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                                                                    ABSTRACT 

 

The present dissertation entitled, “COMMON FIXED POINT THEOREMS FOR 

MAPPINGS SATISFYING E.A PROPERTY”, embodies a brief account of investigations 

carried out by various authors on existence of fixed points of self-mappings in metric spaces 

under the supervision of Dr. S.S. Bhatia, Professor, School of Mathematics and computer 

Applications, Thapar University, Patiala. 

                The aim of this work is to study some results on existence and uniqueness of 

common fixed points using E.A property. Fixed point theory is a major branch of non-linear 

functional analysis because of its wide applicability. Various problems in physics, chemistry, 

biology, economics etc. can be solved by making use of fixed point theorems. 

                The work presented in this dissertation has been divided into four chapters. The 

first chapter is introductory. In this chapter, we present a brief account of basic definitions 

and results which will be used in the later chapters. In second chapter, we present the Banach 

fixed point theorem and some other fixed point theorems. Also, we present one of its  

application to solve a differential equation. Towards the end of this chapter, we have studied 

the Caristi’s fixed point theorem [3]. 

             The purpose of the third chapter is to study an interesting property called E.A 

property introduced by Aamri and Moutawakil [1]. Also, we have studied some common 

fixed point theorems under strict contractive conditions for mappings satisfying E.A property. 

In the fourth chapter, we have studied the results given by Imdad, M. and Ali, J. in [7]. The 

purpose of this chapter is to study how the E.A property replaces the containment condition 

of ranges of one mapping into the range of other in common fixed point considerations up to 

a pair of mappings. 

              References of different publications cited in the present dissertation have been given 

in the end. 
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CHAPTER-I 

INTRODUCTION 

 

1.1 A fixed point of a mapping XXf :  of a non-empty set X  into itself is an Xx  

which is mapped into itself (is “kept fixed” by f ), that is xxf )( , we say that c  is a fixed 

point of the function )(xf  if and only if ccf )( . Not all functions have fixed points. For 

example, a translation has no fixed point. Fixed point theory implicates the study of 

conditions on X  and or f  which guarantees that f  always has at least one fixed point as 

well as the study of methods of approximating fixed points when they do exist. 

                   Due to the wide applicability of fixed point theory, it is considered as a major 

branch of non-linear functional analysis. Fixed point theory is an interesting area, with a 

tremendous number of applications in various fields of Mathematics such as the theory of 

differential and integral equations, solution of system of linear equations and boundary value 

problems etc. Various problems in physics, chemistry, biology and economics etc. can be 

solved by making use of fixed point theorems. 

                 Fixed point theorems give the conditions under which maps (single or multivalued) 

have solutions. The theory itself is a beautiful mixture of analysis (pure and applied), 

topology and geometry. Over the last 50 years, the theory of fixed points has been revealed as 

a very powerful and important tool in the study of non-linear phenomena. Many problems in 

pure and applied mathematics have as their solutions the fixed point of some mapping f  and 

so a number of the procedures in numerical analysis and approximation theory aim to the 

successive approximations to the fixed point of an appropriate mapping. For example, 

Newton’s method for finding the zero’s of a function may be interpreted with the fixed point 

theorems. 

1.2 Definitions and Notations 

We now present a brief account of basic definitions, which will be used in the subsequent 

chapters. These definitions are taken from Jain P. K. and Ahmad, K. [9], Rudin, W. [20]. 
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1.2.1 Metric space 

Let X be a non-empty set. A function 

                                  XXd :  

is said to be a metric on X  if it satisfies the following conditions: 

(i) 0),( yxd ,          Xyx ,  

(ii) yxyxd  0),( ,         Xyx ,  

(iii) ),(),( xydyxd  ,           Xyx ,                                                                    (Symmetry) 

(iv) ),(),(),( xzdzxdyxd  ,          Xzyx ,,                                      (Triangle inequality) 

The ordered pair ),( dX  is called a metric space.  

Examples: 

(i) Let X  be the set of all real numbers. For Xyx , , define 

                              yxyxd ),(   

Then, ),( dX is a metric space. This is called the metric space   with the usual metric and we 

denote it by u . 

(ii) Let X be an arbitrary non- empty set. For Xyx , , define d  by  

                             









yx

yx
yxd

,1

,0
),(  

Then, ),( dX is a metric space. The metric d  is called the discrete metric and the space 

),( dX  is called discrete metric space and is denoted by dX . 

1.2.2 Limit point  

Let ),( dX be a metric space and XA . A point Xx is called a limit point (accumulation 

point or cluster point) of A  if each open neighborhood centered on x  contains at least one 

point of A  other than x ; in other words, if  

                             AxxSr }){)((  
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The set of all limit points of A , denoted by A , is called the derived set of A . 

Examples: 

Let u  be the usual metric space and  A  . 

(i) If ],(),,[],,[ bababaA   or ),( ba , then ],[ baA  . 

(ii) If








 ,.........
3

1
,

2

1
,1A , then }0{A . 

 (iii) if A  , then  A . 

1.2.3 Closure of a Set 

Let ),( dX be a metric space and XA . The set consisting of the points of A  and the 

accumulation points of A  is called the closure of A  and is denoted by A . 

1.2.4 Open Set  

Let ),( dX  be a metric space. A set XG   is said to be an open set if it is neighborhood of 

each of its points. 

(Equivalently, a set XG  is said to be an open set if for each Gx ,   an 0r  such that 

GxSr )( .) 

Examples: 

 In the usual metric space u  

(i)   is an open set.  

(ii) (0, 1) is an open set. 

(iii) The sets , and Q  are not open sets. 

1.2.5 Closed Set  

Let ),( dX  be a metric space and XA . The set A  is said to be closed if its complement 

AX   is open. 

Examples: 

In the usual metric space u , the set  
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(i) ]2,1[A  is closed since ),2()1,(  A is open. 

(ii) QA   is not closed since Q , the set of all irrational numbers, is not open. 

(iii) A  is closed since  A  is open. 

1.2.6 Compact Set 

A subset K of a metric space X  is said to be compact if every open cover of K  contains a 

finite subcover. 

Examples:  

(i) The discrete metric space dX , where X  is an infinite set, is not compact. 

(ii) Consider the set 

               

















 n
n

n
n

A ;
1

1;
1

1}1,1{  

Since ]2,2[A , A  is bounded. The only limit points of A  are -1 and 1, both of which 

belongs to A . Since A  contains all of its limit points, A  is closed. A  is bounded and closed 

so A  is compact. 

1.2.7 Sequence 

A function Xf : , where X  is any set, is called a sequence in X . Because a sequence is 

uniquely and completely determined by the values nxnf )(  for n , a sequence is usually 

denoted by }{ nx  without explicit reference to f . The value of nx is called nth  value (or term) 

of the sequence }{ nx . 

Examples: 

(i) }{ nx =








1

1

n
, n  is a sequence. Here ,...

12

1
,

11

1
21





 xx so on. 

(ii) }{ nx = 1)1(  n , n  is a sequence. Here ,...1,1,1 321  xxx so on. 

1.2.8 Convergent Sequence 

Let ),( dX be a metric space. A sequence }{ nx in X  is said to be convergent if there is a point 

Xx such that for each 0 ,   a positive integer N  such that 
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                                    ),( xxd n ,   Nn   

We also say that }{ nx  converges to x , or that x  is the limit of }{ nx , and we write xxn   , or  

                                       xxn
n




lim . 

If }{ nx  does not converge, it is said to diverge. 

1.2.9 Cauchy Sequence 

A sequence }{ nx in a metric space ),( dX  is said to be Cauchy sequence if for each 0 ,   a 

positive integer N  such that 

                                       ),( nm xxd ,    Nnm  , . 

Theorem 1.2.10 [14] Every convergent sequence in a metric space is a Cauchy sequence.  

Proof. If xxn  , then for every 0 , there exists an N  such that  

                                               
2

),(


xxd n ,    Nn  . 

Using triangle inequality for all Nnm , , we have 

                             






22

),(),(),( nmnm xxdxxdxxd . 

This proves that }{ nx  is a Cauchy sequence. 

1.2.11 Remark: Every convergent sequence is a Cauchy sequence but the converse is not 

true as shown by the following example: 

Example:  

Consider the sequence }{ nx  in the usual metric space uQ , where  

                                            

.........

.........

1010010001.

101001.

101.

1.

4

3

2

1









x

x

x

x

       

Clearly, }{ nx  is a Cauchy sequence which does not converge in uQ . 
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Theorem 1.2.12 [14] A convergent sequence in X  is bounded and its limit is unique. 

Proof. Let xxn  . Then, taking 1 , we can find an N  such that Nnxxd n  ,1),( . 

Therefore, by the triangle inequality, for all n , we have axxd n 1),( , where 

                                          ),(,...),,(),,(max 21 xxdxxdxxda N . 

Which proves that }{ nx  is bounded. Suppose that xxn   and zxn  , from triangle 

inequality, we obtain 

                               00),(),(),(0  zxdxxdzxd mn . 

Hence, zx  , this proves the uniqueness of the limit. 

Theorem 1.2.13 [14] Let M  be a non-empty subset of a metric space ),( dX  and M  its 

closure then Mx  if and only if there is a sequence )( nx  in M  such that xxn  . 

Proof. Suppose Mx . If Mx , a sequence of that type is .)..,,,( xxx . If Mx , it is point 

of accumulation of M . Hence, for each ...,3,2,1n  the ball 








n
xB

1
;  contains an Mxn  , 

and xxn   as n . 

Conversely, if )( nx  is in M  and xxn  , then Mx  or every neighborhood of x  contains 

points xxn  , thus x  is a accumulation point of M . From the definition of closure, Mx . 

1.2.14 Complete Metric Space  

A metric space ),( dX  is said to be complete if every Cauchy sequence in X  is convergent. 

Examples: 

(i) The Euclidean space n  is a complete metric space. 

(ii) Let X  and ''d  be the usual metric on X . Then, ),( dX is a complete metric space. 

(iii) The function space ],[ baC  is complete; here ],[ ba  is any given closed interval on  . 
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Proof. Suppose )( mx be any Cauchy sequence in ],[ baC . Then, given any 0 , there is an 

N such that for all Nnm , , we obtain 

                                          


)()(max),( txtxxxd nm
Jt

nm ,                                         (1.2.1) 

where  ],[ baJ  . Hence, for any fixed point Jtt  0 , 

                                                  )()( 00 txtx nm , Nnm , . 

Which proves that .)..),(),(),(( 030201 txtxtx is a Cauchy sequence of real numbers. Since   is 

complete, the sequence converges, say )()( 00 txtxm   as m . In this way, we can 

associate with each Jt  a unique real number )(tx . This defines a function x  on J , and we 

prove that ],[ baCx  and xxm  . 

Utilizing (1.2.1) with n , we obtain 

                                               


)()(max txtxm
Jt

,                                                     )( Nm  . 

Therefore, for all Jt , we have 

                                                     )()( txtxm ,                                                       )( Nm  . 

This proves that )(txm  converges to )(tx  uniformly on J . Due to the fact that mx ’s are 

continuous on J  and the convergence is uniform, the limit function x  is continuous on J . 

Therefore, ],[ baCx . Also, xxm  . This proves completeness of ],[ baC . 

Theorem 1.2.15 [14] A subspace M  of a complete metric space X  is itself complete if and 

only if the set M  is closed in X . 

Proof. Suppose M  be complete. From Theorem 1.2.13, for all Mx , there is a sequence 

)( nx  in M which converges to x . As )( nx  is a Cauchy sequence from Theorem 1.2.10 and 

M  is complete, )( nx  converges in M , the limit being unique from Theorem 1.2.12. 

Therefore, Mx  . This proves that M  is closed since Mx  was arbitrary. 
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Conversely, suppose M  be closed and )( nx  Cauchy in M . Then Xxxn  , thits implies 

Mx , from Theorem 1.2.13, and Mx , since M  is closed, that is MM  . Therefore, the 

arbitrary Cauchy sequence )( nx converges in M . Hence, M  is complete. 

1.2.16 Continuous function 

Suppose X  and Y  are metric spaces, EpXE  , , and f  maps E  into Y . Then, f  is 

said to be continuous at p  if for every 0 there exists a 0  such that 

                                              ))(),(( pfxfdY
, 

for all points Ex  for which ),( pxd X
. If f  is continuous at every point of E , then f  

is said to be continuous on E . 

Examples: 

(i) Let ),( dX  be a metric space and XXf :  be a constant function. Then, f is  

continuous function. 

(ii) Let ),( dX  be a discrete metric space then every function YXf :  is continuous on X . 

1.2.17 Lower Semi Continuous Function  

Let ),( dX  is a metric space. A function  X:  is called lower semi continuous at 

Xx 0  if 

                                                    
0

lim
xx

 )()(inf 0xx  . 

Example: 

Let  :  be a function defined by 

                                   )(x =








01

01

xif

xif
 

Then,   is lower semi continuous at 00 x . 

1.2.18 Upper Semi Continuous Function:-  

Let  ),( dX  is a metric space. A function  X:   is called upper semi continuous at 

Xx 0   if  
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0

lim
xx

 )()(sup 0xx  . 

Example: 

Let  :  be a function defined by  

                                     )(x








01

01

xif

xif
   

Then,   is upper semi continuous function at 00 x . 

1.2.19 Fixed point [2]  

Let ),( dX  be a metric space and XXT :  be a mapping. The point Xx  is called a 

fixed point of T  if x  is mapped into itself; i.e. 

                                                              xxT )( . 

Examples: 

(i) A translation has no fixed point. Let X  be a non empty set. We can define a translation                

XXT :  as cxxT )(  where Xx  and ‘c’ is any constant. Clearly, it has no fixed 

point. 

(ii) The mapping :T  defined as 2)( xxT   has only two fixed points. Here, 0 and 1    

are fixed points. 

(iii) The mapping 22: T  defined as )0,(),( xyxT   has infinitely many fixed points. 

(iv) The mapping :T  defined as 
4

)(
x

xT   has unique fixed point. Clearly, 0 is the 

fixed point. 

1.2.20 Contraction Mapping [2] 

Let ),( dX  be a metric space. A mapping XXT :  is said to be Lipschitzian if there exists 

a constant 0   with 

                                        ),())(),(( yxdyTxTd        Xyx  , .          

 The smallest   for which above holds is said to be Lipschitzian constant for T  and is 

denoted by L . If 1L , we say that T  is a contraction mapping. 
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Example: 

Let ]1,0[X . The mapping XXT : given by 
2

)(
x

xT   Xx . Then T  is a contraction 

mapping. We have,  

                               

),(
2

1

2

1

22
))(),((

yxd

yx
yx

yTxTd





 

Thus, ),(),( yxdTyTxd    where 1
2

1
  .                                           

1.2.21 Contractive Mapping [19] 

Let ),( dX  be a metric space. A mapping XXT : is called contractive if  

                                         ),(),( yxdTyTxd       Xyx  ,  and yx  . 

In 1976, Jungck [10] introduced the following concept of commuting mappings:  

1.2.22 Commuting Mapping [10] 

Let ),( dX  be a metric space. Two self mappings f  and g  on ),( dX  are said to be 

commuting if  

                                                  )()( xgofxfog        Xx . 

Example: 

Let ),1[ X  and yxyxd ),( . Let XXgf :,  by 
2

1
)( 23  xxxxf  and

xxg )(  for Xx . Then 

                                  ))(()( xgfxfog
2

1
)( 23  xxxxf  

and  

                         
2

1
)

2

1
())(()( 2323  xxxxxxgxfgxgof  

Since xgofxfog )()(  , Xx . Thus, f   and g   are commuting mappings. 
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In 1982, Sessa [21] introduced the following notion of weak commutativity: 

1.2.23 Weakly Commuting Mappings [20]   

Two self mappings f  and g  on a metric space ),( dX  are said to be weakly commuting if  

                                  ))(),(())(),(( xgxfdxgfxfgd     Xx . 

Example: 

Let ]1,0[X  with the usual metric d . Define f , g : XX  by 
x

x
xf




2
)(  and 

2
)(

x
xg    

Xx . 

Then, 
)4)(24()4()24(

))(),((
2

xx

x

x

x

x

x
xgfxfgd








  

                                                2)2()24(

2 x

x

x

x

x








 

                                                  ))(),(( xgxfd  

Thus,  f    and g  are weakly commuting mappings. 

In 1986, Jungck [11] introduced the following concept of compatible maps: 

1.2.24 Compatible Mapping [11] 

Two self mappings f  and g  on a metric space ),( dX  are said to be compatible if 

                                             0))(),((lim 


nn
n

xgfxfgd , 

whenever }{ nx  is a sequence in X  such that 

                                             txgxf n
n

n
n




)(lim)(lim  , for some Xt . 

Example: 

Let ],1[ X  and d  is the usual metric on X . Define XXgf :,  by 

2)(12)( xxgandxxf   for all Xx . Consider, the sequence in X  as 
n

xn

1
1}{  . 

Then, .1)(;1)(;1
1

1)(;1
2

1)(

2









 nnnn xgfxfg

n
xg

n
xf   



12 
 

Thus, 0))(),(( nn xgfxfgd as n . Hence, f and g are compatible. 

1.2.25 Coincidence Point 

Let two mappings YXf :  and   YXg : , where X  and Y  are any two non-empty 

sets. We say that a point Xx  is a coincidence point of f  and g  if 

                                                            ).()( xgxf   

Example: 

Let X  with the usual metric yxyxd ),(  and define :, gf  by 

                          x
x

xf ,
3

)(          and          xxxg ,)( 2 . 

Here, 0 and 1/3 are two coincidence points for the maps f  and g . 

Jungck and Rhoades [13] in 1998, introduced the following concept of weakly compatible 

maps as follows: 

1.2.26 Weakly Compatible Mapping [13]  

Two self mappings f  and g  on a metric space ),( dX  are said to be weakly compatible if 

they commute at their coincidence points; i.e., if )()( xgxf  , for some Xx , then 

)()( xgfxfg  . 

Example: 

 Let ]1,0[X . Define XXgf :,  by 

                  



































1,
2

1
,0

2

1
,0,1

)(

xif

xifx

xf         and       



































1,
2

1
,

4

3

2

1
,0,

2

1

)(

xif

xif

xg  

Since 
2

1
x  is a unique coincidence point of f  and g  and 




































2

1

2

1

2

1

2

1
gfgffg . 

Hence, f  and g  are weakly compatible. 
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1.2.27 E. A Property [1] 

Let f  and g  be two self mappings of a metric space ),( dX . We say that f  and g  satisfy 

the property E.A if there exists a sequence }{ nx  such that 

                                txgxf n
n

n
n




)(lim)(lim    for some Xt . 

Example: 

Let ),0[ X . Define XXgf :,  by 

                  
2

7
)(

x
xf          and         

3

2
)(

x
xg  ,        Xx . 

Consider, the sequence
n

xn

1
}{  . Clearly, 0)(lim)(lim 


n

n
n

n
xgxf . 

Then, f  and g  satisfy E.A property. 

1.2.28 Implicit Relations [18]  

Following Popa [18], let   be the family of real lower semi-continuous functions 

RRtttF 

6

621 :),...,,(  satisfying the following conditions: 

FF :1
 is non-increasing in the variables 5t  and 6t , 

:2F  there exists )1,0(h such that for every 0, vu  with 

      0)0,,,,,(:2  vuuvvuFF a  or 

      0),0,,,,(:2  vuvuvuFF b  

then, we have hvu  , and 

0,0),,0,0,,(:3  uuuuuFF . 

Example: 

Define RRtttF 

6

621 :),...,,(  as 

                     








 )(
2

1
,,,max),...,,( 654321621 tttttkttttF , where )1,0(k . 
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Now, we show that the given function is implicit function.  

:1F  Here, we need to show that F  is non-increasing in the variables 5t  and 6t .  

For this, suppose  


5t 5t  and 


6t  6t , 

This implies that 
22

6565 tttt 






  ,   

Now, consider    













 







6543216521
2

1
,,,max),,...,,( tttttktttttF  

                                                       ),,...,,( 6521 ttttF   

Hence, F is non-increasing in the variable 5t  and 6t . 

:2F  Let 0, vu . Assume that 0)0,,,,,(:2  vuuvvuFF a  

                                                       0)(
2

1
,,,max 









 vuuvvku  

                                                       0)(
2

1
,,max 









 vuuvku  

                                                       








 )(
2

1
,,max vuuvku   

If vu  , then ukuu  , a contradiction. Thus vu     

                                kvu  ,        where )1,0(k  

:3F We need to prove that 0,0),,0,0,,(  uuuuuF  

Consider ),,0,0,,( uuuuF








 )(
2

1
,0,0,max uuuku  

                                          },max{ uuku   

                                          kuu   

                                          ))1,0((00)1(  kuuk   
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Hence, all the conditions of implicit functions are satisfied thereby implying that the given 

function is implicit function. 

Chapter second is devoted to the Banach contraction principle and some of the related basic 

fixed point theorems. Further in this chapter, we present one of its application to solve a 

differential equation. Towards the end, we have studied Caristi’s fixed point theorem [3]. 

                The aim of the chapter three is to study E.A property given by Aamri and 

Moutawakil [1]. Also, we have studied some new common fixed point theorems under strict 

contractive conditions for mappings satisfying E.A property given in [1]. 

                Whereas, in the fourth chapter, we have studied how the E.A property replaces the 

containment condition of range of one mapping into the range of other in common fixed point 

considerations up to a pair of mappings. The idea of implicit functions due to Popa [18] has 

been utilized due to their unifying power.  
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                                                        CHAPTER-II 

BANACH FIXED POINT THEOREM AND ITS APPLICATION     

                        TO DIFFERENTIAL EQUATIONS 

 

2.1 Introduction 

The Banach fixed point theorem is an important tool in the theory of metric spaces. In 1922,  

Banach [4] used the Lipschitzian concept to prove a fixed point theorem, which ensured the 

existence and uniqueness of  fixed point of certain self-maps of metric spaces. This result of 

Banach [4] is known as Banach fixed point theorem or contraction mapping principle. The 

theorem also gives an iterative process by which we can obtain approximations to the fixed 

point. Banach fixed point theorem plays an important role in several branches of 

Mathematics. For instance, it has been used to show the existence of solutions of linear 

algebraic equations, ordinary differential equations, intergral equations and many other fields 

of Mathematics. Due to its importance for mathematical theory, Banach fixed point theorem 

has been extended in many directions.  

             In this chapter, we present Banach fixed point theorem and some other related fixed 

point theorems. Also, we present one of its application to solve a differential equation. 

Towards the end, we have studied the Caristi’s fixed point theorem [3]. 

2.1.1 Fixed Point [2] 

Let ),( dX  be a metric space and XXT :  be a mapping. The point Xx  is called a 

fixed point of T  if x  is mapped into itself; i.e. 

                                                    xxT )( . 

Examples: 

(i) A translation has no fixed point. Let X  be a non empty set. We can define a translation                

XXT :  as cxxT )(  where Xx  and ‘c’ is any constant. Clearly, it has no fixed 

point. 
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(ii) The mapping :T  defined as 2)( xxT   has two fixed points. Here, 0 and 1 are 

fixed points. 

(iii) The mapping 22: T  defined as )0,(),( xyxT   has infinitely many fixed points. 

(iv) The mapping :T  defined as 
4

)(
x

xT   has unique fixed point. Clearly, 0 is the 

fixed point. 

2.1.2 Contraction Mapping [2] 

Let ),( dX  be a metric space. A mapping XXT :  is said to be Lipschitzian if there exists 

a constant 0   with 

                                        ),())(),(( yxdyTxTd        Xyx  , .          

The smallest   for which above holds is said to be Lipschitzian constant for T  and is 

denoted by L . If 1L , we say that T  is a contraction mapping. 

Example: 

Let ]1,0[X . The mapping XXT : given by 
2

)(
x

xT   Xx . Then T  is a contraction 

mapping. 

We have,  

                                           

),(
2

1

2

1

22
))(),((

yxd

yx
yx

yTxTd





 

Thus, ),(),( yxdTyTxd  , where 1
2

1
  .                                           

2.1.3 Contractive Mapping [19] 

Let ),( dX  be a metric space. A mapping XXT : is called contractive if  

                               ),(),( yxdTyTxd       Xyx  ,  and yx  . 
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2.1.4 Complete Metric Space [20] 

A metric space ),( dX  is said to be complete if every Cauchy sequence in X  is convergent. 

Examples: 

(i)  Let X  and ''d  be the usual metric on X . Then, ),( dX  is a complete metric space. 

(ii) The Euclidean space n  is a complete metric space. 

2.2 Banach Fixed Point Theorem or Contraction Mapping Principle [9] 

Theorem 2.2.1 Let ),( dX  be a complete metric space and let XXT :  be a contraction on

X . Then, T  has a unique fixed point in X . 

Proof: Let )1,0[  be the Lipschitz constant such that 

                                                XyxyxdTyTxd  ,),,(),(   

We prove the theorem in various steps. 

Step (i). We define a sequence Xxn }{  in this way: 

Consider any point Xx 0  and inductively define the sequence }{ nx  of points in X  as: 

                                                

01

0

3

23

0

2

12

01

..................

..................

xTTxx

xTTxx

xTTxx

Txx

n

nn 









 

Clearly, }{ nx is the sequence of images of 0x  under repeated application of  T . 

Step (ii). }{ nx is Cauchy sequence in X . Suppose nm  . Then, 

     

..................

..................

),(

),(),(

0

1

0

1

00

xTxTd

xTxTdxxd

nm

nm

nm






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)],(...),(),([

),(

00

1

0

2

000

00

xTxTdxTTxdTxxd

xTxd

mnmnm

mnm












                                 

                                                                                                                (by Triangle inequality) 

                       

0

)10(),,(
1

),(]...1[

)],(...),(),([

00

00

12

00

1

0000

























Txxd

Txxd

TxxdTxxdTxxd

m

mnm

mnm

 

as m (and hence n )  . Hence }{ nx  is a Cauchy sequence. 

Step (iii). Since X   is complete and }{ nx  is a Cauchy sequence in X , Xx  such that 

xxn  . 

Step (iv). Now, we need to show that x  is a fixed point of T . We have 

                              ),(),(),( TxxdxxdTxxd nn                         (by Triangle inequality) 

                                            ),(),( 1 xxdxxd nn                             )( 1 nn Txx             

                                            nas,0     

                    0),(  Txxd  

                    Txx  

Hence x  is a fixed point of T . Thus, we obtain the existence of fixed point. 

Step (v). In this step, we verify the uniqueness of fixed point. Let if possible, x  and y  be 

two fixed points of T  in X . Then xTx   and yTy  . Now, we have 

                                ),(),(),( yxdTyTxdyxd   

              0),(  yxd  

                 yx   

This completes the proof of the theorem. 
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2.2.2 Remark: The condition of completeness in Theorem 2.2.1 cannot be relaxed as shown 

by the following example: 

Example: 

Take 









2

1
,0X  equipped with the metric of absolute value. Clearly, this is an incomplete 

metric space. Note that the mapping XXT :  given by 2)( xxT   is a contraction but T  

has no fixed point. In fact XTandXT  1)1(0)0( . 

2.2.3 Remark: The condition of T  being a contraction cannot be replaced by weaker one; 

namely, contractive as shown by the following example: 

Example: 

Consider the complete metric space ),0[ X equipped with the metric of absolute value 

and consider the mapping XXT :  given by 
21

1
)(

x
xT


  

  Consider, 
)1)(1(1

1

1

1
))(),((

22

22

22 yx

xy

yx
yTxTd










  

                                                                      ),( yxdyx   

Hence, the mapping T  satisfies ),())(),(( yxdyTxTd   and hence T  is contractive map, 

while T  is not a contraction and T  has no fixed point. 

Now, we prove two more fixed point theorems under different hypotheses. 

Theorem 2.2.2 [9] Let ),( dX  be a compact metric space and XXT :  a contractive map 

(not necessarily contraction). Then, T  has a unique fixed point in X . 

Proof: First of all we show the existence of fixed point. For this define Xf :  by 

                                              ),()( Txxdxf   

We first establish that f  is continuous. Suppose 0 be given. Then  

                              
),(),()()( TyydTxxdyfxf 
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                                                  ),(),(),(),( TyydyTxdyTxdTxxd   

                                                                                                                (by Triangle inequality) 

                                                             ),(),( TyTxdyxd   

                                                             ),(2 yxd                                                               T( is contractive) 

                                                  , provided
2

),(


 yxd . 

Since f  is continuous and X  is compact, Xx such that Xyyfxf  ),()( ; i.e., f  

attains its minimum at x . Now, we prove that x  is a fixed point of T .  

Let, if possible, x  be not a fixed point of T . Then xTx  . Since Xyyfxf  ),()( , 

taking Txy  , we have 

                                            )()( Txfxf     

                          ))(,(),( TxTTxdTxxd   

                                                     ),( Txxd                      T( is contractive and )xTx   

which is a contradiction . Hence, x  is a fixed point of T . 

Now, we proceed to show the uniqueness of fixed point of T . Let if possible, x  and y  be 

two fixed points of T  in X . Then xTx   and yTy  . Now, we have 

                                ),(),(),( yxdTyTxdyxd   

This is impossible. Thus, 0),( yxd , thereby it implying that yx  . 

Theorem 2.2.3 [9] Let ),( dX  be a compact metric space,  T  a contractive map of X  into 

itself. Then, for any Xx 0 , the successive iterates ...,.,..,, 00

2

0 xTxTTx n converges to the 

unique fixed point of T . 

Proof: From Theorem 2.2.2, we obtain that x  is the unique fixed point of T . Then,  

                                      )),((),( 00

1 TxxTTdxxTd nn   

                                                                      ),( 0 xxTd n                          T(  is contractive ) 
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This is true for all n . Thus, )},({ 0

1 xxTd n  is a decreasing sequence of non-negative real 

numbers and so converges to its infimum. Suppose 


),(lim 0 xxTd n

n
. 

Now, }{ 0xT n  being a sequence of points of a compact metric space ,X  subsequence 



10}{ k

n
xT k  which converges to some point Xy . Therefore  

                                            


),(lim),( 0 xxTdxyd kn

k
 

If 0 , then xy   and so 

                                ),(),( TxTydxyd                                T(  is contractive ) 

                                                  ),( xTyd                                 )( xTx   

                                                  )),((lim 0 xxTTd kn

k 
  

                                                            ),(lim 0

1
xxTd kn

k




  

                                                              

which is impossible. Thus, 0 . This verifies that 

                                    xxT n

n



0lim . 

Theorem 2.2.4 [14] Let ),( dX  be a complete metric space and XXT :  be a mapping. If 

mT  is contraction on X  for some positive integer m , then T  has a unique fixed point. 

Proof: Let us assume that mTB  . It is given that B  is a contraction. By Theorem 2.2.1, the 

mapping B  has a unique fixed point, say x̂ , that is, xxB ˆˆ  . Hence xxBn ˆˆ  . Again, from 

Theorem 2.2.1, we have 

                                xxBn

n
ˆlim 


, for all Xx  

In particular, taking xTx ˆ , since nmn TB  , we obtain 
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                                     xTBxTBx n

n

n

n
ˆlimˆlimˆ


  

                                                            xT
n

ˆlim


  

                                                            xTˆ    

This shows that x̂  is a fixed point of T . Also, since every fixed point of T  is a fixed point of 

B . Hence T  cannot have more than one fixed point. This completes the proof. 

2.3 Application to Differential Equations 

The most interesting applications of fixed point theorems arise when the underlying metric 

space is a function space. Now, we discuss the existence and uniqueness of differential 

equations. We shall use Banach fixed point theorem to prove the famous Picard’s theorem, 

which play an important role in the theory of differential equations. 

2.3.1 Picard’s Existence and Uniqueness Theorem (Ordinary differential equations) 

([14], p. 314-317) 

Let f  be continuous on a rectangle   bxxattxtR  00 ,:,  and thus bounded on 

R , say 

                                               cxtf ),( , Rxt  ),(                                                     (2.3.1) 

Suppose that f  satisfy a Lipschitz condition on R  with respect to its second argument, that 

is, let there is a constant k  called as Lipschitz constant such that for all Rvtxt ),(),,(  

                                               vxkvtfxtf  ),(),( .                                                  (2.3.2) 

Then, the initial value problem 

                                ),( xtf
dt

dx
 ,             00 )( xtx                                                          (2.3.3) 

 has a unique solution. This solution exists on an interval    00 ,tt , where 

                                                 









kc

b
a

1
,,min .                                                           (2.3.4) 
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Proof. Suppose )(JC  be the metric space of all real-valued continuous functions on an 

interval    00 ,ttJ  with metric d defined by 

                                      )()(max),( tytxyxd
Jt




. 

)(JC is a complete metric space from (1.2.14 (iii)). Let C
~

 be the subspace of )(JC  

consisting of all those functions )(JCx  that satisfy 

                                             cxtx  0)( .                                                                  (2.3.5) 

It is easy to see that C
~

 is closed in )(JC from Theorem 1.2.15. Due to the fact that C
~

 is 

closed in )(JC , we obtain that C
~

 is complete. 

Using integration, equation (2.3.3) can be written as Txx  , where CCT
~~

:   is defined by 

                                           

t

t

dxfxtTx

0

))(,()( 0  .                                                              (2.3.6) 

Now, in view of (2.3.4), we have bc  . So, if Cx
~

 , then J . Therefore, T  is defined 

for all Cx
~

  and Rx ))(,(  . Due to the continuity of f  on R , the integral in (2.3.6) 

exists. As T  maps C
~

 into itself, utilizing (2.3.6) and (2.3.1), we get 

                              cttcdxfxtTx

t

t

  00

0

))(,()( . 

Now, we proceed to show that T  is a contraction on C
~

. Using the Lipschitz condition 

(2.3.2), we obtain 

                    

t

t

dvfxftTvtTx

0

))(,())(,()()(   

                                        )()(max0 


vxktt
J




 

                                         ),( vxdk . 
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As the above inequality does not depend on t , we can take the maximum on the left and we 

get 

                     ),(),( vxdTvTxd  , where  k . 

Using (2.3.4) we obtain that 1  k . Thus, T  is a contraction on C
~

. Now, from Theorem 

2.2.1, it follows that T has a unique fixed point Cx
~

 . Therefore, x  is a continuous function 

on J  such that Txx  . So, from equation (2.3.6), we infer that 

                                   

t

t

dxfxtx

0

))(,()( 0  .                                                              (2.3.7) 

Since Rx ))(,(  , where f  is continuous, (2.3.7) may be differentiated. Hence  x  is even 

differentiated and satisfies (2.3.3). Conversely, every solution (2.3.3) must satisfy (2.3.7). 

This completes the proof of the theorem.                                    

2.4 Caristi’s fixed point theorem [3] 

To prove Caristi’s fixed point theorem, we need the following important results. 

Proposition 2.4.1 [3] Let X  be a complete metric space and ],(: X  a bounded 

below lower semi continuous function. Suppose that  nx  is a sequence in X  such that 

                   0),()(),( 011   nxxxxd nnnn   

Then  nx  converges to a point Xv  and )()(),( vxvxd nn    for all 0n . 

Proof. By the given hypothesis, we have 

                                    011 ),()(),(   nxxxxd nnnn  , 

It implies that  )( nx  is a decreasing sequence. Moreover, for 0m  

                     ),(...),(),(),( 121

0

101 



  mm

m

n

nn xxdxxdxxdxxd  

                                            )()( 10  mxx   

                                            )(inf)(
0

0 n
n

xx 


  

Letting n , we obtain  

                                        




 
0

1),(
n

nn xxd     
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This implies that  nx  is a Cauchy sequence in X . Since X  is complete, there exists Xv  

such that vxn
n




lim . Let 0, nm  with nm  . Then  

                                         





1

1),(),(
m

ni

iimn xxdxxd  

                                                      )()( mn xx    

Letting m , we have 

                                         )(lim)(),( m
m

nn xxvxd 


  

                                                      )()( vxn   ,  0 n .              

Theorem 2.4.2 [3] Let X  be a complete metric space and ],(: X  a proper, 

bounded below and lower semi continuous function. Suppose that, for each Xu  with 

)()(inf ux
Xx

 


 there exists a Xv  such that 

                         vu     and   )()(),( vuvud   . 

Then there exists an Xx 0  such that )(inf)( 0 xx
Xx



 . 

Proof. Let )()(inf yx
Xx

 


, Xy . Suppose Xu 0  with )( 0u . If )()(inf 0ux
Xx

 


, 

then nothing to prove. So, assume )()(inf 0ux
Xx

 


, and there exists a Xu 1
 such that  

10 uu   and )()(),( 1010 uuuud   . 

Let us define a sequence }{ nu  in X , starting with 0u . Suppose Xun 1 . Then choose 

nn Su  , where  

                          )()(),(: 11 wuwudXwS nnn     

such that 

                         )(inf)(
2

1
)(inf)( 1 wuwu

nn Sw
n

Sw
n 





                                                (2.4.1)                   

Since nn Su  , we obtain 

                           nuuuud nnnn ),()(),( 11  . 

In view of Proposition 2.4.1, it implies that Xvun   and )()(),( 11 vuvud nn    . By 

hypothesis there exists a Xz  such that vz   and )()(),( zvzvd   .  
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Consider, 

                                 ),()()( zvdvz   

                                        ),()()(),()( 11 vudvuzvdv nn     

                                         ),(),()( 11 vudzvdu nn    

                                        ),()( 11 zudu nn   .                                (using Triangle inequality) 

 

It implies that nSz . It follows from (2.4.1) that 

                                      )()(inf)()(2 1 zwuu
nSw

nn  



. 

Thus, 

                                     )()(lim)()( zuvz n
n

 


, 

a contradiction. So, there exists a point Xx 0  such that )(inf)( 0 xx
Xx



 . 

Theorem 2.4.3 (Caristi’s fixed point theorem) [3] 

Let X  be a complete metric space and ],(: X  a proper, bounded below and lower 

semi continuous function. Let XXT :  be a mapping such that 

                                   )()(),( TxxTxxd          for all Xx                                        (2.4.2) 

Then there exists a point Xv  such that Tvv   and )(v . 

Proof. Since   is a proper, then there exists Xu  such that )(u . Let  

                                            )()(),(: xuxudXxC          

Then, C  is a non-empty closed subset of X . Now, we proceed to show that C  is invariant 

under T . For each Cx , we have 

                                     )()(),( xuxud    

and hence, in view of (2.4.2), we have 

                                   ),()()( TxxdxTx    

                                             ),()()(),()( xudxuTxxdx    

                                             ),(),()( xudTxxdu        

                                            ),()( Txudu  , 

and it implies that CTx  

Suppose, for contradiction, Txx   for all Cx .  Then, for each Cx , there exists Cw  

such that  

                                wx   and )()(),( wxwxd    



28 
 

By Theorem 2.4.2 there exists an Cx 0  with )(inf)( 0 xx
Cx



 . Hence, for such an Cx 0 , 

we obtain 

                  ))()()(inf()()(),(0 000000 TxxxTxxTxxd
Cx

 


 

                                          )()( 00 TxTx    

                                           0 , 

a contradiction. This completes the proof of the theorem. 
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                                         CHAPTER-III 

     COMMON FIXED POINT THEOREMS FOR MAPPINGS                    

                              SATISFYING E.A PROPERTY 

 

3.1 Introduction  

The strict contractive conditions in metric spaces do not ensure the existence of common 

fixed point unless the space is assumed compact or if the strict contractive conditions are 

replaced by some stronger conditions as given by Jachymski, J. [8], Jungck, G, Moon, K.B., 

Park, S., and Rhoades, B.E. [12] and Pant, R.P. [15]. In 1986, Jungck [11] presented the 

concept of compatible mappings. This notion of compatibility was frequently utilized by 

various researchers to prove existence theorems in common fixed point theory. Later, Pant 

[16, 17] initiated the study of common fixed point of non-compatible mappings. Recently, in 

2002, Aamri and Moutawakil [1] defined a new property which extended the notion of non-

compatible mappings and established common fixed point theorems under strict contractive 

conditions on a metric space.  

            The aim of this chapter is to study the E.A property given by Aamri and Moutawakil 

[1]. Also, we study some common fixed point theorems under strict contractive conditions for 

mapping satisfying E.A property given in [1]. 

In 1976, Jungck [10] introduced the following concept of commuting mappings:  

3.1.1 Commuting Mapping [10] 

Let ),( dX  be a metric space. Two self mappings f  and g  on ),( dX  are said to be 

commuting if  

                                                 )()( xgofxfog        Xx . 

Example: 

Let ),1[ X  and yxyxd ),( . Let XXgf :,  by 
2

1
)( 23  xxxxf  and

xxg )(  for Xx . Then 

                                  ))(()( xgfxfog
2

1
)( 23  xxxxf  
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and  

                         
2

1
)

2

1
())(()( 2323  xxxxxxgxfgxgof  

Since xgofxfog )()(  , Xx . Thus, f   and g   are commuting mappings. 

In 1982, Sessa [21] introduced and extended the notion of commuting mappings to weakly 

commuting mappings. 

3.1.2 Weakly Commuting Mapping [21] 

Two self mapping S and T  of a metric space ),( dX . These self mappings are said to be 

weakly commuting if 

         XxxTxSdxTSxSTd  )),(),(())(),((  

Example: 

Let ]1,0[X  with the usual metric d . Define T , S : XX  by 
x

x
xS




2
)(  and 

2
)(

x
xT     

Then 
)4)(24()4()24(

))(),((
2

xx

x

x

x

x

x
xTSxSTd








  

                                                2)2()24(

2 x

x

x

x

x








 

                                                  ))(),(( xTxSd  

Thus,  S    and T  are weakly commuting mappings. 

3.1.3 Remark: Two commuting mappings are weakly commuting, but the converse is not 

true as is shown in the following example: 

Example:  

Let ]1,0[X , with the usual metric d . Define S , T : XX   by 
x

x
xS




2
)( and 

Xx
x

xT  ,
2

)( . 

Then 
)4)(24()4()24(

))(),((
2

xx

x

x

x

x

x
xTSxSTd








  
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2)2()24(

2 x

x

x

x

x






  

                                           ))(),(( xTxSd  

Thus, S and T are weakly commuting mappings. 

  But  
x

x

x

x

x

x

SxTSxSoT














































4

2

4
2

2
2

2))(()(  

  And 
x

xx

x

TxSTxToS
242

2))(()(






















  

      xToSxSoT )()(    

Thus, S and T are not commuting mappings. 

Jungck [11] in 1986, introduced the following concept of compatible maps: 

3.1.4 Compatible Mapping [11] 

Two self mappings S  and T  of a metric space are said to be compatible if  

                                 0)(),((lim 


nn
n

SxTTxSd   

whenever )( nx  is a sequence in X  such that  

                            txTxS n
n

n
n




)(lim)(lim , 

for some Xt . 

Example: 

Let ],1[ X  and d  is the usual metric on X . Define XXTS :,  by 

2)(12)( xxTandxxS   for all Xx . Consider, the sequence in X  as 
n

xn

1
1}{  . 

Then, .1)(;1)(;1
1

1)(;1
2

1)(

2









 nnnn xTSxST

n
xT

n
xS   
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Thus, 0))(),(( nn xTSxSTd as n . Hence, S and T are compatible. 

3.1.5 Remark: Two weakly commuting mappings are compatible, but the converse is not 

true as is shown in the following examples. 

Examples:  

(i) Let X   and d  be the metric on X . Let ),(),(:, dXdXTS   are self maps defined 

as 3)( xxS   and 32)( xxT  . 

Here,  

                       93 8)2())(( xxSxTS   and 93 2)())(( xxTxST   

Therefore,  

                      999 628))(),(( xxxxTSxSTd   and 3))(),(( xxTxSd   

Clearly, S  and T are not weakly commuting as 396 xx  . On the other hand, the functions 

S  and T  are compatible since 0))(),(( 3  xxTxSd  iff 06))(),(( 9  xxTSxSTd . 

Thus, S and T  are compatible but not weakly commuting mappings. 

(ii) Let ],1[ X  and d  is the usual metric on X . Define XXTS :,  by 

2)(12)( xxTandxxS  , for all Xx . Consider, the sequence in X  as 
n

xn

1
1}{  . 

Then .1)(;1)(;1
1

1)(;1
2

1)(

2









 nnnn xTSxST

n
xT

n
xS   

Thus, 0))(),(( nn xTSxSTd as n . Hence, S and T are compatible. But 

XxxxTSxSTd  1)1(2))(),(( 2  and XxxxTxSd  1)1())(),(( 2 ; S and 

T are not weakly commuting. 

3.1.6 Coincidence Point 

Let YXf : and YXg :  be two mappings, where X  and Y  are any two non-empty 

sets. We say that a point Xx  is a coincidence point of f  and g  if 

                                                 ).()( xgxf   
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Example: 

Let X  with the usual metric yxyxd ),(  and define :, gf  by 

                                        x
x

xf ,
3

)(     and     xxxg ,)( 2 . 

Here, 0 and 1/3 are two coincidence points for the maps f  and g . 

 

Jungck and Rhoades [13] in 1998, introduced the following concept of weakly compatible 

maps:  

3.1.7 Weakly Compatible Mapping [13] 

Two self mappings T  and S  of a metric space X  are said to be weakly compatible if they 

commute at their coincidence points; i.e. if )()( xSxT  , for some Xx  then 

)()( xSTxTS  . 

Examples: 

(i) Let ]3,0[X  with the usual metric yxyxd ),(  and define ]3,0[]3,0[:, ST  as  

     









]3,1[,3

)1,0[,
)(

xif

xifx
xT            and          










]3,1[,3

)1,0[,3
)(

xif

xifx
xS  

Then, for any ]3,1[x , x  is a coincidence point and )()( xTSxST   showing that  T and 

S are weakly compatible mappings on [0,3]. 

 (ii) Let X  and define :,ST  by  x
x

xT ,
3

)(  and  xxxS ,)( 2 . Here, 0 

and 
3

1
 are two coincidence points for the maps T  and S . Note that T  and S commute at 0, 

i.e. 0)0()0(  STTS , but 
27

1

9

1

3

1


















TTS  and 

81

1

9

1

3

1


















SST  and so, T  and S

are not weakly compatible maps on  . 

Remark 3.1.8 Two compatible mappings are weakly compatible but the converse is not true 

as shown by the following example:  

Example: 

Let ]20,2[X  and d  be the usual metric on X . Define XXST :,  as 
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








52,6

52,
)(

xif

xorxifx
xT         and        

















5,3

52,12

2,

)(

xifx

xif

xifx

xS  

The mappings T  and S are non-compatible since sequence }{ nx  defined by 

1,
1

5}{  n
n

xn . Then, 2)(,6)(,2)(,2)(  nnnn xSTxTSxSxT . Hence, T  and S

are not compatible mappings. But they are weakly compatible mappings since they commute 

at coincidence point at 2x  as .2)2()2(  STTS  

3.1.9 E.A Property [1] 

Let T  and S  be two self mappings of a metric space ),( dX . T  and S  satisfy the E.A 

property if there exists a sequence )( nx  such that  

                                    txSxT n
n

n
n




)(lim)(lim , 

for some Xt . 

Examples: 

(i) Let ]1,0[X . Define XXST :,  by 

                  



































1,
2

1
,0

2

1
,0,1

)(

xif

xifx

xT         and       



































2

1
,0,

4

3

2

1
,0,

2

1

)(

xif

xif

xS  

Consider, the sequence 2,
1

2

1
}{ 









 n
n

xn , we have 


















 n
g

n
f

nn

1

2

1
lim

2

11

2

1
lim . 

Thus, the pair ),( ST  satisfies the E.A property. 

(ii) Let ],0[ X . Define XXST :,  by 

             
2

)(
x

xT      and   Xx
x

xS  ,
4

7
)(  

Let the sequence
n

xn

1
}{  . Clearly, 0)(lim)(lim 

 n
nn

n
xSxT . 

Thus, T  and S  satisfy the E.A property. 
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(iii) Let ),2[ X . Define XXST :,  by 

                       1)(  xxT  and XxxxS  ,12)( . 

Suppose that E.A property holds; then there exists in X  a sequence )( nx  satisfying 

            txSxT n
n

n
n




)(lim)(lim , for some Xt . 

Therefore, 1)(lim 


txn
n

 and 
2

1
)(lim






t
xn

n
. 

Then 1t , which is a contradiction since X1 . Hence T  and S  do not satisfy the E.A 

property. 

3.1.10 Remark: Two self mappings S  and T  of a metric space ),( dX  are said to be non-

compatible if there exists at least one sequence )( nx  in X such that  

               txSxT n
n

n
n




)(lim)(lim , for some Xt ,   

But ))(),((lim nn
n

xSTxTSd


is either non-zero or non-existent. Therefore, two non-compatible 

self mappings of a metric space ),( dX satisfy the E.A property. 

Example: 

Let ]1,0[X  with the usual metric space d  i.e., yxyxd ),( . Define XXST :,  by        



































1,
2

1
,0

2

1
,0,1

)(

xif

xifx

xT         and       



































2

1
,0,

4

3

2

1
,0,

2

1

)(

xif

xif

xS  

Consider, the sequence  2,
1

2

1










 n
n

xn , we have 


















 n
S

n
T

nn

1

2

1
lim

2

11

2

1
lim . 

Thus, T  and S  satisfies property E.A. But 0
1

2

1
,

1

2

1
lim 



























 n
ST

n
TSd

n
. Hence, T  and 

S  are non-compatible mappings. 
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3.2 Main results 

Now, we study the main results of Aamri and Moutawakil [1]. 

Theorem 3.2.1 Suppose S  and T  be two weakly compatible self mappings of a metric space 

),( dX such that 

(i) T  and S satisfy the E.A property, 

(ii)  ,2/)],(),([),,(max{),( SyTydSxTxdSySxdTyTxd   

                                       XyxSyTxdSxTyd  },2/)],(),([  

(iii) SXTX  . 

If SX or TX is a complete subspace of X , then T and S  have a unique common fixed point. 

Proof. Given that T  and S satisfy the E.A property, then there exists in X  a sequence )( nx  

satisfying 

                                      txSxT n
n

n
n




)(lim)(lim , for some Xt . 

Suppose that SX  is complete. Then, SaxS n
n




)(lim , for some Xa .  Also, SaxT n
n




)(lim . 

Now, we prove that SaTa  . Let SaTa  . Condition (ii) implies 

         2/)],(),([),,(max{),( SaTadSxTxdSaSxdTaTxd nnnn   

                                      }2/)],(),([ SaTxdSxTad nn  . 

Taking limit n , we get 

               ,2/)],(),([),,(max{),( SaSadSaTadSaSadTaSad   

                         }2/)],(),([ SaSadSaTad   

              2/),( SaTad ; 

This is a contradiction. Hence, SaTa   

Since T  and S  are weakly compatible, TSaSTa   and therefore, SSaSTaTSaTTa    



37 
 

Now, we will show that Ta  is a common fixed point of T  and S . Suppose that TTaTa  . 

Then 

         2/)],(),([),,(max{),( STaTTadSaTadSTaSadTTaTad   

                                                     }2/)],(),([ STaTadSaTTad    

                                                ),()},(),,(max{ TTaTadTaTTadTTaTad   

This is a contradiction. Hence, TaTTa   and TaTTaSTa  . Since SXTX  , we can 

similarly prove the theorem when TX  is complete subspace of X . Uniqueness of the 

common fixed point follows easily. 

Now, we give an example to support the above theorem. 

Example: 

Let ),1[ X  with the usual metric space yxyxd ),( . Define XXST :,  by 

           12)(  xxT   and  XxxxS  ,)( 2 . Then  

(i)  T  and S  satisfy the E.A property for the sequence ,...,2,1,
1

1}{  n
n

xn   

(ii) T  and S  are weakly compatible, 

(iii) T  and S  satisfy for all yx   

   ,2/)],(),([),,(max{),( SyTydSxTxdSySxdTyTxd   

                                              }2/)],(),([ SyTxdSxTyd  , 

(iv) 111  ST . 

Corollary 3.2.2 Let S  and T  be two non-compatible weakly compatible self mappings of a 

metric space ),( dX such that 

(i) ,2/)],(),([),,(max{),( SyTydSxTxdSySxdTyTxd   

               ,,2/)],(),([ XyxSyTxdSxTyd   

(ii) SXTX  . 
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If SX  or TX  is a complete subspace of X , then T  and S  have a unique common fixed 

point. 

Proof. Since S  and T are two non-compatible self mappings of a metric space ),( dX . Then 

by Remark 3.1.11, self mappings S  and T  satisfy the E.A property and hence proof follows 

from Theorem 3.2.1. 

Corollary 3.2.3 Suppose S  and T  be two weakly compatible self mappings of a metric 

space ),( dX . Suppose that there exists a mapping  X: such that 

(i)  XxTxSxTxSxd  ),()(),( , 

(ii) XyxSyTxdSxTydSySxdTyTxd  },2/)],(),([),,(max{),(  

(iii) SXTX  . 

If SX  or TX  is a complete subspace of X , then T  and S  have a unique common fixed 

point. 

Proof: Let Xx 0 . Choose Xx 1
 such that 10 SxTx  . Choose Xx 2

such that 
21 SxTx  . 

In general, choose Xxn   such that nn SxTx 1 . Then 

  )()()()(),(),( 11   nnnnnnnn SxSxTxSxTxSxdSxSxd  

Let the nonnegative real sequence )( na defined by ...,2,1),(  nSxa nn  . It is easy to see 

that the sequence )( na  is non-increasing and bounded below. Therefore, )( na  is an   

convergent sequence. On the other hand, we have 

                     mnnmnn aaSxSxd  ),(  

which implies that the sequence )( nSx  is a Cauchy sequence in SX  . Suppose that SX  is a 

complete subspace of X . Then, there exists SXt  such that txS n
n




)(lim . Also, we have

txT n
n




)(lim .  

Subsequently, T  and S  satisfy the E.A property. From (ii), it implies that  

                  ,2/)],(),([),,(max{),( SyTydSxTxdSySxdTyTxd   
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                                                 XyxSyTxdSxTyd  },2/)],(),([  

Hence, all the conditions of Theorem 3.2.3 are satisfied. Thus, T  and S  have a unique 

common fixed point. 

In 1976, Caristi [6] proved that a self mapping T  of a complete metric space ),( dX   has a 

fixed point if there exists a lower semi-continuous function  X:  satisfying 

                             )()(),( TxxTxxd  . 

However, it may be observed that T  will have a fixed point if it satisfies the above inequality 

for arbitrary  and its graph is closed.  

Setting 
XIdS  in Corollary 3.2.3, we get the following results: 

Corollary 3.2.4 Suppose T  be self mapping of a complete metric space ),( dX . 

Suppose that there exists a mapping  X: such that 

(i)  XxTxxTxxd  ),()(),( , 

(ii)   XyxTxydTyxdyxdTyTxd  ,2/)],(),([),,(max),( . 

Then T  has a unique fixed point. 

If we take XIdT   in Corollary 3.2.3, we have the following result: 

Corollary 3.2.5 Let S  be surjective self mapping of a complete metric space ),( dX . 

Suppose that there exists a mapping  X: such that  

(i) XxxSxSxxd  ),()(),( , 

(ii)   XxSyxdSxydSySxdyxd  ,2/)],(),([),,(max),( . 

Then S  has a unique fixed point. 

The next theorem involves a function F , where  :F satisfies the following 

conditions: 

)( 1F F  is nondecreasing on  , 

)( 2F  ttF  )(0 , for each ),0( t . 
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Theorem 3.2.6 Let TBA ,,  and S  be self mapping of a metric space ),( dX  such that 

(i)  2),()}),,(),,(),,((max{),( XyxByTydBySxdTySxdFByAxd  ,  

(ii) ),( SA and ),( TB are weakly compatibles, 

(iii) ),( SA or ),( TB satisfy the E.A property, 

(iv) TXAX  and SXBX  . 

If the range of the one of the mapping TBA ,, or S  is a complete subspace of X , then

TBA ,,  and S  have a unique common fixed point. 

Proof. Let the pair ),( TB  satisfies the E.A property. From the definition of the E.A property 

there exists a sequence )( nx  in X  such that txTxB n
n

n
n




)(lim)(lim , for some Xt . As 

SXBX  , there exists in X  a sequence )( ny  such that )()( nn ySxB  . Therefore, 

tyS n
n




)(lim . Now, we show that tyA n
n




)(lim . From (i), we have 

                          )}),(),,(),,((max{),( nnnnnnnn BxTxdBxSydTxSydFBxAyd    

                                               )}),(,0),,((max{ nnnn BxTxdTxBxdF  

                                               ),()),(( nnnn BxTxdBxTxdF  . 

So, 0),(lim 


nn
n

BxAyd . Since ),(),(),( tBxdBxAydtAyd nnnn  . We obtain that 

tyA n
n




)(lim . Due to the fact that SX  is a complete subspace of X , we have  Sut  , for 

some Xu . Subsequently, we have SuySxTxByA n
n

n
n

n
n

n
n




)(lim)(lim)(lim)(lim . In 

view of (i), we get 

                       )}),(),,(),,((max{),( nnnnn BxTxdBxSudTxSudFBxAud   

Taking n  and using )( 2F , it implies that SuAu  . The weak compatibility of A  and S  

implies that SAuASu   and then SSuSAuASuAAu  . 

On the other hand, since TXAX  , therefore exists Xv such that TvAu  . We show that

BvTv  . Utilizing (i), we get 
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                       )}),(),,(),,((max{),( BvTvdBvSudTvSudFBvAud   

                                         )}),(),,((max{ BvAudBvAudF  

                                         )),(( BvAudF  

which is a contradiction. This infers that BvTvSuAu  . The weak compatibility of B  and 

T  implies that TBvBTv   and BBvBTvTBvTTv  .   

 Now, we show that Au is a common fixed point of TBA ,, and S . From (i), it implies  

                    ),(),( BvAAudAAuAud   

                                        )}),(),,(),,((max{ BvTvdBvSAudTvSAudF  

                                        )}),(),,((max{ AuAAudAuAAudF  

                                        )),(( AuAAudF . 

So, SAuAAuAu    and Au  is a common fixed point of  A  and S . Similarly, we show that 

Bv is a common fixed point of B  and T . Since BvAu  , we conclude that Au is a common 

fixed point of TBA ,,  and S . Similarly, we can prove when TX  is assumed to be a complete 

subspace of X . The cases in which AX  or BX , respectively, is complete since TXAX   

and SXBX  . If uSuTuBuAu   and vSvTvBvAv  , then (i) gives  

          )}),(),,(),,((max{),(),( BvTvdBvSudTvSudFBvAudvud     

                                         )),(( vudF . 

Therefore vu   and the common fixed point is unique. This completes the proof of the 

theorem. 

Taking ST   in Theorem 3.2.6, we obtain the following result. 

Corollary 3.2.7 Let BA,  and S  be self mappings of a metric space ),( dX  such that 

(i) 2),()}),,(),,(),,((max{),( XyxBySydBySxdSySxdFByAxd  , 

(ii) ),( SA  and ),( SB  are weakly compatible, 

(iii) ),( SA  or ),( SB  satisfy the E.A property, 
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(iv) SXAX   and SXBX  . 

        If the range of the one of the mapping BA,  or S  is a complete subspace of X , then 

BA,  and S  have a unique fixed point. 
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                                                       CHAPTER-IV 

      COMMON FIXED POINT THEOREMS FOR A PAIR OF      

                 MAPPINGS USING IMPLICIT FUNCTIONS  

 

4.1 Introduction  

In 1976, Jungck, G. [10] gave a generalized version of Banach fixed point theorem as:  

Theorem 4.1.1 Let T  be a continuous mapping of a complete metric space ),( dX  into itself. 

Then T  has a fixed point in X  if there exist )1,0(  and a mapping XXS :  which 

commutes with T  and satisfies )()( XTXS   and ),( SySxd XyxTyTxd  ,),,( . 

 As seen in Theorem 4.1.1, many common fixed point theorems involve conditions on 

commutativity, continuity, completeness and suitable containment of ranges of the involved 

maps besides an appropriate contraction condition. The researchers of this field are aimed at 

weakening one or more of these conditions. 

                In order to accommodate many contraction conditions, Popa [18] in 1999 gave the 

concept of implicit functions. The notion of implicit functions is very fruitful due to their 

unifying power. Later, Imdad and Javid [7] utilized implicit functions to prove a general fixed 

point theorem for a pair of mappings without requiring the containment of ranges. Also, 

Imdad and Javid [7] unified several fixed point theorems by using an implicit function. 

                 The purpose of this chapter is to study the results proved by Imdad and Javid [7]. 

Imdad and Javid [7] proved that how E.A property replaces the containment condition of 

ranges of one mapping into the range of other in common fixed point theorems. Also, we can 

use the modification suggested in [7] to all common fixed point theorems for a pair of 

mappings in the literature. 

4.1.2 Compatible Mappings [11] 

A pair of self-mappings ),( IT of a metric space ),( dX  is said to be compatible if 

                                       0))(),((lim 


nn
n

xITxTId , 
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whenever }{ nx  is a sequence in X  such that 

                                       txIxT n
n

n
n




)(lim)(lim , for some Xt  

Example:  

Let X  and d  be the metric on X . Let T , I : ),(),( dXdX   are self maps defined as  

                                     3)( xxT   and xxI  2)(  

Here, 3)2()2())(( nnn xxTxIT   and 
33

2)())(( nnn xxIxTI  . 

Therefore, 021)2)(1(2))(),((
223

 nnnnnnnnnn xxxxxxxxxIxTd  

if and only if 1nx   

and 0166126)2()6128())(),((
22323
 nnnnnnnnn xxxxxxxxITxTId  

 iff 1nx . 

Thus, T  and I  are compatible mappings. 

4.1.3 Non-compatible Mappings [1] 

A pair of self-mappings ),( IT of a metric space ),( dX  is said to be noncompatible if there 

exists at least one sequence }{ nx  in X  such that 

                                           txIxT n
n

n
n




)(lim)(lim , for some Xt . 

But ),(lim nn
n

ITxTIxd


 is either non-zero or non-existent. 

Example: 

Let ]1,0[X  with the usual metric space d  i.e., yxyxd ),( . Define XXIT :,  by 

                  



































1,
2

1
,0

2

1
,0,1

)(

xif

xifx

xT         and       



































2

1
,0,

4

3

2

1
,0,

2

1

)(

xif

xif

xI  
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Consider, the sequence   2,
1

2

1










 n
n

xn
, we have 



















 n
I

n
T

nn

1

2

1
lim

2

11

2

1
lim . 

Thus, T  and I  satisfies E.A property. But 0
1

2

1
,

1

2

1
lim 



























 n
IT

n
TId

n
. Hence, T  and 

I  are non-compatible mappings. 

4.1.4 E.A Property [1] 

A pair of self-mappings ),( IT  of a metric space ),( dX  is said to satisfy the E.A property if 

there exists a sequence }{ nx  in X  such that  

           txIxT n
n

n
n




)(lim)(lim , for some Xt  

Clearly, a pair of compatible as well as noncompatible self-mappings of a metric space ),( dX  

satisfies the E.A property. 

4.1.5 Remark: A pair of mappings satisfying E.A property need not follow the pattern of 

containment of range of one map into the range of other as utilized in common fixed point 

considerations but still it relaxes such requirements as shown by the following example: 

Example: 

Consider ]1,1[X  with the usual metric. Two self-mappings T  and I  on X  defined by 

                  )(xT





















,1,
5

3

,11,
4

,1,
2

1

xif

xif
x

xif

            )(xI






















.1,
2

1

,11,
2

,1,
2

1

xif

xif
x

xif

 

Consider, the sequence
n

xn

1
}{  . Clearly, 0)(lim)(lim 


n

n
n

n
xIxT . 

Then, T  and I  satisfy E.A property. 

 Also, 






 










4

1
,

4

1

5

3
,

2

1
)( XT  and 










2

1
,

2

1
)(XI . It is clear that neither )(XT  is 

contained in )(XI  nor )(XI  is contained in )(XT . 
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4.2 Implicit Relation 

Following Popa [18], let   be the family of real lower semi-continuous functions 

RRtttF 

6

621 :),...,,(  satisfying the following conditions: 

FF :1
 is non-increasing in the variables 5t  and 6t , 

:2F  there exists )1,0(h such that for every 0, vu  with 

      0)0,,,,,(:2  vuuvvuFF a  or 

      0),0,,,,(:2  vuvuvuFF b  

then, we have hvu  , and 

0,0),,0,0,,(:3  uuuuuFF . 

Example 4.2.1 Define RRtttF 

6

621 :),...,,(  as 

                             








 )(
2

1
,,,max),...,,( 654321621 tttttkttttF , where )1,0(k . 

Now, we show that the given function is implicit function.  

:1F  Here, we need to show that F  is non-increasing in the variables 5t  and 6t .  

For this, suppose  


5t 5t  and 


6t  6t , 

This implies that 
22

6565 tttt 






  ,   

Now, consider    













 







6543216521
2

1
,,,max),,...,,( tttttktttttF  

                                                       ),,...,,( 6521 ttttF   

Hence, F is non-increasing in the variable 5t  and 6t . 

:2F . Let 0, vu . Assume that 0)0,,,,,(:2  vuuvvuFF a  
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                                                       0)(
2

1
,,,max 









 vuuvvku  

                                                       0)(
2

1
,,max 









 vuuvku  

                                                       








 )(
2

1
,,max vuuvku   

If vu  , then ukuu  , a contradiction. Thus, vu     

                                           kvu  ,        where )1,0(k  

:3F We need to prove that 0,0),,0,0,,(  uuuuuF  

Consider, ),,0,0,,( uuuuF








 )(
2

1
,0,0,max uuuku  

                                            },max{ uuku   

                                            kuu   

                                            ))1,0((00)1(  kuuk   

Hence, all the conditions of implicit functions are satisfied thereby implying that the given 

function is implicit function. 

Example 4.2.2 Define RRtttF 

6

621 :),...,,(  as 

                              









2

,
2

,,,max),...,,( 65
4321621

tt
ttthttttF , where )1,0(h . 

Now, we show that the given function is implicit function.  

:1F  Here, we need to show that F  is non-increasing in the variables 5t  and 6t .  

For this, suppose  


5t 5t  and  


6t  6t  

This implies that  
22

55 tt




 and 
22

66 tt



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Now, consider  












 




2
,

2
,,,max),,...,,( 65

43216521

tt
ttthtttttF  

                                                     ),,...,,( 6521 ttttF  

Hence, F is non-increasing in the variable 5t  and 6t . 

:2F  Let 0, vu . Assume that 0)0,,,,,(:2  vuuvvuFF a  

                                                        0)(
2

1
,,,max 









 vuuvvhu  

if vu  , then uhuu  , a contradiction. Thus, vu     

                                               hvu  ,        where )1,0(h  

:3F We need to prove that 0,0),,0,0,,(  uuuuuF   

Consider, },,0,0,max{),,0,0,,( uuuhuuuuuF   

                                                     huu   

                                                     0,0)1(  uhu , where )1,0(h  

Hence, all the conditions of implicit functions are satisfied thereby implying that the given 

function is implicit function. 

Example 4.2.3 Define RRtttF 

6

621 :),...,,(  as 

                            
















 654321621

2

1
,,,,max),...,,( tttttkttttF , where )1,0(k  

Now, we show that the given function is implicit function.  

:1F  Here, we need to show that F  is non-increasing in the variables 5t  and 6t .  

 

 



49 
 

For this, suppose  


5t 5t  and  


6t  6t , 

This implies that 66
2

1

2

1
tt 


















, 

Now, consider 






 












6543216521

2

1
,,,,max),,...,,( tttttktttttF  

                                                                 ),...,,( 621 tttF  

Hence, F is non-increasing in the variable 5t  and 6t .  

:2F  Let 0, vu . Assume that 0)0,,,,,(:2  vuuvvuFF a  

                                                          00,
2

1
,,,max 

















 vuuvvku  

if vu  , then ukuu  , a contradiction. Thus vu     

                                                        hvkvu  ,        where )1,0( kh  

:3F We need to prove that 0,0),,0,0,,(  uuuuuF   

Consider, 
















 uukuuuuuF

2

1
,0,0,0,max),,0,0,,(  

                                                     0)1(  ku , for all 0u   

Hence, all the conditions of implicit functions are satisfied thereby implying that the given 

function is implicit function. 

Example 4.2.4 Define RRtttF 

6

621 :),...,,(  as 

                                

























 53436

2

2

2

1621
2

1
),...,,( ttttttattttF , where )1,0(a . 

Now, we show that the given function is implicit function.  

:1F  Here, we need to show that F  is non-increasing in the variables 5t  and 6t .  
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For this, suppose  


5t 5t  and  


6t  6t , 

This implies that     
























 









5343653436

2

1

2

1
tttttttttt , 

Now, consider   















 












53436

2

2

2

16521
2

1
),,...,,( ttttttatttttF  

                                                                  ),...,,( 621 tttF  

Hence, F is non-increasing in the variable 5t  and 6t . 

:2F  Let 0, vu . Assume that 0)0,,,,,(:2  vuuvvuFF a  

                                                        022  vau  

                                                        22 vau   

                                                        hvvau  2

1

, where 12

1

 ah . 

:3F We need to prove that 0,0),,0,0,,(  uuuuuF . 

Consider, 0,0)1(),,0,0,,( 2  uauuuuuF . 

Hence, all the conditions of implicit functions are satisfied thereby implying that the given 

function is implicit function. 

Example 4.2.5 Define RRtttF 

6

621 :),...,,(  as 

                             
2

656

2

54312

2

1

3

1621 ),...,,( tdttctttbttatttttF   , 

where 1,0,,,0  dcadcba and 1ba  . 

Now, we show that the given function is implicit function.  

:1F  Here, we need to show that F  is non-increasing in the variables 5t  and 6t .  

For this, suppose '

5t 5t  and '

6t  6t , 
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Since '

5t 5t 2

5

2'

5 tt                                     and  '

6t  6t  2

6

2'

6 tt                  

                    6

2

5

'

6

2

5

'

6

2'

5 tttttt                                           2

65

2

6

'

5

2'

6

'

5 tttttt       

                    6

2

5

'

6

2'

5 tttt                                                     2

65

2'

6

'

5 tttt     

Thus 6

2

56

2'

5 tttt 


 and 2

65

2'

6

'

5 tttt   

Now, consider  
2'

6

'

56

2'

54312

2

1

3

1

'

6

'

521 ),,...,,( tdttctttbttattttttF 


  

                                                               ),,...,,( 6521 ttttF  

Hence, F is non-increasing in the variable 5t  and 6t . 

:2F  Let 0, vu . Assume that 0)0,,,,,(:2  vuuvvuFF a  

                                                        0223  vbuvauu  

                                                        0)(23  vbauu  

                                                                    0))((2  vbauu  

                                                                    )0(0)(  uvbau   

                                                                     )1()(  bahhvvbau  

:3F We need to prove that 0,0),,0,0,,(  uuuuuF  

Consider, 3333),,0,0,,( ducuauuuuuuF   

                                                    )(33 dcauu   

                                                    0))(1(3  dcau         )1)((0  dcahu   

Hence, all the conditions of implicit functions are satisfied thereby implying that the given 

function is implicit function. 
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4.3 Results  

Now, we study the general common fixed point theorem proved by Imdad, M. and Ali, J. in 

[7] for a pair of mappings without requiring the containments of ranges. In this theorem, 

Imdad, M. and Ali, J. [7] utilized a suitable implicit function given by Popa [18]. 

Theorem 4.3.1 Let T  and  I  be self-mappings of a metric space ),( dX such that 

(i) T  and I  satisfy E.A property, 

(ii) ,,  FandXyx  

               0)),(),,(),,(),,(),,(),,(( TxIydTyIxdTyIydTxIxdIyIxdTyTxdF ,                   (4.3.1) 

(iii) )(XI  is a complete subspace of X . 

Then , 

(a) the pair ),( IT  has a point of coincidence, 

(b) the pair ),( IT  has a common fixed point provided it is weakly compatible. 

Proof: Since T  and I  satisfy E.A property, then there exists a sequence }{ nx  in X  such that 

                             txIxT n
n

n
n




)(lim)(lim , for some Xt . 

Due to the fact that )(XI  is a complete subspace of X , every convergent sequence of points 

of )(XI  has a limit in )(XI . Therefore, 

                          )(lim)(lim n
n

n
n

xTIatxI


 , for some Xa . 

thereby implying that )(XIIat  . Now, we proceed to show that TaIa  . Suppose 

TaIa  , then 0),( IaTad . Utilizing (4.3.1) 

                 0)),(),,(),,(),,(),,(),,(( TaIxdTxIadTxIxdTaIadIxIadTxTadF nnnnnn   

Letting n , we obtain 

                 0)),(),,(),,(),,(),,(),,(( TatdtIadttdTaIadtIadtTadF  
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Further, using the fact that tIa   and by the definition of implicit functions )( 2bF , it implies 

that 0),( IaTad . Thus, IaTa   which proves that a  is a coincidence point of T  and I . 

Due to the fact that T  and I  are weakly compatible, we have  

                                                 TtTIaITaIt   

Now, we prove that tTt  . If tTt  , then 0),( tTtd . Again utilizing (4.3.1) 

                      0)),(),,(),,(),,(),,(),,(( TtIadTaItdTaIadTtItdIaItdTaTtdF            

or 

                       0)),(),,(,0,0),,(),,(( tTtdtTtdtTtdtTtdF , 

This contradicts 3F . Therefore  tTt   which proves that t  is a common fixed point of T and 

I . 

Remark 4.3.2 Theorem 4.3.1 is a generalized and improved form of Theorem 4.1.1 due to 

Jungck [10] without any continuity requirement besides relaxing the containment of the range 

of one map into the range of the other (i.e IXTX  ). Also the commutativity requirement is 

reduced to points of coincidence along with replacement of the completeness of the space 

with a natural condition.  

4.4 Fixed Point Theorems for Families of Mappings 

Now, we study a common fixed point theorem for two finite families of mappings as an 

application of Theorem 4.3.1 proved in [7]. 

Theorem 4.4.1 Let mTTT ,...,, 21 and 
pIII ,...,, 21 be two finite families of self-mappings of a 

metric space ),( dX  with mTTTT ...21  and pIIII ...21 satisfying E.A property and 

condition (4.3.1). If )(XI  is a complete subspace of X , then 

(i) ),( IT  has a point of coincidence. 

Moreover, if kllkijji IIIITTTT  , and  mIjiTIIT ikki .,..,2,1, 1   and  

 pIlk .,..,2,1, 2   , then 1( Ii  and iTIk )2  and kI have a common fixed point. 
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Proof: Due to the fact that T  and I  satisfy all the conditions of Theorem 4.3.1, we obtain 

conclusion (i). So using the componentwise commutativity of various pairs, we can show that 

ITTI   and thereby implying that the pair ),( IT is weakly compatible. As all the conditions 

of Theorem 4.3.1 (for mappings T  and I ) are satisfied so we obtain the existence of unique 

common fixed point, say t . Now, we proceed to show that t  remains to be fixed point of all 

the component maps. For proving this, we consider  

               ))(...()))((.,..,,()).,..,,(()( 1112121 tTTTTtTTTTTtTTTTtTT mimimmimi    

                            tTTtTtTTTTTtTTTTTT iimimi  )()...()...(... 3214321 . 

Similarly, we can prove that  

                                   tIItItIItITtItIT kkkkkk  )()()()(   

and                                                   tTItTtTI iii  )()(  , 

which proves that tIandtT ki  are other fixed points of the pair ),( IT  for all kandi . Now, 

we need to prove the uniqueness of common fixed point of the pair separately. As t  is a 

unique common fixed point for the pair ),( IT , thus 

                                                   tItTt ki   

which proves that t  is a common fixed point of ki IandT  for all kandi . 

By setting IXIandiFT ki  )( (identity map) in Theorem 4.3.1, we get the following 

fixed point theorem which can be viewed as a variant of Bryant’s Theorem [5]. 

Corollary 4.4.2 Let F  be a self-mapping of a metric space ),( dX  such that there exists 

some Nm  satisfying 

       0)))(,()),(,()),(,()),(,(),,()),(),((( xFydyFxdyFydxFxdyxdyFxFdF mmmmmm  

 FandXyx, . If )(XF m is a complete subspace of X , then F  has a unique fixed 

point. 
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