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Abstract

This thesis centers on the formulation and examination of iterative methods aimed at resolv-
ing both scalar and systems of nonlinear equations. The main goal is to enhance the order
of convergence while analyzing the stability characteristics of the rational functions linked
to these methods. The structure of the thesis comprises eight chapters, each focusing on a
specific dimension of iterative techniques.

The first chapter offers a comprehensive motivation and literature review, highlighting the
necessity for effective iterative methods. Chapter 2 presents a novel family of without mem-
ory iterative methods, based on a cubically convergent Hansen-Patrick type scheme, which
proves effective even when the derivative approaches zero. This methodology is subsequently
expanded to incorporate memory, thereby improving convergence. Chapter 3 introduces an
iterative family with memory, which enhances the convergence order beyond that of conven-
tional Chebyshev-Halley type methods through the use of self-accelerating parameters. A
thorough dynamical analysis identifies stable and efficient members within this family.

Chapter 4 investigates an optimal fourth-order iterative family, utilizing complex dy-
namics to evaluate the stability of various family variants. The analysis of critical and
fixed points is conducted to understand convergence behavior, supported by numerical ex-
periments that affirm the theoretical results. Chapter 5 broadens the stability analysis to
encompass an optimal mean-based family of iterative methods, employing dynamical tools
to examine sensitivity to initial guesses and its implications for solving chemistry-related
challenges.

Chapter 6 introduces an innovative derivative-free optimal iterative scheme that main-
tains effectiveness even when traditional methods falter due to diminishing derivatives. An
extension incorporating memory further boosts the convergence order. Chapter 7 details
an optimal fourth-order iterative method tailored for multiple roots, ensuring robustness
even as the derivative nears zero. Lastly, Chapter 8 generalizes the techniques developed to
address systems of nonlinear equations, showcasing their efficacy.

In its conclusion, the thesis provides a concise summary of the key contributions, focusing
on the advancements in iterative methods, their convergence properties, and the stability
analysis performed. It also suggests directions for future research, such as the potential for
higher-order iterative schemes, their application to large-scale issues, and further investiga-
tion into dynamical properties to refine stability evaluations.

By combining innovative iterative methods with robust theoretical analysis and practical
applications, this thesis makes a significant contribution to the ongoing refinement of efficient

numerical techniques for solving nonlinear equations, setting the stage for future innovations

in this field.
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Chapter 1

Introduction

1.1 General introduction

Numerical analysis is an area of mathematics that focuses on creating effective method-
ologies for obtaining numerical solutions to intricate mathematical problems (Burden and
Faires, 2010; (Gautschi, 2011; Bradie, 2006). The term ‘numerical methods’ refers to the
approach of solving mathematical issues through basic arithmetic operations, including ad-
dition, subtraction, multiplication, division, and comparison. Given that these operations
are precisely what computers can perform, there is a significant connection between numer-
ical analysis and computer technology. In other words, numerical analysis is a technique for
approximating solutions to complex problems by utilizing various algorithms. This discipline
encompasses both mathematics and computer science (Kukrejal, 2024; Rao and Chaturvedi,
2021; Rao and Chawla, [2019), as it involves the design, evaluation, and application of al-
gorithms aimed at producing numerical solutions for problems with continuous variables.
Numerical methods approximate the solution of nonlinear problems in various fields, such
as solving differential equations and boundary value problems (Bawa and Natesan) 2009;
Mohanty and Niranjan, 2023; Nashine et al., 2018; |Arora et al., 2005). Therefore, numerical
analysis is relevant in numerous sectors, including business, engineering, natural sciences, so-
cial sciences, medical sciences, and applied sciences, where the demand for accurate solutions
following calculations is prevalent.

Large systems of equations, whether linear, nonlinear, or characterized by complex ge-
ometries, can also be effectively addressed through numerical methods, which are widely
used in the realms of science and engineering. Consider a continuously differentiable func-
tion F : ® C R* — R*, ® being a convex set such that

F(x) =0, (1.1.1)
where F(x) = (fi(x), f2(x), ..., fx(x))T and x = (21, 79, ..., 2%)T.

1



Here, the functions fi, fo, ..., fx are the coordinate functions of F'. Equation (|1.1.1)) reduces

to scalar nonlinear equation, when £ = 1 and it can be rewritten as follows:

fla) =0, (1.1.2)

where f:® C R — R is a scalar function defined on a domain 2.

Such problems typically stem from real-world applications within four key engineering
fields: civil, chemical, electrical, and mechanical. These issues can be modeled using a
variety of mathematical equations. Examples include the quest to find the roots of an
auxiliary equation related to higher-order homogeneous differential equations with constant
coefficients, the determination of eigenvalues for a square matrix, and the solution of integral
and differential equations through finite difference techniques. These scenarios can often
be framed as nonlinear equations or systems of nonlinear equations, potentially involving
exponential, trigonometric, and hyperbolic functions, or they may be entirely transcendental
in nature. Systems of nonlinear equations also arise in the numerical solution of partial
differential equations which model a wide range of physical and engineering phenomena.
Different types of numerical schemes have been proposed for solving such equations (e.g.
Burger’s equation (Jiwari et all [2013; |Kukreja and Shallu 2022; [Mohanty and Sharmal,
2024))). These equations form a system of nonlinear equations which can be solved using
iterative methods.

There are two ways for finding the solutions of given problems:

1. Direct methods or analytical methods,

2. Indirect methods (generally called as iterative methods).

Direct or analytical methods are capable of determining the exact roots of an equation in
a limited number of steps and can identify all roots simultaneously. Unfortunately, these
methods are seldom applicable to the types of problems encountered. As a result, one must
often rely on numerical techniques or indirect methods. Although these indirect methods do
not guarantee a finite number of steps for completion, they provide approximate solutions
for every linear and nonlinear equation. The process involves starting with an initial guess
and producing successive approximations at each stage, which converge towards the accurate
solution.
An iterative method (IM) is of the form

Tpt1 = O(x,), n=0,1,2,..., (1.1.3)

where x,, is an approximation to the root k isolated in a real domain ®, x,.; is the next
approximation and ¢ is a suitable continuous function defined on ®. IM starts with an initial

approximation xy € © to k. The function ¢ is called iteration function (IF).

2



1.2 Classification of iterative methods

At this point, we will outline a classification of IMs utilizing Traub’s framework (Traub,
1964).

1. Formula (|1.1.3) defines the simplest IM where only one previous approximation x,, is
required for evaluating the next approximation x,;. Such scheme is called one-point

IM. The most commonly used IM of this type is given by

:En“:xn—%, n=0,1,2,..., (1.2.1)

known as Newton’s method (NM) or Newton-Raphson’s method.

2. Assume that real numbers x,,_y, ..., x,_1,x, are approximations to x and let us define
the mapping

Tpi1 = O(Tn; Tty v oy T ge)- (1.2.2)

The approximation x,,; is determined by ¢ on the basis of the previous k£ + 1 ap-
proximations. However, only x,, is a new information, while x,,_g, ..., x,_1 are reused
information, which is indicated by the inserted semicolon. The function ¢ of the form
is called a one-point IF with memory. The best known IF with memory is
defined by the secant method,

Tp — Tp—1

I I T ) = (@)

flzn), n=1,2,3,.... (1.2.3)

3. Another type of IF is constructed by introducing wy (x,,), wa(zy), - . ., wg(x,), where x,,

is the common argument, defined as

Tpi1 = O(Xn, w1 (), ..., wr(xy)), (1.2.4)

which is called a multipoint IF without memory. We see from (1.2.4) that the new
approximation z,.; is obtained by the use of only previous approximation z,, but

through the k£ number of expressions, w;.

4. Let the IF has arguments z;, where each such argument represents k + 1 quantities

xj, w1(xj),...,wp(x;), k> 1. Then, this IF can be represented in the general form as
Tpi1 = O(2Zn; Znt1s -y Znk)- (1.2.5)

Such IF is called a multipoint IF with memory. Namely, in each iterative step, we must
preserve information of the last n approximations x;, and for each approximation, we

must calculate k expressions wy(x;), . .., wg(x;).

3



1.3 Fundamental concepts

Some fundamental definitions and findings that serve as the foundation for the examination

of numerical methods are included in this part.

1.3.1 Order of convergence

Let ¢ : R — R be an IF which defines the iterative procedure x, 1 = ¢(z,). If a real number
p and a nonzero constant A exist such that

n—00 |:L‘n — /{|p

= A, (1.3.1)

then p is termed as the order of convergence (see [Traub| (1964)) and A is the asymptotic

error constant.

1.3.2 Computational order of convergence (COC)

Let x,_1, z,, and z,,; be the last three successive approximations to the zero x obtained
in the iterative procedure x,.; = ¢(x,) supposedly of order p. The computational order of

convergence as rediscovered by |Weerakoon and Fernando (2000) is given as follows:

_log | f(zng1)/ f(zn)]

&_k%V@MU@WQVn:LZ&”” (1.3.2)

1.3.3 Computational efficiency of iterative methods

Let v denotes the number of functional evaluations per iteration. Ostrowski (1960) intro-

duced the efficiency index of an IM by
E = pv, (1.3.3)

where p is the order of the method.

1.3.4 Kung-Traub’s conjecture

Multipoint IMs without memory, requiring n 4+ 1 functional evaluations per iteration, have

order of convergence at most 2" (see |Kung and Traub (1974)).

1.3.5 R-order of convergence

In some scenarios, it is not feasible to determine the order of convergence from the definition
given in (|1.3.1)). Moreover, there are instances where the limit in ({1.3.1)) may be nonexistent.
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To remedy this situation, |Ortega and Rheinboldt| (1970) established a more generalized
notion of convergence.

For finding the R-order of convergence of method with memory, we make use of the
concept given by |Ortega and Rheinboldt| (1970)) and Theorem given by [Traub (1964)).

Theorem 1.3.1. Consider an IM with memory that generates a sequence {x,,} of approx-
imations (converging to the root k). If there exists a mnonzero constant ( and nonnegative

numbers s;, 0 < j <k, such that the inequality,

k
emer IS CT T em—y 17
j=0

holds, then the R-order of convergence (denoted by Og) of this IM satisfies the inequality
OR Z t*7

where t* is the unique positive root of the equation,

k
=N st =0 (1.3.4)
=0
1.3.6 Banach space
A Banach space (see Beauzamy| (2011)) is a complete normed space (X, || - ||). A normed
space is a pair (X, || - ||) consisting of a vector space X over a scalar field K (where K is
commonly R or C) together with a distinguished norm || - || : X — R. Like all norms,

this norm induces a translation invariant distance function, called the canonical or (norm)

induced metric, defined by
d(z,y) == lly — x| = [z — yl| (1.3.5)
for all vectors z,y € X. This makes X into a metric space (X, d).

A sequence (z,,),—, is called d-Cauchy or Cauchy in (X, d) if for every real number 7 > 0,

there exists some index N such that
d(zp, xm) = ||Tn — 2w <7, (1.3.6)

whenever m,n > N.

1.3.7 Fréchet derivative

The Fréchet derivative (see Narici and Beckenstein| (2010)) is a derivative defined on normed

spaces. It is commonly used to generalize the derivative of a real-valued function of a single
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real variable to the case of a vector-valued function of multiple real variables, and to define
the functional derivative used widely in the calculus of variations. Generally, it extends the
idea of the derivative from real-valued functions of one real variable to functions on normed
spaces.

Let V and W be normed vector spaces, and U C V be an open subset of V. A function
f U — W is called Fréchet differentiable at x € U if there exists a bounded linear operator
IC:V — W such that
| f(@+h) = flx) - Khlw

lim
k]| —0 |\ Ry

— 0. (1.3.7)

If there exists such an operator K, it is unique, so we write D f(x) = K and call it the Fréchet

derivative of f at x.

1.4 Stability analysis

The study of the dynamical behavior of IMs for solving nonlinear equations in the
complex plane is a subject that has drawn the attention of researchers in the last decades.
Papers by [Roberts and Horgan-Kobelskil (2004); |Amat et al.| (2004); |[Varona| (2002)); Kneisl
(2001) and the references therein are a good evidence of this fact. The seminal works of
Cayley and Schroder at the end of the nineteenth century, dealing with NM applied to
quadratic polynomials, were the beginning of a theory (iteration of rational functions) that
has been in continuous evolution. The application of root-finding methods to polynomial
equations leads to rational maps defined in the extended complex plane. Therefore, the
theory and concepts related with the iteration of rational maps (see (Curry et al| (1983));
Beardon| (1991)) can be applied in this situation.

Firstly, we will recall the basic theory concerning the complex dynamics (see Blanchard
(1984)) that we will be using throughout. Assume a rational map R : C — C, where C
denotes a Riemann sphere. The objective of this study is to analyze the asymptotic nature
of the orbit based on the starting point xy. Precisely, the efficient procedures are designed
to investigate the dynamical plane of the function R. We obtain these phase spaces by
categorizing the initial points according to the asymptotic nature of their orbits.

A point xg € C in the complex plane is termed as fixed point if R(z) = zo. A point xg
is called periodic with period p > 1 whenever RP(zy) = xo, but R*(x¢) # o, for 1 < k < p.
Furthermore, the point xq is critical if R'(zq) = 0. In terms of classification of fixed points,
xo is considered to be attractor if |R'(x¢)| < 1, a superattractor if |R'(x)| = 0, a repulsor if
|R(z0)| > 1 and a parabolic point if |R'(x¢)| = 1.

The basin of attraction (BoA) of s is defined by the set containing all pre-images of
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arbitrary order given as
B(x) = {9 € C: R"(xy) — s¢,n — 00} (1.4.1)

The set in which the orbits converge to an attractor is referred to as Fatou set, denoted as
F(R). Its complement in the complex plane is known as the Julia set, denoted as J(R).
Consequently, J(R) encompasses all repelling fixed points, periodic orbits and their pre-
images. This implies that the BoAs of any fixed point are part of (R ), while the boundaries
of these BoAs reside in J(R).

1.5 Literature survey

Identifying the zeros of a nonlinear equation represented by is considered one
of the most critical challenges in both theoretical and applied aspects of various scientific
and technological fields. To address this equation, a variety of qualitative methods are
utilized. Many mathematical issues encountered in science and engineering are complex
and at times, cannot be solved exactly. Consequently, approximating these challenging
mathematical problems is essential to facilitate their resolution. In essence, the application
of analytical methods to intricate functions may not be applicable in a broader context.
Therefore, IMs emerge as a powerful approach for deriving approximate solutions. [Traub
(1964) provided a qualitative and quantitative analysis of these iterative techniques, which
has encouraged a multitude of researchers to delve into this concept.

Moreover, [Traub| (1964) made a distinction between one-point and multipoint methods
within the realm of iterative techniques. The multipoint IMs are considered to be among
the most proficient methods for solving nonlinear equations. This group of methods was
the subject of extensive research in the book by Traub| (1964) and in numerous articles and
books published in the latter part of the twentieth century.

The past few years have witnessed an increased interest in multipoint methods, primarily

driven by two main considerations:

e The application of multipoint methods in root-solving problems is attracting significant
interest at present, as these methods transcend the theoretical boundaries of one-point

approaches, especially regarding their convergence order and computational efficiency.

e Significant enhancement of computer hardware, particularly through the development
of powerful processors, alongside improvements in software such as multi-precision
arithmetic and symbolic computation, has enabled the implementation and conver-
gence analysis of multipoint methods that can produce root approximations with ex-

ceptional accuracy.



Multipoint methods with memory draw upon information from both the current iteration and
those preceding it. The convergence order of innovative multipoint methods with memory
exceeds that of their optimal counterparts without memory. This accelerated convergence
is facilitated by the modification of a self-correcting parameter, which is recursively deter-
mined as the iterations advance, utilizing data from both the current and previous iterations.
The significant enhancement in the convergence rate, achieved without requiring additional
functional evaluations, constitutes a major advantage of multipoint methods with memory.

The foremost goal and inspiration behind the formulation of new techniques is to en-
hance computational efficiency, which involves attaining the highest feasible convergence
order while limiting the number of functional evaluations per iteration. Methods that in-
corporate memory generally demonstrate a high degree of stability concerning the variety
of initial estimations that yield convergence. By judiciously choosing parameters, IMs with-
out memory can markedly elevate their convergence order, thereby functioning similarly to

memory-based approaches.

1.5.1 Iterative methods for simple roots of a scalar nonlinear equa-

tion

The most basic examples of iterative techniques for numerically determining the simple
roots of nonlinear equations are the bisection method and the regula-falsi method. These
approaches are not recommended in reality when accuracy in multi-precision digits is needed
because of their poor convergence speed. The inability of these methods to identify multiple
roots with even multiplicity is another disadvantage. Because locally convergent methods
converge more quickly than globally convergent ones, one chooses to utilize them. From the
last decade, hybrid algorithms, beginning with a globally convergent approach and transi-
tioning to a locally convergent one as the approximations approach the desired zero, are
being employed. One can consult various top-notch textbooks for additional information
and a thorough analysis of these techniques given by [Traub| (1964); Ostrowski (1960); Or-
tega and Rheinboldt| (1970); Kantorovich and Akilov| (2014); |(Chapra and Canale (2015));
McNamee and Pan| (2013); Petkovi¢ et al.| (2012)). There are numerous ways to develop
computationally efficient techniques to find zeros. A number of iterative approaches have
been developed using geometrical approach (Ostrowski, |1960; Trauby, [1964; Amat et al.
2003; (Chun, 2007b; Kanwar et al [2008), functional approach (Kanwar et al., 2006} |Chunl,
2007d; Sharma;, 2007)), Adomian decomposition approach (Adomian and Rach, 1985} |Ado-
mian) (1988, [2013; [Abbaoui and Cherruault| (1994 [Abbasbandyl, [2003}; |Chun, 2005} [Petkovi¢
et al., 2012), quadrature approach (Weerakoon and Fernando, 2000; Frontini and Sormani,
2003; Homeier, 2005; [Kou et al., |2006; |Kanwar, 2006; Mir and Zaman, 2007), weight func-
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tion approach (Geum and Kiml| 2011b; Zhou et al., 2011} |Soleymani et al., [2012blid; |Sharifi
et al., 2012 |Soleymani et al., 2012a)), inverse interpolation approach (Traub [1964), sampling
approach (Traubl (1964; Jarratt, 1966, [1969; Neta, 1979; Chun and Neta, 2012), etc. some
of which we will discuss as we proceed through the chapter.

The most well-known IM for solving nonlinear equations is NM (see Traub (1964);
Petkovic et al.| (2012)), defined in (1.2.1)). This method exhibits quadratic convergence
for simple roots and linear convergence for multiple roots. The efficiency index of NM is
22 a 1.414. While this method is optimal, its reliance on the derivative can be a limitation in
certain applications. It is often the case that evaluating derivatives can be prohibitively ex-
pensive in various practical contexts. To mitigate this challenge, a number of researchers have
proposed the approach of omitting derivatives from iterative functions, relying exclusively
on the function that characterizes the problem for the calculation of iterates. Geometrically,
NM substitutes f with its tangent line close to x to obtain each new approximation x, 1 to
the zero.

The approximation

oy T ) = @)
R

is accurate for small h. The consecutive approximations z,,_; and x,, are taken from (|1.5.1),

(1.5.1)

the derivative can be approximated as
f(xn) — f(xn71>

flan) ~
( n) Tp — Tp—1

Using the estimate ({1.5.2)) in (1.2.1]) leads to the formulation of the secant’s method described

in (|1.2.3). Visually, this method is the intersection of x-axis and the secant line along

(1.5.2)

Tn_1, Tpn. The error relation for the same is |e, 11| < (|en||en—1]. In accordance with Theorem
[1.3.1] the order of this method is approximately calculated to be 1.618. The secant method
is classified as a method with memory. It exhibits superlinear convergence and eliminates
the need for evaluating the derivatives of the function.

Furthermore, taking i to be f(z) for its small values in ([1.5.1)) and replacing in (1.2.1)), the
derivative free optimal Steffensen’s method (see Steffensen| (1933))) of order two is formulated

as follows:

s — 1 — f(@n)? ,
f(@n + fzn)) = f(x0)

The efficiency index of this method is 27~ 1.414, the same as that of NM.
Among the various third-order methods, Halley’s method (see [Petkovi¢ et al. (2012))

stands out as the most widely utilized given by

n=0,1,2,.... (1.5.3)

= f(zn) 1 n —
ntl = Tn o) . ey | 0,1,2,.... (1.5.4)
2" (2n)?

9



The above-mentioned expression was formulated by |Schroder| (1870a)) which has been de-
rived in several manners. For instance, [Salehov| (1952) used the osculatory rational function,
(x + ¢)/(az + b) and named it the method of tangent hyperbolas. Numerous contemporary
and traditional IMs can likewise be developed through geometric techniques. For example,
the derivation of Euler-Cauchy’s method involves identifying the intersection of a quadratic
parabola with the z-axis. |Chun and Kim| (2010) developed a method of order three uti-
lizing the circle of curvature, an essential concept within the field of differential geometry.
New IF's are formulated from those of order two, drawing upon geometric insights for their
construction by (Chun/ (2007c]).

Another notable third-order scheme is the widely recognized Chebyshev’s method (see
Schroder| (1870al); (Gutiérrez and Hernandez (1997))), which is given as follows:

— f(xn) f(l’n)f”(xn) N —
Tpil = Tp () (1 + —Qf'(xn)Q ) , 0,1,2,.... (1.5.5)

This method can be derived from ((1.5.4) using the estimate ;= ~ 1 + t (for small t).
Potra and Ptak| (1984) have introduced the following modlﬁed version of NM that exhibits

third-order convergence:

Fea)f (w0 = H25)
Tp4+1 = Tp —
f(@n)

Further, |Laguerre (1878), a French mathematician, developed a third-order method given as

,n=0,1,2,.... (1.5.6)

follows:

af(zn) |
F(a) £ (0= D2 (F(00)2 = 225 (@) £ (20)) 2

It is one of the most preferred method because of the fact that it has a great feature of

LIpn+l = Tnp —

a#0,1. (1.5.7)

global convergence in the case of polynomial zeros (real) and is nearly insensitive to initial
estimates. It is noteworthy that a number of techniques can be derived from Laguerre’s
method as special cases, namely, NM for a = 1 (a limiting case), Euler-Cauchy’s method for
a = 2, Halley’s method for @ = 0 (a limiting case), square-root method (Ostrowski (1960)))
as o — oo, family of [Hansen and Patrickl (1976) by taking o = % + 1,8 #0, etc.

Schroder| (1870al) introduced two general methods for finding zeros that possess an arbi-
trary order of convergence, which he termed the methods of the first and second kind. These
families of methods have been rediscovered multiple times between 1946 and 1997, as noted
by [Petkovi¢ and Herceg| (1999)); Petkovi¢ and Petkovic| (2008]); [Petkovi¢ et al.| (2010c)). The
method of the first kind of order p is given as follows:

Elwn) = + Z<—1>j@f@<f<xn>>;
' (1.5.8)

fO(f(x0) = e, p1 =1, P = £} — (2 — Dpyf”, i=1,2,3,....

(f’)2’
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Here, § is inverse of f and p; is a polynomial in f/, f” ..., 0. Schréder’s basic sequence,
{&€,} is frequently employed to determine the convergence order associated with iterative

techniques. The method of the second kind of order p is given as follows:

_ Op2(2)
Tolion) = on = Op-i1(an)’
. , 0 () (1.5.9)
Oo(z,) = o O,(x,) = Z(—l)"l j!f(x:) O, (z,), p=1,2,3,....

Many iterative techniques can be developed employing this relation.
Traub (1964) used interpolation as one of the approach to derive some two-point methods.

An interpolation function ©(z) is constructed such that
0V (z) = fP(z), p=0,1,...,n. (1.5.10)

The goal is to use lower derivatives of f assessed at a specific number of points to replace

the higher order derivatives. Traub) (1964) developed the following method of order three:

Tpi1 = T — ,n=0,1,2,.... (1.5.11)

Using quadrature rule of midpoints, [Frontini and Sormani (2003) rediscovered .
Homeier (2003) and [Ozban| (2004) also derived the same after Traub| (1964). Weerakoon
and Fernando| (2000) used numerical integration to derive another third-order method by
Traub (1964)). Several methods can be developed by employing distinct formulae for numer-
ical integration (see, as an instance [Homeier| (2005)).

Moving further, it is achievable to use certain suitable approximations in place of higher
derivatives. For example, |(Chun| (2007f) introduced several modifications of the Chebyshev-
Halley methods that do not rely on the second derivative. Kou et al. (2006) introduced a
modification of the NM which is particularly advantageous when the computational expenses
associated with calculating the first derivative are equal to or exceed those of evaluating
the function itself. Sharma and Guha (2011) formulated second derivative free multipoint
methods from the one-point Hansen—Patrick family, which involves the second derivative.

A notable progress in the development of efficient two-point methods has been made with
the introduction of methods that utilize only three function evaluations while achieving a
fourth-order convergence. This indicates that these methods are in alignment with the Kung-
Traub hypothesis, i.e., they attain the optimal order of convergence. Their computational
efficiency is 4'/3 ~ 1.587. Well before [Traub| (1964) conducted his in-depth studies in this

domain, (Ostrowski| (1960) was the pioneer in creating the first optimal two-point method,
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employing the interpolation of f via a linear fraction, which is given as follows:

— f(xn)
Yn = f(n)’
o f(yn) f(zn)
It = T ) (f(xn) —2f(yn)

The fourth-order Ostrowski’s method have been derived using various manners. It can be

(1.5.12)

>, n=0,1,2,....

considered a fundamental technique that serves as the foundation for numerous families of
two-point methods. Given that this method frequently yields the most favorable outcomes
among those with comparable attributes, this claim is largely substantiated. It is important
to acknowledge that the favorable convergence characteristics of this method have been
established by [Yun and Petkovid| (2009)), who utilized initial approximations derived from a
technique by [Yun! (2008) involving the numerical integration of sigmoid-like functions.

One of the derivation of Ostrowski’s method starts with double NM given by

— f(@n)
SN

_ fym)
xn+1_yn_f/(yn), n=20,1,2,....

(1.5.13)

Using a suitable estimate for f'(y,), Ostrowski’s method can be deduced. It is important to
highlight that does not qualify as a proper two-point method. Rather, we utilize it
as an auxiliary scheme in the development of optimal two-point methods.

A different formulation of Ostrowski’s method was suggested by King| (1973a)) as a gen-

eralization which is fourth-order optimal given by

fa I (o= B) [ S+ 61 (o - )

R T - , (1.5.14)
Ty, Tn _ _ fln)
f'(wn) f(wn) F(@a) + (8= 2)f (wn — S22}
forn =0,1,2,.... Here, § € R is a parameter. Note that Ostrowski’s method is a special

case of when 5 = 0. Also, the methods by Kou et al| (2007a)); |Chun| (2008)); |Chun
and Ham| (2008a)) are also some of the special cases of (L.5.14). Various forms of King’s
family, derived from distinct approximations to f’(x), were introduced by |Chunl (2007g)al);
Kou and Li| (2007a). Ostrowski’s method is also constructed as a special case by |(Chun and
Ham (2007a). The King-Ostrowski type methods were also developed by |(Chun and Neta
(2009) employing the method of undetermined coefficients, [Kou et al.| (2007a)) combining the
methods by |[Potra and Ptak| (1984) and Sharmal (2005), etc.

Proceeding ahead, the computational efficiency of the iterative scheme (order
and number of evaluations are four) is evidently equivalent to that of NM. To decrease the

number of evaluations and thereby improve computational efficiency, Chun| (2008) introduced
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a valuable technique for estimating f’ through the use of an appropriately chosen weight

function D, f'(y,) =~ f'(x,)D(t,). Here, t, = £ (yn) So, (|1.5.13]) takes the form

flan)®
Yo = f(wn)’
Tn+1 = Yn — —f(yn) ,
f'(xn)D(tn)
where D is a real function to be selected so as to achieve order four. The conditions for the
same are D(0) = 1,D’(0) = —2, and |D"(0)| < 0.

The proposed concept is both straightforward and effective. At times, it becomes essential

(1.5.15)
n=012,...,

to expand D into Taylor or geometric series in order to create appropriate IF's, whether they
are new or already established.

A more straightforward strategy that does not change the weight function, as considered
by [Petkovi¢ and Petkovi¢| (2010)), is based on Chun’s idea by using f'(y,) =~ J;;((f:)). This
approach relies on the assumption that D, along with its derivatives D’ and D”, remains

continuous around 0. So, (|1.5.13) takes the form

Y = Ty — f(zn)
f(xn)’
S (yn) S (yn)
Y tn = ) n
f'(@n) f(@n)
The conditions for order four are D(0) = 1,D'(0) = 2, and |D"(0)] < oco. We outline

a few variants of (1.5.16) which are: King’s family is obtained from (1.5.16) for D(t) =

#’iw p € R. |Cordero et al.| (2010b) introduced an optimal fourth-order method for

D(t) =1+ 2t + t* and so on.

As noted previously, derivative-free methods prove to be advantageous for identifying

(1.5.16)

Tpt1 = Yn — D(t,) =0,1,2,....

the zeros of f, particularly when the computation of its derivatives is complex and costly.
Petkovic et al| (2010b|) made free from derivative by taking h to be 7f(z) in (1.5.1)
and using the subsequent expression as f'(z,), and a specific weight function to estimate
f'(yn) in . Such kind of derivative-free techniques can be found in [Thukral and
Petkovid| (2010); Peng et al.| (2011); Sharma and Goyal (2006); Ren et al. (2009); Cordero
and Torregrosal (2011); Liu et al.| (2010).

The majority of the multipoint methods discussed thus far utilize two or more evaluations
of f, along with a single evaluation of f’. Following Ostrowski’s method , which
achieved optimal order four in 1960, |Jarratt| (1966) introduced the subsequent two-point

method of fourth-order given as follows:

=T S
f(xn) f(l‘n) (1.5.17)

O T T P ) T P ) T pal (@) + paf (0a)
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2(6-1)
an expanded version of Traub’s form (see |Traub| (1964)), and it incorporates one function

Here, p; = ; (1 + %), po =3 <1 — %>, p3 = —%5(1 —0)%, py= %(5 —1). It is based on

evaluation and two derivative evaluations for each iteration. Consequently, optimal two-
point methods that adhere to this evaluation model are frequently referred to as Jarratt-type
methods. It is important to highlight that, among the two-point methods, only Jarratt’s
model has the capability to produce two-point methods of optimal order four for the purpose
of locating multiple roots.

A comparable methodology was employed by [Jarratt| (1969) to develop a two-point tech-
nique of fourth-order, which requires the same number of evaluations. Using expansion of
geometric series, an inverse-free Jarratt’s method is formulated. |Amat et al.| (2004) and
Varonal (2002)) proposed its convergence. Several such instances can be seen in |Chun and
Ham (2008b); [Kou et al. (2007b); [Sharma et al. (2009)); Basu| (2008). Also, (Chun et al.
(2012) employed an alternative methodology to establish a generalized family of Jarratt’s
type through which various methods can be formulated.

Next, the study of non-optimal three-point methods is undertaken because their design
is informed by a wide range of diverse, inspiring, and genuine developmental techniques that
have systematically led to the emergence of methods of optimal order. It has been found that
these techniques, which involve various interpolation methods, Taylor series approximations,
and weight functions, play a crucial role in the formulation of higher-order optimal multipoint
methods. After Ostrowski, King and Jarratt, the further optimal methods were introduced
by [Kung and Traub| (1974) which exhibit arbitrary order 2" for any integer n > 1. In the
time frame from 1974 to 2007, the four-point method by Neta (1983)) was the sole method
to achieve an optimal order sixteen, while none of the three-point methods developed during
this period managed to reach the optimal order eight.

In the years following the establishment of Kung-Traub’s families, a range of n-point
methods (n > 3) surfaced in the scholarly articles of Neta (1979} 1981} 1983]); Popovski
(1981); King (1973aljb). Certain methods outlined in these publications were created through
alternative methodologies or utilized more than one initial estimation, thus complicating
their direct comparison to optimal multipoint methods. Following King’s family, Neta| (1979)
formulated the first three-point sixth-order method with four function evaluations.

The subsequent three-point methods achieving optimal order eight were introduced in an
explicit manner many years after the families proposed by Kung-Traub, specifically in the
works of [Milovanovi¢ and Cvetkovid| (2007)) and the articles authored by Bi et al. (2009blf).
It is important to highlight that a significantly more efficient four-point method of optimal
order sixteen was developed by Netal (1983). This particular method is based on an implicitly
defined three-point method of eighth-order. This raises the question of precedence between
Neta’s findings and the results presented from 2007 to 2009. Furthermore, between 1974
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and 2007, numerous three-point methods with orders lower than eight were established.
Following the works of Bi et al| (2009bla)), several eighth-order three-point methods were

created employing a variety of techniques and concepts.

Further, using a parametric function in the third step, |Chun and Ham| (2007b)) formu-
lated a sixth-order family of three-point methods following , efficiency index being
6'/* ~ 1.565, less than that of optimal two-point methods (4'/% ~ 1.587). Special cases
include methods by [Sharma and Guhal (2007)); |Grau and Diaz-Barrero| (2006), considering
specific weight function and parameter values. Similarly, following , Jarratt’s method
was accelerated by [Kou and Li| (2007b)) using linear interpolation, and by us-
ing equation for parabola. (Chun and Neta (2008)) employed the method of undetermined
coeflicients to formulate another sixth-order method. Using linear interpolation,
formulated the same kind of scheme.

A category of third-order techniques known as Chebyshev-Halley methods (see
et al| (2003); Gutiérrez and Herndndez| (1997)) is given as follows:

Li(n) ) f(zn)
1- aﬁf(xn) f'(@n) ’

Here, Lf(x,) = W This family features Halley’s method when o = £, Chebyshev’s

method when o = 0, and super-Halley’s method when o = 1. Estimation of L;(z,) for-

xn+1:xn—(1—|— n=0,1,2,..., aeR.

mulates a method of order three which in turn led to the first seventh-order method by
Kou et al| (2007¢). Another method of order seven was constructed by Bi et al. (2008]).
Using an estimation for derivative in third step and choosing suitable weight function,
formulated an optimal method of order eight. Employing a few modifications,
Bi et al| (2009a)) formulated another optimal eighth-order method. Further, some optimal
families can be seen in the work of |Petkovié (2010, [2011); Petkovi¢ and Petkovi¢ (2010);
Kou et al.| (2010)); Petkovi¢ et al.| (2010a) which utilize advanced two-point methods of order
four and incorporate interpolation techniques to approximate f’(z) in the third stage. These
methods have efficiency index 2%/* ~ 1.682.

The subsequent category of optimal three-point methods is based on the application of

optimal two-point methods in the initial two steps, followed by the utilization of a third-

degree inverse interpolating polynomial in the final step, as discussed by Neta and Petkovic|
(2010). |Thukral and Petkovid| (2010)) proposed a family of three-point methods, where the
first two steps are aligned with . The third step is constructed through the application
of three weight functions, arranged in such a manner that the overall order of convergence for
the three-step method reaches eight. Several instances can be seen in the work by
(2010); Dzuni¢ (2011); Liu and Wang (2010). Next, |[Dzuni¢ et al| (2012) formulated an
optimal eighth-order derivative-free method by applying third-degree Newton’s interpolating

polynomial.
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Our next focus is on multipoint methods without memory having an order exceeding
eight. These methods generate approximations of remarkable accuracy, which are infre-
quently necessary in practical scenarios. The formulation of n-point methods with an opti-
mal order of 2" for any n > 1 is justified from a theoretical standpoint; these methods are
particularly significant for smaller values of n. Higher-order multipoint methods with this
property include the family by Kung and Traub) (1974)) and the family by [Zheng et al.| (2011]),
both of which are derivative-free. Furthermore, a sixteenth-order method by [Neta (1983)),
based on inverse interpolation is optimized through a judicious choice of initial approxima-
tions. Also, with some suitable choices of weight functions, |Geum and Kim| (2011a) derived
optimal methods of order sixteen. Petkovic| (2010]) has established a general class of optimal
methods with arbitrary convergence orders through the use of Hermite’s interpolation.

The work of [Zheng et al.| (2011)) presents a one-parameter family of n-point methods
that do not rely on derivatives and can attain an arbitrary order of convergence of 2" (for
n > 1). These methods are developed through the application of Newton’s interpolation
and forward divided differences, which necessitate n 4+ 1 function evaluations. Thus, they
are deemed optimal according to the principles outlined in the Kung-Traub conjecture.

As discussed earlier, the increase in the convergence order can be brought out with no
further functional evaluation by making use of self accelerating parameter(s). [Traub| (1964))
was the first one to introduce this idea and these methods were termed as methods with
memory, the reason being that these methods use the previous information to calculate the
next iterate. This idea by Traub was later developed by Petkovic et al.| (2014)) and is being
used by many authors (see, for instance (Cordero et al.| (2015])) over these years.

By employing two innovative strategies for the calculation of a self-correcting parameter,
specifically a ‘sliding’ secant technique and Newton’s interpolation with divided differences,
one can achieve extremely rapid convergence of new methods with memory, all without the
need for additional function evaluations. As a result, these multipoint methods demonstrate
a high level of computational efficiency. Additionally, another variant of multipoint methods
with memory is found on inverse interpolation and a strategic selection of initial approxima-
tions, which significantly improves the accuracy of the approximations to the roots.

The already existing Steffensen’s method had been improved in this sense by Traub (1964)

and the first method with memory be given which is as follows:

Tpnt1 = T — f[

,0#£v, €R, n=0,1,2,...,

n n]

Nl(m) = f(xn) + (ZU - xn)f[xnawn]a
~1
T N ()’

Wnt1 = Tpt1 + Yos1.f (Tngr)-

(1.5.18)
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Here, wy = x¢ + Yof(%0), 70, %o are suitably given, and f[s,t] = % denotes a first-
order divided difference. This method has order of convergence 2.414. Therefore, the order
of the method with memory is higher than that of NM, which also requires two function
evaluations per iteration. It is still possible to increase the convergence order using a better
self accelerating parameter.

Petkovic et al.| (2011) developed a two-point IM with memory having R-order of conver-

gence at least 4.561 given as

Wy, = Ty + 'an(xn>a

= ) — Fans)
P G (1.5.19)
" " fon,U%]’
o [y fWn) | f(Yn)
e = ) <1 T ) " f(wn)> 07w € R,

forn=0,1,2,....

Further, [Neta (1983) formulated a sixth-order three-point method with memory requiring
three function and one derivative computation per step of iteration.

Several iterative schemes without and with memory can be found in the literature, pub-

lished in recent years, highlighting ongoing advancements in the field.

1.5.2 Iterative methods for multiple roots of a scalar nonlinear

equation

Locating multiple roots (denoted by x*) of f(x) = 0 with multiplicity m is one of the
most important challenges in science and engineering. We must therefore research numer-
ical techniques in this regard. IMs intended for simple roots are either unsuitable or their
convergence rate diminishes to linear when confronted with multiple roots. Therefore, it is
crucial to either create new iterative algorithms or modify existing ones to effectively find

multiple roots. There are essentially two main types of challenges related to multiple zeros:
e When the multiplicity m associated with the multiple root is clearly defined.

e When the multiplicity m of the multiple root is not clearly defined, one can approximate

both the multiple roots and their multiplicity in these cases.
The modified NM by [Rall (1966]), one of the prime numerical methods to approximate a
multiple root k* with multiplicity m, is given by

f(xn)

(1.5.20)
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It is quadratically convergent, but the multiplicity m must be determined beforehand. This
method can be derived from NM for the function (f(z))/™. To enhance the local order of

convergence, Laguerre (see Bodewig (1946))) introduced a family of methods that converge

cubically, all derived from the aforementioned function. Notable techniques such as the

Euler-Cauchy method, Halley’s method, Ostrowski’s square-root method, and the Hansen-

Patrick family are recognized as specific instances of this family (see Hansen and Patrick|

(1976))-

Numerous higher order methods have been developed by several authors to compute

multiple roots by using weight functions or NM as a starting step. The said methods need

prior knowledge about the multiplicity m (Hansen and Patrick| [1976; |Victory Jr and Neta,
[1983; [Dong|, [1987: [Osadal, 1994 [Neta, 2008} [Li et all [2010; [Shengguo et al., [2009; [Zafar|
let all, 2020} Sharma and Sharmal, [2010; [Zhou et al., 2011} [Sharifi et al., 2012} [Soleymani|
let al] 2013; [Kansal et al.l 2020; |Cordero et all 2016; [Kansal et al.| 2015b; [Behl et al., [2019;
Behl and Al-Hamdan| 2019, [Kanwar et al) 2013). Many variations of King’s family (King,
have been constructed and studied in order to approximate simple roots of nonlinear
functions. Behl et al| (2020]) used derivatives for multiple roots to extend King’s family.

We now turn our attention to the situation where the multiplicity m of the multiple root
is not clearly specified. (1964) recommended a particular approach to estimate the

multiplicity m of the root as follows:

log | f ()]
m = , 1.5.21
g (2)/ 7 @) o)
m being sufficiently near to the zero k™.
Lagouanelle| (1966) used the following expression for the same:
/ 2
. f'(z) (1.5.22)

f@)? = fx) f"(x)

In contrast, (1964)) adopted a basic transformation rather than the function f(x) for
the purpose of locating multiple zeros that possess an unknown multiplicity given as follows:

T(z) =

I (@) /
@ f'@)#0, (1.5.23)
0

£
0,  fl(z)=

If NM is applied to T (x), the following method by [Schroder| (1870a) of order two is formu-
lated:

Tt = T, — f(xn) f' ()
" " J'(@0)? = f2) f"(2n)

which holds crucial for locating multiple roots (with unknown m).

(1.5.24)
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1.5.3 Iterative methods for simple roots of system of nonlinear

equations

Tackling the problem of nonlinear equation systems is a vital and widespread concern

in the realms of science and engineering (Ortega and Rheinboldt, [1970), i.e., determining a

vector k = (K1, Ko, ..., Ky) for a nonlinear function F : ® C R¥ — R* such that, F(k) = 0.
One can attain this solution as a fixed point of a specific function G : R¥ — R* utilizing the

fixed point iteration,
xD = g(x™) n=0,1,2,.... (1.5.25)

A fundamental approach for addressing the system of nonlinear equations F'(x) = 0 is the

quadratically convergent NM (see [Kelley| (2003))) given as follows:
x") = x(W — P(x") T R(x™), n=10,1,2,..., (1.5.26)

where F'(x(™)~1 is the inverse of first Fréchet derivative F’(2(™) of the function F(z).
To enhance the convergence rate of NM, several alternative approaches have been suggested
(Cordero and Torregrosal, 2006, 2007; Darvishi and Barati, 2007a; Frontini and Sormani,
2004; |Amat et al., 2003 Grau-Sanchez et al., 2011).

For a system of k equations in k& unknowns, the first Fréchet derivative F” is a matrix
with k% evaluations while the second Fréchet derivative I has k*(k + 1)/2 evaluations. The

methods like Halley and Chebyshev, despite their cubic convergence, are considered less

practical from a computational point of view because of costly second-order derivative. For

the scalar equation f(z) = 0, some authors have proposed third-order methods without using

second-order derivative. Some of the instances include Frontini and Sormani| (2003); [Homeier,
(2003)); [Ozban| (2004); [Weerakoon and Fernando| (2000), each requiring three evaluations,

namely, one f and two f’. The extensions of these methods for systems of equations have

been developed in |Cordero and Torregrosal (2006); Frontini and Sormani (2004); Homeier|
(2004]).

In the last few years, multiple IMs have been established to resolve nonlinear systems

of equations, predominantly employing Taylor’s polynomial (Ortega and Rheinboldt, [1970),
decomposition (Darvishi and Barati, 2007b)), homotopy perturbation method
2007)), quadrature formulas (Cordero and Torregrosal, 2006, 2007; [Darvishi and Barati,
2007a} [Frontini and Sormani, 2004; Babajee et al] 2008) and other techniques (Homeier,
2004; Kou, [2007)). Also, some new higher-order methods have been formulated without sec-

ond Fréchet derivative. For example, Cordero and Torregrosal (2007)) developed two variants

of NM with at most third-order convergence. One of the methods requires k + 3k? evalua-

tions per iteration whereas, the other requires k +4k* evaluations. |Cordero et al. (2009) also
presented fourth and fifth-order methods requiring 2k + 2k% and 3k + 2k? evaluations, re-
spectively. [Darvishi and Barati (2007a)) obtained a fourth-order method which uses 2k + 3k
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evaluations. |Grau-Sanchez et al.| (2011)) proposed third, fourth and fifth-order methods which
require k + 2k?, 3k + k? and 2k + 2k? evaluations, respectively. Noor and Waseem! (2009)
developed two third-order methods, each requiring k 4 2k? evaluations.

Another family of third and fourth-order IMs was proposed by Nedzhibov| (2008), which
is defined by

-1
<) — () _ <1+ % <1 — %Q(XW)) Q(XW)) h(x™), (1.5.27)

where

Q(x") =1 - F ()" F(y™),

y™ = x — gh(x™), (1.5.28)

h(x™) = F'(x™)1FP(x™), n=0,1,2,....
Here, A and 3 are arbitrary real parameters. This family is proved to have order of conver-
gence three for (X, 3) # (1,%) and order of convergence four for (A, 3) = (1,%). One can
notice that the two-parameter family requires one F', two F’ per iteration and depending
on the value of A would require one matrix inversion or two matrix inversions per iteration.
The development of such kind of methods has been increasing over the years.

In general, methods intended for one-dimensional equations are ineffective for solving
nonlinear systems. Moreover, the concept of optimality related to functional evaluations
and convergence order is not applicable to system of nonlinear equations. Specifically, the
established Kung-Traub conjecture (Kung and Traub, |1974) does not hold true for such
systems. In multidimensional scenarios, a method is deemed efficient if it requires the least
number of matrix inversions, functional evaluations, and matrix multiplications per iteration

to achieve the necessary accuracy.

1.5.4 Complex dynamical analysis

The iteration of rational mappings of a complex variable has a rich historical background.
Foundational contributions to this field were made by Fatou| (1919) and |Julial (1918) in the
early 20" century. In the 60s, notable advancements were achieved through the works of
Brolin| (1965)); \Guckenheimer| (1970); |Jakobson| (1968). A significant progress had also been
made by Sullivan (1982); Mané et al| (1983). While these studies had provided substantial
theoretical insights, experimental investigations into the iterates of rational maps were also
done. Among the few experimental studies, the work of [Mandelbrot| (1980) stands out as a
singular achievement. He took into consideration the transformation, Pe(x) = 2?+C, C € C,
and generated remarkable images characterized by widespread self-similarity. Douady (1982)
had provided a major breakthrough in comprehending Mandelbrot’s bifurcation diagram.

The above-mentioned quadratic transformation is arguably the simplest nontrivial rational
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map. Here, we focus on another set of examples: rational maps derived from applying NM
to a polynomial P.
As stated earlier, one of the most widely recognized techniques for determining the roots

(or zeros) of a polynomial P with real or complex coefficients is NM given by

(1.5.29)

having the following properties:

o If z( is sufficiently close to a simple root k of P, the sequence
v = Np(20) = Np(Np™ (20)),

exhibits a quadratic convergence to . Specifically, there exists a constant 7 > 0 such

that |z,11 — K| < 7]z, — K%
o If x( is close to a multiple root x*, then |z, 1 —Kk*| < 7|z, — £*| for some 7 (0 < 7 < 1).

So, the main emphasis is on selecting suitable initial conditions such that z,.1 —  (or
ZTpe1 — k). The classical theory by Fatou and Julia provides significant understanding of
the potential behaviors of {x,}. A major motivation comes from the following theorem by

Fatou:

Theorem 1.5.1. If R(x) possesses an attracting periodic cycle, the orbit of at least one

critical point will eventually converge to it.

Schroder (1870ayb), and later, (Cayley (1879blla, 1890), proposed extending NM for a
polynomial P to the complex plane. Both scholars aimed to investigate the BoA associated
with a zero k of P. From a local perspective, the problem is relatively straightforward. The
sequence z,, converges very fast to simple root x (z¢ close to k), which implies that x is an
attractive fixed point for Np. In case of multiple root x*, the same scenario occurs. The
relaxed NM is employed to enhance the convergence of Np towards a multiple root given as

follows:

P(x)
P'(x)

Np(z)=2z—m (1.5.30)

For simple root &,
1
Np(k+z) =K+ 5/\/}’;’(/@):52 +...,

and for multiple root x* of order q > 1,

q—1

Np(K* + 1) =K"+ T4 ...
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If m = q is chosen, ./\/;’;m(li) = 0 resulting in rapid convergence of x,, towards x*. However,
it is important to note that Np,, does not converge to a simple root when m > 2, the root
being a repelling fixed point. For m = 2, the convergence is very slow, the root being a
neutral fixed point.
Schroder| (1870a) generalized NM by introducing algorithms G for finding zeros of P,
satisfying
G(k+x)= /f—l—:E”%Q(")(/ﬂ) +...,neN.

Specifically, x,, = G" (o) converges to x with order n (see Vrscay| (1986); Vrscay and Gilbert
(1987))).

As we continue further, the Julia set, J(R), an invariant and perfect set associated with
a rational map, is the closure of the set of repelling periodic points, where the map exhibits
chaotic behavior. Under iteration, any neighborhood of a point in J(R) eventually maps to
cover the entire C, with the exception of at most two points. The Fatou set, F (R), which
is the complement of J(R), is where tame dynamics takes place, such as attracting cycles
and the associated BoAs.

F(R) contains the zeros of P(x) and their BoAs. These BoAs provide examples of
locations where the numerical technique is effective. The numerical approach can go wrong
in two ways. First, if the initial seed z( is chosen in J(R), it will never converge to a
zero of P(x). Nevertheless, a slight perturbation of xy will result in convergence since any
neighborhood of such an zy contains points that do converge to one of the zeros. A more
problematic situation arises when an attracting cycle exists that is not associated with the
zeros. This cycle must reside in F(R), and its BoA forms an entire region in C, for which
initial seeds fail to converge to a zero. In such a scenario, even a small perturbation of a failing
seed may not result in convergence to a zero. We now give a mathematical interpretation of

this discussion as follows:

Definition 1.5.2. The set of ‘good’ initial points for the real NM is as
Q={zeR:N3(x) = Kk,n— oo,P(k) =0},
and the set of ‘bad’ initial points is R\ Q.

NM relies on approximating the polynomial P(z) with a linear approximation. If P(z)
is a degree-d polynomial with different zeros, then NVp(z) becomes a rational map of degree
d. Tt is evident that fixed points of Np(z) correspond to zeros of P(x). Actually, oo is the

only fixed point of Np(x) that is not a root. Now, we compute

P(x)P"(x)

N ="
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depicting the zeros to be superattracting. It becomes crucial to recognize that the inflection
points of P(x), where P”(x) = 0, correspond to the critical points of Np(x). Since, oo is
repelling for NM, it is worth noting that the poles of Np(z) are the critical points of P(z).
As a result, orbits that steer clear of the critical points of P(x) are most likely to converge
quickly to a zero. The following theorem shows the relation of the critical points and the

zeros of P(x):

Theorem 1.5.3. The critical points of P(x) are located within the convex hull formed by
the roots of it.

Further, a critical point is referred to as free if it is an inflection point of P(z). To
identify polynomials that contain extraneous attracting cycles, the orbit of the free critical
point is traced. Any such cycle must attract this orbit, as the other critical points, which
correspond to the roots, are fixed. This approach is grounded in Theorem [I.5.1] by Fatou and
Julia (see Blanchard (1984)). Before undertaking further study, the following result should

be mentioned:

Lemma 1.5.1. Consider an affine map A(x) = {1+ &,6 # 0. If V(z) = P o A(z), then
Np is analytically conjugate to Ny via A, that is, Ao Ny o A7 (z) = Np.

The concept of conjugation appears to be crucial for understanding the iteration of Np(z),
and in the modern theory of iteration. In fact, [Schroder| (1870a)) recognized the significance
of conjugations, primarily to simplify calculations by obtaining a more convenient form. He

proposed transforming an iteration z,1; = R(z,) using a bijective mapping T such that
(i) T"'oRoY(z) =2+ a (Abel’'s equation)
(i) T-'oR o T(z) = az (Schroder’s equation)

(iii) Y1 o R o T(x) = z" (Boettcher’s equation)

A characteristic geometric property of methods like NM is the nearest root principal, where
initial guesses converge to the closest zero. This principal accurately describes the dynamics
when the technique is applied to a quadratic polynomial. The technique succeeds if the
initial guess is closer to one zero than the other but fails if the initial seed lies equidistant
from the two zeros. In such cases, the method leaves the perpendicular bisector between the
two zeros unchanged, as if unable to decide among them. In case of NM, the dynamics on
the line of points that are equally spaced from the roots are chaotic. These results on NM
can be found in |Schroder (1870a)); [Cayley| (1879a)) where the Konig IFs K, applied to z* — 1

are shown to be conjugate to x — z".
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Theorem 1.5.4. Assume P(z) to be a polynomial of degree 2 having distinct zeros. Then,
NM for P(x) is globally, analytically conjugate to x — x?. Furthermore, J(R) consists of

all points located on the perpendicular bisector of the line segment connecting the two roots.

Proof. Given a polynomial P(z) = (x —¢&;)(x — &) containing roots &, & € R. The following

Mobius transformation can be employed,

T &1
me(r) = —— 6’ (1.5.31)
acquiring the properties,
(1) me(&1) =0, (13) me(o0) =1, (131) me(&) = o0.

1

Then, m. o Np o m_! is a rational map of degree 2 having fixed points at 0 and oo (both

superattracting) and fixes 1. O

Under the conjugacy map m,, J (R) for z — z? corresponds to the perpendicular bisector
of the line segment connecting & and &. Along this bisector, Np exhibits the angle doubling
dynamics of this map restricted to the unit circle.

The analysis of NM becomes dramatically more complicated as the degree of the poly-
nomial is greater than 2 which is thoroughly explained in Blanchard et al.| (1994).

In the past decade, Amat et al. (2004) and [Varona| (2002) described the dynamical
behavior of several well-known IMs. Moreover Devaney| (2018); [Robinson| (2012) studied
the dynamics of different iterative families. In most of these studies, interesting dynamical
planes, including some periodical behavior and other anomalies, have been obtained. In a
few cases, the parameter planes have also been analyzed. The IMs without memory have
been overlooked by complex discrete dynamics in recent years (see previous studies |Cordero
et al.| (2021, 2013d); (Chicharro et al.| (2013al)); [Cordero et al.| (2022); Padilla et al.| (2022));
Cordero et al.| (2013a); |Chicharro et al.| (2019)).

The parameter and dynamical planes in the subsequent chapters have been drawn ac-
quiring the following specifications:

The respective figures are generated using MATLAB R2022a programming package with
a resolution of 500 x 500 pixels. For a parameter plane, if a method converges to any of
the roots starting from a critical point C; in a maximum of 25 iterations with a tolerance of
1073, the pixel is colored red; in other cases, the pixel is colored black. Further, the graphical
depiction of a dynamical plane demonstrates the convergence of the method to any of the
solutions beginning with xy with an upper limit of 25 iterations and a tolerance of 1073.

Different colors are used to represent the different BoAs.
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1.6 Structure of the thesis

The present thesis is organized into eight chapters, which are outlined below:

Chapter 1 of the thesis presents the motivation, and literature review for the research
work, focusing on the development of the IMs to solve scalar as well as system of nonlinear
equations in order to improve the order of convergence and analysis of stability properties
of the rational functions associated to these methods.

Chapter 2 deals with introducing a new iterative family without memory for solving
nonlinear equations which is based on a cubically convergent Hansen-Patrick type method.
The beauty of our techniques is that they work even though the derivative is very small in the
vicinity of the required root or f/'(z) = 0. On the contrary, the previous modifications either
diverge or fail to work. In addition, we also extended the same idea for IM with memory.
Numerical examples and comparisons with some of the existing methods are included to
confirm the theoretical results. Furthermore, basins of attraction are included to describe a
clear picture of the convergence of the proposed as well as some of the existing methods.

Chapter 3 presents a new iterative family with memory for solving nonlinear equations
numerically in order to achieve higher order of convergence in comparison to the cubically
convergent Chebyshev-Halley type method. The acceleration of convergence speed has been
attained using a self accelerating parameter which is estimated from the current and previous
iterations using divided differences. Therefore, the order of convergence increases from 3 to
3.30 without any further functional evaluation. In addition, the complex dynamics of the
proposed family without memory have been studied. The parameter spaces and dynamical
planes are presented. This study helps to determine the family members with stable behavior
which in turn are suitable for practical problems.

Chapter 4 presents an optimal fourth-order iterative family and the dynamical analysis
of the family with the help of complex dynamics tools. This study allows us to find those
parametric values for which the corresponding family variant’s behavior is stable or unstable.
Furthermore, we calculate critical and fixed points associated with the rational operator
linked to this iterative family. To visualize our findings, we draw dynamical and parameter
planes. Hence, we can select the regions where the corresponding method is more efficient
or shows chaotic behavior. The conclusions obtained from this stability analysis are used in
the numerical section, where some academic and real-life problems are solved.

Chapter 5 performs stability analysis of an optimal mean-based family of IMs of order
four. Taking into consideration the stability aspect of the specified method, one can describe
the method’s sensitivity to the initial guesses. A rational function corresponding to the iter-
ative family is developed. The convergence and stability of a certain method can be analyzed
upon finding the fixed points, critical points, periodic points, etc. of the rational function.

Furthermore, the dynamical and parametric planes are drawn which help us to detect the
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stable as well as non-stable regions. It has been observed that stable IMs generally yield
better performance on complex problems compared to unstable methods. This observation
has been supported by numerical experiments that compare our proposed family with some
existing methods for representing some chemistry problems, like conversion in a chemical
reactor, equations of state, and continuous stirred tank reactor problem.

Chapter 6 displays an optimal iterative scheme without memory free from derivatives
for solving nonlinear equations. There are many iterative schemes existing in the literature
which either diverge or fail to work when f’(x) = 0. But, our proposed scheme works even in
those cases. In addition, we also extended the same idea for IM with memory with the help
of self-accelerating parameters estimated from the current and previous approximations. As
a result, the order of convergence increased from four to seven without the addition of any
further functional evaluation.

Chapter 7 introduces an IM that exhibits an optimal fourth-order convergence rate,
ensuring rapid and accurate approximation of the multiple roots. Unlike conventional meth-
ods, the proposed algorithm can successfully converge even when the derivative is zero or
approaches zero in the vicinity of the desired root.

Chapter 8 deals with introducing a new iterative family for solving system of nonlinear
equations. The effectiveness and performance of the new iterative techniques are demon-
strated by a number of numerical examples. The current approaches to solving the system
of nonlinear equations can be seen as being expanded upon and generalized by these new
iterative techniques.

Lastly, we conclude with a summary of the thesis contributions. In addition, future areas

of research for new and related fields of study are also suggested.
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Chapter 2

An Efficient Iterative Family Adaptive
with Memory and Their Applications

This chapter deals with introducing a new iterative family without memory for
solving nonlinear equations which is based on a cubically convergent Hansen-Patrick type
method. The beauty of the new techniques is that they work even though the derivative is
very small in the vicinity of the required root or f’(x) = 0. On the contrary, the previous
modifications either diverge or fail to work. In addition, the same idea has been extended for
IMs with memory. Numerical examples and comparisons with some of the existing methods
are included to confirm the theoretical results. Furthermore, BoAs are included to describe

a clear picture of the convergence of the proposed as well as some of the existing methods.

2.1 Introduction

Determining the zeros of a nonlinear function promptly and accurately has become a
very crucial task in many branches of science and technology. The most used technique in
this regard is NM of order two for simple roots. Various higher order schemes have also been
presented by [Amat et al| (2003)); |Chen et al| (1993)); |Argyros et al| (2017); Cordero et al.
(2021)). One amongst them is the family of Hansen and Patrick| (1976|) of order three given
by

a+1 f(zn)
n+l — dn — , 20,1,2,..., 2.1.1
T [aE T (at DL @) P i
where L(z,) = % and o € R\{—1}. This family comprises of Euler’s method for

a = 1, Ostrowski’s square-root method for a = 0, Laguerre’s method for o = ﬁ, v # 1 and

The contents of this chapter are published in Mathematical and Computational Applications (MDPT),
27(6), 97, 2022 (Scopus, Q2, Impact Factor: 1.9)
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NM as a limiting case. Despite the fact that it has cubic convergence, the involvement of
second-order derivative is limiting its computational applications. This factor inspired many
researchers to concentrate on multipoint methods (Petkovié et al.,|2014), since they overcome
the drawbacks of one-point IMs with respect to the convergence order and efficiency. The
main motive in the development of new IMs is to achieve order of convergence as high as
possible with certain number of functional evaluations per iteration.

Sharma et al. (2009) had modified (2.1.1)), which is given as follows:

f/(afn)’

Yn = Tp —

B41 Fn) (2.1.2)

Tp41 = Tp — ﬂ + (1 _ (5 + 1)Hf(xn))1/2 f’(mn)

where Hy(x,) = %

the authors calculated second-order derivative of f at y,. Moreover, several developments

,n=0,1,2,...,

and «, (3 are free parameters. Here, § # —1. Instead at z,,

of Hansen-Patrick type methods have been presented and examined in the work by [Kansal
et al| (2015a) in order to eradicate the second-order derivative. Using some appropriate
approximation for f”(z,), Kansal et al.| (2015a)) presented the following method:
Tn
Yn = Tpn — f,( ) )

T = 1 — a+1 f(zn)
ot (f(fvn)2 + (8 =20 = 2)f () fyn) = Bl + 1)f(yn)2> V| )
f(@n)? + Bf(@n) f(yn)
(2.1.3)
forn =0,1,2,..., where o and [ are free parameters. The prominent problem when using

such kind of methods is that they fail to work in the case f'(x) = 0 and diverge or fail when
the derivative is very small in the vicinity of the required root. That’s why, our main goal
is to develop a method that omits these flaws.

As discussed earlier, the convergence order can possibly be increased with no further
functional evaluation by making use of a self accelerating parameter. [Traub (1964) was the
first one to introduce this idea of the methods with memory. Employing minute alterations
in the already existing Steffensen’s method (see Zheng et al.| (2011))), the first method with

memory was presented as follows:

Wy = Ty, + an(xn% Tn € R\{0}7

" (2.1.4)
Tnt1 :xn—M, n=0,1,2...,
fl@n, wy]
where 7, is a self-accelerating parameter given as
-1
Tnt+l = 377 v Nl('r) = f($n> + (‘T - xﬂ)f[xnvwn]a n= 07 1:27 ceey
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Yo and xg are suitably given. This method has order of convergence 2.414. Still, if we use a
better self-accelerating parameter, there are apparent chances that the order of convergence
will increase.
Also, using secant approach, by the reuse of information from the previous iteration,
Traubl (1964) refined a Steffensen-like method and presented the following method:
Tp — Tp_1
Tn = )
f(an) = f(@n-1)
Ynf (In)Q
f(@n + 9 f (@) = f(2n)’

having R-order of convergence at least 2.414. Here, 7y is given.

n=123...,
(2.1.5)

Tnt41 = Tp —

To this end, we firstly develop a new iterative family without memory and extend it
to one with memory. We carry out the convergence analysis of the new families in order
to demonstrate their order of convergence. To illustrate our theoretical findings, numerical
results for the proposed families and comparisons with some of the existing methods are then
given. Lastly, we present the BoAs of the new families depicting clearly the convergence or

divergence of the new as well as the existing methods.

2.2 An iterative family without memory and its con-

vergence analysis

We aim to construct a new two-point Hansen-Patrick type family without memory and

analyze its convergence in this section.

mn)

Suppose y, = T, — 7y be the Newton’s iterate. Expanding f(y,) about a point z = x,

by Taylor series, we get

Flun) 2 Fa) + F/ ) = 20) + 58" ) = 20)"

2f"(xn)* f (yn)
= f(x,) ~ —2"0,
Also, if we expand the function f'(y,) = f’ (xn — ]{,((ZZ))) about a point x = x,, by Taylor

series, we have
fun) = f(@n) + [ (€0) (Yo — 20),
" ~ f/(xn) / ot
= Ja) ~ TS ()~ )
Using previous developments, we have
<2f rr;) )J;(yn)) (J;((;E:)) f/ xn f/(yn))>

J(an) @ e : (2.2.1)
2l fun) 4 Lln)(f1(2,) — f(y,))




As we can see, the estimation (2.2.1)) for f”(z,) uses four functional evaluations per iteration,
f(xn), f(yn), f'(x,) and f'(y,). To decrease the number of functional evaluations, King’s
approximation (King, |1973a)) may be used which is

f(@n) + 7/ (yn)
f(@a) + Bf(yn)’

f'(yn) = f'(2n)

when v = 8 — 2, where f is a free parameter.

Now, using the approximation (2.2.1)) for f”(z,) in , Kansal et al.| (2015a)) presented
the following family:

— f(zn)
N Ie9)

T =, — a+1 f(xn)
n+ n - <f(l'n)2 + (ﬂ — 200 — 2)f(xn)f(yn) _ 5(a + 1)f(yn)2> 1/2 f/(l,n)a
f(@n)? + Bf (@n) f(yn)
(2.2.2)
forn=0,1,2,..., where a(3# —1) and 3 are free parameters.

Now, in order to extend to the method with memory, we come up with an idea of
introducing a parameter 7 in the family (2.2.2)) and we present a modification in this family

as follows:
U = Ty — f ()
T )+ af(wn)
Tpg1 = T — o+l | (223
o (f(%’n)2 + (B =20 =2) f(@a) f(yn) — Bla + 1)f(yn)2>
f(@n)? + Bf(x0) f (yn)
f(l'n)

n=0,1,2..

*

P @)+ f(am)

where a(#£ —1) and § are free parameters.

Next, we establish the convergence results for the proposed family without memory
2.2.3).

2.2.1 Convergence analysis

Theorem 2.2.1. Suppose that f : D CR — R be a real function suitably differentiable in a
domain ®. If k € © is a simple root of f(x) =0 and an initial quess xq is sufficiently close
to K, then the iterative family (2.2.3) converges to k with convergence order p = 3 having the
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following error relation:
1
ent = =5+ d) ({1 +a = B) + (=1 + a = B)ds) €, + O(ey),

L)
T

where e, = x, — Kk and d,, = n=234,....

Proof. Expanding f(x,) about a point z,, = k by Taylor series, we have

f(@n) = f'(K) (en + dael + dsel + dae)) + O(e)). (2.2.4)
Then,
f(@n) = ['(k) (14 2dse, + 3dsel, + 4dsel) + Oey). (2.2.5)
Using and , we have
Uy = 1) = e — (N +do)e + (1% + 2ndy + 2d2 — 2d3)e® + O(eb).  (2.2.6)
f'(2n) + 77f(~’1?n) " " "

Using in the first step of scheme , we have
eny = Un — k= (n+da)eZ + (—n* — 2ndy — 2d3 + 2d3)e2 + O(el). (2.2.7)
Also, the Taylor’s expansion of f(y,) is
Flun) = f(K) (eny + daelt, + dsel , + daelr ) + O(el ). (2.2.8)

Using ([2:24)—[2.28), we have

a+1 1
1/2 U =e, + 5(77 + dg)(dg(—l + o — 5)
o+ <f(zn)2+(ﬁ*2a*2)f(wn)f(yn)fb’(aﬂ)f(yn)z)
F(@n)2+8f (2n) f(yn)
+n(1+a—B))e, +O0(ey),
(2.2.9)
Finally, putting (2.2.9)) in the second step of (2.2.3), we get
1

eni1 = =50+ d2)(n(1+ = B) + (=1 +a = B)dy)e, + Oey), (2.2.10)

which is the error equation for the proposed family (2.2.3]) giving convergence order three.
This completes the proof. O
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2.3 An iterative family with memory and its conver-

gence analysis

In this part, an extension to the proposed family (2.2.3]) is presented by inclusion of
memory having improved convergence order without the addition of any new functional

evaluation.

If we observe clearly, it can be seen from the error relation , ifn=—dy = —%,
then the order of convergence of the family can possibly be improved, but this value
can’t be reached because the values of f'(k) and f”(k) are not practically available. Instead,
we can use approximations calculated by already available information. So, to improve the

convergence order, we give an estimation using first-order divided difference, given by

o _1 f/[xna xnfl]
T F g )

So, by replacing 1 by 7, in (2.2.3)), we obtain a new family with memory using the two

previous iterations xg, x; as follows:

lfl[xm xn—l]

=75 flzn, xn1]’
U = T — f(zn)
" " f'(n) + nnf () 7
- . (2.3.1)
R (Hel = =20 =Bt = o D)

X ,n=0,1,2...,
f(@n) +nuf(2n)

where a(# —1) and § are free parameters.
Next, we establish the convergence results for the proposed family with memory (2.3.1)).

2.3.1 Convergence analysis

Theorem 2.3.1. Suppose that f : D CR — R be a real function suitably differentiable in a
domain ®©. If k € © is a simple root of f(x) =0 and an initial gquess xq is sufficiently close
to k, then the iterative family (2.3.1]) converges to k with convergence order at least 3.30.

Proof. Using Taylor series expansion about z, = k, we get

f@n1) = [/(K)(en—1 + daej,_y + dzep_y + daey_y +dsep_y) + Olep_y), (2.32)
f(xzn) = f(K)(en + doe? + dse? + dyet + dsed) + O(el). (2.3.3)
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Then,

f(wn1) = f(K)(1 + 2dae,_y + 3dse? | +4dse | +5dset ) +O0(ed ), (2.34)

n—1

f'(z,) = f'(8)(1 4 2dye, + 3dse? + 4dyed + bdset) + O(ed). (2.3.5)

Now, using previous developments, we have
1 f/[xna xn—l]
2 f[xn7 xn—l]

_ { —dy+ (dg - §d3) en1+ (—dg + 5d;d3 - 2d4) e+ (d;l - ;d%dg

3d3? 5d 3d
+ 7 + 3d2d4 — 75) 6n—1:| |: (d2 23) -2 (dg — 2d2d3 + d4) €n—1 (236)

1 d dad
+ (Bdg - —7d§d3 + 3d2 + 5dydy — %) ei_l] en + K — 43+ > ; ° 2d4)

n — —

ds
+ (3d§ — ;d2d3 + 3d; + 5dady — 57) Cn_ 1} e + Os(en_16y).

Using (12.3.3),(2.3.5)) and (2.3.6) in the second step of (2.3.1), we get

3d 5dsd d
v — 1 — [(dg - 73)6”_1 i (_dg+ i _2d4)ei1]ei+ K; o

— 2dads3 + d4))en 1+ (8d4 — 22d3ds + 3d3 + 20d>ds — 10ds) €2 }63 (2.3.7)

n

+ O4(en_16y).
Then, using (2.3.7) in (2.3.3), we get

/ 2 3d3 5d2d3 d3
o = 20| (82 ewrs+ (- 222 -0 )2, Yot (%

1
—2(dj — 2dyds + dy)en_y + 1 (8d§ — 22d5ds + 3d3 + 20dydy — 10d5) ei_l) ei}

+ Oy(en_164).

(2.3.8)
Using (2.3.3),(2-3.5)—(2.3.8) in the third step of (2.3.1)), we finally get
3dyd dad
Entl = (d§ — ; 3) en_1€6 + %64 + Os(e,_164). (2.3.9)

Now, we can see the lowest term of the error equation is (dg — 3d§d3) en_163, therefore, by
Theorem [1.3.1}, the unique positive root of the polynomial s* — 3s — 1 gives the R-order of
the proposed family (2.3.1)), which is s = 3+*ﬁ ~ 3.30. This completes our proof. O

Remark 2.3.1. It can be seen that the order of convergence has increased without the ad-
dition of any further functional evaluation. Moreover, the presented scheme with memory
has a very simple body structure in comparison to the general complex structures of iterative

schemes with memory.
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2.4 Numerical results

This section lays out the comparison of our families (2.2.3) and ([2.3.1) with several
existing schemes. The initial values of a, 8 and 7 (or ) are assumed to be chosen beforehand

to begin with the computations. Also, a suitable xq must be fixed. The following members

of the families (2.2.3)) and (2.3.1)) are chosen in order to perform the calculations:

1. PM; and PM M, for a = = %
2. PMy and PM M, for o« =1 and § = %
3. PMs3 and PM M5 for « =1 and 5 = 1.

We have taken 7 (or 19)= 0.01 in our computations.

Table 2.1: Test functions, associated zeros and the initial approximations ().

Function Real zero o
filz) =2® —€* — 3z +2 0.2575 0.70
foz) = sin(mz)e?” Treoss=1 4 glog(zsinz + 1) 0 0.50
f3(z) = (x — 2)(2!° + z + 2)e > 2 2.20
fa(x) =22 -1 -1 0
f5(z) =sinx 27 1.69

The following existing methods have been selected to facilitate comparisons with our meth-

ods:

1. Hansen-Patrick’s family (HPM) without memory (Hansen and Patrick, [1976)):

a+1 f(zn)

=z, — =0,1,2,... 2.4.1
f" (@) f(20) 1
where Lf(l’n) = W and o = 5

2. Sharma et al. family (SHM) without memory (Sharma et al., 2009):
Yn = Tpn — QM>
J'(@n) (2.4.2)
B+1 f(@n)

I T T (1= B+ DH (@) 2] [/(wa)

_ ") f (@)

1
where Hy(z,) = 2] and a =1,0 = 3
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Table 2.2: Numerical outcomes for fi(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time
fi(z)
Without memory
PM,; 1.2 x 1074 6.9 x 10715 1.9 x 1073 3.0000 0.344
PM, 1.0 x 1074 2.9 x 1071° 1.9 x 107% 3.0000 0.312
PM; 1.2 x 107 7.0 x 10719 1.9 x 1073 3.0000 0.329
HPM 7.2 x 1073 2.1x 1078 4.9 x 107% 2.9993 0.343
SHM 1.2 x 1072 1.9 x 1077 7.6 x 10722 3.0008 0.344
HM 7.2x 1073 1.8 x 1078 2.9 x 1072 2.9990 0.281
With memory
PM M, 1.2x 107 5.0 x 10715 1.9 x 1073 3.3435 0.407
PMM, 1L0x107"  29x107"  1.9x107%  3.3362 0.407
PM M, 12x 1074 50x107%  1.9x 1073  3.3434 0.344
TM, 6.8 x 1073 2.0 x 1077 2.4 x 10718 2.4151 0.343
T M, 6.8 x 1073 9.0 x 1076 1.5 x 1071 2.0037 0.312
Table 2.3: Numerical outcomes for fo(x).
Methods |z1 — K| |zg — K| |zg — K| Pe CPU Time
fa(x)
Without memory
PM, 9.0 x 1073 3.6 x 1077 2.4 x 1072 2.9961 0.578
PM, 8.7x 1073 1.6 x 1077 9.7 x 10722 2.9946 0.656
PM; 9.0 x 1073 3.6 x 1077 2.3 x 10720 2.9950 0.749
HPM 1.4 x 1071 5.1 x 1074 6.4 x 1071 2.7546 0.594
SHM 5.4 x 1071 1.8 x 107! 1.2 x 1072 2.7518 0.843
HM 1.6 x 107! 3.5x 1073 1.2 x 1078 3.1314 0.751
With memory
PMM, 9.0x107*  32x1077  1.6x107*  3.6558 0.859
PM M, 8.7x 1073 2.2 x 1077 5.3 x 10724 3.6119 0.875
PM Mj 9.0 x 1073 3.1x 1077 1.5 x 1072 3.6550 0.938
TM,; 2.6 x 1072 2.2 x 107* 1.6 x 107° 2.4624 0.672
T M, 2.6 x 1072 1.1 x1073 2.4 x 1076 1.9291 0.657
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Table 2.4: Numerical outcomes for f3(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time
f3(@)
Without memory
PM, 75x107°  52x107Y  1.7x107%  3.0008 0.345
PM, 30x107*  26x107%  1.9x107* 29971 0.344
PMs; 1.8 x 107 7.9 x 10716 5.9 x 1079 3.0019 0.359
HPM 6.9 x 1073 4.0 x 1077 7.6 x 10720 2.9994 0.358
SHM 2.4 %1072 3.2 x 1075 7.7 x 10714 3.0020 0.328
HM 9.4 x 1073 1.0 x 107¢ 1.2 x 10718 2.9993 0.390
With memory
PM M, 7.5 % 107° 2.7 x 10714 4.9 x 10747 3.4661 0.516
PM M, 30x107*  25x1072 1.6 x107%  3.4917 0.468
PM M; 1.8 x107* 3.9 x 10713 3.7 x 10743 3.4628 0.422
T M, 2.0 x 1072 1.4 x 1077 4.6 x 10720 2.4298 0.313
T M, 2.0 x 1072 4.8 x 1075 8.7 x 1071 2.1886 0.297
Table 2.5: Numerical outcomes for fy(x).
Methods |z — K| |zg — K| |z — K| Pe CPU Time
fa(@)
Without memory
PM, 2.2 x 1071 1.0 x 1073 1.3 x 10710 2.8943 0.250
PM, 4.0 x 1071 2.5 x 1073 1.0 x 107° 2.7963 0.266
PMs; 4.0 x 1071 4.5 x 1073 1.1 x 1078 2.7547 0.328
HPM — — — F —
SHM — — — F —
HM — — — F —
With memory
PM M, 2.2 x 1071 2.5 x 1073 3.7 x 10710 3.4326 0.250
PM M, 4.0 x 1071 1.2 x 1072 6.8 x 1078 3.2771 0.250
PM Mj 4.0 x 1071 1.1 x 1072 5.4 x 1078 3.2331 0.296
TM, — — — NC —
T M, — — — NC —

F— Method fails

NC— Not converging in desired iterations
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Table 2.6: Numerical outcomes for f5(x).

Methods |z — K| |zg — K| |z — K| Pe CPU Time
()
Without memory
PM, 2.4 x 107! 4.9 x 1076 6.0 x 1072 3.1821 0.422
PM, 44x107"  32x107*  25x107%  3.5597 0.406
PMs; 4.8 x 1071 2.0 x 1074 3.8 x 10716 3.4779 0.328
HPM - — — UR —
SHM — — — UR —
HM - — — UR —
With memory
PM M, 2.4 x 107! 3.8 x 1073 1.0 x 10710 42117 0.360
PM M, 4.4 x 1071 1.1 x 107! 1.1 x107° 6.8399 0.421
PM M; 7.9 x 1071 8.7 x 1072 1.6 x 107° 4.0907 0.485
T M, — — — UR —
T M, — - — UR —
UR~— Converging to undesired root
3. Halley’s method (H M) without memory (Chen et al., [1993):
il =Tp — [14+ = ,n=0,1,2,..., 24.3
oo == [ 5 (TS )| 7y (249
1
n n 1
where L¢(x,) = J2@n) J(n) and o = —.
f2(x) 2
4. Traub’s method (7'M;) with memory (Traub, 1964):
Yo, To are suitably given, w, = x, + ¥, f(x,), 0 # v, € R,
Flxn) (2.4.4)
n = dn T 1 :()71727"'a
T ]
where 7, is a self-accelerating parameter given as
-1
Vgl = N Ni(z) = f(x,) + (x — x,) flTn, wa], n=0,1,2,....
The results are obtained for v, = 0.01.
5. Traub’s method (7'M,) with memory (Traub, 1964)):
Yo is given, v, = Tn Lo , n €N,
’an(xn)z o

I T e + A f (1)) — ()
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The results are obtained for 7y = 0.01.

Further, Table displays some nonlinear functions (f; to f5) used to carry out the com-
putations.

In addition, some real-life problems are also solved after transforming them to nonlinear
functions (fs to fip). The COC (p.) given in and the errors of approximations to
the desired roots (| z,, — K |) for n = 1,2,3 of fi(x), t = 1,2,...,10 are outlined in Tables
2.2H2.11

Remark 2.4.1. We have tested the proposed family of IMs for several values of the parame-
ters a and 3 out of which the best ones (the values for which we got best results) are selected

for numerical computations.

Remark 2.4.2. In Table for the function fy(x), as the derivative of the function becomes
zero, the existing methods HPM, SHM and HM fail. Also, T M, and T M, converge to the
desired root but in 11 and 14 number of iterations, respectively as we can see the errors of
approximations are large in these cases.

Further, for the function fs(x), HPM, SHM and HM converge to undesired root,
and T My, T My both converge to undesired root, 3m which can be seen in Table[2.6,

Real-life problems: Next, we describe a few real-life problems together with the compu-

tational outcomes:

Example 2.4.1. Planck’s radiation law problem: Firstly, we analyze the well-known
Planck’s radiation law problem (Jain, |2013):
8mwch,\7°
PN = — (2.4.6)

e BT — 1

where X is the wavelength of radiation, h, is the Planck’s constant, T' is the absolute temper-
ature of the blackbody, c is the speed of light and By, is the Boltzmann constant. It computes
the energy density within an isothermal blackbody. We intend to obtain wavelength A\ corre-
sponding to mazximum energy density ().

To obtain mazimum value of ¥, we take ¥'(\) = 0 which gives

chp

chp_ 3B, T
AB,the s (2.4.7)
eAB:T -1
Let v = %. Then, (2.4.7)) becomes
x
fol@)=e7+ 2z —1=0. (2.4.8)



As we find the solutions of fs(x) = 0, we get the maximum wavelength of radiation A. As
stated in |Bradie (2006]), the L.H.S. of is zero when x = 5. Also, e™® ~ 6.738¢ — 3.
Thus, other root could appear close to x = 5. The desired zero is k ~ 4.9651142317442763
and the numerical results are obtained by taking xo = 4.7 in Table[2.7.

Table 2.7: Numerical outcomes for fs(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time
fol2)

Without memory

PM, 2.4 x 1076 2.8 x 10716 2.8 x 10716 3.0000 0.392
PM, 2.2 x 1076 2.8 x 10716 2.8 x 10716 3.0000 0.390
PM; 2.5 x 1076 2.8 x 10716 2.8 x 10716 3.0000 0.375
HPM 1.4 x 1074 1.6 x 107 2.8 x 10716 3.0000 0.313
SHM 2.5 x 107* 1.8 x 10713 2.8 x 10716 3.0000 0.328
HM 1.5 x 107 2.0 x 10714 2.8 x 10716 3.0000 0.329
With memory

PM M, 2.4 x 1076 2.8 x 10716 2.8 x 10716 3.3297 0.359
PM M, 2.2 x 1076 2.8 x 10716 2.8 x 10716 3.3318 0.344
PM Mjy 2.5 x 1076 2.8 x 10716 2.8 x 10716 3.3293 0.297
T M, 1.5 x 1073 4.8 x 10710 2.8 x 10716 2.4006 0.282
T M, 1.5 x 1073 8.6 x 1078 5.5 x 10716 2.0001 0.297

Example 2.4.2. Van der Waals state equation: Van der Waals equation of state (Ar-

gyros et al., |2017) is given by the following equation:

(P + “—”2) (V = nb) = nGT.

7 (2.4.9)

The following nonlinear equation needs to be solved to attain the volume V of the gas in

terms of another parameters:

PV?3 — (nbP +nGT)V? + an®V — an’b = 0. (2.4.10)

Here, G is the universal gas constant, P is the pressure and T is the absolute temperature. If
the parameters a and b of a specific gas are given, the values of n, P and T can be calculated.

Using certain values, the following nonlinear equation can be obtained:
fr(z) = 0.9862° — 5.1812% + 9.067z — 5.289 = 0, (2.4.11)
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Table 2.8: Numerical outcomes for fr(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time
Jfa(@)

Without memory

PM, 3.1x1073 5.6 x 1077 7.3 x 10718 2.9887 0.234
PM, 73x107*  36x107° 41x107® 29976 0.218
PMs; 2.2x 1073 1.8 x 1077 4.2 x 10718 2.9912 0.250
HPM 4.1 x 1074 1.4 x 10710 4.1 x 10718 3.0008 0.282
SHM 5.7 x 1073 5.7 x 1076 6.0 x 10715 29774 0.234
HM 4.6 x 1073 2.3 x 1076 3.3 x 10716 2.9830 0.234
With memory

PM M, 3.1x1073 2.0 x 1077 4.1 x 1071 3.2847 0.125
PM M, 7.3x 1074 2.4 x 107" 4.1 x 10718 3.3337 0.187
PM M; 2.2x 1073 6.4 x 1078 4.1 x 10718 3.3027 0.171
T M, 1.9 x 1072 8.6 x 1074 6.4 x 1077 2.2611 0.157
T M, 1.9 x 1072 3.0 x 1073 9.9 x 1075 1.7706 0.203

having three roots, out of which one is real and two are complex. Though our required zero
15 k ~ 1.9298462428478622. The numerical results are obtained by taking xo = 2 in Table
Z3

Example 2.4.3. Chemical reactor problem: Here, we consider a problem of fractional

conversion in a chemical reactor (Shacham, 1986) described by the following equation:

41—
(=) 45077 — 0.

R S (2.4.12)
0.4 —0.5x

Here, x denotes the fractional conversion of quantities in a chemical reactor. If x is less than
zero or greater than one, then above fractional conversion will be of no physical meaning.
Hence, x is taken to be bounded in the region 0 < x < 1. Moreover, desired root is k =
0.7573962462537538 and the numerical results are obtained by taking o = 0.74 in Table[2.9

Example 2.4.4. Multi-factor effect: The path traversed by an electron in the air gap

between two parallel plates considering the multi-factor effect (Argyros et al., 12017) is given

by

u(t) =up + (1/0 + cg% sinwty + B) (t—to) + coni; (cos(wt + B) + sin(wt + B)),
(2.4.13)
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Table 2.9: Numerical outcomes for fs(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time
Jfs(@)

Without memory

PM, 8.0 x 107* 6.6 x 1078 8.8 x 10717 3.0049 0.359
PM, 5.9 x 1074 1.4 x 1078 8.8 x 10717 3.0056 0.360
PMs; 1.1 x 1073 1.7x 1077 8.8 x 10717 3.0096 0.376
HPM 5.8 x 1074 4.0 x 1078 8.8 x 10717 3.0000 0.344
SHM 2.9 x 1073 1.4 x 1075 1.7 x 10712 3.0246 0.313
HM 1.9 x 107° 1.0 x 10713 8.8 x 10717 3.0000 0.296
With memory

PM M, 8.0 x 1074 1.4 x 1078 8.8 x 10717 3.2477 0.390
PMM, 590x107*  55x107?  88x 107" 3.2580 0.374
PM M; 1.1 x 1073 3.4 %1078 8.8 x 10717 3.2322 0.297
T M, 1.8 x 1073 2.2 x107° 1.2 x 10710 2.7340 0.296
T M, 1.8 x 1073 1.1 x 1074 4.0 x 1077 2.0345 0.344

where ug and vy are the position and velocity of the electron at time ty, m and co are the
mass and the charge of the electron at rest and Eysin(wt + 5) is the RF electric field between
the plates. If particular parameters are chosen, (2.4.13|) can be simplified as

1 s

fg(I):{E—§COS{L'+—:O.

. (2.4.14)

The desired root of Equation (2.4.14]) is k = —0.3090932715417949 and the numerical results
are obtained by taking o = 0.1 in Table[2.10.

Example 2.4.5. Embedment of a wall: The following nonlinear equation results from

the embedment x of a sheet-pile wall:

3+ 28722 —10.28 _

2.4.15
4.62 ( )

x = 0.

fro(z) =

The required zero of Equation (2.4.15|) is k ~ 2.0021 and the numerical results are obtained
by taking ro = 1.8 in Table|2.11].

Remark 2.4.3. The proposed family with memory (2.3.1)) has been compared to some existing
methods and it is noted that it gives better outcomes in terms of COC and errors as depicted

in the tables. There is an obvious increase in the order of convergence.
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Table 2.10: Numerical outcomes for fo(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time
fo()
Without memory
PM, 2.1x1073 3.7 x 10710 2.4 x 10730 2.9998 0.390
PM, 8.4 x 1074 1.1 x 1071 3.0 x 1073¢ 2.9999 0.375
PM; 1.8 x 1073 2.5 x 10719 9.2 x 10731 2.9998 0.376
HPM 1.2 x 1073 1.8 x 1071 3.0 x 10731 2.9994 0.328
SHM 2.6 x 1073 1.5 x 107Y 2.5 x 10728 2.9996 0.406
HM 4.2 %1073 3.6 x 1079 2.4 x 10777 3.0001 0.375
With memory
PMM, 2.1 x1073 5.3 x 10711 3.0 x 1073¢ 3.3204 0.390
PM M, 8.4 x 1074 3.2 x 10712 3.0 x 1073¢ 3.3363 0.391
PM M; 1.8 x 1073 3.5 x 1071 3.0 x 1073¢ 3.3231 0.359
TM, 4.0 x 1072 8.2 x 1075 2.5 x 10711 2.4205 0.328
T M, 4.0 x 1072 8.3 x 1074 3.9 x 1077 1.9767 0.312
Table 2.11: Numerical outcomes for fio(z).
Methods |z — K| |zg — K| |zg — K| Pe CPU Time
fio(7)
Without memory
PM, 1.1 x 1073 1.9x107° 1.9 x 107° 3.0002 0.298
PM, 6.2 x 1074 1.9 x107° 1.9 x107° 3.0001 0.327
PM; 1.3 x 1073 1.9 x 107° 1.9 x 107° 3.0003 0.328
HPM 2.6 x 107° 1.9x107° 1.9x107° 3.0000 0.313
SHM 1.5 x 1073 1.9x107° 1.9x107° 3.0002 0.297
HM 1.7 x 1073 1.9 x 107° 1.9 x107° 3.0003 0.234
With memory
PM M, 1.1 x 1073 1.9x107° 1.9x107° 3.2964 0.218
PM M, 6.2 x 1074 1.9 x107° 1.9 x107° 3.3102 0.187
PM Mj; 1.3 x 1073 1.9 x107° 1.9 x107° 3.2930 0.234
TM,; 2.3 x 1072 4.3 x107° 1.9x107° 2.5636 0.235
T M, 2.3 x 1072 5.4 x 1074 1.9x 107° 2.0023 0.220
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Figure 2.1: Basins
pi(2)

Figure 2.2: Basins of attraction for PMM,, PM My, PM Ms, T' M, T M-, respectively for
p(2)

2.5 Basins of attraction

The BoAs (see |Ardelean| (2011) of the root ¢t* of u(t) = 0 is the set of all initial points

to in the complex plane that converge to t* on the application of the given iterative scheme.
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Figure 2.3: Basins of attraction for PMy, PMy, PMs, HPF, SHM, HM, respectively for
p2(2)

Figure 2.4: Basins of attraction for PM M, PM My, PM Mjs, T My, T Ms, respectively for
p2(2)

Our objective is to make use of BoAs to examine the comparison of several root finding IMs

in the complex plane in terms of convergence and stability of the method.
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Figure 2.5: Basins of attraction for PMy, PMy, PMs, HPF, SHM, HM, respectively for
p3(2)

Figure 2.6: Basins of attraction for PM M, PM My, PM Mjs, T My, T Ms, respectively for
p3(2)

On this front, we have taken a 512 x 512 grid of the rectangle S = [-2,2] x [-2,2] C C.

A color is assigned to each point ¢, € S on the basis of the convergence of the corresponding
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Figure 2.7: Basins of attraction for PMy, PMy, PMs, HPF, SHM, HM, respectively for
pa(2)

Figure 2.8: Basins of attraction for PM M, PM My, PM Mjs, T My, T Ms, respectively for
pa(2)

method starting from ¢y to the simple root and if the method diverges, black color is assigned

to that point. Thus, distinct colors are assigned to the distinct roots of the corresponding
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Table 2.12: Comparison of different methods without memory in terms of Avg_lter, Pyc
and CPU time.

Without memory methods Avg_Iter Pne CPU time
pi(2)

PM, 2.7165 0 4.0501
PM, 2.2822 0 3.5181
PM; 2.6060 0 3.8734
HPM 2.5187 4.0x 1076 2.7963
SHM 2.5187 4.0 x 1076 3.0479
HM 3.2130 1.9 x 1073 1.2079
p2(2)

PM, 3.1603 0 5.6380
PM, 2.7433 0 4.9187
PM; 2.8910 0 5.0015
HPM 2.2958 4.0x 107 2.7867
SHM 7.1570 1.5 x 107! 7.9437
HM 3.6585 1.9 x 107 1.6907

problem. It is decided that an initial point #q converges to a root t* when | t* — ¢y |< 1074
Then, the point g is said to belong to the BoAs of t*. Likewise, the method beginning from
the initial point ¢ is said to diverge if no root is located in a maximum of 25 iterations. We
have used MATLAB R2022a software to draw the presented BoAs (see Zachary| (1996)). The
initial approximation for the accelerating parameter is taken to be 7y = 0.01 while plotting
the basins.

Furthermore, Tables[2.12}H2.15list the average number of iterations denoted by Avg_Iter,
percentage of non-converging points denoted by Py and the total CPU time taken by the
methods to generate the BoAs.

To carry out the desired comparisons, we have considered the test problems given below:

Problem 2.5.1. Let us consider py(z) = 2%+ 1 having roots +i colored as purple and orange,
respectively. The basins corresponding to the proposed methods and the mentioned existing
methods are shown in Figures and [2.3. 1t is observed that PNy, PM,, PMs, PMM;,
PMMs; and PM M; converge to the root with no diverging points but HPM, SHM, T M,

and T'My have some points painted as black.

Problem 2.5.2. Next, we take po(z) = 23+ 1 having roots —1, 0.540.866i colored as orange,
green and purple, respectively. Figures cmd show the basins for ps(z) in which it can
be seen that SHM , T My, and T My have wider regions of divergence.
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Table 2.13: Comparison of different methods without memory in terms of Avg_lter, Pyc
and CPU time.

Without memory methods Avg_Iter Pne CPU time
p3(2)

PM, 3.9678 1.3 x 1072 7.2858
PM, 3.4784 8.2x 1073 6.3408
PM; 3.6042 7.8 x 1073 6.7897
HPM 2.9863 4.0x 1076 3.4503
SHM 8.9566 1.1 x 107! 10.4044
HM 4.2616 3.9 x 1073 2.0091
pa(z)

PM, 3.5381 0 6.2320
PM, 3.3973 0 6.0172
PM; 3.4684 0 6.0730
HPM 3.4316 0 3.7895
SHM 4.7686 3.0 x 1074 6.3023
HM 4.4525 0 2.1811

Table 2.14: Comparison of different methods with memory in terms of Avg_Iter, Py and
CPU time.

With memory methods Avg_Iter Pne CPU time
pi(2)

PM M, 2.7089 0 5.2390
PM M, 2.4002 0 4.6904
PM Ms 2.5916 0 5.1093
T M, 4.3642 1.9 x 1073 3.2522
T M, 8.3338 1.4 x 107t 5.6000
p2(2)

PM M, 3.1132 0 6.8290
PM M, 2.7755 0 6.2775
PM Msy 2.8498 0 6.3416
T M, 6.0252 1.1 x 1073 5.2045
T M, 11.9211 2.8 x 1071 9.6673

Problem 2.5.3. Then, we consider ps(z) = 2* — 1 with roots &1, 4i colored as purple,
orange, yellow and green, respectively. Figures[2.5 and [2.6 show that SHM and T My have
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Table 2.15: Comparison of different methods with memory in terms of Avg_Iter, Pyc and
CPU time.

With memory methods Avg_Iter Pye CPU time
p3(2)

PM M, 3.6980 3.0x107° 8.2979
PM M, 3.3119 0 7.5358
PM M; 3.3200 0 7.7738
T M, 8.3110 4.7 x 1072 6.7431
T My 15.0794 4.1 x 1071 11.8306
pa(2)

PM M, 3.7034 0 8.2241
PM M, 3.6684 0 8.2776
PM M; 3.6692 0 8.2856
T M, 5.4714 1.5 x 1073 4.5927
T My 9.1054 8.0 x 1072 7.0686

smaller basins. Although PMy, PMy, PM3 and PM M, have some diverging points, yet they

converge faster than the existing methods.

Problem 2.5.4. Lastly, we take py(z) = z° — z whose roots are 0, £1, +i colored as purple,
green, orange, pink and yellow, respectively. Figures and show that PM,, PMs,,
PMs, HPM, PMM,, PMMsy and PMMS; depict convergence to the root for any initial

point as they have no diverging points.

Remark 2.5.1. One can see from Figures 2.8 and Tables [2.13— that there is a

marginal increase in the average number of iterations per point of the existing methods, as
they have more number of divergent points than that of the proposed methods. Special mention
to the fact that the proposed with memory methods have negligible number of divergent points
in the specified mesh of points and hence, larger BoAs. Consequently, the proposed family

with memory shows faster convergence in comparison to the existing methods.

2.6 Conclusions

In this chapter, we have contributed further to the literature by introducing a new fam-
ily of IMs with memory having higher order of convergence in comparison to the Hansen-
Patrick’s family and Traub’s method. For verification, we have carried out numerical ex-

periments on a few test functions and some real life problems. It is clearly visible from
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our results that the proposed family improves the convergence order. This increase in the
convergence order has been achieved with no additional functional evaluation. Furthermore,
we have also presented the BoAs for the proposed as well as some existing methods, which
point to the very fact that the proposed methods converge largely to the desired zeros over
a specified region much faster. Finally, to conclude we would say that the proposed family

can be significantly used for solving nonlinear equations.
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Chapter 3

Chebyshev-Halley Type Variants and
Their Stability Analysis

In this chapter, a new iterative family without and with memory has been presented
for solving nonlinear equations numerically in order to achieve higher order of convergence in
comparison to the cubically convergent Chebyshev-Halley type method. The acceleration of
convergence speed has been attained using a self accelerating parameter which is estimated
from the current and previous iterations using divided differences. Therefore, the order of
convergence increases from 3 to 3.30 without any further functional evaluation. In addition,
the complex dynamics of the proposed family without memory have been studied. The
parameter spaces and dynamical planes are presented. This study helps to determine the

family members with stable behavior which in turn are suitable for practical problems.

3.1 Introduction

One of the various higher order schemes which we have considered is the Chebyshev-

Halley’s family of order three given by

1 Lf<xn) f(xn)
R L a€ER, n=0,1,2,..., 3.1.1
o= = |15 (= )| Ty 2 R o1
where L(z,) = W This family comprises of Chebyshev’s method for o = 0, Hal-
ley’s method for a = % and super-Halley’s method for a« = 1. As stated in the previous

chapter, the involvement of second-order derivative makes the family less practical in terms

of computations. Due to these restrictions, the researchers are being interested towards

The contents of this chapter are published in Mathematical Methods in the Applied Sciences (Wiley),
46(12), 12549-12569, 2023 (SCIE, Q1, Impact Factor: 2.1)
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the development of multipoint methods for solving nonlinear equations. Many second-order
derivative-free variants of Chebyshev-Halley’s method have been introduced.

Thus, by taking into consideration this motivation, we further intend to increase the
order of convergence of the proposed family with the help of a self accelerating parameter
in each iteration. As a result, the R-order of convergence of the proposed family increases
from 3 to 3.30 without any further functional evaluation.

However, another important aspect of an iterative scheme to be considered is its stability
which is the analysis that tells us how dependent the scheme of the initial guesses used
is. The dynamical performance of the rational functions associated to iterative schemes
is a very useful element to study their dependence on initial estimations. In recent years,
complex discrete dynamics has been widely used on IMs without memory (see |Cordero et al.
(2021, 2013d); (Chicharro et al| (2013a)). Nevertheless, it is known that iterative schemes
with memory cannot be analyzed by means of these techniques. This is the reason why
the authors focused on their qualitative study by transforming them into multidimensional
dynamical systems (see|Campos et al.|(2017)); Chicharro et al. (2019); Campos et al.| (2015))).
We make use of the dynamical tools on iterative schemes with and without memory for
solving nonlinear equations.

We carry out the study of the behavior of a rational function associated with an itera-
tive scheme. The dynamical properties of the rational function provide us with important
information about the stability and reliability of the corresponding method. The dynamical
planes show this behavior by taking into consideration the basins of attraction of the fixed
points, periodic points, etc. of the rational function considered. A BoA allows us to visually
interpret how a method works based on several initial estimates.

To this end, we firstly develop a new iterative family without memory and extend it to
one with memory. We carry out the convergence analysis of the new families in order to
demonstrate their order of convergence. Stability analysis of the proposed iterative family
has also been carried out. To illustrate our theoretical results, numerical results for the
proposed families and comparisons with some of the existing methods are then given. Lastly,
we present the basins of attraction of the new families depicting clearly the convergence or
divergence of the new as well as the existing methods.

3.2 An iterative family with memory and its conver-

gence analysis

We aim to construct a new two-point Chebyshev-Halley type method with memory.

Suppose Yy, = T, — f,((z:)) be the Newton’s iterate. Expanding f(y,) about a point x = z,,
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by Taylor series, we get

Fln) % F) + P @) = ) + 57 (0) (i — 7

Now, using this new approximation for f”(z,) in , |Li et al| (2014) presented the

following scheme,

Yo = Tn — 5,
f'(an) (3.2.1)

a e R.

_ ( f(yn) ) f(zn)
Tpt1 = Yn — y )
Now, in order to extend to the method with memory, we come up with an idea of

introducing a parameter ¢ in (3.2.1)) and we present a modification in this method as follows:

Yn = T — f(@n)
" " f'(an) +tf(2,)

3.2.2
B f(n) f(x,) _ (322)
Tptl = Yn — 7 ,n—0,1,2,...,
flan) = 20f (yn) ) \ f' (@) + 1f (20)
where a,t € R are free parameters.
This scheme yields the convergence order 3 having the following error relation,
ent1 = —(t+ do) (H(—1 + 20) + 2(—1 + @) da) e}, + O(ey,), (3.2.3)
where e, = x,, — K, k is a simple root of f(z) =0 and d,, = %fﬁzg), n=234,....
. . e N
If we observe clearly, it can be seen from the error equation (3.2.3), if t = —dy = _T((n))’

then the order of convergence of the presented scheme (3.2.2) can possibly be improved,
but this value can’t be reached because the values of f’(k) and f”(k) are not practically
available. Instead, we can use approximations calculated by already available information.

So, to improve the convergence order, we give an estimation for ¢,, given by

1 (f’(:rn) - f’(fvn_l))
2\ f(zn) = fl@n1) /-
So, by replacing t by t,, in the method , we obtain a new family with memory using
the two previous iterations xg, x; as follows:
1 (f,(xn) - f,(xn—l))
2\ fza) = f(zna) )

— f(xn)
I ) + ) 20

f(yn) ) ( (@) )
Tpil = Yn — ,aeR n=1,23,....
" (f(évn) —2af(ya) ) \f'(@a) + tuf ()
Next, we establish the convergence results for our proposed family with memory ((3.2.4)).

ty, =

ty, =
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3.2.1 Convergence analysis

Theorem 3.2.1. Suppose that f : ® C R — R be a real function suitably differentiable in
a domain ®. If kK € D is a simple root of f(x) = 0 and an initial guess xq is sufficiently
close to k, then the IM (3.2.4]) converges to k with convergence order at least 3.30 having

the following error relation,

3dad dod
Cngl = (dg — ; S)Gn_lef’l + %ei + Os(en_164), (3.2.5)
(n)
where e, =z, — k and d,, = #f - (K), n=2234,...
LK)
Proof. Using Taylor series expansion about z,, = k, we get
fan) = f'(K)(en1 + does_y +dsen_y + daey_y + dse,_y) + O(en_y), (3.2.6)
and f(z,) = f'(k)(en + dae’ + dzel + dyely + dse>) + O(el). (3.2.7)
Then,
f(#n_1) = f(K)(1 + 2daen,_y + 3dse? | +4dge | + 5dsel ) +O0(ed ), (3.2.8)
and f'(x,) = f'(k)(1 + 2dae, + 3dsze? + ddyed + 5dser) + O(e?). (3.2.9)

Now, using previous developments, we have

1)

2

3d 5dod 3d
— —d2+(d§—73)en1+(—d§+ ;3)ei1}+{<d§—73>

17d35d 5d
+ (= 2d3 + 4Adods — 2dy) e,y + (Sd;* — 25 1 32 + Bdydy — 75) eil} en
5dad 17d3d 5d
+ K—d§+ ; > —2d4> + <3d§ - 2 1 3d2 + bdyd,y — 75>en_1
+ ( - 6dg + 21d§d3 - 15d2d§ - 12d§d4 + 9d3d4 + 6d2d5)63b_1:| 631 + Og(@n_len).
(3.2.10)
Using (3.2.7), (3.2.9)), (3.2.10)) in the second step of (3.2.4)), we get
d dod d
Yo — & :Kdg _ ﬁ>en_1 + <_dg+ bl 2d4)ei1}ei+ [—3 ~2(d3
2 2 2
(3.2.11)

n

1
— 2dads + dy)en1 + 1 (8d3 — 22d3ds + 3d5 + 20dady — 1Od5)ei_1} o3
+ Oy(en_164).
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Then, using (3.2.11)) in (3.2.7)), we get

3d 5dsd d
fyn) =f'(r) Kdg - 73) en1+ (— d3 + ; - 2d4) ei_l} €2+ E’ —2(d

1
— 2dydy +da)en1 + ; (Sdg — 22d3ds + 3d3 + 20dady — 10d5) ei_l} @ (3:212)

+ 04(671—1671)'

Using (3.2.7), (3.2.9)—(3.2.12)) in the third step of (3.2.4)), we finally get

3dad dad
Cnil = (dg — ; 3)@,,1_1@2 + %ei + Os(en_164). (3.2.13)

Now, we can see the lowest term of the error equation is (d — 22%) ¢, ;e therefore, by

Theorem [1.3.1}, the unique positive root of the polynomial s> — 3s — 1 gives the R-order of
the proposed scheme ([3.2.4)), which is s = %ﬁ ~ 3.30. This completes our proof. ]

Remark 3.2.1. [t is observed that the order of convergence has increased without the addi-
tion of any further functional evaluation. Moreover, the proposed family with memory has
a very simple body structure in comparison to the general complex structures of iterative

schemes with memory.

3.3 Complex dynamics

To present the complex dynamical analysis of our proposed scheme without memory
(13.2.2), we construct a rational operator associated with the scheme on a low-degree nonlinear
polynomial and analyze the stability and convergence of the corresponding fixed points and
critical points. Then, we generate the parameter planes of the free critical points and generate
dynamical planes of the method for some optimal choices of the parameters involved.

The fixed point operator corresponding to the proposed family is

9 =9~ (572 smrr) (7 s 179 (35

Here, y = 2 /(z) L the iteration z,, is denoted by z. Also, «a, t € C are parameters.

INAOETE
Here, we study the dynamics of this operator when it is applied to a quadratic polynomial
p(z) = 2% — 3. Tt is known that the roots of a polynomial can be transformed by an affine
map with no qualitative changes on the dynamics of the concerned family. By some previous

propositions, we can use the conjugacy map,

z—/3
z—i—\/g7

%)

h(z) = (3.3.2)



For z = C5, Cg For z = C7, Cy

Figure 3.1: Parameter planes for C;, i =1,2,...,8
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with the following properties:
i) h(oo) =1, i) h(V3) =0, iii) h(—V3) = oo,
to prove that the operator S,(z) can be conjugated to the operator

o nl(za a7t)

Gp(z) = (hoS,0h™!) (2) = (3.3.3)

L) (Za a, t) ’
where n; and ny are rational polynomials whose coefficients are dependent on parameters «
and t. One of our goal is to make them minimally dependent on parameters. We also take a
particular case for the parameter ¢ which is ¢ = 1, which corresponds to the following fixed

point operator:
2(z — 1)’n3(z; a)

Gp(za) — 2z = WETS

: (3.3.4)

where

ns(z;a) =1+ 2(1+6vV3 — 2(1 + 2v3)a) — 202%(—1 4+ a) + 2°(1 — 6V3 + (=2 + 4V3)a) + 2*

na(zia) = =14 2(1 —6V3+ (2+4V3)a) 4+ 22(—=33 + 6v3 4 42a) + 2°(19 — 18v/3 4+ 18(—1
+2v3)a) + 2247 — 33 + (=13 + 4V/3)).

Clearly, 0 and oo are two super-attracting fixed points of GG, corresponding to roots V/3 and
—+/3 of the polynomial p(z). Also, they are free from parameter o. Fixed points excluding
these two are strange fixed points which are different from the roots of p(z). In order to find

further strange fixed points, we will solve G,(z; ) — z = 0 for z with given values of .

Theorem 3.3.1. (a) For o = 1, G,(2) has 3 different fized points which are z =1, z =
243 and 2= -2+ /3.

(b) For a = 1, Gp(z) has 4 different fized points which are z = 1, z = 4.319637, z =
—0.427768 £ 0.2202631.

(¢) For a # {1,3}, G,(2) has 5 different fived points which are z =1 and the four roots of
ns(z; o) = 0.

Proof. (a) Let n3(z) = 0 and n4(z) = 0 for some values of z € C. By eliminating a between
these two equations, we get —2v/3z + 22 — 1 = 0 which gives z = 2+ /3, =2+ /3. Now,
n3(2 +v3) = 0 and ny(2 + v/3) = 0 which gives @ = 2. When we put a = % in G,(2),
we get 3 strange fixed points.

(b) We will check if z — 1 is factor of nz(z) and n4(z). If we put z = 1 in n3(2), we get
n3(1) = —24(—1+ ) = 0 which gives a = 1. Also, ny(1) = 24v/3(—1 + 2a) = 0 which

1

gives o = % So, n3(z) has factor z — 1 for @ = 1 and ny(2) has factor z — 1 for a = 3.

When we put a =1 in G,(z), we get 4 strange fixed points.
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(c) The proof for this is straightforward. We can numerically find the fixed points for
a # {1, %} as stated earlier.
O

Further, to study the stability of the fixed points, we will find the derivative of the

operator G, from ({3.3.4) as 225 )
2z°ns(z;

G (za) = (3.3.5)

ng(z; a)

where

ns(z; o) =(21 + 9v/3 — 3(13 + 4v/3)a + 22(66 + 57v3 — (127 + 144v/3)a + (74 + 60v/3)a?)
+622(92 4 31V3 — 4(78 4+ 19v/3)a + 16(13 + 4v/3)a?) + 62°(26 + 19v/3 — (91
+176v/3)a + 98(1 + 2v/3)a?) — 224(429 — 983 + 2560%) — 62°(—26 + 19v/3
+ (91 — 176V/3)ar + 98(—1 + 2v/3)a?) — 62°(—92 + 313 + (312 — 76v/3)«x
+16(—13 4+ 4V/3)a?) — 227(—66 + 57V3 + (127 — 144V3)ar + (74 + 60v/3)a?)
+32%(7—3V3+ (=13 + 4V/3)a)) and

ng(z; o) =(—1 4 22(=33 + 63 + 42a) + 23(19 — 18V/3 4+ 18(—1 + 2v/3)a) + 224(7 — 3V/3
+ (=13 +4v3)a) + 2(1 — 6v3 + (2 + 4v3)a))>.

Now, for the strange fixed point z = 1, we have |G}(1)| = 1 which implies that z = 1 is

parabolic point. The stability of the remaining strange fixed points depends on parameter
a.

A classical result establishes that there is atleast one critical point associated with each
invariant Fatou component. The critical points of Gj(z;a) are the roots of G},(z;a) = 0
which are z = 0, z = oo and the roots of equation ns(z;a) = 0. As z = 0 and z = o0
are both superattractive fixed points of G,(z;a), they are critical points too and give rise
to their respective Fatou components. For the other critical points, we can establish the

following result:
Theorem 3.3.2. (a) For a = %, Gp(z) has 2 critical points, —0.5974 and 3.0324.

(b) For a« = 1, G,(z) has 8 critical points, denoted by C;, i = 1,2,...,8 given by C, =
—0.9282, Cy = —0.3648, Cy = 0.3442, Cy = 2.5866, Cs = —0.4600 + 0.3338i, Cg —
—0.4600 — 0.3338i, C'; = 4.3089 4 0.1932¢ and Cg = 4.3089 — 0.1932s.

(c) For a# {1,4}, G,(2) has 8 critical points which are the roots of ns(z; ) = 0.
Proof. (a) When we put o = 1, we get

o <Z, 1) _922(1+2v3+ 62+ (1 - 2V3)2?)
N2 (V3-(=6+v3))"
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,5) = 0, we obtain two critical points other than
z = 0 which are z = —0.5974 and 2z = 3.0324.

Now, on solving the equation G, (z 1

(b) On the similar lines,when we put oo = 1, we get
22281
(=14 (3—2v3)z+ (9 +6v3)22 + (1 + 18v/3)23 + 2(—6 + /3)24)2’
S1 = (=3(6 +V3) + (26 — 54V/3)z 4+ 6(—12 4 19v/3)2% 4+ 18(11 + 13v/3)2> + 5962 + (198
—234V/3)2° — 6(12 + 19v/3)2° + (26 + 54v/3)27 + 3(—6 + V/3)25).

G, (1) =

On solving the equation G, (2;1) = 0, we obtain eight critical points other than z = 0
which are C7 = —0.9282, (5 = —0.3648, (5 = 0.3442, C, = 2.5866, (5 = —0.4600 +
0.3338i, Cg = —0.4600 — 0.33387, C7 = 4.3089 4 0.1932¢ and Cg = 4.3089 — 0.1932:.

(c) The critical points for any value of o # {1, %} can also be found numerically as stated

earlier.

O

3.3.1 Dynamical planes and parameter spaces

The dynamical behavior of operator G, depends on the values of parameter a. A
‘parameter plane’ is defined as a mesh in the complex plane where each point of this mesh
corresponds to a different value of a. Its graphical representation shows the convergence
analysis of a method of family associated with this « using one of the free critical
points C; as initial estimate which can be seen in Figure [3.1]

Each value of o that belongs to the same connected component of the parameter plane
results in subsets of schemas with similar dynamical behavior. Therefore, it is interesting to
find regions of the parameter space as stable as possible (red regions), because these values
of a will give us the best members of the family in terms of numerical stability.

Furthermore, the behavior of the fixed points can be illustrated through the ‘dynamical
planes’. The dynamical planes for some of the values of the parameter o are shown in Figure
3.2l Based on these figures, we can analyze that for a = %, there are no black areas of

non-convergence to the solution. Hence, this method shows good dynamical behavior. It is
) %7 %7
the methods. Hence, these methods show poor dynamical behavior.

very stable. Further, for a = 1 % and g, there are black areas of slow convergence of

3.4 Numerical results

This section lays out the comparison of our family (3.2.4)) with several existing schemes.

The initial values of o and ¢ (or ty) are assumed to be chosen beforehand to begin with
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For oo =

Figure 3.2: Dynamical planes
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the computations. Also, a suitable xy must be fixed. The following members of the family

(3.2.4) are chosen in order to perform the calculations:

1. PM; for o = %

2. PM, for o = 3_050'

3. PMj for a = 1.

We have taken ¢ (or ty)= 0.01 in our computations. The following existing methods with

memory have been selected to facilitate comparisons with our methods:

1. Chicharro-Cordero method (M A/;) (Chicharro et al., 2019)):

t _ _N//(xn)
" 2N'(x,)
— f(xn)
I ) + ) G4y
)

n = Yn — ) € N7
Tn41 Y f’(l‘n) n

where N(x) = f(z,) + fltn, Tu_1](x — x0) + flTn, o1, Yn_1](x — 2,)(x — x,_1) is the
Newton’s interpolating polynomial of second degree.

2. Modified Traub’s method (M M;) (Soleymani et al., |2015)):

Wy, = Ty + tnf(xn)a

Yn = Ty — f(zn)
itm ) (3.4.2)
f(yn) "
n = Yn — 77> - 71727"‘7
Tn+1 Yy f[xn,wn] n 0
—1
b= =123, ...
f[xnaxn—l]

3. Modified parametric family (M M;) (Soleymani et al., 2015):

Wy = Ty, + tnf(xn)a

S oA (3.43)
ey = 1y — L00) +fﬁz’jzuzo‘f(x">, n=01,2,..., a €R,
t”:f[:c%f:nl]’ n=123,....

We have taken a particular case for this family when o = %.
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Further, Table displays some nonlinear functions (f; to fi) used to carry out the com-
putations.

Table 3.1: Test functions, associated zeros and the initial approximations ().

Function Real zero Zo
fi(z) = 23 —sin®x + 3cosx + 5 —1.5827 —-0.9
folz) = e 7730 _ ] 3 3.15
fa(r) = 2% + 14 e~ — cos(2? — 1) -1 —0.9
falz) = e (x — 2)(a% 4+ 23 + 1) 2 1.9

In addition, some real-life problems are also solved after transforming them to nonlinear
functions (f5 to fs). The COC (p.) given in (|1.3.2]) and the errors of approximations to the
desired roots, | x, —k | for n =1,2,3 of fy(x), t =1,2,...,8 are outlined in Tables .

Table 3.2: Numerical outcomes for f(x).

Methods |z1 — K| |ze — K| |zg — K| Pe CPU Time

fi(2)

With memory

PM, 7.3 x 1072 1.1 x107° 3.3 x 10717 3.3495 0.0049

PM, 1.0 x 1072 3.1x10°8 3.6 x 10717 3.4001 0.0048

PMs; 1.7 x 1072 1.5 x 1077 3.6 x 10717 3.3918 0.0048

MM, 2.7 x 1071 6.4 x 107* 2.1 x 10712 3.2889 0.0059

MM, 3.4 x 1071 1.2 x 1073 2.2 x 1071 3.1911 0.0036

M M; 1.5 x 107t 1.4 x 107° 2.5 x 10717 2.9844 0.0068
Table 3.3: Numerical outcomes for fo(x).

Methods |z1 — K] |zy — K] |zs — K| Pe CPU Time

fa(z)

With memory

PM, 5.3 x 1072 5.8 x 1074 2.7 x 1071 3.4625 0.0028

P M, 2.7 x 1072 3.7x107° 4.6 x 1071 3.3623 0.0022

PM, 21x1072  13x10°  1.7x10°%  3.3326 0.0021

M M, 6.4 x 1072 1.7 x 1072 1.7x 1074 2.3424 0.0029

M M, 8.7 x 1072 1.3 x 1072 5.4 x 107° 2.2481 0.0025

M Ms, 6.3 x 1072 5.0 x 1073 2.3 x107° 2.5584 0.0037
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Table 3.4: Numerical outcomes for f3(x).

Methods |z — K| |zg — K| |zg — K| Pe CPU Time

f3(x)

With memory

PM,; 3.2x 1074 2.1 x 10712 2.0 x 1073 3.3065 0.0036

PM, 3.4x107° 3.3 x1071° 7.6 x 1074 3.3620 0.0032

PM; 7.1x 1075 3.2 x 10714 1.4 x 107% 3.3542 0.0034

MM, 7.7 x 1074 3.1 x 1071 1.8 x 1073 3.2798 0.0048

MM, 8.6 x 1074 5.1 x 10712 7.2 x 107% 3.2616 0.0030

M M; 1.0 x 1073 3.9 x 10712 2.0 x 10737 3.2368 0.0046
Table 3.5: Numerical outcomes for fy(x).

Methods |z — K| |zo — K| |zg — K| Pe CPU Time

fa(x)

With memory

PM, 8.0x 1074 1.6 x 10710 1.0 x 10732 3.3103 0.0035

PM, 2.3 x 1074 3.1 x 10712 2.2 x 10738 3.3212 0.0036

PM; 1.6 x 10~* 1.0 x 10712 5.9 x 10740 3.3260 0.0036

M M, 14x107%  63x107"% 6.6 x 107 3.3131 0.0038

M M, 1.4 x 1073 4.2 x 10710 1.8 x 10731 3.2780 0.0036

M Ms 1.4 x 1073 3.2 x 10710 4.0 x 10732 3.2856 0.0038

Remark 3.4.1. We have tested our proposed family of IMs for several values of the param-
eter o out of which the best ones (the values for which we got best results) are selected for

numerical computations.

Real-life problems: Next, we describe a few real-life problems together with the compu-

tational outcomes:

Example 3.4.1. Planck’s radiation law problem: As described in Example the

nonlinear equation for the said problem is as follows:

(3.4.4)

The desired zero is k ~= 4.9651142317442763 and the numerical results are obtained by taking
xo = 3.8 in Table[3.0,
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Table 3.6: Numerical outcomes for f5(x).

Methods |z — K| |zg — K| |zg — K| Pe CPU Time
f5(x)

With memory

PM,; 2.4 %1073 4.6 x 10712 2.8 x 10716 3.3297 0.0022
PM, 1.7 x 1073 2.8 x 10712 2.8 x 10716 3.3768 0.0022
PM; 2.1 x1073 5.9 x 10712 2.8 x 10716 3.3774 0.0021
MM, 6.6 x 1073 9.6 x 1071 2.8 x 10716 3.3004 0.0025
MM, 5.3 x 1073 1.6 x 10712 2.8 x 10716 3.2655 0.0020
M M; 5.6 x 1073 8.6 x 10713 2.8 x 10716 3.2513 0.0028

Example 3.4.2. Van der Waals state equation: As described in Ezample the

nonlinear equation for the said problem is as follows:

fo(z) = 0.9862° — 5.1812* + 9.067z — 5.289 = 0, (3.4.5)

having three roots, out of which one is real and two are complex. Though our required zero
15 Kk == 1.9298462428478622. The numerical results are obtained by taking xq = 1.93 in Table

(57

Table 3.7: Numerical outcomes for fg(x).

Methods |z1 — K| |zy — K] |zg — K] Pe CPU Time
fo()

With memory

PM, 1.4 x 10710 4.1 x 10718 4.1 x 10718 3.2821 0.0007
P M, 1.3 x 1071 4.1 x 10718 4.1x107'8 3.3008 0.0006
PM; 1.3 x 10713 4.1 x 10718 4.1 x 10718 3.3298 0.0006
M M,y 2.7 x 10710 4.1 x 10718 4.1 x 10718 3.2766 0.0009
M M, 2.7 x 10710 4.1 x 10718 4.1 x 1071 3.2795 0.0006
M M 3.4 x 10710 4.1 x 10718 4.1 x 10718 3.2734 0.0010

Example 3.4.3. Multi-factor effect: As described in Example[2.4.4), the nonlinear equa-

tion for the said problem is as follows:

The desired root of (3.4.6)) is k ~ —0.309093271541794952741986808924 and the numerical

™

1
f7(:v):x—§cosx+—20.

4

results are obtained by taking xo = 0.1 in Table[3.8
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Table 3.8: Numerical outcomes for fr(x).

Methods |z — K| |zg — K| |zg — K| Pe CPU Time
f(x)

With memory

PM,; 4.3 %1073 4.6 x 10710 3.1 x 1073 3.3075 0.0024
PM, 6.8 x 1074 1.7 x 10712 3.0 x 1073¢ 3.3389 0.0026
PM; 2.4 x 1071 7.2 x 1071 3.0 x 10731 3.3539 0.0027
MM, 7.5%x 1073 1.9 x 107° 1.2 x 10730 3.2366 0.0030
MM, 7.4 %1073 3.6 x 107° 8.3 x 10739 3.2772 0.0024
M M; 6.5 x 1073 1.6 x 1077 6.2 x 10731 3.2900 0.0037

Example 3.4.4. Embedment of a wall: The following nonlinear equation results from

the embedment x of a sheet-pile wall, as described in Example|2.4.5;

23+ 28722 — 10.28
fa(x) = 1.62 -

The required zero of (3.4.7) is k ~ 2.0021 and the numerical results are obtained by taking
xo = 1.8 in Table[3.9.

x = 0. (3.4.7)

Table 3.9: Numerical outcomes for fg(z).

Methods |z — K| |ze — K| |zg — K| Pe CPU Time
fs(@)

With memory

PM,; 2.3x 1073 1.9 x 107° 1.9x107° 3.2769 0.0005
PM, 1.2x107° 1.9 x107° 1.9 x107° 3.3716 0.0006
PM; 2.4 x 1074 1.9 x 1075 1.9 x107° 3.3299 0.0006
MM, 5.4 x 1073 1.9 x 107° 1.9 x 107° 3.2195 0.0008
M M, 5.6 x 1073 1.9 x 107° 1.9x107° 3.2496 0.0005
M M; 8.6 x 1073 1.9 x 107° 1.9x107° 3.1871 0.0015

Remark 3.4.2. The proposed family with memory (3.2.4) has been compared to some other
methods and it is noted that the proposed methods with memory give better outcomes in terms
of COC and errors as depicted in the tables.

It can be seen from Tables that for the functions fi, fa, f3 and f4, the proposed
methods PM;, PM, and PMs; converge to the desired root with error of approximations

much lower than the existing methods M M;, M M, and M Mj. For the function f5, the
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methods M M, M My and M M3 have low convergence order in comparison to the methods
PM,, PMs and PMs.

Table 3.10: Comparison of different methods with memory in terms of Avg_Iter, Pyc and
CPU time.

Methods Avg_Iter Pye CPU time
pi(2)

PM; 3.0368 0 4.0254
PM, 2.9180 1.6 x 1073 3.9590
PM; 2.8824 6.6 x 1074 3.7584
MM, 4.2048 4.0 x 1076 7.8023
MM, 3.6256 7.5 %1073 4.4682
M M; 6.0583 1.4 x 107! 5.9984
pa(2)

PM, 3.6516 1.6 x 10~ 5.6410
PM, 3.5149 1.3 x 1072 5.3589
PMs; 3.4624 1.1 x 1072 5.5212
MM, 6.5860 1.2 x 1072 13.5069
MM, 6.6945 1.2 x 107t 8.8731
M Mjy 8.4984 1.1 x 107! 16.5921

3.5 Basins of attraction

Now, we will study the dynamics of the proposed as well as some existing methods by
analyzing the behavior of their BoAs in the complex plane.

Tables and list the average number of iterations (Avg_Iter), percentage of non-
converging points (Py¢) and the total CPU time taken by the methods to generate the
BoAs. We have taken the initial approximation for the accelerating parameter ¢, = 0.01
while plotting the basins. To carry out the desired comparisons, we have considered the test

problems given below:

Problem 3.5.1. Let us consider py(z) = z° — 1 having roots £1 colored as pink and green,
respectively. The basins corresponding to the proposed method and the mentioned existing
methods are shown in Figure [3.5 It is observed that PM; converge to the root with no
diverging point, PMy, PM3 and M M; converge to the root with a small number of diverging
points but M My and M Ms have many points painted as black.
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Table 3.11: Comparison of different methods with memory in terms of Avg_Iter, Pyc and
CPU time.

Methods Avg_Iter Pye CPU time
p3(2)

PM, 4.1059 2.6 x 1073 6.6177
PM, 3.7720 1.6 x 1072 6.1735
PMs; 3.6980 1.5 x 1072 6.1986
M My 8.0397 6.3 x 1072 17.0593
MM, 8.4718 2.0 x 1071 10.5184
M Mj 11.5663 3.7x 107! 9.8958
pa(2)

PN, 3.8285 1.7 x 1073 6.1362
PM, 3.7316 2.2 x 1073 6.0548
PMs; 3.6943 1.9 x 1073 6.0116
M My 5.7324 5.4 x 1073 11.8286
M M, 4.5185 2.4 x 1072 6.2708
M Mj 5.5617 7.0 x 1072 10.6208

Figure 3.3: Basins of attraction for PMy, PMsy, PMs, M My, M M, M Mj, respectively for

p1(2)

Problem 3.5.2. Next, we take py(2) = 23 — 1 having roots 1, —0.540.866i colored as green,
orange and pink, respectively. Figure shows the basins for ps(2z) in which it can be seen
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Figure 3.4: Basins of attraction for M M3, respectively for
p2(2)

Figure 3.5: Basins of attraction for PMy, PMs, PMs, M M, M M,, M Mj, respectively for
p3(2)

that MMy, M My and M Ms have wider regions of divergence.

Problem 3.5.3. Then, we consider p3(z) = 2*+1 with roots —0.707+0.7074, 0.707 +0.7074
colored as yellow, orange, pink and green, respectively. Figure shows that M M, M M,
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Figure 3.6: Basins of attraction for PMy, PMsy, PMs, M My, M M,, M Ms, respectively for
pa(2)

and M Ms have smaller basins. Although PM,, PMs and PMs3 have some diverging points,

yet they converge faster than the existing methods.

Problem 3.5.4. Lastly, we take py(z) = 2° + z whose roots are 0, —0.707 £+ 0.7074, 0.707 +
0.707¢ colored as green, purple, yellow, orange and pink, respectively. Figure [3.6 shows the
basins for py(2).

Remark 3.5.1. One can see from the Figures[3.3-{3.6 that the existing methods have some-
what darker basins as they have more number of divergent points than that of the proposed
methods in the specified mesh of points. Hence, the proposed methods with memory have
larger BoAs.

Remark 3.5.2. As we concentrate on the number of iterations, it can be seen from the

Tables [3.10] and [3.11) that there is a marginal increase in the average number of iterations

per point of the existing methods as they have more number of divergent points than that of
the proposed method. Moreover, the existing methods require more CPU time to generate
the basins as compared to the proposed methods. Consequently, the proposed methods with

memory show faster convergence in comparison to the existing methods.
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3.6 Conclusions

A new method with memory has been introduced. The proposed method has higher
order of convergence in comparison to the Chebyshev Halley’s family and Traub’s method.
For verification, we have carried out numerical experiments on a few test functions and some
real-life problems. It is clearly visible from our results that the proposed method improves
the convergence order. This increase in the convergence order has been achieved with no
additional functional evaluation. Furthermore, we have also presented the BoAs for the
proposed as well as some existing methods, which point to the very fact that the proposed
methods converge largely to the desired zeros over a specified region much faster. Also, we
have adapted some tools of the dynamical analysis of the complex problems to analyze the
stability of the fixed points of IMs without memory on a quadratic polynomial. This study
aids in determining the family members with stable behavior which in turn are suitable for
practical problems. Finally, to conclude we would say that the proposed method can be

significantly used for solving nonlinear equations.
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Chapter 4

Optimal Iterative Family Involving
First-Order Derivative and its

Complex Dynamics

In the previous chapter, we carried out the dynamical analysis of a non-optimal third-
order iterative family of methods. In the current chapter, we have proposed an optimal
fourth-order iterative family and performed the dynamical analysis of the family with the
help of complex dynamics tools. This study allows us to find those parametric values for
which the corresponding family variant’s behavior is stable or unstable. Furthermore, we
calculate critical and fixed points associated with the rational operator linked to this iterative
family. To visualize our findings, we draw dynamical and parameter planes. Hence, we can
select the regions where the corresponding method is more efficient or shows chaotic behavior.
The conclusions obtained from this stability analysis are used in the numerical section, where

some academic and real-life problems are solved.

4.1 Introduction

In recent decades, academics have become interested in studying the dynamical behavior
of iterative procedures to solve f(z) = 0 within the complex plane. The research papers by
Amat et al. (2004)); [Varonal (2002) and the references therein provide substantial proof of
this. The concept of iterated rational functions has continuously evolved since the pioneering
contributions of |Schroder| (1870a.bf), and |Cayley (1879b.a, (1890) in the late 19th century.
Their work primarily focused on applying NM to quadratic polynomials. The extended

complex plane hosts rational maps, which emerge from operating root-finding procedures to

The contents of this chapter are published in Journal of Mathematical Chemistry (Springer), 62(1),
198-221, 2024 (SCIE, Q2, Impact Factor: 1.7)
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polynomial equations. Consequently, the principles and concepts related to iterated rational
maps find relevance in this context.

Numerous researchers have delved into the dynamics of NM when applied to complex
polynomials, mainly focusing on those of lower degrees. The paper by |Curry et al. (1983))
was one of the early works on this subject, and it eventually inspired numerous subsequent
studies (see Roberts and Horgan-Kobelski (2004) as an example). Halley’s method and
other iterative techniques have also been taken into consideration (see Roberts and Horgan-
Kobelski| (2004))). There are numerous iterative techniques to take into account, each with
its unique characteristics and properties. The Schroder IFs, encompassing both the first and
second kinds, are associated with well-recognized procedures like Halley’s and Chebyshev’s
techniques. Within each of these families, we can find an iterative approach characterized
by a convergence order p, corresponding to its p* member.

The dynamical behavior of Chebyshev’s method reveals surprising results. Notably,
Chebyshev’s technique demonstrates a distinct dynamical behavior, setting it apart from
the previously mentioned Newton’s and Halley’s solvers, even when applied to polynomials
of lower degrees. This particular trait, initially established by Cayley for quadratic poly-
nomials when employing NM, asserts that the trajectory initiated from an initial estimate
converges towards the nearest root while leaving the perpendicular bisector between the two
roots as an invariant set, where divergence occurs. However, Chebyshev’s procedure does
not adhere to this property, even in the simplest scenario involving quadratic polynomials.

Furthermore, one must outlook the stability prospect of the considered method, which
aids in telling us the dependence of the method on the initial guesses used. Investigating the
dynamical behavior of the rational functions is highly helpful when examining how iterative
techniques depend on the initial estimates. We can learn vital details about the associated
scheme’s stability and dependability from the rational function’s dynamical characteristics.
By taking into account the fixed, periodic points, etc., of the rational function under study,
the dynamical planes exhibit this behavior. Based on various initial hypotheses, an attrac-
tion basin enables us to comprehend how an approach operates visually.

This study explores the stability of the presented family via complex dynamics tools. To
begin with, we derive the rational map for the proposed family through a Mébius conjugate
transformation applied to the Riemann sphere. Then, we study its critical and fixed points
based on the rational map. The most stable member of the family is then acquired by ex-
amining the appropriate parameter and dynamical planes beginning from the critical points.

In this study, we firstly develop a new iterative family of optimal nature. We carry out
the convergence analysis of the new family in order to demonstrate their order of conver-
gence. A stability analysis of the proposed family is also made. To highlight our theoretical

results, numerical computations for the proposed family and comparisons with some of the
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existing methods are then done.

4.2 An optimal iterative family and its convergence

analysis

We propose an optimal iterative family of order four whose iterative expression is given

Y = Ty — f(zn)
! " f(@n)’
e 2 —a f(@n)? (- (v1f (yn) = f(wn)) fln) (4.2.1)
T T @) (f () — fyn)) (V2 f (yn) — fl@n)) f/(@n)’
n=0,1,2,...,

where av € R\{1} denotes a free parameter, whereas 7,7y, are the parameters depending on

a.
Theorem describes the circumstances in which our proposed family (4.2.1)) will reach

the optimal convergence rate.

4.2.1 Convergence analysis

Theorem 4.2.1. Consider a function f : ® C R — R that is sufficiently differentiable
i a domain ®. If an initial estimate xq is close enough to k € © which is a simple root
of f(x) = 0, then the sequence {x,}n>0 obtained from scheme (4.2.1)) converges to k with

convergence order at least four when

"= and o = Ll’ where o € R\{1},
a —

a—1

giving the error relation,

200 — 1
Cnil = ( O(f 7 ds — d2d3> er + O(e), (4.2.2)

where e, = x,, — k and d, = %f;jzg;), n=2234,....

Proof. Expanding f(x,) and f'(x,) about x, = k by Taylor series, we have

f(z,) = f'(K) (en + dg@i + dgei + d4ei) + O(efl),

and f'(z,) = ['(k) (1 + 2dae,, + 3dse; + 4dyse) + 5dse,,) + O(eD). (4.2.4)
Substituting (4.2.3) and (4.2.4) in the first substep of scheme (4.2.1]), one arrive at
Cny = Yn — K = doe2 + (—2d5 + 2d3)e? + (4d5 — Tdyds + 3dy)er + O(el). (4.2.5)
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Also, the Taylor’s expansion of f(y,) around &, similar to (4.2.3)) is
fyn) = f'(r) (emy + d2€7217y + dgef’w + d4ei7y) + O(efL’y). (4.2.6)

On substituting (4.2.2)—(4.2.6)) in the second substep of scheme (4.2.1]), one can have

eni1 = Tnp1 — K = — (@ — 1)(m1 — 72 + Ddael + (=2 + (=4 +72) + 47
— 7%+ aB—m(—4+ 1) — 4 +93))d; — 2( = 1)(71 — 72
+1ds)en + (4 = 13792 + 795 — 73 + 71 (13 = T2 +93) + (=7
+13% — 795 + 75 — n(13 = T2 +93)))d3 + (=7 + 1472 — 473
+ 291 (=T + 272) + 2a(5 + (T — 272) — T2 + 273))dads — 3(
—1)(y1 =2+ Dda)e, + O(e;,).

(4.2.7)

Now, to attain fourth-order convergence, coefficients of €2 and e3 must vanish simultaneously.

Hence, substituting coefficients of €2 and €3 to zero, we get the following conditions:

T = and vy, = Ll’ where a € R\{1}. (4.2.8)
a—

a—1

Therefore, replacing these conditions (4.2.8)) in (4.2.7), we obtain

200 — 1
Entl = ( j_ 1 dg — dgdg) 6;11 + 0(62), (4.2.9)

where av € R\{1} denotes a free parameter. This is the error equation depicting the conver-
gence order four of our proposed optimal family (4.2.1)). This finishes the proof. ]

4.3 Complex dynamics

Let us discuss the stability of our proposed iterative family (4.2.1)) using complex dy-
namics tools.

4.3.1 Scaling theorem

Theorem 4.3.1. Let the map f(z) be analytic on the Riemann sphere, and consider an
affine map A(x) = & + &,& # 0. If V(x) = f o A(z), then the fized point operator
obtained from the scheme denoted by Sy is analytically conjugated to Sy via A, that
is, Ao 8y o A (z) = S(z).

Proof. The fixed point operator obtained from the proposed family (4.2.1)) denoted by Sy is
given as
f(=z)?

_1—a) f(@)(f () =1 fy)
f'(@)(f ()

f'@)(f(2) =2f (W)

Si(x) =2 —«

) 43.1)
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where y = x — J{,((J;)). With this IF, we obtain

VA (a) (VA (a) -V (410 - PSR )
VA ) (VA @) = Y (A7) - P )
o) (Vi) - v (4 - SEED ) )
Now, since V(z) = f o A(x), we have
VoA l(z) = f(x), (4.3.2)
and (Vo AV (x) = év’(A—l(;p)). (4.3.3)
By using and ([1.3.3)), we get
VA @) = 6V A7V ) = 60f (o), (4.4
and V(A7 (@) = €1"(2)
Therefore, by and ([I3.4), we obtain the expression
A @) = A ) — Sl
@) (o) -v (410 - 275
L] (S i)
@) (1) = v (470 - L))
Further, we have
Ao S0 A7) = A 0) =654 1
— A7 (1) —a S
Pl (1) =9 (A) - f}f {(?)))




(f(2))?

ol )

@) (#@) = v (47 &f, 2)
) (100 =2 (100 - L) ))

Now, to validate Ao Sy oA_l(x) = S¢(x), it is sufficient to establish V (A~ 1 £1f )) -

=T —

f(y). Expanding V (,A—l(g;) —z 1f f(’x()ar)> using Taylor’s expansion about A~ ) and Equation
(4.3.5)), we have

V(A*(x)— /) )=v<A-1<x>>—V'<A-1<x>> A T A

& f' () &f' (@) 282 f/(x)?
—om -1 T f<x>3
V" (AT ))—6§f’f’(a¢)3 + ...
(@
-/( f’(w))
= fy).
Thus, we have Ao Sy, o A™!(z) = S¢(x) which finishes our proof. O

Remark 4.3.1. The aforementioned theorem proves that we can conjugate the dynamical
traits of an operator with that of another via an affine application. According to the scaling
theorem, studying the dynamical properties of a conjugated map that has been simplified

through conjugacy A, is definitely of value.

4.3.2 Rational operator

Any nonlinear function can be used to generate the rational operator. In this context,
our focus lies on quadratic polynomials, as their stability or instability characteristics in

relation to a given procedure can be extrapolated to other nonlinear functions too.

Proposition 4.3.1. Consider a quadratic polynomial P(x) = (z — &) (x — &) having roots
&,& € R. So, the rational operator M., .,(x) obtained from the family (4.2.1)) applied to
P(z), is
01
M’Ylﬁz(x) = (436)
)
where o1 = 2*(a(y2 — 1)(z+ 1) —an(l+z+2?)+ (1+z+2*)(n — (-1+7—z)(z+1)))

and oy =1— (2 —=3)z+ @A+ =27 +a(—=1—y +y)?+ B+ —al2+y — 27) —
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299)x® — (o — 1) (1 + vy — o)zt
Employing the conditions described in Theorem [{.2.1] for 1 and ~a, we obtain the operator

M. (x) given as
(-1 —a—2* + a2+ 22 + 2?))
oz) = : 4.3.7
Mal(z) —1 -z — 22+ ol + 2z + 222) ( )

where a € C s an arbitrary parameter.

Proof. Given a polynomial P(z) = (z — & )(z — &) containing roots &1, & € R. By applying
(4.2.1) on P(x), we can get a rational map H(z) which depends upon the parameters 71, 72

and the roots &1, &. Now, the following conjugate transformation can be employed,

r—&
me(x) = " (4.3.8)
acquiring the properties,
(1) me(&1) =0, (17) me(o0) =1, (131) me(&) = o0,

proving that the function H(x) can be transformed into the conjugated operator,

01
M’Ylﬂ’z(x) =

02

where 01 = 2*(a(y2 — 1)(x +1)* —an(l+z+2*) + (1 +z+2%) (1 — (=1 4+ —2)(z +1)))
and oy =1— (92 =3)z+ (4 +m —2n+a(-1-n+7)2*+B+m — a2+ —27) —
2v9)x3 — (o — 1)(1 4+ 1 — )2
Further, making use of the conditions described in Theorem for 1 and s, the operator
M., (x) can be obtained as follows:

(=1 -2 — 2% + (2 + 2z + 2?))

Malw) = —1—z—22+a(l+2z+222) ’ (4:3.9)

depending only on the arbitrary parameter o and the proof is finished. O

It can be observed from Proposition 4.3.1] and in view of the scaling theorem that ana-
lyzing the rational operator (4.3.9) is similar to analyzing the family (4.2.1)).

4.3.3 Fixed and critical points
It can be obtained from (4.3.9)),

2z = Da@)

$a(7) ’
where 1, () = —(1+ 2+ 22)> + a(1 + 3x + 522 + 32° + 2') and ¢,(z) = -1 — 2z — 22 +
a(l + 2z + 22?).

M (x) — (4.3.10)
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Table 4.1: Stability of strange fixed points F; for specific a-values.

o F; |IML(F)| Behavior No. of F;
0 —0.5 £ 0.866025: 4 Repulsor 2
9 .
3 —0.875 £ 0.484123: 5.69 Repulsor 2
3 :
= —0.84307 + 0.537803¢ 5.84 Repulsor 4
0.59307 £ 0.805151% 4.41 Repulsor

Table 4.2: Free critical points C; for special a-values.

« C; No. of C}
0 - 0

9

I 1.37429, 0.727649 4

—0.530922, —1.88352

= —0.404831, —2.47017 2

Proposition 4.3.2. For i,(x) and ¢.(x), we have
o When a =0, ¥, (z) and ¢ (z) have common factor (x? + x + 1).
o When oo = 3%, Yo(x) has a factor (xz — 1)
o When oo =2, ¢o(x) has a factor (x — 1).

Proof. Upon solving the equations 1, (z) = 0 and ¢,(x) = 0 simultaneously, one can get:
Vo(z) and ¢,(z) have common factor (z? + z + 1) when a = 0. At this value, ¢y(x) =
(2?2 + 2+ 1)% and ¢o(z) = — (22 + 2+ 1).

Then, we put x = 1 into 1, (z) and ¢, (x) and get ¥, (1) = —9+13a and ¢, (x) = —3+5a.
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Figure 4.1: Parameter planes for x = C7,Cy and x = C3, ()}

As we solve (1) = 0 and @4 (1) = 0, we find that ¢,(z) has a factor (z — 1)? when o = %

and ¢, () has a factor (z — 1) when a = 2. This completes the proof. O

Proposition 4.3.3. To find fized points, we solve My (x) —x = 0 for x with given values
of a. The fized points of My (x) are x =0, x = oo and the following strange fized points:

o I =1 (when a # %) and Fj(«) corresponding to the 4 roots of polynomial ¥ (x),
where i = 2,3,4,5.

As we choose different values of a, we obtain different number of fized points as follows:
o M(x) has 6 fiwed points when oo € C\{0, 2}.

o M (x) has 5 fived points when o = 2 excluding Fy = 1.

o M, (x) has 4 fized points when o = 0.

e M, (x) has 6 fized points when o = % and Fy =1 s a triple root in this case.

e The strange fixed points of Mu(x) satisfy F; = FL for v # j, that is, each pair is
J

conjugate to each other.

Proof. From (4.3.10)), we have

Malz) —z = —0. (4.3.11)
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Im{w}

Im{w}

Figure 4.3: Dynamical planes for o =

Now,

Mo (z) —x

and M (z) —

We can obtain the corresponding fixed
which are displayed in Table [4.1]

According to Proposition [£.3.3 we

Im{w}

Re{w}

Im{w}

Re{w}

%, %, —30, —35, respectively
=z(2® — 1),
w(x — 1)°(4 + T + 42°)
- —4 + 51 + 5a? ’ (4.3.12)
224427+ 227
2+

points for varying o upon solving these equations

O

obtained that there exist a minimum of 5 and a

maximum of 7 fixed points, where 0 and oo are two superattracting fixed points of M, that
correspond to the roots a and b of the polynomial g(x), respectively. They do not involve
the parameter «. If we exclude these two fixed points, then the remaining points are termed
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Table 4.3: Test functions, associated zeros and the initial approximations ().

Function Real zero o
fi(z) =sin*z + 2 0 0.05
o) = #7230 _ 1 3 2.90
fa(x) = [T, (x — ) 2 1.8
fa(z) = (x — )(xm +z+1)e ! 2 1.925
fs(x) = (z —1)% — 2 1.8
Table 4.4: Numerical outcomes for fi(x).
Methods |z — K| |zg — K| |zg — K| Pe CPU Time
fi(x)
SM, 1.1 x 10~ 1.2 x 1012 1.9 % 10736 3.0000 0.0106
SM, 1.1 x107° 1.3 x 10716 2.3 x 1074 3.0000 0.0021
AM 3.7x 1075 1.5 x 10717 4.2 x 10797 4.0000 0.0018
CM 2.2x107° 1.2 x 10718 1.1 x10"™ 4.0000 0.0012
KM 1.4 x107° 1.2 x 1071 6.3 x 10776 4.0000 0.0013
PM, 6.9 x 107° 2.9 x 1072 8.4 x 1078 4.0000 0.0022
PM, 2.5 x 107¢ 2.1 x 10723 9.2 x 1072 4.0000 0.0029
PM; 4.7 x 107¢ 4.2 x 10722 2.8 x 1078 4.0000 0.0031
PMy 5.1 x 1076 6.2 x 1072 1.4 x 107%° 4.0000 0.0029

as the strange fixed points. Also, F; =1 (When o # g) is indicating a point of divergence

within the original approach.

Proposition 4.3.4. The fized point Fi = 1, a € C\{%} has its stability properties as

follows:
e I is a repulsor when ‘a — &| >
1 299 299
e [ is an attractor when ‘a — 201‘ <
1 299 299
- - 201 _ 6
e [ is parabolic when ‘04 — 299‘ = 399

e [ is a superattractor for a = %

Proof. We compute the derivative of the operator M, from (4.3.10) as

3o ()
(¢a(z))*’
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Table 4.5: Numerical outcomes for fo(x).

Methods |z — K| |ze — K| x5 — K| Pe CPU Time
fa(x)

SM, 6.0 x 1072 1.3 x 1072 9.5x 107° 3.7890 0.0027
S M, 1.4 x 1072 1.9x 107° 3.0 x 10714 3.1164 0.0025
AM — — — D —
CM — — — D —
KM — — — NC —
PM, 2.3 x 1072 1.3 x 1074 1.4 x 10713 4.0762 0.0038
PM, 1.6 x 1072 1.9 x 1075 3.9 x 10717 4.0484 0.0035
PM; 2.0 x 1072 5.8 x 107° 4.9 x 10715 4.0639 0.0033
PM, 2.0 x 1072 6.8 x 1075 9.6 x 1071° 4.0663 0.0031

D- Divergent

NC- Not converging in desired iterations

where A\, (z) = 4(1+z+2?)* = 3a(4+ 92+ 1222 + 923 + 42?) + a? (84 222 + 3022 + 2223 + 8z4).
Substituting x = 1 in (4.3.13)), we get

2 -3«
‘(1) =6 .
It is easy to obtain
2 -3«
6 <1 <= 6]2—3al <[3—-5al.
3 —da

Let o = p + iq be an arbitrary complex number. Then, we have the following:
2= 3a]* = (2 - 3p)* + 9¢°,
and |3 — 5al* = (3 — 5p)® + 25¢°.
So, we have
36(4 + 9p* — 12p + 9¢%) < 9+ 25p* — 30p + 25¢°.

Upon simplifying, we obtain

201 36
299p° + 29 — 402p + 135 = 299 <p — —) +299¢° — 505 = 0

299
. 201 ? e (S ?
200) T =\209) -
201 6
Th S = jla— | < .
s, [MG,(1)] < o 355| < 355
Further, M, (1)] =0 <= a = %; F1 =1 becomes superattractor in this case. Hence the

(4.3.14)

proof. O
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Table 4.6: Numerical outcomes for f3(x).

Methods |z — K| |zg — K| |z5 — K| Pe CPU Time
f3(@)

SM, 1.4 x 1073 2.0 x 107° 5.6 x 10727 2.9992 0.0016
S M, 6.8 x 10~* 2.2 x 1071 7.2 x 10734 3.0000 0.0014
AM — — — UR —
CM 8.2 x 107* 1.6 x 10712 2.6 x 10747 3.9995 0.0008
KM 7.4 %x107* 74 %1071 7.1 x 1074 3.9996 0.0007
PM, 5.1 x 1074 1.9 x 1071 3.6 x 1076¢ 3.9970 0.0012
PM, 5.7 x 107 4.1 x 10714 1.2 x 107 4.0000 0.0012
PM, 5.4 x 107 1.6 x 10714 1.3 x 107°6 4.0003 0.0011
PM, 5.4 x 1074 1.3 x 1071 3.7 x 107°7 4.0004 0.0011

UR- Converging to undesired root

Further, the stability of the strange fixed points is based on the parameter a. The

superattracting fixed points other than 0, co and F} =1 (for a= %) are as follows:

e I, and F3 for a = 1.32991.
e [ and Fj for a = 0.70855.

As a result, the method might not converge to the root because of a BoA of the strange
fixed point. Table displays the stability outcomes of the strange fixed points for varying
values of a. As outlined in Proposition [4.3.3] the stability analysis of the strange fixed
points becomes more efficient since each set of conjugate strange fixed points shares identical
stability characteristics, effectively reducing the stability by fifty percent.

Further, established classical findings indicate that each invariant Fatou component is
associated with a minimum of one critical point linked to it. This implies that each attraction
basin contains at least one critical point, other than the points 0 and oo, which are categorized
as free critical points. Our focus lies in analyzing these points dependent on the parameter

a, due to their varying orbital dynamics.

Proposition 4.3.5. The critical points of My(x) can be seen as solutions of equation
M (z) = 0 or roots of the equation \,(x) = 0. As x = 0 and oo are both superattrac-
tive fized points of M (x), they are also critical points giving their specific Fatou elements.

The free critical points are as follows:

\/—\/Of_ul \/—\/US

1 8 1l
16 \aa—1 a—1

8\/_u2w/ozu1 + 11v3aus /oty
(a—1)32a—1) ’
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Table 4.7: Numerical outcomes for fy(x).

Methods |z — K| |zg — K| |z5 — K| Pe CPU Time
fu()
SM, 1.1 x 1072 2.3 x 1075 2.0 x 10713 3.0342 0.0042
SM, 1.9 x 1073 1.0 x 1078 1.8 x 10724 3.0052 0.0041
AM - - - D -
CM 6.6 x 1072 1.8 x 1073 3.2 x 1079 3.4574 0.0027
KM 2.1 x 1072 2.3 x 1075 47 x 10717 3.9064 0.0030
PM, 3.1 %1073 9.6 x 1079 9.1 x 1073 4.0035 0.0041
PM, 1.9 x 1073 7.2 x 10710 1.5 % 10739 4.0022 0.0056
PMs, 2.5 x 1073 3.3 x107° 1.0 x 10732 4.0029 0.0040
PM, 2.6 x 1073 4.1 %1079 2.5 x 10732 4.0031 0.0041
D- Divergent
co_Ll[8 \/_\/oz_ul \/—\/u3 8v/3us /@ty + 113/Bag, /oty
6la-1 ao-1 (a—1)32a —1) ’
co_ L8 fm—ul \/—\/u3+8\/_u2\/a_m—11\/_aw\/oz_m
16 \a—1 a—l (a—1)32a —1) ’
co_ L8 \f\/a—ul \/—\/U3+8\/_U2\/04_m—11\/_0m\/0z_m
16 \a—-1 a—l (=132 —1) ’

where u; = 16 — 19« + 602, us = /(=1 + a)2(—1 + 2a) and uz =
501 — 12602,

As we choose different values of o, we obtain different number of critical points as follows:

—96 + 432a — T1la? +

o M (x) has 7 critical points when o € C\{0, 2
e M, (x) has 2 critical points when o = 0 which are 0 only.

e M, (x) has 7 critical points when o = 1% and O denotes the triple root in this case.

e M, (x) has 5 critical points when o = % and O denotes the triple root in this case too.

e The free critical points of M (x) satisfy C; =
conjugate to each other which are Cy and Cs, and C3 and Cy.

c%- for i # j, that is, each pair is

As indicated by Proposition .3.5] it has been established that the count of critical points
falls within the range of 3 to 8. Notably, within this set, the points 0 and oo correspond
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Table 4.8: Numerical outcomes for f5(x).

Methods |z — K| |zg — K| |z5 — K| Pe CPU Time
f5(x)

SM, 1.2 x 1072 1.7x107° 5.2 x 10718 3.0068 0.0004
S My 1.7 x 1073 5.3 x 10719 1.5 x107% 3.0009 0.0004
AM 1.4 x 1071 3.8 x 1073 5.3 x 107 3.6288 0.0007
CM 2.8 x 1072 2.3 x10°¢ 1.4 x 10722 3.9726 0.0004
KM 1.1 %1072 4.1x107% 7.9 x 107% 3.9925 0.0003
PM, 2.6 x 1073 7.3 x 1071 4.5 x 1074 4.0006 0.0004
PM, 1.5 x 1073 4.3 x 10712 2.8 x 10716 4.0004 0.0004
PM; 2.1 x1073 2.3 x 1071 3.3x 10713 4.0005 0.0007
PM, 2.2x 1073 2.9 x 10711 8.8 x 1074 4.0005 0.0007

respectively to the roots & and &, of the equation P(z) = 0. It’s important to reiterate that
any critical point other than these two is categorized as a free critical point. It’s worth noting
that, similar to the strange fixed points, the analysis of free critical points is simplified since
examination of just half of them is required, given that each pair of conjugate free critical
points shares identical stability characteristics. Refer to Table[d.2)for a comprehensive display

of the free critical points across varying values of the parameter «.

Table 4.9: Numerical outcomes for fs(x).

Methods |z — K| |zy — K |z3 — K Pe CPU Time
fo()

SM, 1.3 x 1072 5.4 x 1074 4.0 x 1078 3.1678 0.0046
SM, 4.6 x 1073 3.8 x 1076 1.3 x 1071 3.0950 0.0048
AM — — — D —
CM — — — D —
KM 3.6 x 1072 1.3 x 1072 2.2 x 1074 2.4506 0.0038
PM, 6.0 x 1073 9.0 x 107¢ 2.9 x 10717 4.0109 0.0045
PM, 4.8 x 1073 2.6 x 107° 8.8 x 10717 4.0130 0.0048
PM; 5.4 %1073 5.3 x 1076 8.2 x 10717 4.0126 0.0038
PM,y 5.6 x 1073 5.9 x 107° 7.9 x 10717 4.0123 0.0036

D- Divergent
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Table 4.10: Numerical outcomes for fr(x).

Methods |z — K| |ze — K| x5 — K| Pe CPU Time
Jfa(@)

SM, 1.1 x 107! 2.4 %1073 6.2 x 1078 2.6490 0.0047
S M, 6.6 x 1072 1.3 x107* 9.7 x 10713 2.9298 0.0045
AM 1.6 x 1071 2.1 x 1072 5.6 x 1074 1.5936 0.0018
CM 9.0 x 1072 8.3 x 1074 2.7 x 1071 3.5588 0.0031
KM 8.2 x 1072 4.8 x 1074 2.0 x 10712 3.6497 0.0116
PM, 3.5 x 1072 7.8 x 1076 2.7 x 10718 3.9222 0.0044
PM, 5.3 x 1072 4.6 x 107° 2.7 x 10718 4.0035 0.0043
PM; 4.6 x 1072 8.5 x 107° 2.7 x 10718 3.8879 0.0043
PM, 4.4 x 1072 9.2 x 1076 2.7x 10718 3.8940 0.0046

4.3.4 Dynamical planes and parameter spaces

The parametric values of o determine how dynamically the operator M, behaves. In
the complex plane, the term ‘parameter plane’ (see Chicharro et al.| (2013b))) refers to a mesh
where every point represents an independent value of a. Taking one of the free critical points
C; as a starting measure, the graphical representation of this plane depicts the convergence
analysis of a variant in our proposed family incurred with o which can be illustrated
through Figure (4.1}

Subsets of schemes with comparable dynamical behavior are produced for every a-value
that corresponds to the similar connected component of the parameter space. Discovering
possible stable regions in the parameter plane (i.e., red colored regions) is interesting since
these values will provide us the best members in the family in terms of numerical
stability.

As displayed in Table the family has a maximum of four free critical points.
Proposition makes it clear that the study of two distinct parameter planes will be
sufficient as shown in Figure because the critical points C; to Cy are conjugated in pairs.
The major region of the figure is red, which indicates that it converges to the roots in most
of the cases.

In terms of numerical stability, the methods associated with the parametric values of «
3011 03 _9 T 8
50 200 500 < 50 5
show good dynamical behavior. Additionally, with these particular values of «, the iterative
scheme of the proposed family (4.2.1)) is simplified. This helps in reducing the desired time to

arrive at the solution. On the other hand, the methods associated with the parametric values

inside the stability areas (i.e., red colored regions), for instance, o =

of av giving black shaded areas are outside the stability regions in the parameter spaces, for
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Table 4.11: Numerical outcomes for fg(x).

Methods |z — K| |ze — K| x5 — K| Pe CPU Time
fs(@)

S M,y 2.5 x 1072 1.2 x 1076 1.2 x 1071 2.9966 0.0033
SM, 2.8 x 1072 1.7 x 1077 3.8 x 107% 2.9946 0.0031
AM 4.0 x 1071 2.2x 1073 2.8 x 10712 3.8518 0.0032
CM 2.8 x 1072 5.8 x 1078 1.5 x 1073 3.9948 0.0018
KM 2.8 x 1072 3.5 x 1078 3.9 x 1073¢ 3.9958 0.0020
PM,; 2.9 x 1072 2.4 %1078 2.9 x 1073 3.9970 0.0030
PM, 2.9 x 1072 1.3 x 1078 3.0 x 1073¢ 3.9961 0.0031
PM; 2.9 x 1072 1.9 x 1078 3.0 x 1073¢ 3.9966 0.0030
PM, 2.9 x 1072 2.0 x 1078 3.0 x 1073¢ 3.9967 0.0034
instance o = 1%, 1—70, —30, —35, showing poor dynamical behavior in context of numerical
stability.

Furthermore, the dynamical planes can also be used to explain how fixed points behave.
We can check the method’s stability for a given value of a by drawing a ‘dynamical plane’
(see|Chicharro et al. (2013b))) (represented by a mesh in the complex plane) where each point
represents a different value of the initial estimate xy. Now, through dynamical planes, we
examine the stability of some methods of our proposed family. This analysis encompasses
instances where the values of « fall within and outside the stability regions of the parameter
spaces.

Inside the stability region are the methods pertaining to some values of «, namely,
3 1 33 o 71 8
50 200 507 <" 50 5
noted here that all the methods display two basins of attraction only, related to the roots

a = Their dynamical planes are displayed in Figure . It is to be
namely 0 and oo by red and blue colors, respectively. In addition, no black areas are found
representing the non-convergence to the root. As a result, the said methods exhibit good
dynamical behavior, leading to being very stable.

However, some black areas denote the slow convergence of the techniques considered here

9 7
137 107

[4.3] In these figures, due to the presence of another basins, the region corresponding to root

that can be spotted outside the stability regions for a = —30, —35 as shown in Figure

0 is of small size, which reduces the possibilities of convergence to the root. Thus, the said

methods show poor dynamical traits.

Remark 4.3.2. The parameter planes allow us to recognize the performance of the various
members in scheme (4.2.1)), leading us to select stable and unstable methods of the family.

Moreover, the dynamical planes help us to describe the behavior of these methods.
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Table 4.12: Numerical outcomes for fo(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time
Jo(x)

SM, 2.7x 107! 5.7x 1073 1.9 x 107° 3.1800 0.0007
S My 2.0 x 1072 1.9 x107° 1.9 x 107° 3.0060 0.0008
AM - - - UR -
CM - - - NC —
KM 1.5 x 10° 1.4 x 107! 1.1x 107 2.5644 0.0005
PM, 6.4 x 1072 1.6 x 107° 1.9 x107° 4.0137 0.0009
PM, 2.6 x 102 1.9 x 1075 1.9 x 1075 4.0048 0.0009
PM; 4.7 x 1072 1.8 x 107° 1.9 x 1075 4.0095 0.0007
PM, 5.0 x 1072 1.8 x 107° 1.9 x 107° 4.0103 0.0007

UR- Converging to undesired root

NC- Not converging in desired iterations

4.4 Numerical results

This section lays out the comparison of our family with several existing schemes.
The initial value of « is assumed to be chosen beforehand to begin with the computations.
Also, a suitable xy must be fixed. The following members of the family are chosen in
order to perform the calculations:

1. PM, for o = 1%.

2. PM, for a =

[S{[9Y)

3. PM; for a = %

4. PM, for o = %.

The following existing methods without memory have been selected to facilitate comparisons
with our methods:

1. Panday et al. method (SM; and SM,) (Panday et al., [2023)):

Yn = Tn — M7
Top1 = Tn — f(xn)?
T @) (f () = fyn)

n=0,1,2,..., v €R.

f@n)® = 2f(20) f (yn) (4.4.1)
f'(@a)(f(2n) = 3f(yn))’

—(1=7)

The parameter values taken are as v =1 for SM; and v = % for SMs,.
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2. Cordero et al. method (AM) (Cordero et al., 2013c):

_ Sl _
T R S (442)
o = g — S (yn) f 20, wh] P
T Flon, yal flyns wa] B
3. Chun method (C'M) (Chun, [2007g):
Yn = Tn — )
f'(@)
(4.4.3)
Tpp1 = Tp — ;/iii§(1+u+2u2), u= %, n=20,12....
4. Kou et al. method (K M) (Kou et al} 2007al):
Yn = Tn — 77—
f(zn)
4.4.4
PP+ ) o, )

T T ) (@) — fym)

Further, Table displays some nonlinear functions (f; to f5) used to carry out the com-
putations.

In addition, some real-life problems are also solved after transforming them to nonlinear
functions (fg to fo). The COC (p.) given in and the errors of approximations to the
desired roots, | z, —r | forn = 1,2,3 of fi(z), t = 1,2,...,9 are outlined in Tables[t.4-4.12]

Remark 4.4.1. It can be seen from Tables [{.JH].§ that for the function fi, the proposed
methods PMy, PMy, PMs and PM, converge to the respective solution with a significantly
reduced approximation error compared to the previous methods. For the function fo, AM
and CM diverge to the solution. However, KM needs more than three iterations in order
to converge to the solution. Also, AM converges to undesired root 4 for the function fs and
diverges for the function fy. Due to a derivative flaw, CM and KM cannot operate at points

where the function is zero or nearly zero.

Real-life problems: Next, we describe a few real-life problems together with the compu-
tational outcomes:

Example 4.4.1. Chemical reactor problem: As described in Example[2.].3, the nonlin-

ear equation for the said problem is as follows:

x 0.4(1 —x)

— —5log ——— %

fole) = 3= ~5loe g g5,

The desired root is k ~ 0.7573962462537538. After comparing the new methods with existing

ones taking initial value xo = 0.72, the results are displayed in Table[{.9.

+4.45977 = 0.
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Example 4.4.2. Channel flow problem: In this ezample, we consider a problem of open
channel flow, which involves finding the depth of water in a rectangular channel which is

represented by the nonlinear equation given as follows (see|Rehman et al.| (2021)):

f($>:ﬁcx( ca >§_F:07

n c+ 2x

F being the water flow, which is given by F' = @1%, n 1s the Manning’s roughness coeffi-
cient, t is the slope, r is the hydraulic radius and c is the width of the channel. The following
equation is obtained if the parameter values are as F = 14.15 m3/s, ¢ = 4.572 m, t = 0.017
and n = 0.0015:

0.5961x 4.572x
J(@) = 50015 (4.572+2a:

The desired solution being k = 0.13839748098511792; for the initial quess xo = 1.2, the
numerical outcomes are displayed in Table [/.10,

%
) —14.15=0.

Example 4.4.3. Multi-factor effect: As described in Example the nonlinear equa-
tion for the said problem is as follows:

1
fs(x) =2 — 5 cosT + Z = 0. (4.4.5)

The desired root of fs(x) is k ~ —0.3090932715417949 and the numerical results are
obtained by taking xo = —2.25 in Table[{.11]

Example 4.4.4. Embedment of a wall: As described in Example the nonlinear
equation for the said problem is as follows:

3 4+ 2.87x%2 — 10.28
folw) = 1.62

The required zero of fo(x) is k ~ 2.0021 and the initial guess taken for the results is
xo = 1.2. The results are displayed in Table[[.13

—x=0. (4.4.6)

Remark 4.4.2. From Tables [{.3{.13, we can determine that AM and CM diverge to the
root in case of Example [{.4.1 For Example [{.{.4, AM converges to the undesired root,
—1.5417... and CM do not converge to the respective solution in 8 number of iterations. In

addition, in case of Examples|4.4.2 andl4.4.5, our methods converge to the respective solution

acquiring minimum error compared to the previous methods.

Remark 4.4.3. The proposed methods from the family (4.2.1) and some existing methods
have been compared and the results clarify that our methods perform well in several situations

where the existing methods fall short when the COC and errors are concerned as demonstrated
in Tables [{.JH4.13. In addition, our methods exhibit a noticeable reduction in the error in

approximations as shown in above-mentioned tables.
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4.5 Conclusions

In this work, we proposed an optimal iterative family of methods. We explored the
complex dynamic behavior of our proposed family for solving nonlinear equations.
In accordance with the theory of Mobius conjugate transformation and scaling theorem,
we were able to extract the equivalent rational operator by the application of a general
quadratic polynomial upon the iterative family. We computed its fixed and critical points
and analyzed that the two strange points were conjugate, same with the case of free critical
points. Consequently, we study about half of them for stability. Further, the parameter
planes and the dynamical planes were drawn. This study helps identify family members
which exhibit stable behavior and are thus appropriate for solving practical issues.

Numerical results are displayed on comparison of our methods with some existing schemes.
which reveal that our methods perform better compared to the existing methods, since they
provide lower absolute errors. Furthermore, our methods have proven their versatility and
applicability in diverse problem domains, including the chemical reactor problem, a channel
flow problem, multi-factor effect and embedment of a sheet-pile wall. Thus, our methods
are highly valuable tools for researchers and practitioners in fields where an accurate root

determination is crucial.
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Chapter 5

Complex Dynamics of a Mean-Based
Optimal Iterative Family and its
Applications to Chemical Models

This chapter performs stability analysis of an optimal mean-based family of IMs of
order four. Taking into consideration the stability aspect of the specified method, one can
describe the method’s sensitivity to the initial guesses. A rational function corresponding
to the iterative family is developed. The convergence and stability of a certain method
can be analyzed upon finding the fixed points, critical points, periodic points, etc. of the
rational function. Furthermore, the dynamical and parametric planes are drawn which help
us to detect the stable as well as non-stable regions. It has been observed that stable IMs
generally yield better performance on complex problems compared to unstable methods.
This observation has been supported by numerical experiments that compare our proposed
family with some existing methods for representing some chemistry problems, like conversion

in a chemical reactor, equations of state, and continuous stirred tank reactor problem.

5.1 Introduction

It is very well-known that the fixed point IMs contribute significantly in the field of ap-
plied mathematics and scientific computations. Nonlinear models are common in many areas
of chemistry, such as reaction kinetics, thermodynamics, quantum chemistry, and molecular
dynamics (Wilczek-Vera and Veral 2015} |(Constantinides and Mostoufi, |1999; Douglas, 1972]).

The contents of this chapter are published in Journal of Mathematical Chemistry (Springer), 63, 383-405,
2025 (SCIE, Q2, Impact Factor: 1.7)
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These models often describe complex behaviors, including reaction mechanisms, phase tran-
sitions, and molecular interactions, where minimal changes in the initial state may produce
significantly distinct outcomes. Through the integration of numerical techniques, compu-
tational tools, and theoretical methods, researchers can effectively solve nonlinear models,
leading to deeper insights into complex chemical phenomena. Whether through IMs, opti-
mization techniques, or computational simulations, the ability to solve nonlinear models is
crucial for advancing both theoretical and applied chemistry.

/v known as the efficiency index, to quantify

Ostrowskil (1960) proposed the coefficient p
the effectiveness of these techniques. Here, p is the convergence order and v refers to the
number of times the function computations are performed during each iterative step. How-
ever, as the number of evaluations of functions and the order of a method among a set of IMs
do not differ, it becomes relevant to analyze the methods by taking into consideration their
dynamical behavior in the argand plane through which the convergence and consistency of
the IMs could be examined. The perspective of stability of a method facilitates explaining
the method’s sensitivity to the initial guesses. The investigation of the rational functions
and calculating their fixed points, critical points, periodic points becomes relevant in this
context.

In the study, a rational operator is constructed and by the use of affine transformation, the
concerned iterative family can be conjugated to that operator so that it can be investigated
how the family behaves dynamically. Further, we focus upon its fixed and critical points.
Then, the parametric spaces are drawn which help us to detect the stable as well as non-
stable regions via the parameter values. By taking into account these parameter values, we
are aware of the regions where the concerned method is efficient by drawing the dynamical

planes. In this manner, we obtain the most-stable member in the family.

5.2 An optimal iterative family and its convergence

analysis

In this section, we propose an iterative family in two free parameters v; and 7, as follows:

b )
n n f’(gjn)’
2 2 (521)
Cpry = Ty — ( (f(n)” + 2 f (@) f(yn) + 22(f (yn) ) f(zn)
T N @)+ (= D @a) f () + (2 = 1 = D(F(wa)? ) /()]
for n =0,1,2,.... This family is optimal as it uses three functional evaluations and shows

fourth-order convergence. Theorem establishes the convergence analysis of the family
(5.2.1)).
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5.2.1 Convergence analysis

Theorem 5.2.1. Assume f : D C R — R to be a sufficiently differentiable function in ®©. If
xg s close enough to its simple oot k € D, then the sequence {xy}n>o0 derived from (5.2.1)
converges to k with at least fourth-order whose error relation is given as follows:
_ 3 4 5
eni1 = ((2+71 +12)d5 — dads) €, + O(ey). (5.2.2)
Here, v1,72 € R, e, =z, — k and d,, = %%, n=234,....

Proof. Employing Taylor series expansion to f(z,) and f'(z,) about x,, = Kk, we attain

f(@n) = f'(r) (en + doel + dsel + daeyy) + O(e)), (5.2.3)
f(@n) = (k) (14 2dae, + 3dzel + 4dael + 5dse) + O(€)). (5.2.4)

Now, using (5.2.3) and ((5.2.4)), the first substep of (5.2.1)) becomes
Cny = Yn — K = do€2 + (2d3 — 2d3)e + (3dy — Tdyds + 4d3)er + O(el). (5.2.5)

Further, expanding f(y,) around , similar to (5.2.3), we get
Flm) = f'(k)(eny + dael , + dsel , + daey ) + O(e) ). (5.2.6)

Let us denote

= ( (f(@a)® +71f (@n) f (Yn) +72(f (Yn))? )
(Fa)? + (o = DF @) ) + 02 =3 = D(F(on)?

Upon using ((5.2.3))—(5.2.6)), one can have the following expression:

Uy = n (24 m 4 p)ds — dads)er + O(ey). (5.2.7)
Finally, using the expression ([5.2.7)), the second substep of ([5.2.1]) yields
eni1 = Tpr1 —k=(24+7 + 72)d§ — dgdg,)efZ + O(efl), (5.2.8)

which is the error relation for our proposed optimal family ([5.2.1)), showing convergence

order four which brings our proof to an end. O]

5.3 Complex dynamics

This section lays out the stability analysis of the family . To this end, using a
low-degree nonlinear polynomial, a rational operator associated with is designed. In
this manner, the convergence and stability of the corresponding fixed and critical points
are examined. Then, the parameter planes are drawn and the dynamical planes for specific

techniques of the family are generated for the optimal choice of the associated parameters.
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5.3.1 Scaling theorem

Theorem 5.3.1. Assume f(x) to be a holomorphic function on C, and Alz) = o +
£,& # 0, to be an affine mapping. If V(x) = f o A(x), then the fized point operator
denoted by Sy, derived from the family is analytically conjugated to Sy wvia A, that
is, Ao Syo A (z) = Ss(x).

Proof. Let Sy be the fixed point operator derived from family (5.2.1)) given as follows:

L (f ())* + nf (@) f(y) +72(f(y)? f(x)
350 =2~ (s (T F o DT PG 53D
Here, y = x — ]{l(&))'
Using the recurrence relation , we get
1)) = A~ Y(g) — V(A (2)) (ai(x)
S o) = A7 o) - s (), (5:32)
where
a(z) = (VAT (2))) + nV(AT (2)V(01(2)) + 72V (0:(2))),
az(z) = V(AT (2)))” + (1 = DVAT (@)V(0i(2)) + (12 = n = 1)(V(01(2)))?,
b(x) = AN (z) — —5,((“2_1((?))).
Now, since V(z) = f o A(z), we have
(Vo AT (2) = f(a), (5.3.3)
(VoA™Y (z) = éV'(.A_I(m)). (5.3.4)
By using and , we get
V(A (2) =&V o AT () = & f'(2), (5.3.5)
V(A (@) = & f(2)- (5.3.6)

Thus, (5.3.3) and (5.3.5)) lead to the following expression:

Sy(A™H (@) = A7 (z) - é }CZ)) (Ziio

where

as(z) = (f(2))* + nf(@)V(0a(2) +12(V(02(2)))*,
ay(z) = (f(2))* + (1 = D (@)V(02(2)) + (72 = 11 = 1)(V(02(2)))?,

b(z) = A\ (z) — gll JJ:((Z))
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Further, we have

Now, the last point is to verify A o Sy o A7} (z) = Sp(x). For this, we just need to
prove V (A_l(x) — éff(&% = f(y). Expanding V <A_1(x) - é}{,&%) by Taylor’s form about

A~1(z) and Equation (5.3.6), we have
) = v @) v @ (229 4 v (L 49)

1 f(z) 1
& f'(x) 2 & f'(w)
1 /" -1 1 f('r)

ST L
= f (w— f(a;)) = /()

Therefore, we get Ao Sy o A~ (x) = Sy(x) which brings this proof to an end. O

o(ae

|~
VR
|~
®|R
~~_
w
+

Remark 5.3.1. [t is proven through Theorem that by an affine application, the dy-
namaical behaviors of two operators can be matched via conjugation. The scaling theorem
states that it is valuable to examine the dynamics of a conjugated map if it is made simpler

by conjugacy A.

5.3.2 Rational operator

When developing a rational operator, any nonlinear mapping can be utilized. Nev-
ertheless, we make use of quadratic polynomials since the stability or instability criterion
associated with a technique on these polynomials can similarly be implemented to distinct

nonlinear mappings. We therefore construct the operator on a quadratic polynomial that

corresponds to the family ([5.2.1]).

Proposition 5.3.1. Let us take a generic quadratic polynomial P(x) = (x — &) (x — &) with
roots &1,& € R. The rational operator M., (z) related to (5.2.1)) applied to P(x) is

'3+ 3+ 2+ iz +2))

Moy (z) = 14+ (m+3)z+ 2y + 3)a?’

for all v; € C.
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Proof. Assume P(z) = (x —&;)(x — &) to be any quadratic polynomial with roots &;, & € R.
The expression (5.2.1)) is applied on P(z) resulting in a function H(z) which is rational,
dependent on the roots &1, & and the parameters 7, v5 € C. The following Mébius conjugacy
map can be used:

=&

—x—&’

which conjugates H(x) to the operator M,, ,,(z) which will depend on the parameters 1,2

me(x) such that m.(§) = 0, m.(&) = 0o, m.(c0) =1,
only, whose expression is given as

ot (2?2 4+ 3r+ v+ + 7 +2)
m+r+2)22+(m+3)z+1

M’Yl V2 (l‘) =

Now, we need to reduce the dependence of our operator on the parameters. So, we will opt

for a particular case for v, given by v = v + 1 which reduces the operator M, ., as

ot (2?2 + v (z +2) + 32 + 3)

M) = B TS (a1

(5.3.7)

This completes our proof. O

Proposition asserts that the rational operator ([5.3.7) and the iterative family (/5.2.1))

can be analyzed interchangeably.

5.3.3 Fixed points and their stability

Proceeding further, we will find fixed points of M., (x) by solving M., () —z = 0 for
x with given values of v1. Now, from (5.3.7]), the following can be deduced:

oy () = D)o

M (@) o = PEET

(5.3.8)

Here,
Uy (2) =" + (m +4)2° + By + )2’ + (m +4)z + 1,

Py (2) = (271 + 3)2* + (v + 3)z + 1.

Firstly, it will be investigated whether values of v; exist for common divisors of 1., (x)
and ¢, (z). Also, it will be examined whether they have a factor (x — 1). This examination

is carried out in Proposition [5.3.2

Proposition 5.3.2. When checking for common divisors of 1., (x) and ¢.,(x), the subse-

quent outcomes are:

(a) When v = —1, 1., (z) and ¢, (x) have common factor (x + 1)%.
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(b) When v1 = =%, ¥y, () has (x —1)* as a factor and when v = —%, ¢, (x) has (x — 1)
as a factor.

Proof. (a) On solving 1., (z) = 0 and ¢, () = 0 in parallel, we obtain:
As 7, appears in both the polynomials, eliminating v; between ¢,, = 0 and ¢,, = 0, we
get an equation (z + 1)3 = 0. So, (x + 1)/, j = 1,2,3 are the candidates for common
divisors of 1., (z) and ¢.,(x). If we put x = —1, the equations ¢, (—1) = 0 and
¢4, (—1) = 0 imply 71 = —1. Then, in this case, ¥, (z) and ¢, (z), respectively reduce
to (z+1)%(2* + 2+ 1) and (z + 1)

(b) Then, we put x = 1 in v, (z) and ¢, (z) to attain ¢, (1) = 5y, +17 and ¢, (1) = 3y +7,
as a result of which ¢, () has (z —1)? as a factor when 73 = —% (as ¢/, (1) = 0 in this
case) and ¢, (z) has (z — 1) as a factor when v, = —Z. This finishes the proof.

[

The subsequent proposition details the fixed points of M., .

Proposition 5.3.3. Fized points of M., (x) are 0,00 and the strange fized points (apart

from 0 and oo) described as:
o 1 =1 (when Y1 # —%) and the four zeros of 1., (x), denoted by F;(m1), © =2,3,4,5.
e Distinct values for v, give us fixed points in varying counts, as detailed below:

(i) M., (z) has 7 fized points when v, € C\{—1,—%}.
(1) M., (x) has 5 fized points when v, = —1 including Fy = 1.

(i1i) Mo, (z) has 7 fized points when y1 = =1 and Fy = 1 occurs three times in this

case.

(iv) Mo, (z) has 6 fized points when v, = —% not including Fy = 1.

e Every pair of strange fized points of M., (x) is mutually conjugate which means that
they comply with the condition F; = Fij, 1#£ .

Proposition affirms that there are at most 7 and at least 5 fixed points, where 0
and oo are superattractors of M,, corresponding to & and &, respectively. Also, they do
not involve the parameter v;. F; = 1 is a fixed point which indicates the divergence of the

method. Its stability characteristics are detailed in the following result:

Proposition 5.3.4. F; =1 (when 7 € C\ {—g ) has its stability properties as follows:

171

e F is a repulsor when "yl + 3

16
| > 55"
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171
55

16

o [ is an attractor when }71 + ’ < 55-

171 16

e [ is parabolic when "yl + 5 =
e [ is a superattractor for v = —3.

Proof. The derivative M from ({5.3.7) is computed to gain insight into the stability of the
strange fixed points, given by

_ 223 (x + 1)%¢,, (z)

M. (z) : (5.3.9)
" (¢4, (2))?
where ¢, (z) = 62% + 4y (z + 1)* + 92 + 37ix + 6.
Substituting x = 1 in (5.3.9)), we get
+3
()] =822
M (0] =8| 2
It is easy to obtain that
m+3
8 <1 <= 8m+3|<[3n+T7. 5.3.10
2R <1 ks < T (5:3.10)

Let 74 = p + iq be an arbitrary complex number. Therefore, upon simplifying (5.3.10f), we

get the following relation:
17 2+ »_ (16 ?
Progs ) 79 =\55

], 1|16
MT 55| =55
171 16
Th <1 — < —.
e

Further, M. (1)| =0 <= 7y = —3; the case for which F} is a superattractor. Thus, the

proof is complete. O

Furthermore, excluding the above-mentioned points, stability of the remaining ones is
dependent on v;. These stability results with distinct y;-values are depicted in Table [5.1}
Proposition |5.3.3| also asserts that there exists conjugation in pairs of strange fixed points.
Each such pair acquires the similar stability properties. That’s why, only half of them are
sufficient to analyze. Superattractors other than 0 and oo is F; = 1 for 73 = —3 (as stated in
Proposition [5.3.4). This implies that the fixed point would have a BoA, which would prevent
the method from converging to the root. The remaining points are never superattractors.
Moreover, the stability zones of F;, i = 1,2,...,5 are shown in Figures[5.1}[5.2] These figures

have been generated via Mathematica 11.1.
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Table 5.1: Strange fixed points F; for special v;-values and their stability.

o1 F; Behavior Number of F;
-1 — (=13 Repulsor 2
(—1)%/3 Repulsor
1
— 37 —2.1307 Repulsor 2
—0.4693 Repulsor
7
-3 —1.9662 Repulsor 4
—0.5086 Repulsor
0.4041 + 0.9147¢ Repulsor

Figure 5.1: Stability surface for £} =1

5.3.4 Ciritical points

The roots of M/, (z) = 0 will be the critical points. We know that to every Fatou
component (invariant), at least one critical point is linked, that is, each basin involves at
least a free critical point (apart from 0 and co). We are interested in examining these free
critical points that vary with 7, in light of their orbital behavior.

Prior to finding these points, values of ~; for common divisors of (., (z) and ¢, (x) will

be investigated for existence. Also, it will be examined whether they have a factor z*, k € N.
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Figure 5.2: Stability surfaces for F, F3 and F}, F5, respectively

The following proposition demonstrates this analysis.

Proposition 5.3.5. When checking for common factors of (,,(z) and ¢., (x), the subsequent

outcomes are:

(a) When v = —1, (,(x) and ¢4, () have common factor (x + 1)%, when 1 = —%, they

have (x — 1) in common and when v, = 3, they have (3x + 1) in common.

(b) When v = —2, ¢, (z) has z as a factor, but ¢,,(x) doesn’t have any such factor.

Proof. (a) On solving ¢, (z) = 0 and ¢, (z) = 0, simultaneously, we obtain:
Eliminating v; from the two equations, we get a relation (z — 1)(x + 1)*(3z + 1) = 0.
So, (x —1),(x+ 1), j =1,2,3,4 and (3z + 1) are the candidates for common divisors
of ¢, (z) and ¢, (x). If we put 2 =1, ¢,,(1) = 0 implies 3 = =3, —%, and ¢,,(1) = 0
implies v, = —%. If we put = —1, the equations ¢,,(—1) = 0 and ¢,,(=1) = 0
imply 73 = 1, —1, and 3 = —1, respectively. Finally, putting x = —%, the equations
Gy (—3) =0 and ¢, (—3) = 0 imply 74 = 3, —+, and 71 = 3, respectively.

(b) Then, we put x = 0 into (,, (z) and ¢., (x) to obtain (,, (0) = 2(2v; + 3) and ¢.,(0) = 1,
as a result of which (,, () has z as a factor when v, = —2. This brings our proof to an

end.
O

The next result details the critical points of the operator M.,,.

Proposition 5.3.6. Critical points of M., (x) are listed as © = 0,00, —1 and two roots of
Gy (z) = 0 denoted by C; (i = 1,2). As we have the term z° in M. (x), so 0 occurs three
times except when vy, = —% as stated in Proposition .
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Selecting distinct values for v1 gives us critical points in varying counts, as detailed below:
o M., (x) has 8 critical points when v, € C\{—1,—%,3,-3}.

o M., (x) has 4 critical points when v, = —1, where 0 occurs three times.

7

o M., () has 6 critical points when v, = —%,

and 7 critical points when v, = 3. In these

cases, 0 1s a triple root as well.

_3

o M, () has 7 critical points when v, = —3

and O occurs four times in this case.

e Fach pair of free critical points is mutually conjugate which means that they comply
with the condition C; = Cij, 1 7.

Proposition [5.3.6] affirms that there are at most 8 and at least 4 critical points, where

0 and oo are corresponding to &1, &, respectively. Additionally, as with the case of strange

fixed points, the dynamical traits of only half of the free critical points are sufficient to

analyze. These points are depicted in Table [5.2] for varying values of 7.

Table 5.2: Free critical points C; for distinct ~;-values.

M C; Number of C;
—1 — —
T 1,1 2
3
3 ~1,-1,-3 3
3
- ~1,-1 2
2

— denotes no free critical point

5.3.5 Dynamical planes and parameter spaces

As described in the previous chapters, the values of parameter +; determine how the

operator M,, behaves dynamically. A mesh in the argand plane with distinct values of
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Im{,)

Re{v,)

Figure 5.3: Parameter plane for x = C and C,

assigned to each point is called a parameter plane. The analysis of convergence of a technique
of the family linked to this 7, is depicted graphically, with one among the free critical
points C; serving as the primary guess as demonstrated in Figure [5.3]

Subsets of schemas with dynamically analogous behavior are deduced for any value of v,
that is a member of the similar connected component of the parameter plane. That’s why,
we are interested to find the possible stable areas, i.e. red areas of the parameter plane, as
the values of v, in these areas will give us the best technique of the iterative family as far as
stability is concerned.

The affirmations in Table [5.2] and Proposition directs us to visualize one parameter
plane as shown in Figure because C and C5 are conjugated in pairs. It can be seen that
the large domain of the figure is red, which implies that it converges to zeros for majority of
the points. However, observing the parameter plane’s details carefully near the imaginary
part of v;, we can see the black patches.

The members of the family associated with 7, inside the stability areas of the parameter
plane will show advantageous dynamical behavior, for vy = 1,3, —1, —}—g, —%, —1% as instance.
Additionally, taking specific values of v, simplify the structure of the family which
cuts down the time required in processing to achieve the solution to some extent.

In contrast, the members associated with ; beyond the areas of stability will display
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Im{x}
Im{x}

Im{x}
Im{x}

3 2 1 0 1 2 3 3 2 1 0 1 2 3
Re{x} Re{x}
. . 17 3 9 .
Figure 5.4: Dynamical planes for v, = 1,3, —1, 10 "3 1o’ respectively
unsatisfactory dynamical behavior, for 7, = —%, —137, —%, —3 as instance.
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Im{x}
Im{x}

Im{x}
Im{x}

717
Figure 5.5: Dynamical planes for 7y = —=, ——, —=, —3, respectively

37 57 2

Moreover, the dynamical planes provide an illustration of the behavior of fixed points.
After drawing a dynamical plane, the stability of a member for any v, can be evaluated. In
the complex plane, this is described as a mesh in which every point refers to a distinct initial
guess ro. Now, through dynamical planes, certain members of the family are examined
for stability. The members are taken for values of v, within and beyond the stability areas
of the parametric space. The associated dynamical planes are shown in Figures and .5
Note that the red and blue basins correspond to 0 and oo, respectively. For methods in
Figure there are no regions (black) of divergence. Hence, the mentioned methods are
considered stable. For methods in Figure [5.5 the black areas can be seen depicting slow
convergence. It makes the basin of 0 small, which lessens the probability of converging to

the solution. Hence, these methods display poor behavior.
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5.4 Numerical results

This section lays out the comparison of our family (5.2.1)) with several existing schemes.

The initial values of 7; and +9 and a suitable xy are assumed to be chosen beforehand to
begin with the computations. The following members of the family ([5.2.1)) are chosen in

order to perform the calculations:
1. PM, for v = —1% and vy = %.
2. PM, for vy = —% and vy, = —%.
3. PMj for vy = —1 and v, = 0.

4. PM, for v, = —}—g and v = —1—70.

The following existing methods without memory have been selected to facilitate comparisons

with our methods:

1. Kung and Traub method (K7T'M) (Kung and Traub| 1974):

Ty,
Yn = Tpn — %7 Up = Ty + 73f(xn)7 QERS R\{O}a
e (5.4.1)
Tptl = Yn — S ) f (tn) n=20,12....
f[xm yn](f(“n) - f(yn))7 Y
The results are obtained for y3 = —0.01.
2. Soleimani et al. method (SSM) (Soleimani et al. 2013)):
n —dn =7 7 75 Un = dn n)s R\{0 )
I P T ot el 2 €RVO) -
2 4.
Tpil = Ty — (f(@n)) G\ n=0,1,2,....
Flawsun) (F(on) = Flyn) — S22
The results are obtained for y3 = —0.01.
3. Kou and Li method (K LM;) (Kou and Li, 2007a):
T
Yn = Tpn — f,( ) )
o~ U ()P ) Sz 549
n = dn — 1 = n = AN n R
s == (1 gston) + 57 EURES ) S e
£ (xnil fl(wn) ) f/(In>
where Kf(x,) = ?},f(;j;) Ien) = 0,1,2,.... This method is a variant of the

famous super-Halley’s method. The results are obtained for v, = %.
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4. Kou et al. method (KLM,) (Kou et al., 2007a):

S
yn - a”.TL f/(xn)’

Tpy1 = Tn — (1+Si) f(x )

(5.4.4)

L =0,1,2,....
]_—Sn f’(mn)7n ) M M

Here, s, =

Further, Table displays some nonlinear functions (f; to f;) used to carry out the com-

putations.

Table 5.3: Test functions, associated zeros and the initial approximations ().

Function Real zero o

fi(r) = x +sin’x 0 0.05
fa(x) = sinx 0 0.50
fa(x) = [T, (x — i) 2 1.80
fa(x) = (2 + 2 + 2)(x — 2)e™>" 2 1.80

In addition, some real-life chemistry problems are also solved after transforming them to
nonlinear functions (f5 to fs). The COC (p.) given in ([1.3.2)) and the errors of approximations

to the desired roots (| z, — k |) for n = 1,2,3 of fi(x), t =1,2,...,8 are outlined in Tables

B.A-5.11

Table 5.4: Numerical outcomes for fi(x).
Methods |z1 — K] |xe — K| |z — K| Pe
fi(z)
KTM 9.7 x10°° 1.8 x 1070 1.9 x 1077 4.0000
SSM 9.6 x 107° 1.7x 10720 1.5 x 1077 4.0000
K LM, 2.0 x 107 7.0 x 1071 1.0 x 1077 4.0000
K LM, 1.4 x 1075 1.2 x 10719 6.3 x 10~ 4.0000
PM, 6.2 x10°° 1.8 x 107 1.2 x107% 4.0000
PM, 54 %1077 1.0 x 10731 2.5 x 10719 5.0000
PM; 5.3 x 1076 7.9 x 10722 3.8 x 107% 4.0000
PM, 1.4 x 107 1.6 x 1024 2.9 x 1079 4.0000

Real-life problems: Next, we describe a few real-life problems together with the compu-

tational outcomes:
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Table 5.5: Numerical outcomes for fo(x).

Methods |x1 — K| |xe — K| |xs — K| Pe
fo()

KTM 2.4 x 1073 4.1 x 107 6.1 x10"™ 5.0000
SSM 2.4 x1073 4.4 x1071° 9.1 x10™ 5.0000
KLM, 3.3x 1073 1.8 x 107 8.2x 107" 5.0000
K LM, 2.8 x 1073 1.0 x 10~ 6.7 x 10772 5.0000
P M, 2.2x 1073 2.6 x 1071 7.2x 1077 5.0000
PM, 1.8x 1073 9.5 x 10716 4.3x 1077 5.0000
P M, 2.1 x 1073 2.2 x 1071 3.2 x 10°™ 5.0000
PM, 1.6 x 1073 6.6 x 10716 6.7 x 10~78 5.0000

Table 5.6: Numerical outcomes for f3(x).

Methods |z1 — K| |z — K| |zs — K| Pe
f3()

KTM 7.5 % 107* 6.6 x 10713 4.0 x 10749 3.9996
SSM 7.5 x 1074 6.3 x 10713 3.2 x107% 3.9996
KLM, 4.1 x 1074 8.7 x 10714 1.8 x 1072 3.9998
K LM, 7.4 %1074 7.4 % 10713 7.1 x 1074 3.9996
PM; 6.6 x 1074 2.6 x 10713 6.8 x 10751 3.9997
PM, 6.0 x 1074 9.1 x 107 4.7 %1075 3.9999
PM; 6.5 x 1074 2.3 x 10713 3.5 x 1075¢ 3.9998
PM, 5.8 x 1074 5.2 x 10714 3.5 x 1075 4.0000

Example 5.4.1. Virial state equation: The nonlinear equation for this problem (Wilczek-

Vera and Vera, |2015) is given as follows:

U,U, p1 D2
- (1.0 4} —) .
Us + Vv + V2

Here, Uy 1is the universal gas constant, Uy is the absolute temperature and Us is the pres-
sure. Using some specific gas parameters values, Uy = 82.05,Uy = 430.85,U3 = 75,p; =
—159, po = 9000, and taking V' as variable x, the attained nonlinear equation is

749444.6310  4.242149100 _ 0
T 2 N

fs(x) = o —471.3499 + (5.4.5)

)

with one real and two complex zeros. We choose the zero k ~ 5.6604 x 107% and the initial
quess is taken to be 4.2 x 107%. The computational results are outlined in Table .
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Table 5.7: Numerical outcomes for fy(x).

Methods |x1 — K| |xe — K| |xs — K| Pe
fa(x)

KTM 1.5 x 1073 1.2 x 10713 5.4 x 1077 4.0075
SSM 1.5 x 1073 1.4 x 10713 7.5 x 1074 4.0077
KLM, 2.1 x 1073 1.9 x 1012 1.1 % 10748 3.9976
KLM, 1.8 x 1073 2.6 x 10713 1.0 x 1072 4.0091
PM, 1.3x 1073 7.3 x 1071 6.3 x 1077 4.0066
PM, 1.0 x 1073 2.8 x 10714 1.4 x 107°¢ 4.0051
P M, 1.2 % 1073 6.3 x 1014 3.4 x 107 4.0063
PM, 9.5 x 1074 2.0 x 10714 3.6 x 10757 4.0047

Table 5.8: Numerical outcomes for f5(x).

Methods |z — K| |zo — K| |zs — K Pe
f>(2)

KTM — — — D
SSM - — — D
K LM, 2.2 x 1077 3.3 x 10710 1.9 x 1072 3.9174
K LM, 1.6 x 1077 6.3 x 107" 2.8 x 107 3.9539
PM, 5.9 x 1078 2.4 x 10713 2.8 x 10722 3.9916
PM, 1.1 x 1077 5.4 x 10712 2.8 x 10722 4.0207
PM; 4.0x 1078 2.8 x 10714 2.8 x 10722 3.9955
PM, 2.2 x 1077 1.4 x 10710 3.0 x 10722 4.0528

D- Divergent

Example 5.4.2. Van der Waals state equation: As described in Ezample the

nonlinear equation for the said problem after taking specific values of the parameters is given

as follows:

fo(z) = 2° — 5.222% + 9.08252 — 5.2675 = 0,

(5.4.6)

with three roots. Among them, the simple root Kk = 1.72 is chosen and the initial guess is
taken to be 1.70. Table[5.9 outlines the results.

Example 5.4.3. Chemical reactor problem: As described in Example[2.].3, the nonlin-

ear equation for the said problem is given as follows:

fr(z) =

—blog
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+4.45977 = 0.
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Table 5.9: Numerical outcomes for fg(x).

Methods |x1 — K| |xe — K| |xs — K| Pe
fo()

KTM 3.3 x 1073 2.9 x 107° 3.4 %1071 3.6801
SSM 3.1x1073 2.3 x107° 1.4 x 10713 3.6933
KLM, 4.2 x 1073 1.1 x 1074 1.7 x 10710 3.4211
K LM, 3.7x 1073 5.6 x 107° 7.6 x 10712 3.5685
PM,; 2.6 x 1073 7.8 x107° 1.0 x 10718 3.8014
PM, 1.0 x 1073 4.4 x 1078 2.7 x 10717 3.9227
PM; 2.4 %1073 5.0 x 1076 1.1 x 10716 3.8333
PM, 4.0 x 107° 5.1 x 1071 2.7 x 1077 3.9987

The desired root is k ~ 0.7573962462537538. The outcomes are presented in Table

taking o = 0.72.

Table 5.10: Numerical outcomes for fr(x).

Methods |z — K| |zg — K| |zg — K| Pe
fa(x)

KTM 1.7 x 1072 2.0 x 1073 1.9 x 1077 3.7523
SSM — — — D
KLM, — — — D
K LM, 3.6 x 1072 1.3 x 1072 2.2 x 107* 2.4506
PM, 2.2 x 1073 1.3 x 1078 8.8 x 10717 3.9858
PM, 9.9 x 1073 3.7x107° 7.5 x 1071° 4.0888
PM; 1.9 x 1074 2.7x 1071 8.8 x 10717 4.0001
PM, 1.3x 1072 1.4 x107* 2.5 x 10712 4.1410

D- Divergent

Example 5.4.4. Continuous stirred tank reactor (CSTR) problem:
Here, we consider the problem of isothermal CSTR (Constantinides and Mostoufi, |1999).
The reactor receives inputs Ay and Uy at rates of Q) and q — @, respectively. In the reactor,

the following reaction process is then achieved:
A1—|—U4—>A2, A2+U4—)A3, A3+U4%A4, A3—|—U4—>A5.
While designing a simple model for feedback control systems, |Douglas (1972) examined the
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above-mentioned model which was converted into the following expression:

2.98(x + 2.25) -
(x4 1.45)(z + 4.35)(x + 2.85)2

Here, Us is the proportional controller gain. For values of Us that result in zeros of the

transfer function with a negative real part, the control system is stable. Upon choosing Us = 0,
the poles of the feedback-free transfer function can be acquired as zeros of the equation given
as

fs(x) = 2* + 11.502° + 47.492° + 83.06325x + 51.23266875 = 0. (5.4.8)

This equation has four zeros but our desired simple zero being k = —4.35. Table|5. 11| outlines
the results with o = —4.13.

Table 5.11: Numerical outcomes for fs(x).

Methods |z — K| |zo — K| x5 — K| Pe
fs(@)

KTM 7.9 x 1072 2.3 x 1074 2.4 x 10714 3.8413
SSM — — — NC
K LM, 8.0 x 1071 1.9x 107! 6.8 x 1073 1.6352
K LM, 2.6 x 10! 1.3 x 1072 2.8 x 1077 3.1329
PM, 3.7 x 1072 6.4 x 1076 3.6 x 10716 3.9520
PM, 4.2 %1072 7.4 %107 3.6 x 10716 4.0822
PMj, 2.1 x 1072 5.9 x 1077 3.6 x 10716 3.9782
PM, 6.3 x 1072 8.3 x107° 1.9 x 10716 4.1370

NC- Not converging in desired iterations

Remark 5.4.1. It can be seen from the Tables that for functions fi to fi, in
comparison to the previous techniques, we get a noticeably lower approximation error with
the proposed methods PM,, PM,, PMs and PM, as they converge to the solution.

Remark 5.4.2. From Tables it can be confirmed that for Example[5.4.1, KTM
and SSM diverge. Similarly, for Example [5.4.3, SSM and KLM diverge. For Ezample
SSM is not converging to the zero in required iterations and methods KLM; and
K LM, exhibit a very slow convergence in this case. In addition, for Example|5.4.2, a least

amount of error can be observed for our methods.

Remark 5.4.3. A comparison has been made between our methods and several existing
methods. The results show that our methods outperform the existing methods in numer-
ous scenarios in terms of COC and errors as revealed in Tables [0 4H5.11.  Furthermore,
the aforementioned tables demonstrate a significant decrease in approximation error for our

methods.
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5.5 Conclusions

In this work, the complex dynamic behavior of an optimal iterative family has been
explored by analyzing its stability properties. We can better understand how a given method
of an iterative family depends on initial guesses if the aforementioned aspect is taken into
consideration. A rational operator is constructed by applying a generic quadratic polynomial
to the family, taking into account the scaling theorem and the Mobius transformation theory
in conjugation on the Riemann sphere. The fixed and critical points are evaluated, and it is
inspected that each pair of strange fixed points as well as free critical points were conjugate
to each other. Thereupon, we examine the stability of roughly half of them. Additionally, we
generated the dynamical and parameter planes whose study helps to distinguish the stable
or unstable family members which in turn can be employed to several practical problems.

When our methods are compared to certain previous techniques, numerical outcomes
indicate that our methods perform better since they produce smaller absolute errors than
the existing IMs. Furthermore, the chemical reactor problem, equations of state and con-
tinuous stirred tank reactor problems are only a few domains in which our methods have
demonstrated their adaptability and usefulness. As a result, researchers working in domains

where precise root finding is essential will find great value in our methods.
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Chapter 6

An Optimal Derivative-free
Fourth-Order Method and its

Memory Variant for Nonlinear Models

An optimal iterative family without memory free from derivatives has been presented
in this chapter for solving nonlinear equations. There are many iterative schemes existing
in the literature which either diverge or fail to work when f’(x) = 0. But, the proposed
schemes work even in those cases. In addition, we also extended the same idea for IM
with memory with the help of self-accelerating parameters estimated from the current and
previous approximations. As a result, the order of convergence increased from 4 to 7 without

the addition of any further functional evaluation.

6.1 Introduction

The previous chapters dealt with iterative schemes involving first-order derivatives. One
drawback of such kind of methods is that when f’(x,) = 0, the methods fail, which confines
their applications. Therefore, a lot of researchers are interested towards building optimal
multipoint methods free from derivatives. These methods prove to be very helpful in the
cases where the derivative of the function is cumbersome to evaluate or is expensive to
compute.

In order to circumvent the clause of derivatives, [Traub) (1964)) used the approximation,

/ "y f(@n+ Bf(xn)) — f(wn)
fx,) =~ 5F () , B € R\{0}, (6.1.1)

The contents of this chapter are published in Mathematical and Computational Applications (MDPT),
28(2), 48, 2023 (Scopus, Q2, Impact Factor: 1.9)
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which when replaced in NM takes the form,

Tn41 T f[wnaxn] ( )

where w,, = z,, + ff(x,), termed as Traub-Steffensen method. This method is free from
derivative and is a significant improvement of NM because it retains its quadratic convergence
without the addition of the derivative.

In literature, various procedures have been used for approximating the first-order deriva-

Gp(x)
Hq(z)’

Gp(z) and H,(x) are polynomials of degree p and ¢, respectively. |Cordero et al. (2013c])

where

tives. For example, one of the procedure uses Padé approximant of the form

used the first degree Padé approximant to approximate the first-order derivative. Another
procedure (Cordero et al., 2013b) uses interpolating polynomial of degree n that interpolates
n + 1 already known values of the specified function. Additionally, procedure by using the
divided difference can also be used.

Following the steps of Traub, many authors are constructing higher order methods with-
out derivatives. Among many others, Chicharro et al.| (2017)) presented a biparametric
family of order four and then developed a family of methods with memory having higher
order of convergence without further increasing the number of functional evaluations per it-
eration. Sharifi et al.| (2016) presented a derivative-free form of King’s family with memory.
Kansal et al.| (2016)) developed a tri-parametric derivative-free family of Hansen-Patrick type
methods which requires only three functional evaluations to achieve optimal fourth-order of
convergence. Then, they extended the idea to with memory as a result of which the R-order
of convergence is increased from 4 to 7, without any additional functional evaluation.

Thus, by taking into consideration these developments, we further attempt to propose an
iterative family without memory free from derivatives and then convert it into more efficient
family with memory such that the order of convergence is increased without any further
functional evaluation. We carry out the convergence analysis of the new families in order
to demonstrate their order of convergence. To illustrate our theoretical results, numerical
results for the proposed families and comparisons with some of the existing methods are then
given. Lastly, we present the BoAs of the new methods which demonstrate the convergence

or divergence of the new as well as the existing methods.

6.2 An optimal iterative family without memory and

its convergence analysis

We aim to construct a new two-point derivative-free optimal family without memory in

this section and extend it to with memory.
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If the well-known Steffensen’s method is composed with NM, we get the following fourth-

order scheme:

= T
Fn) (6.2.1)

TR

where w,, = x,, + f(z,). To avoid the computation of f’(y,),|[Cordero et al. (2013c|) approx-
imated it by the derivative m/(y,) of the following first degree Padé approximant:

a; + as(t — yy)

t) = : 6.2.2

m(t) [ r— (6.2.2)

where a1, as and as are real parameters to be determined satisfying the following conditions:
m(zn) = f(zn), (6.2.3)

m(yn) = f(Yn), (6.2.4)

Using these conditions, the derivative of the Padé approximant evaluated in y, is given as

m/( a) = f[l’nvyn]f[ynawn]’

[, wy] (6.2.6)
Using (6.2.6) in second step of (6.2.1)), they presented the following scheme:
- f(xn)®
Yn = Tn — 7
Tntl = Yn — f(yn)f[l’n,wn] 2.
T Yol Flyms wa]”

where w,, = x,+ f(z,). This scheme is optimal in the sense of Kung-Traub conjecture having
order of convergence four with three functional evaluations per iteration, f(z,), f(y,) and
f(wy).

Now, in order to extend to the method with memory, we come up with an idea of
introducing two parameters v and & in and we present a modification in this method

as follows:
Yp = Ty — f(xn)
! " fln, w,] +§f(wn)’
Toil = Yn — Fn) (fln, wa] + & f(wn)) (6.2.8)
T T ] €7 o) Ty ]

where w,, = x, + vf(x,).
This modified family yields the optimal order of convergence 4 having three functional
evaluations per iteration, f(x,), f(y,) and f(w,).

Next, we establish the convergence results for our proposed family without memory

6.2.8).
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6.2.1 Convergence analysis

Theorem 6.2.1. Suppose that f : ® C R — R be a real function suitably differentiable in a
domain ®. If k € © is a simple root of f(x) =0 and an initial quess xq is sufficiently close
to K, then the iterative family (6.2.8) converges to k with convergence order p = 4 having the

following error relation,
ent1 = (L+ f'(K)7)* (€ + da) ((2+ f'(K)7)Eda + 2d5 — d3) e, + Ofey),

where e, = &, — Kk, k is a simple root of f(x) =0 and d, = &; },ES), n=2234,...

Proof. Expanding f(x,) about x, = k by Taylor series, we have
f(@n) = f(r) (en + doel + dsel + due)y) + O(e)). (6.2.9)

Using (6.2.9) in the first step of (6.2.8]), we have

Cny =Y — &= (14 f(R)V(E+ do)ep + [ = 2+ 21 (8)y + ['(r)*7)Eds
— (24 2f"(K)y + f' (k)73 — (1 + f'(5)y)((1 + f (k)7y)&?
— (24 fi(w))ds) ey + [(54 Tf (k)y + 4 (8)*7* + f'(k)*y°)Ed;
+ (4 +5f"(k)y + 3 (K)*7* + (k)7 d5 — (44 Tf' (k)Y

5 5 4 (6.2.10)
+51' ()" + f(15)°7)eds — do(—(3 + 5F' (k)7 + 3f'(r)*y
+ (K7€ + (T4 10f (k) + Tf (k)7 + 2f' (k)7 )ds)
+ (1 + f BN+ f (1)) + (3+3f (w)y + f'(8)*7*)ds) €,
+0(e?).
Also, the Taylor’s expansion of f(y,) is
fyn) = () (envy + dgei’y + d3ei’y + d4ei7y) + O(efbﬁy). (6.2.11)

Using (6.2.9)—(6.2.11]), we have

f o) (f [T0, wa] + Ef (wy))
(flzns yn] + Ef (0n) f [Yn, wi]

= (L+ fi())(E+d)el + (—(2 4 2f' (k) + f'(K)*7?)Edy

— 2421 (K)y+ ['(5)**)d; = (1 + F(5)7)((1+ f(k)7)€?
— 2+ f'(R)V)ds))ey, + (1 = 2f'(k)y = 2f'(r)*7*)Ed3

+ (24 f/(8)y + F(5)2 + F(5)*)dy — B+ 5 (k)y
+4f(R) + F1(R)*Y)Eds — do((—1 + f'(r)*7*)E°

+ 2B+ 4L (k)y + 31 (8)*7? + [ (8)°7)ds) + (1 + f'(8)7)((1
+ [(R)V)°E + B4 3f(k)y + ['(k)*7?)da))ey, + O(e)).
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Finally, using the aforementioned expression in the second step of (6.2.8)), we get
en1 = (L+ f(k)7) (€ +da) ((2+ f/(K)7)€da + 2d5 — d3) €, + Oey), (6.2.12)

which is the error equation for the proposed optimal family (6.2.8]) with convergence order
four. This completes the proof. O

6.3 An iterative family with memory and its conver-

gence analysis

Now, we present an extension to the family (6.2.8) by inclusion of memory having
improved convergence order without the addition of any new functional evaluation.
If we observe clearly, it can be seen from the error relation (6.2.12) that the order of

convergence of the proposed family (6.2.8]) is four if v # ﬁi) and £ # —dy. Therefore, if
v = ﬁ}{) and £ = —dy = —Zf}/,((’;)), then the order of convergence of the proposed family

can possibly be improved, but this value can’t be reached because the values of f'(k) and

f"(k) are not practically available. Instead, we can use approximations calculated by already
available information. Hence, the main idea in constructing methods with memory consists

of the calculation of the parameters v = ~, and £ = &, as the iteration proceeds by the

formulae,
—1 f"(k)
YV = and &, = —dy = — ,
f'(k) 2f(k)
for n = 1,2,3,.... Further, it is also assumed that the initial estimates 7o and & must be

chosen before starting the iterations. Thus, we give an estimation for v, and &, given by
-1 — N (w,

Tn = N/ and &, = QN?( >7
5(zn) 4(wn)

where N3(k) = Ns(k; @y, n_1, Yn—1, Wn—1) and Ny(k) = Ny(k;wn, Tn, Wp—1, Yn—1,Tp—1) are

(6.3.1)

Newton’s interpolating polynomials of degrees three and four, respectively which are set
through best available nodal points, (2, Zp_1, Yn—1, wy_1) for N3 and (wy,, Tn, Wp—1, Yn—1, Tn_1)
for Ny.

So, by replacing v by 7, and £ by &, in , we obtain a new family with memory as
follows:
Yo, &0, To are given, wo = o + Yo.f (7o),

"
= Ng(in)’ Wy = Tp + Yuf (2n), & = 2]]\\%—((53, n=123,...,
flxn) (6.3.2)
fln, wn] + & f (i)’
Tri1 = Un — S (Yn) (flzn, wa] + & f(wn)) '
(flzn, Ynl + & f (0n)) flYn, wn)
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Next, we establish the convergence results for our proposed family with memory given

by Equation ([6.3.2]).

6.3.1 Convergence analysis

Theorem 6.3.1. Suppose that f : D CR — R be a real function suitably differentiable in a
domain ©. If k € © is a simple root of f(x) =0 and an initial guess xq is sufficiently close
to k, then the iterative family (6.3.2]) converges to k with convergence order at least seven.

Proof. If a sequence of approximations, {x,} generated by an IM, converges to the zero k of
f with the R-order (> r) of this method, then we write

ent1 ~ Dy er, €, =2, — K, (6.3.3)

where D,, , tends to the asymptotic error constant D, of IM, when n — oo. Thus,

2

en+1 ~ Dy (Dp_1re;,_1) = Dy,D]_, el (6.3.4)

n—1,r-n—1-

Let the iterative sequences {w,} and {y,} have R-orders r, and ry, respectively. Therefore,

we obtain
_ T r ro__ 1 1
Cnw = Wn — K~ l)nﬂ”len1 ~ Dnﬂ‘l (anlﬂ“en—l) P = Dnﬂ”an—l,ren—h (635)
_ 2 r ry __ r2 T
enay =Yn — R Dnﬂ‘2€n ~ DnaT‘2 (Dn_lﬂ‘en—l) - Dn77"2Dn—1,'r6n—1‘ (636)

Using (6.3.5)), (6.3.6) and a lemma stated in Kansal et al.| (2016), we obtain

1+ %f/(/{) ~ 77Z)16n—1,wen—l,yen—l - @Z)an—l,ran—l,me:Llj_lm—i_la

(6.3.7)
fn + d2 ~ w2en71,wen71,yenfl - w2Dn71,r1Dn71,r2€;17+1r2+1~

In view of the proposed family of methods without memory ([6.2.8)), we have the following

error relations,

enw = (1+7f'())en + O(e}), (6.3.8)
eny = (L +7f'(#))(§ + da)e;, + Ofey), (6.3.9)
eni1 = o1(1+7f'(1)*(€ + da)e, + Oley), (6.3.10)

where ¢ = (2 + f'(k)7y)Eds + 2d3 — ds.
According to the error relations given by Equations (6.3.8)—(6.3.10]) with self-accelerating

parameters, v = v, and £ = &,, we can write the corresponding error relations for the

methods with memory (6.3.2)) as follows:

6”7?11 ~ (1 + 'Ynf/(/{))eny (6311)
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eny ~ (147 f'(r) (€ + d2)er, (6.3.12)

ent1 ~ Ga(1 4+ f'(r))*(&n + d2)ey, (6.3.13)

where ¢ = (2 + f/(K)Vn)End2 + 2d3 — d3 depending on iteration index since v, and &, are
re-calculated in each step. Now using (6.3.7) and (6.3.11))—(6.3.13), we get the following

relations:

Cnw ™ (1 + ’Ynf/(/{))en ~ wan_lﬂﬂlDn_17T2Dn_17Te:ltql+T2+lj (6314)
eny ~ (1+ Yo f (1)) (§n + d2)ei ~ ¢1¢2D371,r1Difl,rgDifl,reitﬁ%ﬂmﬂ, (6.3.15)

ent1 ~ G214+ Y f (k)2 (& + do)en ~ GobiinDE_ | D3| Di | e 3143243 (6.3.16)

Now, comparing the error exponents of e, 1 on the right hand sides of pairs: (6.3.5) with

(6.3.14])), (6.3.6) with (6.3.15) and (6.3.4)) with (6.3.16]), respectively, we obtain the following

system of equations:

rri—1r—1r1—1r9 =1,
Try — 2r — 21 — 2r9 = 2, (6.3.17)
r? —4r — 3r; — 3ry = 3.
Solving this system of equations, we get a non-trivial solution as 1, =2, ro =4 and r = 7.

Hence, we can conclude that the lower bound of the R-order of the proposed family with
memory ((6.3.2)) is 7. This completes our proof. O

Table 6.1: Test functions, associated zeros and the initial approximations ().

Function Real zero To
filz) =(z = 2)(z" + 2z + 1)e=! 2 1.925
folz) = e 72730 _ 1 3 2.90
fs(z) = sin(mz)e?’ Treose=1 4 glog(zsinz + 1) 0 0.05
falz) = e** =% —cos(a? — 1) + a3 + 1 —-1 —1.10
fs(z) = e 3 sinz + log(x2 + 1) 0 0.05

6.4 Numerical results

This section lays out the comparison of our families (6.2.8]), denoted by PM and (6.3.2)),
denoted by PM M with several existing schemes. The initial values of v (or v) and £ (or
&) are assumed to be chosen beforehand to begin with the computations. Also, a suitable

zo must be fixed.
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Table 6.2: Numerical outcomes for fi(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time
h(z)
Without memory
PM 1.1 x 1072 3.5x107° 2.4 x 1071 4.0308 0.0029
SM 4.6 x 1072 1.5 x 1073 1.8 x 10710 4.8888 0.0038
AM, - — — F -
CM 6.6 x 1072 1.8 x 1073 3.2 x 107 3.4574 0.0023
With memory
PMM 1.1 x 1072 2.0 x 1071 1.7 x 1077 6.9728 0.0131
AM, 3.8 x 1071 1.8 x 1072 7.0 x 10712 4.8678 0.0141
DM, — — - NC -
DM, 9.5 x 107! 7.7 x 1072 3.8 x107° 1.9871 0.0154
F- Method fails
NC- Not converging in desired iterations

Table 6.3: Numerical outcomes for fo(x).
Methods |z — K| |ze — K| |z — K| Pe CPU Time
fa(x)
Without memory
PM 5.3 x 1073 3.7x 1078 6.3 x 1072 4.0108 0.0027
SM - — — F -
AM, — — — F —
CM = = = NC -
With memory
PMM 5.3 x 1073 2.2 x 10712 6.5 x 107 6.9741 0.0093
AM, 5.2 x 1072 3.2x107° 4.6 x 1073° 6.6121 0.0100
DM, - — — F -
DM, - — - NC -

F- Method fails

NC- Not converging in desired iterations

We have taken 7 (or 79)= —0.1 and £ (or &)= 0.1 in our computations.

The following existing methods have been selected to facilitate comparisons with our meth-

ods:
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Table 6.4: Numerical outcomes for f3(x).

Methods |z1 — K| |ze — K| x5 — K| Pe CPU Time

f3(@)

Without memory

PM 7.7 %1076 4.4 x 1072 4.6 x 10782 4.0000 0.0084

SM 22x 107 14x107®  21x107™  4.0000 0.0120

AM, 39x107° 13x1077  1.9x10°  4.0000 0.0081

CM 2.3 x 107° 1.1 x10°%8 7.5 x 1077 4.0000 0.0069

With memory

PMM 7.7 x 1076 4.8 x 10738 7.5 x 107261 6.9199 0.0312

AM, 43x107% 12x10737 23 x10°2%  6.9946 0.0340

DM, 2.2 x 1075 7.3 x 1073 7.0 x 107232 6.9537 0.0379

DM, 1.2 x107° 3.6 x 10736 5.7 x 107248 6.9365 0.0344
Table 6.5: Numerical outcomes for fy(x).

Methods |z1 — K] |zy — K] x5 — K] Pe CPU Time

fu(z)

Without memory

PM 3.7 x 107 1.6 x 1072 6.7 x 10793 4.0000 0.0030

SM 1.4 x 107 2.5 x 1072 2.4 x 1078 4.0000 0.0054

AN, 9.0x 107"  1.2x107%  39x107  4.0001 0.0036

CM 23x 107 1.8x107"*  75x107  4.0000 0.0025

With memory

PMM 37x107%  3.0x107%  21x107?"  7.0152 0.0141

AM, 1.2 x 107 2.6 x 107% 6.1 x 10724 7.0303 0.0151

DM, 1.3 x 1075 2.9 x 107% 1.1 x 107243 7.0301 0.0168

DM, 1.3 x107° 2.8 x 1073 9.2 x 10724 7.0301 0.0199

1. Soleymani et al. method (SM) without memory (Soleymani et al., 2012¢):

Yn = Tpn — f(xn)

flon, wy)]

; Wp = Tp + ’Yf(l‘N)a € R\{O}v

s = - (122100 _(

flan, wn]

2f(wn) + o f (yn)

flan, wn]

) (5

;

(6.4.1)

x (1— VS [, wn) ) ae€R n=0,1,2....
24+ 27 flan, wy)]
We have taken a particular case for this family when o = 10 and v = —0.01.

123



Table 6.6: Numerical outcomes for f5(x).

Methods |z1 — K| |ze — K| x5 — K| Pe CPU Time

f5(x)

Without memory

PM L0x107"  3.6x107  6.1x107™  4.0000 0.0047

SM 3.8x107"  1.0x107"  56x107"  4.0003 0.0058

AM, 3.6 x107° 3.6 x 10717 3.5 x 10795 4.0000 0.0040

CM 1.6 x 1074 2.1 x 1071 5.4 x 1075 3.9999 0.0035

With memory

PMM 1.0 x 107° 6.6 x 10734 9.9 x 10723 6.9827 0.0169

AM, 26x107°  62x1073  45x1021  7.0310 0.0198

DM, 6.0 x 107° 6.9 x 10728 9.8 x 10719 7.0557 0.0200

DM, 1.3 x 107 3.2 x 10732 4.0 x 107220 7.0625 0.0192
Table 6.7: Numerical outcomes for fs(x).

Methods |z — K| |ze — K| |z — K| Pe CPU Time

fo(@)

Without memory

PM 7.5%x 1073 1.0 x 1073 3.8 x 1077 3.7581 0.0063

SM 1.4 x 1073 5.4 x 1077 8.8 x 10717 4.0239 0.0052

AM, — — — F —

CM 1.0 x 1073 1.7x 1078 8.8 x 10717 3.9915 0.0023

With memory

PMM 7.4 %1073 9.0 x 1078 8.8 x 10717 7.1919 0.0326

AM, 3.5 x 1074 1.7 x 10713 8.8 x 10717 7.7953 0.0178

DM, 8.3 x 1072 3.3x 1072 1.0 x 1072 1.8843 0.0282

DM, 4.4 %1072 2.5 x 1072 4.9 x 1073 1.0704 0.0296

F- Method fails

2. Cordero et al. method (AM;) without memory (Cordero et al., 2013c):

Yn

Tn4+1 = Yn — f[

:a’/‘n—

flan, wi]’

f(yn) f [T, wh]
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Table 6.8: Numerical outcomes for fr(x).

Methods |x1 — K| |xe — K| |xs — K| Pe CPU Time
fr(x)

Without memory

PM 1.1 x 1073 8.4 x 1071 3.0 x 10731 3.9999 0.0028
SM 8.6x107*  6.5x107*  3.0x107%  4.0001 0.0040
AM, 2.4 %1073 3.9 x 10712 3.0 x 1073¢ 3.9998 0.0023
CM 1.6 x 1073 6.6 x 10713 3.0 x 1073¢ 3.9998 0.0021
With memory

PMM 1.1 x 1073 5.2 x 10726 3.0 x 1073¢ 6.9718 0.0133
AM;y 8.5 x 1074 5.7 x 1072 3.0 x 1073¢ 6.8573 0.0151
DM, 2.5 x 1073 1.8 x107% 3.0 x 10731 6.9345 0.0159
DM, 1.6x107%  36x107*  3.0x107*  6.9245 0.0139

Figure 6.1: Basins of attraction for PM, SM, AM;, C' M, respectively for p;(z)
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Figure 6.2: Basins of attraction for PM M, AMs, DM, DM, respectively for p;(2)

3. Chun method (C'M) without memory (Chun) 2007g):

B f(zn)
Yn = Tpn — f/(ilf )7
; (x”) (6.4.3)
w1 = Ty — (1 2u?), n=0,1,2,...,
Tpy1 =X f’(xn)( +u+2u), n
where u = o)
4. Cordero et al. method (AM,) with memory (Cordero et all, [2015):
Y0, o, To are given, wo = 7o + Y0 (7o),
—1 —Nj (wy)
= n — dn n n)s n = ASar /N :172737"'7
Flxn) (6.4.4)
Yn = Tn — ’
fln, wa] + & f (wn)
f(yn)

Tyl = Yn — ,
I e n] + W — ) [T W, Y]

where N3 and N, are as defined in Section and vy = & = 0.1 are used in results.
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Figure 6.3: Basins of attraction for PM, SM, AM;, C' M, respectively for py(z)

5. Dzuni¢ method (DM, and DM,) with memory (Dzunid, [2013):

Yo, &0, o are given, wo = o + Yo f (7o),
__—1 — _ —Nj (w,) _
Y = Ni(z) Wy = Tp + Y f(20n), &n= N () n=1,23 ...,
f(@n) (6.4.5)
flzn, wn] + & f (wn)’
f(n)g(tn) o L)

Tn1 = Yn — f[yn,wn] I fnf(wn)’ n — f(xn)’

where N3 and N, are as defined in Section [6.3[ and 79 = & = 0.1 are used in results.

Yn = Tpn —

The particular functions are taken for the methods, which are g(t) = 1+t for DM,
and ¢(t) = 1/(1 —t) for DM,.

Further, Table displays some nonlinear functions (f; to fs5) used to carry out the com-
putations.

In addition, some real-life problems are also solved after transforming them to nonlinear
functions (fs and f7). The COC (p.) given in and the errors of approximations to
the desired roots (| @, — k |) for n = 1,2,3 of fi(z), t = 1,2,...,7 are outlined in Tables

6.2-6.8
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Figure 6.4: Basins of attraction for PM M, AMs, DMy, DMs, respectively for py(z)

Real-life problems: Next, we describe a few real-life problems together with the compu-

tational outcomes:

Example 6.4.1. Chemical reactor problem: As described in Example[2.4.3, the nonlin-
ear equation for the said problem is given as follows:
x 0.4(1 — 2)
=" _Blog—-—
fole) = 15 518 57 0
The desired root of (6.4.6) is k ~ 0.7573962462537538 and the numerical results are obtained
by taking xo = 0.775 in Table[6.7

+ 4.45977 = 0. (6.4.6)

Example 6.4.2. Multi-factor effect: As described in Example the nonlinear equa-

tion for the said problem is given as follows:

1
fr(x) :x—ﬁcosx—kg =0. (6.4.7)

The desired zero of (6.4.7) is k ~ —0.3090932715417949 and the numerical results are ob-
tained by taking xo = 0.1 in Table[0.8

Remark 6.4.1. It can be seen from Table[0.3 that for the function fi, AM; fails to give

solution and DM, requires more than & iterations to converge to the root. Also, PM M
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Figure 6.5: Basins of attraction for PM, SM, AM;, C' M, respectively for p3(z)

converges to the desired root with error of approximations much lower than AMsy and DMs.

For the function fo, SM, AM; and DM, fail to provide solution and CM and DMy do not

converge to the desired solution in 3 iterations which can be seen in Table [6.5
Furthermore, for functions fs, fy and f5, the proposed families PM and PM M converge

to the required root with minimum error as compared to the existing methods.

Remark 6.4.2. The proposed families and have been compared to some al-
ready existing methods and it can be seen from the computational results that the proposed
families give results in many of the cases where the existing methods fail in terms of COC
and errors as depicted in Tables[6.3-6.8 Our methods display a noticeable decrease in the

error in approximations as shown in above-mentioned tables.

Remark 6.4.3. From Tables and [6.8, one can observe that for the function fs, the
existing method AMy fails to converge. In addition, for the function f7, an obvious decrease

wn the order of convergence of the existing methods can be noticed.
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Figure 6.6: Basins of attraction for PM M, AMs, DMy, DMs, respectively for p3(z)

6.5 Basins of attraction

Now, we will study the dynamics of the proposed as well as some mentioned existing
methods by analyzing the behavior of their BoAs in the complex plane.

Table lists the average number of iterations (Avg_Iter) and percentage of non-
converging points (Pyc) of the methods to generate the BoAs. The initial approximations
for the accelerating parameters are taken to be 79 = —0.1 and & = 0.1 while plotting
the basins. We have considered the following test problems in order to demonstrate the
dynamical behavior of the methods:

Problem 6.5.1. Let us consider pi(z) = z? — 1 having roots +1 colored as green and pink,
respectively. The basins corresponding to the proposed methods and the mentioned existing
methods are shown in Figures[6.1 and[6.3. From Table[6.9, it can be seen that the proposed
methods, PM and PM M converge to root in less number of iterations. Also, from the figures,
it is observed that PM M converges to the root with no diverging points but the existing

methods have some points painted as black. In particular, SM has very small basins.

Problem 6.5.2. Next, we take py(z) = 23 — 1 having roots —1, 0.5 4 0.866i colored as pink,
yellow and green, respectively. F' igures and show the basins for ps(z) in which it can
be seen that SM, AM; and DM, have wider regions of divergence. Moreover, the average
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Table 6.9: Comparison of different methods without and with memory in terms of Avg_Iter

and Pyc.

Without memory methods  Awvg_Iter Pne With memory methods  Avg_Iter Pye

p1(2)

PM 3.0552 0.0067 | PMM 2.6643 0
SM 21.3618 0.8369 | AM, 2.5278 0.0002
AM, 3.3635 0.0001 DM, 4.3746 0.0753
CM 3.8199 0.0021 DM, 2.8281 0.0001
p2(2)

PM 5.8428 0.1062 PMM 4.8963 0.0456
SM 23.1283 0.9159 AM, 4.2219 0.0193
AM, 9.8161 0.1125 DM, 10.5985 0.3383
CM 6.3409 0.0452 DM, 5.1956 0.0070
p3(2)

PM 8.4306 0.2165 PMM 5.9777 0.0361
SM 23.7348 0.9430 | ADM> 6.3765 0.0224
AM, 10.2165 0.0663 DM, 17.1381 0.6309
CM 9.5562 0.1695 DM, 7.8478 0.0360

number of iterations taken by the proposed methods is less in each case in comparison to the

existing methods.

Problem 6.5.3. Lastly, we consider p3(z) = 2* — 1 having roots +1, 4i colored as pink,
green, yellow and orange, respectively. Figures and [6-6 show that SM, CM and DM,
have smaller basins. Although PM and PMM have some diverging points, yet they converge

in less number of iterations faster than the existing methods.

Remark 6.5.1. One can see from Figures[6.1H0.6 and Table[6.9 that the proposed methods
have larger BoAs in comparison to the existing ones. In addition, there is a marginal increase
in the average number of iterations per point of the existing methods. Consequently, through
the proposed methods, the chances of non-convergence to the root are very less when compared

to the existing methods.

6.6 Conclusions

We have proposed a new fourth-order optimal family without memory which is more
efficient than several optimal schemes existing in the literature as illustrated through our

computational results. Further, in order to increase the order of convergence, we have
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extended the proposed family without memory to the family with memory without the
addition of any new functional evaluation taking into consideration two self-accelerating
parameters. Consequently, the order of convergence has increased from 4 to 7. Numerical
results demonstrate that the proposed optimal family and its extension to memory are more
effective than the other methods of the same order at the point considered, as they are
converging to the root with higher rate. In addition, the proposed schemes give results in
many of the cases where the existing methods fail in terms of COC and errors. Moreover,
we have also presented the BoAs for the proposed as well as some existing methods, which
assert that the chances of non-convergence to the root are very less in the proposed methods

when compared to the existing methods.
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Chapter 7

A Robust Iterative Family for
Multiple Roots of Nonlinear

Equations

This chapter introduces an IM that exhibits an optimal fourth-order convergence rate,
ensuring rapid and accurate approximation in case of multiple roots. Unlike conventional
methods, the proposed algorithm can successfully converge even when the derivative is zero
or approaches zero in the vicinity of the desired root. This remarkable feature enhances the
applicability of the method, allowing it to handle situations where conventional methods fail
due to the presence of critical points such as the roots of f’(x) = 0. Its ability to converge even
in the presence of zero or near-zero derivatives significantly expands the scope of applications,

making it a valuable tool for solving complex problems in science and engineering.

7.1 Introduction

The previous chapters dealt with iterative schemes for determining simple roots of f(z) =
0. Locating its multiple roots with multiplicity m is one of the most important challenges
in science and engineering. We must therefore research numerical techniques in this regard.
The modified NM by |[Rall (1966]), one of the prime numerical methods to approximate a
multiple root k* with multiplicity m, is given by . It is quadratically convergent, but
the multiplicity m must be determined beforehand. Numerous higher order methods have
been developed by several authors to compute multiple roots by using weight functions or
NM as a starting step. The said methods need prior knowledge about the multiplicity m.

The contents of this chapter are published in Journal of Computational and Applied Mathematics
(Elsevier), 444, 115795, 2024 (SCIE, Q1, Impact Factor: 2.1)
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Some of the instances include methods by Victory Jr and Netal (1983); Dong (1982)
which are of order three. Each of the aforementioned methods necessitates three function
evaluations, along with two function evaluations and one derivative evaluation for every
iteration. Consequently, in light of Traub’s well-known conjecture regarding the optimal
order for methods without memory, the anticipated optimal convergence order for these
methods should be four rather than three. Recently, there has been a growing number
of optimal fourth-order IMs (see [Zhou et al.| (2011); Sharma and Sharma (2010)); [Li et al.
(2010)).

Inspired by the research in this area, an attempt has been made to present a new iterative
family that only requires three functional evaluations to attain convergence of optimal fourth-
order in accordance with the Kung-Traub conjecture (Kung and Traub| 1974). Numerous
numerical problems are analyzed using the proposed family along with comparisons with

some of the previous techniques to highlight our theoretical findings.

7.2 An optimal iterative family and its convergence

analysis

We consider an optimal family of IMs of order four for multiple roots having known
multiplicity m > 1 as follows:

P ——— f(@n)
AR (7.2.1)
! " L =20, ) \ f'(n) + £ (2n) P a) Htf(aa) )
forn =0,1,2,..., where a,t € R are free parameters, the weight function G : C — C is an

f(yn)
f(@n)
which its principal analytic branch has been considered (see|Ahlfors et al. (1966)) Therefore,

1
analytic function in the vicinity of the origin with u,, = ) " a multi-valued function for

the principal root of pu, is examined which is given as p, = exp[ log( o %)}, where
log(fgy” > log yn) E %) with 7r<arg(f§y”§ <

In the subsequent Theorem [7.2.1 we prove that the proposed family (|7.2.1)) reaches the
optimal convergence rate for all a,t € R.

7.2.1 Convergence analysis

Theorem 7.2.1. Consider a function f : 0 C C — C defined on a ball ® containing the
desired multiple zero k* € R having multiplicity m. Then, the sequence {x,},>o obtained

from family (7.2.1)) converges to k* with convergence order at least four giving the error
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relation,

1 1 "
o (0 + (P24 G'(0) + 40) +26(=5+ C(0) +Ga)eh + (=9 =m )

+ G"(0) + 8a)d; + 2mdy))er + O(el),

6n—&—l

where a,t € R, G is a weight function satisfying G(0) = 1,G'(0) = 2(1 — «), and dy, =

m) f(m+k) *) o
s L) k= 1,2,3,.

Proof. Let us consider k* to be a multiple zero having multiplicity m > 1. Now, by Taylor’s

series expansion, f(z,) and f'(z,) can be expanded about z = k*, obtaining

f(m)('%*) m 2 3 4 5
f($n> :Ten (]. + d1€n + dgen + d36n + d46n + O(en)) , (723)
and )
- (7.2.4)
+ d4efb) +O(e2),
respectively.

Upon using the expressions ((7.2.3)) and (7.2.4)) in (7.2.1]), we obtain

L1 1 1
Cny = Yn — K :E(t + dl)ei + ﬁ(t2 + 2td1 + (]_ + m)d% — 2md2)ei + E(t:s
+ (34 2m)td? + (1+ m)>d® — dmtdy + dy (3t2 — m(4 + 3m)dy)  (7:2:5)
+ 3m2ds)el + O(e?).

From the Taylor’s series expansion of f(y,) and expression ([7.2.5)), we get

(m) (*
f@@:i?%lﬁgu+m%g+@%y+@ay+@¢ﬂ+0@%», (7.2.6)

From expressions and ( -, we obtain

_ f(yn) i_l _L 2 m 2_ m e L

+mm%ﬂmﬁm+%ﬂﬁ+wﬁ#—mw+%w) 2(t
— Bmtdy + 3m?ds))ed + O(el}).

From (7.2.7)), the order of p, is linear, i.e., u,, = O(e,,). So, we can expand G(u) by employing

Taylor’s expansion in the vicinity of origin as
G(pn) =G(0) + p,G'(0) + w%ax)swﬂw)+m¢) (7.2.8)
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By using expressions ([7.2.3)—(7.2.5)), (7.2.7]), (7.2.8)) in the scheme (7.2.1)), we obtain

nit = (14 GO) (¢ + ) — — 5 [A(G(0) +2G(0)(~1 + ) + (1 +26/(0)

+ G(0)(=5 4 4a))d; + (1 4+m — 3G(0) — mG(0) + G'(0) + 2G(0)a)d?

L+ 2m(—1 + G(0))ds] b — 2—;3 [8(4 1+ G"(0) — da + G'(0)(—6 + day)

+2G(0)(3 — 6a + 4a?)) + t*((8 + 3G"(0) — 8 + 2G'(0) (=11 + 6

+ 4G(0)(6 — 1la+ 60%))dy) + (2 — 26G'(0) + 3G"(0) — 4a + 12aG'(0)  (7.2.9)
G(0)(31 — 52a + 24a?%) — m(2 + 4G’(0) + G(0)(—9 + 8a)))d? + 2m(2

- 4G’(O) G(0)(=9 + 8a))ds) + (=2 + 2m3(—1 + G(0)) — 10G"(0) + G"(0)

+4G"(0)a — m(4 — 11G(0) 4+ 4G'(0) + 8G(0)ar) + G(0)(13 — 20 + 8a?))d}

+2m(4 — 3m(—1+ G(0)) — 11G(0) + 4G"(0) + 8aG(0))d1dy + 6m*(—

+G( ))ds]en + O(el).

Taking G(0) =1, - ) becomes

1 2 3 1 3
nt = = —(=2+ G'(0) + 20)(¢ + dy)2el, — = [£(10+ G"(0) - 16a

+8a? + G'(0)(—6 + 4a)) + t*((32 + 3G"(0) — 52a + 24a* + 2G'(0)(—11
+60))dy) + t((33 — 26G(0) + 3G"(0) + m(7 — 4G'(0) — 8«) — 56

(7.2.10)
+ 12G/(0)ar + 240°)d; + 2m(—=T7 +4G'(0) + 8a)dz) + (11 — 10G'(0)
+ G"(0) + m(7 — 4G"(0) — 8a)) — 20a + 4G (0)ax + 8a?)d> + 2m(—7
+4G'(0) + 8a)dida | e, 4+ O(€)).
Further, taking G'(0) = 2(1 — «) in (7.2.10]), the final error equation becomes
—1
ni1 =5 ((t+d)(* (-2 +G" dor) + 2t(— g di+ (=9 —
Cnt1 2m3<< +dy)(t* (=2 + G"(0) + 4a) + 2t(—=5 + G"(0) + 6a)d; + (=9 — m (72.11)
+ G"(0) + 8a)d3 + 2mdy))et + O(e?),
which shows at least fourth-order convergence of ((7.2.1)) for m > 1. O

Remark 7.2.1. There are very few multiple root-finding methods of order four that work
when m = 1. Particularly, the schemes by |Shengguo et al. (2009) and |Zafar et al.| (2020)
work only when m > 2 and when m = 1, they fail. We will show that we have developed a

scheme in order to solve problems requiring multiple solutions working for m > 1 instead of
m > 2.

7.2.2 Some selective weight functions

Many methods of the family ((7.2.1)) can be formed for distinct choices of the weight function
G(pr,) which fulfill the conditions indicated in Theorem Here, some of them are listed:
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_ p<1 + (2 - 20‘)/%)

, where p, ¢ € R can not be simultaneously zero.

1202 - a)un
1+ 2p, 2

, where c € R.

7.3 Numerical results

This section lays out the comparison of our family with several existing schemes.
Numerical results have been computed by taking t = 0.5 and a = 1 for our methods.

We have made a careful selection of challenging problems, for which many numerical
methods encounter difficulties. First, we examined the oscillation problem, where certain
methods showed instability and fluctuating solutions. Next, we focused on the failure prob-
lem, where some methods failed to converge or produced inaccurate results. We also investi-
gated the issue of convergence to undesired roots, noting that certain methods struggled to
reach the desired root and instead converged to incorrect solutions. Another challenge we
encountered was the so-called 6 —12 potential problem, where certain methods exhibited slow
convergence or even divergence. Additionally, we explored the channel flow problem, which
required specialized methods to handle complex flow dynamics. The clustered roots problem
posed difficulties due to multiple roots in close proximity, requiring careful handling to accu-
rately locate each root. Finally, we addressed the challenge of high-order multiplicity, where
some methods struggled to handle roots with high multiplicities, leading to inaccuracies in
the computed solutions.

Many of the previous optimal Newton-like schemes locating the multiple roots having

order four are taken into consideration which are described as follows:

1. Li et al. method (LM;) (Shengguo et al., 2009):

_2m flza)
"om 42 ()]
f(wn)  baf'(zn) +b3f (yn)

Yn =T
(7.3.1)

Tp+1 = Tp — bl

2
where bl =m — mT’ b2 = —%, and b3 == W
m

m—+2
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2. Li et al. method (LM,) (L1 et al., 2010)):

2m  f(xy)
Yn = Tn — — )
m A2 (@) (7.3.2)
) e
" ) baf () + bsf ()
where .
; 1 (miﬂ) m(m* + 4m3 — 16m — 16)
D) m? —4m + 8 ’
o (m3 — 4m + 8)?
2T m(mt 4 Amd — Am2 — 16m + 16)(m2 + 2m — 4)’
b m2(m3 — 4m + 8)
T (G25) " (mt 4 4m® — 4m? — 16m + 16)(m? + 2m — 4)
3. Soleymani and Babajee method (SB;) (Soleymani and Babajee| 2013):
2m  f(z,)
Yn = Tn — ——5 7, )
m+2f(wn) (7.3.3)
Amp™ f(x,)S1

T T i — )y () — R F ()

7' (m) ? 1) ’
where §; = —5=(m — 2)m3p—" <Tz:) — pm_1> — 1000 (Jc,(g") — pm_1> +1and p=
mie

4. Soleymani and Babajee method (5B,) (Soleymani and Babajee| 2013):

_ 2m  f(x,)
o = En m+2 f'(x,)’
a2 ()

b1 = Tn ¥ (m? + 2m — D () — m2 " (ya) |

where p = 05,

5. Sharma et al. method (SM;) (Sharma et all 2019):

B f(wn)
yn - xn - —7
Sp — Wy + mw, — m2s,w, + 2ms,w,\  f(zn) s
Tn = UYn — )
=Y —ms, +s2 + 1 flon, 5]

3=

where v, = z,, + Bf(x,), $n

Il
/N
=
—|=
8|

ENE
NV N
N——
3

g

3

|
VS

—;Egz;) and § = 0.5.



10.

Sharma and Sharma method (SM;) (Sharma and Sharmal, 2010)):

_, __2m flz.)
I T 2 ()
Trg1 = T — % ((m3 —dm +8) — (m +2)? (m”l Q)m];((z:; (2(m 1)

-+ 9(35) 05) ) ey
Sharifi et al. method (SMs) (Sharifi et al., 2012):

2m  f(xy)
Tp — m—i—2f’($n)7

Yn =

P ey Flon)
(st (e ) o) )

where p = 1.

1
Tpy1 = T, + (Z—lm(m2 +2m —4)

Zafar et al. method (ZM,) (Zafar et al., 2020):

= 1) — f,(xn) |
2m? Tn,
Tyl = Tp — <m + mu, + p— 11}2 + 32.61);;) ;/((xn)),

f’(yn)> =
)

Zhou et al. method (ZM,) (Zhou et al., [2011):

B 2m  f(x,)
T w2 )

where v,, = (

o — @(mg(m + 2)2m<f’(yn))2 om(m +3) (m + 2)’“]"(%%

8 m f'(@n) m ) f(xn
+ (m® 4 6m” + 8m + 8)) J{((ZZ))
Zafar et al. method (ZMs) (Zafar et al) 2020):
Y = Tp — (M + 50f(xn)m);/(é’;)),
o (s 40 65

1
f’(yn)) et

where v,, = ( )
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We display in Table our proposed methods which have been named as PM;, PM, or
PMj according to the weight function used.

Table 7.1: Our proposed methods.

Weight function G/(,,) Parameter values Method
1+ (2 — 2a)1, - PM,
1+(2-2
p(1 + 2@)%) p=1g=1 PM,
D+ quy,
14+2(2—a)u, fe 1 P,

1+ 2u, + cu?

In Tables we have displayed errors in the consecutive approximations |z, 1 — 2|
and the computational order of convergence (see |Jay| (2001)) (denoted by p.). We have also
included CPU time for all the methods considered.

We have selected the following numerical examples:

Example 7.3.1. Oscillatory approximations: Oscillation in IMs refers to a phenomenon
where the computed solutions alternate between different values without converging to a sta-
ble result. It can occur due to poor initial guesses, ill-conditioned systems, or inappropriate

iteration parameters. We take into consideration the following problem:
fi(z) =sinz = 0.

Although, the said equation acquires infinite roots in number having multiplicity one, our

desired zero being k* = —m. After comparing the new methods with existing ones taking
initial guess as ro = —1.6, we display the numerical results in Table [7.3. In many cases,

this test problem gives an oscillatory conduct. Furthermore, the variants of NM on the said
problem do not work, in general, even when the initial point is very near to the desired
solution. But our methods do not exhibit this kind of behavior. We note that the methods
LMy, LMs, SBy, SBy, SMy, SMy, SM3 and Z M, converge to the undesired roots —18.8496,
0, 3.4872 x 107, 728.8495, —9.4248, —21.9911, —2070.3096 and —28695.3073, respectively.
Also, the methods Z M, and ZMjz diverge.

Example 7.3.2. Failure problem: When the first derivative is zero at any stage of an
iterative process, usually a failure problem arises. This condition leads to a flat or plateau-
like region, preventing further progress towards the solution. Then, some special techniques

like our methods are needed to address this challenge and resume convergence. The following
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Table 7.2: Numerical outcomes for fi(x).

Methods To — T1| |z — 29| |zy — 23] Pe CPU Time
fi(z)

LM, - - — UR —
LM, - - — UR —
S By - — — UR —
S By — — — UR —
SM, - - - UR -
S M, - - — UR —
SM; - - — UR =
Z My — — — D —
Z M, — — — UR -
Z Ms — — — D —
PM, 3.3 x 1071 1.2 x 1073 1.0 x 1071 4.1852 0.003
PM, 3.7%x 107! 5.3 x 1073 6.5 x 10~ 4.3230 0.004
PMs; 4.8 x 1071 5.0 x 1072 4.2 x 1077 5.5106 0.003

UR—Convergence to undesired root
D—Divergent

problem s therefore taken in this context:

The said equation has roots, finite in number having multiplicity three each, but the root
which we have considered is k* = 0.11183255915896296483356945682026584. It can be seen
i Table that for the initial guess o = 1, all the previous methods mentioned, fail
to converge to the desired solution. The reason being that the function has its first-order
deriwative equal to zero at the required root, but to guarantee convergence of Newton’s like
methods, the derivative must be non zero in a vicinity of the desired solution. Nevertheless,

after a finite number of iterations, our methods converge to the desired solution.

Example 7.3.3. Divergence or convergence to undesired roots: Divergence or con-
vergence to an undesired root is a significant issue in IMs. It occurs when the iterations
fail to converge towards the desired solution and instead approach a different undesired root.
This may be due to poor initial guesses, ill-conditioned problems, or inappropriate conver-
gence criteria. However, such behavior is not displayed by our methods.

The following Van der Waals equation (see|Chapra and Canale (2015)) of the ideal gas
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Table 7.3: Numerical outcomes for fo(x).

CPU Time

Methods Ty — T7| |zg — w5 |T10 — 9|
fo(x)

LM, - - -
LM, - - -
SB;y — — —

S B, — — —

S M, — — -

S My — — —
SMs — — -
ZM, . . -

Z M, — — —
ZM, - - - F -
PM, 7.9 x 1073 2.6 x 107133 2.9 x 10731 4.0000 0.016
PM, 1.3 x 1073 41 % 10712 3.8 x 10746 4.0000 0.027

PM; 6.2 x 1074 2.0 x 10713 2.4 x 1075 4.0000 0.036
F—Method fails to converge to the desired root

s
)

eSS BLES BRRES e S B S HLES ILES BE S
|

1s the subject of the third illustration,

2
<P1 + a2 ) (Vi —nby) = nR, T,

which details the behavior of a real gas under certain conditions, where a; and by are two
known constants. For specific values, the volume Vi can be computed upon finding the solution

for the nonlinear equation given as
f3(z) = 2* — 5.222% + 9.082x — 5.2675 = 0.

The concerned multiple zero taken is k* = 1.75 with m = 2. Table includes the
corresponding data taking initial guess as xg = 1.735. We can see that our methods PM,
PM; and PMj3 converge to the desired root with far fewer errors than other existing methods.
Furthermore, the methods LM, and SBs both converge to the undesired root 1.72. On the
other hand, the methods LMy, SMy, SMs, ZM, and ZMs diverge, while the methods S B,

SMy and Z M, show a very slow convergence to the desired root.

Example 7.3.4. Potential problem: In the fourth example, the problem of Lenard-Jones
potential, known as the 6 — 12 potential has been outlooked (see Ozyapzcz et al.| (2014))). The

said problem examines the interaction in between two neutral atoms or molecules in atomic
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Table 7.4: Numerical outcomes for f3(x).

Methods To — T1| |zg — 29| |zy — 23] Pe CPU Time
f3(x)

LM, - - - UR —
LM, . . . D .
SBy 3.8 x 10V 5.4 x 1073 2.3%x107° 0.6259 0.001
S B — — — UR —
SM, 1.0 x 1071 9.1x1073 3.1x107° 1.8508 0.001
SM, - - - D -
SMs — — — D —
Z My — — — D —
Z M, 1.7 x 1071 2.2 x 1072 5.3 x 1074 1.3913 0.001
7 M - - - D .
PM, 8.6 x 1073 2.6 x 1073 2.4 %1077 3.9540 0.002
PM, 9.99 x 1073 3.8 x107° 2.5 x 10714 3.7074 0.002
PMs; 2.6 x 1073 3.5 x 1077 1.9 x 1072 3.9419 0.001

UR—Convergence to undesired root

D—Divergent

physics and physical chemistry described through the function,

Vi) =V ((f)” - (f)6> ,
x x
where x is the distance in between both particles (measured from the center of one to that
of another particle), s is the position where the particle interaction becomes zero and Vj
represents depth of the potential. We are concerned only about the minimum distance, which
is determined after solving the equation V'(x) = 0 because the Lenard-Jones potential reflects
the potential energy of contact between two nonbonding atoms or molecules dependent on their
distance of detachment. This means getting the root of the nonlinear equation:

812 6

S

The ezact minimum value k* = 26 with multiplicity 1 is obtained for s = 2. Taking
initial guess xo = 1.9, the obtained results are displayed in Table [7.5. It can be seen that
under these conditions, the methods SBy, SMy, ZM; and ZMjs diverge. Also, the method

Z My displays a very slow convergence to the desired root.
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Table 7.5: Numerical outcomes for fy(x).

Methods |zo — 21| |z5 — X9 |zy — 23] Pe CPU Time
fa(z)
LM, 9.5 x 1072 2.4 x1073 1.5 x 107? 3.4210 0.002
LM, 1.2 x 107t 2.0 x 1072 3.3 x107° 2.4911 0.001
SBy — — — D —
SB, 1.3 x 107! 2.1 x 1072 3.5 x 1075 2.5209 0.002
SM, — — - D =
S M, 1.1 x 1071 8.0x 1073 3.6 x 1077 3.0602 0.001
SMs; 1.2 x 107t 1.6 x 1072 1.2 x107° 2.6616 0.002
Z M, — — — D —
Z M, 1.3 x 107! 3.3 x 1072 2.9 x 1074 2.1862 0.002
Z Ms — — — D —
PM, 9.7 x 1072 2.6 x 1073 2.3x107° 3.4019 0.002
PM, 1.1 x 107t 5.4 x 1073 9.4x 1078 3.1031 0.002
PM; 1.0 x 1071 4.3 %1073 4.0x 1078 3.1425 0.002
D—Divergent

Table 7.6: Numerical outcomes for f5(x).
Methods |z — 21| |zg — x| |zy — 3] Pe CPU Time
f5(x)
LM, 1.7 x 107 2.5 x 10713 1.2 x 1078 3.9995 0.003
LM, 2.6 x 1072 7.6 x 1073 2.9 x 1075 11.2100 0.003
SBy — — — D —
S By 6.9 x 1073 1.8 x 107° 9.0 x 10716 3.9121 0.003
SM, — — — D —
S My 8.5 x 1074 1.1 x107° 2.9 x 10733 3.9968 0.004
SM; 5.7x 1073 6.8 x 107° 1.4 x 10717 3.9370 0.005
Z M, — — — D —
Z M, 2.0 x 1072 3.1x1073 1.4 x 1076 3.1577 0.004
Z M, . . . D .
PM, 1.3 x107* 1.1 x 10713 5.9 x 10759 4.0002 0.004
PM, 7.9 x 107 2.1x 107" 2.5 x 10772 3.9995 0.005
PM; 2.6 x 1074 3.4 x 1071 6.2 x 10799 4.0002 0.009

D—Divergent



Table 7.7: Numerical outcomes for fg(x).

Methods |zg — 21| |z — 29| |zy — 23] Pe CPU Time
Jfo(x)
LM, 2.9 x 1072 8.5 x 1076 8.9 x 10720 3.9229 0.005
LM, 3.7 x 1072 4.1 x 1075 1.2 x 10716 3.8567 0.011
SBy — — — D —
SBy 3.6 x 1072 3.5x107° 5.7 x 10717 3.8709 0.014
SM, — — — D —
S M, 3.1 x 1072 1.4 x107° 7.2 x 10719 3.9101 0.009
SMs 3.4 %1072 2.5 x 1075 1.2 x 107Y7 3.8859 0.012
Z M, — — — D —
Z M, 4.1 x1072 7.5 x 1075 1.8 x 10715 3.8281 0.005
Z Ms — — — D —
PM, 1.9 x 1072 1.7x 1076 1.5 x 1072 3.9545 0.009
PM, 3.6 x 1072 3.4 x107° 4.8 x 1077 3.8704 0.006
PM; 3.1 x 1072 1.7 x 107° 3.3 x 10718 3.8891 0.007
D—Divergent

Table 7.8: Numerical outcomes for f7(x).
Methods |ze — 21| |zg — 2 |zy — 3] Pe CPU Time
fa(x)
LM, 2.6 x 1073 2.2 x 10710 1.1 x 1073 3.9982 0.007
LM, 2.6 x 1073 2.2 x 10710 1.1 x 10738 3.9982 0.004
SBy 2.5 x 1073 1.8 x 10710 5.6 x 107% 3.9983 0.008
S By 2.5x 1073 1.8 x 10710 5.6 x 10737 3.9983 0.006
S M, 1.2 x 1072 1.3 x 1076 3.4 x 10712 1.3914 0.003
SM, 2.6 x 1073 2.2 x 10710 1.1 x10°% 3.9982 0.012
SM; 2.5 x 1073 1.9 x 10710 6.5 x 1073 3.9983 0.007
ZM, - - . D -
Z M, 2.6 x 1073 2.2 x 10710 1.2 x 10738 3.9982 0.011
Z Ms — — — D —
PM, 9.0 x 1074 7.4 x 10713 3.3 x 1074 3.9997 0.006
PM, 1.4 x107? 8.6 x 10712 1.2 x 107 3.9992 0.004
PM; 1.3 x 1073 6.4 x 10712 3.8 x 1074 3.9992 0.005

D—Divergent



Table 7.9: Numerical outcomes for fs(x).

Methods |zo — 21| |zg — 29| |zy — 23] Pe CPU Time
fs()

LM, 2.1 x 107 6.1 x 1071° 4.5 x 1077 3.9999 0.009
LM, 2.1 x 1074 6.1 x 1071° 4.5 x 1077 3.9999 0.002
S B, 2.1 x107* 5.9 x 10715 3.8 x 107°7 3.9999 0.001
SB, 2.1 x107* 5.9 x 10715 3.8 x 107°7 3.9999 0.001
S M, 1.6 x 1073 1.6 x 107° 5.2 x 10718 1.4141 0.031
S M, 2.1 x 1074 6.1 x 1071° 4.5 x 1077 3.9999 0.002
SM; 2.1 x 1074 5.9 x 10715 3.9 x 107°7 3.9999 0.002
ZM, — — — D —
Z M, 2.1 x 107* 6.1 x 10715 4.5 x 107°7 3.9999 0.002
ZMs — — — D —
PM, 5.3 x 107 5.2 x 10718 4.7 x 10770 4.0000 0.002
PM, 1.1 x 107 2.5 x 10716 6.3 x 10793 4.0000 0.002
PM; 1.0 x 1074 1.8 x 10716 1.9 x 10763 4.0000 0.001

D—Divergent

Example 7.3.5. Chemical reactor problem: Here, we consider a problem of fractional
conversion in a chemical reactor, described by the following equation (see Shacham (1986)):
x 0.4(1 —x)

—_— 0 _—

0.4 — 0.5z

In this context, the fractional conversion of quantities within a chemical reactor is repre-

+4.45977 = 0.

sented by the variable x. The aforementioned fractional conversion lacks physical significance
if x falls below zero or exceeds one. Therefore, x must be constrained within the interval [0, 1].
The target root is approximately k* =~ 0.7573962462537538. A comparison of the newly de-
veloped methods with existing techniques, using an initial guess of xqg = 0.73, is presented in
Table [7.6, It is important to note that the methods SBy, SMy, ZMy, and ZMj also exhibit

divergence in this scenario.

Example 7.3.6. Channel flow problem: In this example, we consider a problem of open
channel flow (see |Rehman et al.| (2021)), which involves finding the depth of water in a
rectangular channel which is represented by the following nonlinear equation:

f(x>:\/§bx< b )3_F:07

n b+ 2x

F being the water flow given by F' = @T%, n is the Manning’s roughness coefficient, s is

the slope, r is the hydraulic radius and b is the width of the channel. The following equation
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is obtained if the parameter values are as F = 14.15 m3/s, b = 4.572 m, s = 0.017 and
n = 0.0015:

~ 0.5961x ( 4.572x

2

3
_ 1415 =0.
Jo(*) = 50015 \a5m2 5 29[,-)

The desired solution being k* = 0.13839748098511792. For the initial quess xo = 0.4, the
numerical outcomes are displayed in Table [7.7. In this case, the methods SBy, SMy, Z M,
and Z Mj diverge.

Example 7.3.7. Clustered roots problem: In this example, a problem with clustered

roots is considered, which was previously examined by |Zeng (2005), given as
fr(z) = (z — D)z — 2)P(x — 3)%(x — 4)° = 0.

fr has four zeros x = 1,2,3 and 4 having multiplicities twenty, fifteen, ten and five,
respectively. However, the desired root taken here is x = 1, with multiplicity 20. Table
details the numerical outcomes of the methods with initial guess xo = 0.8. We note that the
methods Z M, and ZMs diverge in this case too, and the proposed methods provide the lower

Errors.

Example 7.3.8. High-order multiplicity: In the final example, a classic academic prob-

lem 1is taken, given by the equation:
fs@) = (- 1> = 1)"" =0,

fs has a root x = 2 having multiplicity 100. Table details the obtained computed
results with xog = 2.1. The proposed methods PM,, PMs and PMsj converge to the desired
solution with error as minimum when compared to the previous methods. In this example,
we have again that the methods Z M, and Z M diverge.

Remark 7.3.1. The numerical outcomes in Tables[T.3-H7.9 clarify that our methods PMj,
PMsy and PM;s perform better compared to other existing methods, since they provide lower
absolute errors. Furthermore, many of the considered methods for comparison failed to con-

verge to the root when f'(k*) = 0.

Remark 7.3.2. In all the eight problems, our methods show consistent behavior, whereas the
existing methods do not exhibit this behavior. The existing methods either fail to converge,
converge to undesired root, diverge or show slow convergence to the root. Therefore, our
methods can be considered superior in this regard as they give results in many of the cases

where the existing methods do not work.
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7.4 Conclusions

A new family of methods iterative in nature, has been developed, exhibiting an excep-
tional performance with optimal fourth-order convergence for multiple roots. Notably, they
demonstrate a remarkable convergence even in scenarios where the derivative of the function
is zero or extremely small around the desired zero. Additionally, our methods successfully
overcome various challenges that commonly arise in root-finding algorithms. By overcom-
ing challenges such as oscillation, failure, and convergence to undesired roots, our methods
provide robust and reliable solutions. Furthermore, our methods have proven their versa-
tility and applicability in diverse problem domains, including the 6 — 12 potential problem,
a channel flow problem, a clustered roots problem, and high-order multiplicity problems.
Thus, our methods are highly valuable tools for researchers and practitioners in fields where
an accurate root determination is crucial. The robust convergence properties, coupled with
their versatility and ability to handle complex scenarios, position our methods as reliable

and efficient options for root-finding tasks across diverse domains.
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Chapter 8

An Iterative Method for System of

Nonlinear Equations

This chapter deals with introducing an extension of a family for scalar equations to
solve system of nonlinear equations. To validate the effectiveness of the proposed methods,
multiple numerical examples are provided, demonstrating their convergence properties and
efficiency in comparison to well-established iterative techniques. The results illustrate that
the new methods outperform traditional approaches in terms of iteration count, accuracy,
and computational complexity. In particular, the numerical experiments highlight how these
iterative schemes successfully navigate issues such as slow convergence and sensitivity to
initial conditions, which are common challenges in solving nonlinear systems. The current
approaches to solve the system of nonlinear equations can be seen as being expanded upon

and generalized by these new iterative techniques.

8.1 Introduction

The resolution of equations is a long-established topic within the realms of science and
engineering, holding significant relevance in various applications. Given this context, a vast
array of iterative methods has been developed for addressing scalar nonlinear equations.
However, it is important to recognize that many of these methods are not applicable to their
corresponding systems. Even when such extensions are feasible, several critical factors must
be taken into account. Consequently, there exists a limited number of practical iterative
methods in this domain. Furthermore, it is noteworthy that while some scalar iterations

can be adapted, the resulting increase in computational complexity renders them of little

The contents of this chapter are communicated in a well-reputed journal.
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practical value. This issue has been extensively examined in the literature.

Consider a nonlinear function F : ® C R¥ — R* having at least, second-order Fréchet
derivatives and continuity on ®. We determine a vector kK = (K1, K, . .., k) for I such that,
F(k) =0.

As discussed earlier, a fundamental approach for addressing the system of nonlinear
equations F'(x) = 0 is NM given in . However, it requires the computation of
Jacobian matrix, which can be computationally expensive, motivating the development of
derivative-free or quasi-Newton approaches.

Various one-point methods, including Chebyshev and Halley, have been adapted to their
respective system versions, achieving a convergence order of three. However, these methods
rely on the first and second Fréchet derivatives, necessitating k? and k% functional evaluations,
respectively. Conversely, significant efforts have been made to develop methods that do not
depend on the second Fréchet derivative while still attaining a convergence order of three,
although these methods are not classified as one-step methods. More recently, multipoint
and hybrid methods have gained attention for their ability to accelerate convergence while
reducing computational cost.

Inspired by the research in this area, this chapter introduces an extension of a family
of iterative methods initially designed for scalar equations, adapting them to solve systems
of nonlinear equations. The newly proposed methods generalize existing approaches by
incorporating modifications that improve convergence behavior and computational efficiency.
To assess their effectiveness, multiple numerical experiments are conducted, demonstrating

their superior performance in comparison to conventional methods.

8.2 An iterative method and its convergence analysis
We consider the following iterative scheme to find roots of system of nonlinear equations:

—1
Y = ) _ ( F(aj(n))) Fz™),
» (8.2.1)
L) — () _ <[y<n>,x(n>; F]) Fz™),

where [y™, 2(™); F] is a divided difference of first-order.
Now, we will prove that our scheme attains third order of convergence. In order
to clarify its proof, we recall some notions and results introduced in (Cordero et al.| (2010a)).
Let F: ® C R* — R* be sufficiently differentiable in ©. The ¢'* derivative of F at u €
R¥, g > 1, is the g-linear function F(@ (u) : R¥x...x R¥ — R* such that F@ (u)(vy,...,v,) €
R¥. Tt is easy to observe that

1. F@Ou)(vy,... v, 1,") € LRF)
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2. FOu)(vo1)s - Vo(q) = FO(u)(vy,...,v,), for all permutation o of {1,2,...,q}.
From the above properties, we can use the following notations:
(a) FO(u)(vy,...,0,) = FOu)vy ...,
(b) F@(u)wi ' FPyp = F@) () F®)(y)patP-1,

On the other hand, for k + h € R* lying in a neighborhood of a solution & of F(z) = 0, we
can apply Taylor’s expansion and assuming that the Jacobian matrix F’(k) is nonsingular,

we have
p—1

h+)  Dyh?

q=2

F(k +h) = F'(k) +O(hP), (8.2.2)

1

where D, = —l[F’(n)]*lF(q)(n), q > 2. We observe that D,h? € R¥ since F(9 (k) €
q!

L(R* x ... x R¥ R*) and [F'(7)]* € L(R*). In addition, we can express F” as

p—2

I+ qD.he™!

q=2

F'(k+h) = F'(2) + O(hP™1), (8.2.3)

where I is the identity matrix. Therefore, ¢D,h?' € L(R). From ({8.2.3)), we obtain
[F'(k+h)] 7' = [I 4+ Xoh+ X3h* + Xyb' + ] [F'(K)] 7" + O(RP), (8.2.4)

where
Xo = —2D,,

X3 — 4D% - 3D3,
Xy = —8D3 + 6DyD3 + 6D3Dy — 4D,

and so on. We denote e, = 2™ — k, the error in the k' iteration in the multidimensional
case. The equation
€nt1 = Meﬁ + O(GQ—H),

where M is a p-linear function, M € L(R* x ... x R*¥ R¥), is called the error equation and

p is the order of convergence. Observe that e, is (en, en, ..., €n).

8.2.1 Convergence analysis

Theorem 8.2.1. Let F : ® C R™ — R” be a sufficiently differentiable function in an open
neighborhood ® of its zero k. Let us suppose that F'(x) is continuous and nonsingular in K
and the initial guess %) is close enough to k. Then, the iterative scheme defined by (8.2.1))

attains maximum third-order of convergence.
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Table 8.1: Numerical outcomes for Example |8.3.1
Methods n | F(z™)]| |z — 2™ n CPU
Timing

1 2.7 x 1072 1.4 x 1072

HM 2 1.1 x 1078 5.5 x 107 3.6234 0.0183853
3 8.4 x107% 4.2 x 1072 3.1473
1 2.7 x 1072 1.4 x 1072

FSM 2 1.1 x10°8 5.5 x 107 3.6234 0.0200469
3 8.4 x 107% 4.2 x 1072 3.1473
1 2.7 x 1072 1.4 x 1072

MNM 2 1.1 x 1078 5.5 x 1079 3.6234 0.0203486
3 8.4 x107% 4.2 x 1072 3.1473
1 2.7 x 1072 1.4 x 1072

NSM 2 1.1 x 1078 5.5 x 1079 3.6234 0.028271
3 8.4 x107% 4.2 x 107 3.1473
1 6.2 x 1072 3.2 x 1072

CLM 2 2.6 x 1077 1.3 x 1077 3.8913 0.0178618
3 2.1 x 107 1.1 x 107 3.1474
1 1.7 x 1072 8.5 x 1073

OM 2 4.5 x 107 2.3 x 107 3.3350 0.0250707
3 2.3 x107% 1.2 x 1072 3.089

Table 8.2: The abscissas t; and weights w; by Gauss Legendre quadrature formula.

t

wj

© 00 1 O Ut = W NN S,

—
]

0.01304673574141413996101799...
0.06746831665550774463395165...
0.16029521585048779688283632...
0.28330230293537640460036703...
0.42556283050918439455758700...
0.57443716949081560544241300...
0.71669769706462359539963297...
0.83970478414951220311716368...
0.93253168334449225536604834...
0.98695326425858586003898201...

0.03333567215434406879678440...
0.07472567457529029657288816...
0.10954318125799102199776746...
0.13463335965499817754561346...
0.14776211235737643508694649...
0.14776211235737643508694649...
0.13463335965499817754561346...
0.10954318125799102199776746...
0.07472567457529029657288816...
0.03333567215434406879678440...
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Table 8.3: Numerical outcomes for Example |8.3.2
Methods n |1F(z™))| |z +D — ()| n CPU
Timing

1 5.8 x 107° 1.2 x107°

HM 2 1.7 x 10717 3.6 x 10718 2.8844 0.140692
3 4.7 x 107% 1.0 x 107 2.9970
1 3.6 x 107° 7.6 x 1076

FSM 2 2.3 x 10718 5.0 x 10719 2.8949 0.154874
3 8.0 x 1078 1.7 x 1078 2.9930
1 5.8 x 107° 1.2 x 107

MNM 2 1.7 x 10717 3.6 x 10718 2.8844 0.153137
3 4.7 x 107% 1.0 x 107 2.9970
1 2.7 x 107° 5.7 x 1076

NSM 2 7.8 x 107" 1.7 x 10719 2.8923 0.235745
3 2.0 x 1075 4.3 x 10790 2.9988
1 5.4 % 1075 1.2 x 107

CLM 2 1.3 x 1077 2.8 x 10718 2.8867 0.150185
3 2.0 x 107 4.2 x 10756 2.9987
1 2.7 x 107° 5.7 x 1076

OM 2 7.8 x 107 1.7 x 10719 2.8923 0.291461
3 2.0 x 107 4.3 x 10790 2.9988

Proof. Let e, = 2™ — K be the error of the n'* iteration. Developing F(z™) and F'(z(™)

in a neighborhood of K, we write

F(z™) = F'(k) [en + Dae? + Dye3 + O(ep)] (8.2.5)
and
F'(z) = F'(k) [I +2Dse, + 3D3e’ + O(e2)] (8.2.6)
1
where [ is the identity matrix of size n x n and Dy, = EF’(R)”F(")(R), k > 2. Inversion of
F'(z(™) yields .
Fl(z™)™ = [I + Xye, + Xoe2] F'(k)71, (8.2.7)

where X; = —2D, and X, = 4D3 — 3Ds. By replacing these expressions in the first step of

(8.2.1), we obtain
Y™ — k= Dye? — 2(D2 — Ds)ed + O(el). (8.2.8)
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Table 8.4: Numerical outcomes for Example |8.3.3
Methods n |.F (2| |z +D — (™) n CPU
Timing
1 8.4 x 107 2.4 x 1072
HM 2 6.8 x 10712 9.5 x 10710 3.2781 3.33992
3 8.2 x 1073 1.1 x 1073 2.9647
1 1.7 x 1073 3.8 x 1072
FSM 2 8.7 x 10711 1.4 x 1078 3.1324 3.97881
3 6.1 x 1073 6.1 x 10°28 3.0077
1 8.4 x 1074 2.4 x 1072
MNM 2 6.8 x 10712 9.5 x 10710 3.2781 4.13904
3 8.2 x 1073 1.1 x 1073 2.9647
1 2.2 x107° 4.1 x 1073
NSM 2 2.2 x 1074 2.1 x 10712 3.0648 6.13112
3 6.8 x 10742 3.7 x 10740 2.9923
1 5.5 x 107° 1.0 x 1072
CLM 2 6.1 x 10713 6.3 x 1071 3.1105 3.39971
3 3.4 x 10737 1.8 x 107% 2.9913
1 2.8 x107° 3.0x 1073
OM 2 1.0 x 10714 8.1x 10713 3.0289 5.34322
3 2.9 x 10743 1.5 x 1074 3.0021
Therefore, we have
F(y™) = F'(k) | Dac? — 2(D§ = Dy)el + O(el). (8.2.9)
and
Y™, 2™ F| = F'(k) [1 + Dye, + (D2 + Dy)é? + O(ef;)} . (8.2.10)
Inversion of [y™, 2(™); F] yields
[y™, 2™ F] 7t = [1 — Daey, — Dsell + O(ei)} Fl(k)™. (8.2.11)
Adopting the expressions (8.2.5) and (8.2.11)), we obtain
[y("),a;("); F]’lF’(:U(")) =e, — D33 +0(e). (8.2.12)
Finally, using the expression (8.2.12)) in the second substep of (8.2.1)), we get
(n+1) — (n) (). =17 ..(n)
x —K=e€, — ,o F T F (o
b R (8.2.13)
= Die + Ofey).
Hence, the iterative method (8.2.1)) has third-order convergence. O
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8.3 Numerical results

Based on the theoretical results, we performed a computational analysis to demonstrate
their practical significance. Our proposed method is denoted by OM and we choose some

third-order existing schemes for comparison:

1. Homeier method (H M) (Homeier} 2004)):

1
() —g() _ 2 ()1 )y
y S (@) (™) 83.1)

D) =g ()T p (),

2. Frontini and Sormani method (F'SM) (Frontini and Sormani} 2003; Cordero et al.,
2012):

) . (8.3.2)
2t —p(n) 2(F’(y(")) + F/(g;(n)))— F(m(")).

3. Modified Newton method (M NM) (Frontini and Sormani, 2004):

m —1
2D =g _ (Z AF (2™ — TiF’(x("))_lF(:v(”)))> F(z™). (8.3.3)
=1

1
We have chosen m =2, A1 = Ay =11 =71 = 3

4. Newton Simpson method (NSM) (Cordero and Torregrosa, [2007)):
y™ =z — Ff(x(n))—lp(x(n))7
(n)
n _ 6F (™) . (8.3.4)
Fr(zm) + 4F (T) + Fr(yo)

(n+1)

x =

5. Chebyshev-like method (CLM) (Babajee et al., [2010):

X1 =Xy, — It (Xi) F(X2). (8.3.5)

We choose five problems for our computational examinations. In Example , we selected
an academic problem that contains a 4 x 4 system of nonlinear equations, and the obtained
results are depicted in Table[8.1] In Example[8.3.2] we investigate an applied science problem,
namely the Hammerstein integral equation, to demonstrate the applicability and efficacy of
our method . The values of the abscissas ¢; and weights w; are depicted in Table .
The numerical results are presented in Table for Example [8.3.2] Table provides the
numerical results for the boundary value problem, which is given in Example . In the
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BVP, we choose a larger system of nonlinear equations of order 100 x 100. In Example[8.3.4]
we investigate the applicability of our method on another applied science problem, namely
the Burger equation, and for this problem, we also used a larger system of nonlinear equations
of order 100 x 100. In the last example, we selected another 95 x 95 system of nonlinear
equations, which is a mixture of algebraic and trigonometric functions (further information
is provided in Example ), with numerical results displayed in Table . Further, we
also compared our method with existing methods based on the number of iterations, and the
results are mentioned in Table and in Table the results based on the residual error
at fifth step are mentioned. Additionally, we provide the computational order of convergence

(COC), which has been calculated using the following formulae:

I L]
— sl forn=1,2,3
17—1 e forn=1,2,3,...,
1

[l =1 k]|

or approximated computational order of convergence (ACOC) (see |Grau-Sanchez et al.
(2011))) by:

I lzC =]
. _ [|z(m) —a (=] _
n = ORI forn=2,3,4,....
[la(n=1) —z(n=2)]|

The termination criteria for programming is given below:
(1) [lotm*D — 2™ <e,
(ii) [|F(=™)] <e,

where € = 1073%,

Example 8.3.1. Consider the following system of nonlinear equations in four unknown

variables:
Towg + (x9 + x3) 14 = 0,
Tox3 + (g + x3) x4 = 0,
r1x3 + (21 + 23) 14 = 0,
T1Xo + T3x9 + T123 = 1.
The approzimate solution is (0.5773...,0.5773...,0.5773...,—0.2886...)T. The obtained

results can be observed in Table based on the initial approxvimation (0.5,0.5,0.5,0.5).

Example 8.3.2. We investigate a widely recognized problem in applied science, the Ham-
merstein integral equation, as detailed in pages 19-20 in the work of \Sharma and Gupta

(2014). The primary objective is to evaluate and contrast the effectiveness and practicality
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of our proposed methods against those established earlier. The Hammerstein integral equa-

tion, presented below, serves as a standard reference for this comparative study:

z(s) =1+ %/0 G(s,t)x(t)dt,

where x € C[0,1], s,t € [0,1] and the kernel G is
(1 —s9)t,t <s,
G(s,t) =
s(1—1t),s <t.

To transform the given equation into a finite-dimensional problem, the Gauss-Legendre quadra-

ture formula is applied as follows:

/0 g(t)dt ~ ijg(tj),

where the abscissas t; and the weights w; are computed using the Gauss-Legendre quadrature
formula for j = 10. Let z;(i = 1,2,...,10) represent the approximations of x(t;). This leads

to a system of nonlinear equations, which is given below:
10
br;—5— Y ayai=0, i=12 .10
j=1

where
wit;(1—1t;),5 <1,
Qij = . .
w]tz(l — tj),l < 7.

Fori = j = 10, the abscissas t; and weights w; are known and shown in the Table[S.4 In
Table[8.5, we present COC, CPU timing, residual errors and the difference of errors between
two iterations for Example (8.3.2)). The convergence approaches towards the root, which is

given as a column vector:
n:<1.001...,1.006...,1.014...,1.021...,1.026...,1.026...,1.021...,

T
1.014...,1.006...71.0013...)
T
In addition, we choose the initial guess xo = (1.17 1.1, .10, 1.1) for the computational work.

Example 8.3.3. Consider the Van der Pol equation |Burden and Faires (2010), presented
as follows:
y' = py? = 1)y +y =0, p>0. (8.3.6)
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Table 8.5: Numerical outcomes for Example |8.3.4
Methods n | F(x™)]] |z — (™) n CPU
Timing

1 1.0 x 1077 5.6 x 1077

HM 2 1.6 x 1072 8.4 x 1072 2.9929 23.6653
3 6.0 x 1077 3.0 x 10778 2.9988
1 1.9 x 1077 1.1 x 1076

FSM 2 2.2 x 1072 1.1 x 1072 2.9921 24.7904
3 2.8 x 1077 1.4 x107™ 2.9987
1 1.0 x 1077 x 10~

MNM 2 1.6 x 1072 8.4 x 1072 2.9929 26.1044
3 6.0 x 10~ 3.0 x 10778 2.9988
1 2.8 x 107° 1.6 x 1078

NSM 2 9.2 x 10732 5.3 x 1073¢ 3.0007 34.6971
3 3.3 x 1079 1.9 x 107 2.9998
1 5.6 x 107 3.3x 1078

CLM 2 1.5 x 107% 8.9 x 1073 3.0016 22.3362
3 3.1x107% 1.8 x 107 2.9998
1 2.8 x 107 1.6 x 1078

OM 2 9.3 x 10732 5.4 x 1073 3.0008 47.8200
3 3.4 x107% 1.9 x 107% 2.9998

The above expression describes the current flow in a vacuum tube with the boundary condi-
tions y(0) = 0 and y(2) = 1. Additionally, we consider the following partition of the given
interval [0,2]:

. 2
To=0< 21 <2y <3< -+ < Xy, wherewi:xo—Hp,p:a.

Furthermore, we suppose that

Yo =Y(x0) =0, y1 =y(z1), ..., yo—1 = y(@o—1), Yo = y(xp) = 1.

If we discretize the preceding problem (8.3.6) using the second-order division difference for

the first and second derivatives, we get

/ Yr+1 Yr—1 " Yr—1 2317 Yr+1
—Zrr JT7- — rT=1.2. ....6—1.
Y- 9% y Yr h2 ) ) 4 3

The result is a (0 — 1) x (0 — 1) system of nonlinear equations, which is defined by
20w, — by (22 — 1) (@1 — Tr1) + 2 (@71 + X1 — 22,) =0, 7=1,2,3,...,0 — 1.
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1 L o 9 9 9 9\"
Let i = =, and the initial approximation ro = | —, —, —, 190, — | . For # = 101, we are
2 107 10" 10 10
dealing with a 100 x 100 system of nonlinear equations and the provided solution is given

below:

K :(0.01420 ...,0.02833...,0.04239...,0.05637...,0.07028 ...,0.08411.. .,

0.09787...,0.1115...,0.1252...,0.1387...,0.1521 ...,0.1655...,0.1788.. . .,
0.1920...,0.2051...,0.2181...,0.2311...,0.2440...,0.2568....,0.2695 . . .,
0.2821...,0.2946...,0.3071...,0.3194...,0.3317...,0.3439...,0.3560. . .,
0.3680...,0.3800...,0.3918...,0.4036...,0.4153...,0.4268...,0.4383. ..,
0.4497...,0.4610...,0.4723...,0.4834...,0.4944 ...,0.5054...,0.5163...,
0.5270...,0.5377...,0.5483...,0.5588...,0.5693...,0.5796 ... 0.5898.. . .,
0.6000...,0.6100...,0.6200...,0.6299...,0.6396...,0.6493...,0.6589. ..,
0.6684...,0.6778...,0.6872...,0.6964...,0.7055...,0.7146...,0.7235 . ..,
0.7324...,0.7412...,0.7499 . ..,0.7585...,0.7669 . ..,0.7754...,0.7837 . . .,
0.7919...,0.8000...,0.8080...,0.8160...,0.8238...,0.8316...,0.8392. ..,
0.8468...,0.8543...,0.8617...,0.8690...,0.8761...,0.8832...,0.8902. ..,
0.8972...,0.9040...,0.9107...,0.9173...,0.9238...,0.9303...,0.9366. . .,
0.9429...,0.9490...,0.9551...,0.9610...,0.9669...,0.9726...,0.9783. ..,

T
0.9839...,0.9893...,0.9947...) .

Table shows the data for COC (Coefficient of Convergence), CPU timing, residual errors,
and the difference in errors between consecutive iterations for Example (8.3.3)).

Example 8.3.4. We assume the 2—dimensional Burger’s equation |Xiao and Yin (2016),
which 1s given by

Pp dp  Op

—_— = = — t)=0

o ot TP, Tt =0,
where (u,t) € [0,1] x [0,1], g(u,t) = —10e *[e'(u® — u + 2) + 10u(2u® — 3u + 1)]. The

p = p(u,t) fulfills the following boundary conditions:

p(0,t) =p(1,t) =0, p(u,0)=10(u* —u), plu,1) = ?(u —u).

We assume that p; ; = p(u;,t;) is the approzimate root at the grid points of the mesh. In
addition, we consider M and N are the number of steps in u and t directions. The h and k
are their corresponding step sizes. We can easily deduce a nonlinear system of equations from

this partial differential equation by adopting a finite difference discretization. Therefore, we
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Table 8.6: Numerical outcomes for Example |8.3.5
Methods n | F(x™)]] |z — (™) n CPU
Timing

1 4.7 x 1071 5.2 x 1073

HM 2 6.7 x 1075 7.3x 1077 3.5100 88.7778
3 1.7 x 10716 1.9 x 107 3.0074
1 1.5 x 107! 1.7 x 1073

FSM 2 2.8 x 107 3.0 x 1078 2.9026 130.598
3 1.6 x 10720 1.9 x 10718 3.0074
1 4.7 x 107! 5.2 x 1073

MNM 2 6.7 x 1075 7.3x 1077 3.5100 134.812
3 1.7 x 10716 1.9 x 107 3.0074
1 2.8 x 1071 3.1x1073

NSM 2 3.3x 1076 3.6 x 1078 3.6710 101.235
3 4.9 x 1072 5.3 x 1072 3.0120
1 1.2 1.3 x 1072

CLM 2 7.9 x 107* 8.6 x 1076 4.8498 88.2526
3 1.3 x 10713 1.4 x 1071 3.0858
1 2.8 x 1071 3.0 x 1073

OM 2 3.3x 107 3.6 x 1078 3.6683 202.62
3 4.6 x 1072 5.1 x 1072 3.0120

apply the following central difference and backward difference, respectively:

@ — 8_2])(“ t) = Pit1, — 2Pij +Pic1y
Pu Pu B2 J

and

@ _ Piv1j — Pi-1j @ _ Pij+1 — Pij-1
ou 2h Tot 2k ’

in order to obtain solution. For deducing the large system of nonlinear equations 100 x 100,

we use M =11 and N = 11. Moreover, we assume

1 oy 1 . /7N . (27 1 . /7N . (27 1 T
To = | — sin (—) , — sin (—) sin ({ — |, 190 —sin (—) sin (| — | , — sin (—)
10 11/ 10 11 11 10 11 11 10 11
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as nitial vector and our required estimated zero is given below:

K :<0.001113. ..,0.001813...,0.002260 . ..,0.002530 . ..,0.002658 . ..,0.002658.. . ., 0.002530.. . .,

0.002260. . .,0.001813...,0.001113...,0.001813...,0.003049 . ..,0.003870. ..,0.004374. ..,
0.004614 . ..,0.004614. ..,0.004374...,0.003870...,0.003049 . ..,0.001813. .., 0.002260. . .,
0.003870...,0.004969 . ..,0.005652 . ..,0.005979 . ..,0.005979 . ..,0.005652.. . .,0.004969 .. .,
0.003870...,0.002260 . ..,0.002530....,0.004374 . ..,0.005652 . ..,0.006455 . .., 0.006841 . . .,
0.006841 . ..,0.006455 . ..,0.005652 . ..,0.004374...,0.002530. ..,0.002658 . . .,0.004614. . .,
0.005979...,0.006841 . ..,0.007257 ...,0.007257 ...,0.006841 . ..,0.005979 . ..,0.004614. . .,
0.002658 . ..,0.002658 . ..,0.004614 . ..,0.005979 . ..,0.006841 . ..,0.007257 ...,0.007257 ... .,
0.006841...,0.005979...,0.004614 . ..,0.002658 . ..,0.002530...,0.004374...,0.005652... .,
0.006455 . ..,0.006841 . ..,0.006841 . ..,0.006455 . ..,0.005652...,0.004374...,0.002530.. .,
0.002260 . ..,0.003870...,0.004969 . ..,0.005652 . ..,0.005979 . ..,0.005979 . ..,0.005652.. . .,
0.004969 . ..,0.003870....,0.002260 . ..,0.001813...,0.003049 . ..,0.003870 . ..,0.004374 . . .,
0.004614 . ..,0.004614. ..,0.004374...,0.003870...,0.003049 . ..,0.001813...,0.001113. ..,
0.001813...,0.002260...,0.002530...,0.002658 . ..,0.002658 . ..,0.002530 . . .,0.002260 ... .,

T
0.001813...,0.001113 .. ) .

In Table [8.8, we present COC, CPU timing, residual errors and errors difference between
two iterations for Example (8.3.4]).

Table 8.7: Number of iterations for Examples 8.3.1}-|8.3.5|

Methods HM FSM MNM NSM CLM oM
Ex. 8.3.1 6 6 6 6 6 6
Ex. 18.3.2 5 ) 3 5 5 >
Ex. 18.3.3 6 6 6 5 3 3
Ex. 8.3.4 5 ) D 4 3 4
Ex. 18.3.5 6 6 6 6 6 6

(Ex. stands for example)

Example 8.3.5. We assume a nonlinear system (Grau-Sanchez et al. (2011)), defined as

follows:

k
F(z) = x, — cos <2xn — sz> ., 1 <n<k. (8.3.7)
i=1
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Table 8.8: Comparison on basis of || F(x®)| for Examples [8.3.1}-|8.3.5,
Methods HM FSM MNM NSM CLM OM
Ex. [8.3.1 6.3x1072™ 32x1072™” 32x1072"® 32x107?™ 13 x1072% 7.7 x 10727
Ex. [8.3.2] 9.7x107°% 27 x 107 9.7 x107°% 1.6 x107°% 23 x107°% 1.6 x 107546
Ex. [8.3.3] 3.0x 10727 12x107%1 3.0x 10727 22x107%7 3.7x107%3 89 x 10738
Ex. [8.3.4] 29x107™% 46 x107% 29x 107 15x107% 13 x107%" 1.8 x 10798
Ex. 8.3.5 1.6 x 107 28 x 1079 1.6 x 1071 44 x 107" 4.7 x 10718 2.9 x 10719

We choose k = 95 and the initial guess (© = (0.21,0.21,0.21, 95.,0.21)T for this problem.

T
The required solution is <0.2172 .., 021720, 95.,0.2172... ) . The obtained results can be
observed in Table[8.4.

8.4 Conclusions

We have demonstrated that the proposed method exhibits at least third-order convergence

in order to solve system of nonlinear equations. The results presented in the tables over-

whelmingly support this assertion of third-order convergence, with some functions exhibiting

a COC exceeding three. A notable feature of the proposed method is that, unlike all other

third-order or higher methods, it does not necessitate the computation of second or higher

derivatives of the function for the execution of iterations.
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Conclusions and Future Scope

Conclusions

This thesis concludes with important progress in creating new methods to solve nonlinear
equations, making significant contributions to the field of numerical analysis by studying
many different techniques. The thesis has successfully formulated and analyzed innovative
iterative methods, including without memory and with memory schemes, which exhibit
improved convergence properties and stability characteristics.

One of the primary objectives of this research was to enhance the order of convergence
while analyzing the stability characteristics of rational functions linked to these methods.
This goal has been achieved through the development of novel iterative families, including
a cubically convergent Hansen-Patrick type scheme, optimal fourth-order iterative family,
to name a few. These methods have been shown to be effective even when the derivative
approaches zero.

The thesis has also investigated the stability analysis of various iterative methods, em-
ploying dynamical tools to examine sensitivity to initial guesses and the realibility of the
concerned method. This analysis has identified stable and efficient members within the pro-
posed iterative families, providing valuable insights for practitioners seeking to apply these
methods in real-world scenarios.

Furthermore, this research has explored the potential of derivative-free optimal iterative
schemes, which maintain effectiveness even when traditional methods falter due to dimin-
ishing derivatives. An extension incorporating memory has further boosted the convergence
order of these schemes. This research has also led to the development of iterative methods
for solving nonlinear equations with multiple roots.

The final chapter of the thesis has generalized the techniques developed to address sys-
tems of nonlinear equations, showcasing their efficacy in solving complex problems. This
contribution has significant implications for various fields, including scientific computing,
engineering applications, and optimization problems.

In conclusion, this thesis has made a significant contribution to the ongoing refinement

of efficient numerical techniques for solving nonlinear equations. The innovative iterative
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methods developed and analyzed in this research have the potential to revolutionize the field
of numerical analysis, enabling researchers to solve complex problems with greater accuracy

and efficiency.
Future Scope

The findings of this research have significant implications for future studies in numerical

analysis. Some potential directions for future research include:

e Development of higher-order iterative schemes: Future research can focus on developing

higher-order iterative schemes, which can provide even faster convergence rates.

e A very important problem in the study of iterative procedures is the convergence
region which, in general, is small. So, it is important to work towards improving
the convergence domain of many iterative schemes by means of local and semi-local

convergence.

In summary, this thesis has made a significant contribution to the field of numerical analysis,

and its findings have the potential to inspire future innovations in this field.
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