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ABSTRACT

The discovery of linear band crossings at the Fermi level in graphene, protected

by symmetry and topology, marked a transformative milestone in condensed mat-

ter physics. This novel quantum phase, termed the topological semimetal (TSM),

has catalyzed extensive exploration in a wide array of material systems. Character-

ized by exotic and robust electronic properties, topological semimetals have opened

new frontiers in next-generation electronic and spintronic technologies, enabling the

manipulation of multiple degrees of freedom in a fundamentally new manner.

Among various classes, Dirac and Weyl semimetals have emerged as key repre-

sentatives, where the protection and breaking of fundamental symmetries—such as

time-reversal and inversion—govern the emergence of Dirac or Weyl points. While

Dirac semimetals require these symmetries (or sometimes, non-symmorphic lattice

symmetries) to protect the four-fold degenerate Dirac points, Weyl semimetals arise

when either symmetry is broken, resulting in pairs of Weyl nodes carrying opposite

topological charges (Chern numbers). Although substantial focus has been given to

three-dimensional semimetals, their two-dimensional counterparts have garnered in-

creasing attention due to promising potential for miniaturized device applications.

Notably, magnetic monolayers like FeSe and TaCoTe2 have been proposed as candi-

dates to host two-dimensional Dirac fermions.

This thesis explores the emergence and tunability of topological semimetallic

phases within two-dimensional magnetically ordered systems. The first system con-

sidered is the spin-density wave (SDW) state in iron pnictides, which hosts Dirac-like

features near the Fermi level. Experimentally observed metallic SDW state dictates

the presence of additional pockets at the Fermi level. However, no attempt has been

made in exploring the possibility of Dirac points at the Fermi level. We demonstrate

that the Dirac points in this phase can be brought precisely to the Fermi level by

tuning the orbital splitting between the dxz and dyz orbitals of iron. This tuning

simultaneously suppresses non-Dirac Fermi pockets, stabilizing a Dirac semimetallic

state with (π, 0) SDW state. The orbital character and slopes of bands forming the

Dirac cone are shown to be key parameters in controlling this behavior. Addition-

ally, by eliminating second-neighbor intraorbital hopping, we reveal a perfectly nested

(π, π) ordered phase in a two-orbital Hubbard model, analyze the semimetallic state,

and discuss its topological characteristics.

The second system involves an antiferromagnetically (AFM) ordered state with

Rashba-type spin-orbit coupling, where a Dirac semimetallic phase is realized under
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specific symmetry constraints on magnetic moment orientation using the Rashba-

Hubbard model. Upon introducing an in-plane magnetic field like term aligned with

the moment direction, Dirac points split into Weyl points, thereby realizing a Weyl

semimetallic phase.

Subsequently, we also investigate collective excitations using two primary probes:

quasiparticle interference and optical conductivity. These tools elucidate the inter-

play between correlations, symmetry, and band topology in the ordered systems, and

thereby provide insights into the possible anisotropic electronic states.

The research work presented in the thesis is organized and structured in the form

of seven chapters, which are briefly described as follows:

i) Chapter 1 introduces the fundamental concepts of topology in condensed mat-

ter physics, reviews the development of topological insulators and semimetals,

and outlines the two magnetically ordered 2D systems that form the focus of

this thesis.

ii) Chapter 2 develops the theoretical framework, employing the Hubbard model

for systems with broken time-reversal (T ) and inversion (P) symmetries. It

demonstrates how Dirac and Weyl semimetallic phases emerge under specific

symmetry constraints and external tuning in an antiferromagnetically ordered

non-symmorphic lattice. Topological invariants (Chern numbers) and edge-state

dispersions are computed to confirm non-trivial band topology.

iii) Chapter 3 examines collective excitations in AFM–TSM phases within a non-

symmorphic crystal, focusing on optical conductivity and quasiparticle interfer-

ence for both magnetic and non-magnetic impurities, revealing strong anisotropy

in the electronic responses.

iv) Chapter 4 addresses the realization of a Dirac semimetallic phase in a striped

(π, 0) SDW order within a multi-orbital Hubbard model. By tuning the orbital

splitting δ between dxz and dyz orbitals, Dirac points are brought exactly to the

Fermi level, eliminating additional band crossings. Edge-state dispersions for

ribbons with varying orientations and chain parity are also analyzed.

v) Chapter 5 provides a detailed analysis of optical conductivity and quasipar-

ticle excitation spectra in the semimetallic SDW phase, demonstrating that

Dirac cones near the Fermi level can play a very significant role in the origin of

anisotropic transport and one-dimensional QPI patterns.
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vi) Chapter 6 explores the semimetallic state in iron-based superconductors with

the checkerboard-type antiferrromagnetic order, which emerges upon suppres-

sion of second-neighbor intraorbital hopping in the minimal two-orbital model

of iron pnictides. Fermi-surface reconstruction collapses the pockets into Dirac

points with equal orbital contributions but anisotropic. Analytical conditions for

Dirac point formation and the evolution of edge states with interaction strength

are derived. Furthermore, quasiparticle interference as well as optical conduc-

tivity are also explored.

vii) Chapter 7 summarizes the principal findings and outlines potential directions

for future research in the field of topological quantum materials.
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Chapter 1

Introduction

This chapter introduces topological semimetals, a class of materials that has been the

subject of intense research over the past two decades because of their unique topological

characteristics and the resulting exotic physical phenomena. The chapter begins with

a brief discussion of the concept of topology and its relevance in condensed matter

physics, and subsequently introduces topological semimetals, with particular emphasis

on their interaction with magnetism.

1.1 Background

Band theory of solids serves as a fundamental theoretical framework to describe the

electronic properties of crystalline materials. When individual atoms assemble to

form a crystal, the discrete energy levels of isolated atoms broaden into continuous

energy bands as a result of atomic overlap. The electronic properties of a solid are

primarily governed by the position and occupation of the valence and conduction

bands with respect to the Fermi level. The energy gap between these bands, known

as the band gap, determines the material’s electrical properties—whether it behaves

as a conductor, semiconductor, or insulator.

In insulators, a significant energy gap exists between these bands, preventing elec-

trical conduction under normal conditions. In contrast, metals exhibit partially filled

conduction band or overlapping bands at the Fermi level, enabling free movement of

charge carriers and thereby high electrical conductivity. Semiconductors, which pos-

sess a smaller band gap, can exhibit conductivity upon thermal excitation or through

doping, making them highly tunable for electronic applications.

On the other hand, conventional semimetals represent an intermediate phase be-

tween metals and semiconductors, characterized by a slight overlap between the con-

duction and valence bands. This results in a low carrier concentration near the Fermi

level, with both electrons and holes contributing to the electrical transport. Clas-

sic examples of such materials include bismuth and graphite, where the semimetallic

nature arises from band structure features without necessitating any topological con-

siderations. These systems can be well described within the conventional band theory
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framework.

Over the past decade, condensed matter physics has experienced remarkable ad-

vancements in the domain of band theory, resulting into the identification of novel

phases of matter characterized by unconventional and exotic properties. This could

be explained in the context of topological band theory [1,2]. Traditionally, the classifi-

cation of phases has been grounded in Landau’s paradigm, which relies on the concept

of spontaneous symmetry breaking—particularly of translational symmetry—to dis-

tinguish between different states of matter. However, the advent of topological band

theory, initiated by the successful theoretical description of the quantum Hall ef-

fect (QHE) through the notion of topological order, has significantly broadened this

framework [3, 4].

The subsequent discovery of topological insulators (TIs) [5–8] underscored the fun-

damental role of symmetry-protected, linearly dispersing topological band crossings,

also known as edge states— features that had previously been overlooked despite

experimental indications in certain materials. These stepping stones have catalyzed

the identification of a distinct class of materials, collectively termed as ”topological

materials”, which exhibit topologically nontrivial electronic structures and possess a

wide array of unconventional physical properties [2].

It has been shown in the last course of years that materials with topological char-

acteristics can exhibit remarkable phenomena such as giant magnetoresistance [9–11],

enhanced thermoelectric power [12], chiral anomaly [13–16], and quantum anomalous

Hall effect [17], etc. These atypical properties distinguish them from their conven-

tional counterparts and have sparked considerable interest due to their promising

technological applications [18].

1.2 Concept of Topology

Topology is a branch of mathematics, concerned with those properties of geometric

structures that are preserved under continuous and smooth transformations, includ-

ing stretching, bending, and twisting, while excluding operations such as cutting or

joining. Within this formalism, two objects are regarded as topologically equivalent

if one can be continuously deformed into the other without changing its fundamental

connectivity. A classic illustrative example is the equivalence between a doughnut and

a coffee mug, both of which possess a single hole and can be smoothly deformed into

each other without cutting or reattaching parts (see Fig. 1.1). Topological equivalence

is often quantified using a topological invariant known as the genus, which counts the

number of holes in an object. This mathematical concept forms the foundation for
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understanding topologically equivalent phases in physical systems [19].

Figure 1.1: An illustration of topologically equivalent classes based on genus, g. A
mug and a doughnut belong to the same topological class with genus g = 1, due to
the presence of a single hole [20].

Within condensed matter physics, a topological material refers to a system in which

certain physical observables—such as quantized Hall conductivity or the presence of

gapless boundary modes—remain unchanged under adiabatic, continuous changes in

system parameters, as long as the system does not pass through a phase transition.

These observables serve as topological invariants, analogous to the genus in mathe-

matical topology.

The emergence of topological insulators (TIs) has been a milestone in the field,

representing a paradigm shift in the classification of quantum phases [21]. TIs differ

from conventional insulators by exhibiting an insulating bulk while simultaneously

supporting metallic, gapless states on their surfaces or edges. These surface states

are the electronic states that are confined to the boundaries of a material, such as its

surfaces or edges, and do not exist in the bulk spectrum. In topological insulators,

the edge states exhibit a helical nature as a consequence of spin–momentum locking,

whereby the spin orientation of an electron is intrinsically tied to its direction of

motion. This helical structure arises from strong spin-orbit coupling and is protected

by time-reversal and crystal symmetries. As a consequence, these surface states are

robust against backscattering and remain stable under moderate perturbations such as

chemical substitution or thermal fluctuations. Early experimental realizations include

the HgTe/CdTe quantum well heterostructures [22–24] and the binary compound

Bi2Se3 [25].

Following the discovery of TIs, attention rapidly expanded to a broader class

of topological materials. These include topological semimetals (TSMs) [26], nodal

line semimetals (NLSMs) [27,28], and topological superconductors (TSs) [29]. While

differing in dimensionality and symmetry protections, these phases share key features
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in their low-energy electronic spectra. In particular, they host massless quasiparticle

excitations that behave as Dirac or Weyl fermions, in contrast to the conventional

massive fermions governed by the Schrödinger equation. The relativistic nature of

these carriers leads to a variety of novel phenomena and unconventional transport

properties, positioning these materials at the forefront of both fundamental research

and potential technological applications.

1.3 Topological Band Crossings

Topological band crossings are typically classified into two broad categories: acci-

dental and symmetry-enforced, based on the nature of symmetries involved in their

protection.

Accidental band crossings occur at critical points in the band structure and

are generally perturbatively stable. These crossings often arise as a quantum criti-

cal phase during a continuous transition between a normal (trivial) insulating phase

and a topological insulating phase (see Fig. 1.2). Such crossings are protected by

symmorphic crystal symmetries, which consist of conventional point group opera-

tions (e.g., reflections, rotations) followed by lattice translations by a full unit cell

vector [30,31]. Although these symmetries can protect band degeneracies locally, the

crossings themselves are not globally stable and can be eliminated through sufficiently

large, yet symmetry-preserving, deformations of the Hamiltonian. Consequently, acci-

dental band crossings are only locally robust and do not represent a stable topological

phase over a wide parameter space.

In contrast, symmetry-enforced band crossings emerge due to non-symmorphic

symmetries present in a system, which are fundamentally distinct from their symmor-

phic counterparts. Non-symmorphic symmetries combine point group operations with

fractional lattice translations (e.g., glide planes and screw axes) [32–35]. These frac-

tional translations introduce additional constraints on the band structure, resulting in

robust degeneracies that cannot be lifted without breaking the protecting symmetry.

Band crossings arising from non-symmorphic symmetries are therefore globally stable

under all symmetry-preserving perturbations to the Hamiltonian. A detailed discus-

sion of non-symmorphic symmetries and their implications on the band topology will

be discussed later in the subsequent section.

We now turn to a class of materials that constitutes the core subject of this thesis,

namely topological semimetals. These materials are of significant interest due to their

unconventional quasiparticle excitations, tunable band structures, and potential for

realizing novel quantum phenomena. The presence of topologically protected band
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Figure 1.2: Schematic depiction of accidental band crossing during the topological
phase transition between a trivial (conventional) and a topological insulator. The
critical point, where two bands, namely valence and conduction bands touch each
other at the Fermi level, defines a Dirac semimetallic state and the band touching
point is referred to as the Dirac point.

crossings is central to their exotic electronic, optical, and transport properties, and

provide a versatile platform for both fundamental investigations and technological

applications.

1.4 Topological semimetals

Topological semimetals are distinguished by the appearance of linear band crossings

at isolated points in momentum space, typically located at or near the Fermi level [36].

These crossings are associated with nontrivial topological charges and serve as sources

or sinks of Berry curvature within the Brillouin zone. The linear dispersion near

the crossing points leads to quasiparticle excitations that mimic relativistic fermions,

characterized by exceptionally high carrier mobility. As a result, TSMs offer potential

for nearly dissipationless charge transport [26], rendering them promising candidates

for applications in low-power electronics, ultrafast photodetectors [38], thermal sen-

sors [37], next-generation spintronic and magnetic memory devices [39,40].

Figure 1.3 displays how one can obtain different topological states from a nor-

mal insulating state satisfying different symmetry criteria. If the band crossing is

symmetry protected, a topological semimetallic state with robust DPs is obtained.

Conversely, when the band inversion takes place, the energy band gap opens with

the inverted band structure, a topological insulator possessing surface states can be

obtained.
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Figure 1.3: Schematic illustration of the evolution of electronic phases from a normal
insulating state. A normal insulator exhibits a bulk energy gap and is non-conductive.
Band inversion can result in either a topological insulator with protected surface states
or a topological semimetallic (TSM) phase with robust band-touching points, if the
crossing is symmetry-protected. (Fig. ref. [41])

Within the framework of band theory, the electronic states of a crystalline solid are

described by a Bloch wavefunction, which can be expressed in terms of cell-periodic

Bloch states |ϕn(k)⟩ defined within a single unit cell. These states are eigenfunctions

of the Bloch Hamiltonian H(k), satisfying the eigenvalue equation:

H(k)|ϕn(k)⟩ = εn(k)|ϕn(k)⟩, (1.4.1)

where n labels the energy bands and the eigenvalues εn(k) constitute the electronic

bandstructure of the material.

Band crossings occur when two or more eigenvalues become degenerate at specific

points in momentum space, typically under certain symmetry constraints or fine-tuned

parameter conditions. Depending on the nature and symmetry of these degeneracies,

topological semimetals can be broadly classified into various subclasses. Among them,

Dirac semimetals (DSMs) and Weyl semimetals (WSMs) represent two prominent

categories, distinguished by the number of degeneracies, symmetry protections, and

the presence or absence of inversion or time-reversal symmetry. These subclasses will

be discussed in detail in the following subsections.

1.4.1 Dirac semimetals

Dirac semimetals (DSMs) represent a class of materials characterized by Dirac cone-

like band dispersion at specific momenta within the first Brillouin zone [32, 36, 42].

The Bloch Hamiltonian near these points closely resembles that of a massless Dirac

particle, featuring a linear energy-momentum relationship around the band cross-
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ings, where conduction and valence bands meet. These bands draw a formal analogy

with electrons and positrons in the Dirac mass framework. Consequently, the band

crossing points are termed as Dirac points (DPs), and the state is said to be a ”Dirac

semimetallic state”. Near these points, the quasiparticle excitations are well described

by a massless Dirac equation, with a remarkably high Fermi velocity vf ≈ 105 m/s.

The effective low-energy Hamiltonian can be expressed in the matrix form as

H(k) =

(
ℏvfσ · k 0

0 −ℏvfσ · k

)
(1.4.2)

where σ = (σx, σy, σz) are the three Pauli matrices and k is the wave vector. The

above matrix expression indicates that the band crossings are non-removable and can

only occur in crystals that are time-reversal invariant and possess inversion symmetry.

This extraordinary behavior of Dirac fermionic quasiparticles in the vicinity of

the Fermi energy gives rise to the distinctive and unconventional properties observed

in these materials. The electronic properties of Dirac systems can be systematically

tuned by shifting the chemical potential with respect to the Dirac nodes, which may

be achieved through chemical substitution, external pressure, or carrier doping [45].

DSM is often inherited from TI as an intermediate phase during a topological

phase transition between a conventional insulator to a topological insulator (TI) [46].

At the quantum critical point of this transition, the system enters a phase where the

topological order changes, and conduction and valence bands touch each other at iso-

lated points in momentum space (see Fig. 1.2). The persistence of these Dirac points

is ensured by the combination of crystalline symmetries and non-spatial symmetries,

discussed below.

Non-spatial symmetries

Non-spatial symmetries act locally in the position space and do not transform different

lattice sites onto one another. Time-reversal (T ) and inversion (P) symmetries are

prominent examples of this class, and together they play a crucial role in stabilizing

Dirac points [47].

1. TR symmetry (T ): In the absence of an external magnetic field, physical sys-

tems are generally invariant under time-reversal symmetry. This symmetry

operation reverses the spin of a particle while transforming the Hamiltonian

from momentum k to −k. Mathematically, T is represented by an anti-unitary

operator composed of a unitary part U = iσy and complex conjugation K, such
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that T = UK.

A Bloch Hamiltonian that respects time-reversal symmetry satisfies the condi-

tion:

T H(−k) = H(k)T (1.4.3)

Consequently, the energy eigenvalues obey the relation En↑(k) = En↓(−k).

2. Inversion symmetry (P): This operation retains the spin of a particle while k

to −k transformation. This symmetry operation can be represented in different

forms, however, a common representation of the inversion operator is P = σx,

under which the Bloch Hamiltonian transforms as:

PH(−k) = H(k)P (1.4.4)

Accordingly, the eigenenergies satisfy En↑(k) = En↑(−k).

By combining these two symmetry constraints, one arrives at the relationEn↑(k) =

En↓(k), indicating that each energy band is at least twofold degenerate. For

fermionic particles carrying spin s = 1
2
, it follows that T 2 = −1 and (T P)2 =

−1, reinforcing this double degeneracy. This observation is a direct consequence

of the Kramers theorem, which states that any T -invariant fermionic system

must have doubly degenerate eigenstates. Therefore, Dirac points arise as the

crossing points of such doubly degenerate bands. Importantly, the stability of

Dirac points crucially depends on the simultaneous preservation of both time-

reversal (T ) and inversion (P) symmetries.

Lattice or non-symmorphic symmetries

Non-symmorphic symmetries arise in crystals containing more than one atom per

unit cell [31,34,35,48–51]. In systems with a sublattice structure, such as a bipartite

lattice, the translational symmetry no longer preserves the spatial origin, leading to

an effective enlargement of the unit cell. Consequently, the Brillouin zone (BZ) folds

and reduces in size. In these cases, non-symmorphic symmetries play a crucial role in

protecting Dirac points (DPs).

A non-symmorphic symmetry element is generally denoted by G = {g|t}, where g
represents a point group operation and t is a fractional lattice translation vector [52].

Examples include screw rotations such as C2n̂⊥ (with the rotation axis n̂⊥ perpendicu-

lar to ẑ), glide mirror linesMn̂⊥ , and glide mirror planesMẑ. Typically, the fractional

translation t lies within the g-invariant plane and satisfies gt = t.
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To better understand these symmetry operations, let us consider two illustrative

examples: a twofold screw axis rotation and a glide mirror plane, each combined with

a half-translation. A simple schematic is shown in Fig. 1.4.

Figure 1.4: An illustration of non-symmorphic symmetries: (a) glide reflection and
(b) two-fold screw rotation followed by two half translations.

The twofold screw rotation about the x-axis, combined with a half-lattice trans-

lation along the same direction, is represented as G2x̂ = {C2x̂|120}. Applying this

operation twice results in a full lattice translation along the x-axis, that is,

G2
2x̂ = ±Tx, (1.4.5)

where Tx denotes the full translation along x and the ± sign arises from the nature

of quasiparticles: gn equals −1 for spin-1
2
particles and +1 for spinless particles after

applying n-fold operation n times.

Similarly, the glide mirror operation involving reflection about the xy-plane com-

bined with half-lattice translations along both x and y directions is represented as

Gẑ = {Mẑ|12
1
2
}. This operation also satisfies the relation

G2
ẑ = ±Ta, (1.4.6)

where Mẑ denotes the mirror reflection through the xy-plane, and Ta represents the

full lattice translation along the diagonal direction in the plane.

Band degeneracy obtained by the operators {g|t} in the invariant g-space satisfy-

ing gk = k suggests that Bloch states um(k) can be chosen as the eigenstates which

commute simultaneously with both {g|t} and H(k). Eigenvalues of {g|t} operated

on Bloch states um(k) are obtained as
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Figure 1.5: WSM obtained as a result of symmetry breaking in a topological
semimetal while DSM requires the simultaneous preservation of T and P [41].

{g|t}|um(k)⟩ = λeimk·t|um(k)⟩ (1.4.7)

where λ is a real number and the phase factor eimk·t switches the two eigenstates

which sustains band crossings at discrete points. For k → k+G, eiG·t = −1 for

odd reciprocal lattice vectors. As a consequence, the two degenerate band branches

are compelled to cross an odd number of times when traversing the Brillouin zone

boundary. This odd number of intersections constitutes a necessary condition for the

emergence of topologically nontrivial surface states.

1.4.2 Weyl semimetals (WSM)

Weyl semimetals can be realized through breaking of either inversion (P) or time-

reversal (T ) symmetry. When inversion symmetry is broken while T is preserved,

the lifting of band degeneracy leads to Weyl nodes that appear in multiples of four, as

observed in non-centrosymmetric TaAs-family materials (TaAs, NbAs, TaP, NbP) [16,

53–55], which exhibit clear Fermi arc surface states and Berry-curvature–driven trans-

port signatures. In contrast, when T symmetry is broken while inversion remains

intact, magnetic ordering splits band degeneracies into pairs of Weyl nodes related

by k → −k. Representative examples include pyrochlore iridates A2Ir2O7 [56], fer-

romagnetic Co3Sn2S2 [57, 58], and the non-collinear antiferromagnets Mn3Sn and

Mn3Ge [59–61], all of which display large anomalous Hall responses arising from strong

Berry curvature. These two routes highlight how crystal symmetry and magnetic or-

dering provide complementary pathways for realizing Weyl fermions in solids.

An illustration of different semimetallic phases emerging under the presence or

absence of T and P symmetries is shown in Fig. 1.5. The distinction between topo-
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logically trivial and non-trivial phases is characterized by the topological order of the

system, which is quantified by the so-called Chern number.

The following section provides a detailed mathematical and physical interpretation

of the frequently used concepts of winding number or Chern number.

1.5 Chern number

The notion of topological order emerged from the theoretical understanding of the

Integer Quantum Hall Effect (IQHE), where the Hall conductivity assumes quantized

values of the form N(e2/h), with the integer N identified as a topological invariant

known as the Chern number.

Fundamentally, this concept stems from the Berry phase, a central idea in topo-

logical band theory [62]. First formulated by M. V. Berry, the Berry phase describes a

geometric phase accumulated during the adiabatic evolution of a system subjected to

slowly varying external parameters. When the system follows a closed loop S in pa-

rameter space, the resulting phase encodes essential information about the underlying

topological structure of the electronic states [63].

The time evolution of a quantum system is governed by the time-dependent

Schrödinger equation [64],

H(η(t))|Φ(t)⟩ = iℏ∂t|Φ(t)⟩ (1.5.1)

where |Φ(t)⟩ denotes the state vector of the system at time t and η(t) represents a set

of slowly varying external parameters.

Under adiabatic conditions, the system’s wavefunction acquires a phase. Accord-

ingly, the wavefunction may be written as |Φ(t)⟩ = e−iθ(t)|u(η(t))⟩, with |u(η(t))⟩
denoting the instantaneous eigenstate of the Hamiltonian. Substituting this ansatz

into the Schrödinger equation and utilizing the eigenvalue equationH(η(t))|u(η(t))⟩ =
εn(η(t))|u(η(t))⟩, one arrives at:

H(η(t))|u(η(t)⟩ = ℏθ̇(t)|u(η(t)⟩+ iℏ
d

dt
|u(η(t)⟩ (1.5.2)

Here, the first term corresponds to the conventional dynamical phase, while the second

term captures the geometric contribution. The negative of this geometric phase is

identified as the Berry phase.

When the parameter space corresponds to a periodic lattice, the cell-periodic part

of the Bloch function satisfies unk(r) = unk(r+Rn). Accordingly, for a closed trajec-

tory in momentum space, such as a loop enclosing the Brillouin zone, the Bloch wave

11



function for band n can be expressed as Φnk = eik·runk(r). Thus, the Berry phase ϕn

associated with band n can be written as [20]

ϕn =

∮
i⟨unk|∇k|unk⟩ · dk (1.5.3)

From the analogy of vector potential in the electromagnetic theory, one can define

the Berry vector potential as

An(k) = i⟨unk|∇k|unk⟩ (1.5.4)

This implies that ϕn =
∮
An(k) · dk.

Applying Stokes’ Theorem, one can represent the above equation in the following

form.

ϕn =

∫
S
(∇k ×An(k)) · dS =

∫
S
Fn · dS (1.5.5)

where S is the enclosed surface area in the BZ. Fn = ∇k × An(k) is known as the

Berry curvature for band n and plays a role analogous to magnetic flux density in

momentum space.

The topological invariant associated with the nth band, namely the Chern number,

is defined as the integral of the Berry curvature over a closed surface in momentum

space,

C(n) =
1

2π

∫
S
Fn(k)dk (1.5.6)

Thus, total Chern number C =
∑

nC
(n) summed over all the occupied bands remains

invariant even if there are degeneracies. This invariant is an intrinsic characteristic

of the electronic band structure and plays a central role in determining the transport

behavior of the system. The Chern number gives a quantitative value of the phase

accumulated when the system is moved very slowly in the BZ.

Chern number for a trivial system turns out to be zero for the individual bands

and non-zero for the non-trivial ones. This property helps to distinguish between the

topological and non-topological phases. For instance, the Chern number for a Dirac

point is zero while it is non-zero for individual bands whose winding numbers cancel

out in pairs. Similarly, when a Dirac point splits, a pair of Weyl points with opposite

winding numbers appear.

12



Figure 1.6: Schematic representation of edge bands in a graphene-like system with
a zigzag ribbon geometry. The red curves correspond to edge-localized states [75].

1.6 Edge states

A key consequence of the nontrivial topology of electronic band structures is the ap-

pearance of gapless edge states at boundaries where the topological invariant changes [65].

In topological insulators, these edge states manifest as counter-propagating modes of

opposite spin polarization, effectively act as one-dimensional conductors, bridging the

energy gap between the valence and conduction bands [66,67]. Remarkably, such edge

states can persist even in systems lacking magnetic ordering [68].

There are numerous instances where edge states appear in materials lacking both

magnetic order and Dirac cone structures [68, 69]. Furthermore, Dirac and Weyl

semimetals are also known to host robust edge states [70,71]. These phenomena arise

because a one-dimensional Hamiltonian can often be continuously transformed into a

form characterized by a nontrivial, topologically protected winding number. In the

case of graphene, edge states are intimately linked to the Dirac cones located at the

K and K ′ points of the Brillouin zone [72–74].

An illustration of the edge-state spectrum in a graphene-like material is shown in

Fig. 1.6 [75]. Here, the bulk valence and conduction bands are indicated in black,

while red curves represent edge-localized states bridging the energy gap. These edge

modes highlight the profound relationship between bulk band topology and boundary

phenomena, which is central to the understanding of topological phases of matter.

1.7 Prediction of TSM in 2D and 3D

The notion of two-dimensional Dirac semimetals (DSMs) originated with the discov-

ery of the Dirac semimetallic state in graphene, which inspired extensive research
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into gapless systems with non-trivial topology. Graphene’s honeycomb lattice, com-

prising two sublattices, hosts six band crossing points, two of which are Dirac points

protected by time-reversal and inversion symmetries in the absence of spin-orbit cou-

pling (SOC) [76, 77]. The introduction of SOC, analogous to applying a magnetic

field, breaks time-reversal symmetry and lifts the band degeneracy [78, 79]. Conse-

quently, significant efforts have been made to identify symmetry-protected DSMs in

the presence of SOC. Recent studies suggest that non-symmorphic crystalline sym-

metries are essential for protecting Dirac cones in 2D under SOC [34]. One of the

promising materials include monolayer of HfGeTe, which exhibits Dirac cones at the

Brillouin zone boundaries, and X3SiTe6 (X = Ta, Nb) monolayers [80], predicted to

host 2D Dirac points as well [81,82].

Dirac points can also be stabilized in three dimensions. Early theoretical can-

didates such as β-cristobalite BiO2 [32] were followed by experimental signatures in

materials like Na3Bi [83] and Cd3As2 [84, 85]. Two principal mechanisms protect 3D

Dirac points [42]: one through band inversion during a transition between trivial and

topological insulators such as lanthanum monopnictides [43,44], where the simultane-

ous presence of inversion and time-reversal symmetries is essential. These so-called ac-

cidental band crossings characterize the aforementioned systems [86]. Breaking either

symmetry can split Dirac points into Weyl points. In some cases, small symmetry-

deforming perturbations can also destroy band crossings and lead to an insulating

state. Alternatively, Dirac points can arise from direct conduction-valence band con-

tacts at isolated momenta, stabilized by non-symmorphic symmetries even in the

absence of T and P .

1.8 TSM in magnetically ordered systems

Magnetic ordering in topological semimetals profoundly alters their electronic struc-

tures by breaking time-reversal symmetry, lifting degeneracies, and inducing spin-

polarized band states. These changes can drive a range of topological phase tran-

sitions, including the conversion of Dirac semimetals into Weyl semimetals [87], the

emergence of Chern or axion insulating phases [96,97], and the realization of higher-

order topological states [98]. Magnetically ordered topological semimetals are charac-

terized by distinctive transport signatures such as the anomalous Hall effect [99,100],

modified chiral anomaly responses [101, 102], and novel magneto-optical phenom-

ena [103]. Elucidating the relationship between non-magnetic and magnetic semimet-

als deepens our understanding of symmetry-protected topological transitions and of-

fers pathways for engineering emergent quantum phases. Owing to their potential
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applications in spintronics [104–106], low-power transfer, and optoelectronics [107],

these systems are of considerable interest both fundamentally and technologically. In

the subsequent discussion, we briefly examine two magnetically ordered systems pro-

posed as candidates for hosting topological semimetallic phases, particularly Dirac

semimetals.

1.8.1 2D Dirac points with spin-orbit coupling

Young et al. first proposed the stabilization of Dirac points (DPs) in two-dimensional

systems possessing non-symmorphic symmetries when spin-orbit coupling (SOC) is

present [34]. This work marked an initial step towards realizing 2D Dirac semimet-

als (DSMs) in spin-orbit coupled materials. A key requirement for such stability is

the presence of non-symmorphic crystalline symmetries. In Hamiltonians exhibit-

ing multiple symmetries, including time-reversal (T ) and inversion (P) symmetries,

Dirac points are protected; however, SOC typically causes band splitting except at

high-symmetry points known as time-reversal invariant momenta (TRIMs). Young

et al. demonstrated that symmetry-protected Dirac points cannot appear as isolated

entities in two-dimensional systems; instead, symmetry-equivalent DPs must exist at

the Brillouin zone (BZ) boundaries, stabilized by the spatial and non-symmorphic

symmetries.

Figure 1.7: Antiferromagnetically ordered spin configuration on two sublattices:
atoms from sublattice A (red) and B (blue) are displaced along +z and −z directions,
respectively, introducing non-symmorphic symmetry. For magnetic moments aligned
along x, symmetry-protected Dirac points (green dots) emerge along the X1 − M
path [87].

Building upon this foundation, Wang et al. [87] theoretically explored Dirac semimet-

als in magnetically ordered systems featuring antiferromagnetic (AFM) spin config-

urations. In their model, the robustness of Dirac nodes depends critically on the

direction of magnetic ordering and the underlying lattice symmetries. Their analysis

showed that robust Dirac points could be preserved in AFM-ordered crystals exhibit-

ing non-symmorphic symmetry. As illustrated in Fig. 1.7, atoms of sublattice A (red)
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and sublattice B (blue) are displaced along +z and −z directions, respectively, in-

troducing non-symmorphic elements into the lattice. Using a tight-binding model,

Wang et al. demonstrated the presence of stable Dirac points along X1 −M path,

protected by the combined T P symmetry. When the magnetic moments are aligned

along the x-axis, the preservation of screw axis operations {C2x̂/ŷ|t} and glide mirror

symmetries {Mx̂/ŷ|t} ensures the protection of these Dirac points.

Over the past decade, extensive efforts have been devoted to identifying materials

that host DPs in magnetically ordered states. First-principles calculations and theo-

retical predictions have suggested robust DPs in several systems with magnetic order.

One notable candidate is CuMnAs [88], predicted to host symmetry-protected DPs in

its orthorhombic AFM state where both T and P symmetries are broken. Additional

proposals include magnetic systems at fractional band fillings, where non-symmorphic

symmetries play a central role in protecting DPs. Prominent examples include mono-

layers of FeSe [89] and TaCoTe2 [90], where DPs persist even in the presence of SOC.

Anisotropic Dirac points have also been reported in AMnBi2 (A = Ca, Sr), which is

further substantiated by neutron diffraction results [91–93]. Earlier, it was suggested

that SrMnBi2 can also host DPs when SOC is present with Mn spins being ordered

antiferromagnetically. However, the Dirac fermions become massive around the Fermi

level. Similarly, transport measurements reveal the signatures of Dirac fermions in

two-dimensional layered compounds such as YbMnBi2 [94] and EuMnBi2 [95]. Collec-

tively, these results establish a foundation for designing magnetically functionalized

Dirac materials with promising potential for spintronic applications.

1.8.2 Dirac Cones and Nodal SDW State in Iron Pnictides

Over the past decade, iron pnictides have been intensively investigated due to their

potential for high-temperature superconductivity [108–110] and a range of unconven-

tional electronic properties [111, 112]. Their complex multiband structure supports

multiple phases, including nematic, spin-density wave (SDW), and superconducting

states [113].

The parent state of iron pnictides is a collinear antiferromagnet characterized by a

commensurate ordering wave vector of either (π, 0) or (0, π) [114–116]. This ordering

vector appears in the electronic band structure as a nesting vector that connects

the hole pocket centered at the Γ(0, 0) point with the electron pocket around the

X(π, 0) point. In this magnetically ordered phase, the band structure exhibits linearly

dispersing features that form cone-like crossings. The quasiparticles associated with

these Dirac cones behave as massless relativistic fermions and obey the Dirac equation.

The emergence of Dirac cones originates from the multiorbital nature of iron pnictides,
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Figure 1.8: Real-space schematic of the (π, 0) SDW order. Spins align antiferro-
magnetically and ferromagnetically along x- and y-axes, respectively [118].

which arises due to the hybridization between Fe 3d orbitals and pnictogen 4p orbitals.

Consequently, an accurate description of the electronic structure requires the inclusion

of all Fe 3d states [117].

At low temperatures, iron pnictides undergo SDW ordering, leading to Fermi sur-

face reconstruction, Brillouin zone folding, and opening of energy gaps due to electron-

hole interactions. SDW state consists of chains of atoms arranged in a collinear mag-

netic order in which spins are aligned parallely in one direction while anti-parallely

in the other (see Fig. 1.8). Generally, SDW formation gaps the spectrum when the

nesting condition is satisfied across the entire Fermi surface. However, in iron-based

superconductors, due to Fermi surface topology and a coupling between electron and

hole pockets induces a partial SDW gap.

Theoretical studies based on the five-orbital model predict that the electron Fermi

surface is odd under mirror reflection, while the outer hole pocket is even. As a result,

the SDW matrix element between them vanishes, giving rise to a nodal SDW phase.

The existence of a Dirac node can further be quantified in terms of a topological

invariant, ’vorticity’ quantum number. The SDW state connects electron pockets of

zero vorticity with hole pockets of +2 vorticity. This vorticity mismatch is responsible

for the gapless or ”nodal SDW” state with the apex of Dirac cones not far away

from the Fermi level [118]. Consequently, the parent magnetic compounds remain

semimetallic even in the presence of strong electronic correlations, which is further

substantiated by angle-resolved photoemission spectroscopy (ARPES) measurements

(Fig. 1.9) [119,120].

The linear energy dispersion near Dirac points results in high carrier mobility and

low effective mass, enhancing transport properties and optical conductivity [120,121].

Dirac fermions emerging in the spin-density-wave (SDW) state of iron pnictides have

been shown to produce nearly linear magnetoresistance under applied magnetic fields,
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(a)

(b)

Figure 1.9: ARPES evidence of Dirac cone formation close to the Fermi surface in
the SDW state of BaFe2As2 [120].

reflecting the relativistic nature of the low-energy quasiparticles [122,123]. The strong

interplay between magnetism and superconductivity in these materials gives rise to

gapless excitations, which significantly influence their thermodynamic and spectro-

scopic responses [124, 125]. Recent interest has been further motivated by the recog-

nition that iron-based superconductors can host nontrivial band topology, potentially

supporting Majorana modes and other exotic quasiparticles [126], making these sys-

tems promising candidates for applications in quantum information processing and the

exploration of novel quantum phases [127–130]. Consequently, iron pnictides provide a

rich platform for studying unconventional superconductivity, topological phenomena,

and emergent relativistic quasiparticles.

1.9 Collective excitations in the magnetically or-

dered systems

Magnetically ordered systems host a rich variety of collective excitations arising from

the interplay between spin, charge, and lattice degrees of freedom [131,132]. The col-

lective excitations represent coherent modes involving many-body correlations. They

not only determine low-energy properties of a system but also serve as fingerprints

of the underlying order and symmetry. In the context of topological semimetals, the

study of such excitations is of particular importance because their interplay with Dirac

or Weyl fermions can lead to exotic emergent phenomena [133–135].

Collective excitations manifest in diverse forms in magnetically ordered states,

including spin waves (magnons), charge- and orbital-density fluctuations. Magnons,

originating from coherent spin precessions, are strongly influenced by spin–orbit cou-

18



pling and lattice symmetries, which can endow them with nontrivial topological char-

acter [136, 137]. Their interaction with Dirac quasiparticles leads to renormalized

spectra, hybrid modes such as magnon polarons, and the stabilization of exotic tex-

tures like skyrmions [138]. Meanwhile, charge and orbital collective modes, particu-

larly SDWs driven by Fermi surface nesting, reconstruct the electronic structure while

sometimes preserving symmetry-protected Dirac states [139,140]. Together, these ex-

citations define the low-energy dynamics of ordered Dirac materials and establish the

stage for their experimental detection.

The fingerprints of collective excitations in ordered systems often appear in quasi-

particle interference (QPI) patterns, observed via scanning tunneling microscopy

(STM) [141, 142]. In magnetically ordered Dirac semimetals, scattering of quasipar-

ticles by electrons generates distinctive interference features in momentum-resolved

maps. These QPI signatures directly reflect both the reconstructed band topology

and the coupling between electronic states and collective modes [143,144]. STM-based

QPI measurements directly visualize interference patterns arising from scattering be-

tween ordered states with Dirac quasiparticles.

Another powerful probe is optical conductivity, which captures dynamical re-

sponses of charge carriers in the presence of magnetic order [145]. Optical conductivity

spectra can reveal gap openings due to SDW formation [146], magnon-assisted ab-

sorption features, Kerr responses [147], and renormalized Drude weights caused by

coupling with collective excitations [148]. In Dirac systems, deviations from the char-

acteristic linear frequency dependence of conductivity often signal the influence of

ordering and many-body interactions [149, 150]. Thus, QPI and optical conductivity

serve as complementary tools for identifying and characterizing the role of collective

modes in ordered topological systems.

QPI and optical conductivity studies are particularly promising, as they enable

precise identification of order-induced modifications to the electronic spectrum and

provide guidance for engineering tunable quantum phases. Looking forward, the com-

bination of high-resolution spectroscopy, theoretical modeling, and external control

parameters (strain, pressure, and fields) is expected to reveal novel intertwined modes,

thereby advancing both science and technology of magnetically ordered Dirac mate-

rials.

1.10 Motivation for the Present Research Work

Despite substantial progress in the understanding of high-temperature superconduc-

tivity and a range of unconventional phenomena in iron-based pnictides and chalco-
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genides, certain aspects of their parent phases remain largely unexplored from both

theoretical and experimental perspectives. Although signatures of Dirac pockets have

been obtained in experimental studies within the spin-density wave (SDW) state of

these compounds, limited attention has been devoted to investigating the potential

realization of a Dirac semimetallic phase, despite its well-known significance for ex-

ceptional transport and electronic properties. Addressing this gap, the present work

seeks to systematically explore the relevant parameter space, employing realistic in-

puts within the multi-orbital Hubbard model framework, to determine the conditions

under which a Dirac semimetallic state may emerge in the SDW phase of iron pnic-

tides.

Following the identification of such a state, we further examine the possibility of

topological semimetallic phases with spin-orbit coupling (SOC) present, utilizing a

tight-binding model augmented by Hubbard interactions in a 2D antiferromagneti-

cally (AFM) ordered system. A comprehensive theoretical analysis also necessitates

the study of collective excitations, which provide essential insights into the interplay

between electronic correlations and band structure.

A central focus of our investigation is the role of crystal symmetries, particu-

larly non-symmorphic symmetries, in protecting the Dirac nodes and maintaining the

persistence of a semimetallic phase in a checkerboard antiferromagnetic order. By

analyzing both quasiparticle interference patterns and optical conductivity, we aim

to elucidate how the interplay of electronic correlations and band structure topol-

ogy helps to gain a comprehensive understanding of the electronic states. Thus, the

present study seeks to provide a complete and detailed understanding of the emer-

gence, electronic states, and excitation spectra of topological semimetals in magnet-

ically ordered systems, contributing to the broader search for materials with exotic

topological properties and potential technological applications.

1.11 Problem Statement

1. To explore the possibility of topological semimetallic states within

correlated electron models, which supports conventional magnetic or-

derings such antiferromagnetism, stripe order, etc.: This objective aims

to theoretically explore the parameter space of magnetically ordered states in

order to identify possible realization of topological semimetallic phases within

correlated electron framework such as the multi-orbital Hubbard model. Specif-

ically, we analyze two cases: (i) an antiferromagnetic spin configuration on a

square lattice, i.e., (π, π) ordering and (ii) a striped spin-density-wave (SDW)
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state with (π, 0) ordering. Furthermore, we investigate the role of spin–orbit cou-

pling in non-symmorphic crystal on the emergence of the resulting semimetallic

states.

2. To study the collective excitations such as edge states, quasiparticle

interference, optical conductivity, etc., in the magnetically ordered

topological semimetallic systems: A detailed theoretical analysis of a topo-

logical semimetallic state necessitates an exploration of collective excitations,

which are crucial for determining the dynamical properties of a system. Specif-

ically, charge dynamics are examined through the calculation of optical conduc-

tivity, providing insights into charge dynamics, many-body interaction effects,

etc. Simultaneously, the study of quasiparticle interference (QPI) patterns is

employed to probe the electronic structure and scattering processes at low ener-

gies, offering a window into the interplay between band topology and correlation

effects. In addition to this, edge states are explored in the semimetallic state

which provides an evidence of being a topological nature.
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[70] Lado J L, Garćıa-Mart́ınez N and Fernández-Rossier J 2015 Synth. Met. 210 56

[71] Matveeva P G, Aristov D N, Meidan D, and Gutman D B 2019 Phys. Rev. B

99 075409

[72] Yao W, Yang S A, and Niu Q 2009 Phys. Rev. Lett. 102 096801

[73] Nakada K, Fujita M, Dresselhaus G and Dresselhaus M S 1996 Phys. Rev. B

54 17954

[74] Wakabayashi K, Fujita M, Ajiki H and Sigrist M 1999 Phys. Rev. B 59 8271

[75] Lado J L, Fernández-Rossier J 2022 arXiv:2210.07568

[76] Castro Neto A H, Guinea F, Peres N M R, Novoselov K S and Geim A K 2009

Rev. Mod. Phys. 81 109

[77] McCann E 2012 arXiv:1205.4849

[78] Kane C L and Mele E J 2005 Phys. Rev. Lett. 95 226801.

[79] Haldane F D M 1988 Phys. Rev. Lett. 61

[80] Guan S, Liu Y, Yu Z -M, Wang S -S, Yao Y and Yang S A 2017 Phys. Rev.

Mater. 1 054003

[81] Li S, Liu Y, Wang S -S, Yu Z -M, Guan S, Sheng X L, Yao Y and Yang S A

2018 Phys. Rev. B 97 045131

25



[82] Sato T et al 2018 Phys. Rev. B 98 121111

[83] Liu Z K et al 2014 Science 343 864

[84] Liu Z K et al 2014 Nat. Mater. 13 677

[85] Borisenko S, Gibson Q, Evtushinsky D, Zabolotnyy V, Büchner B and Cava R
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Chapter 2

TSM state in a non-symmorphic crystal

with AFM order

In this chapter, we examine the possible existence of a topological semimetal with AFM

order in a two-dimensional square lattice with a nonsymmorphic symmetry by using

a Hartree-Fock meanfield theory within the Hubbard model discussed in the beginning

of the chapter. We locate the region in the second-neighbor spin-orbit coupling vs

interaction phase diagram, where such a state is obtained. Finally, the effect of an in-

plane magnetic field-like term in obtaining Weyl points is also discussed. The nature

of edge states in the ribbon geometry in the topological states is also explored.

2.1 The Hubbard model

The Hubbard model [1] provides a fundamental and widely used framework for inves-

tigating the effects of electronic correlations. It offers a relatively simple yet powerful

approach to understanding how electron-electron interactions can lead to phenomena

such as magnetic ordering, insulating behavior, and other emergent phases, which

cannot be adequately captured by the conventional tight-binding model.

In modeling a solid, it is common to treat the atomic nuclei as stationary due to

their significantly larger mass compared to electrons. The electrons, on the other hand,

move within the potential created by the screened Coulomb fields of the fixed nuclei.

While real atoms possess complex electronic structure with several energy levels, a

considerable simplification one can think of is the one with a single energy level. In

this scenario, governed by the Pauli exclusion principle, each level can accommodate

at most two electrons with opposite spins. The dominant interaction in such a setup

is the on-site Coulomb repulsion, characterized by the parameter U , representing the

energy cost associated with double occupancy [2].

Within this framework, the Hubbard Hamiltonian can be written in terms of

electron creation and annihilation operators as:

H = −t
∑
⟨i,j⟩,σ

c†iσcjσ + U
∑
i

ni↑ni↓ − µ
∑
i

(ni↑ + ni↓). (2.1.1)
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This consists of three distinct contributions. The first term accounts for the kinetic

energy due to electron hopping between neighboring lattice sites, with the amplitude

t determined by the overlap of electronic wavefunctions on adjacent atoms. Given

that atomic wavefunctions decay exponentially with distance, electron hopping is

predominantly restricted to nearest neighbors, although longer-range hopping may

occur depending on the lattice geometry and interaction details.

The second term represents the on-site Coulomb interaction, which contributes

only when a site is occupied by two electrons with opposite spins; it vanishes for

empty or singly occupied sites. The third term involves the chemical potential µ,

which controls the overall electron filling in the lattice. In the non-interacting limit

(U = 0), the Hubbard model reduces to the tight-binding model and describes a

metallic state. In the opposite limit (t = 0), electrons are localized, resulting in an

insulating phase. Therefore, the interplay between t and U governs the rich phase

diagram observed in correlated electron systems [2].

Additionally, by performing the particle-hole transformation defined as a†iσaiσ =

1− c†iσciσ, the Hamiltonian can be expressed in an alternative symmetric form:

Hh = −t
∑
⟨i,j⟩,σ

a†iσajσ + U
∑
i

ni↑ni↓, (2.1.2)

which highlights the intrinsic particle-hole symmetry of the system, an important

feature that plays a key role in analyzing the behavior of correlated electrons.

2.2 Rashba spin-orbit coupling

Spin-orbit coupling (SOC) is fundamentally a relativistic interaction that manifests

as the entanglement between an electron’s spin and its orbital motion. This coupling

significantly impacts the magnetic and transport properties of materials and is a key

factor in the realization of a variety of non-trivial quantum phases in condensed matter

systems.

In two-dimensional (2D) heterostructures, particularly at their interfaces, the ab-

sence of inversion symmetry leads to a specific type of spin-orbit interaction known

as Rashba spin-orbit coupling (Rashba SOC). This type of spin-orbit coupling is a

characteristic feature of systems that lack a center of inversion and is linearly depen-

dent on the crystal momentum k. It lifts the spin degeneracy of electronic bands,

thereby exerting a pronounced influence on the magnetic and transport behavior of

the system and enabling the realization of several exotic phenomena.

This spin splitting is experimentally observed at certain metallic surfaces and can
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Figure 2.1: AFM lattice arrangement with 2 atoms per unit cell (shown in red
square) having sublattices A and B with magnetic moments aligned along x-direction
whose lattice vectors are a⃗1 = (1, 0, 0) and a⃗2 = (0, 1, 0), respectively. The A(B)
atoms are displaced along +z(−z) directions by a tiny fraction of the lattice vector
to make the crystal non-symmorphic. The red (yellow) circles show the atoms lying
above (below) the plane.

be understood as resulting from the coupling between an electron’s motion and the

electric field gradient encountered at an interface lacking inversion symmetry. Unlike

in centrosymmetric materials, where SOC arises predominantly from atomic (L · S)
coupling within the d- and f -orbitals of transition metals, Rashba SOC is intrinsically

linked to structural asymmetry and interface effects.

In a 2D antiferromagnetically ordered system, SOC can be originated in a crystal

having non-symmorphic symmetry. For this, we consider a square lattice as shown

in Fig. 2.1 with a single orbital per site. The unit cell has two atoms placed in an

AFM arrangement with the lattice vectors denoted by a⃗1 = (1, 0, 0) and a⃗2 = (0, 1, 0),

respectively. In order to make the lattice non-symmorphic, the atoms in the unit cell

namely A and B are displaced along +z and −z directions, respectively, by a tiny

but equal fraction of the lattice vector. This atomic arrangement allows next-nearest-

neighbor SOC, whose expression can be written as [3, 4]:

Hλ = iλ
∑
i

∑
σσ′

(νi,i+δ′σa
†
iσai+δ′σ′σσσ′ + h.c.) (2.2.1)

where δ′ = +x̂ or +ŷ. λ is the SOC parameter and νi,i+δ′ = -νi+δ′,i = ±1 depending on

the orientation of two next-nearest neighboring bonds whereas the nearest neighbor
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SOC is ignored.

To investigate the antiferromagnetic Dirac semimetal state, we employ a two-

dimensional tight-binding Hamiltonian that includes both spin-orbit coupling and

Hubbard interactions, expressed as

H = Hh +Hλ (2.2.2)

The hopping parameter t in Hh is set to be unity throughout unless mentioned

otherwise. In this study, we consider only nearest-neighbor hopping, as including

second-neighbor hopping would break particle-hole symmetry and result in the two

Dirac points appearing at different energies.

2.3 Mean-field Methodology

A Hamiltonian that is quadratic in the creation and annihilation operators can be

diagonalized straightforwardly using a unitary transformation, allowing the energy

spectrum to be determined directly. However, the number operator niσ = c†iσciσ

appearing in the second term of the above Hamiltonian, see Eq. 2.1.2, is quartic in the

electron operators, significantly complicating the solution process. To overcome this

difficulty, we employ Hartree-Fock mean-field approximation to decouple the quartic

terms into an effective quadratic form.

The term Uni↑ni↓ can alternatively be represented in the rotationally invariant

form in the following manner [5],

Uni↑ni↓ =
U

4
(ni)

2 − US2
iz =

U

4
(ni)

2 − U(S2
iµ · Ω̂i)

2 (2.3.1)

where the spin operator Siµ = 1
2

∑
αβ c

†
iασ

µ
αβciβ. σµ denotes µth-component of

Pauli matrices and µ = {x, y, z}. Ω̂i is an arbitrary unit vector in 3D space. Also,

(S2
iµ · Ω̂i)

2 = (Six)
2 = (Siy)

2 = (Siz)
2. The number operator ni = ni↑ + ni↓.

The first term in the above equation is a scalar as we assume constant charge

density and is therefore absorbed into the chemical potential.

The fundamental idea underpinning the mean-field approach is that each electron

experiences an average potential generated by the presence of all other electrons.

Consequently, the motion and properties of an individual electron are modified relative

to those of a free particle. In this approximation, the spin operator is expressed as

the sum of its expectation value and the fluctuation around the mean:

Siµ = ⟨Siµ⟩+ (Siµ − ⟨Siµ⟩) (2.3.2)
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Using this assumption in (2.3.1) and ignoring the first term, the mean-field Hamil-

tonian takes the form:

Him = −U
∑
µ

(Siµ)
2 ≈ −U

∑
µ

(2⟨Siµ⟩Siµ − ⟨Siµ⟩2) (2.3.3)

assuming the fluctuations are small enough that their squared contributions can be

neglected.

Defining the local spin magnetization mµ
i as

mµ
i = ⟨Siµ⟩ =

1

2
⟨Ψ†

iσ
µΨi⟩ (2.3.4)

where Ψ†
i = (a†i↑, a

†
i↓). So, we get

Him = −2U
∑
µ

mµ
i Siµ + U

∑
µ

(mµ
i )

2 (2.3.5)

Recalling the definition of spin operator Siµ, the first term in the above expression

can be expressed as
∑

µm
µ
i Siµ = 1

2
Ψ†

i (mi · σ)Ψi. Thus, the resulting mean-field

Hamiltonian becomes

Him = −U
∑
i

Ψ†
i (σ ·mi)Ψi + U

∑
i

m2
i (2.3.6)

Redefining mi → mi

2
, we arrive at the final expression of the mean-field decoupled

interaction Hamiltonian

Him = −U
2

∑
iσ

Ψ†
i (σ ·mi)Ψi +

U

4

∑
i

m2
i (2.3.7)

When incorporated into the sublattice structure of the system with AFM order under

consideration, the meanfield decoupled part with broken P and T becomes

Hmf = −
∑
iαβ

τa†iα(σ ·∆i)αβaiβ, (2.3.8)

where τ corresponds to the bipartite lattice space with sublattices denoted by A and

B with spins aligned opposite to each other. τ = 1 on A sublattice and -1 on B

sublattice. ∆i is the exchange field given by

2∆i = U(mixx̂+miyŷ +miz ẑ). (2.3.9)

mix, miy, andmiz represent the components of magnetic moments, which are obtained
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self consistently. x̂, ŷ, and ẑ are the unit vectors. The last term of Him does not

appear in Hmf as it is a scalar field and does not play any role in the self-consistent

calculation. Thus, after Fourier transforming eqns. (2.1.2) and (2.2.1); and combining

it with (2.3.9), the Hamiltonian in k-space can be written in the composite sublattice

and spin basis as [6]

H(k) = 4tτ1 cos
kx
2
cos

ky
2

+ (∆x − 2λ sin ky)σ1 ⊗ τ3

+ (∆y + 2λ sin kx)σ2 ⊗ τ3 +∆zσ3 ⊗ τ3, (2.3.10)

where σ and τ are Pauli matrices in the spin and sublattice spaces. The two-fold

degenerate eigenvalues of the Hamiltonian can be readily shown to be

Ek = ±
√
ε2k +∆′2

xk +∆′2
yk +∆2

z, (2.3.11)

where εk = 4t cos kx
2
cos ky

2
, ∆′

xk = ∆x − 2λ sin ky, ∆
′
yk = ∆y + 2λ sin kx. The eigen-

vector (ϕA
k↑, ϕ

B
k↑, ϕ

A
k↓, ϕ

B
k↓)

T of the Hamiltonian H(k) is used to obtain the mag-

netic moments in a self-consistent manner, where one electron per site is considered

throughout. The components of magnetic moments at the sublattice A is [7]

mz = nA
↑ − nA

↓

=
∑
k,l

(ϕA∗
k↑ϕ

A
k↑Θ(Ef − Ek,↑,l)− ϕA∗

k↓ϕ
A
k↓Θ(Ef − Ek,↓,l))

mx =
∑
k,l

(ϕA∗
k↑ϕ

A
k↓ + ϕA

k↑ϕ
A∗
k↓ )Θ(Ef − Ek,↑,l)Θ(Ef − Ek,↓,l)

my =
∑
k,l

(−iϕA∗
k↑ϕ

A
k↓ + iϕA

k↑ϕ
A∗
k↓ )Θ(Ef − Ek,↑,l)Θ(Ef − Ek,↓,l),

(2.3.12)

where l is the band index.

2.4 Phase Diagram

The energy dispersion given by (2.3.11) is gapped whenever the magnetic moments

have a component along the z direction or along a direction in the x-y plane other

than the x or y axes. However, there exists a two-fold degenerate band crossing at

Ek = 0 provided that the magnetic moments are oriented either along the x or y

direction. In these cases, the energy dispersions are linear in the vicinity of the band

crossing. As discussed later, these band crossings correspond to Dirac cones and they
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Figure 2.2: 2D Brillouin zone in a square lattice highlighting the high-symmetry
points.

have non-trivial band topology. These DPs are protected by glide mirror symmetry

{Mx̂|120} and {Mŷ|01
2
} depending on whether the magnetic moments are oriented

along x and y, respectively [6].

Fig. 2.3 shows the self-consistently obtained phase diagram in the λ-U parameter

space when the magnetic moments are aligned along the x direction. Three different

phases are obtained; DSM without magnetic order, DSM with AFM order, and a nor-

mal insulator with AFM order. It may be noted that the magnetic-order parameter

vanishes in the DSM-NM state found in the small U but large λ region. Thus, there

is no order parameter associated with this phase and both inversion and time-reversal

symmetry are intact and DPs are protected by the nonsymmorphic symmetries. How-

ever, the magnetic-order paramater is non zero and time-reversal symmetry is broken

in the DSM state with AFM order (AFM-DSM) as well as in the normal insulator

with AFM order (AFM-I). The latter two are differentiated only by a condition based

on the relative strength of magnetic-moment dependent exchange coupling and SOC,

which is discussed later in this paragraph. Unlike in the symmorphic system, there

is no further reduction in the translational symmetry originating from the sublattice

structure associated with AFM ordering of magnetic moments. This is because the

atoms in the sublattices A and B are displaced by a tiny fraction of lattice vector in

a direction perpendicular to the plane of the two-dimensional system in the original

model itself (Fig. 2.1). The DSM state with AFM order is obtained only for a very

narrow window of SOC centered around λ ∼ 0.8, which is sandwiched in between the

DSM state without magnetic ordering and the AFM insulating state (AFM-I). The
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Figure 2.3: Phase diagram in the λ−U space in the range 4 ≤ U ≤ 8 and 0 ≤ λ ≤ 1.0
at half-filling (n = 1.0). DSM state with AFM order is obtained only for a very narrow
range of λ which separates the DSM state without magnetic order (DSM-NM) and
the AFM insulating state (AFM-I).

DPs occur at the momenta k = (π, ky0) and (π, π − ky0) with sin ky0 = ∆x/2λ [6].

Therefore, whenever the self-consistently obtained exchange field satisfies the condi-

tion 0 < ∆x ≤ 2λ, the AFM-DSM state is obtained, ∆x = 0 corresponds to DSM-NM

state, and ∆x ≥ 2λ is satisfied in the AFM-I state.

Fig. 2.4 shows the electronic dispersion in the three phases for a fixed Coulomb

interaction parameter U = 5.0 and different values of SOC parameter λ. In Fig. 2.4(a),

the bulk dispersion is obtained for λ = 0.4 corresponding to the normal insulating

state with AFM order indicated by a gap opening at the Fermi level. The gap opening

disappears when SOC is increased and two DPs appear along X1-M but they are

located away from the high-symmetry points X1 and M (Fig. 2.4(b)), where the high-

symmetry points X1, X2, M, etc., in the first BZ, are shown in Fig. 2.2. The energy

dispersion in the vicinity of DPs can be obtained from (2.3.11), which is

Ek = ±2
√

(λ2 + t2 cos2 ky0/2)q2x + (λ2 cos2 ky0)q2y. (2.4.1)

These DPs are protected by glide mirror symmetry {Mx̂|120} while the dispersion in

their vicinity is independent of magnetic moment. For λ = 1.0 (Fig. 2.4(c)), the

magnetic moment vanishes, therefore, three DPs are obtained at the time-reversal

invariant momenta, i.e., X1(π, 0), M(π, π) and X2(0, π) of the Brillouin-zone boundary.
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Figure 2.4: For U = 5, electronic dispersions are plotted when (a) λ = 0.4, (b)
λ = 0.7 and (c) λ = 1.0. For these three different values, normal insulator, DSM
state with antiferromagnetic order and without any magnetic order are obtained,
respectively. In each case, the DPs are protected by the non-symmorphic symmetries.

These DPs are protected either by the screw axes {C2x̂|120} and {C2ŷ|01
2
} or by glide

mirror plane symmetry {Mẑ|12
1
2
} as the system has now both T and P symmetry

intact in the absence of any magnetic moment [3].

2.5 Chern number

The topological charge i.e., the Chern number associated with DPs should vanish as

the degenerate bands have opposite chirality. The Chern number can be calculated

with the help of the Berry flux, which is same as the line integral of the Berry connec-

tion along the boundary of the BZ, which includes one of the DPs. Thus, the Berry

flux is given by

ϕn =

∫
BZ

Bn(k) · dS (2.5.1)

where n is the band number. The berry curvature can be written in terms of Berry

connection An(k) as

Bn(k) = ∇×An(k) (2.5.2)
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Figure 2.5: Berry connection plotted for the two individual bands in the whole
Brillouin for the AFM-DSM state. The two DPs shown in Fig. 2.4(b) are denoted by
D1 and D2. The Berry connection for the different but degenerate bands has opposite
signs as indicated by the clockwise and counterclockwise rotations in the two plots.

or equivalently as a line integral due to Stoke’s theorem. The Berry connection for

the nth band is

An(k) = i⟨ψnk|∇k|ψnk⟩. (2.5.3)

ψnk denotes the eigenfunctions of the Hamiltonian (2.3.10) for the nth band.

Fig. 2.5(a) and (b) show the Berry connection plotted for the AFM-DSM state in

the entire Brillouin zone. The rotation of the Berry connection for the two degenerate

bands around each of DPs are opposite to each other whereas the chirality of one of

the bands is -1 while for the other it is 1. Thus, the total Chern number vanishes for

the degenerate bands, ϕ =
∑

n ϕn = 0 for each DPs.

2.6 Edge states

The edge states, in the topological insulators, are pairs of states with opposite spins

propagating in directions opposite to each other. The dispersion of the edge state

crosses the Fermi level and appears as a bridge between the bands corresponding to

valence and conduction electrons [8]. They are also supported in systems such as Dirac

and Weyl semimetals. There are numerous examples including the localized flat edge

states in the quasi-one-dimensional graphene ribbons of zigzag shape [9–13]. While

the edge states in graphene are attributed to the Dirac cones, these states may even be

found in their absence when degeneracy occurs at high symmetry points [14, 16, 29].

Recent studies have explored the edge states in the Weyl semimetals without any

magnetic order when the time-reversal symmetry is broken in the nonsymmorphic
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system [17].

Here, we examine the edge-state dispersion in the Dirac semimetallic state with

AFM order in quasi-one dimensional system. It may be noted that the nature of

the edge state may depend on how the in-plane magnetic moments are oriented with

respect to the ribbon length, as the four-fold rotation symmetry is broken. First,

we consider a ribbon of width W lying along the y direction so that ky becomes a

good quantum number. The ribbon Hamiltonian HRby is constructed in the sublattice

and spin basis as (1A ↑, 1A ↓, 2B ↑, 2B ↓, · · · ), where the indices 1, 2, · · · denote the

chain numbers across the finite direction. The system is assumed to be finite along

the x-axis and translationally invariant (infinite) along the y-axis, which renders the

Hamiltonian pseudo-real.

To exploit the translational symmetry along y, the hopping and interaction terms

in that direction are Fourier transformed, while the terms along the finite x-direction

are retained in real space. This mixed representation leads to a block Hamiltonian

of dimension 2W × 2W where W is the number of atomic chains in the ribbon. The

resulting Hamiltonian takes the form:

HRby(k) =



H1+ H2 H3 O · · ·
H†

2 H1− H2 H3 · · ·
H†

3 H†
2 H1+ H2 · · ·

O H†
3 H†

2 H1− · · ·
...

...
...

...
. . .


, (2.6.1)

where

H1± =

(
0 ±(−2λ sin ky +∆x)

±(−2λ sin ky +∆x) 0

)
,

H2 =

(
2t cos(ky/2) 0

0 2t cos(ky/2)

)
and

H3 =

(
0 −λ
λ 0

)
.

H1± is the element in a matrix form of Hamiltonian corresponding to a single chain

whileH2 andH3 matrices connect a chain to the nearest and the next-nearest neighbor

chains.

Fig. 2.6 shows the edge states obtained for three different cases when the number

of chains is even. The results are the same for an odd number of chains. In the DSM
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Figure 2.6: Edge-state dispersions and bulk bands for a ribbon of width W = 50
lying along y direction and projected onto a one-dimensional Brillouin zone for λ = 0.7
and (a) U = 0.0, (b) 5.0 and (c) 8.0. The edge-state dispersion crosses each other at
the same points as the bulk bands at the Fermi level and disappear beyond Us, which
indicates appearance of a normal insulator.
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state without AFM order, when the Hubbard interaction U = 0, the edge states cross

the Fermi energy at ky = 0, π and 2π. However, in the DSM state with AFM order,

the crossing points shift away towards a point in between ky = 0 and π. There exists

a special Us for a given value of λ, where the crossing coincides. Beyond that Us, i.e.,

in the insulating state, there are no states crossing the Fermi energy, indicating the

appearance of a normal insulator.

Next, we consider a ribbon of width W lying along the x-direction. The Hamil-

tonian matrix corresponding to this ribbon also has size 2W × 2W and it is given

by

HRbx(k) =



H ′
1+ H ′

2 H ′
3 O · · ·

H ′†
2 H ′

1− H ′
2 H ′

3 · · ·
H ′†

3 H ′†
2 H ′

1+ H ′
2 · · ·

O H ′†
3 H ′†

2 H ′
1− · · ·

...
...

...
...

. . .


, (2.6.2)

where

H ′
1± =

(
0 ±(−2iλ sin kx +∆x)

±(2iλ sin kx +∆x) 0

)
,

H ′
2 =

(
2t cos(kx/2) 0

0 2t cos(kx/2)

)
and

H ′
3 =

(
0 iλ

iλ 0

)
.

H ′
1±, H

′
2 and H ′

3 are matrices as described before except that now they are part of

the Hamiltonian for a ribbon oriented along x axis.

Fig. 2.7 shows the edge states obtained when the chains as well as the magnetic

moments are oriented along the x direction. In the DSM state without any AFM

order, the nature of the edge state, as expected, is the same as the case when the

ribbon was oriented along the y axis. However, we find that the edge state crosses

the Fermi level at kx = π in the DSM state with AFM order. The location of the

crossing does not change upon increasing U , which is not unusual as the DPs are found

along high-symmetry direction for kx = π although the size of the magnetic moments

increases with interaction. Finally, the crossing disappears at Us and beyond.

It may be noted that there exists an anisotropy in the edge-state spectra in the x

and y directions for a finite U . In the AFM-DSM state, the magnetic moments are

aligned along the x-direction, which introduces directional anisotropy in the band-
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Figure 2.7: Edge-state dispersions for a ribbon of width W = 50 oriented along x
direction compared to the bulk bands, which are projected onto a one-dimensional
Brillouin zone for λ = 0.7 and (a) U = 0.0, (b) 5.0 and (c) 8.0.
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Figure 2.8: Electronic dispersion is plotted along the high symmetry directions
(a) when the magnetic field-like term is applied along the x axis for the parameters
∆x ≈ 0.45 and Bx = 0.6. The Dirac points are split into Weyl nodes along X1-M and
an additional pair of Weyl nodes emerge along Γ-X2 as a result of perturbation.

structure. When the ribbon is extended along the x-direction, the magnetic moments

are aligned parallel or antiparallel to the chain direction. In contrast, for ribbons

extended along the y-direction, the magnetic moments are oriented perpendicular to

the chain. This directional dependence leads to the anisotropy.

2.7 Weyl points

Next, we address the question of whether a semimetallic state can be obtained in

the presence of a magnetic-field like term. In this case, the PT symmetry effected

by iσyKτ1 is preserved, where K is the complex conjugation operator. The conse-

quence of a magnetic field-like term on the electronic dispersion can be obtained by

incorporating the term

Hm = Bxσx ⊗ τ0 (2.7.1)

into the Hamiltonian ((2.3.10)), whereBx is a parameter corresponding to the strength

of the magnetic field-like term. Then, the electronic dispersion is given by

Ek =

±
√
±2
√
B2

x(ε
2
k +∆′2

xk) +B2
x + ε2k +∆′2

xk +∆′2
yk +∆2

z.

(2.7.2)

The dispersion is plotted in Fig. 2.8 for ∆x ≈ 0.45, λ = 0.7, and Bx = 0.6. All

the three DPs in the presence of any exchange field and magnetic field-like term are

split into Weyl points. One pair of Weyl points X2± are located along kx = 0 at ky0
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Figure 2.9: To highlight the Weyl points, the dispersion in Fig 2.8 is replotted for
(a) kx = 0 and (b) kx = π separately when ky is varied from −π to π. In addition to
the two DPs, which are split into two Weyl points, an additional pair of Weyl points
may also be noticed.
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Figure 2.10: Edge-state dispersion for a ribbon extended infinitely along y direction
and having a finite width W = 50 in the presence of magnetic field-like term. ∆x ≈
0.45 and Bx = 0.6

determined by the condition

16 cos2 ky/2 + (∆x − 2λ sin ky)
2 = B2

x (2.7.3)

provided that the solution exists. On the other hand, two pairs of Weyl points X1± and

M± are found at ky0s given by ky0 = arcsin(±Bx+∆x)/2λ and ky0 = π−arcsin(±Bx+

∆x)/2λ along X1-M for kx = π ((Fig. 2.9(a) and (b)). The Weyl points along kx =

0 and π are accidental as they are not protected by any symmetry, particularly,

the nonsymmorphic symmetry {C2y|01
2
} is already broken. Whether the DPs are

split into Weyl points or the state turns into a normal insulator is determined by

presence of magnetic field-like term or the Hubbard on-site interaction U . Moreover,

the accidental degeneracy expected to occur along X2-M in the absence of AFM order

is absent [17]. Formation of Weyl points is accompanied by the edge states, which are

shown in Fig. 2.10 for a ribbon of infinite length along the y axis and having a finite

width W = 50 along x axis. The edge states are the projections of the Weyl points

in the bulk which are accompanied by the flat bands connecting the Weyl nodes with

opposite Chern numbers. They are distinctly seen to be present for each pair of Weyl

points.

In order to compute the Chern number, the Hamiltonian in the presence of mag-

netic field-like term can reduced to a simple form by the following unitary transfor-
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Figure 2.11: Berry connection plotted for a pair of Weyl points X2+ and X2−
obtained when an external magnetic field-like term is applied along x-direction. The
Weyl points for the given pair possess winding numbers -1 and +1 depending on the
clockwise and anticlockwise rotations.

mation

U =
1√
2

(
σ0 σx

σz −iσy

)
. (2.7.4)

After the transformation, the Hamiltonian becomes

H′
= U−1HU =

(
H− Bxσ0

Bxσ0 H+

)
. (2.7.5)

Here, H+ = H†
− = d · σ with d = {∆′

xk,∆
′

yk, ϵk} and σis are the Pauli matrices.

The above Hamiltonian H′
reduces to the block diagonal form in the absence of

any external magnetic field-like term. This form of the Hamiltonian can be used to

calculate the Chern number for the various Weyl points.

The Berry connection for a pair of Weyl points X2+ and X2− is shown in Fig 2.11.

Each Weyl point has a winding number as -1 or +1 depending on the clockwise or

counterclockwise rotations of the Berry connection. As expected, the total rotation

of a single pair of Weyl point vanishes.

2.8 Summary

To summarize, we have examined the possible existence of Dirac semimetallic state

with AFM ordering within one-orbital Hubbard model with second-neighbor spin-

orbit coupling and nearest-neighbor hopping. In the non-symmorphic symmetry, when

the magnetic moments are directed along the x axis in the antiferromagnetic arrange-
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ment, we obtain the phase diagram in the interaction vs spin-orbit coupling parameter

space. The nature of edge states is uncovered for different relative orientations of mag-

netic moments with respect to ribbon geometry. Our findings also suggest that the

topological semimetallic state with AFM order may not be stabilized unless the mag-

netic moments are forced to align along the line segments joining nearest neighbor

atoms in a particular sublattice. On the other hand, a Weyl semimetal is obtained

when a magnetic field-like term is incorporated along a direction which is the same

as that of magnetic moments.

There is no significant qualitative change in the U − λ phase diagram when the

temperature is varied. This is because, in the static meanfield theoretic approach, a

phase transition from magnetic to non-magnetic order occurs through the melting of

magnetic moment, i.e. the magnetic moment for a given set of parameter decreases

with increase in temperature and vanishes at the critical temperature. Therefore,

the effect of increase in temperature is expected to shift the phase boundaries, i.e.,

both the phase boundaries, separating DSM-NM and DSM-AFM, and separating

DSM-AFM and AFM-I will shift downwards in the λ vs U phase diagram. Secondly,

for large U , a more refined treatment for the phase diagram can be obtained with

Gutzwiller approximation (GA). The main consequence of GA is to renormalize U,

which leads to the reduction in the range of U for which the magnetically ordered

phase will be stabilized [18]. The effect of renormalization may get enhanced when

the frustration in the hopping process is incorporated.
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Chapter 3

Collective excitations in a TSM state with

AFM order in a non-symmorphic crystal

In this chapter, we investigate the collective excitation spectrum—specifically, the op-

tical conductivity and quasiparticle interference—in a topological semimetallic phase

exhibiting antiferromagnetic (AFM) order in a two-dimensional crystal possessing

nonsymmorphic symmetry.

3.1 A Comprehensive Overview

Collective excitations constitute a cornerstone of condensed matter physics, as they

encapsulate the emergent electronic, magnetic, and optical properties arising from

many-body interactions. These excitations originate from the correlated dynamics

of multiple degrees of freedom and cannot be adequately described within a single-

particle framework. In contrast to elementary excitations involving individual elec-

trons, phonons, or spins, collective modes emerge from the cooperative behavior of

charge, spin, lattice, and orbital degrees of freedom. As a result, they play a deci-

sive role in governing a wide range of physical phenomena, including unconventional

superconductivity, magnetic ordering, charge transport, optical responses, and the

realization of topological phases of matter [1]. Such excitations are ubiquitous across

diverse classes of materials, ranging from conventional metals and semiconductors to

strongly correlated electron systems and topological materials.

In systems with nontrivial band topology, collective excitations often acquire

distinctive characteristics due to the interplay between topology and fundamental

interactions such as electron–electron correlations, electron–phonon coupling, and

spin–orbit interaction [2, 3]. For example, the protected boundary modes in topo-

logical insulators and topological semimetals can be viewed as collective manifesta-

tions of the underlying bulk topology. Similarly, topological superconductors host

zero-energy Majorana modes at their surfaces or interfaces, which represent emergent

collective excitations with non-Abelian statistics and are of considerable interest for

fault-tolerant quantum computation [4,5]. In topological semimetals, including Dirac,
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Weyl, and nodal-line semimetals, collective excitations arise from low-energy quasi-

particles associated with symmetry-protected band crossings and strongly influence

transport, magnetic, and optical properties [6].

The importance of collective excitations is further amplified in materials exhibit-

ing magnetic order and additional broken symmetries, such as time-reversal symme-

try. In magnetically ordered systems, spin-dependent collective modes—most notably

magnons and spin-wave excitations—emerge as a consequence of long-range magnetic

order [7]. In iron-based pnictides, the parent compounds typically exhibit a spin-

density-wave (SDW) ground state, where the reconstructed electronic structure hosts

low-energy collective excitations that strongly couple to itinerant electrons [8]. Exper-

imental and theoretical studies have revealed the presence of Dirac-like quasiparticles

in the SDW phase of iron pnictides, highlighting a nontrivial interplay between mag-

netism, band topology, and collective modes [9, 10]. These excitations significantly

modify the low-energy electronic spectrum and leave clear signatures in optical, mag-

netic, and transport responses.

Among the experimental probes available to investigate collective excitations, op-

tical conductivity and quasiparticle interference (QPI) have emerged as particularly

powerful and complementary techniques, especially in strongly correlated systems

such as iron-based superconductors, high-Tc cuprates, and heavy-fermion materi-

als [11]. In the following, we briefly discuss their relevance for probing low-energy

dynamics.

1. Optical Conductivity: Optical conductivity characterizes the linear response

of a material to an external electromagnetic field over a broad frequency range

and is formally derived from the current–current correlation function. It pro-

vides direct access to charge dynamics and collective modes [12].

• At low frequencies (infrared to terahertz), optical conductivity captures

intraband transitions, Drude response (free carrier motion), and collective

modes (e.g., plasmons).

• It reflects low-energy gap openings such as superconducting gap, pseudo-

gap, electronic states in the vicinity of the Fermi level, inelastic scattering

processes and many-body renormalizations.

In iron pnictides, optical conductivity measurements have played a crucial role

in identifying SDW-induced gap openings, Dirac-like linear dispersions, and the

evolution of electronic correlations across magnetic and superconducting phase

transitions [13,14].
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2. Quasiparticle Interference: Quasiparticle interference arises in scanning tun-

neling microscopy and spectroscopy (STM/STS) experiments as a result of the

elastic scattering of quasiparticles from impurities or defects, leading to spa-

tial modulations in the local density of states (LDOS). Fourier transformation

of these real-space modulations yields momentum-resolved information about

quasiparticle scattering processes [15].

• QPI maps out the dispersion of quasiparticles near the Fermi surface.

• Used to study superconducting gap symmetry, bandstructure near the

Fermi level, electron-phonon coupling effects at low energies, etc.

Owing to the sub-meV energy resolution achievable in STM/STS experiments,

QPI provides a highly sensitive probe of low-energy quasiparticle and collective

excitations, making it particularly suitable for investigating Dirac fermions and

SDW-related band reconstruction in iron-based superconductors [16].

In the following analysis, we examine the optical conductivity and quasiparticle

interference (QPI) patterns of a two-dimensional (2D) Dirac semimetal exhibiting

antiferromagnetic (AFM) order. This magnetic phase was previously explored in the

context of a 2D AFM-ordered crystal possessing non-symmorphic symmetry. To this

end, we consider a square lattice with a single orbital per site. The unit cell consists of

two distinct atomic species, forming a bipartite (two-sublattice) structure with lattice

vectors defined as a⃗ = (1, 0, 0) and b⃗ = (0, 1, 0).

To introduce non-symmorphic symmetry, atoms labeled A and B within the unit

cell are displaced slightly along the perpendicular ±z directions by equal fractions

of the lattice constant. This structural configuration facilitates the presence of next-

nearest-neighbor spin–orbit coupling (SOC). Additionally, when the magnetic mo-

ments are oriented along the line connecting atoms of the same sublattice, the result-

ing Dirac points are preserved by the combined action of time-reversal and inversion

symmetries, despite the fact that each symmetry is individually broken. The corre-

sponding real-space Hamiltonian was presented earlier in Eq. (2.2.2). The mean-field

decoupled Hamiltonian, along with its Fourier-transformed counterpart in momentum

space, is provided in the set of equations eqs. (2.3.7) to (2.3.11).

Different states may emerge in the U -vs-λ parameter space when the magnetic

moments are aligned along the x-direction, including antiferromagnetically ordered

Dirac semimetal (AFM-DSM) protected by glide mirror symmetry {Mx̂|120}, DSM
with nonmagnetic order (DSM-NM), and AFM insulating (AFM-I) states. In the

following, we use ∆x = 0.62, 0, and 1.9 in the unit of t, respectively, for the AFM-

DSM, DSM-NM, and AFM-I states. On the other hand, when another symmetry
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breaking term equivalent to a magnetic field along the x-direction is incorporated,

Dirac points split into pairs of Weyl nodes, forming a Weyl semimetallic state. The

chosen set of parameters is ∆ ≈ 0.45, λ = 0.7, and Bx = 0.6. In that case, the

Hamiltonian is modified by incorporating the term given by Eq. 2.7.1 in Eq. 2.3.10.

3.2 Optical conductivity

The low-energy part of different types of excitations for a TSM is expected to be

strongly influenced by the presence of topologically protected band crossings at the

Fermi level. To explore the impact, we investigate charge dynamics by studying the

optical conductivity in the two orthogonal directions, σν (ν = x, y), using Kubo’s

formula [12, 17], which is defined as the real part of the current-current correlation

function, expressed as

σµν(ω) =
1

ω
ImΠR

µν(ω + i0+) (3.2.1)

where ΠR
µν(ω) is the retarded current-current correlation function. µ, ν ∈ {x, y, z}

denote the Cartesian coordinates. The current-current correlator in the Matsubara

frequency space can be computed as

ΠR
µν(iωn) =

∫ β

0

dτeiωnτ ⟨Tτ [Ĵµ(τ), Ĵν(0)]⟩ (3.2.2)

Here β = 1
kT

is the inverse temperature. ωn = 2πn/β are bosonic Matsubara fre-

quencies and Ĵµ(t) denotes the current operator. iωn = ω + i0+ is used for analytic

continuation.

For a system described by a HamiltonianHk with AFM ordering (given by Eq. (2.3.10)),

the real part of the optical conductivity in a direction ν at zero temperature can be

written in terms of single particle bands as [17, 18]

σν(ω) = Dνδ(ω) +
π

N

∑
k,n ̸=n′

|jνnn′(k)|2

εn′k − εnk

× θ(εn′k)θ(−εnk)δ(ω − εn′k + εnk), (3.2.3)

where Dν denotes the Drude weight given by

Dν

2π
=

π

2N

∑
k

T ν
nn(k)θ(−εnk)−

π

N

∑
k,n ̸=n′

|jνnn′(k)|2

εn′k − εnk

× θ(εn′k)θ(−εnk). (3.2.4)

εnk represents the single-particle energy, θ is the step function, and n (or n′) denotes
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the band index. Furthermore, the kinetic energy (T µ
nn) and the current (jµnn′) operators

along different directions can be written as the double and single derivatives of the

Hamiltonian matrix, defined as:

T ν
nn =

∑
σσ′

T ν:σσ′

nn =
∑
k,σ,σ′

∂2Hσσ′(k)

∂k2ν
c∗knσcknσ′ ,

jνnn′ =
∑
σσ′

jν:σσ
′

nn′ = −
∑
k,σ,σ′

∂Hσσ′(k)

∂kν
c∗knσckn′σ′ . (3.2.5)

cknσ represents the matrix element belonging to the unitary transformation that

maps the spin and sublattice basis onto the band basis. The Hamiltonian, defined by

Eq. (2.3.10)) can be rewritten as Ĥσσ′(k) = εkσ0τ0 + (gk ·σ)⊗ τz +∆xσx ⊗ τz. Here,

εk = 4t cos(kx/2) cos(ky/2) and gk · σ = (−2λ sinky, 2λ sinkx, 0) belonging to the

AFM ordered system. It may be noted that the Hamiltonian Ĥ(k) breaks both time-

reversal symmetry (T ) and inversion symmetry (P). In the numerical evaluation,

the δ-function is approximated by a Lorentzian with a small broadening parameter,

which is chosen to be the same along both directions.

Fig. 3.1 shows the electronic band dispersion, density of states (DOS), and op-

tical conductivity in the Dirac-semimetallic state of the unordered state of a non-

symmorphic crystal. The Dirac points occur at the high-symmetry points X (π, 0),

Y (0, π), M (π, π). The DOS has four peaks in the whole energy range, which are

placed symmetrically across the Fermi level (ω = 0). The nearest and farthest peaks

are located at |ω| ∼ 2 and ∼ 4, respectively. This aspect is also reflected in the optical

conductivity (σ(ω)), which exhibits peaks near ω ∼ 4 and 8. These peaks arise be-

cause of the interband transition between the states associated with the band extrema

located near a point such as Γ and a point in the middle of X and M. Moreover, as

expected, the almost constant low-energy characteristics of the optical conductivity

follow those of a typical topological semimetal. No anisotropy exists without magnetic

order as σx(ω) = σy(ω).

Next, we consider the case of the AFM-DSM state with magnetic moments aligned

along the x direction. In this state, the Dirac fermions at Y become massive, and the

dispersion becomes gapped. On the other hand, the Dirac points originally at X and

M move towards each other along X-M. This is displayed in Fig. 3.2, which shows

electronic band dispersion along X (π, 0) →M (π, π) in the AFM-DSM state that hosts

two distinct Dirac points, labeled D1 and D2. Each of these points exhibits a two-

dimensional Dirac character, with linear dispersion in the vicinity of the crossing along

two mutually perpendicular momentum directions. This linear behavior is explicitly
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Figure 3.1: (a) Band dispersion in the DSM-NM state. DPs are obtained at high-
symmetry points such as (0, π), (π, 0), (π, π). (b) DOS (N(ω)) and (c) optical conduc-
tivity as a function of ω in the unordered state. x and y-components of conductivity
have the same magnitudes.

illustrated in the inset panels, where (a) and (b) correspond to the momentum cuts

throughD1, and (c) and (d) correspond to those throughD2. Such linear dispersion in

both principal directions is a defining feature of Dirac quasiparticles, in clear contrast

to semi-Dirac systems, which display linear dispersion along one momentum direction

but quadratic dispersion along the other.

An important consequence of the AFM order is the suppression of the peak in

DOS at |ω| ∼ 4 (Fig. 3.3(a)) because of the reduction in flatness of the dispersion

around Γ. The peak near |ω| ∼ 2 is split into two because of the asymmetry induced

by the AFM order along Γ-X and Γ-Y. An additional very small cusp near ω ∼ 0.8

arises due to the interband transition between the extrema of bands along X-M (not

shown).

One remarkable feature of the optical conductivity in the AFM-DSM state is that

it is highly anisotropic, i.e., σx(ω) ̸= σy(ω). σy < σx for smaller as well as larger ω,
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whereas the nature of anisotropy reverses in the intermediate range of ω (Fig. 3.4(a)).

Here, it is worthwhile to note that there is no anisotropy in the absence of spin-orbit

coupling despite the fact that magnetic moments are aligned along the x direction.

This is not surprising, as in that case, four-fold rotation symmetry associated with the

nearest-neighbor hopping has been considered, and SU(2) symmetry is also present.

Thus, the orientation of magnetic moments in the AFM-ordered state does not intro-

duce anisotropy when there is SU(2) rotation symmetry in the absence of SOC. Thus,

the interplay between SOC and the direction of magnetic moments is responsible for

anisotropy in the optical conductivity. Even in the DSM state with antiferromagnetic

order, low-energy characteristics of optical conductivity, typical of DSM state without

magnetic order, persists.

Fig. 3.5(a) shows the Drude weight as a function of the chemical potential along x

and y directions. On the expected line, it is also anisotropic. However, the degree of

anisotropy is not as pronounced as in the low-frequency region of optical conductivity.

The overall behavior of the anisotropy of the Drude weights quantified by the ratio

Dx/Dy as a function of µ, it is not far away from ∼ 1.0 in a major region with
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|µ| ≳ 1, in contrast with the anisotropy in optical conductivity for smaller frequency

(σx/σy ∼ 2). It is only when µ is small, Dx/Dy → 2.

It may be noted that, in the Dirac semimetallic state, the density of states at

the Fermi level becomes vanishingly small. Consequently, the Drude weights in both

directions are suppressed; however, the ratio Dx/Dy ∼ 1.7 while σx/σy ∼ 2. Thus, as

ω moves away from 0, the anisotropy contributions from ω-dependent parts become

increasingly important. Furthermore, the nature of anisotropy gets reversed at |µ| ≈
1.5.

In the presence of a term like σx⊗σ0 given by Eq. (2.7.1), the band degeneracy is

lifted and each Dirac point splits into a pair of Weyl points. One such pair emerging

along the (π, 0) → (π, π) direction is illustrated in Fig. 3.6(a). The dispersion in the

vicinity of these Weyl points is linear. A second pair of Weyl nodes appears along the

Γ(0, 0) → Y (0, π) direction. As a consequence, the number of cusps in the DOS is

nearly doubled (Fig. 3.3(b)), which is also reflected in the form of multiple peaks in the

optical conductivity (Fig. 3.4(b)). The locations of split peaks are slightly shifted, and

the anisotropy continues to exist with nearly the same degree and nature. The low-

energy peaks obscure low-energy behavior of the optical conductivity, and therefore,

the constant behavior is not so evident. The Drude-weight anisotropy is negligible

for µ ∼ 0 (Fig. 3.5(b)). When |µ| is increased, the anisotropy first rises and then

diminishes afterward; the behavior is more or less similar to that in the AFM-DSM

state.

Figs. 3.3(c) and 3.6(b) show DOS and band dispersion in the AFM-I state in the

absence of any magnetic field. The existence of conductivity anisotropy, even in this

state, indicates that it is not exclusively a characteristic of the TSM state (Fig. 3.4(c)).

Like the topological semimetallic states, it arises because of the interplay between SOC

and the orientation of magnetic moments. The conductivity anisotropy is large in the

vicinity of ω ∼ 4.0. The Drude weight anisotropy is weak. It is non-vanishing only

for significant chemical potential and is seen to be weakly anisotropic Fig. 3.5(c)).

3.3 Quasiparticle Interference due to a single im-

purity

Quasiparticle interference is another powerful tool that can reveal the nature of elec-

tronic states in the vicinity of Fermi surfaces. In particular, it can provide important

insight into the orientation of electronic spin as one moves along the constant-energy

surfaces in the vicinity of symmetry-protected band crossing of topologically non-
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trivial nature. In the vicinity of Dirac/Weyl points, the back-scattering process in

the quasiparticle interference is not allowed. However, the scenario is considerably

simplified when such topological systems are accompanied by magnetic order and can

be responsible for interesting QPI patterns.

Theoretically, QPI can be studied by analyzing the modulation in the density of

states (DOS) induced by a single impurity, which requires the use of Green’s function

formalism. The change in the Green’s function due to the impurity atom with a

δ-potential can be obtained by using the T -matrix approximation [19, 20], which is

given by

δĜ(k1,k2, ω) = Ĝ0(k1, ω)T̂ (ω)Ĝ
0(k2, ω), (3.3.1)

where Ĝ0(k, ω) = (Î(ω + iη) − Ĥσσ′(k))−1 is the free particle Green’s function. The

scattering matrix T̂ is obtained from the Lippmann-Schwinger equation and is ex-

pressed in terms of the Green’s function and impurity potential as:

T̂ (ω) = (Î − V̂ mĜ0(ω))−1V̂ m, (3.3.2)

where the Green’s function summed over all momenta in the Brillouin zone is defined

as:

Ĝ0(ω) =
1

N

∑
k

Ĝ0(k, ω). (3.3.3)

We consider scattering in both the magnetic and nonmagnetic channels. Furthermore,

we consider the scenario in which the single impurity is placed on any of the two

sublattices, possibly leading to different QPI patterns. Thus, impurity scattering

matrix V m
i is defined as

V̂ m
i = V̂1 ⊗ σ̂i,

where the form of V̂1 depends on whether the impurity is placed on sublattice A or

B, defined as

V̂1 = Vo

(
1 0

0 0

)
(sublattice A) (3.3.4)

and

V̂1 = Vo

(
0 0

0 1

)
(sublattice B), (3.3.5)

Thus, the matrix V m
i becomes a 4× 4 scattering matrix, expressed in terms of Pauli

matrices σi(i = 1, 2, 3) or σ0 is a 2× 2 identity matrix. The former corresponds to a

magnetic impurity and latter to the nonmagnetic one. In case, one considers only σi,

it means that the magnetic impurity has spin pointing along x direction. We set the

scattering potential parameter Vo = 0.1 for subsequent analysis. Finally, the change
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in DOS, δρ(q, ω), caused by impurity scattering is given by

δρ(q, ω) = − 1

π
Im
∑
k

Tr
[
Ĝ0(k, ω)T̂ (ω)Ĝ0(k+ q, ω)

]
(3.3.6)

The above expression represents the Fourier-transformed modulation of the local den-

sity of states arising from elastic scattering processes between quasiparticle states with

momenta k and k + q. The quantity δρ(q, ω) thus encodes the interference pattern

generated by multiple scattering channels allowed in the system. The imaginary part

in Eq. (3.3.6) corresponds to the dissipative (spectral) component of the LDOS modu-

lation and is directly related to the experimentally measurable differential conductance

in Fourier-transform scanning tunneling spectroscopy (FT-STS) experiments.

Peaks in δρ(q, ω) signify dominant scattering vectors q connecting regions of high

spectral weight on the constant-energy contours of the band structure. These vectors

correspond to elastic scattering processes between equal-energy quasiparticle states

and thus provide a direct mapping of the underlying Fermi surface topology and the

anisotropy of low-energy excitations.

Figure 3.7 shows the constant-energy contours in the vicinity of Dirac points at

different energies in the (a) DSM-NM and (b) AFM-DSM states. A notable distinction
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Figure 3.8: (a) The spectral function A(k, ω) and (b) the corresponding QPI pattern
for a nonmagnetic impurity placed inside a sublattice A. The second row displays the
QPI patterns for a spin-polarized impurity oriented along the x-direction, with the
impurity situated on (c) sublattice A and (d) on sublattice B. The third row shows
the QPI patterns for spin polarization along the (e) y-axis and (f) z-axis, respectively.
All calculations are carried out at a fixed energy of ω = 0.2 in the AFM-DSM state.
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exists in the ellipticity of pockets in these two cases. In the DSM-NM phase, the

pockets around (π, 0) expand uniformly while maintaining nearly constant ellipticity,

which results from unequal coefficients of qx and qy, and it can easily be noticed from

the effective Hamiltonian. The contours are nearly circular around (π, π) as these

coefficients are equal. On the other hand, in the AFM-DSM phase, the constant-

energy contours show more deviation from the circular shape and a simultaneous

increase in both the size and ellipticity of the pockets with energy. These variations

in pockets’ morphology can be instrumental in understanding the features of QPI

patterns.

Understanding the QPI patterns purely from the distribution of A or B sublattice

contributions along CECs or from the electronic spin contributions is tedious. The

complication results from using real and momentum-space basis together to construct

the Hamiltonian and its eigenvectors to examine the nature of the quasiparticle states

along the contours. There is no continuous distribution of sublattices along the CECs.

For the same reason, we find no continuous distribution of spin orientation along the

CECs.

Fig. 3.8(a) shows the constant energy surface for ω = 0.2 in the AFM-DSM state.

There are two pairs of pockets, one pair along X1(π, 0) → M1(π, π), and the other

pair along X2(−π, 0) → M2(−π, π). It may be noted that the electronic spin can be

oriented either along positive or negative x axis only.

First, we examine the role of a nonmagnetic impurity placed inside a sublattice A,

on the QPI patterns (Fig. 3.8(b)). A nonmagnetic impurity does not change the spin

state of an electron getting scattered; i.e., an electron with a particular spin state will

scatter to a spin state with the same orientation. This is possible for both the intra-

and inter-pocket scattering processes. The pattern appearing near Γ results from the

intrapocket scattering, while the other two result from the interpocket scattering.

Next, we consider QPI patterns generated by an impurity placed inside a sub-

lattice: A or B. Note that the patterns resulting in the two cases are not identical.

Figs. 3.8(c) and (d) show the QPI patterns generated by the magnetic impurity when

it is aligned along the x-axis. It may be noted that when σx operates on a spinor,

the result is a spinor with switched components. Thus, if the magnetic impurity is

aligned along the x direction, then the strongest scattering will be allowed only when

a state to which the quasiparticle scatters exists with a spinor having maximum pos-

sible inner product with the spinor of quasiparticles with switched components. The

patterns generated because of the magnetic impurity are similar when the impurity

was nonmagnetic. However, there are several important differences with respect to

the case of nonmagnetic impurities. There is no pattern near Γ, and for the patterns

63



along Γ-Y1 and Γ-Y2, upper and lower parts have modulations of opposite sign. The

patterns are modified in such a way that the sign of density modulation is reversed

when the same impurity is placed in the sublattice B.

Fig. 3.8(e) shows the QPI patterns when the magnetic impurity is oriented along

the y direction. When σy operates on a spinor state, it not only switches components

but also introduces an important phase difference. The result is a much more complex

pattern, which consists of a pocket-like structure near Γ and along Γ-Y1 and Γ-Y2.

Again, the sign of density modulation reverses if the impurity atom is placed inside

the sublattice B. Similarly when the impurity is oriented along the z direction, similar

complexity continues to exist (Fig. 3.8(f)), however, in this case, there does not exist

any difference which is dependent on whether the impurity atom is placed in the

sublattice A or B.

3.4 Summary

The work carried out here provides important insight into the low-energy charge

dynamics and quasiparticle scattering phenomena in a two-dimensional topologi-

cal semimetal with a checkerboard-type antiferromagnetic (AFM) order realized in

a non-symmorphic crystal. By employing a Hubbard Hamiltonian incorporating

nearest-neighbor hopping, next-nearest-neighbor spin–orbit coupling (SOC), and on-

site Coulomb interactions, we have demonstrated how the interplay between the mag-

netic moment ordering and SOC gives rise to pronounced anisotropy in both the

optical conductivity and quasiparticle interference (QPI) responses.

The optical conductivity analysis reveals a distinct anisotropy between σx(ω) and

σy(ω), which is absent in the nonmagnetic DSM phase. It is noted that the SOC alone

does not generate anisotropy if magnetic moments vanish. Similarly, the anisotropy is

absent when AFM order exists in the absence of SOC. This indicates that anisotropy

originates solely from the interplay between SOC and the orientation of AFM mo-

ments, rather than from magnetic ordering alone. The emergence of optical anisotropy

thus directly offers a clear experimental signature of the coupling between spin–orbit

interaction and magnetic order in two-dimensional topological semimetals.

When the band degeneracy is lifted as a result of the application of magnetic

field along the magnetization direction, Dirac nodes split into pairs of Weyl points,

driving a DSM-WSM crossover. This transition is manifested in multiple additional

peaks in the optical conductivity and a doubling of density-of-states features, rep-

resenting the optical fingerprints of Weyl physics in two dimensions. Importantly,

the optical anisotropy persists across this transition, indicating that the fundamental
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symmetry-breaking mechanism remains operative even after the topological nature of

the quasiparticles changes.

Interestingly, the AFM insulating phase likewise retains finite optical anisotropy

despite the absence of gapless excitations. This persistence highlights that anisotropy

is not an exclusive property of the semimetallic state but a generic outcome of

rotational-symmetry breaking induced by SOC–magnetism coupling. Nevertheless,

the magnitude and spectral profile of the anisotropy differ substantially between the

insulating and semimetallic regimes, offering a clear spectroscopic distinction between

them.

The QPI analysis further corroborates the anisotropic character of the electronic

structure. The constant-energy contours acquire an elliptical form in the AFM–DSM

phase, and the resulting QPI patterns reflect this band anisotropy for nonmagnetic

impurities. In contrast, spin-polarized impurities selectively probe spin-resolved scat-

tering channels, unveiling the underlying spin texture of the quasiparticles, while

sublattice-selective scattering leads to measurable intensity variations. These findings

suggest that spatially resolved STM measurements can serve as a powerful experimen-

tal tool to detect the anisotropic Dirac cones.

To conclude, we have investigated the anisotropy in the electronic properties of

TSM with magnetic order and non-symmorphic symmetry. Despite a checkerboard-

type AFM order, the optical conductivity differs in two orthogonal directions, which

we believe originates from a subtle interplay between the particular orientation of

magnetic moments and SOC. The anisotropic behavior is further seen to exist in the

quasiparticle interference patterns when the impurity atoms are magnetic or non-

magnetic. Thus, the present study bridges the gap between nonmagnetic topological

semimetals and magnetically ordered correlated systems, revealing how controlled

variations in SOC strength, Coulomb interaction, and magnetic orientation can be

exploited to engineer diverse topological and transport phenomena.
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Chapter 4

Dirac semimetallic state in the striped

spin-density wave order

In the following chapter, we examine the possible existence of a Dirac semimetallic

state with (π, 0) spin-density wave (SDW) order in iron pnictides for realistic inter-

action parameters. By tuning the orbital splitting parameter, one can obtain a Dirac

semimetallic state with Dirac points at the Fermi level while simultaneously suppress-

ing additional Fermi pockets. We derive the necessary conditions—governed by the

band slopes and their orbital character—that facilitate the persistence of a semimetal-

lic state.

4.1 Introduction

Iron-based multiband superconductors have attracted considerable attention in recent

times because of their complex band structure [1,2] and a variety of phases they can

exhibit including unconventional superconductivity, nematic order, and other novel

phases [3, 4]. However, a renewed interest has been generated largely because of the

signatures of topological states obtained in this class of superconducting materials

[5, 6].

Evidences of Dirac cones in the four-fold rotational symmetry broken metallic

spin-density wave (SDW) state have been obtained through ARPES [7] and quantum

oscillation measurements [8], which was predicated to be gapless [9]. The SDW state,

with a collinear or striped magnetic order, consists of chains of magnetic moments

pointing along the same direction while the moments of the neighboring chains are

aligned along the opposite directions [10,11] [Fig. 4.1(a)]. This state, with an ordering

wavevector (π, 0), is considered widely to be a consequence of the inherent Fermi-

surface instability as there exists a very good nesting in between the hole- and electron-

pockets around Γ at (0, 0) and X at (π, 0) points, respectively [12–15].

The robustness of the Dirac cones and nodes originates from three symmetries

associated with the metallic SDW state: collinearity of the magnetic order, inversion

symmetry about an iron atom and another symmetry which combines together the
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time reversal and inversion of magnetic moments [9]. These cones in the SDW state are

not far away from the Fermi level [7]. Thus, there is a strong possibility of obtaining

a Dirac semimetallic (DSM) state with SDW order by tuning parameters accessible

through experiments, an aspect that remained unexplored in iron pnictides.

Evidence of topological features, such as dispersing surface states, has been ob-

tained both in the paramagnetic and metallic SDW phases, making iron pnictides a

promising platform for exploring topological semimetallic states [16]. A DSM state

is characterized by a linear band crossing of conduction and valence bands at the

Fermi level [17, 18]. The band-crossing point, also known as the Dirac point (DP),

is four-fold degenerate. The massless fermion in the vicinity of the DP, with several

novel electronic behavior [19–21], is described by the Dirac equation.

Therefore, in the following, we investigate the coexisting DSM with SDW order

within a minimal two-orbital model of iron pnictides. Among several parameters

whose variation do not affect the symmetries required for the stable Dirac cones, we

demonstrate that the position of the Dirac points relative to the Fermi level can be

controlled through the orbital splitting between the dxz and dyz orbitals, in addition to

the band filling. Experimentally, the latter can be controlled by charge carrier doping

but one cannot possibly remove the additional band crossings. In contrast, the former

can be achieved by applying in-plane stress on the sample. Another consequence of

orbital splitting is that the additional Fermi pockets, apart from the ones associated

with the Dirac cones, may disappear so that the resulting state has only Dirac cones

crossing the Fermi level leading to tiny Fermi pockets or DPs. In the latter case, the

state is a semimetallic SDW state, for which we calculate necessary conditions de-

pendent on orbital splitting and other parameters. In addition, linearized dispersions

are obtained near the Dirac points and the nature of associated edge states is also

studied.

4.2 Model and method

Iron pnictides exhibit a quasi-two-dimensional crystal structure, in which the square

lattices of Fe and As atoms are interleaved such that the As atoms are slightly dis-

placed above and below the center of each Fe square plane. As a result, the crystal-

lographic unit cell contains two Fe and two As atoms. The Fe 3d orbitals hybridize

with the As 4p orbitals, leading to a more intricate band structure. Band structure

calculations show that the primary contributions to the density of states (DOS) at the

Fermi level arise from the dxz, dyz, and dxy orbitals [14]. In the following, we focus on

a tight-binding Hamiltonian based on a minimal two-orbital model that incorporates
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only the dxz and dyz orbitals [13].

Hk =
∑
ij

∑
µ,ν

∑
σ

tµνij d
†
iµσdjνσ − δ

∑
i,σ

(d†ixzσdixzσ − d†iyzσdiyzσ) (4.2.1)

Here, tµνij represent the hopping amplitudes between orbitals µ and ν, including both

intra-orbital and inter-orbital processes up to first- and second-nearest neighbors. The

operators d†iµσ and diµσ create and annihilate, respectively, an electron with spin σ in

orbital µ at lattice site i. The second term with parameter δ takes into account the

orbital splitting (OS) between the two orbitals, which has been observed to exist up

to a very high temperature even beyond the SDW transition temperature [22,23].

The standard on site Coulomb interaction terms are

Hi = U
∑
iµ

niµ↑niµ↓ +

(
U ′ − J

2

)∑
i

niµniν

− 2J
∑
i

Siµ · Siν + J
∑
i,σ

d†iµσd
†
iµσ̄diνσ̄diνσ (4.2.2)

The first two contributions correspond to the intra-orbital and inter-orbital Coulomb

interactions, respectively, where niµσ = d†iµσdiµσ and niµ =
∑

σ d
†
iµσdiµσ. The remain-

ing two terms account for Hund’s exchange interaction and the pair-hopping process,

with the local spin operator defined as Sj
iµ =

∑
σσ′ d

†
iµσσ

j
σσ′diµσ′ and σ̄ denotes the

spin anti-parallel to σ. The relation U = U ′ + 2J is ensured to keep the rotational

symmetry intact.

Various interaction terms in the Hamiltonian can be meanfield decoupled in the
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SDW state, which yield terms bilinear in the electron creation (or annihilation) oper-

ator for the SDW state. These terms, when the magnetic moments are oriented along

z direction, are

H i
mf =

U

2

∑
kµσ

(
− sσmµ + nµ

)
d†kµσdkµσ

+

(
U ′ − J

2

) ∑
k,µ ̸=ν,σ

nνd
†
kµσdkµσ

− J

2

∑
k,µ ̸=ν,σ

σsmνd
†
kµσdkµσ. (4.2.3)

nµ and mµ are the orbital-resolved charge density and sublattice magnetization for

the orbital µ, respectively. s and σ are equal to 1 (-1) for A (B) sublattice and ↑
spin (↓ spin), respectively. The magnetic moments point in the upward (downward)

direction in the sublattice A (B), where the magnetic moments are considered to be

oriented along z direction, for simplicity. Thus, the unit cell in the SDW state consists

of two atoms each one from the A and B sublattices. The summation over k is in the

reduced Brillouin zone (Figs. 4.2(b) and (d)).

After combining the kinetic, OS, and meanfield decoupled interaction parts, the

Hamiltonian for the (π, 0) SDW state in two sublattice basis is

Hmf =
∑
kσ

Ψ†
kσ(T̂kσ + M̂kσ)Ψkσ, (4.2.4)

where the matrix elements Tµν
kσ and Mµν

kσ = −s∆µν + 5J−U
2

nµδ
µν are the kinetic

and interaction part contributions. s is +/− on A/B sublattice. The electron-

field operator is Ψ†
kσ = (d†Ak1σ, d

†
Ak2σ, · · · d

†
Bk1σ, d

†
Bk2σ, · · · ) and the exchange fields

are 2∆µν = U mµδ
µν + Jδµν

∑
µ̸=ν mν . The charge density nµ and magnetization mµ

are calculated self consistently by diagonalizing the Hamiltonian matrix presented in

Eq.(4.2.4). We have ignored the pair-hopping term as the contribution arising due to

it is negligibly small.

4.3 Two-orbital model

In the two-orbital model, the meanfield SDW Hamiltonian in the two sublattice basis

A with majority spin up and B with majority spin down is given by

HMF =
∑
k,σ

Ψ†
kσHSDW(k)Ψkσ, (4.3.1)
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where

HSDW(k) =

(
Hσ

αα(k) Hσ
αβ(k)

Hσ†
αβ(k) Hσ

ββ(k)

)
(4.3.2)

Ψ†
kσ = (d†Akασ,d

†
Bkασ,d

†
Akβσ,d

†
Bkβσ), where the sub- or super-scripts α and β are used

to denote the orbitals dxz and dyz, respectively, throughout. The matrices in (4.3.2)

are

Hσ
αα(k) =

(
ϵααy − σ∆α − δ +Nα ϵααx + ϵααxy

ϵααx + ϵααxy ϵααy + σ∆α − δ +Nα

)
, (4.3.3)

Hαβ(k) =

(
0 ϵαβxy

ϵαβxy 0

)
, (4.3.4)

and δ has a positive sign in Hσ
ββ(k). The intra- and inter-orbital hopping parameters

along x and y directions for different orbitals are given by

ϵααx = −2t1 cos kx, ϵ
ββ
x = −2t2 cos kx

ϵββy = −2t1 cos ky, ϵ
αα
y = −2t2 cos ky

ϵααxy = ϵββxy = −4t3 cos kx cos ky

ϵαβxy = −4t4 sin kx sin ky (4.3.5)

The hopping parameters t1 and t2 link similar orbitals corresponding to the nearest

neighbor σ and π bonds respectively, while the the next-nearest neighbour hopping

parameters t3 and t4 denote the overlap amplitude between two similar and dissimilar

orbitals, respectively. Various hopping parameters considered for our calculations are

t1 = -1.0, t2 = 1.3, t3 = t4 = -0.85 [13]. Herefrom, we set |t1| as the unit of energy.

The exchange field ∆α/β and charge-density dependent Nα/β are given by

∆α/β = (Umα/β + Jmβ/α)/2, Nα/β = (5J − U)nα/β/2 (4.3.6)

where mα/β and nα/β are magnetization and charge density for dxz/yz orbital, respec-

tively. The Hamiltonian HSDW is invariant under two symmetry operations: (i) T ′ =

T S, time reversal symmetry (T ) combined with spin reversal symmetry (S) and (ii)

inversion symmetry (P ). Thus, T ′HSDW(k)T ′−1 = HSDW(k) and PHSDW(k)P−1 =

HSDW(k).

We will first examine the parameter space in the theory of SDW state to search

for the DSM state coexisting with SDW state. All the on-site Coulomb interaction

parameters are fixed unless stated otherwise. We have chosen U/|t1| ∼ 4 or U ∼ W/3

with W being the bandwidth [24] and J ∼ 0.18U nearly in the middle of the range

0.15U ≲ J ≲ 0.25U in accordance with various estimates [25, 26]. The chemical
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potential is fixed throughout so that the band filling corresponds to the total electronic

occupancy n = 2 per site, i.e., half filling in the two-orbital model.

4.3.1 Bulk dispersion

Fig. 4.2 shows the quasiparticle dispersion and Fermi surface in the SDW state for

different values of OS parameter δ. For δ = 0 [Fig. 4.2(a)], there exist two pairs of

Dirac cones D1 and D2, D1 along (0, 0) → (π/2, 0) and D2 along (0, π) → (π
2
, π)

directions. Former is below the Fermi level while the latter one is above it. The

orbital distribution of the Fermi pockets are largely similar for both the pair of Dirac

cones. As noticed, the face of the pockets towards kx = 0 is dominated by dxz orbital

whereas by dyz orbital towards kx = ±π/2 [Fig. 4.2(b)].

One of the parameters which can control the location of Dirac cones with respect

to the Fermi level is the band filling. However, it will shift both the Dirac cones

either up or down together so that the Fermi pocket associated with one of the cones

will increase in size while the other will decrease. Thus, the DSM-SDW state cannot

be obtained by merely doping charge carriers. On the other hand, we find that by

increasing OS parameter δ, D1 and D2 simultaneously can be pushed up and down,

respectively, so that both the associated DPs may approach the Fermi level together,

as required to achieve the coexisting DSM with SDW order [Fig. 4.2(c) and (e)].

Fig. 4.2(d) shows the Fermi pockets obtained for δ ∼ 0.2, where both DPs associated

with D1 and D2 can be seen at the Fermi level as indicated by the Fermi pockets

turning into the Fermi points in the reduced-Brillouin zone.

The shifting up or down of the DPs can be understood with the help of the slope

of the bands dominated either by the dxz orbital or by the dyz orbital, which cross

each other to generate DPs. For D1, the ratio R of the absolute value of the slope

of the bands dominated by dxz orbital and dyz orbital is R > 1. Thus, a positive

δ, which lowers the energy of dxz orbital and elevate the energy of dyz orbital, will

shift D1 upward. Similarly, it may be noted that R < 1 for D2. Therefore, when

the energy of dxz orbital is lowered, the band dominated by dxz orbital will shift

down, which will, in turn, bring down D2. Both D1 and D2 approach Fermi level

when the splitting δ increases. In this way, the location of Dirac points can be

controlled with the help of OS parameter δ. The bandwidth is W ∼ 4eV for the iron-

based superconductors as estimated by various bandstructure calculations [27]. In

the two-orbital model, W = 12t1 in terms of t1, which on comparison with 4eV yields

t1 ∼ 350meV. Therefore, δ ∼ 0.2t1 ∼ 70 meV which is not very large in comparison to

what has been reported experimentally in the states with the broken four-fold rotation

symmetry [22].
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Figure 4.2: Energy dispersions along the high-symmetry directions in the SDW
state with U = 4 and J = 0.18U when the OS parameters are (a) δ = 0.0 and
(c) δ = 0.215. The varying color scheme used for the dispersion curve represents
orbital-charge density. Corresponding Fermi surfaces are shown in figures (b) and
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J = 0.18U . (c) Self-consistently obtained DSM-SDW states for various Us in J-δ
space for band filling n = 2.

Fig. 4.3 shows self-consistently obtained orbital-resolved magnetization and charge

density as functions of OS parameter δ. As expected, the dxz and dyz orbital charge

density increases and decreases with δ, respectively. However, the behavior of magne-

tization is in contrast with what is expected conventionally. When the orbital filling

continues to increase beyond unity, the magnetization is expected to decrease. Sim-

ilarly, when the orbital filling continues to drop below unity then the magnetization

is expected to rise. On the contrary, one notices that the dxz orbital magnetization

mxz first increases slightly and then becomes nearly constant whereas myz shows a

relatively sharper decline. This arises because of a subtle interplay between band-

structure and correlation effect, as the largest interaction U ∼ 4 is not in the strong

but intermediate coupling regime. The itinerant character of dxz orbital electrons

appears to be reduced as the orbital is pushed further below the Fermi level with

increased orbital splitting.

The self-consistently obtained curves denoting the existence of DSM-SDW state

for different Us are shown in the J-δ space [Fig. 4.3(c)] subjected to the condition

U = U ′ +2J to ensure the rotational symmetry. Then, for a given U , the parameters

J and δ are varied so that the Dirac points D1 and D2 appear at the Fermi energy.

It may be noted that for all Us considered, J increases with δ within the range

0.15U ≲ J ≲ 0.25U . The range of J is dependent on U , for this reason, J is in the

unit of |t1| in the plot. We note that the range of δ shrinks as U increases, which

implies more sensitivity to any change in δ for higher U . However, for U = 4 a value

close to various estimates, we find a relatively broad range of δ with value extending

from δ = 0.18 to 0.27.
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4.3.2 DSM-SDW conditions

In order to obtain the DSM-SDW state, the self-consistency should be achieved sub-

jected to conditions, which will be discussed below. First of all, we focus along

the direction ky = 0 or π in the Brillouin zone, where Hαβ becomes a null matrix.

Therefore, HMF takes a block diagonal form with two block Hamiltonians Hαα(k) and

Hββ(k) corresponding to each orbital with size 2 × 2 matrices, which can be readily

diagonalized. The energy eigenvalues are given by

Ex
r± = (ϵrry ± δ +Nr − µ)±

√
(ϵrrx + ϵrrxy)

2 +∆2
r (4.3.7)

with setting ky = 0 or π. r refers to α or β orbitals. Superscript x denotes the fact

that the energy is essentially a function of kx only for ky = 0 or π, while subscript

r merely indicates that the dispersion is dominated by either of the orbitals. Two

dispersions Ex
α+ and Ex

β− cross each other at the Fermi level when Eα+ = Eβ− = 0,

which requires

cos k0x1/x2 =

√
(∓2t2 − δ +Nα − µ)2 − (∆α)2

2(t1 ± 2t3)

= ∓
√

(∓2t1 + δ +Nβ − µ)2 − (∆β)2

2(t2 ± 2t3)
. (4.3.8)

Here, k0x1 and k
0
x2 give the locations of DPs associated with the Dirac cones D1 and D2

along Γ(0, 0)-X(π
2
, 0) and X′(0, π)-M(π

2
, π) directions, respectively. It may also noted

that k0y1 = 0 and k0y2 = π.

4.3.3 Linearized dispersion

Using Taylor expansions of Ex
α+ and Ex

β− around DPs along kx with the help of (4.3.5),

one obtains linearized dispersion Ex
r∓ = cxr1/r2qx, where the constant c

x
r1/r2 is given by

cxα1/α2 = ∓ 2(t1 ± 2t3)
2

| ∓ 2t2 − δ +Nα − µ|
sin 2k0x

cxβ1/β2 = ± 2(t2 ± 2t3)
2

| ∓ 2t1 + δ +Nβ − µ|
sin 2k0x. (4.3.9)

Note that the subscript 1 and 2 in cxα1/α2 refer to the DPs D1 and D2, respectively.

HSDW is not in the block-diagonal form along ky-direction. Moreover, the Hamilto-

nian for ↑-spin electron is two-fold degenerate at the DPs. Therefore, the degenerate
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perturbation theory yields the following corrections to the energies near DPs along ky

Ey
± = ±

(
∆α − eα

bα
+

∆β + eβ
bβ

)
ϵαβxy (4.3.10)

when ϵαβxy is very small. Note that the subscript r has been dropped here because the

band along ky is not far away from an even mixture of both the orbitals. bα = ϵααx +ϵααxy

and eα =
√
b2α +∆2

α. The linear dependence of the energy dispersion near the DP

is readily obtained from ϵαβxy , where sin qy can be approximated by qy for small qy so

that Ey
r1/r2 = dr1/r2qy. dr1/r2 is a constant given by

dr1/r2 = ±4t4 sin k
0
x(fα1/α2 + fβ1/β2), (4.3.11)

where

fα1/α2 =
∆α − | ∓ 2t2 − δ +Nα − µ|√
(∓2t2 − δ +Nα − µ)2 −∆2

α

fβ1/β2 =
∆β + | ∓ 2t1 + δ +Nβ − µ|√
(∓2t1 + δ +Nβ − µ)2 −∆2

β

. (4.3.12)

Upper and lower sign correspond to the Dirac cones D1 and D2, respectively. Eqns.

(4.3.7)-(4.3.11) provide conditions for the coexistence of Dirac semimetallic and SDW

state as well as the linear energy dispersion in the vicinity of DPs. Finaly, the effective

model Hamiltonian in the vicinity of Dirac points is given by

HSDW(k0 + q) =
1

2
(−2t2 cos k

0
y +Nα)(τ0 + τ3)⊗ s0

+
1

2
(−2t1 cos k

0
y +Nβ)(τ0 − τ3)⊗ s0

−1

2
σ∆α(τ0 + τ3)⊗ s3 −

1

2
σ∆β(τ0 − τ3)⊗ s3

−(cos k0x − qx sin k
0
x)(t1 + 2t3 cos k

0
y)((τ0 + τ3)⊗ s1)

+
1

2
(t2 + 2t3 cos k

0
y)((τ0 − τ3)⊗ s1)

−δτ3 ⊗ s0 − 4t4qy sin k
0
xτ1 ⊗ s1, (4.3.13)

where k0y = 0 or π, k0x is given by Eq. (4.3.8), and s and τ are the Pauli matrices in

the sublattice and orbital bases, respectively.
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4.3.4 Edge states

An edge state may exhibit behavior that can differ from those of the bulk bands as

in the case of topological insulator where the bulk bands are gapped while charge

transport occurs by topologically protected surface states [28]. In iron pnictides,

there exists localized edge states in the high temperature phase even without long-

range order [29]. It may be noted that these edge states, nearly degenerate, are not

associated with any Dirac cones, which are absent in the paramagnetic state. Similar

edge states are also obtained in the metallic as well as SDW states [16]. For a given ky,

these edge states are bonding and antibonding mixture of states localized at the edges

of a ribbon/strip extending along y direction. They result from the fact that a one-

dimensional Hamiltonian for a given ky can be deformed continuously to one which

has a topologically protected winding number, while the edges states are preserved in

the deformation process.

Next, we examine the edge states in the DSM-SDW state with ribbons oriented

either along x or y directions. First, a ribbon of width W (W atomic sites) lying

along y direction is considered so that ky is a good quantum number. The ribbon

Hamiltonian with dimension 2W × 2W is given by

HRby(ky) =


H+ H ′ O · · ·
H ′† H− H ′ · · ·
O H ′† H+ · · ·
...

...
...

. . .

 (4.3.14)

where

H±(ky) =

(
ϵααy ∓∆α − δ +Nα − µ 0

0 ϵββy ∓∆β + δ +Nβ − µ

)

and

H ′(ky) =

(
−t1 − 2t3 cos ky −2it4 sin ky

−2it4 sin ky −t2 − 2t3 cos ky

)
.

Similarly, when the ribbon’s length is oriented along x direction so that kx is a good

quantum number, the Hamiltonian HRbx(kx) with size 4W × 4W has a form similar

to that of HRby. However, H± and H ′ have size 4 × 4 instead. These matrices are

given by

H+ = H− = H =

(
hAA hAB

hBA hBB

)
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with

hAA(kx) =

(
−∆α − δ +Nα − µ 0

0 −∆β + δ +Nβ − µ

)
and

hAB(kx) =

(
ϵααx 0

0 ϵββx

)
while

H ′(kx) =


−t2 0 −2t3 cos kx −2it4 sin kx

0 −t1 −2it4 sin kx −2t3 cos kx

−2t3 cos kx −2it4 sin kx −t2 0

−2it4 sin kx −2t3 cos kx 0 −t1

 .

There exists nearly degenerate two edge states for the ribbon in the paramag-

netic state which may or may get clearly separated in the presence of magnetic order

depending on whether W is odd or even.

Figures 4.4(a) and 4.4(b) illustrate the edge-state dispersion for ribbons oriented

along the y-direction in the (π, 0) spin-density-wave state. In this geometry, adjacent

chains belong to alternating sublattices. For an even number of chains (W = 50),

the two end chains belong to opposite sublattices and experience magnetic exchange

fields opposite in sign. In this case, one of the edge states is below the Fermi level,

while the other one crosses the Fermi level several times. The spatial profile of the

probability amplitude is shown in the inset panel of Fig. 4.4(a), which confirms its

nature as an edge state.

For an odd number of chains (W = 51), the two edge states cross the Fermi level

at ky = 0 and ±π (Fig. 4.4(b)). In this case, both terminating chains belong to

the same sublattice and experience identical magnetic exchange fields. This factor is

responsible for the differences in W = 50 and W = 51 cases. These edge states in the

DSM-SDW state are dispersing unlike those in graphene, which are flat [30].

Fig. 4.4(c) shows the dispersion in a ribbon oriented along the x direction. As ex-

pected, they are symmetric about kx = −π/2 and π/2 because of the two-sublattice

structure along the ribbon extending infinitely along x. None of the edge-state dis-

persion is flat and both can be noticed to cross the Fermi surface. It is worthwhile

to note that a flat dispersion in graphene is associated with the chiral symmetry,

when only nearest-neighbor hopping is considered. When the next-nearest neighbor

hopping is incorporated as required in real graphene, the particle-hole symmetry is

broken, and the chiral symmetry is removed [17]. The tight-binding model considered

in the present study does not exhibit any particle–hole symmetry.
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Figure 4.5: Electron dispersion in the (π, 0) SDW state of five-orbital model of
Graser et al. when (a) δ = 0 (b) δ = 50meV, where U = 1.5eV and J = 0.25U . The
hole pocket at Γ disappears in the presence of OS δ =50meV.

4.4 DSM-SDW state in five-orbital model

Finally, we discuss DSM-SDW state in a five-orbital model which describes the band

structure more realistically. We consider the five-orbital model due to Graser et al.

In the unordered state, it has similarities as well as differences from the two-orbital

model. There is a hole pocket around Γ and an electron pocket around X while the

hole pocket around M is absent. The electron pocket is mostly dominated by dxy

orbital [13,14].

Fig. 4.5 shows the electronic dispersion in a self-consistently obtained SDW state

for U = 1.5eV and J = 0.25U with and without orbital splitting. The ratio U/W ∼
0.25 with W ∼ 6eV being bandwidth is in accordance with various estimates [24].

The OS parameter δ is taken to be 50meV, which is nearly of similar order as ob-

served in the experiments. The evidence of the splitting already present in the high-

temperature phase comes from transport [31], ARPES [32, 33] and magneto-torque

measurements [23].

It may be noted that unlike the two-orbital model, there is a large hole pocket

around Γ and a tiny hole pocket located not far away from Γ along Γ-X. With increas-

ing OS parameter δ, which lowers the energy of dxz orbital, the dxz-dominated bands

such as the hole pocket around Γ will be pushed down below the Fermi level as shown

in Fig. 4.5 (a) and (b). There are two important differences from the two-orbital
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model with regard to the Dirac cone. First, the difference in magnitude of slopes of

the crossing bands at DPs are not as large as in the two-orbital model. Second, along

kx, one of the crossing bands is largely dominated by dxz while the other one by dxy

orbital unlike the dyz orbital. Therefore, when δ is changed, the corresponding shift

in the positions of DPs is relatively small in comparison to the two-orbital model.

However, the DPs are already very close to the FS even in the absence of OS. Thus,

the important role of OS δ is to suppress the hole pocket around Γ point, which is

necessary to obtain the DSM-SDW state.

4.5 Summary

In the two-orbital model, two pairs of Dirac cones in the SDW state are located

away from the Fermi surface. While one pair is above, the other one is below. The

separation of these pairs with respect to the Fermi surface can be minimized with the

help of OS. Inclusion of OS pushes up the Dirac cone found below the Fermi level

and pushes down the one above it, which is possible because of a sharp difference

in the slopes of crossing bands dominated largely by a single orbital. For a given

OS parameter, an overall small shift away from the Fermi surface may also occur

despite both pairs of DPs being at the same energy level. However, such a shift can

be overcome by either doping holes or electrons. The signature of shifting of DPs can

be observed through various experiments such as transport measurements, quantum

oscillation, ARPES etc. [31].

In the current work, a detailed study of the DSM-SDW state was carried out in

the two-orbital model because of its simplicity, as it allows for obtaining conditions for

the DSM-SDW state in an analytical form. However, DSM-SDW state can also exist

in a more realistic five-orbital model in a region of interaction and OS parameter

space, which is illustrated for such a particular set within the range in accordance

with various estimates. However, there are several important differences from the

two-orbital model in terms of orbital content of the Dirac cone and presence of hole

pocket around Γ point. Another major difference exists in terms of the number of

pairs of Dirac cones. There is only one pair of Dirac cones close to the Fermi level

in the five-orbital model [7], for which, it may relatively be easier to bring DPs at

the Fermi level. Overall, we find that, the OS pushes hole pocket around Γ below

and secondly it may also shift the DPs. As a result, it is not only possible to control

electronic properties including the charge transport by tuning the OS, thus, in turn,

regulate the contribution of Dirac cone but it is also feasible to realize DSM-SDW

state.
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Our study has focused on T = 0 K case. With an increase in temperature,

the orbital-resolved magnetic moments will decrease. In that case, the location of

DP will be shifted. Then, δ for having the DP at Fermi level and the coefficient

of linear momentum in the expansion of the quasiparticle energy will be modified.

These changes can again be described with the help of equations (4.3.7)-(4.3.12),

which involve ∆α/β dependent on the magnetic moments. It may be noted that the

band shift and renormalization caused by the spin fluctuations can also lead to the

disappearance of relatively smaller hole pockets in the electron overdoped region [34].

But, in the undoped iron pnictides, the size of hole pocket is nearly as large as that of

the electron pocket. The renormalization caused by the spin fluctuations is expected

to introduce minor change in the hole pocket. Thus, correspondingly, a small shift of

DPs as well as a small change in the quasiparticle velocity may occur.

In summary, we have examined the possible existence of spin-density wave state

with Dirac points at the Fermi level in iron pnictides such that the state is essentially

a Dirac semimetal without any other band crossings. We find that such a state

indeed can be obtained in the presence of finite OS. While the interaction parameters

are not tunable experimentally, charge carrier doping may shift entire bands up or

down, the OS of otherwise degenerate dxz and dyz orbitals, on the other hand, can

suppress other bands crossing the Fermi level while leaving the Dirac points close

to the Fermi level. Thus, the OS, tunable experimentally with the help of in-plane

mechanical stress, can be used to modify the electronic states near the Fermi surface

in order to control the electronic properties as well as in obtaining DSM-SDW state.

A semimetallic state with magnetic order considered here can be used to explore low-

energy collective excitations to gain insight into the role of Dirac cones and nodes in

correlated systems.
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Chapter 5

Collective excitations in the DSM state

with striped spin-density wave order

This chapter focuses on the study of electronic properties by examining the nature of

collective excitations by theoretically exploring quasiparticle interference and optical

conductivity in the DSM state with (π, 0) spin-density wave order.

5.1 Introduction

The anisotropic electronic properties in the SDW state of iron pnictides with or-

dering wave vector (π, 0), whose evidence have been obtained with the help of ex-

periments such as angle-resolved photoemission spectroscopy (ARPES) [3], transport

measurements [1, 5], scanning tunneling microscopy (STM) [6], etc., which are not

unusual as the four-fold rotational symmetry is already broken. However, the nature

of anisotropy, especially, improved conductivity along the antiferromagnetic instead

of ferromagnetic direction is in contradiction with conventional understanding.

In the SDW state, the emergence of anisotropic transport properties has conven-

tionally been attributed to the orbital-weight redistribution along the reconstructed

Fermi surface [10]. It can result into anisotropic impurity scattering [11, 12]. How-

ever, the quasiparticle interference (QPI) patterns obtained through the STM mea-

surements [6, 13, 14] consist of nearly one-dimensional structure with a length scale

of the order ∼ 6a − 8a, where a is the lattice constant. Moreover, the anisotropic

feature is not limited to the QPI patterns and transport properties, where a major

contribution comes from the electronic states in the vicinity of the Fermi level; the

optical spectra also show the anisotropy existing up to photonic energies ∼ 2eV [17].

Various theoretical studies attribute the anisotropic patterns in the SDW state to the

reconstructed electronic structure in the SDW state [11,12].

Despite significant progress made in theoretical as well as experimental studies,

the origin of highly-anisotropic electronic properties of the SDW state continues to

be a long-standing problem. Particularly, the role of symmetry protected Dirac cones

remained unexplored. It may be noted that the recent ARPES measurements appear
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to suggest only very small circle-like Fermi surfaces separated by ∼ (π/4, 0) and

perhaps associated with the Dirac cones [2, 3]. This leads to the question whether

these small circle-like Fermi surfaces can give rise to the nearly one-dimensional nature

of the QPI patterns.

The anisotropic behavior of the conductivity observed experimentally [5,19,20] was

captured by theoretical studies [21,22], though the origin of its unconventional nature

was attributed obscurely to the interplay of correlation effects and bandstructure

[23]. If the small circle-like structures in the Fermi surfaces are associated with Dirac

cones [3, 24, 25], then it becomes crucial to understand their role in conductivity

anisotropy. The orbital-weight distribution along the Dirac cone, especially in the

vicinity of the Dirac point, may be highly anisotropic as compared to the portions of

other bands which may cross the Fermi level.

In this chapter, we examine the anisotropic electronic properties in the SDW

state of iron pnictides in order to understand the role of Dirac cones in anisotropy.

We achieve this by examining Drude weight, optical conductivity, and quasiparticle

interference in the Dirac semimetallic state within a minimal two-orbital model. An

important advantage of the Dirac semimetallic state, which is easier to realize in the

two-orbital model, is that there are no other bands crossing the Fermi level. Therefore,

the contribution of Dirac cones in causing anisotropies in various electronic properties

can distinctly be demarcated.

The minimal two-orbital model based on the orbitals dxz and dyz consists of two

parts: the tight binding part and the interaction part, which are respectively given by

the Eqs. (4.2.1) and (4.2.2). After decoupling various interaction terms, the resulting

Hamiltonian in the (π, 0) SDW state in two sublattice basis is represented by the

Eq. 4.2.4.

The meanfield Hamiltonian for the SDW state takes a matrix form defined in the

k and k+Q basis described as

Ĥmf =
∑
kσ

Φ†
kσ

(
ε̂k + N̂ − δτz ∆̂sgn σ̄

∆̂sgn σ̄ ε̂k+Q + N̂ − δτz

)
Φkσ

=
∑
kσ

Φ†
kσĤkσΦkσ, (5.1.1)

where the basis set is Φ†
kσ = (d†kασ, d

†
kβσ, d

†
k+Qασ, d

†
k+Qβσ). α/β denote dxz/dyz orbitals

of iron atom. Each matrix element in the above Hamiltonian is itself a 2×2 matrix in

the orbital basis. The matrix elements ε̂k are momentum-dependent orbital energies,

which are given by Eq. 4.3.5. τ is the Pauli matrix for the orbital basis. The exchange

fields ∆̂ and N̂ , in terms of onsite interaction parameters, orbital magnetization, and
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charge densities, are given by

2∆αα = Umα + J
∑
α ̸=β

mβ

2Nαα = (5J - U)nα, (5.1.2)

where the order parametersmα/β and nα/β are calculated self-consistently using eigen-

values and eigenvectors of the meanfield Hamiltonian Ĥ, as outlined below.

nα =
∑
kσ

⟨d†kασdkασ⟩

mα =
∑
kσ

⟨d†k+Qασdkασ⟩sgnσ

The following section describes methodologies to examine the low-energy collective

excitations that include quasiparticle interference and optical conductivity in the SDW

state.

5.2 Collective Excitations

5.2.1 Quasiparticle Interference using T-matrix approxima-

tion

Quasiparticle interference (QPI), which arises from the scattering of quasiparticles by

impurity atoms, has been widely employed as a powerful probe of electronic structure,

particularly near the Fermi energy. Theoretically, QPI can be studied by calculating

modulation in the Green’s function induced by scattering of the quasiparticle from

an impurity potential. In the current work,we restrict ourselves to a single impurity

with δ-potential such that the orbital state of the quasiparticle is preserved.

In the SDW state, a single particle Green’s function is given by [12]

Ĝ0(k, ω) = [(ω + iη)Î − Ĥmf ]
−1 (5.2.1)

where Î is an identity matrix of dimension 4 and the basis chosen is (dk 1↑, dk 2↑, dk+Q 1↑,

dk+Q 2↑)
T . 1 and 2 refer to the dxz and dyz orbitals, respectively. The Hamiltonian

matrix Ĥmf is described by Eq. 5.1.1. The modification in the Green’s function due

to the scattering by a non-magnetic impurity can be obtained within the T̂ matrix

approximation as follows

δĜ(k1,k2, ω) = Ĝ0(k1, ω)T̂ (ω)Ĝ
0(k2, ω). (5.2.2)
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Here, T̂ (ω) matrix is given by

T̂ (ω) = (Î − V̂impĜ0(ω))−1V̂imp. (5.2.3)

Ĝ0(ω) is obtained by summing over all the momenta in the Brillouin zone as follows

Ĝ0(ω) =
1

N

∑
k

Ĝ0(k, ω). (5.2.4)

The impurity potential, owing to the orbital and momentum basis, also takes a 4 ×
4 matrix form

V̂imp = V0

(
I2×2 I2×2

I2×2 I2×2

)
.

I2×2 is an identity matrix of dimension 2 and V0 is the parameter denoting the strength

of impurity potential.

The modification δρ(k, ω) induced in the DOS by the impurity in the momentum

space is obtained as

δρ(q, ω) = − i

2π

∑
k

g(k,q, ω) (5.2.5)

with

g(k,q, ω) = TrδĜ(k,k+ q, ω)− TrδĜ∗(k+ q,k, ω).

The real space QPI pattern can be calculated via Fourier transform as follows

δρ(ri, ω) =
1

N

∑
k

δρ(q, ω)eik·ri . (5.2.6)

In the calculations, the impurity potential strength is fixed at V0 = 0.2 and a mesh

size of 300 × 300 is considered.

Fig. 5.1 shows constant-energy contours, QPI patterns, as well as modulations in

the local density of states (LDOS) for an energy range spanning from ω = -0.05 to

0.05 with a step size of 0.05. The interaction parameters are chosen to be U = 4.0 and

J = 0.18U so as to obtain a Dirac semimetallic state in a self-consistent manner, which

is possible near δ ≈ 0.22. In the Dirac semimetallic state, there are no additional

bands that cross the Fermi level, unlike in the ordinary metallic SDW state. This

makes the analysis possible for the contribution to the anisotropy that originates

purely from the Dirac cone.

The first row shows the CECs with orbital distributions indicated by different col-

ors. The cross sections of the Dirac cones appear to be of a single color in the vicinity
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Figure 5.1: Constant energy contours (CECs) of the spectral function A(k, ω) plot-
ted for energies (a) ω = -0.05, (b) ω = 0, and (c) ω = 0.05 in the semimetallic SDW
state. q1 and q2 refer to the scattering vectors corresponding to intraorbital scat-
tering for two pairs of Dirac cones located along ky = 0 and ky = π, respectively.
Momentum-space and real-space QPI maps are shown in the second and third rows,
respectively.
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of ω = 0, though they are not. They appear so because of the non-circular shape

of the pockets, which is not clearly visible because of their small size. Moreover, the

weight of the two orbitals is also not equal for a given pair of Dirac cones, particularly

when the orbital splitting is incorporated into the tight-binding part of the model in

order to obtain the Dirac semimetallic SDW state. This can be seen from Fig. 5.2,

which shows the orbital-resolved DOS as a function of ω. The orbital-resolved DOS

is obtained as ρα(ω) =
1
N

∑
k,n |⟨α | ψn(k)⟩|2 δ (ω − εn(k)), where ψn(k) is the eigen-

vector corresponding to the band n and momentum k. More clearly seen for higher

ω, the pockets along ky = 0 are primarily dominated by dyz orbital, with a smaller

contribution from dxz. The two pairs of Dirac cones, one along ky = 0 and the other

along ky = π, have opposite dominating orbitals. Therefore, it is expected that the

inter-pair scattering of the Dirac cone is suppressed, which would otherwise have led

to a modulation along the diagonal direction. Incidentally, there exists only a pair of

Dirac cones in the SDW state obtained within most of the five-orbital models when

a realistic-interaction parameter regime is chosen. Therefore, such complications do

not arise there.

The dominance of a pair of Dirac cones along ky = 0 is clearly visible in the QPI

patterns (Fig. 5.1(d-f)). There exist strong modulating patterns along qy = 0 arising

as a result of the scattering vector q1 between the pair of Dirac cones along qy = 0.

There is another scattering vector q2, which may also be expected to contribute to the

patterns as a result of the scattering between another pair of Dirac cones lying along

ky = π. However, q1 shows its dominance in the entire energy range considered, which

is also reflected in the real space QPI patterns (Fig. 5.1 (g-i)), where the periodicity is

determined solely by q1 scattering. This behavior can be understood in the context of

orbital-resolved DOS as a function of energy (Fig. 5.2(b)). Notably, the contribution

of dyz orbital exceeds in comparison to the dxz orbital in the whole considered energy

regime (Fig. 5.2). As a result, the scattering between pockets with a dominant dyz

orbital character governs the overall QPI pattern.

At negative energy (ω = −0.05), the pockets along ky = 0 with a dominant dyz

contribution are separated by a distance of ∼ π/3, resulting in a periodic modulation

of ∼ 6a (Fig. 5.1 (g)). For the other two cases, the separation of the pockets along

ky = 0 changes slightly to ∼ π/2, producing a modulation with periodicity ∼ 4a

(Figs. 5.1 (h) and (i)). For the Dirac cone located along ky = 0, the difference in

the magnitude of the scattering vectors for positive and negative ω arises because the

band dominated by the dxz orbital is approximately given by kx ∼ c in the vicinity

of the Dirac points, while the other band dominated by the dyz orbital has a slope

∼ π/3 [26]. Thus, the dyz dominated regions shift across the Dirac point as the energy
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changes from negative to positive.

5.2.2 Optical Conductivity

To examine the influence of the Dirac cone on charge transport, we investigate the

optical conductivity σl along l = x or y directions with the antiferromagnetic and

ferromagnetic arrangement of magnetic moments, respectively. The components of

optical conductivity along different directions can be represented by the Eqs. 3.2.3

and 3.2.4 [27,28].

The orbital dependent kinetic energy T l
nn and current jlnn′ operators can be written

in the following manner.

T l
nn =

∑
αβ

T l;αβ
nn =

∑
αβ

∂2εαβ(k)

∂k2l
c∗kαnckβn

jlnn′ = −
∑
αβ

jl;αβnn′ = −
∑
αβ

∂εαβ(k)

∂kl
c∗kαnckβn, (5.2.7)

where ckαn denotes the matrix element of the unitary transformation that connects

the orbital and sublattice basis to the band representation.

In order to gain insight into the origin of anisotropy, we define orbital-dependent

components of the Drude weight as follows.

Dαβ
l

2π
=

1

2N

∑
k

T l;αβ
nn (k)θ(−εnk)−

1

N

∑
k,n̸=n′

Re
jl;αβ

∗

nn′ (k)jlnn′(k)

εn′k − εnk
θ(−εn′k)θ(εnk).

(5.2.8)

We discuss the role of the Dirac cone in the contribution to anisotropy of optical

conductivity. Fig. 5.3 shows the Drude weight along the x-direction with the magnetic

moments ordered antiferromagnetically as well as along y-direction with magnetic

moments ordered ferromagnetically. Fig. 5.3(a) shows Drude weight when the SDW

state is an ordinary metal, while Fig. 5.3(b) shows the Drude weight when the SDW

state is a Dirac semimetal. We find that in the ordinary metallic SDW state, the

anisotropy parameter defined as a ratio of two Drude weights is nearly one, away from

the chemical potential µ∗ corresponding to the band filling of n = 2. µ∗ is obtained

through the self-consistent process whereas the variation of chemical potential is only

for the illustration purpose where the self-consistently obtained parameters are fixed

to be that corresponding to µ∗.

Notably, the band filling n = 2 in the unordered state of the two-orbital model

reproduces the Fermi surfaces obtained via bandstructure calculations except for an
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Figure 5.3: Drude weights along l = x- and y-directions with anisotropy parameter
defined as Ran = Dx

Dy
in the (a) ordinary metallic and (b) Dirac semimetallic states.

extra pocket near (π, π) and significant contribution of dxy orbital at the Fermi level.

The anisotropy parameter deviates from unity only in the immediate vicinity of µ∗.

More importantly, the Dirac points are also in the vicinity of the Fermi level corre-

sponding to this band filling, though on the opposite of the Fermi level. In other

words, if the Dirac points had been absent, the anisotropy in the Drude weight would

have been weak. This can be seen in Fig. 5.3(b), where the Drude weight along differ-

ent directions is plotted for the Dirac semimetallic SDW state with the Dirac points

located at the Fermi level. In this case, the Drude-weight anisotropy maximizes in

the vicinity of µ∗.

A much clearer insight into the origin of anisotropy can be obtained via Fig. 5.4,

which shows individual components of the anisotropy such as D11
x , D22

x , etc. The

superscripts 1 and 2 correspond to dxz and dyz orbitals, respectively. Along the x

direction, in both D11
x and D22

x , there is a linear drop as one approaches µ∗ and a

rise thereafter. On the other hand, both get flattened near µ∗ along y. An opposite

trend is shown by D12, however, the two contributions, each from D11
x and D22

x re-

sults in the Drude weight enhanced along x-direction as compared to y-direction. As

expected, the difference in optical conductivity along the two orthogonal directions

is more prominent in the low-energy region (see Fig. 5.5). Moreover, this difference

is further enhanced in the Dirac semimetallic SDW state. However, one interesting

point to be noted is that, near ω ∼ 1 and beyond, σy becomes larger than σx as one

would have expected conventionally that the conductivity should be better along the

ferromagnetic direction.
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5.3 Summary

We find that the highly-anisotropic distribution of orbital weights in the vicinity

of Dirac cones accompanied with anisotropic hoppings associated with dxz and dyz

orbitals may be a significant contributor to the unusually large anisotropy in the

optical conductivity and other electronic properties. An another important conse-

quence of Dirac cones not being far away from the Fermi surface, we find nearly

one-dimensional modulation for the quasiparticle interference though with modula-

tion wavevector ∼ π/3−π/2 in the momentum space and nearly four to six times the

interatomic distance between two nearest neighbor iron atoms.

To conclude, we used a minimal two-orbital model to demonstrate the contribution

from Dirac nodes to the anisotropic electronic properties of the iron pnictides in the

SDW state. This is achieved by introducing an orbital splitting, which further lowers

the energy of dxz orbital, and helps in bringing the Dirac point at the Fermi level,

suppressing band crossings, and hence in obtaining a Dirac semimetallic state so that

one can clearly demarcate the role of Dirac cones in contribution to anisotropy.
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Chapter 6

Collective excitations in DSM state with

AFM order: a revisit to the two-orbital

model of iron-based superconductor

This chapter uncovers the behavior of bulk electronic states within a two-orbital model

when the second-nearest-neighbor intraorbital hopping is suppressed that leads to per-

fect nesting of the Fermi surface with (π, π) ordering.

6.1 Introduction

In the preceding chapters, we have investigated the Dirac semimetallic state in the

(π, 0) spin-density-wave state of iron pnictides using a multi-orbital Hubbard model.

The existence of a Dirac cone in the SDW state is guaranteed by symmetries and there-

fore only the metallic state is stabilized for iron pnictides [1]. In addition, there exists

residual Fermi surfaces often indicated in various studies. To realize a semimetallic

phase in the presence of SDW order, an orbital splitting between the dxz and dyz or-

bitals was introduced. This splitting effectively aligns the Dirac nodes with the Fermi

level and suppresses extraneous band crossings at the same energy. Moreover, a very

recent angle resolved photoemission spectroscopy (ARPES) measurement appears to

indicate the crossing of the Fermi level by Dirac cones only [2, 3].

Thus, a comprehensive and consistent picture from both sets of experiments and

theories suggest that crossing of the Fermi level by Dirac nodes can play an important

role in the anisotropic electronic properties of these systems. This proposal is further

substantiated by QPI results obtained through our calculations, where only the Dirac

cones cross the Fermi level. The quasiparticle interference and optical conductivity

were investigated within the two-orbital Hubbard model in the semimetallic state

which were found to be anisotropic in which Dirac cones play a dominant contribution.

The model employed is based on the minimal two-orbital framework proposed by

Raghu et al. [4], which includes the dxz and dyz orbitals and hopping terms were

considered up to second-nearest neighbors.

A particularly noteworthy case arises when a perfectly nested (π, π)-ordered AFM
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order is realized upon suppressing the second-neighbor intraorbital hopping. This be-

havior stands in contrast to the (π, 0) SDW phase observed in the parent compounds

of high-Tc iron pnictide superconductors, where perfect nesting is absent [5] and the

orbital weight is distributed differently across the electron and hole pockets [6,7]. The

observation naturally leads to the question of whether a robust topological semimetal-

lic character can exist under the constraint of vanishing second nearest-neighbor in-

traorbital hopping. Furthermore, it is also of interest to investigate the band topology

associated with the antiferromagnetic phase. If realized, this would constitute an ad-

ditional instance where a topological semimetallic state emerges without requiring

spin–orbit coupling.

The possibility of topologically protected edge states, optical conductivity, sig-

nature of electronic states through quasiparticle interference in such a system offers

an additional avenue for probing the relationship between magnetic ordering and

the underlying electronic structure. These questions provide the central motivation

for the present chapter. In the following sections, we explore the realization of the

semimetallic state in the (π, π) AFM phase when the next-nearest-neighbor intraor-

bital hopping is suppressed, and examine the resulting bulk and edge-state spectra

within the two-orbital Hubbard model framework.

6.2 Model and Method

We consider a square lattice comprising two Fe atoms per unit cell and neglect inter-

layer coupling between neighboring iron planes. With the magnetic moments assumed

to be oriented along the z-axis, we construct the mean-field decoupled Hamiltonian

for the antiferromagnetic phase within a two-orbital model, excluding next-nearest-

neighbor intraorbital hopping t3. The Hamiltonian, expressed in the sublattice-orbital

basis, takes the form:

Hk =
∑
k,σ

Ψ†
kσHAFMΨkσ, (6.2.1)

where

HAFM(k) =

(
Hσ

α(k) Hσ
αβ(k)

Hσ
βα(k) Hσ

β (k)

)
(6.2.2)

Here, each block is a 2 × 2 matrix defined for a spin σ. The intraorbital matrices

Hσ
α and Hσ

β represent contributions from dxz and dyz orbitals, respectively, while H
σ
αβ

captures the interorbital hybridization. The basis for the above matrix constitutes

(Aα,Bα,Aβ,Bβ), where A and B denote two sublattices, associated with majority
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spin-up and spin-down configurations, respectively.

The individual matrices are represented as

Hα(k) =

(
−∆α +Nα 2t1coskx + 2t2cosky

2t1coskx + 2t2cosky ∆α +Nα

)
, (6.2.3)

Hβ(k) =

(
−∆β +Nβ 2t2coskx + 2t1cosky

2t2coskx + 2t1cosky ∆β +Nβ

)
, (6.2.4)

and

Hαβ(k) =

(
−4t4sinkxsinky 0

0 −4t4sinkxsinky

)
. (6.2.5)

The hopping parameters t1 and t2 correspond to nearest-neighbor intraorbital hopping

along the x- and y-directions, respectively, while t4 describes next-nearest-neighbor

interorbital hopping. The next-nearest-neighbor intraorbital hopping term t3 is ne-

glected. In this work, all parameters are measured in units of |t1|, with the chosen

values t1 = −1, t2 = 1.3, and t4 = −0.85.

The exchange field ∆α and orbital-dependent potential Nα for an orbital α are

given by:

2∆α = Umα + Jmβ,

2Nα = (5J − U)nα (6.2.6)

where mα and nα denote the magnetization and charge density for an orbital α, while

U and J represent on-site Coulomb repulsion and Hund’s coupling, respectively.

Figure 6.1 illustrates the electronic band dispersion of the two-orbital model pro-

posed by Raghu et al. in the absence of magnetic ordering, with the second-nearest-

neighbor intraorbital hopping parameter t3 set to zero. In this nonmagnetic phase,

the system exhibits metallic behavior. The band structure features an electron pocket

centered at the Γ(0, 0) point and a hole pocket at theM(π, π) point. The correspond-

ing Fermi surface is shown in Fig. 6.2.

It can be clearly noted that the omission of t3 leads to a perfectly nested Fermi

surface characterized by the nesting vector Q = (π, π). In this case, the electron

pockets at (π, 0) and (0, π), which are present when t3 is finite, disappear, yielding

a highly symmetric Fermi surface with an identical orbital-weight distribution all

along the Fermi surface for both the hole and electron pockets. Such a Fermi-surface

topology is likely to support checkerboard-type antiferromagnetic order.

The Hamiltonian HAFM respects two key symmetry operations [1]:
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Figure 6.1: Electronic band dispersion along the high-symmetry directions in the
unordered state with t3 = 0 within a two-orbital model of Raghu et al. The corre-
sponding state is metallic with hole and electron pockets explicitly indicated.
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Figure 6.2: Fermi surface in the unordered state with t3 = 0 within the two-orbital
model of Raghu et al. The system exhibits perfect nesting between electron and
hole pockets with ordering vector Q = (π, π). The color scale indicates the orbital
character of the Fermi pockets.
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• Inversion symmetry I, requiring HAFM(−k) = HAFM(k) and

• Combined time-reversal (T ) and reversal of magnetic moments S, denoted by

T S ′ = T ◦ S, where S corresponds to flipping of the magnetization direction.

This combined operation satisfies T S ′−1HAFM(−k)T S ′ = HAFM(k).

This set of symmetries, which are only slightly different from the one that protect the

Dirac cones in the (π, 0) SDW state, may support the Dirac cone in the checkerboard-

type AFM order as to be discussed below. Another important difference from t3 ̸= 0

case is the absence of mismatch of vorticities for the hole and electron pockets. In the

current case, the vorticity of both the hole and electron pockets are same. Despite

that a Dirac semimetallic state can be supported.

Such Dirac points were indicated earlier in the spin-density-wave state with hidden

magnetic order, featuring a nodal behavior in the quasiparticle excitation spectrum

at the Fermi surface [8].

6.3 Bulk dispersion

In the antiferromagnetically ordered state obtained self-consistently, the well-nested

Fermi pockets present in the unordered phase undergo a reconstruction, leading to

the emergence of Dirac points (DPs), as illustrated in Fig. 6.3(a). The interaction

strengths are chosen as U = 4.0 and J = 0.25U . Later, we will discuss the condition

on the interaction parameter for obtaining Dirac semimetallic state with magnetic

order. Each Dirac point receives non-uniform distribution of dxz and dyz orbitals,

which does depend on the strength of interaction.

All Dirac points are aligned along the diagonal of the Brillouin zone, i.e., Γ–M

direction. Of these, four are located at the vertices of a small square surrounding

the Γ point, while the remaining four appear in the extended Brillouin zone near

its corners. No additional band crossings occur at the Fermi level, confirming the

realization of a Dirac semimetallic phase with antiferromagnetic order. The inset

of Fig. 6.3(a) shows the linear energy dispersion near a representative Dirac point

along the kx direction, providing clear evidence of the topological character of these

crossings. Since the Dirac points are situated along the [1, 1] direction, where kx = ky,

the dispersion along the ky direction is identical.

Figures 6.3(b) and (c) present the constant-energy contours at ω = 0.2 for inter-

action strengths U = 4.0 and U = 6.5, respectively. For U = 4.0 [Fig. 6.3(b)], the

Fermi pockets exhibit contributions from both orbitals, with each orbital character

dominating in distinct regions of momentum space. These pockets are symmetrically
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Figure 6.3: Evolution of constant energy contours (CECs) as a function of U in the
(π, π) ordered state. (a) and (b) display CECs at ω = 0 and 0.2, respectively, for
U = 4.0 while (c) displays the result for U = 6.5 at ω = 0.2. The Fermi pockets
shrink to Dirac points for U = 4.0 with equal contributions from both dxz and dyz
orbitals. The inset plot in (a) displays linearity of band dispersion in the vicinity of
one of the DPs in kx-direction. The Hund’s coupling is taken as J = 0.25U . The
color palette represents transition of the orbital character.

distributed across the Brillouin zone, in accordance with the underlying (π, π) mag-

netic ordering. As the interaction strength is increased to U = 6.5 [Fig. 6.3(c)], the

portions of the pockets progressively lose their distinct orbital character and instead

consist of a coherent admixture of both orbitals. Upon a further increase in U , the

system transitions into an insulating phase, accompanied by the disappearance of the

low-energy contours.

Notably, when the next-nearest-neighbor intraorbital hopping is absent, the re-

sulting semimetallic phase is associated with a checkerboard pattern of magnetic mo-

ments corresponding to (π, π) ordering. This magnetic configuration is essential for

the preservation of Dirac points. This stands in contrast to the (π, 0) SDW state,

where protection of the nodal Dirac points arises from the collinear magnetic order,

the inversion operation about the iron atom, and the combined effect of time-reversal

and spin-reversal operations.

To analyze the effect of interaction strength on the band structure, Fig. 6.4 shows

the electronic dispersion for several values of U , with J = 0.25U fixed. For U = 4.0

[Fig. 6.4(a)], the system exhibits linearly dispersing band crossings along the M → Γ

path. The dispersion is shown for a single spin species; however, due to T S ′ symme-

try, the bands remain spin-degenerate across the full Brillouin zone. Consequently,

the band crossing points represent true Dirac nodes. The corresponding density of

states (DOS) for this parameter set are shown in Fig. 6.5(a). The DOS displays mul-

tiple pronounced peaks over the considered energy window, symmetrically distributed
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Figure 6.4: Electronic band dispersion in the (π, π) ordered state for varying U and
J = 0.25U . (a) U = 4.0: Dirac cones with linearly dispersing nodes along (π, π) to
(0, 0). (b) U = 6.0: Dirac points shift in momentum space. (c) U = 7.0: a full gap
opens, indicating an insulating phase.

about ω = 0. The closest peaks appear at |ω| ∼ 0.1, followed by sharp peaks near

|ω| ∼ 3.5, with a weak cusp around ω ∼ 4.5. The sharp peak features reflect the

large availability of electronic states associated with the underlying band structure,

in particular, they may correspond to band extrema.

Upon increasing the interaction strength to U = 6.0 [Fig. 6.4(b)], the Dirac points

shift away from the high-symmetry points in the Brillouin zone. With a further

increase to U = 7.0 [Fig. 6.4(c)], a gap opens at the Fermi level, signaling the collapse

of the semimetallic phase and the emergence of an insulating state. The corresponding

DOS for these cases are displayed in Figs. 6.5(b) and (c), respectively. In both cases,

the DOS vanishes at ω = 0; however, a clear distinction emerges in the immediate

vicinity of ω = 0. Specifically, the DOS is vanishingly small near ω = 0 for U =

6.0, consistent with semimetallic behavior, whereas it is strictly zero for U = 7.0,

shown in the inset plot of Fig. 6.5(c), confirming the insulating nature of the latter.

Furthermore, due to the nature of magnetic ordering, the DOS contributions from the

two orbitals are identical and therefore they overlap for each case.

Next, we study the behavior of optical conductivity in the three distinct regions
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Figure 6.5: Density of states for three different Us corresponding to DSM ((a) and
(b)) and insulating (c) states as in the Fig. 6.4.
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Figure 6.6: Optical conductivity for three different Us corresponding to DSM ((a)
and (b)) and insulating (c) states as in the Fig. 6.4.

with set of parameters identified above. The optical conductivity components along

two orthogonal directions are described by Eqs. (3.2.3)–(3.2.5), in which the Hamil-

tonian matrix is given by Eq. 6.2.1 and the corresponding spectra are presented in

Fig. 6.6. Each prominent peak in the optical conductivity originates from interband

transitions for the portions of bands containing their extrema, as substantiated by

the corresponding peaks observed in the density of states. A large peak near ω ∼ 0 in

the DSM state for U = 4 is indicative of large DOS available just slightly away from

the Fermi surface because of the band extrema not being far away. In the DSM state

with U = 6.0, the DOS or optical conductivity approaches zero as ω → 0 whereas

the opening of gap at ω = 0 for U = 7 can be clearly seen. However, a very sharp

peak again arises due to the availability of band extrema close to the Fermi level.

When no additional bands are present as in the case of U = 6, a constant behavior for

smaller value of ω can be observed. Moreover, owing to the (π, π) magnetic ordering

and the resulting absence of any four-fold rotation symmetry breaking, the optical

conductivities are identical along the x- and y-directions as expected.
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This observation indicates the existence of a critical interaction strength U = Uc,

beyond which the system makes a transition to an insulating state. This means the

semimetallic state is realized only within a finite window of interaction parameter.

The precise condition and the specific range of interaction parameters required for

the realization of a Dirac semimetallic state is obtained in the next section.

6.3.1 Necessary condition for DPs

In the (π, π) ordered state, the four-fold rotational symmetry remains intact even in

the presence of magnetic ordering. Furthermore, in the absence of orbital anisotropy

and orbital splitting, the orbital occupancies and orbital magnetization of the in-

dividual orbitals dxz and dyz become equal, i.e., nα = nβ = 1.0 and mα = mβ.

Consequently, the exchange field and orbital-dependent potential become orbital-

independent:

∆α = ∆β = ∆, Nα = Nβ = N (6.3.1)

Also, from Fig. 6.3, it is seen that the DPs are obtained along [π, π], where |kx| =
|ky|. By substituting this condition into the AFM ordered Hamiltonian [Eq.(6.2.2)],

the eigenvalues can be obtained analytically which are expressed as:

λi = ±
√
a2 + c2 ± d+ b (6.3.2)

where i = 1, . . . , 4 labels the four eigenvalues of the Hamiltonian, and the following

shorthand notations have been used:

a = ∆, b = N, c = 2(t1 + t2) coskx, d = −4t4 sin2kx (6.3.3)

The presence of Dirac points at the Fermi level requires that the energy eigenvalue λi

vanishes at specific momenta k0 = (k0x, k
0
y). This leads to the equation:

(a2 + c2) = (b± d)2 (6.3.4)

Solving this equation for sin2 k0x yields:

sin2k0x = − 1

8t24
((t1 + t2)

2 ± 2Nt4)±
1

8t24

√
(t1 + t2)4 + 4t4(4t4 ±N)(t1 + t2)2 + 4∆2t24

(6.3.5)

where only those solutions satisfying 0 ≤ sin2 k0x ≤ 1 are physically admissible.

In Eq. (6.3.5), the second term in the square-root is strictly positive, whereas the

first term can take either sign. Consequently, the value of sin2 k0x is determined by the

107



combined contribution of the two terms. A physically valid solution requires this sum

to be non-negative, which occurs either when the first term is positive or the second

term should be sufficiently large to offset a negative first term. For the parameter set

considered, at least one of these conditions is always met, ensuring sin2 k0x ≥ 0.

Imposing an additional constraint sin2 k0x ≤ 1 yields an inequality

∆ ≤ −(N + 4t4) (6.3.6)

This relation establishes the necessary condition for the existence of Dirac points

at the Fermi level by explicitly linking the exchange field ∆, the orbital-dependent

charge potentialN , and the effective second-neighbor kinetic energy scale t4. Violation

of this condition leads to the annihilation of the Dirac points, thereby driving the

system into an insulating phase. For the case J = 0.25U , the Dirac semimetallic

phase is obtained within a finite interaction window, 4.0 ∼ U ∼ 7.0. Below this

range, the magnetic moment vanishes, while above it the necessary condition is no

longer satisfied, resulting in a transition to an insulating state.

6.3.2 Effective Hamiltonian

To understand the low-energy excitations around the Dirac points (DPs), we derive

an effective Hamiltonian in the vicinity of a nodal point located at momentum k0 =

(k0x, k
0
y). Introducing a small momentum deviation q = (qx, qy) such that k = k0 + q,

we use a Taylor expansion to expand the AFM ordered Hamiltonian around a DP

with momentum k0 to a linear order in q.

The resulting low-energy effective Hamiltonian is given by:

Heff(k0 + q) = N(τ0 ⊗ s0)−∆(τ0 ⊗ s3) + (t1 + t2)(cosk
0
x)(τ0 ⊗ s1)

−4t4(±sin2k0x)(τ1 ⊗ s0)− 4t4(sink
0
xcosk

0
x)(qy ± qx)(τ1 ⊗ s0)

sink0x[(−qxt1 ± qyt2)((τ0 + τ3)⊗ s1) + (±qyt1 − qxt2)((τ0 − τ3)⊗ s1)] (6.3.7)

where τi and si are the Pauli matrices acting in the orbital and sublattice subspaces,

respectively, and τ0, s0 are 2× 2 identity matrices in their respective spaces. Here, ±
sign indicates whether kx = ky or kx = −ky.

This effective Hamiltonian encapsulates the anisotropic Dirac-like dispersion near

the nodal points. Notably, both qx and qy appear linearly in the expansion, further

confirming analytically the linearity of band dispersion in both directions around

the DPs—characteristic of Dirac semimetals. However, the exact expression for the

linearized dispersion is cumbersome due to the complexity of parameters involved,
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but one can easily see the linearized dispersion numerically in the immediate vicinity

of Dirac points (also shown in the inset plot of Fig. 6.3(a)).

6.4 Edge state dispersion

Now, we examine the edge state dispersion in the Dirac semimetallic state with AFM

order by considering a ribbon geometry. The system is taken to be infinite along

the x-direction and finite along the y-direction, resulting in open boundary condi-

tions in the y-axis and periodicity along x. In this setup, kx remains a good quan-

tum number. The corresponding ribbon Hamiltonian HRbx(kx) for a finite width

N = 50 is constructed in the pseudo-real space in the sublattice and orbital basis

(1Aα, 1Aβ, 1Bα, 1Bβ, 2Aα, 2Aβ, 2Bα, 2Bβ, · · · ) whose block structure is written as

HRbx(kx) =



h1 h2 h3 h4 O O · · ·
h∗2 −h1 h4 h3 O O · · ·
h∗3 h∗4 h1 h2 h3 h4 · · ·
h∗4 h∗3 h∗2 −h1 h4 h3 · · ·
O O h∗3 h∗4 h1 h2 · · ·
O O h∗4 h∗3 h∗2 −h1 · · ·
...

...
...

...
...

...
. . .


(6.4.1)

where h1 contains elements that belong to the same chain and sublattice while h2

connects the elements within the same chain but opposite sublattices. In contrast,

h3 and h4 connects elements belonging to the neighboring chains combined with the

same and different sublattices, respectively. Each sub-block of the Hamiltonian has

the following matrix form:

h1 =

(
∆α 0

0 ∆β

)
(6.4.2)

h2 =

(
2t1coskx 0

0 2t2coskx

)
(6.4.3)

h3 =

(
0 −2it4sinkx

−2it4sinkx 0

)
(6.4.4)

h4 =

(
t2 0

0 t1

)
(6.4.5)

Figure 6.7 shows the edge state spectra for three different values of U , keeping
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Figure 6.7: Edge state dispersion for a ribbon oriented along the x-direction with
finite width N = 50 along y in the (π, π) SDW state. Results are shown for different
interaction strengths: (a) U = 4.0, (b) U = 6.0, and (c) U = 7.0. Edge states (shown
in orange) are distinguished from bulk bands (shown in blue).
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DSM state for different U at ω = 0.2.

J = 0.25U fixed.

For U = 4.0 [Fig. 6.7(a)], three distinct pairs of edge states appear symmetrically

around kx = 0. These edge modes (highlighted in orange) are localized near the

boundaries and clearly separated from the bulk bands (shown in blue). Notably, the

edge states located near kx = 0 and kx = π are the reflections of Dirac points observed

in the bulk band structure (see Fig. 6.4(a)). An additional crossing at kx = ±π/2
emerges, likely resulting from the band folding effects.

As U increases to 6.0 [Fig. 6.7(b)], the edge states near kx = ±π/2 disappear,

while those corresponding to the Dirac points persist and shift in momentum space

in accordance with the evolution of bulk Dirac nodes. Interestingly, the edge states

form loop-like structures around kx = ±π/2, indicating their topological origin.

When U exceeds the critical value Uc, the Dirac points annihilate and a bulk gap

opens, as shown in Fig. 6.7(c) for U = 7.0. In this case, the edge states disappears,

confirming the transition to a trivial insulating phase.

Due to the preserved lattice symmetry, the edge-state spectrum remains insensitive

to a ribbon orientation along y or to the presence of an odd number of chains.

6.5 Quasiparticle Interference

To investigate the nature of the electronic states in the vicinity of the Fermi level,

quasiparticle interference (QPI) serves as a powerful probe, as it captures interference

patterns arising when the quasiparticles are scattered elastically from the impurity

atoms. Theoretically, QPI can be analyzed within the T -matrix formalism, as outlined

in Sec. 5.2.1. In the present study, we restrict our analysis to intra-orbital scattering

processes, such that an electron initially occupying a given orbital scatters only into

states with the same orbital character. The scattering potential V0 is fixed at a value
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Figure 6.9: Constant energy contours (CECs) at different energies, plotted in dif-
ferent colors, in the DSM state for (a) U = 4.0 and (b) U = 6.5. The lowest energy
contour is obtained for ω = 0.2 and shown in green color while the highest energy
contour is obtained for 0.6 and shown in red with an increment of 0.2 (shown in blue).

0.1 for all the calculations.

Figure 6.8 presents the momentum-space quasiparticle interference (QPI) patterns

generated by a non-magnetic impurity in the Dirac semimetallic phase at ω = 0.2

for different values of the Coulomb interaction strength U . For U = 4.0, the QPI

response is characterized by concentric diamond-shaped features centered around the

Γ point, originating predominantly from intrapocket scattering. This behavior can

be understood by examining the constant-energy contours shown in Fig. 6.9(a) at

energies 0.2, 0.4, and 0.6 (indicated by different colors). In this regime, additional

bands except the ones forming Dirac cones lie sufficiently close to the Fermi level and

exhibit varying dominant orbital character in different momentum regions, leading to

diamond-like contours and corresponding features in the QPI patterns.

In contrast, for U = 6.0 [Fig. 6.8(b)] and U = 6.5 [Fig. 6.8(c)], the QPI patterns

are obtained along the diagonals of the BZ and are governed primarily by interpocket

scattering between distinct Dirac pockets, as substantiated by the constant-energy

contours in Fig. 6.9(b). The pocket like structures along qx = qy include both Umk-

lapp and non-Umklapp scatterings. The structure nearest to Γ appears because of

interpocket scattering between nearest constant energy pockets across the Brillouin

zone folding line. Similarly, the structure in the vicinity of (π, π) appears because of

Umklapp scattering between another pair of distant constant energy contours located

across the Brillouin zone folding line. The remaining QPI structure results because

of scattering between pockets inside the reduced Brillouin zone.
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6.6 Conclusion

In this chapter, we have demonstrated that a Dirac semimetallic state can be robustly

realized within a two-orbital Hubbard model in the presence of a perfectly nested (π, π)

ordered Fermi surface, achieved by suppressing the next-nearest-neighbor intraorbital

hopping term t3. Unlike the (π, 0) SDW phase commonly associated with iron pnic-

tides, the (π, π) magnetic ordering preserves fourfold rotational symmetry, resulting

in equal but anisotropic orbital occupancies and magnetization for the dxz and dyz

orbitals. This symmetry restoration plays a central role in stabilizing Dirac points

in the reconstructed band structure. Another important difference from the (π, 0)

SDW phase is that the Dirac semimetallicity disappears when the on-site Coulomb

parameter is increased beyond a certain critical value.

Our analysis of the bulk electronic dispersion reveals the emergence of symmetry-

protected Dirac points aligned along the Γ–M direction of the Brillouin zone, with

linear dispersion in their vicinity and equal contributions from both orbitals. By

systematically varying the interaction strength U , we have identified a finite window

in parameter space over which the Dirac semimetallic phase persists. Beyond a critical

interaction strength, the Dirac points annihilate and a full gap opens at the Fermi

level, signaling a transition to an insulating phase. The corresponding density of

states and optical conductivity spectra consistently reflect this evolution, with the

latter exhibiting complete isotropy in the x- and y-directions as a direct consequence

of the (π, π) ordering and the absence of orbital polarization.

An analytical condition for the existence of Dirac points at the Fermi level has been

derived, explicitly linking the exchange field, orbital-dependent potential, and kinetic

energy scales. This condition provides clear insight into the mechanism driving the

semimetal–insulator transition and establishes the minimal requirements for realizing

a Dirac semimetallic phase in the present model. Furthermore, the effective low-

energy Hamiltonian constructed near the Dirac points confirms the Dirac-like nature

of the quasiparticle excitations and elucidates the anisotropic linear dispersion in

momentum space.

The topological character of the Dirac semimetallic phase is further substantiated

by our investigation of edge-state spectra in ribbon geometries. In the semimetallic

regime, gapless edge states emerge and evolve in tandem with the bulk Dirac points,

while these states become fully gapped once the system enters the insulating phase.

The disappearance of edge modes concomitant with the bulk gap opening confirms

the close correspondence between bulk topology and boundary excitations. Addition-

ally, quasiparticle interference calculations reveal characteristic scattering signatures
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dominated by inter-Dirac-pocket processes, providing experimentally accessible fin-

gerprints of the Dirac semimetallic state.

Overall, this chapter establishes that a (π, π)-ordered antiferromagnetic phase in

a minimal two-orbital framework can host a symmetry-protected Dirac semimetallic

state over a finite interaction range. These findings highlight the crucial role of mag-

netic ordering, orbital symmetry, and hopping structure in shaping the low-energy

electronic topology, and they offer a complementary perspective to the more exten-

sively studied (π, 0) SDW phase of iron pnictides. The results presented here may

serve as useful model studies for Dirac semimetallic behavior in correlated magnetic

materials.
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Chapter 7

Summary and Future Scope

This chapter encapsulates the key contributions of the thesis and outlines promising

directions for future research.

7.1 Summary

This thesis is focused on the theoretical studies of topological semimetallic (TSM)

states in two-dimensional magnetically ordered systems, driven by their potential

relevance to future technological applications in spintronics, low-dissipation transport,

anisotropic electronic behavior, and anomalous Hall responses. Particular emphasis

is placed on Dirac semimetals (DSMs) supported by specific symmetry constraints

within realistic interaction regimes. In the current work, two different systems were

explored: (i) One without spin-orbit coupling but involved more than one orbital. Two

types of the magnetic ordering were considered, one with spin-density wave (SDW)

order with ordering wave vector (π, 0) and checkerboard antiferromagnetic order with

ordering wavevector (π, π). (ii) The other system, which was explored in detail, was

the non-symmorphic crystal accompanied with the antiferromagnetic (AFM) ordering

in the presence of spin-orbit coupling.

Key findings of the thesis are summarized as follows:

• Dirac semimetallic state with (π, 0) spin-density wave phase: Using a

two-orbital model with on-site Coulomb interaction, we showed that by tuning

the orbital splitting (OS) between dxz and dyz orbitals, the location of symmetry-

protected Dirac points can be brought exactly at the Fermi level. Moreover, the

same process suppresses non-Dirac Fermi pockets, resulting in a DSM-SDW

phase with linear dispersion at the Fermi level. The necessary condition for the

same is obtained and the effective Hamiltonian is derived.

The inclusion of the OS parameter has been motivated by its presence in the

high-temperature state with tetragonal symmetry and nematic order, and ex-

perimentally, it can be realized by applying in-plane stress on the sample. The

nematic phase is marked by the presence of a short-range order with broken
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four-fold rotation symmetry and is observed at a temperature T > TSDW in

several iron-based superconductors. It was noted that the lattice anisotropy

in the orthorhombic symmetry cannot give rise to a splitting as large as ≈ 60

meV between the dxz and dyz orbitals. This perhaps indicates that the OS,

which persists into the high temperature tetragonal phase, in addition to the

orthorhombic symmetry or magnetic order, could be the key factor behind the

anisotropic electronic behavior. Therefore, it is not unreasonable to include

such splitting in the low-temperature phases such as the SDW state. OS can be

controlled by applying appropriate pressure such as an in-plane stress.

The current findings not only identify an interesting minimal model without

spin-orbit coupling, which supports symmetry protected Dirac-semimetallic state

with collinear magnetic order (π, 0), but they also provide important insight

into various experimentally observed anisotropic electronic states and the role

of Dirac cones in the anisotropic electronic properties of iron-based supercon-

ductors in the SDW state. This is investigated through detailed analysis of the

Drude-weight anisotropy, quasiparticle interference, and optical conductivity.

Various possible distinct edge states existing for different ribbon geometry run-

ning along ferromagnetic arrangement of magnetic moments or another running

along antiferromagnetic arrangement of magnetic moments are investigated. In

the case when the ribbon is running along the ferromagnetic direction, two pos-

sible edge states are found depending on whether the number of ferromagnetic

chains is even or odd.

• Topological Semimetallic State with (π, π) order: In the minimum two-

orbital model of iron pnictides, it is further demonstrated that there exists a

window in the largest interaction parameter, i.e., on-site Coulomb interaction

U , when a Dirac semimetallic state can be realized with checkerboard-type an-

tiferromagnetic order. This can be achieved via setting the second-neighbor

intra-orbital hopping process to zero in the minimal two-orbital model. The

perfect Fermi-surface nesting stabilizes a (π, π) ordered state. In addition, we

investigated the nature of edge states, signature of associated collective exci-

tations such as quasiparticle inteference and optical conductivity over a finite

range of parameters, within which the crossover from Dirac semimetallic phase

to an insulating state or to the normal state can clearly be identified. The Dirac

semimetallic state obtained in this model has important differences from the

Dirac semimetallic state with (π, 0)-type SDW state order. The most important

difference is the transition to an insulating state for higher strength of interac-
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tion which is contrary to the guaranteed metallic nature of (π, 0)-type SDW

order. Secondly, because of four-fold symmetric state, there is no anisotropy

in the nature of edge states or in the optical conductivity. The quasiparticle

interference patterns are also four-fold symmetric. It may be noted that in

the aforementioned two cases of Dirac semimetallic state with checkerboard or

collinear magnetic order, the inversion symmetry was intact. Next, we investi-

gated magnetically ordered states without inversion symmetry.

• TSM State in Non-Symmorphic System with AFM ordering: We in-

vestigated topological semimetallic states with non-symmorphic symmetry in

the Rasbha-Hubbard model. In this case, the time-reversal (T ) and inversion

(P) symmetries are broken individually in a 2D AFM ordered system. The

orientation of the magnetic moments and external magnetic field like term was

shown to tune the system between Dirac and Weyl semimetallic phases. In the

phase diagram, in the parameter space of U vs λ, we found that with increasing

interaction strength, Dirac points annihilate each other, opening a bulk gap.

This transition from semimetallic to insulating behavior was also reflected in

the evolution of dispersion of symmetry protected edge states associated with

the Dirac or Weyl points. In this state, we studied optical conductivity and

quasiparticle interference (QPI) to probe the nature of collective excitations

and electronic states. Our finding suggests an anisotropic electronic state is re-

flected in the Drude weight and optical conductivity as well as in quasiparticle

inteference patterns. The anisotropy arises as a result of subtle interplay be-

tween the spin-orbit coupling and the magnetic ordering. It may be noted that

the spin-orbit coupling or the AFM magnetic order cannot generate anisotropy

individually.

Overall, this work establishes that symmetry-tuned magnetically ordered phases

can host topologically nontrivial Dirac semimetallic states in a two-dimensional sys-

tem. The interplay between topology, magnetic order, and electron correlations opens

pathways for designing quantum materials with potential applications in spintronics

and low-power electronics because of their interesting electronic properties studied in

the current work.

7.2 Scope for Future Study

The search for two-dimensional topological semimetals, which can host Dirac and

Weyl points, has intensified in recent times. Graphene remains one prominent non-
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magnetic model system while the signature of Dirac points has also been noticed in

the α-bismuthene. An example of a magnetically ordered system exhibiting evidence

of Dirac points is the metallic spin-density state of iron pnictides. Results of the

theoretical studies carried out here for symmorphic system without spin-orbit coupling

and non-symmorphic system with spin-orbit coupling suggest that TSM phases can

provide important insight into the behavior of such systems to be realized in near

future as demonstrated in the case of spin-density wave state of iron pnictides.

• Extensions to multi-orbital system: In the current work, our study was

limited to only one-orbital model in the case of non-symmorphic crystal with

spin-orbit coupling or two-orbital case without any spin-orbit coupling. How-

ever, it would be interesting to extend the current work to multi-orbital case

with spin-orbit coupling with or without non-symmorphic symmetry so that

the multi-band effect or multi-orbital effect on topological properties can be

studied as material systems to be discovered in the near future are likely to be

multi-orbital systems.

• TSM with complex spin-charge-orbital order. Our study largely focused

on the magnetically ordered topological semimetals. A multi-orbital correlated

electron system can support magnetic, charge, orbital order or any combina-

tion of these. It would be interesting to explore the possibility of topological

semimetals in such crystals with or without nonsymmorphic symmetry. More-

over, it would be interesting to explore and identify model systems or materials

which can support semimetallic states with spin-charge, spin-orbital, or spin-

charge-orbital order. These directions promise to enrich the understanding of

topological quantum materials and support the development of innovative de-

vices based on their exotic electronic and spin properties.

• Magnetic excitations: In the current work, we largely focused on collective

excitations such as optical conductivity, quasiparticle interference, etc. It is

also important to explore and understand the nature of magnetic excitations

which can be probed experimentally via inelastic-neutron scattering or resonant

inelastic x-ray spectroscopy. Such excitations can provide understanding of the

nature and strength of correlation existent in such systems. In addition, one

will be able to gain insight into the consequence of interplay between the Dirac

fermion and collective spin excitations.

• Extension to 3D Systems and Layered Structures: In the magnetic topo-

logical semimetals in 3D, the Dirac/Weyl nodes can result from the interplay
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of magnetism and band topology, leading to exotic properties. The candidate

materials include Co3Sn2S2 and Mn3Sn. Our study can easily be extended for

such magnetic topological semimetals by choosing an appropriate tight-binding

part of the Hamiltonian.

• Beyond Mean-Field Approaches: Our study extensively used the static

meanfield approximation to explore the interplay of magnetism and topology of

bands. It would be interesting to incorporate dynamical electron correlations

using methods such as Dynamical Mean-Field Theory (DMFT) which can pro-

vide more accurate insights into quasiparticle lifetimes and many-body effects

in the presence of topologically protected linear band crossing.

• Topological Transport Phenomena: The current work is focused only on

properties such as the nature of edge-states, quasiparticle interference, optical

conductivity. However, it would be of strong interest to investigate transport

signatures such as anomalous hall effect and magnetoresistance, etc. that can

reveal novel response in magnetically ordered topological semimetals.
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