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ABSTRACT

System of simultaneous linear equations plays a major role in various areas
such as mathematics, physics, statistics, engineering and social sciences. These are
important for studying and solving a large proportion of the problems in many topics
in applied mathematics. Usually in many applications all the system’s parameters are
represented by fuzzy rather than crisp numbers, and hence it is important to develop
mathematical models and numerical procedures that would appropriately treat general

fully fuzzy linear system and solve them.

This thesis is devoted to some methods for solving fully fuzzy linear systems
(system of linear equations in which all the parameters are represented by fuzzy
numbers).

The chapter-wise summary of the thesis is as follows:

Chapter 1 is introductory in nature. This chapter includes the basic concepts
used throughout the work.

Chapter 2 presents brief review of the work done in the area of fuzzy linear
system of equations.

In Chapter 3, matrix inversion method, Cramer’s rule and LU decomposition
method to solve the fully fuzzy linear systems are presented. To illustrate all the
presented methods numerical examples are solved.

In Chapter 4, LU decomposition method, presented in chapter 3, is modified
to show the advantages of the modified method. The numerical example, solved in
chapter 3, is solved by the modified LU decomposition method and it is shown that

the results obtained by both the methods are same while it is easy and less time



consuming to apply the modified LU decomposition method as compared to the LU
decomposition method, presented in chapter 3.

In Chapter 5 Jacobi and Gauss-Seidel methods are used to find the solution
of fully fuzzy linear system of equations. To compare the methods a numerical
example in chapter 3 is solved by using both the methods and it is shown that in
number of iterations in Gauss-Jacobi method are more than numbers of iterations in
Gauss-Seidel method.

Chapter 6, The methods presented in the previous chapter can be applied
only for finding the solution of simultaneous fully fuzzy linear system of equations i.e
the fully fuzzy linear system of equations in which numbers of fuzzy variables equals
to number of equations. These methods can’t be applied for solving non-simultaneous
fully fuzzy linear system of equations. To overcome this shortcoming in this chapter a
method is presented which can be applied for finding the solution of simultaneous as
well as non-simultaneous fully fuzzy linear system of equations. To illustrate the

presented method numerical examples are solved.
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Chapter 1

INTRODUCTION

There are several applications in science and engineering where relevant physical
law(s) immediately produces a set of linear algebraic equations. A system of linear
equations (or linear system) is a collection of linear equations involving the same set of

variables. A general system of m linear equations with n unknowns may be written as:

X tapX,+... +a,X =h
A% ta,X, +...+a, X =bh,

2n"*n
amlxl + amZXZ + e + aman = bm
(1.2) In matrix form this system may be written as

A®Xx=Db

where A is anm X n matrix, X is a column vector with n entries, and b is a column

vector with m entries.

éa, a, ... a,u ex U éb, u
e u e, u 6. u
A= éa21 azz aZn l:l, X = éxz l:I, b= ébz u
€ Y é: é: u
e G ¢ 8 U
€dm Ay -- A0 eX,l €0n 0

Definition 1.1

Ifall b, are zero then the system of equations is said to be homogeneous and if



at least one of b, is not zero then it is said to be non-homogeneous.

Definition 1.2

The non-homogeneous system has a unique solution if and only if the

determinant of A is non-zero.
Definition 1.3

The solution of a linear system is an assignment of values to the variables

X, %,,..., X, such that each of the equations is satisfied. The set of all possible solutions is

called the solution set.
A linear system of equations may behave in any one of three possible ways:

(N The system has infinitely many solutions.
(i)  The system has a single unique solution.

(iif)  The system has no solution.

If the system is consistent then we have either unique solution or infinitely many

solutions of the non-homogeneous system. (1.1) has a unique solution if and only if

determinant of A is non-zero i.e. |A| # 0 and the solution of the system may be written as
x = A"'b. The homogeneous system possesses only a trivial solution x, =X, =---=x, =0
if |A|¢0. But it is interesting to note that a homogeneous system has also nontrivial

solution provided |A| =0 i.e. coefficient matrix is singular.

1.1 Methods to solve the system of linear equations



There are large numbers of methods to solve the system of linear equations and
systems of three or four equations can be easily solved by hand using these methods, but
computers are often used for larger systems.

These methods are generally divided into two categories:

(0 Direct method

(i) Iterative method
There are several direct and iterative methods in the literature for solving the system of
linear equations but in this thesis the following direct methods and iterative methods are
used:
Direct methods

(0 Matrix inversion method

(i) Cramer’s rule

(i) LU decomposition method
Iterative methods

Q) Gauss-Jacobi method

(i) Gauss-Seidel method
1.2 Fuzzy linear system

For constructing a system of linear equations it is assumed that there is no
uncertainty about any parameter of the system but in real life there may exist uncertainty
about some or all parameters. In such a case it is better to represent all the parameters of
system of linear equations by fuzzy sets (Zadeh, 1965).

Definition 1.4



Let X denote a universal set then a fuzzy subset A of X is defined by its member-

ship function
p; - X —[01]
which assigns a real number ;(x) in the interval [0, 1], to each element x e X, where

the value of u;(x) at x shows the grade of membership of x in A. A fuzzy subset A can

be characterized as a set of ordered pairs of element X and grade u;(x) and is often

written as:

A:{(x,uA(x))| X e X}
Definition 1.5
A fuzzy set A in X is said to be normal if there exist x € X such that m;(x) =1.

.Definition 1.6

A fuzzy number A is called positive (negative), denoted by A>0 (A<0), if its

membership function x;(x) =0, ¥x<0 (Vx> 0).

Definition 1.7

A fuzzy set with the following membership function



1_m—x’ m-—a<x<m, a>0,
a
i (X) = 1_x’—8m’ m<x<m+pS, f>0,
0, otherwise.

is named a triangular fuzzy number and is symbolically written as A=(m,a, ).

Definition 1.8
A triangular fuzzy number A= (m,a, B)is positive if and only if m—¢ >0
Definition 1.9

Two triangular fuzzy numbers A=(m, e, ) and B =(n,y,8) are said to be equal

ifandonly if m=n,a=y,p=9.
Definition 1.10

A matrix A:(éij) is called a fuzzy matrix, if each element of A is a fuzzy

number.

A fuzzy matrix A will be positive and denoted by A >0 if each element of A be

positive. We may represent nxn fuzzy matrix /3\:(51”)nxn such that &, =(a;,a;,5;)
with new notation A= (A,M,N), where A= (&), M =(e;)and N =(g;)are three nxn

crisp matrices.

Definition 1.11

A square matrix A= (&;) is called an upper triangular matrix if

5



4,=0=(0,0,0), Vi j,
and a square matrix will be lower triangular matrix A= (&) if
4,=0=(0,0,0), Vi<,

where 0 = (0,0,0) as a zero triangular fuzzy number.
Definition 1.12

Consider the nxn fully fuzzy linear system of equations:

(3, 9%)®(8,®5%,)® (&, ®%,) = b,
(5.21®)?1)@(§22®)~(2)@-~-@(§2n®)~(n) = 62’

(6,®%)®(3,0%)® O (4, ®%,) = b,
The matrix form of the above equation
A®x=b

where A=(d;),1<i,j>n isa nxn fuzzy matrix and %, b, € F(R), where F(R) is the

set of all fuzzy numbers.

Definition 1.13

Let A=(§) and B=(b;) be two mxn and nxp fuzzy matrices. We define

A®B=C =(¢;) which is the mx p matrix where

(éij) = Za.k ®6kj
k=1



1.3 Arithmetic operations on fuzzy numbers
In this section arithmetic operations of triangular fuzzy numbers are presented.

LetA= (m,a, B) andB =(n,y,8) be two triangular fuzzy numbers then
(1) A®B=(m,a, B)®(,y,8)=(m+na+y,S+5).
2 -A=—(ma,p)=(-m B q).
(3) IfA>0andB>0then (m,a,B)®(n,y,8)=(mnmy+na,ms +np).
(4)  If A isany scalar then A ® A is defined as

(m, 1o, AB), 2>0

A®(m’a’ﬁ):{(zm,—w,—za), 2<0



Chapter 2

LITERATURE REVIEW

Buckley and Qu (1990) presented necessary and sufficient conditions for some
linear and quadratic equations to have a solution when the parameters are either real or
complex fuzzy numbers. They showed that the solution will be a real or complex fuzzy
number. Also they presented applications in chemistry, economics, finance and physics

are presented for these types of equations.

Buckley and Qu (1991) presented a method to find the solution X to the fuzzy
matrix equation A®X=b when the elements in Aand b are triangular fuzzy

numbers. A is square and non-singular matrix.

Zhao and Govind (1991) studied the algebraic equations involving generalized
fuzzy numbers (which includes fuzzy numbers, fuzzy intervals, crisp numbers and

interval numbers) with continuous membership functions.

Buckley (1992) proposed new solution procedure for solving fuzzy equations
(linear, non-linear and differential) to the following three problems in economics and
finance: (1) Leontief's input-output model (2) the internal rate of return and (3) a dynamic
supply-demand model where price and supply are governed by a system of differential

equations.



Friedman et al. (1998) investigated a general fuzzy system using the embedding
approach. They derived the conditions for the existence of a unique fuzzy solution
to n x n linear system of equations and designed a numerical procedure for calculating

the solution. They illustrated the applicability of the proposed model with examples.

Rao and Chen (1998) proposed the solution of simultaneous linear equations that
arise in the analysis of engineering systems involving fuzzy input parameters. In addition
to a discussion on the existence of solution to the problem, they defined and formalized
the numerical solution to the fuzzy linear system . The proposed methodology consists of
three major aspects involving, computerized selection of fuzziness, implementation of

fuzzy operations and development and execution of a search based algorithm.

Feuring et al. (1998) proposed a method to find solution to the fully fuzzified
linear program where all the parameters and variables are fuzzy numbers. Firstly they
changed the problem of maximizing a fuzzy number, the value of the objective function,
into a multi-objective fuzzy linear programming problem. They designed an evolutionary
algorithm to solve the fuzzy flexible program and applied this program to two
applications to generate good solutions.

Allahviranloo (2004) proposed algorithms for solving ‘fuzzy system of linear
equations’. He discussed the schemes based on the iterative Jacobi and Gauss-Seidel
methods in detail.

Allahviranloo (2005) transformed the Gauss-Seidel iterative method for solving

fuzzy system of linear equations to the successive over relaxation method.



Dehghan and Hashemi (2006) investigated a general fuzzy linear system of
equations and then extended several well-known numerical algorithms such as
Richardson, Jacobi, Jacobi Over Relaxation, Gauss-Seidel, Successive Over Relaxation,
Accelerated Over Relaxation, Symmetric and Unsymmetrical Successive Over
Relaxation and Extrapolated Modified Aitken for solving fuzzy linear system of

equations.

Dehghan et al. (2006) extended the Adomain decomposition method for fully

fuzzy linear system of equations. For find a solution of the system A® X =b, where A

and b are respectively a fuzzy matrix and fuzzy vector.

Mosleh et al. (2007) proposed the solution of the fully fuzzy linear system

Ax+b=Cx+d, where A and C are fuzzy matrices, b and d are fuzzy vectors.

Dehghan et al. (2007) employed Dubois and Prade’s approximate arithmetic

operators on LR fuzzy numbers for finding a positive fuzzy vector X which satisfies

A®%=b, where A and b are a fuzzy matrix and a fuzzy vector, respectively. Fully
fuzzy linear system of equations is transformed and proposed iterative techniques such as
Richardson, Jacobi, Jacobi over relaxation, Gauss—Seidel, Successive Over Relaxation,
Accelerated Over Relaxation, Symmetric and Unsymmetrical Successive Over
Relaxation and Extrapolated Modified Aitken are used for solving fully fuzzy linear
system of equations. In addition, the methods of Newton, Quasi-Newton and Conjugate
Gradient are proposed from non-linear programming for solving a fully fuzzy linear

system of equations.

10



Nasseri et al. (2008) used a certain decomposition of the coefficient matrix of the
fully fuzzy linear system of equations to obtain a simple algorithm for solving these
systems. The new algorithm can solve fully fuzzy linear system of equations in a smaller

computing process.

Allahviranloo et al. (2008) presented a method to solve fully fuzzy linear system
of equations. They replaced the nxn fully fuzzy linear system of equations by three
nxn crisp linear system of equations. They calculated its homomorphic solution in
canonical trapezoidal form based on three nxn crisp linear solutions associated with

three parameters, value, ambiguity and fuzziness.

Gao and Zhang (2009) proposed a unified iterative scheme to solve general fully

fuzzy linear system of equations A®%=b in which all parameters are LR fuzzy
numbers. By this iterative scheme, they presented Gradient iterative algorithm and Least-

squares iterative algorithm for solving non-square fully fuzzy linear system of equations.

Mikaeilvand and Allahviranloo (2009) found from the definition of extended
operations on fuzzy numbers, subtraction and division of fuzzy numbers are not the
inverse operations to addition and multiplication, respectively. Hence for solving
equations or system of equations, methods without using inverse operators must be used.
They proposed a novel method to find the non-zero solutions of fully fuzzy linear system
of equationss. They splitted system's parameters to two groups of non-positives and non-
negatives by solving one multi objective linear program and employing embedding
method to transform nxn fully fuzzy linear system of equations to 2nx2n parametric

form linear system of equations and hence, transformed operations on fuzzy numbers to

11



operations on functions. Finally, they used numerical examples to illustrate their

approach.

Mosleh et al. (2009) discussed a new decomposition of a non-singular fuzzy
matrix, the symmetric times triangular decomposition. By this decomposition, every non-
singular fuzzy matrix can be represented as a product of a fuzzy symmetric matrix S and

a fuzzy triangular matrix T.

Rahgooy et al. (2009) modeled the fuzzy complex linear equations in the field of

circuit analysis and then solved it by an existing method.

Nasseri and Zahmatkesh (2010) concentrated on solving fully fuzzy linear system
of equations of equations and proposed Huang method for computing a non-negative

solution of the fully fuzzy linear system of equations.

Liu (2010) proposed an approach to solve fully fuzzy linear system of equations
that is found to give more accurate than the iterative Jacobi and Gauss-Seidel methods on

approximating the solution of fully fuzzy linear system of equations.

12



Chapter 3

SOME DIRECT METHODS FOR SOLVING FULLY FUZZY

LINEAR SYSTEM OF EQUATIONS

In this chapter, matrix inversion method, Cramer’s rule and LU decomposition
method to solve A® %=Db, where A is a fuzzy matrix and X and b are fuzzy vectors
with appropriate sizes are presented.

3.1 Fully fuzzy linear system and equations

Consider the nxn fully fuzzy linear system of equations:

(4, 9%)®(8,0%)® @ (F, ®K,) = b,
(A, R%)D (@, ®%)D-- D4, ®K%) = h,,

(3.1)
kan1®>zl)@(anz RK)D---®(@E, %) = b .
The matrix form of the above system is
A®%=b (3.2)

where the coefficient matrix A:(au), 1<i,j<n is a nxn fuzzy matrix and

X.,b, 1<i<n are fuzzy vectors. This system is called fully fuzzy linear system.

We want to find the non-negative solution of fully fuzzy linear system A®%=b where
A=(AM,N)>0,b=(b,g,h)>0, and X =(x,y,z) >0.

So we have

13



(AM,N)®(x,y,2)=(b,g,h) (3.3)

3.2 Some direct methods
In this section some direct methods to solve the equation (3.1) is presented:
3.2.1 Matrix inversion method
Using section 1.3, equation (3.3) may be written as
(AX, Ay + Mx, Az + Nx) = (b, g, h) (3.4)
Using definition 1.10, we have

Ax = b,
Ay + Mx = g, (3.5)
Az + Nx = h.

Ay = g—Mx (3.6)

Assuming A as a non-singular matrix, equation (3.6) may be written as

Xx= A",
y=A"g-A"Mx, (3.7)
z=A"h-A™*Nx.

The fuzzy solution (X, Y, z) can be easily obtained by using the values of x,yand z.

Example 3.1
Consider the following fully fuzzy linear system and solve it by direct method:

(51111)®(X1!Y1121) ® (6,1,2)®(x2,y2,22):(50,10,17)
(71110)®(X1’Y1121) ® (41011)®(X2'y2'22):(481517)

So we have,

14



b B
LM -
LT T

sl e ARl

N[~ O

Thus the solution is

1
4,— 0
( 11 )
11
"11'2

X =

(5 )

3.2.2 Cramer’s rule
For solving fully fuzzy linear system (3.1) with this method,

(i)
“« = det(A™")

= ., 1=12,...n,
det(A)

where A® denotes the matrix obtained from A by replacing its i column by b. Then

using solution x, we have

(i)
Y, :—det(A ), i=12,..,n,
det(A)

15



n(i)
- det(A"")

; , =12,..,n,
det(A)

where A'® and A"® denotes matrix obtained from A by replacing its i" column by

h—Mx and g — Nx, respectively.

Example 3.2

Consider the following fully fuzzy linear system of equations and solve it using

Cramer’s rule:

Here

4,32) (521 (30,3 || X (71,54,76)
(7,4,3) (10,6,5) (2,11 || X, |=|(118,115,129)
6,2,2) (7,12) (15,54) ]| X, (155,89,151)

4 5 3 71
A=|7 10 2 b=|118
6 7 15 155
10 7 2 7 10
det(A) =4 -5 +3
7 15 |6 15 |6 7

= 4(150—14) —5(105 —12) + 3(49 — 60)

=4x136-5x93-3x11

=544 -465-33=46

71 5 3 4 71 3 4 5 71

APV =118 10 2|, A®=|7 118 2| A® =7 10 118

155 7 15 6 155 15 6 7 155

Determinant of each of above matrix is

16



det(A®) =184
det(A®) =368
det(A®) =230

Thuswehave,xizﬁ:4, XZ:@ZS nd X3:@:5
4
X=1|8
5

From the given problem, we have

(54 1 [3 2 0][4] [54 ] [28] [26
h—Mx=[115|-{4 6 1|/8|=[115|-|69 |=]|46
89 2 1 55| |89 41| |48

(76 1 [2 1 3][4] [76 | [31] [45
g—Nx=|129|-|3 5 1||8|=[129|-|57 |=|72
151 |2 2 4]||5]| |151]| |44 |107

26 5 3 4 26 3 4 5 26
Now, A®={46 10 2| A@P=|7 46 2| A®=|7 10 46
48 7 15 6 48 15 6 7 48

det(A'®) =92

det(A?) =138
det(A'®) = 46

92 138 46
==2=2 ==2-3 and ="-1
T 278 s~ 76
2
ie., y=|3
1

17



45 5 3 4 45 3 4 5 45

Similarly, A"® =| 72 10 2|, A®=|7 72 2|  A®=7 10 72
107 7 15 6 107 15 6 7 107
det(A"®) =92

det(A"®) =230
det(A"®) =184

21:%:2, z, :@:5 and z, :18—4:4
46 46 46
=
Thus the solution of this problem is
4,2,2)
X=1(8,3,5)
(5,1,4)

3.2.3 LU decomposition method

In the LU decomposition method, the coefficients matrix of the linear system of
equations is factored into the product of two triangular matrices. This method is
frequently used to solve a large system of equations. Consider the system of equations
(3.2), where A is a non-singular matrix. We first of all write the matrix A as the product

of a lower triangular matrix L and an upper triangular matrix U in the form

®U ,

M

A=
where A= (AM,N),L=(L,L,,L)),and U =(U,,U,,U,).

So we have

18



(AM,N)=(L, L, L) ®U,,U,,U,)

(AM,N)=(LU, LU, + LU, LU; + LU,)

= A=LU,,
M =LU,+LU,,
N=LU,+LU,.

(3.9)
(3.9)

(3.10)

In order to find a unique solution we either take all the diagonal elements of L as 1

or all the diagonal elements of U as 1. For U, =1, i=12,...,n, the method is called the

Crout’s LU decomposition method and for L; =1, i=12,..,n, it is called Doolittle’s

method. Here we will use Doolittle method.

Firstly, we calculate L, and U, such that A=LU,, where L is a lower triangular

crisp matrix, having the diagonal of 1’s and U, is an upper triangular crisp matrix with

the general diagonal.

1 0 0 T 0 Uy U, Ug - U, Q;,
|21 1 0 Uy Uy oo Uy, Ay Ay
|31 |32 1 0 0 U - Ug, [= ]85 dg
_Inl Inz In3 1_ _0 0 0 l‘Inn _anl anz

R
B3
8

anS

a,
&
8

nn

which amount to n?equations in the n?unknowns l; and u;. The computations run as

follows:
Ulj :alj, j=1,2,...,n.
a .
lu, =2, = |i1:_|1’ i=12,..,n.
Uy,

19
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Continuing in a recursive way for r =2,3,...,n, we alternatively find the rows of U, and

corresponding columns of L, to be

r-1
u, =a,; - LUy, j=r.r+1...n, (3.13)
k=1

Each row follows by the corresponding column of L,

r-1
&y _zlikukr
[, =—=2—— i=r,r+1..,n, (3.14)
urr
We set the diagonals of L, and L, to be consisting of 0’s not 1’s.
By (3.9), and I, = (I;) with diagonals of 0’s and U, = (u;;) we may write
mﬁzgjmwp 1<i,j<n, I =0. (3.15)
=1

With L, and U, in hand, we can continue our approach to the second step for L, and U,

in the following way:
" i=12,..n, (3.16)

=1 i i=12,..,n (3.17)
Uy

Continuing in a recursive way for r=2,3,...,n, we alternatively find the rows of U, and

corresponding columns of L, to be

r-1
' '

uy =m; = LU, j=rr+l..n,
k=1
r—1 r 3.18

m —>» Lu —>1u ( )
ir ik “kr ik =kr
Ii’r = k=l k=l i=r1r+11"-1n1

Similarly by (3.10), and L, =(Ij) and U, = (u;) we may write

20



:Z QUi +leug, 1<i, j<n, (3.19)
k=1

We can continue our approach to the second step for finding L, and U, in the following

way:
u; =ny;, j=12,...,n,
L —1u” 3.20
Pkl G5 n (3:20)
ull

Finally we alternatively find the rows of U, and the corresponding columns of L, for

r=23,..n tobe

Z(LKU L), j=rr+l,..n,
r-1 3.21
Ilﬂukr leku ( )
I = L i=r,r+1..,n,
u

rr

The solution to the problem A®%=b could be found by a two step triangular solve

process.
A®%=Db
LeU®KX=Db
= LK = 5
where U ® X (3.22)

By solving system (3.22), we get the solution X.

Example 3.3

(6,14)  (522)  (321)
Let A=| (12,8,20) (1412,15) (88,10)
(24,10,34) (32,30,30) (20,19,24)
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be a fuzzy matrix

Here
6 5 3 1 2 2 4 2 1
A=(12 14 8|, M={8 12 8|, N=|20 15 10
24 32 20 10 30 19 34 30 24

From equations (3.11), (3.12), (3.13) and (3.14), we can find the elements of L, and U..

u11:a11=6, u12:a12:5’ u13:a13:3-
I11:&_§_1’ |21:a21_g_21 |31:&:ﬁ—4
u, 6 u, 6 u, 6

Uy =ay, —lyU, =14-2x5=4,
Uy, = a5 — U3 =8-2x3=2

Ayl _14-2x5

|
22
Uy, 4

_ay,—lyu, 32-4x5 _3
Uy, 4

|32

Ugy = 85 — I3y U5 —looUy; =20-4%x3-3x2=2,

l,, =1
Therefore we have,
1 00 6 5 3
L=(2 1 0 U, =0 4 2
4 3 1 0 0 2

From equations (3.15), (3.16), (3.17) and (3.18) we can obtained L, and U,,
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000 1 2
L=|1 0 0 U,=/0 3
120 00

Similarly, from (3.19), (3.20) & (3.21), we get

I
1
w N O
P O O
o o o
c
w
1
o o M

Thus LU decomposition method of fuzzy matrix A is

(1,0,0) (0,0,0) (0,0,0)] [(614) (522) (321
A=L®U =|(212) (L0,0) (0,0,0)|®[(0,0,0) (431 (212)
(413) (321) (10,0)| [(0,0,0) (0,0,0) (213)

Now we solve the fully fuzzy linear system of equations LX' =b i.e,

(1,0,0) (0,0,0) (0,0,0)][x] |(58.30,60)
(21,2) (1,0,0) (0,0,0)| ¥ |=]|(142,139,257)
(413) (321 (10,0)| 7 (316,297,514)

!

Using the Cramer’s rule, we easily compute X in the following form:

(58,30,60)
X' =|(26,21,21)
(6,4,11)

Now we solve the fully fuzzy linear system of equations UX = X' i.e,

(6,14) (522) (321)][%] |(5830,60)
(0,0,0) (431) (212)||%, [=|(26,2121)
(0,0,0) (0,0,0) (213)][ %] |(6,4,11)

Again using the Cramer’s rule, we may compute the solution X in the following form:
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(4,1,3)
%=|(5,0.5,2)
(3,0.5,1)

which is required solution.

3.3 Conclusion

In this chapter the fully fuzzy linear system of equations, i.e. fuzzy linear system
of equations with fuzzy coefficients involving fuzzy variables are investigated and some
direct methods are applied for solving these systems. It may be useful in analysis of
physical systems and other topics in real engineering problems. The proposed schemes
for finding the positive solution of the same systems, when parameters are positive are

quite satisfactory.
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Chapter 4

MODIFIED LU DECOMPOSITION METHOD FOR
SOLVING FULLY FUZZY LINEAR SYSTEM OF

EQUATIONS

In this chapter, the LU decomposition method, presented in chapter 3, is modified.
To show the advantages of the modified method, the numerical example, solved in
chapter 3, is solved by the modified LU decomposition method and it is shown that the
results obtained by both the methods are same while it is easy and less time consuming to
apply the modified LU decomposition method as compared to the LU decomposition

method, presented in chapter 3.
4.1 Modified LU decomposition method
Consider fully fuzzy linear system of equations

A®%=h, (4.1)
Where A=(A,M,N), X=(x,y,2),b=(bh,g)
Let A=L®U where [=(L,0,0) and U =(U,,U,,U,). Here, we consider L=(L,0,0)
instead of L =(L,,L, L;) because our aim is to find a lower triangular fuzzy matrix L
with the diagonal of fuzzy identity number in LR fuzzy multiplication which is
1=(1,0,0), not 1=(1,11). So, A=CL®U now becomes

(AM,N)=(L,0,0)®U,,U,U,)
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= (AM,N)=(LU,,LU,,LU,) (4.2)
So, from equations (4.1) and (4.2), we have
(LU, LU,, LU,)®(X,y,z) = (b,h, )

By using section 1.3, we have
(LU LU, x+ LU,y, LU x+LU,2) = (b,h, g)

LU, =b,
LUx+LU,y=h
LU, +LU,z=g,

and therefore,

x=U;"L'h,
y=U;"L'(h—LU,x), (4.3)
z=U"1*(g - LU,X).

Example 4.1

Consider the following fully fuzzy linear system of equations

(6,1,4) (5.2,2) (3,21) [x] |(58.30,60)
(12,8,20) (14,12,15) (8,8,10) || y|=|(142,139,257)
(24,10,34) (32,30,30) (20,19,24)| 2 (316,297,514)
6 5 3 1 2 2 4 2 1
A=|12 14 8| M=|8 12 8| N=/20 15 10
24 32 20 10 30 19 34 30 24

Firstly, we obtain LU — decomposition for matrix A as follow:
ail a12 a13 l 0 0 ull u12 u13
8y 8y 8y |= |21 1 0] 0 wuy, uy

8y d 8y l, 1, 1] 0 0 ug

u11:a11=6, u12=a12=5, u13:a13:3
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:A:—:z, |31:—:—:4.

I
B u, 6 u, 6

Uy, =8y, —l,U, =14-2x5=4, Uy =8y — U, =8-2x3=2

Ay, —lyu, 32-4x5 _3
u,, 4 ’

|32

Ugg = 85 — I3yl —looUns =20 -4x3-3x2 =2,

Hence we have,

1 00 6 5 3
L=12 1 0], U,=|0 4 2
4 3 1 0 0 2
So we can obtain U, and Us; as follows:
1 0 8 -10 -2
L'=|-2 1 , u,* =4i8 0 12 -12
2 31 0 O 24

1 0 o1 2 2 1 2 2
U,=LM=l-2 1 0|8 12 8|=| 6
2 -3 1//10 30 19| |-12 -2 -1

x=U','b,

. 8 -10 21 0 0 . 24 -4 -2
UlLt=—|0 12 -12||-2 1 0|=—|-48 48 -12
! 48

48
0 0 24|12 31 48 72 24

24 -4 27587 [4
x:4i8 48 48 -12[142|=|5
48 -72 24 ||316] |3

y=U, L (h—LU,x),
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10 0][1 2 2
LU,=|2 1 0| 6 8 4
4 3 1|-12 -2 -1

1 2 27747 [20
LU,x=|8 12 8 /5|=|116
10 30 19][3]| |[247

30 20 | [10
h—LU,x=[139 |-|116 |=| 23
297 |247]| |50

24 -4 2710
y=—| 48 48 12| 23|=
48 -72 24 ||50

2=U,L,7(g - LU,X),

1004 2 1
LU,={2 1 0| -12 11 8
4 3 1/l 18 -11 -4
4 2 1747 [29
LU,x={20 15 10/ 5|=|185
34 30 24|/3| |358
60 29 1 [31 ]
g-LU,x=|257|-|185 |=| 72
514 | |358] [156
24 -4 -27[31
z=4i8 48 48 12|72 |=
48 -T2 24 ||156
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1 2 2
8 12 8
10 30 19

4 2 1
20 15 10
34 30 24



Therefore,
X=(4,13), )7:(5,%,1), Z:(3,%,1)

4.2 Conclusion

LU decomposition method, presented in chapter 3, is modified and the advantage

of modified LU decomposition method, presented in chapter 3 is shown.
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Chapter 5

SOME ITERATIVE METHODS FOR SOLVING FULLY

FUZZY LINEAR SYSTEM OF EQUATIONS

In the previous chapters, we have presented some direct methods for solving fully
fuzzy linear system of equations. In this chapter, two iterative methods (Gauss-Jacobi,
Gauss-Seidel) are presented to find the solution of fully fuzzy linear system of equations.
To explain the method, a numerical example solved in chapter 3 is solved by using these
two methods and it is shown that the results obtained by the direct methods and iterative

methods are same.

5.1 Iterative methods

Iterative methods are those which start with an initial approximation and which,
by applying a suitably chosen algorithm, lead to successively better approximations.
Even if the process converges, we can only hope to obtain an approximate solution by
iterative methods. Iterative methods vary with the algorithm chosen and in their rates of
convergence. Some iterative method may actually diverge, others may converge so
slowly that they are computationally useless. Merits of iterative methods are their
simplicity and uniformity of operations to be performed, which make them well suited for

use on computer.
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5.1.1 Gauss-Jacobi method

To solve fully fuzzy linear system of equations A®X=b, we have already
discussed an approach in chapter 3. According to which the positive vectors x,y and z

can be found by solving following linear system of equations synchronously:

Ax=b
Ay+Mx=g (5.1)
Az+Nx=h

In this section, we employ iterative methods for obtaining solution to above problem i.e.

we use Gauss-Jacobi or Gauss-Seidel method to solve A® X =b.

System (5.1) can be written as

auX +a,X, +..+a,X, =D

in“n

(BuY+a,Y, +ot 3y Y, )+ (MgX +MX, ++mpx ) =g,  1<i<n (5.2)

in“n

(8,2, +@,Z, +...+ 8,2, )+ (X +NoX, + .40 X ) = hy

in—n in“mn

Using above equations, we can find

ax—b—Zax

J=1, =i

[ Z auyj+2mIJ Jj, 1<i<n (5.3)
a,z,=h - [ i a,Z; +ZnIJ Jj

j=1, j=i

hence
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i j=L ji
y, :ai{gi—[ > aijyj+2mijxjn 1<i<n (5.4)
i j=1, i =

1< b
X, =—— X, +—
all iﬂZj"-i o all
1{ L n o] :
=== 2 agy;tmx [+t 1<i<n (5:5)
i \ j=1j#i = i
_:—_[ > a1, +Znuxjj+—
j=1, j=i II

Equation (5.5) can be written in compact form or matrix form as:

X X
yl=J|Yy|+y (5.6)
A z

where J is called the iteration matrix and y is a vector.

To solve system (5.6), we can make initial approximation X © of the solution vector and

substitute into right hand side of equation (5.6). The solution of equation (5.6) will give a
vector X @ which is better approximation to the solution than X © We continue in this

manner until the successive iteration X converges to the solution up to desired
accuracy, which suggests the following iterative process as the Gauss-Jacobi method for

solving a fully fuzzy linear system of equations:
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i[b—iax j 57)
a j=1,j=i

yl(kJrl ai{ [i auyj +Zmu j j} 1<i<n (5'8)

6 _ - { [ Z 8,z +ZnIJ J D (5.9)

In general, we can write this sequence as

X(k+1) X(k)
yD =] y(k) +y, (kzO) (5.10)
Z(k+1) Z(k)

where J is called the iteration matrix of the iterative method and y is a vector. x*) and

x*) denote solution at k™ and (k +1)" iteration respectively.

Equation (5.7) can be written in the matrix form as:

o _
()] u - o] ¢
X 1 0 a, a; - a,|% b |
ngﬂ) Ay Ay 0 A3 8y, ng) bz
=- 1 ay a, 0 &, || x¥) |-
a_33 ..
_Xr(]kJrl)J " . 18 @y 8y 0__Xr(]k)_ _bnj

or
x“ =D (L,+U, )x¥ + Db
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Similarly, equation (5.8) and (5.9) can be written in matrix form as:

y* ¥ =D} (L, +U, ) y¥ -D.'Mx¥ + D,'g

respectively.
2" =D (L, +U, ) 2%~ DINX" + D;th

Sufficient condition:

The Gauss-Jacobi iterative method for solving fully fuzzy linear system of

equations A® % =b converges if and only if the classical Gauss-Jacobi iterative method
converges for solving the crisp linear system of equations Ax=b derived from the

corresponding fully fuzzy linear system of equations.
If the matrix A in the crisp linear system of equations Ax=b is strictly

n
diagonally dominant i.e., |a“|>2‘aij‘,i:l, 2,3,..n then the iterations obtained in
=1

J#i

classical Gauss-Jacobi iterative method converges for any initial approximation X ©
Example 5.1 Solve the following system of equations using Gauss-Jacobi method

51)®(x,Yy,2) @ (612)®(X,,Y,,2,)=(50,10,17)
(71110)®(X1’Y1121) ® (410’1)®(X2’y2’22):(481517)

from the above system we found that

SRR TR
]
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To solve the above problem by Gauss-Jacobi method, first of all we obtain the following

equations by the method explained in chapter 3.

5 6][x% _[50 (5.11)
7 4] x, 48 '
1 1][x ] [5 6] [10]

N yl}: (5.12)
L %] L IIRAANEN
[ Mx 1[5 6z [17]

+ 1}: (5.13)
L __XZ_ L __22 _7_

(5.11) can further be written as:

5X, +6x, =50
7X +4x, =48

Since [5| » |6] and |4] » [7|, therefore the above system of equations is not diagonally

dominant. So writing the above system in diagonally dominant form as:

7% +4x, =48

(5.14)
5x, +6x, =50

Now, the above system of linear equations is in diagonally dominant form as |7| >|4| and

16/>5]. Now, to find the solution by Gauss-Jacobi method first of all (5.14) can also be

written as
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1
X = 7(48_4)(2)

X, = ~(50-5%)
6
Thus, the Gauss-Jacobi’s method when applied to the above system, it gives

X1(k+l) _ %(48_4X£k))
’ k:0,1,2,...

=6.8571
=8.3333
i.e. x¥ =(6.8571, 8.3333)

hence continuing with this we obtain

(2.0953, 2.6190) X
x =(3.0929, 3.8622) X
( x(7)
( x©)

(5.3606, 6.5873)
(4.6478, 5.7559)
( )
( )

3.5681, 4.4602)
x®) =(3.7943, 4.743)

4.3084, 5.3599
4.4168, 5.1714
x") = (4.1984, 4.4561)
=(4.0944, 4.741)
(4.0449, 4.6812)
(4.3244, 4.1556)
=(4.1545, 4.5979)

()
()
@)
()



x*) =(4.2297, 4.1753 x* =(4.4712, 4.1216)
x*9 = (4.2244, 4.5817)
x'*) =(4.1068, 4.8008)
x*") = (4.0508, 4.9651)
4.0242, 4.9548)
x®Y = (4.0115, 4.9785)
x* =(4.0054, 4.9898)

)

x®) = (4.0058, 4.9955

x? = (4.2390, 4.8130
X =(4.1138, 4.9110
4.0542, 4.9576
x®) = (4.0258, 4.9798
X = (4.0122, 4.9904
x®) = (4.0056, 4.9955

)
)
)
)
)
)
)
)

Since we have already found the exact solution of the above system in chapter 3,
Example 3.1 and is found to be (4,5). It seems that the sequence x"), k =0,1,2,...

generated by the Jacobi method will converge to the exact solution. Hence up to two

decimal places we obtain

x =(x,X,)=(4.00,5.00)

Now, putting the value of (x;,x,) in the equations (5.12) and (5.13) we obtain

S5y, +6y, =1 52,+6z2,=3
i.e. KoY, and teom

7y1+4y2:1 721+422=2

Since the above equations are not in the form of diagonally dominant form. So converting

them to diagonally dominant form as:
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7y, +4y, =1

(5.15)
Sy, +6y, =1

Now, solving the above equations by the same procedure that is used to solve

the system (5.11), we obtain:

1
Y, = 7(1_4)/2)

1
Y, = 8(1—5)/1)

Taking the initial approximation as y'® =(0,0) and continuing with Gauss-Jacobi

method we obtain

y?¥ =(0.1428, 0.1666) y® =(0.0476, 0.0476)
y® =(0.1156, 0.1270)  y'“=(0.0702, 0.0703)
y® =(0.1026,0.1081) y® =(.0810, 0.0811)
y" =(0.0965, 0.0991) y'® =(0.0862,0.0862)

at 8" iteration we obtain y'® =(.0862,.0862) which is very close to exact solution

(ﬁﬁ} Hence the value of the optimal solution up to two decimal place is:

y=(¥.,Y,)=(.09,.09)

Similarly solving

52,+62, =3

(5.16)
72,+47,=2

Solving (5.16) we find that the value of z converges at 14" iteration as follows:

38



0.2857, 0.5
0.1360, 0.5

)= ( 0, 0.2619)
'=(

)= (0.0648, 0.5

'=(

(

=

(0, 0.3866)
2 = (0, 0.446)
2(8):(0, 0.4743)
'=(0, 0.4878)

||
_ —
N

PR

N

Il

N— N

0.0308, 0.5
0.0146, 0.5)
) =(0.0069, 0.5)

Thus the value of z up to two decimal points is
z=(z,2,)=(0,05)

Hence the solution of given fully fuzzy linear system of equations given in example (5.1)

is as follows:
% (4,.09,0)
1 (5,.09,0.5)
which is the required solution of the given fully fuzzy linear system of equations.

5.1.2 Gauss-Seidel method

The Gauss-Seidel method is simple modification of the method of simultaneous

displacements.

The system of equation (5.1) can be written as:

D ax, =b - Za” o 1<i<n (5.17)
j<i j>i

zaijyj:gi_[zalJyJJrsz Jj’ 1<i<n (5.18)
j<i j>i
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Daz,=h [Za“ ,+Znu Jj, 1<i<n (5.19)

j<i j>i

So, for this the Gauss-Seidel method is defined as:

k+1 [b Za” Jk+1 Za” J j
j<i j>i

k+l [g' ZalJkaJr:L Zallyl Zmll i ]’ Siﬁn, kZO
j<i j>i

k+l [h Zall JkJr:L Zall i anl i j
j<i j>i

System (5.17) can also be written as:

¥ k k k
a ' =—a, X)) —a, X a2 ><”+b1
21X1 (k) +azzx _a”zs () az4X( _aZn n
A, X+ ag, X+ ag XY = —ay X - —ay x{f +b3
1 (k+1) (k+1) (k+1) (k+1)

(k+ (k+1) _
nlxl +an2 X2 +an3X3 +an4X4 +. +an —1n-1 nl +a X _b

n

In matrix form of the system can be written as

(Dt Ly )x" Y =b—U x
where D,,L,,U, are diagonal, lower triangular and upper triangular matrices
respectively.

Similarly (5.18) and (5.19) can also be written in matrix form as follows:

(Da+ L)y =g~ UAy M
(Dp+L,) 2" =h-u,z* Mx()
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Thus the Gauss-Seidel iterative method for solving fully fuzzy linear system of equations

is as follows:

XY = (D, +L,) U (D +L,) b
y 9 = (D, +L,) Uy —(Dy+L,) MxY (D, +L,) " g
2" =—(D,+L,) 'U,z2M ~ (D, +L,)" Nx()+(DA+LA) h

In this method also, if A is strictly diagonally dominant then the iteration always
converges. Gauss-Seidel method will generally converge if the Jacobi method converges
and will converge at a faster speed. Generally, for a symmetric matrix A, the rate of
convergence of the Gauss-Seidel method is twice the convergence rate of the Jacobi’s

method. This result is true even if A is not symmetric.

Example 5.2 Solve the system of equations considered in Example 5.1 using Gauss —

Seidel method.

Solution Solving (5.14)

1
X = 7(48_4)(2)

1
=—(50-5
5 (50-5%,)
The Gauss-Seidel iterative formula for this system can be written as:

X = 7(48 4x9)

ngu 6(50 5X1k+1)
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Taking the x°) =(x1(°),x§°))=(0,0) we get

0 _L(4g_240)_48_
X! _7(48 ) = -=6.8571

Xgl) _ 1(50_5)(1(1)) 15.7145

=2.6191

hence continuing with this, we get

5.3605, 3.8662)

4.3085, 4.7429) x®
4.07, 4.9416)

4.0158, 4.9868)
)=(4.0036, 4.997)

4.6478, 4.4601
4.1469, 4.8775
=(4.0333, 4.9722
4.0075, 4.9937

||
—~
~—

|I

|I
|I I
~— A —~

Since we have already found the exact solution of the above system in chapter 3,
Example 3.1 and is found to be (4,5). It seems that the sequence x* k=0,12,.

generated by the Gauss-Seidel method will converge to the exact solution. So, by the
above results it is clear that the value of x up to two decimal points is x =(x;,X,)=(4,5)

solving (5.15) we obtain

(0.1426, 0.0478)
(0.1022, 0.08151)
(0.0931, 0.0891)

—(0.1153, 0.0706)
)= (0.0960, 0.0867)

y"
y©
y®

Hence the value of y up to two decimal places can be written as

y=(y.,Y,)=(0.09,0.09)
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and solving (5.16), using the same method as used for solving the system (5.14) we

obtain
2" =(0.2860, 0.2620) 21 =(0.1362, 0.3868)
29 =(0.0649, 0.4463) 21 =(0.0309, 0.4746)
z%® =(0.0148, 0.4880) 2 =(0.0071, 0.4944)
z\") =(0.0035, 0.4974)

hence from the above results, we find that the value of z up to two decimal points is

found to be:
z=(z,2,)=(0,05)

hence the solution of the given fully fuzzy linear system of equation up to two decimal
places is found to be

_ [(4,0.09,0)
*=1(5,0.00,0.5)

5.2 Conclusion

In this chapter, Gauss-Jacobi and Gauss-Seidel methods are used to find the
solution of fully fuzzy linear system of equations. To compare the methods same
numerical example is solved by using both the methods and it is shown that in number of
iterations in Gauss-Jacobi method are more than numbers of iterations in Gauss-Seidel
method. So, on the basis of these results it can be concluded that it is better to use Gauss-

Seidel method for solving fully fuzzy linear system of equations.
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Chapter 6

LINEAR PROGRAMMING METHOD FOR SOLVING

FULLY FUZZY LINEAR SYSTEM OF EQUATIONS

The methods, presented in previous chapters, can be applied only for finding the
solution of simultaneous fully fuzzy linear system of equations i.e the fully fuzzy linear
system of equations in which numbers of fuzzy variables equals to number of equations.
These methods can’t be applied for solving non-simultaneous fully fuzzy linear system of
equations. To overcome this shortcoming in this chapter a method is presented which can
be applied for finding the solution of simultaneous as well as non simultaneous fully

fuzzy linear system of equations. To illustrate the method numerical examples are solved.

6.1 Algorithm for solving linear system of equations using linear
programming method
To solve linear system of equations A®X=b, we have already discussed an

approach given in chapter 3. According to which the positive vectors x,y and z can be

found by solving following linear system of equations synchronously:

Ax =D,
Ay+Mx =g, (6.1)
Az+Nx=h

A constraint x—y >0 is employed to create a positive vector solution.
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In this section, we employ a method based on linear programming for obtaining

solution to above problem i.e. we use Two Phase or Big-M method to solve A® % =b.

The steps of proposed method are as follows:

Step 1: Linear system of equations defined in (6.1) is considered as set of constraints

Step 2: Add an artificial vector to each constraint

Step 3: Add x—y >0 as a constraint

Step 4: Define an arbitrary objective function which minimizes the sum of artificial
vectors

Step 5: Solve the following linear programming problem

Minimize X'+y'+z'
subject to Ax+x'=h,
Mx+ Ay+y'=g,

6.2
NX+ Az+2z'=h, (6.2)

X—y=>0,
xLy,z'xYy,2z20

Let (x",y",z",x",y",z") be the optimal solution of above linear programming
problem. Optimal value of this linear programming is non-negative. If it is zero, then we
have x” =y" =z" =0. Moreover we have x",y",z" >0. From x" =0, the first constraint
of (6.2) imply that Ax =b. Similarly for other constraints we have Ay =g-Mx and

Az =h-Nx. In addition, the final constraint guarantees positivity property of fuzzy
vector X.
If we have optimal value of (6.1) to be positive i.e. if there exists some artificial

variables in optimal base, then there does not exist any positive fuzzy vector solution

which satisfies A® X=b. Algorithm given in section 6.1 is defined for Two-Phase
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method. To employ Big-M method, algorithm is slightly different. To illustrate the linear
programming approach by employing Two-Phase method and Big-M method, numerical
examples are solved.
6.2 Numerical examples

In this section, to illustrate the algorithm a set of simultaneous fully fuzzy linear
system of equations is solved by Two-Phase and Big-M method and it is shown that by
applying both the methods, same results are obtained. Also the presented algorithm is
used to a set of non-simultaneous fully fuzzy linear system of equations.

6.2.1 Two-Phase method

In this section, Two-Phase method is applied to solve a set of fully fuzzy linear
system of equations.
Example 6.1

Consider the following FFLS

(G.LD)® (X, ¥1,2) D (6,1,2) ® (X, ¥,,2,) =(50,10,17),

(7.1 0)®(X11 Yis Z1) ®(4,0,1) ®(X2’ Yo Zz) =(48,5,7).

Thus we have,

50 10 [17
148 | B L7
[ | [y, ] [z
X = y: yl 7= 1i|
_XZ_ _yZ_ _ZZ

Using (6.1), we have
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LG A

Applying the algorithm, we get the following linear programming problem:

Minimize Z=X+ X+ Yt Y, +4+7,
subject to 5x, +6X, + X =50,
7% +4X%, + X, =48,
5y, +6Y, +X +X, +y, =10,
7Y +4Y, +X +Y; =5,
52, +62z, + X +2X, + 2, =17,
12, +42,+ %, + 2, =1,
X~ 20,
X, =Y, 20,
Xt Xa0 Y13 Yar 24y 2 %0 Xa0 Y0 Y20 24,2, 2 0.

/

! ! Z
where x'={x1l , y'={yl} and z'={ 1,} are artificial vectors.
X z

'
2 y2 2

Solving above linear programming problem using TORA, we get the optimal solution as:

! ! ! !

X\=X=Y =Yy,=2/=2,=0

and X, =4,%, =5, y, =0.09,y, =0.09,
2,=0,z,=0.5.

Thus the solution is

_ [(4,0.09,0)
*=1(5,0.09,05)
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6.2.2 Big-M method
If we employ Big-M method to solve the linear system of equations, the algorithm
defined earlier remains same with the difference that now our objective function becomes
Minimize M x+M,y'+M,z'
where M,,M, and M, be three positive big numbers. If we select M, bigger than M,
and M,, x can enter to the base faster than y and z. Since X is used in the other

constraints, it may accelerate the rate of convergence of algorithm. Now we shall solve
the same numerical problem with Big-M method.

Example 6.2

(G.LD® (X, ¥1,2) @ (6,1,2) ® (X, ¥,,2,) =(50,10,17),

(7,1 0)®(X11 Yis Z1) ®(4,0,1) ®(X2’ Yo Zz) =(48,5,7).

Applying the algorithm, we get the following linear programming problem:

Minimize z=Mx +Mx;+ M,y +M,y; + M,z/ + M,z;
subject to 5x, +6X, + X, =50,
7% +4X, + X, =48,
5y, +6y, + X +X, + Yy, =10,
7Y, +4Y, + X +Y, =5,
52,462, + % +2X, + 2, =17,
72, +42,+X,+ 2, =1,
Xl_y1207
X, =Y, 20,
X0 X Yir Yo 200 250 %0 X, Y Y20 24,2, 2 0.
M., M, and M, are positive big numbers.

Solving above linear programming problem using TORA, we get the optimal solution as:

’

’ ’ ’ ’ ’
X1:X2:y1:y2221222:0
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and X, =4,%, =5, y, =0.09,y, =0.09,

Thus the solution is:

_ [(4,0.09,0)
*=1(5,0.00,0.5)

Example 6.3

(2,02,0.2) (10.4,0.3) (3,0.3,0.4) (4,0.2,0.1)
1(2,03,01) (3,04,0.2) (2,0.2,03) (10.1,0.3)
" 1(1,03,02) (3,04,02) (2,0.2,03) (10.1,0.3)

(2,0.4,05) (4,0.5,0.2) (2,0.6,1.2) (3,0.3,0.3)

b1

(5,0.5,0.2) (6,0.4,0.3) (7,0.3,0.5) (5,0.2,0,8) (9,1,0,9)
(2,0.9,0.2) (3,0.8,0.3) (4,0.7,0.3) (2,0.6,0.3) (3,0.5,0.2)
(2,0.9,0.2) (3,0.8,0.3) (4,0.7,0.3) (2,0.6,0.3) (3,0.5,0.2)
(2,0.1,0.6) (6,0.2,0.3) (8,0.3,0.3) (7,0.4,0.9) (6,0.5,0.2)

and

(109.9,13.9,14.1)
(48,12.5,7.9)
(84.9,7.5,8.3)

(103,10.5,13.5)

6:

Thus, we have

213456759 02040302050403021
232123423 IVI_0.30.40.20.10.90.80.70.60.5
112319546 03050302020202 020.2
242326876 04 0506 030102030405

0.2 0.3 0.4 0.1 0.2 0.3 0.5 0.8 0.9
0.4 0.2 0.3 0.3 0.2 0.3 0.3 0.3 0.2
~10.2 0.2 0.1 03 05 03 0.6 0.3 0.2
0.5 0.2 12 0.3 0.6 0.3 0.3 0.9 0.2
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109.9 13.9 141

48 12.5 7.9
84.9 7.5 8.3
103 10.5 13.5

Applying the linear programming method, we get the following linear programming
problem:

Minimize X+ X+ X+ X, + Y+ Y, + Y+ Y+ + 2+ 25+ 2,
subject to 2%, + X, +3%; +4X, +5X; +6X; +7X, +5X%; +9x%, + X =109.9,
2%, +3X, +2X, + X, + 2X; + 3% + 48X, + 2Xg + 3%, + X, = 48,
X, + X, + 2X; + 3%, + X5 +9X, +5X; +4X; +6X, + X, =84.9,
2%, +4X, + 2X; +3X, + 2X, +6X, +8X, + 7X; + 6%, + X, =103,
2y, +Y, +3y, +4y, +5Y, +6Y; + 7Y, +5Y, +9y, +0.2x +0.4X,
+0.3%; +0.2%, + 0.5%; + 0.4%; +0.3%, +0.2%, + X, + y; =13.9,
2y, +3Y, +2y, + Y, +2Y; +3Ys + 4y, + 2y, +3y, +0.3%, +0.4Xx,
+0.2X, +0.1x, + 0.9x, + 0.8%, + 0.7%, +0.6X; + 0.5%, + y, =12.5,
Y, +Y, +2Y, +3y, + Y + 9y, +5Y, +4Yy, + 6y, +0.3x +0.5X,
+0.3x, +0.2%, +0.2x, +0.2X, +0.2X, +0.2%, + 0.2X, + y; = 7.5,
2y, +4y, + 2y, +3y, +2Y, +6Y, +8Y, + 7Y, +6Y, +0.4x, +0.5X,

+0.6x; +0.3%, + 0.1x, + 0.2x, + 0.3%, + 0.4, + 0.5%, + y, =10.5,
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22, +2,+32,+42,+52, +675 + 72, + 52, + 9z, + 0.2X, +0.4X,

+0.3%;+ 0.2, + 0.5%; +0.4x%, +0.3x, +0.2%, + X, + 2, =14.1,

22, +32,+22,+ 7, + 22, +375 + 42, + 22, + 32, + 0.3 +0.4X,

+0.2%, +0.1x, +0.9%, + 0.8, +0.7x, + 0.6%, + 0.5%, + z;, = 7.9,

2,+2,+22,+32, + 7, +92, +52, + 42, + 62, + 0.3x, + 0.5X%,

+0.3%; +0.2%, +0.2X; +0.2X, + 0.2, +0.2%, +0.2%, + 2; =8.3,

22, +42,+22,+32, + 22, + 62, +82, + 72, + 624 + 0.4%, +0.5X,

+0.6x, +0.3%, +0.1x, +0.2x, + 0.3%, +0.4x,; + 0.5%, + z; =13.5,

X, —Y, 20, X, —Y, 20,
X; =Y, 20, X, =Y, =0,
Xs — Y5 20, Xs —VYs 20,
X, =Yy, =0, Xs =Yg =0,
Xg— Y, 20,

Xl’XZ’XS’X4’X5’X6’X7’X8’X9’y1’ y2’ y3’y4’y5’y6’ y7’y8’ y9’21722’23’24

251 21 272 g1 29, X0 X0 Xay X0 Y10 Yo Yoo Vi 240 25, 25,24 2 0.
Solving above system of equations using some mathematical programming software
package (e.g. TORA), we get the objective value equal to 0. Thus, above fully fuzzy
linear system of equations has positive solution:

X{:O’X;:0’X:;:0’X2zo’y:{zoiyézo,yézo’yézo,

o1



2/=0,2,=0,2;=0,2, =0.
=0, x,=0, Xx,=126, x,=0, x,=0, X, =161, x,=4.47, X,=3.17, x,=5.48
y,=0, v,=0, y,=1.26, x,=0, x,=0, y,=0.10, y,=0, y,=0.07, y,=0.08
2,=0, z,=0.76, z,=0, z,=0, z,=0, z,=0.05 z,=0.23, 7,=0.15 z,=0
Thus the solution is

(%, ¥uz) | [(0,0,0) 1
(X,,¥2,2,) | |(0,0,0)
(X3, Y3, Z5) (1.26,1.26,0)
(X4 ¥4,2,) | | (0,0,0)
(X5, Ys» 25) =1(0,0,0)
(X5, Ye» Z5) (1.61,0.10,0.05)
(X7, Y, Zg) (4.47,0,0)
(Xg, Vg1 Z5) (3.17,0.07,0.15)
| (X9, Yo, Z5) | 1(5.48,0.08,0) |

>
Il

6.3 Conclusion

In this chapter, the fully fuzzy linear fuzzy systems, i.e. fuzzy linear system of
equations with fuzzy coefficients involving fuzzy variables are solved using linear
programming method. This method gives the positive fuzzy vector solution, if it exists.
Moreover, the proposed scheme is more efficient and useful in the manner that this can

be applied to solve non-squared fuzzy systems also.

52



BIBLIOGRAPHY

[1]

[2]

3]

[4]

[5]

[6]

[7]

Abbasbandy, S., Ezzati, R. and Jafarian, A., LU decomposition method for solving
fuzzy system of linear equations, Applied Mathematics and Computation, Vol. 172,

2005, pp. 633-643.

Allahviranloo, T., Numerical methods for fuzzy system of linear equations, Applied

Mathematics and Computation, VVol. 155, 2004, pp. 493-502.

Allahviranloo, T., Successive over relaxation iterative method for fuzzy system of
linear equations, Applied Mathematics and Computation, Vol. 162, 2005, pp. 189-

196.

Allahviranloo, T., Kiani, N. A., Barkhordary, M. and Mosleh, M., Homomorphic
solution of fully fuzzy linear systems, Computational Mathematics and Modeling,

Vol. 19, 2008, pp. 282-291.

Allahviranloo, T., Lotfi, F. H., Kiasary, M. K., Kiani, N. A. and Alizadeh, L.,
Solving fully fuzzy linear programming problem by the ranking function, Applied

Mathematical Sciences, Vol. 2, 2008, pp. 19 -32.

Allahviranloo, T., Mikaeilvand, N., and Barkhordary, M., Fuzzy linear matrix

equation, Fuzzy Optimization and Decision Making, Vol. 8, 2009, pp. 165-177.

Buckley, J. J., Solving fuzzy equations in economics and finance, Fuzzy Sets and

Systems, Vol. 48, 1992, pp. 289-296.

53



[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

Buckley, J. J. and Qu, Y., Solving linear and quadratic fuzzy equations, Fuzzy Sets

and Systems, Vol. 38, 1990, pp. 43-59.

Buckley, J. J. and Qu, Y., Solving systems of linear fuzzy equations, Fuzzy Sets and

Systems, Vol. 43, 1991, pp. 33-43.

Chao-guang, J., Zhuo-shang, J., Yan L., Yuan-min, Z., and Zhen-dong, H.,
Research on the fully fuzzy time-cost trade-off based on genetic algorithms, Journal

of Marine Science and Application, Vol. 4, 2005, pp. 18-23.

Dehghan, M. and Hashemi, B., Solution of the fully fuzzy linear systems using the
decomposition procedure, Applied Mathematics and Computation, Vol. 182, 2006,

pp. 1568-1580.

Dehghan, M., Hashemi, B. and Ghatee, M., Computational methods for solving
fully fuzzy linear systems, Applied Mathematics and Computation, Vol. 179, 2006,

pp. 328-343.

Dehghan, M., Hashemi, B. and Ghatee, M., Solution of the fully fuzzy linear
systems using iterative techniques, Applied Mathematics and Computation, Vol.

34, 2007, pp. 316-336.

Feuring, T., Buckley, J. J. and Hayashi, Y., Fully fuzzified linear programming: An
evolutionary algorithm approach, Proceeding IEEE World Congress on

Computational Intelligence, Vol. 1, 1998, pp. 611-616.

Friedman, M., Ming, M. and Kandel, A., Fuzzy linear systems, Fuzzy Sets and

Systems, Vol. 96, 1998, pp. 201-209.

54



[16]

[17]

[18]

[19]

[20]

[21]

[22]

Gao, J. and Zhang, Q., A unified iterative scheme for solving fully fuzzy linear
system, Proceedings WRI Global Congress on Intelligent Systems, Vol. 01, 2009,
pp. 431-435.

Kauffmann, A. and Gupta, M. M., Introduction to Fuzzy Arithmetic: Theory and

Applications, Van Nostrand Reinhold, New York, 1991.

Liu H. K., On the solution of fully fuzzy linear systems, International Journal of

Computational and Mathematical Sciences, Vol. 4, 2010, pp. 29-33.

Mikaeilvand, N. and Allahviranloo, T., Solutions of the fully fuzzy linear system,
Proceeding International Conference on Boundary Value Problem: Mathematical

Model in Engineering, Biology and Medicine, VVol. 1124, 2009, pp. 234-243.

Mosleh, M., Abbasbandy, S. and Otadi, M., Full fuzzy linear systems of the form Ax
+ b = Cx + d, Proceeding First Joint Congress on Fuzzy and Intelligent Systems,

2007, pp. 29-31.

Mosleh, M., Otadi, M. and Khanmirzaie, A., Decomposition method for solving
fully fuzzy linear systems, Iranian Journal of Optimization, Vol. 1, 2009, pp. 188-

198.

Nasseri, S. H., Sohrabi, M. and Ardil, E., Solving fully fuzzy linear systems by use
of a certain decomposition of the coefficient matrix, International Journal of

Computational and Mathematical Sciences, Vol. 2, 2008, pp. 140-142.

55



[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

Nasseri, S. H. and Zahmatkesh, F., Huang method for solving fully fuzzy linear
system of equations, Journal of Mathematics and Computer Science, Vol .1, 2010,
pp. 1-5.

Ortega, J. M., Numerical Analysis: A Second Course, Society for Industrial
Mathematics, 1987.

Rahgooy, T., Yazdi, H. S. and Monsefi R., Fuzzy complex system of linear
equations applied to circuit analysis, International Journal of Computer and

Electrical Engineering, Vol. 1, 2009, pp. 1793-8163.

Rao, S. S. and Chen, L., Numerical solution of fuzzy linear equations in
engineering analysis, International Journal for Numerical Methods in Engineering,

Vol. 43, 1998, pp. 391-408.

Wahed, A. E., and Lee, S. M., Interactive fuzzy goal programming for multi-

objective transportation problems, Omega, Vol. 34, 2006, pp. 158-166.

Young, D. M. and Gregory, R. T., A Survey of Numerical Mathematics, Vol. 2,

Dover Publications, New York, 1973.

Zadeh, L. A., Fuzzy sets, Information and Control, Vol. 8, 1965, pp. 338-353.

Zhao, R. and Govind, R., Solutions of algebraic equations involving generalized

fuzzy numbers, Information Science, Vol. 56, 1991, pp. 199-243.

56



