 

Coherent detection  
User dedicated time multiplexed pilot (downlink 

and uplink), common pilot in the downlink 

Channel multiplexing in 

downlink  
Data and control channels time multiplexed 

Channel multiplexing in uplink  
Control and pilot channel time multiplexed 

I&Q multiplexing for data and control channel 

Multirate  Variable spreading and multi code 

Spreading factors  4–256 (uplink), 4–512 (uplink) 
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Power control  Open and fast closed loop (1.6 kHz) 

Spreading (downlink)  

OVSF sequences for channel separation 

Gold sequences 1218 −  for cell and user separation 

(truncated cycle 10 ms) 

Handover  
Soft handover 

Inter frequency handover 

1.4 MOBILE WIRELESS COMMUNICATIONS BEYOND 3G 

 SOME OPEN QUESTIONS 

 As the deployment of 3G wireless systems begins, research on the enhancement 

of 3G systems and new fourth generation (4G) systems accelerates to pave the way for 

the future and there are still some open questions which need to be answered before 

putting next generation systems into use. 

 Question 1: 3G is expected to support more multimedia services, at improved 

quality and higher data rates, compared to 2G and 2.5G. However, increasing data rates 

and supporting multirate services in 3G systems is difficult because of excessive 

interference and the shortcomings of air interface in CDMA based systems. 3G 

performance does not seem to be sufficient to meet needs of future applications like 

multimedia, full motion video, and wireless teleconferencing. Can, 3G capacity be 

increased for new high performance applications? 

 Question 2: The challenge for the fourth generation of mobile radio systems is 

no longer to transmit a conversation between two parties, but rather to transmit large 

quantities of data. The public has become used to fast Internet access and the aim is to 

provide that service for mobile users too. The radio frequencies used by mobile radio 

systems have become a scarce resource. To satisfy a growing number of users with 

increasing demands on the data rates, the need is to come up with mobile 

communication systems that send more bits faster within a given bandwidth. This 

means that the quest is for higher spectral efficiency. In order to meet the demands of 

multirate multimedia communications, next-generation wireless systems must employ 

advanced algorithms and signal processing techniques that enable the system to 

guarantee the quality of service desired by the various media classes. Is it possible to 

develop such advanced signal processing techniques, which can guarantee a desired 

quality of service required? 
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 Question 3: A core issue in 4G communication systems involves putting the 

necessary hooks in the standards such that smart antenna technology can be used 

effectively. In second generation cellular systems, ANSI-136 and IS-95, implementing 

smart antennas had problems because the standards did not consider their use. In 

particular, ANSI-136 required a continuous downlink signal to all three users in a 

frequency channel, which precludes the use of different beams for each of these three 

users. In IS-95, there is a common downlink pilot, which also precludes the use of 

different beams for each user, as all users need to see the pilot. For 3G systems, smart 

antennas were taken into account in WCDMA, where downlink pilots are dedicated to 

each user and therefore smart antennas can be effectively used on the downlink. Thus, 

further research is needed to ensure that smart antennas can be effectively used in 

WCDMA system. For 4G systems, therefore, smart antennas must be taken into 

account in standard development. Specifically, any packet or multimedia access to all 

users, as well as pilots, must be transmitted or done in such a way so as to not preclude 

the use of smart antennas, if this technology is to be used to its full benefit. Since these 

standards are international, research in this area needs being done globally. In CDMA 

systems the adaptive array will realize the beam steering rather than null steering 

because many interference sources surround the array. Will low side-lobe techniques 

instead of nulling techniques; improve the capacity in wireless communication 

systems? 

 Question 4: Digital communication using (Multiple-Input Multiple-Output) 

MIMO, sometimes called a “volume-to-volume” wireless link, has recently emerged as 

one of the most significant technical breakthrough in modern communications. The 

technology figures prominently on the list of recent technical advances with a chance of 

resolving the bottleneck of traffic capacity in future Internet-intensive wireless 

networks [35]. The communication techniques in MIMO systems depend on the degree 

of channel state information (CSI) available at the transmitter and at the receiver. The 

more channel information, the better the performance of the system [6, 9]. A number of 

papers have appeared in the literature studying the effect of channel estimation error at 

receiver and transmitter on various transmission techniques in MIMO [36, 47, 161]. 

Reducing channel estimation error would require complex signal processing 

techniques. Is it possible to develop such advanced signal processing technique which 

can reduce channel estimation error and improve the performance of MIMO system? 
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 Question 5: Although during the last decade, advanced signal processing 

techniques and the rapid evolution of cheap and fast electronics, have attracted an 

increased interest in the use of multiple antennas at both the base stations and hand held 

terminals of wireless communication networks, but the problem faced by a receiver for 

MIMO system is the presence of multistream interference (MSI), since the signals 

launched from the different transmit antennas interfere with each other. There are three 

types of receivers which are used for linear processing or receive beamforming viz. 

linear decorrelator, matched filter receiver and MMSE receiver. A tradeoff between 

completely eliminating inter-stream interference and preserving as much energy 

content of the stream of interest as possible is observed. The decorrelator and the 

matched filter operate at two extreme ends of this tradeoff [37]. The MMSE receive 

beamformer is found to be the best amongst three receivers. Can the performance of 

MMSE receive beamformer be improved further in MIMO systems?   

 Question 6: It is pointed out by Wireless World Research Forum (WWRF) that 

requirements such as data rate, link quality, spectral efficiency and mobility in next 

generation systems cannot be met with conventional beamforming at handsets. Hence 

WWRF has suggested the use of beamforming and space-time processing at the handset 

in next generation systems for interference suppression thereby, increasing the capacity 

of wireless communication systems [168]. With on going advancements in 

semiconductor technology the possibility of smart antenna on handset seems possible 

and there is no doubt that the smart antenna will become an integral part of handset in 

next generation systems.  But the exposure to the radio waves still remains a matter of 

public concern and research is still in progress concerning exposure aspects of 

WCDMA based systems [70]. Will it be possible to reduce the biological hazards by 

using smart antenna at handset? 

1.5 MOTIVATION FOR THESIS 

1.5.1 Development of low side-lobe control antenna beamforming 

 algorithms for array processing architectures of WCDMA systems  

 In CDMA wireless access scheme, all users share the entire available frequency 

spectrum and the same bandwidth is used in all the cells, with the most efficient 

frequency reuse [42, 154]. As all users communicate simultaneously in the same 

frequency band, multiple access interference is the major cause of transmission 
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impairment. The system capacity is limited, unlike FDMA/TDMA systems, by the 

existing intracell and intercell interference level only. Therefore, each solution aimed at 

reducing the interference level, is directly transformed in capacity increase [4, 38]. 

Hence considerable research and effort is being devoted to developing systems that 

either tolerate a higher level of interference (i.e. by using advanced modulation and 

coding schemes) or try to reduce the intercell and intracell interference by efficient cell 

planning, dynamic channel assignment or transmission power control. Besides these 

methods the use of beamforming and array processing has also been proposed for 

interference suppression. With the CDMA technique, since all users share the same 

band, the number of potential interfering units is very high; certainly higher than the 

number of antennas in the array, i.e. the number of degrees of freedom of the adaptive 

system. As a consequence, the behaviour of the radiation pattern adaptation system is 

no longer of the null steering type but instead, an antenna pattern with reduced response 

towards undesirable interferences is desired. In this thesis, the first phase of research 

focuses on development of new side-lobe control beamforming algorithms for array 

processing architectures of WCDMA systems for interference suppression. In next 

phase of research, the increase in information capacity and the performance 

improvement in various performance metrics of array processing architectures, by 

implementation of new beamforming algorithms, are investigated. The role of 

Fractional Fourier transform (FrFT) in providing a flexible taper is also investigated. 

1.5.2  Fractional Fourier Transform (FrFT) Based Beamforming 

 For next generation systems, smart antennas have been taken into account in 

standard development [14, 16-17, 80, 101, 107, 110]. By equipping the base station of 

wireless networks with antenna arrays, it is possible to fully exploit the spatial 

dimension of wireless communication systems. The signals that arrive at the array input 

can be regarded as random. The transmitted signal undergoes a delay and frequency 

shift in the narrowband case and a delay and scale offset in the wideband case. The 

received signal is usually modified in amplitude and phase by the multipath, which by 

themselves might be changing with time and spatial position. In all of these cases, the 

signals that arrive at the array are regarded as random, and at times the physical 

phenomena responsible for the randomness in the signal makes them non-stationary 

random processes [142]. Since the natural causes responsible for the signal and noise 
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are often unrelated, it is customary to assume that the signal and noise are uncorrelated 

with each other [23]. These uncertainties, combined with the non-stationary nature of 

the signal and noise processes, make FrFT a potentially powerful tool in designing the 

optimal beamformer in the array environment. The second phase of research involves 

development and application of FrFT based advanced signal processing techniques, for 

array processing architectures of mobile and wireless communication systems, which 

have a practical implementation complexity and achieve high performance levels in 

complex environments. The bit error rate (BER) performance of FrFT based 

beamformer in Single-Input Multiple-Output (SIMO) systems is considered as a part of 

this phase of research. 

1.5.3 FrFT based Receive Beamforming in MIMO systems 

 The subscriber units (SU) in mobile communication are gradually evolving to 

become sophisticated wireless Internet access devices rather than just pocket 

telephones, the stringent size and complexity constraints are becoming somewhat more 

relaxed. This makes multiple antenna elements transceivers a possibility at both sides 

of the link, even though pushing much of the processing and cost to the network’s side 

still makes engineering sense. A particular and important attraction of the use of 

antenna arrays at both ends of the communication link is in high data rate wireless 

communication, such as transmission of high quality video information. A primary 

solution to this high data rate requirement may be the increase in bandwidth (BW) or 

the transmit power. However, these solutions are neither cost efficient nor satisfactory 

in practice. It has been shown that data rate of 3.75 Mbps is achievable with single 

transmit antenna and receive technology but needs 105 times higher signal to noise ratio 

(SNR) or transmit power compared with a four transmit and four receive antenna 

configuration [9]. Thus MIMO systems will help future wireless communication 

systems to operate at considerably higher data rates with higher reliability than what we 

have today. MIMO systems are revolutionizing the way we transmit and receive data 

and have key applications in the future high-speed high-spectrum efficiency wireless 

networks (3G and beyond). There are various research issues in MIMO systems which 

are still being looked into [9, 10, 35]. Two research issues have been taken up in this 

thesis as third phase of research, one is the improved channel estimation and the other 

is improved receive beamforming. Spatial diversity in systems with multiple antennas 

at the transmitter requires the signal to be preprocessed or pre-coded prior to 
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transmission. The set of schemes aimed at realizing encoding of multiple transmit 

antennas are called Space Time Coding (STC) techniques [143]. The first smart 

antenna simple technique called ‘Simple Transmit-Diversity’ (STD) based on a code 

proposed by Alamouti is adopted for 3G WCDMA standard. These techniques assume 

perfect knowledge of channel at the receiver. It has been shown that with noisy channel 

estimation, STD has a poorer performance than maximal ratio combining (MRC). STD 

suffers 3dB degradation in BER relative to MRC when channel estimation error is 

dominant [36]. The first issue taken up in this chapter is the reduction of channel 

estimation error caused by Gaussian noise. In MIMO systems the meaning of the term 

beamforming, initially used for smart antennas applications, is referred to a linear 

processing scheme along an arbitrary dimension (not necessarily the spatial dimension), 

thus becoming virtual beamforming [34]. In a communication system, the optimal 

receiver is given by the Maximum Likelihood (ML) detector, also known as Maximum 

Likelihood Sequence Estimation (MLSE) [37]. The ML detector is a nonlinear signal 

processing method and has an exponential complexity in the number of channel 

dimensions or transmitted symbols [37]. A more pragmatic solution is the utilization of 

linear signal processing techniques such as Minimum Mean Square Error (MMSE) 

filtering or beamforming which has low complexity [34]. Second issue taken up in this 

chapter is the improved linear processing at receiver in MIMO system using FrFT.  

1.5.4   Use of Adaptive antenna at Handset in controlling RF Hazards 

In next generation systems, smart antennas will not only be used at the base 

station side but shall be implemented at handset also [1]. The use of adaptive antennas 

on handheld radios is a new area of research. All the research, in the field of smart 

antennas at handset, has been in the area of diversity, capacity improvement, reduction 

of multi-path fading, suppression of interference signals, improvements of call 

reliability, mitigation against dead zones, increased data rates, spectral efficiency 

[21,131,152-153]. The recent developments in mobile communication has also drawn 

attention towards the biological effects of the electromagnetic fields on vital organs of 

human body like brain, kidney, heart and liver. With smart antenna being deployed at 

handsets also, the fourth part of research focuses on the use of smart antenna in 

controlling the radiation hazards. The effectiveness of smart antenna, in controlling 

radiation hazards is explored in the light of establishing the advantages of smart 

antenna over conventional single antenna system at the handset.  
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1.6 THESIS ORGANIZATION 

This thesis has four main objectives: 

• To develop a new technique of tapering using FrFT. To develop new antenna 

beamforming algorithms with controllable side-lobes for array processing 

architectures of CDMA based wireless communication systems and to quantify the 

advantages of proposed algorithms to the existing algorithms in wireless 

communication. 

• To develop new FrFT based optimal beamforming technique for array processing 

architecture which achieves high performance levels in non stationary environments 

of mobile and wireless communication systems. To find the performance of FrFT 

based optimal beamformer in various mobile fading channels in terms of BER in a 

SIMO system. 

• To reduce channel estimation error caused by Gaussian noise and to improve the 

linear processing at the receiver in MIMO systems by FrFT based receive 

beamformer.  

• To find effectiveness of smart antenna in controlling radiation hazards. To analyze 

the advantage of adaptive antenna, over a single antenna in reducing radiation 

hazards. 

 To start with, in the second chapter, a detailed description of various 

algorithms of array processing architectures is presented. The role of FrFT based 

beamforming, in non stationary environment, is discussed. The application of multiple 

antennas in mobile wireless is discussed. The research in the area of the use of smart 

antenna at handset is presented. 

 In third chapter,  the various low side-lobe beamforming algorithms, to 

suppress the amount of interference in CDMA systems are discussed. The use of 

various taper functions in forming low side-lobe is reviewed. The role of the FrFT, in 

providing taper of varying side-lobe level and beamwidth is discussed. It is shown that 

by varying a single parameter ‘a’ the FrFT can provide a taper of varying side-lobe 

level and beamwidth. An algorithm for tapering in FrFT domain is proposed. This 

method provides practically realizable weights. The use of FrFT taper with optimum 

beamformer is proposed. The one to one relationship between information capacity and 

beampattern is established. A new technique capable of synthesizing Chebyshev-like 
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low side-lobe beam patterns with adjustable beamwidth and steering-invariance is 

developed. The technique is based on uniform and Taylor current distribution and gives 

practically realizable weights. The convergence of Taylor based algorithm is found to 

be fast as compared to uniform distribution based algorithm. Lastly the various 

performance metrics of array processing architectures of wireless communication are 

discussed and the improvement in various performance metrics by use of proposed 

algorithm is established. The validity is shown by comparing three beamforming 

algorithms viz: Chebyshev, Sample Matrix Inversion (SMI) and proposed algorithm 

using Monte Carlo simulations.  

 In the fourth chapter optimal beamforming for various multipath fading 

channels in wireless and mobile communication using the FrFT, is considered. The 

conventional MMSE beamforming in the frequency domain or time domain becomes a 

special case of optimal beamforming with FrFT. The method is especially useful in 

moving and accelerating source problems, where Doppler Effect produces frequency 

shift when the source is moving as in mobile communication and a chirped type signal 

is produced when the source is accelerating as in wireless communication. It is 

demonstrated that the proposed method yields improved results i.e. a smaller Mean 

Squared Error (MSE), in a moving source scenario, which is common in mobile 

communication. The MSE, in case of an accelerating source is also shown to be less as 

compared to moving source. The optimum FrFT beamformer is evaluated in Rayleigh, 

Ricean and Nakagami fading channels. The same results are also found in microcellular 

and macro cellular environments using Geometrically Based Single Bounce Elliptical 

(GBSBE) and Geometrically Based Single Bounce Circular (GBSBC) channel models. 

It is shown that existing beamforming algorithms are not very effective in rapidly time-

varying channels, while the FrFT based algorithm maintains a strong superiority over 

the existing algorithms in time varying channels. The advantage of the proposed 

optimum FrFT domain beamformer is the practical consideration that the synthesis or 

analysis of the FrFT can be implemented with the same complexity as the conventional 

Fast Fourier Transform (FFT). The BER performance of the proposed optimal FrFT 

beamformer is found in Rayleigh and Nakagami mobile fading channels. 

 In the fifth chapter, an overview of recent progress in the area of MIMO 

wireless technology covering space-time wireless communication, capacity, signaling, 

spatial diversity and beamforming is presented. The Alamouti transmit diversity 
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scheme is discussed in the presence of channel estimation errors. It is shown that by 

using FrFT based channel estimation technique the Gaussian noise errors can be 

reduced thereby improving the performance of STD scheme. MIMO beamforming with 

emphasis on linear receive beamforming has been discussed. The performance of 

optimal FrFT based MMSE receive beamformer has been studied for spatial 

multiplexed systems in terms of BER and BLER. It is proposed that FrFT based 

beamformer can be used with rate one MIMO systems also.  

 In the sixth chapter the use of smart antenna in controlling the radiation 

hazards is discussed. The smart antenna at the handset constantly forms a broad null 

towards the user head. The effect of R.F on human brain is analyzed by taking a simple 

model of the head. The power absorbed and the rise in temperature of various tissues of 

the head is compared for omni directional as well as adaptive antenna. In determining 

the temperature rise the effect of blood flow and transfer of heat from tissue into the 

space is taken into account.   

  The last chapter concludes with a critical discussion of the results of the 

investigations carried out. Important observations are made and useful conclusions are 

drawn. New contributions are proposed which will increase the performance of current 

state of art. The thesis concludes with a list of reference books and the research 

publications found useful during the course of investigations. 

1.7 SUMMARY OF THE CHAPTER 

 This chapter is a capsule of the motivation of the thesis. An introduction to the 

evolution of the third generation (3G) WCDMA based wireless communication system 

is presented, highlighting the requirements that are still to be investigated. New 

algorithm for tapering in FrFT domain, New antenna beamforming algorithms with 

controllable side-lobes, FrFT based optimal beamforming technique for array 

processing architectures in mobile wireless, BER performance of FrFT based optimal 

beamformer, FrFT based arrays for MIMO systems and the effectiveness of smart 

antenna in controlling the radiation hazards, are identified as the goal of the thesis. In 

the next chapter an exhaustive literature survey is presented that has helped the author 

during the course of investigations.  
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SMART ANTENNAS IN WIRELESS COMMUNICATIONS 

 
 
 
 

2.1 INTRODUCTION 

Today’s mobile and wireless communication systems are primarily designed to 

provide cost efficient wide area coverage for a limited number of users with moderate 

bandwidth (voice + low rate data).The future telecommunication will provide the same 

services in a wireless fashion as provided by fixed network these days, hence requiring 

large bandwidths [110]. Future telecommunication users will neither be willing to 

sacrifice functionality for the added value of mobility nor to pay more for it [101]. The 

3G and 2G systems will only partially address these requirements. 3G mobile systems 

proposals such as UMTS and IMT-2000 interpret these requirements as only providing 

mobile internet services, with up to 2 Mbps. In order to enable the use of truly new 

wireless services, such as voice, data, facsimile, electronic mail and the future high-

performance applications like new innovative multimedia, full motion video, and 

wireless teleconferencing, one can expect that not only higher bandwidths need to be 

provided, but also that the cost should be comparable or even lower than in 2G and 3G 

systems. Current 2G and 3G, CDMA based systems operate with a constant chip rate 

which defines a certain transmission bandwidth. The 3G wireless systems support 

online services and offer information on demand for location-based and interactive 

services. But the 3G standards will not be able to support broadband services since they 

limit the maximum data rate to 2 Mbps in indoor communications and less than 1 Mbps 

in outdoor communications. Thus, the future mobile and wireless applications will 

require significantly higher data rates and significantly reduced costs per transmitted bit 

as compared to 3G and 2G systems. Both network capacity and transmission capacity 

per user in 3G systems need to be increased substantially in order to allow video 

applications to become widely used.  
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As data rates supported by 4G systems should reach 100 Mbps, price per bit 

should drop by at least a factor of 100. The 4G is not one of solely higher data rates but 

has the focus of public service. The 4th Generation Wireless Infrastructures project has 

been started with the vision “Mobile multimedia to all at today’s prices for fixed 

telephony” and is expected to support more multimedia services at improved quality 

and higher data rates compared to 3G, 2.5G and 2G [26, 110, 112, 122]. Providing 

these services, at these high transmission rates, over the harsh and hostile wireless 

channels with a limited spectrum, however, creates many difficult and challenging 

problems. The three major factors driving more spectrally efficient high data rate 

technologies1 are:- 

� Continued growth in wireless subscribers and in the voice and data demand 

forecasts 

� Financial pressure to lower the cost of providing service to the end customer at 

the same time, improving the wireless customers overall wireless experience 

� Government regulations that place a premium on Spectrum, restrict land use and 

cell site locations, plus a push by regulators on licensees to adopt more 

spectrally efficient technology 

 There are various approaches suggested to achieve the above objectives and the 

WWRF has identified the following related research items [168]:- 

• Beamforming and space-time processing at the transmitter as well as the 

receiver; 

• Realistic channel models and interference scenarios to evaluate the performance 

of smart antennas; 

• Multiple input and Multiple output (MIMO) transmission systems; 

• Incorporation of MIMO techniques into multi-technology radio networks; 

• Re-configurable and robust signal processing techniques; 

• Multi-user detection and interference cancellation techniques. 

One thing is sure that these requirements on data rate, link quality, spectral 

efficiency and mobility cannot be met with conventional beamforming.  

 

_________________________________________________________________________________________________________ 

1. [P18] “Smart Antennas for Wireless Communication Systems”, Proceedings of IE(E) on Challenges ahead with IT,  SLIET, 
Longowal,pp.130-134, Jan 19-20, 2002 
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Therefore new beamforming techniques are essential to increase the spectral 

efficiency of wireless communication systems. To achieve the required system 

performance and spectrum efficiency, the International Telecommunication Union, 

under document number M.1036 vide item no.6 and Para (a), has also recommended 

that methods should be employed to ensure efficient use of the spectrum, such as Radio 

transceiver technology and access protocols including access technology, modulation 

and coding, adaptive interference management, diversity techniques and smart antennas 

[68]. Smart antennas offer a broad range of ways to improve wireless system 

performance. Smart antennas have potential to provide enhanced range and reduced 

infrastructure costs in early deployments, enhanced link performance as the system is 

built out and increased long term capacity [80]. Thus smart antennas are essential to 

next generation of wireless communication systems. The basic structure of smart or 

adaptive antenna system is discussed next. 

2.2 ADAPTIVE BEAMFORMING SYSTEM 

 An adaptive antenna array system consists of an array of spatially distributed 

antennas and an adaptive signal processor that generates a weight vector for combining 

the array output [87]. The sensor array consists of N sensors designed to receive (and 

transmit) signals. The output of each of the N sensor elements is fed into the pattern 

forming network, where the outputs are processed by linear time-variant (LTV) filters. 

These filters determine the directional pattern of the ‘smart’ antenna. Fig. 2.1 shows a 

block diagram of an adaptive array system. The exact structure of the signal processor 

is dependent on the amount of information that is available or can be estimated at the 

base station. This information includes the type of modulation and signaling format, the 

number of resolvable signal paths that are received at the base station, the direction of 

arrival and time delay of each path signal, availability of reference or training signals, 

and the complexity of the propagation environment. The outputs of the LTV filters are 

then summed to form the overall output y(t). The complex weights of the LTV filters 

are determined by the adaptive signal processor. There are many possible equipment 

configurations that can be used to perform the digital processing. Since the beam 

forming instructions are driven by software routines, there is wide ranging flexibility in 

the types of beams that can be produced including scanned beams, multiple beams, 

shaped beams & beams with steered nulls [17].  
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Figure 2.1-A typical array processing architecture 

 Adaptive beam forming technology is also referred to as smart antenna 

technology in some literature. Smart antenna generally refers to switched beam systems 

as well as steered beam systems. On the fundamental principle, smart antenna is similar 

to the adaptive antenna but the electromagnetic environment, in which they are 

operated, is different. That is, for the adaptive array, the beam pattern changes as the 

desired user and the interferers move and for the smart antenna the beam is steered or 

switched as the desired user moves. The adaptive antennas are designed to restrain a 

small number of strong interferers, while the smart antenna is designed to suppress a 

large number of strong interferers. The only way for smart antenna to suppress large 

number of interferers is, by depressing the side lobes, while adaptive antenna forms a 

null at the incident angles of the interferences [97, 151]. Thus switched beam or steered 

beam antenna tries to place maximum gain towards desired user. The performance of 

adaptive array is much better as compared to switched beam or steered beam systems 

for less number of interferers [151]. In general the relative performance of smart 

antenna systems versus fully adaptive systems depends upon the propagation 

environment and multiple access schemes (TDMA, FDMA or CDMA). In this thesis 
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beamforming algorithms are developed for CDMA based systems, for smart as well as 

adaptive antenna array systems. A brief review of historical development of smart or 

adaptive antenna systems in wireless communication is given next. 

2.3 ADAPTIVE ANTENNAS FOR ARRAY PROCESSING 

 ARCHITECTURES OF MOBILE WIRELESS 

 COMMUNICATION  SYSTEMS 

 The investigations into use of adaptive arrays in communication began with the 

objective to develop a system for receiving signals in the presence of interfering signals 

especially in Military communications. The concept of using antenna array is not new 

to radar and aerospace technology also. Adaptive antennas have been developed for 

receiving TDMA satellite communication signals and spread spectrum communication 

signals. In 1980, G.Turin, introduced the use of spread spectrum for development of 

anti multipath techniques and found its application to urban digital radio [56]. Yeh & 

Reudink discussed the use of antenna arrays in mobile radio systems to combat 

cochannel interference in 1982 [171]. They showed that with a large number of antenna 

elements, it is possible to carry out frequency reuse to achieve high frequency spectrum 

efficiency. Bogachev and Keselev suggested a similar concept around the same time 

[159]. They derived the expression for the probability of signal to interference ratio in 

the presence of Rayleigh fading. In 1983, Marcus suggested that, by using SDMA 

multiple users in the same cell can be accommodated on the same frequency and time 

slot [99]. Numerous approaches have been suggested in order to exploit spatial domain 

for example by optimally combining antenna outputs, adaptive antennas also can 

reduce the multipath fading and permit the use of the spatial dimension to suppress co-

channel interference [76-77,115,126,138]. The operation of optimally combining the 

array output is called beamforming or spatial filtering. In 1990, Swales et al. 

demonstrated that by employing adaptive antenna array, the co channel interference 

from neighboring cells can be reduced [139]. G.K.Chan studied the effect of 

sectorization on spectrum efficiency of cellular radio systems in 1992 [49]. In 1996, A. 

F. Naguib et al. investigated the capacity improvement with base station antenna arrays 

in CDMA systems [4]. Gradually the capability and potential of adaptive arrays, to 

increase the spectrum efficiency in mobile communication, was recognized by the 

wireless industry. In 1997, Y.Li et al. experimentally evaluated the performance of 
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multi-beam antenna array relative to dual diversity three sector antennas [169]. The 

results indicated that 5 dB of gain enhancement can be achieved with 24 beam base 

station antenna, compared to traditional sector configuration. Tadashi et al., 

theoretically analyzed the probability of incorrect beam selection with a switched beam 

antenna system under power limited and interference limited mobile communication 

environments [103]. In the same year, S.Choi and  D.Yun designed an adaptive array 

for tracking the source of maximum power in CDMA mobile communications [141]. 

They assumed that the desired signal is large enough compared to each of the 

interfering signals. The increase in capacity and trunking efficiency of switched beam 

antenna, for cellular radio systems, was investigated by Ming Jo Ho et al. in 1998 

[113]. They found that reverse link performance was a limiting factor in switched beam 

antenna. Paul Petrus et al. found that adaptive antennas can significantly increase the 

cell capacity, improve signal quality and reduce transmitter power requirements in 

AMPS [117]. They considered two types of beamformers, an ideal one and flat top for 

calculating outage probability and capacity increase. An ideal beamformer was having 

a flat main lobe and no side lobes, while a flat top beam former has flat main and side 

lobes. In 1999, Yueh Karen Lee et al., described a beamformer and equalizer system 

capable of separating and demodulating several co-channel GSM signals [172]. 

J.H.Winters compared the increase in range of multiple antenna base stations using 

adaptive array combining with that of phased array combining [82]. Both combining 

methods increased the range but with adaptive method the range increase was 5.5 fold 

as compared to 2.8 fold achieved with phased combining. S.Choi et al., in 1999 

compared two different types of smart antenna systems viz.; tracking beam array 

(TBA) and switching beam array (SBA) in terms of performance and hardware 

complexity for CDMA systems [149]. In the year 2000, Josef Johannes Blanz et al. 

exploited the use of smart antenna diversity to increase spectral efficiency by proposing 

a scheme for combined DOA (Direction of arrival) and joint channel estimation for 

time slotted CDMA mobile radio systems [89]. In 2001, Jonathan et al., investigated 

the performance of adaptive antenna arrays in conjunction with fixed channel and 

dynamic channel allocation schemes [88]. Faisal et al. introduced the concept of 

dynamic slot allocation in packet switched systems using smart antennas [46]. 

S.Durrani and M.E.Bailowaski have simulated reverse link of CDMA system using 

smart antenna under perfect adaptation [151]. They have simulated the bit error rate 
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(BER) performance for different number of active users and varying number of 

elements of adaptive array. The performance of digital mobile radio communication 

systems is limited by signal fading and interference from other co-channel users. Both 

these effects can be reduced by the use of antenna arrays at the base station with the 

appropriate signal processing and combining of the received signals. Thus adaptive 

beamforming for array processing architecture is important for mobile wireless 

communication as it can reduce the co-channel interference, multipath fading and 

background noise more as compared to conventional antenna systems [136]. The 

potential benefits also include improved coverage area, extended range, increased 

capacity, reduced interference and improved quality of service (QOS).  

The main Advantages of Smart Antennas Technology for operators and users are: 

Operator  : Network capacity, coverage, filling “dead spots”, 

less amount of BS, QoS, and new services. 

Operation and 

Maintenance (O&M) 

  : New more advanced BSS equipment, more flexible 

radio network control... 

User   : Higher QoS, more reliable, secure communication, 

longer battery life... 

 In general the performance enhancement attainable with antenna array depends 

heavily upon array geometry. The array geometry should be matched to the spatial 

characteristics of radio environment. For rural environments the angular spread is low 

and received signals tend to have well defined directions of arrival. For indoor and 

microcellular scenarios the angular spread is high and signals may not have well 

defined directions of arrival. The choice of array topography as well as their control 

algorithm should also reflect these differences in the signal environments. Next a brief 

review of some of these algorithms is given. 

2.4  ADAPTIVE ALGORITHMS FOR BEAMFORMING  

 In adaptive beamforming the optimum complex valued weights are derived 

according to some algorithm. The output of the beamformer shown in Fig. 2.1 can be 

written as   

    (t))t(y xw  *= ,                 (2.1) 
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where, w are weights of adaptive array, x(t)  in input signal vector and y(t) is the 

output signal. (.)* indicates complex conjugate operation. Several adaptive 

beamforming algorithms have been proposed in the literature. A general view of the 

most important algorithms is given in Fig. 2.2  

2.4.1  Spatial Reference Based Beamforming 

 The spatial reference or direction-finding (DF) based beamforming techniques 

are based on number of high resolution techniques such as Multiple signal classification 

(MUSIC) and Estimation of signal parameters via rotational invariance techniques 

(ESPRIT),which can be used to estimate the DOA [4, 8, 22]. Spatial reference 

beamforming techniques are considered to be suitable for large cell systems. 

2.4.2  Temporal Reference Based Beamforming  

 The temporal reference signal based technique offers computationally 

inexpensive estimates of the signal waveforms, without requiring a preceding DOA 

estimation step [4]. The advantage of this method is that knowledge of the DOA or the 

array manifold is not necessary. Moreover, this technique does not make any 

assumption about the multipath angle spread and it does not place any structural 

constraints on the antenna array itself. The weight vector estimate can be calculated by 

a number of different techniques such as Least Mean Square (LMS) or Direct Matrix 

Inversion (DMI) [23, 24]. The technique of training-signals based beamforming was 

studied for use with the digital mobile radio system IS-54 in [77].  

2.4.3  Signal-Structure-Based Beamforming 

In signal-structure based beamforming techniques, the base station adaptive 

processor exploits the temporal and/or spectral structure and properties of the received 

signal to construct the beamformer. The signal property is damaged by the presence of 

interference and the adaptive beamformer attempts to restore the signal property at its 

output and thus automatically reduces interference [4]. Examples of property restoral 

beamforming techniques include the constant modulus algorithm (CMA), finite 

alphabet (FA) and spectral self-coherence [20, 124,146,154,155].  

 A reasonable strategy in all of these algorithms is to find the best weight vector 

to optimally combine the array outputs under some suitable optimization criterion. On 

the basis of the optimization criterion these algorithms generally fall into two main 

categories viz.  
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(i) Maximum Signal to Interference plus Noise Ratio (SINR) beamforming;  

(ii) Maximum Signal to Noise Ratio (SNR) beamforming.  

Both these techniques have been widely used in mobile and wireless 

communication [4, 81, 89,140,141,149,150].  

 

 
Figure 2.2-Adaptive beamforming algorithms 

 

2.5 BEAMFORMING FOR CDMA BASED SYSTEMS 

 The various beamforming techniques described above are not suited for CDMA 

based wireless systems as the numbers of interferers are quite high in these systems. 

The spatial reference based beamforming techniques are analytically more tractable and 

they suffer from several drawbacks that may limit their applicability in a wireless 

setting. First, all spatial reference based beamforming techniques start with a DOA 

estimation step that involves an eigen-decomposition and one or more 

multidimensional, non-linear optimizations, which may be a difficult and time 

consuming task. Also, the DOA step requires knowledge of the array manifold and is 

very sensitive to errors in this knowledge. The presence of multipath in urban or 

suburban environments, where the condition of zero or relatively small angle spread 

does not hold, makes knowledge of the array manifold unreliable. Moreover, a key 

assumption in all DOA estimation techniques is that the number of signal wave fronts 

including cochannel interference signals must be less than the number of antennas in 
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the array, a fact that restricts their applicability in a CDMA wireless setting. All users 

in a CDMA wireless system are cochannel and their number may easily exceed the 

number of antennas. Moreover, due to multipath propagation and the fact that each 

transmission path may contain direct, reflected and diffracted paths at different time 

delays, the array manifold may be poorly defined. Therefore spatial reference based 

beamforming techniques are not applicable. Moreover spatial methods provide low 

carrier to interference enhancement when compared with temporal methods [80].  

 The use of temporal reference based signal requires prior carrier and symbol 

recovery, which is made difficult by the presence of co-channel interference. In 

addition, sending a training signal along with the information signal reduces the 

payload efficiency of the system. Also, training-signals based beamforming techniques 

are not applicable in systems where training or synchronization signals are not available 

such as in the IS-95 CDMA standard [5]. Therefore, reference-signal based techniques 

cannot be used. The signal-structure based beamforming techniques are very robust 

against different propagation conditions. No knowledge of the array manifold or DOA 

is required. However, a drawback that limits the applicability of signal structure-based 

beamforming methods for wireless applications is that the convergence and capture 

characteristics are still not well understood.  

 Temporal reference based antenna control methods can theoretically 

approach optimum performance for any given array deployment and thus offer much 

better performance than spatial reference and signal-structure based algorithms. 

However in order to use these algorithms in CDMA based systems a proper temporal 

reference is required for necessary signal correlation [80]. As discussed in chapter 1, in 

3G communication systems, the necessary provisions in standards have been made such 

that smart antenna technology can be effectively used. In second generation cellular 

systems, ANSI-136 and IS-95, implementing smart antennas had problems because the 

standards did not consider their use. For 3G systems, smart antennas were taken into 

account in WCDMA, where downlink pilots are dedicated to each user, and therefore 

smart antennas can be effectively used on the downlink. Specifically, any packet or 

multimedia access to all users, as well as pilots, must be transmitted or done in such a 

way as to not preclude the use of smart antennas, if this technology is to be used to its 

full benefit. Hence for 4G systems smart antennas are taken into account in standard 

development. Thus the use of temporal reference based algorithms is possible in 3G 
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and 4G systems. In this thesis, in chapter 4, advanced array processing techniques are 

developed for mobile communication systems in which the temporal reference signal is 

assumed to be known at the beamformer.  

 One of the major issues in beamforming in a CDMA cellular system, all users 

shares the entire available frequency spectrum and the same bandwidth is used in all the 

cells, with the most efficient frequency reuse. Each user within a cell modulates the 

information signal with a wideband semi-orthogonal coding sequence. Although all 

users use the same frequency band at the same time, the base station can separate each 

of the received signals by separately decoding each spreading sequence. However, 

since the codes are semi-orthogonal, the users within a cell interfere with each other 

(intracell interference) and with other users in other cells (intercell interference) [121]. 

Adaptive antennas can decrease the system interference and thus cause better link and 

speech quality. This interference decrease is used to increase the system capacity and 

the spectral efficiency.  

 It is obvious that in CDMA based systems the numbers of potential interferers 

are higher than the number of antenna elements i.e. the number of degrees of freedom 

of the adaptive system. Interfering units can also be considered uniformly distributed 

around the base station. So, in such systems, the antenna array shall realize the beam 

steering rather than null steering. Therefore in 3G & 4G systems the research should 

focus on antenna algorithms which can point main beam in the direction of desired user 

and low side-lobes towards interferers because many interference sources surround the 

array. In [80-81, 110, 151] it is also pointed that for increasing the capacity of 3G & 4G 

systems, smart antenna arrays should reduce intercell and intracell interference by 

pointing the main beam towards the direction of the desired user and by minimizing the 

sidelobe towards other users. It is also discussed in [97,117,150] that for CDMA based 

systems the only way, for smart antenna to improve SIR, is by depressing the side 

lobes, while adaptive antenna forms a null at the incident angles of the interferences. 

Thus new beamforming algorithms for controlling side lobes are required for reduction 

of interference and the enhancement of capacity. 

 Most of the beamforming techniques which have been proposed for wireless 

communications perform spatial filtering by forming sharp nulls in the direction of the 

interfering mobiles. There are cases when angular spread of the rays, impinging on the 

array, is large and a sharp null can not provide efficient interference suppression. The 
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beamformer should be able to form broad nulls. However there is very less work in the 

literature concerning broad nulls in wireless communication regardless of the 

considerable advantages they have in cases of cochannel interferences with large 

angular spread or when motion is involved. Thus the beamforming algorithms have to 

be developed, that are able to provide broad steer able low side lobes in certain 

directions. 

2.6 NEW OPTIMUM ARRAY SIGNAL PROCESSING 

TECHNIQUES FOR  BEAMFORMING IN WIRELESS 

COMMUNICATION  SYSTEMS 

 Adaptive antennas are a promising technique, which can increase system 

capacity. Today adaptive antennas and algorithms to control them are vital to high 

capacity system development. In optimal beamforming techniques the weights of an 

array of sensors are selected according to optimization criteria, which minimize a cost 

function. Typically the cost function is inversely associated with the quality of signal at 

the array output, so when cost function is minimized the quality of signal is maximized. 

Two most popular techniques, which have been applied extensively to communication 

systems are the MMSE and Least Squares (LS) criteria [80]. In both these techniques 

the square of the difference between the array output and a locally generated estimate 

of the desired signal is minimized by finding an appropriate weight vector. MMSE 

solutions are posed in terms of ensemble averages and produce a single weight vector, 

which is optimal over ensemble of possible realizations [87]. This is the approach used 

in Wiener Filter Theory [142]. The Wiener filter is optimal in the sense of minimizing 

the MSE of the output.  

 A study in 1987 has shown that the adaptive antenna based on MMSE criterion 

can suppress the multipaths signals with large delay differences and can be employed 

for high speed mobile communications [170]. As mentioned by WWRF any robust 

signal processing technique, which can result in lesser MSE, will definitely improve the 

performance of wireless communication systems [168]. One such tool which is 

recognized is Fractional Fourier Transform (FrFT). The ordinary Fourier transform 

(FT) is suited best for analysis and processing of time invariant signals and systems. 

When dealing with time varying signals and systems, filtering in Fractional Fourier 

Domains might allow us to estimate signals with smaller minimum mean squared error. 



 28

The class of Fractional Fourier domain filters is a subclass of the class of linear filters 

[104]. The optimal filter found in this Fractional Fourier domain is not most optimal 

among all filters. However the class of Fractional Fourier domain filters is much 

broader class than the class of ordinary domain filters, so that in general the optimal 

filter found in FrFT domain result in much smaller errors as compared to ordinary time 

or Fourier domain filters. This reduction in error comes at no additional cost, because 

FrFT can be implemented with the same cost as ordinary FT [59].  

 The continuum of fractional Fourier domains corresponds to oblique axes in the 

time frequency plane, with the ordinary time or frequency domains as special cases as 

shown in Fig. 2.3. In wireless communication received signal is generally degraded by 

distortion, fading and noise and the signal can be considered as non stationary or time 

varying signal.  
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Figure 2.3-Filtering in fractional Fourier domain 

 Although there is very less work which has been reported in literature for 

applying the FrFT to mobile wireless communication except [64, 111]. In [111] a 

wireless communication system, based on FrFT, has been proposed. In this work, the 

author has introduced the idea that frequency varying basis functions are more suitable 

for multi-carrier transmission over rapidly time-varying channels with respect to 

traditional frequency-invariant carriers. The basic concept is based on a chirp-like 

harmonic decomposition for the RF propagation channel that matches the essential 

time-varying characteristics of the system. The proposed methodology is an 

approximation to the optimum nonstationary approach which, in channels characterized 

by large Doppler spread, remarkably outperforms the classical (Fast Fourier Transform) 

FFT-based scheme. In the proposed scheme, at no extra computational cost, it is 
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possible to obtain a significant performance improvement in rapidly fading channels. In 

[64], I.S.Yetik has introduced the concept of FrFT beamforming in Additive White 

Gaussian Noise (AWGN) channels. In this paper the central concept in beamforming, 

in a single time domain or in a single frequency domain, has been generalized to 

beamforming in a single fractional Fourier domain. In this thesis the work of [64] is 

extended to consider FrFT based beamforming for multipath fading signals over 

AWGN channel for reducing MSE at no extra computational cost. The BER 

performance of optimum FrFT beamformer is evaluated in mobile environment. 

2.7 APPLICATION OF ANTENNA ARRAYS IN MOBILE  

 WIRELESS SYSTEMS 

 Application of antenna arrays in mobile and wireless communication has been 

of special interest. It has been shown by many studies that when an array is 

appropriately employed in a communication system, it helps in improving the system 

performance by increasing channel capacity and spectrum efficiency, extending range 

coverage, tailoring beam shape, steering multiple beams to track many subscribers, 

compensating antenna aperture distortion electronically, reducing multipath fading, 

cochannel interference (CCI) and BER [9]. Table 2.1 details the three main areas of 

study in the field of radio antennas and antenna arrays.  

Table-2.1: Performance goals for antennas in wireless communication [9] 

Antenna design AOA estimation Performance criteria 

Gain 

Bandwidth 

Radiation pattern 
Size 

Sidelobe level 

Error variance 

Bias 

Resolution 
 

Coverage 

Quality 

Interference rejection 
Spectral Efficiency 

Low power requirements 

  The research in the third area of mobile wireless communication has been of 

special interest, particularly in the last two decades. The growth of third area of antenna 

applications in wireless communications is shown in Fig.2.4. The use of multiple 

antennas at the transmitter and/or receiver has opened up a new dimension space [9]. 

 Paulraj and Kailath in 1994 proposed a technique for increasing the capacity of 

wireless link using multiple antennas both at transmitters and receivers [11]. Their idea 

along with fundamental research done at Bell Labs began a new revolution in 
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information and communication theory in mid 1990s. This theory states that the 

antenna array may be used together with other methods such as channel coding, 

adaptive equalization and interference canceling to enhance the system performance. 

 

Goals: quality, capacity, coverage, spectral efficiency 

Fig 2.4: Link Performance Enhancement-Evolution [9]  

 The idea behind MIMO is that the signals on the transmit (TX) antennas at one 

end and the receive (RX) antennas at the other end are “combined” in such a way that 

the quality (or BER) or the data rate (bits/sec) of the communication for each MIMO 

user will be improved. Such an advantage can be used to increase both the network’s 

quality of service and the operator’s revenues significantly [35]. The prospect of many 

orders of magnitude improvement in mobile wireless communication performance at no 

cost of extra spectrum (only hardware and complexity are added) is largely responsible 

for the success of MIMO as a topic for new research. This has prompted progress in 

areas as diverse as channel modeling, information theory and coding, channel 

estimation error, linear receive signal processing, antenna design and multiantenna 

aware cellular design, fixed or mobile [35]. 

 Multiple antenna structures can be divided into four groups: use of single 

antenna at transmitter and receiver (SISO), use of antenna (MR) array only at receiver, 

known as single-input multiple-outputs (SIMO) system; use of antenna (MT) array only 

at transmitter, known as multiple-inputs single-output (MISO) system; and use of 

antenna arrays at both transmitter (MT) and receiver (MR), known as multiple-inputs 

multiple-outputs (MIMO) systems. A key feature of MIMO systems is the ability to 
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turn multipath propagation, traditionally a pitfall of wireless transmission, into a benefit 

for the user. MIMO effectively takes advantage of random fading [50, 51, 71] and 

when available, multipath delay spread [35] for multiplying transfers rates. MIMO 

systems have a number of advantages over traditional SISO systems such as the 

beamforming (or array) gain, the diversity gain and the multiplexing gain. The 

beamforming and diversity gains are no exclusive of MIMO systems and also exist in 

SIMO and MISO systems. The multiplexing gain, however, is a unique characteristic of 

MIMO systems. An overview of the gains of MIMO systems is given in [57]. A brief 

discussion about these gains and their mutual comparison is given in chapter 5.  

 The underlying mathematical nature of MIMO, where data is transmitted over a 

matrix rather than a vector channel, creates new and enormous opportunities beyond 

just the added diversity or array gain benefits. In a MIMO link, the benefits of 

conventional smart antennas are retained since the optimization of the multiantenna 

signals is carried out in a larger space, thus providing additional degrees of freedom. In 

particular, MIMO systems can provide a joint transmit-receive diversity gain, as well as 

an array gain upon coherent combining of the antenna elements (assuming prior 

channel estimation). The more general and appealing case of simultaneous transmit and 

receive diversity (i.e., MIMO systems) is being extensively addressed since recent 

studies on wireless multi-antenna MIMO channels showed a linear increase of capacity 

with the number of antennas [50, 71]. 

 In fact, the advantages of MIMO are far more fundamental. This was shown in 

[50], where the author shows how one may under certain conditions transmit min (M, 

N) independent data streams simultaneously over the eigenmodes of a matrix channel 

created by TX and RX antennas. A little known yet earlier version of this ground 

breaking result was also released in [11] for application to broadcast digital TV. 

Information theory can be used to demonstrate these gains rigorously. 

 MIMO system also use Spatial Multiplexing (SM), in which a high-rate bit 

stream is decomposed into MT independent rate bit sequences which are then 

transmitted simultaneously using MT multiple antennas. A simple example of such a 

SM technique is V-BLAST [52, 53]. In SM the signals are launched and naturally mix 

together in the wireless channel as they use the same frequency spectrum. At the 

receiver, after having identified the mixing channel matrix through training symbols, 

the individual bit streams are separated and estimated. This occurs in the same way as 
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M unknowns are resolved from a linear system of M equations. This assumes that each 

pair of transmit receive antennas yields a single scalar channel coefficient, hence flat 

fading conditions under perfect knowledge of the channel.  

 As mentioned above communication techniques in MIMO systems depend on 

the degree of channel state information (CSI) available at the transmitter and at the 

receiver [6]. Clearly the more channel information, the better the performance of the 

system. CSI at the receiver (CSIR) is traditionally acquired via the transmission of a 

training sequence (pilot symbols) that allows the estimation of the channel [30]. It is 

also possible to use blind methods that do not require any training symbols but exploit 

knowledge of the structure of the transmitted signal or of the channel.  

 CSI at the transmitter (CSIT) cannot be directly obtained as happened with 

CSIR. One possible way to achieve CSIT is to have a feedback channel from the 

receiver to the transmitter to send back the channel state as side information. Another 

traditional way to acquire CSIT is to infer knowledge about the transmit channel from 

previous receive measurements [98]. When perfect CSIT is available it is called closed 

loop diversity and with no CSIT, open loop diversity2. For transmit diversity adopted 

for WCDMA standards both open loop and closed loop diversity are specified [173]. 

For the case of no CSIT, the transmit diversity can be exploited either indirectly or 

directly. Indirect transmit diversity schemes convert spatial diversity into time or 

frequency diversity which can then be readily exploited by the receiver [78]. In direct 

transmit diversity, Space-time coding (STC) techniques independent of the channel 

realization can be readily used [49, 143, 145, 160]. With perfect CSIT, the transmission 

can be adapted to each channel realization using signal processing techniques [54-55]. 

In [134], the combination of beamforming and space-time codes in a system with 

multiple antennas at both sides of the link was considered aiming at maximizing the 

average SNR for scenarios with partial CSIT. 

 It is generally assumed that perfect CSI is available at the receiver. 

Nevertheless, the case of no CSI at any side of the link has also been considered using 

the so-called unitary and differential STC [166]. The communication techniques in 

MIMO systems assume perfect channel estimation at the receiver and transmitter. The 

effect of imperfect channel estimates on the receiver performance of MIMO systems 

has been widely studied [36, 47,161].  

______________________________________________________________________ 
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2. [P23] Invited Talk on “Transmit Diversity Schemes-A Review” in Conference on Information and Communication 
Technologies, JMIT Radur, 9-11 February, 2006. 

In this thesis the reduction in channel estimation error using FrFT has been taken as the 

one area of research. The second issue which has been taken up in this study is the 

optimal linear receive beamforming in MIMO systems. The proposed optimal receive 

beamforming can be extended to joint optimal transmit-receive beamforming.  

2.8 SMART ANTENNAS AT HANDSET 

 The use of smart antennas on handheld radios is a new area of research. Smart 

antenna technology at the cellular mobile base station has been a subject of interest for 

many years and finds applications in base stations for their potential in improving 

signal-to-noise ratio (SNR), link quality and reliability, and providing position location 

capability to user terminals. Smart antenna systems are traditionally designed for base 

station applications, since the base station has space and enough processing power to 

support array processing. As wireless communication systems evolve, service quality 

and capacity are of primary importance. With ongoing advancements in the 

performance of semiconductor technology, chipsets that are both smaller and more 

powerful are now available for handheld mobiles. The trend is not expected to slow 

down in near future and thus the possibility of incorporating smart antenna technology 

at the handset seems possible. The factor driving research interest in this direction is 

that if beamforming can be performed in the downlink at a base station, then the need 

for an antenna array at the mobile unit is obviated, thus reducing complexity and power 

consumption. Papers, investigations and research have been emerging concerning 

adaptive antennas on handsets dating from since 1997. In 1988, Vaughn [123] 

concluded that with then-current technology, adaptive beamforming would work for 

units moving at pedestrian speeds but would be difficult for high-speed mobile units. In 

1999, Braun, et al. [25] reported experiments in which data was recorded using a two-

element handheld antenna array and processed using diversity and optimum 

beamforming techniques. Use of smart antenna at the handset and performance 

improvement has been reported in [119]. Recently there have been reports of 

commercial prototypes of using two-element smart antenna systems for user terminals 

[1, 18]. Antenna arrays at the handset can improve reliability and capacity in two ways. 

First, diversity combining or adaptive beamforming techniques can combine the signals 

from multiple antennas in a way that mitigates multipath fading. Second, adaptive 
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beamforming using antenna arrays can provide capacity improvement through 

interference reduction. The adaptive antennas at the handset offer the following 

improvements: - 

• Reduction of multi- path fading; 

• Suppression of interference signals; 

• Improvements of call reliability; 

• Lowering the specific absorption rate (SAR); 

• Mitigation against dead zones; 

• Increased data rates; 

• Increased spectral efficiency. 

The major research in smart antenna, at the handheld terminal, is going on in various 

universities and companies as listed below: 

Table-2.2: Universities researching Adaptive Antennas on Handsets 

Name of Company /University Area of Research Results produced 

Allgon Mobile Communications, 

Sweden with Department of 

Signals, Sensors and Systems, 

Royal Institute of Technology, 

Sweden and Hong Kong University 

of Science and Technology, Hong 

Kong 

Adaptive antenna 

for handset for SIR 

improvement [25] 

Investigated two branch 

antenna at handset for 

interference reduction  

Virginia Polytechnic Institute and 

State University 

Smart antenna at 

handset for diversity 

[ 46,127] 

Handset diversity is measured 

for various propagation 

environments 

University of Surrey center for 

Communications System Research 

Beamforming and 

diversity at handset 

[144] 

Developed a Quadrifilar 

antenna and studied various 

combining techniques.  

Antenova Limited New generation 

antennas [18] 

Development of Small size, 

higher efficiency antenna  

Bradley Department of Electrical Reduced power Gains in the link budget of 7-
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and Computer Engineering  & 

Virginia Polytechnic Institute and 

State University Blacksburg, 

Virginia 

consumption, 

improved capacity 

and better link 

reliability [106] 

 

9dB at the 99% reliability 

level and single interfering 

signal can be reduced by 25-

40dB using adaptive 

beamforming algorithms 

Virginia Tech VLSI for 

Telecommunications Laboratory 

Department of Electrical and 

Computer Engg Virginia Tech, 

Blacksburg, Virginia 

Performance gain of 

smart dual antennas 

with adaptive 

combining Dual 

smart antenna 

system for 3GPP 

WCDMA handsets 

[48,152-153] 

Reduction in FER by adaptive 

combining over a single 

antenna system. 

 A dual smart antenna system 

with diversity combining at 

handsets is developed for the 

3GPP WCDMA system 

Adaptive Antennas at the Mobile 

and Base Stations in an 

OFDM/TDMA System 

Institute of Electrical and 

Electronics Engineers, USA 

 

Use of adaptive 

antennas at the base 

station and mobile 

station operating 

jointly in 

combination with 

OFDM[93] 

Reduction in average error 

probability for frequency 

selective fading channels, as 

compared to OFDM without 

antenna diversity.  

Mobile Portable Radio Group 

(MPRG) 

Virginia Polytechnic Institute and 

State University, Virginia 

 

Transmit diversity 

to counter fading 

and improve signal 

quality [127] 

Narrowband channel 

measurements for a two-

element transmitter antenna 

array and a single antenna 

receiver in an indoor 

environment. 

Virginia Technical Antenna Group 

Electrical and Computer 

Engineering Department , Virginia 

Adaptive 

Beamforming [29] 

SINR improvement in various 

environments reported  
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 All the research described above has been in the direction of Diversity, Capacity 

improvement, Reduction of multi- path fading, Suppression of interference signals, 

Improvements of call reliability, Mitigation against dead zones, Increased data rates, 

Spectral efficiency. The recent developments in mobile communication has drawn 

attention towards the biological effects of the electromagnetic fields on vital organs of 

human body like brain, kidney, heart and liver [66-67,73,100]. But no research has 

been done in the direction of controlling the radiation hazards using adaptive antenna at 

the handset. Health aspects due to the use of mobile phones have been a public concern 

globally, especially following the large market penetration of the digital GSM phones 

and 3rd generation W-CDMA terminals [72]. There is a need for the assessment of the 

exposure of the user and the public in general from these terminals. With the 

implementation of smart antenna being suggested at handset also the use of smart 

antenna in controlling radiation hazards is considered as a research problem.  

2.9 SUMMARY OF THE CHAPTER 

 At the start of 21st century, the wireless and mobile markets are witnessing 

unprecedented growth fueled by an information explosion and a technology revolution. 

While a great effort in second-generation wireless communication systems, has been 

focused on the development of modulation, coding, protocols etc. The antenna related 

technology has received relatively less attention up to now. Also the fragmented nature 

of the International Mobile Communication market (illustrated by growing numbers of 

standards) was a hurdle for the researchers to develop equipment to support a wide 

range of air interfaces. During the next generation mobile communication systems, the 

network operators may not achieve full network capacity, without use of antenna array 

technologies. Future mobile communication aims to support multiple air interface 

standards, which will require beam-forming architectures. This chapter gives a brief 

overview of antenna arrays, their use in future generation CDMA based wireless 

systems, a FrFT based optimal signal processing technique for mobile wireless, FrFT 

based processing for MIMO systems and research in use of smart antenna at handset. In 

the next chapter, low side lobe algorithms for array processing architectures of smart 

antennas, is taken up as a first research problem.  
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 Wideband direct sequence code division multiple access is accepted as a 

wireless access scheme for 3G systems [1]. One of the key features in a 3G wireless 

system is high data rate. For a high data rate, a lower BER and a smaller spreading 

factor are required. In the uplink of the 3G systems, each user signal is transmitted 

asynchronously and traverses different paths from the mobile station to the base station. 

Furthermore both distance dependent path loss and shadowing exist, producing the well 

known near/far problem. Thus, the main source of interference is coming from other 

users’ signals within the same cell known as intra-cell interference. However, in the 

downlink of the 3G systems, the signal transmitted from the base station is the 

superposition of all active users’ signals and common control signals. The desired user 

signal and multiple access interference signals traverse the same paths, but they are 

inherently orthogonal with each other. Therefore it does not pose a serious problem at 

handsets. Another source of interference is coming from adjacent cells called inter-cell 

interference, which can have a substantial impact on the performance [33]. Thus, in 

CDMA systems multiple access interference (MAI) is the major cause of transmission 

impairment. A promising technique to reduce this MAI is adaptive antenna array and 

there has been great deal of interest in reducing MAI through use of beamforming to 

improve the capacity and performance of CDMA based systems [154]. As discussed in 

chapter 2, beamforming techniques which have been proposed for wireless 

communications perform spatial filtering by forming sharp nulls in the direction of the 

interferers. Will null beamforming help in reducing MAI in CDMA based wireless 

communication systems? 
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3.2  NULL vs. LOW SIDE LOBE BEAMFORMING 

 A null in an antenna pattern denotes a zero response. One may shape the 

antenna pattern in such way that it cancels interferers and produces a strong beam 

towards the wanted signal. This is done by placing the nulls in the pattern in the 

corresponding known directions of these interferers and simultaneously steering the 

main beam in the direction of the desired signal. This method of beam forming is 

known as Null Beam Forming [33]. Adaptive arrays, often referred as “Smart 

antennas”, were suggested in the early 1960’s and proved to be useful to cancel 

directional interfering signals, improving the performance of wireless communications 

systems [126]. An adaptive array with optimum weight vector can be used for null 

beamforming. The flexibility of array weighting to get the desired array pattern can be 

exploited to cancel directional sources operating even at the same frequency as that of 

the desired source, provided these are not in the same direction of the desired source. In 

adaptive antenna theory, the basic concept of nulling is based on number of antenna 

elements. An array with M number of antenna elements can null out M-1 interferers 

only. If the number of interferers is more than M-1, then the array becomes overloaded 

and its performance starts degrading. One thing is sure that the adaptive antennas are 

designed to restrain a small number of strong interferers in wireless communication.  

 With the CDMA technique, all users communicate simultaneously in the same 

frequency band. Thus the number of interferers in CDMA signal environment is at least 

of the order of tens and it is never realistic to have that many antenna elements in the 

cell site of a given wireless communication system for nulling these interferers. This 

means the behaviour of the radiation pattern adaptation system is no longer of the null 

steering type but instead, an antenna pattern with reduced response toward undesirable 

interferences is desired [38]. This technique also helps to reduce co-channel 

interference due to less energy being transmitted in unwanted directions. The main 

beam is simply pointed in the direction of the desired mobile unit. In this way, the 

reduction in interference level will be only partial, however it is no longer necessary to 

put nulls in the direction of the interfering units with critical precision, the adaptation 

system actually requires less complexity.  

 In wireless communications there are cases where the angular spread of the rays 

impinging on the array is so large that a sharp null can not provide efficient interference 
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suppression [151]. Such cases, which arise when the mobile station is located close to 

the base station or when the direction of arrival changes quickly due to the motion of 

the mobile, can significantly degrade the performance of the system. Because in such 

case one has to form a broad null towards the complete angular spread. The large 

angular spread can also be handled if a broad low side lobe is formed towards the 

direction of the largely spread interference. There has been considerable interest in the 

recent years in beamformers which are able to synthesize controlled broad low side 

lobe in the mobile radio networks.  

 From the above discussion it is obvious that in the next generation wireless 

systems the side lobe control will play a major part in reducing interference and 

improving capacity. The conventional arrays based on nulling procedure are unlikely to 

be applicable in practical CDMA wireless communication even if their beamforming 

procedure is valid for coherent interferers [97, 117, 150]. In next generations systems 

the side lobe topography will play an important role in controlling interference and 

antenna arrays shall be able to reduce interference by pointing the main beam towards 

the direction of the desired user and by minimizing the sidelobes towards other 

interferering users. This ability of the array system shall lead to increased system 

capacity.  The side lobe control can be achieved by use of, both, tapered beamformers 

non-adaptively and by shaping the antenna pattern adaptively. The array mathematical 

model used in thesis is derived next. 

3.3 ARRAY MATHEMATICAL SIGNAL MODEL   

 To derive array mathematical signal model consider an M-element uniformly 

spaced linear array (ULA), as shown in Fig.3.1 [21]. The model considered here is for 

single signal, which can be extended to multiple signals. In Fig.3.1, the array elements 

are equally spaced by a distance d, and a plane wave arrives at the array from a 

direction θ off the array broadside. The angle θ is called the direction-of-arrival (DOA) 

or angle-of-arrival (AOA) of the received signal. Assume a single carrier modulated 

signal is arriving from angle θs that is received by the 1st sensor given by  

   ))t(tf2cos()t(u)t( c1 β+γ+π=x ,                (3.1) 

where, fc is the carrier frequency of the modulated signal, γ(t) is the information 

carrying component, u(t) is the amplitude of the signal, and β is a random phase.  
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 Figure 3.1-An ‘M’ Element Uniformly Spaced Linear Array  

The complex envelope )t(~
1x  of )t(1x  is given by  

    )])t((jexp[)t(u)t(~
1 β+γ=x .                        (3.2) 

Thus the received signal at the first element)t(1x and its complex envelope )t(~
1x  may 

be related by      

    )]tf2jexp()t(Re[)t(~
c11 π= xx  ,               (3.3) 

where, Re [.] stands for the real part of [.]. Upon reception of signal )t(x  the signal is 

demodulated to recover the signal)t(~x back as shown in Fig.3.2.  

 

 

 

Figure 3.2- Block Diagram of Sensor with Receiver 
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 In Fig.3.1 taking the first element in the array as the reference point, assuming 

medium to be non dispersive, the time delay up to second element due to additional 

propagation distance‘d sinθ’  is given by     

     
c

sind θ=τ .                 (3.4) 

The received signal of the second element may be expressed as        

  ))t()t(f2cos()t(u)t()t( c12 β+τ−γ+τ−πτ−=τ−= xx .              (3.5) 

If the carrier frequency fc is large compared to the bandwidth of the impinging 

signal, then the modulating signal may be treated as quasi-static during time intervals of 

order τ and in that case (3.5) reduces to  

           ))t(f2tf2cos()t(u)t( cc2 β+γ+τπ−π=x .                          (3.6) 

The complex envelope )t(~
2x  of )t(2x is therefore given by  

 )]f2(jexp[)t(~)])t(f2(jexp[)t(u)t(~
c1c2 τπ−=β+γ+τπ−= xx .              (3.7) 

The effect of the time delay on the signal can now be represented by a phase shift term 

exp {-j (2πfcτ)}. Substituting (3.4) into (3.7), 

 )]sind
2

jexp[)t(~)]
c

sind
f2(jexp[)t(~)t(~

1c12 θ
λ
π−=θπ−= xxx  ,            (3.8) 

where, λ is the wavelength of the carrier. Similarly, for ith element the complex 

envelope of the received signal may be expressed as 

)]sind)1(
2

(jexp[)t(x~)t(x~ 1i θ−
λ
π−= i .               (3.9) 

Denoting the received signal vector by  

    T
M txtxtxtxt )](~...)(~)(~)(~[)( 321=x  ,            (3.10) 

where, (.)T denotes conventional transpose then x(t) may be expressed in vector form as 

    (t))((t) 1x~θ= ax ,                 (3.11) 

where,   
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The vector x(t) is often referred to as the array input data vector and a(θ) is 

called the steering vector. The collection of steering vectors for all angles and 

frequencies is referred to as the array manifold. In the above discussion, the bandwidth 

of the impinging signal expressed in (3.1) is assumed to be much smaller than the 

reciprocal of the propagation time across the array. Any signal satisfying this condition 

is referred to as narrowband; otherwise it is referred to as wideband. In most of the 

discussion that follows, the signal is assumed to be narrowband unless specified 

otherwise. The discrete time signals from a ULA in (3.10) can be written as: 

   T
M321 (n)]x(t)x(n)x(n)x[n ~~~~)( =x .               (3.13) 

The above simple case can be extended to a more general case. Suppose there 

are k narrowband signals, all centered around a known frequency, say fc, impinging on 

the array with DOA θi, i = 1, 2,……, k. Let s1(t), ……….., sk(t) be the complex 

envelopes of these signals at first sensor. These signals may be uncorrelated, as for the 

signals coming from different users, or can be fully correlated as happens in multipath 

propagation, where each path is a scaled and time-delayed version of the original 

transmitted signal or can be partially correlated due to the noise corruption (How noise 

corruption leads to partial correlation of signals? The proof of this statement is given in 

Appendix A). The received signal at the array is a superposition of all the impinging 

signals and noise. Therefore, the input data vector may be expressed as 

x(t) ∑
=

=
k

i 1

 a(θi) si(t) + n(t),              (3.14) 

where, n(t) denotes the M × 1 vector of the noise at the array elements. a(θi ) is given 

by   

a(θi ) 
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 .             (3.15) 

In matrix notation, (3.14) can be written as 

x(t) = A(Θ) s(t) + n(t),                          (3.16) 

where, A(Θ) is the M × k matrix of the steering vectors given by  
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A(Θ) )](.....................)()([ k21 θθθ= a a a ,             (3.17)

 s(t) [ ]T
k21 (t)........s.......... )t(s )t(s= .              (3.18) 

(3.16) represents the most commonly used narrowband input data model. Based on the 

array model described above beamforming fundamentals are discussed next. 

3.4 FUNDAMENTALS OF BEAMFORMING   

 Beamforming is the name given to a wide variety of array processing algorithms 

that focus array capabilities in a particular direction. A beamforming algorithm points 

the array spatial filter towards the desired direction algorithmically rather than 

physically. Beamforming algorithms perform operations on the array output regardless 

of the sources or the character of noise present in the wave field so as to accept the 

signal from a particular direction while suppressing signals from undesired directions. 

Beamforming is also referred to as “electronic” steering since the weights are applied 

using electronic circuitry following the reception of the signal for the purpose of 

steering the array in a particular direction. This can be contrasted with mechanical 

steering, in which the antenna is physically pointed in the direction of interest. 

Conventional beamforming algorithms also use modern digital processing algorithms to 

linearly combine the signals from all the sensors in a manner, that is, with a certain 

weighting, so as to examine signals arriving from a specific angle. The beamforming 

operation is shown in Fig. 3.3. 

 
Figure 3.3-Beamforming Operation 
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    y(n) ∑
=

==
M

i
ii nxw

1

* )( wH x(n),                         (3.19) 

where, wi
* is the weight applied to the ith sensor. w is the M×1 column vector of 

complex antenna weights given  and (.)H denotes conjugate transpose. w is commonly 

referred as beamforming vector given by      

    T
Mww ]...............[ 1=w .                                    (3.20) 

Typically, beamforming process as seen from (3.19) is filtering a signal from a specific 

location and attenuating signals from other locations. Thus a beamformer linearly 

combines the spatially sampled time series from each sensor to obtain a scalar output 

time series in the same manner that a Finite Impulse Response (FIR) filter linearly 

combines temporally sampled data. Implementing a temporal filter requires processing 

of data collected over a temporal aperture. Similarly, implementing a spatial filter 

requires processing of data collected over a spatial aperture. The beampattern and 

element spacing of an antenna array may be viewed as the equivalent to magnitude 

response of a FIR filter and the sampling period of a discrete time signal in the time 

domain, respectively [32]. To illustrate this point, consider a signal x(t) composed of k 

complex sinusoids with unknown parameters embedded in additive noise:   

    ∑
=

+φ+π=
k

i
iii tntfjatx

1
)()]2(exp[)( ,             (3.21) 

where, fi, ai, and φi are the frequency, amplitude, and phase, respectively, of the ith 

sinusoid. Suppose that the sampling period of signal is Ts unrelated to the frequency of 

the unknown sinusoid, and let x(l) denote the signal at time instant lT’s, then  

∑
=

+φ+π=
k

i
sisii lTlTfja(l)

1
)(n)])(2( exp[x .                        (3.22) 

 Suppose the sampled signal is fed into an FIR filter with M -1 delay units, 

which is shown in Fig.3.4, to perform filtering. At time instant sTl , the filter input and 

the (M –1) outputs of the delay units may be expressed as 

∑
=

+=
k

i
ii llsfl

1

)()()()( nax ,              (3.23) 

where,    T1)]Mx(l.................... [x(l)(l) +−=x ,             (3.24) 

     T1)]Mn(l.................... [n(l)(l) +−=n ,             (3.25) 
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and   ])(2(exp[)( isiii lTfjals φ+π= .                         (3.27) 

 

 

 

 

 

 

 

 

 

 

Figure 3.4-Filtering in time domain using FIR filter 

Comparing (3.23) with (3.14), it can be seen that for a narrowband ULA, there 

is a correspondence between the normalized element spacing, d/λ, and the sampling 

period, Ts, in the FIR filter. The sine of the DOA θi, sinθi, corresponds to the temporal 

frequency fi of the FIR filter input [32]. So there is a mapping between the ULA and 

the FIR filter, a theorem applied to the FIR filter in the time domain may also be 
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  2
d
1 ≥

λ

  or 
2

d
λ≤  .                (3.28)   

 Therefore, the element spacing of an array should always be less than or equal 

to half of the carrier wavelength. The frequency response of an FIR filter with tap 

weights w*
i, i = 1……………. M and a sampling period Ts is given by 

)]1(2exp[)(
1

*2 −π−=∑
=

π ifTjweH s

M

i
i

fj ,             (3.29) 

where, H(ej2πf ) represents the response of the filter to a complex sinusoid of frequency 

f. For the harmonic retrieval problem, in order to extract the signal with frequency fi, a 

set of complex weights are needed such that the frequency response of the filter has a 

higher gain at fi and lower gains (or ideally, nulls) at other frequencies. For the 

beamforming problem, f and Ts are corresponding to sinθ and d/λ  respectively. Hence 

replacing f and Ts in equation (3.29) with sinθ and d/λ  respectively, yields the 

beamformer response, 

]sin)1(
2

exp[)(
1

* θ
λ
πθ dijwc

M

i
i −−=∑

=

,               (3.30) 

where, c(θ) represents the response of the array to a signal with DOA equal to θ. So if 

there are several signals coming from different directions, and in order to extract the 

signal with direction θi, a set of weights are required to be found such that the array 

response has a higher gain at direction θi and lower gains (or ideally, nulls) at other 

directions. The array response c(θ) may also be expressed in vector form as 

    c(θ) = wH a(θ),                         (3.31) 

where, w and a(θ) is defined in (3.20) and (3.15) respectively. 

3.4.1 Types of Beamformers 

There are two types of beamformers, narrowband and wideband beamformer. A 

narrowband beamformer is shown in Fig.3.1.  In Fig.3.1 the output at time k, y (k), is 

given by a linear combination of the data at the M sensors at time k: 

y(k)=wH x(k) .                          (3.32) 

A wideband beamformer samples the propagating wave field in both space and time 

and is often used when signals of significant frequency extent (broadband) are of 

interest [21]. A wideband beamformer is shown in Fig.3.5. It samples signal both in 
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space and time. The output in this case may be expressed as    

    )k(xw)k(y i
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=

−

=
,                                          (3.33) 

where, (K – 1) is the number of delays in each of the M sensor channels. The criterion 

for the choice of K is given in Appendix-B.  

Let   T
KMMK wwww ],........,.,,..................,.........[ 1,0,1,10,1 −−=w             (3.34) 

and  T
MM KkxkxKkxkxk )]1(.......),........(.),........1(),......([)( 11 +−+−=x ,       (3.35) 

then (3.33) may also be expressed in vector form as in (3.31). In this case, both w and 

x(k) are MK× 1 column vectors.  

 
Figure 3.5-Wideband beamformer 

3.4.2 Beam Response 

 A standard tool for analyzing the performance of a beamformer is the response 

for a given weight vector of w as a function of angle θ, known as the beam response. 
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              c(θ)= wH a(θ).                       (3.36) 
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2
)(θc  is known as the beampattern. Using c(θ),the normalized beamformer response 

may be defined as,    

    
))(cmax(

)(c
)(cn θ

θ=θ .                       (3.37) 

A sample normalized beampattern, expressed in dB, is shown for a 12-element uniform 

linear array in Fig. 3.6. 
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Figure 3.6-Beampattern of ULA for M=12, θθθθ=00, d=0.5λλλλ 

 In Fig.3.6, the large mainlobe is centered at °= 0θ  and the beamformer 

response corresponding to iwi ∀=1 , is given by  
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3.4.3 Beamforming Gain 

 The signal to noise ratio (SNR) of the beamformer output determines the 

improvement in SNR with respect to each element, known as the beamforming gain. To 

derive the improvement in SNR in wireless environment, consider the signal model for 

a ULA from (3.16), which consists of a signal of interest arriving from an angle θs and 

thermal sensor noise w(n). The input to beamformer is array signal of single source 

from direction θs given by     

   M)n( =x v(θs) s(n)+w(n),                          (3.39)  
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where,     
[ ]

M
s

s

)(
)(

θ
=θ

a
v  ,               (3.40) 

and s(n) is the signal of interest within a single sensor including the sensor response. 

The output of the beamformer is given by 

       y(n)=wH (n)s(n))(θM)n( H
s w+= wvx .                        (3.41)  

(n)Hww w=  is the noise at the beamformer output and is also temporally uncorrelated. 

The beamformer output power is  

    { }== 2
y y(n) EP wHRxw,              (3.42) 

where, { })n()n(E H
x xxR =  is the correlation matrix of the array signal x(n). The SNR 

in each element is given by   
2
w

2
s

elmSNR
σ
σ

=  ,                         (3.43) 

where, { }22
s E s(n) =σ  is element level signal power and { }22 w(n) Ew =σ  is the element 

level noise power. This SNRelm is commonly referred to as the element level SNR. The 

signal and noise powers Ps& Pn at the output of the beamformer are  

   Ps=E{ | M [wHv(θs)]s(n)|2}= 2
sM σ | wHv(θs) |2  ,            (3.44) 

   Pn=E{|wHw(n)|2}=wHRnw= ||w||2 2
wσ ,                         (3.45) 

where, I2
wn σ=R . Therefore, the resulting SNR at the beamformer output known as the 

array SNR, is given by  
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(3.46) is simply the product of the beamforming gain and the element level SNR. Thus, 

the beamforming gain is given by 
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.             (3.47) 

 The beamforming gain is strictly a function of the angle of arrival θs of the 

desired signal, the beamforming weight vector w, and the number of sensors M.  

3.4.4 Estimation of Direction of Arrival  

 The dependence of beamforming gain on angle of arrival θs of the desired signal 

is given by (3.47).  Thus during the beamforming operation as shown above in Fig.3.2, 

the DOA, θs of the signal incident upon the antenna array must be estimated. There are 
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two main types of algorithms for performing this DOA estimation. The first class of 

algorithms is the Spectral-based methods in which, a spatial spectrum is generated 

which gives array output power versus direction information. Spectral based methods 

can themselves be divided into two categories, beamforming techniques and subspace-

based techniques. The beamforming DOA algorithms essentially electronically “steer” 

the antenna array in a direction at a time and “measure” the output power to determine 

the spatial spectrum. This is a purely mathematical operation that makes use of the 

steering vectors of the array along with the spatial covariance matrix. Subspace-based 

techniques use more complex decompositions of the spatial covariance matrix for 

generating the spatial spectrum. The second, more accurate classes, of DOA algorithms 

are the parametric methods which are also generally far more abstract and 

computationally intensive than the Spectral based methods. These methods also require 

a simultaneous, high dimension search for all signal parameters of interest. The DOA 

estimation is shown in Fig.3.7. Since the primary focus of the research in this thesis 

was not to study DOA algorithm performance, there was not much emphasis placed on 

using highly sophisticated DOA estimation techniques. Further in this thesis it is 

assumed that DOA of the desired and interferers is available at the beamformer so that 

the low side lobe control techniques can be used effectively. 

 

 
Figure 3.7-Beamforming in uplink and down link of Wireless Communication 
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3.5 LOW SIDE LOBE CONTROL TECHNIQUES 

 As discussed in section 3.2 any beamformer that can depress the large number 

of interferers will improve the capacity and performance of CDMA systems. Such 

beamformers called smart antennas improve signal to interference ratio (SIR) of the 

communication system efficiently by forming narrow beam towards desired user and 

low side towards undesired users. A brief review of narrow beam low side-lobe 

algorithms is given next. 

3.5.1 Narrow-Beam Low-Sidelobe Designs  

 The problem of designing arrays having narrow beams with low sidelobes is 

equivalent to the digital signal processing problem of spectral analysis of windowed 

sinusoids. Consider the design of an infinitely narrow beam toward some look direction 

θ=θ0. In ψ-plane, the array factor should be infinitely thin spectral line 

    )(2)(A 0ψ−ψπδ=ψ ,                          (3.48) 

where, ψ = kd cosθ  and ψ0 = kd Cosθ0, k is the wave number and d is inter element 

spacing. The term array factor for an array of antennas is given by the net field 

produced by the array of sources. The net effect of array factor is to modify the single-

antenna radiation vector, of an array of identical antennas. Array factor incorporates all 

the translational phase shifts and relative weighting coefficients of the array elements.  

 Taking the inverse Fourier transform of (3.48), gives the double-sided 

infinitely-long array, for -∞ < m < ∞: 
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 This is the spatial analog of an infinite sinusoid njena 0)( ω=  whose spectrum is 

the sharp spectral line A(ω) = 2πδ(ω -ω0). A finite-duration sinusoid is obtained by 

windowing it, with a length-N time window b(n) resulting in njenbna 0)()( ω= . In the 

frequency domain, the effect of windowing is to replace the spectral line δ(ω-ω0) by its 

smeared version W(ω-ω0), where W(ω) is the Fourier transform of the window b(n). 

The spectrum W(ω-ω0) exhibits a main lobe at ω = ω0 and sidelobes. The main lobe 

gets narrower with increasing N.  

 Consider an array of N elements at  locations xm  along  the  x-axis  with 

element spacing  d. If  N  is odd,  say  N = 2M + 1,  the element  locations  xm  can  be   
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defined symmetrically as:    

    xm = md,  m = 0,±1,±2, . . . ,±M .                    (3.50) 

The array factor can be written then as a discrete-space Fourier transform or as a spatial 

z-transform:   
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On the other hand, if N is even, say N = 2M, in order to have symmetry with respect to 

the origin, the elements are placed at the half-integer locations  
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d
md(x m =−±=−±=±             (3.52) 

The array factor is given by:   
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Thus a finite N-element array with a narrow beam and low side lobes, and 

steered towards an angle θ0, can be obtained by windowing the infinite narrow-beam 

array with an appropriate length-N spatial window b(m). For odd N = 2M+ 1 and even 

N = 2M, the resulting window is defined respectively: 
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      (3.54)                                            

For both cases of (3.54) the array factor of (3.51) & (3.53) becomes 

   A(ψ)= W(ψ-ψ0) ,               (narrow beam array factor)        (3.55) 

where, W(ψ) is the DFT of the window, defined for odd or even N as: 
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Assuming a symmetric window, b (-m) = b (m), W(ψ)  can be written as: 
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 At broadside, ψ0 = 0, θ0 = 90o, (3.54) reduces to a(m)= b(m) and the array 

factor becomes A(ψ)= W(ψ). Thus, the weights of a broadside narrow beam array are 
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the window samples a(m)= b(m). The weights of narrow beam array can be steered 

easily. The primary issue in choosing a window function b(m) is the tradeoff between 

frequency resolution and frequency leakage, that is, between main-lobe width and side 

lobe level. Ideally, one would like to meet, as best as possible, the two conflicting 

requirements of having a very narrow mainlobe and very small sidelobes. Figs.3.8 & 

3.9 show four narrow-beam design examples illustrating this tradeoff. All designs are 

with 7-element arrays with half-wavelength spacing, d = λ/2, and steered towards 90o. 

The Dolph-Chebyshev and Taylor-Kaiser arrays were designed with side lobe level of 

30 dB. For comparison the 3dB beamwidth of various windows is shown in table 3.1. 

The expressions of various taper functions used in Figs.3.8-3.9 are given in appendix-F.   

Table-3.1: Beam width (3 dB) of various tapers 
Taper 3 dB Beamwidth(N=7) 3 dB Beamwidth (N=16) 

Uniform 05.14  034.6  
Binomial 05.24  06.15  

Dolph Chebyshev 06.18  097.7  
Taylor Kaiser 05.23  01.10  

 From Figs.3.8-3.9, it is clear that the uniform array has the narrowest mainlobe 

but also the highest sidelobes. The Dolph-Chebyshev is optimum in the sense that, for 

the given sidelobe level of 30 dB, it has the narrowest width. The Taylor-Kaiser is 

somewhat wider than the Dolph-Chebyshev, but it exhibits better sidelobe behavior. 

The binomial array has the widest mainlobe but no sidelobes at all. The above results 

are also shown for number of elements N=16, d=0.5λ in Fig.3.10 & 3.11. The 3 dB 

beamwidth for above cases is given in table 3.1. From the above discussion it is 

obvious that one way of creating low side lobes is to use windows functions. The array 

weights of a beamformer can be windowed with the array coefficients of a suitable 

window function to obtain a desired side lobe level. This process is known as tapered 

beamforming, resultant beamformer is called tapered beamformer, and window 

function is called taper. The tapered beamformers may be thought of as the truncated or 

windowed versions of the corresponding beamformer. Taper can be applied to any 

beamformer. To illustrate this, an example is given in which a matched filter 

beamformer output is tapered. The matched filter beamformer is also known as 

conventional beamformer.  
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(a) Beampattern for uniform Linear array (b) Beampattern for Binomial array 

-80 -60 -40 -20 0 20 40 60 80
-90

-80

-70

-60

-50

-40

-30

-20

-10

0

Angle(degrees)

no
rm

al
iz

ed
 g

ai
n 

(in
 d

B
)

Chebyshev Array

 
-80 -60 -40 -20 0 20 40 60 80

-90

-80

-70

-60

-50

-40

-30

-20

-10

0

Angle(degrees)

no
rm

al
iz

ed
 g

ai
n 

(in
 d

B
)

Taylor Kaiser Array

 
(c) Beampattern for Dolph Chebyshev array (d) Beampattern for Taylor Kaiser array 

Figure 3.8-Beampattern for various window functions for N=7, d=0.5λλλλ 
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(a) Polar plot for uniform Linear array (b) Polar plot for Binomial array 
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(c) Polar plot for Dolph Chebyshev array (d) Polar plot for Taylor Kaiser array 

Figure 3.9- Polar Plot for various window functions for N=7, d=0.5λλλλ 
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(a)Beampattern for uniform Linear array (b) Beampattern for Binomial array 
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(c)Beampattern for Dolph Chebyshev array (d) Beampattern for Taylor Kaiser array 

Figure 3.10-Beampattern for various window functions for N=16, d=0.5λλλλ 
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(a)Polar plot for uniform Linear array (b)Polar plot for Binomial array 
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(c)Polar plot for Dolph Chebyshev array (d) Polar plot for Taylor Kaiser array 

Figure 3.11-Polar plot for various window functions for N=16, d=0.5λλλλ 
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3.5.2 Matched Filter Tapered Beamformer 

 Consider the single signal ULA model from (3.39), but now including an 

interference signal i(n) made up of P interference sources as in mobile environment 

  ∑
=

θ+θ=
P

p
pps niMnsMn

1

)()()()()( vvx + w(n),             (3.58) 

where,   v(θp) and  ip(n)  are the array response vector and signal due to the pth interferer 

respectively. The components of noise vector are uncorrelated and have power 2wσ  i.e. 

Iww 2)]()([ w
H nnE σ= . The output of the beamformer is given by  

    )n()n(y H xw= .                          (3.59) 

The weight vector w which will result in exact replica of sensor signals is  

     w = H
mfc = vH(θs).                                     (3.60) 

The output of the beamformer can be expressed as  

    == )()( nny H
mf xc vH(θs) x(n).                         (3.61) 

 cmf  is called matched filter beamformer. In case of ULA with λ/2 element 

spacing, the beampattern of the spatial matched filter is shown in Fig.3.6. It has 

sidelobes that are high enough to pass interferers through the beamformer with enough 

gain to prevent the detection of the desired signal. For this array, if an interfering 

source is present at θ = 200 with a power of 40dB, the power of the interference at the 

output of the spatial matched filter would be 20dB because the sidelobe level at θ=20° 

is only -20 dB. If the weaker signal is received from θ=00 the array would be unable to 

extract it because of the side lobe leakage from the interferer. The spatial matched filter 

has all weights with equal magnitude of
M

1
. The sidelobe levels can be further 

reduced by tapering the magnitudes of the spatial matched filter. A tapering vector t is 

applied to the spatial matched filter to realize a low sidelobe level beamformer   

)()( smfstbf θΘ=θ c tc ,                         (3.62) 

 where,Θ represents the Hadamard product, which is the element-by-element 

multiplication of the two vectors. The determination of a taper can be thought of as the 

design of the desired beamformer where cmf simply determines the desired angle. The 

weight vector of the spatial matched filter from (3.60) has unit norm; that is, 1mf
H
mf =cc . 

Similarly, the tapered beamformer ctbf is normalized so that 
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    1)()( stbfs
H
tbf =θθ cc  .                             (3.63) 

 The tapered response of the matched filter beamformer is shown in Fig.3.12. 

The Dolph Chebyshev taper is used for illustration. The side lobe level of the taper is 

chosen to be -50dB. The same 40 dB interferer is now reduced to -10 dB. However, the 

use of tapers does not come without a cost. The main lobes of the beam patterns in 

Fig.3.12 are much broader for the tapered beamformers. The consequence is a less 

resolution that becomes more pronounced as the tapering is increased to achieve lower 

side lobe levels. Fig. 3.13 shows beamformer with -50dB and -70dB Dolph-Chebyshev 

tapers.  
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Figure 3.12-Beampattern for 16 

element matched filter beamformer 
with no taper and -50dB taper 

Figure 3.13-Beampattern for 16 element 
matched filter beamformer with no taper, 

-50dB taper and -70 dB taper. 
 

 From above discussion it is found that the role of window function is quite 

impressive and economical from the point of view of computational complexity and 

ease associated with its application in controlling side lobes. The patterns of these 

window functions are basically Fourier transform of the various windows function, 

which can be described mathematically by various distributions. There are many 

differing functional forms, which comprise a subset of classical windows known to 

most engineers. A complete review of many window functions and their properties was 

presented by Harris [44]. All windowing functions are designed to reduce the side lobes 

of the spectral output of FFT routines. However, in every area where Fourier Transform 

and frequency domain concepts are used, there exists the potential for generalization 

and implementation by using Fractional Fourier Transform (FrFT). Properties and 

applications of the ordinary Fourier Transform are special cases of those of the FrFT. 

The FrFT is being used in almost all applications where Fourier transforms were used. 
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In the next section the fractional Fourier transform of various window functions has 

been carried out, to provide taper of varying beamwidth and side-lobe level.   

3.6 BEAMFORMING IN FRACTIONAL FOURIER DOMAIN 

 Before discussing beamforming in fractional Fourier domain, a brief overview 

of FrFT is given first.  

3.6.1  Fractional Fourier Transform 

 The FrFT belongs to the class of time–frequency representations that have been 

extensively used by the signal processing community. In all the time–frequency 

representations, a plane with two orthogonal axes corresponding to time and frequency 

is used. If a signal x(t) is represented along the time axis and its ordinary Fourier 

transform X(f) is represented along the frequency axis, then the Fourier transform 

operator (denoted by F) can be visualized as a change in representation of the signal 

corresponding to a counterclockwise rotation of the signal by an angle π/2.This is 

consistent with some of the observed properties of the Fourier transform. For example, 

two successive rotations of the signal through π/2 will result in an inversion of the time 

axis. Moreover, four successive rotations will leave the signal unaltered since a rotation 

through 2π of the signal should leave the signal unaltered. The FrFT is a linear operator 

that corresponds to the rotation of the signal through an angle, which is not a multiple 

of π/2, i.e. it is the representation of the signal along the axis u making an angle α with 

the time axis. The detailed development of the FrFT is established in [60, 96]. 

Definition: 

The FrFT is defined with the help of the transformation kernel Kα as 
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The definition is discussed in detail in [15]. The FrFT is defined using this kernel as 

(FrFT of order α of x(t) is denoted by Xα(u) ) 

. dt)u,t(K)t(x)u(X ∫
∞
∞− αα =                (3.65) 
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The FrFT of a signal x(t) as given by (3.66) can be computed by the following steps: 

1) Multiplying the function with a chirp, 

2) Taking its Fourier transform, 

3) Again multiplying with a chirp, and 

4) Then multiplication with an amplitude factor. 

The problem of the existence of the FrFT has been widely studied in [60] and it 

is found that the FrFT of a signal x(t) exists under the same conditions in which its 

Fourier transform exists. Some important properties of FrFT are discussed next. 

3.6.2 Properties of Fractional Fourier Transform 

Let Fα denote the operator corresponding to the FrFT of angle α or of order ‘a’ where 

a=2α/π . Under this notation, some of the important properties of the FrFT operator are 

listed below. These properties are discussed in detail in [60].  

a) Identity operator 

  F0 is the identity operator. The FrFT of order α= 0 is the input signal itself. The 

FrFT of order α= 2π corresponds to the successive application of the ordinary 

Fourier transform 4 times and therefore also acts as the identity operator, 

      i.e. F0 = F2π = I. 

b) Fourier transform operator 

  The FrFT of order α= π/2 gives the Fourier transform of the input signal. 

c) Successive applications of FrFT 

  Successive applications of FrFT are equivalent to a single transform whose 

order is equal to the sum of the individual orders, i.e. FαFβ=Fα+β. 

d) Inverse 

  The FrFT of order -α is the inverse of the FrFT of order α since 

F-α(Fα) =Fα-α=F0=I . 

 Property (a) follows from the direct definition of the kernel for α= 0. Property 

(b) can be proved by expanding the Kernel for the special case when α=π/2. Property 
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(c) can be proved using the convolution property of the kernel. Property (d) is a 

consequence of properties (b), (c) and the fact that four consecutive applications of the 

Fourier transform correspond to the Identity operator. Property (d) can also be proved 

using property (c). One important conclusion that can be drawn from these properties is 

that the signal x(t) and its FrFT (of order a) Xα(u) form a transform pair and are related 

to each other by the following equations: 

, dt)t,u(K)t(x)u(X ∫
∞

∞−
αα =                      (3.67) 

. du)t,u(K)u(X)t(x ∫
∞

∞−
α−α=                                       (3.68) 

Hence by varying angle α  from 0 to 2π, the values of ‘a’ can be varied from 0 

to 4. It can be shown that the transform kernel is periodic with a period of 4. The 

Fractional Fourier transform definition is also based upon the time frequency or space 

frequency distributions such as Wigner distribution [15]. Time frequency distributions 

have been applied in non stationary signal processing such as speech signal processing. 

Several transforms such as Short time Fourier transforms, Wavelet transforms, Wigner 

Ville transforms, Spectrogram and Choi-Williams etc are distinguished by their 

properties and kernels [60, 62].  

The effect of FrFT on a signal can be seen easily in a time-frequency plane. It is 

well known that Wigner distribution of the Fourier transform of the function f(u) is 

obtained by rotating the Wigner distribution of f(u) by π/2 in the time frequency plane 

in clockwise direction. The Wigner distribution of the ath order fractional Fourier 

transform of f(u) is obtained by rotating the Wigner distribution of f(u) by aπ/2 [60]. 

The Wigner distribution function of a signal x can be defined in terms of time domain 

representation of x(u) as: 
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3.6.3 Parseval’s Theorem in FrFT Domain 

 The well-known Parseval’s theorem for Fourier transform can be easily 

extended to the FrFT as well. Parseval’s theorem is the energy preservation property as 

given below. This property can be obtained by the application of Parseval’s theorem in 

FrFT domain as follows 
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 The energy preservation property of the FrFT is expected because the FrFT is 

based on the decomposition of the signal on the orthonormal basis set of the chirp 

functions. Due to the energy preserving property of the Fourier transform, the squared 

magnitude of the Fourier transform of a signal is often called the energy spectrum of 

the signal and is interpreted as the distribution of the signal energy among the different 

frequencies. Similarly the squared magnitude of the FrFT of a signal is called as the 

fractional energy spectrum of the signal and is interpreted as the distribution of the 

signal energy between the different chirp basis functions. 

3.6.4 Fractional Fourier Transform of Related Signals 

 The FrFT of signals related to x (t) are listed in Table 3.2. 

Table-3.2: Fractional Fourier Transform of related signals [60] 

Operation Signal x(t) Fractional Fourier Transform Xα(u) 

Time shift x(t-τ) 
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The expressions for discrete versions of FrFT are given in Appendix-G. 
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3.6.5 Fractional Fourier Transform of Various Taper Functions 

 To find the effectiveness of various window functions in Fractional Fourier 

domains in terms of interference suppression, the FrFT of various taper functions has 

been carried out for different values of parameterα1,2. By varying parameter ‘α’ side 

lobe level and main lobe width can be varied. The results of some window functions are 

shown in Figs. 3.14-3.16. All taper functions are taken of 11 elements with inter 

element spacing d of 0.5λ, where λ is wavelength of operation. The Results of various 

window functions are summarized in tables 3.3 & 3.4.  

3.6.6   Procedure for Tapering in FrFT Domain 

 To use these tapers in suppressing interference in FrFT domains two definitions 

are given below to find out resultant array weights:  

Definition 1: The first definition includes performing an FrFT of order ‘a’ (denoted by 

Fa) over both window functions, multiplying the results, and then performing an 

additional FrFT with a fractional order of ‘–a’. This definition is asymmetric.    

Definition 2 The second definition is more general definition according to which 

perform first an FrFT of the order ‘a’  over both functions, multiply them, and then 

perform an FrFT with a fractional order of ‘–q’. As a special case of this general 

definition is for q = ‘a’. In this case the definition is symmetric. The steps for tapering 

in FrFT domain for two functions x(t) and y(t), are defined below: 

(i) First perform FrFT of order ‘a’ over both taper functions  

     i.e. Fa[x(t)] and Fa[y(t)],  

(ii)  Take product of these functions and form function za(t) i.e. 

     za(t)= Fa[x(t)] ∗ Fa[y(t)]. 

(iii)  Take inverse FrFT of order ‘q’ i.e. W(t) =Fq[za(t)]. Here ‘q’ = ‘a’ is a special 

case. 

(iv) Form the array with weight function W(t) obtained from above procedure. 

 To derive the output weight function W(t), the most general case is investigated. 

Let us assume a=P1 be the fractional operator before multiplication in step (ii) and q=P2 

be the fractional Fourier transform after the multiplication in step (iii). 

_________________________________________________________________________________________________________ 

1. [P19] “Rectangular & Bartlett windows in Fractional Fourier domain”, Proceedings of National Conference of Mathematical & 
Computer Applications in Science and Engineering ,TIET, Patiala, Jan-2003 

2.  [P20] “Fractional Fourier domain analysis of Generalized Cosine windows”, Proceedings of IETE and CSI on Services through 
IT enabled systems, SITES-2003, Gwalior, pp.144-151, 19-20 April, 2003 
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Let the resultant array weights be denoted by )u(W
21 P,P and is given by 
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Regarding the ± and m  symbols, the upper symbols are used if FrFT of y(t) is used and 

lower symbols are used if FrFT of y(-t) is used. For symmetric case using saddle point 

integration method ∫ dv............... can be estimated and (3.70a) becomes  
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For the symmetric case of P2= -P1, the value of T2= -T1 and S2=-S1, then from (3.70b) 
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                   (3.70c) 

Computer Simulation of FrFT domain tapering 

 The results of FrFT domain tapering of two taper function viz. uniform and 

Chebyshev are shown in Fig. 3.17.(A)-(C). Both taper functions are taken of 11 

elements. The Chebyshev taper is taken with side lobe level of -30 dB. In Fig.3.17.(A) 

two taper functions are multiplied in a=0 domain. Here multiplying means element by 

element multiplication. The various gain patterns and beam patterns obtained by 

forming the array with the weights obtained by taking inverse FrFT of the resultant z0(t) 

in various ath domains is shown in Fig.3.17.(A).The spacing between elements is 

assumed to be 0.5λ, where λ is wavelength of operation. The frequency is assumed to 
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be 100MHz. Fig.3.17.(A)a verifies the result of tapering in a=0 domain where the beam 

is formed by using the weights obtained by taking inverse FrFT of z0(t) in a=0 domain. 

In Figs.3.17.(A)c-h the beam patterns and gain patterns are obtained by forming the 

array with the weight  function W(t) obtained by taking inverse FrFT of z0(t) in a=0.1, 

a=0.2 and a=0.7 domains.   

 In Fig.3.17.(B) the two taper functions are multiplied in a=0.1 domain. The 

beam pattern and gain pattern are obtained by forming the array with the weights W(t) 

obtained by taking inverse FrFT of z0.1(t) in a=0,a=0.1,a=0.2 and a=0.7 domains.  

 In Fig.3.17.(C) the two taper functions are multiplied in a=0.7 domain. The 

beam pattern and gain pattern are obtained by forming the array with the weights W(t) 

obtained by taking inverse FrFT of z0.7(t) in a=-0.1,a=-0.2,a=-0.3 and a=-0.5 domains.  
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Chebyshev Taper in FrFT domain 
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(a) Gain Pattern in domain a=1 
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(b) Beam Pattern in domain a=1 
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(c) Gain Pattern in domain a=0.8 
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(d) Beam Pattern in domain  a=0.8 
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(e) Gain Pattern in domain a=0.4 
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(f) Beam Pattern in domain  a=0.4 
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(g) Gain Pattern in domain  a=0.2 
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(h) Beam Pattern in domain  a=0.2 

Figure 3.14- Gain Pattern and Beampattern of Chebyshev taper in various FrFT 
domains 
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 Taylor-Kaiser Taper in FrFT domain 
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(a) Gain Pattern in domain a=1 
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(b) Beam Pattern in domain a=1 
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(c) Gain Pattern in domain a=0.8 
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(d) Beam Pattern in domain a=0.8 

-80 -60 -40 -20 0 20 40 60 80
-80

-70

-60

-50

-40

-30

-20

-10

0

Angle(degrees)

no
rm

al
iz

ed
 g

ai
n 

(in
 d

B
)

 
(e) Gain Pattern in domain a=0.4 

 0o

180o

 90o-90o

θθθθ

30o

150o

60o

120o

-30o

-150o

-60o

-120o

-15-30-45

dB

 
(f) Beam Pattern in domain a=0.4 
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(g) Gain Pattern in domain a=0.2 
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(h) Beam Pattern in domain a=0.2 

Figure 3.15- Gain Pattern and Beampattern of Taylor Kaiser Taper in various FrFT 
domains 
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Uniform Taper in FrFT domain 
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(a) Gain Pattern in domain a=1 
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(b) Beam Pattern in domain a=1 
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(c) Gain Pattern in domain a=0.8 
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(d) Beam Pattern in domain a=0.8 
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(e) Gain Pattern in domain a=0.4 
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(f) Beam Pattern in domain a=0.4 
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(g) Gain Pattern in domain a=0.2 

beampattern in domain a= 0.2
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(h) Beam Pattern in domain a=0.2 

Figure 3.16- Gain Pattern and Beampattern of Uniform Taper in various FrFT 
 domains 
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(a) Gain Pattern in domain a=0 
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(b) Beam Pattern in domain a=0 
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(c) Gain Pattern in domain a=0.1 
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(d) Beam Pattern in domain a=0.1 

-80 -60 -40 -20 0 20 40 60 80
-50

-45

-40

-35

-30

-25

-20

-15

-10

-5

0

Angle(degrees)

no
rm

al
iz

ed
 g

ai
n 

(in
 d

B
)

beampattern in domain a= 0.2

 
(e) Gain Pattern in domain a=0.2 
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(f) Beam Pattern in domain a=0.2 
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(g) Gain Pattern in domain a=0.7 
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(h) Beam Pattern in domain a=0.7 

Figure 3.17.(A)- Gain Pattern and Beampattern of a taper(Generated by multiplying 
a uniform and Chebyshev taper in ‘a’=0 domain) in various FrFT domains  
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(a) Gain Pattern in domain a=0 
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(b) Beam Pattern in domain a=0 
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(c) Gain Pattern in domain a=0.1 
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(d) Beam Pattern in domain a=0.1 
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(e) Gain Pattern in domain a=0.2 
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(f) Beam Pattern in domain a=0.2 
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(g) Gain Pattern in domain a=0.7 
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(h) Beam Pattern in domain a=0.7 

Figure 3.17.(B) - Gain Pattern and Beampattern of a taper(Generated by multiplying 
a uniform and Chebyshev taper in ‘a’=0.1 domain) in various FrFT domains  
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(a) Gain Pattern in domain a=-0.1 
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(b) Beam Pattern in domain a=-0.1 
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(c) Gain Pattern in domain a=-0.2 
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(d) Beam Pattern in domain a=-0.2 
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(e) Gain Pattern in domain a=-0.3 
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(f) Beam Pattern in domain a=-0.3 
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(g) Gain Pattern in domain a=-0.5 
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(h) Beam Pattern in domain a=-0.5 

Figure 3.17.(C) - Gain Pattern and Beampattern of a taper(Generated by multiplying 
a uniform and Chebyshev taper in ‘a’=0.7 domain) in various FrFT domains 
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3.6.7 Results and Discussions 

 The main conclusion form above analysis can be drawn as follows 

1. The squared magnitude of the FrFT of a signal called fractional energy spectrum of 

the signal depends on parameter ‘α’. Hence the same signal can have different 

distributions of energy in different domains3,4.  

2. By varying ‘α’ one can get different patterns of distribution of energy in space. 

3. By change of parameter ‘α’ the chirp basis function changes but by Parseval’s 

theorem the total energy content of the signal remains same in any domain.  

4. For all tapering functions the minimum beamwidth occurs in a=0.1 domain and the 

beamwidth increases as value of ‘a’ increases, the maximum beamwidth occurs in 

a=1 domain. This means as the chirp frequency goes on increasing the energy 

spread is decreased and energy confines to a narrow beam. 

5. The value of Maximum side lobe level (MSLL) is smallest for a=0.1 domain and 

increases as the value of ‘a’ increases (In certain tapering functions the value of 

MSLL was not readable as side lobe was too down).  

6. The results of the taper in fraction Fourier domain are tabulated in tables 3.4 & 3.5. 

The array for comparison is taken to be a linear array with d=λ/2 spacing and with 

11 elements. 

7. A new procedure for tapering in FrFT domain is defined in section 3.6.6. 

8. Simulation results of Fig.3.18 (a) and Fig.3.18 (b) using the procedure defined in 

3.6.6 clearly show that the tapering in FrFT domain offers more flexibility as 

compared to tapering in time domain only. One can generate beampattern with 

different side lobe topography by varying only a single parameter ‘a’.  

9.  The ratios of maximum to minimum weight (ξ) of W(t) obtained in various FrFT 

domains are given in table 3.3 

10. Table 3.3 shows that the weights W(t) obtained in various FrFT domains are 

practically realizable weights. The maximum side lobe level in any domain never 

exceeds that of uniform taper. 

 

 

________________________________________________________________________ 

3. [P8] “Analysis of rectangular and Bartlett windows in fractional Fourier domain using Mathematica 4.1”, accepted at 5th  
International Mathematica Symposium held at Imperial college London from 7-11, July 2003 
4. [P13] "Rectangular and Triangular line source Amplitude distribution in Fractional Fourier Domain" Proceedings of International  
Radar Symposium, IRSI-2003, Bangalore, India, pp.308-314, Dec. 03-05, 2003. 
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Thus beamforming in FrFT domain provides an efficient way of side lobe control 

with single parameter ‘a’. 

11. It is possible to improve performance of taper by use of the FrFT since the 

fractional Fourier transform can be computed in about the same time as the 

ordinary transform and the performance improvements come at no additional cost. 

12. The flowchart for tapering in FrFT domain is shown below in Fig.3.18 in wireless 

environment. 

 

Table: 3.3 Ratio of maximum to minimum weight (ξ) 

Multiplying Rectangular and Chebyshev taper Functions 
in 

ξ of W(t) 
in Domain 

a = 0 
Domain 

a=0.1 
Domain 

a=0.5 
Domain 

a=0.7 
Domain 

a=-1 1.1019 1.0819 1.1270 1.2981 

a=-0.9 1.1045 1.0858 1.1531 1.4081 

a=-0.8 1.1132 1.0945 1.1993 1.5859 

a=-0.7 1.1299 1.1112 1.2862 1.7938 

a=-0.6 1.1597 1.1405 1.4671 2.0494 

a=-0.5 1.2145 1.1913 1.8463 2.5538 

a=-0.4 1.3212 1.3132 2.4750 3.2227 

a=-0.3 1.5786 1.5990 4.8883 2.9294 

a=-0.2 2.3110 2.3309 5.0576 2.0791 

a=-0.1 3.8878 2.4168 2.8312 1.5857 

a=0 3.9082 10.2631 1.6741 1.3759 

a=0.1 3.8878 6.3919 1.3624 1.2739 

a=0.2 2.3110 1.8303 1.2271 1.2184 

a=0.3 1.5786 1.3626 1.1658 1.1871 

a=0.4 1.3212 1.2123 1.1341 1.1701 

a=0.5 1.2145 1.1538 1.1198 1.1624 

a=0.6 1.1597 1.1147 1.1066 1.1648 

a=0.7 1.1299 1.0982 1.1031 1.1752 

a=0.8 1.1132 1.0890 1.1048 1.1965 

a=0.9 1.1045 1.0829 1.1123 1.2341 

a=1.0 1.1019 1.0819 1.1270 1.2981 
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Figure: 3.18 Flow Chart of Beamforming in FrFT Domain 

(Dotted line shows that in case the acceptable SINR is not achieved with varying ‘ q’ then 
vary ‘a’ in za(n)= Fa[x(n)] Θ Fa[y(n)] repeat it for all values of ‘q’)

Change Domain a 
       

Change Domain q 
       

No 

Yes 

Choose appropriate 
taper y(n) 

Form z(n) 
za(n)= Fa[x(n)] Θ Fa[y(n)] 

Is SINR 
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Form beam with w(n) 
w(n) =Fq[z(n)] 

Use W(n) to form 
beam 

Form beam with the 
taper x(n) 
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Table3.4: Comparison of 10 dB down Beam widths of various taper in Fractional Fourier Domains 

10dB down Beamwidth(Degrees) S. 

No 

FrFT 

Domain Nutall 

Taper 

Chebyshev  

Taper 

Blackman 

Taper 

Blackman 

Harris  

Taper 

Bohman  

Taper 

 

Hamming  

Taper 

Taylor- 

Kaiser 

 Taper 

Binomial   

Taper 

Uniform  

Taper 

Gaussian 

 Taper 

Hanning  

Taper 

Tukey 

 Taper 

Barlett 

 Taper 

Triangular 

Taper 

1. a=0.1 10.340 9.120  9.480 10.420 9.460 8.860 8.920 9.680 13.000 8.920 8.080 10.000 9.180 9.200 

2. a=0.2 19.140 12.000 17.000 19.400 17.320 13.900 12.900 17.320 15.400 13.820 14.700 11.200 13.620 12.600 

3. a=0.3 27.140 15.600 24.300 28.200 25.040 19.220 15.520 24.940 11.760 19.040 21.000 16.160 19.000 16.440 

4. a=0.4 36.000 20.000 31.200 36.640 32.240 24.360 22.260 32.100 14.700 24.120 26.940 20.700 24.380 20.580 

5. a=0.5 43.000 23.100 37.400 43.640 40.000 29.000 26.500 38.480 17.420 28.700 32.200 24.800 29.100 24.400 

6. a=0.6 49.200 26.240 42.800 50.800 44.000 33.000 30.000 44.000 19.800 32.640 36.800 28.320 33.400 29.900 

7. a=0.7 54.140 28.740 47.000 55.000 49.200 36.260 33.100 48.400 21.740 35.880 40.000 31.000 36.600 30.400 

8. a=0.8 57.760 30.600 50.000 60.000 52.000 38.600 35.300 51.600 23.120 38.200 42.120 33.200 39.000 32.300 

9. a=0.9 60.000 31.760 52.000 60.820 53.880 40.000 36.620 53.560 24.040 40.000 44.880 34.500 40.000 33.400 

10. a=1.0 60.700 32.160 52.180 61.580 54.540 40.600 39.000 54.240 24.300 40.120 45.400 34.920 41.000 34.000 
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Table3.5: Comparison of Maximum Side Lobe Level of various taper in Fractional Fourier Domains 

- Indicates that the value is not readable as side lobe is too low. 

Maximum side Lobe Level (dB) S. 

No 

FrFT 

Domain Nutall 

Taper 

Chebyshev  

Taper 

Blackman  

Taper 

 

Blackman 

Harris  

Taper 

Bohman  

Taper 

 

Hamming  

Taper 

Taylor- 

Kaiser 

 Taper 

Binomial   

Taper 

Uniform  

Taper 

Gaussian 

 Taper 

Hanning  

Taper 

Tukey 

 Taper 

Barlett 

 Taper 

Triangular 

Taper 

1. a=0.1 -111.00 -31.26 - - -136.59 -41.14 -80.85 - - -58.77 - -66.23 -24.43 -22.70 

2. a=0.2 -102.06 -26.33 - - -45.27 -39.16 -72.70 - - -57.35 - -13.48 -24.74 -26.71 

3. a=0.3 -86.85 -28.72 -66.67 - -45.14 -36.95 -37.36 - -11.22 -56.27 -40.53 -14.41 -24.66 -25.79 

4. a=0.4 -86.85 -29.33 -61.18 - -44.97 -35.91 -39.26 - -11.85 -54.67 -41.63 -14.74 -24.54 -25.33 

5. a=0.5 -86.36 -28.85 -61.78 - -44.96 -35.63 -40.18 - -12.45 -53.90 -30.45 -14.94 -24.11 -25.10 

6. a=0.6 -85.71 -26.87 -61.82 -89.73 -44.91 -36.39 -31.49 - -12.73 -53.77 -31.00 -14.97 -23.91 -25.00 

7. a=0.7 -83.81 -28.49 -61.79 -89.14 -44.91 -36.18 -32.65 - -12.87 -54.86 -31.33 -15.04 -23.99 -24.92 

8. a=0.8 -82.65 -29.42 -61.68 -88.83 -44.88 -36.23 -33.28 - -12.98 -54.16 -31.55 -15.06 -24.07 -24.90 

9. a=0.9 -81.69 -29.88 -61.67 -88.72 -44.88 -36.67 -33.61 - -13.02 -54.76 -31.61 -15.08 -24.08 -24.85 

10. a=1.0 -81.28 -30.00 -61.63 -88.96 -44.87 -36.66 -33.72 - -13.04 -54.72 -31.65 -15.09 -24.09 -24.86 
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3.7 TAPERED BEAMFORMING WITH OPTIMUM ARRAY 

 PROCESSING 

 The beamformers considered above are data independent beamformers as their 

weights are determined without input data. If the actual beamforming weights are 

calculated on the basis of the array data, then the result is an adaptive array and the 

operation is known as adaptive beamforming. Ideally, the beamforming weights are 

adapted in such a way as to optimize the spatial response of the resulting beamformer 

based on a certain criterion. The criterion is chosen to enhance the desired signal while 

rejecting other, unwanted signals. Optimum array processing methods make use of the 

a priori known statistics of the data to derive the beamforming weights.  

3.7.1 Array Signal Model for Optimum Array 

 Consider the array signal model of (3.39) that contains interference in addition 

to the desired signal and noise. To derive the optimum beamformer, the optimality 

criterion is the maximization of the theoretical SINR. Consider an array signal that 

consists of the desired signal s(n), an interference signal i(n), along with noise w(n), 

that is,  

  )n()n()n(s)(M)n()n()n((n) s ww ++θ=++′= ivixx .     (3.71) 

Signal, s(n) is with deterministic amplitude σs and uniformly distributed random phase. 

The interference-plus-noise components of the array signal are modeled as zero-mean 

stochastic processes. The total noise and interference is given by  

    )n()n()n(ni w+=+ ix .                                    (3.72) 

The interference has spatial correlation according to the angles of the contributing 

interferers, while the noise is spatially uncorrelated. The interference component of the 

signal may consist of several sources, as modeled in (3.58). The noise is assumed to be 

uncorrelated with power2wσ . The assumption is made that all of these three components 

are mutually uncorrelated. As a result, the array correlation matrix is 

   nis
H

s
2
s

H
x )()(M)]n()n([E RRvvxxR ++θθσ== ,            (3.73) 

where, 2
sσ  is the power of the signal of interest and Ri and Rn are the interference and 

noise correlation matrices, respectively. The interference-plus-noise correlation matrix 

is the sum of these latter two matrices 
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   IRRRR 2
winini σ+=+=+ .               (3.74) 

3.7.2 Optimum Beamforming 

 The optimization criterion for adaptive beamformer is to maximize SINR. At 

the input of the array, that is, in each individual sensor, the SINR is given by 

     
22

2

wi

s
eleSINR

σσ
σ
+

= ,              (3.75) 

where, 222 &, wis σσσ  are the signal, interference, and noise powers in each of the 

individual element. The SINR at the beamformer output, following the application of 

the beamforming weight vector w is 

   { }  wRw

vw

xw 

xw

nini ++

θσ
=

′
=

H

2

s
H2

s

2H

2H

out

)(M

)n(E

)]n([
SINR .                 (3.76) 

In order to maximize array output SINR, the interference-plus-noise correlation matrix 

is factored as   H
nini +++ = LLR ni ,                          (3.77) 

where, L i+n is the Cholesky factor of the correlation matrix  

    )()( s
1
nis

H
ni θ=θ= −

++ vLvwLw .             (3.78) 

    
ww

vw
H

2

s
H2

s

out

)(M
SINR

θσ
= .                         (3.79) 

Using the Schwartz inequality  )()( ss
H θ≤θ v wvw ,             (3.80) 

   
2

s
2
s2

2

s

2

2
sout )(M

)(
MSINR θσ=

θ
σ≤ v

w

vw
.            (3.81) 

Thus, the maximum SINR is found by satisfying the upper bound for (3.81), which 

yields     )]()([MSINR s
1
nis

2
s

max
out θθσ= −

+ vRv .                        (3.82) 

 The maximum SINR is obtained if )( sθα= v w , where ‘α’ is an arbitrary 

constant. In other words, the SINR is maximized when these two vectors are parallel to 

each other and α can be chosen to satisfy other requirements. Therefore using (3.78), 

optimum weight vector can be found [32] 

   )()( s
1
nis

H
ni0 θα=θα= −

+
−
+ vRvLw .                         (3.83) 
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Thus, the optimum beamforming weights are proportional to )( s
1
ni θ−

+ vR . The optimum 

beamformer is normalized to have unity gain in the look direction, i.e. 

1s
H
0 =θ )(vw .Therefore, 

    1)()]([)( s
H

s
1
nis

H
0 =θθα=θ −

+ vvRvw ,             (3.84) 

and the resulting optimum beamformer is given by 

    
)()(

)(

s
1
nis

H
s

1
ni

0 θθ
θ

= −
+

−
+

vRv

vR
w .              (3.85) 

Alternately, the optimum beamformer can be derived by solving the following 

constrained optimization problem: Minimize the total power at the beamformer output 

    wRwxw x
H2H )n(EP =







=  ,                        (3.86) 

subject to a look-direction distortion less response constraint, i.e.  

    min P   subject to wH v(θs) =1. 

The solution of this constrained optimization problem is found by using Lagrange 

multipliers and results in the same weight vector as (3.85), with Ri+n being replaced by 

Rx, as the available data is x(n). Thus the resulting optimum weight vector is given by 

    
)()(

)(
ˆ

s
1

xs
H

s
1

x
0 θθ

θ
= −

−

vRv

vR
w  .                                    (3.87) 

The optimum weight vectors found by using xR  and niR + are identical i.e. 00 ww ˆ= . 

The proof of 00 ww ˆ=  is given in Appendix C.  

 The optimum beamformer passes signals impinging on the array from angle θs 

while rejecting interference from all other angles. This beamformer can be thought of 

as an optimum spatial matched filter since it provides maximum interference rejection, 

while matching the response of signals impinging on the array from a direction θs. This 

advantage is best illustrated by using the beampattern of an optimum beamformer with 

an interferer at θ1=200 in Fig.3.19.  

 The side-lobes of the beamformer are still at the same levels as the spatial 

matched filter (non-adaptive beamformer) from (3.60), although with a different 

structure. Thus a desired signal at any angle θ1 may be easily found by using an 

adaptive beamformer directed to angle θs=θ1 assuming the signal strength after 

beamforming is significantly larger than the noise. 
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Figure 3.19-Optimum beamformer (no taper) 

3.7.3 Tapered Optimum Beamforming 

   In the above example, if another interferering signal is present at θ2= 

−200 that was not part of the interference (not accounted for in the interference 

correlation matrix), the gain of the optimum beamformer at θ2= −200 is approximately 

–20 dB. If the strength of this signal is significantly greater than 20 dB, the optimum 

beamformer steered to θs =00 will pass this sidelobe signal with sufficient strength and 

it may be erroneously concluded that a signal is present at θs =00. The sidelobe signal 

problem described above can be cured, at least partially, by reducing the sidelobe levels 

of the beamformer to levels that sufficiently reject these side lobe signals. As described 

earlier, the application of a taper to a spatial matched filter resulted in a low sidelobe 

beampattern. The same principle is applied to the optimum beamformer. A tapered 

array response vector at an angle θs is defined as 

    )()()( smfstbfst θΘ=θ=θ c c tv ,                        (3.88) 

where, t is the tapering vector. The tapering vector is normalized such that 

1)()( stbfs
H
tbf =θθ cc  as in (3.63). The resulting low sidelobe adaptive beamformer is 

given by substituting in )( st θv  for )( sθv  in (3.87) 

    
)()(

)(

st
1

xst

st
1

x
to θθ

θ
= −

−

vRv

vR
c .              (3.89) 

 The Dolph-Chebyshev taper is again used because this choice of taper provides 

a uniform sidelobe level. Consider the optimum beamformer with an interferer at 

θ2=200 from Fig.3.19 with a potential signal leaking through the sidelobe at θ1= −200. If 
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a tapered optimum beamformer from (3.89) with a -30dB sidelobe taper is used, a 

potential signal at θ1= −200 receives a -30dB level of attenuation. Fig.3.20 shows the 

beampattern of this tapered optimum beamformer. The sidelobe levels are significantly 

reduced while the null on the interferer at θ=200 has been maintained. The adaptive 

beamformer given by (3.89) is no longer optimal in any sense, unless the desired signal 

to be spatially matched to )( st θv . However, the resulting adaptive beamformer still 

provides rejection of unwanted interferers via spatial nulling through the use of 1
x
−R  in 

(3.89). In addition, the low sidelobe levels of the beampattern reject signals not 

contained in the interference that are present at angles other than the angle of look θs. 
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Figure 3.20-Beam pattern of tapered optimum beamformer 

 
 The penalty to be paid for the robustness provided by these low sidelobes is a 

small tapering loss in the direction of the look θs, given by (3.90) and a widening of the 

main lobe beamwidth, as can be seen in the beampattern in Fig.3.21. This tapering loss 

indicates a mismatch between the true signal and the constraint in the optimum 

beamformer and is given by  
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Figure 3.21-Beamppatern of an optimum and a tapered beamformer. Solid line is 
the optimum beamformer and dashed line is for tapered optimum beamformer.  

3.7.4 FrFT based Tapered Optimum Beamforming  

 The optimum tapered beamformer can be obtained by using FrFT taper also. By 

replacing t by ta (taper obtained in FrFT domain as described in section 3.6.6) in (3.88) 

the optimum tapering can be done in FrFT domain also. (3.88) can be written as 

)()()( smfstbfsta θΘ=θ=θ c c a
a tv . The FrFT based tapering vector is normalized such 

that 1)()() s
a
tbfs

Ha
tbf =θθ c(c  as in (3.63). The resulting low sidelobe adaptive 

beamformer is given by substituting in )( sta θv  for )( sθtv  in 

(3.89)
)()(

)(

sta
1

xsta

sta
1

x

θθ
θ

= −

−

vRv

vRa
toc . The results of using FrFT taper with optimum array 

processing (generated by multiplying a uniform and Chebyshev taper in a=0.7 domain) 

are shown in Fig.3.21.(A). The number of elements in array is taken as 11. From figure 

3.21(A) it is observed that FrFT taper provides more flexibility in tapering with 

optimum array processing also. The null in all cases is maintained at 200, while side 

lobe level is changing in each domain, thus the interferer at -200 shall receive 

attenuation depending upon FrFT taper chosen in ath domain. From above examples, 

one issue is clear that in CDMA based wireless communication systems the tapered 

beamformers can control the large amount of interference. Moreover the FrFT taper, 

which is a more flexible taper as compared to fixed taper and can be applied to both 

adaptive as well as non adaptive beamformer, gives more flexibility to antenna 

designer. The increase in information capacity by use of tapered beamformer is found 

next. 
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(a) Gain Pattern in domain a=0.9 
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(b) Gain Pattern in domain a=0.7 
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(c) Gain Pattern in domain a=0.5 
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(g) Gain Pattern in domain a=0.4 

Figure 3.21.(A) - Gain Pattern of FrFT taper with optimum array processing 
(Generated by multiplying a uniform and Chebyshev taper in ‘a’=0.7 domain) in 

various FrFT domains 
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3.8 INFORMATION CAPACITY IMPROVEMENT USING 

 TAPERED  BEAMFORMING  

 Future wireless communications system will support a high level of user traffic 

along with a wide range of high quality services that not only include high quality voice 

but also data, facsimile, still pictures and video. The increase in information capacity 

required for such use is around three to four orders of magnitude. The spatial filtering 

using antenna arrays can increase information capacity. Various papers have been 

published reporting capacity improvements via spatial filtering techniques [4, 49, 117, 

139, 169]. Some of the results of these studies are based on practical systems. The 

information capacity of CDMA systems depends upon the amount of interference 

rejection. The low side-lobe formation is suggested as a solution for rejection of large 

number of interferers present in the system. The advantage of the proposed technique in 

improving information capacity has to be investigated further. In this thesis an 

analytical approach is used to derive a relationship between information capacity and 

the array beam pattern.  

 Consider the uniformly spaced array of sensors as shown in Fig.3.2. Let the 

array have an even number of 2M sensors, each a distance, d, from its neighbours. The 

beamformer response is given by (3.30) 
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.                                 (3.91) 

 

The beampattern or power gain is given by 
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The gain function can also be written as 
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where,     θ
λ
π

sin
2

du = . 

 A typical array power gain function over the range of angles from -900 to 900 

for uniform linear array with iwi ∀=1 is shown in Fig.3.6. The beam pattern function 

for uniform linear array is given by,  
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3.8.1 Information Capacity for One User 

 The power gain can be characterized as a function of the angle of arrival,θ, of a 

signal. Let the angle, θmax, of the apex of the sensor array’s main beam be set to be 

coincident with the direction of arrival of the desired user’s signal and the power gain 

of signals arriving from this direction be Pθmax. Consider the case of one interfering user 

with received interfering signal power identical to that of the desired user as in the case 

of CDMA. Let the interfering user’s signal be arriving from a direction θ. The 

information capacity of the desired user given by well known Shannon formula is, 

   )
)(

1(log][
2

max
2 σθ

θ θ

+
+=

P

P
BC  bits/sec,             (3.95) 

where, σ2 is the noise power. Fig. 3.22 shows the variation of capacity, C[θ] with the 

direction of arrival,θ, of the interfering user’s signal. To obtain this graph, because it is 

the relative values rather than the absolute values that are of interest here, the 

bandwidth, B, is set to unity and the power gain function is normalized such that the 

maximum power gain, Pθmax, is also 1. The signal-to-noise power ratio (SNR = Pθmax 

/σ2) is set to 100 and the number of array sensors used is 16. Fig. 3.22 shows the 

inverse relationship between capacity and beampattern. 
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Figure 3.22-Capacity function plot with one interfering user. 
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3.8.2 Analysis of Information Capacity with One Interfering User 

 To analyze the information capacity two cases are considered. In first case the 

angle of arrival of the interfering user’s signal is coincident with a null (zero power 

gain) in the beam pattern. That is, the effective power of the interfering user’s signal is 

zero. Let the capacity in this case be Cθnull given by,  

   )1(log)1(log 22
max

2 SNRB
P

BC null +=+=
σ
θ

θ .             (3.96) 

 This is equivalent to the case where there is no interfering user. Fig. 3.22 shows 

the level of the capacity when there is no interfering user. The second special case is 

when the angle of arrival of the interfering user coincides with that of the desired user. 

That is, the power gain of the interfering user’s signal is also Pθmax. The capacity in this 

case is given by,  

  )
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1
1

1
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P
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1(logBC 22
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+=

θ

θ
θ .                   (3.97)  

The capacity is independent of angle of arrival θ. This is equivalent to the case when 

there is only one sensor (no array) as shown in Fig.3.22 by a straight line. It can be seen 

that it coincides with the capacity function in only one place and is, in fact, the 

minimum value achieved by the capacity function, in the presence of one interferer. To 

find exactly where maximum and minimum capacity points occur: 

    
θθ d

dP

dP

dC

d

dC ⋅= .                         (3.98) 

 Now, from (3.95) it can be seen that the capacity is a monotonically decreasing 

function of P(θ). Thus, dC/dP is always negative and never 0. Thus, from (3.95), the 

capacity can only have maxima and minima at the same angles as the power gain 

function or beam pattern. Because dC/dP is always negative, (3.95) also indicates that 

the maxima in the capacity function coincide with the minima in the beam pattern and 

the minima in the capacity function coincide with the maxima in the beam pattern. Let 

the gain in all directions except desired direction is higher than noise power but less 

than maximum gain, then the power function can be expressed in decibels (dB) via 

(3.99). The maximum power gain, Pθmax is taken as 1. Fig 3.23 shows plots of the 

capacity function and the approximation, given by (3.98). 
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 In Fig.3.23 it can be seen that the approximation fits very well at the first 

sidelobe and for most of the largest lobe of the capacity function. The smaller negative 

pointing lobes in the capacity function have the same widths as the sidelobes in the 

beam pattern.  

 

Figure 3.23-Approximate Capacity in Presence of One Interferer for ULA 

 Equation (3.99) shows that the magnitude of the capacity function is inversely 

proportional to the magnitude of the beam pattern. The smaller negative pointing lobes 

of the capacity function indicate the effect on capacity as the direction of arrival of the 

interfering user’s signal moves through the sidelobes of the beam pattern. To have a 

minimum drop in capacity as the interfering user moves through the sidelobes, the 

maximum sidelobe level should be as low as possible. As noted earlier that the extrema 

of the capacity and power functions are coincident, but opposite. It is relatively 

straightforward to conclude that the large negative pointing lobe in the capacity 

function corresponds to the main lobe in the beam pattern. Thus, the large negative 

pointing lobe in the capacity function is identical in width to the main beam of the 

beam pattern. The large negative pointing lobe indicates the drastic drop in capacity 

which occurs when the direction of arrival of the interfering user’s signal approaches 

the direction of arrival of the desired user’s signal within the main beam of the beam. 

3.8.3 Capacity with Multiple Interfering Users in Case of CDMA  

 Let the number of interfering users be K with directions of arrival of the signals 

of all of the interfering users coinciding with nulls in the beam pattern. The capacity in 
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this case is given by, (3.96) independent of the number of interfering users. If the 

directions of arrival of the signals of all of the interfering users coincide with the main 

beam of the beam pattern, i.e., P(θk) = Pθmax {k = 1……….K}. The capacity in this case 

is given by, 

    )
KP

P
1(logBC

2
max

max
2maxK σ+

+=
θ

θ
θ .           (3.100) 

 It is evident from (3.96) & (3.100) that the capacity in CDMA systems will be 

maximum, when all interfering users coincide with nulls in beampattern which is not 

possible due to large number of uniformly distributed users in CDMA systems. Hence 

as suggested earlier in section 3.2 in CDMA system the interference can be reduced by 

depressing side lobes and thereby increasing capacity of the CDMA systems. 

3.8.4 Significance of the Main Beam to Maximum Side lobe Ratio 

 Let the angles of arrival of the signals of all of the interfering users coincide 

with one of the maximum level sidelobe. Let the power gain at these points be PθSL. 

And let    τ = Pθmax/PθSL be the ratio of the main beam to the maximum sidelobe level. 

The capacity in this case is given by, 
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where,     velSideLobeLe
P

PSL ==
max

1

θ

θ

τ
 .           (3.102) 

 Comparing (3.101) and (3.95), shows that the capacity will be maximum when 

K=τ, and τ is given by the maximum number of interfering users in the system. Hence 

in case of multiple interfering users the side lobe level is defined by the number of 

interfering users. Specifically (3.101) indicates that the level of degradation of the 

capacity in the presence of multiple interferers is directly related to the ratios of the 

sidelobes levels to the main beam, when interferers are outside of the main beam. 

(3.102) is a useful design tool in choosing a beamforming algorithm for CDMA 

systems. Thus any beam forming algorithm that can reduce the maximum side lobe 

level will directly translate into an increase in capacity.  
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 An array with Chebyshev weights is known to give the lowest maximum 

sidelobe level for a given main beam width, such an array can control interference in 

CDMA systems [28]. Figs. 3.24 and 3.25 illustrate comparisons between the power 

gain and capacity functions, respectively, achieved using Chebyshev and Uniform 

sensor weights. With identical main beam widths, the Chebyshev weights afford a 

lower maximum sidelobe level than the uniform weights. This translates to a higher 

minimum capacity level in the presence of multiple interfering users.  
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Figure 3.24-Normalized power pattern 
for ULA & Chebyshev array 

Figure 3.25-Capacity comparison of ULA 
and Chebyshev array 

3.8.5 Results and Discussions 

Based on above discussion the following points can be considered in CDMA systems 

1.  The capacity function has a one-to-one relationship with the beam pattern and its 

salient features are directly related to those in the beam pattern. 

2. The maximum possible capacity occurs when there are no interfering users. This is 

equivalent to the case when the angles of arrival of all interfering users coincide 

with nulls in the beam pattern, assuming perfect nulls.  

3.  The minimum capacity occurs when there is no array, i.e. the sensor is omni 

directional. This is equivalent to the case when the angles of arrival of all 

interfering users coincide with the apex of the main beam in the beam pattern. 

4. To have a minimum drop in capacity as the angles of arrival of any interfering users 

move through the sidelobes, the maximum sidelobe level must be as low as 

possible5. 

______________________________________________________________________ 

5. [P21]  “Interference rejection in WCDMA systems using tapered beamformers”, Proceedings of IE(E) on CDMA Technology: 
Advanced wireless services for today and tomorrow, N.Delhi,pp.85-90, April 2-3, 2004 
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5.  Any array processing algorithm which can decrease the maximum side lobe level 

equivalent to Chebyshev will definitely improve the capacity of CDMA system, 

where number of interferes are quite large. The tapering can also increase the 

information capacity of CDMA based system. 

6. Any such algorithm should have adjustable low side-lobe level and beamwidth with 

steerable main-lobe. It should be capable of forming broad low side-lobe level 

towards interferering sources having large angular spreads. 

  A new beamforming algorithm capable of obtaining a Chebyshev pattern with 

minimum equal side lobe level for a given main lobe beam-width and vice versa is 

presented next. 

3.9 NEW ARRAY PROCESSING ALGORITHM FOR 

SYNTHESIZING CHEBYSHEV-LIKE LOW SIDE LOBE 

BEAM PATTERNS WITH ADJUSTABLE BEAMWIDTH 

AND STEERING-INVARIANCE 

 This beamforming algorithm based on linear arrays is formulated as the 

problem of “finding an array weight vector such that the array output power in the side 

lobe is minimized subject to Multiple Beam Constraint (MBC)”. By constructing a 

steering matrix with each column vector corresponding to the steering vector of a 

selected sidelobe and a constraint vector with each entry equal to the gain of a selected 

lobe, an array beamformer can be designed with multiple-beam constraints. Based on 

multiple constraints, the optimum weight vector is calculated till corresponding side 

lobe level is achieved. This is a flexible and computationally efficient algorithm that 

can provide any desired antenna patterns. This pattern synthesis procedure can even be 

applied to antenna arrays with non-isotropic elements with arbitrary spacing and any 

initial current distribution. The major advantage of this algorithm is its simplicity and 

robustness in adapting to the need. To derive this algorithm consider 2N+1 isotropic 

element linear array with a uniform spacing, non-uniform amplitude and progressive 

phase excitation. According to Schelkunoff [40], the field due to this antenna array 

could be represented in a polynomial form as 

    f(u)= ∑
−=

∗N

Nn

nue j
nw ,             (3.103) 
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where, u = kdsinθ, where θ denotes the angle from broadside, d is the element spacing, 

k is the wave number and wn is the complex excitation of the nth element. In this 

algorithm the attention is paid to the case where f(u) is a real function so that weights 

are real and w-n = wn*, with the asterisk denoting complex conjugate. The problem is to 

find 2N + 1 excitation perturbations wn, such that the perturbed pattern f(u) has desired 

low side-lobe levels at the prescribed directions u=um ,m=1,2,……….M. Let wm be the 

complex weight vector required for antenna to look in the mth direction and 

)sin(.d).
2

(u&e mm
ju

m
m θ

λ
π==Ω .                                  (3.104) 

 In the vector notation (3.103) can be represented as  

   Mm1,NnN)Ω.()Ω(f n
m

T
mm ≤≤≤≤−=  w .                   (3.105) 

 This array factor gives the field due to the antenna array with complex 

coefficients fed at each antenna element in mth direction. If ‘M’ directions on the 

angular space in the range [0,π ] are considered, then the above equation can be written 

in matrix form as 
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(3.106) can be written as  

     T
1x)1N2()1N2(Mx1Mx ++ ⋅= wΩF ,           (3.107) 

where, F is the field vector giving desired lobe level required in ‘M’ directions, Ω  is 

the steering matrix and w is (2N+1) weight vector. If symmetric excitement is 

considered i.e. the reference point is the center of the array, summation of phases with 

weights would yield real steering vectors and a weight vector w of dimension N. To 

obtain specific power pattern weight vector w need to be calculated for particular F. 

Thus, if the corresponding field points are provided in the angular space, the desired 

beam can obtained with specified side lobe levels. In the far field, the F will be real 

vector denoting the magnitude of the field strength. This lead to the 

    T
1NxMxN1Mx ].Re[]Re[ wΩF = .                                (3.108) 



 91

The solution to this set of Mth order linear equations would be a set of real weight 

vector, given as 

     FΩw 1−= .             (3.109) 

 Thus, using real weights at the antenna elements the desired beam can be 

formed, i.e. the appropriate levels of the main lobe and side lobes can be obtained. In 

CDMA system the vector F can be chosen in such a way that equal side lobes or 

depressed side lobes are formed in the direction of interferers. The low side lobe 

synthesis problem thus has only the dimensionality M, rather than the dimensionality 

2N+1 of element space. This represents a significant simplification of the problem. 

For inverse of Ω , matrix should be a square. In general for an N element array, there 

are N-2 distinct side lobes. To make lesser computation, instead of using singular value 

decomposition, the matrix is made square. This could be done in two different ways 

depending on the number of antenna elements. 

 1. If the number of antenna elements is even, a null in the end fire direction 

could be impressed at 0=θ  or πθ =  for broadside array and a null at 2/πθ = for end 

fire array, to make the matrix square and vector F of length N. This is because even 

number of elements tends to have null in the endfire direction for broadside arrays and 

null at the broadside for the endfire arrays as shown in Fig. 3.26. 

 2. If the number of antenna elements is odd, repeat a side lobe at the endfire 

direction for 0=θ  and π=θ . This is because odd number of elements tends to have 

side lobes in the endfire direction in ULA as shown in Fig. 3.27.  

Algorithm used: 

The method for low sidelobe or depressed side lobe pattern synthesis starts from a 

given original pattern fo(u), with desired main beam and side lobe envelope, 

corresponding to given original element coefficients (w0). These coefficients are then 

perturbed such that the perturbed pattern has required side lobe levels in the desired 

directions. The algorithm described below is for the uniform linear array. Let F0 is the 

initial field vector containing values of field for main beam as well as side lobes for 

2N+1 element ULA. F0 is given by      

     T000 ).(wΩF = ,                   (3.110) 

with w0=1 for all elements. )0(
Ω is the initial steering matrix with given main beam 

direction and the direction of the side lobes of ULA. 
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The basic property of beamforming is embedded in ULA, which is exploited in 

knowing the side lobe directions as an initial step. Once the side lobe directions are 

known, depending on the relative magnitude required for the side lobes, forcing vector 

F is formulated. The first set of weight vectors is calculated using (3.109). The steps 

required for the algorithm could be stated as follows: 

1. Formulate ULA with equispaced elements with 2/λ≤d . 

2. Find the positions of the side lobes by simple peak finding (change in slope 

routine). 

3. Formulate the matrix Ω 0 and vector F0. 

4. Formulate vector F with the desired sidelobe levels (Don’t change it during 

subsequent iterations). 

5. Find the new weight vector, F)Ωw -10(=  

6. Obtain the pattern with this weight vector w and find the magnitude of the side 

lobes and form the vector F1. 

7. Find the error between the desired F and new side lobe peaks, F1
.  

8. If |F- F1| ε≤  whereε  is the acceptable error, then stop, else repeat from step 2. 
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Figure 3.26-Normalized field pattern for 
ULA with N=12, d=λλλλ/2, 0=α  

Figure 3.27-Normalized field pattern for 
ULA with   N=11,d=λλλλ/2, 0=α  

  

 Although the algorithm has been discussed considering the array with uniform 

current distribution but it has been observed with simulation results that it is possible to 

get the equal side lobe pattern using Taylor current distribution also. For both current 

distributions, the resultant array approaches the Chebyshev pattern thereby lowering the 

side lobe level presented to all interferers and hence increasing the capacity of the 
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system. By application of above algorithm the beampatterns obtained form uniform and 

Taylor current distributions are shown in Figs. 3.28-3.32. In Figs.3.28 & 3.31, the 

beampatterns after each iteration are shown. Figs. 3.29 & 3.32, show the polar plot 

obtained after each iteration. It is also shown in Fig. 3.30 that beam can be steered in 

any direction. Figs. 3.33 to 3.34 show a low side lobe adjustment based on above 

algorithm6. The algorithm places a low side lobe level at any position in the pattern 

depending upon direction arrival of the interferers. The convergence of algorithm with 

Taylor and Uniform current distribution is shown in Figs. 3.35 & 3.36 respectively. A 

comparison of normalized array gain of Chebyshev and MBC algorithm is shown in 

Fig.3.37. The same plot shows the comparison of capacity function also.  
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Fig(b) beampattern after iteration1
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Fig. (c) beampattern after iteration2
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Fig(d) beampattern after iteration3  

 

Figure 3.28-Chebyshev Patterns obtained using ULA with uniform current 
distribution 

 
 

______________________________________________________________________ 

6. [P16] “Independent angular steering of each zero of a directional pattern of a linear array”, Proceedings of International conf. on 
challenges in networking and Future comm.(CNFE-05)APIIT,Panipat,India,pp.91-95,April 9-10,2005. 
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Fig(a) Initial Polar Plot
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Fig(b) Polar plot after iteration1
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Fig(c) Polar plot after iteration2
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Fig(d) Polar plot after iteration3
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Figure 3.29-Polar Plots obtained after each iteration 
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(b) Polar plot steered to 60 Degree
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Figure 3.30-Beam Pattern & Polar Plot steered to 600 
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Fig.(b) beampattern after iteration1
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Fig(c) beampattern after iteration2
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Fig.(d) beampattern after iteration3  

Figure 3.31-Chebyshev Patterns obtained using ULA with Taylor current 
distribution 
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Fig.(b) Polar plot after iteration1

 90o

-90o

 0o180o
θθθθ

45o

-45o

135o

-135o

-10-20-30
dB

Fig.(c) Polar plot after iteration2
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Fig.(d) Polar plot after iteration3
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Figure 3.32-Polar Plots obtained after each iteration 
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(a) A low side lobe at 3rd to 6th side lobe 

positions with uniform current distribution  
(b) A low side lobe at last four side lobe 

positions with Uniform current distribution 
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(c)A low side lobe at first side lobe position 

with Uniform current distribution 
(d) A low side lobe at second side lobe 

position with Uniform current distribution 
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(e) A low side lobe at last side lobe positions 

with Uniform current distribution 
(f) A low side lobe at different positions with 

Uniform current distribution 

Figure 3.33-Side Lobe adjustment with Uniform current distribution 
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(a) A low side lobe at 3rd to 6th side lobe 
positions with Taylor current distribution  

(b) A low side lobe at last four side lobe 
positions with Taylor current distribution 
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(c)A low side lobe at first side lobe position 

with Taylor current distribution 
(d)A low side lobe at second side lobe position 

with Taylor current distribution 
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Figure 3.34-Side Lobe adjustment with Taylor current distribution 
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(a) Convergence with Taylor  
distribution  
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(b) Convergence with Uniform Distribution  

Figure 3.35-Convergence with Taylor Distribution and Uniform Distribution 
(Without adjustable side lobe topography) 
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(b) Convergence with Uniform Distribution  

Figure 3.36-Convergence with Taylor Distribution and Uniform Distribution  
(with adjustable side lobe topography) 



 99

-80 -60 -40 -20 0 20 40 60 80
-40

-35

-30

-25

-20

-15

-10

-5

0

Angle(degrees)

N
or

m
al

is
ed

 p
ow

er
 g

ai
n

Chebyshev Taper
MBC Taper

-80 -60 -40 -20 0 20 40 60 80
0

1

2

3

4

5

6

7

8

Angle(degrees)

C
ap

ac
ity

Chebyshev Taper
MBC Taper

(a) Array gain of Chebyshev Taper and 
MBC Taper with depressed 3rd to 6th 

lobe  

(b) Capacity Function of Chebyshev 
Taper and MBC Taper with depressed 

3rd to 6th lobe  

-80 -60 -40 -20 0 20 40 60 80
-40

-35

-30

-25

-20

-15

-10

-5

0

Angle(degrees)

N
or

m
al

is
ed

 p
ow

er
 g

ai
n

Chebyshev Taper
MBC Taper

-80 -60 -40 -20 0 20 40 60 80
0

1

2

3

4

5

6

7

8

Angle(degrees)

C
ap

ac
ity

Chebyshev Taper
MBC Taper

(c)Array gain of Chebyshev Taper and 
MBC Taper with depressed 2nd  lobe  

(d) Capacity Function of Chebyshev 
Taper and MBC Taper with depressed 

2nd  lobe  

-80 -60 -40 -20 0 20 40 60 80
-40

-35

-30

-25

-20

-15

-10

-5

0

Angle(degrees)

N
or

m
al

is
ed

 p
ow

er
 g

ai
n

Chebyshev Taper
MBC Taper

-80 -60 -40 -20 0 20 40 60 80
0

1

2

3

4

5

6

7

8

Angle(degrees)

C
ap

ac
ity

Chebyshev Taper
MBC Taper

(e) Array gain of Chebyshev Taper and 
MBC Taper with last 2 lobes depressed  

(f) Capacity Function of Chebyshev 
Taper and MBC Taper with last 2 lobes 

depressed 
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3.9.1 Results and Discussion 

1. The convergence of Taylor distribution based algorithm is faster as compared to 

uniform array. The convergence of each array is shown in Figs. 3.35 & 3.36 for both 

the cases of adjustable side lobe topography and without adjustable side lobe 

topography.  

2.  It is important to note that proposed method a suboptimal weight vector that does not 

null out interferers. Beampattern simply maximizes the gain in the direction of the 

desired signal source and minimizes the gain in the direction of interferers. 

3. As discussed earlier in cases of large angular spread, a sharp null can not provide 

efficient interference suppression. These cases can however be handled if a broad low 

side lobe is formed towards the direction of the interference. With the proposed 

algorithm a controlled broad low side lobe can be easily synthesized.  

4. As proved earlier to have a minimum drop in capacity as the interfering user moves 

through the sidelobes, the maximum sidelobe level should be as low as possible. The 

algorithm provides a low side lobe level to all users in case they are uniformly 

distributed in the side lobe region. Also if the interferers are concentrated over a broad 

angle still the algorithm places a low side level in the direction of interferes. 

Moreover the algorithm convergence is faster as compared to other adaptive 

algorithms. The capacity improvement obtained by use of above algorithm is shown 

in Fig. 3.37.  

 It is important to analyze the performance of proposed MBC beamforming algorithm, 

when it is used in array processing architectures. Four performance metrics are commonly 

used in array processing architectures viz.: 

• Signal-to-interference-plus-noise ratio (SINR),  

• Normalized SINR (α), 

• Array gain (AG) and  

• Mean square error (MSE).  

These quantities are computed at the output of the array beamformer in the presence of 

interferers in wireless communication. The proposed MBC algorithm, Chebyshev algorithm 

and one adaptive algorithm (SMI) are simulated to illustrate the behavior of these metrics in a 

more complex environment. The mathematical formulation of these metrics is done next. 
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3.10 PERFORMANCE METRICS OF AN ARRAY PROCESSING 

 ARCHITECTURE & THEIR DERIVATION 

3.10.1   Signal-to-interference-plus-noise ratio (SINR) 

 SINR is a generalization of SNR (signal-to-noise ratio) that explicitly takes into 

account the impact of interference, i.e., jamming. Maximizing SINR is the optimal criterion 

for most detection and estimation problems [32]. SINR is computed either at the input to the 

array (i.e., element level) or at the output of the array. In this work SINR at the output of the 

array is of concern, therefore SINR means output SINR. Input SINR, or element-level SINR, 

is ratio of the signal power to the interference plus noise power at the individual element  

    
22

2

ni

s
inputSINR

σσ
σ
+

= ,                                 (3.111) 

where, 222 ,, nis σσσ  are the desired signal, interference, and noise powers at the individual 

element level. Output SINR is the ratio of the signal power to the interference-plus-noise 

power at the output of the array as given by (3.76)      
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where, 2)]([ θa is the array manifold vector defined in (3.12). For the distortion less constraint 

with no steering vector mismatch, i.e., the steering vector used to compute w is identical to 

the steering vector used to evaluate the SINR, (3.112) can be simplified as 

 
wRw ni

H

2
s

out

M
SINR

+

σ
= .                                           (3.113) 

Now, mean square error (MSE) is defined as a measure of an array’s ability to cancel noise. 

MSE is defined as 

wRwxw ni
H2

ni
H ][EMSE ++ == .                    (3.114) 

Substituting (3.113) into (3.114) yields the final expression for the output SINR 

MSE

M
SINR s

output

2σ= .                      (3.115) 

(3.115) shows that output SINR is inversely proportional to MSE 

 



 102

3.10.2  Normalized SINR (ρρρρ) 

Normalized SINR is the ratio of the SINR for a given weight vector to the SINR for 

the optimal weight vector. Normalized SINR is an important metric because there are classic 

theoretical results that have been derived using this metric. The normalized SINR is defined 

as follows 

optSINR

SINR=ρ ,                      (3.116) 

where SINR is the output SINR for a given weight vector (e.g., computed using an estimated 

covariance matrix), and SINRopt is the optimal output SINR (i.e., computed using the true 

covariance matrix). Substituting (3.115) into (3.116) yields 

MSE

MMSE

MSE

MSEopt ==ρ ,                     (3.117) 

where, the optimal MSE is more commonly referred to as the minimum MSE (MMSE). It can 

be noted that MMSE will be a fixed quantity for a given scenario while the MSE will vary for 

each weight vector being evaluated. Therefore (3.117) shows the inverse relationship of 

normalized SINR with MSE. 

3.10.3  Array Gain 

 Array gain (AG) is the third metric of interest. Array gain is the ratio of the SINR at 

the output of the array to the SINR at the input of the array. It is a measure of the productivity 

of the array and also directly impacts system detection performance. Some authors use array 

gain also called improvement factor, as their primary metric [63]. It is important to note, 

however, that array gain is quite different from power gain, used in the radar range equation, 

or even directive gain. It is shown in simulation that the value of array gain can grow quite 

large as it reflects not only the coherent gain from the number of elements but also the impact 

of depressing interferers. Array gain is defined as follows 

input

out

SINR

SINR
AG = .                     (3.118) 

Substituting (3.111) and (3.115) into (3.117) gives 

MSE

M
AG

2
n,iσ

= ,                                (3.119) 

where, 2
i

2
n

2
n,i σ+σ=σ . (3.119) again shows the inverse relationship of array gain with MSE. 
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3.10.4  Minimum Mean Squared Error 

The last metric of interest is minimum mean square error (MMSE). MMSE is a 

measure of an adaptive beamformer ability to give the desired output. MMSE is the most 

fundamental of the four metrics. Each of the other three metrics is proportional to MMSE 

under the conditions cited at the beginning of this section. MMSE will be used widely 

throughout next chapter to evaluate algorithms. The derivation of MMSE is based on 

Wiener’s solution discussed in next chapter. The various performance metrics are 

summarized in table 3.6 

Table-3.6: Various Performance Metrics and Their Expressions 
Performance Metric Expression 

Minimum Mean squared Error wHRw 

SINR (output) 
MSE

M s
2σ
 

Normalized SINR,ρ 
MSE

MMSE

 
Array Gain 

MSE

M 2
n,iσ  

 Based on above metrics the performance of a beamformer, with three different 

algorithms mentioned below, is evaluated,  

1. Chebyshev weighting with -40 dB sidelobes,  

2. Sample Matrix Inverse. 

3. MBC with -40dB side lobe level a low side lobe level of -80dB from 380 to 480.  

 In each beamformer a 16 element uniform linear array processing architecture shown 

in Fig.3.1 with interferers at different DOAs is assumed. The interference power of each 

interferer is varied from 0 to 60dB. All individual interfering powers are the same during a 

given trial. The element level SNR is taken as 0dB, and thermal noise power is normalized to 

unity. Each realization consists of random draw of training data. Each realization is run for 

10000 Monte Carlo trials. Figs. 3.39-3.47 show the variation of the performance metrics of a 

beamformer, with three different algorithms, under different interfering environments. The 

simulations are done by varying total number of interferers in each simulation. Fig.3.38(a & 

b) shows the beampattern and polar plot of MBC taper used in simulations. In Figs.3.39 – 

3.47, part ‘a’ shows the variation of array gain, part ‘b’ shows the variation of output SNR, 

part ‘c’ shows the variation of normalized SINR and part ‘c’ shows variation of MSE with 

total interference power. 
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(a) Beampattern of MBC Taper with side lobe level of -80db from 380 to 480 
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(b) Polar plot of MBC Taper with side lobe level of -80db from 380 to  480 

 

Figure 3.38-Pattern of MBC beamformer used for comparison 



 105

 
 

  

 

0 10 20 30 40 50 60
10

20

30

40

50

60

70

Total Interfrence Power(dB)

A
rr

ay
 G

ai
n

chebyshev
smi
MBC

0 10 20 30 40 50 60
-35

-30

-25

-20

-15

-10

-5

0

5

10

15

Total Interfrence Power(dB)

ou
tp

ut
 S

N
R

chebyshev
smi
MBC

 

(a) Array Gain variation with Interference 
power of 5 interferers  

(b) Output SNR variation with Interference 
power of 5 interferers 
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(c) Normalized SNR variation with 
Interference power of 5 interferers 

(d) MSE variation with Interference power of 5 
interferers 

 
Figure 3.39-Variation of different Performance Metrics of three beamformers for five 

interferers. The interferers are not lying in low side lobe region of MBC 
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(a) Array Gain variation with Interference 
power for 5 Interferers 

(b) Output SNR variation with Interference 
power for 5 Interferers 
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(c) Normalized SNR variation with 
Interference power for 5 Interferers 

(d) MSE variation with Interference power for 
5 Interferers 

 
Figure 3.40- Variation of different Performance Metrics of three beamformers for five 

interferers. Few interferers are lying in low side lobe region of MBC 
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(a) Array Gain variation with Interference 
power for 9 Interferers 

(b) Output SNR variation with Interference 
power for 9 Interferers 
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(c) Normalized SNR variation with 
Interference power for 9 Interferers 

(d) MSE variation with Interference power for 
9 Interferers 

 
Figure 3.41- Variation of different Performance Metrics of three beamformers for nine 

interferers.  No interferer is lying in low side lobe region of MBC 
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(a) Array Gain variation with Interference 
power for 15 Interferers 

(b) Output SNR variation with Interference 
power for 15 Interferers 
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(c) Normalized SNR variation with 
Interference power for 15 Interferers 

(d) MSE variation with Interference power for 
15 Interferers 

 
Figure 3.42- Variation of different Performance Metrics of three beamformers for 

fifteen interferers. One interferer is lying in low side lobe region of MBC 
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(a) Array Gain variation with Interference 
power for 21 Interferers 

(b) Output SNR variation with Interference 
power for 21 Interferers 
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(c) Normalized SNR variation with 
Interference power for 21 Interferers 

(d) MSE variation with Interference power for 
21 Interferers 

 
Figure 3.43- Variation of different Performance Metrics of three beamformers for 21 

interferers. Few interferers are lying in low side lobe region. 
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(a) Array Gain variation with Interference 
power for 25 Interferers 

(b) Output SNR variation with Interference 
power for 25 Interferers 
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(c) Normalized SNR variation with 
Interference power for 25 Interferers 

(d) MSE variation with Interference power for 
25 Interferers 

 
Figure 3.44- Variation of different Performance Metrics of three beamformers for 25 

interferers.  Few interferers are lying in low side lobe region of MBC 
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(a) Array Gain variation with Interference 
power for31 Interferers 

(b) Output SNR variation with Interference 
power for 31 Interferers 
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(c) Normalized SNR variation with 
Interference power for 31 Interferers 

(d) MSE variation with Interference power for 
31 Interferers 

 
Figure 3.45- Variation of different Performance Metrics of three beamformers for 31 

interferers. Few interferers are lying in low side lobe region of MBC 
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(a) Array Gain variation with Interference 
power for40 Interferers 

(b) Output SNR variation with Interference 
power for 40 Interferers 
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(c) Normalized SNR variation with 
Interference power for 40 Interferers 

(d) MSE variation with Interference power for 
40 Interferers 

 
Figure 3.46- Variation of different Performance Metrics of three beamformers for 40 

interferers.  Few interferers are lying in low side lobe region of MBC 
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(a) Array Gain variation with Interference 
power for 54 Interferers 

(b) Output SNR variation with Interference 
power for 54 Interferers 
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(c) Normalized SNR variation with 
Interference power for 54 Interferers 

(d) MSE variation with Interference power for 
54 Interferers 

 
Figure 3.47- Variation of different Performance Metrics of three beamformers for 54 

interferers. Few interferers are lying in low side lobe region of MBC 
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(a) Array Gain variation with Interference 
power for 65 Interferers 

(b) Output SNR variation with Interference 
power for 65 Interferers 
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(c) Normalized SNR variation with 
Interference power for 65 Interferers 

(d) MSE variation with Interference power for 
65 Interferers 

 
Figure 3.48- Variation of different Performance Metrics of three beamformers for 65 

interferers.  Few interferers are lying in low side lobe region of MBC 
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3.10.5 RESULTS AND DISCUSSIONS  

1. Figs.3.39 and 3.40 show the performance metrics of three beamformers for five 

interferers. The difference between two figures is that in Fig.3.39 the interferers are 

not in the low side lobe region of MBC while in Fig.3.40 these interferers fall in the 

low side lobe region of MBC, resulting in improved performance of this 

beamformer.  

2. For less number of interferers and for low level of jamming the array gain of 

Chebyshev beamformer is best amongst the three beamformers, the MBC’s array 

gain is in between Chebyshev and SMI as shown in Fig.3.39 (a). For low level of 

jamming the Chebyshev & MBC beamformers array gain is better than the SMI 

weighted beamformer due to their much lower (-40 dB) sidelobe levels as shown in 

Fig.3.39 (a).  

3. The array gain of Chebyshev and MBC, however, begins to degrade when the 

jamming level increases above about 28 dB. The reason that the degradation occurs 

around 28 dB as opposed to around 40 dB is because jamming, unlike noise, adds 

coherently across the array. There are 16 elements which provide 12 dB of coherent 

gain for the interferers. The SMI beamformer adaptively nulls each of the 

interferers, and thus provides performance that is independent of the jamming 

power. Overall the performance of SMI beamformer is quite good in terms of array 

gain for less number of interferers over high jamming powers. 

4. For the case of largely spread interferers lying in deep low side level (-80dB) of 

MBC and for low level of jamming power, the MBC array gain is better than 

Chebyshev as sidelobe levels in MBC are better behaved than those of the 

Chebyshev beamformer as shown in Fig. 3.40(a). 

5.  The array gain is about 12 dB (10 log10 M) for each of the three beamformers when 

the jamming level is small as shown in Figs.3.39 (a) and 3.40(a). As the jamming 

level increases the array gain values for each of the beamformers increase in 

recognition of the fact that the interferers are being suppressed. For the Chebyshev 

& MBC beamformers there is a limit to the amount of array gain is dictated by the 

level of the beampattern sidelobes. The adaptive beamformer, SMI is able to null 

the interferers all of the way down to the noise floor. Thus, they achieve an array 

gain that is equal to the total jamming power plus the coherent gain from M 

elements. For example, with M = 16 elements (12 dB) and a jamming power of 60 
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dB, a total array gain of ≈72 dB is possible. The SMI beamformer approaches this 

level of array gain. This shows the benefit of adaptive interferer nulling as opposed 

to deterministic side-lobe beamformer for small number of interferers even with 

large jamming powers7.  

6. In case of output SINR as shown in Fig.3.39 (b), for low jamming levels the 

beamformer results are clustered around 12 dB. The element-level SNR is 0 dB in 

this example and there are 16 elements. Thus 12 dB is the value of output SINR that 

would be expected. As the interferering level increases the Chebyshev and MBC 

beamformers each reach a threshold beyond which OSINR performance begins to 

degrade. The SMI algorithm however provides interferer nulling throughout 

jamming level and thus is able to maintain the peak level of OSINR8.  

7. The performance metric normalized SINR, being a normalized version of output 

SINR, the only difference between figures of the Output SINR and Normalized 

SINR is the y-axis scaling.  

8. The performance metric MSE gives mean squared error variation with jamming 

level. 

9. As the number of interferers is increased to 9 the array gain for MBC and 

Chebyshev remain constant around 10dB with increase in jamming power. The 

array gain for SMI, for 60 dB jamming power, has fallen from 72 dB to 45 dB as 

shown in Fig. 3.41(a). The MSE has also increased as compared to the case of 5 

interferers. But the OSNIR of SMI remains constant and while that of Chebyshev 

and MBC falls, with increase in interfering power. In this case, the angles of arrival 

of interferers are not in the low side-lobe region of MBC. 

10. When the number of interferes are increased to 15 as shown in Fig.3.42(a), the 

array gain for SMI has decreased to 21 db while the AG for Chebyshev and MBC 

increases to 11.2dB and 11.5 dB respectively. In this case, only one interferer is 

assumed to be lying in low side lobe region. The OSNIR of SMI starts falling and 

while that of MBC and Chebyshev starts improving for higher value of jamming 

power as shown in Figure 3.42(b). The MSE for SMI also increases with increase in 

jamming power as shown in figure 3.42(d).  

______________________________________________________________________ 
7. [P4] “Output SNR Improvement in Array Processing Architectures of WCDMA Systems by Low Side Lobe Beamforming”, 
accepted for publication in International Journal of Springer on Wireless Personal Communications. 
8. [P15] “Performance Improvement in Array Processing Architectures of WCDMA Systems by Low Side Lobe Beamforming”, 
Proceedings of IEEE 9th International conf. on Personal Wireless Communications,pp.324-328, 24-26th January, 2005, N.Delhi. 
9. [P22] “Output SNR Improvement in Array Processing Architectures of WCDMA Systems by Low Side Lobe Beamforming”, 
Proceedings of National Conference of Communications (NCC-2005) IIT, Kharagpur pp.167-171, 28-29th January, 2005
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11. With increase in number of interferers to 21 and more interferers lying in low side 

lobe region of MBC, it is seen that the various performance metrics of SMI start 

falling, while that of Chebyshev and MBC start improving. But there is more 

improvement in case of MBC as compared to Chebyshev as shown in Fig. 3.43(a-

d).The same improvement is observed for MBC beamformer in case of 25 

interferers as shown in Fig.3.44(a-d) 

12. In case the number of interferers are increased to 31 the various performance 

metrics of SMI falls below that of Chebyshev and MBC as shown in Figure 3.45(a-

d). This clearly shows that in case of large number of interferers the adaptive 

nulling SMI algorithm is not able to give desired performance characteristics. It 

means the conventional arrays based on nulling procedure are unlikely to be 

applicable in practical CDMA based wireless communication even if their 

beamforming procedure is valid for coherent interferers9. The performance metrics 

for large number of interferers 40, 54 and 65 are shown in Figs. 3.46, 3.47and 3.48 

respectively. The variation of various performance metrics with the increasing 

number of interferers and jamming power is given in tables 3.7 & 3.8. 

3.11  SUMMARY OF THE CHAPTER 

In a CDMA system all transmitted signals turn out to be disturbing factors to all other 

users in the system in the form of interference. Therefore the system capacity strongly 

depends on the interference level in the system. It is shown in this chapter that antenna 

arrays with steer able low side lobes can reduce interference in CDMA based wireless 

communication systems and can increase array performance. The various performance 

metrics of array processing architectures were found to be inversely proportional to 

MSE. Any signal processing technique by which MSE can be decreased, shall further 

improve the performance of array processing architectures. So in the next chapter new 

array processing algorithm based on Fractional Fourier Transform is developed, which 

can decrease the MSE in the ath domain as compared to frequency or space domain. In 

chapter 6, an application of low side lobe beamforming is presented in which it is 

shown that by forming low side lobes towards the direction of head the radiation 

hazards can be reduced. 

______________________________________________________________________ 

10.  [P26] “Performance improvements in various performance metrics of array processing architectures of CDMA based systems 
by use of low side lobe beamforming” under review in IETE Journal of research. 
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Table-3.7: NSINR & OSNR of beamformers for increasing interfering powers and with increased number of interferers 

NORMALIZED SIGNAL TO NOISE RATIO * (dB) 

 Number of 

Interferers : 5 
Number of 

Interferers : 9 
Number of 

Interferers : 15 
Number of 

Interferers : 21 
Number of 

Interferers : 25 
Number of 

Interferers : 31 
Number of 

Interferers : 40 
Number of 

Interferers : 54 
Number of  

Interferers : 65 
 

  Total  

Interfe- 

rence  

power 

(dB) 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 
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I 

C 
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E 

B 

M 

B 

C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

 0 2.65 0.02 0.02 2.60 0.34 0.18 2.64 0.24 0.08 2.63 0.15 0.01 2.65 0.91 0.34 2.68 0.06 0.10 2.63 0.02 0.13 2.63 0.95 0.33 2.63 0.51 0.24 

 10 2.64 0.01 0.02 2.63 2.37 2.17 2.63 1.62 1.41 2.63 0.95 0.74 2.62 1.84 1.16 2.65 0.66 0.45 2.61 0.49 0.29 2.61 1.76 1.09 2.64 0.85 0.56 

 20 2.60 0.22 0.12 2.63 5.44 5.22 2.63 3.13 2.92 2.61 1.99 1.78 2.59 2.25 1.56 2.61 1.09 0.88 2.61 0.84 0.63 2.62 1.93 1.26 2.68 0.91 0.62 

 30 2.61 2.32 1.66 2.62 10.3 10.1 2.59 4.71 4.50 2.66 3.30 3.09 2.60 2.73 2.03 2.66 1.56 1.34 2.60 1.43 1.22 2.64 1.95 1.28 2.60 0.91 0.62 

 40 2.64 9.17 7.68 2.65 19.1 18.8 2.63 6.77 6.56 2.62 3.76 3.55 2.65 3.12 2.42 2.62 1.93 1.72 2.65 1.82 1.61 2.61 1.95 1.28 2.60 0.91 0.62 

 50 2.63 18.6 16.9 2.61 28.9 28.7 2.59 9.14 8.93 2.64 4.51 4.30 2.60 3.20 2.50 2.63 2.12 1.91 2.61 2.02 1.81 2.61 1.95 1.28 2.66 0.91 0.62 

 60 2.62 28.5 26.8 2.64 38.9 38.7 2.60 12.3 12.1 2.64 6.32 6.10 2.65 3.20 2.51 2.60 2.19 1.98 2.63 2.09 1.87 2.61 1.95 1.28 2.63 0.91 0.62 

*All values are -dB 

OUTPUT SIGNAL TO NOISE RATIO (dB)  

 Number of 

Interferers : 5 
Number of 

Interferers : 9 
Number of 

Interferers : 15 
Number of 

Interferers : 21 
Number of 

Interferers : 25 
Number of 

Interferers : 31 
Number of 

Interferers : 40 
Number of 

Interferers : 54 
Number of  

Interferers : 65 
 

  Total  

Interfe- 

rence  

power 

(dB) 

S 

M 

I 

C 

H 

E 

B 

M 
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M 
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B 

C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

 0 9.38 12.0 12.0 9.43 11.6 11.8 9.39 11.7 11.9 9.40 11.8 12.0 9.38 11.1 11.6 9.35 12.0 12.1 9.40 12.0 12.2 9.40 11.1 11.7 9.41 11.5 11.8 

 10 9.39 12.0 12.0 9.40 9.66 9.86 9.40 10.4 10.6 9.40 11.1 11.2 941 10.2 10.8 9.38 11.4 11.5 9.43 11.5 11.8 9.42 10.3 11.0 9.39 11.1 11.5 

 20 9.43 11.8 11.9 9.41 6.60 6.81 9.40 8.90 9.11 9.42 10.0 10.2 9.44 9.78 10.4 9.42 11.0 11.1 9.43 11.2 11.4 9.41 10.1 10.8 9.35 11.1 11.4 

 30 9.43 10.3 10.3 9.42 1.66 1.87 9.44 7.32 7.53 9.37 8.73 8.94 9.43 9.31 10.0 9.37 10.5 107 9.43 10.6 10.8 9.40 10.1 10.7 9.43 11.1 11.4 

 40 9.39 -2.9 -4.3 9.38 -7.1 -6.8 9.40 5.26 5.47 9.41 8.27 8.48 9.38 8.91 9.61 9.41 10.1 10.3 9.38 10.2 10.4 9.42 10.1 10.7 9.43 11.1 11.4 

 50 9.40 -6.6 -4.9 9.42 -17 -16 9.44 2.89 3.10 9.39 7.52 7.73 9.43 8.83 9.53 9.40 9.91 10.1 9.42 10.0 10.2 9.42 10.1 10.7 9.38 11.1 11.4 

 60 9.42 -17 -15 9.39 -27 -26 9.43 -0.3 -0.1 9.39 5.72 5.93 9.38 8.83 9.52 9.43 9.84 10.0 9.40 9.95 10.2 9.42 10.1 10.7 9.40 11.1 11.4 
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Table-3.8: AG & MSE of beamformers for increasing total interfering powers and with increased number of interferers 

ARRAY GAIN  
Number of 

Interferers : 5 
Number of 

Interferers : 9 
Number of 

Interferers : 15 
Number of 

Interferers : 21 
Number of 

Interferers : 25 
Number of 

Interferers : 31 
Number of 

Interferers : 40 
Number of 

Interferers : 54 
Number of  

Interferers : 65 
  Total  

Interfe- 

rence  

power 

(dB) 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

S 

M 

I 

C 
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E 
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M 

B 

C 
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B 

C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

0 12.3 15.0 15.0 7.6 9.9 10.0 9.0 11.4 11.6 10.1 12.6 12.7 10.6 12.2 12.8 11.4 13.9 14.1 12.3 14.9 15.1 9.4 11.1 11.7 9.9 12.1 12.4 

10 19.7 24.4 22.4 8.9 9.1 9.3 10.2 11.2 11.5 11.0 12.7 12.9 11.5 12.3 13.0 12.3 14.3 14.5 13.3 15.4 15.7 10.2 11.0 11.7 10.3 12.1 12.4 

20 29.4 31.7 31.8 11.8 9.0 9.2 11.7 11.3 11.5 12.1 12.7 12.9 11.9 12.3 13.0 12.9 14.4 14.5 13.7 15.5 15.7 10.3 11.0 11.7 10.4 12.1 12.4 

30 39.3 39.6 40.2 16.8 9.0 9.2 13.3 11.2 11.5 13.3 12.7 12.9 12.4 12.3 13.0 13.3 14.4 14.5 14.3 15.5 15.7 10.3 11.0 11.7 10.4 12.1 12.4 

40 49.2 42.7 44.2 25.5 9.0 9.2 15.4 11.3 11.5 13.8 12.7 12.9 12.8 12.3 13.0 13.7 14.4 14.5 14.7 15.5 15.7 10.3 11.0 11.7 10.5 12.1 12.4 

50 59.2 43.2 44.9 35.3 9.0 9.2 17.8 11.3 11.5 14.6 12.7 12.9 12.9 12.3 13.0 13.9 14.4 14.5 14.9 15.5 15.7 10.3 11.0 11.7 10.4 12.1 12.4 

60 69.2 43.2 44.9 45.3 9.0 9.2 20.9 11.2 11.5 16.4 12.7 12.9 12.9 12.3 13.0 13.0 14.4 14.5 14.9 15.5 15.7 10.3 11.0 11.7 10.4 12.1 12.4 

   

MEAN SQUARED ERROR 

 Number of 

Interferers : 5 
Number of 

Interferers : 9 
Number of 

Interferers : 15 
Number of 

Interferers : 21 
Number of 

Interferers : 25 
Number of 

Interferers : 31 
Number of 

Interferers : 40 
Number of 

Interferers : 54 
Number of  

Interferers : 65 
 

 

 

    Total  

Interfe- 

rence  

power 

(dB) 

S 

M 

I 

C 

H 

E 

B 

M 
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C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

S 

M 

I 

C 

H 

E 

B 

M 

B 

C 

 0 2.48 .003 .002 9.31 6.63 6.46 9.95 6.6 6.4 10.7 6.63 6.46 9.0 7.51 6.94 9.20 6.63 6.5 9.69 6.6 6.4 13.7 11.7 11.0 14.6 11.4 11.1 

 10 2.57 0.03 0.02 16.2 15.7 15.4 17.7 15.6 15.4 18.2 15.6 15.4 17.0 16.7 16.0 17.4 15.6 15.5 18.7 15.6 15.5 21.7 21.4 20.7 23.9 21.0 20.8 

 20 2.68 0.32 0.22 23.2 25.6 25.3 25.4 25.5 25.3 26.7 25.5 25.3 27.0 26.5 26.0 26.7 25.6 25.4 28.4 25.5 25.3 32.7 31.3 30.6 33.2 31.0 30.7 

 30 1.94 2.44 1.78 27.1 35.7 35.3 34.3 35.5 35.3 35.1 35.5 35.3 36.7 36.6 36.0 36.1 35.6 35.4 37.0 35.5 35.3 42.1 41.4 40.6 42.8 41.0 40.7 

 40 4.02 9.33 7.84 28.4 45.7 45.3 41.5 45.5 45.3 43.7 45.5 45.3 46.8 46.6 46.0 46.1 45.6 45.4 48.0 45.5 45.3 51.8 51.4 50.6 53.1 51.0 50.7 

 50 2.44 18.8 17.2 30.2 55.7 55.3 48.2 55.5 55.3 3.0 55.5 55.3 55.1 56.6 56.0 56.4 55.6 55.4 56.1 55.5 55.3 61.8 61.4 60.6 63.9 61.0 60.7 

 60 4.15 28.8 27.0 27.9 65.7 65.3 55.7 65.5 65.3 63.0 65.5 65.3 66.4 66.6 66.0 66.7 65.6 65.4 66.5 65.5 65.3 72.2 71.4 70.6 71.5 71.0 70.7 
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OPTIMUM ARRAY PROCESSING USING FRACTIONAL 

FOURIER TRANSFORM  
 
 
 
 

4.1 INTRODUCTION 

The subject of array processing is concerned with the extraction of information 

from signals collected using array of sensors. The information of interest may be the 

signal itself (communications) or the location of the source or reflection that produces 

the signal (radar and sonar). In communication the signal is transmitted by the wireless 

mobile or fixed transmitter. In all of these cases, the signal that arrives at the array can 

be regarded as a non-stationary random process [142]. In active sensing situations such 

as radar and sonar, a known waveform is generated which in turn propagates through a 

medium and is reflected by some target back to the array. In this chapter the multipath 

faded signal received at the array is processed to get the optimum weights using FrFT. 

As discussed in chapter 3 all performance metrics of array processing architecture are 

inversely proportional to mean square error (MSE), and if it is possible to reduce the 

MSE the performance of array processing architecture will definitely improve. Hence 

in this chapter the array processing algorithm using FrFT is proposed, by which the 

MSE of the beamformer can be reduced to a greater extent. This chapter deals with 

linear, discrete-time; FrFT based adaptive finite impulse response filtering for reducing 

MSE. The beamformer considered here is based on Wiener filtering discussed next. 

4.2  WIENER FILTERING 

The Wiener filter is a fundamental building block for linear adaptive filtering 

[142] as shown in Fig. 4.1. The Wiener filter is optimal in the sense of minimizing the 

MSE of the output [23]. The solution of the classical Wiener filter is given by                                               

     
000 dx

1
xopt rRw −= .                               (4.1) 



 121

0xR is the correlation matrix of the input data vector x0(k), and 
00dxr  is the cross-

correlation vector between the input data vector x0(k) and the desired signal d0(k) 

Desired signal: d0(k)            ε: Error output 

 

wopt=Optimal Wiener filter weight 

 

Input data vector: x0(k)                    y0(k): Estimate of desired signal 

Figure 4.1-The Classical Wiener Filter 

When the statistics associated with 
0xR  and 

00dxr are known exactly then the 

MMSE estimate of d0(k) is obtained and filter is referred as “optimal”. In general, of 

course, the statistics are not known but rather are estimated from the data. This filtering 

solution is referred as “adaptive”. The Wiener filter can be applied to a wide variety of 

adaptive signal processing problems. Four fundamental classes of problems are shown 

in Fig. 4.2. These are equalization, prediction, system identification, and interference 

cancellation. These problems represent different architectural arrangements of the 

plant, adaptive filter, and delay elements [23, 32,142].  

 
Figure 4.2-Different Classes of Problems for Adaptive Signal Processing: P=Plant, 

D=Delay, AF=Adaptive Filter, s=signal, n=noise, d=desired signal, εεεε=error signal 
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The applications of adaptive filter are listed in table 4.1 
Table-4.1: Applications of adaptive filter 

Class of adaptive filtering Application Purpose 
Identification [23] System 

identification 
In exploration seismology 

Inverse Modeling 
 

Equalization Channel equalization in 
communication 

Prediction 
 

Predictive coding, 
spectrum analysis 

Power spectrum of signal of 
interest in coding of prediction 

error 
Interference cancellation 

[31, 95 ] 
Noise cancellation, 

beamforming 
Echo cancellation, cancellation of 

interfering signals 
 

 From many of the system applications cited above, the work in this 

chapter is concerned with array processing for mobile communication and wireless 

communication. The block diagram of an adaptive array is shown in Fig.4.3. This array 

contains an individual receiver at each element and thus there are M simultaneous 

measurements, at the input to the adaptive array processor.  

  x = [x1 x2 x3 _ _ _ xM]T ,                 (4.2) 

 

Figure 4.3-Block Diagram of an Adaptive Array: Each element has its own 

receiver. 

The main aim of this chapter is to find array processing algorithm using FrFT with 

1) Reduced Mean squared error in wireless as well as mobile communication. 

2) Application to beamforming in Wireless and mobile communication with 

improved performance in different multipath environments. 

Further the proposed algorithm shall be used to 

xN(k) 

 
x3(k) 

 
x2(k) 

 
x1(k) 

 
 

Adaptive Array Filter, w 

Rcvr 1 Rcvr 2 Rcvr 3 Rcvr M 

y(k) 
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1) Find the MSE at the output of a beamformer in time, frequency and FrFT 

domain for a moving source with fixed input SNR and to study the variation of 

MSE with varying input SNR, in case of a moving source. 

2) Find the MSE at the output of a beamformer in time, frequency and FrFT 

domain beamforming for an accelerating source with fixed input SNR and to 

study the variation of MSE with varying input SNR in case of an accelerating 

source.  

3) BER of proposed algorithm in a mobile environment in SIMO system. 

 A brief overview of adaptive array processing and Fractional Fourier Transform 

is given in chapter 3. The antenna array model used in this chapter for deriving optimal 

beamformer is discussed first.  

4.3 ANTENNA ARRAY MODEL  

 In this chapter the antenna array model described in section 3.5.2 is used. The 

received signal, x, is assumed to be the sum of three components [32]  

     )t(x)t(x)t(x)t(x nim ++= ,                (4.3) 

where, xm(t) is the received multipath signal, xn(t) is the noise signal and xi(t) is the 

interference signal. The multipath signal is given by   

     xm(t) = )cos(
1

i

L

i
ci ta φω +∑

=

,    (4.4) 

where, ai is the unknown amplitude, L is the number of paths. The phase φi depends on 

the varying path lengths, changing by 2π when the path length changes by a 

wavelength. Therefore, the phases are uniformly distributed over [0, 2π]. The noise is 

modeled as zero-mean Gaussian random processes. Since each element of the adaptive 

array contains its own receiver, the noise is uncorrelated from channel to channel and 

the noise covariance matrix has the following structure   

     IR 2
wn σ= .      (4.5) 

The desired signal is a nonrandom signal of known amplitude and phase, i.e., 

 xd(t) = )tcos( c φ+ω .     (4.6) 

It is assumed that the signal is narrowband and satisfies the plane-wave 

assumption. The plane wave approximation is true in the far field of an electromagnetic 

source [32]. In general, the output of the receiving antenna array at time k, y(k), is a 

linear combination of inputs of the antennas in the array as shown in Fig.4.3, that is 
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 )k()k(y H xw= ,     (4.7) 

where, x is the received signal column vector, and w is the beamforming weight vector 

of same size. The objective is to recover the desired signal free from noise from the 

measured signal at the array output. The objective can be achieved by optimizing 

weights w based upon a criterion of optimization. The main criteria of optimization are 

Minimum Mean Squared Error (MMSE), Maximum Signal to Noise Ratio (MSNR) and 

Minimum Variance (MV). Each criterion has its own advantages and disadvantages. 

The MMSE requires the reference signal and there is no requirement of the information 

about DOA of the signal. The MSNR requires direction of arrival of both desired and 

interfering signals. In this the weights are chosen so that the SNR at the output of the 

beamformer is maximised. The MV method does not require knowledge of the angle of 

arrival of interferences but it requires the angle of arrival of desired signal. In this the 

output power is minimized to ensure that the effect of noise is minimized. The 

beamformer based on optimal weights is known as optimal beamformer. The method 

used in this work can be viewed as the generalization of MSE, which minimizes error 

between its output and the desired signal based upon Wiener solution. 

4.4 WIENER SOLUTION 

 Most of the adaptive algorithms try to minimize the mean-squared error 

between the desired signal d(t) and the array output y(t). Let y(k) and d(k) denote the 

sampled signal of y(t) and d(t) at time instant tk , respectively. Then the error signal is 

given by  

 )()()( kykdke −= .         (4.8) 

The estimation error e(k) is the sample value of a random variable. To optimize filter 

design, the mean square value of e(k) is minimized. The cost function of mean square 

error is defined as  

 ])([
2

keEJ = ,                                                 (4.9) 

where, E denotes the expectation operator.  

    J = E [ |d(k) - y(k)|2]                          (4.10) 

                  = E[|d(k)|2]-pHw- wHp+ wHRw ,             (4.11) 

where,    R = E[x(k)xH(k)]               (4.12a) 

and    p = E[x(k)d* (k)].             (4.12b) 
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R is the M × M correlation matrix of the input data vector x(k), and p is the M × 1 

cross-correlation vector between the input data vector and the desired signal d(k). The 

requirement is to find the operating conditions under which J attains the minimum 

value. The gradient vector of J, ∇J, is defined by 

     
*

2
w

J
J

∂
∂=∇ ,                          (4.13) 

where, 
*w∂

∂
, denotes the conjugate derivative with respect to the complex vector w. 

When the mean-squared error J is minimized, the gradient vector will be equal to        

M × 1 null vector. 

     0J
w

=∇
opt

.               (4.14) 

Substituting (4.11) into (4.14), gives   

     Rwopt = p,               (4.15) 

where, wopt denotes the M × 1 optimum weight vector of the filter (optimum in mean 

square error sense) i.e.    

     ]................,.........,[ 11 oMooopt www=w .             (4.16) 

Equivalently (4.15) can be written as 

      pRw 1−=opt .               (4.17) 

The optimum weight vector wopt in (4.17) is called the Wiener solution. From (4.17), it 

can be seen that computation of the optimum weight vector wopt requires knowledge of 

two quantities:  

(i) Correlation Matrix R of the input vector x(k) of beamformer 

(ii)  Cross Correlation vector p between input vector x(k) and desired response d(k). 

(4.17) can also be written as   xdxopt rRw 1−= ,                 (4.18) 

where, Rx is the covariance matrix of the measurements at the sensor and rxd is the cross 

covariance between the measurements at the sensors and the desired signal defined by 

(4.12a) and (4.12b). 

4.5 WIENER FILTERING IN FRACTIONAL FOURIER 

 DOMAIN 

The FrFT and its properties have been explained in section 3.6.1.The FrFT, 

being just an extension of the classical Fourier transform (FT), can be used effectively 
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in all situations where the FT is presently being used [140]. The ordinary Fourier 

transform is suited for analysis and processing of time invariant signals and systems 

[114]. When dealing with time variant signals and systems the FrFT allows estimating 

signals with smaller MSE. Some gains can be expected in most of these applications 

because of the additional degree of freedom (angle of rotation) that the FrFT provides. 

The continuum of fractional Fourier domains corresponds to oblique axes in the time 

frequency plane, with the ordinary time or frequency domains as special cases as shown 

in Fig.4.4. The central concept in beamforming in time or frequency domain and the 

FrFT leads to generalization of these domains [64].  
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Figure 4.4-Filtering in Fractional Fourier Domain 

 In mobile communication and wireless communication the received signal is 

generally degraded by multiplicative fading and additive noise and the problem is to 

eliminate these degradations. The FrFT can remove these degradations effectively in 

Fractional Fourier domains as shown in Fig.4.4. This depends upon the observation 

model and the objectives as well as prior knowledge available about the desired signal, 

degradation process and noise. To find the advantage of filtering in fractional Fourier 

domains consider Fig. 4.4 [65] where the Wigner distribution of a desired signal and 

undesired noise are superimposed. The noise can not be separated completely in time or 

frequency domains. In case the noise is removed in time domain then filter will remove 

noise only after line yy′ so the filtered signal will be associated with some noise. 

Similarly in frequency domain, the filter will remove noise after line xx′ and the filtered 

signal will be having some noise. But, in case the filtering is done in ath order fractional 
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Fourier domain then the noise will be completely removed, as it can be observed that 

the signal and noise are overlapping both in time and frequency domains but they don’t 

overlap in ath domain. So the signal can be separated from noise by cutting along line 

zz′. Thus the signal can be separated from noise easily in fractional Fourier domain. 

The antenna array model described in section 4.3 is used for finding the 

optimum weights in FrFT domain. The weights of the array are chosen to minimize the 

MSE between the array output and reference signal. When the channel is time invariant 

and the input and noise processes are stationary the optimal filter is given by (4.18). 

The optimal Wiener filter thus formed is also time invariant and thus can be expressed 

as convolution and can be implemented using Fast Fourier Transform algorithm and 

can be expressed as a multiplicative filter in time or frequency domain as shown in 

Figs. 4.5a & 4.5b. 
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Figure 4.5(a)-Filtering in frequency  

domain 

Figure 4.5(b)-Filtering in time 

domain 

 However for time variant or non stationary processes the optimal filter will not be 

time invariant and can not be expressed as shown in Fig.4.5. The wiener filter in 

ordinary time or frequency domain can be generalized to filtering in the ath order 

Fractional Fourier domain as shown in Fig.4.6.  
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Figure 4.6-Filtering in ath order fractional Fourier Domain 

 For a=1 it reduces to ordinary frequency domain multiplicative filter (Fig 4.5a) and 

for a=0 it reduces to time domain multiplicative filter (Fig 4.5b) [148]. The noise can 

be easily eliminated in fractional Fourier domain by using an amplitude mask in the ath 

domain. Hence the process of obtaining the output of filter is defined as follows: First 

take ath order fractional Fourier transform of the incoming signal x(n) then multiply the 

transformed signal with the filter function h(n) and finally take inverse ath order 

fractional Fourier transform. The resulting estimate fone(n) is given by 

Fourier Inverse 
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X 
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    )n()n(]FF[)n(f one
a

h
a

one xxΛ Τ== −  ,             (4.19) 

where, Fa denotes the ath order fractional Fourier operator and Λh denotes the operator 

corresponding to the multiplication by the filter function h(n) and Tone is the operator 

representing the overall filtering configuration. The FrFT has an efficient 

implementation at the same cost as Fourier domain filtering [104]. The problem 

remains only to find the optimum filter function. Once the optimal filter function is 

found it is possible to find the MSE for different values of ‘a’ and the value of ‘a’ 

resulting in lowest value of MSE can be determined. Fourier domain filtering is special 

case for a=1. In some cases the value of a=1 results in smallest error but in general it is 

found that the value of ‘a’ is different from a=1. 

4.5.1 Derivation of the optimal filter function in fractional Fourier domain  

To derive the optimal filter function let the observed signal y be related to transmitted 

signal x by 

    ∫
∞

∞−
+′′′= )t(ntd)t(x)t,t(h)t(y ,              (4.20) 

where, h(t,t’) is the kernel of the degradation model and n(t) is the additive noise term. 

It is assumed that as a prior knowledge, the correlation functions of the input signal x 

(desired signal) and the noise are known 

    
)]t(n)t(n[E)t,t(

)]t(x)t(x[E)t,t(
*

nn

*
xx

′=′

′=′

R

R
 .              (4.21) 

Further it is assumed that the noise is independent of the input and it is zero mean for 

all time, i.e. E[n(t)]=0 ∀t. Under these assumptions, the cross correlation function of 

the process x and y can also be found  

    )]t(y)t(x[E)t,t( *
xy =′R .              (4.22) 

First, consider the most general linear estimate of the form 

    ∫
∞

∞−

′′′= tdtyttgtx )(),()(ˆ .              (4.23) 

Setting the objective is minimizing MSE defined as 

    ]ˆ[
22 xxEe −=σ ,               (4.24) 

where, E[.] denotes the expectation operator and .  denotes the L2 norm given by 

    ∫
∞

∞−
= dt)t(x)t(xx *2

.               (4.25) 
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This definition (4.24) of the MSE is appropriate for nonstationary signals whose 

functional representations are square integrable (that are of finite energy). (For 

stationary processes, the MSE may be defined as the expected value of the magnitude 

squared of the difference term [142].) The recovery operator kernel is the solution to 

the minimization problem 

    2minarg),( e
g

opt ttg σ=′  ,              (4.26) 

that is, it is the function that minimizes the MSE. The solution to this problem, with the 

linear estimate defined in (4.23), is known. It is the solution of the following equation: 

   t,ttd)t,t()t,t(g)t,t(R yyoptxy ′∀∫ ′′′′′′′=′
∞

∞−
R .            (4.27) 

The above equation can be solved numerically to obtain the kernel of the optimal linear 

recovery operator. However, application of this estimation operator on a given distorted 

and noisy signal would require O [N2] time, where N is the time-bandwidth product of 

the signals. In this work, the estimate is restricted so that it corresponds to a 

multiplication with a filter function in the ath fractional Fourier domain. This estimate 

can be written in operator notation as 

    ))(.(ˆ yFgFx aa−= ,               (4.28) 

where, Fa is the ath order fractional Fourier transformation operator and g is the 

multiplicative filter. For a=1, this estimate corresponds to filtering in the conventional 

Fourier domain. With this form of estimation operator, the minimization problem 

considered can be defined as 

    2minarg e
g

optg σ= ,               (4.29) 

where, 2
eσ is as defined in (4.24), and x̂  is given by (4.28). The cost function J is 

defined to be equal to (4.24) with the estimate given by (4.28). Since fractional Fourier 

transform is unitary and it preserves norms, J is also equal to the MSE in the ath domain 

    ]ˆ[]ˆ[
222

aae xxExxEJ −=−== σ .             (4.30) 

From (4.28)     aa gyx =ˆ .               (4.31) 

J varies with the choice of g since ax̂ varies. This function J is to be minimized with 

respect to g. Let g=g0+αδg0 , where α is a complex scalar parameter, g0 is the optimum 
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filter, δg0 is arbitrary perturbation term. Since α is a complex parameter, it can be 

expressed as α=αre+jαim Now, ax̂  and J varies with α for each fixed δg0 

   )())()()((),(ˆ 00 aaimreaaa tytgjtgtx δααα ++= .            (4.32) 
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The optimum value of J will be obtained from the conditions 
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The partial derivatives of J(α) are given by 
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where,   
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The condition of optimality as given in (4.34) imply 
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Evaluating at α=0 gives 0)()())0,(ˆ)(( 0
* =




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
−∫
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∞−
aaaaaaaa dttytgtxtxE δ .            (4.39) 

Since δg0(ta) is an arbitrary term and (4.39) is true for all δg0(ta), it can be inferred that 

   [ ] 0)())0,(ˆ)(( * =− aaaaaa tytxtxE .              (4.40) 

(4.40) can be solved for the optimum filter function g0(.) by using the definition of 

)0,(ˆ *
aa tx and by taking the complex conjugate of both sides of the above equation 
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g =  ,              (4.41) 

where, the above correlation functions can be obtained from the correlation functions 

Rxy and Ryy by  

   ∫ ∫ ′′=
∞
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∞
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RR ,         (4.42) 
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   ∫ ∫ ′′=
∞

∞−

∞

∞−
− dttd)t,t().t,t(K)t,t(K)t,t( yyaaaaaayy aa

RR .         (4.43) 

The transformation kernel Ka is given by (3.64) with 2/aπ=α . The (4.41) provides the 

optimal multiplicative filter function in the ath fractional domain. To find the optimal 

value of ‘a’, that is, the domain in which the smallest error is obtained, substitute the 

optimum filter function into the MSE expression and then choose ‘a’ as the minimizer 

of 2
,oeσ in the range [-1, 1] from (4.44).  
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 (4.44)          

This minimizer can be found analytically in certain cases but not in general. It can also 

be found by simply calculating the MSE for sufficiently closely spaced discrete values 

of ‘a’ (for example, by step size of 0.1) and choosing the one that minimizes the MSE. 

If greater accuracy is needed, this process can be refined around the neighborhood of 

the initially obtained value of ‘a’. The key point is that given the noise and signal 

statistics, the optimum value of ‘a’ is calculated only once. After this, the filtering 

process can be implemented in time for arbitrary many realizations of that statistics.  

Overall, the procedure can be outlined as follows: Given the autocorrelation functions 

of the input (x) and noise (n) processes and the degradation (h), the cross correlation 

function between the input and output(y) processes then the autocorrelation function of 

the output process can be found. Then, using these, the optimal filter function in the ath 

domain can be found by using (4.41). The optimal value of ‘a’ is then chosen as that 

which minimizes (4.44). 

4.5.2 Optimal Spatial Filtering 

 The optimal filtering in fractional Fourier domain can be extended to spatial 

filtering of signals arriving at antenna array also. The filter structure used for 

beamforming is shown in Fig. 4.7. In the Fig. 4.7 the output y(n) is given by 

      )n(FF)n( aHa xw−=y .                        (4.45) 

According to (4.45) the ath order fractional Fourier transform of the observed signal 

x(n) is taken first, then it is multiplied with weights w’s and finally the inverse ath order 

transform is taken. For a=1 this procedure corresponds to ordinary frequency domain 
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beamforming [45, 84]. Substituting y(n) in (4.30) as estimate of x(n) with d(n) as 

desired signal  })n(FF)n({E)(J
2

aHa xww −−= d               (4.46) 

          x1(n) 

     

          x2(n)           y(n)                                   

                                                                                                                            

    

    

          xM(n)                 

 'a' denotes order of the FrFT  

Figure 4.7-Block diagram of optimum FRFT domain beamformer  

On minimizing the cost function (4.46) as described in section 4.3, the optimum 

weights are given by     

      dx
1

xopt aa
r−= Rw  ,                         (4.47) 

where, 
axR is the covariance of the ath order FrFT of the signals arriving at sensors and 

dxa
r is the cross-covariance between ath order FrFT of the desired signal and FrFT of the 

signal arriving at the sensor. The 
axR and dxa

r can be computed using the covariance as 

follows: 

∫ ∫
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RRR .                 (4.48)
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rrr .           (4.49) 

 The transformation kernel Kα is given by (3.64). The minimum error can be found 

by substituting the value of wopt in (4.46). The value of minimum error is given by 

[61,148]   })n(FF)n({E)(J
2

aHa
optmin opt xww −−= d .             (4.50) 

This minimum error cannot be found analytically. It can be found by simply calculating 

(4.50) for different values of ‘a’ and choosing that value that result in minimum error as 

discussed in section 4.5.1. 

 Now, the performance of any antenna array system is highly dependent upon the 

characteristics of wireless channel. Channel modeling is an important issue for design 
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and analysis of mobile communication systems and spatial properties of the channel 

have enormous effect on the performance of the antenna array system. Channel models 

also help in motivating appropriate signal processing algorithms. Given a description of 

channel, an efficient array processing technique can be devised. To obtain realistic 

estimates of the performance of FrFT based antenna array architecture, accurate 

channel models for mobile wireless are needed [16, 135]. Channel models are discussed 

in next section.  

4.6 CHANNEL MODELS FOR ANTENNA ARRAYS  

 Channel models capture radio propagation effects and are useful for simulation 

studies and performance prediction. The effects of radio propagation on the transmitted 

signal can be broadly categorized into two main classes, fading and spreading [16, 

164]. Fading refers to the propagation losses experienced by the radio signal (on both 

the forward and reverse links). Channel spreading refers to the spreading of the 

information-carrying signal energy in space, and on the time or frequency axis [16].  

4.6.1  Channel Fading 

 When changes take place in the propagation environment e.g. the user is a 

mobile, reflector and scatterers are moving or the medium itself is changing, then the 

channel response will also change as a function of time, the radio path is fading [130]. 

4.6.1.1 Mean path loss 

 The mean path loss describes the attenuation of a radio signal in a free space 

propagation situation, due to isotropic power spreading, and is given by the famous 

inverse square law [156]: 
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 ,             (4.51) 

where, Pr and Pt are the received and transmitted powers, λ is the radio wavelength, d 

is the range, and Gt, Gr are the gains of transmit and receive one-element antennas 

respectively. In mobile environments, the main path is often accompanied by a surface 

reflected path which may destructively interfere with the primary path. Specific models 

have been developed that consider this effect. The path loss model becomes [162]. 
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where, ht & hr are the effective heights of transmit and receive antennas respectively. 

Note that this particular path loss model follows an inverse fourth power law. In fact, 

depending on the environment, the path loss exponent may vary from 2.5 to 5. 

4.6.1.2  Slow fading 

 Slow fading is caused by long-term shadowing effects of buildings or natural 

features in the terrain. It can also be described as the local mean of a fast fading signal. 

The statistical distribution of the local mean has been studied experimentally and was 

shown to be influenced by the antenna height, the operating frequency and the type of 

environment.  

4.6.1.3  Fast fading 

 The multipath propagation of the radio signal causes path signals to add up with 

random phases, constructively or destructively at the receiver. These phases are 

determined by the path length and the carrier frequency, and can vary extremely rapidly 

with the receiver location. This gives rise to the so-called fast-fading phenomenon that 

describes the both rapid and large fluctuations of the received signal level in space.  

4.6.2 Channel Spreading 

Propagation to or from a mobile user, in a multipath channel, causes the 

received signal energy to spread in the frequency, time and space dimensions. The 

characteristics of the spreading (that is to say, the particular dimension(s) in which the 

signal is spread) affects the design of the beamformer. The realistic models for wireless 

communication systems should be modeled both in frequency and time domains. In 

traditional communication theory the Doppler spread in frequency domain and delay 

spread in time domain characterize these two effects [135].   

4.6.2.1  Doppler spread 

When the mobile is in motion, the radio signal at the receiver experiences a shift 

in the frequency domain (also called Doppler shift), the amplitude of which depends on 

the direction of arrival. In the presence of surrounding scatterers with multiple 

directions, a pure tone is spread over a finite spectral bandwidth. In this case, the 

Doppler power spectrum is defined as the Fourier transform of the time autocorrelation 

of the received signal and the Doppler spread is the support of the Doppler power 

spectrum. Assuming scatterers uniformly distributed in angle, the Doppler power 

spectrum is given by the so-called classical spectrum: 
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where, fm = v/λ is the maximum Doppler shift, v is the mobile velocity, fc is the carrier 

frequency and 2
sσ  is the signal variance. When there is a dominant source of energy 

coming from a particular direction (as in line-of-sight situations), the expression for the 

spectrum needs to be corrected according to the Doppler shift of the dominant path fD, 

and is given by S(f) + Bδ(f – fc - fD). Here, B denotes the ratio of direct to scattered path 

energy. The Doppler spread causes the channel characteristics to change rapidly in 

time, giving rise to the so-called time selectivity. The coherence time, during which the 

fading channel can be considered as constant, is inversely proportional to the Doppler 

spread. A typical value of the Doppler spread in a macro-cell environment is about 200 

Hz at 65 Mph, in the 1900 MHz band.  

4.6.2.2 Delay spread 

 Multipath propagation is often characterized by several versions of the 

transmitted signal arriving at the receiver with different attenuation factors and delays. 

The spreading in the time domain is called delay spread and is responsible for the 

selectivity of the channel in the frequency domain (different spectral components of the 

signal carry different powers). The coherence bandwidth, which is the maximum range 

of frequencies over which the channel response can be viewed as constant, is inversely 

proportional to the delay spread. Significant delay spread may cause strong inter-

symbol interference which makes necessary the use of a channel equalizer. In this work 

the coherence bandwidth is assumed to be smaller than the signal bandwidth. 

4.6.2.3 Angle spread 

 Angle spread at the receiver refers to the spread of directions of arrival of the 

incoming paths. Likewise, angle spread at the transmitter refers to the spread of 

departure angle of the multipath. A large angle spread will cause the paths to add up in 

a random manner at the receiver as a function of the location of the receive antenna, 

hence it will be source of space selective fading. The range of space for which the 

fading remains constant is called the coherence distance and is inversely related to the 

angle spread. As a result, two antennas separated by more than the coherence distance 

tend to experience uncorrelated fading. When the angle spread is large, which is usually 
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the case in dense urban environments; a significant gain can be obtained from space 

diversity.  

4.7 Mathematical modeling of fading channels 

 A precise mathematical description of fading phenomenon is either unknown or 

too complex for tractable communication systems analysis. However, considerable 

efforts have been devoted to the statistical modeling and characterization of these 

different fading effects. The result is a range of relatively simple and accurate statistical 

models for fading channels, which depend on the particular propagation environment 

and the underlying communication scenario [130]. A significant advantage of statistical 

models is their flexibility, which means by changing the statistical parameters; the same 

model can be used to simulate the channel under different conditions. The statistical 

model for the fading of the received signal level is based on the physical propagation 

environment consisting of a large number of isolated scatterers with unknown locations 

and reflection properties. Let the transmitted signal be  

    }]e).t(uRe[{)t(s )tf2(j 0C φ+π=  ,                         (4.54) 

where, u(t) is the complex envelope of the signal with bandwidth B, fc is the carrier 

frequency, φo is an arbitrary initial phase and Re(.) stands for real part of the signal. Let 

the signal be transmitted through a fading channel. The received signal is then 

expressed as a sum of line of sight (LOS) and N multipath components. The received 

signal can is given by 
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 where,   n=0: LOS path, 

   N(t): Total number of Non LOS paths, 

   τn(t): Delay of LOS path and other multipath components, 

   rn(t): Path length corresponding to delay τn(t)=rn(t)/v0, 

   v0: Velocity of light, 

   αn(t): Amplitude of the received multipath, 

   φDn(t): Doppler phase shift depending upon Doppler frequency. 

 Since αn(t), τn(t) and φDn(t) associated with each component undergo a change 

with time hence they are characterized as random processes assumed to be stationary 

and erogodic. Let  
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    φn(t)=2πfcτn(t)- φDn,                          (4.56) 

then the received signal can be written as  
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As αn(t) is function of path loss and shadowing while φn(t) depends upon delay and 

Doppler shift, it is assumed that these two processes are independent. Received signal 

can also be obtained by convolving baseband input signal u(t) with equivalent low pass 

time varying channel impulse response c(τ,t) and then up converting to the carrier 

frequency   

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
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 τ−τ= ∫
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π tf2j ce))t(u)t,(c(Re)t(x  .                                      (4.58)  

c(τ,t) has two parameters, t is the time when response of multipath channel is observed 

at the receiver for a transmission launched τ seconds earlier into the channel. From 

(4.57) and (4.58)  
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If the channel is time invariant then time varying parameters of channel become 

constant, and c(τ,t) = c(τ) is just a function of τ as given by 

     c(τ,t)=c(τ)= ∑
=

φ− τ−τδα
)t(N

0n
n

j
n )(e)t( n .                        (4.60) 

Assume channel is slowly varying channel i.e. the delay spread Tm associated with the 

channel is small relative to inverse bandwidth of the transmitted signal 

Tm<< B-1. 

Under above condition τi ≤ Tm ∀ i so that u (t-τi) = u(t) ∀ i and (4.57) can be written as 
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

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=

πφ−)t(N

0n

tf2j)t(j
n

Cn e)t(ue)t(Re)t(x   .                              (4.61) 

(4.61) differs from original transmitted signal s(t) by a complex factor written in 

parentheses. This multiplicative scale factor is independent of the transmitted signal s(t) 

or, equivalently, the baseband signal u(t), as long as the narrowband assumption Tm << 

1/B is satisfied. In order to characterize the random scale factor caused by multipath 

components let s(t) be unmodulated carrier without LOS component present in the 

multipath and given by  

    )tf2cos(}]eRe[{)t(s 0c
)tf2(j 0C φ+π== φ+π .            (4.62) 

With this assumption the received signal becomes 
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[ ]{ }

).tf2sin()t(r)tf2cos()t(r

,ee)t(Re)t(x

cQcI

)t(N

1n

tf2j)t(j
n

Cn

π+π=

α= ∑
=

πφ−

        

  
                        (4.63) 

where, in phase rI(t) and quadrature rQ(t)  components are given by 
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φα=
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1n
nnQ ))t(sin()t()t(r ,              (4.64) 

where, the phase term  φn(t)=2πfcτn(t)- φDn = ϕn(t) - φDn.           (4.64a) 

Thus the transmitted signal in multipath environment is modified by a multiplicative 

distortion and additive noise as given by (4.65)  

    )t(n)t(s).t(g)t(x += ,               (4.65) 

where, [ ]

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



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1n

)t(j
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ne)t(Re)t(g    is the envelope of the s(t) and n(t) is AWGN. 

(4.65) is equivalently represented in Fig.4.8.  

     

Figure 4.8: Model of mobile channel 

4.7.1  Envelope modeling of received signal 

 In (4.64) if N(t) is large, then the application of Central Limit Theorem and the 

fact that αn(t) and φn(t) are stationary and erogodic processes imply that rI(t) and rQ(t) 

are jointly Gaussian random processes. It is also assumed that amplitude )t(nα , 

multipath delay )t(nτ  and Doppler frequency )t(f Dn [ )t(f Dn = v cos θn(t)/λ for θn(t) its 

angle of arrival] are changing slowly enough such that they are constant over the time 

interval of interest. 

    nn )t( α=α , nn )t( τ=τ   and    
λ

θ== cosv
f)t(f Dn)n(D .            (4.66) 

This assumption is true when each multipath is associated with a single reflector [68]. 

The nth multipath component ncf2 τπ  in the term )t(nφ  in (4.64(a)) changes rapidly 

relative to other terms, hence the term ncf2 τπ  can undergo 360° rotation for a small 

change in multipath delay. (This is possible as cf  is large). Under this assumption 

)t(nφ  is uniformly distributed[ ]ππ− , , therefore 

 x(t) 

n(t) g(t) 

s(t) × + 
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as nα  and nφ  are independent. Similarly [ ] 0)t(rE Q = . Thus received signal is zero 

mean Gaussian process. Consider now the autocorrelation of the in-phase and 

quadrature components. Using the independence of αn and φn, the independence of φn 

and φm , n ≠ m, and the uniform distribution of φn  it can be shown that 

[ ] [ ] [ ]∑∑∑∑ φφαα=
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                    [ ] [ ] 0)t(sin)t(cosEE nn
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2
n =φφα= ∑  .                                                          (4.68) 

Thus )t(rI  and )t(rQ are uncorrelated. Since they are Gaussian hence they are 

independent.  

 For any two Gaussian random variables X and Y, both with mean zero and equal 

variance σ2, it can be shown that G = 22 YX + is Rayleigh-distributed and G2 is 

exponentially distributed [39]. As shown above that for φn(t) uniformly distributed, r I 

and rQ are both zero-mean Gaussian random variables. If a variance of σ2 for both, in-

phase and quadrature components, is assumed then the signal envelope is given by 

    g(t)= 2
Q

2
I )t(r)t(r)t(x += .              (4.69) 

Using above model the received signal at mth element is given by 

    xm(t) = gm(t) s(t) + nm(t),              (4.70) 

where, the term gm(t) at the mth element includes signal power fading. s(t) is the 

transmitted signal assumed to be unmodulated carrier, nm(t) denotes the noise at mth 

element. The noise is assumed to be uncorrelated with signal.  

4.7.2  Rayleigh Faded environment 

In Rayleigh faded channel gm(t) has Rayleigh distribution. The probability density 

function (pdf), f (g), of the received signal amplitude (envelope) is given by [74] 
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where, 2σ  = variance of rI(t) and rQ(t) and let [ ] 2

n

2
nr 2EP σ=α= ∑ = Average received 

power of signal. For filtering in FrFT domain one needs to know the correlationxxR of 

the x(t), and  cross-correlation xdr  between the input x(t) and the desired signal d(t). 
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Knowing xxR  and xdr  the 
axR and dxa

r  in ath domain can be computed using (4.48) and 

(4.49). 

Correlation of received signal at mth element 
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As gm(t) and n(t) are uncorrelated, therefore 
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+= ,             (4.73) 

where, Rnn is the correlation of the input noise at the mth element. pdf of 
2

mg  is 

derived using transformation 
2

mgZ = , thus received signal power is exponentially 

distributed 
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 0z ≥ .                         (4.74) 

Cross-correlation of the received and desired signal at mth element 

  [ ])t(d)t(xEr mdxm
= ])t(d))t(n)t(sg([E *

mm += .             (4.75) 

Two cases are considered here  

(i) The desired signal be equal to the transmitted signal, d(t) = s(t) 

)]t(s))t(n)t(sg[(Er *
mmdxm

+= [ ] )t(s)]t(n[E)t(s)t(sgE *
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(ii) The desired signal is estimated at the receiver and given by d(t) = gm(t) s(t) 

)]t(sg))t(n)t(sg[(Er *
mmmdxm
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mm
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 The above mathematical model is valid for a constant velocity source as in the 

case of mobile wireless environment and also in wireless communication. The optimal 

spatial filtering problem is also useful for applications involving chirp signals such as 

signal enhancement problems with accelerating sinusoidal sources where the Doppler 

effect generates chirp signals and a frequency shift for example in radars. The model 

for such wireless communication is also developed. 

Accelerating source in wireless communication 

 Assume that the source is moving with constant acceleration. Let vi be the 

initial velocity of the source and ϖ be the acceleration of the source. The received 
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signal frequency differs from transmitted frequency fc by virtue of the Doppler shift 

produced by the accelerating source. The Doppler frequency produced by accelerating 

source is    t
2

f a λ
ϖ= .               (4.78) 

Hence received signal is given by 
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Hence the received signal at mth antenna element is given by 

    xm(t) = gm (t) s′(t) +nm (t),              (4.80) 

where, t)ff(2j ace)t('s −π= .  

Correlation of signal 
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m R)t('s)t('s]g[E +=  .              (4.81) 

Cross - Correlation of received signal  

Case (i)  d(t) = s(t), 
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Case (ii) d(t) = gm(t) s(t), 
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m
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4.7.3  Ricean Faded Environment 

 The Ricean distribution is observed when, in addition to the multipath 

components, there exist a direct path between the transmitter and the receiver. In the 

Ricean case, the mean values of rI(t) and rQ(t) will not be zero because of the presence 

of the direct component. The pdf of Ricean distributed random variable is given by  
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where, I0(.) is the zeroth order modified Bessel function of the first kind. The Ricean 

distribution is often described in terms of a parameter kr called Ricean factor. kr is 

defined as the ratio between the deterministic signal power and the variance of the 

multipath and is given by
2

2

r 2

s
k

σ
= ,where, 
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   =2s  Power in LOS component and 
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The nth moment of Ricean faded RV is given by  
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where, 1F1(.;.;.) is the confluent hyper geometric function and  is the gamma 

function. 
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In case of Ricean environment the signal received at the mth antenna is given by 

    )t(n)t(s)t(g)t(x mmm += , 

where, gm is Ricean distributed random variable. 

Correlation of the signal in mobile and wireless environment 
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Cross-correlation of the signal in mobile and wireless environment 

Case (i)  d(t) = s(t) , 
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Case (ii) d(t) = gm(t) s(t), 
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Accelerating Source in wireless environment 
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Case (i)  d(t) = s(t) , 
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Case (ii) d(t) = gm(t) s(t), 
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m
e]g[Er π−=  .              (4.91b) 

4.7.4  Nakagami Faded Environment 

A more general distribution for the fading amplitude is given by the Nakagami 

distribution [74] 
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where, σ2 = E {g2} and m = σ4 /E{(g2 - σ2)2}. The Nakagami distribution is often used 

to model multipath fading as it can model fading conditions that are either more or less 

severe than Rayleigh fading. When m=1, Nakagami distribution becomes the Rayleigh 

distribution, when m=1/2 it becomes a one-sided Gaussian distribution and when 

∞→m the distribution becomes an impulse (no fading). For m > 1, the fluctuations of 

the signal strength reduce compared to Rayleigh fading, and Nakagami tends to Ricean.  

The nth moment of Nakagami random variable is given by 
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In case of Nakagami environment the signal received at the mth antenna is given by 

    )t(n)t(s)t(g)t(x mmm += , 

where, gm is Nakagami distributed random variable 

Correlation of the signal in mobile and wireless environment 

The correlation function of the signal received at mth antenna is given by 
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The expected value of 2mg is derived from transformation 
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Cross-correlation of the signal in mobile and wireless environment 

Case (i)  d(t) = s(t) , 

The cross-correlation function of the signal received at mth antenna is given by 
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Case (ii) d(t) = gm(t) s(t), 
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m
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Accelerating Source in wireless environment 

   [ ] nn
*2

mxx R)t('s)t(sgER
mm

+′=   .              (4.99) 

Case (i)  d(t) = s(t) , 
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Case (ii) d(t) = gm(t) s(t), 

  t)f(2j2

mdx
a

m
e]g[Er π−=  .            (4.100b) 

4.7.5 Generation of various fading environments 

In all these simulations the noise is taken as Zero Mean Circularly Symmetric Complex 

Gaussian (ZMCSCG) noise with variance 1. 

(a) Rayleigh faded channel: For a given time instant, the received signal in the case of a 

stationary receiver was generated using equation (4.63) with φDn(t)=0. In simulation the 

total number of paths are taken as N=10. Generating the signal using equations (4.63), 

(4.64a) and (4.66) allow us to incorporate Doppler Effect by introducing motion. The 

path amplitudes αn are taken to be Weibull distributed so as to allow flexibility in 

varying its parameters. The phases φn were taken to be uniform in [0,2π]. The Weibull 

random numbers were generated using the function weibrnd from the Statistics 

Toolbox, and the uniform phases were generated using the function unifrnd. The 

received signal was then demodulated to get the inphase and quadrature components, 
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using the command demod from the Signal Processing Toolbox. Subsequently, the 

envelope was calculated using equation (4.69).  

(a) Ricean Faded channel- To simulate the presence of a direct component, the 

received signal was modeled by equation (4.38) but with additional LOS component. In 

the presence of such a path, the transmitted signal can be written as 

  [ ]
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The rest of the simulation was carried out as in part (a). The value of kr was taken to be 

equal to 5. 

(b) Nakagami Faded channel – Since Nakagami distribution encompasses both 

Rayleigh and Rician, the Nakagami distribution seems to be a good fit for Rayleigh 

fading with an average value of the parameter m = 1. It also seemed to fit the Rician 

distribution between 1 < m < 2. The value of m was taken as 0.9 in simulations. 

 The fading envelopes for Rayleigh, Ricean and Nakagami environments were 

generated for mobile velocity varying from 0 and 100 m/s. In case of accelerating 

source the signal was generated using equation (4.79). The acceleration was varied 

from 0-6 m/sec2. 

4.8 Macro-cellular and Micro-cellular Propagation Environments  

4.8.1 Macro-cells 
 A macro-cell is characterized by a large cell radius (up to a few tens of 

kilometers) and a base station located above the roof top. In macro-cell environment, 

the signal energy received at the base station comes from three main scattering sources: 

scatterers local to the mobile, remote dominant scatterers and scatterers local to the 

base [16] as shown in Fig.4.9.  

The scatterers local to the mobile give rise to paths that reach the base station with 

small delay spread and small angle spread [16]. Of the paths emerging from the local-

to-mobile scatterers, some reach remote dominant scatterers, like hills or high rise 

buildings, before eventually traveling to the base station. These paths will typically 

reach the base with medium to large angle and delay spreads. Once these multiple wave 

fronts reach the vicinity of the base station, they usually are further scattered by local 

structures such as buildings or other structures that are close to the base. These 

scatterers local to the base can cause large angle spread, therefore they can cause severe 

space-selective fading. 
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Figure 4.9-Different Scatterers surrounding the mobile in Micro and Macro 

Cellular Environment [16] 

4.8.2 Micro-cells 

 Micro-cells are characterized by highly dense built-in areas, and by the user's 

terminal and base being relatively close (a few hundred meters). The base antenna has a 

low elevation and is typically below the roof top, causing significant scattering in the 

vicinity of the base. Micro-cell situations make the propagation difficult to analyze and 

the macro cell model described earlier does not necessarily hold anymore. Very high 

angle spreads along with small delay spreads are likely to occur in this situation. 

Doppler spread can be as high as in macro-cells, although the mobility of the user is 

expected to be limited, due to the presence of mobile scatterers. 

 For proper and efficient implementation of future systems, emerging wireless 

systems must be able to exploit processing of spatial information [132]. The design of 

these systems depends heavily on information about the typical channel response and 

requires signal information such as the amplitude, phase and AOA of multipath delay 

spreads. The models describing channels based on these parameters are known as 

parametric channel models. All these models provide multipath parameters including 

the AOA information essential to simulate an antenna array system. Some of these 

models are suited to the micro cells typically set up in urban areas, while others are 

more applicable for the macro cells found in the rural and suburban areas. There are 

also channel models based on propagation statistics in the indoor environment [3, 118].  

 In these models, it is assumed that the signals are arriving uniformly along the 

azimuthal direction. However in more realistic scenarios, the AOA of the multipaths 

depends on a number of factors, such as the distance between the transmitter and 

receiver, location of scatterers, size of the receiving antenna etc. as shown in Fig.4.10. 

Hence in order to test the performance of antenna arrays, an accurate description of the 
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spatio-temporal channel model is required, which requires real world data of above 

parameters. These models are known as Spatio Temporal Channel Models. 

4.9 Spatio-Temporal Channel Models 

 In spatio-temporal models the multipath reflections are created by 

random placement of scatterers inside a region defined by a specific geometry. From 

the position of the scatterers, multipath delays, AOA and power levels are determined. 

Thus these models provide a statistical description of the wideband spatio-temporal 

radio channel, which is useful in simulating a space-time processing system. Fig. 4.10 

depicts a general example of this multipath environment.  

 

Figure 4.10-The Multipath Environment 

 In Fig.4.10, each signal component propagates through a different path, 

determining the amplitude Al,k,  carrier phase shift ϕl,k, time delay τl,k, angle of arrival 

θl,k, and Doppler shift fd of the lth signal component of the kth mobile. Accordingly, 

each of these signal parameters will be time-varying [116]. The vector channel impulse 

response characterizing Fig.4.10 is expressed in (4.102), where ( ))( ta lθ is the array 

response vector. 

   ( ) ( ) ( ) ( )( ) ( )( )∑
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 The spatial channel impulse response for the first mobile user given by (4.102) 

is made up of the summation of several multipath components, each having its own 

amplitude, phase and angle-of-arrival. N(t) is the number of multipath components. 

When antenna arrays are employed, the array response vector is a function of the 

antenna array geometry and the AOA. This vector normally is described as in (4.103),  



 148

                                                      ( )( )

( )
( )

( )


















ψ−

ψ−
ψ−

=θ

m,l

2,l

1,l

l

jexp

....

jexp

jexp

t
        

a ,                                    (4.103) 

where,    ( ) ( )( ) ( )( )[ ] and,ktsinytcosxt lilii,l       θ+θ=ψ  

λπ= /2k  is the wave number. The variable, m, defines the number of elements 

and( )ii yx , , is the coordinate of the ith element. The distribution of these parameters 

given in (4.103) is dependent upon the type of environment. Two statistical channel 

models known as Geometrically Based Single Bounce (GBSB) elliptical and GBSB 

circular are described next for micro and macro-cellular environments [116].  

4.9.1  Geometrically Based Single Bounce Elliptical (GBSBE) Model 

This GBSBE channel model is chosen to describe a typical urban multipath 

propagation scenario. In a typical urban environment, dense scattering coupled with 

abundance of reflection results in a rich multipath scenario. In this situation, the micro 

cellular concept where the base station has a relatively low antenna height is more 

appropriate. This implies that the multipath scatterers are located near the base station 

as well as near the mobile as shown in Fig.4.9. A channel model, which uses an 

elliptical scattering region surrounding the base station and the mobile, has been 

proposed for the micro cell environment. The following assumptions are made in 

developing the elliptical channel model [135]. 

 

1. The signals arriving at the base station are plane waves propagating along the 

horizon. As a consequence the AOA is calculated only in the azimuthal 

coordinates. 

2. The scatterers are omni-directional re-radiating elements having identical 

scattering coefficients. 

3. All scatterers are uncoupled. In other words, the signals reflected from each 

scatterer are not affected by the presence of the other scatterers. 

4. The received multipath signals are subjected to distance-dependent path loss 

characterized by a path loss exponent. 
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4.9.1.1 Geometry and notation 

 In the GBSBE channel model the scatterers are assumed to be uniformly 

distributed in an elliptical region. The base station and the mobile form the foci of the 

ellipse as shown in Fig. 4.11 

 

Figure 4.11-Geometry of the GBSB elliptical channel model 

In Fig. 4.11, a distance D separates the base station and the mobile, with the 

base station at the origin. All scatterers lie in a plane that includes the base station and 

the mobile, implying that the reflected multipath waves will appear to have the same 

elevation angle. The elliptical region is completely described by its semimajor axis, am 

and its semiminor axis, bm. The choice of these parameters is determined by the 

maximum delay, τmax of the multipaths. Larger values of τmax imply greater path loss for 

the multipaths and, consequently, lower relative power compared to those with shorter 

delays. Hence, this model has a nice physical interpretation in that, changing the 

geometry of the ellipse can automatically adjust the various channel parameters, such 

as multipath amplitudes, delay spread and angle spread. 

4.9.1.2 Mathematical formulation 

The semimajor axis, am and the semiminor axis, bm are related to the maximum 

specified delay τmax as below 

                                     22
max

2max

2

1
              ,

2
Dcb

c
a mm −== ττ

 ,                      (4.104) 

where, D is the separation distance between the transmitter and the receiver and c is the 

speed of propagation. The equation of an ellipse in Cartesian coordinates 
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Substituting, ( ) ( )bbbb rrx θθ cosy  and  cos == , the equation of the ellipse in Polar 

coordinates 

                              
( ) ( )

1

2

sin

2

2cos
222

max
2

2

2

max

2

=








 −
+










−

Dc

r

c

Dr bbbb

τ

θ
τ
θ

 ,                               (4.106) 

where, rb is the distance from the base station to a scatterer located at the boundary of 

the ellipse and θb is the AOA at the base station. Any scatterers inside the ellipse can be 

viewed as an equivalent one located at the boundary of a smaller concentric ellipse. 

(4.106) can then be solved for rb for different values of the multipath propagation delay, 

τ ∈ [τmin, τmax]. However an easier way is to utilize the coordinate location of the 

scatterer. Referring to Fig.4.11, the total propagation distance of a multipath ray from 

the mobile to the base-station 

   sb rrd += ( )( ) ( )( )22 coscos bbbbb rrDr θθ +−+= .          (4.107) 

Substituting cd τ=  in (4.107) and solving for rb yields 

            ( )( ) m
b

b c

D

cD

cD
r ττ

τθ
τ ≤≤

−
−=        ; 

cos2

222

.                  (4.108) 

Due to the symmetric nature of the scattering region, similar expressions can be derived 

with respect to the mobile. The generation of samples of GBSBE channel model is 

described in section 4.9.3. 

4.9.2  Geometrically Based Single Bounce Circular Model 

A typical rural or suburban environment is characterized by local scatterers 

surrounding the mobile and number of large reflectors away from the vicinity of the 

mobile is visible at the base station. In such environments, macro cellular concept 

where the base station antenna height is considered to be above the local clutter is a 

more appropriate selection. Thus, the multipath channel parameters in the propagation 

model for rural or suburban environment are essentially determined by the distribution 

of the scatterers around the mobile. The model known as Geometrically Based Single 

Bounce (GBSB) circular model is specially suited for macro-cell environments and is 
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sufficient to represent a rural or suburban multipath propagation model. A 

Geometrically Based Single Bounce circular model presupposes the following 

underlying assumptions [7, 116]. 

• The signals received at the base station are plane waves propagating along the 

horizon. Thus only the azimuthal coordinates are required to represent the 

corresponding AOA. This is due to the fact that the separation distance between 

transmitter and receiver is large compared to the respective antenna heights. 

• The scatterers are considered to be omni-directional re-radiating elements with 

identical scattering coefficients. 

• Each multipath component at the base station has interacted with only a single 

scatterer and thus is not influenced by the other scatterers in the channel. 

4.9.2.1 Geometry and notation 

The Geometrically Based Single Bounce (GBSB) circular model assumes that 

the scatterers are uniformly distributed within a circle of radius, R around the mobile. 

The geometry of the circular model is shown in Fig. 4.12 

 

Figure 4.12-Geometry of the Circular Scattering Channel Model 

 In Fig.4.12, the base station and the mobile are separated by a distance D, with 

the base station at the origin of the coordinate system and the mobile is on the x-axis. 

The scatterers are uniformly placed in a circle of radius R with the mobile at the center. 

Typically, R < D, so that there are no scatterers local to the base station as is the case in 

a macro-cell region. For simplicity, the plane of the scatterer can be viewed as 

horizontal, which also includes the mobile and the base station. This will ensure that the 

angles of arrival of the received signal contain only azimuthal components. The AOA 

of the multipath components at the base station is denoted by θb and depends on two 

parameters: the angle of departure from the mobile and the position of the scatterer. 
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The location of the scatterer is specified by its distance from the base station, rb, and 

from the mobile, rs, respectively. Since the scatterers are confined in a circle around the 

mobile, the AOA at the base station, θb, is limited by a maximum value denoted by, 

θmax. Similarly, the angle at the mobile, θs depends on the angle of departure from the 

base station and the scatterer location. In this case, as the mobile is located inside the 

scattering region, θs can be any value in the interval [0,2π]. The radius of the circular 

scattering region, R, is usually determined by equating the angle spread as predicted by 

the model with the measured angle spread. Typical values of angle spread in a macro 

cell environment ranges between one to six degrees for a transmitter to receiver 

separation distance of D ≈1 km. Using the fact that the angle spread is inversely 

proportional to D, the measurement results suggest a radius of scatterer ranging from 30 

to 200 m. 

4.9.2.2  Mathematical formulation 

The region of scatterer in the Cartesian coordinates is given by 

                                         ( ) 222 RyDx ≤+−  .                                                       (4.109) 

Substituting, ( ) ( )bbbb rrx θθ cosy  and  cos ==  in (4.109) and expanding, the scattering 

region in Polar coordinates 

                                         ( ) 222 cos2 RDDrr bbb ≤+− θ  .                                 (4.110) 

Referring to Fig. 4.12, the total multipath propagation distance, d is given by 

       sb rrd += ( )( ) ( )( )22 sincos bbbbb rrDr θθ +−+=  .                 (4.111) 

Substituting  cd τ=  , where τ is the multipath propagation delay, the distance of the 

scatterer from the base station, rb, can be expressed as 

     ( )( )         .
ccosD2

cD
r

b

222

b τ−θ
τ−=                                            (4.112) 

As in the GBSB elliptical channel model, the symmetric nature of the scattering region 

allows similar expressions to be derived with respect to the mobile. The generation of 

samples of GBSBC channel model is described in section 4.9.4. 

4.9.3 Generation of Samples of the Elliptical Channel Model 

The elliptical model described in 4.9.1 can be used to generate various 

multipath signal parameters such as multipath delay τi, AOA θi, and power Pi of the ith 
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multipath component. The idea is first to define an ellipse corresponding to the 

maximum multipath delay, τm and uniformly place the scatterers inside the ellipse. The 

relevant signal parameters can then be calculated from the coordinates of the scatterers. 

It is assumed that the number of multipath (scatterers), N and the transmitter to receiver 

separation distance, D is known. The procedure is outlined below 

• A value of the maximum multipath propagation delay, τm is chosen 

• Samples of two uniformly distributed random variables, xl and yl, l= 1,2…N are 

generated over the interval [-1,1].  

• Isolate the points that lie on and within a circle of unit radius centered at the origin. 

Translate them from the Cartesian coordinates (xl, yl) to the polar coordinates (r l,θl) 

according to the following relationships 

                      ...N2,1 
x

y
tan,yxr 122 =








=φ+= − l         ;       

l

l
llll .            (4.113)                    

• Thus, N samples of a random variable described by the polar coordinates (r l,θl) are 

obtained that are uniformly distributed in a circle of unit radius.  These samples are 

translated so that they are uniformly distributed in an ellipse, the following two 

transformations are performed 

               ( ) ( ) N...2,1l;sinrby,
2

D
cosrax mm =θ=+θ=              llllll ,              (4.114) 

where, am and bm are the semimajor and the semiminor axes of the ellipse 

respectively corresponding to the specified τm and are given by (4.104). The 

multipath propagation distance, dl; l=1,2…N can be calculated as 

         ( ) 1,2...Nl      ;yxDyxd 2
l

2
l

2
l

2
ll =+−++=  .                      (4.115) 

• The propagation delays of the multipaths, τl; l=1,2…N will be 

                       sm/103c     1,2...N;l     ;
c

d
τ 8l

l ×=== .                       (4.116)                       

• Following that the base station is located at the origin of the coordinate system, the 

angle of arrivals (AOA) of the multipaths at the base station are given by 

                      N1,2...l        ;
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• The power of the direct path component (LOS) can be calculated as below 
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where, Pref is the reference power measured at a distance dref from the transmitter 

using omni-directional antennas at the transmitter and the receiver. Pref can be 

calculated using Friis’ free space propagation model given by 
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d
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where, PT is the transmitted power and fc=λ  is the wavelength for a particular 

carrier frequency, f. The path loss exponent, n typically ranges from 3 to 4 in a 

micro cell environment. ( )dtG θ  and ( )arG θ are the gains of the transmit and the 

receive antennas as functions of the angle of departure, θd and  the angle of arrival, 

θa respectively. For the LOS component, θd and θa are both zero. The power of each 

of the multipath component can be calculated as below 

  ( ) ( ) ( ) ( ) ( ) ( ) ( )00log10 ,, rlartldtrlol GGGGLdndBPdBP −+−+−−= θθ .       (4.120) 

where, Lr is the path loss in dB 

• Assuming the phase of the multipath components, γl; l=1,2…N are uniformly 

distributed over the interval (0,2π), the complex amplitudes of the multipath 

components are calculated as below 

                                    ( ) 1,2...Nl           ;e10α l0l jγ/20PP
l == − .                              (4.121) 

4.9.4 Generation of Samples of the Circular Channel Model 

As in the elliptical channel model, the same method is used to generate the 

multipath channel parameters using the circular channel model. Again, the basic idea is 

to define a uniform circular scattering surrounding the mobile with the radius 

corresponds to the maximum multipath delay, τm. The relevant signal parameters can 

then be calculated from the geometry of the scattering region. As in the case of 

elliptical model, it will be assumed that number of multipaths, N and the transmitter to 

receiver separation distance, D is known. The procedure is described below. 

• A value of the maximum multipath propagation delay, τm, is chosen 

• The radius of the scattering region is calculated according to the following 

relationship 
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 where, c is the speed of propagation. 

• Samples of two uniformly distributed random variables, xl and yl, l= 1,2…N are 

generated over the interval [-Rm, Rm] and the points that lie on and inside a circle of 

radius Rm are isolated. The coordinates of these points to an origin at a distance D 

from the center of the circle is 

                           1,2...Nl       ;yy        D,xx lclc ==+= .                        (4.123) 

 The multipath propagation distance, dl; l=1,2…N can be calculated as 

    ( ) 2222
cccc yxDyxd +−++= .                                      (4.124) 

 The propagation delays of the multipaths, τl and AOA at the base station (origin) 

l=1,2…N are 
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• The power of each of the multipath component can be calculated as below 

         ( ) ( ) ( ) ( ) ( ) ( ) ( )00log10 ,, rlartldtrlol GGGGLdndBPdBP −+−+−−= θθ .       (4.126)   

 where Lr is the path loss in dB 

• Assuming the phase of the multipath components, γl; l=1,2…N are uniformly 

distributed over the interval (0,2π), the complex amplitudes of the multipath 

components are calculated as below  

                                ( ) 1,2...Nl           ;e10α l0l jγ/20PP
l == − .                                (4.127)     

In both GBSBE and GBSBE channel the received signal at the mth antenna is given by 

    t)ff(2j
N

0l
lm

dce)t(x −π

=
∑α= ,                        (4.128) 

where, αl are generated as described above. fd is the Doppler shift produced by a 

moving vehicle can be found using λ= /vf d .In case of accelerating source fd is 

replaced by fa  as given by (4.78). The maximum multipath propagation delay, τm is 

taken as 8 microseconds. The gain of each antenna is taken as 10 dB. The transmitted 

power is taken as 100 dBm  In simulation of received signal at mth antenna through 

GBSBE and GBSBC channel models two paths (N=2) were assumed. The Doppler 

shift in both paths was assumed to be equal for moving as well as accelerating source.  
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4.10 A CASE STUDY 

In this chapter the fractional Fourier domain beamforming is implemented using the 

beamformer shown in Fig. 4.7. The input signal is taken as a harmonic with frequency 

100 MHz, which is falling at the beamformer along with AWGN. The source is 

assumed to be moving in a direction of the array. The input signal is also assumed to 

fade to take into account the multipath propagation scenario. The source is considered 

as a  

a) Stationary source 

b) Source moving with constant velocity 

c) An accelerating source with initial velocity 

The fading on the source is also considered to be 

i) Rayleigh fading 

ii)  Ricean Fading 

iii)  Nakagami fading. 

The beamformer’s performance is also evaluated in microcellular and macro cellular 

environments using GBSBE and GBSBC models.  In all these cases the noise is 

assumed to AWGN. The MSE in each case has been calculated using fractional Fourier 

domain beamforming, time and frequency domain beamforming. The input SNR to the 

array is also varied to show the robustness of the FrFT beamformer. The results are 

shown in the Figs. 4.13-4.48 

4.11  Experimental Details  

In the experiment a 5 element uniform linear array is taken. The spacing between 

elements is taken as d=λ/2. The harmonic source is in far field emitting frequency 100 

MHz. The first element of beamformer is taken as reference element. The source is 

considered as stationary as well as moving with a constant velocity of 10 to 

100m/sec.The acceleration of the source is varied from 2 to 6m/sec2. Total 21 samples 

of the signal are taken as the value of ‘a’ is varied from -1 to 1 with a step of 0.1. For 

finding the variation of MSE with ‘a’, for each value of ‘a’, 500 independent 

realizations of the signal plus noise are considered. The average of these 500 squared 

estimation errors values gives an estimate of MSE. This procedure is repeated for each 

value of a, for a fixed SNR. The value of ‘a’, that minimizes the MSE for a given SNR 

is the optimum value of ‘a’ for that SNR. For finding the variation in MSE with SNR, 
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for each value of SNR, 200 independent realizations are taken. For obtaining plots 

MSE vs SNR the optimal value of ‘a’ is used for each value of SNR. The average of 

these 200 independent realizations gives MSE for that value of SNR.  

4.12  Improvement in output SNR and Array Gain of the FrFT           

  beamformer 
  

 The improvement in the output SNR and array gain of the FrFT beamformer are 

investigated next to find the superiority of the proposed beamforming technique over 

time and frequency domain beamforming. For AWGN case the output SNR and array 

gain is derived in section 3.10. The output SNR of FrFT beamformer is simulated in 

AWGN environment without fading. The array gain defined as the ratio of output SNR 

to input SNR is plotted for the AWGN case in Fig.4.49.The results of output SNR for 

AWGN environment are also shown in Fig.4.50a and Fig.4.50b. For a faded signal case 

the SNR is derived below. The input and output SNR in fading channels are defined 

next.  

Input SNR  

Using the model described in 4.7.1 the received signal at the mth antenna in multipath 

environment is modified by a multiplicative distortion and additive noise and is given 

by                xm(t) = gm s(t) + nm (t) ,            (4.129) 

where, s(t) is transmitted signal or desired signal, n(t) is AWGN and where, g is a 

random variable and depends upon the fading distribution. The received power of 

signal is given by  
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It is assumed that s(t) is normalized s.t. 1dt)t(s
T

1 2Ts

0s

=∫ . Factor 
2

1
 is due to rms value of 

amplitude. As slow fading is assumed so themg  remains constant over a symbol 

period and can be brought out of integral. Thus SNRele at the mth element is given by   
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m
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g
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σ
=γ= ,             (4.131) 

where, 2
wσ  is the noise power. Let us assume Rayleigh fading environment so that 

gmhas Rayleigh pdf and  SNRele=
2

mg has exponential pdf given by 
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It is noted that the SNRele at each element is an exponentially distributed random 

variable. Γ represents the average SNR at each element.  

Output SNR 

The received signals at the array elements are in a vector x(t) given by 

     x(t) = gs(t) + n(t),            (4.135) 

where,     g = [g0 g1 ……gM-1]
T,            (4.136) 

and     n = [n0, n1 ……nM-1]
T .           (4.137) 

The output of the beamformer is given by 

    y(t) = wH x(t) = wH g s(t) + wHn.           (4.138) 

where, w is the optimum weight vector. SNR at the beamformer output known as the 

array SNR, is given by   
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The denominator of (4.139) is given by 
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where, I N = M × M = Identity matrix. The output SNR is therefore given by  
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For Maximal ratio beamformer with w=g. The output SNR is given by  
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The output SNR is, therefore, the sum of the SNR at each element. The expected value 

of the output SNR is therefore M times the average SNR at each element, i.e. E[γ]=MΓ, 

which indicates that on average, the SNR improves by a factor of M. 
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(a) A stationary source   (b) A source with velocity of 20m/sec 
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 (c) A source with velocity of 40m/sec (d) A source with velocity of  60m/sec 
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(e) A source with velocity of 80m/sec   (f) A source with velocity of 100m/sec 

 

Figure 4.13- MSE Vs ‘a’ for a source moving in AWGN channel 
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Figure 4.14- MSE Vs ‘SNR’ for a source moving in AWGN channel 
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(a) A source with velocity 10m/sec and  
other source with acceleration 2m/sec2  

 (b) A source with velocity 20m/sec and 
other source with acceleration 6m/sec2  
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 (c) A source with velocity 40m/sec and 
other source with acceleration 2m/sec2 

(d) A source with velocity 60m/sec and 
other source with acceleration 6m/sec2 
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 (e) A source with velocity 80m/sec and 
other source with acceleration 2m/sec2 

(f) A source with velocity 100m/sec and 
other source with acceleration 6m/sec2 

Figure 4.15-Comparison of the variation of the MSE with ‘a’ of two sources, one 
moving with constant velocity and an other accelerating source, moving with zero 

initial velocity, in AWGN channel   
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(a) Stationary Source with acceleration 
2m/sce2 

(b) Source with initial velocity 10m/sec 
and acceleration 2m/sce2 
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(c) Source with initial velocity 20m/sec and 
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(d) Source with initial velocity 40m/sec 
and acceleration 2m/sce2 
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(e) Source with initial velocity 60m/sec and 
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(f) Source with initial velocity 80m/sec 
and acceleration 2m/sce2 

  

Figure 4.16- MSE Vs ‘SNR’ of an accelerating source in AWGN channel 
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Figure 4.17- Wigner Distribution of signal (b) Wigner distribution of 

received signal in AWGN channel 
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Figure 4.18 - (a) Wigner Distribution of signal (b-d) Wigner Distribution of 

estimated signal in (b)Time domain, (c)Frequency domain and (d)Optimal 

FrFT domain (AWGN channel) 
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Table-4.2: Performance of Optimum FrFT Domain Beamformer compared 

with Frequency (a=1) and Time Domain (a=0) beamformer in AWGN channel 

for a moving source 
Beamformer’s  MSE for  

SNR=20 dB 
 Reduction in MSE in % S.  

No 
Velocity 

of 
Source 
(m/sec) 

Optimal 
 Domain 

Time  
Domain 

a=0 

Frequency 
Domain 

a=1 

Optimum 
Domain 
a=aopt 

Optimum 
Vs Time 
Domain 

Optimum 
Vs Freq. 
Domain 

1 0 0.4 0.7355 3.1663 0.3965 46.4% 87.0% 

2 10 0.2 0.6320 3.3279 0.3867 43.1% 88.1% 

3 20 0.1 0.7770 3.5208 0.3955 49.2% 88.7% 

4 30 -0.1 0.6567 3.3659 0.3969 39.5% 88.3% 

5 40 -0.3 0.7268 3.3126 0.4010 42.6% 87.8% 

6 50 0.1 0.6809 3.4439 0.3905 42.6% 88.6% 

7 60 0 0.7054 3.0649 0.4037 42.7% 86.8% 

8 70 0.2 0.7215 3.6742 0.4036 44.0% 89.0% 

9 80 0.3 0.7229 3.1394 0.4007 44.2% 87.2% 

10 90 -0.2 0.6613 3.2051 0.3936 40.3% 87.7% 

11 100 -0.3 0.7072 3.3050 0.4028 43.0% 87.8% 

 
 
 
 

Table-4.3: MSE of moving and accelerating source for Optimum Domain 

Beamformer in AWGN channel  
S.  
No 

Velocity of  
Source  
(m/sec) 

Acc. 
 of  

Source 
(m/sec2) 

Optimum 
domain for 

moving source 

Optimum 
domain for 

Acc.  
source 

MSE in case 
of moving 

source 

MSE in  
case of  
Acc.  

Source 

1 10 2 0.1 0.0 1.61 1.50 

2 10 6 -0.1 -0.4 1.55 1.51 

3 20 2 -0.3 0.0 1.68 1.54 

4 20 6 0 -0.2 1.62 1.59 

5 40 2 0.1 -0.4 1.54 1.57 

6 40 6 -0.3 0.3 1.58 1.58 

7 60 2 -0.3 0.2 1.70 1.56 

8 60 6 -0.4 0.1 1.60 1.34 

9 80 2 -0.3 0.3 1.66 1.56 

10 80 6 0.3 0.2 1.64 1.51 

11 100 2 0.3 0.1 1.71 1.59 

12. 100 6 0.1 0.1 1.65 1.69 
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Table-4.4: Performance of Optimum FrFT Domain Beamformer compared 

with    Frequency (a=1) and Time Domain (a=0) beamformer in AWGN 

channel for an accelerating source 
 

Beamformer’s  MSE for  
SNR=20 dB 

 Reduction in MSE in % S.  
No 

Velocity 
of  

Source  
(m/sec) 

Acc. 
 of  

Source 
(m/sec2) 

Time  
Domain 

a=0 

Frequency 
Domain 

a=1 

Optimum 
Domain 
a=aopt 

Optimum 
Vs Time 
Domain 

Optimum 
Vs Freq. 
Domain 

1 10 2 0.7247 3.4150 0.4029 44.0% 88.3% 

2 10 6 0.6159 3.1510 0.3863 37.2% 88.3% 

3 20 2 0.7592 3.150 0.4203 44.6% 86.6% 

4 20 6 0.6979 2.9496 0.3912 43.9% 86.7% 

5 40 2 0.7357 3.5960 0.4107 44.2% 88.6% 

6 40 6 0.7049 3.0804 0.3919 44.2% 87.2% 

7 60 2 0.7244 3.2892 0.4033 44.3% 87.7% 

8 60 6 0.7011 3.0065 0.4003 42.9% 86.6% 

9 80 2 0.7077 3.2997 0.3890 45.0% 88.2% 

10 80 6 0.6826 3.2459 0.3979 47.7% 87.7% 

11 100 2 0.6958 3.2512 0.3861 44.5% 88.1% 

12 100 6 0.7512 3.3663 0.4084 45.6% 87.6% 
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Figure 4.19- MSE Vs ‘a’ of a source moving in Rayleigh faded channel 
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Figure 4.20- MSE Vs ‘SNR’ of a source moving in Rayleigh faded channel 
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(a) A source with velocity 10m/sec and  
other source with acceleration 2m/sec2  

 (b) A source with velocity 20m/sec and 
other source with acceleration 6m/sec2  
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 (c) A source with velocity 40m/sec and 
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(d) A source with velocity 60m/sec and 
other source with acceleration 6m/sec2 
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 (e) A source with velocity 80m/sec and 
other source with acceleration 2m/sec2 

(f) A source with velocity 100m/sec and 
other source with acceleration 6m/sec2 

Figure 4.21- Comparison of the variation of the MSE with ‘a’ of two sources, one 
moving with constant velocity and an other accelerating source moving with zero 

initial velocity, in Rayleigh faded channel   
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 (a) Stationary Source with acceleration 
2m/sce2 

(b) Source with initial velocity 10m/sec and 
acceleration 2m/sce2 
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(c) Source with initial velocity 20m/sec 
and acceleration 6m/sce2 

(d) Source with initial velocity 40m/sec and 
acceleration 2m/sce2 
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(e) Source with initial velocity 60m/sec 
and acceleration 6m/sce2 

(f) Source with initial velocity 80m/sec and 
acceleration 2m/sce2 

Figure 4.22- MSE Vs ‘SNR’ of an accelerating source in Rayleigh faded 

channel 
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Figure 4.23-(a) Wigner Distribution of signal (b) Wigner distribution of 

received Rayleigh faded signal (Initial Velocity =10m/sec and acceleration 

2m/sec2) 
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Figure 4.24-(a) Wigner Distribution of signal (b-d) Wigner Distribution of 

estimated signal in (b)Time domain,(c) Frequency domain and (d)Optimal 

FrFT domain (Rayleigh faded channel) 
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Table-4.5: Performance of Optimum FrFT Domain Beamformer compared 

with Frequency (a=1) and Time Domain (a=0) beamformer in Rayleigh 

channel for a moving source 
Beamformer MSE for  

SNR=20 dB 
 Reduction in MSE in 

% 
S. 
No 

Velocity  
of  

Source  
(m/sec) 

Optimum 
Domain 

for 
AWGN 
channel 

Optimum 
 Domain 

for 
Rayleigh 
channel 

Time 
Domain 

a=0 

Freq. 
Domain 

a=1 

Optimum  
Domain 
a=aopt 

Optimum  
Vs.  

Time  
Domain 

Optimum 
 Vs. 

 Freq.  
Domain 

1 0 -0.2 -0.5 0.9075 3.5613 0.4936 45.6% 86.1% 

2 10 -0.3 0.1 0.9244 3.6976 0.5136 44.4% 86.1% 

3 20 -0.3 0.2 0.8661 3.5478 0.4809 44.4% 86.4% 

4 30 -0.4 0.1 0.8188 3.4705 0.4906 40.0% 85.6% 

5 40 0.1 -0.6 0.8373 3.8210 0.4755 43.2% 87.5% 

6 50 0 -0.3 0.7418 3.4728 0.4733 36.2% 86.3% 

7 60 -0.4 -0.1 0.7999 3.4263 0.4571 42.7% 86.6% 

8 70 0.1 0.1 0.8192 3.4921 0.4404 46.2% 87.2% 

9 80 0.2 -0.2 0.8308 3.4147 0.4678 43.7% 86.3% 

10 90 -0.4 0.4 0.8788 3.1376 0.4766 45.7% 84.8% 

11 100 -0.3 0.1 0.8298 3.4756 0.4860 41.4% 86.0% 

 
 
 
 

Table-4.6: MSE of moving and accelerating source for Optimum Domain 

Beamformer in Rayleigh channel  
S. No Velocity of 

Source  
(m/sec) 

Acceleration  
of  

Source 
(m/sec2) 

Optimum 
 domain 

 for moving 
 source 

Optimum 
 domain  
for Acc.  
source 

MSE of  
moving  
source 

MSE of  
Acc.  

Source 

1 10 2 -0.4 0 1.83 1.61 

2 10 6 0.1 -0.1 1.52 1.35 

3 20 2 0.1 -0.4 1.35 1.32 

4 20 6 -0.3 0.1 2.35 2.31 

5 40 2 0.2 -0.4 1.37 1.30 

6 40 6 -0.5 0 1.66 1.54 

7 60 2 0 -0.5 1.32 1.22 

8 60 6 -0.5 -0.2 1.25 1.16 

9 80 2 -0.2 -0.3 1.84 1.70 

10 80 6 0 -0.1 3.32 3.05 

11 100 2 -0.2 0.2 1.74 1.68 

12. 100 6 -0.1 -0.4 1.18 1.07 
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Table-4.7: Performance of Optimum FrFT Domain Beamformer compared 

with Frequency (a=1) and Time Domain (a=0) beamformer in Rayleigh faded 

channel for an accelerating source 
 

Beamformer  MSE for  
SNR=20 dB 

 Reduction in MSE in % S.  
No 

Velocity 
of  

Source  
(m/sec) 

Acc. 
 of  

Source 
(m/sec2) 

Time  
Domain 

a=0 

Frequency 
Domain 

a=1 

Optimum 
Domain 
a=aopt 

Optimum 
Vs Time 
Domain 

Optimum 
Vs Freq. 
Domain 

1 10 2 0.8762 3.6717 0.4739 45.9% 87.7% 

2 10 6 0.8333 3.3330 0.4637 44.3% 86.0% 

3 20 2 0.8535 3.4614 0.4826 43.4% 86.0% 

4 20 6 0.8619 3.7221 0.4761 44.7% 87.2% 

5 40 2 0.8207 3.3311 0.4632 43.6% 86.0% 

6 40 6 0.7941 3.4332 0.4605 45.6% 86.5% 

7 60 2 0.8481 3.4178 0.4616 42.0% 86.5% 

8 60 6 0.8661 3.5470 0.4809 44.5% 86.4% 

9 80 2 0.8188 3.4705 0.4906 40.0% 85.7% 

10 80 6 0.8078 3.4710 0.4820 44.5% 86.5% 

11 100 2 0.8373 3.8210 0.4755 43.2% 87.5% 

12 100 6 0.8481 3.4178 0.4616 45.6% 86.5% 
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Figure 4.25- MSE Vs ‘a’ of a source moving in Ricean faded channel 
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(c) A source with velocity of 40m/sec (d) A source with velocity of 60m/sec 
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Figure 4.26- MSE Vs ‘SNR’ of a source moving in Ricean faded channel 
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Figure 4.27- Comparison of the variation of the MSE with ‘a’ of two sources, one 
moving with constant velocity and an other accelerating source moving with zero 

initial velocity, in Ricean faded channel   
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 (a) Stationary Source with acceleration 
2m/sce2 

(b) Source with initial velocity 10m/sec 
and acceleration 2m/sce2 
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(c) Source with initial velocity 20m/sec and 
acceleration 6m/sce2 

(d) Source with initial velocity 40m/sec 
and acceleration 2m/sce2 
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(e) Source with initial velocity 60m/sec and 
acceleration 6m/sce2 

(f) Source with initial velocity 80m/sec 
and acceleration 2m/sce2 

Figure 4.28- MSE Vs ‘SNR’ of an accelerating source in Ricean faded channel 
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Figure 4.29 – (a) Wigner Distribution of signal (b) Wigner distribution of 

received Ricean Faded signal (Initial Velocity =10m/sec and acceleration 

2m/sec2) 
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Figure 4.30-(a) Wigner Distribution of signal (b-d) Wigner Distribution of 

estimated signal in (b) Time domain, (c) Frequency domain and (d) Optimal 

FrFT domain  (Ricean Faded channel) 
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Table-4.8: Performance of Optimum FrFT Domain Beamformer compared 

with Frequency (a=1) and Time Domain (a=0) beamformer in Ricean faded 

channels for a moving source 
Beamformer MSE for  

SNR=20 dB 
 Reduction in MSE in 

% 
S. 
No 

Velocity  
of  

Source  
(m/sec) 

Optimum 
Domain 

for 
AWGN 
channel 

Optimum 
 Domain 

for 
Ricean 
channel 

Time 
Domain 

a=0 

Freq. 
Domain 

a=1 

Optimum  
Domain 
a=aopt 

Optimum  
Vs.  

Time  
Domain 

Optimum 
 Vs. 

 Freq.  
Domain 

1 0 -0.4 -0.5 0.1460 0.9105 0.0888 39.0% 91.0% 

2 10 -0.1 -0.5 0.1455 0.9380 0.0862 40.7% 90.8% 

3 20 -0.4 0.1 0.1460 0.9026 0.0871 40.3% 90.3% 

4 30 -0.5 0 0.1566 1.0100 0.0829 47.1% 91.7% 

5 40 0.1 -0.5 0.1401 0.8706 0.0817 41.7% 90.6% 

6 50 -0.4 -0.4 0.1591 0.8322 0.0878 44.8% 89.4% 

7 60 0.1 -0.3 0.1555 0.8355 0.0866 44.4% 89.6% 

8 70 0.1 -0.2 0.1590 0.9508 0.0880 44.7% 90.8% 

9 80 -0.5 -0.4 0.1603 0.9137 0.0871 45.7% 90.5% 

10 90 0 -0.4 0.1480 0.9202 0.0851 42.4% 90.7% 

11 100 -0.4 0.1 0.1544 0.9272 0.0842 45.4% 90.9% 

 
 
 
 

Table-4.9: MSE of moving and accelerating source for Optimum Domain 

Beamformer in Ricean faded channels  
S. No Velocity of 

Source 
(m/sec)  

Acceleration 
of Source 
(m/sec2) 

Optimum 
domain for 

moving 
source 

Optimum 
domain for 
Acc. source 

MSE of 
moving 
source 

MSE 
 of Acc.  
Source 

1 10 2 -0.4 0.1 0.3149 0.3028 

2 10 6 -0.1 -0.5 0.3981 0.3654 

3 20 2 0.1 0.1 0.4226 0.3739 

4 20 6 -0.5 -0.1 0.3226 0.3131 

5 40 2 -0.5 -0.2 0.5577 0.5035 

6 40 6 -0.5 0.3 0.4401 0.4346 

7 60 2 -0.1 -0.2 0.3250 0.3183 

8 60 6 0.0 -0.5 0.2791 0.2609 

9 80 2 -0.3 0 0.5662 0.5287 

10 80 6 0 -0.4 0.2994 0.2890 

11 100 2 -0.1 -0.5 0.2868 0.2824 

12. 100 6 0.2 -0.4 0.3081 0.2874 
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Table-4.10: Performance of Optimum FrFT Domain Beamformer compared 

with    Frequency (a=1) and Time Domain (a=0) beamformer in Ricean faded 

channel for an accelerating source 
 

Beamformer  MSE for  
SNR=20 dB 

 Reduction in MSE in % S.  
No 

Velocity 
of  

Source  
(m/sec) 

Acc. 
 of  

Source 
(m/sec2) 

Time  
Domain 

a=0 

Frequency 
Domain 

a=1 

Optimum 
Domain 
a=aopt 

Optimum 
Vs Time 
Domain 

Optimum 
Vs Freq. 
Domain 

1 10 2 0.1509 0.8602 0.0870 42.3% 89.9% 

2 10 6 0.1531 0.8783 0.0853 44.3% 90.2% 

3 20 2 0.1481 0.8659 0.0860 41.2% 90.5% 

4 20 6 0.1472 0.8978 0.0834 43.3% 90.7% 

5 40 2 0.1571 0.9049 0.0887 43.8% 90.2% 

6 40 6 0.1460 0.9905 0.0888 39.2% 91.0% 

7 60 2 0.1455 0.9380 0.0862 40.8% 90.5% 

8 60 6 0.1460 0.9026 0.0871 40.3% 90.3% 

9 80 2 0.1566 1.0100 0.0829 47.0% 91.7% 

10 80 6 0.1401 0.8706 0.0817 41.7% 90.6% 

11 100 2 0.1591 0.8322 0.0878 44.8% 89.4% 

12 100 6 0.1558 0.8355 0.0866 44.4% 89.6% 
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Figure 4.31- MSE Vs ‘a’ of a source moving in Nakagami faded channel 
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Figure 4.32- MSE Vs ‘SNR’ of a source moving in Nakagami Faded channel 
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(f) A source with velocity 100m/sec and 
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Figure 4.33- Comparison of the variation of the MSE with ‘a’ of two sources, one 
moving with constant velocity and an other accelerating source moving with zero 

initial velocity, in Nakagami faded channel   
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 (a) Stationary Source with acceleration 
2m/sce2 

(b) Source with initial velocity 10m/sec and 
acceleration 2m/sce2 
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(c) Source with initial velocity 20m/sec 
and acceleration 6m/sec2 

(d) Source with initial velocity 40m/sec and 
acceleration 2m/sec2 
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(e) Source with initial velocity 60m/sec 
and acceleration 6m/sce2 

(f) Source with initial velocity 80m/sec and 
acceleration 2m/sce2 

Figure 4.34-MSE Vs ‘SNR’ for an accelerating source in Nakagami faded 

channel 
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 Figure 4.35 - (a) Wigner Distribution of signal (b) Wigner distribution 

of received Nakagami Faded signal (Initial Velocity =10m/sec and 

acceleration 2m/sec2) 
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Figure 4.36-(a) Wigner Distribution of signal (b-d) Wigner Distribution of 

estimated signal in (b) Time domain, (c)Frequency domain and (d)Optimal 

FrFT domain (Nakagami Faded channel) 
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Table-4.11: Performance of Optimum FrFT Domain Beamformer compared 

with Frequency (a=1) and Time Domain (a=0) beamformer in Nakagami 

faded channel for a moving source 
Beamformer MSE for  

SNR=20 dB 
 Reduction in MSE in 

% 
S. 
No 

Velocity  
of  

Source  
(m/sec) 

Optimum 
Domain 

for 
AWGN 
channel 

Optimum 
 Domain 

for 
Nakagami 
channel 

Time 
Domain 

a=0 

Freq. 
Domain 

a=1 

Optimum  
Domain 
a=aopt 

Optimum  
Vs.  

Time  
Domain 

Optimum 
 Vs. 

 Freq.  
Domain 

1 0 0.0 -0.4 0.7187 3.3221 0.4196 41.6% 86.9% 

2 10 -0.4 0.0 0.7709 3.3325 0.4275 44.5% 87.2% 

3 20 -0.1 -0.3 0.7077 3.2340 0.4423 42.3% 86.3% 

4 30 -0.5 -0.2 0.7675 3.4898 0.4234 44.8% 87.9% 

5 40 0.0 -0.2 0.7230 3.2531 0.4281 40.8% 86.8% 

6 50 -0.2 0.0 0.7720 3.2215 0.4121 46.6% 87.2% 

7 60 -0.3 0.1 0.7331 3.1554 0.3948 46.2% 87.5% 

8 70 0.1 -0.4 0.7383 3.1333 0.4151 43.8% 86.7% 

9 80 0.1 0.2 0.7243 2.9863 0.4135 42.9% 86.1% 

10 90 -0.5 -0.5 0.7608 3.5491 0.4357 42.7% 87.7% 

11 100 0.3 -0.2 0.7248 3.4397 0.4197 42.0% 87.7% 

 
 
 
 

Table-4.12: MSE of moving and accelerating source for Optimum Domain 

Beamformer in Nakagami faded channel  
S. No Velocity of 

Source  
(m/sec) 

Acceleration 
of Source 
(m/sec2) 

Optimum 
domain for 

moving 
source 

Optimum 
domain for 
Acc. source 

MSE of 
moving 
source 

MSE of 
 Acc.  

Source 

1 10 2 -0.5 -0.3 1.75 1.63 

2 10 6 -0.5 0.2 2.17 2.02 

3 20 2 -0.1 -0.4 1.70 1.49 

4 20 6 -0.1 -0.4 2.20 1.91 

5 40 2 0.2 -0.1 1.31 1.21 

6 40 6 -0.2 -0.3 1.61 1.55 

7 60 2 -0.1 -0.4 2.11 1.98 

8 60 6 0.2 -0.3 1.20 1.16 

9 80 2 0.1 -0.4 1.47 1.25 

10 80 6 -0.5 -0.4 1.79 1.63 

11 100 2 -0.1 -0.5 1.76 1.67 

12. 100 6 -0.1 0 2.14 2.00 
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Table-4.13: Performance of Optimum FrFT Domain Beamformer compared 

with    Frequency (a=1) and Time Domain (a=0) beamformer in Nakagami 

faded channel for an accelerating source 
 

Beamformer  MSE for  
SNR=20 dB 

 Reduction in MSE in % S.  
No 

Velocity 
of  

Source  
(m/sec) 

Acc. 
 of  

Source 
(m/sec2) 

Time  
Domain 

a=0 

Frequency 
Domain 

a=1 

Optimum 
Domain 
a=aopt 

Optimum 
Vs Time 
Domain 

Optimum 
Vs Freq. 
Domain 

1 10 2 0.7634 3.2141 0.4113 46.0% 87.1% 

2 10 6 0.7148 3.2124 0.4255 40.5% 86.7% 

3 20 2 0.7510 3.3680 0.4184 44.3% 87.5% 

4 20 6 0.7358 3.1514 0.4118 44.0% 86.9% 

5 40 2 0.7187 3.2232 0.4196 41.6% 86.9% 

6 40 6 0.7709 3.3325 0.4275 44.5% 87.1% 

7 60 2 0.7677 3.2340 0.4425 42.4% 86.3% 

8 60 6 0.7675 3.4898 0.4234 44.8% 87.8% 

9 80 2 0.7231 3.2531 0.4281 40.7% 86.8% 

10 80 6 0.7720 3.2215 0.4121 46.6% 87.2% 

11 100 2 0.7331 3.1554 0.3942 46.2% 87.5% 

12 100 6 0.7382 3.1333 0.4151 43.7% 88.7% 
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Figure 4.37- MSE Vs ‘a’ of a source moving in GBSBE channel 
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Figure 4.38- MSE Vs ‘SNR’ of a source moving in GBSBE channel  
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Figure 4.39- Comparison of the variation of the MSE with ‘a’ of two sources, one 
moving with constant velocity and an other accelerating source moving with zero 

initial velocity, in GBSBE channel 
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 (a) Stationary Source with acceleration 
2m/sce2 

(b) Source with initial velocity 10m/sec 
and acceleration 2m/sce2 
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(c) Source with initial velocity 20m/sec and 
acceleration 6m/sce2 

(d) Source with initial velocity 40m/sec 
and acceleration 2m/sce2 
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(f) Source with initial velocity 80m/sec 
and acceleration 2m/sce2 

Figure 4.40- MSE Vs SNR for an accelerating source in GBSBE channel 
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Figure 4.41- (a) Wigner Distribution of signal (b) Wigner distribution of 

received signal in GBSBE channel (Initial Velocity =10m/sec and acceleration 

2m/sec2) 
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Figure 4.42--(a) Wigner Distribution of signal (b-d) Wigner Distribution of 

estimated signal in (b) Time domain, (c) Frequency domain and (d) Optimal 

FrFT domain (GBSBE channel) 
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Table-4.14: Performance of Optimum FrFT Domain Beamformer 

compared with Frequency (a=1) and Time Domain (a=0) beamformer in 

GBSBE channel for a moving source 
Beamformer MSE for  

SNR=20 dB 
 Reduction in MSE in 

% 
S. 
No 

Velocity  
of  

Source  
(m/sec) 

Optimum 
Domain 

for 
AWGN 
channel 

Optimum 
 Domain 

for 
GBSBE 
channel 

Time 
Domain 

a=0 

Freq. 
Domain 

a=1 

Optimum  
Domain 
a=aopt 

Optimum  
Vs.  

Time  
Domain 

Optimum 
 Vs. 

 Freq.  
Domain 

1 0 -0.6 -0.5 0.6433 2.7480 0.3567 44.5% 87.0% 

2 10 0.2 0.5 0.5684 3.3049 0.3506 38.4% 88.4% 

3 20 -0.3 0.2 0.6300 2.8920 0.3576 43.2% 87.6% 

4 30 -0.1 -0.4 0.6834 3.0164 0.3778 44.7% 87.4% 

5 40 -0.3 -0.1 0.6988 3.4008 0.3427 46.5% 88.9% 

6 50 -0.1 -0.4 0.6408 2.9424 0.3603 43.7% 87.7% 

7 60 0.2 0 0.6387 3.1263 0.3672 42.5% 88.2% 

8 70 0.1 -0.5 0.5981 2.8370 0.3664 38.7% 87.0% 

9 80 -0.5 -0.4 0.6421 3.1778 0.3541 44.8% 88.8% 

10 90 0.3 0.2 0.6260 3.1788 0.3610 42.3% 88.6% 

11 100 -0.5 0.3 0.6126 3.0613 0.3558 41.9% 88.3% 

 
 
 
 

Table-4.15: MSE of moving and accelerating source for Optimum Domain 

Beamformer in GBSBE channel  
S. No Velocity of 

Source 
(m/sec) 

Acceleration 
 of Source 
(m/sec2) 

Optimum 
domain for 

moving source 

Optimum 
domain for 
Acc. source 

MSE of 
moving 
source 

MSE  
of  

Acc.  
Source 

1 10 2 0.3 -0.6 1.49 1.48 

2 10 6 -0.4 0.3 1.61 1.54 

3 20 2 0.2 -0.4 1.53 1.43 

4 20 6 0.2 -0.3 1.58 1.53 

5 40 2 -0.4 0.0 1.53 1.52 

6 40 6 -0.4 -0.1 1.51 1.37 

7 60 2 0.2 0.1 1.51 1.48 

8 60 6 0.3 0.1 1.45 1.40 

9 80 2 0.1 -0.4 1.48 1.46 

10 80 6 0.1 -0.2 1.54 1.33 

11 100 2 -0.1 -0.4 1.46 1.44 

12. 100 6 0.2 0.2 1.54 1.46 
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Table-4.16: Performance of Optimum FrFT Domain Beamformer 

compared with Frequency (a=1) and Time Domain (a=0) beamformer in 

GBSBE channel for an accelerating source 
 

Beamformer  MSE for  
SNR=20 dB 

 Reduction in MSE in % S.  
No 

Velocity 
of  

Source  
(m/sec) 

Acc. 
 of  

Source 
(m/sec2) 

Time  
Domain 

a=0 

Frequency 
Domain 

a=1 

Optimum 
Domain 
a=aopt 

Optimum 
Vs Time 
Domain 

Optimum 
Vs Freq. 
Domain 

1 10 2 0.6477 3.2386 0.3625 44.0% 88.8% 

2 10 6 0.6315 2.9977 0.3588 43.1% 88.0% 

3 20 2 0.6494 2.8973 0.3516 45.4% 87.6% 

4 20 6 0.6777 3.5132 0.3630 46.4% 89.6% 

5 40 2 0.6077 3.1258 0.3517 42.1% 88.7% 

6 40 6 0.6135 3.2510 0.3608 41.2% 88.9% 

7 60 2 0.6411 3.0026 0.3503 45.3% 88.3% 

8 60 6 0.6499 3.3256 0.3583 44.7% 89.2% 

9 80 2 0.6415 3.1471 0.3521 45.1% 88.8% 

10 80 6 0.6513 3.0827 0.3689 43.3% 88.0% 

11 100 2 0.6551 3.2131 0.3620 44.9% 88.7% 

12 100 6 0.6582 3.0720 0.3638 44.7% 88.1% 
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Figure 4.43-MSE vs. ‘a’ for a moving source in GBSBC channel 
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(c) A source with velocity of  40m/sec (d) A source with velocity of  60m/sec 

0 5 10 15 20 25 30 35 40
0

1

2

3

4

5

6

SNR

M
S

E

Time Domain Beamformer
 Frequency Domain Beamformer
FRFT Doamin Beamformer

0 5 10 15 20 25 30 35 40
0

1

2

3

4

5

6

7

SNR

M
S

E

Time Domain Beamformer
 Frequency Domain Beamformer
FRFT Doamin Beamformer

(e) A source with velocity of  80m/sec (f) A source with velocity  of 100m/sec  

Figure 4.44- MSE Vs ‘SNR’ of a source moving in GBSBC channel  
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 (e) A source with velocity 80m/sec and 
other source with acceleration 2m/sec2 

(f) A source with velocity 100m/sec and 
other source with acceleration 6m/sec2 

Figure 4.45- Comparison of the variation of the MSE with ‘a’ of two sources, one 
moving with constant velocity and an other accelerating source moving with zero 

initial velocity, in GBSBE channel 
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 (a) Stationary Source with acceleration 
2m/sce2 

(b) Source with initial velocity 10m/sec and 
acceleration 2m/sce2 
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(c) Source with initial velocity 20m/sec 
and acceleration 6m/sce2 

(d) Source with initial velocity 40m/sec and 
acceleration 2m/sce2 
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(e) Source with initial velocity 60m/sec 
and acceleration 6m/sce2 

(f) Source with initial velocity 80m/sec and 
acceleration 2m/sce2 

Figure 4.46- MSE Vs SNR for an accelerating source in GBSBC Channel
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Figure 4.47-(a) Wigner Distribution of signal (b) Wigner distribution of 

received signal in GBSBC channel (Initial Velocity =10m/sec and acceleration 

2m/sec2) 
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Figure 4.48- (a) Wigner Distribution of signal (b-d) Wigner Distribution of 

estimated signal in (b) Time domain, (c) Frequency domain and (d) Optimal 

FrFT domain (GBSBC channel) 
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Table-4.17: Performance of Optimum FrFT Domain Beamformer compared 

with Frequency (a=1) and Time Domain (a=0) beamformer in GBSBC channel 

for a moving source 
Beamformer MSE for  

SNR=20 dB 
 Reduction in MSE in 

% 
S. 
No 

Velocity  
of  

Source  
(m/sec) 

Optimum 
Domain 

for 
AWGN 
channel 

Optimum 
 Domain 

for 
GBSBC 
channel 

Time 
Domain 

a=0 

Freq. 
Domain 

a=1 

Optimum  
Domain 
a=aopt 

Optimum  
Vs.  

Time  
Domain 

Optimum 
 Vs. 

 Freq.  
Domain 

1 0 0.1 0.0 0.5943 3.1498 0.3680 38.1% 88.3% 

2 10 -0.5 -0.4 0.6658 2.8435 0.3737 43.8% 86.6% 

3 20 -0.3 -0.4 0.6557 2.9496 0.3845 43.7% 87.3% 

4 30 0.0 -0.1 0.5965 3.1478 0.3684 38.7% 88.1% 

5 40 -0.5 -0.4 0.7223 3.9090 0.3990 44.7% 87.1% 

6 50 -0.3 -0.4 0.7198 3.6767 0.3944 45.2% 89.3% 

7 60 -0.5 -0.4 0.6778 3.0091 0.3784 44.1% 87.4% 

8 70 0.1 -0.3 0.6819 3.2299 0.3870 43.2% 88.0% 

9 80 0.0 0.2 0.6485 2.9330 0.3846 40.7% 86.9% 

10 90 0.1 -0.2 0.6816 3.2376 0.3717 45.4% 88.5% 

11 100 -0.4 0.0 0.6554 3.1951 0.3808 41.9% 88.1% 

 

 

 

Table-4.18: MSE of moving and accelerating source for Optimum Domain 

Beamformer in GBSBC channel  
S. No Velocity 

of Source 
(m/sec)  

Acceleration 
of Source 
(m/sec2) 

Optimum 
domain for 

moving 
source 

Optimum 
domain for 
Acc. source 

MSE of 
moving 
source 

MSE of Acc. 
Source 

1 10 2 -0.2 0.1 1.60 1.56 

2 10 6 -0.1 0.1 1.64 1.62 

3 20 2 0.2 -0.4 1.55 1.52 

4 20 6 -0.2 -0.5 1.63 1.61 

5 40 2 0.1 0.1 1.50 1.48 

6 40 6 0.2 0.1 1.62 1.46 

7 60 2 -0.2 0.1 1.65 1.46 

8 60 6 -0.1 -0.5 1.62 1.49 

9 80 2 -0.5 -0.5 1.65 1.62 

10 80 6 -0.6 -0.5 1.57 1.56 

11 100 2 0.2 0.2 1.61 1.58 

12. 100 6 0.0 -0.5 1.52 1.51 
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Table-4.19: Performance of Optimum FrFT Domain Beamformer compared 

with Frequency (a=1) and Time Domain (a=0) beamformer in GBSBC channel 

for an accelerating source 
 

Beamformer  MSE for  
SNR=20 dB 

 Reduction in MSE in % S.  
No 

Velocity 
of  

Source  
(m/sec) 

Acc. 
 of  

Source 
(m/sec2) 

Time  
Domain 

a=0 

Frequency 
Domain 

a=1 

Optimum 
Domain 
a=aopt 

Optimum 
Vs Time 
Domain 

Optimum 
Vs Freq. 
Domain 

1 10 2 0.7099 3.3284 0.3937 44.5% 88.1% 

2 10 6 0.6901 3.3542 0.3774 45.0% 88.6% 

3 20 2 0.6670 3.0842 0.3766 43.5% 87.8% 

4 20 6 0.6791 2.9660 0.3698 45.5% 87.5% 

5 40 2 0.7268 3.5342 0.3826 47.3% 87.1% 

6 40 6 0.6371 3.2174 0.3720 41.6% 88.4% 

7 60 2 0.6413 3.3395 0.3785 40.9% 88.7% 

8 60 6 0.6788 3.0846 0.3682 45.7% 88.0% 

9 80 2 0.6791 3.3528 0.3769 45.9% 88.8% 

10 80 6 0.6670 3.2394 0.3703 44.5% 88.6% 

11 100 2 0.6728 3.1682 0.3848 42.8% 87.8% 

12 100 6 0.6782 3.3380 0.3797 44.0% 88.6% 
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Fig.4.49a Array Gain Vs. Input SNR for a stationary source in AWGN  
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Figure.4.49b: Array Gain Vs. Input SNR for a moving source in AWGN 
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Fig.4.50a Output SNR Vs. Input SNR for a stationary source in AWGN 
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Figure.4.50b: Output SNR Vs. Input SNR for a moving source in AWGN 
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4.13 RESULTS AND DISCUSSIONS 

1. The results of AWGN channels are shown in Fig. 4.13. The source is assumed to be 

moving with a constant velocity in a direction perpendicular to the direction of 

array. The results are plotted for different velocities varying from 10m/sec to 

100m/sec. The MSE as a function of the FrFT order ‘a’ with different moving 

source velocities is given in table 4.2. 

2. The third column of table 4.2 clearly shows that there exists a domain in which the 

MSE is less as compared to any other domain. In this thesis the optimum ath domain 

is found by calculating MSE for different values of ]1,1[−∈a  and choosing the 

value of ‘a’ that gives minimum MSE. The proposed method reduces to time 

domain for a=0 and frequency domain for a=1. 

3. The variation of MSE as a function of SNR is also plotted in Figs. 4.14. The MSE 

for optimum FrFT domain filter is always found to be less than for time or 

frequency domain filter. The improvements in the performance can be easily 

observed in these plots, especially for low SNR. The performance improvements 

are tabulated in tables 4.2. In fourth, fifth and sixth columns the MSE are given for 

time, frequency and optimum domain beamformers for a source moving with 

different velocities. The MSEs are tabulated for SNR=20 dB. The MSE of the 

beamformer is found to be less in optimum domain in all cases.  

4. Seventh and eighth column give the percentage reduction in MSE in optimum 

domain as compared to time and frequency domain. In optimum domain the 

reduction in MSE can be as high as 49% and as low as 39% when compared with 

time domain beamforming. Similarly the reduction in MSE can vary from 86.8% to 

89.0% in optimum domain when compared with frequency domain beamforming. 

Thus it is demonstrated that the proposed method yields improved results that is 

smaller MSE, in a moving source scenario, which is common in wireless 

communication. This is due to the fact that the FrFT is more effective in case, when 

a moving source produces a frequency shift in signal due to the Doppler Effect. The 

slight improvements in low SNR for the stationary source is due to the high level of 

noise, making it possible to extract the signal in some domain rather than a = 0 or a 

= 1, depending on the realization.  

5. The proposed optimum FRFT domain beamformer can be used for yielding small 

errors in case of accelerating source problems also. The variation of MSE in case of 
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constant velocity source as well as accelerating source is shown in Fig. 4.15 and the 

results are tabulated in table 4.3. 

6. The MSE of an accelerating source is generally found to be less as compared to 

source moving with constant velocity. This is due to the fact that FrFT can deal 

with chirped type degradations much better as compared to Fourier transform 

because a chirp signal forms a line in the time-frequency plane, and therefore, there 

exists an order for which such a signal is compact [64]. Chirp signals are not 

compact in the spatial or time domain. The Wigner distribution of a chirp signal is 

shown in Fig. 4.51. The effect of the FrFT on the Wigner distribution of a signal is 

simply a clockwise rotation by an angle α  in the time-frequency plane, as 

illustrated for a chirp signal in Fig. 4.51. 

 

Figure 4.51- Wigner Distribution of a chirp in time frequency plane. A chirp 

transforms into a vertical line by FrFT into t-f plane which is Wigner 

distribution of harmonic signal [64] 
 

7. The variation of MSE with SNR for an accelerating source is shown in Fig. 4.16 

and results are given in table 4.4. It is again found that FrFT domain beamforming 

reduces the MSE in case of an accelerating source in AWGN channel as compared 

to time domain or frequency domain beamforming. 

8. The Wigner distribution of the signal and the signal obtained in a=0 domain, a=1 

domain and optimal FrFT domain are shown in Figs. 4.17 & 4.18. Fig. 4.17 shows 

the original as well as received signal with additive noise. In Fig.4.18 (b-d) the 

Wigner distribution of the estimated signal at the output of beamformer is shown in 

time (a=0), frequency (a=1) and optimum FrFT domain (aopt).The Wigner 

distribution is plotted for a single realization.  

9. The proposed method of obtaining optimum 'a' is based upon frame by frame basis. 

To show the superiority of the proposed FrFT beamformer in fading environment 
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the same results are also plotted for Rayleigh, Nakagami and Ricean faded channels 

in Figs 4.19 to 4.361.  

10. The MSE as a function of the FrFT order ‘a’ of a moving source with varying 

velocity is plotted in Fig. 4.19 for Rayleigh faded channels. Different optimum 

domains for moving source in Rayleigh faded channel are given in table 4.5.  

11. From the figures in 4.19(a-f) it is clear that there always exist an optimum domain 

for Rayleigh faded signal, that result in lower MSE as compared to other domains 

especially a=0(time domain) and a=1(frequency domain). The MSE in case of 

Rayleigh faded signal can decrease or increase as compared to AWGN channel 

depending upon constructive or destructive interference.  

12. The variation of MSE with SNR for moving source problem is shown in Fig. 4.20 

and the results are tabulated in tables 4.5. In optimum domain the reduction in MSE 

can be as high as 46.2% and as low as 36.2% when compared with time domain 

beamforming. Similarly the reduction in MSE can vary from 84.8% to 87.5% in 

optimum domain when compared with frequency domain beamforming. 

13. In Fig. 4.21 the variation of MSE with ‘a’ for moving and accelerating source are 

plotted. The results are given in table 4.6. In case of Rayleigh faded channels, the 

MSE for accelerating source is found to be less as compared to moving source 

clearly showing FrFT as a powerful tool in wireless communication also1,2.The 

variation of MSE with SNR for an accelerating source is shown in Fig. 4.22 and 

results are tabulated in table 4.7. The Wigner distribution for a single realization of 

Rayleigh case is given in Figs.4.23 & 4.24, which shows that in optimum FrFT 

domain the energy is more concentrated as compared to time or frequency domain. 

14. The results for Ricean channels are plotted in Figs. 4.25 to 4.30 and for Nakagami 

channels in Figs. 4.31 to 4.363. The results are again compared in tables 4.8-4.13 

15. For GBSBE and GBSBC channels the results are shown in Figs. 4.37 to 4.48. The 

comparison of results is given in tables 4.14-4.194. 
_________________________________________________________________________________________________________  
1. [P1] “Fractional Fourier transform based beamforming for next generation of wireless communication systems” Published in 
IETE Journal of Technical Review on Special Issue of Broadband communications, pp.349-365, September, 2004. (Issue edited 
by Dr. K. Girdhar of IIT Chennai) 
2.[P2] “Optimal Beamforming for Rayleigh faded Time Frequency Varying Channels Using Fractional Fourier Transform”, J. 
Indian Inst. Sci., Bangalore, 85, pp. 27–38,  Jan.–Feb. 2005. 
3. [P5] “A Novel FrFT beamformer for Rayleigh faded channels” accepted for publication in International Journal of Springer 
on Wireless Personal Communications. 
4. [P6] “Optimal Beamforming for Ricean faded Time Frequency Varying Channels Using Fractional Fourier Transform”, 
submitted after revision to International Journal of Numerical Modeling. 
4. [P14] “Fractional Fourier Transform Based Beamforming in Micro-Cellular Environment of Wireless Communication Systems” 
Proc. of IEEE International Conf. of Signal Processing and Communications, IISc, Bangalore, pp.582-586, Dec. 11-14, 2004. 
 



 206

16. To emphasize further, three different sources, a stationary source, a source moving 

with a velocity of 10 m/sec and an accelerating source with initial velocity 10 m/sec 

and acceleration 2 m/sec2 are taken in the same GBSBE channel. Fig. 4.52 shows 

the MSE with FrFT order ‘a’ in above case. The MSE for optimum (a=aopt), time 

(a=0) and frequency domain (a=1) are given in table 4.20. The MSE in case of 

accelerating source is found to be minimum. Also in all cases the MSE is smaller in 

optimum FrFT domain (a=aopt), as compared to time domain (a=0) and frequency 

domain (a=1).  
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Figure 4.52-MSE in GBSBE channel for stationary, moving and accelerating 

source 

Table-4.20: MSE for optimum (a=aopt), time (a=0) and frequency domain (a=1)  

Domain Stationary source Moving Source Accelerating source 
a=aopt 1.552 1.603 1.657 
a=0 1.667 1.657 1.751 
a=1 4.391 4.373 4.312 

17. The fractional Fourier domain filters is a subclass of the class of linear filters [104], 

but the class of Fractional Fourier domain filters is much broader than the ordinary 

domain filters, so that in general the optimal filter found in FrFT domain result in 

much smaller errors as compared to ordinary time or Fourier domain filters. This 

reduction in error comes at no additional cost because FrFT can be implemented 

with the same cost as ordinary Fourier transform [27, 59]. 

18. For time-invariant degradation models and stationary signals and noise, the 

classical Fourier domain Wiener beamformer, which can be implemented in O (N 

log2 N) time, gives the minimum mean-square-error estimate of the original 

undistorted signal. For time-varying degradations and non-stationary processes, 

however, the optimal linear estimate requires O (N2) time for implementation. The 

beamforming in fractional Fourier domains, which enables significant reduction of 
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error compared with ordinary Fourier domain beamforming for certain types of 

degradation and noise (especially of chirped nature), requires only O (N log2 N) 

implementation time. Thus, improved performance is achieved at no additional cost 

[59, 61].  

19. The four beamformer performance metrics which depend upon the MSE given in 

table 3.5 shows that by decreasing the MSE all performance metrics of an array 

processing architecture in wireless communication shall improve. Thus 

beamforming in fractional Fourier domain can improve the performance of the 

beamformer to a large extent, as MSE using FrFT can be reduced up to 91.7%. 

20. The FrFT based beamformer provides improved array gain and output SNR in 

AWGN environment as compared to time and frequency domain beamformer as 

shown in Figs.4.49 and 4.50. From Fig.4.49(a) and (b) it can be observed that to get 

an array gain of 20 dB the FrFT beamformer requires 2 dB less input power as 

compared to frequency domain beamformer and 9 dB less input power as compared 

to time domain beamformer for a stationary source in AWGN. For a constant 

velocity source the FrFT beamformer requires 1 dB and 6 dB less input power as 

compared to frequency and time domain beamformer respectively5. 

21. The FrFT beamformer gives higher output SNR as compared to frequency or time 

domain beamformer. From Fig.4.50 (a) and (b) it is observed that for input SNR of 

20 dB the FrFT beamformer gives 5dB high output power as compared to 

frequency domain and 11 dB high output power as compared to time domain 

beamformer for a stationary source in AWGN. For a constant velocity (10m/sec) 

source in AWGN the FrFT beamformer provides 2 dB and 10.5 dB high output 

power as compared to frequency and time domain beamformer respectively. 

22. It is found that when signal of interest is broadband the beamforming is preferred in 

frequency domain (i.e. by using Fourier Transform) as compared to time domain 

[64]. With the introduction of FrFT, having same computational complexity as FT 

and improved performance (in terms of reduced MSE), the next generation wireless 

and mobile communications systems shall perform beamforming in Fractional 

Fourier Domains as compared to frequency domain or time domain. To emphasize 

this, performance of FrFT is evaluated in terms of BER in mobile environment. 

_______________________________________________________________ 
5. [P17] “SNR Improvement of Uniform Circular Array Using the Fractional Fourier Transform Beamforming in Radar 
Environment”, Proceedings of International Radar Symposium, IRSI-2005, pp.776-781, 19-22 Dec 2005, Bangalore, India. 
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4.14  PERFORMANCE OF FrFT BASED OPTIMUM BEAMFORMER IN 

 INTERFERING MOBILE ENVIRONMENT 

 The performance of array processing architecture has been studied from MSE 

point of view in section 4.10. It is shown that the FrFT based beamformer outperforms 

the frequency domain and time domain beamformer in terms of reducing MSE. Next 

the symbol error probability (SEP) performance of the FrFT based beamformer is 

studied in mobile wireless environment. The structure of the beamformer shown in 

Fig.4.7 also corresponds to that of linear optimum combiner as in SIMO system. With 

optimum combining (OC), the signals received by several antenna elements are 

properly weighted and combined to maximize the output signal-to-interference- plus-

noise ratio (SINR). In the absence of interference in an additive noise environment, the 

optimum combiner maximizes the signal-to-noise ratio (SNR) and has the same 

performance as a maximal ratio combiner (MRC). The SEP for coherent detection of 

M-ary phase-shift keying using an array of antennas with optimum combining in a 

Rayleigh fading environment is derived next. Let K is the diversity order and L is the 

number of interferers. The received signal is given by 

     )t()t(s)t( s zgx += ,                       (4.143) 

where, z(t) is the total interference in the system given by 

     )t()t(s)t( i

L

1i
i ngz += ∑

=
,                                  (4.144) 

where, si(t) correspond to signal transmitted form the ith user. The desired signal s(t) 

and interfering users si(t) are such that E[s2(t)]=E[s2
i(t)]=1. The K × 1 noise vector is 

complex white Gaussian with zero-mean and variance2
wσ . The channel is modelled as 

flat Rayleigh fading, and the circularly Gaussian vectors gi {i=1,2….L} correspond to 

the fading coefficients of the ith user. gs corresponds to fading vector of desired signal. 

Ps and PI correspond to mean power of gs and gI. The antennas are assumed to be 

placed distant enough so that the fading at each antenna is independent. The channel is 

also assumed to be slowly varying, so that the fading coefficients remain unchanged 

over the frame. The K × K interference plus noise covariance matrix is given by 

             IXXR 2
w

H
I σ+= ,                       (4.145) 

where, X is an K × L matrix with columns given by interfering user’s fading coefficient 

vectors gi, i.e. X=[g1………….gL]. In this analysis, RI  is the interference-plus-noise 
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covariance matrix. The optimal combining weight vector can be computed from the 

signal-plus interference-and-noise covariance matrix also. In that case the RI is replaced 

by R, given by I
H
ss RggR += . As shown in appendix-C the resulting weight vectors 

provide the same performance as they differ only by a scaling factor.  

The signal to interference plus noise ratio (SINR) for this system model is expressed as  

     
a
optI

a
opt

2

s
a
opt

SINR
wRw

gw
= ,            (4.146) 

where, a
optw  is the spatially combining weight vector in ath domain. In optimum 

combining, the antenna weights are derived using the Wiener solution as discussed in 

section 4.5. The SINR expression corresponding to these weights is  

     µ=SINR= gs
H RI

-1gs.                       (4.147) 

The SINR is conditioned on gs and gi hence it varies at fading rate. Since RI is a 

Hermitian matrix it can be diagonalized by a unitary transformation as  

     T
K21I }...............,{diag VVR λλλ= ,          (4.148) 

where, K1 ...........,......... λλ  are the eigenvalues of RI. Define the vector                                

v= sVg =[vs1,vs2……….vsK]T. Since V is unitary, the elements of v retain the properties 

of the elements gs. Thus (4.147) can be written as  

     ∑
σ+λ

=µ
=

K

1i
2
wi

2

iv
,            (4.149) 

where, vT=[v1,v2……….vK]. Since the elements of gs have complex-valued Gaussian 

distributions, each term |vi|2 is a chi-square random variable with two degrees of 

freedom. The joint probability density function (pdf) of K1 ...........,......... λλ  can be 

derived using the theory of multivariate statistics, relating to complex Wishart matrices 

[114]. The general expression for the joint pdf of the first { }L,KminNmin ∆  unordered 

eigenvalues T
K1 )...........,.........( λλ=λ of IR , valid for arbitrary K  and L is 
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where, { }L,KmaxNmax∆ and K
~

 is the normalizing constant given by 
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with     ( )
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−

−π=Γ  .           (4.152) 

The additional K- Nmin eigenvalues of IR are identically equal to zero. The SEP using 

the chain rule of conditional expectation is given as 
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where, Pr{e|µ} is the SEP conditioned on the random variable µ. In deriving (4.153), 

first perform {.}E / λv  and average over the channel ensemble of the desired signal to 

obtain the conditional SEP, conditioned on the random vectorλ , denoted by
λ|eP . Then 

perform {.}E
λ

 to average out the channel ensemble of the interfering signals. The 

conditional SEP, conditioned onλ , for coherent detection of M-ary PSK in the general 

case of K antennas and L Gaussian interferers, is given by [114] 

   ( ) θ

























∑

σ+λθ
−∫π

=
=

Θ d
sin

c
expE

1
P

K

1i
2
wi

2

i

2
MPSK

0

v
λ|vλ|e λ           (4.154) 

    ( ) θ∏



















σ+λ
+θ

θ
∫ θ

π
=

=

Θ d
1

csin

sin
A

1 minN

1i

2
wi

MPSK
2

2

0 ,           (4.155) 
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and the fact that v is Gaussian with i.i.d. elements is used in deriving (4.155). Using 

(4.153), the unconditional SEP for OC becomes 

    ( ) ( )
minN10

0
0e dx....dxf.P........P xx

λλ|e∫ ∫∫= ∞
∞

∞ ,          (4.157) 

where, (x)
λ|eP  is given in (4.155). (4.157) is exact and valid for arbitrary numbers of 

antennas and interferers; however, it requires the evaluation of Nmin fold integrals, 

which can be cumbersome to evaluate for large Nmin. This analytical difficulty is 
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avoided by using the classical theory of orthogonal systems and the properties relating 

to the Vander-monde matrix. The term ( )[ ]∏ ∏−
= += −1N
1i

N
1ij ji

min min xx   in (4.150) can also be 

seen as the determinant of the Vander-monde matrix ( )
minN1 x.,,.........xU  given by 
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Therefore, the pdf can also be written as 
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and using (4.159) and (4.160) then (4.157) becomes 

( ) ( ) ( ) θ







∏ θψ∫ ×∫∫ θ

π
= −

=

∞∞Θ − ddxex,xx,.....,x........A
1

!N

K
~

P i
x

1i
ii0

2

N100
min

e
i

minN
minNmaxN

min
U . 

                  (4.161) 

The evaluation of (4.161) is difficult because the integrand does not factor and the 

number of integral depends on the minimum of the number of antennas and interferers. 

An efficient method to reduce (4.161) to the SEP expression involving a single integral 

with finite integration limits is given next based on a classical technique commonly 

used in mathematical physics involving orthogonal systems. Consider a more general 

problem of evaluating 
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
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 θλ∏
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minN

1i
i ,zE ,             (4.162) 

where, z{x,θ} is a nonnegative function, and the average is with respect to the 

distribution of the eigenvalues given by (4.159). This problem can be efficiently solved 

by using some classical results from orthogonal polynomials, as follows. For each 

[ ],,0 Θ∈θ  let minN
θρ  be the space of all polynomials with degree less than or equal to 

Nmin – 1 with measure  

    ( ) ( ) dxex,xzxdu xNN minmax −−
θ θ= ,           (4.163) 
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equipped with the inner product and norm defined, respectively, by 

 ( ) ∫
∞ −−∆
0

minmax),()()(. dxexxzxgxfgf xNNθθ              (4.164) 

  ∫
∞ −−∆
0

2
minmax),()()( dxexxzxfxff xNNθ

θ
           (4.165) 

If the nonnegative function ),( θxz is such that )x(uθ is increasing in at least Nmin 

points ofx , then the elements 1N2 minx,......,x,x,1 −  of the Hilbert Space minN
θρ  are linearly 

independent. This implies that there exists an orthogonal system ( ){ } 1N

0nn
min,x −
=θφ  with  

   ( ) ( ) ( ) ( ) n
n,n1,n0,nn x.....x,x θφ++θφ+θφ=θφ  ,          (4.166) 

such that ( ) ,m,n

2

nm,n δφ=θφφ
θ

where mn,δ  is the Kronecker delta function defined by 

    




≠
=

∆
mn

mn
mn ,0

,1
,δ             (4.167) 

The orthogonal system ( ){ } 1N

0nn
min,x −
=θφ   can be obtained by a Gram–Schmidt procedure 

using the measure )x(duθ , as shown in Appendix D. Hence, an uncountable number of 

orthogonal systems can be constructed, each generated by the measure )x(duθ  indexed 

by [ ].,0 Θ∈θ  

Theorem 1:   ( ) ∏ φ=








∏ θλ
−

= θ=

1minNminN

0n

2

n
1i

i K
~

,zE
λ

 ,           (4.168) 

where, K
~

is given in (4.151) and ∏ φ
−

= θ

1minN

0n

2

n  is the product norm squares of all the 

elements in a particular orthogonal system generated by )x(duθ . 

Proof: 

( ) ( ) ( )∫ ∏ θ×∫=
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0 i
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K
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,zE i
minN

minNmaxN

min

minN

U
λ

  (4.169) 

For any given [ ]Θ∈ ,0θ , the Vander-monde matrix ( )
minN1 x,...,xU  can be transformed, 

using the orthogonal system generated by )x(duθ , into ( )θ;x,....,x
~

minN1U  defined by 

( )













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.
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N1N21N11N

N12010

N02010

N1U ,          (4.170) 
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by means of elementary row operations. Since the determinant is invariant to such row 

operations   ( ) ( )θ= ;x,......,x
~

x,....,x
minmin N1N1 UU            (4.171) 

Let 
minNS be the set of all permutations of integers { }1N,,.........1,0 min −  and let 

minNS∈δ denote the particular function ),....,,()1N,......,1,0(:
minN21min δδδ→−δ  which 

permutes the integers{ }1N,,.........1,0 min − . The determinant can be written as 

    ( ) ( )∏ θφ∑ δ=
=

δ
∈δ

minN

i

minN
min

1i
i

s
N1 ,x}sgn{x,.....,x

~
U            (4.172) 

where    


+

=δ
npermutatio odd for -

npermutatio even for 

1

1
}sgn{                           (4.173) 

Substituting (4.171) and (4.172) into (4.169) gives 
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Using the orthogonality property of ( ){ } 1

0
min, −
=

N

nn x θφ , (4.174) becomes  
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K
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})(sgn{
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~

 ,    

where, the fact that the cardinality of 
minNS  is equal to !N

min
 in obtaining the last equality 

is used. This completes the proof of Theorem 1.Using Theorem 1, define following 

theorem. 

Theorem 2: The SEP for coherent detection of M-ary PSK signals using OC with K -

element antenna array in the presence of L uncorrelated equal-power cochannel 

interferers and thermal noise in Rayleigh fading is given by 

     ( ) ( ) θθ∫ θ
π

= Θ dCA
K
~

P 0e                        (4.175) 

where, A(θ) is given by (4.156), and ,)(
21

0

min

θ
φθ ∏ −

=
∆ N

n nC with }L,Kmin{Nmin =  is the 

product norm squared of all the elements in a particular orthogonal system generated by 
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of )x(duθ of (4.163) using ),x(),x(z θψ=θ . The integrand is a product of two 

functions A(θ) and C(θ); the former function A(θ) involves trigonometric functions and 

is given by (4.156), and the latter function C(θ) can be evaluated easily on the approach 

illustrated in [105].  

4.14.1  BER of Optimum FrFT combiner for single interferer case 

 The SEP expression (4.175) can be efficiently and rapidly evaluated even for a 

large number of antennas and/or cochannel interferers. But for the case of single 

interferer with BPSK simple BER expressions are available in literature. As the 

simulation study in thesis is based on single interferer with BPSK modulation these 

BER expressions are reviewed next, which are based on moment generating function. 

For the case of a single interferer (L=1) for which (4.147) can be rewritten as 

∑
λ

=µ
=

K

1i i

2

iv
 and eigenvalues of RI  are given as  
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g
,          (4.176) 

where, ]g.............g,g[ K,I2,I1,I
T
I =g . Each of the{ }2

n,Ig   is a chi square random variable 

with two degrees of freedom. Due to the mutual independence of the terms in redefined 

µ, the Moment generating function (MGF) of µ conditioned on λ1 is given by  
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s
/

)
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1)(
P
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)s(
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λµ
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λ
−

=φ
ss

,           (4.177) 

where, Ps=E[|gs,n|2], n=1,2,……K, is the mean signal power per antenna and 

]g.............g,g[ K,s2,I1,I
T
s =g . Let 

2
w

s
s

P

σ
=µ  denote the mean signal to noise ratio (SNR) 

per antenna (channel). The conditional pdf of µ can be found by applying inverse 

Laplace transform to (4.177) and is given by  

   1K;,
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P

)(
;K;1K(Fe

)(f 2
w1K
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11
P/1K

1

/
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µσ−λ
−µλ

=µ

µλ−−

λµ 0, ,          (4.178) 

where, 1F1(.) is the confluent hypergeometric function and Γ(.) is the standard gamma 

function. Clearly, if the interference is fading, λ1 is a random variable that assumes new 
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values at the fading rate. In case the λ1 is assumed to be constant then λ1 is replaced by 

its mean value 2
wI1 KP][E σ+=λ in (4.178) where, PI=E[|gI,n|2], n=1,2,……K. 

Conditioned on λ1 the probability of bit error is given by 
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)(f)(erf
2

1

2

1

d)(f)2(P

1

11

d   

  Q
,            (4.179) 

where, ∫ −
π

=
∞

x

2

dy)
2

y
exp(
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1
)x(Q  is the Gaussian Q-function and erf(.) is the error 

function. The equation can be simplified further by using identity 
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where, F2(.) is Appell’s hypergeometric function. It can be shown that the series in 

(4.180) converges. Since each of { }2

n,Ig   has a Chi-Square distribution, 

2
w

2K
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i,21 g σ+∑=λ
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The bit error probability (BEP) averaged over all values of λ1 is given by 

     ∫
∞

λλ λλ=
0

11/ee d)(fPP
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.            (4.182) 

Substituting (4.180) and (4.181) in (4.182) 
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Integral in (4.183) can be evaluated numerically. A simple upper bound on (4.180) is 

derived using µ−≤µ e
2

1
)2(Q   and integral tables [58,114] as 
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The upper bound on average Pe is obtained by averaging (4.184) over density of λ1 and 

is given by 

  







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where, Ei(.) is exponential integral , A =(2(1+µs)
KΓ(K)) -1 and I

2
ws P/)P( σ+=η .An 

exact closed form expression can also be found for single interferer case. Let 

T
111x gg=  gives interfering power. Since components of g1 are complex Gaussian, 

2
w

1
1

x

σ
=µ is a Gamma distributed random variable of order K representing the SNR of 

the interference at the output of the combiner, and has probability density function (pdf) 

given by 
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where, 
2
w

I
1

P

σ
=µ  is the average interference SNR per antenna. Also the pdf of the SNR 

of the desired signal at the output of the combiner, 
2
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s
T
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 is given by 

   ,0),exp(
)K(

1
)(p s

s

s1K
sK

s
ss

≥µ
µ
µ

−µ
Γµ

=µ −
µ           (4.187) 

where,  
2
w

s
s

P

σ
=µ , i=1,2,………,K is the average SNR for the desired signal per 

antenna. Since the interference-to-noise power is a random variable with pdf as in 

(4.187), the average BER is obtained as [58, 74,114] 
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where, 
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The optimum combiner gives the same system performance as MRC when no 

interfering signals are present at the receiver. Thus the average BER for MRC may be 

obtained by substituting µ1=0 in (4.188) to give  
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For Nakagami fading channel given by (4.92) and for integer values of Nakagami 

parameter m the conditional average probability of error for coherent detection is given 

by [74] 
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where, 2F1 is the hyper geometric function. The average BER is obtained as 

    111
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µ∫ .                       (4.191) 

The mathematical analysis of BPSK with optimum combiner in interference and noise 

is analyzed above for a single interferer case.  

 4.14.2 Monte Carlo Simulation of BER 

 In this section some simulation results are presented to illustrate the effects of 

FrFT based optimum beamformer on the average BER in an interfering environment. 

The simulations are presented for the case of single interferer. The focus is to use 

Monte Carlo simulations to demonstrate the BER performance in three different 

domains of FrFT in SIMO system. The BER is plotted for different number of antennas 
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M=3,4,5. The channel is modelled as flat Rayleigh faded and vector g is comprised of 

i.i.d complex Gaussian random variables CN(0,1).The complex Gaussian distribution 

with mean m and covariance matrix K is denoted as CN (m,K). The noise is considered 

as white. For the BER of BPSK a frame consisting of 100 bits is sent from transmitter 

with all the bits having random values ±1. The results below have been obtained from 

10000 independent runs of such frames. The decision variable at the output of the 

optimal beamformer is simply { })t(a
opt xwRe . The decisions are obtained in a=0, a=1 and 

a=aopt domain by using the weight vector obtained in respective domains. The optimum 

domain is computed in each frame. The results are plotted in figures 4.53-4.59. The 

MSE vs. SNR curve in Fig.4.53 shows the sum of all the MSEs obtained in each 

domain during all runs for M=5 in Rayleigh faded channel. Fig.4.53 again shows the 

superiority of optimum FrFT domain beamformer as total MSE of the beamformer 

during all runs is less in optimum FrFT domain as compared to time or frequency 

domain. The plots of MSE vs. SINR were obtained for other cases also, but are not 

shown as these plots were similar to Fig.4.53. The average BER versus the average 

received SINR, defined as
1

s
b L1

M

µ+
µ

=µ , is also plotted for several values of M. A 

single Rayleigh faded interferer with dB0I  =µ is considered in all simulations. Figure 

4.54 shows the improvement obtained by optimum FrFT beamformer over other 

optimal beamformers as it requires 1.3 dB less input power as compared to time 

domain beamformer for a BER of 10-2. In case of  M=4 and for a BER of 10-2 optimum 

FrFT Beamformer requires 4 dB and 9 dB less input power as compared to time and 

frequency domain beamformer as shown in Fig.4.55. Fig.4.56 shows the improvement 

of 5 dB and 10 dB in optimum FrFT domain as compared to time and frequency 

domain for M=5. The same results are plotted for Nakagami faded channel also in Figs. 

4.57-4.59. The application of optimum FrFT beamformer is considered in chapter 5 in 

linear receive processing in MIMO systems. 
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Figure 4.53- Total MSE vs. SINR for beamformer in various domains for 

Rayleigh faded channel with M=5 
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Figure 4.54- BER vs. SINR for BPSK modulation in Rayleigh Faded channel 

for M=3 
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Figure 4.55- BER vs. SINR for BPSK modulation in Rayleigh Faded channel 

for M=4 
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Figure 4.56- BER vs. SINR for BPSK modulation in Rayleigh Faded channel 

for M=5 
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Figure 4.57- BER vs. SINR for BPSK modulation in Nakagami Faded channel 

for M=3 

0 2 4 6 8 10 12 14 16 18 20

10
-2

10
-1

10
0

SINR

B
E

R

BER vs. SINR for M=4

Frequency Domain Beamformer
Time Domian Beamformer
FrFT Domian Beamformer

 
Figure 4.58- BER vs. SINR for BPSK modulation in Nakagami Faded channel 

for M=4 
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Figure 4.59- BER vs. SINR for BPSK modulation in Nakagami Faded channel 

for M=5 
 

4.15 SUMMARY OF THE CHAPTER 

 A method of optimal beamforming for various multipath fading channels in 

mobile and wireless communication using the Fractional Fourier Transform (FrFT) is 

considered in this chapter. The method is found to be useful in moving and accelerating 

source problems. In case the source is moving, the Doppler Effect produces frequency 

shift. In case of accelerating source a chirped type signal is produced. With both types 

of degradations present, it is shown that the FrFT improves the performance of 

beamformer in multipath fading, micro and macro cellular environments with the same 

complexity as the conventional Fast Fourier Transform (FFT). The BER of optimal 

FrFT beamformer is less as compared to time or frequency domain optimal 

beamformers6. In next chapter the benefits of FrFT domain beamformer is explored in 

MIMO systems. In chapter 6 the application of low side lobe and adaptive algorithms is 

proposed in terms of reducing RF hazards. 

 

______________________________________________________________________ 

6. [P25] “BER reduction in SIMO system using FrFT based optimal beamformer” submitted to IEEE Transaction on Vehicular 
Technology.   
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5.1 INTRODUCTION 

 A core idea in MIMO system is space–time signal processing in which time (the 

natural dimension of digital communication data) is complemented with the spatial 

dimension inherent in the use of multiple spatially distributed antennas. As such MIMO 

systems can be viewed as an extension of the so-called smart antennas, a popular 

technology using antenna arrays for improving wireless transmission dating back 

several decades. Clearly, in a MIMO link, the benefits of conventional smart antennas 

are retained since the optimization of the multiantenna signal is carried out in a larger 

space, thus providing additional degrees of freedom.  

 MIMO systems have a number of advantages over traditional SISO systems 

such as the beamforming (or array) gain, the diversity gain and the multiplexing gain. 

The beamforming and diversity gains are no exclusive of MIMO systems and also exist 

in SIMO and MISO systems. The multiplexing gain, however, is a unique characteristic 

of MIMO systems. An overview of the gains of MIMO systems is given in [57]. A brief 

discussion about these gains and their mutual comparison is given next.  

Beamforming or Array gain:  Array gain means average increase in the SNR at 

receiver that occurs due to coherent combining effect of multiple antennas at the 

transmitter or receiver or both. If the BER of a communication system is plotted with 

respect to the transmitted power or the received power per antenna (using a logarithmic 

scale) then the beamforming gain is characterized as a shift of the curve due to the gain 

in SINR. In case of MIMO and MISO systems array gain exploitation requires channel 

knowledge at the transmitter [9]. 

Diversity Gain: Diversity gain is the improvement in link reliability obtained by 

receiving replicas of the information signal through independently fading links, 

branches or dimensions. This type of diversity is clearly related to the random nature of 



 224

the channel and is closely connected to the specific channel statistics. If the BER of a 

communication system is plotted with respect to the transmitted power or the received 

power per antenna (using a logarithmic scale), the diversity gain is easily characterized 

as the increase of the slope of the curve in the low BER region. The main forms of 

diversity traditionally exploited in wireless communications systems are temporal 

diversity, frequency diversity, code diversity, polarization diversity and spatial diversity 

[57,137]. Diversity can be exploited at the transmitter and/or receiver antenna array. 

Receive diversity can be used in case of SIMO systems. A wide variety of methods 

exist for processing the signals received from antenna arrays in SIMO systems. 

Transmit diversity is applicable to MISO systems and has become an active area of 

research.  

 Transmit diversity is more difficult to exploit than receive diversity since it 

requires special modulation and coding schemes, whereas receive diversity simply 

needs the multiple receive dimensions to fade independently without requiring any 

specific modulation or coding scheme. Extracting transmitter diversity in systems is 

possible with or without channel knowledge at transmitter [9]. In absence of the 

channel knowledge at transmitter, Space Time diversity coding is transmit coding 

technique that relies on coding across space (transmit antennas) to extract diversity. 

There are various other coding techniques also available which can be used in transmit 

diversity [9,160,161]. If the channels of all the transmit antennas to the receive 

antennas have independent fades the diversity order of this channel is equal to the 

number of transmit antennas. Utilization of diversity in MIMO systems requires a 

combination of receive and transmit diversity described above.  

Spatial Multiplexing (SM):  SM offers a linear (the number of transmit–receive 

antenna pairs or min (MR, MT)) increase in the transmission rate (capacity) for the same 

bandwidth and with no additional power expenditure [9]. This increase is obtained 

through the use of multiple dimensions at both sides of the communication link [57]. 

While the beamforming and the diversity gains can be obtained when multiple 

dimensions are present at either transmit or the receive side, multiplexing gain requires 

multiple dimensions at both ends of the link. Thus SM is possible only in MIMO 

channels [9]. SM increases transmission rates proportional to the number of transmit-

receive antenna pairs. SM also allows the capacity increase in the multi-user format [9]. 
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Interference Reduction: Co-channel interference arises due to frequency reuse in 

wireless channels. When multiple antennas are used, the differentiation between the 

spatial signatures of the desired and co channel signals can be exploited to reduce the 

interference. Interference reduction requires knowledge of the channel of the desired 

signal. Interference reduction can also be implemented at the transmitter, where the 

goal is to minimize the interference energy sent towards the co channel users while 

delivering the signal to the desired one [9]. Interference reduction allows the use of 

aggressive reuse factors and improves network capacity. 

 It may not be possible to exploit all the leverages simultaneously due to 

conflicting demands on the spatial degrees of freedom (or the number of antennas). The 

degrees to which these conflicts are resolved depend upon the signaling scheme and the 

receiver design [9].   

5.1.1 Tradeoffs between Various Gains in MIMO Systems 

Beamforming and Diversity Gains: Beamforming gain is a concept that refers to the 

combination of multiple copies of the same signal for a specific channel realization 

regardless of the channel statistics. Diversity gain, however, is directly connected to the 

statistical behavior of the channel. With multiple receive dimensions, both gains can be 

simultaneously achieved by a coherent combination of the received signals and there is 

no tradeoff between them. With multiple transmit dimensions; beamforming gain 

requires channel knowledge at the transmitter whereas diversity gain can be achieved 

even when the channel is unknown. 

Beamforming and Multiplexing Gains: Maximum beamforming gain in a MIMO 

system implies that only the maximum singular value of the channel should be used [9]. 

In terms of multiplexing gain, however, the optimum strategy is to use a subset of the 

channel singular values according to a water-filling strategy [174]. In other words, 

maximum beamforming gain requires establishing a single sub stream for 

communication, whereas maximum multiplexing gain requires, in general, establishing 

several simultaneous sub streams. 

Diversity and Multiplexing Gains: Multiple antennas are used for increasing the 

amount of diversity or the number of degrees of freedom in wireless communication 

system. Both diversity and multiplexing gains can be simultaneously obtained for a 

given multiple antenna channel but there is a tradeoff between how much of each for 

any coding scheme can get. Since the diversity gain is related to the BER (it is the slope 
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of the BER curve in the high SNR region) and the multiplexing gain is related to the 

achieved rate, the diversity-multiplexing tradeoff is essentially the tradeoff between the 

error probability and the data rate of a system [174]. Next, a brief overview of space 

time wireless communication systems is given.  

5.2  SPACE TIME WIRELESS COMMUNICATION SYSTEMS   

 A typical space time wireless communication system with MT transmit antennas 

and MR receive antennas is shown in Fig 5.1 [9]. A digital source in the form of a 

binary data stream is fed to simplified transmitting blocks encompassing the functions 

of error control coding and mapping to complex modulation symbols. The later 

produces several separate symbol streams. Each is then mapped onto one of the 

multiple TX antennas. Mapping may include linear spatial weighting of the antenna 

elements or linear antenna space–time precoding. After upward frequency conversion, 

filtering and amplification the signals are launched into the wireless channel. At the 

receiver, the signals are captured by multiple antennas and demodulation and 

demapping operations are performed to recover the message. The level of intelligence, 

complexity and a priori channel knowledge used in selecting the coding and antenna 

mapping algorithms can vary a great deal depending on the application. This 

determines the class and performance of the multiantenna solution that is implemented. 

A review of space-time processing techniques up to 1997 can be found in [12]. 

 

Figure 5.1: Schematic of a ST wireless communication system [9] 

5.3  CAPACITY OF MIMO SYSTEMS 

 Channel capacity is a convenient measure to analyze the potential gain of 

MIMO systems compared to SISO systems. Information theory provides means to 

explore the ultimate limits of reliable data transmission.  
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5.3.1  Capacity of Flat Faded Deterministic Channel 

 Consider a MIMO system with MR and MT number of antenna elements at 

receiver and transmitter, respectively as shown in Fig.5.1. The channel can be 

represented by a channel matrix H of dimension MR × MT. The channel has a bandwidth 

of 1 Hz and is frequency flat over this band. Let s be the vector of transmitted signal 

with dimension MT × 1. The vector y of dimension MR × 1 is the corresponding 

received signal on the receiver array. The input–output relation over a symbol period 

assuming single-carrier (SC) modulation is given by 

     nHsy +=
T

s

M

E
,     (5.1) 

where, n is AWGN with E[nnH]=
RMIN0 . Es is the total energy available at the 

transmitter over a symbol period. The total average transmitted power over a symbol 

period is constrained by assuming that the covariance matrix of s, Rss satisfies 

tr[Rss]=MT, where tr[.] indicates the transpose of the matrix. For a deterministic 

channel H, the capacity (with channel perfectly known at receiver) is given by [9] 
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The capacity is measured in bps/Hz. The capacity Cdet in (5.2) is referred as the error 

free spectral efficiency or the data rate per unit bandwidth that can be sustained over 

MIMO link [9]. Thus given a bandwidth of W Hz the maximum achievable data rate 

over this bandwidth is WCdet bps [9]. 

5.3.2  Unknown-CSIT Capacity 

 If the channel state information (CSI) is not known at Transmitter, then vector s 

may be chosen statistically non preferential i.e.
TMss IR = . This implies that the signals 

transmitted from the individual antennas are independent and equipowered. The 

capacity of MIMO channels in the absence of channel knowledge is given by 

   )
NM

E
det(log

0T

s
M2cu R

HHHIC += .     (5.3) 

Let eigen-decomposition of HHH be QΛΛΛΛQH, where Q is an MR × MR matrix satisfying 

QHQ=QQH =
RMI  and ΛΛΛΛ=diag{λ1, λ2……….

RMλ } with λi ≥ 0 and λi≥λi+1. The capacity 

of MIMO channel can be expressed as [9] 
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where, r is the rank of the channel and λi (i=1,2,………r) are the positive eigenvalues 

of HH H. It follows from (5.4) that multiple scalar spatial data pipes (also known as 

spatial modes) open up between transmitter and receiver resulting in significant 

performance gains over the SISO case. For example, Ccu increases by r b/s/Hz for every 

3-dB increase in transmit power (for high transmit power), as opposed to 1 b/s/Hz in 

conventional SISO channels. The number of these parallel channels equals the rank of 

H, and the gain of the ith equivalent parallel channel is equal to λi and the transmit 

power ES/MT [9].  

5.3.3  Channel Known at Transmitter 

 If the CSI is provided at the transmitter, the total available power can be 

optimally distributed on MT transmit antennas, a solution that is usually referred to as 

water filling (WF). When the channel is known to both transmitter and receiver, the 

individual channel modes may be accessed through linear processing at the transmitter 

and receiver [9, 43]. The capacity of the MIMO channel is the sum of the individual 

parallel SISO channel capacities and is given by   
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where, { }2
ii sE  =γ  ,(i=1,2,………….r) reflects the transmit energy in the ith sub-

channels and satisfies T

r

1i
i M=γ∑

=
. The mutual information is maximized if optimal 

energy opt
iγ  is allocated as given by 
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where, µ is a constant and is determined so as to satisfy the constraint on total energy 

transmitted i.e. TM
r
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The optimal energy is found iteratively through the water pouring algorithm [9]. 
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5.3.4  Capacity of Random MIMO Channels 

 For the case of a randomly time-varying channel, the definition of the capacity 

depends on the bursts duration (codeword length) Tcode. Here, the capacity is a random 

variable whose instant value depends on the corresponding H matrix. Let ∆ be defined 

as coherence interval of the channel (without dimension), as the number of symbol 

periods during which the propagation coefficients are almost constant. If Tcode >> ∆, 

channel is said to behave ergodically and an ergodic (statistical average) capacity Cav is 

defined which again means the maximum attainable mutual information [9]. If        

Tcode << ∆ , the maximum mutual information is not equal to the channel capacity and 

the Shannon capacity of the channel may be even zero [43]. When the instant capacity 

is less than the pre assumed value, a channel outage is said to be occurred. The outage 

probability is a useful parameter in studying channel capacity. Here, a tradeoff should 

be made between the expected throughput and outage [9, 86]. In the literature, the 

capacity for a given outage probability is sometimes called outage capacity. Outage 

analysis quantifies the level of performance that is guaranteed with a certain level of 

reliability. q% outage capacity Cout,q is defined as the information rate that is 

guaranteed for (100-q)% of the channel realizations i.e. Pr.(Ccu≤ Cout,q)=q% [9], where 

Pr. means probability.  

 The performance criterion of wireless systems that is capacity has been 

described briefly. The other performance criteria are diversity gain, coding gain and 

array gain. To classify these gains the knowledge of spatial diversity techniques and 

MIMO signaling rates is required. The MIMO signaling rates are discussed next. 

5.4 MIMO SIGNALING RATES 

  Let us discus code architecture and rate definition to classify various 

coding schemes. A general coding architecture is shown in Fig. 5.2. The generic coding 

architecture is applicable equally to all coding schemes. A block of qK bits is input to a 

block that performs the functions of temporal coding, interleaving and symbol 

mapping. In the process q(N-K) parity bits are added and N symbols are output. 2q is 

the modulation order. The N symbols are input to a Space Time (ST) encoder that adds 

(MTT-N) parity symbols and packs the resulting MTT symbols into an MT × T frame of 

length T. The block/frame is transmitted over T symbol periods and is referred to as ST 

Codeword [9]. 
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 Figure 5.2: Coding architecture [9] 

The signaling rate on channel is qK/T bits/transmission and should not exceed channel 

capacity. The signaling rate is rewritten as 
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where, rt is the temporal code rate of the outer encoder and rs is the spatial code rate 

defined as the average number of independent symbols transmitted from MT antennas 

over T symbol periods. When all transmit antennas send one symbol per symbol period 

rs=1(STD). MT independent symbol periods per symbol period are sent to get rs=MT 

(SM). Depending upon the choice of encoding a spatial rate varying from 0 to MT can 

be achieved. The Alamouti’s scheme is a rate 1 design for systems with two transmits 

antennas [9]. The various form of spatial diversity in MIMO systems is discussed next. 

Throughout this chapter the focus is on the case where the transmitter does not have 

channel state information and the receiver knows the channel perfectly. 

5.5  SPATIAL DIVERSITY IN MIMO SYSTEMS 

 The use of diversity is to combine independent faded samples to achieve the 

desired goal of increasing the SNR and reducing the BER. The decrease in BER by 

using diversity is discussed next with suitable examples. 

5.5.1 Receive Antenna Diversity 

 In receive diversity one transmit antenna and MR receive antennas are assumed. 

This is equivalent to have MR identical independent Rayleigh fading links between the 

transmitter and receiver. Let symbol ‘s’ is drawn from scalar constellation with unit 

average energy. To leverage diversity, the transmitter transmits the same symbol‘s’ 

across all links. Assuming flat fading conditions, the channel vector h for such a system 

is given by 

                          h = [h1,h2……………….
RMh ]T.               (5.9) 
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The output of the channel is given by 

    iisi nshEy +=  , i=1………..MR,            (5.10) 

where, ES is the symbol energy available to transmitter for each MR diversity branch.   

yi is the received signal corresponding to ith diversity branch, hi is the channel transfer 

function corresponding to ith diversity branch, and ni  is Zero Mean Circularly 

Symmetric Complex Gaussian (ZMCSCG) noise with variance N0. The noise on each 

branch is assumed to be uncorrelated. The receiver combines the received signals. To 

maximize the SNR the receiver performs Maximal ratio combining, i.e., the weight 

vector w=hH. The output of the receiver is given by  

     nhhh HH += xEz s ,              (5.11) 

where, z is the receiver output and w=h is the weight vector. The effective channel is 

thus a scalar channel and scalar detection techniques can be applied. The SNR at the 

receiver is given by    ∑
=

ρ=η
M

1i

2

ih ,              (5.12) 

where, ρ=Es/N0 is the average SNR at the receive antenna in SISO fading link. 

Assuming maximum likelihood (ML) detection, the corresponding probability of error 

is given by [9, 74] 
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where, Ne and dmin are the number of nearest neighbors and the minimum distance of 

separation of underlying scalar constellation, respectively. Q(.) is Q function defined as 
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(5.14) shows that the receive diversity affects the slope of SER (Symbol Error Rate) vs. 

SNR curve on log-log scale [9]. The magnitude of slope equals the diversity order MR. 

The error probability as a function of SNR for different number of diversity branches 

MR for Binary Phase Shift Keying (BPSK) transmission scheme is plotted in Fig.5.3. 

The noise is taken as ZMCSCG with equal variance. The SNR is varied from 0 to 30 

dB. The channel is assumed to be flat Rayleigh faded channel. Increasing MR decreases 
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the error probability. Within receive diversity combining there are three common 

techniques for combining: Selection Combining (SC), Maximal Ratio Combining 

(MRC) and Equal Gain Combining (EGC). For all three, the goal is to find a set of 

weights w. The three techniques differ in how this weight vector is chosen. In all the 

three cases it is assumed that the receiver has the required knowledge of the channel 

fading vector h. The bit error probability as a function of SNR for various combining 

techniques is plotted in Fig.5.4. The modulation is again taken as BPSK and the 

channel as Rayleigh fading channel. In this case one transmitting antenna and two 

receiving antennas have been assumed. From Fig.5.4 it is observed that the best 

performance of the system is for the MRC, while the worst is for the SC. The 

improvement in the case of EGC is comparable to that of maximal ratio combining. 
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Figure 5.3: Variation of BER with SNR with number of receive antennas 
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 Although receive diversity is capable of extracting full diversity gain and array 

gain. The performance improvement is proportional to the number of receive antennas. 

However deploying multiple antennas at receiver terminal is often not feasible due to 

cost and space limitations. Instead use of multiple antenna at the transmitter in 

combination with transmit antenna diversity technique has become popular [9,143]. 

5.5.2 Transmit Diversity 

 In transmit diversity MT transmit antennas and one or more receive antennas are 

used. Spatial diversity in systems with multiple antennas at the transmitter requires the 

signal to be preprocessed or pre-coded prior to transmission [9]. The set of schemes 

aimed at realizing joint encoding of multiple TX antennas are called STCs. In these 

schemes, a number of code symbols equal to the number of TX antennas are generated 

and transmitted simultaneously, with one symbol from each antenna. These symbols 

are generated by the space–time encoder such that by using the appropriate signal 

processing and decoding procedure at the receiver, the diversity gain and/or the coding 

gain is maximized.  

 There has been increased interest in these techniques since 1990s [78,143]. The 

two space–time coding techniques- space time diversity coding (rs ≤1) and spatial 

multiplexing (rs =MT) are used in MIMO systems. The space-time diversity coding 

technique is further of mainly two types: space-time trellis coding (STTC) and space-

time block coding (STBC). STTC [160] may not be practical or cost-effective due to 

the high complexity of the ML detector. In an attempt to reduce complexity, orthogonal 

STBC that can be optimally decoded with a simple linear processing at the receiver was 

introduced [143]. This first smart antenna simple technique called Space-Time-

Transmit-Diversity (STTD) based on a simple code proposed by Alamouti is adopted 

for 3G WCDMA standard. This simple technique has since been adopted or proposed 

for a number of different wireless standards also such as 802.16. It is thus important to 

understand its performance under practical conditions.  

5.6 ALAMOUTI’S SIMPLE TRANSMIT DIVERSITY (STD) TECHNIQUE 

 In this technique Alamouti assumed two antennas at the transmitter and one 

antenna at the receiver; although this technique is applicable to any number of receive 

antennas [143]. In STD two different symbols s1 and s2 are transmitted simultaneously 

from antennas 1 and 2 during first symbol period followed by –s2
* and s1

* during next 
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symbol period, where * is the complex conjugate operation. Transmit diversity can be 

applied both in the presence and absence of channel knowledge at the transmitter. Here 

this technique in absence of channel knowledge at transmitter is discussed. However 

the receiver has the perfect channel knowledge. The transmitted signals from the 

transmitting antennas are equipowered. It is assumed that the channel remains constant 

over the two symbol periods and is frequency flat. Therefore h= [h1, h2] and the signals 

y1 and y2 received over two symbol periods are 
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where, n1 and n2 are ZMCSCG with E[|n1|
2]= E[|n2|

2]=N0 and Es/2 is the average 

transmit energy per symbol period per antenna. The received signals can be written in 

vector form as 
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where, s=[s1, s2]
T and n=[n1 ,n2]

T. The effective channel matrix Heff is orthogonal. The 

decision variable z=[z1, z2]
T corresponding to s1 and s2 can be expressed as  

    y]Hz effRe[= .               (5.19) 

Hence the effective channel for the symbol is  
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(5.20) shows that optimum two fold diversity gain can be achieved compared to the 

case of single transmission antenna. The received SNR η per symbol becomes 
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where, ρ is the average SNR at the input of receive antenna. Alamouti’s scheme 

extracts diversity order of 2 even in the absence of channel knowledge at the transmitter 

E 2}h{
2

F
= , therefore the average SNR at the receiver η=ρ. Hence absence of channel 
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knowledge at the transmitter does not allow array gain. The performance of Alamouti’s 

scheme for BPSK modulation is shown in Fig.5.5. The theoretical performance of 

transmit diversity with increasing number of transmit antennas is shown in Fig.5.6. 
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Figure 5.5: Performance of Transmit diversity with 2 TX and 1 RX antenna 
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Figure 5.6: Performance of transmit diversity with M TX and 1 RX antenna 

 The above analysis of transmit diversity assumes perfect knowledge of fading 

coefficients at the receiver. However the channel estimation is never perfect and noise 

errors are present in estimation. Next the effect of channel estimation error on the 

transmit diversity is discussed.  
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5.6.1 Effect of Imperfect channel estimation on transmit diversity 

 A number of papers have appeared in the literature discussing the effect of 

channel estimation error (CER) on the two schemes STD and MRC. Effects of channel 

estimation errors were first discussed in [161]. Practically, reducing the channel 

estimation error entails a multitude of techniques. Many of those would require 

complex processing and a large number of iterations to reduce the channel estimation 

error. This may become prohibitive for real-time applications such as voice and video 

in fast-fading situations. The channel estimation error can be reduced by using FrFT 

filtering as discussed in chapter 4. Before discussing the use of optimum FrFT filtering 

in reducing CER, the effect of errors on STD and MRC scheme is discussed first.  

5.6.2 System Model 

 A typical STD system with one receive antenna is discussed even though the 

analysis herein is applicable to an arbitrary number of receive antennas. The 

transmission is assumed to be BPSK. The channel is assumed to be slow flat faded 

channel which introduces multiplicative distortion. The transmitting antennas are 

spaced sufficiently apart so that the received signals are statistically independent. A 

complex baseband representation of the system as in [143] is used. The data bits to be 

sent are assumed to be random. As in [143], two signals are simultaneously transmitted 

from two transmit antennas during two consecutive symbol intervals. Fig.5.7 shows a 

block diagram of the two-branch Alamouti scheme [143] with one receiver. In first 

symbol period the signals transmitted from antennas zero and one are denoted by s0 and 

s1, respectively. During the next symbol period, signals (-s1
*) and s0

* are transmitted 

from antennas zero and one, respectively. The multipath channel coefficients between 

transmit and receive antennas are denoted by hi (i=0,1). Assuming that the channels 

remain stationary across at least two consecutive symbols, thus h0(t) = h0(t+T) = 0j
0e

θα  

and h1(t) = h1(t+T) = 1j
1e

θα , where T is the duration of a symbol ,αi (i=1,2) is the 

magnitude and θi (i=1,2) is the phase. Thus multipath channel coefficients change 

slowly and look like constants to be estimated. The received signals at time t and time 

t+T at receiving antenna are denoted by r0 and r1, respectively and can be expressed as 

     
1

*
00

*
101

011000

nshshr

nshshr

++−=

++=
 ,             (5.22) 
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where, ni (i=0,1) is the AWGN in the ith branch channel with zero mean and variance 

σw
2. 

 

Figure 5.7: Alamouti transmit diversity scheme with one receiver [143] 

 For BPSK modulation si is real and hence si
* =si. Two decision statistics based 

on the linear combination of the received signals are formed. The decision statistics, 

denoted by 10 s~ands~    are given by 

     
*
100

*
11

*
110

*
00

rhrhs~

rhrhs~

−=

+=
.              (5.23) 

Substituting the values of r0 and r1   in above equations 

    0s
~ = (α0

2 + α1
2) s0 + h0*n0 + h1n1*, 

    1s
~  = (α0

2 + α1
2) s1 – h0 n1* + h1*n0.             (5.24) 

 10 s~ands~   , the combined signals are sent to the maximum likelihood detector in 

which for these two signals, decision rules are used to recover the original signal. If 

Re( is
~ )>0, then si=+1 is chosen otherwise si= -1 is chosen.  

In case of MRC with one transmit and two receive antennas the combined signal is  

    MRC,1
*
1MRC,0

*
0MRC,0 rhrhs~ +=  ,              (5.25) 

where, ri,MRC=his0+ni, i=0,1. The maximum likelihood decision rule is equivalent to 

choosing s0=1 if ( 0)s~Re( MRC,0 > ) and choosing s0= -1 otherwise. The STD scheme 

yields the same BER as MRC scheme for fixed value of the power radiated per transmit 
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antenna assuming that the channel gains h0 and h1 can be perfectly estimated at the 

receiver [143].  

 All  the derivations in the above section are under the consideration of perfect 

channel evaluation, which is composed of channel gain evaluation. But in practice there 

are many factors that may change the characteristics of channel. Let the channel gains 

are expressed as  

     1,0izhĥ iii =+=    ,             (5.26) 

where, ij
ii ez φβ= , represents estimation error. When βi and φi are equal to zero at the 

same time, the channel evaluation becomes perfect and referred to as perfect channel 

evaluation. 

5.6.3 Performance with imperfect channel estimation 

 The performance of MRC and STD schemes are analyzed by obtaining the BER 

of these schemes with Gaussian distribution of z. The decision random variable (RV) 

for the MRC scheme is denoted by UMRC= )s~Re( MRC,0 . For given values of s0, s1, h0, h1, 

z0 and z1, the combined signal is given by MRC,1
*

11MRC,0
*

00MRC,0 r)zh(r)zh(s~ +++= . 

The mean and variance of the decision RV can be written as 

 011110000
2
1

2
0MRC s)]cos()cos()[()U(E φ−θβα+φ−θβα+α+α= .              (5.27) 

2
w1111

2
1

2
10000

2
0

2
0

2
U )]cos(2)cos(2[

MRC
σφ−θβα+β+α+φ−θβα+β+α=σ .            (5.28) 

Since UMRC has a Gaussian distribution the BER [74] is  

     














σ
ξ=
MRCU

MRCeP Q, ,              (5.29) 

where,   ξ )]cos()cos()[( 11110000
2
1

2
0 φ−θβα+φ−θβα+α+α= ,            (5.30) 

    and dye
2

1
)x(

x

2

y2

∫
∞ −

π
=Q .              (5.31) 

 In STD scheme two bits are transmitted simultaneously. By symmetry the BERs 

of both the bits are equal, so the BER of only one of the bit say s0 is considered. The 

corresponding decision variable is denoted by USTD= )s~Re( STD,0 . For given values of s0, 

s1, h0, h1, z0 and z1, the combined signal is STD,1
*

11STD,0
*

00STD,0 r)zh(r)zh(s~ +++= . 

The mean and the variance of the decision RV can be written as  

     10STD bssUE +ξ=)( ,              (5.32) 
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where,    )cos()cos(b 10100101 φ−θβα−φ−θβα= ,            (5.33) 

and ξ is given by (5.30). The variance of USTD is same as the variance 2
UMRC

σ of UMRC as 

given in (5.28). If the perfect transmission is assumed and the noise is following the 

Gaussian distribution, then USTD is a linear function of independent Gaussian random 

variable. As the maximum of E [USTD] and minimum of E [USTD] are considered and 

selected, the average BER of STD scheme for s0 can be given as [74] 

    


























σ
−ξ+















σ
+ξ=

STDSTD UU
STDe

bb
P QQ, .             (5.34) 

Using the symmetry of Q(.) function, Pe,STD>Pe,MRC ,i.e STD scheme has a higher BER 

than MRC scheme if ξ  is positive. From (5.32) ξ  is positive for βi<αi, i=0, 1. For the 

present case a Rayleigh fading channel is assumed and channel estimation errors are 

modelled as samples of complex Gaussian RVs. The variance of real and imaginary 

components of hi and zi are denoted as 2
Z

2
H andσσ   . The signal to noise ratio (SNR) and 

estimation error to signal ratio (ESR) is defined as
2
H

2
Z

2
N

2
H and

σ
σ

σ
σ

  , respectively. Fig.5.8 

shows the BER vs. SNR for ESR=-10dB in case of MRC and STD schemes.Fig.5.8 

shows that with channel estimation error the performance of STD is 3 dB poorer than 

MRC for all values of input power.  
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Figure 5.8: BER of MRC and STD scheme against SNR for ESR=-10dB 
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5.6.4 Reduction in channel estimation error using FrFT based estimation 

 In this section the reduction of channel estimation error using FrFT is explored. 

Channel estimation is done using PSAM (Pilot Symbol Assisted Modulation) [83]. 

Reference [83] provides a detailed description of PSAM method. Specifically the data 

is formatted into M symbols with first symbol of each frame used for pilot symbol 

having a known value as shown in Fig.5.9. In this pilot symbols are periodically 

inserted into the data symbols to estimate the fading. The channel is assumed to be flat 

fading with AWGN. 

  

Figure 5.9: Frame Format, P-Pilot Symbol 

The fading channel output is given by 

     r(t)=h(t) s(t)+n(t),              (5.35) 

where, n(t) is AWGN with variance  2
wσ =N0/2. h(t) is complex Gaussian multiplicative 

fading process with variance  2
hσ and s(t) is the transmitted signal given by 

                           ∑
∞

−∞=
−=

k
)kTt(p)k(bA)t(s ,             (5.36) 

where, T is the symbol duration, b(k) is the kth symbol value for BPSK, A is amplitude 

factor and p(t) is unit energy pulse. The symbols are formatted into the frames of length 

M in which pilot symbols at times i=kM have a known valueb
~

. It is better to 

randomize the pilot values to avoid transmitting tones, but it does not affect the 

analysis.  

 No inter-symbol interference is assumed and fading is assumed to be slow 

enough not to cause appreciable distortion of pulses. After receiving the signal, the first 

task of the receiver is channel estimation, where the complex fading amplitudes are 

estimated as prior to de-interleaving and decoding. The classical linear approach to 

channel estimation is to use a Wiener filter, which minimizes the mean square error 

(MSE) of the estimates in the presence of noise. The symbol spaced samples r (kT) of 

the receiver are given by  

    r(k)= h(k) b(k)+ n(k), for  k=0, …, K,            (5.37) 

where, h(k) represents channel fading, b(k) represents data and pilot symbol and n(k) is 

P Data Symbols 
(M-1) Symbols) 

P Data Symbols 
(M-1) Symbols) 
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AWGN noise sample. K is the total number of nearest pilot symbols. With out loss of 

generality take b(0) as pilot symbol and consider the detection of b(k), 

   2/)1M(k2/M −≤− .  .  means floor symbol. Using K nearest pilot symbols the 

channel state estimator prepares an estimate of channel gain h(k) given by 

    
 

 
∑

−−=
=

2/k

2/)1k(i

* )iM(r)k,i(u)k(ĥ ,               (5.38) 

where, coefficients u(i,k) depend on the position k with in the frame. The optimum 

estimate that results in coefficient vector u is given by 

     u(k)=R-1q(k),               (5.39) 

where, R is K×K correlation matrix of vector r of the received pilot samples in K 

nearest pilot symbols. q is the K×1 cross correlation vector given by  

     q(k)= ])k(h[E
2

1 * r .              (5.40) 

The estimated fading coefficient is given by 

     ru* )k()k(ĥ = .              (5.41) 
The mean square estimation error then attains minimum value  

     2

ĥ

2
h

2
z )k( σ−σ=σ .              (5.42) 

The estimation error is uncorrelated with r(iM) and )k(ĥ . The above analysis shows 

that the error is introduced by Gaussian noise when obtaining pilot symbols. The 

estimation error can be reduced by reducing MSE between estimated fading and actual 

fading coefficients. The MSE can be reduced by estimating the fading coefficients in 

FrFT domain as discussed in chapter 4. In simulation a known BPSK signal was passed 

through Rayleigh channel with AWGN. The noise is taken as ZMCSCG with variance 

one. As discussed in section 3.4 the beamformer of Fig.4.7 is equivalent to an FIR filter 

also. Hence an FIR filter of order 5 as shown in Fig.3.4 with FrFT processing is used to 

estimate coefficients in FrFT domain. The MSE was found in optimum FrFT, 

frequency and time domain. The MSE vs. SNR is shown in Fig.5.10.  

 As shown in Fig.5.10 the MSE in optimum FrFT domain is found to be less as 

compared to time or frequency domain estimation. Thus FrFT domain estimation of 

fading coefficients provides improved estimate of h. Fig.5.11 shows the performance of 

BPSK, in Rayleigh fading channel when estimation error is reduced using FrFT as 

FrFT can effectively remove the Gaussian noise in ath domain. Reducing estimation 

error of fading coefficients is equivalent to reducing BER. For a bit error rate of 10-2 
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the estimation in optimum FrFT domain achieves a gain of 1.2 dB over time domain 

estimation and about 5.3 dB over frequency domain estimation. The BER vs. SNR for 

STD scheme for different values of ESR have been plotted in Fig 5.12. It shows that the 

BER improves quite rapidly with decrease in ESR, which also shows that reduction in 

estimation error increases the performance of the system. For a BER of 10-2 reduction 

in ESR by 10dB increases the gain of the system by 5.5 dB.  
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Figure 5.10: MSE vs. SNR for a signal in Rayleigh faded channel 
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Figure 5.11: Performance of BPSK with different channel estimation 

techniques 
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Figure 5.12: BER vs. SNR for STD scheme for different values of ESR 

5.7 BEAMFORMING IN MIMO SYSTEMS 

 In a system with multiple transmit antennas; information can be transmitted by 

employing various transmission techniques. One way is to transmit a weighted version 

of the same information symbol from all the antennas. The weights can be adjusted to 

compensate for the distortion caused by the downlink channel on transmit signals. This 

method is called transmit beamforming and requires the receiver to estimate the 

downlink channel and feed back this information to the transmitter from time to time 

[30, 133,137]. However providing a separate feedback link increases the complexity at 

the receiver. Transmission schemes which do not require downlink channel estimation 

are usually called as open loop transmit diversity techniques. In these schemes, all 

antennas transmit simultaneously. As downlink channel information is not available, 

the total transmit power is distributed equally among all the antennas. Open loop 

schemes have less complex signaling formats and are easier to implement in practical 

systems. In this thesis the performance improvement in open loop transmit diversity 

techniques is considered using receive beamforming. In MIMO systems the meaning of 

the term beamforming, initially used for smart antennas applications, is referred to a 

linear processing scheme along an arbitrary dimension (not necessarily the spatial 

dimension), becoming then a virtual beamforming [34]. In this chapter the receive 
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beamforming at receiver is explored using MMSE criterion. The beamforming in 

MIMO is of two types single and multiple beamforming discussed next [34]. 

5.7.1 Single Beamforming (Beam Vector) 

 Single beamforming for MIMO channels means, a single beam vector at the 

transmitter and at the receiver is used. The concept of single beamforming is the natural 

extension of the classical beamforming approach used for smart antennas to the case of 

MIMO channels. Single beamforming means that a single symbol is transmitted at each 

transmission through the MIMO channel. Therefore, only one data stream needs to be 

considered (as opposed to multiple beamforming approach) and coding and 

transmission can be done in a much easier manner (as in traditional single-antenna 

systems) [6]. A single beamforming system is shown in Fig.5.13 with MT transmit and 

MR receive antennas.  

 
Figure 5.13: Single beamforming  

The transmitted vector when using a beamvector b of size MT ×1 at the transmitter is  

      s = bx,                (5.43) 

where, x is the scalar data symbol to be transmitted assumed zero-mean and with unit 

energy E [|x|2] = 1, and the total average transmitted power 2
TP b= . PT is power in 

units of energy per transmission (the power in units of energy per second is Ps = PT /Ts 

where Ts is the duration of a transmission). Assuming that the receiver uses a 

beamvector aH of size 1× MR, the estimated data symbol is    

     yaHx̂ = .               (5.44) 

5.7.2 Multiple Beamforming (Beam Matrix) 

 The concept of single beamforming of (5.43) can be extended to more general 

case of multiple beamforming at both sides of the link. Multiple beamforming means 

that L > 1 symbols are simultaneously transmitted through the MIMO channel [34]. 

The multiple beamforming case is shown in Fig.5.14. The transmitted vector s uses a 

transmit linear processing matrix B of size MT × L and is given by    

     i

L

1i
ixx ∑

=
== bBs ,                         (5.45) 

y x̂  x 

n 

b H aH 
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where, x = [x1 · · · xL]
T is the data vector of size L×1of L data symbols assumed zero-

mean, with unit energy, and uncorrelated with E [xxH] = IL. These data symbols are 

drawn from a set of constellation is assumed to be )M,Mmin(L RT≤ . Vector bi is the 

ith column of matrix B and can be regarded as the beamvector associated to the ith data 

symbol xi, i.e., multiple beamforming architecture. 

 

Figure 5.14: Multiple beamforming  

The output of the MIMO channel is given by MR × 1 vector y as   

     y=Hs+n ,               (5.46) 

where, H is MR × MT  channel matrix. n is MR × 1 ZMCSCG interference-plus-noise 

vector with covariance matrix Rn. The receiver uses the linear receive processing 

matrix AH of size L × MR, to estimate the data vector as    

     yAx H=ˆ .                                 (5.47) 

The total average transmitted power (in units of energy per transmission) is  

            ][tr][EP H2
T BBs == .                          (5.48) 

The single beamforming case can be easily derived from multiple beamforming case. It 

can be observed that the i th column of B and A, bi and ai, respectively, can be 

interpreted as the transmit and receive beam vectors, respectively, associated to the i th 

transmitted symbol xi. The estimated symbol at the receiver is given by   

    )x(x̂ iii
H
ii nHba += , i=1…………….L,            (5.49)  

where, ( nHbn += ∑ ≠ij jji x ) is the equivalent noise seen by the ith substream, with 

covariance matrix 

     n
H

ij
H
jjni RHbHbR += ∑ ≠ .               (5.50) 

The optimum receive beam matrix A is found using proposition 1 which is based on 

derivation of optimal weights using MMSE criterion. Since in this chapter linear 

processing at receiver is discussed so the optimal beam matrix A at receiver is found 

assuming no processing on transmitter side. This means all transmitted signals from 

different antennas are equipowered.  

n 

y x̂  x 
B H AH 
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5.7.3 Linear processing at receiver only 

Proposition 1: Optimum weight matrix using MMSE criterion 

 To derive the optimal weight matrix consider a MIMO system as shown in 

Fig.5.15. s is the transmitted signal vector of size MT × 1 with auto-correlation matrix 

Rss. H is a MIMO channel of size MR × MT . y is the received vector of size MR × 1 at 

the input of receiver. n is the additive noise vector with autocorrelation matrix Rnn. s 

and n are statistically independent. y is the input to MMSE receiver given by y=Hs+n. 

 
 
 
                                                                                                                x̂ =A.y 
 

Figure 5.15: MIMO Receiver 

The error vector between desired and estimated signal is given by 

      e = s –x̂ .              (5.51) 

The mean squared error is given by    J= E e]ee H[E
2 = ,            (5.52) 

where, J is called cost function to be minimized.  

The optimal weight matrix is given by A=RssH
H(HRssH

H+Rnn)
-1.                           (5.53) 

Proof: Let the error autocorrelation matrix is given by 

   Ree= eeH , then I =tr Ree=tr E[ eeH ],              (5.54) 

where, tr is trace of error matrix.  

J=trE[(s- x̂ )(s- x̂ )H]=tr E[(s-Ay)(s-Ay)H]=tr E[(s-Ay)(sH-yHAH)], 

  =trE[ssH-syHAH-AysH+AyyHA]=tr(E[ssH]-E[syH]AH-AE[ysH]+AE[yyH]A).         (5.55) 

Lemma 1: If Matrix Ryy is Hermitian, positive definite then has Eigen values ≥ 0 

Lemma 2: tr(C+D)=tr C + tr D 

According to lemma 1, decomposition of Ryy is always possible.Eigenvalue 

decomposition of Ryy is given by 

 UUU)ΛUΛUΛΛUΛUUR 1/21/2 HH2/12/1HH
yy ()( ==== .            (5.56) 

U is called square root of Ryy. ΛΛΛΛ=diag(λ1,λ2,………….
RMλ ), diagonal matrix with 

eigenvalues of Ryy. Substituting the value of  Ryy in (5.55). 

 J=tr(Rss-RsyU
-1.U.AH-AUH(UH)-1Rys+AUHUAH),              (5.57) 

  =tr(Rss-RsyU
-1.(UH)-1Rys+ RsyU

-1.(UH)-1Rys - RsyU
-1.U AH-AUH(UH)-1 Rys 

        +AUHUAH).                  (5.58) 

n 

y Hs s H + A 
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Now (Rsy)
H=Rys. Therefore, 

 J=tr(Rss-RsyU
-1.(UH)-1Rys+ [AUH-RsyU

-1][AUH-RsyU
-1]H.             (5.59) 

The first two terms of (5.59) are always greater than zero (using lemma 2) and J 

minimum results when (tr [AUH-RsyU
-1]) = 0 

    AUH=RsyU
-1.                 (5.60) 

     A=RsyU
-1(UH)-1=Rsy (U

HU)-1 .             (5.61) 
      A= RsyRyy

-1.                (5.62) 

Now let us find Ryy and Rsy: 

 Ryy=E[yyH]=E[(Hs+n)(Hs+n)H] = H E[ssH]HH+HE[snH]+E[nsH]HH+E[nnH] 

        = HRssH
H+HRsn+RnsH

H+Rnn.               (5.63)

 Rsn=E[snH].                                         (5.64) 

 Rsy=E[syH]=E[s(Hs+n)]=E[ssH]HH+E[snH]= RssH
H+Rsn.             (5.65) 

As s and n are statistically independent they are uncorrelated and n is of zero mean. 

Thus Rsn= Rns=0. Substituting (5.65) in (5.64) and (5.63) 

   Ryy=HRssH
H+Rnn.                (5.66) 

   Rsy=RssH
H.                 (5.67) 

Substituting (5.66) and (5.67) in (5.62) 

   A= RssH
H (HRssH

H+Rnn)
-1.               (5.68) 

Knowing s, H and n the optimal weight matrix can be found. 

Special case: If Rss=EsI M,
 and Rnn=σw

2I N then from (5.68) 

   A= HH (HHH+σw
2I N)-1.                    (5.69) 

5.7.4 Optimal receive weight vector for joint processing at transmitter and 
receiver  

The error vector using (5.45) and (5.47) is given by xxe ˆ−= .  

The MSE is defined as covariance matrix ΕΕΕΕ of error vector given by E[eeH]. 

           ΕΕΕΕ(A,B) =Ree=E ])ˆ)(ˆ[( Hxxxx −− , 

            = (AHHB − I)(BHHHA − I )+ AHRnA, 

            =AH (HBBHHH + Rn )A + I − AHHB − BHHHA . 

Using proposition 1 the optimum receive beam matrix A* is given by 

)71.5(.(

)70.5()(
1-1-HH1-

1HH

                                                 )I      

                                               ,

nn

n
*

HBRHBHBR

HBRHHBBA

+=

+= −

The MSE of the ith substream is given by the ith diagonal element of the covariance 

error matrix ΕΕΕΕ  
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  [ΕΕΕΕ] ii=aH
i(Hb ib

H
iH

H + Rni)ai + 1−aH
iHb i − bH

iH
Hai .                        (5.72) 

The derivation of the receive beamvectors ai’s can be independently done for each of 

the substreams since the choice of the receive beamvector for one substream does not 

affect the others as can be seen from (5.72). The optimum receive beamvectors are 

given by    

  a*
i = (Hb ib

H
iH

H + Rni)
−1 Hb i .                     (5.73) 

Similarly for single beamforming case the optimum beamvector is given by   

   a* = (HbbHHH + Rn)
−1 Hb.                      (5.74) 

The concentrated MSE matrix is obtained by putting (5.71) into (5.72)  

  ΕΕΕΕ (B) = ΕΕΕΕ (B,A*)= I − BHHH (HBBHHH + Rn)
−1HB, 

       = I − BHHH 1
n
−R  HB(I + BHHH 1

n
−R  HB)−1, 

       = (I + BHHH 1
n
−R HB)−1.             (5.75) 

The matrix inversion lemma has been used to prove the result. The MSE at the ith 

substream is given by  MSEi=
i

1-
ni1

1

HbRHb HH
i+

.                         (5.76) 

Similarly it can be shown that the MSE for the single beamforming case is given by 

           MSE(b)= MSE(b, a*)=1/(1 + bHHH 1
n
−R  Hb).            (5.77) 

5.7.5 Measure of quality of receive beamforming 

 The quality of communication system depends upon various measures like 

SINR, BER and MSE. These measures are defined below for joint beamforming at 

transmitter and receiver, but they are applicable to receive only beamforming also as 

discussed in section 3.10.  

5.7.5.1 SINR 

The SINR of ith established stream or link in case of multiple beamforming is given by 

  SINR (B,ai)= 
ini

H
i

i
HH

ii
H
i

ini
H
i

2

i
H
i (

aRa

)aHbHba

aRa

b Ha
= .            (5.78) 

The optimum receive beamvector that maximizes the SINR is given by  

    ai
* = αi 

1
ni
−R  Hb i.              (5.79) 

 where αi is an arbitrary scaling factor that does not affect the SINR. Alternatively, the 

SINR in (5.78) can be upper-bounded as  
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   SINR=
iaRa

b Ha

ni
H
i

2

i
H
i

i
1

ni
HH

i HbRHb −≤ ,             (5.80) 

simply by using Cauchy-Schwarz’s inequality with vectors( 2/1
ni
−R Hb i)and( 2/1

niR ai) :

 |(ai
H 2/1

niR  ) ( 2/1
ni
−R Hbi)|

2 ≤ (ai
HRniai

H) (bi
HHH 1

ni
−R  Hb i).            (5.81) 

The upper bound in (5.80) is achieved when 2/1
niR  ai ∝ 2/1

niR Hb i or, equivalently, by 

(5.79). It is important to remark that (5.79) is identical to (5.73) up to a scaling factor, 

i.e., the Wiener filter is also optimal in terms of maximizing the SINR. Using the 

optimal receive beamvector (5.79), the SINR in (5.78) reduces to 

   SINRi (B) = SINRi (B, *
ia  ) = H

ib HH 1
ni
−R  Hb i.             (5.82) 

Comparing now (5.82) with (5.76), it is clear that the SINR and the MSE are related by 

   1
MSE

1
SINR

i
i −= .               (5.83) 

Note that the SINR in (5.83) is a convex decreasing function of the MSE (clearly, 

minimizing the MSE is tantamount to maximizing the SINR). 

5.7.5.2    Optimum Receive Beamformer in Terms of BER  

 The performance of a digital communication system is given in terms of symbol 

error probability or BER. Assuming that the interference-plus-noise component is 

Gaussian distributed, the symbol error probability Pe can be analytically expressed as a 

function of the SINR.  

     )SINR((Pe βα= Q ,              (5.84) 

where, α and β are constants that depend on the signal constellation and Q(.) is the Q 

function defined as     

         ∫
∞ λ

−
λ

π
=

x

2 de
2

1
)x(

2

Q .                                    (5.85) 

To design a system directly in terms of BER, its relationship with SINR and MSE has 

to be found. Both the exact BER function and the Chernoff upper bound are convex 

decreasing functions of the SINR as proved in Appendix E. Since the BER is 

decreasing in the SINR, it follows that the Wiener filter minimizes the BER. Using 

(5.83) in (5.84), the error probability can be alternatively expressed as a function of the 

MSE    )1MSE((P 1
e −βα= −Q .              (5.86) 
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Both the exact BER function and the Chernoff upper bound happen to be convex 

increasing functions of the MSE for sufficiently small values of the argument (for 

BPSK and QPSK constellations, this is true for any value of the argument) [74]. Since 

the BER is increasing in the MSE, minimizing the BER is tantamount to minimizing 

the MSE and it then follows that the Wiener filter minimizes the BER (in the multiple 

beamforming case, the BER of each substream depends only on its corresponding 

MSE). The lower the BER the better the system, since it means that less error are made 

when estimating the transmitted bits. It has been shown in the above that the wiener 

criteria based beamformer is optimal linear receive beamformer in the sense that each 

of the MSE’s is minimized, each of the SINR’s is maximized and each of the BER’s is 

minimized. Hence, any reasonable system has to be designed to have a low MSE. One 

such beamformer is FrFT beamformer described in chapter 4.The FrFT beamformer 

can decrease MSE further in ath order fractional domain, can improve SINR and reduce 

BER. 

5.7.6   Optimum Receive Beamformer in FrFT Domain [104] 

 The optimal single beamformer in fractional Fourier domain is derived first. 

The signal observation model is given by 

    y=Hd x+n,                          (5.87) 

where, y, x, n are column vectors with MR elements and Hd is an MR × MR matrix. It is 

assumed that input and output processes and noise are finite length random processes 

and that the correlation matrix of the input random process (Rxx) and noise (Rnn) are 

known. It is further assumed that the noise n is independent of the input process x and 

is zero mean. If the linear estimate is expressed in the form Hyx =ˆ  then the optimal 

general linear estimator of H minimizing the mean square error between the actual 

signal x and estimated signal x̂  can be shown to satisfy Ryx=H Ryy. 

   )]ˆ()ˆ[(E
M

1 H

R

2
e xxxx −−=σ ,              (5.88) 

In this chapter a class of linear estimators is considered which correspond to filtering in 

single fractional Fourier domain and the estimate can be expressed as  

    ,ˆ a

h
~

a yFΛFx −=               (5.89) 

where, F-a and Fa are discrete fractional Fourier transform matrices of order –a and a, 

respectively, and 
h
~Λ  is a diagonal matrix whose diagonal consists of the elements of 
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the vector h
~

. This estimate corresponds to a multiplicative filter in the ath fractional 

Fourier domain. Since the fractional Fourier transformation is a unitary transformation, 

the MSE can be defined in ath domain also,      

  )]ˆ()ˆ[(E
M

1
aa

H
aa

R

2
e xxxx −−=σ ,                        (5.90) 

where, xa=Fax and ah
~

a

h
~aˆ yΛyFΛx == . Assume ‘a’ is fixed then problem is to 

minimize 2
eσ  with respect to complex vectorh

~
, then the 2

eσ  can be written as  

  

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where, xal , yal and lilrl hhh
~~~ +=  are the elements of vectors xa,ya and h

~
. Equating the 

partial derivatives of 2
eσ  with respect to lilr h ndh

~
a

~
,,  the optimal filter vector is given by

    
]y[E

]yx[E~
2

a

*
aa

,opt

l

ll
lh =  l=1,2,………MR.                   (5.92) 

The numerator is simply the (l,l)th  element of 
aayxR  and the denominator is the (l,l)th 

element of 
aayyR , where the correlation matrices 

aayxR and 
aayyR  can be obtained from 

the input and noise correlation matrices as 

   a−= )FH(RFR Ha
xxyx aa

              (5.93) 

   a
nn

H
xx

a
yy )(

aa

−+= FRHHRFR .                         (5.94) 

(5.93) and (5.94) provide the solution to our minimization problem in the discrete time 

setting and can be compared with (5.73) and (5.74) the solution obtained for optimum 

receive beamvectors for multiple and single beamforming cases respectively. In 

multiple beamforming case the MSE of each substream has to be minimized in ath order 

fractional Fourier domain. For a given transmit beam vector, the receive beamvector for 

the ith stream can be further optimized using FrFT domain receive beamforming. This 

optimal receive beamformer will further reduce the MSE in the ath domain as compared 

to time or frequency domain. Reducing the MSE is equivalent to increasing SINR and 

decreasing BER. Thus any properly designed system based on FrFT domain 

beamformer should attempt to minimize the MSEs, maximize the SINRs and minimize 

the BERs. One such system proposed is Optimal FrFT based MIMO Receive 

Beamformer (OFMRB). The proposed OFMRB can be put at the front end of the 
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MIMO receiver with each receiving antenna as shown in Fig.5.16. The performance of 

optimal MIMO receive beamformer is studied next using suitable examples. 

  

Figure 5.16: Proposed Optimal FrFT based MIMO Receive Beamformer 

5.7.7   Numerical Example 

 In the following example two MIMO systems 2 × 2 and 4 × 4 have been 

simulated with OFMRB. The modulation is assumed to be BPSK. The channel is 

assumed to be Rayleigh faded. The fading is assumed to be slow such that the value of 

fading does not change during transmission of during one complete symbol period. The 

channel is completely known at the receiver. The channel does not have temporal inter-

symbol interference. The fading from any transmit antenna to receive antenna is also 

assumed to be independent. In the proposed scheme instead of feeding the signal 

directly to matched filter decoder the signal is first fed to OFMRB. Each receiving 

antenna has an OFMRB at the front end. The receive beamformer estimates the 

received signal in optimum domain with reduced MSE. The transmitter and proposed 

OFMRB are shown in Fig.5.17 (a) and Fig.5.17 (b).The transmitted signals from 

different antennas are equipowered. The signal form the kth antenna can be given as

  sk(t) = Kk1)tf2cos()t(b
K

P2
ck2

≤≤π ,             (5.95) 

where, P represent total transmitted power. bk(t) represent input data bits from kth 

antenna. fc is the carrier frequency.  The transmitting and receiving antennas are 

assumed to be linear arrays with spacing d between them so that received and 

transmitted signals are uncorrelated. The receiver is assumed to be stationary. Each 

receiving antenna with OFMRB at its front end gives the optimum output with weights 

w calculated in FrFT domain. 
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 Figure 5.17(a): Transmitter 

 

 

Figure 5.17 (b): Optimal FrFT based MIMO Receive Beamformer  

 Consider 4 × 4 spatial multiplexed MIMO system. The input to the first 

OFMRB is   

   y1(t)=h11s1(t)+ h21s2(t)+ h31s3(t)+ h41s4(t)+n,                        (5.96) 

where, n is ZMCSCG vector with equal variance. The first OFMRB knows the channel 

response h11. Receiver treats all other signals except s1(t) as interference. The output 

signal of OFMRB can be expressed as  

   x1 (t) =w1
H y1(t),                                     (5.97) 

where, w1 are the weights obtained in FrFT domain. In general the kth output signal can 

be expressed as  

   xk (t) =wk
H yk(t),              1 ≤ k ≤ K             (5.98) 

where, yk(t) is the kth input vector and wk=[w1,w2………….wK] is the optimum weight 

vector for the kth  OFMRB calculated in optimum FrFT domain. These optimum 

d(k) 

xK(t) 

x1(t) 

yK(t) y1(t) 

 
 

Matched 
Filter 

Channel 
Estimator 

Training 
Sequence 

Combined Channel 
Response 

Optimum 
FrFT based 

MIMO  
Receive 

Beamformer 

SK (t) S1(t) 

Cos(2πfct) 

Input 
Data 

 
S/P 

Spatial 
Multiplexer 



 254

weights are calculated in each symbol period. The matched filter recovers the 

transmitted sequence from the optimum estimated signal with minimized inter-stream 

interference and noise. The theoretical BER can be calculated using (5.84).  

5.7.8 Monte Carlo simulation of spatial multiplexed system 

 In this work the performance of the proposed OFMRB is evaluated in 

terms of BER and BLER using Monte Carlo simulations. The channel is modelled as 

flat Rayleigh faded, and coefficients of channel are modelled as i.i.d (independent 

identically distributed) ZMCSG RVs with variance 0.5 in each dimension i.e. 

hi,j∼CN(0,1). The modulation is assumed to be BPSK and in case of BPSK, SEP 

reduces to BER. For the BER of BPSK a block consisting of 100 bits is sent from each 

transmitter with all the bits having random values ±1. The results below have been 

obtained from 10000 independent runs of such blocks. The noise is considered as white 

with zero mean and variance one. The total MSE in all runs vs. SNR curve for OFMRB 

is shown in Fig.5.18. The performance is shown in Fig.5.19 and 5.20 for 2×2 and 4×4 

spatial multiplexed systems. 
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Figure 5.18: MSE Vs. SNR for OFMRB 

  

 Fig.5.18 is plotted for a stationary source. It is shown that OFMRB’s 

MSE is less as compared to time or frequency based receive beamformers for all values 

of SNR, especially at low SNRs. The MSE in three domains is given in table 5.1.  
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Table-5.1: MSE in case of various receivers in MIMO (SNR=10 dB) 

Receiver  SUM of MSEs in all runs 
Time based MMSE receiver 22000 

Frequency based MMSE receiver 22600 
OFMRB 10000 
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Figure 5.19: Comparison of BER of OFMRB with other MMSE receivers for   

2 × 2 spatial multiplexed MIMO system 
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Figure 5.20: Comparison of BER of OFMRB with other MMSE receivers for   

4 × 4 spatial multiplexed MIMO system 
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 It is observed from Fig.5.19 and Fig.5.20 that the proposed OFMRB performs 

better than a time or frequency domain MMSE receive beamformers. In case of 2 × 2 

MIMO systems for achieving a BER ≤ 10-2, the proposed OFMRB requires 2.9 dB and 

1.7 dB less input signal power as compared to time domain and frequency domain 

MMSE receive beamformers respectively. Also in the case of 4 × 4 MIMO system the 

proposed OFMRB requires 2.7 dB and 2.3 dB less power as compared to time domain 

and frequency domain receive MMSE beamformers mainly due to effective removal of 

Gaussian noise and interference. If the transmission is in form of blocks of LB bits, then 

the block error rate (BLER) is defined as   

   BL
BLER )BER1(1P −−= ,            (5.127) 

where, LB is block length. The block error rate for 2 × 2 and 4 × 4 SM MIMO systems 

is shown in Figs. 5.21 and 5.22. It can be observed from Fig.5.21 and 5.22 that 

OFMRB provides a gain of 2.6 dB and 2.9 dB over time and frequency domain MMSE 

receive beamformers respectively at 10% BLER in 2 × 2 MIMO system, while it 

provides a gain of 4.1dB and 3.4 dB over time and frequency domain MMSE receive 

beamformer respectively at 10% BLER in 4 × 4 MIMO systems.  
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Figure 5.21: Comparison of BLER of OFMRB with simple MMSE receiver for 

2 × 2 spatial multiplexed MIMO system  
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Figure 5.22: Comparison of BLER of OFMRB with simple MMSE receiver for 

4 × 4 spatial multiplexed MIMO system  

5.8 Rate One Alamouti’s Scheme with OFMRB 

 In Alamouti’s rate one orthogonal space time block coded system (OSTBC), 

explained in section 5.6 with perfect channel knowledge at the receiver, the scalar 

detection techniques are used for detecting the transmitted signal. In this thesis it is 

proposed to use OFMRB with OSTBC Alamouti’s scheme also. The OFMRB can be 

put at the front end of each receiving antenna of OSTBC system as proposed for spatial 

multiplexed system shown in Fig.5.16. The proposed structure of transmitter and 

receiver of OSTBC with MMSE receive beamformer is shown in Fig.5.23 and 5.24. 

The transmitter has only two antennas, while receiver can has one or more antennas.  

 

Figure 5.23: Rate 1 Transmission using Alamouti’s scheme 
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Figure 5.24: Proposed receive beamforming scheme for space time coded system 

 To emphasize the advantage of using OFMRB with OSTBC, firstly the 

performance of a simple MMSE receiver is compared with scalar detector used in 

Alamouti’s scheme with the help of a simulation example. In this example BPSK 

modulation was used. The noise was taken as ZMCSCG with equal variance one. The 

SNR is varied from 0 to 20 dB. The channel is modelled as flat Rayleigh faded, and 

coefficients of channel are modelled as independent identically distributed (i.i.d) 

ZMCSG RVs with variance 0.5 in each dimension i.e. hi,j∼CN(0,1). 20000 of symbol 

pairs were transmitted with rate one scheme and received symbols ware detected with 

both ML detector and MMSE receiver. The bit error rate of OSTBC system, for both 

scalar as well as MMSE receiving scheme with different number of receive diversity 

branches is plotted in Fig.5.25. The performance with QPSK transmission is also 

shown in Fig.5.26. It can be observed form figures 5.25 and 5.26 that the BER 

performance of rate one OSTBC system with a simple MMSE receiver is comparable 

to that of ML receiver. Hence the OFMRB proposed for spatial multiplexed systems 

can be used with OSTBC system also. Moreover the OFMRB can also be used to 

cancel co-channel interference in MIMO systems. The MSE vs. SNR performance of 

OSTBC system with OFRMB is shown in Fig. 5.27. It is again shown in Fig. 5.27 that 

MSE in optimum FrFT domain is always less as compared to time and frequency 

domain. The performance of the proposed OFMRB scheme for 2×1 and 2×2 rate 1 
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OSTBC systems using BPSK modulation is shown in figures 5.28-29 with the same 

simulation parameters as for SM systems.  
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Figure 5.25 Performance of rate one OSTBC scheme with ML and MMSE 

receivers with BPSK Modulation 
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Figure 5.26 Performance of rate one OSTBC scheme with ML and MMSE 

receivers with QPSK Modulation 
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Figure 5.27 MSE vs. SNR for rate one OSTBC system with 2 TX and 2 RX 

Antennas 
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Figure 5.28-Performance of a 2×1 system using OSTBC and BPSK modulation 
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     Figure 5.29-Performance of a 2××××2 system using OSTBC and BPSK modulation 

 From Figures 5.28 and 5.29 it is clear that OFMRB outperforms both time 

domain and frequency domain beamformers in case of virtual receive beamforming. 

For 2 × 1 OSTBC system the OFMRB provides a gain of 1 dB over time domain 

beamformer for a BLER ≤10%.In case of 2×2 OSTBC system the gain provided by 

OFMRB over time and frequency domain beamformer is 1.7 dB and 5.5 dB for a 

BLER ≤10%.  

 The MSE with OFMRB is found to be less as compared to time or frequency 

domain for both spatial multiplexed as well as rate one OSTBC system as shown in 

Fig.5.18 and 5.27. The BER Vs MSE performance of 2 × 2 spatial multiplexed is 

shown in Fig. 5.30. It can be observed from Fig. 5.30 that FrFT domain receive 

beamformer BER is always less than time or frequency domain beamformer for any 

value of MSE. Thus linear receive processing with OFMRB can be extended to convex 

optimization theory applied to joint transmitter and receiver design in MIMO channels 

as proposed in [34]. As stated in [34] most engineering problems are not convex when 

directly formulated and many of them have hidden convexity to be able to use convex 

optimization theory. Thus OFMRB helps us to reformulate any original non-convex 

problem to convex form as it reduces MSE further as compared to time or frequency 

domain. 
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Fig. 5.30 Variation of BER with MSE of 2 ×××× 2 spatial multiplexed system with 

different receive beamformers   

5.9  SUMMARY OF THE CHAPTER 

 In this chapter the FrFT based receive array processing is proposed for the 

improvement of the MIMO systems. Firstly it is proposed that Channel estimation 

errors can be reduced using FrFT domain channel estimation1. It is shown through 

simulation that by using FrFT based channel estimation the performance of Alamouti’s 

scheme can be improved further. Secondly it is shown that by using optimal FrFT 

based receive beamformer the BER and BLER of spatial multiplexed system can be 

reduced further in comparison to time or frequency domain MMSE receive 

beamformer2. The BLER performance of rate one OSTBC system can also be improved 

with OFMRB. Further it is proposed that OFMRB can also help in optimal FrFT based 

joint transmitter-receiver design using convex optimization theory. 
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SMART ANTENNA AT THE WIRELESS HANDHELD 

TERMINAL 
 
 
 
 
6.1  INTRODUCTION  

With operators and manufacturers preparing and deploying 3G systems, the 

increasing growth of mobile phone users has created a need for higher capacity in the 

cellular network [26, 90, 120, 122]. Even as more spectrum is allocated, demand for 

higher data rate services and steadily increasing numbers of users, will motivate service 

providers to seek ways of increasing the capacity of their systems. One way of 

overcoming the capacity problem is by using antenna arrays on the handset [152-153]. 

Till now the use of antenna arrays at a wireless handheld terminal (WHT) has been 

viewed unfavorably because of technical difficulties. But the new generation of high-

speed, low power digital signal processors and miniaturized radio frequency (RF) 

components has facilitated computationally complex operations and support of multiple 

RF chains for array processing at the handheld terminal possible. The research in smart 

antenna at the WHT going on in various universities and companies, as described in 

section 2.6, has been in the direction of Diversity, Capacity improvement, Reduction of 

multi- path fading, Suppression of interference signals, Improvements of call reliability, 

Mitigation against dead zones, Increased data rates, Spectral efficiency. But no work 

has been reported so far, in the direction of controlling the radiation hazards by using 

smart antenna at WHT. The conventional antennas cause coupling with the head, but 

there can be reduced or no coupling with the head by use of smart antennas. In this 

chapter the use of smart antenna in controlling radiation hazards is suggested. The 

smart antenna can form a low or depressed side lobe towards the direction of head as 

proposed in chapter 3 or it can adaptively track the direction of head and can form a 

low side lobe in that direction. An exhaustive analysis is presented to find the 

effectiveness of smart antenna in controlling radiation hazards. The RF radiation 

hazards are described first. 
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6.2 WHAT ARE RF HAZARDS?  

 The RF electromagnetic radiations (EMR) are defined in the range from 300 Hz 

to 300 GHz [67]. Natural and man made sources generate EMR of different 

frequencies. The common RF fields are 

1. Monitors and video display units (3- 30KHz) 

2. AM and FM Radio (30 KHz – 300 MHz) 

3. Mobile base stations and handsets, TV Broadcast (0.3 – 3 GHz) 

4. Radar Satellite links and microwave communication (3 – 30 GHz) 

Radio frequency EMR are considered to be non-ionizing radiations unlike X- 

Rays and Gamma rays. These radiations are too weak to break bonds that hold 

molecules in the cell together and therefore produce ionization. This process produces 

molecular changes that can lead to damage in biological tissue. A biological effect 

occurs when a change can be measured in a biological system after the introduction of 

some type of stimuli. However, a biological effect, in and of itself, does not necessarily 

suggest the existence of a biological hazard. A biological effect only becomes a 

biological hazard when it causes impairment to the health of the individual or his or her 

offspring. It has been known for many years that exposure to sufficiently high levels of 

RF EMR can heat biological tissues and potentially cause tissue damage. This is 

because the human body is unable to cope with the excessive heat generated during 

exposure to high RF levels. The effects resulting from RF exposure are usually 

described in one of three ways [75]: 

• Thermal effects 

These effects from RF fields are defined as those effects resulting from a measurable 

temperature increase. That is, the effect(s) occurs in the exposed biological material 

(tissue, cell, etc.) as a result of the material being heated by the RF fields.  

• Nonthermal effects  

These effects occur in an exposed material when the RF energy deposited into the 

biological material results in a temperature increase less than the normal temperature 

fluctuation of the material. 

• Athermal effects  

These effects occur when the RF field deposits sufficient heat energy into a biological 

material to cause an increase in temperature, but no temperature rise is observed.  
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The electric and magnetic fields produced in the body by a nearby 

electromagnetic source may cause both thermal and non-thermal biological effects [66]. 

It is proved that any biological effect from mobile phones is much more likely to result 

from electric rather than from magnetic fields [67]. The force produced by an electric 

field on charged objects, such as the mobile ions present in the body, causes them to 

move resulting in electric currents, and the electrical resistance of the tissue in which 

the currents are flowing, results in heating. This heat input causes the temperature to 

rise and it continues to do so until the heat input is balanced by the rate at which it is 

removed, mostly by blood flowing to and from other parts of the body. It is estimated 

that it takes several minutes; from the moment RF exposure occurs, for the irradiated 

parts of the body to reach their final equilibrium temperatures. 

 It has also been observed that most adverse effects of RF fields occur in the 

frequency range 1 MHz to 10 GHz [19]. Cellular telephones and wireless 

communication systems are introduced in the society at a very rapid rate and are using 

frequencies in the above-mentioned range. For a mobile phone to work it must radiate 

and it is also unavoidable that part of the radiated power be absorbed in the human 

head. There are various methods suggested for reducing radiation hazards like pasting a 

sticker called  ‘NO WAVE’ on mobile phone, which protects mobile phone user from 

dangerous EMR. But there is a serious doubt about the protection power of this sticker. 

Minimizing the hazardous biological effects should be through the control of 

transmitted power at the handset. With the advent of smart antennas it is possible to 

shape handset antenna beam in such a way that there is ‘cone of null’ or low side lobe 

in a direction, in which user head is located. In this chapter the use of smart antennas in 

transmit mode has been analyzed for lowering the power absorbed by various tissues. 

This activity is motivated by two factors [67]: 

(a) A need to evaluate the rise in temperature of biological tissues due to RF exposure.  

(b) A need to evaluate performance of smart antenna at the handset. 

6.3 MITIGATION OF BIOLOGICAL EFFECT OF HANDSET 
ANTENNA 

The first step necessary for an assessment of potential risks is to analyze and 

quantify the electromagnetic fields induced in the various tissues of human head caused 

by the use of a WHT. To analyze the possible range of the induced field strength in the 
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various tissues requires an extensive effort, since the local field strength depends upon 

a number of parameters, such as [125] 

1. Operational frequency of the antenna and the input power. 

2. Position of device w.r.t. head. 

3. Design of the device. 

4. The outer shape of the head. 

5. Distribution of the various tissues in the head. 

6. Electrical properties of the tissues. 

The last three factors are different for different individuals and can even change 

with time. The electrical parameters of human head vary with the level of physical and 

metabolic activity, health and age. The variations of all these properties make the study 

of absorption of RF energy complex. Simplifications are therefore required. In this 

study following simplifications have been made, 

(1) The human head is initially reduced to a homogenous, semi-infinite, planar 

multilayered model of different tissues. 

(2) The RF energy incident on tissue is assumed to be plane wave. 

6.3.1 Electrical Properties of Tissues 

 The electrical properties of tissues [84] vary depending upon their water 

contents. The tissues span the range of water contents normally found in soft non-fatty 

tissues which is roughly 60-90% by weight, but much lower in fatty tissues. The 

interaction of RF fields with tissue is determined by electrical properties electrical 

permittivity ε, the magnetic permeability µp , electrical conductivity σ of the tissue and 

frequency of incident wave [19]. For all nonmagnetic media like tissue µp may be taken 

equal to the magnetic permeability of free space µ0. For time varying fields the losses 

in the tissue may be taken into account by regarding electrical permittivity to be 

complex and given by 

  ( ) 







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0
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'
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σ=
ε
ε=δ  is called loss tangent.    (6.3) 
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Loss tangent accounts for loss in tissue. As stated earlier the ε' and σ of a tissue 

are frequency dependent. The following relations give the frequency dependence over 

the range 10MHz to 17GHz at 37°C [84]. 

     ε' = 1.71f –1. 3 + (εs
m – 4) / [1+ (f/25)2],    (6.4) 

    
])25/f(1[

]f)4(0222.0[
f35.1

2

2m
s

1.0
13.0

+
−ε

+σ⋅=σ
 

,               (6.5) 

where, f is frequency in GHz, σ is conductivity in mS/cm, σ0.1 is electrical conductivity 

at 0.1 GHz  and εs
m =Extrapolated microwave permittivity. The values of  σ0.1 and εs

m  

are given in the literature [84] and are tabulated in table 6.1 

Table-6.1: Electrical properties of tissues of head [84] 

Tissue of body (1-P) 

Volume 

Fraction 

of water 

εεεεsm 

Extrapolated 

Permittivity 

σσσσ0.1 

conductivity 

at 0.1 GHz 

 

σσσσsm 

Extrapolated 

conductivity 

Brain (Grey Matter) 0.84 44 7.0 11.3 

Brain(White Matter) 0.74 34 4.8 7.5 

Muscle 0.795 47 7.0 24 

Liver 0.09 10 0.5 1 

Fat 0.795 43 6.7 23 

Spleen 0.79 46 No data available 19 
 

 The dielectric measurements mentioned above were all made at normal body 

temperature of 37°C. The permittivity and conductivity of tissues change less than 2% 

per degree centigrade, which is small for all practical purposes. The permittivity, 

conductivity and loss tangent of various tissues of head are shown in Figs.6.1-6.3.  
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Figure 6.1-Variation of relative permittivity with frequency (GHz) 
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Figure 6.2-Variation of conductivity in (mS/cm) with frequency (GHz) 
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    Figure 6.3-Variation of loss tangent with frequency (GHz) 

 The variation of ε' and σ are explained as follows, depending upon the time 

period of charging of cell membranes the ε' varies. In case the time period of the 

electromagnetic field is larger than the time period of charging, the tissue behaves as a 

good capacitor with large ε'. At higher frequencies the period of the field may be 

smaller than the charging time period of the tissue resulting in the low value of ε'. But 

at frequencies in excess of 100MHz the capacitive reactance of the tissue is so small 

that it may be assumed to be short-circuited. At frequencies in excess of 1GHz the 

dipolar relaxation of the tissue water determines the variation in dielectric properties 

with frequency. The rapid increase in σ at frequencies above 1 GHz arises from the 

polar properties of the water molecules present in the tissue. 

6.4 PROPAGATION OF RF ENERGY THROUGH HUMAN 
 HEAD  

 The propagation of electromagnetic wave in tissue was studied mathematically 

by solving the Maxwell’s field equations under appropriate boundary conditions 

[40,125]. In the tissue each layer is assumed to be source free, isotropic and 
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homogeneous medium. The electric and magnetic fields in tissue are obtained by 

solving the wave equations  

(∇2 + k2 ) Ε = 0,                            (6.6) 

(∇2 + k2 ) H = 0,                 (6.7) 

 where,    k = α + i β ,                   (6.8) 

α is attenuation constant  and β is phase constant. 

Also     k2 = ω2µpε - iωµpσ = ω2 / c2 (ε' -i ε''),               (6.9) 

where,  c is the velocity of light. 

  ε'' = σ/(ωε0) = imaginary part of permittivity,                                   (6.10) 

'
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=α  and                                    (6.11) 
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For a linearly polarized incident uniform plane wave along z direction   

    
)( ztiz

i eeEE αϖα −−=  ,                 (6.14)

    
)( ztiz

i eeHH αϖα −−= .                        (6.15) 

Power density in tissue Pi=E x H=
η

=
2

E
P

2
i

i
 .                         (6.16)   

6.4.1 Depth of Penetration  

 From (6.14) it is seen that the wave is attenuated as it travels through the tissue. 

At a distance of z=1/α the magnitude of E and H fields are reduced to 36% of their 

initial value. Similarly, it is seen that power density is reduced to 13.5% of its initial 

value at z=1/α. This distance is called depth of penetration (DOP). 

ε′
ε ′′

εµϖ
=

α
=

p

21
DOP .                   (6.17) 

It is clear from (6.17) that depth of penetration depends upon electrical properties of 

tissue. Fig.6.4 shows that as frequency increases DOP decreases and the properties of 

muscle and brain grey matter is almost same.  
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Figure 6.4-Variation of DOP (meters) with frequency (GHz) 

6.5 POWER INCIDENT ON VARIOUS TISSUES OF HEAD 
The modeling of human head is essential in order to find the power incident on 

various tissues in human head. As the wavelength of operation is very small compared 

to the dimensions of human body, the human body is considered as a planar multiplayer 

model. The head is composed of seven tissues. The location of various tissues has been 

determined from magnetic resonance image as well as the cross sectional anatomy. The 

head consists of skin, which is normally less than 0.4mm thick. Just below skin lies a 

layer, 1.25cm thick, of bone and fat, both of which are low water content medium and 

hence low loss medium. Beneath the bone lies muscle, which has high water content 

medium hence constitute high loss medium. After muscle lies brain tissues, whose 

electrical properties are similar to that of muscle tissues. In general, the head is 

modelled as stratified lossy medium of M isotropic and homogenous layers of planar 

geometry characterized by εn, σn, µpn, htn, n =1,2…….. M where htn denotes the 

thickness of nth layer. The Mth layer is assumed to be semi infinite. All the layers are 

assumed to be infinite in x-y directions as shown in Fig.6.5 

 

 

 

 

 

 

Figure 6.5-Model of head with various tissue layers 

                     Z Direction 
 

Layer 1           ε1, σ1,  µ1             ht1 
 Layer 2 ε2, σ2,   µ2  ht2. 

           . 
            . 
            . 

 LayerM          εM, σM,   µM  htM 
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When a uniform plane wave is incident on the surface of tissue, a part of this is 

reflected and remaining is transmitted through body [40,163]. As the wave propagates 

through tissue it gets attenuated. The reflection and transmission properties of various 

tissues are function of electromagnetic properties of layers, frequency of operation, 

angle of incidence and type of polarization and thickness of layer. This case is for 

oblique incidence but for the case of WHT the wavelength of operation is small and 

antennas are held very close to the body, therefore it may be possible to consider that 

waves are normally incident at the surface of human body. For normal incidence there 

is no distinction between parallel and perpendicular polarization. The case of parallel 

polarization is considered here. To simplify the calculations consider the case of 3 

layers as shown in Fig. 6.6. The same theory can be extended to any number of layers.                            

       Z Direction 

 

       Layer 0      ε0, σ0, µp0               ht0 

    Layer 1      ε1, σ1, µp1         ht1. 

    Layer 2      ε2, σ2, µp2         ht2 

    Layer 3      ε3, σ3, µp3         ht3 

                     

Figure 6.6-Model of 3 Layers considered for analysis 

 Let the uniform plane wave be traveling along z direction and incident normally 

on a boundary that is parallel to z=0 plane. A part of energy is transmitted and part of 

this is reflected back. Let Εi, Εr, Εt be the field strength of incident, reflected and 

transmitted wave. The continuity of tangential components of E and H requires 

    Εi + Εr = Εt ,                (6.18) 

    Hi + Hr = Ht.                  (6.19) 

The following convention for reflection coefficients are considered throughout this 

chapter; 

• Rxy: Reflection Coefficient of layer ‘y’  

• Left hand subscript ‘x’  indicates the medium form which wave is incident 

• Right hand subscript ‘y’  indicates the medium on which wave is incident 

• For example R01 indicates the reflection coefficient of layer1 and wave is incident 

from layer 0, which is free space. The same notation will apply to Transmission 

coefficient also. 
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• For reflected and transmitted field one more subscript ‘r’ or ‘t’ is added to indicate 

transmitted or reflected field. For example Erxy indicates electric field reflected in 

layer ‘y ’. Subscript ‘x’  indicates the medium form which wave is incident. Subscript 

‘y’  indicates the medium on which wave is incident. 

For the first layer these conditions give reflected and transmitted fields are 
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+
−

=
ηη
ηη

,              (6.20) 

iit ETEE 01
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2
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+
=

ηη
η

,              (6.21) 

where, T01 and R01 are transmission and reflection coefficients of layer 1. 

E12 = Transmitted field in layer 1 reaching boundary (2, 1) of layer 2 and layer 1 

      = Et01 e
-α

1
h
1.                   (6.22) 

A part of this field is reflected back and again reaches boundary (1, 0) given by 
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E10 = Field reaching (1, 0) boundary = Er12 e
-α

1
h
1 = R12Et01 e

-2α
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h
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At (1,0) surface a part of this is transmitted and a part is reflected back, again the 

reflected field is 112
01121010

01
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' h
tr eERREE α

ηη
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+
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= .              (6.25) 

Since R01=R10, therefore R10 can be replaced with R01 in (6.25) 
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This reflected field again reaches interface (2,1) and field reaching (2,1) interface after 

1st reflection      11
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'
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r eEE α−= 113
011201

h
t eERR α−= .              (6.27) 

On reaching (1,2) interface a part of field is reflected back again, hence the net field 

reaching (1 2) interface after multiple reflections is E12 given by 

E12 ( ) .......................111111 5
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t eERReERReE ααα ,            (6.28) 
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The field reaching (1,2) interface becomes the incident field on layer 2 and above 

theory can be extended to find fields reaching other layers. For example the field 

reaching (2,3) interface is given by (6.30) 
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 Now the total field reaching interface (1,2) is the sum of the field reflected back 

from the layer (2,3) and field reaching (1,2) after multiple reflections in layer 1. The 

effects of fields reaching interface (1,2) after reflection back from subsequent layers is 

negligible and is therefore neglected. The field reaching back layer (1,2) after reflection 

from layer (2,3) is      

     22
2332

''
12

heERE α−= .              (6.31) 

The total field incident on layer (1, 2) is sum of (6.29) and (6.31) 

         ''
121212
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Knowing the total field incident the power flow is calculated using Poynting theorem 

Pi = Average power flow/area in incident field 
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Pr= Power flow /area in reflected field c
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Pt= Power flow/area in transmitted field c
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where, RC is reflection coefficient of tissue and  TC  is transmission coefficient of tissue. 

Power absorbed at z=0 using principle of conservation of energy is given by 

                               tria PPP)0(P −−=  .                             (6.36) 

Power absorbed at any point z in the first layer is given by 

                          112)0(
2

)( h
aa eP
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zP α−=  .                               (6.37) 

6.6 RESULTS AND DISCUSSION FOR POWER DEPOSITION 

 Based on above analysis above, a study of the effects of thickness of skin, bone, 

muscle and brain on the power-transferred ratio (PTR) has been carried out. The 

thickness of skin, bone and muscle are assumed to be 0.4mm, 1.25cm and 1cm 

respectively. In this work the three frequencies considered are 900 MHz (GSM), 1850 

MHz (WCDMA) and the frequency of 6 GHz, considering the satellite mobile phones 

(although power requirement by such phones is high as compared to GSM and 
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WCDMA handsets). The results of power absorbed by various tissues are shown in the 

Figs.6.7-6.13. 
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Figure 6.7-Relative power absorbed in various tissues of head at 900MHz 
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Figure 6.8- Relative power absorbed in various tissues of head at 1850MHz 
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Figure 6.9- Relative power absorbed in various tissues of head at 6 GHz 
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Figure 6.10-Relative power transmitted in 

skin at 900 Mhz, 1850Mhz & 6Ghz 
Figure 6.11-Relative power transmitted in 

bone at 900 Mhz, 1850Mhz & 6Ghz 
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Figure 6.12-Relative power transmitted in 

muscle at 900 Mhz, 1850Mhz & 6Ghz 
Figure 6.13-Relative power transmitted in 

brain at 900 Mhz, 1850Mhz & 6Ghz 
 

 

Table-6.2: Relative power absorbed in various tissues at 900MHz, 1850MHz and 
6GHz 

Frequency Skin Bone Muscle Brain 
900 MHz 0.48 Pi 0.39 Pi 0.30 Pi 0.13 Pi 

1850 MHz 0.47 Pi 0.32 Pi 0.21 Pi 0.08 Pi 

6 GHz 0.47 Pi 0.25 Pi 0.015 Pi 0.0004 Pi 
Pi=Incident Power Density 

Finally, based on the above analysis and results, the following points can be considered 

1. At 900MHz head absorbs 48% of incident power and 47% of incident power is 

absorbed at 1850MHz and 6GHz. 

2. At all frequencies the power decay at skin, muscle and brain is fast while power at 

bone decays slowly due to poor conductivity of the bone tissues.  

3. The use of higher frequency band is suitable for cellular mobile communication, as 

it is seen from the table 6.2 that 0.04% & 8% of incident power is reaching brain at 

1850MHz & 6GHz respectively as compared to 13% at 900MHz. 
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4. The power absorbed by head at all frequencies is of the order of 47% of incident 

power. Shaping the radiation pattern such that less power is directed towards head 

can decrease it. An attempt can be made to create a cone of null or depressed side 

lobe in the direction of head in beam pattern. 

5. Using adaptive antennas at the mobile handset can decrease the power incident on 

the human head. The adaptive antenna shall form a cone of null or low side lobe 

towards the human head in its radiation pattern. As seen from the table 6.2 that at 

all frequencies about half the power is reflected back towards the antenna, after 

reflection from the human head and it can be considered as interference at the same 

frequency. Knowing the DOA of this a low or depressed side lobe can be formed 

towards this interference. 

 It may be pointed out that the assumption that the incident wave is a plane wave 

is simplistic and may not be a realistic one in view of near field situation. 

6.7 THERMAL PROFILES OF HUMAN HEAD 

The one-dimensional bio-heat transfer equation has been solved to find the 

thermal profiles of human head for semi-infinite plane of tissues irradiated by 

microwave power. When tissue is exposed to microwave radiation it absorbs some of 

the electromagnetic energy that is converted into heat. Without cooling effect of blood 

flow and heat loss from the tissue surface, the calculated tissue temperature rises 

without limit and no steady state solution is obtained [91]. 

6.7.1 Development of Bio-Heat Transfer Equation  

6.7.1.1 Heat energy generated 

As discussed earlier let Pi be the power incident on the surface of tissue. Then power 

density of wave at a distance z inside tissue whose attenuation constant is α 

z
iz ePzP α−= .)(                     (6.38) 

Power lost by the wave while traveling in the tissue 
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where, z = 1/α = Depth of penetration dz.
L

Piχ
= ,               (6.40) 

and χ = Fraction of energy transmitted in the tissue.  
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Equivalent heat energy deposited by incident wave in time dt in the volume of tissue of 

cross-section A and depth dz = dzdtA
LJ

P
AdzdtQ i

p ...
.

.τ
= ,              (6.41) 

where, J= Mechanical equivalent of heat. 

In a small time dt the element of volume receives energy through source QpAdzdt, 

therefore its temperature rises though say ∆T, hence its internal energy rises by 

        = mass x Specific Heat x Temperature Rise. 

        ( ) Adzdt.
t

T
.c.T.c.Adz. tttt ∂
∂γ=∆γ ,                                  (6.42) 

where, ct = Specific heat of tissue Cal/gm-0C  and  γt= Density of tissue in gm/cm3  

6.7.1.2 Heat Energy Lost 

The heat loss is due to following reasons  

(a) Thermal Conduction 

Conduction is the process in which heat transfer takes place by molecular 

diffusion. The amount of heat energy flowing per second per unit area of the cross-

section is proportional to temperature gradient ∇T. The amount of energy lost by 

volume Adz in interval dt is 

dt.dz.A
z

T
Q

2

2

c ∂
∂ς−= ,                    (6.43) 

where, ς is a constant. 

(b) Blood circulation 

The thermo regulation process of the body tries to maintain the temperature of 

the human body. If the temperature of the body rises, the vascular system tries to bring 

down the temperature by an increased blood flow through the volume. If T0 is the 

temperature at which the arterial blood enters the volume under consideration and T is 

the temperature at which it leaves the body. 

Qb = Heat loss in time dt = wb.cb.∆T.A.dz.dt,             (6.44) 

where, wb( = γbm) is mass flow rate of blood through unit volume in gm/cm3,cb is 

specific heat of blood in cal/gm-0C, γb is the density of blood in gm/cm3, m is 

volumetric flow rate of blood per unit of the mass of tissue in cm3/(gm-sec) and ∆T=T-

T0 is temperature rise in degree centigrade. From (6.41-6.44) using the principle of 

conservation of energy  
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Solving the above equation 
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where T′ =T-T0 = Differential temperature increase and  
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6.8 SOLUTION OF BIO HEAT TRANSFER EQUATION 

Before proceeding to solve the bio heat transfer equation mathematically, 

requires knowledge of the physical and thermal properties of tissue, which are strongly 

dependent on structures and composition of tissue. For ready reference, some of the 

properties of various types of tissue of human head are tabulated in table 6.3. 

Table-6.3: Various Properties of Tissues of human head [79, 91, 108] 

Tissue Density 
gm/cm3 

Sp. Heat 
Cal/gm-0C 

Thermal 
ConductivityCal/cm-0C-s 

Avg. Blood Flow 
ml/100gm-min 

Skin 1.2 0.83 0.00105 12.8 
Bone 1.25 0.73 0.00344 - 

Muscle 1.07 0.81 0.00153 2.7 
Brain 
(Grey) 

1.05 0.81 0.00114 6.4 

Brain 
(white) 

1.21 0.74 0.00314 2.4 

Blood 1.06 0.93 0.00545 - 

In studying the temperature profiles, there are two major processes that 

determine the temperature profile in tissue. The first one is the heating effect of the 

microwaves incident on the tissue. The heating effect is maximum at the surface and it 

decreases exponentially, with the depth in tissue. The second one is surface cooling 

produced by radiation from the surface by convection and evaporation of sweat. The 

cooling effect also decreases with depth. Therefore, the temperature increase is the net 

result of these two effects that oppose each other. Hence it is expected that temperature 

profile would have a peak at some depth as shown in Fig.6.14. 
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                    Figure 6.14-Rise in Temperature of Tissue 
 

6.8.1  Boundary Conditions for Solution of Bio-Heat Transfer Equation 

 As discussed above under the action of incident power, surface cooling caused 

by blood profusion and other effects, a temperature distribution along z direction gets 

built up in the tissue [91]. Initially the temperature profile changes simultaneously with 

time but as t → ∞, the temperature profile stabilizes and becomes steady with respect to 

time. In the steady state   0),( =∞′ tT  .               (6.49)  

 The heat flow is proportional to arterial blood temperature T0 and surface 

cooling temperature Tc where heat transfer takes place by convection, radiation or 

combination of the two. The surface cooling gives the boundary condition 

      )
c

T
0

TT(h)t,0z(
z

T −+′′==
∂

′∂
,              (6.50) 

where, Tc = Temperature outside tissue plane. Value of h′ varies with environmental 

conditions. The value of h′ is 0.25/cm for a nude man at 300C with a wind speed of 0.6 

m/sec [91]. If skin is wet the h increases by a factor of 5 or so. In general case T0 ≠ Tc, 

so there exist an initial temperature gradient near tissue surface given by steady state 

solution of 6.47 

( ) ( )λ−
λ+′

−′
= zExp.

h

TTh
)0,z(T 0c' .               (6.51) 

6.8.2 Steady State Solution 

In steady state  0
t

T =
∂
∂

  and equation becomes 

    qT
dz

td −= λ
2

2

.                   (6.52) 
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The solution of (6.52) subject to boundary conditions (6.49-6.50) is 
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Where Ti is the initial temperature given by the (6.54) when no microwave power is 

applied  

             
( ) ( )λ−

λ+′
−′

= zExp.
h

TTh
T 0c

i .                        (6.54) 

The location of peak temperature within tissue ZPeak is obtained by equating the first 

derivative of (6.53) to zero and yeilds  
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6.9 EXPERIMENTAL DETAILS 

The steady temperature distribution or the temperature profiles in the skin, bone 

and fat, muscle and brain irradiated by microwave power at three cellular frequencies 

900 MHz, 1850MHz and 6GHz are plotted. The steady state temperature of head 

tissues as a function of depth has been calculated for the following cases.  

1. Low surface cooling (LSC)  h′ = 0 

2. Normal Surface cooling (NSC) h′ = 0.25 

3. Extra Surface Cooling (ESC) h′ = 1.5 

Before finding the temperature profiles, it is important to know the distribution 

of penetrating power density (in mw/cm2) penetrating the surface of head. It has been 

found, in case of dipole, the microwave power density varies along the axis of antenna. 

When antenna is held about 0.35 inch from the head, the maximum power density is 

60mw/cm2 at the center of antenna and it falls off rapidly along the axis of antenna as 

shown in Fig. 6.16.  
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Figure 6.15-Variation of power density along antenna axis 
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(c) Variation of Muscle Temperature  (d) Variation of Brain Temperature  

Figure 6.16-Variation of temperature of various tissues in 0C with 100mw/cm2 
incident power density under different surface cooling conditions at 900 MHz. 
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(c) Variation of Muscle Temperature  (d) Variation of Brain Temperature  

Figure 6.17-Variation of temperature of various tissues in 0C with 100mw/cm2 
incident power density under different surface cooling conditions at 1850 MHz. 
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Figure 6.18-Variation of temperature of various tissues in 0C with 100mw/cm2 
incident power density under different surface cooling conditions at 6 GHz.
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6.9.1 Results and Discussions 

 Based on the above discussion, the temperature profiles have been found for the 

case of power density 100mw/cm2 taking it to be omni directional power density and 

the following points may be observed. 

1. The temperature profiles for all tissues of head viz. skin, bone, muscle and brain are 

shown in Figs.6.16 to 6.18, for various incident power densities, when each of the 

cooling mechanisms is sequentially turned off and when extra cooling is added to all 

mechanism. In the absence of surface cooling, the tissue temperature is an 

exponentially decreasing function of distance from the surface, which also gets heated 

up. 

2. The higher frequencies produce peak temperature nearer to the surface and produce 

high surface heating. Qualitatively it is expected because as frequency increases the 

depth of penetration of fields in the tissue decreases. 

3. The lower frequency produces lower peak temperatures but is located deep inside the 

tissues. 

4. Varying of incident microwave power density changes the magnitude of peak 

temperature and its location. As incident microwave power density is increased the 

peak temperature increases and move towards the surface. 

5. From the plots it can be seen that flow of blood does has a significant effect on 

temperature profiles. Therefore, irradiation of actual muscles and of artificial models 

with same characteristics results in different thermal profiles of the two. 

6. The analysis presented above helps in obtaining steady state temperatures only. 

7. The above analysis also suggests that temperature rise can be controlled by radiating 

less power towards the human head.  

 In the profiles shown below, only for the skin tissue the value of h′ varies, for 

all other tissues after skin, have less variation of temperature due to thermoregulation 

process and for them value of h′ is zero. But profiles have been plotted for other values 

of h′ also. 

6.10 ADAPTIVE ANTENNAS AT HANDSET 
Smart antennas are designed to maximize effective transmission signal strength, 

maximize receive sensitivity and cope with-or even positively exploit multipath. As 

described earlier the adaptive antennas can be used at the handset to reduce power 

absorbed in the human head. To find the use of adaptive antennas in controlling RF 



 284

hazards consider a two-element uniform linear array at the handset as shown in Fig. 

6.19 

        P   

          

 

 

        E0       φφφφ          E1 

                                                                     d 

Figure 6.19-Two element ULA at handset 

Let these two elements be identical and be fed with phase difference of α. Let E0, E1be 

the field produced at point P by the antenna 1 & 2. The total field at point P is 

    )
2

(2)1( 00

Ψ=+= Ψ CosEeEE j
T ,             (6.56) 

where    αφ
λ
π +=Ψ cos

2 d
.               (6.57) 

By setting d=λ/4 and α=-450.  The radiation pattern obtained is shown in Fig. 6.20 
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Figure 6.20-Polar Plot of two element ULA with d=λλλλ/4 and αααα=-450 

 By using a simple two-element ULA at the handset it is possible to create a 

cone of null towards user head as shown in Fig.6.21.  
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Figure 6.21-A cone of null created towards user head by using two-element ULA 

 The above arrangement, however, suffers one drawback that as the user changes 

the position of the handset, the null position will also change and it may happen that the 
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user head may be immersed in higher power as compared to cone of null. But this gives 

an idea that it is possible to control the power radiated towards the user’s head and 

adaptive antennas can play a vital role in controlling power radiated.  

 Consider a two-element array at the mobile handset where the spacing between 

the elements is λ/2. Considering the desired signal S (t) arriving from direction θs and 

interference signal I(t) arriving at θI (assumed to be reflected signal from head). Both 

the signals have same frequency f. The signal from each element is multiplied by a 

complex variable weight and the weighted signals are then summed to form the array 

output. The two-element array is shown in Fig.6.22. 

The output is given as   Y(t)= Aej2 π f t (w1+w2),              (6.58) 

where, w1 and w2 are complex weights. For Y(t) to be equal to S(t) it is necessary that  

     Re(w1)+Re(w2)=1 &   

             Im(w1)+Im(w2)=0.                           (6.59) 

where, Re and Im are the real and imaginary values of the weights. The incident 

interference signal arrives at element 2 with a phase lead of π/2 w.r.t. element 1. 

 

 

 

 

 

 

 

 

 

Figure 6.22-Two element array for reduced radiation towards human head  

 Consequently the array output due to the interference is 

Y i(t)=Nej2 (π) f tw1+Nej (2 (π) f t+ π/2)w2.                         (6.60) 

For array output interference response to be zero it is necessary that  

Re(w1)+Re(w2)=0 and  

Im(w1)+Im(w2)=0.                           (6.61) 

Simultaneous solution of above equations yields 

Y(t) 

300 

w2 

 
1 2 

w1  

 ∑∑∑∑ 

 

S(t) I(t) (Reflection from head) 
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w1= 
2

1

2

1
j−    and         w2=

2

1

2

1
j+ .               (6.62) 

 With these weights the array will accept the desired signals while 

simultaneously rejecting the interference signals. This means the array will form a null 

towards the direction of the interference i.e. reflected signal.  

Therefore an array processor essentially forms a null or depressed side lobe 

towards the direction of the user’s head while maximizing signals from the other 

directions. The adaptive antennas utilize the signal processing algorithms to 

continuously distinguish between desired and interfering signals. The adaptive antennas 

continuously update its beam pattern based on changes in both the desired and 

interfering reflected signal locations. Hence these adaptive antennas provide each user 

with a beam which makes possible to transmit and receive signals in a directional area 

and null or depressed side lobe towards the user head thereby reducing the radiation 

hazard. A comparison of an omni directional antenna and adaptive antenna at various 

operating frequencies is given in Figs.6.23-6.26. The power absorbed by various tissues 

of head at 900 MHz, 1850 MHz and 6 GHz by use of omni as well as adaptive antenna 

is shown in tables 6.4 to 6.6. 

Adaptive antennas can control the rise in temperatures of the various tissues of 

the human head by controlling the power incident on head adaptively. The omni 

directional antenna is assumed to have incident power density of 100mw/cm2, while 

that of adaptive antenna is taken to be 75mw/cm2, 50mw/cm2 and 25mw/cm2. The rise 

in temperature of various tissues of head is shown in Figs. 6.26 to 6.31. The 

temperature rise in various tissues is also shown in tables 6.7-6.10. 

 It is again emphasized that the model consider here is simplistic it can 

only serve as guide to find temperature profiles, practically the results may differ. The 

advantage of this model is that it considers the flow of blood and outside temperature 

which is not considered in any of the model described in literature for finding 

temperature profiles. The blood flow acts as a coolant in the body and controls the 

temperature rise, whenever it occurs. Hence it is proposed that future wireless and 

mobile communication systems employing antenna arrays at handset can use these 

arrays for controlling radiation hazards also. 
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(c) Incident power density 0.50 Pi (d) Incident power density 0.25 Pi 

Figure 6.23-Comparison of power absorbed in various tissues of head with Omni 
directional and smart antenna (with lesser incident power towards user’s head) at 

900 MHz 
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(c) Incident power density0.50 Pi (d) Incident power density 0.25 Pi 

Figure 6.24-Comparison of power absorbed in various tissues head with Omni 
directional and smart antenna (with lesser incident power towards user’s head) at 

1850 MHz 
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Figure 6.25-Comparison of power absorbed in various tissues head with Omni 
directional and smart antenna (with lesser incident power towards user’s head) at 

6 GHz. 
 

Table-6.4: Comparison of power absorbed in various tissues by adaptive and omni 
antenna at a frequency of 900MHz. 

ADAPTIVE ANTENNA (WITH 
REDUCED POWER TOWARDS HEAD) 

POWER 
ABSORBED IN 

VARIOUS 
TISSUES 

OMNI 
DIRECTIONAL 

ANTENNA 
POWER (Pi ) 

0.25 Pi 0.50 Pi 0.75 Pi 

SKIN 48 12 24 36 
BONE 39 9.7 19.5 29.2 

MUSCLE 30 7.5 15 22.5 
BRAIN 13 3.2 6.5 9.75 

 
 

Table-6.5: Comparison of power absorbed in various tissues by adaptive and omni 
antenna at a frequency of 1850MHz. 

ADAPTIVE ANTENNA (WITH 
REDUCED POWER TOWARDS HEAD) 

POWER 
ABSORBED IN 

VARIOUS 
TISSUES 

OMNI 
DIRECTIONAL 

ANTENNA 
POWER (Pi) 

0.25 Pi 0.50 Pi 0.75 Pi 

SKIN 47 11.75 23.5 36.25 
BONE 32 8.0 16.0 24.0 

MUSCLE 21 6.25 10.5 16.75 
BRAIN 8 2.0 4.0 6.0 
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Table-6.6: Comparison of power absorbed in various tissues by adaptive and omni 
antenna at a frequency of 6GHz. 

ADAPTIVE ANTENNA (WITH 
REDUCED POWER TOWARDS HEAD) 

POWER ABSORBED 
IN VARIOUS 

TISSUES 

OMNI ANTENNA 
POWER (Pi) 

0.25 Pi 0.50 Pi 0.75 Pi 

SKIN 47 11.75 23.5 36.25 
BONE 25 6.25 12.5 18.75 

MUSCLE 1.5 0.375 0.75 1.125 
BRAIN 0.04 0.01 0.02 0.03 
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Figure 6.26-Skin and Bone temperature variations with depth under different 
surface cooling conditions with Smart antenna at 900MHz 
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Figure 6.27-Muscle and Brain temperature variations with depth for different 

surface cooling with Smart antenna at 900Hz. 
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Figure 6.28-Skin and Bone temperature variations with depth under different 
surface cooling conditions with Smart antenna at 1850MHz. 
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Figure 6.29-Muscle and Brain temperature variations with depth for different 
surface cooling with Smart antenna at 1850MHz. 
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Figure 6.30-Skin and Bone temperature variations with depth under different 
surface cooling conditions with Smart antenna at 6GHz. 
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Figure 6.31-Muscle and Brain temperature variations with depth under different 
surface cooling conditions with Smart antenna at 6GHz 
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Table-6.7:  Peak temperatures in 0C attained by the skin for the case of normal 
surface cooling  

Incident power density (mw/cm2) 

            100                         75                      50                                25 

 

Frequency 

Omni 
Antenna 

Adaptive 
 Antenna 

Adaptive 
Antenna 

Adaptive 
Antenna 

900MHz 38.31 37.9 37.6 37.1 
1850MHz 39.01 38.4 37.8 37.1 

6GHz 39.55 38.8 38.1 37.1 
 

Table-6.8: Peak temperatures in 0C attained by the bone for the case of normal 
surface cooling  

Incident power density (mw/cm2) 

            100                         75                      50                                25 

Frequency 

Omni 
Antenna 

Adaptive 
 Antenna 

Adaptive 
Antenna 

Adaptive 
Antenna 

900MHz 37.8 37.6 37.29 37.10 
1850MHz 38.21 37.99 37.51 37.1 

6GHz 39.1 38.8 37.92 37.25 
 

Table-6.9: Peak temperatures in 0C attained by the muscle for the case of normal 
surface cooling  

Incident power density (mw/cm2) 

            100                         75                      50                                25 

Frequency 

Omni 
Antenna 

Adaptive 
 Antenna 

Adaptive 
Antenna 

Adaptive 
Antenna 

900MHz 38.22 38.0 37.7 37.31 
1850MHz 38.10 37.9 37.58 37.20 

6GHz 37.21 37.5 37.20 37.10 
 

Table-6.10: Peak temperatures in 0C attained by the brain for the case of normal 
surface cooling 

Incident power density (mw/cm2) 

            100                         75                      50                                25 

Frequency 

Omni 
Antenna 

Adaptive 
 Antenna 

Adaptive 
Antenna 

Adaptive 
Antenna 

900MHz 37.8 37.7 37.4 37.12 
1850MHz 37. 5 37.4 37.26 37.10 

6GHz 37.03 37.025 37.022 37.004 

6.11 RESULTS AND DISCUSSIONS 

From the above analysis it is shown that by having smart antenna at the mobile 

handset, the most adverse effects of the RF fields can be reduced. For example at 900 
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MHz, the temperature rise of brain tissue can be reduced from 37.800 to 37.120 by the 

use of smart antenna at the handset, which can form a low or depressed side lobe 

towards the human head. It is found that frequency range from 1 MHz to 10 GHz is 

responsible for induced heating, resulting in the rise of tissues temperature more than 

10. Induced heating in body may provoke various physiological and thermoregulatory 

responses including a decreased ability to perform mental or physical tasks as body 

temperature increases. Similar effects have been reported in people subjected to heat 

stress e.g. people working in hot environments and suffering from prolonged fever. 

Besides the thermal effects the EMR can induce non-thermal effects also into the body. 

There are some other reported Symptoms and diseases attributed to RF Fields [66, 73, 

100, 102, 147]. 

International guidelines have also been established for limiting exposure to radio 

frequency non-ionizing radiation [66]. There is a maximum power the phone can use 

for communication, and it is called Telephone Communication Power (TCP). This is to 

ensure that the phones radiate sufficient power to work properly. The TCP is the figure 

of merit of a mobile phone, when it is transmitting. The higher the TCP, the better the 

phone will work in transmit mode. On the other hand, the possible radiation hazards are 

characterized in terms of a Specific Absorption Rate (SAR) distribution that should be 

as low as possible or at least below some standard limits. Both the TCP and the SAR 

are proportional to the maximum power that can be radiated by the phone. Therefore a 

high quality phone must provide a good compromise between high TCP and low SAR. 

This is possible by directing the radiation from the phone away from the head. The less 

absorption in the head, the lower is the SAR. So the best compromise between the high 

TCP and low SAR is to make the antenna radiate less power towards head [165] and 

adaptive handset at antenna will provide an optimum solution to the problem of high 

TCP and low SAR. 

6.12 SUMMARY OF CHAPTER 

 The WHT devices include (but not limited to): handset in cellular systems, 

wireless local area networks access points and user terminals, PDA, Bluetooth access 

points and terminals and indoor wireless fixed point to point systems. Smart antenna on 

the handset can offer many benefits like increased coverage, data rates, reduced 

interference and increase in spectrum efficiency etc. But there is no work suggesting 

the control of radiation hazards using smart antenna. In this chapter by means of simple 



 297

mathematical calculations the power absorbed and their thermal profiles of head have 

been found. The use of smart antennas in reducing radiation hazards is proposed. The 

power absorbed and rise in temperature of various tissues of head is compared for omni 

directional as well as smart antenna. These results can serve as a guide for any antenna 

designer. The interaction of the handset antenna with the human head has been studied 

by modeling head as a homogeneous, semi-infinite and planar multilayered model of 

different tissues. In determining the temperature rise the effect of blood flow and 

transfer of heat from tissue into space is taken into account1-5.   
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CCOONNCCLLUUSSIIOONNSS  AANNDD  FFUUTTUURREE  SSCCOOPPEE  OOFF  WWOORRKK  
 

 

7.1 CONCLUSIONS 

 This thesis is an outcome of the studies performed towards developing 

beamforming algorithms for array processing architectures of mobile and wireless 

communication systems. The results presented in this thesis constituted four targets. 

First, new side lobe control beamforming algorithms suitable for array processing 

architectures of CDMA based systems are developed for interference reduction. These 

algorithms are analyzed and the advantages of these algorithms to array processing 

architectures are quantified. The second target of this thesis is the development and 

application of advanced array signal processing techniques to mobile and wireless 

communication systems that have a practical implementation complexity and achieve 

high performance levels. This work is prompted by the current thrust in mobile and 

wireless technology, to look for new approaches and technologies, to improve the 

performance of array processing architectures. The second target is achieved by 

development of FrFT based beamforming algorithm in non stationary environments, 

towards improving the performance of array processing architectures of adaptive 

antenna, from the point of view of reducing MSE and BER. The third target is the 

application of FrFT based arrays in MIMO systems. The reduction in channel 

estimation errors caused by Gaussian noise using FrFT based estimation is suggested. 

A new FrFT based receive beamformer is proposed which can be extended to design of 

joint transmit-receive beamforming. Lastly, the effectiveness of smart antenna in 

controlling radiation hazards at the handset is explored, in the light of establishing the 

advantages of smart antenna over a single antenna system at the handset. From the 

results of these extensive investigations the following algorithmic and quantitative 

conclusions are drawn which will enhance the current state of art in mobile and 

wireless communication technology. The contributions listed below are in the same 

order as they were presented in this thesis. However the detailed results and discussions  
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are presented in each chapter. 

 To begin with, it is shown that conventional arrays based on nulling procedure 

are unlikely to be applicable in practical CDMA based wireless communication 

systems even if their beamforming procedure is valid for coherent interferers. In CDMA 

systems it is proposed that smart antenna will control interference by forming main 

lobe towards desired user and low/depressed side lobe towards the undesired users or 

interferers. Hence narrow beam low side-lobe algorithms, which can taper array 

weights of any beamformer with suitable taper function, are considered appropriate for 

CDMA systems [P20]. A new procedure for tapering in fractional Fourier domain is 

outlined. The resultant taper obtained is called FrFT Taper. The FrFT taper is based 

upon the concept of multiplying two taper functions in some ath domain and then 

forming the beam with weights obtained by taking inverse FrFT of the resultant of 

multiplication in some qth domain. The weights obtained by the FrFT taper are found 

to be practically realizable in all domains. The FrFT taper can be used at the front 

end of an antenna array system before adaptive array processing architecture in 

mobile and wireless communications [P8, P13, P18, P19] . This idea of tapering gives 

more flexibility to antenna designer as FrFT taper is found to be more versatile (now 

only one parameter ‘a’ is to be varied to get a new taper with new radiation pattern) 

than fixed tapers. Information capacity improvement offered by employing a tapered 

beamformer in wireless communication system is addressed in this research. A 

relationship between the information capacity with respect to a desired user’s signal 

and the sensor array beam pattern is established. The capacity function is found to be 

having a one-to-one relationship with the beam pattern of the array and its salient 

features are directly related to those in the beam pattern. This function is used to 

analyze capacity in an interfering environment of wireless networks. This function 

provides a bound for the improvements in information capacity possible via the use of 

spatial filtering in CDMA based wireless communication systems. It is concluded, that 

for minimum drop in capacity as the angles of arrival of any interfering users move 

through the sidelobes, the maximum sidelobe level must be as low as possible. A 

relationship between number of interferers and side lobe level of the beamformer is 

derived which can be used by antenna designer as a guideline for choosing side lobe 

level. It is established that any array processing algorithm which can decrease the 

maximum side lobe level equivalent to Chebyshev will definitely improve the capacity 

of CDMA based wireless communication system, where number of interferes are quite 
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large. A new method of synthesizing Chebyshev-like low side-lobe beam patterns with 

adjustable beamwidth and steering invariance is also proposed. The proposed matrix 

based algorithm called MBC (Multi Beam Constraint) is computationally efficient 

and is applicable where DOA of interferers could not be identified due to antenna 

array resolution [P16]. The MBC converges remarkably fast with in few iterations and 

provides a low side lobe level to all interferers in case they are uniformly distributed in 

the side lobe region. If the interferers are concentrated over a broad angle, the 

algorithm places a low side level in the direction of these interferes. It is known that in 

case of large angular spread of interference a sharp null can not provide efficient 

interference suppression. But the MBC can form a broad low side lobe towards the 

direction of this largely spread interference. It is also established through Monte Carlo 

simulations, that the array processing architecture based on proposed algorithm 

outperforms the other two, Chebyshev and adaptive beamformers in an interfering 

environment where a large number of interferers surround the array. It is proposed from 

this study that the MBC algorithm which can decrease the maximum side lobe level 

equivalent to Chebyshev will definitely improve the performance of CDMA based 

wireless communication system, where the number of interferes is quite large. It is 

shown that for number of interferers equal to 65, the proposed algorithm provides 2dB 

more array gain as compared to SMI algorithm [P5, P15, P21, P22, P26].  

 Another important aspect of beamforming algorithm and environment has been 

studied from a signal processing perspective. This interdisciplinary character is a major 

theme of this target that has resulted in the development of advanced array processing 

algorithm in non stationary mobile and wireless environments. Thus the key result is 

the derivation of the optimum FrFT based beamformer for multipath signals over 

AWGN channels. The proposed FrFT based optimum beamforming algorithm is 

developed with many important advantages; main among them is improved MSE 

performance relative to the time and frequency domain beamforming algorithms. The 

performance of FrFT beamformer is evaluated based on SNR of input signal and MSE. 

The proposed algorithm is shown to be capable of handling moving (producing Doppler 

shift in mobile wireless) and accelerating sources (producing chirped signal in wireless 

communication) effectively as compared to other frequency or time domain algorithms. 

In order to analyze the proposed new array signal processing algorithm statistical 

models for fading channels based on the characterization of different fading properties 

are considered The optimum FrFT beamformer is also evaluated in microcellular and 
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macro-cellular environments using GBSBE and GBSBC channel models. Simulation 

results have established that FrFT based beamformer performs better than the time 

domain or frequency domain beamformer under all channel impairments. It is 

concluded that there exists a domain in which the MSE is less as compared to any 

other frequency or time domain even for multipath fading signals over AWGN 

channel [P1-P2, P4, P6, P14]. Performance analysis results of the FrFT beamformer 

showed improved performance especially for low SNR [P1-P2, P4]. It is demonstrated 

that the proposed method yields improved results that are smaller MSE at all SNR, in a 

moving source scenario, which is common in mobile wireless communication. The 

percentage reduction in MSE for a moving source in FrFT domain as compared to 

frequency and time domain in various fading channels is shown in table 7.1. As shown 

in table 7.2 the proposed optimum FrFT domain beamformer can be used for yielding 

small errors in case of accelerating source problems which is common in wireless 

communication.  

Table-7.1: Comparison of reduction in MSE of FrFT domain beamformer 

with frequency and time domain beamformer for a moving source 

FrFT beamformer 
Vs. Time domain 

beamformer 

FrFT beamformer 
Vs. Frequency 

domain beamformer 

S.No Type of Channel 

Min Max Min Max 
1 AWGN 39.5% 46.4% 86.8% 89.0% 
2. Rayleigh 36.6% 46.2% 84.8% 87.5% 
3. Ricean 39.0% 47.1% 89.4% 91.7% 
4. Nakagami 40.8% 46.6% 86.1% 87.9% 
5. GBSBE 38.4% 46.5% 87.0% 88.9% 
6. GBSBC 38.1% 45.4% 86.6% 89.3% 

Table-7.2: Comparison of reduction in MSE of FrFT domain beamformer 

with frequency and time domain beamforming for an accelerating source 
FrFT beamformer 
Vs. Time domain 

beamformer 

FrFT beamformer 
Vs. Frequency 

domain beamformer 

S.No Type of Channel 

Min Max Min Max 
1 AWGN 37.2% 47.7% 86.6% 88.6% 
2. Rayleigh 40.0% 45.9% 85.7% 87.7% 
3. Ricean 39.2% 47.0% 89.4% 91.7% 
4. Nakagami 40.5% 46.6% 86.3% 88.7% 
5. GBSBE 41.2% 46.4% 87.6% 89.6% 
6. GBSBC 40.9% 45.9% 87.1% 88.8% 
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 Simulation results for different fading channels demonstrate the merits of the 

algorithm. The existing beamforming algorithms are not very effective in rapidly time-

varying channels, while the FrFT based algorithm maintains superiority over the 

existing algorithms in time varying channels in terms of MSE. In this entire work it is 

assumed that velocity and acceleration of the source is known at the array processor. 

 The FrFT beamformer also provides increased output SNR and array gain as 

compared to frequency domain and time domain beamformer in AWGN environment 

[P17]. The BER performance of FrFT beamformer is also studied in an interfering 

environment for one transmitting and large number of receiving antennas as in 

SIMO system. The BER of FrFT beamformer is found to be less than time domain or 

frequency domain beamformer in case of Rayleigh and Nakagami faded channels. 

The improvement obtained by optimum FrFT beamformer over other optimal 

beamformers is demonstrated through Monte Carlo simulations. It is shown that FrFT 

beamformer requires 1.3 dB less input power as compared to time domain beamformer 

for a BER of 10-2 with 3 receive diversity branches. In case of four diversity branches 

and for a BER of 10-2 optimum FrFT Beamformer requires 4 dB and 9 dB less input 

power as compared to time and frequency domain beamformer. The improvement is 5 

dB and 10 dB in optimum FrFT domain as compared to time and frequency domain for 

five receiving antennas. The same results are obtained for Nakagami faded channel 

also. It is shown that FrFT beamformer requires less input power as compared to 

time and frequency domain beamformer. Based on simulation results obtained it is 

concluded that FrFT beamformer shall become an integral part of next generation 

mobile and wireless communication systems as it can decrease BER further  as 

compared to time or frequency domain beamformer[P25]. 

  A brief overview of MIMO systems is given with help of simulations. STD is 

considered to be an efficient signaling strategy for MIMO systems without channel 

state information at transmitter [P23]. With STD a large diversity gain and a high 

transmission rate can be achieved but it requires perfect CSIR. The performance of 

STD falls by 3 dB as compared to MRC due to imperfect channel estimation. A new 

FrFT based channel estimation technique using PSAM is proposed. The FrFT based 

channel estimation provides a gain of 1.2 dB over time domain estimation and about 

5.3 dB over frequency domain estimation. The estimation error to signal ratio can be 

decreased effectively by use of FrFT based estimation [P24].  
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 A new FrFT based receive beamformer is proposed for spatial multiplexed and 

rate one Orthogonal Space Time Block Coded MIMO systems. The proposed optimal 

FrFT based receive beamformer can be put at the front end of the MIMO receiver in 

these systems. Each receiving antenna has an OFMRB at its front end which gives the 

optimum output with weights w calculated in FrFT domain. The performance of the 

receive beamformer is studied for 2 × 2 and 4 × 4 spatial multiplexed systems. The 

proposed OFMRB outperforms the simple MMSE receiver in terms of BER and BLER. 

The performance improvement in terms of BER is summarized in table 7.3. Similarly 

the performance improvement in terms of BLER is given in table 7.4.  

Table.7.3: Improvement achieved by proposed beamformer in terms of BER  
Gain of OFMRB  over ( Target BER ≤ 10-2) Type of MIMO system 

Time Domain RX beamformer Freq.  Domain RX beamformer 
2×2 SM system 2.9dB 1.7dB 
4×4 SM system 2.7dB 2.3dB 

Table.7.4: Improvement achieved by proposed beamformer in terms of BLER 
Gain of OFMRB  over ( Target BLER ≤ 10%) Type of MIMO system 

Time Domain RX beamformer Freq.  Domain RX beamformer 
2×2 SM system 2.6dB 2.9dB 
4×4 SM system 4.1dB 3.4dB 

 It is proposed that OFMRB shall replace the time and frequency domain MMSE 

receive beamformer in spatial multiplexed systems as it provides less BER and BLER 

as compared to both MMSE based time and frequency domain receive beamformers 

[P26].  

 The Alamouti’s scheme with MMSE receiver is proposed. It is shown through 

simulation that the performance of OSTBC system remains same, whether we use 

ML receiver or MMSE receiver. The performance of rate one OSTBC system is also 

studied with OFMRB. It is again shown that OFMRB outperforms both time and 

frequency domain beamformers in terms of BLER. The OFMRB offers a gain of 1 

dB and 1.5 dB over time domain beamformer for both rate one 2××××1 and 2××××2 OSTBC 

systems.  

 A novel concept of reducing RF hazards using adaptive antenna at handset is 

proposed. The basic idea is that through the use of adaptive beamforming techniques, a 

handheld radio with an antenna array can receive a desired signal while rejecting 

interfering signal, which is considered as reflection from head. It is shown that at all 

frequencies the head reflects back approximately 50% of the incident power. This 

reflected signal can be considered as the interference at the same frequency. Using a 
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planar multilayer model for human head and with normally incident plane wave it is 

observed that about 48% of the incident power is absorbed by human head at all 

frequencies. The 13% & 8% of the incident power reaches brain at 900 MHz and 1850 

MHz respectively, where as 0.04% of the incident power reaches brain at 6 GHz. It is 

shown that higher frequency band is suitable for mobile communications from point of 

view of reducing RF hazards. It is established that by use of adaptive antennas at the 

handset the power absorbed by various tissues can be decreased.  

 The thermal profiles of the head tissues have been found for steady state 

condition using bio-heat transfer equation. The temperature rise of the various tissues 

due to incident power density has been found taking into account the effect of blood 

flow and surface cooling. It is found that higher frequencies produce peak 

temperatures nearer to the surface and produce high surface heating. The lower 

frequencies produce lower peak temperatures but are located deep inside the tissues. 

As incident microwave power density is increased the peak temperature increases and 

move towards surface. Shaping the radiation pattern such that less power is directed 

towards head can decrease the magnitude of peak temperatures and its location. It is 

established that the flow of blood does have significant effect on temperature profiles. 

Therefore, irradiation of actual muscles and of artificial models with same 

characteristics results in different thermal profiles of two.  

 With the use of adaptive antennas at handset the power absorbed by brain 

reduces to 3.2% of the incident power at 900 MHz as compared to 13% in case of 

omni-directional antenna. The adaptive antenna here reduces the power incident on 

head to one- fourth of the power radiated by omni directional antenna. It is established 

that by using an adaptive antenna at handset with reduced incident power density the 

temperature rise can be effectively controlled. The peak temperature attained by the 

brain tissues are given below in table 7.5. It is established that future mobile handset 

employing adaptive antenna could also reduce the RF hazards [P7, P9, P10, P11, P12].  

Table- 7.5: Peak temperature attained by brain tissue with conventional and 
adaptive antenna 

Peak brain tissue temperature by use of  
Freq. 

of 
operation 

 

Omni Antenna 
with incident 
power density 
100mw/cm2 

Adaptive Antenna 
with incident 
power density 

75mw/cm2 

Adaptive Antenna 
with incident 
power density 

50mw/cm2 

Adaptive Antenna 
with incident 
power density 
100mw/cm2 

900MHz 37.80C 37.70C 37.40C 37.120C 
1850MHz 37. 50C 37.40C 37.260C 37.100C 

6GHz 37.030C 37.0250C 37.0220C 37.0040C 
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7.2  FUTURE SCOPE OF WORK 

 Although this thesis has answered several questions related to the development 

of algorithms & signal processing techniques for array processing architecture of 

mobile wireless systems, several topics that can be explored in future are listed below: 

 The validation of various low side-lobe design techniques suggested is the next 

logical step. The array processing architecture will lend itself well to this segment of 

research. Using the array, the data can be collected and the proposed technique can be 

validated. The simulated results of the performance metrics about the array processing 

architectures can be compared to the actual measurements.  

 The optimum FrFT based beamformer for multipath signals over AWGN 

channels is based on the parameter ‘a’. The proposed method of obtaining optimum 'a' 

is based upon frame by frame basis on the basis of calculating the MSE for sufficiently 

closely spaced discrete values of ‘a’ (for example, by step size of 0.1). In practice the 

optimum 'a' that gives minimum MSE requires an efficient on-line procedure for its 

efficient computation which can be taken up as a research problem for further study. 

 All analyses in this thesis are primarily based on outdoor propagation 

environments. Future research may apply the techniques developed in this thesis to 

different environments in order to further test these techniques. The BER of BPSK in 

SIMO system using FrFT based beamformer is found in slow flat faded channel but the 

technique can be extended for BPSK and other modulation techniques in frequency 

selective channels also to find SER. The practical implementation of FrFT based 

optimal beamformer can be taken up as a research problem.  

 In this thesis FrFT based receive beamformer is proposed. The joint optimal 

FrFT based transmit receive processing can be taken up as a research issue by which 

one can design optimal precoder in FrFT domain. Beamforming gain domain in a 

MIMO system using maximum singular value of channel in optimum FrFT can be 

explored further. 

 In this thesis the head has been modeled as planar multilayer model. For more 

accurate results the head can be modeled as sphere and power reaching various tissues 

and thermal profiles can be found. The thermal profiles presented in this study 

correspond to steady state condition; the transient analysis of these thermal profiles can 

be taken up as further research issue.   
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AAppppeennddiixx--AA  

Noise Corruption Leads to Partial Correlation of Signals 

 Assume s1(t) and s2 (t) are correlated signals with variances σ1 and σ2. The 

normalized correlation coefficient of s1(t) and s2 (t) is given by 

    
[ ]

21

2211
21

)()(
),(

21 σσ
tstsE

ttr ss =  .                         (A.1) 

 Now assume noise is added to these signals. Noise is assumed to be 

uncorrelated with the signals. So we have now 

   )t(n)t(s)t(y 111 += , and  )t(n)t(s)t(y 222 += .              (A.2) 

 Let noise n1 and n2 is zero mean and with variances 
1nσ  and 

2nσ respectively. 

The cross correlation of )t(y1 and )t(y2 is given by 

   [ ])t(y)t(yE)t,t(R 2121y,y 21
= , 

           [ ] [ ] [ ] [ ])t(n)t(nE)t(n)t(sE)t(n)t(sE)t(s)t(sE 21122121 +++= , 

 )t,t(R)t,t(R)t,t(R)t,t(R)t,t(R 21nn21ns21ns21ss21y,y 2112212121
+++= .             (A.3) 

 In equation second and third term are zero since signal and noise are 

uncorrelated. Fourth term is also zero, since noise of one sensor is assumed to be 

uncorrelated to noise of other sensor. Therefore 

    )t,t(R)t,t(R 21ss21y,y 2121
= .               (A.4) 

Now variance of )t(y1  

 [ ] [ ] [ ] [ ] [ ])t(n)t(sE2)t(nE)t(sE)t(n)t(sE)t(yE 11
2
1

2
1

2
11

2
1 ++=+= , 

    
11

n1y σ+σ=σ  .                 (A.5) 

Similarly for )t(y2       [ ]
22

n2
2
2y )t(yE σ+σ==σ .                        (A.6) 

Therefore, normalized cross correlation is given by    

     
21
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21y,y
21y,y

)t,t(R
)t,t(r

σσ
= .   (A.7) 

Using equation (A.4) in (A.7)  
))((

)t,t(R
)t,t(r

21

21

21

n2n1

21ss
21y,y σ+σσ+σ

= .          (A.8) 

Comparing (A.1) and (A.8) we can see that numerator remains same but denominator 

in (A.8) is larger as compared to (A.1). Hence correlation is reduced. 
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AAppppeennddiixx--BB  

Choice of K in a wideband beamformer: 

Consider a N tap causal FIR filter with x(n) as input and y(n) as output. The transfer 

function of FIR causal filter having N taps is given by 

     ∑
−

=

−=
1N

0n

nz)n(h)z(H ,                          (B.1) 

where, h(n) is the impulse response of filter.  

The output of filter is given by 

     ∑
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=
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1N

0n
)nTiT(x)n(h)iT(y .              (B.2) 

(B.1) can be written as 

     ∑
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nTjTj e)n(h)e(H .              (B.3) 

    )()(He)e(H)(M TjTj ω−θ−=ωθ==ω ω−ω . 

 Phase delay = 
ω
ωθ−=τ )(

p  ,  Group delay = 
ω
ωθ−=τ

d

)(d
g .             (B.4) 

 Group delay is the delayed response of the filter as a function of ω to a signal. 

Filters for which pτ  and gτ  are constant, are called constant time delay or linear phase 

filters. Therefore for phase to linear 

    τω−=ωθ )(    π〈ω〈π−    ,             (B.5) 

where, τ = constant phase delay of samples.  From (B.3) 
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   0)cosnTsinsinnT)(cosn(h
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=ωτω−ωτω∑
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=
.             (B.8) 

Finally we get    0)nTsin()n(h
1N

0n
=ω−ωτ∑

−

=
.                          (B.9) 

Solution of (B.9) is given by  
2

T)1N( −=τ ,                          (B.10) 

and    h(n) = h(N-1-n)  for 0 < n < N -1.                    (B.11) 
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 Thus the number of taps is equal to the length of the channel divided by the 

symbol rate. The tapped delay allows each element to have a phase response that varies 

with frequency, compensating for the fact that lower frequency signal components have 

less phase shift for a given propagation distance where as higher frequency signal 

components have greater phase shift as they travel the same length. This makes the 

response of array the same across different frequencies.  

For a linearly constrained wideband beamformer the K is defined as follows: 

A processor having M sensors and K taps per sensor has MK weights and requires K 

constraints to determine its look direction frequency response. The remaining MK- K 

degrees of freedom in choosing the weights may be used to minimize the total power in 

the array output. Since the look-direction frequency response is fixed by the K 

constraints, minimization of the total output power is equivalent tom minimizing the 

non look- direction noise power, so long as the set of signal voltages at the taps is 

uncorrelated with the set of noise voltages at these taps. 

[Otis Lamont Frost, “An Algorithm for Linearly Constrained Adaptive Array 

Processing”, Proceedings of the IEEE, Vol. 60, No. 8, August 1972]  
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AAppppeennddiixx--CC  

The MVDR Beamformer minimizes total output power 

      wRwxw x
H2H )n(EP =


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= ,                          (C.1) 

subject to constraint  1)( s
H =θvw . 
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In case the estimate of Ri+n is available then the optimum weight vector is given by 
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Theoretically both weight vectors are identical  00 ww ˆ= .              (C.4) 

Proof: 

 

Let the received signal be given by    x(t) = s(t) + n(t) + i(t),                         (C.5) 

where, s(t), n(t)  and i(t) are desired, noise and interference signals respectively. Then 

received correlation matrix is given by     

    niI
2
nx ++=+σ+= RssRIssR HH ,                         (C.6) 

where, s is received signal vector and Ri+n is noise plus interference correlation matrix. 

The proof of the statement 00 ww ˆ=  is given using matrix inversion lemma. 

Matrix Inversion Lemma: 

Lemma: Let A be an N x N invertible matrix and let x and y be two N x 1 vectors s.t 

(A + xyH) is invertible then 
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Proof:    )( HH xyAIAxyA 1−+=+ .          

          11H1H )()( −−−− +=+ AxyAIxyA 1 .                         (C.8)  

If matrix (I + A) is invertible then ............)( 321 +−+−=+ − AAAIAI , 

Therefore,   ............)()()( 3H12H1H11H1 +−+−=+ −−−−− xyAxyAxyAIxyAI , 

 Since )( H1xyAI −+  is invertible. Therefore, substituting in (C.2) 

 ...........)()( 1H1H11H111H −+−=+ −−−−−−− AyxAyxAAxyAAxyA , 
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          [ ]...........)(1 21H1H1H11 −+−−= −−−−− xAyxAyAxyAA , 
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Since the scalar 11H ≠− xAy , due to invertibility of )( H1xyAI −+ . Therefore, 
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From (C.6), nix ++= RssR H using Matrix Inversion Lemma, We have 
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Similarly 
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Therefore    
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Hence optimal weights by two methods are equivalent. 
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AAPPPPEENNDDIIXX--DD  

Derivation of the Orthogonal System 

As pointed out in (4.166), the polynomials 1,...,,,1 min2 −Nxxx  in the Hilbert Space minN
θρ , 

with inner product and norm given by (4.174) and (4.175), respectively, are linearly 

independent. Therefore, we can apply the Gram–Schmidt procedure to obtain the 

orthogonal systems as follows. First, polynomial 1 gives the function as follows: 

1),(1 0 =→ θφ x .      (D.1) 

The polynomial produces the second function by 
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In general, the polynomial 1,...,0 min −= Nnforxn  for transforms into  
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Now, adopting the following notation for polynomials: 

   n
n,n1,n0,nn x)(x)()(),x( θφ++θφ+θφ=θφ L .  (D.4) 

The norm square of ),( θφ xn can be expressed as 
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Using the inner product (D.2) with
2
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where 
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A closed-form expression for Gk(θ) can be derived starting from the integrals  








 −−−+−−×+−−=
++

+
∑∫

=

−+−∞ −
k

m

mkbakkxk bambaEiebabkdx
bax

ax
ex

1

1

0
)()!1()()()1(!  , (D.8) 

where Ei (.) is the exponential integral function. Using (D.8) in (D.7) and the relations 

between the exponential integral function and the incomplete Gamma function ),( zaΓ , 

we finally have 
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where, 
)(sin

1
c)(

2MPSK θ
=θς  . The coefficients )(, θφ mn  can be calculated iteratively 

using the following formula, which we derive as follows. Substituting (D.4) into (D.3) 

gives 
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Once again, using the inner product (4.164) with ),,x(),x(z θψ=θ we have 
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Comparing (D.4) and (D.10), we obtain the mth coefficient of the nth polynomial as 
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with 1)(, =θφ nn .  
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  AAppppeennddiixx--EE  

Analysis of the Error Probability Function 

In this appendix, the proof that the BER function and the corresponding Chernoff upper 

bound are convex decreasing functions of the SINR and convex increasing functions of 

the MSE (for sufficiently small values of the MSE) is given.  

The symbol error probability can be analytically expressed as a function of the SINR as  

    )SINR((QPe βα= .     (E.1) 

As an example, for M-ary PAM, M-ary QAM,and M-ary PSK constellations this 

relation is specifically given by 
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Note that α ≥ 1 and β ≤ 1. See Table.E for specific values of the parameters (recall that 

M is the constellation size and k = log2M the number of bits per symbol). 

BER as a function of the SINR 

 To prove that the BER function is convex decreasing in the SINR, it suffices to 

show that the first and second derivatives of )x(Q β are negative and positive, 

respectively (A positive scaling factor preserves monotonicity and convexity): 
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The same can be done for the Chernoff upper bound2/xe β− : 
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BER as a function of the MSE 

To prove that the BER function is convex increasing in the MSE (assuming a MMSE 

receiver), it suffices to show that the first and second derivatives of )1x((Q 1 −β − are 

both positive. 
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where the zeros are 
8

910)3(
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=  and 
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=  (it 

has been tacitly assumed that β ≤ 1). It is remarkable that for β = 1 both zeros coincide, 

which means that the BER function is convex for the whole range of MSE values. To 

be more specific, BPSK and QPSK constellations satisfy this condition and, 

consequently, their corresponding BER function is always convex in the MSE. 

Consider now the Chernoff upper bound 2/)1x( 1

e −β− −
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The Chernoff upper bound is then convex increasing in the MSE for MSE ≤ β/4 (see 

Table for specific values). Concluding, as a rule-of-thumb, both the exact BER function 

and the Chernoff upper bound are convex increasing functions of the MSE for a BER ≤ 

2 × 10−2 (see Table E). The MSE vs. BER for various modulation schemes is shown in 

Figure-E. 
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Table E- Parameters and convexity region of the BER for well-known 
constellations [74]. 
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Figure E: Plot showing variation BER with MSE for various modulation 
techniques 
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AAppppeennddiixx--FF  

  

  

EExxpprreessssiioonnss  ffoorr  VVaarr iioouuss  TTaappeerr   FFuunnccttiioonnss::   

  

S. No Taper Function Expression of the taper function 

1. Uniform w(n)=1,   0≤ n≤ N/2 

w(n)=0,         otherwise 

2. Taylor Kaiser  
w(n)=

][

])/2(1[

0

2
0

πβ
πβ

I

NnI −
, 0≤ n≤ N/2 

0≤ β ≤ 10 

I0(x) is zero-order modified Bessel 

function of first kind. 

β is ripple control parameter. 

3. Dolph Chebyshev 
W(n)=

)](cosh cosh[N

n/N)}] cos( {coscos[
)1(

1-

1

β
πβ−

− Nn , 

0≤ n≤ N-1, 

where, )]10(cosh /1cosh[ -1 αβ N= , 

α is main lobe to side lobe ratio. 

(Inverse DFT is required to compute data 

window) 

4. Binomial  
w(n)=

)!1(!

)!1(

nNn

N

−−
−

,     0≤ n ≤ N-1, 
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AAppppeennddiixx--GG  

 

Expressions for Discrete version of FrFT (DFrFT) [59] 

 

The samples of fractional Fourier transform fa(u) of a function can be computed in 

terms of the samples of f(u). For a function f(u) equation (3.65) can be written as  

  ud)]u(fe[eeA)u(f
2

u cotjuu  csc 2j2u coti
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∫= απ′απ−απ

α . (G.1) 

It is assumed that the representation fa(ua) of the signal f in all fractional Fourier 

domains are confined to the interval [-∆u/2, ∆u/2]. As per the reference [59], the 

samples (k= -N to N-1) of fa(u) are obtained by following equation  
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Direct computation of (G.2) requires O(N2) operations. A fast O(N log N) algorithm 

can be obtained by putting (G.2) in the form  
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            (G.3) 

The finite summation in (G.2) is recognized as convolution in (G.3). The convolution 

can be computed in O(N log N) time by using fast Fourier transform(FFT). The final 

samples are obtained by a final chirp modulation. 

 The above algorithm of DFrFT is limited to the range 0.5 ≤ a≤ 1.5. Using 

index addititvity property of the fractional Fourier transform this range can be extended 

to all values of a easily. For example for the range -0.5 ≤ a ≤ 0.5, we observe that 

    Fa = Fa+1-1 = Fa+1F-1.     (G.4) 

Equations (G.2) and (G.3) represent the discrete versions of FrFT. 
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