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ABSTRACT

Several methods have been proposed in the literature to solve IFMADMPrs having partially
known attribute weights [50, 63, 81, 146, 222-225, 241], IVIFMADMPrs having partially known
attribute weights [62, 108, 213, 258], IVPFMADMPrs having partially known attribute weights
[84], IVIFMADMPTrs having IVIF attribute weights [39-45, 47-49, 52, 55, 127-129, 132, 137, 209-
211]. However, after a deep study, it is observed that all these existing methods are inappropriate.
Also, it is observed that it is inappropriate to apply the existing method [98] for solving
IVIFMAGDM problems having completely unknown attribute weights. Furthermore, it is
observed that the existing definition of an IVIFS [9] and the existing definition of an IVPFS [164]
are inappropriate.

Keeping all above in mind, the aim of this thesis is

(i)  To point out the inappropriateness of the existing methods [50, 63, 81, 146, 222-225, 241]
for solving IFMADMPrs having partially known attribute weights as well as to propose an
appropriate method for solving IFMADMPTrs having partially known attribute weights.

(i)  To point out the inappropriateness of the existing methods [62, 108, 213, 258] for solving
IVIFMADMPrs having partially known attribute weights as well as to propose an appropriate
method for solving IVIFMADMPrs having partially known attribute weights.

(ili)  To point out the inappropriateness of the existing methods [84] for solving IVPFMADMPrs
having partially known attribute weights as well as to propose an appropriate method for
solving IVPFMADMPTrs having partially known attribute weights.

(iv)  To point out the inappropriateness of the existing methods [39-45, 47-49, 52, 55, 127-129,
132, 137, 209-211] for solving IVIFMADMPrs having IVIF weights as well as to propose
an appropriate method for solving IVIFMADMPTrs having IVIF weights.



(v)

(vi)
(vii)

To point out the inappropriateness of the existing method [98] for solving IVIFMAGDM

problems having completely unknown weights. Also, to make the researchers aware that it

IS inappropriate to propose a simplex method for solving an IVIF LPP without transforming

it into a CLPP, inspired by Khan et al.’s simplex method [122], for resolving the

inappropriateness of the existing method [98] due to the following facts:
“Khan et al.’s claim [123] “No mathematical incorrect assumptions have been considered
in the existing simplex method [122] for solving a fuzzy LPP without transforming it into
a CLPP” against Bhardwaj and Kumar’s claim [16] is not valid. In fact, several
mathematical incorrect assumptions, considered by Khan et al. [122], are not pointed out
by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not pointed out that some
of the elements of the existing optimal simplex table [122] are not TFNs.”

Furthermore, to make the researchers aware that it is not possible to resolve the

inappropriateness of the existing methods [98].”

To propose the appropriate definition of an IVIFS.

To propose the appropriate definition of an IVPFS.
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Chapter 1

Introduction

In several daily life problems, there is need to follow a process to select the best alternative
from all the available alternatives having same conflicting attributes or to rank all the available
alternatives having same conflicting attributes. This process is called MADM and such
problems are called MADMPrs [103] e.g., to rank all the students of a class or to select the best
student from all the students of a class isa MADMPr. In this MADMPTr students represents the
alternatives and the courses assigned to all the students represents the conflicting attributes.

A MADMPr having m-alternatives A4;,i = 1,2, ..., m and n-attributes C;,j = 1,2, ..,n

can be represented by a matrix D as follows:

C, Cn
Al dll dln
D=: : :
Am dml dmn

where, d;; represents the performance score/rating value of the ith- alternative over the jt"-
attribute.

In general, it is assumed that if the j*-attribute C; isaquantitative attribute then d;, i =
1,2, ..., m can be represented by a numerical value.

However, this assumption is not always valid in real-life e.g., the mileage of a car is a
quantitative attribute. But, it is not always possible to represent it as a real number e.g., mileage
of a car may be approximately 90 km/I.

Similarly, in general, it is assumed that if the j"- attribute C; is a qualitative attribute

then d;;,i = 1,2,...,m,j = 1,2,..,n can be represented by a linguistic term like good, bad,

very good etc. Also, it is assumed that a real number can be assigned corresponding to each



linguistic term. However, this assumption is not always valid in real-life. e.g., it is illogical to
assign a real-number corresponding to the linguistic term excellent students in Mathematics
(students who have secured either 90 marks or more than 90 marks out of 100 marks) as a
student who has secured 100 marks is surely better than the student who has secured 90 marks.

One way to handle such situations is to represent the data as a fuzzy set [263]. The

MADMPrs in which atleast one element d;;,i = 1,2, ...,m; j = 1,2, ..., n of the decision matrix

ij
D is represented as a fuzzy set are called MADMPrs under fuzzy environment [46].

“Let X be a universal set. A fuzzy set A over X is defined as 4 = {{x, u4(x))| x € X},
where uz:X — [0,1] and p5(x) indicates the degree of membership of x in A.”

The fuzzy set A was proposed by considering the assumption that if the degree of
membership of an element "x" in a set 4 is uz(x) then, the degree of non-membership of the
element "x" in the same set A will be 1 — pz(x). However, this assumption is not realistic as
there may also exist a degree of hesitation hz(x) with degree of membership wz(x) and the
degree of non-membership v;(x). Motivated by the same, in 1986, Atanassov [7] introduced
the concept of an IFS.

“Let X be a universal set. An IFS A over X is defined as A = {{x, uz(x),vz(x) )| x € X},
where pz(x) and vz(x) represents the degree of membership and the degree of non-
membership of the element x € X to the set 4, respectively and satisfies the condition p7(x) +
vi(x) < 1.The IFS 4 = {{x, uz(x),vz(x) )| x € X} is also represented as {1 ;(x), vz(x) ).”

Yager [250] pointed out that an intuitionistic fuzzy set is constructed by considering the

assumption 0 < pz(x) + vz(x) < 1. However, there exist problems in which the condition

wi(x) +vz(x) < 1 will not be satisfied but the condition (,ng(x))z + (VA(x))Z < 1 will be
satisfied. Motivated by the same, Yager [250] proposed the concept of a PFS.
“Let X be a universal set. A PFS 4 over X is defined as 4 = {x, uz(x),vz(x)| x € X},

where p;(x),v;(x) € [0,1] represents the degree of membership and the degree of non-

2



membership of the element x € X to the set A, respectively and satisfies the condition

(1a(0))” + (va(0))” < 1. Also, ma(x) = \/ 1— (ua(x))* = (va(x))" is called the degree of
indeterminacy of x. The PFS A = {{x,uz(x),vz(x) ) x € X} is also represented as
(ma(x),va(x)).”

It is obvious that in an IFS and a PFS, the degree of membership and the degree of non-
membership of a decision-maker is represented as a single real number. However, there may
exist uncertainty in the mind of decision-maker regarding these values. In such situations, it is
better to represent the data as an IVIFS [9] and an IVPFS [164] instead of IFS and PFS
respectively.

“Let X be a universal set. An IVIFS A over X is defined as A=
{0, [k (0, 2 (0], [vEE),vY (0)]) | x € X}, where, 0 < pk(x) < pd(x) <1, 0 < vi(x) <
vy (x) <1and 0 < u¥(x) +v{ (x) < 1. The interval of degree of hesitation [h%(x), hY (x)]
can be obtained by using the expression [hk(x),hY(x)] = [1,1] — ([uk(x), ud ()] +
[vi(x),vi(x)]). The IVIFS A= {(x,[p;00), 13 )] [viC),vi()]) | x € X} is also
represented as A = ([u5(0), uf (0], [vi (), v§ (0)]).”

“Let X be a universal set. An IVPFS A over X is defined as A=

{(x [,uA(x) Ui (x)] [v (x),vz (x)])lx € X} where, 0 <,uA(x) < Uz Yo)<1,0< Vi Lix) <
2

(x)<1 and 0<(M (x)) (Aq(x)) < 1. The interval of degree of hesitation

[R5(x),hi(x)] can be obtained by using the expression [R;(x),hi(x)] =

l\/l = (uﬁ{(x))z - (vg(x))z,J1 = (/thi(x))2 - (vg(x))2|. The  IVPFS A=

{(x [uA(x) Ui (x)] [vj(x) Vi (x)]) | x € X} is also represented as A =

([5G0, uz GO, [vz (), v7 (0)]).



1.1 Classification of MADMPrs under fuzzy environment and its extensions

On the basis of the representation of d;;,i = 1,2,...,m;j = 1,2, ...,n, MADMPrs can be

ijs

classified into different categories. Some of these categories are as follows:

(i) IFMADMPTrs: This category contains all such MADMPTrs in which atleast one element
d;; of the decision matrix D is represented by an IFS.

(i)  IVIFMADMPrs: This category contains all such MADMPrs in which atleast one
element d;; of the decision matrix D is represented by an IVIFS.

@iii)  IVPFMADMPrs: This category contains all such MADMPrs in which atleast one
element d;; of the decision matrix D is represented by an IVPFS.

On the basis of the nature of the attribute weight, each of the above mentioned MADMPr
can be further sub categorized as follows:

(i) IF / IVIF/ IVPF MADMPrs having completely known attribute weights: This
category contains all such IF/ IVIF/ IVPF problems in which weight of each attribute is
known.

(i) IF/ IVIF/ IVPF MADMPrs having partially known attribute weights: This category
contains all such IF/ IVIF/ IVPF problems in which some properties about attribute
weights are known. Also, there is need to find the attribute weights by considering the
known properties.

(i)  IF/ WVIF/ IVPF MADMPTrs having IF/ IVIF/ IVPF attribute weights: This category
contains all such IF/ IVIF/ IVPF problems in which atleast one attribute weight is
represented by an IFS/ IVIFS/ IVPFS.

1.2 Aim of the thesis

Several methods have been proposed in the literature to solve IFMADMPTrs having partially
known attribute weights [50, 63, 81, 146, 222-225, 241], IVIFMADMPrs having partially

known attribute weights [62, 108, 213, 258], IVPFMADMPrs having partially known attribute



weights [84], IVIFMADMPrs having IVIF attribute weights [39-45, 47-49, 52, 55, 127-129,

132, 137, 209-211]. However, after a deep study, it is observed that all these existing methods

are inappropriate. Also, it is observed that it is inappropriate to apply the existing method [98]

for solving IVIFMAGDM problems having completely unknown attribute weights.

Furthermore, it is observed that the existing definition of an IVIFS [9] and the existing

definition of an I\VVPFS [164] are inappropriate.

(i)

(i)

(iii)

(iv)

v)

Keeping all above in mind, the aim of this thesis is

To point out the inappropriateness of the existing methods [50, 63, 81, 146, 222-225, 241]
for solving IFMADMPrs having partially known attribute weights as well as to propose
an appropriate method for solving IFMADMPrs having partially known attribute weights.
To point out the inappropriateness of the existing methods [62, 108, 213, 258] for solving
IVIFMADMPrs having partially known attribute weights as well as to propose an
appropriate method for solving IVIFMADMPTs having partially known attribute weights.
To point out the inappropriateness of the existing methods [84] for solving
IVPFMADMPrs having partially known attribute weights as well as to propose an
appropriate method for solving IVPFMADMPrs having partially known attribute
weights.

To point out the inappropriateness of the existing methods [39-45, 47-49, 52, 55, 127-
129, 132, 137, 209-211] for solving IVIFMADMPrs having IVIF weights as well as to
propose an appropriate method for solving IVIFMADMPTrs having IVIF weights.

To point out the inappropriateness of the existing method [98] for solving IVIFMAGDM
problems having completely unknown weights. Also, to make the researchers aware that
it is inappropriate to propose a simplex method for solving an IVIF LPP without
transforming it into a CLPP, inspired by Khan et al.’s simplex method [ 122], for resolving

the inappropriateness of the existing method [98] due to the following facts:



“Khan et al.’s claim [123] “No mathematical incorrect assumptions have been
considered in the existing simplex method [122] for solving a fuzzy LPP without
transforming it into a CLPP ” against Bhardwaj and Kumar’s claim [16] is not valid.
In fact, several mathematical incorrect assumptions, considered by Khan et al. [122],
are not pointed out by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not
pointed out that some of the elements of the existing optimal simplex table [122] are
not TFNs.”
Furthermore, to make the researchers aware that it is not possible to resolve the
inappropriateness of the existing methods [98].”
(vi)  To propose the appropriate definition of an IVIFS.
(vil)  To propose the appropriate definition of an IVPFS.
1.3 Chapter wise summary of the thesis

The chapter wise summary of the thesis is as follows:

Chapter 2
Mehar method for solving IFMADMPTrs having partially known attribute
weights

Xu [241] claimed that there does not exist any method for solving IFMADMPrs having
partially known attribute weights. To fill this gap, Xu proposed a method to solve IFMADMPrs
having partially known attribute weights. Wei [223] also proposed a method for solving
IFMADMPTrs having partially known attribute weights. It is pertinent to mention that several
researchers [50, 63, 81, 146, 222, 224, 225] have used the existing methods [223, 241] to solve
IFMADMPrs having partially known attribute weights. However, after a deep study it is
observed that it is inappropriate to use the existing methods [223, 241]. The aim of this chapter
is to make the researchers aware about the inappropriateness of these methods as well as to

propose a new method (named as Mehar method) for solving IFMADMPrs having partially



known attribute weights.
Chapter 3

Ajit method for solving IFMADMPrs having partially known attribute

weights
In the Mehar method (proposed in Chapter 2) as well as in the existing methods [223,

241], a CLPP has been solved to obtain the OAWYV. However, the constraint Z7=1 w; =1 of
the considered CLPP will not be satisfied if either the condition Y7, le > 1 or the condition

j=1wj' < 1 will be satisfied, where, sz and w;* are the known lower bound and the upper
bound of the jt"- attribute weight i.e., no feasible solution of the considered CLPP will be
obtained if either the condition Y7_, w/ > 1 or the condition ¥7_; w/* < 1 will be satisfied.
Therefore, the proposed Mehar method and the existing methods [223, 241] can be used only
if neither the condition Z}‘zl sz > 1 nor the condition 2}1:1 wj“ < 1 will be satisfied. Keeping
the same in mind, in this chapter, a new method (named as Ajit Method) has been proposed to
solve such IFMADMPrs in which either the condition }7_, w} > 1 or the condition }7_; w;* <
1 will be satisfied.
Chapter 4

Jujhar method for solving IVIFMADMPTrs having partially known attribute

weights

Wang et al. [213] claimed that there does not exist any method for solving
IVIFMADMPrs having partially known attribute weights. To fill this gap, Wang et al. proposed
a method to solve the IVIFMADMPrs having partially known attribute weights. Motivated by
the work of Wang et al., several researchers [62, 108, 258] have proposed different methods
for solving IVIFMADMPrs having partially known attribute weights. However, after a deep

study it is observed that it is inappropriate to use the existing methods [62, 108, 213, 258]. The



aim of this chapter is to make the researchers aware about the inappropriateness of these
methods as well as to propose a new method (named as Jujhar method) to solve the

IVIFMADMPrs having partially known attribute weights.

Chapter 5
Jorawar method for solving IVPFMADMPrs having partially known
attribute weights

To the best of my knowledge, only the existing method [84] has been proposed to solve
IVPFMADMPTrs having partially known attribute weights. However after a deep study, it is
observed that it is inappropriate to use this method. The aim of this chapter is to make the
researchers aware about the inappropriateness of this method as well as to propose a new
method (named as Jorawar method) to solve IVPFMADMPr having partially known attribute

weights.

Chapter 6
Jujhar method for solving IVIFMADMPTrs having IVIF attribute weights

Li [128] pointed out that there does not exist any method to solve IVIFMADMPrs
having IVIF weights. To fill this gap, Li proposed a method to solve IVIFMADMPrs having
IVIF weights. Motivated by Li, several other researchers [39-45, 47-49, 52, 55, 127, 129, 132,
137, 209-211] have proposed different methods to solve the IVIFMADMPrs having IVIF
weights. However, after a deep study it is observed that it is inappropriate to use the existing
methods [39-45, 47-49, 52, 55, 127-129, 132, 137, 209-211]. The aim of this chapter is to make
the researchers aware about the inappropriateness of these methods as well as to propose a new

method (named as Jujhar method) to solve IVIFMADMPrs having IVIF attribute weights.



Chapter 7
Discussion on “Evolving a linear programming technique for MAGDM
problems with IVIF information”

Hajiagha et al. [98] proposed a linear programming technique for solving IVIFMAGDM

problems. In this technique, firstly an IVIFDM D = ([a;j1, a;j2), [aij3'aij4])mxn is obtained
by aggregating the IVIFDMs D* = ([afjy, affo|, [afjs afjal) k=12, ..,r, where,
([afis, afiz] [afjs alja]) . represents the rating value of the i*"- alternative over the j*"-

attribute provided by the kt*-decision-maker. Then, the IVIF LPPs (Ps);s = 1,2,...,m are
constructed.

Max (Z}‘=1([as,-1, asja], [asj3 asja]) x w))

Subject to

Yia([aijn aijz) [z aija]) xwy < i =12,..,m,

Teawy =1, (Ps)

w; =20;j=12,..,n
where, 1 = ([0.90,0.95],[0.01,0.05]) and w; represents the normalized weight of the jth
attribute.
After that each IVIF LPP (Ps),s = 1,2,...,m is transformed into its equivalent CLPP

(P's),s =1,2,..,m.

Min( ;'l=1 yjLn ((1 - asjl)(l - aSjZ)asj3asj4))
Subject to

Xj-1¥jLn(1 = ayjr) = t Ln(1 - 0.90),

Yjo1¥Ln(1 = ayp) = t Ln(1 - 0.95),
i=1Y Ln(a;j3) =t Ln(0.01),
o1 yjLn(a;js) = t Ln(0.05),

j=1¥; =1,
t,yj = 0;j=12,..,n

(P's)



Finally, the optimal value Y7, y; Ln ((1 —asj1)(1- asjz)asj3asj4) ;s =1,2,...,m of

each CLPP (P's), s = 1,2, ..., m is used to rank the alternatives.
The aim of this chapter is
(i) To point out the inappropriateness of the existing method [98] for solving

IVIFMAGDM problems having completely unknown weights.

(i)  To make the researchers aware that it is inappropriate to propose a simplex method for
solving the IVIF LPP (Ps) without transforming it into the CLPP (P’s), inspired by
Khan et al.’s simplex method [122], for resolving the inappropriateness of the existing
method [98] due to the following facts:

“Khan et al.’s claim [123] “No mathematical incorrect assumptions have been
considered in the existing simplex method [122] for solving a fuzzy LPP without
transforming it into a CLPP " against Bhardwaj and Kumar’s claim [16] is not valid. In
fact, several mathematical incorrect assumptions, considered by Khan et al. [122], are not
pointed out by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not pointed out
that some of the elements of the existing optimal simplex table [122] are not TFNs.”

Furthermore, to make the researchers aware that it is not possible to resolve the

inappropriateness of the existing methods [98].”

Chapter 8

Appropriate definition of an IVIFS
The concept of an IVIFS, proposed by Atanassov and Gargov [9], has been used by

several researchers in their research work. However, after a deep study, it is observed that the
existing definition of an IVIFS is not appropriate. The aim of this chapter is to make the
researchers aware about the inappropriateness of the existing definition as well as to propose

the appropriate definition of an IVIFS.
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Chapter 9

Appropriate definition of an IVPFS
The concept of an IVPFS, proposed by Peng and Yang [164], has been used by several

researchers in their work. However, after a deep study, it is observed that the existing definition
of an IVPFS is not appropriate. The aim of this chapter is to make the researchers aware about
the inappropriateness of the existing definition as well as to propose the appropriate definition
of an IVPFS.

Chapter 10

Future scope

In this chapter, some open research problems are discussed.

11
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Chapter 2
Mehar method for solving IFMADMPYs having

partially known attribute weights?

Xu [241] claimed that there does not exist any method for solving IFMADMPrs having
partially known attribute weights. To fill this gap, Xu proposed a method to solve IFMADMPrs
having partially known attribute weights. Wei [223] also proposed a method for solving
IFMADMPTrs having partially known attribute weights. It is pertinent to mention that several
researchers [50, 63, 81, 146, 222, 224, 225] have used the existing methods [223, 241] to solve
IFMADMPrs having partially known attribute weights. However, after a deep study it is
observed that it is inappropriate to use the existing methods [223, 241]. The aim of this chapter
is to make the researchers aware about the inappropriateness of these methods as well as to
propose a new method (named as Mehar method) for solving IFMADMPrs having partially
known attribute weights.

2.1 A brief review of Xu’s method

Xu [241] claimed that there does not exist any method for solving such IFMADMPrs

having partially known attribute weights in which the rating value of the i*"-alternative over

the jth-attribute is represented by an IFS @;; = (i, vij) as well as the weight of the jth-
attribute w; € H, where H = {w;:w; = w, w; —w; = 8;(> 0),w; = Bjw;0<B;<1,0 <

§<w<&+g<Lwi—w=we—wfori#j#k=l}.

! Some contents of this chapter have been published in “International Journal of Fuzzy Systems 21 (2019) 1010-
1011” and remaining contents have been communicated in “Knowledge-Based Systems” for the possible

publication.

13



Xu [241] proposed the following method to solve IFMADMPrs having partially known

attribute weights:
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute (the larger value of the rating value indicates a greater preference) or cost
type attribute (the smaller value of the rating value indicates a greater preference).
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining attributes are benefit type
attributes. Then, convert the j¢* cost type attribute into the benefit type attribute by replacing
all the elements @;; = (u;;,v;;) of the j** column of the IFDM D = (dij)mxn with @;; =
(vij, ;) and go to Step 2.
Step 2: Using the expression (2.1), find the distance of each &;; = (u;j, v;;) from the largest
IFS a* = (1,0).
dyj(@y, @) = (Juy — 1| + vy = 0]),i = 1,2, ,m;j = 1,2, ..,m. 2.1)
Step 3: Using the expression (2.2), find the value of ¢; V j = 1,2, ..., n.
¢ =2 dij(@;,a&"),j=12..,n (2.2)
Step 4: Find the OAWV, (wy, w,, ..., wy,,) by solving the CLPP (P2.1).
Min [T}, ¢ wj]
Subject to
w; € Hw; 20,j =1,2,..,n,

foawy =1, (P2.1)
Step 5: Using the expression (2.3), find the value of P, Vi = 1,2, ..., m.

wi ~ o~ ,
Pi = ?zlﬁdij(aiﬁ a+);l =12,..,m (23)

Wi

and check that B, > P, or B, < P, or B, = P, where p, = ’]Ll;dpj(&pj,&*) and

14



Fy = 7j1=1%dqj(‘ﬂ7ij' d+)-

Case (i): If P, < B, then the ranking of the alternatives is A, > A,.

Case (ii): If B, > P, then the ranking of the alternatives is A, < 4,.

Case (iii): If B, = P, then the ranking of the alternatives is A, = A,.

2.2 Inappropriateness of Xu’s method
It is inappropriate to apply Xu’s method [241] due to the following reasons:

(1) On applying Xu’s method [241] more than one preference orders of the alternatives are
obtained, which is inappropriate. To validate this claim a real-life IFMADMPr having
partially known attribute weights, considered by Xu [241] to illustrate his proposed method,
is solved with some modifications.

Xu [241] solved the following real-life IFMADMPr having partially known attribute
weights to illustrate his proposed method.
There is need to rank the faculty members 4;,i = 1,2, ...,6 on the basis of the following
three benefit attributes.
(1)  G4: Teaching

(i)  G,: Research

(iii)  Gs: Service
The (i, /)" element of the Table 2.1, represented by an IFS &;; = (u;;, v;;), represents the

rating value of the it"-faculty member over the jt"-attribute.

Table 2.1: Rating Values

Attributes—
l G, G, G;

Alternatives

A, (0.4,0.3) (0.6,0.1) (0.5,0.4)
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A, (0.5,0.2) (0.3,0.4) (0.8,0.1)
Az (0.7,0.2) (0.3,0.7) (0.6,0.2)
A, (0.4,0.3) (0.6,0.2) (0.7,0.1)
As (0.6,0.2) (0.5,0.1) (0.4,0.6)
Ag (0.6,0.3) (0.7,0.2) (0.5,0.4)

Also, H = {0.50 < w; < 0.55,0.30 < w, < 0.35, w3 > 0.50w,, w; — ws > 0.10}.

If it is assumed that

(i)  The attribute weight w; satisfies the condition 0.10 < w; < 0.55 instead of the existing

condition 0.50 < w; < 0.55.

Then, using Xu’s method [241], the ranking of the alternatives of the modified

IFMADMPr having partially known attribute weights can be obtained as follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Xu’s method
[241], discussed in Section 2.1, there is no need to apply Step 1.

Step 2: According to Step 2 of Xu’s method [241], discussed in Section 2.1, there is need to

calculate d;;(&;, @*) Vi =1,2,..,6;j = 1,2,3. These values are shown in Table 2.2

Table 2.2: Values of d;;(@;;, a*)

d11({0.4,0.3),(1,0)) =

%(0.6 +0.3) = 0.45

d1,({0.6,0.1),(1,0)) =

%(0.4 +0.1) = 0.25

d13({0.5,0.4),(1,0)) =

%(0.5 +0.4) = 0.45

d»1((0.5,0.2),(1,0)) =

%(0.5 +0.2) = 0.35

d,,((0.3,0.4),(1,0)) =

%(0.7 +0.4) = 0.55

d,3((0.8,0.1),(1,0)) =

%(0.2 +0.1) = 0.15

d3,1({0.7,0.2),(1,0)) =

%(0.3 +0.2) = 0.25

d3,((0.3,0.7),(1,0)) =

%(0.7 +0.7) = 0.70

d33((0.6,0.2),(1,0)) =

%(0.4 +0.2) = 0.30
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d41((0.4,0.3),(1,0)) =

%(0.6 +0.3) = 0.45

d4,((0.6,0.2),(1,0)) =

%(0.4 +0.2) = 0.30

d43((0.7,0.1),(1,0)) =

%(0.3 +0.1) = 0.20

ds,((0.6,0.2),(1,0)) =

%(0.4 +0.2) = 0.30

ds,((0.5,0.1),(1,0)) =

§(0.5 +0.1) = 0.30

ds3((0.4,0.6),(1,0)) =

%(0.6 +0.6) = 0.60

de1((0.6,0.3),(1,0)) =

%(0.4 +0.3) = 0.35

de,((0.7,0.2),(1,0)) =

%(0.3 +0.2) = 0.25

de3((0.5,0.4),(1,0)) =

%(0.5 +0.4) = 0.45

Step 3: Using Step 3 of Xu’s method [241], discussed in Section 2.1,

¢ = Y8 diy (@, @%) = 0.45 + 0.35 + 0.25 + 0.45 + 0.30 + 0.35 = 2.15,

¢; = Y8 . dip(@sy, @) = 0.25 + 0.55 + 0.70 + 0.30 + 0.30 + 0.25 = 2.35,

c3 = 25, dis(@s5,@%) = 045+ 0.15 + 0.30 + 0.20 + 0.60 + 0.45 = 2.15.

Step 4: Using Step 4 of Xu’s method [241], discussed in Section 2.1, there is need to solve the

CLPP (P2.2).

Subject to

0.10 < w; £0.55,
0.30 < w, <£0.35,
w3 = 0.5w,,
wy+w, +wyz =1,
kwl =>0,w, >0,wz = 0.

(P2.2)

It can be easily verified that on solving the CLPP (P2.2) infinite number of OAWYV are

obtained e.g., (w;,w,, w3) = (0.10,0.30,0.60) and (w,, w,, w3) = (0.50,0.30,0.20) both are

the OAWV.

Step 5: On considering the OAWV, (w;, w,, w3) = (0.10,0.30,0.60) and using Step 5 of Xu’s

method [241], discussed in Section 2.1,

P, = (0.10)(0.45) + (0.30)(0.25) + (0.60)(0.45) = 0.39,
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P, = (0.10)(0.35) + (0.30)(0.55) + (0.60)(0.15) = 0.29,
P, = (0.10)(0.25) + (0.30)(0.70) + (0.60)(0.30) = 0.415,
P, = (0.10)(0.45) + (0.30)(0.30) + (0.60)(0.20) = 0.255,
P; = (0.10)(0.30) + (0.30)(0.30) + (0.60)(0.60) = 0.48,
P, = (0.10)(0.35) + (0.30)(0.25) + (0.60)(0.45) = 0.38.

Since, P, < P, < Py < P; < P; < Ps. So, according to Step 5 of Xu’s method [241],
discussed in Section 2.1, the ranking of the alternatives is A, > A, > Ag > A; > A5 > As.

While, on considering the OAWV, (w;, w,, w3) = (0.50,0.30,0.20) and using Step 4
of Xu’s method [241], discussed in Section 2.1,

P; = (0.50)(0.45) + (0.30)(0.25) + (0.20)(0.45) = 0.39,
P, = (0.50)(0.35) + (0.30)(0.55) + (0.20)(0.15) = 0.37,
P, = (0.50)(0.25) + (0.30)(0.70) + (0.20)(0.30) = 0.395,
P, = (0.50)(0.45) + (0.30)(0.30) + (0.20)(0.20) = 0.355,
P; = (0.50)(0.30) + (0.30)(0.30) + (0.20)(0.60) = 0.36,
P, = (0.50)(0.35) + (0.30)(0.25) + (0.20)(0.45) = 0.34.

Since, Py <P, < Ps <P, <P; < P3. So, according to Step 5 of Xu’s method [241],
discussed in Section 2.1, the ranking of the alternatives is Ag > A, > A5 > A, > A; > As.

It is obvious that, on applying Xu’s method [241], two different ranking of the
alternatives are obtained for the same IFMADMPr having partially known attribute weights,
which is inappropriate. Hence, it is inappropriate to use Xu’s method [241] to solve
IFMADMPTrs having partially known attribute weights.

(2) The ranking of the alternatives, obtained by Xu’s method [241], is not appropriate. The
following example clearly validates this claim.
If it is assumed that the (i, /)" element, represented by an IFS, of Table 2.3 represents the

rating value of the i*"-alternative over the j®*-benefit attribute. Also, if it is assumed that

18



H={01<w, <0403<w,<07}

Table 2.3: Rating Values

Attributes—
l G, G,

Alternatives

Aq (0.4,0.3) | (0.1,0.2)

A, (0.1,0) (0.1,0.2)

Then, it is obvious that the ranking of the alternatives A; and A, can never be A, = A,
as the rating values of both the alternatives corresponding to the attribute G, are equal.
Whereas, the rating values of both the alternatives corresponding to first attribute G, are not
equal. While, the following clearly indicates that on applying Xu’s method [241], the obtained
ranking of the alternatives is A; = A,, which is inappropriate.

Using Xu’s method [241] the ranking of the alternatives A; and A, can be obtained as
follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Xu’s method
[241], discussed in Section 2.1, there is no need to apply Step 1.
Step 2: According to Step 2 of Xu’s method [241], discussed in Section 2.1, there is need to

calculate the values of d;;(&;, @) V i = 1,2;j = 1,2. These values are shown in Table 2.4.

Table 2.4: Values of d;;(@;;, @*)

dy;((0.4,0.3),(1,0)) = %(0.6 +0.3) = 0.45 | dy,({0.1,0.2),(1,0)) = %(0.9 +0.2) = 0.55

d,,((0.1,0,(1,0)) = %(0.9 +0) =045 | dy,({0.1,0.2),(1,0)) = %(0.9 +0.2) = 0.55

Step 3: Using Step 3 of Xu’s method [241], discussed in Section 2.1,
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c1 = Y2, di; (@, @) = 0.45 + 0.45 = 0.9,

c; = Y2, dip(@p, @) = 055+ 0.55 = 1.1.

Step 4: Using Step 4 of Xu’s method [241], discussed in Section 2.1, there is need to solve the
CLPP (P2.3).

Min (0.9w; + 1.1w,)

Subject to

0.1<w; <04,

0.3<w, <07,
wy +w, =1,

wy = 0,w, = 0.

(P2.3)

It can be easily verified that on solving the CLPP (P2.3), the obtained OAWYV s
(wy,w,) = (0.4,0.6).
Step 5: On considering the OAWYV, (w;,w,) = (0.4,0.6) and using Step 5 of Xu’s method
[241], discussed in Section 2.1,
P; = (0.40)(0.45) + (0.60)(0.55) = 1.4171,
P, = (0.40)(0.45) + (0.60)(0.55) = 1.4171.
Since, P; = P,. S0, according to Step 5, of Xu’s method [241], discussed in Section
2.1, the ranking of the alternatives is A; = 4,.
It is obvious that, on applying Xu’s method [241], the relation A; = A, is obtained,
which is inappropriate.
2.3 Reasons for the inappropriateness of Xu’s method
In Section 2.2, it is shown that
(i)  On applying Xu’s method [241] more than one preference order for the alternatives are
obtained.
(i) The ranking of the alternatives, obtained by Xu’s method [241], is inappropriate.
These problems are occurring due to following reasons:

(i)  If there will exist two distinct attributes G, and G, such that ¢, = ¢, i.e.,
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(i)

M dip(@p, @) = T dig (&4, @"). Then, the coefficient of the attribute weight w,,
and w, will be equal in the CLPP (P2.1). Therefore, all such values of w, and wy,
corresponding to which w,, + w, will be optimal, will represent the optimal values of w,,
and w,. Due to the same reason, on solving the CLPP (P2.2), corresponding to the
IFMADMPr having partially known attribute weights considered in first point of Section
2.2, the number of obtained OAWYV are more than one.

If there will exist two distinct alternatives A, and A, such that d,;(a@,;a’) =

w

dqj(@qj, @*). Then, the value of B, = X7, - d,;(@,; @) will be equal to P, =

}‘zl%dqj(&qj,dﬂ. Hence, the relation A, = A, will be obtained. Due to the same

reason, on solving the IFMADMPr having partially known attribute weights, considered in
second point of Section 2.2, the obtained relation is A; = A,.
2.4 A brief review of Wei’s method
Wei [223] proposed the following method to solve IFMADMPrs having partially known
attribute weights.
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes
then convert the j** cost type attribute into the benefit type attribute by replacing all the
elements &;; = (u;;,v;;) of the j* column of the IFDM D = (&ij)mxn with @;; = (vij, i)
and go to Step 2.
Step 2: Using the expression (2.4), find d;jx (&, & ;) Vi=12,..,m;j = 1,2,..,mk =
1,2, .., m. die( @i @) = 5 (liy = | + iy = vigl) i = 12, om; j = 1,2, ms ke =
1,2, ..,m. (2.4)

21



Step 3: Using expression (2.5), find the values of ¢; Vj = 1,2,...,n.

¢ =2 Yy dipe(@, @), j =12,..,n.

Step 4: Find the OAWYV, (wy, w,, ..., wy,,) by solving the CLPP (P2.4).
max (2, ¢ wjl

Subject to

w; € H,Wj >0,j=12,..,n,

Yi=iwj =1

Step 5: Using the expression (2.6), find the value of P, Vi = 1,2, ..., m.

Pi =1- ?:1(1 — ,Ul'j)Wj — ?zl(vij)Wj ,i = 1,2, e, M.

(2.5)

(P2.4)

(2.6)

and check that P, >F, or P,<P, or B,=F, where, P,=1-— }21(1 —,upj)wj —

;'L=1(ij)Wj and P = 1T}, (1 - n“qj)Wj - ?=1(qu)Wj-
Case (i): If P, < P, then the ranking of the alternatives is 4, < A,.
Case (ii): If B, > P, then the ranking of the alternatives is 4, > A,.
Case (iii): If B, = F, then go to Step 6.

Step 6: Using the expression (2.7), find the value of Q; Vi = 1,2, ..., m.

Qi=1-TT"(1— )"+ (vi))” i =12,..,m

(2.7)

and check that Q, > Q, or Q, < Qg or Q, = Q,, where, Q, =1— ?:1(1 - ij)wj +

?=1(ij)Wj and Qg = 1 —T7-,(1 - ”qj)Wj + H?=1(qu)Wj-
Case (i): If @, < Q4 then the ranking of the alternatives is A, < 4,.
Case (ii): If Q, > Q, then the ranking of the alternatives is A, > A,.
Case (iii): If Q, = Q4 then the ranking of the alternative is 4, = A,.
2.5 Inappropriateness of Wei’s method

It is inappropriate to use Wei’s method [223] due to following reasons:
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(1) On applying Wei’s method [223] more than one preference orders of the alternatives are
obtained, which is inappropriate. To validate this claim the real-life IFMADMPr having
partially known attribute weights, considered by Wei [223] to illustrate his proposed
method [223], is solved with some modifications.

Wei [223] solved the following real-life IFMADMPr having partially known attribute
weights to illustrate his proposed method.
There is need to rank five companies A;,i = 1,2, ...,5 on the basis of the following four
benefit attributes.
(i)  Gq:risk analysis

(i) G,: growth analysis

(ili)  G5: social-political impact analysis

(iv)  G4: environmental impact analysis
The (i,/)" element of Table 2.5, represented by an IFS @;; = (uqj, vij), represents the

rating values of the i**-company over the j**-attribute.

Table 2.5: Rating values

Attributes—
l G, G, Gs G,

Alternatives

Aq (0.5,0.4) (0.6,0.3) (0.3,0.6) (0.2,0.7)
A, (0.7,0.3) (0.7,0.2) (0.7,0.2) (0.4,0.5)
As (0.6,0.4) (0.5,0.4) (0.5,0.3) (0.6,0.3)
Ay (0.8,0.1) (0.6,0.3) (0.3,0.4) (0.2,0.6)
As (0.6,0.2) (0.4,0.3) (0.7,0.1) (0.5,0.3)
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Also, H = {0.15 < w; < 0.20,0.16 < w, < 0.18,0.30 < w3 < 0.35,0.30 < w, < 0.45 }.
If
(1) Table 2.5 s replaced with Table 2.6

Table 2.6: Rating Values

Attributes—
l G, G, Gs G,

Alternatives

Aq (0.6,0.3) (0.5,0.4) (0.4,0.3) (0.6,0.2)
A, (0.7,0.2) (0.7,0.3) (0.6,0.3) (0.6,0.4)
As (0.5,0.4) (0.6,0.4) (0.7,0.2) (0.5,0.4)
Ay (0.6,0.3) (0.8,0.1) (0.5,0.4) (0.7,0.3)
As (0.4,0.3) (0.6,0.2) (0.6,0.3) (0.8,0.1)

(i) H={0.15<w,; <0.20,0.16 < w, < 0.18,0.30 < w; > 0.35,0.30 < w, < 0.45 } is
replaced with H = {0.15 < w; < 0.20,0.10 < w, < 0.95,0.20 < w3 > 0.35,0.20 <
w, < 0.45 }.
Then, using Wei’s method [223], the ranking of the alternatives of the modified
IFMADMPr having partially known attribute weights can be obtained as follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of Wei’s method [223],
discussed in Section 2.4, there is no need to apply Step 1.
Step 2: According to Step 2 of Wei’s method [223], discussed in Section 2.4, there is need to
calculate d;j, (&, @ ;) V i = 1,2,3,4,5;j = 1,2,3,4; k = 1,2,3,4,5. These values are shown in

Table 2.7.
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Table 2.7: Values of dy;, (@, @)

dy11({0.6,0.3),(0.6,0.3))

%(0+0)=0

d,11(0.5,0.4),(0.5,0.4))

%(0+0)=0

d211({0.4,0.3), (0.4,0.3))

%(0+0)=0

d,11((0.6,0.2),(0.6,0.2))

%(0+0)=0

d11,({0.6,0.3),(0.7,0.2))

~(01+0.1) =0.1

d,1,((0.5,0.4),(0.7,0.3))

~(0.2+0.1) =0.15

ds1,((0.4,0.3),(0.6,0.3))

%(0.2 +0)=0.1

d41,((0.6,0.2),(0.6,0.4))

%(0 +0.2)=0.1

d113({0.6,0.3),(0.5,0.4))

=2(0.140.1) =0.1

2

d,13((0.5,0.4),(0.6,0.4))

=1(0.1+0)=0.05

2

d313(0.4,0.3),(0.7,0.2))

=103+01) =02

2

d13((0.6,0.2), (0.5,0.4))

=2(0.1+40.2) = 0.15

2

d114({0.6,0.3),(0.6,0.3))

~(0+0)=0

d,14((0.5,0.4),(0.8,0.1))

%(0.3 +03) =03

d314((0.4,0.3),(0.5,0.4))

~(01+0.1) =0.1

d414({0.6,0.2),(0.7,0.3))

~(01+0.1) =0.1

dy115({0.6,0.3),(0.4,0.3))

~(0.2+0) =0.1

d,15((0.5,0.4),(0.6,0.2))

~(0.1+0.2) =0.15

315 ((0.4,0.3),(0.6,0.3))

~(02+0) = 0.1

d415({0.6,0.2), (0.8,0.1))

~(0.2+0.1) =0.15

d151((0.7,0.2),(0.6,0.3))

=2(0.140.1) = 0.1

d,21((0.7,0.3),(0.5,0.4))

=-(0.2+0.1) = 0.15

ds,1({0.6,0.3), (0.4,0.3))

=2(02+0)=01

d471((0.6,0.4),(0.6,0.2))

=-(0+0.2) =01

d12,({0.7,0.2),(0.7,0.2))

~(0+0)=0

d,5,({0.7,0.3),(0.7,0.3))

~(0+0)=0

ds5,({0.6,0.3), (0.6,0.3))

~(0+0)=0

d4,,((0.6,0.4),(0.6,0.4))

~(0+0)=0

d153((0.7,0.2),(0.5,0.4))

~(02+0.2) = 0.2

d,535((0.7,0.3),(0.6,0.4))

~(0.1+0.1) = 0.

ds55({0.6,0.3), (0.7,0.2))

~(0.1+0.1) = 0.1

d,25({0.6,0.4), (0.5,0.4))

§(0.1 +0) = 0.05

d124((0.7,0.2),(0.6,0.3))

=2(01+0.1) =01

d,,4((0.7,0.3),(0.8,0.1))

=2(01+0.2) =015

ds,4({0.6,0.3), (0.5,0.4))

=2(01+0.1) =01

d424({0.6,0.4), (0.7,0.3))

=2(01+0.1) =01

d15({0.7,0.2), (0.4,0.3))

~(03+0.1) = 0.2

d,,5({0.7,0.3),(0.6,0.2))

~(0.1+0.1) = 0.

ds5((0.6,0.3),(0.6,0.3))

%(0+0)=0

d,425({0.6,0.4), (0.8,0.1))

g(o.z +0.3) = 0.25

d131(0.5,0.4),(0.6,0.3))

d,31((0.6,0.4),(0.5,0.4))

ds31((0.7,0.2),(0.4,0.3))

d,31((0.5,0.4),(0.6,0.2))
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%(0.1 +0.1) =0.1

%(0.1 +0) = 0.05

%(0.3 +0.1) = 0.2

§(0.1 +0.2) = 0.15

dy32({0.5,0.4),(0.7,0.2))

%(0.2 +0.2) =0.2

d,3,((0.6,0.4), (0.7,0.3))

%(0.1 +0.1) =01

d33,({0.7,0.2), (0.6,0.3))

%(0.1 +0.1) = 0.1

d432({0.5,0.4), (0.6,0.4))

§(0.1 +0) = 0.05

d133((0.5,0.4),(0.5,0.4))

=2(0+0)=0

d,33((0.6,0.4), (0.6,0.4))

=-(0+0)=0

d335({0.7,0.2), (0.7,0.2))

=2(0+0)=0

d435({0.5,0.4), (0.5,0.4))

§(0+0)=0

dy34({0.5,0.4),(0.6,0.3))

%(0.1 +0.1) = 0.1

d,34((0.6,0.4),(0.8,0.1))

%(0.2 +0.3) = 0.25

d334({0.7,0.2), (0.5,0.4))

%(0.2 +0.2) =02

d434({0.5,0.4),(0.7,0.3))

§(0.2 +0.1) = 0.15

dy35((0.5,0.4),(0.4,0.3))

%(0.1 +0.1) = 0.1

d,35((0.6,0.4), (0.6,0.2))

%(0 +0.2)=0.1

d335({0.7,0.2), (0.6,0.3))

%(0.1 +0.1) = 0.1

d,435({0.5,0.4), (0.8,0.1))

§(0.3 +0.3) =03

d141({0.6,0.3),(0.6,0.3))

=2(0+0)=0

d,41((0.8,0.1),(0.5,0.4))

%(0.3 +03) =03

311 (0.5,0.4),(0.4,0.3))

%(0.1 +0.1) = 0.1

d441(0.7,0.3),(0.6,0.2))

§(0.1 +0.1) = 0.1

d14,({0.6,0.3),(0.7,0.2))

%(0.1 +0.1) = 0.1

d,4,((0.8,0.1),(0.7,0.3))

%(0.1 +0.2) = 0.15

ds4,({0.5,0.4), (0.6,0.3))

%(0.1 +0.1) = 0.1

d44,(0.7,0.3),(0.6,0.4))

%(0.1 +0.1) = 0.1

d143((0.6,0.3),(0.5,0.4))

%(0.1 +0.1) = 0.1

d,45((0.8,0.1), (0.6,0.4))

%(0.2 +0.3) = 0.25

ds43((0.5,0.4),(0.7,0.2))

%(0.2 +0.2) =02

d445({0.7,0.3), (0.5,0.4))

%(0.2 +0.1) = 0.15

d144((0.6,0.3),(0.6,0.3))

=2(0+0)=0

d,44((0.8,0.1),(0.8,0.1))

=2(0+0)=0

d344((0.5,0.4),(0.5,0.4))

=2(0+0)=0

d444({0.7,0.3),(0.7,0.3))

~(0+0)=0

d145({0.6,0.3),(0.4,0.3))

%(0.2 +0)=0.1

d,45((0.8,0.1),(0.6,0.2))

%(0.2 +0.1) = 0.15

ds45((0.5,0.4),(0.6,0.3))

%(0.1 +0.1) = 0.1

d445({0.7,0.3),(0.8,0.1))

%(0.1 +0.2) = 0.15

d121((0.4,0.3),(0.6,0.3))

%(0.2 +0)=0.1

d,51({0.6,0.2),(0.5,0.4))

%(0.1 +0.2) = 0.15

ds51((0.6,0.3),(0.4,0.3))

%(0.2 +0)=0.1

d,s1({0.8,0.1), (0.6,0.2))

%(0.2 +0.1) = 0.15

dy52((0.4,0.3),(0.7,0.2))

d,5,((0.6,0.2),(0.7,0.3))

d35,({0.6,0.3), (0.6,0.3))

d452({0.8,0.1), (0.6,0.4))
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= %(0.3 +0.1) =0.2

= %(0.1 +0.1) =01

=2(0+0)=0

= g(o.z +0.3) = 0.25

dy53((0.4,0.3),(0.5,0.4))

= %(0.1 +0.1) =0.1

d,55((0.6,0.2), (0.6,0.4))

= %(0 +0.2)=0.1

d355({0.6,0.3), (0.7,0.2))

= %(0.1 +0.1) = 0.1

d455({0.8,0.1), (0.5,0.4))

= §(0.3 +0.3) =03

dy54((0.4,0.3),(0.6,0.3))

= %(0.2 +0)=0.1

d,5,((0.6,0.2),(0.8,0.1))

= %(0.2 +0.1) = 0.15

d354({0.6,0.3), (0.5,0.4))

= %(0.1 +0.1) = 0.1

d454({0.8,0.1),(0.7,0.3))

= §(0.1 +0.2) = 0.15

dy55((0.4,0.3),(0.4,0.3))

=2(0+0)=0

d,55((0.6,0.2), (0.6,0.2))

=2(0+0)=0

d355({0.6,0.3), (0.6,0.3))

=2(0+0)=0

d,55({0.8,0.1), (0.8,0.1))

=-(0+0)=0

Step 3: Using Step 3 of Wei’s method [223], discussed in Section 2.4,

c1 =Y 1Yy dig(@, @) =0+014+014+0+01+01+0+02+01+0.2+

01+02+0+01+01+0+01+014+0+01+01+02+01+01+0=2.2,

Cp = Yooy X2 q dipk(@z, @) = 0+ 0.15 + 0.05 + 0.3 + 0.15 + 0.15+ 0 + 0.1 + 0.15 +

01+005+01+0+0.25+01+03+0.15+025+0+0.15+0.15+ 0.1+ 0.1 +

0.15+0 =3,

€3 = Yoy 2pq Aisk(@i3,@k3) =04+01+02+01+01+01+0+01+01+0+

02+01+0+02+014+01+01+024+0+01+01+0+0.1+0.1+0=2.2,

Ch = Yioq 2pq Aiax(@igy @s) =0+ 0.1+ 0.15+ 0.1+ 0.15+ 0.1+ 0+ 0.05 + 0.1 +

0.25+0.15+005+0+0.15+03+0.1+0.1+0.15+0+0.15+ 0.15 + 0.25 +

0.30+0.15+ 0= 3.

Step 4: Using Step 4 of Wei’s method [223], there is need to solve the CLPP (P2.5).

Max(2.2wy + 3w, + 2.2w5 + 3w,)

Subject to
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( 0.15 < w; < 0.20,
0.10 < w, < 0.95,
0.20 < w3 < 0.35,
0.20 < w, <0.45,
wyt+w, +ws+w, =1,
\w; =0,wy, =>0,w; =0,w, = 0.

(P2.5)

It can be easily verified that on solving the CLPP (P2.5) infinite number of OAWYV are
obtained e.g. (wy, wy, w3, w,) = (0.15,0.20,0.20,0.45) and (Wi, Wy, w3, w,) =
(0.15,0.40,,0.20,0.25) both are the OAWV.

Step 5: On considering the OAWV, (w,, w,, ws, w,) = (0.15,0.20,0.20,0.45) and using Step

5 of Wei’s method [223], discussed in Section 2.4,

P,=1-(1-0.6)%15(1 —0.5)°2°(1 — 0.4)%2°(1 — 0.6)°45 — (0.3)°15(0.4)°20(0.3)0-2°
(0.2)%45 = 0.2818,

P,=1-(1- 0_7)0.15(1 —0.7)°20(1 — 0.6)%2°(1 — 0.6)0'45 _ (0_2)0.15(0_3)0.20(0_3)0.20
(0.4)%45 = 0.3171,

P;=1-(1-0.5%5(1-0.6)%2°(1 - 0.7)%2°(1 — 0.5)%*> — (0.4)°15(0.4)°2°(0.2)02°

(0.4)%45 = 0.2201,

P, =1-(1-0.6)""(1-0.8)2°(1 - 0.5)°2°(1 — 0.7)°*° — (0.3)15(0.1)%2°(0.4)°°

(0.3)%45 = 0.4252,

Ps=1—(1-0.4)°15(1—0.6)°2°(1 — 0.6)°2°(1 — 0.8)°*% — (0.3)%15(0.2)°2°(0.3)°2°

(0.1)%%5 = 0.5202.

Since, P; > P, > P, > P; > P;. So, according to Step 5 of Wei’s method [223], the
ranking of the alternatives is As > A, > A, > A; > As.

While, on considering the OAWV, (w,, w,, w3, w,) = (0.15,0.40,0.20,0.25) and using
Step 5 of Wei’s method [223], discussed in Section 2.4,
P,=1-(1-0.6)%15(1 —0.5)%4°(1 — 0.4)%2°(1 — 0.6)°25 — (0.3)°15(0.4)°40(0.3)0-20

(0.2)%25 = 0.2217,
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P,=1-(1-07)°"3(1-0.7)°*(1-0.6)°2°(1 - 0.6)%2° — (0.2)>15(0.3)°*°(0.3)%%°
(0.4)°2% = 0.3553,

P;=1-(1-0.5)%"%1-0.6)>%(1 - 0.7)%2°(1 — 0.5)%25 — (0.4)%15(0.4)°40(0.2)02°
(0.4)°25 = 0.2390,

P, =1—(1-0.6)"15(1-0.8)"*°(1 - 0.5)%2°(1 — 0.7)%25 — (0.3)%15(0.1)*°(0.4)°2°
(0.3)%25 = 0.5004,

P.=1-(1- 0_4)0.15(1 —0.6)%40(1 — 0.6)%2°(1 — 0.8)0'25 _ (0_3)0.15(0'2)0.40(0_3)0.20
(0.1)%25 = 0.4488.

Since, P, > P > P, > P; > P,. So, according to Step 5 of Wei’s method [223], the
ranking of the alternatives is A, > As > A, > A3 > A,.

It is obvious that on applying Wei’s method [223] two different ranking of the
alternatives are obtained for the same IFMADMPr having partially known attribute weights,
which is inappropriate. Hence, it is inappropriate to use Wei’s method [223] to solve
IFMADMPTrs having partially known attribute weights.

(2) The ranking of the alternatives, obtained by Wei’s method [223], is inappropriate. The
following examples clearly validate this claim.

If it is assumed that the (i, j)*"* element, represented by an IFS, of Table 2.8 represents
the rating value of the i*"-alternative over the j¢" benefit attribute. Also, if it is assumed that
H={01<w; <06,02<w,<0.7}.

Table 2.8: Rating values

Attributes—
J/ Gl Gz

Alternatives

A, (0.4,0.3) (1,0)
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(0.3,0.4) (1,0)

Then, it is obvious that the ranking of alternatives A; and A, can never be A; = A, as
the rating values of both the alternatives corresponding to the attribute G, are equal. Whereas,
the rating values of both the alternatives corresponding to first attribute G, are compliment to

each other. While, the following clearly indicates that on applying Wei’s method [223], the

relation A; = A, is obtained, which is inappropriate.

Using Wei’s method [223], the ranking of the alternatives A; and A, can be obtained

as follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Wei’ method

[223], discussed in Section 2.4, there is no need to apply Step 1.

Step 2: According to Step 2 of Wei’s method [223], discussed in Section 2.4, there is need to

calculate d;j, (@, @;) V i = 1,2;j = 1,2; k = 1,2. These values are shown in Table 2.8.

Table 2.8: Values of djy (@, ;)

d111({0.4,0.3),(0.4,0.3)) == (0+0) = 0

d211((1,0),(1,0) = (0 +0) = 0

d115({0.4,0.3),(0.3,0.4)) == (0.1 +0.1) = 0.1 | d21,({1,0),(1,0) =>(0+0) = 0

d151({0.3,0.4),(0.4,0.3)) == (0.1 +0.1) = 0.1 | d251({1,0),(1,0)) =-(0+0) = 0

d15,({0.3,0.4),(0.3,0.4)) == (0 +0) = 0

2

d222((1,0),(1,00) = 2(0 +0) = 0

Step 3: Using Step 3 of Wei’s method [223], discussed in Section 2.4,

c1 =21 roq dig(&1,8) =0+0.1+01+0=0.2,

Cy = 21'5=1215<=1 dijk(&ij,dkj) =04+04+04+0=0.

Step 4: Using Step 4 of Wei’s method [223], there is need to solve the CLPP (P2.6).

Max(0.2w; + O0w,)
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Subject to

0.1 <w; 0.6,
0.2<w, <07,
wy +w, =1,
wy = 0,w, = 0.

(P2.6)

It can be easily verified that on solving the CLPP (P2.6), the obtained OAWYV is
(wy,w,) = (0.6,0.4)
Step 5: On considering the OAWV, (wy,w,) = (0.6,0.4) and using Step 5 of Wei’s method
[223], discussed in Section 2.4,
P,=1-(1-04)°%(1-1)%*—(0.3)%°(0)%* =1,
P, =1—(1-0.3)%6(1—1)%* — (0.4)°6(0)°* = 1.
Since, P, = P,. So, according to Step 5 of Wei’s method [223], there is need to apply Step
6.
Step 6: Using Step 6 of Wei’s method [223], discussed in Section 2.4,
Q1 =1-(1-04%(1 - 1% + (0.3)°6(0)** = 1,
Q;=1-(1-0.3)%°1 - 1)%* +(0.4)°°(0)°* = 1.
Since, Q; = Q,. So, according to Step 6 of Wei’s method [223], the ranking of the
alternatives is A, = 4,.
It is obvious that on applying Wei’s method [223], the relation A; = A, is obtained,
which is inappropriate.
2.6 Reasons for the inappropriateness of Wei’s method
In Section 2.5, it is shown that
(i) On applying Wei’s method [223] more than one preference order for the alternatives are
obtained.
(i) The ranking of the alternatives, obtained by Wei’s method [223], is inappropriate.

These problems are occurring due to following reasons:
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(i)

(i)

If there will exist two distinct attributes G, and G, such that c, =c, ie,

oYy dipk(@ip, @rp) = Ty Tty dig(@ig) @rq). Then, the coefficient of the
attribute weight w;, and w, will be equal in the CLPP (P2.4). Therefore, all such values of
w,, and w, for which w,, + w, will be optimal, will represent the optimal values of w,, and
w,. Due to the same reason, on solving the CLPP (P2.5), corresponding to the IFMADMPr
having partially known attribute weights considered in first point of Section 2.5, the number
of obtained OAWYV are more than one.

It is pertinent to mention that if there exist (u;;, v;;) such that y;; = 1 and v;; = 0 then the

value of P, = 1 — [T, (1 — ;) 7 — [Ty vy aswellas Q; = 1 — [17o, (1 — pyy) 7 +
=1 vi;"7 will always be 1 for all values of w;. Due to the same reason, on solving the

IFMADMPr having partially known attribute weights, considered in second point of

Section 2.5, the obtained relation is A; = A,.

2.7 Inappropriateness of some other existing methods

It is inappropriate to use the existing methods [50, 63, 111, 146, 222-225, 236, 241] due to

the following reasons:

(i)

(i)

It can be easily verified that in all the existing methods [50, 63, 111, 146, 222-225, 236,
241], the CLPP (P2.1) or the CLPP (P2.4) has been used to obtain the OAWYV with different
expressions for ¢;. However, as discussed in Section 2.2 and Section 2.5, it is inappropriate
to use the CLPP (P2.1) and the CLPP (P2.4). Therefore, it is inappropriate to use the existing
methods [50, 63, 111, 146, 222-225, 236, 241].

It can be easily verified that in the existing methods [50, 63, 111, 146, 222-225, 236, 241],
either the expression (2.3) or the expression (2.6) has been used to evaluate P; and hence for
the ranking of the alternatives. However, as discussed in Section 2.2 and Section 2.5, it is

inappropriate to use the expression (2.3) and the expression (2.6). Therefore, it is
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inappropriate to use the existing methods [50, 63, 111, 146, 222-225, 236, 241].
2.8 Inappropriateness of the existing NLPP
It is pertinent to mention that Wei [223] has used the NLPP (P2.7) to evaluate the OAWV
of IFMADMPrs having completely unknown attribute weights. The NLPP (P2.7) has been

obtained by replacing the linear constraint 7_;w; =1 with the non-linear constraint
}‘zlez = 1inthe CLPP (P2.4).

max (2 ¢ wjl
Subject to
0<w; <1LYL wi=1 (P2.7)

Also, it is pertinent to mention that Wu and Chen [236] have used the NLPP (P2.7) to
evaluate the OAWYV of the linguistic MADMPTrs having partially known attribute weights.

Inspired by the same, one may use the NLPP (P2.7) to obtain the OAWYV of IFMADMPrs
having partially known attribute weights.

However, the following example clearly indicates that there is no physical meaning of the
non-linear constraint }7_, wj2 = 1. Whereas, there is a physical meaning of the linear
constraint 3.7_, w; = 1. Therefore, it is inappropriate to use the existing NLPP (P2.7) to obtain
the OAWV.

Let us consider a person has $30,000. This person is interested to invest this amount to
purchase the shares of three different companies in such a manner that a total return after one
year is maximum. If it is assumed that corresponding to one unit invested amount the return
after one year, corresponding to the shares of first, second and third company are 2,3 and 4
times of the total invested amount. Then, the person is interested to know the optimal amount
which should be invested in first, second and third company shares.

Let us assume that the person should invest $a,, $a, and $a; to purchase first, second

and third company shares. Then, the value of a,, a, and a; can be obtained by solving the
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CLPP (P2.8) or its equivalent CLPP (P2.9).
max(2a; + 3a, + 4a3)
Subject to
0 <a; <30,000,
0 <a, <£30,000,
0 < a3 <£30,000, (P2.8)

Ia1 + a2 + a3 = 30,000,
a; =0,a, =20,a; = 0.

max (30,000 (2 (5os) +3 (50555) + 4 (ﬁ)))

Subject to

p

=)<, (P2.9)

(5am50) 2
\\30,000/ —

Assuming, —=

30,000

W1,

—2_ —w, and —— =w;,, the CLPP (P2.9) can be
30,000 30,000

transformed into its equivalent CLPP (P2.10).

max (30,000 2w, + 3w, + 4ws3))
Subject to

0<w; <1,

0<w,<1,

0<w3<1, (P2.10)
| wy+w,+w; =1,
kwl >0,w, =20,wz > 0.

Now, if it is assumed that in the considered problem the total amount is B and the
number of companies are n and the return of one unit invested amount corresponding to the

first, second, ..., nt"- companies are c;, c,, ..., ¢, respectively. Then the CLPP (P2.10) will be
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a special case of the CLPP (P2.11).

max (B (Z}l:l cjwj))

Subject to
Z?=1 W] = 1
{0 <w;<1j=12..,n (P2.11)

On the basis of the above discussion it can be easily concluded that the linear constraint
Yi=1w; =1 has a physical meaning and hence it is inappropriate to replace this linear
constraint with the non-linear constraint Z}lzlez = 1 i.e, itis inappropriate to use the NLPP
(P2.7) to evaluate the OAWV.

2.9 Modified LPP

In Section 2.3 and Section 2.5, it was pointed out that if there will exist two distinct
attributes G, and G, such that ¢, = ¢,. Then, on solving the CLPP (P2.1) and the CLPP (P2.4)
infinite number of OAWYV will be obtained. Due to which more than one preference orders for
the alternatives will be obtained, which is inappropriate.

If in the CLPP (P2.1) and the CLPP (P2.4) the constraint w;,, = w,, is added in the case
of ¢, = ¢,4. Then, on solving the CLPP (P2.1) and the CLPP (P2.4), always a unique OAWV
will be obtained.

2.10 Appropriate intuitionistic fuzzy aggregation operator

It is pertinent to mention that Xu [241] has used the expression (2.6), based upon the
intuitionistic fuzzy aggregation operator }7_; w; xdefuzzified value of (u;;,v;;), to find the
ranking of the alternatives.

Also, Wei [223] has used the expression (2.7), based upon the intuitionistic fuzzy
aggregation operator (1 — ’}zl(l — uij)wj, i=1vy;"7), to find the ranking of the
alternatives.

However, as discussed in Section 2.2 and Section 2.5, it is inappropriate to use the existing
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expressions (2.6) and (2.7) to find the ranking of the alternatives.
If the existing expression (2.8) and (2.9), based upon the existing intuitionistic fuzzy

aggregation operator [14] <ijleuij,zj=,llevij>, will be used to find the ranking of the

j=1%j j=1Wj

alternatives. Then, the problems, occurring due to using the existing intuitionistic fuzzy
aggregation operators [223, 241], can be resolved. Hence, it is appropriate to use the expression
(2.8) to evaluate the value of P; and the expression (2.9) to evaluate the value of Q; instead of
using the expression (2.6) and the expression (2.7) respectively.

p, = Yiawikij  Xjoiwjvij (2.8)

n n
Z]':le Z/’=1Wj

n n
_ XWX Wivij

Q; = + (2.9)

n R n 3
j=1Vj j=1j

2.11 Proposed Mehar method

In this section, to resolve the inappropriateness of Xu’s method [241] and Wei’s method
[223], a new method (named as Mehar method), based upon the CLPP (P2.12) as well as the
existing expressions (2.8) and (2.9), has been proposed to solve the IFMADMPrs having
partially known attribute weights.

The steps of the proposed Mehar method are as follows:
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.
Then, convert the j* cost type attribute into the benefit type attribute by replacing all the
elements &;; = (u;;,v;;) of the j* column of the IFDM D = (&ij)mxn with @;; = (vij, i)
and go to Step 2.

Step 2: Using the expression (2.4), find d; (&, & ;) Vi=12,..,mk =12,..,m;j =
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1,2,..,n.

Step 3: Using expression (2.5), find the values of ¢; Vj =1,2,..,n.
Step 4: Find the OAWV, (wy, wy, ..., wy,) by solving the CLPP (P2.12).
max[%; cjwjl

Subject to

w;€H,w; =>0,j=12,...,.n,0"— w; =1
{ j 20, Lj=1Wj (P2.12)

Wp =W Vep=cqy.

Step 5: Using the expression (2.8), find the value of P, Vi = 1,2, ..., m.
and check that B, > B, or B, < B, or B, = P.
Case (i): If P, < B, then the ranking of the alternatives A, and 4, is A, < A,.
Case (ii): If B, > P, then the ranking of the alternatives A, and A, is A, > A,.
Case (iii): If B, = P, then go to Step 6.
Step 6: Using the expression (2.9), find the value of Q; Vi = 1,2, ..., m.
and check that Q, > Q, or @, < Q4 0r @, = Qq.
Case (i): If @, < Q4 then the ranking of the alternatives A, and A, is A, < 4,.
Case (ii): If Q, > Q, then the ranking of the alternatives A, and 4, is A, > A,.
Case (iii): If @, = Q4 then the ranking of the alternatives A, and A, is A, = A,.
2.12 Exact results of the considered IFMADMPrs having partially known attribute

weights

In Section 2.2, two IFMADMPrs having partially known attribute weights were solved by
Xu’s method [241] and shown that the obtained results are inappropriate. Also, in Section 2.5,
two IFMADMPrs were solved by Wei’s method [223] and shown that the obtained results are
inappropriate. In this section, the exact results of all these IFMADMPTrs having partially known

attribute weights are obtained by the proposed Mehar method.
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2.12.1 Exact results of the first IFMADMPYr having partially known attribute weights

Using the proposed Mehar method, the exact result of the IFMADMPr having partially

known attribute weights, considered in the first point of Section 2.2, can be obtained as follows:

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Mehar method,

proposed in Section 2.11, there is no need to apply Step 1.

Step 2: According to Step 2 of the Mehar method, proposed in Section 2.11, there is need to

calculate d;x (&, @;) Vi =12,..,6;j = 1,2,3. These values are shown in Table 2.9.

Table 2.9: Values of d,](ﬁ,], ﬁkl)

d111((0.4,0.3),(0.4,0.3)) =

2(0+0)=0

d»11({0.6,0.1),(0.6,0.1)) =

2(0+40)=0

d311({0.5,0.4),(0.5,0.4)) =

2(0+0)=0

d112({0.4,0.3),(0.5,0.2)) =

~(0140.1) = 0.1

d512({0.6,0.1),(0.3,0.4)) =

~(03+03) =03

d312({0.5,0.4),(0.8,0.1)) =

~(0.3+03) =03

d113({0.4,0.3),(0.7,0.2)) =

~(0.340.1) = 0.2

d»13({0.6,0.1),(0.3,0.7)) =

~(0.340.6) = 045

d313((0.5,0.4),(0.6,0.2)) =

~(0.1402) =015

d114((0.4,0.3),(0.4,0.3)) =

2(0+0)=0

d514({0.6,0.1),(0.6,0.2)) =

%(0 +0.1) = 0.05

d314({0.5,0.4),(0.7,0.1)) =

~(0.2403) =025

d115({0.4,0.3),(0.6,0.2)) =

~(0.24+0.1) =015

d515({0.6,0.1),(0.5,0.1)) =

1(0.1+0) = 0.05

d315({0.5,0.4),(0.4,0.6)) =

~(0.1402) =015

d116({0.4,0.3),(0.6,0.3)) =

d316((0.6,0.1),(0.7,0.2)) =

~(0140.1) = 0.1

d316((0.5,0.4),(0.5,0.4)) =

2(0+0)=0

d121({0.5,0.2),(0.4,0.3)) =

~(0140.1) = 0.1

dy21((0.3,0.4),(0.6,0.1)) =

~(03+03) =03

d3,1({0.8,0.1),(0.5,0.4)) =

~(0.3+03) =03
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d422(0.5,0.2),(0.5,0.2)) =

~(0+0)=0

d37,((0.3,0.4),(0.3,0.4)) =

%(04'0):0

d3,,((0.8,0.1),(0.8,0.1)) =

~(0+0)=0

d123((0.5,0.2),(0.7,0.2)) =

~(02+0) = 0.1

d323((0.3,0.4),(0.3,0.7)) =

2(0+03) =015

d3,3(¢0.8,0.1),(0.6,0.2)) =

2(0.2+0.1) = 0.15

d124((0.5,0.2),(0.4,0.3)) =

2(0.1+0.1) = 0.1

d,,4((0.3,0.4),(0.6,0.2)) =

2(0.3+0.2) = 0.25

d374((0.8,0.1),(0.7,0.1)) =

2(0.1+0) = 0.05

d125({0.5,0.2),(0.6,0.2)) =

2(0.1+0) = 0.05

d325({0.3,0.4),(0.5,0.1)) =

2(0.2+0.3) = 0.25

d3,5((0.8,0.1),(0.4,0.6)) =

2(0.4+0.5) = 0.45

d126({0.5,0.2),(0.6,0.3)) =

~(0140.1) =01

d326((0.3,0.4),(0.7,0.2)) =

~(04+02) =03

d376((0.8,0.1),(0.5,0.4)) =

~(0.3403) =03

d131({0.7,0.2),(0.4,0.3)) =

~(0.340.1) = 0.2

dy31({0.3,0.7),(0.6,0.1)) =

~(0.340.6) = 045

d331({0.6,0.2),(0.5,0.4)) =

~(0.1402) =015

d132({0.7,0.2),(0.5,0.2)) =

d»3,((0.3,0.7),(0.3,0.4)) =

%(0 +0.3) = 0.15

d332(¢0.6,0.2),(0.8,0.1)) =

~(0.240.1) =015

dq33({0.7,0.2),(0.7,0.2)) =

2(0+0)=0

d»33((0.3,0.7),(0.3,0.7)) =

~(0+0)=0

d333({0.6,0.2),(0.6,0.2)) =

2(0+0)=0

d134({0.7,0.2),(0.4,0.3)) =

~(0.340.1) = 0.2

d534((0.3,0.7),(0.6,0.2)) =

~(0.3+0.5) = 0.4

d334((0.6,0.2),(0.7,0.1)) =

~(0.140.1) = 0.1

d135({0.7,0.2),(0.6,0.2)) =

1(0.1+0) = 0.05

d335((0.3,0.7),(0.5,0.1)) =

~(0.2+0.6) = 0.4

d335((0.6,0.2),(0.4,0.6)) =

~(0.240.4) = 03

d136({0.7,0.2),(0.6,0.3)) =

~(0140.1) = 0.1

dy36((0.3,0.7),(0.7,0.2)) =

~(0.440.5) = 045

d336((0.6,0.2),(0.5,0.4)) =

~(0.1402) =015
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d141((0.4,0.3),(0.4,0.3)) =

~(0+0)=0

d241({0.6,0.2),(0.6,0.1)) =

%(O +0.1) = 0.05

d341(0.7,0.1),(0.5,0.4)) =

%(0.2 +0.3) = 0.25

d142({0.4,0.3),(0.5,0.2)) =

2(0.1+0.1) = 0.1

d347((0.6,0.2),(0.3,0.4)) =

2(0.3+0.2) = 0.25

d34(0.7,0.1),(0.8,0.1)) =

2(0.1+0) = 0.05

d143({0.4,0.3),(0.7,0.2)) =

2(0.3+0.1) = 0.2

d243((0.6,0.2),(0.3,0.7)) =

2(0.3+0.5) =04

d343(¢0.7,0.1),(0.6,0.2)) =

2(0.1+0.1) = 0.1

d144((0.4,0.3),(0.4,0.3)) =

~(0+0)=0

d244({0.6,0.2),(0.6,0.2)) =

%(O+O)=0

d344(0.7,0.1),(0.7,0.1)) =

~(0+0)=0

d145({0.4,0.3),(0.6,0.2)) =

~(0.2+0.1) =015

d545((0.6,0.2),(0.5,0.1)) =

~(0140.1) =01

d345(0.7,0.1),(0.4,0.6)) =

~(0.3+0.5) = 0.4

d146({0.4,0.3),(0.6,0.3)) =

d146((0.6,0.2),(0.7,0.2)) =

1(0.1+0) = 0.05

d346((0.7,0.1),(0.5,0.4)) =

~(0.2403) =025

d151({0.6,0.2),(0.4,0.3)) =

~(0.2+0.1) =015

d2s51({0.5,0.1),(0.6,0.1)) =

1(0.1+0) = 0.05

d351((0.4,0.6),(0.5,0.4)) =

~(0.1402) =015

d152({0.6,0.2),(0.5,0.2)) =

1(0.1+0) = 0.05

d2s52((0.5,0.1),(0.3,0.4)) =

~(0.2403) =025

d3s52((0.4,0.6),(0.8,0.1)) =

~(0.440.5) = 045

d153({0.6,0.2),(0.7,0.2)) =

1(0.1+0) = 0.05

d»53((0.5,0.1),(0.3,0.7)) =

~(0.2+0.6) = 0.4

d353((0.4,0.6),(0.6,0.2)) =

~(0.240.4) = 03

d154({0.6,0.2),(0.4,0.3)) =

~(0.2+0.1) = 0.15

d354((0.5,0.1),(0.6,0.2)) =

~(0140.1) = 0.1

d354((0.4,0.6),(0.7,0.1)) =

~(0.3+0.5) = 0.4

d155({0.6,0.2),(0.6,0.2)) =

2(0+0)=0

d355((0.5,0.1),(0.5,0.1)) =

2(040)=0

d355((0.4,0.6),(0.4,0.6)) =

~(0+0)=0
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d156((0.6,0.2),(0.6,0.3)) =

%(0 +0.1) = 0.05

d2s56(¢0.5,0.1),(0.7,0.2)) =

%(0.2 +0.1) = 0.15

d356((0.4,0.6),(0.5,0.4)) =

2(0.1+0.2) = 0.15

d161((0.6,0.3),(0.4,0.3)) =

~(02+0) = 0.1

d261((0.7,0.2),(0.6,0.1)) =

2(0.1+0.1) = 0.1

d361({0.5,0.4),(0.5,0.4)) =

~(0+0)=0

d162(0.6,0.3),(0.5,0.2)) =

2(0.1+0.1) = 0.1

d262((0.7,0.2),(0.3,0.4)) =

2(0.4+0.2) = 0.3

d362({0.5,0.4),(0.8,0.1)) =

2(0.3+0.3) = 0.3

d163({0.6,0.3),(0.7,0.2)) =

2(0.1+0.1) = 0.1

d263({0.7,0.2),(0.3,0.7)) =

2(0.4+0.5) = 0.45

d363((0.5,0.4),(0.6,0.2)) =

%(0.1 +0.2) = 0.15

d164((0.6,0.3),(0.4,0.3)) =

%(0.2 +0)=0.1

d164((0.7,0.2),(0.6,0.2)) =

2(0.1+0) = 0.05

d364((0.5,0.4),(0.7,0.1)) =

~(0.2+0.3) =025

d165({0.6,0.3),(0.6,0.2)) =

%(0 +0.1) = 0.05

d165((0.7,0.2),(0.5,0.1)) =

~(0.240.1) = 0.15

d365((0.5,0.4),(0.4,0.6)) =

~(0.1402) =015

d166({0.6,0.3),(0.6,0.3)) =

2(0+0)=0

d166((0.7,0.2),(0.7,0.2)) =

~(0+0)=0

d366((0.5,0.4),(0.5,0.4)) =

2(0+0)=0

Step 3: Using Step 3 of the Mehar method, proposed in Section 2.11,

=Y N0 di(@y,8,)=0+014024+0+015+01+01+0+01+0.1+

0.05+01+02+01+0+02+005+01+0+01+02+0+0.15+0.1+0.15+

0.05+0.05+0.15+0+0.05+0.1+01+0.1+0.1+0.05+0 = 3.1,

Cp = Y81 Y81 din(@iz) Erp) = 0 + 0.3 + 0.45 + 0.05 + 0.05 + 0.1 + 0.3 + 0 + 0.15 +

0.25+025+03+045+015+0+04+04+045+0.05+025+04+0+0.1+

0.05+0.05+025+04+01+0+0.15+0.1+0.30 +0.45+ 0.05+ 0.15+ 0 = 6.9,

c3 =X Y81 digk (s, @k3) = 0+ 0.3+ 0.15+0.25+0.15+ 0+ 0.3+ 0+ 0.15 +
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0.05+045+03+015+015+0+0.1+03+0.15+025+0.05+01+0+ 0.4+
0.25+0.15+045+03+04+0+0.15+0+ 0.3+ 0.15+ 0.25 + 0.15 + 0 = 6.30.
Step 4: Using Step 4 of the Mehar method, proposed in Section 2.11, there is need to solve the
CLPP (P2.13).

Max(3.1w; + 6.9w, + 6.3w;)

Subject to

0.1 <w; <0.55,
0.3 <w, <£0.35,
wsz = 0.5w,, (P2.13)
wyt+w, +wy =1,
wy = 0,w, =0,wz = 0.

(o _/\__‘\

It can be easily verified that on solving the CLPP (P2.13), the obtained OAWYV is
(Wli Wo, W3) = (010,035,055)
Step 5: On considering the OAWV, (wy,w,,w;) = (0.10,0.35,0.55) and using Step 5 of

Mehar method, proposed in Section 2.11,

P, = ((0.10)(0.4) + (0.35)(0.6) + (0.55)(0.5)) — ((0.10)(0.3) + (0.35)(0.1) +
(0.55)(0.4)) = 0.24,

P, = ((0.10)(0.5) + (0.35)(0.3) + (0.55)(0.8)) — ((0.10)(0.2) + (0.35)(0.4) +
(0.55)(0.1)) = 0.38,

P; = ((0.10)(0.7) + (0.35)(0.3) + (0.55)(0.6)) — ((0.10)(0.2) + (0.35)(0.7) +
(0.55)(0.2)) = 0.13,

P, = ((0.10)(0.4) + (0.35)(0.6) + (0.55)(0.7)) — ((0.10)(0.3) + (0.35)(0.2) +
(0.55)(0.1)) = 0.48,

P; = ((0.10)(0.6) + (0.35)(0.5) + (0.55)(0.4)) — ((0.10)(0.2) + (0.35)(0.1) +
(0.55)(0.6)) = 0.07,

Ps = ((0.10)(0.6) + (0.35)(0.7) + (0.55)(0.5)) — ((0.10)(0.3) + (0.35)(0.2) +
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(0.55)(0.4) = 0.26.

Since, P, > P, > P > P; > P; > Ps. So, according to Step 5 of the Mehar method,
proposed in Section 2.11, the ranking of the alternatives is A, > A, > Ag > A, > A3 > As.
2.12.2 Exact results of second IFMADMPYr having partially known attribute weights

Using the proposed Mehar method, the exact result of IFMADMPr having partially
known attribute weight, considered in the second point of Section 2.2, can be obtained as
follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of the Mehar method,
proposed in Section 2.11, there is no need to apply Step 1.
Step 2: According to Step 2 of the proposed Mehar method, discussed in Section 2.12, there is

need to calculate dl-jk(dij, dkj) Vi=1,2;j = 1,2. These values are shown in Table 2.10.

Table 2.10: Values of d,-]-k(ﬁ,-]-, ﬁk])

d111({0.4,0.3),(0.4,0.3)) = %(0 +0)=0 d,11((0.1,0.2),(0.1,0.2)) = %(0 +0)=0

dy1,({0.4,0.3),(0.1,0)) = %(0.3 +0.3) = 0.3 | dyy,({0.1,0.2),(0.1,0.2)) = %(0 +0)=0

d151({0.1,0),(0.4,0.3)) =~ (0.3 + 0.3) = 0.3 | d5,1((0.1,0.2),(0.1,0.2)) =~ (0 +0) = 0

d125({0.1,0),(0.1,00) = 2(0 +0) = 0 d222({0.1,0.2),(0.1,0.2)) == (0 + 0) = 0

Step 3: Using Step 3 of the Mehar method, proposed in Section 2.11,

c1=Xr Y% 1 diw(@iq, &q) =0+ 0.3+0.3+0=0.6,

2 = Xi1 Yie1 diak (@2, Gr2) =0+ 0+ 0+ 0 =0.

Step 4: Using Step 4 of Mehar method, proposed in Section 2.11, there is need to solve the
CLPP (P2.14).

Max(0.6w,)

Subject to
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0.1<w; <04,

0.3<w, <07,
wy +w, =1,

wy = 0,w, = 0.

(P2.14)

It can be easily verified that on solving the CLPP (P2.14) the obtained OAWYV is
(wy,w,) = (0.4,0.6)
Step 5: On considering the OAWV, (w,,w,) = (0.4,0.6) and using Step 4 of the Mehar
method, proposed in Section 2.11,
P, = ((0.4)(0.4) + (0.6)(0.1)) — ((0.4)(0.3) + (0.6)(0.2)) = —0.02,
P, = ((0.4)(0.1) + (0.6)(0.1)) — ((0.4)(0) + (0.6)(0.2)) = —0.02.
Since, P; = P,. So, there is need to go to Step 6 of the proposed Mehar method.
Step 6: Using Step 6 of the Mehar method, proposed in Section 2.11,
Q; = ((0.4)(0.4) + (0.6)(0.1)) + ((0.4)(0.3) + (0.6)(0.2)) = 0.46,
Q2 = ((0.4)(0.1) + (0.6)(0.1)) + ((0.4)(0) + (0.6)(0.2)) = 0.22.
Since, Q; > Q. Therefore, according to Step 6 of the proposed Mehar method, the
ranking of the alternatives is 4, > 4,.
2.12.3 Exact results of third IFMADMPYr having partially known attribute weights
Using the proposed Mehar method, the exact result of IFMADMPr having partially
known attribute weight, considered in the first point of Section 2.5, can be obtained as follows:
Since, Step 1 to Step 3 of the proposed Mehar method and Wei’s method [223] are
same. Also, as Step 1 to Step 3 of Wei’s method [223] for the considered IFMADMPr having
partially known attribute weights is discussed in the first point of Section 2.5. So, to avoid any
repetition, the calculations have been started from Step 4.
Step 4: Using Step 4 of the Mehar method, proposed in Section 2.11, there is need to solve the
CLPP (P2.15).

Max(2.2w; + 3w, + 2.2w; + 3w,)
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Subject to

r 0.15 < w, < 0.20,
0.1 <w, <0.95,
0.20 < w; < 0.35,
0.20 < w, < 0.45,

P2.1
< W1+W2+W3+W4_=1’ ( 5)
W1 = W3,
W2 = W4_,

Wy = 0,w, = 0,ws = 0,w, > 0.
It can be easily verified that on solving the CLPP (P2.15) the obtained OAWV is

(wy, wa, w3, wy) = (0.2,0.3,0.2,0.3).

Step 5: On considering the OAWV, (w;, w;, w3, w,) = (0.2,0.3,0.2,0.3) and using Step 5 of

the Mehar method, proposed in Section 2.11,

P, = ((0.2)(0.6) + (0.3)(0.5) + (0.2)(0.4) + (0.3)(0.6)) — ((0.2)(0.3) + (0.3)(0.4) +

(0.2)(0.3) + (0.3)(0.2)) = 0.23,

P, = ((0.2)(0.7) + (0.3)(0.7) + (0.2)(0.6) + (0.3)(0.6)) — ((0.2)(0.3) + (0.3)(0.4) +

(0.3)(0.3) + (0.4)(0.2)) = 0.34,

P; = ((0.2)(0.5) + (0.3)(0.6) + (0.2)(0.7) + (0.3)(0.5)) — ((0.2)(0.4) + (0.3)(0.4) +

(0.2)(0.2) + (0.3)(0.4)) = 0.21,

P, = ((0.2)(0.6) + (0.3)(0.8) + (0.2)(0.5) + (0.3)(0.7)) — ((0.2)(0.3) + (0.3)(0.1) +

(0.2)(0.4) + (0.3)(0.3)) = 0.41,

Ps = ((0.2)(0.4) + (0.3)(0.6) + (0.2)(0.6) + (0.3)(0.8)) — ((0.2)(0.3) + (0.3)(0.2) +

(0.2)(0.3) + (0.3)(0.1)) = 0.41.

Since P, = P; > P, > P, > P;. As, P, = P, so there is need to go to Step 6 of the

proposed Mehar method.

Step 6: Using Step 6 of the Mehar method, proposed in Section 2.11,

Q4 = ((0.2)(0.6) + (0.3)(0.8) + (0.2)(0.5) + (0.3)(0.7)) + ((0.2)(0.3) + (0.3)(0.1) +

45



(0.2)(0.4) + (0.3)(0.3)) = 0.93,
Qs = ((0.2)(0.4) + (0.3)(0.6) + (0.2)(0.6) + (0.3)(0.8)) + ((0.2)(0.3) + (0.3)(0.2) +
(0.2)(0.3) + (0.3)(0.1)) = 0.83.

Since, Q, > Q< and P, = Ps > P, > P, > P5. Therefore, according to Step 6 of the
Mehar method, proposed in Section 2.11, the ranking of the alternatives is A, > Az > A, >
Ay > As.

2.12.4 Exact results of fourth IFMADMPYr having partially known attribute weights

Using the proposed Mehar method, the exact result of IFMADMPr having partially
known attribute weights, considered in the second point of Section 2.5, can be obtained as
follows:

Since, Step 1 to Step 3 of the proposed Mehar method and Wei’s method [223] are
same. Also, as Step 1 to Step 3 of Wei’s method [223], for the considered IFMADMPr having
partially known attribute weights is discussed in the second point of Section 2.5. So, to avoid
any repetition, the calculations have been started from Step 4.

Step 4: Using Step 4 of Mehar method, proposed in Section 2.11, there is need to solve the
CLPP (P2.16).
Max(0.2w; + 0.w,)

Subject to

0.1 <w; 0.6,
0.2<w, <07,
wy +w, =1,
wy; = 0,w, = 0.

(P2.16)

It can be easily verified that on solving the CLPP (P2.16) the obtained OAWYV is
(Wlf Wz) = (06,04‘)
Step 5: On considering the OAWV, (w,,w,) = (0.6,0.4) and using Step 5 of the Mehar

method, proposed in Section 2.11,
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P, = ((0.6)(0.4) + (0.4)(1)) — ((0.6)(0.3) + (0.4)(0)) = 0.46,
P, = ((0.6)(0.3) + (0.4)(1)) — ((0.6)(0.4) + (0.4)(0)) = 0.34.

Since, P; > P,. Therefore, according to Step 5 of the Mehar method, proposed in Section
2.11, the ranking of the alternatives is 4; > 4,.
2.13 Conclusions

The inappropriateness of the existing methods [50, 63, 11, 146, 222-225, 236, 241] are
pointed out. Also, a new method (named as Mehar method) is proposed to solve the
IFMADMPrs having partially known attribute weights. Furthermore, some IFMADMPrs

having partially known attribute weights are solved to illustrate the proposed Mehar method.
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Chapter 3
Ajit method for solving IFMADMPrs having

partially known attribute weights?

In the Mehar method (proposed in Chapter 2) as well as in the existing methods [223, 241],

a CLPP has been solved to obtain the OAWV. However, the constraint ¥.7_, w; = 1 of the
considered CLPP will not be satisfied if either the condition Zj-glel > 1 or the condition

T—aw;t < 1 will be satisfied, where, sz and w;* are the known lower bound and the upper
bound of the jt"- attribute weight i.e., no feasible solution of the considered CLPP will be
obtained if either the condition Z}‘zlw} > 1 or the condition Z’}:le” < 1 will be satisfied.
Therefore, the proposed Mehar method and the existing methods [223, 241] can be used only
if neither the condition }7_; sz > 1 nor the condition Y%, w;* < 1 will be satisfied. Keeping
the same in mind, in this chapter, a new method (named as Ajit Method) has been proposed to
solve such IFMADMPTrs in which either the condition Z}Ll sz > 1 or the condition Z?=1 wj” <
1 will be satisfied.
3.1 Limitations of the proposed Mehar method

It is pertinent to mention that to apply the Mehar method, proposed in Section 2.11 of
Chapter 2, there is need to solve the CLPP (P2.12). However, a feasible solution of the CLPP
(P2.12) will exist only if neither the condition }7_; sz > 1 nor the condition ¥.7_, w;* < 1 will
be satisfied.

The following examples are considered to validate this statement.

2 The contents of this chapter have been communicated in “Soft Computing” for the possible publication.
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()
(i)
(iii)

(1) Let us consider a person has $30,000. This person is interested to invest this amount to
purchase the shares of three different companies in such a manner that a total return after
one year is maximum. If it is assumed that corresponding to one unit invested amount the
return after one year, corresponding to the shares of first, second and third company are 2,
3 and 4 times of the total invested amount. Also, if it is assumed that there are the following
restrictions
At most $ 5,000 can be used to purchase the shares of the first company.

At most $ 10,000 can be used to purchase the shares of the second company.

At most $ 8,000 can be used to purchase the shares of the third company.

Then, the person is interested to know the optimal amount which should be invested in first,
second and third company shares.

Let us assume that the person should invest $a,, $a, and $a; to purchase the shares of the
first, the second and the third company respectively. Then, the values of a,, a, and a5 can be
obtained by solving the CLPP (P3.1) or its equivalent CLPP (P3.2).
max(2a, + 3a, + 4a3)

Subject to

0 < a; < 5,000,
0 < a, < 10,000,
0 < a; < 8,000, (P3.1)

la, + a, + a; = 30,000,

a, = 0,a, 20,a3 = 0.
max 30,000(2w; + 3w, + 4ws)

Subject to

5,000
[ 0w < 30,000’

10,000
0 S Wy S P
30,000

P3.2
{ 0<w, < 8,000 ’ ( )
30,000

W1+W2+W3 = 1,
KWl = O,Wz = 0,W3 = 0.
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However, as the total maximum invested amount $ 5,000+$ 10,000+$ 8,000 i.e., $ 23,000
is less than the total available amount i.e., $ 30,000. So, on solving the CLPP (P3.1) or its
equivalent CLPP (P3.2), no feasible solution will be obtained.

(2) Let us consider a person has $30,000. This person is interested to invest this amount to
purchase the shares of three different companies in such a manner that a total return after
one year is maximum. If it is assumed that corresponding to one unit invested amount the
return after one year, corresponding to the shares of first, second and third company are 2,
3 and 4 times the total invested amount. Also, if it is assumed that there are the following
restrictions

(i)  Atleast $ 8,000 should be used to purchase shares of the first company.

(i)  Atleast $ 15,000 should be used to purchase shares of the second company.

(iii)  Atleast $ 12,000 should be used to purchase shares of the third company.

Then, the person is interested to know the optimal amount which should be invested in first,
second and third company shares.

Let us assume that the person should invest $a,, $a, and $a; to purchase the shares of the
first, the second and the third company respectively. Then, the values of a,, a, and a5 can be
obtained by solving the CLPP (P3.3) or its equivalent CLPP (P3.4)
max(2a, + 3a, + 4a3)

Subject to

8,000 < a; < 30,000,
15,000 < a, < 30,000,
12,000 < a3 < 30,000, (P3.3)

| a, + a, + a; = 30,000,

a, =0,a, 20,a3 = 0.
max 30,000(2w; + 3w, + 4ws)

Subject to
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( 8,000

1
30,000 — 1= 7
15,000
S ) < 1,
< 30,000 (P3.4)
12,000 )
< W3 < 1,
30,000
wyt+w, +wy = 1,

\w; = 0,w, > 0,w; > 0.

However, as the total minimum invested amount $ 8,000+$ 15,000+$ 12,000 i.e., $ 35,000
is greater than the total available amount i.e., $ 30,000. So, on solving the CLPP (P3.3) or its
equivalent CLPP (P3.4), no feasible solution will be obtained.

3.2 Proposed CLPPs
It is obvious from Section 3.1 that the Mehar method, proposed in Section 2.11 of Chapter
2, cannot be used to solve such IFMADMPrs having partially known attribute weights in which

either the condition Z}Ll sz > 1 or the condition Z}Ll wj“ < 1 will be satisfied. To solve such

IFMADMPTs, there is need to propose two different CLPPs to evaluate the OAWV. Keeping

the same in mind, in this section, a CLPP, corresponding to the condition ¥7_; w;* < 1 and a
CLPP corresponding to the condition %, sz > 1, are proposed.

3.2.1. Proposed CLPP corresponding to the first condition

It is obvious from the example, discussed in first point of Section 3.1 that if the total
maximum investment is less than the total available amount. Then, there is need to replace the
condition “The sum of total investment equal to the total available amount” with the condition
“The total investment will be less than or equal to the total available amount” i.e., if the

condition }7_; w;* <1 will be satisfied then the proposed CLPP (P3.5) should be used to

evaluate the OAWV.
max [Z;‘zl cj wj]
Subject to

W] EH,W]' = O,]: 1,2,..,77.,
Yisawj =1 (P3.5)
wpzqucpch.
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3.2.2. Proposed CLPP corresponding to the second condition

It is obvious from the example, discussed in second point of Section 3.1 that if the total
minimum investment is greater than the total available amount. Then, there will not exist any
feasible solution for the considered problem.

It is pertinent to mention that to find the feasible solution of such type of problems, there is
need to increase the total available amount. If someone is interested to know the minimum
extra amount to get the feasible solution of such a problem. Then, it can be obtained by the

proposed CLPP (P3.6)

max [Z;Ll CjWj — Xi=1 gj]

Subject to
( WjEH,WjZO,jZ].,Z,..,n,
now; =1,
J =L (P3.6)

| =1 le = Total available amount + ¥, ¢;
Wy =W Vcp=cq.

where,

Q) =1 & represents the total extra amount.

(i) (Total available amount + ¥, ej) represents the total invested amount.
(iii) & represents the percentage of total extra amount invested in j*"- attribute.
(iv)  w; represents the percentage of total invested amount in the j*"- attribute.

3.3 Results of the considered IFMADMPTrs
In Section 3.2, two different IFMADMPrs were considered and pointed out that the solution
of the considered problems cannot be obtained by the modified CLPP (P2.12). In this section,
the solution of these IFMADMPTs are obtained with the help of the proposed CLPPs.
3.3.1. Result of the first IFMADMPr
It can be easily verified from the first point of Section 3.1 that in the considered IFMADMPT,

the condition “Total maximum invested amount is less than the total available amount” is
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satisfying. So, according to Section 3.2.1, in the CLPP (P3.5), the constraint a, + a, + a3 =
30,000 should be replaced with a; + a, + a; < 30,000 i.e., to find the solution of the
considered IFMADMPT, there is need to solve the CLPP (P3.7) or its equivalent CLPP (P3.8)
instead of the CLPP (P3.2).

max(2a; + 3a, + 4a3)

Subject to

( 0<a; <5,000,
0 <a, £10,000,
0 < a3 <8,000, (P3.7)
Lal + a, + az < 30,000,
a, =20,a, 20,a3 = 0.

max 30,0002w; + 3w, + 4w;)

Subject to

5,000
([ 0sw < 30,000’
10,000
0<w, < 30,000

P3.8
{ 0<w, < 8,000 , ( )
30,000

wy +wy, +w3 <1,
KWl = O,WZ = 0,W3 > 0.

and w, = —=

where, w; = 3 = 30.000°

a Wy = 2
30,000 30,000
On solving the CLPP (P3.8), the obtained non-normalized OAWYV is (wy, w,, w3) =

(0.1666,0.3333,0.2666) and the normalized OAWV s (Wi, wy,ws) =

( 0.1666 0.3333 0.2666
0.1666+0.3333+0.2666 ’ 0.1666+0.3333+0.2666’ 0.1666+0.3333+0.2666

) = (0.2174,0.4348,0.3478).

3.3.2. Result of the second IFMADMPr

It can be easily verified from the second point of Section 3.1 that in the considered
IFMADMPr, the condition “Total minimum invested amount is greater than the total available
amount” is satisfying. So, according to Section 3.1, no feasible solution will exist for this

IFMADMPr. However, if someone is interested to know that the minimum extra amount
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required to get the solution of this problem. Then, in the CLPP (P3.4), there is need to increase
the invested amount a; by the quantity a; + ¢; in such a manner that 7_,(a; + &) = X, q]
i.e., to find the solution of the considered problem, there is need to solve the CLPP (P3.9) or
its equivalent CLPP (P3.10) instead of the CLPP (P3.4).

max(2(a, + &) +3(a, + &) +4(az; +e3) — &, — &, — €3)

Subject to

( 8,000 < (a; + &) < 35,000,
15,000 < (a, + &) < 35,000,
12,000 < (a3 + &3) < 35,000,

a, +a, +az = 30,000,
(a; + &) + (ay + &) + (a3 + &5) = 35,000

\ a, =20,a, 20,a3 = 0.

(P3.9)

max (35,000 (2 (ﬁ) +3 (:52—(*);) + 4 (:53—;;)) —& & — &)

Subject to

( 8,000 < (a1+81)
35,000 — \35,000

15,000 as+e&
S( 2 2) 1’
35,000 35,000

12,000 as+e
S ( 3 3) S 1,
< 35,000 35,000

aq a as _ 30,000
35,000 35,000 35,000 - 35,000’

(a1+£1) + (a2+£2) + (a3+£3) — 1
35,000 35,000 35,000

\ a120,a220,a320.

IA

1,

IA

(P3.10)

a+e as+e az+e -
e 22 = w, and =—— = ws i.e., a; = 35,000w; — &, a, =

Assuming =wy,
35,000 35,000 35,000

35,000w, — &, and a; = 35,000w; — &5, the CLPP (P3.10) can be transformed into its
equivalent CLPP (P3.11).
max (35,0002w; + 3w, + 4ws) — &, — & — €3)

Subject to
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8,000
( <w; <1,
35,000

15,000
< Wy < 1,
35,000

12,000
\ 35,000 =ws=1, (P3.11)

35,000 = 30,000 + & + &, + &,
W1 +W2 +W3 = 1
W4 = O,Wz = 0,W3 = 0,81 = 0,82 = 0,83 = 0.

On solving the CLPP (P3.11), the obtained normalized OAWV is (wy,w,,w3) =
(0.2286,0.4286,0.3428) and (&, &5, £5) = (0,2500,2500).
3.4 Proposed Ajit method

In this section, to overcome the limitations of the proposed Mehar method, a new method
(named as Ajit method), based upon the proposed CLPPs, has been proposed to solve such
IFMADMPTrs having partially known attribute weights.

The steps of the proposed Ajit method are as follows:
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.
Then, convert the j* cost type attribute into the benefit type attribute by replacing all the
elements &;; = (u;;,v;;) of the j* column of the IFDM D = (&ij)mxn with @;; = (vij, i)
and go to Step 2.
Step 2: Using the expression (3.1), find d;, (&, &;) Vi=1.2,..,mk = 1,2,...,m;
i=12,..,n.
dijic(@j, @j) = 5 (g — | + vy = Vi) i = 12, m; j =12, ke = 1,2, .,m.

(3.2)

Step 3: Using the expression (3.2), find the values of ¢; Vj =1,2,..,n.
Cj = ?;1 Z;cnzl dl]k(dl]i&k]) ,j = 1,2, e, N (32)
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Step 4: Check that the condition }7_; w;* < 1 or the condition Y7, w} > 1 is satisfying or
not.
Case (i): If the condition }7_; wj* < 1 is satisfying then find the OAWV, (w1, wy, ..., wy,) by
solving the CLPP (P3.5).
Case (ii): If the condition X7, w} > 1 is satisfying then find the OAWV, (w;, w,, ..., w;,,) by
solving the CLPP (P3.6).
Case (iii): If neither the condition Y%, w;* < 1 nor the condition }7_, w} > 1 is satisfying
then find the OAWV, (w;, w,, ..., w,,) by solving the CLPP (P2.12) of Chapter 2.
Step 5: Use Step 5 and Step 6 of the Mehar method, proposed in Section 2.11 of Chapter 2, to
find the ranking of the alternatives.
3.5 Hlustrative examples
In this section, two IFMADMPrs having partially known attribute weights, are solved to

illustrate the proposed Ajit method.
3.5.1. First numerical example

If in the IFMADMPr having partially known attribute weights, considered in the Section
2.12.1 of Chapter 2,
H ={0.10 < w; < 0.55,0.30 < w, < 0.35,w3 = 0.5} is replaced with H = {0.10 < w; <
0.20,0.30 < w, < 0.40,0.10 < w3 < 0.25}. Then, the modified IFMADMPr having partially
known attribute weights cannot be solved by the proposed Mehar method as the condition

i=gwjt < 1is satisfying.

Using the proposed Ajit method, the ranking of the alternatives of the modified IFMADMPr
having partially known attribute weights can be obtained as follows:

Since, Step 1 to Step 3 of the proposed Ajit method and Wei’s method [223], discussed in
Section 2.4 of Chapter 2, are same. Also, as Step 1 to Step 3 of Wei’s method [223] for the
considered IFMADMPr having partially known attribute weights is discussed in the first point
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of Section 2.5 of Chapter 2. So, to avoid any repetition, the calculations have been started from
Step 4.

Step 4: Since the condition }7_; wi* < 1 is satisfying. So according to Case (i) of Step 4 of
the proposed Ajit method, there is need to solve the CLPP (P3.12).

max (3.1w; + 6.9w, + 6.3w;)

Subject to

( 0.10 < w; < 0.20,

| 0.30 <w, < 0.40,

4 0.10 < w; < 0.25, (P3.12)
| wi +wy +wy < 1,

kwl =>0,wy, =0,wz = 0.

On solving the CLPP (P3.12) the obtained non-normalized OAWYV is (w;, w,, w3) =

(0.20,0.40,0.25) and the normalized OAWV is (Wi, wy,ws) =

( 0.20 0.40 0.25
0.20+0.4040.25’ 0.20+0.404+0.25’ 0.20+0.40+0.25

) = (0.2353,0.4705,0.2942).

Step 5: On considering the normalized OAWV, (w;, w,, w3) = (0.2353,0.4705,0.2942) and

using Step 5 of the proposed Ajit method,

P, = ((0.2353)(0.4) + (0.4705)(0.6) + (0.2942)(0.5)) — ((0.2353)(0.3) +
(0.4705)(0.1)+(0.2942)(0.4)) = 0.2882,

P, = ((0.2353)(0.5) + (0.4705)(0.3) + (0.2942)(0.8)) — ((0.2353)(0.2) +
(0.4705)(0.4)+(0.2942)(0.1)) = 0.2294,

P; = ((0.2353)(0.7) + (0.4705)(0.3) + (0.2942)(0.6)) — ((0.2353)(0.2) +
(0.4705)(0.7)+(0.2942)(0.2)) = 0.0471,

P, = ((0.2353)(0.4) + (0.4705)(0.6) + (0.2942)(0.7)) — ((0.2353)(0.3) +
(0.4705)(0.2)+(0.2942)(0.1)) = 0.3882,

P; = ((0.2353)(0.6) + (0.4705)(0.5) + (0.2942)(0.4)) — ((0.2353)(0.2) +

(0.4705)(0.1) + (0.2942)(0.6)) = 0.2234,
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Py = ((0.2353)(0.6) + (0.4705)(0.7) + (0.2942)(0.5)) — ((0.2353)(0.3) +
(0.4705)(0.2) + (0.2942)(0.4)) = 0.3352.

Since P, > P, > P; > P, > P; > P;. Therefore, according to Step 5 of the proposed
Ajit method, the ranking of the alternatives is A, > Ay > Ay > A, > As > Aj.
3.5.2. Second numerical example

If in the IFMADMPr having partially known attribute weights, considered in the Section
2.12.1 of Chapter 2, H = {0.10 < w; < 0.55,0.30 < w, < 0.35,w; = 0.5} is replaced with
H ={0.20 < w; < 0.50,0.60 < w, <0.70,0.80 < w3 <0.90}. Then, the modified
IFMADMPr having partially known attribute weights cannot be solved by the proposed Mehar
method as the condition Y7_; sz > 1 is satisfying.

If it is assumed that the total available amount is $100 and the minimum required amount is
$160. Then, using the proposed Ajit method the ranking of the alternatives of the modified
IFMADMPr having partially known attribute weights can be obtained as follows:

Since, Step 1 to Step 3 of the proposed Ajit method and Wei’s method [223], discussed in
Section 2.4 of Chapter 2, are same. Also, as Step 1 to Step 3 of Wei’s method [223] for the
considered IFMADMPr having partially known attribute weights is discussed in the first point
of Section 2.5 of Chapter 2. So, to avoid any repetition, the calculations have been started from
Step 4.

Step 4: Since the condition }7_, sz > 1 is satisfying. So according to Case 1(b) of Step 4 of
the proposed Ajit method, there is need to solve the CLPP (P3.13).
max ((3.1W1 + 69w, + 6.3w3) — & — & — 83)

Subject to
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160 — 1 = 160’
60 70
160 — 2 = 160’
80 90
\ 160 Sws s 160’ (P3.13)

wq +W2 +W3 = 1,
160 = 100+€1 +€2 +€3,
\W1 = O,Wz = 0,W3 = 0,81 = 0,82 = 0,83 = 0.

On solving the CLPP (P3.13), the obtained normalized OAWV is (wy, w,, ws) =
(0.1250,0.3750,0.5000).
Step 5: On considering the OAWV (wy, w,, w3) = (0.1250,0.3750,0.5000) and using Step 5
of the proposed Ajit method,
P, = ((0.1250)(0.4) + (0.3750)(0.6) + (0.5000)(0.5)) — ((0.1250)(0.3) +
(0.3750)(0.1)+(0.5000)(0.4)) = 0.2500,
P, = ((0.1250)(0.5) + (0.3750)(0.3) + (0.5000)(0.8)) — ((0.1250)(0.2) +
(0.3750)(0.4)+(0.5000)(0.1)) = 0.3500,
P; = ((0.1250)(0.7) + (0.3750)(0.3) + (0.5000)(0.6)) — ((0.1250)(0.2) +
(0.3750)(0.7)+(0.5000)(0.2)) = 0.1125,
P, = ((0.1250)(0.4) + (0.3750)(0.6) + (0.5000)(0.7)) — ((0.1250)(0.3) +
(0.3750)(0.2)+(0.5000)(0.1)) = 0.4625,
Ps = ((0.1250)(0.6) + (0.3750)(0.5) + (0.5000)(0.4)) — ((0.1250)(0.2) +
(0.3750)(0.1)+(0.5000)(0.6) ) = 0.1000,
P, = ((0.1250)(0.6) + (0.3750)(0.7) + (0.5000)(0.5)) — ((0.1250)(0.3) +

(0.3750)(0.2) + (0.5000)(0.4)) = 0.2750.
Since, P, > P, > Py > P; > P; > Ps. Therefore, according to Step 5 of the proposed

Ajit method, the ranking of the alternatives is A, > A, > Ag > A > A3 > As.
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3.6 Conclusions

The limitations of the existing methods [223] as well as the proposed Mehar method have
been pointed out. Also, to overcome the limitations, a new method (named as Ajit method) has
been proposed to solve such IFMADMPrs having partially known attribute weights.
Furthermore, some IFMADMPrs having partially known attribute weights have been solved to

illustrate the proposed Ajit method.
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Chapter 4
Jujhar method for solving IVIFMADMPrs

having partially known attribute weights®

Wang et al. [213] claimed that there does not exist any method for solving
IVIFMADMPrs having partially known attribute weights. To fill this gap, Wang et al. proposed
a method to solve the IVIFMADMPrs having partially known attribute weights. Motivated by
the work of Wang et al., several researchers [62, 108, 258] have proposed different methods
for solving IVIFMADMPrs having partially known attribute weights. However, after a deep
study it is observed that it is inappropriate to use the existing methods [62, 108, 213, 258]. The
aim of this chapter is to make the researchers aware about the inappropriateness of these
methods as well as to propose a new method (named as Jujhar method) to solve the
IVIFMADMPrs having partially known attribute weights.

4.1 A brief review of Wang et al.’s method

Wang et al. [213] claimed that there does not exist any method for solving such
IVIFMADMPrs having partially known attribute weights in which the rating value of the i"-
alternative over the j*-attribute is represented by an IVIFS &;; = ([aij1, aij2], [aijs, aija]) 3
well as the weight of the j™-attribute w; € H, where H = {wj: Wi = w, Wi —w; =
Bi(>0),w; =2 PFw;0<F;<1,0<6<w;<6+&5<1 wj—w; =w,—wfori#j
* k + 1}.

Wang et al. [213] proposed the following method to solve IVIFMADMPrs having partially

3 The contents of this chapter have been communicated in “Engineering Applications of Artificial Intelligence”

for the possible publication.
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known attribute weights:

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.

Case (i): If all the attributes are of same type then go to Step 2.

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes
then convert the j** cost type attribute into the benefit type attribute by replacing all the
elements &; = ([a;j1, aijz), [aijs aija]) Of the j** column of the IVIFDM D = (dij)mxn with

@;j = ([aijz aija], [aij1, aij2]) and go to Step 2.
Step 2: Using the expression (4.1), transform each IVIF element &;; =
(laj1 @iz, [aja aija]) OF the IVIFDM D = (&)

mxn = ([aijl' aijZ]' [aij3; aij4]) into the

crisp element d;;

dij = |2 — a1 — ayj2 — aij3 — agjal- (4.1)
Step 3: Using the expression (4.2), find the value of ¢; V j = 1,2, ..., n.

¢ =Ym dij,j=12..,n (4.2)
Step 4: Find the OAWV, (w;, w,, ..., wy,) by solving the CLPP (P4.1).

Subject to
w; € H,w; 20,j =12,..,n,
nwj=1. (P4.1)
Step 5: Using the expression (4.3), find the value of P, Vi = 1,2, ..., m.
P =(] ;-‘zleal-jl,Z?:leaijz], [Z}’zl Wiz, X1 wiaijs]), i =12,..,m (4.3)

Step 6: Check that S(B,) > S(B,) or S(B,) < S(B,) or S(B,) = S(B,), where S(B,) =

a '1+a i2—Apiz3—Apija ~ a '1+a i2—Qgiz—Agija
1) 1) - 1) pJ and S(Pq) —] ] - ] qaj .
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Case (i): If S(B,) > S(B,) then the ranking of the alternatives is 4, > 4.
Case (ii): If S(B,) < S(B,) then the ranking of the alternatives is 4, < 4,,.
Case (iii): If S(B,) = S(&,) then go to Step 7.

Step 7: Check that H(B,) > H(B,) or H(P,) < H(B,) or H(B,) = H(B,), where H(P,) =

Apjr1+apiz+ayiz+ayis ~ Agi1t+agiz+agiz+agia
pJj pJj . pJj pJj and H(Pq) Y qj - ] q] ]

Case (i): If H(B,) > H(B,) then the ranking of the alternatives is A, > 4,,.
Case (ii): If H(P,) < H(B,) then the ranking of the alternatives is 4, < 4,.
Case (iii): If H(B,) = H(P,) then go to Step 8.
Step 8: Check that T(B,) > T(B,) or T(B,) < T(B,) or T(B,) =T(B,), where T(B,) =
(pja + Gpjs = Apj1 — Apjs AN T(Py) = agj2 + agjz — Agja — Agja-
Case (i): If T(B,) > T(B,) then the ranking of the alternatives is 4, < A,.
Case (ii): If T(B,) < T(B,) then the ranking of the alternatives is A, > A,.
Case (iii): If T(B,) = T(B,) then go to Step 9.
Step 9: Check that G(B,) > G(B,) or G(B,) < G(B,) or G(B,) = G(B,), where G(B,) =
Apjz + Apjs — Apj1 — Apj3 and G(Fy) = agjo + agju — agj1 — agjs.
Case (i): If G(B,) > G(P;) then the ranking of the alternatives is 4, < 4,.
Case (ii): If G(P,) < G(B;) then the ranking of the alternatives is 4, > 4,.
Case (iii): If G(B,) = G(P;) then the ranking of the alternatives is 4, = A,.
4.2 Inappropriateness of Wang et al.’s method
It is inappropriate to apply Wang et al.’s method [213] due to the following reasons:
(1) On applying Wang et al.’s method [213] more than one preference orders of the alternatives

are obtained, which is inappropriate. To validate this claim a real-life IVIFMADMPr

having partially known attribute weights, considered by Wang et al. [213] to illustrate his
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proposed method [213], is solved with some modifications.

Wang et al. [213] solved the following real-life IVIFMADMPr having partially known
attribute weights to illustrate his proposed method.

There is need to rank the faculty members A;,i = 1,2, ...,4 on the basis of the following

four benefit attributes.

(i)  Gy: Teaching
(i) G,: Research
(il))  Gs: Ability
(iv)  G,: Service

The (i, /)" element of Table 4.1, represented by an IVIFS &@;; = ([aij1, aij2], [aijz aijal)s
represents the rating value of the it" faculty member over the jt* attribute.

Table 4.1: Rating Values

Attributes—
) G4 G, G3 Gy
Alternatives
A, [0.42,0.48],) | /[0.60,0.70],\ | /[0.40,0.50],\ | /[0.55,0.75],
([0.40,0.50]) ([0.05,0.25]) ([0.20,0.50]) ([0.15,0.25]>
A, ([0.40,0.50],) ([0.50,0.80],) ([0.30,0.60],) ([0.60,0.70],>
[0.40,0.50] [0.10,0.20] [0.30,0.40] [0.10,0.30]
A, ([0.30,0.50],) ([0.10,0.30],) ([0.70,0.80],) ([0.50,0.70],)
[0.40,0.50] [0.20,0.40] [0.10,0.20] [0.10,0.20]
A, ([0.20,0.40],) ([0.60,0.70],) ([0.50,0.60],) <[0.70,0.80],)
[0.40,0.50] [0.20,0.30] [0.20,0.30] [0.10,0.20]

Also, H ={0.15 < w, < 0.30,0.15 < w, < 0.25,0.25 < w5 < 0.40,0.30 < w, <

0.45,2.5w; < w3}
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If

(i)

Table 4.1 is replaced with Table 4.2

Table 4.2: Rating Values

Attributes—

l Gy G, G3 Gy
Alternatives
“ | (avoaor) | (oza0s0r) | (z00s0r) | (i100300)
“ oaooa0r) | (oaoosor) | (oacoa0r) | (io200200)
o oaooaon) | (oasosor) | (vaooaor) | (ioz00300)
“ oaooson) | (osvoaor) | (00a01) | (io200300)

(i) The existing condition 2.5w; < ws is removed.

Then, using Wang et al.’s method [213], the ranking of the alternatives of the modified

IVIFMADMPT having partially known attribute weights can be obtained as follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Wang et al.’s

method [213], discussed in Section 4.1, there is no need to apply Step 1.

Step 2: According to Step 2 of Wang et al.’s method [213], discussed in Section 4.1, there is

need to calculate d;; V i = 1,2,3,4;j = 1,2,3,4. These values are shown in Table 4.2.

Table 4.2: Values of d;;

dll == 1 d12 == 1 d13 == 1 d14_ == 1
d21 =1 dzz =1 d23 =1 d24 =1
d31 == 1 d32 == 1 d33 == 1 d34 == 1
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d41:1 d42:1 d43:1 d44:1

Step 3: Using Step 3 of Wang et al.’s method [213], discussed in Section 4.1,

ci=Yr dip=1+1+1+1 =4,

C;=Yi,dp=1+1+1+1 =4,

3= ,dz=1+1+1+1 =4,

Ch=Yiqdy=1+1+1+1 =4

Step 4: Using Step 4 of Wang et al.’s method [213], discussed in Section 4.1, there is need to

solve the CLPP (P4.2).

Max (4W1 +4w, 1‘4W3 +4W4_)

Subject to

( 0.15 < w; < 0.30,
0.15 < w, < 0.25,
0.25 < w3 < 0.40,
0.30 < w, < 0.45,
wy+w, +wz+w, =1,
\w; = 0,w, =0,w; =>0,w, = 0.

(P4.2)

It can be easily verified that on solving the CLPP (P4.2) infinite number of OAWYV are
obtained e.g., (wy, wy, w3, w,) = (0.15,0.15,0.40,0.30) and (Wi, Wy, w3, w,) =
(0.25,0.20,0.25,0.30) both are the OAWV.

Step 5: On considering the OAWV, (w,, w,, w3, w,) = (0.15,0.15,0.40,0.30) and using Step

5 of Wang et al.’s method [213], discussed in Section 4.1,

P, = ([(0.15)(0.10) + (0.15)(0.20) + (0.40)(0.10) + (0.30)(0.10), (0.15)(0.20) +
(0.15)(0.30) + (0.40)(0.40) + (0.30)(0.50)],[(0.15)(0.30) + (0.15)(0.20) + (0.40)
(0.20) + (0.30)(0.10), (0.15)(0.40) + (0.15)(0.30) + (0.40)(0.30) + (0.30)(0.30)]
= ([0.115,0.385],[0.185,0.315]),

B, = ([(0.15)(0.30) + (0.15)(0.20) + (0.40)(0.20) + (0.30)(0.10), (0.15)(0.40) +
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(0.15)(0.40) + (0.40)(0.30) + (0.30)(0.50)], [(0.15)(0.10) + (0.15)(0.10) + (0.40)
(0.10) + (0.30)(0.20), (0.15)(0.20) + (0.15)(0.30) + (0.40)(0.40) + (0.30)(0.20)]
= ([0.185,0.390], [0.130,0.280]),
P, = ([(0.15)(0.30) + (0.15)(0.20) + (0.40)(0.10) + (0.30)(0.10), (0.15)(0.40) +
(0.15)(0.20) + (0.40)(0.20) + (0.30)(0.40)], [(0.15)(0.10) + (0.15)(0.10) +(0.40)
(0.30) + (0.30)(0.20), (0.15)(0.20) + (0.15)(0.50) + (0.40)(0.30) + (0.30)(0.30)]
= ([0.145,0.290], [0.210,0.315]),
P, = ([(0.15)(0.10) + (0.15)(0.10) + (0.40)(0.50) + (0.30)(0.20), (0.15)(0.30) +
(0.15)(0.20) + (0.40)(0.50) + (0.30)(0.30)], [(0.15)(0.10) + (0.15)(0.30) + (0.40)
(0.10) + (0.30)(0.20), (0.15)(0.50) + (0.15)(0.40) + (0.40)(0.40) + (0.30)(0.30)]
= ([0.290,0.365], [0.160,0.385]).

While, on considering the OAWV, (w1, w,, w3, w,) = (0.25,0.20,0.25,0.30) and using
Step 5 of Wang et al.’s method [213], discussed in Section 4.1,
P, = ([(0.25)(0.10) + (0.20)(0.20) + (0.25)(0.10) + (0.30)(0.10), (0.25)(0.20) +
(0.20)(0.30) + (0.25)(0.40) + (0.30)(0.50)], [(0.25)(0.30) + (0.20)(0.20) +(0.25)
(0.20) + (0.30)(0.10), (0.25)(0.40) + (0.20)(0.30) + (0.25)(0.30) + (0.30)(0.30)]
= ([0.120,0.360], [0.195,0.325]),
P, = ([(0.25)(0.30) + (0.20)(0.20) + (0.25)(0.20) + (0.30)(0.10), (0.25)(0.40) +
(0.20)(0.40) + (0.25)(0.30) + (0.30)(0.50)], [(0.25)(0.10) + (0.20)(0.10) + (0.25)
(0.10) + (0.30)(0.20), (0.25)(0.20) + (0.20)(0.30) + (0.25)(0.40) + (0.30)(0.20)]
= ([0.195,0.405], [0.130,0.270]),
P, = ([(0.25)(0.30) + (0.20)(0.20) + (0.25)(0.10) + (0.30)(0.10), (0.25)(0.40) +
(0.20)(0.20) + (0.25)(0.20) + (0.30)(0.40)], [(0.25)(0.10) + (0.20)(0.10) + (0.25)
(0.30) + (0.30)(0.20), (0.25)(0.20) + (0.20)(0.50) + (0.25)(0.30) + (0.30)(0.30)]
= ([0.170,0.310], [0.180,0.340]),
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(i)

(i)

P, = ([(0.25)(0.10) + (0.20)(0.10) + (0.25)(0.50) + (0.30)(0.20), (0.25)(0.30) +
(0.20)(0.20) + (0.25)(0.50) + (0.30)(0.30)],[(0.25)(0.10) + (0.20)(0.30) + (0.25)
(0.10) + (0.30)(0.20), (0.25)(0.50) + (0.20)(0.40) + (0.25)(0.40) + (0.30)(0.30)]
= ([0.230,0.330], [0.170,0.395]).
Step 6: Using Step 6, of Wang et al.’s method [213], discussed in Section 4.1,
Corresponding to the OAWV, (wy,w,,ws,w,) = (0.15,0.15,0.40,0.30), S(P;) =
0,S(P,) = 0.0825,5(P;) = —0.045,5(P,) = 0.055. Since, S(P,) >S(B,) > S(P,) >
S(P;). So, according to Step 6 of Wang et al.’s method [213], discussed in Section 4.1,
A, > A, > A > As.
Corresponding to the OAWV, (wy,w,,ws,w,) = (0.25,0.20,0.25,0.30), S(P,) =
—0.02,5(P,) = 0.10,5(P;) = —0.02,5(P,) = —0.0025.  Since,  S(P,) = S(P;).
Therefore, according to Case (iii) of Step 6 of Wang et al.’s method [213], discussed in
Section 4.1, there is need to apply Step 7.
Step 7: Using Step 7 of Wang et al.’s method [213], discussed in Section 4.1,
H(P,) = 0.50 and H(P;) = 0.50. Since, H(P,) = H(P;). Therefore, according to Case (iii)
of Step 7 of Wang et al.’s method [213], discussed in Section 4.1, there is need to apply Step
8.
Step 8: Using Step 8 of Wang et al.’s method [213], discussed in Section 4.1,
T(P,) = 0.02 and T(P;) = 0.02. Since, T(P,) = T(P;). Therefore, according to Case (jii) of
Step 8 of Wang et al.’s method [213], discussed in Section 4.1, there is need to apply Step 9.
Step 9: Using Step 9 of Wang et al.’s method [213], discussed in Section 4.1,
G(P,) =0.185 and G(P;) = 0.15. Since, G(P,) > G(P;) and S(P,) > S(B,). Therefore,
according to Wang et al.’s method [213], discussed in Section 4.1, A; > A; > A, > A,.

It is obvious that on applying Wang et al.’s method [213] two different ranking of the
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alternatives are obtained for the same IVIFMADMPr having partially known attribute weights,

which is inappropriate. Hence, it is inappropriate to use Wang et al.’s method [213] to solve

IVIFMADMPrs having partially known attribute weights.

(2) Wang et al.’s method [213] fails to find the ranking of the alternatives. The following

(i)

(i)

validates this claim.

If the set H = {0.15 < w; < 0.30,0.15 < w, < 0.25,0.25 < w; < 0.40,0.30 < w, <
0.45} is replaced with H = {0.10 < w,; < 0.20,0.30 < w, < 0.40,0.10 < w3 <
0.25,0 < w, < 0.05}. Then, no feasible solution of the CLPP (P4.2) will be obtained as
the condition Y7, wi* <1 is satisfying i.e., the ranking of the alternatives of the
modified problem cannot be obtained by Wang et al.’s method [213].

If the set H = {0.15 < w; < 0.30,0.15 <w, < 0.25,0.25 < w3 < 0.40,0.30 < w, <
0.45}is replaced with H = {0.30 <w; < 0.50,0.40 < w, < 0.70,0.50 < w5 <
0.70,0.20 < w, < 0.60}. Then, no feasible solution of the CLPP (P4.2) will be obtained
as the condition Z};le[ > 1 is satisfying i.e., the ranking of the alternatives of the

modified problem cannot be obtained by Wang et al.’s method [213].

4.3 Reasons for the inappropriateness of Wang et al.’s method

(i)

(i)

(i)

In Section 4.2, it is shown that
On applying Wang et al.’s method [213], more than one preference order for the
alternatives are obtained.

Wang et al.’s method [213] fails to find the ranking of the alternatives if either the

condition ¥7_; wj* < 1 or the condition 7_, w/ > 1 will be satisfied.

These problems are occurring due to following reasons:

If there will exist two distinct attributes G, and G, such that ¢, = c, i.e., X%, dy, =

Y%, d;q then the coefficient of the attribute weight w,, and w, will be equal in the CLPP

(P4.2). Therefore, all such values of w, and w,, corresponding to which w,, + w, will be
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(i)

optimal, will represent the optimal values of w,, and w,. Due to the same reason, on solving
the CLPP (P4.2) corresponding to the IVIFMADMPr having partially known attribute
weights, considered in the first point of Section 4.2, the number of obtained OAWYV are
more than one.
It is pertinent to mention that to apply Wang et al.’s method [213], there is need to solve
the CLPP (P4.1). However, a feasible solution of the CLPP (P4.1) will exist only if neither
the condition }7_; wi* < 1 nor the condition Y7, w} > 1 will be satisfied. Due to the same
reason, on solving the CLPP (P4.2) corresponding to the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.2, infeasible solution
is obtained .

4.4 A brief review of Ye’s method
Ye [258] proposed the following method to solve IVIFMADMPrs having partially known

attribute weights.

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are

benefit type attribute or cost type attribute.

Case (i): If all the attributes are of same type then go to Step 2.

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes

then convert the j** cost type attribute into the benefit type attribute by replacing all the
T = L s ith D=(a:: i

elements @;; = ([aij1, aijz], [aij3, aija]) O the j¢* column of the IVIFDM D (“lf)mxn with

a?ij = ([aijg,, al-j4], [al-jl, al-jz]) and go to Step 2.

Step 2: Using the expression (4.4), transform each IVIF element &;; =

([aijlr aijz], [aij3; aij4]) of the IVIFDM

~

D = (&ij)an = ([aijl, aijz], [aijg, aij4]) into the Cl‘isp element dl]

dij _ ((aij1_aij3)(2_aij1_aij3):(aij2_aij4)(2_aij2_aij4)) (4.4)
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Step 3: Using the expression (4.5), find the value of ¢; V j = 1,2, ..., n.
¢ =XiZ1dij,j=12,..,n (4.5)
Step 4: Find the OAWV, (wy, wy, ..., wy,) by solving the CLPP (P4.3).
max|%; cjwj]
Subject to
w; € H,w; 20,j =12,..,n,
nw =1 (P4.3)
Step 5: Using the expression (4.6), find the value of P, Vi = 1,2, ...,m.

= j ij'i = 1,2,...,m (46)

and check that B, > P, or P, < P, or P, = F;, where B, = }¥7_, w; dp; and P, = Y7, w;dg;.

Case (i): If P, > P, then the ranking of the alternatives is A, > A,.

Case (ii): If B, < P, then the ranking of the alternatives is A, < 4,.

Case (iii): If B, = P, then the ranking of the alternatives is A4, = A,.

4.5 Inappropriateness of Ye’s method
It is inappropriate to apply Ye’s method [258] due to the following reasons:

(1) On applying Ye’s method [258] more than one preference orders of the alternatives are
obtained, which is inappropriate. To validate this claim a real-life IVIFMADMPr having
partially known attribute weights, considered by Ye [258] to illustrate his proposed method,
is solved with some modifications.

Ye [258] solved the following real-life IVIFMADMPr having partially known attribute
weights to illustrate his proposed method.

There is a panel of four alternatives for the investment company to invest money in best
option 4;,i = 1,2,3,4. The investment company must take a decision according to the

following three attribute.
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()  G;:Risk analysis

(i)  G,: Growth
(i) Gs: Environmental impact
The (i,j))™* element of the Table 4.3, represented by an IVIFS @ =

(laij1, aijz), [aijz aija]), represents the rating value of the i*" company over the j* attribute.

Table 4.3: Rating Values

Attributes—

([0.40,0.50], [0.30,0.40])

([0.40,0.60], [0.20,0.40])

({0.10,0.30],[0.50,0.60])

([0.60,0.70], [0.20,0.30])

([0.60,0.70], [0.20,0.30])

([0.40,0.70], [0.10,0.20])

([0.30,0.60], [0.30,0.40])

([0.50,0.60], [0.30,0.40])

([0.50,0.60], [0.10,0.30])

)

Alternative
Ay
A,
As
Ay

([0.70,0.80], [0.10,0.20])

([0.60,0.70], [0.10,0.30])

([0.30,0.40], [0.10,0.20])

Also, H = {0.20 < w; < 0.30,0.20 < w, < 0.30,0.30 < w; < 0.50}.

If

(i) Table 4.3 is replaced with Table 4.4

Table 4.4: Rating Values

Attributes—

([0.40,0.50], [0.30,0.40])

([0.40,0.60], [0.20,0.40])

([0.30,0.60], [0.30,0.40])

)

Alternative
Aq
A,

([0.60,0.70], [0.20,0.30])

([0.60,0.70], [0.20,0.30])

([0.40,0.50], [0.30,0.40])
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As ([0.30,0.60], [0.30,0.40]) | ([0.50,0.60], [0.30,0.40]) | ([0.70,0.80], [0.10,0.20])

A, ({0.70,0.80], [0.10,0.20]) | ([0.60,0.70], [0.10,0.30]) | ([0.60,0.70],[0.20,0.30])

(i) It is assumed that the attribute weight w, satisfies the condition 0.20 < w; < 0.50
instead of the existing condition 0.20 < w; < 0.30.
Then, using Ye’s method [258], the ranking of the alternatives of the modified
IVIFMADMPT having partially known attribute weights can be obtained as follows:
Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Ye’s method
[258], discussed in Section 4.4, there is no need to apply Step 1.
Step 2: According to Step 2 of Ye’s method [258], discussed in Section 4.4, there is need to

calculate d;; Vi = 1,2, ...,4; j = 1,2,3. These values are shown in Table 4.5.

Table 4.5: Values of d;

d11 = 012 d12 = 024‘ d13 = 010

d21 = 04‘4‘ dzz = 04‘4‘ d23 = 012

d31 = 0.10 d32 = 0.22 d33 = 0.66

dyy = 0.66 | dyy = 0.525 | dyz = 0.44

Step 3: Using Step 3 of Ye’s method [258], discussed in Section 4.4,

c1 =X ,di; =012+ 0.44 + 0.10 + 0.66 = 1.32,

c; = Xi1di; =0.24 + 0.44 + 0.22 + 0.525 = 1.425,

c3 =Y ,diz =010+ 0.12 + 0.66 + 0.44 = 1.32.

Step 4: Using Step 4 of Ye’s method [258], discussed in Section 4.4, there is need to solve the
CLPP (P4.4).

Max(1.32w, + 1.425w, + 1.32w;)
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Subject to

0.20 < w; < 0.50,

0.20 < w, < 0.30,

0.30 < w; < 0.50, (P4.4)

wy+w, +wsz =1,
kwl =>0,w, =0,wz = 0.

It can be easily verified that on solving the CLPP (P4.4) infinite number of OAWYV are
obtained e.g., (w;, wy, w3) = (0.20,0.30,0.50) and (w,, w,, w3) = (0.40,0.30,0.30) both are
the OAWV.

Step 5: On considering the OAWV, (w3, w,, w3) = (0.20,0.30,0.50) and using Step 5 of Ye’s
method [258], discussed in Section 4.4,
P, = (0.20)(0.12) + (0.30)(0.24) + (0.50)(0.10) = 0.1460 ,
P, = (0.20)(0.44) + (0.30)(0.44) + (0.50)(0.12) = 0.2800,
P; = (0.20)(0.10) + (0.30)(0.22) + (0.50)(0.66) = 0.4160,
P, = (0.20)(0.66) + (0.30)(0.525) + (0.50)(0.44) = 0.5095.
Since, P, > P; > P, > P;. S0, according to Step 5 of Ye’s method [258], discussed in
Section 4.4, the ranking of the alternatives is 4, > A; > A, > A;.

While, on considering the OAWYV, (w;, w,, w3) = (0.40,0.30,0.30) and using Step 5 of

Ye’s method [258], discussed in Section 4.4,
P, = (0.40)(0.12) + (0.30)(0.24) + (0.30)(0.10) = 0.1500 ,
P, = (0.40)(0.44) + (0.30)(0.44) + (0.30)(0.12) = 0.3400,
P; = (0.40)(0.10) + (0.30)(0.22) + (0.30)(0.66) = 0.3040,
P, = (0.40)(0.66) + (0.30)(0.525) + (0.40)(0.44) = 0.5535.

Since, P, > P, > P; > P;. So, according to Step 5 of Ye’s method [258], discussed in

Section 4.4, the ranking of the alternatives is 4, > 4, > A; > A;.

It is obvious that on applying Ye’s method [258] two different ranking of the alternatives

are obtained for the same IVIFMADMPr having partially known attribute weights, which is
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mathematically incorrect. Hence, it is inappropriate to use Ye’s method [258] to solve

IVIFMADMPrs having partially known attribute weights.

(2) Ye’s method [258] fails to find the ranking of the alternatives. The following clearly

(i)

(i)

validates this claim.

If the set H = {0.20 < w; < 0.50,0.20 < w, < 0.30,0.30 < w3 < 0.50} is replaced
with H = {0.10 < w; < 0.20,0.20 < w, < 0.30,0.10 < w3 < 0.30}. Then, no feasible
solution of the CLPP (P4.4) will be obtained as the condition Y7_; wj* < 1 is satisfying
i.e., the ranking of the alternatives of the modified problem cannot be obtained by Ye’s
method [258].

If the set H = {0.20 < w; < 0.50,0.20 < w, < 0.30,0.30 < w3 < 0.50} is replaced
with H = {0.50 < w; < 0.80,0.20 < w, < 0.50,0.50 < w3 < 0.80}. Then, no feasible
solution of the CLPP (P4.4) will be obtained as the condition Y%_; sz > 1 is satisfying

1.e., the ranking of the alternatives of the modified problem cannot be obtained by Ye’s

method [258].

(3) The ranking of the alternatives, obtained by Ye’s method [258], is not appropriate. The

following example clearly validates this claim.

If it is assumed that the (i, /)" element, represented by an IVIFS, of Table 4.6 represents

the rating value of the i**-alternative over the j**- benefit attribute. Also, if it is assumed that

H={01<w; <0602<w,<08}).

Table 4.6: Rating Values

Attributes—
l G, G,

Alternatives

A, ([0.10,0.20], [0.10,0.20]) | ([0.10,0.20], [0.30,0.40])
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A, ([0.30,0.40], [0.30,0.40]) | ([0.10,0.20], [0.30,0.40])

Then, it is obvious that the ranking of the alternatives A; and A, can never be A; = A,
as the rating values of both alternatives corresponding to the attribute G, are equal. Whereas,
the rating values of both alternatives corresponding to first attribute G, are not equal. While,
the following clearly indicates that on applying Ye’s method [258], the obtained ranking of the
alternatives is A; = A,, which is inappropriate.

Using Ye’s method [258] the ranking of the alternatives A; and A, can be obtained as
follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Ye’s method
[258], discussed in Section 4.4, there is no need to apply Step 1.
Step 2: According to Step 2 of Ye’s method [258], discussed in Section 4.4, there is need to

calculate the values of d;; V i = 1,2;j = 1,2. These values are shown in Table 4.7.

Table 4.7: Values of d;

dll = O d12 = _030

d21 = O d22 = _030

Step 3: Using Step 3 of Ye’s method [258], discussed in Section 4.4,

¢, =2fd;p =04+0=0,

¢, = Y2 ,di =—0.30—0.30 = —0.60.

Step 4: Using Step 4 of Ye’s method [258], discussed in Section 4.4, there is need to solve the
CLPP (P4.5).

Max(0.0w; — 0.60w,)

Subject to
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0.1 <w; 0.6,
0.2<w, 0.8,
wy +w, =1,
wy = 0,w, = 0.

(P4.5)

It can be easily verified that on solving the CLPP (P4.5), the obtained OAWYV is
(wy,w,) = (0.6,0.4).
Step 5: On considering the OAWV, (w,,w,) = (0.6,0.4) and using Step 5 of Ye’s method
[258], discussed in Section 4.4,
P, = (0.60)(0) + (0.40)(—0.30) = —0.12,
P, = (0.60)(0) + (0.40)(—0.30) = —0.12.
Since, P; = P,. So, according to Step 5, of Ye’s method [258], discussed in Section
4.4, the ranking of the alternatives is A; = A,.
It is obvious that on applying Ye’s method [258], the relation A; = A, is obtained,
which is inappropriate.
4.6 Reasons for the inappropriateness of Ye’s method
In Section 4.5, it is shown that
(i)  On applying Ye’s method [258], more than one preference order for the alternatives are
obtained.
(i)  Ye’s method [258] fails to find the ranking of the alternatives if either the condition
Y7_; wi* < 1 or the condition ¥7_, w/ > 1 will be satisfied.
(iii)  The ranking of the alternatives, obtained by Ye’s method [258], is inappropriate.
These problems are occurring due to following reasons:
(i)  If there will exist two distinct attributes G, and G, such that c, = c, i.e., X%, dy, =
Y%, d;q then the coefficient of the attribute weight w,, and w, will be equal in the CLPP
(P4.4). Therefore, all such values of w,, and wy, corresponding to which w, + w, will be

optimal, will represent the optimal values of w,, and w,. Due to the same reason, on solving
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(i)

(iii)

the CLPP (P4.4) corresponding to the IVIFMADMPr having partially known attribute
weights, considered in first point of Section 4.5, the number of obtained OAWYV are more
than one.
It is pertinent to mention that to apply Ye’s method [258], there is need to solve the LPP
(P4.4). However, a feasible solution of LPP (P4.4) will exist only if neither the condition
2j=1w;" < 1 nor the condition Z}Llw} > 1 will be satisfied. Due to the same reason, on
solving the CLPP (P4.4) corresponding to the IVIFMADMPr having partially known
attribute weights, considered in the second point of Section 4.5, infeasible solution is
obtained.
If there will exist two distinct alternatives A, and A, such that ¢, = ¢, i.e., X%, d;, =
i=1 diq. Then, the value of P, = ¥, w; dp,; will be equal to B, = }7_; w; dg;. Hence,
the relation A, = A, will be obtained. Due to the same reason, on solving the
IVIFMADMPr having partially known attribute weights, considered in third point of

Section 4.5, the obtained relation is A; = A,.

4.7 A brief review of Das et al.’s method

Das et al. [62] proposed the following method to solve IVIFMADMPrs having partially

known attribute weights.

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.

Case (i): If all the attributes are of same type then go to Step 2.

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.

Then, convert the j* cost type attribute into the benefit type attribute by replacing all the

elements &U = ([aijl, aijz], [aijg,aij4]) of thejth column of the IVIFDM 5 = (dij)mxn with

@;j = ([aijs aija), [aij1, aij2]) and go to Step 2.

Step 2: Using the expression (4.7), transform each IVIF element
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(i)
(ii)
(iii)
(iv)
(V)

(vi)

dij = ([aijl, al-jz], [al-j3,aij4]) of the IVIFDM 5 = (dij)an = ([aijl, al-jz], [al-j3,al-j4]) into

the crisp element d;;

dyj = (1 — 0.5 (E(a;) + nl(di,-))) =12, mj=12..,n 4.7)

mxn

where,
M) = =20 (A1 = ap — aa) + A=D1 —ays — a;5) ), 0 < A< 1.
E(&;) = 755
a; = minimum{d(&;;, P,), d(@:;, P,)}.
b; = maximum{d(&;, P,),d(a;;, P;)}.
d(@j, Py) = 7= (lags = 1] + |agz = 1] + |ays — 0] + |agzs — 0] + |1 = a;jo -
aijs — 0| + |1 — a;js — aijz — 0|).
d(@ij, P2) = o Xia (|agjs = O] + Jasjz = O] + Jass — 1] +Jayja — 1 + |1 = @y -
aijs — 0| + |1 — ajjs — aijz — 0]).
Step 3: Using the expression (4.8), find the value of ¢; V j = 1,2, ..., n.
¢ =Xdij,j=12,..,n (4.8)
Step 4: Find the OAWYV, (wy, wy, ..., wy,,) by solving the CLPP (P4.6).
max[%; ¢ wyl
Subject to

wj € H,w; 2 0,j =12,..,n,

mw =1 (P4.6)
Step 5: Using the expression (4.9), find the value of P, Vi = 1,2, ..., m.
P=([1~Tea (1~ aij)™ 1 = (1 = aii2) ] [Mea(agjs) ™ T (aiia) 7)) i =

1,2,...,m. (4.9)
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Step 6: Check that S(B,) > S(B,) or S(B,) <S(B,) or S(B,) = S(B,), where S(B,) =

(1-TTs (1-apjn)™ )+ (1-TTs (1-apj2) "7 ) T (apjs) " Ty (apja)

; and S(B) =

(1—n?=1(1_aqjl)wj)+(1_H}l=1(1_aqu)wj)_l_[;'l=1(aqj3)wj_H}l=1(aqj4)wj
> .

Case (i): If S(B,) > S(B,) then the ranking of the alternatives is 4, > 4.

Case (ii): If S(P,) < S(B,) then the ranking of the alternatives is A4, < 4.

Case (iii): If S(B,) = S(B,) then the ranking of the alternatives is 4, = 4.

4.8 Inappropriateness of Das et al.’s method
It is inappropriate to apply Das et al.’s method [62] due to the following reasons:

(1) On applying Das et al.’s method [62] more than one preference orders of the alternatives
are obtained, which is inappropriate. To validate this claim a real-life IVIFMADMPr
having partially known attribute weights, considered by Das et al. [62] to illustrate his
proposed method [62], is solved with some modifications.

Das et al. [62] solved the following real-life IVIFMADMPr having partially known
attribute weights to illustrate his proposed method.
There is a panel of four alternatives for the investment company to invest money in best
option 4;,i = 1,2,3,4 on the basis of the following four benefit attributes.
(i)  Gy:Risk analysis

(i)  G,: Growth

(ili)  G3: Environmental impact

(iv) Gy Political impact
The (i, /)" element of the Table 4.8, represented by an IVIFS

@;j = ([aij1, aij2) [aij3, aija]), represents the rating value of the it"-company over the ;-

attribute.
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(i)

Table 4.8: Rating Values

Attributes—

l G, G, Gs G,
Alternatives
Ay (OlOOZO) (025050) <O40050) ([050050)
0.10,0.20 0.25,0.50 0.30,0.50 [0.50,0.50]
A, <050060) (020050) ( ) <[030040>
0.20,0.30 0.20,0.50 025075 [0.40,0.60]
As (OZSOSO) (020040) (OZOOSO) <[020030>
0.25,0.50 0.20,0.40 0.40,0.70 [0.50,0.60]
A, (OZOOSO) (040070) (OZOOSO) <[050070>
0.60,0.70 0.20,0.30 0.20,0.50 [0.10,0.30]
Also, H = {w; = 0.15,0.20 < w,,0.30 < w3 < 0.35,w, < 0.60,w, + w, < 0.40}.

Table 4.8 is replaced with Table 4.9

Table 4.9: Rating Values

Attributes—
) G4 G, G3 Gy
Alternatives
A, [0.10,0.20],) | /[0.25,0.50],\ | /[0.40,0.50],\ | /[0.25,0.50],
([0.10,0.20]) ([0.25,0.50]) ([0.30,0.50]) ([0.25,0.50])
A, [0.50,0.60],) | /[0.20,0.50], [0,0], [0.20,0.30],
([0.20,0.30]) ([0.20,0.50]) ([0.25,0.75]) ([0.60,0.70])
As ([0.25,0.50],) ([0.20,0.40],) ([0.20,0.30],) <[0.10,0.20],>
[0.25,0.50] [0.20,0.40] [0.40,0.70] [0.10,0.20]
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([0.20,0.50],)

[0.20,0.50] <[0'50'0'60]1)

([0.20’0'30]’) [0.20,0.30]

[0.60,0.70] ([0'40'0'70]')

[0.20,0.30]

(i) H={w;>0.15,0.20 <w,,0.30 <w; <0.35w, <0.60,w, +w, < 0.40} is replaced
with H = {0.10 < w; < 0.50,0.20 < w, < 0.50,0.15 < w3 < 0.60,0.10 < w, < 0.80}.
Then, using Das et al.’s method [62], the ranking of the alternatives of the modified

IVIFMADMPr having partially known attribute weights can be obtained as follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Das et al.’s

method [62], discussed in Section 4.7, there is no need to apply Step 1.

Step 2: According to Step 2 of Das et al.’s method [62], discussed in Section 4.7, there is need

to calculate d;; Vi = 1,2, ...,6; j = 1,2,3. These values are shown in Table 4.10.

Table 4.10: Values of d;;

dll = 015 d12 = 0375 d13 = 0467 d14, = 0375
d21 = 060 d22 = 035 d23 = 050 d24, = 072
d31 = 0375 d32 = 030 d33 = 0483 d34, = 015
d41 =0.72 d42 = 0.60 d43 = 035 d44 = 0.60

Remark: For dy, = (1 —0.5(E(a,) + nl(an))). Here @,, = ([0.10,0.20], [0.10,0.20]),
A = 0.5 then I1,(&;,) = %(0.5 (1-0.20 —0.20) + (1 — 0.5)(1 — 0.10 — 0.10)) = 0.70
d(a@,,,Py) = §(|0.10 — 1| +]0.20 — 1] + |0.10 — 0] + |0.20 — 0] + |1 — 0.20 — 0.20 —

0| +]1-0.10—-0.10 — 0]) = 0.85
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d(@1,P;) =5 (10.10 — 0] +10.20 — 0] +[0.10 — 1| +]0.20 — 1| + |1 — 0.20 — 0.20 —
0]+ [1—-0.10—-0.10 — 0]) = 0.85

d, = minimum{d(&,, P;),d (&4, P,)} = minimum{0.85,0.85} = 0.85.

b, = maximum{d(d&,4,P;), d(&;4, P,)} = maximum{0.85,0.85} = 0.85.

E(@) =3, 2 =1

i=13,
Therefore, d;; = (1 — 0.5(1 + 0.70)) = 0.15.
Step 3: Using Step 3 of Das et al.’s method [62], discussed in Section 4.7,
c1 =Xt ,di; =0.15+4 0.60 + 0.375 + 0.72 = 1.845,
¢, = Yio1dip = 0.375 + 0.35 + 0.30 + 0.60 = 1.625,
c3 = Yio,diz = 0.467 + 0.50 + 0.483 + 0.35 = 1.80,
Cy = Yiqdis = 0.375+ 0.72 + 0.15 + 0.60 = 1.845.
Step 4: Using Step 4 of Das et al.’s method [62], discussed in Section 4.7, there is need to solve
the CLPP (P4.7).
Max(1.845w, + 1.625w, + 1.80w; + 1.845w,)
Subject to
( 0.10 < w; < 0.50,
0.20 < w, < 0.50,
0.15 < w3 < 0.60,
0.1 <w, <0.80,

wy+w, +wz+w, =1,
KWl > O,Wz > 0,W3 = O,W4_ = 0.

(P4.7)

It can be easily verified that on solving the CLPP (P4.7) infinite number of OAWYV are
obtained e.g., (wy,w,,ws,w,) =(0.10,0.20,0.15,0.55) and = (wq,w,, w3, w,) =
(0.40,0.20,0.15,0.25) both are the OAWV.

Step 5: On considering the OAWYV, (w;, w,, w3, w,) = (0.10,0.20,0.15,0.55) and using Step
5 of Das et al.’s method [62], discussed in Section 4.7,
P, = ([1 - (1 —0.10)*1°(1 — 0.25)°2°(1 — 0.40)°15(1 — 0.25)%55,1 — (1 — 0.20)*1°
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(1 —0.50)%2°(1 — 0.50)%*5(1 — 0.50)°55], [(0.10)°1°(0.25)°2°(0.30)*5(0.25) 5,
(0.20)%1°(0.50)°2°(0.50)%15(0.50)%>5]) = ([0.2613,0.4759], [0.2344,0.4562]),

P,=([1-(1-0.50)%(1-0.20)°2°(1 — 0)>5(1 — 0.20)%5%,1 — (1 — 0.60)%1°(1 —
0.50)%2°(1 — 0)%*5(1 — 0.30)%55],[(0.20)°1°(0.20)%2°(0.25)°*5(0.60)®55,(0.30) >-1°
(0.50)%2°(0.75)°15(0.70)°55]) = ([0.2107,0.3471],[0.3784,0.6075]),

Py =([1—-(1-0.25)°1(1 - 0.20)%2°(1 — 0.20)°*5(1 — 0.10)%55,1 — (1 — 0.50)%1°
(1 —0.40)°2°(1 — 0.30)°5(1 — 0.20)°55],[(0.25)%1°(0.20)°2°(0.40)°*5(0.10) 55,
(0.50)%1°(0.40)°2°(0.70)°15(0.20)*>5]) = ([0.1519,0.2936], [0.1549,0.3038]),

P,=(1-(1-0.20)%1°(1 - 0.40)%2°(1 — 0.20)%*>(1 — 0.50)%55,1 — (1 — 0.30)°10

(1-0.70)°2°(1 — 0.50)°5(1 — 0.60)°55],[(0.60)%1°(0.20)°2°(0.20)°15(0.20) 35,
(0.70)°19(0.30)2°(0.50)%15(0.30)%°]) = ([0.4167,0.5870], [0.2232,0.3525]).
While, on considering the OAWV, (wy, w,, w3, w,) = (0.40,0.20,0.15,0.25) and using

Step 5 of Das et al.’s method [62], discussed in Section 4.7,

P, =(1-(1-0.10)%4°(1 —0.25)%2°(1 — 0.40)%15(1 — 0.25)%2>,1 — (1 — 0.20)%4°
(1 -10.50)°2°(1 — 0.50)°'5(1 — 0.50)°25],[(0.10)°*°(0.25)°2°(0.30)%15(0.25) 25,
(0.20)°4°(0.50)°2°(0.50)°5(0.50)°2%]) = ([0.2198,0.3965], [0.1780,0.3465]),

P, = ([1-(1-0.50)%4(1 —0.20)%2°(1 — 0)°15(1 — 0.20)°2>,1 — (1 — 0.60)%4°

(1 -0.50)°2°(1 — 0)%15(1 — 0.30)%25],[(0.20)°4°(0.20)°2°(0.25)**5(0.60) 25,
(0.30)°49(0.50)°2°(0.75)%1>(0.70)%2°]) = ([0.3145,0.4480],[0.2721,0.4711]),

P; = ([1—(1-0.25)%*(1 —0.20)°2°(1 — 0.20)>*5(1 — 0.10)%25,1 — (1 — 0.50)%40
(1 —0.40)°2°(1 — 0.30)°15(1 — 0.20)°25],[(0.25)°*°(0.20)°2°(0.40)°15(0.10) 25,
(0.50)°4°(0.40)°2°(0.70)°15(0.20)°25]) = ([0.1970,0.3865], [0.2040,0.3999]),

P, = ([1 — (1 —0.20)4°(1 — 0.40)°2°(1 — 0.20)%5(1 — 0.50)%2°,1 — (1 — 0.30)%4°

(1 —0.70)°20(1 — 0.50)%15(1 — 0.60)°25], [(0.60)°4°(0.20)°2°(0.20)°15(0.20)°25,
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(0.70)°4°(0.30)2°(0.50)%1>(0.30)%2°]) = ([0.3284,0.5115],[0.3103,0.4545]).

Step 6: Using Step 6, of Das et al.’s method [62], discussed in Section 4.7,

(i)

(i)

Corresponding to the first OAWV, (w,, w,, ws, w,) = (0.10,0.20,0.15,0.55),
S(P,) = 0.0233,5(P,) = —0.2144,S(P;) = —0.0066,S(P,) = 0.428. Since, S(P,) >
S(P,) > S(P;) > S(P,). So, according to Step 6 of Das et al.’s method [62], discussed in

Section 4.7, A, > A, > A3 > A,.

Corresponding to the second OAWYV, (wy, w,, w3, w,) = (0.40,0.20,0.15,0.25),

S(P,) = 0.0459,5(P,) = 0.0096,S(P;) = —0.0102,5(P,) = 0.0375. Since, S(P,) >
S(B,) > S(P,) > S(Ps). So, according to Step 6 of Das et al.’s method [62], discussed in

Section 4.7, A; > A, > A, > As.

It is obvious that on applying Das et al.’s method [62] two different ranking of the

alternatives are obtained for the same IVIFMADMPr having partially known attribute weights,

which is inappropriate. Hence, it is inappropriate to use Das et al.’s method [62] to solve

IVIFMADMPrs having partially known attribute weights.

(2) Das et al.’s [62] method fails to find the ranking of the alternatives. The following clearly

(i)

(i)

validates this claim.

If the set H = {0.10 < w; < 0.50,0.20 < w, < 0.50,0.15 < w3 < 0.60,0.10 < w, <
0.80} is replaced with H = {0.10 < w; < 0.20,0.10 <w, < 0.30,0.20 < w3 <
0.25,0.10 < w, < 0.15}. Then, no feasible solution of the CLPP (P4.7) will be obtained
as the condition Y 7_; wi* < 1 is satisfying i.e., the ranking of the alternatives of the
modified problem cannot be obtained by Das et al.’s method [62].

If the set H = {0.10 < w; < 0.50,0.20 < w, < 0.50,0.15 < w3 < 0.60,0.10 < w, <
0.80} is replaced with H = {0.30 < w; < 0.90,0.40 < w, < 0.60,0.70 < w5 <

0.80,0.30 < w, < 0.90}. Then, no feasible solution of the CLPP (P4.7) will be obtained
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as the condition ¥7_, sz > 1 is satisfying i.e., the ranking of the alternatives of the
modified problem cannot be obtained by Das et al.’s method [62].
(3) The ranking of the alternatives, obtained by Das et al.’s method [62], is not appropriate.
The following example clearly validates this claim.
If it is assumed that the (i, /)" element, represented by an IVIFS, of Table 4.11 represents
the rating value of the i*"-alternative over the jt"-benefit attribute. Also, if it is assumed that
H={01<w,; <0.7,02<w,<06}.

Table 4.11: Rating Values

Attributes—
1 Gy Gy
Alternative
A, ([0.20,0.40], [0.20,0.40]) | ([1,1],[0,0])
A, ([0.15,0.25],[0.15,0.25]) | ([1,1],[0,0])

Then, it is obvious that the ranking of the alternatives A; and A, can never be 4; = A,
as the rating values of both the alternatives corresponding to the attribute G, are equal.
Whereas, the rating values of both the alternatives corresponding to first attribute G, are not
equal. While, the following clearly indicates that on applying Das et al.’s method [62], the
obtained ranking of the alternatives is A; = A,, which is inappropriate.

Using Das et al.’s method [62] the ranking of the alternatives A; and A, can be obtained
as follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Das et al.’s
method [62], discussed in Section 4.7, there is no need to apply Step 1.
Step 2: According to Step 2 of Das et al.”’s method [62], discussed in Section 4.7, there is need

to calculate the values of d;; vV i = 1,2;j = 1,2. These values are shown in Table 4.12.
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Table 4.12: Values of d;;

dll = 030 dlZ = 050

d21 = 030 dzz = 050

Step 3: Using Step 3 of Das et al.’s method [62], discussed in Section 4.7,

¢ =Y+ ,d;; =0.30+0.30 = 0.60,

¢, = Y2, di; =0.50+0.50 = 1.

Step 4: Using Step 4 of Das et al.’s method [62], discussed in Section 4.7, there is need to solve
the CLPP (P4.8).

Max(0.60w,; + 1w,)

Subject to

0.1<w; <07,

0.2 <w, 0.6,
wy +w, =1,

wy; = 0,w, > 0.

(P4.8)

It can be easily verified that on solving the CLPP (P4.8), the obtained OAWYV is
(wy,w,) = (0.4,0.6).
Step 5: On considering the OAWV (w,,w,) = (0.40,0.60) and using Step 5 of Das et al.’s
method [62], discussed in Section 4.7,
P, = ([1— (1-0.20)%4°(1 — 1)°°,1 — (1 — 0.40)*#°(1 — 1)*¢°],[(0.20)°4°(0)°,
(0.40)°4°(0)*°°] = ([1,1],[0,0D),
P, = ([1 - (1-10.15)%9(1 — 1)%¢°,1 — (1 — 0.25)°*°(1 — 1)%6°],[(0.15)%4°(0)°°,
(0.25)°40(0)°°] = ([1,1],[0,0]).
Step 6: Using Step 6, of Das et al.’s method [62], discussed in Section 4.7,

S(P) =1,5(P,) =1.
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Since, S(Pl) = S(ﬁz). So, according to Step 6, of Das et al.’s method [62], discussed
in Section 4.7, the ranking of the alternatives is A; = A,.
It is obvious that on applying Das et al.’s method [62], the relation A; = A, is obtained,
which is inappropriate.
4.9 Reasons for the inappropriateness of Das et al.’s method
In Section 4.8, it is shown that
(i)  On applying Das et al.’s method [62], more than one preference order for the alternatives
are obtained.
(i)  Dasetal.’s method [62] fails to find the ranking of the alternatives if either the condition
_yw}* < 1 or the condition ¥7_, w/ > 1 will be satisfied.
(iii)  The ranking of the alternatives, obtained by Das et al.’s method [62], is inappropriate.
These problems are occurring due to following reasons:
(i)  If there will exist two distinct attributes G, and G, such that ¢, = c, i.e., X%, dy, =
iz, d;q then the coefficient of the attribute weight w,, and w, will be equal in the CLPP
(P4.7). Therefore, all such values of w,, and wy, corresponding to which w, + w, will be
optimal, will represent the optimal values of w,, and w,. Due to the same reason, on solving
the CLPP (P4.7) corresponding to the IVIFMADMPr having partially known attribute
weights, considered in first point of Section 4.8, the number of obtained OAWYV are more
than one.
(i) It is pertinent to mention that to apply Das et al.’s method [62], there is need to solve the
CLPP (P4.7). However, a feasible solution of the CLPP (P4.7) will exist only if neither the

condition Z};l wj” < 1 nor the condition 2}21 wj’ > 1 will be satisfied.

(i) Itis pertinent to mention that if there exist ([a;j1, aijz], [aijs, aija]) such that [a;j1, a;j,] =

[1,1] and [ai3, aij] = [0,0] then the value of P, =
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-T2, (1—ay 1) )+ (1T s (1—ay ) )~y ap 3T~ 1Ty ap 0™
(1T (-p) ) ”2’”2)”’”3 L as  well as P, =

-1, (1-ap 1) D)+ (1-TT (1-ap 1)) Ty ap s -1y apia
(1o (map) )+ (1T — ST ™I Tfor Gy will always be 1 for all values

of w;. Due to the same reason, on solving the IVIFMADMPr having partially known
attribute weights, considered in third point of Section 4.8, the obtained relation is A; = A,.
4.10 A brief review of Joshi and Kumar’s method
Joshi and Kumar [108] proposed the following method to solve IVIFMADMPrs having
partially known attribute weights.
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes

then convert the j** cost type attribute into the benefit type attribute by replacing all the
elements CN{U = ([aijl, al-jz], [aijg, aij4]) of thejth column of the IVIFDM 5 = (dij)mxn with
CN{ij = ([aijg, aij4.]; [aijli aijz]) and gO to Step 2.

Step 2: Using expression (4.10), transform each IVIF element &;; = ([a;j1, aijz ), [aijs, aija])

of the IVIFDM D = (&;) = ([aij1, aijz], [aij3, aija]) into the crisp element d;;

dij _ (aijl(l_aijs);'aijz(1_aij4)). (4.10)

Step 3: Using the expression (4.11), find the value of ¢; V j = 1,2, ..., n.

¢ =XiZ1dij,j=12,..,n (4.12)
Step 4: Find the OAWV, (w;, ws, ..., wy,) by solving the CLPP (P4.9).

max (X ¢ wj]

Subject to

W] € H,W] = 0,] = 1,2,...,7’1,
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n

j=1w;j = 1. (P4.9)
Step 5: Using the expression (4.12), find the value of P, Vi = 1,2, ..., m.
Pi=Ylwjdij,i=12,..,m (4.12)
and check that B, > P, or B, < P, or B, = F,, where, P, = Zj—;le dyjand B, = Z’}=1 widg;.
Case (i): If P, > B, then the ranking of the alternatives is A4, > A,.
Case (ii): If B, < P, then the ranking of the alternatives is 4, < 4,.
Case (iii): If B, = P, then the ranking of the alternatives is A, = A,.
4.11 Inappropriateness of Joshi and Kumar’s method
It is inappropriate to apply Joshi and Kumar’s method [108] due to the following reasons:
(1) On applying Joshi and Kumar’s method [108] more than one preference orders of the
alternatives are obtained, which is inappropriate. To validate this claim a real-life
IVIFMADMPr having partially known attribute weights, considered by Joshi and Kumar
[108] to illustrate his proposed method [108], is solved with some modifications.
Joshi and Kumar [108] solved the following real-life IVIFMADMPr having partially
known attribute weights to illustrate his proposed method.
There is need to rank the faculty members A;,i = 1,2,3,4 on the basis of the following five
benefit attributes.
(

(i)  G,: Communication

)  G;: Teaching

(i)  Gs: Create interest in course
(iv)  G4: Course coverage
(V)  Gs: Gives suitable illustrations

The (i,/))™ element of the Table 4.13, represented by an IVIFS @ =

([aij1, aijz), [aijs aija]), represents the rating value of the i*" faculty member over the ;"
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attribute.

Table 4.13: Rating Values

Attributes—

l Gl Gz GB G4 GS
Alternatives
A ( [0.16,0.16], ) ( [0.24, O 76 ) ( [0,0], > ([0.24,0.24],) < )
0.17,0.50] [0.50,0.50] [0.26,0.26] [0. 25 0 75
A, ( [0.16,0.16], ) ( [0.14,0.45] ) ([0.24,0.24],) ([0.207,0.207],> <[0 .16,0.16], )
0.17,0.50] 0.15,0.25] [0.26,0.26] [0.26,0.26] [0.17,0.50]
Az ( [0.24,0.24] ) ( [0.24,0.24] ) ([0.24,0.24],) ( [0,0], ) < )
0.26,0.26] 0.26,0.26] [0.26,0.26] [0.50,0.50] [0. 25 0 75
A, ( [0.16,0.30], ) ([0.125,0.375],) ([0.12,0.376],> ([0.16,0.50],) < )
0.30,0.30] [0.127,0.374] [0.128,0.376] [0.17,0.17] [0. 25 0 75
Also, H={0<w; <0.10,0.10 < w, < 0.20,0.15 < w5 < 0.25,0.20 < w, <

0.30,0.10 < w5 < 0.20}.

If

(i)

Table 4.13 is replaced with Table 4.14

Table 4.14: Rating Values

Attributes—

l G4 G, Gs Gy Gs
Alternative
A, [0.16,0.16],\| ([0.24,0.76], [0,0], [0.24,0.24], [0.24,0.24],
([0.17,0.50])< [0,0] ) ([0.50,0.50]) ([0.26,0.26]> <[0.26,0.26])
| (oaoson)| (oasozst) | (ozsozel) | (fozeozel )| (fozcoz0)
" (aas0el) (oasozer) | (0z606l) | (osonsa) | (o170501)
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A, ([0.16,0.30],) ([0.125,0.375],) ([0.12,0.376],) ([0.16,0.50],) ([[(()).'1167,,(())..15%]],

[0.30,0.30] /| \[0.127,0.374]/| \[0.128,0.376] [0.17,0.17]

)

(i)

(iii)

It is assumed that the attribute weight w, satisfies the condition 0 < w; < 0.50 instead of

the existing condition 0 < w; < 0.10.

It is assumed that the attribute weight we satisfies the condition 0 < ws < 0.60 instead of

the existing condition 0.10 < ws < 0.20.

Then, using Joshi and Kumar’s method [108], the ranking of the alternatives of the
modified IVIFMADMPr having partially known attribute weights can be obtained as follows:
Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Joshi and Kumar’s
method [108], discussed in Section 4.10, there is no need to apply Step 1.

Step 2: According to Step 2 of Joshi and Kumar’s method [108], discussed in Section 4.10,
there is need to calculate d;; Vi = 1,2, ...

,6; j = 1,2,3. These values are shown in Table 4.15.

Table 4.15: Values of d;;

dy; = 0.1064 | dy, = 0.5000 | dys = 0 dy, = 0.1776 | dys = 0.1776
dy; = 0.1064 | dy, = 0.2282 | dys = 0.1776 | dyy = 0.1469 | dys = 0.1610
dsy = 0.1776 | dsy = 0.1776 | dg3 = 0.1776 | dsy = 0 dss = 0.1064
dy; = 0.1610 | dy, = 0.1719 | dys = 0.1696 | dyy = 0.1064 | dys = 0.1064

Step 3: Using Step 3 of Joshi and Kumar’s method [108], discussed in Section 4.10,
c1 =Y ;di =0.1064 + 0.1064 + 0.1776 + 0.1610 = 0.5514,

c; = Y2 ,dp = 0.5000 + 0.2282 + 0.1776 + 0.1719 = 1.0770,

c3=Y7,di =0+0.1776 + 0.1776 + 0.1696 = 0.5248,

Ch = Y7 ,diy =0.1776 + 0.1469 + 0 + 0.1064 = 0.43009,

cs =YY%  dis = 0.1776 + 0.1610 + 0.1064 + 0.1064 = 0.5514.

94




Step 4: Using Step 4 of Joshi and Kumar’s method [108], discussed in Section 4.10, there is
need to solve the CLPP (P4.10).

Max(0.5514w; + 1.077w, + 0.5248w; + 0.4309w, + 0.5514ws)

Subject to
( 0< Wq < 050,
0.10 < w, < 0.20,
0.15 < w; < 0.25,
X 0.20 <w, <0.30, (P4.10)

0 <ws; <0.60,
wy+wy, +wz+w,+ws =1,
\w; =0,wy, =20,w; =0,w, =0,ws = 0.

It can be easily verified that on solving the CLPP (P4.10) infinite number of OAWYV are
obtained e.g., (wq,wy, wg, ws,we) = (0,0.20,0.15,0.20,0.45) and (wy, wy, w3, Wy, W) =
(0.45,0.20,0.15,0.20,0) both are the OAWV.

Step 5: On considering the OAWV, (w;, wy, w3, wy, ws) = (0,0.20,0.15,0.20,0.45) and using
Step 5 of Joshi and Kumar’s method [108], discussed in Section 4.10,
P, = (0)(0.1064) + (0.20)(0.50) + (0.15)(0) + (0.20)(0.1776) + (0.45)(0.1776)

= 0.2154,

P, = (0)(0.1064) + (0.20)(0.2282) + (0.15)(0.1776) + (0.20)(0.1469) + (0.45)

(0.1610) = 0.1741,

P; = (0)(0.1776) + (0.20)(0.1776) + (0.15)(0.1776) + (0.20)(0) + (0.45)(0.1064)
= 0.1100,
P, = (0)(0.1610) + (0.20)(0.1719) + (0.15)(0.1696) + (0.20)(0.1064) + (0.45)

(0.1064) = 0.1289.

Since, P; > P, > P, > P;. So, according to Step 5 of Joshi and Kumar’s method [108],
discussed in Section 4.10, the ranking of the alternatives is 4, > A, > A, > As.

While, on considering the OAWYV, (wy, w,, w3, w,, ws) = (0.45,0.20,0.15,0.20,0) and

using Step 5 of Joshi and Kumar’s method [108], discussed in Section 4.10,
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P; = (0.45)(0.1064) + (0.20)(0.50) + (0.15)(0) + (0.20)(0.1776) + (0)(0.1776)
= 0.1834,
P, = (0.45)(0.1064) + (0.20)(0.2282) + (0.15)(0.1776) + (0.20)(0.1469) + (0)
(0.1610) = 0.1495,
P, = (0.45)(0.1776) + (0.20)(0.1776) + (0.15)(0.1776) + (0.20)(0) + (0)(0.1064)
= 0.1420,
P, = (0.45)(0.1610) + (0.20)(0.1719) + (0.15)(0.1696) + (0.20)(0.1064) + (0)
(0.1064) = 0.1535.
Since, P, > P, > P, > P;. So, according to Step 5 of Joshi and Kumar’s method [108],
discussed in Section 4.10, the ranking of the alternatives is A; > 4, > A, > As.

It is obvious that on applying Joshi and Kumar’s method [108] two different ranking of the
alternatives are obtained for the same IVIFMADMPr having partially known attribute weights,
which is inappropriate. Hence, it is inappropriate to use Joshi and Kumar’s method [108] to
solve IVIFMADMPTrs having partially known attribute weights.

(2) Joshi and Kumar’s method fails to find the ranking of the alternatives. The following clearly

validates this claim.

(i) If the set H=1{0<w,; <0.50,0.10 < w, < 0.20,0.15 < w3 < 0.25,0.20 < w, <
0.30,0 < ws < 0.60} is replaced with H = {0 < w; < 0.20,0.15 <w, < 0.25,0 <
ws < 0.10,0.10 < w, < 0.15,0 < wg < 0.2}. Then, no feasible solution of the CLPP
(P4.10) will be obtained as the condition }7_, w;* < 1 is satisfying i.e., the ranking of
the alternatives of the modified problem cannot be obtained by Joshi and Kumar’s method
[108].

(i) Iftheset H = {0 <w,; <0.50,0.10 < w, < 0.20,0.15 < w5 < 0.25,0.20 < w, <
0.30,0 < ws < 0.60} is replaced with H ={0.20<w; <0.70,0.50 <w, <

0.70,0.60 < w; < 0.90,0.10 < w, < 0.40,0.20 < ws < 0.70}. Then, no feasible

96



solution of the CLPP (P4.10) will be obtained as the condition }7_, w} > 1 is satisfying
i.e., the ranking of the alternatives of the modified problem cannot be obtained by Joshi
and Kumar’s method [108].
(3) The ranking of the alternatives, obtained by Joshi and Kumar’s method [108], is not
appropriate. The following example clearly validates this claim.
If it is assumed that the (i, /)" element, represented by an IVIFS, of Table 4.16 represents
the rating value of the i*"-alternative over the jt"-benefit attribute. Also, if it is assumed that
H={01<w,;<0602<w,<0.7}.

Table 4.16: Rating Values

Attributes—
l G4 G,

Alternatives

A, ([0.20,0.40], [0.20,0.40]) | ([0.16,0.16], [0.17,0.50])

A, ([0.10,0.50], [0.10,0.50]) | ([0.16,0.16],[0.17,0.50])

Then, it is obvious that the ranking of the alternatives A; and A, can never be 4; = A,
as the rating values of both the alternatives corresponding to the attribute G, are equal.
Whereas, the rating values of both the alternatives corresponding to first attribute G, are not
equal. While, the following clearly indicates that on applying Joshi and Kumar’s method [108],
the obtained ranking of the alternatives is A; = A,, which is inappropriate.

Using Joshi and Kumar’s method [108] the ranking of the alternatives A, and A, can
be obtained as follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Joshi and Kumar’s
method [108], discussed in Section 4.10, there is no need to apply Step 1.

Step 2: According to Step 2 of Joshi and Kumar’s method [108], discussed in Section 4.10,
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there is need to calculate the values of d;; V i = 1,2;j = 1,2. These values are shown in Table
4.17.

Table 4.17: Values of d;;

dll = 030 d12 ES 01064

d21 = 030 dzz ES 01064‘

Step 3: Using Step 3 of Joshi and Kumar’s method [108], discussed in Section 4.10,

¢ =Y7,dj; =0.30+0.30 = 0.60,

c; = Y% . d;, = 0.1064 + 0.1064 = 0.2128.

Step 4: Using Step 4 of Joshi and Kumar’s method [108], discussed in Section 4.10, there is
need to solve the CLPP (P4.11).

Max(0.60w; + 0.2128w,)

Subject to

0.1 <w; 0.6,
0.2<w, <07,
wy +w, =1,
wy; = 0,w, > 0.

(P4.11)

It can be easily verified that on solving the CLPP (P4.5), the obtained OAWYV is
(wy,w,) = (0.6,0.4).
Step 5: On considering the OAWV, (w,,w,) = (0.6,0.4) and using Step 5 of Joshi and
Kumar’s method [108], discussed in Section 4.10,
P, = (0.60)(0.30) + (0.40)(0.1064) = 0.2225,
P, = (0.60)(0.30) + (0.40)(0.1064) = 0.2225.

Since, P, = P,. So, according to Step 5, of Joshi and Kumar’s method [108], discussed
in Section 4.10, the ranking of the alternatives is A; = A,.

It is obvious that on applying Joshi and Kumar’s method [108], the relation A; = A, is
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(i)

(i)

(iii)

(i)

(i)

(iii)

obtained, which is inappropriate.

4.12 Reasons for the inappropriateness of Joshi and Kumar’s method

In Section 4.11, it is shown that

On applying Joshi and Kumar’s method [108], more than one preference order for the
alternatives are obtained.

Joshi and Kumar’s method [108] fails to find the ranking of the alternatives if either the
condition ¥7_, wj* < 1 or the condition X7_, w/ > 1 will be satisfied.

The ranking of the alternatives, obtained by Joshi and Kumar’s method [108], is
inappropriate.

These problems are occurring due to following reasons:

If there will exist two distinct attributes G, and G, such that c, = c, i.e., X%, dy, =

iz, d;q then the coefficient of the attribute weight w,, and w, will be equal in the CLPP

(P4.10). Therefore, all such values of w,, and wy,, corresponding to which w,, + w, will be
optimal, will represent the optimal values of w,, and w,. Due to the same reason, on solving
the CLPP (P4.10) corresponding to the IVIFMADMPr having partially known attribute
weights, considered in first point of Section 4.11, the number of obtained OAWYV are more
than one.

It is pertinent to mention that to apply Joshi and Kumar’s method [108], there is need to
solve the CLPP (P4.10). However, a feasible solution of CLPP (P4.4) will exist only if

neither the condition 2’]=1 wju < 1 nor the condition Z’]zl wj’ > 1 will be satisfied.

If there will exist two distinct alternatives A, and A, such that ¢, = ¢, i.e,, XL, d;, =
Yiz1dig- Then, the value of B, = }j_; w; d,; will be equal to P, = Y%, w; dg;. Hence,
the relation A, = A, will be obtained. Due to the same reason, on solving the
IVIFMADMPr having partially known attribute weights, considered in third point of

Section 4.11, the obtained relation is A; = A,.
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4.13 Proposed Jujhar Method

In this section, to resolve the inappropriateness of existing methods [62, 108, 213, 258], a
new method (named as Jujhar method), is proposed.

The steps of the proposed Jujhar method are as follows:
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.
Then, convert the j* cost type attribute into the benefit type attribute by replacing all the
elements &;; = ([a;j1, aijz), [aijs aija]) Of the j** column of the IVIFDM D = (dij)mxn with

@;j = ([aijz aija], [aij1, aij2]) and go to Step 2.

Step 2: Using the expression (4.12), find dyi (@, @;) Vi=12,.. m;k =1.2,..,m;j =
1,2,..,n.

diji (@), rj) = i(|ai1'1 = agja| + laija = arje| + |aijs — arjs| + |aga — agjal) i =
1,2,.m; j=12,..,.m;k=12,..,m (4.12)
Step 3: Using expression (4.13), find the values of ¢; Vj = 1,2,..,n.

=Yl o dij(@j, @), j =12, ..,n (4.13)

Step 4: Check that the condition )" < 1 or the condition Y7 > 1 is satisfying or

]1] 111
not.

Case (i): If the condition }."*_, w! < 1 is satisfying then find the OAWV, (wy, w,, ..., w,,) by

j=1 ]
solving the CLPP (P3.5), proposed in Section 3.2.1 of Chapter 3.
Case (ii): If the condition X7, 1w > 1 is satisfying then find the OAWV, (w,, w, ..., w;,) by
solving the CLPP (P3.6), proposed in Section 3.2.2 of Chapter 3.

Case (iii): If neither the condition Z] 1 W * <1 nor the condition Z] 1 W !> 1 is satisfying
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then find the OAWV, (w;, w,, ..., w,) by solving the CLPP (P2.12) of Chapter 2.
Step 5: Use Step 5 to Step 9 of the Wang et al.’s method [213], discussed in Section 4.1, to
find the ranking of the alternatives.
4.14  Exact results of the considered IVIFMADMPrs having partially known attribute
weights
In Section 4.2, Section 4.5, Section 4.8 and Section 4.11, IVIFMADMPrs were solved by the
existing methods [62, 108, 213, 258] and shown that the obtained results are inappropriate. In
this section, the exact results of all these IVIFMADMPTrs are obtained by the proposed Jujhar
method.
4.14.1 Exact results of the first IVIFMADMPr having partially known attribute weights
Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the first point of Section 4.2, can be obtained as follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,
proposed in Section 4.13, there is no need to apply Step 1.
Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d; i (&, @;) Vi =12,..,4;j = 1,2,...,4. These values are shown in Table 4.18.

Table 4.18: Values of dijk(&ijl &k])

[0.10,0.20],\ ([0.10,0.20],\\ _ [0.20,0.30],\ ([0.20,0.30],\ _
i1 (( [0.30,0.40] > ’ ([0.30,0.40])) = | donn <( [0.20,0.30] ) ’ ([0.20,0.30] )) B
2(0+0+0+0)=0 ~(0+0+0+0)=0

[0.10,0.20],\ ([0.30,0.40],\\ _ [0.20,0.30],\ ([0.20,0.40],\\ _
i1z (( [0.30,0.40] ) ’ ([0.10,0.20])) = | o2 <( [0.20,0.30] ) ’ ([0.10,0.30] )) B
2(02+02+0.2+0.2) =0.2 ~(0+0.1+0.1+0) = 0.05
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[0.10,0.20],\ ([0.30,0.40]
dizs (( [0.30,0.40] ) ’ ([0.10,0.20]

)

2(02+0.2402+0.2) =02

[0.20,0.30],) ([0.20,0.20]
[0.20,0.30]/’\ [0.10,0.50]

dy1s <(

2(0+01+01+0.2) =01

)

[0.10,0.20],\ ([0.10,0.30]
s (( [0.30,0.40] ) ’ ([0.10,0.50]

2(0+0.1+0.2+0.1) =01

[0.20,0.30],) ([0.10,0.20]
[0.20,0.30] /°\[0.30,0.40]

(i

2(01+0.1+0.1+0.1) =01

[0.30,0.40],) ([0.10,0.20]
21 (( [0.10,0.20] ) ’ ([0.30,0.40]

)

i(o.z +02+02+0.2)=0.2

[0.20,0.40],) ([0.20,0.30]
[0.10,0.30] /°\[0.20,0.30]

(i

i(o +0.1+0.1+0)=0.05

[0.30,0.40],) ([0.30,0.40]
iz (( [0.10,0.20] ) ’ ([0.10,0.20]

)

Z(0+0+0+0)=0

[0.20,0.40],) ([0.20,0.40]
[0.10,0.30] /°\[0.10,0.30]

(i

~(0+0+0+0)=0

[0.30,0.40],\ ([0.30,0.40]
dizs (( [0.10,0.20] > ’ ([0.10,0.20]

)

Z(0+0+0+0)=0

[0.20,0.40],) ([0.20,0.20]
[0.10,0.30]/’\ [0.10,0.50]

dyss <(

§(0+0.2+0+0.2) =0.1

)

[0.30,0.40],\ ([0.10,0.30]
dis (( [0.10,0.20] > ’ ([0.10,0.50]

)

2(02+0.1+0+0.3) = 0.15

[0.20,0.40],) ([0.10,0.20]
[0.10,0.30]/’\ [0.30,0.40]

dyza <(

=(0.1+0.2+0.2+0.1) = 0.15

)

[0.30,0.40],\ ([0.10,0.20]
dis1 (( [0.10,0.20] ) ’ ([0.30,0.40]

)

2(02+02+0.2+0.2) =0.2

[0.20,0.20],) ([0.20,0.30]
[0.10,0.50]/’\ [0.20,0.30]

dys1 <(

=(0+0.1+01+02) =01

,)>

[0.30,0.40],\ ([0.30,0.40]
diz2 (( [0.10,0.20] ) ’ ([0.10,0.20]

)

§(0+0+0+0)=0

[0.20,0.20],> ([0.20,0.40]
[0.10,0.50]/’\ [0.10,0.30]

dys» <(

§(0+0.2+0+o.2) =0.1

)
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[0.30,0.40],\ ([0.30,0.40]
dis3 (( [0.10,0.20] ) ’ ([0.10,0.20]

)

2(0+0+0+0)=0

[0.20,0.20],) ([0.20,0.20]
[0.10,0.50]/’\ [0.10,0.50]

dyss <(

Z(0+0+0+0)=0

)

[0.30,0.40],\ ([0.10,0.30]
s (( [0.10,0.20] ) ’ ([0.10,0.50]

i(o.z +0.1+0+0.3)=0.15

[0.20,0.20],) ([0.10,0.20]
[0.10,0.50] /" \[0.30,0.40]

(i

%(0.1 +0+02+01)=0.1

[0.10,0.30],) ([0.10,0.20]
e (( [0.10,0.50] ) ’ ([0.30,0.40]

)

i(o +0.1+02+01) =01

[0.10,0.20],) ([0.20,0.30]
[0.30,0.40] /°\[0.20,0.30]

(i

i(0.1 +0.1+01+01)=0.1

[0.10,0.30],) ([0.30,0.40]
ez (( [0.10,0.50] ) ’ ([0.10,0.20]

)

i(o.z +0.1+0+0.3)=0.15

[0.10,0.20],) ([0.20,0.40]
[0.30,0.40] /°\[0.10,0.30]

(i

i(0.1 +02+0.2+0.1) =0.15

[0.10,0.30],\ ([0.30,0.40]
dias (( [0.10,0.50] > ’ ([0.10,0.20]

)

i(o.z +0.1+0+0.3)=0.15

[0.10,0.20],) ([0.20,0.20]
[0.30,0.40] /’\ [0.10,0.50]

dyas <(

i(0.1 +0+02+01) =01

)

[0.10,0.30],\ ([0.10,0.30]
dias (( [0.10,0.50] > ’ ([0.10,0.50]

)

§(0+0+0+0)=0

[0.10,0.20],) ([0.10,0.20]
[0.30,0.40]/’\ [0.30,0.40]

dyas <(

i(0+0+0+0)=0

)

[0.10,0.40],) ([0.10,0.40]
[0.20,0.30]/’\ [0.20,0.30]

day <<

§(0+0+0+0)=0

)

[0.10,0.50],) ([0.10,0.50]
[0.10,0.30]/’\ [0.10,0.30]

day <(

%(0+0+0+0)=0

,)>

[0.10,0.40],) ([0.20,0.30]
[0.20,0.30]/’\[0.10,0.40]

(i

Z(01+401+0.1+0.1) =01

)

[0.10,0.50],) ([0.10,0.50]
[0.10,0.30] /" \[0.20,0.20]

dars <(

%(o +0+40.1+0.1)=0.05

)
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[0.10,0.40],) ([0.10,0.20]
[0.20,0.30]/’\ [0.30,0.40]

days ((

2(0+02+01+0.1) =01

)

[0.10,0.50],) ([0.10,0.40]
[0.10,0.30]/’\ [0.20,0.30]

das <(

i(o +0.1+0.1+0) = 0.05

)

[0.10,0.40],) ([0.50,0.50]
[0.20,0.30] /°\[0.10,0.40]

(i

§(0.4 +0.1+0.1+0.1)=0.175

[0.10,0.50],) ([0.20,0.30]
[0.10,0.30] /°\[0.20,0.30]

(i

2(01+0.2+0.1+0) =01

[0.20,0.30],) ([0.10,0.40]
[0.10,0.40] /°\[0.20,0.30]

(i

§(0.1 +0.1+01+01)=0.1

)

[0.10,0.50],) ([0.10,0.50]
[0.20,0.20] /°\[0.10,0.30]

(i

i(o +0+0.1+0.1) = 0.05

[0.20,0.30],) ([0.20,0.30]
[0.10,0.40] /°\[0.10,0.40]

(i

Z(0+0+0+0)=0

)

[0.10,0.50],) ([0.10,0.50]
[0.20,0.20] /°\[0.20,0.20]

(i

~(0+0+0+0)=0

[0.20,0.30],) ([0.10,0.20]
[0.10,0.40]/’\ [0.30,0.40]

s <<

§(0.1 +0.1+02+0)=0.1

)

[0.10,0.50],) ([0.10,0.40]
[0.20,0.20]/’\ [0.20,0.30]

das <(

i(o +0.1+0+0.1) = 0.05

)

[0.20,0.30],) ([0.50,0.50]
[0.10,0.40]/’\ [0.10,0.40]

daza <<

2(03+0.2+0+0) =0.125

)

[0.10,0.50],) ([0.20,0.30]
[0.20,0.20] /" \ [0.20,0.30]

Z(01+02+0+01) =01

)

[0.10,0.20],) ([0.10,0.40]
[0.30,0.40] /’\ [0.20,0.30]

ds1 <<

Z(04+02+01+01) =01

)

[0.10,0.40],) ([0.10,0.50]
[0.20,0.30]/’\ [0.10,0.30]

dasy <(

%(o +0.1+0.140)=0.05

,)>

[0.10,0.20],) ([0.20,0.30]
[0.30,0.40] /" \[0.10,0.40]

(i

Z(01+401+0.2+0) =01

)

[0.10,0.40],> ([0.10,0.50]
[0.20,0.30] /" \[0.20,0.20]

das» <(

%(o +0.1+0+0.1)=0.05

)
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p ([0.10,0.20],) ([0.10,0.20],) _ |4 ([0.10,0.40],) ([0.10,0.40],) B
3331\[0.30,0.40]/’\[0.30,0.40]/) — | "***\\[0.20,0.30]/’\[0.20,0.30]/) —

2(0+0+0+0)=0 Z(0+0+0+0)=0

4 ([0.10,0.20],) ([0.50,0.50],) _ly ([0.10,0.40],) ([0.20,0.30],) 3
33411[0.30,0.40]/’\[0.10,0.40] /) — | “***\\[0.20,0.30]/’\[0.20,0.30]/) —

(0.4+0.3+0.2+0) = 0.225 201+ 0.1+0+0) = 0.05

g ([0.50,0.50],) ([0.10,0.40],) _ly ([0.20,0.30],) ([0.10,0.50],) B
3411110.10,0.40]/’\[0.20,0.30] /) — | "***\\[0.20,0.30]/’\[0.10,0.30]/) —

§(0.4 +0.1+0.1+0.1)=0.175 §(0.1 +02+01+0)=0.1

g ([0.50,0.50],) ([0.20,0.30],) _ |4 ([0.20,0.30],) ([0.10,0.50],) B
3421110.10,0.40]/’\[0.10,0.40] /) — | "***\\[0.20,0.30]/’\[0.20,0.20]/) —

§(0.3+0.2+0+0) = 0.125 §(0.1+0.2+0+0.1) =0.1

p <[0.5o,o.50],> ([0.10,0.20],) _ g ([0.20,0.30],) ([0.10,0.40],) 3
3431\[0.10,0.40]/’\[0.30,0.40]/) — | "***\\[0.20,0.30]/’\[0.20,0.30]/) —

§(0.4 +0.3+0.2+0) =0.225 §(0.1 +0.1+0+0)=0.05

p <[0.5o,o.50],> ([0.50,0.50],) _ g ([0.20,0.30],) ([0.20,0.30],) 3
3441\[0.10,0.40]/’\[0.10,0.40]/) — | "***\\[0.20,0.30]/’\[0.20,0.30]/) —

2(0+0+0+0)=0 ~(0+0+0+0)=0

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

e =Y Y (@i, @) =0+0.2+02+01+02+0+0+0.15+ 0.2+ 0+
0+4+0154+0.14+0.154+0.15+0 = 1.6,

Cp = Xty Yeq ik (&iz, @) =0+ 0.05+ 0.1+ 0.1+0.05+0+0.1+0.15+ 0.1 +
01+0+0.1+0.1+0.15+0.1+0 = 1.2,

03 =34 Y4 digp(@is @z) =0+ 0.1+ 0.140.175+ 0.1+ 0+ 0.1+ 0.125 + 0.1 +

0.1+0+0.225+ 0.175 + 0.125 + 0.225 + 0 = 1.65,
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Co = Niq Xheq iar(&ia, @s) = 0+ 0.05+ 0.05 + 0.1 + 0.05 + 0 + 0.05 + 0.1 + 0.05 +
0.05+0+0.05+0.1+0.1+0.05+0 =0.8.

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the
CLPP (P4.12).

max(1.6w; + 1.2w, + 1.65w3 + 0.8w,)

Subject to

( 0.15 < w; < 0.30,
0.15 < w, < 0.25,
0.25 < w3 < 0.40,
0.30 < w, <0.45,
wyt+w, +ws+w, =1,
\w; =>0,w, =>0,wz >0,w, = 0.

(P4.12)

It can be easily verified that on solving the CLPP (P4.12), the obtained OAWV is
(W1, Wp, w3, w,) = (0.15,0.15,0.40,0.30).
Step 5: On considering the OAWV, (w;, w,, w3, w,) = (0.15,0.15,0.40,0.30) and using Step
5 of Jujhar method, proposed in Section 4.13,
P, = ([(0.15)(0.10) + (0.15)(0.20) + (0.40)(0.10) + (0.30)(0.10), (0.15)(0.20) +
(0.15)(0.30) + (0.40)(0.40) + (0.30)(0.50)], [(0.15)(0.30) + (0.15)(0.20) + (0.40)
(0.20) + (0.30)(0.10), (0.15)(0.40) + (0.15)(0.30) + (0.40)(0.30) + (0.30)(0.30)]
= ([0.115,0.385], [0.185,0.315]),
P, = ([(0.15)(0.30) + (0.15)(0.20) + (0.40)(0.20) + (0.30)(0.10), (0.15)(0.40) +
(0.15)(0.40) + (0.40)(0.30) + (0.30)(0.50)], [(0.15)(0.10) + (0.15)(0.10) + (0.40)
(0.10) + (0.30)(0.20), (0.15)(0.20) + (0.15)(0.30) + (0.40)(0.40) + (0.30)(0.20)]
= ([0.185,0.390], [0.130,0.295]),
P, = ([(0.15)(0.30) + (0.15)(0.20) + (0.40)(0.10) + (0.30)(0.10), (0.15)(0.40) +
(0.15)(0.20) + (0.40)(0.20) + (0.30)(0.40)], [(0.15)(0.10) + (0.15)(0.10) + (0.40)

(0.30) + (0.30)(0.20), (0.15)(0.20) + (0.15)(0.50) + (0.40)(0.40) + (0.30)(0.30)]
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= ([0.145,0.290], [0.210,0.355]),
P, = ([(0.15)(0.10) + (0.15)(0.10) + (0.40)(0.50) + (0.30)(0.20), (0.15)(0.30) +
(0.15)(0.20) + (0.40)(0.50) + (0.30)(0.30)], [(0.15)(0.10) + (0.15)(0.30) +(0.40)
(0.10) + (0.30)(0.20), (0.15)(0.50) + (0.15)(0.40) + (0.40)(0.40) + (0.30)(0.30)]
= ([0.290,0.365],[0.160,0.385]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) =0,5(P,) = 0.075,5(P;) = —0.065 and S(P,) = 0.055.
Since, S(P,) > S(B,) > S(P,) > S(P;). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is 4, > A, > A; > As.
4.14.2 Exact results of the second IVIFMADMPr having partially known attribute

weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.2, can be obtained as
follows:

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.1.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, the condition }.7_; wj* < 1 is satisfying. So, using Case (i) of Step 4 of the Jujhar
method, proposed in Section 4.13, there is need to solve the CLPP (P4.13).
max(1.6w; + 1.2w, + 1.65w; + 0.8w,)

Subject to

( 0.10 < w; <0.20,
0.30 < w, <0.40,
0.10 < w3 < 0.25,
0 <w, <0.05,
wyt+w, +ws+w, <1,
\w; = 0,w, =>0,w; =0,w, = 0.

(P4.13)

On solving the LPP (P4.13) the obtained non-normalized OAWYV is (wy, w,, w3, w,) =
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(0.20,0.40,0.25,0.05) and the normalized OAWV is  (wy,wy, w3, w,) =

( 0.20 0.40 0.25 0.05 )
0.20+0.40+0.25+0.05’ 0.20+0.40+0.25+0.05 ’ 0.20+0.40+0.25+0.05 " 0.20+0.40+0.25+0.05

= (0.2223,0.4445,0.2777,0.0555).

Step 5. On considering the normalized OAWV  (w;,wy,wsw,) =
(0.2223,0.4445,0.2777,0.0555) and using Step 5 of Jujhar method, proposed in Section 4.13,
P, = ([(0.2223)(0.10) + (0.4445)(0.20) + (0.2777)(0.10) + (0.0555)(0.10), (0.2223)
(0.20) + (0.4445)(0.30)+(0.2777)(0.40) + (0.0555)(0.50)], [(0.2223)(0.30) +
(0.4445)(0.20) + (0.2777)(0.20) + (0.0555)(0.10), (0.2223)(0.40) + (0.4445)(0.30) +
(0.2777)(0.30) + (0.30)(0.0555)] = ([0.1444,0.3166], [0.2166,0.3222]),

P, = ([(0.2223)(0.30) + (0.4445)(0.20) + (0.2777)(0.20) + (0.0555)(0.10), (0.2223)
(0.40) + (0.4445)(0.40)+(0.2777)(0.30) + (0.0555)(0.50)], [(0.2223)(0.10) +
(0.4445)(0.10) + (0.2777)(0.10) + (0.0555)(0.20), (0.2223)(0.20) + (0.4445)(0.30) +
(0.2777)(0.40) + (0.0555)(0.20)] = ([0.2166,0.3777],[0.1055,0.2999]),

P; = ([(0.2223)(0.30) + (0.4445)(0.20) + (0.2777)(0.10) + (0.0555)(0.10), (0.2223)
(0.40) + (0.4445)(0.20)+(0.2777)(0.20) + (0.0555)(0.40)], [(0.2223)(0.10) +
(0.4445)(0.10) + (0.2777)(0.30) + (0.0555)(0.20), (0.2223)(0.20) + (0.4445)(0.50) +
(0.2777)(0.40) + (0.30)(0.0555)] = ([0.1889,0.2555],[0.1610,0.3944]),

P, = ([(0.2223)(0.10) + (0.4445)(0.10) + (0.2777)(0.50) + (0.0555)(0.20), (0.2223)
(0.30) + (0.4445)(0.20)+(0.2777)(0.50) + (0.0555)(0.30)], [(0.2223)(0.10) +
(0.4445)(0.30) + (0.2777)(0.10) + (0.0555)(0.20), (0.2223)(0.50) + (0.4445)(0.40) +
(0.2777)(0.40) + (0.0555)(0.30)] = ([0.2166,0.3110], [0.1944,0.4166]).

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,

S(P,) = —0.0389,S(P,) = 0.0944,S(P;) = —0.0555 and S(P,) = —0.0417.

Since, S(P,) > S(P,) > S(P,) > S(Ps). So, according to Step 6 of the Jujhar method,
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proposed in Section 4.13, the ranking of the alternatives is A, > A, > A, > As.
4.14.3 Exact results of the third IVIFMADMPTr having partially known attribute weights
Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.2, can be obtained as
follows:
Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.1.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, the condition Z};lw} > 1 is satisfying. So, using Case (ii) of Step 4 of the
Jujhar method, proposed in Section 4.13, there is need to solve the CLPP (P4.14).

max (16W1 + 12W2 + 165W3 + 08W4_ - ((:1 - 82 - 83 - 84)

Subject to
( ﬂ < 5_0
140 — 1 = 140’
40 70
140 — 2 = 140’
50 0
Tr SWsS 1o
< 20 60 (P4.14)
P S W4, >,
140 140
wyt+w, +wz+w, =1,
140: 100+51+52+S3+S4,

\w; =0,wy, >20,w3 =>0,w, =>0,60 20,6, 20,653 20,64 = 0.

On solving the LPP (P4.14) the obtained normalized OAWYV is (wy, w,, w3, w,) =
(0.2142,0.2857,0.3573,0.1428).
Step 5 On  considering the  normalized OAWYV, (Wy, wy, w3, wy) =
(0.2142,0.2857,0.3573,0.1428) and using Step 5 of Jujhar method, proposed in Section
4.13,
P, = ([(0.2142)(0.10) + (0.2857)(0.20) + (0.3573)(0.10) + (0.1428)(0.10), (0.2142)
(0.20) + (0.2857)(0.30)+(0.3573)(0.40) + (0.1428)(0.50)], [(0.2142)(0.30) +
(0.2857)(0.20) + (0.3573)(0.20) + (0.1428)(0.10), (0.2142)(0.40) + (0.2857)(0.30) +
(0.3573)(0.30) + (0.30)(0.1428)] = ([0.1285,0.3428],[0.2071, 0.3214]),
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P, = ([(0.2142)(0.30) + (0.2857)(0.20) + (0.3573)(0.20) + (0.1428)(0.10), (0.2142)
(0.40) + (0.2857)(0.40)+(0.3573)(0.30) + (0.1428)(0.50)],[(0.2142)(0.10) +
(0.2857)(0.10) + (0.3573)(0.10) + (0.1428)(0.20), (0.2142)(0.20) + (0.2857)(0.30) +
(0.3573)(0.40) + (0.1428)(0.20)] = ([0.2071,0.3785],[0.1142,0.3000]),
P, = ([(0.2142)(0.30) + (0.2857)(0.20) + (0.3573)(0.10) + (0.1428)(0.10), (0.2142)
(0.40) + (0.2857)(0.20)+(0.3573)(0.20) + (0.1428)(0.40)],[(0.2142)(0.10) +
(0.2857)(0.10) + (0.3573)(0.30) + (0.1428)(0.20), (0.2142)(0.20) + (0.2857)(0.50) +
(0.3573)(0.40) + (0.1428)(0.30)] = ([0.1714,0.2714],[0.1857,0.3714]),
P, = ([(0.2142)(0.10) + (0.2857)(0.10) + (0.3573)(0.50) + (0.1428)(0.20), (0.2142)
(0.30) + (0.2857)(0.20)+(0.3573)(0.50) + (0.1428)(0.30)],[(0.2142)(0.10) +
(0.2857)(0.30) + (0.3573)(0.10) + (0.1428)(0.20), (0.2142)(0.50) + (0.2857)(0.40) +
(0.3573)(0.40) + (0.1428)(0.30)] = ([0.2572,0.3429],[0.1714,0.4071]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = —0.0286,5(P,) = 0.0857,5(P;) = —0.0571 and S(P,) = 0.0108.
Since, S(P,) > S(B,) > S(P,) > S(P;). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is A, > A, > A, > As.
4.14.4 Exact results of the fourth IVIFMADMPr having partially known attribute

weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the first point of Section 4.5, can be obtained as follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,
proposed in Section 4.13, there is no need to apply Step 1.
Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to
calculate d;j, (&, @ ;) V i = 1,2,...,4; j = 1,2,3. These values are shown in Table 4.19.

Table 4.19: Values of d;; (@), @y;)
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[0.40,0.50],\ ([0.40,0.50]
i1 (( [0.30,0.40] ) ’ ([0.30,0.40]

)

2(0+0+0+0)=0

[0.40,0.60],) ([0.40,0.60]
[0.20,0.40]/’\ [0.20,0.40]

dyrs <(

Z(0+0+0+0)=0

)

[0.40,0.50],\ ([0.60,0.70]
iz (( [0.30,0.40] ) ’ ([0.20,0.30]

2(02+02+0.1+0.1) =015

[0.40,0.60],) ([0.60,0.70]
[0.20,0.40] /°\[0.20,0.30]

oo

2(02+0.14+0+0.1) =0.1

[0.40,0.50],) ([0.30,0.60]
Gz (( [0.30,0.40] ) ’ ([0.30,0.40]

)

§(0.1 +0.1+0+0)=0.05

[0.40,0.60],) ([0.50,0.60]
[0.20,0.40] /°\[0.30,0.40]

(i

§(0.1 +0+0.1+0)=0.05

[0.40,0.50],) ([0.70,0.80]
Gis (( [0.30,0.40] ) ’ ([0.10,0.20]

)

§(0.3 +0.3+0.2+0.2) =0.25

[0.40,0.60],) ([0.60,0.70]
[0.20,0.40] /°\[0.10,0.30]

(i

i(o.z +0.1+0.1+40.1)=0.125

[0.60,0.70],\ ([0.40,0.50]
diz1 (( [0.20,0.30] > ’ ([0.30,0.40]

)

i(o.z +02+0.1+0.1) =0.15

[0.60,0.70],) ([0.40,0.60]
[0.20,0.30]/’\ [0.20,0.40]

dysy <(

i(o.z +01+0+01) =01

)

[0.60,0.70],\ ([0.60,0.70]
122 (( [0.20,0.30] > ’ ([0.20,0.30]

)

§(0+0+0+0)=0

[0.60,0.70],) ([0.60,0.70]
[0.20,0.30]/’\ [0.20,0.30]

dys <(

§(0+0+0+0)=0

)

[0.60,0.70],\ ([0.30,0.60]
dizs (( [0.20,0.30] ) ’ ([0.30,0.40]

)

=(03+01+0.1+0.1) =015

[0.60,0.70],) ([0.50,0.60]
[0.20,0.30]/’\ [0.30,0.40]

dyss <(

Z(01+01+0.1+0.1) =0.1

,)>

[0.60,0.70],\ ([0.70,0.80]
di2s (( [0.20,0.30] ) ’ ([0.10,0.20]

)

Z(01+401+0.1+0.1) =01

[0.60,0.70],) ([0.60,0.70]
[0.20,0.30] /" \[0.10,0.30]

dyza <(

§(0+0+0.1+0) = 0.025

)
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[0.30,0.60],\ ([0.40,0.50]
di31 (( [0.30,0.40] ) ’ ([0.30,0.40]

)

§(0.1 +0.1+0+0) = 0.05

[0.50,0.60],) ([0.40,0.60]
[0.30,0.40]/’\ [0.20,0.40]

dyst <(

§(0.1 +0+40.1+0)=0.05

)

[0.30,0.60],\ ([0.60,0.70]
iz (( [0.30,0.40] ) ’ ([0.20,0.30]

2(03+0.1+0.1+0.1) =015

[0.50,0.60],) ([0.60,0.70]
[0.30,0.40] /°\[0.20,0.30]

oo

2(01+0.1+0.1+0.1) =01

[0.30,0.60],) ([0.30,0.60]
s (( [0.30,0.40] ) ’ ([0.30,0.40]

)

Z(0+0+0+0)=0

[0.50,0.60],) ([0.50,0.60]
[0.30,0.40] /°\[0.30,0.40]

oo

~(0+0+0+0)=0

[0.30,0.60],) ([0.70,0.80]
Gzs (( [0.30,0.40] ) ’ ([0.10,0.20]

)

§(0.4 +0.2+0.2+0.2) =0.25

[0.50,0.60],) ([0.60,0.70]
[0.30,0.40] /°\[0.10,0.30]

(i

i(0.1 +0.1+0.2+0.1) =0.125

[0.70,0.80],\ ([0.40,0.50]
dian (( [0.10,0.20] > ’ ([0.30,0.40]

)

§(0.3 +0.3+0.2+0.2) =0.25

[0.60,0.70],) ([0.40,0.60]
[0.10,0.30]/’\ [0.20,0.40]

dyr <(

i(o.z +0.1+0.1+0.1) =0.125

)

[0.70,0.80],\ ([0.60,0.70]
iz (( [0.10,0.20] > ’ ([0.20,0.30]

)

2(01+0.1+0.1+0.1) =01

[0.60,0.70],) ([0.60,0.70]
[0.10,0.30]/’\ [0.20,0.30]

Ay <(

i(0+0+0.1+0) = 0.025

)

[0.70,0.80],\ ([0.30,0.60]
dias (( [0.10,0.20] ) ’ ([0.30,0.40]

)

2(04+02+0.2+0.2) =025

[0.60,0.70],) ([0.50,0.60]
[0.10,0.30] /’\ [0.30,0.40]

dyas <(

2(01+0.1+02+0.1) =0.125

,)>

[0.70,0.80],\ ([0.70,0.80]
dras (( [0.10,0.20] ) ’ ([0.10,0.20]

)

§(0+0+0+0)=0

[0.60,0.70],) ([0.60,0.70]
[0.10,0.30] /" \[0.10,0.30]

dya <(

%(0+0+0+0)=0

)
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[0.30,0.60],) ([0.30,0.60]
[0.30,0.40]/’\ [0.30,0.40]

day ((

2(0+0+0+0)=0

)

[0.70,0.80],) ([0.30,0.60]
[0.10,0.20]/’\ [0.30,0.40]

das <(

2(04+0.2+02+0.2) =025

)

[0.30,0.60],) ([0.40,0.50]
[0.30,0.40] /°\[0.30,0.40]

o

§(0.1 +0.1+0+0) = 0.05

[0.70,0.80],) ([0.40,0.50]
[0.10,0.20] /°\[0.30,0.40]

o

2(03+0.3+02+0.2) =025

[0.30,0.60],) ([0.70,0.80]
[0.30,0.40] /°\[0.10,0.20]

(i

§(0.4 +0.2+0.2+0.2) =0.25

)

[0.70,0.80],) ([0.70,0.80]
[0.10,0.20] /°\[0.10,0.20]

(i

~(0+0+0+0)=0

[0.30,0.60],) ([0.60,0.70]
[0.30,0.40] /°\[0.20,0.30]

(i

§(0.3 +0.1+0.1+0.1) =0.15

)

[0.70,0.80],) ([0.60,0.70]
[0.10,0.20] /°\[0.20,0.30]

(i

i(0.1 +0.1+01+01)=0.1

[0.40,0.50],) ([0.30,0.60]
[0.30,0.40] /" \ [0.30,0.40]

da1 <<

§(0.1 +0.1+0+0)=0.05

)

[0.60,0.70],) ([0.30,0.60]
[0.20,0.30]/’\ [0.30,0.40]

daar <(

i(0.3 +0.1+0.1+0.1) =0.15

)

[0.40,0.50],) ([0.40,0.50]
[0.30,0.40] /" \ [0.30,0.40]

ds <<

§(0+0+0+0)=0

)

[0.60,0.70],) ([0.40,0.50]
[0.20,0.30]/’\ [0.30,0.40]

dass <(

=(02+02+0.1+0.1) =0.15

)

[0.40,0.50],) ([0.70,0.80]
[0.30,0.40] /’\ [0.10,0.20]

s <<

2(03+03+0.2+0.2) =025

)

[0.60,0.70],) ([0.70,0.80]
[0.20,0.30]/’\ [0.10,0.20]

dass <(

Z(01+01+0.1+0.1) =0.1

,)>

[0.40,0.50],) ([0.60,0.70]
[0.30,0.40] /" \[0.20,0.30]

o

2(02+02+0.1+0.1) =015

)

[0.60,0.70],) ([0.60,0.70]
[0.20,0.30] /" \[0.20,0.30]

disa <(

%(0+0+0+0)=0

)
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Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,




c1 =Yg Xkeq dik(&1, @) =0+ 0.15+ 0.05 + 0.25+ 0.15+ 0 + 0.15 + 0.1 +
0.05+0.15+0+0.25+0.25+ 0.1+ 0.25+ 0 = 1.9,

Cp = Yty Yheq ik @iz, @) = 0+ 0.1+ 0.05+ 0.125 + 0.1 + 0 + 0.1 + 0.025 +
0.05+0.1+0+0.125+ 0.125 + 0.025 + 0.125 + 0 = 1.05,

€3 = Xiq Xkeq dizr(&3, @3) = 0+ 0.05 + 0.25 4+ 0.15 + 0.05 + 0 + 0.25 + 0.15 +
0.25+0254+0+0.1+0.154+0.154+0.1+0=1.9.

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the
CLPP (P4.15).

max(1.9w; + 1.05w, + 1.9w3)
Subject to

( 0.20 <w; <0.50,

0.20 < w, < 0.30,

0.30 < w; < 0.50,
wyt+tw, +wy =1,

w1 = wg,
\w; = 0,w, =0,w; = 0.

(P4.15)

It can be easily verified that on solving the CLPP (P4.15), the obtained OAWYV is
(w1, Wz, w3) = (0.40,0.20,0.40).
Step 5: On considering the OAWV, (wy,w,, w3) = (0.40,0.20,0.40) and using Step 5 of
Jujhar method, proposed in Section 4.13,
P, = ([(0.40)(0.40) + (0.20)(0.40) + (0.40)(0.30), (0.40)(0.50) + (0.20)(0.60) +
(0.40)(0.60)], [(0.40)(0.30) + (0.20)(0.20) + (0.40)(0.30),(0.40)(0.40) + (0.20)
(0.40) + (0.40)(0.40)] = ([0.36,0.56], [0.28,0.40]),
P, = ([(0.40)(0.60) + (0.20)(0.60) + (0.40)(0.40), (0.40)(0.70) + (0.20)(0.70) +
(0.40)(0.50)], [(0.40)(0.20) + (0.20)(0.20) + (0.40)(0.30),(0.40)(0.30) + (0.20)
(0.30) + (0.40)(0.40)] = ([0.52,0.62], [0.24,0.34]),

P, = ([(0.40)(0.30) + (0.20)(0.50) + (0.40)(0.70), (0.40)(0.60) + (0.20)(0.60) +
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(0.40)(0.80)],[(0.40)(0.30) + (0.20)(0.30) + (0.40)(0.10),(0.40)(0.40) + (0.20)
(0.40) + (0.40)(0.20)] = ([0.50,0.68], [0.22,0.32]),
P, = ([(0.40)(0.70) + (0.20)(0.60) + (0.40)(0.60), (0.40)(0.80) + (0.20)(0.70)
+(0.40)(0.70)], [(0.40)(0.10) + (0.20)(0.10) + (0.40)(0.20),(0.40)(0.20) + (0.20)
(0.30) + (0.40)(0.30)] = ([0.64,0.74],[0.14,0.26]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) =0.12,5(P,) = 0.28,5(P;) = 0.32 and S(P,) = 0.49.
Since, S(P,) > S(P;) > S(P,) > S(P,). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is 4, > A4; > A, > A;.
4.14.5 Exact results of the fifth IVIFMADMPr

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.5, can be obtained as
follows:

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.4.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, the condition 7_, wj* < 1 is satisfying. So, using Case (i) of Step 4 of the Jujhar
method, proposed in Section 4.13, there is need to solve the CLPP (P4.16).
max(1.9w; + 1.05w, + 1.9w3)

Subject to

0.10 < w; £0.20,
0.20 <w, < 0.30,
0.10 < w3 < 0.30,
wy+w,+wy; <1,
Wi = Wg,
kwl =>0,w, =20,w; = 0.

(P4.16)

On solving the LPP (P4.16) the obtained non-normalized OAWYV is (wy, w,, w3) =

(0.20,0.30,0.20) and the normalized OAWV is (W, w,, w3) =
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( 0.20 0.30 0.20
0.20+0.30+0.20’ 0.20+0.30+0.20  0.20+0.30+0.20

) = (0.2857,0.4286,0.2857).

Step 5: On considering the normalized OAWYV, (wy, w,, w3) = (0.2857,0.4286,0.2857) and
using Step 5 of Jujhar method, proposed in Section 4.13,
P, = ([(0.2857)(0.40) + (0.4286)(0.40) + (0.2857)(0.30), (0.2857)(0.50) + (0.4286)
(0.60)+(0.2857)(0.60)],[(0.2857)(0.30) +(0.4286)(0.20) + (0.2857)(0.30), (0.2857)
(0.40) + (0.4286)(0.40) + (0.2857)(0.40)] = ([0.3714,0.5714],[0.2571,0.4000]),
P, = ([(0.2857)(0.60) + (0.4286)(0.60) + (0.2857)(0.40), (0.2857)(0.70) + (0.4286)
(0.70)+(0.2857)(0.50)],[(0.2857)(0.20) +(0.4286)(0.20) + (0.2857)(0.30), (0.2857)
(0.30) + (0.4286)(0.30) + (0.2857)(0.40)] = ([0.5428,0.6428],[0.2285,0.3285]),
P; = ([(0.2857)(0.30) + (0.4286)(0.50) + (0.2857)(0.70), (0.2857)(0.60) + (0.4286)
(0.60)+(0.2857)(0.80)],[(0.2857)(0.30) +(0.4286)(0.30) + (0.2857)(0.10), (0.2857)
(0.40) + (0.4286)(0.40) + (0.2857)(0.20)] = ([0.5000,0.6571], [0.2428,0.3428]),
P, = ([(0.2857)(0.70) + (0.4286)(0.60) + (0.2857)(0.60), (0.2857)(0.80) + (0.4286)
(0.70)+(0.2857)(0.70)], [(0.2857)(0.10) +(0.4286)(0.10) + (0.2857)(0.20), (0.2857)
(0.20) + (0.4286)(0.30) + (0.2857)(0.30)] = ([0.6285,0.7285],[0.1285,0.2714]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = 0.1428,5(P,) = 0.3143,5(P;) = 0.2857 and S(P,) = 0.4785.
Since, S(B,) > S(P,) > S(P;) > S(P,). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is A, > A, > A; > A;.
4.14.6 Exact results of the sixth IVIFMADMPr having partially known attribute weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.5, can be obtained as
follows:

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.4.
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So, to avoid any repetition, the calculations have been started from Step 4.

Step 4: Since, the condition Z’}=1Wf > 1 is satisfying. So, using Case (ii) of Step 4 of the
Jujhar method, proposed in Section 4.13, there is need to solve the CLPP (P4.17).

max (1.9w; + 1.05w, + 1.9w3; — & — &, — &3)

Subject to

p 20 40
—<w; <—,
120 120

30 50
— S Wy S;___,
120 120
70 80

) 20 S W3 S50 (P4.17)
wyt+w, +wy =1,
Wi = Ws,
120 = 100 + & + &5 + &3,
\Ww; =>0,wy, >20,w;3 >0,64 20,6, 20,653 =0.

On solving the CLPP (P4.17), the obtained normalized OAWV is (wy,w,, w3) =
(0.4167,0.1666, 0.4167).
Step 5: On considering the normalized OAWV, (wy, w,, w3) = (0.4167,0.1666,0.4167) and
using Step 5 of Jujhar method, proposed in Section 4.13,
P, = ([(0.4167)(0.40) + (0.1666)(0.40) + (0.4167)(0.30), (0.4167)(0.50) + (0.1666)
(0.60)+(0.4167)(0.60)], [(0.4167)(0.30) +(0.1666)(0.20) + (0.4167)(0.30), (0.4167)
(0.40) + (0.1666)(0.40) + (0.4167)(0.40)] = ([0.3583,0.5583], [0.2833,0.4000]),
P, = ([(0.4167)(0.60) + (0.1666)(0.60) + (0.4167)(0.40), (0.4167)(0.70) + (0.1666)
(0.70)+(0.4167)(0.50)], [(0.4167)(0.20) +(0.1666)(0.20) + (0.4167)(0.30), (0.4167)
(0.30) + (0.1666)(0.30) + (0.4167)(0.40)] = ([0.5166,0.6166], [0.2416,0.3416]),
P, = ([(0.4167)(0.30) + (0.1666)(0.50) + (0.4167)(0.70), (0.4167)(0.60) + (0.1666)
(0.60)+(0.4167)(0.80)], [(0.4167)(0.30) +(0.1666)(0.30) + (0.4167)(0.10), (0.4167)
(0.40) + (0.1666)(0.40) + (0.4167)(0.20)] = ([0.5000,0.6833], [0.2166,0.3166]),
B, = ([(0.4167)(0.70) + (0.1666)(0.60) + (0.4167)(0.60), (0.4167)(0.80) + (0.1666)

(0.70)+(0.4167)(0.70)], [(0.4167)(0.10) +(0.1666)(0.10) + (0.4167)(0.20), (0.4167)
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(0.20) + (0.1666)(0.30) + (0.4167)(0.30)] = ([0.6416,0.7416],[0.1416,0.2583]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = 0.1166,5(P,) = 0.2750,5(P;) = 0.3250 and S(B,) = 0.4916.
Since, S(B,) > S(P;) > S(P,) > S(P,). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is A, > A; > A, > A;.
4.14.7 Exact results of seventh IVIFMADMPYr having partially known attribute weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the third point of Section 4.5, can be obtained as
follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,
proposed in Section 4.13, there is no need to apply Step 1.
Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d; (&, @;) Vi = 1,2;j = 1,2. These values are shown in Table 4.20.

Table 4.20: Values of dijk(&ijl &k])

[0.10,0.20],\ ([0.10,0.20],\\ _ [0.10,0.20],\ ([0.10,0.20],\ _
i1 (( [0.10,0.20] > ’ ([0.10,0.20])) = | donn <( [0.30,0.40] ) ’ ([0.30,0.40] )) B
2(0+0+0+0)=0 Z(0+0+0+0)=0

[0.10,0.20],\ ([0.30,0.40],\\ _ [0.10,0.20],\ ([0.10,0.20],\ _
di12 (( [0.10,0.20] > ’ ([0.30,0.40])) = | dor2 <( [0.30,0.40] ) ’ ([0.30,0.40] )) B
2(02+0.2+0.2+0.2) = 0.20 ~(0+0+0+0)=0

[0.30,0.40],\ ([0.10,0.20],\\ _ [0.10,0.20],\ ([0.10,0.20],\ _
diz1 (( [0.30,0.40] ) ’ ([0.10,0.20])) = | da1s <( [0.30,0.40] ) ’ ([0.30,0.40] )) B
2(02+0.2+0.2+0.2) = 0.20 ~(0+0+0+0)=0
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oa0040))

dis ((

2(0+0+0+0)=0

[0.30,0.40]
[0.30,0.40]

)

oc0s0)

dyra <(

Z(0+0+0+0)=0

[0.10,0.20]
[0.30,0.40]

)

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

1 =X Yo dip(@1,81) =0+02+024+0+0+0+0+0=0.4,

;=22 Y2 dip(@iq, @) =0+04+0+0+0+0+0+0=0.

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the

CLPP (P4.18).
max(0.4w,)

Subject to

0.1 <w; £0.6,
0.2 <w, <0.8,
wy +w, =1,
wy; = 0,w, > 0.

(P4.18)

It can be easily verified that on solving the CLPP (P4.20) the obtained OAWYV s

(wy,w,) = (0.6,0.4)

Step 5: On considering the OAWV, (w;,w,) = (0.6,0.4) and using Step 5 of the Jujhar

method, proposed in Section 4.13,

P, = ([(0.60)(0.10) + (0.40)(0.10), (0.60)(0.10) + (0.40)(0.30)], [(0.60)(0.10) +

(0.40)(0.30), (0.60)(0.20) + (0.40)(0.40)] = ([0.10,0.18], [0.18,0.28]),

P, = ([(0.60)(0.30) + (0.40)(0.10), (0.60)(0.40) + (0.40)(0.20)], [(0.60)(0.30) +

(0.40)(0.30), (0.40)(0.20) + (0.40)(0.40)] = ([0.22,0.32], [0.30,0.40]).

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,

S(P,) = —0.09 and S(P,) = —0.08.
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Since, S(P,) < S(P,). Therefore, according to case (ii) of Step 6 of the proposed Jujhar
method, the ranking of the alternatives is 4, > A;.

4.14.8 Exact results of eighth IVIFMADMPr having partially known attribute weights
Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the first point of Section 4.8, can be obtained as follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,

proposed in Section 4.13, there is no need to apply Step 1.
Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d;j, (&, @;) Vi = 1,2,...,6;j = 1,2,3. These values are shown in Table 4.21.,

Table 4.21: Values of dj; (@), @y;)

o () () - [ (5000 (220520) -

2(0+0+0+0)=0 ~(0+0+0+0)=0

4 ([0.10,0.20],) ([0.50,0.60],) _ 4 ([0.25,0.50],) ([0.20,0.50],) _
1121110.10,0.20]/°\[0.20,0.30] /) — | "?*2\\[0.25,0.50] /’\[0.20,0.50]/ ) —

§(0.4 +0.4+0.1+0.1) =0.25 i(o.os + 0+ 0.05 + 0) = 0.025

oot (o205 - oo (G2E050) (0 -

§(0.15 +0.3+0.15 + 0.3) = 0.225 i(o.os +0.1+ 0.05+ 0.1) = 0.075

o () () o (5200 (i 00) -

§(0.1 +0.1+0.5+0.5) =0.3 §(0.15 +0.2 + 0.05+ 0.2) = 0.15

4 ([0.50,0.60],) ([0.10,0.20],) _ 4 ([0.20,0.50],) ([0.25,0.50],) ~
12111[0.20,0.30]/’\[0.10,0.20] /) — | "?21\\[0.20,0.50] /' \[0.25,0.50]/) —

%(0.4 +0.4+0.1+0.1) =0.25 i(o.os + 0+ 0.05 + 0) = 0.025

120



[0.50,0.60],\ ([0.50,0.60]
122 (( [0.20,0.30] ) ’ ([0.20,0.30]

)

2(0+0+0+0)=0

[0.20,0.50],) ([0.20,0.50]
[0.20,0.50]/’\ [0.20,0.50]

dyss <(

Z(0+0+0+0)=0

)

[0.50,0.60],\ ([0.25,0.50]
dhzs (( [0.20,0.30] ) ’ ([0.25,0.50]

2(0.25+0.1+0.05 +0.2) = 0.15

[0.20,0.50],) ([0.20,0.40]
[0.20,0.50] /" \[0.20,0.40]

(i

%(0 +0.1+0+0.1) = 0.05

[0.50,0.60],) ([0.20,0.30]
Gzs (( [0.20,0.30] ) ’ ([0.60,0.70]

)

§(0.3 +0.3+0.4+0.4) =0.35

[0.20,0.50],) ([0.40,0.70]
[0.20,0.50] /°\[0.20,0.30]

(i

i(o.z +02+0+02)=0.15

[0.25,0.50],) ([0.10,0.20]
a1 (( [0.25,0.50] ) ’ ([0.10,0.20]

)

§(0.15 +0.3 +0.15 + 0.3) = 0.225

[0.20,0.40],) ([0.25,0.50]
[0.20,0.40] /°\[0.25,0.50]

( )

§(0.05 +0.1+ 0.05+ 0.1) = 0.075

tua (o 250501) (10200300}

i(o.zs +0.1+ 0.05+ 0.2) = 0.15

[0.20,0.40],) ([0.20,0.50]
[0.20,0.40]/’\ [0.20,0.50]

ol )

[0.25,0.50],\ ([0.25,0.50]
diss (( [0.25,0.50] > ’ ([0.25,0.50]

)

§(0+0+0+0)=0

[0.20,0.40],) ' ([0.20,0.40]

~(0+0.1+0+0.1) = 0.05
[0.20,0.40] [0.20,0.40]))

[0.25,0.50],\ ([0.20,0.30]
diss (( [0.25,0.50] ) ’ ([0.60,0.70]

)

i(o.os +0.2 4 0.35+ 0.2) = 0.20

[0.20,0.40],) ([0.40,0.70]
[0.20,0.40]/’\ [0.20,0.30]

dys; ((
=(02+03+0+01) =015

[0.20,0.30],\ ([0.10,0.20]
dian (( [0.60,0.70] ) ’ ([0.10,0.20]

)

Z(01+01+0.5+0.5) =03

~(0+0+0+0)=0
d241<( ))

d234 <(
[0.40,0.70],) ([0.25,0.50]
§(0.15 +0.2 4+ 0.05 + 0.2) = 0.15

[0.20,0.30] /" \[0.25,0.50]
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tuo (g r0r)-(fo 200301

§(0.3 +0.3+0.4+0.4) =0.35

tae( (i 300301) (020051}

2(02+0.2+0+0.2) = 0.15

[0.20,0.30],\ ([0.25,0.50],
s (( [0.60,0.70] ) ’ ([0.25,0.50] ))

=(0.05+0.2+0.35+0.2) = 0.2

[0.40,0.70],\ ([0.20,0.40],
G2s3 <( [0.20,0.30] ) ’ ([0.20,0.40] ))

%(0.2 +03+0+0.1)=0.15

[0.20,0.30],) ([0.20,0.30],
Gss (( [0.60,0.70] ) ’ ([0.60,0.70] ))

Z(0+0+0+0)=0

[0.40,0.70],\ ([0.40,0.70],
Gzss <( [0.20,0.30] ) ’ ([0.20,0.30] ))

~(0+0+0+0)=0

[0.40,0.50],\ ([0.40,0.50],
da11 (( [0.30,0.50] ) ’ ([0.30,0.50] ))

Z(0+0+0+0)=0

[0.25,0.50],\ ([0.25,0.50],
donz <( [0.25,0.50] ) ’ ([0.25,0.50] ))

~(0+0+0+0)=0

s (fo300501) (10 2307)) =

~(0.4+0.5+0.05 +0.25) = 0.3

tua (o 20501) (60070}

~(0.05+0.2+0.35+0.2) = 0.2

o (i 300501) (o400

2(0.2402+0.1+02) =0.175

tas (o 20501) (200 20))

i(0.15 +0.3 4 0.15 + 0.3) = 0.225

(i 300501) (0200501

%(0.2 +0+0.1+0)=0.075

tos{(fo250501) (0200501

i(o.zs +0.1+ 0.05+0.2) = 0.15

(1o 307) (00501

2(0.4+0.5+0.05 +0.25) = 0.3

tes (i o0701) (i 250500))

i(o.os +0.2+ 035+ 0.2) = 0.20




[010]!

[0’0])
da22 (([0.25,0.75]

) ’ ([0.25,0.75]

2(0+0+0+0)=0

))-

[0.20,0.30]

[0'20’0.30]) ’ ([0.60,0.70]

[0.60,0.70]

dazs <(

Z(0+0+0+0)=0

)

[OJO]I
daz3 <<[0.25,0.75]

)

i(o.z +0.3 +0.15 + 0.05) = 0.175

[0.20,0.30],)
[0.40,0.70]

[0.10,0.20]

[0.20’0.30]’> ’ ([0.10,0.20]

[0.60,0.70]

(i

2(01+0.1+05+05) =03

[0,0],

g ( [0.20,0.50]
3241 \[0.25,0.75]

[0.20,0.50]

)-(fo20050))

i(o.z + 0.5 + 0.05 + 0.25) = 0.25

[0.50,0.60]

[0.2010.30],> ’ ([0.20,0.30]

[0.60,0.70]

(i

i(o.s +0.3+0.4+0.4) =0.35

[0.40,0.50]

[0.20,0.30],> ’ ([0.30,0.50]

[0.40,0.70]

o )

[0.25,0.50]

[0.1010.20],> ’ ([0.25,0.50]

[0.10,0.20]

( )

i(0.15 +0.3+0.15 + 0.3) = 0.225

[0,0] )

i(o.z +0.2+0.1+0.2)=0.175
0.25,0.75]))

ds» <<

i(o.z +0.3 +0.15 + 0.05) = 0.175

a00701)(

[0.20,0.30]

[0'10’0.20]) ’ ([0.60,0.70]

[0.10,0.20]

oo )

[0.20,0.30]

[0'20'0'30]) ’ ([0.40,0.70]

[0.40,0.70]

o )

[0.10,0.20]

i(0.1 +0.1+0.5+0.5)=0.3
[0.10,0.20] ))

ooz (

[0.20,0.50]

2(04+0+0+0)=0
[0.20,0.50] ))

oaco7o)

2(04+02+0.2+0.2) = 0.15

[0.50,0.60]

[0'10’0.20]) ’ ([0.20,0.30]

[0.10,0.20]

dass ((
~(04+0.4+0.1+0.1) =025

[0.40,0.50]
[0.30,0.50]

sz <<
)

oz00501) (

N

%(0.2 +0+0.1+0) = 0.075

~(0+0+0+0)=0
[0.25,0.50],
dan <( [0.25,0.50] ))

d4—34 <(
[0.50,0.60],) (
i(o.zs +0.1+ 0.05+0.2) = 0.15

[0.20,0.30]

123




4 ([0.20,0.50],) ( [0,0], ) _ g ([0.50,0.60],) ([0.20,0.30],) B
3421\[0.20,0.50]/’\[0.25,0.75]/ ] — | "***\\[0.20,0.30]/’\[0.60,0.70]/) —

i(o.z +0.5 + 0.05 + 0.25) = 0.25 i(o.s +0.3+0.4+0.4) =0.35

4 ([0.20,0.50],) ([0.20,0.30],) _ly ([0.50,0.60],) ([0.10,0.20],) 3
34311[0.20,0.50]/’\[0.40,0.70]/) — | "***\\[0.20,0.30]/’\[0.10,0.20]/) —

2(0+0.2+02+0.2) = 0.15 204+ 0.4+0.1+0.1) =025

4 ([0.20,0.50],) ([0.20,0.50],) _ly ([0.50,0.60],) ([0.50,0.60],) B
34411[0.20,0.50]/’\[0.20,0.50]/) — | "***\\[0.20,0.30]/’\[0.20,0.30]/)

§(0+0+0+0)=0 §(0+0+0+0)=0

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

c1 =Xt Y%o1 dik (@, @) = 0+ 0.25+0.225 + 0.3 + 0.25 + 0 + 0.15 + 0.35 +
0.2254+0.15+04+0.24+ 0.3+ 0354+ 0.2+ 0 = 2.95,

Cp = Nt Xt dip (@, @) = 0+ 0.025 + 0.075 + 0.15 + 0.025 + 0 + 0.05 + 0.15 +
0.075+0.05+0+0.15+0.154+0.154+ 0.15+ 0 = 1.2,

€3 = Y4 YF_ 1 diz(@iz, @3) =0+ 0.3+ 0.175 + 0.075 + 0.3 + 0 + 0.175 + 0.25 +
0.1754+0.1754+ 0+ 0.15+ 0.075 + 0.25 + 0.15 + 0 = 2.25,

Co = Niq 2peq Diare (&g @s) =0+ 0.2+ 0.225+0.15+ 0.2+ 0+ 0.3+ 0.35 +
0.225+03+0+0.25+0.15+ 0.35+ 0.25+ 0 = 2.95.

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the
CLPP (P4.19).

max(2.95w; + 1.2w, + 2.25w; + 2.95w,)

Subject to
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( 0.10 < w; < 0.50,
0.20 < w, < 0.50,
0.15 < w3 < 0.60,
3 0.10 <w, <£0.80, (P4.19)
wy+tw, +ws+w, =1,
Wi = Wy,
w; =0,w, =20,w; >0,w, = 0.

It can be easily verified that on solving the CLPP (P4.19), the obtained OAWYV is
(w1, o, w3, w,) = (0.3250,0.20,0.15,0.3250).
Step 5: On considering the OAWV, (wy, w, ws, w,) = (0.3250,0.20,0.15,0.3250) and using
Step 5 of Jujhar method, proposed in Section 4.13,
P, = ([(0.3250)(0.10) + (0.20)(0.25) + (0.15)(0.40) + (0.3250)(0.25), (0.3250)
(0.20) + (0.20)(0.50)+(0.15)(0.50) + (0.3250)(0.50)], [(0.3250)(0.10) +(0.20)
(0.25) + (0.15)(0.30) + (0.3250)(0.25), (0.3250)(0.20) + (0.20)(0.50) + (0.15)
(0.50) + (0.3250)(0.50)] = ([0.2237,0.4025], [0.2087,0.4025]),
P, = ([(0.3250)(0.50) + (0.20)(0.20) + (0.15)(0) + (0.3250)(0.20), (0.3250)(0.60) +
(0.20)(0.50)+(0.15)(0) + (0.3250)(0.30)], [(0.3250)(0.20) +(0.20)(0.20) + (0.15)
(0.25) + (0.3250)(0.60), (0.3250)(0.30) + (0.20)(0.50) + (0.15)(0.75) + (0.3250)
(0.70)] = ([0.2675,0.3925], [0.3375,0.5375]),
P, = ([(0.3250)(0.25) + (0.20)(0.20) + (0.15)(0.20) + (0.3250)(0.10), (0.3250)
(0.50) + (0.20)(0.40)+(0.15)(0.30) + (0.3250)(0.20)], [(0.3250)(0.25) +(0.20)
(0.20) + (0.15)(0.40) + (0.3250)(0.10), (0.3250)(0.50) + (0.20)(0.40) + (0.15)
(0.70) + (0.3250)(0.20)] = ([0.1837,0.3525],[0.2137,0.4125]),
B, = ([(0.3250)(0.20) + (0.20)(0.40) + (0.15)(0.20) + (0.3250)(0.50), (0.3250)
(0.30) + (0.20)(0.70)+(0.15)(0.50) + (0.3250)(0.60)], [(0.3250) (0.60) +(0.20)
(0.20) + (0.15)(0.20) + (0.3250)(0.20), (0.3250)(0.70) + (0.20)(0.30) + (0.15)
(0.50) + (0.3250)(0.30)] = ([0.3375,0.5075], [0.3300,0.4600]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
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S(P,) = 0.0075,5(P,) = —0.1075,5(P;) = —0.045 and S(P,) = 0.0275.
Since, S(B,) > S(P,) > S(P;) > S(P,). So, according to Step 6 of the Jujhar method,
proposed in Section 4.13, the ranking of the alternatives is A, > A; > A3 > A,.

4.14.9 Exact results of the ninth IVIFMADMPY having partially known attribute weights
Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.8, can be obtained as

follows:
Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.9.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, the condition ¥7_; wj* < 1 is satisfying. So, using Case (i) of Step 4 of the Jujhar
method, proposed in Section 4.13, there is need to solve the CLPP (P4.20).
max(2.95w; + 1.2w, + 2.25w5 + 2.95w,)
Subject to
( 0.10 < w; < 0.20,
0.10 < w, < 0.30,
0.20 < w; < 0.25,
X 0.10 < w, < 0.15, (P4.20)
wy+wy, +ws+w, <1,

W1:W4,
\Wl = 0,W2 = 0,W3 = 0,W4, = 0.

On solving the CLPP (P4.20) the obtained non-normalized OAWV is

(wy,wy, w3, w,) = (0.15,0.30,0.25,0.15) and the normalized OAWYV is (wy, wy, w3, w,) =

( 0.15 0.30 0.25 0.15 )
0.15+0.30+0.25+0.15’ 0.15+0.30+0.25+0.15’ 0.15+0.30+0.25+0.15’ 0.15+0.30+0.25+0.15

= (0.1765,0.3529,0.2941,0.1765).
Step 5:  On considering the normalized OAWYV, (Wi, wy, w3, w,) =
(0.1765,0.3529,0.2941,0.1765) and using Step 5 of Jujhar method, proposed in Section 4.13,

P, = ([(0.1765)(0.10) + (0.3529)(0.25) + (0.2941)(0.40) + (0.1765)(0.25), (0.1765)
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(0.20) + (0.3529)(0.50)+(0.2941)(0.50) + (0.1765)(0.50)], [(0.1765)(0.10) +
(0.3529)(0.25) + (0.2941)(0.30) + (0.1765)(0.25), (0.1765)(0.20) + (0.3529)(0.50) +
(0.2941)(0.50) + (0.1765)(0.50)] = ([0.2676,0.4470],[0.2382,0.4470]),
P, = ([(0.1765)(0.50) + (0.3529)(0.20) + (0.2941)(0) + (0.1765)(0.20), (0.1765)
(0.60) + (0.3529)(0.50)+(0.2941)(0) + (0.1765)(0.30)],[(0.1765)(0.20) +(0.3529)
(0.20) + (0.2941)(0.25) + (0.1765)(0.60), (0.1765)(0.30) + (0.3529)(0.50) +
(0.2941)(0.75) + (0.1765)(0.70)] = ([0.1941,0.3353],[0.2853,0.5735]),
P; = ([(0.1765)(0.25) + (0.3529)(0.20) + (0.2941)(0.20) + (0.1765)(0.10), (0.1765)
(0.50) + (0.3529)(0.40)+(0.2941)(0.30) + (0.1765)(0.20)], [(0.1765)(0.25) +
(0.3529)(0.20) + (0.2941)(0.40) + (0.1765)(0.10), (0.1765)(0.50) + (0.3529)(0.40) +
(0.2941)(0.70) + (0.1765)(0.20)] = ([0.1911,0.3529],[0.2499,0.4705]),
P, = ([(0.1765)(0.10) + (0.3529)(0.10) + (0.2941)(0.50) + (0.1765)(0.20), (0.1765)
(0.30) + (0.3529)(0.20)+(0.2941)(0.50) + (0.1765)(0.30)], [(0.1765)(0.10) +
(0.3529)(0.30) + (0.2941)(0.10) + (0.1765)(0.20), (0.1765)(0.50) + (0.3529)(0.40) +
(0.2941)(0.40) + (0.1765)(0.30)] = ([0.3235,0.5529],[0.2706,0.4294]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = 0.0147,5(P,) = —0.1647,S(P;) = —0.0882 and S(P,) = 0.0882.
Since, S(B,) > S(P,) > S(P;) > S(P;). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is A, > A; > A3 > A,.
4.14.10 Exact results of the tenth IVIFMADMPr having partially known attribute
weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.8, can be obtained as

follows:
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Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.8.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, the condition Z’}=1Wf > 1 is satisfying. So, using Case (ii) of Step 4 of the
Jujhar method, proposed in Section 4.13, there is need to solve the CLPP (P4.21).

max (295W1 + 12W2 + 225W3 + 295W4, - 81 - 82 - 83 - 84)

Subject to
f 20 40
170 = W1 =150
20 < w, < £
170 170
AR , < 80
170 170
30 90 P4.21

170 — 170’
wyt+tw, +wz+w, =1,
170 =100 + g1 + &5 + €53 + &4,
W1 = Wy,
w; = 0,wy, 20,w3 =>0,w, =>0,60 20,6, 20,653 20,64 = 0.

On solving the CLPP (P4.21) the obtained normalized OAWV is (wy, w,, w3, w,) =
(0.1765,0.2353,0.4117,0.1765).
Step 5:  On considering the normalized OAWYV, (Wi, Wy, w3, w,) =
(0.1765,0.2353,0.4117,0.1765) and using Step 5 of Jujhar method, proposed in Section
4.13,
P, = ([(0.1765)(0.10) + (0.2353)(0.25) + (0.4117)(0.40) + (0.1765)(0.25), (0.1765)
(0.20) + (0.2353)(0.50)+(0.4117)(0.50) + (0.1765)(0.50)],[(0.1765)(0.10) +
(0.2353)(0.25) + (0.4117)(0.30) + (0.1765)(0.25), (0.1765)(0.20) + (0.2353)(0.50) +
(0.4117)(0.50) + (0.1765)(0.50)] = ([0.2852,0.4470], [0.2441, 0.4470]),
P, = ([(0.1765)(0.50) + (0.2353)(0.20) + (0.4117)(0) + (0.1765)(0.20), (0.1765)
(0.60) + (0.2353)(0.50)+(0.4117)(0) + (0.1765)(0.30)], [(0.1765)(0.20) +(0.2353)
(0.20) + (0.4117)(0.25) + (0.1765)(0.60), (0.1765)(0.30) + (0.2353)(0.50) +

(0.4117)(0.75) + (0.1765)(0.70)] = ([0.1706,0.2765],[0.2911,0.6029]),
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P; = ([(0.1765)(0.25) + (0.2353)(0.20) + (0.4117)(0.20) + (0.1765)(0.10), (0.1765)
(0.50) + (0.2353)(0.40)+(0.4117)(0.30) + (0.1765)(0.20)], [(0.1765)(0.25) +
(0.2353)(0.20) + (0.4117)(0.40) + (0.1765)(0.10), (0.1765)(0.50) + (0.2353)(0.40) +
(0.4117)(0.70) + (0.1765)(0.20)] = ([0.1911,0.3411],[0.2735,0.5058]),
P, = ([(0.1765)(0.20) + (0.2353)(0.40) + (0.4117)(0.20) + (0.1765)(0.50), (0.1765)
(0.30) + (0.2353)(0.70)+(0.4117)(0.50) + (0.1765)(0.60)], [(0.1765)(0.60) +
(0.2353)(0.20) + (0.4117)(0.20) + (0.1765)(0.20), (0.1765)(0.70) + (0.2353)(0.30) +
(0.4117)(0.50) + (0.1765)(0.30)] = ([0.3001,0.5294],[0.2706,0.4529]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = 0.0205,5(P,) = —0.2234,S(P;) = —0.1235 and S(P,) = 0.0530.
Since, S(P,) > S(P,) > S(P;) > S(P,). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is 4, > A; > A3 > A,.
4.14.11 Exact result of eleventh IVIFMADMPYr having partially known attribute weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the third point of Section 4.8, can be obtained as
follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,
proposed in Section 4.13, there is no need to apply Step 1.
Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d;j, (&, @;) V i = 1,2;j = 1,2. These values are shown in Table 4.22.

Table 4.22: Values of d;; (@), @)

N

[0.20,0.40],
[0.20,0.40]

)

Z(0+0+0+0)=0

[0.20,0.40]
[0.20,0.40]

)

dyrs <(

[1’ 1] 4
[0,0]

)

[1’1]1
[0,0]

)

Z(0+0+0+0)=0
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[0.20,0.40],\ ([0.15,0.25],)) _ 1,11\ ([11],
iz (( [0.20,0.40] ) ’ ([0.15,0.25] )) = | a2 <( [0,0] ) ’ ([0,0] ))
§(0.05+o.15+o.05+0.15)=o.10 =§(0+0+0+0)=0

[0.15,0.25], ([0.20,0.401,\\ _ 1,1\ ([1,1],
iz (( [0.15,0.25] ) ’ ([0.20,0.40])) = | s <( [0,0] ) ’ ([0,0]))
§(0.05+o.15+o.05+0.15)=o.10 =§(0+0+0+0)=0

[0.15,0.25],) ([0.15,0.25],\\ _ 1,11\ ([1,1],
iz (( [0.15,0.25] ) ’ ([0.15,0.25] )) = | e <( [0,0] ) ’ ([0,0] ))
2(0+0+0+0)=0 =2(0+0+0+0)=0

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

1 =22 Y2 dip(@1,8,) =04+01+014+0+0+0+0+0=0.2,

= Y2 Y2 1 diw (@1, @) =0+0+0+0+0+0+0+0=0.

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the

CLPP (P4.22).

max(0.4w,)

Subject to
01<w; <0.7,
02 <w, <0.6,

W1+W2=1,
W120,W220.

(P4.22)

It can be easily verified that on solving the CLPP (P4.22) the obtained OAWYV s
(wy,w,) = (0.7,0.3).
Step 5: On considering the OAWV, (w,,w,) = (0.7,0.3) and using Step 5 of the Jujhar
method, proposed in Section 4.13,
P, = ([(0.70)(0.20) + (0.30)(1), (0.70)(0.40) + (0.30)(1)], [(0.70)(0.20) + (0.30)
(0), (0.70)(0.40) + (0.30)(0)] = ([0.44,0.58], [0.14,0.28]),
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P, = ([(0.70)(0.15) + (0.30)(1), (0.70)(0.25) + (0.30)(1)],[(0.70)(0.15) + (0.30)
(0),(0.70)(0.25) + (0.30)(0)] = ([0.405,0.475],[0.105,0.175]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P;) = 0.30 and S(P,) = 0.30.

Since, S(P,) = S(P,).So, there is need to apply Step 7 of the Jujhar method, proposed
in Section 4.13.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13,
H(P,) =0.72 and H(P,) = 0.58.

Since, H(P,) > H(P,). Therefore, according to case (ii) of Step 7 of the proposed
Jujhar method, the ranking of the alternatives is 4, > 4,.
4.14.12 Exact results of twelfth IVIFMADMPYr having partially known attribute weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially

known attribute weights, considered in the first point of Section 4.11, can be obtained as
follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,
proposed in Section 4.13, there is no need to apply Step 1.
Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d;x (&, @;) Vi =12,..,4;j = 1,2,..,5. These values are shown in Table 4.23,

Table 4.23: Values of dijk(&i]" &k])

oo (0D (05 [ () (30 -

§(0+0+0+0)=0 %(0+0+0+0)=0
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(o 350501) (o550

2(0+0+0+0)=0

oo () () -

%(0.1 +0.31+ 0.15 + 0.25) = 0.2025

[0.16,0.16],) ([0.24,0.24])) _
Gs (( [0.17,0.50] ) ’ ([0.26,0.26])) -

~(0.08 + 0.08 + 0.09 + 0.24) = 0.1225

. <([0.2[4(L),’(()).]76],> | ([[%-_222,'%-.2;1]')) _

i(o +0.52 + 0.26 + 0.26) = 0.2600

[0.16,0.16],) (0.16,0.301)) _
it (( 017.050])" ([0.30,0.30])) N

~(0+0.14+0.13+0.2) = 0.1175

[0.24,0.76]\ ([0.125,0.375]\) _
d214<( [0,0] )'([0.127,0.374]>>_

i(0.115 +0.385 + 0.127 + 0.374) = 0.2502

[0.16,0.16],) (10.16,0.16]\) _
iz (( 017.050])" ([0.17,0.50])) N

Z(0+0+0+0)=0

o <([[%11§%§55]]> | ([0.2[4(1),'(()).]76].» _

i(0.1 +0.31+ 0.15 + 0.25) = 0.2025

tur((fo 70501 (10 170501)) =

Z(0+0+0+0)=0

tor(for50280) (10150951

Z(0+0+0+0)=0

tus((fo70501) (1 260261)) =

i(o.os +0.08 + 0.09 + 0.24) = 0.1225

tos ({05021 (10 26.0261))

i(0.1 +0.21+0.11 + 0.01) = 0.1075

tur{(fo370501) (1 300301)) =

i(o +0.14 + 0.13 + 0.2) = 0.1175

[0.14,0.45],\ ([0.125,0.375],\ _
G224 <( [0.15,0.25] ) ’ ([0.127,0.374] )) -

i(o.ms +0.075 + 0.023 + 0.124) = 0.2370

o (T 260261) (0270 501))

i(o.os +0.08 + 0.09 + 0.24) = 0.1225

0 <([[(())..2242,’(())..222]],> ' ([0.2[4(1),,(()).]76])) =

2(0+0.52 + 0.26 + 0.26) = 0.26
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i (o 260260) (025501 =

~(0.08 + 0.08 + 0.09 + 0.24) = 0.1225

tos ({0606 (10150251))

%(0.1 +0.21 + 0.09 + 0.01) = 0.1025

[0.24,0.24],) ([0.24,0.24])) _
Gaas (( [0.26,0.26] ) ’ ([0.26,0.26])) -

2(0+0+0+0)=0

[0.24,0.24]) ([0.24,0.24])\ _
G233 <( [0.26,0.26] ) ’ ([0.26,0.26] )) -

2(0+0+0+0)=0

[0.24,0.24],\ ([0.16,0.30],)) _
iz (( [0.26,0.26] ) ’ ([0.30,0.30] )) -

i(o.os +0.06 + 0.04 + 0.04) = 0.055

[0.24,0.24],) ([0.125,0.375],\ _
@3 <( [0.26,0.26] ) ' ([0.127,0.374] )) -

i(0.115 +0.135 4+ 0.133 + 0.114) = 0.1242

[0.16,0.301,\ ([0.16,0.16],\) _
141 (( 0.30,0.30] ) ‘ ([0.17,0.50])) -

~(0+0.14+0.13+0.2) = 0.1175

[0.125,0.375],\ ([0.24,0.76],)) _
d241<([0.127,o.374])’( [0,0] ))‘

i(0.115 +0.385 + 0.127 + 0.374) = 0.2502

tua((fo300301) (10 170501)) =

~(0+0.14+0.13+0.2) = 0.1175

[0.125,0.375],\ ([0.14,0.45],\\ _
G2tz <( [0.127,0.374] ) ’ ([0.15,0.25] )) -

i(0.015 +0.075 + 0.023 + 0.124) = 0.0592

tus{(fo300301) (1o 26026)) =

i(o.os + 0.06 + 0.04 + 0.04) = 0.055

[0.125,0.375],\ ([0.24,0.24],\\ _
d2s3 <( [0.127,0.374] ) ’ ([0.26,0.26] )) -

i(o.ns +0.135 + 0.133 + 0.114) = 0.1242

tue{(fo300301)- (1 300301)) =

~(0+0+0+0)=0

4 ([0.125,0.375],) ([0.125,0.375],) 3
2441\ [0.127,0.374]/’\[0.127,0.374] ) ] —

~(0+0+0+0)=0

da11 (([o.f[,(())’,(())].'soﬂ’ ([o.fg(())',%].éo]» =

~(0+0+0+0)=0

({0606 (10260261))

~(0+0+0+0)=0
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sz (j000501) (0 260261))

(024 + 0.24 + 0.24 + 0.24) = 0.24

dars <(

[0.26,0.26]

[0.22,0.36]

[0.24,0.24],) | ([0.207.0-207].>> _

%(0.033 + 0.033 + 0.04 + 0.1) = 0.0515

(1o s00501) (0 260.261)) =

(024 + 0.24 + 0.24 + 0.24) = 0.24

(i

[0.24,0.24],)( [0,0], ) B
[0.26,0.26] /7 \[0.50,0.50]/ )

2(0.24 + 0.24 + 0.24 + 0.24) = 0.2400

oo (o) () -

i(O.lZ +0.376 + 0.372 + 0.124) = 0.2480

(i

[0.24,0.24],) ’ ([0.16,0.50],))

[0.26,0.26]

[0.17,0.17]

i(o.os +0.26 + 0.09 + 0.09) = 0.1300

oo (10260 2er)- (10 S0050)) =

§(0.24 +0.24 + 0.24 + 0.24) = 0.24

o[

[0.207,0.207],) ’ ([0.24,0.24],)) _

[0.22,0.36]

[0.26,0.26]

i(0.033 +0.033 + 0.04 + 0.1) = 0.0515

tor((fo 260261 (1o 26026)) =

Z(0+0+0+0)=0

dars <(

[0.207,0.207],) ’ ([0.207,0.207],)) _

[0.22,0.36]

Z(0+0+0+0)=0

[0.22,0.36]

tos(fo 260261 (1o 26006)) =

§(0+0+0+0)=0

das <(

[0.207,0.207],)}( [0,0], )>=

[0.22,0.36]

[0.50,0.50]

=(0.207 + 0.207 + 0.28 + 0.14) = 0.208

[0.24,0.24],\ ([0.12,0.376],\ _
daz4 << [0.26,0.26] ) ’ ([0.128,0.376])) -

=(0.12 + 0.136 + 0.132 + 0.116) = 0.1260

[0.207,0.207],) , ([0.16,0.50],>>

[0.22,0.36]

[0.17,0.17]

i(0.047 +0.293 + 0.05 + 0.19) = 0.145

a1 (([[(())'.2212,(())'.2212]],) ’ ([0.&%',%].;30])) -

Z(0.24 + 0.24 + 0.24 + 0.24) = 0.24

dyst <(

[0.&[)(())’,(())].'50]) (

[0.24,0.24],)
[0.26,0.26]

~(0.24 + 0.24 + 0.24 + 0.24) = 0.24

134




[0.24,0.24],
[0.26,0.26]

[0.24,0.24]
[0.26,0.26]

(il

2(0+0+0+0)=0

)

[0,0],
0.50,0.50

0.207,0.207],
[0.22,0.36]

tae (pososm) (020361 ))

%(&2074—&2074—0284—014)==&2085

[0.24,0.24],
[0.26,0.26]

[0.24,0.24]
[0.26,0.26]

o (2520

§m+0+0+m=0

[0,0],
0.50,0.50]

[0,0],
0.50,0.50]

s (ot 0501) (0501

[0.24,0.24],
[0.26,0.26]

[0.12,0.376],
[0.128,0.376]

(20261 )

i(O.lZ +0.136 + 0.132 + 0.116) = 0.1260

[0,0],
0.50,0.50]

[0.16,0.50]
[0.17,0.17]

im+0+o+m=0

ton{(50050)

i(a164-a504-a334-&33)::033

[0.12,0.376],
[0.128,0.376]

[0,0],
0.50,0.50

Aoy <( )(; ])> =

i(O.lZ +0.376 + 0.372 + 0.124) = 0.2480

[0.16,0.50],
[0.17,0.17]

[0.24,0.24]
[0.26,0.26]

P (N )

i(a084-a264-a094-&09)::013

[0.12,0.376],
[0.128,0.376]

[0.24,0.24],
[0.26,0.26]

o (o) (02002 -

i(O.lZ +0.136 + 0.132 + 0.116) = 0.1260

[0.16,0.50],
[0.17,0.17]

0.207,0.207],
[0.22,0.36]

w1550 (S5 -

i(a0474-a2934-0054-a19)::a145

[0.24,0.24]
[0.26,0.26]

[0.12,0.376],
[0.128,0.376]

o ).((gzenz)

§(0124-01364-01324-0116)=(11260

[0.16,0.50],
[0.17,0.17]

[0,0],
0.50,0.50]

tos(fo370:1)- (o d00500) =

%(0.16 +0.50 + 0.33 + 0.33) = 0.33

[0.12,0.376],
[0.128,0.376]

[0.12,0.376]
[0.128,0.376

o ) )

i®+0+0+®=0

[0.16,0.50],
[0.17,0.17]

[0.16,0.50]
[0.17,0.17]

o (0350371017071

[0.24,0.24],
[0.26,0.26]

[0.24,0.24]
[0.26,0.26]

o (([5200240) (0200241

i®+0+0+®=0

[0.16,0.16],
[0.17,0.50]

[0.24,0.24]
[0.26,0.26]

%m+o+o+m=o

oo (0355 50)

%(QOS%—QO84—QO94—&24)==01225
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[0.24,0.24],
[0.26,0.26]

[0.16,0.30],
[0.30,0.30]

(IR

§(0084—a064—a044-a04)==a055

[0.16,0.16],
[0.17,0.50]

[0.16,0.30]
[0.30,0.30]

o (5550 (5355 0)

§(04-&144—a134-02)==01175

[0.24,0.24],
[0.26,0.26]

[0.16,0.16],
[0.17,0.50]

(02020 (015515 -

~(0.08 + 0.08 + 0.09 + 0.24) = 0.1225

[0.16,0.16],
[0.17,0.50]

[0.16,0.16]
[0.17,0.50]

ass (10350501 (fo 70501

[0.24,0.24],
[0.26,0.26]

[0.16,0.16]
[0.17,0.50]

asie{(fo 226 (10170501}

i(&OB%—QOS%—QO94—&24)::01225

[0.16,0.16],
[0.17,0.50]

[0.16,0.16]
[0.17,0.50]

im+0+0+m=0

[0.16,0.30],
[0.30,0.30]

[0.24,0.24]
[0.26,0.26]

tsn((fo 300301 (1o 26026))

i(&OB%—QO64—QO44—QO4)::QOSS

[0.16,0.16],
[0.17,0.50]

[0.24,0.24]
[0.26,0.26]

o ((21530)

~(0+0+0+0)=0
=(0.08 + 0.08 + 0.09 + 0.24) = 0.1225

[0.16,0.30],
[0.30,0.30]

[0.16,0.30],
[0.30,0.30]

oo (0000 (30 0)) -

[0.16,0.16],
[0.17,0.50]

[0.16,0.30]
[0.30,0.30]

don (13 20016h
ds(([535016T) (0160300

i(o+—a144-a134-02)::01175

[0.16,0.16]
[0.17,0.50]

[0.16,0.30],
[0.30,0.30]

Z(0+0+0+0)=0

(e

i(o +0.14 +0.13 + 0.2) = 0.1175

[0.16,0.16],
[0.17,0.50]

[0.16,0.16]
[0.17,0.50]

ts(([535016T) (160100

[0.16,0.30],
[0.30,0.30]

[0.16,0.16]
[0.17,0.50]

s (1300301 (fo 170501

§(04-a144-a134-02)==01175

[0.16,0.16],
[0.17,0.50]

[0.16,0.16]
[0.17,0.50]

im+o+o+m=o

(RN

%m+o+o+m=o

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

c1 =Xt Y%=t diax (@, &) =0+ 0+0.1225+ 0.11754+ 0 + 0 + 0.1225 + 0.1175 +

0.1225 + 0.1225 + 0 + 0.055 + 0.1175 + 0.1175 + 0.055 + 0 = 1.07,

Co = Xioq D=1 Aizie (@12, Q) = 0+ 0.2025 +
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0.1075 + 0.237 + 0.26 + 0.1025 + 0 + 0.1242 + 0.2502 + 0.0592 + 0.1242 + 0 =
2.7128,

C3 = Yieq Yreq disk (@3, @r3) =0+ 0.24 + 0.24 + 0.248 + 0.24+ 0+ 0 + 0.126 +
024+0+0+0.126 + 0.248 + 0.126 + 0.126 + 0 = 1.96,

Co = Niq Doy iar(@ia, @s) = 0+ 0.0515 + 0.24 + 0.13 + 0.0515 + 0 + 0.2085 +
0.145+0.24 4+ 0.2085+ 0+ 0.33 + 0.13 + 0.145 + 0.33 + 0 = 2.21,

cs = Yt Y% disi(@s, dxs) = 0 4 0.055 + 0.1225 + 0.1225 4 0.055 + 0 4+ 0.1175 +
0.1175+0.1225+ 0.1175+ 0+ 0 + 0.1225 + 0.1175+ 0 + 0 = 1.07.

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the
CLPP (P4.23).

max(1.07w; + 2.7128w, + 1.96w; + 2.21w, + 1.07ws)

Subject to

( 0 <w; £0.50,

0.10 < w, <£0.20,

0.15 < w3 < 0.25,

0.20 < w, <0.30,
) 0.10 < ws < 0.60, (P4.23)

wy+wy, +ws+w,+ws =1,
Wi = Ws,

\w; =0,wy, 20,w; =0,w, =0,ws = 0.

It can be easily verified that on solving the CLPP (P4.23), the obtained OAWYV s
(wy, wy, w3, wy, we) = (0.1250,0.20, 0.25, 0.30,0.1250).
Step 5: On considering the OAWV, (wy, w,, w3, w,, wg) = (0.1250, 0.20, 0.25,0.30,0.1250)
and using Step 5 of Jujhar method, proposed in Section 4.13,
P, = ([(0.1250)(0.16) + (0.20)(0.24) + (0.25)(0) + (0.30)(0.24) + (0.1250)(0.24),
(0.1250)(0.16) + (0.20)(0.76) + (0.25)(0)+(0.30)(0.24) + (0.1250)(0.24)],[(0.1250)
(0.17) + (0.20)(0) + (0.25)(0.50) + (0.30)(0.26) + (0.1250)(0.26), (0.1250)(0.50) +

(0.20)(0) + (0.25)(0.50) + (0.30)(0.26) + (0.1250)(0.26)]
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= ([0.1700,0.2740], [0.2567,0.2980]),
P, = ([(0.1250)(0.16) + (0.20)(0.14) + (0.25)(0.24) + (0.30)(0.207) + (0.1250)
(0.16), (0.1250)(0.16) + (0.20)(0.45) + (0.25)(0.24)+(0.30)(0.207) + (0.1250)(0.30)]
,[(0.1250)(0.17) + (0.20)(0.15) + (0.25)(0.26) + (0.30)(0.22) + (0.1250)(0.30),
(0.1250)(0.50) + (0.20)(0.25) + (0.25)(0.26) + (0.30)(0.36) + (0.1250)(0.30)]
= ([0.1901,0.2696],[0.2197,0.3230]),
P; = ([(0.1250)(0.24) + (0.20)(0.24) + (0.25)(0.24) + (0.30)(0) + (0.1250)(0.16),
(0.1250)(0.24) + (0.20)(0.24) + (0.25)(0.24)+(0.30)(0) + (0.1250)(0.16)],[(0.1250)
(0.26) + (0.20)(0.26) + (0.25)(0.26) + (0.30)(0.50) + (0.1250)(0.17), (0.1250)
(0.26) + (0.20)(0.26) + (0.25)(0.26) + (0.30)(0.50) + (0.1250)(0.50)]
= ([0.1580,0.1580], [0.3207,0.3620]),
P, = ([(0.1250)(0.16) + (0.20)(0.125) + (0.25)(0.12) + (0.30)(0.16) + (0.1250)
(0.16), (0.1250)(0.30) + (0.20)(0.375) + (0.25)(0.376) + (0.30)(0.50) + (0.1250)
(0.16)],[(0.1250)(0.30) + (0.20)(0.127) + (0.25)(0.128) + (0.30)(0.17) + (0.1250)
(0.17),(0.1250)(0.30) + (0.20)(0.374) + (0.25)(0.376) + (0.30)(0.17) + (0.1250)
(0.50)] = ([0.1430,0.3765],[0.1671,0.3198]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = —0.0553,5(P,) = —0.0415,5(P;) = —0.1833 and S(P,) = 0.0163.
Since, S(B,) > S(P,) > S(P,) > S(P;). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is A, > A, > A; > As.
4.14.13 Exact results of the thirteenth IVIFMADMPr having partially known attribute
weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.11, can be obtained as
follows:
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Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.12.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, the condition }7_; wj* < 1 s satisfying. So, using Case (i) of Step 4 of the Jujhar
method, proposed in Section 4.13, there is need to solve the CLPP (P4.24).
max(1.07w; + 2.7128w, + 1.96w; + 2.21w, + 1.07w5)

Subject to

( 0 <w; <0.20,
0.15 <w, <£0.25,
0<w;<0.1,
0.10 < w, < 0.15,
0 <ws <0.20,
wit+wy,+ws+w,+ws <1,
w; = Ws,
\w; =0,wy, =20,w; =0,w, =0,ws = 0.

(P4.24)

On solving the LPP (P4.24) the obtained non-normalized OAWYV is

(wy, wy, w3, wy, we) = (0.20,0.25,0.10,0.15,0.20) and the normalized OAWYV s

0.20 0.25
0.204+0.2540.1040.154+0.20’ 0.2040.25+0.10+0.15+0.20

(er Wy, W3, Wy, WS) = (

0.10 0.15 0.20 )
0.20+0.25+0.1040.15+0.20* 0.20+0.25+0.10+0.15+0.20 * 0.20+0.25+0.10+0.1540.20

= (0.2222,0.2778,0.1112,0.1666,0.2222).

Step 5: On considering the normalized OAWV (W, Wy, W3, Wy, W) =
(0.2222,0.2778,0.1112,0.1666,0.2222) and using Step 5 of Jujhar method, proposed in
Section 4.13,

P, = ([(0.2222)(0.16) + (0.2778)(0.24) + (0.1112)(0) + (0.1666)(0.24) + (0.2222)
(0.24),(0.2222)(0.16) + (0.2778)(0.76) + (0.1112)(0) + (0.1666)(0.24) + (0.2222)
(0.24)],(0.2222)(0.17) + (0.2778)(0) + (0.1112)(0.50) + (0.1666)(0.26) + (0.2222)
(0.26), (0.2222)(0.50) + (0.2778)(0) + (0.1112)(0.50) + (0.1666)(0.26) + (0.2222)
(0.26)) = ([0.1955,0.3399], [0.1944,0.2678]),

P, = ([(0.2222)(0.16) + (0.2778)(0.14) + (0.1112)(0.24) + (0.1666)(0.207) +
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(0.2222)(0.16),(0.2222)(0.16) + (0.2778)(0.45) + (0.1112)(0.24) + (0.1666)
(0.207) + (0.2222)(0.30)],[(0.2222)(0.17) + (0.2778)(0.15) + (0.1112)(0.26) +
(0.1666)(0.22) + (0.2222)(0.30), (0.2222)(0.50) + (0.2778)(0.25) + (0.1112)(0.26) +
(0.1666)(0.36) + (0.2222)(0.30)]) = ([0.1711,0.2883],[0.2116,0.3360]),
P; = ([(0.2222)(0.24) + (0.2778)(0.24) + (0.1112)(0.24) + (0.1666)(0) + (0.2222)
(0.16),(0.2222)(0.24) + (0.2778)(0.24) + (0.1112)(0.24) + (0.1666)(0) + (0.2222)
(0.16)],[(0.2222)(0.26) + (0.2778)(0.26) + (0.1112)(0.26) + (0.1666)(0.50) +
(0.2222)(0.17), (0.2222)(0.26) + (0.2778)(0.26) + (0.1112)(0.26) + (0.1666)(0.50) +
(0.2222)(0.50)]) = (]0.1822,0.1822],[0.2799,0.3533]),
P, = ([(0.2222)(0.16) + (0.2778)(0.125) + (0.1112)(0.12) + (0.1666)(0.16) +
(0.2222)(0.16), (0.2222)(0.30) + (0.2778)(0.375) + (0.1112)(0.376) + (0.1666)
(0.50) + (0.2222)(0.16)],[(0.2222)(0.30) + (0.2778)(0.127) + (0.1112)(0.128) +
(0.1666)(0.17) + (0.2222)(0.17), (0.2222)(0.30) + (0.2778)(0.374) + (0.1112)
(0.376) + (0.1666)(0.17) + (0.2222)(0.50)]) = ([0.1458,0.3314],[0.1822,0.3517])
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = 0.0366,5(P,) = —0.0441,5(P;) = —0.1344 and S(P,) = —0.0283.
Since, S(P,) > S(B,) > S(P,) > S(P;). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is A, > 4, > A, > As.
4.14.14 Exact results of the fourteenth IVIFMADMPr having partially known attribute
weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the second point of Section 4.11, can be obtained as
follows:

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 4.14.12.

So, to avoid any repetition, the calculations have been started from Step 4.
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Step 4: Since, the condition Z’}=1Wf > 1 is satisfying. So, using Case (ii) of Step 4 of the
Jujhar method, proposed in Section 4.13, there is need to solve the CLPP (P4.25).

max (107W1 + 27128W2 + 196W3 + 221W4, + 107W5 - 81 - 82 - 23 - 24 - 25)

Subject to

[ 20 70
70 = W1 =170
50 70
—< W2 <—,
170 170
60 90
—< W3 <—,
170 170
10 40
—<w, <—,

X 170 — % = 170 (P4.25)
20 70

70 = Ws S 15
wy+wy, +ws+w, +ws =1,
170 =100 + & + &, + &5 + &4 + €5,
Wi = Wsg,
w; =0,wy, 20,w; =>20,w, =20,ws =0,64 20,6, 20,6520, 20,65 0.

On solving the LPP (P4.25) the obtained normalized OAWYV is (wy, Wy, W3, Wy, Ws) =
(0.1176,0.3531,0.3529,0.0588,0.1176).
Step 5: On considering the normalized OAWYV, (W, Wy, W3, Wy, Ws) =
(0.1176,0.3531,0.3529,0.0588,0.1176) and using Step 5 of Jujhar method, proposed in
Section 4.13,
P, = ([(0.1176)(0.16) + (0.3531)(0.24) + (0.3529)(0) + (0.0588)(0.24) + (0.1176)
(0.24), (0.1176)(0.16) + (0.3531)(0.76) + (0.3529)(0) + (0.0588)(0.24) + (0.1176)
(0.24)],1(0.1176)(0.17) + (0.3531)(0) + (0.3529)(0.50) + (0.0588)(0.26) + (0.1176)
(0.26),(0.1176)(0.50) + (0.3531)(0) + (0.3529)(0.50) + (0.0588)(0.26) + (0.1176)
(0.26)]) = ([0.1458,0.3295], [0.2423,0.2811]),
P, = ([(0.1176)(0.16) + (0.3531)(0.14) + (0.3529)(0.24) + (0.0588)(0.207) +
(0.1176)(0.16), (0.1176)(0.16) + (0.3531)(0.45) + (0.3529)(0.24) + (0.0588)(0.207)
+(0.1176)(0.30)],[(0.1176)(0.17) + (0.3531)(0.15) + (0.3529)(0.26) + (0.0588)

(0.22) + (0.1176)(0.30), (0.1176)(0.50) + (0.3531)(0.25) + (0.3529)(0.26) +
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(0.0588)(0.36) + (0.1176)(0.30)]) = ([0.1839,0.3098],[0.2129,0.2952]),
P; = ([(0.1176)(0.24) + (0.3531)(0.24) + (0.3529)(0.24) + (0.0588)(0) + (0.1176)
(0.16), (0.1176)(0.24) + (0.3531)(0.24) + (0.3529)(0.24) + (0.0588)(0) + (0.1176)
(0.16)],[(0.1176)(0.26) + (0.3531)(0.26) + (0.3529)(0.26) + (0.0588)(0.50) +
(0.1176)(0.17),(0.1176)(0.26) + (0.3531)(0.26) + (0.3529)(0.26) + (0.0588)(0.50) +
(0.1176)(0.50)]) = ([0.2164,0.2164],[0.2635,0.3023]),
P, = ([(0.1176)(0.16) + (0.3531)(0.125) + (0.3529)(0.12) + (0.0588)(0.16) +
(0.1176)(0.16), (0.1176)(0.30) + (0.3531)(0.375) + (0.3529)(0.376) + (0.0588)
(0.50) + (0.1176)(0.16)],[(0.1176)(0.30) + (0.3531)(0.127) + (0.3529)(0.128) +
(0.0588)(0.17) + (0.1176)(0.17), (0.1176)(0.30) + (0.3531)(0.374) + (0.3529)
(0.376) + (0.0588)(0.17) + (0.1176)(0.50)]) = ([0.1335,0.3485],[0.1552,0.3688]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = —0.0240,5(P,) = —0.0072,S(P;) = —0.0665 and S(2,) = —0.0210.
Since, S(P,) > S(B,) > S(P,) > S(P;). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is A, > A, > A, > As.
4.14.15 Exact result of fifteenth IVIFMADMPr having partially known attribute weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having partially
known attribute weights, considered in the third point of Section 4.11, can be obtained as
follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,
proposed in Section 4.13, there is no need to apply Step 1.
Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d;j, (&, @ ;) ¥V i = 1,2;j = 1,2. These values are shown in Table 4.24.

Table 4.24: Values of dijk(&i]" &k])

142



[0.20,0.40],\ ([0.20,0.40],\\ _ [0.16,0.16],\ ([0.16,0.16],
i1 (( [0.20,0.40] ) ’ ([0.20,0.40] )) = | donn <( [0.17,0.50] ) ’ ([0.17,0.50] ))
2(0+0+0+0)=0 =2(0+0+0+0)=0

[0.20,0.40],\ ([0.10,0.50],\\ _ [0.16,0.16],\ ([0.16,0.16],
iz (( [0.20,0.40] ) ’ ([0.10,0.50])) = | daz <( [0.17,0.50] ) ’ ([0.17,0.50] ))
2(01+0.1+0.1+0.1) =01 =2(0+0+0+0)=0

[0.10,0.50],\ ([0.20,0.40],\\ _ [0.16,0.16],\ ([0.16,0.16],
21 (( [0.10,0.50] ) ’ ([0.20,0.40])) = | s <( [0.17,0.50] ) ’ ([0.17,0.50] ))
§(0.1+0.1+0.1+0.1)=0.1 =§(0+0+0+0)=0

[0.10,0.50],\ ([0.10,0.50],\ _ [0.16,0.16],\ ([0.16,0.16],
iz (( [0.10,0.50] ) ’ ([0.10,0.50])) = | s <( [0.17,0.50] ) ’ ([0.17,0.50] ))
§(0+0+0+0)=0 =§(0+0+0+0)=0

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

€1 = 212:1 Y2 | dip(@1, @) =0+014014+0+0+0+0+0=0.2,

= Y2 Y2 1 dig (@1, @) =0+0+0+0+0+0+0+0=0.

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the
CLPP (P4.26).

max(0.2w,)

Subject to

0.1 <w; 0.6,
0.2<w, <07,
wy +w, =1,
wy; = 0,w, = 0.

(P4.26)

It can be easily verified that on solving the CLPP (P4.26) the obtained OAWYV is
(er WZ) = (06104)

Step 5: On considering the OAWYV, (wy,w,) = (0.6,0.4) and using Step 5 of the Jujhar
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method, proposed in Section 4.13,
P, = ([(0.60)(0.20) + (0.40)(0.16), (0.60)(0.40) + (0.40)(0.16)],[(0.60)(0.20) +
(0.40)(0.17), (0.60)(0.40) + (0.40)(0.50)] = ([0.1840,0.3040],[0.1880,0.4400]),
P, = ([(0.60)(0.1) + (0.40)(0.16), (0.60)(0.50) + (0.40)(0.16)], [(0.60)(0.1) + (0.40)
(0.17), (0.60)(0.50) + (0.40)(0.50)] = ([0.1240,0.3640],[0.1280,0.5000]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13,
S(P,) = —0.0735 and S(P,) = —0.0700.
Since, S(P,) > S(P,). Therefore, according to case (i) of Step 6 of the proposed Jujhar

method, the ranking of the alternatives is 4, > A;.
4.15 Conclusions

The inappropriateness of the existing methods [62, 108, 213, 258] are pointed out. Also, a
new method (named as Jujhar method) is proposed to solve the IVIFMADMPrs having
partially known attribute weights. Furthermore, the proposed Jujhar method has been illustrated

with the help of some IVIFMADMPTrs having partially known attribute weights.
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Chapter 5
Jorawar method for solving IVPFMADMPrs

having partially known attribute weights*

To the best of my knowledge, only the existing method [84] has been proposed to solve
IVPFMADMPrs having partially known attribute weights. However after a deep study, it is
observed that it is inappropriate to use this method. The aim of this chapter is to make the
researchers aware about the inappropriateness of this method as well as to propose a new
method (named as Jorawar method) to solve IVPFMADMPr having partially known attribute
weights.

5.1 A brief review of Garg’s method

Garg [84] proposed the following method to solve IVPFMADMPrs having partially known
attribute weights.
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.

Then, convert the jt* cost type attribute into the benefit type attribute by replacing all the

elements @;; = ([a;j1, aij2], [aijs, aija]) of the j** column of the IVPFDM D = (dij)mxn with

ajj = ([%’3; aij4]» [aijl, aijz]) and go to Step 2.

Step 2: Using the expression (5.1), transform each IVPF element &;; =

% The contents of this chapter have been communicated in “International Journal of Uncertainty, Fuzziness and

Knowledge-Based Systems” for the possible publication
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([aijl,al-jz], [aijg,aij4]) of the IVPFDM 5 = (dij)an = ([aijl, aijz], [aij3,al-j4]) into the

crisp element d;;.

(aij12_aij32)(1+ /1—aij12—ai1'32)+(aijzz—aij42)(1+ ,l_aijzz_aijzlz)
d;; = (5.1)

ij = 2

Step 3: Using the expression (5.2), find the value of ¢; V j = 1,2, ..., n.

¢ =XiZ1dij,j=12,..,n (5.2)

Step 4: Find the OAWV, (w;, w,, ..., wy,) by solving the CLPP (P5.1).

max[%; ¢ wjl

Subject to

w; € H,Wj >0,j=12,..,n,

j=awj = 1. (PS.1)

Step 5: Using the expression (5.3), find the value of P, Vi = 1,2, ..., m.

p; = 2?:1 wjd;;,i=12,..,m (5.3)

and check that B, > B, or P, < P, or B, = P,;, where, B, = Z};le dyjand P, = Z?=1 w;dg;.

Case (i): If P, > P, then the ranking of the alternatives is 4, > A,.

Case (ii): If B, < P, then the ranking of the alternatives is A, < 4,.

Case (iii): If B, = P, then the ranking of the alternatives is A4, = A,.

5.2 Inappropriateness of Garg’s method
It is inappropriate to apply Garg’s method [84] due to the following reasons:

(1) On applying Garg’s method [84] more than one preference orders of the alternatives are
obtained, which is inappropriate. To validate this claim a real-life IVPFMADMPr having
partially known attribute weights, considered by Garg [84] to illustrate his proposed

method, is solved with some modifications.

Garg [84] solved the following real-life IVPFMADMPr having partially known attribute
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weights to illustrate his proposed method.
There is a panel of four alternatives for the investment company to invest money in best

option A;,i = 1,2,3,4 on the basis of the following four attributes.

()  G;:Risk analysis
(i)  G,: Growth
(i) Gs: Environmental impact
(iv)  G,: Social-political impact
The (i,/)™* element of the Table 5.1, represented by an IVPFS @ =

([aij1, aijz), [aijz aija]), represents the rating value of the i*® company over the j¢* attribute.

Table 5.1: Rating Values

Attributes—

8 Gy G, Gs Gy
Alternatives
“ iosoosol) | (toa00so) | (fosoocor) | (jo200401)
“ osvoson) | (ousoser) | (aoosor) | (aoosor)
| (oso070l) | (toao0sor) | (foroosor) | (jo300s01)
“ orooson) | (osooaor) | (acosor) | (io700s01)

Also,

0.30}.

(i)

If

Table 5.1 is replaced with Table 5.2
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Table 5.2: Rating Values

Attributes—

l Gy G, G3 Gy
Alternatives
“ iosonsor) | (toaoosor) | (fosoocor) | (16700s01)
| (ioso0r0l) | (toa00sor) | (osoosor) | (1os0osol)
[ (ozoaro) | (oasosol) | (orocsor) | (fossorol)
o (o700sol) | (toa004or) | (foaosor) | (1os00701)

It is assumed that the attribute weight w; satisfies the condition 0.20 < w; < 0.30

instead of the existing condition 0.10 < w; < 0.20.

Then, using Garg’s method [84], the ranking of the alternatives of the modified

IVPFMADMPr having partially known attribute weights can be obtained as follows:
Step 1: Since, the attributes G, and G, are of cost type. So, according to Step 1 of Garg’s

method [84], discussed in Section 5.1, Table 5.2 is transformed into Table 5.3.

Attributes—
l Gy G, G3 Gy
Alternatives
A, ([0.60,0.80],) ([0.50,0.60],) ([0.30,0.70],) ([0.70,0.80],>
[0.30,0.40] [0.30,0.50] [0.50,0.60] [0.30,0.40]
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 (igsooson) | (oagoso) | (iaoosor) | (fo00401)
® (ioa00.01) | (oacosor) | (7oos0r) | (fo00eor)
" (ios0001) | (osaoaon) | (iaoosor) | (fo00401)

calculate d;; Vi = 1,2, ...

A, =

Table 5.4: Values of d;;

dyy = 0.5824 | dy, = 0.2343 [ dy3 = —0.0548 | dy, = 0.6769
dy; = 0.2595 | dy, = 0.3505 | dys = 0.2465 | dyy = 0.5824
ds; = 0.4076 | ds, = 0.1689 | dyz = —0.3212 | d3, = 0.2595
dyy = 0.6769 | dyy = 04977 | dys = 01689 | dyy = 0.4076

1,2, ...,4. These values are shown in Table 5.4.

Step 2: According to Step 2 of Garg’s method [84], discussed in Section 5.1, there is need to

Step 3: Using Step 3 of Garg’s method [84], discussed in Section 5.1,

c1 = Yy di; = 0.5824 4+ 0.2595 + 0.4076 + 0.6769 = 1.9264,

¢, = Y q,di; = 0.2343 + 0.3505 + 0.1689 + 0.4977 = 1.2514,

c3 = Yi,diz = —0.0548 + 0.2465 — 0.3212 + 0.1689 = 0.0394,

Cy = Yiqdis = 0.6769 + 0.5824 + 0.2595 + 0.4076 = 1.9264.

Step 4: Using Step 4 of Garg’s method [84], discussed in Section 5.1, there is need to solve
the CLPP (P5.2).

Max(1.9264w,; + 1.2514w, + 0.0394w; + 1.9264w,)

Subject to
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r 0.20 <w; £0.30,
0.20 < w, <£0.30,
0.30 < w3 <£0.50,
0.20 < w, <0.30,

wy+w, +wz+w, =1,

\wy; = 0,w, = 0,wz = 0.

(P5.2)

It can be easily verified that on solving the CLPP (P5.2) infinite number of OAWYV are
obtained e.g., (wq,wy,ws,w,) = (0.20,0.20,0.30,0.30) and  (wq,wy,wg,w,) =
(0.30,0.20,0.30,0.20) both are the OAWV.

Step 5: On considering the OAWV, (wy, w,, w3, w,) = (0.20,0.20, 0.30, 0.30) and using Step

5 of Garg’s method [84], discussed in Section 5.1,

P, = (0.20)(0.5824) + (0.20)(0.2343) + (0.30)(—0.0548) + (0.30)(0.6769) = 0.3499,

P, = (0.20)(0.2595) + (0.20)(0.3505) + (0.30)(0.2465) + (0.30)(0.5824) = 0.3706,

P; = (0.20)(0.4076) + (0.20)(0.1689) + (0.30)(—0.3212) + (0.30)(0.2595) = 0.0967,

P, = (0.20)(0.6769) + (0.20)(0.4977) + (0.30)(0.1689) + (0.30)(0.4076) = 0.4078.
Since, P, > P, > P; > P;. So, according to Step 5 of Garg’s method [84], discussed in

Section 5.1, the ranking of the alternatives is 4, > 4, > A; > As.

While, on considering the OAWV, (w,,w,, w3, w,) = (0.30,0.20,0.30,0.20) and using
Step 5 of Garg’s method [84], discussed in Section 5.1,

P, = (0.30)(0.5824) + (0.20)(0.2343) + (0.30)(—0.0548) + (0.20)(0.6769) = 0.3405,
P, = (0.30)(0.2595) + (0.20)(0.3505) + (0.30)(0.2465) + (0.20)(0.5824) = 0.3383,
P; = (0.30)(0.4076) + (0.20)(0.1689) + (0.30)(—0.3212) + (0.20)(0.2595) = 0.1116,
P, = (0.30)(0.6769) + (0.20)(0.4977) + (0.30)(0.1689) + (0.20)(0.4076) = 0.4348.

Since, P, > P, > P, > P;. So, according to Step 5 of Garg’s method [84], discussed in
Section 5.1, the ranking of the alternatives is 4, > A; > A, > As.

It is obvious that on applying Garg’s method [84] two different ranking of the alternatives

are obtained for the same IVPFMADMPr having partially known attribute weights, which is

150



mathematically incorrect. Hence, it is inappropriate to use Garg’s method [84] to solve

IVPFMADMPTrs having partially known attribute weights.

(2) Garg’s method [84] fails to find the ranking of the alternatives. The following validates this

(i)

(i)

claim.

If the set H = {0.10 < w; < 0.20,0.20 < w, < 0.30,0.30 < w3 < 0.50,0.20 < w, <
0.30} is replaced with H = {0.10 < w; < 0.20,0.20 < w, < 0.25,0.10 < w3 <
0.15,0.10 < w, < 0.20}. Then, no feasible solution of the CLPP (P5.2) will be obtained
as the condition Y7_; wi* < 1 is satisfying i.e., the ranking of the alternatives of the
modified problem cannot be obtained by Garg’s method [84].

If the set H = {0.10 < w; < 0.20,0.20 < w, < 0.30,0.30 < w3 < 0.50,0.20 < w, <
0.30} is replaced with H = {0.30 < w,; < 0.80,0.40 < w, < 0.60,0.50 < w5 <
0.70,0.30 < w, < 0.80}. Then, no feasible solution of the CLPP (P5.2) will be obtained
as the condition Z};le[ > 1 is satisfying i.e., the ranking of the alternatives of the

modified problem cannot be obtained by Garg’s method [84].

(2) The ranking of the alternatives, obtained by Garg’s method [84], is not appropriate. The

following example clearly validates this claim.

If it is assumed that the (i, /)" element, represented by an IVPFS, of Table 5.5 represents

the rating value of the i*"-alternative over the j*"-benefit attribute. Also, if it is assumed that

H={01<w; <0502<w,<0.7}).

Table 5.5: Rating Values

ttributes—
»L G 1 GZ

Alternatives

A, ([0.20,0.50], [0.20,0.50]) | ([0.60,0.80], [0.30,0.40])
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A, ([0.30,0.60], [0.30,0.60]) | ([0.60,0.80], [0.30,0.40])

Then, it is obvious that the ranking of the alternatives A; and A, can never be A; = A,
as the rating values of both the alternatives corresponding to the attribute G, are equal.
Whereas, the rating values of both the alternatives corresponding to first attribute G, are not
equal. While, the following clearly indicates that on applying Garg’s method [84], the obtained
ranking of the alternatives is A; = A,, which is inappropriate.

Using Garg’s method [84] the ranking of the alternatives A; and A, can be obtained as
follows:

Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Garg’s method
[84], discussed in Section 5.2, there is no need to apply Step 1.
Step 2: According to Step 2 of Garg’s method [84], discussed in Section 5.2, there is need to

calculate the values of d;; V i = 1,2;j = 1,2. These values are shown in Table 5.6.

Table 5.6: Values of d;j

dll = O d12 = 05824

d21 = O d22 = 05824

Step 3: Using Step 3 of Garg’s method [84], discussed in Section 5.1,

¢, =2fd;p =04+0=0,

c, = Y2, di; = 0.5824 + 0.5824 = 1.1648.

Step 4: Using Step 4 of Garg’s method [84], discussed in Section 5.2, there is need to solve
the CLPP (P5.3).

Max(0.0w; + 1.1648w,)

Subject to
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0.1<w; <0.5,

0.2<w, <07,
wy +w, =1,

w; = 0,w, = 0.

(P5.3)

It can be easily verified that on solving the CLPP (P5.3), the obtained OAWYV s
(wy,w,) = (0.3,0.7).
Step 5: On considering the OAWYV, (wy,w,) = (0.3,0.7) and using Step 5 of Garg’s method
[84], discussed in Section 5.1,
P, = (0.30)(0) + (0.70)(0.5824) = 0.4076,
P, = (0.30)(0) + (0.70)(0.5824) = 0.4076.
Since, P, = P,. S0, according to Step 5, of Garg’s method [84], discussed in Section
5.1, the ranking of the alternatives is A, = 4,.
It is obvious that on applying Garg’s method [84], the relation A; = A, is obtained,
which is inappropriate.
5.3 Reasons for the inappropriateness of Garg’s method
In Section 5.2, it is shown that
(i)  On applying Garg’s method [84] more than one preference order for the alternatives are
obtained.
(i)  Garg’s method [84] fails to find the ranking of the alternatives if either the condition
Y7_; wi* < 1 or the condition ¥7_, w/ > 1 will be satisfied.
(iii)  The ranking of the alternatives, obtained by Garg’s method [84], is inappropriate.
These problems are occurring due to following reasons:
(i)  If there will exist two distinct attributes G, and G, such that c, = c, i.e., X%, dy, =
iz, d;iq- Then, the coefficient of the attribute weight w,, and w, will be equal in the CLPP
(P5.2). Therefore, all such values of w,, and wy, corresponding to which w, + w, will be

optimal, will represent the optimal values of w,, and w,. Due to the same reason, on solving
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the CLPP (P5.2) corresponding to the IVPFMADMPr having partially known attribute
weights, considered in first point of Section 5.2, the number of obtained OAWYV are more

than one.

(i) Itis pertinent to mention that to apply Garg’s method [84], there is need to solve the LPP

(iii)

(P5.2). However, a feasible solution of LPP (P5.2) will exist only if neither the condition
Y7_; wj* < 1 nor the condition ¥7_; w/ > 1 will be satisfied.
If there will exist two distinct alternatives A, and A, such that ¢, = ¢, i.e., X%, d;, =
i=1 diq. Then, the value of P, = ¥, w; dp,; will be equal to B, = }7_; w; dg;. Hence,
the relation A, = A, will be obtained. Due to the same reason, on solving the
IVPFMADMPr having partially known attribute weights, considered in fourth point of
Section 5.2, the obtained relation is A; = A,.
5.4 Proposed Jorawar method
In this section, to resolve the inappropriateness of existing method [84], a new method
(named as Jorawar method), is proposed.
The steps of the proposed Jorawar method are as follows:
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.
Then, convert the jt* cost type attribute into the benefit type attribute by replacing all the

elements dl] = ([aijl, aijz]; [aij3, aij4]) of thejth column of the IVPFDM 5 = (&ij)mxn with

aij = ([aij3: aij4]; [aij1; aijz]) and go to Step 2.
Step 2: Using the expression (5.4), find d;j (&, @&;)Vi=12,...mk=12,..,mj =

1,2,..,n.
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dijie(@ij, dyj) = i(|aij1 = agja| + |ajz — awjo| + |aijs — awjs| + | aija — awjul) i =
1,2,..m; j=12,...mk=12..,m (5.4)
Step 3: Using expression (5.5), find the values of ¢; Vj = 1,2,..,n.

¢ =Y Yy diji(@j, @), j =1.2,..,m (5.5)
Step 4: Check that the condition }7_; wi* < 1 or the condition Z}l:lel > 1 is satisfying or
not.

Case (i): If the condition 7, w;* < 1 is satisfying then find the OAWV, (wy, w,, ..., wy,) by
solving the CLPP (P3.5), proposed in Section 3.2.1 of Chapter 3.

Case (ii): If the condition }7_, sz > 1 is satisfying then find the OAWV, (w;, wy, ..., w;,) by
solving the CLPP (P3.6), proposed in Section 3.2.2 of Chapter 3.

Case (iii): If neither the condition Y%, w;* < 1 nor the condition ¥, sz > 1 is satisfying
then find the OAWV, (wy, w,, ..., w,,) by solving the CLPP (P2.12) of Chapter 2.

Step 5: Using the expression (5.6), find the value of P, Vi = 1,2, ..., m.

P; = ([Ef-awiaijn, js wiaija), [Z7o1 wiais, Xicy wittia]) 0 = 1,2, ..,m (5.6)
Step 6: Check that S(B,) > S(B,) or S(B,) <S(B,) or S(B,) = S(B,), where S(B,) =

2 2 2 2 2 2 2 2
Ay i+ Ay =0y iz—0yis ~ Agitagi,—Agi3—Agia
pj1"%j - Pi37%0j% 40d S(Pq) — 2qj17%;j - 43" %qj4

Case (i): If S(B,) > S(B,) then the ranking of the alternatives is A, > A,.
Case (ii): If S(B,) < S(B,) then the ranking of the alternatives is A4, < 4,,.
Case (iii): If S(B,) = S(&,) then go to Step 7.

Step 7: Check that H(P,) > H(B,) or H(B,) < H(B,) or H(B,) = S(B,), where H(B,) =

2 .

pis* 90t gng H(P) =

2 2 2
Apjitapjzta aj4

2

2 2 2
aqj1+aqj2 +aq]-3 +a
2

Case (i): If H(B,) > H(P,) then the ranking of the alternatives is A, > 4,,.

Case (ii): If H(P,) < H(B,) then the ranking of the alternatives is 4, < 4,.
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Case (iii): If H(B,) = H(P,) then go to Step 8.

Step 8: Check that T(B,) > T(B,) or T(B,) < S(B,) or T(B,) = S(B,), where T(B,) =

2. _
pJj3

2
Apjz T @ pj

Case (i): If T(B,) > T(PB,) then the ranking of the alternatives is 4, < 4,.
Case (ii): If T(B,) < T(P,) then the ranking of the alternatives is A, > 4.
Case (iii): If T(B,) = T(P,) then go to Step 9.

Step 9: Check that G(B,) > G(B,) or G(B,) < G(B,) or G(B,) = G(B,), where G(B,) =

2

2
pj4 — @

2 _ 2 5)_ 2 2 _ .2 _ 2
apjz T @ pj1 ~ Apj3 andG(Pq)—aq12+aq]4 Agj1 — Aqj3-

Case (i): If G(B,) > G(P,) then the ranking of the alternatives is 4, < 4,.
Case (ii): If G(P,) < G(B,) then the ranking of the alternatives is A, > A,,.
Case (iii): If G(B,) = G(B,) then the ranking of the alternatives is 4, = 4,.
5.5 Exact results of the considered IVPFMADMPrs having partially known attribute
weights
In Section 5.3, IVPFMADMPrs were solved by the existing methods [84] and shown that the
obtained results are inappropriate. In this section, the exact results of all these IVPFMADMPrs
are obtained by the proposed Jorawar method.
5.5.1 Exact results of the first IVPFMADMPr having partially known attribute weights
Using the proposed Jorawar method, the exact result of the IVPFMADMPTr having partially
known attribute weights, considered in the first point of Section 5.3, can be obtained as follows:
Step 1: Since, attributes G, and G, are cost type. So, according to Step 1 of the Jorawar method,
proposed in Section 5.4,

Table 5.8: Rating Values
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Attributes—
l G, G, Gs G,

Alternatives

Aq <O60080) (050060) <030070) ([070080)
0.30,0.40 0.30,0.50 0.50,0.60 [0.30,0.40]
A, <O60070) (060070) <O40070) ([060080)
0.40,0.60 0.40,0.50 0.30,0.50 [0.30,0.40]
As <050070) (050060) <050060) ([O60070>
0.30,0.40 0.40,0.50 0.70,0.80 [0.40,0.60]
A, (O70080) (060070) <050060) ([050070>
0.30,0.40 0.30,0.40 0.40,0.50 [0.30,0.40]

Step 2: According to Step 2 of the Jorawar method, proposed in Section 5.4, there is need to
calculate d; (&, @;) Vi =12,..,4;j = 1,2,...,4. These values are shown in Table 5.9.

Table 5.9: Values of dijk(&ijl &k])

p <[O.60,0.80],> ([0.60,0.80],) _ 4 ([0.50,0.60],) ([0.50,0.60],) 3
11111 [0.30,0.40]/’\[0.30,0.40] /) — | "?**\\[0.30,0.50]/’\[0.30,0.50]/)

2(0+0+0+0)=0 ~(0+0+0+0)=0

p <[O.60,0.80],> ([0.60,0.70],) _ 4 ([0.50,0.60],) ([0.60,0.70],) 3
11211[0.30,0.40]/’\[0.40,0.60] /) — | "2*2\\[0.30,0.50]/’\[0.40,0.50]/)

Z(0+0.1+01+02) =01 =(0.1+0.1+0.1+0) = 0.075

4 ([0.60,0.80],) ([0.50,0.70],) _ 4 ([0.50,0.60],) ([0.50,0.60],) 3
11311[0.30,0.40]/’\[0.30,0.40] /) — | "2**\\[0.30,0.50]/’\[0.40,0.50]/)

Z(0.1+01+0+0) =0.05 ~(0+0+0.1+0)=0.025

4 ([O.60,0.80],) ([0.70,0.80],) _ g ([0.50,0.60],) ([0.60,0.70],) B
11411\[0.30,0.40]/’\[0.30,0.40] /) — | "***\\[0.30,0.50]/’\[0.30,0.40] /) —

§(0.1 +0+0+0) =0.025 i(0.1 +0.1+0+0.1) = 0.075

157



[0.60,0.70],\ ([0.60,0.80]
diz1 (( [0.40,0.60] ) ’ ([0.30,0.40]

)

2(0+01+01+0.2) =01

[0.60,0.70],) ([0.50,0.60]
[0.40,0.50]/’\ [0.30,0.50]

dyr <(

(014 0.1+ 0.1+ 0) = 0.075

)

[0.60,0.70],\ ([0.60,0.70]
2z (( [0.40,0.60] ) ’ ([0.40,0.60]

§(0+0+0+0)=0

[0.60,0.70],) ([0.60,0.70]
[0.40,0.50] /°\ [0.40,0.50]

(i

§(0+0+0+0)=0

[0.60,0.70],) ([0.50,0.70]
tzs (( [0.40,0.60] ) ’ ([0.30,0.40]

)

§(0.1 +0+0.1+02) =01

[0.60,0.70],) ([0.50,0.60]
[0.40,0.50] /°\ [0.40,0.50]

(i

i(0.1 +0.1+0+0)=0.05

[0.60,0.70],) ([0.70,0.80]
Gzs (( [0.40,0.60] ) ’ ([0.30,0.40]

)

§(0.1 +0.1+0.1+40.2)=0.125

[0.60,0.70],) ([0.60,0.70]
[0.40,0.50] /" \[0.30,0.40]

(i

i(o +0+0.1+0.1) = 0.05

[0.50,0.70],\ ([0.60,0.80]
dis1 (( [0.30,0.40] > ’ ([0.30,0.40]

)

§(0.1 +0.1+0+0)=0.05

[0.50,0.60],) ([0.50,0.60]
[0.40,0.50]/’\ [0.30,0.50]

dys1 <(

i(0+0+0.1+0) = 0.025

)

[0.50,0.70],\ ([0.60,0.70]
12 (( [0.30,0.40] > ’ ([0.40,0.60]

)

§(0.1 +0+0.1+02)=0.1

[0.50,0.60],) ([0.60,0.70]
[0.40,0.50] /’\ [0.40,0.50]

dys» <(

i(0.1 +0.140+0) =0.05

)

[0.50,0.70],\ ([0.50,0.70]
diss (( [0.30,0.40] ) ’ ([0.30,0.40]

)

§(0+0+0+0)=0

[0.50,0.60],) ([0.50,0.60]
[0.40,0.50] /’\ [0.40,0.50]

dyss <(

%(0+0+0+0)=0

,)>

[0.50,0.70],\ ([0.70,0.80]
diss (( [0.30,0.40] ) ’ ([0.30,0.40]

)

i(o.z +0.140+0) = 0.075

[0.50,0.60],) ([0.60,0.70]
[0.40,0.50]/” \ [0.30,0.40]

dyza <(

~(01+401+0.1+0.1)=0.1

)
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[0.70,0.80],\ ([0.60,0.80]
dian (( [0.30,0.40] ) ’ ([0.30,0.40]

)

§(0.1+0+0+0) = 0.025

[0.60,0.70],) ([0.50,0.60]
[0.30,0.40]/’\ [0.30,0.50]

oo )

(014 0.1+ 0+ 0.1) = 0.075

[0.70,0.80],\ ([0.60,0.70]
iz (( [0.30,0.40] ) ’ ([0.40,0.60]

§(0.1 +0.1+0.1+0.2)=0.125

[0.60,0.70],) ([0.60,0.70],
[0.30,0.40] /°\[0.40,0.50]

(i

i(o +0+0.1+0.1) = 0.05

)

[0.70,0.80],) ([0.50,0.70]
s (( [0.30,0.40] ) ’ ([0.30,0.40]

)

i(o.z +0.1+0+0)=0.075

[0.60,0.70],) ([0.50,0.60]
[0.30,0.40] /°\[0.40,0.50]

(i

i(0.1 +0.1+01+01)=0.1

[0.70,0.80],) ([0.70,0.80]
Gss (( [0.30,0.40] ) ’ ([0.30,0.40]

)

Z(0+0+0+0)=0

[0.60,0.70],) ([0.60,0.70]
[0.30,0.40] /°\[0.30,0.40]

(i

~(0+0+0+0)=0

[0.30,0.70]

[0'30'0'70]) ’ ([0.50,0.60]

[0.50,0.60]

day <<

Z(0+0+0+0)=0

)

[0.70,0.80]

[0'70’0.80]) ’ ([0.30,0.40]

[0.30,0.40]

o )

Z(0+0+0+0)=0

[0.30,0.70],) ([0.40,0.70]
[0.50,0.60] /" \[0.30,0.50]

days <<

§(0.1 +0+02+01) =01

)

[0.70,0.80],) ([0.60,0.80]
[0.30,0.40]/’\ [0.30,0.40]

o )

%(0.1+0+0+0) = 0.025

[0.30,0.70],) ([0.50,0.60]
[0.50,0.60] /" \ [0.70,0.80]

days <<

i(o.z +0.1+02+0.2) =0.175

)

[0.70,0.80],) ([0.60,0.70]
[0.30,0.40] /’\ [0.40,0.60]

das <(

~(0.1+0.1+0.1+0.2) =0.125

,)>

[0.30,0.70],) ([0.50,0.60]
[0.50,0.60] /" \ [0.40,0.50]

N

2(02+0.1+0.1+0.1) =0.125

)

[0.70,0.80],) ([0.50,0.70]
[0.30,0.40] /" \ [0.30,0.40]

ol )

i(o.z +0.14+0+0) = 0.075
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[0.40,0.70],) ([0.30,0.70]
[0.30,0.50]/’\ [0.50,0.60]

da1 ((

§(0.1 +0+02+01) =01

)

[0.60,0.80],) ([0.70,0.80]
[0.30,0.40]/’\ [0.30,0.40]

dis <(

i(0.1+0+0+0) = 0.025

)

[0.40,0.70],) ([0.40,0.70]
[0.30,0.50] /°\[0.30,0.50]

(i

§(0+0+0+0)=0

[0.60,0.80],) ([0.60,0.80]
[0.30,0.40] /°\[0.30,0.40]

(i

§(0+0+0+0)=0

[0.40,0.70],) ([0.50,0.60]
[0.30,0.50] /°\[0.70,0.80]

(i

§(0.1 +0.1+0.4+0.3) =0.225

)

[0.60,0.80],) ([0.60,0.70]
[0.30,0.40] /°\[0.40,0.60]

(i

i(o +0.1+01+0.2)=0.1

[0.40,0.70],) ([0.50,0.60]
[0.30,0.50] /" \[0.40,0.50]

(i

§(0.1 +0.1+0.1+0)=0.075

)

[0.60,0.80],) ([0.50,0.70]
[0.30,0.40] /°\[0.30,0.40]

(i

i(0.1 +0.1+0+0)=0.05

[0.50,0.60],) ([0.30,0.70]
[0.70,0.80] /)’ \ [0.50,0.60]

ds1 <<

i(o.z +0.1+0.2+0.2) =0.175

)

[0.60,0.70],) ([0.70,0.80]
[0.40,0.60]/’\ [0.30,0.40]

dasy <(

i(0.1 +0.1+0.1+40.2) =0.125

)

[0.50,0.60],) ([0.40,0.70]
[0.70,0.80] /’\ [0.30,0.50]

ds» <<

§(0.1 +0.1+0.4+0.3) =0.225

)

[0.60,0.70],) ([0.60,0.80]
[0.40,0.60]/’\ [0.30,0.40]

das» <(

=(0+0.1+01+02)=0.1

)

[0.50,0.60],) ([0.50,0.60]
[0.70,0.80] /’\ [0.70,0.80]

s <<

§(0+0+0+0)=0

)

[0.60,0.70],) ([0.60,0.70]
[0.40,0.60]/’\ [0.40,0.60]

dass <(

%(0+0+0+0)=0

,)>

[0.50,0.60],) ([0.50,0.60]
[0.70,0.80] /" \ [0.40,0.50]

(i

i(o +0+40.3+0.3)=0.15

)

[0.60,0.70],) ([0.50,0.70]
[0.40,0.60] )\ [0.30,0.40]

duss <(

§(0.1 +04+01+02)=0.1

)
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4 ([0.50,0.60],) ([0.30,0.70],) _ly ([0.50,0.70],) ([0.70,0.80],) B
3411\[0.40,0.50]/’\[0.50,0.60]// — | “***\\[0.30,0.40]/’\[0.30,0.40]/)

i(o.z +0.1+0.1+0.1)=0.125 %(0.2 +0.1+ 0+ 0) = 0.075

4 ([0.50,0.60],) ([0.40,0.70],) _ly ([0.50,0.70],) ([0.60,0.80],) 3
3421\[0.40,0.50]/’\[0.30,0.50]// — | "**2\\[0.30,0.40]/’\[0.30,0.40]/)

§(0.1 +0.1+0.1+0)=0.075 %(0.1 +0.1+ 0+ 0) = 0.05

4 ([0.50,0.60],) ([0.50,0.60],) _ly ([0.50,0.70],) ([0.60,0.70],) B
3431\[0.40,0.50]/’\[0.70,0.80]/) ~ | "**3*\\[0.30,0.40]/’\[0.40,0.60]/)

§(0+0+0.3+0.3) =0.15 §(0.1+0+0.1+0.2) =0.1

4 ([0.50,0.60],) ([0.50,0.60],) _ly ([0.50,0.70],) ([0.50,0.70],) B
3441\[0.40,0.50]/’\[0.40,0.50]/) — | "***\\[0.30,0.40]/’\[0.30,0.40]/)

§(0+0+0+0)=0 §(0+0+0+0)=0

Step 3: Using Step 3 of the Jorawar method, proposed in Section 5.4,

c1 = Xiq 2keq ik (@1, @) =0+ 0.1+ 0.05+ 0.025+ 0.1+ 0+ 0.1 +0.125 +
0.05+0.1+0+0.075+ 0.025 4+ 0.125 4+ 0.075 + 0 = 0.95,

Cy = Yt St dipk (@2, ) = 0+ 0.075 + 0.025 + 0.075 + 0.075 + 0 + 0.05 + 0.05 +
0.025+0.05+0+4+0.1+0.075+ 0.05+ 0.1 + 0 = 0.75,

C3 = Niq Xpeq disk(&i3, @3) =0+ 0.1+ 0.175+ 0.125 4+ 0.1 + 0 + 0.225 + 0.075 +
0.175+ 0.225+ 0+ 0.15 4+ 0.125 + 0.075 + 0.15 + 0 = 1.70,

Co =i Yy digx(@iay @rs) = 0+ 0.025 4+ 0.125 + 0.075 + 0.025 + 0 + 0.1 + 0.05 +
0.125+0.14+0+0.14+0.075+ 0.05+ 0.1 + 0 = 0.95.

Step 4: Using Step 4 of the Jorawar method, proposed in Section 5.4, there is need to solve the
CLPP (P5.4).

max(0.95w; + 0.75w, + 1.7w5 + 0.95w,)
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Subject to

( 0.10 < w; <£0.30,
0.20 < w, <0.30,
0.30 < w3 <£0.50,
{ 0.20 <w, <0.30, (P5.4)
wy+tw, +ws+w, =1,
W1 = Wy,
w; = 0,w, =0,w; =0,w, = 0.

It can be easily verified that on solving the CLPP (P4.12), the obtained OAWYV is

(w1, wa, w3, w,) = (0.20,0.20,0.40,0.20).
Step 5: On considering the OAWV, (wy, w,, w3, w,) = (0.20,0.20,0.40,0.20) and using Step
5 of Jorawar method, proposed in Section 5.4,
P, = ([(0.20)(0.30) + (0.20)(0.50) + (0.40)(0.30) + (0.20)(0.30), (0.20)(0.40) +
(0.20)(0.60) + (0.40)(0.70) + (0.20)(0.40)], [(0.20)(0.60) + (0.20)(0.30) + (0.40)
(0.50) + (0.20)(0.70), (0.20)(0.70) + (0.20)(0.50) + (0.40)(0.50) + (0.20)(0.80)])
= ([0.34,0.56], [0.52,0.60]),
P, = ([(0.20)(0.40) + (0.20)(0.60) + (0.40)(0.40) + (0.20)(0.30), (0.20)(0.60) +
(0.20)(0.70) + (0.40)(0.70) + (0.20)(0.40)], [(0.20)(0.60) + (0.20)(0.40) + (0.40)
(0.30) + (0.20)(0.60), (0.20)(0.70) + (0.20)(0.50) + (0.40)(0.50) + (0.20)(0.80)])
= ([0.42,0.62], [0.44,0.60]),
P; = ([(0.20)(0.30) + (0.20)(0.50) + (0.40)(0.50) + (0.20)(0.40), (0.20)(0.40) +
(0.20)(0.60) + (0.40)(0.60) + (0.20)(0.60)], [(0.20)(0.50) + (0.20)(0.40) + (0.40)
(0.70) + (0.20)(0.60), (0.20)(0.70) + (0.20)(0.50) + (0.40)(0.80) + (0.20)(0.70)])
= ([0.44,0.56], [0.58,0.70]),
B, = ([(0.20)(0.30) + (0.20)(0.60) + (0.40)(0.50) + (0.20)(0.30), (0.20)(0.40) +

(0.20)(0.70) + (0.40)(0.60) + (0.20)(0.40)], [(0.20)(0.70) + (0.20)(0.30) + (0.40)
(0.40) + (0.20)(0.50), (0.20)(0.80) + (0.20)(0.40) + (0.40)(0.50) + (0.20)(0.70)])

= ([0.44,0.54], [0.46,0.58]).
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Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4,
S(P,) = —0.1006,S(P,) = 0.0036,5(P;) = —0.1596 and S(P,) = —0.0332.
Since, S(P,) > S(B,) > S(P,) > S(P;). So, according to Step 6 of the Jujhar method,

proposed in Section 5.4, the ranking of the alternatives is A, > A, > A; > As.
5.5.2 Exact results of the second IVPFMADMPYr having partially known attribute

weights

Using the proposed Jorawar method, the exact result of the IVPFMADMPr having partially
known attribute weights, considered in the second point of Section 5.2, can be obtained as
follows:

Since, Step 1 to Step 3 of the proposed Jorawar method are same as shown in Section 5.5.1.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, the condition Y%, wi* < 1 is satisfying. So, using Case (i) of Step 4 of the
Jorawar method, proposed in Section 5.4, there is need to solve the CLPP (P5.5).
max(0.95w; + 0.75w, + 1.7w5 + 0.95w,)

Subject to

( 0.10 < w; <£0.20,
0.20 < w, <£0.25,
0.10 < w3 £0.15,
{ 0.1 <w, <£0.20, (P5.5)
wy+wy,+wz+w, <1,
Wi = Wy,
\w; = 0,w, =0,w; =0,w, = 0.

On solving the LPP (P5.5) the obtained non-normalized OAWYV is (wy, w,, w3, w,) =

(0.20,0.25,0.15,0.20) and the normalized OAWV is  (wy,w,,ws,w,) =

( 0.20 0.25 0.15 0.20 )
0.20+0.254+0.15+0.20’ 0.20+0.25+0.15+0.20 * 0.20+0.25+0.15+0.20 * 0.20+0.25+0.15+0.20

= (0.25,0.3125,0.1875,0.25).
Step 5: On considering the normalized OAWV (w,, w,, wg, w,) =

(0.25,0.3125,0.1875,0.25) and using Step 5 of Jorawar method, proposed in Section 5.4,
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P, = ([(0.25)(0.30) + (0.3125)(0.50) + (0.1875)(0.30) + (0.25)(0.30), (0.25)(0.40) +
(0.3125)(0.60)+(0.1875)(0.70) + (0.25)(0.40)],[(0.25)(0.60) +(0.3125)(0.30) +
(0.1875)(0.50) + (0.25)(0.70), (0.25)(0.80) + (0.3125)(0.50) + (0.1875)(0.60) +
(0.25)(0.80)]) = ([0.3625,0.5187], [0.5125,0.6687]),
P, = ([(0.25)(0.40) + (0.3125)(0.60) + (0.1875)(0.40) + (0.25)(0.30), (0.25)(0.60) +
(0.3125)(0.70)+(0.1875)(0.70) + (0.25)(0.40)],[(0.25)(0.60) +(0.3125)(0.40) +
(0.1875)(0.30) + (0.25)(0.60), (0.25)(0.70) + (0.3125)(0.50) + (0.1875)(0.50) +
(0.25)(0.80)]) = ([0.4375,0.6000], [0.4812,0.6250]),
P; = ([(0.25)(0.30) + (0.3125)(0.50) + (0.1875)(0.50) + (0.25)(0.40), (0.25)(0.40) +
(0.3125)(0.60)+(0.1875)(0.60) + (0.25)(0.60)],[(0.25)(0.50) +(0.3125)(0.40) +
(0.1875)(0.70) + (0.25)(0.60), (0.25)(0.70) + (0.3125)(0.50) + (0.1875)(0.80) +
(0.25)(0.70)]) = ([0.4250,0.5500], [0.5312,0.6562]),
P, = ([(0.25)(0.30) + (0.3125)(0.50) + (0.1875)(0.30) + (0.25)(0.30), (0.25)(0.40) +
(0.3125)(0.60)+(0.1875)(0.70) + (0.25)(0.40)],[(0.25)(0.60) +(0.3125)(0.30) +
(0.1875)(0.50) + (0.25)(0.70), (0.25)(0.80) + (0.3125)(0.50) + (0.1875)(0.60) +
(0.25)(0.80)]) = ([0.4312,0.5312], [0.4687,0.5930]).
Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4,
S(P,) = —0.1546,S(P,) = —0.0353,5(P;) = —0.1148 and S(Z,) = —0.0520.
Since, S(P,) > S(P,) > S(P;) > S(P,). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13, the ranking of the alternatives is 4, > A, > A; > A;.
5.5.3 Exact results of the third IVPFMADMPr having partially known attribute weights

Using the proposed Jorawar method, the exact result of the IVPFMADMPTr having partially
known attribute weights, considered in the second point of Section 5.3, can be obtained as

follows:
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Since, Step 1 to Step 3 of the proposed Jorawar method are same as shown in Section 5.5.1.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, the condition Z’}=1Wf > 1 is satisfying. So, using Case (ii) of Step 4 of the
Jorawar method, proposed in Section 5.4, there is need to solve the CLPP (P5.6).

max (095W1 + 075W2 + 17W3 + 095W4, - 81 - 82 - 83 - 84)

Subject to
( 30 80
—< W1 < —,
150 150
40 60

<w, <—,
150 150
S—OSW3S£,
150 150
30 80 P5.6
< 50 = W4 = 1500 (P58)
W1+W2+W3+W4:1,
W1=W4,
150 = 100 + &1 + &5 + €3 + &4,

w; = 0,wy, 20,w3 =>0,w, =>0,60 20,6, 20,653 20,64 = 0.

On solving the CLPP (P5.6) the obtained OAWV is (wy,wy,ws,w,) =
(0.2000,0.2666,0.3334,0.2000).
Step 5: On considering the OAWV (w4, w,, wg, w,) = (0.2000, 0.2666,0.3334, 0.2000) and
using Step 5 of Jorawar method, proposed in Section 5.4,
P, = ([(0.2000)(0.30) + (0.2666)(0.50) + (0.3334)(0.30) + (0.2000)(0.30), (0.2000)
(0.40) + (0.2666)(0.60)+(0.3334)(0.70) + (0.2000)(0.40)], [(0.2000)(0.60) +
(0.2666)(0.30) + (0.3334)(0.50) + (0.2000)(0.70), (0.2000)(0.80) + (0.2666)(0.50) +
(0.3334)(0.60) + (0.2000)(0.80)]) = ([0.3773,0.5853],[0.5626,0.7173]),
P, = ([(0.2000)(0.40) + (0.2666)(0.60) + (0.3334)(0.40) + (0.2000)(0.30), (0.2000)
(0.60) + (0.2666)(0.70)+(0.3334)(0.70) + (0.2000)(0.40)], [(0.2000)(0.60) +
(0.2666)(0.40) + (0.3334)(0.30) + (0.2000)(0.60), (0.2000)(0.70) + (0.2666)(0.50) +
(0.3334)(0.50) + (0.2000)(0.80)]) = ([0.4573,0.6520], [0.4946, 0.6640]),

P, = ([(0.2000)(0.30) + (0.2666)(0.50) + (0.3334)(0.50) + (0.2000)(0.40), (0.2000)
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(0.40) + (0.2666)(0.60)+(0.3334)(0.60) + (0.2000)(0.60)], [(0.2000)(0.50) +
(0.2666)(0.40) + (0.3334)(0.70) + (0.2000)(0.60), (0.2000)(0.70) + (0.2666)(0.50) +
(0.3334)(0.80) + (0.2000)(0.70)]) = ([0.4720,0.6080], [0.6080, 0.7360]),
P, = ([(0.2000)(0.30) + (0.2666)(0.60) + (0.3334)(0.50) + (0.2000)(0.30), (0.2000)
(0.40) + (0.2666)(0.70)+(0.3334)(0.60) + (0.2000)(0.40)], [(0.2000)(0.70) +
(0.2666)(0.30) + (0.3334)(0.40) + (0.2000)(0.50), (0.2000)(0.80) + (0.2666)(0.40) +
(0.3334)(0.50) + (0.2000)(0.70)]) = ([0.4706,0.5786], [0.4933,0.6293]).
Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4,
S(P,) = —0.1730,5(P,) = —0.0256,5(P;) = —0.1594 and S(P,) = —0.0415.
Since, S(P,) > S(B,) > S(P;) > S(P,). So, according to Step 6 of the Jorawar

method, proposed in Section 5.4, the ranking of the alternatives is 4, > A, > A; > A;.

5.5.4 Exact results of fourth IVPFMADMPYr having partially known attribute weights

Using the proposed Jorawar method, the exact result of the IVPFMADMPr having partially
known attribute weights, considered in the fourth point of Section 5.3, can be obtained as
follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jorawar method,
proposed in Section 5.4, there is no need to apply Step 1.
Step 2: According to Step 2 of the Jorawar method, proposed in Section 5.4, there is need to

calculate d;j, (&, @;) Vi = 1,2,...,6;j = 1,2,3. These values are shown in Table 5.10.

Table 5.10: Values of d;;; (@), @x;)

N

[0.20,0.50],
[0.20,0.50]

)

Z(0+0+0+0)=0

[0.20,0.50]
[0.20,0.50]

)

dyrs <(

[0.60,0.80],
[0.30,0.40]

)

Z(0+0+0+0)=0

[0.60,0.80]
[0.30,0.40]

)
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[0.20,0.50],\ ([0.30,0.60],\\ _ [0.60,0.80],\ ([0.60,0.80],\\ _
di12 (( [0.20,0.50] ) ’ ([0.30,0.60])) = | dor2 <( [0.30,0.40] ) ’ ([0.30,0.40] )) B
2(01+0.1+0.1+0.1) =0.10 Z(0+0+0+0)=0

[0.30,0.60],\ ([0.20,0.50],\ _ [0.60,0.80],\ ([0.60,0.80],\ _
iz (( [0.30,0.60] ) ’ ([0.20,0.50] )) = | ez <( [0.30,0.40] ) ’ ([0.30,0.40] )) B
2(01+0.1+0.1+0.1) =0.10 2(0+0+0+0)=0

[0.30,0.60], ([0.30,0.60],\ _ [0.60,0.80],\ ([0.60,0.80],\ _
iz (( [0.30,0.60] ) ’ ([0.30,0.60])) = |2 <( [0.30,0.40] ) ’ ([0.30,0.40] )) -
§(0+0+0+0)=0 §(0+0+0+0)=0

Step 3: Using Step 3 of the Jorawar method, proposed in Section 5.4,

ci=Yr .32 dik(@q, @) =0+014+01+0+0=0.2,

Co = Ximq Xre1 Aiap (@1, 1) =04+ 0+0+0=0.

Step 4: Using Step 4 of the Jorawar method, proposed in Section 5.4, there is need to solve the

CLPP (P5.7).

max(0.2w,)

Subject to
0.1<w; <05,
02<w,<0.7,

W1+W2=1,
W120,W220.

(P5.7)

It can be easily verified that on solving the CLPP (P5.7) the obtained OAWYV is
(wy,w,) = (0.5,0.5)
Step 5: On considering the OAWYV, (wy,w,) = (0.5,0.5) and using Step 5 of the Jorawar
method, proposed in Section 5.4,
P, = ([(0.50)(0.20) + (0.50)(0.60), (0.50)(0.50) + (0.50)(0.80)], [(0.50)(0.20) +
(0.50)(0.30), (0.50)(0.50) + (0.50)(0.40)]) = ([0.40,0.65], [0.25,0.45]),
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P, = ([(0.50)(0.30) + (0.50)(0.60), (0.50)(0.60) + (0.50)(0.80)],[(0.50)(0.30) +
(0.50)(0.30), (0.50)(0.60) + (0.50)0.40]) = ([0.45,0.70],[0.30,0.50]).
Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4,
S(P,) = 0.1587 and S(P,) = 0.1762.
Since, S(P,) > S(P,). Therefore, according to case (ii) of Step 7 of the proposed

Jorawar method, the ranking of the alternatives is 4, > A,.
5.6 Conclusions

The inappropriateness of the existing method [84] is pointed out. Also, a new method
(named as Jorawar method) is proposed to solve the IVPFMADMPrs having partially known
attribute weights. Furthermore, the proposed Jorawar method has been illustrated with the help

of some IVPFMADMPrs having partially known attribute weights.

168



Chapter 6

Jujhar method for solving IVIFMADMPrs
having IVIF attribute weights®

Li [128] pointed out that there does not exist any method to solve IVIFMADMPrs
having IVIF weights. To fill this gap, Li proposed a method to solve IVIFMADMPrs having
IVIF weights. Motivated by Li, several other researchers [35-45, 47-49, 52, 55, 127, 129, 132,
137, 209-211] have proposed different methods to solve the IVIFMADMPrs having IVIF
weights. However, after a deep study it is observed that it is inappropriate to use the existing
methods [35-45, 47-49, 52, 55, 127-129, 132, 137, 209-211]. The aim of this chapter is to make
the researchers aware about the inappropriateness of these methods as well as to propose a new
method (named as Jujhar method) to solve IVIFMADMPrs having IVIF attribute weights.

6.1 A brief review about the existing work

Li [128] pointed out that there does not exist any method for solving such MADMPTs in
which rating values of each alternative over each attribute as well as each attribute weight is
represented by an IVIF set [9]. To fill this gap, Li [128] proposed a method to solve
IVIFMADMPrs having IVIF weights. In this method, firstly, two non-linear programming
problems, corresponding to each alternative, are solved to evaluate the crisp attribute weights
corresponding to the known IVIF attribute weights. Then, the obtained crisp attribute weights
are used to find the ranking of the alternatives. Li [129] used the same method to solve

IVIFMADMPrs with crisp weights.

5> The contents of this chapter have been communicated in “Engineering Applications of Artificial Intelligence”

for the possible publication
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(i)

(i)

Li [127] also proposed a method to solve IVIFMADMPrs having IVIF weights. In this
method, firstly, two LPPs, corresponding to each alternative, are solved to evaluate the crisp
attribute weights corresponding to the known IVIF attribute weights. Then, the obtained crisp
attribute weights are used to find the ranking of the alternatives.

Chen and Chiou [40] pointed out the flaws of Li’s method [128]. Also, to resolve the flaws,
Chen and Chiou [40] proposed a method to solve IVIFMADMPrs having IVIF weights. In this
method, firstly, a NLPP is solved to evaluate the crisp attribute weights corresponding to the
known IVIF attribute weights. Then, the obtained crisp attribute weights are used to find the
ranking of the alternatives. Although, Chen and Chiou [40] have not pointed out the flaws of
Li’s method [128]. However, it can be easily verified that the flaws, pointed out by Chen and
Chiou [40] in Li’s method [127], are also occurring in Li’s method [128].

Chen and Huang [45] pointed out the flaws of Li’s method [128] as well as Chen and
Chiou’s method [40]. Also, to resolve the flaws, Chen and Huang [45] proposed a method to
solve IVIFMADMPrs having IVIF weights. In this method, firstly, the CLPP (P6.1) is solved
to evaluate the crisp attribute weights corresponding to the known IVIF attribute weights. Then,
the obtained crisp attribute weights are used to find the ranking of the alternatives.
Max(X7-1(Z21(w;dij)))

Subject to

Wij1 < W;j <1 _ng,j =12, ..,n,
j=awp =1, (P6.1)
0<w,<1,j=12..,n

where,

d _ Gij1taij>—0ijz—a;
1y = 2

I* represents the crisp value corresponding to the IVIF rating value

([aij1, aijz), [aijz aija]) OF the i"- alternative over the ;- attribute.

w; represents the unknown crisp weight of the j th_ attribute corresponding to the known

170



(iii)
(iv)

IVIF weight w; = ([wj1, wjz], [wjs, wja]) of the jt"- attribute.

m represents the number of alternatives.

n represents the number of attributes.

Wang and Chen [209] pointed out the flaws of Li’s method and Chen and Chiou’s method
[40]. Also, to resolve the flaws Wang and Chen [209] proposed a method for solving
IVIFMADMPrs having IVIF weights. In this method firstly, a CLPP based upon an existing
similarity measure, is used to evaluate the crisp attribute weight w; corresponding to the IVIF
weight W; = ([wjy, wjz], [wjs, wja]). Then, the obtained crisp attribute weights are used to find
the ranking of the alternatives.

Chen and Huang [44] also pointed out the flaws of Li’s method [128] as well as Chen and
Chiou’s method [40]. Furthermore, to resolve the flaws, Chen and Huang [44] proposed a
method to solve IVIFMADMPTrs having IVIF weights. In this method, firstly, the CLPP (P6.1)
with the following modification is solved to evaluate the crisp attribute weights corresponding
to the known IVIF attribute weights. Then, the obtained crisp attribute weights are used to find

the ranking of the alternatives.

L

“Replace d;; = a”1+a”2;a”3_a”4 withd;; = a;j; +a;;, — 1 +

Wang and Chen [210] pointed out the flaws Chen and Huang’s method [45]. Also, to
resolve the flaws, Wang and Chen [210] proposed a method to solve IVIFMADMPrs having
IVIF weights. In this method, firstly, the CLPP (P6.1) with the following modification is solved
to evaluate the crisp attribute weights corresponding to the known IVIF attribute weights. Then,
the obtained crisp attribute weights are used to find the ranking of the alternatives.

ajj1+a;j;—a;jz—a;j .
“Replace dj; =——2 5 U2 with d;; =
ij 2 9]

aij1+aijo+y /@2 ija(1-0ij1—aijs) +\/aij1ij5(1-aij2~aija) ,

2

Cheng [56] proposed a method to solve IVIFMADMPrs having IVIF weights. In this
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method, the IVIF weights are directly used to aggregate the IVVIF rating values. However, it is
inappropriate to do the same as sum of the IVIF weights will never be ([1,1],[0,0]). Therefore,
it is not appropriate to use Cheng’s IVIFMADM method [56].

Gupta et al. [93] proposed a method for solving IVIFMADMPr having IVIF weights. In

this method, a CLPP has been solved to obtain the attribute weight w; corresponding to the
IVIF weight W; = ([wj1, w;2], [Wjs, wja]). It is pertinent to mention that, in the CLPP,
considered by Gupta et al. [93], the constraint wj; < w; < 1 — wj; has been used. However, it
Is inappropriate to use this constraint as if w;; = 1 — w;3 then the obtained value will be always
wj; and will be independent from the remaining values of w;, and wj;. Therefore, it is

inappropriate to use Gupta et al.’s IVIFMADM method [93].

Chen and Han [41] as well as Wang and Chen [211] pointed out that it is inappropriate to
use the CLPP (P1) due to the following reason:

“If there will exist two distinct attributes G, and G, such that ¢, = ¢, i.e, Y1, d;, =

iz, d;q then the coefficient of the attribute weight w,, and w, will be equal in the CLPP

(P6.1). Therefore, all such values of w, and wy, corresponding to which w,, + w, will be
optimal, will represent the optimal values of w, and w,. Due to the same reason, on solving
the CLPP (P6.1) corresponding to the IVIFMADMPr having IVIF attribute weights, the
number of obtained optimal weight vectors are more than one, which is mathematically
incorrect.”

Also, to resolve the flaws, Chen and Han [41] as well as Wang and Chen [211] proposed
different methods to solve IVIFMADMPTrs having IVIF weights. In these methods, firstly, d;;
is transformed into u;; such that 3.;2; u;; # u (constant) V j. Then, the CLPP (P6.1) is solved

to evaluate the crisp attribute weights corresponding to the known IVIF attribute weights.

Finally, the obtained crisp attribute weights are used to find the ranking of the alternatives.
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Chen and Kuo [47] pointed out that it is inappropriate to use the CLPP (P6.1) due to the
following reasons:

(i)  If there will exist two distinct attributes G, and G, such that ¢, = c, i.e., X, d;, =
Y%, d;q then the coefficient of the attribute weight w,, and w, will be equal in the CLPP
(P6.1). Therefore, all such values of w,, and w,, corresponding to which w,, + w, will be
optimal, will represent the optimal values of w, and w,. Due to the same reason, on
solving the CLPP (P6.1) corresponding to the IVIFMADMPr having IVIF attribute
weights, the number of obtained OAWYV are more than one, which is mathematically
incorrect.

(i)  If X7ywj > 1 or ¥7-;(1—wj3) < 1. Then, no feasible solution exist for the CLPP
(P6.1) i.e.,, no OAWYV is obtained on solving the CLPP (P6.1).
Also, to resolve the flaws, Chen and Kuo [47] proposed the crisp NLPP (P6.2) to evaluate

the crisp attribute weights corresponding to the known IVIF attribute weights.

max ( ﬁlz?zlz’,?:dtanh(wj X pl-j) — tanh(wj X pk]-)| +0.1x ZfﬁlZ}‘:l tanh(wj X
ik

pij) = Lj-a(gn + 512))

Subject to

( Wj + &j1 = Wi1,
Wi — & <1 —wjs,
Toawy =1,
0=sw;<1j=12..,n,
0<¢;=<1j=12..,n,

0<e,<1,j=12..,n

A

(P6.2)

where,

: _ Gij1—aij3+aij2—0qijy
(i) d;= >

+ 1 represents the crisp value corresponding to the IVIF rating

value ([aij1, aijz], [aijs, aija]) OF the i*h- alternative over the jt"- attribute.
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. Akj1—Akj3tAkj2—Akja
(i) dy = J1~%%kj3t Akja— k)

> + 1 represents the crisp value corresponding to the IVIF

rating value ([ay;1, akj2], [akjs, axja]) of the k- alternative over the j*"- attribute.
(iii) &y and g;, are the unknown variables.
(iv)  w; represents the unknown crisp weight of the jth- attribute corresponding to the known
IVIF weight #W; = ([wj1, W], [wjs, wia]) of the j*- attribute.
(v)  wj,wj,wjz and wj, are the elements of the known IVIF weight w; =
([wjr, wjz ), [wjz, wia]) of the j- attribute.
(vi)  m represents the number of alternatives.
(vii)  n represents the number of attributes.
Chen and Han [42] pointed out the flaws of Chen and Han’s [41] method. Also, to resolve

the flaws, Chen and Han [42] proposed the crisp NLPP (P6.3) to evaluate the crisp attribute

weights corresponding to the known IVIF weights.

)

d;j Wi d;i+0.1 i
j j
(@)™ +(aij+01) ™"

n m
max ( J=1 die1

Subject to
le < Wj <1- ng,j = 1,2, e, n, (P6 3)
zyzle=1,,j=1,2,..,n. '
where,
: Ajj11+aAij2—Aij3—Ajj4 : . .
(i) d;= . represents the crisp value corresponding to IVIF rating value

([aij1, aijz), [aijz aija]) OF the i"- alternative over the ;- attribute.

(i)  w; represents the unknown crisp weight of the jth- attribute corresponding to the known
IVIF weight ; = ([wj1, wjz], [wjs, wja]) of the jt"- attribute.

(iii)  wj;, wjp, wjz and wj, are the elements of the known IVIF weight w; =

([ij sz], [ng, Wj4]) of the jt"- attribute.
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(iv) m represents the number of alternatives.
(v) n represents the number of attributes.

Chen et al. [48] pointed out the flaws of Wang and Chen’s method [211]. Also, to resolve
the flaws, Chen et al. [48] proposed the crisp NLPP (P6.4) to evaluate the crisp attribute weights
corresponding to the known IVIF weights.
max (X7, tanh(w; X E;) + X%, Yiog tanh(w; X dy;) — X7 (g1 + €52))

Subject to

(le - gjl < Wj < (1 — Wj3) + ng'

j=iw =1,
0<w <1j=12..,n, (P6.4)

l 0<g; <1j=12..,n
0<g, <1,j=12,..,n

where,

. __ Qij1—Qij3+Aij2—Ajja
(i) d;=

- + 1 represents the crisp value corresponding to the IVIF rating

value ([a;j1, aijz], [aijs, aija]) OF the i*- alternative over the j*"- attribute.
0if Z}‘zl(logzm + X1 kij(logakij)) = 0
(i) E

j log,m+Y1%, kij(logakij)
Y, (logam+32, kij(logakij))

otherwise

0 if XiZ1dij=0
where k;j | dij

m

i=1pij

(ili) & and g;, are the unknown variables.

otherwise

(iv)  w; represents the unknown crisp weight of the j th_attribute corresponding to the known
IVIF weight #; = ([wj1, 2], [wjs, wia]) of the j*- attribute.

(v)  wj,wp,wjz and wj, are the elements of the known IVIF weight w; =
([wjr, wja ), [wjs, wia]) of the j™- attribute.

(vi)  m represents the number of alternatives.

(vii)  n represents the number of attributes.
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Chen and Han [43] pointed out that it is inappropriate to use the CLPP (P6.1) due to the
following reasons:
(i)  If there will exist two distinct attributes G, and G, such that ¢, = c, i.e.,, X, d;, =
iz, d;q then the coefficient of the attribute weight w;, and w, will be equal in the
CLPP (P6.1). Therefore, all such values of w,, and wy, corresponding to which w,, +
w, Will be optimal, will represent the optimal values of w,, and w,. Due to the same
reason, on solving the CLPP (P6.1) corresponding to the IVIFMADMPr having IVIF
attribute weights, the number of obtained OAWYV are more than one, which is
mathematically incorrect.
(i) M Xj wj >1or ¥ (1—wj3) < 1. Then, no feasible solution exist for the CLPP
(P6.1) i.e., no OAWV is obtained on solving the CLPP (P6.1).
Also, to resolve the flaws, Chen and Han [43] proposed the crisp NLPP (P6.5) to evaluate
the crisp attribute weights corresponding to the known IVIF attribute weights.

(dij+1)wj—(dij+1.1)_wj
(dij+1)wj+(dij+1.1)_wj

B % j=a(gn + 51‘2))

n m
max ( j=12i=1

Subject to
Wit — &1 Swj<1—wp+¢g,j=12..,n
j=iwi =1, (P6.5)
0<w;<1,j=12..,n
where,

() dj=ajpta;—-1+

ajjzta;; . .
% represents the crisp value corresponding to IVIF

rating value ([a;j1, aijz], [aij3, aija]) OF the i™"- alternative over the ;- attribute.
(i) & and g;, are the unknown variables.
(iii)  w; represents the unknown crisp weight of the j th_attribute corresponding to the known

IVIF weight #; = ([wj1, ], [wjs, wia]) of the j*- attribute.
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(1)
(i1)
(iii)
(iv)

(vi)

(iv)  wj;,wj,wjs and wj, are the elements of the known IVIF weight w; =
([wj1, wjz ), [wjs, wya]) of the j™- attribute.
(v)  m represents the number of alternatives.
(vi)  nrepresents the number of attributes.
6.2 Outcomes of the existing work
On the basis of the results, discussed in Section 6.1, it can be concluded that
No one has pointed out the inappropriateness of Wang and Chen’s method [211].
No one has pointed out the inappropriateness of Chen and Kuo’s method [47].
No one has pointed out the inappropriateness of Chen and Han’s method [42].
No one has pointed out the inappropriateness of Chen et al.’s method [48].
No one has pointed out the inappropriateness of Chen and Han’s method [43].
To apply any of the existing methods [42, 43, 47, 48, 211], there is need to solve the crisp
NLPP’s for which a lot of computational efforts are required.
6.3 A brief review of Wang and Chen’s method
To point out the inappropriateness of Wang and Chen’s method, firstly there is need to
discuss Wang and Chen’s method [211]. Therefore, a brief review of Wang and Chen’s method
[211] is presented in this section.
Wang and Chen proposed the following method to find the ranking of the alternatives for
IVIFMADMPTs having IVIF weights.
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.

Then, transform the j"* cost type attribute into the benefit type attribute by replacing all the

elements &; = ([a;j1, aijz), [aijs aija]) Of the j* column of the IVIFDM D = (o?ij)mxn with
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dij = ([aijg, al-j4], [al-jl, aijz]) and go to Step 2.
Step 2: Using the expression (6.1), transform each IVIF element &;; =

([aijl,al-jz], [aijg,aij4]) of the IVIFDM 5 = (dij)an = ([aijl, aijz], [al-j3,al-j4]) into the

crisp element d;;

(aij1+aij2)(aij1+aij3)_(aij3 +aij4)(aij2 +aij4)

Step 3: Find ¢; = %, d;; Vj = 1,2,...,n and check that ¢; is distinct V j = 1,2, ..., n or not.
Case (i): If ¢; is distinct vV j = 1,2, ...,n then go to Step 6.

Case (ii): If ¢; is same for two or more values of j then go to Step 4.

Step 4: If ¢; is same for s-values of j, where 2 < s < n. Then, find the standard deviation of
all the elements for each of these s- columns and go to Step 5. (The standard deviation g; of all

the elements d;; of the jt" column of the crisp decision matrix D = (dif)mxn is defined as:

2

1 Y dij
oy = {4t (dy - 1))
Step 5: Using the following procedure, transform the crisp decision matrix D = (dif)mxn into

a new crisp decision matrix D' = (dj;) .

Add a real number §; = 0.0001 in the first element of all those columns of the crisp
decision matrix D = (dif)mxn corresponding to which the obtained standard deviation is
minimum. Add a real number §, = 0.0002 in the first element of all those columns of the crisp
decision matrix D = (dij)mxn corresponding to which the obtained standard deviation is next

to minimum. Repeat the same procedure for all the s- columns by increasing 0.0001 in the
previous value of § and go to Step 6.
Step 6: Find the optimal weight w; of the jt"- attribute by solving the CLPP (P6.6) (If Case

(i) of Step 3 is satisfied) or the CLPP (P6.7) (If Case (ii) of Step 3 is satisfied).
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max [Zﬁl Z}l:l dijwj]

{0 Swj; Swp < ;z_lvfgzsl_l’j =12,..,n, (P6.6)
where, d;; is the (i, /)" element of the crisp decision matrix D = (dif)mxn'

max [Y%, X7, dijw] (P6.7)
Subject to

Constraints of the CLPP (P6.6)

where, dj; is the (i, /)" element of the crisp decision matrix D' = (dj;) .

Step 7: Using the expression (6.2), find the value of P, Vi = 1,2, ..., m.
Pr = ([ZFoaw) x @y, B wy X @], [Zoa wy X @yja, Bfa wy X aija]), i = 1.2,.,m (6.2)

Step 8: Check that S(B,) > S(P,) or S(B,) < S(P,) or S(B,) = S(P,), where

S(ﬁp) — (apjl+apjz)(apjl+apj3);(apj3+apj4-)(apj2+apj4) and S(ﬁq) —

(agjitagjz)(agji+agjs)—(aqjs+aqja)(aqjz+aqe)
> )

Case (i): If S(B,) > S(B,) then the ranking of the alternatives is 4, > 4.

Case (ii): If S(B,) < S(B;) then the ranking of the alternatives is 4, < 4.

Case (iii): If S(B,) = S(B,) then go to Step 9.

Step 9: Check that H(B,) > H(P,) or H(P,) < H(B,) or H(B,) = H(P,), where H(B,) =

(1-apj1=apj2)(1=apj1—apj3)+(1-apj3-apjs) (1-apj2—apja)
2

and H(B) =

(1-agj1-agj2)(1-agj1—aqj3)+(1-aqj3—agjs) (1-aqj2=aqja)
. )

Case (i): If H(B,) > H(P,) then the ranking of the alternatives is A, > 4,,.
Case (ii): If H(P,) < H(P,) then the ranking of the alternatives is 4, < 4,.

Case (iii): If H(B,) = H(B,) then 4,, = 4,.
6.4 Inappropriateness of Wang and Chen’s method
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It is inappropriate to use Wang and Chen’s method [211] due to following reasons
(1) On applying Wang and Chen’s method [211] more than one preference orders of the
alternatives are obtained, which is inappropriate. To validate this claim an IVIFMADMPr
having completely known attribute weights, considered by Wang and Chen [211] to
illustrate his proposed method, is solved.
The (i, /)" element of Table 6.1, represented by an IVIFS &@;; = ([aij1, aij2], [aijz aijal)s
represents the rating value of the i**-alternative over the j*-attribute.

Table 6.1: Rating Values

Attributes—
l G4 G,

Alternatives

A, ([0.40, 0.50], [0.30, 0.40])| ([0.40, 0.60], [0.20, 0.40])

A, ([0.40, 0.60], [0.20, 0.40])| ([0.40,0.50], [0.30, 0.40])

Also, if it is assumed that Ww; = (][0,0.10],[0.20,0.40]) and W, =
([0.10,0.20],[0.10, 0.70]) represents the IVIF weights.
Then, using Wang and Chen’s method [211], the ranking of the alternatives of the
considered IVIFMADMPr having IVIF attribute weights can be obtained as follows:
Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Wang and Chen’s
method [211], discussed in Section 6.3, there is no need to apply Step 1.
Step 2: According to Step 2 of Wang and Chen’s method [211], discussed in Section 6.3, there

is need to calculate d;; Vi = 1,2;j = 1,2. These values are shown in Table 6.2.

Table 6.2: Values of d;;

d11=0 d12=0
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d21:0 d22:0

Step 3: Using Step 3 of Wang’s method [211], discussed in Section 6.3,
ci=Yr,d;=0+0=0,c,=Y%,d,=0+0=0.

Since Y2, d;; = X%, d;, so according to case (ii) of Step 3 of Wang and Chen’s
method, there is need to apply Step 4 of Wang and Chen’s method [211], discussed in Section
6.3.

Step 4: Using Step 4 of Wang’s method [211], discussed in Section 6.3, the standard deviations
o, and g, of the elements 0, 0 of the first column of the crisp decision matrix D and the elements
0, 0 of the second column of the crisp decision matrix D are o; = 0, o, = 0 respectively.

Step 5: Since 0; = g,, so according to Step 5 of Wang and Chen’s IVIFMADM method [211],
there is need to obtain a new crisp decision matrix D’ by adding &8, = 0.0001 in the first
elements of both the columns of the crisp decision matrix i.e., the crisp decision matrix D =

0+ 0.0001 O+ 0.0001) _

(0 O) will be transformed into the crisp decision matrix D’ = ( 0 0

0 0

(0.0(())01 0.0(())01).

Step 6: Using Step 6 of Wang and Chen’s method [211], discussed in Section 6.3, there is need
to solve the CLPP (P6.8).

Max (w; % (0.0001) + w; X (0.0) + w, X (0.0001) + w;, X (0.0))

Subject to

0.1<w; 0.8,
0.2<w, <09,
wy +w, =1,
wy; = 0,w, = 0.

(P6.8)

It can be easily verified that on solving the CLPP (P6.8) infinite number of OAWYV are
obtained e.g., (w;,w,) = (0.80,0.20) and (w;, w,) = (0.20,0.80) both are the OAWV.

Step 7: On considering the OAWYV, (w;, w,) = (0.80,0.20) and using Step 7 of Wang and
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Chen’s method [211], discussed in Section 6.3,
P, = ([(0.80)(0.40) + (0.20)(0.40), (0.80)(0.50) + (0.20)(0.60)],[(0.80)(0.30) + (0.20)
(0.20),(0.80)(0.40) + (0.20)(0.40)]) = ([0.40,0.52],[0.28,0.40]),
P, = ([(0.80)(0.40) + (0.20)(0.40), (0.80)(0.60) + (0.20)(0.50)],[(0.80)(0.20) + (0.20)
(0.30),(0.80)(0.40) + (0.20)(0.40)]) = ([0.40,0.58],[0.22,0.40]).
While, on considering the OAWV, (w;,w,) = (0.20,0.80) and using Step 7 of Wang
and Chen’s method [211], discussed in Section 6.3,
P, = ([(0.20)(0.40) + (0.80)(0.40), (0.20)(0.50) + (0.80)(0.60)],[(0.20)(0.30) + (0.80)
(0.20), (0.20)(0.40) + (0.80)(0.40)]) = ([0.40,0.58],[0.22,0.40]),
P, = ([(0.20)(0.40) + (0.80)(0.40), (0.20)(0.60) + (0.80)(0.50)],[(0.20)(0.20) + (0.80)
(0.30),(0.20)(0.40) + (0.80)(0.40)]) = ([0.40,0.52],[0.28,0.40]).
Step 8: Using Step 8, of Wang and Chen’s method [211], discussed in Section 6.3,

(i) Corresponding to the OAWV, (w;,w,) = (0.80,0.20), S(P,) =0,5(P,) = 0. Since,
S (ﬁl) =S (ﬁz). Therefore, according to Case (ii1) of Step 8 of Wang and Chen’s method
[211], discussed in Section 6.3, there is need to apply Step 9.

(i)  Corresponding to the OAWYV, (wy,w,) = (0.20,0.80), S(P,) =0,S(P,) = 0. Since,
S (Pl) =S (ﬁz). Therefore, according to Case (iii) of Step 9 of Wang and Chen’s method
[211], discussed in Section 6.3, there is need to apply Step 9.

Step 9: Using Step 9, of Wang and Chen’s method [211], discussed in Section 6.3,

(i) Corresponding to the OAWV, (w;,w,) = (0.80,0.20), H(P;)=0.2255H(P,) =
0.2373. Since, H(P,) > H(P,). So, according to Step 9 of Wang and Chen’s method
[211], discussed in Section 6.3, A, > A;.

(ii) Corresponding to the OAWV, (w,,w,) = (0.20,0.80), H(P,) = 0.2373,H(P,) =

0.2255. Since, H(P,) > H(P,). So, according to Step 9 of Wang and Chen’s method

182



[211], discussed in Section 6.3, A; > A,.

(2) Wang and Chen’s method [211] fails to find the ranking of the alternatives. The following

clearly validates this claim.

(i)  Ifthe IVIF weights #w, = ([0,0.10],[0.20,0.40]) and W, = ([0.10,0.20], [0.10, 0.70])
are replaced with w; = ([0.10,0.10],[0.80,0.90]) and w, =
([0.10,0.20],[0.50,0.70]). Then, no feasible solution of the considered IVIFMADMPr
will be obtained as the condition }7_; w;* < 1 will be satisfied i.e., the ranking of the
alternatives of the modified problem cannot be obtained by Wang and Chen’s method
[211].

(ii) I the IVIF weights w; = ([0, 0.10],[0.20, 0.40]) and w, = ([0.10,0.20],[0.10,0.70])
are replaced with w; = ([0.60,0.70],[0.20,0.30]) and w, =
([0.60,0.70],[0.20,0.30]). Then, no feasible solution of the considered IVIFMADMPr
will be obtained as the condition Z’J-Llel > 1 will be satisfied i.e., the ranking of the
alternatives of the modified problem cannot be obtained by Wang and Chen’s method
[211].

6.5 A brief review of Chen and Kuo’s method

To point out the inappropriateness of Chen and Kuo’s method [47], there is need to discuss

Chen and Kuo’s method [47]. Therefore, a brief review of Chen and Kuo’s method [47] is

presented in this section.

Chen and Kuo [47] proposed a method for solving IVIFMADMPrs in which the rating

value of the it"- alternative over the j'*- attribute is represented by IVIFS @ =
([aij1, aijz), [aijz aija]) as well as the weights of the jt"- attribute W; is represented by IVIFS

W = ([wj1, wya), [wys, wa]).
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
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Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.

Then, convert the jt* cost type attribute into the benefit type attribute by replacing all the

elements &; = ([a;j1, aijz), [aijs aija]) O the j* column of the IVIFDM D = (o?ij)mxn with

@ = ([aijs, aija), aij1, aij2]) and go to Step 2.

Step 2: Using the expression (6.3), transform each IVIF element &;; =

([aijl, al-jz], [aij3,aij4]) of the IVIFDM 5 = (&l]) = ([aijl, aijz], [aijg,aij4]) into the

mxn

crisp element d;;

dyj = (Mptette T ) (6.3)
Step 3: Using the expression (6.4), find the value of ¢; V j = 1,2, ...,n
Cj = Z‘{il dl] ,j = 1,2, e, n (64)

Step 4: Find the OAWV, (w;, w,, ..., wy,) by solving the CLPP (P6.9).

Maximize (Zl 12 ]=1 Dk= 1|tanh(wj X dU) tanh(wj X dk]-)| + 0.1 x

i#k

i21 X tanh(w; x dij) = Xja (g + 51'2))

Subject to
(1 —wjs + ¢, 2w, =2 wj; — gy,
Z?:l W] = 11
o<w; <1
- = P6.9
0<¢g,<1,
\ 1<j<n
Step 5: Using the expression (6.5), find the value of P; Vi = 1,2,...,m
ﬁl’ — (I:Z] 1 Aij1XWj Z] 1(11]2><W]] [2] 1aL]3XW] Z] 1(11}4><WJ])’L- — 1’2’."’m (65)
2/ 1Wj i1 Wj

Step 6: Check that S(B,) > S(B,) or S(B,) < S(B,) or S(B,) = S(B,), where S(B,) =
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n i . n . . n . . n . .
Ljo1Apj1XWj XjoqApjaXWj XjqQpj3XWj XjqdpjsXW;

n , T n , mn B n .
ijle ijle Zj=1W] Zj=1W]
2

and

n w. T w3 oxws 3T W s
Xj=19gj1>Wj Xj=q9gj2XWj Lj=18qj3%XWj Lj=1aqjaXW;

S(ﬁq)z Sawy I wj Zjo1Wj ZioqWj
2

Case (i): If S(B,) > S(B,) then the ranking of the alternatives is 4, > 4.

Case (ii): If S(B,) < S(B,) then the ranking of the alternatives is A4, < 4,,.

Case (iii): If S(B,) = S(&,) then go to Step 7.

Step 7: Check that H(B,) > H(B,) or H(P,) < H(B,) or H(B,) = H(B,), where H(P,) =

n n n n
Lj=19pj1XWj Xj=18pj2XWj Xj=qApj3XWj XjqdpjsXWj

Zr-lz wi ' Zr-lz wi ' Zr-lz 2 ' Zr-lz wi ~
j=1"] j=1"] j=1"] j=1"] and H(Pq) —
2

n n n n
Xj=19qj1*Wj Xj=19qj2XWj Xj=18qj3%XWj Lj=18qjaXW;

n ' n ' n ' n
Lj=1%j Lj=1Wj Lj=1Wj Lj=1Wj
2

Case (i): If H(B,) > H(P,) then the ranking of the alternatives is 4, > 4,.
Case (ii): If H(P,) < H(P,) then the ranking of the alternatives is A, < 4,,.
Case (iii): If H(B,) = H(P,) then go to Step 8.

Step 8: Check that T(B,) > T(B,) or T(B,) < T(B,) or T(B,) = T(B,), where

n

n n
21 1ap12XW1 Yj=1apj3XWj  Xj=q Gpj1XW;j Z:1 1apjaxXwW d T P _ X 1aq12XW1
= e an ===
2j=1WJ 2] 1Wj j=1 Wj ] 1Wj

n xws Y W
Yj=1dqj3XWj  Lj=10qj1XW; 21 1aQJ4XWJ
n . n 3 n
LjoWj Ljoq Wj Ljoq Wj

Case (i): If T(B,) > T(PB,) then the ranking of the alternatives is 4,, < 4,.

Case (ii): If T(B,) < T(P,) then the ranking of the alternatives is A, > 4.

Case (iii): If T(P,) = T(B,) then go to Step 9.

Step 9: Check that G(B,) > G(B,) or G(B,) < G(B,) or G(B,) = G(B,), where G(P,) =

n n n n
Zj=1apj2XWj 2] 1ap]4XWj 2] 10pj1XWj 2] 1 QpjzXwW
— —22PE Jand G(B) =

j=1Wj j=1Wj i=1Wj

Z] 1Qqj2%XWj

n )
j=1Wj ] 1Wj
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n . . n . . n . .
n Yj=10qjaXW; _ Yj=10qj1XW;] _ Yj=10qj3XW;
n n n *

j=1Wj j=1Wj j=1Wj

Case (i): If G(P,) > G(P,) then the ranking of the alternatives is 4, < 4.
Case (ii): If G(P,) < G(B,) then the ranking of the alternatives is A, > A,,.
Case (iii): If G(B,) = G(B,) then the ranking of the alternatives is 4, = 4,.
6.6 Inappropriateness of Chen and Kuo’s method

On applying Chen and Kuo’s method [47] more than one preference orders of the
alternatives are obtained, which is inappropriate. To validate this claim an IVIFMADMPr
having completely known attribute weights, considered by Chen and Kuo [47] to illustrate their
proposed method [47], is solved with some modifications.

If it is assumed that the (i,j)*" element of Table 6.3, represented by an IVIFS @ =
([aij1, aijz), [aijz aija]), represents the rating value of the i**-alternative over the j**-benefit
attribute. Also, if it is assumed that W, = ([0.15,0.20],[0.20,0.40]) and W, =
([0.15,0.20],[0.20, 0.70]) represents the IVIF weights.

Table 6.3: Rating Values

Attributes—
l G, G,

Alternatives

A, ([0.10,0.40], [0.20,0.30]) | ([0.01,0.04], [0.02,0.03])

A, ([0.02,0.04],[0.01,0.05]) | ([0.20,0.50], [0.30,0.40])

Then, using Chen and Kuo’s method [47], the ranking of the alternatives of the modified
IVIFMADMPr having IVIF attribute weights can be obtained as follows:
Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Chen and Kuo’s

method [47], discussed in Section 6.5, there is no need to apply Step 1.
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Step 2: According to Step 2 of Chen and Kuo’s method [47], discussed in Section 6.5, there is

need to calculate d;; V i = 1,2;j = 1,2. These values are shown in Table 6.4.

Table 6.4: Values of d;;

d11=1 d12=1

d21=1 d22=1

Step 3: Using Step 3 of Chen and Kuo’s method [47], discussed in Section 6.5,

G =Xidp=1+1=2,

=Y dp,=1+1=2.

Step 4: Using Step 4 of Chen and Kuo’s method [47], discussed in Section 6.5, there is need

to solve the CLPP (P6.10).
Maximize (0.1 X (Ztanh(wl) + Ztanh(wz)) - (ejl + & + gz + ej4))

Subject to

(0.80 + &, = w; = 0.15 — ¢4,
0.80 + g3 = w, = 0.15 — gj3,
wy +w, =1,
0<w; <1,

. 0<w, <1, (P6.10)
0<eg <1,

0<eg, <1,
0S£13S11
\ OS€]4S1

It can be easily verified that on solving the CLPP (P6.10) infinite number of OAWYV are
obtained e.g., (w;,w,) = (0.20,0.80) and (w;, w,) = (0.80,0.20) both are the OAWV.
Step 5: On considering the OAWYV, (w;,w,) = (0.20,0.80) and using Step 5 of Chen and
Kuo’s method [47], discussed in Section 6.5,
P, = ([(0.20)(0.10) + (0.80)(0.01), (0.20)(0.20) + (0.80)(0.02)],[(0.20)(0.30) +(0.80)

(0.03), (0.20)(0.40) + (0.80)(0.04)]) = ([0.028, 0.112], [0.056, 0.084]),
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P, = ([(0.20)(0.02) + (0.80)(0.20), (0.20)(0.04) + (0.80)(0.5)],[(0.20)(0.01) +(0.80)

(0.30),(0.20)(0.05) + (0.80)(0.40)]) = ([0.164,0.408],[0.242,0.33]).
While, on considering the OAWV, (w,,w,) = (0.80,0.20) and using Step 5 of Chen

and Kuo’s method [47], discussed in Section 6.5,

P, = ([(0.80)(0.10) + (0.20)(0.01), (0.80)(0.20) + (0.20)(0.02)],[(0.80)(0.30) +(0.20)
(0.03), (0.80)(0.40) + (0.20)(0.04)]) = ([0.082,0.328],[0.164,0.246]),

P, = ([(0.80)(0.02) + (0.20)(0.20), (0.80)(0.04) + (0.20)(0.5)],[(0.80)(0.01) +(0.20)
(0.30), (0.80)(0.05) + (0.20)(0.40)]) = ([0.056,0.132],[0.068,0.120]).

Step 6: Using Step 6, of Chen and Kuo’s method [47], discussed in Section 6.5,

(i) Corresponding to the OAWV, (wy,w,) = (0.20,0.80), S(P,;) = 0,5(P,) = 0. Since,
S(P,) = S(P,). So, according to Step 6 of Chen and Kuo’s method [47], discussed in
Section 6.5, there is need to apply Step 7.

(i)  Corresponding to the OAWV, (wy,w,) = (0.80,0.20), S(P,) = 0,S(P,) = 0. Since,
S(P,) = S(P,). So, according to Step 6 of Chen and Kuo’s method [47], discussed in
Section 6.5, there is need to apply Step 7.

Step 7: Using Step 7 of Chen and Kuo’s method [47], discussed in Section 6.5,

(i)  Corresponding to the OAWYV, (wy,w,) = (0.20,0.80), H(P,) = 0.14,H(P,) = 0.572.
Since, H(P,) > H(P,). So, according to Step 6 of Chen and Kuo’s method [47], discussed
in Section 6.5, A, > A;.

(i)  Corresponding to the OAWYV, (w,,w,) = (0.80,0.20), H(P,) = 0.41, H(P,) = 0.188.
Since, H(P;) > H(P,). So, according to Step 6 of Chen and Kuo’s method [47], discussed
in Section 6.5, A; > A,.

It is obvious that on applying Chen and Kuo’s method [47] two different ranking of the

alternatives are obtained for the same IVIFMADMPr having IVIF attribute weights, which is
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mathematically incorrect. Hence, it is inappropriate to use Chen and Kuo’s method [47] to
solve IVIFMADMPTrs having IVIF attribute weights.
6.7 A brief review of Chen and Han’s method

To point out the inappropriateness of Chen and Han’s method [42], there is need to discuss
Chen and Han’s method [42]. Therefore, a brief review of Chen and Han’s method [42] is
presented in this section.

Chen and Han [42] proposed a method for solving IVIFMADMPrs in which the rating
value of the i"- alternative over the ;- attribute is represented by IVIFS @; =
([aij1, aijz), [aijz aija]) as well as the weights of the jt"- attribute W; is represented by IVIFS
W = ([wjr, wya), [wys, wa]).

Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.

Case (i): If all the attributes are of same type then go to Step 2.

Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.
Then, convert the j* cost type attribute into the benefit type attribute by replacing all the
elements &; = ([a;j1, aijz), [aijs aija]) Of the j** column of the IVIFDM D = (ézij)mxn with
@;j = ([aijz aija], [aij1, aij2]) and go to Step 2.

Step 2: Using the expression (6.6), transform each IVIF element &;; =
([al-jl, al-jz], [aijg, aij4]) of the IVIFDM D = (&U)mxn = ([aijl,aijz], [aij3,ai]-4]) into

the crisp element d;;.

ajj1+aij—a;jz3—Aaij
dij — 2yt 122 J3_ T4 (66)
Step 3: Find ¢; = Y2, d;; Vj = 1,2,...,n and check that ¢; is distinct V j = 1,2, ..., n or not.
Case (i): If ¢; is distinct V j = 1,2, ..., n then go to Step 6.

Case (ii): If ¢; is same for two or more values of j then go to Step 4.
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Step 4: If ¢; is same for two or more values of j. Then, replace the (i, )" element @ =

([aijl, al-jz], [aijg, aij4]) of the IVIFDM, 5 = (dij)an with
&l = ([1- (1 -ay)" 1= (1 - ay2)"], [ays™ aia?]). to obtain a new IVIFDM b' =

(@) and hence a new crisp decision matrix D' = (dj;) = (S(ocij )mxn and check

that for A = 2, Case (i) of Step 3 is satisfying or not, where d;; = ;.

Case (i): If Case (i) of Step 3 is satisfied then go to Step 5.

Case (ii): If Case (i) of Step 3 is not satisfied then repeat the same procedure with A = 3
and so on until Case (i) of Step 3 is not satisfied. When it is satisfied then go to Step 5.

Step 5: Find the OAWV, (w;, wy, ..., wy,) by solving the CLPP (P6.11). (If Case (i) of Step 3
is satisfied) or the CLPP (P6.12) (If Case (ii) of Step 3 is satisfied).

max X, ¢wj]

Subject to

O<wy<sw<l-wz<1j=12.,n, (P6.11)

n

where, d;; is the (i, j)t"element of the crisp decision matrix D = (d;;)

mxn’
max [%7L; X cjwj] (P6.12)
Subject to

Constraints of the CLPP (P6.11)

where, dj; is the (i, j)*"element of the crisp decision matrix D' = (d;;)

mxn

Step 6: Using the expression (6.7), find the value of P, Vi = 1,2, ..., m.

P=([1- (1 —ayn) 1 = Tes (1 — ai2) ™) [T (ijz) ™ Tl (@ija) '), i =
1,2,..,m (6.7)

Step 7: Check that S(B,) > S(B,) or S(B,) < S(B,) or S(B,) = S(B,), where
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S(ﬁp) = 1_n?=1(1‘apj1)wj+1‘H}'1=1(1_a”;2)wj_H}Ll(apjs)wj‘H?=1(am'3)wj an

d

- =TT (1= ) T +1=TT"  (1—a, )T =TT AN o 0/ Wi
S(Pq)= Hl—l( aqjl) + H]—l( aq122) H1_1(aq13) H1_1(aq]3) .

Case (i): If S(B,) > S(B,) then the ranking of the alternatives is 4, > 4,.

Case (ii): If S(B,) < S(B,) then the ranking of the alternatives is A4, < 4,,.

Case (iii): If S(B,) = S(&,) then go to Step 8.

Step 7: Check that H(B,) > H(B,) or H(P,) < H(B,) or H(B,) = H(B,), where H(P,) =

1T (1-apj1) T +1-T1 (1-ap5) T -7y (apja) ™ - Ty (apj3) "™ .
2

nd

1-T (1-agjn) T +1-T1y (1-agj2) "~y (agjz) "/ ~TTq (agss)

H(pq): 2

Case (i): If H(B,) > H(P,) then the ranking of the alternatives is 4, > 4,,.
Case (ii): If H(P,) < H(PB,) then the ranking of the alternatives is A, < 4,.

Case (iii): If H(B,) = H(B,) then 4,, = A,.

6.8 Inappropriateness of Chen and Han’s method
It is inappropriate to use Chen and Han’s method [42] due to following reasons

(1) On applying Chen and Han’s method [42] more than one preference orders of the
alternatives are obtained, which is inappropriate. To validate this claim an IVIFMADMPr
having completely known IVIF attribute weights, considered by Chen and Han [42] to

illustrate their proposed method [42], is solved with some modifications.

If it is assumed that the (i,j)*" element of Table 6.5, represented by an IVIFS &;; =
([aij1, aijz), [aijs aija]), represents the rating value of the it*-alternative over the j"-
attribute.

Table 6.5: Rating Values
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Attributes—
l G, G,

Alternatives

Ay ([0.10,0.20], [0.30,0.40]) | ([0.30,0.40],[0.40,0.50])

A, ([0.30,0.40], [0.40,0.50]) | ([0.10,0.20], [0.30,0.40])

Also, if it is assumed that w; = ([0,0.1],[0.2,0.4]) and w, = ([0.1,0.2],[0.1,0.7])
represents the IVIF weights.

Then, using Chen and Han’s method [42], the ranking of the alternatives of the
IVIFMADMPr having completely known IVIF attribute weights can be obtained as follows:
Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Chen and Han’s
method [42], discussed in Section 6.7, there is no need to apply Step 1.

Step 2: According to Step 2 of Chen and Han’s method [42], discussed in Section 6.7, there is

need to calculate d;; Vi = 1,2;j = 1,2. These values are shown in Table 6.6.

Table 6.6: Values of d;;

dll = _020 d12 = _010

d21 = _010 d22 = _020

and calculate
c; =YY% ,d;; =—-0.20-0.10 = —0.30,
¢, = Y2 ,di =—0.10 — 0.20 = —0.30.
Step 3: Using Step 3 of Chen and Han’s method [42], discussed in Section 6.7,
Since ¢; = ¢, so according to Step 3 of Chen and Han’s IVIFMADM method [42],

replacing the elements &; = ([aij1, aij2], [aijs, aija]) Of the IVIFDM D = (071-]-)2X2
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(([a111» ay1z2], (@113, @114])  ([@121, A122], [a123, a124])>
([az11, az212], [az13, az14])  ([@221, 222, [A223, A224])

(([0.10,0.20], [0.30,0.40]) ([0.30,0.40], [0.40,0.50])) with il = ([1 _ (1 —
ij =

([0.30,0.40], [0.40,0.50])  ([0.10,0.20], [0.30,0.40])

aijl)/l, 1-(1- aijz)/l] s, aij4’1]), the obtained new IVIFDM is D" = (&, s

/([1 -(1-0.10041-(1- 0.20)/1],) <[1 - (1-03041—-(1- 0.40)1],>\
_| [0.30%,0.40%] [0.40%,0.50%] |

[1-(1-030)%1-(1-040)%, <[1 -(1-010041-(1- 0.20)1],)
\( [0.40%,0.50*] ) [0.30%,0.407] /

B (([1 —0.90%,1 —0.80%],[0.30%,0.40%]) ([1-0.70% 1 —0.60%], [0.40%, 0.501])>
~\([1 - 0.70% 1 - 0.60%],[0.40%,0.50*])  ([1 — 0.90%,1 — 0.80%],[0.30%,0.40%]) )

and  hence, the obtained new crisp decision  matrix D’=(d{j)2X2=

1-0.904-0.3044+1-0.804-0.40* 1-0.70%4-0.40*+1-0.60%-0.501

2 2
1-0.701-0.404+1-0.604-0.50*  1-0.90%-0.301+1-0.80*—0.40%
2 2

2-0.901-0.30%4-0.80%-0.40* 2-0.701-0.40%1-0.60*-0.50%

_ 2 2
“ | 2-0.70*-0.40*-0.60*-0.50* 2-0.90*-0.30*-0.80*-0.40% |’
2 2
It is obvious that di, +dy, =di, +dy, =

4-0.90%-0.301-0.80%1-0.40%-0.701-0.40%-0.601—0.50%

> for all values of A.

Therefore, it is not possible to apply further steps of Chen and Han’s IVIFMADM
method [42] as these steps can be applied only if there exist a 4 such that }i; d;; is different
for all values of j. While, for the considered IVIFMADMPT, this condition will never be

satisfied. Hence, Chen and Han’s IVIFMADM method [42] fails to solve the considered

IVIFMADMPr,
(2) Chen and Han’s method [42] fails to find the ranking of the alternatives. The following

clearly validates this claim.

(i) If the set w, = (]0,0.10],[0.20,0.40]) and w, = ([0.10,0.20],[0.10, 0.70]) is replaced
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with #, = ([0,0.10],[0.80,0.90]) and W, = ([0.10,0.20],[0.50,0.70]). Then, no
feasible solution of above IVIFMADMPr will be obtained as the condition Z;‘zl Wj“ <1is
satisfying i.e., the ranking of the alternatives of the modified problem cannot be obtained
by Chen and Han’s method [42].

(i) If the set w, = (]0,0.10],[0.20,0.40]) and w, = ([0.10,0.20],[0.10, 0.70]) is replaced
with w, = ([0.60,0.70],[0.20,0.30]) and W, = ([0.60,0.70],[0.20,0.30]). Then, no
feasible solution of above IVIFMADMPr will be obtained as the condition Z}‘zl sz >1is
satisfying i.e., the ranking of the alternatives of the modified problem cannot be obtained
by Chen and Han’s method [42].

(3) The ranking of the alternatives, obtained by Chen and Han’s method [42], is not
appropriate. The following example clearly validates this claim.

If it is assumed that the (i, /)" element, represented by an IVIFS, of Table 6.7 represents
the rating value of the i*"-alternative over the j"-attribute. Also, if it is assumed that W, =

([0,0.1],[0,0.4]) and W, = ([0, 0.2], [0, 0.7]) represents the IVIF weights.

Table 6.7: Rating Values

Attributes—
l G, G,

Alternatives

A, ([0.10,0.30], [0.20,0.40]) | ([0.10,0.50], [0.20,0.40])

A, ([0.10, 0.30], [0.10, 0.50]) | ([0.10,0.50], [0.20,0.40])

Then, it is obvious that the ranking of the alternatives A; and A, can never be A; = A,
as the rating values of both the alternatives corresponding to the attribute G, are equal.
Whereas, the rating values of both the alternatives corresponding to first attribute G, are not

equal. While, the following clearly indicates that on applying Chen and Han’s method [42], the
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obtained ranking of the alternatives is A; = A,, which is inappropriate.

Using Chen and Han’s method [42] the ranking of the alternatives A; and A, can be
obtained as follows:
Step 1: Since, all the attributes are of benefit type. So, according to Step 1 of Chen and Han’s
method [42], discussed in Section 6.7, there is no need to apply Step 1.
Step 2: According to Step 2 of Chen and Han’s method [42], discussed in Section 6.7, there is

need to calculate the values of d;; Vi = 1,2;j = 1,2. These values are shown in Table 6.8.

Table 6.8: Values of d;;

dll = _010 d12 = O

d21 = _010 d22 = O

Step 3: Using Step 3 of Chen and Han’s method [42],
c; =YY% ,d;; =—-0.10-0.10 = —0.20,
¢, =X2,di, =0+0=0.
Step 4: Since c¢; # c,, so according to Step 3 of Chen and Han’s IVIFMADM method [42],
there is no need to apply Step 4, go to Step 5.
Step 5: Using Step 5 of Chen and Han’s method [42], discussed in Section 6.7, there is need
to solve the CLPP (P6.13).
Max[(—0.10)w; + (—=0.10)w; + (0.00)w, + (0.00)w,]

0<w; <1,
st{0<w, <1, (P6.13)

wy +w, = 1.

It can be easily verified that on solving the CLPP (P6.13), the obtained OAWYV is

(wy,wy) = (0,1).
Step 5: On considering the OAWYV, (wy,w,) = (0,1) and using Step 5 of Chen and Han’s

method [42], discussed in Section 6.7,
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P,=((1-(1-0.10)°(1-0.10)},1 — (1 —0.30)°(1 — 0.50)*],[(0.2)°(0.20)*,(0.40)°
(0.40)']) = ([0.10,0.50],[0.20,0.40]),
P, =(1-(1-0.10)°(1-0.10)},1 — (1 - 0.30)°(1 — 0.50)],[(0.1)°(0.20)%,(0.50)°
(0.40)]) = ([0.10,0.50],[0.20,0.40]).
Step 6: Using Step 6, of Chen and Han’s method [42], discussed in Section 6.7,
S(P,) = —0.10,5(P,) = —0.10. Since, S(P,) = S(P,). Therefore, according to Case (iii) of
Step 6 of Chen and Han’s method [42], proposed in Section 6.7, there is need to apply Step 7.
Step 7: Using Step 6, of Chen and Han’s method [42], discussed in Section 6.7,
H(P,) = 0.50,H(P,) = 0.50.

Since, H(P,) = H(P;). So, according to Step 7, of Chen and Han’s method [42],
discussed in Section 6.5, the ranking of the alternatives is A; = A,.

It is obvious that on applying Chen and Han’s method [42], the relation A; = A, is
obtained, which is inappropriate.
6.9 A brief review of Chen et al.’s method

Chen et al. [48] proposed the following method to solve IVIFMADMPrs having IVIF

weights.
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.
Then, convert the jt* cost type attribute into the benefit type attribute by replacing all the

elements &; = ([a;j1, aijz), [aijs aija]) Of the j* column of the IVIFDM D = (dij)mxn with

@;j = ([aijs aija), [aij1, aij2]) and go to Step 2.

Step 2: Using the expression (6.8), transform each IVIF element
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&;j = ([aij1, aijz] [aijs aija]) of the IVIFDM D = (@;;) = ([aij1, aijz] [@ijs, aija])

into the crisp element d;;.

ajj1—Ajjz3+aij—a;j
dij :( J1 ]32 J2 Jj4 + 1) (68)
Step 3: Find the OAWV, (wy, w,, ..., wy,) by solving the crisp NLPP (P6.4).

Step 4: Using the expression (6.9), find the value of P, Vi = 1,2, ..., m.

P = ([Efcawiaijn, Zjcawiaie], [Ejoa wiays, Ejca wiaiga]) i = 1.2, .m (6.9)

Step 6: Check that S(B,) > S(B,) or S(B,) <S(B,) or S(B,) = S(B,), where S(B,) =

n n n n
2j=1Wjdpj1+Yj=1Wjlpjz=Xj=1 Wjapjz—2j=1Wjdpja and
2

N Nm s L sn
S(ﬁ) _ Xj=1Wjaqj1+Xj=1 Wjaqjz=Xj=1 Wjlqj3=Xj=1 Wjlqjs
q - 2 "

Case (i): If S(B,) > S(B,) then the ranking of the alternatives is 4, > 4.

Case (ii): If S(P,) < S(B,) then the ranking of the alternatives is 4, < 4,,.
Case (iii): If S(B,) = S(B,) then go to Step 7.

Step 7: Check that H(B,) > H(P,) or H(B,) < H(B,) or H(B,) = H(B,), where

n n n n
Tj=1Wjapj1+Ej= Wjapja+Ej= Wjdpja+Ej—1 Wjdpja

H(B) = . and

n n n n
Yj=1Wjagj1+Yj=1Wjaqjz+Yj=q Wjlqj3+Xj=1 Wjlqja

H(pq): 2

Case (i): If H(B,) > H(P,) then the ranking of the alternatives is 4, > 4,.

Case (ii): If H(P,) < H(P,) then the ranking of the alternatives is 4, < 4,.

Case (iii): If H(B,) = H(P,) then go to Step 8.

Step 8: Check that T(B,) > T(B,) or T(B,) < T(B,) or T(B,) =T(B,), where T(B,) =
Licawjapjp + Ejea Witpjs = Ljca wiapjs = Ejoawjapja - and - T(Fy) = Xj_ywjaqj +
Y1 Wjlqjs — Xjoq Wjlgj1 — Xj=1Wjdgja-

Case (i): If T(B,) > T(B,) then the ranking of the alternatives is 4, < 4,.
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(i)

(i)

(iii)

Case (ii): If T(B,) < T(P,) then the ranking of the alternatives is A, > 4.
Case (iii): If T(B,) = T(,) then go to Step 9.
Step 9: Check that G(B,) > G(B,) or G(B,) < G(B,) or G(B,) = G(B,), where G(P,) =
X1 Wiapjz + X Wipja = Xjoa Wiapjs — N Witz and - G(Fy) = Xy wiagz +
Xj=1WjGgja = Xj=1Wjqj1 = Lj=1Wjdqj3.
Case (i): If G(P,) > G(P,) then the ranking of the alternatives is 4, < 4.
Case (ii): If G(P,) < G(B,) then the ranking of the alternatives is A, > A,,.
Case (iii): If G(B,) = G(B,) then the ranking of the alternatives is 4, = 4,.
6.10 Inappropriateness of Chen et al.’s method
In can be easily concluded from Section 3.1 of Chapter 3, that
If Z};l sz > 1 then no feasible solution of the IVIFMADMPr will exist. However, if one

is interested to find the solution then there is need to increase the total available amount

i.e., there is need to replace the weight w; of the jt* attribute with w; + & where g > 0.
If Z;‘zl wj” < 1 then no feasible solution of the IVIFMADMPr will exist. However, if one
is interested to find the solution then to find the feasible solution of IVIFMADM there is
need to replace the constraint 2’}=1 w; = 1 with the constraint Z}lzl w; < 1.

If neither the condition X7, sz > 1 nor the condition }7_, w;* < 1 will be satisfied. Then,
there is neither any need to replace w; of the jth attribute with w; + & nor any need to
replace the constraint 37_; w; = 1 with the constraint ¥%_, w; < 1.

However, it is obvious from the NLPP (P6.4) that Chen et al. [48] have not considered these

conditions to propose the NLPP (P6.4). Furthermore, to find the feasible solution of the
IVIFMADMPY, Chen et al. [48] have reduced the lower bound sz and/or increased the upper
bound w;*. According to Section 3.1 of Chapter 3, this modification physically indicates that

the restrictions have been relaxed instead of increasing the amount. Due to all these reasons it
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is inappropriate to use the NLPP (P6.4) to find the crisp attribute weight w;, corresponding to

the IVIF weights w; = ([le,wjz], [wj3,wj4]). Hence, it is inappropriate to use Chen et al.’s
method [48].
6.11 A brief review of Chen and Han’s method

Chen and Han [43] proposed the following method for solving IVIFMADMPrs having
IVIF weights.
Step 1: Check that all the attributes are of same type or not i.e., check that all the attributes are
benefit type attribute or cost type attribute.
Case (i): If all the attributes are of same type then go to Step 2.
Case (ii): If some attributes are cost type attributes and the remaining are benefit type attributes.

Then, convert the j¢" cost type attribute into the benefit type attribute by replacing all the

elements (’YU = ([aijl, al-jz], [aij3, aij4]) of thejth column of the IVIFDM 5 = (&ij)mxn with

aij = ([aijs; aij4]; [am, aijz]) and go to Step 2.
Step 2: Check that either the condition 37_, w/ > 1 or the condition ¥7_, w}* < 1 is satisfying.

Case (i) If X}_, w/ > 1 then transform the IVIF weight #W; = ([wj1, wj2], [wjs, wjs]) into the

Wj1

]

=1 Wj

Case (ii) If ¥7_; w/* < 1 then transform the IVIF weight W; = ([wj1, w;2], [wjs, wjs]) into the

IVIF weight Wf=([wj1,wj2],[wj3, Wi D

Zjawj
Step 3: Using the expression (6.10), transform each IVIF element &;; =
([aij1, aijz), [aijz aija]) of the IVIFDM D = (dij)mxn = ([aij1, aijz) [aijz aija]) into the
crisp element d;;

ijztaij
dij = (aijl + al-jz -1+ %) (610)
Step 4: Find the OAWV, (wy, w,, ..., w,,) by solving the crisp NLPP (P6.5).

199



( W, =—dt_ if Y owl>1
| T W f Zj=1w;
where, 4 Wiz = Wiz if ¥ wht<1

n .
ijle

ijl —w;;andwj; = wj;  otherwise
Step 5: Using the expression (6.11), find the value of P, Vi = 1,2, ..., m.
Pi = (=i (@)™ Maa(ag2) ] [1 = T (1 = @)™ 1 = T (1 = aga) 7)), i =
1,2,..,m (6.11)
Step 6: Check that S(B,) > S(B,) or S(B,) <S(B,) or S(B,) = S(B,), where S(B,) =

H;L:1(apj1)wj+n?=1(apj2)wj_1_H?=1(1_apj3)wj_1_1_[?:1(1_apj4)wj
2

and

- n AWisme I (1=a, i) T =1=TT . (1=, 1)/
S(Pq)=nj_1(aq11) +H1_1(aq12) H21_1( aq13) n]—l( aq14) .

Case (i): If S(B,) > S(B,) then the ranking of the alternatives is 4, > 4.

Case (ii): If S(P,) < S(B,) then the ranking of the alternatives is 4, < 4,,.
Case (iii): If S(B,) = S(B,) then go to Step 7.

Step 7: Check that H(B,) > H(P,) or H(B,) < H(B,) or H(B,) = H(B,), where

H?=1(ap1'1)wj+H?=1(apj2)wj+1‘H?=1(1‘apj3)wj+1‘“?:1(1‘apj4)wj

H(B) = - and

H?=1(aqj1)wj+H1j1=1(aqj2)wj"‘1_1_[?:1(1‘aqj3)wj+1_H?=1(1_aqj4)wj

H(pq): 2

Case (i): If H(B,) > H(P,) then the ranking of the alternatives is 4, > 4,,.

Case (ii): If H(P,) < H(P,) then the ranking of the alternatives is 4, < 4,.

Case (iii): If H(P,) = H(P,) then go to Step 8.

Step 8: Check that T(P,) > T(F,) or T(B,) < T(B,) or T(B,) = T(F,), where T(B,) =
i (ap2)” + 1 =T (1 = apjs)™ = Tea(apn)™ = 1 =TT (1 — apja)™ and
T(By) = M=alag2)” + 1= Ma(1 = agja) ™ — Ma(agi)™ =1 = Tz (1 — agia) ™.

Case (i): If T(B,) > T(PB,) then the ranking of the alternatives is 4, < 4,.
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(i)

(i)

(iii)

Case (ii): If T(B,) < T(P,) then the ranking of the alternatives is A, > 4.
Case (iii): If T(B,) = T(,) then go to Step 9.
Step 9: Check that G(B,) > G(B,) or G(B,) < G(B,) or G(B,) = G(B,), where G(P,) =
;'l=1(apj2)wj t1- 7=1(1 - apj4)wj - ;'l=1(apj1)wj —1- H7=1(1 - apj3)wj and
G(Py) = Ma(age) ™ + 1= s (1 = agsa) ™ = Mas(agi)” = 1= Tj=a(1 = agjs) ™.
Case (i): If G(B,) > G(PB,) then the ranking of the alternatives is 4, < 4,.
Case (ii): If G(P,) < G(P,) then the ranking of the alternatives is A, > A,,.
Case (iii): If G(B,) = G(B,) then the ranking of the alternatives is 4, = 4.
6.12 Inappropriateness of Chen and Han’s method
In can be easily concluded from Section 3.1 of Chapter 3, that
If Z}Llw} > 1 then no feasible solution of the IVIFMADMPr will exist. However, if one
is interested to find the solution then there is need to increase the total available amount
i.e., there is need to replace the weight w; of the j" attribute with w; + &; where & > 0.
If X7, wi* < 1 then no feasible solution of the IVIFMADMPr will exist. However, if one
is interested to find the solution then to find the feasible solution of IVIFMADM there is
need to replace the constraint }7_; w; = 1 with the constraint ¥7_; w; < 1.
If neither the condition Zj-lzl sz > 1 nor the condition Z}lzl w}‘ < 1 will be satisfied. Then
there is neither any need to replace w; of the jt attribute with w; + & nor any need to
replace the constraint 2};1 w; = 1 with the constraint Z’]zl w; < 1.
However, it is obvious from the NLPP (P6.5) that Chen and Han [43] have not considered
these conditions to propose the NLPP (P6.5). Furthermore, to find the feasible solution of the

IVIFMADMPr, Chen and Han [43] have reduced the lower bound sz and/or increased the

upper bound w;*. According to Section 3.1 of Chapter 3, this modification physically indicates
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that the restrictions have been relaxed instead of increasing the amount. Due to all these
reasons, it is inappropriate to use the NLPP (P6.5) to find the crisp attribute weight w;,
corresponding to the IVIF weights w; = ([wj1, wjz ], [wjs, w;s]). Hence, it is inappropriate to
use Chen and Han’s method [43].
6.13 Proposed Jujhar method for solving IVIFMADMPTrs having IVIF weights

In all the existing methods [42, 43, 47, 48, 211], firstly the IVIFMADMPrs having IVIF
weights have been transformed into a special type of IVIFMADMPrs with partially known
attribute weights by replacing the known IVIF weight of the j* attribute Ww; =
([wj1, wiz], [wjs, wia]) With wj; < wj < 1 — w;3. Then, the transformed IVIFMADMPr with
partially known attribute weights has been solved to obtain the ranking of the alternatives.
Hence, the Jujhar method, proposed in Chapter 4 with the following modification can be used
to solve IVIFMADMPTrs having IVIF weights.

“If W; = ([wj1, wja], [wjs, wja]) represents the IVIF weights of the j* attribute. Then,
solve the CLPP (P6.11) instead of the CLPP (P2.12) of Chapter 2, used in Case (iii) of Step 4

of the proposed Jujhar method in Chapter 4 to evaluate the optimal attribute weight.

max [Z}‘zl cj Wj]
Subject to

w;20,j=12,..,n,
(P6.11)

j=aw =1,

\ w, =wg Ve, =cq.
6.14 Exact results of the considered IVIFMADMPrs having IVIF weights

In Section 6.4, Section 6.6 and Section 6.8, some IVIFMADMPrs having IVIF weights were
solved by the existing methods [42, 43, 47, 48, 211] and shown that the obtained results are

inappropriate. In this section, the exact results of all these IVIFMADMPrs having IVIF weights
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are obtained by the Jujhar method, proposed in Chapter 4, with modified CLPP (P6.11).

6.14.1 Exact results of first IVIFMADMPr having IVIF weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF

attribute weights, considered in the first point of Section 6.4, can be obtained as follows:

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,

proposed in Section 4.13 of Chapter 4, there is no need to apply Step 1.

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d;x (&, @;) Vi = 1,2;j = 1,2. These values are shown in Table 6.9.

Table 6.9: Values of d,-]-k(ﬁ,-]-, ﬁk])

[0.40,0.50],\ ([0.40,0.50]
i1 (( [0.30,0.40] ) ’ ([0.30,0.40]

2(0+0+0+0)=0

)

[0.40,0.60],) ([0.40,0.60]
[0.20,0.40] /’\ [0.20,0.40]

dy1y ((

2(04+0+0+0)=0

)

[0.40,0.50],\ ([0.40,0.60]
di12 (( [0.30,0.40] > ’ ([0.20,0.40]

i(o +0.1+0.1+0) = 0.05

)

[0.40,0.60],) ([0.40,0.50]
[0.20,0.40]/’\ [0.30,0.40]

dy1s <(

i(o +0.1+0.140) = 0.05

)

[0.30,0.40],\ ([0.40,0.50]
di21 (( [0.30,0.40] ) ’ ([0.30,0.40]

i(o +0.1+0.1+0) = 0.05

)

[0.40,0.50],> ([0.40,0.60]
[0.30,0.40] /)’ \ [0.20,0.40]

dyrn <(

i(o +0.1+0.140) = 0.05

,>>

[0.30,0.40],\ ([0.40,0.60]
di22 (( [0.30,0.40] ) ’ ([0.20,0.40]

Z(0+0+0+0)=0

)

[0.40,0.50],) ([0.40,0.50]
[0.30,0.40] /" \ [0.30,0.40]

dyss <(

Z(0+0+0+0)=0

)

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

1 =Y2 .32 | dix(@p, @) =0+ 0.05+ 0.05+ 0 = 0.10,

¢y = Xiq Xae1 dinp(@i1, @r1) = 04 0.05 + 0.05 + 0 = 0.10.
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Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the
CLPP (P6.12).
max(0.10w; + 0.10w,)

Subject to

0.0<w; 0.8,
0.1<w, <09,
wy +w, =1,
wy = 0,w, = 0.

(P6.12)

It can be easily verified that on solving the CLPP (P6.12) the obtained OAWYV is
(Wli Wz) = (050,050)
Step 5: On considering the OAWYV, (w;,w,) = (0.50,0.50) and using Step 5 of the Jujhar

method, proposed in Section 4.13,
P, = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.50) + (0.50)(0.60)],[(0.50)(0.30) +
(0.50)(0.20), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25, 0.40]),
B, = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.60) + (0.50)(0.50)], [(0.50)(0.20) +
(0.50)(0.30), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25,0.40]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, S(ﬁl) = 0.15and
S(P,) = 0.15.

Since, S(P,) = S(P,).So, there is need to apply Step 7 of the proposed Jujhar method.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, H(ﬁl) = 0.80 and
H(P,) = 0.80.

Since, H(P,) = H(P,).So, there is need to apply Step 8 of the proposed Jujhar method.
Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, T(P;) = 0 and T(P,) =
0. Since, T(P,) = T(P,).So, there is need to apply Step 9 of the proposed Jujhar method.
Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, G(P;) = 0.30 and
G(P,) = 0.30.
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Since, G(P;) = G(P,). Therefore, according to case (iii) of Step 9 of the proposed

Jujhar method, the ranking of the alternatives is A; = A,.
6.14.2 Exact results of second IVIFMADMPr

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF
attribute weights, considered in the second point of Section 6.4, can be obtained as follows:

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 6.14.1.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: As here ¥7_, w;* < 1. Therefore, using Case (i) of Step 4 of the Jujhar method,
proposed in Section 4.13, there is need to solve the CLPP (P6.13).
max(0.20w,)

Subject to

(0.10 < w; < 0.20,
10.10 < w, < 0.50,
w;+w, <1, (P6.13)
L w; = W,
wy =0,w, > 0.

It can be easily verified that on solving the CLPP (P6.13) the obtained non-normalized

OAWV is  (wy,w,) =(0.20,0.20). So, the normalized OAWV is (wy,wy) =

( 0.20 0.20
0.2040.20° 0.2040.20

) = (0.50,0.50).

Step 5: On considering the OAWV, (w, w,) = (0.50,0.50) and using Step 5 of the Jujhar
method, proposed in Section 4.13,

P, = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.50) + (0.50)(0.60)], [(0.50)(0.30) +
(0.50)(0.20), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25, 0.40]),

P, = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.60) + (0.50)(0.50)], [(0.50)(0.20) +
(0.50)(0.30), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25,0.40]).

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, S(ﬁl) = 0.15 and
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S(P;) = 0.15.

Since, S(P,) = S(P,).So, there is need to apply Step 7 of the proposed Jujhar method.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, H(P;) = 0.80 and
H(P,) = 0.80.

Since, H(P,) = H(P,).So, there is need to apply Step 8 of the proposed Jujhar method.
Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, T(P;) = 0 and T(P,) =
0.

Since, T(P,) = T(P,).So, there is need to apply Step 9 of the proposed Jujhar method.
Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, G(Pl) = 0.30 and
G(P,) = 0.30.

Since, G(P,) = G(P,). Therefore, according to case (iii) of Step 9 of the proposed
Jujhar method, the ranking of the alternatives is 4, = 4,.
6.14.3 Exact results of the third IVIFMADMPr

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF

attribute weights, considered in the second point of Section 6.4, can be obtained as follows:

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 6.14.1.

So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, 374 sz > 1. Therefore, using Case (ii) of Step 4 of the Jujhar method, proposed
in Section 4.13, there is need to solve the CLPP (P6.14).

max(0.20w; — & — &,)

Subject to
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( 60 80

120 —
60 80

120 = W2 =713
wy +w, =1,
X Wi = Wy, (P6.14)
120 =100+ &, + &,

0<¢g =<1,

0<e <1,
\w; =0,wy, >0,64 20,6, = 0.

)

It can be easily verified that on solving the CLPP (P6.14) the obtained OAWYV is
(wy,w,) = (0.5,0.5).
Step 5: On considering the OAWYV, (w;,w,) = (0.50,0.50) and using Step 5 of the Jujhar
method, proposed in Section 4.13,
B, = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.50) + (0.50)(0.60)], [(0.50)(0.30) +
(0.50)(0.20), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55],[0.25, 0.40]),
P, = ([(0.50)(0.40) + (0.50)(0.40), (0.50)(0.60) + (0.50)(0.50)], [(0.50)(0.20) +
(0.50)(0.30), (0.50)(0.40) + (0.50)(0.40)]) = ([0.40,0.55], [0.25,0.40]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, S(Pl) = 0.15 and
S(P,) = 0.15.

Since, S(P,) = S(P,). So, there is need to apply Step 7 of the proposed Jujhar method.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, H(Pl) = 0.80 and
H(P,) = 0.80.

Since, H(P,) = H(P;). So, there is need to apply Step 8 of the proposed Jujhar method.
Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, T(P;) = 0 and T(P,) =
0.

Since, T(P,) = T(P,). So, there is need to apply Step 9 of the proposed Jujhar method.
Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, G(P;) = 0.30 and

G(P,) = 0.30.
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Since, G(P,) = G(P,). Therefore, according to case (iii) of Step 9 of the proposed Jujhar

method, the ranking of the alternatives is A, = 4,.

6.14.4 Exact results of fourth IVIFMADMPr having IVIF weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF

attribute weights, considered in the first point of Section 6.6, can be obtained as follows:

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,

proposed in Section 4.13 of Chapter 4, there is no need to apply Step 1.

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d;j, (&, @;) V i = 1,2;j = 1,2. These values are shown in Table 6.10.

Table 6.10: Values of dj; (@), @)

[0.10,0.40],
[0.20,0.30]

[0.10,0.40]
[0.20,0.30]

(N

2(04+0+0+0)=0

[0.01,0.04],
[0.02,0.03]

[0.01,0.04]
[0.02,0.03]

oo ((05000)

~(0+0+0+0)=0

[0.10,0.40],
[0.20,0.30]

[0.02,0.04]
[0.01,0.05]

oo (D000 (0020007 )

i(&084—a364—Q194—&25)::QZZ

[0.01,0.04],
[0.02,0.03]

[0.20,0.50]
[0.30,0.40]

o (([0050081), (12200500

i(&194—0464—0284—&37)::0325

[0.02,0.04],
[0.01,0.05]

[0.10,0.40]
[0.20,0.30]

(G5 omsen) (2260500

i(u084-a364-a194-025)::azz

[0.20,0.50],
[0.30,0.40]

[0.01,0.04]
[0.02,0.03]

o (0200500, (001,000

i(&l94—&464—&284—037)::0325

[0.02,0.04],
[0.01,0.05]

[0.02,0.04],
[0.01,0.05]

i (o) (o))

Z(0+0+0+0)=0

[0.20,0.50],
[0.30,0.40]

[0.20,0.50]
[0.30,0.40]

o (1 300.01)-(fo 300101

Z(0+0+0+0)=0

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

¢ =YY% 52 di (@, @rq) =0+ 0.22 + 0.22 + 0 = 0.44,
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C; = X Y2 | dige(&q, @1) = 0+ 0.325 + 0.325 + 0 = 0.65.
Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the
CLPP (P6.15).
max(0.44w; + 0.65w,)
Subject to

0.0 <w,; <0.8,

01 <w, <09,

W1+W2=1,
W120,W220.

(P6.15)

It can be easily verified that on solving the CLPP (P6.15) the obtained OAWYV is
(w1, w,) = (0.10,0.90).
Step 5: On considering the OAWYV, (w;,w,) = (0.10,0.90) and using Step 5 of the Jujhar
method, proposed in Section 4.13,
P, = ([(0.10)(0.10) + (0.90)(0.01), (0.10)(0.40) + (0.90)(0.04)],[(0.10)(0.20) +

(0.90)(0.02), (0.10)(0.30) + (0.90)(0.03)]) = ([0.019,0.076], [0.038, 0.057]),

B, = ([(0.10)(0.02) + (0.90)(0.20), (0.10)(0.04) + (0.90)(0.50)], [(0.10)(0.01) +

(0.90)(0.30), (0.10)(0.05) + (0.90)(0.40)]) = ([0.182,0.454],[0.271,0.365]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, S(P;) = 0 and S(B,) =
0.

Since, S(P,) = S(P;,). So, there is need to apply Step 7 of the proposed Jujhar method.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, H(P,) = 0.095 and
H(P,) = 0.636.

Since, H(P,) < H(P,). Therefore, according to Step 7 of the proposed Jujhar method, the

ranking of the alternatives is 4; < A,.
6.14.5 Exact results of fifth IVIFMADMPr having IVIF weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF
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weights, considered in the first point of Section 6.8, can be obtained as follows:

Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,

proposed in Section 4.13 of Chapter 4, there is no need to apply Step 1.

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d; (&, @) Vi = 1,2;j = 1,2. These values are shown in Table 6.11.

Table 6.11: Values of d,-]-k(&,-]-, &k])

[0.10,0.20]

[0'10’0'20]’) ’ ([0.30,0.40]

[0.30,0.40]

diy ((

2(0+0+0+0)=0

)

[0.30,0.40]

[0'30’0'40]’) ’ ([0.40,0.50]

[0.40,0.50]

dy1y ((

2(04+0+0+0)=0

)

[0.30,0.40]

[0'10’0'20]’) ’ ([0.40,0.50]

[0.30,0.40]

di1s ((

2(02+0.2+0.1+0.1) =015

)

[0.10,0.20]

[0'30’0.40]’) ’ ([0.30,0.40]

[0.40,0.50]

dy1s ((

2(02+0.2+0.1+0.1) =0.15

)

[0.10,0.20]

[0.3010.40]’) ’ ([0.30,0.40]

[0.40,0.50]

.

2(02+0.2+0.1+0.1) =015

)

[0.30,0.40]

[0.10,0.20],> ’ ([0.40,0.501

[0.30,0.40]

dyrn <(

=(02+02+0.1+0.1) =015

,>>

[0.30,0.40]

[0.30,0.40],) , <[0_ 40,0.50]

[0.40,0.50]

.

Z(0+0+0+0)=0

)

[0.10,0.20]

[0.10,0.20],> ’ ([0.30,0.401

[0.30,0.40]

dyss <(

Z(0+0+0+0)=0

,>>

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

1 =Y2. 32 | dix(@p, @) =0+ 0.15+ 0.15 + 0 = 0.30,

C, = Yo Y2 ) dik(@pq, @) =0+ 0.15 + 0.15 + 0 = 0.30.

Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the

CLPP (P6.16).

max(0.30w; + 0.30w,)

210



Subject to

(0.0 <w; <0.8,

0.1 <w, <0.9,
4 Wl + WZ = 1, (P616)

Wi =Wy
wq > 0, ) > 0.
It can be easily verified that on solving the CLPP (P6.16) the obtained OAWYV is

(Wl, Wz) = (050,050)
Step 5: On considering the OAWYV, (w;,w,) = (0.50,0.50) and using Step 5 of the Jujhar
method, proposed in Section 4.13,
P, = ([(0.50)(0.10) + (0.50)(0.30), (0.50)(0.20) + (0.50)(0.40)], [(0.50)(0.30) +
(0.50)(0.40), (0.50)(0.40) + (0.50)(0.50)]) = ([0.20,0.30], [0.35, 0.45]),
P, = ([(0.50)(0.30) + (0.50)(0.10), (0.50)(0.40) + (0.50)(0.20)], [(0.50)(0.40) +

(0.50)(0.30), (0.50)(0.50) + (0.50)(0.40)]) = ([0.20,0.30], [0.35,0.45]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, S(Pl) = —0.15 and
S(P,) = —0.15.

Since, S(P,) = S(P,). So, there is need to apply Step 7 of the proposed Jujhar method.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, H(Pl) = 0.65 and
H(P,) = 0.65.

Since, H(P,) = H(P,). So, there is need to apply Step 8 of the proposed Jujhar method.
Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, T(P;) = 0 and T(P,) =
0.

Since, T(P,) = T(P,). So, there is need to apply Step 9 of the proposed Jujhar method.
Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, G(P;) = 0.20 and
G(P,) = 0.20.

Since, G(P,) = G(P,). Therefore, according to case (iii) of Step 9 of the proposed
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Jujhar method, the ranking of the alternatives is 4, = 4,.
6.14.6 Exact results of sixth IVIFMADMPr having IVIF weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF
attribute weights, considered in the second point of Section 6.8, can be obtained as follows:

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 6.14.5.
So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, 2?:1 wj” < 1. Therefore, using Case (i) of Step 4 of the Jujhar method, proposed
in Section 4.13, there is need to solve the CLPP (P6.17).
max(0.30w; + 0.30w,)
Subject to
(0.0 <w; <0.20,

0.10 < w; < 0.50,

wy +w, <1, (P6.17)

I Wi =Wy
k wq >0, Wy > 0.

It can be easily verified that on solving the CLPP (P6.17) the obtained non-normalized

OAWV is  (wq,w,) =(0.20,0.20). So, the normalized OAWV is (wy,wy) =

( 0.20 0.20
0.2040.20° 0.2040.20

) = (0.50,0.50).

Step 5: On considering the OAWV, (w;, w,) = (0.50,0.50) and using Step 5 of the Jujhar
method, proposed in Section 4.13,

P, = ([(0.50)(0.10) + (0.50)(0.30), (0.50)(0.20) + (0.50)(0.40)], [(0.50)(0.30) +
(0.50)(0.40), (0.50)(0.40) + (0.50)(0.50)]) = ([0.20,0.30], [0.35, 0.45]),

P, = ([(0.50)(0.30) + (0.50)(0.10), (0.50)(0.40) + (0.50)(0.20)], [(0.50)(0.40) +
(0.50)(0.30), (0.50)(0.50) + (0.50)(0.40)]) = ([0.20,0.30], [0.35,0.45]).

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, S(ﬁl) = —0.15 and

S(P,) = —0.15.
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Since, S(P,) = S(P;). So, there is need to apply Step 7 of the proposed Jujhar method.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, H(ﬁl) = 0.65 and
H(P,) = 0.65.

Since, H(P,) = H(P;). So, there is need to apply Step 8 of the proposed Jujhar method.
Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, T(P;) = 0 and T(P,) =
0.

Since, T(P,) = T(P,). So, there is need to apply Step 9 of the proposed Jujhar method.
Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, G(Pl) = 0.20 and
G(P,) = 0.20.

Since, G(P,) = G(P,). Therefore, according to case (iii) of Step 9 of the proposed
Jujhar method, the ranking of the alternatives is 4, = 4,.
6.14.7 Exact results of the seventh IVIFMADMPr having IVIF weights
Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF
attribute weights, considered in the third point of Section 6.8, can be obtained as follows:

Since, Step 1 to Step 3 of the proposed Jujhar method are same as shown in Section 6.14.5.

So, to avoid any repetition, the calculations have been started from Step 4.
Step 4: Since, 374 w} > 1. Therefore, using Case (ii) of Step 4 of the Jujhar method, proposed
in Section 4.13, there is need to solve the CLPP (P6.18).

max(0.30w; — 0.30w, — &, — &,)

Subject to
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( 60 80

120 —

60 80
—<w, <—
120 120

wy +w, =1,
X Wi = Wy, (P6.18)
120 =100 + & + &,
0<¢g =<1,
0<e <1,
\w; =0,wy, >0,64 20,6, = 0.

)

It can be easily verified that on solving the CLPP (P6.18) the obtained OAWYV is
(wy,w,) = (0.50,0.50).
Step 5: On considering the OAWYV, (w;,w,) = (0.50,0.50) and using Step 5 of the Jujhar
method, proposed in Section 4.13,
P, = ([(0.50)(0.10) + (0.50)(0.30), (0.50)(0.20) + (0.50)(0.40)],[(0.50)(0.30) +
(0.50)(0.40), (0.50)(0.40) + (0.50)(0.50)]) = ([0.20,0.30],[0.35, 0.45]),
P, = ([(0.50)(0.30) + (0.50)(0.10), (0.50)(0.40) + (0.50)(0.20)], [(0.50)(0.40) +
(0.50)(0.30), (0.50)(0.50) + (0.50)(0.40)]) = ([0.20,0.30],[0.35,0.45]).
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, S(Pl) = —0.15 and
S(P,) = —0.15.

Since, S(P,) = S(P,). So, there is need to apply Step 7 of the proposed Jujhar method.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, H(Pl) = 0.65 and
H(P,) = 0.65.

Since, H(P,) = H(P;). So, there is need to apply Step 8 of the proposed Jujhar method.
Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, T(P;) = 0 and T(P,) =
0.

Since, T(P,) = T(P,). So, there is need to apply Step 9 of the proposed Jujhar method.
Step 9: Using Step 9 of the Jujhar method, proposed in Section 4.13, G(P,) = 0.20 and

G(P,) = 0.20.

214



Since, G(P,) = G(P,). Therefore, according to case (iii) of Step 9 of the proposed Jujhar
method, the ranking of the alternatives is A, = 4,.
6.14.8 Exact results of eighth IVIFMADMPYr having IVIF weights

Using the proposed Jujhar method, the exact result of the IVIFMADMPr having IVIF
attribute weights, considered in the fourth point of Section 6.8, can be obtained as follows:
Step 1: Since, all the attributes are benefit type. So, according to Step 1 of the Jujhar method,
proposed in Section 4.13 of Chapter 4, there is no need to apply Step 1.

Step 2: According to Step 2 of the Jujhar method, proposed in Section 4.13, there is need to

calculate d;j, (&, @;) V i = 1,2;j = 1,2. These values are shown in Table 6.12.

)

Table 6.12: Values of dy;, (@), @)

diy ((

[0.10,0.30]
[0.20,0.40]

[0.10,0.50]
[0.20,0.40]

[0.10,0.30],) , (

[0.20,0.40] [0'10’0.50]’) ’ (

[0.20,0.40]

o )

2(04+0+0+0)=0

~(0+0+0+0)=0

[0.10,0.30]

[0.1010.30]’) ’ ([0.10,0.50]

[0.20,0.40]

N

i(o +0+0.1+0.1) = 0.05

)

[0.10,0.50]

[0.10'0.50]) ’ ([0.20,0.401

[0.20,0.40]

ol )

Z(0+0+0+0)=0

[0.10,0.30]

[0.0210.04]’) ’ ([0.20,0.40]

[0.01,0.05]

.

i(o +0+0.1+0.1) = 0.05

)

[0.10,0.50]

[0.10'0.50]) ’ ([0.20,0.401

[0.20,0.40]

o )

Z(0+0+0+0)=0

[0.10,0.30]

[0'02,0'04]') ’ ([0.10,0.50]

[0.01,0.05]

dis ((

Z(0+0+0+0)=0

)

[0.10,0.50]

[0'10’0'50]’) ’ ([0.20,0.40]

[0.20,0.40]

dys <(

Z(0+0+0+0)=0

,)>

Step 3: Using Step 3 of the Jujhar method, proposed in Section 4.13,

1 = 21221 Z£=1 dilk(dili dkl) =0+ 0.05 + 0.05 +0= 0.10,
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¢, =3h Y2 1 dinp (@i, @) =0+0+0+0=0.
Step 4: Using Step 4 of the Jujhar method, proposed in Section 4.13, there is need to solve the
CLPP (P6.19).
max(0.10w,)
Subject to
0<w; <1,
0<w, <1,

W1+W2 - 1,
wq ZO,WZ > 0.

(P6.19)

It can be easily verified that on solving the CLPP (P6.19) the obtained OAWYV is
(wy,wy) = (1,0).

Step 5: On considering the OAWYV, (w;,w,) = (1,0) and using Step 5 of the Jujhar method,

proposed in Section 4.13,

B, = ([(1)(0.10) + (0)(0.10), (1)(0.30) + (0)(0.50)], [(1)(0.20) + (0)(0.20), (1)(0.40)
+(0)(0.40)]) = ([0.10,0.30], [0.20, 0.40]),

B, = ([(1)(0.10) + (0)(0.10), (1)(0.30) + (0)(0.50)], [(1)(0.10) + (0)(0.20), (1)(0.50)
+(0)(0.40)]) = ([0.10,0.30], [0.10,0.50]).

Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13, S(Pl) = —0.10 and

S(P,) = —o0.10.

Since, S(P,) = S(P,). So, there is need to apply Step 7 of the proposed Jujhar method.
Step 7: Using Step 7 of the Jujhar method, proposed in Section 4.13, H(P;) = 0.50 and
H(P,) = 0.50.

Since, H(P,) = H(P,). So, there is need to apply Step 8 of the proposed Jujhar method.
Step 8: Using Step 8 of the Jujhar method, proposed in Section 4.13, T(P;) = 0 and T(P,) =
—0.20.

Since, T(P,) > T(P,). Therefore, according to Step 8 of the proposed Jujhar method, the
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ranking of the alternatives is 4; > 4,.
6.15 Conclusions

The inappropriateness of the existing methods [42, 43, 47, 48, 211] are pointed out. Also, the
proposed Jujhar method is used to solve the IVIFMADMPrs having completely known IVIF
attribute weights with some modifications. Furthermore, the proposed Jujhar method has been

illustrated with the help of some IVIFMADMPTrs having IVIF attribute weights.
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Chapter 7

Discussion on “Evolving a linear programming

technique for MAGDM problems with IVIF

information”’®

Hajiagha et al. [98] proposed a linear programming technique for solving IVIF MAGDM

problems. In this technique, firstly an IVIFDM D = ([a;j1, a;j2), [aif3'aif4])mxn is obtained
by aggregating the IVIFDMs D* = ([afjy, affo], [afjs alju]) k=12, ..,r, where,
([afi1, afiz] [afjs alja]) . represents the rating value of the i*"- alternative over the j*"-

attribute provided by the kt*-decision-maker. Then, the IVIF LPPs (Ps);s = 1,2,...,m are
constructed.

Max (Z?=1([asjv asja], [asja asja]) x wy)

Subject to

Yia([aijn aijz) [z aija]) xwy < i =12,..,m,

Teawy =1, (Ps)

w; =20;j=12,..,n
where, 1 = ([0.90,0.95],[0.01,0.05]) and w; represents the normalized weight of the jth
attribute.
After that each IVIF LPP (Ps),s = 1,2,...,m is transformed into its equivalent CLPP

(P's),s =1,2,...,m.

5 Some contents of this chapter are published in “Journal of Intelligent & Fuzzy Systems (2019) DOI:

10.3233/JIFS-181527”
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Min( j=1Yj Ln ((1 —ag)(1- asjz)asi3asf4))

Subject to

Y1y Ln(1—a;j,) = t Ln(1 — 0.90),
Y1y Ln(1— a;j,) = t Ln(1 — 0.95),

o1 yjLn(ay3) = t Ln(0.01),
5‘1:1 Yj Ln(aij4) >t Ln(0.05),

?:1_'Vj = 1)
t,yi=0;j=12,..,n

(P's)

Finally, the optimal value Y7, y; Ln ((1 —asj1)(1- asjz)asj3asj4) ;s =1,2,...,m of

each CLPP (P's), s = 1,2, ..., m is used to rank the alternatives.

(i)

(i)

The aim of this chapter is

To point out the inappropriateness of the existing method [98] for solving IVIFMAGDM
problems having completely unknown weights.
To make the researchers aware that it is inappropriate to propose a simplex method for
solving the IVIF LPP (Ps) without transforming it into the CLPP (P's), inspired by Khan
et al.’s simplex method [122], for resolving the inappropriateness of the existing method
[98] due to the following facts:

“Khan et al.’s claim [123] “No mathematical incorrect assumptions have been
considered in the existing simplex method [122] for solving a fuzzy LPP without
transforming it into a CLPP ” against Bhardwaj and Kumar’s claim [16] is not valid. In
fact, several mathematical incorrect assumptions, considered by Khan et al. [122], are
not pointed out by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not pointed
out that some of the elements of the existing optimal simplex table [122] are not TFNs.”

Furthermore, to make the researchers aware that it is not possible to resolve the

inappropriateness of the existing methods [ 98].”
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7.1 Inappropriateness of Hajiagha et al.’s method

The following example clearly indicates that it is inappropriate to find the solution of IVIF
LPPs (Ps) with the help of the transformed CLPPs (P's).

If it is assumed that the (i,j)t" element of Table 7.1, represented by an IVIFS @ =
([aij1, aijz), [aijz aija]), represents the rating value of the it*-alternative over the j"-benefit
attribute.

Table 7.1: Rating Values

Attributes—
l G, G,

Alternatives

" sl )| Gl
53]

A, ({3 13][13) (11 11)
20°85]°15°5 5'31"[5°3

It is obvious that the rating value of both the alternatives A, and A, over the attribute G,
. - 11 11 . . .
is same i.e., ([E’E]’ [E’ED' Therefore, the ranking of the alternatives A, and A, will depend
only upon the rating values of A, and A, over the attribute G,. i.e., if the rating value of the

alternative A, over G, i.e., ([10 10] [10 ™ ) will be greater than the rating value of the

alternative A, over the same attribute G, i.e., ([20 85] [ D Then the relation will be 4, >
A,, otherwise, A; < A,.

It is pertinent to mention that as ([110 120] [130 10) (230 ;2] [ D Therefore, the

relation A; = A, is not possible.
In this section, this problem is solved by the existing linear programming technique
[98] and shown that the obtained relation is A; = A,, which is incorrect.
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Using the linear programming technique, proposed by Hajiagha et al. [98], the ranking
of the alternatives A; and A, can be obtained as follows:
Since, there are two alternatives and each alternative has two attributes i.e., m = 2 and

n = 2. Therefore, corresponding to the CLPPs (7)), the CLPPs (P;) and (P,) will be obtained.

Subject to

syjIn(1—ay;) = tIn(1 - by),
YiyiIn(1—ay;) = tLn(1 - by),
41y In(1—byj) = tLn(1 = by),
521Y;In(1 = byj) = tLn(1 — by),
Yoy yjLn(cij) = t Ln(bs), )
Yio1yjLn(cz)) = t Ln(bs), !
2?:1 Yj Ln(d1j) = tLn(b,),
21y Ln(dy)) = tLn(by),

j=1y =1,
ty; = 0;j =12

and

Min (ij=1 y] Ln ((1 — azj)(l — bZJ)C2]d2])>
Subject to

Constraints of the CLPP (P;}). (P2)

2 3 4

Furthermore, as in the considered IVIFDM, a;; = i, by, €11 =—

10 10

1 1 1 3 13 1 3 1 1
Ay == by == ¢, ==, di, ==, Ay =—, by =—, Chqy ==, dyy ==, Ayy ==, by, ==
12 =5 P12 =35 €2 =0 Qi =3, A1 = 55 D21 = 5o €21 = 4 Q21 = 5 Gaz =4y D22 = 3

Cpp = % dy, = % Therefore, on putting these values in (P;) and (P;), these problems will be
transformed into the CLPPs (P7.1) and (P7.2) respectively.
Min(—2.4487y, — 3.3382y,)

Subject to
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—0.1053y;, — 0.2231y, > t Ln(1 — by),
—0.1625y;, — 0.2231y, > t Ln(1 — by),
—0.2231y, — 0.4054y, > t Ln(1 — by),
—0.1660y, — 0.4054y, > t Ln(1 — by),
—1.2039y; — 1.6094y, > t Ln(bs),
—1.6094y; — 1.6094y, > t Ln(bs),
—0.9162y; — 1.0986y, > t Ln(b,),
—0.5108y; — 1.0986y, > t Ln(b,),
Z?=1 yi =1,
t,yj =20;j =12

(P7.1)

and

Min(—2.4487y, — 3.3382y,)

Subject to

Constraints of the CLPP (P7.1) (P7.2)
It is obvious that both the problems (P7.1) and (P7.2) are same. Therefore, the optimal

values of both these CLPPs will also be same and hence, according to the existing linear

programming technique [98], A; = A,, which is mathematically incorrect.

7.2 Challenges for resolving the inappropriateness of Hajiagha et al.’s method

Since, most of the researchers are well aware about the concept of simplex method. So, to
resolve the inappropriateness of Hajiagha et al. method [98], inspired by the existing simplex
method [122] for solving a FLPP without transforming into a crisp LPP, one may think to
develop a simplex method for solving IVIF LPP (P,) without transforming it into the CLPP
(P’y). However, after a deep study the following facts have been observed.

(i) Khan et al.’s claim [123] “No mathematical incorrect assumptions have been considered
in the existing simplex method [122] for solving a fuzzy LPP without transforming it into
a CLPP” against Bhardwaj and Kumar’s claim [16] is not valid. In fact, several
mathematical incorrect assumptions, considered by Khan et al. [122], are not pointed out
by Bhardwaj and Kumar [16] e.g., Bhardwaj and Kumar have not pointed out that some

of the elements of the existing optimal simplex table [122] are not TFNSs.
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(i) Itis not possible to propose a simplex method for solving a FLPP without transforming
it into a CLPP.
(iii) It is not possible to propose a simplex method for solving an IVIF LPP (P,) without
transforming it into a CLPP.
The aim of this section is to show that these observations are valid.

7.2.1 Validity of the first observation

In this section, the inappropriateness of Khan et al.’s method [122] have been explained in
detailed manner.

7.2.1.1 A brief review about Khan et al.’s work [122]

Khan et al. [122] proposed a method for solving FFLPPs. All the steps of the method,
proposed by Khan et al. [122], are same as well-known simplex method for solving a CLPP.
The only difference between the well-known simplex method for solving a CLPP and the
method, proposed by Khan et al. [122], are as follows.

(i) Khan etal. [122] have represented the elements and variables in the simplex table as TFNs
instead of real numbers.

(ii) To check the optimality as well as to find the entering variable, there is need to check that
a TFN is a non-negative TFN or a non-positive TFN. In the literature, different methods
have been proposed to check that a TFN is a non-negative TFN or a non-positive TFN.
Khan et al. [122] have adopted the following method to check the nature of a TFN, T =

(u, v, w).

w

Find (T) =u+w—0,Where,0=%u.
Case (i): If R(T) = 0 then T is a non-negative TFN.
Case (ii): If R(T) < 0 then T is a non-positive TFN.
Furthermore, in the literature, different methods have been proposed to find the

minimum of TENs. Khan et al. [122] have adopted the following method to find the
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minimum of two TFNs, T; = (uy, vy, wy) and T, = (u,, vy, w,).

Check that R(T;) > R(T,) or R(T;) < R(T,) or R(T;) = R(T,) where, R(T;) = u; +

wi—u;

,i=1,2.
6

W; — 0, 0; =
Case (i): If R(Ty) > R(T;) then Ty > T, i.e., minimum {Ty, T,} = Ts.
Bhardwaj and Kumar [16] claimed that Khan et al. [122] have used the relations
; T\ _ R()
() R (f_z) ~ R(T)
(“) Tl - Tl = (0, 0, 0)
T

(i) T—: (1,1,1).

in their proposed method. Whereas, in actual case,
. ﬁ R(Ty)
M) R (TZ) * R(Ty)

(i) T,—T, % (0,0,0).

i) D= (1,1,1).
T
Therefore, the method, proposed by Khan et al. [122], is not valid.
Khan et al. [123] replied that they have not used any of these relations in their proposed

method [ ]. Hence, Khan et al. [122] method is valid.

7.2.1.2 Validity of the claim

The following clearly indicates that Khan et al. [122] have considered mathematical
incorrect assumptions in their proposed method.
(i) Khan et al. [122] have defined as well as used the following multiplication operation of two
TFNSs.

If Tl = (ul, Vq, Wl) and TZ = (uZ, V,, Wz) are two TFNSs. Then, Tl' TZ =
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(g, v1, Wi). (Uz, V2, W) = (UqUp, V1 V2, WiW5).

Khan et al. [122] have assumed that this multiplication operation is valid for all TFNSs.
However, in actual case, this multiplication is valid only if u; > 0 and u, = 0.

For example, if T, = (uy, vy, wy) = (=2,-1,3) and T, = (uy, v, w,) = (1,4,5) ie.,
u; £ 0 and u, > 0 then according to this multiplication

T1. Ty = (uguy, vV, wiw,) = (=2, —4,15)
It is pertinent to mention that the obtained number (-2, —4, 15) isnota TFN as for a TFN

(u, v,w), the condition u < v < w should always be satisfied.

(if) Khan et al. [122] have defined as well as used the following division operation of two

(u1,v1,w1) _

TENs. If T, = (uy, vy, wy) and T, = (uy, v, w,) are two TFNs. Then, = =
T; (uz,v2,w2)
(& 123 &)
wy vy up )
Khan et al. [122] have assumed that this division operation is valid for all TFNs. However,

in actual case, this division is valid only if u; = 0 and u, > 0.

For example, if T, = (uy, vy, wy) = (=3,-2,—1) and T, = (u,, v,,w,) = (1,4,5) i.e.,

u; £ 0and u, > 0 then according to this division, % = (ﬂ A ﬂ) = (—E,—l,—l).

2 WZ"UZ"LLZ 5 2

3
__'

It is pertinent to mention that the obtained number ( - % —1) isnota TFN as fora TFN

(u, v,w), the condition u < v < w should always be satisfied.
(1) The following clearly indicates that Khan et al. [122] have used the mathematical incorrect
assumptions (i) and (ii) in their proposed method.
Khan et al. [122] solved the FLPP (P7.3) by their proposed method and claimed that Table
7.2 represents the optimal table of the FLPP (P7.3).
Max 7 = (2,5,8)%, + (3% 10) %+ (53, 15) %

Subject to
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I( 2588 +(3,2,10) %, + (5%, )az (6.2,30)
(42,12) %, +(5.2,20) 2, + (7.22,30) % < (10,30, 50) (°73)
(3,5 7)% + (5,15,20)%, + (5,10,15)%; < (2,.22,30)
X1,X%,,%3 20
Table 7.2: Optimal table of FLPP (P7.3)
% %, %3 %4 s X6 b

R G I G e ) I el Bl [ G =R DA LRt
B (egm)| (s | OO O] O (2T g) | (- F)
ol G2 | GmY | (mws) | (E)
T EE | () [ [ O RE | )

It is well known fact that for a TFN, T = (u, v,w), the condition u < v < w should

always be satisfied. While, it is obvious that

281

i) For the second element of first row i.e., - =, is condition is not satisfying
i) Forth del t of first [ -3, 10 ), thi dition i t satisfyi
( 3,— — —10) is not a TEN.
if) For e secon elemen 0 secon row ie.,
i) F th d I t f d [
(—5, % —8), this condition IS not satisfying e,
(—S,E,—B) isnota TFN.
8

7.2.1.3 Exact multiplication and division operations of TFNs

In this section, the exact multiplication and division operations of TFNs are presented
[115].

(i) If T, = (ug, vy, wy) and T, = (u,, vy, w,) are two TFNs such that u; and u, are any real

)

(i) If T, = (uy, vy, wy) and T, = (uy, v, w,) are two TFNSs such that u, is any real number

minimum{u,u,, uyw,, Willy, Wiws }, V10,

numbers. Then, T,. T, = ( o
maximium{u, u,, U; W,, Wy, Wy W, }
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.. Uy U3 Wi Wi Vg
7 minimum u_'w_'u_'w_ 'v_'
andu, > 0orw, <0.Then, 2 = 2 "z Tz M2l T2
T2 . . U Uy wg wq
maxmiumy—,—,—,—
Uz W2 Uz W3

7.2.1.4 Fuzzy optimal solution of a FLPP by Khan et al.’s method

To point out the mathematical incorrect assumptions, considered by Khan et al. [122], there
is need to solve the FLPP (P7.3). Therefore, in this section, the FFLPP (P7.3), considered by
Khan et al. [122] to illustrate their proposed method, is solved by Khan et al.’s method [122]
in a very detailed manner.

Khan et al. [122] have used the following steps to find the optimal table, represented by
Table 7.2, of the FLPP (P7.3).

Step 1: Table 7.3 [122] represents the initial simplex table of the FLPP (P7.3).

Table 7.3: Initial simplex table of the FLPP (P7.3) [122]

X4 X, X3 X4 Xs X b

- i1 31 50

% @5® | (5 1) () | CLD 000 [©.00 (6.530)

6 3 3

= 32 73 105

Xs (4,—, 12) (5,—, 20) (7,—, 30) (0,0,0) | (1,1,1) | (0,0,0) | (10,30,50)
3 6 6

% 357 | (515.20) (510,15) | (0,0,0) | (0,0,0) | (1,1, 1) (zﬁ 30)

) 6 )
; 28,5, —2) 37 34
: o= (—10,—3,—3) (‘15,—3,—5> (0,0,0) | (0,0,0) | (0,0,0) | (0,0,0)

Step 2: Since the considered problem is of maximization, so the initial fuzzy basic feasible
solution, presented in Table 7.3, will be a fuzzy optimal solution if all the values of Z,

corresponding to non-basic variables, will be non-negative TFNs i.e., the TFNs (-8, -5, —2),
37 34 . ~ . .
(—10, - —3) and (—15, - —5), representing the values of Z corresponding to non-basic

fuzzy variables %;,X, and X5 respectively, will be a non-negative TFNs. As discussed in

Section 7.2.1.1, Khan et al. [4] have assumed that a TFN T = (u, v, w) will be non-negative

. ~ ~ w-u
TENif R(T) 2 0, where R(T) =u+w — 0,0 =—.
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Since, R(—8,—5,—2) = —11, R (—10,—%7,—3) — —14.16 and R (—15,—33—4,—5) =

—21.661i.e., (—8,—5,—2), (—10, —%, —3) and (—15, —3’3—4, —5) are not non-negative TFNs
and hence, the optimality condition is not satisfying. So, the initial fuzzy basic feasible solution,
presented in Table 7.3, is not a fuzzy optimal solution.

Step 3: Since, the initial fuzzy basic feasible solution, presented in Table 7.3, is not a fuzzy
optimal solution, so the fuzzy non-basic variable %5, corresponding to which the value of R(2)
IS most negative, will enter into the basis.

Step 4: Since, all the elements of the column corresponding to the entering variable X5 are non-
negative TFNs i, R (5,2,18) >0, R(7,22,30) > 0, R(5,10,15) > 0. So, any of the
fuzzy basic variables x,,Xs; and X, can leave from the basis. However, according to the
minimum ratio rule, out of the fuzzy basic variables x;(i = 4,5, 6) that fuzzy basic variable

will leave from the basis corresponding to which minimum {b—_",i =1,2, 3} will exist i.e.,

a3

(65230) (1030,50) (275>30)
(s318) " (77°2230) " (510,15)

corresponding to which minimum{ } will exist.

Khan et al. [122] have used the following steps to  find

ini (630) (1030,50) (275>30)
mintmm {(5,3:—1,18)' (772230) (5,160,15) :

Step 4(a): R(6,5,30) =32,R(5,%,18) = 20.83, R(10,30,50) =

53.33, R (7,1%5,30) — 33.16, R (2,1“%5,30) = 27.33 and R (5,10, 15) = 18.33.

R(10,30,50) _ 53.33 _ 1.6082 and R(Z,%SBO) 2733

R(7,1%5,30) " 3316 R(5,10,15) ~ 18.33

R(65230) 32

R(5,33—1,18) ~ 2083 = 1.49009.

= 1.5362,

Step 4(b): Since, minimum{1.5362,1.6082,1.4909} = 1.4909, which is corresponding to

(6,%,30) (10,30,50) (2,%5,30)} B (2,%5,30

(5,%,18) ’ (7,%,30) ’ (5,10,15)

=
R(5,10,15) "

R(2,£30) ) L
——0 J = . This indicates that
(5,10,15)

Therefore, minimum{

the fuzzy basic variable X, will leave from the basis.
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Step 5: Since, the fuzzy non-basic variable %5 is entering variable (third column of Table 7.3)

and the fuzzy basic variable %, is the leaving variable (third row of Table 7.3). So, in the next

simplex table the third element of the third column should be (1,1,1). To obtain the same,

Khan et al. [122] have applied the arithmetic operation

R3
(5,10,15)

Khan et al. [122] claimed that after applying this operation the simplex Table 7.3 will be

transformed into the simplex Table 7.4.

Table 7.4: First simplex table of the FLPP (P7.3)

X X, X3 Xy Xs Xs b
— ) 31 50
%y (2' 5' 8) <3’_ 10) <5’_' 18) (1; 1; 1) (0; 0; 0) (0, 0: O) (6,_. 30)
3 3
~ 32 73 105
%5 (4,—, 12) (5,—, zo) (7,—, 30) 0,00 | LD | (0,00 | (1030,50)
3 6 6
. (l T Z) (1 17 4) O, 0,000 | (0,0,0) (i 1 l) (1 29 6)
T5T 312’ 15°10°5 12’
> 8 —5 _ 37 3
F; (-8,-5,-2) (_101_?’_3 (_15 _?‘_5> 0,0,0) | (0,0,0) (0,0,0) (0,0,0)

Step 6: Since, the remaining elements of the column corresponding to X5 in the next simplex

table should be (0,0, 0). So, to obtain the same, Khan et al. [122] have used the arithmetic

operations

Ry +(=18,—2,—5) Ry, R, + (=30, =2, -7) Ry, Ry + (5,3, 15) Ry,

Khan et al. [122] have claimed that after applying these operations, the simplex Table 7.4

will be transformed into the simplex Table 7.5 (same as the simplex Table 7.2).

Table 7.5: Optimal simplex table of the FLPP (P7.3)

X1 X, X3 X4 Xs X6 b
Xy 8 1 ) (_ 281 ) 00,00 | (1,1,1) (0,0,0) (__ 31 ) 299 )
( 5’ 6’1 3 36 10 30’ 1 12, 36'0
X5 (_2 23 E) (_ 101 ) 00,00 | (0,0,0) | (1,1,1) (_ _ 105 _Z> oo 885
’12° 5 > 8’ 8 60 5 20, 72 8
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%3 (1 1 Z) (} 17 ) (1,11 | (0,000 | (0,0,0) ( 11 1) (1 29 6)
5’2’5 3'12 15°10°5 12"

Z 25 4 (0,0,0) (0,0,0) (0,0,0) (1 34 ) ( 986 )

( 7 19) (_?‘5‘57> 3'30"° 573690

Step 7: It can be easily verified that in the simplex Table 7.5, R(Z) corresponding to each non-
basic variable is a non-negative real number. So, the fuzzy basic feasible solution, obtained in

Table 7.5, is a fuzzy optimal solution and hence, Table 7.5 is optimal simplex table of the

FFLPP (P7.3).
7.2.1.5 Mathematical incorrect assumptions considered by Khan et al

Bhardwaj and Kumar [16] pointed out that the following mathematical incorrect assumptions

have been considered in Khan et al. method [122]
(i) Khan et al. [122] have assumed that if A and B are two TFNs then R ( ) RE;‘; While, in
R(A)
actual case R ( ) * )
2= 11) and A-4 =

Khan et al. [122] have assumed that if A is a TFN the

(i)
(0,0,0). While, in actual case neither%: #(1,1,1) norA—A + (0,0,0)

Khan et al. [123] replied that this claim of Bhardwaj and Kumar [16] is irrelevant as no such

mathematical incorrect assumptions have been used in the existing method [122]
However, the following clearly indicates that the claim of Bhardwaj and Kumar [16] is

relevant i.e., the mathematical incorrect assumptions, pointed out by Bhardwaj and Kumar [16]

have been used in Khan et al. method [122]
() It is obvious from Step 4 of Section 7.2.1.4 that Khan et al. [122] have assumed that to find
to find

50 145
minimn {2520, 0302 ) s equivalens
76 ! ’ 4

} While in actual <case, to find

R(65°30) R(103050) R(275-30)
7£30) R(5,10,15) |

minimum {R (5’33_1'18) - (
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6,5—0,30 2,i5,30 . : i
(6530) 03050 (27 )} is equivalent to find

(5,33—1,18) ’ (7,1705,30) ’ (5,10,15)

.. (6.330) (10,30,50) (2'15'30)
mlnlmum{R ((5'{—1'18) ,R (7’:“;_530) ,R (5’160‘15) .

minimum {

This clearly indicates that Khan et al. [122] have assumed the property R (g) = %.
Whereas, Bhardwaj and Kumar [16] have shown that R (g) * %.

(i) It is obvious from Step 5 of Section 7.2.1.4 that Khan et al. [122] have assumed that on

R3

applying the operation G115

on the elements of third row of simplex Table 7.3, the

elements of third row of the simplex Table 7.4 will be obtained i.e., Khan et al. [122] have

assumed that
@57) _ (117
(@) (5,10,15) (5'2’5)'

(b) (5,15,20) — (1 17 4)

(510,15)  \3’12’
O G
(d) (5“’12‘1’1) = (0,0,0).
(e) (5(0122?5.) =(0,0,0).

a1y _ (1 11
() (510,15) (15 " 10’ 5)'
(2230) s
Ve ) (1 e 20
@) (5,10,15) L 10’5 |
It is obvious that to find these values there is need to use the division operation of TENs. As

pointed out in (i) of Section 7.2.1.2, Khan et al. [122] have used the following division

operation to obtain these elements.

If Tl = (ul, vl,Wl) and TZ = (uz, Uy, Wz) are two TFNSs. Then, % = (ﬂ h ﬂ)

) )
2 Wz V2 Uz

On using this division operation 3.57) —(1 - 7) (0.09) =(0,0,0) (0.00)

(51015) \5’2’5/)" (510,15) ' (5,10,15)
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(0,0,0) nd (1,11) (1 1 1) Bu t, (5,10,15) (5 10 15) (;’1’3) ¢(1'1' 1)

(5,10,15) 1510’5 (5,10,15) 15’10’ 5

(5 10,15)

Whereas, Khan et al. [122] have assumed that 015

=(1,1,1) i.e., to obtain this

element, Khan et al. [122] have used the operation 2220 _ (u1 an

—,—,—). However, the
(uz,vz2,w3) Uz Uz w3

following example clearly indicates that this division operation is not valid in general.
If T, =(2,3,4) and T, = (5,6,7) are two TFNs then according to this division

operation % = (SZ;) which is not a TFN as the necessary condition of a TFN,
2

vl N

4
<3<l
6 7

IS not satisfying.

Furthermore, it is pertinent to mention that although on applying the operation

{2y W1) _ (ﬂ ke Wl) the values of 2222 (22530 )should be( ) (i =2 6)

(uz,v2,W5) wy vy uy (5,10,15)" (5,10,15) 15’12’

(5,15,20) (2’%5,30)

While, inadvertently, Khan et al. [122] have mentioned that the values of ,
(5,10,15)" (5,10,15)

1 17 29 .

are (5,5,4) and (1,5, 6) respectively.

(iii) It is obvious from Step 6 of Section 7.2.1.4 that Khan et al. [122] have assumed that on
applying the operation R; + (—18, — % —5) R on the elements of first row of Table 7.4,

the elements of first row of Table 7.4 will be obtained i.e., Khan et al. [122] have assumed

that
@ @58 +(-18-3-5)(3.3.3) = (-3 -5.1)
0 (5.2.10) + (-18,-2,-5) (2.2,4) = (3. 22, -10).

© (5%,18) +(-18,-%,-5) (1,1,1) = (0,0,0).

(d) (1,1,1) + (-18,-%, —5)(0 0,0) = (1,1, 1).
() (0,0,0) +( 18, — )(0 0,0) = (0,0,0).
(M (0,0,0)+(-18 -, —5) s =(-5-%-1)
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@ (6.5,30) +(-18,-%,-5) (1L.2,6) = (-12,- 22,0).

It is obvious that to find these values there is need to use the multiplication operation as
well as the addition operation of TFNs. As pointed out in (i) of Section 7.2.1.2, that Khan et al.
[122] have used the following multiplication operation to obtain these elements.

If T, = (uy, vy, wy) and T, = (u,, v,, wy) are two TFNSs.

Then, T,. T, = (uq, vy, wy). (Uy, V3, Wy) = (Ugly, VU5, WiW,).

On using this multiplication operation (—18, —33—1, —5) (%%é) = (—% —%1, -7 )

Furthermore, using the addition operation (uq, vy, wy) + (U, vy, wy) = (Uug + uy, vy +

Vo, Wy + W), (258 +(-18-2,-5)(5.3,2) = 258 + (-2, - =,-7) =

5’2’5 6
8 1
(-3-31)
18

It is obvious that the element (—?, — 3?1 -7 ) isnota TFN as fora TFN T = (u, v, w),

the condition u < v < w should always be satisfied. Therefore, the element (—g —%, 1) IS

not correct.

Similarly, it can be easily verified that the remaining elements, obtained by Khan et al.
[122], are not correct.
7.2.2 Validity of the second observation

To resolve the inappropriateness of Khan et al.’s method [122], there is need to define the

subtraction and division of two TFNs in such a manner that A — A = (0, 0,0) and %: =(1,1,1),

where 4 = (u, v, w) is a TFN. However, till now no such operations have been defined in the
literature. Therefore, it is not possible to resolve this inappropriateness of Khan et al.’s method
[122].

7.2.3 Validity of the third observation

To resolve the inappropriateness of Hajiagha et al.’s method [98], there is need to define
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the subtraction and division of two IVIFs in such a manner that A — A =0 and
([1,1],[0,0]), where A = ([a;1,a;2], [ai3, ais]) is an IVIFS. However, till now no such

operations have been defined in the literature. Therefore, it is not possible to resolve this

inappropriateness of Hajiagha et al.’s method [98].
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Chapter 8
Appropriate definition of an IVIFS’

The concept of an IVIFS, proposed by Atanassov and Gargov [9], has been used by
several researchers in their research work. However, after a deep study, it is observed that the
existing definition of an IVIFS is not appropriate. The aim of this chapter is to make the
researchers aware about the inappropriateness of the existing definition as well as to propose
the appropriate definition of an IVIFS.

8.1 Inappropriateness of the existing definition of an IVIFS

The following clearly indicates that the existing definition of an IVIFS [9] is not

appropriate.

(i) Let@; = ([aij1, aijz], [aijz aija]) = ([0.1,0.5],[0.2,0.4]) be an IVIFS. Then, according
to existing definition [9], the interval of degree of hesitation [ai s Qi j6] can be obtained by
subtracting the sum of [a;jy, a;;] and [a;js, a;je] from [1,1] ie., [aijs aije] = [1,1] —
([aij1 aijz] + [aijs agja]) = [1,1] = ([0.1,0.5] + [0.2,0.4]) = [1,1] — [0.3,0.9] =
[0.1,0.7].

Finally, the interval of degree of membership, non-membership and hesitation of the
decision-maker with respect to &;; are [0.1,0.5], [0.2,0.4] and [0.1,0.7] respectively. Now,
if it is assumed that the interval of degree of membership [0.1,0.5] and interval of degree
of hesitation [0.1,0.7] are known. Then, according to the existing definition [9], the interval
of degree of non-membership [al-j3, aij4] can be obtained by subtracting the sum of these

intervals from [1,1] i.e., according to the existing definition [9], [a;js, aija] = [1,1] —

7 The contents of this chapter have been communicated in “Neurocomputing” for the possible publication
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([0.1,0.5] + [0.1,0.7]) = [1,1] — [0.2,1.2] = [—0.2,0.8].

(i)

(i)

However, as the lower bound a;;; of the obtained interval is a negative real number.

Therefore, the obtained interval does not represent the interval of degree of non-
membership. Since, it is the well known fact that the lower bound a; ;5 of the interval of
degree of non-membership [aij3, al-j4] should always be a non-negative real number lying
between 0 and 1.
AN IFS @;; = (u;;, v;;) is constructed by considering the assumption that the sum of degree
of membership y;;, degree of non-membership v;; and degree of hesitation h;; will be 1.
Therefore, if any two are known then by subtracting their sum from 1, third one can be
obtained. For example, if 4;; = 0.7 and v;; = 0.2 are known then h;; = 1 — (0.7 + 0.2) =
0.1. Now, if it is assumed that u;; = 0.7 and h;; = 0.1 are known then v;; =1 —
(0.7 + 0.1) = 0.2, which is same as the known degree of non-membership. Similarly, if it
is assumed that v;; = 0.2 and h;; = 0.1 are known then y;; =1 —(0.2+0.1) = 0.7,
which is same as the known degree of membership.

On the same direction, the intervals [a;;1, aijz ], [@ij3, @ija] @nd [ayjs, a;j6] will be valid
only if on considering any two intervals, third interval can be obtained. For example, if the
interval of degree of membership, non-membership and hesitation of the decision-maker
with respect to &;; are [0.1,0.5], [0.2,0.4] and [0.1,0.7] respectively. Then, on considering
[0.1,0.5], [0.2,0.4], the interval [0.1,0.7] should be obtained and on considering [0.1,0.5],
[0.1,0.7] the interval [0.2,0.4] should be obtained. However, the following clearly indicates
that this condition is not satisfying.

According to existing definition [9], on subtracting the sum of [aijl, aijz] = [0.1,0.5] and

[aijs, aije] = [0.1,0.7] from [1,1], the interval [a;js, a;j4] = [0.2,0.4] should be obtained.

While, it is obvious that [1,1] — ([aijl, al-jz] + [al-j5,al-j6]) = [1,1] —
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([0.1,0.5] + [0.1,0.7]) = [1,1] — [0.2,1.2] = [<0.2,0.8] % [0.2,0.4].  According  to
existing definition [9], on subtracting the sum of
[aij3, aija] = [0.2,0.4] and [a;js, aijs] = [0.1,0.7] from [1,1], the interval [a;jy, a;j,] =
[0.1,0.5] should be obtained. While, it is obvious that
[1,1] — ([aijs, aija] + [aijs, aije]) = [1,1] — ([0.2,0.4] + [0.1,0.7]) = [1,1] —
[0.3,1.1] = [-0.1,0.7] # [0.1,0.5].
8.2 Proposed definition of an IVIFS
The set @;; = ([aij1, aijz), [aijz aija]), Where [a;j1,aij2] and [aijs, a;j4] represents the
interval of degree of membership and the degree of non-membership of the decision-maker
with respect to set @;; respectively, will represent an IVIFS if a;jq, a;j;, a;j3 and a;j, will
satisfy the following conditions.
(i) 0=<a;j;<aj=<1,
(i) 0<a;z<a;j, <1,
(i) a;j1 + ajja = a;j + aj3,
(iv) a;j; +a;s < 1.
Furthermore, the interval [1 = Qjj1 — Ajja, 1 — azj1 — al-j4] will represent the interval of
degree of hesitation.
The conditions a;j; + a;j4 = a;j + a;j3, a;j1 +a;j2 < 1 and the interval of degree of
hesitation are obtained as follows:
It is well known fact that for an IFS the following conditions will always be satisfied:
1 — degree of membership > degree of non-membership (8.1)
1 — degree of non-membership > degree of membership (8.2)
The inequalities (8.1) and (8.2) can be transformed into equations (8.3) and (8.4)

respectively.
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1 — degree of membership=degree of non-membership + degree of hesitation (8.3)
1 — degree of non-membership=degree of membership + degree of hesitation (8.4)
Assuming that the intervals [a;j, aijz], [aijz, aija] and [aijs, aije] represents the
interval of degree of membership, the interval of degree of non-membership and the interval
of degree of hesitation, equations (8.3) and (8.4) can be transformed into the equations (8.5)
and (8.6) respectively.
[1,1] = [aij1, aijz] = [@ijzs aija] + [aijs, aije] (8.5)
[1,1] — [aijz, aija] = [aij1 aijz] + [aijs aije) (8.6)
Using the relations, 1 — [a,b] = [1—b,1 —a] and [a,b] + [c,d] = [a + ¢, b + d],
the equations (8.5) and (8.6) can be transformed into the equations (8.7) and (8.8) respectively.
[1— aijn, 1 — aija] = [aijz + aijs, Qija + aije) (8.7)
[1- aija1—aijs] = [aijs + aijs, aijz + aijs) (8.8)
Using the relation [a, b] = [¢,d] = a = ¢, b = d, the equations (8.7) and (8.8) can be

transformed into the equations (8.9) to (8.12) respectively.

1—aij, = a3 + a5 (8.9)
1—ajj; = ajjs + aijs (8.10)
1—ajjs = ajjy + ayjs (8.11)
1—a;53 = a;j2 + ajje (8.12)

On simplifying the equations (8.9) to (8.12), the equations (8.13) to (8.16) are obtained.

Aijs = 1 — a2 — a3 (8.13)
aijo =1 —ajj1 — Qjja (8.14)
Aijs = 1 —aj; — jq (8.15)
ajjo =1 — ajj; — a;j3 (8.16)
Now, Ajjs = Qs
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= 1—ajp — a3 =1 —aj1 — Qija
= i + A3 = agjp + Qg (8.17)
Also, Ajje = Qyje
= 1=ajj1 — a4 =1 — a;j5 — a;j3
= Aijy + ija = Qijp + a3, (8.18)
Using the equations (8.13) to (8.18) a;js = a;jo = 1 — a;j; — ;4.
Therefore, [a;js, aijo] = [1 — aijn — @ijar 1 — aijz — ijal-

8.3 Validity of the proposed definition of an IVIFS

In the proposed definition of an IVIFS, the interval of degree of hesitation is defined as
laijs, aije] = [1 — aijzs — @ijas 1 — a;jy — a;ja]. Since, in the proposed definition, the
condition 1 — a;j; — a;j, = 0 has been considered. So, the value of a; ;5 will always be greater
than or equal to zero. Therefore, to prove that the proposed definition is valid, it is sufficient
to prove that if any two among the three [a;;1,aij2] [aijz aija] and [aijs, aije] =
[1 — Qjj1 — Qija, 1 — agjg — aij4] are known then the third one should be obtained by using
the equations (8.5) and (8.6).

(i) Letthe interval of degree of membership [ai i1, a4 jz] and the interval of degree of hesitation
[aijs, aijo] = [1 — aijs — @ija, 1 — a;jy — a;j] be known and  [a,b] represents the
unknown interval of degree of non-membership. Then, using the equation (8.5),

[1,1] = [ag1, aij2] = [1 — aij1 — @ijar 1 — agjs — aija] + [a, b]

= [1 — Qi 1 — aijl] = [1 —Qjj1 — Qja +a, 1 —a;j — i + b]

= 1-— aij2=1—al-j1—al-j4+a, 1- aij1=1—al-j1—al-j4+b

=a= — Q> +al-j1+al-j4,
b=—a;y+ajj; + ajjs = ayjy
USing the condition (|||), Qij1 + Aijja = Ajj2 + a;j3 i.e., Qijz3 = —Qij2 + Qij1 + Qija,
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a= a3
= [a,b] = [aijg,aij4].
Similarly, the same can also be proved by using the equation (8.6).
(if) Let the interval of degree of non-membership [al-j3,aij4] and the interval of degree of
hesitation [a;js, a;je] = [1 — @ij1 — @ijas 1 — a;j3 — a;j4] be known and [a, b] represents
the unknown interval of degree of membership. Then, using the equation (8.5),
[1,1] — [aijz aija] = [1 — aijs — @ijar 1 — aijy — aija] + [a, b]
= [1- ajpl—ays] =[1—ajs —aja+a1l—aj —ajjs+ b

=1-— aij4=1—aij1—aij4+a,1—aij3=1—aij1—aij4+b

= a = — Qs + Qi1 T Qija = 41,
b =—ajj; + a;j; +a;js.

Using the condition (iii), a;j; + ajja = aijz + aijz i.e., aijp = — a3 + a1 + s
b = a;j;

= [a, b] = [aijl,aijz].
Similarly, the same can also be proved by using the equation (8.6).

8.4 lllustrative examples

In this section, the proposed definition is illustrated with the help of some numerical
examples.
Example 8.1 If @;; = ([aij1, aij2], [aijs, aija]) = ([0.10,0.50], [0.20,0.40]). Then, according
to proposed definition, it is not an IVIFS as the condition a;;; + a;j, = a;j; + a;j3 is not
satisfying. While, according to the existing definition [9], it is an IVIFS. Furthermore,
according to existing definition [9], the interval of degree of hesitation will be
[1—0.50 — 0.40,1 — 0.10 — 0.20] = [0.1,0.7].

Now, if it is assumed that the interval of degree of membership [0.10,0.50] and interval
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of degree of hesitation [0.10,0.70] are known. Then, according to the existing definition [9],
the interval of degree of non-membership [aijg, al-j4] can be obtained by subtracting the sum
of these intervals from [1,1] i.e., according to the existing definition [9],
[aijs aija] = [1,1] — ([0.10,0.50] + [0.10,0.70]) = [1,1] — [0.20,1.20] = [—0.20,0.80]

This clearly indicates the lower bound a; ;5 of the interval of degree of non-membership
[aijg, aij4], obtained by considering the existing definition [9] of an IVIFS, is a negative real
number, which contradicts the well known fact that a;;; should always be a non-negative real
number lying between 0 and 1.
Example 8.2 If @;; = ([aij1, aij2], [aij3, aija]) = ([0.20,0.70], [0.30,0.80]). Then, according
to existing definition [9], it is not an IVIFS as the condition a;;; + a;;, = 1.5 < 1 is not
satisfying. While, according to proposed definition, it is an IVIFS as all the conditions 0 <
a;j1 < a;j < 1,0 < a;53 < a;jy < 1,a;51 + ajj4 = a;p + ajzand a;j; + a;jy < 10ra;jz +
a;j, < 1aresatisfying. Furthermore, as a;j; = 0.20, a;j; = 0.70, a;;3 = 0.30 and a;;, = 0.80
so using the equation (8.13) or the equation (8.15) i.e., a;js = 1 — a;j — a;j3 Or a;j5s = 1 —
a;j; — a;j4, the obtained value of a5 is 0 and using the equation (8.14) or the equation (8.16)
I.e., ajjo =1 —a;j; — ajs OF a6 = 1 — a;j, — a;;3, the obtained value of a;;6 is also 0.
Therefore, the interval of degree of hesitation [a;;s, a;je] is [0,0].

Now, the following clearly indicates that on considering any two among
[0.20,0.70],[0.30,0.80] and [0,0], the third one can be obtained.
(1) Let [a;j1, aij2] = [0.2,0.7] and [ayjs, a;j| = [0,0] be known. Then,
[1,1] — [aij1, aij2] = [aijz aija] + [aijs: aije)
= 1—1[0.2,0.7] = a3, aija] + [0,0]
= [0.3,0.8] = [0 + a;j3,0 + a;j4]
=03=0+a;3and 0.8 =0+ a;j,
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= a;j3 = 0.3 and a;;, = 0.8
= [a;j3, a;j4] = [0.3,0.8].
(2) Let [ayj3, a;j4] = [0.3,0.8] and [a;js, a;j6] = [0,0] be known. Then
[1,1] — [aij1, aijz] = [aijs aija] + [aijs aijo)

= 1 — [a;j1, aij2] = [0.3,0.8] + [0,0]

= [1—a;j5, 1 — a;j1] = [0.3,0.8]

=>1-a;j,=03and1—a; =08

= a;j; = 0.2and a;5, = 0.7

= [aij1, aijz] = [0.2,0.7].
Example 8.3 If @;; = ([aij1, aij2] [aij3 aija]) = ([0.10,0.50], [0.10,0.50]). Then, it is an
IVIFS according to both existing definition [9] as well as proposed definition. However,
according to existing definition [9], the interval of degree of hesitation will be
[1—0.50 — 0.50,1 — 0.10 — 0.10] = [0.00,0.80].

Now, if it is assumed that the interval of degree of membership [0.10,0.50] and interval
of degree of hesitation [0.00,0.80] are known. Then, according to the existing definition [9],
the interval of degree of non-membership can be obtained by subtracting the sum of these
intervals from [1,1]. i.e., according to the existing definition [9],
[aijs, aija] = [1,1] — ([0.10,0.50] + [0.00,0.80]) = [1,1] — [0.10,1.30] = [—0.30,0.90].

However, as the obtained value of a;;3, obtained by considering the existing definition
of an IVIFS [9], is a negative real number, which contradicts the well-known fact that the a; 5
should always be a non-negative real number lying between 0 and 1.

While, according to proposed definition, it is an IVIFS as all the conditions 0 < a;;; <
aij <1,0<a;j3 < a;js < 1,051 + ajjy = ajp + a3 and a;j; + a;j4 S 10raj, + a;3 <

1 are satisfying. Furthermore, as a;j; = 0.10, a;j, = 0.50, a;;3 = 0.10 and a;;, = 0.50 so
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using the equation (8.13) or the equation (8.15) i.e., a;js = 1 —a;j, — a;j3 Of a;js =1 —
a;j; — a;j4, the obtained value of a;;s is 0.40 and using the equation (8.14) or the equation
(8.16) i.e., a;js = 1 — a;j; — ayju OF a;j6 = 1 — a;;, — a3, the obtained value of a;j is also
0.40. Therefore, the interval of degree of hesitation [aijs, al-j6] is [0.40,0.40].

Now, the following clearly indicates that on considering any two among

[0.10,0.50],[0.10,0.50] and [0.40,0.40], the third one can be obtained.
1) Let [ajj1,aij2] =10.10,0.50] and [a;js, aij] = [0.40,0.40] be known. Then
[1,1] — [aij1, aijz] = [aijs aija] + [aijs: aijs)
= 1 —[0.10,0.50] = [ayj3, a;js4] + [0.40,0.40]
= [0.50,0.90] = [a;j5 + 0.40, a;j, + 0.40]
= 0.50 = a;;3 + 0.40 and 0.90 = a;;, + 0.40
= a;j3 = 0.10 and a;;, = 0.50
= [a;j3, a;j4] = [0.10,0.50].
2) Let [ayjs aijs] =10.10,0.50] and [a;js a;j6] = [0.40,0.40] be known. Then
[1,1] — [aij1, aijz] = [aijs aija] + [aijs aijs)
= 1 — [a;j1, aij2] = [0.10,0.50] + [0.40,0.40]
= [1—a;5,1— a;j;] = [0.50,0.90]
=1-a;, =050and 1—a;; = 0.90
= a;j; = 0.10 and a;;, = 0.50
= [aij1, a;j2] = [0.10,0.50].

8.5 Solution of a real-life IVIFMADMPr
In this section, the existing IVIFMADMPr [258] having completely known attribute

weights have been solved with the following modification:

“Rating value of each alternative over each criterion is represented as the proposed IVIFS
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instead of the existing IVIFS”.

There is a panel of four alternatives for the investment company to invest money in best

option A4;,i = 1,2,3,4 on the basis of the following three benefit attributes.

()
(i)
(iii)

G,: Risk analysis

G,: Growth

G5: Environmental impact

Furthermore,

(i) The

G, N™"

element

of

the Table 8.1,

represented by an

([aij1, aijz), [aijz aija]), represents the rating value of the i"-company over the jt*-

attribute.

Table 8.1: Rating Values

Attributes—

l G, G, Gs
Alternatives
Ay [0.40,0.50], [0.40,0.60], [0.20,0.60],
( [0.30,0.40] ) ( [0.20,0.40] > ( [0.40,0.80] )
A, [0.20,0.70], [0.20,0.90], [0.30,0.40],
([0.30,0.80]) ([0.10,0.80]) ([0.50,0.60])
A [0.30,0.40], [0.20,0.20], [0.10,0.50],
’ ([0.50,0.60]) ([0.50,0.50]) ([0.40,0.80])
Ay [0.20,0.40], [0.20,0.60], [0.40,0.70],
([0.30,0.50]) ([0.40,0.80]) ([0.20,0.50])

(i) Weights w,, w, and w4 of the attributes G4, G, and G respectively are w; = w, = w3 =
1

3

Using the Jujhar method, proposed in Section 4.13 of Chapter 4, the ranking of the

alternatives for the considered real-life IVIFMADMPr having completely known attribute
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weights can be obtained as follows.
Since, as all the attribute weights are known so there is no need to apply Step 1 to Step 4 of

the proposed Jujhar method.
Step 5: On considering the OAWYV, (wy,w,,w3) = (ggg) and using Step 5 of Jujhar
method, proposed in Section 4.13 of Chapter 4,

P = ([(3) (040) + (3) (0.40) + (5) (0.20), (3) (0.50) + (5) (0.60) + (5) (0.60) |,
[6) 030 +(3) (020) + (5) 040, (5) ©:40) + (5) 040) + (3) 0.80) )

= ([0.3333,0.5666],[0.3000,0.5333]),

P, = ([(3) (020) + (3) (0.20) + () (0.30), () (0.70) + (5) (0.90) + (5) (0.40)]
[6) 030 +(3) (0:10) + (5) ©:50), (5) ©:80) + (5) 080) + (5) 0.60)])

= ([0.2333,0.6666], [0.3000,0.7333]),

= () 0200+ () 020 + (010, 040+ () 020 + () 050)
[6) ©050) + (5) 050) +(5) (0409, (5) 0.60) + 5) (050) + (5) 080

= ([0.2000,0.3666], [0.4666,0.6333]),

b= () 0200+ () 020 + (040 () 0400+ () 050 + () 070)

[(g) (0.30) + (g) (0.40) + (g) (0.20), (g) (0.50) + ( ) (0.80) + (3) (. 50)])
= ([0.2666,0.5666],[0.3000,0.6000]),
Step 6: Using Step 6 of the Jujhar method, proposed in Section 4.13 of Chapter 4,
S(P,) = 0.0333,5(P,) = —0.0667,5(P;) = —0.2666 and S(P,) = —0.0334.
Since, S(P,) > S(B,) > S(P,) > S(Ps). So, according to Step 6 of the Jujhar method,

proposed in Section 4.13 of Chapter 4, the ranking of the alternatives is A; > A, > A, > A;.
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8.6 Conclusions

It is shown that the existing definition of an IVIFS [9] is not appropriate and the
appropriate definition of an IVIFS is proposed. Also, the validity of the proposed definition is
discussed. Furthermore, the proposed IVIFS is used to represent the rating value of each
alternative over each attribute in an existing real-life IVIFMADMPr [258] having completely
known attribute weights with modified data. Finally, the modified real-life IVIFMADMPr

having completely known attribute weights is solved by the proposed Jujhar method.

248



Chapter 9
Appropriate definition of an IVPFS®

The concept of an IVPFS, proposed by Peng and Yang [164], has been used by several
researchers in their work. However, after a deep study, it is observed that the existing definition
of an IVPFS is not appropriate. The aim of this chapter is to make the researchers aware about
the inappropriateness of the existing definition as well as to propose the appropriate definition
of an IVPFS.

9.1 Inappropriateness of the existing definition of an IVPFS

The following clearly indicates that the existing definition of an IVPFS [164] is not

appropriate.
(i) Let &; = ([aij1, aijz2) [aijz aija]) = ([0.80,0.90],[0.10,0.20]) be an IVPFS. Then,
according to existing definition [164], the interval of degree of hesitation [aijs, al-j6] can be

obtained by using the expression, laijs, aije] =

l\/l — (ay2)” - (al-,-4)2,\/1 — (ayn)” - (al-,-3)2| ie.,

laijs, aije] = [\/1 —(0.90)2 — (0.20)%,,/1 — (0.80)2 — (0.10)2] =

[V1-0.81—0.04,v1—-0.64 —0.01] = [0.15,v0.35]
Finally, the interval of degree of membership, non-membership and hesitation of the

decision-maker ~with respect to &; are [0.80,0.90], [0.10,0.20] and

[v/0.15,v/0.35] respectively.

Now, if it is assumed that the interval of degree of membership [0.80,0.90] and the

8 The contents of this chapter have been communicated in “Applied Soft Computing” for the possible publication

249



(i)

interval of the degree of hesitation [v0.15,/0.35] are known. Then, according to the
existing definition [164], the interval of the degree of non-membership [a;js, a;j4] can be

obtained by using the expression, laijs, aija] =

:\/1 — (aijz)z - (aijﬁ)z,\/l - (aijl)z — (aij5)2| ie. [aijs aija] =

_\/1 — (0.90)% — («/0.35)2,\/1 — (0.80)% — (x/0.15)zl -

[V1—10.81—-0.35V1—0.64 — 0.15] = [v/—0.16,v0.21]

However, as the lower bound a;;; of the obtained interval is a negative real number.
Therefore, the obtained interval does not represent the interval of degree of non-
membership. Since, it is well-known fact that the lower bound a; ;5 of the interval of degree
of non-membership [aij3, al-j4] should always be a non-negative real number lying
between 0 and 1.

A PFS @&;; = (u;j, v;;) is constructed by considering the assumption that the sum of square
of degree of membership w;;, non-membership v;; and degree of hesitation h;; will be 1.
Therefore, if any two are known then by subtracting the sum of their square from 1, the

third one can be obtained. For example, if ;; = 0.70 and v;; = 0.20 are known then h;; =

1 —(0.70)2 — (0.20)2 = v/0.47. Now, if it is assumed that pij = 0.70 and h;; = v0.47

are known then v;; = Jl — (0.70)2 — (V0.47)" = 0.20, which is same as the known

degree of non-membership. Similarly, if it is assumed that v;; = 0.20 and h;; = v0.47 are

known then y;; = Jl —(0.20)2 — (\/0.47)2 = 0.70, which is same as the known degree

of membership.

On the same direction, the intervals [a;;, aijz ], [@ij3, aija] and [aijs, a;je] will be valid

250



only if on considering any two intervals, third interval can be obtained. For example, if the
interval of degree of membership, the interval of degree of non-membership and the interval
of degree of hesitation of the decision-maker with respect to &;; are [0.80,0.90], [0.10,0.20]
and [V0.15,+/0.35], respectively. Then, on considering [0.80,0.90], [V0.15,/0.35] the
interval [0.10,0.20] should be obtained and on considering [0.10,0.20], [v0.15,v/0.35], the
interval [0.80,0.90] should be obtained. However, the following clearly indicates that this
condition is not satisfying.

(i) According to existing definition [164], on using the expression [al-j3,al-j4]=

[\/1 — (aijz)z — (aij(,)z,\/l — (aijl)z — (Clij5)2|, the interval [aij3,aij4] = [010,020]

should be obtained. While, it is obvious that

laij3, aija] = Nl ~(a2)" - (aifﬁ)z'\/l - ()" - (aij5)2| B

N1 —~ (0.90)2 — (\/0.35)2,\/1 — (0.80)2 — (\/0.15)Zl _

[V1—0.81—-0.35,v1—0.64 — 0.15] = [v/—0.16,+/0.21] # [0.10,0.20].

(i) According to existing definition [164], on using the expression [aijl,aijz]z

[\/1 - (aij4)2 - (aij6)2,\/1 - (aij3)2 - (aij5)2|, the interval [aijl, aijZ] = [080,090]

should  be  obtained. ~ While, it is  obvious  that = [a;,aijz] =

:\/1 - (aij4)2 - (aijs)z,\/l - (aijs)z _ (aij5)2| _

—\/1 — (0.20)2 — (\/0.35)2,\/1 —~ (0.10)2 — (\/0.15)Zl

[V1—0.04 - 0.35,v/1—0.01 — 0.15] = [/0.61,+/0.84] + [0.80,0.90].

251



9.2 Proposed definition of IVPFS
The set @;; = ([aij1, aijz], [aijz aija]), Where [a;j1, aij2] and [aijs, a;j4] represents the
interval of degree of membership and the interval of degree of non-membership of decision-
maker of set @;; respectively, will represent an IVPFS if a;j4, a;,, a;j3 and a;, will satisfy the
following conditions.
(i) 0=<a;j;<aj=<1,

(II) 0< aijj3 < QAija <1,
(i) (a1)” + (ayjs)” = (ai2)” + (ay3)’,

(iv) (@) + (ays)’ < 1.

Furthermore, the interval I\/l —(ay1)" - (aij4)2,\/1 — (ayj1)" — (ai;s)” | will represent
the interval of degree of hesitation.

The conditions (aijl)z + (am)2 = (al-jz)2 + (aij3)2, (aijl)z + (am)2 <1 and the
interval of degree of hesitation are obtained as follows:

It is well-known fact that for a PFS the following conditions will always be satisfied:
1 — (the degree of membership)? > (the degree of nonmembership)? (9.2)
1 — (the degree of non — membership)? > (the degree of membership)? (9.2

The inequalities (9.1) and (9.2) can be transformed into equations (9.3) and (9.4)

respectively.
1 — (the degree of membership)? = (the degree of non — membership)? +
(the degree of hesitation)? (9.3)
1 — (the degree of non — membership)? = (the degree of membership)? +
(the degree of hesitation)? (9.4)

Assuming that the intervals [a;j1, a;j,], [aij3, aija] and [a;js, a;j6] represents the interval
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of the degree of membership, non-membership and hesitation respectively, equations (9.3) and

(9.4) can be transformed into equations (9.5) and (9.6) respectively.
(1,11 = [ (ayn)”, (ai2)”] = [(@is)” (@) | + [(aiss)” (a176)] (9.5)
111 = [(aij3)s (@) | = [(@in)”, (@12)] + | (auss) " (auje) ] (9.6)

Using the relations, 1 — [a,b] = [1 —b,1 —a] and [a,b] + [c,d] = [a + ¢, b + d],

the equations (9.5) and (9.6) can be transformed into the equations (9.7) and (9.8) respectively.
[1 — ()" 1 - (aijl)z] = [(%‘3)2 + (ays)” (aya)” + (%‘6)2] (9.7)

2 2 2 2 2 2
[1 = (aa)" 1 = (ays) ] = [(ai,-l) + (aijs)", (aij2)” + (aije) ] (9.8)
Using the relation [a, b] = [¢,d] = a = ¢, b = d, the equations (9.7) and (9.8) can be

transformed into the equations (9.9) to (9.12) respectively.

1 - (ay2)” = () + (ays)” (9.9)
1= (ays)” = (aa) + (ays)” (9.10)
1 - (ays)” = () + (ays)” (9.11)
1 - (ays)” = (a2)” + (ays)” (9.12)

On simplifying the equations (9.9) to (9.12), the equations (9.13) to (9.16) are obtained.

(ays)” =1 ()" = (ays)’ (9.13)
(aye) =1 ()" = (aya)’ (9.14)
(ays)” =1 ()" = (aya)’ (9.15)
(aye) =1 ()" = (ays)’ (9.16)
Now, (ays)” = (ays)”
> 1- (@) = (@) = 1= (an)” = (ayja)’
= (ai12)” + (a3)” = (ayn)” + (aija)” (9.17)
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Also, (aij6)2 = (aij6)2
> 1= (ay1)" = (aya)” = 1- (ai2)” = (ay2)”
= (aijl)z + (aij4)2 = (aiJ'Z)Z + (%‘3)2- (9.18)
Using the equations (9.13) to (9.18), (aijs)z = (al-j6)2 =1- (aijl)z — (al-j4)2.

Therefore, [(aijs)z, (aij6)2] = [1 - (aijl)z - (aij4)2' 1- (aij1)2 - (aij4)2]

ie. [ays, aij] = [Jl B (aijl)z - (aij4)2'\/1 - (aijl)z B (aij4)2|-
9.3 Validity of the proposed definition of an IVPFS

In the proposed definition of an IVPFS, the interval of degree of hesitation is defined as

[aijS, aij6] = l\/l - (aijl)z - (aij4)2,\/1 - (aijl)z - (aij4)2|. Since, in the proposed

definition, the condition 1 — (al-jl)2 - (aij4)2 > 0 has been considered. So, the value of a; ;5
will always be greater than or equal to zero. Therefore, to prove that the proposed definition

is valid, it is sufficient to prove that if any two among the three [a;jy, aij], [aij3, aija] and

laijs, aije] = l\/l — (aijl)z — (aif‘*)z'\/l — (aijl)z — (al-]-4)2| are known then the third one
should be obtained by using the equations (9.5) and (9.6).

(i)  Let the interval of degree of membership [aij1.aijz] and the interval of degree of

. . 2 2 2 2
hesitation [aijS, al-j6] = lJl - (aijl) - (aij4) ,\/1 — (aijl) - (aij4) | be known
and [a, b] represents the unknown interval of the degree of non-membership. Then,

using the equation (9.5),

(111 = [(@i)"s (@2)”] = [1 = (@ia)” = (ayja)"s 1 = (ayn)” = (auja) | + [a2, 7]

= [1 — (a2)" 1 - (aijl)z] = [1 = (ay2)" = (aya)” + a2 1= (as)” = (aiya)” + bz]
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(i)

=1 () =1 (ay) — (as) +a?,
1—(a1)" = 1= (a1)" — (@) +b?
= a? = —(ay2) + (aip)” + (aa)
b? = —(ay1)" + (a2)” + (aija)” = (aya)” = b = ayja.
Using the condition (iii), (a;j1)” + (aija)” = (aij2)” + (ai;3)” i€ (aijs)” = —(aij2)” +
(aip)” + (aia)’,
a? = (aij3)2 = a=a;s.
i.e., [a,b] = [aijz aija)
Similarly, the same can also be proved by using the equation (9.6).

Let the interval of degree of non-membership [a; j3,aij4] and the interval of degree of

heSitation, [aij5, al-j6] = l\/l — (Clijl)z - (al-]-4)2,\/1 — (aijl)z — (aij4)2| be known and
[a, b] represents the unknown interval of degree of membership. Then, using the equation

(9.9),

111 = [(@i3)s (@) | = [1 = ()" = (aya)"s 1 = (ayn)” = (ausa) ] + [a2, 1]

= [1 — (aya)' 1 - (%’3)2] = [1 — (ai11)" = (aya)” + %1 = (@) = (aya)” +
0|

> 1- (@) = 1= (ays) = (aya)” + a2 1= (ays) = 1= ()" = (aa)” +b?
=a’ = —(aij4)2 + (%’1)2 + (ai,-4)2 = (%‘1)2 = a = a1,

b2 = —(aa)” + (@) + (as)”

Using the condition (i),  (a;1)” + (aia)” = (ay2)” + (ai;3)” e, (a2)” =
~(ays)” + (@p)” + (ayza)’
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2
b2 = (al-jz) =>bh= aijz.
i.e., [a,b] = [ai1, aijz)-
Similarly, the same can also be proved by using the equation (9.6).

9.4 lllustrative examples

In this section, the proposed definition is illustrated with the help of some numerical

examples.

Example 9.1 If @;; = ([aij1, aijz], [aij3, aija]) = ([0.80,0.90],[0.10,0.20]). Then, according
to proposed definition, it is not an IVPFS as the condition (al-jl)2 + (aij4)2 = (aijz)z +

(al-j3)2 is not satisfying. While, according to the existing definition [164], it is an IVPFS.

Furthermore, according to existing definition [164], the interval of degree of hesitation will be

[\/1 —(0.90)2 — (0.20)2,/1 — (0.80)2 — (0.10)2]

= [V1—0.81 - 0.04,v1 - 0.64 — 0.01] = [V0.15,V0.35|.

Now, if it is assumed that the interval of degree of membership [0.80,0.90] and interval
of degree of hesitation [v0.15,+/0.35] are known. Then, according to the existing definition
[164], the interval of degree of non-membership ([aij3, a; ]-4]) can be obtained by subtracting

the sum of square of these intervals from [1,1] i.e., according to the existing definition,

@iz aija] = l\/l —(0.90)% - (V0-35)2,J1 — (0.80)2 — (V0.15)°| =

[V1—0.81 - 0.35,V1— 0.64 — 0.15] = [v/—0.16,v/0.21] = [0.10,0.20].

This clearly indicates that according to existing definition [164], the lower bound a; ;3
of the interval of degree of non-membership [al-j3,aij4] IS a negative real number, which
contradicts the well known fact that a;;; should always be a non-negative real number lying
between 0 and 1.

Example 9.2 If @;; = ([aij1, aij2), [aij3, aija]) = ([0.40,0.60], [0.70,4/0.69]) then according
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to existing definition [164], it is not an IVPFS as the condition (al-jz)2 + (ai]-4)2 =1.05<1
is not satisfying. However, according to proposed definition, it is an IVPFS as all the conditions
2 2 2 2
0< Ajj1 < Qjjz <1 , 0< aij3 < Qjjg <1, (aijl) + (Clij4) = (aijz) + (Clijg) and
(aijl)2 + (aiﬂ)2 <1or (aijz)2 + (aij3)2 < 1 are satisfying. Furthermore, as a;;; = 0.40,
a;j = 0.60, a;j3 = 0.70 and a;;, = v0.69 so using equation (9.13) or equation (9.15) i.e.,
2 2 2 2 2 2 .

(al-j5) =1- (aijz) - (aij3) or (aijS) =1- (aijl) - (aij4) , the obtained value of
a;js is 0.15 and using the equation (9.14) or the equation (9.16) i.e., (al-j6)2 =1- (aijl)z —
(aija)” or (ag6)” = 1 — (ai2)” — (ay3)", the obtained value of a;jg is also 0.15. Therefore,
the interval of degree of hesitation [a;js, a;js] is [V0.15,v0.15].

Now, the following clearly indicates that on considering any two among

[0.40,0.60],[0.70,+/0.69] and [v/0.15,v/0.15], the third one can be obtained.

(i) Let [ajj1,aij,] =1[0.40,0.60] and [ayjs, aij6] = [V0.15,v/0.15] be known. Then
111 = [(aip)"s (@2)”| = |(ayjs)”. (auja) ] + | (ayis)”, (aije) ]

= 1 - [(0.40), (0.60)2] = [(a;13)", (a7a)"] + [(V0.15)", (vO.15) ]

= [0.64,0.84] = [(ays)” + (VOI5)’, (ayya)” + (V0.15) ]
= 0.64 = 0.15 + (a;;3)” and 0.84 = 0.15 + (a;)’
> (ay3)”" = 0.49 and (a;;,)" = 0.69
= [aijs aijs] = [0.7,70.69].
(i) Let [aij3 aij4] = [0.7,Y0.69] and [ayjs, a;js] = [0.15,+/0.15] be known. Then
(1,11 = [(ags)” (aa) ] = [(ayn)”, (@12) "] + [(aiss) (ayse)”]
= 1-[(0.7% (V0.89) | = [(@n)’, (@12) ] + [(VOT5)", (VOI5) ]
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= [031,051] = [0.15 + (a;1)", 0.15 + (ay;2) |
= 031 = 0.15 + (a;;1)” and 0.51 = 0.15 + (ay;,)°
> (a;,)" = 0.16 and (a;;,)” = 0.36
[(am) (ai;2) ] [0.16,0.36] i.e., [asj1, a;,] = [0.40,0.60].

Example 9.3 If @; = ([aij1, aij2), [aij3, aija]) = ([0.10,0.50],[0.10,0.50]). Then, it is an
IVPFS according to both existing as well as proposed definition. However, according to

existing  definition [164], the interval of degree of hesitation will be

[\/1 —(0.50)% — (0.50)2,/1 — (0.10)2 — (0.10)2]

= [V1-10.25—-0.25,v/1—0.01 — 0.01] = [0.50,+/0.98].

Now, if it is assumed that the interval of degree of membership [0.10,0.50] and interval
of the degree of hesitation [\/m \/m] are known. Then, according to the existing definition
[164], the interval of the degree of non-membership can be obtained by subtracting the sum of

the square of these intervals from [1,1]. i.e., according to the existing definition [164],

(a3 aija] = l\/1 ~ (0.50) — (\/0.98)2,\/1 — (0.10)2 — (v098)"| =

[V1—-0.25—-0.98,v1—0.01-0.50] = [V1 —1.23,¥1 - 0.51] = [V—0.23,+/0.49] =
[0.10,0.50].

This clearly indicates that according to existing definition [164], the obtained value of
a;jz is a negative real number, which contradicts the well known fact that the a;;3 should
always be a non-negative real number lying between 0 and 1.

However, according to proposed definition, it is an IVPFS as all the conditions 0 <
2 2 2 2 2
Qjy S @jp <1, 0 < a3 Sagp < 1, (i) + (aa)” = (a2)” + (ayz)” and (ayn)" +

(al-j4)2 <1lor (aijz)z + (aij3)2 < 1aresatisfying. Furthermore, as a;;; = 0.10, a;, = 0.50,
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a;j3 = 0.10 and a;j, = 0.50 so using the equation (9.13) or the equation (9.15) i.e., (al-js)2 =
1 - (a;2)" = (ays)” or (aiys)” = 1= (a;1)” — (aij4)”, the obtained value of aj s is V0.7%
and using the equation (9.14) or the equation (9.16) i.e., (aijﬁ)2 =1- (am)z — (aij4)2 or
(al-j6)2 =1- (aijz)Z - (aij3)2, the obtained value of a;js is also v/0.74. Therefore, the
interval of degree of hesitation [a;;s, a;je] is [v0.74,v0.74].
Now, the following clearly indicates that on considering any two among

[0.10,0.50],[0.10,0.50] and [mvm] the third one can be obtained.
(1) Let [a;j1, aij2] = [0.10,0.50] and [a;;s, a;js] = [V0.74,v0.74] be known. Then,

I [(%’1)2: (%‘2)2] = [(aija)z» (%’4)2] + [(aiJS)Zl(aije)z]

= 1-[0.01,025] = [(ayj3)", (ayja)’] + [0.74,0.74]

= [0.75,0.99] = [(aiﬁ)2 +0.74, (a;4)" + 0.74]

= 0.75 = (ayj3)” + 0.74 and 0.99 = (a;;4)” + 0.74

= a;j3 = 0.10 and a;;, = 0.50

= [aij3, aij4] = [0.10,0.50].
(2) Let [ayjs aija] = [0.10,0.50] and [ayjs, a;j6] = [V0.74,40.74] be known. Then,

11] = [(@12)" (@i2)°] = 10.01,0.25] + [ (ayss) ", (aize) ]
[(aul) (ai2) ] [0.01,0.25] + [0.74,0.74]
> [1- (ai2)"1— (a0)°] = [0.75,0.99]
1 - (ay;2)" = 0.75and 1 — (a;,)" = 0.99
= a;j; = 0.10 and a;;; = 0.50

= [aij1, a;j2] = [0.10,0.50].
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9.5 Solution of a real-life IVPFMADMPr
In this section, the existing IVPFMADMPr [258] having completely known attribute

weights have been solved with the following modification:
“Rating value of each alternative over each criterion is represented as the proposed

IVPFS instead of the existing IVPFS”.

There is a panel of four alternatives for the investment company to invest money in best
option 4;,i = 1,2,3,4 on the basis of the following three benefit attributes.

()  G;:Risk analysis

(i)  G,: Growth
(iii)  G3: Environmental impact
Furthermore,

(i) The (i,)™ element of the Table 9.1, represented by an IVPFS &; =
([aij1, aijz), [aijs aija]), represents the rating value of the it*-company over the j"-
attribute.

Table 9.1: Rating Values

ttributes—
l G, G, G

Alternatives

A, [0.40,0.60], ([0.10,0.50], [0.10,0.40],>
<[()_70, 0.69) [0.10,0.50]) ([0.70,0.80]

A, ([0.20,0.50],) [0.18,0.50], ([0.20,0.70],)
[0.20,0.50] 0.30,0.40] [0.60,0.90]

" (wsosonl) | (fozanaol) | (i200s0l)
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A, ([0.10,0.40],) [0.40,0.60], ([0.30,0.40],)
[0.70,0.80] <[0_70,\/m]> [0.30,0.40]

(i)  Weights w;,w, and ws of the attributes G,, G, and G5 respectively are w; = w, =
wy =1
Using the Jorawar method, proposed in Section 5.4 of Chapter 5, the ranking of the
alternatives for the considered real-life IVPFMADMPr having completely known attribute
weights can be obtained as follows.

Since, all the attribute weights are known so there is no need to apply Step 1 to Step 4 of the

proposed Jorawar method.
Step 5: On considering the OAWV, (wy,w,, w3) = G%g) and using Step 5 of the Jujhar
method, proposed in Section 5.4 of Chapter 5,

B = ([(3) 0.40) + (3) (0.10) + (3) (0.10),(3) (0.60) + (3) (0.50) + () (0.40)],

[(5) 070 + (3) (0.10) + (3) (0.70), (5) (V0.69) + (5) (0.50) + (5) (0.80)] )

= ([0.1999,0.4998], [0.4999,0.7100]),

2= () 0200+ ()T + () 0200 ¢) 050 + () 0500+ () 070)

€) @20+ () 0300+ () 050 () 030+ () 0400+ () 050))

= ([0.2745,0.5665],[0.3664,0.5998]),

7= () 0200+ () 0100+ () 0200, () 070+ () 040 + () 03]
) 0a0 + () 0700+ () 0201, () 090+ () 030+ (050

= ([0.1665,0.5332], [0.4998,0.7331]),

o= (D010 + () 030+ () 0300 () 030 + () 000+ () 040)
€)@+ () 0700+ (030, (080 + () 0) + (3 030
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= ([0.2665,0.4665], [0.5665,0.6767]),
Step 6: Using Step 6 of the Jorawar method, proposed in Section 5.4 of Chapter 5,
S(P,) = —0.2321,5(P,) = —0.0488,S(P;) = —0.2376 and S(P,) = —0.2451.

Since, S(P,) > S(P,) > S(P;) > S(P,). So, according to Step 6 of the Jorawar
method, proposed in Section 5.4 of Chapter 5, the ranking of the alternativesis 4, > A; > A3 >
A,.

9.6 Conclusions

It is shown that the existing definition of an IVPFS [164] is not appropriate and the
appropriate definition of an IVPFS is proposed. Also, the validity of the proposed definition is
discussed. Furthermore, the proposed IVPFS is used to represent the rating value of each
alternative over each attribute in an existing real-life VPFMADMPr [164] having completely
known attribute weights. Finally, the modified real-life IVPFMADMPr having completely

known attribute is solved by the proposed Jorawar method.
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Chapter 10

Future Scope®

The following problems may be considered as challenging open research problems.
(1) Tao et al. [196] proposed the expressions (10.1) and (10.2) to evaluate the sum and the
product respectively of two IFSs a; = (ug,, Ve, ) and ay = (Ug,, Va,)-

(l) aq @c a = <1 - ¢_1[¢(1 - .ual) + ¢(1 - .uaz)]' (].')_1[(,0(1/“1) + ¢(Va2)]) (10-1)

i)y ®caz =7 P(ta,) + d(a)] 1 = 7 d(1 —ve,) +0(1 —vg,)])  (10.2)
Also, using the operational law (10.1), Tao et al. [196], proposed the IFCAAO (10.3)

Dy witt; = (1=~ (T wip (1 - te,) ), 7 (By wih (va))) (10.3)
where, ¢ is a strictly decreasing function such that ¢(1) = 0,¢(0) = »,¢~1(0) =1 and
$~1(c0) = 0.

If a;, @y, ..., a, are n IFSs then the expressions (10.1) and (10.2) will be transformed into

the expressions (10.4) and (10.5) respectively.

) By o =(1—¢ (1~ pa,) + ¢(1— i) + -+ (1 -

tay))» 07 (6(va,) + (V) ++ + $(va,) ) (10.4)
(i) ®cpy = (b7 (k) + Sta,) + -+ D(ta,)) 1= 97 (D1 —va,) +
$(1=ve,) + -+ (1= vg,))) (10.5)

However, the following examples clearly indicates that
Q) The expression (10.4), to evaluate the sum of IFSs, can be used only if a; # (1,0) for
any i.

(i)  The expression (10.5), to evaluate the product of IFSs, can be used only if a; # (0,1)

9 Some contents of this chapter have been published in “Computers and Industrial Engineering 135 (2019) 314-

316 and Cognitive Computation (2020) doi.org/10.1007/s12559-020-09746-0”
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forany i.

The following example clearly indicates that if a; = (1,0) then EBC?=1 a; = (1,0) i.e,
@C’;:l «; is independent from the remaining IFSs «;. Hence, @C?zl a; can be used only if
a; # (1,0) for any i.
Example 10.1 Let a; = (1,0), a, = (0.4,0.3), a3 = (0.5,0.2). Then,
ay @ a, @ as=(1-¢7P(1—pe,) + (1 — o) + (1 — o) 97D (ve,) +
¢(Ve,) + ¢ (va,)])
=(1-¢7p(1 - D +¢(1—-04) + ¢(1—0.5)],p7 [¢(0) + ¢(0.3) + $(0.2)])
=(1— ¢ ¢(0) + ¢$(0.6) + $(0.5)], ¢~ [¢(0) + ¢(0.3) + $(0.2)])
= (1= ¢ [0 + $(0.6) + ¢(0.5)], p~*[c0 + ¢(0.3) + $(0.2)])
= (1 — ¢ "[o0], 7 [0])
=(1—-0,0) = (1,0).

On the basis of the above discussion, it can be easily concluded that the expression (10.4)
can be used only if a; # (1,0) for any i. Therefore, the IFCAAO (10.3) can be used only if
a; # (1,0) forany i.

To overcome this limitation of IFCAAO can be considered as challenging open research
problem.

(2) Wei [226] proposed the expression (10.6) to evaluate the product of two PIFSs a; =
(Hay Mayr Vay) a0 a2 = (Kay Nay Ve, ).
& ® ty = (Haybay 1= (1= 110, ) (1= 110, ) 1= (1= v, )(1 = V) (10.6)
In future, the other researchers may use the expression (10.6) to evaluate the product of two

PIFSs in their research work. However, the following example clearly indicates that expression

(10.6) is not valid.

Example 10.2 Let a; = (g, Na,» Va,) = (0.55,0.15,0.15) and a, = (g, Nay) Va,) =
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(0.15,0.70,0.10) be two PIFSs. Then, a3 ® @z = (a1 — (1= Ma,)(1 = 1a,) 1 -

(1—vg)(1— vaz)) = ((0.55)(0.15),1 — (1 — 0.15)(1 — 0.70),1 — (1 — 0.15)(1 —

0.10)) = (0.082,0.745,0.235).
It is obvious that, 0.082 4+ 0.745 + 0.235 = 1.062 is greater than 1. So, @; @ a, is

not PIFS as for a PIFS the following necessary conditions should be satisfied.

() 0=<pq e, =1

(i) 0<1-(1-ng)(1-n4)<1.

(i) 0<1-(1-vu)(1—v,,) <1

(V) Haba, + 1= (1= 1)1 =7g,)+ 1= (1—vg )(1—vs,) < 1.
Therefore, the expression (10.6) is not valid.

If in the existing expression (10.6) the term 1 — (1 — 7,4, )(1 — 71,) is replaced with

the term 14, 14,. Then, the expression (10.6), proposed by Wei [226] to evaluate the product
of two PIFSs &; = (Ha, NaysVa,) ad @y = (K, Na, Va,), Will be transformed into the

modified expression (10.7).

& ® @ = (Haytay Ny Ny 1 = (1= 0, ) (1 = va,)) (10.7)
Since,

Hay by + Ny + (1= (1=, )(1 = va,))

= (‘ua1 + 77011)(#0(2 + naz) +1- (1 - va1)(1 - vaz)

VoUg, t Mg, TV, <1
<(-ve)(1-ve) + 1= (v )(1-ve) (0" 2

<1
So, one may claim that the modified expression (10.7) is valid. But, if

() ugq, = 0forany i, then the first term of the expression (10.7) will always be zero.
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(i) nq, = 0forany i, then the second term of the expression (10.7) will always be zero.
(i) v, = 1forany i then the third term of the expression (10.7) will always be 1.

Therefore, it is inappropriate to use the modified expression (10.7) to propose any type of
picture fuzzy aggregation operators.

To define an appropriate operation of two PIFSs may be considered as challenging open
research problem.

(3) Garg [ 83] proposed a method to solve MCDM problems under picture fuzzy environment.
To propose the method, firstly, Garg [83] proposed the expressions (10.8) and (10.9) to

evaluate the sum and product respectively of two PIFSs a; = (u;,7:,v;) and a, =
(U212, V2)-

a1@a; = (W (h(uy) + h(12)), g7 (9() + 9(12)), g7 (g(v) + g(v2)))  (108)
i ® ay = (97 (g(u) + g(12)), A (h(n) + h(n2)), k™ (h(v1) + h(v,))) (10.9)

where, g is a decreasing function generated from t-normas T'(x,y) = g~*(g(x) + g(y)) such
that, g(1) =0 and h generates the t-conorm as S(x,y) = h™(h(x) + h(y)), h(t) =
g1 —1).

In future, the other researchers may use the expression (10.9), to propose various types
of picture fuzzy weighted geometric aggregation operators and/ or in their research work.

However, the following clearly indicates that the expression (10.9) is not valid
Example 10.3 Let a; = (uq,mq,v1) =(0.550.15,0.15) and a, = (U, 2, V2) =
(0.15,0.70,0.10) be two PIFSs. Then, a; Q@ a, = (U1 —(1—n)(A—1ny),1—-(1—
v)(1 —v,)) = ((0.55)(0.15),1 — (1 — 0.15)(1 — 0.70),1 — (1 — 0.15)(1 — 0.10)) =
(0.0825, 0.745,0.235).

It is obvious that, 0.0825 + 0.745 + 0.235 = 1.0625 is greater than 1. So, a; @ «a,, is not
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a PEN. Therefore, the expression (10.9) is not valid.
If in the existing expression (10.9) the term h‘l(h(nl) + h(nz)) is replaced with the term
9 (g(n1) + g(m2)). Then, the expression (10.9), may be transformed into the modified
expression (10.10).
a; ® a; = (g7 (g() + 9(12)), g7 (9(m1) + g(n2)), k™ (h(vy) + h(vy))) (10.10)
Since, the co-domain of the functions g=* and A~ is the closed interval [0,1]. So, the
conditions, 0<g *(gu)+9g)) <1, 0<g Y gm)+g(m))<1 and 0<
h‘l(h(vl) + h(vz)) < 1 will always be satisfied. Also,
97 (g + g(u)) + g7 (g) + g(n2)) + h™* (h(vy) + h(v2))
< 97 (9 + 1) + g(ua +12)) + R (h(vy) + h(v2))
=1-h"" (g +n0) + gluz +12)) + k™ (h(vy) + h(v,))
=1-h Y g1 =)+ g1 —vy)) + h(h(v) + h(vy))
=1—h"Y(h(vy) + h(vy)) + " 1(h(vy) + h(vy))
=1
Therefore, one may claim that the modified expression (10.10) is valid. But, if
(1) ugq, = 0forany i, then the first term of expression (10.10) will always be zero.
(i)  mg, = 0 forany i, then the second term of expression (10.10) will always be zero.
(iif) v, = 1forany i, then the third term of expression (10.10) will always be 1.

Therefore, it is inappropriate to use the modified expression (10.10) to propose any type of
picture fuzzy aggregation operators.

To define an appropriate operation of two PIFSs may be considered as challenging open
research problem.
(4) Jana et al. [106] pointed out that till now no one has used the Dombi t-norm and the Dombi

t-conorm operations to define the arithmetic aggregation operators of PIFSs. To fill this gap
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Jana et al. [106] proposed the Dombi t-norm operation (10.11) and the Dombi t-conorm

operation (10.12) of PIFSs p; = (fi;, 71, V1) and p, = {fly, )2, V7).

p1®p, = (1 - N .y . T . T (10.11)
- ~ S s 5 5 R
{(20) () (52 52T (50 (5)
L ® P, = : 11— ! 11— ; — (1012)

where, R > 1and 1 > 0.

Also, using (10.11) and (10.12), Jana et al. [106] proposed various types of picture fuzzy
Dombi weighted averaging operators and picture fuzzy Dombi weighted geometric operators
respectively. Furthermore, using the proposed picture fuzzy Dombi weighted
averaging/geometric operators, Jana et al. [106] proposed a method for solving multiple
attribute decision-making problems under picture fuzzy environment.

In future, the other researchers may use the operation (10.12) and/or the picture fuzzy
Dombi weighted geometric operators in their research work and/or to solve real-life MADMPrs
under picture fuzzy environment.

However, the following clearly indicates that the expression (10.12) is not valid
Example 10.4 Let p; = (4,71, 7V,) = (0,1,0) and p, = (fi,,%,,V,) = (0,0,1) be two PIFSs.

Then,

D1 @ P2 = T, 1— T, 1 -
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_ 1 - 1 - 1 >=<1 1— 1’1_L>

Lot 14{oot0)f  14{0teo)i] PR 1 1+oo
=(0,1,1).
It is obvious that, 0 + 1 + 1 = 2 is greater than 1. So, p; & P, is not PIFS. Therefore,

the operation (10.12) is not valid.

If in the existing operation (10.12) the term 1 — is replaced with the

() )T

term 7. Then, the Dombi t-conorm operation (10.12), will be transformed

R CORCON

) 19 1- T (1013)
R

It can be easily verified that the conditions 0 <
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{3462 T {3 )

Therefore, one may conclude that the modified expression (10.13) is valid. But, if

(i) ue, = 0forany i, then the first term of expression (10.13) will always be zero.
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(i) nq, = 0forany i, then the second term of expression (10.13) will always be zero.

(iif) v, = 1forany i, then the third term of expression (10.13) will always be 1.
Therefore, it is inappropriate to use the modified expression (10.13) to propose any type of

picture fuzzy aggregation operators.

To define an appropriate operation of two PFSs may be considered as challenging open
research problem.

(5) Garg [82] solved an IVPFMADMPr by the existing TOPSIS method [82] and shown that
the obtained preference order of the alternatives is not correct. Garg [82] also proposed the
following method for solving same type of problems.

Let there be m-alternatives A4, A,,...,A,, and each alternative has n-atttribute
Gy, G, ..., G,. Also, let the evaluation of the decision-maker for the i**-alternative A4; over
the jt"-attribute G; be represented by an IVPFS &; = ([aij1, aij2], [aijs, aijal)-

Furthermore, let the weight w; of the j*-attribute satisfies the following restrictions
(i) wj=0
(i) Xiogwy = 1.

Then, using the Garg’s IVPFMADM method [82], the preference order for all the
alternatives can be obtained as follows:

Step 1: Check that all the criteria are of same type or not i.e., check that all the criteria are

benefit type criteria or cost type criteria.

Case (i): If all the criteria are of same type then go to Step 2.

Case (ii): If some criteria are cost type criteria and the remaining are benefit type criteria then

convert the j¢" cost type criteria into benefit type criteria by replacing all the elements & =

([aij1, aijz), [aijz aija]) Of the jt* column of the IVPFDM D = (&U)mxn with &; =

([aij3' aij4]; [aijl; aijz]) and go to Step 2.
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Step 2: Using the expression (10.14), transform each IVPF element &;; =

([aijl,al-jz], [aijg,aij4]) of the IVPFDM 5 = (dij)an = ([aijl, aijz], [aij3,al-j4]) into the

crisp element d;;

(aizjl—ai2j3)<1+Jl—(aijl)z—(aij3)2>+(ai2j2—al-2j4)<1+\/1—(al~j2)2—(aij4)2>

dij = - (10.14)
Step 3: Using the expressions (10.15) and (10.16), find the values of
2
d(A;, 1) = \/2}1:1 (w(1—dy)°) i=12,..,m (10.15)
2 2
d(4;—1) =\/2’;=1 (wj(di,- +1) ) ,i=12,..,m (10.16)

d(Air_ 1)

Step 4: Using the expression (10.17), find the values of CC(4;) = tanrday =

1,2, ..., m. (10.17)
Step 5: Check that CC(4,) > €C(4,) or CC(A,) < CC(A,) or CC(4,) = CC(A,).

Case (i): If cC(4,) > cc(4,)then A, > A,

Case (ii): If €C(4,) < CC(A,) then 4, < A,.

Case (iii): If CC(A,) = CC(A,) then 4, = A,.

However, the following example clearly indicates that it is inappropriate to use Garg’s
IVPFMADM method [82] and hence, to resolve the inappropriateness of Garg’s method [82]
may be considered as challenging open research problem.

Let us consider an IVPFMCDM problem having two alternatives A; and A, and each
alternative has two benefit criteria G; and G,. Also, Table 10.1 represents the IVPFDM of the

considered IVPFMCDM problem.

271



Table 10.1 Rating values

Attributes—
l G, G,

Alternatives

Ay ([0.30,0.60], [0.30,0.60]) | ([0.20,0.60],[0.20,0.60])

A, ([0.20,0.70], [0.20,0.70]) | ([0.20,0.60], [0.20,0.60])

It is obvious that the rating wvalue of both the alternatives
A; and A, over the criteria G, is same i.e., ([0.20,0.60], [0.20,0.60]). Therefore, the ranking
of the alternatives A; and A, will depend only upon the rating values of
A; and A, over the criterion G, i.e., if the rating value of the alternative A; over G; i.e.,
([0.30,0.60],[0.30,0.60]) will be greater than the rating value of the alternative A, over the
same criterion G, i.e., ([0.20,0.70],[0.20,0.70]). Then, the relation will be A; > A, otherwise
the relation will be 4; < A,.

It is pertinent to mention that as  ([0.30,0.60],[0.30,0.60]) #
([0.20,0.70],[0.20,0.70]). Therefore, the relation A; = A, is not possible. However, the
following clearly indicates that on solving this problem by Garg’s IVPFMCDM method [82],
the obtained relation is A; = A,, which is obviously incorrect.

Using the Garg’s IVPFMCDM method [82], the preference order of the alternatives A
and A, can be obtained as follows:

Step 1: Since both the considered criteria G, and G, are benefit criteria. So there is no need to
apply Step 1 of the Garg’s IVPFMCDM method [82].
Step 2: According to Step 2 of Garg’s method [82], there is need to calculate d;; Vi =

1,2,...,4;j = 1,2,...,4. These values are shown in Table 10.2.
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Table 10.2: Values of d;;

d11:0 d12:0

d21:0 d22:0

Step 3: Using Step 3 of Garg’s IVPFMCDM method [82],

d(A;, 1) = /(Wi (1 —0.0)2)2 + (W, (1 — 0.0)2)2 = \/w;2 + w,?2,

d(A5,1) = /(Wi (1 = 0.0)2)2 + (W, (1 — 0.0)2)2 = \/w;2 + w,?2,

d(A;,—1) = (W1(0.0 + D22 + W,(0.0 + 1)2)% = \/w,? + w2,

d(4,,—1) = /(w1(0.0 + 1)2)Z + (W,(0.0 + 1)2)2 = \/w;2 + w2,
Step 4: Using Step 4 of Garg’s IVPFMCDM method [82],

(l) CC(Al) — d(Al,—l) _ VW12+W22 1

d(AD+d(A1,-1)  JwiZ+wy2+wiZ4w,2 | 2

d(AD+d(A1,-1)  JwiZ+wy2+wiZ4w,2 | 2

(i) CC(A) = —Zdv=D)  __ Jwiitwy? E

Step 5: Since CC(A;) = CC(A,). So according to Step 5 of Garg’s IVPFMCDM method [82],

A, = A,

Therefore, according to Step 5 of the Garg’s IVPFMCDM method [82], A; = A,, which is
mathematically incorrect.

(6) Yue [260] proposed a geometric approach for solving IVIFMAGDM problems. There are
seven steps in this approach. In Step 1 to Step 3 of this approach, the IVIFMAGDM
problem is transformed into IVIFMADMPr and in Step 4 to Step 7 of this approach the
ranking of the alternatives, for the transformed IVIFMADM, is obtained. It is obvious that
if one would like to solve an IVIFMADMPr with the help of Yue’s geometric approach.
Then, there is need to use only Step 4 to Step 7 of this approach. However, the following

examples clearly indicates that, it is inappropriate to use Yue’s approach [260]. Hence, to
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resolve the inappropriateness of Yue’s approach [260] may be considered as challenging
open research problem.

Let us consider that two students A; and A, secure marks a; and a, in the subject S;.
While, the equal marks (say, a) in the subject S,. Then, to find the ranking of these students
isa MADMPr.

Since, the marks of A; and 4, in S, are equal. So, the ranking of A; and A, will depend
only upon the marks in the subject S; i.e.,

(i) If a; > a, then A, is superior to A,.

(ii) If a; < a, then A, is superior to A, .

(iii) A; and A, can never be equivalent as a; # a,.

On the same direction, if Table 10.3 represents the interval-valued intuitionistic fuzzy

decision matrix of an IVIFMADMPr having two alternatives A;, A, and two attributes G, G,.
. . 1 1 1 1
Then, the alternative A; and A, can never be equivalent as ([0 5] , [O, ED * ([0 5] , [0, 5])

Table 10.3: Rating values

Attributes—
l G, G,

Alternatives

" Pl | (gl
gl ed) | oz

While, following clearly indicates that on solving the considered IVIFMADMPr by
Yue’s approach [260], the relation A; equivalent to A, is obtained i.e., the ranking of the
alternatives A; and A,, obtained by the Yue’s approach [260], is not valid.

Using Step 4 to Step 7 of the geometric approach [260], the ranking of the alternatives
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A; and A, can be obtained as follows:
According to Step 4 to Step 7 of the geometric approach [260], to find the ranking of

the alternatives A, and A,, there is need to compare the relative closeness, RC; = 14 + 113 =

P(§,12971)
P(7{2921)+P(321297)

P($11297) P($12297)
P(§F2911)+P(311297)  P(93F2912)+P(F12293)

PO22272) __ \where P(@=p)="r (([#a'l‘a] Ve vil) = ([“%“%] ‘ [vévé‘])) -

P(95F2522)+P(F22293)'

and RCZ == er + rZZ =

1
~(P(ua = up) + P(vz 2 va) ).
It is obvious that to find the values of RC; and RC,, there is need to calculate the

IVIFPIS Y, = (7%, 75) = (([ef 10 o i), (23 13, [vfL udv])), the IVIFNIS

Y. =01.9;) = (([TIZ,TI”], vt oD, ([z25 724, [vz‘l,vgu])), and the possibility

degrees P(J11 = 91 ), P(F7 = 511), P(F12 = 53), P(F3 = $12), P(F21 = 1), P(FT = P21),
P(¥,, = ;) and P(f’; > V7).
These values can be calculated as follows:

Values of the interval-valued intuitionistic fuzzy positive and negative-ideal solutions
since 31y = ([hy, )l vti]) = ([0.5] [05]) 712 = (Irde 1), oz vis]) =
(0 [0 = (bt oo 8 = (0] o v
Voo = ([152,15‘2] v22,v22 ([O ] [0, %]) . S0, using the existing expression [260],
(i)  ThelVIFNIS, y7 = ([z7h %], [vrhvi¥])
= ([min(ehy, th), min(e, 7)), [max(vky, vy ), max(ois,o80]) = ([0.2],[0.]).
(i)  The IVIFNIS, 75 = ([t3% 3] [vzhv3*])
= ([min(rly, 752), min(ety, t8)], [max(v, vda), max(oiy, vi)]) = ([0.2], [0.2])

(i)  The IVIFPIS, 3 = ([z74 %], vy viY])
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= ([max(zl;, 75,), max(zly, 74,)], [min (viy, v5,), min(¥y,vH)]) = ([O, %] ) [0, %])

(iv)  The IVIFPIS, 35 = ([z34, 3%], [v3', viY])

= ([max(riz,réz),max(r}‘z,‘rﬁ‘z)], [min (viz,véz), min(v{‘z,vﬁ‘z)]) = ([0, %] , [0, %D
Values of the possibility degrees

Using the existing expression [260],

((edllab]) ((c.dllab)

P([a» b] = [C! d]) = Uedllabh = 2((b—a)+(d—c))

overall

where,
((b—d)+(d—-—c)+b—-—a)+(a—c);c<a<d<b
2(b—a)+ (d—0)) ;c<d<a<b
jledlfap) _ | (d=c)+(b—a)+(a—c) ;c<a<b<d
over b-—d)+(d—-c)+(d—-a) ;a<c<d<b
2(b—c) ;a<c<b<d
2((b—a) + (d—0©)) ;a<b<c<d
. ~ ~_ 1 [ 1] [ 1 [ 1 [ 1] 1
Q) PGn 230 =2(P([0.d] 2 [02])+P (03] 2[0.3])) =206 +05) = 055
.. ~ ~ 1 [ 1] 1] [ 1 [ 1] 1 _
(i) PO =911) =E(P(_0’E_ = O’E_)+P(_O’E = _0,5_)) =E(0'5+0'6) = 0.55.
~ ~_ 1 1 1 [ 1 1] 1
(iii) P(y122y2)=E<P(0,5 > O,E>+P(_O,5 > 0,5_))=5(0.5+0.5)=0.5.
- ~ ~ 1 1 1 [ 1 1] 1 _
(iv) P(y;Z}ﬁz):E(P(_O,E = O’E>+P(_O'E = O’E_)):E(O'5+O'5)_O'5'
) P(37212371")=%(P(:0,§ >[0.3])+P(Jos] = 0,§i))=§(0.5+0.6)=0.55.
. - - 1 (1 1 [ 1 [~ 1)) 1 _
(vi) P(yf'Z)’m):E(P(_O,E = 0,§)+P(_O,§ = _0,5_))—5(0.6+0.5)—0.55.
(vii) P()7222)72")=%<P(0,% > o,§)+P('o,§ > o,i'))=§(0.5+0.5)=0.5.
~ ~ 1 1 1 [ 1 1] _ 1 —
iii) PG 2 7,2 =2(P ([0.4] 2 [0.2]) + £ ([0.3] 2 [0.3])) =205 +0.5) = 05.
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Elements of the relative closeness matrix

Using the existing expression [260], r;; = e

; P(y11291 0.55

(i) rq = i2?) = 0.55.
P(#12911)+P(#11297)  0.55+0.55

i P(F12295 0.50

(il) 112 = == ~(y12 y2~) — = = 0.50.
P(932912)+P(F12293)  0.50+0.50

P(¥212971) 0.55

(iil) 131 = == ~y21 le — = = 0.55.
P(y1 23’21)+P(3’212y1 ) 0.554+0.55

; P(¥22295) 0.50
(iv) pp = Y2220z = = 0.50.

P(9F2922)+P(322295)  0.50+0.50

711 7’12)=(0.55 0.50).

Therefore, the relative closeness matrix, R = (T21 Tor 055 0D

Values of the relative closeness
(i) Using the values of r;; and ry,,
RC, = 114 + 11, = 0.55 4+ 0.50 = 1.05.
(i) Using the values of r,; and 5,
RC, = 15, + 15, = 0.55 4+ 0.50 = 1.05.
Ranking of the alternatives
It is obvious that RC; = RC,. Therefore, according to Step 7 of the existing approach

[260], 4; and 4, are equivalent. While, as discussed earlier that for the considered problem A,

and A, can never be equivalent. This clearly indicates that the existing geometric approach

[260] is not valid in its present form.

(7) Chen [32] proposed an inclusion-based TOPSIS method for solving IVIFMAGDM
problems. There are nine steps in this method. In Step 1 to Step 6 of this method, the
IVIFMAGDM problem is transformed into an IVIFMADMPr and in Step 7 to Step 9 of
this method, the obtained IVIFMADMPTr is solved to find the ranking of the alternatives. It
is obvious that if one want to solve a IVIFMADMPr with the help of Chen’s inclusion-

based TOPSIS method. Then, there is need to use only Step 7 to Step 9 of this method.
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However, the following examples clearly indicates that, it is inappropriate to use Chen’s
method [32]. Hence to resolve the inappropriateness of Chen’s method [32] may be
considered as challenging open research problem.
Let us consider an IVIFMADMPr having two alternatives A; and A, and each alternative has
two benefit attribute’s G; and G,. Furthermore, let Table 10.4 represents the IVIFDM of the
considered problem.

Table 10.4: Rating value

Attributes—
l G, G,

Alternatives

" Pl | (gl
ol ed) | (gl

It is obvious that the rating value of both the alternatives A; and A, over the attribute

. . 1 1 . . .
G, issame i.e., ([O E] , [O, ED Therefore, the ranking of the alternatives A; and A, will depend
only upon the rating values of A, and A, over the attribute G,. i.e., if the rating value of the

alternative A, over G, i.e., ([O %] , [O, %D will be greater than the rating value of the alternative

A, over the same attribute G, i.e., ([O ﬂ , [0, %]) Then the relation will be A; > A,. Otherwise,
A <A,
It is pertinent to mention that as ([0 %] , [0, ﬂ) +* ([O é] , [0, %]) Therefore, the relation

A; = A, is not possible.
This problem is solved by the existing inclusion-based TOPSIS method (Step 7 to Step

9) [32], and shown that the obtained relation is A; = A,, which is incorrect.
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Using Step 7 to Step 9 of the inclusion-based TOPSIS method [32], the ranking of the

alternatives A, and A, can be obtained as follows:

Step 1: Using Step 7 of the inclusion-based TOPSIS method [32], @,; = ([0 ﬂ , [0, %D a, =
(03] o.5]). @ = ([o.3]. [o.5]) ana a2, = ([o. 5] [o.5]).

Step 2: Using Step 8 of the inclusion-based TOPSIS method [32],

() P(@12@5) =5 (P (@1, 2 @) + P* (@1, 2 @) =5 (0.1428 + 1) = 0.5714.

R

(i) P(@h 2ay) = %(P‘(dfl D &) +PH(@h2d,)) = %(0.1428 +1) = 0.5714.

5

(i) P(@1,25) =5 (P (812 2 @) + P*(d:12 23)) =5(0+1) = 05.

S]]

(iv) P(a: =2

N | =

12) == (P~ (@4 2 @) + PH(@h 2 &) = %(0 +1) =0.5.

(V) P(d2 2@5) =5 (P~ (@1 2 @5) + P* (@ 2 @5)) = 5(0.25 + 0.8571) = 0.5535.

5

(Vi) P(al 2a,) = %(P‘(&:l D &@,,) + PH(@H 2 @y)) = %(0.25 +0.8571) = 0.5535.
(Vi) P(@yy 2 @5) = %(P‘(dzz D a5) + PH(dy, 2 @5)) = %(0 +1)=0.5.

P(ﬁnQ?x*_l)xwl+P(§122&*—2)XW2

(P('dllg'd*_l)+P('df12'&11))><W1+(P(ﬁ122ﬁ*_2)+P(ﬁf2Qﬁlz))xwz

Therfore, CC(4;) =

_ 0.5714Xw1+0.5Xw,
(0.571440.5714)xw +(0.54+0.5)Xw>

= 0.5,

P(&HQ&*—l)XW1+P(&222&*_2)><W2

(P(ﬁn2&:1)+P(ﬁ:'12&21))><wl+(P(&222&:2)+P(L7;"22L722))XW2

cC(4,) =

_ 0.5535XwW;+0.5XW;
"~ (0.5535+0.5535)xw; +(0.5+0.5) Xw>

= 0.5.

Step 3: Since, CC(A;) = CC(4,), therefore, according to Step 9 of the inclusion-based
TOPSIS method [32], A; = A,.
While, as discussed earlier that for the considered problem A; = A, is not possible.

This clearly indicates that the existing inclusion-based TOPSIS method [32] is not valid in its
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present form.

(8) Chen [26, 31] proposed an inclusion-based LINMAP method for solving IVIFMAGDM
problems. In the method, proposed by Chen [26, 31], there are fifteen steps. In Step 1 to
Step 7 of this method, an IVIFMAGDM problem is transformed into an IVIFMADMPr
and from Step 8 to Step 15, the obtained IVIFMADMPT is solved to obtain the ranking of
the alternatives.

However, the following examples clearly indicates that, it is inappropriate to use Chen’s
method [26, 31]. Hence, to resolve the inappropriateness of Chen’s method [26, 31] may be
considered as challenging open research problem.

Let us consider an IVIFMADMPr having two alternatives A; and A, and each alternative
has two benefit attributes G, and G,. Furthermore, let Table 10.5 represents the IVIFDM of the
considered problem.

Table 10.5: Rating values

Attributes—
l Gq G,

b (EAED) Gl
G ED) Gl

It is obvious that the rating value of both the alternatives A; and A, over the attribute

G, issame i.e., (E ﬂ , E ﬂ) Therefore, the ranking of the alternatives A; and A, will depend

only upon the rating values of A; and A, over the attribute G,. i.e., if the rating value of the

alternative A, over G, i.e., (E%] , E %]) will be greater than the rating value of the alternative
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A, over the same attribute G, i.e., (Eﬂ[iﬂ) Then, the relation will be A; > A4,.
Otherwise, 4; < A4,.

It is pertinent to mention that as (E %] , E%D * (E ﬂ , E&D Therefore, the relation
A; = A, is not possible.

However, the following clearly indicates that on solving the considered IVIFMAGDM
problem by the existing inclusion-based LINMAP method [26, 31] the obtained relation is
A; = A,, which is incorrect.

Using Step 7 to Step 15 of the inclusion-based LINMAP method [26, 31], the ranking
of the alternatives A, and A, can be obtained as follows:

According to Step 7 to Step 15 of the inclusion-based LINMAP method [26, 31], to
find the rank of the alternatives A; and A,, there is need to compare the comprehensive
inclusion-based index CI(4,) = I(d,) X Wy + I(@y,) X W, and CI(A4,) = I1(d,,) X Wy +
1(@5,) X W,.

Since, the considered attributes are benefit attributes. Therefore, using the existing

P(d112d5)
p(at 2d;1)+P(@112a5;)’

P(8122d5)
P(a},2d,,)+P(d122d5,)’

expression [26, 31], 1(d;1) =

1(a,z) = 1(ay) =

P(dz12d45)
P(a} 2dy,)+P(a,12a5;)

P(83,245,)
P(a},28,,)+P(d222d5)'

and 1(d,,) = where P(d, 2 d,) = §(13-(a1 -

d,) + P*(d, 2 a,)).

It is obvious that to find I(a,,), I1(@,,), I1(@,,) and I(d,,), there is need to calculate
the IVIFPIS, af; = ([pf, i) [vH. vi*]) j = L2 IVIFNIS, a;; = ([psf, 1) [vih vit]),
j=1,2 the lower comparison inclusion possibilities, P~(d;; 2 d@,;), P~ (@} 2 d;q),
P~(G12 2 G5,), P7(@5, 2 d13), P~ (G 2 d5), P7(@d 2 @y1), P~ (A, 2 d5,), P7(@5 2
d,,) and the upper comparison inclusion possibilities, P*(d,; 2 a;;), P*(a} 2 ay),

P+(a12 = d*_Z)v P+(a:2 = dlZ)v P+(521 = d*—l)v P+(a:1 =2 aZl)v P+(622 = d*_z): P+(d:2 =
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dzz2).
These values can be calculated as follows:

Values of the interval-valued intuitionistic fuzzy positive and negative-ideal solutions

Since d;q = ([Mu i, [V11 V11D = ([; ;] [;,%D, dyp = ([lliz’lffz]: [V{Z'V%Z])

GBS ammGbirbon =GR w0 w

(AR R AN E (Eﬂ , Eﬂ) . Therefore, using the existing expression [26, 31]

(i)  The IVIFNIS,

= (e, u7, vt vit)

= ([min(uis, ubs), minGutty, w)], [max(viy, vh,), maxiy,vin)]) = (3.3, 5.3])
(i)  The IVIFNIS,
s, = ([ud w3 vt vi)

= ([min(ply 15,) , min(ulty, 1)), [max(viy, viy ), max(is, vi)]) = ([5.3)[5.3])
(i)  The IVIFPIS,

+

A, = ([.u'*l nu*l] [ :1l v*l ])

= ([max(,uil, :uél) ) max(luillll 'u1211)], [mln (Vilrvél)' min(villrv%l)]) = ([%;%] ) [ir%])

(iv)  The IVIFPIS,

it = ([, w3, v, vi)

= ([maX(#iz»#éz) :max(ﬂgz:ﬂgz)]: [min (Viz'véz)' min(Vilz'ng)]) = (E;%] ) E'ﬂ)
Values of the lower comparison inclusion possibilities

Using the existing expression for the lower inclusion comparison possibility [26, 31],

P~ (([#1 il v, V1]) (.Uz 1z, [v3, Vz])) = max{l -

(1-vi)-uh } }
maX{(l—ui—v’l*)ﬂl_ug_vé)'0 ,0¢, we have,
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0 rawaa = (LD D LD)=0

0 @ 2a=r (D2 E L) -0

) #Gzam = (2 )2 (2 [) = 07
0 a0 =r (LD = (L) =0mn
W P2 a = (L) 2 (L)) = oases
) pi 2 a0 =p (LD = ([ LA) = osess
i) P2 = (L[4 2 (4 [.4) = 0571
i) pat 2 a0 = (4 . 4) 2 (4 . 4) = 0om

Values of the upper comparison inclusion possibilities

Using the existing expression for the upper inclusion comparison possibility [26, 31],

+ I, u I . u I u I .u _ _ a-vH-ut
p (([#1411]: [vi,vi ]) =2 ([ﬂz:llz]; [szvz])) = max{l max {(l_ﬂ'tll_v:ll)+(1_ué_v§l)’ 0},

0}, we have,
0 P2 =p (G ED2 G E) =1
@ P 2a0=r (G2 G D)=
iy P2 = (B2 2 (2 ) = osres
W pra2a = (R 2 (11 L) -oens
@ P 2a=p (L2 (2 B) =07
@ ras2an = (23 B2 (1 B 2) = o7
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i PG 2 = (2] 1) 2 (L2 [22) = oevas

i) P, 2220 =7+ (L) 2 (B2 B 2) = ooszs

Values of the inclusion comparison possibilities

Using the existing expression for the inclusion comparison possibility [26, 31],

P(@, 2 @) =5 (P~(@, 2 @) + P*(a@ 2 @,)), we have

() Pl@.=2a4)= %(P_(an 2 a;) + P*(dy; 2 a;)) = 0.5.

~

N\
)
A+

U

(i)

) = %(P_(d:h 2d;,) +P*H(a; 2 dn)) =0.5.
(i)  P(dy, 2 a5) == (P~ (@ 2 d5) + P* (a1, 2 a5,)) = 0.4999.

2

(iv)

o
N\
QN
X+
U

d1z) = 5 (P~(a% 2 az) + P*(@h 2 d1)) = 0.4999.
V)  P(dy 24a5) = %(P—(a21 D a;) + P*(dy 2 d5)) = 0.5972.
(Vi) P(a, 2 dy) = %(P—(a::1 D ;) + P*(@h 2 dy,)) = 0.5972.

(vil)  P(dz 2 a5) = 5 (P~ (@5 2 @) + P*(dz 2 a5)) = 0.4999.

(vii)  P(a@% 2 dy,) = %(P—(a;; D d,,) + P*(at, 2 dy,)) = 0.4999.
Values of the inclusion-based index

0) Putting the values of P(@,; 2 @,;) and P(&; 2 @,,),

P(d112d;7)

p(at 2d,,)+P(a112a;5;)

05
0.5+0.5

0.5.

I(all) = , We have, I(dll) =

(ii)  Putting the values of P(&;, 2 @,,) and P(a&;, 2 @;,),

P(d1,2d5,) 0.4999

I(alz) = P(df22612)+P(d122d*‘2) y we haVe, I(alz) = m = 05
(iii)  Putting the values of P(d&,; 2 @;;) and P(&;, 2 @,,),

~ _ P(Gz12d;7) ~ N 0.5972 .
1(d,,) = we have, I(d,;) = TTor7105973 = 0.5.

P(d:12621)+P(€1212a*_1) !

(iv)  Putting the values of P(@,, 2 @;,) and P(@/, 2 @,,),
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P(G322d57)

0.4999
—— —, = 0.5.
P(a*22a22)+P(a222a*2)

0.4999+0.4999

I(dzz) = we have, I(dzz) ==

Values of the comprehensive inclusion-based index

(i) Putting the values of I(d;,) and I(d;5),
CI(A;) = 1(@yy) x Wy + 1(dy2) X W, , We have,
CI(4;) = 0.5 x wy + 0.5 X W, = 0.5(w; + w,) = 0.5,

(ii) Putting the values of I(a,,) and I1(d,,),

CI(Ay) = 1(@y1) X wy + 1(@1,) X W, , We have,
CI(4;) = 0.5 x wy + 0.5 X w, = 0.5(w; + w,) = 0.5.

It is obvious that the values of CT(4;) and CI(4,) are independent from the values of w,
and w,. Therefore, there is no need to apply Step 13 and Step 14 of the existing inclusion-based
LINMAP method [26, 31] to find the optimal values of w, and w, for the considered problem.
Ranking of the alternatives

It is obvious from that ﬁ(ﬁl) = ﬁ(/iz). Therefore, according to Step 15 of the existing
method [ ], A; = 4,. While, as discussed earlier that for the considered problem A4, = A, is
not possible. This clearly indicates that the existing inclusion-based LINMAP method [ ] is not
valid in its present form.

(9) Oztaysi et al. [158] proposed a multi-expert IVIFMADM method. To show the applicability
of the method, Oztaysi et al. [158], applied this method to select the alternative fuel
technology of a utility company in the U.S.A. In future, the other researchers may use the
same method to select the alternative fuel technology of other utility companies. However,
the following examples clearly indicates that, it is inappropriate to use Oztaysi et al.’s
method [158]. Hence to resolve the inappropriateness of Oztaysi et al.’s method [158] may
be considered as challenging open research problem.

Let us consider an IVIFMADMPr having two alternatives A; and A, and each alternative
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has two attributes G; and G,. Furthermore, let Table 10.6 represents the IVIFDM of the
considered problem.

Table 10.6: Rating value

Attributes—
l G, G,

Alternatives

" Pl | (s3]
o) | (gl

It is obvious that the rating value of both the alternatives A; and A, over the attribute

. . 1 1 . . .
G, issame i.e., ([0 E] , [O, ED Therefore, the ranking of the alternatives A; and A, will depend
only upon the rating values of A; and A, over the attribute G,. i.e., if the rating value of the

alternative A; and A, over G, i.e., ([0 %] , [O, ﬂ) will be greater than the rating value of the
. . . 1 1 . .
alternative A, over the same attribute G, i.e., ([O E] , [O, ED Then the relation will be A, > A,.

Otherwise, A; < A,. It is pertinent to mention that as ([0%][0%]) * ([0%][0;])

Therefore, the relation A; = A, is not possible. In this section, this problem is solved by the
existing method [158], and shown that it is not possible to conclude that A; > A, or A; < A,
ord; = A,.

However, the following clearly indicates that on solving this IVIFMADMPr by the
existing method [158], the relation A; = A, is obtained, which is mathematically incorrect.
Using the existing method [158], the ranking of the alternatives for the considered
IVIFMADMPT can be obtained as follows:

Step 1: Since, it is assumed that there is only one decision-maker in the considered
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IVIFMADMPr. Therefore, using Step 1 of the existing method [158], the IVIFPIS PIS; =

(reconma eI (o oz o2 b3)

([max(0.0),max (3.5)]. [min©.0),min 3.5)])

(rom e om0

nd VIFNIS NS = ( ([mm(O 0),min (5 E)] [max(O 0),max (5 %)])

(([o:3] oD ([o].[o:4]))
Step 2: Using Step 10.2 of the existing method [158]:

(1) The separation measure between the first alternative and PIS; i.e.,

p; = |5

1 1

‘w«oov+G—a+woov+c—9+«mwy+u-nﬁ

= 0@+ w,@) =0,

(if) The separation measure between the second alternative and PIS; i.e.,

-0 - -0 G2 (-2 e - 2) 4
T\ w(0m0m e - s -0 6= 0-2) v - 12)

1(1
= \/E (E (Wl + W2)> = 0.1666.

Step 3: Using Step 10.3 of the existing method [158],

0] The separation measure between the first alternative and NIS; i.e.,
- 1 1 1 1 1
D; =\E(w1((0—0)2+(5—5) +(0—0)% + (——5) +(0—0)2+(1—1)2>+

Wz((0—0)2+(1—1) +(0-0)%+(3- %) +(0—0)2+(1—1)2>>

2 2
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_ \/% (w1(0) + w,(0)) = 0.

(i) The separation measure between the second alternative and NIS; i.e.,

2

Dy =\E(wl((O—O)Z+(0—0)2+(0—0)2+(§—1)2+(§—§)2+(1—1)2)+

wz((0—0)2+(1—§)2+(0—0)2+(1—§)2+(0—§)2+(1—1)2)>

2 2

1(1

Step 4: Using Step 10.5 of the existing method [158],

. _ Dl_ _ 9
(i) Uy = DT+D; 0
(i) U,=—2_=_21% _g5

T Dy+D)  0.1666+0.1666
Step 5: According to Step 10.5 of the existing method [158],
Case (i) A, > A, ifU; > U,
Case (i) A; < A, ifU; < U,
Case (iii) A; = A, if U; = U,.
However, it is obvious that the obtained value of U, is g which is an indeterminate

value instead of a real number. Therefore, it is not possible to check that U; > U, or U; < U,
or U; = U, and hence, it is not possible to conclude that A; > A, or A; < A, or A; = A, i.e,,
the existing method [158], fails to rank the alternatives A; and A,.

(10) Kahraman et al. [111] proposed the subtraction and division operations of IVIFSs.
Using these operations, Kahraman et al. [111] also proposed an EDAS method for solving
IVIFMADMPTrs. In future, other researchers may use the operations and the EDAS method
in their research work. However, in actual case, the operations, proposed by Kahraman et al.
[ 1, are not valid and hence, the EDAS method is also not valid.

Kahraman et al. [111] proposed the following subtraction operation A © B and the
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between two interval valued intuitionistic fuzzy sets A =

| ™

division operation
(17 1zl [vivi]) and B = ([u5. u5] [vs, s ])-

0 W phk=ukud =ugvi<vivi <vi, vE>0,vE >0,vi(1—pup) <vi(1-
ui)vi (1= pg) < vp(1—uz).

Then,AG B = ([“1/4 “’;B’ﬂf—ul;g] [:;:;] )

Otherwise, A & B = ([0,0], [1,1]).

(i) If Wi < g ug < pg,vi 2 Vg Vi 2 vy, wg > 0,ug > 0,u5(1—vg) < pp(1 -

vi)ug(1—vg) < pg(1—-vy).
([ Y] [hevh v
- (2.4 [ =)

= ([0,0],[1,1D.

Then,

oo} Y

o |

Otherwise,
The following clearly indicates that the subtraction and the division operations, proposed by
Kahraman et al. [111], are not valid.
1. Let A=[p;ud][vsvi]=101,04],[0010.03] and B=[usps] [vive]=
[0.1,0.4],[0.1,0.5] be two interval valued intitionistic fuzzy sets.
Since, for the considered interval valued intuitionistic fuzzy sets all the conditions Mf{ >
ug, Uy = ug, vy <vg vy <vi vk >0,vg >0, vi(1—pg) < vg(1—uk) and vy (1 -

ug) <vg(1—puy) are satisfying. Therefore, using the subtraction operation A © B =

ph-pk pY-ul 16 B
([A B Ha B] [L, U) proposed by Kahraman et al. [111], AOB

)

1 uB 1‘#%

([0.1—0.1 0.4—0.4] 0.01 003]) — ([0,0], [0.1,0.06]).

1-0.1’ 1-0.4 01’ 05

It is obvious that A © B = [u505 tios]: [Vies Vies) = ([0,0],[0.1,0.06]) is not an
IVIFS as for VAeB = 0.1 and VA@B = 0.06, the necessary conditions VAeB VAeB is not

satisfying.
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This clearly indicates that the subtraction operation, proposed by Kahraman etal. [111], is

not valid.
and B = [upug] [vs v] =

2. Let A=[u5ub] [vivi]=10.01,0.03],[0.1,0.4]
[0.1,0.5],[0.1,0.4] be two IVIFSs.
Since, for the considered IVIFSs all the conditions p

Vg, Mg >0,uz >0 uf;(l—vé)s#g(l—v};) and yg(l—v3)<u (1—vA) are

L U U _ L L
Ug, Uz < Uz, Vz = Vg, Vj =

satisfying.
i L U L_yL U_U
Therefore, using the division operatio 2= “—2‘“—{‘, ﬂ% , proposed by
B g Hg 1- VE 1- —Vg

([oor 002 [% g::gﬂ) = ([0.1,0.06], [0,0]).

Kahraman et al. [], 4_ )
B 0.1 " 0.5
A /‘A /‘A JI§ vi-vg ;
It is obvious that 5= okl Aot )T = ([0.1,0.06],[0,0]) is not an IVIFS as

for uz = 0.1 and uz = 0.06 the necessary condition yg < pz Isnot satisfying
B B

B B
This clearly indicates that the division operation, proposed by Kahraman et al. [111], is not

valid.
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