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ABSTRACT 

      Several methods have been proposed in the literature to solve IFMADMPrs having partially 

known attribute weights [50, 63, 81, 146, 222-225, 241], IVIFMADMPrs having partially known 

attribute weights [62, 108, 213, 258], IVPFMADMPrs having partially known attribute weights 

[84], IVIFMADMPrs having IVIF attribute weights [39-45, 47-49, 52, 55, 127-129, 132, 137, 209-

211]. However, after a deep study, it is observed that all these existing methods are inappropriate. 

Also, it is observed that it is inappropriate to apply the existing method [98] for solving 

IVIFMAGDM problems having completely unknown attribute weights. Furthermore, it is 

observed that the existing definition of an IVIFS [9] and the existing definition of an IVPFS [164] 

are inappropriate.  

      Keeping all above in mind, the aim of this thesis is 

(i) To point out the inappropriateness of the existing methods [50, 63, 81, 146, 222-225, 241] 

for solving IFMADMPrs having partially known attribute weights as well as to propose an 

appropriate method for solving IFMADMPrs having partially known attribute weights. 

(ii) To point out the inappropriateness of the existing methods [62, 108, 213, 258] for solving 

IVIFMADMPrs having partially known attribute weights as well as to propose an appropriate 

method for solving IVIFMADMPrs having partially known attribute weights. 

(iii) To point out the inappropriateness of the existing methods [84] for solving IVPFMADMPrs 

having partially known attribute weights as well as to propose an appropriate method for 

solving IVPFMADMPrs having partially known attribute weights. 

(iv) To point out the inappropriateness of the existing methods [39-45, 47-49, 52, 55, 127-129, 

132, 137, 209-211] for solving IVIFMADMPrs having IVIF weights as well as to propose 

an appropriate method for solving IVIFMADMPrs having IVIF weights. 
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(v) To point out the inappropriateness of the existing method [98] for solving IVIFMAGDM 

problems having completely unknown weights. Also, to make the researchers aware that it 

is inappropriate to propose a simplex method for solving an IVIF LPP without transforming 

it into a CLPP, inspired by Khan et al.’s simplex method [122], for resolving the 

inappropriateness of the existing method [98] due to the following facts: 

“Khan et al.’s claim [123] “No mathematical incorrect assumptions have been considered 

in the existing simplex method [122] for solving a fuzzy LPP without transforming it into 

a CLPP” against Bhardwaj and Kumar’s claim [16] is not valid. In fact, several 

mathematical incorrect assumptions, considered by Khan et al. [122], are not pointed out 

by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not pointed out that some 

of the elements of the existing optimal simplex table [122] are not TFNs.”  

Furthermore, to make the researchers aware that it is not possible to resolve the 

inappropriateness of the existing methods [98].” 

(vi) To propose the appropriate definition of an IVIFS. 

(vii) To propose the appropriate definition of an IVPFS. 
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Chapter 1 

Introduction 

 

In several daily life problems, there is need to follow a process to select the best alternative 

from all the available alternatives having same conflicting attributes or to rank all the available 

alternatives having same conflicting attributes. This process is called MADM and such 

problems are called MADMPrs [103] e.g., to rank all the students of a class or to select the best 

student from all the students of a class is a MADMPr. In this MADMPr students represents the 

alternatives and the courses assigned to all the students represents the conflicting attributes. 

 A MADMPr having 𝑚-alternatives 𝐴𝑖 , 𝑖 = 1,2, … ,𝑚 and 𝑛-attributes 𝐶𝑗 , 𝑗 = 1,2, … , 𝑛 

can be represented by a matrix 𝐷 as follows:  

                                                   

𝐷 =
𝐴1
⋮  
𝐴𝑚

[
𝑑11 ⋯ 𝑑1𝑛
⋮ ⋱ ⋮

𝑑𝑚1 ⋯ 𝑑𝑚𝑛

] 

where, 𝑑𝑖𝑗 represents the performance score/rating value of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ-

attribute.  

In general, it is assumed that if the 𝑗𝑡ℎ-attribute 𝐶𝑗 is a quantitative attribute then 𝑑𝑖𝑗 , 𝑖 =

1,2, … ,𝑚 can be represented by a numerical value.  

However, this assumption is not always valid in real-life e.g., the mileage of a car is a 

quantitative attribute. But, it is not always possible to represent it as a real number e.g., mileage 

of a car may be approximately 90 km/l.  

Similarly, in general, it is assumed that if the 𝑗𝑡ℎ- attribute 𝐶𝑗 is a qualitative attribute 

then 𝑑𝑖𝑗 , 𝑖 = 1,2, … ,𝑚, 𝑗 = 1,2, … , 𝑛 can be represented by a linguistic term like good, bad, 

very good etc. Also, it is assumed that a real number can be assigned corresponding to each 

𝐶1

…

… 

𝐶𝑛 … 
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linguistic term. However, this assumption is not always valid in real-life. e.g., it is illogical to 

assign a real-number corresponding to the linguistic term excellent students in Mathematics 

(students who have secured either 90 marks or more than 90 marks out of 100 marks) as a 

student who has secured 100 marks is surely better than the student who has secured 90 marks.  

One way to handle such situations is to represent the data as a fuzzy set [263]. The 

MADMPrs in which atleast one element 𝑑𝑖𝑗, 𝑖 = 1,2, … ,𝑚; 𝑗 = 1,2, … , 𝑛 of the decision matrix 

𝐷 is represented as a fuzzy set are called MADMPrs under fuzzy environment [46].  

“Let 𝑋 be a universal set. A fuzzy set 𝐴̃ over 𝑋 is defined as 𝐴̃ = {〈𝑥, 𝜇𝐴(𝑥)〉| 𝑥 ∈ 𝑋}, 

where  𝜇𝐴̃: 𝑋 → [0,1] and 𝜇𝐴̃(𝑥) indicates the degree of membership of 𝑥 in 𝐴̃.” 

The fuzzy set 𝐴̃ was proposed by considering the assumption that if the degree of 

membership of an element "𝑥" in a set 𝐴̃ is 𝜇𝐴̃(𝑥) then, the degree of non-membership of the 

element "𝑥" in the same set 𝐴̃ will be 1 − 𝜇𝐴̃(𝑥). However, this assumption is not realistic as 

there may also exist a degree of hesitation ℎ𝐴̃(𝑥) with degree of membership 𝜇𝐴̃(𝑥) and the 

degree of non-membership 𝜈𝐴̃(𝑥). Motivated by the same, in 1986, Atanassov [7] introduced 

the concept of an IFS. 

 “Let 𝑋 be a universal set. An IFS 𝐴̃ over 𝑋 is defined as 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝜈𝐴̃(𝑥) 〉| 𝑥 ∈ 𝑋}, 

where 𝜇𝐴̃(𝑥) and 𝜈𝐴̃(𝑥) represents the degree of  membership and the degree of non-

membership of the element 𝑥 ∈ 𝑋 to the set 𝐴̃, respectively and satisfies the condition 𝜇𝐴̃(𝑥) +

𝜈𝐴̃(𝑥) ≤ 1.The IFS 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝜈𝐴̃(𝑥) 〉| 𝑥 ∈ 𝑋} is also represented as 〈𝜇𝐴̃(𝑥), 𝜈𝐴̃(𝑥) 〉.” 

 Yager [250] pointed out that an intuitionistic fuzzy set is constructed by considering the 

assumption 0 ≤ 𝜇𝐴̃(𝑥) + 𝜈𝐴̃(𝑥) ≤ 1. However, there exist problems in which the condition 

𝜇𝐴̃(𝑥) + 𝜈𝐴̃(𝑥) ≤ 1 will not be satisfied but the condition (𝜇𝐴̃(𝑥))
2
+ (𝜈𝐴̃(𝑥))

2
≤ 1 will be 

satisfied. Motivated by the same, Yager [250] proposed the concept of a PFS. 

 “Let 𝑋 be a universal set. A PFS 𝐴̃ over 𝑋 is defined as 𝐴̃ = {𝑥, 𝜇𝐴̃(𝑥), 𝜈𝐴̃(𝑥)| 𝑥 ∈ 𝑋}, 

 where 𝜇𝐴̃(𝑥), 𝜈𝐴̃(𝑥) ∈ [0,1] represents the degree of  membership and the degree of non- 
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membership of the element 𝑥 ∈ 𝑋 to the set 𝐴̃, respectively and satisfies the condition 

(𝜇𝐴̃(𝑥))
2
+ (𝜈𝐴̃(𝑥))

2
≤ 1. Also, 𝜋𝐴̃(𝑥) = √1 − (𝜇𝐴̃(𝑥))

2
− (𝜈𝐴̃(𝑥))

2
 is called the degree of 

indeterminacy of 𝑥. The PFS 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝜈𝐴̃(𝑥) 〉| 𝑥 ∈ 𝑋} is also represented as 

〈𝜇𝐴̃(𝑥), 𝜈𝐴̃(𝑥) 〉.”  

It is obvious that in an IFS and a PFS, the degree of membership and the degree of non-

membership of a decision-maker is represented as a single real number. However, there may 

exist uncertainty in the mind of decision-maker regarding these values. In such situations, it is 

better to represent the data as an IVIFS [9] and an IVPFS [164] instead of IFS and PFS 

respectively.  

 “Let 𝑋 be a universal set. An IVIFS 𝐴̃ over 𝑋 is defined as 𝐴̃ =

{〈𝑥, [𝜇𝐴̃
𝐿(𝑥), 𝜇𝐴̃

𝑈(𝑥)], [𝜈𝐴̃
𝐿(𝑥), 𝜈𝐴̃

𝑈(𝑥)]〉 | 𝑥 ∈ 𝑋}, where, 0 ≤ 𝜇𝐴̃
𝐿(𝑥) ≤ 𝜇𝐴̃

𝑈(𝑥) ≤ 1, 0 ≤ 𝜈𝐴̃
𝐿(𝑥) ≤

𝜈𝐴̃
𝑈(𝑥) ≤ 1 and 0 ≤ 𝜇𝐴̃

𝑈(𝑥) + 𝜈𝐴̃
𝑈(𝑥) ≤ 1. The interval of degree of hesitation [ℎ𝐴̃

𝐿(𝑥), ℎ𝐴̃
𝑈(𝑥)] 

can be obtained by using the expression [ℎ𝐴̃
𝐿(𝑥), ℎ𝐴̃

𝑈(𝑥)] = [1,1] − ([𝜇𝐴̃
𝐿(𝑥), 𝜇𝐴̃

𝑈(𝑥)] +

[𝜈𝐴̃
𝐿(𝑥), 𝜈𝐴̃

𝑈(𝑥)]). The IVIFS 𝐴̃ = {〈𝑥, [𝜇𝐴̃
𝐿(𝑥), 𝜇𝐴̃

𝑈(𝑥)], [𝜈𝐴̃
𝐿(𝑥), 𝜈𝐴̃

𝑈(𝑥)]〉 | 𝑥 ∈ 𝑋} is also 

represented as 𝐴̃ = ([𝜇𝐴̃
𝐿(𝑥), 𝜇𝐴̃

𝑈(𝑥)], [𝜈𝐴̃
𝐿(𝑥), 𝜈𝐴̃

𝑈(𝑥)]).” 

 “Let 𝑋 be a universal set. An IVPFS 𝐴̃ over 𝑋 is defined as 𝐴̃ =

{〈𝑥, [𝜇𝐴̃
𝐿(𝑥), 𝜇𝐴̃

𝑈(𝑥)], [𝜈𝐴̃
𝐿(𝑥), 𝜈𝐴̃

𝑈(𝑥)]〉 | 𝑥 ∈ 𝑋}, where, 0 ≤ 𝜇𝐴̃
𝐿(𝑥) ≤ 𝜇𝐴̃

𝑈(𝑥) ≤ 1, 0 ≤ 𝜈𝐴̃
𝐿(𝑥) ≤

𝜈𝐴̃
𝑈(𝑥) ≤ 1 and 0 ≤ (𝜇𝐴̃

𝑈(𝑥))
2

+ (𝜈𝐴̃
𝑈(𝑥))

2

≤ 1. The interval of degree of hesitation 

[ℎ𝐴̃
𝐿(𝑥), ℎ𝐴̃

𝑈(𝑥)] can be obtained by using the expression [ℎ𝐴̃
𝐿(𝑥), ℎ𝐴̃

𝑈(𝑥)] =

[√1 − (𝜇𝐴̃
𝑈(𝑥))

2

− (𝜈𝐴̃
𝑈(𝑥))

2

, √1 − (𝜇𝐴̃
𝐿(𝑥))

2

− (𝜈𝐴̃
𝐿(𝑥))

2

]. The IVPFS 𝐴̃ =

{〈𝑥, [𝜇𝐴̃
𝐿(𝑥), 𝜇𝐴̃

𝑈(𝑥)], [𝜈𝐴̃
𝐿(𝑥), 𝜈𝐴̃

𝑈(𝑥)]〉 | 𝑥 ∈ 𝑋} is also represented as 𝐴̃ = 

 ([𝜇𝐴̃
𝐿(𝑥), 𝜇𝐴̃

𝑈(𝑥)], [𝜈𝐴̃
𝐿(𝑥), 𝜈𝐴̃

𝑈(𝑥)]).” 
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1.1 Classification of MADMPrs under fuzzy environment and its extensions 

      On the basis of the representation of 𝑑𝑖𝑗, 𝑖 = 1,2, … ,𝑚; 𝑗 = 1,2, … , 𝑛, MADMPrs can be 

classified into different categories. Some of these categories are as follows: 

(i) IFMADMPrs: This category contains all such MADMPrs in which atleast one element 

𝑑𝑖𝑗 of the decision matrix 𝐷 is represented by an IFS. 

(ii) IVIFMADMPrs: This category contains all such MADMPrs in which atleast one 

element 𝑑𝑖𝑗 of the decision matrix 𝐷 is represented by an IVIFS. 

(iii) IVPFMADMPrs: This category contains all such MADMPrs in which atleast one 

element 𝑑𝑖𝑗 of the decision matrix 𝐷 is represented by an IVPFS. 

       On the basis of the nature of the attribute weight, each of the above mentioned MADMPr 

can be further sub categorized as follows: 

(i) IF / IVIF/ IVPF MADMPrs having completely known attribute weights: This 

category contains all such IF/ IVIF/ IVPF problems in which weight of each attribute is 

known. 

(ii) IF/ IVIF/ IVPF MADMPrs having partially known attribute weights: This category 

contains all such IF/ IVIF/ IVPF problems in which some properties about attribute 

weights are known. Also, there is need to find the attribute weights by considering the 

known properties. 

(iii) IF/ IVIF/ IVPF MADMPrs having IF/ IVIF/ IVPF attribute weights: This category 

contains all such IF/ IVIF/ IVPF problems in which atleast one attribute weight is 

represented by an IFS/ IVIFS/ IVPFS. 

1.2 Aim of the thesis 

     Several methods have been proposed in the literature to solve IFMADMPrs having partially 

known attribute weights [50, 63, 81, 146, 222-225, 241], IVIFMADMPrs having partially 

known attribute weights [62, 108, 213, 258], IVPFMADMPrs having partially known attribute 
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weights [84], IVIFMADMPrs having IVIF attribute weights [39-45, 47-49, 52, 55, 127-129, 

132, 137, 209-211]. However, after a deep study, it is observed that all these existing methods 

are inappropriate. Also, it is observed that it is inappropriate to apply the existing method [98] 

for solving IVIFMAGDM problems having completely unknown attribute weights. 

Furthermore, it is observed that the existing definition of an IVIFS [9] and the existing 

definition of an IVPFS [164] are inappropriate.  

      Keeping all above in mind, the aim of this thesis is 

(i) To point out the inappropriateness of the existing methods [50, 63, 81, 146, 222-225, 241] 

for solving IFMADMPrs having partially known attribute weights as well as to propose 

an appropriate method for solving IFMADMPrs having partially known attribute weights. 

(ii) To point out the inappropriateness of the existing methods [62, 108, 213, 258] for solving 

IVIFMADMPrs having partially known attribute weights as well as to propose an 

appropriate method for solving IVIFMADMPrs having partially known attribute weights. 

(iii) To point out the inappropriateness of the existing methods [84] for solving 

IVPFMADMPrs having partially known attribute weights as well as to propose an 

appropriate method for solving IVPFMADMPrs having partially known attribute 

weights. 

(iv) To point out the inappropriateness of the existing methods [39-45, 47-49, 52, 55, 127-

129, 132, 137, 209-211] for solving IVIFMADMPrs having IVIF weights as well as to 

propose an appropriate method for solving IVIFMADMPrs having IVIF weights. 

(v) To point out the inappropriateness of the existing method [98] for solving IVIFMAGDM 

problems having completely unknown weights. Also, to make the researchers aware that 

it is inappropriate to propose a simplex method for solving an IVIF LPP without 

transforming it into a CLPP, inspired by Khan et al.’s simplex method [122], for resolving 

the inappropriateness of the existing method [98] due to the following facts: 
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“Khan et al.’s claim [123] “No mathematical incorrect assumptions have been 

considered in the existing simplex method [122] for solving a fuzzy LPP without 

transforming it into a CLPP” against Bhardwaj and Kumar’s claim [16] is not valid. 

In fact, several mathematical incorrect assumptions, considered by Khan et al. [122], 

are not pointed out by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not 

pointed out that some of the elements of the existing optimal simplex table [122] are 

not TFNs.”  

Furthermore, to make the researchers aware that it is not possible to resolve the 

inappropriateness of the existing methods [98].” 

(vi) To propose the appropriate definition of an IVIFS. 

(vii) To propose the appropriate definition of an IVPFS. 

1.3 Chapter wise summary of the thesis       

    The chapter wise summary of the thesis is as follows: 

Chapter 2 

Mehar method for solving IFMADMPrs having partially known attribute 

weights 

      Xu [241] claimed that there does not exist any method for solving IFMADMPrs having 

partially known attribute weights. To fill this gap, Xu proposed a method to solve IFMADMPrs 

having partially known attribute weights. Wei [223] also proposed a method for solving 

IFMADMPrs having partially known attribute weights. It is pertinent to mention that several 

researchers [50, 63, 81, 146, 222, 224, 225] have used the existing methods [223, 241] to solve 

IFMADMPrs having partially known attribute weights. However, after a deep study it is 

observed that it is inappropriate to use the existing methods [223, 241]. The aim of this chapter 

is to make the researchers aware about the inappropriateness of these methods as well as to 

propose a new method (named as Mehar method) for solving IFMADMPrs having partially 
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known attribute weights. 

Chapter 3 

Ajit method for solving IFMADMPrs having partially known attribute 

weights 

In the Mehar method (proposed in Chapter 2) as well as in the existing methods [223, 

241], a CLPP has been solved to obtain the OAWV. However, the constraint ∑ 𝑤𝑗
𝑛
𝑗=1 = 1 of 

the considered CLPP will not be satisfied if either the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 or the condition 

∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied, where, 𝑤𝑗
𝑙 and 𝑤𝑗

𝑢 are the known lower bound and the upper 

bound of the 𝑗𝑡ℎ- attribute weight i.e., no feasible solution of the considered CLPP will be 

obtained if either the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 or the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied. 

Therefore, the proposed Mehar method and the existing methods [223, 241] can be used only 

if neither the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 nor the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied. Keeping 

the same in mind, in this chapter, a new method (named as Ajit Method) has been proposed to 

solve such IFMADMPrs in which either the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 or the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 <

1 will be satisfied. 

Chapter 4 

Jujhar method for solving IVIFMADMPrs having partially known attribute 

weights 

Wang et al. [213] claimed that there does not exist any method for solving 

IVIFMADMPrs having partially known attribute weights. To fill this gap, Wang et al. proposed 

a method to solve the IVIFMADMPrs having partially known attribute weights. Motivated by 

the work of Wang et al., several researchers [62, 108, 258] have proposed different methods 

for solving IVIFMADMPrs having partially known attribute weights. However, after a deep 

study it is observed that it is inappropriate to use the existing methods [62, 108, 213, 258]. The 
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aim of this chapter is to make the researchers aware about the inappropriateness of these 

methods as well as to propose a new method (named as Jujhar method) to solve the 

IVIFMADMPrs having partially known attribute weights. 

Chapter 5 

Jorawar method for solving IVPFMADMPrs having partially known 

attribute weights 

To the best of my knowledge, only the existing method [84] has been proposed to solve 

IVPFMADMPrs having partially known attribute weights. However after a deep study, it is 

observed that it is inappropriate to use this method. The aim of this chapter is to make the 

researchers aware about the inappropriateness of this method as well as to propose a new 

method (named as Jorawar method) to solve IVPFMADMPr having partially known attribute 

weights.  

Chapter 6 

Jujhar method for solving IVIFMADMPrs having IVIF attribute weights 

Li [128] pointed out that there does not exist any method to solve IVIFMADMPrs 

having IVIF weights. To fill this gap, Li proposed a method to solve IVIFMADMPrs having 

IVIF weights. Motivated by Li, several other researchers [39-45, 47-49, 52, 55, 127, 129, 132, 

137, 209-211] have proposed different methods to solve the IVIFMADMPrs having IVIF 

weights. However, after a deep study it is observed that it is inappropriate to use the existing 

methods [39-45, 47-49, 52, 55, 127-129, 132, 137, 209-211]. The aim of this chapter is to make 

the researchers aware about the inappropriateness of these methods as well as to propose a new 

method (named as Jujhar method) to solve IVIFMADMPrs having IVIF attribute weights. 
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Chapter 7 

Discussion on “Evolving a linear programming technique for MAGDM 

problems with IVIF information” 

Hajiagha et al. [98] proposed a linear programming technique for solving IVIFMAGDM 

problems. In this technique, firstly an IVIFDM 𝐷̃ = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4])𝑚×𝑛 is obtained 

by aggregating the IVIFDMs 𝐷̃𝑘 = ([𝑎𝑖𝑗1
𝑘 , 𝑎𝑖𝑗2

𝑘 ], [𝑎𝑖𝑗3
𝑘 , 𝑎𝑖𝑗4

𝑘 ])
𝑚×𝑛

, 𝑘 = 1,2, … , 𝑟, where, 

([𝑎𝑖𝑗1
𝑘 , 𝑎𝑖𝑗2

𝑘 ], [𝑎𝑖𝑗3
𝑘 , 𝑎𝑖𝑗4

𝑘 ])
𝑚×𝑛

 represents the rating value of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- 

attribute provided by the 𝑘𝑡ℎ-decision-maker. Then, the IVIF LPPs (𝑃𝑠); 𝑠 = 1,2, … ,𝑚 are 

constructed. 

𝑀𝑎𝑥(∑ ([𝑎𝑠𝑗1, 𝑎𝑠𝑗2], [𝑎𝑠𝑗3, 𝑎𝑠𝑗4]) × 𝑤𝑗
𝑛
𝑗=1 )     

Subject to  

∑ ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) × 𝑤𝑗
𝑛
𝑗=1 ≤ 1̃; 𝑖 = 1,2, … ,𝑚,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1,

𝑤𝑗 ≥ 0; 𝑗 = 1,2, … , 𝑛.

                                                     (𝑃𝑠) 

where, 1̃ = ([0.90,0.95], [0.01,0.05]) and 𝑤𝑗 represents the normalized weight of the 𝑗𝑡ℎ 

attribute. 

       After that each IVIF LPP (𝑃𝑠), 𝑠 = 1,2, … ,𝑚 is transformed into its equivalent CLPP 

(𝑃′𝑠), 𝑠 = 1,2, … ,𝑚.          

𝑀𝑖𝑛 (∑ 𝑦𝑗 𝐿𝑛 ((1 − 𝑎𝑠𝑗1)(1 − 𝑎𝑠𝑗2)𝑎𝑠𝑗3𝑎𝑠𝑗4)
𝑛
𝑗=1 )  

Subject to  

∑ 𝑦𝑗 𝐿𝑛(1 − 𝑎𝑖𝑗1)
𝑛
𝑗=1 ≥ 𝑡 𝐿𝑛(1 − 0.90),

∑ 𝑦𝑗 𝐿𝑛(1 − 𝑎𝑖𝑗2)
𝑛
𝑗=1 ≥ 𝑡 𝐿𝑛(1 − 0.95),

∑ 𝑦𝑗 𝐿𝑛(𝑎𝑖𝑗3)
𝑛
𝑗=1 ≥ 𝑡 𝐿𝑛(0.01),

∑ 𝑦𝑗 𝐿𝑛(𝑎𝑖𝑗4)
𝑛
𝑗=1 ≥ 𝑡 𝐿𝑛(0.05),

∑ 𝑦𝑗
𝑛
𝑗=1 = 1,

𝑡, 𝑦𝑗 ≥ 0; 𝑗 = 1,2, … , 𝑛.

                                                                            (𝑃′𝑠) 
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       Finally, the optimal value  ∑ 𝑦𝑗 𝐿𝑛 ((1 − 𝑎𝑠𝑗1)(1 − 𝑎𝑠𝑗2)𝑎𝑠𝑗3𝑎𝑠𝑗4)
𝑛
𝑗=1 ; 𝑠 = 1,2, … ,𝑚 of 

each CLPP (𝑃′𝑠), 𝑠 = 1,2, … ,𝑚 is used to rank the alternatives. 

 The aim of this chapter is  

(i) To point out the inappropriateness of the existing method [98] for solving 

IVIFMAGDM problems having completely unknown weights.  

(ii) To make the researchers aware that it is inappropriate to propose a simplex method for 

solving the IVIF LPP (𝑃𝑠) without transforming it into the CLPP (𝑃′𝑠), inspired by 

Khan et al.’s simplex method [122], for resolving the inappropriateness of the existing 

method [98] due to the following facts: 

 “Khan et al.’s claim [123] “No mathematical incorrect assumptions have been 

considered in the existing simplex method [122] for solving a fuzzy LPP without 

transforming it into a CLPP” against Bhardwaj and Kumar’s claim [16] is not valid. In 

fact, several mathematical incorrect assumptions, considered by Khan et al. [122], are not 

pointed out by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not pointed out 

that some of the elements of the existing optimal simplex table [122] are not TFNs.”  

 Furthermore, to make the researchers aware that it is not possible to resolve the 

inappropriateness of the existing methods [98].” 

Chapter 8 

Appropriate definition of an IVIFS 

The concept of an IVIFS, proposed by Atanassov and Gargov [9], has been used by 

several researchers in their research work. However, after a deep study, it is observed that the 

existing definition of an IVIFS is not appropriate. The aim of this chapter is to make the 

researchers aware about the inappropriateness of the existing definition as well as to propose 

the appropriate definition of an IVIFS.  
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Chapter 9 

Appropriate definition of an IVPFS 

The concept of an IVPFS, proposed by Peng and Yang [164], has been used by several 

researchers in their work. However, after a deep study, it is observed that the existing definition 

of an IVPFS is not appropriate. The aim of this chapter is to make the researchers aware about 

the inappropriateness of the existing definition as well as to propose the appropriate definition 

of an IVPFS. 

Chapter 10 

Future scope  

In this chapter, some open research problems are discussed. 
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Chapter 2 

Mehar method for solving IFMADMPrs having 

partially known attribute weights1 

 

Xu [241] claimed that there does not exist any method for solving IFMADMPrs having 

partially known attribute weights. To fill this gap, Xu proposed a method to solve IFMADMPrs 

having partially known attribute weights. Wei [223] also proposed a method for solving 

IFMADMPrs having partially known attribute weights. It is pertinent to mention that several 

researchers [50, 63, 81, 146, 222, 224, 225] have used the existing methods [223, 241] to solve 

IFMADMPrs having partially known attribute weights. However, after a deep study it is 

observed that it is inappropriate to use the existing methods [223, 241]. The aim of this chapter 

is to make the researchers aware about the inappropriateness of these methods as well as to 

propose a new method (named as Mehar method) for solving IFMADMPrs having partially 

known attribute weights.  

2.1 A brief review of Xu’s method 

       Xu [241] claimed that there does not exist any method for solving such IFMADMPrs 

having partially known attribute weights in which the rating value of the 𝑖𝑡ℎ-alternative over 

the 𝑗𝑡ℎ-attribute is represented by an IFS 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗, 𝜈𝑖𝑗〉 as well as the weight of the 𝑗𝑡ℎ-

attribute 𝑤𝑗 ∈ 𝐻, where 𝐻 = {𝑤𝑗: 𝑤𝑗 ≥ 𝑤𝑖, 𝑤𝑗 −𝑤𝑖 ≥ 𝛽𝑗(> 0), 𝑤𝑗 ≥ 𝛽𝑗𝑤𝑖; 0 ≤ 𝛽𝑗 ≤ 1, 0 ≤

𝛿𝑗 ≤ 𝑤𝑗 ≤ 𝛿𝑗 + 𝜀𝑗 ≤ 1; 𝑤𝑗 −𝑤𝑖 ≥ 𝑤𝑘 − 𝑤𝑙 for 𝑖 ≠ 𝑗 ≠ 𝑘 ≠ 𝑙} .  

                                                           
1 Some contents of this chapter have been published in “International Journal of Fuzzy Systems 21 (2019) 1010-

1011” and remaining contents have been communicated in “Knowledge-Based Systems” for the possible 

publication.  
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Xu [241] proposed the following method to solve IFMADMPrs having partially known 

attribute weights: 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute (the larger value of the rating value indicates a greater preference) or cost 

type attribute (the smaller value of the rating value indicates a greater preference).  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining attributes are benefit type 

attributes. Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing 

all the elements 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗 , 𝜈𝑖𝑗〉 of the 𝑗𝑡ℎ column of the IFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 𝛼̃𝑖𝑗 =

〈𝜈𝑖𝑗 , 𝜇𝑖𝑗〉 and go to Step 2. 

Step 2: Using the expression (2.1), find the distance of each 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗, 𝜈𝑖𝑗〉 from the largest 

IFS 𝛼̃+ = 〈1,0〉. 

𝑑𝑖𝑗(𝛼̃𝑖𝑗, 𝛼̃
+) =

1

2
(|𝜇𝑖𝑗 − 1| + |𝜈𝑖𝑗 − 0|), 𝑖 = 1,2, … ,𝑚; 𝑗 = 1,2, … , 𝑛.                                     (2.1)                                                         

Step 3: Using the expression (2.2), find the value of 𝑐𝑗 ∀ 𝑗 = 1,2, … , 𝑛. 

𝑐𝑗 = ∑ 𝑑𝑖𝑗(𝛼̃𝑖𝑗, 𝛼̃
+)𝑚

𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                                   (2.2)                                  

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P2.1). 

𝑀𝑖𝑛 [∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛,   

∑ 𝑤𝑗
𝑛
𝑗=1 = 1.                                                                                                                            (P2.1) 

Step 5: Using the expression (2.3), find the value of 𝑃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃𝑖 = ∑
𝑤𝑗

2

𝑛
𝑗=1 𝑑𝑖𝑗(𝛼̃𝑖𝑗 , 𝛼̃

+), 𝑖 = 1,2, … ,𝑚                                                                                (2.3) 

and check that 𝑃𝑝 > 𝑃𝑞 or 𝑃𝑝 < 𝑃𝑞 or 𝑃𝑝 = 𝑃𝑞, where 𝑃𝑝 = ∑
𝑤𝑗

2

𝑛
𝑗=1 𝑑𝑝𝑗(𝛼̃𝑝𝑗, 𝛼̃

+) and 
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𝑃𝑞 = ∑
𝑤𝑗

2

𝑛
𝑗=1 𝑑𝑞𝑗(𝛼̃𝑞𝑗, 𝛼̃

+).  

Case (i): If 𝑃𝑝 < 𝑃𝑞 then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑃𝑝 > 𝑃𝑞 then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑃𝑝 = 𝑃𝑞 then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

2.2 Inappropriateness of Xu’s method 

It is inappropriate to apply Xu’s method [241] due to the following reasons: 

(1) On applying Xu’s method [241] more than one preference orders of the alternatives are 

obtained, which is inappropriate. To validate this claim a real-life IFMADMPr having 

partially known attribute weights, considered by Xu [241] to illustrate his proposed method, 

is solved with some modifications. 

Xu [241] solved the following real-life IFMADMPr having partially known attribute  

weights to illustrate his proposed method. 

There is need to rank the faculty members 𝐴𝑖 , 𝑖 = 1,2, … ,6 on the basis of the following 

three benefit attributes. 

(i) 𝐺1: Teaching  

(ii) 𝐺2: Research 

(iii) 𝐺3: Service 

The (𝑖, 𝑗)𝑡ℎ element of the Table 2.1, represented by an IFS 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗, 𝜈𝑖𝑗〉, represents the 

rating value of the  𝑖𝑡ℎ-faculty member over the 𝑗𝑡ℎ-attribute. 

       Table 2.1: Rating Values 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

𝐴1 〈0.4,0.3〉 〈0.6,0.1〉 〈0.5,0.4〉 
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Also, 𝐻 = {0.50 ≤ 𝑤1 ≤ 0.55, 0.30 ≤ 𝑤2 ≤ 0.35,𝑤3 ≥ 0.50𝑤2, 𝑤1 − 𝑤3 ≥ 0.10}. 

If it is assumed that  

(i) The attribute weight 𝑤1 satisfies the condition 0.10 ≤ 𝑤1 ≤ 0.55 instead of the existing 

condition 0.50 ≤ 𝑤1 ≤ 0.55. 

Then, using Xu’s method [241], the ranking of the alternatives of the modified 

IFMADMPr having partially known attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Xu’s method 

[241], discussed in Section 2.1, there is no need to apply Step 1. 

Step 2: According to Step 2 of Xu’s method [241], discussed in Section 2.1, there is need to 

calculate 𝑑𝑖𝑗(𝛼̃𝑖𝑗, 𝛼̃
+) ∀ 𝑖 = 1,2, … ,6; 𝑗 = 1,2,3. These values are shown in Table 2.2 

          Table 2.2: Values of 𝒅𝒊𝒋(𝜶̃𝒊𝒋, 𝜶̃
+) 

𝑑11(〈0.4,0.3〉, 〈1,0〉) =

1

2
(0.6 + 0.3) = 0.45  

𝑑12(〈0.6,0.1〉, 〈1,0〉) =

1

2
(0.4 + 0.1) = 0.25  

𝑑13(〈0.5,0.4〉, 〈1,0〉) =

1

2
(0.5 + 0.4) = 0.45  

𝑑21(〈0.5,0.2〉, 〈1,0〉) =

1

2
(0.5 + 0.2) = 0.35  

𝑑22(〈0.3,0.4〉, 〈1,0〉) =

1

2
(0.7 + 0.4) = 0.55  

𝑑23(〈0.8,0.1〉, 〈1,0〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑31(〈0.7,0.2〉, 〈1,0〉) =

1

2
(0.3 + 0.2) = 0.25  

𝑑32(〈0.3,0.7〉, 〈1,0〉) =

1

2
(0.7 + 0.7) = 0.70  

𝑑33(〈0.6,0.2〉, 〈1,0〉) =

1

2
(0.4 + 0.2) = 0.30  

𝐴2 〈0.5,0.2〉 〈0.3,0.4〉 〈0.8,0.1〉 

𝐴3 〈0.7,0.2〉 〈0.3,0.7〉 〈0.6,0.2〉 

𝐴4 〈0.4,0.3〉 〈0.6,0.2〉 〈0.7,0.1〉 

𝐴5 〈0.6,0.2〉 〈0.5,0.1〉 〈0.4,0.6〉 

𝐴6 〈0.6,0.3〉 〈0.7,0.2〉 〈0.5,0.4〉 
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𝑑41(〈0.4,0.3〉, 〈1,0〉) =

1

2
(0.6 + 0.3) = 0.45  

𝑑42(〈0.6,0.2〉, 〈1,0〉) =

1

2
(0.4 + 0.2) = 0.30  

𝑑43(〈0.7,0.1〉, 〈1,0〉) =

1

2
(0.3 + 0.1) = 0.20  

𝑑51(〈0.6,0.2〉, 〈1,0〉) =

1

2
(0.4 + 0.2) = 0.30  

𝑑52(〈0.5,0.1〉, 〈1,0〉) =

1

2
(0.5 + 0.1) = 0.30  

𝑑53(〈0.4,0.6〉, 〈1,0〉) =

1

2
(0.6 + 0.6) = 0.60  

𝑑61(〈0.6,0.3〉, 〈1,0〉) =

1

2
(0.4 + 0.3) = 0.35  

𝑑62(〈0.7,0.2〉, 〈1,0〉) =

1

2
(0.3 + 0.2) = 0.25  

𝑑63(〈0.5,0.4〉, 〈1,0〉) =

1

2
(0.5 + 0.4) = 0.45  

 

Step 3: Using Step 3 of Xu’s method [241], discussed in Section 2.1,  

𝑐1 = ∑ 𝑑𝑖1(𝛼̃𝑖1, 𝛼̃
+)6

𝑖=1 = 0.45 + 0.35 + 0.25 + 0.45 + 0.30 + 0.35 = 2.15, 

𝑐2 = ∑ 𝑑𝑖2(𝛼̃𝑖2, 𝛼̃
+)6

𝑖=1 = 0.25 + 0.55 + 0.70 + 0.30 + 0.30 + 0.25 = 2.35, 

𝑐3 = ∑ 𝑑𝑖3(𝛼̃𝑖3, 𝛼̃
+)6

𝑖=1 = 0.45 + 0.15 + 0.30 + 0.20 + 0.60 + 0.45 = 2.15. 

Step 4: Using Step 4 of Xu’s method [241], discussed in Section 2.1, there is need to solve the 

CLPP (P2.2). 

𝑀𝑖𝑛 (2.15𝑤1 + 2.35𝑤2 + 2.15𝑤3)  

Subject to  

{
 
 

 
 

0.10 ≤ 𝑤1 ≤ 0.55,
0.30 ≤ 𝑤2 ≤ 0.35,
𝑤3 ≥ 0.5𝑤2,

𝑤1 + 𝑤2 + 𝑤3 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                  (P2.2) 

It can be easily verified that on solving the CLPP (P2.2) infinite number of OAWV are 

obtained e.g., (𝑤1, 𝑤2, 𝑤3) = (0.10,0.30,0.60) and (𝑤1, 𝑤2, 𝑤3) = (0.50,0.30,0.20) both are 

the OAWV. 

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.10,0.30,0.60) and using Step 5 of Xu’s 

method [241], discussed in Section 2.1, 

𝑃1 = (0.10)(0.45) + (0.30)(0.25) + (0.60)(0.45) = 0.39,  
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𝑃2 = (0.10)(0.35) + (0.30)(0.55) + (0.60)(0.15) = 0.29, 

𝑃3 = (0.10)(0.25) + (0.30)(0.70) + (0.60)(0.30) = 0.415, 

𝑃4 = (0.10)(0.45) + (0.30)(0.30) + (0.60)(0.20) = 0.255, 

𝑃5 = (0.10)(0.30) + (0.30)(0.30) + (0.60)(0.60) = 0.48, 

𝑃6 = (0.10)(0.35) + (0.30)(0.25) + (0.60)(0.45) = 0.38. 

Since,  𝑃4 < 𝑃2 < 𝑃6 < 𝑃1 < 𝑃3 < 𝑃5. So, according to Step 5 of Xu’s method [241], 

discussed in Section 2.1, the ranking of the alternatives is 𝐴4 > 𝐴2 > 𝐴6 > 𝐴1 > 𝐴3 > 𝐴5. 

While, on considering the OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.50,0.30,0.20) and using Step 4 

of Xu’s method [241], discussed in Section 2.1,  

𝑃1 = (0.50)(0.45) + (0.30)(0.25) + (0.20)(0.45) = 0.39,  

𝑃2 = (0.50)(0.35) + (0.30)(0.55) + (0.20)(0.15) = 0.37, 

𝑃3 = (0.50)(0.25) + (0.30)(0.70) + (0.20)(0.30) = 0.395, 

𝑃4 = (0.50)(0.45) + (0.30)(0.30) + (0.20)(0.20) = 0.355, 

𝑃5 = (0.50)(0.30) + (0.30)(0.30) + (0.20)(0.60) = 0.36, 

𝑃6 = (0.50)(0.35) + (0.30)(0.25) + (0.20)(0.45) = 0.34. 

Since,  𝑃6 < 𝑃4 < 𝑃5 < 𝑃2 < 𝑃1 < 𝑃3. So, according to Step 5 of Xu’s method [241], 

discussed in Section 2.1, the ranking of the alternatives is 𝐴6 > 𝐴4 > 𝐴5 > 𝐴2 > 𝐴1 > 𝐴3. 

It is obvious that, on applying Xu’s method [241], two different ranking of the 

alternatives are obtained for the same IFMADMPr having partially known attribute weights, 

which is inappropriate. Hence, it is inappropriate to use Xu’s method [241] to solve 

IFMADMPrs having partially known attribute weights. 

(2) The ranking of the alternatives, obtained by Xu’s method [241], is not appropriate. The 

following example clearly validates this claim.  

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element, represented by an IFS, of Table 2.3 represents the 

rating value of the 𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ-benefit attribute. Also, if it is assumed that 
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𝐻 = {0.1 ≤ 𝑤1 ≤ 0.4,0.3 ≤ 𝑤2 ≤ 0.7 }. 

                                    Table 2.3: Rating Values 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 〈0.4,0.3〉 〈0.1,0.2〉 

𝐴2 〈0.1,0〉 〈0.1,0.2〉 

 

Then, it is obvious that the ranking of the alternatives 𝐴1 and 𝐴2 can never be 𝐴1 = 𝐴2 

as the rating values of both the alternatives corresponding to the attribute 𝐺2 are equal. 

Whereas, the rating values of both the alternatives corresponding to first attribute 𝐺1 are not 

equal. While, the following clearly indicates that on applying Xu’s method [241], the obtained 

ranking of the alternatives is 𝐴1 = 𝐴2, which is inappropriate.  

Using Xu’s method [241] the ranking of the alternatives 𝐴1 and 𝐴2 can be obtained as 

follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Xu’s method 

[241], discussed in Section 2.1, there is no need to apply Step 1. 

Step 2: According to Step 2 of Xu’s method [241], discussed in Section 2.1, there is need to 

calculate the values of 𝑑𝑖𝑗(𝛼̃𝑖𝑗, 𝛼̃
+) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 2.4. 

Table 2.4: Values of 𝒅𝒊𝒋(𝜶̃𝒊𝒋, 𝜶̃
+) 

𝑑11(〈0.4,0.3〉, 〈1,0〉) =
1

2
(0.6 + 0.3) = 0.45 𝑑12(〈0.1,0.2〉, 〈1,0〉) =

1

2
(0.9 + 0.2) = 0.55 

𝑑21(〈0.1,0〉, 〈1,0〉) =
1

2
(0.9 + 0) = 0.45 𝑑22(〈0.1,0.2〉, 〈1,0〉) =

1

2
(0.9 + 0.2) = 0.55 

 

Step 3: Using Step 3 of Xu’s method [241], discussed in Section 2.1, 
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𝑐1 = ∑ 𝑑𝑖1(𝛼̃𝑖1, 𝛼̃
+)2

𝑖=1 = 0.45 + 0.45 = 0.9, 

𝑐2 = ∑ 𝑑𝑖2(𝛼̃𝑖2, 𝛼̃
+)2

𝑖=1 = 0.55 + 0.55 = 1.1. 

Step 4: Using Step 4 of Xu’s method [241], discussed in Section 2.1, there is need to solve the 

CLPP (P2.3). 

𝑀𝑖𝑛 (0.9𝑤1 + 1.1𝑤2)  

Subject to  

{

0.1 ≤ 𝑤1 ≤ 0.4,
0.3 ≤ 𝑤2 ≤ 0.7,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P2.3)                                                                                                  

It can be easily verified that on solving the CLPP (P2.3), the obtained OAWV is 

(𝑤1, 𝑤2) = (0.4,0.6).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.4,0.6) and using Step 5 of Xu’s method 

[241], discussed in Section 2.1, 

𝑃1 = (0.40)(0.45) + (0.60)(0.55) = 1.4171,  

𝑃2 = (0.40)(0.45) + (0.60)(0.55) = 1.4171. 

Since,  𝑃1 = 𝑃2. So, according to Step 5, of Xu’s method [241], discussed in Section 

2.1, the ranking of the alternatives is 𝐴1 = 𝐴2. 

It is obvious that, on applying Xu’s method [241], the relation 𝐴1 = 𝐴2 is obtained, 

which is inappropriate. 

2.3 Reasons for the inappropriateness of Xu’s method 

In Section 2.2, it is shown that  

(i) On applying Xu’s method [241] more than one preference order for the alternatives are 

obtained. 

(ii) The ranking of the alternatives, obtained by Xu’s method [241], is inappropriate. 

These problems are occurring due to following reasons: 

(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., 
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∑ 𝑑𝑖𝑝(𝛼̃𝑖𝑝, 𝛼̃
+)𝑚

𝑖=1 = ∑ 𝑑𝑖𝑞(𝛼̃𝑖𝑞 , 𝛼̃
+)𝑚

𝑖=1 . Then, the coefficient of the attribute weight 𝑤𝑝  

and 𝑤𝑞 will be equal in the CLPP (P2.1). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, 

corresponding to which 𝑤𝑝 + 𝑤𝑞 will be optimal, will represent the optimal values of 𝑤𝑝 

and 𝑤𝑞. Due to the same reason, on solving the CLPP (P2.2), corresponding to the 

IFMADMPr having partially known attribute weights considered in first point of Section 

2.2, the number of obtained OAWV are more than one. 

(ii) If there will exist two distinct alternatives 𝐴𝑝 and 𝐴𝑞 such that 𝑑𝑝𝑗(𝛼̃𝑝𝑗, 𝛼̃
+) =

𝑑𝑞𝑗(𝛼̃𝑞𝑗, 𝛼̃
+). Then, the value of 𝑃𝑝 = ∑

𝑤𝑗

2

𝑛
𝑗=1 𝑑𝑝𝑗(𝛼̃𝑝𝑗, 𝛼̃

+) will be equal to 𝑃𝑞 =

∑
𝑤𝑗

2

𝑛
𝑗=1 𝑑𝑞𝑗(𝛼̃𝑞𝑗, 𝛼̃

+). Hence, the relation 𝐴𝑝 = 𝐴𝑞 will be obtained. Due to the same 

reason, on solving the IFMADMPr having partially known attribute weights, considered in 

second point of Section 2.2, the obtained relation is 𝐴1 = 𝐴2. 

2.4 A brief review of Wei’s method 

Wei [223] proposed the following method to solve IFMADMPrs having partially known 

attribute weights. 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute. 

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes 

then convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗 , 𝜈𝑖𝑗〉 of the 𝑗𝑡ℎ column of the IFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 𝛼̃𝑖𝑗 = 〈𝜈𝑖𝑗, 𝜇𝑖𝑗〉 

and go to Step 2. 

Step 2: Using the expression (2.4), find 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗, 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,𝑚; 𝑗 = 1,2, … , 𝑛; 𝑘 = 

1,2, … ,𝑚. 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) =
1

2
(|𝜇𝑖𝑗 − 𝜇𝑘𝑗| + |𝜈𝑖𝑗 − 𝜈𝑘𝑗|), 𝑖 = 1,2, …𝑚;  𝑗 = 1,2, … , 𝑛; 𝑘 = 

1,2, … ,𝑚.                                                                                                                              (2.4) 
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Step 3: Using expression (2.5), find the values of  𝑐𝑗  ∀ 𝑗 = 1,2, … , 𝑛. 

𝑐𝑗 = ∑ ∑  𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗)
𝑚
𝑘=1

𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛.                                                                          (2.5) 

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P2.4). 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛,  

 ∑ 𝑤𝑗
𝑛
𝑗=1 = 1.                                                                                                                           (P2.4) 

Step 5: Using the expression (2.6), find the value of 𝑃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃𝑖 = 1 −∏ (1 − 𝜇𝑖𝑗)
𝑤𝑗𝑛

𝑗=1 −∏ (𝜈𝑖𝑗)
𝑤𝑗𝑛

𝑗=1 , 𝑖 = 1,2, … ,𝑚.                                                       (2.6) 

and check that 𝑃𝑝 > 𝑃𝑞 or 𝑃𝑝 < 𝑃𝑞 or 𝑃𝑝 = 𝑃𝑞, where, 𝑃𝑝 = 1 −∏ (1 − 𝜇𝑝𝑗)
𝑤𝑗𝑛

𝑗=1 −

∏ (𝜈𝑝𝑗)
𝑤𝑗𝑛

𝑗=1  and 𝑃𝑞 = 1 −∏ (1 − 𝜇𝑞𝑗)
𝑤𝑗𝑛

𝑗=1 −∏ (𝜈𝑞𝑗)
𝑤𝑗𝑛

𝑗=1 . 

Case (i): If 𝑃𝑝 < 𝑃𝑞 then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝑃𝑝 > 𝑃𝑞 then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑃𝑝 = 𝑃𝑞 then go to Step 6. 

Step 6: Using the expression (2.7), find the value of 𝑄𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑄𝑖 = 1 −∏ (1 − 𝜇𝑖𝑗)
𝑤𝑗𝑛

𝑗=1 +∏ (𝜈𝑖𝑗)
𝑤𝑗𝑛

𝑗=1 , 𝑖 = 1,2, … ,𝑚                                                          (2.7) 

and check that 𝑄𝑝 > 𝑄𝑞 or 𝑄𝑝 < 𝑄𝑞 or 𝑄𝑝 = 𝑄𝑞, where, 𝑄𝑝 = 1 −∏ (1 − 𝜇𝑝𝑗)
𝑤𝑗𝑛

𝑗=1 +

∏ (𝜈𝑝𝑗)
𝑤𝑗𝑛

𝑗=1  and 𝑄𝑞 = 1 −∏ (1 − 𝜇𝑞𝑗)
𝑤𝑗𝑛

𝑗=1 +∏ (𝜈𝑞𝑗)
𝑤𝑗𝑛

𝑗=1 . 

Case (i): If 𝑄𝑝 < 𝑄𝑞 then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝑄𝑝 > 𝑄𝑞 then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑄𝑝 = 𝑄𝑞 then the ranking of the alternative is 𝐴𝑝 = 𝐴𝑞. 

2.5 Inappropriateness of Wei’s method 

It is inappropriate to use Wei’s method [223] due to following reasons: 
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(1) On applying Wei’s method [223] more than one preference orders of the alternatives are 

obtained, which is inappropriate. To validate this claim the real-life IFMADMPr having 

partially known attribute weights, considered by Wei [223] to illustrate his proposed 

method [223], is solved with some modifications. 

Wei [223] solved the following real-life IFMADMPr having partially known attribute 

weights to illustrate his proposed method. 

There is need to rank five companies 𝐴𝑖 , 𝑖 = 1,2, … ,5 on the basis of the following four 

benefit attributes. 

(i) 𝐺1: risk analysis   

(ii) 𝐺2: growth analysis  

(iii) 𝐺3: social-political impact analysis 

(iv) 𝐺4: environmental impact analysis 

The (𝑖, 𝑗)𝑡ℎ element of Table 2.5, represented by an IFS 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗 , 𝜈𝑖𝑗〉, represents the 

rating values of the  𝑖𝑡ℎ-company over the 𝑗𝑡ℎ-attribute. 

    Table 2.5: Rating values 

 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 〈0.5,0.4〉 〈0.6,0.3〉 〈0.3,0.6〉 〈0.2,0.7〉 

𝐴2 〈0.7,0.3〉 〈0.7,0.2〉 〈0.7,0.2〉 〈0.4,0.5〉 

𝐴3 〈0.6,0.4〉 〈0.5,0.4〉 〈0.5,0.3〉 〈0.6,0.3〉 

𝐴4 〈0.8,0.1〉 〈0.6,0.3〉 〈0.3,0.4〉 〈0.2,0.6〉 

𝐴5 〈0.6,0.2〉 〈0.4,0.3〉 〈0.7,0.1〉 〈0.5,0.3〉 
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Also, 𝐻 = {0.15 ≤ 𝑤1 ≤ 0.20, 0.16 ≤ 𝑤2 ≤ 0.18, 0.30 ≤ 𝑤3 ≤ 0.35, 0.30 ≤ 𝑤4 ≤ 0.45 }. 

If 

(i) Table 2.5 is replaced with Table 2.6 

Table 2.6: Rating Values 

 

(ii) 𝐻 = {0.15 ≤ 𝑤1 ≤ 0.20, 0.16 ≤ 𝑤2 ≤ 0.18, 0.30 ≤ 𝑤3 ≥ 0.35, 0.30 ≤ 𝑤4 ≤ 0.45 } is 

replaced with 𝐻 = {0.15 ≤ 𝑤1 ≤ 0.20, 0.10 ≤ 𝑤2 ≤ 0.95, 0.20 ≤ 𝑤3 ≥ 0.35, 0.20 ≤

𝑤4 ≤ 0.45 }. 

Then, using Wei’s method [223], the ranking of the alternatives of the modified 

IFMADMPr having partially known attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of Wei’s method [223], 

discussed in Section 2.4, there is no need to apply Step 1. 

Step 2: According to Step 2 of Wei’s method [223], discussed in Section 2.4, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2,3,4,5; 𝑗 = 1,2,3,4; 𝑘 = 1,2,3,4,5. These values are shown in 

Table 2.7. 

 

 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 〈0.6,0.3〉 〈0.5,0.4〉 〈0.4,0.3〉 〈0.6,0.2〉 

𝐴2 〈0.7,0.2〉 〈0.7,0.3〉 〈0.6,0.3〉 〈0.6,0.4〉 

𝐴3 〈0.5,0.4〉 〈0.6,0.4〉 〈0.7,0.2〉 〈0.5,0.4〉 

𝐴4 〈0.6,0.3〉 〈0.8,0.1〉 〈0.5,0.4〉 〈0.7,0.3〉 

𝐴5 〈0.4,0.3〉 〈0.6,0.2〉 〈0.6,0.3〉 〈0.8,0.1〉 
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Table 2.7: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111(〈0.6,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑211(〈0.5,0.4〉, 〈0.5,0.4〉)  

=
1

2
(0 + 0) = 0  

𝑑311(〈0.4,0.3〉, 〈0.4,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑411(〈0.6,0.2〉, 〈0.6,0.2〉)  

=
1

2
(0 + 0) = 0  

𝑑112(〈0.6,0.3〉, 〈0.7,0.2〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑212(〈0.5,0.4〉, 〈0.7,0.3〉)  

=
1

2
(0.2 + 0.1) = 0.15  

𝑑312(〈0.4,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0.2 + 0) = 0.1  

𝑑412(〈0.6,0.2〉, 〈0.6,0.4〉)  

=
1

2
(0 + 0.2) = 0.1  

𝑑113(〈0.6,0.3〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑213(〈0.5,0.4〉, 〈0.6,0.4〉)  

=
1

2
(0.1 + 0) = 0.05  

𝑑313(〈0.4,0.3〉, 〈0.7,0.2〉)  

=
1

2
(0.3 + 0.1) = 0.2  

𝑑413(〈0.6,0.2〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0.2) = 0.15  

𝑑114(〈0.6,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑214(〈0.5,0.4〉, 〈0.8,0.1〉)  

=
1

2
(0.3 + 0.3) = 0.3  

𝑑314(〈0.4,0.3〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑414(〈0.6,0.2〉, 〈0.7,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑115(〈0.6,0.3〉, 〈0.4,0.3〉)  

=
1

2
(0.2 + 0) = 0.1  

𝑑215(〈0.5,0.4〉, 〈0.6,0.2〉)  

=
1

2
(0.1 + 0.2) = 0.15  

𝑑315(〈0.4,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0.2 + 0) = 0.1  

𝑑415(〈0.6,0.2〉, 〈0.8,0.1〉)  

=
1

2
(0.2 + 0.1) = 0.15  

𝑑121(〈0.7,0.2〉, 〈0.6,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑221(〈0.7,0.3〉, 〈0.5,0.4〉)  

=
1

2
(0.2 + 0.1) = 0.15  

𝑑321(〈0.6,0.3〉, 〈0.4,0.3〉)  

=
1

2
(0.2 + 0) = 0.1  

𝑑421(〈0.6,0.4〉, 〈0.6,0.2〉)  

=
1

2
(0 + 0.2) = 0.1  

𝑑122(〈0.7,0.2〉, 〈0.7,0.2〉)  

=
1

2
(0 + 0) = 0  

𝑑222(〈0.7,0.3〉, 〈0.7,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑322(〈0.6,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑422(〈0.6,0.4〉, 〈0.6,0.4〉)  

=
1

2
(0 + 0) = 0  

𝑑123(〈0.7,0.2〉, 〈0.5,0.4〉)  

=
1

2
(0.2 + 0.2) = 0.2  

𝑑223(〈0.7,0.3〉, 〈0.6,0.4〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑323(〈0.6,0.3〉, 〈0.7,0.2〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑423(〈0.6,0.4〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0) = 0.05  

𝑑124(〈0.7,0.2〉, 〈0.6,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑224(〈0.7,0.3〉, 〈0.8,0.1〉)  

=
1

2
(0.1 + 0.2) = 0.15  

𝑑324(〈0.6,0.3〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑424(〈0.6,0.4〉, 〈0.7,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑125(〈0.7,0.2〉, 〈0.4,0.3〉)  

=
1

2
(0.3 + 0.1) = 0.2  

𝑑225(〈0.7,0.3〉, 〈0.6,0.2〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑325(〈0.6,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑425(〈0.6,0.4〉, 〈0.8,0.1〉)  

=
1

2
(0.2 + 0.3) = 0.25  

𝑑131(〈0.5,0.4〉, 〈0.6,0.3〉)  𝑑231(〈0.6,0.4〉, 〈0.5,0.4〉)  𝑑331(〈0.7,0.2〉, 〈0.4,0.3〉)  𝑑431(〈0.5,0.4〉, 〈0.6,0.2〉)  
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=
1

2
(0.1 + 0.1) = 0.1  =

1

2
(0.1 + 0) = 0.05  =

1

2
(0.3 + 0.1) = 0.2  =

1

2
(0.1 + 0.2) = 0.15  

𝑑132(〈0.5,0.4〉, 〈0.7,0.2〉)  

=
1

2
(0.2 + 0.2) = 0.2  

𝑑232(〈0.6,0.4〉, 〈0.7,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑332(〈0.7,0.2〉, 〈0.6,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑432(〈0.5,0.4〉, 〈0.6,0.4〉)  

=
1

2
(0.1 + 0) = 0.05  

𝑑133(〈0.5,0.4〉, 〈0.5,0.4〉)  

=
1

2
(0 + 0) = 0  

𝑑233(〈0.6,0.4〉, 〈0.6,0.4〉)  

=
1

2
(0 + 0) = 0  

𝑑333(〈0.7,0.2〉, 〈0.7,0.2〉)  

=
1

2
(0 + 0) = 0  

𝑑433(〈0.5,0.4〉, 〈0.5,0.4〉)  

=
1

2
(0 + 0) = 0  

𝑑134(〈0.5,0.4〉, 〈0.6,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑234(〈0.6,0.4〉, 〈0.8,0.1〉)  

=
1

2
(0.2 + 0.3) = 0.25  

𝑑334(〈0.7,0.2〉, 〈0.5,0.4〉)  

=
1

2
(0.2 + 0.2) = 0.2  

𝑑434(〈0.5,0.4〉, 〈0.7,0.3〉)  

=
1

2
(0.2 + 0.1) = 0.15  

𝑑135(〈0.5,0.4〉, 〈0.4,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑235(〈0.6,0.4〉, 〈0.6,0.2〉)  

=
1

2
(0 + 0.2) = 0.1  

𝑑335(〈0.7,0.2〉, 〈0.6,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑435(〈0.5,0.4〉, 〈0.8,0.1〉)  

=
1

2
(0.3 + 0.3) = 0.3  

𝑑141(〈0.6,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑241(〈0.8,0.1〉, 〈0.5,0.4〉)  

=
1

2
(0.3 + 0.3) = 0.3  

𝑑341(〈0.5,0.4〉, 〈0.4,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑441(〈0.7,0.3〉, 〈0.6,0.2〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑142(〈0.6,0.3〉, 〈0.7,0.2〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑242(〈0.8,0.1〉, 〈0.7,0.3〉)  

=
1

2
(0.1 + 0.2) = 0.15  

𝑑342(〈0.5,0.4〉, 〈0.6,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑442(〈0.7,0.3〉, 〈0.6,0.4〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑143(〈0.6,0.3〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑243(〈0.8,0.1〉, 〈0.6,0.4〉)  

=
1

2
(0.2 + 0.3) = 0.25  

𝑑343(〈0.5,0.4〉, 〈0.7,0.2〉)  

=
1

2
(0.2 + 0.2) = 0.2  

𝑑443(〈0.7,0.3〉, 〈0.5,0.4〉)  

=
1

2
(0.2 + 0.1) = 0.15  

𝑑144(〈0.6,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑244(〈0.8,0.1〉, 〈0.8,0.1〉)  

=
1

2
(0 + 0) = 0  

𝑑344(〈0.5,0.4〉, 〈0.5,0.4〉)  

=
1

2
(0 + 0) = 0  

𝑑444(〈0.7,0.3〉, 〈0.7,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑145(〈0.6,0.3〉, 〈0.4,0.3〉)  

=
1

2
(0.2 + 0) = 0.1  

𝑑245(〈0.8,0.1〉, 〈0.6,0.2〉)  

=
1

2
(0.2 + 0.1) = 0.15  

𝑑345(〈0.5,0.4〉, 〈0.6,0.3〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑445(〈0.7,0.3〉, 〈0.8,0.1〉)  

=
1

2
(0.1 + 0.2) = 0.15  

𝑑151(〈0.4,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0.2 + 0) = 0.1  

𝑑251(〈0.6,0.2〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0.2) = 0.15  

𝑑351(〈0.6,0.3〉, 〈0.4,0.3〉)  

=
1

2
(0.2 + 0) = 0.1  

𝑑451(〈0.8,0.1〉, 〈0.6,0.2〉)  

=
1

2
(0.2 + 0.1) = 0.15  

𝑑152(〈0.4,0.3〉, 〈0.7,0.2〉)  𝑑252(〈0.6,0.2〉, 〈0.7,0.3〉)  𝑑352(〈0.6,0.3〉, 〈0.6,0.3〉)  𝑑452(〈0.8,0.1〉, 〈0.6,0.4〉)  
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=
1

2
(0.3 + 0.1) = 0.2  =

1

2
(0.1 + 0.1) = 0.1  =

1

2
(0 + 0) = 0  =

1

2
(0.2 + 0.3) = 0.25  

𝑑153(〈0.4,0.3〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑253(〈0.6,0.2〉, 〈0.6,0.4〉)  

=
1

2
(0 + 0.2) = 0.1  

𝑑353(〈0.6,0.3〉, 〈0.7,0.2〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑453(〈0.8,0.1〉, 〈0.5,0.4〉)  

=
1

2
(0.3 + 0.3) = 0.3  

𝑑154(〈0.4,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0.2 + 0) = 0.1  

𝑑254(〈0.6,0.2〉, 〈0.8,0.1〉)  

=
1

2
(0.2 + 0.1) = 0.15  

𝑑354(〈0.6,0.3〉, 〈0.5,0.4〉)  

=
1

2
(0.1 + 0.1) = 0.1  

𝑑454(〈0.8,0.1〉, 〈0.7,0.3〉)  

=
1

2
(0.1 + 0.2) = 0.15  

𝑑155(〈0.4,0.3〉, 〈0.4,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑255(〈0.6,0.2〉, 〈0.6,0.2〉)  

=
1

2
(0 + 0) = 0  

𝑑355(〈0.6,0.3〉, 〈0.6,0.3〉)  

=
1

2
(0 + 0) = 0  

𝑑455(〈0.8,0.1〉, 〈0.8,0.1〉)  

=
1

2
(0 + 0) = 0  

 

Step 3: Using Step 3 of Wei’s method [223], discussed in Section 2.4, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
5
𝑘=1

5
𝑖=1 = 0 + 0.1 + 0.1 + 0 + 0.1 + 0.1 + 0 + 0.2 + 0.1 + 0.2 +

0.1 + 0.2 + 0 + 0.1 + 0.1 + 0 + 0.1 + 0.1 + 0 + 0.1 + 0.1 + 0.2 + 0.1 + 0.1 + 0 = 2.2, 

𝑐2 = ∑ ∑  𝑑𝑖2𝑘(𝛼̃𝑖2, 𝛼̃𝑘2)
5
𝑘=1

5
𝑖=1 = 0 + 0.15 + 0.05 + 0.3 + 0.15 + 0.15 + 0 + 0.1 + 0.15 +

0.1 + 0.05 + 0.1 + 0 + 0.25 + 0.1 + 0.3 + 0.15 + 0.25 + 0 + 0.15 + 0.15 + 0.1 + 0.1 +

0.15 + 0 = 3, 

𝑐3 = ∑ ∑  𝑑𝑖3𝑘(𝛼̃𝑖3, 𝛼̃𝑘3)
5
𝑘=1

5
𝑖=1 = 0 + 0.1 + 0.2 + 0.1 + 0.1 + 0.1 + 0 + 0.1 + 0.1 + 0 +

0.2 + 0.1 + 0 + 0.2 + 0.1 + 0.1 + 0.1 + 0.2 + 0 + 0.1 + 0.1 + 0 + 0.1 + 0.1 + 0 = 2.2, 

𝑐4 = ∑ ∑  𝑑𝑖4𝑘(𝛼̃𝑖4, 𝛼̃𝑘4)
5
𝑘=1

5
𝑖=1 = 0 + 0.1 + 0.15 + 0.1 + 0.15 + 0.1 + 0 + 0.05 + 0.1 +  

0.25 + 0.15 + 0.05 + 0 + 0.15 + 0.3 + 0.1 + 0.1 + 0.15 + 0 + 0.15 + 0.15 + 0.25 +  

0.30 + 0.15 + 0 = 3. 

Step 4: Using Step 4 of Wei’s method [223], there is need to solve the CLPP (P2.5). 

𝑀𝑎𝑥(2.2𝑤1 + 3𝑤2 + 2.2𝑤3 + 3𝑤4)  

Subject to  
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{
 
 

 
 

0.15 ≤ 𝑤1 ≤ 0.20,
0.10 ≤ 𝑤2 ≤ 0.95,
0.20 ≤ 𝑤3 ≤ 0.35,
0.20 ≤ 𝑤4 ≤ 0.45,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                           (P2.5) 

It can be easily verified that on solving the CLPP (P2.5) infinite number of OAWV are 

obtained e.g. (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.20,0.20,0.45) and (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.15,0.40, ,0.20,0.25) both are the OAWV. 

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.20,0.20,0.45) and using Step 

5 of Wei’s method [223], discussed in Section 2.4, 

𝑃1 = 1 − (1 − 0.6)
0.15(1 − 0.5)0.20(1 − 0.4)0.20(1 − 0.6)0.45 − (0.3)0.15(0.4)0.20(0.3)0.20   

        (0.2)0.45 = 0.2818,  

𝑃2 = 1 − (1 − 0.7)0.15(1 − 0.7)0.20(1 − 0.6)0.20(1 − 0.6)0.45 − (0.2)0.15(0.3)0.20(0.3)0.20  

         (0.4)0.45 = 0.3171, 

𝑃3 = 1 − (1 − 0.5)0.15(1 − 0.6)0.20(1 − 0.7)0.20(1 − 0.5)0.45 − (0.4)0.15(0.4)0.20(0.2)0.20  

       (0.4)0.45 = 0.2201, 

𝑃4 = 1 − (1 − 0.6)0.15(1 − 0.8)0.20(1 − 0.5)0.20(1 − 0.7)0.45 − (0.3)0.15(0.1)0.20(0.4)0.20  

       (0.3)0.45 = 0.4252, 

𝑃5 = 1 − (1 − 0.4)0.15(1 − 0.6)0.20(1 − 0.6)0.20(1 − 0.8)0.45 − (0.3)0.15(0.2)0.20(0.3)0.20  

       (0.1)0.45 = 0.5202. 

Since,  𝑃5 > 𝑃4 > 𝑃2 > 𝑃1 > 𝑃3. So, according to Step 5 of Wei’s method [223], the 

ranking of the alternatives is 𝐴5 > 𝐴4 > 𝐴2 > 𝐴1 > 𝐴3. 

While, on considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.40,0.20,0.25) and using 

Step 5 of Wei’s method [223], discussed in Section 2.4,  

𝑃1 = 1 − (1 − 0.6)
0.15(1 − 0.5)0.40(1 − 0.4)0.20(1 − 0.6)0.25 − (0.3)0.15(0.4)0.40(0.3)0.20  

        (0.2)0.25 = 0.2217,  
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𝑃2 = 1 − (1 − 0.7)0.15(1 − 0.7)0.40(1 − 0.6)0.20(1 − 0.6)0.25 − (0.2)0.15(0.3)0.40(0.3)0.20  

        (0.4)0.25 = 0.3553, 

𝑃3 = 1 − (1 − 0.5)0.15(1 − 0.6)0.40(1 − 0.7)0.20(1 − 0.5)0.25 − (0.4)0.15(0.4)0.40(0.2)0.20  

        (0.4)0.25 = 0.2390, 

𝑃4 = 1 − (1 − 0.6)0.15(1 − 0.8)0.40(1 − 0.5)0.20(1 − 0.7)0.25 − (0.3)0.15(0.1)0.40(0.4)0.20  

        (0.3)0.25 = 0.5004, 

𝑃5 = 1 − (1 − 0.4)0.15(1 − 0.6)0.40(1 − 0.6)0.20(1 − 0.8)0.25 − (0.3)0.15(0.2)0.40(0.3)0.20  

        (0.1)0.25 = 0.4488. 

Since,  𝑃4 > 𝑃5 > 𝑃2 > 𝑃3 > 𝑃1. So, according to Step 5 of Wei’s method [223], the 

ranking of the alternatives is 𝐴4 > 𝐴5 > 𝐴2 > 𝐴3 > 𝐴1. 

It is obvious that on applying Wei’s method [223] two different ranking of the 

alternatives are obtained for the same IFMADMPr having partially known attribute weights, 

which is inappropriate. Hence, it is inappropriate to use Wei’s method [223] to solve 

IFMADMPrs having partially known attribute weights. 

(2) The ranking of the alternatives, obtained by Wei’s method [223], is inappropriate. The 

following examples clearly validate this claim.  

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element, represented by an IFS, of Table 2.8 represents 

the rating value of the 𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ benefit attribute. Also, if it is assumed that 

𝐻 = {0.1 ≤ 𝑤1 ≤ 0.6, 0.2 ≤ 𝑤2 ≤ 0.7 }. 

Table 2.8: Rating values 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 〈0.4,0.3〉 〈1,0〉 
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𝐴2 〈0.3,0.4〉 〈1,0〉 

 

Then, it is obvious that the ranking of alternatives 𝐴1 and 𝐴2 can never be 𝐴1 = 𝐴2 as 

the rating values of both the alternatives corresponding to the attribute 𝐺2 are equal. Whereas, 

the rating values of both the alternatives corresponding to first attribute 𝐺1 are compliment to 

each other. While, the following clearly indicates that on applying Wei’s method [223], the 

relation  𝐴1 = 𝐴2 is obtained, which is inappropriate.  

Using Wei’s method [223], the ranking of the alternatives 𝐴1 and 𝐴2 can be obtained 

as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Wei’ method 

[223], discussed in Section 2.4, there is no need to apply Step 1. 

Step 2: According to Step 2 of Wei’s method [223], discussed in Section 2.4, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2; 𝑘 = 1,2. These values are shown in Table 2.8.  

Table 2.8: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111(〈0.4,0.3〉, 〈0.4,0.3〉) =
1

2
(0 + 0) = 0  𝑑211(〈1,0〉, 〈1,0〉) =

1

2
(0 + 0) = 0  

𝑑112(〈0.4,0.3〉, 〈0.3,0.4〉) =
1

2
(0.1 + 0.1) = 0.1  𝑑212(〈1,0〉, 〈1,0〉) =

1

2
(0 + 0) = 0  

𝑑121(〈0.3,0.4〉, 〈0.4,0.3〉) =
1

2
(0.1 + 0.1) = 0.1  𝑑221(〈1,0〉, 〈1,0〉) =

1

2
(0 + 0) = 0  

𝑑122(〈0.3,0.4〉, 〈0.3,0.4〉) =
1

2
(0 + 0) = 0  𝑑222(〈1,0〉, 〈1,0〉) =

1

2
(0 + 0) = 0  

 

Step 3: Using Step 3 of Wei’s method [223], discussed in Section 2.4, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
5
𝑘=1

5
𝑖=1 = 0 + 0.1 + 0.1 + 0 = 0.2, 

𝑐2 = ∑ ∑  𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗)
5
𝑘=1

5
𝑖=1 = 0 + 0 + 0 + 0 = 0.  

Step 4: Using Step 4 of Wei’s method [223], there is need to solve the CLPP (P2.6). 

𝑀𝑎𝑥(0.2𝑤1 + 0𝑤2)  
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Subject to  

{

0.1 ≤ 𝑤1 ≤ 0.6,
0.2 ≤ 𝑤2 ≤ 0.7,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                  (P2.6) 

It can be easily verified that on solving the CLPP (P2.6), the obtained OAWV is 

(𝑤1, 𝑤2) = (0.6,0.4)  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.6,0.4) and using Step 5 of Wei’s method 

[223], discussed in Section 2.4, 

𝑃1 = 1 − (1 − 0.4)
0.6(1 − 1)0.4 − (0.3)0.6(0)0.4 = 1,  

𝑃2 = 1 − (1 − 0.3)0.6(1 − 1)0.4 − (0.4)0.6(0)0.4 = 1. 

       Since,  𝑃1 = 𝑃2. So, according to Step 5 of Wei’s method [223], there is need to apply Step 

6. 

Step 6: Using Step 6 of Wei’s method [223], discussed in Section 2.4, 

𝑄1 = 1 − (1 − 0.4)0.6(1 − 1)0.4 + (0.3)0.6(0)0.4 = 1,  

𝑄2 = 1 − (1 − 0.3)0.6(1 − 1)0.4 + (0.4)0.6(0)0.4 = 1. 

Since,  𝑄1 = 𝑄2. So, according to Step 6 of Wei’s method [223], the ranking of the 

alternatives is 𝐴1 = 𝐴2. 

It is obvious that on applying Wei’s method [223], the relation 𝐴1 = 𝐴2 is obtained, 

which is inappropriate. 

2.6 Reasons for the inappropriateness of Wei’s method 

In Section 2.5, it is shown that  

(i) On applying Wei’s method [223] more than one preference order for the alternatives are 

obtained. 

(ii) The ranking of the alternatives, obtained by Wei’s method [223], is inappropriate. 

These problems are occurring due to following reasons: 
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(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., 

∑ ∑  𝑑𝑖𝑝𝑘(𝛼̃𝑖𝑝, 𝛼̃𝑘𝑝)
𝑚
𝑘=1

𝑚
𝑖=1 = ∑ ∑  𝑑𝑖𝑞𝑘(𝛼̃𝑖𝑞, 𝛼̃𝑘𝑞)

𝑚
𝑘=1

𝑚
𝑖=1 . Then, the coefficient of the 

attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the CLPP (P2.4). Therefore, all such values of 

𝑤𝑝 and 𝑤𝑞 for which 𝑤𝑝 + 𝑤𝑞 will be optimal, will represent the optimal values of 𝑤𝑝 and 

𝑤𝑞. Due to the same reason, on solving the CLPP (P2.5), corresponding to the IFMADMPr 

having partially known attribute weights considered in first point of Section 2.5, the number 

of obtained OAWV are more than one. 

(ii) It is pertinent to mention that if there exist 〈𝜇𝑖𝑗 , 𝜈𝑖𝑗〉 such that 𝜇𝑖𝑗 = 1 and 𝜈𝑖𝑗 = 0 then the 

value of 𝑃𝑖 = 1 −∏ (1 − 𝜇𝑖𝑗)
𝑤𝑗𝑛

𝑗=1 −∏ 𝜈𝑖𝑗
𝑤𝑗𝑛

𝑗=1  as well as 𝑄𝑖 = 1 −∏ (1 − 𝜇𝑖𝑗)
𝑤𝑗𝑛

𝑗=1 +

∏ 𝜈𝑖𝑗
𝑤𝑗𝑛

𝑗=1  will always be 1 for all values of 𝑤𝑗. Due to the same reason, on solving the 

IFMADMPr having partially known attribute weights, considered in second point of 

Section 2.5, the obtained relation is 𝐴1 = 𝐴2. 

2.7 Inappropriateness of some other existing methods  

It is inappropriate to use the existing methods [50, 63, 111, 146, 222-225, 236, 241] due to 

the following reasons: 

(i) It can be easily verified that in all the existing methods [50, 63, 111, 146, 222-225, 236, 

241], the CLPP (P2.1) or the CLPP (P2.4) has been used to obtain the OAWV with different 

expressions for 𝑐𝑗. However, as discussed in Section 2.2 and Section 2.5, it is inappropriate 

to use the CLPP (P2.1) and the CLPP (P2.4). Therefore, it is inappropriate to use the existing 

methods [50, 63, 111, 146, 222-225, 236, 241]. 

(ii) It can be easily verified that in the existing methods [50, 63, 111, 146, 222-225, 236, 241], 

either the expression (2.3) or the expression (2.6) has been used to evaluate 𝑃𝑖 and hence for 

the ranking of the alternatives. However, as discussed in Section 2.2 and Section 2.5, it is 

inappropriate to use the expression (2.3) and the expression (2.6). Therefore, it is 
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inappropriate to use the existing methods [50, 63, 111, 146, 222-225, 236, 241]. 

2.8 Inappropriateness of the existing NLPP  

It is pertinent to mention that Wei [223] has used the NLPP (P2.7) to evaluate the OAWV 

of IFMADMPrs having completely unknown attribute weights. The NLPP (P2.7) has been 

obtained by replacing the linear constraint ∑ 𝑤𝑗
𝑛
𝑗=1 = 1 with the non-linear constraint 

∑ 𝑤𝑗
2𝑛

𝑗=1 = 1 in the CLPP (P2.4).  

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

0 ≤ 𝑤𝑗 ≤ 1, ∑ 𝑤𝑗
2𝑛

𝑗=1 = 1.                                                                                                 (P2.7) 

Also, it is pertinent to mention that Wu and Chen [236] have used the NLPP (P2.7) to 

evaluate the OAWV of the linguistic MADMPrs having partially known attribute weights. 

Inspired by the same, one may use the NLPP (P2.7) to obtain the OAWV of IFMADMPrs 

having partially known attribute weights. 

However, the following example clearly indicates that there is no physical meaning of the 

non-linear constraint ∑ 𝑤𝑗
2𝑛

𝑗=1 = 1. Whereas, there is a physical meaning of the linear 

constraint ∑ 𝑤𝑗
𝑛
𝑗=1 = 1. Therefore, it is inappropriate to use the existing NLPP (P2.7) to obtain 

the OAWV. 

Let us consider a person has $30,000. This person is interested to invest this amount to 

purchase the shares of three different companies in such a manner that a total return after one 

year is maximum. If it is assumed that corresponding to one unit invested amount the return 

after one year, corresponding to the shares of first, second and third company are 2,3 and 4 

times of the total invested amount. Then, the person is interested to know the optimal amount 

which should be invested in first, second and third company shares. 

Let us assume that the person should invest $𝑎1, $𝑎2 and $𝑎3 to purchase first, second 

and third company shares. Then, the value of  𝑎1, 𝑎2 and 𝑎3 can be obtained by solving the 
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CLPP (P2.8) or its equivalent CLPP (P2.9). 

𝑚𝑎𝑥(2𝑎1 + 3𝑎2 + 4𝑎3)  

Subject to   

{
 
 

 
 

0 ≤ 𝑎1 ≤ 30,000,
0 ≤ 𝑎2 ≤ 30,000,
0 ≤ 𝑎3 ≤ 30,000,

𝑎1 + 𝑎2 + 𝑎3 = 30,000,
𝑎1 ≥ 0, 𝑎2 ≥ 0, 𝑎3 ≥ 0.

                                                                                                      (P2.8) 

𝑚𝑎𝑥 (30,000 (2 (
𝑎1

30,000
) + 3 (

𝑎2

30,000
) + 4 (

𝑎3

30,000
)))  

Subject to   

{
 
 
 
 

 
 
 
 0 ≤ (

𝑎1

30,000
) ≤ 1,

0 ≤ (
𝑎2

30,000
) ≤ 1,

0 ≤ (
𝑎3

30,000
) ≤ 1,

(
𝑎1

30,000
) + (

𝑎2

30,000
) + (

𝑎3

30,000
) = 1,

(
𝑎1

30,000
) ≥ 0, (

𝑎2

30,000
) ≥ 0, (

𝑎3

30,000
) ≥ 0.

                                                                                                 (P2.9) 

Assuming, 
𝑎1

30,000
= 𝑤1, 

𝑎2

30,000
= 𝑤2 and 

𝑎3

30,000
= 𝑤3, the CLPP (P2.9) can be 

transformed into its equivalent CLPP (P2.10). 

𝑚𝑎𝑥 (30,000 (2𝑤1 + 3𝑤2 + 4𝑤3))  

Subject to   

{
 
 

 
 

0 ≤ 𝑤1 ≤ 1,
0 ≤ 𝑤2 ≤ 1,
0 ≤ 𝑤3 ≤ 1,

𝑤1 + 𝑤2 + 𝑤3 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                      (P2.10) 

Now, if it is assumed that in the considered problem the total amount is 𝐵 and the 

number of companies are 𝑛 and the return of one unit invested amount corresponding to the 

first, second, …, 𝑛𝑡ℎ- companies are 𝑐1, 𝑐2, … , 𝑐𝑛 respectively. Then the CLPP (P2.10) will be 
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a special case of the CLPP (P2.11).  

𝑚𝑎𝑥 (𝐵 (∑ 𝑐𝑗𝑤𝑗
𝑛
𝑗=1 ))  

Subject to  

{
∑ 𝑤𝑗
𝑛
𝑗=1 = 1

0 ≤ 𝑤𝑗 ≤ 1, 𝑗 = 1,2, … , 𝑛.
                                                                                                      (P2.11) 

On the basis of the above discussion it can be easily concluded that the linear constraint 

∑ 𝑤𝑗
𝑛
𝑗=1 = 1 has a physical meaning and hence it is inappropriate to replace this linear 

constraint with the non-linear constraint ∑ 𝑤𝑗
2𝑛

𝑗=1 = 1 i.e, it is inappropriate to use the NLPP 

(P2.7) to evaluate the OAWV. 

2.9 Modified LPP 

In Section 2.3 and Section 2.5, it was pointed out that if there will exist two distinct 

attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞. Then, on solving the CLPP (P2.1) and the CLPP (P2.4) 

infinite number of OAWV will be obtained. Due to which more than one preference orders for 

the alternatives will be obtained, which is inappropriate. 

If in the CLPP (P2.1) and the CLPP (P2.4) the constraint 𝑤𝑝 = 𝑤𝑞 is added in the case 

of 𝑐𝑝 = 𝑐𝑞. Then, on solving the CLPP (P2.1) and the CLPP (P2.4), always a unique OAWV 

will be obtained.   

2.10 Appropriate intuitionistic fuzzy aggregation operator 

It is pertinent to mention that Xu [241] has used the expression (2.6), based upon the 

intuitionistic fuzzy aggregation operator ∑ 𝑤𝑗
𝑛
𝑗=1 ×defuzzified value of 〈𝜇𝑖𝑗, 𝜈𝑖𝑗〉, to find the 

ranking of the alternatives. 

Also, Wei [223] has used the expression (2.7), based upon the intuitionistic fuzzy 

aggregation operator 〈1 − ∏ (1 − 𝜇𝑖𝑗)
𝑤𝑗𝑛

𝑗=1 , ∏ 𝜈𝑖𝑗
𝑤𝑗𝑛

𝑗=1 〉, to find the ranking of the 

alternatives. 

However, as discussed in Section 2.2 and Section 2.5, it is inappropriate to use the existing 



36 
 

expressions (2.6) and (2.7) to find the ranking of the alternatives. 

If the existing expression (2.8) and (2.9), based upon the existing intuitionistic fuzzy 

aggregation operator [14] ⟨
∑ 𝑤𝑗
𝑛
𝑗=1 𝜇𝑖𝑗

∑ 𝑤𝑗
𝑛
𝑗=1

,
∑ 𝑤𝑗
𝑛
𝑗=1 𝜈𝑖𝑗

∑ 𝑤𝑗
𝑛
𝑗=1

⟩, will be used to find the ranking of the 

alternatives. Then, the problems, occurring due to using the existing intuitionistic fuzzy 

aggregation operators [223, 241], can be resolved. Hence, it is appropriate to use the expression 

(2.8) to evaluate the value of 𝑃𝑖 and the expression (2.9) to evaluate the value of 𝑄𝑖 instead of 

using the expression (2.6) and the expression (2.7) respectively.  

𝑃𝑖 =
∑ 𝑤𝑗
𝑛
𝑗=1 𝜇𝑖𝑗

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑤𝑗
𝑛
𝑗=1 𝜈𝑖𝑗

∑ 𝑤𝑗
𝑛
𝑗=1

                                                                                                     (2.8)           

𝑄𝑖 =
∑ 𝑤𝑗
𝑛
𝑗=1 𝜇𝑖𝑗

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑤𝑗
𝑛
𝑗=1 𝜈𝑖𝑗

∑ 𝑤𝑗
𝑛
𝑗=1

                                                                                                     (2.9) 

2.11 Proposed Mehar method 

In this section, to resolve the inappropriateness of Xu’s method [241] and Wei’s method 

[223], a new method (named as Mehar method), based upon the CLPP (P2.12) as well as the 

existing expressions (2.8) and (2.9), has been proposed to solve the IFMADMPrs having 

partially known attribute weights. 

The steps of the proposed Mehar method are as follows: 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute. 

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗 , 𝜈𝑖𝑗〉 of the 𝑗𝑡ℎ column of the IFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 𝛼̃𝑖𝑗 = 〈𝜈𝑖𝑗, 𝜇𝑖𝑗〉 

and go to Step 2. 

Step 2: Using the expression (2.4), find 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗, 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,𝑚; 𝑘 = 1,2, … ,𝑚; 𝑗 = 



37 
 

1,2, . . , 𝑛.                                                                                                              

Step 3: Using expression (2.5), find the values of  𝑐𝑗  ∀ 𝑗 = 1,2, . . , 𝑛.                                         

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P2.12). 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

{
𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, . . , 𝑛, ∑ 𝑤𝑗

𝑛
𝑗=1 = 1

𝑤𝑝 = 𝑤𝑞 ∀ 𝑐𝑝 = 𝑐𝑞 .
                                                                         (P2.12)                                                                                           

Step 5: Using the expression (2.8), find the value of 𝑃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

and check that 𝑃𝑝 > 𝑃𝑞 or 𝑃𝑝 < 𝑃𝑞 or 𝑃𝑝 = 𝑃𝑞. 

Case (i): If 𝑃𝑝 < 𝑃𝑞 then the ranking of the alternatives 𝐴𝑝 and 𝐴𝑞 is  𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝑃𝑝 > 𝑃𝑞 then the ranking of the alternatives 𝐴𝑝 and 𝐴𝑞 is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑃𝑝 = 𝑃𝑞 then go to Step 6. 

Step 6: Using the expression (2.9), find the value of 𝑄𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

and check that 𝑄𝑝 > 𝑄𝑞 or 𝑄𝑝 < 𝑄𝑞 or 𝑄𝑝 = 𝑄𝑞. 

Case (i): If 𝑄𝑝 < 𝑄𝑞 then the ranking of the alternatives 𝐴𝑝 and 𝐴𝑞 is  𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝑄𝑝 > 𝑄𝑞 then the ranking of the alternatives 𝐴𝑝 and 𝐴𝑞 is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑄𝑝 = 𝑄𝑞 then the ranking of the alternatives 𝐴𝑝 and 𝐴𝑞 is  𝐴𝑝 = 𝐴𝑞. 

2.12 Exact results of the considered IFMADMPrs having partially known attribute 

weights 

In Section 2.2, two IFMADMPrs having partially known attribute weights were solved by 

Xu’s method [241] and shown that the obtained results are inappropriate. Also, in Section 2.5, 

two IFMADMPrs were solved by Wei’s method [223] and shown that the obtained results are 

inappropriate. In this section, the exact results of all these IFMADMPrs having partially known 

attribute weights are obtained by the proposed Mehar method. 
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2.12.1 Exact results of the first IFMADMPr having partially known attribute weights 

Using the proposed Mehar method, the exact result of the IFMADMPr having partially 

known attribute weights, considered in the first point of Section 2.2, can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Mehar method, 

proposed in Section 2.11, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Mehar method, proposed in Section 2.11, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,6; 𝑗 = 1,2,3. These values are shown in Table 2.9.  

Table 2.9: Values of 𝒅𝒊𝒋(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111(〈0.4,0.3〉, 〈0.4,0.3〉) =

1

2
(0 + 0) = 0  

𝑑211(〈0.6,0.1〉, 〈0.6,0.1〉) =

1

2
(0 + 0) = 0  

𝑑311(〈0.5,0.4〉, 〈0.5,0.4〉) =

1

2
(0 + 0) = 0  

𝑑112(〈0.4,0.3〉, 〈0.5,0.2〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑212(〈0.6,0.1〉, 〈0.3,0.4〉) =

1

2
(0.3 + 0.3) = 0.3  

𝑑312(〈0.5,0.4〉, 〈0.8,0.1〉) =

1

2
(0.3 + 0.3) = 0.3  

𝑑113(〈0.4,0.3〉, 〈0.7,0.2〉) =

1

2
(0.3 + 0.1) = 0.2  

𝑑213(〈0.6,0.1〉, 〈0.3,0.7〉) =

1

2
(0.3 + 0.6) = 0.45  

𝑑313(〈0.5,0.4〉, 〈0.6,0.2〉) =

1

2
(0.1 + 0.2) = 0.15  

𝑑114(〈0.4,0.3〉, 〈0.4,0.3〉) =

1

2
(0 + 0) = 0  

𝑑214(〈0.6,0.1〉, 〈0.6,0.2〉) =

1

2
(0 + 0.1) = 0.05  

𝑑314(〈0.5,0.4〉, 〈0.7,0.1〉) =

1

2
(0.2 + 0.3) = 0.25  

𝑑115(〈0.4,0.3〉, 〈0.6,0.2〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑215(〈0.6,0.1〉, 〈0.5,0.1〉) =

1

2
(0.1 + 0) = 0.05  

𝑑315(〈0.5,0.4〉, 〈0.4,0.6〉) =

1

2
(0.1 + 0.2) = 0.15  

𝑑116(〈0.4,0.3〉, 〈0.6,0.3〉) =

1

2
(0.2 + 0) = 0.1  

𝑑216(〈0.6,0.1〉, 〈0.7,0.2〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑316(〈0.5,0.4〉, 〈0.5,0.4〉) =

1

2
(0 + 0) = 0  

𝑑121(〈0.5,0.2〉, 〈0.4,0.3〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑221(〈0.3,0.4〉, 〈0.6,0.1〉) =

1

2
(0.3 + 0.3) = 0.3  

𝑑321(〈0.8,0.1〉, 〈0.5,0.4〉) =

1

2
(0.3 + 0.3) = 0.3  
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𝑑122(〈0.5,0.2〉, 〈0.5,0.2〉) =

1

2
(0 + 0) = 0  

𝑑222(〈0.3,0.4〉, 〈0.3,0.4〉) =

1

2
(0 + 0) = 0  

𝑑322(〈0.8,0.1〉, 〈0.8,0.1〉) =

1

2
(0 + 0) = 0  

𝑑123(〈0.5,0.2〉, 〈0.7,0.2〉) =

1

2
(0.2 + 0) = 0.1  

𝑑223(〈0.3,0.4〉, 〈0.3,0.7〉) =

1

2
(0 + 0.3) = 0.15  

𝑑323(〈0.8,0.1〉, 〈0.6,0.2〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑124(〈0.5,0.2〉, 〈0.4,0.3〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑224(〈0.3,0.4〉, 〈0.6,0.2〉) =

1

2
(0.3 + 0.2) = 0.25  

𝑑324(〈0.8,0.1〉, 〈0.7,0.1〉) =

1

2
(0.1 + 0) = 0.05  

𝑑125(〈0.5,0.2〉, 〈0.6,0.2〉) =

1

2
(0.1 + 0) = 0.05  

𝑑225(〈0.3,0.4〉, 〈0.5,0.1〉) =

1

2
(0.2 + 0.3) = 0.25  

𝑑325(〈0.8,0.1〉, 〈0.4,0.6〉) =

1

2
(0.4 + 0.5) = 0.45  

𝑑126(〈0.5,0.2〉, 〈0.6,0.3〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑226(〈0.3,0.4〉, 〈0.7,0.2〉) =

1

2
(0.4 + 0.2) = 0.3  

𝑑326(〈0.8,0.1〉, 〈0.5,0.4〉) =

1

2
(0.3 + 0.3) = 0.3  

𝑑131(〈0.7,0.2〉, 〈0.4,0.3〉) =

1

2
(0.3 + 0.1) = 0.2  

𝑑231(〈0.3,0.7〉, 〈0.6,0.1〉) =

1

2
(0.3 + 0.6) = 0.45  

𝑑331(〈0.6,0.2〉, 〈0.5,0.4〉) =

1

2
(0.1 + 0.2) = 0.15  

𝑑132(〈0.7,0.2〉, 〈0.5,0.2〉) =

1

2
(0.2 + 0) = 0.1  

𝑑232(〈0.3,0.7〉, 〈0.3,0.4〉) =

1

2
(0 + 0.3) = 0.15  

𝑑332(〈0.6,0.2〉, 〈0.8,0.1〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑133(〈0.7,0.2〉, 〈0.7,0.2〉) =

1

2
(0 + 0) = 0  

𝑑233(〈0.3,0.7〉, 〈0.3,0.7〉) =

1

2
(0 + 0) = 0  

𝑑333(〈0.6,0.2〉, 〈0.6,0.2〉) =

1

2
(0 + 0) = 0  

𝑑134(〈0.7,0.2〉, 〈0.4,0.3〉) =

1

2
(0.3 + 0.1) = 0.2  

𝑑234(〈0.3,0.7〉, 〈0.6,0.2〉) =

1

2
(0.3 + 0.5) = 0.4  

𝑑334(〈0.6,0.2〉, 〈0.7,0.1〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑135(〈0.7,0.2〉, 〈0.6,0.2〉) =

1

2
(0.1 + 0) = 0.05  

𝑑235(〈0.3,0.7〉, 〈0.5,0.1〉) =

1

2
(0.2 + 0.6) = 0.4  

𝑑335(〈0.6,0.2〉, 〈0.4,0.6〉) =

1

2
(0.2 + 0.4) = 0.3  

𝑑136(〈0.7,0.2〉, 〈0.6,0.3〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑236(〈0.3,0.7〉, 〈0.7,0.2〉) =

1

2
(0.4 + 0.5) = 0.45  

𝑑336(〈0.6,0.2〉, 〈0.5,0.4〉) =

1

2
(0.1 + 0.2) = 0.15  
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𝑑141(〈0.4,0.3〉, 〈0.4,0.3〉) =

1

2
(0 + 0) = 0  

𝑑241(〈0.6,0.2〉, 〈0.6,0.1〉) =

1

2
(0 + 0.1) = 0.05  

𝑑341(〈0.7,0.1〉, 〈0.5,0.4〉) =

1

2
(0.2 + 0.3) = 0.25  

𝑑142(〈0.4,0.3〉, 〈0.5,0.2〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑242(〈0.6,0.2〉, 〈0.3,0.4〉) =

1

2
(0.3 + 0.2) = 0.25  

𝑑342(〈0.7,0.1〉, 〈0.8,0.1〉) =

1

2
(0.1 + 0) = 0.05  

𝑑143(〈0.4,0.3〉, 〈0.7,0.2〉) =

1

2
(0.3 + 0.1) = 0.2  

𝑑243(〈0.6,0.2〉, 〈0.3,0.7〉) =

1

2
(0.3 + 0.5) = 0.4  

𝑑343(〈0.7,0.1〉, 〈0.6,0.2〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑144(〈0.4,0.3〉, 〈0.4,0.3〉) =

1

2
(0 + 0) = 0  

𝑑244(〈0.6,0.2〉, 〈0.6,0.2〉) =

1

2
(0 + 0) = 0  

𝑑344(〈0.7,0.1〉, 〈0.7,0.1〉) =

1

2
(0 + 0) = 0  

𝑑145(〈0.4,0.3〉, 〈0.6,0.2〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑245(〈0.6,0.2〉, 〈0.5,0.1〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑345(〈0.7,0.1〉, 〈0.4,0.6〉) =

1

2
(0.3 + 0.5) = 0.4  

𝑑146(〈0.4,0.3〉, 〈0.6,0.3〉) =

1

2
(0.2 + 0) = 0.1  

𝑑246(〈0.6,0.2〉, 〈0.7,0.2〉) =

1

2
(0.1 + 0) = 0.05  

𝑑346(〈0.7,0.1〉, 〈0.5,0.4〉) =

1

2
(0.2 + 0.3) = 0.25  

𝑑151(〈0.6,0.2〉, 〈0.4,0.3〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑251(〈0.5,0.1〉, 〈0.6,0.1〉) =

1

2
(0.1 + 0) = 0.05  

𝑑351(〈0.4,0.6〉, 〈0.5,0.4〉) =

1

2
(0.1 + 0.2) = 0.15  

𝑑152(〈0.6,0.2〉, 〈0.5,0.2〉) =

1

2
(0.1 + 0) = 0.05  

𝑑252(〈0.5,0.1〉, 〈0.3,0.4〉) =

1

2
(0.2 + 0.3) = 0.25  

𝑑352(〈0.4,0.6〉, 〈0.8,0.1〉) =

1

2
(0.4 + 0.5) = 0.45  

𝑑153(〈0.6,0.2〉, 〈0.7,0.2〉) =

1

2
(0.1 + 0) = 0.05  

𝑑253(〈0.5,0.1〉, 〈0.3,0.7〉) =

1

2
(0.2 + 0.6) = 0.4  

𝑑353(〈0.4,0.6〉, 〈0.6,0.2〉) =

1

2
(0.2 + 0.4) = 0.3  

𝑑154(〈0.6,0.2〉, 〈0.4,0.3〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑254(〈0.5,0.1〉, 〈0.6,0.2〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑354(〈0.4,0.6〉, 〈0.7,0.1〉) =

1

2
(0.3 + 0.5) = 0.4  

𝑑155(〈0.6,0.2〉, 〈0.6,0.2〉) =

1

2
(0 + 0) = 0  

𝑑255(〈0.5,0.1〉, 〈0.5,0.1〉) =

1

2
(0 + 0) = 0  

𝑑355(〈0.4,0.6〉, 〈0.4,0.6〉) =

1

2
(0 + 0) = 0  
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𝑑156(〈0.6,0.2〉, 〈0.6,0.3〉) =

1

2
(0 + 0.1) = 0.05  

𝑑256(〈0.5,0.1〉, 〈0.7,0.2〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑356(〈0.4,0.6〉, 〈0.5,0.4〉) =

1

2
(0.1 + 0.2) = 0.15  

𝑑161(〈0.6,0.3〉, 〈0.4,0.3〉) =

1

2
(0.2 + 0) = 0.1  

𝑑261(〈0.7,0.2〉, 〈0.6,0.1〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑361(〈0.5,0.4〉, 〈0.5,0.4〉) =

1

2
(0 + 0) = 0  

𝑑162(〈0.6,0.3〉, 〈0.5,0.2〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑262(〈0.7,0.2〉, 〈0.3,0.4〉) =

1

2
(0.4 + 0.2) = 0.3  

𝑑362(〈0.5,0.4〉, 〈0.8,0.1〉) =

1

2
(0.3 + 0.3) = 0.3  

𝑑163(〈0.6,0.3〉, 〈0.7,0.2〉) =

1

2
(0.1 + 0.1) = 0.1  

𝑑263(〈0.7,0.2〉, 〈0.3,0.7〉) =

1

2
(0.4 + 0.5) = 0.45  

𝑑363(〈0.5,0.4〉, 〈0.6,0.2〉) =

1

2
(0.1 + 0.2) = 0.15  

𝑑164(〈0.6,0.3〉, 〈0.4,0.3〉) =

1

2
(0.2 + 0) = 0.1  

𝑑264(〈0.7,0.2〉, 〈0.6,0.2〉) =

1

2
(0.1 + 0) = 0.05  

𝑑364(〈0.5,0.4〉, 〈0.7,0.1〉) =

1

2
(0.2 + 0.3) = 0.25  

𝑑165(〈0.6,0.3〉, 〈0.6,0.2〉) =

1

2
(0 + 0.1) = 0.05  

𝑑265(〈0.7,0.2〉, 〈0.5,0.1〉) =

1

2
(0.2 + 0.1) = 0.15  

𝑑365(〈0.5,0.4〉, 〈0.4,0.6〉) =

1

2
(0.1 + 0.2) = 0.15  

𝑑166(〈0.6,0.3〉, 〈0.6,0.3〉) =

1

2
(0 + 0) = 0  

𝑑266(〈0.7,0.2〉, 〈0.7,0.2〉) =

1

2
(0 + 0) = 0  

𝑑366(〈0.5,0.4〉, 〈0.5,0.4〉) =

1

2
(0 + 0) = 0  

 

Step 3: Using Step 3 of the Mehar method, proposed in Section 2.11, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
6
𝑘=1

6
𝑖=1 = 0 + 0.1 + 0.2 + 0 + 0.15 + 0.1 + 0.1 + 0 + 0.1 + 0.1 +

0.05 + 0.1 + 0.2 + 0.1 + 0 + 0.2 + 0.05 + 0.1 + 0 + 0.1 + 0.2 + 0 + 0.15 + 0.1 + 0.15 +

0.05 + 0.05 + 0.15 + 0 + 0.05 + 0.1 + 0.1 + 0.1 + 0.1 + 0.05 + 0 = 3.1, 

𝑐2 = ∑ ∑  𝑑𝑖2𝑘(𝛼̃𝑖2, 𝛼̃𝑘2)
6
𝑘=1

6
𝑖=1 = 0 + 0.3 + 0.45 + 0.05 + 0.05 + 0.1 + 0.3 + 0 + 0.15 +

0.25 + 0.25 + 0.3 + 0.45 + 0.15 + 0 + 0.4 + 0.4 + 0.45 + 0.05 + 0.25 + 0.4 + 0 + 0.1 +

0.05 + 0.05 + 0.25 + 0.4 + 0.1 + 0 + 0.15 + 0.1 + 0.30 + 0.45 + 0.05 + 0.15 + 0 = 6.9, 

𝑐3 = ∑ ∑  𝑑𝑖3𝑘(𝛼̃𝑖3, 𝛼̃𝑘3)
6
𝑘=1

6
𝑖=1 = 0 + 0.3 + 0.15 + 0.25 + 0.15 + 0 + 0.3 + 0 + 0.15 +  
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0.05 + 0.45 + 0.3 + 0.15 + 0.15 + 0 + 0.1 + 0.3 + 0.15 + 0.25 + 0.05 + 0.1 + 0 + 0.4 +

0.25 + 0.15 + 0.45 + 0.3 + 0.4 + 0 + 0.15 + 0 + 0.3 + 0.15 + 0.25 + 0.15 + 0 = 6.30. 

Step 4: Using Step 4 of the Mehar method, proposed in Section 2.11, there is need to solve the 

CLPP (P2.13). 

𝑀𝑎𝑥(3.1𝑤1 + 6.9𝑤2 + 6.3𝑤3)  

Subject to 

 

{
 
 

 
 

0.1 ≤ 𝑤1 ≤ 0.55,
0.3 ≤ 𝑤2 ≤ 0.35,
𝑤3 ≥ 0.5𝑤2,

𝑤1 + 𝑤2 + 𝑤3 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                     (P2.13)                                                                                                

It can be easily verified that on solving the CLPP (P2.13), the obtained OAWV is 

(𝑤1, 𝑤2, 𝑤3) = (0.10,0.35,0.55).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.10,0.35,0.55) and using Step 5 of 

Mehar method, proposed in Section 2.11, 

𝑃1 = ((0.10)(0.4) + (0.35)(0.6) + (0.55)(0.5)) − ((0.10)(0.3) + (0.35)(0.1) +

(0.55)(0.4)) = 0.24,  

𝑃2 = ((0.10)(0.5) + (0.35)(0.3) + (0.55)(0.8)) − ((0.10)(0.2) + (0.35)(0.4) +

(0.55)(0.1)) = 0.38, 

𝑃3 = ((0.10)(0.7) + (0.35)(0.3) + (0.55)(0.6)) − ((0.10)(0.2) + (0.35)(0.7) +

(0.55)(0.2)) = 0.13, 

𝑃4 = ((0.10)(0.4) + (0.35)(0.6) + (0.55)(0.7)) − ((0.10)(0.3) + (0.35)(0.2) +  

(0.55)(0.1)) = 0.48, 

𝑃5 = ((0.10)(0.6) + (0.35)(0.5) + (0.55)(0.4)) − ((0.10)(0.2) + (0.35)(0.1) +

(0.55)(0.6)) = 0.07, 

𝑃6 = ((0.10)(0.6) + (0.35)(0.7) + (0.55)(0.5)) − ((0.10)(0.3) + (0.35)(0.2) +  
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(0.55)(0.4) = 0.26. 

Since,  𝑃4 > 𝑃2 > 𝑃6 > 𝑃1 > 𝑃3 > 𝑃5. So, according to Step 5 of the Mehar method, 

proposed in Section 2.11, the ranking of the alternatives is 𝐴4 > 𝐴2 > 𝐴6 > 𝐴1 > 𝐴3 > 𝐴5. 

2.12.2 Exact results of second IFMADMPr having partially known attribute weights 

Using the proposed Mehar method, the exact result of IFMADMPr having partially 

known attribute weight, considered in the second point of Section 2.2, can be obtained as 

follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of the Mehar method, 

proposed in Section 2.11, there is no need to apply Step 1. 

Step 2: According to Step 2 of the proposed Mehar method, discussed in Section 2.12, there is 

need to calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗, 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 2.10.  

Table 2.10: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111(〈0.4,0.3〉, 〈0.4,0.3〉) =
1

2
(0 + 0) = 0  𝑑211(〈0.1,0.2〉, 〈0.1,0.2〉) =

1

2
(0 + 0) = 0  

𝑑112(〈0.4,0.3〉, 〈0.1,0〉) =
1

2
(0.3 + 0.3) = 0.3  𝑑212(〈0.1,0.2〉, 〈0.1,0.2〉) =

1

2
(0 + 0) = 0  

𝑑121(〈0.1,0〉, 〈0.4,0.3〉) =
1

2
(0.3 + 0.3) = 0.3  𝑑221(〈0.1,0.2〉, 〈0.1,0.2〉) =

1

2
(0 + 0) = 0  

𝑑122(〈0.1,0〉, 〈0.1,0〉) =
1

2
(0 + 0) = 0  𝑑222(〈0.1,0.2〉, 〈0.1,0.2〉) =

1

2
(0 + 0) = 0  

 

Step 3: Using Step 3 of the Mehar method, proposed in Section 2.11, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.3 + 0.3 + 0 = 0.6, 

𝑐2 = ∑ ∑  𝑑𝑖2𝑘(𝛼̃𝑖2, 𝛼̃𝑘2)
2
𝑘=1

2
𝑖=1 = 0 + 0 + 0 + 0 = 0.  

Step 4: Using Step 4 of Mehar method, proposed in Section 2.11, there is need to solve the 

CLPP (P2.14). 

𝑀𝑎𝑥(0.6𝑤1)  

Subject to  
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{

0.1 ≤ 𝑤1 ≤ 0.4,
0.3 ≤ 𝑤2 ≤ 0.7,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P2.14)                                                                                                  

It can be easily verified that on solving the CLPP (P2.14) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.4,0.6)  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.4,0.6) and using Step 4 of the Mehar 

method, proposed in Section 2.11, 

𝑃1 = ((0.4)(0.4) + (0.6)(0.1)) − ((0.4)(0.3) + (0.6)(0.2)) = −0.02,  

𝑃2 = ((0.4)(0.1) + (0.6)(0.1)) − ((0.4)(0) + (0.6)(0.2)) = −0.02. 

Since,  𝑃1 = 𝑃2. So, there is need to go to Step 6 of the proposed Mehar method. 

Step 6: Using Step 6 of the Mehar method, proposed in Section 2.11, 

𝑄1 = ((0.4)(0.4) + (0.6)(0.1)) + ((0.4)(0.3) + (0.6)(0.2)) = 0.46,  

𝑄2 = ((0.4)(0.1) + (0.6)(0.1)) + ((0.4)(0) + (0.6)(0.2)) = 0.22. 

Since, 𝑄1 > 𝑄2. Therefore, according to Step 6 of the proposed Mehar method, the 

ranking of the alternatives is 𝐴1 > 𝐴2. 

2.12.3 Exact results of third IFMADMPr having partially known attribute weights 

Using the proposed Mehar method, the exact result of IFMADMPr having partially 

known attribute weight, considered in the first point of Section 2.5, can be obtained as follows: 

Since, Step 1 to Step 3 of the proposed Mehar method and Wei’s method [223] are 

same. Also, as Step 1 to Step 3 of Wei’s method [223] for the considered IFMADMPr having 

partially known attribute weights is discussed in the first point of Section 2.5. So, to avoid any 

repetition, the calculations have been started from Step 4. 

Step 4: Using Step 4 of the Mehar method, proposed in Section 2.11, there is need to solve the 

CLPP (P2.15). 

𝑀𝑎𝑥(2.2𝑤1 + 3𝑤2 + 2.2𝑤3 + 3𝑤4)  
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Subject to  

{
 
 
 

 
 
 

0.15 ≤ 𝑤1 ≤ 0.20,
0.1 ≤ 𝑤2 ≤ 0.95,
0.20 ≤ 𝑤3 ≤ 0.35,
0.20 ≤ 𝑤4 ≤ 0.45,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 = 𝑤3,
𝑤2 = 𝑤4,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                (P2.15)                                                                                                                                     

It can be easily verified that on solving the CLPP (P2.15) the obtained OAWV is 

(𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.2,0.3,0.2,0.3).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.2,0.3,0.2,0.3) and using Step 5 of 

the Mehar method, proposed in Section 2.11, 

𝑃1 = ((0.2)(0.6) + (0.3)(0.5) + (0.2)(0.4) + (0.3)(0.6)) − ((0.2)(0.3) + (0.3)(0.4) +

(0.2)(0.3) + (0.3)(0.2)) = 0.23,  

𝑃2 = ((0.2)(0.7) + (0.3)(0.7) + (0.2)(0.6) + (0.3)(0.6)) − ((0.2)(0.3) + (0.3)(0.4) + 

(0.3)(0.3) + (0.4)(0.2)) = 0.34, 

𝑃3 = ((0.2)(0.5) + (0.3)(0.6) + (0.2)(0.7) + (0.3)(0.5)) − ((0.2)(0.4) + (0.3)(0.4) +

(0.2)(0.2) + (0.3)(0.4)) = 0.21, 

𝑃4 = ((0.2)(0.6) + (0.3)(0.8) + (0.2)(0.5) + (0.3)(0.7)) − ((0.2)(0.3) + (0.3)(0.1) +

(0.2)(0.4) + (0.3)(0.3)) = 0.41, 

𝑃5 = ((0.2)(0.4) + (0.3)(0.6) + (0.2)(0.6) + (0.3)(0.8)) − ((0.2)(0.3) + (0.3)(0.2) +

(0.2)(0.3) + (0.3)(0.1)) = 0.41. 

Since 𝑃4 = 𝑃5 > 𝑃2 > 𝑃1 > 𝑃3. As, 𝑃4 = 𝑃5, so there is need to go to Step 6 of the 

proposed Mehar method. 

Step 6: Using Step 6 of the Mehar method, proposed in Section 2.11, 

𝑄4 = ((0.2)(0.6) + (0.3)(0.8) + (0.2)(0.5) + (0.3)(0.7)) + ((0.2)(0.3) + (0.3)(0.1) +  
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(0.2)(0.4) + (0.3)(0.3)) = 0.93, 

𝑄5 = ((0.2)(0.4) + (0.3)(0.6) + (0.2)(0.6) + (0.3)(0.8)) + ((0.2)(0.3) + (0.3)(0.2) +  

(0.2)(0.3) + (0.3)(0.1)) = 0.83.  

Since, 𝑄4 > 𝑄5 and 𝑃4 = 𝑃5 > 𝑃2 > 𝑃1 > 𝑃3. Therefore, according to Step 6 of the 

Mehar method, proposed in Section 2.11, the ranking of the alternatives is 𝐴4 > 𝐴5 > 𝐴2 >

𝐴1 > 𝐴3. 

2.12.4 Exact results of fourth IFMADMPr having partially known attribute weights 

Using the proposed Mehar method, the exact result of IFMADMPr having partially 

known attribute weights, considered in the second point of Section 2.5, can be obtained as 

follows: 

Since, Step 1 to Step 3 of the proposed Mehar method and Wei’s method [223] are 

same. Also, as Step 1 to Step 3 of Wei’s method [223], for the considered IFMADMPr having 

partially known attribute weights is discussed in the second point of Section 2.5. So, to avoid 

any repetition, the calculations have been started from Step 4. 

Step 4: Using Step 4 of Mehar method, proposed in Section 2.11, there is need to solve the 

CLPP (P2.16). 

𝑀𝑎𝑥(0.2𝑤1 + 0.𝑤2)  

Subject to  

{

0.1 ≤ 𝑤1 ≤ 0.6,
0.2 ≤ 𝑤2 ≤ 0.7,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P2.16)                                                                                                  

It can be easily verified that on solving the CLPP (P2.16) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.6,0.4).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.6,0.4) and using Step 5 of the Mehar 

method, proposed in Section 2.11, 



47 
 

𝑃1 = ((0.6)(0.4) + (0.4)(1)) − ((0.6)(0.3) + (0.4)(0)) = 0.46,  

𝑃2 = ((0.6)(0.3) + (0.4)(1)) − ((0.6)(0.4) + (0.4)(0)) = 0.34. 

Since, 𝑃1 > 𝑃2. Therefore, according to Step 5 of the Mehar method, proposed in Section 

2.11, the ranking of the alternatives is 𝐴1 > 𝐴2. 

2.13 Conclusions 

The inappropriateness of the existing methods [50, 63, 11, 146, 222-225, 236, 241] are 

pointed out. Also, a new method (named as Mehar method) is proposed to solve the 

IFMADMPrs having partially known attribute weights. Furthermore, some IFMADMPrs 

having partially known attribute weights are solved to illustrate the proposed Mehar method. 
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Chapter 3 

Ajit method for solving IFMADMPrs having 

partially known attribute weights2 

 

In the Mehar method (proposed in Chapter 2) as well as in the existing methods [223, 241], 

a CLPP has been solved to obtain the OAWV. However, the constraint ∑ 𝑤𝑗
𝑛
𝑗=1 = 1 of the 

considered CLPP will not be satisfied if either the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 or the condition 

∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied, where, 𝑤𝑗
𝑙 and 𝑤𝑗

𝑢 are the known lower bound and the upper 

bound of the 𝑗𝑡ℎ- attribute weight i.e., no feasible solution of the considered CLPP will be 

obtained if either the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 or the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied. 

Therefore, the proposed Mehar method and the existing methods [223, 241] can be used only 

if neither the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 nor the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied. Keeping 

the same in mind, in this chapter, a new method (named as Ajit Method) has been proposed to 

solve such IFMADMPrs in which either the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 or the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 <

1 will be satisfied. 

3.1 Limitations of the proposed Mehar method 

It is pertinent to mention that to apply the Mehar method, proposed in Section 2.11 of 

Chapter 2, there is need to solve the CLPP (P2.12). However, a feasible solution of the CLPP 

(P2.12) will exist only if neither the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 nor the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will 

be satisfied.  

The following examples are considered to validate this statement. 

                                                           
2 The contents of this chapter have been communicated in “Soft Computing” for the possible publication.   



50 
 

(1) Let us consider a person has $30,000. This person is interested to invest this amount to 

purchase the shares of three different companies in such a manner that a total return after 

one year is maximum. If it is assumed that corresponding to one unit invested amount the 

return after one year, corresponding to the shares of first, second and third company are 2, 

3 and 4 times of the total invested amount. Also, if it is assumed that there are the following 

restrictions   

(i) At most $ 5,000 can be used to purchase the shares of the first company. 

(ii) At most $ 10,000 can be used to purchase the shares of the second company. 

(iii) At most $ 8,000 can be used to purchase the shares of the third company. 

Then, the person is interested to know the optimal amount which should be invested in first, 

second and third company shares. 

Let us assume that the person should invest $𝑎1, $𝑎2 and $𝑎3 to purchase the shares of the 

first, the second and the third company respectively. Then, the values of 𝑎1, 𝑎2 and 𝑎3 can be 

obtained by solving the CLPP (P3.1) or its equivalent CLPP (P3.2).  

𝑚𝑎𝑥(2𝑎1 + 3𝑎2 + 4𝑎3)  

Subject to   

{
 
 

 
 

0 ≤ 𝑎1 ≤ 5,000,
0 ≤ 𝑎2 ≤ 10,000,
0 ≤ 𝑎3 ≤ 8,000,

𝑎1 + 𝑎2 + 𝑎3 = 30,000,
𝑎1 ≥ 0, 𝑎2 ≥ 0, 𝑎3 ≥ 0.

                                                                                                      (P3.1) 

𝑚𝑎𝑥 30,000(2𝑤1 + 3𝑤2 + 4𝑤3)  

Subject to   

{
  
 

  
 0 ≤ 𝑤1 ≤

5,000

30,000
,

0 ≤ 𝑤2 ≤
10,000

30,000
,

0 ≤ 𝑤3 ≤
8,000

30,000
,

𝑤1 + 𝑤2 + 𝑤3 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                      (P3.2) 
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However, as the total maximum invested amount $ 5,000+$ 10,000+$ 8,000 i.e., $ 23,000 

is less than the total available amount i.e., $ 30,000. So, on solving the CLPP (P3.1) or its 

equivalent CLPP (P3.2), no feasible solution will be obtained. 

(2) Let us consider a person has $30,000. This person is interested to invest this amount to 

purchase the shares of three different companies in such a manner that a total return after 

one year is maximum. If it is assumed that corresponding to one unit invested amount the 

return after one year, corresponding to the shares of first, second and third company are 2, 

3 and 4 times the total invested amount. Also, if it is assumed that there are the following 

restrictions  

(i) Atleast $ 8,000 should be used to purchase shares of the first company. 

(ii) Atleast $ 15,000 should be used to purchase shares of the second company. 

(iii) Atleast $ 12,000 should be used to purchase shares of the third company. 

Then, the person is interested to know the optimal amount which should be invested in first, 

second and third company shares. 

Let us assume that the person should invest $𝑎1, $𝑎2 and $𝑎3 to purchase the shares of the 

first, the second and the third company respectively. Then, the values of 𝑎1, 𝑎2 and 𝑎3 can be 

obtained by solving the CLPP (P3.3) or its equivalent CLPP (P3.4) 

𝑚𝑎𝑥(2𝑎1 + 3𝑎2 + 4𝑎3)  

Subject to   

{
 
 

 
 
8,000 ≤ 𝑎1 ≤ 30,000,
15,000 ≤ 𝑎2 ≤ 30,000,
12,000 ≤ 𝑎3 ≤ 30,000,
𝑎1 + 𝑎2 + 𝑎3 = 30,000,
𝑎1 ≥ 0, 𝑎2 ≥ 0, 𝑎3 ≥ 0.

                                                                                                      (P3.3) 

𝑚𝑎𝑥 30,000(2𝑤1 + 3𝑤2 + 4𝑤3)  

Subject to   
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{
  
 

  
 

8,000

30,000
≤ 𝑤1 ≤ 1,

15,000

30,000
≤ 𝑤2 ≤ 1,

12,000

30,000
≤ 𝑤3 ≤ 1,

𝑤1 + 𝑤2 + 𝑤3 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                          (P3.4) 

However, as the total minimum invested amount $ 8,000+$ 15,000+$ 12,000 i.e., $ 35,000 

is greater than the total available amount i.e., $ 30,000. So, on solving the CLPP (P3.3) or its 

equivalent CLPP (P3.4), no feasible solution will be obtained. 

3.2 Proposed CLPPs  

It is obvious from Section 3.1 that the Mehar method, proposed in Section 2.11 of Chapter 

2, cannot be used to solve such IFMADMPrs having partially known attribute weights in which 

either the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 or the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied. To solve such 

IFMADMPrs, there is need to propose two different CLPPs to evaluate the OAWV. Keeping 

the same in mind, in this section, a CLPP, corresponding to the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 and a 

CLPP corresponding to the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1, are proposed. 

3.2.1. Proposed CLPP corresponding to the first condition 

It is obvious from the example, discussed in first point of Section 3.1 that if the total 

maximum investment is less than the total available amount. Then, there is need to replace the 

condition “The sum of total investment equal to the total available amount” with the condition 

“The total investment will be less than or equal to the total available amount” i.e., if the 

condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied then the proposed CLPP (P3.5) should be used to 

evaluate the OAWV. 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

{

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, . . , 𝑛,

∑ 𝑤𝑗
𝑛
𝑗=1 ≤ 1

𝑤𝑝 = 𝑤𝑞 ∀ 𝑐𝑝 = 𝑐𝑞 .
                                                                                                (P3.5)    
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3.2.2. Proposed CLPP corresponding to the second condition 

It is obvious from the example, discussed in second point of Section 3.1 that if the total 

minimum investment is greater than the total available amount. Then,  there will not exist any 

feasible solution for the considered problem.  

It is pertinent to mention that to find the feasible solution of such type of problems, there is 

need to increase the total available amount. If someone is interested to know the minimum 

extra amount to get the feasible solution of such a problem. Then, it can be obtained by the 

proposed CLPP (P3.6) 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗 − ∑ 𝜀𝑗

𝑛
𝑗=1 ]  

Subject to   

{
 
 

 
 

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, . . , 𝑛,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1,

∑ 𝑤𝑗
𝑙𝑛

𝑗=1 = Total available amount + ∑ 𝜀𝑗
𝑛
𝑗=1

𝑤𝑝 = 𝑤𝑞 ∀ 𝑐𝑝 = 𝑐𝑞 .

                                                                   (P3.6)                                     

 where,  

(i) ∑ 𝜀𝑗
𝑛
𝑗=1  represents the total extra amount. 

(ii) (Total available amount + ∑ 𝜀𝑗
𝑛
𝑗=1 ) represents the total invested amount. 

(iii) 𝜀𝑗 represents the percentage of total extra amount invested in 𝑗𝑡ℎ- attribute.  

(iv) 𝑤𝑗 represents the percentage of total invested amount in the 𝑗𝑡ℎ- attribute. 

3.3 Results of the considered IFMADMPrs 

In Section 3.2, two different IFMADMPrs were considered and pointed out that the solution 

of the considered problems cannot be obtained by the modified CLPP (P2.12). In this section, 

the solution of these IFMADMPrs are obtained with the help of the proposed CLPPs.  

3.3.1. Result of the first IFMADMPr 

It can be easily verified from the first point of Section 3.1 that in the considered IFMADMPr, 

the condition “Total maximum invested amount is less than the total available amount” is 
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satisfying. So, according to Section 3.2.1, in the CLPP (P3.5), the constraint 𝑎1 + 𝑎2 + 𝑎3 =

30,000 should be replaced with 𝑎1 + 𝑎2 + 𝑎3 ≤ 30,000 i.e., to find the solution of the 

considered IFMADMPr, there is need to solve the CLPP (P3.7) or its equivalent CLPP (P3.8) 

instead of the CLPP (P3.2). 

𝑚𝑎𝑥(2𝑎1 + 3𝑎2 + 4𝑎3)  

Subject to   

{
 
 

 
 

0 ≤ 𝑎1 ≤ 5,000,
0 ≤ 𝑎2 ≤ 10,000,
0 ≤ 𝑎3 ≤ 8,000,

𝑎1 + 𝑎2 + 𝑎3 ≤ 30,000,
𝑎1 ≥ 0, 𝑎2 ≥ 0, 𝑎3 ≥ 0.

                                                                                                      (P3.7) 

𝑚𝑎𝑥 30,000(2𝑤1 + 3𝑤2 + 4𝑤3)  

Subject to   

{
  
 

  
 0 ≤ 𝑤1 ≤

5,000

30,000
,

0 ≤ 𝑤2 ≤
10,000

30,000
,

0 ≤ 𝑤3 ≤
8,000

30,000
,

𝑤1 + 𝑤2 + 𝑤3 ≤ 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                      (P3.8) 

where, 𝑤1 =
𝑎1

30,000
, 𝑤2 =

𝑎2

30,000
 and 𝑤3 =

𝑎3

30,000
.  

On solving the CLPP (P3.8), the obtained non-normalized OAWV is (𝑤1, 𝑤2, 𝑤3) =

(0.1666,0.3333,0.2666) and the normalized OAWV is (𝑤1, 𝑤2, 𝑤3) =

(
0.1666

0.1666+0.3333+0.2666
,

0.3333

0.1666+0.3333+0.2666
,

0.2666

0.1666+0.3333+0.2666
) = (0.2174,0.4348,0.3478). 

3.3.2. Result of the second IFMADMPr 

         It can be easily verified from the second point of Section 3.1 that in the considered 

IFMADMPr, the condition “Total minimum invested amount is greater than the total available 

amount” is satisfying. So, according to Section 3.1, no feasible solution will exist for this 

IFMADMPr. However, if someone is interested to know that the minimum extra amount 
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required to get the solution of this problem. Then, in the CLPP (P3.4), there is need to increase 

the invested amount 𝑎𝑗 by the quantity 𝑎𝑗 + 𝜀𝑗 in such a manner that ∑ (𝑎𝑗 + 𝜀𝑗)
𝑛
𝑗=1 = ∑ 𝑎𝑗

𝑙𝑛
𝑗=1  

i.e., to find the solution of the considered problem, there is need to solve the CLPP (P3.9) or 

its equivalent CLPP (P3.10) instead of the CLPP (P3.4). 

𝑚𝑎𝑥(2(𝑎1 + 𝜀1) + 3(𝑎2 + 𝜀2) + 4(𝑎3 + 𝜀3) − 𝜀1 − 𝜀2 − 𝜀3)  

Subject to   

{
 
 

 
 

8,000 ≤ (𝑎1 + 𝜀1) ≤ 35,000,

15,000 ≤ (𝑎2 + 𝜀2) ≤ 35,000,

12,000 ≤ (𝑎3 + 𝜀3) ≤ 35,000,
𝑎1 + 𝑎2 + 𝑎3 = 30,000,

(𝑎1 + 𝜀1) + (𝑎2 + 𝜀2) + (𝑎3 + 𝜀3) = 35,000
𝑎1 ≥ 0, 𝑎2 ≥ 0, 𝑎3 ≥ 0.

                                                                       (P3.9) 

 𝑚𝑎𝑥 (35,000 (2 (
𝑎1+𝜀1

35,000
) + 3 (

𝑎2+𝜀2

35,000
) + 4 (

𝑎3+𝜀3

35,000
)) − 𝜀1 − 𝜀2 − 𝜀3)  

Subject to   

{
 
 
 
 

 
 
 
 

8,000

35,000
≤ (

𝑎1+𝜀1

35,000
) ≤ 1,

15,000

35,000
≤ (

𝑎2+𝜀2

35,000
) ≤ 1,

12,000

35,000
≤ (

𝑎3+𝜀3

35,000
) ≤ 1,

𝑎1

35,000
+

𝑎2

35,000
+

𝑎3

35,000
=

30,000

35,000
,

(
𝑎1+𝜀1

35,000
) + (

𝑎2+𝜀2

35,000
) + (

𝑎3+𝜀3

35,000
) = 1

𝑎1 ≥ 0, 𝑎2 ≥ 0, 𝑎3 ≥ 0.

                                                                                      (P3.10) 

Assuming 
𝑎1+𝜀1

35,000
= 𝑤1,

𝑎2+𝜀2

35,000
= 𝑤2 and 

𝑎3+𝜀3

35,000
= 𝑤3 i.e., 𝑎1 = 35,000𝑤1 − 𝜀1, 𝑎2 = 

35,000𝑤2 − 𝜀2 and 𝑎3 = 35,000𝑤3 − 𝜀3, the CLPP (P3.10) can be transformed into its 

equivalent CLPP (P3.11). 

𝑚𝑎𝑥 (35,000(2𝑤1 + 3𝑤2 + 4𝑤3) − 𝜀1 − 𝜀2 − 𝜀3)  

Subject to   
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{
 
 
 

 
 
 

8,000

35,000
≤ 𝑤1 ≤ 1,

15,000

35,000
≤ 𝑤2 ≤ 1,

12,000

35,000
≤ 𝑤3 ≤ 1,

35,000 = 30,000 + 𝜀1 + 𝜀2 + 𝜀3,
𝑤1 + 𝑤2 + 𝑤3 = 1

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0, 𝜀3 ≥ 0.

                                                               (P3.11) 

On solving the CLPP (P3.11), the obtained normalized OAWV is (𝑤1, 𝑤2, 𝑤3) =

(0.2286,0.4286,0.3428) and (𝜀1, 𝜀2, 𝜀3) = (0,2500,2500). 

3.4 Proposed Ajit method 

In this section, to overcome the limitations of the proposed Mehar method, a new method 

(named as Ajit method), based upon the proposed CLPPs, has been proposed to solve such 

IFMADMPrs having partially known attribute weights. 

 The steps of the proposed Ajit method are as follows: 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗 , 𝜈𝑖𝑗〉 of the 𝑗𝑡ℎ column of the IFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 𝛼̃𝑖𝑗 = 〈𝜈𝑖𝑗, 𝜇𝑖𝑗〉 

and go to Step 2. 

Step 2: Using the expression (3.1), find 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗, 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,𝑚; 𝑘 = 1,2, … ,𝑚; 

𝑗 = 1,2, … , 𝑛.         

𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) =
1

2
(|𝜇𝑖𝑗 − 𝜇𝑘𝑗| + |𝜈𝑖𝑗 − 𝜈𝑘𝑗|), 𝑖 = 1,2, …𝑚;  𝑗 = 1,2, … , 𝑛; 𝑘 = 1,2, … ,𝑚.       

          (3.1)                                                                                                                                                                                                                                                                                                                                                        

Step 3: Using the expression (3.2), find the values of  𝑐𝑗 ∀ 𝑗 = 1,2, . . , 𝑛.    

𝑐𝑗 = ∑ ∑  𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗)
𝑚
𝑘=1

𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛.                                                                            (3.2) 
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Step 4: Check that the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 or the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying or 

not. 

Case (i): If the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by 

solving the CLPP (P3.5). 

Case (ii): If the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by 

solving the CLPP (P3.6). 

Case (iii): If neither the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 nor the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying 

then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P2.12) of Chapter 2. 

Step 5: Use Step 5 and Step 6 of the Mehar method, proposed in Section 2.11 of Chapter 2, to 

find the ranking of the alternatives. 

3.5 Illustrative examples 

In this section, two IFMADMPrs having partially known attribute weights, are solved to 

illustrate the proposed Ajit method. 

3.5.1. First numerical example 

If in the IFMADMPr having partially known attribute weights, considered in the Section 

2.12.1 of Chapter 2, 

𝐻 = {0.10 ≤ 𝑤1 ≤ 0.55, 0.30 ≤ 𝑤2 ≤ 0.35, 𝑤3 ≥ 0.5} is replaced with 𝐻 = {0.10 ≤ 𝑤1 ≤

0.20, 0.30 ≤ 𝑤2 ≤ 0.40, 0.10 ≤ 𝑤3 ≤ 0.25}. Then, the modified IFMADMPr having partially 

known attribute weights cannot be solved by the proposed Mehar method as the condition 

∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying. 

Using the proposed Ajit method, the ranking of the alternatives of the modified IFMADMPr 

having partially known attribute weights can be obtained as follows: 

Since, Step 1 to Step 3 of the proposed Ajit method and Wei’s method [223], discussed in 

Section 2.4 of Chapter 2, are same. Also, as Step 1 to Step 3 of Wei’s method [223] for the 

considered IFMADMPr having partially known attribute weights is discussed in the first point 
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of Section 2.5 of Chapter 2. So, to avoid any repetition, the calculations have been started from 

Step 4. 

Step 4: Since the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying. So according to Case (i) of Step 4 of 

the proposed Ajit method, there is need to solve the CLPP (P3.12). 

𝑚𝑎𝑥 (3.1𝑤1 + 6.9𝑤2 + 6.3𝑤3)  

Subject to   

{
 
 

 
 

0.10 ≤ 𝑤1 ≤ 0.20,
0.30 ≤ 𝑤2 ≤ 0.40,
0.10 ≤ 𝑤3 ≤ 0.25,
𝑤1 + 𝑤2 + 𝑤3 ≤ 1,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                      (P3.12) 

On solving the CLPP (P3.12) the obtained non-normalized OAWV is (𝑤1, 𝑤2, 𝑤3) =

(0.20,0.40,0.25) and the normalized OAWV is (𝑤1, 𝑤2, 𝑤3) =

(
0.20

0.20+0.40+0.25
,

0.40

0.20+0.40+0.25
,

0.25

0.20+0.40+0.25
) = (0.2353,0.4705,0.2942). 

Step 5: On considering the normalized OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.2353,0.4705,0.2942) and 

using Step 5 of the proposed Ajit method,  

𝑃1 = ((0.2353)(0.4) + (0.4705)(0.6) + (0.2942)(0.5)) − ((0.2353)(0.3) +

(0.4705)(0.1)+(0.2942)(0.4)) = 0.2882,  

𝑃2 = ((0.2353)(0.5) + (0.4705)(0.3) + (0.2942)(0.8)) − ((0.2353)(0.2) +

(0.4705)(0.4)+(0.2942)(0.1)) = 0.2294,  

𝑃3 = ((0.2353)(0.7) + (0.4705)(0.3) + (0.2942)(0.6)) − ((0.2353)(0.2) +  

(0.4705)(0.7)+(0.2942)(0.2)) = 0.0471,  

𝑃4 = ((0.2353)(0.4) + (0.4705)(0.6) + (0.2942)(0.7)) − ((0.2353)(0.3) +

(0.4705)(0.2)+(0.2942)(0.1)) = 0.3882,  

𝑃5 = ((0.2353)(0.6) + (0.4705)(0.5) + (0.2942)(0.4)) − ((0.2353)(0.2) +  

(0.4705)(0.1) + (0.2942)(0.6)) = 0.2234, 
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𝑃6 = ((0.2353)(0.6) + (0.4705)(0.7) + (0.2942)(0.5)) − ((0.2353)(0.3) +  

(0.4705)(0.2) + (0.2942)(0.4)) = 0.3352. 

Since 𝑃4 > 𝑃6 > 𝑃1 > 𝑃2 > 𝑃5 > 𝑃3. Therefore, according to Step 5 of the proposed 

Ajit method, the ranking of the alternatives is 𝐴4 > 𝐴6 > 𝐴1 > 𝐴2 > 𝐴5 > 𝐴3. 

3.5.2. Second numerical example 

If in the IFMADMPr having partially known attribute weights, considered in the Section 

2.12.1 of Chapter 2, 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.55,0.30 ≤ 𝑤2 ≤ 0.35,𝑤3 ≥ 0.5} is replaced with 

𝐻 = {0.20 ≤ 𝑤1 ≤ 0.50,0.60 ≤ 𝑤2 ≤ 0.70, 0.80 ≤ 𝑤3 ≤ 0.90}. Then, the modified 

IFMADMPr having partially known attribute weights cannot be solved by the proposed Mehar 

method as the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying. 

If it is assumed that the total available amount is $100 and the minimum required amount is 

$160. Then, using the proposed Ajit method the ranking of the alternatives of the modified 

IFMADMPr having partially known attribute weights can be obtained as follows: 

Since, Step 1 to Step 3 of the proposed Ajit method and Wei’s method [223], discussed in 

Section 2.4 of Chapter 2, are same. Also, as Step 1 to Step 3 of Wei’s method [223] for the 

considered IFMADMPr having partially known attribute weights is discussed in the first point 

of Section 2.5 of Chapter 2. So, to avoid any repetition, the calculations have been started from 

Step 4. 

Step 4: Since the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying. So according to Case 1(b) of Step 4 of 

the proposed Ajit method, there is need to solve the CLPP (P3.13). 

𝑚𝑎𝑥 ((3.1𝑤1 + 6.9𝑤2 + 6.3𝑤3) − 𝜀1 − 𝜀2 − 𝜀3)  

Subject to   
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{
 
 
 

 
 
 

20

160
≤ 𝑤1 ≤

50

160
,

60

160
≤ 𝑤2 ≤

70

160
,

80

160
≤ 𝑤3 ≤

90

160
,

𝑤1 + 𝑤2 + 𝑤3 = 1,
160 = 100 + 𝜀1 + 𝜀2 + 𝜀3,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0, 𝜀3 ≥ 0.

                                                               (P3.13)                                                   

On solving the CLPP (P3.13), the obtained normalized OAWV is (𝑤1, 𝑤2, 𝑤3) =

(0.1250,0.3750,0.5000). 

Step 5: On considering the OAWV (𝑤1, 𝑤2, 𝑤3) = (0.1250,0.3750,0.5000) and using Step 5 

of the proposed Ajit method,  

𝑃1 = ((0.1250)(0.4) + (0.3750)(0.6) + (0.5000)(0.5)) − ((0.1250)(0.3) +

(0.3750)(0.1)+(0.5000)(0.4)) = 0.2500,  

𝑃2 = ((0.1250)(0.5) + (0.3750)(0.3) + (0.5000)(0.8)) − ((0.1250)(0.2) +

(0.3750)(0.4)+(0.5000)(0.1)) = 0.3500,  

𝑃3 = ((0.1250)(0.7) + (0.3750)(0.3) + (0.5000)(0.6)) − ((0.1250)(0.2) +

(0.3750)(0.7)+(0.5000)(0.2)) = 0.1125, 

𝑃4 = ((0.1250)(0.4) + (0.3750)(0.6) + (0.5000)(0.7)) − ((0.1250)(0.3) +

(0.3750)(0.2)+(0.5000)(0.1)) = 0.4625, 

𝑃5 = ((0.1250)(0.6) + (0.3750)(0.5) + (0.5000)(0.4)) − ((0.1250)(0.2) +

(0.3750)(0.1)+(0.5000)(0.6)) = 0.1000, 

𝑃6 = ((0.1250)(0.6) + (0.3750)(0.7) + (0.5000)(0.5)) − ((0.1250)(0.3) +  

(0.3750)(0.2) + (0.5000)(0.4)) = 0.2750. 

Since, 𝑃4 > 𝑃2 > 𝑃6 > 𝑃1 > 𝑃3 > 𝑃5. Therefore, according to Step 5 of the proposed 

Ajit method, the ranking of the alternatives is 𝐴4 > 𝐴2 > 𝐴6 > 𝐴1 > 𝐴3 > 𝐴5. 
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3.6 Conclusions 

The limitations of the existing methods [223] as well as the proposed Mehar method have 

been pointed out. Also, to overcome the limitations, a new method (named as Ajit method) has 

been proposed to solve such IFMADMPrs having partially known attribute weights. 

Furthermore, some IFMADMPrs having partially known attribute weights have been solved to 

illustrate the proposed Ajit method. 
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Chapter 4 

Jujhar method for solving IVIFMADMPrs 

having partially known attribute weights3 

 

Wang et al. [213] claimed that there does not exist any method for solving 

IVIFMADMPrs having partially known attribute weights. To fill this gap, Wang et al. proposed 

a method to solve the IVIFMADMPrs having partially known attribute weights. Motivated by 

the work of Wang et al., several researchers [62, 108, 258] have proposed different methods 

for solving IVIFMADMPrs having partially known attribute weights. However, after a deep 

study it is observed that it is inappropriate to use the existing methods [62, 108, 213, 258]. The 

aim of this chapter is to make the researchers aware about the inappropriateness of these 

methods as well as to propose a new method (named as Jujhar method) to solve the 

IVIFMADMPrs having partially known attribute weights.  

4.1 A brief review of Wang et al.’s method 

Wang et al. [213] claimed that there does not exist any method for solving such 

IVIFMADMPrs having partially known attribute weights in which the rating value of the 𝑖𝑡ℎ-

alternative over the 𝑗𝑡ℎ-attribute is represented by an IVIFS 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) as 

well as the weight of the 𝑗𝑡ℎ-attribute 𝑤𝑗 ∈ 𝐻, where 𝐻 = {𝑤𝑗: 𝑤𝑗 ≥ 𝑤𝑖, 𝑤𝑗 − 𝑤𝑖 ≥

𝛽𝑗(> 0), 𝑤𝑗 ≥ 𝛽𝑗𝑤𝑖; 0 ≤ 𝛽𝑗 ≤ 1, 0 ≤ 𝛿𝑗 ≤ 𝑤𝑗 ≤ 𝛿𝑗 + 𝜀𝑗 ≤ 1; 𝑤𝑗 − 𝑤𝑖 ≥ 𝑤𝑘 − 𝑤𝑙 for 𝑖 ≠ 𝑗   

≠ 𝑘 ≠ 𝑙}.  

Wang et al. [213] proposed the following method to solve IVIFMADMPrs having partially 

                                                           
3 The contents of this chapter have been communicated in “Engineering Applications of Artificial Intelligence” 

for the possible publication.   
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known attribute weights: 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes 

then convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (4.1), transform each IVIF element 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into the 

crisp element 𝑑𝑖𝑗 

𝑑𝑖𝑗 = |2 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3 − 𝑎𝑖𝑗4|.                                                                                      (4.1)                                                                       

Step 3: Using the expression (4.2), find the value of 𝑐𝑗 ∀ 𝑗 = 1,2, … , 𝑛. 

𝑐𝑗 = ∑ 𝑑𝑖𝑗
𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                                                                 (4.2) 

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P4.1). 

𝑚𝑎𝑥 [
∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗

𝑛
]  

Subject to   

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛,   

∑ 𝑤𝑗
𝑛
𝑗=1 = 1.                                                                                                                            (P4.1) 

Step 5: Using the expression (4.3), find the value of 𝑃̃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃̃𝑖 = ([∑ 𝑤𝑗𝑎𝑖𝑗1
𝑛
𝑗=1 , ∑ 𝑤𝑗𝑎𝑖𝑗2

𝑛
𝑗=1 ], [∑ 𝑤𝑗𝑎𝑖𝑗3

𝑛
𝑗=1 , ∑ 𝑤𝑗𝑎𝑖𝑗4

𝑛
𝑗=1 ]), 𝑖 = 1,2, … ,𝑚                   (4.3)                                 

Step 6: Check that 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 𝑆(𝑃̃𝑝) =  

𝑎𝑝𝑗1+𝑎𝑝𝑗2−𝑎𝑝𝑗3−𝑎𝑝𝑗4

2
 and 𝑆(𝑃̃𝑞) =

𝑎𝑞𝑗1+𝑎𝑞𝑗2−𝑎𝑞𝑗3−𝑎𝑞𝑗4

2
. 
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Case (i): If 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞) then go to Step 7. 

Step 7: Check that 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞), where 𝐻(𝑃̃𝑝) =

𝑎𝑝𝑗1+𝑎𝑝𝑗2+𝑎𝑝𝑗3+𝑎𝑝𝑗4

2
 and 𝐻(𝑃̃𝑞) =

𝑎𝑞𝑗1+𝑎𝑞𝑗2+𝑎𝑞𝑗3+𝑎𝑞𝑗4

2
. 

Case (i): If 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞) then go to Step 8. 

Step 8: Check that 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞), where 𝑇(𝑃̃𝑝) =

𝑎𝑝𝑗2 + 𝑎𝑝𝑗3 − 𝑎𝑝𝑗1 − 𝑎𝑝𝑗4 and 𝑇(𝑃̃𝑞) = 𝑎𝑞𝑗2 + 𝑎𝑞𝑗3 − 𝑎𝑞𝑗1 − 𝑎𝑞𝑗4. 

Case (i): If 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞) then go to Step 9. 

Step 9: Check that 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞), where 𝐺(𝑃̃𝑝) =

𝑎𝑝𝑗2 + 𝑎𝑝𝑗4 − 𝑎𝑝𝑗1 − 𝑎𝑝𝑗3 and 𝐺(𝑃̃𝑞) = 𝑎𝑞𝑗2 + 𝑎𝑞𝑗4 − 𝑎𝑞𝑗1 − 𝑎𝑞𝑗3. 

Case (i): If 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑗) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑗) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑗) then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

4.2 Inappropriateness of Wang et al.’s method 

It is inappropriate to apply Wang et al.’s method [213] due to the following reasons: 

(1) On applying Wang et al.’s method [213] more than one preference orders of the alternatives 

are obtained, which is inappropriate. To validate this claim a real-life IVIFMADMPr 

having partially known attribute weights, considered by Wang et al. [213] to illustrate his 
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proposed method [213], is solved with some modifications. 

Wang et al. [213] solved the following real-life IVIFMADMPr having partially known 

attribute weights to illustrate his proposed method. 

There is need to rank the faculty members 𝐴𝑖 , 𝑖 = 1,2, … ,4 on the basis of the following 

four benefit attributes. 

(i) 𝐺1: Teaching  

(ii) 𝐺2: Research 

(iii) 𝐺3: Ability 

(iv) 𝐺4: Service 

The (𝑖, 𝑗)𝑡ℎ element of Table 4.1, represented by an IVIFS 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), 

represents the rating value of the  𝑖𝑡ℎ faculty member over the 𝑗𝑡ℎ attribute. 

Table 4.1: Rating Values 

 

 

Also, 𝐻 = {0.15 ≤ 𝑤1 ≤ 0.30, 0.15 ≤ 𝑤2 ≤ 0.25, 0.25 ≤ 𝑤3 ≤ 0.40, 0.30 ≤ 𝑤4 ≤

0.45, 2.5𝑤1 ≤ 𝑤3}. 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 
(
[0.42,0.48],
[0.40,0.50]

) (
[0.60,0.70],
[0.05,0.25]

) (
[0.40,0.50],
[0.20,0.50]

) (
[0.55,0.75],
[0.15,0.25]

) 

𝐴2 
(
[0.40,0.50],
[0.40,0.50]

) (
[0.50,0.80],
[0.10,0.20]

) (
[0.30,0.60],
[0.30,0.40]

) (
[0.60,0.70],
[0.10,0.30]

) 

𝐴3 
(
[0.30,0.50],
[0.40,0.50]

) (
[0.10,0.30],
[0.20,0.40]

) (
[0.70,0.80],
[0.10,0.20]

) (
[0.50,0.70],
[0.10,0.20]

) 

𝐴4 
(
[0.20,0.40],
[0.40,0.50]

) (
[0.60,0.70],
[0.20,0.30]

) (
[0.50,0.60],
[0.20,0.30]

) (
[0.70,0.80],
[0.10,0.20]

) 
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If 

(i) Table 4.1 is replaced with Table 4.2 

Table 4.2: Rating Values 

 

(ii) The existing condition 2.5𝑤1 ≤ 𝑤3 is removed. 

Then, using Wang et al.’s method [213], the ranking of the alternatives of the modified 

IVIFMADMPr having partially known attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Wang et al.’s 

method [213], discussed in Section 4.1, there is no need to apply Step 1. 

Step 2: According to Step 2 of Wang et al.’s method [213], discussed in Section 4.1, there is 

need to calculate 𝑑𝑖𝑗 ∀ 𝑖 = 1,2,3,4; 𝑗 = 1,2,3,4. These values are shown in Table 4.2. 

          Table 4.2: Values of 𝒅𝒊𝒋 

𝑑11 = 1  𝑑12 = 1  𝑑13 = 1  𝑑14 = 1  

𝑑21 = 1  𝑑22 = 1  𝑑23 = 1  𝑑24 = 1  

𝑑31 = 1  𝑑32 = 1  𝑑33 = 1  𝑑34 = 1  

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 
(
[0.10,0.20],
[0.30,0.40]

) (
[0.20,0.30],
[0.20,0.30]

) (
[0.10,0.40],
[0.20,0.30]

) (
[0.10,0.50],
[0.10,0.30]

) 

𝐴2 
(
[0.30,0.40],
[0.10,0.20]

) (
[0.20,0.40],
[0.10,0.30]

) (
[0.20,0.30],
[0.10,0.40]

) (
[0.10,0.50],
[0.20,0.20]

) 

𝐴3 
(
[0.30,0.40],
[0.10,0.20]

) (
[0.20,0.20],
[0.10,0.50]

) (
[0.10,0.20],
[0.30,0.40]

) (
[0.10,0.40],
[0.20,0.30]

) 

𝐴4 
(
[0.10,0.30],
[0.10,0.50]

) (
[0.10,0.20],
[0.30,0.40]

) (
[0.50,0.50],
[0.10,0.40]

) (
[0.20,0.30],
[0.20,0.30]

) 
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𝑑41 = 1  𝑑42 = 1  𝑑43 = 1  𝑑44 = 1  

 

Step 3: Using Step 3 of Wang et al.’s method [213], discussed in Section 4.1,  

𝑐1 = ∑ 𝑑𝑖1
4
𝑖=1 = 1 + 1 + 1 + 1 = 4, 

𝑐2 = ∑ 𝑑𝑖2
4
𝑖=1 = 1 + 1 + 1 + 1 = 4, 

𝑐3 = ∑ 𝑑𝑖3
4
𝑖=1 = 1 + 1 + 1 + 1 = 4, 

𝑐4 = ∑ 𝑑𝑖4
4
𝑖=1 = 1 + 1 + 1 + 1 = 4.  

Step 4: Using Step 4 of Wang et al.’s method [213], discussed in Section 4.1, there is need to 

solve the CLPP (P4.2). 

𝑀𝑎𝑥 (
4𝑤1+4𝑤2+4𝑤3+4𝑤4

4
)  

Subject to  

{
 
 

 
 

0.15 ≤ 𝑤1 ≤ 0.30,
0.15 ≤ 𝑤2 ≤ 0.25,
0.25 ≤ 𝑤3 ≤ 0.40,
0.30 ≤ 𝑤4 ≤ 0.45,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                       (P4.2) 

It can be easily verified that on solving the CLPP (P4.2) infinite number of OAWV are 

obtained e.g., (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.15,0.40,0.30) and (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.25,0.20,0.25,0.30) both are the OAWV. 

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.15,0.40,0.30) and using Step 

5 of Wang et al.’s method [213], discussed in Section 4.1, 

𝑃̃1 = ([(0.15)(0.10) + (0.15)(0.20) + (0.40)(0.10) + (0.30)(0.10), (0.15)(0.20) +      

   (0.15)(0.30) + (0.40)(0.40) + (0.30)(0.50)], [(0.15)(0.30) + (0.15)(0.20) + (0.40)  

   (0.20) + (0.30)(0.10), (0.15)(0.40) + (0.15)(0.30) + (0.40)(0.30) + (0.30)(0.30)]  

    = ([0.115,0.385], [0.185,0.315]),  

𝑃̃2 = ([(0.15)(0.30) + (0.15)(0.20) + (0.40)(0.20) + (0.30)(0.10), (0.15)(0.40) +      
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(0.15)(0.40) + (0.40)(0.30) + (0.30)(0.50)], [(0.15)(0.10) + (0.15)(0.10) + (0.40)  

(0.10) + (0.30)(0.20), (0.15)(0.20) + (0.15)(0.30) + (0.40)(0.40) + (0.30)(0.20)]  

 = ([0.185,0.390], [0.130,0.280]),  

𝑃̃3 = ([(0.15)(0.30) + (0.15)(0.20) + (0.40)(0.10) + (0.30)(0.10), (0.15)(0.40) +      

(0.15)(0.20) + (0.40)(0.20) + (0.30)(0.40)], [(0.15)(0.10) + (0.15)(0.10) +(0.40)  

(0.30) + (0.30)(0.20), (0.15)(0.20) + (0.15)(0.50) + (0.40)(0.30) + (0.30)(0.30)]  

 = ([0.145,0.290], [0.210,0.315]), 

𝑃̃4 = ([(0.15)(0.10) + (0.15)(0.10) + (0.40)(0.50) + (0.30)(0.20), (0.15)(0.30) +      

(0.15)(0.20) + (0.40)(0.50) + (0.30)(0.30)], [(0.15)(0.10) + (0.15)(0.30) + (0.40)  

(0.10) + (0.30)(0.20), (0.15)(0.50) + (0.15)(0.40) + (0.40)(0.40) + (0.30)(0.30)]  

 = ([0.290,0.365], [0.160,0.385]). 

While, on considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.25,0.20,0.25,0.30) and using 

Step 5 of Wang et al.’s method [213], discussed in Section 4.1, 

𝑃̃1 = ([(0.25)(0.10) + (0.20)(0.20) + (0.25)(0.10) + (0.30)(0.10), (0.25)(0.20) +     

(0.20)(0.30) + (0.25)(0.40) + (0.30)(0.50)], [(0.25)(0.30) + (0.20)(0.20) +(0.25)  

(0.20) + (0.30)(0.10), (0.25)(0.40) + (0.20)(0.30) + (0.25)(0.30) + (0.30)(0.30)]  

= ([0.120,0.360], [0.195,0.325]),   

𝑃̃2 = ([(0.25)(0.30) + (0.20)(0.20) + (0.25)(0.20) + (0.30)(0.10), (0.25)(0.40) +     

(0.20)(0.40) + (0.25)(0.30) + (0.30)(0.50)], [(0.25)(0.10) + (0.20)(0.10) + (0.25)  

(0.10) + (0.30)(0.20), (0.25)(0.20) + (0.20)(0.30) + (0.25)(0.40) + (0.30)(0.20)]  

= ([0.195,0.405], [0.130,0.270]),   

𝑃̃3 = ([(0.25)(0.30) + (0.20)(0.20) + (0.25)(0.10) + (0.30)(0.10), (0.25)(0.40) +     

(0.20)(0.20) + (0.25)(0.20) + (0.30)(0.40)], [(0.25)(0.10) + (0.20)(0.10) + (0.25)  

(0.30) + (0.30)(0.20), (0.25)(0.20) + (0.20)(0.50) + (0.25)(0.30) + (0.30)(0.30)]  

 = ([0.170,0.310], [0.180,0.340]),   
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𝑃̃4 = ([(0.25)(0.10) + (0.20)(0.10) + (0.25)(0.50) + (0.30)(0.20), (0.25)(0.30) +      

(0.20)(0.20) + (0.25)(0.50) + (0.30)(0.30)], [(0.25)(0.10) + (0.20)(0.30) + (0.25)  

 (0.10) + (0.30)(0.20), (0.25)(0.50) + (0.20)(0.40) + (0.25)(0.40) + (0.30)(0.30)]  

 = ([0.230,0.330], [0.170,0.395]). 

Step 6: Using Step 6, of Wang et al.’s method [213], discussed in Section 4.1, 

(i) Corresponding to the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.15,0.40,0.30), 𝑆(𝑃̃1) =

0, 𝑆(𝑃̃2) = 0.0825, 𝑆(𝑃̃3) = −0.045, 𝑆(𝑃̃4) = 0.055. Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃4) > 𝑆(𝑃̃1) >

𝑆(𝑃̃3). So, according to Step 6 of Wang et al.’s method [213], discussed in Section 4.1, 

𝐴2 > 𝐴4 > 𝐴1 > 𝐴3. 

(ii)  Corresponding to the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.25,0.20,0.25,0.30), 𝑆(𝑃̃1) =

−0.02, 𝑆(𝑃̃2) = 0.10, 𝑆(𝑃̃3) = −0.02, 𝑆(𝑃̃4) = −0.0025. Since, 𝑆(𝑃̃1) = 𝑆(𝑃̃3). 

Therefore, according to Case (iii) of Step 6 of Wang et al.’s method [213], discussed in 

Section 4.1, there is need to apply Step 7. 

Step 7: Using Step 7 of Wang et al.’s method [213], discussed in Section 4.1, 

𝐻(𝑃̃1) = 0.50 and 𝐻(𝑃̃3) = 0.50. Since, 𝐻(𝑃̃1) = 𝐻(𝑃̃3). Therefore, according to Case (iii) 

of Step 7 of Wang et al.’s method [213], discussed in Section 4.1, there is need to apply Step 

8. 

Step 8: Using Step 8 of Wang et al.’s method [213], discussed in Section 4.1, 

𝑇(𝑃̃1) = 0.02 and 𝑇(𝑃̃3) = 0.02. Since, 𝑇(𝑃̃1) = 𝑇(𝑃̃3). Therefore, according to Case (iii) of 

Step 8 of Wang et al.’s method [213], discussed in Section 4.1, there is need to apply Step 9. 

Step 9: Using Step 9 of Wang et al.’s method [213], discussed in Section 4.1, 

𝐺(𝑃̃1) = 0.185 and 𝐺(𝑃̃3) = 0.15. Since, 𝐺(𝑃̃1) > 𝐺(𝑃̃3) and 𝑆(𝑃̃2) > 𝑆(𝑃̃4). Therefore, 

according to Wang et al.’s method [213], discussed in Section 4.1, 𝐴3 > 𝐴1 > 𝐴2 > 𝐴4. 

It is obvious that on applying Wang et al.’s method [213] two different ranking of the 
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alternatives are obtained for the same IVIFMADMPr having partially known attribute weights, 

which is inappropriate. Hence, it is inappropriate to use Wang et al.’s method [213] to solve 

IVIFMADMPrs having partially known attribute weights. 

(2) Wang et al.’s method [213] fails to find the ranking of the alternatives. The following 

validates this claim. 

(i) If the set 𝐻 = {0.15 ≤ 𝑤1 ≤ 0.30, 0.15 ≤ 𝑤2 ≤ 0.25, 0.25 ≤ 𝑤3 ≤ 0.40, 0.30 ≤ 𝑤4 ≤

0.45} is replaced with 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.20, 0.30 ≤ 𝑤2 ≤ 0.40, 0.10 ≤ 𝑤3 ≤

0.25, 0 ≤ 𝑤4 ≤ 0.05}. Then, no feasible solution of the CLPP (P4.2) will be obtained as 

the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying i.e., the ranking of the alternatives of the 

modified problem cannot be obtained by Wang et al.’s method [213]. 

(ii) If the set 𝐻 = {0.15 ≤ 𝑤1 ≤ 0.30, 0.15 ≤ 𝑤2 ≤ 0.25, 0.25 ≤ 𝑤3 ≤ 0.40, 0.30 ≤ 𝑤4 ≤

0.45} is replaced with 𝐻 = {0.30 ≤ 𝑤1 ≤ 0.50, 0.40 ≤ 𝑤2 ≤ 0.70, 0.50 ≤ 𝑤3 ≤

0.70, 0.20 ≤ 𝑤4 ≤ 0.60}. Then, no feasible solution of the CLPP (P4.2) will be obtained 

as the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying i.e., the ranking of the alternatives of the 

modified problem cannot be obtained by Wang et al.’s method [213]. 

4.3 Reasons for the inappropriateness of Wang et al.’s method 

In Section 4.2, it is shown that  

(i) On applying Wang et al.’s method [213], more than one preference order for the 

alternatives are obtained. 

(ii) Wang et al.’s method [213] fails to find the ranking of the alternatives if either the 

condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 or the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. 

These problems are occurring due to following reasons: 

(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1  then the coefficient of the attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the CLPP 

(P4.2). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, corresponding to which 𝑤𝑝 + 𝑤𝑞 will be 
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optimal, will represent the optimal values of 𝑤𝑝 and 𝑤𝑞. Due to the same reason, on solving 

the CLPP (P4.2) corresponding to the IVIFMADMPr having partially known attribute 

weights, considered in the first point of Section 4.2, the number of obtained OAWV are 

more than one. 

(ii) It is pertinent to mention that to apply Wang et al.’s method [213], there is need to solve 

the CLPP (P4.1). However, a feasible solution of the CLPP (P4.1) will exist only if neither 

the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 nor the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. Due to the same 

reason, on solving the CLPP (P4.2) corresponding to the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.2, infeasible solution 

is obtained . 

4.4 A brief review of Ye’s method 

Ye  [258] proposed the following method to solve IVIFMADMPrs having partially known 

attribute weights. 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes 

then convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (4.4), transform each IVIF element 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 

 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into the crisp element 𝑑𝑖𝑗 

𝑑𝑖𝑗 = (
(𝑎𝑖𝑗1−𝑎𝑖𝑗3)(2−𝑎𝑖𝑗1−𝑎𝑖𝑗3)+(𝑎𝑖𝑗2−𝑎𝑖𝑗4)(2−𝑎𝑖𝑗2−𝑎𝑖𝑗4)

2
)                                                              (4.4)                                                                                                                           



73 
 

Step 3: Using the expression (4.5), find the value of 𝑐𝑗 ∀ 𝑗 = 1,2, … , 𝑛. 

𝑐𝑗 = ∑ 𝑑𝑖𝑗
𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                                                                 (4.5) 

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P4.3). 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛,   

∑ 𝑤𝑗
𝑛
𝑗=1 = 1.                                                                                                                            (P4.3) 

Step 5: Using the expression (4.6), find the value of 𝑃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃𝑖 = ∑ 𝑤𝑗
𝑛
𝑗=1 𝑑𝑖𝑗 , 𝑖 = 1,2, … ,𝑚                                                                                                 (4.6) 

and check that 𝑃𝑝 > 𝑃𝑞 or 𝑃𝑝 < 𝑃𝑞 or 𝑃𝑝 = 𝑃𝑞, where 𝑃𝑝 = ∑ 𝑤𝑗
𝑛
𝑗=1 𝑑𝑝𝑗 and 𝑃𝑞 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑞𝑗. 

Case (i): If 𝑃𝑝 > 𝑃𝑞 then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑃𝑝 < 𝑃𝑞 then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑃𝑝 = 𝑃𝑞 then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

4.5 Inappropriateness of Ye’s method 

It is inappropriate to apply Ye’s method [258] due to the following reasons: 

(1) On applying Ye’s method [258] more than one preference orders of the alternatives are 

obtained, which is inappropriate. To validate this claim a real-life IVIFMADMPr having 

partially known attribute weights, considered by Ye [258] to illustrate his proposed method, 

is solved with some modifications. 

Ye [258] solved the following real-life IVIFMADMPr having partially known attribute 

weights to illustrate his proposed method. 

There is a panel of four alternatives for the investment company to invest money in best 

option 𝐴𝑖, 𝑖 = 1,2,3,4. The investment company must take a decision according to the 

following three attribute. 
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(i) 𝐺1: Risk analysis  

(ii) 𝐺2: Growth 

(iii) 𝐺3: Environmental impact 

The (𝑖, 𝑗)𝑡ℎ element of the Table 4.3, represented by an IVIFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ company over the 𝑗𝑡ℎ attribute. 

Table 4.3: Rating Values 

 

 

Also, 𝐻 = {0.20 ≤ 𝑤1 ≤ 0.30, 0.20 ≤ 𝑤2 ≤ 0.30, 0.30 ≤ 𝑤3 ≤ 0.50}. 

If  

(i) Table 4.3 is replaced with Table 4.4 

Table 4.4: Rating Values 

     Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

𝐴1 ([0.40,0.50], [0.30,0.40]) ([0.40,0.60], [0.20,0.40]) ([0.10,0.30], [0.50,0.60]) 

𝐴2 ([0.60,0.70], [0.20,0.30]) ([0.60,0.70], [0.20,0.30]) ([0.40,0.70], [0.10,0.20]) 

𝐴3 ([0.30,0.60], [0.30,0.40]) ([0.50,0.60], [0.30,0.40]) ([0.50,0.60], [0.10,0.30]) 

𝐴4 ([0.70,0.80], [0.10,0.20]) ([0.60,0.70], [0.10,0.30]) ([0.30,0.40], [0.10,0.20]) 

     Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

𝐴1 ([0.40,0.50], [0.30,0.40]) ([0.40,0.60], [0.20,0.40]) ([0.30,0.60], [0.30,0.40]) 

𝐴2 ([0.60,0.70], [0.20,0.30]) ([0.60,0.70], [0.20,0.30]) ([0.40,0.50], [0.30,0.40]) 



75 
 

 

(ii) It is assumed that the attribute weight 𝑤1 satisfies the condition 0.20 ≤ 𝑤1 ≤ 0.50 

instead of the existing condition 0.20 ≤ 𝑤1 ≤ 0.30. 

Then, using Ye’s method [258], the ranking of the alternatives of the modified 

IVIFMADMPr having partially known attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Ye’s method 

[258], discussed in Section 4.4, there is no need to apply Step 1. 

Step 2: According to Step 2 of Ye’s method [258], discussed in Section 4.4, there is need to 

calculate 𝑑𝑖𝑗  ∀ 𝑖 = 1,2, … ,4; 𝑗 = 1,2,3. These values are shown in Table 4.5. 

          Table 4.5: Values of 𝒅𝒊𝒋 

𝑑11 = 0.12  𝑑12 = 0.24  𝑑13 = 0.10  

𝑑21 = 0.44  𝑑22 = 0.44  𝑑23 = 0.12  

𝑑31 = 0.10  𝑑32 = 0.22  𝑑33 = 0.66  

𝑑41 = 0.66  𝑑42 = 0.525  𝑑43 = 0.44  

 

Step 3: Using Step 3 of Ye’s method [258], discussed in Section 4.4,  

𝑐1 = ∑ 𝑑𝑖1
4
𝑖=1 = 0.12 + 0.44 + 0.10 + 0.66 = 1.32, 

𝑐2 = ∑ 𝑑𝑖2
4
𝑖=1 = 0.24 + 0.44 + 0.22 + 0.525 = 1.425, 

𝑐3 = ∑ 𝑑𝑖3
4
𝑖=1 = 0.10 + 0.12 + 0.66 + 0.44 = 1.32. 

Step 4: Using Step 4 of Ye’s method [258], discussed in Section 4.4, there is need to solve the 

CLPP (P4.4). 

𝑀𝑎𝑥(1.32𝑤1 + 1.425𝑤2 + 1.32𝑤3)  

𝐴3 ([0.30,0.60], [0.30,0.40]) ([0.50,0.60], [0.30,0.40]) ([0.70,0.80], [0.10,0.20]) 

𝐴4 ([0.70,0.80], [0.10,0.20]) ([0.60,0.70], [0.10,0.30]) ([0.60,0.70], [0.20,0.30]) 
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Subject to  

{
 
 

 
 

0.20 ≤ 𝑤1 ≤ 0.50,
0.20 ≤ 𝑤2 ≤ 0.30,
0.30 ≤ 𝑤3 ≤ 0.50,
𝑤1 + 𝑤2 + 𝑤3 = 1,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                   (P4.4)                                                                                     

It can be easily verified that on solving the CLPP (P4.4) infinite number of OAWV are 

obtained e.g., (𝑤1, 𝑤2, 𝑤3) = (0.20,0.30,0.50) and (𝑤1, 𝑤2, 𝑤3) = (0.40,0.30,0.30) both are 

the OAWV. 

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.20,0.30,0.50) and using Step 5 of Ye’s 

method [258], discussed in Section 4.4, 

𝑃1 = (0.20)(0.12) + (0.30)(0.24) + (0.50)(0.10) = 0.1460 ,  

𝑃2 = (0.20)(0.44) + (0.30)(0.44) + (0.50)(0.12) = 0.2800, 

𝑃3 = (0.20)(0.10) + (0.30)(0.22) + (0.50)(0.66) = 0.4160, 

𝑃4 = (0.20)(0.66) + (0.30)(0.525) + (0.50)(0.44) = 0.5095. 

 Since,  𝑃4 > 𝑃3 > 𝑃2 > 𝑃1. So, according to Step 5 of Ye’s method [258], discussed in 

Section 4.4, the ranking of the alternatives is 𝐴4 > 𝐴3 > 𝐴2 > 𝐴1. 

While, on considering the OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.40,0.30,0.30) and using Step 5 of 

Ye’s method [258], discussed in Section 4.4, 

𝑃1 = (0.40)(0.12) + (0.30)(0.24) + (0.30)(0.10) = 0.1500 ,  

𝑃2 = (0.40)(0.44) + (0.30)(0.44) + (0.30)(0.12) = 0.3400, 

𝑃3 = (0.40)(0.10) + (0.30)(0.22) + (0.30)(0.66) = 0.3040, 

𝑃4 = (0.40)(0.66) + (0.30)(0.525) + (0.40)(0.44) = 0.5535. 

Since,  𝑃4 > 𝑃2 > 𝑃3 > 𝑃1. So, according to Step 5 of Ye’s method [258], discussed in 

Section 4.4, the ranking of the alternatives is 𝐴4 > 𝐴2 > 𝐴3 > 𝐴1. 

It is obvious that on applying Ye’s method [258] two different ranking of the alternatives 

are obtained for the same IVIFMADMPr having partially known attribute weights, which is 
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mathematically incorrect. Hence, it is inappropriate to use Ye’s method [258] to solve 

IVIFMADMPrs having partially known attribute weights. 

(2) Ye’s method [258] fails to find the ranking of the alternatives. The following clearly 

validates this claim. 

(i) If the set 𝐻 = {0.20 ≤ 𝑤1 ≤ 0.50, 0.20 ≤ 𝑤2 ≤ 0.30, 0.30 ≤ 𝑤3 ≤ 0.50} is replaced 

with 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.20, 0.20 ≤ 𝑤2 ≤ 0.30, 0.10 ≤ 𝑤3 ≤ 0.30}. Then, no feasible 

solution of the CLPP (P4.4) will be obtained as the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying 

i.e., the ranking of the alternatives of the modified problem cannot be obtained by Ye’s 

method [258]. 

(ii) If the set 𝐻 = {0.20 ≤ 𝑤1 ≤ 0.50, 0.20 ≤ 𝑤2 ≤ 0.30, 0.30 ≤ 𝑤3 ≤ 0.50} is replaced 

with 𝐻 = {0.50 ≤ 𝑤1 ≤ 0.80, 0.20 ≤ 𝑤2 ≤ 0.50, 0.50 ≤ 𝑤3 ≤ 0.80}. Then, no feasible 

solution of the CLPP (P4.4) will be obtained as the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying 

i.e., the ranking of the alternatives of the modified problem cannot be obtained by Ye’s 

method [258]. 

(3) The ranking of the alternatives, obtained by Ye’s method [258], is not appropriate. The 

following example clearly validates this claim.  

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element, represented by an IVIFS, of Table 4.6 represents 

the rating value of the 𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ- benefit attribute. Also, if it is assumed that 

𝐻 = {0.1 ≤ 𝑤1 ≤ 0.6, 0.2 ≤ 𝑤2 ≤ 0.8 }. 

                                    Table 4.6: Rating Values 

    Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.10,0.20], [0.10,0.20]) ([0.10,0.20], [0.30,0.40]) 
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𝐴2 ([0.30,0.40], [0.30,0.40]) ([0.10,0.20], [0.30,0.40]) 

 

Then, it is obvious that the ranking of the alternatives 𝐴1 and 𝐴2 can never be 𝐴1 = 𝐴2 

as the rating values of both alternatives corresponding to the attribute 𝐺2 are equal. Whereas, 

the rating values of both alternatives corresponding to first attribute 𝐺1 are not equal. While, 

the following clearly indicates that on applying Ye’s method [258], the obtained ranking of the 

alternatives is 𝐴1 = 𝐴2, which is inappropriate.  

Using Ye’s method [258] the ranking of the alternatives 𝐴1 and 𝐴2 can be obtained as 

follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Ye’s method 

[258], discussed in Section 4.4, there is no need to apply Step 1. 

Step 2: According to Step 2 of Ye’s method [258], discussed in Section 4.4, there is need to 

calculate the values of 𝑑𝑖𝑗  ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 4.7. 

Table 4.7: Values of 𝒅𝒊𝒋 

𝑑11 = 0  𝑑12 = −0.30  

𝑑21 = 0  𝑑22 = −0.30  

 

Step 3: Using Step 3 of Ye’s method [258], discussed in Section 4.4, 

𝑐1 = ∑ 𝑑𝑖1
2
𝑖=1 = 0 + 0 = 0, 

𝑐2 = ∑ 𝑑𝑖2
2
𝑖=1 = −0.30 − 0.30 = −0.60. 

Step 4: Using Step 4 of Ye’s method [258], discussed in Section 4.4, there is need to solve the 

CLPP (P4.5). 

𝑀𝑎𝑥(0.0𝑤1 − 0.60𝑤2)  

Subject to  
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{

0.1 ≤ 𝑤1 ≤ 0.6,
0.2 ≤ 𝑤2 ≤ 0.8,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P4.5)                                                                                                  

It can be easily verified that on solving the CLPP (P4.5), the obtained OAWV is 

(𝑤1, 𝑤2) = (0.6,0.4).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.6,0.4) and using Step 5 of Ye’s method 

[258], discussed in Section 4.4, 

𝑃1 = (0.60)(0) + (0.40)(−0.30) = −0.12,  

𝑃2 = (0.60)(0) + (0.40)(−0.30) = −0.12. 

Since,  𝑃1 = 𝑃2. So, according to Step 5, of Ye’s method [258], discussed in Section 

4.4, the ranking of the alternatives is 𝐴1 = 𝐴2. 

It is obvious that on applying Ye’s method [258], the relation 𝐴1 = 𝐴2 is obtained, 

which is inappropriate. 

4.6 Reasons for the inappropriateness of Ye’s method 

In Section 4.5, it is shown that  

(i) On applying Ye’s method [258], more than one preference order for the alternatives are 

obtained. 

(ii) Ye’s method [258] fails to find the ranking of the alternatives if either the condition 

∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 or the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. 

(iii) The ranking of the alternatives, obtained by Ye’s method [258], is inappropriate. 

These problems are occurring due to following reasons: 

(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1  then the coefficient of the attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the CLPP 

(P4.4). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, corresponding to which 𝑤𝑝 + 𝑤𝑞 will be 

optimal, will represent the optimal values of 𝑤𝑝 and 𝑤𝑞. Due to the same reason, on solving 
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the CLPP (P4.4) corresponding to the IVIFMADMPr having partially known attribute 

weights, considered in first point of Section 4.5, the number of obtained OAWV are more 

than one. 

(ii) It is pertinent to mention that to apply Ye’s method [258], there is need to solve the LPP 

(P4.4). However, a feasible solution of LPP (P4.4) will exist only if neither the condition 

∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 nor the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. Due to the same reason, on 

solving the CLPP (P4.4) corresponding to the IVIFMADMPr having partially known 

attribute weights, considered in the second point of Section 4.5, infeasible solution is 

obtained. 

(iii) If there will exist two distinct alternatives 𝐴𝑝 and 𝐴𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1 . Then, the value of 𝑃𝑝 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑝𝑗 will be equal to 𝑃𝑞 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑞𝑗. Hence, 

the relation 𝐴𝑝 = 𝐴𝑞 will be obtained. Due to the same reason, on solving the 

IVIFMADMPr having partially known attribute weights, considered in third point of 

Section 4.5, the obtained relation is 𝐴1 = 𝐴2. 

4.7 A brief review of Das et al.’s method 

Das et al. [62] proposed the following method to solve IVIFMADMPrs having partially 

known attribute weights. 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (4.7), transform each IVIF element 
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𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into 

the crisp element 𝑑𝑖𝑗 

𝑑𝑖𝑗 = (1 − 0.5 (𝐸(𝛼̃𝑖𝑗) + 𝛱𝜆(𝛼̃𝑖𝑗)))
𝑚×𝑛

, 𝑖 = 1,2, … ,𝑚; 𝑗 = 1,2, … , 𝑛.                         (4.7)               

where,   

(i) 𝛱𝜆(𝛼̃𝑖𝑗) =
1

𝑛
∑ (𝜆(1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗4) + (1 − 𝜆)(1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗3))
𝑛
𝑖=1 , 0 ≤ 𝜆 ≤ 1. 

(ii) 𝐸(𝛼̃𝑖𝑗) =
1

𝑛
∑

𝑎̃𝑖

𝑏̃𝑖

𝑛
𝑖=1 .                                                                                                                             

(iii) 𝑎̃𝑖 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑑(𝛼̃𝑖𝑗, 𝑃1), 𝑑(𝛼̃𝑖𝑗, 𝑃2)}. 

(iv)  𝑏̃𝑖 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑑(𝛼̃𝑖𝑗 , 𝑃1), 𝑑(𝛼̃𝑖𝑗, 𝑃2)}.  

(v) 𝑑(𝛼̃𝑖𝑗 , 𝑃1) =
1

4𝑛
∑ (|𝑎𝑖𝑗1 − 1| + |𝑎𝑖𝑗2 − 1| + |𝑎𝑖𝑗3 − 0| + |𝑎𝑖𝑗4 − 0| + |1 − 𝑎𝑖𝑗2 −
𝑛
𝑖=1

𝑎𝑖𝑗4 − 0| + |1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗3 − 0|). 

(vi) 𝑑(𝛼̃𝑖𝑗 , 𝑃2) =
1

4𝑛
∑ (|𝑎𝑖𝑗1 − 0| + |𝑎𝑖𝑗2 − 0| + |𝑎𝑖𝑗3 − 1| + |𝑎𝑖𝑗4 − 1| + |1 − 𝑎𝑖𝑗2 −
𝑛
𝑖=1

𝑎𝑖𝑗4 − 0| + |1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗3 − 0|).                                                                                                 

Step 3: Using the expression (4.8), find the value of 𝑐𝑗 ∀ 𝑗 = 1,2, … , 𝑛. 

𝑐𝑗 = ∑ 𝑑𝑖𝑗
𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                                                                 (4.8) 

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P4.6). 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛,   

∑ 𝑤𝑗
𝑛
𝑗=1 = 1.                                                                                                                            (P4.6) 

Step 5: Using the expression (4.9), find the value of 𝑃̃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃̃𝑖 = ([1 − ∏ (1 − 𝑎𝑖𝑗1)
𝑤𝑗𝑛

𝑗=1 , 1 − ∏ (1 − 𝑎𝑖𝑗2)
𝑤𝑗𝑛

𝑗=1 ], [∏ (𝑎𝑖𝑗3)
𝑤𝑗𝑛

𝑗=1 , ∏ (𝑎𝑖𝑗4)
𝑤𝑗𝑛

𝑗=1 ]), 𝑖 =

1,2, … ,𝑚.                                                                                                  (4.9)                   
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Step 6: Check that 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 𝑆(𝑃̃𝑝) =

(1−∏ (1−𝑎𝑝𝑗1)
𝑤𝑗𝑛

𝑗=1 )+(1−∏ (1−𝑎𝑝𝑗2)
𝑤𝑗𝑛

𝑗=1 )−∏ (𝑎𝑝𝑗3)
𝑤𝑗𝑛

𝑗=1 −∏ (𝑎𝑝𝑗4)
𝑤𝑗𝑛

𝑗=1

2
 and 𝑆(𝑃̃𝑞) =

(1−∏ (1−𝑎𝑞𝑗1)
𝑤𝑗𝑛

𝑗=1 )+(1−∏ (1−𝑎𝑞𝑗2)
𝑤𝑗𝑛

𝑗=1 )−∏ (𝑎𝑞𝑗3)
𝑤𝑗𝑛

𝑗=1 −∏ (𝑎𝑞𝑗4)
𝑤𝑗𝑛

𝑗=1

2
. 

Case (i): If 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

4.8 Inappropriateness of Das et al.’s method 

It is inappropriate to apply Das et al.’s method [62] due to the following reasons: 

(1) On applying Das et al.’s method [62] more than one preference orders of the alternatives 

are obtained, which is inappropriate. To validate this claim a real-life IVIFMADMPr 

having partially known attribute weights, considered by Das et al. [62] to illustrate his 

proposed method [62], is solved with some modifications. 

Das et al. [62] solved the following real-life IVIFMADMPr having partially known 

attribute weights to illustrate his proposed method. 

There is a panel of four alternatives for the investment company to invest money in best 

option 𝐴𝑖, 𝑖 = 1,2,3,4 on the basis of the following four benefit attributes. 

(i) 𝐺1: Risk analysis  

(ii) 𝐺2: Growth 

(iii) 𝐺3: Environmental impact 

(iv) 𝐺4: Political impact 

The (𝑖, 𝑗)𝑡ℎ element of the Table 4.8, represented by an IVIFS 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ-company over the 𝑗𝑡ℎ-

attribute. 
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Table 4.8: Rating Values 

 

 

Also, 𝐻 = {𝑤1 ≥ 0.15, 0.20 ≤ 𝑤2, 0.30 ≤ 𝑤3 ≤ 0.35,𝑤4 ≤ 0.60,𝑤2 + 𝑤4 ≤ 0.40}. 

If 

(i) Table 4.8 is replaced with Table 4.9 

Table 4.9: Rating Values 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 
(
[0.10,0.20],
[0.10,0.20]

) (
[0.25,0.50],
[0.25,0.50]

) (
[0.40,0.50],
[0.30,0.50]

) (
[0.50,0.50],
[0.50,0.50]

) 

𝐴2 
(
[0.50,0.60],
[0.20,0.30]

) (
[0.20,0.50],
[0.20,0.50]

) (
[0,0],

[0.25,0.75]
) (

[0.30,0.40],
[0.40,0.60]

) 

𝐴3 
(
[0.25,0.50],
[0.25,0.50]

) (
[0.20,0.40],
[0.20,0.40]

) (
[0.20,0.30],
[0.40,0.70]

) (
[0.20,0.30],
[0.50,0.60]

) 

𝐴4 
(
[0.20,0.30],
[0.60,0.70]

) (
[0.40,0.70],
[0.20,0.30]

) (
[0.20,0.50],
[0.20,0.50]

) (
[0.50,0.70],
[0.10,0.30]

) 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 
(
[0.10,0.20],
[0.10,0.20]

) (
[0.25,0.50],
[0.25,0.50]

) (
[0.40,0.50],
[0.30,0.50]

) (
[0.25,0.50],
[0.25,0.50]

) 

𝐴2 
(
[0.50,0.60],
[0.20,0.30]

) (
[0.20,0.50],
[0.20,0.50]

) (
[0,0],

[0.25,0.75]
) (

[0.20,0.30],
[0.60,0.70]

) 

𝐴3 
(
[0.25,0.50],
[0.25,0.50]

) (
[0.20,0.40],
[0.20,0.40]

) (
[0.20,0.30],
[0.40,0.70]

) (
[0.10,0.20],
[0.10,0.20]

) 
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(ii) 𝐻 = {𝑤1 ≥ 0.15, 0.20 ≤ 𝑤2, 0.30 ≤ 𝑤3 ≤ 0.35,𝑤4 ≤ 0.60,𝑤2 + 𝑤4 ≤ 0.40} is replaced 

with 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.50, 0.20 ≤ 𝑤2 ≤ 0.50, 0.15 ≤ 𝑤3 ≤ 0.60, 0.10 ≤ 𝑤4 ≤ 0.80}. 

Then, using Das et al.’s method [62], the ranking of the alternatives of the modified 

IVIFMADMPr having partially known attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Das et al.’s 

method [62], discussed in Section 4.7, there is no need to apply Step 1. 

Step 2: According to Step 2 of Das et al.’s method [62], discussed in Section 4.7, there is need 

to calculate 𝑑𝑖𝑗  ∀ 𝑖 = 1,2, … ,6; 𝑗 = 1,2,3. These values are shown in Table 4.10. 

          Table 4.10: Values of 𝒅𝒊𝒋 

𝑑11 = 0.15  𝑑12 = 0.375  𝑑13 = 0.467  𝑑14 = 0.375  

𝑑21 = 0.60  𝑑22 = 0.35  𝑑23 = 0.50  𝑑24 = 0.72  

𝑑31 = 0.375  𝑑32 = 0.30  𝑑33 = 0.483  𝑑34 = 0.15  

𝑑41 = 0.72  𝑑42 = 0.60  𝑑43 = 0.35  𝑑44 = 0.60  

 

Remark: For 𝑑11 = (1 − 0.5(𝐸(𝛼̃11) + 𝛱𝜆(𝛼̃11))). Here 𝛼̃11 = ([0.10,0.20], [0.10,0.20]), 

𝜆 = 0.5 then 𝛱𝜆(𝛼̃11) =
1

1
(0.5 (1 − 0.20 − 0.20) + (1 − 0.5)(1 − 0.10 − 0.10)) = 0.70 

𝑑(𝛼̃11, 𝑃1) =
1

4
(|0.10 − 1| + |0.20 − 1| + |0.10 − 0| + |0.20 − 0| + |1 − 0.20 − 0.20 −

0| + |1 − 0.10 − 0.10 − 0|) = 0.85  

𝐴4 
(
[0.20,0.30],
[0.60,0.70]

) (
[0.40,0.70],
[0.20,0.30]

) (
[0.20,0.50],
[0.20,0.50]

) (
[0.50,0.60],
[0.20,0.30]

) 
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𝑑(𝛼̃11, 𝑃2) =
1

4
(|0.10 − 0| + |0.20 − 0| + |0.10 − 1| + |0.20 − 1| + |1 − 0.20 − 0.20 −

0| + |1 − 0.10 − 0.10 − 0|) = 0.85  

𝑎̃1 = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑑(𝛼̃11, 𝑃1), 𝑑(𝛼̃11, 𝑃2)} = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.85, 0.85} = 0.85.  

 𝑏̃1 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑑(𝛼̃11, 𝑃1), 𝑑(𝛼̃11, 𝑃2)} = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.85, 0.85} = 0.85. 

𝐸(𝛼̃11) =
1

1
∑

𝑎̃1

𝑏̃1

1
𝑖=1 = 1. 

Therefore, 𝑑11 = (1 − 0.5(1 + 0.70)) = 0.15.  

Step 3: Using Step 3 of Das et al.’s method [62], discussed in Section 4.7,  

𝑐1 = ∑ 𝑑𝑖1
4
𝑖=1 = 0.15 + 0.60 + 0.375 + 0.72 = 1.845, 

𝑐2 = ∑ 𝑑𝑖2
4
𝑖=1 = 0.375 + 0.35 + 0.30 + 0.60 = 1.625, 

𝑐3 = ∑ 𝑑𝑖3
4
𝑖=1 = 0.467 + 0.50 + 0.483 + 0.35 = 1.80, 

𝑐4 = ∑ 𝑑𝑖4
4
𝑖=1 = 0.375 + 0.72 + 0.15 + 0.60 = 1.845. 

Step 4: Using Step 4 of Das et al.’s method [62], discussed in Section 4.7, there is need to solve 

the CLPP (P4.7). 

𝑀𝑎𝑥(1.845𝑤1 + 1.625𝑤2 + 1.80𝑤3 + 1.845𝑤4)  

Subject to  

{
 
 

 
 

0.10 ≤ 𝑤1 ≤ 0.50,
0.20 ≤ 𝑤2 ≤ 0.50,
0.15 ≤ 𝑤3 ≤ 0.60,
0.1 ≤ 𝑤4 ≤ 0.80,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                       (P4.7)                                                                                     

It can be easily verified that on solving the CLPP (P4.7) infinite number of OAWV are 

obtained e.g., (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.10,0.20,0.15,0.55) and (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.40,0.20,0.15,0.25) both are the OAWV. 

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.10,0.20,0.15,0.55) and using Step 

5 of Das et al.’s method [62], discussed in Section 4.7, 

𝑃̃1 = ([1 − (1 − 0.10)
0.10(1 − 0.25)0.20(1 − 0.40)0.15(1 − 0.25)0.55, 1 − (1 − 0.20)0.10  



86 
 

     (1 − 0.50)0.20(1 − 0.50)0.15(1 − 0.50)0.55], [(0.10)0.10(0.25)0.20(0.30)0.15(0.25)0.55,  

     (0.20)0.10(0.50)0.20(0.50)0.15(0.50)0.55]) = ([0.2613,0.4759], [0.2344,0.4562]), 

𝑃̃2 = ([1 − (1 − 0.50)0.10(1 − 0.20)0.20(1 − 0)0.15(1 − 0.20)0.55, 1 − (1 − 0.60)0.10(1 −

        0.50)0.20(1 − 0)0.15(1 − 0.30)0.55],[(0.20)0.10(0.20)0.20(0.25)0.15(0.60)0.55,(0.30)0.10  

      (0.50)0.20(0.75)0.15(0.70)0.55]) = ([0.2107,0.3471], [0.3784,0.6075]),   

𝑃̃3 = ([1 − (1 − 0.25)0.10(1 − 0.20)0.20(1 − 0.20)0.15(1 − 0.10)0.55, 1 − (1 − 0.50)0.10   

      (1 − 0.40)0.20(1 − 0.30)0.15(1 − 0.20)0.55], [(0.25)0.10(0.20)0.20(0.40)0.15(0.10)0.55,  

       (0.50)0.10(0.40)0.20(0.70)0.15(0.20)0.55]) = ([0.1519,0.2936], [0.1549,0.3038]), 

𝑃̃4 = ([1 − (1 − 0.20)0.10(1 − 0.40)0.20(1 − 0.20)0.15(1 − 0.50)0.55, 1 − (1 − 0.30)0.10  

    (1 − 0.70)0.20(1 − 0.50)0.15(1 − 0.60)0.55], [(0.60)0.10(0.20)0.20(0.20)0.15(0.20)0.55,  

    (0.70)0.10(0.30)0.20(0.50)0.15(0.30)0.55]) = ([0.4167,0.5870], [0.2232,0.3525]). 

While, on considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.40,0.20,0.15,0.25) and using 

Step 5 of Das et al.’s method [62], discussed in Section 4.7, 

𝑃̃1 = ([1 − (1 − 0.10)
0.40(1 − 0.25)0.20(1 − 0.40)0.15(1 − 0.25)0.25, 1 − (1 − 0.20)0.40 

        (1 − 0.50)0.20(1 − 0.50)0.15(1 − 0.50)0.25], [(0.10)0.40(0.25)0.20(0.30)0.15(0.25)0.25,  

        (0.20)0.40(0.50)0.20(0.50)0.15(0.50)0.25]) = ([0.2198,0.3965], [0.1780,0.3465]), 

𝑃̃2 = ([1 − (1 − 0.50)0.40(1 − 0.20)0.20(1 − 0)0.15(1 − 0.20)0.25, 1 − (1 − 0.60)0.40  

        (1 − 0.50)0.20(1 − 0)0.15(1 − 0.30)0.25], [(0.20)0.40(0.20)0.20(0.25)0.15(0.60)0.25,  

       (0.30)0.40(0.50)0.20(0.75)0.15(0.70)0.25]) = ([0.3145,0.4480], [0.2721,0.4711]), 

𝑃̃3 = ([1 − (1 − 0.25)0.40(1 − 0.20)0.20(1 − 0.20)0.15(1 − 0.10)0.25, 1 − (1 − 0.50)0.40  

      (1 − 0.40)0.20(1 − 0.30)0.15(1 − 0.20)0.25], [(0.25)0.40(0.20)0.20(0.40)0.15(0.10)0.25,  

      (0.50)0.40(0.40)0.20(0.70)0.15(0.20)0.25]) = ([0.1970,0.3865], [0.2040,0.3999]), 

𝑃̃4 = ([1 − (1 − 0.20)0.40(1 − 0.40)0.20(1 − 0.20)0.15(1 − 0.50)0.25, 1 − (1 − 0.30)0.40  

        (1 − 0.70)0.20(1 − 0.50)0.15(1 − 0.60)0.25], [(0.60)0.40(0.20)0.20(0.20)0.15(0.20)0.25,  
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        (0.70)0.40(0.30)0.20(0.50)0.15(0.30)0.25]) = ([0.3284,0.5115], [0.3103,0.4545]). 

Step 6: Using Step 6, of Das et al.’s method [62], discussed in Section 4.7, 

(i) Corresponding to the first OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.10,0.20,0.15,0.55), 

𝑆(𝑃̃1) = 0.0233, 𝑆(𝑃̃2) = −0.2144, 𝑆(𝑃̃3) = −0.0066, 𝑆(𝑃̃4) = 0.428. Since,  𝑆(𝑃̃4) >

𝑆(𝑃̃1) > 𝑆(𝑃̃3) > 𝑆(𝑃̃2). So, according to Step 6 of Das et al.’s method [62], discussed in 

Section 4.7, 𝐴4 > 𝐴1 > 𝐴3 > 𝐴2. 

(ii)  Corresponding to the second OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.40,0.20,0.15,0.25), 

𝑆(𝑃̃1) = 0.0459, 𝑆(𝑃̃2) = 0.0096, 𝑆(𝑃̃3) = −0.0102, 𝑆(𝑃̃4) = 0.0375. Since,  𝑆(𝑃̃1) >

𝑆(𝑃̃4) > 𝑆(𝑃̃2) > 𝑆(𝑃̃3). So, according to Step 6 of Das et al.’s method [62], discussed in 

Section 4.7, 𝐴1 > 𝐴4 > 𝐴2 > 𝐴3. 

It is obvious that on applying Das et al.’s method [62] two different ranking of the 

alternatives are obtained for the same IVIFMADMPr having partially known attribute weights, 

which is inappropriate. Hence, it is inappropriate to use Das et al.’s method [62] to solve 

IVIFMADMPrs having partially known attribute weights. 

(2) Das et al.’s [62] method fails to find the ranking of the alternatives. The following clearly 

validates this claim. 

(i) If the set 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.50, 0.20 ≤ 𝑤2 ≤ 0.50, 0.15 ≤ 𝑤3 ≤ 0.60, 0.10 ≤ 𝑤4 ≤

0.80} is replaced with 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.20, 0.10 ≤ 𝑤2 ≤ 0.30, 0.20 ≤ 𝑤3 ≤

0.25, 0.10 ≤ 𝑤4 ≤ 0.15}. Then, no feasible solution of the CLPP (P4.7) will be obtained 

as the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying i.e., the ranking of the alternatives of the 

modified problem cannot be obtained by Das et al.’s method [62]. 

(ii) If the set 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.50, 0.20 ≤ 𝑤2 ≤ 0.50, 0.15 ≤ 𝑤3 ≤ 0.60, 0.10 ≤ 𝑤4 ≤

0.80} is replaced with 𝐻 = {0.30 ≤ 𝑤1 ≤ 0.90, 0.40 ≤ 𝑤2 ≤ 0.60, 0.70 ≤ 𝑤3 ≤

0.80, 0.30 ≤ 𝑤4 ≤ 0.90}. Then, no feasible solution of the CLPP (P4.7) will be obtained 
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as the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying i.e., the ranking of the alternatives of the 

modified problem cannot be obtained by Das et al.’s method [62]. 

(3) The ranking of the alternatives, obtained by Das et al.’s method [62], is not appropriate. 

The following example clearly validates this claim.  

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element, represented by an IVIFS, of Table 4.11 represents 

the rating value of the 𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ-benefit attribute. Also, if it is assumed that 

𝐻 = {0.1 ≤ 𝑤1 ≤ 0.7, 0.2 ≤ 𝑤2 ≤ 0.6 }. 

                    Table 4.11: Rating Values 

   Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.20,0.40], [0.20,0.40]) ([1,1], [0,0]) 

𝐴2 ([0.15,0.25], [0.15,0.25]) ([1,1], [0,0]) 

 

Then, it is obvious that the ranking of the alternatives 𝐴1 and 𝐴2 can never be 𝐴1 = 𝐴2 

as the rating values of both the alternatives corresponding to the attribute 𝐺2 are equal. 

Whereas, the rating values of both the alternatives corresponding to first attribute 𝐺1 are not 

equal. While, the following clearly indicates that on applying Das et al.’s method [62], the 

obtained ranking of the alternatives is 𝐴1 = 𝐴2, which is inappropriate.  

Using Das et al.’s method [62] the ranking of the alternatives 𝐴1 and 𝐴2 can be obtained 

as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Das et al.’s 

method [62], discussed in Section 4.7, there is no need to apply Step 1. 

Step 2: According to Step 2 of Das et al.’s method [62], discussed in Section 4.7, there is need 

to calculate the values of 𝑑𝑖𝑗  ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 4.12. 
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Table 4.12: Values of 𝒅𝒊𝒋 

𝑑11 = 0.30  𝑑12 = 0.50 

𝑑21 = 0.30  𝑑22 = 0.50 

 

Step 3: Using Step 3 of Das et al.’s method [62], discussed in Section 4.7, 

𝑐1 = ∑ 𝑑𝑖1
2
𝑖=1 = 0.30 + 0.30 = 0.60, 

𝑐2 = ∑ 𝑑𝑖2
2
𝑖=1 = 0.50 + 0.50 = 1. 

Step 4: Using Step 4 of Das et al.’s method [62], discussed in Section 4.7, there is need to solve 

the CLPP (P4.8). 

𝑀𝑎𝑥(0.60𝑤1 + 1𝑤2)  

Subject to  

{

0.1 ≤ 𝑤1 ≤ 0.7,
0.2 ≤ 𝑤2 ≤ 0.6,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P4.8)                                                                                                  

It can be easily verified that on solving the CLPP (P4.8), the obtained OAWV is 

(𝑤1, 𝑤2) = (0.4,0.6).  

Step 5: On considering the OAWV (𝑤1, 𝑤2) = (0.40,0.60) and using Step 5 of Das et al.’s 

method [62], discussed in Section 4.7, 

𝑃̃1 = ([1 − (1 − 0.20)
0.40(1 − 1)0.60, 1 − (1 − 0.40)0.40(1 − 1)0.60],[(0.20)0.40(0)0.60,  

        (0.40)0.40(0)0.60] = ([1,1], [0,0]),  

𝑃̃2 = ([1 − (1 − 0.15)0.40(1 − 1)0.60, 1 − (1 − 0.25)0.40(1 − 1)0.60],[(0.15)0.40(0)0.60,  

        (0.25)0.40(0)0.60] = ([1,1], [0,0]).  

Step 6: Using Step 6, of Das et al.’s method [62], discussed in Section 4.7, 

𝑆(𝑃̃1) = 1, 𝑆(𝑃̃2) = 1. 
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Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, according to Step 6, of Das et al.’s method [62], discussed 

in Section 4.7, the ranking of the alternatives is 𝐴1 = 𝐴2. 

It is obvious that on applying Das et al.’s method [62], the relation 𝐴1 = 𝐴2 is obtained, 

which is inappropriate. 

4.9 Reasons for the inappropriateness of Das et al.’s method 

In Section 4.8, it is shown that  

(i) On applying Das et al.’s method [62], more than one preference order for the alternatives 

are obtained. 

(ii) Das et al.’s method [62] fails to find the ranking of the alternatives if either the condition 

∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 or the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. 

(iii) The ranking of the alternatives, obtained by Das et al.’s method [62], is inappropriate. 

These problems are occurring due to following reasons: 

(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1  then the coefficient of the attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the CLPP 

(P4.7). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, corresponding to which 𝑤𝑝 + 𝑤𝑞 will be 

optimal, will represent the optimal values of 𝑤𝑝 and 𝑤𝑞. Due to the same reason, on solving 

the CLPP (P4.7) corresponding to the IVIFMADMPr having partially known attribute 

weights, considered in first point of Section 4.8, the number of obtained OAWV are more 

than one. 

(ii) It is pertinent to mention that to apply Das et al.’s method [62], there is need to solve the 

CLPP (P4.7). However, a feasible solution of the CLPP (P4.7) will exist only if neither the 

condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 nor the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied.  

(iii) It is pertinent to mention that if there exist ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) such that [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] =

[1,1] and [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0,0] then the value of 𝑃𝑝 =
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(1−∏ (1−𝑎𝑝𝑗1)
𝑤𝑗𝑛

𝑗=1 )+(1−∏ (1−𝑎𝑝𝑗2)
𝑤𝑗𝑛

𝑗=1 )−∏ 𝑎𝑝𝑗3
𝑤𝑗𝑛

𝑗=1 −∏ 𝑎𝑝𝑗4
𝑤𝑗𝑛

𝑗=1

2
 as well as 𝑃𝑞 =

(1−∏ (1−𝑎𝑝𝑗1)
𝑤𝑗𝑛

𝑗=1 )+(1−∏ (1−𝑎𝑝𝑗2)
𝑤𝑗𝑛

𝑗=1 )−∏ 𝑎𝑝𝑗3
𝑤𝑗𝑛

𝑗=1 −∏ 𝑎𝑝𝑗4
𝑤𝑗𝑛

𝑗=1

2
 will always be 1 for all values 

of 𝑤𝑗. Due to the same reason, on solving the IVIFMADMPr having partially known 

attribute weights, considered in third point of Section 4.8, the obtained relation is 𝐴1 = 𝐴2. 

4.10 A brief review of Joshi and Kumar’s method 

Joshi and Kumar [108] proposed the following method to solve IVIFMADMPrs having 

partially known attribute weights. 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes 

then convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using expression (4.10), transform each IVIF element 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) 

of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into the crisp element 𝑑𝑖𝑗 

𝑑𝑖𝑗 = (
𝑎𝑖𝑗1(1−𝑎𝑖𝑗3)+𝑎𝑖𝑗2(1−𝑎𝑖𝑗4)

2
).                                                                                              (4.10) 

Step 3: Using the expression (4.11), find the value of 𝑐𝑗 ∀ 𝑗 = 1,2, … , 𝑛. 

𝑐𝑗 = ∑ 𝑑𝑖𝑗
𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                                                                 (4.11) 

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P4.9). 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛,   
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∑ 𝑤𝑗
𝑛
𝑗=1 = 1.                                                                                                                            (P4.9) 

Step 5: Using the expression (4.12), find the value of 𝑃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃𝑖 = ∑ 𝑤𝑗
𝑛
𝑗=1 𝑑𝑖𝑗 , 𝑖 = 1,2, … ,𝑚                                                                                                 (4.12) 

and check that 𝑃𝑝 > 𝑃𝑞 or 𝑃𝑝 < 𝑃𝑞 or 𝑃𝑝 = 𝑃𝑞, where, 𝑃𝑝 = ∑ 𝑤𝑗
𝑛
𝑗=1 𝑑𝑝𝑗 and 𝑃𝑞 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑞𝑗. 

Case (i): If 𝑃𝑝 > 𝑃𝑞 then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑃𝑝 < 𝑃𝑞 then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑃𝑝 = 𝑃𝑞 then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

4.11 Inappropriateness of Joshi and Kumar’s method 

It is inappropriate to apply Joshi and Kumar’s method [108] due to the following reasons: 

(1) On applying Joshi and Kumar’s method [108] more than one preference orders of the 

alternatives are obtained, which is inappropriate. To validate this claim a real-life 

IVIFMADMPr having partially known attribute weights, considered by Joshi and Kumar 

[108] to illustrate his proposed method [108], is solved with some modifications. 

Joshi and Kumar [108] solved the following real-life IVIFMADMPr having partially 

known attribute weights to illustrate his proposed method. 

There is need to rank the faculty members 𝐴𝑖 , 𝑖 = 1,2,3,4 on the basis of the following five 

benefit attributes. 

(i) 𝐺1: Teaching  

(ii) 𝐺2: Communication 

(iii) 𝐺3: Create interest in course 

(iv) 𝐺4: Course coverage 

(v) 𝐺5: Gives suitable illustrations 

The (𝑖, 𝑗)𝑡ℎ element of the Table 4.13, represented by an IVIFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ faculty member over the 𝑗𝑡ℎ 
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attribute. 

Table 4.13: Rating Values 

 

Also, 𝐻 = {0 ≤ 𝑤1 ≤ 0.10, 0.10 ≤ 𝑤2 ≤ 0.20, 0.15 ≤ 𝑤3 ≤ 0.25, 0.20 ≤ 𝑤4 ≤

0.30, 0.10 ≤ 𝑤5 ≤ 0.20}. 

If 

(i) Table 4.13 is replaced with Table 4.14 

Table 4.14: Rating Values 

   Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

 

𝐺5 

𝐴1 
(
[0.16,0.16],
[0.17,0.50]

) (
[0.24,0.76],

[0,0]
) (

[0,0],
[0.50,0.50]

) (
[0.24,0.24],
[0.26,0.26]

) (
[0,0],

[0.25,0.75]
) 

𝐴2 
(
[0.16,0.16],
[0.17,0.50]

) (
[0.14,0.45],
[0.15,0.25]

) (
[0.24,0.24],
[0.26,0.26]

) (
[0.207,0.207],
[0.26,0.26]

) (
[0.16,0.16],
[0.17,0.50]

) 

𝐴3 
(
[0.24,0.24],
[0.26,0.26]

) (
[0.24,0.24],
[0.26,0.26]

) (
[0.24,0.24],
[0.26,0.26]

) (
[0,0],

[0.50,0.50]
) (

[0,0],
[0.25,0.75]

) 

𝐴4 
(
[0.16,0.30],
[0.30,0.30]

) (
[0.125,0.375],
[0.127,0.374]

) (
[0.12,0.376],
[0.128,0.376]

) (
[0.16,0.50],
[0.17,0.17]

) (
[0,0],

[0.25,0.75]
) 

     Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

 

𝐺5 

𝐴1 
(
[0.16,0.16],
[0.17,0.50]

) (
[0.24,0.76],

[0,0]
) (

[0,0],
[0.50,0.50]

) (
[0.24,0.24],
[0.26,0.26]

) (
[0.24,0.24],
[0.26,0.26]

) 

𝐴2 
(
[0.16,0.16],
[0.17,0.50]

) (
[0.14,0.45],
[0.15,0.25]

) (
[0.24,0.24],
[0.26,0.26]

) (
[0.207,0.207],
[0.26,0.26]

) (
[0.16,0.30],
[0.30,0.30]

) 

𝐴3 
(
[0.24,0.24],
[0.26,0.26]

) (
[0.24,0.24],
[0.26,0.26]

) (
[0.24,0.24],
[0.26,0.26]

) (
[0,0],

[0.50,0.50]
) (

[0.16,0.16],
[0.17,0.50]

) 
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(ii) It is assumed that the attribute weight 𝑤1 satisfies the condition 0 ≤ 𝑤1 ≤ 0.50 instead of 

the existing condition 0 ≤ 𝑤1 ≤ 0.10. 

(iii) It is assumed that the attribute weight 𝑤5 satisfies the condition 0 ≤ 𝑤5 ≤ 0.60 instead of 

the existing condition 0.10 ≤ 𝑤5 ≤ 0.20. 

Then, using Joshi and Kumar’s method [108], the ranking of the alternatives of the 

modified IVIFMADMPr having partially known attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Joshi and Kumar’s 

method [108], discussed in Section 4.10, there is no need to apply Step 1. 

Step 2: According to Step 2 of Joshi and Kumar’s method [108], discussed in Section 4.10, 

there is need to calculate 𝑑𝑖𝑗  ∀ 𝑖 = 1,2, … ,6; 𝑗 = 1,2,3. These values are shown in Table 4.15. 

          Table 4.15: Values of 𝒅𝒊𝒋 

𝑑11 = 0.1064  𝑑12 = 0.5000  𝑑13 = 0  𝑑14 = 0.1776  𝑑15 = 0.1776  

𝑑21 = 0.1064  𝑑22 = 0.2282  𝑑23 = 0.1776  𝑑24 = 0.1469  𝑑25 = 0.1610  

𝑑31 = 0.1776  𝑑32 = 0.1776  𝑑33 = 0.1776  𝑑34 = 0  𝑑35 = 0.1064  

𝑑41 = 0.1610  𝑑42 = 0.1719  𝑑43 = 0.1696  𝑑44 = 0.1064  𝑑45 = 0.1064  

 

Step 3: Using Step 3 of Joshi and Kumar’s method [108], discussed in Section 4.10,  

𝑐1 = ∑ 𝑑𝑖1
5
𝑖=1 = 0.1064 + 0.1064 + 0.1776 + 0.1610 = 0.5514, 

𝑐2 = ∑ 𝑑𝑖2
5
𝑖=1 = 0.5000 + 0.2282 + 0.1776 + 0.1719 = 1.0770, 

𝑐3 = ∑ 𝑑𝑖3
5
𝑖=1 = 0 + 0.1776 + 0.1776 + 0.1696 = 0.5248, 

𝑐4 = ∑ 𝑑𝑖4
5
𝑖=1 = 0.1776 + 0.1469 + 0 + 0.1064 = 0.4309, 

𝑐5 = ∑ 𝑑𝑖5
5
𝑖=1 = 0.1776 + 0.1610 + 0.1064 + 0.1064 = 0.5514. 

𝐴4 
(
[0.16,0.30],
[0.30,0.30]

) (
[0.125,0.375],
[0.127,0.374]

) (
[0.12,0.376],
[0.128,0.376]

) (
[0.16,0.50],
[0.17,0.17]

) (
[0.16,0.16],
[0.17,0.50]

) 
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Step 4: Using Step 4 of Joshi and Kumar’s method [108], discussed in Section 4.10, there is 

need to solve the CLPP (P4.10). 

𝑀𝑎𝑥(0.5514𝑤1 + 1.077𝑤2 + 0.5248𝑤3 + 0.4309𝑤4 + 0.5514𝑤5)  

Subject to  

{
  
 

  
 

0 ≤ 𝑤1 ≤ 0.50,
0.10 ≤ 𝑤2 ≤ 0.20,
0.15 ≤ 𝑤3 ≤ 0.25,
0.20 ≤ 𝑤4 ≤ 0.30,
0 ≤ 𝑤5 ≤ 0.60,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 + 𝑤5 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0,𝑤5 ≥ 0.

                                                                 (P4.10)                                                                                                                       

It can be easily verified that on solving the CLPP (P4.10) infinite number of OAWV are 

obtained e.g., (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) = (0,0.20,0.15,0.20,0.45) and (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) =

(0.45,0.20,0.15,0.20,0) both are the OAWV. 

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) = (0,0.20,0.15,0.20,0.45) and using 

Step 5 of Joshi and Kumar’s method [108], discussed in Section 4.10, 

𝑃1 = (0)(0.1064) + (0.20)(0.50) + (0.15)(0) + (0.20)(0.1776) + (0.45)(0.1776)  

     = 0.2154,  

𝑃2 = (0)(0.1064) + (0.20)(0.2282) + (0.15)(0.1776) + (0.20)(0.1469) + (0.45)  

     (0.1610) = 0.1741, 

𝑃3 = (0)(0.1776) + (0.20)(0.1776) + (0.15)(0.1776) + (0.20)(0) + (0.45)(0.1064)  

     = 0.1100, 

𝑃4 = (0)(0.1610) + (0.20)(0.1719) + (0.15)(0.1696) + (0.20)(0.1064) + (0.45)  

     (0.1064) = 0.1289. 

  Since,  𝑃1 > 𝑃2 > 𝑃4 > 𝑃3. So, according to Step 5 of Joshi and Kumar’s method [108], 

discussed in Section 4.10, the ranking of the alternatives is 𝐴1 > 𝐴2 > 𝐴4 > 𝐴3. 

While, on considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) = (0.45,0.20,0.15,0.20,0) and 

using Step 5 of Joshi and Kumar’s method [108], discussed in Section 4.10, 



96 
 

𝑃1 = (0.45)(0.1064) + (0.20)(0.50) + (0.15)(0) + (0.20)(0.1776) + (0)(0.1776)  

     = 0.1834,  

𝑃2 = (0.45)(0.1064) + (0.20)(0.2282) + (0.15)(0.1776) + (0.20)(0.1469) + (0)  

     (0.1610) = 0.1495, 

𝑃3 = (0.45)(0.1776) + (0.20)(0.1776) + (0.15)(0.1776) + (0.20)(0) + (0)(0.1064)  

     = 0.1420, 

𝑃4 = (0.45)(0.1610) + (0.20)(0.1719) + (0.15)(0.1696) + (0.20)(0.1064) + (0)  

     (0.1064) = 0.1535. 

Since,  𝑃1 > 𝑃4 > 𝑃2 > 𝑃3. So, according to Step 5 of Joshi and Kumar’s method [108], 

discussed in Section 4.10, the ranking of the alternatives is 𝐴1 > 𝐴4 > 𝐴2 > 𝐴3. 

It is obvious that on applying Joshi and Kumar’s method [108] two different ranking of the 

alternatives are obtained for the same IVIFMADMPr having partially known attribute weights, 

which is inappropriate. Hence, it is inappropriate to use Joshi and Kumar’s method [108] to 

solve IVIFMADMPrs having partially known attribute weights. 

(2) Joshi and Kumar’s method fails to find the ranking of the alternatives. The following clearly 

validates this claim. 

(i) If the set 𝐻 = {0 ≤ 𝑤1 ≤ 0.50, 0.10 ≤ 𝑤2 ≤ 0.20, 0.15 ≤ 𝑤3 ≤ 0.25, 0.20 ≤ 𝑤4 ≤

0.30, 0 ≤ 𝑤5 ≤ 0.60} is replaced with 𝐻 = {0 ≤ 𝑤1 ≤ 0.20, 0.15 ≤ 𝑤2 ≤ 0.25, 0 ≤

𝑤3 ≤ 0.10, 0.10 ≤ 𝑤4 ≤ 0.15, 0 ≤ 𝑤5 ≤ 0.2}. Then, no feasible solution of the CLPP 

(P4.10) will be obtained as the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying i.e., the ranking of 

the alternatives of the modified problem cannot be obtained by Joshi and Kumar’s method 

[108]. 

(ii) If the set 𝐻 = {0 ≤ 𝑤1 ≤ 0.50, 0.10 ≤ 𝑤2 ≤ 0.20, 0.15 ≤ 𝑤3 ≤ 0.25, 0.20 ≤ 𝑤4 ≤  

0.30, 0 ≤ 𝑤5 ≤ 0.60} is replaced with 𝐻 = {0.20 ≤ 𝑤1 ≤ 0.70, 0.50 ≤ 𝑤2 ≤

0.70, 0.60 ≤ 𝑤3 ≤ 0.90, 0.10 ≤ 𝑤4 ≤ 0.40, 0.20 ≤ 𝑤5 ≤ 0.70}. Then, no feasible 
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solution of the CLPP (P4.10) will be obtained as the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying 

i.e., the ranking of the alternatives of the modified problem cannot be obtained by Joshi 

and Kumar’s method [108]. 

(3) The ranking of the alternatives, obtained by Joshi and Kumar’s method [108], is not 

appropriate. The following example clearly validates this claim.  

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element, represented by an IVIFS, of Table 4.16 represents 

the rating value of the 𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ-benefit attribute. Also, if it is assumed that 

𝐻 = {0.1 ≤ 𝑤1 ≤ 0.6, 0.2 ≤ 𝑤2 ≤ 0.7 }. 

              Table 4.16: Rating Values 

    Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.20,0.40], [0.20,0.40]) ([0.16,0.16], [0.17,0.50]) 

𝐴2 ([0.10,0.50], [0.10,0.50]) ([0.16,0.16], [0.17,0.50]) 

 

Then, it is obvious that the ranking of the alternatives 𝐴1 and 𝐴2 can never be 𝐴1 = 𝐴2 

as the rating values of both the alternatives corresponding to the attribute 𝐺2 are equal. 

Whereas, the rating values of both the alternatives corresponding to first attribute 𝐺1 are not 

equal. While, the following clearly indicates that on applying Joshi and Kumar’s method [108], 

the obtained ranking of the alternatives is 𝐴1 = 𝐴2, which is inappropriate.  

Using Joshi and Kumar’s method [108] the ranking of the alternatives 𝐴1 and 𝐴2 can 

be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Joshi and Kumar’s 

method [108], discussed in Section 4.10, there is no need to apply Step 1. 

Step 2: According to Step 2 of Joshi and Kumar’s method [108], discussed in Section 4.10, 
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there is need to calculate the values of 𝑑𝑖𝑗  ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 

4.17. 

Table 4.17: Values of 𝒅𝒊𝒋 

𝑑11 = 0.30  𝑑12 = 0.1064  

𝑑21 = 0.30  𝑑22 = 0.1064  

 

Step 3: Using Step 3 of Joshi and Kumar’s method [108], discussed in Section 4.10, 

𝑐1 = ∑ 𝑑𝑖1
2
𝑖=1 = 0.30 + 0.30 = 0.60, 

𝑐2 = ∑ 𝑑𝑖2
2
𝑖=1 = 0.1064 + 0.1064 = 0.2128. 

Step 4: Using Step 4 of Joshi and Kumar’s method [108], discussed in Section 4.10, there is 

need to solve the CLPP (P4.11). 

𝑀𝑎𝑥(0.60𝑤1 + 0.2128𝑤2)  

Subject to  

{

0.1 ≤ 𝑤1 ≤ 0.6,
0.2 ≤ 𝑤2 ≤ 0.7,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P4.11)                                                                                                  

It can be easily verified that on solving the CLPP (P4.5), the obtained OAWV is 

(𝑤1, 𝑤2) = (0.6,0.4).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.6,0.4) and using Step 5 of Joshi and 

Kumar’s method [108], discussed in Section 4.10, 

𝑃1 = (0.60)(0.30) + (0.40)(0.1064) = 0.2225,  

𝑃2 = (0.60)(0.30) + (0.40)(0.1064) = 0.2225. 

Since,  𝑃1 = 𝑃2. So, according to Step 5, of Joshi and Kumar’s method [108], discussed 

in Section 4.10, the ranking of the alternatives is 𝐴1 = 𝐴2. 

It is obvious that on applying Joshi and Kumar’s method [108], the relation 𝐴1 = 𝐴2 is 
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obtained, which is inappropriate. 

4.12 Reasons for the inappropriateness of Joshi and Kumar’s method 

In Section 4.11, it is shown that  

(i) On applying Joshi and Kumar’s method [108], more than one preference order for the 

alternatives are obtained. 

(ii) Joshi and Kumar’s method [108] fails to find the ranking of the alternatives if either the 

condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 or the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. 

(iii) The ranking of the alternatives, obtained by Joshi and Kumar’s method [108], is 

inappropriate. 

These problems are occurring due to following reasons: 

(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1  then the coefficient of the attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the CLPP 

(P4.10). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, corresponding to which 𝑤𝑝 + 𝑤𝑞 will be 

optimal, will represent the optimal values of 𝑤𝑝 and 𝑤𝑞. Due to the same reason, on solving 

the CLPP (P4.10) corresponding to the IVIFMADMPr having partially known attribute 

weights, considered in first point of Section 4.11, the number of obtained OAWV are more 

than one. 

(ii) It is pertinent to mention that to apply Joshi and Kumar’s method [108], there is need to 

solve the CLPP (P4.10). However, a feasible solution of CLPP (P4.4) will exist only if 

neither the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 nor the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. 

(iii) If there will exist two distinct alternatives 𝐴𝑝 and 𝐴𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1 . Then, the value of 𝑃𝑝 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑝𝑗 will be equal to 𝑃𝑞 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑞𝑗. Hence, 

the relation 𝐴𝑝 = 𝐴𝑞 will be obtained. Due to the same reason, on solving the 

IVIFMADMPr having partially known attribute weights, considered in third point of 

Section 4.11, the obtained relation is 𝐴1 = 𝐴2. 
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4.13 Proposed Jujhar Method 

In this section, to resolve the inappropriateness of existing methods [62, 108, 213, 258], a 

new method (named as Jujhar method), is proposed. 

The steps of the proposed Jujhar method are as follows: 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute. 

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (4.12), find 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗, 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,𝑚; 𝑘 = 1,2, … ,𝑚; 𝑗 =

1,2, . . , 𝑛.                   

𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) =
1

4
(|𝑎𝑖𝑗1 − 𝑎𝑘𝑗1| + |𝑎𝑖𝑗2 − 𝑎𝑘𝑗2| + |𝑎𝑖𝑗3 − 𝑎𝑘𝑗3| + |𝑎𝑖𝑗4 − 𝑎𝑘𝑗4|), 𝑖 =

1,2, …𝑚;  𝑗 = 1,2, … , 𝑛; 𝑘 = 1,2, … ,𝑚                                                                                       (4.12)                                                  

Step 3: Using expression (4.13), find the values of  𝑐𝑗  ∀ 𝑗 = 1,2, . . , 𝑛.              

𝑐𝑗 = ∑ ∑  𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗)
𝑚
𝑘=1

𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                           (4.13) 

Step 4: Check that the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 or the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying or 

not. 

Case (i): If the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by 

solving the CLPP (P3.5), proposed in Section 3.2.1 of Chapter 3. 

Case (ii): If the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by 

solving the CLPP (P3.6), proposed in Section 3.2.2 of Chapter 3. 

Case (iii): If neither the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 nor the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying 
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then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P2.12) of Chapter 2. 

Step 5: Use Step 5 to Step 9 of the Wang et al.’s method [213], discussed in Section 4.1, to 

find the ranking of the alternatives. 

4.14 Exact results of the considered IVIFMADMPrs having partially known attribute 

weights 

In Section 4.2, Section 4.5, Section 4.8 and Section 4.11, IVIFMADMPrs were solved by the 

existing methods [62, 108, 213, 258] and shown that the obtained results are inappropriate. In 

this section, the exact results of all these IVIFMADMPrs are obtained by the proposed Jujhar 

method. 

4.14.1 Exact results of the first IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the first point of Section 4.2, can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,4; 𝑗 = 1,2, … ,4. These values are shown in Table 4.18.  

      Table 4.18: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.20,0.30],
[0.20,0.30]

) , (
[0.20,0.30],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.30,0.40],
[0.10,0.20]

)) =

1

4
(0.2 + 0.2 + 0.2 + 0.2) = 0.2  

𝑑212 ((
[0.20,0.30],
[0.20,0.30]

) , (
[0.20,0.40],
[0.10,0.30]

)) =

1

4
(0 + 0.1 + 0.1 + 0) = 0.05  
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𝑑113 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.30,0.40],
[0.10,0.20]

)) =

1

4
(0.2 + 0.2 + 0.2 + 0.2) = 0.2  

𝑑213 ((
[0.20,0.30],
[0.20,0.30]

) , (
[0.20,0.20],
[0.10,0.50]

)) =

1

4
(0 + 0.1 + 0.1 + 0.2) = 0.1  

𝑑114 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.30],
[0.10,0.50]

)) =

1

4
(0 + 0.1 + 0.2 + 0.1) = 0.1  

𝑑214 ((
[0.20,0.30],
[0.20,0.30]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑121 ((
[0.30,0.40],
[0.10,0.20]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.2 + 0.2 + 0.2 + 0.2) = 0.2  

𝑑221 ((
[0.20,0.40],
[0.10,0.30]

) , (
[0.20,0.30],
[0.20,0.30]

)) =

1

4
(0 + 0.1 + 0.1 + 0) = 0.05  

𝑑122 ((
[0.30,0.40],
[0.10,0.20]

) , (
[0.30,0.40],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.20,0.40],
[0.10,0.30]

) , (
[0.20,0.40],
[0.10,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑123 ((
[0.30,0.40],
[0.10,0.20]

) , (
[0.30,0.40],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑223 ((
[0.20,0.40],
[0.10,0.30]

) , (
[0.20,0.20],
[0.10,0.50]

)) =

1

4
(0 + 0.2 + 0 + 0.2) = 0.1  

𝑑124 ((
[0.30,0.40],
[0.10,0.20]

) , (
[0.10,0.30],
[0.10,0.50]

)) =

1

4
(0.2 + 0.1 + 0 + 0.3) = 0.15  

𝑑224 ((
[0.20,0.40],
[0.10,0.30]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.1 + 0.2 + 0.2 + 0.1) = 0.15  

𝑑131 ((
[0.30,0.40],
[0.10,0.20]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.2 + 0.2 + 0.2 + 0.2) = 0.2  

𝑑231 ((
[0.20,0.20],
[0.10,0.50]

) , (
[0.20,0.30],
[0.20,0.30]

)) =

1

4
(0 + 0.1 + 0.1 + 0.2) = 0.1  

𝑑132 ((
[0.30,0.40],
[0.10,0.20]

) , (
[0.30,0.40],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑232 ((
[0.20,0.20],
[0.10,0.50]

) , (
[0.20,0.40],
[0.10,0.30]

)) =

1

4
(0 + 0.2 + 0 + 0.2) = 0.1  
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𝑑133 ((
[0.30,0.40],
[0.10,0.20]

) , (
[0.30,0.40],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑233 ((
[0.20,0.20],
[0.10,0.50]

) , (
[0.20,0.20],
[0.10,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑134 ((
[0.30,0.40],
[0.10,0.20]

) , (
[0.10,0.30],
[0.10,0.50]

)) =

1

4
(0.2 + 0.1 + 0 + 0.3) = 0.15  

𝑑234 ((
[0.20,0.20],
[0.10,0.50]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.1 + 0 + 0.2 + 0.1) = 0.1  

𝑑141 ((
[0.10,0.30],
[0.10,0.50]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0.1 + 0.2 + 0.1) = 0.1  

𝑑241 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.20,0.30],
[0.20,0.30]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑142 ((
[0.10,0.30],
[0.10,0.50]

) , (
[0.30,0.40],
[0.10,0.20]

)) =

1

4
(0.2 + 0.1 + 0 + 0.3) = 0.15  

𝑑242 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.20,0.40],
[0.10,0.30]

)) =

1

4
(0.1 + 0.2 + 0.2 + 0.1) = 0.15  

𝑑143 ((
[0.10,0.30],
[0.10,0.50]

) , (
[0.30,0.40],
[0.10,0.20]

)) =

1

4
(0.2 + 0.1 + 0 + 0.3) = 0.15  

𝑑243 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.20,0.20],
[0.10,0.50]

)) =

1

4
(0.1 + 0 + 0.2 + 0.1) = 0.1  

𝑑144 ((
[0.10,0.30],
[0.10,0.50]

) , (
[0.10,0.30],
[0.10,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑244 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑311 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑411 ((
[0.10,0.50],
[0.10,0.30]

) , (
[0.10,0.50],
[0.10,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑312 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.20,0.30],
[0.10,0.40]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑412 ((
[0.10,0.50],
[0.10,0.30]

) , (
[0.10,0.50],
[0.20,0.20]

)) =

1

4
(0 + 0 + 0.1 + 0.1) = 0.05  
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𝑑313 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0.2 + 0.1 + 0.1) = 0.1  

𝑑413 ((
[0.10,0.50],
[0.10,0.30]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0 + 0.1 + 0.1 + 0) = 0.05  

𝑑314 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.50,0.50],
[0.10,0.40]

)) =

1

4
(0.4 + 0.1 + 0.1 + 0.1) = 0.175  

𝑑414 ((
[0.10,0.50],
[0.10,0.30]

) , (
[0.20,0.30],
[0.20,0.30]

)) =

1

4
(0.1 + 0.2 + 0.1 + 0) = 0.1  

𝑑321 ((
[0.20,0.30],
[0.10,0.40]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑421 ((
[0.10,0.50],
[0.20,0.20]

) , (
[0.10,0.50],
[0.10,0.30]

)) =

1

4
(0 + 0 + 0.1 + 0.1) = 0.05  

𝑑322 ((
[0.20,0.30],
[0.10,0.40]

) , (
[0.20,0.30],
[0.10,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑422 ((
[0.10,0.50],
[0.20,0.20]

) , (
[0.10,0.50],
[0.20,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑323 ((
[0.20,0.30],
[0.10,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0.2 + 0) = 0.1  

𝑑423 ((
[0.10,0.50],
[0.20,0.20]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0 + 0.1 + 0 + 0.1) = 0.05  

𝑑324 ((
[0.20,0.30],
[0.10,0.40]

) , (
[0.50,0.50],
[0.10,0.40]

)) =

1

4
(0.3 + 0.2 + 0 + 0) = 0.125  

𝑑424 ((
[0.10,0.50],
[0.20,0.20]

) , (
[0.20,0.30],
[0.20,0.30]

)) =

1

4
(0.1 + 0.2 + 0 + 0.1) = 0.1  

𝑑331 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0 + 0.2 + 0.1 + 0.1) = 0.1  

𝑑431 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.10,0.50],
[0.10,0.30]

)) =

1

4
(0 + 0.1 + 0.1 + 0) = 0.05  

𝑑332 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.20,0.30],
[0.10,0.40]

)) =

1

4
(0.1 + 0.1 + 0.2 + 0) = 0.1  

𝑑432 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.10,0.50],
[0.20,0.20]

)) =

1

4
(0 + 0.1 + 0 + 0.1) = 0.05  
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𝑑333 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑433 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑334 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.50,0.50],
[0.10,0.40]

)) =

1

4
(0.4 + 0.3 + 0.2 + 0) = 0.225  

𝑑434 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.20,0.30],
[0.20,0.30]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑341 ((
[0.50,0.50],
[0.10,0.40]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0.4 + 0.1 + 0.1 + 0.1) = 0.175  

𝑑441 ((
[0.20,0.30],
[0.20,0.30]

) , (
[0.10,0.50],
[0.10,0.30]

)) =

1

4
(0.1 + 0.2 + 0.1 + 0) = 0.1  

𝑑342 ((
[0.50,0.50],
[0.10,0.40]

) , (
[0.20,0.30],
[0.10,0.40]

)) =

1

4
(0.3 + 0.2 + 0 + 0) = 0.125  

𝑑442 ((
[0.20,0.30],
[0.20,0.30]

) , (
[0.10,0.50],
[0.20,0.20]

)) =

1

4
(0.1 + 0.2 + 0 + 0.1) = 0.1  

𝑑343 ((
[0.50,0.50],
[0.10,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.4 + 0.3 + 0.2 + 0) = 0.225  

𝑑443 ((
[0.20,0.30],
[0.20,0.30]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑344 ((
[0.50,0.50],
[0.10,0.40]

) , (
[0.50,0.50],
[0.10,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑444 ((
[0.20,0.30],
[0.20,0.30]

) , (
[0.20,0.30],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
4
𝑘=1

4
𝑖=1 = 0 + 0.2 + 0.2 + 0.1 + 0.2 + 0 + 0 + 0.15 + 0.2 + 0 +

0 + 0.15 + 0.1 + 0.15 + 0.15 + 0 = 1.6, 

𝑐2 = ∑ ∑  𝑑𝑖2𝑘(𝛼̃𝑖2, 𝛼̃𝑘2)
4
𝑘=1

4
𝑖=1 = 0 + 0.05 + 0.1 + 0.1 + 0.05 + 0 + 0.1 + 0.15 + 0.1 +

0.1 + 0 + 0.1 + 0.1 + 0.15 + 0.1 + 0 = 1.2, 

𝑐3 = ∑ ∑  𝑑𝑖3𝑘(𝛼̃𝑖3, 𝛼̃𝑘3)
4
𝑘=1

4
𝑖=1 = 0 + 0.1 + 0.1 + 0.175 + 0.1 + 0 + 0.1 + 0.125 + 0.1 +

0.1 + 0 + 0.225 + 0.175 + 0.125 + 0.225 + 0 = 1.65, 
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𝑐4 = ∑ ∑  𝑑𝑖4𝑘(𝛼̃𝑖4, 𝛼̃𝑘4)
4
𝑘=1

4
𝑖=1 = 0 + 0.05 + 0.05 + 0.1 + 0.05 + 0 + 0.05 + 0.1 + 0.05 +

0.05 + 0 + 0.05 + 0.1 + 0.1 + 0.05 + 0 = 0.8. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P4.12). 

𝑚𝑎𝑥(1.6𝑤1 + 1.2𝑤2 + 1.65𝑤3 + 0.8𝑤4)  

Subject to 

 

{
 
 

 
 

0.15 ≤ 𝑤1 ≤ 0.30,
0.15 ≤ 𝑤2 ≤ 0.25,
0.25 ≤ 𝑤3 ≤ 0.40,
0.30 ≤ 𝑤4 ≤ 0.45,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                      (P4.12)                                                                                                      

It can be easily verified that on solving the CLPP (P4.12), the obtained OAWV is 

(𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.15,0.40,0.30).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.15,0.40,0.30) and using Step 

5 of Jujhar method, proposed in Section 4.13, 

𝑃̃1 = ([(0.15)(0.10) + (0.15)(0.20) + (0.40)(0.10) + (0.30)(0.10), (0.15)(0.20) +               

(0.15)(0.30) + (0.40)(0.40) + (0.30)(0.50)], [(0.15)(0.30) + (0.15)(0.20) + (0.40) 

(0.20) + (0.30)(0.10), (0.15)(0.40) + (0.15)(0.30) + (0.40)(0.30) + (0.30)(0.30)]  

= ([0.115,0.385], [0.185,0.315]),  

𝑃̃2 = ([(0.15)(0.30) + (0.15)(0.20) + (0.40)(0.20) + (0.30)(0.10), (0.15)(0.40) +  

 (0.15)(0.40) + (0.40)(0.30) + (0.30)(0.50)], [(0.15)(0.10) + (0.15)(0.10) + (0.40) 

(0.10) + (0.30)(0.20), (0.15)(0.20) + (0.15)(0.30) + (0.40)(0.40) + (0.30)(0.20)]  

= ([0.185,0.390], [0.130,0.295]), 

𝑃̃3 = ([(0.15)(0.30) + (0.15)(0.20) + (0.40)(0.10) + (0.30)(0.10), (0.15)(0.40) +                  

(0.15)(0.20) + (0.40)(0.20) + (0.30)(0.40)], [(0.15)(0.10) + (0.15)(0.10) + (0.40) 

(0.30) + (0.30)(0.20), (0.15)(0.20) + (0.15)(0.50) + (0.40)(0.40) + (0.30)(0.30)]  
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= ([0.145,0.290], [0.210,0.355]), 

𝑃̃4 = ([(0.15)(0.10) + (0.15)(0.10) + (0.40)(0.50) + (0.30)(0.20), (0.15)(0.30) +  

          (0.15)(0.20) + (0.40)(0.50) + (0.30)(0.30)], [(0.15)(0.10) + (0.15)(0.30) +(0.40) 

(0.10) + (0.30)(0.20), (0.15)(0.50) + (0.15)(0.40) + (0.40)(0.40) + (0.30)(0.30)]  

= ([0.290,0.365], [0.160,0.385]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = 0, 𝑆(𝑃̃2) = 0.075, 𝑆(𝑃̃3) = −0.065 and 𝑆(𝑃̃4) = 0.055. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃4) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴2 > 𝐴4 > 𝐴1 > 𝐴3. 

4.14.2 Exact results of the second IVIFMADMPr having partially known attribute 

weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.2, can be obtained as 

follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.1. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying. So, using Case (i) of Step 4 of the Jujhar 

method, proposed in Section 4.13, there is need to solve the CLPP (P4.13). 

𝑚𝑎𝑥(1.6𝑤1 + 1.2𝑤2 + 1.65𝑤3 + 0.8𝑤4)  

Subject to 

 

{
 
 

 
 

0.10 ≤ 𝑤1 ≤ 0.20,
0.30 ≤ 𝑤2 ≤ 0.40,
0.10 ≤ 𝑤3 ≤ 0.25,
     0 ≤ 𝑤4 ≤ 0.05,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 ≤ 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                      (P4.13)                                                                                                      

On solving the LPP (P4.13) the obtained non-normalized OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4) = 
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(0.20,0.40,0.25,0.05) and the normalized OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(
0.20

0.20+0.40+0.25+0.05
,

0.40

0.20+0.40+0.25+0.05
,

0.25

0.20+0.40+0.25+0.05
,

0.05

0.20+0.40+0.25+0.05
) 

= (0.2223,0.4445,0.2777,0.0555).  

Step 5: On considering the normalized OAWV (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.2223,0.4445,0.2777,0.0555) and using Step 5 of Jujhar method, proposed in Section 4.13, 

𝑃̃1 = ([(0.2223)(0.10) + (0.4445)(0.20) + (0.2777)(0.10) + (0.0555)(0.10), (0.2223)          

(0.20) + (0.4445)(0.30)+(0.2777)(0.40) + (0.0555)(0.50)], [(0.2223)(0.30) +  

(0.4445)(0.20) + (0.2777)(0.20) + (0.0555)(0.10), (0.2223)(0.40) + (0.4445)(0.30) +

(0.2777)(0.30) + (0.30)(0.0555)] = ([0.1444,0.3166], [0.2166,0.3222]),  

𝑃̃2 = ([(0.2223)(0.30) + (0.4445)(0.20) + (0.2777)(0.20) + (0.0555)(0.10), (0.2223)          

(0.40) + (0.4445)(0.40)+(0.2777)(0.30) + (0.0555)(0.50)], [(0.2223)(0.10) +  

(0.4445)(0.10) + (0.2777)(0.10) + (0.0555)(0.20), (0.2223)(0.20) + (0.4445)(0.30) +

(0.2777)(0.40) + (0.0555)(0.20)] = ([0.2166,0.3777], [0.1055,0.2999]), 

𝑃̃3 = ([(0.2223)(0.30) + (0.4445)(0.20) + (0.2777)(0.10) + (0.0555)(0.10), (0.2223)          

(0.40) + (0.4445)(0.20)+(0.2777)(0.20) + (0.0555)(0.40)], [(0.2223)(0.10) +  

(0.4445)(0.10) + (0.2777)(0.30) + (0.0555)(0.20), (0.2223)(0.20) + (0.4445)(0.50) +

(0.2777)(0.40) + (0.30)(0.0555)] = ([0.1889,0.2555], [0.1610,0.3944]), 

𝑃̃4 = ([(0.2223)(0.10) + (0.4445)(0.10) + (0.2777)(0.50) + (0.0555)(0.20), (0.2223)          

(0.30) + (0.4445)(0.20)+(0.2777)(0.50) + (0.0555)(0.30)], [(0.2223)(0.10) +  

(0.4445)(0.30) + (0.2777)(0.10) + (0.0555)(0.20), (0.2223)(0.50) + (0.4445)(0.40) +

(0.2777)(0.40) + (0.0555)(0.30)] = ([0.2166,0.3110], [0.1944,0.4166]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = −0.0389, 𝑆(𝑃̃2) = 0.0944, 𝑆(𝑃̃3) = −0.0555 and 𝑆(𝑃̃4) = −0.0417. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃1) > 𝑆(𝑃̃4) > 𝑆(𝑃̃3). So, according to Step 6 of the Jujhar method, 
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proposed in Section 4.13, the ranking of the alternatives is 𝐴2 > 𝐴1 > 𝐴4 > 𝐴3. 

4.14.3 Exact results of the third IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.2, can be obtained as 

follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.1. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying. So, using Case (ii) of Step 4 of the 

Jujhar method, proposed in Section 4.13, there is need to solve the CLPP (P4.14). 

𝑚𝑎𝑥 (1.6𝑤1 + 1.2𝑤2 + 1.65𝑤3 + 0.8𝑤4 − 𝜀1 − 𝜀2 − 𝜀3 − 𝜀4)  

Subject to   

{
 
 
 
 

 
 
 
 

30

140
≤ 𝑤1 ≤

50

140
,

40

140
≤ 𝑤2 ≤

70

140
,

50

140
≤ 𝑤3 ≤

70

140
,

20

140
≤ 𝑤4 ≤

60

140
,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
140 = 100 + 𝜀1 + 𝜀2 + 𝜀3 + 𝜀4,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0, 𝜀3 ≥ 0, 𝜀4 ≥ 0.

                                   (P4.14) 

On solving the LPP (P4.14) the obtained normalized OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.2142, 0.2857, 0.3573, 0.1428).  

Step 5: On considering the normalized OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.2142, 0.2857, 0.3573, 0.1428) and using Step 5 of Jujhar method, proposed in Section 

4.13, 

𝑃̃1 = ([(0.2142)(0.10) + (0.2857)(0.20) + (0.3573)(0.10) + (0.1428)(0.10), (0.2142)          

(0.20) + (0.2857)(0.30)+(0.3573)(0.40) + (0.1428)(0.50)], [(0.2142)(0.30) +  

(0.2857)(0.20) + (0.3573)(0.20) + (0.1428)(0.10), (0.2142)(0.40) + (0.2857)(0.30) +  

(0.3573)(0.30) + (0.30)(0.1428)] = ([0.1285, 0.3428], [0.2071, 0.3214]), 
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𝑃̃2 = ([(0.2142)(0.30) + (0.2857)(0.20) + (0.3573)(0.20) + (0.1428)(0.10), (0.2142)          

(0.40) + (0.2857)(0.40)+(0.3573)(0.30) + (0.1428)(0.50)], [(0.2142)(0.10) +  

(0.2857)(0.10) + (0.3573)(0.10) + (0.1428)(0.20), (0.2142)(0.20) + (0.2857)(0.30) + 

(0.3573)(0.40) + (0.1428)(0.20)] = ([0.2071,0.3785], [0.1142,0.3000]), 

𝑃̃3 = ([(0.2142)(0.30) + (0.2857)(0.20) + (0.3573)(0.10) + (0.1428)(0.10), (0.2142)          

(0.40) + (0.2857)(0.20)+(0.3573)(0.20) + (0.1428)(0.40)], [(0.2142)(0.10) +  

(0.2857)(0.10) + (0.3573)(0.30) + (0.1428)(0.20), (0.2142)(0.20) + (0.2857)(0.50) +

(0.3573)(0.40) + (0.1428)(0.30)] = ([0.1714,0.2714], [0.1857,0.3714]), 

𝑃̃4 = ([(0.2142)(0.10) + (0.2857)(0.10) + (0.3573)(0.50) + (0.1428)(0.20), (0.2142)          

(0.30) + (0.2857)(0.20)+(0.3573)(0.50) + (0.1428)(0.30)], [(0.2142)(0.10) +

(0.2857)(0.30) + (0.3573)(0.10) + (0.1428)(0.20), (0.2142)(0.50) + (0.2857)(0.40) +

(0.3573)(0.40) + (0.1428)(0.30)] = ([0.2572,0.3429], [0.1714,0.4071]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = −0.0286, 𝑆(𝑃̃2) = 0.0857, 𝑆(𝑃̃3) = −0.0571 and 𝑆(𝑃̃4) = 0.0108. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃4) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴2 > 𝐴4 > 𝐴1 > 𝐴3. 

4.14.4 Exact results of the fourth IVIFMADMPr having partially known attribute 

weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the first point of Section 4.5, can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,4; 𝑗 = 1,2,3. These values are shown in Table 4.19.  

      Table 4.19: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 
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𝑑111 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.40,0.60],
[0.20,0.40]

) , (
[0.40,0.60],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.1) = 0.15  

𝑑212 ((
[0.40,0.60],
[0.20,0.40]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0.2 + 0.1 + 0 + 0.1) = 0.1  

𝑑113 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.30,0.60],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑213 ((
[0.40,0.60],
[0.20,0.40]

) , (
[0.50,0.60],
[0.30,0.40]

)) =

1

4
(0.1 + 0 + 0.1 + 0) = 0.05  

𝑑114 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.70,0.80],
[0.10,0.20]

)) =

1

4
(0.3 + 0.3 + 0.2 + 0.2) = 0.25  

𝑑214 ((
[0.40,0.60],
[0.20,0.40]

) , (
[0.60,0.70],
[0.10,0.30]

)) =

1

4
(0.2 + 0.1 + 0.1 + 0.1) = 0.125  

𝑑121 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.1) = 0.15  

𝑑221 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.40,0.60],
[0.20,0.40]

)) =

1

4
(0.2 + 0.1 + 0 + 0.1) = 0.1  

𝑑122 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑123 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.30,0.60],
[0.30,0.40]

)) =

1

4
(0.3 + 0.1 + 0.1 + 0.1) = 0.15  

𝑑223 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.50,0.60],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑124 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.70,0.80],
[0.10,0.20]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑224 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.60,0.70],
[0.10,0.30]

)) =

1

4
(0 + 0 + 0.1 + 0) = 0.025  
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𝑑131 ((
[0.30,0.60],
[0.30,0.40]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑231 ((
[0.50,0.60],
[0.30,0.40]

) , (
[0.40,0.60],
[0.20,0.40]

)) =

1

4
(0.1 + 0 + 0.1 + 0) = 0.05  

𝑑132 ((
[0.30,0.60],
[0.30,0.40]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0.3 + 0.1 + 0.1 + 0.1) = 0.15  

𝑑232 ((
[0.50,0.60],
[0.30,0.40]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑133 ((
[0.30,0.60],
[0.30,0.40]

) , (
[0.30,0.60],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑233 ((
[0.50,0.60],
[0.30,0.40]

) , (
[0.50,0.60],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑134 ((
[0.30,0.60],
[0.30,0.40]

) , (
[0.70,0.80],
[0.10,0.20]

)) =

1

4
(0.4 + 0.2 + 0.2 + 0.2) = 0.25  

𝑑234 ((
[0.50,0.60],
[0.30,0.40]

) , (
[0.60,0.70],
[0.10,0.30]

)) =

1

4
(0.1 + 0.1 + 0.2 + 0.1) = 0.125  

𝑑141 ((
[0.70,0.80],
[0.10,0.20]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0.3 + 0.3 + 0.2 + 0.2) = 0.25  

𝑑241 ((
[0.60,0.70],
[0.10,0.30]

) , (
[0.40,0.60],
[0.20,0.40]

)) =

1

4
(0.2 + 0.1 + 0.1 + 0.1) = 0.125  

𝑑142 ((
[0.70,0.80],
[0.10,0.20]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑242 ((
[0.60,0.70],
[0.10,0.30]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0.1 + 0) = 0.025  

𝑑143 ((
[0.70,0.80],
[0.10,0.20]

) , (
[0.30,0.60],
[0.30,0.40]

)) =

1

4
(0.4 + 0.2 + 0.2 + 0.2) = 0.25  

𝑑243 ((
[0.60,0.70],
[0.10,0.30]

) , (
[0.50,0.60],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0.2 + 0.1) = 0.125  

𝑑144 ((
[0.70,0.80],
[0.10,0.20]

) , (
[0.70,0.80],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑244 ((
[0.60,0.70],
[0.10,0.30]

) , (
[0.60,0.70],
[0.10,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  
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𝑑311 ((
[0.30,0.60],
[0.30,0.40]

) , (
[0.30,0.60],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑331 ((
[0.70,0.80],
[0.10,0.20]

) , (
[0.30,0.60],
[0.30,0.40]

)) =

1

4
(0.4 + 0.2 + 0.2 + 0.2) = 0.25  

𝑑312 ((
[0.30,0.60],
[0.30,0.40]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑332 ((
[0.70,0.80],
[0.10,0.20]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0.3 + 0.3 + 0.2 + 0.2) = 0.25  

𝑑313 ((
[0.30,0.60],
[0.30,0.40]

) , (
[0.70,0.80],
[0.10,0.20]

)) =

1

4
(0.4 + 0.2 + 0.2 + 0.2) = 0.25  

𝑑333 ((
[0.70,0.80],
[0.10,0.20]

) , (
[0.70,0.80],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑314 ((
[0.30,0.60],
[0.30,0.40]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0.3 + 0.1 + 0.1 + 0.1) = 0.15  

𝑑334 ((
[0.70,0.80],
[0.10,0.20]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑321 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.30,0.60],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑341 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.30,0.60],
[0.30,0.40]

)) =

1

4
(0.3 + 0.1 + 0.1 + 0.1) = 0.15  

𝑑322 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑342 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.1) = 0.15  

𝑑323 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.70,0.80],
[0.10,0.20]

)) =

1

4
(0.3 + 0.3 + 0.2 + 0.2) = 0.25  

𝑑343 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.70,0.80],
[0.10,0.20]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑324 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.1) = 0.15  

𝑑344 ((
[0.60,0.70],
[0.20,0.30]

) , (
[0.60,0.70],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 
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𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
4
𝑘=1

4
𝑖=1 = 0 + 0.15 + 0.05 + 0.25 + 0.15 + 0 + 0.15 + 0.1 +

0.05 + 0.15 + 0 + 0.25 + 0.25 + 0.1 + 0.25 + 0 = 1.9, 

𝑐2 = ∑ ∑  𝑑𝑖2𝑘(𝛼̃𝑖2, 𝛼̃𝑘2)
4
𝑘=1

4
𝑖=1 = 0 + 0.1 + 0.05 + 0.125 + 0.1 + 0 + 0.1 + 0.025 +  

0.05 + 0.1 + 0 + 0.125 + 0.125 + 0.025 + 0.125 + 0 = 1.05, 

𝑐3 = ∑ ∑  𝑑𝑖3𝑘(𝛼̃𝑖3, 𝛼̃𝑘3)
4
𝑘=1

4
𝑖=1 = 0 + 0.05 + 0.25 + 0.15 + 0.05 + 0 + 0.25 + 0.15 +

0.25 + 0.25 + 0 + 0.1 + 0.15 + 0.15 + 0.1 + 0 = 1.9. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P4.15). 

𝑚𝑎𝑥(1.9𝑤1 + 1.05𝑤2 + 1.9𝑤3)  

Subject to 

 

{
 
 

 
 

0.20 ≤ 𝑤1 ≤ 0.50,
0.20 ≤ 𝑤2 ≤ 0.30,
0.30 ≤ 𝑤3 ≤ 0.50,
𝑤1 + 𝑤2 + 𝑤3 = 1,

𝑤1 = 𝑤3,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                               (P4.15)                                                                                                      

It can be easily verified that on solving the CLPP (P4.15), the obtained OAWV is 

(𝑤1, 𝑤2, 𝑤3) = (0.40,0.20,0.40).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.40,0.20,0.40) and using Step 5 of 

Jujhar method, proposed in Section 4.13, 

𝑃̃1 = ([(0.40)(0.40) + (0.20)(0.40) + (0.40)(0.30), (0.40)(0.50) + (0.20)(0.60) +

(0.40)(0.60)], [(0.40)(0.30) + (0.20)(0.20) + (0.40)(0.30),(0.40)(0.40) + (0.20)  

(0.40) + (0.40)(0.40)] = ([0.36,0.56], [0.28,0.40]),  

𝑃̃2 = ([(0.40)(0.60) + (0.20)(0.60) + (0.40)(0.40), (0.40)(0.70) + (0.20)(0.70) +

(0.40)(0.50)], [(0.40)(0.20) + (0.20)(0.20) + (0.40)(0.30),(0.40)(0.30) + (0.20)  

(0.30) + (0.40)(0.40)] = ([0.52,0.62], [0.24,0.34]), 

𝑃̃3 = ([(0.40)(0.30) + (0.20)(0.50) + (0.40)(0.70), (0.40)(0.60) + (0.20)(0.60) +  
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(0.40)(0.80)], [(0.40)(0.30) + (0.20)(0.30) + (0.40)(0.10),(0.40)(0.40) + (0.20)  

(0.40) + (0.40)(0.20)] = ([0.50,0.68], [0.22,0.32]), 

𝑃̃4 = ([(0.40)(0.70) + (0.20)(0.60) + (0.40)(0.60), (0.40)(0.80) + (0.20)(0.70)  

+(0.40)(0.70)], [(0.40)(0.10) + (0.20)(0.10) + (0.40)(0.20),(0.40)(0.20) + (0.20)  

(0.30) + (0.40)(0.30)] = ([0.64,0.74], [0.14,0.26]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = 0.12, 𝑆(𝑃̃2) = 0.28, 𝑆(𝑃̃3) = 0.32 and 𝑆(𝑃̃4) = 0.49. 

Since,  𝑆(𝑃̃4) > 𝑆(𝑃̃3) > 𝑆(𝑃̃2) > 𝑆(𝑃̃1). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴4 > 𝐴3 > 𝐴2 > 𝐴1. 

4.14.5 Exact results of the fifth IVIFMADMPr 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.5, can be obtained as 

follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.4. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying. So, using Case (i) of Step 4 of the Jujhar 

method, proposed in Section 4.13, there is need to solve the CLPP (P4.16). 

𝑚𝑎𝑥(1.9𝑤1 + 1.05𝑤2 + 1.9𝑤3)  

Subject to 

 

{
 
 

 
 

0.10 ≤ 𝑤1 ≤ 0.20,
0.20 ≤ 𝑤2 ≤ 0.30,
0.10 ≤ 𝑤3 ≤ 0.30,
𝑤1 + 𝑤2 + 𝑤3 ≤ 1,

𝑤1 = 𝑤3,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                   (P4.16)                                                                                                      

On solving the LPP (P4.16) the obtained non-normalized OAWV is (𝑤1, 𝑤2, 𝑤3) = 

(0.20, 0.30, 0.20) and the normalized OAWV is (𝑤1, 𝑤2, 𝑤3) = 
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(
0.20

0.20+0.30+0.20
,

0.30

0.20+0.30+0.20
,

0.20

0.20+0.30+0.20
) = (0.2857,0.4286,0.2857).  

Step 5: On considering the normalized OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.2857,0.4286,0.2857) and 

using Step 5 of Jujhar method, proposed in Section 4.13, 

𝑃̃1 = ([(0.2857)(0.40) + (0.4286)(0.40) + (0.2857)(0.30), (0.2857)(0.50) + (0.4286)          

(0.60)+(0.2857)(0.60)], [(0.2857)(0.30) +(0.4286)(0.20) + (0.2857)(0.30), (0.2857)  

(0.40) + (0.4286)(0.40) + (0.2857)(0.40)] = ([0.3714,0.5714], [0.2571,0.4000]),   

𝑃̃2 = ([(0.2857)(0.60) + (0.4286)(0.60) + (0.2857)(0.40), (0.2857)(0.70) + (0.4286)          

(0.70)+(0.2857)(0.50)], [(0.2857)(0.20) +(0.4286)(0.20) + (0.2857)(0.30), (0.2857)  

(0.30) + (0.4286)(0.30) + (0.2857)(0.40)] = ([0.5428,0.6428], [0.2285,0.3285]),   

𝑃̃3 = ([(0.2857)(0.30) + (0.4286)(0.50) + (0.2857)(0.70), (0.2857)(0.60) + (0.4286)          

(0.60)+(0.2857)(0.80)], [(0.2857)(0.30) +(0.4286)(0.30) + (0.2857)(0.10), (0.2857)  

(0.40) + (0.4286)(0.40) + (0.2857)(0.20)] = ([0.5000,0.6571], [0.2428,0.3428]),   

𝑃̃4 = ([(0.2857)(0.70) + (0.4286)(0.60) + (0.2857)(0.60), (0.2857)(0.80) + (0.4286)          

(0.70)+(0.2857)(0.70)], [(0.2857)(0.10) +(0.4286)(0.10) + (0.2857)(0.20), (0.2857)  

(0.20) + (0.4286)(0.30) + (0.2857)(0.30)] = ([0.6285,0.7285], [0.1285,0.2714]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = 0.1428, 𝑆(𝑃̃2) = 0.3143, 𝑆(𝑃̃3) = 0.2857 and 𝑆(𝑃̃4) = 0.4785. 

Since,  𝑆(𝑃̃4) > 𝑆(𝑃̃2) > 𝑆(𝑃̃3) > 𝑆(𝑃̃1). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴4 > 𝐴2 > 𝐴3 > 𝐴1. 

4.14.6 Exact results of the sixth IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.5, can be obtained as 

follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.4. 
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So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying. So, using Case (ii) of Step 4 of the 

Jujhar method, proposed in Section 4.13, there is need to solve the CLPP (P4.17). 

𝑚𝑎𝑥 (1.9𝑤1 + 1.05𝑤2 + 1.9𝑤3 − 𝜀1 − 𝜀2 − 𝜀3)  

Subject to   

{
 
 
 
 

 
 
 
 

20

120
≤ 𝑤1 ≤

40

120
,

30

120
≤ 𝑤2 ≤

50

120
,

70

120
≤ 𝑤3 ≤

80

120
,

𝑤1 + 𝑤2 + 𝑤3 = 1,
𝑤1 = 𝑤3,

120 = 100 + 𝜀1 + 𝜀2 + 𝜀3,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0, 𝜀3 ≥ 0.

                                                               (P4.17) 

On solving the CLPP (P4.17), the obtained normalized OAWV is (𝑤1, 𝑤2, 𝑤3) =

(0.4167, 0.1666, 0.4167).  

Step 5: On considering the normalized OAWV, (𝑤1, 𝑤2, 𝑤3) = (0.4167, 0.1666, 0.4167) and 

using Step 5 of Jujhar method, proposed in Section 4.13, 

𝑃̃1 = ([(0.4167)(0.40) + (0.1666)(0.40) + (0.4167)(0.30), (0.4167)(0.50) + (0.1666)          

(0.60)+(0.4167)(0.60)], [(0.4167)(0.30) +(0.1666)(0.20) + (0.4167)(0.30), (0.4167)  

(0.40) + (0.1666)(0.40) + (0.4167)(0.40)] = ([0.3583,0.5583], [0.2833,0.4000]),   

𝑃̃2 = ([(0.4167)(0.60) + (0.1666)(0.60) + (0.4167)(0.40), (0.4167)(0.70) + (0.1666)          

(0.70)+(0.4167)(0.50)], [(0.4167)(0.20) +(0.1666)(0.20) + (0.4167)(0.30), (0.4167)  

(0.30) + (0.1666)(0.30) + (0.4167)(0.40)] = ([0.5166,0.6166], [0.2416,0.3416]),   

𝑃̃3 = ([(0.4167)(0.30) + (0.1666)(0.50) + (0.4167)(0.70), (0.4167)(0.60) + (0.1666)          

(0.60)+(0.4167)(0.80)], [(0.4167)(0.30) +(0.1666)(0.30) + (0.4167)(0.10), (0.4167)  

(0.40) + (0.1666)(0.40) + (0.4167)(0.20)] = ([0.5000,0.6833], [0.2166,0.3166]),   

𝑃̃4 = ([(0.4167)(0.70) + (0.1666)(0.60) + (0.4167)(0.60), (0.4167)(0.80) + (0.1666)          

(0.70)+(0.4167)(0.70)], [(0.4167)(0.10) +(0.1666)(0.10) + (0.4167)(0.20), (0.4167)  
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(0.20) + (0.1666)(0.30) + (0.4167)(0.30)] = ([0.6416,0.7416], [0.1416,0.2583]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = 0.1166, 𝑆(𝑃̃2) = 0.2750, 𝑆(𝑃̃3) = 0.3250 and 𝑆(𝑃̃4) = 0.4916. 

Since,  𝑆(𝑃̃4) > 𝑆(𝑃̃3) > 𝑆(𝑃̃2) > 𝑆(𝑃̃1). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴4 > 𝐴3 > 𝐴2 > 𝐴1. 

4.14.7 Exact results of seventh IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the third point of Section 4.5, can be obtained as 

follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 4.20.  

      Table 4.20: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.30,0.40],
[0.30,0.40]

)) =

1

4
(0.2 + 0.2 + 0.2 + 0.2) = 0.20  

𝑑212 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑121 ((
[0.30,0.40],
[0.30,0.40]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0.2 + 0.2 + 0.2 + 0.2) = 0.20  

𝑑213 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  



119 
 

𝑑122 ((
[0.30,0.40],
[0.30,0.40]

) , (
[0.30,0.40],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑214 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.2 + 0.2 + 0 + 0 + 0 + 0 + 0 = 0.4, 

𝑐2 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 = 0. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P4.18). 

𝑚𝑎𝑥(0.4𝑤1)  

Subject to 

{

0.1 ≤ 𝑤1 ≤ 0.6,
0.2 ≤ 𝑤2 ≤ 0.8,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P4.18)                                                                                                  

It can be easily verified that on solving the CLPP (P4.20) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.6,0.4)  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.6,0.4) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.60)(0.10) + (0.40)(0.10), (0.60)(0.10) + (0.40)(0.30)], [(0.60)(0.10) +

(0.40)(0.30), (0.60)(0.20) + (0.40)(0.40)] = ([0.10,0.18], [0.18,0.28]),  

𝑃̃2 = ([(0.60)(0.30) + (0.40)(0.10), (0.60)(0.40) + (0.40)(0.20)], [(0.60)(0.30) +

(0.40)(0.30), (0.40)(0.20) + (0.40)(0.40)] = ([0.22,0.32], [0.30,0.40]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = −0.09 and 𝑆(𝑃̃2) = −0.08. 
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Since,  𝑆(𝑃̃1) < 𝑆(𝑃̃2). Therefore, according to case (ii) of Step 6 of the proposed Jujhar 

method, the ranking of the alternatives is 𝐴2 > 𝐴1. 

4.14.8 Exact results of eighth IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the first point of Section 4.8, can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,6; 𝑗 = 1,2,3. These values are shown in Table 4.21.  

      Table 4.21: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.50,0.60],
[0.20,0.30]

)) =

1

4
(0.4 + 0.4 + 0.1 + 0.1) = 0.25  

𝑑212 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0.05 + 0 + 0.05 + 0) = 0.025  

𝑑113 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.15 + 0.3 + 0.15 + 0.3) = 0.225  

𝑑213 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.20,0.40],
[0.20,0.40]

)) =

1

4
(0.05 + 0.1 + 0.05 + 0.1) = 0.075  

𝑑114 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.20,0.30],
[0.60,0.70]

)) =

1

4
(0.1 + 0.1 + 0.5 + 0.5) = 0.3  

𝑑214 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.40,0.70],
[0.20,0.30]

)) =

1

4
(0.15 + 0.2 + 0.05 + 0.2) = 0.15  

𝑑121 ((
[0.50,0.60],
[0.20,0.30]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0.4 + 0.4 + 0.1 + 0.1) = 0.25  

𝑑221 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.05 + 0 + 0.05 + 0) = 0.025  
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𝑑122 ((
[0.50,0.60],
[0.20,0.30]

) , (
[0.50,0.60],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑123 ((
[0.50,0.60],
[0.20,0.30]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.25 + 0.1 + 0.05 + 0.2) = 0.15  

𝑑223 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.20,0.40],
[0.20,0.40]

)) =

1

4
(0 + 0.1 + 0 + 0.1) = 0.05  

𝑑124 ((
[0.50,0.60],
[0.20,0.30]

) , (
[0.20,0.30],
[0.60,0.70]

)) =

1

4
(0.3 + 0.3 + 0.4 + 0.4) = 0.35  

𝑑224 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.40,0.70],
[0.20,0.30]

)) =

1

4
(0.2 + 0.2 + 0 + 0.2) = 0.15  

𝑑131 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0.15 + 0.3 + 0.15 + 0.3) = 0.225  

𝑑231 ((
[0.20,0.40],
[0.20,0.40]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.05 + 0.1 + 0.05 + 0.1) = 0.075  

𝑑132 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.50,0.60],
[0.20,0.30]

)) =

1

4
(0.25 + 0.1 + 0.05 + 0.2) = 0.15  

𝑑232 ((
[0.20,0.40],
[0.20,0.40]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0 + 0.1 + 0 + 0.1) = 0.05  

𝑑133 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑233 ((
[0.20,0.40],
[0.20,0.40]

) , (
[0.20,0.40],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑134 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.20,0.30],
[0.60,0.70]

)) =

1

4
(0.05 + 0.2 + 0.35 + 0.2) = 0.20  

𝑑234 ((
[0.20,0.40],
[0.20,0.40]

) , (
[0.40,0.70],
[0.20,0.30]

)) =

1

4
(0.2 + 0.3 + 0 + 0.1) = 0.15  

𝑑141 ((
[0.20,0.30],
[0.60,0.70]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0.1 + 0.1 + 0.5 + 0.5) = 0.3  

𝑑241 ((
[0.40,0.70],
[0.20,0.30]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.15 + 0.2 + 0.05 + 0.2) = 0.15  
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𝑑142 ((
[0.20,0.30],
[0.60,0.70]

) , (
[0.50,0.60],
[0.20,0.30]

)) =

1

4
(0.3 + 0.3 + 0.4 + 0.4) = 0.35  

𝑑242 ((
[0.40,0.70],
[0.20,0.30]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0.2 + 0.2 + 0 + 0.2) = 0.15  

𝑑143 ((
[0.20,0.30],
[0.60,0.70]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.05 + 0.2 + 0.35 + 0.2) = 0.2  

𝑑243 ((
[0.40,0.70],
[0.20,0.30]

) , (
[0.20,0.40],
[0.20,0.40]

)) =

1

4
(0.2 + 0.3 + 0 + 0.1) = 0.15  

𝑑144 ((
[0.20,0.30],
[0.60,0.70]

) , (
[0.20,0.30],
[0.60,0.70]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑244 ((
[0.40,0.70],
[0.20,0.30]

) , (
[0.40,0.70],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑311 ((
[0.40,0.50],
[0.30,0.50]

) , (
[0.40,0.50],
[0.30,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑411 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑312 ((
[0.40,0.50],
[0.30,0.50]

) , (
[0,0],

[0.25,0.75]
)) =

1

4
(0.4 + 0.5 + 0.05 + 0.25) = 0.3  

𝑑412 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.20,0.30],
[0.60,0.70]

)) =

1

4
(0.05 + 0.2 + 0.35 + 0.2) = 0.2  

𝑑313 ((
[0.40,0.50],
[0.30,0.50]

) , (
[0.20,0.30],
[0.40,0.70]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.2) = 0.175  

𝑑413 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0.15 + 0.3 + 0.15 + 0.3) = 0.225  

𝑑314 ((
[0.40,0.50],
[0.30,0.50]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0.2 + 0 + 0.1 + 0) = 0.075  

𝑑414 ((
[0.25,0.50],
[0.25,0.50]

) , (
[0.50,0.60],
[0.20,0.30]

)) =

1

4
(0.25 + 0.1 + 0.05 + 0.2) = 0.15  

𝑑321 ((
[0,0],

[0.25,0.75]
) , (

[0.40,0.50],
[0.30,0.50]

)) =

1

4
(0.4 + 0.5 + 0.05 + 0.25) = 0.3  

𝑑421 ((
[0.20,0.30],
[0.60,0.70]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.05 + 0.2 + 0.35 + 0.2) = 0.20  
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𝑑322 ((
[0,0],

[0.25,0.75]
) , (

[0,0],
[0.25,0.75]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑422 ((
[0.20,0.30],
[0.60,0.70]

) , (
[0.20,0.30],
[0.60,0.70]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑323 ((
[0,0],

[0.25,0.75]
) , (

[0.20,0.30],
[0.40,0.70]

)) =

1

4
(0.2 + 0.3 + 0.15 + 0.05) = 0.175  

𝑑423 ((
[0.20,0.30],
[0.60,0.70]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0.1 + 0.1 + 0.5 + 0.5) = 0.3  

𝑑324 ((
[0,0],

[0.25,0.75]
) , (

[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0.2 + 0.5 + 0.05 + 0.25) = 0.25  

𝑑424 ((
[0.20,0.30],
[0.60,0.70]

) , (
[0.50,0.60],
[0.20,0.30]

)) =

1

4
(0.3 + 0.3 + 0.4 + 0.4) = 0.35  

𝑑331 ((
[0.20,0.30],
[0.40,0.70]

) , (
[0.40,0.50],
[0.30,0.50]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.2) = 0.175  

𝑑431 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.15 + 0.3 + 0.15 + 0.3) = 0.225  

𝑑332 ((
[0.20,0.30],
[0.40,0.70]

) , (
[0,0],

[0.25,0.75]
)) =

1

4
(0.2 + 0.3 + 0.15 + 0.05) = 0.175  

𝑑432 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.20,0.30],
[0.60,0.70]

)) =

1

4
(0.1 + 0.1 + 0.5 + 0.5) = 0.3  

𝑑333 ((
[0.20,0.30],
[0.40,0.70]

) , (
[0.20,0.30],
[0.40,0.70]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑433 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑334 ((
[0.20,0.30],
[0.40,0.70]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0 + 0.2 + 0.2 + 0.2) = 0.15  

𝑑434 ((
[0.10,0.20],
[0.10,0.20]

) , (
[0.50,0.60],
[0.20,0.30]

)) =

1

4
(0.4 + 0.4 + 0.1 + 0.1) = 0.25  

𝑑341 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.40,0.50],
[0.30,0.50]

)) =

1

4
(0.2 + 0 + 0.1 + 0) = 0.075  

𝑑441 ((
[0.50,0.60],
[0.20,0.30]

) , (
[0.25,0.50],
[0.25,0.50]

)) =

1

4
(0.25 + 0.1 + 0.05 + 0.2) = 0.15  
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𝑑342 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0,0],

[0.25,0.75]
)) =

1

4
(0.2 + 0.5 + 0.05 + 0.25) = 0.25  

𝑑442 ((
[0.50,0.60],
[0.20,0.30]

) , (
[0.20,0.30],
[0.60,0.70]

)) =

1

4
(0.3 + 0.3 + 0.4 + 0.4) = 0.35  

𝑑343 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.20,0.30],
[0.40,0.70]

)) =

1

4
(0 + 0.2 + 0.2 + 0.2) = 0.15  

𝑑443 ((
[0.50,0.60],
[0.20,0.30]

) , (
[0.10,0.20],
[0.10,0.20]

)) =

1

4
(0.4 + 0.4 + 0.1 + 0.1) = 0.25  

𝑑344 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑444 ((
[0.50,0.60],
[0.20,0.30]

) , (
[0.50,0.60],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
4
𝑘=1

4
𝑖=1 = 0 + 0.25 + 0.225 + 0.3 + 0.25 + 0 + 0.15 + 0.35 +

0.225 + 0.15 + 0 + 0.2 + 0.3 + 0.35 + 0.2 + 0 = 2.95, 

𝑐2 = ∑ ∑  𝑑𝑖2𝑘(𝛼̃𝑖2, 𝛼̃𝑘2)
4
𝑘=1

4
𝑖=1 = 0 + 0.025 + 0.075 + 0.15 + 0.025 + 0 + 0.05 + 0.15 +

0.075 + 0.05 + 0 + 0.15 + 0.15 + 0.15 + 0.15 + 0 = 1.2, 

𝑐3 = ∑ ∑  𝑑𝑖3𝑘(𝛼̃𝑖3, 𝛼̃𝑘3)
4
𝑘=1

4
𝑖=1 = 0 + 0.3 + 0.175 + 0.075 + 0.3 + 0 + 0.175 + 0.25 +

0.175 + 0.175 + 0 + 0.15 + 0.075 + 0.25 + 0.15 + 0 = 2.25, 

𝑐4 = ∑ ∑  𝑑𝑖4𝑘(𝛼̃𝑖4, 𝛼̃𝑘4)
4
𝑘=1

4
𝑖=1 = 0 + 0.2 + 0.225 + 0.15 + 0.2 + 0 + 0.3 + 0.35 +

0.225 + 0.3 + 0 + 0.25 + 0.15 + 0.35 + 0.25 + 0 = 2.95. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P4.19). 

𝑚𝑎𝑥(2.95𝑤1 + 1.2𝑤2 + 2.25𝑤3 + 2.95𝑤4)  

Subject to 



125 
 

 

{
  
 

  
 

0.10 ≤ 𝑤1 ≤ 0.50,
0.20 ≤ 𝑤2 ≤ 0.50,
0.15 ≤ 𝑤3 ≤ 0.60,
0.10 ≤ 𝑤4 ≤ 0.80,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 = 𝑤4,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                      (P4.19)                                                                                                      

It can be easily verified that on solving the CLPP (P4.19), the obtained OAWV is 

(𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.3250,0.20,0.15,0.3250).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.3250,0.20,0.15,0.3250) and using 

Step 5 of Jujhar method, proposed in Section 4.13, 

𝑃̃1 = ([(0.3250)(0.10) + (0.20)(0.25) + (0.15)(0.40) + (0.3250)(0.25), (0.3250)          

(0.20) + (0.20)(0.50)+(0.15)(0.50) + (0.3250)(0.50)], [(0.3250)(0.10) +(0.20)  

(0.25) + (0.15)(0.30) + (0.3250)(0.25), (0.3250)(0.20) + (0.20)(0.50) + (0.15)  

(0.50) + (0.3250)(0.50)] = ([0.2237,0.4025], [0.2087,0.4025]),  

𝑃̃2 = ([(0.3250)(0.50) + (0.20)(0.20) + (0.15)(0) + (0.3250)(0.20), (0.3250)(0.60) +          

(0.20)(0.50)+(0.15)(0) + (0.3250)(0.30)], [(0.3250)(0.20) +(0.20)(0.20) + (0.15)  

(0.25) + (0.3250)(0.60), (0.3250)(0.30) + (0.20)(0.50) + (0.15)(0.75) + (0.3250)  

(0.70)] = ([0.2675,0.3925], [0.3375,0.5375]), 

𝑃̃3 = ([(0.3250)(0.25) + (0.20)(0.20) + (0.15)(0.20) + (0.3250)(0.10), (0.3250)          

(0.50) + (0.20)(0.40)+(0.15)(0.30) + (0.3250)(0.20)], [(0.3250)(0.25) +(0.20)  

(0.20) + (0.15)(0.40) + (0.3250)(0.10), (0.3250)(0.50) + (0.20)(0.40) + (0.15)  

(0.70) + (0.3250)(0.20)] = ([0.1837,0.3525], [0.2137,0.4125]), 

𝑃̃4 = ([(0.3250)(0.20) + (0.20)(0.40) + (0.15)(0.20) + (0.3250)(0.50), (0.3250)          

(0.30) + (0.20)(0.70)+(0.15)(0.50) + (0.3250)(0.60)], [(0.3250)(0.60) +(0.20)  

(0.20) + (0.15)(0.20) + (0.3250)(0.20), (0.3250)(0.70) + (0.20)(0.30) + (0.15)  

(0.50) + (0.3250)(0.30)] = ([0.3375,0.5075], [0.3300,0.4600]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 
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𝑆(𝑃̃1) = 0.0075, 𝑆(𝑃̃2) = −0.1075, 𝑆(𝑃̃3) = −0.045 and 𝑆(𝑃̃4) = 0.0275. 

Since,  𝑆(𝑃̃4) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3) > 𝑆(𝑃̃2). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴4 > 𝐴1 > 𝐴3 > 𝐴2. 

4.14.9 Exact results of the ninth IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.8, can be obtained as 

follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.9. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying. So, using Case (i) of Step 4 of the Jujhar 

method, proposed in Section 4.13, there is need to solve the CLPP (P4.20). 

𝑚𝑎𝑥(2.95𝑤1 + 1.2𝑤2 + 2.25𝑤3 + 2.95𝑤4)  

Subject to 

 

{
  
 

  
 

0.10 ≤ 𝑤1 ≤ 0.20,
0.10 ≤ 𝑤2 ≤ 0.30,
0.20 ≤ 𝑤3 ≤ 0.25,
0.10 ≤ 𝑤4 ≤ 0.15,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 ≤ 1,
𝑤1 = 𝑤4,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                      (P4.20)                                                                                                      

On solving the CLPP (P4.20) the obtained non-normalized OAWV is 

(𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.15,0.30,0.25,0.15) and the normalized OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(
0.15

0.15+0.30+0.25+0.15
,

0.30

0.15+0.30+0.25+0.15
,

0.25

0.15+0.30+0.25+0.15
,

0.15

0.15+0.30+0.25+0.15
) 

= (0.1765,0.3529,0.2941,0.1765).  

Step 5: On considering the normalized OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.1765,0.3529,0.2941,0.1765) and using Step 5 of Jujhar method, proposed in Section 4.13, 

𝑃̃1 = ([(0.1765)(0.10) + (0.3529)(0.25) + (0.2941)(0.40) + (0.1765)(0.25), (0.1765)          
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(0.20) + (0.3529)(0.50)+(0.2941)(0.50) + (0.1765)(0.50)], [(0.1765)(0.10) +  

(0.3529)(0.25) + (0.2941)(0.30) + (0.1765)(0.25), (0.1765)(0.20) + (0.3529)(0.50) +  

(0.2941)(0.50) + (0.1765)(0.50)] = ([0.2676,0.4470], [0.2382,0.4470]),  

𝑃̃2 = ([(0.1765)(0.50) + (0.3529)(0.20) + (0.2941)(0) + (0.1765)(0.20), (0.1765)          

(0.60) + (0.3529)(0.50)+(0.2941)(0) + (0.1765)(0.30)], [(0.1765)(0.20) +(0.3529)  

(0.20) + (0.2941)(0.25) + (0.1765)(0.60), (0.1765)(0.30) + (0.3529)(0.50) +  

(0.2941)(0.75) + (0.1765)(0.70)] = ([0.1941,0.3353], [0.2853,0.5735]), 

𝑃̃3 = ([(0.1765)(0.25) + (0.3529)(0.20) + (0.2941)(0.20) + (0.1765)(0.10), (0.1765)          

(0.50) + (0.3529)(0.40)+(0.2941)(0.30) + (0.1765)(0.20)], [(0.1765)(0.25) +  

(0.3529)(0.20) + (0.2941)(0.40) + (0.1765)(0.10), (0.1765)(0.50) + (0.3529)(0.40) +

(0.2941)(0.70) + (0.1765)(0.20)] = ([0.1911,0.3529], [0.2499,0.4705]), 

𝑃̃4 = ([(0.1765)(0.10) + (0.3529)(0.10) + (0.2941)(0.50) + (0.1765)(0.20), (0.1765)          

(0.30) + (0.3529)(0.20)+(0.2941)(0.50) + (0.1765)(0.30)], [(0.1765)(0.10) +  

(0.3529)(0.30) + (0.2941)(0.10) + (0.1765)(0.20), (0.1765)(0.50) + (0.3529)(0.40) +

(0.2941)(0.40) + (0.1765)(0.30)] = ([0.3235,0.5529], [0.2706,0.4294]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = 0.0147, 𝑆(𝑃̃2) = −0.1647, 𝑆(𝑃̃3) = −0.0882 and 𝑆(𝑃̃4) = 0.0882. 

Since,  𝑆(𝑃̃4) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3) > 𝑆(𝑃̃2). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴4 > 𝐴1 > 𝐴3 > 𝐴2. 

4.14.10 Exact results of the tenth IVIFMADMPr having partially known attribute 

weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.8, can be obtained as 

follows: 
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Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.8. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying. So, using Case (ii) of Step 4 of the 

Jujhar method, proposed in Section 4.13, there is need to solve the CLPP (P4.21). 

𝑚𝑎𝑥 (2.95𝑤1 + 1.2𝑤2 + 2.25𝑤3 + 2.95𝑤4 − 𝜀1 − 𝜀2 − 𝜀3 − 𝜀4)  

Subject to   

{
 
 
 
 
 

 
 
 
 
 

20

170
≤ 𝑤1 ≤

40

170
,

50

170
≤ 𝑤2 ≤

60

170
,

70

170
≤ 𝑤3 ≤

80

170
,

30

170
≤ 𝑤4 ≤

90

170
,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
170 = 100 + 𝜀1 + 𝜀2 + 𝜀3 + 𝜀4,

𝑤1 = 𝑤4,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0, 𝜀3 ≥ 0, 𝜀4 ≥ 0.

                                   (P4.21) 

On solving the CLPP (P4.21) the obtained normalized OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4) = 

(0.1765, 0.2353, 0.4117, 0.1765).  

Step 5: On considering the normalized OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.1765, 0.2353, 0.4117, 0.1765) and using Step 5 of Jujhar method, proposed in Section 

4.13, 

𝑃̃1 = ([(0.1765)(0.10) + (0.2353)(0.25) + (0.4117)(0.40) + (0.1765)(0.25), (0.1765)          

(0.20) + (0.2353)(0.50)+(0.4117)(0.50) + (0.1765)(0.50)], [(0.1765)(0.10) +  

(0.2353)(0.25) + (0.4117)(0.30) + (0.1765)(0.25), (0.1765)(0.20) + (0.2353)(0.50) +  

(0.4117)(0.50) + (0.1765)(0.50)] = ([0.2852, 0.4470], [0.2441, 0.4470]),  

𝑃̃2 = ([(0.1765)(0.50) + (0.2353)(0.20) + (0.4117)(0) + (0.1765)(0.20), (0.1765)          

(0.60) + (0.2353)(0.50)+(0.4117)(0) + (0.1765)(0.30)], [(0.1765)(0.20) +(0.2353)  

(0.20) + (0.4117)(0.25) + (0.1765)(0.60), (0.1765)(0.30) + (0.2353)(0.50) +

(0.4117)(0.75) + (0.1765)(0.70)] = ([0.1706,0.2765], [0.2911,0.6029]), 
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𝑃̃3 = ([(0.1765)(0.25) + (0.2353)(0.20) + (0.4117)(0.20) + (0.1765)(0.10), (0.1765)          

(0.50) + (0.2353)(0.40)+(0.4117)(0.30) + (0.1765)(0.20)], [(0.1765)(0.25) +  

(0.2353)(0.20) + (0.4117)(0.40) + (0.1765)(0.10), (0.1765)(0.50) + (0.2353)(0.40) +

(0.4117)(0.70) + (0.1765)(0.20)] = ([0.1911,0.3411], [0.2735,0.5058]), 

𝑃̃4 = ([(0.1765)(0.20) + (0.2353)(0.40) + (0.4117)(0.20) + (0.1765)(0.50), (0.1765)          

(0.30) + (0.2353)(0.70)+(0.4117)(0.50) + (0.1765)(0.60)], [(0.1765)(0.60) +  

(0.2353)(0.20) + (0.4117)(0.20) + (0.1765)(0.20), (0.1765)(0.70) + (0.2353)(0.30) +

(0.4117)(0.50) + (0.1765)(0.30)] = ([0.3001,0.5294], [0.2706,0.4529]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = 0.0205, 𝑆(𝑃̃2) = −0.2234, 𝑆(𝑃̃3) = −0.1235 and 𝑆(𝑃̃4) = 0.0530. 

Since,  𝑆(𝑃̃4) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3) > 𝑆(𝑃̃2). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴4 > 𝐴1 > 𝐴3 > 𝐴2. 

4.14.11 Exact result of eleventh IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the third point of Section 4.8, can be obtained as 

follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 4.22.  

      Table 4.22: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.20,0.40],
[0.20,0.40]

) , (
[0.20,0.40],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[1,1],
[0,0]

) , (
[1,1],
[0,0]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  
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𝑑112 ((
[0.20,0.40],
[0.20,0.40]

) , (
[0.15,0.25],
[0.15,0.25]

)) =

1

4
(0.05 + 0.15 + 0.05 + 0.15) = 0.10  

𝑑212 ((
[1,1],
[0,0]

) , (
[1,1],
[0,0]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  

𝑑121 ((
[0.15,0.25],
[0.15,0.25]

) , (
[0.20,0.40],
[0.20,0.40]

)) =

1

4
(0.05 + 0.15 + 0.05 + 0.15) = 0.10  

𝑑213 ((
[1,1],
[0,0]

) , (
[1,1],
[0,0]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  

𝑑122 ((
[0.15,0.25],
[0.15,0.25]

) , (
[0.15,0.25],
[0.15,0.25]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑214 ((
[1,1],
[0,0]

) , (
[1,1],
[0,0]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.1 + 0.1 + 0 + 0 + 0 + 0 + 0 = 0.2, 

𝑐2 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 = 0. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P4.22). 

𝑚𝑎𝑥(0.4𝑤1)  

Subject to 

{

0.1 ≤ 𝑤1 ≤ 0.7,
0.2 ≤ 𝑤2 ≤ 0.6,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P4.22)                                                                                                  

It can be easily verified that on solving the CLPP (P4.22) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.7,0.3).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.7,0.3) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.70)(0.20) + (0.30)(1), (0.70)(0.40) + (0.30)(1)], [(0.70)(0.20) + (0.30)          

(0), (0.70)(0.40) + (0.30)(0)] = ([0.44,0.58], [0.14,0.28]),  
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𝑃̃2 = ([(0.70)(0.15) + (0.30)(1), (0.70)(0.25) + (0.30)(1)], [(0.70)(0.15) + (0.30)          

(0), (0.70)(0.25) + (0.30)(0)] = ([0.405,0.475], [0.105,0.175]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = 0.30 and 𝑆(𝑃̃2) = 0.30. 

Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2).So, there is need to apply Step 7 of the Jujhar method, proposed 

in Section 4.13. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 

𝐻(𝑃̃1) = 0.72 and 𝐻(𝑃̃2) = 0.58. 

Since, 𝐻(𝑃̃1) > 𝐻(𝑃̃2). Therefore, according to case (ii) of Step 7 of the proposed 

Jujhar method, the ranking of the alternatives is 𝐴1 > 𝐴2. 

4.14.12 Exact results of twelfth IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the first point of Section 4.11, can be obtained as 

follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,4; 𝑗 = 1,2, . . ,5. These values are shown in Table 4.23.  

      Table 4.23: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.24,0.76],

[0,0]
) , (

[0.24,0.76],
[0,0]

)) =

1

4
(0 + 0 + 0 + 0) = 0  
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𝑑112 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑212 ((
[0.24,0.76],

[0,0]
) , (

[0.14,0.45],
[0.15,0.25]

)) =

1

4
(0.1 + 0.31 + 0.15 + 0.25) = 0.2025  

𝑑113 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.08 + 0.08 + 0.09 + 0.24) = 0.1225  

𝑑213 ((
[0.24,0.76],

[0,0]
) , (

[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0.52 + 0.26 + 0.26) = 0.2600  

𝑑114 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.30],
[0.30,0.30]

)) =

1

4
(0 + 0.14 + 0.13 + 0.2) = 0.1175  

𝑑214 ((
[0.24,0.76],

[0,0]
) , (

[0.125,0.375],
[0.127,0.374]

)) =

1

4
(0.115 + 0.385 + 0.127 + 0.374) = 0.2502  

𝑑121 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑221 ((
[0.14,0.45],
[0.15,0.25]

) , (
[0.24,0.76],

[0,0]
)) =

1

4
(0.1 + 0.31 + 0.15 + 0.25) = 0.2025  

𝑑122 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.14,0.45],
[0.15,0.25]

) , (
[0.14,0.45],
[0.15,0.25]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑123 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.08 + 0.08 + 0.09 + 0.24) = 0.1225  

𝑑223 ((
[0.14,0.45],
[0.15,0.25]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.1 + 0.21 + 0.11 + 0.01) = 0.1075  

𝑑124 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.30],
[0.30,0.30]

)) =

1

4
(0 + 0.14 + 0.13 + 0.2) = 0.1175  

𝑑224 ((
[0.14,0.45],
[0.15,0.25]

) , (
[0.125,0.375],
[0.127,0.374]

)) =

1

4
(0.015 + 0.075 + 0.023 + 0.124) = 0.2370  

𝑑131 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0.08 + 0.08 + 0.09 + 0.24) = 0.1225  

𝑑231 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.76],

[0,0]
)) =

1

4
(0 + 0.52 + 0.26 + 0.26) = 0.26  
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𝑑132 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0.08 + 0.08 + 0.09 + 0.24) = 0.1225  

𝑑232 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.14,0.45],
[0.15,0.25]

)) =

1

4
(0.1 + 0.21 + 0.09 + 0.01) = 0.1025  

𝑑133 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑233 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑134 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.16,0.30],
[0.30,0.30]

)) =

1

4
(0.08 + 0.06 + 0.04 + 0.04) = 0.055  

𝑑234 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.125,0.375],
[0.127,0.374]

)) =

1

4
(0.115 + 0.135 + 0.133 + 0.114) = 0.1242  

𝑑141 ((
[0.16,0.30],
[0.30,0.30]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0.14 + 0.13 + 0.2) = 0.1175  

𝑑241 ((
[0.125,0.375],
[0.127,0.374]

) , (
[0.24,0.76],

[0,0]
)) =

1

4
(0.115 + 0.385 + 0.127 + 0.374) = 0.2502  

𝑑142 ((
[0.16,0.30],
[0.30,0.30]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0.14 + 0.13 + 0.2) = 0.1175  

𝑑242 ((
[0.125,0.375],
[0.127,0.374]

) , (
[0.14,0.45],
[0.15,0.25]

)) =

1

4
(0.015 + 0.075 + 0.023 + 0.124) = 0.0592  

𝑑143 ((
[0.16,0.30],
[0.30,0.30]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.08 + 0.06 + 0.04 + 0.04) = 0.055  

𝑑243 ((
[0.125,0.375],
[0.127,0.374]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.115 + 0.135 + 0.133 + 0.114) = 0.1242  

𝑑144 ((
[0.16,0.30],
[0.30,0.30]

) , (
[0.16,0.30],
[0.30,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑244 ((
[0.125,0.375],
[0.127,0.374]

) , (
[0.125,0.375],
[0.127,0.374]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑311 ((
[0,0],

[0.50,0.50]
) , (

[0,0],
[0.50,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑411 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0 + 0 + 0) = 0  
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𝑑312 ((
[0,0],

[0.50,0.50]
) , (

[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.24 + 0.24 + 0.24 + 0.24) = 0.24  

𝑑412 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.207,0.207],
[0.22,0.36]

)) =

1

4
(0.033 + 0.033 + 0.04 + 0.1) = 0.0515  

𝑑313 ((
[0,0],

[0.50,0.50]
) , (

[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.24 + 0.24 + 0.24 + 0.24) = 0.24  

𝑑413 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0,0],

[0.50,0.50]
)) =

1

4
(0.24 + 0.24 + 0.24 + 0.24) = 0.2400  

𝑑314 ((
[0,0],

[0.50,0.50]
) , (

[0.12,0.376],
[0.128,0.376]

)) =

1

4
(0.12 + 0.376 + 0.372 + 0.124) = 0.2480  

𝑑414 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.16,0.50],
[0.17,0.17]

)) =

1

4
(0.08 + 0.26 + 0.09 + 0.09) = 0.1300  

𝑑321 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0,0],

[0.50,0.50]
)) =

1

4
(0.24 + 0.24 + 0.24 + 0.24) = 0.24  

𝑑421 ((
[0.207,0.207],
[0.22,0.36]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.033 + 0.033 + 0.04 + 0.1) = 0.0515  

𝑑322 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑422 ((
[0.207,0.207],
[0.22,0.36]

) , (
[0.207,0.207],
[0.22,0.36]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑323 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑423 ((
[0.207,0.207],
[0.22,0.36]

) , (
[0,0],

[0.50,0.50]
)) =

1

4
(0.207 + 0.207 + 0.28 + 0.14) = 0.208  

𝑑324 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.12,0.376],
[0.128,0.376]

)) =

1

4
(0.12 + 0.136 + 0.132 + 0.116) = 0.1260  

𝑑424 ((
[0.207,0.207],
[0.22,0.36]

) , (
[0.16,0.50],
[0.17,0.17]

)) =

1

4
(0.047 + 0.293 + 0.05 + 0.19) = 0.145  

𝑑331 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0,0],

[0.50,0.50]
)) =

1

4
(0.24 + 0.24 + 0.24 + 0.24) = 0.24  

𝑑431 ((
[0,0],

[0.50,0.50]
) , (

[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.24 + 0.24 + 0.24 + 0.24) = 0.24  
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𝑑332 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑432 ((
[0,0],

[0.50,0.50]
) , (

[0.207,0.207],
[0.22,0.36]

)) =

1

4
(0.207 + 0.207 + 0.28 + 0.14) = 0.2085  

𝑑333 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑433 ((
[0,0],

[0.50,0.50]
) , (

[0,0],
[0.50,0.50]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  

𝑑334 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.12,0.376],
[0.128,0.376]

)) =

1

4
(0.12 + 0.136 + 0.132 + 0.116) = 0.1260  

𝑑434 ((
[0,0],

[0.50,0.50]
) , (

[0.16,0.50],
[0.17,0.17]

)) =

1

4
(0.16 + 0.50 + 0.33 + 0.33) = 0.33  

𝑑341 ((
[0.12,0.376],
[0.128,0.376]

) , (
[0,0],

[0.50,0.50]
)) =

1

4
(0.12 + 0.376 + 0.372 + 0.124) = 0.2480  

𝑑441 ((
[0.16,0.50],
[0.17,0.17]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.08 + 0.26 + 0.09 + 0.09) = 0.13  

𝑑342 ((
[0.12,0.376],
[0.128,0.376]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.12 + 0.136 + 0.132 + 0.116) = 0.1260  

𝑑442 ((
[0.16,0.50],
[0.17,0.17]

) , (
[0.207,0.207],
[0.22,0.36]

)) =

1

4
(0.047 + 0.293 + 0.05 + 0.19) = 0.145  

𝑑343 ((
[0.12,0.376],
[0.128,0.376]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.12 + 0.136 + 0.132 + 0.116) = 0.1260  

𝑑443 ((
[0.16,0.50],
[0.17,0.17]

) , (
[0,0],

[0.50,0.50]
)) =

1

4
(0.16 + 0.50 + 0.33 + 0.33) = 0.33  

𝑑344 ((
[0.12,0.376],
[0.128,0.376]

) , (
[0.12,0.376],
[0.128,0.376]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑444 ((
[0.16,0.50],
[0.17,0.17]

) , (
[0.16,0.50],
[0.17,0.17]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑511 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑531 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.08 + 0.08 + 0.09 + 0.24) = 0.1225  
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𝑑512 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.16,0.30],
[0.30,0.30]

)) =

1

4
(0.08 + 0.06 + 0.04 + 0.04) = 0.055  

𝑑532 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.30],
[0.30,0.30]

)) =

1

4
(0 + 0.14 + 0.13 + 0.2) = 0.1175  

𝑑513 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0.08 + 0.08 + 0.09 + 0.24) = 0.1225  

𝑑533 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑514 ((
[0.24,0.24],
[0.26,0.26]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0.08 + 0.08 + 0.09 + 0.24) = 0.1225  

𝑑534 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑521 ((
[0.16,0.30],
[0.30,0.30]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.08 + 0.06 + 0.04 + 0.04) = 0.055  

𝑑541 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.24,0.24],
[0.26,0.26]

)) =

1

4
(0.08 + 0.08 + 0.09 + 0.24) = 0.1225  

𝑑522 ((
[0.16,0.30],
[0.30,0.30]

) , (
[0.16,0.30],
[0.30,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑542 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.30],
[0.30,0.30]

)) =

1

4
(0 + 0.14 + 0.13 + 0.2) = 0.1175  

𝑑523 ((
[0.16,0.30],
[0.30,0.30]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0.14 + 0.13 + 0.2) = 0.1175  

𝑑543 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑524 ((
[0.16,0.30],
[0.30,0.30]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0.14 + 0.13 + 0.2) = 0.1175  

𝑑544 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
4
𝑘=1

4
𝑖=1 = 0 + 0 + 0.1225 + 0.1175 + 0 + 0 + 0.1225 + 0.1175 +

0.1225 + 0.1225 + 0 + 0.055 + 0.1175 + 0.1175 + 0.055 + 0 = 1.07, 

𝑐2 = ∑ ∑  𝑑𝑖2𝑘(𝛼̃𝑖2, 𝛼̃𝑘2)
4
𝑘=1

4
𝑖=1 = 0 + 0.2025 + 0.2600 + 0.2502 + 0.2025 + 0 +  
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0.1075 + 0.237 + 0.26 + 0.1025 + 0 + 0.1242 + 0.2502 + 0.0592 + 0.1242 + 0 =

2.7128, 

𝑐3 = ∑ ∑  𝑑𝑖3𝑘(𝛼̃𝑖3, 𝛼̃𝑘3)
4
𝑘=1

4
𝑖=1 = 0 + 0.24 + 0.24 + 0.248 + 0.24 + 0 + 0 + 0.126 +  

0.24 + 0 + 0 + 0.126 + 0.248 + 0.126 + 0.126 + 0 = 1.96, 

𝑐4 = ∑ ∑  𝑑𝑖4𝑘(𝛼̃𝑖4, 𝛼̃𝑘4)
4
𝑘=1

4
𝑖=1 = 0 + 0.0515 + 0.24 + 0.13 + 0.0515 + 0 + 0.2085 +  

 0.145 + 0.24 + 0.2085 + 0 + 0.33 + 0.13 + 0.145 + 0.33 + 0 = 2.21, 

𝑐5 = ∑ ∑  𝑑𝑖5𝑘(𝛼̃𝑖5, 𝛼̃𝑘5)
4
𝑘=1

4
𝑖=1 = 0 + 0.055 + 0.1225 + 0.1225 + 0.055 + 0 + 0.1175 +

0.1175 + 0.1225 + 0.1175 + 0 + 0 + 0.1225 + 0.1175 + 0 + 0 = 1.07. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P4.23). 

𝑚𝑎𝑥(1.07𝑤1 + 2.7128𝑤2 + 1.96𝑤3 + 2.21𝑤4 + 1.07𝑤5)  

Subject to 

 

{
 
 
 

 
 
 

0 ≤ 𝑤1 ≤ 0.50,
0.10 ≤ 𝑤2 ≤ 0.20,
0.15 ≤ 𝑤3 ≤ 0.25,
0.20 ≤ 𝑤4 ≤ 0.30,
0.10 ≤ 𝑤5 ≤ 0.60,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 + 𝑤5 = 1,
𝑤1 = 𝑤5,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0,𝑤5 ≥ 0.

                                                                                      (P4.23)                                                                                                      

It can be easily verified that on solving the CLPP (P4.23), the obtained OAWV is 

(𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) = (0.1250, 0.20, 0.25, 0.30, 0.1250).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) = (0.1250, 0.20, 0.25, 0.30, 0.1250) 

and using Step 5 of Jujhar method, proposed in Section 4.13, 

𝑃̃1 = ([(0.1250)(0.16) + (0.20)(0.24) + (0.25)(0) + (0.30)(0.24) + (0.1250)(0.24),          

(0.1250)(0.16) + (0.20)(0.76) + (0.25)(0)+(0.30)(0.24) + (0.1250)(0.24)], [(0.1250)  

(0.17) + (0.20)(0) + (0.25)(0.50) + (0.30)(0.26) + (0.1250)(0.26), (0.1250)(0.50) +  

(0.20)(0) + (0.25)(0.50) + (0.30)(0.26) + (0.1250)(0.26)]  



138 
 

= ([0.1700,0.2740], [0.2567,0.2980]),  

𝑃̃2 = ([(0.1250)(0.16) + (0.20)(0.14) + (0.25)(0.24) + (0.30)(0.207) + (0.1250)          

(0.16), (0.1250)(0.16) + (0.20)(0.45) + (0.25)(0.24)+(0.30)(0.207) + (0.1250)(0.30)]  

, [(0.1250)(0.17) + (0.20)(0.15) + (0.25)(0.26) + (0.30)(0.22) + (0.1250)(0.30),  

(0.1250)(0.50) + (0.20)(0.25) + (0.25)(0.26) + (0.30)(0.36) + (0.1250)(0.30)]  

= ([0.1901,0.2696], [0.2197,0.3230]),  

𝑃̃3 = ([(0.1250)(0.24) + (0.20)(0.24) + (0.25)(0.24) + (0.30)(0) + (0.1250)(0.16),          

(0.1250)(0.24) + (0.20)(0.24) + (0.25)(0.24)+(0.30)(0) + (0.1250)(0.16)], [(0.1250)  

(0.26) + (0.20)(0.26) + (0.25)(0.26) + (0.30)(0.50) + (0.1250)(0.17), (0.1250)  

(0.26) + (0.20)(0.26) + (0.25)(0.26) + (0.30)(0.50) + (0.1250)(0.50)]  

= ([0.1580,0.1580], [0.3207,0.3620]),  

𝑃̃4 = ([(0.1250)(0.16) + (0.20)(0.125) + (0.25)(0.12) + (0.30)(0.16) + (0.1250)          

(0.16), (0.1250)(0.30) + (0.20)(0.375) + (0.25)(0.376) + (0.30)(0.50) + (0.1250)   

(0.16)], [(0.1250)(0.30) + (0.20)(0.127) + (0.25)(0.128) + (0.30)(0.17) + (0.1250)  

(0.17), (0.1250)(0.30) + (0.20)(0.374) + (0.25)(0.376) + (0.30)(0.17) + (0.1250)  

(0.50)] = ([0.1430,0.3765], [0.1671,0.3198]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = −0.0553, 𝑆(𝑃̃2) = −0.0415, 𝑆(𝑃̃3) = −0.1833 and 𝑆(𝑃̃4) = 0.0163. 

Since,  𝑆(𝑃̃4) > 𝑆(𝑃̃2) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴4 > 𝐴2 > 𝐴1 > 𝐴3. 

4.14.13 Exact results of the thirteenth IVIFMADMPr having partially known attribute 

weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.11, can be obtained as 

follows: 
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Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.12. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying. So, using Case (i) of Step 4 of the Jujhar 

method, proposed in Section 4.13, there is need to solve the CLPP (P4.24). 

𝑚𝑎𝑥(1.07𝑤1 + 2.7128𝑤2 + 1.96𝑤3 + 2.21𝑤4 + 1.07𝑤5)  

Subject to 

 

{
 
 
 

 
 
 

0 ≤ 𝑤1 ≤ 0.20,
0.15 ≤ 𝑤2 ≤ 0.25,
0 ≤ 𝑤3 ≤ 0.1,

0.10 ≤ 𝑤4 ≤ 0.15,
0 ≤ 𝑤5 ≤ 0.20,

𝑤1 + 𝑤2 + 𝑤3 +𝑤4 + 𝑤5 ≤ 1,
𝑤1 = 𝑤5,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0,𝑤5 ≥ 0.

                                                                                      (P4.24)                                                                                                      

On solving the LPP (P4.24) the obtained non-normalized OAWV is 

(𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) = (0.20, 0.25, 0.10, 0.15,0.20) and the normalized OAWV is 

(𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) = (
0.20

0.20+0.25+0.10+0.15+0.20
,

0.25

0.20+0.25+0.10+0.15+0.20
, 

0.10

0.20+0.25+0.10+0.15+0.20
,

0.15

0.20+0.25+0.10+0.15+0.20
,

0.20

0.20+0.25+0.10+0.15+0.20
)  

= (0.2222, 0.2778, 0.1112, 0 .1666, 0.2222).  

Step 5: On considering the normalized OAWV (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) =

(0.2222, 0.2778, 0.1112, 0 .1666, 0.2222) and using Step 5 of Jujhar method, proposed in 

Section 4.13, 

𝑃̃1 = ([(0.2222)(0.16) + (0.2778)(0.24) + (0.1112)(0) + (0.1666)(0.24) + (0.2222)          

(0.24), (0.2222)(0.16) + (0.2778)(0.76) + (0.1112)(0) + (0.1666)(0.24) + (0.2222)  

(0.24)], [(0.2222)(0.17) + (0.2778)(0) + (0.1112)(0.50) + (0.1666)(0.26) + (0.2222)  

(0.26), (0.2222)(0.50) + (0.2778)(0) + (0.1112)(0.50) + (0.1666)(0.26) + (0.2222)  

(0.26)) = ([0.1955,0.3399], [0.1944,0.2678]),  

𝑃̃2 = ([(0.2222)(0.16) + (0.2778)(0.14) + (0.1112)(0.24) + (0.1666)(0.207) +          
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(0.2222)(0.16), (0.2222)(0.16) + (0.2778)(0.45) + (0.1112)(0.24) + (0.1666)  

(0.207) + (0.2222)(0.30)], [(0.2222)(0.17) + (0.2778)(0.15) + (0.1112)(0.26) +

(0.1666)(0.22) + (0.2222)(0.30), (0.2222)(0.50) + (0.2778)(0.25) + (0.1112)(0.26) +

(0.1666)(0.36) + (0.2222)(0.30)]) = ([0.1711,0.2883], [0.2116,0.3360]),  

𝑃̃3 = ([(0.2222)(0.24) + (0.2778)(0.24) + (0.1112)(0.24) + (0.1666)(0) + (0.2222)          

(0.16), (0.2222)(0.24) + (0.2778)(0.24) + (0.1112)(0.24) + (0.1666)(0) + (0.2222)  

(0.16)], [(0.2222)(0.26) + (0.2778)(0.26) + (0.1112)(0.26) + (0.1666)(0.50) +  

(0.2222)(0.17), (0.2222)(0.26) + (0.2778)(0.26) + (0.1112)(0.26) + (0.1666)(0.50) +  

(0.2222)(0.50)]) = ([0.1822,0.1822], [0.2799,0.3533]),  

𝑃̃4 = ([(0.2222)(0.16) + (0.2778)(0.125) + (0.1112)(0.12) + (0.1666)(0.16) +          

(0.2222)(0.16), (0.2222)(0.30) + (0.2778)(0.375) + (0.1112)(0.376) + (0.1666)  

(0.50) + (0.2222)(0.16)], [(0.2222)(0.30) + (0.2778)(0.127) + (0.1112)(0.128) +

(0.1666)(0.17) + (0.2222)(0.17), (0.2222)(0.30) + (0.2778)(0.374) + (0.1112)  

(0.376) + (0.1666)(0.17) + (0.2222)(0.50)]) = ([0.1458,0.3314], [0.1822,0.3517])  

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = 0.0366, 𝑆(𝑃̃2) = −0.0441, 𝑆(𝑃̃3) = −0.1344 and 𝑆(𝑃̃4) = −0.0283. 

Since,  𝑆(𝑃̃1) > 𝑆(𝑃̃4) > 𝑆(𝑃̃2) > 𝑆(𝑃̃3). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴1 > 𝐴4 > 𝐴2 > 𝐴3. 

4.14.14 Exact results of the fourteenth IVIFMADMPr having partially known attribute 

weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the second point of Section 4.11, can be obtained as 

follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.12. 

So, to avoid any repetition, the calculations have been started from Step 4. 



141 
 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying. So, using Case (ii) of Step 4 of the 

Jujhar method, proposed in Section 4.13, there is need to solve the CLPP (P4.25). 

𝑚𝑎𝑥 (1.07𝑤1 + 2.7128𝑤2 + 1.96𝑤3 + 2.21𝑤4 + 1.07𝑤5 − 𝜀1 − 𝜀2 − 𝜀3 − 𝜀4 − 𝜀5)  

Subject to   

{
 
 
 
 
 

 
 
 
 
 

20

170
≤ 𝑤1 ≤

70

170
,

50

170
≤ 𝑤2 ≤

70

170
,

60

170
≤ 𝑤3 ≤

90

170
,

10

170
≤ 𝑤4 ≤

40

170
,

20

170
≤ 𝑤5 ≤

70

170
,

𝑤1 +𝑤2 + 𝑤3 + 𝑤4 + 𝑤5 = 1,
170 = 100 + 𝜀1 + 𝜀2 + 𝜀3 + 𝜀4 + 𝜀5,

𝑤1 = 𝑤5,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0,𝑤5 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0, 𝜀3 ≥ 0, 𝜀4 ≥ 0, 𝜀5 ≥ 0.

        (P4.25)                                                                                                                                                                                                                       

On solving the LPP (P4.25) the obtained normalized OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) =

(0.1176, 0.3531, 0.3529, 0.0588,0.1176).  

Step 5: On considering the normalized OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5) =

(0.1176, 0.3531, 0.3529, 0.0588,0.1176) and using Step 5 of Jujhar method, proposed in 

Section 4.13, 

𝑃̃1 = ([(0.1176)(0.16) + (0.3531)(0.24) + (0.3529)(0) + (0.0588)(0.24) + (0.1176)          

(0.24), (0.1176)(0.16) + (0.3531)(0.76) + (0.3529)(0) + (0.0588)(0.24) + (0.1176)  

(0.24)], [(0.1176)(0.17) + (0.3531)(0) + (0.3529)(0.50) + (0.0588)(0.26) + (0.1176)  

(0.26), (0.1176)(0.50) + (0.3531)(0) + (0.3529)(0.50) + (0.0588)(0.26) + (0.1176)  

(0.26)]) = ([0.1458,0.3295], [0.2423,0.2811]),  

𝑃̃2 = ([(0.1176)(0.16) + (0.3531)(0.14) + (0.3529)(0.24) + (0.0588)(0.207) +          

(0.1176)(0.16), (0.1176)(0.16) + (0.3531)(0.45) + (0.3529)(0.24) + (0.0588)(0.207)  

+(0.1176)(0.30)], [(0.1176)(0.17) + (0.3531)(0.15) + (0.3529)(0.26) + (0.0588)  

(0.22) + (0.1176)(0.30), (0.1176)(0.50) + (0.3531)(0.25) + (0.3529)(0.26) +  
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(0.0588)(0.36) + (0.1176)(0.30)]) = ([0.1839,0.3098], [0.2129,0.2952]), 

𝑃̃3 = ([(0.1176)(0.24) + (0.3531)(0.24) + (0.3529)(0.24) + (0.0588)(0) + (0.1176)          

(0.16), (0.1176)(0.24) + (0.3531)(0.24) + (0.3529)(0.24) + (0.0588)(0) + (0.1176)  

(0.16)], [(0.1176)(0.26) + (0.3531)(0.26) + (0.3529)(0.26) + (0.0588)(0.50) +  

(0.1176)(0.17), (0.1176)(0.26) + (0.3531)(0.26) + (0.3529)(0.26) + (0.0588)(0.50) +

(0.1176)(0.50)]) = ([0.2164,0.2164], [0.2635,0.3023]),  

𝑃̃4 = ([(0.1176)(0.16) + (0.3531)(0.125) + (0.3529)(0.12) + (0.0588)(0.16) +          

(0.1176)(0.16), (0.1176)(0.30) + (0.3531)(0.375) + (0.3529)(0.376) + (0.0588)  

(0.50) + (0.1176)(0.16)], [(0.1176)(0.30) + (0.3531)(0.127) + (0.3529)(0.128) +

(0.0588)(0.17) + (0.1176)(0.17), (0.1176)(0.30) + (0.3531)(0.374) + (0.3529)  

(0.376) + (0.0588)(0.17) + (0.1176)(0.50)]) = ([0.1335,0.3485], [0.1552,0.3688]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = −0.0240, 𝑆(𝑃̃2) = −0.0072, 𝑆(𝑃̃3) = −0.0665 and 𝑆(𝑃̃4) = −0.0210. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃4) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴2 > 𝐴4 > 𝐴1 > 𝐴3. 

4.14.15 Exact result of fifteenth IVIFMADMPr having partially known attribute weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially 

known attribute weights, considered in the third point of Section 4.11, can be obtained as 

follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 4.24.  

      Table 4.24: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 
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𝑑111 ((
[0.20,0.40],
[0.20,0.40]

) , (
[0.20,0.40],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.20,0.40],
[0.20,0.40]

) , (
[0.10,0.50],
[0.10,0.50]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑212 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  

𝑑121 ((
[0.10,0.50],
[0.10,0.50]

) , (
[0.20,0.40],
[0.20,0.40]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑213 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  

𝑑122 ((
[0.10,0.50],
[0.10,0.50]

) , (
[0.10,0.50],
[0.10,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑214 ((
[0.16,0.16],
[0.17,0.50]

) , (
[0.16,0.16],
[0.17,0.50]

))  

=
1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.1 + 0.1 + 0 + 0 + 0 + 0 + 0 = 0.2, 

𝑐2 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 = 0. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P4.26). 

𝑚𝑎𝑥(0.2𝑤1)  

Subject to 

{

0.1 ≤ 𝑤1 ≤ 0.6,
0.2 ≤ 𝑤2 ≤ 0.7,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P4.26)                                                                                                  

It can be easily verified that on solving the CLPP (P4.26) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.6,0.4)  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.6,0.4) and using Step 5 of the Jujhar 
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method, proposed in Section 4.13, 

𝑃̃1 = ([(0.60)(0.20) + (0.40)(0.16), (0.60)(0.40) + (0.40)(0.16)], [(0.60)(0.20) +

(0.40)(0.17), (0.60)(0.40) + (0.40)(0.50)] = ([0.1840,0.3040], [0.1880,0.4400]),  

𝑃̃2 = ([(0.60)(0.1) + (0.40)(0.16), (0.60)(0.50) + (0.40)(0.16)], [(0.60)(0.1) + (0.40)          

(0.17), (0.60)(0.50) + (0.40)(0.50)] = ([0.1240,0.3640], [0.1280,0.5000]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 

𝑆(𝑃̃1) = −0.0735 and 𝑆(𝑃̃2) = −0.0700. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃1). Therefore, according to case (i) of Step 6 of the proposed Jujhar 

method, the ranking of the alternatives is 𝐴2 > 𝐴1. 

4.15 Conclusions 

The inappropriateness of the existing methods [62, 108, 213, 258] are pointed out. Also, a 

new method (named as Jujhar method) is proposed to solve the IVIFMADMPrs having 

partially known attribute weights. Furthermore, the proposed Jujhar method has been illustrated 

with the help of some IVIFMADMPrs having partially known attribute weights. 
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Chapter 5 

Jorawar method for solving IVPFMADMPrs 

having partially known attribute weights4 

 

To the best of my knowledge, only the existing method [84] has been proposed to solve 

IVPFMADMPrs having partially known attribute weights. However after a deep study, it is 

observed that it is inappropriate to use this method. The aim of this chapter is to make the 

researchers aware about the inappropriateness of this method as well as to propose a new 

method (named as Jorawar method) to solve IVPFMADMPr having partially known attribute 

weights.   

5.1 A brief review of Garg’s method 

Garg [84] proposed the following method to solve IVPFMADMPrs having partially known 

attribute weights. 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVPFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (5.1), transform each IVPF element 𝛼̃𝑖𝑗 =  

                                                           
4 The contents of this chapter have been communicated in “International Journal of Uncertainty, Fuzziness and 

Knowledge-Based Systems” for the possible publication  
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([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVPFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into the 

crisp element 𝑑𝑖𝑗. 

𝑑𝑖𝑗 = (
(𝑎𝑖𝑗1

2−𝑎𝑖𝑗3
2)(1+√1−𝑎𝑖𝑗1

2−𝑎𝑖𝑗3
2)+(𝑎𝑖𝑗2

2−𝑎𝑖𝑗4
2)(1+√1−𝑎𝑖𝑗2

2−𝑎𝑖𝑗4
2)

2
)                                  (5.1)                                                                                                                                                   

Step 3: Using the expression (5.2), find the value of 𝑐𝑗 ∀ 𝑗 = 1,2, … , 𝑛. 

𝑐𝑗 = ∑ 𝑑𝑖𝑗
𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                                                                 (5.2) 

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P5.1). 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

𝑤𝑗 ∈ 𝐻,𝑤𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛,   

∑ 𝑤𝑗
𝑛
𝑗=1 = 1.                                                                                                                            (P5.1) 

Step 5: Using the expression (5.3), find the value of 𝑃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃𝑖 = ∑ 𝑤𝑗
𝑛
𝑗=1 𝑑𝑖𝑗 , 𝑖 = 1,2, … ,𝑚                                                                                                 (5.3) 

and check that 𝑃𝑝 > 𝑃𝑞 or 𝑃𝑝 < 𝑃𝑞 or 𝑃𝑝 = 𝑃𝑞, where, 𝑃𝑝 = ∑ 𝑤𝑗
𝑛
𝑗=1 𝑑𝑝𝑗 and 𝑃𝑞 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑞𝑗. 

Case (i): If 𝑃𝑝 > 𝑃𝑞 then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑃𝑝 < 𝑃𝑞 then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑃𝑝 = 𝑃𝑞 then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

5.2 Inappropriateness of Garg’s method 

It is inappropriate to apply Garg’s method [84] due to the following reasons: 

(1) On applying Garg’s method [84] more than one preference orders of the alternatives are 

obtained, which is inappropriate. To validate this claim a real-life IVPFMADMPr having 

partially known attribute weights, considered by Garg [84] to illustrate his proposed 

method, is solved with some modifications. 

Garg [84] solved the following real-life IVPFMADMPr having partially known attribute 
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 weights to illustrate his proposed method. 

There is a panel of four alternatives for the investment company to invest money in best 

option 𝐴𝑖, 𝑖 = 1,2,3,4 on the basis of the following four attributes. 

(i) 𝐺1: Risk analysis  

(ii) 𝐺2: Growth 

(iii) 𝐺3: Environmental impact 

(iv) 𝐺4: Social-political impact 

The (𝑖, 𝑗)𝑡ℎ element of the Table 5.1, represented by an IVPFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ company over the 𝑗𝑡ℎ attribute. 

Table 5.1: Rating Values 

 

 

Also, 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.20, 0.20 ≤ 𝑤2 ≤ 0.30, 0.30 ≤ 𝑤3 ≤ 0.50, 0.20 ≤ 𝑤4 ≤

0.30}. 

If  

(i) Table 5.1 is replaced with Table 5.2 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 
(
[0.30,0.40],
[0.60,0.80]

) (
[0.50,0.60],
[0.30,0.50]

) (
[0.30,0.70],
[0.50,0.60]

) (
[0.40,0.50],
[0.20,0.40]

) 

𝐴2 
(
[0.40,0.60],
[0.60,0.70]

) (
[0.60,0.70],
[0.40,0.50]

) (
[0.40,0.70],
[0.30,0.50]

) (
[0.30,0.40],
[0.40,0.60]

) 

𝐴3 
(
[0.30,0.40],
[0.50,0.70]

) (
[0.50,0.60],
[0.40,0.50]

) (
[0.50,0.60],
[0.70,0.80]

) (
[0.70,0.80],
[0.30,0.50]

) 

𝐴4 
(
[0.30,0.40],
[0.70,0.80]

) (
[0.60,0.70],
[0.30,0.40]

) (
[0.50,0.60],
[0.40,0.50]

) (
[0.50,0.60],
[0.70,0.80]

) 
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Table 5.2: Rating Values 

 

(ii) It is assumed that the attribute weight 𝑤1 satisfies the condition 0.20 ≤ 𝑤1 ≤ 0.30 

instead of the existing condition 0.10 ≤ 𝑤1 ≤ 0.20. 

Then, using Garg’s method [84], the ranking of the alternatives of the modified 

IVPFMADMPr having partially known attribute weights can be obtained as follows: 

Step 1: Since, the attributes 𝐺1 and 𝐺4 are of cost type. So, according to Step 1 of Garg’s 

method [84], discussed in Section 5.1, Table 5.2 is transformed into Table 5.3. 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 
(
[0.30,0.40],
[0.60,0.80]

) (
[0.50,0.60],
[0.30,0.50]

) (
[0.30,0.70],
[0.50,0.60]

) (
[0.30,0.40],
[0.70,0.80]

) 

𝐴2 
(
[0.40,0.60],
[0.60,0.70]

) (
[0.60,0.70],
[0.40,0.50]

) (
[0.40,0.70],
[0.30,0.50]

) (
[0.30,0.40],
[0.60,0.80]

) 

𝐴3 
(
[0.30,0.40],
[0.50,0.70]

) (
[0.50,0.60],
[0.40,0.50]

) (
[0.50,0.60],
[0.70,0.80]

) (
[0.40,0.60],
[0.60,0.70]

) 

𝐴4 
(
[0.30,0.40],
[0.70,0.80]

) (
[0.60,0.70],
[0.30,0.40]

) (
[0.50,0.60],
[0.40,0.50]

) (
[0.30,0.40],
[0.50,0.70]

) 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 
(
[0.60,0.80],
[0.30,0.40]

) (
[0.50,0.60],
[0.30,0.50]

) (
[0.30,0.70],
[0.50,0.60]

) (
[0.70,0.80],
[0.30,0.40]

) 
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Step 2: According to Step 2 of Garg’s method [84], discussed in Section 5.1, there is need to 

calculate 𝑑𝑖𝑗  ∀ 𝑖 = 1,2, … ,4; 𝑗 = 1,2, … ,4. These values are shown in Table 5.4. 

          Table 5.4: Values of 𝒅𝒊𝒋 

𝑑11 = 0.5824  𝑑12 = 0.2343  𝑑13 = −0.0548  𝑑14 = 0.6769  

𝑑21 = 0.2595  𝑑22 = 0.3505  𝑑23 = 0.2465  𝑑24 = 0.5824  

𝑑31 = 0.4076  𝑑32 = 0.1689  𝑑33 = −0.3212  𝑑34 = 0.2595  

𝑑41 = 0.6769  𝑑42 = 0.4977  𝑑43 = 0.1689  𝑑44 = 0.4076  

 

Step 3: Using Step 3 of Garg’s method [84], discussed in Section 5.1,  

𝑐1 = ∑ 𝑑𝑖1
4
𝑖=1 = 0.5824 + 0.2595 + 0.4076 + 0.6769 = 1.9264, 

𝑐2 = ∑ 𝑑𝑖2
4
𝑖=1 = 0.2343 + 0.3505 + 0.1689 + 0.4977 = 1.2514, 

𝑐3 = ∑ 𝑑𝑖3
4
𝑖=1 = −0.0548 + 0.2465 − 0.3212 + 0.1689 = 0.0394, 

𝑐4 = ∑ 𝑑𝑖4
4
𝑖=1 = 0.6769 + 0.5824 + 0.2595 + 0.4076 = 1.9264. 

Step 4: Using Step 4 of Garg’s method [84], discussed in Section 5.1, there is need to solve 

the CLPP (P5.2). 

𝑀𝑎𝑥(1.9264𝑤1 + 1.2514𝑤2 + 0.0394𝑤3 + 1.9264𝑤4)  

Subject to  

𝐴2 
(
[0.60,0.70],
[0.40,0.60]

) (
[0.60,0.70],
[0.40,0.50]

) (
[0.40,0.70],
[0.30,0.50]

) (
[0.60,0.80],
[0.30,0.40]

) 

𝐴3 
(
[0.50,0.70],
[0.30,0.40]

) (
[0.50,0.60],
[0.40,0.50]

) (
[0.50,0.60],
[0.70,0.80]

) (
[0.60,0.70],
[0.40,0.60]

) 

𝐴4 
(
[0.70,0.80],
[0.30,0.40]

) (
[0.60,0.70],
[0.30,0.40]

) (
[0.50,0.60],
[0.40,0.50]

) (
[0.50,0.70],
[0.30,0.40]

) 
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{
 
 

 
 

0.20 ≤ 𝑤1 ≤ 0.30,
0.20 ≤ 𝑤2 ≤ 0.30,
0.30 ≤ 𝑤3 ≤ 0.50,
0.20 ≤ 𝑤4 ≤ 0.30,

𝑤1 +𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0.

                                                                                                   (P5.2)                                                                                     

It can be easily verified that on solving the CLPP (P5.2) infinite number of OAWV are 

obtained e.g., (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.20, 0.20, 0.30, 0.30) and (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.30, 0.20, 0.30, 0.20) both are the OAWV. 

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.20, 0.20, 0.30, 0.30) and using Step 

5 of Garg’s method [84], discussed in Section 5.1, 

𝑃1 = (0.20)(0.5824) + (0.20)(0.2343) + (0.30)(−0.0548) + (0.30)(0.6769) = 0.3499,  

𝑃2 = (0.20)(0.2595) + (0.20)(0.3505) + (0.30)(0.2465) + (0.30)(0.5824) = 0.3706, 

𝑃3 = (0.20)(0.4076) + (0.20)(0.1689) + (0.30)(−0.3212) + (0.30)(0.2595) = 0.0967, 

𝑃4 = (0.20)(0.6769) + (0.20)(0.4977) + (0.30)(0.1689) + (0.30)(0.4076) = 0.4078. 

 Since,  𝑃4 > 𝑃2 > 𝑃1 > 𝑃3. So, according to Step 5 of Garg’s method [84], discussed in 

Section 5.1, the ranking of the alternatives is 𝐴4 > 𝐴2 > 𝐴1 > 𝐴3. 

While, on considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.30, 0.20, 0.30, 0.20) and using 

Step 5 of Garg’s method [84], discussed in Section 5.1, 

𝑃1 = (0.30)(0.5824) + (0.20)(0.2343) + (0.30)(−0.0548) + (0.20)(0.6769) = 0.3405,  

𝑃2 = (0.30)(0.2595) + (0.20)(0.3505) + (0.30)(0.2465) + (0.20)(0.5824) = 0.3383, 

𝑃3 = (0.30)(0.4076) + (0.20)(0.1689) + (0.30)(−0.3212) + (0.20)(0.2595) = 0.1116, 

𝑃4 = (0.30)(0.6769) + (0.20)(0.4977) + (0.30)(0.1689) + (0.20)(0.4076) = 0.4348. 

Since,  𝑃4 > 𝑃1 > 𝑃2 > 𝑃3. So, according to Step 5 of Garg’s method [84], discussed in 

Section 5.1, the ranking of the alternatives is 𝐴4 > 𝐴1 > 𝐴2 > 𝐴3. 

It is obvious that on applying Garg’s method [84] two different ranking of the alternatives 

are obtained for the same IVPFMADMPr having partially known attribute weights, which is 
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mathematically incorrect. Hence, it is inappropriate to use Garg’s method [84] to solve 

IVPFMADMPrs having partially known attribute weights. 

(2) Garg’s method [84] fails to find the ranking of the alternatives. The following validates this 

claim. 

(i) If the set 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.20, 0.20 ≤ 𝑤2 ≤ 0.30, 0.30 ≤ 𝑤3 ≤ 0.50, 0.20 ≤ 𝑤4 ≤ 

0.30} is replaced with 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.20, 0.20 ≤ 𝑤2 ≤ 0.25, 0.10 ≤ 𝑤3 ≤

0.15, 0.10 ≤ 𝑤4 ≤ 0.20}. Then, no feasible solution of the CLPP (P5.2) will be obtained 

as the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying i.e., the ranking of the alternatives of the 

modified problem cannot be obtained by Garg’s method [84]. 

(ii) If the set 𝐻 = {0.10 ≤ 𝑤1 ≤ 0.20, 0.20 ≤ 𝑤2 ≤ 0.30, 0.30 ≤ 𝑤3 ≤ 0.50, 0.20 ≤ 𝑤4 ≤

0.30} is replaced with 𝐻 = {0.30 ≤ 𝑤1 ≤ 0.80, 0.40 ≤ 𝑤2 ≤ 0.60, 0.50 ≤ 𝑤3 ≤

0.70, 0.30 ≤ 𝑤4 ≤ 0.80}. Then, no feasible solution of the CLPP (P5.2) will be obtained 

as the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying i.e., the ranking of the alternatives of the 

modified problem cannot be obtained by Garg’s method [84]. 

(2)   The ranking of the alternatives, obtained by Garg’s method [84], is not appropriate. The         

       following example clearly validates this claim.  

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element, represented by an IVPFS, of Table 5.5 represents 

the rating value of the 𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ-benefit attribute. Also, if it is assumed that 

𝐻 = {0.1 ≤ 𝑤1 ≤ 0.5, 0.2 ≤ 𝑤2 ≤ 0.7 }. 

              Table 5.5: Rating Values 

 Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.20,0.50], [0.20,0.50]) ([0.60,0.80], [0.30,0.40]) 
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𝐴2 ([0.30,0.60], [0.30,0.60]) ([0.60,0.80], [0.30,0.40]) 

 

Then, it is obvious that the ranking of the alternatives 𝐴1 and 𝐴2 can never be 𝐴1 = 𝐴2 

as the rating values of both the alternatives corresponding to the attribute 𝐺2 are equal. 

Whereas, the rating values of both the alternatives corresponding to first attribute 𝐺1 are not 

equal. While, the following clearly indicates that on applying Garg’s method [84], the obtained 

ranking of the alternatives is 𝐴1 = 𝐴2, which is inappropriate.  

Using Garg’s method [84] the ranking of the alternatives 𝐴1 and 𝐴2 can be obtained as 

follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Garg’s method 

[84], discussed in Section 5.2, there is no need to apply Step 1. 

Step 2: According to Step 2 of Garg’s method [84], discussed in Section 5.2, there is need to 

calculate the values of 𝑑𝑖𝑗  ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 5.6. 

Table 5.6: Values of 𝒅𝒊𝒋 

𝑑11 = 0  𝑑12 = 0.5824  

𝑑21 = 0  𝑑22 = 0.5824  

 

Step 3: Using Step 3 of Garg’s method [84], discussed in Section 5.1, 

𝑐1 = ∑ 𝑑𝑖1
2
𝑖=1 = 0 + 0 = 0, 

𝑐2 = ∑ 𝑑𝑖2
2
𝑖=1 = 0.5824 + 0.5824 = 1.1648. 

Step 4: Using Step 4 of Garg’s method [84], discussed in Section 5.2, there is need to solve 

the CLPP (P5.3). 

𝑀𝑎𝑥(0.0𝑤1 + 1.1648𝑤2)  

Subject to  
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{

0.1 ≤ 𝑤1 ≤ 0.5,
0.2 ≤ 𝑤2 ≤ 0.7,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P5.3)                                                                                                  

It can be easily verified that on solving the CLPP (P5.3), the obtained OAWV is 

(𝑤1, 𝑤2) = (0.3,0.7).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.3,0.7) and using Step 5 of Garg’s method 

[84], discussed in Section 5.1, 

𝑃1 = (0.30)(0) + (0.70)(0.5824) = 0.4076,  

𝑃2 = (0.30)(0) + (0.70)(0.5824) = 0.4076. 

Since,  𝑃1 = 𝑃2. So, according to Step 5, of Garg’s method [84], discussed in Section 

5.1, the ranking of the alternatives is 𝐴1 = 𝐴2. 

It is obvious that on applying Garg’s method [84], the relation 𝐴1 = 𝐴2 is obtained, 

which is inappropriate. 

5.3 Reasons for the inappropriateness of Garg’s method 

In Section 5.2, it is shown that  

(i) On applying Garg’s method [84] more than one preference order for the alternatives are 

obtained. 

(ii) Garg’s method [84] fails to find the ranking of the alternatives if either the condition 

∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 or the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. 

(iii) The ranking of the alternatives, obtained by Garg’s method [84], is inappropriate. 

These problems are occurring due to following reasons: 

(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1 . Then, the coefficient of the attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the CLPP 

(P5.2). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, corresponding to which 𝑤𝑝 + 𝑤𝑞 will be 

optimal, will represent the optimal values of 𝑤𝑝 and 𝑤𝑞. Due to the same reason, on solving 
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the CLPP (P5.2) corresponding to the IVPFMADMPr having partially known attribute 

weights, considered in first point of Section 5.2, the number of obtained OAWV are more 

than one. 

(ii) It is pertinent to mention that to apply Garg’s method [84], there is need to solve the LPP 

(P5.2). However, a feasible solution of LPP (P5.2) will exist only if neither the condition 

∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 nor the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied. 

(iii) If there will exist two distinct alternatives 𝐴𝑝 and 𝐴𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1 . Then, the value of 𝑃𝑝 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑝𝑗 will be equal to 𝑃𝑞 = ∑ 𝑤𝑗

𝑛
𝑗=1 𝑑𝑞𝑗. Hence, 

the relation 𝐴𝑝 = 𝐴𝑞 will be obtained. Due to the same reason, on solving the 

IVPFMADMPr having partially known attribute weights, considered in fourth point of 

Section 5.2, the obtained relation is 𝐴1 = 𝐴2. 

5.4 Proposed Jorawar method 

In this section, to resolve the inappropriateness of existing method [84], a new method 

(named as Jorawar method), is proposed. 

The steps of the proposed Jorawar method are as follows: 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute. 

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVPFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (5.4), find 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗, 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,𝑚; 𝑘 = 1,2, … ,𝑚; 𝑗 =

1,2, . . , 𝑛.                   
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𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) =
1

4
(|𝑎𝑖𝑗1 − 𝑎𝑘𝑗1| + |𝑎𝑖𝑗2 − 𝑎𝑘𝑗2| + |𝑎𝑖𝑗3 − 𝑎𝑘𝑗3| + |𝑎𝑖𝑗4 − 𝑎𝑘𝑗4|), 𝑖 =

1,2, …𝑚;  𝑗 = 1,2, … , 𝑛; 𝑘 = 1,2, … ,𝑚                                                                                       (5.4)                                                  

Step 3: Using expression (5.5), find the values of  𝑐𝑗  ∀ 𝑗 = 1,2, . . , 𝑛.              

𝑐𝑗 = ∑ ∑  𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗)
𝑚
𝑘=1

𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                           (5.5) 

Step 4: Check that the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 or the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying or 

not. 

Case (i): If the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by 

solving the CLPP (P3.5), proposed in Section 3.2.1 of Chapter 3. 

Case (ii): If the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by 

solving the CLPP (P3.6), proposed in Section 3.2.2 of Chapter 3. 

Case (iii): If neither the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 nor the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying 

then find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P2.12) of Chapter 2. 

Step 5: Using the expression (5.6), find the value of 𝑃̃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃̃𝑖 = ([∑ 𝑤𝑗𝑎𝑖𝑗1
𝑛
𝑗=1 , ∑ 𝑤𝑗𝑎𝑖𝑗2

𝑛
𝑗=1 ], [∑ 𝑤𝑗𝑎𝑖𝑗3

𝑛
𝑗=1 , ∑ 𝑤𝑗𝑎𝑖𝑗4

𝑛
𝑗=1 ]), 𝑖 = 1,2, … ,𝑚                      (5.6)                              

Step 6: Check that 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 𝑆(𝑃̃𝑝) =

𝑎𝑝𝑗1
2 +𝑎𝑝𝑗2

2 −𝑎𝑝𝑗3
2 −𝑎𝑝𝑗4

2

2
 and 𝑆(𝑃̃𝑞) =

𝑎𝑞𝑗1
2 +𝑎𝑞𝑗2

2 −𝑎𝑞𝑗3
2 −𝑎𝑞𝑗4

2

2
. 

Case (i): If 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞) then go to Step 7. 

Step 7: Check that 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 𝐻(𝑃̃𝑝) = 

 
𝑎𝑝𝑗1
2 +𝑎𝑝𝑗2

2 +𝑎𝑝𝑗3
2 +𝑎𝑝𝑗4

2

2
 and 𝐻(𝑃̃𝑞) =

𝑎𝑞𝑗1
2 +𝑎𝑞𝑗2

2 +𝑎𝑞𝑗3
2 +𝑎𝑞𝑗4

2

2
. 

Case (i): If 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 
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Case (iii): If 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞) then go to Step 8. 

Step 8: Check that 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 𝑇(𝑃̃𝑝) =

𝑎𝑝𝑗2
2 + 𝑎𝑝𝑗3

2 − 𝑎𝑝𝑗1
2 − 𝑎𝑝𝑗4

2  and 𝑇(𝑃̃𝑞) = 𝑎𝑞𝑗2
2 + 𝑎𝑞𝑗3

2 − 𝑎𝑞𝑗1
2 − 𝑎𝑞𝑗4

2 . 

Case (i): If 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞) then go to Step 9. 

Step 9: Check that 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞), where 𝐺(𝑃̃𝑝) =  

𝑎𝑝𝑗2
2 + 𝑎𝑝𝑗4

2 − 𝑎𝑝𝑗1
2 − 𝑎𝑝𝑗3

2  and 𝐺(𝑃̃𝑞) = 𝑎𝑞𝑗2
2 + 𝑎𝑞𝑗4

2 − 𝑎𝑞𝑗1
2 − 𝑎𝑞𝑗3

2 . 

Case (i): If 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

5.5 Exact results of the considered IVPFMADMPrs having partially known attribute 

weights 

In Section 5.3, IVPFMADMPrs were solved by the existing methods [84] and shown that the 

obtained results are inappropriate. In this section, the exact results of all these IVPFMADMPrs 

are obtained by the proposed Jorawar method. 

5.5.1 Exact results of the first IVPFMADMPr having partially known attribute weights 

Using the proposed Jorawar method, the exact result of the IVPFMADMPr having partially 

known attribute weights, considered in the first point of Section 5.3, can be obtained as follows: 

Step 1: Since, attributes 𝐺1 and 𝐺4 are cost type. So, according to Step 1 of the Jorawar method, 

proposed in Section 5.4,  

Table 5.8: Rating Values 
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Step 2: According to Step 2 of the Jorawar method, proposed in Section 5.4, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,4; 𝑗 = 1,2, … ,4. These values are shown in Table 5.9.  

      Table 5.9: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.50,0.60],
[0.30,0.50]

) , (
[0.50,0.60],
[0.30,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.60,0.70],
[0.40,0.60]

)) =

1

4
(0 + 0.1 + 0.1 + 0.2) = 0.1  

𝑑212 ((
[0.50,0.60],
[0.30,0.50]

) , (
[0.60,0.70],
[0.40,0.50]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0) = 0.075  

𝑑113 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.50,0.70],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑213 ((
[0.50,0.60],
[0.30,0.50]

) , (
[0.50,0.60],
[0.40,0.50]

)) =

1

4
(0 + 0 + 0.1 + 0) = 0.025  

𝑑114 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.70,0.80],
[0.30,0.40]

)) =

1

4
(0.1 + 0 + 0 + 0) = 0.025  

𝑑214 ((
[0.50,0.60],
[0.30,0.50]

) , (
[0.60,0.70],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0.1) = 0.075  

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

 

𝐺4 

𝐴1 
(
[0.60,0.80],
[0.30,0.40]

) (
[0.50,0.60],
[0.30,0.50]

) (
[0.30,0.70],
[0.50,0.60]

) (
[0.70,0.80],
[0.30,0.40]

) 

𝐴2 
(
[0.60,0.70],
[0.40,0.60]

) (
[0.60,0.70],
[0.40,0.50]

) (
[0.40,0.70],
[0.30,0.50]

) (
[0.60,0.80],
[0.30,0.40]

) 

𝐴3 
(
[0.50,0.70],
[0.30,0.40]

) (
[0.50,0.60],
[0.40,0.50]

) (
[0.50,0.60],
[0.70,0.80]

) (
[0.60,0.70],
[0.40,0.60]

) 

𝐴4 
(
[0.70,0.80],
[0.30,0.40]

) (
[0.60,0.70],
[0.30,0.40]

) (
[0.50,0.60],
[0.40,0.50]

) (
[0.50,0.70],
[0.30,0.40]

) 
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𝑑121 ((
[0.60,0.70],
[0.40,0.60]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0.1 + 0.1 + 0.2) = 0.1  

𝑑221 ((
[0.60,0.70],
[0.40,0.50]

) , (
[0.50,0.60],
[0.30,0.50]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0) = 0.075  

𝑑122 ((
[0.60,0.70],
[0.40,0.60]

) , (
[0.60,0.70],
[0.40,0.60]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.60,0.70],
[0.40,0.50]

) , (
[0.60,0.70],
[0.40,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑123 ((
[0.60,0.70],
[0.40,0.60]

) , (
[0.50,0.70],
[0.30,0.40]

)) =

1

4
(0.1 + 0 + 0.1 + 0.2) = 0.1  

𝑑223 ((
[0.60,0.70],
[0.40,0.50]

) , (
[0.50,0.60],
[0.40,0.50]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑124 ((
[0.60,0.70],
[0.40,0.60]

) , (
[0.70,0.80],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.2) = 0.125  

𝑑224 ((
[0.60,0.70],
[0.40,0.50]

) , (
[0.60,0.70],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0.1 + 0.1) = 0.05  

𝑑131 ((
[0.50,0.70],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑231 ((
[0.50,0.60],
[0.40,0.50]

) , (
[0.50,0.60],
[0.30,0.50]

)) =

1

4
(0 + 0 + 0.1 + 0) = 0.025  

𝑑132 ((
[0.50,0.70],
[0.30,0.40]

) , (
[0.60,0.70],
[0.40,0.60]

)) =

1

4
(0.1 + 0 + 0.1 + 0.2) = 0.1  

𝑑232 ((
[0.50,0.60],
[0.40,0.50]

) , (
[0.60,0.70],
[0.40,0.50]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑133 ((
[0.50,0.70],
[0.30,0.40]

) , (
[0.50,0.70],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑233 ((
[0.50,0.60],
[0.40,0.50]

) , (
[0.50,0.60],
[0.40,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑134 ((
[0.50,0.70],
[0.30,0.40]

) , (
[0.70,0.80],
[0.30,0.40]

)) =

1

4
(0.2 + 0.1 + 0 + 0) = 0.075  

𝑑234 ((
[0.50,0.60],
[0.40,0.50]

) , (
[0.60,0.70],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  
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𝑑141 ((
[0.70,0.80],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0.1 + 0 + 0 + 0) = 0.025  

𝑑241 ((
[0.60,0.70],
[0.30,0.40]

) , (
[0.50,0.60],
[0.30,0.50]

)) =

1

4
(0.1 + 0.1 + 0 + 0.1) = 0.075  

𝑑142 ((
[0.70,0.80],
[0.30,0.40]

) , (
[0.60,0.70],
[0.40,0.60]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.2) = 0.125  

𝑑242 ((
[0.60,0.70],
[0.30,0.40]

) , (
[0.60,0.70],
[0.40,0.50]

)) =

1

4
(0 + 0 + 0.1 + 0.1) = 0.05  

𝑑143 ((
[0.70,0.80],
[0.30,0.40]

) , (
[0.50,0.70],
[0.30,0.40]

)) =

1

4
(0.2 + 0.1 + 0 + 0) = 0.075  

𝑑243 ((
[0.60,0.70],
[0.30,0.40]

) , (
[0.50,0.60],
[0.40,0.50]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.1  

𝑑144 ((
[0.70,0.80],
[0.30,0.40]

) , (
[0.70,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑244 ((
[0.60,0.70],
[0.30,0.40]

) , (
[0.60,0.70],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑311 ((
[0.30,0.70],
[0.50,0.60]

) , (
[0.30,0.70],
[0.50,0.60]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑411 ((
[0.70,0.80],
[0.30,0.40]

) , (
[0.70,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑312 ((
[0.30,0.70],
[0.50,0.60]

) , (
[0.40,0.70],
[0.30,0.50]

)) =

1

4
(0.1 + 0 + 0.2 + 0.1) = 0.1  

𝑑412 ((
[0.70,0.80],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0.1 + 0 + 0 + 0) = 0.025  

𝑑313 ((
[0.30,0.70],
[0.50,0.60]

) , (
[0.50,0.60],
[0.70,0.80]

)) =

1

4
(0.2 + 0.1 + 0.2 + 0.2) = 0.175  

𝑑413 ((
[0.70,0.80],
[0.30,0.40]

) , (
[0.60,0.70],
[0.40,0.60]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.2) = 0.125  

𝑑314 ((
[0.30,0.70],
[0.50,0.60]

) , (
[0.50,0.60],
[0.40,0.50]

)) =

1

4
(0.2 + 0.1 + 0.1 + 0.1) = 0.125  

𝑑414 ((
[0.70,0.80],
[0.30,0.40]

) , (
[0.50,0.70],
[0.30,0.40]

)) =

1

4
(0.2 + 0.1 + 0 + 0) = 0.075  
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𝑑321 ((
[0.40,0.70],
[0.30,0.50]

) , (
[0.30,0.70],
[0.50,0.60]

)) =

1

4
(0.1 + 0 + 0.2 + 0.1) = 0.1  

𝑑421 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.70,0.80],
[0.30,0.40]

)) =

1

4
(0.1 + 0 + 0 + 0) = 0.025  

𝑑322 ((
[0.40,0.70],
[0.30,0.50]

) , (
[0.40,0.70],
[0.30,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑422 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑323 ((
[0.40,0.70],
[0.30,0.50]

) , (
[0.50,0.60],
[0.70,0.80]

)) =

1

4
(0.1 + 0.1 + 0.4 + 0.3) = 0.225  

𝑑423 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.60,0.70],
[0.40,0.60]

)) =

1

4
(0 + 0.1 + 0.1 + 0.2) = 0.1  

𝑑324 ((
[0.40,0.70],
[0.30,0.50]

) , (
[0.50,0.60],
[0.40,0.50]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0) = 0.075  

𝑑424 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.50,0.70],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑331 ((
[0.50,0.60],
[0.70,0.80]

) , (
[0.30,0.70],
[0.50,0.60]

)) =

1

4
(0.2 + 0.1 + 0.2 + 0.2) = 0.175  

𝑑431 ((
[0.60,0.70],
[0.40,0.60]

) , (
[0.70,0.80],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.2) = 0.125  

𝑑332 ((
[0.50,0.60],
[0.70,0.80]

) , (
[0.40,0.70],
[0.30,0.50]

)) =

1

4
(0.1 + 0.1 + 0.4 + 0.3) = 0.225  

𝑑432 ((
[0.60,0.70],
[0.40,0.60]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0.1 + 0.1 + 0.2) = 0.1  

𝑑333 ((
[0.50,0.60],
[0.70,0.80]

) , (
[0.50,0.60],
[0.70,0.80]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑433 ((
[0.60,0.70],
[0.40,0.60]

) , (
[0.60,0.70],
[0.40,0.60]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑334 ((
[0.50,0.60],
[0.70,0.80]

) , (
[0.50,0.60],
[0.40,0.50]

)) =

1

4
(0 + 0 + 0.3 + 0.3) = 0.15  

𝑑434 ((
[0.60,0.70],
[0.40,0.60]

) , (
[0.50,0.70],
[0.30,0.40]

)) =

1

4
(0.1 + 0 + 0.1 + 0.2) = 0.1  
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𝑑341 ((
[0.50,0.60],
[0.40,0.50]

) , (
[0.30,0.70],
[0.50,0.60]

)) =

1

4
(0.2 + 0.1 + 0.1 + 0.1) = 0.125  

𝑑441 ((
[0.50,0.70],
[0.30,0.40]

) , (
[0.70,0.80],
[0.30,0.40]

)) =

1

4
(0.2 + 0.1 + 0 + 0) = 0.075  

𝑑342 ((
[0.50,0.60],
[0.40,0.50]

) , (
[0.40,0.70],
[0.30,0.50]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0) = 0.075  

𝑑442 ((
[0.50,0.70],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0.1 + 0.1 + 0 + 0) = 0.05  

𝑑343 ((
[0.50,0.60],
[0.40,0.50]

) , (
[0.50,0.60],
[0.70,0.80]

)) =

1

4
(0 + 0 + 0.3 + 0.3) = 0.15  

𝑑443 ((
[0.50,0.70],
[0.30,0.40]

) , (
[0.60,0.70],
[0.40,0.60]

)) =

1

4
(0.1 + 0 + 0.1 + 0.2) = 0.1  

𝑑344 ((
[0.50,0.60],
[0.40,0.50]

) , (
[0.50,0.60],
[0.40,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑444 ((
[0.50,0.70],
[0.30,0.40]

) , (
[0.50,0.70],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jorawar method, proposed in Section 5.4, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
4
𝑘=1

4
𝑖=1 = 0 + 0.1 + 0.05 + 0.025 + 0.1 + 0 + 0.1 + 0.125 +

0.05 + 0.1 + 0 + 0.075 + 0.025 + 0.125 + 0.075 + 0 = 0.95, 

𝑐2 = ∑ ∑  𝑑𝑖2𝑘(𝛼̃𝑖2, 𝛼̃𝑘2)
4
𝑘=1

4
𝑖=1 = 0 + 0.075 + 0.025 + 0.075 + 0.075 + 0 + 0.05 + 0.05 +

0.025 + 0.05 + 0 + 0.1 + 0.075 + 0.05 + 0.1 + 0 = 0.75, 

𝑐3 = ∑ ∑  𝑑𝑖3𝑘(𝛼̃𝑖3, 𝛼̃𝑘3)
4
𝑘=1

4
𝑖=1 = 0 + 0.1 + 0.175 + 0.125 + 0.1 + 0 + 0.225 + 0.075 +

0.175 + 0.225 + 0 + 0.15 + 0.125 + 0.075 + 0.15 + 0 = 1.70, 

𝑐4 = ∑ ∑  𝑑𝑖4𝑘(𝛼̃𝑖4, 𝛼̃𝑘4)
4
𝑘=1

4
𝑖=1 = 0 + 0.025 + 0.125 + 0.075 + 0.025 + 0 + 0.1 + 0.05 +

0.125 + 0.1 + 0 + 0.1 + 0.075 + 0.05 + 0.1 + 0 = 0.95. 

Step 4: Using Step 4 of the Jorawar method, proposed in Section 5.4, there is need to solve the 

CLPP (P5.4). 

𝑚𝑎𝑥(0.95𝑤1 + 0.75𝑤2 + 1.7𝑤3 + 0.95𝑤4)  
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Subject to 

 

{
  
 

  
 

0.10 ≤ 𝑤1 ≤ 0.30,
0.20 ≤ 𝑤2 ≤ 0.30,
0.30 ≤ 𝑤3 ≤ 0.50,
0.20 ≤ 𝑤4 ≤ 0.30,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 = 𝑤4,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                      (P5.4)                                                                                                      

It can be easily verified that on solving the CLPP (P4.12), the obtained OAWV is 

(𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.20,0.20,0.40,0.20).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.20,0.20,0.40,0.20) and using Step 

5 of Jorawar method, proposed in Section 5.4, 

𝑃̃1 = ([(0.20)(0.30) + (0.20)(0.50) + (0.40)(0.30) + (0.20)(0.30), (0.20)(0.40) +                  

(0.20)(0.60) + (0.40)(0.70) + (0.20)(0.40)], [(0.20)(0.60) + (0.20)(0.30) + (0.40) 

(0.50) + (0.20)(0.70), (0.20)(0.70) + (0.20)(0.50) + (0.40)(0.50) + (0.20)(0.80)])  

= ([0.34,0.56], [0.52,0.60]),  

𝑃̃2 = ([(0.20)(0.40) + (0.20)(0.60) + (0.40)(0.40) + (0.20)(0.30), (0.20)(0.60) +                  

(0.20)(0.70) + (0.40)(0.70) + (0.20)(0.40)], [(0.20)(0.60) + (0.20)(0.40) + (0.40) 

(0.30) + (0.20)(0.60), (0.20)(0.70) + (0.20)(0.50) + (0.40)(0.50) + (0.20)(0.80)])  

= ([0.42,0.62], [0.44,0.60]), 

𝑃̃3 = ([(0.20)(0.30) + (0.20)(0.50) + (0.40)(0.50) + (0.20)(0.40), (0.20)(0.40) +                  

(0.20)(0.60) + (0.40)(0.60) + (0.20)(0.60)], [(0.20)(0.50) + (0.20)(0.40) + (0.40) 

(0.70) + (0.20)(0.60), (0.20)(0.70) + (0.20)(0.50) + (0.40)(0.80) + (0.20)(0.70)])  

= ([0.44,0.56], [0.58,0.70]),  

𝑃̃4 = ([(0.20)(0.30) + (0.20)(0.60) + (0.40)(0.50) + (0.20)(0.30), (0.20)(0.40) +  

  (0.20)(0.70) + (0.40)(0.60) + (0.20)(0.40)], [(0.20)(0.70) + (0.20)(0.30) + (0.40) 

(0.40) + (0.20)(0.50), (0.20)(0.80) + (0.20)(0.40) + (0.40)(0.50) + (0.20)(0.70)])  

= ([0.44,0.54], [0.46,0.58]). 
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Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4, 

𝑆(𝑃̃1) = −0.1006, 𝑆(𝑃̃2) = 0.0036, 𝑆(𝑃̃3) = −0.1596 and 𝑆(𝑃̃4) = −0.0332. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃4) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3). So, according to Step 6 of the Jujhar method, 

proposed in Section 5.4, the ranking of the alternatives is 𝐴2 > 𝐴4 > 𝐴1 > 𝐴3. 

5.5.2 Exact results of the second IVPFMADMPr having partially known attribute 

weights 

Using the proposed Jorawar method, the exact result of the IVPFMADMPr having partially 

known attribute weights, considered in the second point of Section 5.2, can be obtained as 

follows: 

Since, Step 1 to Step 3 of the proposed Jorawar method are same as shown in Section 5.5.1. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying. So, using Case (i) of Step 4 of the 

Jorawar method, proposed in Section 5.4, there is need to solve the CLPP (P5.5). 

𝑚𝑎𝑥(0.95𝑤1 + 0.75𝑤2 + 1.7𝑤3 + 0.95𝑤4)  

Subject to 

 

{
  
 

  
 

0.10 ≤ 𝑤1 ≤ 0.20,
0.20 ≤ 𝑤2 ≤ 0.25,
0.10 ≤ 𝑤3 ≤ 0.15,
     0.1 ≤ 𝑤4 ≤ 0.20,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 ≤ 1,
𝑤1 = 𝑤4,

𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0.

                                                                                      (P5.5)                                                                                                      

On solving the LPP (P5.5) the obtained non-normalized OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.20,0.25,0.15,0.20) and the normalized OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(
0.20

0.20+0.25+0.15+0.20
,

0.25

0.20+0.25+0.15+0.20
,

0.15

0.20+0.25+0.15+0.20
,

0.20

0.20+0.25+0.15+0.20
) 

= (0.25,0.3125,0.1875,0.25).  

Step 5: On considering the normalized OAWV (𝑤1, 𝑤2, 𝑤3, 𝑤4) = 

(0.25,0.3125,0.1875,0.25) and using Step 5 of Jorawar method, proposed in Section 5.4, 
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𝑃̃1 = ([(0.25)(0.30) + (0.3125)(0.50) + (0.1875)(0.30) + (0.25)(0.30), (0.25)(0.40) +          

(0.3125)(0.60)+(0.1875)(0.70) + (0.25)(0.40)], [(0.25)(0.60) +(0.3125)(0.30) +  

(0.1875)(0.50) + (0.25)(0.70), (0.25)(0.80) + (0.3125)(0.50) + (0.1875)(0.60) +

(0.25)(0.80)]) = ([0.3625,0.5187], [0.5125,0.6687]),  

𝑃̃2 = ([(0.25)(0.40) + (0.3125)(0.60) + (0.1875)(0.40) + (0.25)(0.30), (0.25)(0.60) +          

(0.3125)(0.70)+(0.1875)(0.70) + (0.25)(0.40)], [(0.25)(0.60) +(0.3125)(0.40) +  

(0.1875)(0.30) + (0.25)(0.60), (0.25)(0.70) + (0.3125)(0.50) + (0.1875)(0.50) +

(0.25)(0.80)]) = ([0.4375,0.6000], [0.4812,0.6250]), 

𝑃̃3 = ([(0.25)(0.30) + (0.3125)(0.50) + (0.1875)(0.50) + (0.25)(0.40), (0.25)(0.40) +          

(0.3125)(0.60)+(0.1875)(0.60) + (0.25)(0.60)], [(0.25)(0.50) +(0.3125)(0.40) +  

(0.1875)(0.70) + (0.25)(0.60), (0.25)(0.70) + (0.3125)(0.50) + (0.1875)(0.80) +

(0.25)(0.70)]) = ([0.4250,0.5500], [0.5312,0.6562]), 

𝑃̃4 = ([(0.25)(0.30) + (0.3125)(0.50) + (0.1875)(0.30) + (0.25)(0.30), (0.25)(0.40) +          

(0.3125)(0.60)+(0.1875)(0.70) + (0.25)(0.40)], [(0.25)(0.60) +(0.3125)(0.30) +  

(0.1875)(0.50) + (0.25)(0.70), (0.25)(0.80) + (0.3125)(0.50) + (0.1875)(0.60) +

(0.25)(0.80)]) = ([0.4312,0.5312], [0.4687,0.5930]). 

Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4, 

𝑆(𝑃̃1) = −0.1546, 𝑆(𝑃̃2) = −0.0353, 𝑆(𝑃̃3) = −0.1148 and 𝑆(𝑃̃4) = −0.0520. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃4) > 𝑆(𝑃̃3) > 𝑆(𝑃̃1). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13, the ranking of the alternatives is 𝐴2 > 𝐴4 > 𝐴3 > 𝐴1. 

5.5.3 Exact results of the third IVPFMADMPr having partially known attribute weights 

Using the proposed Jorawar method, the exact result of the IVPFMADMPr having partially 

known attribute weights, considered in the second point of Section 5.3, can be obtained as 

follows: 
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Since, Step 1 to Step 3 of the proposed Jorawar method are same as shown in Section 5.5.1. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is satisfying. So, using Case (ii) of Step 4 of the 

Jorawar method, proposed in Section 5.4, there is need to solve the CLPP (P5.6). 

𝑚𝑎𝑥 (0.95𝑤1 + 0.75𝑤2 + 1.7𝑤3 + 0.95𝑤4 − 𝜀1 − 𝜀2 − 𝜀3 − 𝜀4)  

Subject to   

{
 
 
 
 
 

 
 
 
 
 

30

150
≤ 𝑤1 ≤

80

150
,

40

150
≤ 𝑤2 ≤

60

150
,

50

150
≤ 𝑤3 ≤

70

150
,

30

150
≤ 𝑤4 ≤

80

150
,

𝑤1 + 𝑤2 + 𝑤3 + 𝑤4 = 1,
𝑤1 = 𝑤4,

150 = 100 + 𝜀1 + 𝜀2 + 𝜀3 + 𝜀4,
𝑤1 ≥ 0,𝑤2 ≥ 0,𝑤3 ≥ 0,𝑤4 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0, 𝜀3 ≥ 0, 𝜀4 ≥ 0.

                                   (P5.6) 

On solving the CLPP (P5.6) the obtained OAWV is (𝑤1, 𝑤2, 𝑤3, 𝑤4) =

(0.2000, 0.2666, 0.3334, 0.2000).  

Step 5: On considering the OAWV (𝑤1, 𝑤2, 𝑤3, 𝑤4) = (0.2000, 0.2666, 0.3334, 0.2000) and 

using Step 5 of Jorawar method, proposed in Section 5.4, 

𝑃̃1 = ([(0.2000)(0.30) + (0.2666)(0.50) + (0.3334)(0.30) + (0.2000)(0.30), (0.2000)          

(0.40) + (0.2666)(0.60)+(0.3334)(0.70) + (0.2000)(0.40)], [(0.2000)(0.60) +  

(0.2666)(0.30) + (0.3334)(0.50) + (0.2000)(0.70), (0.2000)(0.80) + (0.2666)(0.50) +

(0.3334)(0.60) + (0.2000)(0.80)]) = ([0.3773, 0.5853], [0.5626, 0.7173]),  

𝑃̃2 = ([(0.2000)(0.40) + (0.2666)(0.60) + (0.3334)(0.40) + (0.2000)(0.30), (0.2000)          

(0.60) + (0.2666)(0.70)+(0.3334)(0.70) + (0.2000)(0.40)], [(0.2000)(0.60) +  

(0.2666)(0.40) + (0.3334)(0.30) + (0.2000)(0.60), (0.2000)(0.70) + (0.2666)(0.50) +

(0.3334)(0.50) + (0.2000)(0.80)]) = ([0.4573, 0.6520], [0.4946, 0.6640]), 

𝑃̃3 = ([(0.2000)(0.30) + (0.2666)(0.50) + (0.3334)(0.50) + (0.2000)(0.40), (0.2000)          
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(0.40) + (0.2666)(0.60)+(0.3334)(0.60) + (0.2000)(0.60)], [(0.2000)(0.50) +  

(0.2666)(0.40) + (0.3334)(0.70) + (0.2000)(0.60), (0.2000)(0.70) + (0.2666)(0.50) +

(0.3334)(0.80) + (0.2000)(0.70)]) = ([0.4720, 0.6080], [0.6080, 0.7360]), 

𝑃̃4 = ([(0.2000)(0.30) + (0.2666)(0.60) + (0.3334)(0.50) + (0.2000)(0.30), (0.2000)          

(0.40) + (0.2666)(0.70)+(0.3334)(0.60) + (0.2000)(0.40)], [(0.2000)(0.70) +  

(0.2666)(0.30) + (0.3334)(0.40) + (0.2000)(0.50), (0.2000)(0.80) + (0.2666)(0.40) + 

(0.3334)(0.50) + (0.2000)(0.70)]) = ([0.4706, 0.5786], [0.4933, 0.6293]). 

Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4, 

𝑆(𝑃̃1) = −0.1730, 𝑆(𝑃̃2) = −0.0256, 𝑆(𝑃̃3) = −0.1594 and 𝑆(𝑃̃4) = −0.0415. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃4) > 𝑆(𝑃̃3) > 𝑆(𝑃̃1). So, according to Step 6 of the Jorawar 

method, proposed in Section 5.4, the ranking of the alternatives is 𝐴2 > 𝐴4 > 𝐴3 > 𝐴1. 

5.5.4 Exact results of fourth IVPFMADMPr having partially known attribute weights 

Using the proposed Jorawar method, the exact result of the IVPFMADMPr having partially 

known attribute weights, considered in the fourth point of Section 5.3, can be obtained as 

follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jorawar method, 

proposed in Section 5.4, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jorawar method, proposed in Section 5.4, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2, … ,6; 𝑗 = 1,2,3. These values are shown in Table 5.10.  

      Table 5.10: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  
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𝑑112 ((
[0.20,0.50],
[0.20,0.50]

) , (
[0.30,0.60],
[0.30,0.60]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.10  

𝑑212 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑121 ((
[0.30,0.60],
[0.30,0.60]

) , (
[0.20,0.50],
[0.20,0.50]

)) =

1

4
(0.1 + 0.1 + 0.1 + 0.1) = 0.10  

𝑑221 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑122 ((
[0.30,0.60],
[0.30,0.60]

) , (
[0.30,0.60],
[0.30,0.60]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.60,0.80],
[0.30,0.40]

) , (
[0.60,0.80],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jorawar method, proposed in Section 5.4, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.1 + 0.1 + 0 + 0 = 0.2, 

𝑐2 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0 + 0 + 0 = 0. 

Step 4: Using Step 4 of the Jorawar method, proposed in Section 5.4, there is need to solve the 

CLPP (P5.7). 

𝑚𝑎𝑥(0.2𝑤1)  

Subject to 

{

0.1 ≤ 𝑤1 ≤ 0.5,
0.2 ≤ 𝑤2 ≤ 0.7,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P5.7)                                                                                                  

It can be easily verified that on solving the CLPP (P5.7) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.5,0.5)  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.5,0.5) and using Step 5 of the Jorawar 

method, proposed in Section 5.4, 

𝑃̃1 = ([(0.50)(0.20) + (0.50)(0.60), (0.50)(0.50) + (0.50)(0.80)], [(0.50)(0.20) +

(0.50)(0.30), (0.50)(0.50) + (0.50)(0.40)]) = ([0.40,0.65], [0.25,0.45]),  
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𝑃̃2 = ([(0.50)(0.30) + (0.50)(0.60), (0.50)(0.60) + (0.50)(0.80)], [(0.50)(0.30) +

(0.50)(0.30), (0.50)(0.60) + (0.50)0.40]) = ([0.45,0.70], [0.30,0.50]). 

Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4, 

𝑆(𝑃̃1) = 0.1587 and 𝑆(𝑃̃2) = 0.1762. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃1). Therefore, according to case (ii) of Step 7 of the proposed 

Jorawar method, the ranking of the alternatives is 𝐴2 > 𝐴1. 

5.6 Conclusions 

The inappropriateness of the existing method [84] is pointed out. Also, a new method 

(named as Jorawar method) is proposed to solve the IVPFMADMPrs having partially known 

attribute weights. Furthermore, the proposed Jorawar method has been illustrated with the help 

of some IVPFMADMPrs having partially known attribute weights. 
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Chapter 6 

Jujhar method for solving IVIFMADMPrs 

having IVIF attribute weights5 

 

Li [128] pointed out that there does not exist any method to solve IVIFMADMPrs 

having IVIF weights. To fill this gap, Li proposed a method to solve IVIFMADMPrs having 

IVIF weights. Motivated by Li, several other researchers [35-45, 47-49, 52, 55, 127, 129, 132, 

137, 209-211] have proposed different methods to solve the IVIFMADMPrs having IVIF 

weights. However, after a deep study it is observed that it is inappropriate to use the existing 

methods [35-45, 47-49, 52, 55, 127-129, 132, 137, 209-211]. The aim of this chapter is to make 

the researchers aware about the inappropriateness of these methods as well as to propose a new 

method (named as Jujhar method) to solve IVIFMADMPrs having IVIF attribute weights. 

6.1 A brief review about the existing work 

Li [128] pointed out that there does not exist any method for solving such MADMPrs in 

which rating values of each alternative over each attribute as well as each attribute weight is 

represented by an IVIF set [9]. To fill this gap, Li [128] proposed a method to solve 

IVIFMADMPrs having IVIF weights. In this method, firstly, two non-linear programming 

problems, corresponding to each alternative, are solved to evaluate the crisp attribute weights 

corresponding to the known IVIF attribute weights. Then, the obtained crisp attribute weights 

are used to find the ranking of the alternatives. Li [129] used the same method to solve 

IVIFMADMPrs with crisp weights. 

                                                           
5 The contents of this chapter have been communicated in “Engineering Applications of Artificial Intelligence” 

for the possible publication   
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Li [127] also proposed a method to solve IVIFMADMPrs having IVIF weights. In this 

method, firstly, two LPPs, corresponding to each alternative, are solved to evaluate the crisp 

attribute weights corresponding to the known IVIF attribute weights. Then, the obtained crisp 

attribute weights are used to find the ranking of the alternatives. 

Chen and Chiou [40] pointed out the flaws of Li’s method [128]. Also, to resolve the flaws, 

Chen and Chiou [40] proposed a method to solve IVIFMADMPrs having IVIF weights. In this 

method, firstly, a NLPP is solved to evaluate the crisp attribute weights corresponding to the 

known IVIF attribute weights. Then, the obtained crisp attribute weights are used to find the 

ranking of the alternatives. Although, Chen and Chiou [40] have not pointed out the flaws of 

Li’s method [128]. However, it can be easily verified that the flaws, pointed out by Chen and 

Chiou [40] in Li’s method [127], are also occurring in Li’s method [128]. 

Chen and Huang [45] pointed out the flaws of Li’s method [128] as well as Chen and 

Chiou’s method [40]. Also, to resolve the flaws, Chen and Huang [45] proposed a method to 

solve IVIFMADMPrs having IVIF weights. In this method, firstly, the CLPP (P6.1) is solved 

to evaluate the crisp attribute weights corresponding to the known IVIF attribute weights. Then, 

the obtained crisp attribute weights are used to find the ranking of the alternatives. 

𝑀𝑎𝑥(∑ (∑ (𝑤𝑗𝑑𝑖𝑗)
𝑚
𝑖=1 )𝑛

𝑗=1 )  

Subject to 

{

𝑤𝑗1 ≤ 𝑤𝑗 ≤ 1 − 𝑤𝑗3, j = 1,2, … , n,

∑ 𝑤𝑗 = 1𝑛
𝑗=1 ,

0 ≤ 𝑤𝑗 ≤ 1, j = 1,2, … , n.

                                                                                    (P6.1)                                                                                                               

where,  

(i) 𝑑𝑖𝑗 =
𝑎𝑖𝑗1+𝑎𝑖𝑗2−𝑎𝑖𝑗3−𝑎𝑖𝑗4

2
 represents the crisp value corresponding to the IVIF rating value 

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- attribute. 

(ii) 𝑤𝑗 represents the unknown crisp weight of the 𝑗𝑡ℎ- attribute corresponding to the known 
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IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 

(iii) 𝑚 represents the number of alternatives. 

(iv) 𝑛 represents the number of attributes. 

Wang and Chen [209] pointed out the flaws of Li’s method and Chen and Chiou’s method 

[40]. Also, to resolve the flaws Wang and Chen [209] proposed a method for solving 

IVIFMADMPrs having IVIF weights. In this method firstly, a CLPP based upon an existing 

similarity measure, is used to evaluate the crisp attribute weight 𝑤𝑗 corresponding to the IVIF 

weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]). Then, the obtained crisp attribute weights are used to find 

the ranking of the alternatives.  

Chen and Huang [44] also pointed out the flaws of Li’s method [128] as well as Chen and 

Chiou’s method [40]. Furthermore, to resolve the flaws, Chen and Huang [44] proposed a 

method to solve IVIFMADMPrs having IVIF weights. In this method, firstly, the CLPP (P6.1) 

with the following modification is solved to evaluate the crisp attribute weights corresponding 

to the known IVIF attribute weights. Then, the obtained crisp attribute weights are used to find 

the ranking of the alternatives. 

“Replace 𝑑𝑖𝑗 =
𝑎𝑖𝑗1+𝑎𝑖𝑗2−𝑎𝑖𝑗3−𝑎𝑖𝑗4

2
 with 𝑑𝑖𝑗 = 𝑎𝑖𝑗1 + 𝑎𝑖𝑗2 − 1 +

𝑎𝑖𝑗3+𝑎𝑖𝑗4

2
.” 

Wang and Chen [210] pointed out the flaws Chen and Huang’s method [45]. Also, to 

resolve the flaws, Wang and Chen [210] proposed a method to solve IVIFMADMPrs having 

IVIF weights. In this method, firstly, the CLPP (P6.1) with the following modification is solved 

to evaluate the crisp attribute weights corresponding to the known IVIF attribute weights. Then, 

the obtained crisp attribute weights are used to find the ranking of the alternatives. 

“Replace 𝑑𝑖𝑗 =
𝑎𝑖𝑗1+𝑎𝑖𝑗2−𝑎𝑖𝑗3−𝑎𝑖𝑗4

2
 with 𝑑𝑖𝑗 =

𝑎𝑖𝑗1+𝑎𝑖𝑗2+√𝑎𝑖𝑗2𝑎𝑖𝑗4(1−𝑎𝑖𝑗1−𝑎𝑖𝑗3)+√𝑎𝑖𝑗1𝑎𝑖𝑗3(1−𝑎𝑖𝑗2−𝑎𝑖𝑗4)

2
.” 

Cheng [56] proposed a method to solve IVIFMADMPrs having IVIF weights. In this 
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method, the IVIF weights are directly used to aggregate the IVIF rating values. However, it is 

inappropriate to do the same as sum of the IVIF weights will never be ([1,1], [0,0]). Therefore, 

it is not appropriate to use Cheng’s IVIFMADM method [56].  

Gupta et al. [93] proposed a method for solving IVIFMADMPr having IVIF weights. In 

this method, a CLPP has been solved to obtain the attribute weight 𝑤𝑗 corresponding to the 

IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]). It is pertinent to mention that, in the CLPP, 

considered by Gupta et al. [93], the constraint 𝑤𝑗1 ≤ 𝑤𝑗 ≤ 1 − 𝑤𝑗3 has been used. However, it 

is inappropriate to use this constraint as if 𝑤𝑗1 = 1 − 𝑤𝑗3 then the obtained value will be always 

𝑤𝑗1 and will be independent from the remaining values of 𝑤𝑗2 and 𝑤𝑗3. Therefore, it is 

inappropriate to use Gupta et al.’s IVIFMADM method [93].   

Chen and Han [41] as well as Wang and Chen [211] pointed out that it is inappropriate to 

use the CLPP (P1) due to the following reason: 

“If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1  then the coefficient of the attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the CLPP 

(P6.1). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, corresponding to which 𝑤𝑝 + 𝑤𝑞 will be 

optimal, will represent the optimal values of 𝑤𝑝 and 𝑤𝑞. Due to the same reason, on solving 

the CLPP (P6.1) corresponding to the IVIFMADMPr having IVIF attribute weights, the 

number of obtained optimal weight vectors are more than one, which is mathematically 

incorrect.” 

Also, to resolve the flaws, Chen and Han  [41] as well as Wang and Chen [211] proposed 

different methods to solve IVIFMADMPrs having IVIF weights. In these methods, firstly, 𝑑𝑖𝑗 

is transformed into 𝑢𝑖𝑗 such that ∑ 𝑢𝑖𝑗
𝑚
𝑖=1 ≠ 𝑢 (constant) ∀ 𝑗. Then, the CLPP (P6.1) is solved 

to evaluate the crisp attribute weights corresponding to the known IVIF attribute weights. 

Finally, the obtained crisp attribute weights are used to find the ranking of the alternatives.  
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Chen and Kuo [47] pointed out that it is inappropriate to use the CLPP (P6.1) due to the 

following reasons: 

(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1  then the coefficient of the attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the CLPP 

(P6.1). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, corresponding to which 𝑤𝑝 + 𝑤𝑞 will be 

optimal, will represent the optimal values of 𝑤𝑝 and 𝑤𝑞. Due to the same reason, on 

solving the CLPP (P6.1) corresponding to the IVIFMADMPr having IVIF attribute 

weights, the number of obtained OAWV are more than one, which is mathematically 

incorrect.  

(iii) If ∑ 𝑤𝑗1
𝑛
𝑗=1 > 1 or ∑ (1 − 𝑤𝑗3)

𝑛
𝑗=1 < 1 . Then, no feasible solution exist for the CLPP 

(P6.1) i.e., no OAWV is obtained on solving the CLPP (P6.1). 

Also, to resolve the flaws, Chen and Kuo [47] proposed the crisp NLPP (P6.2) to evaluate 

the crisp attribute weights corresponding to the known IVIF attribute weights.  

𝑚𝑎𝑥 (∑ ∑ ∑ |𝑡𝑎𝑛ℎ(𝑤𝑗 × 𝑝𝑖𝑗) − 𝑡𝑎𝑛ℎ(𝑤𝑗 × 𝑝𝑘𝑗)|
𝑚
𝑘=1
𝑖≠𝑘

𝑛
𝑗=1

𝑚
𝑖=1 + 0.1 × ∑ ∑ 𝑡𝑎𝑛ℎ(𝑤𝑗 ×

𝑛
𝑗=1

𝑚
𝑖=1

𝑝𝑖𝑗) − ∑ (𝜀𝑗1 + 𝜀𝑗2)
𝑛
𝑗=1 )  

Subject to 

{
  
 

  
 

𝑤𝑗 + 𝜀𝑗1 ≥ 𝑤𝑗1,

𝑤𝑗 − 𝜀𝑗2 ≤ 1 − 𝑤𝑗3,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1,

0 ≤ 𝑤𝑗 ≤ 1, j = 1,2, … , n,

0 ≤ 𝜀𝑗1 ≤ 1, j = 1,2, … , n,

0 ≤ 𝜀𝑗2 ≤ 1, j = 1,2, … , n.

                                                                    (P6.2)                                                                                                         

where, 

(i) 𝑑𝑖𝑗 =
𝑎𝑖𝑗1−𝑎𝑖𝑗3+𝑎𝑖𝑗2−𝑎𝑖𝑗4

2
+ 1 represents the crisp value corresponding to the IVIF rating 

value ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- attribute. 
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(ii) 𝑑𝑘𝑗 =
𝑎𝑘𝑗1−𝑎𝑘𝑗3+𝑎𝑘𝑗2−𝑎𝑘𝑗4

2
+ 1 represents the crisp value corresponding to the IVIF 

rating value ([𝑎𝑘𝑗1, 𝑎𝑘𝑗2], [𝑎𝑘𝑗3, 𝑎𝑘𝑗4]) of the 𝑘𝑡ℎ- alternative over the 𝑗𝑡ℎ- attribute. 

(iii) 𝜀𝑗1 and 𝜀𝑗2 are the unknown variables. 

(iv) 𝑤𝑗 represents the unknown crisp weight of the 𝑗𝑡ℎ- attribute corresponding to the known 

IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 

(v)  𝑤𝑗1, 𝑤𝑗2, 𝑤𝑗3 and 𝑤𝑗4 are the elements of the known IVIF weight 𝑤̃𝑗 =

([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 

(vi) 𝑚 represents the number of alternatives. 

(vii) 𝑛 represents the number of attributes. 

Chen and Han [42] pointed out the flaws of Chen and Han’s [41] method. Also, to resolve 

the flaws, Chen and Han [42] proposed the crisp NLPP (P6.3) to evaluate the crisp attribute 

weights corresponding to the known IVIF weights. 

𝑚𝑎𝑥 (∑ ∑ |
(𝑑𝑖𝑗)

𝑤𝑗−(𝑑𝑖𝑗+0.1)
−𝑤𝑗

(𝑑𝑖𝑗)
𝑤𝑗+(𝑑𝑖𝑗+0.1)

−𝑤𝑗
|𝑚

𝑖=1
𝑛
𝑗=1 )   

 Subject to 

{
𝑤𝑗1 ≤ 𝑤𝑗 ≤ 1 − 𝑤𝑗3, 𝑗 = 1,2, … , 𝑛,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1, , j = 1,2, . . , n.

                          (P6.3)                                                                                                             

where, 

(i) 𝑑𝑖𝑗 =
𝑎𝑖𝑗1+𝑎𝑖𝑗2−𝑎𝑖𝑗3−𝑎𝑖𝑗4

2
 represents the crisp value corresponding to IVIF rating value 

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- attribute. 

(ii) 𝑤𝑗 represents the unknown crisp weight of the 𝑗𝑡ℎ- attribute corresponding to the known 

IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 

(iii) 𝑤𝑗1, 𝑤𝑗2, 𝑤𝑗3 and 𝑤𝑗4 are the elements of the known IVIF weight 𝑤̃𝑗 = 

([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 
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(iv) 𝑚 represents the number of alternatives. 

(v) 𝑛 represents the number of attributes. 

Chen et al. [48] pointed out the flaws of Wang and Chen’s method [211]. Also, to resolve 

the flaws, Chen et al. [48] proposed the crisp NLPP (P6.4) to evaluate the crisp attribute weights 

corresponding to the known IVIF weights. 

𝑚𝑎𝑥 (∑ 𝑡𝑎𝑛ℎ(𝑤𝑗 × 𝐸𝑗)
𝑛
𝑗=1 + ∑ ∑ 𝑡𝑎𝑛ℎ(𝑤𝑗 × 𝑑𝑖𝑗)

𝑛
𝑗=1

𝑚
𝑖=1 − ∑ (𝜀𝑗1 + 𝜀𝑗2)

𝑛
𝑗=1 )  

Subject to 

{
 
 

 
 
𝑤𝑗1 − 𝜀𝑗1 ≤ 𝑤𝑗 ≤ (1 − 𝑤𝑗3) + 𝜀𝑗2,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1,

0 ≤ 𝑤𝑗 ≤ 1, j = 1,2, … , n,

0 ≤ 𝜀𝑗1 ≤ 1, j = 1,2, … , n,

0 ≤ 𝜀𝑗2 ≤ 1, j = 1,2, … , n.

                (P6.4)                                                                                         

  where, 

(i) 𝑑𝑖𝑗 =
𝑎𝑖𝑗1−𝑎𝑖𝑗3+𝑎𝑖𝑗2−𝑎𝑖𝑗4

2
+ 1 represents the crisp value corresponding to the IVIF rating 

value ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- attribute. 

(ii) 𝐸𝑗 = {

0 𝑖𝑓 ∑ (𝑙𝑜𝑔2𝑚+∑ 𝑘𝑖𝑗(𝑙𝑜𝑔2𝑘𝑖𝑗)
𝑚
𝑖=1 ) = 0𝑛

𝑗=1

𝑙𝑜𝑔2𝑚+∑ 𝑘𝑖𝑗(𝑙𝑜𝑔2𝑘𝑖𝑗)
𝑚
𝑖=1

∑ (𝑙𝑜𝑔2𝑚+∑ 𝑘𝑖𝑗(𝑙𝑜𝑔2𝑘𝑖𝑗)
𝑚
𝑖=1 )𝑛

𝑗=1

      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
,  

where 𝑘𝑖𝑗 {
0     𝑖𝑓 ∑ 𝑑𝑖𝑗

𝑚
𝑖=1 = 0

𝑑𝑖𝑗

∑ 𝑝𝑖𝑗
𝑚
𝑖=1

        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

(iii) 𝜀𝑗1 and 𝜀𝑗2 are the unknown variables. 

(iv) 𝑤𝑗 represents the unknown crisp weight of the 𝑗𝑡ℎ- attribute corresponding to the known 

IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 

(v)  𝑤𝑗1, 𝑤𝑗2, 𝑤𝑗3 and 𝑤𝑗4 are the elements of the known IVIF weight 𝑤̃𝑗 =

([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 

(vi) 𝑚 represents the number of alternatives. 

(vii) 𝑛 represents the number of attributes. 
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Chen and Han [43] pointed out that it is inappropriate to use the CLPP (P6.1) due to the 

following reasons: 

(i) If there will exist two distinct attributes 𝐺𝑝 and 𝐺𝑞 such that 𝑐𝑝 = 𝑐𝑞 i.e., ∑ 𝑑𝑖𝑝
𝑚
𝑖=1 =

∑ 𝑑𝑖𝑞
𝑚
𝑖=1  then the coefficient of the attribute weight 𝑤𝑝  and 𝑤𝑞 will be equal in the 

CLPP (P6.1). Therefore, all such values of 𝑤𝑝 and 𝑤𝑞, corresponding to which 𝑤𝑝 +

𝑤𝑞 will be optimal, will represent the optimal values of 𝑤𝑝 and 𝑤𝑞. Due to the same 

reason, on solving the CLPP (P6.1) corresponding to the IVIFMADMPr having IVIF 

attribute weights, the number of obtained OAWV are more than one, which is 

mathematically incorrect. 

(ii) If ∑ 𝑤𝑗1
𝑛
𝑗=1 > 1 or ∑ (1 − 𝑤𝑗3)

𝑛
𝑗=1 < 1 . Then, no feasible solution exist for the CLPP 

(P6.1) i.e., no OAWV is obtained on solving the CLPP (P6.1). 

Also, to resolve the flaws, Chen and Han [43] proposed the crisp NLPP (P6.5) to evaluate 

the crisp attribute weights corresponding to the known IVIF attribute weights. 

𝑚𝑎𝑥 (∑ ∑ |
(𝑑𝑖𝑗+1)

𝑤𝑗−(𝑑𝑖𝑗+1.1)
−𝑤𝑗

(𝑑𝑖𝑗+1)
𝑤𝑗+(𝑑𝑖𝑗+1.1)

−𝑤𝑗
| −

1

10
∑ (𝜀𝑗1 + 𝜀𝑗2)
𝑛
𝑗=1

𝑚
𝑖=1

𝑛
𝑗=1 )   

 Subject to 

{

𝑤𝑗1 − 𝜀𝑗1 ≤ 𝑤𝑗 ≤ 1 − 𝑤𝑗3 + 𝜀𝑗2, 𝑗 = 1,2, … , 𝑛,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1,

0 ≤ 𝑤𝑗 ≤ 1, j = 1,2, … , n.

                                                                (P6.5)                                                                                                                                                      

where, 

(i) 𝑑𝑖𝑗 = 𝑎𝑖𝑗1 + 𝑎𝑖𝑗2 − 1 +
𝑎𝑖𝑗3+𝑎𝑖𝑗4

2
 represents the crisp value corresponding to IVIF 

rating value ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- attribute. 

(ii) 𝜀𝑗1 and 𝜀𝑗2 are the unknown variables. 

(iii) 𝑤𝑗 represents the unknown crisp weight of the 𝑗𝑡ℎ- attribute corresponding to the known 

IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 
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(iv) 𝑤𝑗1, 𝑤𝑗2, 𝑤𝑗3 and 𝑤𝑗4 are the elements of the known IVIF weight 𝑤̃𝑗 =

([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) of the 𝑗𝑡ℎ- attribute. 

(v) 𝑚 represents the number of alternatives. 

(vi) 𝑛 represents the number of attributes. 

6.2 Outcomes of the existing work 

On the basis of the results, discussed in Section 6.1, it can be concluded that  

(i) No one has pointed out the inappropriateness of Wang and Chen’s method [211]. 

(ii) No one has pointed out the inappropriateness of Chen and Kuo’s method [47]. 

(iii) No one has pointed out the inappropriateness of Chen and Han’s method [42]. 

(iv) No one has pointed out the inappropriateness of Chen et al.’s method [48]. 

(v) No one has pointed out the inappropriateness of Chen and Han’s method [43]. 

(vi) To apply any of the existing methods [42, 43, 47, 48, 211], there is need to solve the crisp 

NLPP’s for which a lot of computational efforts are required. 

6.3 A brief review of Wang and Chen’s method  

To point out the inappropriateness of Wang and Chen’s method, firstly there is need to 

discuss Wang and Chen’s method [211]. Therefore, a brief review of Wang and Chen’s method 

[211] is presented in this section.  

      Wang and Chen proposed the following method to find the ranking of the alternatives for 

IVIFMADMPrs having IVIF weights. 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, transform the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 
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𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (6.1), transform each IVIF element 𝛼̃𝑖𝑗 =  

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into the 

crisp element 𝑑𝑖𝑗 

𝑑𝑖𝑗 =
(𝑎𝑖𝑗1+𝑎𝑖𝑗2)(𝑎𝑖𝑗1+𝑎𝑖𝑗3)−(𝑎𝑖𝑗3+𝑎𝑖𝑗4)(𝑎𝑖𝑗2+𝑎𝑖𝑗4)

2
.                                                                  (6.1)                                                                                                           

Step 3: Find 𝑐𝑗 = ∑ 𝑑𝑖𝑗 ∀ 𝑗 = 1,2, … , 𝑛
𝑚
𝑖=1  and check that 𝑐𝑗 is distinct ∀ 𝑗 = 1,2, … , 𝑛 or not. 

Case (i): If 𝑐𝑗 is distinct ∀ 𝑗 = 1,2, … , 𝑛 then go to Step 6. 

Case (ii): If 𝑐𝑗 is same for two or more values of 𝑗  then go to Step 4. 

Step 4: If 𝑐𝑗 is same for 𝑠-values of 𝑗, where 2 ≤ 𝑠 ≤ 𝑛. Then, find the standard deviation of 

all the elements for each of these 𝑠- columns and go to Step 5. (The standard deviation 𝜎𝑗 of all 

the elements 𝑑𝑖𝑗 of the 𝑗𝑡ℎ column of the crisp decision matrix 𝐷 = (𝑑𝑖𝑗)𝑚×𝑛 is defined as: 

𝜎𝑗 = √
1

𝑚
∑ (𝑑𝑖𝑗 −

∑ 𝑑𝑖𝑗
𝑚
𝑖=1

𝑚
)
2

𝑚
𝑖=1 ). 

Step 5: Using the following procedure, transform the crisp decision matrix 𝐷 = (𝑑𝑖𝑗)𝑚×𝑛 into 

a new crisp decision matrix 𝐷′ = (𝑑𝑖𝑗
′ )

𝑚×𝑛
. 

Add a real number 𝛿1 = 0.0001 in the first element of all those columns of the crisp 

decision matrix 𝐷 = (𝑑𝑖𝑗)𝑚×𝑛 corresponding to which the obtained standard deviation is 

minimum. Add a real number 𝛿2 = 0.0002 in the first element of all those columns of the crisp 

decision matrix 𝐷 = (𝑑𝑖𝑗)𝑚×𝑛 corresponding to which the obtained standard deviation is next 

to minimum. Repeat the same procedure for all the 𝑠- columns by increasing 0.0001 in the 

previous value of 𝛿 and go to Step 6.  

Step 6: Find the optimal weight 𝑤𝑗 of the 𝑗𝑡ℎ- attribute by solving the CLPP (P6.6) (If Case 

(i) of Step 3 is satisfied) or the CLPP (P6.7) (If Case (ii) of Step 3 is satisfied). 
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𝑚𝑎𝑥 [∑ ∑ 𝑑𝑖𝑗𝑤𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ]  

{
0 ≤ 𝑤𝑗1 ≤ 𝑤𝑗 ≤ 1 − 𝑤𝑗3 ≤ 1, 𝑗 = 1,2, … , 𝑛 ,

∑ 𝑤𝑗 = 1.
𝑛
𝑗=1

                                                                (P6.6)                                               

where, 𝑑𝑖𝑗 is the (𝑖, 𝑗)𝑡ℎelement of the crisp decision matrix 𝐷 = (𝑑𝑖𝑗)𝑚×𝑛. 

𝑚𝑎𝑥 [∑ ∑ 𝑑𝑖𝑗
′ 𝑤𝑗

𝑛
𝑗=1

𝑚
𝑖=1 ]                                                                                                              (P6.7) 

Subject to  

Constraints of the CLPP (P6.6) 

where, 𝑑𝑖𝑗
′  is the (𝑖, 𝑗)𝑡ℎ element of the crisp decision matrix 𝐷′ = (𝑑𝑖𝑗

′ )
𝑚×𝑛

.                                                        

Step 7: Using the expression (6.2), find the value of 𝑃̃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃̃𝑖 = ([∑ 𝑤𝑗 × 𝑎𝑖𝑗1
𝑛
𝑗=1 , ∑ 𝑤𝑗 × 𝑎𝑖𝑗2

𝑛
𝑗=1 ], [∑ 𝑤𝑗 × 𝑎𝑖𝑗3

𝑛
𝑗=1 , ∑ 𝑤𝑗 × 𝑎𝑖𝑗4

𝑛
𝑗=1 ]), 𝑖 = 1,2, … ,𝑚 (6.2)                                                           

Step 8: Check that 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 

𝑆(𝑃̃𝑝) =
(𝑎𝑝𝑗1+𝑎𝑝𝑗2)(𝑎𝑝𝑗1+𝑎𝑝𝑗3)−(𝑎𝑝𝑗3+𝑎𝑝𝑗4)(𝑎𝑝𝑗2+𝑎𝑝𝑗4)

2
 and 𝑆(𝑃̃𝑞) =

(𝑎𝑞𝑗1+𝑎𝑞𝑗2)(𝑎𝑞𝑗1+𝑎𝑞𝑗3)−(𝑎𝑞𝑗3+𝑎𝑞𝑗4)(𝑎𝑞𝑗2+𝑎𝑞𝑗4)

2
. 

Case (i): If 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞) then go to Step 9. 

Step 9: Check that 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞), where 𝐻(𝑃̃𝑝) =

(1−𝑎𝑝𝑗1−𝑎𝑝𝑗2)(1−𝑎𝑝𝑗1−𝑎𝑝𝑗3)+(1−𝑎𝑝𝑗3−𝑎𝑝𝑗4)(1−𝑎𝑝𝑗2−𝑎𝑝𝑗4)

2
 and 𝐻(𝑃̃𝑞) =

(1−𝑎𝑞𝑗1−𝑎𝑞𝑗2)(1−𝑎𝑞𝑗1−𝑎𝑞𝑗3)+(1−𝑎𝑞𝑗3−𝑎𝑞𝑗4)(1−𝑎𝑞𝑗2−𝑎𝑞𝑗4)

2
. 

Case (i): If 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞) then 𝐴𝑝 = 𝐴𝑞. 

6.4 Inappropriateness of Wang and Chen’s method 
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It is inappropriate to use Wang and Chen’s method [211] due to following reasons 

(1) On applying Wang and Chen’s method [211] more than one preference orders of the 

alternatives are obtained, which is inappropriate. To validate this claim an IVIFMADMPr 

having completely known attribute weights, considered by Wang and Chen [211] to 

illustrate his proposed method, is solved. 

The (𝑖, 𝑗)𝑡ℎ element of Table 6.1, represented by an IVIFS 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), 

represents the rating value of the  𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ-attribute. 

Table 6.1: Rating Values 

     Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.40, 0.50], [0.30, 0.40]) ([0.40, 0.60], [0.20, 0.40]) 

𝐴2 ([0.40, 0.60], [0.20, 0.40]) ([0.40, 0.50], [0.30, 0.40]) 

 

Also, if it is assumed that 𝑤̃1 = ([0, 0.10], [0.20, 0.40]) and 𝑤̃2 =

([0.10, 0.20], [0.10, 0.70]) represents the IVIF weights. 

Then, using Wang and Chen’s method [211], the ranking of the alternatives of the 

considered IVIFMADMPr having IVIF attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Wang and Chen’s 

method [211], discussed in Section 6.3, there is no need to apply Step 1. 

Step 2: According to Step 2 of Wang and Chen’s method [211], discussed in Section 6.3, there 

is need to calculate 𝑑𝑖𝑗 ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 6.2. 

          Table 6.2: Values of 𝒅𝒊𝒋 

𝑑11 = 0  𝑑12 = 0  
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𝑑21 = 0  𝑑22 = 0  

 

Step 3: Using Step 3 of Wang’s method [211], discussed in Section 6.3, 

𝑐1 = ∑ 𝑑𝑖1
2
𝑖=1 = 0 + 0 = 0, 𝑐2 = ∑ 𝑑𝑖2

2
𝑖=1 = 0 + 0 = 0.  

Since ∑ 𝑑𝑖1
2
𝑖=1 = ∑ 𝑑𝑖2

2
𝑖=1 , so according to case (ii) of Step 3 of Wang and Chen’s 

method, there is need to apply Step 4 of Wang and Chen’s method [211], discussed in Section 

6.3. 

Step 4: Using Step 4 of Wang’s method [211], discussed in Section 6.3, the standard deviations 

𝜎1 and 𝜎2 of the elements 0, 0 of the first column of the crisp decision matrix 𝐷 and the elements 

0, 0 of the second column of the crisp decision matrix 𝐷 are 𝜎1 = 0, 𝜎2 = 0 respectively. 

Step 5: Since 𝜎1 = 𝜎2, so according to Step 5 of Wang and Chen’s IVIFMADM method [211], 

there is need to obtain a new crisp decision matrix 𝐷′ by adding  𝛿1 = 0.0001 in the first 

elements of both the columns of the crisp decision matrix i.e., the crisp decision matrix 𝐷 =

(
0 0
0 0

) will be transformed into the crisp decision matrix 𝐷′ = (
0 + 0.0001 0 + 0.0001

0 0
) =

(
0.0001 0.0001
0 0

). 

Step 6: Using Step 6 of Wang and Chen’s method [211], discussed in Section 6.3, there is need 

to solve the CLPP (P6.8). 

𝑀𝑎𝑥 (𝑤1 × (0.0001) + 𝑤1 × (0.0) + 𝑤2 × (0.0001) + 𝑤2 × (0.0))   

Subject to   

{

0.1 ≤ 𝑤1 ≤ 0.8,
0.2 ≤ 𝑤2 ≤ 0.9,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                         (P6.8)   

It can be easily verified that on solving the CLPP (P6.8) infinite number of OAWV are 

obtained e.g., (𝑤1, 𝑤2) = (0.80,0.20) and (𝑤1, 𝑤2) = (0.20,0.80) both are the OAWV. 

Step 7: On considering the OAWV, (𝑤1, 𝑤2) = (0.80,0.20) and using Step 7 of Wang and 
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Chen’s method [211], discussed in Section 6.3, 

𝑃̃1 = ([(0.80)(0.40) + (0.20)(0.40), (0.80)(0.50) + (0.20)(0.60)],[(0.80)(0.30) + (0.20)      

        (0.20), (0.80)(0.40) + (0.20)(0.40)]) = ([0.40,0.52], [0.28,0.40]),  

𝑃̃2 = ([(0.80)(0.40) + (0.20)(0.40), (0.80)(0.60) + (0.20)(0.50)],[(0.80)(0.20) + (0.20)      

        (0.30), (0.80)(0.40) + (0.20)(0.40)]) = ([0.40,0.58], [0.22,0.40]).         

While, on considering the OAWV, (𝑤1, 𝑤2) = (0.20,0.80) and using Step 7 of Wang 

and Chen’s method [211], discussed in Section 6.3, 

𝑃̃1 = ([(0.20)(0.40) + (0.80)(0.40), (0.20)(0.50) + (0.80)(0.60)],[(0.20)(0.30) + (0.80)      

        (0.20), (0.20)(0.40) + (0.80)(0.40)]) = ([0.40,0.58], [0.22,0.40]),  

𝑃̃2 = ([(0.20)(0.40) + (0.80)(0.40), (0.20)(0.60) + (0.80)(0.50)],[(0.20)(0.20) + (0.80)      

        (0.30), (0.20)(0.40) + (0.80)(0.40)]) = ([0.40,0.52], [0.28,0.40]).     

   Step 8: Using Step 8, of Wang and Chen’s method [211], discussed in Section 6.3, 

(i) Corresponding to the OAWV, (𝑤1, 𝑤2) = (0.80,0.20), 𝑆(𝑃̃1) = 0, 𝑆(𝑃̃2) = 0. Since, 

𝑆(𝑃̃1) = 𝑆(𝑃̃2). Therefore, according to Case (iii) of Step 8 of Wang and Chen’s method 

[211], discussed in Section 6.3, there is need to apply Step 9. 

(ii) Corresponding to the OAWV, (𝑤1, 𝑤2) = (0.20,0.80), 𝑆(𝑃̃1) = 0, 𝑆(𝑃̃2) = 0. Since, 

𝑆(𝑃̃1) = 𝑆(𝑃̃2). Therefore, according to Case (iii) of Step 9 of Wang and Chen’s method 

[211], discussed in Section 6.3, there is need to apply Step 9. 

Step 9: Using Step 9, of Wang and Chen’s method [211], discussed in Section 6.3, 

(i) Corresponding to the OAWV, (𝑤1, 𝑤2) = (0.80,0.20), 𝐻(𝑃̃1) = 0.2255,𝐻(𝑃̃2) =

0.2373. Since,  𝐻(𝑃̃2) > 𝐻(𝑃̃1). So, according to Step 9 of Wang and Chen’s method 

[211], discussed in Section 6.3, 𝐴2 > 𝐴1. 

(ii) Corresponding to the OAWV, (𝑤1, 𝑤2) = (0.20,0.80), 𝐻(𝑃̃1) = 0.2373,𝐻(𝑃̃2) = 

0.2255. Since,  𝐻(𝑃̃1) > 𝐻(𝑃̃2). So, according to Step 9 of Wang and Chen’s method 
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[211], discussed in Section 6.3, 𝐴1 > 𝐴2.        

(2) Wang and Chen’s method [211] fails to find the ranking of the alternatives. The following 

clearly validates this claim. 

(i) If the IVIF weights 𝑤̃1 = ([0, 0.10], [0.20, 0.40]) and 𝑤̃2 = ([0.10, 0.20], [0.10, 0.70]) 

are replaced with 𝑤̃1 = ([0.10, 0.10], [0.80, 0.90]) and 𝑤̃2 =

([0.10, 0.20], [0.50, 0.70]). Then, no feasible solution of the considered IVIFMADMPr 

will be obtained as the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied i.e., the ranking of the 

alternatives of the modified problem cannot be obtained by Wang and Chen’s method 

[211]. 

(ii) If the IVIF weights 𝑤̃1 = ([0, 0.10], [0.20, 0.40]) and 𝑤̃2 = ([0.10, 0.20], [0.10, 0.70]) 

are replaced with 𝑤̃1 = ([0.60, 0.70], [0.20, 0.30]) and 𝑤̃2 =

([0.60, 0.70], [0.20, 0.30]). Then, no feasible solution of the considered IVIFMADMPr 

will be obtained as the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 will be satisfied i.e., the ranking of the 

alternatives of the modified problem cannot be obtained by Wang and Chen’s method 

[211]. 

6.5 A brief review of Chen and Kuo’s method 

To point out the inappropriateness of Chen and Kuo’s method [47], there is need to discuss 

Chen and Kuo’s method [47]. Therefore, a brief review of Chen and Kuo’s method [47] is 

presented in this section. 

Chen and Kuo [47] proposed a method for solving IVIFMADMPrs in which the rating 

value of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- attribute is represented by IVIFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) as well as the weights of the 𝑗𝑡ℎ- attribute 𝑤̃𝑗 is represented by IVIFS 

𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]). 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  
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Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (6.3), transform each IVIF element 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into the 

crisp element 𝑑𝑖𝑗 

𝑑𝑖𝑗 = (
𝑎𝑖𝑗1−𝑎𝑖𝑗3+𝑎𝑖𝑗2−𝑎𝑖𝑗4

2
+ 1).                                                                                                 (6.3)                                                                       

Step 3: Using the expression (6.4), find the value of 𝑐𝑗 ∀ 𝑗 = 1,2, … , 𝑛. 

𝑐𝑗 = ∑ 𝑑𝑖𝑗
𝑚
𝑖=1 , 𝑗 = 1,2, … , 𝑛                                                                                                                 (6.4) 

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P6.9). 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (∑ ∑ ∑ |𝑡𝑎𝑛ℎ(𝑤𝑗 × 𝑑𝑖𝑗) − 𝑡𝑎𝑛ℎ(𝑤𝑗 × 𝑑𝑘𝑗)|
𝑚
𝑘=1
𝑖≠𝑘

𝑛
𝑗=1

𝑚
𝑖=1 + 0.1 ×

∑ ∑ 𝑡𝑎𝑛ℎ(𝑤𝑗 × 𝑑𝑖𝑗)
𝑛
𝑗=1

𝑚
𝑖=1 − ∑ (𝜀𝑗1 + 𝜀𝑗2)

𝑛
𝑗=1 )  

Subject to   

{
  
 

  
 
1 − 𝑤𝑗3 + 𝜀𝑗2 ≥ 𝑤𝑗 ≥ 𝑤𝑗1 − 𝜀𝑗1,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1,

0 ≤ 𝑤𝑗 ≤ 1,

0 ≤ 𝜀𝑗1 ≤ 1,

0 ≤ 𝜀𝑗2 ≤ 1,

1 ≤ 𝑗 ≤ 𝑛.

                                                                                        (P6.9)                                                         

Step 5: Using the expression (6.5), find the value of 𝑃̃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃̃𝑖 = ([
∑ 𝑎𝑖𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

,
∑ 𝑎𝑖𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

] , [
∑ 𝑎𝑖𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

,
∑ 𝑎𝑖𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

]) , 𝑖 = 1,2, … ,𝑚                      (6.5)                                 

Step 6: Check that 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 𝑆(𝑃̃𝑝) = 
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∑ 𝑎𝑝𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑝𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑝𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑝𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

2
 and  

𝑆(𝑃̃𝑞) =

∑ 𝑎𝑞𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑞𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑞𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑞𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

2
. 

Case (i): If 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞) then go to Step 7. 

Step 7: Check that 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞), where 𝐻(𝑃̃𝑝) =

∑ 𝑎𝑝𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑝𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑝𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑝𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

2
 and 𝐻(𝑃̃𝑞) =

∑ 𝑎𝑞𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑞𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑞𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑞𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

2
. 

Case (i): If 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞) then go to Step 8. 

Step 8: Check that 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞), where 

𝑇(𝑃̃𝑝) =
∑ 𝑎𝑝𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑝𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑝𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑝𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

 and 𝑇(𝑃̃𝑞) =
∑ 𝑎𝑞𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+

∑ 𝑎𝑞𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑞𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑞𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

. 

Case (i): If 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞) then go to Step 9. 

Step 9: Check that 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞), where 𝐺(𝑃̃𝑝) = 

∑ 𝑎𝑝𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

+
∑ 𝑎𝑝𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑝𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑝𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

 and  𝐺(𝑃̃𝑞) =
∑ 𝑎𝑞𝑗2×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1
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+
∑ 𝑎𝑞𝑗4×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑞𝑗1×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

−
∑ 𝑎𝑞𝑗3×𝑤𝑗
𝑛
𝑗=1

∑ 𝑤𝑗
𝑛
𝑗=1

. 

Case (i): If 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

6.6 Inappropriateness of Chen and Kuo’s method 

On applying Chen and Kuo’s method [47] more than one preference orders of the 

alternatives are obtained, which is inappropriate. To validate this claim an IVIFMADMPr 

having completely known attribute weights, considered by Chen and Kuo [47] to illustrate their 

proposed method [47], is solved with some modifications. 

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element of Table 6.3, represented by an IVIFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ-benefit 

attribute. Also, if it is assumed that 𝑤̃1 = ([0.15, 0.20], [0.20, 0.40]) and 𝑤̃2 =

([0.15, 0.20], [0.20, 0.70]) represents the IVIF weights. 

       Table 6.3: Rating Values 

      Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.10,0.40], [0.20,0.30]) ([0.01,0.04], [0.02,0.03]) 

𝐴2 ([0.02,0.04], [0.01,0.05]) ([0.20,0.50], [0.30,0.40]) 

 

Then, using Chen and Kuo’s method [47], the ranking of the alternatives of the modified 

IVIFMADMPr having IVIF attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Chen and Kuo’s 

method [47], discussed in Section 6.5, there is no need to apply Step 1. 
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Step 2: According to Step 2 of Chen and Kuo’s method [47], discussed in Section 6.5, there is 

 need to calculate 𝑑𝑖𝑗 ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 6.4. 

          Table 6.4: Values of 𝒅𝒊𝒋 

𝑑11 = 1  𝑑12 = 1  

𝑑21 = 1  𝑑22 = 1  

 

Step 3: Using Step 3 of Chen and Kuo’s method [47], discussed in Section 6.5,  

𝑐1 = ∑ 𝑑𝑖1
2
𝑖=1 = 1 + 1 = 2, 

𝑐2 = ∑ 𝑑𝑖2
2
𝑖=1 = 1 + 1 = 2. 

Step 4: Using Step 4 of Chen and Kuo’s method [47], discussed in Section 6.5, there is need 

to solve the CLPP (P6.10). 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (0.1 × (2𝑡𝑎𝑛ℎ(𝑤1) + 2𝑡𝑎𝑛ℎ(𝑤2)) − (𝜀𝑗1 + 𝜀𝑗2 + 𝜀𝑗3 + 𝜀𝑗4))  

Subject to 

 

{
 
 
 
 

 
 
 
 
0.80 + 𝜀𝑗2 ≥ 𝑤1 ≥ 0.15 − 𝜀𝑗1,

0.80 + 𝜀𝑗3 ≥ 𝑤2 ≥ 0.15 − 𝜀𝑗3,

𝑤1 + 𝑤2 = 1,
0 ≤ 𝑤1 ≤ 1,
0 ≤ 𝑤2 ≤ 1,
0 ≤ 𝜀𝑗1 ≤ 1,

0 ≤ 𝜀𝑗2 ≤ 1,

0 ≤ 𝜀𝑗3 ≤ 1,

0 ≤ 𝜀𝑗4 ≤ 1.

                                                                                       (P6.10) 

It can be easily verified that on solving the CLPP (P6.10) infinite number of OAWV are 

obtained e.g., (𝑤1, 𝑤2) = (0.20,0.80) and (𝑤1, 𝑤2) = (0.80,0.20) both are the OAWV. 

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.20,0.80) and using Step 5 of Chen and 

Kuo’s method [47], discussed in Section 6.5, 

𝑃̃1 = ([(0.20)(0.10) + (0.80)(0.01), (0.20)(0.20) + (0.80)(0.02)], [(0.20)(0.30) +(0.80)      

         (0.03), (0.20)(0.40) + (0.80)(0.04)]) = ([0.028, 0.112], [0.056, 0.084]),  
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𝑃̃2 = ([(0.20)(0.02) + (0.80)(0.20), (0.20)(0.04) + (0.80)(0.5)], [(0.20)(0.01) +(0.80)      

         (0.30), (0.20)(0.05) + (0.80)(0.40)]) = ([0.164, 0.408], [0.242, 0.33]). 

While, on considering the OAWV, (𝑤1, 𝑤2) = (0.80,0.20) and using Step 5 of Chen 

and Kuo’s method [47], discussed in Section 6.5, 

𝑃̃1 = ([(0.80)(0.10) + (0.20)(0.01), (0.80)(0.20) + (0.20)(0.02)], [(0.80)(0.30) +(0.20)      

         (0.03), (0.80)(0.40) + (0.20)(0.04)]) = ([0.082, 0.328], [0.164, 0.246]),  

𝑃̃2 = ([(0.80)(0.02) + (0.20)(0.20), (0.80)(0.04) + (0.20)(0.5)], [(0.80)(0.01) +(0.20)      

         (0.30), (0.80)(0.05) + (0.20)(0.40)]) = ([0.056, 0.132], [0.068, 0.120]). 

Step 6: Using Step 6, of Chen and Kuo’s method [47], discussed in Section 6.5, 

(i) Corresponding to the OAWV, (𝑤1, 𝑤2) = (0.20, 0.80), 𝑆(𝑃̃1) = 0, 𝑆(𝑃̃2) = 0. Since,  

𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, according to Step 6 of Chen and Kuo’s method [47], discussed in 

Section 6.5, there is need to apply Step 7. 

(ii)  Corresponding to the OAWV, (𝑤1, 𝑤2) = (0.80, 0.20), 𝑆(𝑃̃1) = 0, 𝑆(𝑃̃2) = 0. Since,  

𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, according to Step 6 of Chen and Kuo’s method [47], discussed in 

Section 6.5, there is need to apply Step 7. 

Step 7: Using Step 7 of Chen and Kuo’s method [47], discussed in Section 6.5, 

(i) Corresponding to the OAWV, (𝑤1, 𝑤2) = (0.20, 0.80), 𝐻(𝑃̃1) = 0.14, 𝐻(𝑃̃2) = 0.572. 

Since,  𝐻(𝑃̃2) > 𝐻(𝑃̃1). So, according to Step 6 of Chen and Kuo’s method [47], discussed 

in Section 6.5, 𝐴2 > 𝐴1. 

(ii) Corresponding to the OAWV, (𝑤1, 𝑤2) = (0.80, 0.20), 𝐻(𝑃̃1) = 0.41, 𝐻(𝑃̃2) = 0.188. 

Since,  𝐻(𝑃̃1) > 𝐻(𝑃̃2). So, according to Step 6 of Chen and Kuo’s method [47], discussed 

in Section 6.5, 𝐴1 > 𝐴2.  

It is obvious that on applying Chen and Kuo’s method [47] two different ranking of the 

alternatives are obtained for the same IVIFMADMPr having IVIF attribute weights, which is 
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mathematically incorrect. Hence, it is inappropriate to use Chen and Kuo’s method [47] to 

solve IVIFMADMPrs having IVIF attribute weights. 

6.7 A brief review of Chen and Han’s method 

To point out the inappropriateness of Chen and Han’s method [42], there is need to discuss 

Chen and Han’s method [42]. Therefore, a brief review of Chen and Han’s method [42] is 

presented in this section. 

Chen and Han [42] proposed a method for solving IVIFMADMPrs in which the rating 

value of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- attribute is represented by IVIFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) as well as the weights of the 𝑗𝑡ℎ- attribute 𝑤̃𝑗 is represented by IVIFS 

𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]). 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (6.6), transform each IVIF element 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into 

 the crisp element 𝑑𝑖𝑗. 

𝑑𝑖𝑗 =
𝑎𝑖𝑗1+𝑎𝑖𝑗2−𝑎𝑖𝑗3−𝑎𝑖𝑗4

2
                                                                                                      (6.6)         

Step 3: Find 𝑐𝑗 = ∑ 𝑑𝑖𝑗 ∀ 𝑗 = 1,2, … , 𝑛
𝑚
𝑖=1  and check that 𝑐𝑗 is distinct ∀ 𝑗 = 1,2, … , 𝑛 or not. 

Case (i): If 𝑐𝑗 is distinct ∀ 𝑗 = 1,2, … , 𝑛 then go to Step 6. 

Case (ii): If 𝑐𝑗 is same for two or more values of 𝑗  then go to Step 4. 
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Step 4: If 𝑐𝑗 is same for two or more values of 𝑗. Then, replace the (𝑖, 𝑗)𝑡ℎ element  𝛼̃𝑖𝑗 = 

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM, 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with  

𝛼̃𝑖𝑗
′ = ([1 − (1 − 𝑎𝑖𝑗1)

𝜆
, 1 − (1 − 𝑎𝑖𝑗2)

𝜆
] , [𝑎𝑖𝑗3

𝜆, 𝑎𝑖𝑗4
𝜆]), to obtain a new IVIFDM 𝐷̃′ = 

 (𝛼̃𝑖𝑗
′ )

𝑚×𝑛
 and hence a new crisp decision matrix 𝐷′ = (𝑑𝑖𝑗

′ )
𝑚×𝑛

= (𝑆(𝛼̃𝑖𝑗
′ ))

𝑚×𝑛
 and check 

that for 𝜆 = 2, Case (i) of Step 3 is satisfying or not, where 𝑑𝑖𝑗
′ = 𝑐𝑗

′.  

Case (i): If Case (i) of Step 3 is satisfied then go to Step 5. 

Case (ii): If Case (i) of Step 3 is not satisfied then repeat the same procedure with 𝜆 = 3               

and so on until Case (i) of Step 3 is not satisfied. When it is satisfied then go to Step 5. 

Step 5: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the CLPP (P6.11). (If Case (i) of Step 3 

is satisfied) or the CLPP (P6.12) (If Case (ii) of Step 3 is satisfied). 

𝑚𝑎𝑥 [∑ 𝑐𝑗𝑤𝑗
𝑛
𝑗=1 ]  

Subject to 

0 ≤ 𝑤𝑗1 ≤ 𝑤𝑗 ≤ 1 − 𝑤𝑗3 ≤ 1, 𝑗 = 1,2, … , 𝑛 ,                                                                (P6.11) 

∑ 𝑤𝑗 = 1.𝑛
𝑗=1                                             

where, 𝑑𝑖𝑗 is the (𝑖, 𝑗)𝑡ℎelement of the crisp decision matrix 𝐷 = (𝑑𝑖𝑗)𝑚×𝑛
. 

𝑚𝑎𝑥 [∑ ∑ 𝑐𝑗
′𝑤𝑗

𝑛
𝑗=1

𝑚
𝑖=1 ]                                                                                                   (P6.12) 

Subject to  

Constraints of the CLPP (P6.11) 

where, 𝑑𝑖𝑗
′  is the (𝑖, 𝑗)𝑡ℎelement of the crisp decision matrix 𝐷′ = (𝑑𝑖𝑗

′ )
𝑚×𝑛

.                                                         

Step 6: Using the expression (6.7), find the value of 𝑃̃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃̃𝑖 = ([1 − ∏ (1 − 𝑎𝑖𝑗1)
𝑤𝑗𝑛

𝑗=1 , 1 − ∏ (1 − 𝑎𝑖𝑗2)
𝑤𝑗𝑛

𝑗=1 ], [∏ (𝑎𝑖𝑗3)
𝑤𝑗𝑛

𝑗=1 , ∏ (𝑎𝑖𝑗4)
𝑤𝑗𝑛

𝑗=1 ]), 𝑖 =

1,2, … ,𝑚                                                                                                                             (6.7)                                 

Step 7: Check that 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 
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𝑆(𝑃̃𝑝) =
1−∏ (1−𝑎𝑝𝑗1)

𝑤𝑗𝑛
𝑗=1 +1−∏ (1−𝑎𝑝𝑗2)

𝑤𝑗𝑛
𝑗=1 −∏ (𝑎𝑝𝑗3)

𝑤𝑗𝑛
𝑗=1 −∏ (𝑎𝑝𝑗3)

𝑤𝑗𝑛
𝑗=1

2
 and 

𝑆(𝑃̃𝑞) =
1−∏ (1−𝑎𝑞𝑗1)

𝑤𝑗𝑛
𝑗=1 +1−∏ (1−𝑎𝑞𝑗2)

𝑤𝑗𝑛
𝑗=1 −∏ (𝑎𝑞𝑗3)

𝑤𝑗𝑛
𝑗=1 −∏ (𝑎𝑞𝑗3)

𝑤𝑗𝑛
𝑗=1

2
. 

Case (i): If 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞) then go to Step 8. 

Step 7: Check that 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞), where 𝐻(𝑃̃𝑝) =

1−∏ (1−𝑎𝑝𝑗1)
𝑤𝑗𝑛

𝑗=1 +1−∏ (1−𝑎𝑝𝑗2)
𝑤𝑗𝑛

𝑗=1 −∏ (𝑎𝑝𝑗3)
𝑤𝑗𝑛

𝑗=1 −∏ (𝑎𝑝𝑗3)
𝑤𝑗𝑛

𝑗=1

2
 and 

𝐻(𝑃̃𝑞) =
1−∏ (1−𝑎𝑞𝑗1)

𝑤𝑗𝑛
𝑗=1 +1−∏ (1−𝑎𝑞𝑗2)

𝑤𝑗𝑛
𝑗=1 −∏ (𝑎𝑞𝑗3)

𝑤𝑗𝑛
𝑗=1 −∏ (𝑎𝑞𝑗3)

𝑤𝑗𝑛
𝑗=1

2
. 

Case (i): If 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞) then 𝐴𝑝 = 𝐴𝑞. 

6.8 Inappropriateness of Chen and Han’s method 

It is inappropriate to use Chen and Han’s method [42] due to following reasons 

(1) On applying Chen and Han’s method [42] more than one preference orders of the 

alternatives are obtained, which is inappropriate. To validate this claim an IVIFMADMPr 

having completely known IVIF attribute weights, considered by Chen and Han [42] to 

illustrate their proposed method [42], is solved with some modifications. 

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element of Table 6.5, represented by an IVIFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ- 

attribute. 

 Table 6.5: Rating Values 
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     Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.10,0.20], [0.30,0.40]) ([0.30,0.40], [0.40,0.50]) 

𝐴2 ([0.30,0.40], [0.40,0.50]) ([0.10,0.20], [0.30,0.40]) 

 

Also, if it is assumed that 𝑤̃1 = ([0, 0.1], [0.2, 0.4]) and 𝑤̃2 = ([0.1, 0.2], [0.1, 0.7]) 

represents the IVIF weights. 

Then, using Chen and Han’s method [42], the ranking of the alternatives of the 

IVIFMADMPr having completely known IVIF attribute weights can be obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Chen and Han’s 

method [42], discussed in Section 6.7, there is no need to apply Step 1. 

Step 2: According to Step 2 of Chen and Han’s method [42], discussed in Section 6.7, there is 

need to calculate 𝑑𝑖𝑗 ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 6.6. 

          Table 6.6: Values of 𝒅𝒊𝒋 

𝑑11 = −0.20  𝑑12 = −0.10  

𝑑21 = −0.10  𝑑22 = −0.20  

 

and calculate 

𝑐1 = ∑ 𝑑𝑖1
2
𝑖=1 = −0.20 − 0.10 = −0.30, 

𝑐2 = ∑ 𝑑𝑖2
2
𝑖=1 = −0.10 − 0.20 = −0.30.  

Step 3: Using Step 3 of Chen and Han’s method [42], discussed in Section 6.7, 

Since 𝑐1 = 𝑐2, so according to Step 3 of Chen and Han’s IVIFMADM method [42], 

replacing the elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)2×2 
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= (
([𝑎111, 𝑎112], [𝑎113, 𝑎114]) ([𝑎121, 𝑎122], [𝑎123, 𝑎124])

([𝑎211, 𝑎212], [𝑎213, 𝑎214]) ([𝑎221, 𝑎222], [𝑎223, 𝑎224])
)  

= (
([0.10,0.20], [0.30,0.40]) ([0.30,0.40], [0.40,0.50])

([0.30,0.40], [0.40,0.50]) ([0.10,0.20], [0.30,0.40])
) with 𝛼̃𝑖𝑗

′ = ([1 − (1 −

𝑎𝑖𝑗1)
𝜆
, 1 − (1 − 𝑎𝑖𝑗2)

𝜆
] , [𝑎𝑖𝑗3

𝜆, 𝑎𝑖𝑗4
𝜆]), the obtained new IVIFDM is 𝐷̃′ = (𝛼̃𝑖𝑗

′ )
2×2

 

=

(

 
 
(
[1 − (1 − 0.10)𝜆, 1 − (1 − 0.20)𝜆],

[0.30𝜆, 0.40𝜆]
) (

[1 − (1 − 0.30)𝜆, 1 − (1 − 0.40)𝜆],

 [0.40𝜆, 0.50𝜆]
)

(
[1 − (1 − 0.30)𝜆, 1 − (1 − 0.40)𝜆],

 [0.40𝜆, 0.50𝜆]
) (

[1 − (1 − 0.10)𝜆, 1 − (1 − 0.20)𝜆],

[0.30𝜆, 0.40𝜆]
)
)

 
 

  

= (
([1 − 0.90𝜆, 1 − 0.80𝜆], [0.30𝜆, 0.40𝜆]) ([1 − 0.70𝜆, 1 − 0.60𝜆], [0.40𝜆, 0.50𝜆])

([1 − 0.70𝜆, 1 − 0.60𝜆], [0.40𝜆, 0.50𝜆]) ([1 − 0.90𝜆, 1 − 0.80𝜆], [0.30𝜆, 0.40𝜆])
).  

and hence, the obtained new crisp decision matrix 𝐷′ = (𝑑𝑖𝑗
′ )

2×2
=

(

1−0.90𝜆−0.30𝜆+1−0.80𝜆−0.40𝜆

2

1−0.70𝜆−0.40𝜆+1−0.60𝜆−0.50𝜆

2

1−0.70𝜆−0.40𝜆+1−0.60𝜆−0.50𝜆

2

1−0.90𝜆−0.30𝜆+1−0.80𝜆−0.40𝜆

2

) 

= (

2−0.90𝜆−0.30𝜆−0.80𝜆−0.40𝜆

2

2−0.70𝜆−0.40𝜆−0.60𝜆−0.50𝜆

2

2−0.70𝜆−0.40𝜆−0.60𝜆−0.50𝜆

2

2−0.90𝜆−0.30𝜆−0.80𝜆−0.40𝜆

2

).  

It is obvious that 𝑑11
′ + 𝑑21

′ = 𝑑12
′ + 𝑑22

′ =

4−0.90𝜆−0.30𝜆−0.80𝜆−0.40𝜆−0.70𝜆−0.40𝜆−0.60𝜆−0.50𝜆

2
 for all values of 𝜆. 

Therefore, it is not possible to apply further steps of Chen and Han’s IVIFMADM 

method [42] as these steps can be applied only if there exist a 𝜆 such that ∑ 𝑑𝑖𝑗
′𝑚

𝑖=1  is different 

for all values of 𝑗. While, for the considered IVIFMADMPr, this condition will never be 

satisfied. Hence, Chen and Han’s IVIFMADM method [42] fails to solve the considered 

IVIFMADMPr. 

(2) Chen and Han’s method [42] fails to find the ranking of the alternatives. The following 

clearly validates this claim. 

(i) If the set 𝑤̃1 = ([0, 0.10], [0.20, 0.40]) and 𝑤̃2 = ([0.10, 0.20], [0.10, 0.70]) is replaced 
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with 𝑤̃1 = ([0, 0.10], [0.80, 0.90]) and 𝑤̃2 = ([0.10, 0.20], [0.50, 0.70]). Then, no 

feasible solution of above IVIFMADMPr will be obtained as the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is 

satisfying i.e., the ranking of the alternatives of the modified problem cannot be obtained 

by Chen and Han’s method [42]. 

(ii) If the set 𝑤̃1 = ([0, 0.10], [0.20, 0.40]) and 𝑤̃2 = ([0.10, 0.20], [0.10, 0.70]) is replaced 

with 𝑤̃1 = ([0.60, 0.70], [0.20, 0.30]) and 𝑤̃2 = ([0.60, 0.70], [0.20, 0.30]). Then, no 

feasible solution of above IVIFMADMPr will be obtained as the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 is 

satisfying i.e., the ranking of the alternatives of the modified problem cannot be obtained 

by Chen and Han’s method [42]. 

(3) The ranking of the alternatives, obtained by Chen and Han’s method [42], is not 

appropriate. The following example clearly validates this claim.  

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element, represented by an IVIFS, of Table 6.7 represents 

the rating value of the 𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ-attribute. Also, if it is assumed that 𝑤̃1 =

([0, 0.1], [0, 0.4]) and 𝑤̃2 = ([0, 0.2], [0, 0.7]) represents the IVIF weights.  

Table 6.7: Rating Values 

      Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.10,0.30], [0.20,0.40]) ([0.10,0.50], [0.20,0.40]) 

𝐴2 ([0.10, 0.30], [0.10, 0.50]) ([0.10,0.50], [0.20,0.40]) 

 

Then, it is obvious that the ranking of the alternatives 𝐴1 and 𝐴2 can never be 𝐴1 = 𝐴2 

as the rating values of both the alternatives corresponding to the attribute 𝐺2 are equal. 

Whereas, the rating values of both the alternatives corresponding to first attribute 𝐺1 are not 

equal. While, the following clearly indicates that on applying Chen and Han’s method [42], the 
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obtained ranking of the alternatives is 𝐴1 = 𝐴2, which is inappropriate.  

Using Chen and Han’s method [42] the ranking of the alternatives 𝐴1 and 𝐴2 can be 

obtained as follows: 

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Chen and Han’s 

method [42], discussed in Section 6.7, there is no need to apply Step 1. 

Step 2: According to Step 2 of Chen and Han’s method [42], discussed in Section 6.7, there is 

need to calculate the values of 𝑑𝑖𝑗 ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 6.8. 

     Table 6.8: Values of 𝒅𝒊𝒋 

𝑑11 = −0.10  𝑑12 = 0  

𝑑21 = −0.10  𝑑22 = 0  

 

Step 3: Using Step 3 of Chen and Han’s method [42], 

𝑐1 = ∑ 𝑑𝑖1
2
𝑖=1 = −0.10 − 0.10 = −0.20, 

𝑐2 = ∑ 𝑑𝑖2
2
𝑖=1 = 0 + 0 = 0.  

Step 4: Since 𝑐1 ≠ 𝑐2, so according to Step 3 of Chen and Han’s IVIFMADM method [42], 

there is no need to apply Step 4, go to Step 5. 

Step 5: Using Step 5 of Chen and Han’s method [42], discussed in Section 6.7, there is need 

to solve the CLPP (P6.13). 

𝑀𝑎𝑥[(−0.10)𝑤1 + (−0.10)𝑤1 + (0.00)𝑤2 + (0.00)𝑤2]  

s.t. {
0 ≤ 𝑤1 ≤ 1,
0 ≤ 𝑤2 ≤ 1,
𝑤1 + 𝑤2 = 1.

                                                                                                       (P6.13)     

It can be easily verified that on solving the CLPP (P6.13), the obtained OAWV is 

(𝑤1, 𝑤2) = (0,1).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0,1) and using Step 5 of Chen and Han’s 

method [42], discussed in Section 6.7, 
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𝑃̃1 = ([1 − (1 − 0.10)
0(1 − 0.10)1, 1 − (1 − 0.30)0(1 − 0.50)1], [(0.2)0(0.20)1,(0.40)0   

 (0.40)1]) = ([0.10,0.50], [0.20,0.40]),  

𝑃̃2 = ([1 − (1 − 0.10)0(1 − 0.10)1, 1 − (1 − 0.30)0(1 − 0.50)1], [(0.1)0(0.20)1,(0.50)0   

 (0.40)1]) = ([0.10,0.50], [0.20,0.40]).  

Step 6: Using Step 6, of Chen and Han’s method [42], discussed in Section 6.7, 

𝑆(𝑃̃1) = −0.10, 𝑆(𝑃̃2) = −0.10. Since, 𝑆(𝑃̃1) = 𝑆(𝑃̃2). Therefore, according to Case (iii) of 

Step 6 of Chen and Han’s method [42], proposed in Section 6.7, there is need to apply Step 7. 

Step 7: Using Step 6, of Chen and Han’s method [42], discussed in Section 6.7, 

𝐻(𝑃̃1) = 0.50, 𝐻(𝑃̃2) = 0.50.  

Since,  𝐻(𝑃̃1) = 𝐻(𝑃̃2). So, according to Step 7, of Chen and Han’s method [42], 

discussed in Section 6.5, the ranking of the alternatives is 𝐴1 = 𝐴2. 

It is obvious that on applying Chen and Han’s method [42], the relation 𝐴1 = 𝐴2 is 

obtained, which is inappropriate. 

6.9 A brief review of Chen et al.’s method 

      Chen et al. [48] proposed the following method to solve IVIFMADMPrs having IVIF 

weights. 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Using the expression (6.8), transform each IVIF element 
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 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) 

into the crisp element 𝑑𝑖𝑗. 

𝑑𝑖𝑗 = (
𝑎𝑖𝑗1−𝑎𝑖𝑗3+𝑎𝑖𝑗2−𝑎𝑖𝑗4

2
+ 1)                                                                                            (6.8)                                                                       

Step 3: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the crisp NLPP (P6.4).                                                         

Step 4: Using the expression (6.9), find the value of 𝑃̃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃̃𝑖 = ([∑ 𝑤𝑗𝑎𝑖𝑗1
𝑛
𝑗=1 , ∑ 𝑤𝑗𝑎𝑖𝑗2

𝑛
𝑗=1 ], [∑ 𝑤𝑗𝑎𝑖𝑗3

𝑛
𝑗=1 , ∑ 𝑤𝑗𝑎𝑖𝑗4

𝑛
𝑗=1 ]), 𝑖 = 1,2, … ,𝑚              (6.9)                                 

Step 6: Check that 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 𝑆(𝑃̃𝑝) =

∑ 𝑤𝑗𝑎𝑝𝑗1
𝑛
𝑗=1 +∑ 𝑤𝑗𝑎𝑝𝑗2

𝑛
𝑗=1 −∑ 𝑤𝑗𝑎𝑝𝑗3

𝑛
𝑗=1 −∑ 𝑤𝑗𝑎𝑝𝑗4

𝑛
𝑗=1

2
 and 

𝑆(𝑃̃𝑞) =
∑ 𝑤𝑗𝑎𝑞𝑗1
𝑛
𝑗=1 +∑ 𝑤𝑗𝑎𝑞𝑗2

𝑛
𝑗=1 −∑ 𝑤𝑗𝑎𝑞𝑗3

𝑛
𝑗=1 −∑ 𝑤𝑗𝑎𝑞𝑗4

𝑛
𝑗=1

2
. 

Case (i): If 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞) then go to Step 7. 

Step 7: Check that 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞), where 

 𝐻(𝑃̃𝑝) =
∑ 𝑤𝑗𝑎𝑝𝑗1
𝑛
𝑗=1 +∑ 𝑤𝑗𝑎𝑝𝑗2

𝑛
𝑗=1 +∑ 𝑤𝑗𝑎𝑝𝑗3

𝑛
𝑗=1 +∑ 𝑤𝑗𝑎𝑝𝑗4

𝑛
𝑗=1

2
 and 

𝐻(𝑃̃𝑞) =
∑ 𝑤𝑗𝑎𝑞𝑗1
𝑛
𝑗=1 +∑ 𝑤𝑗𝑎𝑞𝑗2

𝑛
𝑗=1 +∑ 𝑤𝑗𝑎𝑞𝑗3

𝑛
𝑗=1 +∑ 𝑤𝑗𝑎𝑞𝑗4

𝑛
𝑗=1

2
. 

Case (i): If 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑞 < 𝐴𝑞. 

Case (iii): If 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞) then go to Step 8. 

Step 8: Check that 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞), where 𝑇(𝑃̃𝑝) =

∑ 𝑤𝑗𝑎𝑝𝑗2
𝑛
𝑗=1 + ∑ 𝑤𝑗𝑎𝑝𝑗3

𝑛
𝑗=1 −∑ 𝑤𝑗𝑎𝑝𝑗1

𝑛
𝑗=1 − ∑ 𝑤𝑗𝑎𝑝𝑗4

𝑛
𝑗=1  and 𝑇(𝑃̃𝑞) = ∑ 𝑤𝑗𝑎𝑞𝑗2

𝑛
𝑗=1 +

∑ 𝑤𝑗𝑎𝑞𝑗3
𝑛
𝑗=1 − ∑ 𝑤𝑗𝑎𝑞𝑗1

𝑛
𝑗=1 − ∑ 𝑤𝑗𝑎𝑞𝑗4

𝑛
𝑗=1 . 

Case (i): If 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 
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Case (ii): If 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞) then go to Step 9. 

Step 9: Check that 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞), where 𝐺(𝑃̃𝑝) = 

 ∑ 𝑤𝑗𝑎𝑝𝑗2
𝑛
𝑗=1 + ∑ 𝑤𝑗𝑎𝑝𝑗4

𝑛
𝑗=1 −∑ 𝑤𝑗𝑎𝑝𝑗1

𝑛
𝑗=1 − ∑ 𝑤𝑗𝑎𝑝𝑗3

𝑛
𝑗=1  and 𝐺(𝑃̃𝑞) = ∑ 𝑤𝑗𝑎𝑞𝑗2

𝑛
𝑗=1 +

∑ 𝑤𝑗𝑎𝑞𝑗4
𝑛
𝑗=1 − ∑ 𝑤𝑗𝑎𝑞𝑗1

𝑛
𝑗=1 − ∑ 𝑤𝑗𝑎𝑞𝑗3

𝑛
𝑗=1 . 

Case (i): If 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

6.10 Inappropriateness of Chen et al.’s method 

In can be easily concluded from Section 3.1 of Chapter 3, that  

(i) If ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 then no feasible solution of the IVIFMADMPr will exist. However, if one 

is interested to find the solution then there is need to increase the total available amount 

i.e., there is need to replace the weight 𝑤𝑗 of the 𝑗𝑡ℎ attribute with 𝑤𝑗 + 𝜀𝑗 where 𝜀𝑗 > 0. 

(ii) If ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 then no feasible solution of the IVIFMADMPr will exist. However, if one 

is interested to find the solution then to find the feasible solution of IVIFMADM there is 

need to replace the constraint ∑ 𝑤𝑗 = 1
𝑛
𝑗=1  with the constraint ∑ 𝑤𝑗 ≤ 1𝑛

𝑗=1 . 

(iii) If neither the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 nor the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied. Then, 

there is neither any need to replace 𝑤𝑗 of the 𝑗𝑡ℎ attribute with 𝑤𝑗 + 𝜀𝑗  nor any need to 

replace the constraint ∑ 𝑤𝑗 = 1𝑛
𝑗=1  with the constraint ∑ 𝑤𝑗 ≤ 1

𝑛
𝑗=1 . 

However, it is obvious from the NLPP (P6.4) that Chen et al. [48] have not considered these 

conditions to propose the NLPP (P6.4). Furthermore, to find the feasible solution of the 

IVIFMADMPr, Chen et al. [48] have reduced the lower bound 𝑤𝑗
𝑙 and/or increased the upper 

bound 𝑤𝑗
𝑢. According to Section 3.1 of Chapter 3, this modification physically indicates that 

the restrictions have been relaxed instead of increasing the amount. Due to all these reasons it 
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is inappropriate to use the NLPP (P6.4) to find the crisp attribute weight 𝑤𝑗, corresponding to 

the IVIF weights 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]). Hence, it is inappropriate to use Chen et al.’s 

method [48]. 

6.11 A brief review of Chen and Han’s method 

Chen and Han [43] proposed the following method for solving IVIFMADMPrs having 

IVIF weights. 

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are 

benefit type attribute or cost type attribute.  

Case (i): If all the attributes are of same type then go to Step 2. 

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes. 

Then, convert the 𝑗𝑡ℎ cost type attribute into the benefit type attribute by replacing all the 

elements 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 

𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 

Step 2: Check that either the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 or the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 is satisfying. 

Case (i) If ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 then transform the IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) into the 

IVIF weight 𝑤̃𝑗 = ([
𝑤𝑗1

∑ 𝑤𝑗
𝑛
𝑗=1

, 𝑤𝑗2] , [𝑤𝑗3, 𝑤𝑗4]). 

Case (ii) If ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 then transform the IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) into the 

IVIF weight 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3,
𝑤𝑗4

∑ 𝑤𝑗
𝑛
𝑗=1

]). 

Step 3: Using the expression (6.10), transform each IVIF element 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVIFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into the 

crisp element 𝑑𝑖𝑗 

𝑑𝑖𝑗 = (𝑎𝑖𝑗1 + 𝑎𝑖𝑗2 − 1 +
𝑎𝑖𝑗3+𝑎𝑖𝑗4

2
).                                                                                 (6.10)                                                                       

Step 4: Find the OAWV, (𝑤1, 𝑤2, … , 𝑤𝑛) by solving the crisp NLPP (P6.5). 
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where, 

{
 
 

 
 𝑤𝑗1 =

𝑤𝑗1

∑ 𝑤𝑗
𝑛
𝑗=1

            𝑖𝑓 ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1

𝑤𝑗3 =
𝑤𝑗3

∑ 𝑤𝑗
𝑛
𝑗=1

           𝑖𝑓 ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1

𝑤𝑗1 = 𝑤𝑗1 and 𝑤𝑗3 = 𝑤𝑗3      otherwise 

                                                         

Step 5: Using the expression (6.11), find the value of 𝑃̃𝑖 ∀ 𝑖 = 1,2, … ,𝑚. 

𝑃̃𝑖 = ([∏ (𝑎𝑖𝑗1)
𝑤𝑗𝑛

𝑗=1 , ∏ (𝑎𝑖𝑗2)
𝑤𝑗𝑛

𝑗=1 ], [1 − ∏ (1 − 𝑎𝑖𝑗3)
𝑤𝑗𝑛

𝑗=1 , 1 − ∏ (1 − 𝑎𝑖𝑗4)
𝑤𝑗𝑛

𝑗=1 ]), 𝑖 =

1,2, … ,𝑚                                                          (6.11)                                     

Step 6: Check that 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) or 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞), where 𝑆(𝑃̃𝑝) =

∏ (𝑎𝑝𝑗1)
𝑤𝑗𝑛

𝑗=1 +∏ (𝑎𝑝𝑗2)
𝑤𝑗𝑛

𝑗=1 −1−∏ (1−𝑎𝑝𝑗3)
𝑤𝑗𝑛

𝑗=1 −1−∏ (1−𝑎𝑝𝑗4)
𝑤𝑗𝑛

𝑗=1

2
 and 

𝑆(𝑃̃𝑞) =
∏ (𝑎𝑞𝑗1)

𝑤𝑗𝑛
𝑗=1 +∏ (𝑎𝑞𝑗2)

𝑤𝑗𝑛
𝑗=1 −1−∏ (1−𝑎𝑞𝑗3)

𝑤𝑗𝑛
𝑗=1 −1−∏ (1−𝑎𝑞𝑗4)

𝑤𝑗𝑛
𝑗=1

2
. 

Case (i): If 𝑆(𝑃̃𝑝) > 𝑆(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝑆(𝑃̃𝑝) < 𝑆(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝑆(𝑃̃𝑝) = 𝑆(𝑃̃𝑞) then go to Step 7. 

Step 7: Check that 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) or 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞), where 

 𝐻(𝑃̃𝑝) =
∏ (𝑎𝑝𝑗1)

𝑤𝑗𝑛
𝑗=1 +∏ (𝑎𝑝𝑗2)

𝑤𝑗𝑛
𝑗=1 +1−∏ (1−𝑎𝑝𝑗3)

𝑤𝑗𝑛
𝑗=1 +1−∏ (1−𝑎𝑝𝑗4)

𝑤𝑗𝑛
𝑗=1

2
 and 

𝐻(𝑃̃𝑞) =
∏ (𝑎𝑞𝑗1)

𝑤𝑗𝑛
𝑗=1 +∏ (𝑎𝑞𝑗2)

𝑤𝑗𝑛
𝑗=1 +1−∏ (1−𝑎𝑞𝑗3)

𝑤𝑗𝑛
𝑗=1 +1−∏ (1−𝑎𝑞𝑗4)

𝑤𝑗𝑛
𝑗=1

2
. 

Case (i): If 𝐻(𝑃̃𝑝) > 𝐻(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝐻(𝑃̃𝑝) < 𝐻(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝐻(𝑃̃𝑝) = 𝐻(𝑃̃𝑞) then go to Step 8. 

Step 8: Check that 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) or 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞), where 𝑇(𝑃̃𝑝) =

∏ (𝑎𝑝𝑗2)
𝑤𝑗𝑛

𝑗=1 + 1 −∏ (1 − 𝑎𝑝𝑗3)
𝑤𝑗𝑛

𝑗=1 −∏ (𝑎𝑝𝑗1)
𝑤𝑗𝑛

𝑗=1 − 1 −∏ (1 − 𝑎𝑝𝑗4)
𝑤𝑗𝑛

𝑗=1  and 

𝑇(𝑃̃𝑞) = ∏ (𝑎𝑞𝑗2)
𝑤𝑗𝑛

𝑗=1 + 1 −∏ (1 − 𝑎𝑞𝑗3)
𝑤𝑗𝑛

𝑗=1 −∏ (𝑎𝑞𝑗1)
𝑤𝑗𝑛

𝑗=1 − 1 −∏ (1 − 𝑎𝑞𝑗4)
𝑤𝑗𝑛

𝑗=1 . 

Case (i): If 𝑇(𝑃̃𝑝) > 𝑇(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 
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Case (ii): If 𝑇(𝑃̃𝑝) < 𝑇(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝑇(𝑃̃𝑝) = 𝑇(𝑃̃𝑞) then go to Step 9. 

Step 9: Check that 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) or 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞), where 𝐺(𝑃̃𝑝) = 

∏ (𝑎𝑝𝑗2)
𝑤𝑗𝑛

𝑗=1 + 1 −∏ (1 − 𝑎𝑝𝑗4)
𝑤𝑗𝑛

𝑗=1 −∏ (𝑎𝑝𝑗1)
𝑤𝑗𝑛

𝑗=1 − 1 −∏ (1 − 𝑎𝑝𝑗3)
𝑤𝑗𝑛

𝑗=1  and 

𝐺(𝑃̃𝑞) = ∏ (𝑎𝑞𝑗2)
𝑤𝑗𝑛

𝑗=1 + 1 −∏ (1 − 𝑎𝑞𝑗4)
𝑤𝑗𝑛

𝑗=1 −∏ (𝑎𝑞𝑗1)
𝑤𝑗𝑛

𝑗=1 − 1 −∏ (1 − 𝑎𝑞𝑗3)
𝑤𝑗𝑛

𝑗=1 . 

Case (i): If 𝐺(𝑃̃𝑝) > 𝐺(𝑃̃𝑞) then the ranking of the alternatives is 𝐴𝑝 < 𝐴𝑞. 

Case (ii): If 𝐺(𝑃̃𝑝) < 𝐺(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 > 𝐴𝑞. 

Case (iii): If 𝐺(𝑃̃𝑝) = 𝐺(𝑃̃𝑞) then the ranking of the alternatives is  𝐴𝑝 = 𝐴𝑞. 

6.12 Inappropriateness of Chen and Han’s method 

In can be easily concluded from Section 3.1 of Chapter 3, that  

(i) If ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 then no feasible solution of the IVIFMADMPr will exist. However, if one 

is interested to find the solution then there is need to increase the total available amount 

i.e., there is need to replace the weight 𝑤𝑗 of the 𝑗𝑡ℎ attribute with 𝑤𝑗 + 𝜀𝑗 where 𝜀𝑗 > 0. 

(ii) If ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 then no feasible solution of the IVIFMADMPr will exist. However, if one 

is interested to find the solution then to find the feasible solution of IVIFMADM there is 

need to replace the constraint ∑ 𝑤𝑗 = 1
𝑛
𝑗=1  with the constraint ∑ 𝑤𝑗 ≤ 1𝑛

𝑗=1 . 

(iii) If neither the condition ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1 nor the condition ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1 will be satisfied. Then 

there is neither any need to replace 𝑤𝑗 of the 𝑗𝑡ℎ attribute with 𝑤𝑗 + 𝜀𝑗  nor any need to 

replace the constraint ∑ 𝑤𝑗 = 1𝑛
𝑗=1  with the constraint ∑ 𝑤𝑗 ≤ 1

𝑛
𝑗=1 . 

However, it is obvious from the NLPP (P6.5) that Chen and Han [43] have not considered 

these conditions to propose the NLPP (P6.5). Furthermore, to find the feasible solution of the 

IVIFMADMPr, Chen and Han [43] have reduced the lower bound 𝑤𝑗
𝑙 and/or increased the 

upper bound 𝑤𝑗
𝑢. According to Section 3.1 of Chapter 3, this modification physically indicates 
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that the restrictions have been relaxed instead of increasing the amount. Due to all these 

reasons, it is inappropriate to use the NLPP (P6.5) to find the crisp attribute weight 𝑤𝑗, 

corresponding to the IVIF weights 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]). Hence, it is inappropriate to 

use Chen and Han’s method [43]. 

6.13 Proposed Jujhar method for solving IVIFMADMPrs having IVIF weights 

In all the existing methods [42, 43, 47, 48, 211], firstly the IVIFMADMPrs having IVIF 

weights have been transformed into a special type of IVIFMADMPrs with partially known 

attribute weights by replacing the known IVIF weight of the 𝑗𝑡ℎ attribute 𝑤̃𝑗 =

([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) with 𝑤𝑗1 ≤ 𝑤𝑗 ≤ 1 − 𝑤𝑗3. Then, the transformed IVIFMADMPr with 

partially known attribute weights has been solved to obtain the ranking of the alternatives. 

Hence, the Jujhar method, proposed in Chapter 4 with the following modification can be used 

to solve IVIFMADMPrs having IVIF weights. 

“If 𝑤̃𝑗 = ([𝑤𝑗1, 𝑤𝑗2], [𝑤𝑗3, 𝑤𝑗4]) represents the IVIF weights of the 𝑗𝑡ℎ attribute. Then, 

solve the CLPP (P6.11) instead of the CLPP (P2.12) of Chapter 2, used in Case (iii) of Step 4 

of the proposed Jujhar method in Chapter 4 to evaluate the optimal attribute weight. 

𝑚𝑎𝑥[∑ 𝑐𝑗
𝑛
𝑗=1 𝑤𝑗]  

Subject to   

{
 
 

 
 𝑤𝑗1 ≤ 𝑤𝑗 ≤ 1 − 𝑤𝑗3, 𝑗 = 1,2, … , 𝑛

𝑤𝑗 ≥ 0, 𝑗 = 1,2, . . , 𝑛,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1,

𝑤𝑝 = 𝑤𝑞 ∀ 𝑐𝑝 = 𝑐𝑞 .

                                                                                       (P6.11) 

6.14 Exact results of the considered IVIFMADMPrs having IVIF weights 

In Section 6.4, Section 6.6 and Section 6.8, some IVIFMADMPrs having IVIF weights were 

solved by the existing methods [42, 43, 47, 48, 211] and shown that the obtained results are 

inappropriate. In this section, the exact results of all these IVIFMADMPrs having IVIF weights 
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are obtained by the Jujhar method, proposed in Chapter 4, with modified CLPP (P6.11). 

6.14.1 Exact results of first IVIFMADMPr having IVIF weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF 

attribute weights, considered in the first point of Section 6.4, can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13 of Chapter 4, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 6.9.  

Table 6.9: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.40,0.60],
[0.20,0.40]

) , (
[0.40,0.60],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.40,0.60],
[0.20,0.40]

)) =

1

4
(0 + 0.1 + 0.1 + 0) = 0.05  

𝑑212 ((
[0.40,0.60],
[0.20,0.40]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0 + 0.1 + 0.1 + 0) = 0.05  

𝑑121 ((
[0.30,0.40],
[0.30,0.40]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0 + 0.1 + 0.1 + 0) = 0.05  

𝑑221 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.40,0.60],
[0.20,0.40]

)) =

1

4
(0 + 0.1 + 0.1 + 0) = 0.05  

𝑑122 ((
[0.30,0.40],
[0.30,0.40]

) , (
[0.40,0.60],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.40,0.50],
[0.30,0.40]

) , (
[0.40,0.50],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.05 + 0.05 + 0 = 0.10, 

𝑐2 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.05 + 0.05 + 0 = 0.10. 
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 Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P6.12). 

𝑚𝑎𝑥(0.10𝑤1 + 0.10𝑤2)  

Subject to 

{

0.0 ≤ 𝑤1 ≤ 0.8,
0.1 ≤ 𝑤2 ≤ 0.9,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                           (P6.12)                                                                                                  

It can be easily verified that on solving the CLPP (P6.12) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.50,0.50).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.50,0.50) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.50) + (0.50)(0.60)], [(0.50)(0.30) +          

(0.50)(0.20), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25, 0.40]),  

𝑃̃2 = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.60) + (0.50)(0.50)], [(0.50)(0.20) +          

(0.50)(0.30), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25,0.40]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 𝑆(𝑃̃1) = 0.15 and 

𝑆(𝑃̃2) = 0.15. 

Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2).So, there is need to apply Step 7 of the proposed Jujhar method. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 𝐻(𝑃̃1) = 0.80 and 

𝐻(𝑃̃2) = 0.80. 

Since,  𝐻(𝑃̃1) = 𝐻(𝑃̃2).So, there is need to apply Step 8 of the proposed Jujhar method. 

Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, 𝑇(𝑃̃1) = 0 and 𝑇(𝑃̃2) =

0. Since,  𝑇(𝑃̃1) = 𝑇(𝑃̃2).So, there is need to apply Step 9 of the proposed Jujhar method. 

Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, 𝐺(𝑃̃1) = 0.30 and 

𝐺(𝑃̃2) = 0.30. 
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Since,  𝐺(𝑃̃1) = 𝐺(𝑃̃2). Therefore, according to case (iii) of Step 9 of the proposed 

Jujhar method, the ranking of the alternatives is 𝐴1 = 𝐴2. 

6.14.2 Exact results of second IVIFMADMPr 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF 

attribute weights, considered in the second point of Section 6.4, can be obtained as follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 6.14.1. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: As here ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1. Therefore, using Case (i) of Step 4 of the Jujhar method, 

proposed in Section 4.13, there is need to solve the CLPP (P6.13). 

𝑚𝑎𝑥(0.20𝑤1)  

Subject to 

{
 
 

 
 
0.10 ≤ 𝑤1 ≤ 0.20,
0.10 ≤ 𝑤2 ≤ 0.50,
𝑤1 + 𝑤2 ≤ 1,
𝑤1 = 𝑤2,

𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P6.13)                                                                                                  

It can be easily verified that on solving the CLPP (P6.13) the obtained non-normalized 

OAWV is (𝑤1, 𝑤2) = (0.20,0.20). So, the normalized OAWV is (𝑤1, 𝑤2) =

(
0.20

0.20+0.20
,

0.20

0.20+0.20
) = (0.50,0.50).                                                                                                       

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.50,0.50) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.50) + (0.50)(0.60)], [(0.50)(0.30) +

(0.50)(0.20), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25, 0.40]),           

𝑃̃2 = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.60) + (0.50)(0.50)], [(0.50)(0.20) +  

(0.50)(0.30), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25,0.40]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 𝑆(𝑃̃1) = 0.15 and 
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𝑆(𝑃̃2) = 0.15. 

Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2).So, there is need to apply Step 7 of the proposed Jujhar method. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 𝐻(𝑃̃1) = 0.80 and 

𝐻(𝑃̃2) = 0.80. 

Since,  𝐻(𝑃̃1) = 𝐻(𝑃̃2).So, there is need to apply Step 8 of the proposed Jujhar method. 

Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, 𝑇(𝑃̃1) = 0 and 𝑇(𝑃̃2) =

0. 

Since,  𝑇(𝑃̃1) = 𝑇(𝑃̃2).So, there is need to apply Step 9 of the proposed Jujhar method. 

Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, 𝐺(𝑃̃1) = 0.30 and 

𝐺(𝑃̃2) = 0.30. 

Since,  𝐺(𝑃̃1) = 𝐺(𝑃̃2). Therefore, according to case (iii) of Step 9 of the proposed 

Jujhar method, the ranking of the alternatives is 𝐴1 = 𝐴2. 

6.14.3 Exact results of the third IVIFMADMPr 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF 

attribute weights, considered in the second point of Section 6.4, can be obtained as follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 6.14.1. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1. Therefore, using Case (ii) of Step 4 of the Jujhar method, proposed 

in Section 4.13, there is need to solve the CLPP (P6.14). 

𝑚𝑎𝑥(0.20𝑤1 − 𝜀1 − 𝜀2)  

Subject to 
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{
 
 
 
 

 
 
 
 

60

120
≤ 𝑤1 ≤

80

120
,

60

120
≤ 𝑤2 ≤

80

120
,

𝑤1 + 𝑤2 = 1,
𝑤1 = 𝑤2,

120 = 100 + 𝜀1 + 𝜀2
0 ≤ 𝜀1 ≤ 1,
0 ≤ 𝜀2 ≤ 1,

𝑤1 ≥ 0,𝑤2 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0.

                                                                                      (P6.14)                              

It can be easily verified that on solving the CLPP (P6.14) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.5,0.5). 

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.50,0.50) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.50) + (0.50)(0.60)], [(0.50)(0.30) +

(0.50)(0.20), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25, 0.40]),  

𝑃̃2 = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.60) + (0.50)(0.50)], [(0.50)(0.20) +

(0.50)(0.30), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25,0.40]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 𝑆(𝑃̃1) = 0.15 and 

𝑆(𝑃̃2) = 0.15. 

Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, there is need to apply Step 7 of the proposed Jujhar method. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 𝐻(𝑃̃1) = 0.80 and 

𝐻(𝑃̃2) = 0.80. 

Since,  𝐻(𝑃̃1) = 𝐻(𝑃̃2). So, there is need to apply Step 8 of the proposed Jujhar method. 

Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, 𝑇(𝑃̃1) = 0 and 𝑇(𝑃̃2) =

0. 

Since,  𝑇(𝑃̃1) = 𝑇(𝑃̃2). So, there is need to apply Step 9 of the proposed Jujhar method. 

Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, 𝐺(𝑃̃1) = 0.30 and 

𝐺(𝑃̃2) = 0.30. 
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Since,  𝐺(𝑃̃1) = 𝐺(𝑃̃2). Therefore, according to case (iii) of Step 9 of the proposed Jujhar 

method, the ranking of the alternatives is 𝐴1 = 𝐴2. 

6.14.4 Exact results of fourth IVIFMADMPr having IVIF weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF 

attribute weights, considered in the first point of Section 6.6, can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13 of Chapter 4, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 6.10. 

Table 6.10: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.01,0.04],
[0.02,0.03]

) , (
[0.01,0.04],
[0.02,0.03]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.10,0.40],
[0.20,0.30]

) , (
[0.02,0.04],
[0.01,0.05]

)) =

1

4
(0.08 + 0.36 + 0.19 + 0.25) = 0.22  

𝑑212 ((
[0.01,0.04],
[0.02,0.03]

) , (
[0.20,0.50],
[0.30,0.40]

)) =

1

4
(0.19 + 0.46 + 0.28 + 0.37) = 0.325  

𝑑121 ((
[0.02,0.04],
[0.01,0.05]

) , (
[0.10,0.40],
[0.20,0.30]

)) =

1

4
(0.08 + 0.36 + 0.19 + 0.25) = 0.22  

𝑑221 ((
[0.20,0.50],
[0.30,0.40]

) , (
[0.01,0.04],
[0.02,0.03]

)) =

1

4
(0.19 + 0.46 + 0.28 + 0.37) = 0.325  

𝑑122 ((
[0.02,0.04],
[0.01,0.05]

) , (
[0.02,0.04],
[0.01,0.05]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.20,0.50],
[0.30,0.40]

) , (
[0.20,0.50],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.22 + 0.22 + 0 = 0.44, 
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𝑐2 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.325 + 0.325 + 0 = 0.65. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P6.15). 

𝑚𝑎𝑥(0.44𝑤1 + 0.65𝑤2)  

Subject to 

{

0.0 ≤ 𝑤1 ≤ 0.8,
0.1 ≤ 𝑤2 ≤ 0.9,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P6.15)                                                                                                  

It can be easily verified that on solving the CLPP (P6.15) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.10,0.90).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.10,0.90) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.10)(0.10) + (0.90)(0.01), (0.10)(0.40) + (0.90)(0.04)], [(0.10)(0.20) +

(0.90)(0.02), (0.10)(0.30) + (0.90)(0.03)]) = ([0.019,0.076], [0.038, 0.057]),  

𝑃̃2 = ([(0.10)(0.02) + (0.90)(0.20), (0.10)(0.04) + (0.90)(0.50)], [(0.10)(0.01) +

(0.90)(0.30), (0.10)(0.05) + (0.90)(0.40)]) = ([0.182,0.454], [0.271,0.365]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 𝑆(𝑃̃1) = 0 and 𝑆(𝑃̃2) = 

0. 

Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, there is need to apply Step 7 of the proposed Jujhar method. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 𝐻(𝑃̃1) = 0.095 and 

𝐻(𝑃̃2) = 0.636. 

Since,  𝐻(𝑃̃1) < 𝐻(𝑃̃2). Therefore, according to Step 7 of the proposed Jujhar method, the 

ranking of the alternatives is 𝐴1 < 𝐴2. 

6.14.5 Exact results of fifth IVIFMADMPr having IVIF weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF 
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weights, considered in the first point of Section 6.8, can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13 of Chapter 4, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 6.11.  

Table 6.11: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.30,0.40],
[0.40,0.50]

) , (
[0.30,0.40],
[0.40,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.30,0.40],
[0.40,0.50]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.1) = 0.15  

𝑑212 ((
[0.30,0.40],
[0.40,0.50]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.1) = 0.15  

𝑑121 ((
[0.30,0.40],
[0.40,0.50]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.1) = 0.15  

𝑑221 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.30,0.40],
[0.40,0.50]

)) =

1

4
(0.2 + 0.2 + 0.1 + 0.1) = 0.15  

𝑑122 ((
[0.30,0.40],
[0.40,0.50]

) , (
[0.30,0.40],
[0.40,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.10,0.20],
[0.30,0.40]

) , (
[0.10,0.20],
[0.30,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.15 + 0.15 + 0 = 0.30, 

𝑐2 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.15 + 0.15 + 0 = 0.30. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P6.16). 

𝑚𝑎𝑥(0.30𝑤1 + 0.30𝑤2)  
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Subject to 

{
 
 

 
 
0.0 ≤ 𝑤1 ≤ 0.8,
0.1 ≤ 𝑤2 ≤ 0.9,
𝑤1 + 𝑤2 = 1,
𝑤1 = 𝑤2

𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P6.16)                                                                                                  

It can be easily verified that on solving the CLPP (P6.16) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.50,0.50).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.50,0.50) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.50)(0.10) + (0.50)(0.30), (0.50)(0.20) + (0.50)(0.40)], [(0.50)(0.30) +

(0.50)(0.40), (0.50)(0.40) + (0.50)(0.50)]) = ([0.20,0.30], [0.35, 0.45]),  

𝑃̃2 = ([(0.50)(0.30) + (0.50)(0.10), (0.50)(0.40) + (0.50)(0.20)], [(0.50)(0.40) +

(0.50)(0.30), (0.50)(0.50) + (0.50)(0.40)]) = ([0.20,0.30], [0.35,0.45]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 𝑆(𝑃̃1) = −0.15 and 

𝑆(𝑃̃2) = −0.15. 

Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, there is need to apply Step 7 of the proposed Jujhar method. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 𝐻(𝑃̃1) = 0.65 and 

𝐻(𝑃̃2) = 0.65. 

Since,  𝐻(𝑃̃1) = 𝐻(𝑃̃2). So, there is need to apply Step 8 of the proposed Jujhar method. 

Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, 𝑇(𝑃̃1) = 0 and 𝑇(𝑃̃2) =

0. 

Since,  𝑇(𝑃̃1) = 𝑇(𝑃̃2). So, there is need to apply Step 9 of the proposed Jujhar method. 

Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, 𝐺(𝑃̃1) = 0.20 and 

𝐺(𝑃̃2) = 0.20. 

Since,  𝐺(𝑃̃1) = 𝐺(𝑃̃2). Therefore, according to case (iii) of Step 9 of the proposed 
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Jujhar method, the ranking of the alternatives is 𝐴1 = 𝐴2. 

6.14.6 Exact results of sixth IVIFMADMPr having IVIF weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF 

attribute weights, considered in the second point of Section 6.8, can be obtained as follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 6.14.5. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, ∑ 𝑤𝑗
𝑢𝑛

𝑗=1 < 1. Therefore, using Case (i) of Step 4 of the Jujhar method, proposed 

in Section 4.13, there is need to solve the CLPP (P6.17). 

𝑚𝑎𝑥(0.30𝑤1 + 0.30𝑤2)  

Subject to 

{
 
 

 
 
0.0 ≤ 𝑤1 ≤ 0.20,
0.10 ≤ 𝑤1 ≤ 0.50,
𝑤1 + 𝑤2 ≤ 1,
𝑤1 = 𝑤2

𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P6.17)                                                                                                  

It can be easily verified that on solving the CLPP (P6.17) the obtained non-normalized 

OAWV is (𝑤1, 𝑤2) = (0.20,0.20). So, the normalized OAWV is (𝑤1, 𝑤2) =

(
0.20

0.20+0.20
,

0.20

0.20+0.20
) = (0.50,0.50).                                                                                                       

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.50,0.50) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.50)(0.10) + (0.50)(0.30), (0.50)(0.20) + (0.50)(0.40)], [(0.50)(0.30) +

(0.50)(0.40), (0.50)(0.40) + (0.50)(0.50)]) = ([0.20,0.30], [0.35, 0.45]),  

𝑃̃2 = ([(0.50)(0.30) + (0.50)(0.10), (0.50)(0.40) + (0.50)(0.20)], [(0.50)(0.40) +

(0.50)(0.30), (0.50)(0.50) + (0.50)(0.40)]) = ([0.20,0.30], [0.35,0.45]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 𝑆(𝑃̃1) = −0.15 and 

𝑆(𝑃̃2) = −0.15. 
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Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, there is need to apply Step 7 of the proposed Jujhar method. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 𝐻(𝑃̃1) = 0.65 and 

𝐻(𝑃̃2) = 0.65. 

Since,  𝐻(𝑃̃1) = 𝐻(𝑃̃2). So, there is need to apply Step 8 of the proposed Jujhar method. 

Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, 𝑇(𝑃̃1) = 0 and 𝑇(𝑃̃2) =

0. 

Since,  𝑇(𝑃̃1) = 𝑇(𝑃̃2). So, there is need to apply Step 9 of the proposed Jujhar method. 

Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, 𝐺(𝑃̃1) = 0.20 and 

𝐺(𝑃̃2) = 0.20. 

Since,  𝐺(𝑃̃1) = 𝐺(𝑃̃2). Therefore, according to case (iii) of Step 9 of the proposed 

Jujhar method, the ranking of the alternatives is 𝐴1 = 𝐴2. 

6.14.7 Exact results of the seventh IVIFMADMPr having IVIF weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF 

attribute weights, considered in the third point of Section 6.8, can be obtained as follows: 

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 6.14.5. 

So, to avoid any repetition, the calculations have been started from Step 4. 

Step 4: Since, ∑ 𝑤𝑗
𝑙𝑛

𝑗=1 > 1. Therefore, using Case (ii) of Step 4 of the Jujhar method, proposed 

in Section 4.13, there is need to solve the CLPP (P6.18). 

𝑚𝑎𝑥(0.30𝑤1 − 0.30𝑤2 − 𝜀1 − 𝜀2)  

Subject to 
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{
 
 
 
 

 
 
 
 

60

120
≤ 𝑤1 ≤

80

120
,

60

120
≤ 𝑤2 ≤

80

120
,

𝑤1 + 𝑤2 = 1,
𝑤1 = 𝑤2,

120 = 100 + 𝜀1 + 𝜀2
0 ≤ 𝜀1 ≤ 1,
0 ≤ 𝜀2 ≤ 1,

𝑤1 ≥ 0,𝑤2 ≥ 0, 𝜀1 ≥ 0, 𝜀2 ≥ 0.

                                                                                 (P6.18)                                        

It can be easily verified that on solving the CLPP (P6.18) the obtained OAWV is 

(𝑤1, 𝑤2) = (0.50,0.50). 

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (0.50,0.50) and using Step 5 of the Jujhar 

method, proposed in Section 4.13, 

𝑃̃1 = ([(0.50)(0.10) + (0.50)(0.30), (0.50)(0.20) + (0.50)(0.40)], [(0.50)(0.30) +

(0.50)(0.40), (0.50)(0.40) + (0.50)(0.50)]) = ([0.20,0.30], [0.35, 0.45]),  

𝑃̃2 = ([(0.50)(0.30) + (0.50)(0.10), (0.50)(0.40) + (0.50)(0.20)], [(0.50)(0.40) +

(0.50)(0.30), (0.50)(0.50) + (0.50)(0.40)]) = ([0.20,0.30], [0.35,0.45]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 𝑆(𝑃̃1) = −0.15 and 

𝑆(𝑃̃2) = −0.15. 

Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, there is need to apply Step 7 of the proposed Jujhar method. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 𝐻(𝑃̃1) = 0.65 and 

𝐻(𝑃̃2) = 0.65. 

Since,  𝐻(𝑃̃1) = 𝐻(𝑃̃2). So, there is need to apply Step 8 of the proposed Jujhar method. 

Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, 𝑇(𝑃̃1) = 0 and 𝑇(𝑃̃2) =

0. 

Since,  𝑇(𝑃̃1) = 𝑇(𝑃̃2). So, there is need to apply Step 9 of the proposed Jujhar method. 

Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, 𝐺(𝑃̃1) = 0.20 and 

𝐺(𝑃̃2) = 0.20. 
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Since,  𝐺(𝑃̃1) = 𝐺(𝑃̃2). Therefore, according to case (iii) of Step 9 of the proposed Jujhar 

method, the ranking of the alternatives is 𝐴1 = 𝐴2. 

6.14.8 Exact results of eighth IVIFMADMPr having IVIF weights 

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF 

attribute weights, considered in the fourth point of Section 6.8, can be obtained as follows: 

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method, 

proposed in Section 4.13 of Chapter 4, there is no need to apply Step 1. 

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to 

calculate 𝑑𝑖𝑗𝑘(𝛼̃𝑖𝑗 , 𝛼̃𝑘𝑗) ∀ 𝑖 = 1,2; 𝑗 = 1,2. These values are shown in Table 6.12.  

     Table 6.12: Values of 𝒅𝒊𝒋𝒌(𝜶̃𝒊𝒋, 𝜶̃𝒌𝒋) 

𝑑111 ((
[0.10,0.30],
[0.20,0.40]

) , (
[0.10,0.30],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑211 ((
[0.10,0.50],
[0.20,0.40]

) , (
[0.10,0.50],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑112 ((
[0.10,0.30],
[0.20,0.40]

) , (
[0.10,0.30],
[0.10,0.50]

)) =

1

4
(0 + 0 + 0.1 + 0.1) = 0.05  

𝑑212 ((
[0.10,0.50],
[0.20,0.40]

) , (
[0.10,0.50],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑121 ((
[0.02,0.04],
[0.01,0.05]

) , (
[0.10,0.30],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0.1 + 0.1) = 0.05  

𝑑221 ((
[0.10,0.50],
[0.20,0.40]

) , (
[0.10,0.50],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑122 ((
[0.02,0.04],
[0.01,0.05]

) , (
[0.10,0.30],
[0.10,0.50]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

𝑑222 ((
[0.10,0.50],
[0.20,0.40]

) , (
[0.10,0.50],
[0.20,0.40]

)) =

1

4
(0 + 0 + 0 + 0) = 0  

 

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13, 

𝑐1 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0.05 + 0.05 + 0 = 0.10, 
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𝑐2 = ∑ ∑  𝑑𝑖1𝑘(𝛼̃𝑖1, 𝛼̃𝑘1)
2
𝑘=1

2
𝑖=1 = 0 + 0 + 0 + 0 = 0. 

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the 

CLPP (P6.19). 

𝑚𝑎𝑥(0.10𝑤1)  

Subject to 

{

0 ≤ 𝑤1 ≤ 1,
0 ≤ 𝑤2 ≤ 1,
𝑤1 + 𝑤2 = 1,
𝑤1 ≥ 0,𝑤2 ≥ 0.

                                                                                                                   (P6.19)                                                                                                  

It can be easily verified that on solving the CLPP (P6.19) the obtained OAWV is 

(𝑤1, 𝑤2) = (1,0).  

Step 5: On considering the OAWV, (𝑤1, 𝑤2) = (1,0) and using Step 5 of the Jujhar method, 

proposed in Section 4.13, 

𝑃̃1 = ([(1)(0.10) + (0)(0.10), (1)(0.30) + (0)(0.50)], [(1)(0.20) + (0)(0.20), (1)(0.40)          

           +(0)(0.40)]) = ([0.10,0.30], [0.20, 0.40]),  

𝑃̃2 = ([(1)(0.10) + (0)(0.10), (1)(0.30) + (0)(0.50)], [(1)(0.10) + (0)(0.20), (1)(0.50)          

          +(0)(0.40)]) = ([0.10,0.30], [0.10,0.50]). 

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, 𝑆(𝑃̃1) = −0.10 and 

𝑆(𝑃̃2) = −0.10. 

Since,  𝑆(𝑃̃1) = 𝑆(𝑃̃2). So, there is need to apply Step 7 of the proposed Jujhar method. 

Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, 𝐻(𝑃̃1) = 0.50 and 

𝐻(𝑃̃2) = 0.50. 

Since,  𝐻(𝑃̃1) = 𝐻(𝑃̃2). So, there is need to apply Step 8 of the proposed Jujhar method. 

Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, 𝑇(𝑃̃1) = 0 and 𝑇(𝑃̃2) = 

−0.20. 

Since,  𝑇(𝑃̃1) > 𝑇(𝑃̃2). Therefore, according to Step 8 of the proposed Jujhar method, the 
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ranking of the alternatives is 𝐴1 > 𝐴2. 

6.15 Conclusions 

The inappropriateness of the existing methods [42, 43, 47, 48, 211] are pointed out. Also, the 

proposed Jujhar method is used to solve the IVIFMADMPrs having completely known IVIF 

attribute weights with some modifications. Furthermore, the proposed Jujhar method has been 

illustrated with the help of some IVIFMADMPrs having IVIF attribute weights. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



218 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



219 
 

Chapter 7 

Discussion on “Evolving a linear programming 

technique for MAGDM problems with IVIF 

information”6
 

 

Hajiagha et al. [98] proposed a linear programming technique for solving IVIF MAGDM 

problems. In this technique, firstly an IVIFDM 𝐷̃ = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4])𝑚×𝑛 is obtained 

by aggregating the IVIFDMs 𝐷̃𝑘 = ([𝑎𝑖𝑗1
𝑘 , 𝑎𝑖𝑗2

𝑘 ], [𝑎𝑖𝑗3
𝑘 , 𝑎𝑖𝑗4

𝑘 ])
𝑚×𝑛

, 𝑘 = 1,2, … , 𝑟, where, 

([𝑎𝑖𝑗1
𝑘 , 𝑎𝑖𝑗2

𝑘 ], [𝑎𝑖𝑗3
𝑘 , 𝑎𝑖𝑗4

𝑘 ])
𝑚×𝑛

 represents the rating value of the 𝑖𝑡ℎ- alternative over the 𝑗𝑡ℎ- 

attribute provided by the 𝑘𝑡ℎ-decision-maker. Then, the IVIF LPPs (𝑃𝑠); 𝑠 = 1,2, … ,𝑚 are 

constructed. 

𝑀𝑎𝑥(∑ ([𝑎𝑠𝑗1, 𝑎𝑠𝑗2], [𝑎𝑠𝑗3, 𝑎𝑠𝑗4]) × 𝑤𝑗
𝑛
𝑗=1 )     

Subject to  

∑ ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) × 𝑤𝑗
𝑛
𝑗=1 ≤ 1̃; 𝑖 = 1,2, … ,𝑚,

∑ 𝑤𝑗
𝑛
𝑗=1 = 1,

𝑤𝑗 ≥ 0; 𝑗 = 1,2, … , 𝑛.

                                                     (𝑃𝑠) 

where, 1̃ = ([0.90,0.95], [0.01,0.05]) and 𝑤𝑗 represents the normalized weight of the 𝑗𝑡ℎ 

attribute. 

       After that each IVIF LPP (𝑃𝑠), 𝑠 = 1,2, … ,𝑚 is transformed into its equivalent CLPP 

(𝑃′𝑠), 𝑠 = 1,2, … ,𝑚.          

                                                           
6 Some contents of this chapter are published in “Journal of Intelligent & Fuzzy Systems (2019) DOI: 

10.3233/JIFS-181527” 
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𝑀𝑖𝑛 (∑ 𝑦𝑗 𝐿𝑛 ((1 − 𝑎𝑠𝑗1)(1 − 𝑎𝑠𝑗2)𝑎𝑠𝑗3𝑎𝑠𝑗4)
𝑛
𝑗=1 )  

Subject to  

∑ 𝑦𝑗 𝐿𝑛(1 − 𝑎𝑖𝑗1)
𝑛
𝑗=1 ≥ 𝑡 𝐿𝑛(1 − 0.90),

∑ 𝑦𝑗 𝐿𝑛(1 − 𝑎𝑖𝑗2)
𝑛
𝑗=1 ≥ 𝑡 𝐿𝑛(1 − 0.95),

∑ 𝑦𝑗 𝐿𝑛(𝑎𝑖𝑗3)
𝑛
𝑗=1 ≥ 𝑡 𝐿𝑛(0.01),

∑ 𝑦𝑗 𝐿𝑛(𝑎𝑖𝑗4)
𝑛
𝑗=1 ≥ 𝑡 𝐿𝑛(0.05),

∑ 𝑦𝑗
𝑛
𝑗=1 = 1,

𝑡, 𝑦𝑗 ≥ 0; 𝑗 = 1,2, … , 𝑛.

                                                                            (𝑃′𝑠) 

       Finally, the optimal value  ∑ 𝑦𝑗 𝐿𝑛 ((1 − 𝑎𝑠𝑗1)(1 − 𝑎𝑠𝑗2)𝑎𝑠𝑗3𝑎𝑠𝑗4)
𝑛
𝑗=1 ; 𝑠 = 1,2, … ,𝑚 of 

each CLPP (𝑃′𝑠), 𝑠 = 1,2, … ,𝑚 is used to rank the alternatives. 

 The aim of this chapter is  

(i) To point out the inappropriateness of the existing method [98] for solving IVIFMAGDM 

problems having completely unknown weights.  

(ii) To make the researchers aware that it is inappropriate to propose a simplex method for 

solving the IVIF LPP (𝑃𝑠) without transforming it into the CLPP (𝑃′𝑠), inspired by Khan 

et al.’s simplex method [122], for resolving the inappropriateness of the existing method 

[98] due to the following facts: 

 “Khan et al.’s claim [123] “No mathematical incorrect assumptions have been 

considered in the existing simplex method [122] for solving a fuzzy LPP without 

transforming it into a CLPP” against Bhardwaj and Kumar’s claim [16] is not valid. In 

fact, several mathematical incorrect assumptions, considered by Khan et al. [122], are 

not pointed out by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not pointed 

out that some of the elements of the existing optimal simplex table [122] are not TFNs.”  

Furthermore, to make the researchers aware that it is not possible to resolve the 

inappropriateness of the existing methods [ 98].” 
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7.1 Inappropriateness of Hajiagha et al.’s method 

The following example clearly indicates that it is inappropriate to find the solution of IVIF 

LPPs (𝑃𝑠) with the help of the transformed CLPPs (𝑃′𝑠). 

If it is assumed that the (𝑖, 𝑗)𝑡ℎ element of Table 7.1, represented by an IVIFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ-alternative over the 𝑗𝑡ℎ-benefit 

attribute.  

             Table 7.1: Rating Values 

    Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 
([
1

10
,
2

10
] , [

3

10
,
4

10
]) ([

1

5
,
1

3
] , [
1

5
,
1

3
]) 

𝐴2 
([
3

20
,
13

85
] , [
1

5
,
3

5
]) ([

1

5
,
1

3
] , [
1

5
,
1

3
]) 

 

      It is obvious that the rating value of  both the alternatives 𝐴1 and 𝐴2 over the attribute 𝐺2 

is same i.e., ([
1

5
,
1

3
] , [

1

5
,
1

3
]). Therefore, the ranking of the alternatives 𝐴1 and 𝐴2 will depend 

only upon the rating values of  𝐴1 and 𝐴2 over the attribute 𝐺1. i.e., if the rating value of the 

alternative 𝐴1 over 𝐺1 i.e., ([
1

10
,
2

10
] , [

3

10
,
4

10
]) will be greater than the rating value of the 

alternative 𝐴2 over the same attribute 𝐺1 i.e., ([
3

20
,
13

85
] , [

1

5
,
3

5
]). Then the relation will be 𝐴1 >

𝐴2, otherwise, 𝐴1 < 𝐴2. 

It is pertinent to mention that as ([
1

10
,
2

10
] , [

3

10
,
4

10
]) ≠ ([

3

20
,
13

85
] , [

1

5
,
3

5
]). Therefore, the 

relation 𝐴1 = 𝐴2 is not possible.  

In this section, this problem is solved by the existing linear programming technique 

[98] and shown that the obtained relation is 𝐴1 = 𝐴2, which is incorrect. 
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Using the linear programming technique, proposed by Hajiagha et al. [98], the ranking 

of the alternatives 𝐴1 and 𝐴2 can be obtained as follows: 

Since, there are two alternatives and each alternative has two attributes i.e., 𝑚 = 2 and 

𝑛 = 2. Therefore, corresponding to the CLPPs (𝑃𝑠
′), the CLPPs (𝑃1

′) and (𝑃2
′) will be obtained. 

𝑀𝑖𝑛 (∑ 𝑦𝑗 𝐿𝑛 ((1 − 𝑎1𝑗)(1 − 𝑏1𝑗)𝑐1𝑗𝑑1𝑗)
2
𝑗=1 )  

Subject to  

∑ 𝑦𝑗 𝐿𝑛(1 − 𝑎1𝑗)
2
𝑗=1 ≥ 𝑡 𝐿𝑛(1 − 𝑏1),

∑ 𝑦𝑗 𝐿𝑛(1 − 𝑎2𝑗)
2
𝑗=1 ≥ 𝑡 𝐿𝑛(1 − 𝑏1),

∑ 𝑦𝑗 𝐿𝑛(1 − 𝑏1𝑗)
2
𝑗=1 ≥ 𝑡 𝐿𝑛(1 − 𝑏2),

∑ 𝑦𝑗 𝐿𝑛(1 − 𝑏2𝑗)
2
𝑗=1 ≥ 𝑡 𝐿𝑛(1 − 𝑏2),

∑ 𝑦𝑗 𝐿𝑛(𝑐1𝑗)
2
𝑗=1 ≥ 𝑡 𝐿𝑛(𝑏3) ,

∑ 𝑦𝑗 𝐿𝑛(𝑐2𝑗)
2
𝑗=1 ≥ 𝑡 𝐿𝑛(𝑏3),

∑ 𝑦𝑗 𝐿𝑛(𝑑1𝑗)
2
𝑗=1 ≥ 𝑡 𝐿𝑛(𝑏4) ,

∑ 𝑦𝑗 𝐿𝑛(𝑑2𝑗)
2
𝑗=1 ≥ 𝑡 𝐿𝑛(𝑏4),

∑ 𝑦𝑗
2
𝑗=1 = 1,

𝑡, 𝑦𝑗 ≥ 0; 𝑗 = 1,2.

                                                                                    (𝑃1
′) 

and  

𝑀𝑖𝑛 (∑ 𝑦𝑗 𝐿𝑛 ((1 − 𝑎2𝑗)(1 − 𝑏2𝑗)𝑐2𝑗𝑑2𝑗)
2
𝑗=1 )  

Subject to  

Constraints of the CLPP (𝑃1
′).                                                                                                   (𝑃2

′)                                                                             

Furthermore, as in the considered IVIFDM, 𝑎11 =
1

10
, 𝑏11 =

2

10
, 𝑐11 =

3

10
, 𝑑11 =

4

10
, 

𝑎12 =
1

5
, 𝑏12 =

1

3
, 𝑐12 =

1

5
, 𝑑12 =

1

3
, 𝑎21 =

3

20
, 𝑏21 =

13

85
, 𝑐21 =

1

5
, 𝑑21 =

3

5
, 𝑎22 =

1

5
, 𝑏22 =

1

3
, 

𝑐22 =
1

5
, 𝑑22 =

1

3
. Therefore, on putting these values in (𝑃1

′) and (𝑃2
′), these problems will be 

transformed into the CLPPs (P7.1) and (P7.2) respectively. 

𝑀𝑖𝑛(−2.4487𝑦1 − 3.3382𝑦2)  

Subject to  
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−0.1053𝑦1 − 0.2231𝑦2 ≥ 𝑡 𝐿𝑛(1 − 𝑏1),

−0.1625𝑦1 − 0.2231𝑦2 ≥ 𝑡 𝐿𝑛(1 − 𝑏1),

−0.2231𝑦1 − 0.4054𝑦2 ≥ 𝑡 𝐿𝑛(1 − 𝑏2),

−0.1660𝑦1 − 0.4054𝑦2 ≥ 𝑡 𝐿𝑛(1 − 𝑏2),

−1.2039𝑦1 − 1.6094𝑦2 ≥ 𝑡 𝐿𝑛(𝑏3),

−1.6094𝑦1 − 1.6094𝑦2 ≥ 𝑡 𝐿𝑛(𝑏3),

−0.9162𝑦1 − 1.0986𝑦2 ≥ 𝑡 𝐿𝑛(𝑏4) ,

−0.5108𝑦1 − 1.0986𝑦2 ≥ 𝑡 𝐿𝑛(𝑏4),

∑ 𝑦𝑗
2
𝑗=1 = 1,

𝑡, 𝑦𝑗 ≥ 0; 𝑗 = 1,2.

                                                                                  (P7.1) 

and  

𝑀𝑖𝑛(−2.4487𝑦1 − 3.3382𝑦2)  

Subject to  

Constraints of the CLPP (P7.1)                                                                                                      (P7.2) 

It is obvious that both the problems (P7.1) and (P7.2) are same. Therefore, the optimal 

values of both these CLPPs will also be same and hence, according to the existing linear 

programming technique [98], 𝐴1 = 𝐴2, which is mathematically incorrect. 

7.2 Challenges for resolving the inappropriateness of Hajiagha et al.’s method 

Since, most of the researchers are well aware about the concept of simplex method. So, to 

resolve the inappropriateness of Hajiagha et al. method [98], inspired by the existing simplex 

method [122] for solving a FLPP without transforming into a crisp LPP, one may think to 

develop a simplex method for solving IVIF LPP (𝑃𝑠) without transforming it into the CLPP 

(𝑃′𝑠). However, after a deep study the following facts have been observed. 

(i) Khan et al.’s claim [123] “No mathematical incorrect assumptions have been considered 

in the existing simplex method [122] for solving a fuzzy LPP without transforming it into 

a CLPP” against Bhardwaj and Kumar’s claim [16] is not valid. In fact, several 

mathematical incorrect assumptions, considered by Khan et al. [122], are not pointed out 

by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not pointed out that some 

of the elements of the existing optimal simplex table [122] are not TFNs. 



224 
 

(ii) It is not possible to propose a simplex method for solving a FLPP without transforming 

it into a CLPP. 

(iii) It is not possible to propose a simplex method for solving an IVIF LPP (𝑃𝑠) without 

transforming it into a CLPP. 

The aim of this section is to show that these observations are valid. 

7.2.1 Validity of the first observation  

In this section, the inappropriateness of Khan et al.’s method [122] have been explained in 

detailed manner.  

7.2.1.1 A brief review about Khan et al.’s work [122] 

Khan et al. [122] proposed a method for solving FFLPPs. All the steps of the method, 

proposed by Khan et al. [122], are same as well-known simplex method for solving a CLPP. 

The only difference between the well-known simplex method for solving a CLPP and the 

method, proposed by Khan et al. [122], are as follows. 

(i) Khan et al. [122] have represented the elements and variables in the simplex table as TFNs 

instead of real numbers. 

(ii) To check the optimality as well as to find the entering variable, there is need to check that 

a TFN is a non-negative TFN or a non-positive TFN. In the literature, different methods 

have been proposed to check that a TFN is a non-negative TFN or a non-positive TFN.  

Khan et al. [122] have adopted the following method to check the nature of a TFN, 𝑇̃ =

(𝑢, 𝑣, 𝑤).  

Find (𝑇̃) = 𝑢 + 𝑤 − 𝜎 , where, 𝜎 =
𝑤−𝑢

6
. 

Case (i): If 𝑅(𝑇̃) ≥ 0 then 𝑇̃ is a non-negative TFN. 

Case (ii): If 𝑅(𝑇̃) ≤ 0 then 𝑇̃ is a non-positive TFN. 

Furthermore, in the literature, different methods have been proposed to find the 

minimum of TFNs. Khan et al. [122] have adopted the following method to find the 
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minimum of two TFNs, 𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2). 

Check that 𝑅(𝑇̃1) > 𝑅(𝑇̃2) or 𝑅(𝑇̃1) < 𝑅(𝑇̃2) or 𝑅(𝑇̃1) = 𝑅(𝑇̃2) where, 𝑅(𝑇̃𝑖) = 𝑢𝑖 +

𝑤𝑖 − 𝜎𝑖, 𝜎𝑖 =
𝑤𝑖−𝑢𝑖

6
, 𝑖 = 1,2. 

Case (i): If 𝑅(𝑇̃1) > 𝑅(𝑇̃2) then 𝑇̃1 > 𝑇̃2 i.e., 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {𝑇̃1, 𝑇̃2} = 𝑇̃2. 

Case (ii): If 𝑅(𝑇̃1) < 𝑅(𝑇̃2) then 𝑇̃1 < 𝑇̃2 i.e., 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {𝑇̃1, 𝑇̃2} = 𝑇̃1. 

Case (iii): If 𝑅(𝑇̃1) = 𝑅(𝑇̃2) then 𝑇̃1 = 𝑇̃2 i.e., 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {𝑇̃1, 𝑇̃2} = 𝑇̃1, 𝑇̃2. 

Bhardwaj and Kumar [16] claimed that Khan et al. [122] have used the relations  

(i) 𝑅 (
𝑇̃1

𝑇̃2
) =

𝑅(𝑇̃1)

𝑅(𝑇̃2)
. 

(ii) 𝑇̃1 − 𝑇̃1 = (0, 0, 0). 

(iii) 
𝑇̃1

𝑇̃1
= (1, 1, 1). 

in their proposed method. Whereas, in actual case,  

(i) 𝑅 (
𝑇̃1

𝑇̃2
) ≠

𝑅(𝑇̃1)

𝑅(𝑇̃2)
. 

(ii) 𝑇̃1 − 𝑇̃1 ≠ (0, 0, 0). 

(iii) 
𝑇̃1

𝑇̃1
≠ (1, 1, 1). 

Therefore, the method, proposed by Khan et al. [122], is not valid.  

Khan et al. [123] replied that they have not used any of these relations in their proposed 

method [ ]. Hence, Khan et al. [122] method is valid. 

7.2.1.2 Validity of the claim 

The following clearly indicates that Khan et al. [122] have considered mathematical 

incorrect assumptions in their proposed method. 

(i) Khan et al. [122] have defined as well as used the following multiplication operation of two 

TFNs.  

If 𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2) are two TFNs. Then, 𝑇̃1. 𝑇̃2 = 
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(𝑢1, 𝑣1, 𝑤1). (𝑢2, 𝑣2, 𝑤2) = (𝑢1𝑢2, 𝑣1𝑣2, 𝑤1𝑤2). 

Khan et al. [122] have assumed that this multiplication operation is valid for all TFNs. 

However, in actual case, this multiplication is valid only if 𝑢1 ≥ 0 and 𝑢2 ≥ 0. 

For example, if  𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) = (−2,−1, 3) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2) = (1, 4, 5) i.e., 

𝑢1 ≱ 0 and 𝑢2 ≥ 0 then according to this multiplication 

𝑇̃1. 𝑇̃2 = (𝑢1𝑢2, 𝑣1𝑣2, 𝑤1𝑤2) = (−2,−4, 15) 

It is pertinent to mention that the obtained number (−2,−4, 15) is not a TFN as for a TFN 

(𝑢, 𝑣, 𝑤), the condition 𝑢 ≤ 𝑣 ≤ 𝑤 should always be satisfied. 

(ii) Khan et al. [122] have defined as well as used the following division operation of two 

TFNs. If 𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2) are two TFNs. Then, 
𝑇̃1

𝑇̃2
=

(𝑢1,𝑣1,𝑤1)

(𝑢2,𝑣2,𝑤2)
=

(
𝑢1

𝑤2
,
𝑣1

𝑣2
,
𝑤1

𝑢2
). 

Khan et al. [122] have assumed that this division operation is valid for all TFNs. However, 

in actual case, this division is valid only if 𝑢1 ≥ 0 and 𝑢2 > 0. 

For example, if 𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) = (−3,−2,−1) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2) = (1, 4, 5) i.e., 

𝑢1 ≱ 0 and 𝑢2 > 0 then according to this division, 
𝑇̃1

𝑇̃2
= (

𝑢1

𝑤2
,
𝑣1

𝑣2
,
𝑤1

𝑢2
) = (−

3

5
, −

1

2
, −1). 

It is pertinent to mention that the obtained number (−
3

5
, −

1

2
, −1) is not a TFN as for a TFN 

(𝑢, 𝑣, 𝑤), the condition 𝑢 ≤ 𝑣 ≤ 𝑤 should always be satisfied. 

(iii) The following clearly indicates that Khan et al. [122] have used the mathematical incorrect 

assumptions (i) and (ii) in their proposed method.  

Khan et al. [122] solved the FLPP (P7.3) by their proposed method and claimed that Table 

7.2 represents the optimal table of the FLPP (P7.3). 

𝑀𝑎𝑥 𝑧̃ = (2, 5, 8)𝑥̃1 + (3,
37

6
, 10) 𝑥̃2 + (5,

34

3
, 15) 𝑥̃3  

Subject to 
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{
 
 

 
 (2, 5, 8)𝑥̃1 + (3,

41

6
, 10) 𝑥̃2 + (5,

31

3
, 18) 𝑥̃3 ≤ (6,

50

3
, 30)

(4,
32

3
, 12) 𝑥̃1 + (5,

73

6
, 20) 𝑥̃2 + (7,

105

6
, 30) 𝑥̃3 ≤ (10,30, 50)

(3, 5, 7)𝑥̃1 + (5, 15, 20)𝑥̃2 + (5,10, 15)𝑥̃3 ≤ (2,
145

6
, 30)

𝑥̃1, 𝑥̃2, 𝑥̃3 ≥ 0

                                (P7.3) 

Table 7.2: Optimal table of FLPP (P7.3) 

 𝑥̃1 𝑥̃2 𝑥̃3 𝑥̃4 𝑥̃5 𝑥̃6 𝑏̃ 

𝑥̃4 
(−

8

5
,−
1

6
, 1) (−𝟑,− 

𝟐𝟖𝟏

𝟑𝟔
,−𝟏𝟎) 

(0,0, 0) (1, 1, 1) (0, 0, 0) 
(−

6

5
,−
31

30
,−1 ) (−12,− 

299

36
, 0) 

𝑥̃5 
(−2,

23

12
,
11

5
) (−𝟓,

𝟏𝟎𝟏

𝟖
,−𝟖) 

(0,0, 0) (0, 0, 0) (1, 1, 1) 
(−2,−

105

60
,−
7

5
) (−20,− 

885

72
, 8) 

𝑥̃3 
(
1

5
,
1

2
,
7

5
) (

1

3
,
17

12
, 4) 

(1, 1, 1) (0, 0, 0) (0, 0, 0) 
(
1

15
,
1

10
,
1

5
) (1,

29

12
, 6) 

𝑧̃ 
(−7,

2

3
, 19) (−

25

3
,
4

9
, 57) 

(0,0, 0) (0, 0, 0) (0, 0, 0) 
(
1

3
,
34

30
, 3) (5,

986

36
, 90) 

 

        It is well known fact that for a TFN, 𝑇̃ = (𝑢, 𝑣, 𝑤), the condition 𝑢 ≤ 𝑣 ≤ 𝑤 should 

always be satisfied. While, it is obvious that  

(i) For the second element of first row i.e., (−3,− 
281

36
, −10), this condition is not satisfying 

i.e., (−3, − 
281

36
, −10) is not a TFN. 

(ii) For the second element of second row i.e.,  

(−5,
101

8
, −8), this condition is not satisfying i.e.,  

(−5,
101

8
, −8) is not a TFN. 

7.2.1.3 Exact multiplication and division operations of TFNs 

In this section, the exact multiplication and division operations of TFNs are presented 

[115]. 

(i) If 𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2) are two TFNs such that 𝑢1 and 𝑢2 are any real 

numbers. Then, 𝑇̃1. 𝑇̃2 = (
𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑢1𝑢2, 𝑢1𝑤2, 𝑤1𝑢2, 𝑤1𝑤2}, 𝑣1𝑣2,

𝑚𝑎𝑥𝑖𝑚𝑖𝑢𝑚{𝑢1𝑢2, 𝑢1𝑤2, 𝑤1𝑢2, 𝑤1𝑤2}
). 

(ii) If 𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2) are two TFNs such that 𝑢1 is any real number 
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and 𝑢2 > 0 or 𝑤2 < 0. Then, 
𝑇̃1

𝑇̃2
= (

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {
𝑢1

𝑢2
,
𝑢1

𝑤2
,
𝑤1

𝑢2
,
𝑤1

𝑤2
} ,
𝑣1

𝑣2
,

 𝑚𝑎𝑥𝑖𝑚𝑖𝑢𝑚 {
𝑢1

𝑢2
,
𝑢1

𝑤2
,
𝑤1

𝑢2
,
𝑤1

𝑤2
}
). 

7.2.1.4 Fuzzy optimal solution of a FLPP by Khan et al.’s method 

 To point out the mathematical incorrect assumptions, considered by Khan et al. [122], there 

is need to solve the FLPP (P7.3). Therefore, in this section, the FFLPP (P7.3), considered by 

Khan et al. [122] to illustrate their proposed method, is solved by Khan et al.’s method [122] 

in a very detailed manner. 

Khan et al. [122] have used the following steps to find the optimal table, represented by 

Table 7.2, of the FLPP (P7.3). 

Step 1: Table 7.3 [122] represents the initial simplex table of the FLPP (P7.3).  

Table 7.3: Initial simplex table of the FLPP (P7.3) [122] 

 𝑥̃1 𝑥̃2 𝑥̃3 𝑥̃4 𝑥̃5 𝑥̃6 𝑏̃ 

𝑥̃4 (2, 5, 8) 
(3,

41

6
, 10) (5,

31

3
, 18) 

(1, 1, 1) (0, 0, 0) (0, 0, 0) 
(6,

50

3
, 30) 

𝑥̃5 
(4,

32

3
, 12) (5,

73

6
, 20) (7,

105

6
, 30) 

(0, 0, 0) (1, 1, 1) (0, 0, 0) (10,30, 50) 

𝑥̃6 (3, 5, 7) (5, 15, 20) (5,10, 15) (0, 0, 0) (0, 0, 0) (1, 1, 1) 
(2,

145

6
, 30) 

𝑧̃ (−8,−5,−2) 
(−10,−

37

6
,−3) (−15, −

34

3
,−5) 

(0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) 

 

Step 2: Since the considered problem is of maximization, so the initial fuzzy basic feasible 

solution, presented in Table 7.3, will be a fuzzy optimal solution if all the values of 𝑧̃, 

corresponding to non-basic variables, will be non-negative TFNs i.e., the TFNs (−8,−5, −2), 

(−10, −
37

6
, −3) and (−15,−

34

3
, −5), representing the values of 𝑧̃ corresponding to non-basic 

fuzzy variables 𝑥̃1, 𝑥̃2 and 𝑥̃3 respectively, will be a non-negative TFNs. As discussed in 

Section 7.2.1.1, Khan et al. [4] have assumed that a TFN 𝑇̃ = (𝑢, 𝑣, 𝑤) will be non-negative 

TFN if 𝑅(𝑇̃) ≥ 0, where 𝑅(𝑇̃) = 𝑢 + 𝑤 − 𝜎, 𝜎 =
𝑤−𝑢

6
. 
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Since, 𝑅(−8,−5,−2) = −11, 𝑅 (−10,−
37

6
, −3) = −14.16 and 𝑅 (−15,−

34

3
, −5) =

−21.66 i.e., (−8,−5,−2), (−10,−
37

6
, −3) and (−15,−

34

3
, −5) are not non-negative TFNs 

and hence, the optimality condition is not satisfying. So, the initial fuzzy basic feasible solution, 

presented in Table 7.3, is not a fuzzy optimal solution. 

Step 3: Since, the initial fuzzy basic feasible solution, presented in Table 7.3, is not a fuzzy 

optimal solution, so the fuzzy non-basic variable 𝑥̃3, corresponding to which the value of 𝑅(𝑧̃) 

is most negative, will enter into the basis. 

Step 4: Since, all the elements of the column corresponding to the entering variable 𝑥̃3 are non-

negative TFNs i.e., 𝑅 (5,
31

3
, 18) > 0, 𝑅 (7,

105

6
, 30) > 0,  𝑅(5,10, 15) > 0. So, any of the 

fuzzy basic variables 𝑥̃4, 𝑥̃5 and 𝑥̃6 can leave from the basis. However, according to the 

minimum ratio rule, out of the fuzzy basic variables 𝑥̃𝑖(𝑖 = 4, 5, 6) that fuzzy basic variable 

will leave from the basis corresponding to which 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {
𝑏𝑖

𝑎𝑖3
, 𝑖 = 1, 2, 3} will exist i.e., 

corresponding to which 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{
(6,

50

3
,30)

(5,
31

3
,18)

,
(10,30,50)

(7,
105

6
,30)

,
(2,

145

6
,30)

(5,10,15)
} will exist.  

Khan et al. [122] have used the following steps to find 

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{
(6,

50

3
,30)

(5,
31

3
,18)

,
(10,30,50)

(7,
105

6
,30)

,
(2,

145

6
,30)

(5,10,15)
}. 

Step 4(a): 𝑅 (6,
50

3
, 30) = 32, 𝑅 (5,

31

3
, 18) = 20.83, 𝑅(10,30, 50) =

53.33, 𝑅 (7,
105

6
, 30) = 33.16, 𝑅 (2,

145

6
, 30) = 27.33 and 𝑅 (5,10, 15) = 18.33. 

⇒
𝑅(6,

50

3
,30)

𝑅(5,
31

3
,18)

=
32

20.83
= 1.5362, 

𝑅(10,30,50)

𝑅(7,
105

6
,30)

=
53.33

33.16
= 1.6082 and 

𝑅(2,
145

6
,30)

𝑅(5,10,15)
=

27.33

18.33
= 1.4909. 

Step 4(b): Since, 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{1.5362, 1.6082,1.4909} = 1.4909, which is corresponding to 

𝑅(2,
145

6
,30)

𝑅(5,10,15)
. Therefore, 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{

(6,
50

3
,30)

(5,
31

3
,18)

,
(10,30,50)

(7,
105

6
,30)

,
(2,

145

6
,30)

(5,10,15)
} =

(2,
145

6
,30)

(5,10,15)
. This indicates that 

the fuzzy basic variable 𝑥̃6 will leave from the basis. 



230 
 

Step 5: Since, the fuzzy non-basic variable 𝑥̃3 is entering variable (third column of Table 7.3) 

and the fuzzy basic variable 𝑥̃6 is the leaving variable (third row of Table 7.3). So, in the next 

simplex table the third element of the third column should be (1, 1, 1). To obtain the same, 

Khan et al. [122] have applied the arithmetic operation 
𝑅3

(5,10,15)
. 

Khan et al. [122] claimed that after applying this operation the simplex Table 7.3 will be 

transformed into the simplex Table 7.4. 

Table 7.4: First simplex table of the FLPP (P7.3) 

 𝑥̃1 𝑥̃2 𝑥̃3 𝑥̃4 𝑥̃5 𝑥̃6 𝑏̃ 

𝑥̃4 (2, 5, 8) 
(3,

41

6
, 10) (5,

31

3
, 18) 

(1, 1, 1) (0, 0, 0) (0, 0, 0) 
(6,

50

3
, 30) 

𝑥̃5 
(4,

32

3
, 12) (5,

73

6
, 20) (7,

105

6
, 30) 

(0, 0, 0) (1, 1, 1) (0, 0, 0) (10,30, 50) 

𝑥̃6 
(
1

5
,
1

2
,
7

5
) (

1

3
,
17

12
, 4) 

(1, 1, 1) (0, 0, 0) (0, 0, 0) 
(
1

15
,
1

10
,
1

5
) (1,

29

12
, 6) 

𝑧̃ (−8,−5,−2) 
(−10,−

37

6
,−3) (−15,−

34

3
,−5) 

(0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) 

 

Step 6: Since, the remaining elements of the column corresponding to 𝑥̃3 in the next simplex 

table should be (0, 0, 0). So, to obtain the same, Khan et al. [122] have used the arithmetic 

operations 

𝑅1 + (−18,−
31

3
, −5) 𝑅3

′ , 𝑅2 + (−30,−
105

6
, −7)𝑅3

′ , 𝑅4 + (5,
34

3
, 15) 𝑅3

′ . 

Khan et al. [122] have claimed that after applying these operations, the simplex Table 7.4 

will be transformed into the simplex Table 7.5 (same as the simplex Table 7.2). 

Table 7.5: Optimal simplex table of the FLPP (P7.3) 

 𝑥̃1 𝑥̃2 𝑥̃3 𝑥̃4 𝑥̃5 𝑥̃6 𝑏̃ 

𝑥̃4 
(−

8

5
,−
1

6
, 1) (−3,− 

281

36
,−10) 

(0,0, 0) (1, 1, 1) (0, 0, 0) 
(−

6

5
,−
31

30
,−1 ) (−12,− 

299

36
, 0) 

𝑥̃5 
(−2,

23

12
,
11

5
) (−5,

101

8
, −8) 

(0,0, 0) (0, 0, 0) (1, 1, 1) 
(−2, −

105

60
,−
7

5
) (−20,− 

885

72
, 8) 
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𝑥̃3 
(
1

5
,
1

2
,
7

5
) (

1

3
,
17

12
, 4) 

(1, 1, 1) (0, 0, 0) (0, 0, 0) 
(
1

15
,
1

10
,
1

5
) (1,

29

12
, 6) 

𝑧̃ 
(−7,

2

3
, 19) (−

25

3
,
4

9
, 57) 

(0,0, 0) (0, 0, 0) (0, 0, 0) 
(
1

3
,
34

30
, 3) (5,

986

36
, 90) 

 

Step 7: It can be easily verified that in the simplex Table 7.5, 𝑅(𝑧̃) corresponding to each non-

basic variable is a non-negative real number. So, the fuzzy basic feasible solution, obtained in 

Table 7.5, is a fuzzy optimal solution and hence, Table 7.5 is optimal simplex table of the 

FFLPP (P7.3). 

7.2.1.5 Mathematical incorrect assumptions considered by Khan et al.  

Bhardwaj and Kumar [16] pointed out that the following mathematical incorrect assumptions 

have been considered in Khan et al. method [122]. 

(i) Khan et al. [122] have assumed that if 𝐴̃ and 𝐵̃ are two TFNs then 𝑅 (
𝐴̃

𝐵̃
) =

𝑅(𝐴̃)

𝑅(𝐵̃)
. While, in 

actual case 𝑅 (
𝐴̃

𝐵̃
) ≠

𝑅(𝐴̃)

𝑅(𝐵̃)
.  

(ii) Khan et al. [122] have assumed that if 𝐴̃ is a TFN then 
𝐴̃

𝐴̃
= (1, 1, 1) and 𝐴̃ − 𝐴̃ =

(0, 0, 0). While, in actual case neither 
𝐴̃

𝐴̃
≠ (1, 1, 1) nor 𝐴̃ − 𝐴̃ ≠ (0, 0, 0).  

     Khan et al. [123] replied that this claim of Bhardwaj and Kumar [16] is irrelevant as no such 

mathematical incorrect assumptions have been used in the existing method [122]. 

     However, the following clearly indicates that the claim of Bhardwaj and Kumar [16] is 

relevant i.e., the mathematical incorrect assumptions, pointed out by Bhardwaj and Kumar [16], 

have been used in Khan et al. method [122]. 

(i) It is obvious from Step 4 of Section 7.2.1.4 that Khan et al. [122] have assumed that to find 

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{
(6,

50

3
,30)

(5,
31

3
,18)

,
(10,30,50)

(7,
105

6
,30)

,
(2,

145

6
,30)

(5,10,15)
} is equivalent to find 

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{
𝑅(6,

50

3
,30)

𝑅(5,
31

3
,18)

,
𝑅(10,30,50)

𝑅(7,
105

6
,30)

,
𝑅(2,

145

6
,30)

𝑅(5,10,15)
}. While, in actual case, to find 
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𝑚𝑖𝑛𝑖𝑚𝑢𝑚{
(6,

50

3
,30)

(5,
31

3
,18)

,
(10,30,50)

(7,
105

6
,30)

,
(2,

145

6
,30)

(5,10,15)
} is equivalent to find 

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑅 (
(6,

50

3
,30)

(5,
31

3
,18)
) , 𝑅 (

(10,30,50)

(7,
105

6
,30)
) , 𝑅 (

(2,
145

6
,30)

(5,10,15)
)}.  

This clearly indicates that Khan et al. [122] have assumed the property 𝑅 (
𝐴̃

𝐵̃
) =

𝑅(𝐴̃)

𝑅(𝐵̃)
. 

Whereas, Bhardwaj and Kumar [16] have shown that 𝑅 (
𝐴̃

𝐵̃
) ≠

𝑅(𝐴̃)

𝑅(𝐵̃)
. 

(ii) It is obvious from Step 5 of Section 7.2.1.4 that Khan et al. [122] have assumed that on 

applying the operation 
𝑅3

(5,10,15)
 on the elements of third row of simplex Table 7.3, the 

elements of third row of the simplex Table 7.4 will be obtained i.e., Khan et al. [122] have 

assumed that  

(a) 
(3,5,7)

(5,10,15)
= (

1

5
,
1

2
,
7

5
). 

(b) 
(5,15,20)

(5,10,15)
= (

1

3
,
17

12
, 4). 

(c) 
(5,10,15)

(5,10,15)
= (1, 1, 1). 

(d) 
(0,0,0)

(5,10,15)
= (0, 0, 0). 

(e) 
(0,0,0)

(5,10,15)
= (0, 0, 0). 

(f) 
(1,1,1)

(5,10,15)
= (

1

15
,
1

10
,
1

5
). 

(g) 
(2,

145

6
,30)

(5,10,15)
= (1,

145

6

10
,
30

5
). 

It is obvious that to find these values there is need to use the division operation of TFNs. As 

pointed out in (ii) of Section 7.2.1.2, Khan et al. [122] have used the following division 

operation to obtain these elements. 

If 𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2) are two TFNs. Then, 
𝑇̃1

𝑇̃2
= (

𝑢1

𝑤2
,
𝑣1

𝑣2
,
𝑤1

𝑢2
). 

On using this division operation 
(3,5,7)

(5,10,15)
= (

1

5
,
1

2
,
7

5
),  

(0,0,0)

(5,10,15)
= (0, 0, 0), 

(0,0,0)

(5,10,15)
= 
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(0, 0, 0) and 
(1,1,1)

(5,10,15)
= (

1

15
,
1

10
,
1

5
). But,  

(5,10,15)

(5,10,15)
= (

5

15
,
10

10
,
15

5
) = (

1

3
, 1, 3) ≠ (1, 1, 1). 

Whereas, Khan et al. [122] have assumed that 
(5,10,15)

(5,10,15)
= (1, 1, 1) i.e., to obtain this 

element, Khan et al. [122] have used the operation 
(𝑢1,𝑣1,𝑤1)

(𝑢2,𝑣2,𝑤2)
= (

𝑢1

𝑢2
,
𝑣1

𝑣2
,
𝑤1

𝑤2
). However, the 

following example clearly indicates that this division operation is not valid in general. 

If 𝑇̃1 = (2, 3, 4) and 𝑇̃2 = (5, 6, 7) are two TFNs then according to this division 

operation  
𝑇̃1

𝑇̃2
= (

2

5
,
3

6
,
4

7
), which is not a TFN as the necessary condition of a TFN,  

2

5
≤

3

6
≤

4

7
 

is not satisfying.  

Furthermore, it is pertinent to mention that although on applying the operation 

(𝑢1,𝑣1,𝑤1)

(𝑢2,𝑣2,𝑤2)
= (

𝑢1

𝑤2
,
𝑣1

𝑣2
,
𝑤1

𝑢2
), the values of 

(5,15,20)

(5,10,15)
, 
(2,

145

6
,30)

(5,10,15)
 should be (

1

3
,
3

2
, 4), (

2

15
,
29

12
, 6). 

While, inadvertently, Khan et al. [122] have mentioned that the values of  
(5,15,20)

(5,10,15)
, 
(2,

145

6
,30)

(5,10,15)
 

are (
1

3
,
17

12
, 4) and (1,

29

12
, 6) respectively. 

(iii) It is obvious from Step 6 of Section 7.2.1.4 that Khan et al. [122] have assumed that on 

applying the operation 𝑅1 + (−18,−
31

3
, −5)𝑅3

′  on the elements of first row of Table 7.4, 

the elements of first row of Table 7.4 will be obtained i.e., Khan et al. [122] have assumed 

that  

(a) (2, 5, 8) + (−18,−
31

3
, −5) (

1

5
,
1

2
,
7

5
) = (−

8

5
, −

1

6
, 1). 

(b) (3,
41

6
, 10) + (−18,−

31

3
, −5) (

1

3
,
17

12
, 4) = (−3,− 

281

36
, −10). 

(c) (5,
31

3
, 18) + (−18,−

31

3
, −5) ( 1, 1, 1) = (0, 0, 0). 

(d) (1, 1, 1) + (−18,−
31

3
, −5) (0, 0, 0) = (1, 1, 1). 

(e) (0, 0, 0) + (−18,−
31

3
, −5) (0, 0, 0) = (0, 0, 0). 

(f) (0, 0, 0) + (−18,−
31

3
, −5) (

1

15
,
1

10
,
1

5
) = (−

6

5
, −

31

30
, −1 ). 
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(g) (6,
50

3
, 30) + (−18,−

31

3
, −5) (1,

29

12
, 6) = (−12, − 

299

36
, 0). 

It is obvious that to find these values there is need to use the multiplication operation as 

well as the addition operation of TFNs. As pointed out in (i) of Section 7.2.1.2, that Khan et al. 

[122] have used the following multiplication operation to obtain these elements. 

If 𝑇̃1 = (𝑢1, 𝑣1, 𝑤1) and 𝑇̃2 = (𝑢2, 𝑣2, 𝑤2) are two TFNs. 

Then, 𝑇̃1. 𝑇̃2 = (𝑢1, 𝑣1, 𝑤1). (𝑢2, 𝑣2, 𝑤2) = (𝑢1𝑢2, 𝑣1𝑣2, 𝑤1𝑤2). 

On using this multiplication operation (−18,−
31

3
, −5) (

1

5
,
1

2
,
7

5
) = (−

18

5
, −

31

6
, −7 ).  

Furthermore, using the addition operation (𝑢1, 𝑣1, 𝑤1) + (𝑢2, 𝑣2, 𝑤2) = (𝑢1 + 𝑢2, 𝑣1 +

𝑣2, 𝑤1 + 𝑤2), (2, 5, 8) + (−18,−
31

3
, −5) (

1

5
,
1

2
,
7

5
) = (2, 5, 8) + (−

18

5
, −

31

6
, −7 ) =

(−
8

5
, −

1

6
, 1). 

It is obvious that the element (−
18

5
, −

31

6
, −7 ) is not a TFN as for a TFN 𝑇̃ = (𝑢, 𝑣, 𝑤), 

the condition 𝑢 ≤ 𝑣 ≤ 𝑤 should always be satisfied. Therefore, the element (−
8

5
, −

1

6
, 1) is 

not correct. 

Similarly, it can be easily verified that the remaining elements, obtained by Khan et al. 

[122], are not correct. 

7.2.2 Validity of the second observation 

To resolve the inappropriateness of Khan et al.’s method [122], there is need to define the 

subtraction and division of two TFNs in such a manner that 𝐴̃ − 𝐴̃ = (0, 0, 0) and 
𝐴̃

𝐴̃
= (1, 1, 1), 

where 𝐴̃ = (𝑢, 𝑣, 𝑤) is a TFN. However, till now no such operations have been defined in the 

literature. Therefore, it is not possible to resolve this inappropriateness of Khan et al.’s method 

[122]. 

7.2.3 Validity of the third observation 

To resolve the inappropriateness of Hajiagha et al.’s method [98], there is need to define 
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the subtraction and division of two IVIFs in such a manner that 𝐴̃ − 𝐴̃ = 0̃ and 
𝐴̃

𝐴̃
=

([1, 1], [0, 0]), where 𝐴̃ = ([𝑎𝑖1, 𝑎𝑖2], [𝑎𝑖3, 𝑎𝑖4]) is an IVIFS. However, till now no such 

operations have been defined in the literature. Therefore, it is not possible to resolve this 

inappropriateness of Hajiagha et al.’s method [98]. 
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Chapter 8 

Appropriate definition of an IVIFS7 

 

The concept of an IVIFS, proposed by Atanassov and Gargov [9], has been used by 

several researchers in their research work. However, after a deep study, it is observed that the 

existing definition of an IVIFS is not appropriate. The aim of this chapter is to make the 

researchers aware about the inappropriateness of the existing definition as well as to propose 

the appropriate definition of an IVIFS.  

8.1 Inappropriateness of the existing definition of an IVIFS 

The following clearly indicates that the existing definition of an IVIFS [9] is not 

appropriate. 

(i) Let 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = ([0.1,0.5], [0.2,0.4]) be an IVIFS. Then, according 

to existing definition [9], the interval of degree of hesitation [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] can be obtained by 

subtracting the sum of [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] and [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] from [1,1] i.e., [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [1,1] −

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2] + [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = [1,1] − ([0.1,0.5] + [0.2,0.4]) = [1,1] − [0.3,0.9] =

[0.1,0.7]. 

Finally, the interval of degree of membership, non-membership and hesitation of the 

decision-maker with respect to 𝛼̃𝑖𝑗 are  [0.1,0.5], [0.2,0.4] and [0.1,0.7] respectively. Now, 

if it is assumed that the interval of degree of membership [0.1,0.5] and interval of degree 

of hesitation [0.1,0.7] are known. Then, according to the existing definition [9], the interval 

of degree of non-membership [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] can be obtained by subtracting the sum of these 

intervals from [1,1] i.e., according to the existing definition [9], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [1,1] − 

                                                           
7 The contents of this chapter have been communicated in “Neurocomputing” for the possible publication  
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([0.1,0.5] + [0.1,0.7]) = [1,1] − [0.2,1.2] = [−0.2,0.8].  

However, as the lower bound 𝑎𝑖𝑗3 of the obtained interval is a negative real number. 

Therefore, the obtained interval does not represent the interval of degree of non-

membership. Since, it is the well known fact that the lower bound 𝑎𝑖𝑗3 of the interval of 

degree of non-membership [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]  should always be a non-negative real number lying 

between 0 and 1. 

(ii) An IFS 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗, 𝜈𝑖𝑗〉 is constructed by considering the assumption that the sum of degree 

of membership 𝜇𝑖𝑗, degree of non-membership 𝜈𝑖𝑗 and degree of hesitation ℎ𝑖𝑗 will be 1. 

Therefore, if any two are known then by subtracting their sum from 1, third one can be 

obtained. For example, if 𝜇𝑖𝑗 = 0.7 and 𝜈𝑖𝑗 = 0.2 are known then ℎ𝑖𝑗 = 1 − (0.7 + 0.2) =

0.1. Now, if it is assumed that 𝜇𝑖𝑗 = 0.7 and  ℎ𝑖𝑗 = 0.1 are known then 𝜈𝑖𝑗 = 1 −

(0.7 + 0.1) = 0.2, which is same as the known degree of non-membership. Similarly, if it 

is assumed that 𝜈𝑖𝑗 = 0.2 and ℎ𝑖𝑗 = 0.1 are known then 𝜇𝑖𝑗 = 1 − (0.2 + 0.1) = 0.7, 

which is same as the known degree of membership.  

On the same direction, the intervals [𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] and  [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] will be valid 

only if on considering any two intervals, third interval can be obtained. For example, if the 

interval of degree of membership, non-membership and hesitation of the decision-maker 

with respect to 𝛼̃𝑖𝑗 are  [0.1,0.5], [0.2,0.4] and [0.1,0.7] respectively. Then, on considering 

[0.1,0.5], [0.2,0.4], the interval [0.1,0.7] should be obtained and on considering [0.1,0.5], 

[0.1,0.7] the interval [0.2,0.4] should be obtained. However, the following clearly indicates 

that this condition is not satisfying. 

(i) According to existing definition [9], on subtracting the sum of [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.1,0.5] and 

[𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [0.1,0.7] from [1,1], the interval [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.2,0.4] should be obtained. 

While, it is obvious that [1,1] − ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2] + [𝑎𝑖𝑗5, 𝑎𝑖𝑗6]) = [1,1] − 
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([0.1,0.5] + [0.1,0.7]) = [1,1] − [0.2,1.2] = [−0.2,0.8] ≠ [0.2,0.4]. According to 

existing definition [9], on subtracting the sum of 

[𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.2,0.4] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [0.1,0.7] from [1,1], the interval [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] =

[0.1,0.5] should be obtained. While, it is obvious that 

[1,1] − ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4] + [𝑎𝑖𝑗5, 𝑎𝑖𝑗6]) = [1,1] − ([0.2,0.4] + [0.1,0.7]) = [1,1] −

[0.3,1.1] = [−0.1,0.7] ≠ [0.1,0.5]. 

8.2 Proposed definition of an IVIFS 

The set 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), where [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] and [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] represents the 

interval of degree of membership and the degree of non-membership of the decision-maker 

with respect to set 𝛼̃𝑖𝑗 respectively, will represent an IVIFS if 𝑎𝑖𝑗1, 𝑎𝑖𝑗2, 𝑎𝑖𝑗3 and 𝑎𝑖𝑗4 will 

satisfy the following conditions. 

(i) 0 ≤ 𝑎𝑖𝑗1 ≤ 𝑎𝑖𝑗2 ≤ 1, 

(ii) 0 ≤ 𝑎𝑖𝑗3 ≤ 𝑎𝑖𝑗4 ≤ 1, 

(iii) 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3, 

(iv) 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 ≤ 1. 

Furthermore, the interval [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4] will represent the interval of 

degree of hesitation.  

The conditions 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3, 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 ≤ 1 and the interval of degree of 

hesitation are obtained as follows: 

It is well known fact that for an IFS the following conditions will always be satisfied: 

1 − degree of membership ≥ degree of non-membership                                                    (8.1) 

1 − degree of non-membership ≥ degree of membership                                                    (8.2) 

The inequalities (8.1) and (8.2) can be transformed into equations (8.3) and (8.4) 

respectively. 
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1 − degree of membership=degree of non-membership + degree of hesitation                 (8.3) 

1 − degree of non-membership=degree of membership + degree of hesitation                 (8.4) 

Assuming that the intervals [𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] represents the 

interval of degree of membership, the interval of degree of non-membership and the interval 

of degree of hesitation, equations (8.3) and (8.4) can be transformed into the equations (8.5) 

and (8.6) respectively. 

[1,1] − [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] + [𝑎𝑖𝑗5, 𝑎𝑖𝑗6]                                                                  (8.5)  

[1,1] − [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] + [𝑎𝑖𝑗5, 𝑎𝑖𝑗6]                                                                  (8.6) 

Using the relations, 1 − [𝑎, 𝑏] = [1 − 𝑏, 1 − 𝑎] and [𝑎, 𝑏] + [𝑐, 𝑑] = [𝑎 + 𝑐, 𝑏 + 𝑑],  

the equations (8.5) and (8.6) can be transformed into the equations (8.7) and (8.8) respectively. 

[1 − 𝑎𝑖𝑗2, 1 − 𝑎𝑖𝑗1] = [𝑎𝑖𝑗3 + 𝑎𝑖𝑗5, 𝑎𝑖𝑗4 + 𝑎𝑖𝑗6]                                                               (8.7) 

[1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗3] = [𝑎𝑖𝑗1 + 𝑎𝑖𝑗5, 𝑎𝑖𝑗2 + 𝑎𝑖𝑗6]                                                               (8.8) 

Using the relation [𝑎, 𝑏] = [𝑐, 𝑑] ⇒ 𝑎 = 𝑐, 𝑏 = 𝑑, the equations (8.7) and (8.8) can be 

transformed into the equations (8.9) to (8.12) respectively. 

1 − 𝑎𝑖𝑗2 = 𝑎𝑖𝑗3 + 𝑎𝑖𝑗5                                                                                                           (8.9)  

1 − 𝑎𝑖𝑗1 = 𝑎𝑖𝑗4 + 𝑎𝑖𝑗6                                                                                                          (8.10)  

1 − 𝑎𝑖𝑗4 = 𝑎𝑖𝑗1 + 𝑎𝑖𝑗5                                                                                                          (8.11) 

1 − 𝑎𝑖𝑗3 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗6                                                                                                         (8.12) 

On simplifying the equations (8.9) to (8.12), the equations (8.13) to (8.16) are obtained. 

𝑎𝑖𝑗5 = 1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3                                                                                                           (8.13) 

 𝑎𝑖𝑗6 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4                                                                                                         (8.14) 

 𝑎𝑖𝑗5 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4                                                                                                          (8.15) 

 𝑎𝑖𝑗6 = 1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3                                                                                                         (8.16) 

Now,                      𝑎𝑖𝑗5 = 𝑎𝑖𝑗5 
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         ⇒ 1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 

                ⇒ 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3 = 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4.                                                                                     (8.17) 

Also,                       𝑎𝑖𝑗6 = 𝑎𝑖𝑗6 

          ⇒ 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 = 1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3 

                 ⇒ 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3.                                                                                    (8.18) 

Using the equations (8.13) to (8.18) 𝑎𝑖𝑗5 = 𝑎𝑖𝑗6 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4.  

Therefore, [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4]. 

8.3 Validity of the proposed definition of an IVIFS 

In the proposed definition of an IVIFS, the interval of degree of hesitation is defined as 

[𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4]. Since, in the proposed definition, the 

condition 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 ≥ 0 has been considered. So, the value of 𝑎𝑖𝑗5 will always be greater 

than or equal to zero. Therefore, to prove that the proposed definition is valid, it is sufficient 

to prove that if any two among the three [𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] =

[1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4] are known then the third one should be obtained by using 

the equations (8.5) and (8.6). 

(i) Let the interval of degree of membership [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] and the interval of degree of hesitation 

[𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4] be known and  [𝑎, 𝑏] represents the 

unknown interval of degree of non-membership. Then, using the equation (8.5), 

                [1,1] − [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4] + [𝑎, 𝑏]  

          ⇒ [1 − 𝑎𝑖𝑗2, 1 − 𝑎𝑖𝑗1] = [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 + 𝑎, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 + 𝑏]   

           ⇒  1 − 𝑎𝑖𝑗2 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 + 𝑎,  1 − 𝑎𝑖𝑗1 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 + 𝑏 

  ⇒ 𝑎 = − 𝑎𝑖𝑗2 + 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 , 

       𝑏 = −𝑎𝑖𝑗1 + 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗4 

Using the condition (iii), 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3 i.e., 𝑎𝑖𝑗3 = −𝑎𝑖𝑗2 + 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4, 
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𝑎 = 𝑎𝑖𝑗3 

            ⇒ [𝑎, 𝑏] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]. 

           Similarly, the same can also be proved by using the equation (8.6).  

(ii) Let the interval of degree of non-membership [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] and the interval of degree of 

hesitation [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4] be known and [𝑎, 𝑏] represents 

the unknown interval of degree of membership. Then, using the equation (8.5), 

[1,1] − [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4] + [𝑎, 𝑏]  

⇒ [1 − 𝑎𝑖𝑗4, 1 − 𝑎𝑖𝑗3] = [1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 + 𝑎, 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 + 𝑏]  

           ⇒ 1 − 𝑎𝑖𝑗4 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 + 𝑎, 1 − 𝑎𝑖𝑗3 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 + 𝑏  

⇒ 𝑎 = − 𝑎𝑖𝑗4 + 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗1,   

𝑏 = −𝑎𝑖𝑗3 + 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4.  

Using the condition (iii),  𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3 i. e. , 𝑎𝑖𝑗2 = − 𝑎𝑖𝑗3 + 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4  

𝑏 = 𝑎𝑖𝑗2  

 ⇒ [𝑎, 𝑏] = [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]. 

Similarly, the same can also be proved by using the equation (8.6). 

8.4 Illustrative examples 

In this section, the proposed definition is illustrated with the help of some numerical 

examples. 

Example 8.1 If 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = ([0.10,0.50], [0.20,0.40]). Then, according 

to proposed definition, it is not an IVIFS as the condition 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3 is not 

satisfying. While, according to the existing definition [9], it is an IVIFS. Furthermore, 

according to existing definition [9], the interval of degree of hesitation will be 

[1 − 0.50 − 0.40,1 − 0.10 − 0.20] = [0.1,0.7]. 

Now, if it is assumed that the interval of degree of membership [0.10,0.50] and interval 
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of degree of hesitation [0.10,0.70] are known. Then, according to the existing definition [9], 

the interval of degree of non-membership [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] can be obtained by subtracting the sum 

of these intervals from [1,1] i.e., according to the existing definition [9], 

[𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [1,1] − ([0.10,0.50] + [0.10,0.70]) = [1,1] − [0.20,1.20] = [−0.20,0.80]  

This clearly indicates the lower bound 𝑎𝑖𝑗3 of the interval of degree of non-membership 

[𝑎𝑖𝑗3, 𝑎𝑖𝑗4], obtained by considering the existing definition [9] of an IVIFS, is a negative real 

number, which contradicts the well known fact that 𝑎𝑖𝑗3 should always be a non-negative real 

number lying between 0 and 1. 

Example 8.2 If 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = ([0.20,0.70], [0.30,0.80]). Then, according 

to existing definition [9], it is not an IVIFS as the condition 𝑎𝑖𝑗2 + 𝑎𝑖𝑗4 = 1.5 ≤ 1 is not 

satisfying. While, according to proposed definition, it is an IVIFS as all the conditions 0 ≤

𝑎𝑖𝑗1 ≤ 𝑎𝑖𝑗2 ≤ 1 , 0 ≤ 𝑎𝑖𝑗3 ≤ 𝑎𝑖𝑗4 ≤ 1, 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3 and 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 ≤ 1 or 𝑎𝑖𝑗3 +

𝑎𝑖𝑗2 ≤ 1 are satisfying. Furthermore, as 𝑎𝑖𝑗1 = 0.20, 𝑎𝑖𝑗2 = 0.70, 𝑎𝑖𝑗3 = 0.30 and 𝑎𝑖𝑗4 = 0.80 

so using the equation (8.13) or the equation (8.15) i.e., 𝑎𝑖𝑗5 = 1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3 or 𝑎𝑖𝑗5 = 1 −

𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, the obtained value of 𝑎𝑖𝑗5 is 0 and using the equation (8.14) or the equation (8.16) 

i.e., 𝑎𝑖𝑗6 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 or 𝑎𝑖𝑗6 = 1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3, the obtained value of 𝑎𝑖𝑗6 is also 0. 

Therefore, the interval of degree of hesitation [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] is [0,0]. 

Now, the following clearly indicates that on considering any two among 

[0.20,0.70], [0.30,0.80] and [0,0], the third one can be obtained. 

(1) Let [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.2,0.7] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [0,0] be known. Then, 

        [1,1] − [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] + [𝑎𝑖𝑗5, 𝑎𝑖𝑗6]  

      ⇒ 1 − [0.2,0.7] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] + [0,0] 

 ⇒ [0.3,0.8] = [0 + 𝑎𝑖𝑗3, 0 + 𝑎𝑖𝑗4] 

⇒ 0.3 = 0 + 𝑎𝑖𝑗3 and 0.8 = 0 + 𝑎𝑖𝑗4 
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⇒ 𝑎𝑖𝑗3 = 0.3 and 𝑎𝑖𝑗4 = 0.8 

 ⇒ [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.3,0.8]. 

(2) Let [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.3,0.8] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [0,0] be known. Then 

         [1,1] − [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] + [𝑎𝑖𝑗5, 𝑎𝑖𝑗6]  

  ⇒ 1 − [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.3,0.8] + [0,0]  

 ⇒ [1 − 𝑎𝑖𝑗2, 1 − 𝑎𝑖𝑗1] = [0.3,0.8] 

⇒ 1 − 𝑎𝑖𝑗2 = 0.3 and 1 − 𝑎𝑖𝑗1 = 0.8 

⇒ 𝑎𝑖𝑗1 = 0.2 and 𝑎𝑖𝑗2 = 0.7 

⇒ [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.2,0.7]. 

Example 8.3 If  𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = ([0.10,0.50], [0.10,0.50]). Then, it is an 

IVIFS according to both existing definition [9] as well as proposed definition. However, 

according to existing definition [9], the interval of degree of hesitation will be 

[1 − 0.50 − 0.50,1 − 0.10 − 0.10] = [0.00,0.80]. 

Now, if it is assumed that the interval of degree of membership [0.10,0.50] and interval 

of degree of hesitation [0.00,0.80] are known. Then, according to the existing definition [9], 

the interval of degree of non-membership can be obtained by subtracting the sum of these 

intervals from [1,1]. i.e., according to the existing definition [9],  

[𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [1,1] − ([0.10,0.50] + [0.00,0.80]) = [1,1] − [0.10,1.30] = [−0.30,0.90].  

However, as the obtained value of 𝑎𝑖𝑗3, obtained by considering the existing definition 

of an IVIFS [9], is a negative real number, which contradicts the well-known fact that the 𝑎𝑖𝑗3 

should always be a non-negative real number lying between 0 and 1. 

While, according to proposed definition, it is an IVIFS as all the conditions 0 ≤ 𝑎𝑖𝑗1 ≤

𝑎𝑖𝑗2 ≤ 1 , 0 ≤ 𝑎𝑖𝑗3 ≤ 𝑎𝑖𝑗4 ≤ 1, 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 = 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3 and 𝑎𝑖𝑗1 + 𝑎𝑖𝑗4 ≤ 1 or 𝑎𝑖𝑗2 + 𝑎𝑖𝑗3 ≤

1 are satisfying. Furthermore, as 𝑎𝑖𝑗1 = 0.10, 𝑎𝑖𝑗2 = 0.50, 𝑎𝑖𝑗3 = 0.10 and 𝑎𝑖𝑗4 = 0.50 so 
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using the equation (8.13) or the equation (8.15) i.e., 𝑎𝑖𝑗5 = 1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3 or 𝑎𝑖𝑗5 = 1 −

𝑎𝑖𝑗1 − 𝑎𝑖𝑗4, the obtained value of 𝑎𝑖𝑗5 is 0.40 and using the equation (8.14) or the equation 

(8.16) i.e., 𝑎𝑖𝑗6 = 1 − 𝑎𝑖𝑗1 − 𝑎𝑖𝑗4 or 𝑎𝑖𝑗6 = 1 − 𝑎𝑖𝑗2 − 𝑎𝑖𝑗3, the obtained value of 𝑎𝑖𝑗6 is also 

0.40. Therefore, the interval of degree of hesitation [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] is [0.40,0.40].   

Now, the following clearly indicates that on considering any two among 

[0.10,0.50], [0.10,0.50] and [0.40,0.40], the third one can be obtained. 

1) Let [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.10,0.50] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [0.40,0.40] be known. Then 

[1,1] − [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] + [𝑎𝑖𝑗5, 𝑎𝑖𝑗6]  

      ⇒ 1 − [0.10,0.50] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] + [0.40,0.40] 

             ⇒ [0.50,0.90] = [𝑎𝑖𝑗3 + 0.40, 𝑎𝑖𝑗4 + 0.40] 

⇒ 0.50 = 𝑎𝑖𝑗3 + 0.40 and 0.90 = 𝑎𝑖𝑗4 + 0.40 

⇒ 𝑎𝑖𝑗3 = 0.10 and 𝑎𝑖𝑗4 = 0.50 

 ⇒ [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.10,0.50]. 

2) Let [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.10,0.50] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [0.40,0.40] be known. Then 

[1,1] − [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] + [𝑎𝑖𝑗5, 𝑎𝑖𝑗6]  

      ⇒ 1 − [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.10,0.50] + [0.40,0.40]  

             ⇒ [1 − 𝑎𝑖𝑗2, 1 − 𝑎𝑖𝑗1] = [0.50,0.90] 

⇒ 1 − 𝑎𝑖𝑗2 = 0.50 and 1 − 𝑎𝑖𝑗1 = 0.90 

⇒ 𝑎𝑖𝑗1 = 0.10 and 𝑎𝑖𝑗2 = 0.50 

⇒ [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.10,0.50]. 

8.5 Solution of a real-life IVIFMADMPr 

In this section, the existing IVIFMADMPr [258] having completely known attribute 

weights have been solved with the following modification:  

“Rating value of each alternative over each criterion is represented as the proposed IVIFS 
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instead of the existing IVIFS”.  

There is a panel of four alternatives for the investment company to invest money in best 

option 𝐴𝑖, 𝑖 = 1,2,3,4 on the basis of the following three benefit attributes. 

(i) 𝐺1: Risk analysis  

(ii) 𝐺2: Growth 

(iii) 𝐺3: Environmental impact  

Furthermore, 

(i) The (𝑖, 𝑗)𝑡ℎ element of the Table 8.1, represented by an IVIFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ-company over the 𝑗𝑡ℎ-

attribute.                              

      Table 8.1: Rating Values 

 

     

  

 

 

 

 

 

 

 

 

 

 

 

 

(ii) Weights 𝑤1, 𝑤2 and 𝑤3 of the attributes 𝐺1, 𝐺2 and 𝐺3 respectively are 𝑤1 = 𝑤2 = 𝑤3 =
1

3
. 

Using the Jujhar method, proposed in Section 4.13 of Chapter 4, the ranking of the 

alternatives for the considered real-life IVIFMADMPr having completely known attribute 

       Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

𝐴1 
(
[0.40,0.50],
[0.30,0.40]

) (
[0.40,0.60],
[0.20,0.40]

) (
[0.20,0.60],
[0.40,0.80]

) 

𝐴2 
(
[0.20,0.70],
[0.30,0.80]

) (
[0.20,0.90],
[0.10,0.80]

) (
[0.30,0.40],
[0.50,0.60]

) 

𝐴3 
(
[0.30,0.40],
[0.50,0.60]

) (
[0.20,0.20],
[0.50,0.50]

) (
[0.10,0.50],
[0.40,0.80]

) 

𝐴4 
(
[0.20,0.40],
[0.30,0.50]

) (
[0.20,0.60],
[0.40,0.80]

) (
[0.40,0.70],
[0.20,0.50]

) 
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weights can be obtained as follows. 

Since, as all the attribute weights are known so there is no need to apply Step 1 to Step 4 of 

the proposed Jujhar method.  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3) = (
1

3
,
1

3
,
1

3
) and using Step 5 of Jujhar 

method, proposed in Section 4.13 of Chapter 4, 

𝑃̃1 = ([(
1

3
) (0.40) + (

1

3
) (0.40) + (

1

3
) (0.20), (

1

3
) (0.50) + (

1

3
) (0.60) + (

1

3
) (0.60)],  

[(
1

3
) (0.30) + (

1

3
) (0.20) + (

1

3
) (0.40) , (

1

3
) (0.40) + (

1

3
) (0.40) + (

1

3
) (0.80)]) 

= ([0.3333,0.5666], [0.3000,0.5333]),  

𝑃̃2 = ([(
1

3
) (0.20) + (

1

3
) (0.20) + (

1

3
) (0.30), (

1

3
) (0.70) + (

1

3
) (0.90) + (

1

3
) (0.40)],  

[(
1

3
) (0.30) + (

1

3
) (0.10) + (

1

3
) (0.50) , (

1

3
) (0.80) + (

1

3
) (0.80) + (

1

3
) (0.60)]) 

= ([0.2333,0.6666], [0.3000,0.7333]),  

𝑃̃3 = ([(
1

3
) (0.30) + (

1

3
) (0.20) + (

1

3
) (0.10), (

1

3
) (0.40) + (

1

3
) (0.20) + (

1

3
) (0.50)],  

[(
1

3
) (0.50) + (

1

3
) (0.50) + (

1

3
) (0.40) , (

1

3
) (0.60) + (

1

3
) (0.50) + (

1

3
) (0.80)]) 

= ([0.2000,0.3666], [0.4666,0.6333]),  

𝑃̃4 = ([(
1

3
) (0.20) + (

1

3
) (0.20) + (

1

3
) (0.40), (

1

3
) (0.40) + (

1

3
) (0.60) + (

1

3
) (0.70)],  

  [(
1

3
) (0.30) + (

1

3
) (0.40) + (

1

3
) (0.20) , (

1

3
) (0.50) + (

1

3
) (0.80) + (

1

3
) (0.50)]) 

= ([0.2666,0.5666], [0.3000,0.6000]),  

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13 of Chapter 4, 

𝑆(𝑃̃1) = 0.0333, 𝑆(𝑃̃2) = −0.0667, 𝑆(𝑃̃3) = −0.2666 and 𝑆(𝑃̃4) = −0.0334. 

Since,  𝑆(𝑃̃1) > 𝑆(𝑃̃4) > 𝑆(𝑃̃2) > 𝑆(𝑃̃3). So, according to Step 6 of the Jujhar method, 

proposed in Section 4.13 of Chapter 4, the ranking of the alternatives is 𝐴1 > 𝐴4 > 𝐴2 > 𝐴3. 
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8.6 Conclusions 

It is shown that the existing definition of an IVIFS [9] is not appropriate and the 

appropriate definition of an IVIFS is proposed. Also, the validity of the proposed definition is 

discussed. Furthermore, the proposed IVIFS is used to represent the rating value of each 

alternative over each attribute in an existing real-life IVIFMADMPr [258] having completely 

known attribute weights with modified data. Finally, the modified real-life IVIFMADMPr 

having completely known attribute weights is solved by the proposed Jujhar method. 
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Chapter 9 

Appropriate definition of an IVPFS8 

 

The concept of an IVPFS, proposed by Peng and Yang [164], has been used by several 

researchers in their work. However, after a deep study, it is observed that the existing definition 

of an IVPFS is not appropriate. The aim of this chapter is to make the researchers aware about 

the inappropriateness of the existing definition as well as to propose the appropriate definition 

of an IVPFS. 

9.1 Inappropriateness of the existing definition of an IVPFS 

The following clearly indicates that the existing definition of an IVPFS [164] is not 

appropriate. 

(i) Let 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = ([0.80,0.90], [0.10,0.20]) be an IVPFS. Then, 

according to existing definition [164], the interval of degree of hesitation [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] can be 

obtained by using the expression, [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] =

[√1 − (𝑎𝑖𝑗2)
2
− (𝑎𝑖𝑗4)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗3)

2
] i.e., 

[𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√1 − (0.90)2 − (0.20)2, √1 − (0.80)2 − (0.10)2] =

[√1 − 0.81 − 0.04, √1 − 0.64 − 0.01] = [√0.15, √0.35]  

Finally, the interval of degree of membership, non-membership and hesitation of the 

decision-maker with respect to 𝛼̃𝑖𝑗 are  [0.80,0.90], [0.10,0.20] and 

[√0.15, √0.35] respectively.  

  Now, if it is assumed that the interval of degree of membership [0.80,0.90] and the 

                                                           
8 The contents of this chapter have been communicated in “Applied Soft Computing” for the possible publication   
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interval of the degree of hesitation [√0.15, √0.35] are known. Then, according to the 

existing definition [164], the interval of the degree of non-membership [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] can be 

obtained by using the expression, [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] =

[√1 − (𝑎𝑖𝑗2)
2
− (𝑎𝑖𝑗6)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗5)

2
] i.e., [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] =

[√1 − (0.90)2 − (√0.35)
2
, √1 − (0.80)2 − (√0.15)

2
] =

[√1 − 0.81 − 0.35, √1 − 0.64 − 0.15] = [√−0.16, √0.21]  

However, as the lower bound 𝑎𝑖𝑗3 of the obtained interval is a negative real number. 

Therefore, the obtained interval does not represent the interval of degree of non-

membership. Since, it is well-known fact that the lower bound 𝑎𝑖𝑗3 of the interval of degree 

of non-membership [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]  should always be a non-negative real number lying 

between 0 and 1. 

(ii) A PFS 𝛼̃𝑖𝑗 = 〈𝜇𝑖𝑗, 𝜈𝑖𝑗〉 is constructed by considering the assumption that the sum of square 

of degree of membership 𝜇𝑖𝑗, non-membership 𝜈𝑖𝑗 and degree of hesitation ℎ𝑖𝑗 will be 1. 

Therefore, if any two are known then by subtracting the sum of their square from 1, the 

third one can be obtained. For example, if 𝜇𝑖𝑗 = 0.70 and 𝜈𝑖𝑗 = 0.20 are known then ℎ𝑖𝑗 =

√1 − (0.70)2 − (0.20)2 = √0.47. Now, if it is assumed that 𝜇𝑖𝑗 = 0.70 and  ℎ𝑖𝑗 = √0.47 

are known then 𝜈𝑖𝑗 = √1 − (0.70)2 − (√0.47)
2
= 0.20, which is same as the known 

degree of non-membership. Similarly, if it is assumed that 𝜈𝑖𝑗 = 0.20 and ℎ𝑖𝑗 = √0.47 are 

known then 𝜇𝑖𝑗 = √1 − (0.20)2 − (√0.47)
2
= 0.70, which is same as the known degree 

of membership.  

        On the same direction, the intervals [𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] and  [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] will be valid 
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 only if on considering any two intervals, third interval can be obtained. For example, if the 

interval of degree of membership, the interval of degree of non-membership and the interval 

of degree of hesitation of the decision-maker with respect to 𝛼̃𝑖𝑗 are  [0.80,0.90], [0.10,0.20] 

and [√0.15, √0.35], respectively. Then, on considering [0.80,0.90], [√0.15, √0.35] the 

interval [0.10,0.20] should be obtained and on considering [0.10,0.20], [√0.15, √0.35], the 

interval [0.80,0.90] should be obtained. However, the following clearly indicates that this 

condition is not satisfying. 

(i) According to existing definition [164], on using the expression [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] =

[√1 − (𝑎𝑖𝑗2)
2
− (𝑎𝑖𝑗6)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗5)

2
], the interval [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.10,0.20] 

should be obtained. While, it is obvious that 

[𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [√1 − (𝑎𝑖𝑗2)
2
− (𝑎𝑖𝑗6)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗5)

2
] =

[√1 − (0.90)2 − (√0.35)
2
, √1 − (0.80)2 − (√0.15)

2
] =

[√1 − 0.81 − 0.35, √1 − 0.64 − 0.15] = [√−0.16, √0.21] ≠ [0.10,0.20]. 

(ii) According to existing definition [164], on using the expression [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] =

[√1 − (𝑎𝑖𝑗4)
2
− (𝑎𝑖𝑗6)

2
, √1 − (𝑎𝑖𝑗3)

2
− (𝑎𝑖𝑗5)

2
], the interval [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.80,0.90] 

should be obtained. While, it is obvious that [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] =

[√1 − (𝑎𝑖𝑗4)
2
− (𝑎𝑖𝑗6)

2
, √1 − (𝑎𝑖𝑗3)

2
− (𝑎𝑖𝑗5)

2
] =

[√1 − (0.20)2 − (√0.35)
2
, √1 − (0.10)2 − (√0.15)

2
] 

[√1 − 0.04 − 0.35, √1 − 0.01 − 0.15] = [√0.61, √0.84] ≠ [0.80,0.90]. 
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9.2 Proposed definition of IVPFS 

The set 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), where [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] and [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] represents the 

interval of degree of membership and the interval of degree of non-membership of decision-

maker of set 𝛼̃𝑖𝑗 respectively, will represent an IVPFS if 𝑎𝑖𝑗1, 𝑎𝑖𝑗2, 𝑎𝑖𝑗3 and 𝑎𝑖𝑗4 will satisfy the 

following conditions. 

(i) 0 ≤ 𝑎𝑖𝑗1 ≤ 𝑎𝑖𝑗2 ≤ 1, 

(ii) 0 ≤ 𝑎𝑖𝑗3 ≤ 𝑎𝑖𝑗4 ≤ 1, 

(iii) (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
, 

(iv) (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
≤ 1. 

Furthermore, the interval [√1 − (𝑎𝑖𝑗1)
2
− (𝑎𝑖𝑗4)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
] will represent 

the interval of degree of hesitation.  

The conditions (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
, (𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗4)

2
≤ 1 and the 

interval of degree of hesitation are obtained as follows: 

It is well-known fact that for a PFS the following conditions will always be satisfied: 

1 − (the degree of membership)2 ≥ (the degree of nonmembership)2                       (9.1) 

1 − (the degree of non − membership)2 ≥ (the degree of membership)2                   (9.2) 

The inequalities (9.1) and (9.2) can be transformed into equations (9.3) and (9.4) 

respectively. 

1 − (the degree of membership)2 = (the degree of non −membership)2 +

(the degree of  hesitation)2                                                                                               (9.3)                                                                                                                                                                                                     

1 − (the degree of non − membership)2 = (the degree of membership)2 +

(the degree of  hesitation)2                                                                                                (9.4) 

       Assuming that the intervals [𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] represents the interval 
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of the degree of membership, non-membership and hesitation respectively, equations (9.3) and 

(9.4) can be transformed into equations (9.5) and (9.6) respectively. 

[1,1] − [(𝑎𝑖𝑗1)
2
, (𝑎𝑖𝑗2)

2
] = [(𝑎𝑖𝑗3)

2
, (𝑎𝑖𝑗4)

2
] + [(𝑎𝑖𝑗5)

2
, (𝑎𝑖𝑗6)

2
]                                        (9.5) 

[1,1] − [(𝑎𝑖𝑗3)
2
, (𝑎𝑖𝑗4)

2
] = [(𝑎𝑖𝑗1)

2
, (𝑎𝑖𝑗2)

2
] + [(𝑎𝑖𝑗5)

2
, (𝑎𝑖𝑗6)

2
]                                       (9.6)                                                                                                                                                                                                   

Using the relations, 1 − [𝑎, 𝑏] = [1 − 𝑏, 1 − 𝑎] and [𝑎, 𝑏] + [𝑐, 𝑑] = [𝑎 + 𝑐, 𝑏 + 𝑑],  

the equations (9.5) and (9.6) can be transformed into the equations (9.7) and (9.8) respectively. 

[1 − (𝑎𝑖𝑗2)
2
, 1 − (𝑎𝑖𝑗1)

2
] = [(𝑎𝑖𝑗3)

2
+ (𝑎𝑖𝑗5)

2
, (𝑎𝑖𝑗4)

2
+ (𝑎𝑖𝑗6)

2
]                                      (9.7)                                               

[1 − (𝑎𝑖𝑗4)
2
, 1 − (𝑎𝑖𝑗3)

2
] = [(𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗5)

2
, (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗6)

2
]                                      (9.8)                                     

Using the relation [𝑎, 𝑏] = [𝑐, 𝑑] ⇒ 𝑎 = 𝑐, 𝑏 = 𝑑, the equations (9.7) and (9.8) can be 

transformed into the equations (9.9) to (9.12) respectively. 

1 − (𝑎𝑖𝑗2)
2
= (𝑎𝑖𝑗3)

2
+ (𝑎𝑖𝑗5)

2
                                                                                             (9.9) 

 1 − (𝑎𝑖𝑗1)
2
= (𝑎𝑖𝑗4)

2
+ (𝑎𝑖𝑗6)

2
                                                                                           (9.10)  

1 − (𝑎𝑖𝑗4)
2
= (𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗5)

2
                                                                                            (9.11) 

1 − (𝑎𝑖𝑗3)
2
= (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗6)

2
                                                                                            (9.12) 

On simplifying the equations (9.9) to (9.12), the equations (9.13) to (9.16) are obtained. 

(𝑎𝑖𝑗5)
2
= 1 − (𝑎𝑖𝑗2)

2
− (𝑎𝑖𝑗3)

2
                                                                                             (9.13) 

(𝑎𝑖𝑗6)
2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
                                                                                             (9.14) 

(𝑎𝑖𝑗5)
2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
                                                                                             (9.15) 

(𝑎𝑖𝑗6)
2
= 1 − (𝑎𝑖𝑗2)

2
− (𝑎𝑖𝑗3)

2
                                                                                             (9.16) 

Now,                         (𝑎𝑖𝑗5)
2
= (𝑎𝑖𝑗5)

2
 

  ⇒ 1 − (𝑎𝑖𝑗2)
2
− (𝑎𝑖𝑗3)

2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
 

         ⇒ (𝑎𝑖𝑗2)
2
+ (𝑎𝑖𝑗3)

2
= (𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗4)

2
.                                                                     (9.17) 
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Also,                         (𝑎𝑖𝑗6)
2
= (𝑎𝑖𝑗6)

2
 

  ⇒ 1 − (𝑎𝑖𝑗1)
2
− (𝑎𝑖𝑗4)

2
= 1 − (𝑎𝑖𝑗2)

2
− (𝑎𝑖𝑗3)

2
 

         ⇒ (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
.                                                                    (9.18) 

Using the equations (9.13) to (9.18), (𝑎𝑖𝑗5)
2
= (𝑎𝑖𝑗6)

2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
.  

Therefore, [(𝑎𝑖𝑗5)
2
, (𝑎𝑖𝑗6)

2
] = [1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
, 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
] 

i.e., [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√1 − (𝑎𝑖𝑗1)
2
− (𝑎𝑖𝑗4)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
]. 

9.3 Validity of the proposed definition of an IVPFS 

In the proposed definition of an IVPFS, the interval of degree of hesitation is defined as 

[𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√1 − (𝑎𝑖𝑗1)
2
− (𝑎𝑖𝑗4)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
]. Since, in the proposed 

definition, the condition 1 − (𝑎𝑖𝑗1)
2
− (𝑎𝑖𝑗4)

2
≥ 0 has been considered. So, the value of 𝑎𝑖𝑗5 

will always be greater than or equal to zero. Therefore, to prove that the proposed definition 

is valid, it is sufficient to prove that if any two among the three [𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] and 

[𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√1 − (𝑎𝑖𝑗1)
2
− (𝑎𝑖𝑗4)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
] are known then the third one 

should be obtained by using the equations (9.5) and (9.6). 

(i) Let the interval of degree of membership [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] and the interval of degree of 

hesitation [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√1 − (𝑎𝑖𝑗1)
2
− (𝑎𝑖𝑗4)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
] be known 

and  [𝑎, 𝑏] represents the unknown interval of the degree of non-membership. Then, 

using the equation (9.5), 

      [1,1] − [(𝑎𝑖𝑗1)
2
, (𝑎𝑖𝑗2)

2
] = [1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
, 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
] + [𝑎2, 𝑏2] 

⇒ [1 − (𝑎𝑖𝑗2)
2
, 1 − (𝑎𝑖𝑗1)

2
] = [1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
+ 𝑎2, 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
+ 𝑏2] 
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     ⇒ 1 − ( 𝑎𝑖𝑗2)
2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
+ 𝑎2, 

         1 − (𝑎𝑖𝑗1)
2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
+ 𝑏2  

    ⇒ 𝑎2 = −(𝑎𝑖𝑗2)
2
+ (𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗4)

2
 , 

        𝑏2 = −(𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗4)

2
⇒ 𝑏 = 𝑎𝑖𝑗4. 

Using the condition (iii), (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
 i.e., (𝑎𝑖𝑗3)

2
= −(𝑎𝑖𝑗2)

2
+

(𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
, 

     𝑎2 = (𝑎𝑖𝑗3)
2
⇒ 𝑎 = 𝑎𝑖𝑗3. 

                     i.e., [𝑎, 𝑏] = [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] 

Similarly, the same can also be proved by using the equation (9.6).  

(ii) Let the interval of degree of non-membership [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] and the interval of degree of 

hesitation, [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√1 − (𝑎𝑖𝑗1)
2
− (𝑎𝑖𝑗4)

2
, √1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
] be known and 

[𝑎, 𝑏] represents the unknown interval of degree of membership. Then, using the equation 

(9.5), 

[1,1] − [(𝑎𝑖𝑗3)
2
, (𝑎𝑖𝑗4)

2
] = [1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
, 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
] + [𝑎2, 𝑏2]  

⇒ [1 − (𝑎𝑖𝑗4)
2
, 1 − (𝑎𝑖𝑗3)

2
] = [1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
+ 𝑎2, 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
+

𝑏2]  

⇒ 1 − ( 𝑎𝑖𝑗4)
2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
+ 𝑎2, 1 − (𝑎𝑖𝑗3)

2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
+ 𝑏2  

⇒ 𝑎2 = −(𝑎𝑖𝑗4)
2
+ (𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗1)

2
⇒ 𝑎 = 𝑎𝑖𝑗1,   

𝑏2 = −(𝑎𝑖𝑗3)
2
+ (𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗4)

2
.  

Using the condition (iii),  (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
 i. e. , (𝑎𝑖𝑗2)

2
=

−(𝑎𝑖𝑗3)
2
+ (𝑎𝑖𝑗1)

2
+ (𝑎𝑖𝑗4)

2
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𝑏2 = (𝑎𝑖𝑗2)
2
⇒ 𝑏 = 𝑎𝑖𝑗2.  

  i.e., [𝑎, 𝑏] = [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]. 

Similarly, the same can also be proved by using the equation (9.6). 

9.4 Illustrative examples 

In this section, the proposed definition is illustrated with the help of some numerical 

examples. 

Example 9.1 If 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = ([0.80,0.90], [0.10,0.20]). Then, according 

to proposed definition, it is not an IVPFS as the condition (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗2)

2
+

(𝑎𝑖𝑗3)
2
 is not satisfying. While, according to the existing definition [164], it is an IVPFS. 

Furthermore, according to existing definition [164], the interval of degree of hesitation will be 

[√1 − (0.90)2 − (0.20)2, √1 − (0.80)2 − (0.10)2] 

= [√1 − 0.81 − 0.04, √1 − 0.64 − 0.01] = [√0.15, √0.35].  

Now, if it is assumed that the interval of degree of membership [0.80,0.90] and interval 

of degree of hesitation [√0.15, √0.35] are known. Then, according to the existing definition 

[164], the interval of degree of non-membership ([𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) can be obtained by subtracting 

the sum of square of these intervals from [1,1] i.e., according to the existing definition, 

[𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [√1 − (0.90)
2 − (√0.35)

2
, √1 − (0.80)2 − (√0.15)

2
] =

[√1 − 0.81 − 0.35, √1 − 0.64 − 0.15] = [√−0.16, √0.21] ≠ [0.10,0.20].  

This clearly indicates that according to existing definition [164], the lower bound 𝑎𝑖𝑗3 

of the interval of degree of non-membership [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] is a negative real number, which 

contradicts the well known fact that 𝑎𝑖𝑗3 should always be a non-negative real number lying 

between 0 and 1. 

Example 9.2 If 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = ([0.40,0.60], [0.70, √0.69]) then according 
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to existing definition [164], it is not an IVPFS as the condition (𝑎𝑖𝑗2)
2
+ (𝑎𝑖𝑗4)

2
= 1.05 ≤ 1 

is not satisfying. However, according to proposed definition, it is an IVPFS as all the conditions 

0 ≤ 𝑎𝑖𝑗1 ≤ 𝑎𝑖𝑗2 ≤ 1 , 0 ≤ 𝑎𝑖𝑗3 ≤ 𝑎𝑖𝑗4 ≤ 1, (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
 and 

(𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
≤ 1 or (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
≤ 1 are satisfying. Furthermore, as 𝑎𝑖𝑗1 = 0.40, 

𝑎𝑖𝑗2 = 0.60, 𝑎𝑖𝑗3 = 0.70 and 𝑎𝑖𝑗4 = √0.69 so using equation (9.13) or equation (9.15) i.e., 

(𝑎𝑖𝑗5)
2
= 1 − (𝑎𝑖𝑗2)

2
− (𝑎𝑖𝑗3)

2
 or (𝑎𝑖𝑗5)

2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
, the obtained value of 

𝑎𝑖𝑗5 is 0.15 and using the equation (9.14) or the equation (9.16) i.e., (𝑎𝑖𝑗6)
2
= 1 − (𝑎𝑖𝑗1)

2
−

(𝑎𝑖𝑗4)
2
 or (𝑎𝑖𝑗6)

2
= 1 − (𝑎𝑖𝑗2)

2
− (𝑎𝑖𝑗3)

2
, the obtained value of 𝑎𝑖𝑗6 is also 0.15. Therefore, 

the interval of degree of hesitation [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] is [√0.15, √0.15]. 

Now, the following clearly indicates that on considering any two among 

[0.40,0.60], [0.70, √0.69] and [√0.15, √0.15], the third one can be obtained. 

(i) Let [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.40,0.60] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√0.15, √0.15] be known. Then 

[1,1] − [(𝑎𝑖𝑗1)
2
, (𝑎𝑖𝑗2)

2
] = [(𝑎𝑖𝑗3)

2
, (𝑎𝑖𝑗4)

2
] + [(𝑎𝑖𝑗5)

2
, (𝑎𝑖𝑗6)

2
]  

      ⇒ 1 − [(0.40)2, (0.60)2] = [(𝑎𝑖𝑗3)
2
, (𝑎𝑖𝑗4)

2
] + [(√0.15)

2
, (√0.15)

2
] 

             ⇒ [0.64,0.84] = [(𝑎𝑖𝑗3)
2
+ (√0.15)

2
, (𝑎𝑖𝑗4)

2
+ (√0.15)

2
] 

⇒ 0.64 = 0.15 + (𝑎𝑖𝑗3)
2
 and 0.84 = 0.15 + (𝑎𝑖𝑗4)

2
 

⇒ (𝑎𝑖𝑗3)
2
= 0.49 and (𝑎𝑖𝑗4)

2
= 0.69 

 ⇒ [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.7, √0.69]. 

(ii) Let [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.7, √0.69] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√0.15, √0.15] be known. Then 

[1,1] − [(𝑎𝑖𝑗3)
2
, (𝑎𝑖𝑗4)

2
] = [(𝑎𝑖𝑗1)

2
, (𝑎𝑖𝑗2)

2
] + [(𝑎𝑖𝑗5)

2
, (𝑎𝑖𝑗6)

2
]  

      ⇒ 1 − [(0.7)2, (√0.69)
2
] = [(𝑎𝑖𝑗1)

2
, (𝑎𝑖𝑗2)

2
] + [(√0.15)

2
, (√0.15)

2
]  
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             ⇒ [0.31,0.51] = [0.15 + (𝑎𝑖𝑗1)
2
, 0.15 + (𝑎𝑖𝑗2)

2
] 

⇒ 0.31 = 0.15 + (𝑎𝑖𝑗1)
2
 and 0.51 = 0.15 + (𝑎𝑖𝑗2)

2
 

⇒ (𝑎𝑖𝑗1)
2
= 0.16 and (𝑎𝑖𝑗2)

2
= 0.36 

⇒ [(𝑎𝑖𝑗1)
2
, (𝑎𝑖𝑗2)

2
] = [0.16,0.36]  i.e., [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.40, 0.60]. 

Example 9.3 If 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) = ([0.10,0.50], [0.10,0.50]). Then, it is an 

IVPFS according to both existing as well as proposed definition. However, according to 

existing definition [164], the interval of degree of hesitation will be 

[√1 − (0.50)2 − (0.50)2, √1 − (0.10)2 − (0.10)2] 

= [√1 − 0.25 − 0.25, √1 − 0.01 − 0.01] = [√0.50, √0.98]. 

Now, if it is assumed that the interval of degree of membership [0.10,0.50] and interval 

of the degree of hesitation [√0.50, √0.98] are known. Then, according to the existing definition 

[164], the interval of the degree of non-membership can be obtained by subtracting the sum of 

the square of these intervals from [1,1]. i.e., according to the existing definition [164], 

[𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [√1 − (0.50)2 − (√0.98)
2
, √1 − (0.10)2 − (√0.98)

2
] =

[√1 − 0.25 − 0.98, √1 − 0.01 − 0.50] = [√1 − 1.23, √1 − 0.51] = [√−0.23, √0.49] ≠

[0.10,0.50].  

This clearly indicates that according to existing definition [164], the obtained value of 

𝑎𝑖𝑗3 is a negative real number, which contradicts the well known fact that the 𝑎𝑖𝑗3 should 

always be a non-negative real number lying between 0 and 1. 

However, according to proposed definition, it is an IVPFS as all the conditions 0 ≤ 

𝑎𝑖𝑗1 ≤ 𝑎𝑖𝑗2 ≤ 1 , 0 ≤ 𝑎𝑖𝑗3 ≤ 𝑎𝑖𝑗4 ≤ 1, (𝑎𝑖𝑗1)
2
+ (𝑎𝑖𝑗4)

2
= (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
 and (𝑎𝑖𝑗1)

2
+

(𝑎𝑖𝑗4)
2
≤ 1 or (𝑎𝑖𝑗2)

2
+ (𝑎𝑖𝑗3)

2
≤ 1 are satisfying. Furthermore, as 𝑎𝑖𝑗1 = 0.10, 𝑎𝑖𝑗2 = 0.50, 
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𝑎𝑖𝑗3 = 0.10 and 𝑎𝑖𝑗4 = 0.50 so using the equation (9.13) or the equation (9.15) i.e., (𝑎𝑖𝑗5)
2
=

1 − (𝑎𝑖𝑗2)
2
− (𝑎𝑖𝑗3)

2
 or (𝑎𝑖𝑗5)

2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
, the obtained value of 𝑎𝑖𝑗5 is √0.74 

and using the equation (9.14) or the equation (9.16) i.e., (𝑎𝑖𝑗6)
2
= 1 − (𝑎𝑖𝑗1)

2
− (𝑎𝑖𝑗4)

2
 or 

(𝑎𝑖𝑗6)
2
= 1 − (𝑎𝑖𝑗2)

2
− (𝑎𝑖𝑗3)

2
, the obtained value of 𝑎𝑖𝑗6 is also √0.74. Therefore, the 

interval of degree of hesitation [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] is [√0.74, √0.74]. 

Now, the following clearly indicates that on considering any two among 

[0.10,0.50], [0.10,0.50] and [√0.74, √0.74], the third one can be obtained. 

(1) Let [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.10,0.50] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√0.74, √0.74] be known. Then, 

[1,1] − [(𝑎𝑖𝑗1)
2
, (𝑎𝑖𝑗2)

2
] = [(𝑎𝑖𝑗3)

2
, (𝑎𝑖𝑗4)

2
] + [(𝑎𝑖𝑗5)

2
, (𝑎𝑖𝑗6)

2
]  

      ⇒ 1− [0.01,0.25] = [(𝑎𝑖𝑗3)
2
, (𝑎𝑖𝑗4)

2
] + [0.74,0.74] 

             ⇒ [0.75,0.99] = [(𝑎𝑖𝑗3)
2
+ 0.74, (𝑎𝑖𝑗4)

2
+ 0.74] 

⇒ 0.75 = (𝑎𝑖𝑗3)
2
+ 0.74 and 0.99 = (𝑎𝑖𝑗4)

2
+ 0.74 

⇒ 𝑎𝑖𝑗3 = 0.10 and 𝑎𝑖𝑗4 = 0.50 

 ⇒ [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.10,0.50]. 

(2) Let [𝑎𝑖𝑗3, 𝑎𝑖𝑗4] = [0.10,0.50] and [𝑎𝑖𝑗5, 𝑎𝑖𝑗6] = [√0.74, √0.74] be known. Then, 

[1,1] − [(𝑎𝑖𝑗1)
2
, (𝑎𝑖𝑗2)

2
] = [0.01,0.25] + [(𝑎𝑖𝑗5)

2
, (𝑎𝑖𝑗6)

2
]  

      ⇒ 1 − [(𝑎𝑖𝑗1)
2
, (𝑎𝑖𝑗2)

2
] = [0.01,0.25] + [0.74,0.74]  

             ⇒ [1 − (𝑎𝑖𝑗2)
2
, 1 −  (𝑎𝑖𝑗1)

2
] = [0.75,0.99] 

⇒ 1 − (𝑎𝑖𝑗2)
2
= 0.75 and 1 − (𝑎𝑖𝑗1)

2
= 0.99 

⇒ 𝑎𝑖𝑗1 = 0.10 and 𝑎𝑖𝑗2 = 0.50 

⇒ [𝑎𝑖𝑗1, 𝑎𝑖𝑗2] = [0.10,0.50]. 
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9.5 Solution of a real-life IVPFMADMPr 

In this section, the existing IVPFMADMPr [258] having completely known attribute 

weights have been solved with the following modification:  

“Rating value of each alternative over each criterion is represented as the proposed 

IVPFS instead of the existing IVPFS”.  

There is a panel of four alternatives for the investment company to invest money in best 

option 𝐴𝑖, 𝑖 = 1,2,3,4 on the basis of the following three benefit attributes. 

(i) 𝐺1: Risk analysis  

(ii) 𝐺2: Growth 

(iii) 𝐺3: Environmental impact  

Furthermore, 

(i) The (𝑖, 𝑗)𝑡ℎ element of the Table 9.1, represented by an IVPFS 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]), represents the rating value of the  𝑖𝑡ℎ-company over the 𝑗𝑡ℎ-

attribute.                              

      Table 9.1: Rating Values 

 Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

 

𝐺3 

𝐴1 
(
[0.40,0.60],

[0.70, √0.69]
) (

[0.10,0.50],
[0.10,0.50]

) (
[0.10,0.40],
[0.70,0.80]

) 

𝐴2 
(
[0.20,0.50],
[0.20,0.50]

) (
[√0.18, 0.50],

[0.30,0.40]
) (

[0.20,0.70],
[0.60,0.90]

) 

𝐴3 
(
[0.20,0.70],
[0.60,0.90]

) (
[0.10,0.40],
[0.70,0.80]

) (
[0.20,0.50],
[0.20,0.50]

) 
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(ii) Weights 𝑤1, 𝑤2 and 𝑤3 of the attributes 𝐺1, 𝐺2 and 𝐺3 respectively are 𝑤1 = 𝑤2 =

𝑤3 =
1

3
. 

Using the Jorawar method, proposed in Section 5.4 of Chapter 5, the ranking of the 

alternatives for the considered real-life IVPFMADMPr having completely known attribute 

weights can be obtained as follows. 

Since, all the attribute weights are known so there is no need to apply Step 1 to Step 4 of the 

proposed Jorawar method.  

Step 5: On considering the OAWV, (𝑤1, 𝑤2, 𝑤3) = (
1

3
,
1

3
,
1

3
) and using Step 5 of the Jujhar 

method, proposed in Section 5.4 of Chapter 5, 

𝑃̃1 = ([(
1

3
) (0.40) + (

1

3
) (0.10) + (

1

3
) (0.10), (

1

3
) (0.60) + (

1

3
) (0.50) + (

1

3
) (0.40)],  

[(
1

3
) (0.70) + (

1

3
) (0.10) + (

1

3
) (0.70) , (

1

3
) (√0.69) + (

1

3
) (0.50) + (

1

3
) (0.80)]) 

= ([0.1999,0.4998], [0.4999,0.7100]),  

𝑃̃2 = ([(
1

3
) (0.20) + (

1

3
) (√0.18) + (

1

3
) (0.20), (

1

3
) (0.50) + (

1

3
) (0.50) + (

1

3
) (0.70)],  

[(
1

3
) (0.20) + (

1

3
) (0.30) + (

1

3
) (0.60) , (

1

3
) (0.50) + (

1

3
) (0.40) + (

1

3
) (0.90)]) 

= ([0.2745,0.5665], [0.3664,0.5998]),  

𝑃̃3 = ([(
1

3
) (0.20) + (

1

3
) (0.10) + (

1

3
) (0.20), (

1

3
) (0.70) + (

1

3
) (0.40) + (

1

3
) (0.50)],  

 [(
1

3
) (0.60) + (

1

3
) (0.70) + (

1

3
) (0.20) , (

1

3
) (0.90) + (

1

3
) (0.80) + (

1

3
) (0.50)]) 

= ([0.1665,0.5332], [0.4998,0.7331]),  

𝑃̃4 = ([(
1

3
) (0.10) + (

1

3
) (0.40) + (

1

3
) (0.30), (

1

3
) (0.40) + (

1

3
) (0.60) + (

1

3
) (0.40)],  

  [(
1

3
) (0.70) + (

1

3
) (0.70) + (

1

3
) (0.30) , (

1

3
) (0.80) + (

1

3
) (√0.69) + (

1

3
) (0.40)]) 

𝐴4 
(
[0.10,0.40],
[0.70,0.80]

) (
[0.40,0.60],

[0.70, √0.69]
) (

[0.30,0.40],
[0.30,0.40]

) 
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= ([0.2665,0.4665], [0.5665,0.6767]),  

Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4 of Chapter 5, 

𝑆(𝑃̃1) = −0.2321, 𝑆(𝑃̃2) = −0.0488, 𝑆(𝑃̃3) = −0.2376 and 𝑆(𝑃̃4) = −0.2451. 

Since,  𝑆(𝑃̃2) > 𝑆(𝑃̃1) > 𝑆(𝑃̃3) > 𝑆(𝑃̃4). So, according to Step 6 of the Jorawar 

method, proposed in Section 5.4 of Chapter 5, the ranking of the alternatives is 𝐴2 > 𝐴1 > 𝐴3 >

𝐴4. 

9.6 Conclusions 

It is shown that the existing definition of an IVPFS [164] is not appropriate and the 

appropriate definition of an IVPFS is proposed. Also, the validity of the proposed definition is 

discussed. Furthermore, the proposed IVPFS is used to represent the rating value of each 

alternative over each attribute in an existing real-life IVPFMADMPr [164] having completely 

known attribute weights. Finally, the modified real-life IVPFMADMPr having completely 

known attribute is solved by the proposed Jorawar method. 

 

 

 

 

 

 

 

 



263 
 

Chapter 10 

Future Scope9 

 

The following problems may be considered as challenging open research problems. 

(1) Tao et al. [196] proposed the expressions (10.1) and (10.2) to evaluate the sum and the 

product respectively of two IFSs 𝛼1 = 〈𝜇𝛼1 , 𝜈𝛼1〉 and 𝛼2 = 〈𝜇𝛼2 , 𝜈𝛼2〉. 

(i) 𝛼1⊕𝑐 𝛼2 = 〈1 − 𝜙
−1[𝜙(1 − 𝜇𝛼1) + 𝜙(1 − 𝜇𝛼2)], 𝜙

−1[𝜑(𝜈𝛼1) + 𝜙(𝜈𝛼2)]〉      (10.1)                                 

(ii) 𝛼1⊗𝑐 𝛼2 = 〈𝜙
−1[𝜙(𝜇𝛼1) + 𝜙(𝜇𝛼2)], 1 − 𝜙

−1[𝜙(1 − 𝜈𝛼1) + 𝜙(1 − 𝜈𝛼2)]〉      (10.2)                                 

Also, using the operational law (10.1), Tao et al. [196], proposed the IFCAAO (10.3) 

⊕𝑐𝑖=1
𝑛 𝑤𝑖𝛼𝑖 = 〈1 − 𝜙

−1 (∑ 𝑤𝑖𝜙
𝑛
𝑖=1 (1 − 𝜇𝛼𝑖)) , 𝜙

−1 (∑ 𝑤𝑖𝜙
𝑛
𝑖=1 (𝜈𝛼𝑖)) 〉                               (10.3)         

where, 𝜙 is a strictly decreasing function such that 𝜙(1) = 0, 𝜙(0) = ∞, 𝜙−1(0) = 1 and 

𝜙−1(∞) = 0. 

If 𝛼1, 𝛼2, … , 𝛼𝑛 are 𝑛 IFSs then the expressions (10.1) and (10.2) will be transformed into 

the expressions (10.4) and (10.5) respectively. 

(i) ⊕𝑐𝑖=1
𝑛 𝛼𝑖 = 〈1 − 𝜙

−1 (𝜙(1 − 𝜇𝛼1) + 𝜙(1 − 𝜇𝛼2) + ⋯+ 𝜙(1 −

𝜇𝛼𝑛)) , 𝜙
−1 (𝜙(𝜈𝛼1) + 𝜙(𝜈𝛼2) + ⋯+ 𝜙(𝜈𝛼𝑛))〉                                                            (10.4)                                                                                                                                                                                                                                              

(ii) ⊗𝑐𝑖=1
𝑛 𝛼𝑖 = 〈𝜙

−1 (𝜙(𝜇𝛼1) + 𝜙(𝜇𝛼2) + ⋯+ 𝜙(𝜇𝛼𝑛)) , 1 − 𝜙
−1 (𝜙(1 − 𝜈𝛼1) +

𝜙(1 − 𝜈𝛼2) + ⋯+ 𝜙(1 − 𝜈𝛼𝑛))〉                                                                                             (10.5)                                                                                                                                                      

However, the following examples clearly indicates that  

(i) The expression (10.4), to evaluate the sum of IFSs, can be used only if 𝛼𝑖 ≠ 〈1,0〉 for 

any 𝑖. 

(ii)      The expression (10.5), to evaluate the product of IFSs, can be used only if 𝛼𝑖 ≠ 〈0,1〉 

                                                           
9 Some contents of this chapter have been published in “Computers and Industrial Engineering 135 (2019) 314-

316 and Cognitive Computation (2020) doi.org/10.1007/s12559-020-09746-0”   
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  for any 𝑖. 

The following example clearly indicates that if 𝛼𝑖 = 〈1,0〉 then ⊕𝑐𝑖=1
𝑛 𝛼𝑖 = 〈1,0〉 i.e, 

⊕𝑐𝑖=1
𝑛 𝛼𝑖 is independent from the remaining IFSs 𝛼𝑖. Hence, ⊕𝑐𝑖=1

𝑛 𝛼𝑖 can be used only if 

𝛼𝑖 ≠ 〈1,0〉 for any 𝑖.  

Example 10.1 Let 𝛼1 = 〈1,0〉, 𝛼2 = 〈0.4,0.3〉, 𝛼3 = 〈0.5,0.2〉. Then, 

𝛼1⊕𝛼2⊕𝛼3 = 〈1 − 𝜙
−1[𝜙(1 − 𝜇𝛼1) + 𝜙(1 − 𝜇𝛼2) + 𝜙(1 − 𝜇𝛼3)], 𝜙

−1[𝜙(𝜈𝛼1) +

𝜙(𝜈𝛼2) + 𝜙(𝜈𝛼3)]〉  

= 〈1 − 𝜙−1[𝜙(1 − 1) + 𝜙(1 − 0.4) + 𝜙(1 − 0.5)], 𝜙−1[𝜙(0) + 𝜙(0.3) + 𝜙(0.2)]〉  

= 〈1 − 𝜙−1[𝜙(0) + 𝜙(0.6) + 𝜙(0.5)], 𝜙−1[𝜙(0) + 𝜙(0.3) + 𝜙(0.2)]〉  

= 〈1 − 𝜙−1[∞ + 𝜙(0.6) + 𝜙(0.5)], 𝜙−1[∞ + 𝜙(0.3) + 𝜙(0.2)]〉  

= 〈1 − 𝜙−1[∞], 𝜙−1[∞]〉  

= 〈1 − 0,0〉 = 〈1,0〉.  

On the basis of the above discussion, it can be easily concluded that the expression (10.4) 

can be used only if 𝛼𝑖 ≠ 〈1,0〉 for any 𝑖. Therefore, the IFCAAO (10.3) can be used only if 

𝛼𝑖 ≠ 〈1,0〉 for any 𝑖. 

To overcome this limitation of IFCAAO can be considered as challenging open research 

problem.  

(2) Wei [226] proposed the expression (10.6) to evaluate the product of two PIFSs 𝛼1 =

(𝜇𝛼1 , 𝜂𝛼1 , 𝜈𝛼1) and 𝛼2 = (𝜇𝛼2 , 𝜂𝛼2 , 𝜈𝛼2).  

𝛼1⊗𝛼2 = (𝜇𝛼1𝜇𝛼2 , 1 − (1 − 𝜂𝛼1)(1 − 𝜂𝛼2), 1 − (1 − 𝜈𝛼1)(1 − 𝜈𝛼2))                   (10.6)                                     

      In future, the other researchers may use the expression (10.6) to evaluate the product of two 

PIFSs in their research work. However, the following example clearly indicates that expression 

(10.6) is not valid. 

Example 10.2 Let 𝛼1 = (𝜇𝛼1 , 𝜂𝛼1 , 𝜈𝛼1) = (0.55,0.15,0.15) and 𝛼2 = (𝜇𝛼2 , 𝜂𝛼2 , 𝜈𝛼2) = 
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(0.15,0.70,0.10) be two PIFSs. Then, 𝛼1⊗𝛼2 = (𝜇𝛼1𝜇𝛼2 , 1 − (1 − 𝜂𝛼1)(1 − 𝜂𝛼2), 1 −

(1 − 𝜈𝛼1)(1 − 𝜈𝛼2)) = ((0.55)(0.15), 1 − (1 − 0.15)(1 − 0.70), 1 − (1 − 0.15)(1 −

0.10)) = (0.082, 0.745,0.235). 

It is obvious that, 0.082 +  0.745 + 0.235 = 1.062 is greater than 1. So, 𝛼1⊗𝛼2 is 

not PIFS as for a PIFS the following necessary conditions should be satisfied. 

(i) 0 ≤ 𝜇𝛼1𝜇𝛼2 ≤ 1. 

(ii) 0 ≤ 1 − (1 − 𝜂𝛼1)(1 − 𝜂𝛼2) ≤ 1. 

(iii) 0 ≤  1 − (1 − 𝜈𝛼1)(1 − 𝜈𝛼2) ≤ 1. 

(iv) 𝜇𝛼1𝜇𝛼2 + 1 − (1 − 𝜂𝛼1)(1 − 𝜂𝛼2) +  1 − (1 − 𝜈𝛼1)(1 − 𝜈𝛼2) ≤ 1.  

Therefore, the expression (10.6) is not valid. 

 If in the existing expression (10.6) the term 1 − (1 − 𝜂𝛼1)(1 − 𝜂𝛼2) is replaced with 

the term 𝜂𝛼1𝜂𝛼2. Then, the expression (10.6), proposed by Wei [226] to evaluate the product 

of two PIFSs 𝛼1 = (𝜇𝛼1 , 𝜂𝛼1 , 𝜈𝛼1) and 𝛼2 = (𝜇𝛼2 , 𝜂𝛼2 , 𝜈𝛼2), will be transformed into the 

modified expression (10.7). 

𝛼1⊗𝛼2 = (𝜇𝛼1𝜇𝛼2 , 𝜂𝛼1𝜂𝛼2 , 1 − (1 − 𝜈𝛼1)(1 − 𝜈𝛼2))                                                    (10.7) 

Since, 

𝜇𝛼1𝜇𝛼2 + 𝜂𝛼1𝜂𝛼2 + ( 1 − (1 − 𝜈𝛼1)(1 − 𝜈𝛼2))  

≤ (𝜇𝛼1 + 𝜂𝛼1)(𝜇𝛼2 + 𝜂𝛼2) + 1 − (1 − 𝜈𝛼1)(1 − 𝜈𝛼2)  

≤ (1 − 𝜈𝛼1)(1 − 𝜈𝛼2) + 1 − (1 − 𝜈𝛼1)(1 − 𝜈𝛼2)      (
∵  𝜇𝛼1 + 𝜂𝛼1 + 𝜈𝛼1 ≤ 1 

   𝜇𝛼2 + 𝜂𝛼2 + 𝜈𝛼2 ≤ 1
) 

 ≤ 1 

So, one may claim that the modified expression (10.7) is valid. But, if  

(i) 𝜇𝛼𝑖 = 0 for any 𝑖, then the first term of the expression (10.7) will always be zero. 
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(ii) 𝜂𝛼𝑖 = 0 for any 𝑖, then the second term of the expression (10.7) will always be zero. 

(iii) 𝜈𝛼𝑖 = 1 for any 𝑖, then the third term of the expression (10.7) will always be 1. 

Therefore, it is inappropriate to use the modified expression (10.7) to propose any type of 

picture fuzzy aggregation operators.  

To define an appropriate operation of two PIFSs may be considered as challenging open 

research problem. 

(3) Garg [ 83] proposed a method to solve MCDM problems under picture fuzzy environment. 

To propose the method, firstly, Garg [83] proposed the expressions (10.8) and (10.9) to 

evaluate the sum and product respectively of two PIFSs 𝛼1 = 〈𝜇1, 𝜂1, 𝜈1〉 and 𝛼2 =

〈𝜇2, 𝜂2, 𝜈2〉.  

      𝛼1⨁𝛼2 = 〈ℎ
−1(ℎ(𝜇1) + ℎ(𝜇2)), 𝑔

−1(𝑔(𝜂1) + 𝑔(𝜂2)), 𝑔
−1(𝑔(𝜈1) + 𝑔(𝜈2))〉             (10.8) 

     𝛼1⊗𝛼2 = 〈𝑔
−1(𝑔(𝜇1) + 𝑔(𝜇2)), ℎ

−1(ℎ(𝜂1) + ℎ(𝜂2)), ℎ
−1(ℎ(𝜈1) + ℎ(𝜈2))〉           (10.9) 

where, 𝑔 is a decreasing function generated from t-norm as 𝑇(𝑥, 𝑦) = 𝑔−1(𝑔(𝑥) + 𝑔(𝑦)) such 

that, 𝑔(1) = 0 and ℎ generates the t-conorm as 𝑆(𝑥, 𝑦) = ℎ−1(ℎ(𝑥) + ℎ(𝑦)), ℎ(𝑡) =

𝑔(1 − 𝑡). 

In future, the other researchers may use the expression (10.9), to propose various types 

of picture fuzzy weighted geometric aggregation operators and/ or in their research work.  

However, the following clearly indicates that the expression (10.9) is not valid 

Example 10.3 Let 𝛼1 = 〈𝜇1, 𝜂1, 𝜈1〉 = 〈0.55,0.15,0.15〉 and 𝛼2 = 〈𝜇2, 𝜂2, 𝜈2〉 =

〈0.15,0.70,0.10〉 be two PIFSs. Then,  𝛼1⊗𝛼2 = 〈𝜇1𝜇2, 1 − (1 − 𝜂1)(1 − 𝜂2), 1 − (1 −

𝜈1)(1 − 𝜈2)〉 = 〈(0.55)(0.15), 1 − (1 − 0.15)(1 − 0.70), 1 − (1 − 0.15)(1 − 0.10)〉 =

〈0.0825, 0.745,0.235〉. 

It is obvious that, 0.0825 +  0.745 + 0.235 = 1.0625 is greater than 1. So, 𝛼1⊗𝛼2 is not 
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a PFN. Therefore, the expression (10.9) is not valid. 

If in the existing expression (10.9) the term ℎ−1(ℎ(𝜂1) + ℎ(𝜂2)) is replaced with the term  

𝑔−1(𝑔(𝜂1) + 𝑔(𝜂2)). Then, the expression (10.9), may be transformed into the modified 

expression (10.10). 

𝛼1⊗𝛼2 = 〈𝑔
−1(𝑔(𝜇1) + 𝑔(𝜇2)), 𝑔

−1(𝑔(𝜂1) + 𝑔(𝜂2)), ℎ
−1(ℎ(𝜈1) + ℎ(𝜈2))〉               (10.10)         

Since, the co-domain of the functions 𝑔−1 and ℎ−1 is the closed interval [0,1]. So, the 

conditions, 0 ≤ 𝑔−1(𝑔(𝜇1) + 𝑔(𝜇2)) ≤ 1, 0 ≤ 𝑔−1(𝑔(𝜂1) + 𝑔(𝜂2)) ≤ 1 and 0 ≤

ℎ−1(ℎ(𝜈1) + ℎ(𝜈2)) ≤ 1 will always be satisfied. Also, 

𝑔−1(𝑔(𝜇1) + 𝑔(𝜇2)) + 𝑔
−1(𝑔(𝜂1) + 𝑔(𝜂2)) + ℎ

−1(ℎ(𝜈1) + ℎ(𝜈2))  

≤ 𝑔−1(𝑔(𝜇1 + 𝜂1) + 𝑔(𝜇2 + 𝜂2)) + ℎ
−1(ℎ(𝜈1) + ℎ(𝜈2))  

= 1 − ℎ−1(𝑔(𝜇1 + 𝜂1) + 𝑔(𝜇2 + 𝜂2)) + ℎ
−1(ℎ(𝜈1) + ℎ(𝜈2))  

= 1 − ℎ−1(𝑔(1 − 𝜈1) + 𝑔(1 − 𝜈2)) + ℎ
−1(ℎ(𝜈1) + ℎ(𝜈2))  

= 1 − ℎ−1(ℎ(𝜈1) + ℎ(𝜈2)) + ℎ
−1(ℎ(𝜈1) + ℎ(𝜈2))  

= 1  

Therefore, one may claim that the modified expression (10.10) is valid. But, if  

(i) 𝜇𝛼𝑖 = 0 for any 𝑖, then the first term of expression (10.10) will always be zero. 

(ii) 𝜂𝛼𝑖 = 0 for any 𝑖, then the second term of expression (10.10) will always be zero. 

(iii) 𝜈𝛼𝑖 = 1 for any 𝑖, then the third term of expression (10.10) will always be 1. 

Therefore, it is inappropriate to use the modified expression (10.10) to propose any type of 

picture fuzzy aggregation operators.  

To define an appropriate operation of two PIFSs may be considered as challenging open 

research problem. 

(4) Jana et al. [106] pointed out that till now no one has used the Dombi t-norm and the Dombi 

t-conorm operations to define the arithmetic aggregation operators of PIFSs. To fill this gap 
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 Jana et al. [106] proposed the Dombi t-norm operation (10.11) and the Dombi t-conorm 

operation (10.12) of PIFSs 𝑝1 = 〈𝜇̂1, 𝜂̂1, 𝜈̂1〉 and 𝑝2 = 〈𝜇̂2, 𝜂̂2, 𝜈̂2〉.  

𝑝1⨁𝑝̃2 = ⟨1 −
1

1+{(
𝜇̂1
1−𝜇̂1

)
ℜ
+(

𝜇̂2
1−𝜇̂2

)
ℜ
}

1
ℜ

,
1

1+{(
1−𝜂̂1
𝜂̂1

)
ℜ
+(

1−𝜂̂2
𝜂̂2

)
ℜ
}

1
ℜ

,  
1

1+{(
1−𝜈̂1
𝜈̂1

)
ℜ
+(

1−𝜈̂2
𝜈̂2

)
ℜ
}

1
ℜ

⟩            (10.11)      

𝑝1⊗𝑝2 = ⟨
1

1+{(
1−𝜇̂1
𝜇̂1

)
ℜ
+(

1−𝜇̂2
𝜇̂2

)
ℜ
}

1
ℜ

, 1 −
1

1+{(
𝜂̂1
1−𝜂̂1

)
ℜ
+(

𝜂̂2
1−𝜂̂2

)
ℜ
}

1
ℜ

,  1 −
1

1+{(
𝜈̂1
1−𝜈̂1

)
ℜ
+(

𝜈̂2
1−𝜈̂2

)
ℜ
}

1
ℜ

⟩ (10.12)                    

where, ℜ ≥ 1 and 𝜆 > 0. 

Also, using (10.11) and (10.12), Jana et al. [106] proposed various types of picture fuzzy 

Dombi weighted averaging operators and picture fuzzy Dombi weighted geometric operators 

respectively. Furthermore, using the proposed picture fuzzy Dombi weighted 

averaging/geometric operators, Jana et al. [106] proposed a method for solving multiple 

attribute decision-making problems under picture fuzzy environment. 

In future, the other researchers may use the operation (10.12) and/or the picture fuzzy 

Dombi weighted geometric operators in their research work and/or to solve real-life MADMPrs 

under picture fuzzy environment. 

However, the following clearly indicates that the expression (10.12) is not valid 

Example 10.4 Let 𝑝1 = 〈𝜇̂1, 𝜂̂1, 𝜈̂1〉 = 〈0,1,0〉 and 𝑝2 = 〈𝜇̂2, 𝜂̂2, 𝜈̂2〉 = 〈0,0,1〉 be two PIFSs. 

Then,  

 𝑝1⊗𝑝2 = ⟨
1

1+{(
1−𝜇̂1
𝜇̂1

)
ℜ
+(

1−𝜇̂2
𝜇̂2

)
ℜ
}

1
ℜ

, 1 −
1

1+{(
𝜂̂1
1−𝜂̂1

)
ℜ
+(

𝜂̂2
1−𝜂̂2

)
ℜ
}

1
ℜ

,  1 −
1

1+{(
𝜈̂1
1−𝜈̂1

)
ℜ
+(

𝜈̂2
1−𝜈̂2

)
ℜ
}

1
ℜ

⟩ 

= ⟨
1

1+{(
1−0

0
)
ℜ
+(

1−0

0
)
ℜ
}

1
ℜ

, 1 −
1

1+{(
1

1−1
)
ℜ
+(

0

1−0
)
ℜ
}

1
ℜ

,  1 −
1

1+{(
0

1−0
)
ℜ
+(

1

1−1
)
ℜ
}

1
ℜ

⟩  
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= ⟨
1

1+{∞+∞}
1
ℜ

, 1 −
1

1+{∞+0}
1
ℜ

, 1 −
1

1+{0+∞}
1
ℜ

⟩ = ⟨
1

1+∞
, 1 −

1

1+∞
,  1 −

1

1+∞
⟩  

= 〈0,1,1〉. 

It is obvious that, 0 + 1 + 1 = 2 is greater than 1. So, 𝑝̃1⊗𝑝2 is not PIFS. Therefore, 

the operation (10.12) is not valid. 

If in the existing operation (10.12) the term 1 −
1

1+{(
𝜂̂1
1−𝜂̂1

)
ℜ
+(

𝜂̂2
1−𝜂̂2

)
ℜ
}

1
ℜ

 is replaced with the 

term 
1

1+{(
1−𝜂̂1
𝜂̂1

)
ℜ
+(

1−𝜂̂2
𝜂̂2

)
ℜ
}

1
ℜ

. Then, the Dombi t-conorm operation (10.12), will be transformed 

into the modified Dombi t-conorm operation (10.13). 

𝑝1⊗𝑝2 = ⟨
1

1+{(
1−𝜇̂1
𝜇̂1

)
ℜ
+(

1−𝜇̂2
𝜇̂2

)
ℜ
}

1
ℜ

,
1

1+{(
1−𝜂̂1
𝜂̂1

)
ℜ
+(

1−𝜂̂2
𝜂̂2

)
ℜ
}

1
ℜ

,  1 −
1

1+{(
𝜈̂1
1−𝜈̂1

)
ℜ
+(

𝜈̂2
1−𝜈̂2

)
ℜ
}

1
ℜ

⟩        (10.13)                   

It can be easily verified that the conditions 0 ≤
1

1+{(
1−𝜇̂1
𝜇̂1

)
ℜ
+(

1−𝜇̂2
𝜇̂2

)
ℜ
}

1
ℜ

≤ 1, 0 ≤

1

1+{(
1−𝜂̂1
𝜂̂1

)
ℜ
+(

1−𝜂̂2
𝜂̂2

)
ℜ
}

1
ℜ

≤ 1 and 0 ≤ 1 −
1

1+{(
𝜈̂1
1−𝜈̂1

)
ℜ
+(

𝜈̂2
1−𝜈̂2

)
ℜ
}

1
ℜ

≤ 1 will always be satisfied. Also, 

1

1+{(
1−𝜇̂1
𝜇̂1

)
ℜ
+(

1−𝜇̂2
𝜇̂2

)
ℜ
}

1
ℜ

+
1

1+{(
1−𝜂̂1
𝜂̂1

)
ℜ
+(

1−𝜂̂2
𝜂̂2

)
ℜ
}

1
ℜ

+ 1 −
1

1+{(
𝜈̂1
1−𝜈̂1

)
ℜ
+(

𝜈̂2
1−𝜈̂2

)
ℜ
}

1
ℜ

  

≤
1

1+{(
1−𝜇̂1−𝜂̂1
𝜇̂1+𝜂̂1

)
ℜ
+(

1−𝜇̂2−𝜂̂2
𝜇̂2+𝜂̂2

)
ℜ
}

1
ℜ

+ 1 −
1

1+{(
𝜈̂1
1−𝜈̂1

)
ℜ
+(

𝜈̂2
1−𝜈̂2

)
ℜ
}

1
ℜ

  

≤
1

1+{(
𝜈̂1
1−𝜈̂1

)
ℜ
+(

𝜈̂2
1−𝜈̂2

)
ℜ
}

1
ℜ

+ 1 −
1

1+{(
𝜈̂1
1−𝜈̂1

)
ℜ
+(

𝜈̂2
1−𝜈̂2

)
ℜ
}

1
ℜ

  

≤ 1. 

Therefore, one may conclude that the modified expression (10.13) is valid. But, if  

(i) 𝜇𝛼𝑖 = 0 for any 𝑖, then the first term of expression (10.13) will always be zero. 
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(ii) 𝜂𝛼𝑖 = 0 for any 𝑖, then the second term of expression (10.13) will always be zero. 

(iii) 𝜈𝛼𝑖 = 1 for any 𝑖, then the third term of expression (10.13) will always be 1. 

Therefore, it is inappropriate to use the modified expression (10.13) to propose any type of 

picture fuzzy aggregation operators.  

To define an appropriate operation of two PFSs may be considered as challenging open 

research problem. 

(5) Garg [82] solved an IVPFMADMPr by the existing TOPSIS method [82] and shown that 

the obtained preference order of the alternatives is not correct. Garg [82] also proposed the 

following method for solving same type of problems. 

Let there be 𝑚-alternatives 𝐴1, 𝐴2, … , 𝐴𝑚 and each alternative has 𝑛-atttribute 

𝐺1, 𝐺2, … , 𝐺𝑛. Also, let the evaluation of the decision-maker for the 𝑖𝑡ℎ-alternative 𝐴𝑖 over 

the 𝑗𝑡ℎ-attribute 𝐺𝑗 be represented by an IVPFS 𝛼̃𝑖𝑗 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]).  

Furthermore, let the weight 𝑤𝑗 of the 𝑗𝑡ℎ-attribute satisfies the following restrictions 

(i) 𝑤𝑗 ≥ 0 

(ii) ∑ 𝑤𝑗 = 1𝑛
𝑗=1 . 

Then, using the Garg’s IVPFMADM method [82], the preference order for all the 

alternatives can be obtained as follows: 

Step 1: Check that all the criteria are of same type or not i.e., check that all the criteria are 

benefit type criteria or cost type criteria. 

Case (i): If all the criteria are of same type then go to Step 2. 

Case (ii): If some criteria are cost type criteria and the remaining are benefit type criteria then 

convert the 𝑗𝑡ℎ cost type criteria into benefit type criteria by replacing all the elements 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the 𝑗𝑡ℎ column of the IVPFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 with 𝛼̃𝑖𝑗 =

([𝑎𝑖𝑗3, 𝑎𝑖𝑗4], [𝑎𝑖𝑗1, 𝑎𝑖𝑗2]) and go to Step 2. 
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Step 2: Using the expression (10.14), transform each IVPF element 𝛼̃𝑖𝑗 =  

([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) of the IVPFDM 𝐷̃ = (𝛼̃𝑖𝑗)𝑚×𝑛 = ([𝑎𝑖𝑗1, 𝑎𝑖𝑗2], [𝑎𝑖𝑗3, 𝑎𝑖𝑗4]) into the 

crisp element 𝑑𝑖𝑗 

𝑑𝑖𝑗 = (
(𝑎𝑖𝑗1

2 −𝑎𝑖𝑗3
2 )(1+√1−(𝑎𝑖𝑗1)

2
−(𝑎𝑖𝑗3)

2
)+(𝑎𝑖𝑗2

2 −𝑎𝑖𝑗4
2 )(1+√1−(𝑎𝑖𝑗2)

2
−(𝑎𝑖𝑗4)

2
)

2
).                         (10.14)                                            

Step 3: Using the expressions (10.15) and (10.16), find the values of 

𝑑(𝐴𝑖, 1) = √∑ (𝑤𝑗(1 − 𝑑𝑖𝑗)
2
)
2

𝑛
𝑗=1 , 𝑖 = 1,2, … ,𝑚                                                             (10.15) 

𝑑(𝐴𝑖, −1) = √∑ (𝑤𝑗(𝑑𝑖𝑗 + 1)
2
)
2

𝑛
𝑗=1 , 𝑖 = 1,2, … ,𝑚                                                       (10.16) 

Step 4: Using the expression (10.17), find the values of 𝐶𝐶(𝐴𝑖) =
𝑑(𝐴𝑖,−1)

𝑑(𝐴𝑖,1)+𝑑(𝐴𝑖,−1)
, 𝑖 =

1,2, … ,𝑚.                                                                                                                         (10.17) 

Step 5: Check that 𝐶𝐶(𝐴𝑝) > 𝐶𝐶(𝐴𝑞) or 𝐶𝐶(𝐴𝑝) < 𝐶𝐶(𝐴𝑞) or 𝐶𝐶(𝐴𝑝) = 𝐶𝐶(𝐴𝑞). 

 Case (i): If  𝐶𝐶(𝐴𝑝) > 𝐶𝐶(𝐴𝑞) then 𝐴𝑝 > 𝐴𝑞. 

Case (ii): If 𝐶𝐶(𝐴𝑝) < 𝐶𝐶(𝐴𝑞) then 𝐴𝑝 < 𝐴𝑞. 

Case (iii): If 𝐶𝐶(𝐴𝑝) = 𝐶𝐶(𝐴𝑞) then 𝐴𝑝 = 𝐴𝑞. 

However, the following example clearly indicates that it is inappropriate to use Garg’s 

IVPFMADM method [82] and hence, to resolve the inappropriateness of Garg’s method [82] 

may be considered as challenging open research problem. 

Let us consider an IVPFMCDM problem having two alternatives 𝐴1 and 𝐴2 and each 

alternative has two benefit criteria 𝐺1 and 𝐺2. Also, Table 10.1 represents the IVPFDM of the 

considered IVPFMCDM problem.  
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       Table 10.1 Rating values  

     Attributes→ 

↓  

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 ([0.30,0.60], [0.30,0.60]) ([0.20,0.60], [0.20,0.60]) 

𝐴2 ([0.20,0.70], [0.20,0.70]) ([0.20,0.60], [0.20,0.60]) 

                                                                                                                                                                                             

It is obvious that the rating value of both the alternatives  

𝐴1 and 𝐴2 over the criteria 𝐺2 is same i.e., ([0.20,0.60], [0.20,0.60]). Therefore, the ranking 

of the alternatives 𝐴1 and 𝐴2 will depend only upon the rating values of   

𝐴1 and 𝐴2 over the criterion 𝐺1 i.e., if the rating value of the alternative 𝐴1 over 𝐺1 i.e., 

([0.30,0.60], [0.30,0.60]) will be greater than the rating value of the alternative 𝐴2 over the 

same criterion 𝐺1 i.e., ([0.20,0.70], [0.20,0.70]). Then, the relation will be 𝐴1 > 𝐴2 otherwise 

the relation will be 𝐴1 < 𝐴2.  

It is pertinent to mention that as ([0.30,0.60], [0.30,0.60]) ≠

([0.20,0.70], [0.20,0.70]). Therefore, the relation 𝐴1 = 𝐴2 is not possible. However, the 

following clearly indicates that on solving this problem by Garg’s IVPFMCDM method [82], 

the obtained relation is 𝐴1 = 𝐴2, which is obviously incorrect. 

Using the Garg’s IVPFMCDM method [82], the preference order of the alternatives 𝐴1 

and 𝐴2 can be obtained as follows: 

Step 1: Since both the considered criteria 𝐺1 and 𝐺2 are benefit criteria. So there is no need to  

apply Step 1 of the Garg’s IVPFMCDM method [82]. 

Step 2: According to Step 2 of Garg’s method [82], there is need to calculate 𝑑𝑖𝑗  ∀ 𝑖 =

1,2, … ,4; 𝑗 = 1,2, … ,4. These values are shown in Table 10.2. 
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          Table 10.2: Values of 𝒅𝒊𝒋 

𝑑11 = 0  𝑑12 = 0  

𝑑21 = 0  𝑑22 = 0  

 

Step 3: Using Step 3 of Garg’s IVPFMCDM method [82],  

𝑑(𝐴1, 1) = √(𝑤1(1 − 0.0)2)2 + (𝑤2(1 − 0.0)2)2 = √𝑤12 + 𝑤22,   

𝑑(𝐴2, 1) = √(𝑤1(1 − 0.0)2)2 + (𝑤2(1 − 0.0)2)2 = √𝑤12 + 𝑤22,  

𝑑(𝐴1, −1) = √(𝑤1(0.0 + 1)2)2 + (𝑤2(0.0 + 1)2)2 = √𝑤12 + 𝑤22,  

𝑑(𝐴2, −1) = √(𝑤1(0.0 + 1)2)2 + (𝑤2(0.0 + 1)2)2 = √𝑤12 + 𝑤22. 

Step 4: Using Step 4 of Garg’s IVPFMCDM method [82],  

(i) 𝐶𝐶(𝐴1) =
𝑑(𝐴1,−1)

𝑑(𝐴1,1)+𝑑(𝐴1,−1)
=

√𝑤12+𝑤22

√𝑤12+𝑤22+√𝑤12+𝑤22
=

1

2
  

(ii) 𝐶𝐶(𝐴1) =
𝑑(𝐴1,−1)

𝑑(𝐴1,1)+𝑑(𝐴1,−1)
=

√𝑤12+𝑤22

√𝑤12+𝑤22+√𝑤12+𝑤22
=

1

2
 

Step 5: Since 𝐶𝐶(𝐴1) = 𝐶𝐶(𝐴2). So according to Step 5 of Garg’s IVPFMCDM method [82], 

𝐴1 = 𝐴2. 

Therefore, according to Step 5 of the Garg’s IVPFMCDM method [82], 𝐴1 = 𝐴2, which is 

mathematically incorrect.  

(6) Yue [260] proposed a geometric approach for solving IVIFMAGDM problems. There are 

seven steps in this approach. In Step 1 to Step 3 of this approach, the IVIFMAGDM 

problem is transformed into IVIFMADMPr and in Step 4 to Step 7 of this approach the 

ranking of the alternatives, for the transformed IVIFMADM, is obtained. It is obvious that 

if one would like to solve an IVIFMADMPr with the help of Yue’s geometric approach. 

Then, there is need to use only Step 4 to Step 7 of this approach. However, the following 

examples clearly indicates that, it is inappropriate to use Yue’s approach [260]. Hence, to 
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resolve the inappropriateness of Yue’s approach [260] may be considered as challenging 

open research problem. 

Let us consider that two students 𝐴1 and 𝐴2 secure marks 𝑎1 and 𝑎2 in the subject 𝑆1. 

While, the equal marks (say, 𝑎) in the subject 𝑆2. Then, to find the ranking of these students 

is a MADMPr.  

Since, the marks of 𝐴1 and 𝐴2 in 𝑆2 are equal. So, the ranking of 𝐴1 and 𝐴2 will depend 

only upon the marks in the subject 𝑆1 i.e.,  

(i) If 𝑎1 > 𝑎2 then 𝐴1 is superior to 𝐴2. 

(ii)  If 𝑎1 < 𝑎2 then 𝐴2 is superior to 𝐴1. 

(iii) 𝐴1 and 𝐴2 can never be equivalent as 𝑎1 ≠ 𝑎2. 

On the same direction, if Table 10.3 represents the interval-valued intuitionistic fuzzy 

decision matrix of an IVIFMADMPr having two alternatives 𝐴1, 𝐴2 and two attributes 𝐺1, 𝐺2. 

Then, the alternative 𝐴1 and 𝐴2 can never be equivalent as ([0,
1

2
] , [0,

1

2
]) ≠ ([0,

1

3
] , [0,

1

3
]). 

        Table 10.3: Rating values 

     Attributes→ 

↓    

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 
([0,

1

2
] , [0,

1

2
]) ([0,

1

2
] , [0,

1

2
]) 

𝐴2 
([0,

1

3
] , [0,

1

3
]) ([0,

1

2
] , [0,

1

2
]) 

 

While, following clearly indicates that on solving the considered IVIFMADMPr by 

Yue’s approach [260], the relation 𝐴1 equivalent to 𝐴2 is obtained i.e., the ranking of the 

alternatives 𝐴1 and 𝐴2, obtained by the Yue’s approach [260], is not valid. 

Using Step 4 to Step 7 of the geometric approach [260], the ranking of the alternatives 
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𝐴1 and 𝐴2 can be obtained as follows:  

According to Step 4 to Step 7 of the geometric approach [260], to find the ranking of 

the alternatives  𝐴1 and 𝐴2, there is need to compare the relative closeness, 𝑅𝐶1 = 𝑟11 + 𝑟12 =

𝑃(𝑦̃11≥𝑦̃1
−)

𝑃(𝑦̃1
+≥𝑦̃11)+𝑃(𝑦̃11≥𝑦̃1

−)
+

𝑃(𝑦̃12≥𝑦̃2
−)

𝑃(𝑦̃2
+≥𝑦̃12)+𝑃(𝑦̃12≥𝑦̃2

−)
  and 𝑅𝐶2 = 𝑟21 + 𝑟22 =

𝑃(𝑦̃21≥𝑦̃1
−)

𝑃(𝑦̃1
+≥𝑦̃21)+𝑃(𝑦̃21≥𝑦̃1

−)
+

𝑃(𝑦̃22≥𝑦̃2
−)

𝑃(𝑦̃2
+≥𝑦̃22)+𝑃(𝑦̃22≥𝑦̃2

−)
, where 𝑃(𝛼̃ ≥ 𝛽) = 𝑃 (([𝜇𝛼̃

𝑙 , 𝜇𝛼̃
𝑢], [𝜈𝛼̃

𝑙 , 𝜈𝛼̃
𝑢]) ≥ ([𝜇𝛽̃

𝑙 , 𝜇𝛽̃
𝑢] , [𝜈𝛽̃

𝑙 , 𝜈𝛽̃
𝑢])) = 

1

2
(𝑃(𝜇𝛼̃ ≥ 𝜇𝛽̃) + 𝑃(𝜈𝛽̃ ≥ 𝜈𝛼̃)).  

It is obvious that to find the values of 𝑅𝐶1 and 𝑅𝐶2, there is need to calculate the 

IVIFPIS 𝑌+ = (𝑦̃1
+, 𝑦̃2

+) = (([𝜏1
+𝑙, 𝜏1

+𝑢], [𝜐1
+𝑙, 𝜐1

+𝑢]), ([𝜏2
+𝑙 , 𝜏2

+𝑢], [𝜐2
+𝑙, 𝜐2

+𝑢])), the IVIFNIS 

𝑌− = (𝑦̃1
−, 𝑦̃2

−) = (([𝜏1
−𝑙, 𝜏1

−𝑢], [𝜐1
−𝑙, 𝜐1

−𝑢]), ([𝜏2
−𝑙 , 𝜏2

−𝑢], [𝜐2
−𝑙, 𝜐2

−𝑢])), and the possibility 

degrees 𝑃(𝑦̃11 ≥ 𝑦̃1
−), 𝑃(𝑦̃1

+ ≥ 𝑦̃11), 𝑃(𝑦̃12 ≥ 𝑦̃2
−), 𝑃(𝑦̃2

+ ≥ 𝑦̃12), 𝑃(𝑦̃21 ≥ 𝑦̃1
−), 𝑃(𝑦̃1

+ ≥ 𝑦̃21), 

𝑃(𝑦̃22 ≥ 𝑦̃2
−) and 𝑃(𝑦̃2

+ ≥ 𝑦̃22). 

These values can be calculated as follows: 

Values of the interval-valued intuitionistic fuzzy positive and negative-ideal solutions 

Since 𝑦̃11 = ([𝜏11
𝑙 , 𝜏11

𝑢 ], [𝜐11
𝑙 , 𝜐11

𝑢 ]) = ([0,
1

2
] , [0,

1

2
]), 𝑦̃12 = ([𝜏12

𝑙 , 𝜏12
𝑢 ], [𝜐12

𝑙 , 𝜐12
𝑢 ]) =

([0,
1

2
] , [0,

1

2
]), 𝑦̃21 = ([𝜏21

𝑙 , 𝜏21
𝑢 ], [𝜐21

𝑙 , 𝜐21
𝑢 ]) = ([0,

1

3
] , [0,

1

3
]) and 

𝑦̃22 = ([𝜏22
𝑙 , 𝜏22

𝑢 ], [𝜐22
𝑙 , 𝜐22

𝑢 ]) = ([0,
1

2
] , [0,

1

2
]) . So, using the existing expression [260], 

(i) The IVIFNIS,  𝑦̃1
− = ([𝜏1

−𝑙, 𝜏1
−𝑢], [𝜐1

−𝑙, 𝜐1
−𝑢]) 

       = ([min(𝜏11
𝑙 , 𝜏21

𝑙 ) ,min(𝜏11
𝑢 , 𝜏21

𝑢 )], [max(𝜐11
𝑙 , 𝜐21

𝑙 ),  max(𝜐11
𝑢 , 𝜐21

𝑢 )]) = ([0,
1

3
] , [0,

1

2
]). 

(ii) The IVIFNIS, 𝑦̃2
− = ([𝜏2

−𝑙, 𝜏2
−𝑢], [𝜐2

−𝑙, 𝜐2
−𝑢]) 

       = ([min(𝜏12
𝑙 , 𝜏22

𝑙 ) ,min(𝜏12
𝑢 , 𝜏22

𝑢 )], [max(𝜐12
𝑙 , 𝜐22

𝑙 ),  max(𝜐12
𝑢 , 𝜐22

𝑢 )]) = ([0,
1

2
] , [0,

1

2
]).    

(iii) The IVIFPIS, 𝑦̃1
+ = ([𝜏1

+𝑙, 𝜏1
+𝑢], [𝜐1

+𝑙, 𝜐1
+𝑢]) 



276 
 

      = ([max(𝜏11
𝑙 , 𝜏21

𝑙 ) ,max(𝜏11
𝑢 , 𝜏21

𝑢 )], [min (𝜐11
𝑙 , 𝜐21

𝑙 ), min(𝜐11
𝑢 , 𝜐21

𝑢 )]) = ([0,
1

2
] , [0,

1

3
]). 

(iv) The IVIFPIS, 𝑦̃2
+ = ([𝜏2

+𝑙, 𝜏2
+𝑢], [𝜐2

+𝑙, 𝜐2
+𝑢]) 

       = ([max(𝜏12
𝑙 , 𝜏22

𝑙 ) ,max(𝜏12
𝑢 , 𝜏22

𝑢 )], [min (𝜐12
𝑙 , 𝜐22

𝑙 ), min(𝜐12
𝑢 , 𝜐22

𝑢 )]) = ([0,
1

2
] , [0,

1

2
]). 

Values of the possibility degrees 

  Using the existing expression [260], 

𝑃([𝑎, 𝑏] ≥ [𝑐, 𝑑]) =
𝑙𝑜𝑣𝑒𝑟
([𝑐,𝑑],[𝑎,𝑏])

𝑙𝑜𝑣𝑒𝑟𝑎𝑙𝑙
([𝑐,𝑑],[𝑎,𝑏]) =

𝑙𝑜𝑣𝑒𝑟
([𝑐,𝑑],[𝑎,𝑏])

2((𝑏−𝑎)+(𝑑−𝑐))
      

where,  

𝑙𝑜𝑣𝑒𝑟
([𝑐,𝑑],[𝑎,𝑏]) =

{
  
 

  
 
(𝑏 − 𝑑) + (𝑑 − 𝑐) + (𝑏 − 𝑎) + (𝑎 − 𝑐); 𝑐 ≤ 𝑎 < 𝑑 < 𝑏

2((𝑏 − 𝑎) + (𝑑 − 𝑐))                                 ; 𝑐 < 𝑑 ≤ 𝑎 < 𝑏

(𝑑 − 𝑐) + (𝑏 − 𝑎) + (𝑎 − 𝑐)                    ; 𝑐 ≤ 𝑎 < 𝑏 ≤ 𝑑
(𝑏 − 𝑑) + (𝑑 − 𝑐) + (𝑑 − 𝑎)                    ; 𝑎 ≤ 𝑐 < 𝑑 ≤ 𝑏
2(𝑏 − 𝑐)                                                          ; 𝑎 < 𝑐 ≤ 𝑏 ≤ 𝑑

2((𝑏 − 𝑎) + (𝑑 − 𝑐))                                   ; 𝑎 < 𝑏 ≤ 𝑐 < 𝑑

  

(i) 𝑃(𝑦̃11 ≥ 𝑦̃1
−) =

1

2
(𝑃 ([0,

1

2
] ≥ [0,

1

3
]) + 𝑃 ([0,

1

2
] ≥ [0,

1

2
])) =

1

2
(0.6 + 0.5) = 0.55. 

(ii) 𝑃(𝑦̃1
+ ≥ 𝑦̃11) =

1

2
(𝑃 ([0,

1

2
] ≥ [0,

1

2
]) + 𝑃 ([0,

1

2
] ≥ [0,

1

3
])) =

1

2
(0.5 + 0.6) = 0.55.                               

(iii) 𝑃(𝑦̃12 ≥ 𝑦̃2
−) =

1

2
(𝑃 ([0,

1

2
] ≥ [0,

1

2
]) + 𝑃 ([0,

1

2
] ≥ [0,

1

2
])) =

1

2
(0.5 + 0.5) = 0.5.                       

(iv) 𝑃(𝑦̃2
+ ≥ 𝑦̃12) =

1

2
(𝑃 ([0,

1

2
] ≥ [0,

1

2
]) + 𝑃 ([0,

1

2
] ≥ [0,

1

2
])) =

1

2
(0.5 + 0.5) = 0.5.                       

(v) 𝑃(𝑦̃21 ≥ 𝑦̃1
−) =

1

2
(𝑃 ([0,

1

3
] ≥ [0,

1

3
]) + 𝑃 ([0,

1

2
] ≥ [0,

1

3
])) =

1

2
(0.5 + 0.6) = 0.55.                       

(vi) 𝑃(𝑦̃1
+ ≥ 𝑦̃21) =

1

2
(𝑃 ([0,

1

2
] ≥ [0,

1

3
]) + 𝑃 ([0,

1

3
] ≥ [0,

1

3
])) =

1

2
(0.6 + 0.5) = 0.55.                       

(vii) 𝑃(𝑦̃22 ≥ 𝑦̃2
−) =

1

2
(𝑃 ([0,

1

2
] ≥ [0,

1

2
]) + 𝑃 ([0,

1

2
] ≥ [0,

1

2
])) =

1

2
(0.5 + 0.5) = 0.5.                        

(viii) 𝑃(𝑦̃2
+ ≥ 𝑦̃22) =

1

2
(𝑃 ([0,

1

2
] ≥ [0,

1

2
]) + 𝑃 ([0,

1

2
] ≥ [0,

1

2
])) =

1

2
(0.5 + 0.5) = 0.5.      
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Elements of the relative closeness matrix 

 Using the existing expression [260], 𝑟𝑖𝑗 =
𝑃(𝑦̃𝑖𝑗≥𝑦̃𝑗

−)

𝑃(𝑦̃𝑗
+≥𝑦̃𝑖𝑗)+𝑃(𝑦̃𝑖𝑗≥𝑦̃𝑗

−)
, 

(i) 𝑟11 =
𝑃(𝑦̃11≥𝑦̃1

−)

𝑃(𝑦̃1
+≥𝑦̃11)+𝑃(𝑦̃11≥𝑦̃1

−)
=

0.55

0.55+0.55
= 0.55. 

(ii) 𝑟12 =
𝑃(𝑦̃12≥𝑦̃2

−)

𝑃(𝑦̃2
+≥𝑦̃12)+𝑃(𝑦̃12≥𝑦̃2

−)
=

0.50

0.50+0.50
= 0.50. 

(iii)  𝑟21 =
𝑃(𝑦̃21≥𝑦̃1

−)

𝑃(𝑦̃1
+≥𝑦̃21)+𝑃(𝑦̃21≥𝑦̃1

−)
=

0.55

0.55+0.55
= 0.55. 

(iv)  𝑟22 =
𝑃(𝑦̃22≥𝑦̃2

−)

𝑃(𝑦̃2
+≥𝑦̃22)+𝑃(𝑦̃22≥𝑦̃2

−)
=

0.50

0.50+0.50
= 0.50. 

Therefore, the relative closeness matrix, 𝑅 = (
𝑟11 𝑟12
𝑟21 𝑟22

) = (
0.55 0.50
0.55 0.50

). 

Values of the relative closeness  

(i) Using the values of 𝑟11 and 𝑟12,  

𝑅𝐶1 = 𝑟11 + 𝑟12 = 0.55 + 0.50 = 1.05. 

(ii) Using the values of 𝑟21 and 𝑟22,  

𝑅𝐶2 = 𝑟21 + 𝑟22 = 0.55 + 0.50 = 1.05. 

Ranking of the alternatives  

 It is obvious that 𝑅𝐶1 = 𝑅𝐶2. Therefore, according to Step 7 of the existing approach 

[260], 𝐴̃1 and 𝐴̃2 are equivalent. While, as discussed earlier that for the considered problem 𝐴̃1 

and 𝐴̃2 can never be equivalent. This clearly indicates that the existing geometric approach 

[260] is not valid in its present form. 

(7) Chen [32] proposed an inclusion-based TOPSIS method for solving IVIFMAGDM 

problems. There are nine steps in this method. In Step 1 to Step 6 of this method, the 

IVIFMAGDM problem is transformed into an IVIFMADMPr and in Step 7 to Step 9 of 

this method, the obtained IVIFMADMPr is solved to find the ranking of the alternatives. It 

is obvious that if one want to solve a IVIFMADMPr with the help of Chen’s inclusion-

based TOPSIS method. Then, there is need to use only Step 7 to Step 9 of this method.  
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However, the following examples clearly indicates that, it is inappropriate to use Chen’s 

method [32]. Hence to resolve the inappropriateness of Chen’s method [32] may be 

considered as challenging open research problem. 

Let us consider an IVIFMADMPr having two alternatives 𝐴1 and 𝐴2 and each alternative has 

two benefit attribute’s 𝐺1 and 𝐺2. Furthermore, let Table 10.4 represents the IVIFDM of the 

considered problem.  

             Table 10.4: Rating value 

     Attributes→ 

↓    

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 
([0,

1

2
] , [0,

1

2
]) ([0,

1

2
] , [0,

1

2
]) 

𝐴2 
([0,

1

3
] , [0,

1

3
]) ([0,

1

2
] , [0,

1

2
]) 

 

It is obvious that the rating value of both the alternatives 𝐴1 and 𝐴2 over the attribute 

𝐺2 is same i.e., ([0,
1

2
] , [0,

1

2
]). Therefore, the ranking of the alternatives 𝐴1 and 𝐴2 will depend 

only upon the rating values of  𝐴1 and 𝐴2 over the attribute 𝐺1. i.e., if the rating value of the 

alternative 𝐴1 over 𝐺1 i.e., ([0,
1

2
] , [0,

1

2
]) will be greater than the rating value of the alternative 

𝐴2 over the same attribute 𝐺1 i.e., ([0,
1

3
] , [0,

1

3
]). Then the relation will be 𝐴1 > 𝐴2. Otherwise, 

𝐴1 < 𝐴2. 

It is pertinent to mention that as ([0,
1

2
] , [0,

1

2
]) ≠ ([0,

1

3
] , [0,

1

3
]). Therefore, the relation 

𝐴1 = 𝐴2 is not possible.  

This problem is solved by the existing inclusion-based TOPSIS method (Step 7 to Step 

9) [32], and shown that the obtained relation is 𝐴1 = 𝐴2, which is incorrect. 
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Using Step 7 to Step 9 of the inclusion-based TOPSIS method [32], the ranking of the 

alternatives 𝐴1 and 𝐴2 can be obtained as follows:  

Step 1: Using Step 7 of the inclusion-based TOPSIS method [32], 𝛼̃∗1
− = ([0,

1

3
] , [0,

1

2
]), 𝛼̃∗2

− =

([0,
1

2
] , [0,

1

2
]), 𝛼̃∗1

+ = ([0,
1

2
] , [0,

1

3
]) and 𝛼̃∗2

+ = ([0,
1

2
] , [0,

1

2
]). 

Step 2: Using Step 8 of the inclusion-based TOPSIS method [32],  

(i) 𝑃(𝛼̃11 ⊇ 𝛼̃∗1
− ) =

1

2
(𝑃−(𝛼̃11 ⊇ 𝛼̃∗1

− ) + 𝑃+(𝛼̃11 ⊇ 𝛼̃∗1
− )) =

1

2
(0.1428 + 1) = 0.5714.                         

(ii) 𝑃(𝛼̃∗1
+ ⊇ 𝛼̃11) =

1

2
(𝑃−(𝛼̃∗1

+ ⊇ 𝛼̃11) + 𝑃
+(𝛼̃∗1

+ ⊇ 𝛼̃11)) =
1

2
(0.1428 + 1) = 0.5714. 

(iii) 𝑃(𝛼̃12 ⊇ 𝛼̃∗2
− ) =

1

2
(𝑃−(𝛼̃12 ⊇ 𝛼̃∗2

− ) + 𝑃+(𝛼̃12 ⊇ 𝛼̃∗2
− )) =

1

2
(0 + 1) = 0.5. 

(iv) 𝑃(𝛼̃∗2
+ ⊇ 𝛼̃12) =

1

2
(𝑃−(𝛼̃∗2

+ ⊇ 𝛼̃12) + 𝑃
+(𝛼̃∗2

+ ⊇ 𝛼̃12)) =
1

2
(0 + 1) = 0.5. 

(v) 𝑃(𝛼̃21 ⊇ 𝛼̃∗1
− ) =

1

2
(𝑃−(𝛼̃21 ⊇ 𝛼̃∗1

− ) + 𝑃+(𝛼̃21 ⊇ 𝛼̃∗1
− )) =

1

2
(0.25 + 0.8571) = 0.5535. 

(vi) 𝑃(𝛼̃∗1
+ ⊇ 𝛼̃21) =

1

2
(𝑃−(𝛼̃∗1

+ ⊇ 𝛼̃21) + 𝑃
+(𝛼̃∗1

+ ⊇ 𝛼̃21)) =
1

2
(0.25 + 0.8571) = 0.5535. 

(vii) 𝑃(𝛼̃22 ⊇ 𝛼̃∗2
− ) =

1

2
(𝑃−(𝛼̃22 ⊇ 𝛼̃∗2

− ) + 𝑃+(𝛼̃22 ⊇ 𝛼̃∗2
− )) =

1

2
(0 + 1) = 0.5. 

(viii) 𝑃(𝛼̃∗2
+ ⊇ 𝛼̃22) =

1

2
(𝑃−(𝛼̃∗2

+ ⊇ 𝛼̃22) + 𝑃
+(𝛼̃∗2

+ ⊇ 𝛼̃22)) =
1

2
(0 + 1) = 0.5. 

Therfore, 𝐶𝐶(𝐴̃1) =
𝑃(𝛼̃11⊇𝛼̃∗1

− )×𝑤1+𝑃(𝛼̃12⊇𝛼̃∗2
− )×𝑤2

(𝑃(𝛼̃11⊇𝛼̃∗1
− )+𝑃(𝛼̃∗1

+ ⊇𝛼̃11))×𝑤1+(𝑃(𝛼̃12⊇𝛼̃∗2
− )+𝑃(𝛼̃∗2

+ ⊇𝛼̃12))×𝑤2
 

   =
0.5714×𝑤1+0.5×𝑤2

(0.5714+0.5714)×𝑤1+(0.5+0.5)×𝑤2
= 0.5,  

𝐶𝐶(𝐴̃2) =
𝑃(𝛼̃21⊇𝛼̃∗1

− )×𝑤1+𝑃(𝛼̃22⊇𝛼̃∗2
− )×𝑤2

(𝑃(𝛼̃21⊇𝛼̃∗1
− )+𝑃(𝛼̃∗1

+ ⊇𝛼̃21))×𝑤1+(𝑃(𝛼̃22⊇𝛼̃∗2
− )+𝑃(𝛼̃∗2

+ ⊇𝛼̃22))×𝑤2
  

=
0.5535×𝑤1+0.5×𝑤2

(0.5535+0.5535)×𝑤1+(0.5+0.5)×𝑤2
= 0.5. 

Step 3: Since, 𝐶𝐶(𝐴̃1) = 𝐶𝐶(𝐴̃2), therefore, according to Step 9 of the inclusion-based 

TOPSIS method [32], 𝐴1 = 𝐴2.  

While, as discussed earlier that for the considered problem 𝐴1 = 𝐴2 is not possible. 

This clearly indicates that the existing inclusion-based TOPSIS method [32] is not valid in its 
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present form. 

(8) Chen [26, 31] proposed an inclusion-based LINMAP method for solving IVIFMAGDM 

problems. In the method, proposed by Chen [26, 31], there are fifteen steps. In Step 1 to 

Step 7 of this method, an IVIFMAGDM problem is transformed into an IVIFMADMPr 

and from Step 8 to Step 15, the obtained IVIFMADMPr is solved to obtain the ranking of 

the alternatives. 

However, the following examples clearly indicates that, it is inappropriate to use Chen’s 

method [26, 31]. Hence, to resolve the inappropriateness of Chen’s method [26, 31] may be 

considered as challenging open research problem. 

Let us consider an IVIFMADMPr having two alternatives 𝐴1 and 𝐴2 and each alternative 

has two benefit attributes 𝐺1 and 𝐺2. Furthermore, let Table 10.5 represents the IVIFDM of the 

considered problem.  

          Table 10.5: Rating values 

     Attributes→ 

↓    

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 
([
1

3
,
1

2
] , [
1

3
,
1

2
]) ([

1

5
,
1

3
] , [
1

5
,
1

3
]) 

𝐴2 
([
1

4
,
1

3
] , [
1

4
,
1

3
]) ([

1

5
,
1

3
] , [
1

5
,
1

3
]) 

 

It is obvious that the rating value of  both the alternatives 𝐴1 and 𝐴2 over the attribute 

𝐺2 is same i.e., ([
1

5
,
1

3
] , [

1

5
,
1

3
]). Therefore, the ranking of the alternatives 𝐴1 and 𝐴2 will depend 

only upon the rating values of  𝐴1 and 𝐴2 over the attribute 𝐺1. i.e., if the rating value of the 

alternative 𝐴1 over 𝐺1 i.e., ([
1

3
,
1

2
] , [

1

3
,
1

2
]) will be greater than the rating value of the alternative 
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𝐴2 over the same attribute 𝐺1 i.e., ([
1

4
,
1

3
] , [

1

4
,
1

3
]). Then, the relation will be 𝐴1 > 𝐴2. 

Otherwise, 𝐴1 < 𝐴2. 

It is pertinent to mention that as ([
1

3
,
1

2
] , [

1

3
,
1

2
]) ≠ ([

1

4
,
1

3
] , [

1

4
,
1

3
]). Therefore, the relation 

𝐴1 = 𝐴2 is not possible.  

However, the following clearly indicates that on solving the considered IVIFMAGDM 

problem by the existing inclusion-based LINMAP method [26, 31] the obtained relation is 

𝐴1 = 𝐴2, which is incorrect. 

Using Step 7 to Step 15 of the inclusion-based LINMAP method [26, 31], the ranking 

of the alternatives 𝐴1 and 𝐴2 can be obtained as follows:  

According to Step 7 to Step 15 of the inclusion-based LINMAP method [26, 31], to 

find the rank of the alternatives  𝐴1 and 𝐴2, there is need to compare the comprehensive 

inclusion-based index 𝐶𝐼̅̅̅(𝐴1) = 𝐼(𝑎̃11) × 𝑤̅1 + 𝐼(𝑎̃12) × 𝑤̅2 and 𝐶𝐼̅̅̅(𝐴2) = 𝐼(𝑎̃21) × 𝑤̅1 + 

𝐼(𝑎̃22) × 𝑤̅2. 

Since, the considered attributes are benefit attributes. Therefore, using the existing 

expression [26, 31],  𝐼(𝑎̃11) =
𝑃(𝑎̃11⊇𝑎̃∗1

− )

𝑃(𝑎̃∗1
+ ⊇𝑎̃11)+𝑃(𝑎̃11⊇𝑎̃∗1

− )
, 𝐼(𝑎̃12) =

𝑃(𝑎̃12⊇𝑎̃∗2
− )

𝑃(𝑎̃∗2
+ ⊇𝑎̃12)+𝑃(𝑎̃12⊇𝑎̃∗2

− )
, 𝐼(𝑎̃21) =

𝑃(𝑎̃21⊇𝑎̃∗1
− )

𝑃(𝑎̃∗1
+ ⊇𝑎̃21)+𝑃(𝑎̃21⊇𝑎̃∗1

− )
 and 𝐼(𝑎̃22) =

𝑃(𝑎̃22⊇𝑎̃∗2
− )

𝑃(𝑎̃∗2
+ ⊇𝑎̃22)+𝑃(𝑎̃22⊇𝑎̃∗2

− )
, where 𝑃(𝑎̃1 ⊇ 𝑎̃2) =

1

2
(𝑃−(𝑎̃1 ⊇

𝑎̃2) + 𝑃
+(𝑎̃1 ⊇ 𝑎̃2)). 

It is obvious that to find 𝐼(𝑎̃11), 𝐼(𝑎̃12), 𝐼(𝑎̃21) and 𝐼(𝑎̃22), there is need to calculate 

the IVIFPIS, 𝑎̃∗𝑗
+ = ([𝜇∗𝑗

+𝑙, 𝜇∗𝑗
+𝑢], [𝜈∗𝑗

+𝑙, 𝜈∗𝑗
+𝑢]) 𝑗 = 1,2 IVIFNIS, 𝑎̃∗𝑗

− = ([𝜇∗𝑗
−𝑙, 𝜇∗𝑗

−𝑢], [𝜈∗𝑗
−𝑙, 𝜈∗𝑗

−𝑢]), 

𝑗 = 1,2 the lower comparison inclusion possibilities, 𝑃−(𝑎̃11 ⊇ 𝑎̃∗1
− ), 𝑃−(𝑎̃∗1

+ ⊇ 𝑎̃11), 

𝑃−(𝑎̃12 ⊇ 𝑎̃∗2
− ), 𝑃−(𝑎̃∗2

+ ⊇ 𝑎̃12), 𝑃
−(𝑎̃21 ⊇ 𝑎̃∗1

− ), 𝑃−(𝑎̃∗1
+ ⊇ 𝑎̃21), 𝑃

−(𝑎̃22 ⊇ 𝑎̃∗2
− ), 𝑃−(𝑎̃∗2

+ ⊇

𝑎̃22) and the upper comparison inclusion possibilities, 𝑃+(𝑎̃11 ⊇ 𝑎̃∗1
− ), 𝑃+(𝑎̃∗1

+ ⊇ 𝑎̃11), 

𝑃+(𝑎̃12 ⊇ 𝑎̃∗2
− ), 𝑃+(𝑎̃∗2

+ ⊇ 𝑎̃12), 𝑃
+(𝑎̃21 ⊇ 𝑎̃∗1

− ), 𝑃+(𝑎̃∗1
+ ⊇ 𝑎̃21), 𝑃

+(𝑎̃22 ⊇ 𝑎̃∗2
− ), 𝑃+(𝑎̃∗2

+ ⊇ 
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𝑎̃22). 

These values can be calculated as follows: 

Values of the interval-valued intuitionistic fuzzy positive and negative-ideal solutions 

Since 𝑎̃11 = ([𝜇11
𝑙 , 𝜇11

𝑢 ], [𝜈11
𝑙 , 𝜈11

𝑢 ]) = ([
1

3
,
1

2
] , [

1

3
,
1

2
]), 𝑎̃12 = ([𝜇12

𝑙 , 𝜇12
𝑢 ], [𝜈12

𝑙 , 𝜈12
𝑢 ]) =

([
1

5
,
1

3
] , [

1

5
,
1

3
]), 𝑎̃21 = ([𝜇21

𝑙 , 𝜇21
𝑢 ], [𝜈21

𝑙 , 𝜈21
𝑢 ]) = ([

1

4
,
1

3
] , [

1

4
,
1

3
]) and 𝑎̃22 =

([𝜇22
𝑙 , 𝜇22

𝑢 ], [𝜈22
𝑙 , 𝜈22

𝑢 ]) = ([
1

5
,
1

3
] , [

1

5
,
1

3
]) . Therefore, using the existing expression [26, 31] 

(i) The IVIFNIS, 

 𝑎̃∗1
− = ([𝜇∗1

−𝑙, 𝜇∗1
−𝑢], [𝜈∗1

−𝑙, 𝜈∗1
−𝑢]) 

       = ([min(𝜇11
𝑙 , 𝜇21

𝑙 ) ,min(𝜇11
𝑢 , 𝜇21

𝑢 )], [max(𝜈11
𝑙 , 𝜈21

𝑙 ), max(𝜈11
𝑢 , 𝜈21

𝑢 )]) = ([
1

4
,
1

3
] , [

1

3
,
1

2
]) 

(ii) The IVIFNIS, 

 𝑎̃∗2
− = ([𝜇∗2

−𝑙, 𝜇∗2
−𝑢], [𝜈∗2

−𝑙, 𝜈∗2
−𝑢]) 

       = ([min(𝜇12
𝑙 , 𝜇22

𝑙 ) ,min(𝜇12
𝑢 , 𝜇22

𝑢 )], [max(𝜈12
𝑙 , 𝜈22

𝑙 ), max(𝜈12
𝑢 , 𝜈22

𝑢 )]) = ([
1

5
,
1

3
] , [

1

5
,
1

3
])    

(iii) The IVIFPIS, 

 𝑎̃∗1
+ = ([𝜇∗1

+𝑙, 𝜇∗1
+𝑢], [𝜈∗1

+𝑙, 𝜈∗1
+𝑢]) 

      = ([max(𝜇11
𝑙 , 𝜇21

𝑙 ) ,max(𝜇11
𝑢 , 𝜇21

𝑢 )], [min (𝜈11
𝑙 , 𝜈21

𝑙 ),  min(𝜈11
𝑢 , 𝜈21

𝑢 )]) = ([
1

3
,
1

2
] , [

1

4
,
1

3
])  

(iv) The IVIFPIS, 

 𝑎̃∗2
+ = ([𝜇∗2

+𝑙, 𝜇∗2
+𝑢], [𝜈∗2

+𝑙, 𝜈∗2
+𝑢]) 

       = ([max(𝜇12
𝑙 , 𝜇22

𝑙 ) ,max(𝜇12
𝑢 , 𝜇22

𝑢 )], [min (𝜈12
𝑙 , 𝜈22

𝑙 ),  min(𝜈12
𝑢 , 𝜈22

𝑢 )]) = ([
1

5
,
1

3
] , [

1

5
,
1

3
]). 

Values of the lower comparison inclusion possibilities 

  Using the existing expression for the lower inclusion comparison possibility [26, 31],  

𝑃− (([𝜇1
𝑙 , 𝜇1

𝑢], [𝜈1
𝑙 , 𝜈1

𝑢]) ⊇ ([𝜇2
𝑙 , 𝜇2

𝑢], [𝜈2
𝑙 , 𝜈2

𝑢])) = max {1 −

max {
(1−𝜈2

𝑙 )−𝜇1
𝑙

(1−𝜇1
𝑙−𝜈1

𝑢)+(1−𝜇2
𝑢−𝜈2

𝑙 )
, 0} , 0}, we have, 
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(i) 𝑃−(𝑎̃11 ⊇ 𝑎̃∗1
− ) = 𝑃− (([

1

3
,
1

2
] , [

1

3
,
1

2
]) ⊇ ([

1

4
,
1

3
] , [

1

3
,
1

2
])) = 0. 

(ii) 𝑃−(𝑎̃∗1
+ ⊇ 𝑎̃11) = 𝑃

− (([
1

3
,
1

2
] , [

1

4
,
1

3
]) ⊇ ([

1

3
,
1

2
] , [

1

3
,
1

2
])) = 0. 

(iii) 𝑃−(𝑎̃12 ⊇ 𝑎̃∗2
− ) = 𝑃− (([

1

5
,
1

3
] , [

1

5
,
1

3
]) ⊇ ([

1

5
,
1

3
] , [

1

5
,
1

3
])) = 0.3571. 

(iv) 𝑃−(𝑎̃∗2
+ ⊇ 𝑎̃12) = 𝑃

− (([
1

5
,
1

3
] , [

1

5
,
1

3
]) ⊇ ([

1

5
,
1

3
] , [

1

5
,
1

3
])) = 0.3571. 

(v) 𝑃−(𝑎̃21 ⊇ 𝑎̃∗1
− ) = 𝑃− (([

1

4
,
1

3
] , [

1

4
,
1

3
]) ⊇ ([

1

4
,
1

3
] , [

1

3
,
1

2
])) = 0.4445. 

(vi) 𝑃−(𝑎̃∗1
+ ⊇ 𝑎̃21) = 𝑃− (([

1

3
,
1

2
] , [

1

4
,
1

3
]) ⊇ ([

1

4
,
1

3
] , [

1

4
,
1

3
])) = 0.4445. 

(vii) 𝑃−(𝑎̃22 ⊇ 𝑎̃∗2
− ) = 𝑃− (([

1

5
,
1

3
] , [

1

5
,
1

3
]) ⊇ ([

1

5
,
1

3
] , [

1

5
,
1

3
])) = 0.3571. 

(viii) 𝑃−(𝑎̃∗2
+ ⊇ 𝑎̃22) = 𝑃− (([

1

5
,
1

3
] , [

1

5
,
1

3
]) ⊇ ([

1

5
,
1

3
] , [

1

5
,
1

3
])) = 0.3571. 

Values of the upper comparison inclusion possibilities 

Using the existing expression for the upper inclusion comparison possibility [26, 31], 

𝑃+ (([𝜇1
𝑙 , 𝜇1

𝑢], [𝜈1
𝑙 , 𝜈1

𝑢]) ⊇ ([𝜇2
𝑙 , 𝜇2

𝑢], [𝜈2
𝑙 , 𝜈2

𝑢])) = max {1 − max {
(1−𝜈2

𝑢)−𝜇1
𝑢

(1−𝜇1
𝑢−𝜈1

𝑙 )+(1−𝜇2
𝑙−𝜈2

𝑢)
, 0},  

0}, we have, 

(i) 𝑃+(𝑎̃11 ⊇ 𝑎̃∗1
− ) = 𝑃+ (([

1

3
,
1

2
] , [

1

3
,
1

2
]) ⊇ ([

1

4
,
1

3
] , [

1

3
,
1

2
])) = 1. 

(ii) 𝑃+(𝑎̃∗1
+ ⊇ 𝑎̃11) = 𝑃+ (([

1

3
,
1

2
] , [

1

4
,
1

3
]) ⊇ ([

1

3
,
1

2
] , [

1

3
,
1

2
])) = 1. 

(iii) 𝑃+(𝑎̃12 ⊇ 𝑎̃∗2
− ) = 𝑃+ (([

1

5
,
1

3
] , [

1

5
,
1

3
]) ⊇ ([

1

5
,
1

3
] , [

1

5
,
1

3
])) = 0.6428. 

(iv) 𝑃+(𝑎̃∗2
+ ⊇ 𝑎̃12) = 𝑃+ (([

1

5
,
1

3
] , [

1

5
,
1

3
]) ⊇ ([

1

5
,
1

3
] , [

1

5
,
1

3
])) = 0.6428. 

(v) 𝑃+(𝑎̃21 ⊇ 𝑎̃∗1
− ) = 𝑃+ (([

1

4
,
1

3
] , [

1

4
,
1

3
]) ⊇ ([

1

4
,
1

3
] , [

1

3
,
1

2
])) = 0.75. 

(vi) 𝑃+(𝑎̃∗1
+ ⊇ 𝑎̃21) = 𝑃

+ (([
1

3
,
1

2
] , [

1

4
,
1

3
]) ⊇ ([

1

4
,
1

3
] , [

1

4
,
1

3
])) = 0.75. 
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(vii) 𝑃+(𝑎̃22 ⊇ 𝑎̃∗2
− ) = 𝑃+ (([

1

5
,
1

3
] , [

1

5
,
1

3
]) ⊇ ([

1

5
,
1

3
] , [

1

5
,
1

3
])) = 0.6428. 

(viii) 𝑃+(𝑎̃∗2
+ ⊇ 𝑎̃22) = 𝑃

+ (([
1

5
,
1

3
] , [

1

5
,
1

3
]) ⊇ ([

1

5
,
1

3
] , [

1

5
,
1

3
])) = 0.6428. 

Values of the inclusion comparison possibilities 

 Using the existing expression for the inclusion comparison possibility [26, 31], 

𝑃(𝑎̃1 ⊇ 𝑎̃2) =
1

2
(𝑃−(𝑎̃1 ⊇ 𝑎̃2) + 𝑃

+(𝑎̃1 ⊇ 𝑎̃2)), we have  

(i) 𝑃(𝑎̃11 ⊇ 𝑎̃∗1
− ) =

1

2
(𝑃−(𝑎̃11 ⊇ 𝑎̃∗1

− ) + 𝑃+(𝑎̃11 ⊇ 𝑎̃∗1
− )) = 0.5.                         

(ii) 𝑃(𝑎̃∗1
+ ⊇ 𝑎̃11) =

1

2
(𝑃−(𝑎̃∗1

+ ⊇ 𝑎̃11) + 𝑃
+(𝑎̃∗1

+ ⊇ 𝑎̃11)) = 0.5. 

(iii) 𝑃(𝑎̃12 ⊇ 𝑎̃∗2
− ) =

1

2
(𝑃−(𝑎̃12 ⊇ 𝑎̃∗2

− ) + 𝑃+(𝑎̃12 ⊇ 𝑎̃∗2
− )) = 0.4999. 

(iv) 𝑃(𝑎̃∗2
+ ⊇ 𝑎̃12) =

1

2
(𝑃−(𝑎̃∗2

+ ⊇ 𝑎̃12) + 𝑃
+(𝑎̃∗2

+ ⊇ 𝑎̃12)) = 0.4999. 

(v) 𝑃(𝑎̃21 ⊇ 𝑎̃∗1
− ) =

1

2
(𝑃−(𝑎̃21 ⊇ 𝑎̃∗1

− ) + 𝑃+(𝑎̃21 ⊇ 𝑎̃∗1
− )) = 0.5972. 

(vi) 𝑃(𝑎̃∗1
+ ⊇ 𝑎̃21) =

1

2
(𝑃−(𝑎̃∗1

+ ⊇ 𝑎̃21) + 𝑃
+(𝑎̃∗1

+ ⊇ 𝑎̃21)) = 0.5972. 

(vii) 𝑃(𝑎̃22 ⊇ 𝑎̃∗2
− ) =

1

2
(𝑃−(𝑎̃22 ⊇ 𝑎̃∗2

− ) + 𝑃+(𝑎̃22 ⊇ 𝑎̃∗2
− )) = 0.4999. 

(viii) 𝑃(𝑎̃∗2
+ ⊇ 𝑎̃22) =

1

2
(𝑃−(𝑎̃∗2

+ ⊇ 𝑎̃22) + 𝑃
+(𝑎̃∗2

+ ⊇ 𝑎̃22)) = 0.4999. 

Values of the inclusion-based index 

(i) Putting the values of 𝑃(𝛼̃11 ⊇ 𝛼̃∗1
− ) and 𝑃(𝛼̃∗1

+ ⊇ 𝛼̃11),  

𝐼(𝑎̃11) =
𝑃(𝑎̃11⊇𝑎̃∗1

− )

𝑃(𝑎̃∗1
+ ⊇𝑎̃11)+𝑃(𝑎̃11⊇𝑎̃∗1

− )
 , we have, 𝐼(𝑎̃11) =

0.5

0.5+0.5
= 0.5.  

(ii) Putting the values of 𝑃(𝛼̃12 ⊇ 𝛼̃∗2
− ) and 𝑃(𝛼̃∗2

+ ⊇ 𝛼̃12),  

𝐼(𝑎̃12) =
𝑃(𝑎̃12⊇𝑎̃∗2

− )

𝑃(𝑎̃∗2
+ ⊇𝑎̃12)+𝑃(𝑎̃12⊇𝑎̃∗2

− )
 , we have, 𝐼(𝑎̃12) =

0.4999

0.4999+0.4999
= 0.5.  

(iii) Putting the values of 𝑃(𝛼̃21 ⊇ 𝛼̃∗1
− ) and 𝑃(𝛼̃∗1

+ ⊇ 𝛼̃21),  

𝐼(𝑎̃21) =
𝑃(𝑎̃21⊇𝑎̃∗1

− )

𝑃(𝑎̃∗1
+ ⊇𝑎̃21)+𝑃(𝑎̃21⊇𝑎̃∗1

− )
 , we have, 𝐼(𝑎̃21) =

0.5972

0.5972+0.5972
= 0.5.  

(iv) Putting the values of 𝑃(𝛼̃22 ⊇ 𝛼̃∗2
− ) and 𝑃(𝛼̃∗2

+ ⊇ 𝛼̃22),  
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𝐼(𝑎̃22) =
𝑃(𝑎̃22⊇𝑎̃∗2

− )

𝑃(𝑎̃∗2
+ ⊇𝑎̃22)+𝑃(𝑎̃22⊇𝑎̃∗2

− )
 , we have, 𝐼(𝑎̃22) =

0.4999

0.4999+0.4999
= 0.5.  

Values of the comprehensive inclusion-based index 

(i) Putting the values of 𝐼(𝑎̃11) and 𝐼(𝑎̃12),  

        𝐶𝐼̅̅̅(𝐴̃1) = 𝐼(𝑎̃11) × 𝑤̅1 + 𝐼(𝑎̃12) × 𝑤̅2 , we have, 

        𝐶𝐼̅̅̅(𝐴̃1) = 0.5 × 𝑤̅1 + 0.5 × 𝑤̅2 = 0.5(𝑤̅1 + 𝑤̅2) = 0.5. 

(ii) Putting the values of 𝐼(𝑎̃21) and 𝐼(𝑎̃22),  

        𝐶𝐼̅̅̅(𝐴̃2) = 𝐼(𝑎̃21) × 𝑤̅1 + 𝐼(𝑎̃12) × 𝑤̅2 , we have,  

        𝐶𝐼̅̅̅(𝐴̃2) = 0.5 × 𝑤̅1 + 0.5 × 𝑤̅2 = 0.5(𝑤̅1 + 𝑤̅2) = 0.5.  

It is obvious that the values of 𝐶𝐼̅̅̅(𝐴̃1) and 𝐶𝐼̅̅̅(𝐴̃2) are independent from the values of 𝑤̅1 

and 𝑤̅2. Therefore, there is no need to apply Step 13 and Step 14 of the existing inclusion-based 

LINMAP method [26, 31] to find the optimal values of 𝑤̅1 and 𝑤̅2 for the considered problem. 

Ranking of the alternatives  

It is obvious from that 𝐶𝐼̅̅̅(𝐴̃1) = 𝐶𝐼̅̅̅(𝐴̃2). Therefore, according to Step 15 of the existing 

method [ ], 𝐴̃1 = 𝐴̃2. While, as discussed earlier that for the considered problem 𝐴̃1 = 𝐴̃2 is 

not possible. This clearly indicates that the existing inclusion-based LINMAP method [ ] is not 

valid in its present form. 

(9) Oztaysi et al. [158] proposed a multi-expert IVIFMADM method. To show the applicability 

of the method, Oztaysi et al. [158], applied this method to select the alternative fuel 

technology of a utility company in the U.S.A. In future, the other researchers may use the 

same method to select the alternative fuel technology of other utility companies. However, 

the following examples clearly indicates that, it is inappropriate to use Oztaysi et al.’s 

method [158]. Hence to resolve the inappropriateness of Oztaysi et al.’s method [158] may 

be considered as challenging open research problem. 

Let us consider an IVIFMADMPr having two alternatives 𝐴1 and 𝐴2 and each alternative 
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has two attributes 𝐺1 and 𝐺2. Furthermore, let Table 10.6 represents the IVIFDM of the 

considered problem.  

       Table 10.6: Rating value 

     Attributes→ 

↓    

Alternatives 

 

𝐺1 

 

𝐺2 

𝐴1 
([0,

1

2
] , [0,

1

2
]) ([0,

1

3
] , [0,

1

3
]) 

𝐴2 
([0,

1

2
] , [0,

1

2
]) ([0,

1

2
] , [0,

1

2
]) 

 

It is obvious that the rating value of both the alternatives 𝐴1 and 𝐴2 over the attribute 

𝐺1 is same i.e., ([0,
1

2
] , [0,

1

2
]). Therefore, the ranking of the alternatives 𝐴1 and 𝐴2 will depend 

only upon the rating values of  𝐴1 and 𝐴2 over the attribute 𝐺2. i.e., if the rating value of the 

alternative 𝐴1  and 𝐴2 over 𝐺2 i.e., ([0,
1

3
] , [0,

1

3
]) will be greater than the rating value of the 

alternative 𝐴2 over the same attribute 𝐺2 i.e., ([0,
1

2
] , [0,

1

2
]). Then the relation will be 𝐴1 > 𝐴2. 

Otherwise, 𝐴1 < 𝐴2. It is pertinent to mention that as ([0,
1

2
] , [0,

1

2
]) ≠ ([0,

1

3
] , [0,

1

3
]). 

Therefore, the relation 𝐴1 = 𝐴2 is not possible. In this section, this problem is solved by the 

existing method [158], and shown that it is not possible to conclude that 𝐴1 > 𝐴2 or 𝐴1 < 𝐴2 

or 𝐴1 = 𝐴2.  

However, the following clearly indicates that on solving this IVIFMADMPr by the 

existing method [158], the relation 𝐴1 = 𝐴2 is obtained, which is mathematically incorrect. 

Using the existing method [158], the ranking of the alternatives for the considered 

IVIFMADMPr can be obtained as follows: 

Step 1: Since, it is assumed that there is only one decision-maker in the considered 
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IVIFMADMPr. Therefore, using Step 1 of the existing method [158], the IVIFPIS 𝑃𝐼𝑆1 =

(
([𝑚𝑎𝑥(0,0),𝑚𝑎𝑥 (

1

2
,
1

2
)] , [𝑚𝑖𝑛(0,0),𝑚𝑖𝑛 (

1

2
,
1

2
)]) ,

([𝑚𝑎𝑥(0,0),𝑚𝑎𝑥 (
1

3
,
1

2
)] , [𝑚𝑖𝑛(0,0),𝑚𝑖𝑛 (

1

3
,
1

2
)])

) = (([0,
1

2
] , [0,

1

2
]) , ([0,

1

2
] , [0,

1

3
])) 

and IVIFNIS 𝑁𝐼𝑆1 = (
([𝑚𝑖𝑛(0,0),𝑚𝑖𝑛 (

1

2
,
1

2
)] , [𝑚𝑎𝑥(0,0),𝑚𝑎𝑥 (

1

2
,
1

2
)]) ,

 ([𝑚𝑖𝑛(0,0),𝑚𝑖𝑛 (
1

3
,
1

2
)] , [𝑚𝑎𝑥(0,0),𝑚𝑎𝑥 (

1

3
,
1

2
)])

) =

(([0,
1

2
] , [0,

1

2
]) , ([0,

1

3
] , [0,

1

2
])). 

Step 2: Using Step 10.2 of the existing method [158]:  

(i) The separation measure between the first alternative and 𝑃𝐼𝑆1 i.e.,  

𝐷1
∗ = √

1

2
(
𝑤1 ((0 − 0)2 + (

1

2
−
1

2
)
2

+ (0 − 0)2 + (
1

2
−
1

2
)
2

+ (0 − 0)2 + (1 − 1)2) +

𝑤2 ((0 − 0)2 + (
1

2
−
1

2
)
2

+ (0 − 0)2 + (
1

2
−
1

2
)
2

+ (0 − 0)2 + (1 − 1)2)
)  

= √
1

2
(𝑤1(0) + 𝑤2(0)) = 0.  

(ii) The separation measure  between the second alternative and 𝑃𝐼𝑆1 i.e., 

𝐷2
∗ = √

1

2
(
𝑤1 ((0 − 0)2 + (

1

3
−
1

2
)
2

+ (0 − 0)2 + (
1

3
−
1

3
)
2

+ (
1

3
−
1

6
)
2

+ (1 − 1)2) +

𝑤2 ((0 − 0)2 + (
1

2
−
1

2
)
2

+ (0 − 0)2 + (
1

2
−
1

3
)
2

+ (0 −
1

6
)
2

+ (1 − 1)2)
)  

= √
1

2
(
1

18
(𝑤1 + 𝑤2)) = 0.1666.  

Step 3: Using Step 10.3 of the existing method [158],  

(i) The separation measure between the first alternative and 𝑁𝐼𝑆1 i.e., 

𝐷1
− = √

1

2
(𝑤1 ((0 − 0)

2 + (
1

2
−
1

2
)
2

+ (0 − 0)2 + (
1

2
−
1

2
)
2

+ (0 − 0)2 + (1 − 1)2) +  

𝑤2 ((0 − 0)
2 + (

1

2
−
1

2
)
2

+ (0 − 0)2 + (
1

2
−
1

2
)
2

+ (0 − 0)2 + (1 − 1)2))  
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= √
1

2
(𝑤1(0) + 𝑤2(0)) = 0.  

(ii) The separation measure between the second alternative and 𝑁𝐼𝑆1 i.e., 

𝐷2
− = √

1

2
(𝑤1 ((0 − 0)

2 + (0 − 0)2 + (0 − 0)2 + (
1

3
−
1

2
)
2

+ (
1

3
−
1

6
)
2

+ (1 − 1)2) +

𝑤2 ((0 − 0)
2 + (

1

2
−
1

3
)
2

+ (0 − 0)2 + (
1

2
−
1

2
)
2

+ (0 −
1

6
)
2

+ (1 − 1)2))  

= √
1

2
(
1

18
(𝑤1 + 𝑤2)) = 0.1666.  

Step 4: Using Step 10.5 of the existing method [158], 

(i) 𝑈1 =
𝐷1
−

𝐷1
−+𝐷1

∗ =
0

0
. 

(ii) 𝑈2 =
𝐷2
−

𝐷2
−+𝐷2

∗ =
0.1666

0.1666+0.1666
= 0.5. 

Step 5: According to Step 10.5 of the existing method [158], 

Case (i)  𝐴1 > 𝐴2 if 𝑈1 > 𝑈2 

Case (ii) 𝐴1 < 𝐴2 if 𝑈1 < 𝑈2 

Case (iii) 𝐴1 = 𝐴2 if 𝑈1 = 𝑈2. 

However, it is obvious that the obtained value of 𝑈1 is 
0

0
, which is an indeterminate 

value instead of a real number. Therefore,  it is not possible to check that 𝑈1 > 𝑈2 or 𝑈1 < 𝑈2 

or 𝑈1 = 𝑈2 and hence, it is not possible to conclude that 𝐴1 > 𝐴2 or 𝐴1 < 𝐴2 or 𝐴1 = 𝐴2 i.e., 

the existing method [158], fails to rank the alternatives 𝐴1 and 𝐴2. 

(10) Kahraman et al. [111] proposed the subtraction and division operations of IVIFSs. 

Using these operations, Kahraman et al. [111] also proposed an EDAS method for solving 

IVIFMADMPrs. In future, other researchers may use the operations and the EDAS method 

in their research work. However, in actual case, the operations, proposed by Kahraman et al. 

[ ], are not valid and hence, the EDAS method is also not valid. 

Kahraman et al. [111] proposed the following subtraction operation 𝐴̃ ⊖ 𝐵̃ and the 
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division operation 
𝐴̃

𝐵̃
 between two interval valued intuitionistic fuzzy sets 𝐴̃ =

([𝜇𝐴̃
𝐿 , 𝜇𝐴̃

𝑈], [𝜈𝐴̃
𝐿 , 𝜈𝐴̃

𝑈]) and 𝐵̃ = ([𝜇𝐵̃
𝐿 , 𝜇𝐵̃

𝑈], [𝜈𝐵̃
𝐿 , 𝜈𝐵̃

𝑈]). 

(i) If  𝜇𝐴̃
𝐿 ≥ 𝜇𝐵̃

𝐿 , 𝜇𝐴̃
𝑈 ≥ 𝜇𝐵̃

𝑈, 𝜈𝐴̃
𝐿 ≤ 𝜈𝐵̃

𝐿 , 𝜈𝐴̃
𝑈 ≤ 𝜈𝐵̃

𝑈, 𝜈𝐵̃
𝐿 > 0, 𝜈𝐵̃

𝑈 > 0, 𝜈𝐴̃
𝐿(1 − 𝜇𝐵̃

𝐿) ≤ 𝜈𝐵̃
𝐿(1 −

𝜇𝐴̃
𝐿), 𝜈𝐴̃

𝑈(1 − 𝜇𝐵̃
𝑈) ≤ 𝜈𝐵̃

𝑈(1 − 𝜇𝐴̃
𝑈).  

Then, 𝐴̃ ⊖ 𝐵̃ = ([
𝜇
𝐴̃
𝐿−𝜇𝐵̃

𝐿

1−𝜇
𝐵̃
𝐿 ,

𝜇
𝐴̃
𝑈−𝜇

𝐵̃
𝑈

1−𝜇
𝐵̃
𝑈  ] , [

𝜈
𝐴̃
𝐿

𝜈
𝐵̃
𝐿 ,

𝜈
𝐴̃
𝑈

𝜈
𝐵̃
𝑈]). 

Otherwise,  𝐴̃ ⊖ 𝐵̃ = ([0,0 ], [1,1]). 

(ii) If  𝜇𝐴̃
𝐿 ≤ 𝜇𝐵̃

𝐿 , 𝜇𝐴̃
𝑈 ≤ 𝜇𝐵̃

𝑈, 𝜈𝐴̃
𝐿 ≥ 𝜈𝐵̃

𝐿 , 𝜈𝐴̃
𝑈 ≥ 𝜈𝐵̃

𝑈, 𝜇𝐵̃
𝐿 > 0, 𝜇𝐵̃

𝑈 > 0, 𝜇𝐴̃
𝐿(1 − 𝜈𝐵̃

𝐿) ≤ 𝜇𝐵̃
𝐿(1 −

𝜈𝐴̃
𝐿), 𝜇𝐴̃

𝑈(1 − 𝜈𝐵̃
𝑈) ≤ 𝜇𝐵̃

𝑈(1 − 𝜈𝐴̃
𝑈).  

Then,  
𝐴̃

𝐵̃
= ([

𝜇
𝐴̃
𝐿

𝜇
𝐵̃
𝐿 ,

𝜇
𝐴̃
𝑈

𝜇
𝐵̃
𝑈 ] , [

𝜈
𝐴̃
𝐿−𝜈𝐵̃

𝐿

1−𝜈
𝐵̃
𝐿 ,

𝜈
𝐴̃
𝑈−𝜈

𝐵̃
𝑈

1−𝜈
𝐵̃
𝑈 ]). 

Otherwise, 
𝐴̃

𝐵̃
= ([0,0 ], [1,1]). 

The following clearly indicates that the subtraction and the division operations, proposed by 

Kahraman et al. [111], are not valid.  

1. Let 𝐴̃ = [𝜇𝐴̃
𝐿 , 𝜇𝐴̃

𝑈], [𝜈𝐴̃
𝐿 , 𝜈𝐴̃

𝑈] = [0.1,0.4], [0.01,0.03]  and 𝐵̃ = [𝜇𝐵̃
𝐿 , 𝜇𝐵̃

𝑈], [𝜈𝐵̃
𝐿 , 𝜈𝐵̃

𝑈] =

[0.1,0.4], [0.1,0.5] be two interval valued intitionistic fuzzy sets.  

Since, for the considered interval valued intuitionistic fuzzy sets all the conditions 𝜇𝐴̃
𝐿 ≥

𝜇𝐵̃
𝐿 , 𝜇𝐴̃

𝑈 ≥ 𝜇𝐵̃
𝑈, 𝜈𝐴̃

𝐿 ≤ 𝜈𝐵̃
𝐿 , 𝜈𝐴̃

𝑈 ≤ 𝜈𝐵̃
𝑈 ,𝜈𝐵̃

𝐿 > 0, 𝜈𝐵̃
𝑈 > 0, 𝜈𝐴̃

𝐿(1 − 𝜇𝐵̃
𝐿) ≤ 𝜈𝐵̃

𝐿(1 − 𝜇𝐴̃
𝐿) and 𝜈𝐴̃

𝑈(1 −

𝜇𝐵̃
𝑈) ≤ 𝜈𝐵̃

𝑈(1 − 𝜇𝐴̃
𝑈) are satisfying. Therefore, using the subtraction operation 𝐴̃ ⊖ 𝐵̃ =

([
𝜇
𝐴̃
𝐿−𝜇𝐵̃

𝐿

1−𝜇
𝐵̃
𝐿 ,

𝜇
𝐴̃
𝑈−𝜇

𝐵̃
𝑈

1−𝜇
𝐵̃
𝑈  ] , [

𝜈
𝐴̃
𝐿

𝜈
𝐵̃
𝐿 ,

𝜈
𝐴̃
𝑈

𝜈
𝐵̃
𝑈]), proposed by Kahraman et al. [111],   𝐴̃ ⊖ 𝐵̃ =

([
0.1−0.1

1−0.1
,
0.4−0.4

1−0.4
 ] , [

0.01

0.1
,
0.03

0.5
]) = ([0,0], [0.1,0.06]). 

It is obvious that 𝐴̃ ⊖ 𝐵̃ = [𝜇𝐴̃⊖𝐵̃
𝐿 , 𝜇𝐴̃⊖𝐵̃

𝑈 ], [𝜈𝐴̃⊖𝐵̃
𝐿 , 𝜈𝐴̃⊖𝐵̃

𝑈 ] = ([0,0], [0.1,0.06]) is not an 

IVIFS as for 𝜈𝐴̃⊖𝐵̃
𝐿 = 0.1 and 𝜈𝐴̃⊖𝐵̃

𝑈 = 0.06, the necessary conditions 𝜈𝐴̃⊖𝐵̃
𝐿 ≤ 𝜈𝐴̃⊖𝐵̃

𝑈  is not 

satisfying.  
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This clearly indicates that the subtraction operation, proposed by Kahraman  et al. [111], is 

not valid.   

2. Let 𝐴̃ = [𝜇𝐴̃
𝐿 , 𝜇𝐴̃

𝑈], [𝜈𝐴̃
𝐿 , 𝜈𝐴̃

𝑈] = [0.01,0.03], [0.1,0.4]  and 𝐵̃ = [𝜇𝐵̃
𝐿 , 𝜇𝐵̃

𝑈], [𝜈𝐵̃
𝐿 , 𝜈𝐵̃

𝑈] =

[0.1,0.5], [0.1,0.4] be two IVIFSs.  

Since, for the considered IVIFSs all the conditions 𝜇𝐴̃
𝐿 ≤ 𝜇𝐵̃

𝐿 , 𝜇𝐴̃
𝑈 ≤ 𝜇𝐵̃

𝑈, 𝜈𝐴̃
𝐿 ≥ 𝜈𝐵̃

𝐿 , 𝜈𝐴̃
𝑈 ≥

𝜈𝐵̃
𝑈, 𝜇𝐵̃

𝐿 > 0, 𝜇𝐵̃
𝑈 > 0, 𝜇𝐴̃

𝐿(1 − 𝜈𝐵̃
𝐿) ≤ 𝜇𝐵̃

𝐿(1 − 𝜈𝐴̃
𝐿) and 𝜇𝐴̃

𝑈(1 − 𝜈𝐵̃
𝑈) ≤ 𝜇𝐵̃

𝑈(1 − 𝜈𝐴̃
𝑈) are 

satisfying.  

Therefore, using the division operation 
𝐴̃

𝐵̃
= ([

𝜇
𝐴̃
𝐿

𝜇
𝐵̃
𝐿 ,

𝜇
𝐴̃
𝑈

𝜇
𝐵̃
𝑈 ] , [

𝜈
𝐴̃
𝐿−𝜈

𝐵̃
𝐿

1−𝜈
𝐵̃
𝐿 ,

𝜈
𝐴̃
𝑈−𝜈

𝐵̃
𝑈

1−𝜈
𝐵̃
𝑈 ]), proposed by 

Kahraman et al. [ ],    
𝐴̃

𝐵̃
= ([

0.01

0.1
,
0.03

0.5
 ] , [

0.1−.1

0.1−.1
,
0.4−0.4

0.4−0.4
]) = ([0.1,0.06], [0,0]). 

It is obvious that 
𝐴̃

𝐵̃
= ([

𝜇
𝐴̃
𝐿

𝜇
𝐵̃
𝐿 ,

𝜇
𝐴̃
𝑈

𝜇
𝐵̃
𝑈 ] , [

𝜈
𝐴̃
𝐿−𝜈𝐵̃

𝐿

1−𝜈
𝐵̃
𝐿 ,

𝜈
𝐴̃
𝑈−𝜈

𝐵̃
𝑈

1−𝜈
𝐵̃
𝑈 ]) = ([0.1,0.06], [0,0]) is not an IVIFS as 

for 𝜇𝐴̃
𝐵̃

𝐿 = 0.1 and 𝜇𝐴̃
𝐵̃

𝑈 = 0.06 the necessary condition 𝜇𝐴̃
𝐵̃

𝐿 ≤ 𝜇𝐴̃
𝐵̃

𝑈 is not satisfying.  

This clearly indicates that the division operation, proposed by Kahraman et al. [111], is not 

valid.   
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