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Abstract

The thesis entitled SYMMETRIES AND EXACT SOLUTIONS OF EINSTEIN-

VACUUM FIELD EQUATIONS AND EINSTEIN-MAXWELL EQUATIONS com-

prises eight chapters. This thesis is a condensed review of the exact solutions of

Einstein field equations and ensuing phenomena. General relativity is a theory of

Einstein field equations. Einstein field equations are systems of highly nonlinear

partial differential equations. To study general relativity, It is crucial that we an-

alyze partial differential equations in a systematic manner. The solutions to these

equations may be found using either numerical or analytical methods.

One of the most important methods of finding analytical solutions of nonlinear

problems is through symmetry analysis. Chapter 1, presents primarily the review

of the related works and methodologies utilized in the thesis. The investigations car-

ried out are confined to the applications of the group-theoretic methods to nonlinear

systems governed by partial differential equations. Chapters 2, 3, 5, 6, 7, are based

on the applications of Lie classical method while in chapter 4, Symmetry Approach

is utilized. In chapter 8, we used extended
(
G′

G

)
-expansion method to derive exact

solutions.

In Chapter 2, the invariance under continuous groups of transformations of a
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system of nonlinear partial differential equations derived from nondiagonal Einstein-

rosen metric,

2(x+ y)uuxy − 2(x+ y)(uxuy − vxvy) + u(ux + uy) = 0,

2(x+ y)uvxy − 2(x+ y)(vxuy + uxvy) + u(vx + vy) = 0,

∂x(log f) =
∂2
x(logα)

∂x(logα)
+

1

4ααx
TrA

2,

∂y(log f) =
∂2
y(logα)

∂y(logα)
+

1

4ααy
TrB

2,

where u and v are arbitrary functions of x and y and αx = ∂α
∂x

, αy = ∂α
∂y

and the

matrices A and B are defined by A = −α∂xgikgkj, B = −α∂ygikgkj, has been stud-

ied. To our knowledge, no exact solution of this system has been reported. To check

the integrability of the system, Painlevé property is utilized. The systematic inves-

tigation of group-invariant reductions is based on the computations of an optimal

list of inequivalent subalgebras. In this chapter, the optimal list of one dimensional

subalgebras is presented and some exact solutions of systems of Einstein vacuum

equations are derived.

Chapter 3 is devoted to the study of system of Einstein-Maxwell equations

derived from the non-static cylindrically symmetric metric of Einstein and Rosen:

uxx +
1

x
ux − utt = −e−2u(v2

x − v2
t + w2

x − w2
t ),

vxx +
1

x
vx − vtt = 2(uxvx − utvt),

wxx +
1

x
wx − wtt = 2(uxwx − utwt),

vxwt = wxvt,

kx = x(u2
x + u2

t ) + xe−2u(v2
x + v2

t + w2
x + w2

t ),
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kt = 2xuxut + 2xe−2u(vxvt + wxwt)

. Group-invariant reductions are carried out using inequivalent one-dimensional sub-

algebras of system of Einstein-Maxwell equations. This enables reduction of system

of PDEs to ODEs. Different exact solutions are constructed.

In Chapter 4, a system of Einstein Maxwell equations for the pure magneto-

static fields

φrr +
1

r
φr + φzz −

e2φ

2r2
(A2

r + A2
z) = 0,

Arr −
1

r
+ Azz + 2(Arφr + Azφz) = 0,

Λr = r(φ2
r − φ2

z) +
e2φ

2r
(A2

r − A2
z),

Λz = 2rφrφz +
1

r
e2φArAz

, where A is magnetostatic potential and function of r and z only, has been in-

vestigated for symmetry reductions and exact solutions. The infinitesimals which

leaves system invariant are obtained by using symmetry method based on Fréchet

derivatives of differential operators. An optimal system of conjugacy inequivalent

subalgebras is then identified with the adjoint action of symmetry group. For each

basic vector field in optimal system, the above system os reduced to system of ODEs

which is further solved with the aim of deriving certain exact solutions.

In Chapter 5, we have investigated the symmetries from the classical point

of view of pure magnetic fields:

µρρ − µtt +
µρ
ρ
− eµ

ρ2
(φ2

ρ − φ2
t ) = 0,

φρρ − φtt −
φρ
ρ

+ µρφρ − µtφt = 0,

λρ =
ρ

2
(µ2

ρ + µ2
t ) +

eµ

ρ2
(φ2

ρ + φ2
t ),
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λt = ρµρµt + 2
eµ

ρ
eµφρφt,

and pure electric fields:

µρρ − µtt +
µρ
ρ

+ e−µ(ψ2
ρ − ψ2

t ) = 0,

ψρρ − ψtt +
ψρ
ρ
− µρψρ + µtφt = 0,

λρ =
ρ

2
(µ2

ρ + µ2
t ) + ρe−µ(ψ2

ρ + ψ2
t ),

λt = ρµρµt + 2ρe−µψρψt.

Corresponding to each basic vector field, the reductions of the above nonlinear sys-

tems to ODEs are obtained. These reduced systems of ODEs are further studied for

exact solutions.

Chapter 6 is concerned with the study of Einstein vacuum equations for

axially symmetric gravitational fields

∂2ψ

∂ρ2
+

1

ρ

∂ψ

∂ρ
+
∂2ψ

∂z2
= 0,

γ(ρ, z) =

∫
ρ

((
∂ψ

∂ρ

)2

+

(
∂ψ

∂z

)2
)
dρ+

∫
2ρ
∂ψ

∂ρ

∂ψ

∂z
dz

. This system is examined for Lie symmetry group. An optimal system of inequiva-

lent one-dimensional subalgebras of the above system having four basic vector fields

is determined. Using the non-equivalent Lie ansätz for each essential vector field,

the nonlinear ODEs and exact solution are constructed.

Chapter 7, is based on the exact solutions by classical Lie method and ex-

tended
(
G′

G

)
-expansion method to the variable coefficients fifth order KdV equation

ut + α(t)u2ux + β(t)uxuxx + γ(t)uuxxx + δ(t)uxxxxx = 0,
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where u is function of x and t, in Chapter 7. The variable coefficient fifth order KdV

equation describes, physically important nonlinear equations (Kaup-Kupershmidt

(KK), Lax, Sawada-Kotera (SK), CaudreyDoddGibbon (CDG) and Ito equations),

so the similarity solutions of these equations can be obtained by substituting partic-

ular values of α(t), β(t), γ(t) and δ(t). The obtained solutions are also represented

graphically in this chapter.

In Chapter 8, we have studied the two nonlinear partial differential equations

of nano-ionic currents along Microtubules (MTs)

l3

3
uxxx +

Z
3
2

l
(ΨG0 − 2λC0)uut + 2ux +

ZC0

l
ut +

1

l

(
RZ−1 −G0Z

)
u = 0,

and

R2C0l
2uxxt + l2uxx + 2R1C0λuut −R1C0ut = 0.

Exact solutions of these equations are derived by using the
(
G′

G

)
-expansion method.
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Chapter 1

INTRODUCTION

1.1 Introduction

Albert Einstein proposed the theory of relativity. The theory begins with two funda-

mental postulates. The first states that for all observers moving uniformly relative

to each other, the law of physics have the same form. The second is the invariance

of the speed of light. General relativity is the theory of gravity proposed by Einstein

in 1915. What distinguishes general relativity from other physical theories is the

idea that spacetime is no longer a passive stage upon which nature performs. In-

deed the curvature of spacetime is coupled to its matter and energy content via the

Einstein field equations in a highly nonlinear manner. The Einstein field equations,

which play a central role in the Einstein’s theory of general relativity, have sym-

metry consideration as one of the most important mathematical properties apart

from their applications and implications for astrophysics and cosmology. This is

why these equations have been a subject of extensive and intensive study both by

mathematicians and physicists. The behavior of the gravitational field is at present

best described by the theory of general relativity. General relativity in the frame-

work of differential manifold is utilized to study various aspects of gravitational field.

Increasingly, general relativistic models are being utilized for the analysis of strong

1
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gravitational fields; the conventional Newtonian models are not appropriate in the

scenario eg. neutron star models.

In this thesis, the Einstein vacuum field equations and Einstein-Maxwell equa-

tions in general relativity are studied. To analyze the behavior of the gravitational

field, we need to solve the Einstein field equations which describe how curvature and

matter are coupled. This system of highly nonlinear partial differential equations

is not easily tractable in general and solutions are normally sought via simplifying

assumptions on the nature of the matter content or the form of the gravitational

potentials. Solutions to the Einstein field equations are listed by Stephani et al.

[143] and Krasinski [71]. A number of exact solutions have been discovered with

applications in relativistic astrophysics:

(a) The Schwarzschild exterior solution. This describes the gravitational field out-

side a static spherically symmetric body. Historically, this is the first exact solution

of the field equations [131].

(b) The Schwarzschild interior solution. This describes the gravitational field inside

a static spherically symmetric body. This solution [132] matches smoothly to the

exterior Schwarzschild line element, and is a good model of small stars, where the

pressures are not too large.

(c) The Reissner-Nordström [126] solution. This model describes the spacetime out-

side a charged, static spherically symmetric body.

It is important to note that other exterior solutions, describing important as-

trophysical phenomena, exist. The most important of these are the Vaidya solution

[152], which describes radiating bodies, and the Kerr solution [66] which describes

rotating bodies.
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The study of exact solutions forms an important area of research in general relativ-

ity. They are important because many qualitative features of the gravitational field

are obtained by analyzing individual systems. Without exact solutions of the Ein-

stein field equations, it is not possible to consider many of the physical implications

of the general field equations because of their nonlinearity. Main focus of the thesis

is to derive new exact solutions of the Einstein vacuum and Einstein-Maxwell field

equations in this thesis. An extensive literature of exact solutions to the Einstein

field equations has been generated over the years; recent reviews are given by Del-

gaty and Lake [30], Stephani et al. [143] and Krasinski [71]. Most of these solutions,

however, do not stand the tests of physical reality. Some of the exact solutions, that

qualify all the physical requirements include those of Durgapal and Bannerji [33],

Durgapal and Fuloria [34], Finch and Skea [37], Tikekar [147], Maharaj and Leach

[92] and Lake [73]. It is interesting to observe that a set of these isotropic solutions

may be used as seed solutions to produce anisotropic solutions to the Einstein field

equations with the help of a new algorithm proposed by Maharaj and Chaisi [93].

Interior regular charged perfect fluid solutions have been studied by different

authors. The original Schwarzschild idea of constant density has also been tested

in the charged case for a perfect fluid (Wilson [165], Mehra and Bohra [98], de

Felice et al. [29]). Exact solutions of the Einstein-Maxwell field equations are im-

portant in the description of relativistic astrophysical processes. These solutions

may be utilized to model a charged relativistic star as they are matchable to the

Reissner-Nordström exterior at the boundary [133]. It is for this reason that many

investigators use a variety of techniques to attain exact solutions. A comprehensive
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list of Einstein-Maxwell solutions, satisfying a variety of criteria for physical admiss-

ability, is provided by Ivanov [61]. It is interesting to observe that, in the presence

of charge, the gravitational collapse of a spherically symmetric distribution of mat-

ter to a point singularity may be avoided [71]. In this situation the gravitational

attraction is counterbalanced by the repulsive Colombian force, in addition to the

pressure gradient. Einstein-Maxwell solutions are also important in studies involv-

ing the cosmic censorship hypothesis and the formation of naked singularities [64].

The presence of charge affects the values for redshifts, luminosities and maximum

mass for stars. Consequently, the Einstein-Maxwell system, for a charged star, has

attracted considerable attention in various physical investigations including those of

Patel et al. [117] and Sharma et al. [136].

In an attempt to generate exact solutions in some cases, Vaidya and Tikekar

[152] proposed that the geometry of the spacelike hypersurfaces generated by t=constant

is that of the 3-spheroid. This spheroidal condition provides a clear geometrical in-

terpretation which is not the case in many other exact solutions. Knutsen [68] was

the first to consider the pressure gradients of stars with spheroidal geometry and

showed that they are negative. Also note that spheroidal geometries exhibit the im-

portant physical feature of being stable with respect to radial pulsations (Knutsen

[69]). Tikekar [148] comprehensively studied a particular spheroidal geometry and

showed that it could be applied to superdense neutron stars with densities in the

range of 1014 g cm3. Maharaj and Leach [92] found all spheroidal solutions, for

uncharged stars, that could be expressed in terms of elementary functions. Mukher-

jee et al. [106] showed that it was possible to express the general solution in terms

of Gegenbauer functions; an alternate form of the general solution was found by
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Gupta and Jasim [46]. These uncharged solutions can be extended to models in the

presence of electromagnetic field. Spheroidal models in the presence of an electric

field have been extensively studied by Sharma et at. [136], Patel and Koppar [116],

Patel et al. [117], and Gupta and Kumar [47]. These investigations have been moti-

vated on the grounds that restricting the geometry of the hypersurfaces t = constant

to be spheroidal produces neutral and charged stars which are consistent with ob-

servations for dense astronomical objects. Models with spheroidal geometry can be

directly related to particular physical intuitions: the maximum mass is in agreement

with values for cold compact objects (Sharma et al. [136]); values for densities are

consistent with strange matter (Tikekar and Jotania [150]); the equation of state

is consistent with a compact X-ray binary pulsar Her X-1 (Sharma and Mukherjee

[134]); relevance to equation of state for stars compared of quark-diquark mixtures

in equilibrium (Sharma and Mukherjee [135]); and uniform charged dust in equi-

librium (Tikekar [147]). Spheroidal geometries are relevant in core-envelope stellar

models, core consisting of isotropic fluid and an envelope of anisotropic fluid, as

shown by Thomas et al. [146], and Tikekar and Thomas [149]. These references

provide a sample as to why the Einstein-Maxwell system, describing the interior of

a charged star, has attracted the attention of many researchers. These references

indicate that Einstein field equations arise in a variety of applications and deserve

clear scrutiny.

1.1.1 The Einstein Field Equations

The theory of general relativity can be interpreted in terms of the union of space and

time into a four dimensional spacetime. This spacetime spans space from corner to
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corner, and time from start to end, and may be visualized as a static four-dimensional

chart of universe. A point in spacetime is known as an event and particles exist as

world lines in spacetime. A four dimensional Lorentzian manifold M with signature

(+,− − −) and the metric tensor gab, which is a function of the position given in

coordinates by xa, (a, b, ... = 0, 1, 2, 3) is considered. If Rab is the Ricci tensor and R

is the Ricci scalar, the Einstein field equations (without cosmological constant) are:

Rab −
1

2
gabR = kTab, (1.1.1)

where Tab is the energy-momentum tensor of the matter and k is the Einstein grav-

itational constant. These are the basic equations of the general theory of relativity

set up by Einstein in 1915.

Since Rab is a nonlinear function of gab and its derivative, the Einstein field

equations are a system of 10 coupled highly nonlinear second order partial differen-

tial equations for the 10 independent functions gab of four spacetime coordinates xa.

Next, certain basic aspects of differential geometry are considered, which are

necessary for later work. The aspects of differential geometry relevant to general

relativity are briefly discussed in next section (1.1.2). In (1.1.2), the non vanishing

components of the connection coefficients, the Ricci tensor, the Ricci scalar and the

Einstein tensor are explicitly calculated for Einstein field equations. The coupling

of the Einstein tensor and energy-momentum tensor is used to generate the Einstein

field equations.

1.1.2 Differential Geometry

In this section, the basic elements of differential geometry required to obtain Ein-

stein field equations are introduced. The applications of differential geometry to
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general relativity is dealt with in greater detail by de Felice and Clark [28], Hawking

and Eills [52] and Misner et al. [99]. A 4-dimensional differentiable manifold M with

signature (− + ++) as a sapcetime is considered . On the manifold, differentiable

structures are defined, which can then be used to model the physics of the spacetime.

The manifold is labeled by local coordinates (xa) = (x0, x1, x2, x3) where x0 is the

timelike and x1, x2, x3 are spacelike. A manifold is a topological space which locally

has the structure of Euclidean space in that it may be converted with coordinates

patches. The global structure of M may be very different from the Euclidean space.

To study the physics in the manifold M, it is necessary to measure the in-

variant separation of neighboring points. This is done by introducing a systematic,

nondegenerate metric tensor field g onto the manifold. The fundamental line ele-

ment, defining the invariant infinitesimal separation between neighboring points on

M, is given by

ds2 = gabdx
adxb. (1.1.2)

To characterize the curvature of the manifold, it is necessary to introduce additional

structure on the manifold. The metric connection Γ, also known as the Christofell

symbol of the second kind, is defined in terms of the metric tensor g in (1.1.2), and

its derivative by

Γabc =
1

2
gad(gcd,b + gdb,c − gbc,d), (1.1.3)

where the comma denotes a partial derivative. The metric connection Γ is used to

generalize the partial derivative in Minkowski spacetime to the covariant derivative

in curved spacetime. For example, the covariant derivative of a (1,0) vector field X

is

Xa; b = Xa
,b + ΓabcX

c. (1.1.4)
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Similarly, the covariant derivative of a (2,0) tensor field T is defined by

T ab;c = T ab,c + ΓacdT
db + ΓbcdT

ad. (1.1.5)

Clearly, the covariant derivative reduces to the partial derivatives in Minkowski

spacetime.

The Riemann tensor is a (1,3) tensor field which characterizes the curvature

of spacetime. Also known as the curvature tensor vanishes in flat spacetime; there

are always nonvanishing components in curved spacetime. It is defined by the non-

commutativity of the second covariant derivatives of a vector field X given by

Xa
;bc −Xa

;cb = Ra
bcdX

d, (1.1.6)

which is sometimes called the Ricci identity. On using the definition of the covariant

derivative of the vector X in (1.1.6), the Riemann tensor is

Ra
bcd = Γabd,c − Γabc,d + ΓaecΓ

e
bd − ΓaedΓ

e
bc, (1.1.7)

in terms of the metric connection (1.1.3). The components Ra
bcd satisfy the following

identities

Rabcd = −Rbacd = −Rabdc = Rcdab,

Rabcd +Racdb +Radbc = 0,

Rabcd;e +Rabde;c +Rabec;d = 0.

(1.1.8)

On contracting the Riemann tensor (1.1.7), the Ricci tensor is

Rab = Rd
adb = Γdab,d − Γdad,b + ΓeabΓ

d
ed − ΓeadΓ

d
eb, (1.1.9)

which is a symmetric (0,2) tensor. The Ricci scalar or the curvature scalar is obtained

by taking the trace of the Ricci tensor and is given by

R = gabR
ab = Ra

a. (1.1.10)
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The Einstein tensor

Gab = Rab −
1

2
Rgab, (1.1.11)

is defined in terms of Ricci tensor and Ricci scalar. It is constructed such that it

has zero divergence

Gab
;b = 0, (1.1.12)

a result which follows from the equation (1.1.11) and the contracted Bianchi iden-

tities. The importance of G in gravity was first recognized by Einstein when devel-

oping the field equations for the theory of general relativity.

1.2 Methodology

The main concern of the thesis is to derive exact solutions to the Einstein

field equations. The difficulty in obtaining exact solutions lies primarily in the

complicated system of nonlinear partial differential equations that arise. It is there-

fore convenient when the solution of these systems of partial differential equations

(PDEs) reduce to the systems of ordinary differential equations (ODEs).

Exact solutions for nonlinear equations are rare, and the methods, which can

generate families of them, are not only increasingly popular, but increasingly sought.

So far, a number of methods have been proposed to construct the exact solutions; the

most effective methods include the classical Lie approach [7,10,13,15,19,21,25,43,47]

and [55,58,83,85,94,109,114,137,155], the nonclassical approach [26,38,40], Stein-

berg’s symmetry reduction method [11,142], non local symmetry method [5,41,50],

the truncated Painlevé approach [2,24,27,58,122,137,141], the transformation method

[20,53,62,79] and [120,165,166,176], the extended tanh method [160,172], the hyper-

bolic functions expansion methods [59,61,104,154,177], expansion function method
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[108], sine-cosine method [156,167], Jacobi-elliptic function method [78], sub ODE

method [77], the Isovector method [6,8], the hyperbolic function method [9], the

homogenous balance method [154], the
(
G′

G

)
-expansion method [74,122,171,175] and

F-expansion method [21] and some other methods explained in [13,14,15,57,70,71].

The mathematical techniques which generate a wide range of solutions and ap-

plicable to all type of nonlinear differential equations are few. The study of the

mathematical properties of the Einstein field equations and the techniques used to

solve these equations are important in the context of general relativity. There are

different techniques to solve these equations. The approach, which this thesis adopts

is the Lie analysis of differential equations, that was first formulated by Lie [83] in

his attempt to present a systematic and geometric approach to solve differential

equations. From the late 1950s Lie group analysis, also known as Lie group the-

ory or Lie symmetry analysis of differential equations (DEs) and its extensions, has

proven to be a powerful technique in finding the closed-form solutions of DEs. The

Lie group theory combines analysis and algebra, and was initiated by the Norwe-

gian mathematician Sophus Lie [83]. The theory of Lie groups is a local theory.

In simple terms it means that the group of transformations is only defined in the

neighborhood of the identity transformation. Lie discovered that the better way to

understand Lie groups was to investigate the corresponding vector fields (also known

as infinitesimal generators or symmetries) and he was able to relate the theory to

its infinitesimal group, i.e. its Lie algebra as it is called today in his honor. Emmy

Noether [109] used some of these ideas in the early 1900s and succeeded in proving

the correspondence between symmetries of a variational problem and the conserva-

tion laws of the Euler Lagrange equations. Chevalley [23] and those that followed
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continued to work on Lie groups around the middle of the 20th century. From the

late 1950s to the 1960s, Morozov [101] and Mubarakzyanov [102-105] worked on the

classification of Lie algebras and others that have followed since such as Patera and

Winternitz [118], Turkowski [151] and Mahomed [95] just a few to mention.

Despite efforts to popularize Lie’s work through publications, the application

of Lie group theory to DEs remained dormant until Ovsiannikov [113] revived it in

the late 1950s. Thereafter, the Lie group theory has been applied in many prob-

lems (described by linear or nonlinear equations) modeling some physical or abstract

phenomena. The basic theory and developments in the Lie group analysis of differ-

ential equations can be obtained from [14,15,54,55,111,113] and the literature that

followed, some of which are lecture notes and theses [32,83,94,112,153]. The math-

ematical formulation of symmetries was already present in the theory of algebraic

equations as developed by Galois. In fact he introduced and established the concept

of group (see Stubhaug [144], p.114). Lie discovered that the concept of symmetry

could be used to obtain solutions of DEs. He considered only the local symmetries

(point and contact symmetries). Point symmetries depend only upon independent

and dependent variables, whereas contact symmetries can also depend upon the

first-order derivatives of the dependent variables. From around 1970s until today

there has been an interest in exploring nonlocal symmetries. These are the symme-

tries that depend on integrals of the dependent variables.

Ever since the revival of the application of Lie group theory to DEs, Lie’s work

has been developed with many topics having being researched and continue to be

researched. These include the following: Generation of new solutions from known
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ones, linearization of ordinary differential equations (ODEs) and PDEs, construc-

tion of equivalence group, solving group classification problems, reductions of PDEs

(by invariant or similarity solutions), construction of generalized local symmetries

and nonlocal symmetries, solving initial and boundary value problems, approximate

symmetries, symmetries of stochastic DEs, symmetries of integro differential equa-

tions, symmetries of difference equations, symmetries of functional DEs, symmetries

of geodesic equations, construction of conservation laws, construction of invariants

of algebraic equations and DEs etc.

Roughly, a symmetry is a change or transformation that leaves an object ap-

parently unchanged. For instance any rotation of a circle about its center is a

symmetry. Different objects can have different degrees of symmetries: intuitively a

circle has more symmetries than a rectangle. Therefore symmetry can be employed

as a classification criterion. In the case of DEs a symmetry is an invertible transfor-

mation of the dependent and independent variables that does not affect the form of

the underlying equation or system of equations. Looking at a DE one can deduce

symmetries like translations, scalings and rotations. Certain discrete transforma-

tions can also be deduced by inspection. In general finding all the symmetries is a

difficult task and requires an algorithmic approach. If we consider symmetries that

depend continuously upon a one-parameter and that constitute a group, we can use

Lie’s algorithm to compute them. In this algorithm the symmetry conditions (also

known as the determining equations) upon expansion yield an over-determined sys-

tem of linear homogeneous PDEs which are solved for symmetries.

Most problems even of no interest generating the determining equations turns
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out to be tedious. Fortunately, Lie’s method for calculating symmetries is algorith-

mic and can be implemented using packages for symbolic computation (Mathemat-

ica, Maple, Reduce, MuPad). In this work the program, Maple for the generation

and manipulation of the determining equations for symmetries is used.

The determining equations and the classifying relations for the models are in-

vestigated in this work, that may be complicated and difficult to analyze. Therefore

we use both the classical Lie approach and the approach based upon the structure

of Lie algebras for group classification.

It is well-known in most applications that from a computational standpoint

ODEs are easier to solve compared to PDEs. Thus in many applications it is desir-

able to be able to reduce PDEs to ODEs or at least reduce the number of independent

variables. The reduced system is easier to analyze both numerically and analytically

than the original system. Therefore, whenever the need arises, the symmetries are

used to construct the invariant solutions; the invariant solutions in turn are used

to reduce the underlying system of PDEs to the systems of ODEs which could be

solved or approximated numerically.

The method employs the use of symmetry transformations of a differential

equation to reduce the order of the differential equation. This allows us system-

atically to study the Einstein field equations which, in different situations, appear

as the principal equations in general relativity. Our intention in this thesis is to

study some nonlinear system of Einstein field equations and some other physically

important nonlinear systems of PDEs.

As mentioned earlier the work in this thesis is based primarily on the applica-

tions of following techniques:
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(a) Classical Lie method.

(b) Symmetry reduction method.

(c) Painlevé property.

(d)
(
G′

G

)
-expansion method.

In the following sections, the relevant concepts of the Lie group of transformations

are introduced and then provide the algorithmic descriptions of the techniques which

are applied in the later chapters to derive the symmetry group of the systems under

investigation. For more details on Lie groups and various theorems, their proofs and

other concepts, we refer our reader to Bluman and Cole [14], Bluman and Anco [16]

and Olver [112].

1.2.1 Definitions

Definition 1 A transformation of a space x = (x1, x2, ..., xn) is a smooth (C∞)

mapping x′ = τ(x) such that τ = (τ 1, τ 2, ..., τn) is one-one and on-to.

Definition 2 Let r real parameters ε = (ε1, ε2, ..., εr) lie in a space P . The space P

is an r-parameter Lie group if there is defined a binary operation ∗ on P such that

1. There is a unique identity element e ∈ P such that ε ∗ e = e ∗ ε = ε for all ε ∈ P .

2. The operation ∗ is associative: ε ∗ (δ ∗ γ) = (ε ∗ δ) ∗ γ for all ε, δ, γ ∈ P .

3. For every ε ∈ P , there exists an ε−1 ∈ P such that ε ∗ ε−1 = ε−1 ∗ ε = e.

4. Both the binary operation ∗ and the map ε −→ ε are analytic.

Lie transformation group

The group P of parameters remains in the background; our interest is in transfor-

mation groups, i.e., collections of transformations labeled by the parameters ε of P .



15

Definition 3 A Lie transformation group on a space x = (x1, x2, ..., xn) is a collec-

tion Ω of smooth transformations τ of x obtained as the homomorphic image of a

Lie group of parameters. There is a map τ : P −→ Ω such that

1. τ(e) is the identity map of x: τ(e)(x) = x for all x.

2. τ(ε)oτ(δ) = τ(εoδ) for all ε, δ ∈ P .

3. τ(ε−1) = τ(ε)−1.

4. The map x′ = F (x; ε) = τ(ε)(x) is a smooth C∞ in x and ε.

One-parameter transformation group

As a special case of transformation group, let the single parameter ε be additive.

Definition 4 A one-parameter (ε) group acting on a space x is a transformation

group on x with the following properties:

1. τ(0) is the identity transformation on x.

2. τ(ε)oτ(δ) = τ(ε+ δ).

Infinitesimal operators

The key to practical construction of Lie transformation group is an infinitesimal

formulation to the problem, which replaces nonlinear conditions for a group with

linear conditions.

Infinitesimal transformations

Consider a one-parameter (ε) group of transformations acting on a space x =

(x1, x2, ..., xn). In the neighborhood of the identity ε = 0, the transformation

x′ = F (x; ε), (1.2.1)

can be expanded as

x′ = x+ εξ(x) +O(ε2), (1.2.2)
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where ξ = (ξ1, ξ2, ..., ξn) is given by

ξi(x) =
∂F i

∂ε
(x; ε)

∣∣
ε=0
. (1.2.3)

The quantities ξi’s are called infinitesimals of the one-parameter group: expansion

x′ represents an infinitesimal transformation from the group.

Group operator

The operator X of a one-parameter group with infinitesimal ξ = (ξ1, ξ2, ..., ξn) is

the first order differential operator

X = ξi(x)
∂

∂xi
. (1.2.4)

Lie algebra of operators

An r-parameter Lie group of transformations has associated r group operators

X1, X2, ..., Xr which are linearly independent and form an r-dimensional vector space

over R. This vector space has the additional structure of being closed under com-

mutation.

Definition 5 Let X = ξi ∂
∂xi

and Y = γi ∂
∂xi

be two group operators. The commu-

tator [X, Y ] is the first order operator

XY − Y X =

(
ξj
∂γi

∂xj
− γj ∂ξ

i

∂xj

)
∂

∂xi
. (1.2.5)

The commutator [, ] bracket has the following properties:

1. Bilinerity: [X, aY + bZ] = a[X, Y ] + b[Y, Z], where a, b are real constants.

2. Anticommutativity: [X, Y ] = −[Y,X].

3. Jacobi identity: [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0.

Any vector space satisfying these three properties is called a Lie algebra, but our

Lie algebras are Lie algebras of operators with commutator bracket defined above.
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Definition6 The adjoint representation of a Lie group on it’s Lie algebra is given

as the Lie series

Y (ε) = Ad(eεx)Y0 (1.2.6)

which is
∞∑
n=0

εn

n!
{Xn, Y0}, (1.2.7)

with ., . being defined recursively:

{X0, Y0} = Y0, {Xn, Y0} = (−1)n{X, {Xn−1, Y0}}. (1.2.8)

Alternatively, the adjoint representation can also be calculated by integrating the

initial value problem

Ad(exp(εX))Y0 = Y0 − ε[X, Y0] +
ε2

2
[X, [X, Y0]]− ... (1.2.9)

Classification of Subgroup and Sub algebras

Let G be a Lie group. An optimal system of r-parameter subgroups is a list of conju-

gacy inequivalent r-parameter subgroups with the property that any other subgroup

is conjugate to precisely one subgroup in the list. Similarly, a list of r-parameter sub

algebras forms an optimal system if every r-parameter sub algebra of L is equivalent

to a unique member of the list under some element of the adjoint representation.

The problem of finding an optimal system of subgroups is equivalent to that

of finding an optimal system of sub algebras. For one dimensional sub algebras, this

classification problem is essentially the same as the problem of classifying the orbits

of the adjoint representation, since each one-dimensional subalgebra is determined

by a nonzero vector in L. This problem is attacked by the näıve approach of tak-

ing a general element in the Lie algebra L and subjecting it to its various adjoint

transformations so as to “simplify” it as much as possible (Refer to [120]).
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1.2.2 Lie Classical Method

A common way of finding exact solutions for a system of nonlinear PDEs is the

symmetry reduction by Sophus Lie [83]. This method is entirely algorithmic and

allows one to calculate the symmetry group represented by infinitesimal transfor-

mations under which solutions of the system are invariant. This method has been

applied to hundreds of PDEs and systems of PDEs in order to obtain exact similar-

ity solutions refer to [7,12,14,16,23,42,46,54,76,87,90,100,109,112,136,138,168]. An

extensive number of other equations treated by the same method are compiled in

the books of Roger and Ames [127] as well as in Ibragimovs survey [55].

The Lie method is also a useful tool for finding exact solutions, constructing

new solutions from old ones and characterizing the symmetry properties of PDEs.

In particular, we are interested in discovering solutions for well known systems of

PDEs.

Everyone who has used Lie’s method when studying solutions of PDES knows

that this procedure is very time consuming and tedious. Especially, the large num-

ber of determining equations resulting from this procedure is hard to handle by

a pencil calculation. This was one of the reasons for developing computer-based

methods to do the calculations. Various symbolic manipulating programs have been

developed in recent years. Today there exists a program in nearly every algebraic

language such as MATHEMATICA, REDUCE, MAPLE, MACSYMA and AXIOM.

Some of these programs are now capable of deriving completely automatically the

symmetries and their algebraic properties of a great number of equations.

To understand how Lie’s method works and what information we can gain

from it, let us discuss its general procedure. The general case of a nonlinear system



19

of PDEs is describe by

∆ν

(
x, u(k)

)
= 0, ν = 1, 2, ...,m, (1.2.10)

where ∆ν represents one of the m coupled equations in n independent variables

x = (x1, x2, ..., xn) and m dependent variables u = (u1, u2, ..., um), u(k) denotes all

derivatives of the dependent variables u with respect to the independent variables

x up to order k. We assume that the ∆ν are smooth functions in their arguments.

The central question of a symmetry analysis of (1.2.10) is under which transforma-

tion such a system is invariant. The invariance can be considered following Lie by

applying the one-parameter Lie group of point-transformations to (1.2.10):

(xi)∗ = xi + εξi(x, u) +O(ε2),

(uα)∗ = uα + εφα(x, u) +O(ε2),
(1.2.11)

This means Lies method requires the invariance of (1.2.10) under the transformation

(1.2.11). Claiming the invariance of (1.2.10) yields an over determined linear system

of PDEs for the infinitesimals ξi and φα. The transformations of the independent

and dependent variables are characterized by vector fields or infinitesimal generators

given by

X =
n∑
i=1

ξi(x, u)∂xi +
m∑
α=1

φα(x, u)∂uα . (1.2.12)

The mathematical formulation of the invariance criterion for (1.2.10) is

X(k)∆ν

(
x, u(k)

)
|∆=0 = 0, (1.2.13)

where X(k) denotes the kth prolongation of the infinitesimal generator X,

X(k) = X +
m∑
α=0

∑
J

φαJ∂uαJ , (1.2.14)

with the multi-indices J = (j1, j2, ..., jp) and

uαJ =
∂puα

∂xj1 ...∂xjp
. (1.2.15)
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The second summation is extended over all derivatives of uα up to order k. The

higher prolongation elements are determined by the infinitesimals ξi and φα through

φαJ = DJ

(
φα(x, u)−

n∑
i=1

ξi(x, u)uαi

)
+

n∑
i=1

ξi(x, u)uαJ,i, (1.2.16)

DiF (x, u) is the ith total derivative of a function F (x, u) which is defined by

DiF (x, u) = ∂xiF (x, u) +
∑

α = 1muαi ∂uαF (x, u) (1.2.17)

The φαJ can be calculated recursively by a formula known

φαJ,i = Diφ
α
J −

n∑
i=1

uαJ,iDiξ
i. (1.2.18)

Once we know the infinitesimals ξi and φα we also know the infinitesimal generator

X. With the infinitesimal generator at hand, the explicit transformation acting on

the space of independent and dependent variables can be calculated by the so-called

Lie series

(x∗, u∗) = exp[eX](x, u). (1.2.19)

Knowing the explicit transformations in (1.2.19), new solutions can be obtained

from old ones. This behavior was already known by Lie in the study of the diffusion

equation.

Another method to discover new solutions of (1.2.10) is to construct a class

of functions which solve (1.2.10) and are invariant under a subgroup of the full

symmetry group of (1.2.10). The group invariants can be calculated by solving the

characteristic equations

dx1

ξ1(x, u)
=

dx2

ξ2(x, u)
= ... =

dxn

ξn(x, u)
=

du1

φ1(x, u)
=

du2

φ2(x, u)
= ... =

dum

φm(x, u)
,

(1.2.20)
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or the invariant surface condition

n∑
i=1

ξi(x, u)uαxi − φα(x, u) = 0 (1.2.21)

Then the original system (1.2.10) can be rewritten in terms of group invariants and

thus the number of independent variables is reduced.

1.2.3 Symmetry Approach

A technique that has been found an importance in literature on group theoretic

methods for the determination of the solutions of a single or system of nonlinear

partial differential equations is due to Steinberg [142] and is termed as Symmetry

Approach. Though the technique relies heavily on the theory of nonlinear operators

yet it has been cast in a form that is easy to utilize by specialists and non-specialists

alike. The algorithmic representation of the method makes the concepts clear and

straight forward. Further, it bears a close relationship to the method of separation

of variables in the case of linear equations. The analytical execution of the technique

can be thought of as following of three steps:

(i) Find the symmetries of the differential equations.

(ii) Determine the canonical coordinates for a symmetry or assume a separable form

for the differential equation.

(iii) Find the reduced problem in terms of canonical coordinates.

For determining the symmetry operator of a differential equation, we need to

proceed as follows:

Suppose that a differential operator L can be written in the form

L(u) =
∂pu

∂tp
−H(u), (1.2.22)
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where u = u(t, x) and H may depend on t, x, u and any of u as long as the derivatives

of u do not contain more than (p− 1) t-derivatives and (t, x) = (t, x1, x2, ..., xn) are

(n+ 1) independent variables.

Consider the symmetry operator, which is quasilinear partial differential equa-

tion of first order,

S(u) = A(t, x, u)
∂u

∂t
+

n∑
i=1

Bi(t, x, u)
∂u

∂xi
+ C(t, x, u). (1.2.23)

The symmetry operator S(u) is considered only in the sense of infinitesimal symme-

tries.

Further, define the Fréchet derivative of L(u) by

F (L, u, v) =
d

dε
L(u+ εv)

∣∣
ε

= 0. (1.2.24)

With these definitions in mind, we have to follow the following steps to com-

pute the symmetry operator of differential equations

(i) Compute F (L, u, v).

(ii) Compute F (L, u, S(u)).

(iii) Substitute H(u) for ∂pu
∂tp

in F (L, u, S(u)).

(iv) Set this expression to zero and perform a polynomial expansion, and

(v) Solve the resulting partial differential equations.

Once this resulting set of partial differential equations is solved for the coef-

ficients of S(u), the symmetry operator can be used to find another operator T (f)

associated with S(u) and given by

T (f) =
n∑
i=1

Bi(x, u)
∂f

∂xi
− C(x, u)

∂f

∂u
, f = f(x, u). (1.2.25)
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1.2.4 The Extended
(
G′

G

)
-Expansion Method

In this section, basic idea of the
(
G′

G

)
-expansion method [40,89,171,174] for finding

traveling wave solutions of nonlinear partial differential equations is described. Sup-

pose that a nonlinear equation, say, in three independent variables x, t and y, is

given by

P (u, ux, uy, ut, uxx, uyy, utt, uxt, ...) = 0, (1.2.26)

where u = u(x, t, y) is an unknown function, P is a polynomial in u = u(x, t, y) and

its various partial derivatives, in which the highest order derivatives and nonlinear

terms are involved. In the following steps, the main steps of the modified
(
G′

G

)
-

expansion method are given:

Step 1. The traveling wave variable

u(x, t, y) = u(ξ), ξ = x+ y − kt, (1.2.27)

permits us to reduce Equation (1.2.26) to an ODE for u(x, t, y) = u(ξ) in the form

P (u,−ku′, u′, k2u′′, ...) = 0, (1.2.28)

where prime denotes derivative about ξ.

Step 2. Suppose that the solution of ODE (1.2.28) can be expressed by a polynomial

in
(
G′

G

)
as follows:

u(ξ) =
m∑
i=0

ai

(
G′(ξ)

G(ξ)

)
, (1.2.29)

where G = G(ξ) satisfies the following second order linear ODE

G′′ + λG′ + µG = 0, (1.2.30)

where ai, (i = 0, 1, 2, ...,m), k, λ and µ are constants to be determined later,
am 6= 0. The degree of the polynomial can be determined by balancing the highest



24

order derivative with nonlinear terms.

Step 3. Substituting (1.2.29) into (1.2.30) and using the second order linear ODE

(1.2.28) and then equating each coefficient of the resulted polynomial to zero, yields

a set of algebraic equations with respect to ai, (i = 0, 1, 2, ...,m), k λ and µ. Solving

the algebraic system, the values of unknowns can be found.

Step 4. Substituting ai, (i = 0, 1, 2, ...,m), k λ and µ found in Step 3 and the gen-

eral solutions of Equation (1.2.30) into (1.2.29) we can obtain more traveling wave

solutions of the nonlinear PDE (1.2.26). Solutions to Equation (1.2.30) depending

on whether λ2 − 4µ > 0, λ2 − 4µ < 0, λ2 − 4µ = 0,

G′

G
=



√
λ2−4µ

2

C1 cosh

(√
λ2−4µ
2

)
ξ+C2 sinh

(√
λ2−4µ
2

)
ξ

C1 sinh

(√
λ2−4µ
2

)
ξ+C2 cosh

(√
λ2−4µ
2

)
ξ
− λ

2
, λ2 − 4µ > 0

√
λ2−4µ

2

C1 cos

(
4µ−
√
λ2

2

)
ξ−C2 sin

(√
4µ−λ2
2

)
ξ

C1 sin

(√
4µ−λ2
2

)
ξ+C2 cos

(√
4µ−λ2
2

)
ξ
− λ

2
, λ2 − 4µ < 0

C2

C1+C2ξ
− λ

2
, λ2 − 4µ = 0

1.2.5 Painlevé Analysis

Broadly speaking, Painlevé analysis is the study of the singularity structure of dif-

ferential equations. Specifically, how the singularities of the solutions depend on the

initial conditions of the differential equation?

Definition 2.1. A differential equation has the Painlevé property if all the movable

singularities of all its solutions are poles. In the following sections, we discuss the

WTC-method for testing PDEs for the Painlevé property. For a more thorough

discussion of the Painlevé property, see [2, 24, 27, 139].

Consider a system of M polynomial differential equations,

F (u(z), u′(z), ..., um(z)) = 0, (1.2.31)
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where F has components F1, F2, ..., FM , the dependent variable u(z) has components

u1(z), u2(z), ..., uM(z), the independent variable z has components z1, z2, ..., zN and

u(mi)(z) denotes the collection of mixed derivative terms of order mi so that the

order of the system is m =
M∑
i=1

mi. If there are any arbitrary coefficients (constants

or analytic functions of z) parameterizing the system, we assume they are nonzero.

The algorithm for the Painlevé test is composed of the following three steps:

Step 1 (Determine the dominant behavior): It is sufficient to substitute

ui(z) = Φig
αi(z), i = 1, 2, ...,M (1.2.32)

where Φi is a constant, into (1.2.31) to determine the leading exponents α1 ∈ {Z,+}

which must be a negative integer. In the resulting polynomial system, equating

every two possible lowest exponents of g(z) in each equation gives a linear system

to determine αi The linear system is then solved for αi.

If one or more exponents αi remain undetermined, we assign integer values to

the free αi so that every equation in (1.2.31) has at least two different terms with

equal lowest exponents.

Once αi is known, we substitute

ui(z) = ui,0(z)gαi(z), i = 1, 2, ..,M (1.2.33)

into (1.2.31). We then solve the (typically) nonlinear equation for ui,0(z), which is

found by requiring that the leading terms balance. By leading terms, we mean those

terms with the lowest exponent of g(z).

If any of the αi are non-integer, all the αi are positive, or any of the ui,0(z) ≡ 0

then the algorithm terminates.

Step 2 (Determine the resonances): For each αi and ui,0(z), we calculate the
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integers r1, r2, ..., rm for which ui,rj(z) is an arbitrary function in (1.2.33). To do

this, we substitute

ui(z) = ui,0(z)gαi(z) + ui,r(z)gαi+r(z) (1.2.34)

into (1.2.31). Then, keeping only the terms with the lowest exponents of g(z); we

require that the coefficients of ui,r(z) equate to zero. This is done by computing the

roots for r of det(Qr) = 0, where the M ×M matrix Qr satisfies

Qrur = 0, ur = (u1,r, u2,r, ..., uM,r)
T . (1.2.35)

If any of the resonances are non-integer, then the solutions of (1.2.31) have a mov-

able algebraic branch point and the algorithm terminates. If rm is not in {Z,+}

then the algorithm terminates; if rm−s+1 = ... = rm = 0 and s of the ui,0(z) found in

Step 1 are arbitrary, then (1.2.31) has the Painlevé property. If (1.2.31) is parame-

terized, the values for r1, r2, ..., rm may depend on the parameters, and hence restrict

the allowable values for the coefficients. There is always a resonance at −1 which

corresponds to the arbitrariness of g(z) and is often called the universal resonance.

When there are negative resonances other than −1 then the series solution is not

the general solution and further analysis is needed to determine if (1.2.31) passes

the Painlevé test.

Step 3 (Find the constants of integration and check compatibility con-

ditions): For the system to possess the Painlevé property, the arbitrariness of ui,r

must be veried up to the highest resonance level. This is done by substituting

ui(z) = gαi(z)
rm∑
k=0

ui,k(z)gk(z), i = 1, 2, ...,M (1.2.36)

into (1.2.31), where ui,k(z) are analytic functions of z with ui,0(z) is not equivalent to

0 in a neighborhood of the manifold and αi is an integer. By equating the coefficients
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of like powers of g(z) determines the possible values of αi and defines a recursion

relation for Gi,k(z). The recursion relation is of the form

Qkuk = Gk(u0, u1, ..., uk−1, g, z), (1.2.37)

where Qk is a M×M matrix and uk = (u1,k, u2,k, ..., uM,k). For the equation (1.2.31)

to have the Painlevé property, the (M + 1) ×M augmented matrix (Qk|Gk) must

have rank M when k 6= r and rank M − s when k = r, where s is the algebraic mul-

tiplicity of r in det(Qr) = 0, 1 ≤ k ≤ rm and Qk and Gk are as defined in (1.2.37). If

the augmented matrix (Qk|Gk) is the correct rank, solve the linear system (1.2.37)

for u1,k(z), u2,k(z), ..., uM,k(z) and use the results in the linear system at level k+ 1.

If the linear system (1.2.37) does not have a solution, then the solution of

(1.2.32) has a movable logarithmic branch point and the algorithm terminates. Of-

ten, when (1.2.31) is parameterized, carefully choosing the parameters will resolve

the difference in the ranks of Qk and (Qk|Gk). If the algorithm does not terminate,

then the solutions of (1.2.31) are free of movable algebraic or logarithmic branch

points and (1.2.31) has the Painlevé property.





Chapter 2

THE NONDIAGONAL EINSTEIN- ROSEN

METRICS
1

2.1 Introduction

The Einstein field equations for the space-times admitting a two-dimensional abelian

group of isometries acting orthogonally and transitively on non-null orbits are non

linear partial differential equations in two variables. For timelike orbits the equa-

tions are elliptic, where as for spacelike orbits the equations are hyperbolic [150].

The space-times admitting two commuting killing vectors can represent interesting

physical situations with stationary axial symmetry, planar symmetry or cylindrical

symmetry [160]. Since the work by Geroch [44], it has been known that the field

equations in the stationary axisymmetric case admit an infinite dimensional group

of symmetry transformations.

The Einstein equations in vacuum are:

Rµν = 0, (2.1.1)

where Rµν is the Ricci tensor. The particular case when the metric tensor gµν

depends on two variables only is examined, which corresponds to the space-times

that admit two commuting killing vector fields, i.e. an abelian two parameter group

1The contents of this chapter are published in the Physica Scripta 85 (2012) 015004 (6pp).
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of isometries. In any space-time using the coordinate transformation freedom, xµ =

xµ(x
′ν), the following constraints on the metric tensor can be found

g00 = −g33, g03 = 0, g0a = 0. (2.1.2)

Here and in the following, the Latin indices a, b, c, ... take the values 1, 2, 3, .... In

these coordinates the space-time becomes:

ds2 = f(dx2 − dy2) + gabdz
adzb + 2ga3dz

adx, (2.1.3)

where f = −g00 = g33. If we now restrict ourselves to the case in which all metric

components in (2.1.3) depend on x and y only, the Einstein equations for such

metric are still complicated. The situation is different in the particular case in

which ga3 = 0. Since it is not possible to eliminate the metric coefficients ga3 by

any further coordinate transformation such a simplification should be considered as

a real physical constraint. This corresponds to assuming the existence of 2-surface

orthogonal to the group of isometries, which is a restriction on two commuting killing

vectors. Therefore, from now on, the simplified block diagonal form of the metric

(2.1.3) is dealt:

ds2 = f(x, y)(dx2 − dy2) + gab(x, y)dz1dz2. (2.1.4)

The stationary axisymmetric gravitational fields corresponds to the analogue of this

metric when the independent variables are both spacelike. The metric (2.1.4) was

first considered in 1937 by Einstein and Rosen [38] for a diagonal matrix gab, when

the Einstein equations (2.1.1) actually reduces to the linear equation in cylindrical

coordinates. The inclusion of the off-diagonal component g12 changes the situation

drastically and converts the Einstein equations into an essentially nonlinear problem.

In the language of weak gravitational waves this corresponds to the appearance of
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the second polarization state of the wave.

For the stationary analogue of the metric (2.1.4) such a generalization means the

rotation has been included. Equations for the metric (2.1.4) were first considered by

Kompaneets [77], who noted some of their general properties. In the past, several

authors using different simplifying assumptions have obtained a number of exact

nontrivial solutions for the metric (2.1.4) or its stationary analogue.

From the physical point of view the metric (2.1.4) and its stationary analogue

have many applications in gravitational theory. It suffices to say that to such a class

belong the classical solutions of the Robinson-Bondi plane waves [19], the Einstein-

Rosen cylindrically wave solutions and their two polarization generalizations [38], the

homogenous cosmological models of Binachi types I−V II including the Friedmann-

Lemâitre-Robertson-Walker models [135], the Schwarzschild solutions [138], Weyl’s

axisymmetric solutions [171].

In Einstein equations, the metric tensor in (2.1.4) is denoted by g and the

two-dimensional real and symmetric block of the metric tensor (2.1.4) as[
g11 g12

g12 g22

]
For the determinant of this matrix it is convenient to introduce the notion

det g = α2 and α as nonnegative is considered, i.e., α≥0. The system of Einstein

vacuum equations (2.1.1) for the metric (2.1.4) decomposes into two sets. The first

set follows from equations Rab = 0, can be written in the form:

∂
∂x
uij + ∂

∂y
vij = 0,

uij = α( ∂
∂x
gik)g

kj,

vij = α( ∂
∂y
gik)g

kj,

(2.1.5)

and the second set follows from the equations R00 +R33 = 0 and R03 = 0, which
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gives the metric coefficient f(x, y) in terms of the metric g, via the relations:

∂x(log f) = ∂2x(logα)
∂x(logα)

+ 1
4ααx

TrA
2,

∂y(log f) =
∂2y(logα)

∂y(logα)
+ 1

4ααy
TrB

2,
(2.1.6)

where αx = ∂α
∂x

, αy = ∂α
∂y

and the matrices A and B are defined by A = −α∂xgikgkj,

B = −α∂ygikgkj.

The dynamics of the system is thus essentially determined by equations (2.1.5).

The equations (2.1.5) are a set of nonlinear partial differential equations relating to

the induced metric gij. In equations (2.1.6), derivatives are operated on only the

scalar function log f . In order to obtain solutions, first the nonlinear system (2.1.5)

is solved and then system of differential equations given by (2.1.6). Although, the

integration of ODEs of system (2.1.6) is not difficult, yet it is hard to solve the system

(2.1.5) because of its nonlinearity. Here, in this chapter by using the standard

normalization where α = det g = (x + y)2, compatible with equation (2.1.4) and

parameterizing g as follows:

g11 = (x+y)
u
,

g12 = (x+y)v
u

,

g22 = (x+y)(u2+v2)
u

,

(2.1.7)

where u and v are functions of x and y only, the system (2.1.5) for the Einstein

vacuum equations become

2(x+ y)uuxy − 2(x+ y)(uxuy − vxvy) + u(ux + uy) = 0,

2(x+ y)uvxy − 2(x+ y)(vxuy + uxvy) + u(vx + vy) = 0,
(2.1.8)

where the lower suffix denotes the partial differentiation w.r.t to the corresponding

variable and the metric function f can be obtained by using system (2.1.6)

∂x(log f) = ∂2x(logα)
∂x(logα)

+ 1
4ααx

TrA
2,

∂y(log f) =
∂2y(logα)

∂y(logα)
+ 1

4ααy
TrB

2,
(2.1.9)

where αx = ∂α
∂x

, αy = ∂α
∂y

and the matrices A and B are defined by A = −α∂xgikgkj,

B = −α∂ygikgkj.



33

The Lie classical method is utilized to the further investigation of nonlinear sys-

tem (2.1.8), here in this chapter. The method has yielded quite an exhaustive study

and enabled us to recover some important results too. Firstly, Painlevé Property is

applied to the nonlinear system (2.1.8) to check the integrability of this system in

Section (2.2). In Section (2.3), the derivation of the set of equations for the determi-

nation of the infinitesimals of the invariance group of system (2.1.8) are presented.

Section (2.4) has been devoted to the study of new exact solutions of the Einstein

vacuum field equations for nondiagonal Einstein-Rosen metric.

2.2 Painlevé Analysis

The Painlevé property (PP) of a PDE in N independent variables, is the absence

of movable critical singularities near any non characteristic manifold and it is inte-

grable if at least one of the following properties holds.

1. Its general solution can be obtained, and it is an explicit closed form expression,

possibly presenting movable critical singularities.

2. It is linearizable.

3. For N > 1, it possesses an auto-Bäcklund transformation (BT) which, if N = 2,

depends on an arbitrary complex constant, the Bäcklund parameter.

4. It possesses a BT to another integrable PDE.

The “Painlevé conjecture”, as originally formulated by Ablowitz [1], states that when

all the ordinary differential equations (ODEs) obtained by exact similarity trans-

form from a given partial differential equation have the Painlevé property, then the
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partial differential equation is “integrable”. The above definition of “Painlevé prop-

erty” allows this conjecture to be stated directly for a partial differential equation.

According to the Ablowitz, Ramani and Segur (ARS) [1] conjecture, Painlevé anal-

ysis is an explicit test of whether or not a given PDE may be of Inverse Scattering

Transform (IST) class; namely, reduce it to an ODE, and determine whether the

ODE is of P-type. The ARS algorithm proceeds in three steps, dealing with the

dominant behaviors, the resonances and check compatibility conditions respectively.

The behavior of solutions of system (2.1.8) at a movable singular manifold

φ(x, y) = 0, (2.2.1)

is determined by a leading-order (k = 0) analysis in the Laurent series solution

u(x, y) = (φ(x, y))α1
∞∑
k=0

uk(x, y)(φ(x, y))k,

v(x, y) = (φ(x, y))α2
∞∑
k=0

vk(x, y)(φ(x, y))k,
(2.2.2)

whereby one makes the ansätz

u(x, y) = u0(x, y)[φ(x, y)]α1 ,

v(x, y) = v0(x, y)[φ(x, y)]α2 ,
(2.2.3)

and balances the dominant terms. This gives

α1 = −1, α2 = −1 (2.2.4)

and

u0(x, y) = ±ιv0(x, y), (2.2.5)

where v0(x, y) is an arbitrary function. Since v0(x, y) is arbitrary. For the branch

α1 = −1, α2 = −1, on substituting

u(x, y) = u0(x, y)g−1(x, y) + ur(x, y)gr−1(x, y),

v(x, y) = ±ι(u0(x, y)g−1(x, y) + ur(x, y)gr−1(x, y)),
(2.2.6)
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into system (2.1.8), the resonances for this branch are r1 = −1 and r2 = 0 and this

branch has the Painlevé property by default. Hence, Painlevé property shows that

system (2.1.8) is integrable.

In next section, symmetries of this nonlinear system are found by using Lie classical

method. These symmetries are further used to derive exact solutions of the system

(2.1.8)− (2.1.9).

2.3 Determination of Symmetries

In this section, Lie group method is performed to the system (2.1.8). Firstly, a one

parameter Lie group of infinitesimal transformations is considered

x→ x+ εξ1(x, y, u, v) +O(ε2),

y → y + εξ2(x, y, u, v) +O(ε2),

u→ u+ εφ1(x, y, u, v) +O(ε2),

v → v + εφ2(x, y, u, v) +O(ε2),

(2.3.1)

with small parameter ε ≤ 1. The vector field associated with the above group of

transformations can be written as

V = ξ1(x, y, u, v)∂x + ξ2(x, y, u, v)∂y + φ1(x, y, u, v)∂u + φ2(x, y, u, v)∂v. (2.3.2)

The symmetry group of the system (2.1.8) is generated by the vector field of the

form (2.3.2). Applying the second prolongation Pr(2)V of V to system (2.1.8), the

coefficient functions ξ1, ξ2, φ1 and φ2 can be found that must satisfy the symmetry

conditions

2xuφxy1 + 2yφ1uxy + 2ξ1uuxy + 2ξ2uuxy − 2xuxφ
y
1 − 2xuyφ

x
1 + 2xvxφ

y
2 + 2xvyφ

x
2

−2yuxφ
y
1 − 2yuyφ

x
1 + 2yvxφ

y
2 + 2yvyφ

x
2 − 2ξ1uxuy + 2ξ1vxvy − 2ξ2uxuy + 2ξ2vxvy

+uφx1 + uφy1 + φ1ux + φ1uy = 0,

(2.3.3)
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and

2xuφxy2 + 2xφ1vxy + 2yuφxy2 + 2yφ1vxy + 2ξ1uvxy + 2ξ2uvxy − 2xvxφ
y
1 − 2xuyφ

x
2

−2xuxφ
y
2 − 2xvyφ

x
1 − 2yvxφ

y
1 − 2yvxφ

x
2 − 2yuxφ

y
2 − 2yvxφ

x
1 − 2ξ1vxuy − 2ξ1uxvy

−2ξ2vxuy − 2ξ2uxvy + uφx2 + uφy2 + φ1vx + φ1vy = 0

(2.3.4)

where φx1 , φ
y
1, φ

x
2 , φ

y
2, φ

xy
1 and φxy2 and are coefficients of Pr(2)V

Pr(2)V = Pr1V + φxy1 + φxy2 , (2.3.5)

and, furthermore,

φx1 = Dxφ1 − uxDxξ1 − uyDxξ2,

φxy1 = DyDxφ1 − uxDyDxξ1 − uxyDxξ1 − uxxDyξ1 − uyDyDxξ2 − uyydxξ2 − uxyDyξ2,

(2.3.6)

where Dx and Dy are the total derivatives with respect to x and y respectively.

Substituting uxy and vxy into (2.3.3)-(2.3.4) respectively and equating the coefficients

of the various monomials in first, second and other partial derivatives with respect

to x and y and various powers of u, the following determining equations are derived

ξ1u = 0, ξ1v = 0, ξ1y = 0, ξ1xx = 0,

φ1u = φ1
u
, φ1v = 0, φ1x = 0, φ1y = 0,

φ2u = 0, φ2v = φ1
u
, φ2x = 0, φ2y = 0,

ξ2 = (x+ y)ξ1x − ξ1, ξ2u = 0, ξ2v = 0, ξ2x = 0,

φ1v = u
2
φ2vv, φ1x = u((x+y)ξ1x−ξ2−ξ1)

2(x+y)2
, φ1y = u((x+y)ξ2y−ξ2−ξ1)

2(x+y)2
.

(2.3.7)

Solution of this system gives the following forms for the infinitesimal elements

ξ1, ξ2, φ1 and φ2:

ξ1 = ax+ b,

ξ2 = ay − b,
φ1 = lu,

φ2 = lv +m.

(2.3.8)

where a, b, l and m are arbitrary constants.
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2.4 Optimal System of Generators

As is well known, the Lie group theoretic method plays an important role in finding

exact solutions and performing symmetry reductions of differential equations. Since

any linear combination of infinitesimal generators is also an infinitesimal generator,

there are always infinitely many different symmetry subgroups for the differential

equation. So, a mean of determining which subgroups would give essentially dif-

ferent types of solutions is necessary and significant for a complete understanding

of the invariant solutions. As any transformation in the full symmetry group maps

a solution to another solution, it is sufficient to find invariant solutions which are

not related by transformations in the full symmetry group, this has led to the con-

cept of an optimal system [111-113]. The problem of finding an optimal system of

subgroups is equivalent to that of finding an optimal system of subalgebras. For

one-dimensional subalgebras, this classification problem is essentially the same as

the problem of classifying the orbits of the adjoint representation. This problem

is attacked by the naive approach of taking a general element in the Lie algebra

and subjecting it to various adjoint transformations so as to simplify it as much

as possible. The idea of using the adjoint representation to classify group-invariant

solutions was due to Ovsiannikov [112].

The Lie algebra of infinitesimal symmetries of the system (2.3.8) is spanned by the

following four vector fields:

{
V1 =

∂

∂x
− ∂

∂y
, V2 = x

∂

∂x
+ y

∂

∂y
V3 =

∂

∂v
, V4 = u

∂

∂u
+ v

∂

∂v

}
.
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The commutation relations of this Lie algebra are

[V1, V2] = −[V2, V1] = V1, [V3, V4] = −[V4, V3] = V3

and [Vi, Vj] = 0, ∀i, j.

The adjoint action is given by the Lie series

Ad(exp(εVi)Vj) = Vj − ε[Vi, Vj] +
ε2

2
[Vi, [Vi, Vj]]− ..., (2.4.1)

where [Vi, Vj] is the commutator for the Lie algebra and ε is a parameter. The

adjoint table is listed in table (2.1), where the (i, j)th entry gives Ad(exp(εVi)Vj).

Adjoint Table (2.1)

Ad V1 V2 V3 V4

V1 V1 V2 − εV1 V3 V4

V2 V1e
ε V2 V3 V4

V3 V1 V2 V3 V4 − εV3

V4 V1 V2 V3e
ε V4

To obtain the one-dimensional optimal system of vector fields, we follow the proce-

dure of Olver, Ovsiannikov [111, 112]. A general element, i.e., linear combination of

vector fields V = a1V1 + a2V2 + a3V3 + a4V4 is taken, and try to simplify as many of

the coefficients ai as possible through judicious applications of adjoint map on this

element.

First suppose that a4 6= 0. Scaling V if necessary, it is assumed that a4 = 1 and

acted on V by Ad(exp(a3V3)) to make the coefficient of V3 vanish:

V ′ = Ad(exp(a3V3))V = V4 + a′2V2 + a′1V1,

for certain scalars a′2, a
′
1 depending on a2, a1. Similarly, with appropriate adjoint ac-

tion on V ′, the coefficient of V1 can also be vanish. Finally, simplified form V4 +a2V2

is obtained for some a2. The reader can check that no further simplification of the
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coefficients is possible. Therefore, V is equivalent to V4 + aV2 under the adjoint

representation. In other words, every one-dimensional subalgebra generated with

a4 6= 0 is equivalent to the subalgebra spanned by V4 + aV2.

The remaining one-dimensional subalgebras are spanned by vectors of the above

form with a4 = 0 and if a3 6= 0, scale to make a3 = 1, and then V3 is acted upon by

Ad(exp(a1V1)), so that V is equivalent to V ′ = V3 + a′2V2 for some a′2.

Similarly, when a4 = a3 = 0, a2 6= 0, V is equivalent to V2. For a4 = a3 =

a2 = 0, a1 6= 0, V is equivalent to V1. Recapitulating, an optimal system of one-

dimensional subalgebras is deduced spanned by following basic fields.

(i) V1

(ii) V2

(iii) V3 + αV2

(iv) V4 + βV2, where α and β are arbitrary constants.

It seems reasonable now to construct Lie ansätze and to seek exact solutions of the

nonlinear system (2.1.8). With this in mind, consider its Lie symmetry generated

by the basic operators in the optimal system.

According to the general procedure it is necessary to solve the Lagrange system

dx

a
=
dy

b
=
du

−l
=

dv

−m
. (2.4.2)

On solving the system (2.4.2) for the various operators in the optimal system, a set

of non-equivalent Lie ansätze for the functions is obtained. In Table-2.2, the Lie

ansätze for all the essential fields comprising the optimal system are presented.
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Table 2.2: Similarity Reductions of System (2.1.8) to ODEs

Essential Similarity Similarity ReducedODEs
fields variable(ζ) solution(u, v)

V1 x+ y u = F (ζ), v = G(ζ) 2ζFF ′′ − 2ζ(F ′2 −G′2) + 2FF ′ = 0,
2ζFG′′ − 4ζ(F ′G′) + 2FG′ = 0

V2
x
y u = F (ζ), v = G(ζ) 2(ζ + 1)F (−ζF ′′ − F ′)

−2(ζ + 1)(−ζF ′2 + ζG′2)
+F (F ′ − ζF ′) = 0,

2(ζ + 1)F (−ζG′′ −G′)
+4(ζ + 1)ζF ′G′ + F (G′ − ζG′) = 0

V3 + αV2
x
y u = F (ζ), v = log(y

1
αG(ζ)) 2(ζ + 1)F (−ζF ′′ − F ′)

−2(ζ + 1)(−ζF ′2 − G′

αG + ζG′2)
+F (F ′ − ζF ′) = 0,

2(ζ + 1)F ( ζG
′2

G − ζG′′ −G′)

−2(ζ + 1)(−2ζF ′G′ − F ′G
α )

+F (G′ + G
α − ζG

′) = 0

V4 + βV2
x
y u = y

1
β F (ζ), v = y

1
βG(ζ) 2(ζ + 1)F (−ζF ′′ − F ′ + F ′

β )

−2(ζ + 1)(−ζF ′2 − GG′

β + ζG′2 − ζF ′2)

+F (F ′ − ζF ′ + F
β ) = 0,

2(ζ + 1)F (G
′

β − ζG
′′ −G′)

−2(ζ + 1)(−2ζF ′G′ + F ′G
β + FG′

β )

+F (G′ + G
β − ζG

′) = 0

2.5 Solutions of the Einstein Vacuum Equations

In this section, exact solutions of the reduced ODEs are obtained by using similarity

variables and similarity solutions obtained in Table 1. The general solution of these

equations involves three variables; one becomes the new independent variable ζ and

the other two are F and G, as dependent variables. These solutions are obtained

by using characteristic equations (2.4.2).
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Vector field V1

From this vector field, solution of system (2.1.8) are:

u(x, y) = F (ζ) =
4e

c2
c1

(x+ y)
1
c1

(
4c2

1 +
c21(e

c2
c1 )2

((x+y)
1
c1 )2

) , (2.5.1)

u(x, y) = F (ζ) =
4(x+ y)

1
c5

e
c6
c5

(
4c2

5 +
c25((x+y)

1
c5 )2

(e
c6
c5 )2

) , (2.5.2)

and

v(x, y) = G(ζ) =
c4(

c2
1((x+ y)

1
c1 )2 + 4c2

1(e
c2
c1 )2
) + c3, (2.5.3)

v(x, y) = G(ζ) =
c8(

4c2
5((x+ y)

1
c5 )2 + c2

1(e
c8
c5 )2
) + c7, (2.5.4)

where c1, c2, c3, c4, c5, c6, c7 and c8 are arbitrary constants, which is the general solu-

tion of the system (2.1.8).

For solution of system (2.1.9) and value of metric function f , arbitrary constants

c1, c4 = 1 and c2, c3 = 0, are chosen in system (2.5.1)-(2.5.2)

f(x, y) = exp

(
1

8x2 + 16xy + 8y2 + 2
− 2 log(x+ y) + log(4x2 + 8xy + 4y2 + 1)

)
,

(2.5.5)

and f(x, y) from (2.5.3) and (2.5.4), by assuming c5, c8 = 1 and c6, c7 = 0, is given

as

f(x, y) = −2 log(x+ y) + 2
(32x2+64xy+32y2+2)

− 2
63

log(4 + x2 + y2 + 2xy)

+ 8
(x2+y2+2xy+4)

+ 65
63

log(16x2 + 16y2 + 32xy + 1).
(2.5.6)

Vector field V2

On solving the ODEs corresponding to this vector field, the solution of system (2.1.8)

is

u(x, y) = F (ζ) = −2c2
2q(ζ)2

√
−c2c2

1ζe
r(ζ)(ec3)2

c2
1c2(ζ + 1)

√
s(ζ)

, (2.5.7)
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where q(ζ), r(ζ) and s(ζ) are as follows:

s(ζ) =

(
e
∫ p(ζ)

(ζ+1)2
dζ
)4(

e
∫ p(ζ)

ζ(ζ+1)2
dζ
)(

e
∫ ζp(ζ)

(ζ+1)2
dζ
)3(

e
c2
∫ p(ζ)

(ζ+1)2
dζ
)4(

e
c2
∫ p(ζ)

ζ(ζ+1)2
dζ
)

(
e
c2
∫ p(ζ)

(ζ+1)2
dζ
)3(

e
ιc1c2

∫ √ζp(ζ)
(ζ+1)2

dζ
)(

e
ιc1c2

∫ p(ζ)√
ζ(ζ+1)2

dζ
)
s(ζ)2,

(2.5.8)

r(ζ) =

(
e
ιc1
∫ √ζp(ζ)

(ζ+1)2
dζ
)(

e
ιc1
∫ p(ζ)√

ζ(ζ+1)2
dζ
)
, (2.5.9)

p(ζ) =
l(ζ)

q(ζ)
, (2.5.10)

l(ζ) =

(
ι+
√
ζ

−ι+
√
ζ

) 1
4
c1

, (2.5.11)

q(ζ) =

(
ι+
√
ζ

−ι+
√
ζ

)−1
4
c1

+

(
ι+
√
ζ

−ι+
√
ζ

) 1
4
c1

(2.5.12)

and

v(x, y) = G(ζ) =

∫
ef(ζ)dζ + c4, (2.5.13)

where f(ζ) is given as

f(ζ) = −2
∫ p(ζ)

(ζ+1)2
dζ − 1

2

∫ p(ζ)
ζ(ζ+1)2

dζ − 3
2

∫ ζp(ζ)
(ζ+1)2

dζ + 1
2
ιc1

∫ √ζp(ζ)
(ζ+1)2

dζ+

1
2
ιc1

∫ p(ζ)√
ζ(ζ+1)2

dζ − 2c2

∫ √ζp(ζ)
(ζ+1)2

dζ − 1
2
c2

∫ p(ζ)
ζ(ζ+1)2

dζ − 3
2
c2

∫ ζp(ζ)
(ζ+1)2

dζ

−1
2
ιc1c2

∫ √ζp(ζ)
(ζ+1)2

dζ − 1
2
ιc1c2

∫ p(ζ)√
ζ(ζ+1)2

dζ + c3,

(2.5.14)

where p(ζ) and ζ = x
y

is given as above and c1, c2, c3 and c4 are arbitrary constants.

In this case it is difficult to find the value of f .

Vector field V3 + αV2

Solution of ODEs corresponding to this vector field can be obtainted as:

In this case, from the table we can obtain F (ζ) in the form of G(ζ):

F (ζ) = exp

∫ 2(ζ + 1)
(
ζG′(ζ)2

G(ζ)
− ζG′′(ζ)−G′(ζ)

)
+
(
G′(ζ) + G(ζ)

α
− ζG′(ζ)

)
2(ζ + 1)

(
−2ζG′(ζ)− G(ζ)

α

) dζ

 ,

(2.5.15)

and by substituting the value of F (ζ) in the following equation

2(ζ + 1)F (−ζF ′′(ζ)− F ′(ζ))− 2(ζ + 1)
(
−ζF ′(ζ)2 − G′(ζ)

αG(ζ)
+ ζG′(ζ)2

)
+F (ζ) (F ′(ζ)− ζF ′(ζ)) = 0,

(2.5.16)
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which is quite difficult to solve.

Vector field V4 + βV2

Corresponding to this vector field, solution of ODE is

F (ζ) = c1(ζ+1)
1
β

(exparctan(
√
ζ))2

, G(ζ) = 0, (2.5.17)

and solution of system (2.1.8) corresponding to this vector field are:

u(x, y) = y
1
β

 c1(x
y

+ 1)
1
β

(exp
arctan(

√
x
y

)
)2

 , v(x, y) = 0, (2.5.18)

where c1 is arbitrary constants.

and solution of system (2.1.9) in this case is:

f(x, y) = exp

(
a(x, y)

2β2
√
x

)
, (2.5.19)

where a(x, y) is given as

−4 arctan(
√

x
y
)β
√
x+ log(x)β2

√
x− 4 log(x+ y)β2

√
x+ 2 log(x+ y)

√
x

+4
√

x
y

√
y arctan(

√
y
x
)β + log(y)β2

√
x.

(2.5.20)

In this case also as above, from Table (2.2), F (ζ) in the form of G(ζ) is obtained as:

F (ζ) = exp

∫ 2(ζ + 1)
(
G′(ζ)
β
− ζG′′(ζ)−G′(ζ)

)
+
(
G′(ζ) + G(ζ)

β
− ζG′(ζ)

)
2(ζ + 1)

(
−2ζG′(ζ) + G(ζ)

β
+ G′(ζ)

β

) dζ

 ,

(2.5.21)

and by substituting the value of F (ζ) in the following equation

2(ζ + 1)F
(
−ζF ′′(ζ)− F ′(ζ) + F ′(ζ)

β

)
− 2(ζ + 1)

(
−2ζF ′(ζ)2 − G(ζ)G′(ζ)

β
+ ζG′(ζ)2

)
+F (ζ)

(
F ′(ζ)− ζF ′(ζ) + F (ζ)

β

)
= 0,

(2.5.22)

which is quite difficult to solve, so we found only one solution (2.5.18) and (2.5.19)

of the nonlinear system (2.1.8)− (2.1.9) in this case.
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2.6 Concluding Remarks

Exact solutions of Einstein vacuum field equations with two commuting Killing

spacelike vectors are obtained. In literature, the reduced system (2.1.8)− (2.1.9) of

Einstein vacuum field equations obtained from nondiagonal Einstein-Rosen Metrics,

for deriving exact solutions has not considered yet. Exact solutions obtained in

this chapter describe the axially symmetric gravitational fields in general relativity.

In this chapter, the integrability of nonlinear system of Einstein vacuum equations

has been checked by applying the Painlevé Property. The Lie symmetry method

is utilized to investigate the symmetries and invariant solutions of Einstein vacuum

field equations. The vector fields of the optimal system lead to reductions of the

nonlinear system of PDEs to ODEs. The infinitesimal generators in optimal system

are used for reductions and exact solutions. By using these vector fields, group-

invariant solutions are found. The exact solution corresponding to the vector field

V1 is general solution for the system (2.1.8)− (2.1.9). This is new exact analytic and

general solution of nonlinear system of Einstein vacuum field equations. It is worth

to mention here that the authenticity of all the solutions has been checked with the

aid of software Maple.



Chapter 3

EINSTEIN-MAXWELL EQUATIONS
1

3.1 Introduction

In this chapter, the Einstein-Maxwell (EM) equations for non-static cylindrical

symmetric metric are studied. A great deal of work has been done on the EM

equations. This metric has been studied by various authors to find solutions and

physical interpretations. Some of which are Einstein and Rosen [38], Liang [89],

Majumdar [103], McVittie [104], Pirani [127], Rao [132], Weber and Wheeler [170]

and Weyl [171]. Consequently, in this chapter, Lie classical approach is carried

out to determine the invariance group of transformations admitted by the system

of Einstein field equations. This eventually reduces the EM equations, which are

coupled nonlinear pdes in four unknowns to a system of odes.

The work put in this chapter has been structured as follows. In section (3.2),

the EM equations for non-static cylindrical symmetric metric are briefly outlined.

The symmetries of system of EM equations are determined in section (3.3). Finally,

in section (3.4) the similarity reductions and similarity solutions of EM equations

are presented.

1The contents of this chapter are published in the Physica Scripta 85 (2012) 055011 (6pp).
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3.2 Einstein-Maxwell Equations

The non-static cylindrical symmetric Einstein-Rosen [38] metric is considered:

ds2 = e−2u[e2k(dx2 − dt2) +W 2dφ2] + e2udz2, (3.2.1)

where all metric functions depend only on x and t and one can choose W = x; they

are related by a complex substitution to the static subcase of the stationary axisym-

metric solutions. As we know, the Einstein-Rosen metric is cylindrically symmetric,

since it is special case of the general cylindrically symmetric metric. The metric

depends on the time coordinate t and spatial coordinate x lies in interval [0,∞].

The field equations in the theory of general relativity for regions of space-time con-

taining electromagnetic fields but no matter are given by [37] as follows:

Rb
a = −8πEb

a, (3.2.2)

Eb
a = −FaσF bσ +

1

4
gβαFσεF

σε, (3.2.3)

Fab = Aa,b − Ab,a, (3.2.4)

(
√

(−g)F ab),b = 0, (3.2.5)

where Rb
a is the Ricci tensor, Eb

a is the electromagnetic energy tensor, Fab is the

electromagnetic field tensor which satisfies Maxwell’s equations for empty space time

and Aa is the 4−potential. A comma followed by a lower suffix denotes a partial

differentiation with respect to corresponding variable. The existence of killing vector

ζ = ∂z introduce scalar potentials w and v as√
k0

2
ζaF ∗ab = w,b − ιv,b. (3.2.6)

If w and v are functions of x and t only, then from (3.2.4), (3.2.5) and (3.2.6), the

non-zero components of the field tensor Fmn with respect to the metric (3.2.1) are
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as follows: √
k0
2
Fzx = w,x,√

k0
2
Fzt = w,t,√

k0
2
Fφx = We−2uv,t,√

k0
2
Fφt = We−2uv,x.

(3.2.7)

Now, the field equations for stationary axisymmetric Einstein-Maxwell fields are

(Stephani et al. [150], 2003; chap. 22, p.354):

uxx +
1

x
ux − utt = −e−2u(v2

x − v2
t + w2

x − w2
t ), (3.2.8)

vxx +
1

x
vx − vtt = 2(uxvx − utvt), (3.2.9)

wxx +
1

x
wx − wtt = 2(uxwx − utwt), (3.2.10)

vxwt = wxvt, (3.2.11)

kx = x(u2
x + u2

t ) + xe−2u(v2
x + v2

t + w2
x + w2

t ), (3.2.12)

kt = 2xuxut + 2xe−2u(vxvt + wxwt), (3.2.13)

where the lower suffix denotes the partial differentiation w.r.t to the corresponding

variable. The problem of solving equations (3.2.8)− (3.2.13) is that of determining

u, v and w from (3.2.8)− (3.2.11) and then k will be given by (3.2.12) and (3.2.13).

The nonlinear system of PDEs (3.2.8) − (3.2.13) represents mathematically

and physically important phenomena for electromagnetic fields and gravitational

fields in the theory of general relativity. Hence symmetries and exact solutions

of this nonlinear system are of great importance. Group-theoretic techniques are

applicable to solve nonlinear systems. To study exact solutions and symmetries for

this nonlinear system, Lie classical method has been applied.
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3.3 Group Infinitesimals

In this section, Lie’s method [90] of infinitesimal transformation groups is applied on

system of Einstein-Maxwell equations. On considering a one point group transfor-

mations of point-like transformations acting on the space of independent variables

(x, t) and on the space of dependent variables (u, v, w), the associated infinitesimal

generator is given by

X = ξ(x, t, u, v, w)∂x + τ(x, t, u, v, w)∂t + η(x, t, u, v, w)∂u + φ(x, t, u, v, w)∂v

+ψ(x, t, u, v, w)∂w,

(3.3.1)

and the second extension of operator X has the general form

X(2) = X + ηx ∂
∂ux

+ ηt ∂
∂ut

+ ηxx ∂
∂uxx

+ ηtt ∂
∂utt

+ ηxt ∂
∂uxt

+ φx ∂
∂vx

+ φt ∂
∂vt

+ φxx ∂
∂vxx

+

φtt ∂
∂vtt

+ φxt ∂
∂vxt

+ ψt ∂
∂wt

+ ψxx ∂
∂wxx

+ ψtt ∂
∂wtt

+ ψxt ∂
∂wxt

.

Operator X(2) is admitted by partial differential equations (3.2.8)-(3.2.11) if and

only if

X(2)[uxx + 1
x
ux − utt = −e−2u(v2

x − v2
t + w2

x − w2
t )] |(uxx+ 1

x
ux−utt+e−2u(v2x−v2t+w2

x−w2
t )=0)= 0,

X(2)[vxx + 1
x
vx − vtt = 2(uxvx − utvt)] |(vxx+ 1

x
vx−vtt−2(uxvx−utvt)=0)= 0,

X(2)[wxx + 1
x
wx − wtt = 2(uxwx − utwt)] |(wxx+ 1

x
wx−wtt−2(uxwx−utwt)=0)= 0.

(3.3.2)

Then equations (3.2.8)-(3.2.11) become the following invariance conditions

ηxx + xηx − ξu− ηtt + 2e−2u(vxφ
x − vtφt + wxψ

x − wtψt − η(vx
2 − vt2 + wx

2 − wt2))

= 0,

(3.3.3)

φxx + xφx − ξu− φtt − 2(uxφ
x + vxη

x − utφt − vtηt) = 0, (3.3.4)

ψxx + xψx − ξu− ψtt − 2(uxψ
x + vxη

x − utψt − vtηt) = 0, (3.3.5)

vxψ
t + wtφ

x − vtψx − wxφt = 0, (3.3.6)
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By substituting equations values of prolonged infinitesimals into equations (3.3.3)-

(3.3.6) and then causing to vanish the coefficients of the various monomials in partial

derivatives of the dependent variables (u, v, w), systems of differential equations for

the unknown function is obtained, i.e., ξ(x, t, u, v, w), τ(x, t, u, v, w), η(x, t, u, v, w),

φ(x, t, u, v, w) and ψ(x, t, u, v, w). The solution of these systems of determining

equations yield the following symmetries

ξ = ax,

τ = at+ b,

η = l,

φ = lv +mw + n,

ψ = lw −mv.

(3.3.7)

with arbitrary constants a, b, l,m and n.

The six-dimensional Lie algebra associated with the system of infinitesimals consists

of following six vector fields:

{V1 = ∂
∂t
, V2 = x ∂

∂x
+ t ∂

∂t
, V3 = ∂

∂v
, V4 = ∂

∂w
, V5 = w ∂

∂v
− v ∂

∂w
, V6 = ∂

∂u
+ v ∂

∂v
+ w ∂

∂w
.}

When the dimension of the Lie algebra, associated with a group of invariant transfor-

mations of a PDE, is greater than 1, there are often an infinite number of subgroups.

To each s-parameter subgroup there corresponds a family of group- invariant solu-

tions. So, in general, it is quite impossible to determine all possible group-invariant

solutions of a PDE. In order to minimize this search, it is useful to construct the op-

timal system of solutions. The construction of the one-dimensional optimal system

of subalgebras can be carried out by using the adjoint transformations as suggested

by Ovsiannikov [121]. The optimal system consists of the following six basic vector

fields:

〈V1, V2, V3 + αV2, V4 + γV3 + βV2, V5 + δV2, V6 + σV5 + νV2〉

where α, β, δ, σ and ν are arbitrary constants and γ = 0,+1,−1.
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3.4 Reduced Systems and Exact Solutions

In this section, a classification of symmetry reductions of system of PDEs (3.2.8)-

(3.2.11) by one-dimensional subalgebras (up to conjugacy) of symmetry algebra is

given. Some exact invariant solutions are also obtained. The reduction procedure

explained below is followed.

For each representative V in optimal system of one-dimensional subalgebras:

(i) Reduce the system of PDEs (3.2.8)-(3.2.11) to system of ODEs.

(ii) Determine normalizer of V and conjugacy classes of one-dimensional subalge-

bras in the normalizer.

The symmetries determined by elements in (ii) are inherited by the reduced ODE

obtained in (i). All possible reductions and solutions (where possible) by one-

dimensional subalgebras (up to conjugacy).

(i) Subalgebra L1 = 〈V1〉

The differential invariants (and hence the similarity variables) for

V = V1 = ∂
∂t

are determined by solving the characteristic system

dx
0

= dt
1

= du
0

= dv
0

= dw
0

which give the similarity variables as

ζ = x u(x, t) = F (ζ), v(x, t) = G(ζ), w(x, t) = H(ζ)

Equations (3.2.8)-(3.2.11) under this transformation reduce to the following system

of ODEs:

F ′′ +
F ′

ζ
+ e−2F (G′

2
+H ′

2
) = 0, (3.4.1)

G′′ +
G′

ζ
− 2F ′G′ = 0, (3.4.2)
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and

H ′′ +
H ′

ζ
− 2F ′H ′ = 0, (3.4.3)

where ′ denotes the differentiation w.r.t ζ. Solution of system (3.4.1)-(3.4.3) can be

expressed in the form

F (ζ) =
1

2
log

(
−1

c2
1 log(ζ)2 − 2c2

1c3 log(ζ) + c2
1c

2
3 + c2

2 log(ζ)2 − 2c2
2c3 log(ζ) + c2

2c
2
3

)
,

(3.4.4)

G(ζ) =
c1

(c2
1 + c2

2)(log(x)− c3)
, (3.4.5)

H(ζ) =
c2

(c2
1 + c2

2)(log(x)− c3)
, (3.4.6)

where c1, c2 and c3 are constants of integration.

Now, the solution of the system (3.2.8)-(3.2.13) is

u(x, t) = F (ζ) = 1
2

log
(

−1
c21 log(x)2−2c21c3 log(x)+c21c

2
3+c22 log(x)2−2c22c3 log(x)+c22c

2
3

)
, (3.4.7)

v(x, t) = G(ζ) =
c1

(c2
1 + c2

2)(log(x)− c3)
, (3.4.8)

and

w(x, t) = H(ζ) =
c2

(c2
1 + c2

2)(log(x)− c3)
, (3.4.9)

and

k(x, t) =
1

2 log(x)− 2c3

. (3.4.10)

(ii) Subalgebra L2 = 〈V2〉

The invariants associated with the infinitesimal generator V2 are obtained by inte-

grating the characteristic equation

dx
x

= dt
t

= du
0

= dv
0

= dw
0

and have the similarity forms
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ζ = x
t
, u(x, t) = F (x

t
), v(x, t) = G(x

t
), w(x, t) = H(x

t
).

Substitution of these similarity variable in system (3.2.8)-(3.2.11) implies the fol-

lowing system of ODES:

F ′′(ζ2 − 1) + F ′
(

2ζ − 1

ζ

)
= e−2F (G′2(1− ζ2) +H ′2(1− ζ2)), (3.4.11)

G′′(ζ2 − 1) +G′
(

2ζ − 1

ζ

)
= 2F ′G′(ζ2 − 1), (3.4.12)

H ′′(ζ2 − 1) +H ′
(

2ζ − 1

ζ

)
= 2F ′H ′(ζ2 − 1), (3.4.13)

where ′ is differentiation w.r.t ζ. Solution of system of ODEs (3.4.12) and (3.4.13)

gives,

G′′(ζ)H ′(ζ)−G′(ζ)H ′′(ζ) = 0, (3.4.14)

for solving the above system of ODEs, H(ζ) = a + bG(ζ) is assumed, where a and

b are arbitrary constants. Thus, ODEs (3.4.11)-(3.4.13) are reduced as:

F ′′(ζ2 − 1) + F ′
(

2ζ − 1

ζ

)
= e−2F (1 + b2)G′2(1− ζ2), (3.4.15)

and

G′′(ζ2 − 1) +G′
(

2ζ − 1

ζ

)
= 2F ′G′(ζ2 − 1). (3.4.16)

On solving above ODEs, following solutions are obtained

e−F (ζ) = c1

√
1 + b2sech−1(ζ) + c2, (3.4.17)

and

G(ζ) = c1

∫ ζ

c3

e2u(φ)

φ
√
φ2 − 1

dφ, (3.4.18)

where c1, c2 and c3 are constants of integration. Hence, solution of system of (3.2.8)-

(3.2.11) is given as follows:

u(x, t) = F (ζ) = − log
(
c1

√
1 + b2sech−1(ζ) + c2

)
, (3.4.19)
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v(x, t) = G(ζ) = c1

∫ ζ

c3

e2u(φ)

φ
√
φ2 − 1

dφ, (3.4.20)

w(x, t) = H(ζ) = a+ b

(
c1

∫ ζ

c3

e2u(φ)

φ
√
φ2 − 1

dφ

)
, (3.4.21)

and from (3.2.12) and (3.2.13), k(x, t) can be evaluated which is quite difficult in

this case.

Now by setting t = ιz, the nonlinear system (3.2.8)-(3.2.13) reduces to Ernst equa-

tions given by system

uxx +
1

x
ux + uzz = −e−2u(v2

x + v2
z + w2

x + w2
z), (3.4.22)

vxx +
1

x
vx + vzz = 2(uxvx + uzvz), (3.4.23)

wxx +
1

x
wx + wzz = 2(uxwx + uzwz), (3.4.24)

vxwz = wxvz, (3.4.25)

kx = x(u2
x − u2

z) + xe−2u(v2
x − v2

z + w2
x − w2

z), (3.4.26)

kz = 2xuxuz + 2xe−2u(vxvz + wxwz). (3.4.27)

For the vector field V2, the similarity variable and similarity solutions are

ζ = x
z

and u(x, z) = F (ζ), v(x, z) = G(ζ) and w(x, z) = H(ζ).

for these similarity variables and similarity solutions, the nonlinear system (3.4.22)-

(3.4.25) reduces to the following ODEs:

F ′′(ζ2 + 1) + F ′
(

2ζ +
1

ζ

)
+ e−2F (G′2(1 + ζ2) +H ′2(1 + ζ2)) = 0, (3.4.28)

G′′(ζ2 + 1) +G′
(

2ζ +
1

ζ

)
− 2F ′G′(ζ2 + 1) = 0, (3.4.29)

H ′′(ζ2 + 1) +H ′
(

2ζ +
1

ζ

)
− 2F ′H ′(ζ2 + 1) = 0, (3.4.30)
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where ′ is differentiation w.r.t ζ. Solution of the system of ODEs (3.4.28)-(3.4.30)

gives,

G′′(ζ)H ′(ζ)−G′(ζ)H ′′(ζ) = 0. (3.4.31)

For solving the above system of ODEs, H(ζ) = r + sG(ζ) is assumed, where r and

s are arbitrary constants. Thus, new ODEs become:

F ′′(ζ2 + 1) + F ′
(

2ζ +
1

ζ

)
+ e−2F (1 + s2)G′2(1 + ζ2) = 0, (3.4.32)

and

G′′(ζ2 + 1) +G′
(

2ζ +
1

ζ

)
− 2F ′G′(ζ2 + 1) = 0. (3.4.33)

Solution of these ODEs yields

F (ζ) = −1

2
log

−c2
4

(
tanh−1

(
1√

1 + ζ2

)
+ c5

)2 (
1 + s2

) , (3.4.34)

and

G(ζ) = − 1

c4 (1 + s2)

(
tanh−1

(
1√

1+ζ2

)
+ c5

) + c6, (3.4.35)

where c4, c5 and c6 are constants of integration. Hence, solution of system of (3.4.22)-

(3.4.27) is given as follows:

u(x, z) = −1

2
log

−c2
4

tanh−1

 1√
1 +

(
x
z

)2

+ c5

2 (
1 + s2

) , (3.4.36)

v(x, z) = − 1

c4 (1 + s2)

(
tanh−1

(
1√

1+(xz )
2

)
+ c5

) + c6, (3.4.37)

w(x, z) = r + s

− 1

c4 (1 + s2)

(
tanh−1

(
1√

1+(xz )
2

)
+ c5

) + c6

 , (3.4.38)

and

k(x, z) = c7, (3.4.39)
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where c4, c5, c6, c7, r and s are arbitrary constants, which is general exact analytic

solution of nonlinear system of Einstein-Maxwell equations. On choosing constants

as c4 = c5 = 1, c6 = −1, c7 = 0, r = 0 and s2 = −2, we have exp(2u(x, z)) → 1

and exp(2k(x, z)) → 1 as ζ → ∞ and v(x, z) → 0 and w(x, z) → 0 as ζ → ∞.

This solution represents the external gravitational fields of rotating body. This is

asymptotically flat solution.

(iii) Subalgebra L2,3 = 〈V3 + αV2〉

The associated Langrange’s system

dx
αx

= dt
αt

= du
0

= dv
1

= dw
0

gives the following functional form

ζ = x
t
, u(x, t) = F (ζ), v(x, t) = log

(
t

1
αG(ζ)

)
,w(x, t) = H(ζ),

From (3.2.11), as above we have H ′(ζ) = 0, so system (3.2.8)-(3.2.10) reduces to the

following ODEs

(1− ζ2)F ′′ + (1− 2ζ2)
F ′

ζ
+ exp−2F

(
(1− ζ2)

G′2

G2
− 1

α2
+

2ζG′

αG

)
= 0, (3.4.40)

and

(1− ζ2)G′′− (1− ζ2)
G′2

G
+ (1− 2ζ2)

G′

ζ
+
G

α
− 2ζF ′G

α
− 2(1− ζ2)F ′G′ = 0, (3.4.41)

which is quite difficult to solve.

Following a procedure similar to the above the highly nonlinear system (3.2.8)-

(3.2.11) can be reduced to system of ODEs corresponding to basic vector fields (v).

(iv) Subalgebra L2,3,4 = 〈V4 + V3 + βV2〉

The characteristic equation associated with V4 + V3 + βV2 is

dx
βx

= dt
βt

= du
0

= dv
1

= dw
1

which generates the invariants
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ζ = x
t
, u(x, t) = F (ζ), v(x, t) = log

(
t
1
βG(ζ)

)
,w(x, t) = log

(
t
1
βH(ζ)

)
,

From (3.2.11), as above H(ζ) = l +mG(ζ),

so system (3.2.8)-(3.2.10) reduces to the following system of ODEs

β2 (1− ζ2)F ′′G2 + β2G2F ′

ζ
(1− 2ζ2)− exp−2F G2 (1 +m2) + 2βζ exp−2F GG′

(1 +m2)− β2 exp−2F G′2 (1 +m2) + exp−2F β2ζ2G′2 (1 +m2) = 0,

(3.4.42)

and

βGG′′ (−1 + ζ2) + βG′2 (1− ζ2)− βGG′

ζ
(1− 2ζ2) + 2βF ′GG′ (1− 2ζ2)

−G2 + 2ζF ′G2 = 0.
(3.4.43)

Now equation (4.64) can be solved if m = ±ι and so ODE (3.4.42) reduces to

F ′′
(
1− ζ2

)
+
F ′

ζ

(
1− 2ζ2

)
, (3.4.44)

After solving this equation we have

u(x, t) = F (ζ) = c1 + arctan

 1√
−1 + (x

t
)2

 c2, (3.4.45)

where c1 and c2 are arbitrary constants and by substitution of this value in ODE

(3.4.43), v(x, t) and w(x, t), can be obtained which are in the form of integration.

(v) Subalgebra L2,3,4 = 〈V6 + σV5 + νV2〉

Here, reduction corresponding to this subalgebra is not obtained because of some

difficulties.

3.5 Results and Discussion

Exact solutions to Einstein-Maxwell equations with the technique of the Lie groups

are generated. This technique has proved a powerful one in the last decades in dif-

ferent equations and this new application comes to confirm this states. Infinitesimal

generators of Lie groups associated with Einstein-Maxwell equations are determined.
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Closed form solutions are found that might prove to be interesting physically. Some

of the following important remarks are also obtained:

Remark 1: By applying Lie classical approach, it become possible to find vector

fields which are used to derive exact solution of nonlinear system (3.2.8)− (3.2.13).

Corresponding to the vector field V2, interesting solution representing exterior grav-

itations fields of rotating bodies such as galaxies and stars etc. is obtained.

Remark 2: If we consider, w = constant then the nonlinear system reduces to

uxx +
1

x
ux − utt = −e−2u(v2

x − v2
t ), (3.5.1)

vxx +
1

x
vx − vtt = 2(uxvx − utvt), (3.5.2)

kx = x(u2
x + u2

t ) + xe−2u(v2
x + v2

t ), (3.5.3)

kt = 2xuxut + 2xe−2u(vxvt), (3.5.4)

which are Einstein-Maxwell equations in purely electric field and can be solved as

above by taking w = constant and by choosing appropriate constants in vector field

V2 and by letting t = ιz, exact solutions of Ernst equations for the above system

of Einstein-Maxwell equations, we can obtain new exact analytic solutions. In the

same way, when v = constant, two more solutions can be obtained from vector field

V2.

Remark 3:The surfaces v = constant and w = constant are null surfaces and

solution in this case represent null electromagnetic field in vacuum. The metric

(3.2.1) for this solution is plane symmetric in the form of Taub [152] in (1951),

represents plane electromagnetic waves.





Chapter 4

EINSTEIN- MAXWELL EQUATIONS FOR

MAGNETOSTATIC FIELDS
1

4.1 Introduction

Magnetic fields play an important role in the study of astrophysical objects such

as neutron stars, white dwarfs, pulsars, black holes and galaxy formation. In fact,

several observations show that there are various scenarios where the magnetic fields

and general relativity can not be neglected. One of them is the presence of strong

magnetic fields in active galactic nuclei [4, 97]. These nuclei are known to produce

more radiation than the rest of the entire galaxy and directly affect its structure

and evolution. Another scenario is the production of relativistic collimated jets in

the inner regions of accretion discs, which can be explained considering magneto-

centrifugal mechanisms [95,161]. Also, magnetic fields are important in understand-

ing the interplay between magnetic and thermal processes for strongly magnetic

neutron stars [3, 56]. At least 10 percent of all neutron stars are born as magne-

tars, with magnetic fields above 1014G [62, 126]. Analytical models that describe

these astrophysical objects are often associated with solutions of Einstein’s equa-

tions [118,133]. In the search for more realistic models for compact stellar systems,

1The contents of this chapter are published in Chinese Physics B 21 (2012) 090401 (6pp).

59



60

the energy-momentum tensor, the source of Einstein’s equations, is modified by in-

troducing more complex terms that take into account additional physical properties

as, for example, electromagnetic fields.

These fields for deriving solutions were first considered by Bonnor [20], for obtain-

ing solutions corresponding to radial and longitudinal fields. Misra and RadhaKr-

ishna [107], have obtained some solutions in which metric function depend upon

one independent variable. Garćia et al. [42], have presented a detailed study of the

Counter-Rotating model for generic electrostatic (magnetostatic) axially symmetric

thin disks without radial pressure.

In this chapter, new exact analytic solutions of Einstein-Maxwell equations for purely

magnetostatic fields in general relativity are derived.

The simplest metric to describe a static axially symmetric spacetime is the Weyl’s

line element [171]

ds2 = e−2φ[r2dφ2 + e2Λ(dr2 + dz2)]− e2φdt2, (4.1.1)

where φ and Λ are functions of r and z only. The Einstein-Maxwell field equations

for the geometrized units 8πG = c = µ0 = ε0 = 0, are given by

Rab = Tab, (4.1.2)

Tab = FacF
c
b −

1

4
gabFcdF

cd, (4.1.3)

F ab
;b = 0, (4.1.4)

Fab = Aa,b − Ab,a, (4.1.5)

where Rab is the Ricci tensor, Tab is the electromagnetic energy tensor, Fab is the

electromagnetic field tensor which satisfies Maxwell’s equations for empty space time
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and Aa = (φ,A, 0, 0) is the 4−potential. A comma followed by a lower suffix denotes

a partial differentiation with respect to corresponding variable.

The Einstein-Maxwell equations in presence of purely magnetostatic fields are equiv-

alent to the system:

φrr +
1

r
φr + φzz −

e2φ

2r2
(A2

r + A2
z) = 0, (4.1.6)

Arr −
1

r
+ Azz + 2(Arφr + Azφz) = 0, (4.1.7)

Λr = r(φ2
r − φ2

z) +
e2φ

2r
(A2

r − A2
z), (4.1.8)

Λz = 2rφrφz +
1

r
e2φArAz, (4.1.9)

where A is magnetostatic potential and function of r and z only.

For solving the non linear system (4.1.6)-(4.1.9) of PDEs, first the system (4.1.6)-

(4.1.7) is solved for obtaining values of φ(r, z) and A(r, z). After that, by substituting

these values of φ and A into the system (4.1.8)-(4.1.9), the values of Λ(r, z) are

obtained.

In section (4.2), the symmetries of system (4.1.6)-(4.1.7), in the generalized

form are derived, which are then used to obtain associated Lie algebra of vector

fields. Section (4.3), deals with the determination of the transformation group for

the reduction of system of nonlinear PDEs to system of ODEs. Exact solutions are

also obtained in this section. In section (4.4), discussion on derived results is given.

4.2 Symmetry Group

In order to determine the Lie group of transformations of system (4.1.6)-(4.1.7),

the symmetry reduction method is exploited in a similar manner as explained in

Chapter 1.
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Let the system (4.1.6)-(4.1.7) be considered as a manifold N̄ = (N1, N2)

N1(φ,A) ≡ φrr +
1

r
φr + φzz −

e2φ

2r2
(A2

r + A2
z) = 0, (4.2.1)

N2(φ,A) ≡ Arr −
1

r
+ Azz + 2(Arφr + Azφz) = 0, (4.2.2)

in the space of variables X̄ = (r, z),η̄ = (φ,A). The one-parameter group of local

point transformations that leaves system (4.1.6)-(4.1.7) invariant corresponds to the

vector fields of the form

V = P (X̄, η̄)
∂

∂r
+Q(X̄, η̄)

∂

∂z
−R(X̄, η̄)

∂

∂φ
− S(X̄, η̄)

∂

∂A
. (4.2.3)

The group infinitesimals P,Q,R and S are to be found under the following conditions

Fi(Ni, η̄, S̄) |N̄=0= 0̄, (4.2.4)

for i = 1, 2.

In equation (4.2.4), Fi(Ni, η̄, S̄) denotes the Fréchet derivative of Ni at η̄ = (φ,A)

in the direction of the quasi-linear symmetry operator S̄ = (S1, S2) and is defined

by

F̄ [N̄ , η̄, S̄] =
d

dε
F̄ [N̄(η̄ + εS̄)] |ε=0 . (4.2.5)

The symmetry operator S̄ = (S1, S2) has the following form:

S1(φ) ≡ P (X̄, η̄)φr +Q(X̄, η̄)φz +R(X̄, η̄), (4.2.6)

S2(A) ≡ P (X̄, η̄)Ar +Q(X̄, η̄)Az + S(X̄, η̄), (4.2.7)

Equation (4.2.5) is used to find the Fréchet derivative of each of the two nonlinear

operators defined through equations (4.2.1) and (4.2.2), and the following expres-

sions are derived:

F1(N̄1, η̄, S̄) = [S1]rr +
1

r
[S1]r + [S1]zz −

e2[S1]

2r2

(
Ar[S2]z + Az[S2]z + 2[S1](A2

r + A2
z)
)
,

(4.2.8)
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F2(N̄2, η̄, S̄) = [S1]rr−
1

r
[S1]r+[S1]zz+2(Ar[S1]r+φr[S2]r+Az[S1]z+φz[S1]z). (4.2.9)

Substituting the values of S1 and S2 from (4.2.6) and (4.2.7) in equations (4.2.8)

and (4.2.9), when expanded, results in the polynomial expressions in various partial

derivatives of φ and A with respect to the spatial variable. The calculations to

obtain these derivatives are tedious, simplified set of determining equations for the

group infinitesimals P,Q,R and S is listed here. From (4.2.8), after equating the

coefficients of various derivative terms to zero, the following determining equations

are obtained

Qφ = 0, QA = 0, Qr = 0, Qzz = 0, Rz = 0, Rφ = 0, RA = 0, Rr = 0,

Sz = 0, Sφ = 0, SA = Qz −R, Sr = 0, P = rQz.
(4.2.10)

From (4.2.9) following set of determining equations has been obtained keeping in

view the consequences on the infinitesimals effected by the sets of equations (4.2.10):

Pz = −Qr, Pφ = 0, PA = 0, Pr = Qz, Qzz = −Qrr, Rz = −Qr
2r
,

RA = −SAA
2
, Rr = −P+rQz

2r2
.

(4.2.11)

Now solving these sets of determining equations (4.2.10) and (4.2.11) for the infinites-

imals P,Q,R and S, the following form of the generalized symmetries is obtained:

P = ar,

Q = az + b,

R = a− l,
S = lA+m.

(4.2.12)

where a, b, l and m are arbitrary constants.

The Lie algebra associated with the system of infinitesimals consists of following

four vector fields:

{
V1 =

∂

∂z
, V2 =

∂

∂A
, V3 = − ∂

∂φ
+ A

∂

∂A
, V4 = r

∂

∂r
+ z

∂

∂z
+

∂

∂φ
.
}
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The commutation relations of these vector fields is

[V1, V4] = −[V4, V1] = V1, [V2, V3] = −[V3, V2] = V2

and [Vi, Vj] = 0 for all other i and j.

The Adjoint Table for the Lie algebra G, determined by V1, V2, V3, V4 is shown by

Table (3.1).

Adjoint Table (3.1)

Ad V1 V2 V3 V4

V1 V1 V2 V3 V4 − εV1

V2 V1 V2 V3 − εV2 V4

V3 V1 V2e
ε V3 V4

V4 V1e
ε V2 V3 V4

As already mentioned in chapter 2, that one may obtain the reduced system of ODEs

from any linear combination of generators. Since there exist infinite possibilities for

such combinations, the symmetry algebra of system (4.1.6)-(4.1.7) into conjugacy

inequivalent sub algebra under the adjoint action of the symmetry group is classified.

This leads to determine an optimal system of non-equivalent (non-conjugate) one

dimensional sub algebras of the symmetry algebra of the system (4.1.6)-(4.1.7).

To obtain the optimal system, general element V = a1V1 + a2V2 + a3V3 + a4V4 is

considered and subject it to various adjoint transformations to simplify it as much

as possible. Following basic fields which form an optimal system are deduced.

{V1, V2, V2 + V1, V2 − V1, V3, V3 + V1, V3 − V1, V4 + αV3},

where α is arbitrary constant. Because of the discrete symmetry (r, z, φ, A) →

(−r, z, φ, A), will map V2 − V1 and V3 − V1 to V2 + V1 and V3 + V1 respectively,

and therefore, in the optimal system, we confine ourselves to remaining six essential

vector fields of the optimal system, while neglecting the other two.
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4.3 Exact Solutions of Einstein-Maxwell Equations

for Magnetostatic Fields

It seems reasonable now to construct Lie ansätze and to seek exact solutions of

the nonlinear system (4.1.6)-(4.1.9). With this in mind, consider its Lie symmetry

generated by the basic operators in the optimal system.

Reduction (i) V1

Solving the characteristic equation dr
0

= dz
1

= dφ
0

= dA
0

, the similarity reduction is

ζ = r, φ(r, z) = F (ζ), A(r, z) = G(ζ).

the resulting system of ODEs is as follows:

F ′′(ζ) +
F ′(ζ)

r
− e2F (ζ)G′2(ζ)

2r2
= 0, (4.3.1)

G′′(ζ)− G′

ζ
+ 2F ′(ζ)G′(ζ) = 0. (4.3.2)

The solution of the reduced system of ODEs is as follows:

F (ζ) =
1

2
log ζ − 1

2
log

 e−2c1

2c2
2 cosh

(
log ζ−c3

c2

)2

ζ

+ c1, (4.3.3)

and

G(ζ) =
sinh

(
log ζ−c3

2c2

)
e2c1c2 cosh

(
log ζ−c3

2c2

) + c4. (4.3.4)

Hence, the solution of system (4.1.6)-(4.1.9) is given by:

φ(r, z) =
1

2
log r − 1

2
log

 e−2c1

2c2
2 cosh

(
log r−c3

c2

)2

r

+ c1 (4.3.5)

A(r, z) =
sinh

(
log r−c3

2c2

)
e2c1c2 cosh

(
log r−c3

2c2

) + c4, (4.3.6)

and

Λ(r, z) = log r − c3 + 2 log

(
cosh

(
log r − c3

2c2

))
+

log r

4c2
2

− c3

4c2
2

, (4.3.7)
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where c1, c2, c3 and c4 are arbitrary constants.

Reduction (ii) V2

The similarity variables associated with this basic vector field are r = constant and

z = constant therefore A(r, z) and φ(r, z) are also constant functions.

Reduction (iii) V2 + V1

By considering the linear combination of V2 and V1, the vector field V = V1 + V2

becomes V = ∂
∂z

+ ∂
∂A

, so similarity variables are ζ = r, φ(r, z) = F (ζ), A(r, z) =

z +G(ζ).

The corresponding ODEs for F (ζ) and G(ζ) are given by

F ′′(ζ) +
F ′(ζ)

ζ
− e2F (ζ)(1 +G′(ζ)2)

2ζ2
= 0, (4.3.8)

G′′(ζ)− G′(ζ)

ζ
+ 2F ′(ζ)G′(ζ) = 0. (4.3.9)

On solving second ODE, G′(ζ) is

G′(ζ) = c1ζe
−2F (ζ). (4.3.10)

By substituting this value of G′(ζ) into ODE (4.3.8), we obtain

F ′′(ζ) +
F ′(ζ)

ζ
− e2F (ζ)(1 + c2

1ζ
2e−4F (ζ))

2ζ2
= 0, (4.3.11)

where c1 is arbitrary constant. it is quite difficult to solve this ODE.

Reduction (iv) V3

Corresponding to this vector field, only constant solution is obtained.

Reduction (v) V3 + V1

For this vector field, the forms of the similarity variable and similarity solution are

as follows:

ζ = r, φ(r, z) = −z + F (ζ), A(r, z) = ezG(ζ).
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Using these substitutions, system (4.1.6)-(4.1.7) reduces to

2ζ2F ′′(ζ) + 2ζF ′(ζ)− e2F (ζ)(G′2(ζ) +G2(ζ)) = 0, (4.3.12)

ζG′′(ζ)−G′(ζ)− ζG(ζ) + 2ζF ′(ζ)G′(ζ) = 0. (4.3.13)

Now, after the substitution of G(ζ) = e−F (ζ)H(ζ) and F ′(ζ) = M(ζ), the ODEs

reduced to simpler form:

2ζ2M ′(ζ)+2ζM(ζ)−M(ζ)2H(ζ)2+2M(ζ)H(ζ)H ′(ζ)−H ′(ζ)
2−H(ζ)2 = 0, (4.3.14)

ζM ′(ζ)H(ζ) + ζM(ζ)2H(ζ)− ζH ′′(ζ)−M(ζ)H(ζ) +H ′(ζ) + ζH(ζ) = 0. (4.3.15)

For the solution of above ODEs, three cases are taken depending upon H(ζ)

case-(i): When H(ζ) = 0

This is not physically interesting case.

case-(ii) and (iii): When H(ζ) = ±
√

2ιζ, the above ODEs, reduced into single

equation

ζ2M ′(ζ)− ζM(ζ) + ζ2M(ζ)2 + 1 + ζ2 = 0. (4.3.16)

Solution of above ODE is:

M(ζ) =
−c1ζY1(ζ) + J0(ζ)− ζJ1(ζ) + c1Y0(ζ)

ζ(c1Y0(ζ) + J0(ζ))
. (4.3.17)

Now, the solution of system (4.1.6)-(4.1.9) is:

φ(r, z) = −z +

∫
−c1rY1(r) + J0(r)− rJ1(r) + c1Y0(r)

r(c1Y0(r) + J0(r))
dr, (4.3.18)

A(r, z) = eze
−
∫ −c1rY1(r)+J0(r)−rJ1(r)+c1Y0(r)

r(c1Y0(r)+J0(r))
dr±
√

2ιr, (4.3.19)

and

Λ(r, z) = log(r) + 2 log(c1Y0(r) + J0(r))− 2z, (4.3.20)
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where c1 is arbitrary constant. Jv(r) and Yv(r) are the modified Bessel functions of

the first and second kinds, respectively. They satisfy the modified Bessel equation:

r2Y ′′ + rY ′ − (r2 + v2)Y = 0. (4.3.21)

Reduction (vi) V4 + αV3

For α = 1, the similarity variable ζ = r
z

and new dependent variables are φ(r, z) =

F (ζ), A(r, z) = zG(ζ).

Using of these new dependent variables into system (4.1.6)-(4.1.7), leads to the

following system of reduced ODEs with independent variable ζ:

F ′′(ζ)(1+ζ2)+
F ′(ζ)

ζ
(1+2ζ2)− 1

2
e2F (ζ)

(
G′(ζ)2(1 + ζ2) +G(ζ)2 − 2ζG(ζ)G′(ζ)

)
ζ2

= 0,

(4.3.22)

G′′(ζ)(1 + ζ2)− G′(ζ)

ζ
+ 2F ′(ζ)G′(ζ)(1 + ζ2)− 2ζF ′(ζ)G(ζ) = 0. (4.3.23)

Now, after the substitution of G(ζ) = e−F (ζ)H(ζ) and F ′(ζ) = M(ζ), above ODEs

become

−2ζ2M ′(ζ)− 2ζM(ζ)− 2ζ4M ′(ζ)− 4ζ3M(ζ) +M(ζ)2H(ζ)2(1 + ζ2) +H ′(ζ)2

(1 + ζ2)− 2M(ζ)H(ζ)H ′(ζ)(1 + ζ2) +H(ζ)2 + 2ζM(ζ)H(ζ)2 − 2ζH(ζ)H ′(ζ) = 0,

(4.3.24)

and

ζM ′(ζ)H(ζ) + ζM(ζ)2H(ζ)− ζH ′′(ζ) + ζ3M ′(ζ)H(ζ)− ζ3H ′′(ζ)−M(ζ)H(ζ)

+H ′(ζ) + 2ζ2M(ζ)H(ζ)− ζ3M(ζ)2H(ζ) = 0.

(4.3.25)

One more solution is also derived by using the following similarity variable and

similarity solutions: ζ = r
z
, φ(r, z) = F (ζ), A(r, z) = G(ζ).

Using the above variables in system of PDEs (4.1.6)-(4.1.7) which reduces to a

system of ODEs given below:

F ′′(ζ)

F (ζ)
(1+ζ2)−F

′2(ζ)

F 2(ζ)
(1+ζ2)+

F ′(ζ)

ζF ′(ζ)
(1+2ζ2)−1−1

2
F 2ζG′2(ζ)(1+ζ2) = 0, (4.3.26)



69

and

G′′(ζ)(1 + ζ2)− G′(ζ)

ζ
+

2F ′(ζ)G′(ζ)

F (ζ)
(1 + ζ2). (4.3.27)

Solving the above system of ODEs, value of F (ζ) and G(ζ)is

F (ζ) =

√
(2)c2ζ

2c2
1 +

e tanh−1

(
1√

(1+ζ2)

)
√
2c2


2 (
e

c3√
2c2

)2


4

e tanh−1

(
1√

(1+ζ2)

)
√
2c2

(e c3√
2c2

) (4.3.28)

G(ζ) =
4
√

2c1

c2

2c2
1 + e

(
tanh−1

(
1√

(1+ζ2)

)
+c3

)√
(2)

c2


. (4.3.29)

Hence, the solution of nonlinear system (4.1.6)-(4.1.9) is given as:

φ(r, z) = log


z

√
(2)c2

(
r
z

)
2c2

1 +

e
tanh−1

 1√
(1+ rz

2)


√

2c2


2 (
e

c3√
2c2

)2



4

e
tanh−1

 1√
(1+ rz

2)


√
2c2

(e c3√
2c2

)


, (4.3.30)

A(r, z) =
4
√

2c1

c2

2c2
1 + e

tanh−1

 1√
(1+ rz

2)

+c3

√(2)

c2


, (4.3.31)

and

Λ(r, z) = − 1

2c2
2

(∫
p(r, z)dr − 2

∫
q(r, z)dz

)
, (4.3.32)

where p(r, z) = l(r,z)
m(r,z)

l(r, z) =

(
−z2 + 2c2

2r
2 + 2

√
2z2c2

√
r2+z2

z2
+ r2 − 2c2

2z
2

)
j(r, z)

−4c2
2c

2
1z

2 − 4c2
1c

2
2r

2 + 2c2
1r

2 − 4
√

2c2
1c2z

2
√

r2+z2

z2
− 2c2

1z
2,

(4.3.33)

m(r, z) = r(r2 + z2)(2c2
1 + j(r, z)) (4.3.34)
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q(r, z) =

((√
2c2

√
r2+z2

z2
− 1

)
j(r, z)− 2c2

1 − 2
√

2c2c
2
1

√
r2+z2

z2

)
z

(r2 + z2)(2c2
1 + j(r, z))

, (4.3.35)

where

j(r, z) = e

tanh−1

 1√
r2+z2

z2

+c3

√2


c2 (4.3.36)

with c1, c2 and c3 arbitrary constants.

4.4 Conclusion and Outlook

New exact solutions of Einstein-Maxwell equations in general relativity correspond-

ing to the magnetostatic fields are derived. The symmetry method based on Fréchet

derivatives is used to obtain new exact analytic solutions of nonlinear system of

PDEs. The symmetries of Einstein Maxwell equation are exploited to derive some

ansätz leading to the reduction of variables, where the analytic solutions are easier to

obtain by considering the optimal system of conjugacy inequivalent subgroups. The

solutions (4.3.5)-(4.3.7), (4.3.18)-(4.3.20) and (4.3.30)-(4.3.32) are new exact ana-

lytic solutions. The obtained solutions depend upon both of independent variables

r and z, might to be interesting for further applications.



Chapter 5

THE EINSTEIN-MAXWELL EQUATIONS

FOR NON-STATIC EINSTEIN AND

ROSEN METRICS
1

5.1 Introduction

The metric

ds2 = eλ−µ(dt2 − dρ2)− ρ2e−µdΦ2 − eµdz2, (5.1.1)

where λ and µ are functions of ρ and t only. This metric has been investigated

by Einstein and Rosen [38], Weber and Wheeler [170], Bonnor [20] and others in

connection with gravitational radiance in empty space-time.

Misra and Radhakrishna [107], by considering the field equations for regions

containing an electromagnetic field but no matter given as follows:

Rβ
α = −8πEβ

α,

(
√
−gF µν),ν = 0,

(5.1.2)

where

Eβ
α = −FµαF µβ +

1

4
gβαF

σε
σε , (5.1.3)

1The contents of this chapter are accepted in Proceedings of International Conference on Math-
ematics and Statistics .
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and

Fµν = Aµ,ν − Aν,µ. (5.1.4)

Here Rβ
α is the contracted curvature tensor, Eβ

α is the electromagnetic energy tensor,

Fαβ is the electromagnetic field tensor and Aα the 4-potential. A comma followed by

the lower suffix denotes a partial differentiation with respect to the corresponding

variable. The charge-current density has been put equal to zero.

The non-zero components of the Ricci tensor for the metric (5.1.1) are

R1
1 = 1

2
eλ−µ

(
−λ11 + λ44 + µ11 − µ44 − µ2

1 + λ1+µ1
ρ

)
,

R2
2 = −R3

3 = eλ−µ

2

(
µ11 − µ44 + µ1

ρ

)
,

R4
4 = eλ−µ

2

(
−λ11 + λ44 + µ11 − µ44 + µ2

4 + µ1−λ1
ρ

)
,

R4
1 = −R1

4 = eλ−µ

2

(
µ1µ4 − λ4

ρ

)
.

(5.1.5)

The lower suffixes 1 and 4 after the unknown functions denote a partial differentia-

tion with respect to ρ and t respectively. Also ρ,Φ, z and t correspond respectively

to x1, x2, x3 and x4.

From (5.1.5), R2
2 +R3

3 = 0,

and consequently from (5.1.2) and (5.1.3), it follows that

E2
2 + E3

3 = g11g44(F14)2 − g22g33(F23)2 = 0.

Since g11, g22 and g33 are all negative and g44 are positive, it is clear that the above

equation will hold only if

F14 = F23 = 0. (5.1.6)

The remaining components of the Fαβ can, by virtue of (5.1.4), be derived from any

two components of the 4-potential, namely A2 and A3, where

A2 =
φ√
8π
,A3 =

ψ√
8π
, (5.1.7)
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so that

F12 =
−φ1√

8π
, F13 =

ψ1√
8π
, F24 =

φ4√
8π
, F34 =

ψ4√
8π
. (5.1.8)

From (5.1.3), (5.1.6) and (5.1.8), the remaining independent components of the

electromagnetic energy tensor are found to be

E4
4 = −E1

1 = 1
16π
e−λ
[
e2µ

ρ2
(φ2

1 + φ2
4) + ψ2

1 + ψ2
4

]
,

E2
2 = −E3

3 = 1
16π
e−λ
[
− e2µ

ρ2
(φ2

1 − φ2
4) + ψ2

1 − ψ2
4

]
,

E4
1 = 1

8π
e−λ
[
e2µ

ρ2
φ1φ4 + ψ1ψ4

]
,

E3
2 = 1

8π
e−λ
[
− φ1ψ1 + φ4ψ4

]
,

(5.1.9)

The field equations (5.1.2) with the help of (5.1.5) and (5.1.9) can be written in the

form:

λ11 − λ44 +
1

2
(µ2

1 − µ2
4)− eµ

ρ2
(φ2

1 − φ2
4)− e−µ(ψ2

1 − ψ2
4) = 0, (5.1.10)

µ11 +
µ

ρ
µ1 − µ44 −

eµ

ρ2
(φ2

1 − φ2
4)− e−µ(ψ2

1 − ψ2
4) = 0, (5.1.11)

λ1 =
ρ

2
(µ2

1 + µ2
4) +

eµ

ρ2
(φ2

1 + φ2
4) + e−µ(ψ2

1 + ψ2
4), (5.1.12)

λ4 = ρµ1µ4 + 2
eµ

ρ
φ1φ+2ρe−µψ1ψ4, (5.1.13)

φ1ψ1 = φ4ψ4, (5.1.14)

and

φ11 − φ44 −
φ1

ρ
+ µ1φ1 − µ4φ4, (5.1.15)

ψ11 − ψ44 +
ψ1

ρ
− µ1ψ1 + µ4ψ4 (5.1.16)

The field equations which determine λ, µ, φ and ψ are (5.1.10)-(5.1.16).

It can be easily seen that condition of integrability of (5.1.12) and (5.1.13) is satisfied,

i.e.,

λ14 = λ41, (5.1.17)
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Also (5.1.10) is identically satisfied , if (5.1.11), (5.1.12), (5.1.13) and (5.1.14) hold.

Hence the problem of solving equations (5.1.10)-(5.1.16) reduces to that of determin-

ing µ, φ and ψ from (5.1.11), (5.1.14), (5.1.15) and (5.1.16), and then to determine

λ from (5.1.12) and (5.1.13).

In view of the nonlinear character of the expression involved, it is extremely difficult

to find exact solutions of the field equations. In this chapter, exact solutions of the

system (5.1.10)-(5.1.16) are obtained in the following cases:

(i) Pure Magnetic Fields;

(ii) Pure Electric Fields.

To find these exact solutions, Lie classical method is used. In section (5.2), pure

magnetic fields are studied. In Section (5.3), Lie Classical Method is utilized to

obtain symmetries, which are further used to obtain associated Lie algebra of vector

fields. Section (5.4), deals with the reduction of system of nonlinear PDEs to system

of ODEs. Exact solutions of pure magnetic fields have also been obtained in this

section. Section (5.5) is devoted to pure electric fields. Reductions and new exact

solutions of pure electric fields are also derived in this section. In section (5.7), some

concluding remarks are noted.

5.2 Pure Magnetic Fields

In this section for pure magnetic fields, i.e., when ψ = 0, the above system reduces

to the following system of nonlinear PDEs become:

µρρ − µtt +
µρ
ρ
− eµ

ρ2
(φ2

ρ − φ2
t ) = 0, (5.2.1)

φρρ − φtt −
φρ
ρ

+ µρφρ − µtφt = 0, (5.2.2)
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λρ =
ρ

2
(µ2

ρ + µ2
t ) +

eµ

ρ2
(φ2

ρ + φ2
t ), (5.2.3)

λt = ρµρµt + 2
eµ

ρ
eµφρφt, (5.2.4)

exact solutions of above system are obtained. Lie classical method is applied to the

system (5.2.1)-(5.2.2) and found values of µ and φ, and the by substituting these

values in (5.2.3) and (5.3.4), value of λ is obtained.

5.3 Similarity Variables and Similarity Solutions

In this section Lie classical method [82] to the system (5.2.1)-(5.2.2) is applied by

considering the one-parameter Lie group of infinitesimal transformations in ρ, t, µ, φ, η1

and η2 . This transformation leaves invariant the following set

S∆ ≡ {µ, (ρ, t), φ(ρ, t) : ∆1(µ, φ) = 0,∆2(µ, φ) = 0} (5.3.1)

of solutions of the system (5.2.1)-(5.2.2), where ∆1 = µρρ−µtt+ µρ
ρ
− eµ

ρ2
(φ2

ρ−φ2
t ) and

∆2 = φρρ − φtt − φρ
ρ

+ µρφρ − µtφt. This yields an over determined, linear system of

equations for the infinitesimals ξ1(ρ, t), τ1(ρ, t), η1(ρ, t) and η2(ρ, t). The associated

Lie algebra of infinitesimal symmetries is the set of vector fields of the form

Γ = ξ1∂ρ + τ1∂t + η1∂µ + η2∂φ, (5.3.2)

where ∂ρ = ∂
∂ρ

etc. The set S∆ is invariant under the one-parameter transformations

provided that Pr(2)(∆) |∆=0= 0, where Pr(2)Γ is the second prolongation of the

vector field Γ, which is explicitly given in terms of ξ1, τ1, η
1, η2. This procedure

yields an over determined system of linear PDEs. Solving this system of PDEs, the
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Lie symmetries of the system are

ξ1 = aρ,

τ1 = at+ b,

η1 = 2a− 2c,

η2 = cφ+ d,

(5.3.3)

where a, b, c and d are arbitrary constants.

Having determined the infinitesimals, the symmetry variables are found by solving

the invariant surface conditions

Ψ1 ≡ ξ1µρ + τ1µt − η1 = 0,

Ψ2 ≡ ξ1φρ + τ1µt − η2 = 0.
(5.3.4)

The associated vector fields are

Γ1 =
∂

∂t
, Γ2 =

∂

∂φ
, Γ3 = −2

∂

∂µ
+ φ

∂

∂φ
, Γ4 = ρ

∂

∂ρ
+ t

∂

∂t
+ 2

∂

∂µ

The commutator of these four vector fields is another first order operator given by
the following relations

[Γ1,Γ4] = −[Γ4,Γ1] = V1, [Γ2,Γ3] = −[Γ3,Γ2] = Γ2

and [Γi,Γj] = 0 ∀i, j

The adjoint action is given by the Lie series

Ad(exp(εΓ1)Γ4) = Γ4 − εΓ1, Ad(exp(εΓ2)Γ3) = Γ3 − εΓ2,

Ad(exp(εΓ3)Γ2) = Γ2e
ε, Ad(exp(εΓ4)Γ1) = Γ1e

ε

and Ad(exp(εΓi)Γj) = Γj ∀i, j

Firstly, an optimal system is constructed and then embarked upon the various

reductions associated with generators in the optimal system. A general element

Γ = a1Γ1 + a+ 2Γ2 + a3Γ3 + a4Γ4 of symmetry algebra is considered and then sub-

ject it to various adjoint transformations to simplify it as much as possible (refer to

[112]). The optimal system described by Ovsiannikov [112] consists of the following

four basic vector fields:

{(i) Γ1, (ii) Γ2 + αΓ1, (iii) Γ3 + βΓ1, (iv) Γ4 + γΓ3}
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The similarity variables and forms can be obtained by solving characteristic equa-

tions:

dρ

ξ
=
dt

τ
=
dµ

η1
=
dφ

η2
. (5.3.5)

The general solution of these equations involves three variables; one becomes the

new independent variable ζ and the other two, say F and G, play the role of new

dependent variable.

5.4 Exact Solutions of Einstein-Maxwell Equations

with Pure Magnetic Fields

Generator (i)

Using the generator Γ1 in the optimal system, the similarity variable and similarity

solution are:

ζ = ρ, µ(ρ, t) = F (ζ), φ(ρ, t) = G(ζ).

Using these substitutions in system (5.2.1) − (5.2.2), the reduced system of ODEs

is:

F ′′(ζ) +
F ′(ζ)

ζ
− eF (ζ)G′(ζ)2

ζ2
= 0, (5.4.1)

and

G′′(ζ)− G′(ζ)

ζ
+ F ′(ζ)G′(ζ) = 0. (5.4.2)

On solving this above system of ODEs, the solution is given follows:

F (ζ) = log(ζ) + log(2)− log

 ec1

c2
2 cosh

(
log(ζ)−c3

c2

)2

ζ

+ c1, (5.4.3)

and

G(ζ) =
sinh

(
log(ζ)−c3

2c2

)
ec1c2 cosh

(
log(ζ)−c3

2c2

) + c4. (5.4.4)
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Now, solution of the system (5.2.1)-(5.2.2) is:

µ(ρ, t) = log(ρ) + log(2)− log

 exp c1

c2
2 cosh

(
log(ρ)−c3

c2

)2

ρ

+ c1, (5.4.5)

and

φ(ρ, t) =
sinh

(
log(ρ)−c3

2c2

)
ec1c2 cosh

(
log(ρ)−c3

2c2

) + c4, (5.4.6)

hence, after substituting the values of µ(ρ, t) and φ(ρ, t) in system (5.2.3)-(5.2.4),

the value of metric function λ(ρ, t) is

λ(ρ, t) = 2 log(ρ)− 2c3 + 4 log

(
cosh

(
log(ρ)− c3

2c2

))
+

1

2

log(ρ)

c2
2

− 1

2

c3

c2
2

. (5.4.7)

Generator (ii)

case-(i): When α = 1

Similarity reductions corresponding to the symmetry generator Γ2 +αΓ1 is obtained

by solving the characteristic equation are µ(ρ, t) = F (ζ) and φ(ρ, t) = G(ζ), ζ = ρ,

where F (ζ) and G(ζ) satisfies the system of ODEs:

F ′′(ζ) +
F ′(ζ)

ζ
− eF (ζ)(G′(ζ)2 − 1)

ζ2
= 0, (5.4.8)

and

G′′(ζ)− G′(ζ)

ζ
+ F ′(ζ)G′(ζ) = 0. (5.4.9)

From above ODE, G′(ζ) is

G′(ζ) = c1e
−F (ζ)ζ. (5.4.10)

Here, it is difficult to solve further the system of ODEs.

case-(ii): When α = −1

As above, system of ODEs can be found, when α = −1.

case-(iii): When α = 0
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The similarity variables, ρ and t are constants. Thus, µ(ρ, t) and φ(ρ, t) are also

constants functions.

Generator (iii)

case-(i): When β = 1

For the generator Γ3 + βΓ1 under consideration, the associated similarity variable

and similarity solutions are obtained as follows:

ζ = ρ, µ(ρ, t) = −2t+ F (ζ), φ(ρ, t) = etG(ζ).

In terms of these invariants the reduced system of ODEs is

F ′′(ζ) +
F ′(ζ)

ζ
− eF (ζ)(G′(ζ)2 −G(ζ)2)

ζ2
= 0, (5.4.11)

and

G′′(ζ) +G(ζ)− G′(ζ)

ζ
+ F ′(ζ)G′(ζ) = 0. (5.4.12)

In this case also, it is difficult to solve further the system of ODEs.

case-(ii): When β = −1

As above, system of ODEs can be found, when β = −1.

case-(iii): When β = 0,

the invariants ρ and t are constants. Thus µ(ρ, t) and φ(ρ, t) are also constants

functions.

Generator (iv)

case-(i): When γ = 1

The associated similarity variable and similarity solutions for the generator Γ4 +γΓ3

are expressed as

ζ = ρ
t
, µ(ρ, t) = F (ζ), φ(ρ, t) = tG(ζ).

Substituting µ(ρ, t) = F (ζ) and φ(ρ, t) = tG(ζ) into system (5.2.1)-(5.2.2), the
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corresponding system of ODEs is

F ′′(ζ)(1− ζ2) +
F ′(ζ)

ζ
(1− 2ζ2)− eF (ζ)(G′(ζ)2(1− ζ2)−G(ζ)2 + 2ζG(ζ)G′(ζ))

ζ2
= 0,

(5.4.13)

and

G′′(ζ)(1− ζ2)− G′(ζ)

ζ
+ F ′(ζ)G′(ζ)(1− ζ2) + ζF ′(ζ)G(ζ) = 0. (5.4.14)

Here, it is difficult to solve further the system of ODEs.

case-(ii): When γ = −1

As above, system of ODEs can be found, when γ = −1.

case-(iii): When γ = 0

Similarly, from the equation (5.3.5), the invariants are

ζ = ρ
t
, µ(ρ, t) = log(t2F (ζ)), φ(ρ, t) = G(ζ).

Then the corresponding reductions are

F ′′(ζ)(1− ζ2) +
F ′(ζ)

ζ
(1− 2ζ2)− F

′(ζ)2

F (ζ)
(1− ζ2)− F (ζ)2G′(ζ)2

ζ2
(1− ζ2) + 2F (ζ) = 0,

(5.4.15)

and

G′′(ζ)(1− ζ2)− G′(ζ)

ζ
+
F ′(ζ)G′(ζ)

F (ζ)
(1− ζ2) = 0. (5.4.16)

Solution of this system of ODEs gives,

F (ζ) =
1

2
c2

1, (5.4.17)

and

G(ζ) = ± 2(ζ2 − 1)√
1− ζ2c1

+ c2. (5.4.18)

Now, the solution of the system (5.2.1)-(5.2.2) is given as below:

µ(ρ, t) = log

(
t2c2

1

2

)
, (5.4.19)
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and

φ(ρ, t) = ±
2
((

x
t

)2 − 1
)

√
1−

(
x
t

)2
c1

+ c2. (5.4.20)

Substituting values of µ(ρ, t) and φ(ρ, t) in system (5.2.3)-(5.2.4), value of λ(ρ, t) is

λ(ρ, t) = −2 log(ρ2 − t2) + 4 log(t)− 2 log(−ρ+ t)− 2 log(ρ+ t). (5.4.21)

5.5 Pure Electric Fields

In this section for pure magnetic fields, i.e., when φ = 0, the above system reduces

to the following system of nonlinear PDEs:

µρρ − µtt +
µρ
ρ

+ e−µ(ψ2
ρ − ψ2

t ) = 0, (5.5.1)

ψρρ − ψtt +
ψρ
ρ
− µρψρ + µtφt = 0, (5.5.2)

λρ =
ρ

2
(µ2

ρ + µ2
t ) + ρe−µ(ψ2

ρ + ψ2
t ), (5.5.3)

λt = ρµρµt + 2ρe−µψρψt. (5.5.4)

Proceeding in the same way as mentioned earlier, in this section, Lie symmetries

are found given as

ξ2 = aρ,

τ2 = at+ b,

η3 = 2c,

η4 = cψ + d.

(5.5.5)

where ξ2, τ2, η
3 and η4 are infinitesimals corresponding to x, t, µ and ψ respectively.

The Lie algebra associated with the system of (5.5.1)-(5.5.2) consists of following

four vector fields:

G1 =
∂

∂t
, G2 =

∂

∂ψ
, G3 = 2

∂

∂µ
+ φ

∂

∂ψ
, G4 = ρ

∂

∂ρ
+ t

∂

∂t
.
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The optimal system described by Olver [111] consists of the following four basic

vector fields:

〈G1, G2 + α2G1, G3 + β2G2, V4 + γ2G3,〉

where α2, β2 and γ2 are arbitrary constants.

The similarity variables and forms can be obtained by solving characteristic equa-

tions (5.3.5). The general solution of these equations involves three variables; one

becomes the new independent variable ζ and the other two, say F and G, play the

role of new dependent variable. On substituting these solutions of (5.3.5) in system

(5.5.1)-(5.5.2), the reduced ODEs are obtained.

Generator (i)

For the generator G1, the associated equations are dρ
0

= dt
1

= dψ
0

, which generates

the invariants ζ = ρ, µ(ρ, t) = F (ζ), ψ(ρ, t) = G(ζ).

The reduction correspond to case above to ODEs listed as follows:

F ′′(ζ) +
F ′(ζ)

ζ
+ e−F (ζ)G′(ζ)

2
= 0, (5.5.6)

and

G′′(ζ) +
G′(ζ)

ζ
− F ′(ζ)G′(ζ) = 0. (5.5.7)

On solving this above system of ODEs, the solution is given follows:

F (ζ) = log(ζ)− log(2) + log

(
c2

cosh (
√
ec1c2(log(ζ)− c3)e−c1)

2
ζ

)
+ c1, (5.5.8)

and

G(ζ) =
c2e

c1 sinh
(√

ec1c2(log(ζ)−c3)
2ec1

)
√
ec1c2 cosh

(√
ec1c2(log(ζ)−c3)

2ec1

) + c4. (5.5.9)

Now, solution of the system (5.5.1)-(5.5.2) is:

µ(ρ, t) = log(ρ)− log(2) + log

(
c2

cosh (
√
ec1c2(log(ρ)− c3)e−c1)

2
ρ

)
+ c1, (5.5.10)
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and

ψ(ρ, t) =
c2e

c1 sinh
(√

ec1c2(log(ρ)−c3)
2ec1

)
√
ec1c2 cosh

(√
ec1c2(log(ρ)−c3)

2ec1

) + c4, (5.5.11)

now, after substituting the values of µ(ρ, t) and ψ(ρ, t) in system (5.5.3)-(5.5.4), the

value of metric function λ(ρ, t) is

λ(ρ, t) =
1

2
c1e
−c1 log(ρ). (5.5.12)

Generator (ii)

case-(i): When α2 = 1

Also the characteristic equation corresponding to the generator G2 + α2G1 is dρ
0

=

dt
1

= dψ
α2

, which give rise to the following functional forms

ζ = ρ, µ(ρ, t) = F (ζ), ψ(ρ, t) = t+G(ζ).

Substituting these similarity solutions into system (5.5.1)-(5.5.2), the resulting sys-

tem of ODEs to determine F (ζ) and G(ζ) is as follows:

F ′′(ζ) +
F ′(ζ)

ζ
+ e−F (ζ)(G′(ζ)

2 − 1) = 0, (5.5.13)

and

G′′(ζ) +
G′(ζ)

ζ
− F ′(ζ)G′(ζ) = 0. (5.5.14)

Solution of above ODE yields,

G′(ζ) = c1
eF (ζ)

ζ
. (5.5.15)

Here, it is difficult to solve further the system of ODEs.

case-(ii): When α2 = −1

As above, system of ODEs can be found, when α2 = −1.

case-(iii): When α2 = 0

We have ρ and t are constants. Thus µ(ρ, t) and ψ(ρ, t) are also constants functions.
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Generator (iii)

case-(i): When β2 = 1

The generator G3 + β2G2 yields the invariants

ζ = ρ
t

and µ(ρ, t) = F (ζ), ψ(ρ, t) = log tG(ζ).

Substituting these variables into (5.5.1)-(5.5.2) to determine system of ODEs:

F ′′(ζ)(1− ζ2) +
F ′(ζ)

ζ
(1− 2ζ2) + e−F (ζ)

(
G′(ζ)2

G(ζ)2 (1− ζ2)− 1 +
2ζG′(ζ)

G(ζ)

)
= 0,

(5.5.16)

and

G′′(ζ)(1− ζ2) +G(ζ) + G′(ζ)
ζ

(1− 2ζ2)− F ′(ζ)G′(ζ)(1− ζ2)− G′(ζ)2

G(ζ)
(1− ζ2)

−ζG(ζ)F ′(ζ) = 0.

(5.5.17)

In this case also, it is difficult to solve further the system of ODEs.

case-(ii): When β2 = −1

As above, system of ODEs can be derived, when β2 = −1.

case-(iii): When β2 = 0

The invariants associated with the symmetry operator Γ3 are obtained as follows:

ζ = ρ
t
,µ(ρ, t) = F (ζ),φ(ρ, t) = G(ζ).

By using these similarity variable and similarity solution in system (6.53)− (6.54),

the reduced system of ODEs is as follows:

F ′′(ζ)(1− ζ2) +
F ′(ζ)

ζ
(1− 2ζ2) + e−F (ζ)G′(ζ)

2
(1− ζ2) = 0, (5.5.18)

and

G′′(ζ)(1− ζ2) +
G′(ζ)

ζ
− F ′(ζ)G′(ζ)

F (ζ)
(1− ζ2) = 0. (5.5.19)
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Solution of system of these ODEs is,

F (ζ) = 1
2

log(ζ − 1) + log(ζ) + 1
2

log(ζ + 1)

+ log

 c2

ζ
√
ζ−1
√
ζ+1

cosh


√
ec1c2 arctan

(
1√

(ζ2−1)

)
ec1

+

√
ec1c2c3
ec1

+1



+ c1,
(5.5.20)

and

G′(ζ) =

∫
c2

ζ
√
ζ − 1

√
ζ + 1

(
cosh

(√
ec1c2 arctan

(
1√

(ζ2−1)

)
ec1

+
√
ec1c2c3
ec1

)
+ 1

)dζ + c1,

(5.5.21)

Generator (iv)

case-(i): When γ2 = 1

By doing same to generator G4 + γ2G3, the invariant is ζ = ρ
t

then the similarity

solutions are

µ(ρ, t) = log(t2F (ζ)), ψ(ρ, t) = tG(ζ),

and these similarity solutions satisfies the ODEs:

F ′′(ζ)(1− ζ2) + F ′(ζ)
ζ

(1− 2ζ2) + F ′(ζ)2

F (ζ)
(1− ζ2) +G′(ζ)2(1− ζ2)

+2F (ζ)−G(ζ)2 + 2ζG(ζ)G′(ζ) = 0,
(5.5.22)

and

G′′(ζ)(1− ζ2) +
G′(ζ)

ζ
− F ′(ζ)G′(ζ)

F (ζ)
(1− ζ2) + 2G(ζ)− 2ζG′(ζ)− ζF ′(ζ)G(ζ) = 0.

(5.5.23)

Here, it is difficult to solve further the system of ODEs.

case-(ii): When γ2 = −1

As above, system of ODEs can be obtained, when γ = −1.

case-(iii): When γ2 = 0

The similarity variables ρ and t are constants. Thus µ(ρ, t) and ψ(ρ, t) are also

constants functions.
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5.6 Discussion and Concluding Remarks

In order to completely describe the pure magnetic fields and pure electric fields in

general relativity, we need to find corresponding exact solutions. A system of non-

linear PDEs derived from non static Einstein and Rosen metric has been studied for

deriving the exact solutions. The Lie classical method, is used to obtain symmetries

of Einstein field equations and utilized these symmetries for obtaining basic vector

fields which are helpful in the reduction of system of PDEs to system of ODEs.

After that by solving the reduced ODEs exact analytic solutions are obtained.



Chapter 6

EINSTEIN VACUUM EQUATIONS FOR

AXIALLY SYMMETRIC GRAVITATIONAL

FIELDS
1

6.1 Introduction

Einstein field equations are at the core of General Relativity and hence their exact

solutions play very important role in the discussion of this theory. In literature,

exact solutions of Einstein field equations have been found by many researchers by

using group-theoretic techniques, some important contributions are Ali [6], Asghar

et al. [7], Attalaha et al. [8], Bhutani and Singh [10], Bhutani et al. [11] Stephani et

al. [150] and Wilshire [173]. In this chapter, the main focus is on the exact solutions

of system of nonlinear PDEs derived from Einstein vacuum field equations in general

relativity.

In chapter 6, system of Einstein vacuum field equations has been analyzed using

the Lie Classical Method. In Section 2, a system of PDEs from Weyl metric by

using relation between Einstein tensor and metric tensor is derived. In section 3,

the symmetries in the generalized form are derived, which are then used to obtain

associated Lie algebra of vector fields. Exact solutions of system of PDEs has also

1The contents of this chapter are published in the International Journal of Mathematical and
Computational Sciences 6 (2012) 104-107.
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been obtained in this section. In section 4, conclusions are drawn.

6.2 Basic Field Equations

For axially symmetric vacuum static gravitational fields, the line element reduces to

the Weyl [171] metric :

ds2 =
1

f
[e2γ(dρ2 + dz2) + ρ2dφ2]− fdt2. (6.2.1)

Here ρ, φ, z and t are the canonical Weyl coordinates and time respectively; f(ρ, z)

and γ(ρ, z) are two unknown functions to be determined from the field equations.

For this metric the field equations take the form

Gik = 0, (6.2.2)

where Gik is the Einstein tensor related to the Ricci tensor Rik and the curvature

scalar R by the relation

Gik = Rik −
1

2
gikR. (6.2.3)

To calculate the Ricci tensor and the curvature scalar, one should use the formulae

Rik = −∂Γlik
∂xl

+
∂Γlil
∂xk
− ΓllmΓmik + Γmil Γ

l
km,

R = Rikg
ik,

(6.2.4)

where the Christoffel symbols Γikl can be obtained from the relations:

Γikl =
1

2
gim(

∂gmk
∂xl

+
∂gml
∂xk

− ∂gkl
∂xm

), (6.2.5)

where Γikl are Christoffel symbols of second kind.

From equation (6.2.3), the Einstein equations for an axially symmetric gravitational

field outside the sources are derived:

f∆f = (
−→
∇f)2, (6.2.6)
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4∂γ
∂ρ

= ρ 1
f2

[
(
∂f
∂ρ

)2

+
(
∂f
∂z

)2
],

2∂γ
∂z

= ρ 1
f2

∂f
∂ρ

∂f
∂z
,

(6.2.7)

∂2γ

∂ρ2
+
∂2γ

∂z2
= −1

4

1

f 2
(
−→
∇f)2, (6.2.8)

The operator ∆ and
−→
∇ are defined by the formulae

∆ ≡ ∂2

∂ρ2
+ 1

ρ
∂
∂ρ

+ ∂2

∂z2
,

−→
∇ ≡ −→ρ 0

∂
∂ρ

+−→z 0
∂
∂z
,

(6.2.9)

where −→ρ 0 and −→z 0 being the unit vectors, they are similar to the ordinary Laplacian

and gradient operators for flat space expressed in cylindrical coordinates provided

that there is no angular coordinate dependence. Among the field equations (6.2.6)-

(6.2.9), equation (6.2.6) is independent, whereas (6.2.8) is a consequence of both

equations in (6.2.7).

Solutions of (6.2.6)-(6.2.8) define the Weyl class. With the substitution

f = e2ψ, (6.2.10)

equation (6.2.6) becomes

∆ψ ≡ ∂2ψ

∂ρ2
+

1

ρ

∂ψ

∂ρ
+
∂2ψ

∂z2
= 0. (6.2.11)

Equations (6.2.7) can be rewritten in the form

γ(ρ, z) =

∫
ρ

((
∂ψ

∂ρ

)2

+

(
∂ψ

∂z

)2
)
dρ+

∫
2ρ
∂ψ

∂ρ

∂ψ

∂z
dz, (6.2.12)

To determine the symmetry group and exact solutions for the pde (6.2.11), Lie clas-

sical method is utilized in next section. By utilizing this method, the basic fields of

the optimal system which lead to the reductions are obtained. For each vector field,

some exact solutions are examined for the system.
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6.3 Group Invariant Solutions

To apply the classical method to equation (6.2.11), the one-parameter Lie group of

infinitesimal transformations in (ρ, z, ψ) is considered. The associated Lie algebra

of infinitesimal symmetries is the corresponding set of vector fields of the form

X = ξ(ρ, z, ψ)
∂

∂ρ
+ τ(ρ, z, ψ)

∂

∂z
+ φ(ρ, z, ψ)

∂

∂ψ
. (6.3.1)

Then, it is required that this transformation leave the set of solutions of PDE (6.2.11)

invariant. This yields an over determined linear system of equations for the infinites-

imals ξ(ρ, z, ψ), τ(ρ, z, ψ) and φ(ρ, z, ψ). After the infinitesimals are determined, the

symmetry variables are found by solving the invariant-surface conditions

Φ ≡ ξ
∂ψ

∂ρ
+ τ

∂ψ

∂z
− φ = 0. (6.3.2)

Applying the classical method to pde (6.2.11) yields a system of equations that leads

to a four-parameter Lie group. Associated with this Lie group, a Lie algebra that

can be represented by the generators is given as

V1 = ∂
∂z
,

V2 = ρ ∂
∂ρ

+ z ∂
z
,

V3 = ψ ∂
∂ψ
,

V4 = zρ ∂
∂ρ

+ (ρ2+z2)
2

∂
∂z
− zψ

2
.

(6.3.3)

The commutation relations between these generators is

[V1, V2] = −[V2, V1] = V1, [V1, V3] = −[V3, V1] = 0, [V1, V4] = −[V4, V1] = V2,

[V2, V3] = −[V3, V2] = V2, [V2, V4] = −[V4, V2] = V4, [V3, V4] = −[V4, V3] = 0.

The Adjoint table of these commutation relations is given by Table (6.1)
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Adjoint Table (6.1)

Ad V1 V2 V3 V4

V1 V1 V2 − εV1 V3 V4 − εV2 + ε2

2
V1

V2 V1e
ε V2 V3 V4e

−ε

V3 V1 V2 V3 V4

V4 V1 + εV2 − ε2

2
V4 V2 + εV4 V3 V4

To find nonequivalent branches of solutions, the one-dimensional optimal system of

subalgebras is constructed. The corresponding generators of the optimal system of

subalgebras are

〈V1〉, 〈V2〉, 〈V3 + αV2〉, 〈V4 + βV2 + δV1〉,

where α, β and δ are arbitrary constants.

The symmetry variables corresponding to each case are found by solving the auxil-

iary equation

dρ

ξ
=
dz

τ
=
dψ

φ
. (6.3.4)

Next, similarity variables and similarity solutions for all the four essential vector

fields with optimal system are derived. The reduction of equation (6.2.11) into

ODEs are obtained corresponds to each vector field in the optimal system. Some

exact solutions of these ODEs and system (6.2.11)-(6.2.12) are also obtained.

(i) L1 = {V1} = { ∂
∂ρ
}

The reduced equation for the similarity variables

ζ = ρ, ψ(ρ, z) = F (ζ) and subalgebra L1 = V1 is

F ′′(ζ) +
F ′(ζ)

ζ
= 0, (6.3.5)

On solving this ODE, F (ζ) is

F (ζ) = c1 + c2 log(ζ). (6.3.6)
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Thus the solution of PDE (6.2.11) is

ψ(ρ, z) = c1 + c2 log(ρ) (6.3.7)

and after substituting value of ψ in (6.2.12), we have the metric function γ as

γ(ρ, z) = c2
2 log(ρ), (6.3.8)

also the metric function f(ρ, z), from (6.2.10) is

f(ρ, z) = e(2c1+c2 log(ρ)) (6.3.9)

where c1 and c2 are arbitrary constants.

(ii) L2 = {V2} = { ∂
∂ρ

+ ∂
∂z
}

The reduced equation for the similarity variables

ζ = ρ
z
, ψ(ρ, z) = F (ζ) and subalgebra L2 = V2 is

F ′′(ζ) +
F ′(ζ)

ζ
− ζ2F ′′(ζ)− 2ζF ′(ζ) = 0, (6.3.10)

solution of this ODE is

F (ζ) = c1 + c2arctan

(
1√
−1 + ζ2

)
(6.3.11)

and solution of system (6.2.11)and (6.2.12) is

ψ(ρ, z) = c1 + c2arctan

 1√
−1 +

(
ρ
z

)2

 (6.3.12)

γ(ρ, z) = c2
2((log(ρ+ z)− log(ρ))

+c2
2 (log(ρ− z) + log((z − ρ)(z + ρ))) .

(6.3.13)

and the metric function f(ρ, z) is

f(ρ, z) = e

(
2c1+c2arctan

(
1√

−1+( ρz )2

))
(6.3.14)
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Figure 6.1: Behavior of Solution
of (6.3.13) for constants c1 =
C2 = 1

Figure 6.2: Behavior of Solution
of (6.3.14) for constants c1 =
C2 = 1

where c1, c2 and c3 are arbitrary constants. The behavior of solutions (6.3.13) and

(6.3.14) are represented by Fig1. and Fig2. respectively.

(iii) L2,3(α) = {V3 + αV2} = {ψ ∂
∂ψ

+ α( ∂
∂ρ

+ ∂
∂z

)}

The reduced ODE of PDE (6.2.11) for the subalgebra L2,3(α) is

F ′′(ζ) +
F ′(ζ)

ζ
− F

α2
+
F

α
+

2F (ζ)F ′(ζ)

α
− ζ2F ′′(ζ)− 2ζF ′(ζ) = 0, (6.3.15)

by solving above ODE, we get

F (ζ) = c1

((
− 1

2α
, 1

2
(α−1)
α

)
,
[

1
2
−2+α
α

]
,−ζ2 + 1

)
+c2(ζ2 − 1)

α+2
2α

([
1+2α

2α
, 1+α

2α

]
,
[

1
2

3α+2
α

]
,−ζ2 + 1

)
,

(6.3.16)

where c1 and c2 are arbitrary constants and is hypergeometric function.

Thus, the solution of equation (6.2.11) is

ψ(ρ, z) = c1

([
− 1

2α
, 1

2
(α−1)
α

]
,
[

1
2
−2+α
α

]
,−(ρ

z
)2 + 1

)
+c2((ρ

z
)2 − 1)

α+2
2α

([
1+2α

2α
, 1+α

2α

]
,
[

1
2

3α+2
α

]
,−(ρ

z
)2 + 1

)
,

(6.3.17)

solution of equation (6.2.12) will be in the form of integration and the metric function

f(ρ, z) is as follows

f(ρ, z) = e2ψ, (6.3.18)
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where ψ is given by (6.3.17) and c1 and c2 are constants of integration.

(iv) L4,3,2(β, δ) = {V4 + βV3 + δV2} = {(zρ+ δρ) ∂
∂ρ

+
(
δz + (ρ2+z2)

2

)
∂
∂z

+
(
βψ + −z

2

)
∂
ψ
}

Corresponding to this subalgebra reduction is not possible.

6.4 Conclusion

In order to completely describe the gravitational field of a body, one must know

the corresponding exact solutions. In this chapter, first a system of PDEs from

Weyl metric is derived by using Einstein tensor. After that by applying Lie classical

approach, the symmetries of Einstein vacuum equations are investigated and utilized

these symmetries for obtaining group infinitesimals which are helpful in the reduction

of PDE to ODE. Corresponding to these ODEs, some exact solutions are obtained

that might be physically important in future work.



Chapter 7

GENERALIZED FIFTH ORDER

VARIABLE COEFFICIENT KdV

EQUATION
1

7.1 Introduction

In this chapter, the generalized fifth order KdV equation with time dependent vari-

able coefficient t is studied

ut + α(t)u2ux + β(t)uxuxx + γ(t)uuxxx + δ(t)uxxxxx = 0, (7.1.1)

where u is function of x and t. The generalized fifth-order KdV (fKdV) equation is

a model equation for plasma waves, capillary-gravity water waves, and other disper-

sive phenomena when the cubic KdV-type dispersion is weak. The fKdV equation

(7.1.1) describes the motion of long waves in shallow water under gravity and in

one-dimensional nonlinear lattice. The nonlinear fifth-order KdV (7.1.1) is one of

the important mathematical model with wide range of applications in quantum me-

chanics. Li et al. [84], studied the generalized fifth-order KdV model equation with

constant coefficients and obtained solitary wave and soliton solutions. Wazwaz [168],

found soliton solutions for several forms of fifth-order KdV with constant coefficients

1The contents of this chapter are communicated in Journal of Differential Equations .
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by using tanh method. Wazwaz [169], derived soliton solutions of variable coeffi-

cients fifth order KdV by using wave ansätz method.

The physical phenomena in which many nonlinear integrable equations with con-

stant coefficients arise tend to highly idealized. Therefore, equations with variable

coefficients may provide various models for real physical phenomena, such as, in the

propagation of small-amplitude surface waves, which runs on straits or large chan-

nels of slowly varying depth variable coefficients of nonlinear integrable evolution

equations. As there are choices for parameters, the variable-coefficient nonlinear

equations can be considered as generalization of the constant coefficients equations.

The nonlinear wave equations with variable-coefficients are more realistic in various

physical situations than their constant coefficients, since in realistic physical sys-

tems, no medium is homogenous due to the existence of inhomogeneities and non

uniformities of boundaries. Here, if α(t), β(t), γ(t) are constants and δ(t) = 1, then

the above fifth order evolution equations include well-known Kaup-Kupershmidt

(KK), Lax, Sawada-Kotera (SK), CaudreyDoddGibbon (CDG) and Ito equations.

For example when:

(i) (α, β, γ) are (30, 60, 270) and (20, 40, 120), equation (7.1.1) is fifth order KdV

equation, examined by [81].

(ii) (α, β, γ) are (5, 5, 5) and (−15,−15, 45), equation (7.1.1) is Sawada-Kotera equa-

tion, examined by [137].

(iii) (α, β, γ) are (30, 75, 180) and (10, 25, 20), equation (7.1.1) is Kaup-Kupershmidt

equation, examined by [72,79].

(iv) (α, β, γ) are (30, 20, 10), equation (7.1.1) is Lax equation, examined by [81].

(v) (α, β, γ) are (2, 6, 3), equation (7.1.1) is Ito equation, examined by [65].
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(vi) (α, β, γ) are (180, 30, 30) , equation (7.1.1) is CaudreyDoddGibbon equation,

examined by [24].

For instance, the Lax equation and the SK equation are completely integrable.

These two equations have N-soliton solutions and an infinite set of conserved densi-

ties. Another example is the KK equation which is known to be integrable and has

bilinear representations. A fourth equation in this class is the Ito equation which is

not completely integrable, but has a limited number of special conserved densities.

Obviously, for arbitrary values of the constants α, β and γ the equation (7.1.1) is not

completely integrable, and therefore does not admit soliton solutions, which does

not exclude the existence of solitary wave solutions. Note that with scales on u, x

and t, the equations cannot be transformed into one another; they are fundamen-

tally different.

In this chapter, exact analytic solutions of variable-coefficient generalized fKdV

equation are derived. All the physical parameters in the solutions are evaluated as

functions of varying coefficients. Moreover, by direct integration, it is difficult to

solve fKdV equation with higher degree nonlinear terms with variable coefficients.

Exact solutions of nonlinear evaluation equations are helpful for understanding the

physical behavior of nonlinear phenomena and dynamical process modeled by these

nonlinear models. Although, nonlinear models may posses constant or variable de-

pendent coefficients which provide a rich variety of shape preserving waves and their

interesting properties.

The detailed plan of the chapter is as follows. Section (7.2) is devoted to lie classical

method, symmetries of generalized variable-coefficient fKdV equation and optimal

system of basic vector fields. In Section (7.3), similarity variables and similarity
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solutions are derived and corresponding to these similarity solutions reduced ODEs

and exact solutions have been obtained. Some more exact solutions of nonlinear

equation (7.1.1) are obtained by using (G
′

G
) method in Section (7.4). In Section

(7.5), some conclusions are drawn.

7.2 Lie algebra of VC fKdV Equation

In order to find the Lie point symmetry group of equation (7.1.1), all the possible

invariance of equation (7.1.1) are found under the transformation

{x, t, u} → {x, t, u}+ ε{X,T, U}, (7.2.1)

where X,T and U are functions of x, t and u, and ε is an infinitesimal parameter.

Substituting equation (7.2.1) into equation (7.1.1), expanding it to the first order of

ε and removing the coefficients of the different derivatives of function u, the classical

symmetries of the variable coefficient fifth order KdV equation are obtained. The

final results read

X = k1x+ k2,

T =
∫
k1α(t)dt+k3

α(t)
,

U = 0,

(7.2.2)

and α(t), β(t), γ(t), δ(t) are obtained from following equations:

Tα′(t)− α(t)Xx + α(t)Tt = 0,

Tβ′(t)− 3β(t)Xx + β(t)Tt = 0,

Tγ′(t)− 3γ(t)Xx + γ(t)Tt = 0,

T δ′(t)− 5δ(t)Xx + δ(t)Tt = 0.

(7.2.3)

with arbitrary constants k1, k2 and k3.

Hence, the corresponding vector field can be written as

V = (k1x+ k2)
∂

∂x
+ (

∫
k1α(t)dt+ k3

α(t)
)
∂

∂t
. (7.2.4)



99

Because of the three arbitrary constants in the vector V , three generators of the

related Lie symmetry group of equation (7.1.1) are derived as:

{
X1 =

∂

∂x
,X2 =

1

α(t)

∂

∂t
,X3 = x

∂

∂x
+

∫
α(t)dt

α(t)

∂

∂t

}
.

and β(t), γ(t) and δ(t) are given as:

β(t) = c1(k1

∫
α(t)dt+ k3)2α(t),

γ(t) = c2(k1

∫
α(t)dt+ k3)2α(t),

δ(t) = c3(k1

∫
α(t)dt+ k3)4α(t),

(7.2.5)

where c1, c2 and c3 are arbitrary constants.

The commutation relations of the 3-dimensional Lie algebra spanned by the vector

fields X1, X2 and X3 have the form

[X1, X2] = −[X2, X1] = 0, [X1, X3] = −[X3, X1] = X1, [X2, X3] = −[X3, X2] = X2.

(7.2.6)

The Adjoint Table for the Lie algebra G, determined by X1, X2, X3 are shown in

Table (7.1).

Adjoint Table (7.1)

Ad X1 X2 X3

X1 X1 X2 X3 − εX1

X2 X1 X2 X3 − εX2

X3 X1e
ε X2e

ε X3

Following Ovsiannikov [120], an optimal system of sub algebras with their corre-

sponding generators is derived as follows:

〈X3, X2 +X1, X2 −X1, X2, X1〉

. Because of the symmetry (x; t;u) −→ (−x; t;u), X2 + X1 will map to X2 − X1,

thus in the optimal system, reductions and exact solutions of remaining four essential
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vector fields of the optimal system are examined.

By using these basic vector fields by solving the characteristic equations

dx

ξ1

=
dt

ξ2

=
du

φ
. (7.2.7)

reductions of equation (7.1.1) to ODEs have been obtained in next section.

7.3 Reduced ODEs and Exact Solutions

In the proceeding section, the symmetries for the equation (7.1.1) are derived. Now,

symmetry reductions and exact solutions based on the Lie group analysis method

are obtained.

Vector field (i) X3

For the generator X3, the similarity variables:

ζ = x∫
α(t)dt

, u(x, t) = F (ζ)

and coefficient functions β(t), γ(t) and δ(t), for this vector field are given as:

β(t) = c1

(∫
α(t)dt

)2
α(t),

γ(t) = c2

(∫
α(t)dt

)2
α(t),

δ(t) = c3

(∫
α(t)dt

)4
α(t),

(7.3.1)

with arbitrary constants c1, c2 and c3.

Using these substitutions in equation (7.1.1), the following reduced ODE is obtained:

−ζF ′(ζ) + F (ζ)2F ′(ζ) + c1F
′(ζ)F ′′(ζ) + c2F (ζ)F ′′′(ζ) + c3F

′′′′′(ζ) = 0, (7.3.2)

Next, solution of equation (7.3.2) in the form of power series is evaluated by taking

F (ζ) =
∞∑
n=0

anζ
n. (7.3.3)
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substituting (7.3.3) into (7.3.2) and by comparing coefficients, following coefficients

of power series are evaluated

an+5 = 1
c3(n+1)(n+2)(n+3)(n+4)(n+5)

(
− nan −

n∑
k=0

k∑
j=0

(n+ 1− k)ajak−jan+1−k

−c1

n∑
k=0

(n+ 2− k)(n+ 1− k)(k + 1)ak+1an+2−k − c2

n∑
k=0

(n+ 3− k)

(n+ 2− k)(n+ 1− k)an+3−kak

)
,

(7.3.4)

n = 0, 1, 2, ... . From (7.3.4), all coefficients an, n ≥ 1 of power series (7.3.2) are

obtained

a5 = 1
120c3

(
− a2

0a1 − 2c1a1a2 − 6c2a3a0

)
,

a6 = 1
720c3

(
− a1 − 2

(
a2

0a2 + a0a
2
1

)
− c1

(
6a1a3 + 4a2

2

)
− c2

(
24a4a0 + 6a3a1

))
,

a7 = 1
2520c3

(
− 2a2 −

(
3a2

0a3 + 6a0a1a2 + a3
1

)
− c1

(
12a1a4 + 18a2a3

)
−c2

(
60a5a0 + 24a4a1 + 6a3a2

))
,

(7.3.5)

and so on. Hence, for arbitrary chosen constant numbers a0, a1, a2, a3 and a4 the

other terms of the sequence {an}∞n=0 can be determined successively from (7.3.5) in

a unique manner. This implies that for equation (7.3.2), there exists a power series

solution (7.3.3) with the coefficients given by (7.3.4).

Now, the power series solution of (7.1.1) can be written as

u(x, t) = a0 + a1ζ + a2ζ
2 + a3ζ

3 + a4ζ
4 + 1

120c3

(
− a2

0a1 − 2c1a1a2 − 6c2a3a0

)
ζ5

+
∞∑
n=1

1
c3(n+1)(n+2)(n+3)(n+4)(n+5)

(
− nan −

n∑
k=0

k∑
j=0

(n+ 1− k)ajak−jan+1−k

−c1

n∑
k=0

(n+ 2− k)(n+ 1− k)(k + 1)ak+1an+2−k − c2

n∑
k=0

(n+ 3− k)

(n+ 2− k)(n+ 1− k)an+3−kak

)
ζn+5

(7.3.6)

Hence, the exact power series solution of VC fKdV equation (7.1.1) is
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u(x, t) = a0 + a1

(
x∫
α(t)dt

)
+ a2

(
x∫
α(t)dt

)2
+ a3

(
x∫
α(t)dt

)3
+ a4

(
x∫
α(t)dt

)4

+ 1
120c3

(
− a2

0a1 − 2c1a1a2 − 6c2a3a0

)(
x∫
α(t)dt

)5
+
∞∑
n=1

1
c3(n+1)(n+2)(n+3)(n+4)(n+5)(

− nan −
n∑
k=0

k∑
j=0

(n+ 1− k)ajak−jan+1−k − c1

n∑
k=0

(n+ 2− k)(n+ 1− k)(k + 1)ak+1

an+2−k − c2

n∑
k=0

(n+ 3− k)(n+ 2− k)(n+ 1− k)an+3−kak
)(

x∫
α(t)dt

)n+5
,

(7.3.7)

where a0, a1, a2, a3, a4, c1, c2 and c3 are arbitrary constants.

Vector field (ii) X2 +X1

Similarly, from equation (7.2.7), the invariant ζ = x −
∫
α(t)dt and the functional

form of group invariant solution u(x, t) = F (ζ) are obtained. The coefficient func-

tions for this vector field are
β(t) = c1α(t),

γ(t) = c2α(t),

δ(t) = c3α(t),

(7.3.8)

and F satisfies the ordinary differential equation

−F ′(ζ) + F (ζ)2F ′(ζ) + c1F
′(ζ)F ′′(ζ) + c2F (ζ)F ′′′(ζ) + c3F

′′′′′(ζ) = 0 (7.3.9)

The ordinary differential equation admits the family of solutions

F (ζ) =
24c3c

4
4 + 1

c2
4c1

− 3

2

(24c3c
4
4 + 1) tanh(c5 + c4ζ)2

c2
4c1

, (7.3.10)

where c2 =
64c84c3c

2
1+576c84c

2
3−4c21c

4
4+48c3c44+1

8c1c24(24c3c44+1)

and hence, solution of VC fKdV equation (7.1.1) is

u(x, t) =
24c3c

4
4 + 1

c2
4c1

− 3

2

(24c3c
4
4 + 1) tanh(c5 + c4(x−

∫
α(t)dt))2

c2
4c1

, (7.3.11)

where c2 is given as above and c1, c3, c4 are arbitrary constants.

Vector field (iii) X2

Corresponding to this vector field, only constant solution is obtained.
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Vector field (iv) X1

Similar computation gives similarity variable and similarity solution are as follows:

ζ = x, u(x, t) = F (ζ),

and coefficient functions for vector field X1 are

β(t) = c1α(t),

γ(t) = c2α(t),

δ(t) = c3α(t)

(7.3.12)

Using these substitutions in equation (7.1.1), the reduced form of PDE is:

F (ζ)2F ′(ζ) + c1F
′(ζ)F ′′(ζ) + c2F (ζ)F ′′′(ζ) + c3F

′′′′′(ζ) = 0 (7.3.13)

After solving this ODE, F (ζ) is

F (ζ) = c2
4

(
8c2 −

8

3
c1 + (−12c2 + 4c1) tanh(c3 + c4(ζ))2

)
, (7.3.14)

where c2 = −1
9
c2

1 + 1
3
c1c2.

Hence exact solution of VC fKdV is

u(x, t) = c2
4

(
8c2 −

8

3
c1 + (−12c2 + 4c1) tanh(c3 + c4(x))2

)
, (7.3.15)

where c2 is given as above and c1, c3, c4 are arbitrary constants.

7.4 Some More Exact Solutions of VC fKdV Equa-

tion by
(
G′

G

)
-Expansion Method

In this section, some more exact solutions of VC fKdV equation via generalized(
G′

G

)
-expansion method have been obtained. To study the traveling wave solutions

of equation (7.1.1), a plane wave transformation is considered in the form

u(x, t) = u(ξ), ξ = kx+

∫
τ(t)dt, (7.4.1)
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equation (7.1.1) is carried to an ODE, which takes the following form

τ(t)u(ξ) + kα(t)u(ξ)2u′(ξ) + k3β(t)u′(ξ)u′′(ξ) + k3γ(t)uξu′′′(ξ) + δ(t)u′′′′′(ξ) = 0,

(7.4.2)

where the prime denotes the differential with respect to ξ.

In view of method
(
G′

G

)
, we introduce the ansätz

u(ξ) =
n∑
i=0

ai

(
G′

G

)
, (7.4.3)

where ai are constants to be determined later and G = G(ξ) satisfies

G′′(ξ) + λG′(ξ) + µG(ξ) = 0. (7.4.4)

Considering the homogeneous balance between u(ξ)2u′(ξ) and u′′′′′(ξ) in (7.4.2),

yields n = 2. The solution of equation (7.1.1) can be expressed by

u(ξ) = a0 + a1

(
G′

G

)
+ a2

(
G′

G

)2

, (7.4.5)

where a0, a1 and a2 are constants to be determined. Substituting (7.4.5) with (7.4.4)

into (7.4.2) and by collecting the coefficients of
(
G′

G

)
, a set of algebraic equations

for a0, a1, a2 and τ(t) is obtained. After solving this system with the aid of Maple

package the three sets of solutions are

Case− I

a0 = 2
3
a2µ+ 1

12
a2λ

2, a1 = a2λ,

τ(t) =
k3
(

(576k2µ2+36k2λ4−288k2λ2µ)δ(t)+(16a2µ2+a2λ4−8a2λ2µ)β(t)
)

24

α(t) = −6k2(60δ(t)k2+β(t)a2+2a2γ(t))

a22
.

(7.4.6)

Case− II

a1 = a2λ, α(t) = −6k2γ(t)
a2

, β(t) = −60k2δ(t)+a2γ(t)
a2

τ(t) = −k3
(
(k2λ4a2 + 16k2a2µ

2 − 8k2a2λ
2µ)δ(t) +

(
− 2a2

2µ
2 − 6a2

0 + a0a2λ
2

−a2
2λ

2µ+ 8a0a2µ
)
γ(t)

)
.

(7.4.7)
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Case− III

a0 = 1
12
a2(8µ+ λ2), a1 = a2λ, α(t) = 3k2(48k2δ(t)−a2γ(t))

a22
,

τ(t) = −k3((512k2µ2+32k2λ4−256k2λ2µ)δ(t)+(16a2µ2+a2λ4−8a2λ2µ)γ(t))
16

,

β(t) = −3
2

56k2δ(t)+a2γ(t)
a2

.

(7.4.8)

From Case-I and equations (7.4.6) and (7.4.4), the following solutions of equation

(7.1.1), are as follows.

When λ2 − 4µ > 0, solutions are obtained,

u11(ξ) = 2
3
a2µ+ 1

12
a2λ

2 + a2λ

(
−λ

2
+

√
λ2−4µ

2

C1 sinh 1
2

(
√
λ2−4µξ)+C2 cosh 1

2
(
√
λ2−4µξ)

C1 cosh 1
2

(
√
λ2−4µξ)+C2 sinh 1

2
(
√
λ2−4µξ)

)
+a2

(
−λ

2
+

√
λ2−4µ

2

C1 sinh 1
2

(
√
λ2−4µξ)+C2 cosh 1

2
(
√
λ2−4µξ)

C1 cosh 1
2

(
√
λ2−4µξ)+C2 sinh 1

2
(
√
λ2−4µξ)

)2

,

(7.4.9)

when λ2 − 4µ < 0, the solutions are,

u12(ξ) = 2
3
a2µ+ 1

12
a2λ

2 + a2λ

(
−λ

2
+

√
−λ2+4µ

2

−C1 sin 1
2

(
√
−λ2+4µξ)+C2 cos 1

2
(
√
−λ2+4µξ)

C1 cos 1
2

(
√
−λ2+4µξ)+C2 sin 1

2
(
√
−λ2+4µξ)

)
+a2

(
−λ

2
+

√
−λ2+4µ

2

−C1 sin 1
2

(
√
−λ2+4µξ)+C2 cos 1

2
(
√
−λ2+4µξ)

C1 cos 1
2

(
√
−λ2+4µξ)+C2 sin 1

2
(
√
−λ2+4µξ)

)2

,

(7.4.10)

when λ2 − 4µ = 0, the solutions are given as,

u13(ξ) = 2
3
a2µ+ 1

12
a2λ

2 + a2λ
(
−λ

2
+ C2

C1+C2ξ

)
+ a2

(
−λ

2
+ C2

C1+C2ξ

)2

, (7.4.11)

where

ξ = kx

+ 1
24

(
k3(576k2µ2 + 36k2λ4 − 288k2λ2µ)

∫
δ(t)dt+ (16a2µ

2 + a2λ
4 − 8a2λ

2µ)
∫
β(t)dt

)
.

Next, from Case-II and equations (7.4.7) and (7.4.4), the corresponding solutions of

equation (7.1.1), are as follows.

When λ2 − 4µ > 0, the solutions are in the form,
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u21(ξ) = a0 + a2λ

(
−λ

2
+

√
λ2−4µ

2

C1 sinh 1
2

(
√
λ2−4µξ)+C2 cosh 1

2
(
√
λ2−4µξ)

C1 cosh 1
2

(
√
λ2−4µξ)+C2 sinh 1

2
(
√
λ2−4µξ)

)
+a2

(
−λ

2
+

√
λ2−4µ

2

C1 sinh 1
2

(
√
λ2−4µξ)+C2 cosh 1

2
(
√
λ2−4µξ)

C1 cosh 1
2

(
√
λ2−4µξ)+C2 sinh 1

2
(
√
λ2−4µξ)

)2

,

(7.4.12)

when λ2 − 4µ < 0, the solutions become in the following form,

u22(ξ) = a0 + a2λ

(
−λ

2
+

√
−λ2+4µ

2

−C1 sin 1
2

(
√
−λ2+4µξ)+C2 cos 1

2
(
√
−λ2+4µξ)

C1 cos 1
2

(
√
−λ2+4µξ)+C2 sin 1

2
(
√
−λ2+4µξ)

)
+a2

(
−λ

2
+

√
−λ2+4µ

2

−C1 sin 1
2

(
√
−λ2+4µξ)+C2 cos 1

2
(
√
−λ2+4µξ)

C1 cos 1
2

(
√
−λ2+4µξ)+C2 sin 1

2
(
√
−λ2+4µξ)

)2

,

(7.4.13)

when λ2 − 4µ = 0, the solutions are,

u23(ξ) = a0 + a2λ
(
−λ

2
+ C2

C1+C2ξ

)
+ a2

(
−λ

2
+ C2

C1+C2ξ

)2

, (7.4.14)

where ξ = kx− (m(x, t) + n(x, t)) and

m(x, t) = k3(k2λ4a2 + 16k2µ2a2 − 8k2λ2µa2)
∫
δ(t)dt

n(x, t) = (−2a2
2µ2 − 6a0

2 + a0a2λ
2 − a2

2λ2µ+ 8a0a2µ)
∫
γ(t)dt.

Now, from Case-III and equations (7.4.8) and (7.4.4), the following solutions of

equation (7.1.1), are:

When λ2 − 4µ > 0, following solutions are derived,

u31(ξ) = 1
2
a2(8µ+ λ2) + a2λ

(
−λ

2
+

√
λ2−4µ

2

C1 sinh 1
2

(
√
λ2−4µξ)+C2 cosh 1

2
(
√
λ2−4µξ)

C1 cosh 1
2

(
√
λ2−4µξ)+C2 sinh 1

2
(
√
λ2−4µξ)

)
+a2

(
−λ

2
+

√
λ2−4µ

2

C1 sinh 1
2

(
√
λ2−4µξ)+C2 cosh 1

2
(
√
λ2−4µξ)

C1 cosh 1
2

(
√
λ2−4µξ)+C2 sinh 1

2
(
√
λ2−4µξ)

)2

,

(7.4.15)

when λ2 − 4µ < 0, obtained solutions are,

u22(ξ) = 1
2
a2(8µ+ λ2) + a2λ

(
−λ

2
+

√
−λ2+4µ

2

−C1 sin 1
2

(
√
−λ2+4µξ)+C2 cos 1

2
(
√
−λ2+4µξ)

C1 cos 1
2

(
√
−λ2+4µξ)+C2 sin 1

2
(
√
−λ2+4µξ)

)
+a2

(
−λ

2
+

√
−λ2+4µ

2

−C1 sin 1
2

(
√
−λ2+4µξ)+C2 cos 1

2
(
√
−λ2+4µξ)

C1 cos 1
2

(
√
−λ2+4µξ)+C2 sin 1

2
(
√
−λ2+4µξ)

)2

,

(7.4.16)
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when λ2 − 4µ = 0, solutions are as follows,

u23(ξ) = 1
2
a2(8µ+ λ2) + a2λ

(
−λ

2
+ C2

C1+C2ξ

)
+ a2

(
−λ

2
+ C2

C1+C2ξ

)2

, (7.4.17)

where

ξ = kx+ 1
16

−
(
k3(512k2µ2 + 32k2λ4 − 256k2λ2µ)

∫
δ(t)dt+ (16a2µ

2 + a2λ
4 − 8a2λ

2µ)
∫
γ(t)dt

)
.

7.5 Summary and Conclusion

In this chapter, VC fKdV equation is considered by using Lie symmetry analysis

method. Similarity reductions and exact solutions based on the Lie group method

are obtained by generating the group infinitesimals. Especially, all the similarity

reductions and exact solutions are given for the first time in this chapter. The

group invariant solutions to the reduced ODEs of VC fKdV are considered based on

optimal system. These similarity solutions possess significant features in physical

systems and cannot be derived from the method of dynamical systems.

Remark 1: As the nonlinear system (7.1.1) describes, physically important nonlin-

ear equations (Kaup-Kupershmidt (KK), Lax, Sawada-Kotera (SK), CaudreyDod-

dGibbon (CDG) and Ito equations), so the similarity solutions of these equations

can be obtained by substituting particular values of α, β, γ and δ.

Remark 2: Exact explicit solutions of highly nonlinear VC fKdV by using general-

ized
(
G′

G

)
-expansion method are evaluated. These solutions are expressed in terms

of the hyperbolic functions, trigonometric functions and rational functions. Here,

new exact solutions are found that might be useful for applications in mathematical

physics and applied mathematics.





Chapter 8

NANO-IONIC CURRENTS ALONG MTs
IN BIOSCIENCES

1

8.1 Introduction

Microtubules (MTs) are important cytoskeleton structures, engaged in a num-

ber of specific cellular activities, including vesicular traffic, cell cyto-architecture and

mobility, cell division and information processing within neuronal process. MTs have

also been implicated in higher neuronal functions, including memory and emergence

of “consciousness”.

Recently, Wang et al. [166] proposed a new method called the
(
G′

G

)
-expansion

method to construct traveling wave solutions for NLPDEs. The method is based on

the homogeneous balance principle and linear ordinary differential equation (LODE)

theory. In this work, the modified
(
G′

G

)
-expansion method is used to derive new trav-

eling wave solutions of nonlinear partial differential equations of nano-ionic currents

along MTs in biosciences.

The chapter is organized as follows. In section (8.2) and section (8.3), by utiliz-

ing the
(
G′

G

)
-expansion method to new equations of biosciences, the exact solutions

are obtained. In section (8.4), discussion and concluding remarks are recorded.

1The contents of this chapter are communicated in PRAMANA-Journal of Physics .
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8.2 New Solutions of Equation of Nano-Ionic Cur-

rents Along MTs

The new nonlinear partial differential equation is studied in this section which de-

scribes a model of MT as nonlinear transmission line described by Sekulić et al. [140].

In the contest of this model a MT is segmented into identical elementary rings (ERs)

of nano-ionic currents along MTs:

l3

3
uxxx +

Z
3
2

l
(ΨG0 − 2λC0)uut + 2ux +

ZC0

l
ut +

1

l

(
RZ−1 −G0Z

)
u = 0, (8.2.1)

where R = 0.34 × 1019Ω is the resistance of the ER with length l = 8 × 10−9m,

C0 = 1.8× 10−15F is the total maximal capacitance of the ER, G0 = 1.1× 1013Si is

conductance of pertaining NPs and Z = 5.56×1010Ω is the characteristic impedance

of our system. Parameters λ and Ψ describe nonlinearity of ER capacitor and con-

ductance of NPs in ER, respectively.

According to the method discussed in chapter 1, using the traveling wave transfor-

mation u(x, t) = u(ξ), ξ = x+ kt, equation (8.2.1) is reduced into an ODE

u′′′(ξ) + kβu(ξ)u′(ξ) + 2γu′(ξ) + δu′(ξ) + νu(ξ) = 0, (8.2.2)

where β = 3Z
3
2 (ΨG0−2λC0)

l4
, γ = 3

l3
, δ = 3ZC0

l4
and ν =

(RZ−1−G0Z)
l4

.

From chapter 1, m = 2, by noticing the homogeneous balance between the highest

order derivatives and nonlinear terms appearing in equation (8.2.2). The solution

of (8.2.2) is in the form

u(ξ) = α0 + α1

(
G′

G

)
+ α2

(
G′

G

)2

+ α−1

(
G′

G

)−1

+ α−2

(
G′

G

)−2

, (8.2.3)

where G = G(ξ) satisfies the second order LODE

G′′ + µG = 0 (8.2.4)



111

and α0, α1, α2, α−1, α−2 are arbitrary constants.

By substituting equation (8.2.3) into ODE (8.2.2), using the second order ODE

(8.2.4) and by collecting the coefficients of all powers of
(
G′

G

)
together, a set of over-

determined algebraic equations for α0, α2, α2, α−1, α−2, β, γ, δ, ν, µ, k is obtained as

follows:

(
G′

G

)5
: 24α2 + 2βkα2

2 = 0,(
G′

G

)4
: 3βkα1α2 + 6α1 = 0,(

G′

G

)3
: 40α2µ+ βkα2

1 + 2δkα2 + 2βkα2
2µ+ 4γα2 + 2βkα0α2 = 0,(

G′

G

)2
: 3βkα1α2µ+ 8α1µ+ δkα1 − να2 + 2γα1 + βkα0α1 + βkα2α−1 = 0,(

G′

G

)1
: 4γα2µ− να1 + 16α2µ

2 + 2βkα0α2µ+ βkα2
1µ+ 2δkα2µ = 0,(

G′

G

)0
: βkα0α1µ+ 2γα1µ− βkα1α−2 + 2α1µ

2 + βkα2α−1µ− βkα0α−1 − να0

+δkα1µ− 2α−1µ− δkα−1 − 2γα−1 = 0,(
G′

G

)−1
: −2βkα0α−2 − 16α−2µ− δα−1 − 4γα−2 − 2δkα−2 − βkα2

−1 = 0,(
G′

G

)−2
: −βkα0α−1µ− βkα1α−2µ− δkα−1µ− 3βkα−1α−2 − 8α−1µ

2 − 2γα−1µ−
δα−2 = 0,(

G′

G

)−3
: −2δkα−2µ− 40α−2µ

2 − βkα2
−1µ− 2kα2

−2 − 2βkα0α−2µ− 4γα−2µ = 0,(
G′

G

)−4
: −6α−1µ

3 − 3βkα−1α−2µ = 0,(
G′

G

)−5
: −24α−2µ

3 − 2βkα2
−2µ = 0.

(8.2.5)

Solving the system of over determined algebraic equations, the following cases arise:

Case 1. α1 = 0, α2 = 0, α−1 = 0, γ = 2µ(−2βα−2+3βα0µ+3δµ)
βα−2

, k = −12µ2

βα−2
, ν = 0 and

β, µ, δ, α0, α−2 are arbitrary constants.

Case 2. α1 = 0, α−1 = 0, ν = 0, γ = 2µ(−2βα−2+3βα0µ+3δµ)
βα−2

, k = −12µ2

βα−2
, α2 = α−2

µ2
and

β, α0, µ, α−2 are arbitrary constants.

Case 3. α1 = 0, α−1 = 0, α−2 = 0, β = −(8α2µ+δkα2−12α0)
2α2

, ν = 0 and δ, k, µ, α0, α2

are arbitrary constants.

Corresponding to above three cases, the following two subcases are, when µ > 0 and

µ < 0.
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Figure 8.1: Traveling Wave Solu-
tion of (8.2.6)

Figure 8.2: Traveling Wave Solu-
tion of (8.2.7)

Subcase 1. When µ > 0, the trigonometric function solution of (8.2.2) are ex-

pressed as follows:

For Case 1, after substituting the solutions of second order LODE (8.2.4), the solu-

tions of (8.2.2) are:

u(ξ) = α0 + α−2

(
√
µ

(
A cos

√
µξ −B sin

√
µξ

A sin
√
µξ +B cos

√
µξ

))−2

. (8.2.6)

On choosing the constants α0 = 1, µ = 4, α−2 = 16, β = 24, A = 1, B = 2, the

traveling waves corresponding to u(x, t) is shown in Fig. 1.

Now for Case 2 and from equation(8.2.4), the obtained solutions are

u(ξ) = α0+
α−2

µ2

(
√
µ

(
A cos

√
µξ −B sin

√
µξ

A sin
√
µξ +B cos

√
µξ

))2

+α−2

(
√
µ

(
A cos

√
µξ −B sin

√
µξ

A sin
√
µξ +B cos

√
µξ

))−2

.

(8.2.7)

The traveling waves for constants α0 = 1, µ = 4, α−2 = 16, β = 24, A = 1, B = 2,

corresponding to u(x, t) is shown in Fig. 2.

Finally for Case 3 and by using solutions of(8.2.4), the corresponding solutions of

(8.2.2) are:

u(ξ) = α0 + α2

(
√
µ

(
A cos

√
µξ −B sin

√
µξ

A sin
√
µξ +B cos

√
µξ

))2

. (8.2.8)

Subcase 2. When µ < 0, the hyperbolic function solutions of equation (8.2.2) are



113

Figure 8.3: Traveling Wave Solu-
tion of (8.2.9)

Figure 8.4: Traveling Wave Solu-
tion of (8.2.10)

as follows:

For Case 1 after substituting solutions of LODE (8.2.4), the solutions of (8.2.2) are:

u(ξ) = α0 + α−2

(√
−µ
(
A sinh

√
−µξ +B cosh

√
−µξ

A cosh
√
−µξ +B sinh

√
−µξ

))−2

. (8.2.9)

On choosing the constants α0 = 1, µ = −4, α−2 = 16, β = 24, A = 1, B = 2, the

traveling waves corresponding to u(x, t) is shown in Fig. 3.

Now for Case 2 and by using ODE (8.2.4), the solutions of (8.2.2) are derived as:

u(ξ) = α0 + α−2

µ2

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))2

+α−2

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))−2

.
(8.2.10)

The traveling waves for constants α0 = 1, µ = −4, α−2 = 16, β = 24, A = 1, B = 2,

corresponding to u(x, t) is shown in Fig. 4.

Again for Case 3 and from equation (8.2.4), corresponding solutions of (8.2.2) are:

u(ξ) = α0 + α2

(√
−µ
(
A sinh

√
−µξ +B cosh

√
−µξ

A cosh
√
−µξ +B sinh

√
−µξ

))2

, (8.2.11)

where A and B are arbitrary constants and ξ = x+ kt, k is arbitrary constant.
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8.3 New Solutions of Equation of MTs as Nonlin-

ear RLC Transmission Line

Second equation of MTs as nonlinear transmission line, derived by Satarić et al. [136]

is

R2C0l
2uxxt + l2uxx + 2R1C0λuut −R1C0ut = 0 (8.3.1)

Here l = 8× 10−9m and C0 = 1.32× 10−15F have the same meanings as in equation

(8.2.1), while R1 = 109Ω and R2 = 7× 106Ω stand for longitudinal and transversal

component of resistance of an ER. Again, parameter λ(λ < 1) describes nonlinearity

of ER capacitor in MT.

Now, by using the traveling wave transformation u(x, t) = u(ξ), ξ = x + kt, the

reduced equation of (8.3.1) into ODE is as follows:

ku′′′(ξ) + βu′′ + 2γkuu′ − δku′ = 0, (8.3.2)

where β = 1
R2C0

, γ = R1λ
R2l2

, δ = R1

R2l2
.

On balancing highest order derivatives and nonlinear terms appearing in equation

(8.3.2), m = 2, is obtained. In the same way as in section (8.2), solution of equation

(8.3.2) is of the form

u(ξ) = α0 + α1

(
G′

G

)
+ α2

(
G′

G

)2

+ α−1

(
G′

G

)−1

+ α−2

(
G′

G

)−2

, (8.3.3)

where G = G(ξ) satisfies the second order LODE (8.2.4) and α0, α1, α2, α−1, α−2 are

arbitrary constants.

By substituting equation (8.3.3) into ODE (8.3.2) and using the ODE (8.2.4), col-

lecting all coefficients of
(
G′

G

)
together, a set of over-determined algebraic equations
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for α0, α2, α2, α−1, α−2, β, γ, δ, µ, k is as follows:

(
G′

G

)5
: 4γkα2

2 + 24kα2 = 0,(
G′

G

)4
: 6γkα1α2 − 6βα2 + 6kα1 = 0,(

G′

G

)3
: 40kα2µ− 2kδα2 + 2γkα2

1 + 4γkα2
2µ− 2βα1 + 4γkα0α2 = 0,(

G′

G

)2
: 2γkα2α−1 − kδα1 − 8βα2µ+ 8kα1µ+ 6γkα1α2µ+ 2γkα0α1 = 0,(

G′

G

)1
: −2kδα2µ+ 2γkα2

1µ+ 4γkα0α2µ− 2βα1µ+ 16kα2µ
2 = 0,(

G′

G

)0
: −2γkα1α−2 + kδα−1 + 2γkα−2α−1µ− 2βα−2 − kδα1µ+ 2γkα0α1µ− 2γkα0α−1

−2γα2µ
2 + 2kα1µ

2 − 2kα−1µ = 0,(
G′

G

)−1
: −16kα−2µ+ 2kδα−2 − 2γkα2

−1 − 4γkα0α−2 − 2βα−1µ = 0,(
G′

G

)−2 − 2γkα1α−2µ− 2γkα0α−1µ+ kδα−1µ− 6γkα−1α−2 − 8βα−2µ− 8kα−1µ
2 = 0,(

G′

G

)−3
: −2βα−1µ

2 − 4γkα2
−2 − 4γkα0α−2µ− 2γkα2

−1µ+ 2kδα−2µ− 40kα−2µ
2 = 0,(

G′

G

)−4
: −6kα−1µ

3 − 6βα−2µ
2 − 6γkα−1α−2µ = 0,(

G′

G

)−5
: −4γkα2

−2µ− 24kα−2µ
3 = 0.

(8.3.4)

Solving the system of over determined algebraic equations (8.3.4), the following cases

arise:

Case 1. β = −5kα1

α2
, γ = −6

α2
, µ =

−α2
1

4α2
2
, δ =

−3(α2
1+4α0α2)

α2
2

, α−1 = 0, α−2 = 0 and

k, α0, α1, α2 are arbitrary constants.

Case 2. β = −20kα−2

α−1
, γ =

−96α3
−2

α4
−1

, µ =
−4α2

−2

α2
−1

, δ =
−48α2

−2(α2
−1+4α0α−2)

α4
−1

, α1 = 0, α2 = 0

and k, α0, α−1, α−2 are arbitrary constants.

Case 3. β = −80kα−2

α−1
, γ =

−1536α3
−2

α4
−1

, µ =
−16α2

−2

α2
−1

, δ =
−384α2

−2(α2
−1+8α0α−2)

α4
−1

, α1 =

α3
−1

16α2
−2
, α2 =

α4
−1

256α3
−2

and k, α0, α−1, α−2 are arbitrary constants.

Corresponding to above six cases, the following two subcases are possible, when

µ > 0 and µ < 0.

Subcase 1. When µ > 0,

Substituting the solution set from Case 1 and corresponding solution sets of (8.2.4)
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into (8.3.3), the solutions of (8.3.2) are as follows:

u(ξ) = α0+α1

(
√
µ

(
A cos

√
µξ −B sin

√
µξ

A sin
√
µξ +B cos

√
µξ

))
+α2

(
√
µ

(
A cos

√
µξ −B sin

√
µξ

A sin
√
µξ +B cos

√
µξ

))2

.

(8.3.5)

Using Case 2 and (8.4.2), the solutions of (8.3.2) are:

u(ξ) = α0+α−1

(
√
µ

(
A cos

√
µξ −B sin

√
µξ

A sin
√
µξ +B cos

√
µξ

))−1

+α−2

(
√
µ

(
A cos

√
µξ −B sin

√
µξ

A sin
√
µξ +B cos

√
µξ

))−2

.

(8.3.6)

Again, for Case 3 and (8.4.2), the corresponding solutions of (8.3.2) are:

u(ξ) = α0 + α1

(√
µ
(
A cos

√
µξ−B sin

√
µξ

A sin
√
µξ+B cos

√
µξ

))
+ α2

(√
µ
(
A cos

√
µξ−B sin

√
µξ

A sin
√
µξ+B cos

√
µξ

))2

+α−1

(√
µ
(
A cos

√
µξ−B sin

√
µξ

A sin
√
µξ+B cos

√
µξ

))−1

+ α−2

(√
µ
(
A cos

√
µξ−B sin

√
µξ

A sin
√
µξ+B cos

√
µξ

))−2

.
(8.3.7)

Subcase 2. When µ < 0,

corresponding to the Case 1 and from equation (8.2.4), the solutions of (8.3.2) are

shown as below:

u(ξ) = α0 + α1

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))
+α2

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))2

.
(8.3.8)

For Case 2 and from second order LODE (8.4.2), the solutions of (8.3.2) are:

u(ξ) = α0 + α−1

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))−1

+α−2

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))−2

.
(8.3.9)

Finally for Case 3 and from solution sets of (8.4.2), the obtained solutions of (8.3.2)

are:

u(ξ) = α0 + α1

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))
+ α2

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))2

+α−1

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))−1

+ α−2

(√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

))−2

,

(8.3.10)

where A and B are arbitrary constants and ξ = x+ kt.
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8.4 Discussion

In this chapter, hyperbolic and trigonometric traveling wave solutions of two nonlin-

ear new partial differential equations recently modeled in biosciences, are obtained.

The solutions are derived by using modified
(
G′

G

)
-expansion method. In order to

illustrate the validity and advantages of this algorithm, it is applied to NLPDEs

derived in biosciences. The performance of the modified
(
G′

G

)
-expansion method

is reliable, simple, direct, concise and gives more new exact solutions compared to

the other method. This method allow us to solve more complicated NLPDEs. The

derived solutions contain free parameters by which the behavior of these solutions

are graphically represented in figures by changing the values of these parameters.
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diamensional KdV equation, Applied Mathematics-A Journal of Chinese Uni-

versities B 22 (2007) 207-212.

[145] Singh K. and Gupta R. K., On symmetries and invariance solutions of a cou-

pled KdV system with variable coefficients, International Journal of Mathemat-

ics and Mathematical Sciences 23 (2005) 3711-3725.

[146] Singh K. and Gupta R. K., Lie symmetries and exact solutions of a new

generalized Hirota-Satsuma coupled KdV system with variable coefficients, In-

ternational Journal of Engineering Science 44 (2006) 241-255.

[147] Singh K. and Gupta R. K., Exact solutions of a variant Boussinesq system,

International Journal of Engineering Science 44 (2006) 1256-1268.

[148] Steeb W. H. and Euler N., Nonlinear Evolution Equations and Painlevé Test,
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