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Abstract

Let G be a finite p-group and let Aut(G) denote its full automorphism group. An
automorphism « of G is called a class-preserving automorphism if, for each x € G,
there exists an element g, € G such that a(z) = g;'rg,; and is called an inner
automorphism if, for all x € G, there exists a fixed element g € G such that

'zg. The group Inn(G) of all inner automorphisms of G is a normal

a(z) = g°
subgroup of the group Aut.(G) of all class-preserving automorphisms of G. We
denote the group Aut.(G)/Inn(G) of all class preserving outer automorphisms by
Out.(G). By Aut¥(G), we denote the set of all automorphisms of G which centralize
G/M and N, where M and N are two normal subgroups of G. An automorphism «
of G is called a central automorphism if g~'a(g) € Z(G) for all g € G. Let Aut,(G)
denote the group of all central automorphisms of G and let AutZ(G) denote the
group of all those central automorphisms which fix the center of G' element-wise.

The main object of the thesis is to study central and class-preserving automor-
phisms of a finite p-group, where p is a prime. More specifically, we study when
Aut,(G) = Z(Inn(G)) and when Out.(G) # 1. In chapter 2, we characterize all
finite p-groups G of order p"(n < 6), where p is a prime for n < 5 and an odd prime
for n = 6, such that the center of the inner automorphism group of G is equal to
the group of central automorphisms of GG. In chapter 3, we characterize all finite
p-groups of order dividing p’, where p is a prime for n < 6 and an odd prime for
n =7, such that Z(Inn(G)) = Aut?(G) < Aut,(G).

In chapter 4, we give necessary and sufficient conditions on a group of order p°
such that GG has a non-inner class-preserving automorphism. As a consequence, we
give short and alternate proofs of results of Yadav [55, Section 5] and Kalra and
Gumber [34, Theorem 4.2]. In chapter 5, we have decided the Hasse principle for
some groups of order p°®, where p is an odd prime, using isoclinism families given by
James [31], by giving alternate proofs of results of Narain and Karan [42] and Rai
and Yadav [45]. We also classify some groups G of order p® such that G admits a

non-inner automorphism of order p.
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CHAPTER 1

Introduction and Basics

1.1 Introduction

Let G be an arbitrary group and let Aut(G) denote the full automorphism group of
G. Let G" and Z(G) respectively denote the commutator subgroup and the center
of G. An automorphism « of G is called a class-preserving automorphism if, for
each z € G, there exists an element g, € G such that a(z) = g, 'zg,; and is called
an inner automorphism if, for each z € G, there exists a fixed element ¢ € G
such that a(z) = g 'zg. The group Inn(G) of all inner automorphisms of G is a
normal subgroup of the group Aut.(G) of all class-preserving automorphisms of G.
We denote the group Aut.(G)/Inn(G) of all class preserving outer automorphisms
by Out.(G). By Aut¥(G), we denote the group of all automorphisms of G' which
centralize both G/M and N, where M and N are two normal subgroups of G. An
automorphism « of GG is called a central automorphism if it commutes with all inner
automorphisms, or equivalently, if ¢ 'a(g) € Z(G) for all ¢ € G. Let Aut,(G)
denote the group of all central automorphisms of G and let Aut?(G) denote the
group of all those central automorphisms which fix the center of G element-wise.

1



1.1 Introduction 2

Throughout in the thesis, the letter p denotes an arbitrary prime.

The main object of the thesis is to study central and class-preserving automor-
phisms of a finite p-group, where p is a prime. It is interesting and natural to discuss
the question: what are the necessary and sufficient conditions on a group G such that
certain subgroups of Aut(G) are equal? Interest in the equality of two different au-
tomorphism groups dates back to 1908, when Hilton [25, p. 233] asked the following
question: Whether a non-abelian group can have an abelian group of isomorphisms
(automorphisms), that is, when Aut(G) = Aut,(G)? An affirmative answer to this
question was given by Miller [39] in 1913. He constructed a non-abelian group G of
order 64 for which Aut(G) was abelian of order 128. More examples of such finite
2-groups were constructed by Struik [49] in 1982, Curran [13] in 1987 and Jamali

[30] in 2002.

The central automorphism group can be as large as possible when all automor-
phisms are central i.e. when Aut,(G) = Aut(G), and can be as small as possible
when Aut,(G) = Z(Inn(G)). If G is abelian, then Inn(G) is trivial and hence
Aut,(G) = Aut(G). If G is non-abelian and if Aut,(G) = Aut(G), then since
Inn(G) is abelian, G is a nilpotent group of class 2. So one can restrict attention
to finite p-groups. Non-abelian p-groups G in which all automorphisms are central,
that is when Aut,(G) = Aut(G), have been well studied. If Aut(G) is abelian, then
necessarily Aut,(G) = Aut(G), and various authors have considered this situation
(see for example [6, 16, 21, 22, 23, 26, 32, 40, 41]). If Aut(G) is non-abelian, even
then all automorphisms may be central and this case has been explored, for example,

in [12, 18, 29, 38].
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In 2001, Curran and McCaughan [15] gave necessary and sufficient conditions
for a finite p-group G such that Aut,(G) = Inn(G). They proved that for any finite
p-group G, Aut,(G) = Inn(G) if and only if G’ = Z(G) and Z(G) is cyclic. In 2007,
Attar [3] established that for any finite p-group G, Aut?(G) = Inn(G) if and only if
G is abelian or nilpotency class of G is 2 and Z(G) is cyclic. In 2009, Yadav [56] gave
necessary and sufficient conditions on a finite p-group G of nilpotency class 2 such
that Aut,(G) = Aut?(G). Attar [4] in 2012 and Jafari [28] in 2011 have generalized
this result. They have given necessary and sufficient conditions on a finite p-group
G of arbitrary nilpotency class such that each central automorphism of G fixes the
center element-wise. In 2013, Azhdari and Malayeri [5] gave necessary and sufficient
conditions on G such that AutN(G) is equal to Z(Inn(G)), Inn(G), Aut?(G) or
Aut,(G). Recently, Kalra and Gumber [34] and Yadav [57] have given necessary
and sufficient conditions on a finite p-group G such that all central automorphisms

are class preserving.

Consider now the opposite extreme, the case in which we are specially inter-
ested, when the central automorphism group is as small as possible. The bound
is Z(Inn(G)), because it is always contained in Aut,(G). In 2004, Curran [14]
studied finite p-groups G for which Aut,(G) = Z(Inn(G)). He proved that for
any finite p-group G, if Aut,(G) = Z(Inn(G)), then Z(G) < G' and Z(Inn(G))
must not be cyclic. It follows that if G is a finite p-group of maximal class,
then Aut,(G) # Z(Inn(G)). Observe that if the nilpotency class of G is 2, then
Z(Inn(G)) = Inn(G) and thus, by the above mentioned result of Curran and Mc-

Caughan [15], Aut,(G) = Z(Inn(G)) if and only if G’ = Z(G) and Z(G) is cyclic.
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Therefore, to characterize all finite p-groups G for which Aut,(G) = Z(Inn(G)), we
can assume that the nilpotency class of G is bigger than 2 and G is not of maximal
class. Of course, in such a case |G| > p°. In chapter 2, we characterize all finite
p-groups G of order p™(n < 6), where p is a prime for n < 5 and an odd prime for
n = 6, such that the center of the inner automorphism group of G is equal to the
group of central automorphisms of GG. The results of this chapter have appeared in
[47]. In chapter 3, we characterize all finite p-groups of order dividing p”, where p

is a prime for n < 6 and an odd prime for n = 7, such that Aut?(G) = Z(Inn(G)).

In 1911, Burnside [9, Note B] posed the following question: Does there exist
a finite group G such that G' has a non-inner class-preserving automorphism? In
1913, Burnside [10] himself gave a positive answer to his question. He constructed
a group G of order p®, where p is an odd prime, such that Aut.(G) # Inn(G). In
the years 2000 and 2001, Kumar and Vermani [35, 36] proved that Out.(G) =1 for
every finite non-abelian p-group G having a maximal subgroup which is cyclic. In
particular, they proved that if G is an extra-special p-group or a group of order p*,
then Out.(G) = 1. In 2002, Kumar and Vermani [37] found those finite non-abelian
p-groups G of order p™, m > 4, having a normal cyclic subgroup of order p™2
but having no element of order p™~! for which Aut.(G) = Inn(G). In 2004, Fuma
and Ninomiya [17] proved that for every non-abelian group of order p™ having a
cyclic subgroup of order p™~2 but having no normal cyclic subgroup of order p™ 2
and no element of order p™! | Aut.(G) = Inn(G) . It follows from [31] that all
finite p-groups of order p®, where p is an odd prime, are partitioned into ten iso-

clinism families; and from [20] that all finite 2-groups of order 2° are partitioned
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into eight isoclinism families. In 2008, Yadav [55] proved that if G and H are two
finite non-abelian isoclinic groups, then Aut.(G) ~ Aut.(H). He then showed that
Out.(G) # 1 for the groups ®7(1%) and ®19(1°) from the seventh and tenth families
in [31], and concluded that if G is a finite p-group of order p°, where p is an odd
prime, then Out.(G) # 1 if and only if G is isoclinic to a group either in the sev-
enth or in the tenth family. For more details about this problem, one can see the
excellent survey article by Yadav [54]. Kalra and Gumber [34, Theorem 4.2], using
the classifications, isoclinism families and presentations given by Hall and Senior
[20] and Sag and Wamsley [46], have shown that if G is a finite 2-group of order
25, then Out.(G) = 1, except for the forty fourth and forty fifth groups from the
sixth family in [20]. Recently, Narain and Karan [42] and Rai and Yadav [45] have
classified groups of order pb for which Out.(G) # 1 using isoclinism families given
by James [31], where p denotes an odd prime. A longstanding conjecture asserts
that every finite non-abelian p-group admits a non-inner automorphism of order p.
The conjecture has been verified in many cases and is still open in general case (see,
for example, [1] for details and references). In chapter 4, we give necessary and suffi-
cient conditions on a group of order p°® such that G has a non-inner class-preserving
automorphism. As a consequence, we give short and alternate proofs of results of
Yadav [55, Section 5] and Kalra and Gumber [34, Theorem 4.2]. The results of this
chapter will appear in [48]. In chapter 5, we have decided the Hasse principle for
some groups of order p®, where p is an odd prime, using isoclinism families given by
James [31], by giving alternate proofs of results of Narain and Karan [42] and Rai

and Yadav [45]. We also classify some groups G of order p® such that G admits a
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non-inner automorphism of order p.

1.2 Basics

This section has been taken from thesis of Kalra [33]. In this section, we give
some basic facts of group theory that are assumed in the foregoing chapters. The
definitions and proofs of results presented here can be found in any standard book
on group theory. We of course suppose a familiarity of more basic group theoretic
terms and concepts like abelian, cyclic, coset, normal subgroup, factor or quotient
group, homomorphism, isomorphism, direct product et cetera.

Let G be an arbitrary group and X be a subset of G. The intersection of the
family of subgroups of G which contain X is a subgroup of G and is denoted by
(X). In other words, (X) is the smallest subgroup of G which contains X. The
subgroup (X) is called the subgroup generated by X. If X is non-empty, then (X)

contains every finite product of the type

mi .m2

xy"txy xroor>1, € X, m; €7,

e ro

and conversely all such products form a subgroup of GG containing X. It follows
that (X) consists of all such products. A cyclic group is thus generated by a single
element. We shall denote a cyclic group of order m by C,,. The rank of a group
G is the smallest cardinality of a generating set of G and is denoted by d(G). The
least common multiple of the orders of the elements of a finite group G is called the
exponent of G and is denoted by exp(G).

The commutator of two elements a,b € G is the element [a,b] = a='b"'ab
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of G and the commutator subgroup or the derived subgroup G’ of G is
the subgroup of G generated by all commutators of G. It is easy to see that G’
is a normal subgroup of G. If X and Y are two subsets of GG, then we define
[X,Y] = ([z,y]|lr € X,y € Y). Thus [X,Y] is always a subgroup of G. For
x € G, [z, G] denotes the set of all commutators [z, g], where g € G. The following

are well known commutator identities

[x,yz] = [mvz][‘%y][%?/a Z]; [xy, Z] = [x,z][x,z,y][y,z],

where z,y, z € G and will be frequently used in the thesis without any reference.
A series

1:G0§G1§§GZZG

of subgroups of G is called a normal series if each G; is a normal subgroup of G.
The normal series above is called a central series if for each i, G;11/G; < Z(G/G,).
Let Zy =1 and let Z;1/Z; = Z(G/Z;) for i > 0. Observe that Z; is the center of G
and Z;,1/Z;, being the center of G/Z;, is normal in G/Z; and hence Z;,; is normal

in G for all « > 0. It follows that the series

1=07y< 71 <7, < ...

is a central series of G. The subgroup Z; is called the 2-th center and this series
is called the upper central series of G.

We define subgroups v;(G), i > 1, of G by setting

1(G) =G, 741(G) = [%(G), Gl

Observe that 12(G) = G, each ;(G) is normal in G and v;11(G) < 7(G). The



1.2 Basics 8

series

G=n(G)>GC > .. . 7.(G)>...

is called the lower central series of G. If the lower central series of a group G
terminates in a finite number of steps at 1, and if ¢ is the least natural number such
that 7.11(G) = 1, then G is called a nilpotent group of class c¢. The class of a
nilpotent group is denoted by ¢l(G). Observe that if c/(G) = 2, then G’ < Z(G).

A maximal subgroup of GG is a proper subgroup M such that there is no
subgroup H of G with M < H < G. The intersection of all the maximal subgroups
of G is the Frattini subgroup ®(G) of G. If G has no maximal subgroup, then
we set ®(G) = G. An element a of G is called a non-generator of G if whenever
G = (a, X), then G = (X). An interesting property of ®(G) is that it is exactly the
set of all non-generators of G. Two elements a and b of G are called conjugate if
there exists an element g of G such that b = g~ tag. It is easily seen that “conjugacy”
is an equivalence relation on GG and therefore it partitions G into equivalence classes.
The equivalence class that contains the element a of GG is called the conjugacy class
of a and is denoted as a®. Let A be a non-empty subset of G. The set of elements
of G which commute with every element of A is called the centralizer of A in
G, and is denoted as Cg(A). If A = {a} is singleton, then Cx({a}) is simply
denoted as Cg(a). It is easy to see that Ci(A) is a subgroup of G. For any a € G,
|a%] = |G|/|Ca(a)l.

A finite group G is called a purely non-abelian group if it has no non-trivial
abelian direct factor. If Z(G) is cyclic or if, Z(G) < ®(G), then G is purely non-

abelian.
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An isomorphism « of G to itself is called an automorphism of G. The set
of all automorphisms of G is a group under the usual operation of composition of
mappings. We call this group the full automorphism group of G and denote it by
Aut(G).

Let A be an abelian group and let Hom(G, A) denote the set of all homo-
morphisms of G into A. For f,g € Hom(G, A), define fg(x) = f(z)g(z). Then
Hom(G, A) becomes an abelian group under this operation. If A, B, C' are all finite
abelian groups, then Hom(A, B x (') ~ Hom(A, B) x Hom(A, C') and Hom(A, B) ~
Hom(B, A). Also, Hom(C,,, C,) ~ Cy, where d = ged(m,n).

For a fixed prime number p, a group G is called a p-group if the order of ev-
ery element of G is a power of p. For a p-group G, let Q,(G)= (x € G|z = 1)
and GP= (aP|x € G). The following are well known facts about p-groups: (i)

GPG' = O(G) and (ii) G/P(G) is elementary abelian of rank d(G).



CHAPTER 2

Central Automorphism Group of Minimal Order

2.1 Introduction

Let G be a finite p-group. By Z(G), G, Aut(G) and Inn(G), we denote the center,
the commutator subgroup, the group of all automorphisms and the group of all
inner automorphisms of G respectively. An automorphism « of G is called a central
automorphism if o commutes with every inner automorphism, or equivalently, if
7 a(x) lies in the centre of G for all x in G. The central automorphisms fix the
commutator subgroup G’ of G pointwise and form a normal subgroup Aut,(G) of
Aut(G). The group Aut,(G) always lies between Z(Inn(G)) and Aut(G). Curran
[14] considered the case when Aut,(G) is minimum possible, that is, when Aut,(G) =
Z(Inn(G)). He proved that for Aut,(G) to be equal to Z(Inn(G)), Z(G) must be
contained in G’ and Z(Inn(G)) must not be cyclic. These conditions are necessary
but not sufficient because there are groups G for which Aut,(G) # Z(Inn(G)) even
if Z(@G) is contained in G’ or Z(Inn(G)) is not cyclic . For example, the group
G = (a,b,c,d,e] [bal =c,|c,al =d,|be] =d,[d,a] =1,[e,a] =1,[c,b] =1,
[d,b] =1,[d,c] =1,[e,;c] =1, [e,d] =1,a? =P =P =dP = el = 1),

10
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where p is an odd prime, has |G| = p°, |Z(G)| = p,|®(G)| = |G'| = p?, cl(G) = 3,
Z(Inn(G)) ~ C, x C, and | Aut,(G)| = p*. Curran and McCaughan [15] proved
that Aut,(G) = Inn(G) if and only if G' = Z(G) and Z(G) is cyclic. Observe that
if the nilpotency class of G is 2, then Z(Inn(G)) = Inn(G) and thus Aut,(G) =
Z(Inn(@)) if and only if G’ = Z(G) and Z(G) is cyclic. Also observe that if G is of
maximal class, then |Z(Inn(G))| = p and by [14] Aut,(G) > Z(Inn(G)). Therefore,
to characterize all finite p-groups G for which Aut,(G) = Z(Inn(G)), we can assume
that the nilpotency class of G is bigger than 2 and G is not of maximal class. Of

course in such a case |G| > p°.

In section 2.2, we prove two theorems which characterize all such groups of order
p°, where p is any prime, and of order p®, where p is an odd prime. In section 2.3,
as an application of the results obtained in section 2.2, we find all such groups from
the list of groups of order p™, where p is an odd prime and 4 < n < 6, ordered into

isoclinism families by James [31].

Let X be a finite group and let X = X/Z(X). Then commutation in X gives
a well defined map ax : X x X — X’ such that ax(2Z(X),yZ(Y)) = [z,y] for all
(r,y) € X x X. Two finite groups G and H are called isoclinic, as defined by
Hall [19], if there exists an isomorphism ¢ of the factor group G' = G/Z(G) onto
H = H/Z(H), and an isomorphism 6 of the subgroup G’ onto H' such that the

following diagram is commutative

_ _ a

Gx G ¢ o
Y XY 0

_ _ a

Hx i L ¢
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The resulting pair (1, 0) is called an isoclinism of G onto H. Notice that isoclinism
is an equivalence relation among finite groups. For the sake of convenience, the table
containing information about the groups of order p™(n < 6) given by James [31],

where p is an odd prime, is shown below:

* * * * * * * *
Family [| Rank] Class G/2(6) | 6, Gy | G | G5 q, L a, a3 ™ To T3 Ty
o, 3 2 an It » p2-1 0 o o | 9% e 0
o, 4 3 °,1% | anf p p2-1 p’-p o 0 p?| -1 o
o, s 2 iy an p? p3-p p3-p? o o 2| P-p o
o s 2 a*y %) P pr-1 0 o o Pt o p-1
o s 3 0,1 |a1n |y p2 o p3-1 o 0 P2l »P-1 o
o, s 3 e, | an| m P p’-1 »>-p 0 o p’| % | 1
o s 3 2,22) | (@ 1 P | PPl p°-p ‘0 o | #®| PP | e-1
o, s 4 e,y | an| @ P p>-1 0 p2-p o p?| -1 0
o, s 4 e, (1% Jainjan| P p-1 p2-1 p2-p o P2 P21 p-1
° 6 2 a1y |ain p° o pt-p o o P3| p*-p o
o, 6 2 a% | an p? | 20%-2p | p*-2p%41 0 o p*| 2p%-20%|p%-2p11
o 6 2 a% | an 2 | p-p p-p? o o ¥ 0% | p%-
Lo 6 2 (22) 2) p2 ps-p pt-p o o P“ PS-PQ P2'P
o, 6 2 a® | ao ' o pt-1 0 o o 0 p?-1
L 6 3 wz(lh) ain | (1 p? P -P p3-p? o p’ pt-p o
., 6 3 e, 1% fain| p2 | 2p%-2p [2p°-p2-2p+1f p°-2p%4p| © p>|2p3-p?-p|p?-2p+1
o 6 3 0,a* a1 | 2| »%p »-p p3-p? o 2| % | P7-p
o 6 3 o,y | fan p2 | 20%-2p |2p°-p-2p+y p>-2p%4p| O p°|2p°-p?-p|p%-2p+1
oy 6 3 e,y |ain|an 2| »2-p - p3-p? o 3l p3-p | p%-p
21 6 3 e, |ain|an 2 0 p?-1 »°-p o || e | %t
L% 6 3 02(15) Qan| @ p |p3+p’-p-1 pt-pZ-p+1 o o o p°-p? p-p
o 6 4 e, | a® o) e »3-p p°-p? 0 2| 2p°-p-1| p%-2p+1
o, 6 4 e,1% [ainlan| p | 2p2-p-1 | p3-2p+1 p°-p? o 2| %-p | PP-p
o, 6 4 e 22106, (2D |AD] (1) p | 2p%-p-1 | p3-2p+1 p3-p2 o P S
o, 6 4 e 22)b) 2D |aD| @) P 2p2-p-1 | p3-2p+1 p3-p2 0 3l p3-p p2-p
* * E3 * * * * *
Family || Rank| Class G/z2(®) | 6, | G, | G, |G i a5 l ay a, a a, roL ) ‘ £
- - : )
o, 6 4 e % | amnjan| @ p | 2p2-p-1 | p3-2p+1 p’-p? o p3‘] p3-p l p2-p
0 6 4 e 220b,| 2n|an] M p | 2p2-p-1 | p3-2p+1 p°-p? ° 3l p-p | P2-p
0 6 4 o 22Db) D |AD| W p | 2p2-p-1 | p3-2p+1 p3-p? o 23| % | p%-p
L3N 6 4 e,1% | ainjani @ p p-1 2p2-p-1 p -2p+1 o P2 p%-p p2-1
o 6 3 %(15) ain| () P p2-1 p3+p2-2p P-pXp+l o 3| p3-p p2-p
o, 6 3 e, 1% | ainl @ P p2-1 p3+p2-2p | p-pZp+l o P2l p-p p2-p
oy 6 3 %, (1% | a1n| M P 2p2-p-1 | p3-2p+1 p3-p? o p3 p3-p p’-p
L 6 3 ®(2210b | (21| (1) p 2p2-p-1 | p3-2p+1 p3-p? o P3| p°-p p2-p
LI 6 5 e 1% | atHlaw] aiy axy e pi-1 o p2-p| p pt-1 o
o 6 s ega | a®lany ary @ e p2-1 p>-p o p-p | p%| P°-1 | p-p
@37 6 5 ¢9(15) e aafainy) ay a) p p-1 p°-1 p2-p P-2p+1 p2| p-1 p’-p
®38 6 s e, 1% | alany a aj e p-1 p2-1 p’-p p2-p | 02| 71 p2-1
®39 6 5 4’10(15) "2(1") a1y ai) ay p p-1 p-1 2p2-p-1| p?-2p+1 p?| p°-1 p?-1
2,0 6 4 e, 1% | a™lain a p p2-1 p’-p p°-p o p3l -1 p2-p
o, 6 4 e, 1% | a™lam m P pZ-1 pZ-p p°-p 0 p?| %1 | pP-p
L 6 4 °e(221“’5(p-1 (21DjCLiey {1y P p2-1 p’-p p3-p o Pi Pz-l Pz‘P
LN 6 4 9 (221) 4, @11 11)] (1)) P P2~1 p2—P Pa‘l’ o P p -1 P ~P
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If G and H are two isoclinic groups, then the nilpotency class of G is equal to the
nilpotency class of H and the terms in the lower central series of G' are isomorphic
to the respective terms of the lower central series of H. More precisely, one can say
that the commutator structure of G is similar to the commutator structure of H.

The following well known results will be used quite frequently in the thesis with-

out any reference.

Theorem 2.1.1 ([2, Theorem 1]) If G is a purely non-abelian finite group, then

| Aut,(G)| = [Hom(G /G, Z(G))|.

Lemma 2.1.2 [14, Corollaries 3.7, 3.8] Let G be a finite non-abelian p-group such

that Aut,(G) = Z(Inn(G)). Then Z(G) < G and Z(Inn(G)) is not cyclic.

A p-group G is said to be regular if for any two elements z,y in G, there is an
element z in the commutator subgroup H’ of the subgroup H = (z,y) of G, such

that zPyP = (zy)PzP.

Lemma 2.1.3 [7, Theorem 7.2(e)|] If G is a reqular p-group, then for all x,y € G
and i,j5 > 0,

@' y”) = 1if and only if [z, " = 1.

Lemma 2.1.4 [43, Theorem 2| Let G be a non-abelian p-group of order p*. Then

one of the following holds:
(a) 1Z(@)] =p*|G|=p and G' < Z(G), and

b) 1Z2(G)| = p, |G| = p* and Z(G) < G
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Lemma 2.1.5 ([41, Lemma 0.4]) Let G be a finite nilpotent group of class 2. Then
exp(G’) = exp(G/Z(Q)) and in the decomposition of G/Z(G) into a direct product

of cyclic groups, at least two factors of mazximal order must occur.

2.2 Characterization

In this section, we characterize all groups of order p°, where p is any prime, and all
groups of order p®, where p is an odd prime, such that Aut,(G) = Z(Inn(G)). The
characteristics of such groups turn out to be the same in both the cases. We begin

with the following simple lemma.

Lemma 2.2.1 Let G be a finite p-group of order p* and rank 2. If |G'| = p, then

Z(Q) = ®(G) and | Z(Q)| = p*.

Proof. Observe that |®(G)| = p? and cl(G) = 2. Therefore by lemma 2.1.5,
exp(G/Z(G)) = exp(G’) = p and hence Z(G) = ®(G). O
Theorem 2.2.2 Let G be a finite p-group such that |G| = p® and cl(G) = 3. Then
Aut,(G) = Z(Inn(G)) if and only if d(G) =2 and |Z(G)| = p.

Proof. First suppose that d(G) = 2 and |Z(G)| = p. Then G is purely non-abelian
and thus | Aut,(G)| = |Hom(G/G', Z(@))| = p* Since Z(Inn(G)) < Aut,(G),
|Z(Inn(G))| = p or p>. If |Z(Inn(G))| = p, then G/Z(G) is a 2-generated non

abelian group of order p* having nilpotency class 2. Thus
12(G/2(G))| = |Z(Inn(G))| = p = [(G/Z(G))'],

which is a contradiction to Lemma 2.2.1. Therefore |Z(Inn(G))| = p? and hence

Aut,(G) = Z(Inn(G)).
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Conversely suppose that Aut,(G) = Z(Inn(G)). Then Z(G) < G' by Lemma
2.1.2 and the fact that cl(G) = 3. Therefore G is purely non-abelian and Inn(G) is
a non-abelian group of order p?, because if |Inn(G)| = p? , then |Z(Inn(G))| = p
which is a contradiction to Lemma 2.1.2. Thus |Z(G)| = p and |Z(Inn(G))| = p*.
Then

| Aut,(G)| = [Hom(G/G", Z(G))| = | Z(Inn(G))| = p*
implies that d(G) = 2. O

Theorem 2.2.3 Let G be a finite p-group, p an odd prime, such that |G| = p° and

c(G) =3 or4. Then Aut,(G) = Z(Inn(Q)) if and only if d(G) = 2 and |Z(G)| = p.

Proof. If d(G) = 2 and |Z(G)| = p, then as in above theorem, |Aut,(G)| =
p?. We proceed to prove that |Z(Inn(G))| = p?. On the contrary suppose that
|Z(Inn(G))| = p. First suppose that cl(G) = 3. Let H = G/Z(G). Since the nilpo-
tency class of G is 3, the nilpotency class of H is 2. Thus H' = Z(H) = Z(Inn(G))
is of order p. This implies that exp(H') = exp(H/Z(H)) = p and therefore H is
an extra-special p-group, which is a contradiction to the fact that d(H) = 2. Next
suppose that cl(G) = 4. Let H = G/Z(G) and let K = H/Z(H). Then |K| = p*,
cl(K) =2 and exp(K/Z(K)) = exp(K'). Now |Z(K)| # p because if |Z(K)| = p,
then d(K) = 3. Thus |Z(K)| = p? and hence |K’| = p by lemma 2.1.4. It then fol-
lows that |[H'| = p?, |G'| = p? and |3(G)| = p®. Let {z,y} be a minimal generating

set for H. If H' is elementary abelian, then

— 2P—2

[, y] = [z, g} [2,9] (P=1)/2 _ 1,

c. [m,y}m[xay] = [l‘,y}p[l‘,y,l‘]p

Thus 2P and similarly y? is in Z(H) < H'. Therefore ®(H) = H’, a contradiction
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to the fact that d(H) = 2. If H' is cyclic, then |®(H'))| = p. But
(H') = ®(G'/2(G)) = ®(G')/Z4(G),

because Z(G) being of order p is contained in ®(G’). This implies that |®(G")| = p?.

It then follows that G’ is cyclic and therefore G is regular. Suppose
GG ~Cp x C,~ (xG") x (yG').

Then {x,y} is a minimal generating set for G, G’ = ([z,y]) and 2’ 4P € G but

xP ¢ G'. Since the nilpotency class of G is 4, 13(G) < Z5(G). But
1%2(G)/2(G)| = [Z2(Inn(G))| = p = [Z(G)]

implies that |Z(G)| = p* = |y3(G)| and thus 3(G) = Zy(G). If yP € Zo(G) =

~v3(@), then [y?, x] € Z(G) and since G is regular,

2

1= [yp’x]p = [yp27x] = [yv'ﬂp )

a contradiction to the fact that |G’| = p3. Therefore y* € G' — 13(G), G' = (yP)
and |y| = p*. Thus 27° € (y) and therefore [27°,y] = [x,y]”" = 1, which is again a
contradiction to the fact that |G| = p®. Hence Aut,(G) = Z(Inn(G)) is of order p?.

Conversely suppose that Z(Inn(G)) = Aut,(G). Then Z(G) < G’ by Lemma
2.1.2 and the fact that cl/(G) > 2. Thus G is purely non-abelian and G/Z(G) is a
non-abelian group of order at most p°. Therefore p* < |Z(Inn(G))| < p?, because
Z(Inn(G)) cannot be cyclic by Lemma 2.1.2. The possibility of G' being rank 4 is

immediately ruled out because if d(G) = 4, then

| Aut,(G)| = [Hom(C, x C, x C, x C,, C,)| = p* # | Z(Inn(G))|.
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If d(G) = 3, then |Aut,(G)| > p® and therefore by assumption, |Aut,(G)| =
|Z(Inn(G))| = p®. Also |Z(G)| = p, for if |Z(G)| = p?, then |Z(Inn(GQ))| = p*.
Let H = G/Z(G). Then |H/Z(H)| = p* and hence |H'| = p. It then follows that

|G'| = p?, |73(G)| = p and therefore cl(G) = 3. Suppose that
G/G' ~Cpx Cpx Cp >~ (2G") x (yG') x (zG").

Then G = (z,y,2) and 2%, y?,2"" € G’ but 2# ¢ G'. Since |G/Zy(G)| = p?, one
of x,y and z lies in Z5(G). If z € Zy(G), then 2P € Z(G) < G’, which is a
contradiction. We can therefore, without any loss of generality, assume that x €
Z5(G). Then [z,y], [z, 2] € Z(G) and [z, x] = 1. If G’ is elementary abelian, then
(2P, y] = [2,9]P[z,y, 2]PP~V/2 = 1. Thus 2# € Z(G), again a contradiction. Now
suppose that G’ is cyclic. Let M = (y,z,®(G)). Then M is a maximal subgroup
of G and G = MZy(G). It follows from [8, Theorem 1.3] that v,;(G) = ~;(M) for
all i > 2. Since Z(G) < M, Z(G) < Z(M) and Cg(M) = Z(M). We prove that
Z(G) = Z(M). Since |[M| = p®, order of Z(M) lies between p and p3. If |Z(M)| = p?

or p®, then since M’ = G’ is cyclic, it follows from [7, Prop. 21.20] that
P2 |M/Z(M)| = |M'|* = p',

a contradiction and thus |Z(M)| = p = |Z(G)|. This proves that Z(M) = Z(G).
Since G’ is cyclic, (G") = Z(G) and thus Cq(Cq(M)) = M [11, Theorem C].
Now from the facts that Co(M) = Z(M), Z(M) = Z(G) and Cq(Cg(M)) = M, it
follows that C¢(Z(G)) = M, a final contradiction to d(G) = 3. Hence d(G)=2 and
therefore, because of assumption, |Z(G)| = p or p>. We prove that |Z(G)| = p. If

|Z(G)| = p?, then |Z(Inn(G))| = p? by Lemma 2.1.4 and therefore |G'/Z(G)| = p.
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This implies that |G'| = p® and G/G’ ~ Cj2 x C,. Thus
| Aut,(G)| = [Hom(Cy2 x Cp, Z(@))| > p* > |Z(Inn(G))],

a contradiction to the assumption. This proves the “ if 7 part of the theorem. [

2.3 Application

In this section, we use the classification of all groups of order p™, where p is an odd
prime and 5 < n < 6, given by James [31]. It follows from [31] that all finite p-groups
of order p® are partitioned into ten isoclinism families; and all finite p-groups of
order p°® are partitioned into forty three isoclinism families. As an application of our
results, we find those groups G of order p° and p° for which Aut,(G) = Z(Inn(G)).
We shall mainly use the information concerning these groups given in §4.1 and
presentations of these groups given in §4.5 and §4.6 of [31]. The i-th family is

denoted as ®;.

Theorem 2.3.1 If |G| = p® and cl(G) = 3, then Aut,(G) = Z(Inn(G)) if and only

if G is isomorphic to ®g(32).

Proof. There are only 2 isoclinism families viz. ®; and ®g which consist of groups
G such that |Z(G)| = p and cl(G) = 3. The family ®; consists of groups G with
G/Z(G) = ®y(1*). Thus G/Z(G) is of exponent p. Since |G'| = p?, it follows that
Z(G) < G" and G/G" is an elementary abelian group of order p*. Thus d(G) = 3
and hence Aut,(G) # Z(Inn(G)) by Theorem 2.2.2. The family ®g consists of only

one group viz.

(1)8(32) = <O‘17O‘27ﬁ | [a17a2] == 0511)7 [Oél,ﬁ] =1, [OQ?ﬂ] - 17ﬁp2 = O‘IZ;Q = 1>
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which is of rank 2 because 8 = [ag,a5] € (P5(32)) < P(Pg(32)) and hence
Aut,(®5(32)) = Z(Inn(Pg(32))) by Theorem 2.2.2.

]

Theorem 2.3.2 If |G| = p® and cl(G) = 3 or 4, then Aut,(G) = Z(Inn(G)) if and
only if G is isomorphic to one of the groups in the isoclinism families @o5, Pog, Pog, Pag

and CI)40 — (1)43.

Proof. There are 16 isoclinism families viz. ®g9, Poy — P34 and Py — dy3 which
consist of groups G for which |Z(G)| = p and cl(G) = 3 or 4. If G is any group from
the families @qy, Doy, Doy and P3g— P33, then Z(G) < G, |G| = p? or p* and G/Z(G)
is of exponent p. Therefore G is of rank 3 or 4 and hence Aut,(G) # Z(Inn(G))
by Theorem 2.2.3. The family ®3,4 consists of groups G such that |G’| = p*. From
the presentations of these groups, it follows that they are generated by 6 elements
a, oy, g, B, B2,y such that fy, B, 7, a?, o, ab € G'. This implies that G? < G'.
Thus d(G) = 3 and hence Aut,(G) # Z(Inn(G)) by Theorem 2.2.3. Any group G of
the families @95, Pog, Pog and Pog is generated by 5 elements o, aq, s, ag, ay such
that g, a3, 4 € G'. Thus d(G) = 2 and hence Aut,(G) = Z(Inn(G)) by Theorem
2.2.3. If G is any group from the families ®4 — ®43, then |G'| = p* and hence

d(G) = 2. Thus Aut,(G) = Z(Inn(G)) by Theorem 2.2.3. O



CHAPTER 3

Central Automorphisms Fixing the Center
Elementwise

3.1 Introduction

The purpose of this chapter is to find finite p-groups G for which
Z(Inn(G)) = Aut’Z(G) < Aut,(G). (3.1)

Observe that Z(Inn(G)) < Aut’?(G) < Aut,(G) and that Z(Inn(G)) = AutZ(G)
if Z(Inn(G)) = Aut,(G). In section 3.2, we prove that there is no finite p-group
G of order dividing p%, satisfying (3.1); and we prove that a group G of order p’,
where p is an odd prime, satisfies (3.1) if and only if Z(G) ~ C,z2, |G| = p* and the
nilpotency class of G is 4. Observe that if Z(G) < G', then Aut?(G) = Aut,(G).
Therefore, hereafter, in our proofs of theorems, we shall assume that Z(G) is not
contained in G’. Attar [3] proved that Aut?(G) = Inn(G) if and only if G' = Z(G)
and Z(@G) is cyclic. If G is of nilpotency class 2, then Inn(G) = Z(Inn(G)); it follows
that if Aut?(G) = Z(Inn(G)), then G’ = Z(G), a contradiction to our assumption.
It is, therefore, also necessary to assume that G is of nilpotency class at least 3. It

follows that G is not of maximal class, |Z(G)| > p* and |G] is at least p°.

20
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It follows from the results of Curran [14, Theorem 2.3] and Adney and Yen [2,

Theorem 1] that for any non-abelian group G,

Aut’(G) ~ Hom(G/G'Z(G), Z(@)),

and if GG is purely non-abelian and finite, then

| Aut,(G)| = [Hom(G/G', Z(G))|.

We start with the following useful lemma.

Lemma 3.1.1 [27, Satz 7.8, p. 306] Let G be a finite p-group. If Z(G') is cyclic,

then so is G'.

3.2 Main Results

Lemma 3.2.1 Let G be a finite non-abelian p-group. Then G/G'Z(G) is not cyclic.

Proof. Suppose that G/G'Z(QG) is cyclic. Then, since G' < ®(G), it follows that G
has a generating set {ay, as, ..., a, }, where a; € Z(G) for all ¢ > 1. It follows that G

is abelian. O

As explained in the introduction, we shall assume that Z(G) is not contained in

G’ and the nilpotency class of G is at least 3.

Theorem 3.2.2 [f G is of coclass 2, then G does not satisfy (3.1).

Proof. Let |G| = p™. Observe that |Z(G)| = p? and G/Z(G) is a maximal class
group of order p"~2. Tt follows that |Z(Inn(G))| = p, (G/Z(G))'| = p"~* and hence

| Autj(G)| = [Hom(G/G'Z(G), Z(G))| = p* > | Z(Inn(G))]. =
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Theorem 3.2.3 There does not exist a group of order dividing p® satisfying (3.1).

Proof. The result follows from Theorem 3.2.2 if |G| = p®. Therefore suppose that
|G| = p°. Observe that either (i) the nilpotency class of G is 4 and |Z(G)| = p?® or
(i) the nilpotency class of G is 3 and |Z(G)| = p* or p>. The result follows again
from Theorem 3.2.2 in case (i). Assume that the nilpotency class of G is 3 and
|Z(G)| = p*. Then G/Z(G) is an extra-special p-group and hence |Z(Inn(G))| =

(G/Z(@))| = p. Tt follows that |G'Z(G)| = p* and hence

| Aut}(G)| = [Hom(G/G'Z(G), Z(G))| = p* > |Z(Inn(G))|.

Finally assume that the nilpotency class of G is 3 and |Z(G)| = p?>. Then G/Z(G)
is a class 2 group of order p*; consequently |Z(Inn(G))| = p?, |(G/Z(G))'| = p by
Lemma 2.1.4 and hence G'Z(G) is an abelian normal subgroup of G of order p3. Tt
follows from Lemma 3.2.1 that G/G’'Z(G) is not cyclic and hence | Aut?(G)| > p? =

1Z(Inn(Q))]. O

Theorem 3.2.4 A group G of order p*, where p is an odd prime, satisfies (3.1) if

and only if Z(G) = Cy2, |G'| = p* and the nilpotency class of G is 4.

Proof. First suppose that Z(G) ~ Cz2, |G’| = p* and the nilpotency class of G is 4.

It implies that G is purely non-abelian and hence

| Aut;(G)] = [Hom(G/G'Z(G), Z(G))| = p* < p* = |Hom(G/G', Z(G))| = | Aut,(G)|.

Now G/Z(G) is a group of order p° and of nilpotency class 3. Therefore | Z(Inn(G))| =
p or p?. Assume that |Z(Inn(G))| = p. Then |Zy(G)| = p?. Since G is of nilpotency

class 4 and Z(G) is not contained in G', 13(G) < Z5(G) and hence |y3(G)| = p*.
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Observe that G/G’ is isomorphic to Cj2 x C,, or C,, x C}, x C,,. The first case is not
possible by [8, Theorem 1.5(iii)]. In the second case, G' = ®(G). We can choose
a minimal generating set {x,y, 2z} of G in which one of the generators, say z, is in
Z(G). Then G' = ([z,y],73(G)), and hence G'/v3(G) is a cyclic group of order p*.
But this is a contradiction to [8, Theorem 1.5(i)]. It follows that |Z(Inn(G))| = p?
and hence G satisfies (3.1).

Conversely suppose that G satisfies (3.1). In view of theorem 3.2.2, nilpotency
class of G is either 3 or 4. First assume that G is of nilpotency class 3. Then G’ is

abelian and therefore

d(Aut’(@)) > d(G/G'Z(G)) > 2

by Lemma 3.2.1. It follows that p* < |Z(Inn(G))| < p® and hence p* < |Z(G)| < p*.
If |Z(G)| = p?, then |Z(Inn(Q))| = p?, |(G/Z(G))'| = p by Lemma 2.1.4 and thus

|G'Z(G)| = p*. Since G/G'Z(@G) is not cyclic,

| Aut}(G)| = [Hom(G/G'Z(G), Z(G))| = p’,

which is a contradiction to (3.1). We therefore suppose that |Z(G)| = p*. First
consider the case when |Z(Inn(G))| = p?. Observe that |G| < p*, because if |G'| >
p*, then |Z2(@)| = |Z(G)G'| > p° and hence |Z(Inn(G))| > p*. If |G| = p* or p?,

then G/G'Z(G) is not cyclic by Lemma 3.2.1. Thus

| Aut;(G)| = |Hom(G/G'Z(G), Z(G))| = 1,

a contradiction to (3.1). Next consider the case when |Z(Inn(G))| = p3. Let H =

G/Z(G). Then |H| = p°, |H/Z(H)| = p* and the nilpotency class of H is 2. Thus
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|H'| = p by [52, Theorem 2.1(i)]. Therefore |G'Z(G)| = p* and hence |G| = p?.
Now

| Aut}(G)| = [Hom(G/G'Z(G), Z(G))| = | Z(Inn(G))| = p,

which is possible when Z(G) ~ C

p

: and G/G'Z(G) ~ C,

p

s X Cp. Let
G/G'Z(GQ) ~ (xG'Z(R)) x (yG'Z(G)).

Then 2*°, 4 € G'Z(G) but 2, 2"* ¢ G'Z(G). If G’ is elementary abelian, then for
any g € G,

2 p(p=1)/2 _ q

[2?, g] = [z, 9] [z, 9" ... [z, %[z, 9] = [z, g"[z. g, 2]

implies that 27 € Z(G); and if G’ is cyclic, then G is regular and thus 1 = [z, g]”2 =
(27", g] implies that 27° € Z(G). In both the cases, we get a contradiction.

We next assume that the nilpotency class of G is 4. Observe that |G'| < p°,
because if |G| = p°, then d(G) = 2 and one of the generators x,y of G will lie in
Z(G) and thus G’ = ([z,y],73(G)) = v3(G), which is not so. We now divide the proof
in three cases depending on the order |Z(Inn(G))| of Z(Inn(G)). If | Z(Inn(G))| = p?,
then |Zy(G)| > p°, which is not possible in a p-group of nilpotency class 4. Next
suppose that |Z(Inn(G))| = p. Then G/Z(G)G' ~ C, and thus |Z(G)G'| = p".
Now if |Z(G)| = p?, then |G’| = p°, not possible. If |Z(G)| = p?, then G/Z(G)
has nilpotency class 3 and order p* and thus |(G/Z(G))| = p? by Lemma 2.1.4,
which gives |Z(G)G'| = p°, a contradiction. If |Z(G)| = p?, then G/Z(G) has
nilpotency class 3 and order p? and thus|(G/Z(G))’'| = p implies that |Z(G)G'| = p°,
a contradiction. Finally suppose that |Z(Inn(G))| = p?. In this case G/Z(G)G' ~

C,x Cy or C, or Cpz or Cps or Cpa. Observe that | Z(G)| = p?, because if |Z(G)| = p?
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or p, then |Z5(G)| = p® or pb, which is not possible in a p-group of nilpotency class

4. We claim that Z(G) ~ C.

2 and |G| = ph. If Z(G) ~ C, x C,, then G/Z(G)G'
is cyclic and thus G’ is not abelian by Lemma 3.2.1. Since |G'| < p°, |G| = p* by
Lemma 3.1.1. Therefore G/Z(G)G’ ~ Cp2. If d(G) = 3, then exp(G/G’) = p and
if d(G) = 2, then G'Z(G) = ®(G), which is a contradiction to exp(G/G'Z(G)) =
p*. It follows that Z(G) ~ Cp. If |G'| = p? or p?, then since |Aut,(G)| = p?,
G/G'Z(G) ~ Cys or Cpa, which is not possible by Lemma 3.2.1 and Lemma 3.1.1.

This proves our claim. ]

We next give an example of a group G of order 37 which satisfies equation (3.1).
This group G has ID 131 among the groups of order 2187 in SmallGroup library of
GAP [51]. Consider

G = (o, 9, a3, 04,05 06,07 | [, 0] = a3, [a1, 3] = a5 !, [ag, ay] = 1,
[ar, 5] = 1, [, a6) = 1, [, a7] = 1, [an, o] = ag ', [, au] = 1, [, a5] = 1,
[ag, ag] = 1, (g, 7] = 1, [z, ) = 1, [as, a5] = 1, [ag, ag] = 1, [ag, 7] = 1,
[y, as] = 1, [ay, 6] = 1, [, 7] = 1, [as, ag] = 1, [as, o] = 1, [, 7] = 1,
o} =ag,ai =a;t ol =an,af =al =a)=al=ai =a} =ad =1).

It can be checked that Z(G) ~ (ay) ~ Cy, G' ~ (as,as,ap,a7), ay € P(G) —

G, d(G) = 2, nilpotency class of G is 4, Z(G) N G ~ (aq) ~ Cs , |G'| = 81,

Z(G) ¢ &', | Aut?(G)| = | Hom(G/G'Z(G), Z(G))| = | Hom(C) x C,, Cy2)| = p* and

12:(G)/Z(G)| = p*.



CHAPTER 4

Class-Preserving Automorphisms of Groups of
order p’

4.1 Introduction

Let G be a finite group. An automorphism « of G is called a class-preserving
automorphism if, for each element x € G, there exists an element g, € G such
that a(r) = g, 'xg,; and is called an inner automorphism if, for all z € G, there

'2zg. The group Inn(G) of all

exists a fixed element g € G such that a(z) = g~
inner automorphisms of G is a normal subgroup of the group Aut.(G) of all class-

preserving automorphisms of G. We denote the group Aut.(G)/Inn(G) of all class-

preserving outer automorphisms by Out.(G).

In section 4.2, we give necessary and sufficient conditions on a group of order
p°® such that G has a non-inner class-preserving automorphism. We would like to
mention here that in proving our results, we are not using any of the available
classifications or presentations of the groups. As a consequence, we give short and
alternate proofs of results of Yadav [55, Section 5] and Kalra and Gumber [34,

Theorem 4.2].

26
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Yadav [55] proved that if G and H are two finite non-abelian isoclinic groups,
then Aut.(G) ~ Aut.(H). He then showed that Out.(G) # 1 for the groups ®;(1°)
and ®10(1%) from the seventh and tenth families in [31], and concluded that if G
is a finite p-group of order p°, where p is an odd prime, then Out.(G) # 1 if and
only if GG is isoclinic to a group either in the seventh or in the tenth family. Kalra
and Gumber [34, Theorem 4.2|, using the classifications, isoclinism families and
presentations given by Hall and Senior [20] and Sag and Wamsley [46], have shown
that if G is a finite 2-group of order 2°, then Out.(G) = 1, except for the forty fourth
and forty fifth groups from the sixth family in [20]. In section 4.3, as a consequence
of the results proved in section 4.2, we find all finite p-groups G of order p® for which
Out.(G) # 1 from the list of all such groups given by Hall and Senior [20] (for p = 2)

and given by James [31] (for odd primes p).

Let H be a non-trivial proper normal subgroup of a finite p-group G. The pair
(G, H) is called a Camina pair if H C [y, G| for all y € G — H; and G is called a
Camina group if (G,G’) is a Camina pair.

We shall use the following known results without further reference.

Proposition 4.1.1 ([24, Proposition 14.4]) Let G be a finite group having an abelian
normal subgroup A with cyclic quotient G/A. Then class-preserving automorphisms

of G are inner automorphisms.

Lemma 4.1.2 ([7, Lemma 36.5 (a)]) If a finite p-group G is a two-generated group

of class 2, then G' is cyclic.
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4.2 Main Results

We start with the following crucial technical lemma. The lemma can be of indepen-

dent interest also.

Lemma 4.2.1 Let G be any group such that Out.(G/Z(QG)) is trivial. Then Aut.(G) =
(Aut.(G) N Aut, (@) Inn(G). In addition, if G is finite, then

_ [Aute(G) N Aut,(G)| [ Inn(G)|
| Ante(G)] = Z(tun(G))

Proof. If a € Aut.(G), then it induces a class-preserving automorphism, say @, on
G/Z(G) given by a(zZ(G)) =a(x)Z(G) for all z € G. Since Out.(G/Z(G)) = 1,
a(2)Z(G) = a 'zaZ(G) for afixed a € G. Therefore, for each z € G, there exists an
element z, € Z(G) such that a(r) = a 'raz, = a ' (xz,)a. Defineamap f: G — G
by f(z) = aa(z)a™! for all z € G. Tt is easy to see that 5 € Aut.(G) N Aut,(G) and
a = 1,03, where i, denotes the inner automorphism of GG given by conjugation with

a. It thus follows that Aut.(G) = (Aut.(G) N Aut,(G)) Inn(G). O

Proposition 4.2.2 Let G be a finite non-abelian p-group of order p° such that

|Z(G)| > p*. Then Out.(G) = 1.

Proof. 1t |Z(G)| > p?, then G has a maximal abelian subgroup and hence Out.(G) =
1. We therefore suppose that | Z(G)|= p?. Then cl(G) is either 2 or 3. First suppose
that cl(G) = 2. Then G' < Z(G). If G’ is cyclic, then Out.(G) = 1. Therefore
suppose that G’ = Z(G) ~ C, x C,. Then exp(G/Z(G)) = exp(G') = p. It
follows that Z(G) = G' = ®(G) and hence d(G) = 3. If G = (a,b,c), then G'=

([a,b],|a, ], [b,c]). We can assume that

b, c] = [a,b]"[a, ]"
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for some m,n, 0 S m,n S P — 1. Set v := ba™™ and v := ca™. Then
[u,v] = [ba™™, ca™] = [b, c][b, a]"[a, ] ™™ = 1.

It follows that (u, v, G') is a maximal abelian subgroup of G and hence Out.(G) = 1.

Now suppose that cl(G) = 3. Then G’ is abelian of order p? or p®. First assume
that |G’| = p?. Since G/Cg(G’) is isomorphic to a subgroup of Aut(G’), [G :
Cc(G")] < p and hence |Cq(G')| = p*. The subgroup G'Z(G) is of order p* and is
contained in Cg(G'). Tt follows that Cq(G') = (a,G'Z(QG)), where a € Cg(G') —
G'Z(@G), is a maximal abelian subgroup of G' and hence Out.(G) = 1. Next assume
that |G'| = p*®. Then G’ = ®(G) and d(G) = 2. Let G = (a,b) and let w :=

[a,b],u := [a,w] and v := [b,w]. Then G' = (w,3(G)) and v3(G) = (u,v). Since
[a,b]" = [a, '] =1 (mod 25(G)),
|G'/73(G)| = p and hence |y3(G)| = p?. If |h¢| = p? for some h € G — G’, then
|Cg(h)| = p? and hence h € Z(G), which is absurd. Since |z%| # p, it follows
that |2¢] = p? for all z € G — G’. Then | Aut.(G)| < p*. Let |Aut.(G)| = p*.
Then, for any z,y € G, there exists an « € Aut.(G) such that a(a) = x~'ar and
a(b) = y~'by. In particular, there exists an o € Aut.(G) such that a(a) = b~'ab
and a(b) = a~'ba. Now (ab) *a(ab) € [ab, G]. But
(ab)ta(ab) = b ta rala)a(b) = b wbw ™t = [w,b] = vt
Thus v! € [ab, G]. Let v™! = [ab, h], where h € G. Observe that
uv = [a, w[b, w] = [ab, w]
and therefore

u = (uww)v~* = [ab,w][ab, h] = [ab,wh] € [ab, G].
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Thus 73(G) < [ab, G]. But since

lab, G]| = |(ab)“| = p*,

v3(G) = [ab, G]. Thus

w = [b,a] = [ab,a] € [ab, G] = 3(G).

This is a contradiction and hence Out.(G) = 1. O

Theorem 4.2.3 Let G be a finite non-abelian p-group of order p°. Then Out.(G) #
1 if and only if |Z(G)| = p, Z(G) < G and either (i) cl(G) = 3 and d(G) = 3 or

(1) cl(G) =4 and Z(G) C [z,G] for allx € G —G'.

Proof. First suppose that Out.(G) # 1. Then |Z(G)| = p by Proposition 4.2.2 and
hence Z(G) < G'. Tt follows that G is purely non-abelian and cl(G) is either 3 or 4.

Suppose that cl(G) = 3. Since |G'|=p? or p3,

| Aut,(G)| = [Hom(G/G', Z(G))| < p’

by [2, Theorem 1]. Also, since G/Z(G) is a class 2 group of order p*, |Z(Inn(G))| =

p?. It now follows by Lemma 4.2.1 that

| Aut.(G)| = p2] Aut.(G) N Aut,(G)] < P°.

Since | Aut.(G)| > |Inn(G)| = p?, | Aut,(G)| = p* and hence d(G) = 3. Next sup-
pose that c/(G) = 4. Then G is of maximal class and hence |G'| = p?, |Z(Inn(G))| =

p, d(G) =2 and | Aut,(G)| = [Hom(C, x C,, C,)| = p*. Thus

| Auto(G)| = p*| Auto(G) N Aut,(G)| < p,
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by Lemma 4.2.1. Tt follows that | Aut.(G) N Aut,(G)| = p? and hence Aut,(G) <
Aut.(G). Let a € G—G" and let G = (a, b). Suppose that all central automorphisms
of G fix a. Then each 1 # a € Aut,(G) would have to move b. Since | Aut,(G)| = p?,
this would require that |Z(G)| = p?, which is not so. Thus, there exists a central
automorphism « such that a(a) = az for some 1 # z € Z(G). On the other hand,
since « is class-preserving, a(a) = g~ 'ag for some g € G. It follows that z = [a, ¢]
and, since 2" = [a,g"] for all n > 1, Z(G) C [z,G] for all x € G — G".

To prove the converse, we first suppose that |Z(G)| = p, Z(G) < G, cl(G) = 4
and Z(G) C [z,G] for all x € G— G'. Since G is of maximal class, |Z(Inn(G))| = p,
|G'| = p?, d(G) = 2 and hence | Aut,(G)| = |[Hom(C, x C,,C,)| = p?. Also, since
Z(GQ) C [z,G] for all z € G — G, Aut,(G) < Aut.(G). It follows by Lemma 4.2.1
that | Aut.(G)| = p® > |Inn(G)|. Next suppose that |Z(G)| = p, Z(G) < G’ and

d(G) = 3. Then cl(G) = 3, |G| = |®(G)| = p? and hence
| Aut,(G)| = [Hom(G/G", Z(G))| = p*.

It follows from [50, Theorems 4.7 and 5.1] that (G, Z(G)) is a Camina pair. Thus
Z(G) C [2,G] for all 2 € G — Z(G) and hence Aut,(G) < Aut.(G). Since
|G/Z(G)] = p* and c(G/Z(G)) = 2, |Z(Inn(G))| = p* and thus | Aut.(G)| =

p° > |Inn(G)| by Lemma 4.2.1. This completes the proof of the theorem. O

4.3 Applications

As a consequence of Theorem 4.2.3 ; we can now obtain the following results of
Yadav [55, Section 5] and Kalra and Gumber [34, Theorem 4.2]. It follows from [31]

that all finite p-groups of order p®, where p is an odd prime, are partitioned into ten



4.3 Applications 32

isoclinism families; and from [20] that all finite 2-groups of order 2° are partitioned
into eight isoclinism families. The i-th family is denoted as ®;. We would like to
remark here that the derived groups of all groups in the tenth family of [31] are
elementary abelian for p > 5, but, for p = 3, the derived groups are not elementary

abelian because |ay| = 9. It follows that, for p = 3, the groups

H = 0(1°) = {a, a1, a0, a3, 04 | [a1, 0] = g, [, 0] = az, [az, 0] = ay,

[044,06] = 17 [061,052] = 0547063 = 17 [0617063] = 17 [a17a4] = 17 [0527063] = 17

— _ 3.3 _ 3.3 _ 3.3 _ 3 _
[ag, aq) =1, [as, 4] =1, ajasas =1, asogay =1, ajay =1, aj = 1),

Hy = ®10(2111)ap = (o, o, o, i3, g | [, ] = g, [an, 0] = as, |ag, o] = ay,
[044,C¥] - 17 [041,052] = Oy = asa [a17a3] = 1a [061,064] = 17 [042,@3] = 17

_ _ 3,30 _ 3.3 _ 3.3 _ 3 _
[ag,aq] =1, [ag,a4] = 1, ajasas =1, asagay =1, asay =1, af = 1),

Hy = ®19(2111)as = (o, o, o, a3, o | [, 0] = g, [, 0] = as, [as, ] = ay,

[044,05] = 17 [a17a2]g - Oéi - Oé3, [a17a3] - 17 [051,054] - 1; [O{Q,Oég] - 1a

_ _ 3,30, — 3.3+ — 3.3 _ 3 _
[ag,aq] =1, [ag,a4] = 1, ajasas =1, asasay =1, ajay =1, ay = 1)

= <aab7cla3 =0 == 17 [ba C] = 037 [@, C] = 637 [ba a] = C>

are not in the tenth family.

Theorem 4.3.1 Let G be a finite p-group of order p°,where p is an odd prime. Then
Out.(G) # 1 if and only if G is isomorphic to one of the groups in ®; or one of the

groups in P19 for p > 5 or to H, H, or H,.

Proof. 1f G is any group from the first six families, then either cl(G) < 3 or |Z(G)| >
p. There are two isoclinism families ®; and ®g consisting of groups of class 3; and
there are two isoclinism families ®¢ and ®;y consisting of groups of class 4. The

only group in eighth family is
D3(32) = (a1, a9, B | [ar, 0] = B =af, [y, B] =1, [, B] = 1, 5p2 =1, 0/2)2 =1)

with d(®g(32)) = 2. Any group G in the seventh family is generated by «, oy, f3,

and it is easy to see that the p-th power of any of these generators is either 1 or is
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in G'. Tt thus follows that |®(G)| = |G’|=p* and consequently d(G) = 3. Any group
G in the ninth family is minimally generated by « and ay with abelian commutator
subgroup G' = ([a1, a]73(G)) = (a2,73(G)) and y3(G)=(lon, aa], [, 2], Z(G)) =
(a3, Z(@)). Thus a; commutes with G’ and hence || = p. It is easy to see that
any element g of G is of the form ¢'afa’, where 0 < j,k < p—1and ¢ € G,
and hence [ay, g] = [ay, g afad]= [, 0] € G — 3(G). Tt follows that Z(G) is not
contained in [z, G| for all x € G — G'. Let G be any group in the tenth family. Any
element g € G — G is of the form g = g’ala™, where 0 <I,m <p—1and ¢ € G'.

If m # 0, then [g, as]= [a™, a3] € Z(G). Let m = 0 and [ # 0. It is easy to see, by

induction, that [a!, as] = a1, an]'2129...201, Where 21, 2y, ..., 211 € Z(G). Then
(9, o] = [g'al, o] = [, o] = [, ]! € Z(G),
because [y, as] € Z(G). It follows that Z(G) C [z,G] for all z € G — G'. O

There are, in all, fifty one groups of order 32. Sag and Wamsley [46] have given
minimal presentations of these groups. As mentioned in [46], the groups are in the

same order in [46] and [20]. We denote the i-th group as G;.

Theorem 4.3.2 Let G be a finite group of order 32. Then Out.(G) # 1 if and only

iof either G is isomorphic to Gy or isomorphic to Gys.

Proof. The first forty three groups are divided amongst the first five families. The
families @1, 5, ¢, and P5 contain groups of class < 2. The third family contains
ten groups Gaogz — (39 of class 3, and each of these groups has center of order 4. The
sixth family contains groups G44 and Gg45. Both of these groups are of class 3, rank

3, and with centres of order 2. The seventh family contains groups G5 — Gys of class
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3 and rank 2. The last family contains 2-generated groups G49 — G5 of maximal
class. It is clear from [46] that in each of these groups, one generator, say z, is of

order 16 and hence |z%| = 2. If y is another generator, then y~'zy is respectively

2% 27 and 2'® in the group Gu9,G5o and Gs;. The center of each of these groups is

1

{1,2%}. For any element g in these groups , if [z, g] = 2%, then g~'zg = z° , which

is not so. O



CHAPTER 5

Non-Inner Automorphisms of order p and
Class-Preserving Automorphisms

5.1 Introduction

Let G be a finite group. A map f : G — G is called a cocycle of G if f(zxy) =
f(x)zf(y)z~" for all z,y € G. A cocycle f of G is called a local coboundary if for
each x € G, there exists an element a, € G such that f(z) = a;'za,z™'; and is
called a global coboundary, or simply a coboundary, if for all x € G, there exists
a fixed element a € G such that f(z) = a 'zaz™'. A group G is said to enjoy
the Hasse principle if every local coboundary of GG is a coboundary. It is known
that a finite group G enjoys the Hasse principle if and only if every class-preserving
automorphism of G is an inner automorphism [44].

In section 5.2, we have decided the Hasse principle for some groups of order p°,
where p is an odd prime, using isoclinism families given by James [31], by giving
alternate proofs of results of Narain and Karan [42] and Rai and Yadav [45]. We also

classify some groups G of order p® such that G admits a non-inner automorphism

35
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of order p.

We first state some very useful results.

Proposition 5.1.1 ([35, Proposition 2.2]) Let G be a direct product of its subgroups
H and K. Then G enjoys the Hasse principle if and only if both H and K enjoy

the Hasse principle.

Lemma 5.1.2 ([55, Lemma 2.2]) Let G be a finite p-group such that Z(G) C [z, G]

forallz € G —G'. Then | Aut.(G)| > | Aut,(G)||G/Z5(G)).

Lemma 5.1.3 ([55, Theorem 4.1]) Let G and H be two finite isoclinic groups. Then

Aut.(G) ~ Aut.(H).

Lemma 5.1.4 ([55, Corollary 3.6]) Let G be a finite p-group of class 2 such that G’

is cyclic. Then Out.(G) = 1.

Lemma 5.1.5 ([34, Theorem 5.2]) A non-abelian group G of order p°®, where p is

an odd prime, is a Camina group of class 2 if and only if G € P15.

Lemma 5.1.6 ([34, Theorem 4.4]) Let G be a non-abelian group of order p®. Then
Aut.(G) = Aut,(GQ) if and only if either G' = Z(G) and Z(G) is cyclic or G is a

Camina p-group of nilpotency class 2.

5.2 Non-inner automorphisms of order p and class-preserving
automorphisms

In this section, we use the classification of groups of order p®, where p is an odd

prime, given by James [31]. Each group of order p% in James [31] is presented in
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terms of certain generators and relations. Missing commutators are trivial, that
is, all relations of the form [a,b] = 1 (with a,b generators) are excluded from the
presentation. Throughout v denotes the smallest positive integer which is a non-
quadratic residue (mod p) and g denotes the smallest positive integer which is a
primitive root (mod p). In the presentation of groups, the symbol agﬁ)l denotes
Qg1 Qs - Qg - - Qiyy, Where i is a positive integer. We shall pick one group

from each isoclinism family and check whether Out.(G) is trivial or not. If G and

H are two isoclinic groups, then Inn(G) ~ Inn(H), G’ ~ H' and by lemma 5.1.3,

we have Aut.(G) ~ Aut.(H).

Theorem 5.2.1 Let GG be a group from one of the families &1 to ®19. Then
Out.(G) # 1 if and only if G is isoclinic to one of the groups in the family ®;

or (1)10 .
Proof. The result follows from [55, Theorem 5.5] and Lemma 5.1.3. O
Theorem 5.2.2 If G is any group from family 12, then Out.(G) = 1.

Proof. Consider the group G = ®15(2211)b = $9(21) x $9(21). Since P5(21) is a
group of order p3, it enjoys the Hasse principle. The result then follows by lemma

5.1.1. O
Theorem 5.2.3 If G is any group from family ®14, then Out.(G) = 1.

Proof. Consider the group

G = 314(222) = (ay, a0, B | [ar, 0] = B, |01, B] = 1, [o2, f] = 1, o =l = 7" =1).

Since G’ is cyclic and the nilpotency class of G is 2, the result follows by lemma

5.1.4. [l
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Theorem 5.2.4 If G is any group from family ®y5, then Out.(G) # 1.

Proof. Consider the group G = ®5(1°%) = (ay, an, as, ay, B1, B2 | a1, as] = B,
[, a5] = B, [as,au] = Bi,[ag,au] = B3, [ar,0u] = Lay,Bi] = 1[ar, 8] =
L ag, az] = 1, [, Bi] = 1, [oa, Bo] = 1, [, Bi] = 1, [, Bo] = 1, [, B1] = 1, [ua, Bo] =
L[B1,02] = 1,6 =ab =aof =af = p) =05 =1). Observe that Z(G) = G' ~
C, x Cp. 1t is easy to see that ®(G) = GPG' = G’ and every element g € G can
be written as g = g’aﬁaéa’gai, where 0 < 4,7,k ]l < p—1and ¢ € G'. Since
|G'| = p?, d(G) = 4. By Lemma 5.1.5, G is a Camina p-group of nilpotency class
2 and thus Aut,(G) = Aut.(G) by Lemma 5.1.6. Now Aut,(G) = Aut’(G) =
Hom(G/Z(G)G', Z(G)) = Hom(G/G', Z(G)) = Hom(C, x C, x C, x C,,, C, x C)) =
Aut.(G) implies that | Aut.(G)| = p®. Hence Out.(G) # 1 and G has a non-inner

central automorphism of order p. O]
Theorem 5.2.5 If G is any group from family ®1¢, then Out.(G) = 1.

Proof. Consider the group G = ®14(1°) = (a, ay, s, a3, 8,7 | [a1, a] = o, [as, a] =
a5, [8,0] = . [as,a] = 1,[r,a] = 1, ag, 0] = 1, [ag,en] = 1,[8,01] = 1, [, ] =
1, [as, 0] = 1,[8,00] = 1, [y, 00] = 1,[B,05] = 1, [y,0a3] = 1,[7, 8] = 1,af") = a? =
o) = aj = P =~ = 1). Observe that Z(G) = (a3,7) ~ C, x C, < G'. It is
easy to see that ®(G) = GPG’ = G’ and every element g € G can be written as
g = g'akal ™, where for p > 5, 0 < k,Il,m < p—1, and for p = 3, 0 < k,m <
p—1, 0< 1 <p*—1and ¢ € G'. Since |G| = p?, d(G) = 3. Now G has
an abelian maximal subgroup (G’,ay, ) of order p° and hence Out.(G) = 1 by
Lemma 4.1.1. Also observe that Aut,(G) = Aut?(G) = Hom(G/Z(G)G', Z(G)) =

Hom(G/G', Z(G)) = Hom(C, x C, x C,, C,, x C;,) and thus G has a non-inner central
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automorphism of order p. O]
Theorem 5.2.6 If G is any group from family o, then Out.(G) # 1.

Proof. 1t follows from [53, Proposition 5.8] that G is isoclinic to an almost Camina

group and | Aut.(G)| = p®. Therefore Out.(G) # 1. O
Theorem 5.2.7 If G is any group from family ®os, then Out.(G) = 1.

Proof. Consider the group G = ®95(1°) = (, ay, ag, as, 1, B2 | [, a] = o, [ag, a] =
az, [B1, Ba] = s, [z, ] = 1,[B1,a] = 1, [Ba, 0] = 1, [ag, an] = 1, [az, cu] = 1, [B1, 0] =
L [y, cu] = 1, [ag, ] = 1,[B1, 0] = 1,[Ba, 0] = 1,[B1, 3] = 1,[B2, 5] = 1,07 =
ol = ab = of = g = B = 1). Observe that Z(G) = (a3) ~ C, < G'. It
is easy to see that ®(G) = GPG' = G’ and every element g € G can be writ-
ten as g = g’o/oz{ﬁfﬁé, where for p > 5, 0 < 4,5,k,l < p—1, and for p = 3,
0<4,kl<p-—1,0<j<p’*—1landg € G Since |G'| = p? d(G) = 4. Since
Cala) = (a,as, b1, B2) is of order p*; and Cg(a;) = {(ay, a9, a3, f1, B), Ca(B1) =

(o, a1, e, a3, B1) and Cg(B2) = (o, a1, a, s, Bo) are of order p°,

| Aute(G)| < | [af| |67 85 = p*ppD = P,
Hence Out.(G) = 1. It follows by Lemma 4.2.1 that G has a non-inner cen-
tral automorphism; and since Aut,(G) = Aut?(G) = Hom(G/Z(G)G', Z(G)) =
Hom(G/G', Z(G)) = Hom(C, x C, x C, x Cp, C,), G has a non-inner central auto-
morphism of order p. n

Theorem 5.2.8 If G is any group from family ®o4, then Out.(G) # 1.

Proof. Consider the group G = ®94(1°) = (@, a1, g, a3, au, B | [a1, a] = an, [az, a] =

as, [as, o] = ay, (a1, B] = ag, [y, 0] = 1, [B,a] = 1, [a, cu] = 1, [az, au] = 1, [ay, ay] =
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L [as,as] = 1, [ag, 0] = 1,[B,a0] = 1,[ag,a3] = 1,[5,a3] = 1,[B,a4] = 1,a? =
ol = o) = alP = of = g7 = 1). Observe that Z(G) = (ay) and G’ = (qw, as, o).
It is easy to see that ®(G) = GPG' = G’ and every element g € G can be writ-
ten as g = g'a*alB™, where for p > 5, 0 < k,I,m < p— 1, and for p = 3,
0<km<p—1,0<I<p’—1andg € G Since |G'| =p?, d(G) = 3. We claim
that Z(G) C [g,G] for all g € G — G’. Suppose that k,l,m # 0. Then
l9,a3] = [g'a*a)p™, as)
= [¢,as] [¢, a5, a*ai f™] [a*ai B, ]
= [afa}p™, as]

k? Ckg] [aka as, &éﬂm] [allﬁma 053]

= [a
= [0, as] [[0*, a3, 018™] [0f, as] [af, a5, 7] [B™, a3
= [o, as]*[[or, as]", 0} 7]
= a;og" 18"
= a," € Z(G).
Similarly, considering all other possible cases on k, [, m (zero or non-zero), and since

|Z(G)| = p, we can show that Z(G) C [g,G] for all ¢ € G — G'. Tt follows that

Aut,(G) < Aut.(G). Also Observe that

Aut,(G) = Auty(G) = Hom(G/Z(G)G', Z(G))

= Hom(G/G', Z(G)) = Hom(C, x C, x C,,, Cy).
By Lemma 4.2.1,

| Aute(G)| = p’| Aute(G) N Aut, (G)] = p’p® = p°.

Hence Out.(G) # 1 and G has a non-inner central automorphism of order p. m
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Theorem 5.2.9 If G is any group from one of the families o5 or Pog or Pog or

(I)Qg or (1)40 — @43, then OutC(G) =1.

Proof. By Theorem 2.3.2, | Aut,(G)| = |Z(Inn(G))| = p®. It now follows from

Lemma 4.2.1, that

| Aut(G)] = p°| Aute(G) N Aut,(G)| = p’p? = p* = | Inn(G)]
and hence Out.(G) = 1. O
Theorem 5.2.10 If G is any group from family ®3; — @34 , then Out.(G) = 1.

Proof. Consider the group G = ®3,(1°) = (a, a1, o, B1, B2, 7 | [a1, @] = B1, [, a] =
Ba, lon, Bi] =7, [z, Ba] =Y, [Br, 0] = 1, [B2, 0] = 1, [y, 0] = 1, [z, 1] = 1, [Ba, o] =
Lv,a] = 1, [Bryao] = 1, [y,00] = 1, [Bo, 5] = L, [7, 1] = 1, [7,Be] = 1,0 = of =

= [V = (Y =P = 1), where y = v*. Observe that |Z(G)| = p, nilpotency class
of G is 3, ®(G) = GPG' = (', and every element g € G can be written as g'a’od o,
where 0 < 7,5,k <p—1and ¢ € G'. Since |G’'| = p?, d(G) = 3 and thus Aut,(G) =
Aut?(G) = Hom(G/Z(G)G', Z(G)) = Hom(G/G', Z(G)) = Hom(C,, x C, x C,, C}).
It is easy to see that the map 7 : G — G defined by 7(a) = ay, 7(aq) = o,

T(ag) = g, T(S1) = P1, T(S2) = Pa, T(y) = 7 is an automorphism of G. Observe

that

g'(g) = (ga'eqal) 'r(g'a’eqal)

=zt aila(g) 79 ) r(ed)r(ad)r(of)

= ayta’a™i(g) g (an) efal

= ' e Z(G).

It follows that 7 is a central automorphism. We claim that 7 is not a class-preserving

automorphism. On the contrary, suppose that 7 is class-preserving. Then 7(«) =
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g 'ag = ay for some g € G and thus [g,a] = v~ ' € Z(G). If g = ¢a’alak for some

g € G"and 0 <1, 7,k < p—1, then observe that
l9,0] = [ga’aial,al
= [¢.a] ¢, a, aial k] [aiad ok, a
102 10

= [a‘alaf, of
= [ajas,qf

= [af.a] [, @, 08] [a}, al.

It follows that
1 = [[g,oz],al]
k

= [[a{,a] [a{7a7a2] [0/570‘]7&1]

= HO&{,O(] [0470‘70‘]26]70[1} [[a{7a] [a{7a7al2€]7a1’ [agva” [[a§7a]7a1]

= [lod. ], 1] [[a5, o, ]
= [od, o, aq] [0f, o, aq].
It is easy to see, by induction, that [a],a] = B!z and [ak,a] = Bz for some
2,21 € Z(G). Therefore
1 = [, a,m] [0f, a, 0]
= [5{27041] 8521, ]
= [Br, a1’ [B5, ]
= 77,
which is a contradiction unless j = 0. Observe that if both j and k are 0, then

lg,a] = [¢’a’, @] = 1, which is not so. Now if j = 0 and &k # 0, then
[g,Oé] = [g/OéiOég, Oé] = [agaa] = 65751-

It follows that 85 € Z(G), a contradiction because 8, € G’ — Z(G). Therefore, there

exists a central automorphism which is not class-preserving. Since |Z(Inn(G))| = p?
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and | Aut,(G)| = p?, it follows by Lemma 4.2.1 that
| Aut.(G)| = p3| Aut.(G) N Aut,(G)| = PPt =9’ = | Inn(G)|.

Hence Out.(G) = 1 and G has a non-inner central automorphism of order p.
Similarly, we can prove that Out.(G) = 1 if G is any group from family ®3, —

Psy. [
Theorem 5.2.11 If G is any group from family @35, then Out.(G) = 1.

Proof. Consider the group G = ®35(1°) = (, a1, ag, as, ay, a5 | [ag, a] = ag, [az, a] =
az, [az, o] = au, [y, a] = ag,far,00] = agfas,a] = 1oz, ] = 1oy, 0] =
]-7 [055,061] = 17 [0637012] = 17 [044,042] = ]-7 [015,062] = ]-) [044,(13] = 17 [0657053] = 17 [065,064] =
Lot = ol = ol = o) = ol = al” = 1). Since (G, o) i imal abeli

o = a7 =a)) =) =aof =af =1). ,aq) is a maximal abelian
subgroup of order p°, Out.(G) = 1 by Lemma 4.1.1. Also, since G is of maxi-
mal class, |Z(Inn(G))| = p and Aut,(G) = Aut?(G) = Hom(G/Z(G)G', Z(G)) =
Hom(G/G', Z(G)) = Hom(C), x C,, C},). Hence G has a non-inner central automor-

phism of order p. O]
Theorem 5.2.12 If G is any group from family ®sq, then Out.(G) # 1.

Proof. Let G be the group ®36(1°) = (, g, o, g, au, a5 | 1, 0] = o, [an, a] =
as, [as,a] = ag,[ag, ] = as,[a, as] = as,[as,a] = 1, [az,aq] = 1, [y, 0] =
L [as, 1] = 1, [ag, an] = 1, [oy, o] = 1, [a, ag] = 1, [y, a3] = 1, [as, as] = 1, [as, 4] =
Lo = ol = o = al? = o{P) = o) = 1). Observe that because G is of maximal
class, therefore d(G) = 2, |Z(G)| = p, |Z(Inn(G))| = p and Aut,(G) = Aut?(G) =
Hom(G/Z(G)G', Z(G)) = Hom(G/G', Z(G)) = Hom(C, x C,,C,). We claim that

Z(G) C [g9,G] for all ¢ € G — G'. Tt is easy to see that every element g € G
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can be written as ¢ = g'afal, where for p > 7, 0 < k,l < p—1; for p = 5,
0<I<p—-1,0<k<p’—1l,andforp=3,0<I1<p—1,0<k<p’—1and

g € G'. Let k,l #0. Then

l9.04] = [g'afa!, au] = [0, au] [0, au] = [0, au] = 05" € Z(G).

Next let £ # 0 and [ = 0. Then

k1l

[9,042] = [9/04104 ,042] = [O/fw%] [0/7042] = O/g € Z(G).

Finally, let [ # 0 and k£ = 0. Then
[9,064] = [g/al7a4] = [al7a4] = Oégl S Z(G)

Since | Z(G)| = p, it follows that Z(G) C [g, G| for all g € G—G" and thus Aut,(G) <

Aut.(G). By Lemma 4.2.1,

| Aut.(G)| = p*| Aut.(G) N Aut,(G)| = p*p* = p°.
Hence Out.(G) # 1 and G has a non-inner central automorphism of order p. O
Theorem 5.2.13 If G is any group from family ®sg, then Out.(G) # 1.

Proof. Considering the group G' = ®33(1°) = (@, g, a, a3, au, a5 | [ag, o] = g, [, a] =

Qasg, [053706] = Oy, [064,05] = Qs5, [061,052] = 054045717 [061,053] = Qs5,, [055706] = 17 [064,051] -

]-7 [0457061] — 17 [0537062] - 17 [0647062] - ]-7 [Oé57062] - 17 [0647063] — 17 [0657043] - 17 [0657054] —
(p) p_ P _ P P

La? =a)” =a) =af =ad] =af =1), we can show, as in Theorem 5.2.12, that

Aut,(G) < Aut.(G). It follows by Lemma 5.1.2 that
| Aute(G)| = p*|G/22(G)| = p*p" = p°

and hence Out.(G) # 1 and G has a non-inner central automorphism of order p. [
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Theorem 5.2.14 If G is any group from family ®sg, then Out.(G) # 1.

Proof. Consider the group G = ®34(1°%) = (@, a1, a9, a3, au, 8 | [a1, a] = ag, [az, a] =

as, [a?’v a] = O, [ala /6] = a3, [aQa ﬁ] = Qy, [044, ] [57 ] [an Oq] L, [a3v 051] =

o) = ol = of = of = gr = 1). Observe that d(G) = 3,2(G) = (o),
nilpotency class of G is 4, &(G) = GPG' = G, and every element g € G can
be written as g’aia{ﬂk, where for p > 5, 0 < 4,5,k < p—1, and for p = 3,
0<ik<p—1 0<j<p*—1land g € G Itis easy to see that the map
7: G — G defined by 7(a) = a, T(aq) = ay, T(2) = ag, T(a3) = ag, () = au,
7(5) = Pay is an automorphism of G. Observe that
g7'7(9) = (da'alpt) (g alalpk)

= f7Fa’a™(g) 7 r(g)m(al)T ()7 (8Y)

= BFar’a i (g) g el (Bau)”

= ok e Z(G).
It follows that 7 is a central automorphism. We claim that 7 is a class-preserving
automorphism. Observe that

lg.05] = [ga’eq ¥, af]

= [¢, a5l g, 0f, alﬁk] [’ O‘lﬂk aj]

= o 0415k aj]

— o, 0l]

=
where 0 <[ < p—1. Let ¢ be non-zero modulo p, then Z(G) < [g,G]. Thus 7 maps

g to a conjugate of g.
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Now, if i = 0 (mod p), then
.05 = [g'0qB*, 03]
= ¢, 03] [¢', a3, a1 ] [od B, o]
= [0f8" o}
= [B*, a3
= apt
where 0 < r < p — 1. It implies that if £ is non zero modulo p, then 7 maps g to
a conjugate of g. Finally, if k = 0 (mod p), then 7(¢'o?) = ¢’od. Thus for every
g € G, 7(g) is a conjugate of g. Hence 7 is a class- preserving automorphism.
Next, suppose that 7 is an inner automorphism. Since 7 is a central automor-

phism , it is induced by some element of Z5(G) . It is easy to see that Zy(G) =

(a3, aq). Let us assume that 7 is induced by «af, where 0 < s < p — 1, then

Tag(ﬁ) = 043735043 = ﬁ?

a contradiction to the definition of 7. Thus 7 is a non-inner class-preserving auto-

morphism. Hence Out.(G) # 1. O
Theorem 5.2.15 If G is any group from family ®37, then Out.(G) = 1.

Proof. Let G be the group ®3;(1%) = (a, a1, s, a3, ay, a5 | (a1, a] = g, [ag, a] =

17 [Ck47 CY] = 17 [0557 al] = 17 [054, 062] = 17 [@5, a2] = 17 [064, &3] = 17 [QS) @3] = 17 [@57 054] =
Lar =ao =ah =«
tency class of G is 5, ®(G) = GPG’ = G, and every element g € G can be written as

ga'al, where 0 < 4,7 <p—1and ¢ € G'. It is easy to see that the map 7: G — G
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defined by 7(a) = aas, T(q) = aq, T(ag) = ag, T(a3) = as, T(y) = ay, T(as) = as

is an automorphism of G. Observe that

g'7(9) = (¢da‘ad) 'r(g'a’a])

= o’a7(g) g (aas) o

= ot € Z(G).

It follows that 7 is a central automorphism. We claim that 7 is not a class-preserving

automorphism. On the contrary, suppose that 7 is class-preserving. Then 7(«a) =

g lag = aas for some g € G and thus [g,0] = a;' € Z(G). If g = gala)=
aé&éai&gaia{ for some ¢’ € G' and 0 < k,l,7,5,7,7 < p— 1, then observe that
lg,0] = [aéaéaiagaia{,a]

= [afahajaza’, a [afabataze’, o, of] [of, of

= [oajaias, aflafajalos, a,of] [of, o]

= [afah, a][afal, a, o] [, o]

= [a§, ][0}, a] [afad, a, af][a], ]
It is easy to see, by induction, that [a],a] = of, [ak,a] = oc’§oz5(k 1)/2,[a3,a] = a}

and [0kl o, o] = a?a¥ . Therefore

_ k, k(k=1)/2 kj lj _j
l9,0] = ajza; 0‘4045 Qg5 Q.
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It follows that

1 = [[g,0],q]
= [abat®Valal 0l 0l o]
= [akakad, o

= [afa, al[afal, o, ad)[a}, o]

= [of, ][0, o, af][a, af[0fa), a, 0303, of

= af[a},a

_ aiaggg(fl)/?’
which is possible only when k& = j = 0. It implies that [g,a] = o} = a3, which
is not so. Thus, there exists a central automorphism which is not class-preserving.

Since |Z(Inn(G))| = p and | Aut,(G)| = p?, it follows by Lemma 4.2.1 that

| Aute(G)| = p*| Aute(G) N Aut,(G)| = p'p = p” = [Inn(G).
Hence Out.(G) = 1 and G has a non-inner central automorphism of order p. O
Theorem 5.2.16 If G is any group from family ®sq9, then Out.(G) # 1.

Proof. Let G be the group ®39(1°) = (o, ay, a9, a3, ay, a5 | [a1,a] = o, [, a] =
ag, lag, a] = ay, lag, as] = ay, [, a3] = as, [ag, 1] = as, [y, a1] = as, [ag,a] =
Lfas, ) =1, [as,aq] = 1, [oy, o] = 1, [a5, 0] = 1, [ag, 3] = 1, [as, a3] = 1, [, o] =
La?P = of = o =aof = af =af =1). Observe that every element g € G can
be written as ¢ = g'afal = adajaialakal, where 0 < q,7,s,t,k,1 < p—1 and
adafaial = ¢ € G'. The center is generated by as. It is easy to see that the

map 7 : G — G defined by 7(a) = a, T(aq) = aagas, T() = ag, T(az) = ag,

T(oy) = ay, T(as) = a5 is an automorphism of G. We claim that 7 is a non-inner



5.2 Non-inner automorphisms of order p and class-preserving automorphisms 49

class-preserving automorphism of GG. Observe that

7(g9) = 7(ajejajafata))

— q.r st k l
= agajajaia”(agasas)

_ q . r st k1 1, l(I+1)/2
= Q0300500000

1(1+1)/2
_ g’akalloziag,( )/
Consider
r ok L T, 811 q . r st k. .l _7T1_81
[g'a"ay, a5t af'] = [ajazajagatal, aza)']

= [ada’al, afla]]

—kr1 aqm —lr1—ls1—lkry

= Oy 5 )

where 0 < rq,s1 < p—1. Let [,k be non-zero modulo p, then there exist r; and s;

such that

—kry =1 (mod p)

and

qri —lry — sy —lkry =1(1+1)/2  (mod p).
Now, if [ is non-zero modulo p and £ = 0 (mod p), then we have

/ol g1 . r1] q . r st 1l ,.q1,7T1
lg'ar, a5 Qg ] = [0420430‘4(150417042 Qa3 ]

_ q,.r 1l q1 . T1

= [as0500, a5 ay']

_ q.r q1 . T1 q.r q1 .71 l l q1 . T1

= |a503, a5 ag'][agas, ag'ast, ail[ag, ag' agl]
l ri—rq1—Ilri+q1l(l1—1)/2

_ a4q1ag 1—rq—lri+ql(l-1)/

Y

where 0 < ¢1,71 < p — 1. Since [ is non-zero modulo p, there exist ¢; and r; such

that

lgy =1 (mod p)
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and

qri—rqr — I +q@l(l—1)/2=1(1+1)/2 (mod p).

Finally, if k is non-zero modulo p and [ = 0 (mod p), then 7(g'a*) = ¢g'a*, which
is a conjugate of g’a®. Therefore 7 is a class-preserving automorphism of G.

Next, suppose that 7 is an inner automorphism. Then 7 is induced by some
element of Z3(G) since g~ '7(g) € Zo(G). It is easy to see that Z3(G) = (a3, g, as).

Let us assume that 7 is induced by a4aj, then

Tagai(a) =5 aas = a,

. . . _ —s —t
which is possible when 7 = 0 (mod p). Then 7,:(a1) = a;*af = aa;’, a con-
tradiction to definition of 7 . Thus 7 is a non-inner class-preserving automorphism.

Hence Out.(G) # 1. O
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