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ABSTRACT 

The formation of localized structure in wide area nonlinear cavity has been investigated. 

Analytical as well as numerical methods have been adopted to determine the evolution of the 

localized structures. Cavity soliton have been generated with different delayed feedback. The 

influence of delay is compared with the case of no delay in feedback. The phase portraits 

have been drawn and analyzed to identify the center of the localized structure, i.e., cavity 

soliton. The nonlasing zone has also been identified.  The whole investigation on cavity 

soliton has been carried out in two parallel situations; with and without graphene saturable 

absorber. The influence of graphene has been identified. Applications of the result of the 

present investigation   have been suggested. 
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CHAPTER-1 

1.1 Introduction to Soliton 

Soliton is a localized structure which may be wave or a beam or a pulse that maintains its initial 

shape and size during propagation even after the collision with another soliton [1-2 ]. It was first 

observed by John Scott Russell in 1834 in union canal in Glasgow and was reported by him after 

extensive research on it for nearly a decade [2]. He however mentioned it as a ‘wave of 

translation’. With time the soliton has been emerged as a multidisciplinary research topic. For 

example, soliton can be found in major disciplines like, Physics, Chemistry, Biology and 

Biochemistry, electrical engineering, mechanical engineering [3-4]. It can be found in many 

interdisciplinary platforms too. Solitons are caused by the nonlinear optical effect. They grow 

due to the cancellation of dispersive effect/ (s) by the nonlinear effect/ (s) in the medium. For 

example, a pulse will broaden due to dispersion during propagation[4]. Now if the intensity of 

the pulse is very high (generally laser pulse is taken) it can create nonlinear polarization in the 

media through which it is propagating [ 5]. The nonlinear polarization in turn creates nonlinear 

refractive index. This intensity dependent refractive index, i.e., Kerr effect, will create self phase 

modulation (SPM). SPM induced pulse contraction may compensate group velocity dispersion 

(GVD) induced broadening and eventually leads to the formation of soliton [ 6]. Since this pulse 

is localized in time scale it is referred as temporal soliton. A soliton can be localized in space 

domain also and can be referred as spatial soliton[4]. For example, any beam will diverge due to 

self-diffraction. Kerr nonlinearity may lead to self-focusing of the beam. When these self-

focusing balances the self-diffraction perfectly one can get a spatial soliton, which will not 

diverge of converge due to propagation[3].  At the primary stage the concept of soliton has been 

developed mostly in conservative systems, i.e., in a system wherein the total mass-energy is 



2 
 

conserved [1, 5]. But practical systems are not conserved ones. Getting soliton in practical 

systems was not very common in those days.  With the advent of new techniques the research on 

soliton has been extended in many practical ‘non-conservative’ systems. Mathematically, 

solitons are the solutions of a weakly nonlinear dispersive partial differential equation that 

describes the dynamical system [ 4, 5]. A number of equations have been successfully used for 

exploring solitons; e.g., KdV equation, nonlinear Schrödinger equation, complex Ginzburg-

Landau equations etc [ 5, 7, 8].  

In conservative systems, the formation of soliton needs the dispersion-broadening to be balanced 

by the nonlinearity induced contraction. And this balance is sufficient. As long as this balance is 

maintained the soliton will be there [4]. But in case of non-conservative / dissipative systems, in 

addition to the aforesaid balance (between dispersion/ diffraction and nonlinearity) the system 

loss essentially to be compensated by an external gain [2]. That means a continuously energy 

flow is required for the maintenance of the soliton. Such solitons obtained in non-conservative/ 

dissipative media is called as dissipative solitons. Conservative solitons are formed in laboratory 

conditions, while dissipative solitons are formed in practical systems. There are many examples 

of naturally occurring solitons, which are dissipative. For example, the rolling cloud. A special 

type of dissipative soliton can be found in laser cavity and are classified as cavity soliton (CS) 

[1,2]. 

1.2Introduction to Cavity Soliton 

Cavity Soliton is a kind of dissipative soliton that can be formed inside a semiconductor cavity. 

They are bi-stable soliton in nature [2]. It attracted research attention because of its potential to 

act like a ‘bit of information’ and so can be used in future optical memory devices or data storage 

devices. Cavity solitons are formed on the transverse cavity plane (perpendicular to the cavity 
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axis) in a nonlinear cavity [4]. These appear to be a collection of bright spot against dark 

background or dark spots present on a bright background as (shown in Fig.1.1). 

  

(a) (b) 

Fig.1.1. Typical appearance of cavity solitons: (a) bright spot against dark background and (b) 

dark spots present on a bright background 

 There are three essential conditions to be satisfied in case of a cavity soliton and those 

conditions are: (i) exponential localization (ii) bi-stability (iii) freedom of localization on any 

point on the transverse plane [1].  Some more features made CS very interesting. For example, 

CSs are self -localized but do not depend on any boundary conditions.  CS can be independently 

controlled. This condition is very useful for all-optical processes [2].  They can present in 

various transverse locations of the transverse cavity plane.  Also, CS can have motion, which can 

be applied for scanning purpose. CS is formed by the overlapping of a patterned state on a 

homogeneous stationary state [2, 3]. That’s why CS research attracted researchers from various 

disciplines, who work on pattern formation too. The bistability of CS has an exclusive meaning. 

Depending on the initial conditions the CS can be present in one or more states with same 

controlling parameters at same time [2]. So it can be ‘on’ or ‘off’ in the same set of system 

parameters.  
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To form a CS a wide area cavity is required. Vertical cavity surface emitting laser (VCSEL) is an 

example of such system in which CSs are formed [ 9]. The wide area is also helpful to observe 

the drift or other motion of the CSs. The semiconductor systems (e.g., VCSEL) are preferred 

more than optical systems in order to observe the CS [9]. The reason behind is that the timescale 

of CS formation in the semiconductor materials is of the order of carrier recombination time [4]. 

This time is much smaller in comparison with the other macroscopic systems as it is of the order 

of several nanoseconds. The size of the CS is controlled by the diffraction length ‘ܽ’.  ܽ =

 is the resonator finesse ܨ is the cavity length, λ is the wavelength of light and ܮ where ,ܨߣܮ√ߙ

[10].  Optical pumping is very useful for obtaining the CS [11]. 

Theoretical research on CS combines the idea of solving nonlinear differential equation, stability 

analysis and nonlinear dynamics. There are only few methods to solve a nonlinear dynamical 

problem theoretically CS, like separation method [12], variation method [13]. These are 

analytical methods. Most of the theoretical investigations on CS are accomplished through 

numerical methods.  In the current investigation we adopt complex Ginzburg landau equation 

(CGLE) to present our nonlinear dynamical system [14]. The CGLE is solved numerically by 

using split-step Fourier method (SSFM).  

Feedback mechanism has a critical role in the formation of the CS. Earlier we mentioned that the 

system loss needs to be essentially compensated by an external gain. Here in our investigation 

the external gain is provided by a feedback mechanism [15].  Furthermore, depending on the 

feedback property the features of a CS will be varied. The feedback strength, feedback delay are 

very significant for the CS formation [14].  
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We investigate CS with delayed feedback as well as feedback without any delay. We also 

investigate CS with graphene as a saturable absorber in CGLE equation with and without 

delayed feedback [14, 15].  

1.3 VCSEL  

As we know that most of the cavity solitons forms in the nonlinear dissipative of VCSEL. 

VCSEL is a semiconductor laser developed in the mid 1980’s [9]. It is of lower cost and reliable 

in terms of stable and consistent radiation. Its temperature tolerance is great. VCSEL has high 

output power and a longer operating lifetime. Besides, it requires low threshold current (~ few 

micro-ampere) and has low noise [10]. It is stable in nature and have uniform lasing wavelength. 

The VCSEL has very less temperature dependence due to which the wavelength of emitted 

radiation remains constant [7 9]. VCSELs work out up to temperature 80oC without any major 

fluctuations in the radiation. The highest power that can be generated is of the order of 

1200W/cm2. VCSELs are much easier to manufacture than other lasers [5]. Due to the aforesaid 

features and its radiation profile and few more advantages (like, can be arrayed very easily, can 

be used in the local area networks advantageously) VCSEL are gradually replacing the edge 

emitting laser. VCSEL are fabricated by growing semiconductor layers on top of a substrate 

through molecular beam epitaxy method (which is also used for crystal growth) [7 9]. In VCSEL 

an active layer is sandwiched between the two mirrors, which are basically distributed Bragg 

reflectors (DBR) [7 9]. These DBR mirrors have an important property that is they are highly 

reflective in nature having reflectivity near about 99.5-99.9%. The DBR have an alternating low 

and high refractive index layers [7 9]. This causes the oscillation of light perpendicular to the 

semiconductor layers and eventually exits through the top mirror of the cavity device [16, 17]. 

Various methods have been developed to achieve a current detention to the active area. One of 
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the methods is etching, which is usually done on the top mirror [7]. Proton implantation method 

is the other option. This method is used for the fabrication of commercial scale VCSELs.  

Fig.1.2. shows the structure of typical VCSEL highlighting different layers. 

                                        

                                             Fig.1.2: The structure of a typical VCSEL.  

1.4 Graphene as a saturable absorber 

Saturable absorber is a material wherein the absorption of light decreases with increase in the 

intensity of light. Most materials can show some saturable absorption, but usually only at very 

high intensities. It is so high that it may create an optical damage [10]. Saturable absorbers (SA) 

are very useful for the formation of CSs. The significant parameters for a saturable absorber are 

the wavelength range where it absorb, the dynamic response. i.e., how fast it recovers, the 

saturation intensity or fluence (i.e., at which intensity or pulse energy the material saturates) [9]. 

SA are widely used for passive Q- switching devices. For cavity soliton formation generally 

semiconductor SA mirrors (SESAM) are used. Recently, graphene has emerged as a significant 

SA. We used graphene as a saturable absorber because of its gapless energy band structure. 

Graphene is a strong conductor [9, 10]. The delocalized electrons that flow through the positively 
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charged carbon atoms are responsible for this. Graphene is very thin (~ one atom thick) and 

transparent. Also graphene has large surface area, good thermal and chemical stability, high 

conductivity and mechanical flexibility. For these qualities graphene and graphene-based 

materials have been widely used in energy storage devices, electrodes etc. Graphene can sustain 

a current density up to 1,000,000 times greater than that of copper and its intrinsic mobility is 

1,000 times more than that of silicon. Moreover, thermal conductivity of graphene is 

significantly high 

In our investigation graphene saturable absorber (GSA) is used in the anticipation to reduce the 

required feedback strength for generation of CS. Also, one can take (in principle) all the 

advantages of GSA for CS investigation. Also, the unique properties of GSA can be manipulated 

for improvement of the performance of the CS as well as to identify new feature of CSs. 

1.5 Review on cavity soliton 

The CS is a special type of dissipative soliton [13]. The CS theory has been developed on mainly 

three elegant theories. First is the standard soliton theory which portrays the formation of soliton 

by virtue of the balance between non-linearity and dispersion / diffraction [15]. Second is the 

theory of nonlinear dynamics (given by Poincare and many leading scientists) that gives the idea 

of the soliton dynamics, bifurcations etc. Third is the stability analysis. Since, CSs are formed in 

a dissipative system; they are localized in a place, which is far from equilibrium.  Prigogine’s 

ideas related to such far from equilibrium systems are useful for CS theory [14-15]. 

 Like DS, a CS can have different shapes depending on the amount of energy which is supplied 

[1]. CSs are not decaying solutions. One of the most important spatial DS soliton is the cavity 

soliton. These are stable and are self-localized structures in a dissipative medium like a non-
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linear optical cavity [3]. CSs are formed in a driven optical non-linear cavity.  When soliton 

occurs in a driven non-linear cavity placed in front of the single feedback mirror it is called a 

feedback soliton. An example of cavity system that host spatial dissipative soliton is the VCSEL 

[9]. These are the semiconductor micro cavities enclosed by Bragg reflectors of high reflectivity. 

To provide gain to the system, quantum well structures are used as an active medium.  

CSs have been excited in a VCSEL which is operated as an amplifier i.e., biased slightly below 

the lasing threshold value. CSs have been formed in three major configurations (i) VCSEL with 

holding and writing beam, (ii) VCSEL with frequency –selective feedback and (iii) VCSEL with 

SA. The second and third configurations need no external holding beam.  Removal of the 

holding beam made the device simpler [10].  This also reduces the unwanted thermal effects and 

cross terms. 

CSs are very sensitive to phase or intensity gradients of the intracavity field. In fact, any kind of 

gradient present in the cavity can influence the CS. Such gradient can set in a drift of CS across 

the transverse cavity plane [18, 19]. The dynamics of CSs were studied under the influence of a 

various generalized equations. To control the position of cavity solitons, the inhomogeneties in 

the system parameter can be used.  

CSs have been proposed to have potential application for data storage, scanning etc.  CS is 

generated in a VCSEL [13].  Now, VCSEL based 3D imaging has been developed in recent days 

[20]. We, in the current investigation, try to develop some basic concepts, which will be useful 

for 3D imaging with the help of CS in VCSEL. Following is the review on 3D imaging. 
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1.6 Motivation/Gap:  

Feedback has an important role in the formation of CSs. Localized structures in cavity (and 

hence CSs) have been investigated with and without delay in feedback. But in those cavities 

graphene has not been used at all. Since the presence of graphene as a saturable absorber may 

significantly improve the system performance and /or may create new features in the CSs, it is 

worth to investigate CS formation with and without delayed feedback in VCSEL coupled with 

graphene saturable absorber. The knowledge of the effect of delayed feedback can be utilized for 

the 3D imaging purpose.  

 

1.7 Objectives: 

Our objectives of investigation are 

 to generate cavity solitons in VCSEL coupled with graphene saturable absorber and a 

delayed feedback. 

 to identify the effect of the delay in feedback on the generation of cavity solitons. 

 

1.8 Methodology: 

The complex Ginzburg-Landau equation (CGLE) plays an important role in modelling of various 

nonlinear dynamical systems, e.g., nonlinear optical waves, second-order phase transitions and 

even superconductivity [21]. CGLE is an amplitude equation that describe the onset of instability 

near an Andronov-Hopf bifurcation in a  large area dynamical systems, e.g., the VCSEL 

cavity[16,17]. In nonlinear optics, equations from CGLE family are widely used, for example, in 

mode-locking lasers and ultra short pulse propagation in optical fiber or transmission lines. They 
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are the key equations for the study of multimode lasers dynamics [17]. Besides, they are widely 

used for investigating pattern formation in both nonlinear optical and non-optical media [16].  

For our investigation we consider a cavity that comprises of a VCSEL coupled with 

feedback and graphene saturable absorber. The intra-cavity electric field dynamics can be 

mathematically presented by a cubic-quintic CGLE [17-18]. Actually, the saturable absorber 

term has been approximated and simplified to cubic-quintic terms. It can be viewed in this way: 

the cubic term try to increase, while the quintic term tends to decrease the saturation effect. By 

the interplay of the two counteracting terms the absorption eventually saturates [8].  We take 

one-dimensional cubic-quintic CGLE for the complex amplitude ݔ)ܣ,  of the intra-cavity field (ݐ

in VCSEL with delayed feedback as follows [14]: 

߲௧ܣ = ቀߚ + ఐ
ଶ
ቁ ߲௫௫ܣ + ܣߜ + (߳ + ܣଶ|ܣ|(ߡ + ߤ) + ܣସ|ܣ|(ߥߡ + ,ݔ)ܣఐట݁ߟ ݐ − ߬)   (1) 

The term in the LHS describes the evolution of the cavity field. In the RHS, the parameter β>0 is 

the diffusion coefficient; second-order dispersion (diffraction) is scaled to ½.  δ is the linear loss 

or gain parameter. The third and forth terms arise due to cubic and quintic effects respectively 

[18]. The parameters߳, μ, and ν determine the profile of the nonlinearity.  In the third and forth 

terms the real parts lead to cubic and quintic nonlinearities respectively, while the imaginary 

parts represent nonlinear losses (or gain, depending on the sign) [16]. The last term actually 

counts for the delayed feedback, while ߬ being the delay. 

When we add graphene as a saturable absorber in the cavity the CGLE is modified as follows: 

߲௧ܣ = ቀߚ + ఐ
ଶ
ቁ ߲௫௫ܣ + ܣߜ + ܣ௡௦ߙ + (߳ + ܣଶ|ܣ|݃(ߡ + ߤ) + ܣସ|ܣ|ଶ݃(ߥߡ + ,ݔ)ܣఐట݁ߟ ݐ − ߬)(2) 

 

We take two different cases: one is CGLE with delayed feedback and the other is CGLE 

equation without delayed feedback. By reduce each CGLE into three ordinary differential 
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equations which further gives 3D plots that show the CS formation region [21]. Then we repeat 

the process for both the feedback conditions using graphene as a saturable absorber in CGLE. 

Delayed feedback may play an important role in 3D imaging.  
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CHAPTER 2 

 

2.1 CS WITH DELAYED FEEDBACK: 

We consider the following CGLE with delayed feedback: (actually the eq.1) 

 ߲௧ܣ = ቀߚ + ఐ
ଶ
ቁ ߲௫௫ܣ + ܣߜ + (߳ + ܣଶ|ܣ|(ߡ + ߤ) + ܣସ|ܣ|(߭ߡ + ,ݔ)ܣఐట݁ߟ ݐ − ߬)               (3) 

We follow the method stated by N. N. Rosanov in ref. [6]. Let us start with the case of stationary 

structures where the field envelope depends on the evolution variable harmonically. Now, we put 

ܣ = ௜ఈ௧ି݁ܨ   

The complex amplitude ܨ depends only on ܦ co-ordinates(ݔଵ, ,ଶݔ ,ଷݔ … … ,  .(஽ݔ

Then it follows from CGLE equation with delayed feedback as: 

߲
ݐ߲

(ఐఈ௧ି݁ܨ) = ቀߚ +
ߡ
2ቁ

߲ଶ

ଶݔ߲ (ఐఈ௧ି݁ܨ) + ௜ఈ௧൯ି݁ܨ൫ߜ + (߳ + ݅)หି݁ܨ௜ఈ௧หଶ
ఐఈ௧ି݁ܨ

+ ߤ) + ఐఈ௧ି݁ܨఐఈ௧|ସି݁ܨ|(ߥߡ + ,ݔ)ఐఈ௧ି݁ܨఐట݁ߟ ݐ − ߬) 

Now after simplifying this equation and taking ݁ିఐఈ௧ part common and canceling out from both 

sides we lead to following equation as shown below: 

(ఐఈ௧ି݁)ߙߡܨ− = ݁ିఐఈ௧ ቂቀߚ +
ߡ
2ቁ ߲௫௫ܨ + ܨߜ + (߳ + ܨଶ|ܨ|(ߡ + ߤ) + ܨସ|ܨ|(ߥߡ + ,ݔ)ܨఐట݁ߟ ݐ − ߬)ቃ 

Now dividing whole equation by ቀߚ + ఐ
ଶ
ቁ we get 

ߚ2) + (ߡ
݀ଶܨ
ଶݎ݀ +

ܦ) − 1)
ݎ

ܨ݀
ݎ݀

ߚ2) + (ߡ + ߙߡ)ܨ2 + ߜ + (߳ + ଶ|ܨ|(ߡ + ߤ) + ସ|ܨ|(ߥߡ + ,ݔ)ఐట݁ߟ ݐ

− ߬) = 0 
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By separating real and imaginary parts, we get further two equations: 

ௗమி
ௗ௥మ + (஽ିଵ)

௥
ௗி
ௗ௥

(ߚ2) + ߜ)ܨ2 + ଶ|ܨ|(߳ + ସ|ܨ|ߤ + ,ݔ)ఐట݁ߟൣܴ݁ܨ2 ݐ − ߬)൧=0    (4) 

And ௗమி
ௗ௥మ + (஽ିଵ)

௥
ௗி
ௗ௥

+ ߙൣܨ2 + ଶ|ܨ| + ସ|ܨ|ߥ + ,ݔ)ఐట݁ߟ)݉ܫ ݐ − ߬)൧ = 0   (5) 

Now putting ܨ =  ఐథబ in equations (4)and (5) and further simplifying by taking derivatives we݁ܣ

get again two equations:- 

ௗ௄
ௗ௥

− ௄ொ
ఉ

− ܳଶ − ଵ
ଶఉ

ௗொ
ௗ௥

+ (஽ିଵ)
௥

ቂܭ − ொ
ଶఉ

ቃ + ଵ
ఉ

ߜ) + ଶܣ߳ + ସܣߤ + ߰) cosߟ] − ߱߬)] = 0 (6) 

And  

ௗ௄
ௗ௥

+ ܳܭߚ4 + ߚ2 ௗொ
ௗ௥

− ܳଶ + (஽ିଵ)
௥

ܭ) + (ܳߚ2 + ߙ]2 + ଶܣ + ସܣߥ + ߰) sinߟ − ߱߬)] = 0   (7) 

Here,ܭ = ଵ
୅

ௗ஺
ௗ௥

. 

These two equations are added and subtracted to give rise to the following two equations:- 

ௗ௄
ௗ௥

= ܳଶ − (஽ିଵ)௄
௥

− ଶ
ቀଶఉା భ

మഁቁ
ߜൣ + ଶܣ߳ + ସܣߤ + ߰) cosߟ] − ߱߬)]൧ − ଵ

ఉቀଶఉା భ
మഁቁ

ߙൣ + ଶܣ + ସܣߥ +

߰) sinߟ] − ߱߬)]൧ = 0          (8) 

And 

ௗொ
ௗ௥

= ܳܭ2− − (஽ିଵ)
௥

ܳ + ଶ
(ସఉమାଵ)

ߜ] + ଶܣ߳ + ସܣߤ + ߟ cos(߰ − ߱߬)] + ସఉ
(ସఉమାଵ)

ߙ] + ଶܣ + ସܣߥ +

߰) sinߟ − ߱߬)]          (9) 

Now finally we get three coupled ordinary differential equations as follows: 

ௗ஺
ௗ௥

=KA            (10) 
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ௗ௄
ௗ௥

= ܳଶ − (஽ିଵ)௄
௥

− ଶ
ቀଶఉା భ

మഁቁ
ߜ] + ଶܣ߳ + ସܣߤ + ߰)ݏ݋ܿߟ − ߱߬)] − ଵ

ఉቀଶఉା భ
మഁቁ

ߙ] + ଶܣ + ସܣߥ +

ߟ sin(߰ − ߱߬)]          (11) 

ௗொ
ௗ௥

= ܳܭ2− − (஽ିଵ)
௥

ܳ + ଶ
(ସఉమାଵ)

ߜ] + ଶܣ߳ + ସܣߤ + ߟ cos(߰ − ߱߬)] + ସఉ
(ସఉమାଵ)

ߙ] + ଶܣ + ସܣߥ +

߰) sinߟ − ߱߬)]          (12) 

Now, we solve the above three coupled differential equations (10-12) by Range-Kutta method 

(i.e., numerically). The result is described in the following paragraphs.  

                                                        
                                                                          

 Fig.2.1:  Evolution ofܣ, ܳ and ܭ with t where parameters are β=6.2, α=0.7, ∈= 4.0 , μ=2, 

δ=0.51 ν=-0.1, η=0.2, Ψ=3.17, ω=9, τ=3.  

 

Evolution of real amplitude(ܣ), rate of change of real amplitude  (ܭ ) and the rate of change of 

phase (ܳ) with t is presented in fig. 2.1.   ܣ And K remains constant while Q increases with t. 

This indicates the formation of a structure of constant amplitude but of changing phase. It can be 
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considered as a CS if its three major properties (mentioned earlier) are satisfied. The complex 

nonlinearity of the system may lead to such variation. 

Now we plot the CS solution  

The behaviour of A(r), Q(r) and K(r) is asymptotic for r→0 and r→infinity. Solution of quations 

(10-12) can be plotted in ܳܭܣ phase space. The 3D curves in Fig. 2.2 give the radial dependence 

of ܣ, ܳ and ܭ of the localized structure, i.e., the CS in the phase space ܳܭܣ. One end (point O) 

of the curve corresponds to the center of the localized structure and the other end (point NL) 

corresponding to the non lasing regime.  

 

  

(a) (b) 

          

Fig.2.2: Cavity soliton solution line in AQK space where all the parameters are same as Fig.2.1. 

(a) & (b) are in two different orientations. The points O and NL correspond to the center of CS 

and nonlasing zone respectively. 

 

 

O 

O 

NL 

NL 
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2.2 CS WITHOUT DELAYED FEEDBACK: 

We now consider no delay in feedback by setting ߬ = 0 (i.e., delayed term is zero). Rest of the 

parameters in all equation remain the same. Then we get the evolution ofܣ, ܳ and K as follows.  

                                                               

 

     Fig.2.3: Evolution A, Q and K with t having parameters remains same as in above case 

except τ i.e., β=6.2, α=0.7, ߳ =4.0, μ=2, δ=0.51, ν=-0.1, η=0.2, ψ=3.17, ω=9, τ=0.   

 

Evolution of real amplitude(ܣ), rate of change of real amplitude (ܭ) and the rate of change of 

phase (ܳ) with ݐ is presented in fig.2.3. ܣ And ܭ remain constant while ܳ increases withݐ. This 

indicates the formation of a structure of constant amplitude but of changing phase. Here the 

phase change is however bit smaller. It can be considered as a CS provided that its three major 

properties are satisfied. The corresponding CS solution  in the ܳܭܣ phase space is as follows.                     
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(a) (b) 

Fig.2.4: Cavity soliton solution line in AQK space where all the parameters are same as Fig.2.3. 

(a) & (b) are in two different orientations. 

                                                                                                                         

2.3 CS WITH GRAPHENE AS A SATURABLE ABSORBER (GSA) WITH DELAYED 

FEEDBACK:   

Now, we use graphene as a saturable absorber in CGLE equation with delayed feedback as :-

 ߲௧ܣ = ቀߚ + ఐ
ଶ
ቁ ߲௫௫ܣ + ܣߜ + ܣ௡௦ߙ + (߳ + ܣଶ|ܣ|݃(ߡ + ߤ) + ܣସ|ܣ|ଶ݃(߭ߡ + ,ݔ)ܣఐట݁ߟ ݐ − ߬)  (13) 

Now by following same steps as in above equation we get equation as follows 

߲௧ܣ = ቀߚ +
ߡ
2ቁ ߲௑௑ + ߜ) + ܣ(௡௦ߙ + (߳ + ܣଶ|ܣ|݃(ߡ + ߤ) + ܣସ|ܣ|ଶ݃(ߥߡ + ,ݔ)ܣఐట݁ߟ ݐ − ߬) 

Let us start with the case of stationary structures where the field envelope depends on the 

evolution variable harmonically:- 

Put ܣ =  (ݐߙߡ−)݌ݔ݁ܨ

O 

O 

NL 

NL 
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߲
ݐ߲

(ఐఈ௧ି݁ܨ) = ቀߚ +
ߡ
2ቁ

߲ଶ

ଶݔ߲ (ఐఈ௧ି݁ܨ) + ߜ) + ఐఈ௧ି݁ܨ(௡௦ߙ + (߳ + ఐఈ௧ି݁ܨఐఈ௧|ଶି݁ܨ|݃(ߡ

+ ߤ) + ఐఈ௧ି݁ܨఐఈ௧|ସି݁ܨ|ଶ݃(ߥߡ + ,ݔ)ఐఈ௧ି݁ܨఐట݁ߟ ݐ − ߬) 

Further solving we get  

݁ିఐఈ௧ = ߙߡܨ + ቀߚ +
ߡ
2ቁ ߲௫௫ି݁ܨఐఈ௧ + (ఐఈ௧ି݁ܨ)ߜ + ఐఈ௧ି݁ܨ௡௦ߙ + (߳ + ఐఈ௧ି݁ܨଶ|ܨ|݃(ߡ

+ ߤ) + ఐఈ௧ି݁ܨସ|ܨ|ଶ݃(ݒߡ + ,ݔ)ఐఈ௧ି݁ܨఐట݁ߟ ݐ − ߬) 

Now take ݁ିఐఈ௧  , part common and cancel out from both sides 

ቀߚ +
ߡ
2ቁ ߲௫௫ܨ = ߙߡܨ + ܨߜ + ܨ௡௦ߙ + (߳ + ܨଶ|ܨ|݃(ߡ + ߤ) + ܨସ|ܨ|ଶ݃(ߥߡ + ,ݔ)ܨఐట݁ߟ ݐ − ߬) = 0 

ߚ2) + (ߡ
݀ଶܨ
ଶݎ݀ +

ܦ) − 1)
ݎ

ܨ݀
ݎ݀

ߚ2) + (ߡ

+ ߙߡൣܨ2 + ߜ + ௡௦ߙ + (߳ + ଶ|ܨ|݃(ߡ + ߤ) + ସ|ܨ|ଶ݃(ߥߡ + ,ݔ)ఐట݁ߟ ݐ − ߬)൧ = 0 

Put values of ௗమி
ௗ௥మ ܽ݊݀ ௗி

ௗ௥
 ℎ݁݊ݐ ݊݋݅ݐܽݑݍ݁ ݁ݒ݋ܾܽ ݊݅

ߚ2) + (ߡ ൤ௗమ஺
ௗ௥మ ݁ఐథబ + ఐథబ݁ߡ2 ௗ஺

ௗ௥
ௗథ
ௗ௥

− ఐథబ݁ܣ ቀௗథ
ௗ௥

ቁ
ଶ

+ ఐథబ݁ܣߡ ௗమథబ
ௗ௥మ ൨ + ߙߡఐథబൣ݁ܣ2 + ߜ + ௡௦ߙ +

(߳ + ଶܣ݃(ߡ + ߤ) + ସܣଶ݃(ߥߡ + ,ݔ)ఐట݁ߟ ݐ − ߬)൧                                                                                 (14) 

Now, separate out real and imaginary parts, 

ߚ2 ௗమ஺
ௗ௥మ − ܣ2 ௗ஺

ௗ௥
ௗథ
ௗ௥

− ߚܣ2 ቀௗథ
ௗ௥

ቁ
ଶ

− ܣ ௗమథ
ௗ௥మ + (஽ିଵ)

௥
ቂௗ஺

ௗ௥
(ߚ2) − ܣ ௗథ

ௗ௥
ቃ + ܣ2 ቂߜ + ௡௦ߙ + ଶ݃ܣ߳ +

ସܣଶ݃ߤ + ,ݔ)ఐట݁ߟൣܴ݁ ݐ − ߬)൧ቃ = 0                                                                                           (15)  
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And  4ߚ ௗ஺
ௗ௥

ௗథ
ௗ௥

+ ௗమ஺
ௗ௥మ + ߚܣߚ2 ௗమథబ

ௗ௥మ − ܣ ቀௗథ
ௗ௥

ቁ
ଶ

+ (஽ିଵ)
௥

ቂௗ஺
ௗ௥

+ ܣߚ2 ௗథ
ௗ௥

ቃ + ܣ2 ቂߙ + ଶ݃ܣ + ସ݃ଶܣߥ +

,ݔ)ఐట݁ߟൣ݉ܫ ݐ − ߬)൧ቃ                                                                                                                                 (16)     

Now, put ܳ = ௗథబ
ௗ௥

, ܭ = ଵ
஺

ௗ஺
ௗ௥

 

Equation 15 reduces to, 

ௗ௄
ௗ௥

− ௄ொ
ఉ

− ܳଶ − ଵ
ଶఉ

ௗொ
ௗ௥

+ (஽ିଵ)
௥

ቂܭ − ொ
ଶఉ

ቃ + ଵ
ఉ

ቂߜ + ௡௦ߙ + ଶܣ݃߳ + ସܣଶ݃ߤ + ,ݔ)ఐట݁ߟൣܴ݁ ݐ − ߬)൧ቃ =

0                                                                                                                                             (17) 

Similarly, equation 16 reduces to, 

ௗ௄
ௗ௥

+ ܳܭߚ4 + ߚ2 ௗொ
ௗ௥

− ܳଶ + (஽ିଵ)
௥

ܭ] + [ܳߚ2 + 2 ቂߙ + ଶ݃ܣ + ସܣଶ݃ߥ + ,ݔ)ఐట݁ߟൣ݉ܫ ݐ −

߬)൧ቃ                                                                                                                                                                 (18) 

 Now add and subtract equations 17 and 18 we get two ordinary differential equations as such:- 

ܭ݀
ݎ݀ = ܳଶ −

ܦ) − (ܭ)(1
ݎ −

2

൬2ߚ + 1
൰ߚ2

ߜ] + ௡௦ߙ + ଶ݃ܣ߳ + ସ݃ܣߤ + ߰)ݏ݋ܿߟ − ߱߬]

+
1

ߚ ൬2ߚ + 1
൰ߚ2

ߙ] + ଶ݃ܣ + ସܣଶ݃ߥ + ߰)݊݅ݏߟ − ߱߬)] 

And 

ௗொ
ௗ௥

= ܳܭ2− − (஽ିଵ)ொ
௥

+ ଶ
ସఉమାଵ

ߜ] + ௡௦ߙ + ଶܣ݃߳ + ସܣଶ݃ߤ + ߟ cos(߰ − ߱߬)] + ସఉ
(ସఉమାଵ)

ߙ] +

ଶ݃ܣ + ସܣଶ݃ߥ + ߰) sinߟ − ߱߬)]  

Further solving this equation we get three ordinary differential equations as:- 
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ௗ஺
ௗ௥

=  (19)           ܣܭ

ௗ௄
ௗ௥

= ܳଶ − (஽ିଵ)௄
௥

− ଶ
ቀଶఉା భ

మഁቁ
ߜ] + ௡௦ߙ + ଶ݃ܣ߳ + ସ݃ଶܣߤ + ߰) cosߟ − ߱߬)] + ଵ

ఉ(ଶఉା భ
మഁ)

ߙ] +

ଶ݃ܣ + ߭݃ଶܣସ + ߰) sinߟ − ߱߬)]        (20) 

ௗொ
ௗ௥

= ܳܭ2− − (஽ିଵ)ொ
௥

+ ଶ
(ସఉమାଵ)

ߜ] + ௡௦ߙ + ଶܣ݃߳ + ସܣଶ݃ߤ + ߰) cosߟ − ߱߬)] + ସఉ
(ସఉమାଵ)

ߙ]  +

ଶ݃ܣ + ߭݃ଶܣସ + ߰) sinߟ − ߱߬)]        (21) 

Now, we solve the above three coupled differential equations by Range- Kutta method (i.e., 

numerically). The result is described in the following paragraphs. 

                                                                                         

  Fig.2.5: Evolution of A, K and Q where parameters are β=6.2, α=0.7,ߙ௡௦ = 5,߳ = 4.0,      μ=2, 

δ=0.51, ν=-0.1, ݃ = 0.4, η=0.2, ψ=3.17, ω=9, τ=3.  

Evolution of real amplitude(ܣ), rate of change of real amplitude (ܭ) and the rate of change of 

phase (ܳ) with ݐ is presented in fig.2.5. ܣ And ܭ remain constant while ܳ increases withݐ. This 
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indicates the formation of a structure of constant amplitude but of changing phase. It can be 

considered as a CS if its three major properties (mentioned earlier) are satisfied. The phase 

change has been further reduced in this case.  The corresponding CS solution in ܭܳܣ phase 

space is given in Fig. 2.6. This, as before, indicates the center as well as nonlasing region for the 

CS. 

 
 

(a) (b) 

Fig.2.6: Cavity soliton solution line in AQK space where all the parameters are same as Fig.2.5. 

(a) & (b) are in two different orientations. 

2.4 CS WITH GRAPHENE AS A SATURABLE ABSORBER (GSA) WITHOUT 

DELAYED FEEDBACK:- 

In this case, we take delayed term (߬) is zero and rest all equation remains same then we get 

solutions as shown below.  

O 

O 

NL NL 
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  Fig.2.7: Evolution of A, Q and K where all parameters remains same except τ i.e., β=6.2, 

α=0.7, ߙ௡௦ = 5 , ߳ = 4.0 , μ=2, δ=0.51, ν=-0.1,݃ = 0.4 , η=0.2, ψ=3.17, ω=9, τ=0.  

Evolution of real amplitude (ܣ), rate of change of real amplitude (ܭ) and the rate of change of 

phase (ܳ) with ݐ is presented in fig.2.7. As before, ܣ and ܭ remain constant while ܳ increases 

with ݐ. This indicate the formation of a structure of constant amplitude but of changing phase . 

This case the phase change is smaller than the earlier similar curve in section 2.3. The 

corresponding phase plot is given in Fig. 2.8 below. 
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(a) (b) 

Fig.2.8: Cavity soliton solution line in AQK space where all the parameters are same as Fig.2.7. 

(a) & (b) are in two different orientations. 

 

2.5 PHASE PLOTS FOR DIFFERENT STRENGTHS OF GSA WITH DELAYED 

FEEDBACK : 

We now investigate the effect of the GSA in details. We increase the saturation strength ݃ and 

draw the phase plots as follows. With increasing strength of GSA the profile of the localized 

structure changes significantly 

O 

O 

NL 
NL 
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(a) (b) 

 
 

(c) (d) 

Fig.2.9: Cavity soliton solution line in AQK space where the parameters are β=6.2, α=0.7, 

௡௦ߙ = 5 , ߳ = 4.0, μ=2, δ=0.51, ν=-0.1, , η=0.2, ψ=3.17, ω=9, τ=3.  

(a) ݃ = 1.4, (b) ݃ = 3.4, (c) ݃ = 4 and (d) ݃ = 8 
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2.6. PHASE PLOTS FOR DIFFERENT VALUES OF GSA WITHOUT DELAYED 

FEEDBACK :- 

We now investigate the effect of the GSA in absence of the delay in feedback. As before, we 

increase the saturation strength ݃ and draw the phase plots as follows in Fig. 2.10. Here also with 

increasing strength of GSA the profile of the localized structure changes significantly. The 

notable point is that at higher strength the curve takes large coordinate values. This was observed 

in the delayed feedback case too. 

  

(a) (b) 
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(c) (d) 

Fig.2.10: Cavity soliton solution line in AQK space where the parameters are β=6.2, α=0.7, 

௡௦ߙ = 5, ߳ = 4.0, μ=2, δ=0.51, ν=-0.1, ݃ = 0.4, η=0.2, ψ=3.17, ω=9, τ=0.  

(a) ݃ = 1.4, (b) ݃ = 3.4, (c) ݃ = 4 and (d) ݃ = 8 

 

2.7  PHASE PLOTS FOR DIFFERENT DELAY IN FEEDBACK WITH GSA: 

Now we explore the influence of the delay in feedback on the profile of the localized structure, 

i.e., CS. In presence of GSA we vary, in fact,  increase the delay in feedback. The CS solution 

curve in AQK space is plotted for increasing delay ߬ in Fig. 2.11. The profile changes 

significantly with the delay.  
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(a) (b) 

 

(c) 

Fig.2.11: Cavity soliton solution line in AQK space where the parameters are β=6.2, α=0.7, 

௡௦ߙ = 5, ߳ = 4.0, μ=2, δ=0.51, ν=-0.1, ݃ = 0.4, η=0.2, ψ=3.17, ω=9,  

(a) τ=4, (b) τ=8 and (c) τ=25 

2.8 PHASE PLOTS FOR DIFFERENT DELAY IN FEEDBACK WITHOUT GSA:  

As we explored the influence of the delay in feedback on the profile of the localized CS structure 

in presence of GSA, at this point it is worthy to repeat the same investigation in absence of GSA.  
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In this case too the CS solution curve in AQK space is plotted for increasing delay߬.  Fig. 2.12 

shows that the profile changes significantly with different delayed feedback.  

  

(a) (b) 

 

(c) 

Fig.2.12: Cavity soliton solution line in AQK space withࢍ = ૙. The other parameters are β=6.2, 

α=0.7, ߙ௡௦ = 5, ߳ = 4.0, μ=2, δ=0.51, ν=-0.1, η=0.2, ψ=3.17 and  ω=9. 

(a) τ=4, (b) τ=8 and (c) τ=25 



29 
 

                                                             CHAPTER 3 

 3.1 CONCLUSION :  

We determined the evolution of the localized structure in the nonlinear cvavity. If the three major 

properties, namely, (i) exponential localization (ii) bi-stability (iii) freedom of localization on 

any point on the transverse plane, are satisfied by the localized structure one can refer them as 

CS.We determined the evolution equations of the CS parameters for different situation of 

delayed feedback as well as without delay in feedback. The evolution curves show localized 

structure formation. However the phase cannot be constant in those structures. The 3D phase 

plots are generated to determine the profile of the CS. The center of the CS and the points of 

nonlasing state have been identified for various situations of feedback delay. We investigate all 

the above matters in presence and in absence of GSA. Therefore the results clearly identify the 

influence of graphene or GSA in the formation of CS for different feedback. 

The results obtained may be of interest to the experimentalist to generate CS in laboratory 

environment. The influence of GSA might be a useful tool for tuning of devices that are operated 

based on CS. The delay in feedback can be manipulated to fabricate different optical and all-

optical devices. We precisely can emphasize on the 3D imaging using the result of the present 

work. Delayed feedback plays an important role in 3D imaging . Imaging is based on human 

vision system. We human beings have binacular vision, i.e., we see any object with two eyes.  

The eyes are separated and each eye sees the world from the different angle. Our brain combines 

those different images produce the sense of depth. When we a 3D object the light from different 

parts of the object take different times to reach our eyes. This delay can be manipulated in 3D 

imaging. Our current study on delayed feedback can be aligned with the above concept of vision. 
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Eventually using CS, generated by delayed feedback in VCSEL, one may create a 3D imaging 

technique. The concept of CS may improve the 3D imaging techniques significantly. 

3.2 FUTURE PLAN 

One can further investigate on our CS model to explore its application in 3D sensing. Since 

graphene is present in the cavity, the sensing can be significantly improved, in principle. Also, 

other exclusive and interesting features of graphene can be used for the 3D sensing. Gesture 

recognition is the other related issue, which can be addressed and developed in this line.  
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  Appendix-1: 

The MATLAB programme for the determination of evolution of ܭ ,ܣ and ܳ 

% close all; clear all; clc; 
%This programme is to solve the CGLE with delayed feedback 
equations and to find the EVOLUTION PLOTS 
 
  
function dydt = f(t,y); 
% Declear the STEADY STATE/ EQUILIBRIUM values of the 
system parameters 
% As=1;Qs=1;Ks=1; 
%solving the diff eqn using  
[t,y] = ode45(@f,[0 0.35],[1;1;0.1]); 
%Ploting of the graph  
plot3(t, y(:,1),t, y(:,2),t, y(:,3),'linewidth',2); 
% legend('A','Q','K') 
% xlabel('t','fontsize',24); 
% ylabel('A, Q , K', 'fontsize',24); 
xlabel('k','fontsize',24); 
ylabel('Q', 'fontsize',24); 
% axis([0 2.0 0 50]); 
%----------------------------------------------------------
---------- 
% defining the set of Ist order differential equation. 
function dydt =f(t,y) 
beta=6.2; 
alpha=0.7; 
alpha_ns=5; 
epsilon=4.0; 
mu=2.0; 
delta=0.51; 
v=-0.1; 
g1=0.4; 
eta=0.2; 
psi=3.17; 
omega=9.*10.^(14); 
tao=0; 
dydt = [y(3).*y(1); 
        y(2).^2-2/(2*beta+(1/2*beta)).*(delta+epsilon*( 
y(1).^2)*g1+alpha_ns+... 
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        mu*(g1^2)*(y(1).^4)+eta.*cos(psi-
omega.*tao))+1/beta.*(2.*beta+(1/2.*beta)).*((alpha+(y(1).^
2)*g1... 
        +v*(g1^2)*(y(1).^4)+eta.*sin(psi-omega.*tao))); 
       -
2*y(3).*y(2)+2/(4*(beta^2)+1).*(delta+alpha_ns+epsilon*g1*(
y(1).^2)+... 
       mu*(g1^2)*(y(1).^4+eta.*cos(psi-
omega.*tao)))+(4*beta./(4*(beta.^2)+1).*((alpha... 
           
+g1.*(y(1).^2)+mu.*(g1.^2).*(y(1).^4)+eta.*sin(psi-
omega.*tao))))]; 
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 Appendix-2: 

The MATLAB programme for the plotting of phase portrait in ܭܳܣ space 

% close all; clear all; clc; 
%This programme is to solve the CGLE with delayed feedback 
equations and to determine the PHASE PORTRAITS  
 
function dydt = f(t,y); 
% Declear the STEADY STATE/ EQUILIBRIUM values of the 
system parameters 
% As=1;Qs=1;Ks=1; 
%solving the diff eqn using  
[t,y] = ode45(@f,[0 0.35],[1;1;0.1]); 
%Ploting of the graph  
% plot(t,y(:,1),'k-',t,y(:,2),'k--
',t,y(:,3),'r:','linewidth',2); 
plot3(y(:,1),y(:,2),y(:,3),'linewidth',2); 
% legend('A','Q','K') 
xlabel('t','fontsize',24); 
ylabel('A, Q , K', 'fontsize',24); 
% xlabel('k','fontsize',24); 
% ylabel('Q', 'fontsize',24); 
% axis([0 2.0 0 50]); 
%----------------------------------------------------------
---------- 
% defining the set of Ist order differential equation. 
function dydt =f(t,y) 
beta=6.2; 
alpha=0.7; 
alpha_ns=5; 
epsilon=4.0; 
mu=2.0; 
delta=0.51; 
v=-0.1; 
g1=0.4; 
eta=0.2; 
psi=3.17; 
omega=9.*10.^(14); 
tao=0; 
dydt = [y(3).*y(1); 
        y(2).^2-2/(2*beta+(1/2*beta)).*(delta+epsilon*( 
y(1).^2)*g1+alpha_ns+... 
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        mu*(g1^2)*(y(1).^4)+eta.*cos(psi-
omega.*tao))+1/beta.*(2.*beta+(1/2.*beta)).*((alpha+(y(1).^
2)*g1... 
        +v*(g1^2)*(y(1).^4)+eta.*sin(psi-omega.*tao))); 
       -
2*y(3).*y(2)+2/(4*(beta^2)+1).*(delta+alpha_ns+epsilon*g1*(
y(1).^2)+... 
       mu*(g1^2)*(y(1).^4+eta.*cos(psi-
omega.*tao)))+(4*beta./(4*(beta.^2)+1).*((alpha... 
           
+g1.*(y(1).^2)+mu.*(g1.^2).*(y(1).^4)+eta.*sin(psi-
omega.*tao))))]; 
  

---------------------------------------------------------- 




