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ABSTRACT 

In this thesis work, the redundancy resolution of serial robot manipulators is performed. 

Redundant manipulators have the characteristics that there exists infinite solutions to the inverse 

kinematic problem. Out of those infinite solutions, it is possible to choose certain specific 

solutions on merit, which can be selected on the basis of some performance criteria or priority of 

some tasks over the other. These priority subtasks can be position prior to orientation, obstacle 

avoidance, singularity avoidance, torque minimization etc. Out of these parameters, this thesis is 

focused on obstacle and singularity avoidance using concept of task priority. This concept of task 

priority is implemented in relation to the inverse kinematics problem of redundant manipulators. 

A required task is divided into a number of subtask according to the order of priority. The 

redundancy resolution is performed to achieve the required working of manipulator under 

complex environment i.e. avoiding obstacle and singularity while tracing a given trajectory. 

The entire procedure is formulated using the pseudoinverse of the Jacobian matrix. A number of 

numerical simulation are performed for different complex environments consisting of obstacles 

with a given trajectories to show the efficacy of the redundancy control scheme for obstacle and 

singularity avoidance. Also to show the validity of the formulation, these cases are discussed 

further by tuning the parameters. An attempt has been made in this thesis to highlight the snake-

like behavior of redundant manipulators, while tracking trajectories in very narrow channels. The 

snake-like behavior is important in many challenging applications like under-water welding in a 

narrow tanks, to check the blockage of sewerage pipes, to perform laparoscopy operation inside a 

human body etc.   
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CHAPTER 1 

INTRODUCTION 

1.1 OVERVIEW OF REDUNDANT MANIPULATORS 

Robotics is concerned with the study of machines that are expected to replace human beings 

in the execution of a task, as regards both physical activity and decision making. Robot makers 

tend to imitate the characteristics in nature/human. Redundancy is present in human or in any 

living creature. Human body redundancy can be observed in different levels such as; 

sensor/actuator level and mechanism level. Sensor/actuator level redundancy includes having 

two eyes, ears, some interior organs, etc. The mechanism level redundancy can be observed in 

multiple fingers, two arms and two kidneys etc. Furthermore, the arm itself is redundant and 

this is called kinematic redundancy. Kinematic redundancy provides extra capabilities for the 

human arm, which will be explored for robot manipulators in this thesis. The aim of this 

introductory chapter is to define the redundancy concept in robotic manipulators, importance 

of the redundancy resolution and  the applications of redundant manipulators.  

1.2 REDUNDANT MANIPULATORS 

A manipulator is termed kinematically redundant when it possesses more degrees of freedom than 

it is needed to execute a given task. Since it is usually recognized that a general task space 

consists of six degrees-of-freedom (DOF), a robot arm with seven or more DOFs is 

considered as the typical example of inherently redundant manipulator, for example 7-DOF 

LWA4-Arm by SCHUNK. However, even in robot arms with fewer DOF, redundancy can be 

seen as implying extra DOF which are not needed for tasks in well-organized environments. For 

instance, using a six axis machine for welding or for stereotactic surgery is not kinematically 

required, since five axes will place a uniform cross section tool at the appropriate position 

with the required orientation to complete the task, no final rotation about the tool axis is 

required. Another example is a planar robotic arm manipulator with three or more joints that 

acquires to track end-effector position in a Cartesian plane. 

In fact, providing robot manipulators with kinematic redundancy is mainly aimed at increasing 
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dexterity and using arm motion in the null space for subtask objective, during executing the 

main-task in the task space. A simple example given in Figs. 1.1 and 1.2. 

Fig.1.1: Task space motion Fig.1.2: Null space motion 

 

In addition to the distinction between non-redundant and redundant robot manipulators, it is 

also necessary to specify the number of redundancy. Hence the redundant manipulator has 

more DOF than is required to perform a task in the task space. These extra DOFs allow the 

robot manipulator to perform more dexterous manipulation and/or provide the robot 

manipulator with increased flexibility for the execution of sophisticated tasks. For this 

reason, highly or hyper-redundant manipulators present to improve manipulator performance in 

complex and unstructured environments. Hyper redundant manipulators are often used in 

conjunction with trunk or snake robots. The intent is clear, such devices either being planar or 

fully spatial should have a joint space dimension (n) that is much greater than the dimension of 

end-effector space (m) i. e., n >> m. 

1.3 IMPORTANCE OF REDUNDANCY RESOLUTION 

Earlier manipulator designs, which are characterized by designing the manipulator with the 

minimum number of joints required to execute its task resulted in a serious limitation in 

real-world applications. The limitations are due to the singularity problem, joint limits, and 

workspace obstacles. These limitations increase the regions to be avoided in the joint and task 

space during operation, thus requiring a carefully planned task space of the manipulator. 

This is the case of work cells in traditional industrial applications. 
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On the other hand, the presence of additional DOFs, besides those strictly required to execute 

the task, brings the flexibility to avoid the limitations stated above. This flexibility is due to 

having infinite joint configurations for the same end-effector pose since there are an infinite 

number of possible solutions for the inverse kinematics problem of redundant robot 

manipulators. As a result, there exists joint motion which can be propagated in the null 

space of the Jacobian matrix of a robot manipulator without affecting the end-effector pose. 

A phenomenon commonly referred to as self-motion .  

This phenomenon implies that the same task at the end-effector level can be executed in 

several ways at the joint level, giving the possibility of avoiding limitations and ultimately 

resulting in a more versatile mechanism. Such a feature is a key to allowing operation in 

unstructured or dynamically varying environments that characterize advanced industrial 

applications and service robotics scenarios.  

Thus, redundancy can be conveniently exploited to achieve more dexterous robot motions. 

Formally, a functional constraint task is imposed to be satisfied along with the end-effector task. 

Such typical constraints include obstacle avoidance, limited joint range, manipulability measures 

and singularity avoidance. In practice, if properly managed, the increased dexterity of 

kinematically redundant manipulators may allow the robot manipulator to avoid singularities, 

joint limits, and workspace obstacles, but also to minimize torque/energy over a given task, 

ultimately meaning that the robotic manipulator can achieve a higher degree of autonomy. 

1.3.1 Obstacle Avoidance using Task Priority 

The inverse kinematic problem is of particular interest in case of redundant manipulators, since it 

admits infinite solutions. The inverse kinematic algorithms have been suitably extended to 

redundant manipulators by adopting a task space augmentation technique. In order to avoid the 

problem of obstacle constraint task specification, a task priority strategy has been applied, 

according to which the task with lower priority is executed only if it does not conflict with the 

higher priority task. This is accomplished by projecting the constraint Jacobian onto the null 

space of the end-effector Jacobian; the order of priority being invertible. The technique has been 

applied to redundancy resolution for space manipulators mounted on a free-floating spacecraft. 
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1.3.2 Singularity Avoidance 

Singularity regions correspond to robot configurations that are close to a singular configuration, 

and in which the joint velocities required to achieve the end-effector motion in certain directions 

are extremely high. Therefore, it becomes important for a general purpose manipulator to have 

more than six degrees of freedom. When the robot is in a singular configuration, there is at least 

one direction in which the end-effector velocity is unable to move. The joint velocities required 

to attain the end-effector velocity component in this direction are infinitely high. The mobility of 

the manipulator is very poor in this direction. Thus, arbitrary directional changes of the end-

effector becomes more difficult. Mathematically, this occurs when the rank of the Jacobian 

matrix is less than the number of its rows. There are two types of singularities:- 

   Kinematic singularities are those singular configurations at which the end-effector 

loses all its mobility. 

   Algorithmic singularities are those at which the end-effector task and the constraint 

task conflict despite the redundant degrees of freedom. 

 

1.3.3 Torque Minimization 

Due to infinite solutions of inverse kinematics problem, the solution needs to be chosen so that 

the torque required to move the motor is minimum. The next solution is chosen in reference to 

the previous one and thus aims at minimizing the torque of the motor. 

1.3.4 Minimum Movement 

The solutions are taken in such a way that there is minimum movement of the manipulator to 

reach the desired position. It also aims in choosing those solutions which require minor axis 

movements than major axis because the mobility of a robot depends on the direction of the end-

effector motion desired which is represented by the manipulator velocity ratio ellipsoid (MVRE). 

The minor axis of the MVRE represents the minimum value of MVR and the upper limit on the 

joint velocities required for the end-effector to move in all directions. Thus a small minor axis 

implies low flexibility and proximity to singular configurations. 
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Fig.1.3: Manipulation Velocity Ratio Ellipsoid[9] 

1.3.5 Flexibility and Versatility 

The redundancy of robot manipulators plays an important role in increasing the flexibility and 

versatility. Flexibility is important so that the robot can move in any direction freely. It is the 

ability of the manipulator to change the direction of end-effector motion. Thus, a robot is less 

flexible when it is near or at a singular configuration. 

1.4 APPLICATIONS  OF  THE  REDUNDANT  MANIPULATOR 

The biological archetype of kinematically redundant manipulator is the human arm, which, 

not unexpectedly, also inspires the terminology used to characterize the structure of serial-

chain manipulators. In fact, the human arm has three DOF at the shoulder, one DOF at the 

elbow and three DOF at the wrist. The available redundancy can easily be verified, e.g., by 

laying one’s palm on a table and moving the elbow while keeping the shoulder motionless. 

The kinematic arrangement of the human arm has been replicated in a number of robots 

often termed as human-arm-like manipulators. This family of 7-DOF manipulators is used 

for many applications such as; the care-providing robotic system FRIEND presented in Fig. 

1.4, which is a semi-autonomous robot designed to support disabled and elderly people in their 

daily life activities (Schunk 2011). Another example is the usage of Care-o-bot, a next 

generation of household robots, presented in Fig.1.5. 
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Fig.1.4: The care-providing robotic system [1] Fig.1.5: Care-o-bot® Household robot [2] 

The new application of an advanced brain-machine interface is shown in Fig. 1.6. This brain-

controlled DLR redundant robot arm is used for assisting disabled people. Another application 

shown in Fig. 1.7 is the MODICAS assistance robot for total hip arthroplasty implantation 

using a 7-DOF Mitsubishi PA-10 robot arm. 

Fig.1.6: Paralyzed woman drinking from a bottle using 
the DLR Lightweight Robot [3] 

Fig.1.7: Mitsubishi PA-10 Robot arm [4]
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Fig.1.8: Justin the robot [5] Fig.1.9: The Special-Purpose Dexterous  
Manipulator (SPDM) [6] 

The use of two or more robot arms to execute a task, which is the case in the humanoid robot 

arms that use cooperating multi-fingered hands, is another important application for the 7-DOF 

arms. The dual usage of 7-DOF redundant arms can be observed in Fig. 1.8. Robot redundancy 

also has been recognized of major importance for manipulators in space applications. The 

Special-Purpose Dexterous Manipulator (SPDM), shown in Fig. 1.9, consists of two 7-DOF arms 

which can be interpreted as enhancing the importance of kinematic redundancy in critical tasks. 

1.5 ORGANISATION OF THE THESIS 

 This thesis is organized as follows. In Chapter 2, the literature work that has been done so far in 

the area is discussed. Starting from the time, when the idea came for active utilization of 

redundancy in which the author used the generalized inverse of the Jacobian matrix to get the 

general solution of joint velocity to the time when different algorithms are developed to utilize 

the redundancy and use it for task priority, obstacle avoidance, singularity avoidance, toque 

minimization etc. Finally a systematic framework to the problem of redundancy resolution is 

given. 

In Chapter 3, the dynamic model for the equations of motion of the robot arm is explained using 

the Euler-Lagrange model. Then, this approach is analytically applied to the multiple links 

manipulator to find the symmetric, positive-definite mass inertia matrices and the Coriolis and 
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centrifugal force vector for each manipulator. 

In Chapter 4, the kinematic control related to redundancy resolution and task priority is given. 

The problem is formulated in the framework of resolved motion rate control. The basic concept 

of task priority including the importance of Jacobian matrix in redundant space and manipulable 

space is presented along with the generation of various equations associated with it.  

In Chapter 5, numerical simulation are carried to show the efficacy of the formulation. The 

algorithm for obstacle avoidance and singularity avoidance using task priority are developed 

using potential function. These algorithms are coded in the MATLAB to plot the different results 

for obstacle avoidance and singularity avoidance of redundant manipulators. 

Finally, in Chapter 6, results are summarized and possible future directions are highlighted. 
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CHAPTER 2 

LITERATURE SURVEY 

2.1 INTRODUCTION 

A good number of the conventional robots came into reality in the early 60’s. Thereafter, the 

robots got vast fame and find their place in lots of industrial applications. The drift from 

conventional manipulators to redundant manipulators changed in late 70’s, when a lot of 

researchers worked in the domain of dynamic and kinematic redundancy resolution. Also as 

explained in the previous chapter, redundant robot manipulators are used in wide range of 

applications. Redundancy introduced to robot manipulators gives benefit upon non-redundant 

robots because of the self-motion property. This chapter examines past methods which have been 

applied in the realization of motion planning of serial manipulators. It especially focuses on 

Inverse Kinematic problems, methods to resolve kinematic redundancy, obstacle avoidance and 

singularity avoidance techniques used in past by the researchers. 

2.2 OVERVIEW OF THE INVERSE KINEMATICS PROBLEM AND ITS 

RESOLUTION DIFFICULTIES 

As seen, the inverse kinematics method is helpful for the manipulation under complex 

environment. Therefore the focus is on the inverse kinematic problem and issues raised for its 

resolution. The basic problem is to resolve a joint configuration to achieve a desired task which 

is generally defined in Cartesian space (for example, the configurations of shoulder, elbow and 

wrist must be determined in order that a position in space is precisely reached by the end-

effector). This problem usually generates a set of equations that are generally nonlinear, and are 

thus complicated to work out in broad-spectrum. Moreover, a resolution technique must also deal 

with the problems described below. 

 

2.2.1 Dealing with Multiple Tasks, and Resolving Conflicts 

Specifying a single task at a time is very impractical way for controlling a redundant 

manipulator. Hence, it is required for a resolution technique to deal with multiple tasks all 



10 
 

together. As a result, it may occur that some of them cannot be fulfilled at the same time, 

whereas  they can separately be resolved in some way using an appropriate strategy. 

 

Such problems come up in many other contexts where conflicting decisions have to be 

combined. A Multicriterion optimization techniques have been developed in the field of 

mathematical programming that must consider several criterion to deal with complex 

engineering problems [7]. Several strategies have also been proposed such as weights can be 

assigned to each criterion in order to define their relative importance. Besides this, so-called 

hierarchical optimization techniques set the criterion at different levels [7, 8] each criterion is 

then satisfied as much as possible, but with the constraint of not disturbing the satisfaction of the 

more important criteria. An apparent solution is to find a compromise, that however satisfies 

none of the criteria exactly. This is clearly a more extreme resolution of conflicts, which is 

preferable in some situations. 

 

Many such similar strategies have been proposed in robotics for the positioning of complex 

manipulators out of which the weighting strategy is the most in use. However, researchers have 

settled the conflicts by developing task-priority strategies to establish a clear priority order 

among the tasks [9-12]. Some typical examples are given by Badler et al. [13, 14] for 

manipulation and by Phillips et al. [15, 16] to achieve smooth solution blending.  

 

2.2.2 Dealing with Under-Constrained and Over-Constrained Problems 

Now let’s discuss the question of the number of solutions. Three situations can occur: 

• The problem has no exact solution - It occurs when a task cannot be satisfied (i.e. when a 

goal is inaccessible), or when two or more task are in conflict and cannot be satisfied at the same 

time. This is known as an over-constrained problem. 

• The problem possesses a single solution - This condition raises no conflicts, but rarely occurs 

in general. 

• The problem possesses two or more solutions (or even an infinity of solutions) - This 

situation comes up when there are more DOF in the manipulator than tasks then, the problem is 

considered as under-constrained or redundant. A manipulator is not redundant by itself, but only 

with respect to a task that requires less DOF than those existing in the manipulator. Redundancy 
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is an unavoidable matter of fact when one is concerned with the serial robots, and it has to be 

dealt with by a proper solution selection technique. Many times, robots may be intentionally built 

with more DOFs than what is necessary for completing the task, the extra flexibility or DOF can 

be used to dynamically avoid external obstacles collision [10]. 

In the next section, various typical methods are presented which are required to deal with the 

extra DOF and manipulator flexibility. 

 

2.2.3 Dealing with Redundancy 

In robotics, typically the joint limits avoidance [17] and singularity avoidance [18] can be the 

criteria to exploit the redundancy.  

 

A straightforward and practical criterion is the minimization of the distance with respect to a 

reference posture, for example to attract to the mid-range posture or a natural rest posture [19]. 

More complicated criteria are based on mechanical or biomechanical considerations such as 

minimization of joint torques due to the weight has been proposed by Boulic et al. [20]. A DOF 

can also be associated to each joint of manipulator, and the total DOF is a criterion that can be 

maximized [21, 22]. 

 

Lepoutre [23] compared the manipulator postures resulting from the minimization of different 

criteria such as joint torques or nearness from joint limits, under constraints imposed by a 

visibility and reach ability task. While appealing, this redundancy resolution method hides the 

complexity of determining the “right” function for obtaining realistic postures. 

 

2.2.4 Dealing with Joint Limits 

Another essential issue is the value of joint limits, since their violation may extensively affect the 

posture of manipulator. In robotics, joint limits are usually avoided [18], which is in contrast 

with animal or human figures whose rest postures are usually close to some joint limits (for 

example, consider the human knee during standing) but it is not advisable for a robot joint to 

approach its mechanical limits. Hence, a resolution method must incorporate a method to 

accurately implement these main constraints. 
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2.3 REVIEW OF REDUNDANCY RESOLUTION METHODS 

In this section, an overview of the main resolution methods is discussed as reported by the 

different researchers in the past years. 

 

2.3.1 Analytic Methods 

Robot manipulators are often designed so that analytical solutions to the Inverse Kinematics 

problem exists, this is important for real-time applications because these solutions are very fast 

to compute. Analytical (or closed form) solutions can be establish by direct resolution of the 

nonlinear equations for very simple robotic manipulators with few DOF [24, 25]. Moreover, the 

resolution methods are robust. This is also beneficial in computer simulation, and several 

researchers have addressed the case of the anthropomorphic arm and leg. Korein [26] provides 

an interesting analytic solution for a 7-DOF arm that deals with joint limits, and Tolani et al. [27, 

28] also discuss similar procedures. 

 

However, analytical solutions do not exist for general redundant manipulators. In that case, 

iterative, numerical techniques can be used to solve the Inverse Kinematic problem. 

 

2.3.2 The Resolved Motion-Rate Method 

In the pioneering work, Whitney [29] introduced the resolved motion-rate control, which is the 

source of more complex resolution schemes. Given an initial configuration, Whitney performs a 

linearization of the nonlinear equations, characterized by a Jacobian matrix relating differential 

changes of the joint coordinates to differential changes of task coordinates. The linear system of 

equation is solved in order to obtain a new configuration closer to the goal. By repeated 

resolution of this process, the system usually converges to a solution satisfying the constraint if 

the initial configuration was “sufficiently close” to it. This method is inspired by the well-known 

iterative Newton-Raphson method for the resolution of nonlinear equations [30]. 

 

The main research issue has been to extend this method to exploit the redundancy of the problem 

at the differential level. Whitney [29] uses a generalized inverse [31, 32] to minimize the 

weighted norm of the variation of joint coordinates. Deo et al. [33] have proposed to use the 

infinity-norm to obtain the lowest possible magnitudes of joint variations. Liégeois [18] proposes 
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an extension for the optimization of a criterion expressed in joint space, by exploiting the null 

space of the Jacobian matrix. Klein and Huang [17] provide more insight on this topic and on the 

meaning of the pseudoinverse solution in terms of the Singular Value Decomposition 

representation [34] of the Jacobian matrix. Cleary et al. [35] and McGhee et al. [36] discuss the 

integration of multiple weighted optimization criteria in the scheme. Hanafusa, Nakamura and 

Yoshikawa [9, 11] further broaden the redundancy exploitation with criteria expressed in 

Cartesian space, hence a secondary Cartesian task that can be satisfied without affecting the 

primary task. This simultaneous resolution of two tasks with different priorities is known as the 

task priority strategy. Maciejewski and Klein [10] improved the resolution scheme of Hanafusa 

et al. by exploiting pseudoinverse properties. The scheme has then been generalized to an 

arbitrary number of priority levels by Siciliano et al. [12] and Garziera [37]. 

 

Another significant issue is the management of singularities of the Jacobian matrix. Merely using 

a pseudoinverse near singular configurations results in high joint increments that cause a lot of 

trouble in the resolution process. Traditionally, regularization techniques are used for solving 

such ill-posed problems [38]. A generalization of the pseudoinverse, known as the damped-least 

squares (or singularity-robust) inverse was independently proposed by Wampler [39] and 

Nakamura et al. [9, 11]. Afterwards, Maciejewski and Klein [40] proposed more complicated 

methods. Chiaverini [41, 42] introduces a new formulation that overcomes the effects of so-

called algorithmic singularities that appears in the task-priority strategy, when two tasks are in 

conflict. 

 

2.3.3 The Jacobian Transpose Method 

As discussed by Welman [43], the Jacobian transpose method, only differs from the resolved 

motion rate method in that the transpose of the Jacobian matrix is used instead of its inverse. The 

method was introduced by Wolovich and Elliot [44], and extended by Sciavicco and Siciliano to 

redundant manipulators [45], and for the satisfaction of secondary criteria by Das et al. [46]. An 

iteration can be performed very quickly with this method,  since no matrix inversion is required. 

However, the number of steps required to reach the goal may be much higher than with 

pseudoinverse-based techniques because of its poor convergence properties, especially near a 

solution. Hence, on the whole, the Jacobian transpose method is not necessarily more efficient 
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than pseudoinverse-based methods. 

2.3.4 Optimization-Based Methods 

Another significant elementary field of numerical mathematics is optimization. Many problems  

for which a large number of resolution methods have been developed can be stated as 

optimization problems [47]. For real-time applications, local optimization methods are preferred 

to the much more expensive global optimization methods [48] even if there is a risk of being 

stuck in a local optimum of the objective function. The Inverse Kinematic problem is no 

exception, it can be formulated as a constrained optimization problem and thus solved with 

nonlinear programming methods. 

 

In computer simulation, Zhao and Badler [49] [14] used an optimization method [50] for the 

manipulation of an articulated manipulator, a nonlinear function (describing the degree of 

satisfaction of all constraints) is minimized under a set of linear equality and inequality 

constraints describing joint limits. An application of this method for the manipulation of 

articulated figures within the Jack system is described by Phillips et al. [15]. 

 

More recent optimization methods such as genetic algorithms have also been applied to the 

inverse kinematics problem [51]. It is not clear if such algorithms are valid alternative to 

traditional numerical resolution methods based on the gradient, especially for manipulator with a 

high number of DOF. However, they are able to overcome the problem of local minima due to 

their non-deterministic nature. 

 

2.3.5 A Modal Approach for Hyper-Redundant Structures 

Chirikjian and Burdick [52] introduce a modal approach to solve the inverse kinematics problem 

of hyper-redundant snake-like robots modeled as a continuous curve. Because of the high 

number of DOF, it is very expensive to solve the Inverse Kinematic problem with pseudo-

inverse methods. Instead of this, they use an analytical curve described by a set of basis functions 

to form the general profile of the hyper-redundant chain. The Inverse Kinematic problem is then 

solved in the space of the parameters of these basis functions. Finally, a “fitting” of the discrete 

chain to this curve is performed in order to compute the joint parameters. This technique could 
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be useful to deal with the spine of a human model. 

 

2.3.6 Other Techniques 

For completeness, some other methods are also presented in this section that have not gained 

wide acceptance. 

 

The Cyclic-Coordinate-Descent method is an iterative heuristic method that attempts to reduce 

the position and orientation errors by changing one joint at a time. Similarly to the Jacobian  

transpose method, the convergence rate towards a solution is very poor even the cost of a single 

iteration is very low. A comparison of both methods is done by Welman [43]. 

 

For the positioning of complex articulated figures Badler et al. [13] present an elegant recursive 

constraint satisfaction algorithm which can deal with multiple constraints simultaneously, and 

conflicts are resolved with a weighting strategy. To use simple inverse kinematic algorithm, the 

problem is recursively decomposed into smaller sub-problems until they are solvable. This 

approach has since been abandoned by Badler. 

 

Next, based on the knowledge of the workspaces for each distal subchain of the whole chain is 

the reach hierarchy algorithm proposed by Korein [26]. This method indirectly deals with joint 

limits, as they affect the workspace data. The scope of this algorithm is limited, since  the 

computation of these workspaces may be very complex and computationally expensive for 

complex chains. 

 

Finally, by learning the nonlinear inverse task function artificial neural networks [53] have been 

applied to the inverse kinematics problem. 

 

2.4 COLLISION DETECTION AND COLLISION AVOIDANCE 

In a virtual environment, a manipulator must deal with the inter-penetration of objects. The first 

problem is the collision detection problem (or self-collision detection, when an object collides 

with itself), while the second is the collision response problem. Many solutions have been 

developed both in robotics [54] and computer graphics [55], for rigid objects as well as 
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deformable ones [56]. The collision response can be either kinematic (with a direct change of the 

position of the bodies) or dynamic (with the application of repulsive forces). 

An additional complex problem is the collision avoidance problem. It is often wanted that a 

controlled body be able to execute a task without colliding with surrounding obstacles or with 

itself. The obstacle avoidance problem is well-known in robotics. The first solutions were based 

on an initial trajectory planning of a collision-free path for the robot [57]. However, such 

solutions are expensive and bound the interactivity of the robot with its environment. Hence new 

approaches have been developed to deal with dynamically varying obstacles in real-time. A 

classical technique proposed by Khatib [58] is the artificial potential field method, where the 

manipulator moves in a field of forces, that attract the end-effector to its goal, and repulse the 

manipulator parts from the surface of the obstacles. Similarly some kinematic methods have been 

proposed by Espiau and Boulic [59] and by Maciejewski and Klein [10]. A secondary task 

controls the point on the robot which is closest to the obstacle, in order to maximize its distance 

to the surface of the obstacle. Specific methods have also been developed for hyper-redundant 

manipulators [60]. 

The self-collision avoidance is especially interesting when applied to articulated configurations 

because this provides some extra DOF. For example, Zhao and Badler [61] used a potential 

fields based method for the Jack structure, together with inverse kinematics to perform collision 

response. In computer graphics, the robotics methods have been adopted and adapted to the 

human case. However, not all possible self-collisions are checked as this would be relatively 

expensive, only the most repeatedly occurring cases are tested, such as collisions of hands with 

the body and  hands with hands. Koga et al. [62] proposed a solution to the multi-arm 

manipulation planning problem. In order to manipulate a movable object between two 

configurations, the path planner automatically computes the collision-free trajectories for several 

cooperating arms. Huang [63] uses a secondary task for controlling the arm in the process of 

reaching an object, to keep the elbow outside of the torso. While inter-penetration is avoided, the 

resulting motion is not necessarily sensible. 

A recent challenge to deal with the self-collision avoidance difficulty for articulated manipulator 

is due to Nebel [64]. The objective of the system is to repeatedly generate collisions-free 
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trajectory sequences based on key frame interpolation. The principle of his scheme is to detect 

self-collisions in the sequence generated with classical methods, and then to modify these 

solution frames in order to remove the collisions. Finally, these new solution frames are used for 

a new classical interpolation. This is a potentially useful tool for simulators, but is not suited for 

real time applications that require on-the-fly generation of motion. 

Redundant manipulators are usually addressed to an issue of obstacle avoidance. If a link 

structure can reach the same end-effector position by several different intermediate positions of 

the kinematic bodies from the chain, it is called redundant. Redundancy can be used to meet 

secondary tasks such as obstacle avoidance, singularity avoidance [65] or variable optimization 

(i.e. torque optimization [66], dexterity optimization [67], energy saving optimization and 

others). 

One of the most used approaches to solve inverse kinematics for obstacle avoidance is based on 

the use of inverse of Jacobian and its relatives [68-71]. The main idea that stands behind this 

approach is that a Jacobian matrix ሺࡶሻ contains all the information necessary to relate a change in 

any component of end-effector position vector ሺ࢘ሻ to a change in any other component of the 

configuration angle vector ሺࣂሻ.  

ሶࣂ                                                                             ൌ ሻࣂ૚ሺିࡶ ሶ࢘                                                                 ሺ2.1ሻ 

After imposing Eqn. (2.1), current algorithms pick a step and iterate the equation on a loop until 

the end-effector reaches the goal or a position which is fairly satisfying near the goal. Variations 

on this technique rely on constructing ିࡶ૚, most used are the pseudo-inverse ሺࡶ#ሻି૚ and the 

transposed ሺࢀࡶሻି૚. 

  

Other studies proposed a solution that requires only standard inversion instead of pseudoinverse, 

by using the extended Jacobian method [72]. After the minimum norm and the homogenous 

solution are defined, a secondary goal can be translated mathematically [73]. However, this 

approach looses substance when dealing with local minima and irregularly shaped obstacles [74, 

75]. To rectify this, some studies propose using task priority strategies, but these are less suitable 

for manipulators with a high number of DOFs [65]. 

 

Other methods related to the objective of this study, also used in robot navigation, are the 
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artificial potential field algorithm [73, 74] and fuzzy logic [74, 75]. Obstacles are viewed as 

reflecting magnetic poles while targets are viewed as attractive points. Artificial potential field 

algorithm is also suffering from local minima inconsistency, and because of the issues imposed 

by arbitrarily shaped obstacles and manipulators with multiple links, only a few studies address 

this approach [75-77]. One of the best approaches to the problem of manipulation in 

environments with obstacles is the one that uses the quadratic problem to minimize the 

redundancy resolution of the kinematic chain, with subject to bound constrains [72, 73, 77-80]. 

 

2.5 OBSERVATIONS FROM LITERATURE SURVEY 

From the above literature survey following observations can be drawn. 

1. The general solution of the joint velocity can be expressed by means of the generalized 

inverse of the Jacobian matrix. 

2. The measure of manipulability can be used to determine the best postures of the various 

types of manipulator. 

3. Redundancy can be utilized for keeping the joint angles within their physical 

limitations. 

4. Redundant manipulators are capable of avoiding obstacles, avoiding singularity etc. by 

making use of pseudoinverse of the Jacobian matrix and finding inverse kinematic 

solution. 

5. By dividing the task into subtasks with the order of priority, the degeneracy of degree of 

freedom can be overcome easily. 

By taking these observations into account, the concept of task priority is found to be a very noble 

and versatile concept, with which a number of subtasks can be performed simultaneously such as 

position prior orientation, singularity avoidance, avoiding the joint limits, obstacle avoidance and 

minimum torque movement etc. That is why, the concept of task priority is used in this thesis, 

and demonstrated well with different case studies on trajectory tracking while performing 

obstacle avoidance and singularity avoidance.   
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CHAPTER 3 

DYNAMIC MODELING OF REDUNDANT MANIPULATORS  

3.1 INTRODUCTION 

Such equations of motion are useful for computer simulation of the robot arm motion, the design 

of suitable control equations for a robot arm, and the evaluation of the kinematic design and 

structure of a robot arm. 

In this chapter, the formulation, characteristics and properties of the dynamic equations of 

motion are considered for control purposes. The purpose of manipulator control is to maintain 

the dynamic response of a computer-based manipulator in accordance with some prespecified 

system performance and desired goals. This chapter mainly deals with the modeling and the 

behavior of computer-controlled robots. 

The actual dynamic model of a robot arm can be obtained from known physical laws such as the 

laws of Newtonian mechanics and Lagrangian mechanics. This leads to the development of the 

dynamic equations of motion for the various articulated joints of the manipulator in the terms of 

specified geometric and inertial parameters of the links. The dynamic model of any system is 

mainly developed using two approaches െ Newton-Euler approach and Euler-Lagrange 

approach. The first one deals with the force and moment balance, while considering each term a  

vector quantity like displacement, velocity, acceleration, force etc. On the other hand, the second 

method is based on the energy approach and treat each quantity in the formulation as a scalar 

quantity like kinetic energy, potential energy etc. 

The Euler-Lagrange approach is more general and amenable for multi-body dynamics. That is 

why, this approach is being used to develop the dynamic model of redundant manipulator in this 

thesis. 

 

 

3.2 EULERെLAGRANGE (EെL) FORMULATION 

The derivation of the dynamic model of a manipulator based on the EെL formulation is simple 
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and systematic. The EെL equations of motion provide explicit state equations for robot 

dynamics and can be utilized to analyze and design advanced joint-variable space control 

strategies. The dynamic equations are being used to solve for the forward dynamics problem, that 

is, given the desired torques/forces. Moreover, the dynamic equations are also used for the 

inverse dynamics problem, to solve for the joint accelerations which are then integrated to solve 

for the generalized coordinates and their velocities. Unfortunately, the computation of the 

dynamic model requires a fair amount of arithmetic operations. Thus, the EെL equations are 

very difficult to utilize for real-time control purposes, unless they are simplified as follows. 

The derivation of the dynamic equations of an n-DOF manipulator is based on the understanding 

of: 

1. The 4 × 4 homogeneous coordinate transformation matrix, ࡭௜
௜ିଵ, which describes the spatial 

relationship between the ith and the (i-1)th link coordinate frames. It relates a point fixed in 

link i expressed in homogeneous coordinates with respect to the ith coordinate system to the 

(i-1)th coordinate system. 

2. The Euler-Lagrange equation 

݀

ݐ݀
 ൤
ܮ߲

పሶݍ߲
൨ െ  

ܮ߲

௜ݍ߲
ൌ   ߬௜            ሺ݅ ൌ 1, 2, . . . , ݊ሻ 

                        (3.1) 

where, L = Lagrangian function = kinetic energy (K) – potential energy (P) 

 K = total kinetic energy of the robot arm 

 P = total potential energy of the robot arm 

 ௜ = Generalized coordinates of the robot armݍ 

 .ሶ௜ = Generalized coordinate of the joint velocityݍ 

 ߬௜ = Generalized force (or torque) applied to the system at joint i to drive link i. 

 

From the above Euler-Lagrange equation, one is required to properly choose a set of generalized 
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coordinates to describe the system. For a simple manipulator with rotary-prismatic joints, 

various sets of generalized coordinates are available to describe the manipulator. However , the 

angular positions of joints provide a natural correspondence with the generalized coordinates. 

Thus, in the case of a rotary joint, ݍ௜ ≡  ௜, the joint angle span of the joint; whereas for aߠ 

prismatic joint,   ݍ௜ ≡  ݀௜, the distance travelled by the joint. 

The following derivation of the equations of motion of an n degrees of freedom manipulator is 

based on the homogeneous coordinate transformation matrices. The dynamics of a serial 

manipulator can be found in number of textbooks [25, 81], however it is reproduced here for the 

sake of completeness 

3.2.1 Joint Velocities of a Robot Manipulator 

The EെL formulation requires knowledge of the kinetic energy of the physical system, which in 

turn requires knowledge of the velocity of each joint. In this section, the velocity of a point fixed 

in link i is derived and the effects of the motion of other joints on all the points in this link is 

explored. 

With reference to Fig. 3.1, let ࢘௜
௜ be a point fixed and at rest in a link i and expressed in 

homogeneous coordinates with respect to the ith link coordinate frame, 

࢘௜
௜ ൌ   ሺݔ௜, ,௜ݕ  ,௜ݖ  1ሻ

்                                                    (3.2) 

 

 

 

 

 

 

Fig. 3.1: A 3-DOF manipulator showing base coordinate frame and homogeneous coordinate frame 
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Let ࢘௜
௢ be the same point ࢘࢏

௜࡭ ,with respect to the base coordinate frame ࢏
௜ିଵ the homogeneous 

coordinate transformation matrix which relates the spatial displacement of the ith link coordinate 

frame to the (i-1)th link coordinate frame, and ࡭௜
଴ the coordinate transformation matrix which 

relates the ith coordinate frame to the base coordinate frame, then ࢘௜
௢ is related to the point ࢘௜

௜ by 

࢘௜
଴ ൌ ௜࡭

଴ ࢘௜
௜                                                                (3.3) 

where, 

௜࡭
଴ ൌ ଵ࡭ 

଴ ࡭ଶ 
ଵ ௜࡭ ⋯

௜ିଵ                                                     (3.4) 

 If joint i is revolute, then the general form of ࡭௜
௜ିଵ is given by [81] 

௜࡭
௜ିଵ ൌ   ൦

cos ௜ߠ     െ cos ௜ߙ sin ௜ߠ            sin ௜ߙ sin ௜ߠ             ܽ௜  cos ௜ߠ
 sin ௜ߠ           cos ௜ߙ cos ௜ߠ          െ sin ௜ߙ cos ௜ߠ        ܽ௜  sin ௜ߠ
0                        sin ௜ߙ                           cos ௜ߙ                         ݀௜
0                              0                                  0                              1

൪                   (3.5) 

 

Or, if joint i is prismatic, then the general form of ࡭௜
௜ିଵ is given by 

௜࡭
௜ିଵ ൌ ൦

cos ௜ߠ െ cos ௜ߙ sin  ௜ߠ sin ௜ߙ sin ௜ߠ    0

 sin ௜ߠ     cos ௜ߙ cos ௜ߠ െ sin ௜ߙ cos ௜ߠ 0

0
0

sin ௜ߙ
0

      cos ௜ߙ
0

         ݀௜
       1

൪                              (3.6) 

where, ߙ௜, ܽ௜, ܽ݊݀ ݀௜ are known parameters from the kinematic structure of the arm and ߠ௜ ݎ݋ ݀௜ 

is the joint variable of joint i taken as, ݍ௜ to represent the generalized coordinate. 

Since the point ࢘௜
௜ is at rest in link i, and assuming rigid body motion, other points as well as the 

point ࢘௜
௜ fixed in the link i, will have zero velocity expressed with respect to the ith coordinate 

frame. The velocity of ࢘௜
௜ expressed in the base coordinate frame can be expressed as 

࢜௜
଴ ≡ ࢜௜ ൌ

݀

ݐ݀
ሺ࢘௜

௢ሻ ൌ
݀

ݐ݀
൫࡭௜

଴ ࢘௜
௜൯                     (3.7)

 ൌ ࡭ሶ ଵ
଴ ܣଶ

ଵ ⋯ ௜࡭
௜ିଵ ௜ݎ

௜ ൅ ଵ࡭
଴ ሶ࡭ ଶ

ଵ ⋯ ௜࡭
௜ିଵݎ௜

௜ ൅ .  .  . (3.8)
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 ൌ ቌ෍
௜࡭߲

଴

௝ݍ߲

௜

௝ୀଵ

ሶ௝ቍݍ ࢏࢘
(3.9) ࢏

The above compact form is obtained because ሶ࢘ ௜
௜ ൌ 0. The partial derivative of ࡭௜

଴ with respect to 

 ௜ which, for a revolute joint, is defined asࡽ ௝ can be calculated with the help of a matrixݍ

௜ࡽ ൌ ቎

0 െ1 0 0
1 0 0 0
0
0

0
0

0
0

0
0

቏                                                     (3.10) 

and, for a prismatic joint, as 

௜ࡽ ൌ ቎

0 0 0 0
0 0 0 0
0
0

0
0

0
0

1
0

቏                                                       (3.11) 

It then follows that 

డ࡭೔
೔షభ

డ௤೔
ൌ ௜࡭ ௜ࡽ

௜ିଵ                                                         (3.12) 

For example, for a robot arm with all rotary joints, ݍ௜ ൌ  ,௜. Thereforeߠ 

௜࡭߲
௜ିଵ

௜ߠ߲
 
ൌ ൦

െ sin ௜ߠ െ cos ௜ߙ cos ௜ߠ sin ௜ߙ cos ௜ߠ െܽ௜ sin ௜ߠ
cos ௜ߠ െ cos ௜ߙ sin ௜ߠ sin ௜ߙ sin ௜ߠ ܽ௜ cos ௜ߠ
0
0

0
0

0
0

                 0
0

൪                                        (3.13)

ൌ  ቎

0 െ1 0 0
1 0 0 0
0
0

0
0

0
0

0
0

቏  ൦

cos ௜ߠ     െ cos ௜ߙ sin ௜ߠ sin ௜ߙ sin ௜ߠ ܽ௜ cos ௜ߠ
sin ௜ߠ           cos ௜ߙ cos ௜ߠ െ sin ௜ߙ cos ௜ߠ ܽ௜ sin ௜ߠ
0                        sin ௜ߙ cos ௜ߙ     ݀௜
0                          0 0       1

൪                  (3.14)

௜࡭ ௜ࡽ ≡
௜ିଵ                                                                                                                                (3.15)

Hence, for i = 1, 2, . . . . ., n. 

௜࡭߲
଴

௝ݍ߲
 ൌ ቊ

ଵ࡭
଴ ࡭ଶ

ଵ .  .  . ௝ିଵ࡭
௝ିଶ

௝࡭ ௝ࡽ 
௝ିଵ

. . . ௜࡭
௜ିଵ ݎ݋݂ ݆ ൑ ݅

0                                           ݎ݋݂ ݆ ൐ ݅
ቋ                                     (3.16) 
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The above equation can be interpreted as the effect of the motion of joint j on all the points on 

link i. To simplify, let ࢁ௜௝ ൌ  
డ࡭೔

బ

డ௤ೕ
, then the above equation can be written as follows for i = 1, 2, . 

. ., n. 

௜௝ࢁ ൌ   ቊ
௝ିଵ࡭
଴ ௜࡭  ௝ࡽ

௝ିଵ
݆ ݎ݋݂           ൑ ݅

 ݆ ݎ݋݂                                 0 ൐ ݅
  ቋ                                  (3.17) 

Using above notation, ࢜௜ can be expressed as 

࢜௜ ൌ  ቌ෍ࢁ௜௝ݍሶ௝

௜

௝ୀଵ

ቍ ࢘௜
௜ 

              (3.18) 

Next, the need is to find the interaction effects between joints as 

௜௝ࢁ߲

௞ݍ߲
≜ ௜௝௞ࢁ ൌ ൞

௝ିଵ࡭
଴ ௝ࡽ ௞ିଵ࡭

௝ିଵ
௞ࡽ ௜࡭

௞ିଵ ݎ݋݂ ݅ ൒ ݇ ൒ ݆

௞ିଵ࡭
଴ ௞ࡽ ௝ିଵ࡭

௞ିଵ ௝ࡽ ௜࡭
௝ିଵ

ݎ݋݂ ݅ ൒ ݆ ൒ ݇

0 ݎ݋݂ ݅ ൏ ݆, ݅ ൏ ݇

ൢ             (3.19)

The above equation can be interpreted as the interaction effects of the motion of joint j and joint 

k on all the points on link i. 

3.2.2 Kinetic Energy of a Robot Manipulator 

Let Ki be the kinetic energy of link i, i = 1, 2, . . . , n, as expressed in the base coordinate system, 

and let dKi be the kinetic energy of a particle with differential mass dm in link i, then 

௜ܭ݀ ൌ
ଵ

ଶ
ሺݔሶ௜

ଶ ൅ ݕሶ௜
ଶ ൅ ݖሶ௜

ଶሻ݀݉                                                (3.20) 

     ൌ  
ଵ

ଶ
 trace ሺ࢜௜࢜௜

்ሻ݀݉                                                   (3.21) 

Substituting the value of ࢜௜ from Eqn. (3.18), then the kinetic energy of the differential mass is 

 ௜ ൌܭ݀
1

2
 trace ൦෍ࢁ௜௣

௜

௣ୀଵ

௣ሶݍ ࢘௜
௜ ቌ෍ࢁ௜௥ ௣ሶݍ

௜

௥ୀଵ

࢘௜
௜ቍ

்

൪ ݀݉                 (3.22)
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The matrix Uij is the rate of change of the points (࢘௜
௜) on link i relative to the base coordinate 

frame as ݍ௝ changes. Therefore, the kinetic energies of all points can be summed up as  

௜ܭ ൌ  න݀ܭ௜ ൌ  
1

2
 trace  ቎෍෍ࢁ௜௣

௜

௥ୀଵ

ሺ

௜

௣ୀଵ

න࢘ ௜
௜ ࢘௜

௜் ݀݉ሻࢁ௜௥
 ሶ௥቏ݍሶ௣ݍ்

      (3.25) 

The integral term inside the bracket is the inertia of all points on link i, hence, 

௜ࡶ ൌ  න ࢘௜
௜ ࢘௜

௜் ݀݉ ൌ  

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ නݔ௜

ଶ݀݉ නݔ௜ݕ௜݀݉ නݔ௜ݖ௜݀݉ නݔ௜݀݉

නݔ௜ݕ௜݀݉ නݕ௜
ଶ݀݉ නݕ௜ݖ௜݀݉ නݕ௜݀݉

නݔ௜ݖ௜݀݉

නݔ௜݀݉

නݕ௜ݖ௜݀݉

නݕ௜݀݉

නݖ௜
ଶ݀݉

නݖ௜݀݉

නݖ௜݀݉

න݀݉
ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

 

               (3.26) 

where, ࢘௜
௜ ൌ ሺݔ௜, ,௜ݕ  ,௜ݖ  1ሻ

்  as defined before. If the inertia tensor Iij, which is defined as  

௜௝ܫ ൌ  න ൥ߜ௜௝ ൭෍ݔ௞
ଶ

௞

൱ െ ௝൩ݔ௜ݔ ݀݉ 

(3.27) 

where the indices i, j, k indicate principal axes of the ith coordinate frame and ߜ௜௝ is the so-called 

Kronecker delta, then Ji can be expressed in inertia tensor as 

 ൌ 
1

2
 trace ቎෍෍ࢁ௜௣

௜

௥ୀଵ

௜

௣ୀଵ

࢘௜
௜ ࢘௜

௜்ࢁ௜௥
ሶ௥቏ݍሶ௣ݍ் ݀݉ (3.23)

 ൌ 
1

2
 trace ቎෍෍ࢁ௜௣

௜

௥ୀଵ

ሺ

௜

௣ୀଵ

࢘௜
௜ ݀݉ ࢘௜

௜்ሻࢁ௜௥
ሶ௥቏        (3.24)ݍሶ௣ݍ்
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௜ࡶ ൌ  

ۏ
ێ
ێ
ێ
ێ
ۍ
ିூೣೣାூ೤೤ାூ೥೥

ଶ
௫௬ܫ ௫௭ܫ                            ݉௜̅ݔ௜

௫௬ܫ
ூೣೣିூ೤೤ାூ೥೥

ଶ
௬௭ܫ                          ݉௜ݕത௜

௫௭ܫ
݉௜̅ݔ௜

௬௭ܫ
݉௜ݕത௜

ூೣೣାூ೤೤ିூ೥೥

ଶ

݉௜ݖ௜̅

     ݉௜ݖ௜̅
  ݉௜ ے

ۑ
ۑ
ۑ
ۑ
ې

                  (3.28) 

Hence, the total kinetic energy K of a robot arm is 

ܭ ൌ  ෍ܭ௜

௡

௜ୀଵ

ൌ  
1

2
෍Trace ቌ෍෍ࢁ௜௣ ࡶ௜ ࢁ௜௥

் ሶݍ ௣ ሶݍ ௥

௜

௥ୀଵ

௜

௣ୀଵ

ቍ

௡

௜ୀଵ

                 (3.29)

 ൌ 
1

2
 ෍෍෍ൣTrace ሺࢁ௜௣ ࡶ௜ ࢁ௜௥

்ሻ ሶݍ ௣ ሶݍ ௥൧

௜

௥ୀଵ

௜

௣ୀଵ

௡

௜ୀଵ

 (3.30)

3.2.3 Potential Energy of a Robot Manipulator 

Let the total potential energy of a robot arm be P and let each of its link’s potential energy be Pi: 

௜ܲ ൌ  െ݉௜ࢍ
࢏࢘࢕

࢕ ൌ  െ݉௜ࢍ
௜࡭ሺ࢕

௢ ࢘௜
௜ሻ                                        (3.31) 

and the total potential energy of the robot arm can be obtained by summing all the potential 

energies in each link, 

ܲ ൌ  ෍ ௜ܲ

௡

௜ୀଵ

ൌ   ෍െ݉௜ࢍ
௜࡭ሺ࢕

௢ ࢘௜
௜ሻ

௡

௜ୀଵ

  

                              (3.32) 

where ࢍ௢ ൌ ሺ݃௫,  ݃௬,  ݃௭, 0ሻ is a gravity row vector expressed in the base coordinate system. For 

a level system, ࢍ௢ ൌ ሺ0, 0, െ|݃|, 0ሻ and g is the gravitational constant (g = 9.8062 m/sec2). 

3.2.4  Motion Equations of a Manipulator 

As discussed before the Lagrangian function is given by ܮ ൌ  Now using Eqns. (3.30) and .ܲ– ܭ

(3.32), Lagrangian function is: 

ܮ ൌ  
1

2
෍෍෍ൣTr ൫ࢁ௜௝ ࡶ௜ ࢁ௜௞

் ൯ ݍሶ ௝ݍሶ௝൧

௜

௞ୀଵ

௜

௝ୀଵ

௡

௜ୀଵ

൅ ෍݉௜ࢍ
௢ሺ࡭௜

௢ ࢘௜
௜ሻ

௡

௜ୀଵ

 

   (3.33) 
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Applying the E- L formulation to the above equation of Lagrangian function of the robot arm, it 

yields the necessary generalized torque ߬௜ for joint i actuator to drive the ith link of the 

manipulator, 

߬௜ ൌ  
݀

ݐ݀
 ൬
ܮ߲

ሶ௜ݍ߲
൰ െ 

ܮ߲

ݍ߲
 

(3.34) 

ൌ෍෍Tr൫ࢁ௝௞ ࡶ௝ ࢁ௝௜
்൯ݍሷ௞ ൅෍෍ ෍ Tr൫ࢁ௝௞௠ ࡶ௝ ࢁ௝௜

்൯ ݍሶ ௞ݍሶ௠

௝

௠ୀଵ

௝

௞ୀଵ

௡

௝ୀ௜

െ

௝

௞ୀଵ

௡

௝ୀଵ

෍ ௝݉ࢍ
௢ࢁ௝௜ ࢘௝

௝

௡

௝ୀଵ

 

(3.35) 

for i = 1, 2, . . ., n. The above equation can be expressed in a much simpler matrix notation form 

as [81] 

߬௜ ൌ  ෍ܯ௜௞ ݍሷ௞

௡

௞ୀଵ

൅ ෍ ෍ ݄௜௞௠

௡

௠ୀଵ

௡

௞ୀଵ

ሶݍ  ௞ݍሶ௠ ൅  ௜݃ 

(3.36) 

or in a matrix form as 

࣎ሺݐሻ ൌ ሷࢗ ሻ൯ݐሺࢗ൫ࡹ  ሺݐሻ ൅ ,ሻݐሺࢗ൫ࢉ  ሶࢗ ሺݐሻ൯ ൅  ሻሻ                      (3.37)ݐሺࢗሺࢍ 

where 

࣎ሺݐሻ ൌ  ݊ ൈ 1 generalized torque vector applied at joints i = 1, 2, . . ., n. That is, 

࣎ሺݐሻ ൌ   ሺ߬ଵሺݐሻ, ߬ଶሺݐሻ,   .  .  .  , ߬௡ሺݐሻሻ
்                                    (3.38) 

ሻݐሺࢗ ൌ  ݊ ൈ 1 vector of the joint variables of the robot arm and can be expressed as 

ሻݐሺࢗ ൌ ሺݍଵሺݐሻ, ,  .  .  .   ,ሻݐଶሺݍ ሻሻݐ௡ሺݍ
்                                    (3.39) 

ሶࢗ ሺݐሻ ൌ  ݊ ൈ 1 vector of the joint velocity of the robot arm and can be expressed as     

ሶࢗ ሺݐሻ ൌ ሺݍሶଵሺݐሻ, ,  .  .  .   ,ሻݐሶଶሺݍ ሻሻݐሶ௡ሺݍ
்                                   (3.40) 

ሷࢗ ሺݐሻ ൌ  ݊ ൈ 1 vector of the acceleration of the joint variables ࢗሺݐሻ and can be expressed as 

ሷࢗ ሺݐሻ ൌ ሺݍሷଵሺݐሻ, ,  .  .  .   ,ሻݐሷଶሺݍ ሻሻݐሷ௡ሺݍ
்                                   (3.41) 
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ሻࢗሺࡹ ൌ ݊ ൈ ݊ inertial acceleration-related symmetric matrix whose elements are 

௜௞ܯ ൌ   ෍ Tr ൫ࢁ௝௞ ࡶ௝ ࢁ௝௜
்൯

௡

௝ୀ୫ୟ୶ ሺ௜,௞ሻ

 

                        (3.42) 

,ࢗሺࢉ ሶࢗ ሻ ൌ ݊ ൈ 1 nonlinear Coriolis and centrifugal force vector whose elements are 

,ࢗሺࢉ ሶࢗ ሻ ൌ ሺܿଵ,  ܿଶ,   .  .  .  , ܿ௡ሻ
்                                            (3.43) 

where 

 ܿ௜ ൌ  ෍ ෍ ݄௜௞௠ݍሶ௞ݍሶ௠

௡

௠ୀଵ

௡

௞ୀଵ

 

                                             (3.44) 

And 

 ݄௜௞௠ ൌ   ෍ Trace ൫ࢁ௝௞௠ ࡶ௝ ࢁ௝௜
்൯

௡

௝ୀ୫ୟ୶ ሺ௜,௞,௠ሻ

 

(3.45) 

ሻࢗሺࢍ ൌ  ݊ ൈ 1 gravity loading force vector whose elements are 

ሻࢗሺࢍ ൌ ሺ ଵ݃,  ݃ଶ,   .  .  .  , ݃௡ሻ
்                                           (3.46) 

where 

௜ܥ ൌ  ෍ሺെ ௝݉ࢍ
௢ࢁ௝௜ ࢘௝

௝
ሻ

௡

௝ୀ௜

 

                              (3.47) 

The motion equations of a manipulator as given by Eqns. (3.37) to (3.47) are coupled, nonlinear, 

second-order ordinary differential equations. For a given set of applied torques ߬௜ ሺ݅  ൌ

 1, 2, . . . , ݊ሻ as a function of time, Eqn. (3.37) should be integrated simultaneously to obtain the 

actual motion of the manipulator in terms of the time history of the joint variables ࢗሺݐሻ 

Because of its matrix structure, the E-L equations of motion are appealing from the closed-loop 

control viewpoint in that they give a set of state equations as in Eqn. (3.37). This form allows 

design of a control law that easily compensates for all the nonlinear effects. 
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3.3 DEVELOPMENT OF THE DYNAMIC MODEL FOR MULTIPLE 

DOFs MANIPULATORS 

To show how to use the E-L equations of motion as given by Eqns. (3.37) to (3.47), some 

examples of multiple link manipulators are worked out in this section, to develop their dynamic 

model. 

3.3.1 3-Link Manipulator 

Consider a 3-link manipulator with all revolute joint. The physical dimensions of the links of the 

manipulator and the link parameters are given in Table 3.1. 

Table 3.1: Physical dimensions and parameters of 3-link manipulator   

No. 

of  

Links 

(i) 

Link 

Masses 

(m) (kg) 

Link Parameters 

Initial Joint 

Angle 

(θi)(deg) 

Link 

Length 

(li  = ai)(m)

Joint Offset 

Distance (di) 

(m) 

Twist 

Angle 

 ሺߙ௜ሻ 

(deg) 

Initial Joint 

Angle Velocity 

ሶߠ) i)  

(deg/min) 

1 20 50 1.3 0 0 1 

2 20 20 0.9 0 0 1 

3 8 -110 0.7 0 0 1 

To develop dynamic model of a 3-link manipulator as discussed in Section 3.2, first step is to 

calculate the homogeneous coordinate transformation matrices using Eqn. (3.5) as described 

below : 

 

ଵ࡭
଴ ൌ   ൦

cos ଵߠ     െ cos ଵߙ sin ଵߠ            sin ଵߙ sin ଵߠ             ܽଵ  cos ଵߠ
 sin ଵߠ           cos ଵߙ cos ଵߠ          െ sin ଵߙ cos ଵߠ        ܽଵ  sin ଵߠ
0                        sin ଵߙ                           cos ଵߙ                         ݀ଵ
0                              0                                  0                              1

൪               ሺ3.48ሻ 

ଵ࡭
଴ ൌ ൦

0.6428 െ0.7660 0 0.8356
0.7660 0.6428 0 0.9959
0
0

0
0

1
1

1.0000
1.0000

൪                                (3.49) 
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ଶ࡭
ଵ ൌ   ൦

cos ଶߠ     െ cos ଶߙ sin ଶߠ            sin ଶߙ sin ଶߠ             ܽଶ  cos ଶߠ
 sin ଶߠ           cos ଶߙ cos ଶߠ          െ sin ଶߙ cos ଶߠ        ܽଶ  sin ଶߠ
0                        sin ଶߙ                           cos ଶߙ                         ݀ଶ
0                              0                                  0                              1

൪             (3.50) 

ଶ࡭
ଵ ൌ ቎

0.9397 െ0.3420 0 0.8457
0.3420 0.9397 0 0.3078
0
0

0
0

1
0

0
1.0000

቏                                  (3.51) 

ଷ࡭
ଶ ൌ   ൦

cos ଷߠ     െ cos ଷߙ sin ଷߠ            sin ଷߙ sin ଷߠ             ܽଷ  cos ଷߠ
 sin ଷߠ           cos ଷߙ cos ଷߠ          െ sin ଷߙ cos ଷߠ        ܽଷ  sin ଷߠ
0                        sin ଷߙ                           cos ଷߙ                         ݀ଷ
0                              0                                  0                              1

൪             (3.52) 

ଷ࡭
ଶ ൌ ൦

െ0.3420 0.9397 0 െ0.2394
െ0.9397 െ0.3420 0 െ0.6578

0
0

0
0

1
0

0
    1.0000

൪                            (3.53) 

From the definition of the ࡽ௜ matrix, for a rotary joint i, using Eqn. (3.10) 

 it is taken as: 

௜ࡽ ൌ ቎

0 െ1 0 0
1 0 0 0
0
0

0
0

0
0

0
0

቏                                                     (3.54) 

Now, the first derivative of the coordinate transformation matrix ࡭ଷ
଴ is calculated using Eqn. 

(3.17) given by ࢁ௜௝ ൌ  
డ࡭೔

బ

డ௤ೕ
 

ଵܷଵ  ൌ  ܳଵ ∗ ଵܣ
଴; ൌ ൦

െ0.7660 െ0.6428 0 െ0.9959
0.6428 െ0.7660 0 0.8356
0
0

0
0

0
0

      0
      0

൪              (3.55)

ܷଶଵ  ൌ  ܳଵ ∗ ଵܣ
଴ ∗ ଶܣ

ଵ; ൌ ቎

െ0.9397 െ0.3420 0 െ1.8416
0.3420 െ0.9397 0 1.1434
0
0

0
0

0
0

       0
       0

቏  (3.56)

ܷଶଶ  ൌ ଵܣ 
଴ ∗ ܳଶ ∗ ଶܣ

ଵ; ൌ ቎

െ0.9397 െ0.3420 0 െ0.8457
0.3420 െ0.9397 0 0.3078
0
0

0
0

0
0

       0
       0

቏  (3.57)
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ܷଷଵ  ൌ  ܳଵ ∗ ଵܣ
଴ ∗ ଶܣ

ଵ ∗ ଷܣ
ଶ; ൌ ቎

0.6428 െ0.7660 0 െ1.3916
0.7660 0.6428 0 1.6797
0
0

0
0

0
0

     0
     0

቏  (3.58)

ܷଷଶ ൌ ଵܣ 
଴ ∗ ܳଶ ∗ ଶܣ

ଵ ∗ ଷܣ
ଶ; ൌ ቎

0.6428 െ0.7660 0 െ0.3958
0.7660 0.6428 0 0.8440
0
0

0
0

0
0

     0
     0

቏  (3.59)

ܷଷଷ  ൌ ଵܣ 
଴ ∗ ଶܣ

ଵ ∗ ܳଷ ∗ ଷܣ
ଶ; ൌ ൦

0.6428 െ0.7660 0 0.4500
0.7660 0.6428 0 0.5362
0
0

0
0

0
0

     0
     0

൪  (3.60)

 

Assuming all the products of inertia are zero, the pseudo-inertia matrix Ji  using Eqn. (3.26) can 

be derived as  

ଵܬ ൌ

ۏ
ێ
ێ
ێ
ۍ
ଵ

ଷ
݉ଵ݈ଵ

ଶ 0       0 െ
ଵ

ଶ
݉ଵ݈ଵ

0 0 0          0
0

െ
ଵ

ଶ
݉ଵ݈ଵ

0
0

0
0

      
   0
݉ଵ ے

ۑ
ۑ
ۑ
ې

ൌ ቎

11.2667 0 0 െ13
0 0 0      0
0

െ13
0
0

0
0

     0
20

቏,              (3.61) 

ଶܬ ൌ

ۏ
ێ
ێ
ێ
ۍ
ଵ

ଷ
݉ଶ݈ଶ

ଶ 0       0 െ
ଵ

ଶ
݉ଶ݈ଶ

0 0 0          0
0

െ
ଵ

ଶ
݉ଶ݈ଶ

0
0

0
0

      
   0
݉ଶ ے

ۑ
ۑ
ۑ
ې

ൌ ൦

5.4 0 0 െ9
0 0 0    0
0
െ9

0
0

0
0

   0
20

൪,                        (3.62) 

ଷܬ ൌ

ۏ
ێ
ێ
ێ
ۍ
ଵ

ଷ
݉ଷ݈ଷ

ଶ 0       0 െ
ଵ

ଶ
݉ଷ݈ଷ

0 0 0          0
0

െ
ଵ

ଶ
݉ଷ݈ଷ

0
0

0
0

      
   0
݉ଷ ے

ۑ
ۑ
ۑ
ې

ൌ ቎

1.3067 0 0 െ2.8
0 0 0       0
0

െ2.8
0
0

0
0

      0
      8

቏               (3.63) 

Then, using Eqn. (3.42), the elements of symmetric, positive-definite inertia matrix are 

calculated as 

ଵଵܯ ൌ ݁ܿܽݎݐሺ ଵܷଵ ∗ ଵܫ ∗ ଵܷଵ
ᇱ ሻ ൅ ሺܷଶଵ݁ܿܽݎݐ ∗ ଶܫ ∗ ܷଶଵ

ᇱ ሻ

൅ ሺ݁ܿܽݎݐ ଷܷଵ ∗ ଷܫ ∗ ଷܷଵ
ᇱ ሻ = 109.6294 

 

(3.64)

ଵଶܯ ൌ ݁ܿܽݎݐሺ ଶܷଶ ∗ ଶܫ ∗ ܷଶଵ
ᇱ ሻ ൅ ሺ݁ܿܽݎݐ ଷܷଶ ∗ ଷܫ ∗ ܷଷଵ

ᇱ ሻ = 31.2528 (3.65)
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ଵଷܯ ൌ ݁ܿܽݎݐሺ ଷܷଷ ∗ ଷܫ ∗ ܷଷଵ
ᇱ ሻ = 0.4448   (3.66)

ଶଵܯ ൌ ݁ܿܽݎݐሺ ଶܷଶ ∗ ଶܫ ∗ ܷଶଵ
ᇱ ሻ ൅ ሺ݁ܿܽݎݐ ଷܷଶ ∗ ଷܫ ∗ ܷଷଵ

ᇱ ሻ = 31.2528  (3.67)

ଶଶܯ ൌ ݁ܿܽݎݐሺ ଶܷଶ ∗ ଶܫ ∗ ܷଶଶ
ᇱ ሻ ൅ ሺ݁ܿܽݎݐ ଷܷଶ ∗ ଷܫ ∗ ܷଷଶ

ᇱ ሻ = 11.4629  (3.68)

ଶଷܯ ൌ ݁ܿܽݎݐሺ ଷܷଷ ∗ ଷܫ ∗ ܷଷଶ
ᇱ ሻ = 0.4448  (3.69)

ଷଵܯ ൌ ݁ܿܽݎݐሺ ଷܷଷ ∗ ଷܫ ∗ ܷଷଵ
ᇱ ሻ = 0.4448  (3.70)

ଷଶܯ ൌ ݁ܿܽݎݐሺ ଷܷଷ ∗ ଷܫ ∗ ܷଷଶ
ᇱ ሻ =  0.4448  (3.71)

ଷଷܯ ൌ ݁ܿܽݎݐሺ ଷܷଷ ∗ ଷܫ ∗ ܷଷଷ
ᇱ ሻ =  1.3067 (3.72)

 

Thus, on solving above equation the symmetric, positive-definite mass-inertia matrix is found to 

be: 

ࡹ ൌ ൥
109.6294 31.2528 0.4448
31.2528 11.4629 0.4448
0.4448 0.4448 1.3067

൩,                                     (3.73) 

To derive the Coriolis and Centrifugal force vector term, Eqn. (3.44) is used for i = 1,2, and 3. 

ܿଵ ൌ ݄ଵଵଵߠሶଵ
ଶ ൅ ݄ଵଵଶߠሶଵߠሶଶ ൅ ݄ଵଵଷߠሶଵߠሶଷ ൅ ݄ଵଶଵߠሶଶߠሶଵ ൅  ݄ଵଶଶߠሶଶ

ଶ ൅ ݄ଵଶଷߠሶଶߠሶଷ ൅  ݄ଵଷଵߠሶଷߠሶଵ ൅

 ݄ଵଷଶߠሶଷߠሶଶ ൅ ݄ଵଷଷߠሶଷ
ଶ                                                                                                                 (3.74) 

ܿଶ ൌ ݄ଶଵଵߠሶଵ
ଶ ൅ ݄ଶଵଶߠሶଵߠሶଶ ൅ ݄ଶଵଷߠሶଵߠሶଷ ൅ ݄ଶଶଵߠሶଶߠሶଵ ൅ ݄ଶଶଶߠሶଶ

ଶ ൅ ݄ଶଶଷߠሶଶߠሶଷ ൅ ݄ଶଷଵߠሶଷߠሶଵ ൅

 ݄ଶଷଶߠሶଷߠሶଶ ൅ ݄ଶଷଷߠሶଷ
ଶ                                                                                                                 (3.75) 

ܿଷ ൌ ݄ଷଵଵߠሶଵ
ଶ ൅ ݄ଷଵଶߠሶଵߠሶଶ ൅ ݄ଷଵଷߠሶଵߠሶଷ ൅ ݄ଷଶଵߠሶଶߠሶଵ ൅ ݄ଷଶଶߠሶଶ

ଶ ൅ ݄ଷଶଷߠሶଶߠሶଷ ൅ ݄ଷଷଵߠሶଷߠሶଵ ൅

 ݄ଷଷଶߠሶଷߠሶଶ ൅ ݄ଷଷଷߠሶଷ
ଶ                                                                                                                 (3.76) 

Now, the terms ݄௜௞௠ used in above three equations can be calculated using Eqn. (3.45), 

Then, the value of the Coriolis and Centrifugal term ࢉ൫ߠ,  ሶ൯ is found to beߠ

,ߠ൫ࢉ ሶ൯ߠ ൌ ሾܿଵ, ܿଶ, ܿଷሿ
ᇱ ൌ ሾ19.3513 15.4031 െ13.1121ሿ′                       (3.77) 
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These values of mass-inertia matrices (M), and Coriolis and centrifugal force vector (c) are used 

in Chapter 5 for performing numerical simulation using MATLAB. 

3.3.2 4-Link Manipulator 

Consider a 4-link manipulator with all revolute joint. The physical dimensions of the links of the 

manipulator and the link parameters are given in Table 3.2. 

Table 3.2: Physical dimensions and parameters of 4-link manipulator   

No. 

of  

Links 

(i) 

Link 

Masses 

(m) (kg) 

Link Parameters 

Initial Joint 

Angle (θi) 

(deg) 

Link 

Length 

(li  = ai) 

(m) 

Joint Offset 

Distance (di) 

(m) 

Twist 

Angle 

 ሺߙ௜ሻ 

(deg) 

Initial Joint 

Angle Velocity 

ሶߠ) i)  

(deg/min) 

1 30 10 0.50 0 0 1 

2 25 25 0.45 0 0 1 

3 20 50 0.35 0 0 1 

4 10 -55 0.25 0 0 1 

 

The dynamic model of a 4-link manipulator can be developed in a same manner as discussed in 

Section 3.3.1, 

Thus the results obtained for mass-inertia matrices (M), and Coriolis and centrifugal force vector 

(c) are : 

ࡹ ൌ ൦

52.2541 25.8444 6.8302 1.6069
25.8444 15.6847 5.3370 1.0196
6.8302
1.6069

5.3370
1.0196

2.7519
0.4593

0.4593
0.2083

൪,                           (3.79) 

,ࣂ൫ࢉ ሶࣂ ൯ ൌ ሾെ49.0208 െ0.0613 16.0068 െ2.8886ሿ′                      (3.80) 
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3.3.3 6-Link Manipulator 

Consider a 6-link manipulator with all revolute joint. The physical dimensions of the links of the 

manipulator and the link parameters are given in Table 3.3. 

The dynamic model of a 6-link manipulator can be developed in a same manner as discussed in 

Section 3.3.1. 

Table 3.3: Physical dimensions and parameters of 6-link manipulator   

No. 

of  

Links 

(i) 

Link 

Masses 

(m) (kg) 

Link Parameters 

Initial Joint 

Angle (θi) 

(deg) 

Link 

Length 

(li  = ai) 

(m) 

Joint Offset 

Distance (di) 

(m) 

Twist 

Angle 

 ሺߙ௜ሻ 

(deg) 

Initial Joint 

Angle Velocity 

ሶߠ) i)  

(deg/min) 

1 10 75 1.0 0 0 1 

2 7 -10 0.70 0 0 1 

3 6 -60 0.60 0 0 1 

4 2.5 -5 0.25 0 0 1 

5 2 -45 0.20 0 0 1 

6 1.5 5 0.15 0 0 1 

 

Thus the results obtained for mass-inertia matrices (M), and Coriolis and centrifugal force vector 

(c) are : 

ܯ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
64.0570 29.1818 9.3721 1.8048 0.0556 0.0350
29.1818 16.6399 7.5154 1.7950 0.3532 0.0826
9.3721
1.8048
0.0556
0.0350

7.5154
1.7950
0.3532
0.0826

5.4142
1.5838
0.4932
0.1029

1.5838 0.4932 0.1029
0.6334
0.2527
0.0552

0.2527
0.1427
0.0337

0.0552
0.0337
ے0.0113

ۑ
ۑ
ۑ
ۑ
ې

,              (3.81) 

,ࣂ൫ࢉ ሶࣂ ൯ ൌ ሾ109.8582 25.6325 െ23.1041 െ10.2536 െ7.1378 െ1.2766ሿ′    (3.82) 
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3.3.4 7-Link Manipulator 

Consider a 7-link manipulator with all revolute joint. The physical dimensions of the links of the 

manipulator and the link parameters are given in Table 3.4. 

The dynamic model of a 7-link manipulator can be developed in a same manner as discussed in 

Section 3.3.1, 

 

                                     Table 3.4: Physical dimensions and parameters of 7-link manipulator  

No. 

of  

Links 

(i) 

Link 

Masses 

(m) (kg) 

Link Parameters 

Initial Joint 

Angle (θi) 

(deg) 

Link 

Length 

(li  = ai) 

(m) 

Joint Offset 

Distance (di) 

(m) 

Twist 

Angle 

 ሺߙ௜ሻ 

(deg) 

Initial Joint 

Angle Velocity 

ሶߠ) i)  

(deg/min) 

1 4.5 170 0.45 0 0 1 

2 4.5 0 0.45 0 0 1 

3 5 -160 0.5 0 0 1 

4 2.5 -10 0.25 0 0 1 

5 2.5 0 0.25 0 0 1 

6 2.5 -20 0.25 0 0 1 

7 2.5 30 0.25 0 0 1 

 

Thus the results obtained for mass-inertia matrices (M), and Coriolis and centrifugal force vector 

(c) are : 

ࡹ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
6.1983 3.3132 1.3205 1.2716 0.9158 0.4675 0.1686
3.3132 4.6805 6.1806 3.4786 2.1542 1.0159 0.2995
1.3205
1.2716
0.9158
0.4675
0.1686

6.1806
3.4786
2.1542
1.0159
0.2995

11.022
5.6809
3.3906
1.5644
0.4296

5.6809 3.3906 1.5644 0.4296
3.2564
2.0462
0.9930
0.2735

2.0462
1.3567
0.6942
0.1968

0.9930
0.6942
0.3962
0.1200

0.2735
0.1968
0.1200
ے0.0521

ۑ
ۑ
ۑ
ۑ
ۑ
ې

,         (3.83) 

,ࣂ൫ࢉ ሶࣂ ൯ ൌ ሾ22.4914 6.1745 െ10.1424 െ11.6895 െ8.5965 െ6.3699 0.4682ሿ′ 

(3.84) 
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3.4     SUMMARY 

This chapter has presented the dynamic modeling of equations of motion of the robot arm using 

Euler-Lagrange formulation. Then, these equations are analytically implemented on the multiple 

link redundant manipulator to show the effectiveness of the method. The symmetric, positive-

definite, mass-inertia matrices and the Coriolis and centrifugal force vector is obtained from 

these equation of motion for various multiple link manipulators. The results obtained in the last 

section are utilized in Chapter 5 to perform various computer simulations, while controlling the 

manipulator under various situations 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



37 
 

CHAPTER 4 

KINEMATIC CONTROL OF REDUNDANT MANIPULATORS 

4.1 INTRODUCTION 

Controlling the position of a robot is not as trivial as one could think. Serial robots are composed 

of concatenated joints, forming an open chain structure. With this structure, the inverse 

kinematic problem, that is, relating the position and/or orientation of the end effector of the 

manipulator with the position of each joint, might not have a closed analytical solution. Not 

having such an analytical solution can force the user to search for alternative solutions to the 

kinematics of the robot. And even when a closed analytical form exists, its equations may have 

multiple solutions. 

Ever since the first industrial robots appeared, there has been a big concern about computing 

kinematics in a simple, reliable and fast way in order to optimize the robot performance. In this 

chapter, the methodology and the fundamentals of inverse kinematics algorithm using task 

priority are discussed. The meaning of Jacobian matrix and pseudoinverse in mapping the Joint 

space to Cartesian space is described. Also, the initiative behind the trajectory development is 

given, which helps in setting up straight line trajectories for the manipulator to track in Cartesian 

space. 

4.2 THE IMPORTANCE OF JACOBIAN MATRIX   

The differentiation of a vector function of a vector variable is known as the Jacobian and it is a 

matrix quantity. Jacobian maps joint space velocity to Cartesian space velocity. For any forward 

kinematics problem, consider a manipulator with n-DOF, whose joint variables are denoted by 

 where i = 1, 2, ………, n. Assume that a class of tasks can be described by m variables rj, j ,࢏ࣂ

=1, 2, ………, m (m ≤ n), and that the relation between ࢏ࣂ and rj  is given by 

࢘ ൌ  ሻ                                                    (4.1)ࣂሺࢌ

where, θ = [θ1, θ2, … … …, θn]
T is the joint vector, r = [r1, r2, … … …, rm]T is the manipulation 

vector, and the superscript T denotes the transpose. Differentiating Eqn. (4.1) gives, 
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∆࢘

∆௧
ൌ  

డࢌ

డఏ
 .  

ࣂ∆

∆௧
                                                            (4.2) 

If, ∆ → 0, 

݀࢘

ݐ݀
ൌ  

ࢌ߲

ߠ߲
 .  
ࣂ݀

ݐ݀
     

So,                                                            ሶ࢘ ൌ ሶࣂሻࣂሺࡶ                                                      (4.3) 

where,   ሶ࢘  ࣕ ܴ௠ , ሶࣂ  ࣕ ܴ௡ and  ࡶሺࣂሻ ൌ  
ࢌࣔ

ࣂࣔ
 ߳ ܴ௠ൈ௡ . The matrix ࡶሺࣂሻ is the Jacobian [9]. 

Assume that the following condition is satisfied: Max rank ሺࡶሺࣂሻሻ ൌ  ݉. 

Failing to satisfy this condition usually means that the selection of manipulation variables is 

redundant and that the number of these variables m can be reduced. When condition (4.3) is 

satisfied, it is said that the degree of redundancy of this manipulator is (n-m). 

If, for some θ, Rank (ࡶሺࣂሻሻ ൏ ݉, then it is said that the manipulator is in a singular state. This 

state is not desirable because the manipulation vector r cannot move in a certain direction, 

meaning that the manipulability is seriously deteriorated. For redundant manipulators, as n > m, 

it has infinite solutions [9]. 

4.3 MANIPULABILITY AND MANIPULABLE SPACE 

In  Cartesian space, ࢘ ߳ ܴ௠ is used to represent the kinematic output of a robot manipulator. 

Here r is called the manipulation variable and ࡶሺࣂሻ ߳ ܴ௠ൈ௡ is the corresponding Jacobian matrix. 

As a generalized expression of Eqn. (4.2) the following equation is used: 

࢘ࢾ ൌ  (4.4)                                                  ࣂࢾሻࣂሺࡶ

This equation shows that ࢘ࢾ is a linear mapping of ࣂࢾ by the Jacobian matrix. The Fig. 4.1 

explains this linear mapping. Here, R(J) denotes the range space of ࡶሺࣂሻ, which is a subspace in 

the m-dimensional space of ࢘ࢾ. The dimension of R(J) is the rank ࡶሺࣂሻ ൑ minሺ݉, ݊ሻ. The range 

space is a space which the manipulator can reach by atleast one orientation. 

The orthogonal complement of the range space R(J)' indicates the subspace made up of all of the 

kinematically unrealizable motions ࢘ࢾ. The range space of the Jacobian matrix and its dimension 

are  called as manipulable space and degree of manipulability (DOM) [9], respectively.  
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The motion ࢘ࢾ is kinematically realizable, iff it is a member of the manipulable space. The 

manipulable space changes as the configuration of the manipulator changes. Since, rank of 

Jacobian matrix J(θ) degenerates at singular points, so does the manipulable space. At singular 

points, a manipulator cannot move in degenerated directions [9]. 

 

 

 Fig. 4.1: Linear mapping of the manipulable space [9]. 

4.4 REDUNDANCY AND REDUNDANT SPACE 

If the number of joints is greater than the dimension of the manipulation variable that is n > m, 

the manipulator is said to be redundant. Redundant manipulators have the characteristics that 

there exist infinite solutions of inverse kinematics problem. 

Let ࣔࣂ૚ ࣂࣔ ࢊ࢔ࢇ૛ be two distinctive solutions of Eqn. (4.4) then, 

ࢋࣂሻ߲ߠሺࡶ ൌ ૚ࣂሻ ሾ߲ߠሺࡶ  െ ૛ሿࣂ߲  ൌ  0,                                        (4.5) 

where,                                             ߲ࢋࣂ ൌ ૚ࣂ߲  െ ૛ࣂ߲  ് 0                                                     (4.6) 

These equations implies that the difference of two solutions is always mapped to the zero vector 

in ࢘ࢾ space. The variety of solutions is represented by that of the vectors to be mapped to the 
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zero vectors by the Jacobian matrix. It is known that such vectors span a linear subspace in n- 

dimensional space of ࣂࢾ, which is called as the null space N(J). 

The null space of the Jacobian matrix N(J), and its mapping is shown in Fig. 4.2. The null space 

of the Jacobian matrix and its dimension are called as redundant space and degree of 

redundancy [9], respectively. 

 

Fig.4.2: Redundant space[9]. 

 

Note that, if n ≤ m and rank J(θ) = n, there is no non zero entry in the null space of J(θ), since 

the column vectors of J(θ) are all independent. Accordingly, degree of redundancy (DOR) 

becomes zero and the solution of Eqn. (4.4) becomes unique. A more general relationship [9] 

between DOM and DOR is provided by using a well-known result from matrix theory that the 

range space and the null space of a matrix ࡹ ߳ ܴ௠ൈ௡ should satisfy 

dim R(M) + dim N(M) = n,                                              (4.7) 

and                                                           DOM + DOR = n.                                                     (4.8) 

This implies that degree of redundancy increases at singular points by the same number by which 

degree of manipulability decreases. 
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Fig.4.3: Linear mapping of the Jacobian space [9]. 

4.5 PSEUDOINVERSE 

The inverse of a non-square matrix is known as pseudoinverse. A pseudoinverse of a matrix 

 .ሻ ߳ ܴ௡ൈ௠ࣂሺ#ࡶ ሻ ߳ ܴ௠ൈ௡ is a matrixࣂሺࡶ

Now,                                                             ሶ࢘ ൌ ሶࣂሻࣂሺࡶ                                                           (4.9)   

Pre-multiply Eqn.(4.9) by J# gives 

 #ࡶ ሶ࢘ ൌ ሶࣂሻࣂሺࡶ #ࡶ                                            (4.10) 

It is known that J# J(θ) maps N(J(θ))'. On the similar terms, (I - J#J(θ))y maps N(J(θ)). 

The linear mapping of pseudoinverse is shown in Fig. 4.4 where, the range space and null space 

of the pseudoinverse matrix along with their orthogonal compliments are shown. 
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Fig.4.4: Linear mapping of the pseudoinverse ܬ#ሺߠሻ [9]. 

4.6 TASK WITH THE ORDER OF PRIORITY 

The problem of redundancy utilization can generally be formulated in the framework of tasks 

with the order of priority. When a redundant manipulator is required to follow the trajectory of 

the end effector, while avoiding obstacles or kinematic singular points, trajectory following is 

given first priority, and obstacle or singularity avoidance is given second priority. 

For tasks with the order of priority, if it is impossible to perform all the subtasks completely 

because of the degeneracy or the shortage of DOF, it would be reasonable to perform the most 

significant subtasks preferentially and the less important subtasks as much as possible using the 

remaining DOF. Even for a six DOF manipulator, the subtask decomposition between position 

and orientation is advantageous, because it will enlarge the reachable workspace of the first 

priority subtask by allowing incompleteness for the second priority subtask. In the following 

section, redundancy utilization is discussed based on the concept of tasks with the order of 

priority 
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4.7 INVERSE KINEMATICS CONSIDERING THE ORDER OF 

PRIORITY 

Assume that a task is composed of two subtasks, which will be performed according to the order 

of priority. The first priority subtask is specified using the first manipulation variable, ࢘૚ ߳ ܴ
௠భ 

and the second priority subtask by the second manipulation variable, ࢘૛ ߳ ܴ
௠మ. The kinematic 

relationships between the joint variable ࣂ ߳ ܴ௡ and the manipulation variable [9] are expressed 

by: 

 ࢏࢘ ൌ ሻ;                ሺiࣂሺ࢏ࢌ ൌ 1, 2ሻ                              (4.11) 

Their differential relationships are given as follows: 

࢘ଙ ሶ ൌ ሶࣂ ሻࣂሺ࢏ࡶ ;                ሺ݅ ൌ 1, 2ሻ                            (4.12) 

For redundant manipulators, as n > m, the general solution to Eqn. (4.12) for i = 1 is obtained 

using the pseudoinverse of the Jacobian matrix as follows: 

ીሶ  ൌ   ۸૚
#ሺીሻ ܚ૚ሶ  ൅  ሼ۷ – ۸૚

#ሺીሻ ۸૚ሺીሻሽ (4.13)                                          ܡ 

where ࡶ૚
#ሺࣂሻ ߳ ܴ௡ൈ௠భ is the pseudoinverse of ࡶ૚ሺࣂሻ, ࢟ ߳ ܴ

௡ is an arbitrary vector, and ࡵ ߳ ܴ௡ൈ௡ 

indicates an identity matrix. If the exact solution does not exist Eqn. (4.13) covers all the least 

squares solution[20] that minimize ฮ࢘૚ሶ െ ሶࣂ ሻࣂ૚ሺࡶ  ฮ. 

On substituting Eqn. (4.13) in Eqn. (4.12) for i = 2, to obtain, 

– ࡵ ૛ ሼࡶ ෡૚ࡶ 
 ࢟ ૚ ሽࡶ # ൌ   ሶ࢘ ૛ – ࡶ૛  ࡶ෡૚

#   ሶ࢘ ૚                                            (4.14) 

Obtain y that minimizes ฮ࢘૛ሶ െ ሶࣂ ሻࣂ૛ሺࡶ  ฮ , same as Eqn. (4.13) as given by 

࢟  ൌ   ෡૛ࡶ 
# ൫  ሶ࢘ ૛ – ࡶ૛ ࡶ૚

#  ሶ࢘ ૚൯ ൅ ൛ ࡵ – ෡૛ࡶ 
૛෡ࡶ #  ൟ(4.15)                                       ࢠ 

where, ࡶ૛෡ ൌ – ࡵ ૛ ሼࡶ  ෡૚ࡶ 
 .௡ is an arbitrary vectorܴ ߳ ࢠ ૚ ሽ andࡶ #

The solution is obtained from Eqn. (4.13) and (4.15) as follows: 

ሶࣂ  ൌ   ૚ࡶ
#  ࢘૚ሶ  ൅   ൛ ࡶ – ࡵ૚

෡૛ࡶ  ૚ ൟࡶ #
# ൫  ሶ࢘ ૛ – ࡶ૛ ࡶ૚

#  ሶ࢘ ૚൯ ൅ ൛ࡶ – ࡵ૚
– ࡵ૚ൟ ሺࡶ # ෡૛ࡶ 

૛෡ࡶ  # ሻ (4.16)      ࢠ 

The second term of the Eqn. (4.16) is reduced to ࡶ૛
#൫  ሶ࢘ ૛ – ࡶ૛ ࡶ૚

#  ሶ࢘ ૚൯. 

Thus,                ࣂሶ  ൌ   ૚ࡶ
#  ࢘૚ሶ  ൅   ෡૛ࡶ 

# ൫  ሶ࢘ ૛ – ࡶ૛ ࡶ૚
#  ሶ࢘ ૚൯ ൅ ൛ࡶ – ࡵ૚

– ࡵ૚ൟ ሺࡶ # ෡૛ࡶ 
૛෡ࡶ  # ሻ (4.17)                   ࢠ 

The above equation represents the  inverse kinematics solution taking account of the priority of 

the subtasks. 
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The manipulable space is the range space of the Jacobian matrix which is denoted by R(J), and 

null space of the Jacobian matrix N(J) is the redundant space. Fig. 4.5 shows the general 

relationship between the manipulable and redundant spaces for the first and second manipulation 

variables. Subspace A shows all the possible contributions of ࣂሶ  to the first manipulation variable. 

Subspace B implies the contribution to the second manipulation variable without disturbing the 

first manipulation variable. Subspace C shows the remaining DOF that affect neither the first nor 

the second manipulation variables. Subspace C can be used for the third and higher manipulation 

variables, if necessary. 

 

 
Fig.4.5: Manipulable and Redundant spaces for the first and second manipulation variables [5]. 

 

The first term in the right hand side of the Eqn. (4.17) is the least square mapping of ࢘૚ሶ onto 

subspace A. the second term implies the least square mapping of   ሶ࢘ ૛ – ࡶ૛ ࡶ૚
#  ሶ࢘ ૚ onto subspace B, 

where ሶ࢘ ૛ – ࡶ૛ ࡶ૚
#  ሶ࢘ ૚ is the modified desired value of the second manipulation variable due to the 

effect of the first term on the second manipulation variable. The third term is the orthogonal 

projection of the arbitrary vector z onto subspace C. if there is a third manipulation variable, the 

arbitrary vector z is determined in the same manner as y [9]. 
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In the case of ࢘૛ ൌ ૛ࡶ Eqn. (4.17) can be reduced to a simpler form using ,ࣂ  ൌ  :as follows ࡵ

ሶࣂ  ൌ   ૚ࡶ
# ࢘૚ሶ  ൅ ሺ ࡶ – ࡵ૚

  ૚ሻࡶ # ሶ࢘ ૛                                           (4.18) 

where  ሺ ࡶ – ࡵ૚
૚ሻࡶ #

# ൌ   ሺ ࡶ – ࡵ૚
૚ࡶ – ࡵ ૚ሻ and the idempotency of ሺࡶ #

 ૚ሻ are used. In the aboveࡶ #

Eqn. (4.18), the term corresponding to the third term, in Eqn. (4.17) become intrinsically equal to 

zero, which means that zero DOF remains for the higher manipulation variables, because the 

second manipulation variable ࢘૛ ൌ   .requires all the DOF remaining after being used for ࢘૚ ࣂ 

4.8 PATH PLANNING 

A serial robot manipulator may be regarded as a variable geometrical chain of links that 

associate the configuration of its end-effector to the Cartesian coordinate frame in which the base 

frame is fixed. Forward kinematics is mathematical geometrical relations that help in finding the 

end effector configuration by the making use of the joint coordinates. On the other hand, the 

inverse kinematics are mathematical geometrical relations that provide joint coordinates from a 

given end effector configuration. 

The velocity and acceleration of each link of the manipulator can be found by expressing the 

Cartesian path of motion for the end-effector as a function of time. The first applied path 

function that can provide a rest-to-rest motion is a cubic path for the joint variables ݍ௜ሺݐሻ 

between two points ݍ௜ሺݐ଴ሻ ܽ݊݀ ݍ௜ሺݐ௙ሻ. 

ሺ࢚ሻ࢏ࢗ ൌ ૙ࢇ  ൅ ૚࢚ࢇ ൅ ૛࢚ࢇ
૛ ൅ ૜࢚ࢇ

૜                              (4.19) 

But to get zero acceleration or jerk at some point in our path, it is required to employ higher 

polynomials to satisfy the conditions. An n degree polynomial can satisfy n+1 conditions. 

ሺ࢚ሻࢗ ൌ ૙ࢇ  ൅ ૚࢚ࢇ ൅ ૛࢚ࢇ
૛ ൅ ⋯൅ ࢚࢔ࢇ

 (4.20)                           ࢔

It is also possible to split a multiple conditional path into some intervals with fewer conditions. 

The interval paths must then be connected to satisfy their boundary conditions. 

A path of motion may also be defined based on different mathematical functions. Harmonic and 

cycloid functions are the most common paths. Non-polynomial equations introduce some 

advantages, due to simpler expressions, and some disadvantages due to nonlinearities. 
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When a path of motion either in joint or Cartesian coordinates space is defined, forward and 

inverse kinematics must be utilized to find the path of motion in the other space. 

4.8.1 Manipulator Motion by End-Effector Path 

Cartesian path planning has more application in robotics, because it can control the level of force 

and jerk inserted by the hand of a robot to the carrying object. Path planning in Cartesian space 

also determines the geometric constraints of the external world. However, a Cartesian path needs 

inverse kinematics to determine the time history of the joint variables. 

Here for a straight line trajectory, consider a rest to rest Cartesian path from point (1,0) to point 

(1,1). A cubic polynomial can satisfy the position and velocity constraints at initial and final 

points. 

ܻሺ0ሻ ൌ ଴ܻ ൌ 0

ܻሺ1ሻ ൌ ௙ܻ ൌ 1

ሶܻ ሺ0ሻ ൌ ଴ܻ
ሶ ൌ 0

ሶܻ ሺ1ሻ ൌ ሶܻ
௙ ൌ 0

ሺ࢚ሻࢅ ൌ ૙ࢇ  ൅ ૚࢚ࢇ ൅ ૛࢚ࢇ
૛ ൅ ૜࢚ࢇ

૜                                       (4.21) 

On differentiating Eqn. (4.21), 

ሶࢅ ሺ࢚ሻ ൌ ૚ࢇ  ൅ ૛ࢇ૛࢚ ൅ ૜ࢇ૜࢚
૛                                          (4.22) 

Solving the above equations to get the value of coefficients as 

ܽ଴ = 0 

ܽଵ = 0 

ܽଶ = 3 

ܽଷ = -2

To get the Cartesian path as 

ࢄ ൌ ૚                                                             (4.23) 

ࢅ ൌ ૜࢚૛ െ  ૛࢚૜                                                     (4.24) 

The manipulator moves from point (1,0) to (1,1) as the time changes from 0 to 1 minute and 

traces a straight line at X = 1 parallel to y-axis. This way any desired trajectory can be traced by 

forming its equations. 
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4.9 SUMMARY 

In this chapter, the concept of inverse kinematics considering the order of priority has been 

discussed. According to which the task with lower priority is executed only if it does not conflict 

with the higher priority task. This is accomplished by projecting the constraint Jacobian onto the 

null space of the end-effector Jacobian; the order of priority being invertible. The main idea 

behind the trajectory planning is also described, which is helpful in planning different trajectories 

for the serial robot manipulators to follow. 

On the basis of which various simulations are carried out in the next chapter. Main focus is given 

on obstacle avoidance under complex workspace, where the manipulator aims to follow a given 

trajectory along with avoiding collision with the obstacles in its path and workspace. 
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CHAPTER 5 

RESULTS AND DISCUSSIONS 

5.1 INTRODUCTION 

In this chapter, the inverse kinematic algorithms have been suitably extended to redundant 

manipulators by adopting a task space augmentation technique. Formally, a functional constraint 

task (obstacle avoidance and singularity avoidance) is imposed to be satisfied along with the 

end-effector task. In order to avoid the problem of obstacle constraint task specification, a task 

priority strategy has been applied using potential function method. 

Various simulations are conducted to show the redundancy resolution of the various 

manipulators, when the aim is to follow the straight line trajectory with different number of 

obstacles in its workspace with different parameters. All simulations demonstrate the efficacy of 

redundancy resolution to perform multiple task with the concept of task priority using potential 

function method. Moreover, extra obstacles are also placed in the path to ensure the redundancy 

resolution to its extent.    

5.2 OBSTACLE AVOIDANCE USING POTENTIAL FUNCTION 

In this work, local optimal control scheme is used, which resolves redundancy based on present 

information and this method is computationally economical. The Fig. 5.1 shows the physical 

model of a planar 4-DOF manipulator having length of each link l1, l2, l3 and l4  respectively. The 

corresponding joint angles are ߠଵ, ,ଶߠ  ସ. Two rectangular shaped-obstacles are alsoߠ ݀݊ܽ ଷߠ

placed in the workspace of dimension ሺܮை೔ሺ݉ሻ  ൈ ܪை೔ሺ݉ሻሻ. The centre of gravity of the two is 

also marked as (CGxi, CGyi). The point pi shows the mid-point of the ith link of the manipulator 

which is used to keep the links away from the obstacle while tracking the trajectory.  It is 

assumed that the mass of each link is uniformly distributed, and that the manipulator is 

constrained in a horizontal plane (planar robot). To carry out the simulation runs, the first step is 

to calculate the dynamic model. 
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As given in Eqn. (3.37),  the dynamics of a general n-DOF manipulator is represented by 

࣎ ൌ ሷࣂሻࣂሺࡹ ൅ ,ࣂ൫ࢉ  ሶࣂ ൯ ൅  ሻ                                    (5.1(a))ࣂሺࢍ

where ࡹሺࣂሻ ߳ ܴ௡ൈ௡ is a symmetric, positive definite inertia matrix, c(ࣂ, ሶࣂ ) ߳ ܴ௡, is a torque 

vector, produced by the effect of Coriolis and Centrifugal forces and ࢍሺࣂሻ is the gravitational 

force vector. As, the current work is limited to planar manipulators only, the effect of 

gravitational forces can be neglected and Eqn. (5.1(a)) can be modified as: 

࣎ ൌ ሷࣂሻࣂሺࡹ ൅ ,ࣂ൫ࢉ  ሶࣂ ൯                                     (5.1(b)) 

Fig. 5.1: The schematic diagram of a planar 5-DOF manipulator with two obstacles 

Let the first manipulation variables is as follows: 

࢘૚ ൌ   ቀ
௧௜௣ݔ
௧௜௣ݕ

ቁ                                                          (5.2) 

where xtip and ytip represent the position of the end-effector in the Cartesian coordinates. By 

differentiating Eqn. (3.2) again, to obtain the following equation: 

p1

HO1

LO2 

LO1

HO2 

(CGx2, CGy2)

(CGx1, CGy1)

O2 

O1

p2 

p3

p4

(xtip, ytip) 
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ሷ࢘ ࢏ ൌ ሷࣂሻࣂሺ࢏ࡶ ൅ ଙሶࡶ  ሺࣂሻࣂሶ                                            (5.3) 

Now, a feedback control scheme is designed so that the following equation represents the closed-

loop characteristics: 

ሷࢋ ࢏ ൅ ሶࢋ࢏૚ࢉ  ࢏ ൅ ࢉ૛࢏ࢋ࢏ ൌ ૙                                                 (5.4) 

࢏ࢋ  ≜ ࢏࢘
ሺ࢚ሻࢊ െ ࢘(5.5)                                               ࢏ 

where ࢘࢏
 ሺ࢚ሻ is the desired trajectory of the ith manipulation variable, and ei is the error vectorࢊ

and c1i and c2i are the positive scalar feedback coefficients. Now, put the above feedback scheme 

in Eqn. (5.3), to get  

ሷࣂሻࣂሺ࢏ࡶ ൌ   ሷ࢘ ࢏
ሺ࢚ሻࢊ െ ࡶଙሶ ሺࣂሻࣂሶ ൅ ࢉ૚ࢋ࢏ሶ ࢏ ൅ ࢏ࢋ࢏૛ࢉ   ≜ ,ࣂ൫࢏ࢎ  ሶࣂ , ࢚൯               (5.6) 

On comparing, Eqns. (3.2) and (5.6), it can be seen that both equations are similar, so the same 

approach is followed as before. For simplification solving Eqns. (3.18) and (5.6), to get 

ሷࣂ ൌ ૚ࡶ
૚ࢎ # ൅ ሺ࢔ࡱ െ ࡶ૚

૚ሻࡶ# ሷ࢘ ૛                                          (5.7) 

To calculate the expression for the acceleration of the second manipulation variable ሷ࢘ ૛, artificial 

potential and dissipative functions are used. These functions determine the joint torque for 

obstacle-avoidance problems when only the final goal of the end-effector is given and the 

trajectory is free.  

According to this method, the joint torque is computed as follows: 

࣎ ൌ  െ ቀ
డ௉

డࣂ
൅ 

డ஽

డࣂሶ
ቁ
்
                                                    (5.8) 

where P and D are the artificial potential and dissipative functions, respectively. If the joint 

torque of Eqn. (5.8) is applied, the following joint acceleration is generated from Eqn. (5.1(b)). 

ሷࣂ ൌ  െିࡹ૚ሺࣂሻ ൜ቀ
డ௉

డࣂ
൅ 

డ஽

డࣂሶ
ቁ
்
൅ ,ࣂ൫ࢉ  ሶࣂ ൯ൠ                                (5.9) 

Now, the above equation is considered as the acceleration of the second manipulation variable. 

Hence, on combining the Eqns. (5.7) and (5.9), the joint acceleration considering both the first 

and second manipulation variables becomes, 
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ሷࣂ ൌ ૚ࡶ
૚ࢎ # െ ൫࢔ࡱ െ ࡶ૚

ࡹ૚൯ࡶ#
ି૚ሺࣂሻ ൜ቀ

డ௉

డࣂ
൅ 

డ஽

డࣂሶ
ቁ
்
൅ ,ࣂ൫ࢉ  ሶࣂ ൯ൠ                       (5.10) 

The artificial potential and dissipative functions used in the above equation are defined by 

ܲ  ൌ   ௢ܲ ൅ ௃ܲ                                                              (5.11) 

௢ܲ ൌ ݇௢  ∑ ሺܥ௢ሺ݌௜ሻ െ 1ሻିଵ
ଶሺ௡ିଵሻ
௜ୀଵ                                             (5.12) 

௃ܲ ൌ   ݇௃  ∑ ሺߠ௜೘ೌೣ

ଶ െ ߠ௜
ଶሻିଵ௡

௜ୀଵ                                              (5.13) 

 ܦ  ൌ  
ଵ

ଶ
 ݇஽  ∑ పߠ

ଶሶ௡
௜ୀଵ                                                        (5.14) 

௜ሻ݌௢ሺܥ ൌ   ൬
௫೔ି஼ீೣ೔

௅ೀ೔/ଶ
൰
଼

൅ ൬
௬೔ି஼ீ೤೔

ுೀ೔/ଶ
൰
଼

                                            (5.15) 

where Po and PJ are potential functions due to the obstacle and the joint limits, respectively and 

 ை೔denotes the length and height ofܪ ை೔andܮ .௜ሻ is to approximate the contour of the obstacle݌௢ሺܥ

the ith obstacle in the workspace. The ݌௜  ≜ ሺݔ௜, ௜ሻݕ
் are the position of the mid points of the 

links of the manipulator and are used to evaluate the distance between the manipulator and the 

obstacle. 

5.2.1 Numerical Simulations 

a) 4-DOF Manipulator with One Obstacle 

In the first simulation, which is shown in Fig. 5.2, a 4-DOF manipulator is considered. The 

desired task of which is given by ࢘૚
 ሻ to follow a straight line trajectory parallel to y-axisݐሺࢊ

without using concept of task priority for obstacle avoidance. The desired trajectory of the first 

manipulation variable ࢘૚
 ሻ is the constant velocity motion along the line from point (1.1, 0.8) atݐሺࢊ

time t = 0 min. to point (1.1, -0.2) at time t = 10 min which is calculated by the cubic polynomial 

as discussed in section 3.8. The parameters of the ith link of the manipulator are given in Table 

5.1. 

In Fig. 5.2, the effect of the rectangular shaped obstacle in the workspace of the manipulator is 

not considered. The virtual obstacle (O1) colored with red, is considered as inactive. The 
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manipulator only fulfills the first task of tracing the desired straight line trajectory without 

concerning about the obstacle in its path. 

Table 5.1: Parameters of 4-DOF manipulator 

No. of Links

(i) 

Link Lengths

(li)(m) 

Link Masses

(mi)(kg) 

Joint Angle

(θi)(deg) 

Max. Joint Limit 

௜೘ೌೣߠ
(deg) 

1 0.50 30 10 180 

2 0.45 25 25 120 

3 0.35 20 50 120 

4 0.25 10 -55 150 

 

 

Fig.5.2: 4-DOF manipulator following straight line 
trajectory 

Fig.5.3: 4-DOF manipulator following straight line 
trajectory with obstacle avoidance 

In the next simulation with same 4-DOF manipulator shown in Fig. 5.3, an rectangular shaped 

obstacle (O1) is also considered in the workspace of the manipulator. The dimension of the 

obstacle are ሺܮைభሺ݉ሻ  ൈ ܪைభሺ݉ሻሻ. = 0.4ሺ݉ሻ ൈ 0.3ሺ݉ሻ with centre of gravity at ሺܩܥ௫భ,  = ௬భሻܩܥ

(0.6, -0.15). The feedback coefficients used in Eqn. (5.6) are chosen as ܿଵଵ ൌ 50ሺ1/݉݅݊ሻ, ܿଶଵ ൌ

100 ሺ1/݉݅݊ଶሻ and the coefficients ko, kj, and kd used in Eqns. (5.12), (5.13) and (5.14) are 

50(kgm2/min2), 6(kgm2/min2) and 1(kgm2/min2). 
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It is clearly observed, that the manipulator due to redundancy, utilizes the concept of task priority 

for obstacle avoidance. Hence both the subtask of tracing the desired trajectory and obstacle 

avoidance are fulfilled by the manipulator. 

The comparison between the joint trajectory of the manipulator in the above two simulation 

proves that there are many solution to the inverse kinematic problem, which can be used to 

resolve the redundancy. 

b) Combination of Three Obstacles in Work Space of 3-DOF Manipulator  

In this simulation, shown in Fig. 5.4, a 3-DOF manipulator is considered. The length of each link 

of the manipulator is taken as l = [1.3, 0.9, 0.7](m) with masses m = [20, 20, 8](kg) and  initial 

configuration ࣂ ൌ [500, 200, -1100]. The manipulator moves in a straight line trajectory from 

point (1.69, 1.4) at time t = 0 min. to point (1.69, 0) at time t = 1 min. So the time taken to 

perform the task is exactly 1 min.  

The desired first task (࢘ଵ
ௗሺݐሻ) of the 3-DOF manipulator is to follow a straight line trajectory 

parallel to y-axis without concerning about any obstacle in its Cartesian space. In other words, 

the 3-DOF manipulator can maneuver its links with any joint configuration within the joint limit 

to trace the straight line trajectory in its workspace. In this simulation the desired second task 

(࢘ଶ
ௗሺݐሻ) for collision avoidance with the obstacles in the path of maneuvering is not considered. 

Thus, it is considered as a minimum norm solution. 

 
Fig. 5.4: 3-DOF manipulator following straight line trajectory with no obstacle in its path 
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Here, the trajectory tracing by the 3-DOF manipulator is given the higher priority. That means, 

the main preference is given to follow the trajectory without any deviation from the desired path. 

In the next simulation, three obstacles are considered in the workspace of manipulator named as 

O1, O2, and O3 as shown in Fig. 5.5. The position of the ith obstacle  in the cartesian space can be 

calculated from its centre of gravity (xi, yi) and the size can be found from its length (li) and 

breadth (bi) dimensions. The complete geometrical information of all the three obstacles is 

tabulated in Table. 5.2. The feedback coefficients used in Eqn. (5.6) are chosen as ܿଵଵ ൌ

2000ሺ1/݉݅݊ሻ, ܿଶଵ ൌ 1000 ሺ1/݉݅݊ଶሻ. 

Table 5.2: Geometrical data of three obstacles 

Obstacle 

Oi 

Centre of Gravity Dimensions (m)

xi yi li bi 

O1 0.3 0.7  0.2 0.2 

O2 1.0 0.4 0.4 0.8 

O3 1.5 0.5 0.2 0.4 

 

 
Fig. 5.5: 3-DOF manipulator following straight line trajectory with three obstacle in its path 

 

This shows when the concept of obstacle avoidance using potential function is applied, the 

manipulator also fulfill the desired second task (࢘ଶ
ௗሺݐሻ) to avoid collision with the three obstacles 

in its working space. The 3-DOF manipulator can take only those joint configurations at which 
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its links do not collide with the obstacles, while  tracing the trajectory. That is, these links 

maintain a minimal distance with the obstacles during maneuvering. Thus, both the subtasks i.e. 

tracking the desired trajectory and obstacle avoidance, are fulfilled in overall part of the 

trajectory.  

It can be clearly seen from Fig. 5.5 that the joint configurations acquired by the manipulator are 

different from those in Fig. 5.4. It is mainly due to the redundancy of the manipulator in nature 

and has infinite inverse kinematic solutions. Out of these solutions, the manipulator has chosen 

those solution, which can fulfill both the task efficiently.  

The above simulation with three obstacles comprises of six individual simulation shown below 

for making comparison in the joint configuration space of links in detail by using concept of 

potential function to solve inverse kinematics for obstacle avoidance. Therefore, the next three 

simulations shown in Figs. 5.6(a)-(c), demonstrate the variation in joint trajectory, when only 

one obstacle is considered out of the three. 

 
Fig. 5.6(a): 3-DOF manipulator following straight line trajectory with active obstacle1 in its path 

 

As shown in Fig. 5.6(a), the links length, masses and initial configuration are taken same. One 

active obstacle which is considered during simulation is shown with green color and other two 

inactive obstacles with red color. This means, that the green color obstacle is contributing as a 

real obstacle in the workspace. Here the manipulator attains a different joint configuration so as 
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not to hit the active obstacle while tracing a trajectory and it is clearly seen that the manipulator 

is colliding with both the virtual inactive obstacles, while tracking the trajectory. 

The similar trend of acquiring different joint configuration spaces with respect to one active 

obstacle at different locations in workspace is shown in Figs. 5.6(b) and 5.6(c). 

 
Fig. 5.6(b): 3-DOF manipulator following straight line trajectory with active obstacle1 in its path. 

 

 
Fig. 5.6(c): 3-DOF manipulator following straight line trajectory with active obstacle2 in its path. 
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In the next set of three simulation run as shown in Fig. 5.7(a)-(c), the manipulator configuration 

and the obstacle configuration are same as above. In this section two active obstacles are 

considered in the workspace. This means, while calculating the inverse kinematic solutions using 

redundancy resolution, only two obstacles are active as shown in Fig. 5.7(a) with green color. 

The virtual third obstacle is taken inactive i.e. its contribution in the workspace is not considered. 

Thus the links are attaining different joint trajectories with in joint limit to avoid collision with 

the two active obstacle simultaneously and to trace the desired trajectory. The collision with the 

third inactive virtual obstacle is clearly shown in Fig. 5.7(a). 

The similar trend of different joint trajectories can be observed in the next two simulation, where 

the two other active obstacle pairs are considered  at different locations in the workspace as 

shown in Figs. 5.7(b) and 5.7(c). The above three simulation clearly demonstrate that how the 

redundant resolution scheme effectively maneuvers the joint trajectory to avoid the active 

obstacle, while tracing the desired trajectory   

 
Fig. 5.7(a): 3-DOF manipulator following straight line trajectory with active obstacles1and 2 in its path 
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This shows the validation of how the redundancy can be utilized to fulfill the desired first and 

second task simultaneously under complex workspace filled with one, two or three obstacle 

around the manipulator. 

c) 6-DOF Manipulator with Vertical Channel Shaped Obstacle along with the Trajectory 

The next simulation, demonstrates the effectiveness of redundancy resolution schemes to mimic 

a snake-like behavior. This behavior is required, when the robot is required to work in a water 

tank, or to check the blockage inside a sewerage pipe, or to do a laparoscopy operation inside a 

human body. 

In this simulation, a 6-DOF manipulator is considered as shown in Fig 5.8. The geometrical 

configuration of the links of the manipulator is given in the Table 5.3. The desired trajectory of 

the first manipulation variable ࢘૚
 ሻ is the constant velocity motion along the line from pointݐሺࢊ

(1.69, 1.39) at time t = 0 min. to point (1.69, 0) at time t = 1 min. So the time taken to perform 

the task is exactly 1 min. 

 

 

Fig. 5.7(b): 3-DOF manipulator following straight line 
trajectory with active obstacles 2and 3 in its path 

Fig. 5.7(c): 3-DOF manipulator following straight line 
trajectory with active obstacles 1and 3 in its path 
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Table 5.3: Parameters of 6-DOF manipulator 

No. of Links

(i) 

Link Lengths

(li)(m) 

Link Masses

(mi)(kg) 

Joint Angle

(θi)(deg) 

Max. Joint Limit 

௜೘ೌೣߠ
(deg) 

1 1 10 75 200 

2 0.7 7 -10 200 

3 0.6 6 -60 200 

4 0.25 2.5 -5 200 

5 0.2 2 -45 200 

6 0.15 1.5 5 200 

In Fig. 5.8, the effect of the channel shaped obstacle in the workspace of the manipulator is not 

considered. The virtual obstacles (O1 and O2) are considered as inactive colored with red. The 

manipulator only fulfills the first task of tracing the desired straight line trajectory without 

concerning about the obstacles along its path. 

 
Fig.5.8: 6-DOF manipulator tracing straight line 

Trajectory 
Fig. 5.9: 6-DOF manipulator with vertical channel  

shaped obstacle along its path 

On the other hand in Fig. 5.9, vertical channel shaped obstacles, named as O1 and O2, are 

considered around the vertical trajectory. The position of the ith obstacle  in the Cartesian space 

can be calculated from its centre of gravity (xi, yi) and the size can be found from its length (li) 

and breadth (bi) dimensions. The complete geometrical information of all the two obstacles is 
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tabulated in Table. 5.4. The feedback coefficients used in Eqn. (5.6) are chosen as ܿଵଵ ൌ

1000ሺ1/݉݅݊ሻ, ܿଶଵ ൌ 2000 ሺ1/݉݅݊ଶሻ.  

This shows redundancy (extra DOF) of the manipulator allows its links to maneuvers in between 

the channel very smoothly to trace the straight line trajectory without colliding with the 

obstacles. 

Table 5.4: Geometrical data of two vertical 
channel shaped obstacles 

Obstacle 

Oi 

Centre of Gravity Dimensions (m) 

xi yi li bi 

O1 1.45 0.5  0.2 0.4 

O2 1.93 0.5 0.2 0.4 

 

 
Fig. 5.10: 6-DOF manipulator with large vertical channel shaped obstacle along its path 

 

In the next run of same simulation, the height of the vertical channel shaped obstacle is increased 

by 0.4(m) as shown in Fig. 5.10. This utilizes the redundancy of manipulator to maximum extent 

by tracing the desired straight line trajectory without collision with the two obstacle along the 

path.  
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d) 7-DOF Manipulator with Horizontal Channel-Shaped Obstacle along the Trajectory 

In this simulation, shown in Fig. 5.11, a 7-DOF manipulator is considered, which is expected to 

maneuver like a snake in a narrow horizontal channel. The length of each link of the manipulator 

is taken as l = [0.45, 0.45, 0.5, 0.25, 0.25, 0.25, 0.25] (m) with masses m = [4.5, 4.5, 5, 2.5, 2.5, 

2.5, 2.5] (kg) and  initial configuration ࣂ ൌ [170, 0, -160, -10, 0, -20, 30] (deg). The manipulator 

moves in a straight line trajectory from point (0.75, 0.2) at time t = 0 min. to point (2, 0.2) at 

time t = 1 min. So the time taken to perform the task is exactly 1 min.  

 
Fig. 5.11: 7-DOF manipulator following horizontal straight line trajectory 

 

The desired first task (࢘ଵ
ௗሺݐሻ) of the 7-DOF manipulator is to follow a straight line trajectory 

parallel to y-axis without concerning about any obstacle in its cartesian space. In other words, the 

7-DOF manipulator can maneuver its links with any joint configuration within the joint limit to 

trace the straight line trajectory in its workspace. In this simulation, the desired second task 

(࢘ଶ
ௗሺݐሻ) for collision avoidance with the obstacles in the path of maneuvering is not considered.  

Here, the DOF of the manipulator required to complete the first task of desired trajectory tracing 

is less than 7-DOF that manipulator have. Thus, this redundancy in the links of the manipulator 

can be utilized to resolve the obstacle constraint or to fulfill the desired second task of obstacle 

avoidance 
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Fig. 5.12: 7-DOF manipulator following horizontal straight line trajectory along with obstacle avoidance

As shown in Fig. 5.12, horizontal channel shaped obstacle along the path of the trajectory are 

considered. The geometrical configuration of the obstacle are given in the Table 5.5. The 

feedback coefficients used in Eqn. (5.6) are chosen as ܿଵଵ ൌ 300ሺ1/݉݅݊ሻ, ܿଶଵ ൌ 90000 ሺ1/

݉݅݊ଶሻ. The 7-DOF manipulator resolve redundancy and fulfills both the subtasks and smoothly 

maneuvers between the horizontal channel shape obstacle to trace the trajectory while avoiding 

collision with the obstacle. 

Table 5.5: Geometrical data of two horizontal  
channel shaped obstacles 

Obstacle 

Oi 

Centre of Gravity Dimensions (m) 

xi yi li bi 

O1 1.5 0.4 1.0 0.2 

O2 1.5 0.0 1.0 0.2 

 

It is observed from Fig. 5.11, where the manipulator while maneuvering is colliding with the 

virtual obstacles, but no such collision is been reported in Fig. 5.12. In fact, as expected, the 

manipulator depicts a snake-like behavior and tracks the straight line trajectory in a narrow 

channel effectively. 
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It can be clearly seen in Fig 5.12 that while tracking the desired trajectory, the first and second 

links have very less relative movement and it appears that both are in a locked position, as if both 

the links were replaced by a single link of equivalent length. This set of configuration may also 

lead to singularity issues. As the manipulator chosen is highly redundant in nature, it is still 

possible for the manipulator to choose different configurations or solutions. To demonstrate this 

effect, one more obstacle is now placed at a appropriate location in the next simulation run to 

break the so-called locking posture of first and second link 

In the next simulation as shown in Fig. 5.13, one more rectangular shaped obstacle is considered 

in the workspace of the manipulator along with the horizontal channel shaped obstacle. It is 

clearly  observed that the manipulator does not collide with any of the obstacle while tracing the 

overall trajectory. 

 
Fig. 5.13: 7-DOF manipulator with horizontal channel shaped and rectangular shaped obstacle following straight 

line trajectory

It can be clearly seen in Fig 5.13, that now the locking posture of first and second links is broken 

and the manipulator is still able to track the desired trajectory with different set of configurations, 

while avoiding all the obstacles.  
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5.3 SINGULARITY AVOIDANCE USING THE POTENTIAL FUNCTION 

The measure of manipulability can be used as the potential function for avoiding singularity [9]. 

The potential function is now given as follows: 

ሻߠሺ݌ ൌ  െඥdet ଵܬ ଵܬ
்                                                  (5.16) 

The measure of manipulability, ඥdet ଵܬ ଵܬ
், is non-negative and becomes zero only at singular 

points. Therefore, it can be considered as a kind of distance from singular points. Choosing 

above equation as a potential function is expected to keep a manipulator away from singularity. 

The minimizing of the potential function implies not only avoiding the singularity, but also 

maintaining the kinematic ability of the manipulator as much as possible. The resultant motion of 

the manipulator is obtained by substituting derivative of Eqn. (5.16)  into Eqn. (3.18) as the 

acceleration of the second manipulation variable. 

5.3.1 Numerical Simulations 

a) 3-DOF Manipulator with Singularity Avoidance 

A 3-DOF manipulator is considered for numerical simulation. The link lengths are assumed to be 

݈ଵ ൌ 0.6, ݈ଶ ൌ 0.85 ܽ݊݀ ݈ଷ ൌ 0.2 ሺ݉ሻ. The given task for the first manipulation variable is to 

move in the negative x2 direction with constant velocity 0.01(m/sec) for 10 seconds. The initial 

joint angles are ߠሺݐ௢ሻ ൌ ሺ180௢ െ175௢  0௢ሻ். 

Fig. 5.14(a) shows the result of simulation when the second term of Eqn. (3.18) is neglected. 

This is nothing but the resolved motion rate control. Fig. 5.14(b) shows the result when the 

second term is included in the same equation. Fig. 5.15 shows the change of the measure of 

manipulability. The graph with blue and red color corresponds to the two above cases of 

neglecting and including the second term respectively as discussed and corresponds to the cases 

of Figs. 5.14(a) and 5.14(b) respectively. 
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Fig. 5.14 (a) : 3-DOF manipulator without singularity 

avoidance 
Fig. 5.14 (b) : 3-DOF manipulator with singularity 

avoidance 
 

 

Fig. 5.15: Change of the measure of manipulability 

From Figs. 5.14 and 5.15, it is seen that the conventional resolved motion rate control has no 

ability for moving away from the singularity, whereas utilizing redundancy by the potential 

function quickly drove the manipulator away from the singular points and afterward maintained 

the maximum value of the measure of manipulability. 
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5.4  SUMMARY 

This chapter has presented different case studies to show the efficacy of the concept of task 

priority in resolving the redundancy of the serial robots. The redundancy resolution of the 

multiple DOFs manipulator is applied while the manipulator is following straight line trajectory. 

It is demonstrated that both the subtasks can be successfully completed using redundancy of the 

manipulator. In all the simulations, it is well demonstrated that it is possible to perform multiple 

tasks with the concept of task priority. 
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CHAPTER-6 

CONCLUSIONS AND FUTURE SCOPE 

6.1 CONCLUSIONS 

Various conclusions are drawn from the results that are obtained after simulating for obstacle 

avoidance and singularity avoidance under different complex workspace of the manipulator by 

utilizing the concept of task priority. 

1. The purpose of quantifying the ability of redundant manipulators in manipulating their 

end-effector can be solved by studying the redundancy of robot manipulators. 

2. The purpose of task priority is discussed and an inverse kinematics solution is derived 

taking into account the order of priority, which can be regarded as an optimal solution 

suitable for real time redundancy control. 

3. This concept of task priority is then implemented for redundancy utilization of robot 

manipulators by dividing a task into a number of subtasks that can be used for tracing 

desired trajectory, obstacle avoidance and singularity avoidance. 

4. Numerical simulation are performed in order to verify the effectiveness of the solution 

for redundancy control problems. Results shows that more degree of redundancy implies 

fulfillment of more subtasks (such as obstacle avoidance and singularity avoidance) 

according to the given priority. 

5. The appropriate criteria to fulfill the lower priority subtasks is selected according to the 

workspace and the order of priority. 

6. It is confirmed that dividing a task into subtasks with the order of priority is a remedy for 

overcoming the degeneracy of degree of freedom. Hence, a number of complex 

workspace are planned and the manipulators are aimed to trace the given trajectory along 

with avoiding collision with the obstacles. 

7. The first priority is given to follow the desired trajectory and the second priority is to 

avoid collision with the obstacles while moving around the complex workspace. 

8. Results shows that for a 6, 7-DOF manipulator is redundant enough, that the redundancy 

in the link can be utilize to avoid more number of obstacles in the workspace and can 

pass through very narrow long channels. 
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9. By adapting, the measure of manipulability as a second manipulation variable, singularity 

avoidance can be done. The redundancy of the manipulator droves it away from the 

singular points and afterward maintained the maximum value of the measure of 

manipulability.    

6.2 FUTURE SCOPE 

1. In this thesis work, the concept of task priority has been implemented on planar 

manipulators only. The work can be extended effectively to spatial manipulators also. 

2. The work can be extended to demonstrate the effectiveness of task priority on physical 

prototype along with complex workspace. 

3. The work can be extended to handle other subtasks like torque optimization, minimum 

movement etc. 

4. Singularity avoidance can also be implemented on the more number of DOF manipulator 

to attain huge workspace.  
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