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Abstract

In this report, we review some definitions related to approximation theory, which
are important for convergence point of view. Then, we study some properties and

convergence behaviour for certain linear positive operators.

In chapter 1, we recall some linear positive operators i.e Bernstein polyno-
mials, Szasz-Mirakjan operators, Baskakov operators, Phillips operators, genuine
Durrmeyer-type operators etc. We review the main results concerning certain King-
type modifications of well known sequences of these operators.

In chapter 2, we introduce the King type modification of generalized Lupas op-
erators. We obtain auxiliary results for these operators. Then, we study asymptotic
formula and error estimation for these operators in terms of second order modulus
of continuity.

In chapter 3, we show the convergence of King type modification of Lupas opera-
tors and comparison with generalised Lupas operators through Graphics in Matlab.
Finally, we observe that our modified operators is better than existing Lupas oper-

ators.
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Chapter 1

Introduction

1.1 General Introduction

Approximation theory is an important area of research in last few years. It deals
with Weierstrass Approximation theorem, Korovkin theorem and linear positive
operators. The convergence of the operators is given by Korovkin theorem. For
this, the moments of these operators play a very important role. There are many
approximating operators like Bernstein polynomials, Szdsz - Mirakjan operators,
Kantorovich operators, Phillips operators which preserves the constant and linear
functions i.e.L,(ej,y) = e;(y) where e;(y) = v/(j = 0,1). King [I] modify the

Bernstein polynomials P,,(f,y) so that it preserve two test functions ey and es.

1.1.1 Weierstrass Approximation Theorem

The Weierstrass Approximation theorem was given by Weierstrass in 1885. This
theorem states that every continous function defined on a closed interim [c, d] can
be approximated by a sequence of polynomials with real coefficients.

In other words, suppose that f(y) is continous function defined on interval [c, d] so

that for €> 0, there exist a polynomial p(y) on interval [c, d] such that
[f(y) = p(y)l <€, ¥y € [¢,d].



Many mathematicians proved this theorem. Some of them are : Runge (1885), Lerch
(1892 and 1903), Bernstein (1912) and Picard(1891).
Now, we recall some basic definitions i.e first modulus of continuity, second modulus

of continuity related to approximation theory:-

Definition 1.1.1. First Modulus of Continuity
If ¢ is continuous on a bounded and closed interval I = [c, d], then for each 6 > 0,

the first modulus of continuity w(g, d) is defined as :

w(g,0) = sup  |g(x) —g(y)|. (1.1.1)
z,yel|lz—y|<é

Properties : 1) For every natural number n, then we have
w(g,nd) < nw(g,?).
2) For every positive and real value of A, then we have
w(g,Ad) < (A + Dw(g, ).
3) Assuming that 0 < d; < d9 and w(g, d) is an increasing function of J, we have

w(g,01) < w(g,ds).

4) Let g is uniformly continous in (¢, d), then the neccessary condition is:

lim w(g, d) = 0.

6—0

Definition 1.1.2. Second Modulus of Continuity

The second modulus of continuity is defined as :

w?(g,6) = sup sup |g(y+2u) —29(y +u+v)+gly+2v)],  (1.1.2)

Y,u,v>0 |[u—v|<§

for 0 > 0,



Definition 1.1.3. K - functional

K - functional is defined as:
— : 1!
Kalg.6) = inf {llg = fIl + 37"} (113)

where W2 = f € Cg[0,00) : f” € Cp[0,), § > 0.
where Cp[0,00) is the space of all uniformly and bounded continous function on

[0,00). There exist a constant A > 0 so that
K2<g7 5) < Aw2(97 \/5)
where second order modulus of smoothness of ¢ is given by

w?(g, Vo) = sup sup |g(y +2h) —2g(y + ) + g(y)|.
0<|h|<V/6 y€[0,00)

1.1.2 Linear Positive Operator

Suppose non empty set be X and H be the linear space of all the real functions.

Then V : H — H is called linear positive operator if for a, 5 € R and f,g € H ;

L V(af+Bg) =aV(f)+BV(g)

2. V(f) > 0 for all non negative f € H.

The convergence of the sequences of positive linear operators was proposed by H.

Bohman [2], P.P. Korovkin [I0] and T. Popoviciu [9].



1.1.3 Korovkin Theorem

If (T5)m>1 is a sequence of positive linear operators from Clc,d] into Clc,d] such

that for each g € (eq, e1, €2), where €;(t) =t/,j = 0,1,2, 3, we have

lim T,,(9) =g

m—0o0

uniformly in the [c, d], then for each f € [¢,d], condition hold

lim T (f) = f

m—ro0

uniformly in the [c, d].

1.2 Linear positive operators

We discuss some operators like Bernstein operators, Bernstein - Durrrmeyer opera-
tors, Szasz - Mirakjan - Beta operator, Integrated Szasz - Mirakjan - Beta operators,

Phillips operators.

1.2.1 Bernstein operators

Bernstein polynomials are defined for f € B[0,1] :

Po(f,9) = vmi()f (%) 0<y<1 (1.2.1)

where vy, (y) = (7)y*(1 — y)™* and B0,1] is the space of all the bounded func-
tions in [0, 1].

Properties:- (i) If f(y) > g(y),y € [0,1] then P,,(f,y) > P,(g,y) i.e. P, is a mono-
tone operators.

(ii)For degree n, Bernstein polynomials are non negative.

(iii) The Bernstein operator preserve linear functions.



m

(1) Y vay) = 1
k=0
(v) Only the first and last Bernstein polynomial are non zero at the interval end-

points 0 and 1.
(Vl) Um,k(]- - y) = vm,m—k(y)‘

Moments:
1. Po(1,y) =1,
2. Py(t,y) =y,

Hence, P,,(e;(t),y) converges uniformly to e;(y) in [0, 1],where e;(t) =/, j = 0,1, 2.
As, Bernstein polynomials are positive - linear operators, so all conditions of Ko-
rovkin theorem are satisfied. Hence, P, (f,y) converges uniformly to the continous
function f(y) in the [0, 1].

After Bernstein, many mathematicans have introduced many sequence of the pos-
itive linear operators and examined their properties. Now, we list some expert
mathematicians like Durrmeyer [3], Phillips [4], Szasz - Mirakjan [7] who involved
in these activities and made so many efforts to improve the approximation of these

operators.

1.2.2 Bernstein - Durrrmeyer operators

Gupta and Duman [3] altered the Bernstein - Durrmeyer operators as follows :

KMMZZ%M%%MWWﬁ (12.2)

k=0



for @,,(y) = (1 — y)™ where y € [0,1],m € N,

m

Ui (y) = <k)y’°(1 —y)"

k
)
dnalt) = (~1) 1 L0l (e),

We use property e; as €;(y) = y?,j = 0,1,2 and its moment function ®, =t — y.

For y € [0,1] and m € N, the moments of Bernstein-Durrmeyer operators are:

my + 1
2 Km y = 5
(61 y) nt1
m2y? — m(y —4) + 2
3 Km(€27y)_ Y (y )

(m+1)(m+2)

For y € [0,1] and m € N, the central moments are :

-y
4 Ku(®,y) = =,
2% (m — 1 2 —2 2

(m+1)(m+2)

1.2.3 Bernstein - Kantorovich operators

Bernstein - Kantorovich operator is defined as :

“ (oo
Din(g,y) = (m+1) Y vasly) [ g()dt,m €N (1.2.3)
k=0 mF1

m+41

where g € C[0, 1],



and C[0, 1] is space of continous functions on [0, 1].

The moments of Bernstein-Kantorovich operators for y € [0, 1], m € N are given by:

1. Dp(eo,y) =1,

1 m
2. D =
1 2 —1
3. Dulea,y) = m gy,

- + .
3m+12 " (m+ 127 mr12?
The central moments of Bernstein-Kantorovich operator for y € [0,1], m € N

and ®,(t) =t — y are given by :

1 )
L D (Py, y) = 2m+1)  (m+1)
2. Dy (@) = 1 (1-m) y+ (1—m) W2

3(m+1)2  (m+1)? (m+1)2

1.2.4 Szasz - Mirakjan - Beta operators

Gupta and Noor [7] introduced the sequence of the mixed form of summation -
integral operators, we known as Szasz - Mirakjan - Beta operators which is defined

as

Smlg y):e""yi (my)* /Oo Bttt e (0, (1.2.4)
e —~ klB(m+1,k) Jo (1+¢)mhHt ’

where g € C[0,00) so that |g(t)| < M(1+t)" for any M > 0,y > 0.

Moments of Szasz Mirakjan operators are :

1. Sm<607y) = 17

2. Sm<el7y) =Y,
my* + 2y



1.2.5 Integrated Szasz - Mirakjan - Beta operators

Integrated Szdsz - Mirakjan operators were introduced by Dubey and Jam in [§]

with constant d > 0. They modify operators for constant d > 0 as :

Loa(9,y) =Y tnw(y) /O ) dnva(t)g(t)dt,y € [0, 00) (1.2.5)
where
—y (nY)" (% +v+1) (dt)

Pra) = s et = ARG S ()

These operators reduce to the Szasz -Beta operators when d = 1. It preserve only
constant function.

Moments of Integrated Szész - Mirakjan - Beta operators are :

1. Lya(eo,y) =1,

1+n
2. Ln,d(elay) = <n_dy)7
2
ny” + 4ny + 2
. L = .
3 n,d(62ay) (n—d)(n— 2d)

1.2.6 Phillips operators

Gupta [4] modified the Phillips operators :

Un(g,y) = mz k.o (y) /000 Emo-1(t)g(t)dt + e ™ g(0),y € [0,00)  (1.2.6)

where



Moments of Phillips operator are :

1. Um(e[)?y) = 17

2. Um(eby) =Y,
my* + 2y
—

3. Un(e2,y) =

1.3 Modification of operators

King [1] modified the classical Bernstein operators to preserve constant and quadratic
functions. These types of operators are called as King type operators. In Particu-
lar, we recall the main results concerning certain King- type modifications of some
linear positive operators like the Bernstein operators, Bernstein - Durrmeyer oper-
ators, Szasz- Mirakjan - Beta operators, Phillips operators. We review the better
properties by modifying sequences of linear positive operators. King [I] modify the
Bernstein polynomials P,,(f,y) to reproduce two test functions ey and es. Other
authors modify different operators to reproduce the test functions and give better

approximation.

1.3.1 Modified Bernstein polyomial

King [I] considerded r,,(y) as :

1 m ) 1 B
T’m(y) :_m+\/(m)y +m,m—2,3 ......

The modified Bernstein polynomial :

Pt =3 () ) a0 = a4 (£). 151

k=0
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for 0 <rp(y) <1l,m=1,2..,0<y<L1.

Moments of modified Bernstein polynomial are :
L Prleo,y) =1,
2. Prlen,y) =rm(y),
3. Prle2,y) = 1.

The error estimation of P’ (f;y) to f(y) is better than the Bernstein polynomial to
1
f(y) when 0 <y < 3

1.3.2 Modified Bernstein kantorovich operators
Let 7,(y) defined on [0, 1] is a sequence of real - valued continous functions with
0 <rm(y) <1. Now, if y is replaced by r,,(y) defined as :

2(m+1)y —1
2m

Tm(y) = ,meN,1/4 <y <3/4, (1.3.2)

then, the modified Bernstein - Kantorovich operators as :

k+1

D}, (g,y) = (m+ 1)zm: (7:) (2(m +2T1r3y— 1)’“ [(2m+ 1)2—m?(m+ 1)yrk/:n+1

k=0 m41

Dy (g,y) = (m+1 é (Z?)vmk Tm y))/m+l g(t)dt

— (m+1) é <:’§> A () /j o(t)dt (1.3.5)

For convenient, vy, (7, (y)) is denoted by dy, x(v).
For y € [1/4,3/4], m € N, then the moments of modified Bernstein - Kantorovich

operators are :



1. D} (e0,y) =1,

2. D:n(ehy) =Y,

12(m —1)(m+ 1)?y* + 12(m + 1)*>y — (5m + 3)

3. Dy (es,y) = 12m(m + 1)2

11

Fory e [1/4,3/4] , ®,(t) = t—y , we have central moments of modified Bernstein

- Kantorovich operators :
1. D! (®,;y) =0,

y(1—y) (5m +3)

2. Dr(B2y) = = .
m(®yiY) m 12m(m + 1)?

Remark 1. For all § > 0 and each z,y € [0, 1], we can write

19(@) — g(y)] < w(g,9) (““%" i 1) |

Theorem 1.3.1. Ifg € L[0,1],y € [1/4,3/4] and m € N. Then

1Dy, (g59) — 9(y)| < 2w(g; dy),

where

j, = \/y(l —y) __(m+3)

m 12m(m+1)?2

(1.3.6)

(1.3.7)

Remark 2. For every g € L[0,1] and y € [1/4,3/4], m € N, the operator D,, satisfy

|Din(g;y) — 9(y)| < 2w(g, vy)

where

B 1 (1 —m) (1—m) ,
Y= \/3(m+1)2 T2 T im0

(1.3.8)
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The error approximation obtained in[L.3.7]is better than[1.3.8|for y € [1/4,3/4],m €
N.
To prove that §, < v,. Now
yl-y)  (5m+3) < 1 ~(1-m) (1 —m)
m 12m(m+1)2 =~ 3(m+1)2  (m+1)? (m+1)2
& —(36m + 12)y* + (36m + 12)y — (9m +3) <0

0y < vy & >

S (BmA+1)[-122 +12y - 3] <0< 129 — 12y +3 >0 < (2y — 1)2 > 0.

Thus, it is true for y € [1/4,3/4].

1.3.3 Modified Phillips operator

Gupta [4] modified Phillips operators in order to preserve the two test functions eg
and e,.

Let 7,,(y) defined on the interval [0, 00) is sequence of real -valued continous func-
tions for 0 < 7,,,(y) < 0.

Now y is replaced by r,,(y), which is :

=14 /1T +m2y?
m

Tm(Y)

and the modified Phillips operator is:

R S R N e )

v=1

(1.3.9)

Moments of Phillips operator for y € [0, 00) are :

1. U} (eo,y) =1,

14 1+ m2y?
2. Url(er,y) = p- ,

3. Us (e, y) = v
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Theorem 1.3.2. [J|] For all g € Cp[0,00) and y > 0, we have modified Phillips

operator:

Uni(9,9) — 9(y)| < 2w(g, omy), (1.3.10)

where

Omy =V 2y(y — rm(y))- (1.3.11)

and w(g,d) is the modulus of continuity which is defined as :

w(g,0) = sup |g(t) — g(y)|

[t—y|<é

where y,t € [0, 00).

Remark 3. For all g € Cp[0.00) and y > 0, we have Phillips operator U,,(g,y)

1Um(9,9) — 9(y)| < 2w(g, Bmny) (1.3.12)
where
2y
Bm,y == E

2

Now by theorem [1.3.10]and remark [1.3.12, we noticed 2y(y — 1, (y)) < —y, for y > 0.
m

We proved 0y < fBm,y. Hence, we claim that the modified Phillips operators [1.3.9

give better approximation than the original Phillips operators in [1.2.6]

1.3.4 Modified Szasz - Mirakjan - Beta operators

Duman et al. [5] examined that modified operator give better approximation on

[0,2]. Let y defined on the interval [0,00) be sequence of real -valued continous
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functions for 0 <y < oo. Now, y is replaced by r,,(y) as :

1

Then the modified operators becomes :

o0

(g r — ommrm(y) (mrm(y))k * ¢! e~ mrm(y)

2B+ 1,k 1+ fynrkrt?
(1.3.13)

The modified form preserve the two test function ey and es.

Theorem 1.3.3. [j] For each g € Cg[0.00),y > 0 and m > 1, we have modified

Szdsz - Mirakjan - beta operators:

1Sn.(9,9) — 9(y)| < 2w(g, Om,y) (1.3.14)

where 6y = \/2y(y — rim(y) and w(g,d) is the modulus of continuity defined as :

w(g,0) = sup lg(t) — g(y)|

[t—y|<6;y,t€[0,00)

Remark: For ally > 0,m > 1, and g € Cp[0, o), we have Szdsz- Mirakjan -Beta

operators U, (g,y) :

1Sm(9,y) — 9(y)| < 2w(g, Bmy) (1.3.15)

where

_ Jy(2+y)
fmy = m—1"
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The error estimation in is better than [[.2.4] provided g € Cg[0,00) and
y € [0, 2] according to the Duman et al [5]. We have y> <1 for 0 <y < 2.
As (m —1/2)> —m(m — 1) = 1/4, we have :
y(m —1/2%)] =m(m —1)] < 1

Hence,

1 1 1 2m — 1
/1 "> —— .
m+m\/ +m(m —1)y? > m—l—( T )y

Using this inequality, it become:

or we say that

y2+y) _y(2+y)
m -~ m-1"

2y(y — rm(y)) <

This shows that d,,,, < S, for m > 1 and y € [0,2].

1.3.5 Modified Integrated Szasz - Mirakjan - Beta operators

Let r}(y) defined on [0, 00) is a sequence of real - continous functions. As n > d, we

have:

Gupta and Deo replaced y by 7 (y) € [0.00) in L, 4(g,y for n € N. Then the

modified operators become:

Liagw) = 3 tunlr(v) / "y oa(D)g (), (1.3.16)
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where

(nr(y))"

b7 () = €02

for y € [0,00),n € N.

L?;,d(g, y) preserve the constant and linear functions.

Theorem 1.3.4. [6] For each g € C[0,00), n € N, the operator L, ; is :

|Lr.a(g5y) — 9(y)| < 2w(g,dy) (1.3.17)

where

. \/d(n—d)y2 2 —d)y — 1
Y (n —d)(n — 2d)

Remark : For each g € C[0,00) and n € N, we have the operator L, 4 given by

ma
| Ln,a(g;y) — 9(y)| < 2w(g,d,) (1.3.18)

where

dy =

\/ (4dy + 2d%y? + 2) + ny(dy + 2)
(n —d)(n — 2d)

In order to get better approximation, we need to show that §, < d,. One can attain

din —d)y> +2(n —d)y — 1
(n —d)(n —2d)
& 3d*y* +6dy+3>0

0y < dy, &

& (dy +1)* >0,

that holds. This shows that 6, < d,,.



Chapter 2

King modification of generalized

Lupas operator

2.1 Lupas Operator

Lupas - type operators are the modifications of Bernstein polynomials to infinite
intervals. Integral modifications of many operators was introduced in last years.

For g : [0,00) — R, Lupas [12] proposed the linear positive operators :

L(g,y) = 1—umyz k < ) u" Jul < 1,m € N,y € [0,00), (2.1.1)
—0

— — (my) 4 .
(1_u>myk2:0 o U with the factorial

(my); = (my)(my+1)(my+2)--- (my+j—1). Afterwards, Agratini [I1] introduced

with the help of this identity

and modify Lupas operators which is given below :

k
]a .g y Z‘S’mk ya (—),GZO,QZQ (212)

where

e~ D} . (y)y"*
2my k!

Sm,k (ya CL) =

1



such that

[e.9]

Z Smi(y,a) =

)
k=0

and

I
<.
I Mw
()

()™

Lemma 2.1.1. Fory € [0,00) and a > 0, then

2.1.1 Auxiliary results

e8] Da k
() Z—’“’";(,y)y = g,
k=0 )

o0 Dg ) k+1
(i) ) — W oot my,
o0 Da, k+2

(ZZZ) Z k+2, m

= (a®y® + 2ay*m + my(my + 1))2™e".

Lemma 2.1.2. For operators I%(sP,z),p

=0,1,2,..., Moments are :
(1) In(Ly) =1,

g ay

I¢ =

(i) In(s,y) =y +

a?y’  a 2 2ay?
(iii) 10,(s%y) = > + o +—y+—y+ z.

m m

Lemma 2.1.3. For the operators 12, Central Moments are :

(i) 1%((s — ), y) = 2

a a?y? 92
(ii) Io((s —y)y) = — 4 22 L 2V



2.2 King Modification of generalized Lupas oper-

ators

Now, we apply King modification to generalization of Lupas operator,we obtain new
results after modification. Thus, we have:

(y)—y+%

mr(y) = ym + ay

mr(y) = y(m + a)

_ mr(y)
m+a

mr(y)

Now, we replace y by
m+a

in the definition of 1¢(g,y).
a - k
I gy Zsmk E 70’207y207
k=0

The modified operators 7% (g, y) become:

159, y) = I, (g, o a) ZSM (m et ) g (%) r(y) > 0(2.2.1)

where

—amr(y)

i ) [ ()] (2)

),

such that



and
o E2)
Hy x(y) = Dy (ZT—EJC)L) = ; <I;> (QmT:(y)C)Lj 7 (2.2.2)
m—+a

2.2.1 Auxilliary results
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In a similar way, we prove (iii).

Lemma 2.2.2. For the operators TS (s";y),p =0,1,2, ..., Moments are:

) o) = 1y (1 212) 1,
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mr(y)\ _ a’r(y)? | 2amr(y)® | mPr(y)® | r(y)
7m—l—a)_(m+a)2 (m+a)? (m—l—a)2+m—|—a

(i) T () = 1y (2
r(y)

m
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Lemma 2.2.3. Central moments for




Proof. (i) Apply T,,(g;y) on above equation

To((s=r(y);ry) = To(siry) —To(ry);r(y))

Proof (ii) Apply T,.(g;y) on above equation

Te((s—r)%r(y) = Ta(s®+ry)* —2sr(y)ir(y))
To (5% r(y) + T (r(y)%sr(y) — 205 (sr(y); r(y))
= To(s*r(y) +r(y)>Te(l, T(y))—QT(y)(S;r(y))

_ o alr(y)?® | 2amr(y)®  mPr(y)? | r@y) | r(y) ) 2
T mta?  (mta)? +(m—|—a) 3 et () (1) = 2r(y)
_ @y | 2amr(y)® | omPr(y)  r(y) | r() .

(m+4a)?  (m+a)? (m+a) m+4+a m

2.2.2 Main results

Theorem 2.2.4. Suppose g € Cgl0,00) and y € I, .Then, there exists a positive

constant A such as

(Tag)(y) —9(y)| < Aw? (g, 5%(1/))

where

oy @) 2amr(y)?  omPr(y)? - r@y) | @)
g ()_(m+a)2 (m+a)? (m%—@)2+m+<l+ m

Proof. Let f € W%y € I, and s € [0,00). Using Taylor’s theorem, we get :

S

£(5) = F(u) + (s — 9) f'(w) + / (s — 0) " (v)dv

Y
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Apply T,, on this equation
Tuf)) = 1) = (o [ =0 wae) I ([ =) < 6=l
(T 5)W) = FW < (Tuls = 9)* DI = 0@l

Since [(T5,9)(y)| < ||g]], then we have

(T ) () — f(y)] (o) (y) — (T ) () — 9(y) + f(y) + (Tnf)(y) = f()
Tn(g = )W)+ [(g = H@)] + (T f)(z) — f(2)]

g = FIl +1lg = FII + o)1l

2llg — Il + oIl

IN AN INIA

Now, take infimum over all f € W? and by definition of K - functional :
Ka(g,0) = inf {[lg— fIl +ollf"|I} (2.2.3)
few

where W2 = f € Cg[0,00) : f” € Cp[0,), § > 0.
There exist a constant A > 0 so that

Ky(g,6) < Aws(g, Vo)

and § = 0% (y)
Ty (y) — 9(y)| < Aws(g, /0% (y))

where

5 () = arly)® | 2amr(y”  mr(y)” | r(y) LA Y

(m+a)? (m+a)> (m+a)> m+a m
Hence proved. O

Theorem 2.2.5. Suppose g € C,[0,00). Let ¢"(z) exists aty € 1I,,, then prove that

lim (m) [(if,;i,lg)(y) —g(y)| = %zﬁg”(y)

mM—00
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Proof. Using the Taylor’s formula, we get :

g(s) = g(y) + (s —y)*g'(y) + %g”(y)(s -y +p(s,y)(s — )%,

where p(s,y) is the Peano form of the remainder.

and

lim p(s,y) = 0.

S—Y
Apply (f‘/;ﬁklg)(y) to both sides, we have :

1

m |(L519) (W) — g(y)} = mg W)Ly (s = )W) + 5(m)g" W) (L (s — 1)*) W)

+m(Leh 1 (s = y)*p(s, 1)) ().

~a, 9 ((m=Ek+2m—(m—k+1)(m—-1)\ ,
R e T e

2 ((m—k+1)(m—1)—(m—k+2)(m)
+m+5< (m—k+1)(m-—1) >y

a? (m—Fk+2)(m)—(m—~k+1)(m—1)
S (m—F+1m—1) )

B m(2m —k + 1) > 2a a?
N - AT (e )
lim m(Ly (s = 9)*)y) =

m—r0o0

We know,

lim m(Ly5 1 (s —y))(y) =0

m— 00

Now, we need to prove that:

m(L5 (s = y)?*p(s,9))(y) = 0,
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when m — oo. With the help of Cauchy - Schwarz inequality,

we examined that p*(y,y) =0, p*(y,y) € C,[0.00).We have:

lim (L35 0 (s,9))(w) = PPy,y) =

m—00

In fact,

From the above equations,

lim m(Ly5 (s —y)*p(s,y))(y) =0

m— 00

we have:
[/ Fa | T o 1 e
m _(Lm’,ﬁk,lg)(y) —9y)| = mg' (y) (L1 (s — ) (y) + §mg”(y)(Lw;i,1(8 —y))(y)
+mLE5 (s —y)*p(s,9))(v)
- ~a - 1
m _(Lm’i,lg)(y) —9y)] = 0+ §(m)g”(y)y2 +0
- ~a - 1
(L9 ) —9w)| = 5v°9" (W)
Hence, the proof is completed. n

Hence, our modified operators give better approximation than generalised Lupas

operators.



Chapter 3

Convergence results

3.1 Introduction

We study asymptotic formula and error estimation for these operators in terms of

second modulus of continuity.

Theorem 3.1.1. For operator T,,, provided y € [0,00),g € C[0,00),m € N and
r(y) =y, we get

(Tn9)(y) — 9(y)| < Aws(g,/02,(y))

where

a’y 2amy? m?y? Y Yy,

omly) = (m—l—a)2+(m+a)2+(m+a)2+m+a+a_y

Proof. For g € C[0,00),y € [0,00), we get

11 (9, y) — 9(y)| < dw(g, VUL(y)) + ng(gy Ua(y))

where
Unly) = In((s —y)*%y)

13
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where

a a’y
Li(s—w)hy) = —5+ S+ =+
After applying King modification we get the result,

[(Tng)(x) — g(x)| < Awa(g, /0% (y))

where

2amy? L m?2y? Y g_y

2
(m+a)? (m+a)? (m+a)? m+a+m

For better approximation,we need to prove

om(y) < U (y)

a2y 2amy? m2y? y +£_y2<
(m+a)? (m+a)*> (m+a)? m+a m —m?2 m?2 m om

a’y? N 2amy? a’y? 2amy? y < a®y?  ay 2y ay

Y
(m+a)? (m+4+a)? (m+a)? (Mm+a)?> m+a m=- m> m?> m m
)

Yy
m4+a m~ m? m2  m m

a? a a
Y +3§y2(—2+—)+§<2+—
m4+a m m m

a ay?
Y +£§(—+2)<i+g)
m-4+a m m n n

After solving,we get,

m-—m—a —1 1
ay > — =y > = ly+ > (.
m-+a m-+a

Hence , we show 0% (y) < UZ(y). We proved that our King type modification of gen-
eralized operators gives better approximation than the generalized Lupas operators.
Now we show the convergence of our operators and comparison of the operators with

generalized Lupas operators. O
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3.1.1 Convergence and comparison

With the help of Matlab, we try to show the better convergence for the generalized
Lupas operators. Now, we show the convergence and comparison of these operators

which give better result than original operators.

Example 1. The convergence of the King type modification of the Lupas operators
%y 2amy? m2y? y y
() mtaf  mtar  mtaf Tmiatm Y (red) to g(y)
y* + 3y — 2(blue) is shown in figure 1,2,3.We observed that the function g converges

to the King type modification of the Lupas operators when n changes from 50 to

200.

X-axis X-axis

Figure 1 Figure 2

Figure 1 shows the convergence of T2 (g;y)(red) to g(y) (blue)
Figure 2 shows the convergence of T,(g;y)(red) to g(y) (blue).
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1 15 2 25 3 35 4 45 5
X-axis

Figure 3

The convergence of T, (g;y)(red) to g(y) (blue).

Example 2. The comparison of the generalised Lupas operators 12 (g;y) (green)and
King type modification of the Lupas operatorsT%(g;y) (red) to g(y) = y* + 3y —
2(blue) is shown in figure 4,5,6.We observed that the error estimation of g by the
King type modification of the Lupas operators is smaller than the generalised Lupas

operator when n changes from 50 to 200.

45

1 1.5 2 25 3 3.5 4 4.5 5 1 15 2 25 3 3.5 4 4.5 5
X-axis X-axis

Figure 4 Figure 5
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Figure 4 shows the comparison of IZ,(g;y) (green) and T2 (g;y)(red) to g(y) (blue).

Figure 5 shows the comparison of I%,,(g;y) (green) and T3, (g;y)(red) to g(y)
(blue).

X-axis

Figure 6

The comparison of 12),(g;y) (green) and Ts,(g;y)(red) to g(y) (blue).
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