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Abstract

In this report, we review some basic definitions related to approximation theory. Then, we study

some approximation properties and rate of convergence for certain bivariate linear positive op-

erators.

In chapter 1, we recall some linear positive operators in two variables i.e Bernstein polynomials,

Schurer-Stancu operators, Baskakov Kantorovich operators, and properties of the Baskakov-

Kantorovich operators, Generalized Baskakov-Kantorovich operators, Durrmeyer operators etc.

We review the main results for these operators.

In chapter 2, we investigated the Bivariate extension of Durrmeyer operators by D.D. Stancu.

We obtain auxiliary results for these operators. Then, we study the rate of convergence in terms

of second order modulus of continuity, basic convergence theorem and asymptotic formula for

these operators.
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Chapter 1

Introduction

1.0.1 Bernstein polynomial in two variables

The Bernstein polynomials for functions of two variables of class C(k) is defined in [1]. Let

φ(x, y) be a continuous function in a closed region R : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1. The Bernstein

polynomials Bm,n(x, y) associated with the function φ(x, y) is given by:

Bm,n(x, y) =
n∑
p=0

m∑
q=0

φ

(
p

n
,
q

m

)
λn,p(x)λm,q(y).

For fixed m ∈ N, let Cm(R) be the space of all continuous function f and having the partial

derivatives ∂k

∂xs∂yk−s
∈ C(R), s = 1, 2, .....k; k = 1, 2, ....m.

Taking into account that

n∑
p=0

λn,p(x) = 1.

and

n∑
p=0

(nx− p)2λn,p(x) = nx(1− x),

if we define for K ≥ 0, i = 0, 1, 2, ......K,
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Ai,k−ip,q =

i∑
α=0

k−i∑
β=0

(−1)α+β.

Lemma 1.0.1 If f(x, y) is bounded in the square R, then at every point of continuous (x, y) of f

lim
n1,n2→∞

Bf
n1,n2

(x, y) = f(x, y),

the result holding uniformly in x and y if f(x, y) is continuous in R.

Lemma 1.0.2 If all the partial derivatives of f(x, y) of order ≤ p exist and are continuous in

R, then

∂p

∂xq∂yp−q
Bf
n1,n2

(x, y)→ ∂p

∂xq∂yp−q
f(x, y),

uniformly in R as n1, n2 approach infinity.

In 1989, Martinez [3] studied some approximation properties of two dimensional Bernstein poly-

nomials. The convergence of the polynomials with integral coefficients B
(i,k−i),e
m,n f to f

(k)
i,k−i both

in the uniform and Lp norm. Here the superscript ”e” denotes a polynomial with integral

coefficients sense and ‖ . ‖ denotes the Lp[R] norm (1 ≤ p ≤ ∞).

Continuity of two variable function

A function f(x, y) is continuous at (x0, y0) for every ε > 0 ∃ δ > 0 such that

|f(x, y)− f(x0, y0)| < ε ∀ |x− x0| < δ and |y − y0| < δ.

A function f(x, y) is said to be continuous at (x0, y0) if the simultaneous limits exist and is

equal to it’s functional value f(x0, y0) at (x0, y0).

1.0.2 Convergence:-

Pointwise convergence in two variables

A sequence of functions {fn(x, y)} is said to convergence pointwise to f(x, y) in I = [a, b]× [a, b]

if for each ε > 0, and each (x, y) ∈ I exists a natural number N (depending on ε and (x, y) such

that |fn(x, y)− f(x, y)| < ε ∀ n > N.
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Uniform convergence in two variables

A sequence of function fn(x, y) is said to converge uniformly in [a, b]× [a, b] to a function f(x, y)

if for each ε > 0 ∃ a natural number N (independent of (x, y) but dependent of ε) such that:-

|fn(x, y)− f(x, y)| < ε ∀n > N ∀ (x, y) ∈ I.

Modulus of Continuity

The modulus of continuity of a function f(x, y) is defined by

ω(δ1, δ2) = sup |f(x2, y2)− f(x1, y1)|,

where δ1 ≥ 0, δ2 ≥ 0 are real numbers, whereas (x1, y1) and (x2, y2) are points of 4 : x >

0, y > 0, y − x > 0 in manner that:|x2 − x1| ≤ δ1, |y2 − y1| ≤ δ2.
Alternately, the complete modulus of continuity of f which we denoted by ω(f ; δ), is defined

as

ω(f ; δ) = sup√
(x1−x2)2+(y1−y2)2≤δ

|f(x1, y1)− f(x2, y2)|.

Taking into account that on 4 we have

λm(x, y) ≥ 0,
m∑
i=0

m−i∑
j=0

λi,jm (x, y) = 1,

|f(x2, y2)− f(x1, y1)| ≤ ω(|x2 − x1|, |y2 − y1|) ≤ ω(δ1, δ2)

and the inequality

ω(λ1δ1, λ2δ2) ≤ (λ1 + λ2 + 1)ω(δ1, δ2), λ1 ≥ 0, λ2 ≥ 0,

Partial moduli of continuity

The partial moduli of continuity of f is represented by:
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ω(1)(f ; δ) = ω(f ; δ, 0) = supysup|x1−x2|≤δ|f(x1, y)− f(x2, y)|

ω(2)(f ; δ) = ω(f ; δ, 0) = supxsup|y1−y2|≤δ|f(x, y1)− f(x, y2)|

and ω(f ; δ, ε) is the complete modulus of continuity of f .

Complete modulus of continuity

The complete modulus of continuity ω(f ; δ, ε) of the function f is connected with its partial

moduli of continuity ω(f ; δ, 0) and ω(f ; 0, ε) by the inequalities

ω(f ; δ, ε) ≤ ω(f ; δ, 0) + ω(f ; 0, ε) ≤ 2ω(f ; δ, ε).

Pop [2] obtained the rate of convergence in terms of modulus of continuity.

Schurer-Stancu Operators

Barbosu [4] invented the Schurer-Stancu bivariate operators. The Bernstein Schurer-Stancu

operators Sα,βm,p : C[0, 1 + p]→ C[0, 1], represented any m ∈ N and any f ∈ C[0, 1 + p] by

Sα,βm,p(f ;x) =

m+p∑
k=0

λm,k(x)f

(
k + α

m+ β

)
,

where λm,k(x) =
(
m+p
k

)
xk(1− x)m+p−k.

For α = β = 0, these operators are to similar to Schurer operators and for p = 0, the

operators similar to Stancu operators.

The bivariate Schurer-Stancu type operators Sα1,β1,α2,β2
m,n,p,q : C([0, 1+p]×[0, 1+q])→ C([0, 1]×

[0, 1]), where p, q ≥ 0 are given integers and 0 ≤ α1 ≤ β1, 0 ≤ α2 ≤ β2 are real parameters, let

Sα1,β1
m,p : C([0, 1 + p])→ C([0, 1]),

Sα2,β2
n,p : C([0, 1 + q])→ C([0, 1])

The parametric extension of Schurer-Stancu operator is defined by

xS
α1,β1
m,p yS

α2,β2
n,q : C([0, 1 + p]× [0, 1 + q])
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(xS
(α1,β1)
m,p f )(x, y) :

m+p∑
k=0

λm,k(x)f((k + α1)/(m+ β1), y),

(yS
(α2,β2)
n,q f )(x, y) :

n+q∑
j=0

λn,j(y)f(x, (j + α2)/(n+ β2)).

Lemma 1.0.3 The parametric extension (xS
(α1,β1)
m,p f )(x, y) :

∑m+p
k=0 λm,k(x)f((k + α1)/(m +

β1), y), (yS
(α2,β2)
n,q f )(x, y) :

∑n+q
j=0 λn,j(y)f(x, (j + α2)/(n+ β2)), are linear positive operators.

Lemma 1.0.4 The parametric extensions xS
α1,β1
m,p yS

α2,β2
n,q of Schurer-Stancu operator commute

on C([0, 1 + p]× [0, 1 + q]), their product of Schurer-stancu type operators is

Sα1,β1,α2,β2
m,n,p,q : C([0, 1 + p]× [0, 1 + q])→ C([0, 1]× [0, 1])

defined for any fεC([0, 1 + p]× [0, 1 + q]) and any m,nεN by

(Sα1,β1,α2,β2
m,n,p,q f)(x, y) =

m+p∑
k=0

n+q∑
j=0

λm,k(x)λn,j(y)f

(
k + α1

m+ β1
,
j + α2

n+ β2

)
. (1.0.1)

Lemma 1.0.5 The bivariate Schurer-Stancu operator (1.0.1) is linear and positive.

Baskakov Operators

In Gurdek et al. [5] the Baskakov operators, as positive linear operators on the unbounded

interval [0,+∞), are defined by

Kn(f ;x) =
∞∑
k=0

f

(
k

n

)
qn,k(x), x ∈ [0,∞),

where

qn,k(x) =
(n+ k − 1)!

(n− 1)!k!

xk

(1 + x)n+k
.

For the Kn(f ;x), there have been plentiful researches on approximation and preservation.

Properties of the Baskakov Operators

(i). (Monotonicity) If f(x) is increasing, then for each n ≥ 1, Knf(x) is increasing.

5



(ii). (Convexity) If f(x) is convex, then for each n ≥ 1, Knf(x) is convex.

(iii). (Monotonic approximation) If f(x) is convex, then for any x ∈ [0,∞) and n ∈ N,Kn(f ;x) ≥
Kn+1(f ;x).

Kantorovich Operators

for f ∈ L1[0, 1] (the class of a Lebesgue integrable function on [0, 1], Kantorovich introduced the

operators

K∗n(f ;x) = (n+ 1)
n∑
k=0

λn,k(x)

∫ 1

0
χn,k(t)f(t)dt,

where

λn,k(x) =

(
n

k

)
xk(1− x)n−k, x ∈ [0, 1],

is the Bernstein basis function and χn,k(t) is the characteristic function of the interval

[
k

n+1 ,
k+1
n+1

]
.

Generalized Baskakov Operators In 1998, Mihesan [7] introduced the generalised Baskakov

operators B∗n,a defined as

B∗n,a(f ;x) =

∞∑
k=0

W a
n,k(x)f

(
k

k + 1

)
,

where

W a
n,k(x) = e

−ax
1+x

PK(n, a)

k!

xk

(1 + x)n+k
, Pk(n, a) =

k∑
i=0

(
k

i

)
(n)ia

k−i,

and (n)0 = 1, (n)i = n(n+ 1).......(n+ i− 1), for i ≥ 1.

Baskakov-Durrmeyer Operators

Erencin [6] defined the Durrrmeyer type modification of these operators as

Lan(f ;x) =
∞∑
k=0

W a
n,k(x)

1

B(K + 1, n)

∫ ∞
0

tk

(1 + t)n+k+1
f(t)dt, x ≥ 0,

and discussed some approximation properties. The author studied the simultaneously approxi-

mation and approximation of function having derivatives of bounded variation by these opera-

tors.

A new kind of Durrmeyer type modification of the general Baskakov operators having weights

of Szasz basis function and studied some approximation properties of these operators.
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Modified Bernstein-Kantorovich operators for functions of two variables

for f ∈ C(I), with I = [0, 1] × [0, 1], the classical Bernstein polynomials are represented as

follows:

Bn1,n2(f ;x, y) =

n1∑
k1=0

λn1,k1(x)

n2∑
k2=0

λn2,k2(y)f

(
k1
n1
,
k2
n2

)
, (x, y)εI,

Also for f : [0, 1]× [0, 1]→ R an integrable function, the classical Bernstein-Kantorovich opera-

tors are represented by

Kn1,n2(f ;x, y) =

n1∑
k1=0

λn1,k1(x)

n2∑
k2=0

λn2,k2(y)

∫ (k1+1)
(n1+1)

k1
(n1+1)

∫ (k2+1)
(n2+1)

k2
(n2+1)

f(t, s)dt ds, (x, y) ∈ I, n ∈ N.

Stancu [8] first introduced new linear positive operators in two and several dimensional vari-

ables.

Many papers were published on approximation by modified Szasz-Mirakyan and Baskakov op-

erators for functions of one or two variables cf. [9] which deal with convergence, degree of

approximation and Voronovskaja type theorems as well as convergence of partial derivatives of

these operators. Wafi and Khatoon [10] defined the generalized Baskakov operators for func-

tions of two variables in polynomial and exponential weighted spaces and discussed the rate of

convergence and direct results. Later, in [11], the convergence of first order derivatives of these

operators and a Voronovskaja type theorem were studied. Very recently, Agrawal et al. [12]

constructed a bivariate extension of Bernstein-Schurer-Kantorovich operators and discussed the

rate of convergence and the asymptotic approximation.
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Chapter 2

Bivariate extension of Durrmeyer

operators by D.D. Stancu

The Bernstein polynomials Bn are given by:-

(Bnf)(x) =
n∑
ν=0

pn,ν (x)f

(
ν

n

)
,

where pn,ν(x) denote the Bernstein basis polynomials which are given as:-

pn,ν (x) =

(
n

ν

)
xν(1− x)n−ν .

If a function f is bounded on [0, 1] then (Bnf)(x) → f(x) pointwise and if fεC[0, 1], then

(Bnf)(x)→ f(x) uniformly in fεC[0, 1].

In 1984, D. D. Stancu gave the following Bernstein-type operators by using the parameters

r, sεN0:-

(Sn,r,sf)(x) =
n−sr∑
µ=0

pn−sr,µ(x)f
(µ+ νr

n

)
. (2.0.1)

If r = s = 0, in equation (2.0.1) reduces to Bernstein polynomials Bn then, Sn,0,0 = Bn. Now,

the Durrmeyer variant of the operators (2.0.1) are defined as:

(Gn,r,sf)(x) =

n−sr∑
µ=0

pn−sr,µ(x)

s∑
ν=0

ps,ν(x)(n+ 1)

∫ 1

0
pn,µ+νr(t)f(t)dt,
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(Gn,r,sf)(x) = (n+ 1)
n−sr∑
µ=0

Qn−sr,µ,s,ν(x)

∫ 1

0
pn,µ+νr(t)f(t)dt.

where Qn−sr,µ,s,ν(x) = pn−sr,µ(x)
s∑

ν=0

ps,ν(x),

Now, we introduce the bivariate modification of Durrmeyer operators:-

(Gs1,s2n1,n2,r1,r2f)(x, y) = (n1 + 1)(n2 + 1)

n1−s1r1∑
µ1=0

n2−s2r2∑
µ2=0

Qs1,s2,µ1,µ2n1−s1r1,n2−s2r2(x, y)

×
∫ 1

0

∫ 1

0
Pn1,n2,µ1+ν1r1,µ2+ν2r2(u, v)dudv (2.0.2)

where:-

Qs1,s2,µ1,µ2n1−s1r1,n2−s2r2(x, y) = pn1−s1r1,µ1(x)

s1∑
ν1=0

ps1,ν1(x)pn2−s2r2,µ2(y)

s2∑
ν2=0

ps2,ν2(y).

2.1 Auxiliary Results

Lemma 2.1.1 Let el(l = 0, 1, 2.....)denote the monomials given by el(x) = xl and for xεR, we

have

(i) (Gs1,s2n1,n2,r1,r2e00)(1;x, y) = 1,

(ii) (Gs1,s2n1,n2,r1,r2e10)(u;x, y) =
1

n1 + 2
[x(n1 − s1ν1) + xr1 + 1];

(iii) (Gs1,s2n1,n2,r1,r2e01)(v;x, y) =
1

n2 + 2
[y(n2 − s2ν2) + yr2 + 1];

(iv) (Gs1,s2n1,n2,r1,r2e20)(u
2;x, y) =

1

(n1 + 3)(n1 + 2)
[x2(n1 − s1ν1)(n1 − s1ν1 − 1) + x(n1 − s1ν1) +

2xr1 + 4x(n1 − s1ν1) + x2(s1)(s1 − 1)r21 + 3xr1 + 2];

(v) (Gs1,s2n1,n2,r1,r2e02)(v
2;x, y) =

1

(n2 + 3)(n2 + 2)
[y2(n2 − s2ν2)(n2 − s2ν2 − 1) + y(n2 − s2ν2) +

2yr2 + 4y(n2 − s2ν2) + y2(s2)(s2 − 1)r22 + 3yr2 + 2].

Proof (i) Let f(u, v) = 1 in equation (2.0.2), then we have
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Gs1,s2n1,n2,r1,r2(u;x, y)=

(n1 + 1)(n2 + 1)

n1−s1r1∑
µ1=0

n2−s2r2∑
µ2=0

Qs1,s2,µ1,µ2n1−s1r1,n2−s2r2(x, y)

∫ 1

0
Pn1,µ1+ν1r1,1.udu

∫ 1

0
Pn2,µ2+γ2r2(v)dv = 1

Proof (ii) Let f(u, v) = u in equation (2.0.2), then we have

Gs1,s2n1,n2,r1,r2(u;x, y)

= (n1 + 1)(n2 + 1)

n1−s1r1∑
µ1=0

n2−s2r2∑
µ2=0

Qs1,s2,µ1,µ2n1−s1r1,n2−s2r2(x, y)

∫ 1

0
Pn1,µ1+ν1r1,(u)udu

∫ 1

0
Pn2,µ2+ν2r2(v)dv

(2.1.1)

Now,

∫ 1

0
Pn1,µ1+ν1r1(u)udu =

∫ 1

0

(
n1

µ1 + ν1r1

)
uµ1+ν1r1+1(1− u)n1−(µ1+ν1r1)du

=

(
n1

µ1 + ν1r1

)
B(µ1 + ν1r1 + 2, n1 − µ1 − ν1r1 + 1)

=
n1!(µ1 + ν1r1 + 1)!(n1 − µ1 − ν1r1)!

(µ1 + ν1r1)!(n1 − µ1 − ν1r1)!(µ1 + ν1r1 + 2 + n1 − µ1 − ν1r1)!

=
n1!(µ1 + ν1r1 + 1)!

(µ1 + ν1r1)!(n1 + 2)!
=
n1!(µ1 + ν1r1 + 1)(µ1 + ν1r1)!

(µ1 + ν1r1)!(n1 + 2)!

=
n1!(µ1 + ν1r1 + 1)

(n1 + 2)!
=

(µ1 + ν1r1 + 1)

(n1 + 2)(n1 + 1)
.

Putting the above values in the eqn (2.1.1)

Gs1,s2n1,n2,r1,r2(u;x, y) = (n1 + 1)(n2 + 1)

n1−s1ν1∑
µ1=0

n2−s2ν2∑
µ2=0

Qs1,s2,µ1,µ2n1−s1ν1,n2−s2ν2(x, y)
(µ1 + ν1r1 + 1)

(n1 + 2)(n1 + 1)
.

=
(n2 + 1)

(n1 + 2)

n1−s1ν1∑
µ1=0

Qs1,µ1n1−s1ν1(x)(µ1 + ν1r1 + 1)

n2−s2ν2∑
µ2=0

Qs2,µ2n2−s2r2(y)
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where

n2−s2ν2∑
µ2=0

Qs2,µ2n2−s2r2(y) = 1

Gs1,s2n1,n2,r1,r2(u;x, y) =
1

(n1 + 2)

n1−s1ν1∑
µ1=0

Qs1,µ1n1−s1ν1(x)(µ1 + ν1r1 + 1)

=
1

(n1 + 2)

( n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)(µ)

+Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)(ν1r1) + Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)(1)

)
(2.1.2)

=
1

(n1 + 2)
(S1 + S2 + S3),

where

S1 =
1

(n1 + 2)

n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)(µ1)

=
1

(n1 + 2)

n1−s1ν1∑
µ1=1

(
n1 − s1ν1

µ1

)
xµ1(1− x)n1−s1ν1−µ1

s∑
ν1=0

(
s

ν1

)
xν(1− x)ν1−sµ1

=
1

(n1 + 2)

n1−s1ν1∑
µ1=1

(n1 − s1ν1)!xµ1(1− x)n1−s1ν1−µ1µ1
(µ1)!(n1 − s1ν1 − µ1)!

=
1

(n1 + 2)

n1−s1ν1−1∑
µ1=0

(n1 − s1ν1)!xµ1+1(1− x)n1−s1ν1−µ1−1

(µ1)!(n1 − s1ν1 − µ1 − 1)!

= x
1

(n1 + 2)

n1−s1ν1−1∑
µ1=0

(n1 − s1ν1)
(n1 − s1ν1 − 1)!xµ1(1− x)n1−s1ν1−1−µ1

(µ1)!(n1 − s1ν1 − 1− µ1)!

= x
1

(n1 + 2)
(n1 − s1ν1)

n1−s1ν1−1∑
µ1=0

(
n1 − s1ν1 − 1

µ1

)
xµ1(1− x)n1−s1ν1−1−µ1

where:-

n1−s1ν1−1∑
µ1=0

(
n1 − s1ν1 − 1

µ1

)
xµ1(1− x)n1−s1ν1−1−µ1 = 1

11



S1 = x
(n1 − s1ν1)

(n1 + 2)
,

and

S2 =
1

(n1 + 2)

n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1∑
ν=1

Ps1,ν1(x).ν1r1

=
1

(n1 + 2)

n1−s1ν1∑
µ1=0

(
n1 − s1ν1

µ1

)
xµ1(1− x)n1−s1ν1−µ1

s1∑
ν1=0

(
s1
ν1

)
xν1(1− x)ν1−s1ν1r1

=
1

(n1 + 2)

n1−s1ν1∑
µ1=0

(n1 − s1ν1)!xµ1(1− x)n1−s1ν1−µ1

(µ1)!(n1 − s1ν1 − µ1)!

s1∑
ν=1

(
s1
ν1

)
xν1(1− x)ν1−s1(ν1r1)

=
1

(n1 + 2)

n1−s1ν1∑
µ1=0

(n1 − s1ν1)!xµ1(1− x)n1−s1ν1−µ1

(µ1)!(n1 − s1ν1 − µ1)!

s1−1∑
ν1=0

(s1 − 1)!

ν1!(s1 − ν1 − 1)!
xν1+1(1− x)ν1+1−s1(r1)

= xr1

s1−1∑
ν1=0

(
s1 − 1

ν1

)
xν1(1− x)ν1+1−s1

where:-

s1−1∑
ν1=0

(
s1 − 1

ν1

)
xν1(1− x)ν1+1−s1 = 1

S2 = xr1,

S3 = Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)(1) = 1.

Putting the above values S1, S2, S3 in the eqn (2.1.2) we get:-

Gs1,s2n1,n2,r1,r2(u;x, y) =
1

(n1 + 2)
[x(n1 − s1ν1) + xr1 + 1].

Proof (iii) Similarly for f(u, v) = v, we have

Gs1,s2n1,n2,r1,r2(v;x, y).

= (n1 + 1)(n2 + 1)

n1−s1r1∑
µ1=0

n2−s2r2∑
µ2=0

Qs1,s2,µ1,µ2n1−s1r1,n2−s2r2(x, y)

∫ 1

0
Pn1,µ1+ν1r1,(u)du

∫ 1

0
Pn2,µ2+ν2r2(v)vdv
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Gs1,s2n1,n2,r1,r2(v;x, y) =
1

(n2 + 2)
[y(n2 − s2ν2) + yr2 + 1].

proof (iv) Let f(u, v) = u2 in equation (2.0.2), then we have

Gs1,s2n1,n2,r1,r2(u2;x, y)

= (n1 + 1)(n2 + 1)

n1−s1r1∑
µ1=0

n2−s2r2∑
µ2=0

Qs1,s2,µ1,µ2n1−s1r1,n2−s2r2(x, y)

∫ 1

0
Pn1,µ1+ν1r1,(u)u2du

∫ 1

0
Pn2,µ2+ν2r2(v)dv

(2.1.3)

Now,

∫ 1

0
Pn1,µ1+ν1r1,(u)u2du =

∫ 1

0

(
n1

µ1 + ν1r1

)
uµ1+ν1r1+2+1−1(1− u)n1−(µ1+ν1r1)du

=

(
n1

µ1 + ν1r1

)
B(µ1 + ν1r1 + 3, n1 − µ1 − ν1r1 + 1)

=
n1!(µ1 + ν1r1 + 2)!(n1 − µ1 − ν1r1)!

(µ1 + ν1r1)!(n1 − µ1 − ν1r1)!(µ1 + ν1r1 + 3 + n1 − µ1 − ν1r1 + 1− 1)!

=
n1!(µ1 + ν1r1 + 2)!

(µ1 + ν1r1)!(n1 + 3)!
=
n1!(µ1 + ν1r1 + 2)(µ1 + ν1r1 + 1)(µ1 + ν1r1)!

(µ1 + ν1r1)!(n1 + 3)(n1 + 2)(n1 + 1)(n)!

=
(µ1 + ν1r1 + 2)(µ1 + ν1r1 + 1)

(n1 + 3)(n1 + 2)(n1 + 1)
.

Putting above the values in the eqn (2.1.3)

Gs1,s2n1,n2,r1,r2(u2;x, y)

= (n1 + 1)(n2 + 1)

n1−s1r1∑
µ1=0

n2−s2r2∑
µ2=0

Qs1,s2,µ1,µ2n1−s1r1,n2−s2r2(x, y)
(µ1 + ν1r1 + 2)(µ1 + ν1r1 + 1)

(n1 + 3)(n1 + 2)(n1 + 1)

=
(n2 + 1)

(n1 + 2)

n1−s1ν1∑
µ1=0

Qs1,µ1n1−s1ν1(x)(µ1 + ν1r1 + 2)(µ1 + ν1r1 + 1)

n2−s2ν2∑
µ2=0

Qs2,µ2n2−s2r2(y)
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where

n2−s2ν2∑
µ2=0

Qs2,µ2n2−s2r2(y) = 1

Gs1,s2n1,n2,r1,r2(u2;x, y) =
(n2 + 1)

(n1 + 3)(n1 + 2)

n1−s1ν1∑
µ1=0

Qs1,µ1n1−s1ν1(x)(µ1 + ν1r1 + 2)(µ1 + ν1r1 + 1)

=
(n2 + 1)

(n1 + 3)(n1 + 2)

( n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)(µ21)

+

n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x).µ1(2ν1r1 + 4)

+

n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)(ν1r1 + 1)(ν1r1 + 2)

)
(2.1.4)

=
(n2 + 1)

(n1 + 3)(n1 + 2)
(S1 + S2 + S3),

where

S1 =

n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)µ21

=
(n2 + 1)

(n1 + 3)(n1 + 2)

n1−s1ν1∑
µ1=1

(
n1 − s1ν1

µ1

)
xµ1(1− x)n1−s1ν1−µ1 .(µ1(µ1 − 1) + µ1)

=
(n2 + 1)

(n1 + 3)(n1 + 2)

n1−s1ν1∑
µ1=2

(n1 − s1ν1)!xµ1(1− x)n1−s1ν1−µ1 .(µ1(µ1 − 1) + µ1)

µ1(µ1 − 1)(µ2 − 2)!(n1 − s1ν1 − µ1)!

=
(n2 + 1)

(n1 + 3)(n1 + 2)

n1−s1ν1−2∑
µ1=0

(n1 − s1ν1)!xµ1+2(1− x)n1−s1ν1−µ1−2

µ1!(n1 − s1ν1 − µ1 − 2)!

=
(n2 + 1)

(n1 + 3)(n1 + 2)

n1−s1ν1−2∑
µ1=0

(n1 − s1ν1)(n1 − s1ν1 − 1)(n1 − s1ν1 − 2)!xµ1+2(1− x)n1−s1ν1−µ1−2

µ1!(n1 − s1ν1 − µ1 − 2)!

= x2
(n2 + 1)

(n1 + 3)(n1 + 2)

n1−s1ν1−2∑
µ1=0

(n1 − s1ν1)(n1 − s1ν1 − 1)
(n1 − s1ν1 − 2)!xµ1(1− x)n1−s1ν1−2−µ1

µ1!(n1 − s1ν1 − µ1 − 2)!

= x2
(n1 − s1ν1)(n1 − s1ν1 − 1)

(n1 + 3)(n1 + 2)

n1−s1ν1−2∑
µ1=0

(
n1 − s1ν1 − 2

µ1

)
xµ1(1− x)n1−s1ν1−2−µ1
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where

n1−s1ν1−2∑
µ1=0

(
n1 − s1ν1 − 2

µ1

)
xµ1(1− x)n1−s1ν1−2−µ1 = 1

S1 = x2
(n1 − s1ν1)(n1 − s1ν1 − 1)

(n1 + 3)(n1 + 2)

and

S2 =
(n2 + 1)

(n1 + 3)(n1 + 2)

n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1,µ1∑
n1=0

Ps1,ν1(x).µ1(2ν1r1 + 4)

=
1

(n1 + 3)(n1 + 2)
(x(n1 − s1ν1) + 2xr1) +

4x(n1 − s1ν1)
(n1 + 3)(n1 + 2)

and

S3 =

n1−s1ν1∑
µ1=0

Pn1−s1ν1,µ1(x)

s1∑
ν1=0

Ps1,ν1(x)(ν1r1 + 1)(ν1r1 + 2)

=
1

(n1 + 3)(n1 + 2)
(x2(s1)(s1 − 1)r21 + 3xr1 + 2).

Putting the above values S1, S2, S3 in the eqn (2.1.4) we get:-

Gs1,s2n1,n2,r1,r2(u2;x, y) =
1

(n1 + 3)(n1 + 2)

(
(x2(n1 − s1ν1)(n1 − s1ν1 − 1) + x(n1 − s1ν1)

+2xr1 + 4x(n1 − s1ν1) + x2(s1)(s1 − 1)r21 + 3xr1 + 2)

)
.

Proof of (v) Similarly for f(u, v) = v2, we have

Gs1,s2n1,n2,r1,r2(v2;x, y)

= (n1 + 1)(n2 + 1)

n1−s1r1∑
µ1=0

n2−s2r2∑
µ2=0

Qs1,s2,µ1,µ2n1−s1r1,n2−s2r2(x, y)

∫ 1

0
Pn1,µ1+ν1r1(u)du

∫ 1

0
Pn2,µ2+ν2r2(v) v2dv
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=
1

(n2 + 3)(n2 + 2)

(
(y2(n2 − s2ν2)(n2 − s2ν2 − 1) + y(n2 − s2ν2)

+2yr1 + 4y(n2 − s2ν2) + y2(s2)(s2 − 1)r22 + 3yr2 + 2)

)
.

Lemma 2.1.2 For n1, n2εN ,we have

(i) Gs1,s2n1,n2,r1,r2(u− x;x, y) =
1

n1 + 2
[x(n1 − s1ν1) + xr1 + 1)− x];

(ii) Gs1,s2n1,n2,r1,r2((u−x)2;x, y) =
1

(n1 + 3)(n1 + 2)
[x2(n1− s1ν1)(n1− s1ν1− 1) +x(n1− s1ν1) +

2xr1+4x(n1−s1ν1)+x2(s1)(s1−1)r21 +3xr1+2)+x2− 2x

n1 + 2
(x(n1−s1ν1)+xr1+1)−x].

(iii) Gs1,s2n1,n2,r1,r2(v − y;x, y) =
1

n2 + 2
[y(n2 − s2ν2) + yr2 + 1)− y];

(iv) Gs1,s2n1,n2,r1,r2((v− y)2;x, y) =
1

(n2 + 3)(n2 + 2)
[y2(n2− s2ν2)(n2− s2ν2− 1) + y(n2− s2ν2) +

2yr2 +4y(n2−s2ν2)+y2(s2)(s2−1)r22 +3yr2 +2)+y2− 2y

n2 + 2
(y(n2−s2ν2)+yr2 +1)−y].

2.1.1 Convergence of Gs1,s2
n1,n2,r1,r2

(f(x, y);x, y)

Theorem 2.1.1 For the fumction f ∈ CB(I) the following inequality:-

|Gs1,s2n1,n2,r1,r2(f ;x, y)|

≤ 4K(f ;M s1,s2
n1,n2,r1,r2(x, y))

+ω(f ;

√
1

n1 + 2
(−x+ x(n1 − s1ν1) + xr1 + 1)2 +

1

n2 + 2
(−y + y(n2 − s2ν2 + yr2 + 1))2

≤ (ω2(f ;
√
M s1,s2
n1,n2,r1,r2(x, y)) +min{1,M s1,s2

n1,n2,r1,r2(x, y)}‖f‖C2
B(I))

+ω(f ;

√
1

n1 + 2
(−x+ x(n1 − s1ν1) + xr1 + 1)2 +

1

n2 + 2
(−y + y(n2 − s2ν2 + yr2 + 1))2

holds. The constant M ≥ 0 is independent of f and M s1,s2
n1,n2,r1,r2(x, y)).

where:-

M s1,s2
n1,n2,r1,r2(x, y)) =

(δs1n1,r1(x))2

n1 + 2
+

(δs2n2,r2(y))2

n2 + 2
.
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Proof 2.1.1 We define the auxiliary operator as follows:-

Ḡs1,s2n1,n2,r1,r2(f ;x, y) = Gs1,s2n1,n2,r1,r2(f ;x, y)− f
(

1

n1 + 2
[−x+ x(n1 − s1ν1) + xr1 + 1],

1

n2 + 2
[−y + y(n2 − s2ν2) + xr2 + 1]

)
+ f(x, y).

Then, from Lemma (2.1.2),

Ḡs1,s2n1,n2,r1,r2(f ;x, y)((u− x);x, y) = 0.

and

Ḡs1,s2n1,n2,r1,r2(f ;x, y)((v − y);x, y) = 0.

Let g ∈ C2
B(I) and (u, v) ∈ (I), using Taylor’s theorem, we have

g(u, v)− g(x, y) =
∂g(x, y)

∂x
(u− x) +

∫ u

x
(u− α)

∂2g(α, y)

∂α2
dα+

∂g(x, y)

∂y
(v − y) +

∫ v

y
(v − β)

∂2g(x, β)

∂β2
dβ.

Operating Ḡs1,s2n1,n2,r1,r2(.;x, y) on both sides:-

Ḡs1,s2n1,n2,r1,r2(g;x, y)− g(x, y)

= Ḡs1,s2n1,n2,r1,r2

(∫ u

x
(u− α)

∂2g(α, y)

∂α2
dα;x, y

)
+ Ḡs1,s2n1,n2,r1,r2

(∫ v

y
(v − β)

∂2g(x, β)

∂β2
dβ;x, y

)
= Gs1,s2n1,n2,r1,r2

(∫ u

x
(u− α)

∂2g(α, y)

∂α2
dα;x, y

)
−
∫ 1

n1+2
(x(n1−s1ν1+xr1+1)

x

(
1

n1 + 2
(x(n1 − s1ν1) + xr1 + 1)− α

)
∂2g(α, y)

∂α2
dα

+Gs1,s2n1,n2,r1,r2

(∫ v

y
(v − β)

∂2g(x, β)

∂β2
dβ;x, y

)
−
∫ n2+1(y(n2−s2ν2)+yr1+1−1)

y

(
1

n2 + 1
(y(n2 − s2ν2) + yr2 + 1− β)

∂2g(x, β)

∂β2
dβ

)
.

Hence
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|Gs1,s2n1,n2,r1,r2(g;x, y)− g(x, y)|

≤ Gs1,s2n1,n2,r1,r2

(∫ u

x
|(u− α)

∣∣∣∣∂2g(α, y)

∂α2

∣∣∣∣ dα;x, y

)
+

∫ 1
n1+2

(x(n1−s1ν1)+xr1+1

x

∣∣∣∣ 1

n1 + 2
(x(n1 − s1ν1) + xr1 + 1)− α

∣∣∣∣ ∣∣∣∣∂2g(α, y)

∂α2

∣∣∣∣ dα
+Gs1,s2n1,n2,r1,r2

(∫ v

y
|v − β|

∣∣∣∣∂2g(x, β)

∂β2

∣∣∣∣ dβ;x, y

)
+

∫ 1
n2+2

(x(n2−s2ν2)+yr2+1

y

∣∣∣∣ 1

n2 + 2
(x(n2 − s2ν2 + yr2 + 1)

∣∣∣∣ ∣∣∣∣∂2g(x, β)

∂β2

∣∣∣∣ dβ
≤

{
Gs1,s2n1,n2,r1,r2(u− x)2;x, y) +

(
1

n1 + 2
(x(n1 − s1ν1) + xr1 + 1)− x

)2
}
‖g‖C2

B(I)

+

{
Gs1,s2n1,n2,r1,r2(v − y)2;x, y) +

(
1

n2 + 2
(y(n2 − s2ν2) + yr2 + 1− y

)2
}
|g‖C2

B(I)

≤

{
1

n1 + 2
δs1n1,r1(x))2 +

(
1

n1 + 2
(x(n1 − s1ν1) + xr1 + 1)

)2

+
1

n2 + 2
δs2n2,r2(y))2 +

(
1

n2 + 2
(y(n2 − s2ν2) + yr2 + 1)

)2}
‖g‖C2

B(I).

Thus, we get

|Gs1,s2n1,n2,r1,r2(g;x, y)− g(x, y)| ≤
{

2

n1 + 2
δs1n1,r1(x))2 +

2

n2 + 2
δs2n2,r2(y))2

}
‖g|C2

B(I).

Also,

|Gs1,s2n1,n2,r1,r2(f ;x, y)| ≤ |Gan1,n2
(f ;x, y)|+ |f(

1

n1 + 2
(x(n1 − s1ν1) + xr1 + 1),

1

n2 + 2
(y(n2 − s2ν2) + yr2 + 1)|+ |f(x, y)|.

≤ 3‖f‖CB(I)
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|Gs1,s2n1,n2,r1,r2(f ;x, y)− f(x, y)|

≤ |Gs1,s2n1,n2,r1,r2(f − g;x, y)|+ |Gs1,s2n1,n2,r1,r2(g;x, y)− g(x, y)|

+|g(x, y)− f(x, y)|

+

∣∣∣∣f ( 1

n1 + 2
(x(n1 − s1ν1) + xr1 + 1),

1

n2 + 2
(y(n2 − s2ν2) + yr2 + 1)

)
− f(x, y)

∣∣∣∣
≤ 3‖f − g|C2

B(I) + |f − g|C2
B(I) + |Gs1,s2n1,n2,r1,r2(g;x, y)− g(x, y)|

+

∣∣∣∣f ( 1

n1 + 2
(x(n1 − s1ν1) + xr1 + 1),

1

n2 + 2
(y(n2 − s2ν2) + yr2 + 1)

)
− f(x, y)

∣∣∣∣
≤ (4‖f − g||C2

B(I) + 2M s1,s2
n1,n2,r1,r2(x, y)||g||C2

B(I))

+ ω

(
f,

√
1

n1 + 2
(−x+ x(n1 − s1ν1) + xr1 + 1)2 +

1

n2 + 2
(−y + y(n2 − s2ν2) + yr2 + 1)2

)
.

Taking infimum on right hand side

|Gs1,s2n1,n2,r1,r2(f ;x, y)|

≤ 4K(f ;M s1,s2
n1,n2,r1,r2(x, y))

+ω(f ;

√
1

n1 + 2
(−x+ x(n1 − s1ν1) + xr1 + 1)2 +

1

n2 + 2
(−y + y(n2 − s2ν2 + yr2 + 1))2.

Thus, the proof is completed.

Lemma 2.1.3 For each(x, y)εI;

1. Gs1,s2n1,n2,r1,r2((u− x)4;x) = O

(
1

n2

)
;

2. Gs1,s2n1,n2,r1,r2((v − y)4; y) = O

(
1

n2

)
;

3. limn→∞ nG
s1,s2
n1,n2,r1,r2(ψ(u, v)

√
(u− x)4 + (v − y)4;x, y) = 0.

Theorem 2.1.2 Let f ∈ CB(I), Then for every (x, y) ∈ I,

lim
n1,n2→∞

Gs1,s2n1,n2,r1,r2(f ;x, y) = f(x, y).

Proof 2.1.2 From lemma (2.1), and by using Krovkin theorem, we get the desired result.
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2.1.2 Voronovskaja type theorem

Theorem 2.1.3 Let f ∈ C2
B(I). Then for every (x, y) ∈ I

lim
n→∞

n(Gs1,s2n,r1,r2(f ;x, y)− f(x, y)) = fx(x, y)(xr1 + 1) + fy(x, y)(yr2 + 1)

+
x

2
(1 + x)fxx(x, y) +

y

2
(1 + y)fyy(x, y).

Proof 2.1.3 Let (x, y) ∈ I be fixed. By Taylor formula, we have

f(u, v) = f(x, y) + fx(x, y)(u− x) + fy(x, y)(v − y) +
1

2
fxx(x, y)(u− x)2

+ 2fx,y(x, y)(u− x)(v − y) + fyy(x, y)(v − y)2 + ψ(u, v, x, y)
√

(u− x)4 + (v − y)4.

where ψ(..;x, y) = ψ(., .) ∈ C2
B(I) and ψ(x, y) = 0. Thus, we get

Gs1,s2n,r1,r2(f(u, v);x, y) = f(x, y) + fx(x, y)Gs1,s2n,r1,r2(u− x;x) + fy(x, y)Gs1,s2n,r1,r2(v − y; y)

+
1

2
fxx(x, y)Gs1,s2n,r1,r2(u− x)2

+2fx,y(x, y)Gs1,s2n,r1,r2(u− x;x)Gs1,s2n,r1,r2(v − y; y)

+fyy(x, y)Gs1,s2n,r1,r2((v − y)2; y)

×Gs1,s2n,r1,r2(ψ(u, v, x, y)
√

(u− x)4 + (v − y)4;x, y).

By using (2.1.3), the lemma

limn→∞n(Gs1,s2n,r1,r2(f ;x, y)− f(x, y)) = fx(x, y)(xr1 + 1) + fy(x, y)(yr2 + 1)

+
1

2
(x(1 + x)fxx(x, y) + y(1 + y)fyy(x, y))

+ lim
n→∞

nGs1,s2n,r1,r2(ψ(u, v)
√

(u− x)4 + (v − y)4;x, y).

Applying the holder inequality

|Gs1,s2n,r1,r2(ψ(u, v)
√

(u− x)4 + (v − y)4;x, y|

≤ [Gs1,s2n,r1,r2(ψ2(u, v);x, y)]
1
2 [Gs1,s2n,r1,r2((u− x)4 + (v − y)4;x, y)]

1
2

≤ [Gs1,s2n,r1,r2(ψ2(u, v);x, y)]
1
2 [Gs1,s2n,r1,r2((u− x)4;x) +Gs1,s2n,r1,r2((v − y)4; y)]

1
2 .
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By theorem (2.1.2)

lim
n→∞

Gs1,s2n,r1,r2(ψ2(u, v);x, y) = ψ2(x, y) = 0.

By combining (2.1.1) and (2.1.2), we obtained the desired result.
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