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Abstract

In this report, we review some basic definitions related to approximation theory. Then, we study
some approximation properties and rate of convergence for certain bivariate linear positive op-
erators.

In chapter 1, we recall some linear positive operators in two variables i.e Bernstein polynomials,
Schurer-Stancu operators, Baskakov Kantorovich operators, and properties of the Baskakov-
Kantorovich operators, Generalized Baskakov-Kantorovich operators, Durrmeyer operators etc.

We review the main results for these operators.

In chapter 2, we investigated the Bivariate extension of Durrmeyer operators by D.D. Stancu.
We obtain auxiliary results for these operators. Then, we study the rate of convergence in terms
of second order modulus of continuity, basic convergence theorem and asymptotic formula for

these operators.



Acknowledgements

First of all, I would like to thank the almighty for granting perseverance. Every project is
successful largely due to the effort of wonderful people who have always given their valuable
advice or lent a helping hand.l would like to thank Dr. Satish Kumar, Head of School
of Mathematics, Thapar Institute of Engineering and Technology, Patiala. 1 would like to
express my gratitude to my honorable supervisor Dr. Meenu Rani, Assistant Professor, School
of Mathematics, Thapar Institute of Engineering and Technology, Patiala, for her guidance,
motivation, immense knowledge and engagement through the learning process of this master
thesis. I am thankful to her for introducing me to the topic as well for the support on the way.
The door to her office was always open whenever I ran into a trouble spot or had a question
about my research or writing. Without her passionate participation and input, the validation
survey could not have been successfully conducted. I am grateful to my mentor for enlightening
me the first glance of research.

Last but not the least, I am heartfelt to my friends for the stimulating discussions, for the
times we work together before deadlines, and for all the moments we have fun together. I greatly
value their friendship and deeply appreciate their belief in me.

Patiala (Shivani Rani)

July ;2019

11



Contents

Abstract i
Acknowledgements ii
1 Introduction 1

1.0.1 Bernstein polynomial in two variables . . . . . . ... ... ... .. ...

1.0.2  Convergence:- . . . . . . .o vt i e e e e 2

2 Bivariate extension of Durrmeyer operators by D.D. Stancu

2.1 Auxiliary Results . . . . . . . . . 9
2.1.1  Convergence of Gpy0t o (F(Z,9);T,y) v v v v i e 16
2.1.2  Voronovskaja type theorem . . . . . ... ... ... ... ... 20



Chapter 1

Introduction

1.0.1 Bernstein polynomial in two variables

The Bernstein polynomials for functions of two variables of class C*®) is defined in [1]. Let
¢(z,y) be a continuous function in a closed region R : 0 < 2z < 1,0 < y < 1. The Bernstein

polynomials By, ,,(x,y) associated with the function ¢(z,y) is given by:

n m

Brnn(e) = 3 362 o @)
0

p=0 ¢=

For fixed m € N, let C™(R) be the space of all continuous function f and having the partial
o 2

derivatives #yk_s €eC(R),s=1,2,...k;k=1,2,...m.

Taking into account that

and



i k—i

A =33 (e,

a=0 =0

Lemma 1.0.1 If f(x,y) is bounded in the square R, then at every point of continuous (x,y) of f

lim B . (z,y) = f(z,y),

n1,n2—00

the result holding uniformly in x and y if f(x,y) is continuous in R.

Lemma 1.0.2 If all the partial derivatives of f(x,y) of order < p exist and are continuous in

R, then

or oP
Y nf o
8xq8yp*q£ihﬂw(x’y)_+ axqayp,qf(x)y%

uniformly in R as ni,ne approach infinity.

In 1989, Martinez [3] studied some approximation properties of two dimensional Bernstein poly-
nomials. The convergence of the polynomials with integral coefficients Br(,i’ﬁ_i)’e f to fi(f,?ii both
in the uniform and L, norm. Here the superscript ”e” denotes a polynomial with integral
coefficients sense and || . || denotes the L,[R] norm (1 < p < 00).

Continuity of two variable function

A function f(x,y) is continuous at (x,yo) for every € >0 3 § > 0 such that

|f(x,y) — f(zo,p0)| <€ V|z—x0] <0 and |y —yo| <.

A function f(z,y) is said to be continuous at (xo,yo) if the simultaneous limits exist and is

equal to it’s functional value f(x,yo) at (xo,yo).

1.0.2 Convergence:-

Pointwise convergence in two variables

A sequence of functions { f,,(z,y)} is said to convergence pointwise to f(z,y) in I = [a,b] X [a, b]
if for each € > 0, and each (x,y) € I exists a natural number N (depending on € and (z,y) such
that | fn(z,y) — f(z,y)| <eVn > N.



Uniform convergence in two variables
A sequence of function f,(z,y) is said to converge uniformly in [a, b] X [a, b] to a function f(z,y)

if for each € > 0 3 a natural number N (independent of (x,y) but dependent of €) such that:-

|fr(z,y) — f(z,y)| <e Vn=N V(x,y) €.

Modulus of Continuity
The modulus of continuity of a function f(z,y) is defined by

w(d1,d2) = sup | f(z2,y2) — f(x1,91)|,

where §; > 0,02 > 0 are real numbers, whereas (x1,y;) and (z2,y2) are points of A : z >
0,y > 0,y — x > 0 in manner that:|zg — 1| < d1,|y2 — y1| < d2.
Alternately, the complete modulus of continuity of f which we denoted by w(f;0), is defined

as

w(f;d) = sup |f(z1,91) — f(22,92)].
V(@1—22)2+(y1—y2)? <6

Taking into account that on A we have

|f(z2,92) — f(z1,91)] < w(|ze — 21, [y2 — y1]) < w(d1,2)

and the inequality

w(A101, A202) < (A1 + A2 + Dw(d1,02), A1 > 0, 2 >0,

Partial moduli of continuity

The partial moduli of continuity of f is represented by:



w(l)(f; 6) = CU(f; 5? O) = Supysup\xl—x2|§5’f<$lay) - f($27y)‘

W (f;0) = w(f30,0) = supysupyy, —y, <slf (@, y1) — f(2,12)]

and w(f;d,¢€) is the complete modulus of continuity of f.
Complete modulus of continuity
The complete modulus of continuity w(f;d,€) of the function f is connected with its partial

moduli of continuity w(f;d,0) and w(f;0,€) by the inequalities

w(f;d,€) <w(f;0,0) +w(f;0,€) <2w(f;6,€).

Pop [2] obtained the rate of convergence in terms of modulus of continuity.
Schurer-Stancu Operators
Barbosu [4] invented the Schurer-Stancu bivariate operators. The Bernstein Schurer-Stancu

operators S%’fy : C0,1+ p] — C[0, 1], represented any m € N and any f € C[0,1 + p| by

sel(fir) = S ()f<k+a>
e _k=0 ke m+f ’

where A, x(z) = ("FP)2k (1 — z)mFPk,

For a« = 8 = 0, these operators are to similar to Schurer operators and for p = 0, the
operators similar to Stancu operators.

The bivariate Schurer-Stancu type operators 5%17,’1%:2‘2’52 : C([0, 14p] x [0, 144]) — C(]0, 1] x

[0,1]), where p,q > 0 are given integers and 0 < a1 < 1,0 < ag < 3y are real parameters, let

Sauo: C([0,1+ p]) — C([0,1]),

Se2P2 . C([0,1+ q)) — C([0,1))

The parametric extension of Schurer-Stancu operator is defined by

a1, ag, B
23 ySa L 0([0,1 4 p) x [0,1 + q))



m-+p

@ N @,9) 0 S A@) F((k+ a1)/(m + B1), ),
=0

)@, y) 2 Y A () f (@, (G + az)/(n+ B2)).

J=0

S(a’%@ﬁ

N,y) + Xpd Amr(@) f((k + ar)/(m +
B1),y), (?Jsff’?,%)f)(ﬂfa y) Z;ig M) f(z, (7 + a2)/(n+ B2)), are linear positive operators.

Lemma 1.0.3 The parametric extension (x

§o1.81  ga2.P2

Lemma 1.0.4 The parametric extensions x mp y°ma "~ of Schurer-Stancu operator commute

on C([0,1+ p] x [0,1+ q]), their product of Schurer-stancu type operators is

Sabrecfa (10,1 4+ p] x [0,1 4 ¢]) = C([0,1] x [0,1])

m,n,p,q

defined for any feC([0,1+ p] x [0,1+ q|) and any m,neN by

+pnt -
S N = 33 Ams)hn )f(’““” “0‘2). (10.1)
m,n,pyq = m+ B1 n+ P

Lemma 1.0.5 The bivariate Schurer-Stancu operator (1.0.1) is linear and positive.

Baskakov Operators
In Gurdek et al. [5] the Baskakov operators, as positive linear operators on the unbounded

interval [0, +00), are defined by

Zf( )an ),z € [0,00),
k=0

where

(n+k—1)! zk
(n— k! (14 z)ntk’

qn.k (I) =

For the K, (f;x), there have been plentiful researches on approximation and preservation.
Properties of the Baskakov Operators
(i). (Monotonicity) If f(x) is increasing, then for each n > 1, K,, f(x) is increasing.

5



(ii). (Convexity) If f(z) is convex, then for each n > 1, K,, f(z) is convex.

(iii). (Monotonic approximation) If f(z) is convex, then for any x € [0,00) and n € N, K,,(f; z) >
K1 (f; ).

Kantorovich Operators

for f € L1]0, 1] (the class of a Lebesgue integrable function on [0, 1], Kantorovich introduced the

operators
n 1
K3(f0) = (4 1) Y M) [ xns@f 00
k=0 0

where

ny k n—k

i) = <k>x (1—2)" % zel0,1],

is the Bernstein basis function and x;, x(t) is the characteristic function of the interval [n_]il, % .

Generalized Baskakov Operators In 1998, Mihesan [7] introduced the generalised Baskakov

operators By, , defined as

- k
Bhalfio) =S Wen(of (),
k=0

where

k
“ _ —az Pg(n,a) P B k i
n,k(x) =elt k! (1 4 x)nJrk ’ Pk(na a) - Zz; i (n)la )

and (n)o=1,(n); =n(n+1)...... (n+i—1), fori > 1.
Baskakov-Durrmeyer Operators

Erencin [6] defined the Durrrmeyer type modification of these operators as

a(f. _ = a 1 > tr
Ln(fvx) - kZ:OWn,k(x)B(K + 17”) /O (1 —i—t)n'HH_l f(t)dt,l' = 07

and discussed some approximation properties. The author studied the simultaneously approxi-
mation and approximation of function having derivatives of bounded variation by these opera-
tors.

A new kind of Durrmeyer type modification of the general Baskakov operators having weights

of Szasz basis function and studied some approximation properties of these operators.



Modified Bernstein-Kantorovich operators for functions of two variables
for f € C(I), with I = [0,1] x [0,1], the classical Bernstein polynomials are represented as

follows:

k1 ko
nl,nz f,.T y Z )\nl,kl Z )\ng,kg <n1 ’I’L2> 7(x7y)6-[7

k1=0 ko=0

Also for f:[0,1] x [0,1] — R an integrable function, the classical Bernstein-Kantorovich opera-

tors are represented by

(k1+1) (ko+1)

2 ni+1) (ng+1)
TL1,7L2 f,l‘ y Z )\nl,kl ) Z )\nQ,kz / ' / ’ f(ta S)dtdsv (x,y) € I,n cN.

k1=0 ko=0 (nl+1) (7L2+1)

Stancu [8] first introduced new linear positive operators in two and several dimensional vari-
ables.
Many papers were published on approximation by modified Szasz-Mirakyan and Baskakov op-
erators for functions of one or two variables cf. [9] which deal with convergence, degree of
approximation and Voronovskaja type theorems as well as convergence of partial derivatives of
these operators. Wafi and Khatoon [10] defined the generalized Baskakov operators for func-
tions of two variables in polynomial and exponential weighted spaces and discussed the rate of
convergence and direct results. Later, in [11], the convergence of first order derivatives of these
operators and a Voronovskaja type theorem were studied. Very recently, Agrawal et al. [12]
constructed a bivariate extension of Bernstein-Schurer-Kantorovich operators and discussed the

rate of convergence and the asymptotic approximation.



Chapter 2

Bivariate extension of Durrmeyer

operators by D.D. Stancu

The Bernstein polynomials B,, are given by:-

n
v
:E) = anﬂ/ (x)f <n>’
v=0
where py, () denote the Bernstein basis polynomials which are given as:-

n —v

o) = (1) =

v

If a function f is bounded on [0, 1] then (B,f)(z) — f(x) pointwise and if feC[0,1], then
(Bnf)(z) = f(z) uniformly in feC|0,1].

In 1984, D. D. Stancu gave the following Bernstein-type operators by using the parameters

r, seNg:-

n—sr

( nrsf an sr,,u M—FVT’). (2.0.1)

n

If r = s =0, in equation (2.0.1) reduces to Bernstein polynomials B, then, S, 90 = B,. Now,

the Durrmeyer variant of the operators (2.0.1) are defined as:

n—sr

1
( n rsf Z Pn— sr;L Zps v n + 1 /0 pn,,u,+m“(t)f(t)dta

n=0



n—sr

1
(s @) = 1+ 1) Y Qusrps () /0 Progeron (D) (1),

=0

where Qs JLsS, I/(x) = Pn—sr ,u Zps v

Now, we introduce the bivariate modlﬁcatlon of Durrmeyer operators:-

n1—3817T1 N2—382T2

(Gt @y) = (A +1) Y Y Q=R (2,y)

n1=0  p2=0
1 1
X/ / Pry ng i+ patvars (U, 0)dudv (2.0.2)
0 0
where:-
§1,82,1U1,42
in S171,m2— 52r2($ y) = pmfsw"wn § p81,1/1 )Py — S2r2,u2 (y) E psz,uz(y)
v1=0 vo=0

2.1 Auxiliary Results

Lemma 2.1.1 Let ¢;(1 = 0,1,2.....)denote the monomials given by e;(x) = x' and for zeR, we

have

(Z) ( n1,n2,7“1,7“2600)(1§x7?/) =1,

1
(“) ( n1,n2,7’1,7’2610)(u; x,y) = ny + 2[1‘(”1 - Slyl) +ary + 1];
1
(ii1) ( ny n2,T1,T2601)(U§ T,y) = [y(n2 — sav2) +yra + 1J;
ng + 2

1
. 81 52 2. —
(“)) ( n1,n2,7"1,7"2620)(u 3L, y) (nl + 3) (nl + 2)

22r1 + 4x(ny — s11) + 22(s1)(s1 — 1)rd + 3ary + 2;

[mz(nl —s1v1)(n1 — sy — 1) +x(ng — s1v1) +

1
G552 2. _ 2 _ _ — 1)+ — +
(v) (G n1,n2,r1,r2602)(v ST, Y) = (na + 3)(n2 + 2) [y (n2 — sav9)(n2 — sav2 )+ y(na — sar)

2yro + dy(ng — savn) + y2(s2)(s2 — 1)7’% + 3yra + 2].

Proof (i) Let f(u,v) =1 in equation (2.0.2), then we have



51,52
G ma,ri,ra (u x y)

N1 —3817T1 N2—82T2

1 1
51,52,H1,/42 _
(nl + 1 n2 + 1 E E in —5171,n2—8272 (‘T y)/ Pn17u1+l/17“1,1'uclu/ Pnz,,u2+’721”2 (v)dv =1
w1=0  p2=0 0 0

Proof (ii) Let f(u,v) = w in equation (2.0.2), then we have

51,52
Gt mia,ri e (u x y)

N1 —817T1 N2—3827T2

1 1
= (n1 —|—1 712 + 1 Z Z Qfll178287f1}1’f:7/22 527”2@ y)/o Pn1,,u1+l/17‘1,(u)Udu/0 Pn27u2+,,2r2(v)dv

#1=0  p2=0
(2.1.1)

Now,

1 1
ni —
P du = mtviri+lg _ym—(ptnr) g
/0 ni,p1+rira (u)u u /0 (Nl +V1T1>u ( u) U

n
= ( ! )B(m+1/11"1+2,n1—,u1—V17“1+1)
U1+ viry

nll(,ul 4+ uvir1 + 1)'(7’1,1 — M1 — Vlrl)!
(1 +var)l(ny — pa — vir)(pa +vary + 2 4+ 0y — g — vir)!

ni!l(pr +virr + 1)U ngl(pn +vern 4 1) (pg 4+ vir)!
(g1 +vir)!(m +2) (p1 + virp)!(ng +2)!

ni!l(pr +vir + 1) _ (u1 +v1ir1 + 1)
(n1 + 2)' (n1 + 2)(n1 + 1) '

Putting the above values in the eqn (2.1.1)

nl S1V1 N2 —S2V2
51,52

G ay) = (m+Dme+1) Y > Qe L (xy)
1=0  p2=0

(1 +0r1r1 +1)
(m+2)(m +1)

n2 + 1 ni—sivi n—sav2
S1,M1 52,42
2 E : in 311/1 (/1,1 +urirs + 1 E : Qng 327'2
(n1 +
pn1=0 p2=0

10



where

na—savz

Q827M2
n2 32"’2

p2=0

nip—sivi

ol (w3 2,y) = mH Z Qui by () + w11 +1)

ni1—sivi S1
= n1+2 < Z Pnlfsll/h,ul(x) Z PS1,V1(1')(,“)

n1=0 v1=0

+Pn1*81l/1,u1 E PS1,V1 1/1’1“1) + PTL1 311/1,“1

v1=0

1
= ——(S1+ 52+ S53),

) Z Poy vy (2)(

v1=0

1))

(2.1.2)

(n1+2)
where
ni1—sivi S1
S1 = nl T 2 Z Pn1—811/17ul (33) Z PSl,l/l (x)(,ul)
pn1=0 v1=0
1 main ny —Ssi1 u S
— ) Z < " >xu1(1 — g)msisim Z <V1>xu(1 — )"
p1=1 v1=0
= 1 nliyl (nl B 81”1) x:ul(]_ B x)n1_81yl_‘u‘1’UI1
(n1 +2) = () (n1 — s1v1 — p)!
. 1 nlill (nl — Slyl)!xﬂl“‘l(l _ m)nl—slyl_,ﬂl_l
(77,1 + 2) Py (,ul)‘(nl — 811 — M1 — 1)'
1 ny—sivi—1 _ _ | e ft1 _ nlfslvlflf/.lll
— Z (nl _ 81V1) (n1 S11 1).1’ (1 .%')
(711 + 2) =0 (,ul)‘(nl — 511 — 1 — Ml)'
1 mesel s — 1
_ 1 — 95171 — s —1—
= z——(n1 — s111) < >3:“1(1 — )M Ti
(1 +2) E::O " )
where:-

ny—siv1—1 1
Z <n1 S1V1 — ).’L”ul(l - x)n1—511/1—1—ﬂl -1

©1=0 H

11



(n1 — s111)

S, =
1 (n1 +2)
and
ni—sivi S1
Sy = (n1 +2 Z Pry—sivi )Zpshl/l(x)'ylrl
p1=0 v=1
1 M ny — Si1 > 51
= —— 56“1(1 _ x)”l—slyl—,ﬂl < >$V1(1 _ I)Vl—slylrl
(n1+2) mz::o < 0 ) l,lz::() Vi
1 m o — 1pH1 (] — pyr—sivi—p 1
_ 3 (n1 — sin)lat1 (1 — x) T (81)1:”1(1 ) ()
(m1+2) = (p)!(n1 — s1v1 — ! ~\n
n1—sivi _ 8511
_ 1 Z (n1 — sqvp)lat (1 — )™ —s1m—m (s1 —1)! x”ﬁ_l(l _ x)l/1+1—51 (1)
(m+2) = (1)1 — s1v1 — ) pil(st = = 1)
s — 1
) P
v1=0 V1
where:-
s1—1 1
Z <51 - )IEVl(l . l,)lll+1781 = 1
v1=0 "
So = xry,
S3 = Pp- 811/1,#1 Z Py (@ =
v1=0

Putting the above values S1, 52, S3 in the eqn (2.1.2) we get:-

1

51,82 . —
G (’LL, L, y) (nl + 2)

ni,n2,r1,r2

[x(n1 — s111) + xrp + 1].
Proof (iii) Similarly for f(u,v) = v, we have
G781117ﬁ122,T1,T2 (v;z,9).
nl $17T1 N2—s8272

1 1
= (n1+1)(n2 +1 Z Z bellsifrlffg SQTQ(‘r y)/o Pm,m-mm,( )du/o nz,u2+u2rz< Judv

=0 p2=0

12



1

51,52 . —

n1,n2,71,72 [y(na — sava) + yra + 1].
proof (iv) Let f(u,v) = u? in equation (2.0.2), then we have

51,52 2.
Gryma e, (u x y)

Nn1—817T1 N2—3827T2

1 1

N 51,8 ,,U4 7“ 2

- (nl + 1 n2 + 1 E § : Qn11 2517"11 n22 52r2($ y)/O P"17M1+V1T1,(u)u du/() Pn27M2+V27“2 (v)dv
p1=0 p2=0

(2.1.3)

Now,

1 1

ni _ _

| P (i = [ e )
0 0 \M1+Vim

n
= < 1 >B(u1+1/1r1+3,n1—m—V17“1+1)
w1+ virs

nll(,ul —+uvir1 + 2)'(7’1,1 i V17‘1)!
(1 +vir)l(ng — p1 —var)(py + 11 +34+n1 — g —virp +1—1)!

ml(p +riri+2)0 ml(p +vir £ 2)(m + i + 1) (4 i)
(1 +vir1)! (1 + 3)! (1 +var) (1 + 3)(n1 + 2)(n1 + 1)(n)!

(1 +viry +2)(pg +virg + 1)
(n14+3)(n1+2)(ng + 1)

Putting above the values in the eqn (2.1.3)

51,52 2.
Gm,m,n,w (u 3, y)

n1—817T1 N2—S272

+uvir +2)(p + v + 1)
= 1)( 1) 81,52,/41,142 (11
(n1 +1)(n2 + Z Z in—slT17n2—32"’2 (z,y) (n1 + 3)(n1 + 2)(n1 + 1)

1=0  p2=0

n]y—sivi n2—s2vU2

Z Qi (@) (i + viry 4 2) (pa + v1ry + 1) Z Q22 (y)
p2=0

n2+1
n1+2

13



where

no—sol9
> Q)
p2=0
GZI’SQ (u2;x y) = (n2 + 1 ni—sivi o
1,M2,7'1,72 ) (nl n 3 nl T 2 Z Qn11 élyl (,U1 +uvir + 2)(/1,1 +viry + 1)

(n2+ ni—sivi S1
(i +3)( n +2) ( Z Pn1781u1,m(1’)ZPSLW(@(H%)

p1=0 v1=0
ni1—sirvi
+ Z Pn1—811/1,u1 Z P817V1 Hl 21/17“1 + 4)
pn1=0 v1=0
n1—siv1
+ Zo Pm—swwu Z PS1 V1 V17"1 + 1)(1/17“1 + 2)>
H1= v1=0
2.1.4
(na + 1) (2.1.4)

= (n1—|—3)(n1—{—2)(51+52+53)’

where
ni—sivi s1
Sio= ) >
1 Pnl —S81V1,1 (33) PSl,l/l (fv)/h
pn1=0 v1=0

(ng +1) & - s
_ 11 e
(n1+3)(n1 +2) 2 ( p >$M(1 S (i (= D) 4 )

p1=1
. (ng +1 s — | bt - -
T (m+3)(n )+ 2) ) (n1 — siwg)le (1 — )™ == (g (pg — 1) + )
1 g pa(pn — 1) (p2 — 2)!(n1 — s1v1 — pa)!
—s101—2
= ( (n§ +1) " il (n1 — syl 2(1 — p)ym—sii—pa—2
ny + )(n1+2) =0 ull(nl — 811 — U1 —2)'

n 1 ny—siv1—2
— (n2 +1) 3 (n1 — s11)(ny — s1v1 — 1)(ng — sy — 2)la1T2(1 — g)m—siv1—pm =2

ni1 +3)(n 2
(1 )(n1 + 2) o pil(ng — sivp — pg — 2)!

ni—siv1—2
(n1 — s1v1 — 2)lak1 (1 — g)m—s1i—2—m

,ul!(nl — S1V1 — U1 — 2)!

— g2 (ng +1)
(n1+3)(n1 +2) mZ:O (n1 — s1v1)(ny — s — 1)

— IL‘2 (nl - Slyl)(nl — s1v1 — 1) n1—§1—2 Ny — sy — 2 L
(nl + 3) (nl + 2) " xt 1(1 _ x)n1—81u1—2—“1

pn1=0

14



where

ni—siv1—2 n s 9
E 1= 21¥V1 — _ o
< >$H1(1 _ x)nl s —2—p1 _ 1

p1=0 241

o (n1 — s1v1)(n1 — s — 1)

ST =
1 (n1+3)(n1 +2)
and
(n2 + 1 s 81,41
So = (nl + 3 ’I”Ll + 2 Z Pnl Sll/h#l Z Psl,ul ,ul 2V1’r’1 + 4)
n1=0
1 4.’1’)(’[’)/1 — 81]/1)

- (z(n1 — s1v1) + 2ar) +

(n1+3)(n1 +2) (n1 + 3)(n1 +2)

and
ni1—sivi
53 = Z Pn1*$1lj1,,u,1 Z P51 Vl V17“1 + 1)(1/17,.1 4 2)
#1=0 1=0
1

~ (m+3)(m+2) (%(s1)(s1 — 1)rf + 3wr1 + 2).

Putting the above values S1, 52, S3 in the eqn (2.1.4) we get:-

1
(nl + 3)(711 + 2

GS1,S2 (U2;l‘,y)

n1,n2,r1,r2

] <(m2(n1 —s1vy)(ny — sy — 1) + x(ng — s111)

F20m +da(m = sum) + o) o1~ 1 + 31 +2)).

2

Proof of (v) Similarly for f(u,v) = v*, we have

51,52 2.
Gnirig,r,ra (V5 2,Y)

n1—8171 N2 —82T2

1 1
N (nl * 1 n2 +1 Z Z Qill S2S7frl17,lj?22 Sa72 (JI y)/o Pn1,u1+u1r1( >du/0 na, u2+1/2r2( )Ude

pn1=0  p2=0

15



1

N (ng + 3)(n2 +2) <(y2(”2 — So19) (N2 — save — 1) + y(ng — so19)

+2yr1 + 4y(ng — sovn) + y2(52)(52 — 1)7‘% + 3yry + 2)>

Lemma 2.1.2 For nq,n9eN ,we have

1
ni + 2

(i) Guio,raes (0 — 52, y) = [x(n1 = s11) + a1 + 1) — a;

1

) 2y © slm = s =D Fa(m = si) &

(”) Gf11177n2,7”1,7”2 ((u - $)2; Z, y) =

2z
2zr1 +4x(ny —s1v1) +22(s1) (s1— 1)rf +3zr +2) + 2% — s (x(n1—s1v1)+ar1+1)—x].
1
51,52 . 1 .
(i) Grimaryes (v — Y52, y) = ng + 2 [y(ne — sorva) +yra + 1) — yl;

1
(ng + 3) (ng + 2)
2yro +4y(ng — save) +y2(s2) (s2 — 1)r3 + 3yre +2) +y2 —

(iv) Gy (v —y)%2,y) = [y?(n2 — sav2) (ng — save — 1) + y(ng — sava) +

1 2 (y(ng — sava) +yre+1) —y].

2.1.1 Convergence of G5 (f(z,y);x,y)

n1,M2,71,72
Theorem 2.1.1 For the fumction f € Cg(I) the following inequality:-

51,52 .
’Gn1,n271”171”2 (fv x, y) |

< AK(fsMpip? e (2,9))
w(f; \/m T 2(—95 +x(ng — siv) +arp +1)2 + F— 2(—?/ + y(ng — sava +yra + 1))?
< (walf; \/Mrﬁlfé,n,rz (z,y)) + min{1, M52 ()} fICE))

1
(i g bl — o) o+ Uyt gl — sava a4 1)
1

no + 2

holds. The constant M > 0 is independent of f and Mpi'v% vy vy (2, Y)).

where:-

MS1S2 (5211#1(35))2 (55122,7"2( ))?
() = P OE GnOF,

16



Proof 2.1.1 We define the auziliary operator as follows:-

szll’fn?g 1,72 (f7 z, y) Gf1,117sn22,7'1,7'2(f; xvy) - f( [_:E + IE(TLl - 817/1) + rry + 1]a

ni + 2

1
ng + 2

Fy+mm—6wﬁ+xm+ﬂ>+f@w)
Then, from Lemma (2.1.2),

Gt v (Fi2,y)(u = 2);2,y) = 0.
and

G (Fi2,y) (v = y)i2,y) = 0.

Let g € C%(I) and (u,v) € (I), using Taylor’s theorem, we have

- v 2 (% T v 2 T
otu.0) = gtr.0) = P+ [ TG 0+ LB+ [ 0TG5

Operating GyY5% v (53 2,y) on both sides:-

G (932, y) — 9(2,y)

o h &g(a,y) o8 agx@
= Gn117771?2,T17T2 (/x (U — Q)Wda; > + Gnll’,ng,rl,rg (/y 852 d/Ba z,y )

51,8 “ 0%g
= Gn1177TL22,7"1,7'2 </x (u - a)a(Q)dOt xr y)

%(w(nl—slul—l—rrl—kl) 1 82
_/x 1+2 <n1+2(;c(n1 —51V1)+$T1+1) —oz) ga((j;’y)da

+Gf1117,%22,7"1,r2 </ (v—5) 8%32 L dp; x, y)
Yy

na+1(y(na—sove)+yri+1-1) 1 0 g( /6)
— + +1-p B
/y <n2 +1 (y(nz = szv2) +yr2 T o2 I >

Hence

17



|G (952, ) — g(2,9)]

51,52
S Gn17n2yrl7r2 </ |

oo, >‘dwy)

s (@(ni—s1vn)+ari+1 1 92
+/$ 1+2 n1—|—2( x(ng —s111) +aorp +1) — gag;’y)‘da
o8 v &g(x, B)
TG e (/y lv— B 8572 dp;z, y>
#(ﬂﬁ(nz—swz)-&-yrz-l—l 1 82
n2t 9(z,B)
— 1| | ——————=
—I—/y - 2(x(n2 Sola + yra + )’ ‘ 952 g

2
< {G;?liz?z,m rg(u - $)2;$’y) + (nl + 2(1"(”1 - 51111) +ary + 1) - IL') } ||g||C%(I)
2
+ {Giﬁ’%,m,m(v —y)%y) + <n2 5 Wln2 = savy) +yra +1 - y> } 9l CB(I)
1 ) 1 2
< —— 25n17r1 () + — 2(3:(111 —sivy) +arp + 1)
L+ (s +yma 1 1)) VglCh0)
no + 2 n2,r2 no + 2 B ’
Thus, we get
G31,32 < 2 531 2 2 532 2 02 I
| nl,ng,rl,rz(gax y) (I’,y)| — n1+2 nl,rl(x)) +m nz,rz(y)) ||g| B( )

Also,

|Gy (Fi s 0)| <Gy (Fr 2, 9)] 4 [ (x(n1 = s11) + a1 + 1),

ni + 2
1
g+ 2(?J(”2 — sau) +yra + 1)| + | f(z,y)|.
< 3|fICs()

18



|G (Fr2,y) — [, y)

S |G7S’Lll7j'7,22,7‘1,7‘2(f - g? ‘T7y)‘ + ’Gflllyj’?g,’rl,’rg (gVI’ y) - g(ﬂj,y)’
1 1
+|f <n1 n 2(3:(n1 —s1v1) +ary + 1), - 2(y(n2 — Soup) + yro + 1)) — f(z,y)
< 3|f = glCBUI) + |f — gICBU) + G352, 11y (g5 2, 9) — g(,y)]
1 1
+|f (nl T 2(95(”1 —s1v1) +ary + 1), m(y(nz — Sala) + yra + 1)> - f(z,y)
< (@If = gllCBI) +2M3052 o ()9l CR(T))

1
b (g bl — i) 1024y — s+ + 12
1

ng + 2

Taking infimum on right hand side

51,52 .
’Gn177”277’17’f2 (f7 z, y)‘

< CAK(f My v (7,9)

n1,n2,71,72

1
—i—w(f;\/ (—z+xz(ny —s11) +ar; +1)2 4+ (—y + y(ng — sovg + yre + 1))2.

n1+2 n2+2

Thus, the proof is completed.

Lemma 2.1.3 For each(x,y)el;

1
1. Gt ((u — z)hw) = O< >;

n2

S1.8 1
2 G (0 — y)hsy) = o( >;

n2

3. limy 00 ntllﬂifzﬂ“L?Q (¥ (u,v) \/(u - x)4 + (v — y)43 z,y) = 0.

Theorem 2.1.2 Let f € Cp(I), Then for every (z,y) € I,
lim Glelfl'LQQ,Tl,T‘Q (fa xz, y) = f(xv y)

n1,N2—>00

Proof 2.1.2 From lemma (2.1), and by using Krovkin theorem, we get the desired result.
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2.1.2 Voronovskaja type theorem

Theorem 2.1.3 Let f € C%(I). Then for every (z,y) € I

+ S0+ 2) faa(,y) + 51+ 9)f(@,9).

Proof 2.1.3 Let (z,y) € I be fized. By Taylor formula, we have

flu,v) = fl,y) + falz,y)(u—2) + fy(z,9) (0 —y) + %fm(w, y)(u— )

+ 2fay(z,y)(u— ) (v —y) + fuy (@, y) (0 = y)® + (w0, 2,9)V/ (u—2)* + (0 - )t

where ¥(..;z,y) = ¥(.,.) € C3(I) and (x,y) = 0. Thus, we get

Goit (fu,v)izy) = f@y) + folz, y) G, (u—zi2) + fy(2,y) G2, (v — s y)
b a0, )G (0 — )
2oy (2, 9)GRL2, (0 — 23 2) G2 (0 — Y5 y)
+fyy (2, 9)GRL32, (v — 9)2; Y)

XG;?,?’“SIQ,TQ (w(u7 v, T, y)\/(u - ‘T)4 + (U - y)4; z, y)

By using (2.1.3), the lemma

limnoon(Grl0%, (Fi2,y) = f(2,y)) = fo(zy)(er +1) + fy(z,y)(yr2 + 1)

+ lim nGy, (0(u,0)V/ (u—2)t + (0 = y)t 2, y).

n—oo

Applying the holder inequality
|G (W (u, 0)y/ (u — 2)* + (v — y)h 2,y

NI

1
Gz, (0% (u,v); 2, )] 2 [Gol, (u — )t + (v — ) 2,)]

1
< (G, (WP (uv)ia )2 [GR2, (= 2) s 2) + GRs2 (v — ) )2,

IN

[N

20



By theorem (2.1.2)
lim G2, (0% (u,v);2,y) = % (x,y) = 0.

n—oo

By combining (2.1.1) and (2.1.2), we obtained the desired result.
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