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ABSTRACT

The present thesis deals with the problems of determining the effects
of rotation and/or tidal distortions on the equilibrium structure of gaseous
spheres in the presence of coriolis force. Such a study has practical
relevance in astrophysics where it is expected to help in understanding the
problems of stellar stability and stellar variability of rotating stars as well as
of stars in binary and multiple systems.

This thesis consists of two chapters. Chapter one is introductory in
which a brief explanation of astrophysical significance of the theoretical
study of the problem of determining the effects of rotation and/or tidal
distortions on the equilibrium structures of gaseous spheres and averaging
technique of Kippenhahn and Thomas has been discussed. Certain results
obtained by Mohan, Saxena and Agarwal and a brief survey of literature
have been also presented in this chapter. In chapter two, effect of coriolis
force on the equilibrium structures of rotationally and tidally distorted stellar
models is presented and applied to the Prasad and Roche model of stars.
Analysis of results have also been discussed in this chapter.
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CHAPTER -1

INTRODUCTION



This chapter is introductory in nature. In section 1.1 we first explain in
brief the astrophysical significance of the theoretical study of the problem of
determining the effects of rotation and/or tidal distortions on the equilibrium
structures of gaseous spheres. A brief survey of the literature available on the
subject is presented in Section 1.2. In section 1.3, we present the
fundamental system of differential equations which governs the equilibrium
structure of a gaseous sphere in hydrostatic and thermal equilibrium.
Kippenhahn and Thomas (12) averaging technique to determine the
equilibrium structures of rotationally and tidally distorted gaseous spheres
has been discussed in section 1.3.1. The concepts of Roche equipotentials
and Roche limits are then introduced in section 1.3.2. Certain results
obtained by Kopal (14) for the Roche equipotentials are also presented in
this subsection. Mohan, Saxena and Agarwal’s (31) approach for
determining the equilibrium structures of rotationally and tidally distorted
gaseous spheres have been discussed in section 1.4. A brief summary of the

work presented in the succeeding chapter, is finally presented in section 1.5.

1.1  ASTROPHYSICAL SIGNIFICANCE OF THE PROBLEM OF
DETERMINING THE EFFECTS OF ROTATIONAL AND
TIDAL DISTORTIONS ON THE EQUILIBRIUM
STRUCTURES OF GASEOUS SPHERES

The theoretical model of a star is essentially a self gravitating gaseous
sphere in hydrostatic and thermal equilibrium. Theoretical studies of the
problems of the equilibrium structure of gaseous spheres have often been
carried out to understand the nature of the internal structures, responsible for
various observed phenomena of the stars. Whereas some of the stars are

observed as single stars others are observed in groups of two or more stars.



Observations also show that some of the stars are rotating about their axes of
rotation. This rotation may be a solid body rotation or a differential rotation.
Many of the stars in binary and multiple systems are also known to be
rotating about their axes as well as revolving around each other. Thus if we
consider the equilibrium model of a single star which is not rotating as a
gaseous sphere, the equilibrium model of a rotating star will be rotationally
distorted gaseous sphere. Similarly, the equilibrium model of a non-rotating
star appearing in a binary or a multiple system will be a tidally distorted
gaseous sphere and a rotationally and tidally distorted gaseous sphere if the

star 1s rotating as well.

Some of the stars are observed as variable stars in which brightness
of the stars vary with time. In some of these variable stars, the variations in
luminosity are periodic. It is reasonable to assume in the case of such regular
variable stars that these are pulsating gaseous spheres in which the variation
in luminosity is being caused by the periodic contraction and expansion of
the gaseous mass. The regular variable stars gained importance in
astrophysics when it was discovered that there exists a definite relation
between the periods of pulsation and the luminosities of such stars. This
relationship has been utilized to determine the distance of stars. Such
investigations are also expected to help us in better understanding the nature

of the internal structure of the stars.

Theoretical investigation of the effects of rotation and tidal forces on
the equilibrium structures of gaseous spheres needs a deep study. Analytic
studies of the problems of rotating stars and stars in binary systems have
engaged the attention of astrophysicist since long with a view to analyze and

understand the observational behavior of such stars. A large number of stars
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observed in the sky are rotating stars or binary stars. In a binary system of
stars the two stars normally rotate about their own axis as well as revolve
about their common center of mass. In a majority of binary stars, one star
called primary, is generally more massive compared to its companion star.
Contact binaries have also been observed in which outermost surfaces of the
two stars just touch each other. Thus, the study of rotationally and tidally
distorted stars are expected to help in better understanding of problems of

stellar stability.

1.2 BRIEF SURVEY OF THE LITERATURE.

Most of the theoretical studies about the equilibrium structures of the
stars have been carried out in literature by assuming the star to be an
undistorted spherical gaseous sphere. Extensive literature is now available on
this subject (see for instance Chandrasekhar (5), Kippenhahn and Weigert
(13), Kopal (15,17).

The brightness of some stars varies with time. These are called
variable stars. In some of these variable stars, the variations in luminosity are
periodic. An important class of regular variable stars is Cepheid variables.
The regular variable stars, gained importance in astrophysics in the year
1912, when Miss Leavitt discovered that there exists a definite relation
between the periods of pulsation and the luminosities of such stars and the
relationship could be utilized to determine the distance of these stars. In most
of the theoretical studies of such stars, the variable star is represented by a

gaseous sphere, both in hydrostatic and thermal equilibrium.

Some of the variable stars are also observed to be rotating stars. In
such cases the rotation of the star will effect the equilibrium structure.

However, if the pulsating star is a member of the binary or a multiple

11



system, then its equilibrium structure will also get affected by the rotational
and tidal forces.The theoretical investigation related to the problems of
determining the equilibrium structures and stability of rotating and self
gravitating objects, possibly begun with the work of Newton. He was the
first to realize the importance of the law of gravitation for explaining the
figures of celestial bodies. Later on Maclaurin, Clairaut, Laplace, Legendre,
Jacobi etc. contributed ideas, necessary for the development of the general

theory of rotating bodies.

Edward Arthur Milne developed a technique for constructing the first
detailed model for a slowly rotating star in pure radiative equilibrium in the
year 1923. Authors such as James (11), Endal and Sofia (8), Kopal (16),
Geroyannis and Valvi (10) have also investigated the problems of
equilibrium structures of rotating stars. Some of the stars have solid body
rotation while some of the stars are observed to be rotating differentially. In
such type of stars different parts of the star are rotating about the axis of
rotation with different angular velocities. Problems of differentially rotating
stellar models have also been studied in literature.Authors such as
Geroyannis and Antonakopoulus (9), Mohan et al (27,28,29) have also

analyzed the problems of differentially rotating stars.

Equilibrium structures of stars which appear in binary and multiple
systems are likely to be affected by both the rotational as well as the tidal
effects of the companion stars. Attempts have been made in literature to
determine the effects of rotation and tidal distortions on the equilibrium
structure of the stars in binary and multiple systems. In a series of papers
Chandrasekhar (2,3,4) developed a first order analysis which he applied to
the study of the rotational problem, the tidal problem and the binary star
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problem. The method, however, was found unsuitable when the separation
between the components is only a few times the undisturbed radius of the
primary. Kippenhahn and Thomas (12) suggested a practical way of
analyzing the effects of rotation and tidal distortions on the equilibrium
structures of stars by approximating the actual equipotentials surfaces of the

star by Roche equipotentials.

Chan and Chau (1) developed a method which allows an efficient and
accurate investigation of the structure and evolution of a rotationally and
tidally distorted star in binary systems. Lal et al (21) have discussed the
equilibrium structures of rotationally and tidally distorted primary
component of binary systems taking into account the effect of mass variation
inside the star. Lal et al (22) studied the validity of series expression being
used for determining the position of a point on a Roche equipotential in case
of rotating stars and stars in binary systems. Deupree and Karkas (7) studied
the structure and evolution of binary stars using the two-dimensional stellar

structure algorithm.

Kopal and Ali (18) studied the integrability of the Roche coordinates.
The simple hypothesis of the pulsating model of a regular variable star is
made all the more complicated by the fact that some of the variable stars are
observed to be rotating stars or stars in binary or multiple systems. Most of
the authors have studied pulsations of stars having solid body rotation.
However, there are several variable stars which are suspected to be rotating
differentially. Lal and Mohan (20) have presented a method for computing
the equilibrium structures and various physical parameters of a primary
component of the binary system. Mohan and Saxena (24) used the

Kippenhahn and Thomas (12) averaging technique in conjunction with
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Kopal’s results on Roche equipotentials to determine the combined effects of

rotation and tidal distortions on the equilibrium structures of the of the stars.

Lal (19) studied in detail the equilibrium structures of differentially
rotating stellar models. Lal et al (20) applied this technique to study the
equilibrium structures of differentially rotating and tidally distorted white
dwarf models of stars. Lal, Pathania and Mohan (35) have tried to determine
the effect of coriolis force on the shapes of Roche equipotential surfaces of
rotating stars and stars in binary systems. They have obtained the equations
of Roche equipotential which takes into account the effect of coriolis force
besides the centrifugal and gravitationl forces. Sharma (36) have also
studied the equilibrium structures and eigen frequencies of Prasad model,
Roche model and composite models without taking into account the effect of
coriolis force. Lal and Pathania (34) have modified Kopal’s expression for
Roche equipotential to incorporate the effects of coriolis force and then
they have applied this modified expression for the Roche equipotential to
compute the equilibrium structures and shapes of polytropic models of

rotating stars and stars in binary system.

Whereas the properties of equilibrium structures of undistorted
gaseous sphere have been investigated in detail in literature, the effect of
rotation and tidal distortions on the equilibrium structures of gaseous spheres
has still not been fully understood. For instance comments have generally
been made that the approaches based on Roche equipotential for computing
the equilibrium structures of stars in binary systems carry out their studies in
fixed frame of reference and do not account for coriolis force which is

expected to arise in such cases when rotating frames of reference are used. In
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the present work we have addressed ourselves to the analytic and

computational studies of problems related to this field.

1.3 BASIC EQUATIONS DETERMINING THE EQUILIBRIUM
STRUCTURE OF A GASEOUS SPHERE

The general problem of determining the effects of rotation and / or
tidal distortions on the equilibrium structure of realistic models of stars is
quite complex. No general approach is as yet available which can determine
exactly the combined effects of rotation and tidal distortions on the
equilibrium structure of gaseous spheres. Most of the attempts in this
direction have generally tried to investigate some particular aspects of this
problem in certain approximate ways. In its present state, the problem of
determining the effects of rotation and tidal distortions on the structure,
stability of gaseous spheres thus far has not been satisfactorily solved.
Keeping in view its importance in astrophysics, there is still need for further

investigations in this direction.

The system of basic equations which governs the equilibrium
structure of a gaseous sphere in hydrostatic and thermal equilibrium,
especially as they pertain to the problems of the equilibrium structure of
stellar models, are by now well established in literature. Let P and p denote
the pressure and the density respectively at a point distant » from the center
of the sphere and M(r) the mass contained in a sphere of radius r. Also let
T be the temperature at a point distant r from the center of the sphere,
L(r)the net amount of energy crossing a spherical surface of radius r per
second and ¢ the rate of energy generation from thermo — nuclear processes

per gram per second, then the equation of conservation of mass states is
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dM (r)

=4zxr’
dr »

The equation of hydrostatic equilibrium gives

@:_GM(zr)
dr r

0
where G is the gravitational constant.

The luminosity equation is

d L(r)

=4zxripe
dr p

and the energy transport equation states

d_T_ 3x p L(r)

dr d4ac T? Anr?

in case of radiative equilibrium and for convective equilibrium,

dr 1. T dP
| P
dr y P dr

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

where x is the mass absorption coefficient of the gas, ¢ is the velocity of

light, a is the Stefan — Boltzmann constant and y is an adiabatic exponent

which is equal to the ratio of specific heats at constant pressure and volume

(for a perfect non degenerate particle gas in the absence of radiation (y=1).

In addition to the above four differential equations we also require

three more explicit relations which characterize more specifically the

behavior of the interior gas. They are the equation of state, the equation for

the mass absorption for energy generation by thermonuclear processes.

These equations may be formally represented by

P=P(p,T,chemical composition)
k=k(p,T,chemical composition)
and

£ =£(p,T,chemical composition)

16
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Equations (1.1 — 1.5) are to be satisfied in every layer of the gaseous sphere.
In addition certain boundary conditions are also to be satisfied. It is obvious
from the definitions of M (r) and L(r), that at the center we have

r=0: M(r)=0, L(r)=0 (1.7a)

r=R: M(r)=M and L(r) = L (1.7b)
where R is the radius of the gaseous sphere, M the total mass and L the total
energy radiated by the gaseous sphere. The pressure and the temperature at
the outermost surface of a gaseous sphere, taken as the representative model
of star, are often approximated by what are generally known as zero
boundary conditions. Under these conditions we take

r=R:P=0and T =0 (1.7¢)
Conditions (1.7c) are reasonably accurate for most of the theoretical stellar
models. If moreover, more accurate computations are to be done then we
may replace (1.7c) by

r=R:P=P and T =T, (1.7d)

where P is determined from the pressure of the upper atmospheric layers

and T, is determined from the effective temperature of the star.

In problems where the thermal properties of the model are either not
important or are not to be investigated, the equilibrium structure of the
gaseous sphere may be determined by solving equations (1.1 — 1.2) using
some suitable equation of state together with boundary conditions

At the center r=0:M(r)=0 (1.8a)
At the surface r=R: M(r)=M, P=0orP, p=0or p, (1.8b)

A number of the theoretical as well as numerical studies regarding the
equilibrium structures of gaseous spheres, particularly those which have

particular reference to the problems of the equilibrium structures of the stars

17



are available in literature (Chandrasekhar (5), Kippenhahn and Weigert
(13)).

1.3.1 AVERAGING TECHNIQUE OF KIPPENHAHN AND THOMAS

To study the effects of rotation and tidal distortions on the equilibrium
structure of gaseous spheres, Kippenhahn and Thomas (12) developed the
concept of topologically equivalent spherical surfaces corresponding to
actual equipotential surfaces of a rotationally and tidally distorted model.
They define on these equivalent spherical surfaces, quantities such as f,g
etc. which denote certain averages of the quantities f, g respectively on the
actual equipotential surfaces. If w denotes the total potential (gravitation,
rotation and tidal forces) of a rotationally and tidally distorted model at an
arbitrary point P(x,y,z) then y(x,y,z) = constant is an equipotential surface.

Let v, be the volume enclosed by the equipotential surface y = constant and
S, the surface area of this equipotential surface. For any function f(x,y,z)

they define f as its mean value over the equipotential surfaces y = constant

by the relation

F=a | fdo (1.9)

¥ y=const.
where do denotes the surface element of the equipotential surface y =
constant. Clearly f is a function of equipotential surface y only and can be
obtained as equation (1.9) for each equipotential surface y = constant.
Kippenhahn and Thomas also define a variable r, in analogy with the radius

of sphere by the relation

4
v, :Eﬂr,j (1.10)
Also by definition

18



S = jda (1.11D)

v
w=constant

Obviously, in general, S, is not equal to 4zr;. Kippenhahn and Thomas

(12) define a function g (x, y,z) by the relation

dy
_ 1.12
§ dn ( )

This g corresponds to the force of gravity of a sphere. The distance dn
between two neighboring surfaces y = constant and y+dy = constant is, in
general, not constant (i.e. not same at all points of the surface). They used

(1.12) to compute the mean values g and ? with the help of relations

SV/ W=const dn
o ., (1.13)
g'=— [ E5do
SV/ W=const n

Both g and;are functions of y alone and represent the value of g and g™
respectively over the topologically equivalent spherical surface. The volume
dv, between the surface y = constant and y +dy = constant is given by

-1 -
&, = [ dndo= | (‘;—'/’) dn =S,g" dy (1.14)
n

w=const y=const

Kippenhahn and Thomas(12) also defined nondimensional parameters u, v

and w as
S zr? 2 GM
u=—t_ y=Stlv 8 T (1.15)
47Z'r,/, GMI/, I,

where M, is the mass enclosed by equipotential surface y =constant.
We may thus regard the equipotential surface y = constant to be
topologically equivalent to a sphere of radius r, for which various functions

are defined by the above relations. (It may be noticed that if y is the

gravitational potential of a sphere then the surface y = constant is spherical
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surface with r, =r for which u =1 and g¢=GMm, / r,’ is constant on these

spheres and therefore v and w are constants and equal to 1).

Equations (1.9) to (1.15) are purely mathematical definitions, which
have been applied by Kippenhahn and Thomas (12) to gravitational fields of
gaseous spheres distorted by rotational and tidal forces. In hydrostatic
equilibrium the equipotential surfaces are also surface of equipressure and

equidensity. Therefore, on an equipotential surface the pressure P, and the
density p, are also constant. Using these concepts, Kippenhahn and Thomas

(12) obtained the equations governing the equilibrium structure of a
rotationally and tidally distorted stellar model in the following manner

From equation (1.10) the mass dM, between the equipotential surface

w = constant and y + dy = constant is given by

dM, =dv,p,=4xrp, dr, (1.16)
Thus, we get

dM

dr"’ =4zxr,p, (1.17)

14
From equation (1.14) and (1.16) we have

av, dM M
dy =Y 4V, = (—Ly - (1.18)
av, dy

v

Using relations (1.15), we get
_GM,dM,

47z’ryfpy,uw

(1.19)

The conditions for hydrostatic equilibrium, dP, /dy =-p,, can now be

written with equation (1.15) in the form

dP GM
Y —_ ";fp (1.20)
dMW 47Z'r,/,
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where

1 4z, 1

fp=—= —
uw GM, S, g™

The factor f, is a function of y only. If y is known, the equipotential

surface can be determined, and then consequently values of §,,r,,g and =

for each equipotential surface can be obtained simply from the geometry of

the equipotentials. The mass M, which depends on the density distribution
p, can be determined by integrating the equation (1.17). Similarly the other

structure equations derived by Kippenhahn and Thomas (12), which includes
the effects of rotation and tidal distortions on the equilibrium structure of
gaseous spheres are as follows.

For chemically homogenous spheres, the nuclear energy generation

rate ¢ depends only upon density p, and the temperature 7, and are,

therefore, constant on equipotential surface.

Thus, if L, is the energy which passes per second through the equipotential

surface y = constant, then

L
Ly _, (1.21)
am,

Using equation (1.17), it can be written as

dL
—=4nr)p, € (1.22)

drw

If the energy is transported by radiation, then the energy transport equation is

4acT’ dT. 4xriuw
F,=-20Cv 4y Ty TFYy (1.23)
3¢ dndM, GM,

where F, is the radiative flux on the equipotential surface y =constant. By

integrating F, over the equipotential surface y = constant, we get
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L = J F,/,dO'

W=cons tant

dacT? dT’ Arr?
S A G AP
3K dMl// GM'// Y=cons tant dn (1.24)

2 3 .4

=_6471' acTV, r, Cow dTW
3k dM,/,

so that
dT 3xL
LA 4 f (1.25)

- 2 3 4JT1
dMW 64rx acTW h,

Using equation (1.16), this equation can be expressed as

dar 3 L
v 2Py (1.26)

dry, _167racT; ryf !

where

1

MZVW

T

Equations (1.17), (1.20), (1.21) and (1.25) which are the four basic equations
governing the equilibrium structure of a gaseous sphere distorted by

rotational and tidal forces may now be collected together and written as.

am
dr: = 47Z'r;py, (1.27a)
dP GM
¥ —— 'jfp (1.27b)
dM‘/, 47Z'ry,
dL
Y —¢ (1.27¢)
M,
and
dT 3xL
M, samact (1.27d)
v acTV, t
where

1

MZVW

fr= 1 and f, =

uw
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These reduce to the normal equations used for determining the equilibrium
structures of spherical models of stars when distortion parameters u,v,w are
set one each. The boundary conditions which the above equations has to
satisfy are

M, =0, L,=0 (1.28a)

at the center r,=0

M, =M,, L, =L
P,/,=O, Ty,=0 or P,/,=P Tszw

s>

at the free surface r, =R, (1.28b)

where M, is the total mass of the model and L, , P, . T, are the values of

L,. P, T, respectively, on the outermost equipotential surface.
1.3.2 ROCHE EQUIPOTENTIAL

Roche equipotentials have often been used to analyze the problems of
rotationally and tidally distorted models of stars. In order to introduce the
concept of Roche equipotential, we assume two components of a close
binary system known as primary and secondary star. The primary star is
supposed to be much more massive than the secondary which is assumed as
a point mass causing tidal effects on the more massive primary component.
Both the components of binary system are assumed to be rotating about their
axes as well as revolving about their common center of mass. Following
Kopal (14), Mohan and Singh (25,26) certain results on Roche equipotential

which are of practical interest to the present study, are summarized below:

Suppose that M, and M, are the masses of the two components of a

close binary system separated by distance D. Further suppose that the

primary component of this system of mass M, is much larger than its
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companion star of mass M,(M, > M,)which can be regarded as a point mass.
Next suppose that the position of the two components is referred to a
rectangular system of Cartesian coordinates with origin at the center of

gravity of mass M, the x— axis along the line joining the mass centers of
two components and z-axis perpendicular to the plane of the orbit of the
two components (Fig. 1.1). Then the total potential w due to the
gravitational and disturbing force acting at an arbitrary point P(x,y,z),
which is not inside any of these two gaseous spheres is given by:

GM, , GM, Q’ M,D

=e _—2 2
+ 5 [(x M0+M1) +y°] (1.29)

r r
where r*=x>+y*+z’ and r; =(D-x)* +y’ + 7’ represent the squares of the
distances of P from the center of gravity of the two components, Q denotes
the angular velocity of rotation of the system about an axis perpendicular to
the xy- plane and passing through the center of gravity of the system and G

the constant of gravitation.

The first, second and third term on the right hand side of equation

(1.29) respectively represent the potential which arises due to the mass M,

of the primary component, the disturbing potential of its companion of mass
M, and the potential arising from the centrifugal force respectively. Equation
(1.29) strictly holds at points which are outside the components of binary
system. In case we assume Roche model for the primary (In Roche model it
is assumed that the total mass of a star is concentrated at its center and this
point mass is surrounded by an evanescent envelope in which density varies
inversely as the square of the distance from its center) and a point mass for
the secondary component, equation (1.29) holds everywhere. Also if assume
that the angular velocity Q is identical with Keplerian angular velocity, that

18,
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Q’=Q’= GT (1.30)
Z
A P(x, v, 2)
r EQ r
A
M C, M M R
" ] A 0, > X

Y i

Fig 1.1: Axis of Reference for binary system

then we get a relation of the type

n:"T“ (1.31)

Equation (1.29) can be expressed in nondimensional form as

L] 1

Y =—+4ql -
r N1=2Ar + 12

—Ar 1+ nr (1 -v?) (1.32)

where

._Dy M}
GM, 2M,M,+M,)

74

is the nondimensional form of total potential yw and " =r/D is
nondimensional form of r. Also A=sinfcos¢, u=sinfsing and
v=cosf(r,6,¢ being the polar spherical coordinate of the point P).

Moreover,
g=—1L (1.33)

is a nondimensional parameter representing the ratio of mass of the

secondary over primary and 2n represents the square of the normalized
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angular velocity Q. The equation (1.29) reduces to the potential of a purely
rotating spherical model if ¢g=0. For n=0, it reduces to the potential of a
non-rotating spherical model distorted by the tidal effects of the companion
alone.

The surfaces generated by setting y = constant on the left hand side of
equation (1.29) are referred to as Roche equipotentials. Roche equipotentials
in nondimensional form may be represented by y*= constant where y" is
same as defined in equation (1.32). The form of Roche-equipotential

depends entirely upon

¥ (LARGE)

/\/

- ¥ (CRITICAL)

“Y(smaLy)

Fig 1.2 Roche equipotential surfaces (two dimensional)

the values of w . If y is large the corresponding equipotentials consist of

two separate ovals, closed around each of the two mass points (Fig. 1.2). For

specified values of M,, M,, Q and D the right hand side of equation (1.29)
can be large only if » and r, becomes small. Therefore, large values of y

correspond to equipotentials which differ little from spheres surrounding

each of the two mass centers. With decreasing values of y, these spherical
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equipotential surfaces become oval shaped and get elongated in the direction
of the center of gravity of the system until for a certain critical value of y,
which is characteristic of each mass ratio, both oval shaped surfaces unite
at a single point on the x-axis to form a dumbbell like configuration. These
limiting values of y are called Roche limits. For certain mass ratios Kopal
(14) computed the numerical values of Roche limits in the case of
synchronous binary stars for values of ¢ ranging from zero to one.

Defining a non-dimensional variable r, by the relation

= — (1.34)

v —q

Kopal (14) has also shown that on the surface of Roche equipotentials,
(r,8,¢) are connected through the relation

=R+ Cir +Cor +C i +Cor° +Cor) +Cord +Cy 1) +..1] (1.35)
where

C,=qP,+n(1-V*), C,=qP,, C;=qP,
C,=qp;+3C>,C,=qP,+7qC; P,
Co=qP, +8¢C, P, +4¢’P}
C,=qR+9qC, P, +9¢’P, P,

Here, P, = P,(4) are the Legendre polynomials and terms upto second order

of smallness in n and g have been retained in equation (1.35). This relation

helps to obtain the shape of a Roche equipotentials y = constant.

The volume enclosed by the equipotential surface y* = constant is

given by
1 N1I-2 3
vo=2[ [ Zarav (1.36)
3
,lfﬁﬂ

Kopal (14) has shown that the explicit expression of V, in terms of r,

defined by equation (1.34), can be represented as
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VWZ%”DS nf[l+2nnf+(%q2+§nq+%nz)fﬁ%qz Y2+l (1.37)

where terms up to second order of smallness in n and g are retained.

Following the approach of Kopal (14), Mohan and Singh(25,26)
obtained the explicit expressions for the surface area S, and the values of
averages or parameters r,, g and ¢ on the Roche equipotential y =

constant. These are

1-A2

S —2j j r—zd/idv

-1 ﬂﬂ
4n 7 14 56 9 11
=4 D*r*[l+—r’ +(=g*+—ng+—nHr* +=q¢*r +—qg¢*r'° +...
o I H Q@A gt g MG gy g
(1.38)
3V
",/, ( '//)1/3
4r
2n 4 8 76 5 2
= D[+ + @+ ong+ o) B A R 2 ]
(1.39)
1 A1-4% 2
§:ij J ( L drav
S, ° dn U
v-l_fi-2
GM, = 8n 40 51 13
= N-—1r -@Bq* +2ng+—n’)r) =g+
Dzroz[ 3 -(3¢° q 9 ) 14q 3 —q N
(1.40)
and
= 2 L I-A d N r2
gl:S—J J (d—l//)1 dAd
v -l_i-a noH
D2 r02 8” 3 31 2 62 584 2 101 2 g 25 2 10
= I+—r +(—qg +—n B +—q o +..
GMV,[ 3 [0 (Sq 15 q+ )() 14 b 36] 0 ]
(1.41)
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Inverting the relation (1.39) they also obtain

. 2n ., 4 8 4 w6 .8 2 .
n=rl-=rn —[ng +Enq—4—5n2]rf _7‘12 ' _ng R =]

(1.42)

where r, =7, /D, 1, being the nondimensional form r,. In all the above

expressions terms upto second order of smallness in n and ¢ have been

retained.

1.4 MOHAN, SAXENA AND AGARWAL’S APPROACH FOR
COMPUTING THE EFFECTS OF ROTATIONAL AND TIDAL
DISTORTIONS ON THE EQUILIBRIUM STRUCTURES OF
ROTATIONALLY AND TIDALLY DISTORTED GASEOUS
SPHERES
Mohan, Saxena and Agarwal (32) used the concept of Roche

equipotentials proposed by Kopal in conjunction with Kippenhahn and

Thomas’s averaging approach to explicitly obtain equations governing the

equilibrium structures of rotationally and/or tidally distorted stars and

applied these to analyze the problems of rotating stars and stars in binary
systems.

In order to determine the inner structure of a rotationally and tidally
distorted gaseous sphere, the system of equations (1.27) has to be integrated
numerically subject to the boundary conditions (1.28) specified therein.
Therefore, the evaluation of the actual equipotential surface of a rotationally
and tidally distorted gaseous sphere is complicated. Kippenhahn and Thomas
(12) proposed that for evaluation of the distortion parameters u,v,w, f,, f,
etc., the actual equipotential surface may be replaced by Roche equipotential
surface (It may be noted that this approximation is reasonably valid for most
of the models of the actual stars. In fact as far back as 1933, Chandrasekhar
had shown that for stars whose central density bears to the mean density a

ratio of 100 or more, the Roche model of a rotating configuration will
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represent the actual equipotential surfaces of the star within an error of less

than one percent).

Once the equipotential surfaces of a rotationally and tidally distorted
star are approximated by the Roche equipotentials, the results obtained by
Kopal (14,15) and Mohan and Singh (25,26) may be used to evaluate
explicitly the values of the distortion parameters u,v, w, f, and f, appearing
in stellar structure equations (1.20) and (1.26). Using equations (1.15),
(1.20), (1.26) and (1.37 — 1.42) the explicit expressions of the distortions
parameters u,v, w, f, and f, on the equipotential surface as obtained by

Mohan et al (27,32) are

1 4 P | PR | .
u:l—(gq2 Enq+4—5 %) W6—7q2rwg—§q2rwlo+... (1.43a)
4n 7 14 68 .6 31 ; ,
v:l—?rw3 —(ng +E nq+4—5 nz)r,/,6 —aqz rw8 —3q2r,/,10 —.. (1.43b)
w:1+% r,;3 +(§q2 +gnq+%4—152n2) r,;é +%q2 r,;g +7¢° r,;lo +... (1.43c¢)

dn 22 44 128 « 19 5 02 5 .,
fP :1—? }"‘/I3 —(?qz +Enq+4—5n2)rf _ﬁqz I"‘/Ig —?qzl"y/m —... (143d)
and
14 28 56 .6 46 .5 34 *
fT =1—(?q2 +Enq+4—5n2)rf —qu VV/S —?q 27",//10 e (1.436)

where 1, =r, /D is the nondimensional form of r, and terms upto second

order of smallness in » and q are retained.

The values of M, P, ,L, etc. on the various equipotential surfaces of a
rotationally and tidally distorted gaseous spheres may now be obtained by

solving the system of differential equations (1.27) with boundary conditions
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(1.28) and using the values of distortion parameters f, and f, as given in

(1.43).

It may be noted that while approximating the equipotential surfaces of
a rotationally and tidally distorted model by Roche equipotentials, the
structure of the star is not approximated by the structure of a Roche model.
In the case of no distortion (n=g=0), equation (1.43) gives
u=v=w= f, =f, =1 and the system of differential equations (1.27) reduce to
the equations governing the equilibrium structure of the original undistorted

star and not of the Roche model.

Stellar structure equations can be now used to integrate the system of
differential equation (1.27) governing the equilibrium structure of a
rotationally and tidally distorted gaseous sphere. At every step, the values of

the distortion parameters u,v, w, f, and f, have to be computed using (1.43).

In case the thermal properties are not considered important and only
hydrostatic equilibrium of a rotationally and tidally distorted gaseous spheres
is to be investigated then we need only to integrate equation (1.17) and
(1.20) subject to the boundary conditions

At the center r =0

v

M, =0 (1.442)

and at the free surface n, =R,

M,=M,,P,=0
(1.44b)
p,=0or B, =E.p,=p,,
In case the star is being distorted by rotational forces alone (or tidal
forces alone) we may set ¢g=0 (n=0) in (1.43) and still use the above

approach to determine the equilibrium structure of corresponding purely
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rotationally distorted or purely tidally distorted model. For obtaining the
structure of the primary component of a synchronous binary system we may

set n=(q+1)/2.

Mohan and Saxena (24) found it more convenient to work with r, in

place of M, or r, as independent variable by using (1.34) which is

connected with variable r, through relation (1.42). Saxena(39) expressed the

system of differential equations governing the equilibrium structure of a

rotationally and tidally distorted stellar model as

am
“=47xD’p, 15 f (1.45a)
T
P, GM,
=— , 1.45b
dr, Dro2 Pyl ( )
dL,
L =4zeD’p, 1y [, (1.45¢)
dr,
and
aT, %L, Py, (1.45d)

dr,  16zDacT 7
Here f,, f, and f, are functions of n,q and r, incorporating the

effects of rotation and tidal distortions on the equilibrium structure equations
of a stellar model. The explicit expressions for these distortion parameters as
given by Saxena (39) are

24 96 55 5, 5 26 5 4

fi :1+4nr03+(§q2+?nq+?n2)r06+7q n +?q K+ (1.46a)
2 4 16 9 8
5 =l—(§q2 +Enq+gnz)r06 —aqz ' —§q2 r+ (1.46b)
and
4 3
1 :1+ﬂ+(gq2 +§nq+%nz);’06 +%q2 ' +%q2 n o+ (1.46¢)
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In these above expressions terms upto second order of smallness in n, ¢ and

10

upto 5, in r, are retained. The boundary conditions governing the system of

differential equations (1.45) are:

At the center r, =0,
M =0, L =0 (147&)
and at the free surface r, = r,

M,=M, L, =L,

(1.47b)
b, =0,p,=0,7T,=0 or F,=F,, p,=p,,.T, =T,
where r,, being the value of r, at the free surfaces.
In fact
1
Tyy = — (1.48)
V.—4q

where . is the nondimensional form of the total potential y on the

outermost equipotential surface of a rotationally and tidally distorted stellar
model. In the case of no distortion, the above equations reduce to the usual
equations governing the equilibrium structure of an undistorted gaseous

sphere.

1.5 THE PRESENT WORK

In case of stars in binary systems besides gravitational and centrifugal
forces, coriolis force also comes into picture. While computing the effects of
rotational and tidal distortions on the equilibrium structures of rotating stars
and stars in binary systems, Mohan and Saxena (24) and Mohan et al (27,32)
and Singh and Sharma (37,38) approach does not explicitly accounts for the
effects of coriolis force. In the present thesis, an attempt made by Lal et al
(19,20) to study the effect of coriolis force on the equilibrium structures of

rotationally and tidally distorted stellar models has been briefly presented.
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Keeping this in view, the structural analysis of rotationally and tidally
distorted Prasad model and Roche model in the presence of coriolis force have
been analyzed in the present study. Analysis of results based on the present

study has also been discussed.
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CHAPTER - 11

EFFECTS OF CORIOLIS FORCE ON THE EQUILIBRIUM
STRUCTURES OF ROTATIONALLY AND TIDALLY DISTORTED
STELLAR MODELS.
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It is thus evident that theoretical investigations of determining the
effects of rotation and tidal forces on the equilibrium structures of gaseous
spheres can help in better understanding the observed phenomena of the
rotating stars and stars in binary and multiple systems. Such studies are also
expected to help in better understanding the problems of stellar stability in
general and the problems of stellar variability of rotating stars and stars in

binary or multiple systems in particular.

Kopal (14) introduced the concept of Roche equipotentials to analyze
the problems of rotating stars and stars in binary systems. Since then several
authors such as Kopal (16,17,18), Mohan and Singh (25,26), Mohan et al
(27,29) and Lal et al (21) have used this concept to analyze the problems of
rotationally and/or tidally distorted stars. In this approach Roche
approximation for the inner structure of a star is used to obtain an expression
for the potential of a rotating star and star in a binary system. This approach,
accounts for the effects of gravitational and centrifugal forces. However, it

does not explicitly take into account the effect of coriolis force.

In the present chapter we briefly discuss the expression for Roche
equipotential of the primary component of a binary system in a rotating
frame of reference which explicitly accounts for the effects of coriolis force
besides gravitational and centrifugal forces. The expression for the Roche

equipotential surface of a rotationally and tidally distorted star and the

expressions for volume, surface area, radial distance, g and E which
incorporates the effect of coriolis force in addition to the centrifugal and
gravitational force as given by Lal et al(19,20) are briefly discussed in
section 2.1. In section 2.1.1 equilibrium structures of rotationally and tidally

distorted stars incorporating the effect of coriols force has been discussed.
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Section 2.2 and 2.3 contains the equilibrium structures of rotationally and
tidally distorted Prasad model and Roche model respectively. Analysis of

results are presented in section 2.4.

2.1 ROCHE EQUIPOTENTIALS OF ROTATIONALLY AND
TIDALLY DISTORTED STELLAR MODELS IN THE PRESENCE
OF CORIOLIS FORCE

A rotating star is a star rotating about an axis passing through its

center. In case of a binary system of stars we have two stars which are
rotating about their axes passing through their centers as well as revolving
about their common center of mass. In the case of most of the observed
binary stars, one star (usually called the primary component) is more

massive than the other star (called the secondary component).

In a binary system following Kopal (14), let M,and M, be the masses

of the two components separated by distance D. The primary component of

mass M, of this binary system is supposed to be much massive than its
companion star of mass M, (M, >>M )which for all practical purposes is

regarded as a point mass. The primary is supposed to have its normal
configuration. However, its inner structure is approximated by Roche model
for the purpose of computation of the potential of the system. (In case of
Roche model it is assumed that the total mass of a star is concentrated at its
center and this point mass is surrounded by an evanescent envelope in which
density varies inversely as the square of the distance from its center). This
approximation is reasonably valid for majority of the realistic stars of main

sequence and post main sequence stages .

Now suppose that the position of the two components of such a binary

system
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Fig. 2.1: Axis of Reference for a binary system

is referred to a rectangular system of cartesian coordinates with origin at the
center of gravity of the primary star of mass M,, x— axis along the line

joining the mass centers of the two stars, and z-axis perpendicular to the

plane of the orbit of the two components (Fig 2.1).In the figure

r=yx*+y'+7%, r2=\/(D—x)2+y2+Z2 and q:\/(x—dl)2+y2+z2,represent

the distances of a point P(x, y, z) from the centers of gravity of the primary

star with center at O, secondary star with center at O, and the center of
gravity C ((d,,0,0) whered, =M ,D/(M,+M,)) of the system respectively. Let

Q denote the angular velocity of revolution of the system about a line
parallel to z- axis which passes through the center of gravity C of the system

and is perpendicular to the xy - plane. Also let Q, be the angular velocity of

rotation of the primary about z — axis.

In a binary system, the primary star (which is of interest to us in our
present study) is rotating about axis OZ with angular velocity Q, as well as
revolving about an axis parallel to z — axis passing through the common
center of mass C with angular velocity Q. The point P when it is inside the

primary will experience the effects of coriolis force besides the gravitational
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and centrifugal forces. Using the concepts of classical dynamics, for the
system described above (Fig 2.1), the total potential at a point P inside the
primary component, which experiences the effect of coriolis force besides

the gravitational and centrifugal forces given by Lal et al (35)

GM°+%+%(Qxfl)-(ﬁxfl)+v-(ﬁxﬁ) (2.1)

r r

Here V is the velocity of particle of unit mass at point P(x, y, z) with respect
to a rotating frame of reference, rotating with the angular velocity of system.
The first two terms in equation (2.1) correspond to the gravitational potential
which arises due to the primary and secondary component of binary system
and third term is due to centrifugal force. These three terms are same as
earlier obtained by Kopal (14) in his studies to the problems of Roche Model

and its applications to close binary system. The fourth term V-(Qx7)

represents the contribution of the coriolis force to the potential at point P,
where V is the tangential component of velocity of this particle in the
rotating frame of reference. Points inside the rotating star will be subjected
to coriolis force even when such a point is not having any external velocity
because of the differences in the velocity of the rotation of the primary and
angular velocity of revolution of the nonsynchronous binary system. (This
difference of course vanishes in case of synchronous binary stars where
velocity of rotation is same as that of revolution). In the earlier studies
carried out on Roche equipotentials by Kopal (14) and Mohan and Saxena
(24), the contribution of this last term V - (Qx7), which arises on account of
coriolis force, has been neglected. In the present study we have tried to

incorporate its effect on the subsequent studies.
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If we write 7 = xi+ y }'+ zk to represent the position vector of the point
P(x, y, z) inside the star rotating about its axis with angular velocity Q,, the
term V-(Qx7) can be simplified as follows. In the rotating frame of

reference, the point P(x, y, z) rotates in a circle of radius PL with angular

velocity Q,=Q,-Q (Fig 2.2).

te]l

@ P(x.y. 2

O » X

Fig. 2.2: Rotation of point P about z- axis

We thus have

V=0,xLP (2.2)
where

Q,=(Q,-Q)k (2.3)
and

LP=xi+y] (2.4)

Using (2.3) and (2.4) in (2.2), we get
V=—(Q -Q)(yi-x)). (2.5)
Also

toll

X7 ==Q(yi—(x=d,)j) (2.6)
so the term V - (Qx7) in (2.1) becomes

V- (QxF)=(QQ, -Q)(x* +y* —xd,) 2.7)
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which is the contribution to potential at point P(X, y, z) inside the star due to
coriolis force (For a point P outside the primary star this will be zero unless
P has some external velocity). Using equation (2.7) in equation (2.1), we get
the modified expression for potential at a point P inside the star in cartesian

form as

2
y =M M, +%[(x—dl)2 +3*1+(QQ, - Q) + ) —xd,) (2.8)

r r

Following Kopal (14), equation (2.8) may be expressed in nondimensional

form as
2
vio= g q Aoy - a2 d]
roNI=24r 4+ 2 (2.9)
+ Q) -Q) [ (V) - Ard] ]
where
23 3
p =DV o D o DO g M (2.10)
GM, GM, GM M,+M,

In the above expressions r*=r/D is nondimensional form of r, and
A=sinfcosp, p=sinfsing, v=cosd (r,6,¢p being the polar spherical
coordinates of the point P). Moreover, ¢=M,/M, is a nondimensional

parameter representing the ratio of the mass of the secondary component

over the primary component (we assume g <<1).

Equation (2.9) is the most general expression of the potential at point
P which incorporates the effect of coriolis force in addition to centrifugal and
gravitational forces. If we assume that the angular velocity Q is identical

with Keplerian angular velocity Q, where Q} =G (M, +M,)/D* then in terms

of the nondimensional variables used by us, we get a relation
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Q7 =2n=(¢g+1).Using this relation, equation (2.9) can be written in more

simplified form as

Y= —tgl———adr' 1+ Bnr (1-v?) (2.11)
r NI=2Ar" + 72
where
2
a=Jnn, f=2Jnn-1, Q7 =om and y~ =2 M (2.12)

GM, 2M (M,+M,)

For binary system rotating synchronously, the angular velocity due to
rotation and revolution are same, that is, Q,=Q . Hence there will be no

explicit term for coriolis force. In such cases equation (2.9) reduces to

1
v o=t ———
r N1=2Ar" +r

This expression (2.13) is same as earlier obtained by Kopal (14).

—Ar' l+nr (1-v?) (2.13)

Also there is no Coriolis force in pure tidal case and therefore

expression for ™ in this case is identical to its earlier expression obtained

by Kopal (14) and can be obtained directly from (2.13) by putting n=0.

In case of pure rotation also, coriolis force is not generated as there is
no revolution of the center of the star and hence no rotating frame of
reference. In such a case the expression for Roche equipotential for a purely
rotating star which is not subject to tidal effects of the companion star

becomes

s

v o= o) (2.14)
p

which can be obtained from (2.13) by setting ¢=0 or from (2.11) by setting
g=0, B=1. This expression is same as earlier discussed by Kopal (14) for

pure rotating stars.
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Thus on explicit inclusion of coriolis force, expression for Roche
equipotential gets modified from the earlier one obtained by Kopal (14) only
in the case of nonsynchronous binaries. In case of synchronous binaries,
purely rotating and purely tidally distorted stars there is no change in
it. Adopting an approach similar to the one adopted by Kopal (14) and

Mohan et al (31), we may define a nondimensional variable r, by the relation

(2.15)

Following Kopal (14), variables (r,8,¢) on the surfaces of the
modified Roche equipotentials (2.11) can be shown to be connected through
the relation
r=r[1+Aqtr] +a,r, +(qP, +22°¢*t* )1 +(q P, +5a,Aqt)1; +(qP, +3a,” + 6A¢°tP,) 1!

+(qP, +7a,qP, +TAG ) 1 +(qP, +8ayq P, +8Aq°tP, +44° P 1y

+(q P, +9a,qP, +9Aq°tP, +9¢° P, B,)1; +(q B, + 10a,q P, +101q°tP,

+5¢° (P> +2P, )R’ +--]

(2.16)
where a,=qP,+pn(1-v’), t=l-a and P.=P (4) denote Legendre
polynomials. As earlier terms upto second order of smallness in n, n, and ¢

’ in r, are retained in (2.16). Relation (2.16) incorporates

and terms upto '
the effect of coriolis force and can be used to obtain the shapes of various

Roche equipotential surfaces y™ = constant.

Again following Kopal (14) expressions for volume V,, surface area

S, and value of radial distance r, of a point on the equipotential surface y™

Ty

= constant inside the primary can be shown to be
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VW:%D3;§[l+2(ﬂn)r03+3q2t2r04+(—q +— (,3 )+ — (ﬁ”)Q)ro
(2.17)

+175q S+2¢°r0 +..]

S, =4zD’ i [1+— (,Bn)ro += q2t2 4+( q + (ﬁ) +—(ﬂn)q)r0

(2.18)

+2q2r8+11q2r10+ ]
77 9

and

5 2
Dr0[1+—(ﬁn)r0 +q2t2r04+( q° + (ﬂn) +—(ﬁn)q)r0 +=4° ro +3q ro 4]

7
(2.19)
Inverting (2.19) we have
® * 4 4 # * 2 *]1
=7 [1——(ﬂn)r gttt - (EQZ_E(ﬂ —(ﬂn)q) "’——q2 - 3612 ‘4.
(2.20)

where 1, =r, /D, r, being the nondimensional form of r, . Similarly using

equation(1.13) of chapter I, the explicit expressions for the values of g and

g”', in the presence of coriolis force, at points inside the primary are given

as

_ ) s .

7= Dz 2 [1——(,3n)ro —24°1r; —(2q2+ (,Bn) +— (,Bn)q)ro -2 7 _qu O]

2.21)

Pl . . 26 524

& = GTF[HE('B”)% +5¢°1°r tGa T T+ 05 Bn )? +—(,3n)q)r0
40'// 19 (2.22)
7 ') 3 —q'r +..]

where t=1-«.
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As in earlier studies in obtaining the above expressions, terms upto

second order of smallness in n,n, ¢ and terms upto " in r, have been

retained. In absence of the effect of coriolis force (a=8=1) these reduce to

expressions earlier obtained by Mohan et al (31).

2.1.1 EQUILIBRIUM STRUCTURES OF ROTATIONALLY AND
TIDALLY DISTORTED STARS INCORPORATING THE EFFECT
OF CORIOLIS FORCE

Following the approach presented in section 1.4 of chapter I and using
the modified expressions for Roche equipotential and other parameters
obtained in section 2.1. which incorporate the effects of coriolis force
besides gravitational and centrifugal forces, Lal et al (34,35) derived the

values of distortions parameters u,v,w, f, and f, as follows:

u= [1—%q2t2r,;4 —(l

4 2 6 L aag 1 5,
S4B+ S Bmn —og' ) — o'y -] (2.23)

7 9

4.2 4 * N
vell= S B =G g (B L (Bt =2 g =g - (224)

4 s 18, 152 . 12 y
W=[1+§(ﬁn)’§,, +3q°t°r, +(?q +4—5(,Bn) +?(,B”)Q)ry,
(2.25)

2 %10

+?q2ryf8 +5q°r," +.]

4 3 8 . 17 68 34 w 29 5, . 44, .
fP :[l_g(ﬁn) ry/3 _ngtzrw4 _(?qz +4_5(ﬂn)2 +E(IBH)Q) rwé _qurwg _qury/lo T
(2.26)
7 . 14 56 28 6 23 5. 34 , .,
fr = [l—ngtzr,/,4 —(?q2 +E(,Bn)2 +E(ﬂn)q) rW(’ —7q2r,/,8 - qur,/,”) -...]
(2.27)

where 1, =1, /D is the nondimensional form of », and terms up to second

order of smallness in n, n,, ¢ and upto r,” in 5, are retained. These reduce to
expressions earlier obtained in Mohan et al (31) by setting a=f£=1. The

values of P, p,, L, etc. on the various equipotential surfaces of a

v
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rotationally and tidally distorted gaseous sphere may now be obtained by
solving the system of differential equations (1.27) subject to the boundary
conditions (1.28) and using the values of the distortion factors f, and f, as

given in equations (2.26-2.27).

It may be noted that approximating the equipotential surfaces of a
rotationally and tidally distorted model by Roche equipotentials, the
structure of the star is not approximated by the structure of a Roche model.
This is evident from the fact that in the case of no distortion (n =n,= ¢=0),
equations (2.23-2.27) yields u=v=w=f,=f,=1 and the system of
differential equations (1.27) reduce to the equations governing the

equilibrium structure of original undistorted star and not of the undistorted

Roche model.

Usual numerical methods, which are used for solving the stellar
structure equations, can be applied here to integrate the system of given
differential equations which govern the equilibrium structures of rotationally
and tidally distorted gaseous spheres. However, at each step the values of the

distortion parameters u, v, w, f, and f, has to be computed using equations

(2.23-2.27).

In case the thermal properties are not considered important and only
hydrostatic equilibrium of a rotationally and tidally distorted gaseous sphere
is to be investigated then we need only to integrate equations (1.27a) and
(1.27b) subject to the boundary conditions
At the center r, =0:

v

M, =0 (2.28a)
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and at the free surface r, =R, :
M,=M,, P,=0, p,=0or P,=P, ., p,=p,, (2.28b)
In expressions (2.23-2.27) terms up to second order of smallness in

n,n, and ¢ have only been retained. Therefore, our above analysis is valid

for the rotationally and tidally distorted models in which the distorting forces

causing rotational and tidal distortions are not too large.

For computational work, sometimes it is found more convenient to

work with r, in place of r, or M, as the independent variable. Expression
for r, is given by (2.15) and is connected with variable r, through the

relation (2.20). By using these relations in equations (1.27), the system of
differential equations governing the equilibrium structure of a rotationally
and tidally distorted model which incorporates the effects of coriolis force

besides the gravitational and centrifugal forces can be expressed as

M
L =4xD’p, 1’ f, (2.29a)
dr,
dP, GM
vy 2.29b
dro DI’E)Z py/fZ ( )
dL
L =4reD’p,r’f, (2.29¢)
o
dT, 3xL, p,

v 2.29d
dr, 1672'DacT‘/,3r02 5 ( )
with
1

ok

Y —q

=

Here f,,f,,f, are certain functions of distortion parameters n, n,, ¢ and r,

and incorporate the effects of coriolis force in addition to centrifugal and

gravitational forces on the equilibrium structure equations of rotationally and
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tidally distorted stellar model (In case of no distortion f, =f, = f,=1). Explicit

r2 d d
expressions for distortion parameters f = “’3 , o= fs D, f,= f; “D
v D dr, r, dr,
and r, when terms up to second order of smallness in n, n,, ¢ and upto " in
r, are retained, are given as
fi :[1+4(,Bn)r03+7q2t A +(§q2+ (,B ) +—(,Bn)q)r0 +75q A +?q2r010+...]
(2.30a)
fh= [l+lq2 rt+ (qu +i(,6n)2 +%(,Bn)q)r0(’ + ot +— 10 g +..] (2.30b)
3 5 15 5 9
4 2 224 2 20
f3=[1+§(,6’n)r(f+§q2t +( q +_(/,>) +— (/J’n)q) tq q’n +— 9 a’r" +..]
(2.30¢)
_ 3 22*4 4 , 4 », 8 6 D 2ay 2 20
n=r, [1— (Pnyr, —qt'r, (Sq —4—5(,371) +E(,3n)q)r.,, T T34y —..]
(2.30d)

where 7, is the nondimensional value of the radius of topologically

equivalent spherical surface. Effects of Coriolis force appear in these
expressions through « and g. The boundary conditions given in equation
(1.28) now becomes

At the center r, =0:
M,=0,L,=0 (2.31a)

and at the free surface r,=r,_ :

My =Moo L =Ly (2.31b)
F,=0o0rF,, T,=00rT, '

ys>

Here M, is the total mass of the model and L, ., B, . T, are the values of

L,. P, T, respectively, on the outermost equipotential surface, y" =

constant.

At the free surface, r,=r,, where r, = (2.32)

Os ok

Y, —4q
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v being the nondimensional value of the total potential y™ on the

outermost equipotential surface of the rotationally and tidally distorted

stellar model.

2.2 EQUILIBRIUM STRUCTURE OF ROTATIONALLY AND
TIDALLY DISTORTED PRASAD MODEL:
In this section ,we discuss the equilibrium structure of rotationally

and tidally distorted Prasad model. If we assume that the primary component
of binary system behaves as Prasad model and rotating about its axis, then its
equilibrium structure will be distorted by rotation as well as tidal effects of

the companion. In Prasad model, density varies according to the law

p-p-1)
p. being the density at the centre and r the distance of an element from the
center of the model of radius R. This model was first studied by Prasad(40).
Singh and Sharma (37,38) determined the effects of rotation and tidal

distortions on the equilibrium structures of Prasad and Roche model without

taking into account the effect of coriolis force.

Let 1, denote the radius of the topologically equivalent spherical model

which corresponds to an equipotential surface w= constant of the

rotationally and tidally distorted Prasad model. Also, let R, be the value of

r, on the equipotential surface y = constant of the rotationally and tidally

distorted model. Following this approach, as discussed in previous section,
r, s given as

) +(%q2 + 78 gy +%(ﬁn)q)r§+§q2 I~ +§q2 70+

2
r,/,:DrO[l+?(,Bn)r03+q 15 =
(2.33)

49



So, the density distribution law of rotationally and tidally distorted Prasad

model is given as
2

R 2 (2.34)

p,-p.(0-

On substituting the value of 5, from equation (2.33) to (2.34), we get

Ay = A= (145 (B 42 (10 ), S g4 2 (B +32 (B

R’ 15 (2.35)
+(7q2)r08+(§ g, }]
On substituting value of p, from (2.35) in (2.29a) and integrating w.r.t.

r, and using the fact that A, =0 at center r,=0 we get

M

_4zD’r’p . 3i} 21 e _2(ﬂn) 2, 96
e T O CHO R (5q ~ (Bny’

v v

9(q2(l—oc)2))r0 JPEEI 44 ¢* 1276 (Bn)’ 88

+3 (g = R® 3 77 5R' 45 R ('3))_“

26 , 65 ¢° 3 4 .,
— 21
3q 7R2)13 R/O}]

+(

(2.36)

Similarly, on substituting value of g, from (2.35) and value of M,

from (2.36) in (2.29b) and integrating w.r.t. r, we get
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-G4rD’r’p’ 1 27 1(@°(1-0)®) 3 1 ! 16(ﬂn)r
P =— """ 0% [K4+_ -0 42 o+ S —43(q*(1-a — 0
” 3 [ > SRW (ﬁ )’ { sz SR, ++3(q° (1-00)? )} 21Ru/2

340 4B 2(Bng_61@0-0)) @A) 36 . 96 o 24 o
{5R2 I5R® 5 R} 6R,’ SR 15 s P s Bmakyg

S B0 5 1441 g7 8000 (Bn)® 506 (Bmg) 9 " 12 (B’ 6 (fma)  21@-w)

470 2 2 2 4 4 4 4
45 R, 385 R’ 495 R’ 165 R’ 25R' 75 R' 25 R, 30R,

2 9 _ 2
@qz)irox+(2_6 2_@Q_)3i+{ 74 ¢’ 384 (Bn)’ 22(18”)‘1) 141 ¢ }irom_

777710 37 TR 11 63R2 75 R 25 R, 175RW4 12

2 _ 2
30q 11+{261 74 q }i 2, 22 ¢ 14

—FF I
3R, o R” " IOSR R* 5 (16R,*) "

v

(2.37)

where K is a constant of integration whose value may be calculated by using

boundary condition say P,=0 at r, -r,.This yields

K:_l ﬂ__(ﬁ )0b 1(q (1 a‘) )+3 1 +3(q (1 a) )}r()s +16(,Bn)r05

2 5R} 5 R’ 5R/ 21R,
3¢ 4 (Bn) Z(ﬁn)q 61(g°(-a)*) (q’(1-o)°) 36 7+ 06
===+ - +— +— s
{SR,/ 15 R 3 R 6R,’ SR 157 (ﬁ )+ Bme)=e
4 (ﬁn)r 7_(1441 g’ 8000 (Bn)* 506 (Bn)g) 9 ¢* 12(Bn)’ 6 (ﬁn)q)+21(q (1-a)’* )
45 R} ™ 385 R 495 R’ 165 R’ 25R‘' 75 R’ 25 R/} 30R,’
165 2)_ (é 2_@_)3&);’_ 74 ¢* 384 (Bn)’ 22 (ﬁn)q)+l41 }i 10
s 7 R* 11 63 R2 75 R, s R 175R}’1 s
304 w722 ¢ 74 q 12 _ 22 q 14
2 rOs { 2 4 } 0> r0> ]
13R, 9 R’ 105R, 14 15 (16R,")

(2.38)

Effects of Coriolis force appear in these expressions through « and f.
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2.3 EQUILIBRIUM STRUCTURE OF ROTATIONALLY AND
TIDALLY DISTORTED ROCHE MODEL:

In this section, we determine the effects of rotation and tidal distortion
on the equilibrium structures of Roche model. A Roche model is a model in
which entire mass of the star is assumed to be concentrated at its centre
which is surrounded by an evanescent envelope in which density varies
inversely as the square of the distance from its center. Density distribution p
is given by

p=r”

where « is some positive real number (=2 for Roche model ). Also,
on the equipotential surface p is constant. Therefore, we can suppose that
the density p, on the surface of topologically equivalent sphere of radius 7,
is given by

Py ="
Let r, denote the radius of the topologically equivalent spherical model
which corresponds to an equipotential surface w= constant of this

rotationally and tidally distorted Roche model. Also, let R, be the value of

r, on the equipotential surface y = constant of this rotationally and tidally

distorted model. Following this approach, as discussed above, r, is given as

2 4, 176 8 5 2
r,=Dr, [l+?(ﬁn)r$+qzt2r&‘+(§q2+E(ﬂn)2+g(ﬂn)q)r§+7qz r(f‘+§qz [

(2.39)
So, the density distribution law of rotationally and tidally distorted Roche

model is given as

p, = ri (2.40)
174
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On substituting the value of 5, from equation (2.39) to (2.40), we get

-i[1-f</)’n>ro3—2<q2(1-oc)2>ro“-(§q+ B+ 16(,6’n)q)

T

0 2.41
o (2.41)
(7q)ro (= q)ro]

On substituting value of p, from (2.41) in (2.29a) of previous section and
integrating w.r.t. r, we get

28 2,532

M, =M,+4xD’r € [1+= (,Bn)rO +q*(1-00")ry’ +( 5

2438 By o
—o B+ 2 (Bg) L

10

( q)r+( g )" ]

(2.42)
where

4 3_ 36
M, -=zR’p[l-———
3 v AL p(3—oc)R,j]

(2.43)

Similarly, on substituting value of g, from (2.41) and value of M, from

equation (2.42) in (2.29b) and integrating w.r.t. r, we get

1 4 2,
P, =€ [K+F+—(/)’n)log( )+ (q (1-0)*)r, ——(ﬁn) —(ﬁn)q)%+
o (2.44)
4, rL5 2 5.1
( -4 ) 5 (3 ) ]
Where K is the constant of integration. Now to evaluate K, we use the
boundary condition that P, =0, at the free surface (r, =1, ).
1 4 5 512 2 ’
K =[5+ (Bmlog(n)+ 3 (@ (-0 )" == = (B +5 () -+
3, 3 45 3 3
05 (2.45)
4, rof 2, r()s
(7q ) 5 +( 34 q )21
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2.4. ANALYSIS OF RESULTS:
Using expressions obtained in above section, the graphs have been
drawn to see the effect of coriolis force on mass and pressure for different

values of rotational parameter n, n, and tidal parameter g, as the radius

varies from centre to surface.

The results show that in both the cases of rotationally and tidally
distorted Prasad and Roche model , in the presence of coriolis force, the
mass increases from centre to surface. In the case of Prasad model, fig. 2.3

shows that if the angular velocity of rotation n, increases and n, g are fixed

then the increase in mass is negligible near the centre but as we move near to
the surface the mass increases, however in case of Roche model fig. 2.4 the
trend is similar but the mass varies almost linearly from centre to surface.

Fig. 2.5 show that in Prasad model if the parameter » and ¢ are fixed, with

increase in the value of n the increase in the mass is negligible, but in case
of Roche model fig. 2.6 significant change can be seen near the surface.

In case of Prasad model in the presence of coriolis force the pressure
decreases from centre to near the surface but as we move near to the surface,
it increases rapidly.In fig. 2.7 for Prasad model if the angular velocity of
rotation n increases, and n and ¢ are fixed,the decrease in pressure from
centre towards surface is negligible but near the surface there is an increase
in the pressure. Fig. 2.8 show that if the parameter n, and ¢ are fixed, with
increase in the value of n, the trend is similar as in fig. 2.7. In case of Roche
model fig. 2.9 the pressure decreases more rapidly near the centre and it is
almost negligible towards surface for all the cases considered. It can be seen
from fig. 2.9 that the effect of variation in parameters n and », is negligible.

Fig. 2.10 and fig. 2.12 show the effect of coriolis force on mass of
rotationally and tidally distorted Prasad model and Roche model

respectively. In Prasad model as well as in Roche model with the inclusion

54



of coriolis force there is an increase in the mass as we move towards the
surface.In case of Prasad model fig. 2.11 shows that with the inclusion of
coriolis force, the pressure increase is more very near to the surface.
However, in case of Roche model fig 2.13 the effect of coriolis force on

pressure is negligible.

M [l
1.75ass /

r —bAO
1.5}
125

1
0.755
0.5]
0.5

012‘ | ‘014‘ | ‘016‘ | ‘O.‘8‘ ‘Radius

Fig. 2.3:Graphs of radius vs mass for Prasad model in which angular velocity of
rotation n, varies and n and g remains fixed.

O :n=0.1, n,=0.15, ¢ =0.1 ; O: n =0.1, n,=0.1, g =0.1;
A:n=0.1, n,=0.05, g =0.1

Mass
— (]

. —ix"0

10

0z 04 o6 os  Radius
Fig. 2.4: Graphs of radius vs mass for Roche model in which angular velocity of
rotation n, varies and n and g remains fixed.
O :n=0.1, n,=0.15,¢=0.1; O:n=0.1, n,=0.1, g =0.1;
A :n=0.1, n,=0.05, g =0.1
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Fig. 2.5: Graphs of radius vs mass for Prasad model in which angular velocity of
revolution n varies and n, and g remains fixed.

(a) n=0.01, n,=0.1, ¢ =0.1; (b) n =0.05, n,=0.1, g =0.1;
(¢) n=0.15, n,=0.1, ¢ =0.1
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Fig. 2.6: Graphs of radius vs mass for Roche model in which angular velocity of
revolution n varies and n, and g remains fixed.

O :n=0.15, n,=0.1,¢g=0.1; O:n=0.05, n,=0.1, g =0.1;
A:n=0.01, n,=0.1, g =0.1
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Fig. 2.7:Graphs of radius vs pressure for Prasad model in which angular velocity
of rotation n, varies and n and g remains fixed.

O :n=0.1, n,=0.15,¢=0.1; O:n=0.1, n,=0.1, ¢ =0.1;
A n=0.1, n,=0.05, g =0.1
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Fig. 2.8: Graphs of radius vs pressure for Prasad model in which angular velocity
of revolution n varies and n, and g remains fixed.

O :n=0.15, n,=0.1,¢=0.1; O:n=0.05, n,=0.1, g =0.1;
A:n=0.01, n,=0.1, g =0.1
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Fig. 2.9: Graphs of radius vs pressurre for Roche model
for all the cases considered

(a) n=0.15, n,=0.1, g =0.1 (a) n=0.1, n,=0.15, ¢ =0.1

(b) n=0.05, n,=0.1, g =0.1 (b) n=0.1, n,=0.05, g =0.1

(c) n=0.01, n,=0.1, g =0.1 (¢) n=0.1, n,=0.1, ¢ =0.1
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Fig. 2.10: Effect of coriolis force on mass for Prasad model
[]: ¢=0.1,n=0.01, n,=0.1; O: ¢=0.1, n=0.01;
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Fig. 2.11: Effect of coriolis force on pressure for Prasad model

[1: ¢ =0.1, n=0.01, n,=0.1; O:¢q=0.1,n=0.01;
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Al —>[]
_>O
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Fig. 2.12: Effect of coriolis force on mass for Roche model
[1: ¢ =0.1, n=0.01, n,=0.1; O:q=0.1,n=0.01;
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Fig. 2.13: Effect of coriolis force on pressure for Roche model
(a) ¢ =0.1, n=0.01, n,=0.1; (b) g =0.1, n=0.01;

0.2 0.4 0.6 0.8 Radius
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