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Abstract

Mathematical models can be used to study various non-equilibrium systems that are
of current interest. Among them, traffic flow is the most important one. In this light,
present research contributes to the modeling and analysis of some real traffic charac-
teristics using lattice hydrodynamic approach. Under lattice hydrodynamic approach,
space is discretized in the form of lattice sites. The model is formed by the set of
continuity equation and a momentum equation consisting of global variables that de-
scribe the aggregate behavior of traffic flow at each site. Traffic problems are defined
by considering road design such as curved road and curved road with slope as well as
driver’s behavior both for one and two lane. Furthermore, the effect of heterogeneous
traffic on unidirectional single lane highway is presented. The most common feature
of overtaking has also been incorporated in lattice model using feedback control for
one dimensional system. Moreover, the extensions are made for two dimensional sys-
tem by incorporating the effect of bidirectional flow. All the models are analyzed
theoretically by linear as well as nonlinear analysis and theoretical investigations are
validated through numerical simulations. With the aim to investigate, how different
factors affect the stability of traffic flow, models are analyzed and programming is
done on MATLARB software. The effect of different parameters representing different
traffic phenomena has been presented through graphs. The thesis is presented in six

chapters:

In Chapter 1 background of the proposed study followed by its need is given. Then
the objective is defined along with the justification of the study. Further, the tools
and techniques adopted in the study are discussed. Briefly, the scope and limitation

of the study are proposed.

Chapter 2 is devoted to the problem of traffic due to road geometry. We propose an
improved lattice model for curved road by including the impact of driver’s characteris-
tics on a unidirectional one lane road. Parameters representing the influence of curved
road and driver’s behavior are added to Nagatani’s model [1]. With the aim to derive
the stability conditions for the new model, linear analysis is conducted and to ana-
lyze the evolution of density waves near critical point, nonlinear analysis is performed.
Phase plot in the (p, a) plane, presenting the neutral and coexisting curves are plotted
which reflect the influence of the curved road angle and the intensity of driver’s at-
tribute on dynamics of traffic. It is found that the curved road angle negatively impact

the flow stability and aggressive drivers help in overcoming the congestion. In order to
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represent traffic jams in terms of density waves, kink solution is obtained by deriving
mKdV equation in the neighborhood of critical point. Theoretical investigations are
confirmed through numerical simulations and then the summary of results as well as

future scope is given.

Chapter 3 deals with the problem of traffic on curved road with slope by incorporating
driver’s anticipation effect. As in real traffic situations, design of roads affect flow
conditions, thus an important aspect of road designs, i.e., curved road having slope
is incorporated in the lattice model. As in Chapter 2, description for curved road is
given that have negative impact on stability of low. But what if curved road also have
slope? Clearly it gives rise to more serious congestion. So, the Chapter is devoted to
the model for curved road with slope on two lane highway along with anticipation
effect of drivers. The effects of different slopes on traffic flow phenomena are presented
and are examined theoretically via linear and nonlinear analysis. Phase plot, showing
the impact of different angles of slopes is presented. Simulation is performed and the
results agree with the theoretical analysis. At last, the summary of results is given

with possible future scope.

The influence of heterogeneous vehicles on traffic flow is explored in Chapter 4.
All lattice models presented before deals with homogeneous traffic flow, but in real
traffic situations there exists different vehicles that affect vehicular flow differently.
Thus by using lattice approach, a new model is presented by considering two distinct
kinds of vehicles. One type of vehicles are small and the other one are taken to be
large. The model is developed by including the parameters representing the impacts
of heterogeneous mix as well as optimal current difference effect for one lane road.
For the purpose to check the influence of bigger and smaller vehicles on stability of
flow, the model is analyzed theoretically via linear as well as nonlinear analysis. Two
phase plots are presented; one for a parameter representing heterogenous mix and
other represent five distinct regions corresponding to the fraction of mixed vehicles. It
is shown that bigger vehicles cause congestion and smaller vehicles are liable to reduce
congestion. In addition, mKdV equation representing kink antikink density waves is
obtained near critical point. Then simulation is performed and the summary of results

is given.

In Chapter 5, basic lattice model is extended by taking the passing effect using
feedback control. Control theory is used and the stability of the system is checked by
using Hurwitz criteria and H,, norm of transfer functions are obtained. The efficiency
of control signal in minimizing the jamming transitions due to passing is shown through

Bode plot. The results show that the control parameter helps in reducing congestion
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and makes the flow stable even at higher rate of passing. In order to justify the
theoretical results numerical simulation is conducted. In the end of the Chapter,

conclusion of results is given.

Lattice model for bidirectional flow on a square lattice is presented in Chapter 6.
Because in real traffic situations vehicles can move in any possible direction and the
flow varies according to the route choice of drivers. Thus, the effect of bidirectional
flow on a square lattice is analyzed with optimal current difference effect. Theoretical
investigations are done using linear and nonlinear analysis. Results are presented by
taking different fractions of cars moving in different directions. Results show that the
flow will be uniform in case of an equal fraction of vehicles otherwise unequal frac-
tions of vehicles give rise to congestion. The results also show that optimal current
difference help in making the flow more stable. The results are found compatible with
the characteristics of real network situations. The validity of theoretical investiga-
tions is checked through numerical simulation and the last section refers to concluding

remarks.

As in the present thesis, traffic flow models describing some features of real road
situations using lattice approach are presented and traffic jams are represented in
terms of kink density waves. Therefore, possible future scope based on the significance

of lattice approach is also given in the end.
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Chapter 1

Introduction

Transportation is a key tool that helps people and goods to reach their destinations
at minimum cost and in the shortest possible time. The whole process is followed by
the steps of defining goals and objectives, identifying problems and developing plans.
Nowadays, the increasing vehicular traffic not only damages the environment but also
slowing down economic growth. In transport policy, planning, and engineering, traffic
forecasts are therefore used to calculate infrastructure capacity, e.g., how many lanes
should be there on a road or bridge and to evaluate the impacts related to environ-
ment (air and noise pollution). Furthermore, transport forecasts are an attempt to
evaluate the proportion of vehicles and people using particular facility related to future
transport infrastructure. For the task of estimating the capacity of road infrastruc-
ture, transportation engineers apply the comprehensive approach in order to inspect
the existing alternatives and their impacts on the transportation system to influence

advantageous results.

Due to urbanization, roadways needs to get redesigned for better traffic containment
and management to mitigate traffic congestion. Nowadays, the strategy has been cari-
catured as ‘predicting and providing’ rule, i.e., to predict future transport demand and
provide an efficient network, usually by building an efficient road network. However,
the thought has been devoted to the analysis of the fundamental mechanisms which
operate to control the movement of traffic. For that, several interesting theoretical

approaches to the characterization of these mechanisms have been developed.

Historically, the field of transport engineering starts becoming a practical discipline
when researchers from various fields start solving particular traffic problems. Nowa-
days, the developing area of study known as traffic flow theory which explains the
properties of traffic based on mathematical and statistical ideas [2,3]. During this
highly active period, mathematics established itself as a solid basis for theoretical
analysis of traffic phenomena. Based on the theoretical analysis, a transportation en-
gineer is able to answer: when do traffic jams emerge, when the queuing takes place,
how long will the traffic queues be, how long they spread in space and time and how

much time the traffic jams will take to get resolved. In addition, strategies adopted to
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expand roads and to measure traffic can affect functioning of traffic either directly or

indirectly by influencing driving behavior.

The field evolved further by the emergence of technology; the engineers follow more
control oriented methods as a means of reducing congestion at intersections, e.g.,
adaptive traffic control system (ATCS). Nowadays, the field has been embraced by
the industry called intelligent transportation system (ITS), covering nearly all aspects
of the transportation community. The theory of traffic require the knowledge of the
fundamental characteristics and gives an accurate description of queue formation and
evolution [4] of traffic jams. Because traffic congestion show discontinuities thus there
exists a correspondence between traffic congestion and shock waves [5,6]. Traffic flow
theories can be seen as the foundation of traffic science and are aimed at providing
an understanding of phenomena associated with the movement of individual vehicles

along a highway as they interact with neighboring vehicles.

1.1 Classification of traffic low models

Phenomena of traffic flow is highly complex and nonlinear, and is influenced by differ-
ent factors: driver-vehicle combinations (driver’s characteristics like age, gender etc.
and vehicle characteristics, small or large), traffic conditions (different speeds and den-
sities), state of infrastructure (design and conditions of road) and impacts of external
situations (weather and driving rules). Therefore, to capture the essential features
present in real traffic situations; traffic flow models can be categorize as: continuous

or discrete, analytical or simulation, deterministic or stochastic etc.

e Stochastic models use random elements to describe aspects of the traffic flow
which are unknown, immeasurable, impossible to model. For example, different

drivers can react in a different way in the same situation.

e Deterministic models are based on an exact relationship without any randomness.
The formulation of car following models can be done in both ways (deterministic
or stochastic) as the reaction time of drivers can be defined as a constant or

random variable.

The most general categorization of traffic models follow the ‘level of detail’. This
categorization can be operationalized by taking into account the distinct traffic entities
and their level of description in the respective models. Various researchers tried to

categorize these models based on various factors as enumerated below:
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1.1.1 Microscopic models

Microscopic models define traffic flow as a set of individual vehicles by providing a de-
tailed description of the individual speeds, positions, and accelerations using ordinary
differential equations. Vehicle’s velocity and position define the state of the system as
dependent variables of the time variable. The characteristic of the individual vehicle
is modeled by combination of two conditional equations: One is temporal derivative

of position z,,(t) of n" vehicle at t time which is equal to speed:
In(t) = up(t), (1.1.1)

and the second is temporal derivative of its velocity w,(t) at time ¢ which is equal to

its acceleration a,(t):
U (t) = a,(t). (1.1.2)

Basic variables that represent the microscopic models are: headway, space and speed.

Variable | Symbol | Unit
Headway | h sec
Space S1 m
Speed u m/sec

Table 1.1: Microscopic variables [2]

The distance between following and leading vehicles can be defined as net space head-
way (or gap) and the gross space headway is the distance in which the length of the
vehicle (following) is also included, i.e., the distance from the rear bumper of the leader

((n+1)"
headway can be defined as the time taken by the follower (with its front bumper) to

vehicle) to the rear bumper of the follower (n'® vehicle). Likewise, net time

arrive at the location of the rear bumper of the leader. Moreover, if the time taken
by the vehicle to cover the distance of vehicle length is also included then it is called
the gross time headway (or headway). Speed can be determined by the amount of
distance covered by the vehicle in a unit of time. Generally, by headway and spacing
we mean gross values. The length of the vehicle remain unchanged so, gross or net
space headway is same. On the contrary, the variation in gross and net time headway

difference is due to the speed of the vehicle.

Car following models come into the category of micro models. Microscopic models are

useful [3] for the following applications:
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e Visualization of interactions among different participants in traffic (cars, trucks,

buses, cyclists etc.).
e Describing human driving behavior, e.g., different driving styles.

e Modeling how single vehicle affects traffic, e.g., vehicle-vehicle and infrastructure-

vehicle communication.

Un+1(t} é

Figure 1.1: An illustration of microscopic models.

1.1.1.1 Car following models

Car following models follow the assumption that the motion of every individual vehicle
depend on the distance and velocity difference to the ahead vehicle [7]. Car following
theories [8-10] follow the Newton’s laws of motion. In mechanics, acceleration is a
form of response to the stimulus that the particle receives in terms of force. This force
is the combination of the external forces and the forces resulting by the interaction of
the particle with other particles in the system [11]. Therefore in the traffic stream,
by accelerating or decelerating the vehicle, driver responds to the surrounding traffic
conditions. The difference of speeds among leading and following vehicles as well as
the distance headway work as a stimulus to the driver. General formulation of car

following models is described by the following equation:
a, = G(u,, Az, Auy,), (1.1.3)

where G denotes the stimulus gained by vehicle n. Different categorizations of car
following models exist; among them, the models developed at general motors research
laboratories come under the category of GHR models [12-16]. The basic philosophy of
GHR type models is that the follower (n'® vehicle) responds to the non-zero relative

th

speed between itself and the leading vehicle ((n + 1)" vehicle) by accelerating or

decelerating its own speed. The relative speed behaves like a stimulus to the follower;
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and the acceleration or deceleration of the follower caused by the stimulus is vehicle’s
response. The degree to which a given stimulus affects the response, is a function of
the distance headway among the follower and leader and the speed of the follower.

Mathematical formulation of the GHR type models is:

Wk, ) (un(t + 7))X
(@41 (t) = 2a (1))

an(t+7) = { F i () = un (1)), (1.1.4)
where k and x are the exponents and the dimensions of the constant W (k,y) are
dependent on them. The sensitivity is represented by the term under braces and the
term inside the brackets represent stimulus. Some other models [17-21] are also special

case of general motors model.

Optimal velocity models (OVM) [22-25] follow the assumption that each vehicle has
an optimal velocity depending upon its distance from the preceding vehicle. The
difference between the actual velocity u,(t) and the optimal velocity V' determines the

acceleration of n'* vehicle. General formulation of these models is given below:
a,(t) = alV(Ax,(t — 7)) — un(t — 7)] + VA, (t) H(—Auy,(t)). (1.1.5)

OVM developed by Bando et al. [22,23] is a well known micro model due to its
capability in analyzing numerous features of traffic flow, i.e., traffic congestion and its

variation and the development of stop-start waves.

Many extended versions of microscopic optimal velocity models have been developed
by taking realistic features into account [26-33]. Recently, by taking the effect of
lateral gap in the micro model; the characteristics of electric vehicles are analyzed in
transportation cyber-physical system [34]. Jin et al. [35] investigated the nonlinear
density waves in a modified car following model by considering memory and jerk. By
taking into account the characteristics of curved and straight roads, the control signal
has been investigated using car following model [36]. An extended micro model taking
the variable safety distance and time delay effect has been constructed based on the
classical car following theory [37]. By taking multiple preceding car’s speed differences
as well as the difference between headway and safety distance into account, a modified
control signal has been presented from the viewpoint of feedback control method. An
extended car following model accounting for cooperation driving system with vehicle’s
velocity uncertainty is proposed following the full velocity difference model [38]. Latest
advancements in car following models considering the human behavior are presented
in review paper [39]. In addition, review on optimal velocity models is also presented
40].
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1.1.2 Macroscopic models

In order to define traffic flow, macroscopic models utilize the aggregate quantities, i.e.,
the description of traffic flow is analogously to gases or liquids in motion. Therefore,
these models are sometimes called ‘hydrodynamic models’. In these models, traffic
flow is characterized by locally aggregated quantities (p, ¢, v), i.e., density, flow, and
average velocity associated with flux relation. The independent variables are location
x and time ¢ corresponding to which these aggregated quantities vary. Let us assume
a small section [z, z + dz) of road. Then the density is the number of vehicles passing
through a point per unit length at an instant ¢. Flow is the number of vehicles passing
through a point per unit time. There are two different ways to measure velocity: space
mean velocity and time mean velocity. When velocity is measured by keeping space as
reference then it refers to the space mean velocity; on the other side when time is kept
as reference then it refers to time mean velocity. Time mean velocity is the average

of local velocities of all vehicles crossing a point = during the time interval [t, ¢ + dt):

n

vz, t) = %Zvi, (1.1.6)

i=1
where v; denotes local velocity of i vehicle and the number of vehicles is denoted by

n. Space mean velocity of local velocity distribution is defined by its harmonic mean:

n
it

All three variables (p, v, q) are related by the relation ¢ = pv.

v(x,t) = (1.1.7)

l ‘Fluidized’ Vehicles

q(xa,t) q(xz,t)

v(x1,t) v(xaz,t)

X1 p(x,t) X2

Figure 1.2: An illustration of macroscopic models.
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Variable Symbol | Unit
Flow q(z,t) | veh/hr
Density p(x,t) | veh/km
Average speed | v(z,t) | km/hr

Table 1.2: Macroscopic variables [2]

Therefore, macroscopic models can explain the phenomena in aggregate terms, such
as the evolution of jammed regions or the speed of traffic wave propagation. The
behavior of aggregate quantities in continuous traffic flow is modeled by two conditional
equations. The first is the continuity equation, which assures the conservation of
mass and the second one is an equation of motion which assures the conservation of

momentum. Furthermore, macroscopic models are useful [3] if:
e Macroscopic quantities are of particular interest.
e Simulation time is more due to large system of equations.
e Available data come from heterogeneous sources and is inconsistent.
e Describe major properties of traffic flow, i.e., queue formation and shock waves.

Continuum models are an example of macroscopic models which can be further di-
vided into two categories: First-order continuum models and second-order continuum

models.

First-order continuum model

Lighthill, Whitham [41] and Richards [42] in 1950's proposed LWR (Lighthill- Whitham-
Richards) model which is the first-order continuum traffic flow model. It models traffic

flow as continuum similar to fluid and is governed by two main postulates:
e Number of vehicles remain conserved.
e The average velocity is a function of density under equilibrium conditions.

LWR model explains the traffic flow dynamics using fundamental variables and the

continuity equation of the model is given by:

Op + 0.(pv) = 0. (1.1.8)
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The on and off ramp flows are not considered here. By considering the velocity-density

relationship v = V(p), the model acquires nonlinear scalar conservation equation:
0ip + 02 (pV (p)) = 0, (1.1.9)

V(p) in (1.1.9) denotes equilibrium velocity function and having the following proper-

ties:
e V(p) is strictly decreasing in p € (0, pmax)-

e The maximum and minimum velocities are V(0) = Vi and V(pmax) = 0 re-

spectively.

e If q.(p) = pV(p) and q.(p) < 0, then the LWR model is analogous to the
Burger’s equation and is characterized by nonlinear waves, known as shocks and
rarefaction. These shocks or rarefaction waves arise from an increase or decrease

in density downstream.

Limitations

e One of the basic assumptions regarding velocity in the LWR model is its de-
pendence solely on density. The demerit for this assumption is that when such
speed-density functions are used the traffic will be in equilibrium, i.e., given a
specific density the velocity will be fixed. Moreover, the model does not recog-
nize the desired velocity distribution over vehicles. The model, therefore, can

not describe the observed behavior in light traffic.

e [t fails to model two important traffic phenomena: stop-start waves caused by

instability in traffic flow and forward propagation of disturbances in heavy traffic.

e The model has no inertial effects, which means that the vehicles instantly adjust
their speeds. It does not contain any diffusive terms that can model the driver’s

ability to look forward and to adjust in changing conditions.

e Produces discontinuous solutions regardless of initial conditions being smooth.

Higher-order continuum model

By keeping the idea of first-order continuum model, higher-order continuum models

follow the assumption that the velocity is not a function of density alone, but also of
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its gradient p, and higher ordered terms p,., i.e., diffusion.

v =V (p, pt, Py Py ), (1.1.10)

which means that the drivers not only adjust their speed according to local traffic
situations but as per the situations ahead. In order to improve the LWR model [41,42],
a different approach has been adopted by developing speed evolution equation that
allows non-equilibrium states (p,v) to deviate from the equilibrium curve (p, V(p)).

Its general formulation is:

bt ey, YW= 1w (1.1.11)
~— T P P
Conwvection v Vv
Reaction Anticipation

where the total time derivative of v is the sum of two terms, actual velocity v; and
Convection term vv, that describes the variations in average velocity caused by inflow-
ing vehicles with different velocities. Reaction term explains the driver’s tendency to
achieve the desired velocity. Driver’s anticipation behavior corresponding to changing
traffic conditions ahead is represented by the Anticipation term. The local anticipa-
tion behavior of drivers is described by the pressure term P, and the term v,, denotes
diffusion describing higher order tendencies of drivers. If the pressure term takes the
value P = pcy? and = 0 then Payne’s model [43] can be recovered which is the
first higher-order model in traffic flow theory. Payne’s model [43] originates from the
following equation:

u(z(t+7),t+7) = ulp(x + s1),1t). (1.1.12)

Additionally, Phillips [44] choose P = po; (p), Kuhne [45], Kuhne and Michalopou-
los [46] and Kerner and Konhéuser [47] choose P = pcy? and ) = 1. More serious
problem present in Payne’s model as pointed out by Daganzo [48] is that the charac-
teristic speed travels faster than vehicles. This means that the vehicles from behind
can influence vehicles in front, which violates the anisotropic property of traffic flow.
Moreover, Payne’s model is found to be diffusive because diffusion travels both ways.
Payne’s model can produce negative travel speeds (‘wrong way travel’) under certain
circumstances. So as to remove the deficiencies of Payne’s model, as pointed out by
Daganzo, modified models were presented [49,50] and a review is also presented [51].
After that many extensions were proposed for continuum models by adding realis-
tic factors such as two lane [52,53], heterogeneous traffic [54], interruption probabil-
ity [55], traffic jerk [56,57], driver’s memory effect [58], timid and aggressive attributes
of drivers [59]. Recently, a modified continuum model [60] is proposed following the full
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velocity difference model that consider the effect of driver’s anticipation. Furthermore,
by considering the multiple optimal velocity functions with probabilities, new macro
model [61] is developed. Recently, the optimal velocity difference effect is analyzed by
Fan et al. [62] in an extended continuum model. In addition, a novel continuum model
is presented [63] by considering the electronic throttle (ET) dynamics to capture the

behavior of vehicles in traffic flow.

1.1.3 Mesoscopic models

Mesoscopic models follow the properties of the family of micro and macro models.
Mesoscopic models describe comprehensive behavior of vehicles using probability dis-
tributions but with special considerations for microscopic characteristics (i.e., driving
behavior etc.). Gas kinetic models and continuum gas kinetic models come into the
category of mesoscopic models. The gas kinetic models describe traffic phenomena in
terms of reduced phase-space density (PSD) p(x,v,t) as a mesoscopic generalization
of macroscopic density p(z,t). Let us consider a road segment [z,x + dz), then the
reduced PSD is the expected number of vehicles moving with velocity [v,v + dv) on
this segment equals p(z,v,t)dxdv. Following equation was given by Prigogine and
Herman [64]:

Oip 4+ v0:p = (9¢p)ace + (01P)int (1.1.13)

where the term (0;p)qc represents the changes due to acceleration in order to achieve

desired velocity and (0;p);,: denotes changes resulted by vehicular interactions.

1.2 Fundamental relation between microscopic and

macroscopic variables

In microscopic view, there exists a fundamental relationship among three fundamental
variables: headway (h), spacing (s1) and speed (u) [2]. The headway times the speed
results to spacing. The relationship between microscopic variables can be expressed
in the following form:

s1 = hu. (1.2.1)

10
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Microscopic | Macroscopic
_1

h q=5
_ 1

S1 P= 5

U v = %

s1 = hu q=pv

Table 1.3: Relationship among micro-macro variables

This relationship has a macroscopic equivalent as headways and spacings have macro-

scopic counterparts. After reordering (1.2.1):

1 1

- = —u. 1.2.2

e (1.2.2)
By using ¢ = % and p = i, (1.2.2) results to:

q=pv. (1.2.3)

Thus the flow ¢ is proportional with both v and p.

1.2.1 Classical theory of traffic flow

Traffic models follow the assumption that there exists a space-velocity relationship.
This relation was firstly studied by Greenshields [65] and is called the fundamental

relation. However, it is also possible to express fundamental relation using macroscopic

variables: density (p), flow (¢) and velocity (v).

speed-flow relationships are given in the following table:

Some classical speed-density and

Model

Speed-density function

Speed-flow funcion

Greenshields [65]
Greenberg [66]

Underwood [67]

p = pras(1— 72=) 7 (8 > 0)

P = ProaxexD (= 772)

P = P (311 (122)) 7 (61 > 0)

q = pmaxv(1 - Vr:ax)%

q = pmaerXp( - Vr:ax)

1= pmast (B (52))

Table 1.4: Classical speed-density and speed-flow relationships [68]

11
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1.2.2 Properties of fundamental relation
Castillo et al. [69] proposed the following properties of a sound fundamental rela-
tion:

e The range of values of equilibrium velocity is from zero to V., i.e., free flow

speed.
e The density ranges from zero to jam density, i.e., maximum value pyax.
e At the extreme density values the velocities are V(0) = Vi and V(ppax) = 0.
e At the extreme density values the values of flow are ¢(0) = ¢(pmax) = 0.

e At the extreme density values, maximum velocity and congestion wave velocity

are the slopes of the fundamental relation given as: V.. = %(‘10) and w = dp(;lia ik

e The fundamental relation is strictly concave: jipg < 0 for almost all p € [0, prax)-

1.3 Phase transitions

By ‘phase transition” we mean the change of physical state in a given substance, for
example, liquid<—svapor. It has been shown in [70] that the traffic may exhibit two

distinct phases:

e Free flow phase: Free flow phase refers to the conditions under which all

vehicles can achieve an optimal level of velocity.

e Congested phase: Congested phase can be defined as a phase of traffic under
which the vehicle’s velocity remains below the minimum achievable velocity in

free flow, i.e., the velocity is associated with the limit point.

Mathematically, it can be represented by conservation laws in following form:

h(U) +0x(F(U)) =0, tel0,00), Uef, QCR"
U(0,z) =Up(x), ze€R" F:Q—R" smooth,

(1.3.1)

where U represents an unknown vector of the conserved variables and flux function is
denoted by F'. The system is strictly hyperbolic and the solution of these equations

may develop discontinuities in finite time. In presence of phase transitions, () is the

12
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disjoint union of two (or more) sets, called phases.
Q2 =0,UQ,. (1.3.2)

A phase transition is a jump discontinuity between states belonging to different phases,
solution of the above system (1.3.1) can be constructed with the following form of initial

data:

U, if z<0,
Uy(x) = (1.3.3)
Ug, if x>0.

1.4 Formation and characterization of traffic jams

It is well known that a uniform flow equilibrium exists for low density of traffic where
vehicles follow one another at the same speed, whereas oscillations may occur when
traffic becomes more dense. One of the typical oscillations is the stop and go wave,
when the speed breaks down and vehicles get densely packed on a highway segment.
The congested regime of finite length is enclosed by two fronts traveling at the same
speed: a stop front in which vehicles enter the congested region and a go front in
which vehicles leave the congested state. The term ‘phantom jams’ can be used for
these waves resulted in spontaneous fluctuations. By examining a number of aerial
photos of a multi-lane road, direct empirical evidence was presented for the formation
of spontaneous jams in [71]. In addition, an experiment was conducted [72] on a circular
road without bottleneck by taking 22 equally spaced vehicles into account. Initially,
all vehicles are distributed homogeneously and move with the same velocity. A small
fluctuation in the homogeneous flow grows larger and resulted as a jam cluster which
propagates backward like a single pulse density wave with the same speed as that of
jam. In order to boost up the experimental evidence, Nakayama et al. [73] conducted
an experiment on a circular road. For that, vehicles were distributed homogeneously on
the road and were running with the same velocity. After 10 minutes traffic jam emerged
spontaneously on road. Based upon the analysis, it was confirmed that for the density
higher than the critical level, a small amplitude disturbance in uniform flow generated
localized regions of high density. Jamming states which emerge in vehicular traffic and
then die out are called stable when density is low. But flow becomes unstable when
density rise above the jam density and the disturbance amplifies in time resulting in
terms of propagating density waves. Theoretical and empirical evidence [72,74, 75]
shows that traffic congestion appears in the form of density waves. Among them,

continuum models characterize traffic in the form of density and velocity fields by

13
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using partial differential equations. Currently, macroscopic models use hyperbolic
partial differential equations. In order to represent traffic jams in the form of density
waves, nonlinear wave equations have been proposed. In traffic flow theory, Burger’s,

KdV and mKdV equations have been presented as the typical ones.

Through numerical solution of the hydrodynamic models, a single pulse density wave
was observed by Kerner and Konhéuser [47] (as shown in Fig. 1.3(a)). KdV equation
was derived by Kurtze and Hong [75] from the hydrodynamic model using nonlinear
analysis method. KdV equation consist of the nonlinear and dispersive terms and
explains the long waves spreading in dispersive media whose amplitude is small but
finite. KdV equation is given by:

OR R OR

where the variable X is for space and T is time variable. The term % describes
the time evolution of the wave propagating in one direction. Moreover, the nonlinear

3R
X3

dispersion describing the spreading of wave. The solution of KdV equation is:

term Rg—ﬁ? accounts for steepening of the wave and the term represents the linear

S ST

R(X,T) = Ssech2< —(X - —)) (1.4.2)
12 3

where S is the amplitude of density wave. It was concluded that both single pulse

density wave and soliton are same and can be obtained by solution of KdV equation
(Fig. 1.3(b)).

However, shape of density wave in Fig. 1.3(a) is not consistent with that in Fig. 1.3(b).
It was assumed that the single pulse density wave is not ‘soliton’ but is similar to the
asymmetric kink antikink density wave. In addition, mKdV equation was obtained by
Komatsu and Sasa [76] and showed that the solution of mKdV equation gives density
wave of kink antikink form (Fig. 1.3(c)). Analytical solution and simulation results
were compared which confirmed that the phantom traffic jams come out in terms

of symmetric kink antikink wave. Following equation represent the mKdV equation:

OR 'R OR _
or  90X3  0X

and its solution (see Appendix) is:

0, (1.4.3)

R(X,T) = \/Etanh(\/g (X — 2L1T)) (1.4.4)

14
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Figure 1.3: Patterns of density waves (a) Asymmetric kink antikink (b) Soliton density
wave (c¢) Symmetric kink antikink

1.5 Origin of lattice hydrodynamic model

As discussed in previous sections, both microscopic and macroscopic models play a
major role in analyzing the properties of real traffic networks. Microscopic models
describe small details of traffic while macroscopic models are based on aggregate quan-
tities. Macro models are suitable for large scale systems and their calibration is simple
relatively to micro models. But the major drawback of macro models is the loss of

small details as they cannot correctly describe microscopic details and impacts.

Due to the complexity of the partial differential equations of hydrodynamic models,
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it was very difficult to derive the mKdV equation through nonlinear analysis. Also,
it was not easy to get the evolution equation from the analytical method, which can
describe the traffic jam phase transitions. Thus, in order to fulfill the need to describe

traffic at both micro and macro level arise.

In order to represent traffic jams in terms of density waves and to analyze the jamming
transitions lattice model was proposed. The different wave equations: Burger’s, KdV
and mKdV; describe the density waves that appear in three distinct regions: the stable
traffic region out of the coexisting curves, metastable region existing between the
stability curves (neutral and coexisting), and the unstable region within the coexisting

curves, respectively.

1.6 Lattice hydrodynamic approach

-----) Vj2 -----) Vi1 -----) Vj -----)Vju -----) ‘u'j+2-----)

Pj-2 Pj1 Pj Pj+1 Pj+2
- - | — -
j-2 j-1 j j+1 j+2

Figure 1.4: An illustration of lattice model.

Lattice model is the combination of both microscopic models [22,23] and macroscopic
hydrodynamic models [43,77]. Tt analyzes the jamming transitions and separation of
traffic flow phases as well as explains the evolution of traffic jams in terms of kink
density waves. The concept of discrete lattice is introduced to characterize the density
wave profile. The model is formed by the set of continuity equation and a momentum
equation consisting of global variables and explain the aggregate properties of traffic
flow. Space is discretized in the form of lattice sites and governing system of equations

is derived at each site based on higher-order continuum models.

1.6.1 Basic lattice model

By considering a unidirectional road of length L without entrance or exit, Nagatani [1]

proposed following continuity equation connecting the local average density p(z,t) to
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local average speed v(z,t):
O(p) + 0x(pv) = 0. (1.6.1)

The local speed follows the evolution equation similar to Navier-Stokes equation with

some features different from hydrodynamic models. The simplified version is:
A (pv) = apoV (p(z +6)) — apv, (1.6.2)

in the above equation, the local density at position = + § is denoted by p(z + 9), po
is average density, driver sensitivity is denoted by a which is inverse of delay time 7,
ie., a= % Average headway is represented by 0 that is related to average density pg
by 6 = pio. Local density p(z + ¢) is inverse of headway h(z,t). The basic idea behind
the evolution equation is that the driver adjusts his running behavior by observing the
density ahead p(x + J) or observed headway h(z,t). The term in right hand side of
(1.6.2) indicates the tendency of traffic flow pv to adjust to average flow poV (p(z+9))
at a given density. poV (p(z + §)) represents the optimal flow or current. One can
observe from equation (1.6.2) that the flow is determined by both the local density
p(x,t) at position x as well as the density ahead p(x+¢) at position x+¢§. Parameters
of the model are normalized such that 0 < p(z) < 1 and 0 < v(p) < Viax [78].

Following table shows the units of important parameters:

Parameter Unit
Density (p) veh/site
Velocity (v) site/sec
Sensitivity (a) (sec)™t
Delay time (7)(7 = 1) | sec

Table 1.5: Parameters and units of lattice model

Further, the continuity equation is improved with dimensionless space by considering

r* = %, and then replacing z* by x following models are obtained:
O(p) + poO.(pv) = 0, 1.6.3
Vodel B { :(p) + po0s(pv) (1.6.3)
O (pv) = apV (p(z + 1)) — apv, (1.6.4)
O(pj) + v, — pi—10j—1) = 0, 1.6.5
Model Bzi{ 1 (pj) + polpjv; — pj-10j-1) ( )
Oi(pjv;) = apoV (pjs1) — ap;v;. (1.6.6)

Model By represent the lattice form of model By where j is indicated as j* site on one

dimensional lattice, the density and velocity at j* site are represented by p; and v;.
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Optimal velocity function (as given in [22]) is described by V(-):

Vip;(t)) = VI;‘“ [tanh(g _ pi) + tanh(i)], (1.6.7)

where the inverse of safety distance is described by critical density p.. By eliminating
speed v from equations (1.6.3) and (1.6.4) ((1.6.5) and (1.6.6)) density equations for
the models By and B, are given by:

{ Model By:  9.%(p) + adi(p) + apy®0.V (p(z + 1)) = 0, (1.6.8)
Model By:  9%(p;) + ad(p;) + apo®(V (pjs1) = V(p;)) =0, (1.6.9)

these density equations can be used to obtain the density waves with the help of initial

and boundary conditions.

The stability conditions for the model are obtained through linear stability analysis.
For which, initially uniform steady-state solution (po, V(po)) is considered, i.e., the
vehicles are considered to move with uniform density and optimal velocity at each site.
Then a linear perturbation is applied to the homogeneous density and is expanded
in terms of Fourier modes. Then, the stability condition is derived that divide the
entire phase plane ((p, a) plane) in two distinct regions stable and unstable by neutral

stability curve. General form of neutral stability conditions for models B; and By is:

a=Qi(py, V). (1.6.10)

Generally, the dynamics of traffic flow is highly complex and nonlinear which varies
instantly when vehicles enter or exit the jamming situations. As explained in the
previous section when jamming situations arise then traffic comes out in terms of
density waves. Thus, in order to check the behavior of traffic near critical point;
nonlinear analysis is performed using long wavelength expansion method and mKdV
equation is derived. Solution of mKdV equation represents traffic jams in terms of
kink density waves. Coexisting curves has been obtained with the help of nonlinear
analysis dividing the stable region into two regions: stable and metastable region. The
long wavelength perturbation grows or decays in the metastable region while the small

amplitude disturbance die out in stable and metastable regions.

Because of its simplified nature lattice models got attention of researchers and many
extended versions were presented by incorporating many realistic factors, such as lane
changing [79-82|, passing [83-85], optimal current difference effect [86-89], driver’s
behavior [81, 84, 87,90-92], memory effect [93], feedback control [94-98|, backward
looking effect [99], forward looking effect [100], interruption probability [101-103] etc.
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As in real traffic situations, roads are not always straight, a road may be curved or
it may have slope; thus by incorporating the effect of road design, lattice model was
further extended for curved road [104-106] both for one lane as well as two lane.
The effect of passing was also investigated for curved road [107]. Recently, control
theory has been applied to the lattice model for curved road [108]. In real traffic
conditions there exists some external means as well, due to which freely flowing traffic
get interrupted, e.g., bottlenecks, that causes serious congestion. Therefore, lattice
model has been extended by incorporating the effect of bottleneck as well as on and
off ramp effect [109-111] etc. As in real traffic situations, vehicular flow consists of
different vehicles such as car, bus, truck, bicycle etc. and every vehicle affects the flow
in its own way by having distinct properties. Thus, the effect of heterogeneous traffic
mix has been incorporated in the basic lattice model [112]. Lattice model is further
improved by Zhao et al. [113] by considering the effect of historical current integration
in a continuous time interval and analyzed the influence of continuous historical current

information on traffic stability.

Due to the simplicity in describing the traffic situations realistically, lattice models
are widely used and analyzed. Theoretical investigations have made easy by linear
and nonlinear analysis which helps to capture the realistic features found in traffic
dynamics. Therefore, present thesis is motivated by the importance of lattice approach

through which some of traffic characteristics are modeled and analyzed.

19






Chapter 2

Theoretical investigation of driver’s behav-

ior on curved road

Due to the huge rise in automobiles in the past few decades, jamming states of traffic
has become a typical issue in modern society. Congestion on roads has the ability to
adversely affect the natural environment and people’s health and give rise to security
risks for drivers. Therefore, to solve the problem of congestion and to provide the
passengers a safe atmosphere on roadways, numerous mathematical theories came

into existence.

Generally speaking, these theories characterize the dynamical system of traffic flow by
utilizing statistical approach or by defining it in terms of fluid flow or hydrodynamic
flow. Under the latter one, flow of traffic is regarded as compressible fluid having
a certain density or concentration and a certain velocity. These analyses follow the
conservation laws to present the traffic flow phenomena which assumes an empirical

relation between the flow and concentration.

Following the above analysis with the aim to reduce jamming states of traffic, variety
of mathematical models came into existence such as car following models [8-10, 25,
114], cellular automata models [115,116], continuum models [117-119], hydrodynamic
models [120, 121]. In Chapter 1, basic background of all these models have been
discussed in detail. Among all, macroscopic hydrodynamic models are found more

realistic in describing traffic flow characteristics.

Lattice model proposed by Nagatani [1] as discussed in Chapter 1, got much attention
of researchers due to its capability in describing traffic jams in terms of nonlinear
density waves. Following the work of Nagatani [1], many extended versions of lattice

model were presented by considering important factors [79,80,86,87,99,122-124].

In real traffic flow, different driver’s characteristics would affect the phenomena differ-

The content of this chapter has been published in Physica A: Statistical Mechanics and its
Applications, 471: 59-67, (2017).
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ently. Generally, drivers can be differentiated into three categories: timid, aggressive
and normal. Aggressive drivers always overestimate the downstream density as they
always try to maintain a close headway with the preceding vehicle. Aggressive and
skillful drivers anticipate future traffic conditions quickly and adjust their own veloc-
ity. For aggressive drivers, their perceived optimal velocity is smaller than the actual
optimal velocity due to the fact that the optimal velocity function is monotonically
decreasing function. On the contrary, timid drivers always try to move by keeping a
large gap with the vehicle ahead and underestimate the downstream density using a

larger optimal velocity to adjust the vehicle’s motion.

Thus to analyze the role of drivers, many studies are carried out which describe various
aspects related to driver’s behavior, i.e., driver’s perception ability and attribution
[125-129]. In this direction, the anticipation effect of individual behavior, driver’s
delay effect [81,87,90-92] are studied. In recent past, lattice model examining the
impact of timid and aggressive drivers on two lane system is presented by Sharma [82].
Additionally, the domination of driver’s characteristics on dynamics of vehicular traffic

with respect to overtaking/passing is analyzed [84] in a single lane system.

It is widely known that traffic flow is a mechanical process in which interaction between
different vehicles and drivers take place but road infrastructure, i.e., the formation of
roads and quality of roads also play their part. If we talk about the formation of roads
then there exist roads having different shapes, i.e., a road may be curved, it may have a
slope, multi-lane roads, one way roads etc. According to the formation of roads, traffic
phenomena is different, for example, in real traffic networks there exists a difference
between straight road and curved road. The reason behind it is that while running on
a curved road, movement of vehicle is affected by the centripetal force. This leads to
an irregular traffic flow which is more complicated as compared to the flow on straight

roads.

Some studies describing the influence of conditions of road [130] on dynamics of traffic
flow have also been carried out by utilizing car following approach [131,132] and
macroscopic approach [133]. Following the idea of describing the traffic states on
particular shape of road, Ros et al. [134] provides a valuable insight into how congestion
can be reduced at sags by means of traffic management measures using in-car systems.
While moving on a curved road, traffic turns into an unstable state frequently. To
overcome this traffic state Cao and Shi [104] developed a novel lattice model for curved
road by analyzing the effects of friction coefficient as well as the radius of curvature
in the basic lattice model [1]. In addition, length of the curved road also matters as if

the length of curve is long the flow will be more unstable. Thus, Zhou and Shi [105]
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extended the lattice model by including the effects of radian and angle of curved road.
Further, Zhou et al. [106] extended the lattice model for curved road to two lane

network by taking the lane changing effect.

It is well examined both experimentally and theoretically that the driver’s behavior
significantly affect the stability of flow on a straight road. As the drivers behave
differently when they move on curved road, therefore it will be more adequate to
analyze the effect of different drivers on a road having curved shape. Though the
above discussed models for curved road considered the effect of road characteristics,
but none of them is able to explain the impact of driver’s characteristics on vehicular
flow moving on curved road as they do not consider the driver’s behavior. Thus in
the present Chapter, the main motivation behind the proposed model is to develop
a new lattice model for curved road by incorporating the driver’s characteristics and

investigate their effect.

The Chapter is organized in 5 sections: Section 2.1 refers to the model formulated
by introducing driver’s behavior, friction coefficient, radius of curvature and angle of
the curved road. In the next section 2.2, linear stability analysis is used and stability
conditions are derived. The propagation behavior of traffic jams has been described in
section 2.3 by using nonlinear analysis. In section 2.4, simulation results are discussed

and finally in section 2.5, conclusion and future scope is given.

2.1 Mathematical models

2.1.1 Lattice model for curved road

Figure 2.1: The illustration of lattice model for a curved road.
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The basic lattice model considers the situation of single lane straight road but as
mentioned in Chapter 1, real traffic situations consists of roads having bends or curves.
Thus by taking into account the situation of a curved road, the effects of radius of
curved road and friction coefficient are examined by Cao and Shi [104]. In real traffic
conditions (as shown in Fig. 2.1) while moving on curved road, centripetal force
f = pmyg consisting of p (friction coefficient), m (mass of vehicle) and ¢ (gravity due
to acceleration), acts on the running vehicles. Let us consider the total length of the
curved section be X = rf), where r and 6 are the radius and central angle of the curved
road section, respectively. By defining the relationship among arc and central angle
of the curved road, i.e., X;(t) = rf;(t) and AX;(t) = rA#;(t), the optimal velocity

function takes the following form:

V<1“A01j(t)) _ rw;nax [tanh<rA9j(t) — i) + tanh(i)}, (2.1.1)

where Wy, is the maximum angular velocity. According to Newton’s second law,
Mw?paxt = [mg, we have wWyax = \/”TT’ and AX;(t) = rAd;(t) = ﬁ,hc = p—lc.
Therefore, the above optimal velocity function (2.1.1) indicates that increasing radius
of curved road and friction coefficient leads to increasing ideal maximum velocity
Vinax = y/1gr. Due to the complexity of driving on curved road section, drivers move
their vehicle at low speed thus the real maximum velocity is far less than the ideal
maximum velocity. So, by introducing a modified coefficient k;'(0 < k' < 1) of the

maximum velocity, the optimal velocity function takes the following form [104]:

V(p;(t)) = A/ [tanh@ iU pi) + tanh(i)]. (2.1.2)

2.1.2 Lattice model for driver’s behavior on curved road

Further, the above model was modified by Zhou and Shi [105] by introducing the
influence of radian of curved road. The distance y = /(r)? — (X — )2 denotes the

characteristics of the curved road, where the curvature radius of curved road is repre-

sented by r. The lattice spacing between the site j and j — 1 is:

X
X

l:/ V14 y?de = = 0 , (2.1.3)
X—Xo ng;

SInv;;

where the radian of curved road at j™ site is denoted by 6;. The modified lattice

spacing of the curved road can be used to compute the average headway on curved
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road in relation to the average headway on a straight road (p%) Therefore, the basic

lattice model of Nagatani [1] is modified for curved road and is given as:

Po
O (ps) + = (pjv; — pj1vj1) = 0, (2.1.4)
t\Fy smej J7J J J
Po
O(pjv;) = a|—=V(pj11) — pjvi|. (2.1.5)
R [smej " ! ]]

There exists different factors which influence the flow of traffic and among them,
one and most important factor is the behavior of drivers. On the behalf of different
driver’s characteristics namely aggressive, normal and timid, drivers observe inter-
vehicular spacing differently. Aggressive (timid) drivers overestimate (underestimate)
downstream density as compared to normal drivers. The effect of driver’s behavior
is included in a modified evolution equation by Sharma [82] by incorporating a fac-
tor p that reflects the influence of driver’s characteristics with the consideration of

anticipation effect on traffic system as:

pi(t+1)vj(t +7) = po[pV (pjs1(t + ar)) + (1 — p)V(pjs(t —aT))]. (2.1.6)

We further modified the above evolution equation (2.1.6) to incorporate the influence

of driver’s behavior on curved road and write it in fully discrete form as:

A+ T4 7) = LV (gt 07) + (L= DV (it — 0], (217)
where as mentioned above, py is average density on straight road and ﬁ is the factor
for curved road. The parameter « is the coefficient of driver’s anticipation effect
(DAE) corresponding to driver’s behavior. Parameter 0 < p < 1 denotes the intensity
of influence of driver’s behavior in traffic stream. Larger value of p corresponds to
aggressive driver’s characteristics while smaller values of p represent timid driver’s
characteristics. With the help of Taylor series expansion and ignoring higher order

terms in (2.1.7), we obtained:

o
sind;

Pyt + Tyt +7) = LUV (pia (1) + (20 = V@)V (pya () pia (1)) (2.18)

Eliminating speed v; from (2.1.4) and (2.1.8), the density evolution equation is ob-

tained as:
0% i
pi(t+27) — pi(t +7) + sin—%[v('o”l(t)) = Vi(p;(1))] + 00, (2.1.9)

(2p = D)alV'(p1(1)Dpsia(t) = V' (p;(1) Ap;(1)] = 0,
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where Apj (t) = pi(t+ 1) — p;(t).

The proposed model reduces to the model for curved road [105] when the parameters

a and p takes the values a =0 and p=0or p=1.

2.2 Linear stability analysis

We check the impact of driver’s characteristics on the jamming transitions of traffic
flow on a curved road through linear stability analysis. Suppose the vehicles are moving
on curved road with uniform density py and equilibrium velocity V' (pg). Hence, the

solution of uniform steady-state is:

pi(t) = po, v;(t) = V(po). (2.2.1)

Now, we gave a small deviation in terms of y;(¢) to the uniform steady-state solution

at j site and got the perturbed density as follows:

pi(t) = po +y;(1). (2:2.2)

Inserting the above perturbed density profile (2.2.2) and using (2.2.1) into (2.1.9) and

linearizing the equation for y;(t), we obtained:

B E27) (7 ) g 1)+ (2 1)V () Ay (1) = 0, (22.3)

S1n Sy

where V’(po) represents the derivative of V' (p) at point p = py. Assuming the deviation

as y;(t) = eI which results:

2
T / 2T 7
T (ap—1)aV’(po) (e —1) (e —1) = 0. (2.2.4)
sin“0;

2
TPo

V/ ik 1
sin20j (po)(e )+

eQZT — T 4

Putting z = 2,(tk) + 2(ik)*..... into (2.2.4), the coefficients of (ik) and (ik)? are

obtained as:

sin“0;
3 [P me PRV (po) | phT ,
5 4 - 20 — 1)aV"(py). 2.2.6
. 2" [sin40j (Po) 2sin%f;  sin?f; (2p — 1)aV™(po) ( )

If z5 > 0, then homogenous steady-state flow becomes stable and if z; < 0 then it

leads to unstable state. Therefore, the stability condition for the homogeneous flow is:
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.9
sin0;

T < : 227
(8420~ D)@V () 220
the neutral stability criterion is given by:
sin29j
T = . 2.2.8
(35200~ Do)V () 228
For a = 0 and 0; = /2, the above stability criteria recover the results of basic

lattice model [1] and when o = 0 and p = 0.5 the model reduces to the one discussed
in [105]. It can be easily depicted from equation (2.2.8) that driver’s behavior and
the parameters representing the characteristics of curved road, significantly affect the

stability of the traffic flow.
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Figure 2.2: Phase plot in (p, a) space with pg = p. = 0.2, u = 0.3, r = 10, k;' = 0.14
for (a) p=10.2, 0.4, 0.6, 0.8 (b) 0; =7/6, 7/4, ©/3, dbn /12, /2.

The neutral stability curves in (p, a) plane are displayed using black curves for different
values of p in Fig. 2.2(a) and for #; in Fig. 2.2(b). From Fig. 2.2(a) it is clear that
the apex of each curve (p,, a.) decreases with increasing value of p. The pattern shows
that with increasing value of p, stable region increases. As mentioned in the previous
section that larger values of p denote more aggressive drivers in the traffic stream and
by nature, they drive fast leading to less congestion and the flow becomes stable. The

case of timid drivers can be explained in a similar fashion.

The black curves in Fig. 2.2(b) represents the neutral stability curves for different
values of 0;, ie., 0; = 7/6, w/4, w/3, dbn/12, 7/2. The pattern shows that for
increasing values of 6;, the stable region increases. Which can be described by the fact

that if the curve of road is more then there will be more congestion. Due to an increase
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in the angle, the bend of curved road reduces which forces the drivers to increase their
speed and the flow becomes more stable. Moreover, for particular value §; = 7 /2, the

curved road becomes straight and the maximum stable region can be achieved.

2.3 Nonlinear stability analysis

We examine the evolution properties of traffic congestion around the critical point
(pe, a.) on coarse-grained scale by applying reduction perturbation method. The slow
variables X and T for 0 < e <1 are described by:

X=e(j+bt), T=¢e(), (2.3.1)

the constant term b in (2.3.1) needs to be obtained. Let the density p; at j™ site
satisfy the equation:
pi(t) = pe+ eR(X,T). (2.3.2)

By putting the slow variables X and 7 defined in (2.3.1) and the perturbed density
profile (2.3.2), expand (2.1.9) with the help of Taylor series expansion up to fifth-order

of €, the resulting nonlinear equation is obtained as under:

2k10x R + k0% R + €*(Or R + k30% R + kyOx R?) + € (ks0rOx R (2.3.3)
+ksO% R + k70% R3) = 0.

Table 2.1 gives the values of k;(1 = 1,2,3,.....,7), V' = d‘gf)p) = —% and V" =
P=Pc 0
1
% — %, A =M VP92 Let us take the value of 7 near (p, ac) as:
P=Pc
T =T7(e* +1). (2.3.4)
By utilizing the constant b = ;ﬁ %Z/ and removing the terms of ¢ having second and third-
J

order, we get:

YOrR — g10% R + g20x R?) + €°(930% R + 10X R + g50% R?) = 2

€ (OrR — g10x R+ g20x R?) + €’ (g30x R + g40x R + g50x R*) = 0, (2.3.5)
the values of g;'s(i = 1,2, ....,5) are given in Table 2.2. Following transformations are adopted

to convert (2.3.5) into standard mKdV equation:

T =qT, R= 2R, (2.3.6)
92
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The coefficients k; of the model

ky b+ Sf;

ks 3b°T + jfl [% + (2p — 1)abr]

ks T2+ 6;’;1 - [1+3(2p — Dabr(1 + b7)]

ka 62211‘1/2/;9;

ks 3bT + p° (2p—1)

ke 5b47'3 + 24’);:1/0 1+ (2p — 1)abr(4 + 6bT + 4b°7%)]
ki 1g§i‘r/lgt;j

Table 2.1: The coefficients k; of the model

The coefficients g; of the model

g1 —Ib3r? — sfg;;/j [ +32p— Dabr (1 + br.)]

.

g3 3027 + sfg;;; (2p — 1)abr,

g4 24sm29 1+ (2p — 1)abre(4+ 6br. + 40%7.2)] + 2b* 7.

+[3b + L2 (2p—1) 17eq1

s —[3b + £V (2p 1)a]gote + pcV’”

sin? 12sin26

Table 2.2: The coefficients g; of the model

So, the formation of equation (2.3.5) into standard mKdV equation is given below:

R — %R +9xR3+ eM[R] =0, (2.3.7)

29



Chapter 2. Driver’s behavior on curved road

where M[R'] = gil[ggﬁg(R/ + 0% R+ %63(1%,3]. For getting the solution of standard

mKdV equation, higher-order terms of € are ignored from (2.3.7) which results:

Ry(X,T) \/—tanh<\/7X LJ’)) (2.3.8)

where the propagation velocity Lq is computed as:

59293
= 2.3.9
29294 — 39195 ( )
by solving the following necessary criterion:
’ ’ o0 / /
(Ry, M[Ry]) = / dXRyM[Ry] =0, (2.3.10)
—00

when M[R,] = M[R]. Finally, the kink solution is determined:

L L
p;=pe+ey| L 1tanh(,/71(X - nglT)>, (2.3.11)
g2
Qe

where €2 = (7 — 1) and the amplitude a,, of the solution take the value:

= &6214.
g2

am

The coexisting phase consisting of the free flow and jammed phase is represented by the
kink antikink solution (2.3.11) described by p; = p. % ay, in (p,a) space. Dotted curves
in blue color (coexisting curves) and solid black curves (neutral stability curves) both split
the whole space into three distinct regions (see Fig. 2.2(a)-(b)): the stable region which is
above the coexisting curves, metastable region in between the coexisting curves and neutral
stability curves and the unstable region comes under the neutral stability curves. It is clear
from the figures that the apex of each curve lower down with increasing values of p and 0;
which means that aggressive drivers and bigger value of the angle of the curved road affect

positively the flow stability.

2.4 Numerical simulation

With the aim to examine the capability of the new model in explaining the influence of
driver’s behavior on traffic flow dynamics over a curved road and to test the validity of
theoretical findings, simulation is performed in this section for the extended model. Periodic

boundary condition is applied and the initial condition is adopted as:
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pi(1)=pj(0)={py—0; j=% (2.4.1)

. - _ N
p0+07 ]_7_17

where the initial disturbance o = 0.05, total number of lattice sites N = 100, maximum time

t = 10° sec., and the other parameters are chosen as pg = p. = 0.2, = 0.3, r = 10, g =

10, k' =0.14, a =0.1.
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Figure 2.3: Spatiotemporal evolution of density when ¢ = 2.2 and §; = w/4 for (a)
p=02,(b) p=0.4, (¢c) p=0.6 and (d) p=0.8.

Fig. 2.3 shows the influence of parameter p on space-time evolution of density obtained
from the simulation after sufficiently long time ¢ = 9.9 x 10* — 10° sec. for fixed value of
6;. It is observed from Fig. 2.3(a)-2.3(c) that the flow is in unstable state as the stability
condition is not fulfilled and the initial homogeneous flow will turn into traffic jam under

a small perturbation. The kink antikink soliton of the mKdV equation, obtained from the
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Figure 2.4: Density profiles for different values of p at (a) t = 8 x 10? sec., (b)
t =9.99 x 10* — 10° sec. on lattice site 45 and (c) lattice site 70.
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Cel Number 2

Figure 2.5: Space-time evolutions of density waves when a = 3.5 and p = 0.8 for (a)
0, =m/12, (b) ; = 7/6 and (c) 0; = /4.

nonlinear analysis in section 2.3, express the propagation behavior of the traffic congestion.
However, in Fig. 2.3(d) the density wave is uniform and the traffic is smooth over the whole
space with the same sensitivity for higher value of p. This indicates that the aggressive
driver’s behavior can prevent the evolution of traffic congestion and improve the stability of

flow over the curved road.

Fig. 2.4(a) describes the density profile for different values of p at fixed time t = 8 x 104
sec. and Fig. 2.4(b)-2.4(c) at time t = 9.99 x 10* — 105 sec. for fixed lattice sites 45 and 70,
respectively, corresponding to the panel of Fig. 2.3. By analyzing Fig. 2.4, one can observe
that the amplitude of the stop and go waves reduce slowly and finally becomes uniform
with increasing values of parameter p. In particular, it can be said that aggressive drivers
having positive effects on reducing traffic congestion over a curved road. All these results

are consistent with the theoretical analysis discussed in previous sections.

Now, we analyzed the effect of radian of the curved road on traffic dynamics. Fig. 2.5(a)-
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Figure 2.6: Density wave profile for different 6; at (a) ¢ = 8 x 10* sec., (b) t =
9.99 x 10* — 10° sec. on lattice site 45 and (c) lattice site 70.
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2.5(c) represent the spatiotemporal evolution of density computed from simulation after
t =9.9%x10*—10° sec. time steps with fixed p for distinct values of parameter ;. The figures
show that at initial level, kink antikink soliton occurs propagating in backward direction for
smaller values of §;. The initial small amplitude disturbance in the steady-state flow develop
into jammed flow characterized by kink antikink density waves when the condition of stability
is not fulfilled. However, kink antikink density waves disappear gradually and the traffic flow
becomes stable for §; = /4. It is worth to mention here that the larger value of 6; = /2

represents the characteristics of the straight road.

Fig. 2.6 (a) describe the density profiles for different 6; at time ¢ = 8 x 10* sec. with respect
to the panel of Fig. 2.5. Fig. 2.6(a) shows that a density wave in kink antikink shape
appears for small values of 0;. The results reveal the situation of stop-start density waves
in traffic stream. The stop and go density waves die out gradually and finally develops into
homogeneous flow with increasing ¢;. The density profiles at time ¢ = 9.99 x 104 — 10°
sec. for fixed lattice sites, 45 and 70 is also shown in Fig. 2.6(b)-2.6(c), respectively. These
results ensure that the radian of curved road significantly affect the dynamic process of
traffic flow. As 0; increases and curved road approaches to straight road, the traffic becomes
stable against the small disturbance. The results of simulation are compatible with the
theoretical results which validate the fact that traffic flow characteristics on curved road are
more complex as compared to the straight road. Thus, conclusion of the overall findings is
that both the driver’s behavior and road characteristics impact significantly the dynamics of

traffic flow on a unidirectional one lane road.

2.5 Conclusion

2.5.1 QOutcomes:

e To examine the influence of two major aspects of real traffic problems, i.e., driver’s
behavior and geometric design of road, basic lattice model is extended by considering

the impact of driver’s characteristics and curved road on traffic flow.

e Theoretical observations regarding the effect of driver’s behavior and radian of curved

road on traffic dynamics are made through linear and nonlinear analysis.

e In order to represent traffic jam in terms of kink density waves, mKdV equation is

obtained close to critical point by nonlinear analysis.

o Effect of important parameters p and curved road angle 6; are examined and results are
compared in the density-sensitivity phase plane. Increase in both aggressive driver’s

characteristics and radian of the curved road enhances the stability in the flow.
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e For small radian of curved road when traffic will be in an unstable state, aggressive

driver’s characteristics can help in reducing the traffic congestion.

2.5.2 Future scope:

e The newly developed model is suitable to analyze the influence of curved road on
traffic dynamics yet the model can be extended to examine the influence of many

crucial phenomena present in real traffic such as passing, lane changing etc.

e It can also be utilized to explore the impact of other significant characteristics of traffic

dynamics such as energy and fuel consumption etc.

e Experimental investigations should be performed to verify the theoretical predictions.
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Chapter 3

The analysis of driver’s anticipation effect

on slopy curved road

Nonlinear vehicular flow is becoming highly complex and congested as there are million of
vehicles interacting with each other and affect the overall movement of traffic. Over conges-
tion on roads sometimes become the reason of accidents and environmental pollution which
adversely affect the quality of human life. As traffic flow is a dynamical process occurring
in both space and time, therefore the spatiotemporal patterns exhibited by vehicular traf-
fic are complex similar to the system. Congested state of traffic can be defined as a state
where average vehicular velocity is below the minimum possible average velocity in free flow.
Thus, traffic jams can be categorized into two types: spontaneous jams which propagates
backward as stop-start waves and stationary jams that arises due to sudden deceleration or

interruption at any segment of road.

To analyze the complex nature behind traffic jams and to control it effectively, variety of
models came into existence [11,25,114-121,135]. Pipes [17] developed classical car following
model in early 1950’s. Following the classical approach, many advanced car following models
were proposed by Edie [136], Newell [137], Gazis [16]. The classical theory was further
improved by the development of optimal velocity model (OVM) [22] as described in Chapter
1. Further, generalized force model (GFM) [24] was introduced to overcome the deficiency
of unrealistic deceleration and too high acceleration present in OVM. Later, full velocity
difference model (FVDM) [25] was proposed to overcome the fault present in GFM which
was unable to analyze the influence of delay time and the kinematic wave velocity on the

density wave.

As discussed in Chapter 1 lattice hydrodynamic model, by combining the properties of
microscopic and continuum models, was developed and later many extensions were pro-
posed [79,86-89,99,122-124,138-140]. Modeling of traffic features address human behavior
indirectly. As the principal goal of every driver is to arrive at his destination at earliest pos-
sible time by guiding his vehicle in a safe manner. Therefore, the task of achieving driver’s

goal is based on action which can be classified into perception, judgement, decision, and con-

The content of this chapter has been published in Physica A: Statistical Mechanics and its
Applications, 499: 110-120, (2018).
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Figure 3.1: The illustration of lattice model for a curved road with slope.

trol. The category of control consists of the actions of acceleration and control of steering.
To perform the steering task the driver tries to choose a reference point to regulate the mis-
alignment or divergence of vehicle. The acceleration control consists of identifying velocity
and /or spacing differences and taking actions to avoid harmful conditions. Therefore, sev-
eral traffic flow models, as discussed in Chapter 2, introduce parameters describing various
characteristics of drivers; most importantly, driver’s anticipation effect [81,84,87,90-92,141]

in the driver-vehicle system.

The major reason behind traffic jams is the slowdown sections that may exist due to the
bottleneck region, accidental area, residential area, curved road section or section of road
having a slope. Traffic situations based on the geometrical design of roads is totally different
from that on straight roads. Therefore, the research for various forms of roads is the prevailing
issue. In this direction, the effects of curved road on traffic flow were described as explained
in Chapter 2. In addition, Li et al. [142] and He et al. [143] developed a new optimal
velocity model (OVM) and examined the effect slope with and without gravity respectively.
After that Komada et al. [144] analyzed the effect of gravitational force by taking into
account different slopes on curved road. Lan et al. [145] developed a cellular automaton
model to examine the slope effects. Further, Zhu and Yu [146] studied the characteristics of
traffic flow by taking into account the brake distance as a function of slope and investigate
its properties. Chen et al. [147] presented an extended model by taking into account the
slope effects. Following this series, Zhu and Zhang [148] presented novel lattice model by
examining the effect of slope and the solitary density waves in the metastable region were
reproduced. Gupta et al. [149] presented lattice hydrodynamic model on a gradient road with
different slopes by incorporating the effect of optimal current difference. Recently, Meng and
Yan [150] presented car following model by using control theory and analyzed the effects of
curved road with slope on traffic dynamics on a single channel. All the above mentioned

models incorporate some realistic features of traffic flow but they can not be utilized to
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analyze the traffic behavior on a two lane curved road having some slope when lane changing
is allowed. Present Chapter is an attempt to develop a realistic lattice model for a curved

road with slope by incorporating the driver’s anticipation effect.

Organization of the chapter is followed by 5 sections: Section 3.1 is devoted to discuss an
improved lattice model by incorporating the anticipation effect of drivers on a slopy curved
road. The stability conditions are derived using linear and nonlinear stability analysis in
section 3.2 and 3.3, respectively. Numerical simulation is performed and the result discussion

is done in section 3.4. At last, the conclusion of results is given in section 3.5.

3.1 Models for curved road with slope

3.1.1 Car following model

Recently, Meng and Yan [150] presented car following model by following the FVDM [25]
and analyzed the effects of curved road with slope as well as the effects of curvature radius
and friction coefficient. Let us assume the vehicles are moving on curved road with slope as
shown in Fig. 3.1. Two types of forces work on the vehicles, one is a gravitational force and
the other is the centripetal force. A horizontal and a vertical force of amplitude mgsing,
mgcos¢ acts upon the running vehicle. Moreover, a central force of magnitude pmgcoseo
work upon the vehicle where m is mass and ¢ is gravity acceleration. Let us consider the

section of slopy curved road of length X = R0 where R; is the curvature radius and 6 is the

angle of the curved road. The radius of curvature R; is formulated by the relation Ry = 3
Traffic flow model for curved road with slope based on FVDM is:
R10,(t) = a(V(R1A0,(t)) — R10,(1)) + M AO,(t), (3.1.1)

where R10,(t) is the position of n'® vehicle at time ¢, R1 A0, (t) = R10,1(t) — R10,(t) is
the arc headway of vehicle n at time ¢, a = % is the sensitivity of driver, 7 is the delay time,
A1 is the sensitivity coefficient of a driver to the velocity difference, Rlén(t) and Rlén(t)
are respectively the velocity and acceleration of the n'" vehicle. Following the properties
of optimal velocity function given in [22], following function is chosen for curved road with
slope:

_ Riwmax F Vg max

V(R1 A0, (1)) = 5 tanh (R A0, (1) — ho(6)) + tanh(he(6))],  (3.1.2)

where wpax denotes maximum angular velocity and h.(¢) is the safe arc distance given by

the following relation:

he(¢) = he(1 F Bsin(¢)), (3.1.3)
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where h. denotes the safety distance on straight road and 8 is a constant chosen equal to
1. he(¢) is modeled with the idea that as the slope increases, the brake distance decreases

for uphill position and when moving towards downhill situation the brake distance increases

with increasing slope. Based on the centripetal force formula we have mw?,, R = pmgcose
for which:
Wmax = Mgcos¢ . (314)
Ry

Vg max 0 equation (3.1.2) is maximal reduced or enhanced velocity corresponding to uphill
and downhill situations, respectively. The formulation of Vj .y is given by:
mgsing

Vg max = o (3.1.5)

where g7 is the longitudinal friction coefficient. For the sake of simplicity we take % =1,
thus Vymax = sing. In traffic problems, the maximum angular velocity is less than the
theoretic values. So, parameter ko' (0 < ko' < 1) is chosen and by putting (3.1.4) and (3.1.5)
in (3.1.2) optimal velocity function can be rewritten as:

1 .
V(50 1) = 12 VPTG % i

[tanh(R1 A0, (t) — he(¢)) + tanh(h.(¢))].  (3.1.6)

3.1.2 Extended lattice models

Lattice version of hydrodynamic models advised by Nagatani [1], as discussed in Chapter
1, explain the characteristics of unidirectional one lane road. But the given model was
unable to explain the common lane changing behavior in multi lane traffic flow. Thus to
capture the realistic features of traffic using lattice model, Nagatani extended it for two lane
system [79] by considering the lane change effect into continuity equation while evolution

equation remains unaltered.

Ap; + po(pjvj — pj—1vj-1) = VIpo>V'(po)l(pj+1 — 2p; + pj-1), (3.1.7)

where 7 represent the lane changing parameter and p; represent the combined average local
density at j* site and p;v; is termed as local flow at 4t site under two lane system. The
choice of the proportionality constant |pg?V’(po)| is made so that it becomes dimension-

less.

Further, lattice model was developed for curved road by Cao and Shi [104] by introducing
new optimal velocity function (as discussed in Chapter 2) and many extended versions [105,
106,151] also came into existence by incorporating important parameters describing features
of real traffic situations. Traffic situations not only deals with vehicle-vehicle interaction or

vehicle-road interaction but it deals with driver’s interaction as well. Because there exist
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different drivers and their perception ability varies in different traffic situations. With the
purpose to capture the role of different drivers in the dynamic process many studies are
carried out [81,82,84,90-92, 125, 127-129, 141]. In this sequence, considering anticipation
effect of drivers with respect to the optimal current difference, lattice model was improved
for two lane highway by Sharma [87] and the evolution equation for the new model is given
by:

B (pjvj) = apoV (pj+1(t +at)) — apjuj + arpo(Viga(t + at) = Vipa(t +ar)),  (3.1.8)

where 7 is the total delay time taken by the driver to respond and by vehicle for actual
movement, parameter « describe anticipation effect of driver’s behavior, and the reaction

coefficient of optimal current difference at j + 1" site is \.

Furthermore, as it is well known that actual traffic situations deal with some special road
design elements, i.e., horizontal and vertical curves, lane width, curve radius etc. The driving
task on these particular roads is different as well as complex. Therefore, by considering the
slope effect as a special case of geometrical design of roadways Zhu and Zhang [148] presented
novel lattice model for gradient highway. Thus, an improved optimal velocity function for a

straight road with slope was presented as follows:

@ [tanh(% — ﬁ) +tanh(ﬁ¢))}, (3.1.9)

where Viax is maximum velocity on road section without slope. ‘F’ corresponds to uphill

Vi(pj(t),¢) =

and downhill positions of gradient highway.

3.1.3 Lattice model for slopy curved road

By using above idea of car following model proposed by Meng and Yan [150], evolution
equation for the proposed model describing the motion of vehicles on two lane curved road

with slope by incorporating driver’s anticipation effect is given below:

0 p0° V" (o0, 0]
Aepj + sind; (pjvj — pj—1vj-1) =7 Sin%0,; (Pj+1 = 2pj + pj—1), (3.1.10)
Po
O (pjvj) = a[,—HV(ij(t +ar),¢) — pjvj], (3.1.11)
S j

where 0; represents the angle for curved road at g site (Fig. 3.1). It is notable that the
larger value of anticipation parameter « represents efficient drivers. The evolution equation

of the following form can be obtained by using Taylor series expansion and ignoring higher
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ordered terms:

pilt+ Iyt +7) = L2 [Vi(pjia,0) + a7V (ps11,0)01(p141) . (3.1.12)

Po
sinﬁj
Formation of V'(-) for the proposed model is:

_ k#@¢ sing [tanh<3 _ PJ'_(? _ i) n tanh(l)], (3.1.13)

po Po Pe Pe

Vi(pj(t), 0)

The reason behind the consideration of optimal velocity function is the symmetry of density
as given in Ref. [79]. The density equation by using (3.1.10) and (3.1.12) of the present

model is given by:

2
TP0
Yy
sin“0;

(V(ps41,)8(pj1) = V! (0 )A () -

TP02
. 2 «
sin“¢;
1p0*V" (o, ®)|
sin20j

pi(t+27)—pi(t+7)+

(Vpi1:6) = V(pse9)) +
(3.1.14)
A%pj_i(t+7) =0,

where A%p;_1(t+7) = pjp1(t +7) = 2p;(t +7) + pj_1(t +7)
Apj(t) = pi(t +7) = pi(t).

3.2 Effect of small amplitude perturbation

In order to find out the conditions of stability, linear stability analysis is conducted. We
suppose that the vehicles are moving on curved road having slope with fixed density py and

constant velocity V' (po, ¢). Hence, the steady-state solution for uniform flow is:

pi(t) = po, v;(t) =V(po, ). (3.2.1)

Let us consider a small perturbation in terms of y;(¢) to the above steady-state solution
which leads to:

pi(t) = po+ u;(1). (3:2.2)

using the above perturbed density profile into equation (3.1.14) and linearizing it we obtain:

2 2
yi(t+27) — g (E+7) + 2V (po, ) (i1 (1) — 4;(1)) + oV (po, 6)
sin Hj sin Hj (3.2 3)
. 2vl 2.
(A1) = 7 2 a0 47) = 204 7) + a0 7)) =0

Substituting y;(t) = e+ in (3.2.3) gives:
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Tp()QOé

2
2T — ¢ 4 PO_y1(50 b) (e — 1) + € = 1)(e* — 1)V (po,¢)  (3.2.4)

sin%0); sin?¢;
2
. ’Po Y’(me (b)’ (eik+zT —2e°T 4+ eZT—’ik}) - 0.
sin“0;
Inserting z = 21 (ik) + 29(ik)? + ..... in equation (3.2.4), and comparing the coefficient (ik)

with first and second-order terms, we get:

9
2= L2V (po, $), (3.2.5)
sin Qj
3 5 p pot 100>V (po, ®)|
— 22 1% 1% 1Po ¥ PO, O 3.2.6
2 571 25in? (po,¢)+a78in49j (po, @) +~ il (3.2.6)

when z5 < 0 then the uniform steady-state leads to unstable state. For zo > 0, the ho-
mogeneous flow achieve stable state against a long-wavelength perturbation. Therefore, the

homogeneous traffic flow is unstable if:

(1 + 27)sin?0;

T> — . (3.2.7)
(3 = 2a)po?V"(po, ¢)
and the neutral stability criterion is:
1+ 27)sin?¢;
_ 7)2 LA (3.2.8)
(3 =2a)po*V'(po, ¢)
3 T T 3.5 T
Stableregion . Stable region
g=al%0
3,
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Figure 3.2: Phase plot in (p,a) space for different values of ¢ when v = 0.1,a =
0.2,6; = /3 corresponding to (a) Uphill (b) Downhill situations.

Fig. 3.2 describe different regions of flow in the parameter space (p, a) for varying slope angle
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¢ when vehicles are moving on a curved road with slope under two lane system. The black
solid curves represent the neutral stability curves obtained by linear analysis. The region
over the neutral stability curves is stable and the region under the curves is unstable. We
consider the situation when lane change occurs that is v = 0.1 corresponding to uphill and
downhill situations. The critical point (p., a.) is represented by the apex of each curve and
one can observe that the stability condition is fulfilled when 7 < 7. where 7, = % From
Fig. 3.2 (a)-(b) it is clear that for uphill case, apex of each curve decreases with increasing
value of ¢ that leads to the enhancement of stable region with increasing values of ¢. On
the other hand for downhill position, stable region reduces corresponding to higher values of
¢. Specifically, we notice the variation in the stability of traffic with respect to the slope in
different situations (uphill or downhill). The reason behind it is that while moving towards
uphill direction of road, velocity of vehicles remain slow; while moving towards downhill
position, vehicles move with higher velocity and the jamming of vehicles become more than

uphill case.

3.3 Effect of long wave perturbation

When vehicular density exceed some critical value then the homogeneous traffic flow loses its
stability with respect to the long-wavelength perturbation. So, we investigate the evolution
characteristics of traffic density describing the collective motion of vehicles on a coarse-
grained scale through reduction perturbation technique. To examine the behavior of system
close to the critical point (p.,a.), the slow variables X and T for 0 < € < 1, are described
by:

X =e(j+bt), T==et), (3.3.1)

where constant term b needs to be obtained. Consider p;(t) satisfy the following equation:

p;(t) = pe+ eR(X,T), (3.3.2)

thus we expand the density equation (3.1.14) by using previously defined slow variables in
(3.3.1) and the perturbed density (3.3.2) with the help of Taylor series expansion up to

fifth-order of ¢, and a nonlinear equation is obtained as:

2k10x R + k0% R + €' (Or R + k30% R + kyOx R?) + € (ks0rOx R (3.3.3)
+ksO% R + k70% R?) = 0.

Table 3.1 gives the coefficient values k;(i = 1,2,3,...,7), and V'(p;, $) = 3V(§Z,¢) _ _%
P=Pc 0
and V" (p;, ¢) = LY 20| 242 or 4, = ko' /g Ficos(G)Tin()
P*lp=pe PO
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The value of 7 close to the critical point (p., a.) is chosen as:

T =1(e2 4+ 1), (3.3.4)

j— 2 / . . . .
by taking constant value b = - eV and removing the terms containing second and third-order

in20;
of € in equation (3.3.3), we obtain:

64(8TR — g16§(R + ggang) + 65(938§(R + g43§(R + g53§(R3) =0, (3.3.5)

where values in Table 3.2 represent coefficients g;(i = 1,2,....,5). Using the following trans-

formation, equation (3.3.5) can be converted into standard mKdV equation:

T =qT, R= %R’. (3.3.6)
The coefficients k; of the model
by b+ Lo
27_ Z
ks Bt gy [3 o+ abr +1]
ks Thr2 4 Loy - [§ + 5 (b7 +6°7) + b7
pgv///
ka 6sin26,
ks 3bT + Sf g on
ke B A a (b 3P T0T) + 3(14-60°72)]
pg‘////
ki 12sin26;
Table 3.1: The coefficients k; of the model
Thus, the equation (3.3.5) takes the following form:
8 R — %R +9xR®+ eM[R] =0, (3.3.7)

where M[R'] = g% [930% R + g10% R + %ag(}%’?’]. After ignoring correction term O(e) from
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(3.3.7), we get the solution of the standard mKdV equation as:

Ry(X,T) \/—tanh(\/7X LlT)) (3.3.8)

where the propagation velocity is denoted by L; and is computed by solving the following

necessary condition:
o0

(Ry, M[Rp]) = / dXRyM[Ry] =0, (3.3.9)

— 00

with M[Ry] = M[R']. After solving equation (3.3.9), the selected value of Ly is:

5
L= 2929 (3.3.10)
29294 — 39195

The coefficients g; of the model

—t3r? eVl 1 2.2
g1 6 T s, [5 + za(bre + b°7.%) + b7
2 "
reV
92 6sin20;
3 pc
g3 Sb7. + o cwbn

94 91(3 — )Eéfgl 5b4 o+ 6:1011

[2+ 2(1+6b°7.2) + (b + S 3027.2)]

142 2vl//
95 _92(3 - )E?) QZC)) + lgsm 20;

Table 3.2: The coefficients g; of the model

Finally, the kink solution is described by:

L L
pi=pete 9192 1tanh(, |5Hx - nglT)>, (3.3.11)

where €2 = (% — 1) and the amplitude A,, of the density is:

The kink antikink solution (3.3.11) of mKdV equation (3.3.7) described by p; = p. + A
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represents the coexisting phase including uniform flow phase as well as jammed phase in
(p,a) phase plane. For distinct values of ¢, coexisting curves (blue dotted curves) obtained
through nonlinear analysis, are shown in Fig. 3.2(a)-(b) for lane change case. It can be
observed from these figures that with respective variation in slope the stability region also
varies corresponding to uphill and downhill situations. Particularly, the flow of traffic on
a slopy curved road reveals complications in driving comparatively to straight road but
the higher rate of driver’s anticipation helps in reducing traffic jams when lane change is

allowed.

3.4 Simulation results

To investigate the reliability of theoretical results obtained via linear as well as nonlinear
analysis, simulation is performed. A small amplitude disturbance is given to the steady-
state flow and stability conditions are obtained by equation (3.2.8) which are consistent with
Fig. 3.2. Contrary to the homogeneous state of flow when stability condition (3.2.8) is not
satisfied then the perturbation expands over a period of time and the traffic turns into an
inhomogeneous state. Thus, the typical profile of inhomogeneous flow is investigated by

adopting periodic boundary conditions and the initial condition are:

pi(1) =pj0) =qpo—0o; j=% (3.4.1)
pto j=g+1,

where the initial disturbance o = 0.1, total number of lattice sites are N = 100, maximum
time ¢t = 10° sec., po = p. = 0.25, u = 0.25, r = 10, g = 10, ko'l =04, o =02, 0; =m/3
and the sensitivity parameter takes the values a = 2.7 and a = 2.8 for uphill and downhill

situations, respectively.

Fig. 3.3 and Fig. 3.4 shows the spatiotemporal evolution of density waves in the unstable
region corresponding to Fig. 3.2 for different values of ¢ after sufficiently long time ¢ =
9.9 x 10* — 10° sec. both for uphill and downhill cases, when lane change occurs. From Fig.
3.3(a)-3.3(d) and 3.4(a)-3.4(d) one can observe that the perturbation at initial stage leads
to density waves of kink antikink form for both cases. Results show that for both situations
when the angle of slope is increasing the number of stop-start density waves is decreasing.
On the other side, the amplitude of density waves start decreasing and free flow region turns
wide in an uphill case. But the condition varies for downhill situation as the amplitude
of kink waves is rising. The results indicate that the suppression of traffic jams is due to
the increasing slope in an uphill situation. On the contrary, jams arise in case of downhill

situation .
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Figure 3.3: Spatiotemporal evolution of density waves at t = 9.9 x 10%-10° sec. for
uphill case when v = 0.1 and ¢ = 0, 7/90, 7/45, 7/30.
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Figure 3.4: Spatiotemporal evolution of density waves at t = 9.9 x 10%-10° sec. for
downhill case when v = 0.1, ¢ = 0,7/90, 7 /45, 7/30.
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Figure 3.5: Density profiles for uphill case at (a) ¢t = 8 x 10? sec. (b) on lattice site
j =50 when v = 0.1, ¢ = 0,7/90, 7/45, 7/30.
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Figure 3.6: Density profiles for downhill case at (a) t = 8 x 10? sec. (b) on lattice site
j =50 when v = 0.1, ¢ = 0,7/90, 7/45, 7 /30.
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Fig. 3.5(a) and Fig. 3.6(a) shows the density profiles for distinct values of ¢ when v = 0.1
at fixed time t = 8 x 10% sec.. Fig. 3.5(b) and 3.6(b) shows the density profile with respect
to time ¢ = 9.99 x 10* — 10° sec. on 50" site. On comparing the figures we found that the
number of stop-start waves decreases for both uphill and downhill cases with an increase
in slope. Moreover, the stability region increases as the amplitude of kink antikink density
wave is weakened due to increase in slope when moving towards uphill situation. On the
other side for downhill situation amplitude of density waves start rising with an increasing

slope which is consistent with theoretical results.

Hence, we can conclude that the vehicular traffic shows complexity in nature when it deals
with curved road with slope. But the complexity can be controlled through anticipation and

lane changing parameters.

3.5 Conclusion

Traffic flow phenomena for two lane curved road with slope is analyzed by using lattice hy-
drodynamic approach with respect to the effect of driver’s anticipation. Stability conditions
are obtained using linear analysis and the behavior of traffic under congestion is studied
through nonlinear analysis. Traffic under the congested region comes out by revealing kink
antikink density waves represented by the solution of mKdV equation resulting from nonlin-
ear analysis. Simulations under the hypothetical test conditions are performed to verify the
theoretical findings. It is concluded that the slope of curved road has a remarkable impact
on the flow stability on two lane highway. Though the newly developed model appropriately
reproduce the features of real traffic phenomena on a curved road with slope by explaining

the effects of slope on traffic dynamics, yet the model has the following limitations:

e Vehicles are considered as homogeneous entity.
e Overtaking is restricted in the present model.

e Many important factors in traffic flow such as interruption effect [103] and delayed-

feedback effect [95] etc. are not considered.

e The validity of the model should be checked through some experimental data.
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Chapter 4

Lattice model for heterogeneous traffic iow

Traffic networks consisting of highways, streets, traffic control devices and various kind of
vehicles provide a convenient atmosphere for passengers. The problem of traffic jams with
respect to the increasing strength of automobile has become one of the challenging issues for
scientists and researchers even with the development of technology and road infrastructure.
To reduce jamming states, modeling of traffic plays significant role to reproduce and to
forecast the complex mechanism and investigate its properties. A notable aspect of the
applicability of the models is their ability to replicate the undesirable phenomena called
traffic congestion. For a model, critical model parameters or traffic conditions need to be
established that lead to a stable response to disturbances. In a certain density range, many
traffic models become unstable due to delays in adapting to changing traffic conditions.
Therefore, to avoid undesirable situations a notable amount of traffic models ranging from
micro to macro level [1,11,25,114,117-121,131,132] have been produced to study the complex

traffic phenomena of self-driven non-equilibrium system of interacting particles.

Among all these approaches, the lattice hydrodynamic (LH) model [1] (as discussed in Chap-
ter 1) is one of the simplest and well known traffic model which collaborates the mer-
its of macroscopic and microscopic models. Afterwards, the approach has been widely
referred and extended by considering a series of realistic factors influencing traffic condi-
tions [79-82,86,87,99,122,124,151,152].

In reality, traffic system either of a whole city or a highway contains a mixture of a variety
of vehicles. Homogeneous traffic refers to the state of traffic consisting of similar type of ve-
hicles following lane discipline. Moreover, traffic consisting of motorized and non-motorized
two wheelers and three wheelers together with other vehicles without following lane rules, is
defined as heterogeneous traffic (see Fig. 4.1). The vehicle heterogeneity in traffic stream is
a significant if not dominant factor in modeling highway traffic flow operations accurately.
For example, high percentages of big vehicles may induce congestion at relatively lower vol-
umes, and hence dissimilar network traffic conditions may result than with low percentages.
Moreover, the ratio of small vehicles in the city traffic stream may vary considerably from

highway traffic.

The content of this chapter has been published in Physics Letters A, 382 (22): 1449-1455, (2018).
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-2 j-1 j j+1 j+2

Figure 4.1: An illustration of lattice model for heterogeneous traffic flow.

To explore the influence of heterogeneous traffic, some efforts have been made to extend the
macro as well as micro models. LWR model [41] was extended to discuss about driver’s het-
erogeneity [153]. The extension was made by taking into account the driver’s heterogeneity
based on speed choices. Many extensions were also made at macro level to study the behav-
ior of heterogeneous traffic [154,155]. Recently, AWR model [49] is extended by Mohan and
Ramadurai [54] to generalize the higher order continuum models for heterogeneous traffic
flow by using the concept of area occupancy. The micro models in which the main focus is on
car following behavior [156,157] provide another way to include the heterogeneity of traffic
and analyze its effect on traffic flow dynamics. Tang et al. [156] studied the fundamental dia-
gram and jam density of heterogeneous traffic consisting of bus and car under three different
conditions: (/) without any restriction (/1) under the action of traffic control policy that
restrains some private cars (I11) using bus to replace the private cars restrained by traffic
control policy. Mason and Woods [157] studied the behavior of multispecies car following
model both on circular as well as straight roads. It was found that in the limit of long roads
with a large number of cars, the linear stability criteria for circular and straight roads were
same. Also, having high enough concentration of trucks in a population of cars, the system
as a whole could be asymptotically unstable, i.e, trucks can cause jams. Recently, a new
car following model [158] is developed composed of low and high-sensitivity vehicles. It has
been analyzed that the neutral stability curves divide the headway space into five distinct
regions. The effect of percentage of low-sensitivity vehicles on stability of mixed traffic has

been analyzed.

Because of its capability in describing the jamming transitions in the form of kink density
waves, lattice hydrodynamic approach is suitable to investigate the role of heterogeneity in
flow of traffic. But the focus of previously discussed lattice models was mainly on homo-
geneous traffic phenomena for single lane road and/or multi lane highways. These models
were unable to completely describe the features of heterogeneous traffic flow on roads, since

they do not consider different heterogeneous factors of traffic, for example, heterogeneity of
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vehicle and /or driver’s heterogeneity etc.

Present Chapter is an attempt to develop a simple lattice hydrodynamic model to incorporate
a distribution of heterogeneous vehicles in section 4.1, and show by means of theoretical
investigation that the resulting model, though simple in nature, is efficient to capture the
influence of heterogeneous vehicles on the stability of flow in section 4.2. Simulation is
performed in section 4.3 in order to confirm the analytical results and finally, in section 4.4

summary of results is provided.

4.1 Models for heterogeneous traffic flow

4.1.1 Car following model for heterogeneous traffic flow

Car following model [158] based on FVDM, focus on the modeling of heterogeneous traffic
with low and high-sensitivity vehicles. The distinguishing features of each vehicle types are
sensitivities. The generalized full velocity difference model considering two types of vehicles

with reaction time delay is given as follows:

in(t) = ar [% (tanh(Axn(t ) —he) + tanh(hc)> - un(t)} YK Au),  (41.1)

which refers to vehicles with low-sensitivity with percentage c.

in(t) = a3 [VmT (tanh (A (¢~ 7) — h) + tamh (k) — wa(8)] + KoBu(t),  (4.1.2)

which refers to vehicles with high-sensitivity with percentage (1 — ¢). a; and Kj are the
sensitivities for low-sensitivity vehicles, as and Ky are the sensitivities for high-sensitivity
vehicles. 7 is reaction time of driver. It is assumed that a; < a9 and K; < K5 and the
percentage ¢ of low-sensitivity vehicles satisfy the condition 0 < ¢ < 1. By adjusting the
coefficient ¢, one can consider any portion of heterogeneous traffic flow composed of low and
high-sensitivity vehicles. Vehicle motion is formulated by the acceleration function of its

vehicle type.

4.1.2 New lattice model for heterogeneous traffic flow

Basic lattice hydrodynamic model, as discussed in Chapter 1, was proposed by Nagatani [1]
for unidirectional single lane road. The fundamental idea behind lattice model is that the
optimal current regulate the traffic current with a delay time. Later, the lattice model was
extended by including the effect of optimal current difference that significantly affect the
multi lane traffic flow system [86]. In the improved lattice model by Peng [86], continuity
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equation is same as (3.1.7) and the evolution equation (1.6.6) is modified to include the

optimal current difference effect (OCDE) between two forward sites and is given by:

A (pjvj) = apoV(pjt1) — apjvj + arpo[V(pjr2) — V1)l (4.1.3)

where the last term represents the OCDE on j + 1 site at time ¢ and the parameter \

corresponds to the optimal current difference effect.

The above model has been found to have greater stability as compared to Nagatani’s model.
But this model can not be used to examine the features of heterogeneous traffic because it

considers the traffic to be homogeneous.

In general, traffic stream comprises of many different types of vehicles starting from very
small to large. In this chapter, our purpose is to model the behavior characteristics of
heterogeneous traffic involving two types of vehicles small and large. The distinguishing
features of both types of vehicles refer to the sensitivities. First type (small) of vehicles are
assumed to have high-sensitivity as compared to second type (large) of vehicles. By keeping
this in view, new heterogeneous lattice hydrodynamic model is proposed for both types of
vehicles. The traffic is considered as unidirectional because both types of vehicles will move
in the same direction. Hence, the continuity equations remain intact (same as (1.6.5)) for

both type of vehicles at site j and are given by:

0¢(p1,5) + po(p14v1,j — p1,j—1v1,5-1) = 0, (4.1.4)

9e(p2,5) + po(p2,jve,j — P2,j—1v2,j-1) (4.1.5)

where p;1; (p2;) and vy (vg;) denotes the local density and velocity of first type (second
type) vehicles at j' site at any time ¢, respectively. Further, the modifications are made to
the evolution equations for each type to include the effect of delay which is inversely propor-
tional to the sensitivity. Assuming a; = % and ag = T—12 be the sensitivities of small and large
vehicles, respectively. We propose new evolution equations for each type in heterogeneous

traffic stream as follows:

O(p1,4v1,4) = a1pocV (pj41) — arpr v + a1pocAlV(pj2) = V1), (4.1.6)
9(p2,jv2,5) = azpo(l — )V (pj11) — azpz,jv2,; + azpo(l — c)A[V (pj+2)
= V(pj+1)l, (4.1.7)

where ¢ (0 < ¢ < 1) denotes the fraction of small vehicles while (1—c¢) denotes the fraction of
large vehicles in heterogeneous traffic. Note that the interaction will take place between both
type of vehicles and the presence of one will affect the other. This has been incorporated
via optimal velocity function which is the function of total density in the evolution equation

for both types of vehicles. Combining (4.1.4) with (4.1.6), the density evolution equation for
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first type of vehicle is obtained as:

prj(t+2m) = prj(t+11) + 1iepg[V(pj1) = Vi(p)] + Tidep

(4.1.8)
[V(pj+2) =2V (pjt1) + V(p;)] = 0.
Similarly, the density equation for second type of vehicles is given as:
p2,j(t+ 272)=p2,(t +72) + 72(1 = )pg [V (pj1) — V()] (4.1.9)

+ A1 = ¢)pg[V(pjv2) — 2V (pjt1) + Vip))] = 0.

Because the major aim of the present model is to explain the characteristics of mixed traffic
as a whole instead of describing it for different vehicles. In order to fulfill the purpose, we
need to get density equation for combined traffic. Therefore, by adding equations (4.1.8)
and (4.1.9) we obtain:

[p1,5(t +271) + p2j((t +271) + (K — 1)271)] — [p1,5(t + 71) + p2,; ((t + 71)
+ (K = 1)71)] + po° (e + (1 = ¢)12) [V (pj41) — V(pj)] (4.1.10)
+ Xpo*(ric+ (1 = &)m2) [V (pjr2) — 2V (pjs1) + V(p;)] = 0,

constant K in the above equation is very small number and we are choosing 7 = K7 because
the time delay corresponding to bigger vehicles is more than that of small vehicles. Now the
increasing value of parameter K leads to increased delay time corresponding to less-sensitive
vehicles which results that the density change rate is zero. Thus, after applying Taylor series
to the terms containing K and ignoring higher-ordered derivative terms the density equation

of heterogeneous flow is obtained as:

pi(t +27) = pji(t + 7)+71p0* (¢ + K(1 = &) [V(pjs1) = VI(pj)] + T Apo”

(4.1.11)
(c+ K(1=0)[V(pjt+2) —2V(pj+1) + V(p;)] = 0,

where the sensitivity parameters are adopted as a; = pi1a and as = ga, where p; and ¢ are
the constants. After rewriting the equation (4.1.11) for total density of heterogeneous flow,
the extended heterogeneous LH model for two types of vehicles with different sensitivities is

obtained as follows:

pi(t+27) — p;i(t +7) + Apo®7[V (pj+1) — V(p;)] + Bpo’ 7V (pjs2)

(4.1.12)
=2V (pj+1) + V(p;)] =0,

P1 q
traffic current to achieve the state of optimal current. Here, p; = p1 ; + p2 ; denotes the total

where A = [i + @] and B = A\, the delay time 7 represent the time consumed by the
density of both types of vehicles at site j. Since an individual’s response is reflected by the

sensitivity to outside influences; sensitivities in our model are basically chosen as directly

proportional to each other. Without loss of generality, a1 > as is taken which in turn implies
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p1 > q. Note that we can choose any section of the heterogeneous traffic flow including the
vehicles with low and high-sensitivities by adjusting the coefficient ¢. The value of V(+) is

adopted same as provided in [79].

The density evolution equation (4.1.12) can be used to analyze the density waves in a hetero-
geneous traffic with two types of vehicles. Moreover for ¢ = 0 or ¢ = 1, the proposed model

with p; = ¢ =1 and A = 0 reduces to homogeneous case of Nagatani’s model [1].

4.2 Theoretical analysis of the new model

4.2.1 Linear stability analysis

The impact of heterogeneous traffic on the jamming transitions of traffic flow on a unidi-
rectional single lane road is examined via linear stability analysis. Initially, the traffic is
assumed to move with uniform density pg and optimal velocity V(pg), then the uniform

steady-state solution for (4.1.12) is:
pi(t) = po, v;(t) =V(po)- (4.2.1)
After perturbing the uniform density at j™ site in terms of y;(t) results:
03(t) = po + 45(0). (12.2)

Inserting the above perturbed density profile (4.2.2) into (4.1.12) and by linearizing the

equation for y;(t), we get:

yj(t+27) — y;(t +7) + A7po* V' (po) ly+1(t) — y; ()] + 7Bpo* V' (po)

(4.2.3)
[yj+2(t) — 2yj41(t) + y;(t)] = 0.

The derivative of the optimal velocity function V'(p) is represented by V'(pg) at point p =
po- By applying Taylor series expansion to (4.2.3) and assuming the deviation as y;(t) =
exp(ikj + zt), the eq. (4.2.3) becomes:

T — e 4 TpOQV’(pO)(A(eik — 1) + B(e?* — 2¢* + 1)) = 0. (4.2.4)

Putting z = 21 (ik) + 22(ik)?..... into (4.2.4), the coefficients (ik) and (ik)? are obtained as:

21 = —Ap*V' (po). (4.2.5)
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3o {A+2B

z9 = —57'21 B }p02vl(p0). (4.2.6)

If the inequality zo < 0 holds against the small amplitude perturbation then it leads to the
unstable state in uniform steady-state, on the other side it becomes stable if zo > 0. Thus,

the condition for the steady-state of heterogeneous traffic flow to be unstable is given by:

- 3A4%(pgV' (o))

4.2.
A+2B (427)
The neutral stability condition for small amplitude disturbances is given as:
3A%(pgV' (po))
=" 4.2.
¢ A+2B (4.2.8)
after putting B = A\ the neutral stability condition (4.2.8) is given by:
3A(pgV" (po))
= - 4.2.
¢ 1+ 2 (4.2.9)

Equation (4.2.9) clearly shows that the reaction coefficient of optimal current difference
and fraction of small/large vehicles considerably impact the stabilization/destabilization of

heterogeneous traffic stream.

T
il Stable region
Neuralstabilty curves \.-7” "\

v, Coexisting curves

Sensitivity

Unstable region

Unstable region

0 1 1 1
01 0.15 02 0.5 03

Density Densiy
(a) (b)

Figure 4.2: Phase plots showing (a) phase separation curves in (p, a) space for ¢ =
0.1,0.2,0.3,0.4. (b) critical lines dividing (p, ¢) space into five distinct regions of flow
for a = 0.2. The critical density and reaction coefficient of optimal current difference
are chosen respectively as pg = p. = 0.2, and A = 0.2.

Fig. 4.2(a) gives the coexisting curves (blue dotted curves) along with neutral stability curves
(black solid curves) in (p,a) plane. The neutral and coexisting curves split the phase space
(p,a) into three distinct regions. The apex of both neutral stability and coexisting curves

matches at the critical point (p,, a.) for all values of ¢. One can observe from Fig. 4.2(a) that
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the apex of each curve lower down with an increase in fraction parameter c¢. This indicates
that the traffic system gets more stable with an increase in the proportion of high-sensitivity
vehicles in the traffic stream. Which is true because under the jamming conditions in real
traffic situations, smaller vehicles with high-sensitivity try to accommodate themselves by
using lateral spaces as compared to larger vehicles with low-sensitivity to overcome the

congestion.

Further, to explain the effect of fraction of high-sensitivity vehicles on critical phase transition
curves, Fig. 4.2(b) shows the phase diagram for density versus ¢ for the model when \ = 0.2,
p1 = 2.5 and ¢ = 0.5. The critical line is represented by the blue solid line which separates
the stable and unstable region obtained from equation (4.2.9). The curve divides the whole

space into five distinct regions.

Region I (0 < p < 0.11) and Region V (p > 0.29) represents the low density and high density
regions, respectively, where the heterogeneous flow always remain stable for each value of
fraction coefficient c. It indicates that whatever value the number of low or high-sensitivity
vehicles can take, the stability remains unaffected. The stability of traffic flow in the Regions
IT (0.11 < p < 0.15) and Region IV (0.25 < p < 0.29) is sensitive to the fraction of small
and large vehicles in the traffic stream. In these regions, higher amount of high-sensitivity
vehicles refers to the stability of flow. Region III (0.15 < p < 0.25) shows the unbalanced
state of traffic flow for each value of the fraction parameter c¢. The steady-state flow of
traffic will evolve into an unstable stop and go density waves spreading in the backward

direction.

4.2.2 Nonlinear stability analysis

When the flow is affected largely by some external forces then the density of vehicles start
rising in an irregular manner leading to traffic jams in the form of nonlinear density waves.
In order to check the varying nature of mixed flow near the critical point (p.,a.) as well
as the impact of heterogeneous traffic on the development of traffic jams on coarse-grained
scales, reductive perturbation technique is adopted. For that, space variable X and time

variable T for 0 < € < 1 are considered as follows:
X =€(j+bt), T=~et), (4.2.10)
where the constant term b needs to be obtained. Let p; satisfy the following equation:

pi(t) = pc + eR(X,T). (4.2.11)
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Taylor series expansion is used to expand equation (4.1.12), by putting (4.2.10) and (4.2.11),

up to fifth-order of € and the nonlinear equation is obtained as follows:

2k10x R+ k0% R + €*(0r R + k30% R+k4O0x R®) + € (ksOrOx R

(4.2.12)
+ k0% R + k70%R3) = 0.
The coefficients k; of the model
]{71 b -+ ApCQV,
27’
2 e (452 2y
ks o7+ (FFE) 2V
Apgvlﬂ
ky e
k’5 3bt
47.3 A
ke B+ (5 + BV
b (& + 2o
Table 4.1: The coefficients k; of the model
Table 4.1 shows the coefficients k;(i = 1,2,3,.....,7), V' = mgl()p) and V" = 338‘25,’)) .
P=Pc P=Pc
The value of 7 close to the critical point (p., a.) is chosen by:
T =71.(e® +1). (4.2.13)

By substituting the constant value b = —Ap.2V’, the terms of € having second and third-order

completely vanished and we get:
4 3 3 5 2 4 2 p3y _
€ (OrR — 10x R+ g20x R’) + €’ (g30%x R + g40x R + g50% R’) = 0. (4.2.14)

Table 4.2 shows coefficients of g;(i = 1,2,....,5). Eq. (4.2.14) can be transformed to mKdV

equation by using following transformation.

T'=¢T, R=,2F. (4.2.15)

92
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The coefficients g; of the model

2 (A+GB>pC Vv’

g1 T 6

93 %

o B 4 (44 B)p 2V + 3
g5 (1% + %)ng’” — 3b7.92

Table 4.2: The coefficients g; of the model

So, resulting equation (4.2.14) is given as follows:
Oy R —0%R +9xR®+eM[R] =0, (4.2.16)

where M[R'] = gil[ggﬁg(R/ + g10% R + %QA?(R/:S]. By ignoring correction term O(e) from
(4.2.16), the solution of standard mKdV equation is:

Ry(X,T') \/7tanh<\/7X LlT)> (4.2.17)

Here, to represent the kink antikink density waves, the propagation velocity is denoted by
L, and is obtained by solving the condition given below:
o0

(Ry, M[Rp]) = / dXRyM[Ry] =0, (4.2.18)

with M[Ry) = M[R']. From (4.2.18), the suitable choice of L; is obtained as

59293

= 7277 4.2.19
29294 — 39195 ( )
Hence, the solution representing the kink antikink wave is given as under
L L
pi=petey| 1tanh<\/?1(X - nglT)>, (4.2.20)
92

where €2 = (% —1).

The kink antikink soliton solution (4.2.20) computed from the mKdV equation shows the
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coexisting phase composed of freely flowing as well as jammed phase in (p, a) space, described
by pj = p. L€ %. The neutral stability curves (solid curves) obtained from linear
analysis and the coexisting curves (dotted curves) acquired by nonlinear analysis in Fig. 4.2
(a) split the phase plot in three distinct regions: the no jam region is represented by the
space above coexisting curves while the unstable region is represented by the space below
the neutral stability curves. Thirdly, the metastable region exists between the neutral and
coexisting curves. It is seen that the apex of each coexisting curve lower down corresponding

to parameter ¢ which indicates a higher rate of stability of heterogeneous flow.

4.3 Simulation

Simulation is performed for the purpose to explore the competency and rationality of the-
oretical results of the new model in explaining the properties of heterogeneous traffic on a
single lane road. We choose the periodic boundary conditions and the selection of initial

condition is given below:

pi(1) =pi(0)=qpo—0o; j= (4.3.1)

vz wlz

p0+0; j: _15

where the system size is assumed as 100 lattice site and the other parameters are taken
as 0 = 0.05, a = 3.2, po = pc = 0.2, Vipax = 2.0, and A = 0.2. Fig. 4.3 shows the
simulation results of spatiotemporal evolutions of density waves and represents the effect of
the parameter ¢ on traffic stream at stationary state for 9.9 x 10* — 10° sec. time steps for
a = 3.2. It is observed from Fig. 4.3(a)-4.3(c) that the kink antikink waves propagating in
backward direction arise corresponding to the initial perturbation. Lower values of ¢ lead to
congested flow under small perturbation because the condition for the flow to be stable is
not fulfilled. The kink antikink solution of mKdV equation (4.2.20) obtained from nonlinear
stability analysis in section 4.2 represents the propagation behavior of traffic jam. For higher
values of ¢, the stability criteria hold and the small amplitude disturbance to the uniform
flow vanishes completely and stop-start density waves dissolve gradually in Fig. 4.3(d).
As natural evidence of both theoretical as well as simulation results, one can claim that
vehicles having high-sensitivity are much more efficient than vehicles having low-sensitivity
in overcoming the congestion. It is also clear from Fig. 4.3(a)-4.3(d) that higher amount of

smaller vehicles in traffic stream can help in suppressing traffic jams.

Fig. 4.4(a)-4.4(b) describe, respectively, the density profiles at fixed time ¢t = 8 x 10* sec.
and site j = 50 for different values of ¢ analogous to the panel of Fig. 4.3. One can observe

from Fig. 4.4(a) that, corresponding to increasing values of ¢ the number of kink antikink

63



Chapter 4. Heterogeneous traffic flow

waves gradually decreases in the mixed traffic. Moreover, with increasing value of parameter
¢, the amplitude of density waves lower down and the free flow region spread over the whole
space (see Fig. 4.4(a) & 4.4(b)). Further, the traffic jam vanishes completely and flow turns
into a uniform state at ¢ = 0.4. This validates the theoretical findings that in mixed traffic,

vehicles with higher-sensitivity help in overcoming the jams which refer to the stability of

flow.
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Figure 4.3: Space-time evolutions of density waves when A = 0.2,p; = 2.5,¢ =0.5,a =
3.2 for (a) c=0.1, (b) ¢=0.2, (¢) ¢ =0.3 and (d) ¢ = 0.4 respectively.
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Figure 4.4: Density profiles corresponding to different values of fraction parameter ¢
obtained at (a) fixed time ¢ = 8 x 10% sec. and lattice sites varies (b) for fixed lattice site
j = 50 and time varies from ¢t = 9.99 x 10* — 10° sec. when A = 0.2, p; = 2.5,¢q = 0.5.
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To ensure the periodic nature of traffic flow, the phase plots of p(t) — p(t — 1) against p(t) is
drawn in Fig. 4.5 for t = 10* —2x 10* sec., with respect to the panel of Fig. 4.3. The patterns
in Fig. 4.5 represents the closed loop in the phase plane formed by the set of dispersed points.
For all values of ¢, the limit cycle (closed-loop pattern) exhibits the periodic nature of traffic.
The right, as well as the left end points in the loop, represent the jammed state of traffic
and the free flow traffic respectively; which is also computed via nonlinear stability analysis.
When the traffic flow comes into the stable state for increasing values of ¢ the loop start

diminishing in size and convert into a single point at ¢ = 0.4.

Above results are shown for smaller value of A\. We will further explore the effect of larger
value of \ on the traffic dynamics. A noteworthy finding is that the simulation works for
A < 0.5 which is in contrast to the theoretical results. Linear stability analysis did not
provide any condition on A. Further analysis is required to obtain the bounds on A. Since
the parameter A, representing the impact of optimal current difference, is assumed to be
small (A = 0.2), therefore we can conclude that the heterogeneous model and the analysis is

correct.

From the results shown above, it is logical to conclude that in heterogeneous traffic, the
fraction of vehicles having high or low-sensitivity plays a remarkable role on the stabiliza-

tion/destabilization of mixed traffic on one lane road.

4.4 Summary of results

4.4.1 Outcomes:

e Lattice hydrodynamic model for heterogeneous traffic on one lane road has been pre-

sented by considering optimal current difference effect.

e Two types of vehicles analogous to small and large vehicles with different sensitivities

are considered.

e Proportionality parameter corresponds to small and large vehicles is introduced that

controls the fraction of vehicles.

e The nature of mixed traffic is studied analytically by using linear and nonlinear anal-

ysis.

e Phase diagram in (p,a) space is obtained by neutral stability and coexisting curves
through which the influence of high-sensitivity vehicles on stability of flow has been

examined.
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e Effect of fraction parameter on critical phase transitions is shown through five distinct

regions in (p, c) space.

e High-sensitivity vehicles stimulate the stability in flow while low-sensitivity vehicles

negatively impact stability of flow that leads to traffic congestion.

4.4.2 Future scope:

e Proposed model can be further extended to analyze the critical phenomenon lies in
actual traffic situations, for example: lane changing, passing and environmental factors

etc.

e Additionally, the proposed theoretical and numerical predictions of the model need to

be affirmed by investigations based on experiments.
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Chapter 5

The effect of passing on traffic low with
delayed feedback control

Prevailing traffic conditions demand an effective transportation system which leads to effi-
cient movement of vehicles even under an inhomogeneous state of flow. Due to increased
automobiles, urbanization and population growth, traffic congestion has been increasing
through out the world. Increasing jams minimized the capability of transportation infras-
tructure and leads to increasing travel time, environmental pollution, safety hazards, fuel
consumption etc. Thus, advancements in the field of electronics and communications provide
efficient methods to develop transportation management strategies. In practice, it is often
desirable to avoid chaos in order to improve or change system performance. Given a chaotic
attractor, one approach might be to make some major and possibly costly changes in the

system that completely change its dynamics to achieve the desired behavior.

The reason behind the choice of control theory is to avoid traffic congestion whatever the
cause may be and to diminish it quickly whenever it happens. In terms of control theory,
a disturbance is a sign which negatively influence the system output. In terms of vehicular

traffic, examples of external disturbance are accidents or bottlenecks etc.

Feedback control refers to an operation that leads to minimize the variation between input
and output of the system in the presence of interruptions. In traffic flow theory, one of
the most utilized strategy to regulate the unstable and chaotic behavior of traffic, is the
decentralized delayed feedback control. Ott et al. [159] have suggested a method (OGY
method) which stabilizes chaotic motions onto a desired unstable periodic orbit within a
chaotic attractor. They suggested two methods out of which in first method combined
feedback with a periodic force of a special form is used and in second method no external
force is required. Further, Pyragas [160] gave a continuous method of chaos control using
time delayed controlling forces. Pyragas method was then investigated from experimental and
theoretical points of view by Just et al. [161] and analytical stability analysis was performed.
It was shown that the success of the control scheme is governed by the revolution around

an unstable periodic orbit. In addition, Konishi et al. [162,163] proposed coupled map car

The content of this chapter has been published in Physica A: Statistical Mechanics and its
Applications, 510: 446-455,(2018).
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following model describing the behavior of a group of vehicles running in a single lane. The
condition under which the traffic jams will never occur was derived. Zhao and Gao [164],
by utilizing the definition presented by Konishi et al. [162], raised some problem through
example. A feedback signal was introduced into the optimal velocity model, which only works
when the state is inhomogeneous. Zhao and Gao [165] introduced coupled map car following
model by following the method developed by Konishi in order to control the congestion
aroused by bottlenecks. Jin and Hu [166] proposed an optimal velocity model using the
displacement and velocity differences without taking driver’s delay into account. Further,
the effect of nonlinear behavior, fuel consumption and emission on traffic flow are recently
explored in [167-169].

Lattice hydrodynamic model [1] as discussed in previous Chapters, got much attention of
researchers [81-84, 86, 87,89, 92,100, 101, 103, 123, 124, 152, 170-173]. In recent past, Ge et
al. [94] developed lattice model utilizing the control method and results show that feedback
control significantly suppress the traffic jams. In addition to the proposed model, many
extended versions were presented, such as, delayed feedback control [95], control method by
considering rate of change of density difference [174] at time ¢ — 1, variation rate of optimal
velocity [175], flow rate difference effect [176], feedback control for optimal flux for forward
looking sites [177], delayed feedback control based on historic density difference effect [98],
double flux difference [97].

But upto our knowledge feedback control has not been applied yet by considering the effect
of passing. Thus, a modified model is presented to investigate the influence of passing on
traffic dynamics. First is the introductory part, then section 5.1 is devoted to the new model,
in section 5.2 theoretical analyses are done, section 5.3 gives the simulation results and 5.4

refers to the concluding remarks.

5.1 Extended lattice model

With the aim to minimize the jamming states and to obtain the stability conditions under
homogeneous traffic flow at macroscopic level Nagatani [1] introduced lattice hydrodynamic
model (discussed in Chapter 1). The continuity and evolution equations in terms of flow are:
Continuity eq.:

9(pj+1) + polgj+1 — ¢;) =0, (5.1.1)

Evolution eq.:
9:(q;) = alpoV (pj+1) — ¢j]. (5.1.2)

At macroscopic level, mKdV equation is derived using nonlinear analysis in the basic lattice
model which describes the jamming transitions and density waves in an unstable region. In

the unstable region, the chaotic behavior produced under the dynamic process of traffic was

70



Chapter 5. Effect of passing with delayed feedback control

captured by adding the effect of passing in the evolution equation (1.6.6) by Nagatani [83].
Due to the impact of passing, the continuity equation (1.6.5) remain the same but the

evolution equation is modified as follows:

9(q;j) = alpoV (pj+1) — 4] + anlpoV (pj+1) — poV (pjs2)l; (5.1.3)
where the parameter ~y; is parameter for passing.

Recently, Ge et al. [94] proposed a control method in which the evolution equation was
modified to incorporate the control parameter proportional to the flux difference at j and
§ + 1" site. Further, Redhu et al. [95] modified the evolution equation by considering the

flux difference of two different states, current and delayed one:

9¢(q;5) = alpoV (pj+1) — a5 + allgj1(t) — qjya(t — 7)]. (5.1.4)

The purpose behind designing the control signal in lattice model is to avail the dynamic
estimation information using intelligent transportation system. As discussed in ref. [83],
traffic flow becomes chaotic, when passing is there. Therefore, we modified the evolution
equation (5.1.4) by incorporating the effect of passing while the continuity equation remains

the same:

Oi(q;) = alpoV(pjr1) — q;] + anlpoV (pj+1) — poV (pjr2)] + aC

(5.1.5)
[gj+1(t) — gj+1(t — 7))

where ( is the control parameter. Basic lattice model [1] can be recovered for ¢ = 0 and

~v1 = 0. The density equation of the model is given by:

pi(t+27) — pi(t +7) + 7o [V (pj41) — V(pj)] — 7pa* 11V (pjs2) — 2V (pj1) + V(pj)]

(5.1.6)
= Clpjr1(t+7) = 2pj41(t) + pja(t — 7)) = 0.

5.2 Qualitative properties of the proposed model

5.2.1 Stability analysis using control signal

To discuss the effect of delayed feedback control when passing is there, linear stability analysis
has been done using control theory. We consider the steady-state solution as the following

form:
[ons an] = [0, 0. (5.2.1)

71



Chapter 5. Effect of passing with delayed feedback control

Using the above steady-state solution, we get the linearized system of equations (5.1.1) and
(5.1.5):

drpi1” + po(gi’ — ;) =0, (5.2.2)

9(g;°) = alpofi+1(p")pjs1° — ¢;°1 + avilpo fi+1(p")pjs1° — pofjr2(p”)

O ! ' (5.2.3)
pi+2°] + aclgi+1 (t) — gj+1 (t — 7)),

where p;° = p; — p*, ¢;' = ¢; — ¢* and f;(p*) = 8(;/(/()’;])') |p;=p*- The desired density is denoted

by p* and the comprehensive flow of vehicles is ¢*. Taking the laplace transformation of

equations (5.2.2) and (5.2.3) based on frequency domain analysis, we get:

5Pj1(5) = pjy1(0) 4+ po[Qj41(s) — Q;(s)] = 0, (5.2.4)

sQ;(s) — ¢;(0) = alpofi+1(p")Pj+1(s) — Qj(s)] + avipolfj+1(p*) Pjt1(s)

(5.2.5)
—[i+2(p")Pj12(s)] + aClQj11(s) — e T Qj41(5)],

where L(p;°) = Pj(s),L(g;") = Qj(s), L is the laplace transformation and the complex
number frequency denoted by s. The flux equation can be obtained by using value of P4
from (5.2.4) in (5.2.5) as follows:

(1 +71)apo? fi+1(p*) — ay1po® fi+2(p*) + sal(1 — e~ %)

Q)(s) == o

Qj+1(s)

% (1+ 71)apofj+1(ﬂ*)pj+1(0) (5.2.6)

a(s)
- S s 0) + 50 0)

+

Qj+2(s) +

where the characteristic polynomial is denoted by:
d(s) = s* + as — (1 +v1)apo” fi+1(p"), (5.2.7)

and the transfer functions are obtained as:

G (s) = ~LEm)ape’ S (p") - a;(lgffm(p*) tsag(l— e (5.2.8)
Go(s) = %ﬂgz(’)*). (5.2.9)

Based on control theory Konishi et al. [163] derived a simple definition describing the occur-
rence of traffic jams.

Definition 1. Traffic jam will not occur if:
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(1) d(s) is stable;

(ii) If Hoo-norm of transfer function G(s) is equal or less than one, i.e.,

1G(s)lloo = sup [G(jw)] < 1.

we0,00)

Now, in order to fulfill the first condition of the above definition, Hurwitz stability criteria
is used which states that if all the coefficients in characteristic polynomial d(s) are of same
sign then it will be stable. The coefficients of d(s) are 1,a, —(1 +v1)apo®fj+1(p*) and all are
positive. Since the sensitivity parameter a is positive always, po? fj+1 is negative because of
the property of optimal velocity function (1.6.7) (given in Chapter 1) which makes the third
coefficient positive as well. So, all coeflicients are of same sign. Our purpose behind modeling
traffic using control theory is to minimize traffic congestion. Which is possible only when
the control signal is suitably designed. Therefore, second condition (in above definition) of

system stability can be fulfilled if:

1G(s)]l o0 = S[Blp ) | G(jw) |< 1, (5.2.10)
1G(w)| = V/G(w).G(—jw) < 1. (5.2.11)

Thus the absolute value of transfer function Gy(s) is given by:

2a%w? (1 — cos(Tw)) + 2(1 + y1)a*wCp3 f+1(p*)sin(Tw)
+ (L4+m)%ap0 [0 + a*np0f7 1o + 2(1 + ) na?pf

: . 5.2.12
G1(jw) = fiv1(p*) fi2(p") + 20y piwesin(rw) fi2(p*) (5:212)
w4 (1 +71)2a2p5 f71(p%) + 202 (1 + )ap f1(p*) + a?w?
and Ga(s) is given with absolute value as:
a271204f'+22(p*)
Go(jw) = 0-J . (5.2.13)
wh + (14+m)2a?p 744 (0%) + 2w (1 + y1)ap fi1(p*) + a’w?

Now it is not easy to get Hy, norm of transfer function analytically. Therefore, the value of
¢ should be obtained in such a way that |G (s)||,, < 1 for all we[0,00). Which holds true if

the following inequalities are satisfied for transfer functions:

W+ aw?la + 2(1 +71)po” fj+1(p")] = 2a°w? (1 = cos(tw)) — 2(1 +71)
a’Cpo’ fir1(p*)sin(rw)w — 2a°y1 po*Csin(Tw) fi2(p ) w — a1 ’po’ [P0 (5.2.14)
—2(1+ y)ma’po’ fi+1(p*) fir2(p*) >0,
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and

w + aw?[a + 2(1 4+ 71)po” fi+1(0")] + (L +m)%apo* 2,1 (p") — a®11°po*

2 i (5.2.15)
[Zip2(p*) = 0.

To remove the difficulty in obtaining the above condition analytically, we have adopted the
following procedure: (1) Bode plot for both transfer functions has been drawn; (2) Confirm
that the peak gain of bode plot is not more than 1 so that the inequalities (5.2.14) and
(5.2.15) are satisfied. Fig. 5.1(a)-(b) shows the bode plots for relatively small passing,

Magnitude
=
o
Magnitude

(radls) ()
FreqUency Fregliency

(a) (b)
Figure 5.1: Bode plot for ( = 0.1,0.3,0.5 when (a) 73 = 0.01 and (b) v; = 0.1

i.e., y1 = 0.01 and higher passing, i.e., v = 0.1, respectively. Clearly, for smaller range
of frequency, the amplitude of gain function remains constant and decreases sharply and
becomes zero for relatively larger range of frequency. Further, it can be observed from the
figures that the gain function decreases its amplitude with increasing values of ¢ and fulfill
broadly the condition ||G(s)||,, <1 (Fig 5.1(a)).

Although the definition regarding the disappearance of traffic jams given by Konishi et
al. [163] is widely used in traffic flow theory but little effort has been made by Zhao and
Gao [164] to redefine the above concept. As the definition is redefined for car following
models based on the type of disturbance, helpful or harmful it can be. He pointed out that
if |G(5)|lo < 1 and the polynomial d(s) is stable, then it is sure that traffic jams will not
exist but if ||G(s)||,, > 1 and d(s) is stable then it is not sure whether traffic jam occurs
or not. The instability condition for the proposed model obtained from the linear analysis

(following a similar procedure as in [1]) is given as under:

(1—2v)
(=34 2¢)po?V" (po)

T > (5.2.16)
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5.2.2 Nonlinear stability analysis

To explain the density waves in jammed traffic, mKdV equation is required. Thus, to obtain

the nonlinear equation, we consider the slow variables X and 7" around (p.,a.) as:
X =¢(j+bt), T=¢et). (5.2.17)
The density at j* site can be defined as:
pj = pe+eR(X,T), (5.2.18)

the constant term b needs to be determined. Expand the density equation (5.1.6) with the
help of Taylor series expansion upto fifth-order of € by using slow variables X and T given

in (5.2.17). Thus a nonlinear equation in the following form is obtained:

€2k10x R+ k0% R + €' (07 R + k30% R + k4Ox R®) + € (ksOrOx R

(5.2.19)
+keO% R + kr0% R*) = 0.

The coefficients k;(i = 1,2,3,...7) in the nonlinear equation (5.2.19) are given in Table 5.1

and the first and third-order derivatives of V are obtained by V' = dVip) lp=p. and V" =

dp
dflzgp ) |p=p.. The value of 7 can be defined near the critical point as follows:

T = To€? + T (5.2.20)

After substituting the value of 7 from (5.2.20) and b = —p.2V" in equation (5.2.19) and re-

moving the terms of € with second and third-orders, following nonlinear equation is obtained:

e{(OrR — g10% R + g20x R3) 4 €7 (g30% R + g4O% R + g50% R?) = 0, (5.2.21)

the coefficients g;(i = 1,2,....5) in (5.2.21) are given in Table 5.2. Following transformations

can be adopted in order to transform (5.2.21) to standard mKdV equation:

T =qT, R=,2R, (5.2.22)

92

and the transformed form of (5.2.21) can be written as:
8 R — %R +9xR®+ eM[R] =0, (5.2.23)

where M[R'] = gil[gg(??(R/ + g40% R + g;%ﬁg(R@]. By ignoring the term O(e) from (5.2.23),
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the solution of standard mKdV equation is obtained:

Ry(X,T') = /I tanh<\/%(x - LlT/)>. (5.2.24)

The coefficients k; of the model

kq b+ p2V!
& SRl A

g e+ (2

s v

ks 3br — 2Cbr

e 0 (L= T2V — S (20478 4 120%7)
& P2V (551)

Table 5.1: The coefficients k; of the model

The propagation velocity, to represent the kink antikink type of density waves, is denoted
by Lq and can be obtained by solving the condition:
oo

(Ry, M[Ry)) = / dXRyM[Ry] =0, (5.2.25)

—00
with M[Ry] = M[R']. From (5.2.25), we got the appropriate value of L as:

5
I 9293

A — 5.2.26
" 20094 — 30195 ( )

Hence, the solution representing the kink antikink density waves is obtained as follows:

L L
p;=petey| L 1tanh(, JSHx - nglT)>, (5.2.27)
92
where €2 = (% - 1) and the amplitude D of the solution is given by D = %62L1. The

76



Chapter 5. Effect of passing with delayed feedback control

above kink solution (5.2.27) exists if the following inequality holds:

— 14712 — (12¢% = 36¢ + 13)y1 + (2¢2 — 6¢ + 1) > 0, (5.2.28)

which is true under the following condition:

0 <9 < f(0),
where
f(©) = 2—18(—13 +36¢ — 12¢% + (=3 + 2¢)v/(25 — 108¢ + 36¢2)). (5.2.29)
The coefficients g; of the model
g1 —% - (%)val
92 %
95 4 = (.
g1 Wt (L= Ty p 2V — L2643 4 627) + (3 —
20)bregn
95 PV (F55) = (3 = 20)bregs

If v1 > f(¢) then

Table 5.2: The coefficients g; of the model

mKdV equation (5.2.23) cannot be derived through nonlinear analysis. On

the other hand the kink solution (5.2.27) described by p; = p. £ D, represents the coexisting

phase which is the combination of both congested flow and freely moving phase respectively

when 31 < f(C).

Fig. 5.2(a) represents the phase plane in (p, a) space for v; = 0.01 while the values of control

parameter ¢ varies. It is clear from the Fig. 5.2(a) that the neutral stability curves (black

solid curves) along with coexisting curves (blue dotted curves) lower down with increasing

values of {. It happens because when passing occurs then the control parameter helps in

reducing the congestion. The neutral stability curves obtained from linear and coexisting

curves obtained from nonlinear analysis, divide the entire plot into three distinct regions:
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stable, unstable and metastable region. Fig. 5.2(b) represents the phase plot for v = 0.1.
As the value of control parameter ( is increasing the stable region is getting wider which

shows that jamming situations can be avoided with effective control even at the higher rate

of passing.
4 T T T
Stable Stable
4, o 4
Neutal stabifty cures _ -\ o~ - - Coexisting curves
3t .
> Neutrl stabifty cuves - Coexising cumes 23
3 ' 3
2 7
0 0
0 0 (
l”: l,
P Unstable Unstable
0 1 1 1 0
01 0.15 02 0.5 03 035 04 01 0% 02 025 03 0% 04 0K
Density Density

(a) (b)

Figure 5.2: Phase plot in (p,a) space for ¢ = 0,0.3,0.5 (a) for v; = 0.01 (b) for
Y1 = 0.1.

5.3 Discussion of results

For investigating the capability of the proposed model in alleviating traffic jams and to
validate theoretical results, simulations are carried out by using periodic boundary condi-
tions. For this, the whole space is divided into 140 lattice sites. Density at initial stage
is adopted as pg = p. = 0.25, maximal velocity vpmax = 2 and sensitivity parameter takes
the values a = 2.1,2.7 for v; = 0.01,0.1 respectively. In order to describe the traffic phe-
nomena at different sites, the density at sites 50 — 55 and 56 — 60 is chosen as 0.5 and 0.2

respectively.

5.3.1 Early time effect of feedback control

Fig. 5.3 shows the density profiles at different sites when control parameter varies at time
t = 1:200 sec. for v = 0.01. It can be observed from Fig. 5.3(a)-5.3(c) that the
perturbation at initial stage comes out in terms of kink density waves in unstable region.
The amplitude of density waves is higher without control, i.e, for ( = 0 and the oscillation
is around critical density p. = 0.25 but as the feedback control is applied the amplitude of

density waves decreases and the free flow region gets wider. Similar results found in Fig.
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5.4 when passing rate is y; = 0.1. There exist more oscillations around critical density at a
higher rate of passing but feedback control helps in overcoming the unstable states.
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Figure 5.3: Density profiles for ( = 0,0.3,0.5 at time ¢ = 1 — 200 sec. when ; = 0.01.
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Figure 5.4: Density profiles for ¢ = 0,0.3,0.5 at time ¢ = 1 — 200 sec. when v; = 0.1.
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Figure 5.5: Plots of density difference p;(t) — p;(t — 1) against p;(¢) when = 0.1 at
time t = 1 — 500 sec. for ( = 0 at different sites.
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Figure 5.6: Plots of density difference p;(t) — p;(t — 1) against p;(¢) when v; = 0.1 at
time ¢ = 1 — 500 sec. for ¢ = 0.5 at different sites.

Fig. 5.5 and 5.6 represent the plots of density difference against density at different site for
71 = 0.1 when ¢ = 0,0.5 respectively. It can be depicted from the figures that the set of
dispersed points represents the jamming states in the absence of control. The size of loop in
Fig. 5.5(a)-5.5(d) is bigger than in Fig. 5.6(a)-5.6(d) when control takes the value ¢ = 0.5.

Thus, it can be concluded that the control signal helps in suppressing traffic congestion.

5.3.2 Long time effect of feedback control

Fig. 5.7 represents the spatiotemporal evolutions of density waves for v; = 0.01 at time
t = 20100 — 20300 sec. for different values of control parameter (. It can be observed from
the figures that the perturbation at initial level results to kink density waves in an unstable
region. For lower values of (, density waves show higher amplitude; but as the value of control

becomes higher the amplitude of density waves die out completely and the flow becomes
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stable. Fig. 5.8 can be explained in a similar manner as for v; = 0.1, jamming situation
arises but effective control can overcome the situation. The density profiles corresponding
to panel of Fig. 5.7 are shown in Fig. 5.9 at time ¢t = 20100 — 20300 sec. for v; = 0.01 when
control parameter ( varies. Traffic jams are represented by kink density waves in an unstable
region as shown in Fig. 5.9(a)-5.9(c). Density waves come out with higher amplitude when
no control is there but as soon as the control parameter is rising the amplitude die out
completely and free flow region turns wider. Similarly, in Fig. 5.10(a)-5.10(c), there exist
sharp peak in pattern of density waves that is due to higher rate of passing vy = 0.1 but it

can be minimized due to effective control.

Density
= =
~ -~
Density
=

(=]

150

Cell Number 00 Time

200

dp

100

5 50
Cel Number 00 Time

()

Figure 5.7: Spatiotemporal evolutions of density waves for ( = 0,0.3,0.5 at time
t = 20100 — 20300 sec. when ~; = 0.01.
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Figure 5.8: Spatiotemporal evolutions of density waves for (

t = 20100 — 20300 sec. when ~; = 0.1.
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Figure 5.9: Density profiles for ¢ = 0,0.3,0.5 at time ¢ = 20100 — 20300 sec. when
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Figure 5.10: Density profiles for ¢ = 0,0.3,0.5 at time ¢t = 20100 — 20300 sec. when

Y1 = 0.1.

5.4 Conclusion and future scope

e One dimensional lattice model is extended using delayed feedback control with passing.

e The stability conditions for the model are derived using control theory.

e Nonlinear analysis is performed to attain mKdV equation. In addition, the condition

under which the mKdV equation cannot be derived is obtained, which corresponds to

the higher rate of passing.

e Simulations are conducted and results indicate that higher rate of passing makes the

system more unstable but control parameter helps in controlling jams.
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e The proposed model can be extended by incorporating important phenomena such as

anticipation effect [81,90-92], interruption probability [101-103] etc. for curved road.

e The effects of passing using feedback control have been shown in the proposed model.
But because of the complexity of the model chaotic region cannot be obtained in ;-
sensitivity space. Therefore, further analysis is required to obtain the range of passing
constant and control parameter that can indicate the boundary between kink and

chaotic region if it exists.
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Chapter 6

The observation of bidirectional traffic low

on two dimensional network

Whole world is facing different types of problems because of increasing vehicular traffic
such as environmental pollution, excessive noise, increasing accidents etc. Therefore, it is
important to represent traffic dynamics using mathematical models in order to find better

traffic flow patterns in city traffic.

Additionally, the theory of traffic is developed based on the vehicular flow on single or
multilanes and their interactions with other vehicles, pedestrians and traffic signals present
on road networks. But the process of freely moving vehicles sometimes get affected or
interrupted due to several factors, i.e., road geometry, design speed, proportion of heavy
vehicles, number of lanes and intersections present along the road that stimulate traffic
congestion. Out of them the effect of road geometry on traffic dynamics (Ex. curved road
and curved road with slope) are presented in Chapters 2 and 3 which can be minimized
with the help of intelligent driver’s traits. The effect of percentage of heavy and small
vehicles (heterogeneous traffic) is explained in Chapter 4 and found that the optimal current
difference effect help in overcoming congestion. But the interesting question is what type of
jamming situations are there at road intersections and how to overcome them? Thus, having
the target to minimize congestion and to help in designing the transportation infrastructure;
researchers try to estimate the future traffic situations with the help of empirical models.
The jamming transitions between homogeneous and congested traffic flow have been found
in the one dimensional [1,25,114,117-121] traffic models.

Besides the one dimensional models, BML [178] have proposed two dimensional cellular
automata model on a square lattice (N x N system) using periodic boundary conditions.
The intersection between east and north-bound street is represented by each lattice cell.
The spatial extension between the two intersections is totally ignored. The cell can be in
two states, empty or occupied, by the vehicle moving towards east or north directions. The
vehicles moving in east and north directions update their positions respectively, at odd and
even time steps in order to allow movement in two different directions. The vehicle will move

ahead only if the cell in front of it is empty otherwise it will not move forward. It has been

The content of this chapter is communicated in SCI journal.
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found that phase transitions from a freely moving phase to a perfectly jammed phase occurs
with increasing car density. Further, extensions were made for the traffic problems with two

level crossing [179] and direction changing [180].

Although above discussed models describe the complex and non-equilibrium phenomena in
an effective manner but are not able to completely correlate theory with the actually observed
traffic flows. Thus, the series of realistic models further got addition by the development of
two dimensional lattice model proposed by Nagatani [124]. Subsequently, the lattice model
was further extended for triangular lattice [139] as well. In addition, extensions were made
by incorporating the effect of optimal current difference effect and passing [89,140] on a

square lattice and optimal current difference effect on triangular lattice [88].
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Figure 6.1: An illustration of bidirectional flow in lattice model.

In real traffic situations, vehicles not only move in one direction but can move towards any
possible direction. So, according to the direction to which the vehicles are moving, vehicular
flow varies. For example, the road networks in urban areas consist of different routes that are

connected to different regions or parts of the city: market, govt. offices, parks, and residential
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areas. Thus, the flow of traffic in its wider sense varies according to the regions to which the
lanes are connected. In the whole process, moving from one place to another; drivers play an
important role, as drivers always adjust the speed of their vehicle according to the observed
traffic situations for attaining the maximal velocity and to avoid traffic jams. Although, the
above discussed models effectively describe the properties of complex mechanism and are
closely associated with real traffic problems. But none of them describe the properties of
bidirectional traffic flow, so by keeping this idea, the Chapter is presented for bidirectional
traffic flow on a square lattice. As the flow of traffic at current site depends on the difference
of optimal currents of ahead sites, thus the effect of optimal current difference has also been

incorporated to the bidirectional flow model.

The organization of Chapter is given by the following sections: the model for bidirectional
flow on a square lattice is given in section 6.1. Then by means of linear and nonlinear analysis
in section 6.2 and 6.3, it has been shown that the proposed model is efficient in capturing
the phenomena of bidirectional traffic low. The validity of theoretical results is confirmed
through numerical simulation in section 6.4. Then section 6.5 is devoted to the summary of

results.

6.1 Two dimensional lattice hydrodynamic model

The basic idea behind two dimensional lattice model [124] is that two types of vehicles: east-
bound(north-bound); moves in the positive z-direction(y-direction) and can interfere each
other only at the crossing point. In addition to it one more assumption is that while moving
in respective directions no vehicle can turn back and change its type, i.e., in each category,
the number of vehicles will remain conserved. The speed and density of east-bound(north-
bound) vehicles is denoted by wi(z,y,t)[us(z,y,t)] and p.(z,y,t)[py(x,y,t)] respectively.
Thus the continuity equations relating the local density to the local average speed of each
type of vehicles are given as follows:

Continuity eq.:

8tpz(x) Y, t) + 8:)3(/):13(':65 Y, t)U1 (:Ca Y, t)) = 0) (611)
Orpy(x,y,t) + Oy(py(z,y, t)us(z,y,t)) = 0. (6.1.2)

As the traffic current is adjusted by the optimal current with some delay time 7 that allows
the traffic current to attain the optimum level thus, the evolution equations expressing the

traffic current are given below:
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Evolution eq.:

pz(x,y, t + T)ur(z,y,t +7) = CpoV(p(x + 0,y,1)), (6.1.3)
py(x,y,t + Tua(z,y,t +7) = (1 = C)poV (p(z,y + yo, 1)), (6.1.4)

the parameter C' denotes the fraction of east-bound cars. Total average density is pp and
p(z,y,t) = pzp(x,y,t) + py(x,y,t) denotes the local density. xg and yo denotes respectively
the average headway of vehicles moving in east and north directions, respectively. V (-) takes
the following form [124]:

V(pgn(t) = 2 [raam (2 i) LY (1)), (615

Further, the above model was extended by Gupta and Redhu [89] considering the effect of
optimal current difference; as the traffic current in z-direction is not only adjusted by the
optimal current at position (z + zg,y) with delay time ¢ — 7 but also by the optimal current
difference at (x + 2x0,y) and (z + xo,y) at time ¢ — 7. Thus by incorporating the effect of

optimal current difference following equations were derived:

pe(z,y, t +T)ur(x,y, t +7) = CpoV(p(x + zo,y,t)) + ACpo
[V(p(w + 200,,1) — Vp(z + 70,5, 1)],  (6.16)
py(@,y,t + Tug(z,y,t+7) = (1=C)poV(p(x,y + yo, 1)) + A1 = C)po
Vp(z,y + 2y0, 1)) = V(p(z,y + yo,1))],  (6.1.7)

where A denotes the reaction coefficient corresponding to optimal current difference.

6.1.1 Lattice model for bidirectional flow

Although the above models present the traffic phenomena in a more realistic way but in
actual traffic conditions there exist no restrictions corresponding to the direction to which
vehicle is going. As the vehicle can move in any direction according to the suitable choice of
driver. So, we consider a system size of N x N lattice sites in four different directions (see Fig.
6.1), with the aim to present the traffic situations in a more accurate way. The assumptions
of the model are that the east-bound cars move only towards z*V-direction, west-bound
towards z7Ve-direction, north-bound towards yVe-direction and south-bound towards g ve-
direction. The fraction of vehicles moving in positive (east-bound) and negative (west-bound)
z-directions among all vehicles is C, proportion of east-bound cars among east-bound and
west-bound cars is C1. Proportion of north-bound cars in north-bound and south-bound

cars is (5. Thus by adopting this idea into lattice model, following continuity equations are
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formed:

Opr+ (2,4, 1) + Op(po+ (2, y, t)ua (2,9, 1)) = 0, (6.1.8)
O (@,y,t) + Ou(py- (. y, )ua(z,y, 1)) = 0, (6.1.9)
Orpy+ (2, t) + Oy (py+ (. t)us (@, y, 1)) = 0, (6.1.10)
Oupy-(,y,t) + 0y (py-(x,y, thua(w,y,t)) = 0, (6.1.11)

where p,+(z,y,t), pp-(2,y,1), py+(z,y,t) and p,—(x,y,t) denotes the density of east, west,
north and south-bound vehicles and w;(x,y,t), us(z,y,t), us(x,y,t), us(z,y,t) denotes re-
spectively the velocity of these vehicles. The motion of vehicles moving in east, west, north

and south directions is explained by the evolution equations:

Pyt (TII, Y, t+ T)U1(.’IJ, yvt + T) = CClp()V(p(.%' + 20,Y, t))

(6.1.12)
+ACCipolV (p(x + 220,y,t)) = V(p(z + 20,,1))],

Pz~ ('T’y’t + T)UQ(xayat + T) = C(l - C’l)pOV(p(a@ - anyat))

+AC(1 = C)polV(p(e — 220, ,1)) — V(pla — 20,5, 1)),
(6.1.13)

py+ (:C’ Y, t + T)Ug(fE, ?/,t + T) = (1 - C)C2POV(P(5'3a Y + Yo, t))
+ A1 = C)Capo[V (p(z,y + 2y0,t)) — V(p(z,y + yo, )],
(6.1.14)

Py~ (:C’ y,t+ T)U4(x, y,t+ T) = (1 - C)(l - Cz)p()V(,O(x, Y — Yo, t))
+ A1 = C)(1 = Ca)polV (p(x,y — 2y0,1)) — V(p(w,y — o, 1))],

where the flux of vehicles in each direction is denoted respectively: p,+(z,y,t+7)u1(z,y,t+

(6.1.15)

7_)7 Pz= ((I,', Y, t—i-T)UQ(III, Y, t+7_)7 Py+ (.’IJ, Y, t+T)U3(.%', Y, t+7—) and Py— ((I,', Y, t+T)U4(II,', Y, t+7—)
The average densities in 2, 2= and y™, y~ directions can be expressed respectively as
Poz+ = C1poz = CC1po, po— = (1 = C1)poz = (1 = C1)Cpo, poy+ = Capoy = Ca(1 — C)po,
poy- = (1 = C2)poy = (1 — C2)(1 — C)po. The combined density of the bidirectional flow on

square lattice can be expressed by the addition of densities in each direction, i.e., p(z,y,t) =

Pax+ (x)y’t) + Pz~ (x)y)t) +py+ (:Cay’t) + py7 (:Cayat) We ChOOSG Cc}lpo’ 0(17101)p0’ (1,01)02p0)

m for average headway in east, west, north and south directions, respectively. By
combining the difference form of equations (6.1.8), (6.1.9), (6.1.10) and (6.1.11) with (6.1.12),
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(6.1.13), (6.1.14) and (6.1.15), the density equation for the bidirectional flow is:

pim(t+27) = pim(t +7) + 7(CC*po* [V (pj1,m(1) =V (pjm(t))]
+7(C(1 = C))?po [V (pj-1m(t)) = V(pjm ()] + 7(C2(1 = C))?po?

[V (psme1(t)) = V(pjam()] + 7((1 = C) (1 = C2))*po°[V (pjm-1(t))

- V(p] m(8)] + AT(CCL?po[V (pjr2,m(t)) = 2V (pj1,m(t))
V(pjm(®)] + A(C(1 = C1))?po?[V (pj—2m(t)) = 2V (pj—1,m(t) (6.1.16)
V(0jm(®))] + AT((1 = C)C2)*p?[V (pjm+2(1)) = 2V (pjm+1(t))
V(pjm(®)] + Ar((1 = C)(1 = C2))*p*[V (pjm—2(t)) = 2V (pjm—1(t))
Vipjm(t))] = 0.

Proposed model recovers the two dimensional model [89] for C; = Cy = 1. In addition,
without taking effect of optimal current difference, i.e., (A = 0) it recovers Nagatani’s model

[124] for two dimensional system.

6.2 Linear stability analysis

In order to obtain the stability conditions of the proposed model, we apply the linear stability
analysis to density equation (6.1.16). Initially, we consider the stability of homogeneous flow,
i.e., the flow is moving with constant density py and constant velocity V' (pg). Therefore, the

steady-state solution of homogeneous bidirectional flow is considered as:

pjm(t) = po, (6.2.1)
U1jm (1) = u2jm(t) = uzjm(t) = usjm(t) = V(po)- (6.2.2)

In order to check whether the disturbances given to uniform flow amplify with time or not;
we added small perturbation to the steady-state flow in terms of y; ,,(t). If the fluctuations

amplify then flow is unstable otherwise stable. The density profile is given by:

pjm(t) = po+ Yjm(t), (6.2.3)

by using the perturbed density (6.2.3) in (6.1.16) and linearizing it we obtain:
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Yim(t+27) = Yim(t + 1)+ 7(CC1>p0*V (p0) [y +1.m(t)
— Yjm(®)] + T(C(L = C1))?p0*V (00) [Yj—1,m(t) — Yjm(t)]
+7(Ca(1 = )00V (p0) [yjm+1 () — yjm ()] +
(1= C)(1 = C2)%p0°V (p0) [Wsm—1(t) = yjm(t)] + AT(CCy)?
Yjr2,m(t) = 245 41m(t) + yim(t)] + AT(C(1 — C1))? (6.2.4)
Yi—2m(t) = 2yj—1m(t) + Yjm()] + AT((1 = O)Cy)?
Yjm+2(t) = 2¥jm1(t) + yjm()] + AT
(1= )1 = C2))?p*V (p0) [Wjm—2(t) — 2jm—1(t) + Yjm(t)] = 0.

—_— o

ik(j+m)+zt

Then by expanding y;m,(t) = €’ where k is wave number, into equation (6.2.4)

following equation is obtained:

€7 — ¢+ 7(CC1)%po”V (po)[e™ — 1]+ 7(C(1 = C1))*po*V (po)[e ™ — 1]
+7(Ca(1 = C))’p0”V (po) e — 1] +7((1 = C)(1 = C2))*po*V (po)

[e™™ — 1] + AT(CC1)% 0%V (po)[e¥* — 2¢™ + 1] + M (C(1 — C1))?

po®V (po)[e™ " = 2¢7* + 1] + M ((1 = C)C2)poV (o)

(€2 — 26" 4 1] + A7 ((1 — CO)(1 — C2))%po®V (po)[e™2*F — 2 + 1] = 0,

(6.2.5)

by solving (6.2.5) using z = 21 (ik) + 20 (ik)* + ...... for z; we obtain the coefficients z; and zy

as follows:
7 =—[(CCL)? = (C(1—C1))>+ (Co(1 = C))* = ((1 = Co)(1 = O))] (6.2.6)
P>V (po),
2= Sa’r — (5 + N[CC + (C— O +(Co(1 - O (6.2.7)

+ (1= Co)(1 = C)*po’V (o).

From the above values it can be concluded that the uniform flow will be unstable for z9 < 0
for long-wavelength modes; on the other side the flow will be stable if zo > 0. Therefore, the
instability condition is obtained as:

LE2X 11002V (po), (6.2.8)

3212

1
T = 3f22p02v pO fl) (629)

T = —
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Figure 6.2: Phase diagram in parameter space (p,a) for C; = Cy = 0.1, C; = Cy = 0.2,
C;=0y=03,C,=Cy=04 when py=p.=02(a) A=0 (b) A=0.2.

where f1 = (001)2 + (C(l - Cl))2 + (02(1 - C))2 + ((1 - CQ)(l - C))2 and f2 = (001)2 -
(C(1 —C1))? + (Co(1 — €))% — ((1 — C2)(1 — C))2. The homogeneous flow will be unstable

under the following condition:

142X

TS
312202V (po)

fi- (6.2.10)

6.2.1 Phase plots for equal fraction parameters (C; = C5)

Fig. 6.2(a) display the stability curves (black solid curves obtained by linear analysis and
blue dotted curves through nonlinear analysis) in (p,a) plane for equal values of fractions
C1 and Cy when A = 0. The entire space is divided into three distinct regions: stable region
out of coexisting curves, metastable region between neutral stability and coexisting curves
and unstable region within neutral stability curves. It is clear from the figure that the apex
of each curve decreases with increasing values of fractions upto C; = Cy = 0.4. Which
shows that when the percentage of vehicles is equal in positive x and y-directions and is less
than 0.5 the stable region will get wider and flow start becoming uniform over the whole

space.

Fig. 6.2(b) shows the phase plane by taking into account the effect of optimal current
difference for equal fractions Cy and C5. Both the stability curves (neutral and coexisting)
lower down with increasing fractions but the stable region in Fig. 6.2(b) is wider than in Fig.
6.2(a). The results can be verified in relation to actual traffic situations as for C; = Cy = 0.4,
the fraction of vehicular traffic in each direction is almost equal which leads to the stability

in flow. But equal pair of fractions less than 0.4 indicates that out of four directions, negative
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one are congested and the positive one are freely flowing. So, one can conclude that in case
of equal pair of fractions, the optimal current difference helps in stabilizing the bidirectional

flow more quickly.

25 2

—
(25

decreasing (C.=C
1iest) decreasing (C,C,)
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=]
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Figure 6.3: Plots of critical points versus critical sensitivity for C} = Cy = 0.1, C =
02 = 02, Cl = CQ = 03, Cl = 02 = 0.4 when Lo = Pec = 0.2 (&) A=0 (b) A=0.2.

Fig. 6.3(a)-6.3(b) shows the plots of C' versus critical sensitivity when A = 0 and A = 0.2
respectively. Both the figures can be described in a same way as the curves in phase plane
start becoming straight with increasing values of equal fractions. Corresponding to the lowest
value of equal fractions, i.e., C1 = Cy = 0.1 (black solid curve), there is a larger bend in the
curve indicating the convergence of traffic towards opposite directions which leads to traffic
jams due to an uneven division of cars. For the highest value of equal fractional pair, i.e.,
Cy = Cy = 0.4 (blue dotted curve) the bend completely vanishes and the curve appears as a
straight line which indicates the stability in bidirectional flow. One more observation is that
each curve is symmetric about C' = 0.5. When the fraction C' takes the value higher than
0.5, sensitivity start increasing, the reason behind it is that similar to real traffic situations,
when the total percentage of vehicles towards east-bound and west-bound directions is 50
the flow will be uniform in both directions but if it is less or more than 0.5 then the flow of

vehicles will be concentrated towards any one of the directions.

6.2.2 Phase plots for unequal fraction parameters (C; # C5)

Fig. 6.4 gives the stability curves (black solid and blue dotted curves) in (p,a) plane for
unequal fractions C and Cy when A\ = 0.2. Fig. 6.4(a) corresponds to fixed fraction C; = 0.1
and Fig. 6.4(b) corresponds to fixed fraction parameter Co = 0.1. It can be noticed in the
figures that the peak of each curve decreases with an increasing value of Cy (Fig. 6.4(a))
and C (Fig. 6.4(b)) when A = 0.2.

97



Chapter 6. Bidirectional traffic flow on two dimensional network

08 T 08 T
Stable Stable

06f ; " 06f . 5
> Neutral stabity curves . Coexisting curves > | Neurl stabilty cuves % Coexisting curves
> ; 3 : '
704 - / 704
c N c
0 N 0
0 0

02f 02f

£o- Unstable
0 | | | 0

0.05 01 0.15 02 0.5 03 0.3 0.05 01 0.15 02 025 03 0.3
Densiy Densiy

(a) (b)

Figure 6.4: Phase plot in the (p,a) plane when A = 0.2 and py = p. = 0.2 (a) when
(' is fixed (b) when Cj is fixed.

It can be explained by the fact that when the fraction of east-bound cars remain fixed as
0.1, i.e., 10 percent vehicles are moving in positive x direction, then for different fractions of
north-bound cars, i.e., Co = 0.2,0.3,0.4, 0.5, the flow will be more stable when the fraction of
vehicles is becoming approximately half. The results are verifiable, as in real traffic situations
when the distribution of vehicles starts becoming uniform in different directions the jamming

states of traffic vanishes.

Sensitivity
Sensitivity

Figure 6.5: Plots of critical points versus critical sensitivity when A = 0.2 and py =
pe = 0.2 (a) when C] is fixed (b) when Cj is fixed.

Fig. 6.5(a)-6.5(b) shows the plots of critical points Cy and C versus sensitivity when A\ = 0.2,
respectively. Both the fraction parameters behave in a similar way when one of them remain

fixed. The blue solid curves in both figures are decreasing corresponding to increasing values
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of north-bound and east-bound cars. Which can be explained by the fact that when the
fraction (C; or Cy) is fixed as 0.1, i.e., only 10 percent vehicles out of total fraction are
moving in east or north directions then the flow towards negative x and y directions will be
more which causes congestion. The jams can be under control if the fraction of vehicles is

approximately half.

6.3 Nonlinear analysis

Vehicular density above a critical level turns into traffic jams which appear in term of den-
sity waves propagating in backward direction. Therefore, to capture the varying nature of
traffic around critical point (p., a.) reductive perturbation method is used. Slow scales are

introduced for space and time variables and the slow variables X and T are defined as:
X=e(j+m+bt), T=é&1) (0<e<l), (6.3.1)

the constant term b in (6.3.1) needs to be obtained. Density around (p.,a.) is defined as:

pim(t) = pe + eR(X,T). (6.3.2)

By using (6.3.2) and expanding (6.1.16) with the help of Taylor series expansion upto fifth-

order of ¢, following nonlinear equation is obtained:

k10x R+ Eko0% R+ ¢*(Or R + k30% R+ks0x R?) + € (ks0r0x R

(6.3.3)
+ kg0% R + k70% R%) = 0.

Table 6.1 gives the values of k/s(i = 1,2,3,.....,7), where V' = d‘gf)p) and V" =
P=Pc

After choosing the value of delay time 7 in the neighborhood of (p.,a.) as:

3V (p)
dp3

P=Pc
T =712 + 1), (6.3.4)

and by substituting the constant value b = — fop.2V’, the terms of ¢ having second and

third-order completely vanished and we get:
e(OrR — g10% R + g20x R?) + €°(g30% R + g40% R + g50% R>) = 0. (6.3.5)

Table 6.2 shows coefficients of g;(: = 1,2,....,5). Equation (6.3.5) can be transformed to

mKdV equation by using following transformation:

T =gT, R=,2FR. (6.3.6)
g2
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So, resulting equation (6.3.5) is given by:

Oy R —0%R +9xR®+ecM[R] =0,

(6.3.7)

The coefficients k; of the model

ky b+ fapV’
ko T4 (L + M) fip2V!
ks T2+ (3 + N) fop2V
ks 3br
ke B (ot G2V
b (H2) fip 2V
Table 6.1: The coefficients k; of the model
The coefficients g; of the model
o IR (L) fy 2
2 =
K] %
g4 151;244TC3 + (1+2£14)\)f1p62vl + 3bT.q
s (H22) fp2V" — 3bTegs

Table 6.2: The coefficients g; of the model
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where M[R'] = gil[ggﬁg(R, + g10% R + %ag(}%’?’]. By ignoring correction term O(e) from
(6.3.7), we obtain the solution:

Ry(X,T) \/—tanh<\/7X LJ’)) (6.3.8)

Here, to represent the kink antikink density waves, the propagation velocity is denoted by

L, and is obtained by solving the condition given below:

(Ry, M[Ry)) = / - dXRyM[Ry) =0, (6.3.9)

—00

with M[Ry] = M[R']. From (6.3.9), the suitable choice of L is obtained as:

59293
1= —2=" 6.3.10
" 20094 — 39195 ( )

Hence, the solution representing the kink antikink wave is given as under:

L | L
pj,m(t) = pcte g; 1tanh( 71(X — nglT)), (6311)
2

where €2 = (% - 1).

6.4 Numerical simulation

To investigate the capability of the modified model in describing the jamming transitions for a
square lattice with respect to optimal current difference effect and to validate the theoretical
investigations, simulation is performed for a system size of 140 x 140 lattices using periodic

boundary conditions and initial conditions are chosen as:

£0; (jvm)%(%vg)v(%_lvg_l)
P(j,m) (0) = p(j,m)(l) =9po—o; (jm)= (%7 %) (6.4.1)
po + 03 ( Js ) (% 17%_1)7

where initial density is set uniformly over the whole space as pyp = 0.2 and the local dis-
turbance at initial stage is given in terms of ¢ = 0.1 at the center of a square lattice. In
order to describe the jamming transitions for two dimensional bidirectional flow, we take
two different cases for fraction parameters C'; and Cy which corresponds to positive x and

positive y directions respectively.
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6.4.1 When fraction parameters are equal (C; = C))

6.4.1.1 Without optimal current difference effect (A =0)

Under the case of equal fractions, we further explore the behavior characteristics of bidirec-
tional flow without the effect of optimal current difference, i.e., A = 0. Firstly the choice
of fraction parameters C; and Cs is made on the bases of equal values and the sensitivity
parameter is taken as a = 0.5. Fig. 6.6(a)-6.6(c) shows the traffic patterns for equal pair of
values of fraction parameters C; and Cy at time ¢t = 2 x 103. The jammed region is shown
by blue color which shows the density higher than py. The pattern in Fig. 6.6(a) shows that
when the fraction of vehicles moving towards positive x and y-directions is 0.1 the whole
flow exhibit diagonal pattern that indicates that more vehicles are moving towards opposite
directions. As the value of equal fraction of vehicles moving towards east and north direc-
tions is rising, the distribution of vehicles is becoming uniform over the whole space which
can be seen by blue shaded region in Fig. 6.6(b)-6.6(c). It can be explained by the fact that
when the percentage of vehicles in each direction is approximately 50, the flow is uniform and
when the percentage is greater than that in any direction the flow is concentrated towards

that direction only.

Fig. 6.7 shows the density profile for equal values of fractions C; and Cy at time ¢t = 15 x 103
for single horizontal road at y = 40. It can be depicted from Fig. 6.7(a) that for C; = Cy =
0.1, kink antikink density wave with higher amplitude is there which exhibit the jamming
transitions between the freely moving phase and the congested phase. But as the value of
the fractional pair is rising, the density wave is coming with a lower amplitude in Fig. 6.7(c)
exhibiting the periodic behavior. It can be explained by the fact that when the flow towards
east-bound and north-bound directions is only 10 percent, jamming situations will not occur
in respective directions but in opposite directions. But the flow will be uniform over the

whole space when the fractions are nearly 0.5.

Fig. 6.8 shows the plots of density versus density difference at t = 15 x 103 — 2 x 10? for
different equal pairs of fractions with respect to the panel of Fig. 6.6. The set of dispersed
points are represented by the the closed loop in the figure. It can be observed from Fig.
6.8(a)-6.8(c) that the loop start shrinking in its size corresponding to increasing values of
fractional pair. The increasing values indicate that the vehicular traffic is going to distribute

uniformly in each direction that leads to the reduction of traffic jams.
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Figure 6.6: Traffic patterns at t = 2 x 10%,a = 0.5, A\ = 0 for equal values of C; and
CQ (a) Cl = CQ =0.1 (b) Cl = CQ =0.2 (C) Cl = CQ =0.4.
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Figure 6.7: Density wave profile at t = 15 x 103, a = 0.5, A = 0 for equal values of C;
and 02 (a) Cl = 02 =0.1 (b) Cl = CQ =0.2 (C) Cl = 02 =0.4.
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6.4.1.2 With the effect of optimal current difference (A =0.2)
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Figure 6.9: Traffic patterns at t = 2 x 103,a = 0.5, A = 0.2 for equal values of C; and
Cg (a) Cl = Cg =0.1 (b) Cl = CQ =0.2 (C) Cl = Cg =0.4.

Now we consider the situation of bidirectional flow on the square lattice by taking the effect
of optimal current difference A = 0.2 and compare the results with the previous case, i.e.,
X = 0. Fig. 6.9 shows the traffic patterns at t = 2x 103 for equal values of fraction parameters
(1 and Cy when A = 0.2. The results show that for lower values of pair of fractions traffic
comes out in a diagonal pattern but as soon as the fractional pair increases the whole flow
start distributing uniformly over the whole. Therefore the white region, that represents the
free flowing region, gets wider. But in the previous case as in Fig. 6.6, when optimal current
difference is zero, the whole space is shaded by blue color, i.e., the density of vehicles is

more.

Fig. 6.10 and Fig. 6.11 shows the density wave profile and scatter plots for equal fractions.

Which can be justified in a similar manner that the higher values of equal pair makes the
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flow stable as the amplitude of density wave in Fig. 6.10(c) die out and the loop in Fig.
6.11(c) converges to single point. But when A = 0 as explained in Fig. 6.7 the density wave

comes out with higher amplitude and in Fig. 6.8 the size of loop is greater.
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Figure 6.10: Density wave profile at ¢ = 15 x 103, a = 0.5, A = 0.2 for equal values of
Cl and CQ (a) Cl = CQ =0.1 (b) Cl = 02 =0.2 (C) Cl = CQ =0.4.
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Figure 6.11: Phase plots of density versus density difference at t = 15x10°—2x10* a =
0.5, A = 0.2 for equal values of Cy and Cy (a) C; =Cy=0.1 (b) C; =Cy=02 (¢
C, =0y =04.
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6.4.2 When fraction parameters are unequal (C; # C,) for
(A =0.2)

6.4.2.1 Fixed fraction parameter C:

140

100§

y-axis
y-axis

50

50 100 140

140

100

y-axis

50

0 50 100 140

Figure 6.12: Traffic patterns at t = 2 x 10%,a = 0.6, A = 0.2 for fixed C; = 0.1 (a)
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Figure 6.13: Density wave profile at t = 15x 103, a = 0.6, A = 0.2 for fixed C; = 0.1 (a)

In order to fully describe the flow of vehicles moving in positive x and y as well as negative x
and y-directions, we made the choice for unequal fractions with the optimal current difference
effect. When the fraction parameter C is fixed then the traffic pattern in Fig. 6.12(a) shows
diagonal pattern and in Fig. 6.12(0)-6.12(c) the dense region shown with blue color start
decreasing. The density is diminishing and the flow is uniform for higher values of Cy
corresponding to fixed C. In Fig. 6.12(c) the dense region is shown by blue color along
zr-axis which is consistent to the real traffic situations. The density waves and the loop
patterns also shows similar results in Fig. 6.13 and Fig. 6.14, the amplitude of density wave
(Fig. 6.13(b)) completely vanished at early stage for Co = 0.3 and the loop in Fig. 6.14(c)
start converging to a single point corresponding to increasing values of Co which refers to
the stability of flow.
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Figure 6.14: Phase plots of density versus density difference at t = 15x10*°—2x10*, a =
0.6, A = 0.2 for fixed C; =0.1 (a) C2 =02 (b) C, =0.3 (c) Cy =0.5.
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6.4.2.2 Fixed fraction parameter C:

Similar results hold for fixed C5 as given in Fig. 6.15 but the difference is that the dense
region appears along y-axis in Fig. 6.15(c) which was along z-axis in Fig. 6.12. The
density waves in Fig. 6.16(a) comes out in kink pattern which turns into straight line in Fig.
6.16(0)-6.16(c). The loop in Fig. 6.17(a)-6.17(c) shrink in size and converges to single point

for increasing values of Cj.
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Figure 6.15: Traffic patterns at t = 2 x 10%,a = 0.6, A = 0.2 for fixed Cy = 0.1 (a)
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Figure 6.16: Density wave profile at t = 15x103,a = 0.6, A = 0.2 for fixed Cy, = 0.1 (a)
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Figure 6.17: Phase plots of density versus density difference at t = 15x10>—2x10*, a =
0.6, \ = 0.2 for fixed Cy, =0.1 (a) C; =0.2 (b) C; =0.3 (c) C; =0.5.

6.5 Conclusion

e A modified lattice model is presented for bidirectional flow on a square lattice by

keeping the effect of optimal current difference.

e Four different direction of vehicle movement on a two dimensional lattice are consid-
ered and it is assumed that out of the total fraction (C') of cars, half are moving in =
and another half in y-directions (positive as well as negative). Then, to explore dif-
ferent configurations of traffic moving in four different directions, two different cases
corresponding to the fraction parameters C; and Cs for fixed C' = 0.5 are chosen, one
is equal case and the other is explained for unequal case because the traffic exhibits

distinct configurations when moving in four different directions.
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By using linear stability analysis neutral stability curves are obtained in (p,a) phase
plane. Results are shown that below the critical point, phase transitions occur among
free flow phase, coexisting phase and jammed phase . Because the critical sensitivity
decreases corresponding to increasing fractional pair in both cases, therefore no phase

transition occurs above the critical point.

To explore the properties of traffic around (p, a.) when the density is higher, mKdV

equation is derived and the jams are represented in terms of kink density waves.

The effect of optimal current is analyzed under two states and found that the flow is
more smooth when A = 0.2. The density of vehicles is uniform over the whole space

when the vehicles moving in each direction are equal in percentage.

Simulation results are found in good agreement with theoretical results.
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Chapter 7
Summary and future scope

The present thesis contributes to the analysis and development of traffic flow models using
lattice hydrodynamic approach. We now summarize all the proposed models that are pre-
sented in the thesis along with the possible future scope based on the significance of lattice

approach.

7.1 Summary

Lattice models are basically a combination of both microscopic and macroscopic models and
are simple to explain the properties of large scale systems and networks. Mathematically, the
models consist of the system of continuity equation and evolution equation involving global
variables like density, flow, and velocity. One of the major benefits of this approach is its
computational efficiency as compared to other approaches. The non trivial jamming tran-
sitions and separation of traffic flow phases can be effectively analyzed through theoretical
investigation of these models. In addition, the evolution of traffic jams can be represented in
terms of density waves. The density waves like shock waves, kink density waves and solitary
density waves can be obtained by the solution of burger’s, KAV, mKdV equations in stable,
metastable and unstable regions, respectively. Moreover, the lattice models are very helpful

in estimation, prediction and control of traffic flow on a road networks.

Motivated by the advantages of lattice hydrodynamic models in describing and analyzing the
traffic characteristics in a realistic manner, present study is conducted. The first Chapter
provides a basic background of traffic flow theory. Different modeling approaches describing
important features of traffic flow are discussed with brief details. In addition, the limitations
or the complexities of the existing approaches are also mentioned. The major and the most
important contribution of the development of traffic flow theory is the representation of traffic
jams in terms of density waves. Therefore, experimental studies conducted in recent past are
also discussed. In the similar fashion, lattice models came into existence which incorporates
the properties of both microscopic and macroscopic models. Moreover, lattice model is able
to overcome the limitations of existing models because it can completely analyze the micro
details of traffic using global variables. Further, the recent developments in traffic flow theory

using lattice approach are discussed.

After having an idea about the basic background and developments of the lattice hydrody-

namic approach, it was found that the importance of the effect of geometric designs of the
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road needs to be incorporated in the lattice model. Because all the existing models have de-
scribed the properties of single lane road, two lane road or single lane road with slope or curve
without discussing the importance of driver’s behavior on different type of roads. Therefore,
Chapter 2 and 3 are devoted to the analyses of geometric design effects on traffic flow along
with driver’s characteristics. In Chapter 2 the effect of driver’s behavior and curved road are
analyzed. Based on different driver’s characteristics namely aggressive, normal and timid;
different drivers observe inter-vehicular spacing differently. Aggressive (timid) drivers over-
estimate (underestimate) downstream density as compared to normal drivers. Moreover, the
drivers experience difficulties while driving on roads having some curves or slopes and driv-
ing on such roads require skillful driving aptitude. Therefore, real features of road geometry
including driver’s behavior are presented. The results are shown that increase in aggressive
drivers and radian of curved road enhances the stability in traffic low. The simulations are
conducted and the results are compared and found with theoretical findings. The results
indicate that for small radian of curved road, when the traffic is in unstable state, aggressive

drivers can help in reducing traffic congestion.

Following the similar idea of road geometry and driver’s characteristics, the properties of
traffic flow are analyzed in Chapter 3. In Chapter 2 the curved road without slope is con-
sidered but in actual road networks the curved road may not have same level everywhere, it
may consist road indents called slope. Driving on a road having curved shape as well as slope
is much more complicated. But skillful drivers can perceive and judge the traffic situations
quickly and then try to control their vehicle accordingly. The results are shown that the
slope have a negative impact on stabilization of traffic flow but skillful drivers can overcome
it easily. Thus, the results presented in this chapter are an attempt to make a qualitative

improvement over the past studies.

Traffic flow is a mechanical process in which three major aspects which affects the movement
of vehicles are: drivers, road infrastructure and different kind of vehicles. Following the
same tradition of modeling traffic flow using lattice hydrodynamic approach, third and most
important aspect, i.e., vehicular heterogeneity is considered in Chapter 4. It deals with the
influence of vehicular heterogeneity on the dynamics of traffic flow. All the existing lattice
models discussed in previous Chapters consider the traffic to be homogeneous; thus in the new
model, two different classes of vehicles are considered. One type of vehicles are considered
to be small and the other one is large. Small vehicles are assumed to have high sensitivity as
compared to the large ones. The effects of the fraction of high sensitivity vehicles on critical
phase transitions are investigated in the phase-plane for density versus fraction parameter.
It is concluded that the critical line divides the whole space into five distinct regions. Among
them (I) and (V) regions are found to be stable; (II) and (IV) are sensitive to the fraction
of small and large vehicles and (III) region represents the totally unstable state of traffic.

Simulations are also performed to justify the theoretical predictions.
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The most common phenomena that occur in traffic flow dynamics is passing/overtaking that
has been incorporated in Chapter 5 using control theory. The efficiency of the control signal
in overcoming the congestion is shown at lower and higher rate of passing. Simulations
are carried out for testing the influence of feedback control on steady-state and transient
behavior of lattice model at lower and higher rate of passing. All the existing models in the
literature claims the one way homogeneous traffic but the movement of vehicles on road is
not restricted towards one direction only. Therefore in Chapter 6, lattice model is extended
for two-dimensional network of square lattice where the flow is bidirectional. As the existing
models for two dimensional system assume the flow towards north and east directions only.
But in actual traffic situations, traffic can move in any possible direction based on the choice
of driver. Therefore, south and west directions are also considered along with north and east
directions of flow with respect to the optimal current difference effect. Results show that the
flow can be stable when the fraction of vehicles moving in each direction is approximately

same otherwise unequal fraction of vehicles can create traffic congestion.

The validity of the models presented in the thesis is checked for the particular choice of
parameters that can recover the results of existing models in the literature. Moreover,
results of the proposed models are compared with existing models. It has been found that
the models presented in this thesis are an improvement over the past studies and we hope

that our work would help in gaining deeper insight into traffic flow dynamics.

7.2 Future scope

In the final section, we list some future research directions based on the study performed in
this thesis.

e The newly developed models (Chapter 2 and 3) are an improvement over past studies
based on lattice approach by considering road geometry (curved road and curved road
with slope), yet some other phenomena related to road geometry can be examined,
e.g., bottlenecks, merging and bifurcating junctions. In addition, the effect of road

conditions can also be incorporated in lattice model.

e Tollgates play a major role in traffic flow dynamics and there exist two types of toll-
gates: electronic and manual. Among them, electronic tollgates are of great impor-
tance than manual tollgates. Therefore, the effect of both types can be investigated

by utilizing the lattice model.

e While moving on the road, drivers can control their vehicle’s speed on the basis of
the taillight of the front vehicle. Therefore, the taillight of the front vehicle plays
an important role and can be examined by utilizing lattice approach. Some existing

studies can be helpful for modeling the suggested phenomena.
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e Nowadays, the automobile industry is focusing in the advancement of autonomous
vehicles. Autonomous vehicles are helpful in the reduction of accident rates that could
happen due to driver’s distraction. So choosing the idea of autonomous vehicles and
with the help of emerging technology, qualitative improvements can take place in lattice

model.

e Last but not the least, experimental studies can also be performed to validate the

results of existing models.
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Appendix

Calculation for solution of mKdV equation

The mKdV equation is given by:
OrR — 0% R+ 3R*0xR =0,
Let us consider a wave solution of the following form:

R(X,T)=Z(X — L1T) = Z(¢),

(7.2.1)

(7.2.2)

where £ = X — LT and L1 is the propagation speed of the wave. After substituting equation

(7.2.2) into (7.2.1) we obtain following ordinary differential equation:

iz &7, 5dZ _

- 1d§ d§3+ df_o'

By integration with respect to & we obtain following equation:

d*Z
—le—d—€2+z3 =0y,

where O; is the constant of integration. As & — +o00, Z — 0, Z—?

implies O1 = 0 (see [181]) and (7.2.4) can be written as:

d*Z
L Z-—=+2Z=0.
1 e +

Again by integrating (7.2.5) we obtain:

-t —=

72 1(dZ)2 zZ4
2 2

d_f +Z:OQ,

(7.2.3)
(7.2.4)
— 0, % — 0 which
(7.2.5)
(7.2.6)

where O3 is a constant of integration and take the value 0 because of the same reason given

above. Thus (7.2.6) can be rewritten as:

Z? 1(dZ>2 zt_,

My T\ T

By solving (7.2.7) we obtain:
dz

N Ty
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(7.2.7)

(7.2.8)



Appendix

After simplification we get:

R(X,T) = \/Etanh(\/%(X - 2L1T)>, (7.2.9)

which is the solution of mKdV equation.
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