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ABSTRACT 

Context-free grammar plays a vital role in the field of Automata Theory, but context-free 

grammars are not able to cover all linguistic phenomena. However, there are languages 

which cannot be represented by context-free grammars. Further, they have classified into 

context-sensitive and recursively enumerable languages. These languages suffer from a 

number of problems such as the emptiness problem is undecidable, and only exponential 

algorithms are known for the membership problem. To overcome the situation, the 

concept of regulated grammar and automata has been proposed. Regulated Grammar is 

the class of grammar which on the one hand only uses context-free production rules and 

on the same hand have a larger generative capacity by some additional mechanisms. 

Regulated automaton is the formal automaton counterpart of regulated grammars.  

This dissertation is devoted to designing and development of a variant of regulated 

grammar or regulated automata and to apply their concept in RNA and DNA 

biomolecular structures. Motivated by the similarities between fuzzy finite automata and 

fuzzy pushdown automata, in this thesis we proposed a novel concept of fuzzy state 

grammars and fuzzy deep pushdown automata. This concept represents a natural 

extension of contemporary state grammar and deep pushdown automaton, making them 

more robust in terms of imprecision, errors, and uncertainty. It has been proved that we 

can construct fuzzy deep pushdown automata fdM from fuzzy state grammars fsG  and 

vice-versa, and if the fuzzy deep pushdown automaton fdM  is constructed from the fuzzy 

state grammar fsG  using the above construction method, then ( ) ( )fd fsL M L G .  

Most of the regulated automata and the regulated transducer which exist in literature such 

as deep pushdown automata, parallel deep pushdown automata, deep pushdown 

transducer and parallel deep pushdown transducer are deterministic with respect to depth 

but lacks in strict determinism. This thesis also proposes the deterministic models of deep 

pushdown automata, deep pushdown transducer and their parallel versions named as 

parallel deep pushdown automata, and parallel deep pushdown transducer. The proposed 

deterministic models are strictly deterministic and deterministic with respect to depth. 

Furthermore, based on the deterministic version of these proposed automata and 

transducer, an infinite hierarchy of languages is explored. Further comparison between 

proposed deterministic models and existing non-deterministic models has been also done. 
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In the various existing approaches in the literature, Deoxyribonucleic Acid (DNA) and 

Ribonucleic Acid (RNA) structure sequences are represented using context-sensitive 

grammar or mildly context-sensitive grammar with higher time complexities. In this 

thesis, we have also represented DNA and RNA structure sequences using state grammar 

and deep pushdown automata. We have represented three commonly found structures in 

DNA and RNA using state grammar namely: Tandem Repeat, Inverted Repeat, and 

Pseudoknot. These biological sequences are depicted using formal model deep pushdown 

automata. Furthermore, we have designed top-down extended LL (1) parser for state 

grammar. Further, we have extended our work for various biomolecular structures of 

DNA and RNA using state grammar. Various structures represented are attenuator, 

extended pseudoknot, kissing hairpin, simple h-type, recursive pseudoknot, and three-

knot. 

Motivated by the prior work of recognition of imperfect strings in context-free grammar 

and context-sensitive grammar, this thesis also proposes an algorithm for error tolerance 

in recognition of faulty strings in a regulated grammar using fuzzy sets. The time 

complexity of the proposed algorithm is 
2 3(| | . | | ),O G w  where | |G  represents the number 

of production rules and | |w is the length of the input string .w  We applied the algorithm 

to regularly controlled and matrix grammar. 

Keywords: Regulated grammar, Regulated automaton, State grammar, Deep pushdown 

automata, Fuzzy state grammar, Fuzzy deep pushdown automaton, Deoxyribonucleic 

acid, Ribonucleic acid, Deterministic deep pushdown automata, Deterministic deep 

pushdown transducer, Parallel deterministic deep pushdown automata, Parallel 

deterministic deep pushdown transducer, Regularly controlled grammar, Matrix grammar. 
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6. An algorithm for error tolerance in recognition of faulty strings in a regulated 

grammar using fuzzy sets (RFSRG). 

The list of the main research papers accepted and communicated that I have authored or 

co-authored during my Ph.D. thesis are as follows: 

RESEARCH PUBLICATIONS 

1. N. Kalra and A. Kumar, Fuzzy state grammar and fuzzy deep pushdown 

automaton, Journal of Intelligent & Fuzzy Systems, 31 (1), 249-258, 2016. [SCIE 

Indexed, Impact Factor-1.004] 

2. N. Kalra and A. Kumar, State Grammar and Deep Pushdown Automata for 

Biological Sequences of Nucleic Acids, Current Bioinformatics, 11 (4), 470-479, 

2016. [SCIE Indexed, Impact Factor-0.77] 

3. N. Kalra and A. Kumar, Deterministic Deep Pushdown Transducer and its 

Parallel version, The Computer Journal, 1-11, 2017 [SCIE Indexed, Impact 

Factor-1.0] 

 



vii 
 

4. N. Kalra and A. Kumar, A Survey of Formal Language Theory: Exploration of 

Various Sub-classes of Chomsky Hierarchy, Revised Paper Submitted in IET 

Software. [SCIE Indexed, Impact Factor-0.595] 

5. A. Kumar and N. Kalra, Error tolerance for the recognition of faulty strings in a 

regulated grammar using fuzzy sets, Communicated in Lingua. [SCIE Indexed, 

Impact Factor-0.844] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



viii 
 

 

TABLE OF CONTENTS 

 

CHAPTERS TITLE  PAGE NO. 

 Certificate i 

 Acknowledgement ii-iii 

 Abstract iv-v 

 Preface vi-vii 

 Table of Contents viii-xi 

 List of Abbreviations xii 

 List of Figures   xiii-xiv 

 List of Tables xv-xvi 

CHAPTER 1: INTRODUCTION 1-18 

1.1: Motivation 1-5 

1.2: Preliminaries Concept  5-15 

                   1.3: Organization of the Thesis  15-18 

CHAPTER 2: LITERATURE SURVEY 19-39 

2.1: Regulated Grammar 19-33 

2.1.1: Context-Based Grammatical Regulation 19-27 

2.1.2: Rule-Based Grammatical Regulation 27-31 

2.1.3: Parallel Grammatical Regulation 31-33 

2.2: Regulated Automata  34 

2.3: Regulated Transducer 35 

2.4: Fuzzy Context-free Grammar and Fuzzy Pushdown 

Automata 

35-36 



ix 
 

CHAPTERS TITLE  PAGE NO. 

2.5: Grammar Formalism for DNA and RNA Structure 

Sequences  

36-37 

2.6:  Gaps in Literature 37-38 

2.7:  Problem Formulation 38-39 

2.7.1: Problem Statement 38 

2.7.2: Objectives 38-39 

CHAPTER 3: FUZZY  STATE GRAMMAR AND FUZZY DEEP 

PUSHDOWN AUTOMATA  

40-53 

3.1: Introduction 40 

3.2: Proposed Fuzzy State Grammar 40-44 

3.3: Proposed Fuzzy Deep Pushdown Automaton 44-46 

3.3.2:  Instantaneous Description 46-47 

3.4:  Results and Discussions 47-52 

3.5: Conclusion 53 

CHAPTER 4:  DETERMINISTIC MODELS OF DEEP PUSHDOWN 

AUTOMATA, TRANSDUCER AND THEIR 

PARALLEL VERSIONS                                                                                                

54-74 

4.1: Introduction 54-55 

4.2: Preliminaries Concept  55 

4.3: Proposed Deterministic versions of DPDA, DPDT and 

their parallel versions (PDPDA, PDPDT) 

55-64 

4.3.1: Deterministic Deep Pushdown Automata 56-57 

4.3.2: Deterministic Deep Pushdown Transducer 58-60 

4.3.3: Parallel Deterministic Deep Pushdown Automata 60-61 

4.3.4: Parallel Deterministic Deep Pushdown Transducer 62-64 



x 
 

CHAPTERS TITLE  PAGE NO. 

4.4: Results and Discussions 64-73 

4.5: Conclusion 74 

CHAPTER 5: APPLICATION OF STATE GRAMMAR AND DEEP 

PUSHDOWN AUTOMATA IN BIOLOGICAL 

SEQUENCES OF NUCLEIC ACIDS 

75-86 

5.1: Introduction 75-76 

5.2: State Grammar for Nucleic Acids 76-78 

5.2.1: State Grammar for Tandem Repeats 76 

5.2.2: State Grammar for Inverted Repeats 77 

5.2.3: State Grammar for Interleaved  Repeats (Pseudoknot) 77-78 

5.3: Deep Pushdown Automata for Nucleic Acids 78-81 

5.3.1: Deep Pushdown Automata for Tandem Repeats 78-79 

5.3.2: Deep Pushdown Automata for Inverted Repeats 79-80 

5.3.3: Deep Pushdown Automata for Interleaved  Repeats 

(Pseudoknot) 

80-81 

5.4: Extended LL(1) Parser for State Grammar 82-84 

5.5: Results and Discussions 84-86 

5.6: Conclusion 86 

CHAPTER 6: MODELLING BIOMOLECULAR STRUCTURES OF 

DNA AND RNA USING STATE GRAMMAR  

87-94 

6.1: Introduction 87 

6.2: State Grammar for Biomolecular Structures 88-93 

6.3: Conclusion 94 

   



xi 
 

CHAPTERS TITLE  PAGE NO. 

CHAPTER 7: AN ALGORITHM FOR ERROR TOLERANCE IN 

RECOGNITION OF FAULTY STRINGS IN A 

REGULATED GRAMMAR USING FUZZY SETS  

95-111 

7.1: Introduction 95-96 

7.2: Preliminaries Concept  96 

7.3: Proposed Algorithm 96-102 

7.4: Numerical Examples 102-108 

7.5:  Real life application of RFSRG algorithm in the Hindi 

Language 

108-110 

7.6: Analysis of Time Complexity 110-111 

7.7: Conclusion 111 

CHAPTER 8: CONCLUSION AND FUTURE SCOPE 112-114 

8.1: Summary of the main contribution 112-113 

8.2:  Future Scope 113-114 

 REFERENCES 115-121 

 

 

 

 

 

 

 

 

 

 



xii 
 

LIST OF ABBREVIATIONS 

 

CFG: Context-free grammar 

CS: Context-sensitive grammar 

PDA: Pushdown Automata 

DPDA: Deep Pushdown Automata 

PDPDA: Parallel Deep Pushdown Automata 

DPDT: Deep Pushdown Transducer 

PDPDT: Parallel Deep Pushdown Transducer 

DDPDA: Deterministic Deep Pushdown Automaton 

DDPDT: Deterministic Deep Pushdown Transducer 

PDDPDA: Parallel Deterministic Deep Pushdown Automaton 

DPDPDT: Parallel Deterministic Deep Pushdown Transducer 

DNA: Deoxyribonucleic Acid 

RNA: Ribonucleic Acid 

 

 

 

 

 

 

 

 



xiii 
 

LIST OF FIGURES 

 

FIGURE NO. FIGURE TITLE PAGE NO. 

2.1: Classification of Regulated Grammar 19 

2.2: Classification of Context-Based Regulated Grammar 20 

2.3: Classification of Rule-Based Regulated Grammar 27 

2.4: Classification of Parallel regulated grammars 31 

4.1: DDPDA for language { | 1}n n na b c n   57 

                   

4.2: DDPDT for performing computation 0 fq w q ww


   59 

4.3: DDPDT for performing string reversal 60 

4.4: PDDPDA of language  { | 1}n n na b c n   
61 

4.5: PDDPDT for performing the computation 0 fq w q ww


  63 

4.6: PDDPDT for performing string reversal 64 

4.7: Non-strict deterministic deep pushdown automata for the 

language { | (0 |1) }L ww w    

71 

4.8: Relation amongst DDPDA, DPDA, PDDPDA, PDPDA, 

DDPDT, DPDT, PDDPDT, PDPDT, CF and CS 

73 

5.1: DPDA for Tandem (Direct) Repeats 79 

5.2: DPDA for Inverted Repeats 80 

5.3: DPDA for Interleaved Repeats (Pseudoknots) 81 

6.1: Attenuator structure 88 

6.2: Extended pseudoknot structure 89 



xiv 
 

 

FIGURE NO. 

 

FIGURE TITLE 

 

PAGE NO. 

6.3: Simple h-type structure 90 

6.4: Three-knot structure 91 

6.5: Recursive Pseudoknot structure 92 

6.6: Kissing Hairpin structure 93 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



xv 
 

LIST OF TABLES 

 

TABLE NO. TABLE TITLE  PAGE NO. 

2.1:  Comparative table of generative power for various context-

based regulated grammars. 

26-27 

2.2: Classification of rule-based regulated grammars. 30-31 

2.3: Properties of different types of parallel regulated grammar. 33 

4.1: Comparative study (in terms of moves) between DPDA and 

DDPDA  

65 

4.2: Comparative study (in terms of moves) between PDPDA 

and DPDPDA 

66 

4.3: Comparative study (in terms of moves) between DPDT and 

DDPDT 

67 

4.4: Comparative study (in terms of moves) between PDDPDT 

and PDPDT. 

68 

4.5: Comparative study (in terms of moves) between DDPDT 

and PDDPDT 

72 

5.1: Parsing table for tandem repeat of grammar 1G  83 

5.2: Parsing table for inverted repeat of grammar 2G  83 

5.3: Parsing table for pseudoknots grammar 3G  84 

5.4: Comparison amongst various existing approaches and 

proposed approach 

86 

7.1: Various derivation for the string w ddddcd  103-104 

7.2: Confidence level for the string w using E  set 104 

7.3: Confidence level for the string w using fT  set 104 

7.4: Final interpretations with fuzzy confidence for the string 

w ddddcd  

104 

7.5: Various derivation for the string w cdcdcccd  106-107 

7.6: Confidence level for the string w using E -set 107 

7.7: Confidence level for the string w using fT -set 107 



xvi 
 

 

TABLE NO. 

 

TABLE TITLE  

 

PAGE NO. 

7.8: Final interpretations with fuzzy confidence for the string 

w cdcdcccd  

107 

7.9: Various derivation for the string w cdcdd  109 

7.10: Confidence level for the string w using E -set 109 

7.11: Confidence level for the string w using fT -set 110 

7.12: Final interpretations with fuzzy confidence for the string 

w cdcdd  

110 

 



1 
 

Chapter-1                                                                                                      

INTRODUCTION 

This chapter aims to introduce the preliminary concepts, basic notations, motivation of 

the thesis, and organization of the thesis. 

1.1 MOTIVATION 

Automata theory is one of the protracted established fields of Computer Science. Over the 

last five decades, it has been evolved in several different directions and levels. The 

development and exploration of new mathematical models such as regulated grammar [1-

3], regulated automaton [3], preautomaton and protoautomaton [4], and their applications 

stimulated in a variety of deep mathematical theories. Automata theory has a number of 

applications in the field of neurosciences, biology, linguistics, tomography, cognitive 

sciences, network security, hardware and software verification, syntax analysis, 

foundations of XML, and much more. A context-free grammar (CFG) plays a vital role in 

the field of Automata Theory [5].  

CFG‟s are not able to cover all linguistic phenomena. However, there are languages 

which cannot be represented by CFG‟s. Further, they have been classified into context-

sensitive (CS) and recursively enumerable languages. These languages suffer from 

problems such as the emptiness problem is undecidable, and only exponential algorithms 

are known for the membership problem. Moreover, concepts such as derivation tree, 

which is an important tool for the analysis of context-free and natural languages, cannot 

be transformed to context-sensitive and recursive enumerable grammars [1]. However, 

polynomial time membership algorithms exist for CFG‟s. 

To overcome this situation, the concept of regulated grammar and automata has been 

proposed [1-3]. Therefore, we are interested in the classes of languages which on one 

hand only use context-free production rules with a sequential derivation process and on 

the other hand have a larger generative capacity by some additional mechanisms. Over its 

history, this theory had modified the CFG‟s in many ways, including various regulated 

versions of these grammars. Ginsburg et al. [6] and Cremers et al. [7] proposed regularly 

controlled and matrix grammar, respectively. Kasai [8] introduced the concept of state 

grammar. Kuppusamy et al. [9] proposed various variants of regulated grammars such as 
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maximum depth-first grammars, maximum lengthwise depth-first grammars and 

absorbing right context grammars. A number of regulated automata have been proposed 

such as Deep Pushdown Automata (DPDA) [10], Parallel Deep Pushdown Automata 

(PDPDA) [11], Absolutely Unlimited Deep Pushdown Automata [12], and Jumping 

Automata [3].  

In regulated languages, the input string is either accepted or rejected [13-14], but there is 

a chance that the user generates some error in the string. Hence, there is a need to 

introduce a mechanism by which string is not totally accepted or rejected, rather belong to 

the language with some certainty. It leads to the introduction of the concept of fuzziness 

in regulated languages. 

Asveld [15] proposed fuzzy context-free K-grammar to represent erroneous sentences. 

Asveld [16] proposed a modified Cocke-Younger-Kasami (CYK) algorithm to recognize 

fuzzy context-free grammar. Jun et al. [17] introduced the variant of fuzzy sets, named as 

bipolar fuzzy sets, in which membership degree lies between [-1 to 1] rather than [0-1]. 

Jacob et al. [18] defined the concept of fuzzy entire sequence space. 

Bucurescu et al. [19] proposed the concept of fuzzy pushdown automata and B-fuzzy 

pushdown automata as an extension to Pushdown Automata (PDA). In fuzzy pushdown 

automata, weights are assigned to the interval [0-1], and it accepts context-free language. 

In B-fuzzy pushdown automata, weights are assigned using Boolean algebra, and it 

accepts context-sensitive language. Moraga [20] defined the relationship between fuzzy 

CFG and fuzzy PDA, calculating the degree of membership based on weights as 

determined by a monoid. Hopcroft et al. [21] demonstrate the equivalence between PDA 

and CFG. Kakoty et al. [22] proposed a fuzzy logic model to evaluate expertise level of 

learner in an e-learning environment. Arora et al. [23] proposed an approach which 

converts state chart diagram to finite state automata. Further, regular grammars have been 

generated from finite state automata.  

Motivated by the similarities between fuzzy finite automata [24] and fuzzy pushdown 

automata [20], there arises the need to investigate a novel fuzzy regulated grammar and 

fuzzy regulated automata concept. We have proposed a novel concept of fuzzy state 

grammars and fuzzy deep pushdown automata. This concept represents a natural 

extension of contemporary state grammar [8] and deep pushdown automaton [10], 

making them more robust regarding imprecision, errors, and uncertainty. It has been 



3 
 

proved that we can construct fuzzy deep pushdown automata from fuzzy state grammars 

and vice-versa. Furthermore, it has been proved that if the fuzzy deep pushdown 

automaton fdM  is constructed from fuzzy state grammar fsG , then ( ) ( )fd fsL M L G . In 

other words, for any string 
*, ( ; ( )) ( ; ( )),fs fdL G L M        where   denotes 

the membership of a string. 

Literature survey reveals that the biological structure sequences have highly expressive 

language, and it highly correlates with the linguistic theory. Chomsky grammar systems 

are found to ideal for representing the interactions of nucleotides as there is a similarity 

between formal languages and biomolecules language [25]. Deoxyribonucleic Acid 

(DNA) and Ribonucleic Acid (RNA) structure sequences contain duplicate and crossing 

dependencies; hence these structures cannot be represented using CFG‟s. 

Sung [26] used context-sensitive grammar to represent various forms of RNA secondary 

structures. Rivas et al. [27] used cross interaction grammar to represent RNA secondary 

structures, including pseudoknots. Searls [28] represented the structure of nucleic acids 

using indexed grammar. Searls [29] also proposed a string variable grammar for the 

representation of DNA. Uemura et al. [30] described a subclass of tree adjoining 

grammars for the modeling and prediction of RNA structures. Cai et al. [25] represented 

RNA pseudoknot structures using parallel communicating grammar systems. Mizoguchi 

et al. [31] used stochastic multiple context-free grammars to represent various classes of 

pseudoknots. Aligned sequences were computed using stochastic multiple context-free 

grammars based on probability estimators. Kuppusamy et al. [32] modeled DNA and 

RNA biomolecular structures of the intermolecular level, intramolecular level and at 

RNA secondary level using matrix-insertion deletion grammar. These sequences are 

represented using context-sensitive grammar or mildly context-sensitive grammar with 

higher time complexities.  

Motivated from existing approaches, we have represented deoxyribonucleic acid (DNA) 

and ribonucleic acid (RNA) structure sequences using state grammar and deep pushdown 

automata. We have represented three commonly found structures in DNA and RNA using 

state grammar namely: Tandem Repeat, Inverted Repeat, and Pseudoknot. These 

biological sequences are depicted using formal model deep pushdown automata. 

Furthermore, we have designed top-down extended LL (1) parser for state grammar. The 

major benefit of this approach is that DNA and RNA sequences can be parsed in linear 
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time ( ),O n where n  is the length of the string, which is a significant improvement over 

the existing approaches. There are various other biological structures such as extended 

pseudoknot, recursive pseudoknot, simple h-type, kissing hairpin, three-knot which 

includes crossing dependencies, which also requires power beyond context-free grammar.  

Further, we have extended our work for various biomolecular structures of DNA and 

RNA using state grammar. Various structures represented are attenuator, extended 

pseudoknot, kissing hairpin, simple h-type, recursive pseudoknot, and three-knot.  

Most of the regulated automata and regulated transducer which exist in literature such as 

deep pushdown automata (DPDA) [10], parallel deep pushdown automata (PDPDA) [11], 

deep pushdown transducer (DPDT) [33] and parallel pushdown transducer (PDPDT) [33] 

are deterministic with respect to depth but lacks in strict determinism. We have designed 

a deterministic deep pushdown automaton (DDPDA), deterministic deep pushdown 

transducer (DDPDT) and their parallel versions named as a parallel deterministic deep 

pushdown automaton (PDDPDA) and a parallel deterministic deep pushdown transducer 

(PDDPDT), as an extension of DPDA, DPDT, PDPDA, and PDPDT, respectively. The 

proposed models obey the properties of both strict determinism and determinism with 

respect to depth. Furthermore, based on the deterministic version of these proposed 

automata and transducer, an infinite hierarchy of languages is explored.  

Implementation of DDPDA, DDPDT and their parallel versions (PDDPDA and 

PDDPDT) require additional states as compared to non-strict DPDA, DPDT and their 

parallel versions (PDPDA and PDPDT), but it will require less number of moves with 

respect to the given input string. Hence, DDPDA, DDPDT and their parallel versions 

(PDDPDA and PDDPDT) „arrive at the answer‟ faster in comparison to the equivalent 

DPDA, DPDT and their parallel versions (PDPDA and PDPDT).    

Gao et al. [34] diagnose the motor fault using the concept of fuzzy logic. There is a need 

to diagnose the fault in linguistic theory. Fuzzy sets deal with the concept of vagueness 

[35]. Schinder et al. [36] described an approach for recognizing imperfect strings 

generated by the context-free grammar. Inui et al. [37] extended the work of Schinder et 

al. [36], describing an approach, for recognizing imperfect string generated by the 

context-sensitive grammar. Both Schinder et al. [36] and Inui et al. [37] used a number of 

fuzzy sets to determine the membership values of imperfect strings not belonging to the 

grammar.  
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Motivated by the prior work of recognition of imperfect strings in context-free grammar 

and context-sensitive grammar, an algorithm is designed for error tolerance in recognition 

of faulty strings in a regulated grammar using fuzzy sets.  The time complexity of the 

proposed algorithm is 
2 3(| | . | | )O G w , where | |G  represents the number of production 

rules and | |w is the length of the input string .w  We applied the algorithm to regularly 

controlled and matrix grammar. 

1.2 PRELIMINARIES CONCEPT 

In this section, we introduce some of the basic notations and definitions which are used 

throughout the thesis. 

Let   be an alphabet consisting of a finite set of terminals. G  denotes the grammar.  

( )L G denotes the language generated by the grammar .G  ( )L 
 
denotes the membership 

grade of string   in the language L  such that 0 ( ) 1L   . Operator _ is used to replace 

a symbol by any arbitrary symbol from the alphabet . Let { , , , }D g c a t   and 

{ , , , }R g c a u   be an alphabet of DNA and RNA, respectively.  Here Purine is classified 

into adenine (a) and guanine (g), while pyrimidine is classified into cytosine (c) thymine 

(t) and uracil (u). Pairing occurs between purines and pyrimidine. The complement of a 

symbol u is represented by u


. Complement pairing in DNA is ,a t


 ,t a


 ,g c


 and

.c g


 Complement pairing commonly occurs in RNA is Watson-Crick pairing. In 

Watson-Crick base pairs, ,a u


 ,u a


 ,g c


 and c g


 .   denotes empty string. 

denotes empty set. 
*  represents a free monoid generated by the set  . 

Nucleic acids, including DNA and RNA, are important macromolecules that exist in 

every form of life. RNA and DNA are made from monomers known as nucleotides. Each 

nucleotide consists of a pentose carbon sugar, a phosphate group, and a nitrogenous base. 

If the sugar is ribose, then the polymer is RNA. If the sugar is deoxyribose, then the 

polymer is DNA.  

DNA Structure- DNA is double-stranded helical structure. The strands of the double 

helix are anti-parallel in nature with one being 5‟ to 3‟ and the opposite strand 3‟ to 5‟. 

Each strand of the original DNA polymer serves as a template for the production of the 

complementary strand. Replication occurs from 5 prime to 3 prime directions.  
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RNA Structure- RNA structure is classified into the primary, secondary and tertiary 

structure. The primary structure is the sequence of bases in a linear order that forms the 

complete molecule [38]. The secondary structure is a two-dimensional structure formed 

by folding of molecule around itself to do the base pairing. In secondary structure 

formation, not all the bases contain exact complementary base pairs, some of the bases 

lack correct complement base pair, which leads to the formation of loops such as hairpin 

loops, internal loops, bulge loops, etc. Tertiary structure is 3- dimensional structure such 

as pseudoknot which is formed by the orientation of these secondary structure motifs. 

RNA tends to form single-stranded 3D structures because of the presence of extra 2‟-

hydroxyl group present in Ribose part of RNA [26]. Tertiary structures are 3-dimensional 

structure made by one molecule. Three-dimensional structure formed by more than one 

molecule is called quaternary structures.  

Throughout this thesis, the push operation is represented by 
e  and  p  is used to 

represent the pop operation.  

DEFINITION 1.2.1. Grammar [39] is a quadruple ( , , , ),G N P S  where  

 N is a finite set of non-terminals, 

  is a finite set of terminals, 

 P is a set of productions, and  

 S is a start symbol, and S N . 

DEFINITION 1.2.2. A context-free grammar (CFG) [39] is quadruple ( , , , )fG N P S

where ( , , )N S  are similar as specified in definition 1.2.1 and the production P is of the 

following form: | N    and 
*( )N   . 

DEFINITION 1.2.3. Context-sensitive grammar (CS) [39] is quadruple ( , , , )sG N P S

where ( , , )N S
 are similar as specified in definition 1.2.1 and the production P is of the 

following forms:
*{ | , ( ) | | | |}N          .  

Here | | and | |  represent the number of symbols (terminal and non-terminal) involved 

in  and   respectively. 
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DEFINITION 1.2.4. Regulated grammar is dual tuple ( , ),RG G RG where ( , , ,G N S )P  

are similar as specified in definition 1.2.2 and RG is the restriction applied on the 

derivations of strings. RG depends on the type of regulated grammar [1-3].  

DEFINITION 1.2.5. Regularly controlled grammar [6] is dual tuple ( , ),RCG G r where 

( , , , )G N S P are similar as specified in definition 1.2.2 and r is a regular expression over 

the set of production P which controls the derivations of strings. 

Language ( )RCL G
 
represented by regularly controlled grammar RCG consists of all words 

*w generated by the following sequence: 

0 1

1 2...
npr prpr

S w w w   such that 0 1, ,..., npr pr pr P
 

EXAMPLE 1.1 [1]: Consider the regularly controlled grammar ( , ),RCG G r where
 

({ , , },{ , }, , )G S C D c d S P  and the production P is of the following forms: 

 0pr S CD                                  

1pr C cC                     2pr D cD                               

3pr C dC                     4pr D dD                                 

5pr C c                       6pr D c                                      

7pr C d                      8pr D d   

*

0 1 2 3 4 5 6 7 8( , ) ( , )r pr pr pr pr pr pr pr pr pr  

Consider the sample string w cdcd  

0 7 81 2pr pr prpr pr

S CD cCD cCcD cdcD cdcd      

The language generated by the above regularly controlled grammar ( ) { |RCL G ww w  

{ , } }c d 
and it is a non-context-free language. 

DEFINITION 1.2.6. Matrix grammar [7] is dual tuple
 

( , ),M mG G r where ( , ,G N 

, ),S M ( , , )N S are similar as specified in definition 1.2.2 and 1 2( , .... ), 1nM m m m n   
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is a finite set of matrices, where each im
 
consists of a finite set of context-free production 

and mr   is a regular expression over the set of matrices
im . 

Matrix Grammar is a rule-based regulated grammar, where restrictions on productions are 

applied using matrix. Here, we have to apply all of the productions of a matrix in  a 

sequential order before starting another matrix.  

EXAMPLE 1.2 [3]: Consider ( , ),M mG G r where
 0 1 2({ , , },{ , }, ,{ , , ,G S C D c d S m m m  

3 4, })m m be the matrix grammar where 

0 0( ),m p S CD    

1 1 2( , ),m p C cC p D cD      

2 3 4( , ),m p C dC p D dD      

3 5 6( , ),m p C c p D c      

4 7 8( , ),m p C d p D d      

The control set is *

0 1 2 3 4( , ) ( , )mr m m m m m . 

Consider w dcdc  

0 0 2 3 3 5 3 61 1 1 2 2 4: : : :: : :m p m p m p m pm p m p m p

S CD cCD cCcD cdCcD cdCcdD cdccdD cdccdc        

The language generated by the above matrix grammar ( ) { | { , } }ML G ww w c d    and it 

is a non-context-free language. 

DEFINITION 1.2.7. Informally, in state grammar, regulation is specified in terms of 

states. In each derivation, a non-terminal can be rewritten under the present state and 

during each derivation it changes its state by making a transition from one state to another 

state and determines which next rule needs to be applied.   

Formally, a state grammar [8] is a pen-tuple ( ,  ,  ,  ,  ),sG V Q P S  where 

 V is a finite set of symbols;  

 Q  is a finite set of states, and V Q  ; 

 V  is a finite set of terminals; 

 S V  is the start symbol; and   
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 ( ( ) ( ))P Q V Q V       is a finite relation over the productions. 

EXAMPLE 1.3: Consider the state grammar 0 1 2({ , , ,0,1,2},{ , , },{0,1, 2},SG S A B p p p

, )P S where the production rules are 

  
0 0

( , ) ( , )p S p AB     

  
0 1

( , ) ( , 0 1)p A p A              
1 0

( , ) ( , 2 )p B p B      

  0 2( , ) ( ,01)p A p                  2 0( , ) ( , 2)p B p  

Consider the string 000111222s   

0 0 1 0 1 0 2 00 1 0 12 00 112 00 1122 00011122 000111222p p p p p p p pS AB A B A B A B A B B      

The non context-free language generated by SG
 
is ( ) {0 1 2 | 1}n n n

SL G n  . 

DEFINITION 1.2.8. A state translation scheme is an extension of state grammar in 

which a string is generated from grammar along with output. Formally, a state translation 

scheme [40] is a sextuple ( , , , , , )I OV Q S P   

 V is a finite set of symbols, 

 Q  is a finite set of states, and V Q  , 

 I V  is a set of input symbols,
 
 

 O V  is a set of output symbols, ( )I ON V    , 

 S N is a start symbol, 
_

,N N  N


 are the non-terminals which we obtain on the 

right hand side, i.e. N


 contains all non-terminals excluding starting non-terminal 

S. 

 
_ _

( ( )) ( ( ) ( ( ) ) )I OP Q N Q N N         is a finite relation over the 

productions. ( )N


 is a bijective function of set N


 permutations.  

DEFINITION 1.2.9. DPDA is an extension of conventional PDA. In DPDA, we can 

push the symbols on the top of the stack as well as on the deeper parts of the stack. On the 

basis of expansion depth, DPDA coincides with the infinite hierarchy of n-limited state 

grammar. Formally, DPDA [10] is a septuplet 0( , , , , , , )d M Q R q S F  where,  

 Q is a finite set of states, 
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  is a finite set of pushdown symbols,  

  is a finite set of input symbols, such that    and # ( )  ,  

 R is a finite relation such that ( ( ( {#})) ( {#}) )R I Q Q        

*( {#} ( {#}) {#})I Q Q      and the elements of { , , }I Q  are pair-wise 

disjoint where I denotes natural numbers.   

 0q Q denotes the starting state, 

 S is the starting pushdown symbol, 

 F Q is the set of final states, 

d is a maximum depth up to which non-input symbol can be expanded. A configuration of 

d M  is a triple in ( {#}) {#}Q     . 

EXAMPLE 1.4: Consider DPDA 2 0 0({ ,  ,  , },{ ,  ,#},{ ,  ,  }, ,  ,  ,{ })M q q p f A S a b c R q S f  

with R containing rules 01q S qAA ,1qA paAb , 1qA fab , 2 ,pA qAc 1fA fc  

Given input string ,w aabbcc 2 M makes 

0( ,  ,  #) ( ,  ,  #)eq aabbcc S q aabbcc AA                           0[1 ]q S qAA  

( ,  , #)e p aabbcc aAbA                                                [1 ]qA paAb   

( ,  ,  #)p p abbcc AbA  

( ,  ,  #)e q abbcc AbAc                                                    [2 ]pA qAc   

( ,  ,  #)e f abbcc abbAc                                                    [1 ]qA fab   

( ,  ,  #)p f bbcc bbAc  

( ,  , #)p f bcc bAc  

( ,  ,  #)p f cc Ac  

( ,  ,  #)       e f cc cc                                                             [1 ]fA fc   

( ,  ,  #)p f c c  

( ,  , #)p f   
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Thus, 2 2( ) ( ) { | 1},n n nL M E M a b c n   where 2( )L M and 2( )E M  denote the 

languages accepted by final state and empty pushdown of depth two respectively. 

DEFINITION 1.2.10. PDPDA is an extension to DPDA. It is a parallel version of 

DPDA. In one move of PDPDA, we can expand n topmost non-input symbols. It also 

coincides with the infinite hierarchy of n-limited state grammars.  

Formally, PDPDA [11] is a septuplet 0( , , , , , , )d pM Q R q S F   where, 

 Q  is a finite set of the states,  

  is a finite set of pushdown symbols,  

  is a finite set of input symbols, such that   and # ( )  , 

 R  is a finite set of rules of the type 1 1( ,..., ) ( ,..., ),n np A A q w w where , ,p q Q

,iA   ,iw   1 i n  . 

 0q Q denotes the starting state, 

 S is the start pushdown symbol, 

 F Q is the set of final states, 

d is a maximum depth up to which non-input symbol can be expanded. The configuration 

of PDPDA d pM  is a triplet ( {#}) {#}.Q      

EXAMPLE 1.5: Consider PDPDA 2 0 0({ ,  ,  , },{ ,  ,#},{ ,  ,  }, ,  ,  ,{ })pM q q p f S X a b c R q S f  

with R containing rules: 

01q S qXX ,    1qX paXb , 

1qX fab ,   1fX fc , 

( , ) ( , )q X X q aXb Xc ,           ( , ) ( , )p X X q X Xc ,  

( , ) ( , )p S X q S Xc  

For input string aabbcc  ,  

0( , , #) ( , , #) ( , , #) ( , , #)e e pq aabbcc S q aabbcc XX q aabbcc aXbXc q abbcc XbXc  
 

( , , #) ( , , #) ( , , #) ( , , #)e p p pf abbcc abbXc f bbcc bbXc f bcc bXc f cc Xc     

( , , #) ( , , #) ( , ,#)e p pf cc cc f c c f     
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The 2 2( ) ( ) { | 1},n n n
p pL M E M a b c n   where 2( )pL M  and 2( )pE M  denotes the 

language accepted by final state and empty pushdown of depth two respectively. 

DEFINITION 1.2.11. The DPDT is the extended version of the DPDA. It works 

similarly as DPDA except that an output string is generated corresponding to the given 

input string. Formally, DPDT [33] is an octuplet 0( , , , , , , , )d T I OM Q R q S F  
 
where,  

 Q  is the set of states, 

 I  is a finite set of input symbols, 

  is a finite set of pushdown symbols,  

 ,I   

 O  is a finite set of output symbols, where
 

,O   

 ,I contains a special bottom symbol denoted by #, i.e. # ( )I   

 0q Q denotes the starting state, 

 S is the start pushdown symbol, 

 F Q is the set of final states, 

 R is a finite set of rules in a form ',mpA qw  where m specifies depth, ,m d  

,p q Q , ,IA ,w  ' ( ) .O    

d is a maximum depth up to which non-input symbol can be expanded. A configuration of 

DPDT d TM  is a 4-tuple ( ) ( {#}) {#} ( ) .I OQ          

EXAMPLE 1.6: DPDT for { | 1}n n n
IL a b c n   which perform the reversal of the string 

with the output { | 1}n n n
OL c b a n  .  

Meduna [10] designed a DPDA for the language IL DPDT 2 0({ ,  ,  , },{ ,  ,  },TM q q p f a b c  

0{ ,  ,#},{ , , , }, ,  ,  ,{ })X S a b c R q S f  with R containing rules: 

0(1 , )q S qXX  , 

(1 , )qX paXb  , 

(1 , )qX fab  , 

(2 , )pX qXc  , 
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(1 , )fX fc   

Rules for pop operations:  

1. If a is popped, generate output c. 

2. If b is popped, generate output b. 

3. If c is popped, generate output a. 

For w aabbcc   

0( ,  ,  #, ) ( ,  ,  #, ) ( ,  , #, )e e pq aabbcc S q aabbcc XX p aabbcc aXbX     

( ,  ,  #, ) ( ,  ,  #, ) ( ,  ,  #, )e e pp abbcc XbX c q abbcc XbXc c f abbcc abbXc c  

( , ,  #, ) ( , , #, ) ( , ,  #, ) ( , ,  #, )p p ef bbcc bbXc cc f bcc bXc ccb f cc Xc ccbb f cc cc ccbb  

  ( ,  ,  #, ) ( , , #, )p pf c c ccbba f ccbbaa  
 

DEFINITION 1.2.12. The PDPDT is the extended version of the PDPDA. It works 

similarly as PDPDA except that an output string is generated corresponding to the given 

input string. Formally, PDPDT [33] is an octuple 0( , , , , , , , )d Tp I OM Q R q S F    where, 
 

 Q  is the set of the states, 

 I  is a finite set of input symbols, 

   is a finite set of pushdown symbols,  

 ,I   

 O  is a finite set of output symbols, where
 

,O   

 R is a finite set of rules in a form 1 1( ( ,..., ) ( ,..., ), ')n np A A q w w  where ,n d

, ,p q Q  ( {#}),i IA   ( {#}) ,iw  
 
1 ,i n   ' ( ) .O    

 I , contains a special bottom symbol denoted by #, i.e. # ( )I   

 0q Q denotes the starting state, 

 S is the start pushdown symbol, 

 F Q is the set of final states, 

d is a maximum depth up to which non-input symbol can be expanded. The configuration 

of PDPDT d TpM  is a 4-tuple ( ) ( {#}) {#} ( )I OQ         .  

EXAMPLE 1.7: PDPDT for { | 1}n n n
IL a b c n   which perform the reversal of the 

string with the output { | 1}n n n
OL c b a n  . 
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Solar and Meduna [11] designed a PDPDA for the language IL  

PDPDT 2 0 0({ ,  ,  , },{ ,  ,  },{ ,  ,#},{ , , , },  ,  ,  ,{ })TpM q q p f a b c S X a b c R q S f where R is 

defined as follow:   

0(1 , )q S qXX  , 

(1 , )qX paXb  , 

(1 , )qX fab  , 

(1 , )fX fc  , 

( ( , ) ( , ), )q X X q aXb Xc  ,  

( ( , ) ( , ), )p X X q X Xc  , 

( ( , ) ( , ), )p S X q S Xc    

Rules for pop operations:  

1. If a is popped, generate output c. 

2. If b is popped, generate output b. 

3. If c is popped, generate output a. 

For ,w aabbcc d TpM  will process the string as follows: 

0( , , #, ) ( , , #, ) ( , , #, )e e pq aabbcc S q aabbcc XX q aabbcc aXbXc     

( , , #, ) ( , , #, ) ( , , #, ) ( , , #, )e p pq abbcc XbXc c f abbcc abbXc c f bbcc bbXc cc f bcc bXc ccb  

( , , #, ) ( , , #, ) ( , , #, ) ( , , #, )p e p pf cc Xc ccbb f cc cc ccbb f c c ccbba f ccbbaa     . 

DEFINITION 1.2.13. Fuzzy grammar [41] is quadruple ( , , , )fG N P S , where ( , , )N S

are similar as specified in definition 1.2.1 and P is a set of fuzzy productions of the 

following form: *{ | 0 1 , ( ) }.N


          . 

DEFINITION 1.2.14. Fuzzy language L [41]  is a fuzzy set of 
 .

*{( , ( ) |L x x x   

0 ( ) 1}x   where ( )x denote the degree of membership of string x . 

If a single derivation exists for the string ,x ( )x  is obtained by taking a minimum of all 

the derivation rules from S  to derive ,x  if there exist more than one derivation for a 
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particular string ,x then max is taken over the minimum of all the derivation rules starting 

from S  to derive x . 

1.3 ORGANIZATION OF THE THESIS  

This thesis is devoted to designing and development of a variant of regulated grammar or 

regulated automata and to apply their concept in RNA and DNA bio-molecular structures. 

The results obtained are discussed in chapter 3 to chapter 7. Complete chapter-wise 

summary of thesis work is given as follows:  

 In Chapter 1, the motivation of research work, preliminary concepts which include basic 

notations and definitions and, the thesis outline has been given.  

 In Chapter 2, we discuss various types of regulated grammar and regulated automata. 

Regulated grammar can be classified into rule-based, context-based and parallel based. 

Survey of various existing regulated automata such as Deep Pushdown Automata, Parallel 

Deep Pushdown Automata, and Absolutely Unlimited Deep Pushdown Automata has 

been carried out. Survey of existing regulated transducer such as Deep Pushdown 

Transducer, Parallel Deep Pushdown Transducer has been discussed. Further, the concept 

of fuzzy context-free grammar, fuzzy pushdown automata, and grammar formalism for 

DNA and RNA sequences has also been discussed. In the last section, gaps in the area of 

regulated grammar and regulated automaton, problem statement, and the objectives of 

this dissertation are explored. 

 In Chapter 3, a novel concept of fuzzy state grammars and fuzzy deep pushdown 

automata has been introduced. This concept represents a natural extension of 

contemporary state grammar and deep pushdown automaton, making them more robust in 

terms of imprecision, errors, and uncertainty. We have defined the Instantaneous 

description of fuzzy deep pushdown automata. 

It has been proved that we can construct fuzzy deep pushdown automata from fuzzy state 

grammars and vice-versa. The two main results of this chapter are as follows: 

 Theorem 1: Let ( , , , , , , )fsG V Q P S E  be a fuzzy state grammar, then we can 

construct a fuzzy deep pushdown automaton fdM 0( , , , , , , , , , ,Q R q S F E   

, )  such that ( ) ( )fs fdL G L M  i.e. for any 
*, ( ; ( )) ( ;fsL G       

( ))fdL M . 
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 Theorem 2: Let fdM 0( , , , , , , , , , , , )Q R q S F E     
 
be a fuzzy deep 

pushdown automaton, then we can construct be a fuzzy state grammar 

( , , , , , , )fsG V Q P S E 
 
such that ( ) ( )fs fdL G L M  i.e. for any 

*, ( ;    

( )) ( ; ( ))fs fdL G L M    where   denotes the membership of a string. 

 In Chapter 4, Deterministic models of deep pushdown automata, parallel deep pushdown 

automata, deep pushdown transducer and parallel deep pushdown transducer are 

designed. The proposed deterministic models are strictly deterministic and deterministic 

with respect to depth. Furthermore, based on the deterministic version of these proposed 

automata and transducer, an infinite hierarchy of languages is explored. We support this 

discussion of deep and parallel pushdown automata and transducers by way of numerical 

examples. The main results of this chapter are as follows: 

 Theorem 1: The number of moves (expansion and pop) required for DDPDA is 

less than the DPDA for language { | 1}.n n nL a b c n   

 Theorem 2: The number of moves (expansion and pop) required for PDDPDA is 

less than the PDPDA for language { | 1}.n n nL a b c n   

 Theorem 3: The number of moves (expansion and pop) required for DDPDT is 

less than DPDT for reversal of strings for input{ | 1}.n n na b c n   

 Theorem 4: The number of moves (expansion and pop) required for PDDPDT is 

less than PDPDT for reversal of strings for input{ | 1}.n n na b c n   

 Theorem 5: For every DDPDAn with depth n, there exists a PDDPDAn (i.e., for 

1,n   DDPDAn= PDDPDAn).  

 Corollary 1: For every DDPDTn with depth n, there exists a PDDPDTn (i.e., for 

1,n   DDPDTn= PDDPDTn).  

 Theorem 6 [11]: For every 1,n  .n nDPDA PDPDA CS                                                         

 Theorem 7: Given { | (0 |1) }L ww w    cannot be accepted by any deterministic 

deep pushdown automata or parallel deterministic deep pushdown automata.   

 Corollary 2:
 
DDPDT DPDT and PDDPDT PDPDT  

 Corollary 3: Deterministic pushdown automata cannot be designed for 

{ | (0 |1) }RL ww w    

 Theorem 8: DDPDA CF    
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 Theorem 9: CF DDPDA    

 Theorem 10: The number of moves (expansion and pop) required for PDDPDT is 

less than DDPDT for performing the computation 0 .fq w q ww


  

 In Chapter 5, deoxyribonucleic acid (DNA) and ribonucleic acid (RNA) structure 

sequences are represented using state grammar and deep pushdown automata. We have 

represented three commonly found structure in DNA and RNA using state grammar 

namely: 

 Tandem Repeats: Tandem repeats occur, whenever the nucleotide sequence is 

duplicated, and duplication occurs directly adjacent to it.  

 Inverted repeats: Inverted repeats occur, whenever nucleotides sequence is 

followed by its reverse complement. 

 Pseudoknots: Pseudoknots are found in tertiary RNA structures. Pseudoknot 

sequences are formed whenever a pairing occurs between a secondary loop 

structure and complementary base outside the loop. 

These biological sequences are depicted using formal model deep pushdown automata. 

We have designed extended LL(1) Parser for state grammar. Extended LL(1) parser 

works similar to LL(1) parser except for the inclusion of states. The above-designed 

grammars for tandem repeats, inverted repeats, and interleaved repeats do not contain 

left-recursion. They contain left-factoring, which is handled by the inclusion of states in 

the parsing table.  

The major benefit of this approach is that the DNA and RNA sequences can be parsed in 

linear time ( )O n , where n  is the length of the string, which is a significant improvement 

over the existing approaches. In various existing approaches in the literature, these 

sequences are represented using context-sensitive grammar or mildly context-sensitive 

grammar with higher time complexities.  

 In Chapter 6, we extended our previous work of Chapter 5 for representing 

Deoxyribonucleic Acids (DNA) and Ribonucleic Acids (RNA) biological structures with 

the help of state grammar. The various structures represented are attenuator, extended 

pseudoknot, kissing hairpin, simple h-type, recursive pseudoknot, and three-knot.  

 In Chapter 7, an algorithm is designed for error tolerance in recognition of faulty strings 

in a regulated grammar using fuzzy sets (RFSRG). Furthermore, depending upon the 

errors and certainty, we decide whether the string belongs to the language or not 
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depending on its membership value. Regulated grammar is converted to Chomsky normal 

form to avoid multiple error elimination.  The time complexity of the proposed algorithm 

is 
2 3(| | . | | ),O G w where | |G  represents the number of production rules and | |w is the 

length of the input string .w  We have provided the numerical examples by applying the 

algorithm to regularly controlled and matrix grammar. By way of numerical examples for 

a string, ,w L the determination of a confidence level for the string, ,w is also 

demonstrated.  

Finally, conclusions are presented, followed by future scope and references. 
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1
Chapter-2                                                                                                      

LITERATURE SURVEY 

In this chapter, we will discuss various types of regulated grammar. Regulated grammar 

can be classified into context-based, parallel based and rule-based grammar. In this 

chapter, survey of various existing regulated automata and regulated transducer has been 

carried out. Further, the concept of fuzzy context-free grammar, fuzzy pushdown 

automata and grammar formalism for DNA and RNA sequences has also been explored. 

In the last section, gaps in the area of regulated grammar and regulated automaton, 

problem statement, and the objectives of this dissertation are explored. 

2.1 REGULATED GRAMMAR 

Regulated grammar can be classified into context-based, parallel based and rule-based 

grammar as shown in Fig. 2.1. 

 

 

 

 

 

 

 

 

 

Fig. 2.1: Classification of Regulated Grammar 

2.1.1 CONTEXT-BASED GRAMMATICAL REGULATION                                 

In context-based grammatical regulation [3], derivation is regulated by context-related 

                                                           
1 Results of this chapter are communicated in “IET SOFTWARE” entitled:  

A Survey of Formal Language Theory: Exploration of Various Sub-classes of Chomsky 

Hierarchy 

 

Regulated Grammar 

Rule-Based 

Grammatical Regulation 

(Restriction is by applying 

a sequence of rules) 

Context-Based 

Grammatical Regulation 

(Restriction is imposed on 

the context) 

Parallel Grammatical 

Regulation 

(Restriction is to rewrite 

more than one non-

terminal simultaneously) 



20 
 

restrictions. The production rules are of the type ( , , )r rP F   where rP  and rF  are 

permitting and forbidding fields, respectively. A rule in context-based grammar can 

rewrite a non-terminal if the permitting field occurs in sentential form, and a forbidding 

field does not occur. The following terminologies are used in context-based grammatical 

regulation [3]:  

 Propagating: If there are no production rules of the type ( , , ),r rP F   then 

grammar is said to be propagating (denoted by superscript P). 

 Degree (p, q): Every grammar has a degree (p, q), where p and q are positive 

numbers, and for every rule of the form ( , , ),r rP F  | |rP p  and | |rF q  

where | |rP  and | |rF  denote the number of productions in permitting and 

forbidding set. 

Fig. 2.2 represents various types of context-based regulated grammars. 

 

Fig. 2.2: Classification of context-based regulated grammars 

Navratil [42] introduced the concept of context-conditional grammar (CC) in which 

production rules are of the form ( , , ),r rP F   where    is a context-free rule, rP  

is a permitting string and rF  is a forbidden string.  

EXAMPLE 2.1: Consider context-conditional grammar ({ , , , , },{ }, ,ccG S C D P Q a P )S  

where P is defined by  
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{( , , ), ( , , ), ( , , ), ( , , ), ( , , ),S a S P P QD C P aD C Q PC D          

 

( , , ), ( , , ), ( , , ), ( , , )}Q aC D C DD PC D CC QD D a a      

 

Consider string w aaaaaaaa  

S P QD QCC PCCC PDDCC PDDCDD PDDDDDD aDDDDDDD       

*aDDaDDDD aaaaaaaa   

The language 
2( ) { | 0}

n

ccL G a n 
 

Walt [43] introduced the concept of Random-context Grammar (RC), Permitting 

Grammar (Per) and Forbidding Grammar (For). Random-context grammar is a context-

conditional grammar where production rules are of the form ( , , ),r rP F   with the 

degree (1, 1).  

EXAMPLE 2.2: Consider random-context grammar ({ , , , },{ }, , )RCG S P Q R a P S where 

the production rules P are defined by: 

{( , ,{ , }), ( , , { }), ( , , { }), ( , , { }), ( , , { })}S PP Q R P Q S Q S P S R P R a S        
            

Consider w aaaa  

S PP QP QQ SQ SS PPS PPPP QPPP QQPP QQQP          

QQQQ SQQQ SSQQ SSSQ SSSS RSSS RRSS RRRS RRRR        

aRRR aaRR aaaR aaaa    

2( ) { | 0}
n

RCL G a n 
 

In permitting grammar [43], the forbidden set of strings is empty. In permitting grammar, 

rules are of the form ( , )rP  with the degree (1, 0). 

EXAMPLE 2.3: Consider permitting grammar 
' ' '

, , , ,{({ , , , } , , },p X Y ZG S X Y Z x y z  

, )P S where the production rules P are defined by  

' ' ' ' ' '{( , ), ( ,{ }), ( ,{ }), ( ,{ }), ( ,{ }),S XYZ X xX Y Y yY Z Z zZ X X X Y    

 
' ' '( ,{ }), ( ,{ }), ( ,{ }), ( ,{ }), ( , )}Y Y Z Z Z X X x Y Y y Z Z z     

 

Consider w xxyyzz  

' ' ' ' ' ' ' ' 'S XYZ xX YZ xX yY Z xX yY zZ xXyY zZ xXyYzZ xXyYzZ       

xxyYzZ xxyyzZ xxyyzz 
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The language represented by permitting grammar is ( ) { | 1}n n n
pL G x y z n 

 

In forbidding grammar [43], the permitting set of strings is empty. In forbidding 

grammar, rules are of the form ( , )rF  with the degree (0, 1).
 

EXAMPLE 2.4: Consider the forbidding grammar ({ , , , },{ }, , )FG S P Q R a P S  where the 

production rules P are defined by {( ,{ , }), ( , { }), ( , { }),S PP Q R P Q S Q S P  
 

( , { }), ( , { })}S R P R a S   

Consider w aaaa  

S PP QP QQ SQ SS PPS PPPP QPPP QQPP QQQP          

QQQQ SQQQ SSQQ SSSQ SSSS RSSS RRSS RRRS RRRR        

aRRR aaRR aaaR aaaa    

The language accepted by forbidding grammar is 
2( ) { | 0}

n

FL G a n  . 

Meduna et al. [44] proposed one-sided random-context grammar (OSRC) which is also 

further characterized into one-sided permitting grammar (OSPRG) and one-sided 

forbidding grammar (OSRFG). In one-sided random context grammar [44], the set of 

rules is divided into left and right random context rules. Left random-context rules rewrite 

a non-terminal if in the left-hand side of the non-terminal, the permitting string of a rule is 

present, and the forbidden string does not occur. Right random-context rules rewrite a 

non-terminal if in the right-hand side of the non-terminal, the permitting string of the rule 

is present and the forbidden string does not occur. Production rules are of the form

( , , )RC RCL R  . 

EXAMPLE 2.5: Let 
' '({ , , , , },{ , , }, , , )OSRC RC RCG S P Q P Q p q r L R S be a one-sided 

random-context grammar with RCL is as follows: 

' ' ' '{( , , ), ( ,{ }, ), ( ,{ }, ), ( , ,{ , })}S PQ Q Q P Q qQ r P Q P P         

and RCR  is as follows 
' ' '{( ,{ }, ), ( ,{ }, ), ( ,{ }, )}P pP Q P P Q P Q      

Consider the string 
n n nw p q r  

' ' ' ' n n n n n n n n nS PQ pPQ pP qQ r pPqQ r pPqQr p Pq Qr p q Qr p q r
  

       

( ) { | 0}n n n
OSRCL G p q r n   
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In one-sided permitting grammar (OSPRG) [44], the forbidden set is null, and the 

permitting set is divided into left and right permitting random context rules. Left random-

context rules rewrite a non-terminal if the permitting string of a rule is present to the left 

of non-terminal and right random-context rules rewrite a non-terminal if the permitting 

string of a rule is present to the right of non-terminal. 

EXAMPLE 2.6: Let ({ , , , , },{ , , }, , , )OSPRG PG S P Q R S p q r L S  is one-sided permitting 

grammar, where the right permitting set is null and PL  is as follows: 

{( , , ), ( , , ), ( , , ), ( , , ), ( , , ),S PR P p P pQ Q P R qr             

 

( , { }, ), ( , { }, )}R qQr Q S P P  

 

( ) { | , 0}n m m
OSRPGL G p q r n m   

In one-sided forbidding grammar (OSRFG) [44], the permitting set is null, and the 

forbidding set is divided into left and right forbidding random-context rules. Left 

forbidden random-context rules rewrite a non-terminal if the forbidding string of a rule is 

absent to the left of non-terminal and right forbidden random-context rules rewrite a non-

terminal if the forbidding string of a rule is absent to the right of non-terminal. 

EXAMPLE 2.7: Let 
' '({ , , , , , , },{ , , }, , , )OSRFG f fG S P Q P Q P Q p q r L R S

 

 is a one-sided 

forbidding grammar, where  

fL is 
_ _

' ' ' '{( , ), ( ,{ , }), ( ,{ , }, ( ,{ }),( ,{ })}S PQ Q qQ r P P Q Q P P Q Q P Q P
 

      

and fR  is  
_

' ' ' '{( ,{ }), ( ,{ }), ( ,{ }), ( ,{ })}P pP Q P P Q P P Q P Q


     

_
' ' ' ' * n n n n n nS PQ pPQ pP qQ r pPqQ r pPqQr p Pq Qr p Pq Qr       

_ _ _
n n n n n n n n np Pq Qr p q Qr p q r 

 
( ) { | 0}n n n

OSRFGL G p q r n 
 

Meduna et al. [45] defined that any recursively enumerable language can be generated 

using two or less right random context rules. Meduna [46] defined a generalized 

forbidding grammar (GFG). In generalized forbidding grammar, forbidding set of rules is 
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formed by finite languages. In GFG, the permitting set of strings is empty and production 

rules are of the form ( , )rF  . 

EXAMPLE 2.8: Let ({ , , , },{ }, , )GFGG S P Q R a P S in which production rules P are 

defined by {( ,{ , }), ( ,{ }), ( ,{ }), ( ,{ }), ( ,{ })}S PP Q R P Q S Q S P S R P R a S    

Consider w aaaa  

S PP QP QQ SQ SS PPS PPPP QPPP QQPP QQQP          

QQQQ SQQQ SSQQ SSSQ SSSS RSSS RRSS RRRS RRRR        

aRRR aaRR aaaR aaaa    

2( ) { | 0}
n

GFGL G a n 
 

Meduna et al. [47] introduced the concept of generalized one-sided forbidding grammar 

(GOSFG). In GOSFG, the forbidden rule set is divided into left and right forbidding 

rules. A left forbidding rule is applied when the forbidden string is absent to the left of the 

non-terminal and the right forbidding rule is applied when the forbidden string is absent 

to the right of the non-terminal. 

EXAMPLE 2.9: Let 
' '({ , , , , , , },{ , , }, , , )GOSFG f fG S P Q P Q P Q p q r L R S

 

is a generalized 

one-sided forbidding grammar, where  

fL is 
_ _

' ' ' '{( , ),( ,{ , }),( ,{ , }, ( ,{ }),( ,{ })}S PQ Q qQ r P P Q Q P P Q Q P Q P
 

       

and fR  is  
_

' ' ' '{( ,{ }), ( ,{ }), ( ,{ }), ( ,{ })}P pP Q P P Q P P Q P Q


     

_
' ' ' ' * n n n n n nS PQ pPQ pP qQ r pPqQ r pPqQr p Pq Qr p Pq Qr       

_ _ _
n n n n n n n n np Pq Qr p q Qr p q r 

 

 
( ) { | 0}n n n

GOSFGL G p q r n   

Paun [48] introduced the concept of semi-conditional grammar (SC). Semi-conditional 

grammar is a context-conditional grammar which satisfying the conditions | | 1rP   and

| | 1rF  , where | |rP  and | |rF  denote the number of productions in permitting and 

forbidding set. 

EXAMPLE 2.10: Let ({ , , , , , , },{ , , , , , }, , )scG S A B C D E F a b c d e f P S is a semi-

conditional grammar, where production rules P are defined by: 
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{( , , , ), ( , , ), ( , , ), ( , , ), ( , , , ),S ABC A aDb B F B cEd D F C eFf D B D A F B       

( , , ), ( , , ), ( , , ), ( , , ), ( , , )}E B A C F C A E A B F B C A C B    

 

Consider string w aabbccddeeff
 

S ABC aDbBC aDbcEdC aDbcEdeFf aAbcEdeFf aAbcBdeFf      

aAbcBdeCf aaDbbcBdeCf aaDbbccEddeCf aaDbbccEddeeFff aaAbbcc   

EddeeFff aaAbbccBddeeFff aaAbbccBddeeCff aabbccBddeeCff aabb   

ccddeeCff aabbccddeeff  

( ) { | 0}n n n n n n
scL G a b c d e f n 

 
Meduna et al. [49] introduced the concept of Simple Semi-conditional Grammar (SSC). 

SSC is a context-conditional grammar satisfying the conditions | | | | 1r rP F   where | |rP  

and | |rF  denote the number of productions in permitting and forbidding set. Production 

rules are of the form ( , , )r rP F  . 

EXAMPLE 2.11: Let ({ , , , , },{ }, , )sscG S C D P Q a P S is a simple semi-conditional 

grammar, where P is defined as follows: 

{( , , ), ( , , ), ( , , ), ( , , ), ( , , ),S a S P P QD C P aD C Q PC D          

 

( , , ), ( , , ), ( , , ), ( , , )}Q aC D C DD PC D CC QD D a a        

Consider string w aaaaaaaa  

S P QD QCC PCCC PDDCC PDDCDD PDDDDDD aDDDDDDD       

6aDDaDDDD aaaaaaaa 
 

2( ) { | 0}
n

sscL G a n 
 

Kljein [50-51] introduced the concept of Selective Substitution Grammar (SSG). In 

selective substitution grammars, there is a finite set of the selectors of the form * ' *.A B C  

The rule A x     is applied if and only if, A  , C  and A B  of the selector

* ' *A B C .   

Meduna et al. [52] proved the equivalence between one-sided forbidding grammars and 

selective substitution grammars with and without erasing rules. 

Table 2.1 shows the generative power of context-based regulated grammars. 
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Table 2.1: Comparative table of generative power for various context-based regulated 

grammars. Here CC, CFG, CS, Per, For, RCG, RE, OSRC, OSPRG, OSFRG, GFG, 

GOSFG, SSC, SSCG, SSG represents Context-conditional grammar, context-free 

grammar, context-sensitive grammar, permitting grammar, forbidding grammar, random 

context grammar, recursively enumerable, one-sided random-context grammar, one-sided  

permitting grammar, one-sided forbidding grammar, generalized forbidding grammar, 

generalized one-sided forbidding grammar, semi-conditional grammar, simple semi-

conditional grammar, and selective substitution grammar. Propagating versions of these 

grammars are denoted by superscript P.   

Ref.       Property 

Type 

Generative Power 

Navratil [42] Context-conditional 

Grammar 
(0,0) (0,0) ;PCC CC CFG  ;PCC CS  

;CC RE

 
Walt [43] Random-context 

Grammar 
;P PCFG Per RCG CS    

;PPer Per RCG RE    
;PCFG For For CS    

Walt [43] Permitting Grammar ;P PCFG Per RCG CS  

;PPer Per RCG RE  

 ;PCFG For For CS    

Walt [43] Forbidding Grammar ;P PCFG Per RCG CS  

 ;PPer Per RCG RE  

 ;PCFG For For CS    

Meduna et al.[44]   One-sided Random-

context Grammar 
; ;POSRC CS OSRC RE OSRC CS  

 
Meduna et al.[44] One-sided Permitting 

Grammar 
;P PCFG OSPRG OSPRG CFG OSPRG CS   

 

Meduna et al.[44] One-sided Forbidding 

Grammar 
; ;P P PFor OSFRG OSFRG CS OSFRG RE  

 Meduna et al. [45] One-sided Random-

context Grammar with a 

limited number of right 

random context rules 

OSRCG RE   where cardinality of right 

random context rules is not more than 2. 

 

Meduna [46] Generalized Forbidding 

Grammar 

(0) ; (1) ; (2)GFG CFG GFG ForG GFG RE    

Meduna et al. [47]  Generalized one-sided 

Forbidding Grammar 

( ,0) ; (0, ) ;GOSFG n CFG GOSFG n CFG 

 (1,1); (2,1)CFG GOSFG GOSFG RE   
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Table 2.1 (Contd.) 

Paun [48] Semi-conditional 

Grammar 
(0,0) (0,0) ; (1,0);p PSCG SCG CFG CFG SCG  

 (0,1); (1,1) ; (1,1)P P PCFG SCG SCG CS SCG 

;PRCG CS 

(2,1) (1,2)

(2,1) (1,2)

P P PCF SCG SCG SCG CS

SCG SCG SCG RE

   

   
 

Meduna et al. [49]  Simple Semi-

conditional Grammar 
(2,1) ; (2,1)PSSCG CS SSCG RE 

 
Kljein [50-51] Selective Substitution 

Grammar 
( ) ( ); ( ) ( )P PL SSG L OSFRG L SSG L OSFRG 

 
Meduna et al. [52] One-sided Forbidding 

Grammar and 

Selective Substitution 

Grammar 

( ) ( ); ( ) ( )P PL SSG L OSFRG L SSG L OSFRG 

 

 

2.1.2 RULE-BASED GRAMMATICAL REGULATION  

In rule-based grammatical regulation, the derivation of a string is regulated by application 

of rules. Various types of rule-based regulated grammar are depicted in Fig. 2.3.  

 

Fig. 2.3: Classification of rule-based regulated grammars 

The following terminology is used in the rule-based grammatical regulation: 

 Appearance Checking: If left-hand side of a production rule is not in the current 

sentential form and the same rule is in appearance-checking mode then we can 

skip the application of this rule and move to the next rule in the production set. 

 Without Appearance Checking: Once a derivation process is started, all the 

production rules need to be applied as given in the restriction set. 
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Ginsburg et al. [6] introduced the concept of regularly controlled grammar. In regularly 

controlled grammar, the restriction is in the form of regular expression. 

EXAMPLE 2.12 [3]: Let ({ , , },{ , }, , , )RG S C D c d S P R be regularly controlled grammar 

where the production rules P are defined by 
 

0 1 2 3 4{ , , , , ,pr S CD pr C cC pr D cD pr C dC pr D dD            

5 6 7 8, , , }pr C c pr D c pr C d pr D d         

*

0 1 2 3 4 5 6 7 8( , ) ( , )R pr pr pr pr pr pr pr pr pr  

Consider w cdcd  

0 1 2 7 8pr pr pr pr prS CD cCD cCcD cdcD cdcd      

( ) { | { , } }RL G ww w c d  
 

Cremers et al. [7] defined the concept of matrix grammar. In matrix grammar, all 

production rules of a matrix are applied in a prescribed sequence before starting another 

matrix. 

EXAMPLE 2.13 [3]: Consider the matrix grammar 0({ , , },{ , }, ,{ ,MG S C D c d S m  

1 2 3 4, , , })m m m m without appearance checking where, 

0 0( ),m p S CD  
 

1 1 2( , ),m p C cC p D cD    
 

2 3 4( , ),m p C dC p D dD      

3 5 6( , ),m p C c p D c    
 

4 7 8( , ).m p C d p D d      

The control set is
*

0 1 2 3 4( , ) ( , )m m m m m . 

Consider w dcdc  

0 0 2 3 3 5 3 62 4: : : ::m p m p m p m pm p

S CD dCD dCdD dcdD dcdc     . 

( ) { | { , } }ML G ww w c d    
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Cremers et al. [53] defined unordered vector grammar. Unordered vector grammar can be 

considered as a matrix grammar, where rules are applied in any arbitrary order.   

EXAMPLE 2.14 [1]: Consider the unordered vector grammar without appearance 

checking  0 1 2 3 4({ , , },{ , }, ,{ , , , , })uvG S C D c d S m m m m m  where, 

0 0( ),m p S CD  
 

1 1 2( , ),m p C cC p D cD    
 

2 3 4( , ),m p C dC p D dD    
 

3 5 6( , ),m p C c p D c    
 

4 7 8( , ).m p C d p D d    
 

' '( ) { : { , }, { , } , ( )}uvL G wxw x x c d w c d w Permutation w


   
 

Kasai [8] proposed state grammar. In state grammar, regulation is specified in terms of 

states. In each derivation, a non-terminal can be rewritten under the present state and 

during each derivation it changes its state by making a transition from one state to another 

state and determines which next rule needs to be applied.   

EXAMPLE 2.15: Consider the state grammar 0 1 2({ , , ,0,1,2},{ , , },{0,SG S A B p p p  

1, 2}, , )P S  where the production rules are 

 0 0( , ) ( , )p S p AB    
 

 0 1( , ) ( , 0 1)p A p A              1 0( , ) ( , 2 )p B p B      

 0 2( , ) ( ,01)p A p                     2 0( , ) ( , 2)p B p  

Consider the string 000111222w   

0 0 1 0 1 0 20 1 0 12 00 112 00 1122 00011122p p p p p p pS AB A B A B A B A B B     
 

0000111222p  

The non-context-free language generated by sG is ( ) {0 1 2 | 1}n n n
SL G n  . 

Rosenkrantz [54-55] introduced the concept of Programmed Grammar. Programmed 

grammar is a generalization of phrase structure grammars [56-57]. In programmed 

grammar, there are two types of sets named as success field and failure field set. Once the 

derivation is started the next production is chosen from the success field set, but if the 
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left-hand side is not in the sentential form, then the next production is chosen from the 

failure field set. 

EXAMPLE 2.16 [1]: Consider the programmed grammar (without appearance checking)

0 1 2 8({ , , },{ , }, ,{ , , ,..., })prG S C D c d S rp rp rp rp , where  

 0 1 3 5 7( ,{ , , , }, )rp S CD rp rp rp rp   ,              1 2( ,{ }, )rp C cC rp    

 2 1 3 5 7( ,{ , , , }, )rp D cD rp rp rp rp   ,             3 4( ,{ }, )rp C dC rp    

 4 1 3 5 7( ,{ , , , }, )rp D dD rp rp rp rp   ,             5 6( ,{ }, )rp C c rp    

 6 ( , , )rp D c    ,                                           7 8( ,{ }, )rp C d rp    

 8 ( , , )rp D d     

 ( ) { | { , } }prL G ww w c d   . 

Paun [58-59] introduced valence grammar. In valence grammar, restrictions are in the 

form of a monoid, either additive or multiplicative. Productions are of the form

( , ),m  where m is the additive or multiplicative monoid of integers or rational 

numbers, respectively. 

EXAMPLE 2.17 [1]: Consider 0 1 8({ , , },{ , }, ,{ , ,..., },{ })AVG S C D c d S p p p Z  be the 

additive grammar, where P is defined by  

0 ( , 0),p S CD  1 ( , 2),p C cC  2 ( , 2),p D cD   3 ( , 3),p C dC 

4 ( , 3),p D dD   5 ( , 2),p C c  6 ( , 2),p D c   7 ( , 3)p C d  8 ( , 3)p D d  
                      

 

1 2 1 2 # 1 # 1 # 2 # 2( ) { | { , } , 2 ( ) 3 ( ) 2 ( ) 3 ( )}AVL G w w w w c d c w d w c w d w      

EXAMPLE 2.18 [1]: Consider 0 1 8({ , , },{ , }, ,{ , ,..., },{ })MVG S C D c d S p p p Q  be the 

multiplicative grammar where P is defined by  

0 ( ,1),p S CD  1 ( , 2),p C cC  2 ( ,1/ 2),p D cD  3 ( , 3),p C dC 

4 ( ,1/ 3),p D dD  5 ( , 2),p C c  6 ( ,1/ 2),p D c  7 ( , 3),p C d  8 ( ,1/ 3)p D d   

1 2 1 2 1( ) { | { , } , ( )}MVL G w w w c d w Perm w  
 

Table 2.2: Classification of rule-based regulated grammars. Here CFG, RCG, MG, UVG, 

SG, PG, AVG, MVG, AC, CS are context-free grammar, regularly controlled grammar, 
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matrix grammar, unordered vector grammar, state grammar, programmed grammar, 

additive valence grammar, multiplicative valence grammar, appearance checking and 

context-sensitive grammar, respectively.  

Ref. Type Generative Power 

Ginsburg et al. [6] 

 

Regularly controlled Grammar  ACCFG RCG RCG CS    

Cremers et al. [7] 

 

Matrix Grammar  RCG MG  
AC ACRCG MG  

ACCFG MG MG CS    
Cremers et al. [53] 

 

Unordered Vector Grammar  CFG UVG MG   

Kasai [8]  

 

State Grammar  1CFG SG SG CS      

Rosenkrantz [54-55] Programmed Grammar  ACCFG PG PG CS    
 

Paun [58-59] Valence Grammar  CFG AVG MVG   

2.1.3 PARALLEL GRAMMATICAL REGULATION  

In parallel grammatical regulation, the derivation is regulated by rewriting more than one 

non-terminal simultaneously. Fig. 2.4 represents various types of parallel regulated 

grammar.  

 

Fig. 2.4: Classification of Parallel regulated grammars 

Siromoney [60] introduced the concept of Indian parallel grammar where all occurrences 

of non-terminals must be written simultaneously. 

EXAMPLE 2.19 [60]: Consider the Indian parallel grammar ({ },{ }, , )IPG S b S P  with the 

production rules P are{( ), ( )}S SS S b  . 

For the string ,w bbbbbbbb   
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S SS SSSS SSSSSSSS bbbbbbbb     

2( ) { | 0}
n

IPL G b n 
 

Saloma [61] introduced the concept of K-parallel grammar where K numbers of non-

terminals should be rewritten simultaneously, except for the starting non-terminal.  

EXAMPLE 2.20 [62]: Consider the K-parallel grammar ({ , , , },{ , , },KPG S P Q R p q r  

, )S P with the production rules P are  

{( ), ( ), ( ), ( ), ( ), ( ), ( )}S PQR P pP P p Q qQ Q q R rR R r      
 

For the string w pppqqqrrr ,  

S PQR pPqQrR ppPqqQrrR pppqqqrrr   
 

( ) { | 0}n n n
KPL G p q r n 

 

Dassow [63] defined Russian parallel grammar which lies in between Indian parallel 

grammar and K-parallel grammar. Production rules are of the form: ( , ),A x K  and we 

apply the rule A x  simultaneously to K non-terminals. Greibach et al. [64] defined 

scattered-context grammar. In scattered-context grammar, the matrix includes the 

production rules that need to be applied to the non-terminals. The rules in a string must be 

applied in the same order as given in matrix.  

EXAMPLE 2.21 [64]: Consider the scattered context grammar ({ , },{ , , },scpG S X p q r  

, )M S with the production matrix M is defined by:  

1 ( ) ( ),M S XXX 
 

2 ( , , ) ( , , ),M X X X pX qX rX 
 

3 ( , , ) ( , , )M X X X p q r   

For the string w pppqqqrrr ,  

S XXX pXqXrX ppXqqXrrX pppqqqrrr   
 

( ) { | 0}n n n
scpL G p q r n   
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Meduna et al. [65] defined propagating LL leftmost k-linear scattered context grammar. 

This grammar satisfies the following three conditions: (i) k- linear condition (ii) Leftmost 

condition and (iii) LL condition 

      Table 2.3 describes different properties of various types of parallel regulated grammar.  

Table 2.3: Properties of different types of parallel regulated grammar. Here CF, IPG, CS, 

RE, KPG, RPG, SCPG, and kLL SCPG  denote context-free grammar, Indian parallel 

grammar, context-sensitive grammar, recursively enumerable, k-parallel grammar, 

Russian parallel grammar, scattered-context parallel grammar, and LL leftmost k-linear 

scattered context  grammar, respectively. Propagating versions of these grammars are 

denoted by superscript P. 

Ref.    Type Restriction Generative Power 

Siromoney 

[60] 

 

Indian 

Parallel 

Grammar  

All occurrences of non-

terminals must be written 

simultaneously. 

PCF IPG CS IPG RE     

Saloma 

[61] 

 

K-Parallel 

Grammar  

 

 

K numbers of non-terminals 

should be rewritten 

simultaneously, except for 

the starting non-terminal. 

PCF KPG CS KPG RE     

Dassow 

[63] 

 

Russian 

Parallel 

Grammar  

 

 

Lies in between Indian 

parallel grammar and K-

parallel grammar. 

Production rules are of the 

form: ( , ),A x K and we 

apply the rule ,A x  

simultaneously to K non-

terminals.  

PCF RPG CS RPG RE     

Greibach 

et al. [64] 

 

Scattered-

Context 

Grammar  

 

 

The matrix includes the 

production rules that need to 

be applied to the non-

terminals. 

The rules in a string must be 

applied in the same order as 

given in matrix. 

PCF SCPG CS SCPG RE     

Meduna et 

al. [65] 

 

Propagating 

LL leftmost 

k-linear 

scattered 

context  

grammar 

This grammar satisfies the 

following three conditions: 

i. k- linear condition- 

ii. Leftmost condition 

iii. LL condition 

1k kLL SCPG LL SCPG  , for 

all 2k  . 
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2.2 REGULATED AUTOMATA  

In this section, regulated automata counterparts of various regulated grammars have been 

discussed.  

Meduna [10] introduced the concept of DPDA as an extension of conventional PDA. In 

DPDA, we can push the symbols on the top of the stack as well as on the deeper parts of 

the stack. On the basis of expansion depth, DPDA coincides with the infinite hierarchy of 

n-limited state grammar. Solar [11] introduced the concept of PDPDA as an extension to 

DPDA. It is a parallel version of DPDA. In one move of PDPDA, we can expand n 

topmost non-input symbols. It also coincides with the infinite hierarchy of n-limited state 

grammars.  

Krivika et al. [66] proposed the reduced version of the deep pushdown automata. It makes 

reductions of depth n and rewrites the stack substring with the n
th

 topmost non-input 

symbol in the pushdown. The input string is a part of a pushdown stack in the starting 

configuration instead of the input tape, and it works similarly as a bottom-up parser. 

Leupold et al. [67] proposed the concept of finitely expandable deep pushdown automata. 

It is an automaton counterpart of matrix grammar and corresponds to the hierarchy of 

matrix grammars of finite index. Finitely expandable deep pushdown automata contain 

only a finite number of non-input symbols in the stack.  

Meduna et al. [68] proposed the concept of controlled finite automata which coincide 

with the hierarchy of programmed grammars. It regulates the control of states and 

transition rules and proved that under certain regulations; regular-controlled finite 

automata and context-free-controlled finite automata represent regular and context-free 

languages, respectively. They have specified various conditions using which state-

controlled finite automaton can be converted into transition controlled automaton and 

vice-versa.  

Kucera et al. [12] proposed absolutely unlimited deep pushdown automata. Here, push 

operation can be performed regardless of its depth. Propagating and non-propagating 

unlimited deep pushdown automata can represent type-1 and type-0 language, 

respectively. 
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2.3 REGULATED TRANSDUCER  

Solar et al. [33] introduced the concept of a Deep pushdown transducer (DPDT) and 

Parallel deep pushdown transducers (PDPDT). The DPDT and PDPDT are extended 

versions of the DPDA and PDPDA, respectively. These regulated automata and 

transducers are formal models representing some of the context-sensitive languages or 

unrestricted languages using pushdown automata capabilities with some regulations. It 

works similarly as DPDA and PDPDA except that an output string is generated 

corresponding to the given input string.  

2.4 FUZZY CONTEXT-FREE GRAMMAR AND FUZZY 

PUSHDOWN AUTOMATA  

Zadeh [41] defines the notion of fuzzy languages which is a fuzzy subset of strings over a 

finite alphabet. Asveld [15] proposed fuzzy context-free K-grammar to represent 

erroneous sentences. During each derivation step, they make a finite choice out of the 

infinity of possible grammatical errors. Formally, a fuzzy context-free K-grammar is a 

fuzzy context-free grammar with a countable K number of rules. They proved that on the 

parameter K, the closure properties of a family of languages generated by fuzzy context-

free K-grammars and family of languages generated by ordinary context-free languages 

are similar. Asveld [16] proposed a modified Cocke-Younger-Kasami (CYK) algorithm 

to recognize fuzzy context-free grammar. Jun et al. [17] introduced the variant of fuzzy 

sets, named as bipolar fuzzy sets, in which membership degree lies between [-1 to 1] 

rather than [0-1].  Jacob et al. [18] defined the concept of fuzzy entire sequence space. 

Bucurescu et al. [19] proposed the concept of fuzzy pushdown automata and B-fuzzy 

pushdown automata as an extension to Pushdown Automata (PDA). In fuzzy pushdown 

automata, weights are assigned to the interval [0-1], and it accepts context-free language. 

In B-fuzzy pushdown automata, weights are assigned using Boolean algebra, and it 

accepts context-sensitive language. Moraga [20] defined the relationship between fuzzy 

context-free languages and fuzzy pushdown automata, calculating the degree of 

membership based on weights as determined by a monoid. Hopcroft et al. [21] 

demonstrate the equivalence between pushdown automata and context-free grammars. 

Kakoty  et al. [22] proposed a fuzzy logic model to evaluate expertise level of learner in 

an e-learning environment. Arora et al. [23] proposed an approach which converts state 
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chart diagram to finite state automata. Further, regular grammars have been generated 

from finite state automata. Xing [69] proposed one-stack fuzzy pushdown automata and 

multi-stack fuzzy pushdown automata demonstrating that the languages generated by one 

stack fuzzy push down automata and multi-stack fuzzy push down automata constituted 

the language of fuzzy context-free grammars.  

Gao et al. [34] diagnose the motor fault using the concept of fuzzy logic. Schinder et al. 

[36] described an approach for recognizing imperfect strings generated by the context-

free grammar. Inui et al. [37] extended the work of Schinder et al. [36], describing an 

approach for recognizing imperfect string generated by the context-sensitive grammar. 

Both Schinder et al. [36] and Inui et al. [37] used a number of fuzzy sets to determine the 

membership values of imperfect strings not belonging to the grammar.  

2.5 GRAMMAR FORMALISM FOR DNA AND RNA STRUCTURE 

SEQUENCES  

Sung [26] model various forms of RNA secondary structures, especially pseudoknots 

such as (hairpins, internal loops, double helixes, and bulge loops) with the help of 

context-sensitive grammar. Rivas and Eddy [27] represented RNA secondary structure 

including pseudoknots with the cross interaction grammar. The novel feature of cross-

interaction grammar is the use of special non-terminals which helps in specific 

rearrangements of substrings in a derivation. 

Searls [28] represented the structure of nucleic acids with the help of indexed grammar. 

An indexed grammar uses context-free grammar production rules along with the 

additional feature of indices that are taken from a special set of symbols, strings of which 

can be added to non-terminals. Searls [29] proposed a string variable grammar for 

representing the biological sequences of DNA. Uemura et al. [30] proposed subclass of 

the tree adjoining grammars to model and predict the RNA structure. A tree adjoining 

grammar is a kind of formal language that generates a set of trees rather than a set of 

strings. Cai et al. [25] represented RNA pseudoknot structures with the parallel 

communicating grammar systems (PCGS). Mizoguchi et al. [31] use the stochastic 

multiple context-free grammars (SMCFG), to represent various classes of pseudoknots. 

The probability estimator for the SMCFG is being computed from the aligned sequences.  
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Sakakibara et al. [70] modeled RNA structure loops using stochastic context-free 

grammar. Sakakibara [71] also modeled RNA structure loops using pair hidden Markov 

models. Yuki et al. [72] modeled RNA structure loops using SMCFG. Brown and Wilson 

[73] modeled RNA pseudoknot structure using the intersection of stochastic context-free 

grammars. Kuppusamy et al. [32] modeled DNA and RNA biomolecular structures of the 

intermolecular level, intramolecular level and at RNA secondary level using matrix-

insertion deletion grammar. 

Anderson et al. [74-75] introduced the concept of stochastic context-free grammar for 

predicting the RNA structure. Rothemund [76] and Cavaliere et al. [77] proposed a model 

for defining the action of a restriction enzyme in DNA using a Turing machine and 

pushdown automata, respectively. Furthermore, Krasinski et al. [78] improved the 

Cavaliere et al. [77] model using circular pushdown automata in which stack and input 

tape are on the same circular strand.  

2.6 GAPS IN LITERATURE 

Based on the literature survey, some of the research gaps identified for proposed research 

work of regulated grammar and regulated automata are presented below: 

1. In regulated languages, the input string is either accepted or rejected, but there is a 

chance that the user generates some error in the string. Hence, there is a need to 

introduce a mechanism by which string is not totally accepted or rejected, rather 

belong to the language with some certainty. It leads to the introduction of the 

concept of fuzziness in regulated language. 

2. Literature study reveals that the biological structure of DNA and RNA has highly 

expressive language, i.e. DNA and RNA nucleotides, based on the complementary 

pairs in chemical objects and other biological constraints, form patterns or 

structures and these structures highly correlates with the linguistic theory. There 

are some RNA structures like hairpin which matches with language (the 

language of palindrome) which requires context-free grammar. There are some 

other structures like attenuator 
_ _

*{ | }

R R

DNAuu uu u which matches with  

(copy language) which require power beyond context-free grammar. There are 

various other biological structures such as extended pseudoknot, recursive 

pseudoknot, simple h-type, kissing hairpin, three-knot which includes crossing 

Rww

ww
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dependencies, which also requires power beyond context-free grammar. Chomsky 

grammar systems are found ideal to model interactions of the biological structure 

of DNA and RNA. In formal language theory, little attention has been given to 

these sequences. The majority of works related to these sequences are represented 

using context-sensitive grammar or mildly context-sensitive with higher time 

complexities.   

3. Most of the regulated automata and regulated transducer which exist such as deep 

pushdown automata, parallel deep pushdown automata, deep pushdown transducer 

and parallel deep pushdown transducer work non-deterministically.  

2.7 PROBLEM FORMULATION  

In this section problem statement and objective of our work has been discussed. 

2.7.1 PROBLEM STATEMENT  

The research proposed in this work is design and development of a variant of regulated 

grammar or regulated automata and to apply their concept in RNA and DNA bio-

molecular structures. It will be an extension of regulated grammar and regulated automata 

to express uncertainty, imprecision, and vagueness in natural language fragments that will 

make regulated grammar or regulated automata more robust. The concept of regulated 

grammar and regulated automata is applied in the interdisciplinary field of biology. It will 

help to parse the biological structures with lesser time complexity. 

2.7.2 OBJECTIVES 

Following are the objectives of this dissertation:  

1. To explore the various types of regulated grammars and regulated automata. 

2. To design and develop a variant of regulated grammar or regulated automaton.  

3. To validate the proposed variant of regulated grammar or regulated automaton. 

4. To apply the concept of regulated grammar and regulated automaton in the field 

of biology.  

In addition to the above-mentioned objectives, following objectives are also achieved: 

1. Novel concept of deterministic deep pushdown automata, deterministic deep 

pushdown transducer and their parallel versions named as parallel deterministic 
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deep pushdown automata and parallel deterministic deep pushdown transducer has 

been proposed. 

2. Design of an algorithm for error tolerance in recognition of faulty strings in a 

regulated grammar using fuzzy sets (RFSRG). 
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2
Chapter-3 

FUZZY STATE GRAMMAR AND FUZZY DEEP 

PUSHDOWN AUTOMATA                                                                                                     

3.1 INTRODUCTION  

In formal language [13-14], input string w can either be accepted ( 1)w  or rejected

( 0).w   Fuzziness has introduced into regulated grammar in order to close the gap 

between the polar accept and reject extremes, and to make the grammar more robust in 

terms of faulty string acceptance. However, a robust parser may be required in the event 

of errors being present in the input. The input string will belong to a language with 

certainty between 0 and 1. The need and importance of developing fuzzy languages and 

fuzzy automata has been explored previously in the literature [79-82]. 

Motivated by the similarities between fuzzy finite automata [24] and fuzzy pushdown 

automata [20], this chapter explores the concepts of fuzzy regulated grammar and fuzzy 

regulated automata. State grammar is one of the types of rule-based regulated grammar 

and deep pushdown automaton is the regulated automaton counterpart of state grammars. 

In this chapter, the concept of fuzzy state grammar and fuzzy deep pushdown automaton 

are introduced. Fuzzy state grammar is a generalization of state grammar, whereas a 

fuzzy deep pushdown automaton is a generalization of the deep pushdown automaton. It 

has been proved that we can construct fuzzy deep pushdown automata fdM from fuzzy 

state grammars fsG  and vice-versa, and if the fuzzy deep pushdown automaton fdM  is 

constructed from the fuzzy state grammar fsG
 
using the above construction method, then 

( ) ( )fd fsL M L G .  

3.2 PROPOSED FUZZY STATE GRAMMAR 

In this section, we introduce the concept of fuzzy state grammar. 

                                                           
2 Results of this chapter has been published in Journal of Intelligent & Fuzzy Systems 

N. Kalra and A. Kumar, Fuzzy state grammar and fuzzy deep pushdown automaton, Journal of 

Intelligent & Fuzzy Systems, 31 (1), 249-258, 2016.  
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DEFINITION 3.2.1. A fuzzy state grammar fsG is septuple ( ,  ,  ,  ,  ,  ,  ),V Q P S E 

where  

 ( ,  ,  ,  ,  }V Q P S  is a state grammar [8] specified in definition 1.2.7,  

 E  is the set of error productions, and   

 : [0,  1]P   is a weighting function. The set {( ,  ( )) | }p p p P   constitutes a 

fuzzy set of productions.   

DEFINITION 3.2.2. A fuzzy state language is given by the triple ( ,  min,  max)G where 

G  is a fuzzy state grammar. The degree of membership of a string is calculated using the 

min operation. Min operation is applied to the weights of all productions used to derive a 

particular string from the initial symbol.   

It holds: ( ) ( ) min( ( ), ( ),..., ( ))L G i j zp p p                                                     (1) 

where , ,...,i j zp p p P   are productions used to derive the string  .  

If the grammar is ambiguous, then different degrees of membership obtained for the 

string  using different sequences of productions. Max operation is applied to determine 

the best membership for the string.  

         ( ) ( ) max{min( ( ), ( ),..., ( ))}L G i j zp p p    
                                                   

(2) 

EXAMPLE 3.1: Consider the fuzzy state grammar 0 1 2({ ,  ,  ,  ,  },{ ,  ,  },fsG S A B a b p p p

{ ,  },  ,  ,  ,  )a b P S E   where E  is the set of error productions, : [0,  1]P   is a weighting 

function.  

The set {( ,  ( )) | }p p p P  constitutes a fuzzy set of productions with the following rules 

in P : 

1

0 0( ,  ) ( ,  )p S p AB  

1

0 1( ,  ) ( ,  )p A p aAb
  

1

1 0( ,  ) ( ,  )p B p Bc  

1

0 2( ,  ) ( ,  )p A p ab
  

1

2 0( ,  ) ( ,  )p B p c  

The non context-free language generated ( ) { | 1}n n n
fsL G a b c n  . 

Errors in the input string are classified into following three types:  
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 Replacement Error: In replacement error [36-37], a terminal is substituted with 

another terminal symbol from the set . The certainty of occurrence of 

replacement error is maximum as tested from different erroneous input dataset. 

Hence the membership grade of replacement error is 0.6. 

 Addition Error:  In addition error [36-37], an extra new terminal symbol is added 

from the terminal set .  An extra new terminal can be placed before or after the 

terminal. The certainty of addition error occurrence is minimum with membership 

grade 0.3. 

 Removal Error: In removal error [36-37], a terminal is replaced by the empty 

string . The membership grade of removal error is 0.4. 

The set of error productions E is as follows:  

1. On applying replacement error: (Here _ denotes that it can be replaced by any 

arbitrary symbol from alphabet  ) 

0.6

0 1( ,  ) ( ,  _ )p A p Ab
 
 

0.6

0 1( ,  ) ( ,  _)p A p aA
 

0.6

0 1( ,  ) ( ,  _ _)p A p A  

0.6

1 0( ,  ) ( ,  _)p B p B  

0.6

0 2( ,  ) ( ,  _ )p A p b  

0.6

0 2( ,  ) ( ,  _)p A p a  

0.6

0 2( ,  ) ( ,  _  _  )p A p  

0.6

2 0( ,  ) ( ,  _)p B p  

2. On applying addition error: 

0.3

0 1( ,  ) ( ,  _ _ )p A p a Ab  

0.3

0 1( ,  ) ( ,  _ _)p A p aA b  

0.3

0 1( ,  ) ( ,  _ _ _ _)p A p a A b  

0.3

1 0( ,  ) ( ,  _ _)p B p B c  
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0.3

0 2( ,  ) ( ,  _ _ )p A p a b  

0.3

0 2( ,  ) ( ,  _ _)p A p a b  

0.3

0 2( ,  ) ( ,  _ __ _)p A p a b  

0.3

2 0( ,  ) ( ,  _ _)p B p c  

3. On applying removal error: 

0.4

0 1( ,  ) ( ,  )p A p Ab  

0.4

0 1( ,  ) ( ,  )p A p aA  

0.4

0 1( ,  ) ( ,  )p A p A  

0.4

1 0( ,  ) ( ,  )p B p B  

0.4

0 2( ,  ) ( ,  )p A p b  

0.4

0 2( ,  ) ( ,  )p A p a  

0.4

0 2( ,  ) ( ,  )p A p   

0.4

2 0( ,  ) ( ,  )p B p 
 

Consider unambiguous erroneous string abbbcc   such that  L    

0 0 1 0 2 0

1 1 1 0.6 1

p p p p p pS AB aAbB aAbBc abbbBc abbbcc      

( ) min(1;  1;  1;  0.6;  1) 0.6abbbcc    

Consider ambiguous erroneous string aabacc   such that  L   

Derivation 1:  
0 0 1 0 2 0

1 0.6 1 1 1

p p p p p pS AB aAaB aAaBc aabaBc aabacc      

( ) min(1;  0.6;  1;  1;  1) 0.6aabacc    

Derivation 2:  
0 0 1 0 2 0

1 0.3 1 0.4 1

p p p p p pS AB aAbaB aAbaBc aabaBc aabacc      

( ) min(1;  0.3;  1;  0.4;  1) 0.3aabacc    

The membership of erroneous string aabacc  is: 
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         max (min (Derivation 1, Derivation 2)= max(0.6; 0.3) 0.6  

 Hence derivation 1 is the optimal derivation with membership grade 0.6  . 

3.3 PROPOSED FUZZY DEEP PUSHDOWN AUTOMATON  

In this section, we introduce the concept of the fuzzy deep pushdown automaton. 

DEFINITION 3.3.1. A fuzzy deep pushdown automaton (FDPDA) fdM is a duodecuple 

0( , , , , , , , , , , , ),Q R q S F E      where 0( , , , , , , )Q R q S F   are as usual in deep 

pushdown automata [10] specified in definition 1.2.9, and   

 E  is the error set of productions, 

 : [0,1]P   is a weighting function,  

 The set { ,( ( )) | }p p p P   consists of fuzzy productions of the form 

* * *Q Q


     

 : [0,1]Q  is an initial state function defined by 

0

0

1,
( )

0,

q q
q

q q


 
  

 
 

 : [0,1]  is a pushdown function defined by  

1,
( )

0,

S

S


  
   

  
 

 : [0,1]Q  is a final state function, defined by 

1,
( )

0,

f F
F

f F


 
  

 
 

  A configuration of fdM  is a triple in  ( # ) {#}Q Q


         

EXAMPLE 3.2: Let us consider fuzzy deep pushdown automaton 0({ , , },{ ,fdM q q p A  

0,#},{ , , }, , , ,{ }, , , , ,  )S a b c R q S f E     with R containing rules  

1

0(1, , ) ( , ),q S q AA              
1

(1, , ) ( , ),q A p aAb   

1

(1, , ) ( , ),q A f ab                           
1

(2, , ) ( , ),p A q Ac   
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1

(1, , ) ( , )f A f c   

The set of error productions E are:  

0.6

(1, , ) ( , _ )q A p Ab      
0.6

(1, , ) ( , _)q A p aA   

0.6

(1, , ) ( , _ _)q A p A    
0.3

(1, , ) ( , _ _ )q A p a Ab   

0.3

(1, , ) ( , _ _ _ _)q A p a A b              
0.3

(1, , ) ( , _ _)q A p aA b   

0.4

(1, , ) ( , )q A p Ab     
0.4

(1, , ) ( , )q A p aA   

0.4

(1, , ) ( , )q A p A     
0.6

(2, , ) ( , _)p A q A   

0.3

(2, , ) ( , _ _)p A q A c    
0.4

(2, , ) ( , )p A q A   

0.6

(1, , ) ( , _)q A f a     

0.6

(1, , ) ( , _ )q A f b   

0.6

(1, , ) ( , _ _)q A f     
0.3

(1, , ) ( , _ _ )q A f a b   

0.3

(1, , ) ( , _ _)q A f a b    
0.3

(1, , ) ( , _ __ _)q A f a b   

0.4

(1, , ) ( , )q A f a     
0.4

(1, , ) ( , )q A f b   

0.4

(1, , ) ( , )q A f      
0.6

(1, , ) ( , _)f A f   

0.3

(1, , ) ( , _ _)f A f c    
0.4

(1, , ) ( , )f A f    

Pop operation is applied whenever the topmost symbol from the stack and current symbol 

under read/write (R/W) head matches, keeping the state same and the membership value 

is 1 for this rule. 

Consider unambiguous erroneous string abbbcc L     

1 1 1 1

0( , , #) ( , , #) ( , , #) ( , , #)e e p eq abbbcc S q abbbcc AA p abbbcc aAbA p bbbcc AbA   

0.6 1 1 1

( , , #) ( , , #) ( , , #) ( , , #)e p p pq bbbcc AbAc f bbbcc bbbAc f bbcc bbAc f bcc bAc   

1 1 1

( , , #) ( , , #) ( , , #) ( , , #)e p pf cc Ac f cc cc f c c f     
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( ) min(1;1;1;1; 0.6;1;1;1;1;1;1) 0.6abbbcc    

Consider ambiguous erroneous string aabacc L    

Derivation 1: 

1 0.6 1 1

0( , , #) ( , , #) ( , , #) ( , , #)e e p eq aabacc S q aabacc AA p aabacc aAaA p abacc AaA   

1 1 1 1

( , , #) ( , , #) ( , , #) ( , , #)e p p pq abacc AaAc f abacc abaAc f bacc baAc f acc aAc   
1 1 1

( , , #) ( , , #) ( , , #) ( , , #)e p pf cc Ac f cc cc f c c f     

( ) min(1; 0.6;1;1;1;1;1;1;1;1;1) 0.6aabacc    

Derivation 2:  

1 0.3 1 1

0( , , #) ( , , #) ( , , #) ( , , #)e e p eq aabacc S q aabacc AA p aabacc aAbaA p abacc AbaA   

0.4 1 1 1

( , , #) ( , , #) ( , , #) ( , , #)e p p pq abacc AbaAc f abacc abaAc f bacc baAc f acc aAc   
1 1 1

( , , #) ( , , #) ( , , #) ( , , #)e p pf cc Ac f cc cc f c c f     

( ) min(1; 0.3;1;1; 0.4;1;1;1;1;1;1) 0.3aabacc    

The optimal derivation is max (derivation1; derivation 2) = max (0.6; 0.3) = 0.6 

3.3.2 INSTANTANEOUS DESCRIPTION  

The fuzzy deep pushdown automaton fdM  works similarly as deep pushdown automaton 

[10] except that for every rule some membership value is associated. Configuration or 

instantaneous description of fdM  is described by a triple ( , , )q   , where , ,q  denotes 

the current state, remaining input tape symbols and stack contents respectively.  

Initial instantaneous description of fdM is 0( , , #)q S , where 0 , ,q S denotes the starting 

state, input string and stack starting symbol, respectively. Move from one instantaneous 

description to another instantaneous description will be carried out by expansion or pop 

operation. 

Consider ID1 and ID2 are two successive instantaneous descriptions of fdM and we can 

move  from ID1 to ID2 using the following two operations: 
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1. Pop operation: Consider 1( , , )ID p b b  and 2( , , )ID p   are two instantaneous 

descriptions such that 
*, ,p Q b    and *.T  This operation is 

represented by 1 2

i

pID ID


 . 

2. Expansion operation: Consider 1( , , )ID p A   and 2( , , )ID q v   are two 

successive instantaneous descriptions such that 
* *, , , ,p q Q T    and 

( )
i

mpA qv R


  . It should be noted that  consists of ( 1)m non-terminals. This 

operation is represented by 1 2

i

eID ID


 . 

3.4 RESULTS AND DISCUSSIONS  

In this section, we discuss the equivalence between fuzzy state grammar and a fuzzy deep 

pushdown automaton. 

THEOREM 1: Let ( , , , , , , )fsG V Q P S E  be a fuzzy state grammar, then we can 

construct a fuzzy deep pushdown automaton fdM 0( , , , , , , , , , , , )Q R q S F E      such 

that ( ) ( )fs fdL G L M  i.e. for any 
*, ( ; ( )) ( ; ( ))fs fdL G L M        . 

Proof. We can construct the fuzzy deep pushdown automaton fdM from fuzzy state 

grammar using the following procedure: 

The distribution functions [19] are defined by  

                                
0

0

1,
( )

0,

q q
q

q q


 
  

 
 

                                        
1,

( )
0,

S

S


  
   

  
 

                                      

1,
( )

0,

f F
F

f F


 
  

 
 

Consider the production of starting symbol in the fuzzy state grammar

0 0( , ) ( , ...),
i

pr S pr ABC


 its corresponding equivalent fuzzy deep pushdown automaton 

rule is 0 01 ...
i

pr S pr XXX


 . The depth of a rule in the fuzzy deep pushdown automaton 

depends on how much deep the non-terminal is presenting on the stack. For example, 
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Consider 0 0( , ) ( , )
i

pr S pr AB



 
production in the fuzzy state grammar, the corresponding 

starting state rule in the fuzzy deep pushdown automaton will be 0 01
i

pr S pr AA


  and the 

fuzzy deep pushdown automaton will be constructed of depth 2.  

The transition function R is defined by: 

1. Given the production rule 
1

0( , ) ( , )q S p   in the fuzzy state grammar, add 

1
'

0(1, , ) ( , )q S p 
 
in R of Mfd such that '  is equal to   except that all non-

terminals of  are replaced by A in '.  

2. Given the production rule ( , ) ( , )
i

q A p


  in the fuzzy state grammar, add 

(1, , ) ( , )
i

q A p


  in R of Mfd. 

3. Given the production rule ( , ) ( , )
i

q B p


  in the fuzzy state grammar, add 

(2, , ) ( , )
i

q A p


   in R of Mfd (As non-terminals of depth>1, we will replace the 

all non-terminal B of fuzzy state grammar to non-terminal A with depth 2 in the 

fuzzy deep pushdown automaton. Similarly (3, , ) ( , )
j

q A p


   in R, if the rule 

( , ) ( , )
j

q C p


  is in fuzzy state grammar with membership grade j and so on. 

4. Pop operation is applied whenever the topmost symbol and the current symbol 

under read/write head matches, keeping the state same and the membership value 

is 1 for this rule. 

Rigorous  Proof.  We want to prove that if 
0 * 1qS w   then '

0 1 2 * 2( , , ) ( , , )q w w S q w 

for any 2 ,w  where  denotes the degree of membership and '  is equal to   except that all 

non-terminals of  are replaced by A  in '.  

11 21

0 1 2 1( , ) ( , ) ( , ) ... ( , )
n

nq S q q q w
 

  


     such that 1 2 1( ) min(1, , , ..., )n iw      

i iw . Here iw is the string has already generated and 
*.i V    

Proof by Induction: This theorem is established by mathematical induction of 0,n 

where n represents the number of steps in the derivation of a string of a state grammar.  
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Basis Step: Consider 1,n  on applying the starting symbol production rule of the state 

grammar, a number of non-terminal are generated, and no input symbol is generated, i.e.

1w   , 2w w  and 
1

0 2( , ) ( , )q S q w   such that *

2 ( ) .w V   

Now 
1

'

0( , , ) ( , , )q w S q w  such that '  is equal to 2w  except that all non-terminals of 

are replaced by A   in 2w . Hence it is true for 1.n   

Induction hypothesis: Assume that if 0
*

( , ) ( , )nq S q



 
then '

0 1 2 * 2( , , ) ( , , )q w w S q w 

for any 2w  after n  derivation from S, *

1 ,w  1 ,n w  *,V ' *, 

1 2min( , ,..., )n     and '  is equal to   except that all non-terminals of  are 

replaced by A in ' .    

Induction step: Now consider ( 1)thn  derivation, If 
1

0 1
*

( , ) ( , ) ( , ),
n

n nq S q p


 


  Here 

1n w 
 
such that *

1w  and *.V   

Following cases can occur: 

Case 1: Consider in ( 1)n th
 derivation step, the leftmost non-terminal is replaced by a 

single terminal.  

1A   and 
1

0 1 1 1 1 1 1
*

( , ) ( , ) ( , ) ( , ) ( , ) ( , )
n

n nq S q q w q w A p w a p


    


      

If the leftmost non-terminal of  is A, then correspondingly in fuzzy deep pushdown 

automaton rule of 1 depth is applied. Using the 2
nd

 rule of the construction of fuzzy deep 

pushdown automaton from fuzzy state grammar, we get
1

'

0 1 2 * 2( , , ) ( , , )
n

q w w S q w


 


   

''

2( , , ).q w a  

Symbol a  is popped from the stack, and the same is read from 2w .  

Here 1 1 1n wa   where *

1w a  and denote the already consumed string. Similarly, if 

the leftmost non-terminal A gives a number of terminals, these will be popped from the 

stack and consumed from the input tape. Hence the property holds for ( 1)n derivation 

steps.      
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Case 2: Consider in ( 1)n
th

 derivation step, ( , ) ( , )q A p   such that
*.V   

1

0 1 1 1 1 1 1
*

( , ) ( , ) ( , ) ( , ) ( , ) ( , )
n

n nq S q q w q w A p w p


    


      

Case 3: Consider in ( 1)n
th

 derivation step, ( , ) ( , )q B p   such that
*.V   

1

0 1 1 1 1 1 1 1 1
*

( , ) ( , ) ( , ) ( , ) ( , ) ( , ),
n

n nq S q q w q w A B p w A p


      


      

Here, 1 1,A B    1 1 1 1n w A     

If the non-terminal is B in fuzzy state grammar, so using the 3
rd

 rule of the construction of 

fuzzy deep pushdown automaton from fuzzy state grammar, then correspondingly in 

fuzzy deep pushdown automaton rule of 2 depth is applied here 1 1A A    and 

''

1 1A    

1
' ''

0 1 2 * 1 2 1 2( , , ) ( , , ) ( , , )
n

q w w S q w w q w w


  


 
 

Case 4: Consider in ( 1)n th
 derivation step, ( , ) ( , )q C p   such that

*V .
 

1

0 1 1 1 1 1 1 1 1 1 1
*

( , ) ( , ) ( , ) ( , ) ( , ) ( , )
n

n nq S q q w q w A B C p w A B p


        


       

Here, 1 1 1,A B C     1 1 1 1 1n w A B    
 

If the non-terminal is C in fuzzy state grammar, so using the 3
rd

 rule of the construction of 

fuzzy deep pushdown automaton from fuzzy state grammar, then correspondingly in 

fuzzy deep pushdown automaton rule of 3 depth is applied here 1 1 1A A A     and 

''

1 1 1A B   
 

1
' ''

0 1 2 * 1 2 1 2( , , ) ( , , ) ( , , )
n

q w w S q w w q w w


  


  . 

Hence the same process is true for all the non-terminals in fuzzy state grammar. This 

completes the proof.                                                                                                             □                                                                                                             

THEOREM 2: Let fdM 0( , , , , , , , , , , , )Q R q S F E     
 
be a fuzzy deep pushdown 

automaton, then we can construct be a fuzzy state grammar ( , , , , , , )fsG V Q P S E 
 
such 
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that ( ) ( )fs fdL G L M  i.e. for any 
*, ( ; ( )) ( ; ( ))fs fdL G L M         where   

denotes the membership of a string. 

Proof. We shall construct a fuzzy state grammar ( , , , , , , ),fsG V Q P S E  where 

V S   and the production rules P are defined as follows:  

1. If (1, , ) ( , ...),q S p AA


  then add the production ( , ) ( , ...)q S q AB


 in P. The 

depth of fdM determines the number of different symbol is expanded from the 

starting symbol of state grammar.    

2. If (1, , ) ( , ),q A p


   then add the production ( , ) ( , )q A p


 in P. 

3. If (2, , ) ( , ),q A p


   then add the production ( , ) ( , )q B p


 in P. 

4. If (3, , ) ( , ),q A p


  then add the production ( , ) ( , )q C p


 in P. The same 

process is repeated for depth>3.  

We want to prove that if 0 1 2 * 2( , , ) ( , , )q w w S q w  for any 2w then
0 * 1 ,qS w  where 

denotes degree of membership. 

Rigorous Proof. This theorem is established by induction of 0,n  where n represents the 

number of moves made by the fuzzy deep pushdown automata.  

Basis Step: The following two cases can occur: 

Case 1: For 0,n  0 * 0( , , ) ( , , )q w S q w S   

 Here ,S  1w    and 
0 *qS S is always true. 

Case 2: For 1,n  first moves is made by applying the transition function 

1
'

0(1, , ) ( , )q S p 
 

Hence 
1

'

0 0( , , ) ( , , )q w S q w   Here '  is equal to   except that all non-terminals of  are 

replaced by A in ' , 1w      and 
0

1

qS  is surely true.
 

Induction hypothesis: Assume that 0 1 2 * 2( , , ) ( , , )q w w S q w   for any 2w if 
0 *qS   

1w  works for 1n moves in fuzzy deep pushdown automaton Mfd. 
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Induction step: Consider after n  moves 0 1 2 * 2: ( , , ) ( , , )fdM q w w S q w  , such that 

1 2min( , , ..., )n     where 1 2, , ..., n   denotes the degree of membership in each 

respective moves. The following three cases can occur using transition rules 2, 3 and 4 as 

mentioned above.  

Case 1: Consider the n
th

 moves occur due to pop operation. 

1

0 1 2 * 2 2( , , ) ( , , ) ( , , )q w aw S q aw a q w     where 1w w a  

Hence 0 1 2 * 2( , , ) ( , , )q w aw S q w   then using the induction hypothesis, 

0 1 2 * 2( , , ) ( , , )q w aw S q aw a   means 
0 * 1qS w a   after n-1 moves, but 1w w a hence 

0 *qS w   with membership min ( ,1)  .   

Case 2: Consider the n
th

 move occur due to the rule (1, , ) ( , )
n

q A p


       

0 1 2 * 2 2( , , ) ( , , ) ( , , )nq w w S q w A p w     where    

Using induction hypothesis, 0 1 2 * 2( , , ) ( , , )q w w S q w A   means
0 * 1 ,qS w A  thus 

0 * 1 1qS w w    with membership min ( , ).n 
 

Case 3: Consider the n
th

 move occur due to the rule ( , , ) ( , )
n

m q A p


   where

*2, .m    

0 1 2 * 2 2( , , ) ( , , ) ( , , )nq w w S q w A p w      where w   

Using induction Hypothesis 0 1 2 * 2( , , ) ( , , )q w w S q w A    means
0 * 1qS w A   , thus 

on applying the state grammar rule ( , ) ( , )q B p  will be 
0 * 1 1qS w A w B      

 

1 1w w w  .                                                                                                                                           

Using Theorem 1 and Theorem 2, we have proved that 0 1 2 * 2( , , ) ( , , )q w w S q w  if and 

only if
0 * 1 .qS w  Now, consider 2w    , then 1w w . It gives, 0 *( , , )q w S 

( , , )q    if and only if
0 *qS w . String w is accepted by fdM and fsG with membership 

value  . Hence ( ) ( )fd fsL M L G
                                                                                        

□ 
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3.5 CONCLUSION 

This chapter defines a novel concept of fuzzy state grammar and a fuzzy deep pushdown 

automaton. We demonstrate increased power, in terms of erroneous string acceptance, 

using fuzziness in state grammar and a deep pushdown automaton. Furthermore, 

depending upon the errors and certainty, we decide whether the string belongs to the 

language or not depending upon its membership value. The three main results 

demonstrated in this chapter are: (a.) Construction of  fuzzy deep pushdown automaton 

from fuzzy state grammar; (b.) Construction of fuzzy state grammar from fuzzy deep 

pushdown automaton; and (c.) If Fuzzy deep pushdown automaton fdM  is constructed 

from the fuzzy state grammar fsG  using the above construction method, then 

( ) ( ).fd fsL M L G  
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3
Chapter-4 

DETERMINISTIC MODELS OF DEEP PUSHDOWN 

AUTOMATA, TRANSDUCER AND THEIR PARALLEL 

VERSIONS                                                                                                    

4.1 INTRODUCTION  

Deep pushdown automata (DPDA) [10] and parallel deep pushdown automata (PDPDA) 

[11] are types of regulated automata. The aforementioned regulated automata are formal 

models for representing some of the context-sensitive languages or unrestricted languages 

by using pushdown automata capabilities with some regulations. The regulated automaton 

is the formal automaton counterpart of regulated grammars.  

In formal language theory, translation schemes and transducers are used to represent 

translation. In a translation scheme, a string is generated from grammar along with output, 

whereas a transducer is an automaton device that produces output during each move [83]. 

The deep pushdown transducer (DPDT) and parallel deep pushdown transducers 

(PDPDT) [33] are extended versions of the deep pushdown automata (DPDA) and 

parallel deep pushdown automata (PDPDA), respectively. 

Meduna [10] introduced the concept of strict deterministic and deterministic with respect 

to depth. The DPDA, PDPDA, DPDT and PDPDT are deterministic with respect to depth 

but lack strict determinism [10-11, 33]. 

The aim of the chapter is to propose a deterministic deep pushdown automaton 

(DDPDA), deterministic deep pushdown transducer (DDPDT) and their parallel versions 

named as parallel deterministic deep pushdown automaton (PDDPDA) and parallel 

deterministic deep pushdown transducer (PDDPDT), as an extension of DPDA, DPDT, 

PDPDA and PDPDT, respectively. The proposed models obey the properties of both strict 

determinism and determinism with respect to depth.   

                                                           
3 Result of this chapter has been published in The Computer Journal 

N. Kalra and A. Kumar, Deterministic Deep Pushdown Transducer and its Parallel version, The 

Computer Journal, 1-11, 2017.  
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Implementation of DDPDA, DDPDT and their parallel versions (PDDPDA and 

PDDPDT) require additional states as compared to non-strict DPDA, DPDT and their 

parallel versions (PDPDA and PDPDT), but it will require less number of moves with 

respect to the given input string. Hence, DDPDA, DDPDT and their parallel versions 

(PDDPDA and PDDPDT) „arrive at the answer‟ faster in comparison to the equivalent 

DPDA, DPDT and their parallel versions (PDPDA and PDPDT).    

4.2 PRELIMINARIES CONCEPT 

In this chapter, ( )card S denotes the cardinality of a set S. CF and CS denote context-free 

languages and context-sensitive languages, respectively.  

DEFINITION 4.2.1. [10]: An automaton or transducer is strictly deterministic, if for 

every , ({ | , , } { }) 0,mqA px R card mqA ov mqA ov R o Q v mqA px         

where m represents depth. 

DEFINITION 4.2.2. [10]: An automaton or transducer is deterministic with respect to 

depth, if q Q  , ({ | , , , } 1card m mqA px R A p Q x       ), where m represent 

depth. 

4.3 PROPOSED DETERMINISTIC VERSIONS OF DPDA, DPDT 

AND THEIR PARALLEL VERSIONS (PDPDA AND PDPDT)  

For representing the deterministic version of DPDA, DPDT and their parallel versions 

(PDPDA AND PDPDT), we use the following additional capabilities in their formal 

definition.  

1. Additional capabilities in R/W head: The R/W head can move in the right 

direction (denoted by 1), or it can remain stationary (denoted by 0). 

2. The transition function of DDPDA and its parallel version: We consider the 

transition function of DDPDA and PDDPDA to be 

( {$, })Q I Q D       , where Q  denotes the state,   denotes the 

input tape alphabet, , $   denotes the left and right end markers of the input 

string on input tape, I denotes depth (a positive number),  denotes the stack 

content,  and {0,1}D  specifies the direction in which the R/W head marker will 
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move. In comparison to the formal definition of DPDA and PDPDA, we have 

included the input tape symbol under the R/W head and direction.  

3. The transition function of DDPDT and its parallel version: We consider the 

transition function of DDPDT and PDDPDT to be 

( {$, })I OQ I Q D        , where Q  denotes the state, I  denotes 

the input tape alphabet, , $ I   denotes the left and right end markers of the 

input string on input tape, I denotes depth (a positive number),  denotes the 

stack content, {0,1}D  specifies the direction in which the R/W head marker 

will move, and O  denotes the output alphabet. In comparison to the formal 

definition of DPDT and PDPDT, we have included the input tape symbol under 

the R/W head and direction.  

4. The pop operation is represented explicitly for all states without showing the 

depth. 

5. We have included the capability of null moves as an additional feature in 

DDPDA, DDPDT, and their parallel versions. 

6. Moreover, stack contains a special bottom symbol denoted by 0.Z  

Formally, DPDA or PDPDA is said to be strict deterministic and deterministic with 

respect to depth, If for any ,q Q { , ,$),a   ,i I ,X   the set ( , , , )q a i X has at 

most one element, and all the transition made are of the same depth, and formally, DPDT 

or PDPDT is said to be strict deterministic and deterministic with respect to depth, If for 

any ,q Q { , ,$),Ia   ,i I ,X   the set ( , , , )q a i X has at most one element, and 

all the transition made are of the same depth.  

4.3.1 DETERMINISTIC DEEP PUSHDOWN AUTOMATA 

The transition function of DDPDA is ( {$, }) .Q I Q D      
 

EXAMPLE 4.1: DDPDA for the language { | 1}n n nL a b c n  . 

Deterministic deep pushdown automaton for the language L is 2 0 1 2 3({ , , , ,M q q q q

4 0 0, },{ ,  , },{ ,  ,  , , $},  ,  ,  ,{ })f fq q A S Z a b c R q S q  where R consists of the following 

rules: 

0 1( , ,1, ) ( , ,1)q S q AA                             1 2( , ,1, ) ( , ,1)q a A q Ab 
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2 1( , , 2, ) ( , , 0)q a A q Ac                                2 3( , ,2, ) ( , , 0)q b A q c   

3 4( , ,1, ) ( , , 0)q b A q                                4 4( , , ) ( , ,1)q b b q  
 

4 4( , , ) ( , ,1)q c c q  
                                    4 0( , $, ) ( , , 0)fq Z q  

 

Consider input string w aaabbbccc .  

0, 0 1 0 2 0( $, ) ( , $, ) ( , $, )q aaabbbccc SZ q aaabbbccc AAZ q aaabbbccc AbAZ
  
    

1 0 2 0 1( , $, ) ( , $, ) ( , $,q aaabbbccc AbAcZ q aaabbbccc AbbAcZ q aaabbbccc
  

     

0 2 0 3 0) ( , $, ) ( , $, )AbbAccZ q aaabbbccc AbbbAccZ q aaabbbccc AbbbcccZ
 

    

4 0 4 0 4 0( , $, ) ( , $, ) ( , $, )q aaabbbccc bbbcccZ q aaabbbccc bbcccZ q aaabbbccc bcccZ
  

    

4 0 4 0 4 0( , $, ) ( , $, ) ( , $, )q aaabbbccc cccZ q aaabbbccc ccZ q aaabbbccc cZ
  

     

4 0( , $, ) ( , $, )fq aaabbbccc Z q aaabbbccc
 

    
 

Language, 2 2( ) ( ) { | 1},n n nL M E M a b c n   where 2( )L M  and 2( )E M  denote the 

languages accepted by final state and empty pushdown of depth two respectively. 

DPDA for language L is represented in Fig. 4.1. 

 

 Fig. 4.1: DDPDA for language { | 1}n n na b c n   



58 
 

4.3.2 DETERMINISTIC DEEP PUSHDOWN TRANSDUCER 

The transition function of DDPDT is ( {$, }) .I OQ I Q D         

EXAMPLE 4.2: DDPDT for performing the computation 0 fq w q ww


  i.e. for a given 

string w, it will generate ww as output string.  

DDPDT 2 0 1 2 3 4 0 0({ , , , , , },{0,1, , $},{ ,  , },{0,  1, },  ,  ,  ,{ })T f fM q q q q q q A S Z R q S q  with 

R containing rules:  

0 1( , ,1, ) ( , ,1, )q S q AA     

1 2( , 0,1, ) ( , , 0, 0)q A q A   

2 1( , 0, 2, ) ( ,0 ,1, )q A q A  
 

1 3( ,1,1, ) ( , , 0,1)q A q A   

3 1( ,1, 2, ) ( ,1 ,1, )q A q A    

1 4( , $,1, ) ( , , 0, )q A q     

4 4( , $,1) ( , , 0,1)q q    

4 4( , $, 0) ( , , 0, 0)q q    

4( , $,1, ) ( , , 0, )fq A q   
 

Deterministic version of DPDT for performing the computation 0 fq w q ww


  is 

represented in Fig. 4.2. 

Consider w=010 

0 0 1 0 2 0 1 0( , 010$, , ) ( , 010$, , ) ( , 010$, , 0) ( , 010$, 0 , 0)q SZ q AAZ q AAZ q A AZ
  
        

3 0 1 0 2 0( , 010$, 0 , 01) ( , 010$, 01 , 01) ( , 010$, 01 , 010)q A AZ q A AZ q A AZ
  

      

1 0 4 0 4 0( , 010$, 010 , 010) ( , 010$,010 , 010) ( , 010$,10 , 0100)q A AZ q AZ q AZ
  

    

4 0 4 0 0( , 010$,0 , 01001) ( , 010$, , 010010) ( , 010$, , 010010)fq AZ q AZ q Z
  

     
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Fig. 4.2: DDPDT for performing computation 0 fq w q ww



 

EXAMPLE 4.3: DDPDT for language { | 1}n n n
IL a b c n   which produces output

{ | 1}n n n
OL c b a n  .

 

DDPDT 2 0 1 2 3 4 0 0({ , , , , , },{ ,  ,  , ,$},{ ,  , },{ ,  ,  , }, ,  ,  ,{ })T f fM q q q q q q a b c A S Z a b c R q S q   
 

with R containing rules: 

0 1( , ,1, ) ( , ,1, )q S q AA   
                  1 2( , ,1, ) ( , ,1, )q a A q Ab c 

 

2 1( , , 2, ) ( , , 0, )q a A q Ac  
     2 3( , , 2, ) ( , , 0, )q b A q c  

 

3 4( , ,1, ) ( , , 0, )q b A q   
     4 4( , , ) ( , ,1, )q b b q b  

 

        4 4( , , ) ( , ,1, )q c c q a  
                        4 0( ,$, ) ( , , 0, )fq Z q   

 

Consider w aaabbbccc , the input tape contains input string w followed by end marker 

$. The input tape contents are $aaabbbccc . Initially, the stack contains 0Z  followed by S. 

0, 0 1 0 2 0( $, , ) ( , $, , ) ( , $, , )q aaabbbccc SZ q aaabbbccc AAZ q aaabbbccc AbAZ c
  
      

1 0 2 0 1 0( , $, , ) ( , $, , ) ( , $, , )q aaabbbccc AbAcZ c q aaabbbccc AbbAcZ cc q aaabbbccc AbbAccZ cc
  

     
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2 0 3 0 4 0( , $, , ) ( , $, , ) ( , $, ,q aaabbbccc AbbbAccZ ccc q aaabbbccc AbbbcccZ ccc q aaabbbccc bbbcccZ
  

     

4 0 4 0 4 0) ( , $, , ) ( , $, , ) ( , $, ,ccc q aaabbbccc bbcccZ cccb q aaabbbccc bcccZ cccbb q aaabbbccc cccZ
  

     

4 0 4 0 4 0) ( , $, , ) ( , $, , ) ( , $, ,cccbbb q aaabbbccc ccZ cccbbba q aaabbbccc cZ cccbbbaa q aaabbbccc Z
  

     

) ( , $, , )fcccbbbaaa q aaabbbccc ccccbbbaaa


    

Deterministic version of DPDT for performing the reversal of string computation
 

is 

represented in Fig. 4.3. 

 

Fig. 4.3: DDPDT for performing string reversal  

4.3.3 PARALLEL DETERMINISTIC DEEP PUSHDOWN AUTOMATA 

The transition function of PDDPDA is ( {$, }) ,Q I Q D        and parallel 

rules are of the type 1 1( ( ,..., ) ( ,..., ) )n n ip a A A q w w d      where ,p q Q , ,iA 

,iw  1 ,i n  { , ,$),a   .id D  

EXAMPLE 4.4: PDDPDA for the language { | 1}n n nL a b c n  . 

The parallel deterministic deep pushdown automaton is as follows: 2 0 1 2({ , , ,pM q q q  

3 0 0, },{ ,  , },{ ,  ,  , , $}, ,  ,  ,{ })f fq q A S Z a b c R q S q  with R containing rules: 

PDDPDA for language L is represented in Fig. 4.4. 
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0 1( , ,1, ) ( , ,1)q S q AA    

1 1( , , ( , )) ( , ( , ),1)q a A A q Ab Ac   

1 2( , ,1, ) ( , , 0)q b A q    

2 2( , , ) ( , ,1)q b b q    

2 3( , ,1, ) ( , , 0)q c A q    

3 3( , , ) ( , ,1)q c c q    

3 0( , $, ) ( , , 0)fq Z q    

 

 

Fig. 4.4: PDDPDA of language  { | 1}n n na b c n   

Let us consider w aaabbbccc , the input tape contents are $aaabbbccc . Initially, the 

stack contains 0Z  followed by S. 

0 0 1 0 1 0( , $, ) ( , $, ) ( , $, )q aaabbbccc SZ q aaabbbccc AAZ q aaabbbccc AbAcZ
  
    

1 0 1 0 2( , $, ) ( , $, ) ( , $,q aaabbbccc AbbAccZ q aaabbbccc AbbbAcccZ q aaabbbccc
  

     

0 2 0 2 0 2) ( , $, ) ( , $, ) ( , $,bbbAcccZ q aaabbbccc bbAcccZ q aaabbbccc bAcccZ q aaabbbccc
  

     

0 3 0 3 0 3 0) ( , $, ) ( , $, ) ( , $, )AcccZ q aaabbbccc cccZ q aaabbbccc ccZ q aaabbbccc cZ
  

     

3 0( , $, ) ( , $, )fq aaabbbccc Z q aaabbbccc
 

    

 

Thus, 2 2( ) ( ) { | 1},n n n
p pL M E M a b c n   where 2( )pL M  and 2( )pE M  denotes the 

language accepted by final state and empty pushdown of depth two respectively. 
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4.3.4 PARALLEL DETERMINISTIC DEEP PUSHDOWN TRANSDUCER 

The transition function of PDDPDT is ( {$, }) ,I OQ I Q D        and 

parallel rules are of the type 1 1( ( ,..., ) ( ,..., ) )n n ip a A A q w w d b       where ,p q Q ,

iA  , ,iw  1 ,i n  { , ,$),Ia   ,id D  .Ob  

EXAMPLE 4.5: PDDPDT for performing the computation 0 fq w q ww


 . 

PDDPDT 2 0 1 2 0 0({ , , , },{0,1, , $},{ ,  , },{0,  1, }, ,  , ,{ })Tp f fM q q q q A S Z R q S q   with R 

containing rules: 

0 1( , ,1, ) ( , ,1, )q S q AA   

 

1 1( ,0, ( , )) ( , ( ,0 ),1,0)q A A q A A 

 

1 1( ,1, ( , )) ( , ( ,1 ),1,1)q A A q A A 

 

1 2( ,$,1, ) ( , , 0, )q A q   

 

2 2( ,$,1) ( , , 0,1)q q  

 

2 2( ,$, 0) ( , , 0,0)q q  

 

2( ,$,1, ) ( , , 0, )fq A q   
 

PDDPDT for performing the computation 0 fq w q ww


  is represented in Fig. 4.5. 

Consider w=010 

0 0 1 0 1 0 1 0( , 010, , ) ( , 010, , ) ( , 010, 0 , 0) ( , 010, 01 , 01)q SZ q AAZ q A AZ q A AZ
  
        

1 0 2 0 2 0( , 010$, 010 , 010) ( , 010$, 010 , 010) ( , 010$,10 , 0100)q A AZ q AZ q AZ
  

     

2 0 2 0 0( , 010$, 0 , 01001) ( , 010$, , 010010) ( , 010$, , 010010)fq AZ q AZ q Z
  

     
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Fig 4.5: PDDPDT for performing the computation 0 fq w q ww


  

EXAMPLE 4.6: PDDPDT for input { | 1}n n n
IL a b c n   which produces the output

{ | 1}n n n
OL c b a n  . 

PDDPDT 2 0 1 2 3 0 0({ , , , , },{ ,  ,  , ,$},{ ,  , },{ , , , }, ,  , ,{ })Tp f fM q q q q q a b c A S Z a b c R q S q 

with R containing rules: 

0 1( , ,1, ) ( , ,1, )q S q AA     

1 1( , , ( , )) ( , ( , ),1, )q a A A q Ab Ac c   

1 2( , ,1, ) ( , , 0, )q b A q     

2 2( , , ) ( , ,1, )q b b q b    

2 3( , ,1, ) ( , , 0, )q c A q     

3 3( , , ) ( , ,1, )q c c q a    

3 0( , $, ) ( , , 0, )fq Z q   
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Fig. 4.6: PDDPDT for performing string reversal 

PDDPDT for performing the reversal of string computation
 
is represented in Fig. 4.6. 

Consider w aaabbbccc , the input tape contains input followed by end marker $. The 

input tape contents are $aaabbbccc . Initially, stack contains 0Z  followed by S. 

0, 0 1 0 1 0( $, , ) ( , $, , ) ( , $, , )q aaabbbccc SZ q aaabbbccc AAZ q aaabbbccc AbAcZ c
  
      

1 0 1 0 2 0( , $, , ) ( , $, , ) ( , $, , )q aaabbbccc AbbAccZ cc q aaabbbccc AbbbAcccZ ccc q aaabbbccc bbbAcccZ ccc
  

     

2 0 2 0 2 0( , $, , ) ( , $, , ) ( , $, , )q aaabbbccc bbAcccZ cccb q aaabbbccc bAcccZ cccbb q aaabbbccc AcccZ cccbbb
  

     

3 0 3 0 3 0( , $, , ) ( , $, , ) ( , $, , )q aaabbbccc cccZ cccbbb q aaabbbccc ccZ cccbbba q aaabbbccc cZ cccbbbaa
  

     

3 0( , $, , ) ( , $, , )fq aaabbbccc Z cccbbbaaa q aaabbbccc cccbbbaaa
 

      

4.4 RESULTS AND DISCUSSIONS  

Theorem 1: The number of moves (expansion and pop) required for DDPDA is less than 

the DPDA for language { | 1}n n nL a b c n  . 

Proof: Theoretically, the machine starts from start state, reads the input string character 

by character, and based on the input read, it makes a transition to another state. A certain 

set of states are designated accept states; whether the automaton accepts or rejects 

depends on whether it's in an accept state or reject state after reading the entire string. 

In DDPDA, at a given state and input, we will have only path, i.e. we will reach to 

specific state and in case of non-strict DPDA at a given input and a state, we may have 

multiple paths which leads to different states. In non-strict DPDA, at each state, for a 

given input string, how to decide from multiple paths is purely random, there is equal 

probability to choose among various paths. There is multiple paths for the same input 
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string and at least one path should ends in accept state. In DDPDA, we have to construct a 

path for every input and every output as compared to non-strict DPDA. In non-strict 

DPDA, if a wrong path is selected, additional moves may be required in backtracking. 

Implementation of DDPDA requires additional states as compared to non-strict DPDA 

but it will require less number of moves with respect to the given input string. Hence, 

DDPDA, „arrive at the answer‟ faster in comparison to the equivalent DPDA. 

Proof by Example: Table 4.1 depicts the number of moves (Expansion and pop) used for 

various strings in DPDA (Example 1.4) and DDPDA (Example 4.1). Clearly, DDPDA 

made fewer moves than original DPDA. 

Table 4.1: Comparative study (in terms of moves) between DPDA and DDPDA  

 

 

 

Input String 

DPDA DDPDA 

Expansion Pop # of 

Moves 

Expansion Pop # of 

Moves 

w abc  3 4 7 4 3 7 

w aabbcc  5 7 12 6 5 11 

w aaabbbccc  7 10 17 8 7 15 

w aaaabbbbcccc  9 13 22 10 9 19 

w aaaaabbbbbccccc

 
11 16 27 12 11 23 

Given, any string | 1k k kw a b c k  , DPDA requires 2 1k  expansions. Here, k expansions 

are required for generating k ka b using depth one. Similarly, k expansions are required for 

generating kc  using depth two. One additional expansion is required for replacing S by 

AA. Total number of expansions required is 2k+1. Number of pop operations required is 

3k+1, where 3k is the length of the input string for matching each stack symbol with the 

each input tape symbol and one additional pop operation is required to check whether the 

stack is empty. Hence, total number of moves are 5k+2. 

In DDPDA, 2 1k  pop operations are required. 2k pops are required to pop b and c from 

the stack. Additional pop operation is required to check whether the stack is empty. In 

deterministic deep pushdown automata for language { | 1}n n nL a b c n  , 2k expansions 

are required for generating k kb c on to stack, one initial expansion is required for replacing 

S by AA and one additional expansion is required to replace A with null. Hence, in 

DDPDA, total number of moves is 4k+3.      
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Clearly, 5 2 4 3k k   for 1k  . However, additional moves may be required in DPDA, 

if a wrong path is selected.                                                                                               □ 

Theorem 2: The number of moves (expansion and pop) required for PDDPDA is less 

than the PDPDA for language { | 1}n n nL a b c n  . 

Proof: Table 4.2 depicts the number of moves (Expansion and pop) used for various 

strings in PDDPDA (Example 4.4) and PDPDA (Example 1.5). Clearly, PDDPDA made 

fewer moves than PDPDA. 

Table 4.2: Comparative study (in terms of moves) between PDPDA and PDDPDA  

 

 

 

Input String 

PDPDA PDDPDA 

Expansion Pop # of 

Moves 

Expansion Pop # of 

Moves 

w abc  3 4 7 4 3 7 

w aabbcc  4 7 11 5 5 10 

w aaabbbccc  5 10 15 6 7 13 

w aaaabbbbcccc  6 13 19 7 9 16 

w aaaaabbbbbccccc

 
7 16 23 8 11 19 

Given, any string | 1k k kw a b c k  , PDPDA requires 2k  expansions. Here, ( 1)k   

expansions are required for generating 1 1 1k k ka b c   in parallel. One expansion is required 

to generate last a‟s and b‟s using 1qA fab (See example 1.5 for details). Similarly, one 

expansion is required to generate last 'c s using 1 fA fc . One initial expansion is 

required for replacing S by AA. Hence, total number of expansion is 2k  . Number of pop 

operations required is 3k+1, where 3k is the length of the input string for matching each 

stack symbol with the each input tape symbol and one additional pop operation is 

required to check whether the stack is empty. Hence, total number of moves is 4 3k  in 

PDPDA.  

In PDDPDA, 2 1k  pop operations are required. 2k pops are required to pop b and c from 

the stack. Additional pop operation is required to check whether the stack is empty. In 

parallel deterministic deep pushdown automata for language { | 1}n n nL a b c n  , k 

expansions are required for generating 
k kb c on to stack, one initial expansion is required 

for replacing S by AA and two additional expansions are required while reading first ‘b’ 

and first ‘c’. Total expansions are 3k   Hence, in PDDPDA, total number of moves is

3 4k  .      
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Clearly, 4 3 3 4k k   for 1k  . However, additional moves may be required in PDPDA, 

if a wrong path is selected.                                                                                               □                                                              

Theorem 3: The number of moves (expansion and pop) required for DDPDT is less than 

DPDT for reversal of strings for input{ | 1}n n na b c n  . 

Proof. Table 4.3 represents the number of moves required for various strings of DDPDT 

(Example 4.3) and DPDT (Example 1.6). Clearly, DDPDT requires fewer moves than 

DPDT. 

Table 4.3: Comparative study (in terms of moves) between DPDT and DDPDT 

 

 

Input String 

 

 

Output String 

DPDT DDPDT 

# of Moves # of Moves 

w abc  w cba  7 7 

w aabbcc  w ccbbaa  12 11 

w aaabbbccc  w cccbbbaaa  17 15 

w aaaabbbbcccc  w ccccbbbbaaaa  22 19 

w aaaaabbbbbccccc

 

w cccccbbbbbaaaaa

 
27 23 

For any string | 1k k kw a b c k  , DPDT requires 2 1k  expansions where  

 k expansions are required for generating k ka b using depth one,  

 k expansions are required for generating kc  using depth two and  

 One additional expansion is required for replacing S AA .  

For each pop operation, some output is generated. Number of pop operation for DPDT is 

3k+1 where  

 Numbers of pop operations are required for generating output | 1k k kw c b a k   is 

3k, where 3k is the length of the input string for matching each stack symbol with 

the each input tape symbol.  

 The additional pop operation is required to check whether the stack is empty.  

Hence, total numbers of moves in DPDT is 5k+2. 

For any string | 1k k kw a b c k  , DDPDT will require 2 1k  pop operations where 

 2k pop are required to generate a and b in the output string. 

 Additional pop operation is required to check whether the stack is empty. 



68 
 

DDPDT will require 2 2k  expansions. DDPDT will require 2k expansions for 

generating k kb c on to stack, out of which k expansions are required for generating output 

„c‟. One initial expansion is required for replacing S AA  and one additional expansion 

is required to replace A with null. 

Hence, in the deterministic deep pushdown transducer, total number of moves are 4k+3.      

Clearly, 5 2 4 3k k    for 1k  . However, additional moves may be required in DPDT, 

if a wrong path is selected.                                                                                         □ 

Theorem 4: The number of moves (expansion and pop) required for PDDPDT is less 

than PDPDT for reversal of strings for input{ | 1}n n na b c n  .  

Proof. Table 4.4 depicts the number of moves required for various strings of PDDPDT 

(Example 4.6) and PDPDT (Example 1.7). Clearly, PDDPDT requires fewer moves than 

PDPDT. 

Table 4.4: Comparative study (in terms of moves) between PDDPDT and PDPDT 

 

 

Input String 

 

 

Output String 

PDPDT PDDPDT  

# of Moves  # of Moves 

w abc  w cba  7 7 

w aabbcc  w ccbbaa  11 10 

w aaabbbccc  w cccbbbaaa  15 13 

w aaaabbbbcccc  w ccccbbbbaaaa  19 16 

w aaaaabbbbbccccc  w cccccbbbbbaaaaa  23 19 

 For any string | 1k k kw a b c k  , PDPDT requires 2k  expansions, where  

 ( 1)k   expansions are required for generating 
1 1 1k k ka b c  

in parallel.  

 One expansion is required to generate last a‟s and b’s using 1qA fab  (See 

example 1.7 for details).  

 One expansion is required to generate last 'c s using1 fA fc .  

 One initial expansion is required for replacing S AA .  

PDPDT will require 3k+1 pop operations where  

 Numbers of pop operations are required for generating output | 1k k kw c b a k   is 

3k, where 3k is the length of the input string for matching each stack symbol with 

the each input tape symbol.  
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 One additional pop operation is required to check whether the stack is empty.   

Hence, a total number of moves in PDPDT are 4 3k  .  

PDDPDT will require 2 1k  pop operations where 

 2k pop is required to generate „a‟ and „b‟ in the output string. 

  One additional pop operation is required to check whether the stack is empty.  

PDDPDT will require 3k   expansion where  

 k expansions are required for generating k kb c on to stack and for producing output 

„c‟. 

 One initial expansion is required for replacing S AA . 

 Two additional expansions are required while reading first „b‟ and first „c‟.  

Hence, total number of moves in PDDPDT is 3 4k  .      

Clearly, 4 3 3 4k k   for 1k  . However, additional moves may be required in PDPDT, 

if a wrong path is selected.                                                                                              □ 

Theorem 5: For every DDPDAn with depth n, there exists a PDDPDAn (i.e., for 1,n   

DDPDAn= PDDPDAn).  

Proof. A deterministic deep pushdown automaton ( )nDDPDA  can be converted into a 

parallel deterministic deep pushdown automaton ( nPDDPDA ) by applying n rules in 

parallel. The proof of this Theorem directly follows from the Lemma 3 in [11] which 

states that n nPDPDA DPDA .                                                                                            □ 

Corollary 1: For every DDPDTn with depth n, there exists a PDDPDTn (i.e., for 1,n   

DDPDTn= PDDPDTn).  

Proof. By applying n  rules in parallel, a DDPDT can be converted into a PDDPDT. The 

proof of this theorem directly follows from the Theorem 5 which states that DDPDAn= 

PDDPDAn, and from the fact that a transducer is an automaton with the additional 

capability of producing output during each move.                                                            □ 

Theorem 6 [11]: For every 1,n 
n nDPDA PDPDA CS  .                                                       

A deep pushdown automaton or parallel deep pushdown automaton can be designed for a 

language { | (0 |1) }L ww w   . In Theorem 7, we prove that deterministic deep 
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pushdown automaton or parallel deterministic deep pushdown automaton cannot be 

designed for the language L.                                                                                                □ 

Theorem 7: Given { | (0 |1) }L ww w   cannot be accepted by any deterministic deep 

pushdown automata or parallel deterministic deep pushdown automata.   

Proof. DPDA and PDPDA can be designed for input language { | (0 |1) }L ww w   , 

whereas we are unable to design DDPDA and PDDPDA for L . Fig.4.7 represents the 

DPDA (depth 2) for language .L  For any arbitrary string x L  such that | | 2x n . On 

reading 1thn  symbol (either 0 or 1) from R/W head, DPDA moves to state f  from state 

p, but it is non-deterministic move as there is a possibility of moving to either state r or 

state q.  

We are unable to design DDPDA for input language L . During processing of any 

arbitrary string, x, we read the symbols from left to right, as we have the additional 

feature of depth, but we are not able to determine that R/W head is pointing to 1thn 

symbol. We have no information regarding whether the midpoint has arrived or not. 

Therefore, we are unable to design a DDPDA for language L . From Lemma 3 of PDPDA 

[11], we have DPDA= PDPDA. Therefore { | (0 |1) }L ww w   cannot be accepted by 

any deterministic deep pushdown automata or parallel deterministic deep pushdown 

automata.                                                                                                                     □ 

Corollary 2:
 
DDPDT DPDT  and PDDPDT PDPDT  

Proof. DPDT and PDPDT can be designed for input language { | (0 |1) }IL ww w   , 

whereas we are unable to design DDPDT and PDDPDT for IL . Fig.4.7 represents the 

DPDT (depth 2) for language 1L considering the output language OL  .DPDT and 

PDPDT can be designed for input language
*{ | (0 |1) }IL ww w  , whereas we cannot 

design DDPDT and PDDPDT for IL . The result of this corollary follows directly from 

Theorem 7 and from the fact that a transducer is an automaton with the additional 

capability of producing output during each move. Therefore DDPDT DPDT  and 

PDDPDT PDPDT                                                                                            □ 
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Fig 4.7: Non-strict deterministic deep pushdown automata for the language 

{ | (0 |1) }L ww w                                                                                                            

Corollary 3: Deterministic pushdown automata cannot be designed for { |RL ww w 

(0 |1) } . 

Proof. This corollary can be proved analogy to Theorem 7. As we are not able to 

determine the middle point of the input string as well as how many input symbols are left 

to process the complete string using the depth concept.                                                    □                                   

Next, we will show that deterministic deep pushdown automata accept some non-context- 

free languages.  

Theorem 8: DDPDA CF    

 Proof. Consider the DDPDA for the language L is 2 0 1 2 3 4({ , , , , , },fM q q q q q q  

  0 0,  ,  , , $ ,{ ,  , },  ,  ,  ,{ })fa b c A S Z R q S q  where R consists of the following rules: 

0 1( , ,1, ) ( , ,1)q S q AA                             1 2( , ,1, ) ( , ,1)q a A q Ab 
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2 1( , , 2, ) ( , , 0)q a A q Ac                                2 3( , ,2, ) ( , , 0)q b A q c   

3 4( , ,1, ) ( , , 0)q b A q                               4 4( , , ) ( , ,1)q b b q  
 

4 4( , , ) ( , ,1)q c c q  
                                    4 0( , $, ) ( , , 0)fq Z q  

 

Based on our observation in example 4.1, we see that ( ) { | 1}n n nL M a b c n   

Since { | 1}n n na b c n  is not a context-free language, the theorem DDPDA CF   holds. 

□ 

Theorem 9: CF DDPDA    

 Proof. This Theorem directly follows from Corollary 3.                                                 □                                

Theorem 10: The number of moves (expansion and pop) required for PDDPDT is less 

than DDPDT for performing the computation 0 fq w q ww


 .  

Proof. Table 4.5 depicts the number of moves required for PDDPDT (Example 4.5) and 

DDPDT (Example 4.2). Clearly, PDDPDT requires fewer moves than DDPDT. 

Table 4.5: Comparative study (in terms of moves) between DDPDT and PDDPDT. 

 

Input String 

 

Output String 

DDPDT PDDPDT 

# of Moves # of Moves 

010,| | 3w w   010010ww   12 9 

0101,| | 4w w   01010101ww   15 11 

01010,| | 5w w   0101001010ww   18 13 

010100,| | 6w w   010100010100ww   21 15 

1011011,| | 7w w   10110111011011ww   24 17 

For any input string w, we obtain output string ww . DDPDT will require 2 | | 3w   

expansion where 

 | 2 |w  moves are required for reading the complete string w using depth one, and 

thereafter after reading each symbol, for generating the same symbol on the stack 

using depth two. Out of | 2 |w , |w| expansion move will generate first w portion of 

the output.  

 One expansion move is required for initial expansion S AA . 
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 Two expansions are required for popping AA, i.e. one for each A, which are 

generated by the first move.  

DDPDT will require |w| pop moves, for popping every symbol and generating second w 

portion of the output. Hence, a total number of moves in DDPDT will require 3 | | 3w   

moves. 

PDDPDT will require | | 3w   expansion, where  

 | |w  expansion moves are required for reading complete string w using depth one, 

and thereafter after reading each symbol, for generating the same symbol on the 

stack using depth two, owing to the fact that, in parallel variant of deep pushdown 

transducer, more than one-nonterminal can be expanded simultaneously in one 

move (See Example 4.5 for more details). The above mentioned |w| expansion 

move will also generate first w portion of the output.  

 One expansion move is required for initial expansion S AA . 

 Two expansions are required for popping AA, i.e. one for each A, which are 

generated by the first move.  

PDDPDT will require |w| pop moves, for popping every symbol and generating second w 

portion of the output. Hence, a total number of moves in PDDPDT will require 2 | | 3w   

moves. 

Clearly, 3 | | 3 2 | | 3w w    for |w|>1.                                                                               □                                         

Fig. 4.8 represents the relation between DDPDA, DPDA, PDDPDA, PDPDA, DDPDT, 

DPDT, PDDPDT, PDPDT, context-free (CF) language and context-sensitive (CS) 

language.  

   

    Fig. 4.8: Relation amongst DDPDA, DPDA, PDDPDA, PDPDA, DDPDT, DPDT, 

PDDPDT, PDPDT, CF and CS 



74 
 

4.5 CONCLUSION 

In this chapter, deterministic versions of DPDA, PDPDA, DPDT, and PDPDT have been 

conceptualized. The proposed models possess the properties of both strict determinism 

and determinism with respect to depth, which was an open issue addressed in [10-11, 33].  
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4
Chapter-5 

APPLICATION OF STATE GRAMMAR AND DEEP 

PUSHDOWN AUTOMATA IN BIOLOGICAL SEQUENCES 

OF NUCLEIC ACIDS                                                                                                     

5.1 INTRODUCTION  

Bioinformatics [84] is a field of applied science in which computational and mathematical 

methods are applied to biology. The analysis of biological structures, such as 

deoxyribonucleic acid (DNA) and ribonucleic acid (RNA) is a major concern of 

bioinformatics. The structure of DNA and RNA is determined by the interactions between 

distantly separated pairs of nucleotides in the molecule. These interactions involve the 

molecule folding up to form nucleotide sequences in different shapes and forms, such as 

tandem or interleaved repeats. The grammatical formalism of DNA, RNA, and proteins 

can be used to solve bioinformatics problems efficiently like multiple alignment 

calculations, classification, and prediction of biological sequences with their primary and 

secondary structures and their functions. Hence, there is a growing need to develop a 

grammatical system in bioinformatics. 

Chomsky grammar systems are found to ideal for representing the interactions of 

nucleotides. In the various existing approaches in the literature, these sequences are 

represented using context-sensitive grammar or mildly context-sensitive grammar with 

higher time complexities. However, many fundamental questions regarding the 

representation of these structures using regulated grammars remain unanswered. In this 

chapter, we represent deoxyribonucleic acid (DNA) and ribonucleic acid (RNA) 

biological sequences using state grammar. State grammar specified in definition 1.2.7 is 

one of the types of rule-based regulated grammar in which restriction are presented in 

terms of states. These biological sequences are then depicted using formal model deep 

pushdown automata (DPDA). DPDA specified in definition 1.2.9 is the formal automaton 

                                                           
4 Results of this chapter has been published in Current Bioinformatics 

N. Kalra and A. Kumar, State Grammar and Deep Pushdown Automata for Biological Sequences 

of Nucleic Acids, Current Bioinformatics, 11 (4), 470-479, 2016. 
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counterpart of state grammars. Furthermore, we have designed top-down extended LL(1) 

parser for state grammar. The major benefit of this approach is that the DNA and RNA 

sequences can be parsed in linear time ( ),O n where n  is the length of the string, which is 

a significant improvement over the existing approaches.  

5.2 STATE GRAMMAR FOR NUCLEIC ACIDS   

In this section, we describe the state grammar for biological sequences found in DNA and 

RNA.  

5.2.1 STATE GRAMMAR FOR TANDEM (DIRECT) REPEATS  

Tandem repeats [85] occur whenever the nucleotide sequence is duplicated, and 

duplication occurs directly adjacent to it. Tandem repeats occur in DNA and encompass 

the feature of copy language. For example, the sequence is duplicated in the string

.  

Grammar 1 0 1 2 3 4 5 6 7 8({ , , , , , , },{ , , , , , , , , },{ , , , }, , )G S X Y g c a t p p p p p p p p p g c a t P S be the 

state grammar where production rules  are as follows:  

 

                                                

                                                

                                                

                                                 

                                                 

                                                  

                                                  

                                                  

A sample derivation for the string, is given below: 

0pgcatgcat  

ttacg

w ttacgttacg

P

0 01.( , ) ( , )p S p XY

0 12.( , ) ( , )p X p gX 1 03.( , ) ( , )p Y p gY

0 24.( , ) ( , )p X p cX 2 05.( , ) ( , )p Y p cY

0 36.( , ) ( , )p X p aX 3 07.( , ) ( , )p Y p aY

0 48.( , ) ( , )p X p tX 4 09.( , ) ( , )p Y p tY

0 510.( , ) ( , )p X p g 5 011.( , ) ( , )p Y p g

0 612.( , ) ( , )p X p c 6 013.( , ) ( , )p Y p c

0 714.( , ) ( , )p X p a 7 015.( , ) ( , )p Y p a

0 816.( , ) ( , )p X p t 8 017.( , ) ( , )p Y p t

w gcatgcat

0 0 1 0 2 0 3 0 8p p p p p p p p pS XY gXY gXgY gcXgY gcXgcY gcaXgcY gcaXgcaY gcatgcaY       
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5.2.2 STATE GRAMMAR FOR INVERTED REPEATS 

Inverted repeats [86] occur whenever nucleotides sequence is followed by its reverse 

complement. Inverted repeats occur in DNA. For example, is the initial 

sequence, its complement is  and its reverse complement is . 

The inverted repeat sequence thus becomes .  

Grammar 2 0 1 2 3 4 5 6 7 8({ , , , , , , , , },{ , , , , , , , , },{ , , , }, , )G S G C A T g c a t p p p p p p p p p g c a t P S   be 

the state grammar where production rules  are as follows:  

                                                  

                                                  

                                                   

                                                    
 

                                                     

                                                    

A sample derivation for the string, is given below: 

 

 

5.2.3 STATE GRAMMAR FOR INTERLEAVED REPEATS (Pseudoknots)  

Pseudoknots are found in tertiary RNA structures. Pseudoknot sequences [87] are formed 

whenever a pairing occurs between a secondary loop structure and complementary base 

outside the loop.  

Grammar 3({ , , , , , , },{ , , , , , ', , ', , '},{ , , , }, , )G S A B g c a u p q r s t u x x y y g c a u P S  be the state 

grammar for interleaved repeats, where production rules  are as follows:  

                                                          

 

                                          

5' 3'aatgc 

3' 5'ttacg  5' 3'gcatt 

5' aatgc 3'gcatt 

P

1.
0 1( , ) ( , )p S p gSG 1 02.( , ) ( , )p G p c

0 23.( , ) ( , )p S p cSC 2 04.( , ) ( , )p C p g

0 35.( , ) ( , )p S p aSA 3 06.( , ) ( , )p A p t

0, 47.( ) ( , )p S p tsT
4 08.( , ) ( , )p T p a

0 59.( , ) ( , )p S p gc 0 610.( , ) ( , )p S p cg

0 711.( , ) ( , )p S p at 0 812.( , ) ( , )p S p ta

w ttacgcgtaa

0 4 0 4 0 3 0 2 0p p p p p p p p pS tST tSa ttSTa ttSaa ttaSAaa ttaStaa ttacSCtaa ttacSgtaa       

5pttacgcgtaa

P

1.( , ) ( , )p S q gAcB

2.( , ) ( , )p S q cAgB

3.( , ) ( , )p S q aAuB
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A sample derivation for the string, is given below: 

 

 

5.3 DEEP PUSHDOWN AUTOMATA  

In this section, a DPDA, state grammar‟s automaton counterpart, is used to represent the 

biological sequences found in DNA and RNA.  

5.3.1 DPDA FOR TANDEM (DIRECT) REPEATS  

DPDA 2 ({ , , , , ', , , , , },{ , , , },{ , ,#}, , , ,{ , , , })M s p q r s t u v w y g c a t X S R s S u v w y  is depicted in 

Fig 5.1, where the production rules are as follows:  

 

                                      

                                        

                                       

                                          

                                           

4.( , ) ( , )p S q uAaB

5.( , ) ( , )q A r gAg 6.( , ) ( , )r B q cB

7.( , ) ( , )q A s cAc 8.( , ) ( , )s B q gB

9.( , ) ( , )q A t aAa 10.( , ) ( , )t B q uB

11.( , ) ( ', )q A u uAu 12.( ', ) ( , )u B q aB

13.( , ) ( , )q A x gg 14.( , ) ( , )x B q c

15.( , ) ( ', )q A x cc 16.( ', ) ( , )x B q g

17.( , ) ( , )q A y aa 18.( , ) ( , )y B q u

19.( , ) ( ', )q A y uu 20.( ', ) ( , )y B q a

w gacuucacuga

'p q t q s q yS gAcB gaAacB gaAacuB gacAcacuB gacAcacugB gacuucacugB      

qgacuucacuga

R

1sS pXX

1pX qgX 2qX pgX

1pX rcX 2rX pcX

'1pX s aX
'2s X paX

1pX ttX 2tX ptX

1pX ug uX ug
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For input accepted string  

( , , #) ( , , #) ( , , #) ( , , #)e e ps gcatgcat S p gcatgcat XX q gcatgcat gXX q catgcat XX  

( , , #) ( , , #) ( , , #) ( , , #)e e p ep catgcat XgX r catgcat cXgX r atgcat XgX p atgcat XgcX   

( ', , #) ( ', , #) ( , , #) ( , , #)e p e es atgcat aXgcX s tgcat XgcX p tgcat XgcaX y tgcat tgcaX   

( , , #) ( , , #) ( , , #) ( , , #) ( , , #) ( , ,#)p p p p e py gcat gcaX y cat caX y at aX y t X y t t y      

 

 

Fig 5.1: DPDA for Tandem (Direct) Repeats 

5.3.2 DPDA FOR INVERTED REPEATS  

DPDA 2 ({ , , , , ', , , , },{ , , , },{ ,#}, , , ,{ , , , })M p q r s t u v w x g c a t S R p S u v w x  is depicted in Fig. 

5.2, for inverted repeats, and the production rules are as follows:  

                                       

                                       

                                      

1pX vc vX vc

1pX wa wX wa

1pX yt yX yt

w gcatgcat

R

1pS qgSS 2qS pc

1pS rcSS 2rS pg

1pS saSS 2sS pt
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For input accepted string  

 

 

 

 

( , , #) ( , , #) ( , , #) ( , ,#)p p p pu taa taa u aa aa u a a u      

 

 

Fig. 5.2: DPDA for Inverted Repeats 

5.3.3 DPDA FOR INTERLEAVED REPEATS (Pseudoknots)  

DPDA 2 ({ , , , , , ', , ', , '},{ , , , },{ , ,#}, , , ,{ , ', , '})M p q r s t u x x y y g c a u S A R p S x x y y is depicted 

in Fig. 5.3, for interleaved repeats, and the production rules are as follows: 

1pS qgAcA                                                  
1pS qcAgA

 

'1pS t tSS
'2t S pa

1pS ugc 1pS vcg

1pS wat 1pS xta

,w ttacgcgtaa

( , , #) ( ', , #) ( ', , #) ( , , #)e p ep ttacgcgtaa S t ttacgcgtaa tSS t tacgcgtaa SS p tacgcgtaa Sa  

( ', , #) ( ', , #) ( , , #) ( , , #)e p e et tacgcgtaa tSSa t acgcgtaa SSa p acgcgtaa Saa s acgcgtaa aSSaa   

( , , #) ( , , #) ( , , #) ( , , #)p e e ps cgcgtaa SSaa p cgcgtaa Staa r cgcgtaa cSStaa r gcgtaa SStaa   

( , , #) ( , , #) ( , , #) ( , , #)e e p pp gcgtaa Sgtaa u gcgtaa gcgtaa u cgtaa cgtaa u gtaa gtaa   

R



81 
 

1pS qaAuA                                                  
1pS quAaA  

             
1qA rgAg

                                                    
2rA qcA  

1qA scAc                                                     
2sA qgA

 

1qA taAa                                                     2tA quA
 

1 'qA u uAu                                                   2 'u A qaA
 

1qA xgg                                                       
xA xc

 

1 'qA x cc                                                       'x A xg  

1qA yaa                                                          yA yu  

            1 'qA y uu                                                         'y A ya       

 

Fig. 5.3: DPDA for Interleaved Repeats (Pseudoknots)                                       

For input string  accepted by . 

( , , #) ( , , #) ( , , #)e p ep gacuucacuga S q gacuucacuga gAcA q acuucacuga AcA    

( , , #) ( , , #) ( , , #)p e et acuucacuga aAacA t cuucacuga AacA q cuucacuga AacuA    

( , , #) ( , , #) ( , , #)p e es cuucacuga cAcacuA s uucacuga AcacuA q uucacuga AcacugA    

( ', , #) ( ', , #) ( ', , #)p p py uucacuga uucacugA y ucacuga ucacugA y cacuga cacugA    

( ', , #) ( ', , #) ( ', , #) ( ', , #)p p p py acuga acugA y cuga cugA y uga ugA y ga gA     

( ', , #) ( ', , #) ( ', ,#)e py a A y a a y    

 

,w gacuucacuga 2 pM
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5.4 EXTENDED LL (1) PARSER FOR STATE GRAMMAR 

LL(1) is a top-down parsing that simulates a leftmost derivation for parsing a string. In 

this section, we examine how LL(1) parsing can be extended for state grammar. A careful 

examination of the rules in various designed state grammars reveals the following points:  

 The above-designed grammars 1 2 3( , , )G G G for tandem repeats, inverted repeats, 

and interleaved repeats do not contain left-recursion. They contain left-factoring, 

which is handled by the inclusion of states in the parsing table.  

 Construction of Extended LL(1) parsing table: first is computed using 

conventional LL(1) parsing technique [88], except that we consider the state 

concept in the parsing table. Given a production of the form 

: ( , ) ( , ),k i jP p A p  where  denotes the production number, for each alphabet 

a in first , add : ( , ) ( , )k i jP p A p  to [ , ]M A a in  state row and state 

column.  

In the case of state grammar, we regulate the use of rules by states. To derive a 

string from the state grammar, the leftmost occurrence of a non-terminal can be 

rewritten under the current state; and it makes the transition from one state to 

another, which helps in determining the next rule to be applied. The next rule must 

be forcefully applied irrespective of the current input tape symbol.  Therefore, we 

replicated the entries for the state which is expanding second non-terminal of start 

production in LL(1) table as for enforcement (regulation) of the rule which is a 

necessary condition in case of state grammar. 

 As ( , ),jfirst p   there is no need to compute follow in the above-designed 

grammar. 

In LL(1) parsing, a blank entry represents the error. We have omitted some entries of 

non-terminals and terminals in the LL(1) parsing table for which there is no rule in the 

corresponding grammar. We have omitted the blank entry to reduce the size of the 

parsing tables and considered that if an entry does not exist in a table, it indicates a blank 

entry. The extended LL parser works similarly to an ordinary parser except for the 

inclusion of state and it can make expansion deeper in the pushdown stack. 

Example 5.1: Consider the grammar 1G   

kP

ip jp
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Table 5.1 represent the extended LL (1) parsing table for tandem repeats.

 
Table 5.1: Parsing table for tandem repeat of grammar 1G  

  
             

         

  g c a t g c a t g c a t 

 S 1 1 1 1         

X     2 4 6 8 10 12 14 16 

 Y 3 3 3 3         

 Y 5 5 5 5         

 Y 7 7 7 7         

 Y 9 9 9 9         

 Y 11 11 11 11         

 Y 13 13 13 13         

 Y 15 15 15 15         

 Y 17 17 17 17         

 

Consider, w gcatgcat  and ie  for 1i  denotes the expansion of rule i and p denotes a 

pop operation. 

1 20 0 1 1( , , #) ( , , #) ( , , #) ( , , #)e e pp gcatgcat S p gcatgcat XY p gcatgcat gXY p catgcat XY  

178 8 8 8 0 8( , , #) ( , , #) ( , , #) ( , , #) ( , , #) ( , ,#)p p p p e pp gcat gcaY p cat caY p at aY p t Y p t t p      

 

Example 5.2: Consider the grammar 2G
 

Table 5.2 represent the extended LL (1) parsing table for the inverted repeat. 

Table 5.2: Parsing table for inverted repeat of grammar 2G
 

  
0p  1p  2p  3p  4p  5p  6p  7p  8p  

  g c a t g c a t g c a t 

0p  S     1 3 5 7 9 10 11 12 

1p  G 2 2 2 2         

2p  C 4 4 4 4         

3p  A 6 6 6 6         

4p
 

T 8 8 8 8         

 

0p 1p 2p 3p 4p 5p 6p 7p 8p

0p

1p

2p

3p

4p

5p

6p

7p

8p

3 4 50 2 2 0( , , #) ( , , #) ( , , #) ( , , #)e e p ep catgcat XgY p catgcat cXgY p atgcat XgY p atgcat XgcY   

6 7 163 3 0 8( , , #) ( , , #) ( , , #) ( , , #)e p e ep atgcat aXgcY p tgcat XgcY p tgcat XgcaY p tgcat tgcaY   
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Consider, ,w ttacgcgtaa  

0 7 4 4 8 0( , , #) ( , , #) ( , , #) ( , , #)e p ep ttacgcgtaa S p ttacgcgtaa tST p tacgcgtaa ST p tacgcgtaa Sa  

7 4 4 8 0 5 3( , , #) ( , , #) ( , , #) ( , , #)e p e ep tacgcgtaa tSTa p acgcgtaa STa p acgcgtaa Saa p acgcgtaa aSAaa   

3 6 0 3 2 2( , , #) ( , , #) ( , , #) ( , , #)p e e pp cgcgtaa SAaa p cgcgtaa Staa p cgcgtaa cSCtaa p gcgtaa SCtaa   

4 0 9 5 5 5( , , #) ( , , #) ( , , #) ( , , #)e e p pp gcgtaa Sgtaa p gcgtaa gcgtaa p cgtaa cgtaa p gtaa gtaa   

5 5 5 5( , , #) ( , , #) ( , , #) ( , ,#)p p p pp taa taa p aa aa p a a p    

 

Example 5.3: Consider the grammar 3G  for pseudoknots 

Table 5.3 represent the extended LL (1) parsing table for pseudoknots. 

Table 5.3: Parsing table for pseudoknots grammar 3G  

  q
 

r
 

s
 

t
 

u’
 

x x’ y y’ 

  g c a u g c a u g c a u 

p S 1 2 3 4         

q A     5 7 9 11 13 15 17 19 

r
 

B 6 6 6 6         

s
 

B 8 8 8 8         

t
 

B 10 10 10 10         

u’
 

B 12 12 12 12         

x
 

B 14 14 14 14         

x’ B 16 16 16 16         

y B 18 18 18 18         

y’ B 20 20 20 20         

 

Consider, w gacuucacuga  

1( , , #) ( , , #) ( , , #)e pp gacuucacuga S q gacuucacuga gAcB q acuucacuga AcB 

9 10( , , #) ( , , #) ( , , #)e p et acuucacuga aAacB t cuucacuga AacB q cuucacuga AacuB  

7 8( , , #) ( , , #) ( , , #)e p es cuucacuga cAcacuB s uucacuga AcacuB q uucacuga AcacugB  

19 ( ', , #) ( ', , #) ( ', , #)e p py uucacuga uucacugB y ucacuga ucacugB y cacuga cacugB  

( ', , #) ( ', , #) ( ', , #) ( ', , #)p p p py acuga acugB y cuga cugB y cuga cugB y uga ugB   

20( ', , #) ( ', , #) ( ', , #) ( ', ,#)p p e py ga gB y a B y a a y      

5.5 RESULTS AND DISCUSSIONS 

Theorem 1: Consider ( , , , , )sG V Q P S as the state grammar and M as the corresponding 

deep pushdown automata. The string w  can be parsed in ( )O n  using the Extended LL(1) 

parser, where n  is the length of the input string w . 
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Proof. Given a string w , the string can be parsed in ( )O n using the ordinary LL(1) parser 

[88]. In the case of state grammar, we can extend it by using the concept proposed by 

Meduna and Zemek [3] for the parsing of a string represented by k-linear scattered 

context grammar using deep pushdown automata. We can use a doubly linked list (the 1
st
 

element represents the top of the stack) for making expansion deeper in the stack [3]. 

Operation on a doubly linked list can be performed in (1)O as the depth of the deep 

pushdown automata is independent of the length of the string. Other operations can be 

performed similarly as in an ordinary LL parser in ( )O n time.  

If the current input symbol is g and $  denotes the end marker of string. The following 

steps are performed: 

 If $g  and the stack is empty, the string is accepted. This operation can be 

performed in (1)O [89]. 

 If the topmost symbol on the stack is a non-terminal (say Y for a state ip ) and the 

current symbol of the input string is g, then the ( , ) ( , )i jp Y p gY  rule is applied 

without moving the read-write head, and it can be performed in (1)O .  

 If the topmost symbol and next input symbol match, then perform the pop 

operation, read/write head points to next symbol, and it can be carried out in (1)O

[89].  

Hence, if the length of the input string w  is ,n  it can be parsed in ( )O n using the 

extended LL parser.                                                                                                          □ 

There exist various approaches for representing DNA and RNA sequences using context-

sensitive grammar or indexed grammar. The parsing of context-sensitive grammars and 

indexed grammar is Exponential and NP-complete, respectively. Attempts have been 

made to represent these sequences using simple linear tree-adjoining, extended simple 

linear tree-adjoining and parallel communicating grammar with time complexities 
4( ),O n

5( )O n  and 
6( ),O n respectively. Table 5.4 depicts the major differences amongst the 

various existing approaches in the literature and the proposed approach. 
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Table 5.4: Comparison amongst various existing approaches and proposed approach 

Criteria                                                                                                                                                                                                                          

   Approach 

Proposed grammatical (language) 

formalism 

Time 

Complexity 

Sung Approach [26] Context-sensitive Exponential 

Searls Approach [28] Indexed Grammar NP-Complete 

Uemura et al. 

Approach[30] 

Simple Linear Tree Adjoining Grammar 

and Extended Simple Linear Tree 

Adjoining Grammar 

4( )O n and
5( ),O n

respectively 

Cai et al. Approach 

[25] 

Parallel Communicating Grammar 

Systems 

6( )O n  

Proposed Approach State Grammar ( )O n  

We have proposed an approach for representing these sequences using state grammar. 

The major benefit of representing these sequences using state grammar is that they can be 

parsed in linear with time complexity ( ),O n  where n  is the length of the string. 

5.6 CONCLUSION 

In this chapter, we have represented DNA and RNA biological sequences using state 

grammar and deep pushdown automata. The major benefit is that the membership of state 

grammar can be decided in linear time ( ),O n  where n  is the length of the string. 
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Chapter-6 

MODELLING BIOMOLECULAR STRUCTURES OF DNA 

AND RNA USING STATE GRAMMAR  

6.1 INTRODUCTION  

DNA molecules sequence is made up of nucleotides, which are of four forms: adenine (a), 

guanine (g), cytosine (c) and thymine (t). RNA molecules sequence is made up of 

nucleotides, which are of four forms: adenine (a), guanine (g), cytosine (c) and uracil (u). 

The complement of a symbol  is represented by .u


Complement pairing in DNA is 

 and . Complement pairing in RNA is  and

. Based on complementary pairs and other biological constraints, these sequences 

lead to the formation of some patterns (structures). These structures have a number of 

functional features. The grammatical formalism of biological structures such as DNA, 

RNA and proteins can be used to solve bioinformatics problems efficiently, such as 

multiple alignment calculations, classification, and prediction of biological sequences 

with their primary and secondary structures. 

Chomsky grammar systems are found to ideal for representing the interactions of 

nucleotides as there is a similarity between formal languages and biomolecules language. 

There are some RNA structures like hairpin which matches with language (the 

language of palindrome) which requires context-free grammar. There are some other 

structures like attenuator 
_ _

*{ | }

R R

DNAuu uu u which matches with  (copy language) 

which require power beyond context-free grammar. There are various other biological 

structures such as extended pseudoknot, recursive pseudoknot, simple h-type, kissing 

hairpin, three-knot which includes crossing dependencies, which also requires power 

beyond context-free grammar. 

In this chapter, we are mainly concerned to extend the previous work of our Chapter 5 for 

representing various biological structures of DNA and RNA using state grammar.  

 

u

,a t


 ,t a


 ,g c


 c g


 ,a u


 ,u a


 ,g c




c g




Rww

ww
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6.2 STATE GRAMMAR FOR BIOMOLECULAR STRUCTURES 

This section describes the state grammar for biomolecular structures found in DNA and 

RNA. 

Theorem 1: The attenuator structure language 
_ _

*{ | }
R R

A DNAL uu uu u  [32] can be 

generated by state grammar. Fig. 6.1 represents attenuator structure of the sequence

{ }gtcgacgtcgac . 

 

Fig 6.1: Attenuator structure 

Proof: Grammar 1 0 1 2 3({ , , , },{ , , , },{ , , , }, , )G S A B u q q q q g c a t P S be the state grammar 

where production rules P are as follows: 

0 1( , ) ( , )q S q AB  

1 2( , ) ( , )q A q uAu


                                               2 1( , ) ( , )q B q uBu


  

1 3( , ) ( , )q A q                                                      
3 4( , ) ( , )q B q   

A sample derivation for the string, s gtatacgtatac

0 1 2 1 2 1 2q q q q q q qS AB gAcB gAcgBc gtAacgBc gtAacgtBac gtaAtacgtBac     

1 3 4q q qgtaAtacgtaBtac gtatacgtaBtac gtatacgtatac  
                                                  

□ 

Theorem 2: The extended pseudoknot language 
_ _ _

*
1 1 21 1 2 1 2 1{ | , , }
R R R

ExP RNAL u v u u v u u u v   

[32] can be generated by state grammar. Fig. 6.2 represents the structure of extended 

pseudoknot sequence{ }cugcuacagcguuagacg . 
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Fig. 6.2: Extended pseudoknot structure 

Proof: Grammar 2 1 2 1 0 1 2 3 4 5({ , , , , , },{ , , , , , },{ , , , }, , )G S A B u u v q q q q q q g c a u P S  be the state 

grammar where production rules P are as follows: 

0 1( , ) ( , )q S q AB                                       11 1 1( , ) ( , )q A q u Au


        

 1 1 2 2( , ) ( , )q B q u Bu


                                 
1 2( , ) ( , )q A q A                     

2 3 1( , ) ( , )q A q v A                                     13 2( , ) ( , )q B q Bv


                                          

2 4( , ) ( , )q A q                                        
4 5( , ) ( , )q B q                                        

A sample derivation for the string, s gaguucucacga

0 1 1 1 1 1 2q q q q q q qS AB gAcB gaAucB gaAucuBa gaAucucBga gaAucucBga     

3 2 3 2q q q qgagAucucBga gagAucucBcga gaguAucucBcga gaguAucucBacga   

4 5q qgaguucucBacga gaguucucacga 
                                                                                   

□ 

Theorem 3: The simple h-type structure language 
_ _

1 21 1 2 2 1 2 1 2{ | , , ,
R R

SHL u v u u v u u u v v  

* }RNA  [32] can be generated by state grammar. Fig. 6.3 represents the structure of the 

simple h-type sequence. 

Proof: Grammar 3 1 2 1 2 0 1 2 3 4 5 6({ , , , , , , },{ , , , , , , },{ , , , }, , )G S A B u u v v q q q q q q q g c a u P S  be the 

state grammar where production rules P are as follows: 

0 1( , ) ( , )q S q AB                            11 1 1( , ) ( , )q A q u Au


  
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1 2( , ) ( , )q A q A                               
2 2 1( , ) ( , )q A q v A  

2 3( , ) ( , )q B q B                            
3 3 2( , ) ( , )q B q v B  

3 4 2( , ) ( , )q A q u A                        24 3( , ) ( , )q B q Bu



 

3 5( , ) ( , )q A q                          
5 6( , ) ( , )q B q   

 

1
u

1
v

2
u

1

R

u


2
v

2

R

u


 

Fig. 6.3: Simple h-type structure 

A sample derivation for the string, s cugugcucagacag  

0 1 1 1 1 2 2 2q q q q q q q qS AB cAgB cuAagB cugAcagB cugAcagB cuguAcagB cugugAcagB      

3 3 3 4 3q q q q qcugugAcagB cugugAcagaB cugugAcagacB cugugcAcagacB cugugcAcagacBg    

4 3 5 6q q q qcugugcuAcagacBg cugugcuAcagacBag cugugcucagacBag cugugcucagacag   

     
□ 

 Theorem 4: The three-knot structure language 
_ _ _

1 2 31 2 3 1 2 3{ | , , ,
R R R

TKL u vu u u u u u u u v  

* }RNA [32] can be generated by state grammar. Fig. 6.4 represents the structure of three -

knot sequence. 

Proof: Grammar 4 1 2 3 0 1 2 3 4 5 6 7 8({ , , , , , , , },{ , , , , , , , , },{ , , , },G S A B C u u u v q q q q q q q q q g c a u  

, )P S  be the state grammar where production rules P are as follows: 

0 1( , ) ( , )q S q ABC                       11 1 1( , ) ( , )q A q u Au


                  

  
1 2( , ) ( , )q A q A                              

2 2( , ) ( , )q A q vA                                         

2 3( , ) ( , )q A q A                               
3 4 2( , ) ( , )q A q u A                     



91 
 

24 3( , ) ( , )q B q Bu


                            
3 5( , ) ( , )q B q                            

5 6 3( , ) ( , )q A q u A                               36 5( , ) ( , )q C q C u



  

5 7( , ) ( , )q A q                                    7 8( , ) ( , )q C q   

                   

 

Fig. 6.4: Three-knot structure 

A sample derivation for the string, s cugcugacacagucug

0 1 1 1 1 2 2q q q q q q qS ABC cAgBC cuAagBC cugAcagBC cugAcagBC cugcAcagBC     

2 3 4 3q q q qcugcuAcagBC cugcuAcagBC cugcugAcagBC cugcugAcagBcC   

4 3 5 6q q q qcugcugaAcagBcC cugcugaAcagBucC cugcugaAcagucC cugcugacAcagucC   

5 6 5q q qcugcugacAcagucCg cugcugacaAcagucCg cugcugacaAcagucCug  

7 8q qcugcugacacagucCug cugcugacacagucug 
                                                                        

□ 

Theorem 5: The recursive pseudoknot structure language 
_ _ _

2 1 41 2 3 4 5{
R R R

RCL u u u u u u u u  

_ _
*

5 3 1 2 3 4 5| , , , , }
R R

RNAu u u u u u u  [32] can be generated by state grammar. Fig. 6.5 

represents the structure of recursive pseudoknot sequence. 

Proof: Grammar
 5 1 2 3 4 5 0 1 2 3 4 5 6 7 8({ , , , , , , , , },{ , , , , , , , , },{ , , ,G S A B C u u u u u q q q q q q q q q g c a

}, , )u P S be the state grammar where production rules P are as follows: 
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0 1( , ) ( , )q S q ABC                                              1 1 4 4( , ) ( , )q B q u Bu



 

1 2( , ) ( , )q A q A                                               
2 3 1( , ) ( , )q A q u A  

13 2( , ) ( , )q B q Bu


                                           
2 4( , ) ( , )q A q A  

24 4 2( , ) ( , )q A q u Au


                                        
4 5( , ) ( , )q B q   

5 6 3( , ) ( , )q A q u A                                            36 5( , ) ( , )q C q C u



 

5 7( , ) ( , )q A q                                                55 7 5( , ) ( , )q C q u C u


  

7 8( , ) ( , )q C q   

 

Fig. 6.5: Recursive Pseudoknot structure 

A sample derivation for the string, s cuacgaguguagacguacuc  

0 1 1 1 2 3 2q q q q q q qS ABC AgBcC AguBacC AguBacC cAguBacC cAguBgacC     

3 2 4 4 4q q q q qcuAguBgacC cuAguBagacC cuAguBagacC cuaAuguBagacC cuacAguguBagacC    

5 6 5 6q q q qcuacAguguagacC cuacgAguguagacC cuacgAguguagacCc cuacgaAguguagacCc   

5 7 7q q qcuacgaAguguagacCuc cuacgaguguagacCuc cuacgaguguagacgCcuc  

7 8q qcuacgaguguagacguCacuc cuacgaguguagacguacuc 
                                                 

□ 

Theorem 6: The kissing hairpin structure language 
_ _ _ _

2 11 1 2 2 3 4 1{ |
R R

KHL u v A Av u u v B Bv u u

*

2 1 2 3 4, , , , , , , }RNA RNAu v v v v A B  [32] can be generated by state grammar. Fig. 6.6 

represents the structure of kissing hairpin sequence. 
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Proof: Grammar 6 1 2 1 2 3 4 0 1 2 3 4 5 6 7 8 9({ , , , , , , , , , , },{ , , , , , , , , , ,G S A B C D u u v v v v q q q q q q q q q q  

10 11, }q q ,{ , , , }, , )g c a u P S be the state grammar where production rules P are as follows: 

0 1( , ) ( , )q S q CD                                 
1 2 1( , ) ( , )q C q u C               

_

12 1( , ) ( , )q D q Du
                                  1 3( , ) ( , )q C q C                 

3 3 1( , ) ( , )q C q v C                                      3 3 4( , ) ( , )q D q Dv  

3 4( , ) ( , )q C q AC                                       4 5( , ) ( , )q C q AC


  

5 6( , ) ( , )q D q D B


                                      
6 7( , ) ( , )q D q DB  

7 7 3( , ) ( , )q D q Dv                                     7 7 2( , ) ( , )q C q v C  

7 8( , ) ( , )q C q C                                          8 9 2( , ) ( , )q C q u C  

29 8( , ) ( , )q D q Du



                                   8 10( , ) ( , )q C q   

10 11( , ) ( , )q D q   

  

 

Fig. 6.6 Kissing Hairpin structure   

A sample derivation for the string, s gaugaucuguaccagcgcuc  

0 1 2 1 2 1 3 3q q q q q q q qS CD gCD gCDc gaCDc gaCDuc gaCDuc gauCDuc       

3 3 3 4 5q q q q qgaugCDuc gaugCDcuc gaugCDgcuc gaugaCDgcuc gaugauCDgcuc    

6 7 7 7q q q qgaugauCDcgcuc gaugauCDgcgcuc gaugaucCDgcgcuc gaugaucuCDgcgcuc   

7 7 8q q qgaugaucuCDagcgcuc gaugaucuCDcagcgcuc gaugaucuCDcagcgcuc  

9 8 9q q qgaugaucugCDcagcgcuc gaugaucugCDccagcgcuc gaugaucuguCDccagcgcuc  

8 10 11q q qgaugaucuguCDaccagcgcuc gaugaucuguDaccagcgcuc gaugaucuguaccagcgcuc 

                                                                                                                            □ 
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6.3 CONCLUSION 

Some of the DNA and RNA structures include crossing dependencies, so it cannot be 

represented by regular grammar or context-free grammar; it requires power beyond context-

free grammar. In this chapter, we have represented biomolecular structures of DNA and RNA 

such as an attenuator, extended pseudoknot, kissing hairpin, simple h-type, recursive 

pseudoknot and three-knot using state grammar.  
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5
Chapter-7 

AN ALGORITHM FOR ERROR TOLERANCE IN 

RECOGNITION OF FAULTY STRINGS IN A 

REGULATED GRAMMAR USING FUZZY SETS                                                           

7.1 INTRODUCTION  

The regulated grammar consists of production rules similar as context-free grammar, but 

it has a larger generative capacity than context-free grammar. Regulated grammar lies 

between context-free and context-sensitive grammar [1-3]. The interleaved dependencies 

that are captured by context-sensitive or type-0 grammar can be represented using 

regulated grammar. For example, languages such as ww , 
2,

nn n na b c a can be represented 

by the regulated grammar. 

Schinder et al.[36] described an approach for recognizing imperfect strings generated by 

the context-free grammar. Inui et al. [37] expanded upon the work of Schinder et al.[36], 

describing an approach for identifying imperfect strings generated by the context-

sensitive grammar. Both Schinder et al.[36] and Inui et al. [37] used a number of fuzzy 

sets to determine the membership values of imperfect strings that do not belong to the 

grammar. 

Motivated by the prior work of recognition of imperfect strings in context-free grammar 

[36] and context-sensitive grammar [37], in this chapter, an algorithm is proposed for the 

recognition of faulty strings in regulated grammar. As well as, the problem of single and 

multiple fault occurrences are discussed. Faulty string refers to some imperfection in a 

string. Single fault refers to imperfection at one position in a string, whereas multiple 

faults refer to imperfection at more than one position in a string.  

Furthermore, depending upon the errors and certainty, it is decided whether the string 

belongs to the language or not based on its membership value. Here, fuzzy sets are used 

to compute the membership of strings that do not exactly match with the grammar. The 

time complexity of the proposed algorithm is 2(| | . | |),RO G w  where | |RG  represents the 

                                                           
5
Results of this chapter are communicated in “LINGUA” entitled: 

Error tolerance for the recognition of faulty strings in a regulated grammar using fuzzy 

sets 
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number of production rules and | |w is the length of the input string, w . The algorithm is 

applied to regularly controlled specified in definition 1.2.5 and matrix grammar specified 

in definition 1.2.6. Regularly controlled and Matrix grammar are one of the types of rule-

based regulated grammar. Finally, the proposed algorithm is applied in the Hindi 

language for the recognition of faulty strings in regulated grammar as a real-life 

application.  

7.2 PRELIMINARIES CONCEPT 

DEFINITION 7.2.1. Regular expression [39] over an alphabet   is defined using 

following rules:  

   and   are regular expressions representing the empty set and empty string. 

 If ,a  then a is a regular expression represents the singleton set{ }a . 

 If 1r and 2r are regular expressions, then 1 2 1 2, |rr r r and *

1r are regular expressions 

represents concatenation, union and Kleene closure. 

DEFINITION 7.2.2. A context-free grammar is in Chomsky normal form [5]  if the 

production rules in P are of the following form:  

 | , ,A BC A B C N   

 |A a A N  and a  

DEFINITION 7.2.3. Given ( )f x and ( )g x are two functions defined on a subset of real 

numbers. We can write ( ) ( ( ))f x O g x if there exists C and N constants such that 

| ( ) | | ( ) |f x C g x  for all x N [89]. 

7.3 PROPOSED ALGORITHM  

In classical automata theory, a string is either accepted or rejected. Fuzzy languages close 

the gap between natural and formal languages. In the fuzzy set, a generalization of 

classical set theory, the degree to which an element belongs to the set is referred to as the 

degree of membership [90]. In this section, an algorithm is proposed for the recognition 

of faulty strings in regulated grammar using fuzzy sets (RFSRG). Given a regularly 

controlled grammar ( , )RCG G r . Production rules of G  are in context-free grammar. For 

avoiding multiple errors, in step 1, ( , )RCG G r
 
is converted into '

' '( , )
RC

G G r where 'G is 

Chomsky normal form of .G  Every production ip G is converted into productions 
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1 2, ,..., | 1k

i i ip p p k   of '.G Specifically, G  is converted into Chomsky normal form 'G  

using the following operations [91]: 

 DEL: Elimination of null production ( )A  

 TERM: Elimination of the terminal symbol at the right-hand side, except for 

length one. 

 UNIT: Elimination of unit production ( )A B  

 BIN: Reduction of non-terminals at right-hand side and conversion to the form 

A BC  

In step 2, control derivation r of 
RCG is converted into 'r of 'RC

G such that

' '( , ) ( , ) { }L G r L G r   . 

 PROCEDURE 1: Regularly controlled_control_derivation '( , )RC RCG G   

Input: Regularly controlled grammar ( , )RCG G r and '

' '( , )
RC

G G r  where 'G is Chomsky 

normal form of G  and initially 'r r . 

Output: Control derivation 'r such that
' '( , ) ( , ) { }L G r L G r   . 

begin  

 do ip r   

 Replace ip  with 
1 2, ,..., k

i i ip p p  in 'r . 

od 

end  

EXAMPLE 7.1: Consider the regularly controlled grammar of example 1.1 ( , )RCG G r , 

where
 

({ ,G S , },{ , }, , )C D c d S P  and the production P is of the following forms: 

0pr S CD                                  1pr C cC   

2pr D cD                                  3pr C dC   

4pr D dD                                  5pr C c   

6pr D c                                     7pr C d   

8pr D d   

*

0 1 2 3 4 5 6 7 8( , ) ( , )r pr pr pr pr pr pr pr pr pr  

Equivalent Chomsky normal form (CNF) for the grammar RCG : 

0pr S CD                                
1

1 1pr C AC   
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2

1 1pr A c                                  
1

2 2pr D A D   

2

2 2pr A c                                 
1

3 3pr C A C   

2

3 3pr A d                                 
1

4 4pr D A D   

2

4 4pr A d                                5pr C c   

6pr D c                                 7pr C d   

8pr D d                                

r is converted into ' 1 2 1 2 1 2 1 2 *

0 1 1 2 2 3 3 4 4 5 6 7 8( , ) ( , )r pr pr pr pr pr pr pr pr pr pr pr pr pr
 

In step 3, we apply replace, add and remove operators to the productions of the form

|A a A N  and a . Hence, there is no possibility in occurrence of multiple errors 

using one production. Errors in the input string are classified into following three types:  

1. Replacement Error [36-37]: In replacement error, a terminal is substituted with 

another terminal symbol from the set  .  

2. Addition Error [36-37]:  In addition error, an extra new terminal symbol is added 

from the terminal set . An extra new terminal can be placed before or after the 

terminal.  

3. Removal Error [36-37]: In removal error, a terminal is replaced by the empty 

string .  

To accumulate the faulty string replace, add and remove operators are considered.  

PROCEDURE 2: Error_productions 
'

'( , )RCG P  

Input: Regularly controlled grammar ' '

'( , )RCG G r  with production set P . 

Output: Additional production 'P  are generated using replace, add and remove operator. 

Initialization: 'P   

begin 

 do ip P   

  If  ip  is of the form A a | A N a    

   
' ' { }P P A           //Using Remove operator 

       do b   

                                   If ( )a b  

                                      
' ' { }P P A b                 //Using Replace operator 
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' ' { } { }P P A ba A ab         //Using Add operator 

         od 

                  od 

 'P P P   

end  

As regularly controlled grammar is ambiguous, in step 4, different derivations for the 

string, ,w L  were generated. In one derivation of a string, total 2 | | 1w  productions are 

used. In each derivation of a string, ,w  the number of productions of the form 

| , ,A BC A B C N  can be | | 1w   and the number of productions of the form 

|A a A N a   
 
can be | | .w  

In step 5, fuzzy set E  [36] is used for determining the number of erroneous substitutions. 

Membership of a faulty string is determined by:   

| | | |
( )

| |

p

E

w E
w

w



  

where | |w  represents the length of the string, ,w  and | |pE  represents the number of error 

productions used for the generation of string, w .  

A certainty factor was defined that can be used for the acceptance and rejection of strings. 

In step 6, a fuzzy set fT  [36] is used for determining the derivation with minimal 

production rules utilized to derive the faulty string, w . Membership of a faulty string is 

determined by:  

2

2

0,

2 , ( ) / 2

( ) 1

1 2 , ( ) / 2

1,

fT

x a

x a
a x a b

b a
w

x b
a b x b

b a

x b



 
 

         
   

  
      

 
  

 

where a  and b  represent the minimum and a maximum number of productions used to 

derive the faulty string, ,w  in all derivations, respectively. x  denotes the actual number 

of productions used in a particular derivation of the faulty string, w . In this a  and b plots 

the extreme points of the sloped curve, therefore making the s-shape. 
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In step 7, the optimal derivation for the string ,w  was chosen. The optimal derivation was 

found by choosing the highest degree of membership obtained from E -set and fT -set 

 

Algorithm 7.1: RFSRG ( , , ( ))RCG w w   

Input: A regularly controlled grammar ( , )RCG G r and a faulty string w . 

Output: Degree of membership of the string w .      

Method 

begin 

1. Convert context-free grammar G  into Chomsky normal form 'G using the 

conventional procedure, and ' '

'( , )RCG G r . 

2. Regularly controlled_control_derivation '( , )RC RCG G .  

3. Error_productions
'

'( , )RCG P .  

4. Generate different derivation for the faulty string w using 'P .  

5. Compute the degree of membership E using the fuzzy set E  [36] for each 

derivation of the string w .  

| | | |
( )

| |

p

E

w E
w

w





 

where | |w  represents the length of the string, ,w  and | |pE  represents the number 

of error productions used for the generation of string, w . 

 
6. Compute degree of membership T using the fuzzy set fT  [36] for each derivation 

of the string w .  

( ) 1
fT w S   shaped membership function  

 

2

2

0,

2 , ( ) / 2

( ) 1

1 2 , ( ) / 2

1,

fT

x a

x a
a x a b

b a
w

x b
a b x b

b a

x b



 
 

         
  

  
      

 
    
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where a  and b  represent the minimum and a maximum number of productions 

used to derive the faulty string, ,w  in all derivations, respectively. x  denotes the 

actual number of productions used in a particular derivation of the faulty string, w . 

7. Optimal derivation of string w :    

For each derivation of w  

( ) min( ( ), ( )),
fi E Tw w w   Here ( )i w denote the minimum degree of   

membership for thi derivation of a string w using E and fT sets. 

End of loop 

           ( ) max( ( ))iw w   

End 

If a matrix grammar ( , )M mG G r is given instead of regularly controlled grammar. During, 

the conversion of G into Chomsky normal form 'G , every production ip G is replaced 

by production 
1 2, ,... | 1k

i i ip p p k   of 'G . In step 2 of RFSRG, we call procedure 

Matrix_Control_derivation '( , )M MG G . The rest of the algorithm remains the same.   

PROCEDURE 3: Matrix_Control_derivation '( , )M MG G
 

Input: Matrix Grammar ( , )M mG G r  and 
'

'( , ')M mG G r  where 'G  is Chomsky normal form 

ofG , and initially 'm mr r . 

Output:  Control derivation 'rm such that
' '( , ) ( , ) { }m mL G r L G r   . 

begin 

'm mr r  

          do  ( )i i i mp m m r     

                     Replace entry of 
1 2 ' ' '( ) ( , ... )i i i i i i mp m with p p m in m r  

 

          od 

end 

EXAMPLE 7.2: Consider ( , ),M mG G r where
 0 1 2 3({ , , },{ , }, ,{ , , , ,G S C D c d S m m m m  4})m

be the matrix grammar of example 1.2 where 

0 0( ),m p S CD    

1 1 2( , ),m p C cC p D cD      

2 3 4( , ),m p C dC p D dD      
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3 5 6( , ),m p C c p D c      

4 7 8( , ),m p C d p D d      

The control set is *

0 1 2 3 4( , ) ( , )mr m m m m m . 

Equivalent CNF for the grammar MG : 

'

0 0( ),m p S CD    

' 1 2 1 2

1 1 1 1 1 2 2 2 2( , , , ),m p C AC p A c p D A D p A c          

' 1 2 1 2

2 3 3 3 3 4 4 4 4( , , , ),m p C A C p A d p D A D p A d          

'

3 5 6( , ),m p C c p D c      

'

4 7 8( , )m p C d p D d      

The control set 
'

mr is ' ' ' * ' '

0 1 2 3 4( , ) ( , )m m m m m . 

7.4 NUMERICAL EXAMPLES  

In this section, we apply RFSRG algorithm to regularly controlled grammar and matrix 

grammar.  

EXAMPLE 7.3: Consider the regularly controlled grammar of example 1.1 ( , ),RCG G r

where
 

({ ,G S , },{ , }, , )C D c d S P  and the production P is of the following forms: 

0pr S CD                                  1pr C cC   

2pr D cD                                  3pr C dC   

4pr D dD                                  5pr C c   

6pr D c                                     7pr C d   

8pr D d   

*

0 1 2 3 4 5 6 7 8( , ) ( , )r pr pr pr pr pr pr pr pr pr  

Equivalent Chomsky normal form (CNF) for the grammar RCG  : 

0pr S CD                                
1

1 1pr C AC   

2

1 1pr A c                                  
1

2 2pr D A D   

2

2 2pr A c                                 
1

3 3pr C A C   

2

3 3pr A d                                 
1

4 4pr D A D   

2

4 4pr A d                                5pr C c   
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6pr D c                                 7pr C d   

8pr D d                                

r is converted into ' 1 2 1 2 1 2 1 2 *

0 1 1 2 2 3 3 4 4 5 6 7 8( , ) ( , )r pr pr pr pr pr pr pr pr pr pr pr pr pr
 

Using fuzzy replace operator: 

9 1 _pr A                                10 2 _pr A   

11 3 _pr A                               12 4 _pr A   

13 _pr C                                14 _pr D   

15 _pr C                                16 _pr D   

Using fuzzy add operator: 

17 1 _ | _pr A c c                      18 2 _ | _pr A c c   

19 3 _ | _pr A d d                    20 4 _ | _pr A d d   

21 _ | _pr C c c                      22 _ | _pr D c c   

23 _ | _pr C d d                      24 _ | _pr D d d   

Using fuzzy remove operator: 

25 1pr A                            26 2pr A   

27 3pr A                            28 4pr A   

29pr C                             30pr D   

31pr C                              32pr D   

Consider the string w ddddcd L  . Table 7.1 depicts some ways for deriving the string 

.w  

Table 7.1:  Various derivation for the string w ddddcd  

Derivation 1 
1 2 1 2 1
3 3 4 4 3

0 3 4 3

19 4' 4 20 29 30

p p p p p p

p p p p p

S CD A CD dCD dCA D dCdD dA CdD

dddCdD dddCdA D dddCdcdD ddddcdD ddddcd

     

    
 

Derivation 2 
1 1 2 1

23 4 4 1
3

1 2
2 2

0 3 4 1

9 2 7 8

p
p p p p p

p p pp p

S CD A CD dCD dCA D dCdD dACdD

ddCdD ddCdA D ddCdcD ddddcD ddddcd

     

    
 

Derivation 3 
1 1
3 4

0 3 19 4 20

7 8

p p pp p
S CD A CD ddCD ddCA D ddCdcD

ddddcD ddddcd

    

 
 

Derivation 4 
1 2 1 2 1
3 3 4 4 3

2 1
3 4

0 3 4 3

4 12 7 8

p p p p p p

p p pp p

S CD A CD dCD dCA D dCdD dA CdD

ddCdD ddCdA D ddCdcD ddddcD ddddcD

     

    
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Table 7.1 (Contd.)

 Derivation 5 
1 1 1
1 2 1

1 2
2 2

0 1 9 2 10 1

9 2 7 8

p p pp p p

p p pp p

S CD ACD dCD dCA D dCdD dACdD

ddCdD ddCdA D ddCdcD ddddcD ddddcd

     

    
 

Derivation 6 
1 1 1
1 2 3

1
4

0 1 9 2 10 3

19 4 20 29 30

p p pp p p

p p p pp

S CD ACD dCD dCA D dCdD dA CdD

dddCdD dddCdA D dddCdcdD ddddcdD ddddcd

     

    
 

Derivation 7 
1 1 1
1 2 3

2 1
3 4

0 1 9 2 10 3

4 12 7 8

p p pp p p

p p pp p

S CD ACD dCD dCA D dCdD dA CdD

ddCdD ddCdA D ddCdcD ddddcD ddddcD

     

    
 

Derivation 8 
1 2 1 2

13 3 4 4
3

2 1
3 4

0 3 4 3

4 12 13 14

p
p p p p p

p p pp p

S CD A CD dCD dCA D dCdD dA CdD

ddCdD ddCdA D ddCdcD ddddcD ddddcd

     

      

Derivation 9 
1

13
4

0 3 19 4 20

13 14

p
p p pp

S CD A CD ddCD ddCA D ddCdcD

ddddcD ddddcd

    

 
 

 

Table 7.2 represents the confidence level for the string w using E  set.   

    Table 7.2: Confidence level for the string w using E  set 

Derivation No. 1 2 3 4 5 6 7 8 9 

Grade of 

Membership 

0.3333 0.8333 0.6667 0.8333 0.5 0 0.5 0.5 0.3333 

 

Table 7.3 represents the confidence level for the string w using fT  set.   

Table 7.3: Confidence level for the string w using fT  set 

Derivation No. 1 2 3 4 5 6 7 8 9 

Grade of 

Membership 

1-1 = 

0 

1-1 

=0 

1-0 

=1 

1-1 

=0 

1-1 = 

0 

1-1 = 

0 

1-1 

= 0 

1-1 

= 0 

1-0 

=1 

 

Table 7.4: Final interpretations with fuzzy confidence for the string w ddddcd  

Derivation No. 1 2 3 4 5 6 7 8 9 

( )w E   0.3333 0.8333 0.6667 0.8333 0.5 0 0.5 0.5 0.3333 

( )fw T   0 0 1 0 0 0 0 0 1 

Min 0 0 0.6667 0 0 0 0 0 0.3333 

 

( ) max(0, 0,0.6667, 0, 0, 0, 0, 0, 0.3333) 0.6667w    

By choosing a certain level of confidence c , we say the string is accepted if ( ) cw  . 
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EXAMPLE 7.4: Consider ( , ),M mG G r where
 0 1 2 3({ , , },{ , }, ,{ , , , ,G S C D c d S m m m m  4})m

be the matrix grammar of example 1.2 where 

0 0( ),m p S CD    

1 1 2( , ),m p C cC p D cD      

2 3 4( , ),m p C dC p D dD      

3 5 6( , ),m p C c p D c      

4 7 8( , ),m p C d p D d      

The control set is *

0 1 2 3 4( , ) ( , )mr m m m m m . 

Equivalent CNF for the grammar MG : 

'

0 0( ),m p S CD    

' 1 2 1 2

1 1 1 1 1 2 2 2 2( , , , ),m p C AC p A c p D A D p A c          

' 1 2 1 2

2 3 3 3 3 4 4 4 4( , , , ),m p C A C p A d p D A D p A d          

'

3 5 6( , ),m p C c p D c      

'

4 7 8( , )m p C d p D d      

The control set 
'

mr is ' ' ' * ' '

0 1 2 3 4( , ) ( , )m m m m m . 

Using fuzzy replace operator: 

9 1 _pr A                               10 2 _pr A   

11 3 _pr A                               12 4 _pr A   

13 _pr C                                14 _pr D   

15 _pr C                                16 _pr D   

Using fuzzy add operator: 

17 1 _ | _pr A c c                      18 2 _ | _pr A c c   

19 3 _ | _pr A d d                   20 4 _ | _pr A d d   

21 _ | _pr C c c                     22 _ |pr D c c   

23 _ | _pr C d d                   24 _ | _pr D d d   

Using fuzzy remove operator: 
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25 1pr A                            26 2pr A   

27 3pr A                            28 4pr A   

29pr C                            30pr D   

31pr C                            32pr D   

On considering string, w cdcdcccd L  . Table 7.5 depicts few ways for deriving the 

string  

Table 7.5:  Various derivation for the string w cdcdcccd  

Derivation 1 0 1 1 1 1 2 2

1 2 1 2 1 2
0 1 1 2 2 3 3

2 2 1 1 1 1

1 1 2 1 2
4 1 1 2 2

4 4

1 2 3

144 1 2

7 8

m m m m m m m

p p p p p p p

m m m m m m

p p p p p p

m m

p p

S CD ACD cCD cCA D cCcD cA CcD cdCcD

cdCcA D cdCccD cdACccD cdcCccD cdcCccA D

cdcCcccD cdcdcccD cdcdcccd

      

     

 

 

Derivation 2 0 1 1 1 1 1 1

1 1 2 1
0 1 2 2 2 1

1

1 1 1 1 1

1 2 1 1
2 2 1 2 2

1

1 4 4

2
2

91 2 1

2 1 2

7 8

p

p

m m m m m m m

p p p p p p

m m m m m

p p p p

m m m

p p p

S CD ACD cCD cCA D cCcD cACcD ccCcD

cdCcA D cdCccD cdACccD cdcCccD cdcCccA D

cdcCcccD cdcdcccD cdcdcccd

      

    

  

 

Derivation 3 0 1 1 1 1 1 1

1 2 1 2 1
0 1 1 2 2 1

1 1 4 4

1
2

171 2 1

18 7 82

m m m m m m m

p p p p p p p

m m m m

p p p p

S CD ACD cCD cCA D cCcD cACcD

cdcCcD cdcCcA D cdcCcccD cdcdcccD cdcdcccd

      

   

 

Derivation 4 0 1 1 1 1 1 1

1 2 1 2 1
0 1 1 2 2 1

1 1 2 2

1 1 2
2 3 3

2 2 4 4

1 2
4 4

171 2 1

182 3

31 324

m m m m m m m

p p p p p p p

m m m m

p p p p

m m m m

p p p p

S CD ACD cCD cCA D cCcD cACcD cdcCcD

cdcCcA D cdcCcccD cdcA CcccD cdcdCcccD

cdcdCcccA D cdcdCcccdD cdcdcccdD cdcdcccd

      

   

   

 

Derivation 5 0 2 2 2 2 2 2

1 1 1 2
0 3 4 12 3 3

2 2 1 1 1

1 1 2 1
4 1 1 2

1 4 4

2
2

113 4 3

124 1 2

7 8

m m m m m m m

p p p p p p p

m m m m m

p p p p p

m m m

p p p

S CD A CD cCD cCA D cCcD cA CcD cdCcD

cdCcA D cdCccD cdACccD cdcCccD cdcCccA D

cdcCcccD cdcdcccD cdcdcccd

      

    

  

 

Derivation 6 0 2 2 2 2 1 1

1 1 1
0 3 4 12 1

1 1 1 1 1

1 2 1 2 1
2 2 1 1 2

1 4 4

2
2

11 93 4 1

2 1 2

7 8

m m m m m m m

p p p p p p p

m m m m m

p p p p p

m m m

p p p

S CD A CD cCD cCA D cCcD cACcD ccCcD

cdCcA D cdCccD cdACccD cdcCccD cdcCccA D

cdcCcccD cdcdcccD cdcdcccd

      

    

  

 

Derivation 7 0 2 2 2 2 1 1

1 1 1
0 3 4 12 1

1 1 4 4

1
2

11 173 4 1

18 7 82

m m m m m m m

p p p p p p p

m m m m

p p p p

S CD A CD cCD cCA D cCcD cACcD cdcCcD

cdcCcA D cdcCcccD cdcdcccD cdcdcccd

      

   

 

w cdcdcccd
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Table 7.5 (Contd.)

 
Derivation 8 0 2 2 2 2 1 1

1 1 1
0 3 4 12 1

1 1 2 2 2

1 1 2 1
2 3 3 4

2 4 4

2
4

11 173 4 1

182 3 4

31 32

m m m m m m m

p p p p p p p

m m m m m

p p p p p

m m m

p p p

S CD A CD cCD cCA D cCcD cACcD cdcCcD

cdcCcA D cdcCcccD cdcA CcccD cdcdCcccD cdcdCcccA D

cdcdCcccdD cdcdcccdD cdcdcccd

      

    

  

 

Derivation 9 0 1 1 1 1 2 2

1 2 1 2 1 2
0 1 1 2 2 3 3

2 2 2 2 2

1 1 1
4 3 4

2 4 4

1 2 3

12 114 3 4

12 7 8

m m m m m m m

p p p p p p p

m m m m m

p p p p p

m m m

p p p

S CD ACD cCD cCA D cCcD cA CcD cdCcD

cdCcA D cdCccD cdA CccD cdcCccD cdcCccA D

cdcCcccD cdcdcccD cdcdcccd

      

    

  

 

Derivation 

10 

0 1 1 1 1 1 1

1 2 1 2 1
0 1 1 2 2 1

1 1 2 2 2

1 2 1 1
2 2 3 4

2 4 4

91 2 1

112 3 4

12 7 8

m m m m m m m

p p p p p p p

m m m m m

p p p p p

m m m

p p p

S CD ACD cCD cCA D cCcD cACcD ccCcD

cdCcA D cdCccD cdA CccD cdcCccD cdcCccA D

cdcCcccD cdcdcccD cdcdcccd

      

    

  

 

 

Table 7.6 represents the confidence level for the string w using E -set.   

Table 7.6: Confidence level for the string w using E -set 

Derivation 

No. 

1 2 3 4 5 6 7 8 9 10 

Grade of 

Membership 

0.875 0.875 0.75 0.5 0.625 0.625 0.5 0.25 0.625 0.625 

 

Table 7.7 represents the confidence level for the string w using fT -set.   

Table 7.7: Confidence level for the string w using fT -set 

Derivation No. 1 2 3 4 5 6 7 8 9 10 

Grade of 

Membership 

1-1 = 

0 

1-1 

=0 

1-0 

=1 

1-1 

=0 

1-1 = 

0 

1-1 = 

0 

1-0 

= 1 

1-1 

= 0 

1-1 

= 0 

1-1 

=0 

 

Table 7.8: Final interpretations with fuzzy confidence for the string w cdcdcccd  

Derivation 

No. 

1 2 3 4 5 6 7 8 9 10 

( )w E   0.875 0.875 0.75 0.5 0.625 0.625 0.5 0.2

5 

0.625 0.625 

( )fw T   1-1 = 

0 

1-1 

=0 

1-0 

=1 

1-1 

=0 

1-1 = 

0 

1-1 = 

0 

1-0 

= 1 

1-1 

= 0 

1-1 = 

0 

1-1 

=0 

Min 0 0 0.75 0 0 0 0.5 0 0 0 
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( ) max(0, 0, 0.75, 0, 0, 0, 0.5, 0, 0, 0) 0.75w    

By choosing a certain level of confidence c , we say the string is accepted if ( ) cw  . 

7.5 REAL-LIFE APPLICATION OF RFSRG ALGORITHM IN 

THE HINDI LANGUAGE 

Regulated languages are the most appropriate formal method for representing human 

languages.  

In linguistic topology, the Hindi language contains crossing dependency, and its structure 

is similar to the German and Dutch languages. Consider the following sentence of the 

Hindi Language spoken in India.  

 

S1:                                                             | 

 

Meaning:             Mohan that apple ate which rotten was. 

English:               Mohan ate that apple which was rotten. 

S2:                              उ                     उ   उ               | 

 

Meaning:             Ram has that pen with essay written which him gifted was 

English:               Ram has written the essay with that pen which was gifted to him. 

In the above sentences, sequential noun  phrases       (Mohan),     (apple),     (Ram) , 

    (pen)  and the verb phrases      (ate),              (rotten),      (written) , उ     

           (gifted)  both form two separate series of constituents. Let 'm  be the 

morphism which maps to      and      to ,c     and             to d and all other 

words of the sentence to the empty string. Therefore, 1 :S cdcd . Therefore, the sentence 

1S  is of the form ww , which is a non-context-free language.   
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Consider ''m  be the morphism, which maps    ,    ,     , उ                to , ,a b c  

and d  respectively and the dependency relation between      (Ram)  and      (written) 

is denoted by m  and      (pen) and उ                (gifted)  by n and other words of 

the sentence by empty string. Therefore, the sentence 2S is of the form m n m na b c d , which 

is a non-context-free language. The crossing dependency of the Hindi language can be 

represented by a regulated grammar.  

Now consider the sentence 1S
 
and If the users unintentionally writes the 1S  sentence as 

'

1 :S                                        | 

In this sentence, user makes an insertion error of one noun phrase     (apple). Now the 

sentence '

1S  maps to cdcdd  instead of cdcd . In formal grammar, this string is completely 

rejected. However, in the case of fuzzy regulated grammar, we cannot completely reject 

the string w . By considering the grammar of example 7.1, Erroneous sentence acceptance 

'

1S  is shown using proposed algorithm RFSRG. Table 7.9 depicts few ways for deriving 

the string w cdcdd  

Table 7.9:  Various derivation for the string w cdcdd  

Derivation 1 Derivation 2 Derivation 3 Derivation 4 

 0pr S CD   0pr S CD   0pr S CD 
 0pr S CD 

 

 
1

1 1pr S ACD   
1

1 1pr S ACD   
1

3 3pr S A CD 
 

1

3 3pr S A CD 
 

2

1pr S cCD   
2

1pr S cCD   11pr S cCD 
 19pr S cdCD 

 
1

2 2pr S cCA D    
1

2 2pr S cCA D   
1

4 4pr S cCA D 
 

1

4 4pr S cdCA D 
 

18pr S cCcdD   2

2pr S cCcD   
2

4pr S cCdD 
 

2

4pr S cdCdD 
 

7pr S cdcdD    7pr S cdcD   23pr S cdcdD 
 5pr S cdcdD 

 

8pr S cdcdd   24pr S cdcdd   8pr S cdcdd 
 14pr S cdcdd 

 

 

Table 7.10 represents the confidence level for the string w using E  set.     

Table 7.10: Confidence level for the string w using E  set 

Derivation No. Derivation 1 Derivation 

2 

Derivation 

3 

Derivation 

4 

Grade of Membership 0.75 0.75 0.5 0.5 
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Table 7.11 represents the confidence level for the string w using fT  set.           

Table 7.11: Confidence level for the string w using fT  set 

Derivation No. Derivation 1 Derivation 

2 

Derivation 

3 

Derivation 

4 

Grade of 

Membership 

1-0=1 1-0=1 1-0=1 1-0=1 

 

           Table 7.12: Final interpretations with fuzzy confidence for the string w cdcdd  

Derivation No. Derivation 1 Derivation 

2 

Derivation 

3 

Derivation 

4 

( )w E   0.75 0.75 0.5 0.5 

( )fw T   1 1 1 1 

Min 0.75 0.75 0.5 0.5 

 

( ) max(0.75; 0.75; 0.5; 0.5) 0.75w    

By choosing a certain level of confidence c , we say string is accepted if ( ) cw  . 

7.6 ANALYSIS OF TIME COMPLEXITY 

In this section, we analyze the time complexity of the proposed algorithm RFSRG. 

Theorem 1:  Given a regulated grammar 
RG and string, w . The time complexity of the 

RFSRG algorithm is equal to
2(| | . | |),RO G w  where | |RG  represents the size of 

productions and | |w  represents the length of the string, respectively. 

Proof. In Step1 of RFSRG algorithm, regulated grammar 
RG  is converted into Chomsky 

Normal form 'RG
 
using DEL, TERM, UNIT and BIN operations [91]. The size of  'RG  

i.e. | 'RG | depends on the order in which DEL, BIN, UNIT, and TERM are carried out. 

TERM always give a linear increase in the size of the grammar. If we carry out the 

transformation in BIN  DEL  UNIT, then
2

'| | (| |).R RG O G  In step 2, the control 

derivation RG is converted into 'RG . Each production i Rp G
 
may be converted into a 

number of productions say 
1 2, ,..., | 1k

i i ipr pr pr k   in 'RG  and each substitution of ip in 

control derivation r gives the corresponding control derivation 'r .  Each substitution can 
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be carried out in (|1|)O . Therefore, the control derivation r  can be converted into 'r  in

(| |)RO G .  

In step 3, we add additional productions using replace, add and remove. Thus, the number 

of productions is of the size
2(| |)RO G . For each production, four faulty productions (one 

each by replace and remove operation and two productions by add operations) are 

generated. The addition of each faulty productions can be carried out in (|1|)O , thereby 

giving the overall complexity of the third step is
2(| |)RO G . 

In each derivation of a string ,w  the number of productions of the form 

| , ,A BC A B C N  can be | | 1w   and the number of productions of the form 

|A a A N a    can be | | .w  Therefore total 2 | | 1w   productions are used in one 

derivation of a string. Considering at each step of the derivation, we can choose a 

production from 
2(| |)RO G  productions. Hence the overall complexity is 

2(| | . | |).RO G w   

Step 5 can be carried out in (|1|)O . In step 6, for finding a, b and x values, complexity is 

2(| |)RO G  and further computation of  ( )
fT w  can be carried out in (|1|)O . So, the overall 

complexity of Step 6 is
2(| |)RO G . Step 7 can be carried out in (|1|)O . Thus the overall 

complexity of the algorithm is
2(| | . | |).RO G w                                                                 □                                     

The proposed algorithm works on all rule-based regulated grammars with little 

modifications in applications of rules.  

7.7 CONCLUSION 

In this chapter, an algorithm for deriving a string, ,w L with a certain level of 

confidence is described. Regulated grammar is converted to Chomsky normal form to 

avoid multiple errors. Furthermore, the algorithm is applied to regularly controlled and 

matrix grammar. The time complexity of the proposed algorithm is 
2(| | . | |).RO G w  By the 

way of numerical examples for a string, w L , the determination of a confidence level for 

the string, ,w is also demonstrated. Further, the real life application of a proposed 

algorithm for the recognition of faulty strings for the natural language, Hindi, is exhibited. 
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Chapter-8 

CONCLUSION AND FUTURE SCOPE 

8.1 SUMMARY OF THE MAIN CONTRIBUTION  

In this dissertation, we proposed a variant of regulated grammar and regulated automaton 

and applied their concept in RNA and DNA biomolecular structures. The summary of the 

main contribution is presented as follows: 

1. Survey of various existing regulated grammar, regulated automata and regulated 

transducer has been carried out. Further, the concept of fuzzy context-free 

grammar, fuzzy pushdown automata and grammar formalism for DNA and RNA 

sequences has also been explored. 

2. Novel concept of Fuzzy State Grammar and Fuzzy Deep Pushdown Automata has 

been proposed.  

3. Design of deterministic deep pushdown automaton (DDPDA), deterministic deep 

pushdown transducer (DDPDT) and their parallel versions named as parallel 

deterministic deep pushdown automaton (PDDPDA) and parallel deterministic 

deep pushdown transducer (PDDPDT). The proposed models obey the properties 

of both strict determinism and determinism with respect to depth.   

4. Application of state grammar and deep pushdown automata in biological 

sequences of Nucleic Acids. We have represented three commonly found 

structures in DNA and RNA using state grammar namely: Tandem Repeat, 

Inverted Repeat, and Pseudoknot. These biological sequences are depicted using 

formal model deep pushdown automata. Furthermore, we have extended our work 

for various biomolecular structures of DNA and RNA using state grammar. 

Various structures represented are attenuator, extended pseudoknot, kissing 

hairpin, simple h-type, recursive pseudoknot, and three-knot.   

5. Design of an algorithm for error tolerance in recognition of faulty strings in a 

regulated grammar using fuzzy sets. 

The limitation of the proposed work is that, in Chapter 5, we have designed Extended LL 

(1) parser for state grammar which is an extension of LL (1) parser. The proposed parser 

handles only left-factoring, by the inclusion of states in the parsing table. Our parser fails 
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if the grammar contains left recursion. So, there is a scope in future to design a regulated 

parser which parses the grammar which contains both left-factoring and left-recursion.  

8.2 FUTURE SCOPE 

Following are a number of promising and stimulating directions for future research 

building on the proposed work and gleaning of knowledge presented in this dissertation. 

8.2.1 REGULATED AUTOMATA 

Significant research has been done on regulated grammar, but much less research has 

been done on its automaton counterpart. A few regulated grammars such as matrix 

grammar, state grammar, and programmed grammar have their corresponding automata, 

but other types of grammars still lack their corresponding automata. 

8.2.2 PARSING 

In this dissertation, we have designed Extended LL (1) parser for structures such as 

Tandem Repeat, Inverted Repeat and Pseudoknot. In the future, researchers can work on 

designing of efficient parsing algorithm for the other various types of structures such as 

attenuator, extended pseudoknot, kissing hairpin, simple h-type, recursive pseudoknot, 

and three-knot.   

8.2.3 DECIDABILITY 

Is the family of languages defined by regulated automata such as Deep Pushdown 

Automata and Controlled Finite Automata closed under various operations such as 

intersection, concatenation, union, shuffle, Kleene star, reversal? 

8.2.4 PARSER FOR THE PROPOSED VARIANT 

There is a scope of designing of efficient parsing algorithm for the proposed variant of 

regulated grammar named as Fuzzy state grammar. 

8.2.5 FUZZINESS IN CONTEXT-BASED AND PARALLEL REGULATED 

GRAMMAR 

We have introduced the concept of fuzziness in state grammar which is a rule-based 

regulated grammar. This will lead to another interesting problem for introducing the 

concept of fuzziness in context-based and parallel regulated grammar. 
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8.2.6 BIPOLAR FUZZY SETS IN RFSRG 

In this dissertation, we have designed an algorithm for error tolerance in recognition of 

faulty strings in a regulated grammar using fuzzy sets. We can extend this algorithm by 

using bipolar fuzzy sets, which is the extension of fuzzy sets, in which membership 

degree lies between [-1 to 1] rather than [0 to 1].  

8.2.7 DESIGNING OF NEW TYPE OF REGULATED GRAMMAR AND 

REGULATED AUTOMATA 

There is a scope in designing a new type of regulated grammar and regulated automata by 

combining the restrictions of both rule-based and context-based. Further, to explore the 

language hierarchy of these grammars. 

8.2.8 APPLICATIONS 

In future, there is a scope of applying the concept of regulated and regulated automata in 

linguistics, complier design and molecular genetics. 
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