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Abstract

The objective of this thesis is to exploit the group theorectic techniques for solving
nonlinear partial differential equations (PDEs). Main aim of the present work is
to find the symmetries of nonlinear PDEs in order to obtain their exact solutions
by using different methods. Five nonlinear systems viz. generalized Kuramoto
Sivashinsky equation, generalized Gardner equation, Benny equation, extended Os-
trovsky equation and Gowdy equations are investigated for the symmetries and
their solutions. Benny equation and extended Ostrovsky equation are also checked
for their integrability by Painlevé test.

The present thesis comprises six chapters.

Chapter 1: Some mathematical background in the areas of symmetry analysis,
particularly, the Lie point symmetry analysis has been discussed in this chapter.
Basics definations, methodologies utilized in later chapters as well as a brief de-
scription of the related studies made by various other researchers in the field are
presented in this chapter.

Chapter 2: The variable coefficients form of generalized Kuramoto Sivashinsky

(KS) equation

wup + u" Uy 4+ a(t)Uge + () Uper + () Ugzze = 0,

X



where a(t),b(t) and c(t) are the arbitrary functions of independent variable ¢, has
been investigated for symmetries by using Lie classical method. The optimal system
of subalgebras are utlized to get the reduced ordinary differential equations. Some

solutions have been obtained using tanh method.

Chapter 3: This chapter is devoted to the use of combination of Lie group
method and %—expansion method to variable coefficients generalized Gardner equa-

tion (VCGE)
up + a(t)u™u, + B(t)u%num + 0(t)tze + 0(t)Ugae = 0,

where «(t), 5(t),0(t) and §(t) are arbitrary functions. The similarity reductions
and exact solutions are derived by finding the complete sets of point symmetries
of these equations. By using %— expansion method, more explicit traveling wave

solutions involving arbitrary parameters are obtained. The solutions are expressed

in terms of the trigonometric, hyperbolic and rational functions.

Chapter 4: The Benny equation (also called the KdV Burger-Kuramoto equa-

tion) with time dependent coefficients

where a(t), 5(t) and §(t) are arbitrary time functions, has been studied for symme-
tries and to obtained their solutions. Painlevé analysis has been applied to check

the integrability of this equation.

Chapter 5: This chapter deals with the study of variable coefficients form of
extended Ostrovsky equation (VCEOE):

(ut + cug + a(t)uu, + o (H)uu, + B(t)umx)x —du=0,

X



where a(t), a1(t) and B(t) are arbitrary time-dependent coefficients. Firstly, Painlevé
analysis has been applied to check the integrability of the equation then, auto-
Backlund transformation have been applied to find the solution of the equation.
An investigation of similarity solutions of extended Ostrovsky equation has been
undertaken by using Lie classical method and a number of explicit traveling wave
solutions involving arbitrary parameters are obtained.

Chapter 6: This chapter is concerned with the Gowdy equation which have
been investigated for Lie classical symmetries. Some new solutions of Gowdy equa-

tions have been obtained from reduced differential equations.
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Chapter 1

Introduction

1.1 Literature Survey and Motivation

Theory of a physical system, generally, involves a mathematical model defined by
a certain set of differential equations which is supplemented by a set of rules for
translating the mathematical results into meaningful descriptions. Physical systems
occur in linear or nonlinear forms. Most of the linear system problems can be ex-
pressed by linear ordinary differential equations (ODEs) or linear partial differential
equations (PDEs). Nonlinear systems are described by nonlinear ODEs or nonlin-
ear PdEs. Solutions of these equations are of much interest from mathematical as

well as applications point of view.

A number of mathematical theories have been developed from time to time
to solve linear as well as nonlinear physical system problems. The field of PDEs
enlighted much in the 18th century with the work of DAlembert [97] followed by
Laplace [164], Fourier [88] and many others. In 1752, DAlembert introduced one-
dimensional linear wave equation to model the problem on vibrating strings. In

1780, Laplace formulated the equation on gravitational fields. The heat equation

1
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appeared in the work of Fourier on heat conduction in 1810. The development
in basic sciences and engineering are always the major source of motivation for
the growth and expansion of the theories of PDEs. The fundamental equations of
physical sciences play significant roles in the advancement of the subject. PDEs are

studied for several different prospects but mainly concerning with their solutions.

One of the most powerful general approach for constructing solutions for PDEs
is to study their Lie group symmetries. Symmetry leaves the form of the differential
equation invariant, but it need not always leave the solution invariant. Sophus Lie
[190] initiated the concept of continuous one-parameter group of transformations.
These transformations are essentially the flows associated with vector fields defined
in the space of independent and dependent variables. These vector fields and their
components are called infinitesimal generators and infinitesimals of the point trans-
formations, respectively. The symmetry conditions for these one parameter groups
of transformations are linear and these infinitesimals are much easier to analyse.
The infinitesimals have been solved explicitly to yield the admitted group of point
symmetries. It has become one of the most important tool for the geometric and al-
gebraic studies of nonlinear PDEs and provides an approach based on infinitesimal
transformations. An invariance under a one-parameter group of transformations
can be utlized to reduce the number of independent variables for any given PDEs.

The solutions obtained of PDEs are called similarity solutions or invariant solutions.

The Lie’s approach to differential equations was not exploited till Birkhoff [55]
reported its applications for the analysis of problems on fluid mechanics. After-
wards, Ovsiannikov and his co—workers [113] applied the Lie continuous group of
transformations method to a wide range of problems. Bluman and Cole [70] deter-
mined the innvariant solutions for boundary value problems. Connections between

invariant solutions and separation of variables studied by Miller et al.[215, 216].
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After 1960, there have been several generalizations of the Lie symmetry method
mainly non classical symmetry method (also referred as the conditional method)
by Bluman and Cole [71], direct method by Clarkson and Kruskal [156], differential
constraint approach applied by Olver and Rosenau [161, 163], generalized condi-
tional symmetry method given by Fokas and Liu [22]. In nonclassical symmetry
method, the conditions for invariance of the system of differential equations under
consideration are replaced by the weaker conditions for invariance of the combined
system consisting of original differential equations along with the equations requir-
ing the group-invariance solutions. The determining equations for infinitesimals
appearing in nonclassical method are nonlinear and smaller in number than those
of the classical method. It produces,generally, more solutions than classical method
but it is difficult to solve the nonlinear determining equations. The direct method
[156], represents a direct, algorithmic, and nongroup theoretic approach for finding
symmetry reductions. Levi and Winternitz [41] established that by using a group
theoretic explanation, the direct method solutions can also be determined by the
nonclassical method. It has been shown that the similarity solutions corresponding
to the nonclassical groups should, in general, constitute a larger family than as ob-
tained by the direct method. A generalization of the non classical method is given
by the differential constraint approach method. In this method, the original given
system of PDEs can be enlarged by appending additional differential constraints,
such that the outcome of over determined system of PDEs satisfies conditions of

compatibility .

With the passage of time, a number of methods have been proposed to find
higher-order symmetries of PDEs. The effective methods include Steinbergs sym-
metry reduction method [182], the modified direct method [196], Lie-Bécklund

symmetries [146, 179], generalized conditional symmetry method [35, 155], nonlo-
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cal symmetry method [73], etc. Most of the methods determined the symmetry
reductions of PDEs which fewer the number of independent variables and change
PDEs equations to ODEs. The new applications of Lie group theory were being de-
veloped by a number of researchers. The monographs and books written by Bluman
and Cole [72], Olver [161], Hydon [159], Cantwell [26] and Bluman and Anco [75]
are all significant contributions to this field. Gandarias and Bruzdn [128, 130, 131],
Nucci [121], Anco and Dennis [181], Y.K. Gupta et al. [233, 234], Sharma et al.
207, 208], Hill [94], Singh [107], R. Gupta et al. [108, 148, 172, 173] and Biswas et
al.[3, 10] have contributed a lot in this area.

The investigation of infinitesimal symmetries by using the software packages at-
tracted considerable attention of the researchers. The symmetry analysis method
is well-suited to computer algebra as it involves systematic algebraic manipulation
and tedious calculations. The computer algebra implementation for symmetry anal-
ysis started in early 1980s, to determine the symmetries of DEs. The symmetry

analysis packages have separated the process into three parts:
(a) finding determining equations of DEs,
(b) reducing these determining equations and
(c) solving these reduced determining equations to get the symmetries.

The chances of solving determining equations increase significantly by the method
of reducing the determining equations. Several Differential reduction and comple-
tion (DRC) methods [49, 76] such as the reduced involutive form algorithm [76],
differential Grébner basis [218] and Rosenfeld-Grobner algorithm [52] have been
implemented in computer algebra systems like Maple, etc. These computer algebra
packages have been widely used for solving nonlinear PDEs.

A variety of powerful methods which are not based on the applications of



Chapter 1. Introduction )

group theory, such as the tanh method [17], extended tanh method [116], sech
method [37], sine—cosine method [15], Hirota method [168], homogeneous balance
method [137], Jacobi elliptic function method [85], F-expansion method [138], ho-
motopy perturbation method [38, 204], variational iteration method [90, 92|, non-
perturbative method [91] extended %—expansion method [184] and modified %—

expansion method [1, 220], were developed to determine the exact solutions of

PDEs.

In the last decade, the variable coefficients integrable nonlinear evolution equa-
tions attracted much attention. A variety of physical problems are explained by
partial differential equations with variable coefficients [2, 107, 172]. The investi-
gation of solutions to these partial differential equations are needed to explain the
physical phenomena. Some recent analytical and numerical methods for finding the
solutions for the variable coefficient of PDEs have been proposed or modified by

Moussa et.al [11], Vaneeva et.al [153], Hong [27], Biswas et.al [122], etc.

The present work is devoted to the study of applications of Lie classical method
to some specific physical sytems, governed by nonlinear PDEs including variable and
constant coefficients. Symmetries of all the nonlinear PDEs have been determined
which have been applied for the reduction of PDEs into ODEs. The solutions are
then deduced with the help of methods mainly %/fexpansion method [109, 184],
tanh method [17, 194], etc. Two of the nonlinear PDEs are also been check by

Painlevé test for their integrability.

1.2 Preliminaries

In this section, definitions and fundamentals concerning Lie group of transforma-

tions are presented.
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1.2.1 Group

A group [75] G is a set of elements with a law of composition ¢ between elements

satisfying the following axioms:

(i) Clousure Property : For any two elements a; and ay of G

¥ (ay,az) is an element of G.

(ii) Associative Property:  For any elements a;, as, az of G

¢(a1,¢(a2, fl3)) = w(w(al, Gz), G3)-

(iii) Identity Element: For any element a; of G there exists a unique identity e

of GG such that

Y(ar,e) =P(e,a1) = ai.

(iv) Inverse Element: For any element a; of G there exists a unique inverse ele-

ment a;' in G such that

U(arart) = v(ar ar) =e.

1.2.2 Abelian Group

A group G is Abelian [75] if ¢ (a1, az) = 1¥(az, a;) holds for all elements a; and as
in G.



Chapter 1. Introduction 7

1.2.3 One Parameter Lie Group of Transformations

Let © = (21, z, ...x,) lies in a region D C R™. The set of transformations

= (x;€), (1.2.1)

defined for each = in D, depending on parameter € lying in set S C R, with ¥ (¢, d)
defining a law of composition of parameters ¢ and ¢ in S, forms a one parameter

Lie group of transformations [75] on D if:

(i) For every parameter € in S, the transformations is one-to-one onto in D; in

particular x* lies in D,
(ii) S with the law of composition 1 forms a group,
(iii) z* =z if e =e, 1.e.V(z;e) = 2,
(iv) z* = VU(z;e), 2* = V(2*;0),then 2™ = U (z;9(¢,0)),

(v) € is a continuous parameter, i.e., S is an interval in R; without loss of gener-

ality, ¢ = 0 corresponds to the identity element e,

(vi) W is infinitely differentiable with respect to x in D and an analytic function

of € in S and

(vii) (e, 6) is an analytic function of € and 0, e € S, § € S.

1.2.4 Infinitesimal Generators

Consider a one parameter (¢) Lie group of transformation (1.2.1) with the identity

e = 0 and law of composition 1. Expanding z* about ¢ = 0, one gets,

v
r=x+ 688_6 |0 40 (€%), (1.2.2)
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where %—‘f le—o= & (). The transformation z* = x + € (x) is known the infinites-

imal transformation of the Lie group of transformations and the component £(z) is

called the infinitesimals of the transformation [75].

1.2.5 Invariant Surfaces

A surface f(z) is said to be an invariant surface for a one-parameter Lie group of

transformations [75] if and only if

f@®) = f(z) (1.2.3)

or equivalently, if and only if f(x) satisfies the condition

zi:& %’;Z; —0. (1.2.4)

The operator
- 0

is called the group operator or the infinitesimal generator and X f is called the Lie

derivative of f. The Taylor’s series on expanding f(z*) around e = 0 gives
2 n
f@®)=flz)+eX[f(z)+ ;Xzf () +---+ %X”f (z) + O(e™™)  (1.2.6)

If the series (1.2.6) converges, it is termed as Lie series and

fla)y=> —=X"f(x) (1.2.7)

n=0
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1.2.6 Lie Algebra

If V; and V5 are the infinitesimal generators, then the first order operator known as

Commutator (Lie Bracket) of Vi, V5, is defined as

Vi, Vo] =ViVa = VaV4 (1.2.8)

The commutator has the following properties:

(i) Bilinearity:
(a1 Vi + azVa, Va] = aq V1, V3] + a2 [Va, V3], (1.2.9)

[‘/1,@1‘/2+a,2‘/é] = aq [‘/17‘/2] +a2 [‘/17‘/3]7 (1210)

where a1, as, € R.

(ii) Skew-Symmetry:

(iii) Jacobi Identity:

Vi, Vi, Va]] + [V, [Va, Val] + [Va, [V, VAl = 0. (1.2.12)

The commutator of vector fields is again a vector field. Moreover, if V; and V; are
two infinitesimal generators of a symmetry transformation, the commutator of both
generators will again be a generator of a symmetry group. As a consequence, the
set of all infinitesimal generators is closed under commutation of vector fields, thus
possessing more structure than just that of vector space. This additional closure
property endows the space of infinitesimal generators with an additional algebraic

structure and well known as Lie algebra [75].



Chapter 1. Introduction 10

After finding some of the infinitesimal generators V; of an r-parameter Lie group,
it may be possible to construct new generators by computing the commutators of
the known ones. A common way to visualise the structure of a Lie algebra is the
commutator table [161]. Let V3, V4, -+ |V, be basis of a Lie algebra, then its com-
mutator table has (¢, j)-th entry [V;, V;]. Because the commutator is antisymmetric
it is sufficient to compute just the part above the diagonal, as [V;,V;] = —[V}, Vi].

The commutator table therefore reads:

Table 1.1: Commutator Table

Vi Va -~ W
Vo| -Vl | 0 || V]

1.2.7 Classification of Subalgebras and Group

Invariant Solutions

Classification of subgroups [75] of Lie symmetry groups of differential equations is
an important part in the study of the differential equations. This is because clas-
sification allows for an efficient computation of group-invariant solutions, without
the possibility of an occurrence of equivalent solutions. Classifying subgroups fur-
ther leads to the construction of simple ansatze for the corresponding equivalence
classes of reduced differential equations. Thereby, the classification also provides an

important step for further investigations of properties of these reduced equations.

The classification of subgroups of symmetry groups is usually done by the classi-

fication of the associated Lie subalgebras with respect to the adjoint representation
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[113, 161] and the Lie series is use to compute the adjoint representation

62

Ad(exp(ev))wy = wg — €[v, wo] + E[U’ [v, wol] + ... (1.2.13)

The classification of one-dimensional subalgebras of the whole symmetry algebra is
done by an inductive approach. If Vi, V5, ..., V. are elementary basis of Lie algebra,

then we start with the most general infinitesimal generator,
V:a1V1+a2V2—|—a3V3+...+aTVT, (1214)

and simplify it as much as possible by means of adjoint actions. Depending on the
respective values of the coefficients a;,7 = 1, ..., r, we will find the list of inequivalent
one-dimensional subalgebras. On using the inequivalent one-dimensional subalge-
bras of the maximal Lie invariance algebra, group invariant reductions can easily

carried out which corresponds to group invariant solutions of studied equations.

1.2.8 Extension of the One-Parameter Groups

Prolongation Formulas:
Consider a k' order PDE by
F(x,u,0u,...,0"u) =0, (1.2.15)

where x = (x1, ¥9, ..., Z,), u denotes the dependent variable and d’u denotes the set
of coordinates corresponding to all j** order partial derivatives of u with respect to

independent variable x. The one-parameter Lie group of point transformations
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vl = Wiz, up€) = 2 + e6ilx,u) + O(e)2, (1.2.16)

u* = U(z,u;€) = u+ en(z,u) + O(e)?, (1.2.17)

i=1,2,---n acting on (z,u)- space, has infinitesimal generator

0 0
X =& (x, u) 2 1.2.18
6, u) -+ (o) (1218)
The kth extension [75] of (1.2.16)and (1.2.17) is given by
rf = V(2 u;€) = x; + e&(x,u) + O(e2), (1.2.19)
u* = U(x,u;€) = u+ en(x,u) + O(?), (1.2.20)
wh = Uy(z,u,us€) = u; + en (z, u, 0u) + O(2), (1.2.21)
Uiy i = Uiig.iy (2,0, 0u, . .. ,0™u)
= Ujyiy.ip T engfi)%ik(x, u, o, . . . ,8ku) + O(€%), (1.2.22)
where : =1,2,...,nand ;=1,2,...,nfor [=1,2,...,k with £ > 1.
Its k'"- extended infinitesimals
1 RN () R
E(z,u),n(z,u),n " (x,u,0u), ,nilizmik(x,u,@u, ,0%u), . (1.2.23)
with the corresponding k*"-extended infinitesimal generator is given as
0 0 0 K 0
XF=¢— +n—+n g g® 2 k> 1.2.24
S50 T tligy T T i i 2 ( )
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Explicit formulas for the extended infinitesimals n* satisfy the recursion rela-

tions:

772(1) = Din — (Di&)uy, i=1,2,...n, (1.2.25)
k—1
niiz..ik - Dikni(li2~-2k—l o (Dikfj)uilb”i(kfl)j’ (1'2.26)

il:l,?,..n for [ = 1, 2, ...k with & Z 2.

Here
0 0 0
ox; ou; P iy i ( )
The situation of n independent variables x = (z1, 9, - , x,) and m dependent
variables u = (u',u?, ..., u™), with m > 2, arises in studying systems of differential

equations. This leads to consideration of extended transformation from (z,u) space
to (x,u, du, 0*u, . .., 0%u)-space where O*u denotes the components of all k*-order
partial derivatives of u with respected x. Consider the k*"-extended transformation

over the (x,u, Ou, 0*u, - - - ,0%u)-space

() = W'z, uje) = o' + e€'(z,u) + O(), i =1,2,--- ,n,
(W) =UH(x,use) = u" + en(x,u) + 0(62)7 p=1,2---,m, (1.2.28)
(")t = ulf + en{" (z,u, 0u) + O(e?),

)

(W) =l o e (2w, du, - 0 + O(2), (1.2.29)

1112...1) 1112, 1k 1112,
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with the extended infinitesimals given by

nzgl)u — Dy — (D&, (1.2.30)
k k-1 j
177,(1’L)2,u7,/9 = Dikni(lig...),l’;k,1 - (Dikgj)ugig...ik,1j7 (123]‘)

where p=1,2,--- ,m; ¢,1;, =1,2,--- ,;nfor j =1,2,---  k with k > 2. Dj is total

derivative operator and given by

0 0

0 0
D, = — [ H T 1.2.32
ox’ i Ou + Uiy oul, + Uiy oul ;. + ( )
where 1 = 1,2,--- ,n. Here, the kth extended infinitesimal generator is given by
, 0 0 0
k) __ ¢t (1)
0
(O, )5 (1.2.33)
Wiyig,-e i,
1.2.9 Invariance Solutions of PDEs
Consider a system of N, PDEs with n independent variables © = (z1, x2, T3, . .., T,)
and m dependent variables u = (uq, ug, ..., u,) given by
Fr(z,u, 0u,0%u, -+ ,0"u) =0, p=1,2---,N, (1.2.34)
& PLo—

J j i . Puw .
where 0’u denotes the coordinates with components Oy D sy Wiyig...ij> 1 =
1,2,---,n, for j = 1,2,--- , k, corresponding to all j*"-order partial derivatives of

u with respect to x. Let us write such a group of transformations in the form
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¥ =V(z,u,e€),

u* =U(zx,u,e€), (1.2.35)

acting on the space R"™™ of the variables (z,u).
Assume

0
+ 0w u) o

0
X =¢&(x,u) S

8:1,'@-

(1.2.36)

be the infinitesimal generator of the Lie group of point transformations (1.2.35) and

) 0 o 2
Xk = 62(1'; U) or: + na($7U)8ua + m(l) ('Ta u, au)a?La o (1237)
(k) k 0
+ niliz.-ik (x’ U, au, " a U) au?lzglk

be the kth-extended infinitesimal generator of (1.2.36), where 7751)()‘ is given by
(1.2.30) and 'r]fk)a is given by (1.2.31), @ = 1,2,...,m and i; = 1,2,...,n for
i=1,2,... k.

The function u = ©(x), with components u® = 0%*(z), (a =1,2,--- ,m), is said

to be invariant solution of (1.2.34) resulting from admitted point symmetry with

infinitesimal generator (1.2.36) if and only if:
(i) u® = ©%(x) is an invariant surface of (1.2.35) for each (v = 1,2,--- ,m);
(ii) u = O(x) solves (1.2.34).

It follows that u = ©(x) a solution is invariant of PDEs (1.2.34), resulting from

its invariance under the Lie group of point transformations (1.2.35) if and only if
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u = O(x) satisfies:

()X (u* — O0%x)) =0,when uw=06(z), a=1,2--- ,m,.ie.,

&(x, @(x))ag)if) = *2,0(z), a=1,2-,m (1.2.38)

(i3) F*(z,u, Ou, 0*u, - -~ ,0"u) =0, when u=0O(z),u=1,2,---,N, ie;

F*(z,0(x),00(x),0?0(x), -+ ,0"0(x)) =0 ,pu=1,2,--- N. (1.2.39)

Equations (1.2.38) are the invariant surface conditions for the invariant solu-
tions of the system of PDEs (1.2.39) resulting from its invariance under the point
symmetry (1.2.36). After finding Lie group of point transformations or point sym-
metry with infinitesimal generator X given by (1.2.36) through solving the linear
system of determining equations (1.2.38), an invariant solution can be obtained by
invariant form method for solving the system of equations (1.2.39). The procedure
of Invariant form method is as follows:

Firstly the invariant surface conditions (1.2.38) are determined by explicitly solving

the corresponding characteristic equations for u = ©(x) given by

dey  dze dz, du'  du* du™

51(x7u) 52(1‘,u) gn(l‘7u) '”771(1‘7u> UQ(I’U) ”'nm(xau)'
(1.2.40)

Ifyy (2, u), yo(x,u), - yna(z,u),  vi(z,u), v (z,u), -, v"™(z,u) are n+m—1

functionally independent constants arise from solving the system of n +m — 1 first

1.2 .Vm)

order ODEs (1.2.40) with the Jacobian g2

ERSgD)

# 0, then the general solution

u = O(z) of the system of ODEs (1.2.38) is given implicitly by the invariant form

v = 0%y (x,u), yo(x,u), - -+, Yp_1(z, 1)), (1.2.41)
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where ®* is an arbitrary differentiable function of y;(z, u), yo(z,u), ..., yp_1(z,u),
for a = 1,2,....,m. Here yi(z,u), yo(x,u), -, yn_1(x,u), v (x,u), v*(z,u), -,
v™(x,u) are n +m — 1 functionally independent group invariants of (1.2.41) and
hence are n +m — 1 canonical coordinates for the Lie group of points transforma-
tions (1.2.35). If y,(x, u) be the (n + m)th canonical coordinate satisfying

Xy, = 1, the system of PDEs (1.2.34) is transformed into a system of PDEs in terms
of independent variables 31, v, . . . , yn—1 and dependent variables v!, 22, ..., v™. The

transformed system of PDEs admits the one-parameter Lie group of transformations

yi=y, =12, (n—1) (1.2.42)
y:; = Yn T €
V*azya

Thus, the variable y,, does not appear explicitly in the transformed system of ODEs
and, hence, the transformed system of PDEs has solutions of the form (1.2.41).
Consequently, the system of PDEs (1.2.34) has invariant solutions given implicitly
by the invariant form (1.2.41). Such solutions are found by solving a reduced system
of differential equations with n — 1 independent variables y1,v2,...,9y,—1 and m
dependent variables v!,v2,...,,v™. The variables y1,¥s,...,,Yn_1 are commonly
called similarity variables. The reduced system of differential equations is found by
substituting the invariant form (1.2.41) into the given system of PDEs (1.2.34). If

n = 2 then the reduced system of differential equations is a system of ODEs.

1.2.10 Lie’s Algorithm

The various steps involved in the execution of Lie’s algorithm for calculating sym-

metries of system of PDEs [75] are as follows:
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1. Consider the one parameter Lie group of point transformations (1.2.35) which

makes the system of PDEs (1.2.34) invariant.

2. Write the generator of symmetry

0 0
X = &(z, u)% +n%(x, u)% (1.2.43)

and prolong the k™" symmetry generator of X given as

0 0 N )
Xk — &(LU)aZEl + na(l‘,u)% + 771(1) (:E,U, au)% R
0
+ e, (0, O, O ) o (1.2.44)
au¢1i2..z'k
3. Apply the prolonged generator X* on (1.2.34), i.e.,
XF(FPr(z,u, 0u, 0%u, - ,0%u)) =0, p=1,2,--- N, (1.2.45)

4. From the invariance condition, a system of linear PDEs for ¢ and 7 that
constitutes a set of determining equations for the infinitesimal generator X

admitted by the given system of PDEs (1.2.34) is obtained.

5. The explicit forms of £ and n will be obtained from the solutions of the

determining equations.

6. Construct the corresponding characteristics equations (1.2.40) and obtain u

in terms of (n — 1) new independent variables.

7. Rewrite the system (1.2.34) in these new coordinates to get the reduced form

of the system.
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1.3 Painlevé Analysis

From a qualitative point of veiw, integrability can be considered as a mathemat-
ical property that can be successfully used to obtain more predictive power and
quantitative informations to understand the dynamics of the system locally and
globally. Integrability nature of dynamical systems can be methodologically inves-
tigated employing Painlevé analysis. Singularity structure analysis admitting the
Painlevé property advocated by Ablowitz et al. [124] for ordinary differential equa-
tions (ODEs) and extended by Weiss et al. [99, 100] to partial differential equations
play a key role in the analysis of the integrable nonlinear dynamical systems. The
applications of the Painlevé has been carried out by many researchers including
Lakshmanan [127], Sachdev[160], Sahadevan [177], Chowdhury [20, 21], Kaliappan
[126], Tamizhmani [105]. A brief outline of the Painlevé algorithm [136] is given

below.

According to Weiss et al. [99, 100], a PDE has this property when the solutions

of the PDE are single-valued about the movable, singular manifold ¢(zq, . .., z,) = 0.
If u=wu(z,...,z,) is a solution to the PDE; then it is assumed that
j=oo
u=0" Y u;e, (1.3.1)
§=0
where ¢(z1,- -+, %), uj = uj(z1, -+, 2,),up # 0, are analytic functions of (z;) in a

neighbourhood of the manifold ¢ and « is a negative integer. The Painlevé analysis

can be summarised as follows:

(i) Substitute u = upp® into the PDE. Determine the possible leading order(s) o
by matching two or more terms of the PDE such that for that « these terms

dominate the others.
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(ii) Discard the nondominating terms and solve the resulting equation for nonzero

u = ug. This may lead to several branches.

(ili) Find the resonances (values of j for which w; is arbitrary) by inserting

u = up¢” + B,

into the PDE.

(iv) Substitute (1.3.1) into the PDE and equate like powers of ¢ to zero to obtain
an overdetermined system of equations for ¢, u;,(j = 0,1,---) and their

derivatives.

(v) The PDE is said to possess the Painlevé property if the resonances are compat-
ible, and this is often taken to be a definition of integrability of the differential

equation.

1.4 Backlund Transformations

Bécklund transformations [67, 84] which originated in the study of surfaces of con-
stant mean curvature plays an important role in soliton theory. Bécklund transfor-
mations method is an efficient method to obtain exact solutions of nonlinear PDEs.
By the truncation of Painlevé expansion at the constant level term, one can obtain
(auto) Bécklund transformations [53, 68] of nonlinear PDEs. To be precise, if the
singularity manifold is determined by ¢(x,t) = 0 and u(x,t) = 0 is a solution of the
PDE

up = K(u,tg, -+ ). (1.4.1)
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Suppose that
u(z,t) = % Z uj(z,t)¢’, (1.4.2)

=0

where « is a positive integer. ¢(z,t),u;(z,t) analytic functions in a neighbourhood
of the manifold ¢ = 0. Substituting (1.4.2) into PDE (1.4.1) determines the possible
a and the recursion relations for u;,j =0,1,2,---.

Backlund transformations can be obtained by truncating expansion.

The main steps of Backlund transformations method are as follows

Assuming the solution for PDE (1.4.1) is of the form

aa
oz

u =

f(@) + ua, (1.4.3)

where u; is also a solution of (1.4.1), f is determined later, « is a positive integer.

(i) Substituting (1.4.3) into (1.4.1) determines the possible a through requiring
the highest degree in nonlinear term and a highest order partial derivative

term.

(ii) Substituting (1.4.3) into (1.4.1) and collecting all terms with the highest de-
gree of ¢, and setting its coefficient to zero, we obtain an ordinary equation

then f(¢) can be determined.

(iii) Collecting all terms with the same order derivatives and setting their coef-
ficients to zero, respectively and then the compatability conditions can be

obtained.
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1.5 Traveling Wave Solutions to Nonlinear

Partial Differential Equations

Some of the important methods for finding traveling wave solutions are presented

in this section:

1.5.1 Extended Tanh Method

Malfiet et al. [213] introduced the tanh method for the study of nonlinear wave
equations. Later, extended tanh method has been formulated by the extension of
tanh method given by Wazwaz [16]. It is a direct and effective algebraic method for
handling nonlinear equations. The main steps of extended tanh Method are given

as:

Step 1. Consider a given nonlinear evolution equation where u is dependent variable

related with a physical field and x, t are two independent variables given as
F(u,ug, tg, -+ ) = 0. (1.5.1)

Then we seek the traveling wave solutions of (1.5.1) in the form
u(z,t) = u(€), &= (z— Pt), which leads to a nonlinear ordinary differential
equation (ODE)

! 17

GU,U U, ) =0, (1.5.2)

where the prime ’ denotes d%.

Step 2. Equation (1.5.2) is then integrated as long as all terms contain derivatives

where integration constant is considered as zero, Introducing a new indepen-
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dent variable

Y = tanh(¢) (1.5.3)
leads to change of derivatives:
d d
— =(1-Y})H—
d§ ( >dY
d? d d?
—=(1-Y)(-2Y =+ (1-Y?)—
= Y2 g+ (1Y) i)
d? d d> d?
—=(1-Y?)((6Y?-2)-> —6Y(1 - Y?)— + (1 - Y?)?-—) (154
g = (=YY —2) 0 —6Y (1 ¥?) o o+ (1= ¥ ) (154

The extended tanh method admits the use of the finite expansion

UE©) =) aY*+> by ™, (1.5.5)
k=0 k=1

where m is a positive integer. The parameter m is usually obtained by bal-
ancing the highest order nonlinear terms and the linear terms of the highest

order in the resulting equation.

Step 3. Substituting (1.5.5) into the ODE gives an algebraic system of equations in
powers of Y which are utlized to find the parameters ag, (k =0,1,...,m),

be,(k=1,...,m) and .

1.5.2 %-Expansion Method

Wang et al. [139] introduced a new method called the %—expansion method to
find traveling wave solutions of nonlinear differential equation. In this method,
the travelling wave solutions of nonlinear equations can be expressed in terms of
polynomial in (%), where G = G(§) satisfies the linear ordinary differential equation

of second order given as G" (&) + AG'(€) + uG(€) = 0, where € =z +ct and \, p ¢



Chapter 1. Introduction 24

are arbitrary unknown constants to be determined. The degree of this polynomial
can be found out by considering the homogeneous balance between the nonlinear
term and the highest order derivatives present in the given nonlinear equation. The
coefficients of this polynomial can be obtained by solving a set of algebraic equations

resulted from the process of using the proposed method.

Suppose that a nonlinear PDE in two independent variables x and t, is given by
P, ug, g, Uy, . ..) =0, (1.5.6)

where u = wu(z,t) is an unknown function, P is a polynomial in v = wu(x,t) and

and its various partial derivatives in which the nonlinear terms and highest or-

der derivatives are involved. The main steps of the (%)—expansion method are as

follows:

Step 1. Combining the independent variables x and ¢ into one variable £ = x — ¢t and

Assuming

u(z,t) = u(§), (1.5.7)

the traveling wave variable (1.5.7) permits us reducing (1.5.6) to an ODE for

u=u(¢)
P(u, —cu' U, —cu o) =0, (1.5.8)

where prime ' denotes the derivative with respect to &.

Step 2. Supposing the solution of ordinary differential equation (1.5.8) can be ex-

pressed by a polynomial in % as:

m 1\ m—1
G

QN

() = an
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where G = G(§) satisfies the second order linear ODE in the following form:

G+ \G + uG = 0.

(1.5.10)

where ay,, @pn-1,...,A and p are constants to be determined. The positive

integer m can be determined by considering the homogeneous balance between

the nonlinear terms and highest order derivatives present in (1.5.8).

Exact

solutions of Eq. (1.5.10) are obtained in three cases which are as follows:

(i) when A = A? —4p > 0,
G(§) = (¢4 sinh(@f) + Oy cosh(@g))e?ﬁ
(i) when A = X2 —4u < 0,

—-A V-A 5\

§) + Ca cos( £))e=*

G(§) = (Crsin(
(iii) when A =\ —4u =0,

G(&) = (Cy + Caf)e ¢,

where C and Cy are arbitrary constants.

!
Corresponding to above three cases, % expressed as follows:

(i) when A = \? —4u = 0,

VA (Cy smh(£§) + C5 cosh(
2 (¢4 cosh(ﬁf) + Cy sinh (%

2E)) A
2¢) 2

SN

¢
G

(1.5.11)

(1.5.12)

(1.5.13)

(1.5.14)
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(i) when A = X2 —4u <0,

G VB (Cueos(FEO - Cin(FE) N
G 2 (Ch SIH(Eg) + (% COS(ﬂf)) 2 -
(iii) when A =\ — 4 =0,
G_ G
G (Cr+Ceg) o

where C and Cy are arbitrary constants.

Step 3. By substituting (1.5.9) into (1.5.8) and using second order linear ODE (1.5.10),
collecting all terms with the same order of ( ) together, left-hand side of
(1.5.8) is converted into a polynomial in (% ) A set of algebraic equations for
Qs Om—1, -+, A and p by putting each coefficient of the polynomial to zero,

are obtained .

Step 4. Determined the constants o, ®,_1,---,A and p by solving the algebraic
equations in Step 3. The general solutions of the second order linear ODE
(1.5.10) have been well known for us. Using au,, @1, , A, p and the
general solutions of Eq.(1.5.10) into (1.5.9), we found more traveling wave

solutions of the nonlinear equation (1.5.6).

1.5.3 Modified %-Expansion Method

Suppose that a nonlinear PDE is given by

P(uautaumuttauxmy"') = 07 (1517)
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where v = u(z,t) is an unknown function. The main steps of the modified &-

expansion method [220] are as follows:

Step 1 . Consider the traveling wave variable
u(z,t) =u(), &=k(x—ct), (1.5.18)

where k and ¢ are constants, which permits us to reduce Eq. (1.5.17) into the
following ODE:
Fu,u' v u",...) =0, (1.5.19)

Step 2 . Suppose that the solution of Eq.(1.5.19) can be expressed by a polynomial

G/

(&) as follows:
m el i G’ -1
- i e —1 - 5 1520
u(f) ao+; a(G) +a (G) ( )
where G' = G(§) satisfies the second order linear ODE
G"+ pG =0, (1.5.21)

where g, a;, a_;, pu are constants to be determined.

Step 3. The parameter m in (1.5.20) can be found by balancing the highest order
derivative term and the highest nonlinear term in (1.5.19) and conclude the

following;:

(a) If m is a positive integer then go to step 4,

(b) If m is not positive integer, we put u = v™ and then return to

step 1.
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Step 4. Substituting (1.5.20) into (1.5.19) and using (1.5.21), collecting all terms
with the same powers of (%) together and then equating each coefficient
of the resulted polynomial to zero, yield a system of algebraic equations for

Qo, O, O—j, C; [

Step 5. Since the general solutions of (1.5.21) are well known to us, then substituting
Qp, @, o, f1 and the general solutions of (1.5.21) into (1.5.20) we have the

traveling wave solutions of Eq.(1.5.17).

1.6 Objectives

The objective of the thesis is to exploit the group theorectic techniques for solv-
ing nonlinear partial differential equations (PDEs). Our main aim is to find the
symmetries of nonlinear PDEs in order to obtain their exact solutions by using
different methods. Lie’s classical method algorithm leads to find the symmetries of
constant and variable coefficients forms of nonlinear PDEs and their solutions will
be determined. The symmetries and solutions of following nonlinear PDEs have

been evaluated
1. The variable coefficients generalized Kuramoto Sivashinsky equation,
2. The variable coefficients generalized Gardner equation,
3. The Benny equation with its variable coefficients form,
4. The extended Ostrovsky equation with variable coefficients and
5. The Gowdy equations in cosmology.

The integrability of Benny equation and extended Ostrovsky equation are also

checked by Painlevé test.
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Chapter 2 deals with the study of generalized Kuramoto Sivashinsky (KS) equa-

tion which is fourth order nonlinear PDE:
Uy + U Uy + AUy + DUy + ClUzzre = 0, (1.6.1)

where u = u(x,t) and a, b and ¢ are constant coefficients. The Kuramoto-Sivashinsky
(KS) equation is a well-known model of one-dimensional turbulence, which was de-

rived in various physical contexts. We consider its variable coefficients form as

gy + u" Uy 4 a(t)uge + b(E)Uper + () Ugzze = 0. (1.6.2)

The coefficients a(t), b(t) and ¢(t) are the variable coefficients. Lie symmetries of the
KS equation, its Lie algebra and the corresponding optimal system has been studied.
The reductions are obtained from the optimal system of subalgebras. Then, some
classes of solutions of the obtained reduced equations are found by means of other

techniques such as extended tanh method, etc.

/

Chapter 3 is devoted to the use of combination of Lie group method and %

method to variable coefficients generalized Gardner equation:
up + a(t)uu, + B U™ Uy + 0(t) gy + () Upzr = 0, (1.6.3)

where «(t), 5(t),0(t) and §(t) are variable coefficients. Firstly, the similarity re-
ductions are derived by determining the complete sets of point symmetries of these
equations. Then, with the use of % method, more explicit traveling wave solu-
tions involving arbitrary parameters are found out, which are expressed in terms of

hyperbolic functions, trigonometric functions and rational functions.
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Chapter 4 is devoted to the Benny equation also called the KdV Burger-Kuramoto
equation with time dependent coefficients. Benny equation with variable coefficients

(VCBE) is given as:
U + wtly + () Uy + B(E)Uzzs + 0()Usgze = 0, (1.6.4)

. We applied the Painlevé analysis only to check its integrability of Eq. (1.6.4).
The efforts are concentrated only on finding the symmetries, reductions and exact
solutions of (VCBE) equation by using various methods including modified %—
expansion method and others.

In Chapter 5, Painlevé analysis of variable coefficients Extended Ostrovsky equa-
tion:

(ut + cug + a(t)uu, + o (H)uu, + B(t)umm)x —du =0, (1.6.5)

where a(t), oy (t), f(t) are arbitrary time-dependent coefficients, has been applied
to check the integrability. Some solutions are obtained by using auto-Backlund
transformation. The symmetries and solutions, generated from group invariant
reductions using other methods like %/ method are presented.

Chapter 6 is devoted to the study of following coupled system of nonlinear second

order PDEs known as Gowdy equations:
1 2P ()2 2
Ptt—i_gpt_PGH_e (Qt_QG):()?

Qu + %Qt — Qog + 2 (QeP, — Qo Fy) = 0. (1.6.6)

Lie classical method is applied to investigate symmetries of these Gowdy equations.
Symmetries are applied to reduce the coupled system of PDEs into system of ODEs.

Some new solutions of Gowdy equations are obtained after solving reduced ODEs.
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The Variable Coeflicients
Generalized

Kuramoto-Sivashinsky Equation

2.1 Introduction

The Kuramoto-Sivashinsky (KS) equation in the form
Up + Uy + Uy + VUgpes = 0, (2.1.1)

where u = u(x,t), was derived independently by Kuramoto [229] and Sivashinsky
[64] in the late 708, while working respectively, on turbulence phenomenon in chem-
istry and thermal diffusive instability in laminar flame fronts. The dissipative term
Ugzzae Of (2.1.1) provides damping at small scales. The nonlinear term wu, stablizes
by transferring energy between large and small scales and u,, is responsible for an
instability at large scales.

Kuramoto-Sivashinsky equation is a nonlinear evolution equation. This equa-

31
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tion has been derived in a variety of physical contexts driven far from equilibrium
by intrinsic instabilities including instabilities of dissipative trapped ion modes in
plasmas [25, 170], instabilities in laminar flame fronts [63], fluctuations in fluid films
on inclines [65] and phase dynamics in reaction-diffusion systems [227]. Moreover,
the KS equation is also considered to be a prototype of a system with self-generated
chaos and the large class of generalized Burgers equations.

A large literature is available for the one-dimensional KS equation. A dili-
gent, study of the space-periodic KS equation in space dimension was initiated by
Nicolaenko et al.[30]. In [51], the Cauchy problem for the KS equation has been
studied. Guo [31] studied the solvability of the mixed problem in both one and
multi-dimensional cases in bounded domains of the KS equation. In bounded do-
mains global well-posedness of the mixed problem in classes of regular solutions for
the KS equation with moving boundaries was proved by Cousin and Larkin [23].

Various forms of the KS equation has been in the literature describe the differ-
ent physical processes in unstable systems. One of its form is known as KdV-KS

equation [145] and is given as:

U + Uy + flgrr + V (Ugy + Ugazz) = 0, (2.1.2)

where i, v are not negative constants, describes the modeling of long waves flowing
down on an inclined plane in a viscous fluid. For v = 0 equation (2.1.2) becomes
KdV equation [33, 200] and when p = 0 in equation (2.1.2), it gives Kuramoto-
Sivashinsky equation (2.1.1). The Faedo-Galerkin method has been applied to solve
the mixed problems for (2.1.2) in a bounded domains by Larken [145]. The Cauchy
problem for (2.1.2) and the existence of a unique strong global solution and asymp-
totic behavior of solutions, as v tends to zero has been studied by Biagioni et al. [77].

The periodic solutions of the KdV equation in approximating the KdV equation by
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KS equations was studied by Ogawa in [201].

Kuramoto-Sivashinsky equation [143] also exists in following form:

Uy + U Uy + AUz + DUy + ClUzrze = 0, (2.1.3)

where u = u(x,t) and the coefficients a, b and ¢ are constants. This is a well known
generalized form of the Kuramoto-Sivashinsky equation.

If a =1,b =0 and m = 1, Eq.(2.1.3) reduces to original KS equation [226].
This equation was derived by Kuramoto in the Belousov—Zhabotinsky reaction for
the study of phase turbulence. For the propagation of a frame front in the case of
mild combustion, an extension of this equation to two or more spatial dimensions
was given by Sivashinsky [63].

The KS equation has some application areas including the representation of one
class of pattern formation in model of bifurcation and chaos [34, 78]. If b=0,c =1
and m = 1, Eq.(2.1.3) represents various model of pattern formation on unstable
flame fronts and thin hydrodynamic films [66]. If m = 1, Eq.(2.1.3) is also known
as KdV-Burger-Kuramoto (KBK) equation [79]. The origin of persistent wave
propagation of reaction-diffusion type through medium was explained in [228]. In
plasma physics, mathematical model for consideration of dissipative waves by means
of equation (2.1.3) was discussed in [25]. In [43], elementary particles as solutions
of the Kuramoto-Sivashinsky equation was presented. Also at m # 1, Eq.(2.1.3)
can be helpful for the explanation of nonlinear long waves in viscous-elastic tube
[144].

Many authors [13, 56, 183, 231] have studied the KS equation numerically. Dif-
ferent methods like Runge-Kutta methods of different orders, Strang—split method,
a split scheme of variable time method [231] and implicit-explicit methods [62, 205]

have been applied to get the numerical solutions of KS equation.
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Several classes of analytical solutions of the generalised Kuramoto-Sivashinsky
equation has been constructed by means of inverse scattering transform method
[142]. In [46, 143], solitary and periodic solutions of the generalized Kuramoto-
Sivashinsky equation have been obtained. Ebadi et al.[58] applied % method to
find the soliton solutions of KS equation.

Through, the nonlinear equations with constant coefficients describes differ-
ent physical situations but to obtained more general solutions various authors at-
tempted to study in variable coefficient forms [230, 235]. In this chapter, the gener-
alized Kuramoto-Sivashinsky equation (GKS) [143] in variable coefficients form is

considered as:
gy + u"uy 4 a(t)uge + b(E)Uper + () Ugzze = 0. (2.1.4)

Here, the coefficients a(t),b(t) and c(t) are the variable coefficients. We have de-
duced the symmetries of variable coefficients GKS equation and utilized them to
obtain new solutions.

The pattern of this chapter is as follows: Lie classical approach [75, 161], has
been used to obtain the symmetries of the Eq.(2.1.4). These symmetries are applied
to change the PDEs into ODEs as discussed in section 2.2. The solutions have been

presented in section 2.3. Conclusions drawn are given in last section 2.4.

2.2 Classical Lie Symmetries

The method of Lie symmetry groups is one of the important approach to obtain
analytical solutions of nonlinear PDEs. According to the Lie Classical method [75],
if a given system of PDEs is subjected to invariance under one-parameter Lie group

of transformations, one arrives at an over determined linear system of differential
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equations for the group infinitesimals. The obtained infinitesimals are utlized to do
the reductions of the system. In view of the algorithmic steps of this method as
described in section (1.2.10), following steps are followed:

We assumed the one-parameter Lie group of infinitesimal transformations in x,t¢

and u, given as:

¥ =1+ e (z,t,u) + O(e?),
t* =t+er(z,t,u) + O(),

u* =u+en(x,t,u) + O(?), (2.2.1)

where € is the group parameter. These transformations leave the equation (2.1.4)
invariant. It means, the transformations are to be considered in such a form that
if u is a solution of Eq.(2.1.4) then u* is also a solution. On applying the criteria
of invariance, the relation from the coefficients of the first order of € is deduced as

follows:

77t _|_77uxu(m—1) _l_nxum _I_a(t)nmc +Ta(t)'um —i—b(t)nmm

o Th(1) Unaz + ()T 4+ TC() Upgza = 0, (2.2.2)

where prime() indicates the derivative with respect to independent variable ¢ and

x TXXL

and 7 are extended (prolonged) infinitesimals acting on an en-

n'nt Nt Nt
larged space that include the derivatives of the dependent variables (more details
in Appendix). The infinitesimals are then obtained from invariance condition

Eq.(2.2.2) by putting the coefficients of different differentials equal to zero. The

following system of determining equations are obtained:
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7. =0,
Ty =0,
§u =0,
Nuu = 0,

mie(t) + Te(t) — de(t)é, = 0,

N + a(t)Nee + 0)Neze + () Nezee + neu™ = 0,

7ib(t) + Th(t) + Ae(t)en — 3b(1)Es — 6(t)re = 0,

7a(t) + 7a(t) + 60(t)Noun — 3b(t)Era — 20(£)€x + 3b(E)Nas — 4e(t)€rr = 0
& — 2a(t) gy — mnu™ Y = 3b(t)Npaw — 46()Nagan — TU™ 4 D(t)E s

+ c(t)paaz + a(t) e + Eu™ = 0. (2.2.3)

The solution of these determining equations have been obtained as:

n= k1u7
§ = ko + ks,
T = (k?g — mk;l) t+ k?4, (224)

where ki, ko, k3 and k, are arbitrary constants. The coefficients functions a(t), b(t)

and c(t) are given by the following conditions:

na+aT— 2a&, =0,
b+ b7 — 3b&, =0,

e+ T —4ck, = 0. (2.2.5)
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The associated infinitesimal generators or vector fields are represented by
Vi= u% — mtgt,
Vo= x(% + t%,
0
Vi = s
Vi = % (2.2.6)

Now, apply the method for finding the one-dimensional optimal system of subal-

gebras for the Eq.(2.1.4) as given in [113, 161]. This approach, in essence, is taking

a general element from the Lie algebra and reducing it to its simplest equivalent

form by applying carefully choosen adjoint transformations. The commutator ta-

ble of the Lie symmetries of equation (2.1.4) and the adjoint representation of the

symmetry group of (2.1.4) on its Lie algebra are shown in Tables (2.1) and (2.2)

respectively.

Table 2.1: Commutator Table

Vi (Vo V3 |V
Vi| 0 0| Vs | mVy
Vaf 0 0] -Vs| -Vy
Vs| Vs | V5] O 0
Vi|—mVi [ V| O 0

Table 2.2: Adjoint Table

Vi Va V3 Vi
Vi Vi Vs Vet | Vie™e
Vo Vi Vs Vzet | Vyee
V| Vi—elV3 | Voa—elz | 13 Vi
Vil Vi+meVy | Vo—meVy| V3 Vi

The optimal system for the equation (2.1.4) is given as
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(i) Vi+AVo+ Vg
(i) Vi + vV,
(ifi) Vi + 0V,

(iv) V3 +0V,

(v) Vi

For obtaining the similarity variable and the form, the following characteristic
equation

c-2- (2.2.7)

is utlized. Two constants are involved in the general solution of these equations.
One becomes the new independent variable ¢ and the other, say f, plays the role of
new dependent variable. After substituting these solutions of (2.2.7) in Eq.(2.1.4),

we get the reduced ODE as discussed in following subsection.

2.2.1 Symmetry Reductions

(i) Vector field V; + AV, + V)
On using the characteristic Eq.(2.2.7) for the vector field Vi + AV, + pVy,
the similarity variable, the form of the similarity solution and coefficients

functions are obtained as :

u=z3f((),
¢ = [(A—m)t+p)m=

at) =qs, b(t)=qs, ct)=q, (2.2.8)
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where ¢;,¢2 and , g3 are arbitrary constants. Subsituting Eq.(2.2.8) into
Eq.(2.1.4), the following ODE is obtained:

’

F O F Q)= FQ=AS (O +asf (O)+aof

" "

©)+af (€)=0, (22.9)

where prime () means the derivative with respect to the new independent

variable (.

(ii) Vector field V; + vV,
The similarity variable, the form of the similarity solutions and coefficients

functions for the vector field V; + vV is as follows:

u = tT—lm)f <€),
C = tﬁx(il)’
(v+m) (2v+m) (Bv+m)
a(t) = qut=m, b(t) =gt =,  c(t) = gt “=, (2.2.10)

where q4, g5, g are arbitrary constants. Subsituting Eq.(2.2.10) into Eq.(2.1.4),

the function f((), satisfying the following ODE is obtained:

14 ’

)¢S ()

1"

a6f () +af (C)+auf Q)+ () f () —(
1

V—1m

Vv—m

)f(¢) =0, (2.2.11)

+

where prime (") means the differentiation with respect to the new independent

variable (.

(iii) Vector field V; + 6V

The similarity variable, similarity solution and coefficient functions for the
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vector field V, + 0V, are deduced as:

u=f(), (= t+—5
a(t) = q(t +0), b(t) = gs(t + 6)? c(t) = qo(t + 9)*. (2.2.12)

The reduced ODE after substituting Eq.(2.2.12) into Eq.(2.1.4) is given as:

" "

wf " () +af (O+af Q+fmQ)f

/

O —¢f (=0, (2213)

where q7, qs, q9 are arbitrary constants.

(iv) Vector field V5 + wV)
For the vector field V3 + wV}, the similarity variable, similarity solution and

coefficient functions are deduced as:

u=f(¢), ¢=(z—wt)

a(t) = qia2, b(t) = qu1, c(t) = quo- (2.2.14)

Substituting Eq.(2.2.14) into Eq.(2.1.4), the reduced ODE:

m

qiof () +auf () +aqf O+ Q) Ff" () —wf ()=0, (2.2.15)

is obtained. Here ¢i9,q11 and g2 are arbitrary constants.

(v) Vector field V,
For the Vector field Vj, the similarity variable, similarity solution and coeffi-

cient functions are constants. So, the Eq.(2.1.4) reduces to:

u=K, (2.2.16)
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where K is constant.

2.3 Exact Solutions

The solutions of generalized Kuramoto-Sivashinsky equation are useful for both
mathematical and physical point of veiw. In this section, the solutions of Eq.(2.1.4)

for the reduced ODEs equations of section 2.2.1 has been evaluated.
1. Vector field V; + AV, 4+ uV,

The reduced ODE corresponding to this vector field as given by Eq.(2.2.9) has the

solutions in the following form

f () = A¢, (2.3.1)

where A and p are constants to be found out. Equate the exponents of { suitably

and have put their respective coefficients equal to zero.

By putting A = 1 in Eq.(2.2.9) and integrating, we get the equation

(Y

o S @=0 (232)

af (O +af () +af Q)+

where constant of integration is taken as zero.

On equating the exponents (p — 3) and p (m + 1), we get p = %3 The solution
of Eq.(2.1.4) is obtained after substituting Eq.(2.3.1) into Eq.(2.3.2) as :
;1
m3 m  (m-3) (=3)

B [ = m)t o+ p) e 9.3.3
U ¢ (1+m) (6m2 + 27m + 27) x (1 —m)t+ ( )

2. Vector field V| + vV

For v = 1, we are able to obtain the solution for the reduced ODE corresponding
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to vector field V; 4+ vV; given by Eq.(2.2.11) in the following form

f(Q) = A¢”. (2.3.4)

where A and p are constants to be found out. We equated the exponents of ¢ and
put their respective coefficients equal to zero. By equating the exponents (p—4) and
(pm+p-1), we got p = _Rg On subsitutuing (2.3.4) into Eq.(2.2.11), the following

solution of Eq.(2.1.4) is obtained:

6gsm® + 33¢em? + 5dgem + 27gg, 1 0 s
] ( ) (2.3.5)

m3 T

u(z,t) =|

3. Vector field V5 + 6V,

For the solution of reduced ODE given in Eq.(2.2.13), the transformation

F(Q) = H(Q)m, (2.3.6)

has been used. By subsituting the tranformation (2.3.6)into Eq.(2.2.13), the fol-

lowing nonlinear ODE is obtained:

"

qg(Hl)4 + 6WQS(H/)2HHH - 6mq9(H/)4 + 3m2qg(H )2H2

+AmPqoH H H* + 11m2qo(H)* + qom*H*H" — 4gom>H H" H?
+12qom*H(H )?H" — 3gom>H*(H")? — 6ggm?*(H )* + qemH (H )
+3gsm*H?*H H" — 3gsm>H(H')® + qsm>H*H" — 3qsm*H*H H"
+qrm’H*(H')* + grm®(H*)H" — 18gom®(H')*H" H + 2gsm®H (H )

—gmPH*(H ) +mPHH — (m*HH = 0. (2.3.7)
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Considering the solution for Eq.(2.3.7) in the form

H(C) = ap + a1 + a2,

(2.3.8)

and subsituting Eq.(2.3.8) in Eq.(2.3.7) gave the coefficient of powers of ¢ which is

a system of algebraic equations interms of ag, a; and as. On solving these algebraic

equations for ag, a; and ay by a suitable software, following set of results has been

obtained.
Set I
7
ap =0, a= 1_6’
7 qgsm
gy = — —— .
> 7 64 ¢ (3m —2)

Using these values, the solution of Eq.(2.1.4)is obtained as

7T, 7 qgsm T gL
t = |— — m.,
uen ) =) T g Bm— 2)<t+6) ]
Set II
ap = ap, a1 =0,
1 mag
g = ——————.
2 3q; (m—2)
For this set, the solution of Eq.(2.1.4) is
mag x 1

u(z,t) = [ao — §q7 (m — 2)(t+6)2]

(2.3.10)
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Set III

1 V3y/mgr (=1 +m)
ap = 5 , ar =1,
3 m

CLQZO.

These values gave the solution of Eq.(2.1.4) as

1 ﬂ\/mq7(—1+m) T 1
u(z,t) = [§ - — (t+ 5)]m. (2.3.11)
4. Vector field V5 + wV
The reduced ODE Eq.(2.2.15) on integration gives the following ODE;
nr " / f(m+1) (g) O 2 3 12
quof (C) +auf (Q)+ qaf (C)"‘m —wf(¢)=0, (2.3.12)

where constant of integration is considered to be zero.

Solutions of Eq.(2.1.4) are obtained for the cases m = 3 and m =1 in (2.3.12).

Case I: For m =3
Putting m = 3 in Eq.(2.3.12), we get

"

aof” () +auf’ () +aaf () + L5 —wf () =0. (2.3.13)

For solving the above nonlinear ODE, using extended tanh method as expalined
in section (1.5.1). Balancing higher order term of Eq.(2.3.13)f" with nonlinear
term f*, we get n = 1. On introducing new independent variable y = tanh( we

obtained,

f(Q) =ao+ a1y +agy™*. (2.3.14)
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Subsituting Eq.(2.3.14) in Eq.(2.3.13) and by equating the coefficient of powers of y

gives the system of algebraic equations interms of coefficients ag, a1, as and w. After

simplifying the algebraic equations, the following set of results are obtained:

Set 1

The values of coefficients are obtained as

W=

ap =0, a1 =(24¢q10)%, w= —2q,
2
(24¢10)®

and the corresponding solution of Eq.(2.1.4) is:

1 -8
u = (24qy0)3 tanh (z — wt) + M coth (z — wt).
(24q10)°
Set 1II
1 924 :
ap = — m a1 = 0,as = V24/qu0,

12 @2
1 3456 q12q10° — 6912 q10* + g11?
288 q11¢4° '

For this set, the solution of Eq.(2.1.4):

. —1 q11 \3/ 24

YT g2

+ <€/ﬂm> coth (x — wt).

Set 111

—_1Q11\3/§

6 q102/3 ’

a; = 2 \3/5\3/6110, ;

ag =

pr— 0 _ —
2 @ 216 q10°

1 g (4 V3 + 216 asque®” + 144 V/3¢10%) 3%/°

(2.3.15)

(2.3.16)

(2.3.17)
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The solution for Eq.(2.1.4)by using this set is

—_1(]11\3/3

6 6_1102/3

+ (2 %m) tanh (z — wt). (2.3.18)

. Case II: For m=1

Subituting m = 1 in Eq.(2.3.12), we get

"

" , (2)
qof (€) +aquf (Q)+qaf (Q)+ f2©)

2

—wf(¢)=0. (2.3.19)

Balancing f* with f? in Eq.(2.3.19), we get n=3. By using extended tanh method,

we get

f(Q) = a0+ a1y + asy® + asy® + asy™ + asy™* + agy”°. (2.3.20)

Subsituting Eq.(2.3.20) in Eq.(2.3.19) and by equating the coefficients of powers of
y, we get the system of algebraic equations for ag, a1, as, as, a4, as, ag and w. After
solving the algebraic equations by a software, we get following set of solutions.
Set 1

The values of the coeflicients are

ap = qi2, a1 = 2¢12, a2 =0, az=0,

ay = 0, a5 = —12(]11, ag = 0, W = (q12. (2321)

Corresponding to this set, solution of Eq.(2.1.4) is obtained as

U = g2 + 2q12 tanh (x — wt) — 12q;; coth® (x — wt). (2.3.22)
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Set II

CLQ:O, CL1:O, CLQZO, a3:0,

_ 60 _1200 _ 0
aq = 196112 19 dio ), a5 =V,

ag = 12Oq10,w = —2Q12. (2323)

Using these values the solution of Eq.(2.1.4) is obtained as

<60 1200
u =

072~ g Qm) coth (z — wt) + 12019 coth® (z — wt). (2.3.24)

Set III

ap = 2c12, a1 =2q2, ax=0, az3=0,

ay = 07 a5 = —12(]11, g = 120(]10, W = 2Q12. (2325)
Using these set of values, the corresponding solution of Eq.(2.1.4) is obtained as
u = 2q15+2q12 tanh (z — wt) —12qy; coth? (x — wt)+120¢y0 coth® (z — wt). (2.3.26)

Set IV

—_1(]11(]12

apg=0, a; =0, ay=
’ ' T4 q

ag = O, ay = O, a5 — 15(]11,

ag = 120q19, w = —2q¢1. (2.3.27)
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Under this set of values, we get the solution of Eq.(2.1.4) as:

—1
P L L PRI (z — wt)+15¢1; coth? (x — wt)+120q1 coth?® (z — wt). (2.3.28)

4 quo

Set V

—4q12q11
(4(112 - 126]10) ’

ag = O, ay = (206 — 12(]10) s

ap =0, a1 =22, a=

a5 = O, g — O, W = —2(]11. (2329)

For this set, the solution of Eq.(2.1.4) is obtained in the following form

—4q12q11 2
u = 2q2 tanh (r — wt) + ————— tanh” (v — wt
= ( ) (4q12 — 12q10) ( )
+ (2q12 — 12(]10) coth (.fl'f — wt) (2330)

Figure 2.1: The solution (2.3.15) for the values of q19 = 1,11 = 1, and ¢12 = 1,
within the interval —3 < z,t < 3.
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2.4 Conclusion

Lie classical method has been successfully applied to find the symmetries of variable
coefficients form of generalized Kuramoto-Sivashinsky equation. The symmetries
obtained are further utlized to reduce the partial differential equations into ordinary
differential equation corresponding to optimal vector fields. Various methods like
power series and extended tanh method has been applied to obtain the solutions
of KS equation. The graphical representation of solution (2.3.15) for the values of
qio = 1,q11 = 1, and q12 = 1, within the interval —3 < z,t < 3 gives singular

solution (peaks) in Fig. 2.1.
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Chapter 3

Invariant Solutions of Variable
Coeftlicients Generalized

Gardner Equation

3.1 Introduction

A generic evolutionary partial differential equation (PDE) known as Korteweg-
de Vries (KdV) equation is a well-known nonlinear PDE. It is frequently used to
model weakly nonlinear long waves, incorporating a certain balance of leading-order
nonlinearity and dispersion. In different branches of science and engineering like
modulation in pulse-width [36], mass transports in a chemical response theory [240],
dust acoustic solitary structures in magnetized dusty plasmas [115] and nonlinear
long dynamo waves observed in the Sun [93], the Korteweg-de Vries (KdV)-type
equations have become important nonlinear model due to its nonlinearity [32]. Ex-
pansion of KdV equation to a higher order nonlinearilty and also including more

nonlinear terms give extension of this equation. The extension is a combination of

51
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KdV and modified KdV equation (KdV-mKdV), collectively called as the extended

KdV (eKdV) or Gardner equation. This extended KdV (eKdV) is given by

Uy 4+ autty + buuy + ftgee = 0, (3.1.1)

where u is a function of both x and ¢. The properties of extended KdV (eKdV)
or gardner equation are same as that of classical KdV. In most of the applications,
u = u(x,t) represents the wave mode amplitude, the terms uu, and u?u, represent
nonlinear wave steepening where as the term wu,,,., represents dispersive wave effects.
The coefficients of the nonlinear terms a and b and the dispersive term p regulate
the steady oceanic background density and flow stratification through the linear
eigen mode of the internal waves.

In literature [154, 185], it has been shown that different forms of Gardner equa-
tion describe various interesting physical phenomena such as stratified ocean inter-
nal waves, the long wave propagation in a two-layer inhomogeneous shallow liquid
and ion acoustic waves in plasma with non positive ion interfacial solitary waves
over, slowly varying topographies [110] and a nonlinear elastic structural element
with large deflection wave motion [165]. The generalized form of Gardner equation

[18, 103] is given as

up + o™y + Lut My + Qg + Otgy, = 0, (3.1.2)

where «, 3, 0 and ¢ are contants. From this generalized Gardner equation
(3.1.2), the following important cases can be distinguished depending on values

of these parameters:

(i) If B =1 and m = 1, Eq.(3.1.2) becomes the Burgers-Korteweg-de Vries

equation [186].
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(ii)) If « = 0 and m = 1, Eq.(3.1.2) becomes the modified Burgers-Korteweg-de

Vries equation [237].

(iii) if m=1,0=0, «a#0andf # 0, Eq.(3.1.2) tuns into the combined KdV
and modified KdV equation (KdV-mKdV) [42].

(iv) Ifm=1, 6§ =0, o # 0and § = 0, Eq.(3.1.2) further changes to the

classical KdV equation [132].

Various techniques and methods [29] have been applied to find the solutions of
generalized Gardner equation (3.1.2). Nonlinear evolution equations (NLEEs) with
variable coefficients forms can provide more powerful and realistic models as com-
pare with constant coefficients forms. A lot of important and significant phenomena
with the time-dependent coefficients of inhomogeneous Gardner models have been
derived to describe in ocean dynamics, fluid mechanics and plasma physics. Some

of them are as follows:

(i) The variable coefficient mKdV model [101, 158, 199, 202, 206] given as:

uy + a(t)uty + KUty + Uppe = 0, (3.1.3)

where pycnocline location depends on the coefficient a(t) and coefficient & is
a constant, explains the stratified ocean internal waves if the pycnocline lies

midway between the surface and sea bed .

(ii) The modelling of the governing equation for the propagation of long wave in a
two layer inhomogeneous shallow liquid, is the variable coefficients extended

KdV equation given as [80, 87, 217]

uy — B6a(t)uty — 67Uty + 0(H)Ugpee = 0. (3.1.4)



Chapter 3. Invariant Solutions of Variable Coefficients Generalized Gardner
Equation 54

Here (u = u(z,t)) is proportional to the elevation of the interface between
two layers, coefficients «(t) and 0(t) depend on coordinate ¢ imply the ratio

of the depths of two layers.

(iii) A perturbed mKdV model [80] is proposed during the investigation on the
dynamics hidden in the plasma sheath transition layer and inner sheath layer.

The perturbed mKdV is given as

Ur + 69y + 0?1y — Yy + 1T )by = 0, (3.1.5)

where ¢ is a constant, h(7) is an analytic function.

This chapter deals with the variable coefficients form of generalized Gardner

equation gives as:
uy + a(t)uuy + B U™ Uy 4+ 0(t) gy + () Uprr = 0, (3.1.6)

where «(t), 5(t), 0(t) and §(t) are arbitrary time-dependent coefficients.

In section 3.2 , the symmetries of this generalized Gardner equation (3.1.6) has
been obtained using the Lie classical method. Lie algebra of these symmetries are
presented. In Section 3.3, the corresponding generators have been used to reduce
equation (3.1.6) to lower dimensional differential equations. Some exact solutions
have been obtained by using % method. In Section 3.4, explanation of the solutions

has been given. Conclusion are presented in last section.

3.2 Classical Lie Symmetry Analysis

The symmetries of Eq.(3.1.6) are calculated using Lie classical method. The one-

parameter of infinitesimal Lie group of point transformations leaving (3.1.6) invari-
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ant is defined as :

u* = u+ en(z,t,u) + O(e?)
¥ =1+ ef(x,t,u) + O(?)

t* =t +er(z,t,u) + O(). (3.2.1)

The invariance condition of (3.1.6) under the transformations (3.2.1) is obtained as

7'+ ma(t)u™ M nu, + a(t)n e + o uu™ + ) U™ + 2mB()nu

+ 7B(t) upg®™ 4+ 770(t) + TO(1) Ugy + 776 (t) + T(t) Ugze = 0, (3.2.2)

where prime (') means the derivatives with respect to independent variable ¢ and

“2% are extended (prolonged) infinitesimals acting on an en-

T]t, n:c’ nz‘x and n
larged space which have all derivatives of the dependent variables (details been
discussed in Appendix). The infinitesimals are determined from the determining
equations which are obtained from invariance condition (3.2.2) by putting the co-

efficients of different differentials equal to zero. The determining equations of Eq.

(3.1.6) are as follows:

7o = 0,7 = 0,8 = 0,74 =0,

76(t) +10(t) — 36(t)€, = 0,

T0() + 70(t) — 20(1)&, + 35 (E)Nu — 36(1) s = 0,
M+ ()™, + 0()es + BE)UW ™ e + 0()owe = 0,

/
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— a(t)u™E, — B(OUPE, + Tt u™ + T B uP™ + 2m B num Y

+ 7 B() U™ 4+ ma(t)nu™ Y = 0. (3.2.3)

On solving these set of equations (3.2.3), the infinitesimals &, 7 and 7 are ob-

tained as:

n = uk,
€ = xky+ ks,
= % [(3 /5 (t) dt) ko + m] (3.2.4)

where k;, (i = 1,2,3,4) are arbitrary constants and the equations which govern

a(t), B(t), 6(t) and 6(t) are given as:

0(t) T+ 0(t) — 20(1)&, = 0,
B(t) T+ BT + 2mB(t)n. — £:8(t) = 0,

a(t) T + a(t)r + ma(t)n, — Ealt) = 0. (3.2.5)

The corresponding infinitesimal generators of the Lie algebra are given by

%:%(3/5(t),dt)%+x%7

1 0
‘/2 - @aa
0
‘/é - %7
0
Vi —u%. (3.2.6)
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The adjoint action is obtained by the use of Lie series

2

€
where [V;,V;] = V;V; — V,V; are the Lie algebra commutator and € is a small

parameter. With the help of Lie series (3.2.7), the commutator table and adjoint

table of Lie algebra (3.2.6) can easily be formed shown in Table 3.1 and 3.2:

Table 3.1: Commutator Table
Vi Vs Vs | V)
Vil 0 | =3V | —-V3
Vo | 314 0 0
Va| V3 0 0
Vil O 0 0

o O OO

Table 3.2: Adjoint Table

Vi Va Vo |V
Vi Vi Vae® | Vze® | V)
Vo Il Vi—eVa| V5 Va | Va
Vs | Vi—eVs | V5 Vo | Va
Vi Vi Vo Vs |V

Since linear combination of generators is also a generator, a large number of
vector fields of the Lie algebra form with the linear combination of the generators
Vi i = 123,44 and the reduction can be obtained for any vector field by using

characteristic equations:

dr. _dat_ du (3.2.8)
T
The basic fields which give the optimal system [161] for Eq.(3.1.6) are

(i) Vi+a1Vy
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(i) Vo +asVs

(iii) Vo + asV;
(iv) Va4 a4Vs + asVi

By using the generators of the optimal system, various reductions of the Eq.(3.1.6)

to ODE’s are obtained as follows:

3.3 Reductions and Exact Solutions

1. Vector field V| + a1V}
Assuming a; = 1, then the corresponding generator is V4 + V4. By using the
characteristic equation (3.2.8), the similarity variable and similarity solution of the

Eq.(3.1.6) are obtained as

3

S sway

"= [(/5 ®) dt)] : F(O), (3.3.1)

and equation (3.2.5) gives the coefficient functions as

o) = 00
(Jo(t)dt)®
ﬁ(t) = p26(t> 2m+2 )
(fo(t)dt) *
at) = — 200 (3.3.2)

(fo(ydr) ™"
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Substitution of Eq.(3.3.1)and Eq.(3.3.2) into Eq.(3.1.6) yields a reduced ODE with

variable coefficients:

27C2F(C)" + 54CF ()" + 6F(Q) + Ipi (3 F(C) +6pi 3 F(C)

+3paCS F ()P F(C) + 3psCS F(Q™F(C) + %F(C) —CF(¢) =0,  (3.3.3)

where the prime (') means the differentiation with respect to the independent vari-

able ¢. Solving the Eq.(3.3.3), the trival solution of Eq.(3.1.6) is obtained.

2. Vector field V5 + asV3
Let as = 1, then by using generator V5 + Vj; the similarity variable, similarity

solution and coefficient functions are obtained as:

0 =pré(t), B=pso(t), a=ped(t), (3.3.4)

and the corresponding ODE as

"

F(Q)" +prF(Q) +psF(Q) F(O)™ +peF(Q) F(O)™+ F(¢) =0. (3.3.5)

We evaluated traveling wave solutions for this equation(3.3.5) by using the extended

/
G .
& -expansion method.

On integrating Eq.(3.3.5), we get,

(ORI 4 (S

F 1" F !/
(C) +prF(C) +ps DT R L

+F(¢) = 0. (3.3.6)
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The following steps are used to solve the equation (3.3.6).

(i) Assuming that Eq.(3.3.6) solution can be represented in % as follows:

n G/ %
F(¢)=)_A <5) , (3.3.7)
i=0
where G' = G(() is the solution of second order ODE in the form
G+ )G + G =0, (3.3.8)

where A;, \, u are constants to be found out and n is called the balance num-

ber.

(ii) The homogeneous balancing between the derivative of highest order and the

nonlinear terms present in equation (3.3.6) gives the positive integer n.

(iii) Substituting (3.3.7) into (3.3.6) and using the ODE (3.3.8), we get a polyno-

g

& alter collecting all terms of % with the same order together. Then,

mial in
a set of algebraic equations will be obtained by equating each coefficient of

this polynomial to zero, which inturn is to be used to get value of A;, A and

L.

(iv) The general solution of Eq.(3.3.8) will be easily find out and using these solu-
tions into (3.3.7) and values of A;, the traveling wave solutions of Eq.(3.1.6)

is obtained.

In equation (3.3.6), applying the method of homogeneous balance between the

2m—+1

" . . oy . .
terms v and u , we determined n = % Heren is not a positive integer. To solve
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the solution of equation (3.3.6), we have consider the solution in the form [50, 86],

G'\"™
F()=A|— 3.3.9
©0=-4(%) (3.3.9)
where constant value of A is to be found out and G satisfies the Eq.(3.3.8). Sub-
stituting (3.3.9) into (3.3.6) get the terms in powers of % A set of algebraic
equations are obtained after collecting all terms of same powers of % and equating

the coefficient equal to zero in order to determine the value of A, u and \ \e.g.,

A psAZmil A
Bk e R
m2+2m—|—1+m ’

pGAm-i—l _ p7A i ﬂ i AN

222 —p,
m+1 m m m2
A AN A\
_ Db M+2 2#_ M:(),
m m m
A2 A A
AN Ay A
m2 m2 m
Au?  Ap?
L (3.3.10)
m m

The result obtained by solving the above algebraic equations by using software is

given as:

prm
A\ =
2—m’
1 p2m? 1 5, 1 prPm?
W==5 3 M — 57 5
2 (=2+m) 2 2 (=2+m)
_l’_

1)) & . (3.3.11)

When A2 — 44 > 0, then solution set represents the hyperbolic exact traveling wave

solution:
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(m+1)(2m+1) m
psm?

u(z,t) = (—

SN A Alsmh(v )C+Blcosh(v iy e N
2

2 Ay cosh( )C + Bj sinh(~ _4“)§
h =x— ([d(t)dt )\ = bm — 1 pPm® 1.2 1 pi’m?
where C x (f ( ) ) ) o—m> M 2 (—24m)? 3 m 3 (C2rm)-

When A? — 4y < 0, then solution set gives the trigonometric exact traveling wave

solution:

ule,t) = (_<m+ D) (@m+ 1>>21n

psm?

ViR a0 BeosV 5\ AT
2\ Aok Bisin( Y ) )

2

2,,2

where ( =z — ([0 (t)dt), A=L22 p=-1 f7+77n)2—%m2—lp7m.

—~
[\

3. Vector field V5 + a3V}
Assuming the scalar ag = 1, the vector field V5 4+ V, gives the similarity variable,

similarity solution and coefficient functions as:

¢ =z,
u = efé(t)th(O

0(t) = psd(t),  B(t) = pod(t)e > 20U a(t) = prod(t)e” ™/ (3.3.14)

Substitution of Eq.(3.3.14) in Eq.(3.1.6) gives the ODE as

"

F(C) + pioF (Q) F(O)™ + poF(¢) F(O)*™ + psF(¢)" + F(¢)" =0.  (3.3.15)
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Assuming in Eq.(3.3.15)

F(¢) = H(¢)™, (3.3.16)
Eq.(3.3.15) takes the form

" 7 1

m2H(Q)" H(C)? — 3m®H(C) H(Q) H(C) + 2m*H(Q)* —3m (H())’

H(Q) ~ psm®H(Q) (H(Q)) + pom? H(OH(Q)

2

+pmH(Q) (H(C)') +pomH(Q) H(C)' + prom* H(O)* H(C)

" "

+3mH () H(C)

’

+m*H(¢)* = 0. (3.3.17)

Applying % method [184] for the Eq.(3.3.17) and by using homogeneous bal-

GI

ancing method, we get n = 1. Assuming the solution of Eq.(3.3.17) in & as follows
G/
H(C) = ao+ W (3.3.18)

where G = G((). Subsituting Eq.(3.3.18) in Eq.(3.3.17) and using (3.3.8), collecting
all the terms of similar powers of %/ and putting each coefficient of them equal to

zero, gives a set of following algebraic equations for ag, a;, A and pu.

— p9m2a15 —a;® —3ma® — 2m2a® = 0,

psmai® — 3m2a* X — 6 m2ai2ag — 6 maiag

- 4p9m2a14a0 — 6ma’ ) + psm2a13 —3a’\

- p9m2a15/\ - ]9107712&14 =0,

p8m2a13)\ + pgma12a0 — 6m2aiae® — 3 algp — 3ma®)\?

— 6 pomiailag® — m2a* Nt — prom*a*h — 2mPa®n — 15mai® X\ ag
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+ 2pgma®X — 9m2ai’ X ag — 4 pgm’ai* X ag — 3 piomaiiag

— 3ma13u —3a’\ + 3p8m2a12a0 — p9m2a15,u =0,

—2m2a3\ w—6 a’\ w—12 ma12,u aop + 2p8m2a1a02
—2m2%a;2\%ay + 2p8ma13u +mda® + pgma13)\2

- p10m2a14u + 2psmai’Nag — 3 prom2arlag? — 12ma X ag?

+ dpgm?ai’Nag — 3proma* X ag — 4p9m2a14,u ag — 4m2a12,u ao
— 6p9m2a13)\ ap? — 4p9m2a12a03 —12ma;* X %ay — aP X3 = 0,

2 m2a12u2a0 —3a®\ uQ — 6ma12)\2u ap — pngG?)\ /f)\ aot

— 6ma12u2ao + 6 may + psmiai Nay® + 2p8m2a1u ao® + 2pgma12)\,uao
+ psmar 1t — 8mPa\ pag® — promiai X ap® + 4mrai* N ag

— 3m*a;® A M2 - 4P9m2a12ﬂ a03 - 3p10m2a12u a02 - p8m2a13ﬂ2
+3miap’a; — mPagN3a® =0,

3ma’y’ — pomParpag® — a’p’ — 2mPar’ i’ — 2mayp’ag’

— 3ma>p* X ag + 3mPa P X ag + psmai X prag® — psm?aq? plag

— mPa N pag? + miag® — prom2arpag® + psmar?pilag = 0. (3.3.19)

Solving these algebraic equations simuntaneously we get:

“po(1+3m +2m?
ag =0, a1=\/p9( o m)’

Pom
)\:_1 psm 7
3 \m-—1

1 ps*m? (2m? — 6m + 3)
P9\ Zoms1im2+3—7mmd+2mt )"

5 (3.3.20)

When A2 — 44 > 0, then the above solution set represents the hyperbolic exact
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traveling wave solution which is given as:

u(z,t) = eJot)dt (\/—p9(1 +3m+2m2)>m

Pom

3=

A2 —4p [ Ajsinh(¥ )‘22_4“):1: + By cosh(Y /\22_4M)x
2 A2—dy A2—4p
)

DO | >

. (3.3.21)

T
;

Aj cosh(

)z + By sinh(

pg2m? (2 m2—6 m+3)
—9m+11m2+3—7m3+2m? | -

When \? — 4y < 0, then the solution set (3.3.20) gives the trigonometric exact

where \ = —% (pgm)7 =

Nellng

traveling wave solution:

u(z,t) — oJo®)dt (\/—P9(1+3m+2m2))m

Pom

Vap — A2 [ —Apsin(Y 4“_)‘2)x + By cos(~ 4”_/\2)37 "

2 2
2 —X2 4p—X2
Aj cos( l; g )

DO >

. (3.3.22)

i

)z + By sin(

pg2m? (2 m2—6 m+3)
—9m+11m24+3—7m34+2m4 | *

Ol

4. Vector field V5 + a4V5 + a5V,
Assuming the scalars a4 = a5 = 1, the corresponding similarity variable, similarity

solution, and coefficient functions are given as:

sz—/é(t)dt,
U = efé(t)th(C)

0(t) = prid(t), Bt) = prd(t)e 200 (1) = piya(t)e” /0 (3.3.23)

The reduced ODE is obtained by substituting Eq.(3.3.23) into Eq.(3.1.6) and is



Chapter 3. Invariant Solutions of Variable Coefficients Generalized Gardner
Equation 66

given as:

F(O)=F(C) 4+p1sF () F(O)™ +paF(O) F(O)¥™ +pi F(O) + F(O)" =0. (3.3.24)

To obtained the solution of Eq.(3.3.24), we apply the same procedure as for solution
of Eq.(3.3.6) and the method of homogeneous balance for the term u" and u?™ gives
n = % It should be noted that n is not a positive integer. We assume the solution

of Eq.(3.3.24) in the form [50, 86]

F(O) = A (%) : (3.3.25)

where A is a constant to be found out and G satisfies Eq.(3.3.8). Substituting
(3.3.25) into (3.3.24), collecting all the terms of similar powers of % and putting
each coefficient of them equal to zero, gives a set of following algebraic equations

for A, and A.

pro A m? 3 Am + A+ 2Am? =0,
pisATTINM?E — priAAm? + 3 AN 4+ 3 Apm + 3 AN m + AN m?
+ p1o A2 ym? — Am® +2 Apum? — 2p Adm + 3 Au =0,
6 A\ — ANm? + 2A/\um2 —2pnAum — P AN + AN
— Am® + pig A" um? =0,
prAX pm? + AN um? — 2p AN pm + 2 ApPm? + 3 Ay
— Aum? + 3 AN — 3 ApPm — 3 AN um =0,

prApPm? + 3 AN piPm? — prApPm + 3 AN — 6 AN piPm =0,
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—pAm? + 6 AAm — priAm + 3 ANM? + 3 AN + pis A" m? + p A2 IAm? = 0.

(3.3.26)

The result by solving the above algebraic equations by software gives the following

set, of solution

:_1 pP1im
3m—1
_1m2(2p112m2—6p112m+3p112—18m+9m2+9)
9 —Tm3+2mt+11m2—9m+3 ’
1) (2m +1).27
g mt )(2m+ 0 (3.3.27)
m

When A\ — 44 > 0, then solution set gives the hyperbolic exact traveling wave

solution:
(m+1) (2m+ 1), 2
u(z,t) = [— 2 ]
y )\2 _ 4,u Al Sinh( >\22_4“)< + Bl COSh( )\22_4M)C )\ : (3 3 28)
2 Aj cosh(¥ /\22_4“)C + Bj sinh (Y /\22_4M)C ’
m?2 12m2—6p112m *—18m+9m?
where ( =z— ([0 (t)dt), A=—3B2  andp=1 Lo 77m36f;m44:r1312127917i+;9 )

When A2 — 4, < 0, then solution set gives the trigonometric exact traveling
wave solution:

_1

(m+1)2m+1) 2=

m2 )

Vap — A2 [ —A;sin(Y 4“_>‘2)C + Bj cos( 4u_/\2)§ A .
2

u(z,t) = [—

2 2 .

2 Aj cos(¥ 4”7/\2)C + By sin(~ 4“7)\2)§ |

2 2

(3.3.29)

m? (2p112m2*6p112ﬂ1+3p112718 m+9 m2+9)
—7m34+2mA+11m2—-9m+3

Wheregza:—(fd(t)dt)’ \= —

andp:%
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45

46

Figure 3.1: The solution (3.3.12) for m = %,Al =1,B=0,ps=—1,pr =1,6(t) =
cos(t).

Figure 3.2: The solution (3.3.12) for m = }17141 =1,B,=0,ps=—1,pr =1,6(t) =

et.
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Figure 3.3: The solution (3.3.21) for m = %,pg =1l,pp=—-1,A,=1,B,=0,0(t) =
cos(t).

Figure 3.4: The solution (3.3.21) for m = i,pg =1,pp=-1,A=1,B,=0,0(t) =
tan(t).
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3.4 Results and Discussions

(i) The determined solutions of equation (3.3.12) represents hyperbolic function
solutions and are said to be traveling wave solutions. For A2 — 4, = 0, the
solutions depend upon ps, pr, m, Ay, Biand §(t). By cosidering p5s = —1,p; =
1,Ai=1,Bi=0,m = % and d(t) = cos(t) represents kinky periodic solutions
and ps = —1,pr = 1,41 =1, B, = 0,m = } and 4(t) = ¢’ solutions which are
special kind of solitary waves. These solutions are shown graphically in Fig.

3.1 and Fig. 3.2. respectively.

(i) It is also analysed that the solutions (3.3.21) behaves as periodic solution for
ps = 1,p9 = —1,m = 5 and 6(t) = cos(t) as well as for pg = 1,pg = —1,m =
1,41 =1,B; =0 and §(t) = tan(t). The graphical representations of these

solutions are shown in Fig. 3.3 and Fig. 3.4.

3.5 Conclusion

Symmetries of the variable coefficients generalized Gardner equation have been ob-
tained by Lie classical method. Using these symmetries the generalized Gardner
equation have been transformed into ordinary differential equations corresponding
to the respective optimal vector fields. The traveling wave solutions are success-
fully obained by using %/-Expansion method. The solutions involve hyperbolic
and trigonometric functions. The behaviour of all the obtained solutions can be

controlled by the choice of §(¢) and other constants occuring in the solution.



Chapter 4

Painlevé Analysis and Some
Solutions of Variable Coeflicients

Benny Equation

4.1 Introduction

The physical phenomena of a nonlinear partial differential equations (PDEs) can
be well describe by their solutions. In the last decade various approaches have been
applied to obtain the analytical solutions of nonlinear PDEs, like homogeneous bal-
ance method [44], the Jacobi elliptical function expansion method [28] and some
numerical approaches like variational derivative method [198], have been appplied
to get the approximate solutions. Zhang et al. [235] investigated solitary wave
solutions of nonlinear PDEs by introducing an auxiliary equation as a source equa-
tion. Khater et al.[12] found the traveling wave solutions by applying the improved
sine—cosine method and Wus elimination method. Chen and Ding [236] investigated

traveling wave solutions for (1 + 1) and (2 + 1)-dimensional nonlinear evolution

71
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equations (NLEE) by employing an improved projective Riccati equation method
and symbolic computation system Maple. Yong and Chen [219] gave extension to
this method to get the exact solutions of the coupled KdV systems.

The partial differential equations with variable coefficients can describe the system
more realistically than those with constant coefficients. Many innovative techniques
present for determining the exact solutions of nonlinear partial differential equations
but most of them work only for limited problems because of their complexity.

In nineteenth century, Sophus Lie [190, 191] developed Lie point symmetry
method [74, 190].In Lie’s symmetry method [171], the invariance, symmetry proper-
ties and similarity reductions of nonlinear PDEs equations are obtained. Weiss et al.
(WTC) [99, 111] presented the Painlevé test for nonlinear partial differential equa-
tions to check its integrability. According to the WTC method, a nonlinear partial
differential equation has Painlevé property if its solutions are single-valued about
a movable singularity manifold. The further developments to this method include
Kruskal’s simplified method [123] and Conte’s invariant method [166]. Painlevé ap-
plications has been carried out by Lakshmanan [127], Sahadevan [177], Chowdhury
20, 21], Kaliappan [126], Tamizhmani [105],etc.

Benny equation, also known as KdV Burger-Kuramoto equation, is the fourth-

order nonlinear partial differential equation:

Uy + Uy + QUgy + Blgre + OUppre = 0, (4.1.1)

which describes physical process in motion of turbulence and other unstable systems.

Depending on coefficients o,  and J, there are several special cases of Eq.(4.1.1),

(i) if 8 =0 =0, Eq.(4.1.1) becomes the Burgers equation [125]:

Up + Uy + AUy, = 0,
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(i) if « =6 =0, Eq.(4.1.1) represents the KdV equation [40]:

U + UUg + ﬁuxxx = 07

(iii) if 6 = 0, Eq.(4.1.1) represents the KdV-Burgers equation [178, 239]:

U + Uty + QUgy + B(E)Ugzy = 0

(iv) and if 8 =0, Eq.(4.1.1) becomes the Kuramoto—Sivashinsky equation [227]:

Up + UUy + QUzy + OUgger = 0.

The Benny equation is a composition of the KdV, Burgers, KdV-Burgers and
the KS equations. It involves nonlinearity, dispersion, dissipation and instability si-
multaneously. This equation is an important mathematical model arising in many
different physical phenomena especially turbulence processes. Different effective
methods have been applied to construct the exact solutions of the Benny equation.
These methods include tanh function method, homogeneous balance method and
the generalized F-expansion method. New exact traveling wave solutions are ob-
tained including trigonometric function solutions, combined non-degenerate Jacobi
elliptic function solutions and solitary wave solutions ,etc., [96].

In this chapter, the Benny equation with variable coefficients

U + wtly + () Uy + B(E)Uzgs + 0()Upgzs = 0. (4.1.2)

has been considered for checking the integrability and also finding its exact solutions.

The solutions of equation (4.1.2) have been obtained by finding the symmetries
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using Lie’s classical method and solving the reduced ODEs. The integrability of

this equation has been checked by using Painlevé test before finding its solutions.

4.2 Painlevé Analysis

A partial differential equation which possess the Painlevé property must be single
valued about the movable singularity manifold [99, 100, 127, 136]. To check the
integrability of equation (4.1.2) by Painlevé test, let the solutions of this equation

in the form of Laurent expansion given as

u(a,t) = g(z, £ ug (x,t), (4.2.1)

J=0

where g = g(z,t), u; = uj(z,t) and up # 0, are the analytic functions of (x,t) in
the neighbourhood of g = 0 and ~ is a negative integer. Subsituting Eq.(4.2.1) in

Benny equation (4.1.2), we obtained the value of leading order is v = —3 and
ug = 1206(t)g2, (4.2.2)

where g, represent the partial derivative of g(z,t) with respect to independent vari-
able . The resonances are determined by subsituting the laurent series expansion
(4.2.1) into Eq.(4.1.2) and then by collecting the coefficients of like terms, we get

the polynomial equation given as
(j—6) (5 +1) (52— 135 4+ 60) 6(t)g¥ D uj = F(ujo1, -+ U0, Gur Gz -+ ). (4.2.3)

Using Eq.(4.2.3) the resonance are found to be j = —1,6, 13+;\/ﬁ’ 13_;‘/ﬁ. The

arbitrariness of the function g(z,¢) = 0 is given at j = —1 but for the resonances
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at j = 13++ﬁ and j = %, the real parts of two resonances are larger than

zero which indicates the equation (4.1.2) has a movable branch point at g(x,t) = 0.

Thus Eq.(4.1.2) fails to pass Painleve test [193].

4.3 Symmetry Analysis and Exact Solutions

Lie classical method have been applied for finding the symmetries of Benny equa-
tion (4.1.2) which, in turn, has been used to obtain reduced ODEs corresponding
to each vector field in the optimal system. Solutions of the Eq.(4.1.2) have been
found out by using %—method , tanh method, etc.

Let {(z,t,u), 7(x, t,u),n(x,t,u) be the infinitesimals corresponding to x, t, u respec-
tively and impose the condition of invariance on (4.1.2). On using the invariance
criteria as mentioned in [161], the following relation from the coefficients of the first

order of € is obtained:

0"+ n*u + nu, + a(t)n™ + T Uy + B(t)n™ ™ + Tﬁ(t)luxm

+ 60 + T8(E) Upaze = 0, (4.3.1)

where (') indicates the derivative with respect to ¢t and nt, n*, n*, ™

and n™*** are
extended (prolonged) infinitesimals acting on an enlarged space (jet space) which
include all derivatives of the dependent variables. The set of determining equations

for the group infinitesimals £, 7 and n which is obtained from 4.3.1, after equating

the coefficients of various derivative terms to zero, are as follows:
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7, =0,7, =0,
§u = 0, Nuu = 0,

T0(t) — 46(1)&, + T6(1) = 0,

TB(t) = 3B(1)& + mB(1) +46()new — 65(t)Eer = 0,

N+ () Nex + BNeaa + 6 () Nezaa + une =0,

To(t) — 20(t)&: + Teax(t) — 46(t)uas + 60(E) N — 3B(t)Eaz + 3B(t)1wu = 0,
20(t)neu — B()Ewrz — (V)aw — 0(t)Erza — u&s + 3B(t) Nriru

The general solution of the above system provides the infinitesimal elements &, 7, n

f = k’ll’t + th + kgfI? + ]{74,
T = k1t2 + (k?g — ]{55)t + kﬁ;

n = ki(x — ut) + uks + ko, (4.3.3)

where k;, 1 = 1,2,..6 are arbitrary constants and other admissible forms of coeffi-

cients functions «(t), f(t) and J(t) as follows:

70(t) — 46(t)E, + 16 (t) = 0,
TB(t) + 1B(t) — 36(t)Ex + 46 (1) Ngy — 60(t)Eze = 0,
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X, =t g-l—xt% (x—ut)é%,
0
Xy = —ta + u@u
Xo=tg+ag
0 0
X, = tg_x + — B
Xs BT
X ((% (4.3.5)
The nonzero commutation relations of these vector fields are
(X1, Xo] = —[Xo, X1] = X1, [Xy, X5 = —[X;5, Xu] = - X,
(X1, Xs] = =[X5, X1] = Xo — X3, [X3, Xe| = —[Xe, Xu] = — X4,
(X, Xy] = —[X4, Xo] = =Xy, [Xy, X5] = —[X5, Xo] = X5,
(X3, X5] = —[X5, Xa] = = X5, [X5, Xo] = —[Xe, X3] = — X,
(X4, X5] = —[ X5, Xu] = — X (4.3.6)

Linear combination of generators X;;j =1, ....,

6 is also a generator which is useful

in constructing the optimal system. The formation of the optimal system of sub-

algebras can be carried out by using the adjoint transformations as suggested by

Ovsiannikov [113]. The basic optimal vector fields has been obtained as:

< Xo+ @1 X5, Xo+ @Xs+ X5, Xq, X3, Xy~

The similarity variable can be determined by simplifying the characteristic equation:

iy (4.3.7)
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Two constants are involved in the general solution of these equations. First is
treated as new independent variable ¢ and second one as the new dependent variable
f(¢). The reduced ODEs are obtained for optimal vector fields after by using the
solution of (4.3.7) in Eq.(4.1.2):

(i) For the generator X¢ + ¢1.X5, the similarity variables are:

(=z—qt, u= f(¢) and the group invariant solutions is

u=f(x—qt). (4.3.8)

By substituting (4.3.8) in Eq.(4.1.2), the reduced ordinary differential equation(ODE)

is obtained as:

"

af tef vef +ff-af =0, (4.3.9)
on integrating, we get
n 1 / f2
le + Cgf + Cgf + ? - qlf +p1= 0, (4310)

where f = j—é and p1, ¢;,1 = 1,2,3 are constants.
Apply modified %—expansion method [1, 139] for the equation (4.3.10) by taking
integration constant as zero. Assume the equation(4.3.10) have the solution in the

!
form of a polynomial in % as:

i) =ao+il{ai <%>+b (%)_} (4.3.11)

where ag, a; and b; are constants and n is non negative value which is to be find
out by considering the homogeneous balance of the highest—order nonlinear and

highest-order derivatives present in ODEs equation (4.3.10). The function G(() is
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the auxiliary linear ODE solution given as

G'(¢) +pG(¢) =0, (4.3.12)

where constant p is to be find out. Following types of solutions depending upon p

are obtained as:

1. If 4 < 0, the hyperbolic-type solution

G Asinh /=u¢ + B cosh /—u¢
G Von (A cosh /= u¢ + Bsinh \/—_M<> ' (4.3.13)

2. If u > 0, the trigonometric-type solution

/

¢ -

Acos \/u¢ — Bcos /i
Asin \/u¢ + B cos \/ﬁg> ’ (4.3.14)

where A, B are arbitrary constants.

To solve the ODE (4.3.10), apply the homogeneous balancing method for highest
order derivatives and the nonlinear terms. We get the value of n = 3, using it in

Eq.(4.3.11) gives

’ I\ 2 I\ 3
f(C) = agp + a; (%) + ag (%) + asg (%)
N —1 I —2 /e —3
(€ (@) (©) as

After substituting Eq.(4.3.15) into the ODE Eq.(4.3.10), collect all the terms of
same powers of (%) together and on equating their coefficient to zero gives a system
of algebraic equations for ag, a1, as, as, by, bs, bg and . The results obtained after

solving the set of equations are given as:
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Set I

ap = 0, b1 = 0, bg = O, a9 = —1502, as = 12001,

15 608 ¢1200 — ¢o? + 16
by = —12eo” 0 = = an ccf Thsa 8% (4.3.16)

Set TI
ap =0, by =0, as = —15¢9, ag = 120cy, by = —120¢1 1>,
60 15 608 ¢i2u — co® + 16 c3¢1
by = —— 38 -
1 19 H (C3 + Cl:u’) , A1 76 c1 )
1 56cacscr — 13 ¢ + 608 qp ¢ 2
_ 4.3.17
H = 6080 a0 ) ( )
Set TII
aOZO, b1:07 a1:0, a2:—1202, (13:0,,
by = —15cop® by = —120c1 %, 1 = Sq—l. (4.3.18)
Ca

From Eq.(4.3.11) and the general solution of Eq.(4.3.12), the traveling wave solu-
tions of Eq. (4.1.2) is obtained as follows:
If u<0

Set I gives solution of u(x,t) as :
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; 5 608 012 ql 022 + 16 ¢3¢
7 Asinh, /=& (2 — qit) + Beosh | /— - (v — qit)
8¢2 \ Acosh o (z — qit) + Bsinh e (r —aqt)
2
. \/T Asinh, /=g (2 — qit) + Beosh | /—¢-C
— 15¢, _ 4
8¢2 \ Acosh —i=(r — qit) + Bsinh /= - (7 — i)
3
0 Asinh /—d-( + Beosh | /—¢-(x — qit)
+ 120¢ ——
8¢2 \ Acosh —(r — qit) + Bsinh & (r —aqit)
-2
— 120y(2 )2 \/E Asinh /=i (@ —at) + Beosh /75
8¢, 8¢2 \ Acosh o (z — qit) + Bsinh & (r —aqit)
(4.3.19)

Set II gives the solution

15 608 c12p — cp® + 16 e3¢y
76 C1
ey Asinh /=—p(x — ¢it) + B cosh /—pu(z — qit)
Acosh /—p(z — qit) + Bsinh /—p(x — qit)
Asinh /=p(z — qit) + Beosh /—u(z — qit)\
— 1502\/
Acosh/—pu(z — qit) + Bsinh /—u(x — qlt)
Asinh \/—p(z — ¢it) + B cosh /—pu(x — qit)
120c1/—

+ 120 (Acosh«/ w(x — qit) + Bsinh /= pu(x — g1t)
60 — ((Asinh/—p(z — q1t) + B cosh /—pu(z — q1t)
19" (¢s +38 i) (A cosh /—pu(x — qit) + Bsinh /—pu(z — qit)

Asinh /=p(z — qit) + Beosh /—u(z — qit)\

—120(c1 )/~

Ofewr’) (Acosh V—p(z — qit) + Bsinh /—pu(x — qit)

ug(x,t) =

(4.3.20)

1 56 C2C3C1 — 13 023+608 q1 Cl
where /1 = g5 cz612
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Set III gives solution as

Asinh /—(g-)(x — qit) + Beosh /= (&) (z — ait)
ug(x,t) = —12c9, [ — (8
“ \ Acosh /= (&) (z — i) + Bsinh /(&) (z — qi?)
-2
q1 _ —
m Asinh /— (&) (x — qit) + Beosh /= (&) (z — ait)
8c2” \ Acosh —(&)(x — qit) + Bsinh /= (&) (z — qit)

Asinh r — qit) + B cosh T — qit -
200y \/E —(&) (@ —aqt) + /(@) (= ait) |
8¢ 8¢z \ Acosh —(&) (@ — qit) + Bsinh /= (&) (z — aif)

q
— 15
02(802 )

(4.3.21)
If u>0
For Set I, the solution is
; 15 608 0128(1712 — 622 + 16 ¢3¢
U4<(E, ) - 7_6 c1
\/T Acos/&-(z — qit) — Bsiny /{-(z — ait)
8c; Asin, [¢-(x — qit) + Beos /¢ (z — qit)
2
. 0 Acos /& (z — qit) — Bsin /¢
8c2 \ Asin, /o — qit) + Beos | /-(z — qit)
3
Acos /& — Bsin /& (z — 1t)
8c 8c
n 12001(8 )2 ;—1 - -
C2 “ \ Asin | /[¢-( + Beos | /¢ (z — qit)
—2

o { rar (Acos\[E (@ —aut) — Bsin\[E (z — art)
—12c(=—)? | /=— I
8csy 8c2 \ Asin /8‘1712(95 — q1t) + B cos 5712(90 —qit)

(4.3.22)



Chapter 4. Painlevé Analysis and Some Solutions of Variable Coefficients Benny
Equation 83

Set II gives the solution

15 608 ¢12u — 22 + 16 ¢34
us(x,t) = w5 o

(e (i i)

— 15¢o\/1 (ﬁ:ﬁj:((j:gj:)) + giz j—_ i - Zii
e = e =)

_ % i (e + 38 crp) /i (jjjﬁj:jjﬁ;ﬁfﬁ %Ei - Cq]ig)

3 Acos \/i(x — qit) — Bsin \/u(r — qit) -3
— 120(e) Vi (Asin Vi(x — qit) + Bcos \/ji(x — qlt)) o (43.23)

1 56 coczc1—13 623+608 q1 Cl
6080 c2c12

where p =

Set III gives solution as

Acos /(&) (x —qit) — Bsin /() (x — qit)

@ [0 ACOS\/@JC—W Bsin /(&) (x - qit)

8¢y 802 Asin /(&) (x — qut) + Beos | /() (z — qut)

Acos/—(&)(x — qit) — Bsin /(&) (z — ait)

8ca” \ Asin —(&)(x — qit) + Beos [ (&)(z — qit)

(4.3.24)

(ii) For the generator Xs + ¢2X3 + ¢3.X5
By consider the scalars ¢; = g3 = 1, the similarity variable, similarity solution and

coefficient functions are obtained as:
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C=ze ', u=2e"f(C), 6(t) = cue™, B(t) = cse®, a(t) = cee. (4.3.25)

Subsituting (4.3.25) into Eq.(4.1.2), we get

"

af +osf Hesf +ff —Cf +f=0, (4.3.26)

where ¢;,i = 4,5,6 are constants and prime (') is the derivative with respect to
independent variable (.

To find the solution of Eq.(4.3.26), assume the solution in the form

f=ag +Z%+Zbic‘. (4.3.27)
=1 =1

"

By balancing the ' and ff  in equation 4.3.26 , we get n = 3. Putting (4.3.27) in

(4.3.26), a set of algebraic equations is obtained in terms of ag, a;, as, as, by, by, bs

as:

(i) 205 + 4b1bs — 2bs = 0,

(13)  3agbs + 3b1by — by = 0,

(iii)  6cgbs + 2a1bz + 2agby + b3 = 0,

(1v)  agbs + 2¢6be + agby + ag + arby + 6¢5b3 = 0,
(v)  3ag — apa; — agby — asby =0,

(vi) 4as + 2cea; — at — 2asb, — 2apay = 0,

(vit) 6cgas — 3ayas — 3apasz — 6cga; = 0,

(viti)  24cqaq + 12c6a3 — 4ajag — 24csas — Qa% =0,
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(iz) 120c4aq — Hagaz — 60csaz = 0,

(z) 360csas — 3a3 = 0. (4.3.28)

On simplifying these equations by a software, we obtain the following results:

Set 1
Qg = 07 a; = _266a G2 = C5, a3 = Oa
-9
by = -3, by =0, bg = —. 4.3.29
1 y V2 » U3 206 ( )
Set II

(18001304 + 550?)

apg = 0, a); = 6364 , A2 = 1065, ag = —12064,
G2 Cs
by =0, b by = —. 4.3.30
! 27 4o, B 6c? ( )
The solution of Eq.(4.3.26) corresponding to Set I is found as
—206 —9C3
— 23 4.3.31
QO =2 + B =30+ 5o (13.31)
by back subsitution, the solution of Benny equation (4.1.2) is
—2cge!  cse?t x 9z
_ ot
ur(z,t) = e€'| " + ol 35 S (4.3.32)

Set II gives the solution of Eq.(4.3.37) as

f(¢) =

(18061304 + 5505) 1 1005 C5 .3
- 1208 _ 5 4.3.33
6304 C C C3 4 C + Cic ) ( )



Chapter 4. Painlevé Analysis and Some Solutions of Variable Coefficients Benny
Equation 86

using (4.3.33), the solution of Eq.(4.1.2) is obtained as:

4 (180cgcy + H5c3) e e et ¢y 22 oy 2P
1) = — +10 ——120 —_ - —— 4+ ——.
us(x,) = €] 63cy x + s 22 s decy €2t + 6c? e3t]
(4.3.34)

(iii) For the generator X

We get ¢ = and u = T + I ( and the group invariant solutions as
u=C+ @ (4.3.35)

Substituting Eq.(4.3.35) in Eq.(4.1.2), we get following reduce ODE:

1"

af " +est Hof +ff=0, (4.3.36)

on integrating this equation w.r.t. {, we get

2

e f” +esf +eof + % +py =0, (4.3.37)

where f' = e I and p,, ¢;,i = 7,8,9 are constants. Apply the tanh method [16, 180]

C
for the ODE Eq.(4.3.37) by cosidering the constant of integration as zero.

To find the solution of Eq.(4.3.37), assume

n

F(Q) = aitanh(u))', (4.3.38)
i=0
where a;,7 = 1,2, 3... and p are all constants to be found out. The value of n = 3 is

obtained by balancing the the higher derivative of the equation and nonlinear terms
in Eq.(4.3.37). Subsituting n = 3 in Eq.(4.3.38) and using the resulting equation

in Eq.(4.3.37) gives several possibilities for the different values of the constants.
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Depending upon these possibilities, the following sets solutions of Benny equation

(4.1.2) are obtained.

Set I

ag = 2cspi”, ay = (—16¢7p” + 2¢op), az = 0, ag = 0,

\/5\/10 C7C9 — 082 + \/36 072692 — 20 C709082 + 684

1
N g( Cr

gives the solution

T
ug = 2cgp® + (—16¢7u” + 2cg,u)(tanh(,u?)).

Set II

aon,alzo,

1 (=15¢2 4 45crco ) (—co + 4_15&)

20 C7Cg

“Tus (@
1 \/15¢¢ 4 45¢q¢y
=30 . )

the corresponds solution is

1 (—15¢2 + 45¢7¢9)(—cg + 4_15&)

ulp = —55 “ (tanh(p

20 CrCg
1 (150% + 45C7C9)

A (tanh(y:))"

),

(4.3.39)

(4.3.40)

(4.3.41)

)y

(4.3.42)
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Set III

45 +/—19crcgc9
361 cr ’

. 15 (—190709) . 1\/—190709
T8 2 T3 o

ap =0, ay =

a9 = 0, as

(4.3.43)

results the solution

45 +/—19crcsc9 15 (—=19¢7cs)

Uy = (tanh(u%)) + (tanh(u%))? (4.3.44)

361 cr 6859 2
Set IV
2 —4
o = —<CSCQ),CL1 =0,a2 = —(0869)7% =0
5 ¢ C7
L (V5)(V/(ere))
M= = 5
10 Ct
(4.3.45)
gives the solution as
2 (cgco)  —4 (cscy) T\
= — tanh(pu—))°. 4.3.46
Uiz = ¢ o + 5 o (tan (Mt)) ( )

(iv) For the generator Xj

We get ¢ = ¥ and u = f((), the group invariant solutions as

u = f(0). (4.3.47)
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Substituting (4.3.47) in Eq.(4.1.2), the following reduce ODE is obtained:

"

cof +enf +enf +ff-Cf =0, (4.3.48)

where [ = Z—Jé and ¢;,7 = 10,11, 12 are constants. For the solution of Eq.(4.3.48),

consider the solution in the form

f=ao+ i Z— + i biC'. (4.3.49)
=1 =1

"

By balancing the f” and ff in Eq.4.3.49, we get n = 3. Using n = 3 in Eq.

(4.3.49) then subsituting the resulting equation in Eq.(4.3.48), a set of algebraic

equations is obtained for ag, ai, as, az, by, by, by given as

(1) — 3bg 4+ 2by* +4b1bs = 0,

(i4)3 aghs — 2by + 3byby = 0,

(199)2 a1bs + 2 agby — by + 6 c1abs + b1% = 0,

(1v)aghy + a1by + asbs + 6 ¢11b3 + 2 ¢19b2 = 0,

(v)2as — azbs — agay — azby =0,

(vi) — 2 agay + 3as — 2asb, + 2 crpa1 — a;”> =0,

(vii)6 c12a9 — 3apaz — 6 c11a1 — 3ajay = 0,

(viid) — 4 ayaz — 24 c1a9 — 2 as” + 24 cipa; + 12 ¢pa3 = 0,
(12)120 c1pa9 — 5 agsag — 60 ¢11a3 = 0,

(z) — 3az® + 360 cypas = 0. (4.3.50)
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The result obtained after solving the above equations by software is

5)
apg =0, a1 = %, az = —10¢11, a3 = —120¢,
16611 2
by =0, b = ——= = . 4.3.51
P T TR01e, T 996, ( )
The corresponding solution of Eq.(4.1.2) is obtained as:
5011 t t2 t3 16011 IZ 2 173
t) = —— —10c;1— — 120¢c10— — —. 4.3.52
s (7, 1) 2 CnxQ “10 3 + 891c2, 12 99¢yy 13 ( )

(v) For the generator Xy

This equation has a trivial solution uy4 = ¢, where c is an arbitrary constant.

4.4 Conculsion

In the present chapter, Painlevé test has been used for the Benny equation in three
time-dependent variable coefficients. It has been found that Benny equation does
not pass the Painlevé test and, therefore, it is not integrable. The symmetries
of Benny equation are determined by the Lie’s classical method. The symmetries
are applied to get the optimal vector fields which are further used to reduce the
number of independent variables. The reduced equation corresponding to respective
vector field is in the form of ordinary differential equation. The solutions of these
ODEs are found by applying %—expansion method, tanh method. The solutions
of Benny equations are hyperbolic functions and trigonometric functions solutions
have been obtained. In %—expansion method, for ;1 < 0, hyperbolic solutions have
been obtained whereas for p > 0 the trigonometric solutions are obtained. The
tanh hyberbolic method gave the solutions in the form of tanh function. Power

series solutions of Benny equation are also obtained.



Chapter 5

Painlevé Analysis, Auto-Backlund
Transformation and Lie

Symmetries for the Variable
Coefficients Extended Ostrovsky

Equation

5.1 Introduction

The extended Ostrovsky equation (EOE),
(ut + cuy + auuy, + aqulu, + ﬁuxm)m —ou =0, (5.1.1)

where u = wu(x,t), is used as a model of large-amplitude internal oceanic waves
affected by earth’s rotation [119, 134]. It contains two types of dispersion, the

Boussinesq dispersion () for non-hydrostatic effects and Coriolis dispersion (6) for

91
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the earth’s rotation. The equation also contain two nonlinear terms «; and « which
are the coefficients of cubic and quadratic nonlinearities, respectively. Equation

(5.1.1) in the particular cases reduces to different well-known model equations:

(i) If 0 # 0, but ay = 0, Eq.(5.1.1) is known as the Ostrovsky equation which is

used for explaning the internal and surface waves in rotating oceans [114].
(i) If 6 =0, Eq.(5.1.1)) represents the Gardner equation [81].
(iii) If 0 =0 and a; = 0, Eq.(5.1.1) represents the KdV equation [40].

(iv) Ifc=0,09 =0,a=1,8=1and § = 1, Eq.(5.1.1)) represents the short—wave

equation. [118]

(v) If B =0, Eq.(5.1.1) represents the reduced form of Ostrovsky equation (ROE)
(47, 210].

Mathematical properties of the EOE and their various forms were studied the global
and local well-posedness in energy space [54], solitary waves stability [224] and solu-
tions convergence in the limit of the Kortewegde Vries equation [188]. Varlamov and
Liu [211, 223] explained the initial-value problems in unidirectional long waves prop-
agation in a rotating homogeneous incompressible fluid. Various Numerical scheme
like finite-difference have been developed for the solution of Ostrovsky equations
[151, 203].

Some methods like F-expansion method, exponential rational function method,
hyperbolic tangent method, have been applied for finding solitary solutions of the
various forms of the nonlinear EOE. Liu et al. [225] used Jacobi elliptic function
method to obtain exact solitary and periodic wave solutions. Parkes [48] gave the
categorization of the wave solutions. Xie and Cai [195] applied the method of

bifurcation for dynamic systems and method of simulation of differential equations
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to get exact compacton and generalized kink wave solutions. Stepanyants [222]
applied the qualitative theory of differential equations to give the classification of
solutions. Biswas et al.[4] applied the mapping and ansatz method to solve the
Ostrovsky equation. Gandarias and Bruzén [129] find the classical Lie symmetries

of some particular form of Ostrovsky equation.

Many physical situations can be explained by nonlinear equations in constant
coefficients form. Now, a lot of attention has be given to the variable coefficient form
of these nonlinear equation. Solution of the variable coefficients also explain the

nonlinear phenomena and describe the various aspects of the physical phenomena.

In this chapter, the extended Ostrovsky equation(EOE) [134] with time depen-

dent variable coefficients form is consider as:

(ue + cup + at)uu, + aq (t)u’u, + ﬁ(t)umz)z —du=0.. (5.1.2)

For a variable coefficients extended Ostrovsky equation(EOE), it is completely
integrable if the variable coefficients must satisfy some specific constraint conditions.
Painlevé test has been applied to get the constraint conditions in section 5.2. Auto-
Bécklund transformation [68] using the truncated Painlevé expansion analysis are

applied to the solutions in section 5.3.

Lie classical method is used to obtain the various symmetries of the variable
coefficients extended Ostrovsky equation(EOE) and an optimal system using basic
vector fields is identified and the reduced ordinary differential equations (ODEs) and
their exact solutions are obtained as discussed in section 5.4 and 5.5. Conclusion

drawn are presented in the last section.
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5.2 Painlevé Analysis

In 1983, the Painlevé property has been defined by Weiss et.al [99, 100] for partial
differential equation. They developed a method for testing a particular type of
movable singularity, without performing any similarity reductions. Painlevé test

consituted by three steps as discuss in section (1.3).
(i) The leading order analysis,
(ii) The resonances determination,
(iii) The resonances condition veification.

Applying the approach of Painlevé PDE test, the solutions of Eq.(5.1.2) is consider

in the form of Laurent expansion given as:
u(z,t) = g(x,t)” Zuigi(x, t), (5.2.1)
i=0

where u; = u;(x,t), up # 0 and g = g(x,t) is the analytic functions in the neigh-
bourhood of ¢ = 0. The leading order for this case is v = —1 and following the

procedure in section (1.3), we get

—6 (t) B (t)gx (:L‘, t)
(0%} (t) ’

up = (5.2.2)

where g, means the partial differentiation of g(x,t) with respect to independent
varible z. The resonances is foundd out by subsituting the Laurent series (5.2.1)
into Eq.(5.1.2). Equating the coefficients of same terms, the polynomial equation

is given as

a1 () (r+1)(r=3)(r—4)2ur (z,t) (g (z,1)) " = F (Ui-1, ..., U0, §z; Gaz - - ) - (5.2.3)
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Using Eq.(5.2.3) the resonances are found to be i = —1,3,4,4. As usual, the
resonance at i = -1 corresponds to the arbitrariness of the singular manifold g(x, t)
= 0. There are two compatibility tests at ¢ = 3 and 4. When i = 3, ug is arbitrary
and when ¢ = 4, we can get the compatibility condition of variable coefficients of

equation (5.1.2) which is obtained as:

(a (1))’ = 4car (1),

(G0 ®) 80 -0 G0 =0 (524)

The explicit conditions after solving the Eq.(5.2.4) for the variable coefficients

a(t), ai(t) and B(t) of Eq.(5.1.2) to pass the Painlevé test is given as:

a(t) =+/4eay (1),

B(t) = cran (1), (5.2.5)

where ¢; is an arbitrary constant.

5.3 Auto-Backlund Transformations

For the derivation of auto-Bécklund transformation [67, 84] of Eq.(5.1.2), we con-

sider the truncated Painlevé expansion as

uo(z, t)

ule, ) = g9(x,1)

+ (1), (5.3.1)

Substituting (5.3.1) into Eq.(5.1.2) and collecting the coefficients of same powers of

g(x,t) gives :
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g7 24B(t)ugg, + 4o (t)uggs =0,

gt 3a(t)uogi — 245(t)u0,$g§ + 6a1(t)ugulgi — 365(t)uog§gm

—6a1(t)u(2)u0,xgx — al(t)uggm =0,

g—3 : 24B(t)u0,a:g:chx + o (t)U(Q)Uo,m: - 4a(t)u0,xgacu0 - a(t)uggxz
+2a(t)uggiur + 8B(1)uoGrGrrs — 2001 () ugun gus + 68(t)uog>,
—40z1(t)u(2)gru17x + Qal(t)u?uogg + 2u09: G + 2cuogi

—8an uguiUp 9o + 2a1(t)u0,xu(2)7x - 125(t)u07muax =0,

g2 a(t)ug gzl — UoGat — 2041(15)ufuo,xg373 — a(t)upGeatn — 20(t)upgatiy 2

+2051<t)u1u(2)7x - 4ﬁ<t>u0,$zzg$ - O‘lu%uogzz - 20“0,:5 + 4061 (t>u0u0,:vul,w
_4B(t)u0,xgmzz — CUQGzx — 66(t)u0,ac$gxac - ﬂ(t)uog;tzz:v + Oé(t)uag;

+a1(t)u(2)ul,a:xga: - uO,t - 2CYl (t)uo,acgacul - 4a1(t)u0ulga:ul,x

+2ay (t)uouluo,ccm = 07

g7t dag () ugg pus p + a(B)Ug pptio + 2041(t)u0uix + B(t)uo zaaa
—i—oz(t)uo,mul + U, xt + 2Oé<t>U0’mU1’m + 20&1 (t)uoulul,m — (SUO

+Cu0,xx + oy (t)u%uo,mr - 07

(5.3.2)

(5.3.3)

(5.3.4)

(5.3.5)

(5.3.6)
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q° : B(t)U1 wwws + a(t)uix + a(t)uy zptiy + a1 (B)uiuy gp + CUL 2g

+2ay (t)uyui , + Uy o — dug = 0. (5.3.7)
From Eq.(5.3.2), we get
—6a (£)5(t)ge
1) = . 5.3.8
UO(IE, ) oy (t) ( )

Substituting Eq.(5.3.8) in equations (5.3.3) to (5.3.6), we get, respectively,

a(t)gs + V6y/—a1(t) B(t) guw + 2gaurn (t) = 0, (5.3.9)

9B(1)V6+/—ar (1) B(t) g2, + TB(1)gaV6r/—r (1) B() guwe + 150(t) B(t) Gz g
a(t)V6y/—ay(t)B(t)g2ur + 308() gugaztron () + 128(t) g2ur w0 ()

+ U1\/_ —on (8)B(t)gron (t) + \/_\/ —a (1) B(t)gzg: + V6 —an(t)B(t)g2 = 0,
(5.3.10)

— 20(t) B(t) G s V6 — 1 () B(E) + 401 () B(t) gugat + 6uiar (t) B(t) 9o
6v(t)on (1) B(t) gaartin + 4a(t) o (1) B(t) gogitin x — 4ua B(8) g2, (H)VE/—an (1) B(t)
108(t)* 01 (1) grrzzga + 6¢H(1) 01 (t)awge — 8B(1)gabartia w0 ())V6r/—r (1) B(t)

— 2a(t)B(t)g2,V6/—ar (1) B(t) — 2B8(1) g3 gaz0n (1) V6/ =0 (£) B(t)

- gial(t),ﬂ(t) + goar (1)B(t) + 201 (1) () guwge + Buran (1) 5 (1) goun
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8u1a1(t)25(t>gx;tul,x + 2Oé(t)u17$33041 (t)ﬁ(t)gx + 4Oél (t)2ﬂ(t)g:vuix + 2,6(t)2061 (t)gmx;tzz
+ 2041 (t>a(t)ﬁ(t)ulga:mac - a<t>//3<t)gmx + 40(1 <t>26(t)u1ul7x;tgm

— 260, () B(t) g + 2ca (1) B(t) Gaza + 2uTr (8)2B(t) Gawa = 0. (5.3.12)

Assuming the explicit constraints on the variable coefficients of Eq.(5.1.2)as

ay(t) = ap(),
a1 (t) = 2+/cc1 5(t), (5.3.13)

and considering the solution by auto-Béacklund transformation as
gz, t) = 1 4 epetalt), (5.3.14)

uy(z,t) = r(t)r + s(t), (5.3.15)

where ¢ is constant, the differentiable functions p(t) # 0, ¢(t), r(t) and s(t) are to
be found out. Subsituting Eq.(5.3.13) to Eq.(5.3.15) into Eq.(5.3.9) to Eq.(5.3.12)

give rise to a set of following equations in the order:

2\/cer B (8)p (1) +V6y/ —cr (B(1)* (p (8)" +2p () (r (t) = + 5 (1)) 1B (t) = O,
(5.3.16)

16 5 (£) V6y/ =1 (B(£)* (0 ()" + 30 /eer B ()8 (¢) (p (1))
+ 2/ eer B (V6 —ci (B ()" (0 (1) (r (t) 2 +5 (1)) ¢ +30 (B(2))° (0 (1))’
(r)z+s(t)er+12 (B(8)" (0 (1)) 7 (t)er + (r (8w +5(1)) V6y/ —c1 (B (1))*
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(O 8 () + Vo = (0P ) (o)) o + a0
+evV6y/—cr (B(1)* (p(1))* =0, (5.3.17)

—8/cer BB ) (0 () VEy/ —er (B(1)* +6 (r()x + s (1) 2 (B1)° (0 (1))
+12/ca1 B (H)er (B (1) (p (1)) (r (1) z 4 5 (1)) + 8 /eerf (H)er (B (1)) (p (1)) 7 (t)
8 (r ()45 (1) (B () wé\/—cl 230 (5.1 1 (p (1))° + 6cx (8 (1)* (o (1))

—8(8(1)) (t) erV6r/—c1 (B (1)) +2¢1 (B ((%p (t)) T+ %q (t))

8 (r()a+ s () e (30 ()7 (1) + 4 (BO) 0 (0) (1) +2 (B(0) ex (p (1))
4 eerB Bes (3 () (p ()" () + 3 (6)) = 201 (3(0))*p (8) + 2eex (8 (1)) 1 (1))
r2e () (2 (o) p0+ ((Fr0) o+ F00) 00?)

+8/car B (B)er (B (1) (p (1) r () +2 (r(t) x4+ s()* er” (B(1) (p(t)° = 0.
(5.3.19)

Solving these from Eq.(5.3.16) to (5.3.19) by considering r(t) = 0, we get
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s(t) = — 12”0016 igv_q (5.3.20)

where k; is constant.
For these values, the auto-Bécklund transformation give the solution of Eq.(5.1.2)

as

V61 /—c (B (t ))2 log () — 1 2 \/cc1B(t) + 64/ —c1 (B (t))zlﬁ
YT e R T 1B () ‘

5.4 Lie Symmetries

In this section, the symmetries of Eq.(5.1.2) is found out by using Lie classical

method. Assuming the one-parameter Lie group of infinitesimal transformation as:

r— x+e(x,t,u),
t—t+er(x,t,u),

u— u+ en(x,t,u), (5.4.1)

with a small parameter e << 1.

The vector field corresponding to the group of transformations can be written
as

+n(z, t, u)2 (5.4.2)

+ 7(x,t, u)2 5

X = £(xtu)a T

ox

The symmetry group of Eq.(5.1.2) will be generated by the vector field of the form
(5.4.2). Applying the fourth prolongation pr* X of X to Eq.(5.1.2), we find the

symmetry condition that satisfy by the coefficients functions &, 7 and #:
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Net + Mz + (O™ u + a(t) Ny + 7'@(15)/uuM + 20(t)n" uy
+ Ta(t),ui + 5(75)77””” + Tﬁ(t),umm —on + 041(75)77%2
+ 201 (1) Utlgy + Tay (1) Uggu? 4 4o (E)n Uty + 200 (t)u?

+ 270y (t) uu? = 0, (5.4.3)

TLXIT

where %, nt, n**, n* n are coefficients of pr*X. Using the expressions for %, nt, n*2,

n™ ™ in Eq.(5.4.3) and u, is replaced by Eq.(5.1.2). The system of determining
equations is obtained by putting the coefficients of different differentials equal to
zero. On solving the system of determining equations, we obtained the following

forms for the infinitesimal elements &, 7,7 of Eq.(5.1.2) as:

f = k1$ — 2Cl€1t + k4,
T = ]{73 - k’lt,

n = kou, (5.4.4)

and their admissible forms of various coefficients 5(t), a(t) and ay(t) satisfy the

following equation:

TA(t) — 3B(t)& + mB(t) =0,
Oé(t)ﬁu - O‘@)&x — 20 (t)gzu + 2nay (t) + Tta(t) + 27—t051(t)u

+ 70 (t) 4 20, () Tu + 204 (t)un, = 0. (5.4.5)

The corresponding infinitesimal generators are as follows:
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%oz &L

Xy = u%,

ool

Xy = % (5.4.6)

The non-zero Lie bracket relationships are given as :

[Xh Xs] = —Xs, [Xb X4] = 2¢X3 + Xy, [X37X1] = X;, [X47X1] = _(20X3 + X4>,
(5.4.7)
for the vector fields. The basic vector fields which form an optimal system is given

as

(’Z)Xl + >\1X2, (ZZ)Xg + )\QXQ, (ZZZ)XQ + )\3X3 + )\4X4,

(iv) Xo + A5 Xy, (v) X;. (5.4.8)

5.4.1 Symmetry Reductions and Exact Solutions

In this subsection, the basic optimal vector field are used to reduce variable coef-
ficients extended Ostrovsky equation into the ordinary differential equations. The
similarity variables and the similarity solutions of the variable coefficients extended

Ostrovsky equation can be determined by simplifying the characteristic equation :

gr & _du (5.4.9)
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and the coefficients functions given by Eq.(5.4.5). The general solution of character-
istic equation involves two constants, first constant becomes independent variable

¢ and second one plays the role of new dependent variable F'({).

1. Vector Field X; + \ X
For the vector field X; + A; X5, assuming A\; = 1 and on solving the Eq.(5.4.5) and

Eq.(5.4.9), we obtain

u(z,t) = y, ¢ =t(x — ct),
bl bS
B(t) = T ai(t) = by, alt) = n (5.4.10)

where by, by and b3 are arbitrary constants. Substituting (5.4.10) into Eq.(5.1.2),

we get the function F(¢) which satisfy ordinary differential equation given as:

111

F'CHbsF'F 4 by(F ) 4+ 0 F" —0F + by F F? 4 20, F(F)? =0,  (5.4.11)

where prime (') indicates the differentiation with respect to the independent variable

¢. To obtain the solution for Eq.(5.4.11), we assume the solution in the form

F(¢) = S—Qf] + 51+ 82C. (5.4.12)

Substituting (5.4.12) into Eq.(5.4.11), we obtain so = s; = 0 and sy = ,/%.

Hence, the solution of Eq.(5.1.2) is given as:

J
u = \/2:132@ — ct). (5.4.13)
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2. Vector Field X5 + M\ X

Applying the same procedure as given above, we get

u(z,t) = F(C), ¢ = (z = Ast),

B(t) = bs, alt) = be, ai(t) = br, (5.4.14)

where b5, bg and b; are arbitrary constants. Substituting (5.4.14) into Eq.(5.1.2),
we have the function F'(¢) which must satisfy the following ordinary differential

equation;

1"

F' (¢ = X3) + bgF'F + bg(F')? + by F

m

— 0F +b;F'F? 4 2b,F(F')> = 0. (5.4.15)

/

For the solutions of Eq.(5.4.15), we apply %-expansion method . We considered

F(Q) =po+ 12:; {pi (%) + g (%) Z} (5.4.16)

where po, p;, ¢; are constants and the valueof non negative integer n can be deter-
mined by considering the homogeneous balance of the highest-order nonlinear and
highest-order derivatives present in ordinary differential equations (5.4.15). The

function G(() is the auxiliary linearly ODE solution given as :

1!

G (¢) +puG(¢) =0, (5.4.17)

where o is a unknown constant to be found out. We obtain n = 1, by balancing
the highest-order derivatives with the nonlinear terms appearing in Eq.(5.4.15).

Subsituting Eq.(5.4.16) in (5.4.15) and using Eq.(5.4.17), a set of algebraic equations

N\ k
for po, p1,q1 and p are obtained after collecting all the terms same powers of (%) .
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On Solving the algebraic equations by using a software, the following results are

obtained as:

Set I
_0 L be B v/ —6b7bs
g1 =VY,po = 2b77p1_ b7
1 —4>\2 b7 — b62 +4Cb7
= —— ) 5.4.18
p=—g s ( )
Set II
V/—6b7bs 1 V6+/=brbs (—Xa +€)
Ppo=0p=—7"—"""q==2
by 6 brbs
1 (—>\2 V6y/=b7bs + cv/6y/—brbs — 655Q1b7) V6 (5.4.19)
12 bs\/—b7bs ' o
Set I1I

be

=0 ___°

D1 » Po be7

~ V/—6b7bsp
q1 = b—7
1 4/\b7—4cb7+b62+\/16 A2b72 =32 A\ b72c+8 A brbg2 416 c2b72 —8 chrbg 2 +bgt +64 b72bs 6
H =16 brbs :

Depending upon p, there are two cases as follows:

(5.4.20)

Case I For pu < 0 ,the hyperbolic-type solutions of u(x,t) for the sets I, II, 111

are obtained and are given below, respectively:
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be  /—6brbs Asinh \/=pu(z — A\aot) + B cosh /—p(x — Aot)
e t) = =g <F (Acosh =z — Mot) + Bsinh \/—ji(z — )\gt)))

(5.4.21)
where p = —§ =22t “thebr
(1) = v/ —6b7b; e Asinh /—p(z — Aot) + B cosh /—p(z — Aot)
AT, P\ Acosh /= w(x — Aot) + Bsinh \/—pu(z — Aat)
1 V6y/=brbs (—X2 + ) /i Asinh /—Ji(x — M\pt) + B eosh /—i(x — Aat) \\
6 b-bs Acosh/—p(z — Aaot) + Bsinh /—p(x — Aot) ’
(5.4.22)
h . 1 (*Az \/6\/*b7b5+0\/6\/*b7b5*6b5Q1b7)\/6
where 1 = —4 by o0 .
and
(1) = \/—6 V—6b7bsp e Asinh /= iz — \t) + Beosh /= i(x — Aot) \\
A b2b7 b P\ Acosh V—p(z — Aot) + Bsinh y/—p(x — Aot) ’
(5.4.23)
where = 116 4 Xy by—4 cbr+bg +\/16)\22b7 —32 g b7? cl:;li/\Q b7bs2+16 ¢2b72—8 cbrbg +b64+64b72b56

Case II . If x> 0, the trigonometric-type solutions of u(x,t) for the sets I, II,

1T are obtained and are given below, respectively:

bs  /—6b7bs Acos \/ii(x — Aot) — Bsin\/p(x — Aaot)
uy(z,t) = ——+ —— [ V1 . )
207 br Asin \/fi(x — Aaot) + B cos \/fi(x — Aot)
(5.4.24)
Where U= 1 -4 b7—b62+4cb7

8 b7bs ’
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~ /—06brbs Acos /i(x — Aot) — Bsin /ju(z — Ast)
us(z,t) = b <\/ﬁ (Asin VI(x = Aot) + Bcos \/ii(x — /\2t)>>

1 VOV hibs (Ao +6) (- (Acos iz = dot) = Bsin Jji(x = Xat) |\
6 brbs (\/ﬁ (Asin Vit(z = Xat) + B cos \/ji(x — Aﬂ))) 7

(5.4.25)

1 (A2 V6V =brbs+ev/6V/=brb5—6bsqibr ) V6
where p = —=5 ,

12 bs\/—brbs
and
(2.1) be N V/—6 b7bs i Acos \/li(x — Agt) — Bsin \/i(x — Agt) -
ug(z,t) = — ARl
o bab, bz P\ Asin Vi@ = Aot) 4+ Bcos \/fi(x — Aot) ’
(5.4.26)
where o= 1_16 4 Ao b7—4cb7+b62+\/16 A22b72—32 Xy b726b-i7-§5>\2 brbe2+16 c2b72—8 Cb7bs2—i-b(;4-i-64672115(57

and A, B are arbitrary constants.

3. Vector Field X, + A\3X35 + M\ Xy
For this vector field, we consider the scalar A3 = A, = 1 and on solving the Eq.(5.4.5)
and Eq.(5.4.9), we obtained

/B(t) = bg, Oé(t) = bge_t, O[l(t) = bme_%, (5427)

where bg, by and byy are arbitrary constants. Substituting (5.4.27) into Eq.(5.1.2),

we have the function F'({) which satisfy the following ordinary differential equation:

111"

F' —F 4 cF +bgF" F+bg(F ) +bsF" —6F4+byoF F242b1F(F')* = 0, (5.4.28)

We applied extended tanh method [46, 180] for solving the Eq.(5.4.28). F(() is
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assumed in the following form:

F(Q) =) nmY*+) sy " (5.4.29)

where Y = tanh(¢) and n is positive integer which is to be obtained by balancing the
highest order nonlinear term with linear terms of the highest order in the equation.
On balancing Eq.5.4.28, we get n = 1 and putting in Eq.(5.4.29) the finite expansion

in tanh function is obtained as:

S1

tanh(¢)

F(C) =7rot+71 tanh(() + (5430)

Substituting Eq.(5.4.30) into Eq.(5.4.28) and equating the coefficients of the same
powers of tanh((), a system of algebraic equations for 7y, and s; is obtained. By

solving these algebraic equations three sets of solutions are obtained which are as

follows:
Set I
B ~ V/—6byobg
r1=08=—7"7-,
bio
ro = —Obobs 4 V=6 baobs (5.4.31)
bio (12bs + )
Set II
B ~ V/—6byobg
51=0,r1 = —7—7—,
bio
rp = bobs + /6 buobs (5.4.32)
bio (12bs + )
Set III

To = 0,7’1 = _Ea
9
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1
= ——. 4.
S1 1 (5.4.33)

Corresponding to these sets the solutions of equation (5.1.2) have been found as

—6bgbs + /—6b1gbs  /—6biobs

t)=¢é th(xz —t 5.4.34
Ul(l‘, ) € ( bl() (12 bS + 5) blO Co (ZE ))7 ( )
—6bobg +/—6b1gbs v/ —6bigbs
t)=¢é tanh (z — t 5.4.35
'LLQ(Z', ) € ( blO (12 b8 + 5) bl(] an (l' ))7 ( )
(2, 1) et(—%(mnh ( — ) + coth (z — £))). (5.4.36)
9

4. Vector Field X5 + \s X,

Assuming A5 = 1, following the same procedure as above, we obtained

u(z,t) = e'F((),¢ ==,

B(t) = buy, a(t) = bae™", o (t) = byze™ %, (5.4.37)

where b1, b1o and by3 are arbitrary constants. Substituting (5.4.37) into Eq.(5.1.2),

we get the function F'(¢) which satisfy the following ODE:

1mr

F' 4+ cF" 4+ boF ' F4byo(F )+ by F —0F +bisF" F2 4 2b3F(F')?> = 0. (5.4.38)

Since the Eq.(5.4.38) is similar type of Eq.(5.4.28) similar solutions will be obtained.
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5. Vector Field X;

Applying the same procedure, we get

u(a, t) = F(C),¢ = tx — cb),

b b b
Bty =5 alt) = 3, aa(t) = -7, (5.4.39)

where b4, bys and by are arbitrary constants. Substituting (5.4.39) into Eq.(5.1.2),

we have the function F(¢) which satisfy the following ODE:

1mr

F 4 F e 405 FF +by5(F )2 4+ by F —0F 4+ bygF F24+2b16F(F')? = 0. (5.4.40)

Assuming the Eq.(5.4.40) has the solutions in the form of
F(C) = so+ 510+ 2, (5.4.41)

¢

where sg, 57 and sy are constants. On subsituting Eq.(5.4.41) into Eq.(5.4.42), we

get s1 =0,50 = _ZITZ and s = —V’%i’éﬁb“.

Hence, the solution of Eq.(5.1.2) is given as:

bis v/ —6bigbis

) =—— 4 2 0
U(x’ ) b16 blﬁt(l' — Ct)

(5.4.42)

5.5 Conclusion

Painlevé analysis is used for the extended Ostrovsky equation with time dependent
variable coefficients. We found that it passes Painlevé test if and only if the vari-
able coefficients satisfy the particular constraints. Auto-Béacklund transformations

are found by using the truncated Painlevé expansion analysis and solution is ob-
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tained. Finally, Lie symmetry reduction procedure have been appplied to reduce
the variable coefficients extended Ostrovsky equation to ordinary differential equa-
tion. Different methods have been applied to obtained the wide family of explicit
solutions including traveling waves solutions and singular solutions of the reduced
ordinary differential equations. The solutions obtained are hyperbolic, trigonomet-

ric and series solutions.
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Chapter 6

Symmetry Analysis and Some

Solutions of Gowdy Equations

6.1 Introduction

Einstein$ field equations are inherently nonlinear and their exact solutions are not
easy to obtain. Because of their nonlinearity, they are expected to have solutions,
at least for some spacetimes. Belinski and Zakharov modified the inverse scattering
transform (IST) for application to Einstein$ equation in vacuum and since then
there has been a consistent search for soliton solutions of the vacuum equations
based on their techniques. The problem of obtaining solutions for the field equations
without linearization is however a more difficult task as no general solution of these

equations is known.

The several methods have been used to study the spatially inhomogeneous cos-
mologies and the search for solutions of Einstein field equations plays a specially
important role. Due to the highly nonlinear character of the field equations, the

knowledge of solutions is crucial for the understanding of specific qualitative as-
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pects that can be used as a guide for the study of more general models. The Gowdy
spacetimes, studied by Robert H. Gowdy in 1974, [24] are one of the model systems
for obtaining a mathematical understanding of the dynamics of inhomogeneous so-
lutions of the Einstein vaccum equations. In the Gowdy class the spacetime metric

can be written in the form

1 A
ds? =t 2e2

(—dt* +do?) +t (e (dz + Qdy)* + e Pdy*)} . (6.1.1)
Here the functions P, () and A\ are function of ¢ and 6. The essential equations
describing these spacetimes are a system of semilinear wave equations for two func-
tions P and () which are assumed to be periodic with period 27 in the spatial
coordinate t. The vacuum Einstein field equations [9] split into two systems, in

which first is evolution equations for P and Q:

1
Py + P = Py — " (QF — Q5) =0

Qu + %Qt — Qoo + 2 (QuP, — QoPy) =0, (6.1.2)

and the other is constraint equations for A:

No=1t[P;+ P +e (Q;+Q7)],

Ao =2t (PP + " QiQo) - (6.1.3)

The constraint equations determine A, if P and () are known. The integrability
conditions for the constraint equations are satisfied as a consequence of the evolution
equations. Since the evolution equations do not depend on A there is essentially a
complete decoupling of constraints from evolution equations.

In this chapter, we will deal with Eq.(6.1.2), which we call the Gowdy equations
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8, 24].

In Section 6.2, the outline of the Lie classical method [75, 191] is presented for
generating the symmetries of the Gowdy equations. In Section 6.3, the determi-
nation of system of ordinary differential equations (ODEs) by the transformation
group for the reduction of system (6.1.2) is presented and exact solutions have been

found out. Conclusion are given in last Section.

6.2 Lie Symmetry Analysis

For the partial differential equation (PDE), a Lie point symmetry is an invertible
transformation of the independent and dependent variables that makes the equa-
tion invariant. Lie find out that if we restrict ourself to symmetries that depend
continuously on a small parameter and that form a continuous one-parameter group
of transformations, one can linearize the symmetry conditions and end up with an
algorithm for calculating continuous symmetries. In view of the algorithmic steps
of Lie classical method , we proceed as follows:

Assuming the Lie group of point transformations as

c*=0c+¢(X,5)+0 (), (6.2.1)

where X = (t,0), ¢ = (P,Q) and ¢ = (1, ¢) make the system (6.1.2) invariant. In
other words, the transformations are such that * is also a solution if & is a solution
of system (6.1.2). The method for finding the symmetry group of system (6.1.2)

mainly consists of determining the infinitesimals &, 7, 7 and ¢, which are functions
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of t, 0, P and (). The relations from the coefficients of the first order of € is given as

0+t = P = 0" =22 (9'Qr — ¢'Qo) — 26* (QF — QF) =0,

O + @'t — EQr — ¢ + 20" P+ 21'Qy — 20" Py — 21°Qy = 0, (6.2.2)

where nt 0% , ¢t ,¢?, n't, n% ¢ % are extended (prolonged) infinitesimals acting
on an enlarged space that include dependent variables of P;, Py, Q¢, Qo, Pi, Ppo,
Q1 and Qgp. The infinitesimals are obtained from the invariance conditions (6.2.2)
by putting the different differentials coefficients equal to zero. A number of PDEs
in &, 7, n and ¢ are obtained and are known as determining equations. The general

solution of this system gives the infinitesimal elements &, 7,  and ¢ as follows :

T = k10 + ko,

£ = kit,

n = ks,

¢ = kq — k3Q, (6.2.3)

where k;, 1=1,2,3,4 are arbitrary constants.

The associated Lie algebra of the system (6.1.2) consists of the following four

vector fields:

— (6.2.4)
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These vector fields are utlized to determine solutions of Eq.(6.1.2) as discussed in

next section.

6.3 Optimal System

In this section, we deduced the one-dimensional optimal system of Eq.(6.1.2). Fol-
lowing the earlier described procedure, the symmetries of Eq.(6.1.2) are obtained.
The symmetries form a four-dimensional Lie algebra generated by vector fields
(6.2.4). To find an optimal system, we found the nonzero Lie brackets and adjoint

representations for the Lie algebra which are given as follows:

(X1, X3] = — X3, [Xo, Xy] = =X,

(X3, Xi] = — X5, [ Xy, Xo] = X, (6.3.1)

where the expression [X;, Xj| = —[Xj;, Xi| is the Lie brackets and the adjoint

relations are obtained by using the Lie series

2

Ad(exp(eXi))X; = X; — €[ X1, X;] + %[Xi, [Xa, X0]] — - (6.3.2)

Here, we are showing the only cases where Ad(exp(eX;))X; # X;. Thus the adjoint

relations for the Lie algebra for Eq.(6.1.2) are calculated as follows:

Ad(exp(eX;))Xs = e X3, Ad(exp(eXy)) Xy = Xy

Ad(exp(eX3)) X1 = X — eXs, Ad(exp(eXy))Xe = Xy — €Xs. (6.3.3)
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Optimal System for Eq.(6.1.2) given as:

X2a X47
X1 +aXy, Xi+0Xy,

XQ + CXg, X3 + dX4 (634)

6.4 Symmetry Reductions and Solutions

The main aim for obtaining the symmetries of a differential equation is to utlized
it for doing the symmetry reductions and finding exact solutions of it. In this
section, the linear combination of system of vector fields (6.2.4) is considered which
is being used to reduce the system equations (6.1.2) to systems of ODEs. The
similarity variables and the similarity solutions of the Gowdy equation are obtained

by simplifying the characteristic equation
—=—=—=— 6.4.1
- (6.4.1)

The general solution of characteristic equation contain three variables; one repre-
sents the new independent variable ( and the two other F' and G are considered as

dependent variables.

1. Vector field X,

For this vector field, solving the system of equations (6.1.2) and (6.4.1) we get

(=5 P=F(0).Q=G(). (6:42)

These similarity variables and similarity solutions are used for reducing the system
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(6.1.2) into new reduced system of ordinary differential equation given as:

F'+ (% — 2@) F—CF - (1-)G6" =0,

G+ (% — 2<) G -G +201-3)FG =o. (6.4.3)

Solution of the system (6.4.3) of ODEs is as follows:
We considered G (¢) = exp (—F (¢)) H (¢) and F' (¢) = N (¢).

Using these in Eq.equa.6.10 the system reduce to

N'¢C+N—2NC? - N'¢(® —(N?H?>+2(NHH — CH” + (*N*H?
—23NHH' + *H"” =0,
H'¢C—NH¢C—CHN?> - NH +2NHC*+ H —2¢*H + (*N'H + ¢3N?
H-CGH =o. (6.4.4)
Two following cases are consider:
Case 1 H(¢) =0, it is not a physically existing case.
Case 2 H(() = ¢, where ¢ denotes the complex number iota.

Using case 2, our system (6.4.4) reduced to single ordinary differential equation:

C+1CA-ON +CA-OC+1)2N* +(C+1)(2¢* —4C +1) N

— 2P+ ¢-1=0, (6.4.5)

which is further solve and gave the solution

IRGEEaY 1n<g+\/g2—1) V1 + e C+ e
N (et (C+v/@=1) +1) €+ 1) /@1

N (C) : (6.4.6)
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where ¢, ¢, di are constants.

Using above we get final solution of system (6.1.2),

V=T (C+E—T) T+ e (e
p— / d¢ + d.
<01 1n(<+\/C2 ) ) (C+1)\/¢-1¢
V1t ¢ In (g+\/§2—1) VE—IC+ e+ e
Q = texp / d¢ + dy
(e m(¢H+ VP =T) +1) (C+1) VT —1¢

(6.4.7)

where ¢ = £ and d; is constant. On subsituting (6.4.7) in (6.1.3), we get A =contant.

2. Vector field X,

Following the same way as above, we get

(6.4.8)

Substituting Eq. (6.4.8) into system of Eq.(6.1.2) yields a reduced ODEs as :

/
1"

F 2
F +?—62FG =

/

G+ % 1 2F' G =0.

Solution of above ODEs system (6.4.9) is obtained as:
Assuming G (¢) = exp(—F () H (¢) and F' (¢) = N (C)

using these subsitutions the system Eq.6.4.9 reduce to

/ N ! ’
N +?—N2H2+2NHH —-H?*=0,

(H'—(N'H+H — NH — (N*H =0.

(6.4.9)

(6.4.10)

)
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We consider the following cases:

Case 1 H({) = 0, it is not a physically existing case.

Case 2 H(¢) = —t, where ¢ denotes the complex number iota.

By using the case 2 the system (6.4.10) reduced to single ordinary differential equa-
tion:

, N
(1-C)N + ra 3(N =0. (6.4.11)
The solution of this ODE is found as:

- C+dy
N() = —(C) -1 (6.4.12)

where dy is constant. Using the above results, the final solution of system (6.1.2) is

obtained as:

P =log [—‘(i—l)dg

+ log [ (12 — 1)} :

Q= —Le:vp(—(log(@

d3) + log [ (2 — 1)} ). (6.4.13)
On subsituting (6.4.13) in (6.1.3), we get A =constant.

3. Vector field X; + a X,

Assuming the scalar a = 1, the similarity variable and similarity solutions for the

Eq.(6.1.2) are obtained as:

¢ = % P = log(tF(¢)),Q = @ (6.4.14)

Using the above, the reduced ODEs of the system equation (6.1.2) are as follows:



Chapter 6. Symmetry Analysis and Some Solutions of Gowdy Fquations 122

(1-OFF 4+ (1 —C)FYG)? = 20F'GG + (1 = ) (F' ) +(FF — F*G* =0,

(1-OFG 4+ (FG +2(C* —1)F'G +2(GF —GF =0,. (6.4.15)

where prime () means the differentiation with respect to the independent variable

C.
Assuming the solution of Eq.(6.4.15) of the form

F(C)_Go+%+@2C,

G(¢) =bo + b—g + baC, (6.4.16)

where a;, b;, t = 0, 1,2 are arbitrary constants. On substituting (6.4.16) in Eq.(6.4.15),
we get ag = 0, a1 = ay, ay = —16ay, by = 0,b; = by, by = —320.

The corresponding solution of (6.1.2)is obtained as :

2 2
1 320

4. Vector field X; + bX,
Assuming b = 1 then the similarity variable and similarity solution of Eq.(6.1.2)

corresponding to this vector field are given as:

(=60,P=F((),Q=G((). (6.4.18)

Using above the system equation (6.1.2), reduces to the ODEs given as:
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F// . 62FG/2 _ 0’
G —2F' G =0. (6.4.19)
For the solution of the system (6.4.19) of ODEs we consider
G (¢) = exp(—F (¢)) H(¢) and F' (¢) = N (¢).
Using the subsitutions, the system 6.4.19 reduce to
N — N?H? + 2NHH — H? =0,
H' —N'H—-4ANH +3N?H =0. (6.4.20)

Two following cases are consider:
Case 1. H(¢) = 0, it is not a physically existing case.

Case 2. H(() = —t, where ¢ denotes the complex number iota.

By using case2, our system (6.4.20) reduces to single ordinary differential equation:

(1 =¢)N + N**— (2¢ +4)N +3N*¢ +1=0,

which is further simplify and gave the solution as:

_1)2Vh

(6.4.21)

B2y — i 42 (C- DY (- )P (- )P VB)

(6.4.22)

where dj is constant. The final solution of system (6.1.2) by using above results is
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obtained as

P:/< (0— 1> — dyy )
dsV/B—2ds —ds0+2 (0 — 1)+ (0-12°0+(0—1)>V°V5)

= —erp | — (9_1)2\[ dy
T P[ /(dsx/_—2d3—d39+2(9_1)2\/5+(9 )2f9+( )2\/\/—) ]

(6.4.23)

On subsituting (6.4.23) in (6.1.3), we get A =constant.

5. Vector field X, + cX3
For this vector field, the similarity variable and similarity solutions after assuming

¢ =1 are as folllows:

0
¢=".P=F(0).Q = togltG(0)). (6.4.24)
Subsituting (6.4.24) into (6.1.2 ), we get the following reduced ODEs:

(C—1)G?F" + (G*F' — ' G* 4+ 2¢e*' GG + (1 — ¢)eF (G2 =0,

(C—1DGG + (1 =GP +2(2—1)GEF + (GG —2(G*F' =0, (6.4.25)

Assuming F(¢) = log(G({)) to obtain the solution of ODEs (6.4.25). The reduced
ODEs are found as:

((P—1GG +(1 -G )G -G+ 2AGG + (GG + (1 =) (G )+ =0,

(- 1DGG" + (2= 1)(G)? - (GG =0o. (6.4.26)

On solving the ODEs (6.4.26), we get

1

CC—DG 4+ (C=1)(G)+2(1 - )G +2€CG 4+ 20G3G —G* = 0. (6.4.27)
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To obtain the solution of Eq.(6.4.27), we consider the solution in the form as:

G(¢) = by + %1 + boC. (6.4.28)

Subsituting this in Eq.(6.4.27), we get by = 0,b; = \%,bg = (=2v/2 + /7). Hence

the solution of Eq.(6.1.2) is obtained as:

P = lag[# + (—2\/5—1- ﬁ)gL

Q= log[% + (—2vV2+ V7)) (6.4.29)

6. Vector field X3+ dX,
Following the same procedure as above, the similarity variable and similarity solu-

tion are obtained as:

(=t, P=f() Q=G(. (6.4.30)

On subsituting (6.4.30) in Eq.(6.1.2) we get the ODEs as:

!

F'+ T er(GHr =0,
/1! G/ ! /
G+ <t 2G'F =0, (6.4.31)

which is similar to Eq.(6.4.9). The solutions is similar to solutions of Eq.(6.4.9).

6.5 Conclusion

This chapter intended to give some key aspects on a vacuum Einstein field equations
whose evolution is described by a nonlinear differential equation known as Gowdy

equation. The symmetries are obtained by using the Lie classical symmetry method.
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The main steps which have to be performed in order to determine the complete set

of exact solutions are:
(i) Determination of the general form for the symmetry operator;

(ii) Based on the different set of operators and using the similarity reduction

procedure, invariant solutions can be generated;

(iii) Last but not least, a special technique has ben applied to obtained the solu-

tion.

This is a new solution of the nonlinear system of vacuum Einstein field equations

that are not found in the literature.



Summary

The present research work is a contribution to the area of applications of group
theoretic techniques to systems of nonlinear partial differential equations. We have
used Lie classical method as our main tool for finding the symmetries and solutions
to some nonlinear PDEs. We have evaluated the symmetries and exact solutions of

certain nonlinear PDEs mainly with variable coefficients forms.

Lie’s classical point symmetry method is applied successfully in obtaining new
symmetry reductions to both variable as well as constant coefficients nonlinear
partial differential equation. The reduced equations have then been solved by sev-
eral methods including extended %—expansion method, tanh method, power series
method, etc. Solutions of nonlinear PDEs under considerations are obtained in

terms of the hyperbolic functions, trigonometric functions and rational functions.

In chapter 1, we presented a brief literature survey related to symmetries. Some
basics definations and methodologies utilized in the thesis are described. The ob-
jectives of present work is outlined. In chapter 2, 3, 4 & 5, the variable coefficients
forms of nonlinear PDEs have been considered for finding the symmetries and their
solutions. The PDEs studied are generalized Kuramoto Sivashinsky equation, gen-
eralized Gardner equation, Benny equation and extended Ostrovsky equation, re-
spectively. Lie classical method has been applied to find the symmetries of the

PDEs. The symmetries are then used to reduce the PDEs into ODEs. The solu-
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tions of ODEs are determined by tanh method, %—expansion method,etc. Some of
the solutions involve an arbitrary coefficient function and it enables us to control
and discuss the behaviour of solutions as governed by the choice of this arbitrary
function. Apart from finding the symmetries of PDEs in chapter 4 and chapter 5,
Painlevé test has also been applied to check their integrability. Solution of extended
Ostrovsky equation has been obtained by using auto-Backlund transformation after
passing the Painlevé test. In chapter 6, Lie classical method has been applied to
obtain the symmetries of Gowdy equation. We have determine the complete Lie
group classification and obtained the solutions.

The group classification and the exact solutions of the nonlinear systems under
examination are not only interesting from mathematical point of view, but may be
important for applications.

Future Scope
We have studied some of the nonlinear PDEs in variable coefficients forms. In all
cases, the symmetries have been obtained by Lie classical method which are helpful
to find the new solutions. To study the non—classical symmetries of variable coef-
ficients equations and finding the exact solutions and their physical interpretation
brings forth tremendous scope for future work.

We have checked the integrability of only for two nonlinear PDEs by Painlevé
test. Painlevé properties of remaining nonlinear PDEs and how are they related to

the symmetries is planned to be investigated in future.



Appendix

A.1 Extended infinitesimals for (1+1)-dimensional PDEs

On using the equations (1.2.31), the following extended infinitesimals for n*, n*, n** n',

n=rE gt pt T can be obtained for dependent variable u(x,t) and &, 7,7 are in-

finitesimals corresponding to x,t, u:

N =1+ (e — 7) ue — &g — Tutt” — Euguy (ALL)
N =10+ (e — &) Up — Totty — Euus” — Tuuguy,  (A1.2)

2 3
- QTwutm - Sguumuxm — Ty UtUgy — QTuuxutm — TuuUgz Ut — éuuum (A]-?))

tt 2 2 2
N = Ny — 2T 0" — 2Un Ty — Up&pr + 200U — UeTe — 3Ty UsUst + Nyl — Up UgEyn

- Ut3’fuu - QUxtqut - 2uz£tuut - 2Uxtft - Ua:fuutt + Nt (A-1-4)

Uzm = Nzzx + (377a::0u - fzma:) Uy — Tezals — 37—:0$uu:cut + 3 (na:uu - ga:mu) umZ - 3Tzuuutu$2

3 3 4
+ (nuuu - 3§xuu> Uy — TyuuUg Ug — guuuum - 3Txmut$ + 3 (nxu - émm) Ugy — STxuutumx
2 2
+ 3 (nuu - 3 éuacu) UgUgpy — GTxuuacut:c - 6£uuua; Ugr — 3Tuuuxtu$ - 3Tuuuxwuacut

-3 guu$m2 -3 Tulgz Uty — 3 Ty Utza + (nu - 3530) Ugrer — 4€uuazuxx:v — TyUgzzUt — 3Tuuxxtux (A]-5)
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xxt 2
n - _Sguut:vuxw - QTxuuttuz — TuuUgz Uy — Sgtuumu;cz + (nuu - 2§asu - Ttu) Ugr Ut

- me¢tt - Sguumuta::v - 27—:cuttac + (277:vtu - fmxt) Uy — é.tuac:cw - 3§uuutuwumm - 4Tuuumututm
2 2 2
— TrzuUt — TauuUz Ut + (nu - fo - Tt) Utgpy — 2 TyuUgt + nxxt + (anuu - fzxu - QTxtu) Uy Ut
2 2 2
— TwuuUz Ut — 27—uutut:caz - guutua:x:c - 2Tuuacuttz — TuuUgz Ut + (277uu - gazw - QTtJJ) (s
2 2 Sup — 4
— TuUzz Ut + (nz’xu - Ta:xt) Ut + (nuuu - gxuu - Ttuu) Uy Ut — guuuux Ut — STy Ut Uyt

+ (nuut - 2€xtu) ux2 - fuutum‘g + (ntu - 2€tx) Ugzx + 2 (nuu - 2€xu - Ttu) Uz Uty (A16)

rrrr __ 3 2
n - 4nuuumumxw - 4utum Truuuw — 4ummzt7—uum - 5€uumuwmmm + 6ux NuuuUzz

3 2 2
- 1O§uummuzzx - 4Umtuz Tuuu — 6utumm7—mmu - 24“17 é'xuuuzm - 4utux7—mxmu - 6Utum Trzuu
- 4u$t7—uu:cwz + Nezee — 12u$tu:v7-a:a;u + 12uxn:vuuuzz - 12utuz7_zuuu:v:c - 12uaxtu$7_uuuzz
—4 -3 *Tuu — 10u,? — 10u,* - —6 2
Uty Tyu Uz Uty Tyu Uy guuuacxm Uy guuuux:v Ut Ty Uzzza UgatUz Tuu
—12 —18 — Buyu,” —12 2 Tun — 12 2 du,t
Ugt TeuUzs uxgacxuuacx Uty TyuuUzs Uzt Uy Truuy €xuuxx Uy gacuuu
— UpEpan + 4 —4 + 4, —4 ? — 6y g + Buy
UgSrzax NezruUs Uzt Tz Uz Nruuu gxx:cuux Uz Srauu Uz Nrzuu
4 5
- 4“:1:1:6:0:(;1: - 6uazwt7—xx - 4Uxx:ct7_ac - 6uaza:t7-uuazx + Uz Thuwuu — Ug guuuu — UtTrzax
2

- 15ux€uuuxx2 - 16§xuu:cumcx - utux47_uuuu - 4ut7_xuuxxx (A17)
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