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Abstract

The thesis entitled SYMMETRIES AND EXACT SOLUTIONS OF EINSTEIN-
VACUUM FIELD EQUATIONS AND EINSTEIN-MAXWELL EQUATIONS com-
prises eight chapters. This thesis is a condensed review of the exact solutions of
Einstein field equations and ensuing phenomena. General relativity is a theory of
Einstein field equations. Einstein field equations are systems of highly nonlinear
partial differential equations. To study general relativity, It is crucial that we an-
alyze partial differential equations in a systematic manner. The solutions to these
equations may be found using either numerical or analytical methods.

One of the most important methods of finding analytical solutions of nonlinear
problems is through symmetry analysis. Chapter 1, presents primarily the review
of the related works and methodologies utilized in the thesis. The investigations car-
ried out are confined to the applications of the group-theoretic methods to nonlinear
systems governed by partial differential equations. Chapters 2, 3, 5, 6, 7, are based
on the applications of Lie classical method while in chapter 4, Symmetry Approach
is utilized. In chapter 8, we used extended (%)—expansion method to derive exact
solutions.

In Chapter 2, the invariance under continuous groups of transformations of a
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system of nonlinear partial differential equations derived from nondiagonal Einstein-

rosen metric,

2(x + y)uugy — 2(z + y) (uguy, — v,0,) + u(u, +uy) =0,

2(x + y)uvgy — 2(x + y) (vuy + ugvy) + u(v, +vy) = 0,
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where u and v are arbitrary functions of z and y and «, = g—o‘, y = g_a and the
x y

matrices A and B are defined by A = —ad, 99", B = —ad,gixg"’, has been stud-
ied. To our knowledge, no exact solution of this system has been reported. To check
the integrability of the system, Painlevé property is utilized. The systematic inves-
tigation of group-invariant reductions is based on the computations of an optimal
list of inequivalent subalgebras. In this chapter, the optimal list of one dimensional
subalgebras is presented and some exact solutions of systems of Einstein vacuum
equations are derived.

Chapter 3 is devoted to the study of system of Einstein-Maxwell equations

derived from the non-static cylindrically symmetric metric of Einstein and Rosen:

1
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. Group-invariant reductions are carried out using inequivalent one-dimensional sub-
algebras of system of Einstein-Maxwell equations. This enables reduction of system
of PDEs to ODEs. Different exact solutions are constructed.

In Chapter 4, a system of Einstein Maxwell equations for the pure magneto-
static fields
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, where A is magnetostatic potential and function of » and z only, has been in-
vestigated for symmetry reductions and exact solutions. The infinitesimals which
leaves system invariant are obtained by using symmetry method based on Fréchet
derivatives of differential operators. An optimal system of conjugacy inequivalent
subalgebras is then identified with the adjoint action of symmetry group. For each
basic vector field in optimal system, the above system os reduced to system of ODEs
which is further solved with the aim of deriving certain exact solutions.

In Chapter 5, we have investigated the symmetries from the classical point

of view of pure magnetic fields:
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and pure electric fields:
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Corresponding to each basic vector field, the reductions of the above nonlinear sys-
tems to ODEs are obtained. These reduced systems of ODEs are further studied for
exact solutions.

Chapter 6 is concerned with the study of Einstein vacuum equations for

axially symmetric gravitational fields

0? 10 2
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. This system is examined for Lie symmetry group. An optimal system of inequiva-

=0,

lent one-dimensional subalgebras of the above system having four basic vector fields
is determined. Using the non-equivalent Lie ansatz for each essential vector field,
the nonlinear ODEs and exact solution are constructed.

Chapter 7, is based on the exact solutions by classical Lie method and ex-

tended ( ) -expansion method to the variable coefficients fifth order KdV equation
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where u is function of x and ¢, in Chapter 7. The variable coefficient fifth order KdV
equation describes, physically important nonlinear equations (Kaup-Kupershmidt
(KK), Lax, Sawada-Kotera (SK), CaudreyDoddGibbon (CDG) and Ito equations),
so the similarity solutions of these equations can be obtained by substituting partic-
ular values of «(t), 8(t),v(t) and (). The obtained solutions are also represented
graphically in this chapter.

In Chapter 8, we have studied the two nonlinear partial differential equations

of nano-ionic currents along Microtubules (MTs)

& 73 Z 1
gumz + T (\I/GO — 2)\00) Uy + 2ux + %Ut + 7 (RZil — G()Z) u = 0,

and

RQC()lzuxxt + ZQUCCJ; + 2R100/\uut — RlCout = 0.

Exact solutions of these equations are derived by using the (%)—expansion method.
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Chapter 1

INTRODUCTION

1.1 Introduction

Albert Einstein proposed the theory of relativity. The theory begins with two funda-
mental postulates. The first states that for all observers moving uniformly relative
to each other, the law of physics have the same form. The second is the invariance
of the speed of light. General relativity is the theory of gravity proposed by Einstein
in 1915. What distinguishes general relativity from other physical theories is the
idea that spacetime is no longer a passive stage upon which nature performs. In-
deed the curvature of spacetime is coupled to its matter and energy content via the
Einstein field equations in a highly nonlinear manner. The Einstein field equations,
which play a central role in the Einstein’s theory of general relativity, have sym-
metry consideration as one of the most important mathematical properties apart
from their applications and implications for astrophysics and cosmology. This is
why these equations have been a subject of extensive and intensive study both by
mathematicians and physicists. The behavior of the gravitational field is at present
best described by the theory of general relativity. General relativity in the frame-
work of differential manifold is utilized to study various aspects of gravitational field.

Increasingly, general relativistic models are being utilized for the analysis of strong



gravitational fields; the conventional Newtonian models are not appropriate in the
scenario eg. neutron star models.

In this thesis, the Einstein vacuum field equations and Einstein-Maxwell equa-
tions in general relativity are studied. To analyze the behavior of the gravitational
field, we need to solve the Einstein field equations which describe how curvature and
matter are coupled. This system of highly nonlinear partial differential equations
is not easily tractable in general and solutions are normally sought via simplifying
assumptions on the nature of the matter content or the form of the gravitational
potentials. Solutions to the Einstein field equations are listed by Stephani et al.
[143] and Krasinski [71]. A number of exact solutions have been discovered with
applications in relativistic astrophysics:

(a) The Schwarzschild exterior solution. This describes the gravitational field out-
side a static spherically symmetric body. Historically, this is the first exact solution
of the field equations [131].

(b) The Schwarzschild interior solution. This describes the gravitational field inside
a static spherically symmetric body. This solution [132] matches smoothly to the
exterior Schwarzschild line element, and is a good model of small stars, where the
pressures are not too large.

(¢) The Reissner-Nordstrom [126] solution. This model describes the spacetime out-
side a charged, static spherically symmetric body.

It is important to note that other exterior solutions, describing important as-
trophysical phenomena, exist. The most important of these are the Vaidya solution
[152], which describes radiating bodies, and the Kerr solution [66] which describes

rotating bodies.



The study of exact solutions forms an important area of research in general relativ-
ity. They are important because many qualitative features of the gravitational field
are obtained by analyzing individual systems. Without exact solutions of the Ein-
stein field equations, it is not possible to consider many of the physical implications
of the general field equations because of their nonlinearity. Main focus of the thesis
is to derive new exact solutions of the Einstein vacuum and Einstein-Maxwell field
equations in this thesis. An extensive literature of exact solutions to the Einstein
field equations has been generated over the years; recent reviews are given by Del-
gaty and Lake [30], Stephani et al. [143] and Krasinski [71]. Most of these solutions,
however, do not stand the tests of physical reality. Some of the exact solutions, that
qualify all the physical requirements include those of Durgapal and Bannerji [33],
Durgapal and Fuloria [34], Finch and Skea [37], Tikekar [147], Maharaj and Leach
[92] and Lake [73]. It is interesting to observe that a set of these isotropic solutions
may be used as seed solutions to produce anisotropic solutions to the Einstein field
equations with the help of a new algorithm proposed by Maharaj and Chaisi [93].
Interior regular charged perfect fluid solutions have been studied by different
authors. The original Schwarzschild idea of constant density has also been tested
in the charged case for a perfect fluid (Wilson [165], Mehra and Bohra [98], de
Felice et al. [29]). Exact solutions of the Einstein-Maxwell field equations are im-
portant in the description of relativistic astrophysical processes. These solutions
may be utilized to model a charged relativistic star as they are matchable to the
Reissner-Nordstrom exterior at the boundary [133]. It is for this reason that many

investigators use a variety of techniques to attain exact solutions. A comprehensive



list of Einstein-Maxwell solutions, satisfying a variety of criteria for physical admiss-
ability, is provided by Ivanov [61]. Tt is interesting to observe that, in the presence
of charge, the gravitational collapse of a spherically symmetric distribution of mat-
ter to a point singularity may be avoided [71]. In this situation the gravitational
attraction is counterbalanced by the repulsive Colombian force, in addition to the
pressure gradient. Einstein-Maxwell solutions are also important in studies involv-
ing the cosmic censorship hypothesis and the formation of naked singularities [64].
The presence of charge affects the values for redshifts, luminosities and maximum
mass for stars. Consequently, the Einstein-Maxwell system, for a charged star, has
attracted considerable attention in various physical investigations including those of
Patel et al. [117] and Sharma et al. [136].

In an attempt to generate exact solutions in some cases, Vaidya and Tikekar
[152] proposed that the geometry of the spacelike hypersurfaces generated by t=constant
is that of the 3-spheroid. This spheroidal condition provides a clear geometrical in-
terpretation which is not the case in many other exact solutions. Knutsen [68] was
the first to consider the pressure gradients of stars with spheroidal geometry and
showed that they are negative. Also note that spheroidal geometries exhibit the im-
portant physical feature of being stable with respect to radial pulsations (Knutsen
[69]). Tikekar [148] comprehensively studied a particular spheroidal geometry and
showed that it could be applied to superdense neutron stars with densities in the
range of 1014 g cm3. Maharaj and Leach [92] found all spheroidal solutions, for
uncharged stars, that could be expressed in terms of elementary functions. Mukher-
jee et al. [106] showed that it was possible to express the general solution in terms

of Gegenbauer functions; an alternate form of the general solution was found by



Gupta and Jasim [46]. These uncharged solutions can be extended to models in the
presence of electromagnetic field. Spheroidal models in the presence of an electric
field have been extensively studied by Sharma et at. [136], Patel and Koppar [116],
Patel et al. [117], and Gupta and Kumar [47]. These investigations have been moti-
vated on the grounds that restricting the geometry of the hypersurfaces t = constant
to be spheroidal produces neutral and charged stars which are consistent with ob-
servations for dense astronomical objects. Models with spheroidal geometry can be
directly related to particular physical intuitions: the maximum mass is in agreement
with values for cold compact objects (Sharma et al. [136]); values for densities are
consistent with strange matter (Tikekar and Jotania [150]); the equation of state
is consistent with a compact X-ray binary pulsar Her X-1 (Sharma and Mukherjee
[134]); relevance to equation of state for stars compared of quark-diquark mixtures
in equilibrium (Sharma and Mukherjee [135]); and uniform charged dust in equi-
librium (Tikekar [147]). Spheroidal geometries are relevant in core-envelope stellar
models, core consisting of isotropic fluid and an envelope of anisotropic fluid, as
shown by Thomas et al. [146], and Tikekar and Thomas [149]. These references
provide a sample as to why the Einstein-Maxwell system, describing the interior of
a charged star, has attracted the attention of many researchers. These references
indicate that Einstein field equations arise in a variety of applications and deserve

clear scrutiny.

1.1.1 The Einstein Field Equations

The theory of general relativity can be interpreted in terms of the union of space and

time into a four dimensional spacetime. This spacetime spans space from corner to



corner, and time from start to end, and may be visualized as a static four-dimensional
chart of universe. A point in spacetime is known as an event and particles exist as
world lines in spacetime. A four dimensional Lorentzian manifold M with signature
(+,— — —) and the metric tensor g,,, which is a function of the position given in
coordinates by x%, (a,b,... = 0, 1,2,3) is considered. If Ry, is the Ricci tensor and R

is the Ricci scalar, the Einstein field equations (without cosmological constant) are:
1
Rab — §gabR = kTab, (1.1.1)

where T, is the energy-momentum tensor of the matter and k is the Einstein grav-
itational constant. These are the basic equations of the general theory of relativity
set up by Einstein in 1915.

Since R, is a nonlinear function of g, and its derivative, the Einstein field
equations are a system of 10 coupled highly nonlinear second order partial differen-
tial equations for the 10 independent functions g, of four spacetime coordinates x®.

Next, certain basic aspects of differential geometry are considered, which are
necessary for later work. The aspects of differential geometry relevant to general
relativity are briefly discussed in next section (1.1.2). In (1.1.2), the non vanishing
components of the connection coefficients, the Ricci tensor, the Ricci scalar and the
Einstein tensor are explicitly calculated for Einstein field equations. The coupling
of the Einstein tensor and energy-momentum tensor is used to generate the Einstein

field equations.
1.1.2 Differential Geometry

In this section, the basic elements of differential geometry required to obtain Ein-

stein field equations are introduced. The applications of differential geometry to



general relativity is dealt with in greater detail by de Felice and Clark [28], Hawking
and Eills [52] and Misner et al. [99]. A 4-dimensional differentiable manifold M with
signature (— + ++) as a sapcetime is considered . On the manifold, differentiable
structures are defined, which can then be used to model the physics of the spacetime.
The manifold is labeled by local coordinates (z%) = (z°, 2!, 2, 23) where z° is the

3 are spacelike. A manifold is a topological space which locally

timelike and 2!, 22, x
has the structure of Euclidean space in that it may be converted with coordinates
patches. The global structure of M may be very different from the Euclidean space.

To study the physics in the manifold M, it is necessary to measure the in-
variant separation of neighboring points. This is done by introducing a systematic,
nondegenerate metric tensor field g onto the manifold. The fundamental line ele-
ment, defining the invariant infinitesimal separation between neighboring points on

M, is given by

ds® = gapda®da’. (1.1.2)

To characterize the curvature of the manifold, it is necessary to introduce additional
structure on the manifold. The metric connection I', also known as the Christofell
symbol of the second kind, is defined in terms of the metric tensor ¢ in (1.1.2), and
its derivative by

ad(ch,b + Gdb.e — Goe,d), (1.1.3)

be = %g
where the comma denotes a partial derivative. The metric connection I' is used to
generalize the partial derivative in Minkowski spacetime to the covariant derivative
in curved spacetime. For example, the covariant derivative of a (1,0) vector field X
is

X%b= X4+ TEXC. (1.1.4)



Similarly, the covariant derivative of a (2,0) tensor field 7" is defined by
T =T% +T8T" + 0,1 (1.1.5)

Clearly, the covariant derivative reduces to the partial derivatives in Minkowski
spacetime.

The Riemann tensor is a (1,3) tensor field which characterizes the curvature
of spacetime. Also known as the curvature tensor vanishes in flat spacetime; there
are always nonvanishing components in curved spacetime. It is defined by the non-

commutativity of the second covariant derivatives of a vector field X given by
;(;)c - ;Céb = Rl()lchd7 (116)

which is sometimes called the Ricci identity. On using the definition of the covariant

derivative of the vector X in (1.1.6), the Riemann tensor is
gcd = gd,c - 1—‘gc,d + Fgc Ed - ng le)c’ (117)

in terms of the metric connection (1.1.3). The components Ry, satisfy the following

identities
Rabcd - _Rbacd - _Rabdc - Rcdab7

Rabcd + Racdb + Radbc = O, (118)
Rabcd;e + Rabde;c + Rabec;d = 0.

On contracting the Riemann tensor (1.1.7), the Ricci tensor is
Ra = Ry = ng,d - deb + T, —Te T4, (1.1.9)

which is a symmetric (0,2) tensor. The Ricci scalar or the curvature scalar is obtained

by taking the trace of the Ricci tensor and is given by

R = guR™ = R". (1.1.10)



The Einstein tensor

1
Gab = Rab — éRgab, (1.1.11)

is defined in terms of Ricei tensor and Ricei scalar. It is constructed such that it
has zero divergence

Gy =0, (1.1.12)

a result which follows from the equation (1.1.11) and the contracted Bianchi iden-
tities. The importance of G in gravity was first recognized by Einstein when devel-

oping the field equations for the theory of general relativity.
1.2 Methodology

The main concern of the thesis is to derive exact solutions to the Einstein
field equations. The difficulty in obtaining exact solutions lies primarily in the
complicated system of nonlinear partial differential equations that arise. It is there-
fore convenient when the solution of these systems of partial differential equations
(PDEs) reduce to the systems of ordinary differential equations (ODEs).

Exact solutions for nonlinear equations are rare, and the methods, which can
generate families of them, are not only increasingly popular, but increasingly sought.
So far, a number of methods have been proposed to construct the exact solutions; the
most effective methods include the classical Lie approach [7,10,13,15,19,21,25,43,47]
and [55,58,83,85,94,109,114,137,155], the nonclassical approach [26,38,40], Stein-
berg’s symmetry reduction method [11,142], non local symmetry method [5,41,50],
the truncated Painlevé approach [2,24,27,58,122,137,141], the transformation method
[20,53,62,79] and [120,165,166,176], the extended tanh method [160,172], the hyper-

bolic functions expansion methods [59,61,104,154,177], expansion function method
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[108], sine-cosine method [156,167], Jacobi-elliptic function method [78], sub ODE
method [77], the Isovector method [6,8], the hyperbolic function method [9], the
homogenous balance method [154], the (%)—expansion method [74,122,171,175] and
F-expansion method [21] and some other methods explained in [13,14,15,57,70,71].
The mathematical techniques which generate a wide range of solutions and ap-
plicable to all type of nonlinear differential equations are few. The study of the
mathematical properties of the Einstein field equations and the techniques used to
solve these equations are important in the context of general relativity. There are
different techniques to solve these equations. The approach, which this thesis adopts
is the Lie analysis of differential equations, that was first formulated by Lie [83] in
his attempt to present a systematic and geometric approach to solve differential
equations. From the late 1950s Lie group analysis, also known as Lie group the-
ory or Lie symmetry analysis of differential equations (DEs) and its extensions, has
proven to be a powerful technique in finding the closed-form solutions of DEs. The
Lie group theory combines analysis and algebra, and was initiated by the Norwe-
gian mathematician Sophus Lie [83]. The theory of Lie groups is a local theory.
In simple terms it means that the group of transformations is only defined in the
neighborhood of the identity transformation. Lie discovered that the better way to
understand Lie groups was to investigate the corresponding vector fields (also known
as infinitesimal generators or symmetries) and he was able to relate the theory to
its infinitesimal group, i.e. its Lie algebra as it is called today in his honor. Emmy
Noether [109] used some of these ideas in the early 1900s and succeeded in proving
the correspondence between symmetries of a variational problem and the conserva-

tion laws of the Euler Lagrange equations. Chevalley [23] and those that followed
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continued to work on Lie groups around the middle of the 20th century. From the
late 1950s to the 1960s, Morozov [101] and Mubarakzyanov [102-105] worked on the
classification of Lie algebras and others that have followed since such as Patera and
Winternitz [118], Turkowski [151] and Mahomed [95] just a few to mention.

Despite efforts to popularize Lie’s work through publications, the application
of Lie group theory to DEs remained dormant until Ovsiannikov [113] revived it in
the late 1950s. Thereafter, the Lie group theory has been applied in many prob-
lems (described by linear or nonlinear equations) modeling some physical or abstract
phenomena. The basic theory and developments in the Lie group analysis of differ-
ential equations can be obtained from [14,15,54,55,111,113] and the literature that
followed, some of which are lecture notes and theses [32,83,94,112,153]. The math-
ematical formulation of symmetries was already present in the theory of algebraic
equations as developed by Galois. In fact he introduced and established the concept
of group (see Stubhaug [144], p.114). Lie discovered that the concept of symmetry
could be used to obtain solutions of DEs. He considered only the local symmetries
(point and contact symmetries). Point symmetries depend only upon independent
and dependent variables, whereas contact symmetries can also depend upon the
first-order derivatives of the dependent variables. From around 1970s until today
there has been an interest in exploring nonlocal symmetries. These are the symme-
tries that depend on integrals of the dependent variables.

Ever since the revival of the application of Lie group theory to DEs, Lie’s work
has been developed with many topics having being researched and continue to be

researched. These include the following: Generation of new solutions from known
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ones, linearization of ordinary differential equations (ODEs) and PDEs, construc-
tion of equivalence group, solving group classification problems, reductions of PDEs
(by invariant or similarity solutions), construction of generalized local symmetries
and nonlocal symmetries, solving initial and boundary value problems, approximate
symmetries, symmetries of stochastic DEs, symmetries of integro differential equa-
tions, symmetries of difference equations, symmetries of functional DEs, symmetries
of geodesic equations, construction of conservation laws, construction of invariants
of algebraic equations and DEs etc.

Roughly, a symmetry is a change or transformation that leaves an object ap-
parently unchanged. For instance any rotation of a circle about its center is a
symmetry. Different objects can have different degrees of symmetries: intuitively a
circle has more symmetries than a rectangle. Therefore symmetry can be employed
as a classification criterion. In the case of DEs a symmetry is an invertible transfor-
mation of the dependent and independent variables that does not affect the form of
the underlying equation or system of equations. Looking at a DE one can deduce
symmetries like translations, scalings and rotations. Certain discrete transforma-
tions can also be deduced by inspection. In general finding all the symmetries is a
difficult task and requires an algorithmic approach. If we consider symmetries that
depend continuously upon a one-parameter and that constitute a group, we can use
Lie’s algorithm to compute them. In this algorithm the symmetry conditions (also
known as the determining equations) upon expansion yield an over-determined sys-
tem of linear homogeneous PDEs which are solved for symmetries.

Most problems even of no interest generating the determining equations turns
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out to be tedious. Fortunately, Lie’s method for calculating symmetries is algorith-
mic and can be implemented using packages for symbolic computation (Mathemat-
ica, Maple, Reduce, MuPad). In this work the program, Maple for the generation
and manipulation of the determining equations for symmetries is used.

The determining equations and the classifying relations for the models are in-
vestigated in this work, that may be complicated and difficult to analyze. Therefore
we use both the classical Lie approach and the approach based upon the structure
of Lie algebras for group classification.

It is well-known in most applications that from a computational standpoint
ODE:s are easier to solve compared to PDEs. Thus in many applications it is desir-
able to be able to reduce PDEs to ODEs or at least reduce the number of independent
variables. The reduced system is easier to analyze both numerically and analytically
than the original system. Therefore, whenever the need arises, the symmetries are
used to construct the invariant solutions; the invariant solutions in turn are used
to reduce the underlying system of PDEs to the systems of ODEs which could be
solved or approximated numerically.

The method employs the use of symmetry transformations of a differential
equation to reduce the order of the differential equation. This allows us system-
atically to study the Einstein field equations which, in different situations, appear
as the principal equations in general relativity. Our intention in this thesis is to
study some nonlinear system of Einstein field equations and some other physically
important nonlinear systems of PDEs.

As mentioned earlier the work in this thesis is based primarily on the applica-

tions of following techniques:
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(a) Classical Lie method.

(b) Symmetry reduction method.

(c) Painlevé property.

(d) (%)—expansion method.

In the following sections, the relevant concepts of the Lie group of transformations
are introduced and then provide the algorithmic descriptions of the techniques which
are applied in the later chapters to derive the symmetry group of the systems under
investigation. For more details on Lie groups and various theorems, their proofs and

other concepts, we refer our reader to Bluman and Cole [14], Bluman and Anco [16]

and Olver [112].

1.2.1 Definitions

Definition 1 A transformation of a space z = (z',2?,...,2") is a smooth (C*)
mapping 2’ = 7(x) such that 7 = (71,72, ...,7") is one-one and on-to.
Definition 2 Let r real parameters € = (¢!, €2, ..., €") lie in a space P. The space P

is an r-parameter Lie group if there is defined a binary operation * on P such that
1. There is a unique identity element e € P such that exe = e*xe = ¢ for all e € P.
2. The operation x* is associative: € x (§ xy) = (e x ) x for all €,0,7 € P.

3. For every € € P, there exists an e ! € P such that exe ! =elxe=c.

4. Both the binary operation * and the map ¢ — € are analytic.

Lie transformation group

The group P of parameters remains in the background; our interest is in transfor-

mation groups, i.e., collections of transformations labeled by the parameters € of P.
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Definition 3 A Lie transformation group on a space r = (2,22, ..., 2") is a collec-

tion €2 of smooth transformations 7 of x obtained as the homomorphic image of a
Lie group of parameters. There is a map 7 : P — €2 such that

1. 7(e) is the identity map of z: 7(e)(z) = x for all z.

2. 7(€)or(d) = 7(€00) for all €,0 € P.

3. 7(e7h) =71(e) .

4. The map ' = F(x;¢) = 7(¢)(x) is a smooth C* in x and e.

One-parameter transformation group

As a special case of transformation group, let the single parameter € be additive.
Definition 4 A one-parameter (€) group acting on a space x is a transformation
group on x with the following properties:

1. 7(0) is the identity transformation on x.

2. 7(€)or(0) = T(e +9).

Infinitesimal operators

The key to practical construction of Lie transformation group is an infinitesimal
formulation to the problem, which replaces nonlinear conditions for a group with
linear conditions.

Infinitesimal transformations

Consider a one-parameter (e¢) group of transformations acting on a space z =

(z', 22, ...,2™). In the neighborhood of the identity € = 0, the transformation

' = F(x;e), (1.2.1)

can be expanded as

7' =z + ef(x) + O(?), (1.2.2)
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where £ = (£1,£2, ..., €M) is given by

(1.2.3)

The quantities £’s are called infinitesimals of the one-parameter group: expansion
2’ represents an infinitesimal transformation from the group.

Group operator

The operator X of a one-parameter group with infinitesimal £ = (£',£2,...,€") is
the first order differential operator

X = gi(x)%. (1.2.4)

Lie algebra of operators

An r-parameter Lie group of transformations has associated r group operators
X4, X5, ..., X, which are linearly independent and form an r-dimensional vector space
over R. This vector space has the additional structure of being closed under com-

mutation.

Definition 5 Let X = ¢'-2 and Y = 4'2 be two group operators. The commu-

tator [X, Y] is the first order operator

Oy ogt\ D

The commutator [,] bracket has the following properties:

1. Bilinerity: [X,aY + bZ] = a[X,Y] + b]Y, Z], where a,b are real constants.

2. Anticommutativity: [X,Y] = —[Y, X].

3. Jacobi identity: [X,[Y,Z]]+ [Y,[Z, X]] + [Z,[X,Y]] = 0.

Any vector space satisfying these three properties is called a Lie algebra, but our

Lie algebras are Lie algebras of operators with commutator bracket defined above.
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Definition6 The adjoint representation of a Lie group on it’s Lie algebra is given

as the Lie series

Y () = Ad(e<)Y, (1.2.6)

which is
Y %{Xn%}7 (1.2.7)
n=0

with ., . being defined recursively:
{X07Yb} :YE),{XTL,YE)} = (_1)n{X7 {X'ﬂ*lj}/b}}. (128)

Alternatively, the adjoint representation can also be calculated by integrating the

initial value problem

2

Ad(exp(eX))Yy = Yy — €[ X, Yo] + EE[X, (X, Yol] — .. (1.2.9)

Classification of Subgroup and Sub algebras
Let G be a Lie group. An optimal system of r-parameter subgroups is a list of conju-
gacy inequivalent r-parameter subgroups with the property that any other subgroup
is conjugate to precisely one subgroup in the list. Similarly, a list of r-parameter sub
algebras forms an optimal system if every r-parameter sub algebra of L is equivalent
to a unique member of the list under some element of the adjoint representation.
The problem of finding an optimal system of subgroups is equivalent to that
of finding an optimal system of sub algebras. For one dimensional sub algebras, this
classification problem is essentially the same as the problem of classifying the orbits
of the adjoint representation, since each one-dimensional subalgebra is determined
by a nonzero vector in L. This problem is attacked by the naive approach of tak-
ing a general element in the Lie algebra L and subjecting it to its various adjoint

transformations so as to “simplify” it as much as possible (Refer to [120]).
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1.2.2 Lie Classical Method

A common way of finding exact solutions for a system of nonlinear PDEs is the
symmetry reduction by Sophus Lie [83]. This method is entirely algorithmic and
allows one to calculate the symmetry group represented by infinitesimal transfor-
mations under which solutions of the system are invariant. This method has been
applied to hundreds of PDEs and systems of PDEs in order to obtain exact similar-
ity solutions refer to [7,12,14,16,23,42,46,54,76,87,90,100,109,112,136,138,168]. An
extensive number of other equations treated by the same method are compiled in
the books of Roger and Ames [127] as well as in Ibragimovs survey [55].

The Lie method is also a useful tool for finding exact solutions, constructing
new solutions from old ones and characterizing the symmetry properties of PDEs.
In particular, we are interested in discovering solutions for well known systems of
PDEs.

Everyone who has used Lie’s method when studying solutions of PDES knows
that this procedure is very time consuming and tedious. Especially, the large num-
ber of determining equations resulting from this procedure is hard to handle by
a pencil calculation. This was one of the reasons for developing computer-based
methods to do the calculations. Various symbolic manipulating programs have been
developed in recent years. Today there exists a program in nearly every algebraic
language such as MATHEMATICA, REDUCE, MAPLE, MACSYMA and AXIOM.
Some of these programs are now capable of deriving completely automatically the
symmetries and their algebraic properties of a great number of equations.

To understand how Lie’s method works and what information we can gain

from it, let us discuss its general procedure. The general case of a nonlinear system
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of PDEs is describe by
A, (z,u™) =0,v=1,2,..,m, (1.2.10)

where A, represents one of the m coupled equations in n independent variables
r = (24,22, ...,2") and m dependent variables u = (u!,u?,...,u™), u®) denotes all
derivatives of the dependent variables u with respect to the independent variables
x up to order k. We assume that the A, are smooth functions in their arguments.
The central question of a symmetry analysis of (1.2.10) is under which transforma-

tion such a system is invariant. The invariance can be considered following Lie by

applying the one-parameter Lie group of point-transformations to (1.2.10):

(2h)* = 2" + &'z, u) + O(e?),

(1.2.11)
(u®)* = u® + €¢®(x,u) + O(€?),

This means Lies method requires the invariance of (1.2.10) under the transformation
(1.2.11). Claiming the invariance of (1.2.10) yields an over determined linear system
of PDEs for the infinitesimals ¢ and ¢®. The transformations of the independent
and dependent variables are characterized by vector fields or infinitesimal generators
given by

X = anfz(m, )0y + zm: O*(z, u)Oyer. (1.2.12)
i=1 a=1

The mathematical formulation of the invariance criterion for (1.2.10) is
X®A, (z,u®) [azo =0, (1.2.13)
where X*) denotes the kth prolongation of the infinitesimal generator X,

X® =X 4 Xm: > ¢50u, (1.2.14)

a=0 J

with the multi-indices J = (j1, j2, ..., Jp) and

D, ,Q
o = (1.2.15)

Oxit...0xir
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The second summation is extended over all derivatives of u® up to order k. The

higher prolongation elements are determined by the infinitesimals ¢¢ and ¢ through

¢ =Dy, <¢°‘xu Zf’xu >+Z§’xuuh7 (1.2.16)

D;F(z,u) is the ith total derivative of a function F'(z,u) which is defined by
D;F(z,u) = 0, F(x,u) + Z a = 1"uf Oy F(x,u) (1.2.17)
The ¢S can be calculated recursively by a formula known

5= D¢ — ZUJZD g, (1.2.18)

Once we know the infinitesimals £ and ¢ we also know the infinitesimal generator
X. With the infinitesimal generator at hand, the explicit transformation acting on
the space of independent and dependent variables can be calculated by the so-called
Lie series

(2%, u") = expleX](z,u). (1.2.19)

Knowing the explicit transformations in (1.2.19), new solutions can be obtained
from old ones. This behavior was already known by Lie in the study of the diffusion
equation.

Another method to discover new solutions of (1.2.10) is to construct a class
of functions which solve (1.2.10) and are invariant under a subgroup of the full
symmetry group of (1.2.10). The group invariants can be calculated by solving the

characteristic equations

dzt dz? o dz"™ B du! B du? B du™

Eru)  Ewau) T (wa)  lu)  lwa) on(w,u)
(1.2.20)
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or the invariant surface condition

> & wug = ¢ (w,u) = 0 (1.2.21)
i=1

Then the original system (1.2.10) can be rewritten in terms of group invariants and

thus the number of independent variables is reduced.

1.2.3 Symmetry Approach

A technique that has been found an importance in literature on group theoretic
methods for the determination of the solutions of a single or system of nonlinear
partial differential equations is due to Steinberg [142] and is termed as Symmetry
Approach. Though the technique relies heavily on the theory of nonlinear operators
yet it has been cast in a form that is easy to utilize by specialists and non-specialists
alike. The algorithmic representation of the method makes the concepts clear and
straight forward. Further, it bears a close relationship to the method of separation
of variables in the case of linear equations. The analytical execution of the technique
can be thought of as following of three steps:
(i) Find the symmetries of the differential equations.
(ii) Determine the canonical coordinates for a symmetry or assume a separable form
for the differential equation.
(iii) Find the reduced problem in terms of canonical coordinates.

For determining the symmetry operator of a differential equation, we need to
proceed as follows:

Suppose that a differential operator L can be written in the form

L(u) = g% ~ H(u), (1.2.22)
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where u = u(t, z) and H may depend on ¢, z, uw and any of u as long as the derivatives
of u do not contain more than (p — 1) t-derivatives and (t,x) = (¢, x1, T3, ..., x,) are
(n + 1) independent variables.

Consider the symmetry operator, which is quasilinear partial differential equa-

tion of first Order,
T ot i B (9.7)1' T ’ o

The symmetry operator S(u) is considered only in the sense of infinitesimal symme-
tries.

Further, define the Fréchet derivative of L(u) by
d
F(L,u,v) = d—L(u +ev)| =0. (1.2.24)
€ €

With these definitions in mind, we have to follow the following steps to com-
pute the symmetry operator of differential equations
(i) Compute F(L,u,v).
(ii) Compute F(L,u, S(u)).
(iii) Substitute H(u) for % in F(L,u,S(u)).
(iv) Set this expression to zero and perform a polynomial expansion, and
(v) Solve the resulting partial differential equations.
Once this resulting set of partial differential equations is solved for the coef-

ficients of S(u), the symmetry operator can be used to find another operator T'(f)

associated with S(u) and given by

0

T()= Y Biwu)g o

f‘ — Oz, u)o=, f = flz,u). (1.2.25)

x ou’
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1.2.4 The Extended (%)-Expansion Method

In this section, basic idea of the (%)—expansion method [40,89,171,174] for finding
traveling wave solutions of nonlinear partial differential equations is described. Sup-
pose that a nonlinear equation, say, in three independent variables x,t and vy, is
given by

P(u, ty, Wy, Ut Ugg, Uy, Upgy Uyt ...) = 0, (1.2.26)

where u = u(z,t,y) is an unknown function, P is a polynomial in u = u(z,t,y) and
its various partial derivatives, in which the highest order derivatives and nonlinear
terms are involved. In the following steps, the main steps of the modified (%)-

expansion method are given:

Step 1. The traveling wave variable
w(z, t,y) =u(f), =x+y— kt, (1.2.27)
permits us to reduce Equation (1.2.26) to an ODE for u(z,t,y) = u(§) in the form
P(u, —ku', o/, K*u",...) = 0, (1.2.28)

where prime denotes derivative about &.

Step 2. Suppose that the solution of ODE (1.2.28) can be expressed by a polynomial

in (%) as follows:

we) =S (

m
=0

G'(€)
e ) , (1.2.29)

where G = G(§) satisfies the following second order linear ODE

G"+ \G' + uG =0, (1.2.30)

where a;, (i = 0,1,2,...,m), k, A and p are constants to be determined later,
a, # 0. The degree of the polynomial can be determined by balancing the highest
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order derivative with nonlinear terms.

Step 3. Substituting (1.2.29) into (1.2.30) and using the second order linear ODE
(1.2.28) and then equating each coefficient of the resulted polynomial to zero, yields
a set of algebraic equations with respect to a;, (i = 0,1,2,...,m), k XA and p. Solving
the algebraic system, the values of unknowns can be found.

Step 4. Substituting a;, (i = 0,1,2,...,m), k A and p found in Step 3 and the gen-
eral solutions of Equation (1.2.30) into (1.2.29) we can obtain more traveling wave
solutions of the nonlinear PDE (1.2.26). Solutions to Equation (1.2.30) depending

on whether A\ — 4y > 0, A% —4p < 0,\? — 4y = 0,

=

( /2 2
> .. C1 cosh( A _4”>£+Cg sinh( AT )5
\/ A—4p 2 2 A /\2 _ 4Iu -0

o o 95
2 C'1 sinh >\2_4“)§+02 cosh( A22_4“ £ 2

2
Ap—V 22 Vap—X2

o MCNOS( 8 >)§Cgsin( R )E A A2 — 4 <0

Y
2 sin<7\/4“{>\2 €40y cos(\/‘*u;ﬂ)g 2

_C A 2 _
\ CI+CQE 27 >\ 4M_

N

1.2.5 Painlevé Analysis

Broadly speaking, Painlevé analysis is the study of the singularity structure of dif-
ferential equations. Specifically, how the singularities of the solutions depend on the
initial conditions of the differential equation?

Definition 2.1. A differential equation has the Painlevé property if all the movable
singularities of all its solutions are poles. In the following sections, we discuss the
WTC-method for testing PDEs for the Painlevé property. For a more thorough
discussion of the Painlevé property, see [2, 24, 27, 139].

Consider a system of M polynomial differential equations,

F(u(z),u'(2),..,u™(2)) =0, (1.2.31)
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where F has components F, Fs, ..., F)s, the dependent variable u(z) has components
u1(2), ue(2), ..., upr(2), the independent variable z has components 21, 2o, ..., 2y and
u(™)(z) denotes the collection of mixed derivative terms of order m; so that the

M
order of the system is m = > m;. If there are any arbitrary coefficients (constants

=1
or analytic functions of z) parameterizing the system, we assume they are nonzero.

The algorithm for the Painlevé test is composed of the following three steps:

Step 1 (Determine the dominant behavior): It is sufficient to substitute
ui(2) = ®;9%(2),i =1,2,..,. M (1.2.32)

where ®; is a constant, into (1.2.31) to determine the leading exponents oy € {Z,+}
which must be a negative integer. In the resulting polynomial system, equating
every two possible lowest exponents of g(z) in each equation gives a linear system
to determine «; The linear system is then solved for ;.

If one or more exponents «; remain undetermined, we assign integer values to
the free «; so that every equation in (1.2.31) has at least two different terms with
equal lowest exponents.

Once «; is known, we substitute
ui(2) = uio(2)9%(2),i =1,2,..,. M (1.2.33)

into (1.2.31). We then solve the (typically) nonlinear equation for u, ¢(2), which is
found by requiring that the leading terms balance. By leading terms, we mean those
terms with the lowest exponent of g(z).

If any of the a; are non-integer, all the «; are positive, or any of the u; o(z) =0
then the algorithm terminates.

Step 2 (Determine the resonances): For each «; and wu;o(z), we calculate the
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integers 71,79, ..., 7y, for which u;, (2) is an arbitrary function in (1.2.33). To do
this, we substitute

ui(2) = u;0(2)9% (2) + uir(2)g* " (2) (1.2.34)

into (1.2.31). Then, keeping only the terms with the lowest exponents of g(z); we
require that the coefficients of u; .(z) equate to zero. This is done by computing the

roots for r of det(Q,) = 0, where the M x M matrix @), satisfies
Qrtty = 0,Uy = (U py Ug gy ooy Ung) - (1.2.35)

If any of the resonances are non-integer, then the solutions of (1.2.31) have a mov-
able algebraic branch point and the algorithm terminates. If r,, is not in {Z,+}
then the algorithm terminates; if 7,,_s41 = ... = 7, = 0 and s of the v, ¢(z) found in
Step 1 are arbitrary, then (1.2.31) has the Painlevé property. If (1.2.31) is parame-
terized, the values for ry, ry, ..., r,,, may depend on the parameters, and hence restrict
the allowable values for the coefficients. There is always a resonance at —1 which
corresponds to the arbitrariness of g(z) and is often called the universal resonance.
When there are negative resonances other than —1 then the series solution is not
the general solution and further analysis is needed to determine if (1.2.31) passes
the Painlevé test.

Step 3 (Find the constants of integration and check compatibility con-
ditions): For the system to possess the Painlevé property, the arbitrariness of u;

must be veried up to the highest resonance level. This is done by substituting

T'm

wi(z) = g (2) > _win(2)gb(2),i =1,2,... M (1.2.36)

into (1.2.31), where u; x(2) are analytic functions of z with u, ¢(2) is not equivalent to

0 in a neighborhood of the manifold and «; is an integer. By equating the coefficients
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of like powers of g(z) determines the possible values of «; and defines a recursion

relation for G ;(z). The recursion relation is of the form

Qkuk = Gk(u07ul7"'7uk—l7ga Z)a (1237)

where @y is a M x M matrix and uy, = (uy g, Ug g, .., uprk). For the equation (1.2.31)
to have the Painlevé property, the (M + 1) x M augmented matrix (Q|G)) must
have rank M when k # r and rank M — s when k = r, where s is the algebraic mul-
tiplicity of 7 in det(Q,) = 0, 1 < k <1, and Q and G}, are as defined in (1.2.37). If
the augmented matrix (Qx|Gy) is the correct rank, solve the linear system (1.2.37)
for uy (%), ua k(2), ..., unri(2) and use the results in the linear system at level k + 1.

If the linear system (1.2.37) does not have a solution, then the solution of
(1.2.32) has a movable logarithmic branch point and the algorithm terminates. Of-
ten, when (1.2.31) is parameterized, carefully choosing the parameters will resolve
the difference in the ranks of Q) and (Qx|Gk). If the algorithm does not terminate,
then the solutions of (1.2.31) are free of movable algebraic or logarithmic branch

points and (1.2.31) has the Painlevé property.






Chapter 2

THE NONDIAGONAL EINSTEIN- ROSEN
METRICS!

2.1 Introduction

The Einstein field equations for the space-times admitting a two-dimensional abelian
group of isometries acting orthogonally and transitively on non-null orbits are non
linear partial differential equations in two variables. For timelike orbits the equa-
tions are elliptic, where as for spacelike orbits the equations are hyperbolic [150].
The space-times admitting two commuting killing vectors can represent interesting
physical situations with stationary axial symmetry, planar symmetry or cylindrical
symmetry [160]. Since the work by Geroch [44], it has been known that the field
equations in the stationary axisymmetric case admit an infinite dimensional group
of symmetry transformations.

The Einstein equations in vacuum are:
R,uzx = O; (211)

where R, is the Ricci tensor. The particular case when the metric tensor g,
depends on two variables only is examined, which corresponds to the space-times

that admit two commuting killing vector fields, i.e. an abelian two parameter group

!The contents of this chapter are published in the Physica Scripta 85 (2012) 015004 (6pp).
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of isometries. In any space-time using the coordinate transformation freedom, x* =

z#(x""), the following constraints on the metric tensor can be found

9oo = —933, 903 = 0, goa = 0. (2.1.2)

Here and in the following, the Latin indices a,b,c, ... take the values 1,2,3,.... In

these coordinates the space-time becomes:
ds* = f(dx® — dy®) + Gapdz2dz" + 2g,5dzdx, (2.1.3)

where f = —gog = ¢33. If we now restrict ourselves to the case in which all metric
components in (2.1.3) depend on = and y only, the Einstein equations for such
metric are still complicated. The situation is different in the particular case in
which ¢g,3 = 0. Since it is not possible to eliminate the metric coefficients g,3 by
any further coordinate transformation such a simplification should be considered as
a real physical constraint. This corresponds to assuming the existence of 2-surface
orthogonal to the group of isometries, which is a restriction on two commuting killing
vectors. Therefore, from now on, the simplified block diagonal form of the metric
(2.1.3) is dealt:

ds* = f(z,y)(d2* — dy®) + gap(, y)dz"dz>. (2.1.4)

The stationary axisymmetric gravitational fields corresponds to the analogue of this
metric when the independent variables are both spacelike. The metric (2.1.4) was
first considered in 1937 by Einstein and Rosen [38] for a diagonal matrix gu,, when
the Einstein equations (2.1.1) actually reduces to the linear equation in cylindrical
coordinates. The inclusion of the off-diagonal component g;5 changes the situation
drastically and converts the Einstein equations into an essentially nonlinear problem.

In the language of weak gravitational waves this corresponds to the appearance of
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the second polarization state of the wave.

For the stationary analogue of the metric (2.1.4) such a generalization means the
rotation has been included. Equations for the metric (2.1.4) were first considered by
Kompaneets [77], who noted some of their general properties. In the past, several
authors using different simplifying assumptions have obtained a number of exact
nontrivial solutions for the metric (2.1.4) or its stationary analogue.

From the physical point of view the metric (2.1.4) and its stationary analogue
have many applications in gravitational theory. It suffices to say that to such a class
belong the classical solutions of the Robinson-Bondi plane waves [19], the Einstein-
Rosen cylindrically wave solutions and their two polarization generalizations [38], the
homogenous cosmological models of Binachi types I —V I 1 including the Friedmann-
Lemaitre-Robertson-Walker models [135], the Schwarzschild solutions [138], Weyl’s
axisymmetric solutions [171].

In Einstein equations, the metric tensor in (2.1.4) is denoted by g and the
two-dimensional real and symmetric block of the metric tensor (2.1.4) as

[ g1 Y12 ]
gi2 922

For the determinant of this matrix it is convenient to introduce the notion
det g = o? and « as nonnegative is considered, i.e., «>0. The system of Einstein
vacuum equations (2.1.1) for the metric (2.1.4) decomposes into two sets. The first

set follows from equations R,, = 0, can be written in the form:

0,1 9,0 __
uj = a(Zgm)g™, (2.1.5)
= a(Lga)g

and the second set follows from the equations Ry + R33 = 0 and Rp3 = 0, which
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gives the metric coefficient f(z,y) in terms of the metric g, via the relations:

2
D (log f) = a“”(lzgz) + =T, A%,
10N B (2.1.6)

9, (log f) = 98 | LT, B2,

Oy (log @) daay

where o, = g—g, Qy = g—z and the matrices A and B are defined by A = —ad,¢,,9",
B = _aaygikgkj-

The dynamics of the system is thus essentially determined by equations (2.1.5).
The equations (2.1.5) are a set of nonlinear partial differential equations relating to
the induced metric g;;. In equations (2.1.6), derivatives are operated on only the
scalar function log f. In order to obtain solutions, first the nonlinear system (2.1.5)
is solved and then system of differential equations given by (2.1.6). Although, the
integration of ODEs of system (2.1.6) is not difficult, yet it is hard to solve the system
(2.1.5) because of its nonlinearity. Here, in this chapter by using the standard

normalization where o = detg = (z + y)?, compatible with equation (2.1.4) and

parameterizing g as follows:

g1 = (zzy)7

gro = EEL (2.0.7)
X u2 U2

Gon = ( +y)(u + )7

where v and v are functions of z and y only, the system (2.1.5) for the Einstein
vacuum equations become

2(x + y)uugy — 2(x + y) (ugty — vy0y) + u(u, + uy) =0,

(2.1.8)
2(x + y)uvgy — 2(z 4+ y) (veuy + uyvy) + u(v, +vy) = 0,

where the lower suffix denotes the partial differentiation w.r.t to the corresponding

variable and the metric function f can be obtained by using system (2.1.6)

_ 92(loga) 1
ax(log f) - ag(loia) + 4oy TTAQa (2 1 9)
0; (log o o
ay(log f) = 835105 oz; + 4041011 TrBZ’

_ Oa

where o, = 32, ay = g—z and the matrices A and B are defined by A = —a0, 9",

B = —ad,gug".
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The Lie classical method is utilized to the further investigation of nonlinear sys-
tem (2.1.8), here in this chapter. The method has yielded quite an exhaustive study
and enabled us to recover some important results too. Firstly, Painlevé Property is
applied to the nonlinear system (2.1.8) to check the integrability of this system in
Section (2.2). In Section (2.3), the derivation of the set of equations for the determi-
nation of the infinitesimals of the invariance group of system (2.1.8) are presented.
Section (2.4) has been devoted to the study of new exact solutions of the Einstein

vacuum field equations for nondiagonal Einstein-Rosen metric.

2.2 Painlevé Analysis

The Painlevé property (PP) of a PDE in N independent variables, is the absence
of movable critical singularities near any non characteristic manifold and it is inte-
grable if at least one of the following properties holds.

1. Its general solution can be obtained, and it is an explicit closed form expression,
possibly presenting movable critical singularities.

2. It is linearizable.

3. For N > 1, it possesses an auto-Bdacklund transformation (BT) which, if N = 2,
depends on an arbitrary complex constant, the Backlund parameter.

4. Tt possesses a BT to another integrable PDE.

The “Painlevé conjecture”, as originally formulated by Ablowitz [1], states that when
all the ordinary differential equations (ODEs) obtained by exact similarity trans-

form from a given partial differential equation have the Painlevé property, then the
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partial differential equation is “integrable”. The above definition of “Painlevé prop-
erty” allows this conjecture to be stated directly for a partial differential equation.
According to the Ablowitz, Ramani and Segur (ARS) [1] conjecture, Painlevé anal-
ysis is an explicit test of whether or not a given PDE may be of Inverse Scattering
Transform (IST) class; namely, reduce it to an ODE, and determine whether the
ODE is of P-type. The ARS algorithm proceeds in three steps, dealing with the
dominant behaviors, the resonances and check compatibility conditions respectively.

The behavior of solutions of system (2.1.8) at a movable singular manifold

o(z,y) =0, (2.2.1)

is determined by a leading-order (k = 0) analysis in the Laurent series solution

o

u(z,y) = ($(z,9))™ 3 wlw,y)((z,9))",
=0 (2.2.2)
U(xa y) = (¢($, y))a2 kZ:OUk(x7 y)(¢(x7 y))k7

whereby one makes the ansatz

(2.2.3)
v(z,y) = volz,y)[d(x, y)]*2,
and balances the dominant terms. This gives
a1 = —]_,042 =-1 (224)
and
Uo(ﬂl?,y) = :tUUO(I')yL (225)

where vy(z,y) is an arbitrary function. Since vy(x,y) is arbitrary. For the branch

a; = —1, a9 = —1, on substituting

u(z,y) = uo(x,y)g~ " (z,y) +ur(z,y)g" " (z,9),

(2.2.6)
v(z,y) = £u(uo(z, )9~ (z,y) + u(z,9)g" (2, y)),
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into system (2.1.8), the resonances for this branch are r; = —1 and r, = 0 and this
branch has the Painlevé property by default. Hence, Painlevé property shows that
system (2.1.8) is integrable.

In next section, symmetries of this nonlinear system are found by using Lie classical
method. These symmetries are further used to derive exact solutions of the system

(2.1.8) — (2.1.9).

2.3 Determination of Symmetries

In this section, Lie group method is performed to the system (2.1.8). Firstly, a one

parameter Lie group of infinitesimal transformations is considered

=z + €& (2, y,u,v) + O(e2),
y =y + a2, y,u,0) + O(€), (2.3.1)
u— u+ epr(x,y, u,v) + O(€?),

(€)
v— U+ e¢2(x,y,u,v) + 0(62)7

with small parameter ¢ < 1. The vector field associated with the above group of

transformations can be written as
V=& (z,y,u,0)0; + &(x,y,u,0)0, + ¢1(x, y,u,v)0, + ¢2(x,y,u,v)0,.  (2.3.2)

The symmetry group of the system (2.1.8) is generated by the vector field of the
form (2.3.2). Applying the second prolongation Pr®V of V to system (2.1.8), the
coefficient functions &1, &, @1 and ¢ can be found that must satisfy the symmetry

conditions

2zugi? + 2YP1Ugy + 251 UUgy + 282Uty — 2ru, Y — 2z, 07 + 200,08 + 2zv, 05
_2yu:c¢11/ - 2yuy¢:f + 2?/Ux¢g + 2yvy¢§ - zfluxuy + 2€1vay - 2€2uxuy + 2§2vay

+udf + udy + dpruy + Ppruy, = 0,
(2.3.3)
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and

20Uy’ + 200105y + 2yuds” + 2Yd1Uyy + 286Uy + 28UV, — 220,07 — 2xUy, Pl
_2xux¢g - vaygb:f - vaxqbzf - Qyqub% - 2yu:c¢g - 2yvx¢:f - 2€1U$uy - 251%;,;'113/

_2€2vmuy - 2£2uxvy + U(bgzc + U¢g + ¢1Ux + (blvy =0
(2.3.4)

where ¢%, ¢¥, 0%, ¢4, $7¥ and ¢5Y and are coefficients of Pr®V
PrV = PriV + ¢7¥ + ¢35, (2.3.5)

and, furthermore,

Qbf = D:):(bl - u:erfl - uyDzé%
Ty - Dny¢1 - unyDa:gl - u:cyDacgl - ux;vDygl - uyDny§2 - uyydac§2 - UzyDy€2:
(2.3.6)

where D, and D, are the total derivatives with respect to x and y respectively.
Substituting u,, and v, into (2.3.3)-(2.3.4) respectively and equating the coefficients
of the various monomials in first, second and other partial derivatives with respect

to x and y and various powers of u, the following determining equations are derived

glu = Oaflv = Oa fly = 0761:{:1‘ = Oa
b1 =2, 61, = 0,1, = 0,1, = 0,
G2 = 0, P2y = %a P2z = 0, ¢2y =0, (237)

S =(x+y)&iz — &, &u = 0,8, = 0,8, =0,

¢11} = %¢21}’U7 ¢1z = u((x+g()§fy_)2£2_§1)>¢ly = U((x—i_g()ify_)?_gl) .

Solution of this system gives the following forms for the infinitesimal elements

1,62, 91 and ¢y:

& =ax +0b,
— —b’
j ﬁ (2.3.8)
1= )
Po = lv + m.

where a, b,l and m are arbitrary constants.
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2.4 Optimal System of Generators

As is well known, the Lie group theoretic method plays an important role in finding
exact solutions and performing symmetry reductions of differential equations. Since
any linear combination of infinitesimal generators is also an infinitesimal generator,
there are always infinitely many different symmetry subgroups for the differential
equation. So, a mean of determining which subgroups would give essentially dif-
ferent types of solutions is necessary and significant for a complete understanding
of the invariant solutions. As any transformation in the full symmetry group maps
a solution to another solution, it is sufficient to find invariant solutions which are
not related by transformations in the full symmetry group, this has led to the con-
cept of an optimal system [111-113]. The problem of finding an optimal system of
subgroups is equivalent to that of finding an optimal system of subalgebras. For
one-dimensional subalgebras, this classification problem is essentially the same as
the problem of classifying the orbits of the adjoint representation. This problem
is attacked by the naive approach of taking a general element in the Lie algebra
and subjecting it to various adjoint transformations so as to simplify it as much
as possible. The idea of using the adjoint representation to classify group-invariant
solutions was due to Ovsiannikov [112].

The Lie algebra of infinitesimal symmetries of the system (2.3.8) is spanned by the

following four vector fields:

0 0 0 0 0 0 0
{%f%—a—y, ‘/2*$£+ya—y VS*%, ‘Q*U%ﬂ”}%}-
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The commutation relations of this Lie algebra are
Vi, Vol = =[Vo,Vi] = Vi, [V3,Vi] = —[Vi, V3] = V3

and [V;,V;] =0, Vi, j.
The adjoint action is given by the Lie series
2

Ad(exp(V)V;) = V; = Vi, Vi] + S Vi [V Vi) = (2.4.1)

where [V;, V] is the commutator for the Lie algebra and e is a parameter. The

adjoint table is listed in table (2.1), where the (7, j)th entry gives Ad(exp(eV;)V;).

Adjoint Table (2.1)

Ad| W Vs Vs Vi
Vil Vi |Va—eVi| V3 Vi
Va | Vie Va Vs Vi
Vi | W Vs Vi | Vi—els
Vi | Wi Vs Vse Vi

To obtain the one-dimensional optimal system of vector fields, we follow the proce-
dure of Olver, Ovsiannikov [111, 112]. A general element, i.e., linear combination of
vector fields V' = a1V + asVs + a3Vs + a4V} is taken, and try to simplify as many of
the coefficients a; as possible through judicious applications of adjoint map on this
element.

First suppose that ay # 0. Scaling V' if necessary, it is assumed that a, = 1 and
acted on V by Ad(exp(azVs)) to make the coefficient of V5 vanish:

V' = Ad(exp(asV3))V = Vi + ahVa + a| Vi,

for certain scalars aj, a] depending on as, a;. Similarly, with appropriate adjoint ac-
tion on V', the coefficient of V; can also be vanish. Finally, simplified form V;+asV5

is obtained for some ay. The reader can check that no further simplification of the
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coefficients is possible. Therefore, V is equivalent to V4 + aV5 under the adjoint
representation. In other words, every one-dimensional subalgebra generated with
ay # 0 is equivalent to the subalgebra spanned by Vj + aVs.

The remaining one-dimensional subalgebras are spanned by vectors of the above
form with a4 = 0 and if a3 # 0, scale to make a3 = 1, and then V3 is acted upon by
Ad(exp(a1Vh)), so that V' is equivalent to V' = V3 + a, V5 for some af,.

Similarly, when ay = a3 = 0,a3 # 0, V is equivalent to V5. For a4y = a3 =
as = 0,a; # 0, V is equivalent to V. Recapitulating, an optimal system of one-

dimensional subalgebras is deduced spanned by following basic fields.
(i) W
(iii) Vs + aVy
(1v) V4 + BVa, where a and (3 are arbitrary constants.

It seems reasonable now to construct Lie ansatze and to seek exact solutions of the
nonlinear system (2.1.8). With this in mind, consider its Lie symmetry generated
by the basic operators in the optimal system.

According to the general procedure it is necessary to solve the Lagrange system

dr dy du

dv _dy _du _ dv
a b =l  —-m’

(2.4.2)

On solving the system (2.4.2) for the various operators in the optimal system, a set
of non-equivalent Lie ansatze for the functions is obtained. In Table-2.2, the Lie

ansatze for all the essential fields comprising the optimal system are presented.
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Table 2.2: Similarity Reductions of System (2.1.8) to ODEs

FE'ssential
fields

Similarity
variable(C)

Similarity
solution(u,v)

ReducedODEs

Vi

Tty

2(FF" —2¢(F"? — G"?) +2FF' =0,
2AFG" —4C(F'G") +2FG"' =0

Va

< |8

2(C+ D)F(=CF" - F')
—2(¢+ 1) (—CF” 4 (G7)
+F(F' —CF') =0,
2+ 1)F(—CG" — G")
FA(C+ 1)CF'G + F(G = C¢G') =0

V},“F@VQ

< |8

u=F(¢),v = log(y=G(())

2(¢ + 1)F(—CF" — F')
—2(¢C+ 1)(—CF? - & 1+ ¢G™)
+F(F' —(CF') =0,
2C+ V(G — 6" =~ @)
—2(C+ 1)(-2«F'G - £6)
+F(G'+ < -¢G")=0

Va+ Vs

<8

2(C+ 1)F(—CF" — F' + 1)
—2(C+1)(—(F? — €& 4 (G2 - (F?)
+F(F = (F' + £) =0,
2C+ )P (G —¢G" - @)
—2(C+ 1)(—2(F'G + EE 4 )
+F(G +§ - (G =0

2.5 Solutions of the Einstein Vacuum Equations

In this section, exact solutions of the reduced ODEs are obtained by using similarity

variables and similarity solutions obtained in Table 1. The general solution of these

equations involves three variables; one becomes the new independent variable ¢ and

the other two are F' and (G, as dependent variables. These solutions are obtained

by using characteristic equations (2.4.2).
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Vector field V;

From this vector field, solution of system (2.1.8) are:

46%
u(z,y) = F(C) = : s (2.5.1)
(x +y)er (40% 4+ -al?) )
((a+y)°T )2
4o +y =
u(z,y) = F(¢) = — ( 2(()+ - (2.5.2)
and
Cq
v(z,y) = G(C) = T —— + ¢, (2.5.3)
(@ +9)7)2 + ack(e)?)
C8
v(z,y) = G(C) = + cr, (2.5.4)

(4c§((x +y)F)2 4+ cg(e%i)z)

where ¢y, ¢, ¢3, ¢4, C5, cg, ¢7 and cg are arbitrary constants, which is the general solu-
tion of the system (2.1.8).
For solution of system (2.1.9) and value of metric function f, arbitrary constants

c1,¢4 = 1 and ¢, ¢3 = 0, are chosen in system (2.5.1)-(2.5.2)

1
8x2 + 16y + 8y? + 2

J(z,y) = exp ( — 2log(z +y) + log(4z” + 8wy + 4y + 1)) :
(2.5.5)
and f(z,y) from (2.5.3) and (2.5.4), by assuming c5,cg = 1 and cg,c; = 0, is given

as

f(x.y) = —2log(z +y) + (32x2+64x?y+32y2+2) — g5 log(4 + 2% + y* + 2zy)

+m -+ % log(16x2 + 16y2 + 322y + 1).

(2.5.6)

Vector field V,
On solving the ODEs corresponding to this vector field, the solution of system (2.1.8)

18

— _20%Q(C)2\/—CQC%C€T(O(603)2
ctea(C+1)1/5(C)

, (2.5.7)
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where ¢(¢),r(¢) and s(() are as follows:

p(¢) () cp©) 4 (<) (<)
5(¢) = < e > (ef ¢(¢+1)2 )( J e ) ( 2] grid ) ( ez Fiernz )
3
p(¢) Ver(€) 4 p(¢)
( 2 e ) (ewmf (€+1)2 <>( LClCfoc(c+1)2d<>S(C)2,

(2.5.8)
r(¢) = (ewlffff)%) ) ( Lclff<<+1)2 ) , (2.5.9)
p(C) = Q) (2.5.10)
a(¢)’
_(1EVENT
0= (21" as1n
(VT Ve
q(¢) = (—L+\/Z) + (—L+\/Z) (2.5.12)
and
v(z,y) =G(() = /ef(odc + c4, (2.5.13)
where f(() is given as
J(Q) = =2 E5dC = 3 ¢ = 3] EdC + juer [ hSHACH
Lier [ s d — 20, [ 5] dC— —62f“+1 d¢ — 3o f 29 (2.5.14)

——Lclc f ‘{fl(c d¢ — —LClch fc+1 sd(¢ + c3,

where p(¢) and ¢ = 5 is given as above and ¢y, ¢9, c3 and ¢4 are arbitrary constants.
In this case it is difficult to find the value of f.

Vector field V5 + oV,

Solution of ODEs corresponding to this vector field can be obtainted as:

In this case, from the table we can obtain F'(¢) in the form of G(g):

F(C) — exp / (C + 1) ( G(g CG”(C) - G/(C)) ( (C) CG/(C))

ac |
2¢+1) (-26(0) - GT))
(2.5.15)
and by substituting the value of F({) in the following equation
1" / ’ G'(Q) ’
¢+ DF (<CF(0) = FO) =2+ 1) (<CFIQP = & +<GCP) 0o

+1(¢) (F'(¢) — ¢F(C)) = 0,
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which is quite difficult to solve.
Vector field V, + V5

Corresponding to this vector field, solution of ODE is

F(¢) = 1“;”‘13»2 G(¢) =0, (2.5.17)

(exparctan(\fc

and solution of system (2.1.8) corresponding to this vector field are:

1
Cl(£ + 1)5
u(z,y) = y% Y — ,o(z,y) =0, (2.5.18)
(exparctan(\/g))Q
where ¢; is arbitrary constants.
and solution of system (2.1.9) in this case is:
a(z,y)
f(z,y) = exp (252\/§> , (2.5.19)

where a(z,y) is given as

—4 arctan(\/%)ﬂ\/i + log(z) %z — 4log(z 4+ y)8*V/x + 2log(z + y) /&

+4\/%\/§ arctan(y/Z) 5 + log(y) 8% y/x.
(2.5.20)

In this case also as above, from Table (2.2), F'(¢) in the form of G(() is obtained as:

ey 2¢+1) (£ - 6" - ¢(Q)) + (60 + L = e (©) <)

2(C+1) (~2067(¢) + €9 + €0
(2.5.21)

and by substituting the value of F'({) in the following equation

2¢+DF (=CF(Q) = FI(Q) + 292 = 2(¢ +1) (-2 F1(¢)? - S99+ car(¢?)

+F(O) (F/(0) = ¢F(0) + H2) =0,
(2.5.22)

which is quite difficult to solve, so we found only one solution (2.5.18) and (2.5.19)

of the nonlinear system (2.1.8) — (2.1.9) in this case.
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2.6 Concluding Remarks

Exact solutions of Einstein vacuum field equations with two commuting Killing
spacelike vectors are obtained. In literature, the reduced system (2.1.8) — (2.1.9) of
Einstein vacuum field equations obtained from nondiagonal Einstein-Rosen Metrics,
for deriving exact solutions has not considered yet. Exact solutions obtained in
this chapter describe the axially symmetric gravitational fields in general relativity.
In this chapter, the integrability of nonlinear system of Einstein vacuum equations
has been checked by applying the Painlevé Property. The Lie symmetry method
is utilized to investigate the symmetries and invariant solutions of Einstein vacuum
field equations. The vector fields of the optimal system lead to reductions of the
nonlinear system of PDEs to ODEs. The infinitesimal generators in optimal system
are used for reductions and exact solutions. By using these vector fields, group-
invariant solutions are found. The exact solution corresponding to the vector field
V1 is general solution for the system (2.1.8) —(2.1.9). This is new exact analytic and
general solution of nonlinear system of Einstein vacuum field equations. It is worth
to mention here that the authenticity of all the solutions has been checked with the

aid of software Maple.



Chapter 3

EINSTEIN-MAXWELL EQUATIONS !

3.1 Introduction

In this chapter, the Einstein-Maxwell (EM) equations for non-static cylindrical
symmetric metric are studied. A great deal of work has been done on the EM
equations. This metric has been studied by various authors to find solutions and
physical interpretations. Some of which are Einstein and Rosen [38], Liang [89],
Majumdar [103], McVittie [104], Pirani [127], Rao [132], Weber and Wheeler [170]
and Weyl [171]. Consequently, in this chapter, Lie classical approach is carried
out to determine the invariance group of transformations admitted by the system
of Einstein field equations. This eventually reduces the EM equations, which are
coupled nonlinear pdes in four unknowns to a system of odes.

The work put in this chapter has been structured as follows. In section (3.2),
the EM equations for non-static cylindrical symmetric metric are briefly outlined.
The symmetries of system of EM equations are determined in section (3.3). Finally,
in section (3.4) the similarity reductions and similarity solutions of EM equations

are presented.

!The contents of this chapter are published in the Physica Scripta 85 (2012) 055011 (6pp).
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3.2 Einstein-Maxwell Equations

The non-static cylindrical symmetric Einstein-Rosen [38] metric is considered:
ds? = e "[e**(dx? — dt?) + W2d¢?] + e*d2?, (3.2.1)

where all metric functions depend only on x and ¢ and one can choose W = z; they
are related by a complex substitution to the static subcase of the stationary axisym-
metric solutions. As we know, the Einstein-Rosen metric is cylindrically symmetric,
since it is special case of the general cylindrically symmetric metric. The metric
depends on the time coordinate ¢ and spatial coordinate z lies in interval [0, oo].

The field equations in the theory of general relativity for regions of space-time con-

taining electromagnetic fields but no matter are given by [37] as follows:

Rt = 87K, (3.2.2)

1
Eb = —F,F" + ZggFﬂF“, (3.2.3)
Fab = Aa,b — Ab,ay (324)

(V(=9)F™)s =0, (3.2.5)

where R is the Ricci tensor, E? is the electromagnetic energy tensor, F,;, is the
electromagnetic field tensor which satisfies Maxwell’s equations for empty space time
and A, is the 4—potential. A comma followed by a lower suffix denotes a partial
differentiation with respect to corresponding variable. The existence of killing vector

¢ = 0, introduce scalar potentials w and v as
k
EOC“ b = Wp — LU p. (3.2.6)

If w and v are functions of x and ¢ only, then from (3.2.4), (3.2.5) and (3.2.6), the

non-zero components of the field tensor F},, with respect to the metric (3.2.1) are
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as follows:
k
?OF zz — W,

ki —
?Oth = Wy,

\/%OFW = We vy,
\/%‘JFM =We 2.

Now, the field equations for stationary axisymmetric Einstein-Maxwell fields are

(3.2.7)

(Stephani et al. [150], 2003; chap. 22, p.354):

Uge + iux —uy = —e (v — vl +w? —w?), (3.2.8)
Vpe + “Us U = 2(UpVy — ugy), (3.2.9)

Wey + éwx — wy = 2(Uupw, — ugwy), (3.2.10)
VpWy = Wy, (3.2.11)

ke = 2(u? 4+ u?) + ve (02 + v + w2 +w?), (3.2.12)
ky = 22uguy + 2ve” 2 (v, 4+ wawy), (3.2.13)

where the lower suffix denotes the partial differentiation w.r.t to the corresponding
variable. The problem of solving equations (3.2.8) — (3.2.13) is that of determining
u,v and w from (3.2.8) — (3.2.11) and then k will be given by (3.2.12) and (3.2.13).

The nonlinear system of PDEs (3.2.8) — (3.2.13) represents mathematically
and physically important phenomena for electromagnetic fields and gravitational
fields in the theory of general relativity. Hence symmetries and exact solutions
of this nonlinear system are of great importance. Group-theoretic techniques are
applicable to solve nonlinear systems. To study exact solutions and symmetries for

this nonlinear system, Lie classical method has been applied.
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3.3 Group Infinitesimals

In this section, Lie’s method [90] of infinitesimal transformation groups is applied on
system of Einstein-Maxwell equations. On considering a one point group transfor-
mations of point-like transformations acting on the space of independent variables
(x,t) and on the space of dependent variables (u,v,w), the associated infinitesimal

generator is given by

X =&(z, t,u,v,w)0;, + 7(x, t,u, v, w)0 + n(x, t,u, v, w)0, + ¢(x, t, u, v, w)d,
+¢(x7 t7 u? U? w)aw7
(3.3.1)

and the second extension of operator X has the general form

X(Z):XJFU +773ut+77m d +77tt ) +nmtauaxt+¢x%+ ta%+ mavim+

8utt

x zx_0 x
¢tt Ovtt ¢ t@v ot wt Owe ¢ Bw ¢tt Owet w t@wm
Operator X is admitted by partial differential equations (3.2.8)-(3.2.11) if and

only if

(2) 1 . o 2u(,2 .2 2 .2 _
X [Uxx + :EU':C U = € (Ua; Ut + wl, 'UJt )] |(uzm-i-%uz—uttﬁ-e_z“(v?g—vf—i-w%—w2):0)_ 0,

t
2) 1, _ — _ _
X [Uﬂm + xvl“ Uy = Z(vax utvt)] ’(vzer%vzfvtth(uzvzfutvt)ZO)_ 07

X(Q) [w:px + %wm — Wy = 2(uzwm - utwt)] ‘(wzer%wz7wn*2(umwzfutwt):0): 0.

(3.3.2)

Then equations (3.2.8)-(3.2.11) become the following invariance conditions

N 4 an® — Eu — 0t 4 2672 (0,07 — 1Pt + Wbt — Wt — (v — v+ w,? — w?))
=0,

(3.3.3)
O™ + 1" — Eu — M — 2(uyd® + ven” — wt — ') =0, (3.3.4)
P 2 = Gu = P = 2w + v — w)t —vn') = 0, (3.3.5)

V0t F wpd” — vh” — wyegt =0, (3.3.6)
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By substituting equations values of prolonged infinitesimals into equations (3.3.3)-
(3.3.6) and then causing to vanish the coefficients of the various monomials in partial
derivatives of the dependent variables (u, v, w), systems of differential equations for
the unknown function is obtained, i.e., {(x, t, u, v, w), 7(x, t, u, v, w),n(z, t,u, v, w),

¢(x,t,u,v,w) and Y(x,t,u,v,w). The solution of these systems of determining

equations yield the following symmetries

§ = ax,
T =at + 0,
n=1 (3.3.7)

¢ =lv+mw+n,
Y = lw — mv.

with arbitrary constants a, b, [, m and n.

The six-dimensional Lie algebra associated with the system of infinitesimals consists
of following six vector fields:

Vi=2 Va=aZ+t2 Va=2 Vi=2Z Vi=wl —vl Vi=2 402 +uwl.
When the dimension of the Lie algebra, associated with a group of invariant transfor-
mations of a PDE, is greater than 1, there are often an infinite number of subgroups.
To each s-parameter subgroup there corresponds a family of group- invariant solu-
tions. So, in general, it is quite impossible to determine all possible group-invariant
solutions of a PDE. In order to minimize this search, it is useful to construct the op-
timal system of solutions. The construction of the one-dimensional optimal system
of subalgebras can be carried out by using the adjoint transformations as suggested
by Ovsiannikov [121]. The optimal system consists of the following six basic vector

fields:

(Vi, Vo, Vs + Vo, Vi + V3 + BVo, Vs + 6Va, Vo + o Vs + vV3)

where «a, (3, §, 0 and v are arbitrary constants and v =0, +1, —1.
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3.4 Reduced Systems and Exact Solutions

In this section, a classification of symmetry reductions of system of PDEs (3.2.8)-
(3.2.11) by one-dimensional subalgebras (up to conjugacy) of symmetry algebra is
given. Some exact invariant solutions are also obtained. The reduction procedure
explained below is followed.
For each representative V in optimal system of one-dimensional subalgebras:
(i) Reduce the system of PDEs (3.2.8)-(3.2.11) to system of ODEs.
(ii) Determine normalizer of V and conjugacy classes of one-dimensional subalge-
bras in the normalizer.
The symmetries determined by elements in (ii) are inherited by the reduced ODE
obtained in (i). All possible reductions and solutions (where possible) by one-
dimensional subalgebras (up to conjugacy).
(i) Subalgebra £, = (V1)
The differential invariants (and hence the similarity variables) for

V=W=2

are determined by solving the characteristic system

which give the similarity variables as

(=ux u(x’t) = F(C)v U(.Q?,t) = G(C)» w(x,t) = H(C)

Equations (3.2.8)-(3.2.11) under this transformation reduce to the following system

of ODEs:
F/ 2 2
F' + '3 +e 2 (G"+ H7) =0, (3.4.1)
G/
G"+ — —2F'G' =0, (3.4.2)

¢
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and

H/
H' + ' 2F'H' =0, (3.4.3)

where ' denotes the differentiation w.r.t (. Solution of system (3.4.1)-(3.4.3) can be

expressed in the form

F(C) = 11 -1
() =3los (c% log(¢)? — 2cfeslog(Q) + cici + c5log(¢)? — 2c5e3 log(C) + c%c%) ’
(3.4.4)
— ‘@
0= @D s )’ (3.45)
H(¢) = = (3.4.6)

(cf + c3)(log(z) — ¢c3)’
where ¢, co and c3 are constants of integration.

Now, the solution of the system (3.2.8)-(3.2.13) is

— 1 -1
U(J}, t) - F<C) 2 IOg (c% log(x)2—2c3c3 log(x)+cici+c3 log(w)?—2c3c3 log(:v)Jrc%c%) ) (347)

C1

v(z,t) =G(() = @+ 2)(log(@) = )’ (3.4.8)

and
w(z,t) = H(() = @+ 2)(los(@) = c3)’ (3.4.9)

and
k(x,1) (3.4.10)

(ii) Subalgebra £, = (Va)
The invariants associated with the infinitesimal generator V5 are obtained by inte-

grating the characteristic equation

and have the similarity forms
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C=%u(x,t)=F(%), v(z,t) = G(%), w(x,t) = H(

t

|8

).
Substitution of these similarity variable in system (3.2.8)-(3.2.11) implies the fol-

lowing system of ODES:

F'(¢? - )+F’( ¢ — —) = e (G - )+ H?(1 - ¢?), (3.4.11)

¢
G"(*—1)+G (2( - %) =2F'G'(¢* - 1), (3.4.12)
H'(C*—1)+H <2< — %) =2F'H'(¢* - 1), (3.4.13)

where ’ is differentiation w.r.t (. Solution of system of ODEs (3.4.12) and (3.4.13)
gives,

GU(QH () = G(QH"(¢) = 0, (3.4.14)
for solving the above system of ODEs, H(¢) = a + bG(() is assumed, where a and

b are arbitrary constants. Thus, ODEs (3.4.11)-(3.4.13) are reduced as:

F'"(¢*=1)+ F' (2( — Z> =e P14+ 0°)G?(1 - ¢?), (3.4.15)

and
G'"(¢*-1)+ G <2( - %) =2F'G'(¢* - 1). (3.4.16)

On solving above ODESs, following solutions are obtained

e PO = ¢, V1 + b2sech™(¢) + ¢, (3.4.17)
and
¢ p2u(9)

where ¢y, ¢ and ¢3 are constants of integration. Hence, solution of system of (3.2.8)-

(3.2.11) is given as follows:

u(z,t) = F(¢) = —log <01\/1 + b2sech ™ (¢) + 02) , (3.4.19)
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DG —a [~y 3.4.20
v(z,t) = (<>_Cl/03¢\/ﬁ¢7 (3.4.20)
¢ Q2u)

and from (3.2.12) and (3.2.13), k(z,t) can be evaluated which is quite difficult in
this case.
Now by setting ¢ = ¢z, the nonlinear system (3.2.8)-(3.2.13) reduces to Ernst equa-

tions given by system

1
Ugg + —Up + Uz, = — (V2 4+ 02 + W + w?), (3.4.22)
x
1
Veg + =V + Vs = 2(Ugvy + u,0,), (3.4.23)
T
1
Wep + =Wy + W, = 2(Upw, + uw,), (3.4.24)
x
VW, = Wy, (3.4.25)
kr = 2(u? —u?) + ze (02 — 02 + w? — w?), (3.4.26)

k. = 22zuzu, + 2ve” 2 (v,0, + wew,). (3.4.27)

For the vector field V5, the similarity variable and similarity solutions are
¢ =2 and u(z, 2) = F(), o(, 2) = G(C) and w(x, 2) = H(C).
for these similarity variables and similarity solutions, the nonlinear system (3.4.22)-

(3.4.25) reduces to the following ODEs:

F'(¢P+1)+ F <2< + %) +e PGP+ )+ HX 1+ ) =0,  (3.4.28)

G"(C+1)+ G (QC + %) —2F'G'(¢*+1) =0, (3.4.29)

H'(+1)+ H' (2g + %) —2F'H'(C* +1) =0, (3.4.30)
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where ’ is differentiation w.r.t ¢. Solution of the system of ODEs (3.4.28)-(3.4.30)
gives,

G"(QH'(C) — G (QH"(C) = 0. (3.4.31)

For solving the above system of ODEs, H({) = r 4+ sG(() is assumed, where r and

s are arbitrary constants. Thus, new ODEs become:

F'(C+ 1)+ F (2c + %) +e (14 s)G?(1+¢?) =0, (3.4.32)
and
G'"(C+1)+ & <2< + %) —2F'G'(¢*+1) =0. (3.4.33)

Solution of these ODEs yields

1

1 2 -1 c i 82
F(C):—§log —c (tanh <—\/TC2>+ 5> (1+5%) ], (3.4.34)

and

1

cs (14 s%) <tanh1 (\/11?) +c5)

where ¢4, ¢5 and ¢g are constants of integration. Hence, solution of system of (3.4.22)-

G(()=— + 6, (3.4.35)

(3.4.27) is given as follows:

2

1 1
u(z, z) = —5 log [ —c7 | tanh™* ——| t (1+s) |, (3.4.36)
1+ (2)
1
vz, z) = — + cg, (3.4.37)
cy (14 s2) (tanh—1 < L 2) + c5>
1+(2)
1
w(z,z)=r+s| — +c |, (3.4.38)

cs (14 s2) (tanh—l ( 1+1(§)2) + 05)

k(x,z) = cq, (3.4.39)

and
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where ¢y, 5, cg, c7,7 and s are arbitrary constants, which is general exact analytic
solution of nonlinear system of Einstein-Maxwell equations. On choosing constants
as ¢y = c5 = l,cg = —1,c0 = 0,7 = 0 and s = —2, we have exp(2u(z,2)) — 1
and exp(2k(z,z)) — 1 as ( — oo and v(z,2) — 0 and w(z,z) — 0 as { — oo.
This solution represents the external gravitational fields of rotating body. This is
asymptotically flat solution.

(iii) Subalgebra £, ; = (V3 + aVa)

The associated Langrange’s system

de __ dt _ du __ dv __ dw

ax at 0 1 0

gives the following functional form
¢ =3, ulw,1) = F(Q), v(w, 1) = log (t3G(Q) ) w(z,t) = H(C),
From (3.2.11), as above we have H'({) = 0, so system (3.2.8)-(3.2.10) reduces to the

following ODEs

(1—-C)F' +(1— 2(2)%/ + exp —2F ((1 —~ CQ)CC’;—S — é - 2§g) =0, (3.4.40)

and

12 / /
1= -(1-A G +-2) T+ 2 - 2TE

201 - F'GQ = 4.41
G - (1-)F'G =0, (3.441)

which is quite difficult to solve.
Following a procedure similar to the above the highly nonlinear system (3.2.8)-
(3.2.11) can be reduced to system of ODEs corresponding to basic vector fields (v).

(iv) Subalgebra £, , = (Vi + V3 + BVa)

The characteristic equation associated with V; + V3 + V5 is

dr __ dt __ du __ dv __ dw

Bx — Bt 0 1 1

which generates the invariants
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¢ =% ulw,t) = F(O), vla,t) = log (G(Q) ) awle,t) = log (17 H(O)).
From (3.2.11), as above H({) = I+ mG((),

so system (3.2.8)-(3.2.10) reduces to the following system of ODEs

B2 (1= (?) F'G? + B (1 - 2¢%) — exp™F G2 (1 +m?) + 26C exp™2F GG
(1+m?) — Bexp 2'G? (1 + m?) + exp2F B2C2G™ (1 +m?) = 0,
(3.4.42)

and

BGG" (=14 (%) + BG™ (1= ¢?) = 2G5 (1 = 2¢%) + 28F' GG (1 - 2¢?)

(3.4.43)
—G?+ 2AF'G? = 0.

Now equation (4.64) can be solved if m = ¢ and so ODE (3.4.42) reduces to
F/
F"(1-¢%) + 3 (1-2¢%), (3.4.44)

After solving this equation we have

1
u(z,t) = F(¢) = ¢ + arctan | ———| o, (3.4.45)

—1+ (3
where c¢; and ¢y are arbitrary constants and by substitution of this value in ODE
(3.4.43), v(x,t) and w(z,t), can be obtained which are in the form of integration.
(v) Subalgebra £, 5, = (Vs + oVs + vs)
Here, reduction corresponding to this subalgebra is not obtained because of some

difficulties.

3.5 Results and Discussion

Exact solutions to Einstein-Maxwell equations with the technique of the Lie groups
are generated. This technique has proved a powerful one in the last decades in dif-
ferent equations and this new application comes to confirm this states. Infinitesimal

generators of Lie groups associated with Einstein-Maxwell equations are determined.
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Closed form solutions are found that might prove to be interesting physically. Some
of the following important remarks are also obtained:

Remark 1: By applying Lie classical approach, it become possible to find vector
fields which are used to derive exact solution of nonlinear system (3.2.8) — (3.2.13).
Corresponding to the vector field V5, interesting solution representing exterior grav-
itations fields of rotating bodies such as galaxies and stars etc. is obtained.

Remark 2: If we consider, w = constant then the nonlinear system reduces to

Ugg + iux —uy = —e (v —v?), (3.5.1)
Vg + va — Uy = 2(UgVp — WVy), (3.5.2)
ke = 2(u? 4 u?) + ve (02 + v}), (3.5.3)

k, = 2zugu, + 2ze” 2 (v0y), (3.5.4)

which are Einstein-Maxwell equations in purely electric field and can be solved as
above by taking w = constant and by choosing appropriate constants in vector field
V5 and by letting ¢t = 1z, exact solutions of Ernst equations for the above system
of Einstein-Maxwell equations, we can obtain new exact analytic solutions. In the
same way, when v = constant, two more solutions can be obtained from vector field
V.

Remark 3:The surfaces v = constant and w = constant are null surfaces and
solution in this case represent null electromagnetic field in vacuum. The metric
(3.2.1) for this solution is plane symmetric in the form of Taub [152] in (1951),

represents plane electromagnetic waves.






Chapter 4

EiNsTEIN- MAXWELL EQuATIONS FOR
MAGNETOSTATIC FIELDS !

4.1 Introduction

Magnetic fields play an important role in the study of astrophysical objects such
as neutron stars, white dwarfs, pulsars, black holes and galaxy formation. In fact,
several observations show that there are various scenarios where the magnetic fields
and general relativity can not be neglected. One of them is the presence of strong
magnetic fields in active galactic nuclei [4,97]. These nuclei are known to produce
more radiation than the rest of the entire galaxy and directly affect its structure
and evolution. Another scenario is the production of relativistic collimated jets in
the inner regions of accretion discs, which can be explained considering magneto-
centrifugal mechanisms [95,161]. Also, magnetic fields are important in understand-
ing the interplay between magnetic and thermal processes for strongly magnetic
neutron stars [3,56]. At least 10 percent of all neutron stars are born as magne-
tars, with magnetic fields above 1014G [62,126]. Analytical models that describe
these astrophysical objects are often associated with solutions of Einstein’s equa-

tions [118,133]. In the search for more realistic models for compact stellar systems,

!The contents of this chapter are published in Chinese Physics B 21 (2012) 090401 (6pp).

59
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the energy-momentum tensor, the source of Einstein’s equations, is modified by in-
troducing more complex terms that take into account additional physical properties
as, for example, electromagnetic fields.

These fields for deriving solutions were first considered by Bonnor [20], for obtain-
ing solutions corresponding to radial and longitudinal fields. Misra and RadhaKr-
ishna [107], have obtained some solutions in which metric function depend upon
one independent variable. Garéia et al. [42], have presented a detailed study of the
Counter-Rotating model for generic electrostatic (magnetostatic) axially symmetric
thin disks without radial pressure.

In this chapter, new exact analytic solutions of Einstein-Maxwell equations for purely
magnetostatic fields in general relativity are derived.

The simplest metric to describe a static axially symmetric spacetime is the Weyl’s

line element [171]
ds? = e 2[r2d¢? + * (dr? + dz%)] — e*dt?, (4.1.1)

where ¢ and A are functions of » and z only. The Einstein-Maxwell field equations

for the geometrized units 87G = ¢ = py = ¢g = 0, are given by

Rap = Tow, (4.1.2)

Ty = Focly — %gachdFCd, (4.1.3)
Fg =0, (4.1.4)

Foy = Aup — Aba, (4.1.5)

where R, is the Ricci tensor, T}, is the electromagnetic energy tensor, Fj;, is the

electromagnetic field tensor which satisfies Maxwell’s equations for empty space time



61

and A, = (¢, A,0,0) is the 4—potential. A comma followed by a lower suffix denotes
a partial differentiation with respect to corresponding variable.
The Einstein-Maxwell equations in presence of purely magnetostatic fields are equiv-

alent to the system:

Do+ ~60+ ——€2¢(A2+A2)—0 (4.1.6)
rr r T zz 27’2 r z) — Y c
1
A — =+ A +2(A0, + A9,) =0, (4.1.7)
T
e2®
Ay =7r(02 = 62) + o (A7 - A2), (4.1.8)
r
1
A, =2rp,p, + - A, A, (4.1.9)
T

where A is magnetostatic potential and function of r and z only.

For solving the non linear system (4.1.6)-(4.1.9) of PDEs, first the system (4.1.6)-
(4.1.7) is solved for obtaining values of ¢(r, z) and A(r, z). After that, by substituting
these values of ¢ and A into the system (4.1.8)-(4.1.9), the values of A(r,z) are
obtained.

In section (4.2), the symmetries of system (4.1.6)-(4.1.7), in the generalized
form are derived, which are then used to obtain associated Lie algebra of vector
fields. Section (4.3), deals with the determination of the transformation group for
the reduction of system of nonlinear PDEs to system of ODEs. Exact solutions are

also obtained in this section. In section (4.4), discussion on derived results is given.
4.2 Symmetry Group

In order to determine the Lie group of transformations of system (4.1.6)-(4.1.7),
the symmetry reduction method is exploited in a similar manner as explained in

Chapter 1.
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Let the system (4.1.6)-(4.1.7) be considered as a manifold N = (Ny, Ny)

1 26
1
N2(¢7 A) = Arr - ; + Azz + Q(Ar¢r + Az¢z) = 0, (422)

in the space of variables X = (r,2),j = (¢, A). The one-parameter group of local
point transformations that leaves system (4.1.6)-(4.1.7) invariant corresponds to the

vector fields of the form

V:P(X,ﬁ)%—l—@()_(,ﬁ)%—}%()?,ﬁ)g—S(X,ﬁ)—. (4.2.3)

The group infinitesimals P, (), R and S are to be found under the following conditions
E(Nhﬁa S) |N:O: 07 (424)

fori=1,2.

In equation (4.2.4), F;(N;,7,S) denotes the Fréchet derivative of N; at 77 = (¢, A)
in the direction of the quasi-linear symmetry operator S = (S},5,) and is defined
by

FIN, 7, 8] = %F’[N(ﬁ +€5)] Jeco - (4.2.5)

The symmetry operator S = (S;,.95) has the following form:
S1(9) = P(X, )¢ + Q(X,7)¢: + R(X, 1), (4.2.6)
Sa(A) = P(X, ) A, + Q(X, A + S(X,7), (4.2.7)
Equation (4.2.5) is used to find the Fréchet derivative of each of the two nonlinear

operators defined through equations (4.2.1) and (4.2.2), and the following expres-

sions are derived:

62[51]

212

Fi(N0,0,8) = [Sile + 81 + [Si]e: -

(Ar[Sa]s + A[Sa]: +2[S1)(A7 + A2)),

(4.2.8)
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F2(N27 7_77 S) = [Sl]rr_%[Sl]r+[Sl]zz+2<Ar[Sl]r+¢r[52]T+Az[51]z+¢z[SI]Z)' (429)

Substituting the values of S; and Sy from (4.2.6) and (4.2.7) in equations (4.2.8)
and (4.2.9), when expanded, results in the polynomial expressions in various partial
derivatives of ¢ and A with respect to the spatial variable. The calculations to
obtain these derivatives are tedious, simplified set of determining equations for the
group infinitesimals P, @, R and S is listed here. From (4.2.8), after equating the
coefficients of various derivative terms to zero, the following determining equations

are obtained

Q(i):O?QA:O7QT:07QZ,Z:07RZ:07R¢:07RA:O7RT:O7

(4.2.10)
Sz = O’S¢ = 07SA = QZ _Rvsr :OaP:TQz'
From (4.2.9) following set of determining equations has been obtained keeping in

view the consequences on the infinitesimals effected by the sets of equations (4.2.10):

PZ:—Qraqu:O,PA:OaPr:Qzanz:_QTTaRZ:_%’

_ S _ —P+rQ.
Ry= -5 R, = 50

(4.2.11)

Now solving these sets of determining equations (4.2.10) and (4.2.11) for the infinites-

imals P, @, R and S, the following form of the generalized symmetries is obtained:

P =ar,
= + b,
©=az (4.2.12)
R=a-1,
S=1lA+m.

where a, b, and m are arbitrary constants.

The Lie algebra associated with the system of infinitesimals consists of following

four vector fields:

0 0 0 0 0 0
Vo=—, Vi=——+A— Vi=r—+2—+ .}

9
= DA’ 9o oA or 0z 09

&7
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The commutation relations of these vector fields is

Vi, Vo] = =[Vi,Vil = Vi, [Va, V3] = —[V3, Vo] = V2

and [V;,V;] = 0 for all other 7 and j.

The Adjoint Table for the Lie algebra G, determined by Vi, V5, V3, Vy is shown by

Table (3.1).

Adjoint Table (3.1)

Ad| Wi | W, V3 Vi
Vil Wi | W, Vs Vi—eWn
Vol Vi | Va | Va—e€ls Vi
Vs | Vi | Vaef V3 Vi
Vi | Viet | Vs V3 Vi

As already mentioned in chapter 2, that one may obtain the reduced system of ODEs
from any linear combination of generators. Since there exist infinite possibilities for
such combinations, the symmetry algebra of system (4.1.6)-(4.1.7) into conjugacy
inequivalent sub algebra under the adjoint action of the symmetry group is classified.
This leads to determine an optimal system of non-equivalent (non-conjugate) one
dimensional sub algebras of the symmetry algebra of the system (4.1.6)-(4.1.7).
To obtain the optimal system, general element V' = a1V] + asVs 4 a3V + a4V} is
considered and subject it to various adjoint transformations to simplify it as much

as possible. Following basic fields which form an optimal system are deduced.

{‘/17 ‘/27 ‘/2+V17 ‘/2_‘/17 ‘/:9)7 ‘/S—i_‘/l? ‘/;3_‘/17 ‘/21_'_05‘/3}7

where « is arbitrary constant. Because of the discrete symmetry (r,z, ¢, A) —
(—r,z,0,A), will map Vo — V; and V3 — V] to Vo + V; and V3 + V; respectively,
and therefore, in the optimal system, we confine ourselves to remaining six essential

vector fields of the optimal system, while neglecting the other two.
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4.3 Exact Solutions of Einstein-Maxwell Equations
for Magnetostatic Fields

It seems reasonable now to construct Lie ansdtze and to seek exact solutions of
the nonlinear system (4.1.6)-(4.1.9). With this in mind, consider its Lie symmetry
generated by the basic operators in the optimal system.

Reduction (i) V;

Solving the characteristic equation FT =% = T

¢=r, ¢(T,Z) = F(<)7 A(Tv Z) = G(C)

%, the similarity reduction is

the resulting system of ODEs is as follows:

L PO eroee

FI(Q)+ = = —— = =0, (4.3.1)
1! G/ / !
G'(0) = & +2F(G () =0, (4.3.2)

The solution of the reduced system of ODEs is as follows:

67201

1 1
F(¢) = 5 log ¢ — Elog 5 + ¢, (4.3.3)
2¢2 cosh (—loggc?’) ¢

and
sinh (_1og2g—C3 >
C2

1 —
e2c1¢y cosh (—OgC C3>

G(¢) = + (4.3.4)

2co

Hence, the solution of system (4.1.6)-(4.1.9) is given by:

1 1 e
o(r,z) = 5 logr — 5 log — | +a (4.3.5)
2¢2 cosh (—logr_q‘) r
Cc2
sinh ( —10g22;63>
A(r, z) = + ¢y, (4.3.6)
e2c1¢y cosh (k’gQTT;C‘")

and

1 - 1
A(r,z) =logr — ¢35 + 2log (cosh <M>) + B _ = (4.3.7)

2 .20
2cy des  4es
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where ¢y, c9, c3 and ¢4 are arbitrary constants.

Reduction (ii) V3

The similarity variables associated with this basic vector field are r = constant and
z = constant therefore A(r,z) and ¢(r, z) are also constant functions.

Reduction (ii1) Vo + V4

By considering the linear combination of V5 and Vi, the vector field V = V; + 14,
becomes V = % + 8%, so similarity variables are ( = r, ¢(r, z) = F((), A(r,z) =
2+ G(C).

The corresponding ODEs for F(¢) and G({) are given by

" F'(Q) PO +G6"(¢)?*)
F'(¢) + . e =0, (4.3.8)
G'(Q)
¢

G"(¢) — L 2F(O)G(C) = 0. (4.3.9)

On solving second ODE, G'(() is
G'(¢) = ¢1Ce 2O, (4.3.10)

By substituting this value of G’(¢) into ODE (4.3.8), we obtain

" F'(Q) MO+ cd¢e )
F'(¢) + o e — 0, (4.3.11)

where ¢ is arbitrary constant. it is quite difficult to solve this ODE.

Reduction (iv) V3

Corresponding to this vector field, only constant solution is obtained.

Reduction (v) V3 +V;

For this vector field, the forms of the similarity variable and similarity solution are

as follows:

¢=r, ¢(r7 Z) =—z+ F(g)’ A(Tv z) = 6ZG(C>



Using these substitutions, system (4.1.6)-(4.1.7) reduces to
2CF(Q) +20F(Q) = TGP + GA(Q) =0,

CG"(¢) = G'() = CG(C) + 20 F(Q)G'(C) = 0.
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(4.3.12)

(4.3.13)

Now, after the substitution of G(¢) = e FOH(¢) and F'(¢) = M((), the ODEs

reduced to simpler form:

2C2M'(C)+2¢ M (¢)— M (¢)*H(¢)*+2M (O H () H'(¢)—H'(()*~H(¢)* = 0, (4.3.14)

CM'(QH(C) + CM(C)*H(C) — CH"(¢) = M(Q)H(C) + H'(¢) + CH(¢) = 0. (4.3.15)

For the solution of above ODEs, three cases are taken depending upon H(()

case-(i): When H(¢) =0

This is not physically interesting case.

case-(ii) and (iii): When H(¢) = #+/2i(, the above ODEs, reduced into single

equation

CM'(Q) = CM(Q) + M) +1+ ¢ =0.
Solution of above ODE is:

—c1¢Y1(¢) + Jo(§) = ¢ (¢) + &1 ¥o(¢)

M(C) = (Yo (€) + Jo(Q))

Now, the solution of system (4.1.6)-(4.1.9) is:

—c1rYi(r) + Jo(r) — rJi(r) + 1Yo (r)

(1 Yo(r) + Jo(r)) ar,

o(r,z) = —=z —i—/

_ [ =earYp(r)+Jg(r)—rJy (r)+ec Yo (r)
A(r7 Z) = e%e J r(c1Yp(r)+Jo(r) drj:\/ELr7

and

A(r, 2) = log(r) + 2log(c,Yo(r) + Jo(r)) — 22,

(4.3.16)

(4.3.17)

(4.3.18)

(4.3.19)

(4.3.20)
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where ¢; is arbitrary constant. J,(r) and Y,(r) are the modified Bessel functions of

the first and second kinds, respectively. They satisfy the modified Bessel equation:
YY" + 1Y — (r* +0?)Y = 0. (4.3.21)

Reduction (vi) V; + aVj

For o = 1, the similarity variable ¢ = Z and new dependent variables are ¢(r, z) =

F(Q), Alr, 2) = 2G(Q).
Using of these new dependent variables into system (4.1.6)-(4.1.7), leads to the

following system of reduced ODEs with independent variable (:

F”(g)(1+¢2)+¥(1+2<2)_%emg) (G'(Q°A+¢)+ Gc(f) - AG(Q)E'(Q) _ 0

(4.3.22)

G"(O)(1+¢%) — % +2F' ()G (C)(1 + ¢*) — 2¢F'(¢)G(¢) = 0. (4.3.23)

Now, after the substitution of G(¢) = e ¥ H(¢) and F'(¢) = M((¢), above ODEs

become

—2C2M'(¢) — 2CM(C) — 2¢*M'(C) — ACM(C) + M(C)?H()*(1 + ¢?) + H'(¢)”

(1+¢%) —2M(QH(QH(O)(1+ ¢*) + H(¢)? + 2¢M(¢)H(¢)* — 2CH (¢)H'(¢) = 0,
(4.3.24)

and

CM'(Q)H(C) + CM(C)PH(C) — CH"(¢) + CM'(QH(C) — CCH"(C) — M(Q)H(C)
+H'(¢) +2C3M (O H(C) — (CM(¢)*H(¢) = 0.
(4.3.25)

One more solution is also derived by using the following similarity variable and
similarity solutions: ¢ = %, ¢(r, 2) = F((), A(r, z) = G(().
Using the above variables in system of PDEs (4.1.6)-(4.1.7) which reduces to a

system of ODEs given below:

() F(¢)
F(¢) F2(C)

(1+C2)_|_ F'(Q) (1+2C2)_1_%F2CG’2(C)(1_{_§2) =0, (4.3.26)

(%)= PO



and

2F(0)G'(C)
TTRO

GO +¢) -

(1+¢%).

Solving the above system of ODEs, value of F'(¢) and G(()is

2

tanh—1 <+>
V(1+¢%) <

V(2 [ 268+ | e Vae

e | 262 + e °2

Hence, the solution of nonlinear system (4.1.6)-(4.1.9) is given as:

2

tanhl(\/l—)

(1+22) 3 N 2
(2)ea (£) |23+ | e Vaey eﬁcz)
o(r,z) =log | 2
tanh—1 1
\/(+2?) c3
4l e Vi (efTCQ

and

A(r,z) = —2%% (/p(?“, z)dr — Q/q(r, z)dz) :

I(r,z)

where p(r, z) = ey

I(r,z) = (—22 + 2622 4+ 2v/222c0 | B + 12 — 20322> j(r, z)

222 222 2,2 2. .2 [r24z? 2.2
—4cdc22? — 4c3Er? + 2¢3r? — 423 ¢z = — 2027,

m(r,z) = r(r* + 2% (2¢2 + j(r, 2))
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(4.3.27)

(4.3.28)

(4.3.29)

(4.3.30)

(4.3.31)

(4.3.32)

(4.3.33)

(4.3.34)
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((\/502 T2:;’z2 - 1) G, 2) — 262 — 2¢/2c5¢3 TZZ#) z

1) = 7+ ACE+50.2) B

—1 1
tanh “+c V2
( ( e 3) )
22

jlr,z)=e e (4.3.36)

where

with c¢1, ¢y and c3 arbitrary constants.

4.4 Conclusion and Outlook

New exact solutions of Einstein-Maxwell equations in general relativity correspond-
ing to the magnetostatic fields are derived. The symmetry method based on Fréchet
derivatives is used to obtain new exact analytic solutions of nonlinear system of
PDEs. The symmetries of Einstein Maxwell equation are exploited to derive some
ansatz leading to the reduction of variables, where the analytic solutions are easier to
obtain by considering the optimal system of conjugacy inequivalent subgroups. The
solutions (4.3.5)-(4.3.7), (4.3.18)-(4.3.20) and (4.3.30)-(4.3.32) are new exact ana-
lytic solutions. The obtained solutions depend upon both of independent variables

r and z, might to be interesting for further applications.



Chapter 5

THE EINSTEIN-MAXWELL EQUATIONS
For NoN-STATIC EINSTEIN AND
RosEN METRICS!

5.1 Introduction

The metric

ds® = e (dt* — dp?) — pPe Hdd? — et'd2?, (5.1.1)

where A and p are functions of p and ¢ only. This metric has been investigated
by Einstein and Rosen [38], Weber and Wheeler [170], Bonnor [20] and others in
connection with gravitational radiance in empty space-time.

Misra and Radhakrishna [107], by considering the field equations for regions

containing an electromagnetic field but no matter given as follows:

RP = —87EPF,
(5.1.2)
(\/ _gF/’W)W = Oa
where
1
Eg = _FuaFuﬁ + Zgch?; (513)

!The contents of this chapter are accepted in Proceedings of International Conference on Math-
ematics and Statistics .
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and

F,

I v,

Here R? is the contracted curvature tensor, E? is the electromagnetic energy tensor,
F, 3 is the electromagnetic field tensor and A, the 4-potential. A comma followed by
the lower suffix denotes a partial differentiation with respect to the corresponding
variable. The charge-current density has been put equal to zero.

The non-zero components of the Ricci tensor for the metric (5.1.1) are

R} = zeM <_)‘11 + Agg + p11 — pag — pj + AIJ/; 1) ’
R%:_Rg, e)\Q—N (,ull_’u44+%)7

erH

R} =% <_A11+A44+N11_M44+Mi+%>7
Rl =Ry =25 (- %)

(5.1.5)

The lower suffixes 1 and 4 after the unknown functions denote a partial differentia-
tion with respect to p and t respectively. Also p, ®, z and t correspond respectively
to zt, 22, 2% and x*.

From (5.1.5), R3 + R3 = 0,

and consequently from (5.1.2) and (5.1.3), it follows that
B3+ B3 = 9" g* (F14)? — 972¢% (F23)* = 0.

Since g'1, g?? and ¢*3 are all negative and g** are positive, it is clear that the above

equation will hold only if

Fly = Fy; = 0. (5.1.6)

The remaining components of the F,5 can, by virtue of (5.1.4), be derived from any

two components of the 4-potential, namely As and Az, where

o
V8’
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so that

¢4 Py

—P B s
Var 8= WF Vo S e

From (5.1.3), (5.1.6) and (5.1.8), the remaining independent components of the

Fip = (5.1.8)

electromagnetic energy tensor are found to be

B} = —Bl = gre M [Sr(ot +0d) + vt + ],
B} = B = e[ = Sr (6t — o) + 97 — v,
Ef = l a [i;¢1¢4 + 1/111/)4]

E3 = 8L [ P11 + ¢4¢4]

(5.1.9)

The field equations (5.1.2) with the help of (5.1.5) and (5.1.9) can be written in the

form:

A1 — Aag + %(M% — i) — Z_Z(Cb% — ¢F) — e (Y] —¥i) = 0, (5.1.10)
H e’ 9 2 ) 2\
M11+;M1 —M44—?(¢1 — @) —e (Y — i) =0, (5.1.11)
M=LO2412)+ S5+ )+ e (2 + 42 5.1.12
2#1 /M) p2(¢1+¢4>+€ (V7 +¥3), (5.1.12)
Ay = ppaps + 2%¢1¢+206_”¢1¢4» (5.1.13)
o191 = Patha, (5.1.14)
and

P11 — Paa — % + p1P1 — paa, (5.1.15)
V11 — as + % — a1 + paty (5.1.16)

The field equations which determine A, i, ¢ and ¢ are (5.1.10)-(5.1.16).
It can be easily seen that condition of integrability of (5.1.12) and (5.1.13) is satisfied,
ie.,

A1s = Aa1, (5.1.17)
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Also (5.1.10) is identically satisfied , if (5.1.11), (5.1.12), (5.1.13) and (5.1.14) hold.
Hence the problem of solving equations (5.1.10)-(5.1.16) reduces to that of determin-
ing 41, ¢ and ¢ from (5.1.11), (5.1.14), (5.1.15) and (5.1.16), and then to determine
A from (5.1.12) and (5.1.13).

In view of the nonlinear character of the expression involved, it is extremely difficult
to find exact solutions of the field equations. In this chapter, exact solutions of the
system (5.1.10)-(5.1.16) are obtained in the following cases:

(i) Pure Magnetic Fields;

(ii) Pure Electric Fields.

To find these exact solutions, Lie classical method is used. In section (5.2), pure
magnetic fields are studied. In Section (5.3), Lie Classical Method is utilized to
obtain symmetries, which are further used to obtain associated Lie algebra of vector
fields. Section (5.4), deals with the reduction of system of nonlinear PDEs to system
of ODEs. Exact solutions of pure magnetic fields have also been obtained in this
section. Section (5.5) is devoted to pure electric fields. Reductions and new exact
solutions of pure electric fields are also derived in this section. In section (5.7), some

concluding remarks are noted.
5.2 Pure Magnetic Fields

In this section for pure magnetic fields, i.e., when ¢ = 0, the above system reduces
to the following system of nonlinear PDEs become:

Lo €

2

Ppp — Mt + o p—(qﬁi —¢7) =0, (5.2.1)

¢pp - tht - % + ﬂpgbp - Mt¢t = 07 (5'2'2)



75

Ap =

N

(24 42) + ;—Zw,% ), (5.2.3)

et
Ay = Phptte + 2;6M¢p¢ta (5'2-4)

exact solutions of above system are obtained. Lie classical method is applied to the
system (5.2.1)-(5.2.2) and found values of p and ¢, and the by substituting these

values in (5.2.3) and (5.3.4), value of A is obtained.

5.3 Similarity Variables and Similarity Solutions

In this section Lie classical method [82] to the system (5.2.1)-(5.2.2) is applied by
considering the one-parameter Lie group of infinitesimal transformations in p, ¢, u, ¢, n*

and 7% . This transformation leaves invariant the following set

SA = {:uv (pv t)? gb(pa t) : Al(uv ¢) - O, AQ(#? ¢) = O} (531)

of solutions of the system (5.2.1)-(5.2.2), where Ay = p,, — pre + “7” — ;—Z(gzﬁf,—(bf) and
Do = ¢pp — O — % + pp®p — pe@y. This yields an over determined, linear system of
equations for the infinitesimals & (p,t), 71(p,t),n*(p,t) and n*(p,t). The associated

Lie algebra of infinitesimal symmetries is the set of vector fields of the form
I'= &0, + 110 +1' 0, + 004, (5.3.2)

where 0, = a% etc. The set Sa is invariant under the one-parameter transformations
provided that Pr®(A) |a—o= 0, where Pr®T is the second prolongation of the
vector field I', which is explicitly given in terms of &, 7,n%, n?. This procedure

yields an over determined system of linear PDEs. Solving this system of PDEs, the
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Lie symmetries of the system are

51 = ap,
1 =at+ b,
! (5.3.3)
nt = 2a — 2c,
N =co+d,

where a, b, c and d are arbitrary constants.
Having determined the infinitesimals, the symmetry variables are found by solving
the invariant surface conditions

Uy = &y + g — 1t =0,

(5.3.4)
Uy =819, + 1 —n? =0,

The associated vector fields are

0 0 0 0 o o 0
Di=gp To=gg To= =25 4050 T i+ 2

ot 1= P, T ot T o
The commutator of these four vector fields is another first order operator given by
the following relations

[0, Ty = = [Ty, T = Vi, [T, T3] = —[[3, T'a] = 'y

and [[';,I;] =0 Vi, j

The adjoint action is given by the Lie series

Ad(exp(el'1)Ty) =Ty —el'y,  Ad(exp(el'y)'3) = T's — €l

Ad(exp(el'3)Ty) = Tyef,  Ad(exp(el'y)['y) = I'yef

and Ad(exp(el;)T';) =T, Vi, j

Firstly, an optimal system is constructed and then embarked upon the various
reductions associated with generators in the optimal system. A general element
I'=a,I'1 + a4 2T'5 + a3l's + a4’y of symmetry algebra is considered and then sub-
ject it to various adjoint transformations to simplify it as much as possible (refer to
[112]). The optimal system described by Ovsiannikov [112] consists of the following

four basic vector fields:

{(G@) Ty, (@) Ty +al'y, (i) s+ BTy, (iv) Ty +9T5}
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The similarity variables and forms can be obtained by solving characteristic equa-

tions:

2222 (5.3.5)

The general solution of these equations involves three variables; one becomes the
new independent variable ( and the other two, say F' and G, play the role of new

dependent variable.

5.4 Exact Solutions of Einstein-Maxwell Equations
with Pure Magnetic Fields

Generator (i)

Using the generator I'y in the optimal system, the similarity variable and similarity
solution are:

¢ =p, ulp,t) = F(C), ¢(p,t) = G(C).

Using these substitutions in system (5.2.1) — (5.2.2), the reduced system of ODEs

1S:

F'(Q)  eOc()?

F'(Q) 4 = = g =0 (5.4.1)
and
G(¢) - G’éo L PG = 0. (5.4.2)

On solving this above system of ODEs, the solution is given follows:

et

F(¢) = log(¢) + log(2) — log + ¢, (5.4.3)
2 cosh (_log(g)—cg ) : ¢ 1

2

and

2co

+ cy4.
e“1¢y cosh <—1°g(o_c3)

2co

sinh (10g(C)*03>

G(¢) = (5.4.4)
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Now, solution of the system (5.2.1)-(5.2.2) is:

exp 1

() = log(p) + log(2) — log e Gas)
2 cosh <log(p)—03) 0
2 .
and
s (p22)
(1) = e, (5.46)
elcy cosh (%ﬁ)

hence, after substituting the values of u(p,t) and ¢(p,t) in system (5.2.3)-(5.2.4),

the value of metric function A(p,t) is

Ap,t) = 210g(p) — 265 + 4log (cosh (M)) L Lloelo) _Les o,z

2¢9 2 & 2

Generator (i7)
case-(i): When o =1
Similarity reductions corresponding to the symmetry generator I'y 4+ al’; is obtained

by solving the characteristic equation are u(p,t) = F(¢) and ¢(p,t) = G(¢), ¢ =p,

where F'(¢) and G(() satisfies the system of ODEs:

0+ F’((C) ) eF<<><G’(<§>2 D _, (5.4.8)

and

G'(¢)
¢

G"(¢) — + F'(Q)G'(¢) = 0. (5.4.9)

From above ODE, G'(() is

G'(¢) = e TO¢. (5.4.10)

Here, it is difficult to solve further the system of ODEs.
case-(ii): When av = —1
As above, system of ODEs can be found, when o = —1.

case-(iii): When oo =0
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The similarity variables, p and ¢ are constants. Thus, u(p,t) and ¢(p,t) are also
constants functions.

Generator (i)

case-(i): When =1

For the generator I's + SI'; under consideration, the associated similarity variable
and similarity solutions are obtained as follows:

C=p, plp,t)=-2t+F(C), o(p,t)=eG(Q).

In terms of these invariants the reduced system of ODEs is

PO+ F’éo _ eF<<><G'<<C>z —GE) _, (5.411)

and

G"(0) + GI(C) @ L PG =0. (5.4.12)

In this case also, it is difficult to solve further the system of ODEs.

case-(ii): When § = —1

As above, system of ODEs can be found, when § = —1.

case-(iii): When 5 =0,

the invariants p and t are constants. Thus pu(p,t) and ¢(p,t) are also constants
functions.

Generator (iv)

case-(i): When v =1

The associated similarity variable and similarity solutions for the generator I'y+~I'3
are expressed as

¢=14 ulp,t) =F(C), ¢p,t) =1G(C).

Substituting u(p,t) = F(¢) and ¢(p,t) = tG({) into system (5.2.1)-(5.2.2), the
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corresponding system of ODEs is

F'(O)(1 =) + #(1 et "G (=Y _C?G(OQ FACOEQ)
(5.4.13)

and
G"(¢)(1—¢*) - # + F(QG(O)(1 = ) + CF'(Q)G(C) = 0. (5.4.14)

Here, it is difficult to solve further the system of ODEs.
case-(ii): When v = —1

As above, system of ODEs can be found, when v = —1.
case-(iii): When v =0

Similarly, from the equation (5.3.5), the invariants are
(=% ulpt)=1og(t*F(()), ¢(p,t) =G(().

Then the corresponding reductions are

wimin oy FUO ey FUOT L s FOMGQ) _

FH (O =¢)+ C (1-2¢7) F(O) (1-¢7) e (1-¢)+2F(¢) =0,
(5.4.15)

and

" AN G,(C) F,<C)G,(C) A
G"(O)(1—¢%) c + F{O) (1-¢)=0. (5.4.16)
Solution of this system of ODEs gives,

F(¢) = %cf, (5.4.17)

and
G(Q) :i\2/(1<2—7_§210) + co. (5.4.18)

Now, the solution of the system (5.2.1)-(5.2.2) is given as below:

22

w(p,t) = log (71) : (5.4.19)
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and
2(()"-1)
1= (5) e

Substituting values of u(p,t) and ¢(p,t) in system (5.2.3)-(5.2.4), value of A(p,t) is

d(p,t) = + + 0o (5.4.20)

AMp,t) = —2log(p® — 1) + 4log(t) — 2log(—p +t) — 2log(p + 1). (5.4.21)

5.5 Pure Electric Fields

In this section for pure magnetic fields, i.e., when ¢ = 0, the above system reduces

to the following system of nonlinear PDEs:

fip = et + % +e (YR —P) =0, (5.5.1)
Vpp — Yu + % — pp, + ey = 0, (5.5.2)
N = S22+ ) + pe (02 + 7). (5.5.3)

At = plpthe + 2pe” H by (5.5.4)

Proceeding in the same way as mentioned earlier, in this section, Lie symmetries

are found given as

52 = ap,
Ty = at + b,
2 (5.5.5)
n* = 2c,
nt = +d.

where &, 75,1 and n* are infinitesimals corresponding to x,t, u and 1) respectively.
The Lie algebra associated with the system of (5.5.1)-(5.5.2) consists of following

four vector fields:

R RPN R NP
- o T P, T e
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The optimal system described by Olver [111] consists of the following four basic
vector fields:

(G1, Ga+ Gy, Gs+ poGe, Vi+1Gs,)

where s, f2 and 7, are arbitrary constants.
The similarity variables and forms can be obtained by solving characteristic equa-
tions (5.3.5). The general solution of these equations involves three variables; one
becomes the new independent variable ¢ and the other two, say F' and G, play the
role of new dependent variable. On substituting these solutions of (5.3.5) in system
(5.5.1)-(5.5.2), the reduced ODEs are obtained.
Generator (i)

dp _ dt _ dy

For the generator (G1, the associated equations are & = < =

i i < » Wwhich generates

the invariants ¢ = p, u(p,t) = F((), ¥(p,t) = G(().

The reduction correspond to case above to ODEs listed as follows:

F'(0) + F,C(O +e 706 (¢)* =0, (5.5.6)
and
G"(¢) + G’é() — F'(Q)G'(¢) =0. (5.5.7)

On solving this above system of ODEs, the solution is given follows:

C2

C1, 5.5.8
cosh<@<log<<)—c3>e—C1>2g>+ (5:58)

F(¢) = log(¢) — log(2) + log (

and
coe® sinh <m>

2e€1

V€eicy cosh <— 6616251;5(0763»
Now, solution of the system (5.5.1)-(5.5.2) is:

G(C) = + e (5.5.9)

e, ) = log(p) — log(2) +log (cosh (\/eclcz(lozp) — 63)6_01)2 P) Hen (5240
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and
(5% sinh <—m<m—>

2e€1

Vet ey cosh <— eClCngcgl(p)i%))

now, after substituting the values of p(p,t) and ¢(p,t) in system (5.5.3)-(5.5.4), the

v(p,t) = + ¢4, (5.5.11)

value of metric function A\(p,t) is

1
Ap,t) = 5616761 log(p). (5.5.12)
Generator (i7)
case-(i): When ap =1
Also the characteristic equation corresponding to the generator Gy + asG is % =
% = %, which give rise to the following functional forms

C=p, wplpt)="F(Q), vipt)=t+G(Q).

Substituting these similarity solutions into system (5.5.1)-(5.5.2), the resulting sys-

tem of ODEs to determine F'(¢) and G(() is as follows:

F'(¢) + F,éo +e FOE ()7 - 1) =0, (5.5.13)
and
G'(C) + G;(O _ FOG(C) = 0. (5.5.14)
Solution of above ODE yields,
G'(¢) = o GFC(O (5.5.15)

Here, it is difficult to solve further the system of ODEs.
case-(ii): When ay = —1

As above, system of ODEs can be found, when ay = —1.
case-(iii): When ay =0

We have p and ¢ are constants. Thus p(p, t) and ¥(p,t) are also constants functions.
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Generator (iii)

case-(i): When 5, =1

The generator Gz + 2G5 yields the invariants
¢ =%and u(p,t) = F(CQ), ¥(p.t) =logtG(Q).

Substituting these variables into (5.5.1)-(5.5.2) to determine system of ODEs:

PO - )+ = -2 0 <%)§<1 ~) -1+ 2€GI(O> =0,

G(0) G(¢)
(5.5.16)

and

G"(Q)(1 = %) +G(O) + ZL(1 - 2¢%) - F(OG(O)1 - ) - S (1 - ¢
—~(G(OF'(¢) = 0.

In this case also, it is difficult to solve further the system of ODEs.

case-(ii): When [ = —1

As above, system of ODEs can be derived, when §y = —1.

case-(iii): When 5, =0

The invariants associated with the symmetry operator I's are obtained as follows:
¢ =%ulp,t) = F(Q),0(p, 1) = G(C).

By using these similarity variable and similarity solution in system (6.53) — (6.54),

the reduced system of ODEs is as follows:

F' ()1 —=¢) + @(1 —20%) + e FOGO* (1= ¢?) =0, (5.5.18)

and

G'(¢) _ FOG(C)

e G R (5.5.19)

G"(¢)(1—¢*) +
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Solution of system of these ODEs is,
= 2log(¢ — 1) +log(¢) + 3 log(¢ + 1)

(5.5.20)
+log < ( ) + ¢,
v/ e€leg arctan
C\/7VC+1 cosh( ? — \/<<2 1 +\/5:t16263>+1)
G/ o Co
(C) - ) dC + ¢y,
— Vecley arctan(\/(g,l)) Vellcaes
(V¢ —1y/C+ 1| cosh = + Y5 +1
(5.5.21)

Generator (iv)

case-(i): When v, =1

By doing same to generator G4 + 72G3, the invariant is ¢ = £ then the similarity
solutions are

u(p,t) =log(t*F(C)), (p,t) =tG(C),

and these similarity solutions satisfies the ODEs:

FI(Q)(1— )+ 291 - 20) + B (1 - )+ ¢(0*(1 - )

2 (5.5.22)
F2F(Q)  GICP + 2 GOE(Q) = 0
and
60 - ¢+ T - L - ¢) 4 26(0) - 2610 - P0G =0,
(5.5.23)

Here, it is difficult to solve further the system of ODEs.

case-(ii): When v, = —1

As above, system of ODEs can be obtained, when v = —1.

case-(iii): When v, =0

The similarity variables p and t are constants. Thus u(p,t) and ¥ (p,t) are also

constants functions.
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5.6 Discussion and Concluding Remarks

In order to completely describe the pure magnetic fields and pure electric fields in
general relativity, we need to find corresponding exact solutions. A system of non-
linear PDEs derived from non static Einstein and Rosen metric has been studied for
deriving the exact solutions. The Lie classical method, is used to obtain symmetries
of Einstein field equations and utilized these symmetries for obtaining basic vector
fields which are helpful in the reduction of system of PDEs to system of ODEs.

After that by solving the reduced ODEs exact analytic solutions are obtained.



Chapter 6

EiNsTEIN VAcuuMm EqQuaTtioNns For
AXIALLY SYMMETRIC (GRAVITATIONAL
FIELDS

6.1 Introduction

Einstein field equations are at the core of General Relativity and hence their exact
solutions play very important role in the discussion of this theory. In literature,
exact solutions of Einstein field equations have been found by many researchers by
using group-theoretic techniques, some important contributions are Ali [6], Asghar
et al. [7], Attalaha et al. [8], Bhutani and Singh [10], Bhutani et al. [11] Stephani et
al. [150] and Wilshire [173]. In this chapter, the main focus is on the exact solutions
of system of nonlinear PDEs derived from Einstein vacuum field equations in general
relativity.

In chapter 6, system of Einstein vacuum field equations has been analyzed using
the Lie Classical Method. In Section 2, a system of PDEs from Weyl metric by
using relation between Einstein tensor and metric tensor is derived. In section 3,
the symmetries in the generalized form are derived, which are then used to obtain

associated Lie algebra of vector fields. Exact solutions of system of PDEs has also

!The contents of this chapter are published in the International Journal of Mathematical and
Computational Sciences 6 (2012) 104-107.
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been obtained in this section. In section 4, conclusions are drawn.
6.2 Basic Field Equations

For axially symmetric vacuum static gravitational fields, the line element reduces to

the Weyl [171] metric :

ds* = —[e*(dp* + dz*) + p*d¢?*] — fdt*. (6.2.1)

| =

Here p, ¢, z and t are the canonical Weyl coordinates and time respectively; f(p, 2)
and 7(p, z) are two unknown functions to be determined from the field equations.

For this metric the field equations take the form

G = 0, (6.2.2)

where G, is the Einstein tensor related to the Ricci tensor R;; and the curvature

scalar R by the relation
1

Gik = Rix — S Jintt. (6.2.3)

To calculate the Ricci tensor and the curvature scalar, one should use the formulae

— 8Fé~ BFé l m m1l
R = Rag™,
where the Christoffel symbols T'%, can be obtained from the relations:
L 09k | Ogm  Ogi
I, ==g9g" — 6.2.5
k=59 ( Ox! + Oxk axm>’ ( )

where I'}; are Christoffel symbols of second kind.
From equation (6.2.3), the Einstein equations for an axially symmetric gravitational

field outside the sources are derived:

fAf = (V) (6.2.6)
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2
o _ of of\?
oy af of
25 = P o
0? 0? 11
Iy I L () (6.2.8)

The operator A and ? are defined by the formulae

_ 92 10 9?2
A:é?pz p6p+822’

? _ ?Oa% N 70%’ (6.2.9)
where ?0 and 7 being the unit vectors, they are similar to the ordinary Laplacian
and gradient operators for flat space expressed in cylindrical coordinates provided
that there is no angular coordinate dependence. Among the field equations (6.2.6)-
(6.2.9), equation (6.2.6) is independent, whereas (6.2.8) is a consequence of both

equations in (6.2.7).

Solutions of (6.2.6)-(6.2.8) define the Weyl class. With the substitution
f=e*, (6.2.10)

equation (6.2.6) becomes

0% 10y 0%
Ap=—4+—-—+—=0. 2.11
v dp?>  pop + 0z? 0 (6 )

Equations (6.2.7) can be rewritten in the form

_ o\ (00N O 0y
v(p,z) = /p ((@_,0) + (g) )dp+/2pa—p§dz, (6.2.12)

To determine the symmetry group and exact solutions for the pde (6.2.11), Lie clas-
sical method is utilized in next section. By utilizing this method, the basic fields of
the optimal system which lead to the reductions are obtained. For each vector field,

some exact solutions are examined for the system.
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6.3 Group Invariant Solutions

To apply the classical method to equation (6.2.11), the one-parameter Lie group of
infinitesimal transformations in (p, z,1) is considered. The associated Lie algebra

of infinitesimal symmetries is the corresponding set of vector fields of the form

0 9, 9]
XZf(Pw,w)a—p%-T(p,z,w)&+¢(p,z,¢)%. (6.3.1)

Then, it is required that this transformation leave the set of solutions of PDE (6.2.11)
invariant. This yields an over determined linear system of equations for the infinites-
imals &(p, z,v), 7(p, z,¢) and ¢(p, z,1). After the infinitesimals are determined, the

symmetry variables are found by solving the invariant-surface conditions

_ o o

Applying the classical method to pde (6.2.11) yields a system of equations that leads
to a four-parameter Lie group. Associated with this Lie group, a Lie algebra that

can be represented by the generators is given as

-2,
_ .0 Is]
Vo= pg, T2 (6.3.3)
‘/3 :@b%a
2 22 zZ
Vi=zpih + 5 - 3

The commutation relations between these generators is
[‘/la‘/Q] = _[‘/27‘/1] = ‘/17 [‘/17‘/3] = _[‘/?3)‘/1] = 07 [‘/17‘/;1] = _[V;la‘/l] = ‘/27

The Adjoint table of these commutation relations is given by Table (6.1)
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Adjoint Table (6.1)

Ad 14 Vo | Vi Vi
Vi 14 Vo—eVi | Vs | Vi—eVa+ SV
Vs Vies Vo | Va Vie™
Vs 14 Vo | Va Vi
Vi [ViteVa—SVi| VateVy| Vs Vi

To find nonequivalent branches of solutions, the one-dimensional optimal system of

subalgebras is constructed. The corresponding generators of the optimal system of

subalgebras are
Vi), (V) (Va+ala),  (Vai+pBVa+ Vi),
where «, f and ¢ are arbitrary constants.
The symmetry variables corresponding to each case are found by solving the auxil-
iary equation

@w__N (6.3.4)

Next, similarity variables and similarity solutions for all the four essential vector
fields with optimal system are derived. The reduction of equation (6.2.11) into
ODEs are obtained corresponds to each vector field in the optimal system. Some
exact solutions of these ODEs and system (6.2.11)-(6.2.12) are also obtained.

() Li={Vi}={5}

The reduced equation for the similarity variables

¢ =p, ¥(p,z) = F(¢) and subalgebra L, =V is

o)+ & ’éC) 0, (6.3.5)

On solving this ODE, F'(¢) is

F(C) = c1 + colog((). (6.3.6)
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Thus the solution of PDE (6.2.11) is

b(p,2) = e1+ ez log(p)

(6.3.7)

and after substituting value of ¥ in (6.2.12), we have the metric function ~ as

v(p, 2) = ¢3log(p),
also the metric function f(p, z), from (6.2.10) is

F(p.z) = eteereaose)

where ¢; and ¢, are arbitrary constants.
.. 8 a
(it) Ly ={Va} ={g, + 5
The reduced equation for the similarity variables

¢ =2, %(p,z) = F(C) and subalgebra Ly =V} is

F'(C) + # —CF(Q) — 20F() =0,

solution of this ODE is

F(¢) = ¢1 + coarctan (

1
/=14 CQ
and solution of system (6.2.11)and (6.2.12) is

1

Y(p, z) = 1 + carctan
)2
—1+ ()

v(p, z) = c5((log(p + z) — log(p))
+c5 (log(p — 2) + log((z — p)(z + p))) -

and the metric function f(p, z) is

<201 +coarctan < 1 S > )
f(p7 Z) —¢ —1+(£)

(6.3.8)

(6.3.9)

(6.3.10)

(6.3.11)

(6.3.12)

(6.3.13)

(6.3.14)
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Figure 6.1: Behavior of Solution Figure 6.2: Behavior of Solution
of (6.3.13) for constants ¢; = of (6.3.14) for constants ¢; =
CQ =1 CQ =1

where ¢;, ¢ and ¢ are arbitrary constants. The behavior of solutions (6.3.13) and
(6.3.14) are represented by Figl. and Fig2. respectively.

(i) Lag(a) = {Vs+aVe} = {vg; +al(g, + 3)}
The reduced ODE of PDE (6.2.11) for the subalgebra Ly 3(a) is

o _F g N w —CF(Q) - 2F(() =0,  (63.15)

F//(C)+T_a +

by solving above ODE, we get

- ’ (6.3.16)
Faal? - ) (22 ][] -2 41),
where ¢; and ¢y are arbitrary constants and is hypergeometric function.
Thus, the solution of equation (6.2.11) is
,Z)=¢ <[—L 1(a-1) , 1-2+a ’_£2+1)
vipz) =a L a2 E (5) (6.3.17)

rea(8F = 0F ([ ] 1) (22 ),

solution of equation (6.2.12) will be in the form of integration and the metric function

f(p, 2) is as follows

f(p,z) = e, (6.3.18)
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where 1 is given by (6.3.17) and ¢; and ¢, are constants of integration.
(1) Lasa(B,0) = {Va+ 8Vs + 0V} = {(zp+ 0p) 2 + (62 + L52) 2 1 (5 + =2) 2}

Corresponding to this subalgebra reduction is not possible.
6.4 Conclusion

In order to completely describe the gravitational field of a body, one must know
the corresponding exact solutions. In this chapter, first a system of PDEs from
Weyl metric is derived by using Einstein tensor. After that by applying Lie classical
approach, the symmetries of Einstein vacuum equations are investigated and utilized
these symmetries for obtaining group infinitesimals which are helpful in the reduction
of PDE to ODE. Corresponding to these ODEs, some exact solutions are obtained

that might be physically important in future work.



Chapter 7

GENERALIZED F1irTH ORDER
V ARIABLE COEFFICIENT Kadv
EqQuATION 1

7.1 Introduction

In this chapter, the generalized fifth order KdV equation with time dependent vari-

able coefficient ¢ is studied
us + oz(t)uQUm + B(t)ugtipr + ¥(t)Ullyrr + () Upgzze = 0, (7.1.1)

where u is function of x and t. The generalized fifth-order KAV (fKdV) equation is
a model equation for plasma waves, capillary-gravity water waves, and other disper-
sive phenomena when the cubic KdV-type dispersion is weak. The fKdV equation
(7.1.1) describes the motion of long waves in shallow water under gravity and in
one-dimensional nonlinear lattice. The nonlinear fifth-order KdV (7.1.1) is one of
the important mathematical model with wide range of applications in quantum me-
chanics. Li et al. [84], studied the generalized fifth-order KdV model equation with
constant coefficients and obtained solitary wave and soliton solutions. Wazwaz [168],

found soliton solutions for several forms of fifth-order KAV with constant coefficients

!The contents of this chapter are communicated in Journal of Differential Equations .
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by using tanh method. Wazwaz [169], derived soliton solutions of variable coeffi-
cients fifth order KdV by using wave ansatz method.

The physical phenomena in which many nonlinear integrable equations with con-
stant coefficients arise tend to highly idealized. Therefore, equations with variable
coefficients may provide various models for real physical phenomena, such as, in the
propagation of small-amplitude surface waves, which runs on straits or large chan-
nels of slowly varying depth variable coefficients of nonlinear integrable evolution
equations. As there are choices for parameters, the variable-coefficient nonlinear
equations can be considered as generalization of the constant coefficients equations.
The nonlinear wave equations with variable-coefficients are more realistic in various
physical situations than their constant coefficients, since in realistic physical sys-
tems, no medium is homogenous due to the existence of inhomogeneities and non
uniformities of boundaries. Here, if a(t), 5(t),v(t) are constants and §(¢) = 1, then
the above fifth order evolution equations include well-known Kaup-Kupershmidt
(KK), Lax, Sawada-Kotera (SK), CaudreyDoddGibbon (CDG) and Ito equations.
For example when:

(i) (o, B,7) are (30,60,270) and (20,40,120), equation (7.1.1) is fifth order KdV
equation, examined by [81].

(i) (o, B,7y) are (5,5,5) and (—15, —15,45), equation (7.1.1) is Sawada-Kotera equa-
tion, examined by [137].

(iii) (e, B,7) are (30, 75,180) and (10, 25, 20), equation (7.1.1) is Kaup-Kupershmidt
equation, examined by [72,79].

(iv) (a, B,7y) are (30,20, 10), equation (7.1.1) is Lax equation, examined by [81].

(v) (o, B,7) are (2,6,3), equation (7.1.1) is Ito equation, examined by [65].



97

(vi) (o, B,7) are (180,30,30) , equation (7.1.1) is CaudreyDoddGibbon equation,
examined by [24].

For instance, the Lax equation and the SK equation are completely integrable.
These two equations have N-soliton solutions and an infinite set of conserved densi-
ties. Another example is the KK equation which is known to be integrable and has
bilinear representations. A fourth equation in this class is the Ito equation which is
not completely integrable, but has a limited number of special conserved densities.
Obviously, for arbitrary values of the constants «, 5 and v the equation (7.1.1) is not
completely integrable, and therefore does not admit soliton solutions, which does
not exclude the existence of solitary wave solutions. Note that with scales on u,x
and t, the equations cannot be transformed into one another; they are fundamen-
tally different.

In this chapter, exact analytic solutions of variable-coefficient generalized fKdV
equation are derived. All the physical parameters in the solutions are evaluated as
functions of varying coefficients. Moreover, by direct integration, it is difficult to
solve fKdV equation with higher degree nonlinear terms with variable coefficients.
Exact solutions of nonlinear evaluation equations are helpful for understanding the
physical behavior of nonlinear phenomena and dynamical process modeled by these
nonlinear models. Although, nonlinear models may posses constant or variable de-
pendent coefficients which provide a rich variety of shape preserving waves and their
interesting properties.

The detailed plan of the chapter is as follows. Section (7.2) is devoted to lie classical
method, symmetries of generalized variable-coefficient fKdV equation and optimal

system of basic vector fields. In Section (7.3), similarity variables and similarity
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solutions are derived and corresponding to these similarity solutions reduced ODEs
and exact solutions have been obtained. Some more exact solutions of nonlinear
equation (7.1.1) are obtained by using (%) method in Section (7.4). In Section

(7.5), some conclusions are drawn.

7.2 Lie algebra of VC fKdV Equation

In order to find the Lie point symmetry group of equation (7.1.1), all the possible

invariance of equation (7.1.1) are found under the transformation
{z.t,u} = {z,t,u} + {X,T,U}, (7.2.1)

where X, T and U are functions of z,t and u, and € is an infinitesimal parameter.
Substituting equation (7.2.1) into equation (7.1.1), expanding it to the first order of
e and removing the coefficients of the different derivatives of function wu, the classical
symmetries of the variable coefficient fifth order KdV equation are obtained. The

final results read

X = klﬂf + ]{]2,
T = [halds (7.2.2)
U =0,

and «(t), B(t),~(t),0(t) are obtained from following equations:

To'(t) — a(t) X, + a(t)T; =0,
TH'(t) — 35( )Xo + BT = 0,

(7.2.3)
T (t) — 55(t)Xm + ()T, = 0.
with arbitrary constants kq, ko and k3.
Hence, the corresponding vector field can be written as
fkla t dt + k3 0
V=(k k —. 7.2.4
(kaz + 2)8x a(t) )815 ( )
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Because of the three arbitrary constants in the vector V', three generators of the

related Lie symmetry group of equation (7.1.1) are derived as:

o . 10 0 [a(t)dto
{Xl_%’xz_ a(t) ot dr ' oft) ot

and (5(t),v(t) and 6(t) are given as:

B(t) = c1(ky [ at)dt + ks)?a(t),
Y(t) = colkr [ a(t)dt + k3)*a(t), (7.2.5)
6(t) = cs(ky [ a(t)dt + ks)*a(t),

where ¢y, co and c3 are arbitrary constants.

The commutation relations of the 3-dimensional Lie algebra spanned by the vector

fields X1, X5 and X3 have the form

[X17X2] = _[X27X1] == 07 [X17X3] = _[X37X1] - X17 [X27X3] = _{X?)?XZ:I = X2-
(7.2.6)
The Adjoint Table for the Lie algebra G, determined by X, X5, X5 are shown in

Table (7.1).

Adjoint Table (7.1)

Ad | X, X5 X3
X1 | Xy Xy | X5 —€Xy
Xo | Xy Xy | X3 —€Xy
X3 | Xje | Xqe€ X3

Following Ovsiannikov [120], an optimal system of sub algebras with their corre-

sponding generators is derived as follows:

(X3, Xo+Xi, Xo—Xi, Xo, Xy)

. Because of the symmetry (z;t;u) — (—x;t;u), Xo + X3 will map to Xy — X7,

thus in the optimal system, reductions and exact solutions of remaining four essential
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vector fields of the optimal system are examined.

By using these basic vector fields by solving the characteristic equations

dr dt du
g —_— g — g. (7.2.7)

reductions of equation (7.1.1) to ODEs have been obtained in next section.

7.3 Reduced ODEs and Exact Solutions

In the proceeding section, the symmetries for the equation (7.1.1) are derived. Now,
symmetry reductions and exact solutions based on the Lie group analysis method
are obtained.

Vector field (i) X;

For the generator X3, the similarity variables:

¢ = ot ulat) = F(O)

and coefficient functions 3(t),~(t) and §(t), for this vector field are given as:

2

Bt) = ci ([ at)dt) a(t),
Y(t) = ea ([ alt)dt)’a(t), (7.3.1)
3(t) = es([ a(t)dt) a(t),

with arbitrary constants ¢, co and cs.

Using these substitutions in equation (7.1.1), the following reduced ODE is obtained:
—CF'(C) + F(O F'(C) + er F(QF"(Q) + e2F (O F"(C) + esF™(¢) = 0, (7:3.2)

Next, solution of equation (7.3.2) in the form of power series is evaluated by taking

F(Q) =) an™ (7.3.3)



101

substituting (7.3.3) into (7.3.2) and by comparing coefficients, following coefficients

of power series are evaluated

n k
_ 1
Ant5 = Gt 1) (n12)(n+3)(n+4)(n+5) ( - nan — kZ_O;O(n +1—k)ajap_jani1-i

—er Y (n 42— k)(n+ 1= k) (k + Darnanar — e 3o (n+3— k)
k=0 k=0

(n+2—k)(n+1— k)an+3_kak),

(7.3.4)
n =0,1,2,... . From (7.3.4), all coefficients a,,n > 1 of power series (7.3.2) are
obtained
as = 12(1)63 (= adar — 2c1a1a2 — 6cza3ap),
ag = ﬁ( —ay — 2((13@2 + aoa%) —C (6a1a3 + 4a%) — Co (24a4a0 + 6a3a1)),
a; = ﬁ( — 2a; — (3adas + 6agaras + a3) — ¢1(12a1a4 + 18asza;)
—Ca (60a5a0 + 24(14&1 + 6(13@2)),
(7.3.5)

and so on. Hence, for arbitrary chosen constant numbers ag, a1, as, a3 and a4 the
other terms of the sequence {a,}32, can be determined successively from (7.3.5) in
a unique manner. This implies that for equation (7.3.2), there exists a power series
solution (7.3.3) with the coefficients given by (7.3.4).

Now, the power series solution of (7.1.1) can be written as

u(x,t) = ap + a1l + axC? + azC® + as* + 12563 (= adar — 2c1a1a2 — 6crazan) ¢

00 n k
+ 21 cs(n+1)(n+2)(7}+3)(n+4)(n+5) < — nan — kzo ZO(” +1—k)ajar—jansi-k
n— =0j=

—a ) (n+2=k)n+1=k)(k+Dappanyor —c2 ) (n+3—k)
k=0 k=0

n+2—k)(n+1-— k’)an+3_kak> (s
(7.3.6)

Hence, the exact power series solution of VC fKdV equation (7.1.1) is
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u('x?t):ao_'—al(fag(ct)dt)+a2(fa(t)dt) +a3(f (t)dt ) +a4(f D(Ut)dt)4

o0

1 1
+12063 ( - a%al — 2c10102 — 602a3a0) ( ) z:: c3(n+1)(n+2)(n+3)(n+4) (n+5)
n k n
(== 3 5 (04 1= Kagonomni = 2 (n+2 = K)(n+ 1= )k + Dags
k=0 j=0 k=0
n n+5
ot — C2 3, (N +3 = k)(n+2—k)(n+1 = k)ans-rar) (70a) -,
k=0
(7.3.7)

where ag, a1, as, as, aq, 1, co and c3 are arbitrary constants.

Vector field (i1) X5 + X3

Similarly, from equation (7.2.7), the invariant ¢ = z — [ «(t)dt and the functional
form of group invariant solution u(z,t) = F(() are obtained. The coefficient func-

tions for this vector field are
B(t) = cra(?),
(t) = ca(t), (7.3.8)
o(t) = csa(t),

and F satisfies the ordinary differential equation
—F'(Q) + F(O’F'(¢) + al F'(Q)F"(C) + coF (O F"(C) +e3F™(¢) =0 (7.3.9)

The ordinary differential equation admits the family of solutions

24czci + 1 3 (24csc) + 1) tanh(cs + c4€)?

Fo = 7.3.10
chesct c§c2—dc3ch csch
where ¢, = Sec T e
and hence, solution of VC fKdV equation (7.1.1) is
24cs¢i+1 3 (24cs¢; + 1) tanh — [a(t)dt))?
u(z,t) = 03204 +1 _( cscy + 1) tan (052+ ez — [a(t)dt)) | (7311)

where ¢5 is given as above and ¢y, ¢c3, ¢4 are arbitrary constants.
Vector field (iii) X

Corresponding to this vector field, only constant solution is obtained.
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Vector field (iv) X

Similar computation gives similarity variable and similarity solution are as follows:

¢ =z, u(x,t) = F((),

and coeflicient functions for vector field X, are
v(t) = caa(t), (7.3.12)

Using these substitutions in equation (7.1.1), the reduced form of PDE is:
F(QPF'(C) + crF'(QF"(¢) + 2F (O F"(C) + esF"™(¢) = 0 (7.3.13)
After solving this ODE, F'({) is
F(O) =& (8(:2 _ gcl (1265 + 4ey) tanh(cs + 04(0)2) | (7.3.14)

where ¢y = —%c? + %clcz.

Hence exact solution of VC fKdV is
2 8 2
u(z,t) =cj | 8cy — 30 + (—12¢9 + 4c¢y) tanh(es + cq(z))” ), (7.3.15)

where c; is given as above and ¢y, c3, ¢4 are arbitrary constants.

7.4 Some More Exact Solutions of VC fKdV Equa-
tion by (%)-Expansion Method

In this section, some more exact solutions of VC fKdV equation via generalized

(%)—expansion method have been obtained. To study the traveling wave solutions

of equation (7.1.1), a plane wave transformation is considered in the form

u(z,t) =u(f),& = kx + /T(t)dt, (7.4.1)
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equation (7.1.1) is carried to an ODE, which takes the following form

T(t)u(€) + ka(t)u(€)*u'(€) + E*B(H)u (§)u" (&) + Ky (t)usu (€) + d(t)u""(€) = 0,
(7.4.2)

where the prime denotes the differential with respect to .

In view of method (%/), we introduce the ansatz

u() = Zn: a; (%) , (7.4.3)

=0

where a; are constants to be determined later and G = G(§) satisfies
G"(&) + \G'(&) + nG(€) = 0. (7.4.4)

Considering the homogeneous balance between w(£)?u/(€) and u””(€) in (7.4.2),

yields n = 2. The solution of equation (7.1.1) can be expressed by

u(§) = aop + ax (%) + ay (%)2 , (7.4.5)

where ag, a; and as are constants to be determined. Substituting (7.4.5) with (7.4.4)
into (7.4.2) and by collecting the coefficients of (%), a set of algebraic equations
for ag, a1, as and 7(t) is obtained. After solving this system with the aid of Maple

package the three sets of solutions are

Case — 1
ap = 2aspt + 15a90%, ay = as,
£ — k3 ((576k2u2+36k2>\4_2881<;2,\2M)5(t)+(16awz+a2>\4_8a2>\2u)5(t)) (7 , 6)
(1) = i )
Od(t) _ —6k2(606(t)k2+§(t)a2+2a27(t))‘
az
Case — 11
2 9 u
a; = ag/\,()é(t) — _E;ka—z(t),ﬁ(t) _ _%jﬂ(w
T(t) — —k3((k2)\4a2 + 16]{2&2#2 — 8k2a2)\2u)(5(t) + ( N 2agluz _ GG% + a0a2A2
—a3\* 11+ Sagazp) (1))

(7.4.7)
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Case — III
a9 = o8+ M), = azh,alr) = S ano)
r(t) = _ E3((512K2 2 +32k2 A1 —256k2 A% )156( )+(16azp? +a2)\4—8a2)\2u)'y(t)), (7.4.8)
2 Qa
ﬂ(t) _ _%56k 6(12:— 2’7(15)‘

From Case-I and equations (7.4.6) and (7.4.4), the following solutions of equation
(7.1.1), are as follows.

When A2 — 4y > 0, solutions are obtained,

2 C1 cosh = (\//\2 —4p&)+Co sinh 1 \/)\2 —4pug)

ta ( A 4 \ A2—4pu Clsinh (A A2—4uf) +C’gcosh (\/A2— 4u§>
2|1 79 )

2 Cycosh i (y/A2—4p€)+Co sinh L (/A2 —4p€)

uni(€) = Basp + 35 a2/\2+a2)\(——+ VA Crsinh S (V2 )4 cosh 4 (V2 4“§>

(7.4.9)

when \? — 4 < 0, the solutions are,

u12(§) = GQNJ + 7 a2)\2 + az)\(—— + - _)\ i —Croin 2( /A Ap) 1 Ca cos 5 (y _/\2+4M£)>

C1cos 5 \/—A2+4,u£)+02 sin %(\/ A2+4p€)

tay (__ + \/—)\2—5—4“ -Ch sm (/= A2+4p€)+Ca cos 5 L(n/—=A244p8) )
)

C1cos 5 \/ A24-4pg)+Cz sin 5 (\/ A2+4u8)

(7.4.10)

when A2 — 4, = 0, the solutions are given as,

2
ui3(§) = Jasp + 15020* + a2/\( 5+ Cl+02£) + a2< 5+ 01+ng> : (7.4.11)

where

¢E=kx

+o (K3(576k>1? + 36k*MT — 288K2X\2) [ 6(t)dt + (16aop® + asX* — 8axA?p) [ B(t)dt).
Next, from Case-1I and equations (7.4.7) and (7.4.4), the corresponding solutions of
equation (7.1.1), are as follows.

When A2 — 4y > 0, the solutions are in the form,
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U21(5) — ag + as) (_A I \/A2—4 Cy sinh 3 (4/A2—4p8)+C5 cosh £ (/A2 —4p€)

2 C1 cosh 5 (\/)\2 448)+Ca sinh 1 \/)\274;15)

> 7.4.12
+a ( )\ A/ A2—4y C; sinh % 5 (\/ A2 —4pf)+C2 cosh (Z/A2—4uf) > ( )
2 b) )

2 C1 cosh = (\/)\2 —4pé)+Co sinh 1 \/)\2 —4pu€)

when A\? — 4 < 0, the solutions become in the following form,

U (§) = ag + azA (—— + \/m —Chsin Q(M£ +C cos L (/N2 apt)

C1 cos = \/ A24-4pg)+Cs sin 5 (\/ A2+4p€)

tay <—%+ \/*/\2+4u Clsmg(\/f/\2+4u§ +Cgcos \/)\2+4,u§))

C1 cos 5 \/ A2+4p€)+Co sin 5 (\/ A2+4pu)

) (7.4.13)

when A\? — 4 = 0, the solutions are,

2
ug(§) = a0 + A (=3 + 52 ) + (-3 + 5 2e) (7.4.14)

where £ = kx — (m(z,t) + n(x,t)) and

m(z,t) = k¥ (k*Xas + 16k pas — 8k* N2 pag) [ 0(t)dt

n(x,t) = (—2a22u?® — 6ag® + apasA* — ax®X\*p + Bagagp) [ y(t)dt

Now, from Case-III and equations (7.4.8) and (7.4.4), the following solutions of
equation (7.1.1), are:

When A2 — 4y > 0, following solutions are derived,

2— sinh £ 2— cosh 1 2—
) = s + 3 + a3 + L QAo (/)

2 C1cosh L (y/X2—4p€)+Casinh L (/X2 —4p8)

2
ta ( A | /NPt O sinh (/N4 +Co cosh § (/X2 4;@)
2\ 7 9 9

2 2 C1 cosh 2 \/AQ —4u€)+Co sinh £ \/)\2 —4ug)

(7.4.15)

when A\? — 41 < 0, obtained solutions are,

(€)= daa(Sp+ ) + m(-- # Yo G e

C1cos 5 \/—)\2+4p£)+C’2 sin é(\/ A2+4p€)

+ay (__ + \/—)\2+4,LL —Cysin 5 L(n/=A244p8)+Co 0052(‘ /—N24p8) )

C1cos 5 \/ A2+4p€)+Co sm% \/ A2+4pu8)

(7.4.16)
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when \? — 4 = 0, solutions are as follows,

2
u3(§) = 3a2(8p + A?) + agx(—g + 01%025) + aQ(—g + 01%025) , (7.4.17)
where
§=kr+ 5

— (K3(512k%p® + 32k XY — 256k2X\? 1) [ 6(¢)dt + (16azp® + aoX* — 8azA2p) [ y(t)dt).
7.5 Summary and Conclusion

In this chapter, VC fKdV equation is considered by using Lie symmetry analysis
method. Similarity reductions and exact solutions based on the Lie group method
are obtained by generating the group infinitesimals. Especially, all the similarity
reductions and exact solutions are given for the first time in this chapter. The
group invariant solutions to the reduced ODEs of VC fKdV are considered based on
optimal system. These similarity solutions possess significant features in physical
systems and cannot be derived from the method of dynamical systems.

Remark 1: As the nonlinear system (7.1.1) describes, physically important nonlin-
ear equations (Kaup-Kupershmidt (KK), Lax, Sawada-Kotera (SK), CaudreyDod-
dGibbon (CDG) and Ito equations), so the similarity solutions of these equations
can be obtained by substituting particular values of «, 5,7 and 9.

Remark 2: Exact explicit solutions of highly nonlinear VC fKdV by using general-
ized (%)—expansion method are evaluated. These solutions are expressed in terms
of the hyperbolic functions, trigonometric functions and rational functions. Here,
new exact solutions are found that might be useful for applications in mathematical

physics and applied mathematics.






Chapter 8

NANo-IoNic CURRENTS ALONG MTSs
IN BIOSCIENCES !

8.1 Introduction

Microtubules (MTs) are important cytoskeleton structures, engaged in a num-
ber of specific cellular activities, including vesicular traffic, cell cyto-architecture and
mobility, cell division and information processing within neuronal process. MTs have
also been implicated in higher neuronal functions, including memory and emergence
of “consciousness”.

Recently, Wang et al. [166] proposed a new method called the (%)—expansion
method to construct traveling wave solutions for NLPDEs. The method is based on
the homogeneous balance principle and linear ordinary differential equation (LODE)
theory. In this work, the modified (%)—expansion method is used to derive new trav-
eling wave solutions of nonlinear partial differential equations of nano-ionic currents
along MTs in biosciences.

The chapter is organized as follows. In section (8.2) and section (8.3), by utiliz-
ing the (%)—expansion method to new equations of biosciences, the exact solutions

are obtained. In section (8.4), discussion and concluding remarks are recorded.

!The contents of this chapter are communicated in PRAMANA-Journal of Physics .
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8.2 New Solutions of Equation of Nano-Ionic Cur-
rents Along MT's

The new nonlinear partial differential equation is studied in this section which de-
scribes a model of MT as nonlinear transmission line described by Sekuli¢ et al. [140].
In the contest of this model a MT is segmented into identical elementary rings (ERs)
of nano-ionic currents along MTs:

& A ZC, 1

guzm + e (UGy — 2XCh) uuy + 2u, + Tut + 7 (RZ_1 — GOZ) u=0, (82.1)

where R = 0.34 x 10'%Q is the resistance of the ER with length | = 8 x 10™%m,
Cy = 1.8 x 10~ F is the total maximal capacitance of the ER, Gy = 1.1 x 10355 is
conductance of pertaining NPs and Z = 5.56 x 10!°Q) is the characteristic impedance
of our system. Parameters A and ¥ describe nonlinearity of ER capacitor and con-
ductance of NPs in ER, respectively.

According to the method discussed in chapter 1, using the traveling wave transfor-

mation u(x,t) = u(§),§ = x + kt, equation (8.2.1) is reduced into an ODE

u" (&) + kBu()u' (§) + 2yu'(§) + 0u'(§) + vu(§) = 0, (8.2.2)

3 -1
322 (WGo—27Cp) 3 320 (RZ71-GoZ)
where f = =~———7—"">,7= 3,0 = >t and v = ~————.

I
From chapter 1, m = 2, by noticing the homogeneous balance between the highest

order derivatives and nonlinear terms appearing in equation (8.2.2). The solution

of (8.2.2) is in the form

- (€Y e (E) v (€) e ()L 2

where G' = G(§) satisfies the second order LODE

G+ pG =0 (8.2.4)
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and «g, ap, g, a_1, _o are arbitrary constants.

By substituting equation (8.2.3) into ODE (8.2.2), using the second order ODE
(8.2.4) and by collecting the coefficients of all powers of (%) together, a set of over-
determined algebraic equations for ag, s, an,a_1,a_9, 5,7,90,v, i, k is obtained as

follows:

ot

: 240 + 2fka3 = 0,

1 3Bkajag + 6aq = 0,

: 400 + Bka? + 26kas + 2Bkadp + dyas + 2Bkagas = 0,

1 3Bkayaiopn + 8aq i + dkay — vas + 2yan + Bkagay + Bkasa_1 =0,
s dyanp — vag + 16aau® + 2B8kagasp + Bkady + 20kasu = 0,

o~

[\

—_

o

s Bkagan i+ 2vaq p — Bkaya_g + 201 + Bkasa_ i — Bkaga_, — vy

~—~~ Y~ /N /N
QR QQ QQ QIQ QR QQ

— N N N N
w

+okaip — 201 p — Ok — 2va_1 = 0,
)71 1 —2Bkaga_g — 16a_op — da_y — dya_o — 20ka_y — Bka? | =0,

S

—~
Q2 QQ

)_2 : —Bkaga_yp — Braya_sp — dka_yp — 3ka_jo_y — 8a_y i — 2ya_ypu—
da_y =0,

)_3 0 —20ka_op — 40a_ou® — Bka®  p — 2ka?, — 2Bkaga_op — dya_op = 0,

)_4 s —6a_1u® — 3Bka_1a_ou = 0,

T 24 op® — 28ka? = 0.

/N /N A/
~—

—
Q2 QR Q|Q

(8.2.5)

Solving the system of over determined algebraic equations, the following cases arise:

Case 1. a; = 0,0 = 0,a_1 = 0,7 = 2“(_250‘*;;?50‘0”35”),16 = Teff”/ = 0 and
B, 1, 0, ap, a_o are arbitrary constants.

Case 2. a1 =0,a0_1 =0,vr=0,v = 2“(_2‘3&*;;'?250‘0“36“),1@ = }ff,m = % and
B, ag, i1, _o are arbitrary constants.

Case 3. ay =0,a_1 =0,a_5 =0,8 = 7(80‘2”2‘552&2712%),1/ = 0 and 0, k, i, ap, ra

are arbitrary constants.
Corresponding to above three cases, the following two subcases are, when u > 0 and

w<0.
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Figure 8.1: Traveling Wave Solu- Figure 8.2: Traveling Wave Solu-
tion of (8.2.6) tion of (8.2.7)

Subcase 1. When p > 0, the trigonometric function solution of (8.2.2) are ex-
pressed as follows:
For Case 1, after substituting the solutions of second order LODE (8.2.4), the solu-

tions of (8.2.2) are:

€)=t as (Vi (VI IIVEN) T )

On choosing the constants ag = 1,0 = 4,05 = 16,8 = 24, A = 1,B = 2, the
traveling waves corresponding to u(x,t) is shown in Fig. 1.

Now for Case 2 and from equation(8.2.4), the obtained solutions are

_ A2 Acos /i€ — Bsin /ué |\ ? Acos /i€ — Bsin \/ué\\
ule) = o«ﬁ—F (\/ﬁ (Asin VHE + Bcos \/ﬁ£)> a2 <\/ﬁ (Asin VHE 4 B cos \/ﬁ§>) :

(8.2.7)

The traveling waves for constants ag = 1, u = 4,a_5 =16, =24, A =1, B = 2,
corresponding to u(x,t) is shown in Fig. 2.
Finally for Case 3 and by using solutions of(8.2.4), the corresponding solutions of

(8.2.2) are:

@) =autas (Vi (Jo B DN (g

Subcase 2. When p < 0, the hyperbolic function solutions of equation (8.2.2) are
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Figure 8.3: Traveling Wave Solu- Figure 8.4: Traveling Wave Solu-
tion of (8.2.9) tion of (8.2.10)
as follows:

For Case 1 after substituting solutions of LODE (8.2.4), the solutions of (8.2.2) are:

B Asinh \/=7i€ + Beosh v=p€\\
u8) = ao+a-s (\/__“ (A cosh \/—fi€ + Bsinh ﬁg)) ' (8.2.9)

On choosing the constants ap = 1,u = —4,a_ o = 16,8 = 24, A = 1, B = 2, the
traveling waves corresponding to u(x,t) is shown in Fig. 3.

Now for Case 2 and by using ODE (8.2.4), the solutions of (8.2.2) are derived as:

2
. Asinh v/—p&+ B cosh /—pé
u(§) = (\/ —H (Acosh \/TZ§+Bsinh\/TZ§>)

(&%) + %
-2
Asinh /—pé+B cosh /—pé
+a_o <\/ —H (Acosh H§+Bsinhﬁg)> )

(8.2.10)

The traveling waves for constants ag = 1, u = —4, o = 16,5 =24, A =1,B = 2,
corresponding to u(z,t) is shown in Fig. 4.

Again for Case 3 and from equation (8.2.4), corresponding solutions of (8.2.2) are:

Asinh /— B cosh /= 2
u() = aotaz (\/__“ (Aiath\/\/—:/fgiBZih\/\/—:zg)) ’ (8:2.11)

where A and B are arbitrary constants and £ = = + kt, k is arbitrary constant.
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8.3 New Solutions of Equation of MTs as Nonlin-
ear RLC Transmission Line

Second equation of MTs as nonlinear transmission line, derived by Satarié et al. [136]

is
RQC()FUQDM + lzum + 2R100>\uut - RlCout =0 (831)

Here [ = 8 x 107%m and Cy = 1.32 x 10~ F have the same meanings as in equation
(8.2.1), while R; = 10°Q and R, = 7 x 10542 stand for longitudinal and transversal
component of resistance of an ER. Again, parameter A\(\ < 1) describes nonlinearity
of ER capacitor in MT.

Now, by using the traveling wave transformation u(z,t) = w(§),§ = x + kt, the

reduced equation of (8.3.1) into ODE is as follows:

ku"' (&) + pu” + 2vkuu’ — dku’ = 0, (8.3.2)

R 6: Rq

1 _
where [ = e T = B NER

On balancing highest order derivatives and nonlinear terms appearing in equation
(8.3.2), m = 2, is obtained. In the same way as in section (8.2), solution of equation

(8.3.2) is of the form

u(€) = ap+ oy (%) + g <%)2 +a_ (%) B +a s <%/) B , (8.3.3)

where G = G(&) satisfies the second order LODE (8.2.4) and «, o, g, v, g are
arbitrary constants.
By substituting equation (8.3.3) into ODE (8.3.2) and using the ODE (8.2.4), col-

lecting all coefficients of (%) together, a set of over-determined algebraic equations
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for ag, ai, g, v_1, o, 5,7, 6, u, k is as follows:

ot

s dvkad + 24kay = 0,
: 6vkaiay — 6By + 6kay = 0,
: 40kaou — 2kdan + 2vka? + dvkasp — 2By + dvkagas = 0,

W~

V)

: 2vkasa_y — kday — 8Basp + 8ka i + 6vkaaspn + 2vkaga; = 0,

—_

S— N N N T
w

D —2kdaop + 2vkadp + dvkagaop — 2B i + 16kagu® = 0,

VN N e e
QR QQ QIQ Q)R QQ QIQ

~—
o

: —2vkaya_g + kda_1 + 2vka sy — 2Ba_o9 — kdagp + 2vkagag p — 2vkaga_q
—2yapp? + 2ka pu? — 2ka_pu = 0,

G')_l : —16ka_op + 2kda_y — 2vka? | — dvkaga_o — 2Ba_1pu = 0,
. 2vkaya_op — 2vkago_1pu + kda_ip — 6vka_jo_y — 8Ba_op — S8ka_p? = 0,
-, —2Ba_1p? — dvka?, — dvkaga_op — 2vka? [ p+ 2kda_opu — 40ka_ou® = 0,

W~

: —6ka_ 3 — 6Ba_gu® — 6vka_ja_ou =0,

. —dyka? p — 24ka_op® = 0.

L N R N
QR QQ QIQ Q|Q Q

o N N

(8.3.4)

Solving the system of over determined algebraic equations (8.3.4), the following cases

arise:
_ —bka _ =6, _ —of ¢ _ =—3(af+daga) _ _
Case 1. f = =y = .p = 4a%1,(5 = T,a,l = 0,a_5 = 0 and
k, g, aq, g are arbitrary constants.
—20ka_o *96(1?12 74042_2 748a2_2(a2_1+4a0a,2)
Case 2. § = R e ) ,0 = ot ya; = 0,00 =0

and k, ag, a1, a_9 are arbitrary constants.

_ —80ka_s _ —153603, _ —16a%, o  —384a%,(a%;+8apa 2) .
Case 3. f = T, 0 T o, M T o7 0 = ot Q1 =
(131 Ot41 .
62, 92 = 35603, and k,ag, a_q1,a_o are arbitrary constants.

Corresponding to above six cases, the following two subcases are possible, when
p>0and pu <O0.
Subcase 1. When p > 0,

Substituting the solution set from Case 1 and corresponding solution sets of (8.2.4)
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into (8.3.3), the solutions of (8.3.2) are as follows:

Acos \/i€ — Bsin /& Acos \/fi§ — Bsin /g \”
Asin\/ﬁ§+Bcos\/ﬁ§>)+a2 (\/ﬁ (Asin\/ﬁ§+Bcos\/ﬁ§)) '

(8.3.5)

u(e) = awtan (Vi

Using Case 2 and (8.4.2), the solutions of (8.3.2) are:

Acos /ji§ = Bsin g\ ™ Acos Jfi€ — Bsin £\ )
Asin\/ﬁ§+Bcos\/ﬁ§)> +a2(\/_<Asin\/ﬁ§+Bcos\/ﬁ§)> :

(8.3.6)

u(§) = apto (\//7 (

Again, for Case 3 and (8.4.2), the corresponding solutions of (8.3.2) are:

. . 2
o Acos \/u§—Bsin /g Acos \/u§—Bsin \/u§
u(f) =qap+ (\/l_j’ (Asin\/ﬁg—i-Bcos\/ﬁg)) + a9 <\/ﬁ (Asin\/ﬁﬁ—i-Bcos\/ﬁﬁ)) (8 3 7)
. —1 . -2 +J
Acos \/u§—Bsin \/u§ Acos \/u§—Bsin \/u§
ta- <\/ﬁ <Asin VHE+B cos \/;75)) ta— <\/ﬁ <Asin VHE+B cos \/,Eﬁ)) :

Subcase 2. When u < 0,

corresponding to the Case 1 and from equation (8.2.4), the solutions of (8.3.2) are

shown as below:

Asinh/— B cosh /—
U’(€> =ap+aq (\/ —H <Aiosh\/\/—:l;£§iBs?nh\/\/—:Z§>>

: 2 (8.3.8)
Asinh /— B h+/—
oz (Vi (e ) )

For Case 2 and from second order LODE (8.4.2), the solutions of (8.3.2) are:

1
Asinh \/—ué+B cosh /—
u(é) = Qg+ a_ (\/ —H <Acosh\/\/*:7f§+3sinh\/—zg>)

" (8.3.9)
Asinh \/=pé+ B cosh /=pé
+a_o (\/ K (Acosh \/TZE-&-Bsinh J—%&)) :

Finally for Case 3 and from solution sets of (8.4.2), the obtained solutions of (8.3.2)

are:

2
o S Asinh \/—pu&+ B cosh \/—u& Asinh \/—p&+ B cosh \/—u&
U(f) = Qo+ ( —H (Acosh\/f‘:§+Bsinh\/7Z§>> t+az (V —H (Acosh\/f‘:£+Bsinh\/7Z§>)
—1 -2
/—— [ Asinh \/—u&+B cosh /—ué& —— ( Asinh /—p&+B cosh /—ué&
+Oé_1( —H (Acosh\/fl;iEJrBsinh\/fZ{)) +Oé_2< —H (Acosh\/f,ungBsinh\/ﬁuE)) ’
(8.3.10)

where A and B are arbitrary constants and £ = x + kt.
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8.4 Discussion

In this chapter, hyperbolic and trigonometric traveling wave solutions of two nonlin-
ear new partial differential equations recently modeled in biosciences, are obtained.
The solutions are derived by using modified (%)—expansion method. In order to
illustrate the validity and advantages of this algorithm, it is applied to NLPDEs
derived in biosciences. The performance of the modified (%/)—expansion method
is reliable, simple, direct, concise and gives more new exact solutions compared to
the other method. This method allow us to solve more complicated NLPDEs. The
derived solutions contain free parameters by which the behavior of these solutions

are graphically represented in figures by changing the values of these parameters.
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