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Abstract

The wave propagation includes the situation where waves originate and propagate
in the medium with different material properties and geometry. Studying the sur-
face wave propagation in the layered structure has been of interest to researchers
due to their extensive applications in the fields of geophysics, composite materials,
acoustics as well as in nondestructive evaluation. The interactions among these layers
depend on many factors such as mechanical properties, loading conditions, interfacial
conditions, etc. Traditionally, the layered model involves a substrate based on the
classical elastic model but this theory ignore the microstructure-related scale effects.
To capture the size effects, two size-dependent models, i.e., ‘Micropolar elastic model’
and ‘Couple stress elastic model” have been considered along with other different ma-
terial layers such as smart material (piezoelectric material), viscoelastic material,
orthotropic material, self-fiber reinforced material. The whole work of the thesis is
structured into six chapters which are summarized as follow:

Chapter-1

This chapter involves the basic overview on continuum mechanics, classical theory
of elasticity with brief summary on generalized Hooke’s law. This chapter also in-
volves the emergence of different microcontinuum theories, i.e., ‘Micropolar theory’
and ‘Couple stress theory’ of elasticity, basic governing equations together with consti-
tutive equations are summarized. This also includes the brief overview on anisotropic
materials like piezoelectric materials (also called ‘Smart Materials’) and viscoelastic
materials.

Chapter-2

In this chapter, the propagation of Love wave have been investigated in a piezoelectric

pal
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ceramic bonded over a couple stress elastic half-space. The substrate is considered to
have properties of a microstructure like granular macromorphic rock (Dionysos Mar-
ble). This study has been carried out by using two sets of piezoelectric medium, i.e.,
PZT —5H and BaTiO3. Closed-form expressions of the resulting dispersion relations
are obtained analytically by applying feasible boundary conditions for both the cases
of electrically open and electrically short conditions. The significant effects of the
underlying microstructure of substrate, the thickness of piezoelectric layer along with
the effects of piezoelectric constants and dielectric constants have been examined and
demonstrated graphically on the phase velocity profiles of Love wave.

Chapter-3

In this chapter, Love-type surface waves have been explored in the size-dependent
micropolar substrate with a finite layer of piezoelectric material. An analytical ex-
pression for the dispersion equations has been obtained for electrically open and short
conditions and the results are shown graphically. For studying the impacts of under-
lying microstructure of the substrate, the layer thickness of piezoelectric material,
piezoelectric and dielectric parameters, the dispersion curves have been plotted for
non-dimensional phase velocity against non-dimensional wave number.

The main objectives of Chapter 2 and Chapter 3 is to identify a size-dependent
models for studying Love-wave propagation in layered structure. It was observed that
the couple stress model and micropolar elastic model may be used as substrate to
overcome the shortcomings of classical theory of elasticity.

Chapter-4

This chapter is an extension of chapter 2 and chapter 3 in which study is extended
to the double-layered model by considering another layer between the finite layer of
piezoelectric material and the size-dependent substrate. The consideration of verti-
cally heterogeneous viscoelastic material layer is more beneficial in the design process
to achieve an explicit objective. In this context, this chapter contains two problems on
the propagation of Love-type waves in two-layered structure comprising a piezoelec-
tric material layer, viscoelastic layer along with the size-dependent substrate. Two

materials of piezoelectric medium, i.e., PZT —5H and BaTi1O3 materials are used to
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carry out this study.

In first problem of this chapter, the couple stress elastic theory have been considered
for analyzing the microstructural characteristics on Love wave propagation in double-
layered structure. The dispersion equations are calculated for the real and damping
case in closed form expression for open and short circuits. Numerical calculations
have been done to examine the impact of different parameters by taking two distinct
piezoelectric materials, i.e., PZT — 5H and BaTi03. The relevant particular cases
are derived to validate the present study.

In second problem of this chapter, the micropolar model is considered for investi-
gating the effects of micropolarity and their related parameters on the propagation
of Love-type surface wave in double-layered structure. An analytical expression for
the real and damping dispersion equations have been obtained in the compact-form
under electrically open and electrically short conditions. The real and damping phase
velocity profiles are affected significantly with the variation in associated parameter
involved in the study. The influence of characteristic length and coupling number
associated with substrate, the influence of heterogeneity and the internal friction pa-
rameter related to viscoelastic material along with the effects of piezoelectric materials
have been demonstrated graphically. Particular cases are also deduced using relevant
conditions.

Chapter-5

In this chapter, the propagation of Love-type wave have been studied considering the
imperfect bonding between the substrate and the material layer. The strength of
many engineering layered models rely on the bonding between the structural compo-
nents. In chapter-2, 3 and 4, the problems are solved considering the perfect bonding
between the material layer and substrate. But in reality, this condition is difficult
to fulfil. Keeping this aspect in mind, Love-type surface wave have been studied in
functionally graded orthotropic medium under initial stress bonded imperfectly over
the size-dependent micropolar medium. The main focus of the study is to show the
impact of imperfect bonding at the common interface of material layer and substrate.

The compact-form of dispersion relations is accomplished to study Love-type wave
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characteristics in a composite layered system. Numerical computations are performed
and results are manifested through graphs to study the effect of various factors in-
volved in the study.

Chapter-6

The purpose of this chapter is to explore the characteristics of Rayleigh-type surface
wave propagation in a size-dependent couple stress substrate with a finite thickness
self-fiber reinforced layer. The compact form of the secular equation is achieved by
employing suitable boundary conditions for the model proposed. The phase velocity
profiles of Rayleigh wave propagation in the size-dependent composite structures are
illustrated which are extensively useful. The characteristic curves are plotted to man-
ifest the effects of different affected parameters on the phase velocity of Rayleigh-type
waves, namely the varying reinforced medium thickness, the parameter of material
length representing the microstructural behavior of the substrate.

The findings of the above study may be utilized for the development of Love wave-
based devices, in non-destructive evaluation, geophysics, civil engineering, rock me-

chanics, and can be an inspiration for engineering developments.
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Chapter 1

Introduction

1.1 Basic Introduction

Modern physical theories consider that the matter is discontinuous on a microscopic
scale whereas the hypothesis of continuum mechanics deal with the mechanical and
kinematical behavior of solids and fluids on the macroscopic scale by modeling them
as a continuous mass (i.e., the distance between two adjacent molecules is insignificant
in comparison with the dimension of the entire body) instead of discrete particles.
In this context, continuum mechanics deals with the bodies having large dimensions
by neglecting the interatomic spacings in a crystal or mean free paths in gas on the
microscopic scale, i.e., this theory can be applied to granular materials such as sand,
provided that the dimensions of the region considered are large compared with those

of individual grain.

Solid mechanics and Fluid mechanics are the important sectors of physics and applied
mathematics, which constitute the foundation for civil and mechanical engineering in
the field of continuum mechanics. The key emphasis of this coherent approach is the
general mechanical concepts for all materials. Solid mechanics is one of the important
branches of physical science that deals with the motion and deformation of continuous
solid materials(such as steel, wood, geological and biological materials, concrete, and

plastics) under externally applied loads such as forces that result in inertial force in
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the body, chemical interactions, thermal changes, and electromagnetic forces [204].
In rigid-body mechanics, when an external force is applied to the rigid body, it can
be translated or rotated as a whole body and it remains unchanged in size and shape.
Continuum mechanics is more concerned with deformable bodies that are capable of
changing their shape. For such bodies the relative motion of the particles is impor-
tant, and this introduces the spatial derivatives of displacement, velocity, and so on
as significant kinematic variables [189]. Any change from the normal configuration
of the body in shape or size is called deformation and the forces that bring about
deformation are called deformation forces. If the deformation forces don’t exceed a
certain elastic limit, then deformation disappears when the forces are removed. The
point at which a material, if subjected to higher deforming force, will no longer return
to its original shape is known as the elastic limit of the body.

Based on the properties of the material, they can be categorized as elastic and plastic
bodies. Bodies that regain their original size and shape when deformation forces are
removed are called perfectly elastic bodies (steel, quartz, aluminum, etc.). Some bod-
ies have no gross tendency to recover their original shape and size upon the removal
of applied forces and get permanently deformed are called plastic bodies (mud, putty,
etc.). The elastic property of a continuum body depends on the strength of resistance
to its deformation. The greater the resistance of a body to deform, the more elastic
it is said to be.

The oldest theory developed at the beginning of the nineteenth century was the clas-
sical theory of elasticity. This theory provides a mathematical model for examining
the mechanical conduct of a wide range of solid materials commonly used in many
fields of science and engineering. In the analysis and designing of machine elements,
the mechanical engineer uses elasticity. In the deflection analysis of structures such
as beams, plates, and shells, civil technicians use elasticity to study the stress distri-
bution. In crystalline solids, the material engineer uses elasticity around dislocations
and in micro-structured materials. In modeling the conduct of the material with a
complex microstructure, the concept of microcontinuum theory can be taken into

considerations. There are several theories in existing literature based on the contin-



uum mechanics like the piezoelectric theory, orthotropic theory, viscoelastic theory,

fiber-reinforced theory, and many more.

1.2 Classical theory of elasticity

Elasticity is the property of solids that recovers their original shape and size after
removal of applied forces, i.e., when such solid bodies are loaded at sufficiently low
temperature for a very short time, with sufficiently limited stress magnitude, its
deformation can be fully recovered upon unloading. It deals with the evaluation of
stress, strain, and displacement distribution in elastic solids under the influence of
applied force. The elasticity of continuous materials is described through the stress-
strain curve showing the relationship between stress and strain. Most metallic or
crystalline materials exhibit a linear stress-strain response to the small deformation
described by Hooke’s law on neglecting higher-order terms. But the relationship is
no longer linear for rubbery materials under larger deformation beyond elastic limits.
For even higher stresses, the materials show plastic behavior, that is, they deform
irreversibly and do not return to their original shape after no longer stress is applied.
All engineering materials have a certain range of elasticity. The common materials of
construction will remain elastic only for very small strains before they exhibit plastic
stretching or brittle fracture. Therefore, it is necessary to understand the basics as
well as mathematical aspects of elasticity.

Stress is defined as restoring force per unit area when deformed by the application
of external force, and strain is defined as the measure of the degree of deformation,
i.e. when the dimensions of the body get changed under the action of deforming
forces (ratio of change in dimension of the body to its original dimension). Stress can
further be classified as normal stress and shearing stress. The restoring force acting
per unit area normal to the surface of the body is termed as normal stress whereas
the restoring force acting per unit area tangential to the surface of the body is termed
as shearing stress. Similarly, the strain can be categorized as normal strain and shear

strain. Normal strain is defined as the ratio of change in length (AL) to its original



length (L) in a specific direction while a shear strain is defined as the change in angles
with respect to two specific directions.

The state of strain at any point in the elastic body is characterized by nine quantities,
called strain tensor e;;. Similarly, the state of stress at any point in the material body
is characterized by nine quantities, called stress tensors, o;;, where first subscript (i)
indicates the direction of the normal to the plane and the second subscript (j) indicates
the direction of the component of the stress vector. The components of the stress

tensor acting on a small rectangular parallelepiped is shown in figure (1.1). Here T®)
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Figure 1.1: Stress components (Ref: www.google/images.com)

denotes the force traction vector acting on a face of the parallelepiped which can be

defined in terms of symmetric stress tensor as:

T = oje;, 4,j=1,2,3.

1.3 Generalized Hooke’s law

In 1822, Cauchy generalized Hooke’s law for the deformation of an elastic medium.
According to this, “Each component to stress at any point of an elastic solid body is
the linear function of the components of strain at the point”. The deformation of an
elastic solid medium induces stresses within. Robert Hooke gave the relationship for

an elastic medium that the stress is directly proportional to strain within the elastic



limit. The modified form of Hooke’s law came into existence which states that the
stress components are functions of strain components, i.e., 0 = o(e), and used in the

developments of the linear theory of elasticity [187].

011 = C1111€11 + C1112€12 + Cr113€13 + — — — + C1131€31 + C1132€32 + C1133€33,
012 = C1211€11 + C1212€12 + C1213€13 + — — — + C1231€31 1 C1232€32 + C1233€33,
013 = C1311€11 + C1312€12 + C1313€13 = — — — + C1331€31 1 C1332€32 + C1333€33,
021 = C2111€11 + C2112€12 + C2113€13 + — — — + C2131€31 1 C2132€32 + C2133€33,
092 = Co211€11 + Ca212€1 + Caz13€13 + — — — + Can31€31 + Cogza€aa + Coozzezs,  (1.1)
0923 = C2311€11 + C2312€12 + C2313€13 + — — — + C2331€31 1 C2332€32 + Ca333€33,
031 = C3111€11 + C3112€12 + C3113€13 = — — — + C3131€31 1 C3132€32 + C3133€33,
032 = C3211€11 + C3212€12 + C3213€13 + — — — =+ C3231€31 1 C3232€32 + C3233€33,
033 = C3311€11 1 C3312€12 + C3313€13 + — — — + C3331€31 1 C3332€32 + C3333€33.

The compact form of equation (1.1) is:
Uij - Cijklekla (iaj7kal = 17273)a (12)

where

€kl 2 (93:; + al‘k 2 (uk,l + ul,k)a (2W) ( ) 4y )

Here, ¢;ji represents the stiffness tensor (or elasticity tensor) of fourth-order having
3 x 3 x 3 x 3 = 81 constants in number, which characterize the elastic properties
of a solid medium. Usually, these elastic material constants depend on the physical
properties of the elastic medium and are independent of strain tensor e;;.

When all the components of the strain tensor are zero, i.e., e; = 0, which implies
that all the components of the stress tensor are also zero, i.e., 0;; = 0. This means
the initially unstrained state of a body is unstressed. As the strain tensors are dimen-
sionless quantities which implies that the elastic constants have the same dimension
as that of stress tensors.

The majority of structural materials are crystalline substances and thus very small



quantities of them cannot be considered isotropic. However, assumptions of isotropy
and homogeneity do not produce serious differences between experimental and the-
oretical findings, when applied to an entire body. It is because of the fact that
most crystals are of small dimensions relative to the entire body and are chaotically
distributed so that the behavior of the material is generally isotropic. The rolling
process also creates a certain orientation of crystals, so that many rolling metals are
anisotropic. If ¢;;; is independent of the position of points, i.e., elastic constants are
the same for all points in the medium, then the medium is called elastically homo-
geneous. If ¢y varies from point to point in the body, then the medium is called
elastically non-homogeneous or inhomogeneous.

Since the stress and strain tensor are symmetric, i.e., 0;; = 0;; and ey = ey, using
this condition in equation (1.1), here are 6 independent stress equations and each
equation contains 6 independent material elastic constants. So, the number of elastic
constants further reduces from 81 to 36 material constants. In the absence of material
symmetries and if these 36 elastic constants are independent, then the material is said
to be a generalized anisotropic medium known as triclinic medium. For simplicity,
one can replace pair of indices ij or kl by single index p or ¢, where i, 7, k and [ take
the values 1,2, 3; p and ¢ take the values 1,2,3,4,5,6 provided in Table 1.1.

The generalized Hooke’s law may be written in matrix form as:

Table 1.1: Voigt notation

jjorkl 11 22 33 23o0r32 13or3l 12or 21

porq 1 2 3 4 ) 6
011 C11 C12 €13 Ci4 Ci5 Cig €11
022 Co1 C22 C23 C24 Co5 Cog €22
033 C31 C32 C33 C34 C35 C36 €33
= (1.3)
0923 C41 Ca2 C43 Caa Ca5 Cup| |2€23
031 Cs1 Cs2 Cs53 Csa Css5 Cse| |2€31
[012]  [Ce1 Ce2 Ce3 Cea Cos Ce6| |2€12)




The elastic constants are symmetric, i.e., ¢;; = ¢;;, following energy density function
for the isothermal or adiabatic system. In this case, the number of elastic constants
is reduced from 36 to 21. Generally, the internal structure of the material possesses
certain symmetries. For a material having one plane of elastic symmetry, the number
of independent elastic constant reduces from 21 to 13 constants. The material with
13 elastic constants is known as a monoclinic medium. Using ¢4 = ¢15 = €9y = o5 =

C34 = C35 = C46 = 56 = 0, equation (1.3) reduces to

_0'11_ _011 ci2 ci3 0 0 016_ - €11 ]

022 Cl2 € co3 0 0 co €22

033 |63 C23 (33 0 0 cs6 €33 ( 1 4)
093 0 0 0 Cq4 Cy5 0 2623 .
031 0 0 0 C45 Css 0 2631

1012 ] c16 Co6 cz6 O 0 co6 |2€12]

The orthotropic material shows the symmetry of its elastic properties with respect
to three orthogonal planes, due to which the elastic constant reduces from 13 to 9.
Certain types of wood, ceramics, metal sheets, heavy rollers, and bones exemplify
orthotropic material. Using cij6 = 26 = 36 = ¢45 = 0 in equation (1.4), the stress-

strain relation for orthotropic medium is:

011 1 2 c3 0 0 0 €11

022 Cl2 € C3 0 0 0 €22

033 _ i3 c3 cz3 0 0 0 €33 (1.5)
093 0O 0 O cea@s O O 2e93

031 0 0 0 0 ec5 0] |23

012 ] 100 0 0 0 ces) |2€12]

The transversely isotropic material possesses the axis of symmetry having 5 inde-

pendent elastic constants. The stress-strain components for transversely isotropic



medium is:
011 cn ciz2 ¢z 0 0 0 €11
022 ciz ¢i1 ¢z 0 0 0 €22
033 _ ci3 ci3 ¢33 0 0 0 €33 ( 1 6)
0923 0 0 0 Cqq 0 0 2623
031 0 0 0 0 Caq 0 2631
_0'12_ L 0 0 0 0 0 %(CH — 612)_ _2612_

In view of the fact that isotropic materials are not dependent on the orientation of the
axes of coordinates but possess rotational symmetry with respect to two perpendicular
axes. These isotropic materials have the same properties in all directions. In this case,
the elastic constant reduces to 2, i.e., A and p which are known as Cauchy Lame’s

constants. The stress-strain relation for an isotropic medium is:

o] [+ 2cu C12 C12 0 0 0]en]

092 C12 C12 + 2¢44 12 0 0 O0]]ex

33| _ C12 C12 cia+2c4 0 0 0] |ess (L.7)
023 0 0 0 cae 0 0| [2e93

031 0 0 0 0 cu 0] |2e3

012 ] i 0 0 0 0 O Ca4 | _2612_

where ¢193 = A and ¢y = p are called Lame’s constants in the theory of elasticity.
The compact tensor form of the constitutive equation which defines the relationship

between the components of stress and strain tensor [187] is:-

0y = Njjerk + 2pe;, (1,7, k =1,2,3). (1.8)

where ey, = A = e11 + egy + e33 represents the cubic dilatation defined as change in

1, ifi=y,
volume per unit volume and d;; = is called Kronecker’s delta.
0, ifi#j.



Equation of equilibrium: Consider a continuous body in equilibrium having vol-
ume V' which is bounded by closed surface S. For equilibrium, the resultant forces
acting on the medium within volume V' must vanish. In that case, the equation of

equilibrium for classical elasticity is given as:

ojij + 45 =0, 4,7=123. (1.9)

where F; represents the components of body forces per unit volume and comma ()
represents the differentiation w.r.t coordinate z;. If p is the density of continuous
medium, then the components of force of inertia (i.e., mass x acceleration) per unit

02u;
ot? -

volume are p The dynamical equation for continuous medium is

82%’ ..
Ojig + Fi=pgm 1,7=1,2,3. (1.10)

By substituting the stress-strain relation (1.8) into the dynamical equation (1.10) for

an isotropic medium is
()\+u)uj7ji—|—,uui7jj+F,~ = puy, 1,7 =1,2,3. (1.11)

where dot (.) represents differentiation w.r.t. time t.
The vector form of the equation of motion in terms of displacement components for
an isotropic medium is

oL

A+ V(YD) +uV2Td + F =p -~

(1.12)

1.4 Elastic waves

A wave is defined as a periodical disturbance or variation which gradually transfers
energy in a medium from one point to another point. All waves require a source and
medium of propagation. The medium through which the wave travels may experience

some local oscillations as the wave passes, but the particles in the medium do not
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travel with the wave.

Elastic waves are mechanical disturbances that propagate through a material and
cause oscillations to its material particles about their equilibrium positions. The
properties of elastic waves depend on the elastic properties of the material in which
they propagate. These waves are physically no different from seismic, sound, or ul-
trasound waves, other than in their respective ranges of frequencies. The roots of
such waves lie in seismic waves. The waves generated by an explosion, earthquakes,
volcanic eruptions, magma movement, large landslides are known as seismic waves.
The velocity of seismic wave propagation depends on the density and elasticity of the
medium as well as the type of wave that propagates in a medium. Velocity tends
to increase with depth through the earth’s crust and mantle but drops sharply going
from the mantle to the outer core.

The propagation of seismic waves forms the foundation of seismology. Seismology
is a good way to develop and improve various techniques for modeling regional and
global-scale geophysical processes and the determination of the internal structure of
the earth. Seismologists use seismographs to record the amount of time it takes
for the seismic waves to travel through different layers of the earth. As the waves
travel through in a medium having different densities and stiffness, the waves can
be refracted and reflected. Because of the different behavior of waves in different
materials, seismologists can deduce the type of material through which the waves are
traveling. Seismographs record the amplitude and frequency of seismic waves and
yield information about the earth and its subsurface structure. Artificially generated
seismic waves recorded during seismic surveys are used to collect data in oil and gas
prospecting and engineering. Most of the literature on the studies of the elastic waves
may found in text [45, 17, 3, 4]. Liao [111] developed a computing procedure for cal-
culating the unknown coefficients by using boundary measures. Liao et al. [112]
developed a compact and efficient method for solving the wave equations.

The wave propagation phenomena in solids can be broadly divided into two categories
which are defined as

1. Body waves: The seismic waves which travel through the interior of the earth’s
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surface are called body waves. Acoustic waves in the air and electromagnetic waves
in the vacuum are an example of body waves. These waves are further divided into
two parts:

(i) Primary waves (P-waves): These waves are also known as longitudinal waves
or compressional waves. These waves can move through solid and fluid mediums,
like water or the liquid layers of the earth. It pushes and pulls the rock as it moves
through just like sound waves push and pull the air. The motion of the particle of P-
waves is in the same direction of wave propagation. The vibration caused by P-waves
is a volume change, alternating from compression to expansion in the direction that
the wave is traveling. These waves are the fastest waves and consequently, the first
to ‘arrive’ at a seismic station.

(ii) Secondary waves (S-waves): S-waves are also named shear waves, or trans-
verse waves, or rotational waves because they don’t change the volume of the material
through which they propagate. These waves are slower than P-waves. The particle
movement of these waves is perpendicular or normal to the direction of wave prop-
agation and the particle oscillates up and down about their equilibrium position.
S-waves can travel only through solids, as fluids (liquids and gases) do not support
shear stresses.

2. Surface waves: Seismic surface waves can travel along the earth’s surface. They

Compression

Expansion Atrest
s R
=T i = i =1l (= 0] i |
e se—=sc e -
T 1T T I | . 11 1 1
| . | I | T | T T 11 1 || 4
Direction of P-wave travel
E! P wave

2 ,__.-5#‘. T T
. . 7
"'-‘1:‘;’:"” ”%’5’_’ W}

LI

NREEES SN

N i g Y g T

=“-= h\= I=1 ¥
NSREZ ps e

S wave Direction of S-wave travel

Figure 1.2: Primary waves and secondary waves (Ref: www.google/images.com)

can be classified as a form of mechanical surface waves. They travel more slowly than
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seismic body waves (P-waves and S-waves). In large earthquakes, surface waves can
have an amplitude of several centimeters. Waves in the ocean and ripples in a cup of
water are an example of surface waves. Further, surface waves can be categorized as:
(i) Love waves: British seismologist A.E.H. Love [121] predicted the existence of
Love-type surface waves which are horizontally polarized shear surface waves and a
result of interference of multiple shear waves (SH-waves), exists only when a finite
thickness layer is deposited on semi-infinite substrate and shear wave velocity in the
layer is less than that of the substrate. The motion of a particle is transverse to the
direction of wave propagation and occurs in the horizontal plane only. In seismology,
these waves cause horizontal shifting of the earth during an earthquake. Love waves
travel with a lower velocity than P or S waves.

(ii) Rayleigh waves: Rayleigh waves are also known as ‘ground roll” because these
waves roll along the ground similar to waves that roll across an ocean or lake. In 1885,
Lord Rayleigh [151] mathematically showed the existence of Rayleigh-type waves.
Most of the shaking felt from an earthquake is due to the Rayleigh wave, which can
be much larger than the other waves. These waves have both longitudinal and trans-
verse motions. The amplitude of the displacement of such waves in the medium dies
exponentially with the increasing distance from the surface. The particle motion of
these waves is always in a vertical plane and moves in an elliptical path. With the in-
creasing depth, the elliptic motion changes from retrograde (counterclockwise) at the
surface to prograde passing through a node at which there is no horizontal motion.
Love wave travels slightly faster than Rayleigh-type surface waves. The velocity of the
Rayleigh wave is approximately 0.9 times the velocity of the Love wave. The major
difference between the characteristics of the Love wave and Rayleigh wave is that Love
wave (do not propagate through water) can affect surface water only insofar as the
sides of lakes and ocean bays push water sideways like the sides of a vibrating tank,
whereas Rayleigh waves because of the vertical component of their motion can affect
the bodies of water such as lakes. In a layered medium (like the crust and upper man-
tle), the velocity of the Rayleigh waves depends on their frequency and wavelength

and this phenomenon is called dispersion. A homogeneous, isotropic elastic medium,
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Rayleigh waves exhibit non-dispersive characteristics. However, if the properties of
the elastic medium vary with the depth, then Rayleigh waves become dispersive.
Many authors gave different mathematical techniques to solve non-linear dispersion

equations considering different material properties and geometries [84, 9, 87, 96].

(a) Rayleigh wave B

(b) Love wave

Rayleigh wave Love wawve

(c)

Figure 1.3: Rayleigh waves and Love waves (Ref: www.google/images.com)

1.5 Application of elastic waves

Geologists use the phenomenon of elastic wave propagation (generated from earth-
quakes) by considering the earth as an elastic solid for gathering information about
the internal construction of the earth. Another aspect of these waves is their use for
the characterization of oil or gas exploration, minerals, crystals, and hydrocarbons
buried within the layers of the earth. In the field of construction, the main emphasis
is on the response to impact or loads. Elastic wave theory also finds applications to
predict all aspects of the response and to determine the strength of structures under
loading conditions. Ultrasonic waves are used widely in the field of non-destructive
testing for materials characterization, to determine the structural and mechanical
properties of the material, to detect cracks, corrosion, and other material defects.
With the introduction of a pulse into a solid, defects may be detected with the pulse

energy reflections from the defect. These detection applications make use of longi-
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tudinal waves, transverse waves, or surface waves. The phenomenon of propagation
of waves in thin strips and bulk solids is used to construct delay lines. The pulse
velocity of electrical signals is delayed by converting it into a mechanical pulse by
using a transducer. These signals are made to propagate in some solid media and
are recovered after a specified time through another transducer. These waves have
many applications in the field of mining, where explosions are used to produce stress
waves in rocks. These shock waves are used to remove fractures and heavy rocks. The

Literature on wave propagation and their related phenomena is given in the book by

Graff [62].

1.6 Emergence of microcontinuum theories

In classical continuum mechanics, the molecular structure of the matter is not taken
into account because materials are considered to be continuous and homogeneous in
the mathematical sense which means that each material particle of an elastic body is
treated as a geometric point irrespective of its orientation. In this theory, the defor-
mation of an elastic body is described by displacement vector and the transfer of load
on the surface element through the force vector called the stress vector. This theory
is consistent with the experiments performed on structural materials like aluminum,
concrete, steel, etc. under elastic limitations but is not able to describe the sized im-
pact of materials relative to the inner length of their microstructure due to the absence
of scaling parameters. Notable inconsistencies between theoretical and experimental
findings were found in some materials, such as polymers, cell solids, asphalts, bones,
fibrous, etc [41]. These discrepancies mainly occur in the dynamic problems of elastic
vibrations with high-frequency and low-wavelength, i.e., for ultrasonic waves. The
classical principle of elasticity inevitably fails in the case of vibration in granular and
multimolecular bodies. The failure of this theory lies in the fact that the microstruc-
ture of the granular bodies affects significantly the transmission of waves at higher
frequencies or shorter wavelengths. The range of possible materials to be modeled by

microstructure theories is very wide.



15

According to Eringen [41, 43], the micropolar theory can model composites with rigid
chopped fibers, elastic solids with rigid granular inclusions, and other elastic materials
such as liquid crystals. The application of micropolar theory to solids with periodic
microstructure is extensive and successful [144]. It ranges from natural materials with
lattice structures (crystals) to man-made composite materials and engineering struc-
tures such as infinite-fiber composites, sandwich structures, grid structures, trusses,
and honeycombs. In biomechanics, Bone is a heterogeneous material with microstruc-
tural features.

The investigation of microstructural characteristics of materials with structural fea-
tures is important for engineers and material scientists. The shortcomings of the
classical theory of elasticity have led to the development of size-dependent continuum
mechanics that describes the behavior of the material at the micro-scale as well as at
the macro-scale. New measures of deformation related to length scale are needed in
the desired continuum theory for explaining the microstructural characteristics of the
material. In this context, various size-dependent models have been proposed for cap-
turing the material’s microstructural impacts and these size effects can be captured
by introducing an additional length scale parameter, called “characteristic length”.
Initially, Voigt [200] introduced the concept of couple stresses theory by considering
couple stresses, in addition, to force stresses to remove the shortcomings of the clas-
sical theory of elasticity. However, Cosserat and Cosserat [32] brothers were the first
to develop the complete theory of non-symmetric elasticity by taking the assump-
tion that every material particle is associated with the rigid triad. In this model,
the deformation of the medium is characterized by the displacement vector along
with the independent rotation vector. Displacements and rotations are associated
with non-symmetric stresses and couple stresses respectively through constitutive
relations. This was contrary to the classical elasticity which described stress as a
symmetric tensor. This theory didn’t get the attention it deserves at their time
and then almost after 50 years, the field was further explored by several analysts
such as Mindlin and Tiersten [134], Toupin [193], Koiter [94], Toupin [194], Eringen
[41, 43, 42, 44], Hadjesfandiari and Dargush [67] by considering distinct microcontin-
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uum theories. Many researchers applied these microstructural theories to study the
dispersive characteristic of surface wave propagation phenomenon in different layered
structures [161, 210, 197, 143, 58, 173, 164, 99, 162, 61].

In this thesis, the two different microcontinuum theories have been considered, i.e.,
micropolar theory of elasticity proposed by Eringen [41] and consistent couple stress

theory proposed by Hadjesfandiari and Dargush [67].

1.6.1 Micropolar Theory

Eringen [41] proposed a micropolar model of elasticity which admits independent
microrotation degree of freedom which represents the local rotation of the material
points and is completely independent of the classical displacement. This model em-
ploys four micropolar elastic constants «, [, v, and s in addition to two classical
elastic constants A and p called Lame’s constants.

The constitutive relations for the micropolar theory of elasticity [41] are:

Ui(lm) = AUk k01 + fon (Wi g + wii) + K (g — Eilk¢](gm))a (1.13)
M = @y S + Budl) + v sy (1.14)

The equation of motion for a micropolar elastic model in the absence of body force

are:
A + - oy — ,, &
(A + ) V(V A ) + (i + )V + km(V x ¢'"™) = mea (1.15)
. . Zm)
(Ot = B +Ym ) V(V.0™) =4,V X (V X ™)) 4 by (V X W) = 2600 = jpm(?:;g.
(1.16)

where ¢, k, | = 1, 2, 3; p,, is the mass density of the micropolar elastic model, o; and
m; are the force stress tensor and couple stress tensor respectively, U = (w1, ug, ug)
and gg(m) denotes the mechanical displacement and microrotation function respec-

tively, A, 1 are Lame’s constant, cu,, B, Ym, Km are micropolar material param-



17

eters which can be expressed in terms of two another specialized constants called the
characteristic length (1) and coupling factor (N), j is micro inertia.

This theory is preferred for capturing the microstructural effects by considering ma-
terial length-parameter. These micropolar material parameters can be expressed in

terms of two specialized constants called characteristic length (/) and coupling factor

(N) [53] as:
K 2N?p
= 4] —= = —.
7 (’“L 2)’ T 1N

where the coupling number (0 < N < 1) determines the degree of micropolarity ex-
hibited by the materials, N = 0 corresponds to the classical theory of elasticity. The
characteristic length (/) quantifies the related length scale parameter of the material.
Most researchers use the size-dependent hypothesis, to identify the material’s mi-
crostructural characteristics and their related mechanical problems [43]. lesan [74]
used micropolar continuum theory to study some earthquake-related problems. The
experimental investigation on the micropolar theory was carried out by Gauthier
[57]. Yang and Lakes [210] examined the size-effects in quasistatic bending of com-
pact bones and these effects were consistent with micropolar theory. Park and Lakes
[147] showed that strain distribution in wet bones follows the prediction of cosserat
elasticity, whereas strain distribution in dry bones behaves nearly classically. Thus,
micropolar elastic theories were proposed to explain microstructural size effects on
bones. Fatemi et al. [53] investigated the generalized continuum mechanics theories
which account for the influence of microstructure-related scale effects on the macro-
scopic properties of bone.

Pabst [144] outlines the applications of micropolar theory for modeling solid com-
posites (fiber, platelet, or particulate), porous media (solids with microcrack), and
suspension (containing isomeric or anisomeric particles). He showed non-linear and
linear constitutive equations for anisotropic and isotropic solids and fluids. He also
presented the physical significance of the material parameters and discussed the re-
duction of their number due to symmetry. McGregor and Wheel [127] determined

the micropolar constitutive parameters for two material variants that differ only in
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their matrix topology from both experimental tests and finite-element analysis. They
claimed that the degree of micropolarity is determined by the coupling number (N)
and the intrinsic lattice size scale is reflected by the parameter, characteristic length
(1). Eremeyev et al. [40] applied micropolar theory to analyze the stress concentration
problems near notches and holes of various sizes for bone reconstruction. A domain-
independent interaction integral for linear elastic fracture mechanics of micropolar
materials was studied by Yu et al. [212]. Leonetti et al. [106] and Fantuzzi et al.
[51] highlighted the anisotropic effects accounting for the micropolar moduli related
to the variation of microstructure internal sizes.

These theories magnetized the attention of many researchers to apply it in the field
of wave propagation phenomenon under distinct conditions to describe the behavior
of different physical objects such as cellular solids, granular media, bones, chopped
fibers, platelet composite materials, aluminum epoxy, solid suspension, and foaming,
rigid cellular animal blood, porous objects, foams. Kennedy and Kim [93] applied
a finite element method to study dynamic stress concentrations in micropolar elas-
tic materials when subjected to suddenly applied load under plane strain problem.
Strong micropolar material properties were found to cause a significant reduction in
the dynamic stress concentration caused by the diffraction of a plane dilatational
wave by a circular or elliptical cavity. Erbay et al. [39] studied the nonlinear modula-
tion of transverse waves propagating in an infinite micropolar elastic medium. Tomar
and Kumar [192] examined the reflection and refraction of longitudinal displacement
wave impinge obliquely at the interface between homogeneous liquid half-space and
micropolar elastic solid half-space. Nath et al. [137] derived the general frequency
equation for the propagation of magneto-thermoelastic surface waves in a homoge-
neous, isotropic micropolar medium in the presence of a constant magnetic field.
Erbay [38] used the asymptotic technique to obtain the two-dimensional dynamic
equations of thin micropolar elastic plates from the three-dimensional dynamic equa-
tions of micropolar elasticity theory.

Midya [130] demonstrated the Love-type wave propagating in a homogeneous isotropic

micropolar layered structure. Song et al. [188] examined the propagation of plane
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harmonic at the interface between two micropolar viscoelastic media under general-
ized magneto-thermoviscoelastic theory. Midya et al. [131] discussed the problem of
diffraction of plane harmonic SH-waves incident normally on a line crack in a microp-
olar elastic medium. Sharma and Kumar [163] studied the Lamb wave phenomenon
in micropolar thermoelastic solid plates submerged in the liquid with varying tem-
peratures. They showed the significant effect of fluid loading on the phase velocity,
attenuation coefficient, and specific loss factor of symmetric and asymmetric modes
of wave propagation in micropolar thermoelastic plates. Kumar and Gupta [98] in-
vestigated the propagation of waves in a transversely isotropic micropolar medium
possessing thermoelastic properties based on Lord and Shulaman theory, Green and
Lindsay theory, and coupled thermoelasticity theory. Using Stroh formalism, Chirita
and Ghiba [29] obtained the solution for the propagation of Rayleigh waves in Cosserat
elastic materials. The reflection and transmission of plane harmonic waves at the in-
terface between liquid and micropolar viscoelastic solid with stretch were studied by
Singh [180]. An enhanced micropolar model was proposed by Merkel and Luding
[128] which involves the minimum number of elastic constants to consistently predict
the dispersion relations in the long-wavelength limit. Kundu et al. [101] studied the
propagation of a Love-type surface wave in a heterogeneous micropolar medium lying
over an elastic inhomogeneous half-space when both density and rigidity was assumed
to vary linearly with depth.

Singh et al. [175] investigated the surface wave propagation in the presence of irreg-
ularities at the common interface of a distinct micropolar elastic medium. Othman
and Abd-Elaziz [142] studied the influence of the rotation and gravitational field on
the plane waves of a linearly magneto-micropolar thermoelastic medium using the
dual-phase-lag model (DPL). Hilal et al. [71] showed the influence of gravitational
field in a rotating micropolar thermoelastic medium with micro temperatures. The
impact of imperfect interfacial bonding on Love-type wave propagation in a vertically
heterogeneous fiber-reinforced material layer lying over a micropolar elastic substrate
was examined by Kaur et al. [88]. Lianngenga and Singh [110] obtained the disper-

sive frequency equation for symmetric and anti-symmetric vibrations in the microp-
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olar thermoelastic plate with voids. Singh et al. [181] examined the reflection and
transmission phenomenon of plane waves at an interface between two different trans-
versely isotropic micropolar piezoelectric half-spaces. Gupta et al. [65] demonstrated
the influence of periodic corrugated boundary surfaces on the propagation of plane
SH-waves in fiber-reinforced medium lying over semi-infinite micropolar medium un-
der the action of the magnetic field. Zhou et al. [214] demonstrated the dispersion of
elastic wave propagation in micropolar metamaterial plates with periodical arranged
resonators. He et al. [69] did an experimental investigation on the scale effect of

mechanical properties of heterogeneous micropolar materials.

1.6.2 Couple Stress Theory

Hadjesfandiari and Dargush [67] demonstrated consistent couple stress theory which
consists of three material parameters for isotropic case, i.e., Cauchy Lame’s constant
A, i, and characteristic length [. The characteristic length describes the effects of the
inner microstructure of material which is negligible as compared to the dimensions
of the body and is of the order of the average cell size or internal microstructure of
the material. In this proposed study it was shown that the couple stress tensor is
skew-symmetric and the skew-symmetric part of the gradient of the rotation tensor is
the consistent curvature tensor. Hadjesfandiari and Dargush [68] developed the basic
solutions for linear isotropic two-dimensional and three-dimensional stress elasticity
depending on the composition of displacement fields into dilatational and solenoid
components. Fakhrabadi [48] investigated the size effects on nanomechanical behav-
iors of nanoelectronics devices using consistent couple-stress theory.

Sharma and Kumar [165] employed the consistent couple stress theory to capture the
size effects on the propagation of Lamb waves in an elastic plate with microstruc-
ture. The impact of the scaling parameter was outlined by Fathalilou and Rezazadeh
[54] on the thermoelastic damping of a microbeam using the couple stress theory
with microstructure. The influence of microstructure, heterogeneity, and internal

friction on the propagation of the shear wave in the viscoelastic layer bonded with
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the couple stress substrate was studied by Sharma and Kumar [166]. Wang et al.
[201] presented the transmission and reflection of elastic waves having a couple stress
layers sandwiched between semi-infinite couple stress half-spaces. Sharma and Ku-
mar [167] investigated the shear wave propagation in a viscoelastic layer structure
bonded imperfectly to the couple stress substrate. They showed the impact of inner
microstructures and heterogeneity of the considered layered structure.

Ghodrati et al. [59] investigated the propagation characteristics of Lamb waves in
non-classical micro/nano-plates to extract the dispersion equations utilizing three
size-dependent models namely indeterminate, modified, and consistent couple stress
theories. They plotted the dispersion curves for the phase and group velocities to
illustrate the microstructural effects in very high frequencies. Sharma and Kumar
[169] obtained the secular equations for the propagation of leaky Rayleigh wave in
the couple stress substrate loaded with inviscid liquid layer to study the impacts of mi-
crostructures of the material. Kumar et al. [97] investigated the propagation features
of Rayleigh waves at the boundary surface of couple stress elastic solids with mass
diffusion in the context of Lord-Shulman and Green-Lindsay theories of generalized
thermoelastic. Under the influence of gravity, Sharma and Kumar [168] studied the
dispersive characteristics of Rayleigh wave in couple stress half-space loaded with an
inviscid liquid layer of finite thickness or a liquid half-space. Fan and Xu [49] studied
Love wave propagation in elastic half-space covered with the finite layer of couple
stress medium. Sharma and Kumar [170] obtained the frequency equations for mag-
netically open and short conditions to unfold the veiled features of the propagation
of Love-type wave through piezomagnetic material overlying couple stress substrate,
under the influence of viscous liquid loading. Jouneghani et al. [81] examined the
micro and nano-mechanical behavior of orthotropic doubly-curved shells based on the
couple stress theory of elasticity.

Singhal et al. [185] examined the transmission of a Love-type wave through compres-
sive stressed orthotropic material welded imperfectly on the couple stress half-space.
They graphically demonstrated the remarkable effects of the initial stress parameter,

imperfect interface parameter, friction parameter, phase, and group velocity on the
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Love-type waves. Based on the thermoelastic Green-Naghdi theory, Li et al. [109]
examined the characteristics of the reflection and transmission of thermoelastic waves
at the interface of two couple stress elastic solids. Singh et al. [179] analytically ex-
amined the propagation of G-type wave in functionally graded transversely isotropic
substrate beneath a stratum considering couple stress. They outlined the substan-
tial effects of characteristic length, anisotropy, and functional gradedness on the phase
velocity profiles of G-type waves. Alavi et al. [5] studied a linear size-dependent Tim-
oshenko beam model based on the consistent couple stress theory for capturing the
microstructural effects. To explicate the influence of imperfectness at the interfacial
surface, Sharma and Sharma [171] obtained the dispersion and damping equations
for the propagation of Love wave in fiber-reinforced layer bonded imperfectly over
the couple stress half-space having internal microstructures. They showed that the
proposed model should be the nearest approximation of the Earth because it exhibits
many heterogeneities in the form of microstructures. Under transverse mechanical
loading, Alinaghizadeh and Shariati [6] developed a non-classical model to study the
nonlinear behavior of annular sector microplates using couple stress theory. They
showed the effects of nonlinearity, foundation parameters, length scale parameters,
and geometric parameters on the deflections of the annular sector and square mi-
croplates.

The constitutive relations for couple stress theory [67] are

Ug(‘? = )\cuk,k5ij + ,uc(ui,j + ng) - ncvz(ui,j - uj,i)a (1-17)
1) = dnewi; — w;), (1.18)
where
1

Wy = §eijkuk,j.
The equation of motion for couple stress model in the absence of body force is:
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The vector form of equation (1.19) is:

oL

(Ae + pe + UcV2)V(V-7) + (pe — 77cv2)v27 = Pe o2

(1.20)

where i, j,k = 1,2, 3; A\, i are Lame constants, 7, = p.[? is the couple stress coeffi-
cient, [ is the characteristic length, p. is the mass density of the couple stress model,
d;; is Kronecker delta and ¢, is the alternating tensor, 7 is the mechanical displace-

(o) )

ment component, o;,” is non-symmetric force-stress tensor and ,ugf

; is skew-symmetric

couple stress tensor.

1.7 Piezoelectric Theory

The phenomenon of piezoelectricity was discovered in the late 19th century. Piezo-
electricity means electricity generated from pressure. In 1880, Pierre and Jacques
Curie [34] experimentally discovered the direct piezoelectric effects in various natu-
rally occurring substances, including Rochelle salt and quartz. In 1881, Lippmann
[113] used the term piezoelectricity, derived from the Greek word “piezein” mean-
ing “to press”. It was mathematically hypothesized and then experimentally proven
that a material exhibiting the direct effect of piezoelectricity would also exhibit the
inverse effect. The piezoelectricity phenomenon was developed and applied in sonar
and quartz crystals. In 1921, Walter Cady [18] invented the quartz-crystal-controlled
oscillator and narrow-band quartz crystal filter used in the communication system.
World war II spurred the growth of this field, especially with the urgent needs by the

military to detect submarines.

The theory of piezoelectricity grabbed great attention because of the ‘smart struc-
tural’ properties of its material. These materials have the ability to produce an electric
charge when subjected to mechanical stress called the direct piezoelectric effect and
show deformation when subjected to an electric field called the inverse piezoelectric

effect. These materials are highly anisotropic and strongly orientation-dependent.
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These materials need to be poled in a particular direction to provide strong piezo-
electric effects, although some materials exhibit natural or spontaneous polarization.
As an indicator of the magnitude of the piezoelectric effects, a field of 1000 volt/meter
applied between the ends of the quartz rod, produces a strain of 107. Conversely, a
small strain can generate an enormous field. In 1981, Auld [11] demonstrated the two
basic physical phenomena involved in all piezoelectric devices, i.e., wave propagation
and resonance. He was the first to present the connection between piezoelectricity
and crystal symmetry. Irino and Shimizu [76] investigated the propagation character-
istics of the Stoneley waves across the interface between the piezoelectric material and
isotropic material. lesan [75] studied the plane strain problems and their existence
in the static theory of linear piezoelectricity. Pak [145] developed a conservation law
that leads to a path-independent integral of fracture mechanics along with the govern-
ing equations and boundary conditions for the linear piezoelectric materials. Lesan
[107] gave some general theorems for the quasi-static and the dynamic piezoelectricity
by establishing a reciprocity relation which implies new uniqueness results and min-
imum principles. Honein et al. [72] proposed a systematic methodology based on a
matrix formalism and the concept of the surface impedance tensor to study the wave
propagation characteristics in a piezoelectric layered structure. They also studied the
subsonic interfacial waves when the plate is in contact with a nonconducting acous-
tic fluid. Lakhtakia [102] investigated the analytical solutions for the propagation of
waves in a piezoelectric, continuously twisted, structurally chiral medium along the
axis of spirality. Mawassy et al. [126] gave a variational approach of homogenization
of piezoelectric composites towards piezoelectric and flexoelectric effective media.

Various investigations have been undertaken for the characteristic analysis of surface
wave propagation in the layered piezoelectric structure due to its significant applica-
tions in the field of navigation, electronics, communication, micro-system technology
as well as in the surface acoustic wave (SAW) devices like sensors, transducer, res-
onators, filters, amplifiers, oscillators, delay lines, etc. [37]. Curtis and Redwood [35]
discussed a solution for the dispersion characteristics of the transverse surface waves

in a piezoelectric material carrying a metal layer of finite thickness and gave the con-
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ditions for the existence of various modes. The properties of the Love wave and its
applications to sensor devices were outlined by Jakoby and Vellekoop [77]. In these
kinds of sensors, a thin layer of the piezoelectric material is deposited on a substrate

to enhance the performance of SAW-devices.

Wang [205] examined shear horizontal (SH) wave propagation in a semi-infinite solid
medium surface bonded by a layer of piezoelectric material abutting the vacuum. Za-
kharenko [213] examined Love-type waves in layered systems consisting of two cubic
piezoelectric crystals. Huang and Li [73] examined the propagation of shear waves
along with a weak interface of two dissimilar piezoelectric cubic crystals with an im-
perfect bonding. Wang and Zhao [203] studied the propagation of Love wave in two-
layered piezoelectric/elastic composite plates under the influence of the interfacial de-
fect based on the shear spring model. Arani et al. [8] studied the size-dependent wave
propagation of double-piezoelectric nanobeam-systems, based on the Euler-Bernoulli
beam model. Gaur and Rana [56] studied the propagation of SH-waves in a porous
piezoelectric composite structure. Li and Jin [108] observed the excitation and prop-
agation of the shear horizontal waves in a piezoelectric layer imperfectly bonded to a
metal or an elastic substrate. Kong et al. [95] examined the propagation character-
istic of SH wave in an mm?2 piezoelectric layer on an elastic substrate. The evolution
of the electro-mechanical impedance of the piezoelectricity sensor was investigated to
determine the setting time of the cement paste by Lee et al. [105]. Yang et al. [211]
studied the effect of Love wave propagating in structure with a nanoscale piezoelectric
layer lying on an elastic substrate. Singh et al. [178] examined the propagation of the
Love wave in an irregular piezoelectric layer bonded on an isotropic elastic substrate
to display the impacts of the rectangular and parabolic irregularities.

Nie et al. [139] investigated the propagation behavior of two transverse surface waves,
i.e., Love waves and Bleustein-Gulyaev waves in the composite structure having piezo-
electric and piezomagnetic layers bonded on the elastic substrate. Gaur [55] examined
the effects of initial stress on the propagation of SH-waves in the piezoelectric layered

structure. Ninh and Bich [140] examined the nonlinear electro-thermo-mechanical vi-
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bration of nanocomposite cylindrical shells with piezoelectric actuators. Chaudhary
et al. [27] investigated the influence of the interfacial imperfectness on SH waves prop-
agation in initially stressed and rotating piezoelectric composite structure. Baroi et
al. [13] investigated the propagation of shear waves in a porous piezoelectric substrate
loaded with a viscous liquid to study the dynamic response of the affecting param-
eters. Kazemi et al. [92] examined the free vibration, static deflection, and pull-in
instability of a fully-clamped functionally graded micro-plate subjected to electro-
static and piezoelectric excitations. Cao et al. [19] examined the dispersion curves
and the attenuation tendency of the generalized Rayleigh waves for real wave number
cases in a transversely isotropic piezoelectric semiconductor half-space. Chaudhary
et al. [28] studied the impact of the interfacial imperfection on the propagation of
Love waves in the piezoelectric gradient layer over the elastic substrate. Jiaoa et al.
[79] studied the wave propagation phenomenon in a piezoelectric semiconductor slab
sandwiched between two transversely isotropic piezoelectric half-spaces. Nirwal et
al. [141] demonstrated the analysis of different boundary types on the propagation
of the surface wave in bedded piezo-structure with flexoelectric effect. Heydarpour
et al. [70] used the thermoelastic approach based on Lord-Shulman and Maxwell’s
formulations to study the wave propagation in functionally graded cylindrical panels
with piezoelectric layers under a thermal shock loading. Jam and Shodja[78] studied
the interfacial influence on the electromagnetic radiation emanating from an embed-

ded piezoelectric nanofiber incident upon by SH-waves.

The constitutive relations for a piezoelectric medium [20] are
Oij = CijkiSk — €kij Fr, (1.21)

Dj = ejlekl + EjkEk. (1.22)

The equation of motion and the electric displacement equilibrium equation of the

piezoelectric medium are
02ui
jii = P g2 (1.23)
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where 4, 7, k, l = 1, 2, 3; 0;; and Sy are the stress and the strain tensors respectively,

Cijkl » €rij and €55, are the elastic, the piezoelectric and the dielectric coefficients respec-

tively, u; and D; denotes the mechanical and the electric displacement respectively,

pp is the mass density of the piezoelectric medium, Ej, is the electrical field intensity.

The constitutive equations (1.21) and (1.22) can be written in compact matrix no-

tation by replacing pair of indices ij or kl by single index p or ¢, where ¢, j, & and

[ take the values 1,2, 3; p and ¢ take the values 1,2,3,4,5,6. Normal stress compo-

nents of piezoelectric materials are denoted by subscripts 1,2, 3 respectively and the

shear stress components denoted by subscripts 4, 5, 6 respectively. By using o,; — oy,

Cijkl = Cpgs Ckij — €kp and Sy — S, one may obtain

The equations (1.25) and (1.26) can be written in matrix form as:

01
p)
03
04

Os

06

C11
Ca1
C31
Cq1
Cs1

Co1

C12
C22
C32
Cq2
C52

C62

C13
Ca3
C33
C43
Cs3

C63

Ci4
C24
C34
Cq4
Cs4

Ce4

C15
Ca5
C35
C45
Cs5

Ceés

Ci6
C26
C36
C46

Cs6

Ce6 |

S
Sy
S3
Sy
Ss
S6

Op = CpgSq — €rp L,

Dj = equq + ijEk.

€11
€12
€13
€14
€15

€16

€21
€22
€23
€24
€25

€26

€31
€32
€33
€34

€35

€36 |

Ey
Ey

(1.25)

(1.26)

(1.27)
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Si
So
D, €11 €12 €13 €14 €15 €16 €11 €12 €13 Ey
S3
Dy| = |ea1 €22 €23 €24 €25 €36 T €21 €22 €23 Ey| - (1-28)
Sy
Ds €31 €32 €33 €34 €35 €36 €31 €32 €33| |3
Ss
Se

where

01 =011, 02 =022, 03=033, 04 = 0230032, O5=2031 0013, 0= 012 0I 021,

Sl = Sll; 52 = 5227 S3 = 5337 S4 = 25237 S5 = 25317 56 = 2512-

The relation between the strain components and the mechanical displacement com-

ponents is given by:
1

Sij = 5(“@3‘ +uji), 6,5 =1,2,3.
0wy _ Ouy _ Oug 1 (0uz  Ouy
Sw_@x’ y_('?y’sz_ﬁz’syz_2<8y 82)’

1/0 0 1[0 0 (1.29)
_ (9% Yus _ (9" Tu2
Szx_2<8z+8x>’sxy 2<8y+83@>'

The relation between the electric potential field and the electric potential function is:

Ekz—cb,(lf)-
P @) Dp®)
F=———"FE=——F"—FE,=— . 1.30
=g Be= s Be= (1.30)

1.8 Viscoelastic Theory

Viscoelasticity is the behavior of materials which at the same time exhibit elastic and
viscous characteristics under deformation. As viscoelastic materials have a factor of
viscosity, they have a time-dependent strain rate. When an applied load is removed,
elastic materials do not dissipate energy, however, viscoelastic material does. Some

materials like wood, synthetic polymers, metals as well as human tissue at high tem-
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peratures show noteworthy viscoelastic impacts. In some applications, even a small
viscoelastic response can be significant. Many engineering structural materials exhibit
viscoelastic behavior which has great impacts on the performance of that material.
The problem of studying surface wave propagation in a viscoelastic medium has been
of great interest in several contexts because it finds application in the design process.
Many authors investigated surface wave propagation in viscoelastic layered structure
(153, 174].

Cooper [31] examined the reflection and the transmission of the plane waves at an
interface between two viscoelastic materials. Shaw and Bugl [172] and Schoenberg
[160] discussed the transmission and the reflection of plane waves through layered
linear viscoelastic media. Borcherdt [15] investigated Rayleigh-type surface wave in
a linear viscoelastic half-space and discussed results theoretically about the velocity,
absorption coefficients, and displacement. Szabo and Wu [190] examined longitudinal
and shear wave propagation in the viscoelastic medium by considering a model based
on a time-domain statement of causality that describes the observed power-law be-
havior of many viscoelastic materials. Cerveny and Psencik [21] outlined the effects
of the plane wave under the consideration of homogeneous and inhomogeneous vis-
coelastic half-space. Kaur et al. [86] studied reflection and refraction of SH-waves at
a corrugated interface between two laterally and vertically heterogeneous viscoelastic
solid half-spaces. Tomar and Kaur [191] examined the shear wave propagation at a
corrugated interface between anisotropic elastic and the viscoelastic solid half-spaces.
Liu and He [117] presented an analytical investigation of Love wave propagation in
a structure with a piezoelectric substrate covered by multiple elastic, isotropic, and
non-piezoelectric layers. The results showed that a Love wave sensor with such a
two-layer structure can achieve better performances than with only one viscoelastic
or elastic guiding layer. Cui et al. [33] determined SH-wave propagation in piezoelec-
tric structure, where a viscoelastic thin layer is imperfectly bonded to a semi-infinite
piezoelectric substrate. Liu et al. [118] and Liu [116] provided a theoretical model
for the analysis of Love waves in a structure with multiple guiding viscoelastic layers

deposited on piezoelectric half-space.
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Sahu et al. [155] contemplated SH-waves in viscoelastic layer place on an elastic
half-space with self-weight to display the impact of heterogeneity, internal friction,
and gravity. Kaur et al. [90, 91] studied the influence of perfectly and imperfectly
bonded micropolar elastic half-space with a non-homogeneous viscoelastic layer on
the propagation behavior of the shear wave. Chatterjee et al. [22] studied the shear
wave propagation in viscoelastic heterogeneous layers lying over an initially stressed
half-space. Kakar and Kakar [83] illustrated the impact of a point source on the
propagation behavior of Love waves in a viscoelastic heterogeneous layer lying over
a viscoelastic substrate. Liu et al. [119] investigated seismic wave propagation in a
viscoelastic medium with an irregular free surface. They showed that for interpreting
the characteristics of seismic wave propagation in areas with rugged or rapidly vary-
ing topography, viscoelastic media can better represent the properties of the earth
than acoustic/elastic media. Negin and Yahnioglu [138] examined the attenuation of
the seismic Rayleigh waves propagating in an elastic crustal layer of the earth over
the viscoelastic mantle because the deep layers of the earth are viscoelastic, causing
seismic waves to dissipate as they propagate through the material. As a result, the
study of seismic waves must be able to accurately explain the effects of attenuation
and dispersion of the propagated waves. Yan et al. [209] used the experimental and
simulation methods to study the noise reduction performance of cylindrical shells with
different acoustic covering with viscoelastic material layers in the mid-low frequency
range. Amirinezhad et al. [7] studied the propagation of acoustic waves through
polymeric form plate by considering a mathematical model of functionally graded

viscoelastic material.

The constitutive relation for viscoelastic solid of Voigt-type [150] is

v , 0 0
Ui(j) = </\v —+ /\vat> 5ijuk,k + (,Uv + T]Uat> (ui,j + uj,i)- (131)
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The equation of motion for viscoelastic material in the absence of body forces is:

82UZ’
Ojii = Po—mo- 1.32
jig = P 12 ( )
where 4,5,k = 1,2,3; A\, i, are Lame’s constants, /\;,nv are internal friction pa-

rameter of a viscoelastic layer, p, is the mass density of viscoelastic material, ¢;; is
kronecker delta, u; is the mechanical displacement component, o;; is symmetric force-

stress tensor for viscoelastic material.






Chapter 2

Microstructural considerations on
Love wave propagation in a

piezoelectric layered structure

2.1 Introduction

The understanding of the behavior of elastic surface waves in a layered system plays a
vital role because of their widespread applications ranging from earthquake engineer-
ing to the designing of surface acoustic wave devices (SAW). In view of the modes of
propagation characteristics, SAW devices are comprehensively partitioned into Love
wave and Rayleigh wave devices. Due to the concentration of acoustic energy within
the guiding layer and near to the surface of the substrate, the Love-type wave of-
fers high sensitivity, which would be helpful for the fabrication of Love wave-based
sensors. For the designing of these sensors, a thin film of piezoelectric material is
deposited onto a non-piezoelectric substrate such as elastic, isotropic, viscoelastic,

dielectric substrate, etc. In piezoelectric material, the electrical charges are gener-

The content of this chapter is published in the journal ‘Journal of Theoretical and Applied
Mechanics’, 56(4):993-1004, 2018, (SCI, Impact factor:0.831)
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ated and electricity is induced due to the mechanical stress applied. On account of
their unique features, these materials are utilized to fabricate acoustic gadgets, sen-
sors, transducers, actuators, and so on [183]. Many researchers have done astonishing
work to demonstrate the conduct of Love-type wave propagation in a composite lay-
ered structure involving piezoelectric material under different boundary conditions.
Liu et al. [115] showed the characteristics of a Love-type wave using initial stress in
a layered system involving a piezoelectric layer of finite thickness, which is perfectly
bonded to the elastic substrate. Jin et al. [80] examined the propagation of Love
waves in a piezoelectric layered structure consisting of a piezoelectric layer overlying
an elastic half-space with inhomogeneous initial stress. Wang et al. [206] examined
the dispersion behaviors of SH waves propagating in a layered structure consisting of
a piezoelectric layer and an elastic cylinder with an imperfect bonding. Singh et al.
[177] investigated the propagation of a Love-type wave in an irregular piezoelectric
layer lying over a piezoelectric half-space. Gupta and Vashishth [66] studied bulk
wave propagation in a monoclinic porous piezoelectric material. Ezzin et al. [46]
examined the propagation of Love waves in a transversely isotropic piezoelectric layer
on a piezomagnetic half-space. Wei et al. [207] and Ezzin et al. [47] examined the
propagation of SH-guided waves in the piezoelectric/piezomagnetic layered plates.
Chaudhary et al. [25] highlighted the effect of normal and shear stresses, dielectric
and electric potential produced due to moving load in a prestressed piezoelectric sub-
strate.

Borges et al. [16] studied the effect of isotropic hardening parameter based on the plas-
tic crack tip opening displacement to predict the fatigue crack growth rate. The inter-
action size amongst the micro-cracks in the particular neighborhood depends on the
microstructural feature of the material and is linked to the length scale supporting the
need to present micro-level information in the constitutive models. On this ground, it
is relevant to consider microcontinuum theories. Many analysts successively proposed
different microcontinuum theories viz. couple stress theory [200, 32, 134, 193], mi-
cropolar theory [43], microstretch (non-linear) [44] theory , micromorphic theory [42],

the strain gradient theory [132, 133, 36, 10], to capture the size-effects of materials
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like polymers, foams, cellular solids, grain-size particles, etc. These theories have the
potential to incorporate micro-size effects by introducing additional size-dependent
parameters. Many experiments have indeed been performed with a microstructural
analysis to validate the justification of the material length scale parameter of the
nonlocal approach [148, 129]. Being one of the generalized continuum theories, the
consistent couple stress theory was given by Hadjesfandiari and Dargush [67] has
been employed to study more about the microstructural characteristics of Love wave
propagation in the composite piezoelectric layered structure.

Though Love wave propagation has been examined in detail for a piezoelectric layer
overlying solid substrate but the role of the microstructure of the substrate has not
been investigated to the full extent. Due to the continuous development in nano-
electromechanical systems (NEMS) and micro-electromechanical system (MEMS),
Love wave-based sensors with the microstructural exhibiting substrate are more ef-
ficient in this current age of NEMS and MEMS. In recent years, electromechanical
devices with characteristic scales in the Inm to 100nm range are being investigated to
explore the scaling effect beyond that of traditional MEMS. Such devices and systems
are referred to as NEMS systems [114, 208]. Farokhi and Ghayesh [52] derived the
nonlinear equation of motion by employing the size-dependent modified couple stress
theory while studying the behavior of MEMS.

To enhance the domain of Love wave propagation, the present chapter aims to inves-
tigate the microstructural considerations on Love wave propagation in a piezoelectric
layered structure consisting of a finite thickness piezoelectric material layer lying
over the semi-infinite couple stress substrate. The substrate is considered to have
the properties of microstructure like granular macromorphic rock (Dionysos Marble).
Two sets of a piezoelectric layer, i.e., PZT —5H and BaT'O3 materials are considered
over a solid substrate. Closed-form expressions of the dispersion equation for both
the cases of electrically open and electrically short conditions for the propagation of
Love-wave are obtained. Numerical computations are performed and the results are
manifested through graphs to examine the influence of the underlying microstructure

of the substrate, thickness of the layer, piezoelectric and dielectric constants on the
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phase velocity profiles of the Love-type wave. Particular cases are deduced to validate

the present study.

2.2 Formulation of the problem

Consider a piezoelectric layer of thickness H (where —H < x < 0) lying over a couple
stress elastic half-space. The Cartesian coordinate system is considered in such a way
that the Love wave is propagating along the y-axis and the x-axis is pointing positive
vertically downward as shown in figure 2.1. Conventionally, the poling direction

is assumed along the z-axis. Let u/¥) = (up, vy, wy) and u' = (Ue, Ve, we) are the

Couple stress elastic
half-space

Figure 2.1: Geometry of the problem.

mechanical displacement components due to the propagation of the Love wave in the
upper piezoelectric layer and the lower couple stress elastic half-space respectively.
As the Love wave is propagating along the direction of the y-axis and it causes

displacement in the z-direction only. For Love wave propagation:

Up = 0, Vp = 0, Wy = wp(x,y,t), (21)

ue =0, v. =0, w. = w.(x,y,1).
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Suppose that the electric potential function of the upper piezoelectric layer is:

¢(p) = gb(p) ([E, Y, t)' (22)

2.2.1 Dynamics of piezoelectric material layer

The constitutive relations and the equation of motion for a piezoelectric material layer
in the absence of body forces are given through equations (1.21)—(1.24) in Chapter-1.
For the transversely isotropic piezoelectric material, equations (1.27) and (1.28) can
be expressed in the component form with z-axis being a symmetric axis of material

as [115]:

O';p) Ci1 Ci12 Ci13 0 0 0 Sx 0 0 €31
Ul(lp) Ci2 C11 Ci13 0 0 0 Sy 0 0 €31 >
ng) Ci3 C13 C33 0 0 0 Sz 0 0 €33 Ex
o) 0 0 0 ey O 0 25| |0 es O] |
E.
o) 0 0 0 0 cuy 0 25., ers 0 0
_O'Q(CI;)_ L 0 0 0 0 0 %(CH - Clg)_ _QSmy_ L 0 0 0 ]
- Sx -
Sy
D;E 0 0 0 0 €15 0 g €11 0 0 E;E
Dyl = [0 0 0 e5 0 0 SZ +10 ey 0]|E,|. (2.3)
25y,
Dz €31 €31 €33 0 0 0 Y 0 0 €33 Ez
25,2
|25y

where ¢y, ¢12, ¢13, €33, C44 are the elastic constants, eis, esq, e33 are the piezoelectric

constants and €1, €33 are the dielectric constants.

On using equation (2.1) into equation (1.29), the components for strain tensor are:

S, =0,5,=0,5 =0, Sy =0,
_Low, o 1dw, 24)
V22 9yt T 2 0
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Using equation (2.1) into equation (1.30), the components of the electrical potential

field are

(v) (»)
00"y 007 , E.=0. (2.5)

E:r = )
oz Y dy

Invoking equations (2.4) and (2.5) into equation (2.3), the components of the stress

tensor and electrical displacement reduce to

olP) = 0, 0;”) =0, ng) =0, oép) =0,

x Y
ow ooP)
o) = 0447; + 615§y,
(p)
o® — ¢, 00 4 20T
D ow DgP)
x — €57 — € )
. 10
ow ooP)
Dy = 615aiy - 611((§y>
D,=0

Now, by substituting equation (2.6) into equations (1.23) and (1.24), one may obtain

the following governing equations for the piezoelectric layer.

c44V2wp + 615V2¢(p) = ppwp, (27)

615V2wp - 611V2¢(p) = 0. (28)

On solving equations (2.7) and (2.8), one may get

Pw,  Pw, 1w,

12 Oy? - cz ot? 7 29
526 . Pe®) 1 (e15) 0w, (2.10)
81:2 ayQ o 0120 €11 8t2 ) .

where
2

Cyq * 15
cp=/— and cy = |cu+ -
11
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Here, ¢, is the shear wave velocity in the piezoelectric layer.

Assume the solutions of the equations (2.9) and (2.10) as

wy = Wy(a)e W=, (2.11)

qg(p) — S0(10) (x)ebﬁ(y—ct)7 (2.12)

where ¢ is the wave number and c is the phase velocity.

On using equations (2.11) and (2.12), equations (2.9) and (2.10) reduce to

W +a’gWy(z) =0, (2.13)
2,(P) 2 2
dg;;(‘%) _ 5290(1)) (x) + fCZC (2?) [Ag sin(a&x) + Ay cos(alx)] = 0, (2.14)

where
On solving the differential equations (2.13) and (2.14), one may get the following
mechanical displacement and electric potential function as:

wy(x,y,t) = [A; sin(€ax) + Ay cos(Eax)]et W=, (2.15)

oW (2, y,t) = Zf[Al sin(€ax) + Ay cos(Eax)] + Aze ™ + Ages® W=D (2.16)

where Ay, Ag, A3, A4 are arbitrary constants.

2.2.2 Dynamics of couple stress elastic half-space

The constitutive relations and the equation of motion for a couple stress medium in
the absence of body forces are given through equations (1.17)—(1.20) in Chapter-1.

On substituting equation (2.1) into (1.20); the following governing equation for couple



stress medium is obtained:

Pw. 0*w, o [ 0w, *w, tw.
+ .y +2 + =

0x? 0y? ox* 0x20y? oyt
where
Lhe
Ces = —
Pe

Here, c., is the shear wave velocity in couple stress substrate.

The solution of the equation (2.17) is considered as
we = W,(z)etW=t),

Using equation (2.18), equation (2.17) reduces to

d'We(r) PdQWC(:c)
dx? dx?

+ QW,.(z) =0,

where

1
P =2+ =

2’

1 2
o-efei(-)

On solving the differential equation (2.19), one may have

1 0%w,
¢z, o2’

We(x) = (ALe™P® + Aye ™% 4 AyeP™ 4+ A, e?”),

/ / / ’ .
where A, A,, A;, A, are arbitrary constants.
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(2.17)

(2.18)

(2.19)

(2.20)

With the increase in depth, the amplitude of waves decreases in a couple stress elastic

medium. So, using the feasible condition W,(x) — 0 as x — oo in the general solution

of differential equation (2.20), one can obtain the following displacement component

associated with couple stress medium

we(z,y,t) = (A’le—m: + A;e—qx)ez,g(y_ct)7

(2.21)
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where

p_¢p+¢ﬁt1@
_ : ,

_¢P—¢ﬁi2@
_ : _

2.3 Boundary conditions

For the propagation of Love wave in a piezoelectric layer lying over a couple stress

elastic half-space, the following boundary conditions are to be satisfied:
(A) Boundary conditions for the traction-free surface of the piezoelectric layer

(i) The mechanical stress-free condition is:
o) =0 at v=-H (2.22)

(ii) The electrical boundary condition on traction-free surface is

(a) Electrically open condition

D,=0 at x=-—H. (2.23)
(b) Electrically short condition

oW =0 at z=—H. (2.24)

(B) Boundary conditions at the common interface of a piezoelectric layer and a

couple stress elastic half-space are

(iii) Stresses are continuous at the common interface of the layer and half-space
o) =59 at =0 (2.25)

(iv) Displacement fields are continuous at the common interface of the layer
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and half-space
w, =w. at x=0. (2.26)

(v) Electric potential function should vanish at the common interface of the

layer and half-space
¢ =0 at x=0. (2.27)

(vi) Couple stress tensor should vanish at the common interface of the layer

and half-space
ugﬁj =0 at z=0. (2.28)

Using equations (2.15) and (2.16), the constitutive equation (2.6) reduce to

o) = léac& cos(€ax) Ay — €acl, sin(€ax) Ay — Eerse % As + Eeiset® Ay | eSWY(2.29)

zx

Dy = [56116_&143 - 56116&1441 etl=et), (2.30)

Using equation (2.1) into the equations (1.17) and (1.18), one may get the constitutive

relations in terms of the displacement components as

ow Aw Pw
(©) — : < £ 2.31
O = He'gy nc(é?y?@x + O3 )’ (2:31)
Pw, O*w
(© — _9 ¢ ). 2.32
:ua:y 770< aZC2 + 8:1]2 > ( )

Using equation (2.21), equations (2.31) and (2.32) reduce to

ole) = [Pre™P" A} + Que ™ AyJer =), (2.33)
1) = 2 [kye P AL A+ kgem T Ay]et=et) (2.34)

where

ky,=&—p* and k,=¢& —q*

Py = up(PPk,—1) and Q= peq(I’k, — 1).
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Using equations (2.15)—(2.16), (2.29)-(2.30), (2.21), (2.33)—(2.34) into the boundary
conditions (2.22)—-(2.28), one may obtain the following algebraic equations in terms

of unknown coefficients A;, Ay, As, Ay, A and A,.

ach, cos(al H) Ay + acl, sin(al H) Ay — ej5et As + eyse 7 A, = 0, (2.35)
eH Ay —e A =0, (2.36)
€15 . €15 ¢H —€H _
— —sin(a§H)A; + —cos(a§H)Ay + et A3 + e 7 Ay =0, (2.37)
€11 €11
afci Ay — EersAs + ez Ay — PLA] — Q1 A, =0, (2.38)
Ay — A) — A, =0, (2.39)
DAy 4+ A+ Ay =0, (2.40)
€11
kAL + kg Ay = 0. (2.41)

2.4 Dispersion equations for electrically open con-

dition

The conditions mentioned in equations (2.35)—(2.36) and (2.38)—(2.41) constitute six
boundary conditions for this case. To obtain non-trivial solution, determinant of the
coefficients of the unknowns A;, Ay, As, Ay, A} and A, must vanish. The frequency
equation for the Love wave propagation in case of electrically open conditions is

obtained as:

E(ky — ky) s tanh(EH) + acy, tan(aéH) | — (Piky — Q1k,) = 0. (2.42)

€11

Equation (2.42) represents the dispersion relations of Love wave in an electrically

open circuit for a piezoelectric layer lying over a couple stress elastic half-space.
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2.5 Dispersion equations for electrically short con-
dition

The conditions mentioned in equations (2.35) and (2.37)—(2.41) constitute six bound-
ary conditions for this case. To obtain non-trivial solution, determinant of the co-
efficients of the unknowns A;, Ay, As, Ay, A} and A, must vanish. The frequency
equation for the Love wave propagation in case of electrically short conditions is
obtained as:

2.0 €l el sec(alH)
E(ky, — k )Ka Chy — ) tan(a&H) tanh(£H) + 2acy,— (1 — >]
€t €11 cosh(¢H) (2.43)

—(Piky — Q1ky) [ach tanh(§H) — s tan(aﬁH)] = 0.

€11

Equation (2.43) represents the dispersion relations of Love wave in an electrically

short circuit for a piezoelectric layer lying over a couple stress elastic half-space.

2.6 Particular Cases and Validation of results

2.6.1 Case-1

In the absence of the scaling parameter, i.e., [ — 0, the couple stress substrate reduces
to an isotropic elastic substrate and M — Epiey /1 0%2, equations (2.42)—(2.43)
reduce to the propagation of Love wave in a piezoelectric material layer lying over

the elastic substrate.

2

5 tanh (EH) + acyytan (aEH) = piey |1 — Z (2.44)
€11 C.

‘ e? sec(a
(I,

2
: =He\ 13
[acj‘m tanh (§H) — 7= tan (afH)] o
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Equations (2.44) and (2.45) represent the dispersion relations for the propagation of
the Love wave in a piezoelectric layer lying over an isotropic elastic half-space in case

of electrically open and short conditions respectively.

2.6.2 Case-2

In the absence of piezoelectric parameter, ie., e;5 = 0 and ¢, — c44, equations
(2.42)—(2.43) reduce to the propagation of Love wave in an isotropic elastic layer

lying over the couple stress elastic half-space.

2 2 Pk —
Eeay| = — Ltan <§H < - 1) _ Diky = ik (2.46)
cr cr ky — kqy

Cq4
Pp

where

2.6.3 Case-3

Pondering the previous case and taking [ — 0, i.e., couple stress half-space reduces

to isotropic elastic half-space and equation (2.46) reduces to:
C2
62 He 1 - CT
7 Caay | 5 —

Equation (2.47) represents the dispersion relation for Love wave propagation in isotropic

T2 2
where ¢; < ¢ < .

elastic layer lying over the isotropic elastic substrate in this limiting case. This equa-

tion matches with the well-known classical Love wave dispersion equation [122].

2.7 Numerical results

To illustrate the results graphically, the semi-infinite couple stress substrate has been

considered which is made of Dionysos Marble having microstructural properties [197]
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as shown in Table 2.1.

Table 2.1: Material constants for a couple stress elastic substrate.

pe = 2717kg/m?

fic = 30.5 x 10°N/m?

Ces = 3350m/s

The piezoelectric layer of PZT —5H or BaT'iO5 material are considered [115] having

properties as shown in Table 2.2.

Table 2.2: Material constants for piezoelectric layer.

Materials PZT — 5H ceramic BaT'iOs ceramic
Elastic constants 2.30 4.40
Cy4 (1010 N/mz)
Mass density 7.50 7.28
pp (10° kg/m?)
Piezoelectric constant 17.0 11.0
€15 (C’/m2)
Dielectric constant 277.0 128.0

€11 (10710 02/Nm2)

Dispersion curves of the Love-type waves propagating in a piezoelectric layer overlying
a couple stress mediums have been demonstrated in Figures 2.2-2.10. Figures 2.2,
2.5, 2.7, 2.9 correspond to electrically open conditions and Figures 2.3, 2.6, 2.8, 2.10
correspond to electrically short conditions. One of the common features observed
in all these characteristic curves is that the non-dimensional phase velocity (¢/c,)
decreases with an increase in non-dimensional wave number (£H). Throughout the
Chapters, only the zeroth mode of the Love wave propagation has been considered
in the piezoelectric layered structure. This mode appears at different wave number
range for different materials and it is also affected with electrically open and short
conditions.

Effects of the microstructure of the substrate

Figures 2.2 and 2.3 show the variation of non-dimensional phase speed (c¢/c,) with
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Figure 2.2: Variation of non-dimensional phase velocity against non-dimensional wave
number for different values of characteristic length 1 = 0.00001m, 0.0001m, 0.0004m,
when H=0.002m in case of electrically open conditions.

respect to non-dimensional wave number (£ H) for different values of the characteristic
length parameter [ = 0.00001m, 0.0001m, 0.0004m. The thickness of the piezoelectric
material layer is taken as H = 0.002m. It can be observed that the microstructure
of the substrate affects the phase velocity profiles significantly. It can be seen from
the profiles that with the increase in characteristic length, phase velocity increases for
both the considered materials of piezoelectric material layer. For PZT —5H material,
the plots are shown in Figures 2.2(a) and 2.3(a) and for BaT'iO3 material, the plots
are shown in Figure 2.2(b) and 2.3(b). Profiles under electrically open conditions
are shown in figure 2.2 and under electrically short conditions is shown in figure
2.3. Furthermore, the dispersion curves are plotted together for electrically open and
short cases in Figure 2.4 to compare the size-dependent couple stress theory with
classical theory for both the considered materials of the piezoelectric medium. The
characteristic curves demonstrate the microstructural effects of the semi-infinite solid

substrate that remains ignored in the classical elastic model.

Effects of the thickness of a piezoelectric layer

Figures 2.5 and 2.6 demonstrate the impact of the layer thickness of piezoelectric
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medium on the phase velocity profiles of Love wave propagating in a layered struc-
ture. To elucidate this effect, the different values for the thickness of the piezoelectric
material layer are considered, i.e., H = 0.003m, 0.004m, 0.005m, and the characteris-
tic length parameter [ = 0.0004m is kept constant. It is observed that the thickness
of the piezoelectric material layer exhibits adverse effects on the phase velocity of the
Love wave which means the phase velocity profiles decrease with the increase in the
thickness of the piezoelectric material layer. Characteristic profiles for the electrically
open conditions are shown in Figure 2.5 and for electrically short conditions is shown
in Figure 2.6. Figures 2.5(a) and 2.6(a) are plotted for PZT — 5H material and
Figures 2.5(b) and 2.6(b) are plotted for BaT'iO3 material.

=
o
a
-
N

H =0.003m H =0.003m
H =0.004m H =0.004m
H =0.005m H =0.005m

-
o
I
N
®

=
»
[

-
w g
a >
T T
IR =
= =
> o

=
w
T

=
[N
T

non-dimensional speed (c/cp)
In
N
ul

non-dimensional speed (c/cp)
N
e
N

In

N
T
g
=}
®

=
H
o
T
[
o
=)

I
[N
T
=
o
=
T

0.05 0.1 0.15 0.2 0.05 0.1 0.15 0.2

non-dimensional wave number () non-dimensional wave number (l)
(a) For PZT — 5H ceramic (b) For BaTiO3 ceramic

Figure 2.5: Variation of non-dimensional phase velocity against non-dimensional wave
number for different values of the thickness of a piezoelectric layer H = 0.003m,
0.004m, 0.005m, when 1 = 0.0004m in case of electrically open conditions.

Effects of piezoelectric constants

Figures 2.7 and 2.8 show the variation of non-dimensional speed (c¢/c,) against non-
dimensional wave number ({H) for the Love wave propagation. The characteristic
curves are plotted for three different values of piezoelectric parameter e;5 = 17 C//m?,
21 C/m?, 25 C/m? for PZT — 5H material shown in Figures 2.7(a) and 2.8(a) and
e1s = 11 C'/m?, 15 C/m?, 19 C/m? for BaTiO3 material shown in Figures 2.7(b) and

2.8(b) under both the cases of an electrically open and short conditions respectively.
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Figure 2.6: Variation of non-dimensional phase velocity against non-dimensional wave
number for different values of the thickness of a piezoelectric layer H = 0.003m,
0.004m, 0.005m, when 1 = 0.0004m in case of electrically short conditions.

The thickness of a piezoelectric material layer H = 0.002m and the characteristic
length parameter [ = 0.0001m associated with the couple stress substrate are kept
constant. The piezoelectric material parameter does not favor the phase velocity pro-
files of Love waves. It is observed that the increase in piezoelectric material parameter
leads to the decrease in phase velocity profiles for both the cases of an electrically

open and short conditions.

Effects of dielectric material parameter

The influence of the dielectric parameter associated with the piezoelectric medium
are displayed in Figures 2.9 and 2.10 for two different materials of the piezoelectric
medium, i.e., for PZT — 5H material and BaTiO3 material on the propagation of
the Love wave in the considered structure. For PZT — 5H material, the different
values of dielectric parameter are considered as e;; = 237 x 10710 C?/Nm?, 277 x
1071 C?/Nm?, 317 x 1071Y C?/Nm? and for BaTiO3 material, the distinct values
of dielectric parameter are considered as €;; = 98 x 1071 C?/Nm? 128 x 10710
C?/Nm?, 158 x 1071% C? /Nm?. The characteristic curves for PZT —5H material are

shown in Figures 2.9(a) and 2.10(a) and for BaT'iO3 material, the plots are shown in
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Figures 2.9(b) and 2.10(b). The material characteristic length parameter is taken as

[ = 0.0001m and the thickness of a piezoelectric medium layer is taken as H = 0.002m.

The dielectric material parameter associated with the piezoelectric medium affects

the phase velocity profiles significantly. It is observed that the phase velocity of the

Love wave increases with the increase in the dielectric material parameter for both
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the considered materials of a piezoelectric material layer under both the cases of an

electrically open and short conditions.
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wave number for different values of dielectric constants e;; = 237 x 10719, 277 x 10710,

317 x 10719 C?2/Nm? in (a), €57 = 98 x 1071 128 x 10710, 158 x 107 C?/Nm? in

(b), for electrically short cases.
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2.8 Conclusion

The dispersion equations (2.42) and (2.43) provide an implicit relation between the

phase velocity of the Love wave and the different characteristic parameters associated

with the layer and the substrate. The phase velocity profiles are affected with the

variation in associated parameters of the considered layered structure. The major

conclusions of the study may be pointed out as follow:

(i)

(i)

(iii)

(iv)

Wave number affects the phase velocity profiles of the Love wave significantly.
The non-dimensional phase velocity decreases with an increase in non-dimensional
wave number in each case of electrically open and short circuits for both the

considered materials of a piezoelectric medium.

The material characteristic length of the couple stress material exhibits favoring
effects on the phase velocity profiles of the Love wave, i.e., with the increase in

the characteristic length, the phase velocity of the Love wave also increases.

The thickness of the piezoelectric material layer shows an adverse effect on the
phase velocity profiles of Love waves. It is observed that the phase velocity of
the Love wave decreases with the increase in the thickness parameter associated

with a piezoelectric layer.

Piezoelectric parameter affects the phase velocity profiles of the Love wave sub-
stantially. Specifically, the increase in piezoelectric parameters leads to a de-
crease in the phase velocity of the Love wave propagation in the piezoelectric

layer overlying the couple stress elastic half-space.

Dielectric parameter associated with the piezoelectric layer favors the phase
velocity profiles of Love waves. It is observed that with an increase in dielectric

parameters, the phase velocity of the layered structure increases.

The significant effects have been observed while comparing the dispersion curves

of size-dependent couple stress theory with the classical theory of elasticity for
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both the considered materials of a piezoelectric medium under electrically open

and short conditions.



Chapter 3

A size-dependent micropolar-
piezoelectric layered structure for

the analysis of Love-type wave

3.1 Introduction

As already mentioned in chapter-2, it is important to investigate the influence of size-
dependency on the phase velocity profiles of Love wave propagation in the composite
layered structure. The dispersion equation obtained in the Love wave propagation
plays an important role in the designing of Love wave-based sensors. However, the
dispersion relation involving an elastic substrate-piezoelectric layered structure is al-
ways supposed to have certain shortcomings. These shortcomings are due to the
lack of any material length scale parameter in the constitutive relation of the classi-
cal elasticity. Thus, to enhance the domain of the applicability of Love wave-based
devices and to authenticate, another microcontinuum theory is considered, i.e., the

micropolar theory proposed by Eringen [41] for analyzing the microstructural effects

The content of this chapter is published in the journal ‘Waves in Random and Complex Media’,
30(3):544-561, 2018, (SCI, Impact factor:2.930)

95
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of structurally sensitive materials incorporating granular media, microcracking, mi-
croporosity, cellular solids, bones, platelets.

In this chapter, the propagation of Love-type waves has been investigated in a lay-
ered structure consisting of a piezoelectric material layer lying over a semi-infinite
size-dependent micropolar substrate exhibiting microstructural characteristics. By
employing appropriate boundary conditions for the layer and substrate, the secular
equations are obtained analytically in the compact form for both the cases of elec-
trically open and electrically short conditions. Two sets of the piezoelectric material
layer, namely, PZT —5H and BaT'i0O3 material are considered to manifest the results
graphically. The effects of internal microstructures of the size-dependent substrate,
the thickness of a piezoelectric material layer, the piezoelectric constants, and the
dielectric constants are illustrated graphically on the phase velocity profiles of the
Love-type wave for both the considered materials of the piezoelectric layer under
electrically open and short conditions. Some particular cases are also obtained us-
ing the relevant conditions and the Classical Love wave equation is also deduced to

validate the outcome of the present study.

3.2 Formulation of the problem

Consider a micropolar elastic half-space covered with a transversely isotropic piezo-
electric layer of thickness H where —H < x < 0. The Cartesian frame of reference is
considered in such a way that the Love wave is propagating along the y-axis and the
x-axis is pointing positive vertically downward as shown in Figure 3.1. Convention-
ally, the direction of polarization is assumed along the z-axis. Let ugp ) = (Up, Uy, wy)
and ugm) = (U, U, Wy,) are the mechanical displacement components in the upper
piezoelectric layer and the lower micropolar elastic half-space respectively, obtained
due to the propagation of the Love wave. As the Love wave is propagating along the

direction of the y-axis, it causes displacement in the z-direction only. For Love wave

propagation, one may suppose that

Up = Oa Up = 07 Wp = wp($7y’t)’



Micropolar elastic half-
space

\4
X

Figure 3.1: Geometry of the problem.

By following the procedure adopted in sections 2.2.1 and 2.3 of Chapter-2, the me-
chanical displacement and the electric potential component for a piezoelectric material

layer are obtained as

wy(x,y,t) = [A; sin(ax) + Ay cos(Eax)]es¥=H),

oP (z,y,t) = [%[Al sin(€ax) 4+ Ay cos(Eax)] + Aze 5% + Ayet®|et=eD,
€11

o) = lfacﬁh cos(€ax) Ay — Eacy sin(Eax) Ay — Eerse ST Ag 4 Loyt Ay et

zx

Dx = 56116_51143 — 56116596144 eLg(y_Ct).

(3.2)

The notations and symbols are same as used in sections 2.2.1 and 2.3 of Chapter-2

3.2.1 Dynamics of semi-infinite micropolar substrate

The constitutive relations and the equations of motion for a micropolar elastic half-
space in the absence of body forces are given through equations (1.13)—(1.16) in
Chapter-1.

To explicate the size-dependency effects in micropolar medium, the parametric rela-
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tion given by Fatemi et al. [53] having the parameter coupling constant ‘N’ and the

characteristic length parameter ‘I’ are used.

K 2N2
4 2 m m )
Y = 4l (,um + o> ) and Ky, = T on (3.3)

where the micropolarity of substrate is characterized by coupling factor N with 0 <
N < 1 and characteristic length [ which quantifies the size-effect of material and is
of the order of the average cell size of the material; N = 0 represents the classical
elasticity.

By using Helmholtz decomposition for microrotation vectors 5(’”) in terms of potential

function ¢,, and ,,, one may get
A" =V, +V Xy, Vb, =0, (3.4)

_> m m m
where i = (0,0, ~1,) and 67 = (647, 6", 6.
The microrotation vector in the component form can be written from equation (3.4)

as:

Utilizing equations (3.1) and (3.5), equations (1.15)—(1.16) reduce to

1 0%w,,

2 272
202 1 9%
2 Y5 - = m
L L G (3.7
202 6 1 0%y,

2 =75 5 -
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where

_ Km . [EmtEm — Ym
91 - ,u‘m‘i’/fm’ 02 o Pm ’ 03 o jpm’
0, = \)2mthm g = [Em
4 jpm 7 U0 ipm

Assuming the solution of equations (3.6)—(3.8) of the form
(Somu ¢m7 wm)(x, Y, t) = ((I)’ffw \Ijma Wm)<x)eL£(y_Ct)7 (39)

where ¢ is the wave number and c is the phase velocity.
Employing the solution given in equation (3.9) into the equations (3.6)—(3.8), one

may get the following differential equations:

(D?* = r?)®,, =0, (3.10)
) £ 2 2y
D + i — & \W,, +03(D?* — €5V, =0, (3.11)
2
<D2 i ’5252 _ zgz - 52>qu - (Zg)wm 0, (3.12)

where D

Il
&‘&

£2¢2 202
= 2
" J(5 e g a)

On solving equations (3.11) and (3.12) simultaneously, one may get

d* d
<dx4 Sd2+T>\If =0, (3.13)

where
92 1 1
_ o2 Ys 2 _ 2,2

T - Qﬂiﬁ_ 2 @_z _9%9%52
G0 0 o
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The equation (3.13) can be rewritten as:
(D? — s*)(D?* —tH)¥,, =0, (3.14)

where

On solving equations (3.10) and (3.14) and using the feasible conditions that ®,,(x)
and V,,(z) — 0 as x — oo in the general solution of the differential equations, one

may obtain

Pm(T,y,t) = e 7" BetW=, (3.15)
U (2, y,1) = (€77 By 4 ¢ B3)e W=, (3.16)

where By, By, B3 are the arbitrary constants.
On substituting the value of ¥,,(x) from equation (3.16) into (3.12) and using the fea-
sible condition that W,,(z) — 0 as x — oo, the mechanical displacement component

in micropolar elastic half-space is obtained as
wm(x7 Y, t) - (ple_stQ + p26_th3)€L€(y_Ct)7 (317)

where

2 22 2
3 & 205
K‘“‘e&(” 7w )

e W,
PS5 )
p2 = 92( TR T

Using equations (3.15) and (3.16) in (3.5), the components of the microrotation vector

associated with the semi-infinite micropolar substrate are obtained as
™ = (—re "By — 1fe 5" By — 1fe " By)et W), (3.18)

gm) = (t€e "By — se” "By — te_th?,)@Lg(y_Ct)- (3.19)
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3.3 Boundary conditions

The following boundary conditions are to be satisfied for the propagation of the Love

wave in a piezoelectric layer overlying a micropolar elastic half-space.

(A) Boundary conditions for the traction-free surface of the piezoelectric layer

(i) The mechanical traction-free condition is:
o) =0 at x=-H (3.20)

(ii) The electrical boundary condition on traction-free surface is

(a) Electrically open condition

D,=0 at z=-H. (3.21)
(b) Electrically short condition

o =0 at x=—H. (3.22)

(B) Boundary conditions at the common interface of a piezoelectric layer and a

micropolar elastic half-space are

(iii) Displacement fields are continuous at the common interface of layer and
half-space
wy, =w, a x=0. (3.23)

(iv) Stresses are continuous at the common interface of layer and half-space

zZT z

o) =g at 2 =0. (3.24)

(v) Electric potential function should vanish at the common interface of layer
and half-space

¢ =0 at z=0. (3.25)
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(vi) Couple stress tractions should vanish at the common interface of layer and

half-space
m%) =0 at z=0. (3.26)
m™ =0 at z=0. (3.27)

Invoking equations (3.17)—(3.19) into equations (1.13)—(1.14) of the constitutive re-

lations, the following components of the stresses in micropolar medium are obtained

as:
o™ = (—1€kme "By — pze "By — pye " By)e V™), (3.28)
m:(EZL) — (_L£@5€_T$Bl + KJGG—SQZB2 + p7€_th3)€L§(y_Ct), (329)
mé’;) = (pse "By + tpee” ** By + pre_mB;;)eLg(y_Ct), (3.30)
where

03 = $(UmP1 — Km), P4 =t{lmP2 = Km), 5 = =7 (B + ),

96 = (Bn&® +1ms?), 1= (Bn€® + 1mt?), 98 = 1*(0m + B + V) — Om&?,

09 =&s(Bm +Ym): 10 = EBm + Tm)-

Using equations (3.2), (3.17)—(3.19) and (3.28)—(3.30) into the boundary equations
(3.20)-(3.27), one may obtain the following algebraic equations with respect to un-
known coefficients A,, As, As, Ay, By, By and Bs.

ach, cos(al H) Ay + acl, sin(aé H) Ay — e5et As + ejse 7 A, = 0, (3.31)
A, —e A, =0, (3.32)
€15 . €15 EH —¢H _
— —sin(a§H)A; + —cos(aEH)Ay + et Ag + e 7 Ay =0, (3.33)
€11 €11
Ay — 1By — p2B3 = 0, (3.34)
acy Ay — EeisAs + Eeis Ay + 1€k By + 93B2 + 04 B3 = 0, (3.35)
5 Ay 4+ Ag+ Ay = 0, (3.36)
€11

L5 B1 + peBa + o7 B3 = 0, (3.37)
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©sB1 + tpg By + Lp19B3 = 0. (3.38)

3.4 Dispersion equations for electrically open con-

dition

The conditions mentioned in equations (3.31)—(3.32) and (3.34)—(3.38) constitute
seven boundary conditions for this case. To obtain a non-trivial solution, the de-
terminant of the unknown coefficients of the system, A, Ay, A3, A4, Bi, By and Bs
vanish. The frequency equation for the propagation of the Love-type wave in case of

an electrically open conditions is obtained as

2
(&
Eacy 15 tan(EaH) + Epis—2 tanh(EH) + p1a = 0, (3.39)
1

€1
where p11 = PsP10 — P79, P12 = P5010 T P7P8, P13 = P59 T P68,
P14 = ERmP11 — P3012 + PaP13, P15 = P1P12 — 20013

Equation (3.39) represents the dispersion relations of Love-type wave for an elec-
trically open conditions for a piezoelectric layer lying over the micropolar elastic

half-space.

3.5 Dispersion equations for electrically short con-

dition

The conditions mentioned in equations (3.31) and (3.33)-(3.38) constitute seven bound-
ary conditions for this case. To obtain a non-trivial solution, the determinant of the
unknown coefficients of the system, Ay, Ay, Az, A4, By, By and B3 vanish. The fre-

quency equation for the propagation of the Love wave in case of an electrically short
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conditions is obtained as

e e? sec(éaH)
* tanh(€H) — 2 ¢ H 2facs A5 - e
(ac44 anh(§H) -~ an(&a ))@144— fa044@15611 cosh(¢H) + (3.40)

Ep15016 tan(EaH) tanh(EH) = 0,

C*Z - e411
2 .
44 11

where o6 = a?

Equation (3.40) represents the dispersion relations of the Love wave in electrically

short conditions for a piezoelectric layer lying over a micropolar elastic half-space.

3.6 Particular Cases

3.6.1 Case-1

In the absence of micropolarity, i.e., a,,, Bm, ¥m and k, — 0, the micropolar
elastic half-space reduces to an isotropic elastic half-space, 6, — c¢,, and % —
=&y /1 — 0%2; equations (3.39)—(3.40) reduce to Love-type wave propagation in a

piezoelectric material layer lying over an isotropic elastic half-space.

2 2
acy, tan (a&H) + Zf tanh (EH) = pim, |1 — c%’ (3.41)

[Qacjé% (1 — iiﬁfﬁﬁ) + 16 tan (a H) tanh (fH)] 2
— | 1= = (342)
62 cm
[acﬁh tanh (§H) — 2 tan (agH)]
where

_ [Hm
Cm = 1| —.
Pm

Equations (3.41) and (3.42) represent the dispersion relations for the propagation of
the Love wave in a piezoelectric layer lying over an isotropic elastic half-space in case

of electrically open and short conditions respectively.
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3.6.2 Case-2

In the absence of piezoelectric parameter, i.e., e;5 = 0 and ¢}, — cq4, equations
(3.39)—(3.40) reduce to Love-type wave propagation in an isotropic elastic layer lying

over a micropolar elastic half-space.

2 2
§Cas, 0:2 — ltan <§HF> S (3.43)
7 ¢ 15

Cq4

Cp = —.

Pp

where

Equation (3.43) represents the dispersion relation for Love-type wave propagation in

an isotropic elastic layer lying over the micropolar elastic substrate.

3.6.3 Case-3

Pondering the previous case and «,,, Bm, 7m and k,, — 0, i.e., micropolar elastic

half-space reduces to isotropic elastic half-space; equation (3.43) reduces to

2 M 1—- 5
tan (fH C: — 1) = 70’2“, (3.44)
CQ 2
P cuyf5 — 1
P

where 2 < ¢ < ¢2,.

Equation (3.44) represents the dispersion relation for Love-type wave propagation in
an isotropic elastic layer lying over the isotropic elastic substrate which matches with
the well-known Classical Love wave [122] equation which validates the outcome of the

present problem.

3.7 Numerical results and discussions

For illustrating the results, the piezoelectric layer of PZT —5H or BaT1O3 materials

are considered [115] having properties as shown in Table 2.2 taken from section 2.7
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of Chapter-2. For the semi-infinite micropolar elastic substrate, the following data of

aluminium-epoxy material [90] have been considered which is shown in Table 3.1.

Table 3.1: Material constants for micropolar elastic substrate.

pm = 2.19 x 10°kg/m?

Am = 7.59 x 100N /m?

i = 1.89 x 10N /m?

7 =0.106 x 10~ 4m?

Q= 0.01 x 10°N

B, = 0.015 x 10°N

The characteristic curves have been examined in Figures 3.2-3.13 for the propagation
of the Love type waves in the layered piezoelectric structure. All the curves are plotted
for the non-dimensional phase velocity (¢/c,) against non-dimensional wave number
(€H) for two different materials of piezoelectric layer, i.e., PZT — 5H and BaT'iOs
material. There is one common feature observed in all these figures that the phase
velocity show dispersion and it decreases with the increase in non-dimensional wave
number. Figures 3.2, 3.4, 3.8, 3.10, 3.12 are associated with the electrically open
conditions and Figures 3.3, 3.5, 3.9, 3.11, 3.13 are associated with the electrically
short conditions.

Effect of coupling constant (IN)

Figures 3.2 and 3.3 demonstrate the effect of coupling constants that quantifies the de-
gree of micropolarity in a micropolar media on the phase velocity profiles of the Love
wave propagating in a piezoelectric layer lying over a micropolar elastic half-space.
The dispersion curves are plotted for different values of micropolar coupling param-
eter, i.e., N = 0.1,0.7,0.9 to show the microstructural effects of the semi-infinite
substrate under both the cases of electrically open and short conditions. Here, the
characteristic length of material and the thickness of a layer is taken as [ = 0.001m

and H = 0.3m respectively. It is observed that the micropolarity of the substrate
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affects the phase velocity profiles significantly. As the degree of micropolarity (V)
increases, the phase velocity of the Love wave increases for both the considered ma-
terials of a piezoelectric layer, i.e., PZT — 5H and BaTiO3 material under both the

cases of electrically open and short conditions.
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Figure 3.2: Variation of non-dimensional phase velocity against non-dimensional wave
number for different values of micropolar constants N = 0.1,0.7,0.9 in (a) and (b),
when 1=0.001m, H=0.3m in case of electrically open conditions.
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Figure 3.3: Variation of non-dimensional phase velocity against non-dimensional wave
number for different values of micropolar constants N = 0.1,0.7,0.9 in (a) and (b),
when 1=0.001m, H=0.3m in case of electrically short conditions.

Effect of the characteristic length (1)
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Figures 3.4 and 3.5 show the characteristic profiles of non-dimensional phase velocity
(¢/c,) against non-dimensional wave number (£H) for different values of the intrinsic
characteristic length of the micropolar media, i.e., [ = 0.001m, 0.002m, 0.003m. The
significant effects of the material characteristic length on the phase velocity profiles
of the Love wave are observed. It is observed that the phase velocity profiles of the
Love wave increase with an increase in the characteristic length. The characteristic
curves clearly indicate the size-effects observed in the propagation of the Love wave
in a piezoelectric layered structure. Figures 3.4(a) and 3.5(a) are associated with the
PZT — 5H piezoelectric material and Figures 3.4(b) and 3.5(b) are associated with
the BaTO3 piezoelectric material under both the cases of an electrically open and
electrically short conditions. The phase velocity profiles in Figure 3.6 and 3.7 demon-
strate the comparison of micropolar elasticity with the classical theory of elasticity
and micropolar elasticity with couple stress theory for electrically open and short
conditions. Figure 3.6(a) and 3.7(a) are plotted for piezoelectric PZT — 5H material
whereas Figure 3.6(b) and 3.7(b) are plotted for piezoelectric BaTiO3 material. The
trends of phase velocity profiles for each theory are the same, i.e., with the increase

in non-dimensional wave number, phase velocity decreases.
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Figure 3.4: Variation of non-dimensional phase velocity against non-dimensional wave
number for different values of characteristic length [ = 0.001m, 0.002m, 0.003m in (a)
and (b) in case of electrically open conditions.
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Figure 3.5: Variation of non-dimensional phase velocity against non-dimensional wave
number for different values of characteristic length [ = 0.001m, 0.004m, 0.007m in (a)

and (b) in case of electrically short conditions.
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Figure 3.6: Variation of non-dimensional phase velocity against non-dimensional wave
number for classical elasticity and micropolar elasticity.

Effects of the thickness of a layer

Figures 3.8 and 3.9 show the variation of non-dimensional phase velocity (c/c,) against

non-dimensional wave number (£l) for different values of the thickness of a piezoelec-

tric material layer, i.e., H = 0.003m, 0.004m, 0.005m. Here, the characteristic length

is { = 0.005m and the coupling factor N is 0.033. It is observed that the thickness

of a piezoelectric layer lying over a micropolar elastic half-space does not favors the
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Figure 3.7: Variation of non-dimensional phase velocity against non-dimensional wave
number for couple stress theory and micropolar elasticity.

phase velocity profiles, i.e., with the increase in the thickness of a piezoelectric layer,
the phase velocity of the Love wave decreases. Figures 3.8(a) and 3.9(a) correspond
to the piezoelectric material PZT — 5H and Figures 3.8(b) and 3.9(b) correspond to
the piezoelectric material BaTiO3 under both the cases of an electrically open and

electrically short conditions.
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wave number for different values of the thickness of piezoelectric layer H =
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Effects of the piezoelectric constants
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Figures 3.10 and 3.11 show the trend of non-dimensional speed (¢/c,) with respect to
non-dimensional wave number ({H) for the Love wave propagation. The dispersion
curves are plotted for three different values of the piezoelectric parameter e;5 = 17
C/m?, 21 C/m?, 25 C/m?, for the piezoelectric material PZT — 5H, as shown in
Figures 3.10(a) and 3.11(a) and e;5 = 11 C/m?, 15 C'/m? 19 C/m?, for BaTiO;
material, shown in Figures 3.10(b) and 3.11(b) in each case of an electrically open
and short conditions. The thickness of a piezoelectric material layer is taken as
H = 0.03m associated with the micropolar elastic half-space. It is observed that the
phase velocity profiles of the Love wave decreases with the increase in the piezoelectric
constant associated with a piezoelectric ceramic under both the cases of an electrically

open and short conditions.

Effects of the dielectric constants

Figures 3.12 and 3.13 illustrate the effects of dielectric constants on the Love wave
propagation in a piezoelectric layered structure. Here, the different values of dielectric
constants are considered as €;; = 237 x 1071% C%2/Nm?, 277 x 1071% C?/Nm?, 317 x
1071° C?/Nm? for PZT — 5H material, shown in Figures 3.12(a) and 3.13(a) and
€11 = 98 x 10719 C?/Nm?, 128 x 10719 C?/Nm?, 158 x 1071% C?/Nm? for BaTiOs



1.4 K

IR In =
= = [N} w
T T T

non-dimensional speed (c/c p)

o
©
T

0.8

e = 2
— lie;=17C/m

e = 2
2:e  =21C/m

. - 2
3:e ,=25C/m

0.5

1

15

2

non-dimensional wave number ( {H)

(a) For PZT — 5H ceramic

2.5

non-dimensional speed (c/c ID)

11

g
o
a

[N

o
©
a

o
©

0.85

72

— le,=11C/im

— 2:e, =15C/m

—— 3:e, =19C/m

2

2

2

Figure 3.10: Variation of non-dimensional phase velocity against non-dimensional
wave number for different values of piezoelectric constants e;5 = 17 C'/m?, 21 C/m?,
25 C'/m? in (a) and e;5 = 11 C/m?, 15 C/m?, 19 C'/m? in (b), when H=0.03m in
case of electrically open conditions.

1451

)

w135

131

125

12r

non-dimensional speed (c/c

11r

1.05

e = 2
le =17C/m

e = 2
2:e  =21C/m

e = 2
— 3re ; =25C/m

0.2

0.4

0.6

0.8

1 1.2

non-dimensional wave number ( {H)

(a) For PZT — 5H ceramic

1.4

non-dimensional speed (c/c p)

IR
1

g
o
©

=
o
@

=
=}
N1

g
o
>

1.05

1.04

1.03

1.02

1.01

0.5 1 15 2 25
non-dimensional wave number ( £H)
(b) For BaTiO3 ceramic
— lie, =11C/m®
—— 2:e,, =15C/m”
—— 3ie,, =19C/m’
0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

non-dimensional wave number ( {H)

(b) For BaTiO3 ceramic

Figure 3.11: Variation of non-dimensional phase velocity against non-dimensional
wave number for different values of piezoelectric constants e;5 = 17 C'/m?, 21 C'/m?,
25 C/m? in (a) and e = 11C/m?,15C'/m?,19C /m? in (b), when H=0.03m in case
of electrically short conditions.

material, shown in Figures 3.12(b) and 3.13(b), for both cases of electrically open

and short conditions. Here, the thickness of a piezoelectric layer is taken as H =

0.03m. The phase velocity profiles are affected significantly with the change in the

dielectric parameter associated with a piezoelectric ceramic. It is observed that with
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the increase in the dielectric constant, the phase velocity characteristics of the Love
wave also increases for both the considered materials of the piezoelectric material

layer under both the cases of electrically open and short conditions.
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128 x1071° C?/Nm?, 158 x1071° C?/Nm? in (b), when H=0.03m in case of electrically
short conditions.

3.8 Conclusion

The effects of the microstructure of the substrate have been studied on the propa-
gation of the Love wave by considering the micropolar piezoelectric structure. An
analytical expression for the dispersion equations has been obtained and the results

are shown graphically. The following conclusions are made based on obtained results.

(i) In the considered layered model, the phase velocity profiles show dispersion.
Generally, in all graphs, the phase velocity decreases with an increase in non-
dimensional wave number under both the cases of electrically open and short

conditions for both the considered materials of a piezoelectric medium.

(ii) The effects of the coupling factor are significant in the short wave number range
or the long-wavelength region. It is observed that with the increase in the degree
of micropolarity of the micropolar medium, the phase velocity of the Love wave

also increases.

(iii) The characteristic length of the micropolar material favors the phase velocity

characteristics of the Love wave, i.e., with an increase in characteristic length,
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the phase velocity of the Love wave increases. This effect justifies the consider-

ation of microstructural properties of the semi-infinite substrate.

(iv) The thickness of the piezoelectric material layer does not exhibit favoring ef-
fects on the phase velocity profiles of Love waves, i.e., with the increase in the

thickness of a piezoelectric layer, the phase velocity of the Love wave decreases.

(v) Piezoelectric parameter associated with the piezoelectric medium affects the
phase velocity profiles of the Love wave. Specifically, the increase in piezoelectric
parameters leads to a decrease in phase velocity of the Love wave propagation

in the piezoelectric layered structure.

(vi) Dielectric constants associated with the piezoelectric layer show the favoring
effects with the phase velocity profiles of the Love wave for both the considered
materials of the piezoelectric medium. It is observed that with an increase in

dielectric parameters the phase velocity of the layered system increases.

(vii) The influence of micropolarity on the phase velocity profiles of the Love wave
is shown by plotting the characteristic curves for micropolar elasticity with the

classical theory of elasticity as well as with the couple stress theory.

It is observed that both couple-piezoelectric and micropolar-piezoelectric layered mod-
els can be used for studying the effects of the microstructural substrate on the Love-
type wave propagation in a piezoelectric layered medium. Almost similar trends are
observed for these size-dependent models. The major outcome of these two chapters
is the selection of the appropriate model for studying the size-dependency effects in

the layered media.






Chapter 4

Analysis of Love-type wave
propagation in double-layered

structure

4.1 Introduction

The surface wave propagation in a hybrid structure exhibits significant effects be-
cause of its extensive applications running from seismic tremors to the structuring
of surface acoustic wave (SAW) sensors. Many authors have presented the behavior
of the Love-type wave using multi guiding layers of various materials. Salah et al.
[158] demonstrated the influence of a soft middle layer on Love wave propagation in a
layered piezoelectric system. Jiaoa et al. [79] examined the wave propagation through
a piezoelectric semiconductor slab sandwiched between two piezoelectric half-spaces.
Using Wentzel-Kramers-Brillouin (WKB) technique, Sahu et al. [157] investigated the

transference of Love-type waves in functionally graded piezoelectric material (FGPM)

The content of this chapter are published in following journals:
1. The contents of section 3.2 are published in the journal ‘Smart Materials and Structures’,
28:105021(12pp), 2019, (SCI, Impact factor:3.543).
2. The contents of section 3.3 are published in the journal ‘International Journal of Mechanics and
Materials in Design’, 15:767-790, 2019, (SCI, Impact factor:2.993).
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layer bonded between viscous liquid and pre-stressed piezoelectric half-space. They
showed that this study provides a theoretical foundation for optimization of SAW
devices and obtained results are useful in the development of liquid viscosity sensors.
Singhal et al. [184] and Singh et al. [182] delineated the propagation behavior of
Love-type surface wave in a structure comprising of FGPM layer sandwiched between
two dissimilar piezomagnetic/piezoelectric layers and substrate respectively.
Looking at the merits of the hybrid model, the consideration of another layer be-
tween a thin film of piezoelectric ceramic and size-dependent substrate will be more
fruitful in the design process to accomplish an explicit objective. Some materials
like wood, synthetic polymers, metals as well as human tissue at high temperatures
show noteworthy viscoelastic impacts. The problem of studying a Love wave prop-
agation in a viscoelastic medium has been of great interest in several contexts be-
cause it finds application in the design process by using certain viscoelastic material.
Many authors investigated surface wave propagation in viscoelastic layered structure
[153, 174, 172, 160, 117]. The variations in rigidity, density, or continuous change in
the material’s elastic properties in a vertical direction lead to heterogeneities in an
elastic medium. Therefore, it is important to consider the heterogeneity or gradedness
in these materials which have drawn the interest of scientists and engineers because
the components of such materials exhibit the properties like high thermal or corro-
sion resistivity that can be helpful in improving the bonding strength of adhesives in
metallic ceramic composites. These materials are inhomogeneous and can cause mild
variability in design and structure to account for similar changes in material proper-
ties. Different functionalities and functions can be accomplished with these materials.
Linear, quadratic, harmonic, or exponential modes of inhomogeneity in the medium
may be considered. In this chapter, the harmonic mode of inhomogeneity has been
employed in the viscoelastic material layer for the development of more efficient and
high-performance Love wave-based devices.

The objective of this chapter is to investigate the microstructural considerations on the
Love-type wave propagation in double-layered structures. In section 4.2 of this chap-

ter, a theoretical model consisting of a heterogeneous viscoelastic layer sandwiched
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between a finite layer of piezoelectric material and size-dependent couple stress sub-
strate is considered, and in section 4.3, the propagation of Love wave is considered in
a double-layered structure consisting of finite layers of viscoelastic and piezoelectric
material lying over the semi-infinite size-dependent micropolar substrate. In both
problems, the traction-free surface is considered at the top layer of the considered
problem. The real and damping dispersion relations are obtained analytically in
closed-form for both the cases of electrically open and short conditions. The impacts
of heterogeneity, internal friction related to the viscoelastic material layer, together
with the internal microstructures of the substrate are demonstrated graphically. The
effects of the piezoelectric medium are displayed by taking PZT — 5H or BaTiOs
materials of the piezoelectric layer. Particular cases are deduced and the classical

Love wave equation is also obtained to validate the study.

4.2 Dispersion of Love-type waves in size-dependent
couple stress substrate containing finite piezo-

electric and viscoelastic layers

4.2.1 Formulation of the problem

Assume a piezoelectric layer having thickness h,, a heterogeneous viscoelastic layer
having thickness h,, lying over the couple stress substrate. A rectangular frame
of reference is considered in which the direction of the Love wave propagation is
considered along the y-axis, which causes particle displacement along the z-axis and
the x-axis is taken toward the downward direction which has been shown in figure
4.1. The direction of poling of a piezoelectric layer is taken toward the z-axis.

(v)

Let uP = (up, vy, w,), ul

i = (Uy, vy, w,) and ul@ = (U, V., w.) are the mechanical

displacement components in the upper piezoelectric layer, the middle viscoelastic
layer and the lower couple stress elastic half-space respectively, obtained due to the

propagation of the Love wave. As the Love wave is propagating along the direction
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of the y-axis, it causes displacement in the z-direction only. One may suppose that

up, =0, v, =0, w, =wy(z,y,t),
u, =0, v, =0, w, =w,(z,y,t), (4.1)

Ue = 07 Ve = 07 We = wc(l',y,t).

Piezoelectric layer

Figure 4.1: Geometry

By following the procedure adopted in sections 2.2.1 and 2.2.2 of Chapter-2, the
mechanical displacement component for piezoelectric material layer and for the couple

stress medium are obtained as

wy(,y,t) = [Aysin(€ax) + Ay cos(Eax)]e =, (4.2)

oV (z,y,t) = %[Al sin(€ax) + Ay cos(Eax)] + Aze 5% 4 Ayes® | et (4.3)
€11

we(z,y,t) = (Ale ™ 4+ Aje %)=, (4.4)

The notations and symbols are same as used in sections 2.2.1 and 2.2.2 of Chapter-2.

4.2.2 Solution for the vertically heterogeneous viscoelastic

layer

By using equation (4.1) in equations (1.31) and (1.32), the non-vanishing equation

of motion for the viscoelastic layer [155, 150] for the Love wave propagation in the
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xy-plane is obtained as

) 0 9*w
it () INTT A () B v 4
oz = Ty TP o (45)
where
7'(7‘)) . + a 8wv
zxr /’LU n’U at ax 9
(4.6)

7—(”)_ + g awv
v\ T gy ey

Here, a heterogeneity is considered in the viscoelastic layer. So, ,,n,, py can be

composed as a function of the depth which is given as

ty = p1(1 —sin ax),
ny = m(1 — sinax), (4.7)
Py = py (1l —sinazx),
where « is the heterogeneity parameter and dimension is the inverse of the length, py
is the mass density, 1 is the modulus of rigidity, n; is the internal friction parameter.

Using equations (4.6) and (4.7) into equation (4.5), the equation of motion for verti-

cally heterogeneous viscoelastic layer is obtained as

Q i g aUJfU + + g aQwv i a2U)v (4 8)
ox |\ "ot ) o | T\ T ot ) o T o '

The solution of equation (4.8) is considered as

wy, = Wy(z)etW=t), (4.9)

On substituting equations (4.7) and (4.9) in equation (4.8), one may obtain

AW, () dW, w2 p, 9
v —&\W, =0, 4.10
> (@) dr  \ ¢ (4.10)

where

Hoy = oy — LWy,
L, dm

(4.11)
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The following transformation is used to solve equation (4.10)

W, (x) = : (4.12)

Using equation (4.12) in equation (4.10), one may obtain the following differential

equation
d*y 9
where
,_ o Wiy 2
m-=—+ — - g )
4 (4.14)

The value of m can be written as:

m=mi + tmy, My = \/FCOS%, Mo = \/?sing,

r=+/F}+ FZ, tanf = %,

3 2 2
F, = Yevm - of 2 WPV a = B
L= iZqe?n? 227 1 &+ [+wnd v pv

Here ¢, represents the shear wave velocity in the viscoelastic layer.

The general solution of the differential equation (4.13) can be written as
Y (z) = Dy cosmx + Dysinme, (4.15)

where Dy and D are the arbitrary constants.
Substituting equations (4.15) and (4.12) into equation (4.9); the displacement com-

ponent for the viscoelastic material layer is obtained as

1
wy(x,y,t) = -
(,9,1) Vi1 —sinax

(Dy cos ma + Dy sinma)es¥=<t). (4.16)

Using equations (4.16) and (4.7) into equation (4.6), the required constitutive relation

for the viscoelastic material layer is obtained as:
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L) Vi
= 2v/1 — sin ax

+ (oz cos ax sinmx 4 2m(1 — sin ax) cos mx) Dg] ety=ct),

[(a cos ar cosmax — 2m(1 — sin ax) sin mx) D,
(4.17)

4.2.3 Boundary conditions

The following boundary conditions are to be satisfied for the propagation of the Love-

type wave propagation in the considered hybrid model.

(A) For the traction-free surface at * = —H = —(h, + hy,):

™ = 0, (4.18)
D, = 0 (for electrically open case), (4.19)
¢®) = 0 (for electrically short case). (4.20)
(B) For the common interface of piezoelectric and viscoelastic layer at x = —h,:
® = 1, (4.21)
w, = Wy, (4.22)
o = 0. (4.23)

(C) For the common interface of couple stress half-space and viscoelastic layer z = 0:

Y = 7, (4.24)
W, = W, (4.25)
pl) = 0. (4.26)

Using equations (4.18)—(4.26), the following equations can be obtained in terms of

unknown coefficients Aq, Ay, As, Ay, A’l, A/Q, Dy and Ds.

ach, cos(EaH) Ay + acly, sin(€aH) Ay — ej5etT Ag + ez A, = 0, (4.27)



6£HA3 — 6_§HA4 = O,

— % sin(§aH)A1 + % COS(gaH)AQ + 6§HA3 + G_éHA4 = 0,

€11 €11

€ach, cos(Eahy) Ay + Eachy sin(Eahy) Ay — Eeqse™ Ay
+Eense M Ay — vin D Vi T>D, = 0,

T _
o0/I fsinah, © 2J/1tsnah, -
cos(mh,) sin(mh,)

\/_\/1+smah \/_\/1+smah
) sin(&ah,)A; + et cos(Eahy) Ay + M Ay + e Ay = 0,

€11 €11

sin(&ah,)A; —cos(Eah,)Asg

a\/_Dl + m\/_D2 PlAll - QlAIQ = 0,

1 ! !

— A}~ A, =0,
Vit b
kAL + kg Ay =0,

where

Ty = 2m(1 + sin ah, ) sin(mh,) + a cos(ah,) cos(mhy,) = Jy + o1y,

J1 = 2(1 + sin ahy,)(mS1 — maSs) + aFEy cos ahy,,

I = 2(1 4 sin ah, ) (m1.Sy + maS1) — aFy cos ahy,,

Ty = 2m(1 + sin ah,,) cos(mh,) — a cos(ah,) sin(mh,) = Jo + 113,

Jo = 2(1 + sin ahy) (mq By + moFEy) — aSy cos ahy,
I, = 2(1 + sin ahy)(moEy — my Ey) — aSy cos ahy,,

S1 = sin(myhy) cosh(mah,), Sy = cos(mqh,)sinh(msh,),

Ey = cos(mqh,) cosh(mshy,), Ey = sin(mqh,)sinh(msgh,),

ky =8 —p° ky=8&—* Pi = uep(lPky — 1), Q1 = peq(PPky — 1).

84

(4.28)

(4.29)

(4.30)

=0, (4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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4.2.4 Dispersion relations for electrically open conditions

The equations (4.27)—(4.28) and (4.30)—(4.35) constitute eight boundary conditions.
The determinant of square matrix must vanish to obtain the non-trivial solution of
unknown coefficients Ay, As, Az, Ay, All, AIQ, Dy and D,. The dispersion equation in

case of open circuit is

€acyy Ry sin(§aH — Eah,) cosh(EH — Ehy,) + §€i5Rl cos(EaH — Eahy) X
€11 (4.36)

sinh(§H — &hy,) — Ry cos(§aH — Eahy,) cosh(EH — Eh,) =0,

where
R1:L1—|—LL2, R2:N1+LN27
kpQ1 — koPr) (1151 — wnyS; a(k, — kq)S
Ly = 2 Mq121+<w1277i2 1) B ’ 2 - (kp = kq) (M1 Ex +ma B),
(kyQ1 — kgPy) (1S5 +wmSy) ok, — ky)S
Ly=-"2 1 Mq121—i— w1277122 — ’ 2 S (kp = kg)(ma By — my Ey),
1 1 1
N1 = 5(’@9@1 - kqpl)JQ - Za(kp - kq)(l’bl‘]Q + WT/lIQ) + §(kp - kq)Kh
1 1 1
Nz = 5 (kpQ1 = kgPr) Iy — alky = ko) (pnlz — widz) + 5 (ky — kg) Kz,

Ki = (mapn +wmma)Ji — (mopn — wmma) I,
Ky = (mapn + wmme) Iy 4+ (mopn — wmma)Jy.

On comparing the real and imaginary parts of equation (4.36),one may have

Cacyy Ly sin(éaH — Eah,) cosh(EH — Ehy) + 56—%5[/1 cos(EaH — Eahy) X
€11 (4.37)

sinh(§H — &hy,) — Ny cos(éaH — Eah,) cosh(EH — Ehy,) = 0,

and

EacyyLosin(éaH — Eah,) cosh(EH — Ehy) + 56—%5[/2 cos(EaH — Eahy) X
€11 (4.38)

sinh(¢H — &hy,) — Ny cos(EaH — Eahy) cosh(EH — Eh,) = 0.
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The dispersion relations obtained in equation (4.37) and (4.38) correspond to the real
and damping equation, respectively for the Love wave propagation in the considered

model.

4.2.5 Dispersion relations for electrically short conditions

The equations (4.27) and (4.29)—(4.35) constitute eight boundary conditions. The
determinant of square matrix must vanish to obtain the non-trivial solution of un-
known coefficients Aq, As, Az, Ay, All, AIQ, Dy and Dy. The dispersion equation in

case of short circuit is:

e, 2
25&0443 cos(§aH — &ahy,) cosh(EH — Eh,)
€11 €11

o

+§<: — a20f142> sin(§éaH — £ah,) sinh(EH — fhv)] R
11

9 (4.39)

+ [acL cos(éaH — &ah,) sinh(EH — €h,) — 22 sin(éaH —
1

€1

€ah,) cosh(EH — §hv)] Ry = 0.
On comparing the real and the imaginary parts of equation (4.39), one may obtain

[25 e 25@044: cos(éaH — &ahy,) cosh(EH — Eh,)
11

€11

11

+£ <: — azcz42> sin(§aH — Eah,)sinh(§H — fhv)] Ly

, (4.40)

+ [acZ‘M cos(éaH — &ahy,) sinh(EH — Ehy,) — “1s sin(éaH —

€11

&ah,) cosh(€H — ﬁhv)] Ny =0,
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and

[25 s —2¢a 044i cos(éaH — Eahy,) cosh(EH — Ehy,)
€11

%{<‘4_4fgﬁ>sm@aH——&mﬁsmh@HF—ﬂwﬂLz
€11

, (4.41)

+ [acfm cos(éaH — &ahy,) sinh(EH — Ehy,) — “1s sin(éaH —

€11

&ah,) cosh(€H — ﬁhv)] Ny = 0.

The dispersion relations obtained in equations (4.40) and (4.41) correspond to the real
and damping equation for the Love-type wave propagation in the considered hybrid

model.

4.2.6 Validation

Case-1 By considering thickness of piezoelectric medium h, = 0, the equation (4.36)

reduces to

Ry = 0. (4.42)

On solving equation (4.42), one may get the dispersion relation for Love-type wave

in viscoelastic layer perfectly bonded to couple stress substrate.

21 (pm + wmma) (p* — ¢°) + 20 (wmmy — pma) (p° — ¢°) (443

+2J9A + e Jo + wn L) (¢ — p*) = 0,

and

2J1 (pamy — wima) (p® — ¢%) + 20 (wmma + pma) (p° — ¢%) (4.44)

421, A + a(py Ly — wn Jy)(¢* — p*) =0,
where A = pl*(&% — p*)(§2 — ¢*)(p — q) + pq(&* — p°) — pp(§* — ).
The dispersion relations obtained in equation (4.43) and (4.44) are the real and damp-
ing equations for the propagation of a Love wave in a viscoelastic heterogeneous layer
overlying couple stress substrate. It is the same as obtained from Sharma and Kumar
[166].

Case-2 On pondering previous case and in the absence of heterogeneity parameter,



i.e., a = 0 associated with viscoelastic layer, equation (4.42) reduces to

2, (s, + wimmy) (P — ¢°) + 21 (wmmy — pumy) (P — ¢7) + 2J,A = 0,

2, (pamy — wimmy) (p° — ¢°) + 21 (wmmy + pum)) (P — ¢%) + 2L,A = 0,

where 5
/ .
m’ =m) 4 vmy, m; = Vr cos 5 m2:\/r'sm§,

/

[ . F
1

oo e o Wi 2

p? Wit n? 4w
T, = 2m’ sin(m'h,) = J, + 11},
Ji (mls _m25) [ = Q(mls —|—m25)
T, = 2m’ cos(m'hy) = Jy + o1,
Jy = 2(my By +myEy), I, = 2(myE; —m)Ey).
S, = sin(my h,) cosh(msyh,), Sy = cos(mhy)sinh(mayh,).
B, = cos(myh,) cosh(myhy), Ey = sin(mh,)sinh(myh,).
R, =L, + Ly, Ry = N, +(N,.

o (kpQr — ko) (1 Sp — wim Sy)

/

- (kp - kq)(mllE; + m;EQ),

1112 + w2, 2
’ (k Ql — ]{7 Pl)(,ulSé +w7’]151) - -
L, = = qulg w22 — (kp = kg)(mo By —my ).
1 ;1 '
N, = *(k’le — kqP1)Jy + 5(’% — ko) Ky,
1 ,

( le k Pl) 2(kp - kq>K2~
K, = (myp +wmmy)Jy — (mopy — wmpmy) 1y,

!

Ky = (mypn +wmma) Iy + (mopy — wimmy)J;.
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(4.45)

(4.46)

Equation (4.45) and (4.46) are the dispersion equations for real and damping phase
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speed in the layered system involving homogeneous viscoelastic layer lying over couple

stress elastic half-space.

Case-3 In the absence of viscoelasticity, i.e., @ = 0 and 1; = 0, the equations (4.36)

and (4.39) reduce to

§(kp — kq) [6%5 tanh(ghy) + acly tan(afhp)] + [up(1 = PPky) Ky

€11

(4.47)
—pg(1 — Zqu)kp] =0,

and

11 €11

4 2
£y — k) KGQCLQ _ ;15> tan(€ahy,) tanh(¢h,) + 2acy, 22 (1 - Mﬂ (4.48)

€11

Hpp(L = Phy)ky — pg(1 — Phy)ky] [aCjA tanh(&hy) — eig) tan(iahp)] = 0.

Equation (4.47) and (4.48) are the dispersion equations for Love wave propagation
in piezoelectric medium overlying semi-infinite couple stress substrate for electrically
open and short conditions, respectively. It is same as obtained in sections 2.4 and 2.5

in Chapter 2.

Case-4 In the absence of piezoelectric parameter, i.e., e;5 = 0 and ¢}, — c44, equa-
tions (4.47) and (4.48) reduce to Love-type wave propagation in isotropic elastic layer

lying over couple stress elastic half-space.

2 2 P _
feuy = —ltan (€H | S —1) = M (4.49)
2 2 ky, — kqy

where

where equation (4.49) matches with the equation (2.46) of section 2.6 in Chapter 2.

Case-5 Pondering the previous case and taking [ — 0, i.e., couple stress half-space

reduces to isotropic elastic half-space and m;;%%k” — ey /1 — %, equation (4.49)
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reduces to:
C2
2 Heyl L — =
“p cauy /5 — 1

Equation (4.50) represents the dispersion relation for Love-wave propagation in isotropic
elastic layer lying over the isotropic elastic substrate which matches with the well-
known Classical Love wave [122] equation which also validates the outcome of the

present problem.

4.2.7 Numerical discussion

For illustrating the numerical results, the couple stress substrate is considered which is
made up of Dionysos Marble having microstructural properties as provided in Table
2.1 and the material parameters for piezoelectric layers of PZT — 5H or BaTiO;
are provided in Table 2.2 in section 2.7 of Chapter-2. The material parameters for

viscoelastic layer [63] are provided in Table 4.1

Table 4.1: Material constants for viscoelastic layer

PV 4705 kg/m?
™ 1.987 x 107 N/m?
iy 10° s

m

Equations (4.36) and (4.39) represent the dispersion relation under electrically open
and short circuit, respectively. Here, all the graphs are plotted for dimensionless
real and damping phase speed versus dimensionless wave number. One common
phenomenon observed in all figures is, that with an increment in dimensionless wave
number, the real as well as damping phase velocity decreases. Figures - 4.2, 4.3, 4.6,
4.7, 4.10, 4.11, 4.14 correspond to electrically open conditions and figures - 4.4, 4.5,
4.8, 4.9, 4.12, 4.13, 4.15 correspond to electrically short conditions.

4.2.8 Impact of microstructural parameter

The influence of microstructure of the substrate is shown by considering distinct values

of characteristic length [ = 0.00001m, 0.0001m, 0.0004m. The thickness of viscoelastic
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Figure 4.2: Variation of non-dimensional real phase velocity against non-dimensional
wave number for distinct values of characteristic length in case of electrical open
conditions.

and piezoelectric medium is taken as h, = 0.02m and h, = 0.02m, respectively. In
these figures, the microstructure of substrate exhibits the favoring effect on the phase
velocity profiles of Love wave, i.e., with an increment in characteristic length, the
real and damping phase speed also increases. Figures-4.2 and 4.4 correspond to real
phase velocity and figures-4.3 and 4.5 correspond to damped phase velocity under
electrically open and short conditions respectively. Graphs 4.2(a), 4.3(a), 4.4(a),
4.5(a) are plotted for PZT —5H material and 4.2(b), 4.3(b), 4.4(b), 4.5(b) are plotted
for BaTiO3 material.

4.2.9 Impact of heterogeneity of a viscoelastic layer

The influence of the heterogeneity parameter associated with viscoelastic medium is
displayed in figures 4.6-4.9. These figures are plotted for distinct values of hetero-
geneity parameter ah, = 0.08, 0.12 and 0.16. The thickness of both the layers are
considered as h, = 0.02m, h, = 0.02m and characteristic length as { = 0.0004m.
The characteristic profiles are affected significantly with the change in value of het-
erogeneity parameter. Here, it is noticed that with the increase in heterogeneity, the

phase velocity of Love wave decreases. Figure 4.6 and 4.7 correspond to electrically
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Figure 4.3: Variation of non-dimensional damping phase velocity against non-
dimensional wave number for distinct values of characteristic length in case of elec-
trical open conditions.
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Figure 4.4: Variation of non-dimensional real phase velocity against non-dimensional
wave number for distinct values of characteristic length in case of electrical short
conditions.
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Figure 4.5: Variation of non-dimensional damping phase velocity against non-
dimensional wave number for distinct values of characteristic length in case of elec-
trical short conditions.

open conditions and figures 4.8 and 4.9 correspond to electrically short conditions,
whereas figures 4.6(a), 4.7(a), 4.8(a), 4.9(a) are plotted for PZT — 5H material and
4.6(b), 4.7(b), 4.8(b), 4.9(b) are plotted for BaTiO5; material.

4.2.10 Impact of internal friction of viscoelastic layer

Figures 4.10-4.13 demonstrate the effects of the internal friction parameter associated
with viscoelastic layer sandwiched between a finite layer of piezoelectric medium and
couple stress substrate. Here, figures are plotted by taking distinct values of internal
friction parameter &t = 6 x 10°, 10 x 10°, 20 x 10° where h, = 0.02m, h, = 0.02m
and [ = 0.0004m. The phase velocity profiles do not exhibit the favoring effect with
the variation in friction parameter. Here, the real and damping phase speed of Love
wave decreases with an increment in internal friction parameter. Figures 4.10, 4.11

and 4.12, 4.13 are plotted for electrically open and short conditions respectively.
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4.2.11 Impact of a piezoelectric layer material

In figures 4.14 and 4.15, the impact of piezoelectric medium is shown by considering
two piezoelectric material, i.e., PZT — 5H and BaTiO3 material. It can be observed
that the phase speed for PZT — 5H material is less in comparison with BaTiO;
piezoelectric material. Figures-4.14(a) and 4.15(a) correspond to real phase velocity
and figures-4.14(b) and 4.15(b) correspond to damping phase velocity for both the

taken materials of a piezoelectric layer.

4.2.12 Impact of Piezoelectric constant (e;;)

Figures 4.16 and 4.17 elucidate the effects of piezoelectric constant on the real phase
velocity profiles of Love-type wave propagation in composite double-layered structure.
To address this effect, the dispersion curves are plotted by considering different values
of piezoelectric parameter e;5 = 17C'/m?, 21C'/m?, 25C /m? for piezoelectric PZT —
5H material and ej5 = 11C/m?, 15C/m?, 19C'/m? for piezoelectric BaTiO3 material.
The characteristic length is taken as [ = 0.0001m; the thicknesses of the piezoelectric
layer and the viscoelastic layer as h, = 0.02m and h, = 0.02m respectively. It can

be observed from figures 4.16 and 4.17 that the piezoelectric parameter exhibits a
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Figure 4.15: Real and damped phase speed versus wave number in case of electrically
short conditions.

discouraging impact on the real phase velocity profiles of a Love-type wave for both
the considered material of piezoelectric material under both cases of electrically open

and short conditions.

4.2.13 Impact of Dielectric constant (e;)

The effect of dielectric constant on the real phase velocity profiles of Love-type surface
wave propagation in hybrid layered structure is shown in figures 4.18 and 4.19. To
document this dielectric effect associated with piezoelectric medium, the distinct val-
ues of dielectric constant are considered as 277 x 1071°C%/Nm?, 317 x 10719C? /Nm?
for PZT — 5H material and ¢;; = 98 x 10719C? /Nm?, 128 x 10719C? /Nm?, 158 x
1071°C?/Nm? for BaTiO3 material. Here, the value of the characteristic length is
taken as [ = 0.0001m; the thicknesses of the piezoelectric layer and the viscoelastic
layer as h, = 0.02m and h, = 0.02m respectively. It can be perceived from both
the figures that the real phase velocity profiles increase with the increase in dielectric

constant under both the cases of electrically open and short conditions.
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4.3 Dispersion of Love-type waves in size-dependent
micropolar substrate containing finite piezo-

electric and viscoelastic layers

4.3.1 Formulation of the problem

Consider a double-layered structure consisting of a viscoelastic layer and a piezoelec-
tric layer lying over a semi-infinite micropolar substrate. The rectangular Cartesian
coordinate system is considered in such a way that the Love wave is propagating along
the y-axis and z-axis is pointing positive vertically downward as shown in figure 4.20.
The common interface is chosen between a viscoelastic layer and a micropolar elas-
tic half-space in the direction of y-axis; The thickness of a piezoelectric layer and
a viscoelastic layer is h, and h, respectively. The poling direction of the piezoelec-

(p)_ (v)

tric layer is considered along the z-axis. Let w;” =(up, vp, wp); u; =(Uy, Uy, w,) and

S, ., x=-H=-(hp+h,)

Piezoelectric layer

x =-h,

2 h Heterogeneous viscoelastic layer
& ,, S = 5

Figure 4.20: Geometry of the problem.

ugm):(um, Um, Wy,) are the mechanical displacement components in the upper piezo-
electric layer; the middle viscoelastic layer and the lower semi-infinite micropolar

substrate respectively, due to the propagation of Love wave.
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As Love type wave is propagating along the direction of y-axis, it causes displacement

in z-direction only. One may suppose that

Up = 07 Up = 07 wp = wp(x’yat)a
uy, =0, v, =0, w, =w,(z,y,t), (4.51)

U, =0, Uy, =0, Wy, = Wy(x,y,1).

By following the procedure adopted in section 2.2.1 of Chapter-2, in section 3.2.1
of Chapter-3 and in section 4.2.2 of Chapter-4 the mechanical displacement compo-
nent for piezoelectric material layer, for the micropolar medium and for viscoelastic

medium are

wy(x,y,t) = [Ay sin(€ax) + Ay cos(Eax)]e V=) (4.52)
oW (z,y,t) = %[Al sin(éax) + Ay cos(Eax)] + Aze ™ + Ages® W=D (4.53)
€11
w, = ! (Dy cos ma + Dy sinma)es¥=<) (4.54)
Y VIn/1 —sinax ’
W (2,7, 1) = (167" By + e " By)et W= (4.55)
O™ = (—re "By — 166" By — 1 By)e W), (4.56)
m = (1ee ™" By — se”** By — te ' By)et W), (4.57)

The notations and symbols are same as used in sections 2.2.1, 3.2.1, 4.2.2 of Chapter-

2, 3 and 4, respectively.

4.3.2 Boundary conditions

The following boundary conditions are to be satisfied for the propagation of Love-type

wave in the considered hybrid model.
(A) For the traction-free surface of the piezoelectric layer at © = —H = —(h, + h,):

olP) =0, (4.58)
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D, =0 (electrically open condition), (4.59)
¢ =0 (electrically short condition). (4.60)
(B) For the common interface of viscoelastic layer and piezoelectric layer at x = —h,,:

o) =l (4.61)
Wy = Wy, (4.62)
p?) = 0. (4.63)

(C) For the common interface of viscoelastic layer and micropolar elastic substrate

at z = 0O:
aly) = ol (4.64)
Wy = Wy, (4.65)
Mgy = 0, (4.66)
My = 0. (4.67)

Using the mechanical displacement components, electrical displacement components
and their corresponding stresses into the boundary equations (4.58)-(4.67), one can

obtain the following algebraic equations in terms of unknown coefficients A;, As, As,

A4, D17 DQ, Bl7 BQ and Bg.

achy cos(EaH) Ay + achysin(EaH) Ay — e As + eq5e ¢ A, = 0, (4.68)

e Ay — (=8 4, = 0, (4.69)

_ o sin(§aH)A; + 1 cos(€aH ) Ay + eCD Ay 5 A, = 0, (4.70)
€11 €11

£acyy cos(€ahy) Ay + acyy sin(&ah,) Ay — 5615€(§h”)143 + 56156(75]1”)144

VI g o VL pp, e
2+/1 + sin ah,, 2+/1 + sin ach,, ’
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cos(mh,) sin(mh,)

i I h D, — =0, (4.72
sin(8af,) 4, —cos(Sah.) 4, \/_\/1 + sin ah, VTVl + sin ah (4.72)
— E—sm(ﬁah VAL + ? 2 cos(Eahy) Ay + €€ Ay + 8 4, = 0, (4.73)
11 11
Oé\ngl + m\/ﬁDg + Lf:‘imBl + @332 + @433 = 0, (474)
1
ﬁDl — 1By — p2B3 = 0, (4.75)
s B1 + 9By + o7 B3 = 0, (4.76)
prl + Lprg + LploBg =0. (477)

The notations and symbols are same as used in Chapter-2, 3 and 4, respectively.

4.3.3 Dispersion equations for electrically open conditions

The conditions mentioned in equations (4.68)—(4.69) and (4.71)—(4.77) constitute nine
boundary conditions for this case. To obtain a non-trivial solution, determinant of
the coefficients of the unknowns A;, A, Az, A4, D1, Dy, By, By and Bs should
vanish. The frequency equation for Love-wave in case of electrically open conditions

is obtained as:

£ [2 cos(§ahy) sinh(&h,) + acy, sin(Eahy,) cosh({hp)] M,

h (4.78)
+ | cos(§ahy,) cosh(ghp)l My =0,
where
1 I 1 '
M, = — 14 8in(mh, ) —=agpy5 sin(mh,)—mgpi5 cos(mh,) | = G1+1Gs,
1+ sin(ahy,) \F1 2
1 77 —_
M, = ( — 2mp 15T + apirpisTy — 2@14T2> = G5 + 1Gs.
44/1 + sin(ahy)
! 1 Sy —wm S
@ i ( = p1s(m B+ maFy) — SapisSh + pua a 21 27712 2)>>
1 + sin(ahy) 2 2+
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1
Gy = ( - p15(m2E1 - m1E2) -
1 + sin(ahy,)

1 (1182 + wmiSh)
= S .
5 152 + P14 2t W

Gy = (mapn +mawm)Ji — (mapy — mawm )1y,

Gy = (mapy — mawny)Jy + (mqpg + mewmn ) 1.

1 1 1 1

Gs = (a@m(”l‘]? + M71]2) — —p15G3 — @14J2>,
1 + sin(ah,) \4 2 2
1 1 1 1

Go = : (a@w(ﬂlfz —wmd2) — —p15Ga — p1412>.
1 + sin(ah,) \4 2 2

Now, comparing real and imaginary parts on both sides of equation (4.78), one may

have
5[2 cos(§ah,) sinh(&h,) + acy, sin(Eah,) cosh(ﬁhp)l Gy
e (4.79)
+ [Cos(fahp) Cosh(fhp)] G5 =0,
and
flz cos(€ahy,) sinh(€h,) + acy, sin(&ah,) cosh(ghp)] Go
e (4.80)

+ [cos(fahp) cosh(ﬁhp)] Gg¢ = 0.

Equations (4.79) and (4.80) represent the dispersion relations for the real and damped
phase velocity equation of Love wave in an electrical open circuit for a viscoelastic

layer and a piezoelectric layer lying over micropolar elastic half-space.

4.3.4 Dispersion equations for electrically short conditions

The conditions mentioned in equations (4.58) and (4.60)—(4.67) constitute nine bound-
ary conditions for this case. To obtain a non-trivial solution, the determinant of the

coeflicients of the unknowns A, Ay, Az, A4, D1, Dy, By, By and Bs should van-

ish. The frequency equation for Love wave in case of electrically short conditions is
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obtained as:

lZacLG%E’ (1 — cos(&ahy) cosh(ﬁhp)> - <a20f142 ?5) sin(&ah,, )sinh(fhp)] EM,

€11 11

— [acj‘14 cos(€ahy,) sinh(&h,) — 6—%5 sin(&ah,) cosh(ghp)] My, =0. (4.81)

€11

Now, comparing real and imaginary parts on both sides of equation (4.81), one may

have

4

[Za : : <1 — cos(&ahy, )cosh(ﬁhp)> - (achm? 615> sin(&ahy) Smh(fhp)] §G1

11 11

- [ach cos(€ahy,) sinh(&h,) — s sin(£ah,, )cosh(fhp)] Gs =0, (4.82)

€11

and

4

Fa . 62 <1 — cos(€ah, )cosh(fhp)> — <a2CZ42 615) sin(§ahy, )Sinh(fhp)] Gy

11 11
2

- [acﬁh cos(£ahy,) sinh(€h,) — —2 sin(€ah,, )Cosh(ghp)] Gg=0. (4.83)
1

€1

Equations (4.82) and (4.83) represent the dispersion relations for the real and damped
velocity equation of Love wave in case of electrically short conditions for a viscoelastic

layer and a piezoelectric layer overlying micropolar elastic half-space.

4.3.5 Validation

Case-1: Considering the thickness of piezoelectric layer to be zero, i.e., h, = 0, the

dispersion equation (4.78) reduces to

On solving equation (4.84), one may obtain the dispersion relation for Love wave in

heterogeneous viscoelastic layer bonded perfectly to semi-infinite micropolar elastic
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substrate.
tanh hy
tan(mlhv) _ §26 + {29 tan (mQ )7 (485)
(28 + o7 tanh(mah,)
and
— — tanh hy
tan(mihy) = P27 — (2s tanh(my )’ (4.86)
29 + 26 tanh(mah,)
where

©16 = M1 + Mawny, E17 = Mafl] — MW, P18 = AU1P15 — 2014,

P19 = QWNIP15, P20 = —2Q15016, P21 = 2015017,
P22 = M1P18 T MafP19, P23 = Ma2P18 — M1P19, P24 = M1§P20 T Ma2f21,

Qo5 = M1P1 — Moo, 26 = — (a0 + ﬁ@zz), 27 = ;1@23 — Qo1

28 = ;1924 — apig, 29 = QP19 — j@gg,, A = 2(1 + csc(ahy)) tan(ahy,).

Equations (4.85) and (4.86) represent the real and damping phase velocity dispersion
equations for Love wave propagation in vertically heterogeneous viscoelastic layer
lying over the semi-infinite micropolar substrate. These equations are the same as

obtained and discussed by Kaur et al. [91].

Case-2: On pondering previous case and considering heterogeneity parameter to
be zero, i.e., @ = 0 in equation (4.84), the dispersion relation for Love wave in a

homogeneous viscoelastic layer lying over micropolar elastic half-space is obtained as:

/

(mapy + mawnm)Jy — (mapn — mywm) I | o15 + Jyp1a = 0, (4.87)

and

/

(mg,ul — mlwm)Ji + (mlul + mgwnl)ll 15 + Iég314 =0. (488)

Equations (4.87) and (4.88) represent the dispersion relations for the real and damping

phase velocity equations in homogeneous viscoelastic layered structure.

Case-3: On considering the thickness of viscoelastic medium layer, heterogeneity
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parameter and internal friction parameter to be zero, i.e., h, = 0, = 0, 71 = 0

respectively, the dispersion equations (4.78) and (4.81) reduce to

lf tanh(&h,) + Eacyy tan(fahp)] 015 + p14 = 0, (4.89)
and
acy, tanh(&h,) — 6—%5 tan(Eah,) +28a|l — M ct €i5
“ P €11 p)| 1 cosh(&hy,) 445715 €11

(4.90)

4

+£ [aQCZf 6;5] tan(&ah,) tanh(&h,)p15 = 0.

11

Equations (4.89) and (4.90) represent the dispersion relations for Love wave propaga-
tion in piezoelectric layer lying over micropolar elastic half-space for both the cases of
electrically open and short conditions respectively. It is same as obtained in sections

3.4 and 3.5 in Chapter-3.

Case-4: On considering the previous case and in the absence of piezoelectric param-
eter, i.e., e;5 = 0 and ¢}, — cy4, equations (4.89)—(4.90) reduce to Love-type wave

propagation in isotropic elastic layer lying over the micropolar elastic half-space.

2 2
Eeu,| = —Ltan (€H | S —1) = -2 (4.91)
cp cp 15

Ca4

Pp

where

Cp

where equation (4.91) matches with the equation (3.43) of section 3.6 in Chapter-3.

Case-5: Pondering the previous case and «a,,, Bm, 7m and k,, — 0, i.e., the mi-

cropolar elastic half-space reduces to isotropic elastic half-space 65 — ¢, and % —

—&lmn /1 — 0%27 equation (4.91) reduces to

tan <§H \JQ— ) \/\/I (4.92)
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Equation (4.92) represents the dispersion relation for Love-type wave propagation in
isotropic elastic layer lying over the isotropic elastic substrate which matches with
the well-known Classical Love wave [122] equation which validates the outcome of the

present problem.

4.3.6 Numerical results

The values of the material parameters for piezoelectric medium, micropolar medium
and viscoelastic medium are taken from Tables 2.2, 3.1, 4.1 which is provided in
Chapter-2, 3 and 4, respectively. Equations (4.78) and (4.81) represent the disper-
sion relations which provides an implicit relation between the real ((4.79), (4.82))
and the damping ((4.80), (4.83)) phase velocity of Love wave in the layered structure
consisting of a viscoelastic layer and a piezoelectric layer lying over a semi-infinite mi-
cropolar substrate. The characteristic curves are plotted for non-dimensional real and
damping phase velocity (¢/c,) against non-dimensional wave number (£h,) by con-
sidering two different materials of piezoelectric media, i.e., PZT — 5H and BaT'iO3
materials. In all the figures 4.21-4.43, it is observed that the real and the damping
phase velocity decreases with the increase in wave number in both the cases of elec-
trically open and short conditions. The profiles of an electrically open conditions are
shown in figures 4.21, 4.22, 4.25, 4.26, 4.30, 4.31, 4.34, 4.35, 4.38, 4.40, 4.42 and the
profiles of the electrically short conditions are shown in figures 4.23, 4.24, 4.27, 4.28,
4.32, 4.33, 4.36, 4.37, 4.39, 4.41, 4.43.

4.3.7 Effect of coupling constant (N)

The effect of the coupling constant that quantifies the degree of micropolarity in
micropolar media is shown in figures 4.21-4.24. The dispersion curves are plotted by
considering different values of micropolar constant, i.e., N = 0.1,0.6,0.9 to show the
microstructural effect of the semi-infinite substrate for both the cases of electrically
open and short conditions. Here, the characteristic length of material is considered

as [ = 0.0001m, and the thickness of viscoelastic and piezoelectric medium is taken
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Figure 4.21: Variation of non-dimensional real phase velocity against non-dimensional
wave number for different values of micropolar constant N = 0.1,0.6,0.9 when
h,=0.02m, h,=0.02m in case of electrical open conditions.

as h, = 0.02m and h, = 0.02m respectively. It is observed that the micropolarity
of the substrate affects the phase velocity profiles significantly. As the degree of
micropolarity (N) increases, the phase velocity profiles of the Love wave increases for
both the considered materials of piezoelectric materials. Figures 4.21 and 4.22 show
the phase velocity profiles for electrically open conditions and figures 4.23 and 4.24

show the phase velocity profiles for the electrical short conditions.

4.3.8 Effect of characteristic length (/)

To study the effect of intrinsic characteristic length associated with micropolar media,
the different values of characteristic length are considered as [ = 0.0001m, 0.0002m,
0.0003m. Here, the thickness of a piezoelectric layer and a viscoelastic layer is taken
as h, = 0.02m and h, = 0.02m respectively. The real and damping phase velocity
profiles are affected significantly with the variation in characteristic length. From
figures 4.25-4.28, it is observed that the real and damping phase velocity profiles of
the Love wave increase with an increase in characteristic length. The dispersion in
characteristic profiles clearly indicates the size effects observed for the propagation

of Love wave in a double-layered structure with the microstructural substrate. The
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h,=0.02m, h,=0.02m in case of electrical short conditions.
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Figure 4.24: Variation of non-dimensional damping phase velocity against non-
dimensional wave number for different values of micropolar constant N = 0.1,0.6,0.9
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characteristic profiles for the corresponding electrically open and short conditions
are shown in figures 4.25, 4.26 and figures 4.27, 4.28 respectively, whereas figures-
4.25(a), 4.26(a), 4.27(a), 4.28(a) correspond to PZT — 5H material and figures-
4.25(b), 4.26(b), 4.27(b), 4.28(b) correspond to BaTiOz material. The dispersive
curves are also plotted for real phase velocity in Figure 4.29 to show the comparison
of couple stress theory and micropolar theory for both the materials of the piezo-
electric medium under electrically open and short conditions. Almost similar trends
are observed in characteristic profiles for both the size-dependent microcontinuum

theories.

4.3.9 Effects of heterogeneity of a viscoelastic layer

The effects of heterogeneity parameter associated with viscoelastic media on the real
and damping phase velocity profiles of Love wave are displayed in figures 4.30—4.33.
The characteristic curves are plotted for different values of a heterogeneity param-
eter ah, = 0.08, 0.12 and 0.16. Here, characteristic length of material is fixed i.e.

[ = 0.0001m and thickness of a piezoelectric layer and a viscoelastic layer are taken
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as h, = 0.02m and h, = 0.02m respectively. It is observed that heterogeneity of a
viscoelastic layer affects the phase velocity profiles significantly. The phase velocity
profiles of Love wave decreases with the increase in heterogeneity parameter (ah,)
associated with a viscoelastic medium for both the considered materials of the piezo-
electric materials. Figures-4.30 and 4.31 correspond to electrically open conditions
and figures-4.32 and 4.33 correspond to an electrical short conditions. The charac-
teristic profiles for PZT — 5H and BaTi0Os; material are shown in figures 4.30(a),
4.31(a), 4.32(a), 4.33(a) and figures- 4.30(b), 4.31(b), 4.32(b), 4.33(b) respectively.

4.3.10 Effects of internal friction of a viscoelastic layer

Figures 4.34-4.37 show the effects of internal friction associated with viscoelastic me-
dia in Love wave propagation in a hybrid structure with micropolar half-space. Here,
the different values are considered to study the effect of internal friction parameter
as 4 =6 x 105, 10 x 10%, 20 x 10° for two different piezoelectric materials. The
material characteristic length parameter is taken as [ = 0.0001m and the thickness
of a piezoelectric layer and a viscoelastic layer as h, = 0.02m and h, = 0.02m re-
spectively. Significant effects have been observed on the phase velocity profiles of
Love wave in double-layered structure with the change in internal friction parameter

associated with a viscoelastic layer. It is observed that the real and damping phase
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velocity of the Love wave decreases with the increase in the internal friction param-
eter for both the cases of electrically open and short conditions. The characteristic
profiles for electrically open conditions are displayed in figures-4.34 and 4.35 and the
characteristic profiles for an electrical short conditions are displayed in figures-4.36

and 4.37.

4.3.11 Effects of a piezoelectric layer material

The effects of piezoelectric layer on Love wave propagation in double-layered structure
with the semi-infinite micropolar substrate are illustrated in figures 4.38 and 4.39
for both the cases of electrically open and short conditions respectively. For this,
two piezoelectric material, i.e., PZT — 5H and BaTi0O3 are considered. Here, the
characteristic length is taken as [ = 0.0001m; the thicknesses of the piezoelectric layer
and the viscoelastic layer as h, = 0.02m and h, = 0.02m respectively. It is observed
that the real and damping phase velocity of the Love wave decreases with the increase
in wave number. Moreover, it can be seen from the figures that real and damping
phase velocity for BaTi0O3 piezoelectric material is more as compared to PZT — 5H

material. The real phase velocity profiles are delineated in figures-4.38(a), 4.39(a)

)
1.4
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electrical short conditions.

and the damping phase velocity profiles are delineated in figures-4.38(b), 4.39(b) for

both the considered materials of a piezoelectric layer.

Effects of Piezoelectric constant (e;s5)

The effects of piezoelectric constant e;5 are shown by considering different values of
piezoelectric parameter e;5 = 17C/m?, 21C/m?, 25C /m? for piezoelectric material
PZT —5H and e;5 = 11C/m?, 15C/m?, 19C/m? for piezoelectric material BaTiO3.
Here, the characteristic length is taken as [ = 0.0001m; the thicknesses of the piezo-
electric layer and the viscoelastic layer as h, = 0.02m and h, = 0.02m respectively.
From figures 4.40 and 4.41, it is observed that with the increase in piezoelectric con-
stant, the real phase velocity profiles decreases for both the considered material of

piezoelectric material under both cases of electrically open and short conditions.

Effects of Dielectric constant (e;)

Figures 4.42 and 4.43 show the effects of dielectric constant on the real phase ve-

locity profiles of Love wave propagation in double-layered structure. The character-
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istic profiles are plotted by considering different values of dielectric constant e¢;; =
237 x 1071°C? /Nm?, 277 x 1071°C?/Nm?, 317 x 1071°C?/Nm? for PZT — 5H ma-
terial and €;; = 98 x 1071°C?/Nm?, 128 x 1071°C?/Nm?, 158 x 1071°C?/Nm? for
BaTiO3 material. Here, the value of characteristic length is taken as [ = 0.0001m;
the thicknesses of the piezoelectric layer and the viscoelastic layer as h, = 0.02m and
h, = 0.02m respectively. It is observed that the real phase velocity profiles increases
with the increase in dielectric constant under both the cases of electrically open and

short conditions.
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Figure 4.42: Variation of non-dimensional real phase velocity against non-dimensional
wave number for different values of dielectric constant e;; = 237 x 1071°C? /Nm?,
277 x 1071°C%/Nm?, 317 x 1071°C? /Nm? in (a) and €;; = 98 x 1071°C%/Nm?, 128 x
1071°C?/Nm?, 158 x 1071°C?*/Nm? in (b), when h,=0.02m, h,=0.02m, [ = 0.0001m
in case of electrical open conditions.
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Figure 4.43: Variation of non-dimensional real phase velocity against non-dimensional
wave number for different values of dielectric constant e¢;; = 237 x 1071°C? /Nm?,
277 x 1071°C? /Nm?, 317 x 10719C? /Nm? in (a) and €;; = 98 x 10719C? /Nm?, 128 x
1071°C?/Nm?, 158 x 1071°C?*/Nm? in (b), when h,=0.02m, h,=0.02m, [ = 0.0001m
in case of electrical short conditions.

4.4 Conclusion

The effects of the microstructure of the substrate and other various material pa-
rameters have been studied on the propagation of Love wave in a double-layered
structure with semi-infinite couple stress substrate and micropolar substrate in sec-
tion 4.2 and 4.3 respectively. Analytical expressions for the dispersion equations have
been obtained and results are displayed graphically. It is observed that the real and
damping phase velocity profiles are affected significantly with the variation in asso-
ciated parameters of the considered double-layered structure. The consideration of
microstructural effects of the substrate in this realistic model enhances the domain of
Love waves. The following major conclusions are highlighted on the basis of obtaining

results.

e The real and damping phase velocity profiles of Love waves are affected signif-
icantly in a double-layered structure with wave number. It is observed graph-
ically that the real and damping phase velocity profiles decrease with the in-

crease in non-dimensional wave number in each case of electrically open and
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short conditions for both the considered materials of a piezoelectric layer.

e The internal microstructural parameters have prominent effects on both the
real and damping phase velocity profiles of the Love wave. Size effects are
interpreted in the context of the micropolar theory of elasticity in terms of
the parameters “coupling factor (N) and characteristic length (1)” whereas, in
couple stress theory, the size effects are interpreted through a single parameter,
i.e., “characteristic length”. Both coupling factor and the material characteristic
length parameter exhibit the favoring effect on the real and damping phase
velocity profiles of the Love-type wave. It is observed that with the increase
in the magnitude of the coupling parameter and the scaling parameter, the
phase velocity profiles of the Love-type wave also increase. The influence of
size-dependency on the phase velocity profiles of the Love wave has been shown
by plotting the characteristic curves for micropolar elasticity with couple stress

theory.

e Heterogeneity parameter associated with viscoelastic layer shows the adverse
effect on phase velocity profiles of the Love wave. It is observed that the increase
in heterogeneity parameter (ah,) leads to a decrease in phase velocity profiles

of the Love wave for both the considered material of the piezoelectric layer.

e Internal friction parameter associated with viscoelastic layer affects both the
real and damping phase velocity profiles of the Love wave substantially. It is
observed that the real and damping phase velocity of the Love wave decreases

with an increase in the internal friction parameter.

e The effects of the piezoelectric layer are shown by considering two different
materials of the piezoelectric layer, i.e., PZT —5H and BaTiO3. It is observed
that the real and damping phase velocity for BaT1O3 piezoelectric material is
more as compared to PZT — 5H material in both the cases of electrically open

and short conditions.

e Piezoelectric parameter associated with the piezoelectric layer shows the adverse
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effects on the phase velocity profiles of the Love wave. It is observed that the
increase in piezoelectric parameters leads to a decrease in the phase velocity of

the Love wave in a double-layered structure.

e The phase velocity profiles of the Love wave are affected significantly with the
change in the dielectric parameters. It is observed that with an increase in
dielectric parameter the phase velocity of Love wave propagation in double-

layered structure also increases.

In the years to come, MEMS devices are expected to grow rapidly and develop wider
research. Because of the microstructural considerations through length scale parame-
ters, the findings obtained in the present paper could help in the development of more
efficient and high-performance Love-wave-based devices. Also, the results obtained
from the above-solved models may be useful for the fabrication of Love-wave based
sensors and in structural utilization. Since another kind of surface wave-like Rayleigh
wave has a wide range of applications in seismology, geophysics, material science, etc.
[156]. A possible extension of the considered model could be to study the viscoelastic,

piezoelectricity, and microstructural effects on Rayleigh wave propagation.






Chapter 5

The effects of imperfect bonding at
the interface of layer and substrate

on Love wave

5.1 Introduction

While working on size-dependent models, piezoelectric models, and other different
material layers, it was observed that the size-dependent substrate can also be consid-
ered with another different material layer like orthotropic medium and many more.
In Chapter 2, 3 and 4, the problems on Love-type surface wave propagation consider-
ing the perfect interface between the substrate and distinct material layers in single
or double-layered structure using the size-dependent model have been successfully
solved. In these chapters, almost similar trends of different influencing parameters
associated with different material layers have been observed. Though the problems
considering the perfect bonding between the substrate and material layer have been

solved but it is difficult to achieve this condition in reality. Keeping this aspect in

The content of this chapter is published in the journal ‘Mechanics of Materials’, 155:103772,
2021, (SCI, Impact factor:2.993)
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view, the present chapter deals with the investigation of the propagation of Love-type
waves in the functionally graded orthotropic medium (FGOM) under the influence
of initial stress bonded imperfectly over the size-dependent micropolar medium. The
strength of many engineering layered models is well known to rely critically on the
bonding between the structural components. Therefore, the considerations of imper-
fectness at the interface of two materials play an important role in the design and
modification of various Love-wave-based devices. The earth is indeed a complex sys-
tem where its layers are not always perfectly bonded. Due to material degradation,
interface distortion, cracks, interfaces can be inherently imperfect [103]. The imper-
fections are very often limited to a very fine layer as an interface that is difficult to
characterize [104]. Displacement components are not continuous at the surface of
two dissimilar materials in case of an imperfect interface. Significant research has
been conducted by numerous investigators to define the physical conditions at the
interface by specific mechanical limits [50, 28]. Many researchers demonstrated the
effect of the interfacial adhesion on the wave propagation characteristics with differ-
ent interfacial properties [60, 135, 171]. In addition, the initial stress in an elastic
medium is caused due to the overburdened plate, manufacturing processes, temper-
ature fluctuations, magnetic fields, hydrostatic friction, external differential forces,
sluggish cracking processes, etc. plays a significant role in the occurrence of earth-
quakes [176, 22, 136].

Due to the unique thermal and mechanical properties, orthotropic materials having
three mutually independent perpendicular directions attracted the attention of many
researchers. Certain types of wood, ceramics, sheet metal, as well as bones, exem-
plify orthotropic medium [12]. These materials are anisotropic in nature. Gupta and
Katiyar [64] developed an anisotropic continuum model based upon an improved car-
following model by using a series expansion of the headway in terms of the density. In
biomechanics, the consideration of the orthotropic material used for the description of
the cortical bone yields more realistic displacement results and can be used to simu-
late implant-bone systems. Schneider et al. [159] outlined a technique for transferring

the density distributions gained from clinical computer tomographies to an inhomo-
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geneous orthotropic material model for the cortical structure of long bones. Madan
et al. [123] and Chugh et al. [30] examined the static deformation of a non-uniform
discontinuity in an orthotropic elastic media in a long strike-slip fault. Kundu et al.
[100] studied the propagation characteristics of a Love wave in a fiber-reinforced ma-
terial layer lying over a semi-infinite orthotropic medium under initial stress. Kakar
[82] examined the propagation of the Love wave in a homogeneous isotropic layer
sandwiched between orthotropic material layer and prestressed inhomogeneous elas-
tic half-space. Vaishnav et al. [196] outlines the influence of the irregular interface on
the propagation characteristics of Love-type waves in an initially stressed anisotropic
porous medium lying over an initially stressed orthotropic medium having rectangu-
lar irregularity. Due to the brittle nature of orthotropic materials, these materials
cannot perform well under the influence of high thermal conditions. In order to ad-
dress this limitation, many researchers studied wave propagation phenomena in the
non-homogenous (or functionally graded) orthotropic medium. Abd-Alla and Ahmed
[2] studied the propagation of Love waves in a non-homogeneous orthotropic medium
having changeable initial compressive stress. Saha et al. [154] investigated Love wave
propagation in the heterogeneous orthotropic material layer under the influence of
initial stress lying over a gravitating porous half-space. Prasad and Kundu [149] ex-
amined Love wave propagation in a prestressed heterogeneous orthotropic material
layer overlying a semi-infinite elastic substrate with rectangular irregularity. Wang
et al. [202] analytically obtained the dispersion relation for Love wave propagation
in a non-homogeneous orthotropic material layer over orthotropic half-space obeying
exponential and generalized power-law model. Mandi et al. [124] discussed the im-
pact of corrugation on the Love wave generation in fiber-reinforced layer resting on
inhomogeneous orthotropic media. The influence of shear deformations and material
gradient on the linear parametric instability of laminated orthotropic conical shells
was studied by Sofiyev [186].

In this chapter, the harmonic form of heterogeneity has been employed in orthotropic
materials to solve the problem. The dispersion relations are obtained analytically in

compact form by employing admissible boundary conditions for the layer and the sub-
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strate. The dispersion curves are plotted to illustrate the influence of imperfectness of
interface, microstructure of the substrate as well as heterogeneity involved in FGOM
layer on the phase velocity profiles of Love-type wave. Moreover, the FGOM layer
is considered under an initially stressed state to extend the applicability of the ob-
tained results in geophysical engineering. Relevant particular cases are also obtained

to validate the present study.

5.2 Formulation of the problem

On taking into account the model comprising of FGOM layer (L;) under initially
stressed state having finite thickness H bonded imperfectly over a size-dependent
substratum (Ls). Here, micropolar material is supposed to capture the microscopic
behavior of the material at the microscale. The physical model of the perceived prob-

lem is depicted in Figure 5.1. A rectangular coordinate system is chosen in which

Figure 5.1: Physical model of the problem.

origin O lies at the common interface of FGOM medium and micropolar elastic sub-
strate, which is imperfectly bonded with each other. The propagation of Love-type
wave is assumed in z-direction, i.e., in xz-plane where the z-axis acts in the vertically
downward direction and no variation is assumed along the y-axis (i.e., /0y = 0).

The mechanical displacement components for Love-type wave in the upper medium
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and lower size-dependent half-space were supposed to be we = (Uo, Vo, w,) and

wm = (U, U, Wiy), Trespectively. As the Love wave is propagating along the direc-

tion of the z-axis, it causes displacement in the y-direction only. One may suppose

that

o =0, v, = v,(x, 2,1), w, =0,

U, = 0, Uy, = vp(2, 2, 1), Wy, = 0.
5.2.1 Governing equations and solutions for FGOM L,

The Governing equations for FGOM in the absence of body forces under the influence

of the initial stress are:

9o, 007, 9oy pf [ dwg  Owp ) 5%,
9w T oy T o P By 9z | = Poaz o
/ Bw;’ _ 821)0
—P<8x>—poat2, (5.2)

o
Owy)

903, 903, doss  p! _ 82w,
8w+8y+82 Pﬁ_poat%

o pa o 2 o
009, 003, 0o3,
0z

8x+6y+

where of; denotes the stress tensor for FGOM medium; 7,7 = (1,2,3); p, is the
density of FGOM; P’ indicates the initial stress in orthotropic medium; wy, w, and
w? represents the rotational components along z, y and z directions, respectively.

The constitutive relations for FGOM can be expressed as:

o7 = M11(2>611 + M£2(2)622 + Mis

09y = My, (2)ens + Myy(2)ess + My,

o
o __ ’
where
o o
uzj+u]z
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Here, Mi'j and N, symbolize the normal and shear elastic coefficients; e;; is the strain
tensors; i, j = (1,2, 3); superscript “o” indicates the term associated with orthotropic
medium L.

Invoking equations (5.1) and (5.3), equation (5.2) reduces to

, 0%v, . P'\o*v, ON;0v, ON;, v, 9%v,
Mgz <N3‘2> o 0w oz T 0: 02 oo O

On considering heterogeneity in the elastic coefficients, the initial stress, the density

of FGOM medium, the material properties are taken as:

P' = P,(1 —sinaz),
Po = po(1 —sinaz), (5.5)

’

N, = a;(1 —sinaz),

where P,, po, a; are values of P', p, and NZ-', respectively at z = 0; a is the hetero-
geneity parameter with dimension as inverse of length.

Consider the solution for the upper medium L; as:
Vo(, 2, 1) = V(2)et@=et), (5.6)

where ¢ is the wave number and c is the phase velocity.

Employing equation (5.6) together with equation (5.5), equation (5.4) reduces to

d2V B ( acos(az) >dV +§2 <C2 + P‘)_2a3> V(Z) =0, (5.7)

dz? 1 —sin(az) ) dz c? 2a,
where
3]
Co= | —.
Po

Here ¢, is the shear wave velocity in FGOM medium.

In order to solve equation (5.7), one can use the following transformation:

f(2)
Vi(z) = . 5.8
) (1 —sin(az)) (58)
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Using equation (5.8) into (5.7), one may obtain the following differential equation:

—L LV f(2) =0, (5.9)

where

2
9 of « c P, — 2as P,
b 19 <4£2 + = + Sar ) and

I indicates the initial stress parameter.
On solving equation (5.9) along with equations (5.8) and (5.6), the mechanical dis-

placement component for FGOM layer L, is obtained as:

cos(bz) By + Sin(bz)B;>eLf(iECt) (5.10)

(1 —sin(az))

vo(, 2, ) = (

where B| and B, are the arbitrary constants.

5.2.2 Solutions for semi-infinite size-dependent medium L-

Employing Helmoltz decomposition provided in equation (3.4) of Chapter 3, the com-

ponents of microrotation vector are

g = D0m O y) o g g = O8m O (5

! ox 0z T 9z  Ox’

_>
where ¥, = (0, =, 0).
Using equation (5.1) and (5.11) in equations (1.15)—(1.16), one may have

1 9%v,,
V2, + 9%V2¢m — @W’ (5.12)
202 1 9%
20 — 2Py = s —— 5.13
Vi S @ T e o (5:13)
2 2 2 1 2
V24, — sy Y= L0 m (5.14)

A AT
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_ Km _ Um+Em — Ym
91 N\ tmtrm? 92 — A/ om 93 \ Gom?
0, = \/ntPm gy = [FEn

4 jpm O ipm

Assume the solution of equations (5.12)-(5.14) of the form

(@ms Vs Um) (2,2, 1) = (Prny Uiy Vi) (z)ebf(’“"’d), (5.15)

where ¢ is the wave number and c is the phase velocity.
Substitute the solution given in equation (5.15) into the equations (5.12)—(5.14), one

may obtain the following differential equations:

(D? —rH®,, =0, (5.16)
where D = %7
£2¢? 202
= 2 _
’ J(i %o 6

gl (T, Vi) = 0 (5.17)

dZ4 d2,’2 my Ym) — ) .
where

2 039 2o 1 1
S =2¢ _@(91_2)_50 @4‘9*% ;

7o (£€ W o) (€F ) G
03 63 03 o3

The equation (5.17) can be rewritten as:
(D? — s*)(D? — t*)(V,,, V;,) = 0, (5.18)

where

2 o SEV/STAT
) 2 *

On solving equations (5.16) and (5.18) along with equation (5.11) and using the

feasible conditions that ®,,(2), V,,(2), V;n(z) — 0 as z — oo in the general solution
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of the differential equations, one may obtain

Um (T, 2,1) = (p1e”%* By + poe™ 1 By)ets@=et), (5.19)
qﬁﬁ”” (,2,t) = (—re” "By —1fe **By — Lﬁe_tZBg)eLé(”_Ct), (5.20)
gzﬁgm)(x, z,t) = (1€e T By — se”** By — te? By)et @), (5.21)

where

03 5 & 203 2
@1—6,%(5 +97§_97§_ ;

9:% 2 5202 29?) 2
- | T Ry o
2 ez( e Tt

5.3 Boundary conditions and Secular equations

For the propagation of the Love wave in the FGOM medium overlying elastic microp-

olar half-space, the following limiting conditions must be fulfilled.

(i) Shear stress must vanish at the free-surface of layered structure:

o,,=0 at z=—-H. (5.22)

(ii) At common imperfect interface of FGOM layer and a micropolar half-space,

displacement components can be written in terms of stress as:
oo, = R(vy, —v,) at z=0. (5.23)

where the parameter R is inversely proportional to the imperfectness. R = 0
implies slippage condition, i.e., no bonding between two materials, and R — oo

corresponds to the perfect interface.

(iii) Stresses must be continuous at the common interface:

oo, =0, at z=0. (5.24)
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(iv) Couple stress vector must vanish at the common interface:

m,, =0 at 2=0,
(5.25)
My =0 at z=0.

Using equation (5.10) into equation (5.3) along with equation (5.5), the following

component of the stresses in functionally graded orthotropic medium is obtained as:

(v COS vz cos bz
2(1 —sinaz)

o cos oz sin bz B\ eta—ct)
2(1 —sinaz) | 2

Yz

o, = (1—sin&z)<[—bsinbz+ ]B;+ [bcosbz

(5.26)

Using equations (5.19)—(5.21) into equations (1.13)—(1.14) of the constitutive rela-

tions, one can obtain the following components of the stresses in micropolar medium.

O-?(JZZ) — (_LfﬁmG_TzBl o pge_sng i p4e—tzB3)€L£(w—ct)’ (527)
mg;”b) — (_Lp5e—rzBl + p(;e_sng + p7€—tZBg)ebf($—Ct)7 (528)
m{™ = (pse "By + tpoe** By + 1pige” By )ets@ =l (5.29)

where

03 = s(tmP1 — Km), 91 = tpmPz = m), 95 = =Er(Bm + Tm),

96 = (Bn&” +1ms%), 97 = (Bnl® +7mt®), 98 = (0 + Pon & ) — am&?,

P9 = ES(Bm +Ym)s 910 = EL(Bm + Ym)-

Using equations (5.10), (5.26), (5.19)—(5.21) and (5.27)—(5.29) into the boundary con-
ditions mentioned in equations (5.22)—(5.25), one can obtain the following algebraic

equations with regard to unknown coefficients Bi, B;, B, By, and Bs.

0B + 2B, =0, (5.30)
’ bal ’
g3 B, + ?Bg — 1By — 02 B3 =0, (5.31)
a1 ’
731 + ba132 + LflimBl + @332 + p4B3 = 0, (532)

2
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L5 B1 + 96 B2 + o783 = 0, (5.33)
©sB1 + tp9 Ba + 1p10B3 = 0, (5.34)

where
: acos (aH) cos (bH
q1 = bsin (bH ) + <2(1(+sin)(aH()) )>v
2 = beos (OIF) — (SO ) gy — o 41
The equations (5.30)—(5.34) constitute five boundary conditions. To obtain the non-
trivial solution, the determinant of the unknown coefficients B}, B,, B, Bs, and Bs

of the system must vanish.

P14P16 + P15P17 = 0, (5.35)

where

P11 = P6P10 — P79, P12 = Ps5P10 T P78, P13 = P59 T PePs,
P14 = EFmP11 — P39P12 T P4P13, P15 = P1P12 — 2013,

_ baiqa aaiqe

P16 r 4243, Pt = — baiq;.

Equation (5.35) represents the dispersion relation for Love-type wave propagation in

FGOM medium which is imperfectly bonded with the micropolar substratum.

5.4 Particular cases and Validation of results

5.4.1 Case-1

In the absence of initial stress associated with FGOM medium, i.e., P, = 0, b reduces
tob=¢ f‘é—é + & — 8 equation (5.35) reduces to Love-type wave in FGOM without

2
c a1

the initial stress bonded imperfectly over micropolar elastic substrate.

©14P16 + P15P17 = 0, (5.36)

_ (a cos (aH) cos (bH)

oot e 0 _ <a cos (aH) sin (bH)) |

)’ B = beos (OH) =\ =5 G ()
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baiqr _ am@
R — 42493, P17 = — bay 7.

P16 =

5.4.2 Case-2

In the absence of heterogeneity parameter, i.e., @ = 0 and pondering this condition
into the previous case, b becomes b = 5,/% -3, the equation (5.36) reduces to
Love-type wave propagating in an orthotropic medium which is imperfectly bonded

to micropolar elastic substrate.

©14P16 + ©15p17 = 0, (5.37)

bl g = g
R 2y 17 141-

G = bsin (bH), ¢ =bcos (bH), ¢ =1,pis =

5.4.3 Case-3

On considering the perfect interface between the layer and the substrate, i.e., R — 0o

ba1qi
R

and pondering this into case-2, p1g = — @2 changes to p1g = —@o, the dispersion

equation (5.37) reduces to

2
W, % a—ltan <§H % - Zj’) - —ZE. (5.38)

Equation (5.38) represents the dispersion relation for Love-type wave propagation in

orthotropic medium bonded perfectly over the micropolar elastic half-space.

5.4.4 Case-4

On considering a homogeneous isotropic medium, i.e., a;=a3=p, and pondering this

condition into the previous case, the dispersion equation (5.38) reduces to

c2

2
o€y — — 1tan <§H - - 1) b (5.39)
0 Co 915
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where ¢y = 1/ o/ po-

Equation (5.39) represents the dispersion relation for Love-type wave propagation in

the elastic medium which is perfectly bonded over the elastic micropolar half-space.

5.4.5 Case-5

On considering perfect interface between the layer and substrate, i.e., R — oo and

in the absence of micropolarity, i.e., ., Bm, Ym and k,, — 0, i.e., 65 — ¢, and

S o —Lpmy /1 - %; equation (5.35) reduces to
2 2
« c P, — 2as
t Hi || = — | =
an<€ J(25> +03+ 241 )
2
o cos aH m |/ c? a a c? P,—2as: 5.40
5 )
a c2 P,—2a o saH m c? o
<2§> +C<2;+2¢113+<2§>1—Ci-08inaH<ljllv _C$n+2£)

Equation (5.40) represents the dispersion relation for Love-type wave propagation

in FGOM medium under initial stress which is perfectly bonded over the isotropic

elastic half-space which matches with the special case of [154].

5.4.6 Case-6

On pondering the previous case-5 and in the absence of initial stress, i.e., P, = 0;

equation (5.40) reduces to

2
a cosaH m c2 a a c2 a 541
l_ <2§> Isinall + <’L;1 1 N % + 2§->‘| \l <2£> + g N ﬁ ( )
3 .
e c? a: e cosaH m c? e
(25) tE (25) Ttsinall <a1 1—5;+25>
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Equation (5.41) represents the dispersion relation for Love-type wave propagation in
FGOM medium without initial stress which is perfectly bonded over the isotropic

elastic half-space.

5.4.7 Case-7

On pondering previous case-6 and in the absence of heterogeneity parameter, i.e.,

a = 0; equation (5.41) reduces to

(5.42)

Equation (5.42) represents the dispersion relation for Love-type wave propagation in

the orthotropic medium which is bonded perfectly over the isotropic elastic half-space.

5.4.8 Case-8

On pondering previous case-7 and considering isotropic medium, i.e., a;=a3=,; equa-

tion (5.42) reduces to

2
c? Hm 1 - CCT

tan <§H 5—% — 1) = #’” (5.43)
Ho % —1

Equation (5.43) represents the dispersion relation for Love-type wave propagation in
isotropic elastic layer lying over the isotropic elastic substrate which matches with
the well-known Classical Love wave [122] equation which validates the outcome of the

present problem.

5.5 Numerical results

This section aims to show the impact of imperfect bonding (at the substratum-
substrate cross-section), the effects of the initial stress and heterogeneity parame-

ter (gradient factor) associated with the FGOM medium, together with the coupling
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and scaling dimensions of the substrate that shows size-dependence properties on the
Love-type wave propagation in the composite structure. The characteristic curves are
drawn in order to graphically illustrate these results, i.e., the curves that elucidate the
variations in the phase speed é against the wave number £ H. The material properties
of the semi-infinite micropolar elastic medium are considered the same as provided in
Table 3.1 of Chapter 3 and the material properties of FGOM medium are listed as in
Table 5.1. Figures 5.2-5.6 are plotted to illustrate the influence of micropolarity, ma-

Table 5.1: Material constants for FGOM medium [63]

a 5.65 x 1010 N/m?
a3 2.46 x 10 N/m?
Po 7800 kg/m3

terial length scale parameter, initial stress, gradedness, the imperfectness of interface,
on the phase velocity profiles of Love-type wave in the considered model. Significant
effects have been observed from the dispersion curves for affecting parameters. It is
observed from dispersive curves that with the increase in wave number, the phase

velocity of the Love-type wave decreases in the considered model.

5.5.1 Effect of the imperfectness of stratum-substrate inter-

face

Scrutinizing the impact of imperfectness on Love-type wave propagation is necessary
due to degradation of materials, distortion of the interface, or some kind of cracks
present at the interface of complex structures like earth where its layers are not
always perfectly bonded. As the value of imperfect parameter R — oo, one can get
the continuity condition for displacement field components, which means the perfect
bonding between the layer and the substrate. Furthermore, R = 0 indicates slippage
condition at the interface, i.e., no bonding at the surface of two dissimilar materials.
To elucidate this effect, the variation in the value of imperfectness is considered, i.e,
R = 0.35 % 10'9,2 % 0.35 % 10'°, 10 % 0.35 % 10'°. The dispersion curves reveal that

the presence of imperfectness leads to a decrease in phase velocity of the considered
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wave, which means phase velocity for perfectly bonded media is more in comparison

to imperfectly bonded ones which is shown in figure 5.2.

Effect of imperfectness of interface (R)

1:R=0.35*10"
2:R = 2*0.35*10'°
3:R = 10*0.35*10%°

non-dimensional speed (c/co)

03 1 1 1 1 1 J
0 0.5 1 1.5 2 2.5 3

non—dimensional wave number (€ H)

Figure 5.2: Characteristic curves (= versus {H) for variation of imperfectness of the
interface on the Love-wave phase velocity.

5.5.2 Effect of FGOM stratum

Influence of initial stress parameter (/):

Due to the overburdening of layers, temperature fluctuation, sluggish cracking pro-
cess, scrutinizing the influence of initial stress in the phase velocity of the Love wave
is essential. Figure 5.3 delineates the impact of initial stress when the FGOM layer
and size-dependent substrate are imperfectly bonded. To elucidate this effect, the
different values of initial stress parameter are considered as I = 0,0.1,0.2,0.3. The
curve I = 0 indicates no initial stress in the considered structure. This figure man-
ifests that initial stress associated with FGOM has disfavoring effects on the phase
velocity of the Love-type wave, i.e, with the growing value of this parameter, the
phase velocity of the Love-type wave decreases. Another important effect that can
be seen from the profile is that the phase velocity is higher in the case of the absence

of initial stress, that is, the presence of initial stress reduces the phase velocity of the
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Love wave which shows its significance practically.

Effect of initial stress (I:P0/2a1)

non-dimensional speed (c/co)

1.6 1.8 2 2.2 2.4 2.6 2.8
non—dimensional wave number € H)

Figure 5.3: Variation of = versus {H for different values of initial stress (I = Po/2a;)
on the Love-wave phase velocity.

Influence of gradedness or heterogeneity parameter:

The presence of heterogeneity or gradedness of the FGOM media has a significant
effect on the phase velocity of Love-type wave propagation in the considered structure.
To study this effect, different values of heterogeneity parameters are considered as
aH =0.6,1.2,1.6. It is observed from the figure 5.4 that the heterogeneity parameter
has favoring effect on the phase velocity, i.e., as the values of this parameter increases,

the phase velocity of the Love-type wave increases.

5.5.3 Effect of micropolar elastic substrate

Influence of characteristic length:

In order to assess the size effect of structurally sensitive materials incorporating cellu-
lar solids, microporosity, granular media, bones, platelets, microcracking, it is impor-
tant to investigate the effect of the microstructure on the phase velocity of wave prop-
agation in the considered structure. To address this size-effect, the dispersion curves

are plotted by considering different values of characteristic length parameter which is
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Effect of heterogeneity parameter

non-dimensional speed (c/co)

11 1 1 1 1 1 1 1
1.6 1.8 2 2.2 2.4 2.6 2.8 3

non-dimensional wave number (§ H)

Figure 5.4: Variation of = versus {H for different values of heterogeneity parameter
(aeH) on the Love-wave phase velocity.

the order of average cell size of the microstructure, i.e., [ = 0.001m, 0.002m, 0.003m.
It can be observed from figure 5.5 that material length scale parameter (1) exhibits
an encouraging impact on the phase velocity profiles of a Love-type wave.

Influence of coupling factor:

Effect of characteristic length
1.226

1:1=0.001m
1.2259} 2 :1=0.002m
3:1=0.003m

1.2258

1.2257

1.2256

1.2255

non-dimensional speed (c/co)

1.2254

12253 1 1 1 1 1 1 1 J
2.6992 2.6994 2.6996 2.6998 2.7 2.7002 2.7004 2.7006 2.7008 2.701

non-dimensional wave number ( H)

Figure 5.5: Variation of < versus £H for different values of length scale parameter
on the Love-wave phase Veloc:1ty
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The coupling factor (V) quantifies the degree of micropolarity of the size-dependent
substrate. To acquaint the effect of micropolarity on the phase velocity of Love-type
waves, the characteristic curves are plotted by taking different values of coupling fac-
tor, i.e., N =0.1,0.6,0.9. Figure 5.6 reflects the influence of the coupling factor and
shows the prominent effects of micropolarity on the phase velocity profiles of the Love-
type wave. It can be seen that the coupling factor exhibits a positive correlation on
the phase velocity of wave propagation in the considered structure. This effect justi-
fies the consideration of microstructural properties of the semi-infinite size-dependent

substrate.

Effect of micropolar constant

1.295

1.29

1.285

1.28

1.275

non-dimensional speed (c/co)

1.27

1-265 1 1 1 1 1 1 J
2.56 2.57 2.58 2.59 2.6 2.61 2.62 2.63 2.64

non—dimensional wave number € H)

Figure 5.6: Variation of — versus {H for different values of coupling factor on the
Love-wave phase velocity.

5.6 Conclusion

The present chapter scrutinizes the influence of imperfect bonding at the common
interface of FGOM media overlying micropolar elastic substrate to gain a better un-
derstanding of the role of layer bonding in considered structures. The closed expres-
sion of dispersion relations is accomplished to study Love-type wave propagation in a

composite layered system. Numerical computations are performed and the dispersion
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expressions are plotted to study the influence of the micropolarity and characteris-

tic length of the substratum exhibiting size-dependency properties; the influence of

gradient factor, initial stress of the substratum as well as to study the influence of

imperfect parameters, on the phase velocity of Love-type wave propagation in the

considered model. The following are the outcomes of the present study:

(i)

(i)

(iii)

(vii)

In the considered problem, the phase velocity of the Love-type wave decreases

with an increase in wave number.

The coupling factor (V) exhibits a substantial effect on the phase velocity of
Love-type waves. As the magnitude of the coupling factor increases, the phase

velocity also increases.

The length scale parameter also affects the phase velocity profiles significantly.
The phase velocity of the Love-type wave increases with the increment in the

characteristic length parameter.

The gradedness of the substratum has an encouraging effect on the phase veloc-
ity of the Love-type wave. As the magnitude of the graded parameter increases,

the phase velocity also increases.

Initial stress associated with FGOM does not exhibit favoring effects on the
phase velocity characteristics of Love-type wave, i.e, as the value of this param-

eter increases, the phase velocity of Love-type wave decreases.

The joint efficiency is diminished substantially by imperfections in the bond

line, such as cracks, porosity, etc.

The Classical Love wave equation is also derived for the sake of validation of

results.

The obtained results in some cases depict the negligible effects due to the considered

authentic range of material constants. These considerations of microstructure and

imperfectness may play an important role in the design and modification of various

Love-wave based devices.



Chapter 6

Size-dependent investigation on
Rayleigh-type wave in fibre-

reinforced layered medium

6.1 Introduction

Scrutinizing the Rayleigh wave propagation phenomena with different boundary con-
ditions plays an important role in examining the dynamics of the earth’s structure
under different environmental conditions. The magnitude of amplitude of such waves
decreases with the distance from the surface resulting in a larger amount of volatile
energy that is the main cause of earthquake damage. Many researchers have studied
Rayleigh-type seismic wave propagation in various media and have been able to collect
a vast amount of information about the earth’s interior [45, 17, 3, 4, 63, 62, 195]. In
addition, Rayleigh-type waves are used to locate cracks and imperfections in the ultra-
sonic frequency range [199, 120] and to identify the material’s superficial defects [152].
Various researchers have outlined many useful facts in order to illustrate the charac-

teristic of Rayleigh-type wave propagation considering different media [146, 26, 1, 85].

The content of this chapter is communicated in SCI journal

149
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Advances in material sciences have motivated reinforced materials which are superior
to many traditional metal materials. These materials are preferred due to their vari-
ous desirable characteristics such as firmness, low thickness, high strength, resistance
to corrosion, and vitality preservation, in many styles of buildings for dams, bridges,
buildings, and floor foundations. The literature offers ample evidence that the earth
medium might have hard/soft rocks or material with self-reinforcing features. Char-
acteristically, as long as the components of such material remain in the elastic state,
the material function together as one anisotropic entity so that they are not relatively
displaced. Such features are useful in reducing damage caused by earthquake or vibra-
tion effects. Moreover, the study of seismic wave propagation in self-fiber reinforced
medium (SFR) plays an important role in several contexts because of their various
attractive applications in the construction sector, architecture, and civil engineering.
Due to intense temperature and pressure, fiber materials are transformed into SFR
materials. Initially, the continuous self-reinforcement model proposed by Belfield et
al. [14] which was used by several authors in different fields [24, 23, 89, 171].

In understanding and predicting seismic behavior on the different margins of the earth,
a good amount of research has been done to understand the microstructural charac-
teristics of the material. The earth’s interior consists of a series of dense shells and
damage to the inelastic strain produced inside the earth’s crust results from the release
of energy from the micro-crack field. In this chapter, the propagation characteristics
of the Rayleigh-type wave in the composite structure utilizing the microcontinuum
hypothesis are studied. To make the model more pertinent and application-oriented, a
layer-based structure is assumed containing a size-dependent couple stress substrate,
coated with a thin finite layer of self-fiber reinforced material. Using adequate bound-
ary conditions, the closed-form of the secular equation is obtained analytically. The
graphical demonstration is accomplished, featuring the impacts of layer thickness
along with size-dependence effects related to the substrate. In addition, the rein-
forcement effects on phase velocity profiles of Rayleigh-type waves are also shown by
comparing the effect of the self-fiber reinforced medium and reinforced-free medium.

The particular cases are also deduced that are closely consistent with the existing
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findings.

6.2 Problem formulation and Solutions

Consider a model comprising of a semi-infinite size-dependent couple stress elastic
medium (M, ) covered with a homogeneous self-fiber reinforced medium (M) of thick-
ness H. A stress-free surface is assumed on the reinforced medium. The Cartesian
coordinate system is considered in such a way that the wave is propagating along
the direction of the z-axis and the z-axis acts in the vertically downward direction.
Furthermore, the propagation of surface waves is analyzed in a two-dimensional frame-
work and assuming no particle variation along the y-direction, in light of the fact that
the particles are believed to be displaced evenly along the y-axis so that 8% = 0. The
geometry of the considered model is depicted in figure 6.1.

Let ugf ) = (ug,vp, wy) and ugc) = (¢, Ve, w,) be the displacement components in

Self-fiber reinforced H

z=0

Couple stress
elastic half-space

z

Figure 6.1: Physical model of the problem

the upper self-fiber reinforced layer and lower couple stress substrate, respectively,
for surface wave propagation in considered model.
For Rayleigh-type wave propagation, one may have

up =ug(z, 2,t), vy =0, wy =we(z, 2,1), (6.1)

Ue = Ue(T, 2, 1), V. =0, w. = we(x, 2,t).
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6.2.1 For self-fiber reinforced layer at —H < 2z <0

The equation of motion for the self-fiber reinforced medium layer (M) in the absence

of the body forces is

Tjij = Pl (6.2)

where ¢, j = 1, 2, 3; py is the density of reinforced medium (14).

The constitutive equation for the self-fiber reinforced medium is:

afjf ) = ArerrOij + 2pmei; + o (Armermdi; + aiajer, )+ (6.3)

2(pr — pr)(aiare,; + ajarer;) + B(aramermaiay),

and
_ Uiy Uy
BTy

where ¢, ay, B¢, pr, pr are the elastic constants having dimension same as of the
()

stress; 0,7’ and e;; represent the stress tensor and the strain tensor respectively;
the direction of the reinforcement is considered along qd = (ay,as,a3) such that
a? + a3 + a2 = 1; “f” as subscript and superscript represent the quantity related to
the reinforced medium.

The components of @ is chosen as (1,0,0), i.e., the reinforcement direction is as-
sumed along the z-axis.

By utilizing equation (6.1) and (6.3) into (6.2), the equation of motion for the rein-

forced medium becomes

82uf awa 82’&]0 82’&]0

Li—+1L —
Yor2 T a50: T o2 TP (6.4)
82wf 82Uf 62wf 82wf ’

+ L + L

He ox? 2010z

2022 —pr o2’

where

Ly = (A + 20y + dpp — 2ur + By),
Ly = (Mg +af + pur),

Ly =Xy + 2pup.



Assume the solution of equation (6.4) as:

up = A ¢ PEz pté(z—ct) ’

wy = A2e—p§zeuf(x—ct)'

Substituting equation (6.5) into (6.4), one may obtain

(P°pr + pyc® — L1)A; — tpLyAy =0,

—LpLQAl + (p2L3 + pf02 — /LL)AQ = 0.

On solving equation (6.6), the non-trivial solution becomes

L
<3> 4—|—M1p2 +N1 = O,
1299

where

—Mi+, | M2—4N; (ﬁg)

p§: 7j:1727 Cf:\/iijj?

L3

KL

_ e L 2 L L3 _ [ _ L
-5 (e 1) ()55

02_

-2

y

)
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(6.5)

(6.6)

Using equations (6.5)—(6.7), the resulting mechanical displacement components for

the reinforced medium are:

Uf<:L', 2, t) = [§R1€*Plfz + %267102& + %3610152 + 3%46172{,2]6@(17@)’

th(l', z, t) = [Cl (%16—131& _ 3%361)152) + @(3‘%26_:"253 _ %46102&)]6@(35—@)’

where

Here, 1, Ry, N3, and RN, are the arbitrary unknown coefficients.

(6.8)
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6.2.2 For couple stress substrate at z > 0

To solve equation (1.19), the displacement potential function ¢, and v, are introduced

which are defined as

@=Vo.+V X1, Vb =0, (6.9)

%
where ¢, = (0,1, 0).

The component form of the displacement vector in couple stress elastic half-space is:

_ a¢c awc —_ 8¢C + aﬂ)c

Vf = 0, L% 92 o . (610)

U ox 0z’

Using equation (6.10), the equation of motion for the propagation of Rayleigh-type
surface wave in the couple stress medium in terms of the displacement potential
functions ¢, and 1. can be written as:
P o, N Pp. 1 P
ox? 022 ¢ o2’

(1 _ l2v2)<a2wc a2w6> o 1 ach

02 Vo ) T & o

(6.11)

— Act+2p
Cel = Ep ca Ce2
(&

Here, c.; and c. are the dilatational and the shear wave propagation speed in the

— He
pc’

considered composite structure.

Assuming the solution of equation (6.11) as:

§bc<l’, Z, t) = F(Z>6L£(m_6t)’ ( )
6.12
Ve, z,t) = G(z)e =),

On substituting equation (6.12) into (6.11), one may get the following differential

equations
2
F
L r?F(z) =0,
dz? (6.13)
d*G d*G
dZ4 — M2 sz + NQG(Z) = 0.
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On solving equation (6.13) and by applying feasible conditions for the substrate, i.e.,
{F(2),G(2)} — 0 as z — oo in the general solution of the differential equations, one
may obtain

¢C(x’ 2, t) _ %56—7‘26L§(1‘—Ct)’

(6.14)
Ve(z,2,t) = [Rge™™ + %76_'52]6L5(I_Ct),

where w = &c, ¢ is the phase speed and £ is the wave number.

) 52(1 C2> 9 t2 M2 + \/M22 —4N2
ro = _T s S =

) 2 Y

Ccl
1 2 w?
M2:<252+l2>7 N2:<§4+lg_l202>'
c2

By substituting equation (6.14) into (6.10), the resulting mechanical displacement

components for the couple stress substrate are obtained as

Uc(l’, 2, t) - [Lfe_”g% + 8€_SZ§R6 + te_tz%'y]eLE(m_Ct), ( )
6.15
we(x, 2,t) = [—re " Rs + 16e” R + 1§ Ry e,

where Rs5, g, and R; are the arbitrary unknown coefficients.

6.3 Boundary Conditions and Dispersion relations

The boundary conditions for Rayleigh-type wave propagation in a considered com-

posite structure are:

(A) At the traction-free surface of upper medium, i.e., at z = —H:

ol, =0, ol, =0. (6.16)

Uf = Ue, Wp = We, ps, =0.  (6.17)
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Using equation (6.1) into equation (6.3), the constitutive equations in term of the

displacement components are obtained as:

ou ow
(f) — f 2 f
052 ()\f + af) O + ()\f + MT) 9z 5

6.18)
ou ow (

(f) — f f

Tz ML(&Z + (9x>'

Using equation (6.8), equation (6.18) reduces to

o) = WE[miRie P18 4 myRoge P25 myRsePe* + m2%4ep2gz]e‘£(x_6t),

zZ

(6.19)
Ug:) — L,uL[—m3§R16_p15z _ m4§R2€—p2£z + m3§}336m§z + m4%4€p2£z]ebﬁ($—ct)7

where

my = (Ag+ap) = p1G(Ar +2u7),  ma = (Ar +ap) — paGa(Ar + 207),

mg = (p1+C1), ma=(p2+ ()

Using equation (6.1) into (1.17) and (1.18), one may obtain the following constitutive

relations in terms of the displacement components as

ou ow
© = A==+ (Ao + 2pte) =
Uzz Cax +( C+ /“’Lc) 02’7
© ou,. N ow, 2 Pu.  Pw, N PBu.,  Ow.
o\ =y, — e _ _ :
e = H 0z ox H 0r%20z  0x° 023 0x022 (6.20)
d*u 9*w
(c) _ _2 l2 c c
Hzy He ( 022 8:10(%)
On substituting equation (6.15) into equation (6.20), one may obtain
0l = [E1e7* Ry — 1€se R — 1€&zeE Ry et
0l = —[16&e T Rs + Ge TR + e Ry, (6.21)

1) = 2l [Ere™> R + e Ry e,

where
51 = He¢ |F§(T2 - 52) + 252 s 52 = 2/%37 53 = 2,ucta
fi=2ur, &=l €)= (7 - ), &=l +€) - P -
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§r=s(s =€), &G=t(t*—¢&).
Using equations (6.8), (6.19), (6.15) and (6.21) into the boundary conditions (6.16)—
(6.17), one may obtain the following algebraic equations with regards to unknown

coeflicients R, o, N3, K4, N5, Rg, RN7.

my R P 4 maRyeP 4 my Rye P 1 myRye P2 = 0, (6.22)
maR1ePH - myReeP?H — maRge P — mRye P = 0, (6.23)
E[maRy + ma¥e + myRs + moRy] — ERs + 16K + 166N = 0, (6.24)
i [—mgRy — maRy + maRs + myRa) + 1EETRs + ERe + €My = 0, (6.25)
R+ Ry + Ry + Ry — 1ER5 — sRg — tRy = 0, (6.26)

W (Ry — Ry) + 1Ca(Ry — Ry) 4+ rRs — 1ERg — 1ER7 = 0, (6.27)

& + &y = 0. (6.28)

The equations (6.22)—(6.28) constitute seven boundary conditions. To obtain the
non-trivial solution, the determinant of the unknown coefficients R, Ry, Rs3, R4, K5,

R, N7 of the system must vanish.

x3(S1 + 52)6(p1+p2)£H + x3(—S; + 52)6—(p1+p2)£H

(6.29)
+xa (S5 + Sa)eP TP gy (S5 — Sy)em TP 4 G5 — 0,

where

S1=1t5X2 —texs —loX10, S2 = —trx7—lsXs+ti0X3, S3=tsx1+trX6+TsXo— 10X,
Sy = —texs +tox10, S5 = —4mimaQats — dmamyCits — dmyimgmat; — dmamamyts —
dmimamszCats — 4mimamyCits + 8mymamamytio,

b1 = &8 — &a&sy to = &8s — Selr,  t3 = 8&s — &7, T = &7 — &5,

ts = —(§&uts + 1261),  te = —Eup(Eh +13861), tr = Eur(rty — &),

tg = E3(tsls — ta), to = E(rty + E%1a&s), tio = Epr(rts + ),

X1 =C+C, XxXoe=0C—C, X3=mam3—mimy, X4 = MaM3+ MMy,
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X5 = MG —m3Ca,  Xe = M3+ My, X7=m3— My, Xg=—m1C + ma(,

X9 = miC2 +maCi,  X10 = M1 — My.

6.4 Particular Cases

6.4.1 Case-1:

When pp = pr = py, ay =0, By =0, i.e., reinforced free medium.

X3(S1 + 53)ePHPeH o 3o ( G 4 Gy e~ PP 4 (G 4 G )ePrPRIEH

o (6.30)
Xa(S5 — Sy)e” PP 50— 0,
where Si = t5X2 — I6X5 — toXio, Sz = —f7X7 — tsXs + 10X,
S = tsX1 + tXe + 1sX5 — F1oXa,  Si = —TeXs + toXio,
S5 = —4AmymipCots—4mamigCy ts —AMmymzmat, —4Mymzmgt; — AmymamzCats —4mymamaCits+
8mimamsmatio,
Li=Or+2u)=Ts, Li=Ostny), =/
Lo W_m(f‘}) . B

2
o— [ L[ Ly Ly N o [ L[
w=(g-1) < (B)(5-5)+ (B). m=(5-E)(51)
Wj:)‘f_ZTJClev ]:1727 WJZ(ZT]_'_C])a j:374

To = —Eup (&% + t381), &7 = Eus(rty — ta&),  to = Epuyp(rts + E%4),

Xi=G+G YX2a=0—C, Xz=Mmamg— MMy, Xa=MaM3+ My,

X5 =T — MaCe,  Xo =3+, X7 =3 —Ma,  Xs = — MG + (i,
Xo = TGz + M2C1,  Xio = My — .
Equation (6.30) represents the dispersion relation for Rayleigh wave in reinforced free

medium lying over the couple stress substrate.
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6.4.2 Case-2:

Using case-1 and considering no layer thickness, i.e., H = 0, one may have
S[tK(PK? — S,) — sK(PK? — S;)] — 4rst(K, — K;)&% = 0, (6.31)

where K, = (€% — s%), K; = (£ —?), S, = (€2 + s%), Sy = (€2 + 1?).
Equation (6.31) represents the dispersion relation for Rayleigh wave in semi-infinite

couple stress substrate [169].

6.4.3 Case-3:

Taking [ — 0 and pondering previous cases, one may obtain

2\ 2 2 2
(2—%) :4\/1—02\/1—02. (6.32)
€2 €1 &

Equation (6.32) represents the dispersion relation for Rayleigh wave in isotropic elastic

half-space [151].

6.5 Numerical Discussion

The dispersion relations are determined analytically in the considered model to ana-
lyze the effect of the various parameters on the phase velocity profiles of Rayleigh-type
wave propagation in the size-dependent layered structure. The following details were
taken into account to unravel the effects of various parameters affecting the charac-
teristic profiles of the Rayleigh-type wave.

(1) Self-fiber reinforced medium constants shown in Table 6.1.

(2) The size-dependent couple stress medium constants shown in Table 6.2.

(3) The reinforced-free medium, i.e., ay = 0, Sy = 0 and p; = pr = py constants
shown in Table 6.3.

The graphs are plotted for secular equation (6.29) to study the influence of reinforce-

ment parameter, layer thickness together with a microstructural parameter associated
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Table 6.1: Material constants for self-fibre reinforced medium [125]

pf 7.8 x 10° Kg/m?
Y 5.65 x 10° N/m?
(L 5.66 x 10° N/m?
o 2.46 x 10° N/m?
ay —1.28 x 10° N/m?
B; 220.9 x 10° N/m?

Table 6.2: Material constants for couple stress medium [198]

Pe 1.5 x 103 kg/m?
Ao 1.452 x 1010 N/m?
e 5.11 x 10° N/m?
Cel 4063 m/s
Ce2 1846 m/s

with the substrate. The phase velocity profiles are shown by considering the varia-

C
2
(¢H). There is one common phenomenon observed in all plots, i.e., with the increase

tion in phase velocity ( ) of Rayleigh-type wave propagation against wave number

in wave number, the phase velocity decreases.

6.5.1 Influence of self-fiber reinforced layer thickness H

Curves in figures 6.2 and 6.3 elucidate the impact of layer thickness on the phase
velocity profiles of Rayleigh-type waves in the considered model. Distinct values
of layer thickness H = 0.01m,0.02m,0.03m are considered to document this effect.
Particularly, Figure 6.2 is plotted for the self-fiber reinforced medium whereas Figure
6.3 is plotted for the reinforced-free medium. The variation in layer thickness shows an
encouraging effect on the characteristic profiles of the Rayleigh-type wave, i.e., with
the increment in the magnitude of layer thickness, the phase speed also increases for

both the reinforced and reinforced-free medium.

6.5.2 Influence of microstructural parameter [

The influence of size-dependent parameters on the phase velocity profiles of Rayleigh-

type wave has been shown in Figures 6.4 and 6.5. To document this size-effect, the
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Table 6.3: Material constants for reinforced-free medium [63]

pf 4705 Kg/m?
A, 2510x10°  N/m?
iy 1.987 x 10° N/m?

1.2752 B
1:H=0.01m
2:H=0.02m

1.2752} 3:H=0.03m ,

1.2752f T

1.2752 B

non-dimensional speed (c/cf)

1.2752f 3 T

1.2752 B

0.6101 0.6101 0.6101 0.6101 0.6101 0.6101
non—-dimensional wave number (EH)

Figure 6.2: Variation of phase velocity c/c; verses wave number £H for different
values of layer thickness under reinforced medium.

114261 1:H=001m]| |
2:H=0.02m
1.1426| 3:H=003m| T
Gy
c)
= 1.1426} .
[0}
(6]
&
2 4.1420f ]
c
o
2
5 1142sf 1 .
'-Is 2
L 11425 3 .
c
1.1425 .
1.1425 .
Il Il Il Il Il

L L L L
3.574 3.574 3.5741 3.5741 3.5741 3.5741 3.5741 3.5742 3.5742 3.5742
non—dimensional wave number (§H)

Figure 6.3: Variation of phase velocity c/c; verses wave number £H for different
values of layer thickness under reinforced-free medium.

dispersive curves are plotted by taking distinct values of characteristic length [ =
0.001m, 0.003m, 0.005m. Prominent effects have been traced out from both figures.

Figure 6.4 reflects the presence of size-effect under reinforced medium and Figure 6.5
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reflect the same effect under reinforced-free medium. It can be perceived from both
the figures that the material length parameter has a discouraging impact on the phase

velocity profiles of the Rayleigh-type wave.

1.2165 1:1=0.001m|
2:1=0.003m
3:1=0.005m

S 1.2165f B

s

he)

[0}

2

& 1.2165} g

©

c

Qo

(72}

T 1.2165F -

E " 1

)i 2

o

< 1.2165f 3 g

1.2165} g
Il Il Il

Il Il Il
0.7816 0.7816 0.7816 0.7817 0.7817 0.7817
non-dimensional wave number (EH)

Figure 6.4: Variation of phase velocity c¢/c; verses wave number £H for different
values of intrinsic characteristic length parameter under reinforced medium.

1.1397

113971 1:1=0.001m| |
2:1=0.003m
3:1=0.005m

1.1397}

-

13971

13971

-

13971

non-dimensional speed (c/cf)

-

13971

-

1396

-

1396

Il Il Il Il Il
3.6071 3.6071 3.6072 3.6072 3.6073 3.6073 3.6074 3.6074 3.6075
non-dimensional wave number (EH)

Figure 6.5: Variation of phase velocity c¢/cs verses wave number £¢H for different
values of intrinsic characteristic length parameter under reinforced-free medium.
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6.5.3 Influence of reinforcement parameter

The graphical representation featuring the impact of the reinforced parameter on the
phase speed of the Rayleigh-type wave for the considered model is shown in figure 6.6.
In this figure, curve 1 represents the reinforced medium whereas curve 2 represents the
reinforced-free medium. It may be observed that the increase in reinforcement leads
to an increase in the phase velocity profiles of the Rayleigh wave in the considered

layered structure.

1 : Fibre—reinforced medium
2 : Reinforced free medium

non-dimensional speed (c/c,)

1.02 . . . .
1 2 3 4 5 6 7
non—dimensional wave number (§ H)

Figure 6.6: Variation of phase velocity c¢/cy verses wave number {¢H for reinforced
and reinforced free medium.

6.6 Conclusions

A quantitative procedure has been scrutinized to analyze the Rayleigh-type surface
wave propagation in the layered structure consisting of a finite thickness self-fiber re-
inforced medium layer over the size-dependent couple stress half-space. The compact
form of the secular equation is achieved by employing suitable boundary conditions
for the proposed model. The structure proposed is intended for the characteriza-
tion of curves to establish the effect of a Rayleigh-type wave with different affected

parameters on its phase velocity, namely the varying reinforced medium thickness,
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the parameter of material length representing the microstructural behavior of the

substratum. The results achieved in this study can be summarized as:

(i)

(i)

(iii)

(iv)

(v)

Significant effects have been observed on the phase velocity of the Rayleigh wave
with wave number in the proposed structure. It may be noted that the phase
velocity for short wave numbers is dispersive and non-dispersive for higher wave

numbers.

The microstructural characteristic length parameter [ shows a disfavoring im-
pact on the phase velocity profiles of Rayleigh-type waves in layered media. As
the extent of the material characteristic length increases, the phase speed of the
Rayleigh wave decreases. Since the Classical hypothesis is inadequate to catch
the size impact, the considered model portrays the size impact that is explained

by the profile variety alongside the variety of the material length.

The variation in the layer thickness of the reinforced medium shows the sig-
nificant effects on the phase velocity profiles of the Rayleigh-type wave. It is
observed that the phase velocity shows a favoring effect with the layer thickness,
i.e., the increase in the thickness of the reinforced medium leads to an increase

in phase velocity of the Rayleigh-type wave.

The influence of reinforcement on the phase velocity profiles of the Rayleigh
wave is shown by comparing the effect of the reinforced medium and reinforced-

free medium.

The secular equation is also obtained by excluding the surface layer to validate

the result, which is well in accordance with the established result.

In the context of size-dependent theory, the study of Rayleigh-type surface wave

propagation must be a topic of continued concern since it is extremely important to

understand the inner environment and the earth’s structure. The dispersion relations

have a wide range of uses in the field of seismology, geology, and terrestrial sciences

to understand and estimate earthquake damage.



Summary and Suggestion for

future work

Through the rigorous study of existing elastic models, two size-dependent models
have been selected namely the couple stress model and micropolar elastic model, and
the propagation of Love-type surface wave in piezoelectric ceramic overlying the size-
dependent half-spaces have been investigated by considering two sets of piezoelectric
material, i.e., PZT — 5H and BaTiOs. Upon applying the appropriate boundary
conditions, the closed-form expressions of the dispersion equation for both the cases
of electrically open and electrically short conditions have been obtained analytically.
Numerical computations have been performed for studying the effect of the under-
lying microstructure of the substrate, the thickness of the layer, piezoelectric and
dielectric constants on the phase velocity profiles of the Love wave.

Moreover, the study is also extended to the double-layered model by considering
another layer between the finite layer of piezoelectric material and size-dependent
substrate. The consideration of another layer is more fruitful in the design process
to accomplish an explicit objective. Seeing the merits of hybrid structure, the two-
layered structure has been considered in which a heterogeneous viscoelastic layer
is sandwiched between a finite layer of piezoelectric medium and semi-infinite size-
dependent elastic substrate to improve the performance of Love wave-based devices.
The dispersion equations have been obtained analytically in closed-form expression
for the real and the damping case under the conditions of electrically open and short
circuits. Numerical calculations have been done to examine the impact of different pa-

rameters by taking two distinct piezoelectric materials, i.e., PZT — 5H and BaT10s.

165
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The results obtained from the above-solved model may be useful for the fabrication
of Love-wave-based sensors and in structural utilization.

While working on the different layered models, it has been observed that along with
the piezoelectricity model, the size-dependent substrate can be considered with an-
other different material like orthotropic medium and many more. Though, the prob-
lems have been done considering the perfect bonding between the substrate and ma-
terial layer. But the strength of many engineering materials is well known to rely
on the bonding between the structural components. Keeping this aspect in view, a
Love-type surface wave has been investigated in the functionally graded orthotropic
medium under initial stress bonded imperfectly over the size-dependent micropolar
medium.

In addition to Love-type surface waves, the mathematical modeling for Rayleigh-type
surface waves has been done by utilizing a microstructural model along with self-fiber
reinforced, and the dispersions relations have been obtained in this context.

The considered size-dependency in these models shows a prominent effect on the phase
velocity characteristics of the Love-type wave. These variations in profiles describe

the consideration of size-effect in the context of classical theory.

Following suggestions have been made for the extension and further use of the present

research work:

e The present work can be extended to study the reflection and refraction phe-
nomena at the interface of size-dependent couple stress and micropolar elasticity

along with the consideration of thermoelasticity into account.

e There is a scope to extend the study in rods and beams by utilizing the different

microstructural models, particularly, size-dependent piezoelectric theory.

e The study can be explored further in the problem involving the propagation of

Stoneley waves and torsional waves to analyze the impact of internal character-
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istic length associated with the microstructural model.

e There is a scope to extend the present models to investigate the effects of non-

linearity considering different microcontinuum theories.

e The present models can be further extended to investigate the effects of differ-

ent materials with or without voids.

The study of material microstructural effects on the solution of these problems may
suggest some amendments to the literature based on classical elasticity theory and
the results of the solution of the aforementioned problems may enhance the domain of

applicability of surface wave-based devices using size-dependent models of elasticity.
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