
 



 



 



Abstract

In this thesis, we study about partitions of positive integers. The study of parti-

tions of positive integers has fascinated a number of great mathematicians: Euler,

Legendre, Ramanujan, Hardy, Rademacher, Sylvester and Dyson. Here, we start

from the basic q-series and then move quickly to one of the most magnificent and

surprising results of the entire subject, the Rogers-Ramanujan identities.

In Chapter 1, we give a brief historical background of the subject matter and give

some definitions, which we shall be using in this thesis.

In Chapter 2, we give analytic proof of Rogers-Ramanujan identities using Bailey’s

Lemma and a combinatorial proof of Rogers-Ramanujan identities due of MacMo-

han.

Finally in Chapter 3, we prove some more q-series identities combinatorially, ana-

logues to Rogers-Ramanujan identities using ordinary partition function.
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CHAPTER I

Introduction and Basic Concepts

1.1 Basic Definitions and Notations

Definition 1.1.1 [4] A partition of a positive integer n is a finite non-increasing

sequence of positive integers λ1, λ2,· · · ,λr such that
r∑

i=1

λi = n, where λi’s are called

the parts of the partition.

For example: The partitions of 5 are

5, 4+1, 3+2, 3+1+1, 2+2+1, 2+1+1+1, 1+1+1+1+1.

Definition 1.1.2 The partition function p(n) is the number of partitions of n.

For example: p(5)=7.

Remark. Obviously p(n)=0 when n is negative.

The partition function increases rapidly with n.

p(6)=11, p(7)=15, p(8)=22, p(9)=30, p(10)=42,· · ·

Notation. Let p(S,n) denote the number of partitions of n which belong to the set

S.

For example: We might consider O the set of all partitions with odd parts.

p(O,5) = 3

The relevant partitions are 5, 3+1+1,1+1+1+1+1.

p(O,7) = 5

The relevant partitions are 7, 5+1+1, 3+3+1, 3+1+1+1+1, 1+1+1+1+1+1+1.
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1.2 Generating Functions

Definition 1.2.1 The generating function f(q) for the sequence a0, a1, a2, a3 · · · is

f(q) =
∞∑

n=0

anq
n

Definition 1.2.2 [6] The generating function for p(n) is given by

∞∑
n=0

p(n)qn =
1

(q; q)∞

where |q| < 1 and (q; q)∞ is q − rising factorial defined by

(a; q)n =
∞∏
i=0

(1− aqi)

(1− aqn+i)

If n is a positive integer, then

(a; q)n= (1− a)(1− aq)(1− aq2) · · · (1− aqn−1)

(a; q)∞= (1− a)(1− aq)(1− aq2) · · · .

for any constant a.

The generating function for partition into odd parts is given by

∞∑
n=0

p(O,n)qn =
∞∏

n=0

1

(1− q2n+1)

The generating function for partition into distinct parts is given by

∞∑
n=0

p(D,n)qn =
∞∏

n=0

(1 + qn)

Theorem 1.2.1 The number of partitions of n into distinct parts is equal to the

number of partitions of n into odd parts.
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Theorem 1.2.2 The number of partitions of n in which each part appears two,

three or five times equals the number of partitions of n into parts congruent to 2, 3,

6, 9 or 10 modulo 12.

Proof of Theorem 1.2.1
∞∑

n=0

p(D,n)qn =
∞∏

n=0

(1 + qn)

=
∞∏

n=0

(1− q2n)

(1− qn)

=
∞∏

n=0

1

(1− q2n+1)

=
∞∑

n=0

p(O,n)qn

comparing the coefficients of qn on both sides we get;

p(O,n) = p(D,n) for all n.

Proof of Theorem 1.2.2

The Generating function of number of partitions n which each part appears two,

three or five times is

∞∏
n=0

(1 + q2n + q3n + q5n) =
∞∏

n=0

(1 + q2n + q3n(1 + q2n))

=
∞∏

n=0

(1 + q2n)(1 + q3n)

=
∞∏

n=0

(1− q4n)(1− q6n)

(1− q2n)(1− q3n)

=
∞∏

n=0

(1− q4n)(1− q6n)

(1− q4n)(1− q4n+2)(1− q6n)(1− q6n+3)

=
∞∏

n=0

1

(1− q4n+2)(1− q6n+3)
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=
∞∏

n=0

1

(1− q12n+2)(1− q12n+3)(1− q12n+6)(1− q12n+9)(1− q12n+10)

is the Generating function of number of partitions of n into parts congruent

to 2, 3, 6, 9 or 10 modulo 12.

1.3 Graphical Representation of Partitions and Some Theo-

rems

Definition 1.3.1 [4] The ferrers graph of a partition λ1,λ2,· · · ,λr of n is a set of

rows of equi-spaced dots aligned on the left where the jth row has tj dots.

For example: The Ferrer graph of the partition 5+3+2+1 of 11 is,

. . . . .

. . .

. .

.

If the graph above is read vertically by columns then this represents the partition

. . . .

. . .

. .

.

.

4+3+2+1+1 of 11. This new partition is called the conjugate of given

partition.
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Definition 1.3.2 A partition is said to be self conjugate if it is identical with its

conjugate.

For example:

. . .

. .

.

The above graph represents the partition 3+2+1, which is self conjugate partition.

Theorem 1.3.1 The number of partitions of n with distinct odd parts is equal to

the number of self-conjugate partitions of n.

Theorem 1.3.2 The number of partitions of a− c into exactly b− 1 parts, none

exceeding c, equals the number of partitions of a− b into c− 1 parts, none exceeding

b.

We give the proofs of Theorems 1.3.1 - 1.3.2 in the next section.

1.4 Proof of Theorems 1.3.1 - 1.3.2

Proof of Theorem 1.3.1 Take any partition of n into distinct odd parts. Draw

its Ferrer’s graph and bent it as right angle with number of nodes in row is equal to

number of nodes in column.

The new graph represents self conjugate partition of n.
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Proof of Theorem 1.3.2 Let us consider the graphical representation of partition

a−c into exactly b− 1 parts, none exceeding c. We transform the partition as follows;

first we adjoin a new top row of c nodes; then we delete the first column (which now

has b nodes); and then we take the conjugate:

≤ c

. . . . .

b− 1 . . . .

. . .

.

c

. . . . . .

. . . . .

b . . . .

. . .

.

c− 1

. . . . . .

. . . . .

≤ b . . . .

. .
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≤ b

. . . .

. . . .

c− 1 . . .

. . .

. .

.

We see immediately that this composite transformation provides a one-to-one cor-

respondence between the two types or partitions considered and consequently the

theorem is established.

1.5 q-Binomial Theorem, q-Gauss Theorem

Definition 1.5.1 [5] The generalized basic hypergeometric series is defined as:

rφs

 a1, a2, ...., ar; z

b1, b2, ...., bs

 =
∞∑

n=0

(a1; q)n(a2; q)n...(ar; q)n[(−1)nq
1
2
n(n−1)]1+s−rzn

(b1; q)n(b2; q)n...(bs; q)n(q; q)n

where q 6= 0 , r > s+ 1.

Remark 1. The series is said to be Balanced if the product of denominator pa-

rameters is equal to q times the product of numerator parameters such that

b1b2...bs = qa1a2...as.

Remark 2. The series is said to be Well poised if

a1q = a2b1 = a3b2 =...= arbs.

It is said to be V ery well poised if in the addition

b1= −b2 =
√
a1.
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Theorem 1.5.1(q-binomial theorem) For |q| < 1, |t| < 1; Prove that

∞∑
n=0

(a; q)n

(q; q)n

tn =
∞∏

n=0

(1− atqn)

1− tqn

Corollary 1.5.1 For |q| < 1, |t| < 1; Prove that

∞∑
n=0

tn

(q; q)n

=
∞∏

n=0

(1− tqn)−1 =
1

(t; q)∞

Corollary 1.5.2 For |q| < 1, |z| < 1; Prove that

∞∑
n=0

znq
n(n−1)

2

(q; q)n

=
∞∏

n=0

(1 + zqn) = (−z; q)∞

Theorem 1.5.2(Heines Transformation) For |q| < 1, |t| < 1;

2φ1

 a, b; t

c

 =
(b; q)∞(at; q)∞
(c; q)∞(t; q)∞

2φ1

 c
b
, t; b

at



Theorem 1.5.3(q-Gauss Theorem) For |q| < 1, |c| < |ab|;

2φ1

 a, b;
c

ab

c

 =
(
c

a
; q)∞(

c

b
; q)∞

(
c

ab
; q)∞(c; q)∞

Proof of Theorem 1.5.1

F (t) =
∞∏

n=0

(1− atqn)

1− tqn
=
∞∑

n=0

Ant
n (1.5.1)

We have to prove that;

An =
(a; q)n

(a; q)n

(1.5.2)
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F (t) =
∞∏

n=0

(1− atqn)

(1− tqn)
=

(1− at)
(1− t)

∞∏
n=1

(1− atqn)

(1− tqn)

put n = n+ 1;

F (t) =
(1− at)
(1− t)

∞∏
n=0

(1− atq(n+1))

(1− tq(n+1))

F (t) =
(1− at)
(1− t)

F (tq)

(1− t)F (t) = (1− at)F (tq) (1.5.3)

by (1.5.1),

F (t) =
∞∑

n=0

Ant
n

put this value in (1.5.3), it becomes;

(1− t)
∞∑

n=0

Ant
n = (1− at)

∞∑
n=0

An(tq)n

= (1− at)
∞∑

n=0

Anq
ntn

now equating the powers of tn, we get;

An − An−1 = Anq
n − aqn−1An−1

An =
(1− aqn−1)

(1− qn)
An−1 (1.5.4)

iterating (1.5.4) n− times, we get;

An =
(1− aqn−1)(1− aqn−2) · · · (1− a)

(1− qn)(1− qn−1) · · · (1− q)
A0.

We know that A0 = 1

An =
(1− aqn−1)(1− aqn−2) · · · (1− a)

(1− qn)(1− qn−1) · · · (1− q)
=

(a; q)n

(q; q)n
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put this value in (1.5.1);

∞∏
n=0

(1− atqn)

1− tqn
=
∞∑

n=0

(a; q)n

(q; q)n

tn.

Proof of Corollary 1.5.1

Put a = 0 in Theorem 1.5.1;

∞∑
n=0

(0; q)n

(q; q)n

tn =
∞∏

n=0

1

1− tqn

∞∑
n=0

tn

(q; q)n

=
∞∏

n=0

(1− tqn)−1 =
1

(t; q)∞

Proof of Corollary 1.5.2

Replace a by
a

b
, t by bz in Theorem 1.5.1;

∞∏
n=0

(a
b
; q)n

(q; q)n

(bz)n =
∞∑

n=0

(1− azqn)

1− bzqn
=

(az; q)∞
(bz; q)∞

(1.5.5)

Take left hand side of (1.5.5);

∞∏
n=0

(a
b
; q)n

(q; q)n

(bz)n =
∞∏

n=0

(1− a
b
)(1− a

b
q) · · · (1− a

b
qn−1)

(q; q)n

(bz)n

=
∞∏

n=0

(b− a)(b− aq) · · · (b− aqn−1)

(q; q)n

zn

Take limit a→ −1 and b→ 0;

=
∞∏

n=0

q.q2 · · · .qn−1

(q; q)n

zn

=
∞∏

n=0

q
n(n−1)

2

(q; q)n

zn (1.5.6)
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take limit a→ −1 and b→ 0 in third series of (1.5.5);

It becomes

(−z; q)∞ (1.5.7)

.

by (1.5.5) and (1.5.7);

∞∑
n=0

znq
n(n−1)

2

(q; q)n

=
∞∏

n=0

(1 + zqn) = (−z; q)∞

Proof of Theorem 1.5.3

By theorem (1.5.2), we get;

2φ1

 a, b;
c

ab

c

 =
(b; q)∞( c

b
; q)∞

(c; q)∞( c
ab

; q)∞
2φ1

 c
b
, c

ab
; b

c
b

 (1.5.8)

by definition (1.5.1) of generalized hyper geometric series;

2φ1

 c
b
, c

ab
; b

c
b

 =
∞∑

n=0

( c
b
; q)n( c

ab
; q)n

( c
b
; q)n(q; q)n

bn

=
∞∑

n=0

( c
ab

; q)n

(q; q)n

bn

=
( c

a
; q)∞

(b; q)∞

Put this value in (1.5.8);

2φ1

 a, b;
c

ab

c

 =
(b; q)∞( c

b
; q)∞( c

a
; q)∞

(c; q)∞( c
ab

; q)∞(b; q)∞

=
( c

b
; q)∞( c

a
; q)∞

(c; q)∞( c
ab

; q)∞
.
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CHAPTER II

Bailey Lemma and Rogers-Ramanujan Identities

2.1 Introduction

In this chapter, we prove Rogers-Ramanujan identities analytically using Bailey

Lemma. These identities were first discovered by Rogers [16] in 1894 and were

rediscovered by Ramanujan in 1913. Ramanujan [15] published a paper in 1919

which contains two proofs(one by Ramanujan and the other by Rogers) and a note

by Hardy. After the publication of this paper these identities are known as Rogers-

Ramanujan identities.

2.2 Jacobi Triple Product

Theorem 2.2.1(Jacobi triple product) For |z| 6= 0, |q| < 1;

∞∑
n=−∞

znqn2
=
∞∏

n=0

(1− q2n+2)(1 + zq2n+1)(1 + z−1q2n+1)

=(q2; q2)∞(−zq; q2)∞(−z−1q; q2)∞

Corollary 2.2.1(Gauss)
∞∑

n=−∞

(−1)nqn2
=

∞∏
m=1

1− qm

1 + qm
=

(q; q)∞
(−q; q)∞

Corollary 2.2.2
∞∑

n=0

q
n(n+1)

2 =
∞∏

m=1

1− q2m

1 + q2m−1

Corollary 2.2.3
∞∑

n=−∞

(−1)nq(2k+1)
n(n+1)

2
−in =

∞∑
n=0

(−1)nq(2k+1)n
(n+1)

2
−in(1−qi(2n+1))

=
∞∏

n=0

(1− q(2k+1)(n+1))(1− q(2k+1)n+i)(1− q(2k+1)(n+1)−i)

2.3 Proof of Jacobi Triple Product
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Proof of Theorem 2.2.1

Corollary (1.5.2) of q-binomial theorem is,

∞∑
n=0

tnq
n(n−1)

2

(q; q)n

=
∞∏

n=0

(1 + tqn) = (−t; q)∞ (2.3.1)

Replace q by q2 and t by zq;

∞∑
n=0

znqn2

(q2; q2)n

=
∞∏

n=0

(1 + zq2n+1) = (−zq; q2)∞ (2.3.2)

Now we know that;

(a; q)n =
(a; q)∞

(aqn; q)∞
.

Replace a by q;

(q; q)n =
(q; q)∞

(qn+1; q)∞
.

Replace q by q2;

(q2; q2)n =
(q2; q2)∞

(q2n+2; q2)∞
.

Put the above value in (2.3.2);

∞∏
n=0

(1 + zq2n+1) =
∞∑

n=0

znqn2
(q2n+2; q2)∞

(q2; q2)∞
=

1

(q2; q2)∞

∞∑
n=0

znqn2

(q2n+2; q2)∞

∞∏
n=0

(1 + zq2n+1)(1− q2n+2) =
∞∑

n=−∞

znqn2

(q2n+2; q2)∞ (2.3.3)

(since (q2n+2; q2)∞ = 0; whenever n < 0)

replace t by −q2n+2 and q by q2 in (2.3.1);

∞∑
r=0

(−1)rqr(2n+2)qr(r−1)

(q2; q2)r

= (q2n+2; q2)∞

put this value in (2.3.3);
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We get;

∞∏
n=0

(1 + zq2n+1)(1− q2n+2) =
∞∑

n=−∞

znqn2
∞∑

r=0

(−1)rq(r2+2nr+r)

(q2; q2)r

=
∞∑

r=−∞

(−1)r(z−1q)r

(q2; q2)r

∞∑
n=−∞

zn+rq(n+r)2 .

Put n+ r = s;

=
∞∑

r=−∞

(−1)r(z−1q)r

(q2; q2)r

∞∑
s=−∞

zsqs2

=
∞∑

r=−∞

(−z−1q)r

(q2; q2)r

∞∑
s=−∞

zsqs2

Replace t by −z−1q, q by q2 in corollary (1.5.1) of q-bionomial theorem;

=
1

(−z−1q; q2)∞

∞∑
s=−∞

zsqs2

∞∏
n=0

(1− q2n+2)(1 + zq2n+1)(1 + z−1q2n+1) =
∞∑

s=−∞

zsqs2

Now replace s by n;

∞∑
n=−∞

znqn2

=
∞∏

n=0

(1− q2n+2)(1 + zq2n+1)(1 + z−1q2n+1)

= (q2; q2)∞(−zq; q2)∞(−z−1q; q2)∞

Proof of corollary 2.2.1

Replace z by −1 in theorem (2.2.1).

∞∑
n=−∞

(−1)nqn2

=
∞∏

n=0

(1− q2n+2)(1− q2n+1)(1− q2n+1)
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=
∞∏

n=1

(1− q2n)(1− q2n−1)(1− q2n−1)

=
∞∏

n=1

(1− qn)(1− q2n−1)

=
∞∏

n=1

(1− qn)

(1 + qn)

Replace n by m;

∞∑
n=−∞

(−1)nqn2

=
∞∏

m=1

1− qm

1 + qm
=

(q; q)∞
(−q; q)∞

Proof of Corollary 2.2.2

Replace q by q
1
2 then and z by q

1
2 in Theorem (2.2.1).

we see left hand side of theorem (2.2.1) becomes;

∞∑
n=−∞

q
n
2 q

n2

2 =
∞∑

n=−∞

q
n(n+1)

2

=
∞∑

n=0

q
n(n+1)

2 +
−1∑

n=−∞

q
n(n+1)

2

replace n by −n in second series;

=
∞∑

n=0

q
n(n+1)

2 +
∞∑

n=1

q
−n(−n+1)

2

=
∞∑

n=0

q
n(n+1)

2 +
∞∑

n=0

q
n(n+1)

2

= 2
∞∑

n=0

q
n(n+1)

2 (2.3.4)

Now we see right hand side of theorem (2.2.1) becomes;
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∞∑
n=0

(1− qn+1)(1 + qn+1)(1 + qn) =
∞∑

n=0

(1− q2n+2)(1 + qn)

= 2
∞∑

n=1

(1− q2n)
∞∑

n=2

(1 + qn−1)

= 2
∞∑

n=1

(1− q2n)
∞∑

n=1

(1 + qn)

= 2
∞∑

n=1

(1− q2n)(1 + qn)

= 2
∞∑

n=1

(1− q2n)

(1− q2n−1)
(2.3.5)

by (2.3.4) and (2.3.5), we get;

2
∞∑

n=0

q
n(n+1)

2 = 2
∞∑

n=1

(1− q2n)

(1− q2n−1)

replace n by m;

∞∑
n=0

q
n(n+1)

2 =
∞∑

m=1

(1− q2m)

(1− q2m−1)

Proof of Corollary 2.2.3

Start with first series of corollary (2.2.3);
∞∑

n=−∞

(−1)nq(2k+1)n
(n+1)

2
−in

=
∞∑

n=0

(−1)nq(2k+1)n
(n+1)

2
−in +

−1∑
n=−∞

(−1)nq(2k+1)n
(n+1)

2
−in

=
∞∑

n=0

(−1)nq(2k+1)n
(n+1)

2
−in +

∞∑
n=1

(−1)nq(2k+1)n
(n−1)

2
+in

=
∞∑

n=0

(−1)nq(2k+1)n
(n+1)

2
−in +

∞∑
n=0

(−1)n+1q(2k+1)n
(n+1)

2
+i(n+1)
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=
∞∑

n=0

(−1)nq(2k+1)n
(n+1)

2
−in(1 + (−1)qin+i(n+1))

=
∞∑

n=0

(−1)nq(2k+1)n
(n+1)

2
−in(1− qi(2n+1)) (2.3.6)

Now, replace q by qk+ 1
2 and z by −qk+ 1

2
−i in theorem (2.2.1),

∞∑
n=−∞

znqn2

=
∞∏

n=0

(1− q2n+2)(1 + zq2n+1)(1 + z−1q2n+1)

we get;

∞∑
n=−∞

(−qk+ 1
2
−i)n(qk+ 1

2 )n2

=
∞∏

n=0

(1−(qk+ 1
2 )2n+2)(1+(−qk+ 1

2
−i)(qk+ 1

2 )2n+1))(1+(−qk+ 1
2
−i)−1(qk+ 1

2 )2n+1)

⇒
∞∑

n=−∞

(−1)n(q
(2k+1)n

2
−in+

(2k+1)n2

2 )

=
∞∏

n=0

(1− (q(2k+1)(n+1))(1−q(
(2k+1)

2
−i+

(2k+1)(2n+1)
2

))(1−q(− (2k+1)
2

+i+
(2k+1)(2n+1)

2
))

⇒
∞∑

n=−∞

(−1)nq(2k+1)
n(n+1)

2
−in

=
∞∏

n=0

(1− (q(2k+1)(n+1))(1− q(
(2k+1)

2
(2n+2)−i)(1− q(

(2k+1)(2n)
2

+i))

⇒
∞∑

n=−∞

(−1)nq(2k+1)
n(n+1)

2
−in

=
∞∏

n=0

(1− (q(2k+1)(n+1))(1− q(2k+1)(n+1)−i)(1− q(2k+1)(n)+i) (2.3.7)

by (2.3.6) and (2.3.7), we get the result;
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∞∑
n=−∞

(−1)nq(2k+1)
n(n+1)

2
−in =

∞∑
n=0

(−1)nq(2k+1)n
(n+1)

2
−in(1− qi(2n+1))

=
∞∏

n=0

(1− q(2k+1)(n+1))(1− q(2k+1)n+i)(1− q(2k+1)(n+1)−i)

2.4 Bailey’s Lemma

Lemma 2.4.1 Let {αn} and {βn} be two sequences; a is any constant. If, for

n ≥ 0;

βn =
n∑

r=0

αr

(q; q)n−r(aq; q)n+r

then prove that

∞∑
n=0

βnq
n2

an =
1

(aq; q)∞

∞∑
r=0

qr2
αr a

r

and {αr,βr} is said to be Bailey′s pair.

Proof of Bailey’s lemma
∞∑

n=0

βnq
n2

an =
∞∑

n=0

n∑
r=0

αr

(q; q)n−r(aq; q)n+r

qr2

an

=
∞∑

n=0

∞∑
r=0

αr

(q; q)n(aq; q)n+2r

q(n+r)2an+r

=
∞∑

r=0

αr

(aq; q)2r

qr2

ar

∞∑
n=0

1

(q; q)n(aq2r+1; q)n

qn2+2nran (2.4.1)

We claim that:
∞∑

n=0

1

(q; q)n(aq2r+1; q)n

qn2+2nran =
1

(aq2r+1; q)∞
.

By definition (1.5.1) of hypergeometric series;

2φ1

 1

t
,
1

t
; at2q2r+1

aq2r+1

 =
∞∑

n=0

(
1

t
; q)n(

1

t
; q)n[(−1)nq

1
2
n(n−1)]1+1−2 (at2q2r+1)n

(aq2r+1; q)n(q; q)n
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Take t→ 0;

lim
t→0

2φ1

 1

t
,
1

t
; at2q2r+1

aq2r+1

 = lim
t→0

∞∑
n=0

(
1

t
; q)n(

1

t
; q)n[(−1)nq

1
2
n(n−1)]1+1−2 (at2q2r+1)n

(aq2r+1; q)n(q; q)n

= lim
t→0

∞∑
n=0

((
1

t
; q)n)2 (at2q2r+1)n

(aq2r+1; q)n(q; q)n

= lim
t→0

∞∑
n=0

((1− 1

t
)(1− 1

t
q)....(1− 1

t
qn−1))2 (at2q2r+1)n

(aq2r+1; q)n(q; q)n

= lim
t→0

∞∑
n=0

((t− 1)(t− q)....(t− qn−1))2 (at2q2r+1)n

t2n(aq2r+1; q)n(q; q)n

=
∞∑

n=0

(q1+2+...+n−1)2 (aq2r+1)n

(aq2r+1; q)n(q; q)n

=
∞∑

n=0

qn(n−1) (aq2r+1)n

(aq2r+1; q)n(q; q)n

=
∞∑

n=0

qn2+2nr an

(aq2r+1; q)n(q; q)n

. (2.4.2)

In Theorem (1.5.3) put a =
1

t
, b =

1

t
, c = aq2r+1;

lim
t→0

2φ1

 1

t
,
1

t
; at2q2r+1

aq2r+1

 = lim
t→0

(atq2r+1; q)∞(atq2r+1; q)∞
(at2q2r+1; q)∞(aq2r+1; q)∞

=
1

(aq2r+1; q)∞
. (2.4.3)
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By (2.4.2) and (2.4.3) claim is established.

Put this value in (2.4.1),

∞∑
n=0

βnq
r2

an =
∞∑

r=0

αr

(aq; q)2r

qr2

ar 1

(aq2r+1; q)∞

=
1

(aq; q)∞

∞∑
r=0

qr2

αra
r

2.5 Rogers-Ramanujan Identities (RRI)

The following two identities are known as Rogers-Ramanujan Identities:

∞∑
n=0

qn2

(q; q)n

=
∞∏

n=1

(1− q5n−1)−1(1− q5n−4)−1 (2.5.1)

∞∑
n=0

qn2+n

(q; q)n

=
∞∏

n=1

(1− q5n−2)−1(1− q5n−3)−1 (2.5.2)

Analytical proof of (2.5.1) and (2.5.2) is due to Rogers [16] and were rediscovered

by Ramanujan in [15]. MacMohan [13] gave the following combinatorial interpreta-

tions of (2.5.1) and (2.5.2), respectively.

Theorem 2.5.1 The number of partitions of n into parts with minimum difference

2 equals the number of partitions of n into parts ≡ 1 or 4(mod5).

Theorem 2.5.2 The number of partitions of n into parts greater than equals 2

with minimum difference 2 equals the number of partitions of n into parts ≡ 2 or

3(mod5).

In the next sections we give complete proofs of Rogers-Ramanujan Identities

analytically and combinatorially.
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2.6 Analytical Proof of RRI

Proof of Identity (2.5.1)

We use (2.4.1) Bailey’s lemma as;

a = 1, βn=
1

(q; q)n

,

αn =

 1 if n = 0

(−1)nq
n(3n−1)

2 (1 + qn) if n > 0


we get,

∞∑
n=0

qn2

(q; q)n

=
1

(aq; q)∞

∞∑
r=0

qr2

αr (2.6.1)

Take right hand side of (2.6.1),

1

(q; q)∞

∞∑
r=0

qr2
αr =

1

(q; q)∞
(1 +

∞∑
r=1

qr2
αr)

=
1

(q; q)∞
(1 +

∞∑
r=1

qr2

(−1)rq
r(3r−1)

2 (1 + qr))

=
1

(q; q)∞
(1 +

∞∑
r=1

qr2

(−1)rq
r(5r−1)

2 +
∞∑

r=1

(−1)rq
r(5r+1)

2 )

we can replace r by −r in second series;

=
1

(q; q)∞
(1 +

∞∑
r=1

qr2

(−1)rq
r(5r−1)

2 +
−1∑

r=−∞

(−1)rq
r(5r−1)

2 )

=
1

(q; q)∞

∞∑
r=−∞

(−1)rq
r(5r−1)

2 (2.6.2)

Now we will use corollary (2.2.3) of Jacobi triple product.
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Put k = 2, i = 2 in corollary (2.2.3);

∞∑
n=−∞

(−1)nq
r(5r−1)

2 =
∞∏

n=0

(1− q5n+5)(1− q5n+2)(1− q5n+3)

put this value in (2.6.2), we get;

1

(q; q)∞

∞∑
r=0

qr2
αr =

1

(q; q)∞

∞∏
n=0

(1− q5n+5)(1− q5n+2)(1− q5n+3)

=
1

(q; q)∞

∞∏
n=1

(1− q5n)(1− q5n−3)(1− q5n−2)

=
∞∏

n=1

1

(1− q5n−1)(1− q5n−4)

=
∞∏

n=1

(1− q5n−1)−1(1− q5n−4)−1

∞∑
n=0

qn2

(q; q)n

=
∞∏

n=1

(1− q5n−1)−1(1− q5n−4)−1

Proof of Identity (2.5.2)

We use (2.4.1) Bailey’s lemma as;

a = q, βn=
1

(q; q)n

, αn =


1

1− q
if n = 0

(−1)nq
n(3n−5)

2 (1 + q3n)

1− q
if n > 0


∞∑

n=0

qn2+n

(q; q)n

=
1

(q2; q)∞

∞∑
r=0

qr2+rαr (2.6.3)

take right hand side of (2.6.3) equation;

1

(q2; q)∞

∞∑
r=0

qr2+rαr =
1

(q2; q)∞
(

1

1− q
+
∞∑

r=1

qr2+rαr)
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=
1

(q2; q)∞
(

1

1− q
+
∞∑

r=1

qr2+r (−1)rq
r(3r−5)

2 (1 + q3r)

1− q
)

=
1

(q; q)∞
(1 +

∞∑
r=1

qr2+r(−1)rq
r(3r−5)

2 (1 + q3r))

=
1

(q; q)∞
(1 +

∞∑
r=1

(−1)rq
r(5r−3)

2 +
∞∑

r=1

(−1)rq
r(5r+3)

2

Replace r by −r in second series, we get

=
1

(q; q)∞
(1 +

∞∑
r=1

(−1)rq
r(5r−3)

2 +
−1∑

r=−∞

(−1)rq
r(5r−3)

2

=
1

(q; q)∞

∞∑
r=0

(−1)rq
r(5r−3)

2 (2.6.4)

Now we will use corollary (2.2.3) of Jacobi triple product.

Put k = 2, i = 1 in corollary (2.2.3);

∞∑
n=−∞

(−1)nq
n(5n−3)

2 =
∞∏

n=0

(1− q5n+5)(1− q5n+1)(1− q5n+4)

Put this value in (2.6.4) and by (2.6.3), we get;

∞∑
n=0

qn2+n

(q; q)n

=
1

(q; q)∞

∞∏
n=0

(1− q5n+5)(1− q5n+1)(1− q5n+4)

=
1

(q; q)∞

∞∏
n=1

(1− q5n)(1− q5n−4)(1− q5n−1)

=
∞∏

n=1

(1− q5n−2)−1(1− q5n−3)−1

∞∑
n=0

qn2+n

(q; q)n

=
∞∏

n=1

(1− q5n−2)−1(1− q5n−3)−1
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2.7 Combinatorial Proof of RRI

Proof of Theorem 2.5.1
1

(q; q)∞
generates partitions in atmost n parts

or

1

(q; q)∞
generates partitions into exactly n non-negative parts

Let a1 + a2 + a3 +· · ·+ an be a partition of N generated by
1

(q; q)∞

0 ≤ a1 ≤ a2 ≤ · · · ≤ an

N = a1 + a2 + a3 +· · ·+ an

b1 = a1 + 1, b2 = a2 + 3,· · · , bn = an + (2n-1)

b1 + b2 + · · ·+ bn = N + (1 + 3 + · · ·+ (2n− 1))

b1 + b2 + · · ·+ bn = N + n2

The number of partitions of N + n2 into n parts with minimum difference 2 between

the parts equals the number of partitions of N into atmost n parts

= the coefficient of qN in
1

(q; q)∞
.

Replace N by N − n2,

The number of partitions of N into n parts with minimum difference 2 between the

parts = the coefficient of qN−n2
in

1

(q; q)∞

= the coefficient of qN in
∞∑

n=0

qn2

(q; q)n

The required generating function for partition with minimum difference 2 =

∞∑
n=0

qn2

(q; q)n

.
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Proof of Theorem 2.5.2
1

(q; q)∞
generates partitions in atmost n parts

or

1

(q; q)∞
generates partitions into exactly n non-negative parts

Let a1 + a2 + a3 +· · ·+ an be a partition of N generated by
1

(q; q)∞

0 ≤ a1 ≤ a2 ≤ · · · ≤ an

N = a1 + a2 + a3 +· · ·+ an

b1 = a1 + 2, b2 = a2 + 4,· · · , bn = an + 2n

b1 + b2 + · · ·+ bn = N + (2 + 4 + · · ·+ 2n)

b1 + b2 + · · ·+ bn = N + n2 + n

The number of partitions of N + n2 + n into n parts with minimum difference 2

between the parts and parts ≥ 2 equals to the partition of N into atmost n parts.

= the coefficient of qN in
1

(q; q)∞
.

Replace N by N − n2 − n,

The number of partitions of N into n parts with minimum difference 2 between the

parts and parts ≥ 2 = the coefficient of qN−n2−n in
1

(q; q)∞

= the coefficient of qN in
∞∑

n=0

qn2+n

(q; q)n

The required generating function for partition with minimum difference 2 =

∞∑
n=0

qn2+n

(q; q)n

.
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CHAPTER III

Some Results Analogues to Rogers-Ramanujan

Identities

3.1 Introduction

Our objective in this chapter is to interpret some q-series identities [14] as generating

function for certain ordinary partition function. In the next section we give our main

results.

3.2 Main Results

Theorem 3.2.1 The number of partitions of k,

k = a1 + a2 + a3 + · · ·

with

a1 > a2 ≥ a3 > a4 ≥ · · ·

is equal to the number of partitions of k into parts which are 1, 3, 4, 5, 7, 9, 11, 13,

15, 16, 17 or 19 mod 20.

Theorem 3.2.2 The number of partitions of k,

k = a1 + a2 + a3 + · · ·

with

a1 ≥ a2 > a3 ≥ a4 > · · ·

is equal to the number of partitions of k into parts which are 1, 2, 5, 6, 8, 9, 11, 12,

14, 15, 18 or 19 mod 20.
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Theorem 3.2.3 The number of partitions of k,

k = a1 + a2 + a3 + · · ·

with

a2 − a1 ≥ 2, a3 ≥ a2, a4 − a3 ≥ 2, · · ·

is equal to the number of partitions of k into parts which are 1, 4, 6, 7, 9, 10, 12, 15

mod 16.

Theorem 3.2.4 The number of partitions of k,

k = a1 + a2 + a3 + · · ·

with

a1 ≥ 2, a2 ≥ a1, a3 − a2 ≥ 2, a4 ≥ a3, · · ·

is equal to the number of partitions of k into parts which are 2, 3, 4, 5, 11, 12, 13,

14 mod 16.

Our proofs of theorems 3.2.1− 3.2.4 depend upon the L.J. Slater identities [16].

3.3 Proof of Main Results

Proof of Theorem 3.2.1 The generating function for partition function defined in

theorem 3.2.1 is;

∞∑
r=0

qr2

(q; q)2r

=

∞∏
r=0

1

(1− q20r+1)(1− q20r+3)(1− q20r+4)(1− q20r+5)(1− q20r+7)(1− q20r+9)

(1−q20r+11)(1−q20r+13)(1−q20r+15)(1−q20r+16)(1−q20r+17)(1−q20r+19)

(3.3.1)
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Let p1(k) denote the number of partitions of k,

k = a1 + a2 + a3 + · · ·

with

a1 > a2 ≥ a3 > a4 ≥ · · ·

Any such partition of k has, for some s ≥1, 2s− 1 or 2s parts.

Suppose

k = a1 + a2 + a3 + · · ·+ a2s−1

with

a1 > a2 ≥ a3 > a4 ≥ · · · ≥ a2s−1

then

a2s−1 ≥ 1, a2s−2 ≥ 1, a2s−3 ≥ 2, · · · , a2 ≥ s− 1, a1 ≥ s;

and if we substract

1 from a2s−1, 1 from a2s−2,· · · , s from a1,

there remains a partition of k − s2 into at most 2s− 1 parts.

Similarly if,

k = a1 + a2 + a3 + · · ·+ a2s

with

a1 > a2 ≥ a3 > a4 ≥ · · · ≥ a2s−1 > a2s

then
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a2s ≥ 1, a2s−1 ≥ 2, a2s−2 ≥ 2, · · · , a2 ≥ s, a1 ≥ s+ 1;

and if we substract

1 from a2s, 2 from a2s−1,· · · , s+1 from a1.

there remains a partition of k − (s2 + 2s) into at most 2s parts. Thus,

1+
∞∑

k=1

p1(k)qk = 1+
∞∑

s=1

qs2

(q; q)2s−1

+
∞∑

s=1

qs2+2s

(q; q)2s

=
∞∑

r=0

qr2

(q; q)2r

by (3.3.1) establishes the theorem.

Proof of Theorem 3.2.2 The generating function for partition function defined in

theorem 3.2.2 is;

∞∑
r=0

qr2+r

(q; q)2r+1

=

∞∏
r=0

1

(1− q20r+1)(1− q20r+2)(1− q20r+5)(1− q20r+6)(1− q20r+8)(1− q20r+9)

(1−q20r+11)(1−q20r+12)(1−q20r+14)(1−q20r+15)(1−q20r+18)(1−q20r+19)

(3.3.2)

Let p2(k) denote the number of partitions of k,

k = a1 + a2 + a3 + · · ·+

with

a1 ≥ a2 > a3 ≥ a4 > · · ·

Any such partition of k has, for some s ≥1, 2s− 1 or 2s parts.
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Suppose

k = a1 + a2 + a3 + · · ·+ a2s−1

with

a1 ≥ a2 > a3 ≥ · · · ≥ a2s−2 > a2s−1

then

a2s−1 ≥ 1, a2s−2 ≥ 2, a2s−3 ≥ 2, · · · , a2 ≥ s, a1 ≥ s;

and if we substract

1 from a2s−1, 2 from a2s−2,· · · , s from a2, s from a1,

there remains a partition of k − (s2 + s− 1) into at most 2s− 1 parts.

Similarly if,

k = a1 + a2 + a3 + · · ·+ a2s

with

a1 ≥ a2 > a3 ≥ · · · > a2s−1 ≥ a2s

then

a2s ≥ 1, a2s−1 ≥ 1, a2s−2 ≥ 2, a2s−3 ≥ 2, · · · , a2 ≥ s, a1 ≥ s

and if we substract

1 from a2s, 1 from a2s−1, 2 from a2s−2,· · · ,s from a2, s from a1;

there remains a partition of k − (s2 + s) into at most 2s parts. Thus,

1+
∞∑

k=1

p2(k)qk = 1+
∞∑

s=1

qs2+s−1

(q; q)2s−1

+
∞∑

s=1

qs2+s

(q; q)2s
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=
∞∑

r=0

qr2+r

(q; q)2r+1

by (3.3.2) establishes the theorem.

Proof of Theorem 3.2.3 The generating function for partition function defined in

theorem 3.2.3 is;

∞∑
r=0

q2r2+2r

(q; q)2r+1

=

∞∏
r=0

1

(1− q16r+1)(1− q16r+4)(1− q16r+6)(1− q16r+7)(1− q16r+9)

(1− q16r+10)(1− q16r+12)(1− q16r+15)

(3.3.3)

Let p3(k) denote the number of partitions of k,

k = a1 + a2 + a3 + · · ·+

with

a2 − a1 ≥ 2, a3 ≥ a2, a4 − a3 ≥ 2, · · ·

a1 ≥ 1, a2 ≥ 3, a3 ≥ 3, a4 ≥ 5, a5 ≥ 5, · · ·

Any such partition of k has, for some s ≥1, 2s− 1 or 2s parts.

Suppose

k = a1 + a2 + a3 + · · ·+ a2s−1

with

a1 ≥ 1, a2 ≥ 3, a3 ≥ 3, · · · , a2s−2 ≥ 2s− 1, a2s−1 ≥ 2s− 1

and if we substract
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1 from a1, 3 from a2,· · · , 2s− 1 from a2s−2, 2s− 1 from a2s−1,

there remains a partition of k − (2s2 − 1) into at most 2s− 1 parts.

Similarly, suppose

k = a1 + a2 + a3 + · · ·+ a2s

with

a1 ≥ 1, a2 ≥ 3, a3 ≥ 3, · · · , a2s−2 ≥ 2s− 1, a2s−1 ≥ 2s− 1, a2s ≥ 2s+ 1;

and if we substract

1 from a1, 3 from a2,· · · , 2s-1 from a2s−2, 2s-1 from a2s−1, 2s+1 from a2s

there remains a partition of k − (2s2 + 2s) into at most 2s parts. Thus,

1+
∞∑

k=1

p3(k)qk = 1+
∞∑

s=1

q2s2−1

(q; q)2s−1

+
∞∑

s=1

q2s2+2s

(q; q)2s

=
∞∑

r=0

q2r2+2r

(q; q)2r+1

by (3.3.3) establishes the theorem.

Proof of Theorem 3.2.4 The generating function for partition function defined

in theorem 3.2.4 is;

∞∑
r=0

q2r2

(q; q)2r

=

∞∏
r=0

1

(1− q16r+2)(1− q16r+3)(1− q16r+4)(1− q16r+5)(1− q16r+11)

(1− q16r+12)(1− q16r+13)(1− q16r+14)

(3.3.4)
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Let p4(k) denote the number of partitions of k,

k = a1 + a2 + a3 + · · ·

with

a1 ≥ 2, a2 ≥ a1, a3 − a2 ≥ 2, a4 ≥ a3, · · ·

a1 ≥ 2, a2 ≥ 2, a3 ≥ 4, a4 ≥ 4, a5 ≥ 6, · · ·

Any such partition of k has, for some s ≥1, 2s− 1 or 2s parts.

Suppose

k = a1 + a2 + a3 + · · ·+ a2s−1

with

a1 ≥ 2, a2 ≥ 2, a3 ≥ 4, · · · , a2s−2 ≥ 2s− 2, a2s−1 ≥ 2s

and if we substract

2 from a1, 2 from a2,· · · , 2s− 2 from a2s−2, 2s from a2s−1,

there remains a partition of k − (2s2) into at most 2s− 1 parts.

Similarly, Suppose

k = a1 + a2 + a3 + · · ·+ a2s

with

a1 ≥ 2, a2 ≥ 2, a3 ≥ 4, · · · , a2s−2 ≥ 2s− 2, a2s−1 ≥ 2s, a2s ≥ 2s

if we substract,
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2 from a1, 2 from a2,· · · , 2s− 2 from a2s−2, 2s from a2s−1, 2s from a2s

there remains a partition of k − (2s2 + 2s) into at most 2s parts. Thus,

1+
∞∑

k=1

p4(k)qk = 1+
∞∑

s=1

q2s2

(q; q)2s−1

+
∞∑

s=1

q2s2+2s

(q; q)2s

=
∞∑

r=0

q2r2

(q; q)2r

by (3.3.4) establishes the theorem.

3.4 Conclusion

Many more q-series identities similar to Roger-Ramanujan identities may be found

in [1], [12], [11], [7], [9], [16], [8]. In this thesis, we have used only ordinary partition

theoretic interpretations, but in literature we may find many more combinatorial

objects such as coloured partition [2] lattice paths [3] and Frobenius Partitions [10]

for studying combinatorial interpretations of some q-series identities.
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