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Abstract 

In earlier days, information processing was done using classical methods in a 

continuous manner. However, today the retrieval of information is through 

modernized methods in a discontinuous manner. Symbolizing the discontinuous 

processing of information correctly gave the conclusion to accept the formal automata 

in discontinuous manner; therefore a new category came in the field of automata 

called jumping finite automata.This automaton presented a new area; that needs to be 

explored as it was diverged from the previously existing models. In jumping finite 

automata, the string is read symbol by symbol and in left to right direction in a 

discontinuous manner. It demonstrates the jump from one location to other over the 

tape and can move in either direction; it performs the further computational steps from 

that position. If a symbol is read or processed in a computational step, then the 

automata cannot reread the same symbol again. 

The presented thesis work investigates different properties of jumping finite automata 

and gives a valuable insight of this newly investigated topic. We described various 

operations on languages while some operation on words and examined results on their 

closure properties. We have also provided the results on decision problems of 

jumping finite automata. Based on the heuristics we had developed a java tool to 

demonstrate the working of jumping finite automata. This software has the capability 

of discontinuous reading; it recognizes whether given pattern is of GJFA or JFA and 

whether a string belongs to any of the patterns. 
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Chapter 1 

Introduction 

 

This chapter provides a basic description of automata and finite automata. It describes 

the operations on finite automata. At last in this chapter; the need for discontinuous 

automata is being discussed. 

1.1 Finite automata 

The branch of computer science and mathematics called the theory of computation 

deals with how effectively problems can be solved using an algorithm on the model of 

computation. An automaton is a mathematical study of computing machine or device 

and its computing capabilities. Practical application of automata is in the field of 

lexical analysis, verification of software and designing of the digital circuit. 

A finite automaton consists of finite states. It is a computing device that acts as 

language acceptor partly because it produces output “yes” or “no” in response to a 

given input string. The response generated by automata depends on current input 

symbol and current state. A finite automaton announces the acceptance of string if it 

reads complete string and its current state is accepting state. For e.g. to accept the 

language }|}*,{∈{=1 aawithendsxbaxL finite automata operate in three states; to 

accept string with two consecutive aa  . 

 

Fig. 1.1: A Finite automata accepting input string ending with consecutive aa . 

In the above Fig 1.1, the input symbol b on state 0q does not represent any move or 

progress, and this causes finite automata to remain in the state 0q whereas input 

symbol a  shows movement to state 1q .In 1q  the state, input symbol makes a 
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backward move taking back to state 0q while the input symbol a makes progress to 

state  2q showing acceptance to string present in the language. Therefore, we can 

simply trace the arrows corresponding to input symbol to diagnose the string of given 

language.It is compulsory to indicate final or accepting state in finite automata; 

because it defines which particular input symbol sequence is accepted by finite 

automata. Following example shows that it accepts the string “start”.

 

Fig. 1.2: A finite automaton for recognizing input string “start”. 

Therefore, it is justified to say that it is an informally state machine that can 

comprehensively capture all possible states and transitions that the machine can make 

while responding to input symbol sequence. Finite automata recognize regular 

languages. The deterministic nature of finite automata can make only one transition 

for a given input symbol whereas in case of non-deterministic behavior there can be 

multiple transitions for a given input symbol. Regular language that is recognized by 

non-deterministic finite automata can also be described by its corresponding 

deterministic nature [26]. 

The regular expression denotes the same pattern of strings that is described by finite 

automata which means every formal language that can be defined by finite automata 

can be equally defined by its corresponding regular expression.Language is defined 

on the finite non-empty set of symbols called alphabet. They are denoted by 

.Language is defined as a subset of  .φ  Denotes null language and ∈denotes empty 

string respectively. 

1.2 Operations on languages 

Following are some operations that can be applied on languages [27]. 

 Union: Let 1L  and 2L  be two languages. The union of both languages 

contains the set of strings that are present in 1L  or in 2L  or in both. For 
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example If 1L = },{ ba  and 2L = },,{ baaba . Therefore Union of 1L  and 2L

},,,{ baabba  

 Concatenation: This operation is performed by concatenating string present 

in 1L  with every string present in 2L . For example let 1L = },{ ba and 2L =

},,{ baaba . After applying concatenation operation resulting language 

becomes 1L . 2L = },,,,,{ bbaabababaabbaaa  

 Intersection: Let 1L  and 2L  be two languages. Applying intersection on both 

languages contains the strings that are common in both languages. For 

example if 1L = },{ ba and 2L = },,{ baaba Therefore intersection of 1L  and 2L =

}{a . 

 Shuffle:  Let 1∈Lw  and 2∈Lv be two words. If nxxxw ..= 21 and nyyyv ..= 21

.The word formed by shuffling these two words is  

}{=)( .....2211, nnyxyxyxvwshuffle  

 Reverse: Let 1L  be the language. After applying reverse operation, all the 

words present in a language get reversed. In finite automata, it can be applied 

by interchanging initial and final states and by reversing the transition 

direction. For example 1L = },,{ aababbaab  applying reverse operation, the 

language becomes reverse ( 1L ) = },,{ baabbabaa [27]. 

 Difference: Let 1L  and 2L  be two languages. Applying difference on both 

languages contains the strings that are present only in a first language not in a 

second language. For example If   1L  = },{ ba  and 2L  = },,{ baaba  Therefore 

difference of 1L  and 2L  =    {b }. 

1.3 Need of Discontinuous processing 

The real time application requires discontinuous processing of information to meet the 

limitation of unregulated mechanism in modern computation scenario. Earlier it was 

virtually immaterial therefore it remained neglected for information processing but 

today it has become the need of computation and it play a vital role in the field of 

automation. Modern information methods are based on processing of information in 

the discontinuous way and also consider dynamic behavior. Their formalized models 

are though complexin comparison to the regulated mechanism, but they can solve vide 

variety of research area problems [7]. They provide beneficial insight for typical and 
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less inferred problems. These models dynamic behavior is based on their desired input 

symbol and current state which helps to analyze, model and control processing of 

information in an efficient manner. Characterizing discontinuous information 

processing induced the idea to accept already existing classical formalized model with 

a feature of discontinuous processing. Moreover, it has already provided a framework 

in many areas [4].  
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Chapter 2 

Discontinuous Automata 

In this chapter, discontinuous automata like nested word automata, deep pushdown 

automata, input revolving automata, etc. are being discussed. This chapter describes 

the functionality of already existing discontinuous automata. 

2.1Nested word automata 

Finite and infinite words contain a hierarchical nested structure that was introduced by 

Madhusudan and Alur known as Nested words. They provide with the intuitive idea to 

model programs with recursive procedure calls, by matching the pair of the calls and 

returns with the help of the nesting relation while internal operations correspond to 

other elements. Such kind of structure containing dual behavior is represented by the 

nested word. This dual nature can be represented by HTML and XML documents, 

linguistic annotated data and structured programs [17].Nested word automata are 

similar to finite automata, and it reads input according to a linear sequence from left 

to right.On  a call operation the propagation is along the outgoing nested - linear edge 

and on return operation; nested-linear incoming edge determines the new state. Nested 

word automata and nested words have property to share logical characterization with 

unnested words. Their finite automata model shares same expressive power as MSO 

monadic second order. Natural and Robust nature of decision procedure, logical 

characterization and closure properties can be obtained from it [1]. 

Modal  calculus is used to describe regularity as an alternating way for infinite and 

finite unnested words. The motivating areas for nested words are software 

verification. The sequential computation control flow in programming languages is 

modeled through pushdown automata using recursive, nested, implementing methods 

and procedure calls [17].  

For a given language of nested word over some alphabet, another language 'L  can be 

obtained by linear encoding of these nested words. The new language consists of 

symbols that are tagged according to position.Therefore 'L  is context free language if 

it obtained from L  which is a regular language. Push-down automata that accept 'L  

has a special kind of structure that is if it reads a call operation then the automation 



 

6 
 

has to push one symbol on stack and if it is reading a return symbol then it must apply 

pop operation whereas in case of reading an internal symbol it only needs to update its 

control state [8]. Such automata are called as visibly pushdown automata and the 

languages accepted by such automata are known as visibly pushdown languages.  

Since these automata can be deterministic therefore visibly pushdown, languages can 

correspond to DCFL (deterministic context-free languages) subclass. VPLs generalize 

the balanced languages, bracketed languages, parenthesis languages and they also 

correspond to have better closure properties than parenthesis languages [1].For 

checking properties; that are not expressed in existing specification logics like pre-

post conditions, stack inspection, etc. can be modeled through regular languages of 

nested words. Push down automata does two purpose that is to discover the hierarchy 

-matching corresponding to hierarchy and the second purpose is processing the 

matching. 

2.1.1 Relation to ordered trees 

Data with dual structure (linear and hierarchical) is modeled using either binary or 

ordered unranked trees and can be queried with the help of tree automata. In case of 

ordered tree; nodes that share the same parent are ordered linearly and to define the 

ordering of nodes classical tree traversal is used [17]. 

For document processing, the nested word has more advantages as compared to 

ordered trees. Suffix, Prefix, and concatenation are some of word operations that are 

used for document processing that do not perform analogous tree operations.  

Secondly tree automata also can express the constraints along a hierarchical path on 

the labels and also along siblings in left to right order but they face problem to capture 

the constraints of the global linear order. NWA gives an illusion as that of tree 

automata. Top –down, Bottom –up tree automata are its special cases. These outputs 

define that a query can be clearly transformed in nested word view with some benefits 

in complexity. 
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Fig. 2.1: Nested word structure of [1] 

In the above figure }6,5,3,1{ represents the internal operations, }4,2{ represents the call 

operation and }8,7{ represents corresponding return positions. 

 

Fig. 2.2: Relationship among language classes [1] 

 

''''''''' irriicici
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2.2 Input revolving automata 

In recent years, finite state automata have been extended, and its different variants 

came in the picture. With this, succeeding came one variant called input revolving 

automata. This automation also resembles to forgetting automata. What led to 

differences among these two is the inspiration, technical details, and many more 

results. The similarities between them; is how symbols are processed, and it depends 

upon the condition or present state of automata. The other similarity that exists is that 

they both have the power to read a symbol again [2]. 

Their capability to shift input and non-deterministic behavior make them competent to 

other discontinuous automata. The three operational functionality of this automaton is 

left revolving, right revolving or bidirectional revolving. In left revolving last symbol 

comes in the first position, in right revolving first symbol goes in the end, and bi-

revolving extreme position symbols are swapped.  This automaton is very practical in 

manifesting non-determinism over determinism conduct.  

2.3 Quantum Automata 

They are formed by allowing the matrices to have complex entries with a necessary 

condition of each of matrices to be unitary [9]. Unitary nature means the sum of the 

square of all the entries of the matrix comes out to be 1 and product of any two 

columns should be 0. 

2.4 Deep pushdown automata 

A deep pushdown automaton is a stereotype of existing push down automata. This 

generalization allows making deeper expansion; it replaces the nth topmost symbol of 

the stack with a string [6]. 
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Chapter 3 

Problem Statement 

This chapter defines the motivation behind the thesis. It also contains problem 

statement with the steps followed to solve the problem. 

3.1 Motivation 

The real-time application requires discontinuous processing of information to meet 

the limitation of unregulated mechanism in modern computation scenario. 

Characterizing discontinuous information processing induced the idea to accept 

already existing classical formalized model with the feature of discontinuous 

processing. Their formalized models are though complex in comparison to the 

regulated mechanism, but they can solve a wide variety of research area problems. 

They provide beneficial insight for typical and less inferred problems [7]. 

Alexander and Peter [5] presented a new investigation area in the field of automation 

called jumping finite automata. This automaton is modified the version of finite 

classical automata where input symbol can be read discontinuously, which means 

after reading an input symbol; it can jump in either direction and can begin its further 

computation from there. This paper presents some of the results on closure properties 

and decidability. 

The presented thesis work provides an extension to closure properties of some 

operation. The analysis of decision problems like universality, inclusion and 

equivalence under general jumping finite automata and jumping finite automata is 

described in the thesis. A tool in Java is made to test whether given grammar is GJFA 

or JFA and whether entered string is accepted by the grammar. 

3.2 Problem Statement 

The problem is to check whether given operator is closed or not for GJFA and JFA. 

With the help of different language combination, our purpose was to find at least one 

such example where the operator does not satisfies the properties of general jumping 

finite automata or jumping finite automata. So we had carried out an operation on all 

permutations of languages to find such a contradictory example to prove operator 
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closure property as not closed.  Secondly we worked to find an algorithm to prove 

whether universality, equivalence and inclusion are decidable or not. 

3.2.1 Objectives and Methodology 

Following are the general objectives of the presented thesis work 

 Analysis and comparisons of different discontinuous automata. 

 Various properties of GJFA and JFA are investigated. 

 A tool is designed that represent the working of GJFA and  JFA 

Analysis and comparison were carried out by studying the different type of 

discontinuous automata available in the literature. On the basis of theorems of GJFA 

and JFA, closure properties are examined. Together with this; we worked to find an 

algorithm to solve the decision problem.  Based on the heuristics we had also 

developed a Java tool to demonstrate the working of jumping finite automata. This 

software has the capability of discontinuous reading; it recognizes whether given 

pattern is of GJFA or JFA and whether a string belongs to any of the patterns. 
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Chapter 4 

Definition and Properties 

Here in this chapter we first discuss the definition and later we describe properties of 

jumping finite automata. 

4.1Preliminaries 

Definition 1: GJFA (General jumping finite automata) is defined as 
),,,∑,(= 0 FqδQM  

Q stateofsetfiniteis  

 alphabetinputis  

QQQ  *,  

0q stateinitalis  

F statefinalis  

Any string in *∑*∑Q provideconfiguration of M .Let *',',, nmnm , ''nmmn  and 

try  then M  can make a jump from ''tnmmryn .The language accepted by 

)(ML becomes [5]. 

 FffsvuvuvuML  ','''*,''|'')(
*

 

Let *w .By analogy, we can say that w is accepted by M if )(MLw and w  is 

rejected if it belongs to )(* MLw  .Two GJFA M and 'M are said to be 

equivalent if )'()( MLML   

Definition 2: ),,,∑,(= 0 FqδQM be GJFA. M is-free GJFA if  try which [5] 

denotes 1|| y . M Has a degree as n, where 0|| n if try   signifies that ny || . 

Definition 3: M is JFA (jumping finite automata) if it has degree 1[5]. 

Definition 4: Let ),,,∑,(= 0 FqδQM  be JFA. By analogy to GJFA, M  is   -free 

jumping finite automata if try  which signifies M  is deterministic jumping 

finite automata and complete jumping finite automata for short (DJFA and CJFA) if: 
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 Deterministic jumping finite automata[5] 

1. If it is -free JFA 

2. For each qr and for each y  ,only one qt  

 Complete jumping finite automata[5] 

1. If it is DJFA 

2. For each qr  and for each y  there is precisely one qt such 

that try  . 

Definition 5: Let ),,,∑,(= 0 FqδQM  be GJFA. 

Graphical representation of the transitional graph of M is denoted by )(M and  

try  where r and t represents the node and the edge between is labeled by y . 

Consequently without loss of generality labeled directed multi-graph state qq' is 

terminating [5] if final state reachable from s . If there exists path from qttor  using

tntt ,.....2,1 for 2n  where 1 ii tyt i  for all 1..3,2,1  ni therefore

tynyyyr ......321  

Definition 6: Consider the JFA  

}){,,},,,{},,,({ fsRcbatrsM   

Where R  define rules as stcandtrbrsa →→,→ .It begins reading from s , M first 

reads a  followed by b and then it reads c and it enters again into the start state. The 

occurrence of the symbol cba ,, can be present anywhere over the given input string.   

Therefore, the accepted language becomes [5] |}|=||=||*∑∈{=)( cba wwwwML

 

Fig. 4.1: Jumping finite automata 
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Definition 7: Consider the GJFA  

}){,,},,,{},,,({ fsRcbaftsM   

Where R  denote rules as ffafrccrsabc →,→,→ .It starts reading from s , then M

first read string abc , which can appear anywhere in the given input string. Then it 

begins searching for cc  and it jumps to the location in either direction to read it [5]. 

Finally, it reads a .Therefore rules describe accepted language as

*))()((*)(=)( accabcaML .

 

Fig. 4.2: General jumping finite automata 

Definition 8: Consider the GJFA  

}){,,},,{},,,({= fsRbaftsM  

Where R defined by ffbffafsab →,→,→ be GJFA.It begins to read from s , M

first read the string ab , which appear anywhere in the input string. Then it randomly 

read the symbols ba, .Therefore, these rules describe the accepted language [5]

*)+(*)+(=)( baabbaML  

 

Fig. 4.3: General jumping finite automata 

 

Lemma[5]: Let ),1,,,1( FsQM  be GJFA and )2,2,,,2(' FsQM   be -free 

GJFA, this lemma can be proved with the help of standard conversion of finite 

automata into-free finite automata. Therefore )'()( MLML   
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Fig. 4.4: String acceptance power [5] 

4.2 Properties of JFA and GJFA 

Theorem 1[5]: DJFA can be converted into an equivalent CJFA. 

Proof: Let ),0,,,( FqqM  be DJFA. Its analogue CJFA 'M  without loss of 

generality can be written 

)',0,",},{(' FqqM   

Where  ' .If for each y  and qr there doesn’t exist  try .For 

converting into CJFA add   dead state for   transitions that do not exist. Add a 

new transition ry  in '  to convert DJFA to CJFA. The above newly added 

transition makes )'()( MLML   
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Theorem 2 [5]: JFA=DJFA=-free JFA 

Proof: JFA=-free JFA by above Lemma. DJFA -free JFA demonstrated by the 

postulate of the deterministic nature of jumping finite automata. Contrariwise 

inclusion -free JFADJFA is proved by FA to DFA. As (JFA=-free JFA) and 

(DJFA   -free JFA)and( -free JFA   DJFA) satisfies. Therefore JFA= -free 

JFA=DJFA. 

Theorem 3 [5]: If  =1 and GJFA are ),1,,,1( FsQM   then )(ML is regular 

Proof: Let ),1,,,1( FsQM  be GJFA where  =1.Therefore, if string formed by 

*w  can contain only one symbol in it. Therefore sw  kind of configuration is 

obtained where no jumps over input string. Therefore )(ML  is regular. 

Theorem 4[5]: Let 'K  be arbitrary language. Then 'K  JFA only if  )'(' KpermK   

Proof: Let ),1,,,1( FsQM   is jumping finite automata. By analogy, let us 

consider M is DJFA.If  )(' MLw  with no loss of generality )()'( MLwperm  .For 

e.g. )(perm and it belongs )(ML so assume w . 

Without generality loss considering pnpppw ..3,2,1  where pi  for all 

ni ...3,2,1  for 1n Therefore )(MLw  

 snpnisspssps )1(..........322,211  

Where 1....2,1 Qsnss  .In jumping finite automata, the essential part is first searched, 

processed and then the optional part is traversed. For e.g. grammar 

*))()((*)( prrpqrp accepts pqrprrorrrpqrporppqrrr . As requisite strings of 

grammar are )( pqr and )(rr so first they are searched, processed then optional part. 

Therefore, the order does not matter of input string. 

Theorem 5 [5]: JFAGJFA 

Proof: From definition and GJFA-JFA  0 because *)(ab is accepted by GJFA and 

rejected by JFA 

}){,},→{},,{},({= ssssabbasM  
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Theorem 6[5]:FIN  GJFA 

Proof: Let K FIN.Since K is finite, therefore nK || .Representation of K  is

},....2,1{ wnwwK  .GJFA defined as }){,,,∑},,({≡ fsδfsM  where = )(Kalph and 

fswnfswfswfswδ →...→3,→2,→1= .Therefore KML )( and FIN   GJFA 

Theorem 7 [5]: No GJFA accepts *)(*)( ba  

Proof:   In ),1,,,1( FsQM  GJFA acceptance order is not fixed.It also accepts

*)(*)( ab . 

Theorem 8 [5]: Let  denote input alphabet such that cardinality (  )  2, Then 

there exists a GJFA ),1,,,1( FsQM   of degree n for any 1n    such that )(ML

cannot be accepted by any GJFA with a degree 1n . 

Proof: Let  be input alphabet with cardinality ( )>2 and let there be input ba, 

 such that both of them are not equal ba  . 

The case where n=1 directly follows jumping finite automata. Therefore, we define 

GJFA with degree greater than 1 as 

}){,},→{,∑},,({= rsrswfsMn  

2-)(= naabw . Clearly this can be analyzed that }{=)( ) wML n .However, we now try 

to prove that whether a same language with degree n-1 of GJFA is accepted or 

rejected [5].Suppose for contradiction there be a GJFA with degree n-1, 

),',,∑,(=)( FsRQHL such that )(=)( nMLHL }{= w and |w|>n-1 there has to be 

fxvus →'  

This rule has to be present in H where uxvw = vu, *∑∈ , x +∑∈ , Ff ∈  and m≥

2.However then also fxuvs →' and fxuvs →' are present in H  which contradicts 

the assumption that }{=)( wHL .Therefore )( nML  cannot be accepted by any of 

GJFA with degree less than n. 
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Theorem 9[5]: nGJFA ⊂ 1+nGJFA  

Proof: nGJFA ⊂ 1+nGJFA  it can be stated directly from the definition of General 

jumping finite automata with degree n for all 0≥n .Therefore, it can be observed that 

nGJFA - 1+nGJFA φ≠  

Theorem 10[5]: Let ),,,∑,(= FsRQM  be a general jumping finite automata. Let 

zyxw ,,, *∑∈  and qpy→ R∈  then 

 M makes a left jump that symbolically can be written as 

wqxzwxpyz l→  

}∈→*,∑∈,|''{=)( * FfwithfusvvuvuML lL  

 M makes a right jump that symbolically can be written as 

wxqzwpyxz r→  

}∈→*,∑∈,|''{=)( * FfwithfusvvuvuML rr  

rrll JFAandGJFAJFAGJFA ,, all four of them denotes the family of languages 

general jumping finite automata with a left jump and right jump together with 

jumping finite automata with a left jump and right jump. 

Theorem 11 [5]: REGJFAGJFA rr ==  

Proof: We first try to prove that jumping finite automata with right jumps equivalent 

to regular grammar. Consider a jumping finite automata ),,,∑,(= FsRQM .Observe 

it that since M  can make only right jumps; if it can occur in the configuration of the 

form xpy where *∑∈x , Qp∈ , *∑∈y .In such cases, the symbol cannot be read 

anymore. If jumping finite automata want to read complete string than it should be in 

the configuration of the form swand it cannot make any jumps.  

Consequently, the scenario is behaved like that of ordinary finite automata, reading 

the input in left to right direction, therefore, )(ML   is regular and so it can be stated 

as REGJFAr⊆ . Accordingly any finite automata can be viewed as a jumping finite 

automaton with the configuration of the form sw and it does not jump at all. 

Therefore, it can be said JFArREG⊆ which proves that JFArREG = . 



 

18 
 

Similarly, general jumping finite automata with right jumps can be proved equivalent 

to regular by the same method using lazy finite automation instead of finite automata. 

Theorem 12 [5]: ba JFAJFA ⊂  

Proof: Let ),,,∑,(= FsRQM  be a jumping finite automata. The JFA 

),},→{,∑,(=' FsssRQM   

Clearly satisfies ba MLML )'()( = , therefore ba JFAJFA ⊆ .So we now try to prove this 

that inclusion is proper. Without loss of generality consider language *)(*)(= baK

.The jumping finite automata 

}){,},→,→{},,{},,({= fsffbfsabafsH  

KHL b =)( . However observing the fact that differs from K .Therefore, it can be 

stated for every jumping finite automata KML a≠)( .Hence jumping finite automata 

reading string from anywhere is properly included in jumping finite automata reading 

string from beginning  

Theorem 13 [5]: lJFA - REG φ≠  

Proof: Consider the jumping finite automata 

}){,,},,{},,,({= ssRbaqpsM Where R contains the rules as 

statsbsrbrsa →,→,→,→  

We argue that 

|}|=|||{=)( bal wwwML  

With input word, M starts reading the last symbol. The symbol is read by using 

tsborrsa →→ , and it makes a jump to the left before the existence of the 

rightmost occurrence of  bora  Later it consumes it by using the rules respectively. 

Moreover, if this read left symbol was at the rightmost position, then it makes a jump 

one letter to the left, and again it repeats the process. Alternatively, in other case it 

does not jump at all [5].  
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Therefore in every configuration having the form urv ; where r denotes the state’s such 

that },,{∈ trsr , *},{∈ bau *}}{∈,{∈ bav .Based on observation it can be stated that

lML )(  not regular because |}|=|||{=)( bal wwwML is not accepted by regular. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

20 
 

Chapter 5 

Operators and Decision problems 

The decision problems are discussed in this chapter followed by examples describing 

the closure properties of some of the well-known operators. 

5.1 Decision Problems 

If there is an algorithm to solve a problem, then the decision problem is decidable, and 

if there is not such type of existence of an algorithm, then it is not decidable. 

5.1.1 Universality 

The universality problem is fundamental in the field of automata theory, and several 

beneficial problems of verification reduce in polynomial time to this problem. The 

universality problem states that, given an automaton A  over some alphabet   if the 

language A contains all existing words over  , that means *)( ALang .The 

standard algorithm for this problem suggest for converting automata into deterministic 

automata using subset construction method  and then to look for reachability of set, 

which contain only non-accepting states [28]. The subset construction can even 

construct deterministic automata that are exponentially large than original automata. 

The following algorithm demonstrates that universality is decidable for both the 

GJFA and JFA [26]. 

For verifying the universality problem in jumping finite automata we consider the 

following steps: 

 Let ),,,∑,(= FsRQM be the given expression of general jumping finite 

automata or jumping finite automata. 

 Convert this expression in the graphical form. 

Graphical representation of the transitional graph of M is denoted by )(M and  

try  where r and t represents the node and the edge between is labeled 

by y . 

),,,∑,(= FsRQM → )(M  
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 For this given graph, construct power set for all nodes of the given graph using 

the combinatorial algorithm )(QP or Q2 . 

 For each subset created, check if it is connected or not using breadth-first 

search algorithm. 

 If for every power set member, it is connected then all strings are accepted by 

given jumping finite automata reason being, if one string ends in its final state  

then every string made from those alphabets becomes accepted because this 

automation can accept permutation of given string. If one string is rejected, 

then none of its permutation is accepted. 

5.1.2 Inclusion 

The inclusion problem consists of two expression one called the left-hand expression 

and the other one right-hand expression [26]. Now the question is whether the 

language, which exists on the left hand, is being included within the language of the 

right-hand side expression. There exists an algorithm to check the inclusion of two 

jumping finite automata [28]. Therefore, it can be stated, as inclusion is decidable for 

both GJFA and JFA. The following steps are followed to check inclusion: 

 Construct the corresponding jumping finite automata for ),,,( 111111 FsRQM   

and ),,,( 222222 FsRQM   

 Compute the complement for given automata as )( 2ML .We first need to make

2M complete if it is not complete. Therefore  ),,,,(' 222222 FQsRQM   

 Construct automation such that )'()(=)( 21 MLMLBL  .The construction of 

this automation is possible by product construction 

))(×∑∑×(= 221,2,1,21,21 FQFδQQB   

 Check the condition if )(BL φ≠ ? 

This condition is checked by a search algorithm on graph ),(= EQG where 

21×= QQQ and transitions or edges are represented by E , )(BL φ≠ If there is 

a path from starting state to end state 
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5.1.3 Equivalence 

Given ),,,( 111111 FsRQM   and ),,,( 222222 FsRQM  be two JFA or GJFA. Do 

both of them define the same set of strings? It can be proved applying inclusion on 

both sides; that is )(⊆)()(⊆)( 1221 MLMLandMLML  

5.2Cut operator 

Many software packages extend the operators like interleaving, counting for regular 

expression matching. Some of them indeed have the ability to control the nature of 

non-deterministic behavior inherent in the regular expression. Such kind of operators 

exists in real world programming. Regular expressions even have the ability to handle 

the processing of text-oriented problems. For such kind of problem, the regular 

expression that denotes language is extended by an understanding of how to apply a 

regular expression to string. The default case in libraries of regular expression 

matching is that it begins to search for the leftmost substring, and it choose the longest 

one[19]. This behavior is often repeatedly used to match the different regular 

expression against the string using the help of program control flow loop to decide 

about the next expression to be matched. For this type of repeated matching, pseudo 

code is given below, and we assume matcher function matches to the longest available 

prefix: 

M=matcher (“(a+b)*”, s); 

If (M! =null) then 

If(matcher (“a b *c”, remainder)!=null) then 

Return remainder == “”; 

Return false; 

However, this above code gives contradictory results. Consider the following 

examples: 

1. Consider the string abacs  the program first try to match the regular expression to 

its substring ab and it leaves the remainder that is again matched to a regular 

expression cbaR *)..(=2 , and therefore finally it return true [19]. Moreover, if 
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program return true for some set of string then that is a regular language but, in this 

case, regular language [26] cannot be defined by 2.1 RR  

2. Consider another example to prove the above thing. Let there be a string 

aababccs  that can be matched by the rule 2.1 RR . However when execution of 

program takes place then 1R  will match the longest sequence of aabcb and it leaves 

the remainder cc and this cannot be matched to 2R .Therefore, the longest[26] 

matching strategy loses the non-deterministic behavior of the expression if “if 

statement” is combined explicitly. 

5.2.1 Definition 

Cut operation is a binary operation that is denoted by symbol (!) and it definition is as 

follows: 

)}(|{! 111,2,121 vprefixvallforLuvLvLuuvLL   

Cut expression is built using the operators that are allowed in regular expressions 

[19]. For example applying cut operator on yields to the empty language. The reason 

being is, for every string that’s present in )*( babL is also in *)(abL as well; it means 

the longest matching strategy will never leave the remainder b for second. Therefore, 

no such string exists, and it yields to empty language 

5.2.2 Cut operator with general jumping finite automata 

Consider }){,},→}{,{},({=1 ssssabbasM  and }){,,},,{},,,({=2 fsRbaftsM  

where R defined by ffbffafsab →,→,→ is GJFA. Without loss of generality if 

we apply cut operation on 1M and 2M then for some set of string as ababab  it 

produces output empty languages and for another set of strings 

},,,{ ababbababaabbbaba the output produced gives a regular expression *)+( baab

that is accepted by GJFA .Therefore, GJFA is closed under the cut operator. 

5.2.3. Cut operator with jumping finite automata 

Let }){,},→,→{},,{},,({=1 sstrbrsabarsM be a jumping finite automata. Let 2M  

be *)+( ba  .To prove it by analogy there exists a specified set of strings 

},,,,{ bbaababaababaabbab .On applying cut operator, it produces output empty 
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language but there also exists another set of string

},,,,,,,,,{ bbabbaaaabbabbabbbabababaabbba .Such set of string on applying cut 

operator with strings of 1M ; gives output strings whose regular expression is *)+( ba

and it is accepted by jumping finite automata.Therefore, the cut operator is closed for 

jumping finite automata. 

5.3. Cyclic shift 

The cyclic shift of a language L  is defined as [27] CSL it is as follows: 

 }∈|{= LuvvuLCS   

5.3.1 Cyclic shift on General jumping finite automata  

Let }){,,},,{},,,({=1 fsRbaftsM where R defined by ffbffafsab →,→,→  be 

GJFA. By analogy, we prove that after applying cyclic shift operation, accepted 

language become abbaLCS *)+(= and this language is defined by rules

ffbffafsab →,→,→ .Therefore, LLCS =  both languages are similar. 

 

Fig. 5.1: GJFA for abbaLCS *)+(=  

5.3.2 Cyclic shift on jumping finite automata 

Let }){,,,},,,({ ssRtrsM  be jumping finite automata where },,{=∑ cba and it 

consists of the rules defined as stctrbrsa  ,, .Without loss of generality, we 

state that after applying cyclic shift the accepted language is[25] 

|}|=||=||*∑∈{=)( cbaCS wwwwML  

Therefore, we conclude )(=)( MLMLCS . 
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5.4. Difference 

5.4.1 JFA is not closed under difference  

Let ),,,( 111111 FsRQM   and ),,,( 222222 FsRQM  be two JFA. With no loss of 

generality, we first calculate the complement of )( 2ML .We assume that 2M  is CJFA 

(complete jumping finite automata) and as already stated above every JFA 

=DJFA=CJFA [24] .Therefore, the JFA can be written as 

),,,,(' 222222 FQsRQM   

The above JFA states that it is closed under complement operation. Now we check 

whether )'()( 21 MLML  is closed. We know JFA is closed under intersection 

operation [5]. Therefore, JFA should be closed under difference operator. However, 

there exists a contradictory example. Let ),(=)( 1 baabML and *)+(=)( 2 baML

.When we apply complement on *)+( ba the language becomes *)(*)( ba .If we then 

apply intersection operation, the language becomes )(ab which is not accepted by 

JFA. 

.  

Fig. 5.2: Jumping Finite automata ),( baab

 

Fig. 5.3: Jumping Finite automata *)+( ba  
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Fig. 5.4: Complement of *)+( ba  

 

Fig. 5.5: Only ab as remainder, rejected by JFA 

5.4.2 GJFA is not closed under difference operator 

Let ),,,( 111111 FsRQM   and ),,,( 222222 FsRQM   be two GJFA. We next check 

for the complement of )( 2ML .However, GJFA is not closed under complement 

operation. Let )( 2ML = *)+( ba and therefore gives the expression that is not 

accepted by GJFA. Hence, GJFA cannot be stated as 

),,,,(' 222222 FQsRQM   

GJFA is also not closed under intersection operation, )'()( 21 MLML  is not accepted. 

Therefore, GJFA is not closed under difference operator. 

5.4.3. JFA is   closed under difference with regular 

Let ),,,( 111111 FsRQM   be JFA. Consider ),(=)( 1 baabML and consider the regular 

language as )( 2ML = *)(*)( ba . The complement of )'( 2ML  is *),( ba .This 

complement is accepted by JFA. Intersection of two JFA is always closed. Thus 

)'()( 21 MLML   is always closed. Therefore, it can be stated as JFA is closed under 

the difference with regular. 
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5.4.4 GJFA is not closed under difference with regular 

Let ),,,( 111111 FsRQM   be GJFA and consider the regular language )( 2ML =

*)(*)( ba . This regular language is not accepted by GJFA. However, we have to take 

the complement of *)(*)( ba   that is *)+( ba and GJFA accepts *)+( ba .However, 

GJFA is not closed under intersection operation.Therefore )'()( 21 MLML  is not 

closed.Finally, GJFA is not closed under difference with regular. 

5.5. Symmetric difference 

The symmetric difference of two languages can be stated as 21 ,LL  can be stated as 

[27]: 

)()( 2121 LLLL    

5.5.1 JFA is closed under the symmetric difference 

Consider ),,,( 111111 FsRQM   and ),,,( 222222 FsRQM   be two JFA. Union of two 

JFA can be stated  

),},,{,},{()()( 212121212121 FFsssssRRsQQMLML    

Where we assume )( 21 QQs  .Union of two JFA is a closed operation. Similarly as 

stated above JFA is also closed under intersection and difference operator. Therefore, 

it can be clearly analyzed that JFA is closed under symmetric difference operator 

5.5.2GJFA is not closed under the symmetric difference 

Consider ),,,( 111111 FsRQM   and ),,,( 222222 FsRQM   be two GJFA. Union of 

two GJFA can be stated  

),},,{,},{()()( 212121212121 FFsssssRRsQQMLML    

Where we assume )( 21 QQs  .Union of two GJFA is a closed operation. By analogy 

as above stated GJFA is not closed under intersection and difference operator. 

Therefore, it can be analyzed that GJFA is not closed under symmetric difference 

operator 
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5.6 Reverse operator 

Following two steps are done to convert jumping finite automata into its 

corresponding reverse [24,25,27] jumping finite automata. 

1) Interchanging final and initial state 

2) Reverse the traversal direction 

5.6.1 JFA is closed under reversal operation  

Let }){,,,},,,({ ssRtrsM  be jumping finite automata where },,{ cba and it 

consists of the rules defined as stctrbrsa  ,, .Therefore, language accepted 

becomes  

}|||||||*{)( cba wwwwML   

If we reverse the transition direction and interchange the final and initial state then 

rules changes to srartbtsc  ,, Therefore the language accepted becomes. 

}|||||||*{)( cba wwwwMLrs   

 

Fig. 5.6: JFA before reverse operation 

 

Fig. 5.7: JFA after reverse operation 
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5.6.2 GJFA is closed under reverse operation 

Consider )},{,,,},,,{},,,({ fsffpftrrtspqrrqpftsM  be a GJFA. The 

accepted language becomes  *))()((*)(=)( prrpqrpML  .When the reverse operation 

is applied then language becomes *))()((*)(=)( prqprrpMLrs and this language is 

accepted by   GJFA. 

Fig. 5.8: Before reverse operator 

Fig. 5.9: After reverse operator 

5.7. Mirror Image 

Consider )},{,,,},,,{},,,({ fsffpftrrtspqrrqpftsM  be a GJFA 

Therefore language accepted becomes *))()((*)(=)( prrpqrpML [25,27].In contrast 

to reverse operation after applying the mirror image operation, even the rules does not  

change; in fact rules also remains the same ffpftrrtspqr  ,, .

 

Fig. 5.10: Before mirroring image operation 
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Fig.  5.11: After mirror image operation 

5.8. Kleene   Star 

Kleene Star of GJFA is closed: 

5.8.1 Let }){,,},,{},,,({1 fsRbaftsM  where R defined by 

ffbandffafsab  ,  be GJFA [5, 25]. The language accepted becomes  

*),)((*),(=)( baabbaML  

Without loss of generality, we now prove the effect of applying Kleene star to given 

GJFA 

 

Fig. 5.12: Before Kleene star

 

Fig.  5.13: After Kleene star 

 

Fig.  5.14: After removal of moves the language accepted becomes 

*),)((*),(=)( baabbaML  
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Consider )},{,,,},,,{},,,({ fsffpftrrtspqrrqpftsM  be a GJFA 

Therefore language accepted becomes *))()((*)(=)( prrpqrpML .Without loss of 

generality, we now prove the effect of applying Kleene star to given GJFA. 

 

Fig. 5.15: Before Kleene star 

 

 Fig. 5.16: After Kleene star  

 

Fig. 5.17: After removal of moves the accepted language becomes 

*))()((*)(=)( prrpqrpML  
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5. 9. Kleene plus of GJFA is closed 

By analogy similar to Kleene star. Let }){,,},,{},,,({1 fsRbaftsM  where R defined 

by ffbandffafsab  ,  be GJFA. The language accepted becomes  

*),)((*),(=)( baabbaML  

 

Fig. 5.18: Before Kleene plus 

 

Fig. 5.19: After Kleene plus  

 

Fig. 5.20: After removal of moves the language accepted becomes 

*),)((*),(=)( baabbaML  
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5.10. Orthogonal Concatenation 

Orthogonal Concatenation is worth studying in formal languages, and here we 

demonstrate the results of orthogonal concatenation in jumping finite automata [32]. 

We define the closure properties of GJFA and JFA under this operation. Orthogonal 

concatenation operation practical use is in the networking field. CDMA (Code 

division multiple access) is the multiplexing scheme that is practically used in radio 

communication, it allows simultaneous reception by assigning every sender a 

different waveform.  

If, in case, it is superimposed with another sender waveform then it can generate a 

signal that allows unique decomposition of the superimposed signal back to the 

original waveform. This is practically possible due to the presence of additive nature 

of the radio waves that are interfering and due to careful and handy choice of mutually 

orthogonal waveforms. 

Therefore, this form of study needs to generalize the idea of applying orthogonal 

concatenation to the arbitrary word for facilitating the code division multiplexing 

investigation in abstract coding theory [32]. In binary signaling case, waveforms can 

be represented as binary vector forms of finite size, and this leads to a choice of 

containing that waveform that can be represented in the sense of traditional linear 

algebra by orthogonal vectors. 

5.10.1 Definition of orthogonal concatenation 

We first start by introducing the idea of Orthogonal operation. It is a binary word 

operation on *∑  it denotes a function such that ** ∑2→)∑(:o . The operation o  can 

be extended to languages in the form such that *
⊆21 ∑LL  as 

 

Let there be three languages LandLL 2,1  over some  .We can then say that L is 

compositonorthogonal of the languages 2,1 LL  denoted as [32] 

21 LLL o   

If one of these following conditions holds: 


xoy

LL
Ly

Lx

o

2∈

1∈

≡21
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(OR 1) 21 LLL o  

(OR2) )(()2,1,( 2121)2,1()2,1,   vvuuthenvvuuifiLivu ooii
 

Orthogonal concatenation is represented by the symbol ⊥• . It is binary operation 

between two languages 1L and 2L shown [24] as 21 ⊥•= LLL .It states that for every 

word present in L ;if that word can be uniquely formed by the concatenation of words 

from 21 LandL  then it is said to be closed otherwise it remains undefined. 

5.10.2 JFA is not closed for orthogonal concatenation 

Let ),,,( 111111 FsRQM   and ),,,( 222222 FsRQM  be two JFA. Let

}||||=|||*∑∈{=)( =1 cba wwwwML and *)+(=)( 2 baML .Without loss of 

generality when orthogonal concatenation operation is applied 21 ⊥•= LLL then string 

ababab can be formed in two ways. If 1L contain abab and 2L contain ab or vice –

versa. Therefore, every word is not unique hence JFA is not closed under orthogonal 

concatenation. 

5.10.3GJFA is not closed orthogonal concatenation 

General jumping finite automata can also be proved in similar way as given above for 

jumping finite automata 

5.11 Init Operator 

Prefix operation is also known as initoperation [25, 27].In automata init operation is 

checked by making all states as final state so that all prefixes can be accepted 

including . 

5.11.1 GJFA is not closed for init operation 

Let  )1,1,,∑,1(= FsδQM  be GJFA. Without loss of generality assumption is GJFA 

reading of string is discontinuous. Now consider GJFA reading prefixes, other non-

prefix acceptance makes it contradictory. For e.g. consider language

*))()((*)(= prrpqrpL contain string as prrpqrp  which have prefix as prrpqr  but it 

is also showing affirmation to rrpqrp  
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Fig. 5.21: GJFA init operation 

5.11.2 JFA is closed for   init operation   

Let  )1,1,,∑,1(= FsδQM  be JFA.As all permutation of string are accepted and 

jumping finite automata can jump in either direction to read an input symbol; it show 

positive affirmation for jumping finite automata. 

5.12 Substitution 

5.12.1Both GJFA and JFA are not closed 

Considering the language ),(=' baabK accepted [26, 27] by JFA as explained above. 

Now we explicate   from *),( ba to *)'',(2 ba as  *)(=)( aaσ *)(=)( bbσ .Therefore, it 

demonstrate )(aσ and )(bσ are showing positive affirmation to JFA. )(Kσ Shows 

negative affirmation to GJFA. 

5.12.2 GJFA is closed under finite substitution. 

Let )1,1,,∑,1(= FsδQM  be a GJFA. Moreover, let there be alphabet ( ) and    be 

finite substitution from 
** 2to .GJFA, therefore, accepts language as ))(( MLσ  

)1,1,',,1(' FsQM   

Where rules changed to 

}|)('|'{'   qpyyyqpy  

5.12.3 Regular substitution of JFA and GJFA not closed. 

Considering the language ),(=' baabK accepted by JFA as explained above [26, 27]. 

Now we explicate   from *),( ba to *}','{2 ba as *)(=)( aaσ *)(=)( bbσ .Therefore, it 
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demonstrate and )(bσ are showing positive affirmation to JFA. )(Kσ Shows 

negative affirmation to GJFA. 

5.13Homomorphism 

5.13.1 JFA is closed under  free  homomorphism 

The free  homomorphism   from 
+),()( batoa  as aba =)(  and [25] considering 

*)(a language, which shows positive affirmation by the JFA. 

}){},→{},{},({= sssaasM  

Now *)(=))(( abML  cannot be accepted by any JFA. Hence, it is not closed for 

JFA. 

5.13.2 Inverse homomorphism is closed for GJFA and JFA 

Let )1,1,,∑,1(= FsδQM  be GJFA, the alphabet is and   be homomorphism [27] 

from ** to .Therefore, the construct of JFA can be 'M  as ML =)'(  inverse

)(ML defined by [26] 

)1,1,',,1(' FsQM   

Where rules modified as 

)}(Δ)(,∈|→{=' Minqapaqpaδ   

Observing that qwsw *211   in M  if qwsw *'21'1  in 'M where )'2'1(21 wwww   

such that ML =)'(  inverse )(ML  

5.14 Shuffle 

Shuffle operation is used in different context, and it appears to be one of the 

fundamental operations in the field of theory of automation [31]. There exist many 

variations of shuffle like that of insertion; literal shuffle, etc.  
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 Shuffle:  Let  1∈Lw  and 2∈Lv  be two words. If nxxxw ..= 21 and 

nyyyv ..= 21 .The word formed by shuffling these two words is  

){=)( .....22111,1 nnyxyxyxVWshuffle  

Various different aspects are being studied of shuffling in the field of formal 

languages [30].It is worth noting that shuffle operation is used for verification and 

modeling, in a database system, etc. Let’s understand these different aspects of shuffle 

in detail: 

 In the verification and modeling of systems with the help of interleaving of 

processes. Transition based model have an advantage over the algebraic 

system because they are graphical in nature whereas other just promote 

verification and hierarchical description. For this reason, it is beneficial and 

easier sometimes to use transition based system and other time use the 

algebraic system. However, according to Garg and Ragunath [18].  formal 

description technique should have the capability of accepting both styles of 

description. Algebraic model known as concurrent regular expressions is used 

to model concurrent systems [18]. The concurrent regular expression can be 

transformed automatically into corresponding Petri nets and, therefore, all 

techniques used for Petri nets analysis can be used.  

 The shuffle operator is also used in XML database systems for the purpose of 

schema definition [20]. 

 In plan recognition, where the task is to infer the goals and plans of the agent, 

and this is based on actions performed by an agent or the effects generated by 

those actions. Different field that refers to plan recognition is intent, activity, 

behavior, goal recognition. It is also a mean for automatic threat detection and 

is used by military intelligence. This plan recognition problem involves steps 

for deducing the complete work based on a set of observations [21]. The 

problem is further classified as keyhole or intended or obstructed. In intended, 

agents deliberately try to make their action whereas this is not the case for a 

keyhole. In case of obstructed plan recognition agents try to confuse potential 

observers with their erroneous plans. 

 The interest is growing in the field of linguistic models for the languages with 

free ordering of words. While scanning a sentence parser starts building a tree 
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by going from left to right through all the words of the sentence. Graph based 

parser start with the completely connected graph in which edges are weighted 

according to their statistical model [22]. 

They then emphasize to find spanning tree that covers all nodes of the graph 

(words) and at the same moment of time maximizes the sum of spanning tree. 

Transition based parsers are frequently used with a degree of polynomial 

kernels. On the other side vector machine with linear support provide faster 

training and faster classification. 

Two types of shuffling operations are studied; they are ordinary shuffle and perfect 

shuffle. For given two words naaaax ......321= nbbbby ......321= that are of the same 

length, therefore, perfect shuffle defined as =yshufflex nnbabababay ......332211= .For 

example theoremshoesshuffleterms = .Also, note that perfect shuffle is not 

equivalent to reversed words means xshuffleyyshufflex ≠ .This definition can be 

extended to languages, and it is as follows: 


||=||,2∈,1∈

≡21

yxLyLx
yshufflexLshuffleL  

If rx  denote reverse of the word x , therefore, note the fact that 

rrr xshuffleyyshufflex ≡)( .However, sometimes perfect shuffle also allow the fact

1+||=|| xy .In this case =yshufflex 1+......332211= nnbabababay . The second type of 

shuffle called ordinary shuffle. It is a finite set, where each member of the set is 

formed by two words.It contains the set of words, which are obtained by merging the 

words in the direction from left to right, but, in this case, the next symbol is chosen 

arbitrarily from yorx .Hence the mathematical form of ordinary shuffle:

}.=,..=1>..=:{≡ .21212211 nnnn yyyyxxxxwordsforandnsomeforyxyxyxzzyshufflex

 

Un-Shuffling of a finite word naaaw ....21= can be decimated in two ways: 

 Odd(w)= 2mod)1+(....31 nnaaa  

Even (w) = 2mod....42 naaa  

 

 Similarly decimation can be applied to extract first and second half 

First half (w) = 2/21 ... naaa  
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Last half (w) = nn aa .....1+2/  

Four variations of un-shuffling exist and they are binary decimation, binary 

decimation with the reverse, inverse decimation and inverse decimation with reverse. 

5.14.1 JFA is closed under shuffle 

Consider ),,,( 111111 FsRQM   and ),,,( 222222 FsRQM   be two JFA. Now without 

loss of generality, the assumption can be made that 21 QQ  .Therefore, JFA can be 

defined as 

),},|{,,2( 211221211 FsFfsfRRQQH     

Analyze the fact that ))()((=)( 2,1 MLMLshuffleHL we need to observe the working 

of H. On string such that  )( 21w , H first runs over  1M  on w and when it 

reaches final state then it runs 2M on remaining input. If 2M ends in final state while 

reading input, then it accept w. Otherwise, it rejects w. 

The above operation can be proved by ))(()( MiLpermMiL  . Let 

),1,,,1( FsQM   is jumping finite automata. By analogy let us consider M is 

DJFA. If  )(' MLw  with no loss of generality )()'( MLwperm  .For e.g. 

)(perm and it belongs )(ML so assume w . 

Without generality loss considering nppppw ..,,= 321  where pi  for all 

ni ...3,2,1  for 1n Therefore )(MLw  

δspisspssps nn ∈→)1(..........→,→ 322211  

5.14.2 GJFA is not closed under shuffle 

Let ),,,( 111111 FsRQM   and ),,,( 222222 FsRQM   be two GJFA. Consider )( 1ML

as *)(ab and )( 2ML as *)+( ba . If we apply shuffle on the words of both the 

language, the language formed of shuffled words is *)+( ba .Moreover, this language 

is accepted by GJFA. 

Similarly consider another example )( 1ML as *)+( ba )( 2ML *)+(*)+( baabba .If 

we apply shuffle on the words of both the language, then the language formed of 
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shuffled words is *)+( ba .Moreover, this language is accepted by GJFA.Thirdly 

consider another example  )( 1ML *)(ab )( 2ML *)+(*)+( baabba .If we apply 

shuffle on the words of both the language then language of shuffled words becomes 

*)+(*)+( baabba .Moreover, this language is accepted by GJFA. 

.  

Fig. 5.22: GJFA for *)(abc  

 

Fig. 5.23: GJFA for *))()((*)( accabca  

 

Fig. 5.24: GJFA for *)(*))()((*)(*)( aabcccabcabca  

However, there exists a contradictory case. Let us consider ),,,( 111111 FsRQM   and 

),,,( 222222 FsRQM   be two GJFA. Let )( 1ML as *)(abc )( 2ML

*))()((*)( accabca . Now apply shuffle operation on both languages words. Therefore, 

the final language of shuffled words becomes *)(*))()((*)(*)( aabcccabcabca

.This language is accepted by GJFA. Now consider a word ccabcabc , which is 
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accepted by above language. However, this should be rejected because in shuffle 

operation cc cannot come before abc  whereas in general jumping finite automata 

direction does not matter, only the occurrence of essential part matters.Hence, it can 

be said that general jumping finite automata are not closed under shuffle operation 

because it is giving contradictory results 
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Chapter 6 

Testing and Results 

This chapter provides the description of a tool developed for checking the acceptance 

power of general jumping finite automata and jumping finite automata with heuristics 

proposed by Alexander and Peter. 

6.1 Software Description 

The tool is designed in Java language to demonstrate the working of jumping finite 

automata. It has the ability of discontinuous reading of input symbol. It takes the 

pattern and input string as input and specifies whether GJFA or JFA accept it. This 

tool has the limitation of accepting the only regular expression as a pattern. 

 

Fig. 6.1: String acceptance for GJFA ** )+()+( baabba  
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Firstly it checks whether given string is made from input alphabet. Then it checks 

whether given pattern represents general jumping finite automata or jumping finite 

automata. 

 

 

Fig. 6.2: String acceptance for GJFA *)(abc . 

 

Fig. 6.3: String acceptance for JFA *)+(*)+( qppba  
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Fig. 6.4: String not made of given pattern ** )+()+( qppba  

 

Fig. 6.5: String does not contain essential part pp  
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Chapter 7 

Conclusion and Future scope 

The thesis work provides beneficial insight for a newly investigated topic in the field 

of automation called jumping finite automata. The discontinuous reading of input 

string makes this automaton more powerful than the formal models. 

7.1 Conclusion 

The following conclusion can be made from the presented thesis work: 

 GJFA is closed under cut,cyclic shift, reverse, mirror image, Kleene star, 

Kleene plus, finite substitution, inverse homomorphism operator . 

 JFA is closed under cut ,cyclic shift, difference with regular, symmetric 

difference, revere, shuffle, init, inverse homomorphism. 

 GJFA is not closed under difference, difference with regular, symmetric 

difference, shuffle, orthogonal concatenation, init, substitution, regular 

substitution. 

 JFA is not closed under difference, orthogonal concatenation, substitution, and 

regular substitution. 

 Universality, inclusion, and equivalence are decidable for GJFA and JFA. 

 A tool is designed in Java for implementing the properties of jumping finite 

automata and general jumping finite automata. 

7.2 Future scope 

Following are the future directions on which work can be carried out: 

 Acceptance power of GJFA and JFA under right jumps have been presently 

considered by Meduna [5].However how left jump effects acceptance power is 

today also on an open problem. 

 In jumping finite automata, present determinism requirement does not 

guarantee deterministic behavior for discontinuous automata. So how 

requirements can be modified to meet the same is presently open challenge. 

 To enhance the acceptance power of the pattern in the designed tool. 
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