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Abstract

This thesis predominantly studies mock theta functions combinatorially. However,
there are some chapters dwelling into the combinatorics of g-series also. The combi-
natorial tools employed in these studies are (n + t)—color partitions (A. K. Agarwal
and G. E. Andrews. Rogers-Ramanujan identities for partitions with “N copies of N”.
Journal of Combinatorial Theory, Series A, 45:40-49, 1987), generalized Frobenius
partitions (G. E. Andrews. Generalized Frobenius partitions. American Mathemati-
cal Society, 301, 1984) and lattice paths (A. K. Agarwal and D. M. Bressoud. Lattice
paths and multiple basic hypergeometric series. Pacific Journal of Mathematics,
136:209-228, 1989).

Here, we find interpretations of twenty five mock theta functions by employing
above mentioned tools and a novel idea of attaching weights to the partitions gener-
ated by the unsigned version of mock theta functions. To obtain interpretations of
some mock theta functions in terms of lattice paths, the terminology of paths given by
Agarwal and Bressoud has been modified by introducing backward horizontal steps.
With these modifications the formed lattice paths naturally correspond to the n—color
compositions.

In addition to above, we provide combinatorial interpretations of some general-
ized g¢-series. Firstly, combinatorial interpretations of seven generalized g-series are
obtained which have been earlier interpreted in terms of split (n + ¢)—color parti-
tions. Secondly, we explore the concept of hook differences (Andrews, G. E., Baxter,
R., Bressoud, D. M., Burge, W. H., Forrester, P. and Viennot, G. Partitions with
prescribed hook differences. European Journal of Combinatorics, 8(4):341350, 1987)
which led to the generalization of the successive rank theorem to an identity involving
partitions with prescribed hook differences. This identity involves a complex product
but in some particular cases, it reduces to a simple triple or quintuple product. Our
investigation in this thesis shows that one of these reductions involving triple product

provides (n + t)—color analogue of Gordon’s theorem which is also a generalization

ix



Abstract

of the result of Agarwal and Andrews (A. K. Agarwal and G. E. Andrews. Rogers-
Ramanujan identities for partitions with “N copies of N”. Journal of Combinatorial
Theory, Series A, 45:40—-49, 1987). A similar manipulation of another such reduction
involving quintuple product provides (n +t)—color partitions for a quintuple product,

that initially arose in an identity due to Sills.
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Chapter 1

Introduction

The origin of the theory of g-series perhaps dates back to Euler [59] and Gauss [62].
In the absence of a satisfactory definition for ¢-series, we agree to define a ¢-series as

the one which contains summands of the form
(a;¢)n = (1 —a)(1—aq)...(1—aq" ") forn >0,
where (a;q)o := 1. Also, there are frequent occurrences of the infinite g-products
(@3 @)oo := lim (a; ),
in the theory of theta functions and g¢-series. We, here, consider the general theta

function f(a,b) as defined by Ramanujan.

fla,b) =3 " 0" jab| < 1. (1.1)

n=-—oo

The theory of theta functions probably began with Gauss. The most beautiful theo-
rem of the theory of theta functions is the Jacobi triple product identity given by

fla;b) = (—a;ab)oo(—b; ab) oo (ab; ab) o, |ab] < 1. (1.2)

1



Chapter 1. Introduction

For a = —q and b = —¢?, (1.1) reduces to

f(—¢;¢%) = i (—1)ng"

n=—oo

Using (1.2),
F(=4:6%) = (4:6%)o0 (0% 67)o0 (0% 6P ) = (65 @)oo
Thus, we obtain the following famous theorem due to Euler which is known as Euler’s

pentagonal number theorem:

S (15 = (g ) (1.3)

n=-—oo

Euler’s pentagonal number theorem is perhaps the first instance where the combina-
torics of g-series appears. Although this theorem is as old as the theory of g-series but
it gained importance only after Sylvester’s new proof [114], Franklin’s combinatorial
proof [61] and MacMahon’s proof [82]. Sylvester is considered to be the founder of
modern combinatorial theory of partitions. In this thesis, most of the combinatorial

tools employed to study combinatorics of ¢-series are also partition-theoretic.

1.1 Partitions and ¢-series identities

The concept of partitions first arose when Leibnitz asked Bernoulli about the number
of expressions of a positive integer as the sum of other positive integers. To put
it more formally, a partition of a positive integer s is a nonincreasing sequence of
positive integers whose sum is s. For example, there are 7 partitions of 5 given by: 5,
441, 342, 3+1+1, 2+2+1, 241+1+1, 1+1+1+1+41. Euler was the first to establish
the generating function for the partition function p(s) (p(s):=no. of partitions of s)

as
1

40

i}p(S)qs =1

Now, we are ready to dwell into some combinatorics of g-series and we start with the

combinatorial version of the Euler’s pentagonal number theorem.

2



1.1. Partitions and g-series identities

Theorem 1.1.1. Let D.(s) denote the number of partitions of s into an even number
of distinct parts and D,(s) denote the number of partitions of s into an odd number
of distinct parts. Then

(—1)7 ifn = j(3j £ 1)/2,

De(s) = Do(s) = ]
0 otherwise.

1

Euler also found the following two identities for

(4:9) 0

= , (1.4)

T;) (D (G0

2

= . (1.5)

ZB (G907 (60
To prove identity (1.4), observe that (q,;)n generates partitions into parts < n and ¢"
generates n. In this way, (q’?Tn) provides all the partitions with n as the largest part

and the result follows by summing over all possible values of n. To prove identity
(1.5), we need to know more about partitions, especially the graphical representation
of a partition by Ferrers graph. Ferrers graph of a partition A = A; + Ao+ -+ N\ is
a set of rows of left aligned and equally spaced dots, where i** row has ); dots. For

example, Ferrers graph of the partition 9484646434241 is

The conjugate A° of a partition A is obtained by interchanging the rows and columns of

Ferrers graph. Thus, the conjugate of 94+-84-6+6+3+2+1 is 7+6+5+4+4+4+2+241.

3



Chapter 1. Introduction

The largest square of dots contained in the Ferrers graph of a partition is called

Durfee square. It is quite straightforward to see that every partition can be uniquely

written as d? + A\; + g, where d? is the number of dots in the Durfee square, \; is

the partition corresponding to the dots below Durfee square and A, is the conjugate

of the partition corresponding to the dots in the right of the Durfee square. Thus,

both A; and A are partitions into parts not exceeding d and the generating function
1

for such partitions is given by o Therefore, the following function generates all

the partitions with Durfee square of size d:
2

¢
(¢:9)

ISR

Summing over all the possible values of d, we obtain (1.5). Another very simple and
useful ¢-identity which admits a simple combinatorial interpretation is the following

theorem due to Euler:
1

T (=45 q)oo- (1.6)
It equates the count of partitions of a positive integer n into odd parts to the count of
partitions of n into distinct parts. The two most famous g-series identities which influ-
enced research in many areas of mathematics and physics are the Rogers-Ramanujan

identities given by

L) gy, 17)

n4n

S - () (18)

=0 (@GO

These identities were first discovered by Rogers [96] but were appreciated only after
Ramanujan rediscovered these in 1913. Some of the useful texts on the history of
these identities are found in [24, 27, 90]. MacMahon [83] provided the partition-
theoretic interpretations of the Rogers-Ramanujan identities given by (1.7) and (1.8)

in the following theorems respectively:

Theorem 1.1.2. The number of partitions of s into parts with minimal difference 2

4



1.2. Frobenius representation and hook differences

equals the number of partitions of s into parts which are congruent to =1 (mod 5).

Theorem 1.1.3. The number of partitions of s with minimal part 2 and minimal
difference 2 equals the number of partitions of s into parts which are congruent to £2

(mod 5).

In 1961, Gordon [64] extended the combinatorial version of the Rogers-Ramanujan

identities to arbitrary odd modulus of minimum value 5.

Theorem 1.1.4. For1 <i <k, k> 2, let A(s) denote the number of partitions of
s of the form (a1, as, ..., a.), where a; — ajip—1 > 2 and at most 1 — 1 of the a; equal
1. Let By ,(s) denote the number of partitions of s into parts #Z 0,+i (mod 2k + 1).
Then Ay ;(s) = Byi(s) for all s.

Thirteen years later, Andrews [21] found the following analytic version of the

Gordon’s theorem or the generalized version of Rogers-Ramanujan identities:
Theorem 1.1.5. For 1 <i <k, k>2, |q| <1
NE+NZ++NZ_ +Ni+Nip 144N,y

y o - I - (19

vmonm 50 (G D (G Dna - (G Dy,

n=1
n#0,%i (mod 2k+1)
where Nj = nj +njqpq + -+ 4+ ng_q.

Bressoud [40] further generalized this result to include even modulus also. Apart
from Rogers-Ramanujan identities, there are many other g-series identities which have

been studied combinatorially in terms of partitions [9, 53, 63, 65, 77, 112, 113].

1.2 Frobenius representation and hook differences

As explained in Section 1.1, the conjugate of a partition is obtained by interchanging
rows and columns in the corresponding Ferrers graph. Frobenius wanted to express
the partitions in such a way that the conjugate can be written without drawing
the Ferrers graph. However, he made use of the Ferrers graph to obtain such an

expression. He deleted the main diagonal of, say, r dots from Ferrers graph of a

bt



Chapter 1. Introduction

partition A of s. Then, he enumerated the dots to the right of the main diagonal
in rows and below the main diagonal in columns. Thus, he obtained two strictly
decreasing sequences, say, (c1,¢a,...,¢.) and (dy,ds, ..., d,) of nonnegative integers

and represented these by a 2 x r array as follows

Cl 02 o .. C'I"

dy dy - d,

where
s:r+20i+2di.
i=1 i=1

This representation of a partition is known as Frobenius representation. For example,

the Frobenius representation for the partition 9+8+6+6+34+2+1 is

8 6 3 2
6 4 2 0

It can be very easily seen that the conjugate of a partition can be obtained by simply
interchanging the two rows in the Frobenius representation.
In order to prove the following partition congruences of Ramanujan, Dyson [56] in-

troduced a new partition statistic named rank:

p(bs+4) =0 (mod 5),

p(7s+5) =0 (mod 7),

The largest part minus the number of parts of a partition is defined as the rank of
partition. Thus, for example, the rank of above partition is 2. Later in [33], Atkin
extended this concept by defining successive ranks. Successive ranks are defined at
the main diagonal of the Ferrers graph of a partition and the successive rank at the
i'" node on the main diagonal is the number of nodes in the i*” row minus the number
of nodes in the i** column. These can be obtained by simply subtracting the second

element from the first element in each column of the Frobenius representation of a



1.3. (n+t)—color partitions

partition. In [58], Andrews et al. further extended the concept of successive ranks to

every node in the Ferrers graph and termed these as hook differences.

Definition 1.2.1. Let 7 be a partition whose Ferrers graph has a node in the it" row
and j" column, call this the (i, )" node. The hook difference at the (i,7)" node is

the number of nodes in the i'" row of ™ minus the number of nodes in the j*" column

of 7.

Definition 1.2.2. The (i,7)"" node is said to lie on diagonal d if i — j = d.

1.3 (n+ t)—color partitions

In [58], Andrews et al. proved a partition identity involving hook differences which
generalizes the successive ranks theorem (discussed in detail in Chapter 8). Agarwal
and Andrews [10], considered a special case of the general identity proved in [58]
and rephrased the conditions on hook differences in terms of the conditions on the
corresponding Frobenius symbol. They further mapped these partitions to certain
restricted partitions from a new class of partitions introduced by them which are

known as (n + t)—color partitions.

Definition 1.3.1. An (n + t)-color partition, t > 0 (also called a partition with
“n+1t) copies of n”) is a partition in which a part of size n, n > 0, can occur in
(n+t) different colors denoted by ny,na, ..., Ny Note that fort > 0 zeros can occur

but cannot repeat.
Example 1.3.1. The partitions of 2 with “n + 1 copies of n” are given by
23, 23+ 01, 1o+ 12, 1o+ 12+ 04,

29, 29401, 1o+ 11, 1o+ 17 + 04,

21, 29404, 11+ 14, 11 +1; +04.
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Remark 1.3.1. The parts of n—color partitions follow the lexicographic order as given
below:

11 <21 <29<31 <39 <33<d <dy<dg<dy<---.

Definition 1.3.2. The weighted difference of two parts (a;), and (a;)y,(a; > a;) in

v

an (n+t)—color partition (a1)s, 4 (az)p, +- - -+ (ap)s, such that (ai)s, > (az2)y, > - -

(ap)v,, is a; — by — a; — b; and denoted by (w.d); ;.

Remark 1.3.2. The original notation for weighted difference in [10] is (((a;)p, —
(aj)s,)). For brevity we have replaced it by (w.d); ;.

The results proved in [10] are considered as Rogers-Ramanujan identities for
(n + t)—color partitions. In Chapter 8, we further generalize these results to obtain
(n 4 t)—color analogue of Gordon’s theorem.
In [11], Agarwal et al. succeeded in finding analytic counterpart of the theorem proved
in [10], which came out to be a multiple summation Rogers-Ramanujan type iden-
tity. Identities similar in form to Rogers-Ramanujan identities are known as Rogers-
Ramanujan type identities. Many Rogers-Ramanujan type identities were obtained
by Rogers in [96, 97]. Bailey simplified and generalized the idea of Rogers in [34, 35]
and obtained a number of identities of Rogers-Ramanujan type. Slater [107, 108] and
Bailey only considered single summation and infinite product identities. However,
Andrews [21] was the first to discover multiple summation Rogers-Ramanujan type
identity while studying the analytic counterpart to Gordon’s combinatorial general-
ization of Rogers-Ramanujan identities. Thereafter a number of authors [26, 40, 104,

105, 106, 116, 117] obtained multiple summation Rogers-Ramanujan type identities.

1.4 Lattice paths

In the generalized Rogers-Ramanujan identity, given by (1.9), the product side clearly
generates partitions into parts Z 0, £i (mod 2k + 1) but the interpretation of sum-
mation side in terms of Gordon’s frequency conditions is not at all obvious. Andrews

obtained its interpretation in terms of successive Durfee squares [23] and Bressoud [40]

8



1.4. Lattice paths

found a complex bijection between the partitions with successive Durfee square con-
dition and partitions with Gordon’s frequency conditions. Andrews [20] also proved
that the partitions of s into parts # 0, =i (mod 2k + 1) are equinumerous with those
partitions of s whose successive ranks lie in the interval [—i + 2,2k — ¢ — 1]. The
connections between these identities were clarified by Burge in [45, 46] along with
the method to interpret other multiple summation identities. Agarwal and Bressoud
[12, 42] rephrased the idea of Burge in the form of lattice paths and used this tech-
nique to obtain the interpretations of a number of multiple summation series in terms
of lattice paths. In order to connect lattice paths to overpartitions [54], Corteel and

Mallet [55] modified the terminology of lattice paths given by Agarwal and Bressoud.

Definition 1.4.1. [12, 54] Lattice paths of finite length lying in the first quadrant,
beginning on the Y —axis and terminating on the X —axis with the following steps are
considered:

North-East NE(,):  from (i,7) to (i+ 1,5+ 1).

South—-Fast SE(N\): from (i,j) to (i+ 1,5 — 1), only allowed if j > 0.

South S(J): from (i,7) to (i,57 — 1), only allowed if j > 1 (S step can only occur
after a NE step)

Horizontal H(—):  from (i,0) to (i + 1,0).

All our lattice paths are either empty or terminate with a southeast step from (i, 1)
to (i + 1,0) or south step from (i,1) to (i,0).

In describing the lattice paths, following terminology is used:

Peak: A wvertex preceded by a North—FEast step and followed by a South—Fast step
(NESE peak) or by a South step (NES peak).

Valley: A wvertex preceded by a S step or SE step and followed by a NE step. Note
that a S step or SE step followed by H step followed by a NE step does not constitute
a valley.

Mountain: A section of the path which starts on either the X —axis or Y —axis, which
ends on the X —axis and which does not touch the X —axis anywhere in between the
end points. Every mountain has at least one peak and may have more than one.

Plain: A section of the path consisting of only H steps which starts on the Y —axis or

9



Chapter 1. Introduction

at a vertex preceded by a SE step or at a vertex preceded by a S step and ends at a
vertex followed by a NE step.

Height of a vertex is its Y —coordinate.

Weight of a vertex is its X —coordinate.

Weight of a Lattice Path is the sum of the weights of its peaks. We will denote weight
of a path P by |P|.

If there is no south step then these paths are same as the paths introduced by
Agarwal and Bressoud. Agarwal and Bressoud also linked their paths with restricted
(n 4 t)—color partitions by encoding each path with the sequence of weights of peaks
subscripted by the height of respective peak. Thus, we see that the path given by

Figure 1-1 corresponds to the n—color partition (1y, 4, 73,135,17,). This connection

¥ 1 1 1 t + + + + +
0o 2 4 6 8 10 12 14 16 18 20

Figure 1-1 — lattice path corresponding to (11, 49,73, 132, 17,)

helped in obtaining the interpretation of many g-series identities in terms of (n + t)—

color partitions [1, 2, 3, 4, 69] and lattice paths [13, 17, 101].

1.5 Mock theta functions

Mock theta functions introduced by Ramanujan in his Last Letter to Hardy are also
considered to be certain special ¢-series. A formal definition of mock theta functions

as given in [31] is:

Definition 1.5.1. A mock theta function is a function F(q) defined by q-series con-
vergent for |q| <1 such that

(1) F(q) has infinitely many exponential singularities at roots of unity.

10



1.5. Mock theta functions

(ii) For every root of unity &, there exists a theta function ©¢(q) for which F(q) —
O¢(q) is bounded under the radial approach of ¢—¢.

(iii) A single theta function can not work for all € i.e there is no single theta function

which differs from F(q) by a trivial function.

Ramanujan introduced 17 mock theta functions of order 3, 5 and 7 classified
into four groups. Although Ramanujan did not say anything about order, it appears
from the known identities between them that they are related to the numbers 3, 5
and 7. Therefore, the order of mock theta function can be considered to be a mere
label for convenience. The first group of mock theta functions of order 3 consists of

following mock theta functions:

fa) = i —r (1.10)

o(q) = i (_q‘i’:q2>n (1.11)
& g

¥(q) .—n; TR (1.12)

@) = f: <(‘_ qq’gf)ggq)z (1.13)

Ramanujan did not prove that these are actually mock theta functions. Watson [118§]
was the first to obtain modular transformation laws for Ramanujan’s third order mock
theta functions except x(q). Watson was able to prove that third order mock theta
functions are not theta functions with the help of these transformation laws. He also

introduced following three mock theta functions of order 3:

9 q2n(n+1)

w(q) ::27@; P (1.14)

=y L7 (115)
v(q) := —_— .
n=0 (_Q§ q2)n+1
oo ([ 2 2n(n+1)
q, 9" )n+14
plg) =3 S0t (1.16)

n=0 (€% ¢%)n+
The transformation laws for x(¢q) and p(q) were proved by Gordon and McIntosh in
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[67] and involve two more mock theta functions of order 3:

R S S
o)=L+ 2; (4: %) (0% %)’ (1.17)
o) =5 L (1.18)
(G EI (=% )

In [119], Watson considered the fifth order mock theta functions of Ramanujan. Ra-
manujan divided his fifth order mock theta functions into the following two groups:

Group A

"
fola) .—HEZ:O = (1.19)
¢o(q) = Z 0" (=4 ¢*)n, (1.20)
Po(q) = i q""P (—g; @), (1.21)
=
Fo(q) .—HXZ:O TR (1.22)
N7
xo(q) -—T;) @ 0) (1.23)
Group B
IRy
fila) -—n; e (1.24)
¢1(q) = Z 0" (—q; ), (1.25)
Ui(q) = i ¢ (=g q)n, (1.26)
- 0 q2n(n+1)
Al '_nz:‘?) (4;¢%)ns1’ (127)
xi(q) =3 & (1.28)

(@ Qngr

n

Watson was not able to obtain transformation laws for above functions, so he chose

to handle these in a different manner. He proved the linear relations, asserted by

12



1.5. Mock theta functions

Ramanujan, among the functions of Group A and also established similar relations
among functions of Group B. In [102, 103], Selberg dealt with the following functions

of order 7 and proved that these are actually mock theta functions:

Fo(q) = i_ojo (qnf; O (1.29)
Fi(q) = 2 (q,‘f;"q)n, (1.30)
Folg) =Y L (1.31)

(@

Andrews discovery of Lost Notebook [91] triggered an extensive research on mock
theta functions. Andrews in [22] pointed out two identities from Lost Notebook and
remarked that the awareness of these results would have enabled Watson to prove that
fifth order functions are actually mock theta functions. In fact, the Lost Notebook
contains ten such identities which are termed as Mock Theta Conjectures. Andrews
and Garvan [30] showed that the truth of Mock Theta Conjectures leads to the fact
that corresponding functions are mock theta functions and reduced the problem to
proving only two conjectures which were proved by Hickerson [76]. Hickerson [75]
also found and proved mock theta conjectures for functions of order 7.

Ramanujan’s Last Letter contained mock theta functions of odd orders only, however
functions of even orders exist in the Lost Notebook. A second order mock theta

function which appears several times in the Lost Notebook is given by:

(o) =y TG (132)

Gordon and McIntosh [85] found two more of order 2 while establishing relationships

between two families of mock theta functions:

oo (n+1)2/_ . 2 oo (n+l)(_ 2.2
q q;9" )n q q549 )n
Alg) = >0 T LD 58 T (1.53)

= ()i = (¢
Bl e s ) (58 Lo
(q) == 2 = (1.34)
n=0 (Q7q )n+1 n=0 (Q7q )n+1

13



Chapter 1. Introduction

The first family contained the mock theta functions A(q), B(q), p(q) and the sec-
ond family contained the mock theta functions Uy(q), Ui(q), Vo(q), Vi(q) from the

following eighth order functions obtained in [66]:

So(q) = ;w (1.35)

o qn(n+2) (_q’ q2)n

Si(q) := , 1.36
1(9) = (=% ¢ (1.36)
oo (n+1)(n+2)(_ 2. 2
q (=@ ¢ )n
To(q) == , 1.37
o(a) nz::() (=4 @*)ns1 ( )
oo n(nt+l)(_ 2. 2
q (=44 )n
Ti(q) == 1.38
1(a) = (G (1.38)
= ¢ (—¢; %)
Ulg) =Y -~ 1.39
oo _(n+1)2(_ . 2
q (=40 )n
Uilq) = 1.40
1(Q) n=0 (_q2§ q4)n+1 ( )
= ¢ (¢ ¢
Volg) i=—1+2 27@; 2 (1.41)
oo _(n+1)2(_ . 2
Vilg) =S 4 (=4 ¢*)n (1.42)

n=0 (q; q2)n+1

The following two sixth order mock theta functions are also defined in the Lost

Notebook:

= (=1 (%) n
"0 (—¢;q)2n—1

(1.44)

Ramanujan provided certain identities relating these functions to the following ¢-series

which are also mock theta functions of order 6:

& (g g
o ._;) (@ ¢%)nt1 (145)
o(q) == i M (1.46)

= (6%

14



1.5. Mock theta functions

V(q) = i (& Dnd” (1.47)

n=0 (q3§ q3>n ’

o3, O
-1)

1i(q) = i_o% W- (1.49)

, (1.48)

The series defining 1(q) does not converge, however the sequences of its even and odd

partial sums converge. Thus, u(q) is considered to be the average of these two. If

we consider the summands of p(q) and o(q) over the negative integers, we obtain @

and @ respectively. In a similar examination of the summands of ¢(q) and ¥(q),

the following two mock theta functions of order 6 are obtained:

o-(q) = 3 TLI e, (1.50)
o) = 3 (1.51)

These functions were also independently discovered by Berndt and Chan [39], and
MclIntosh [84]. Finally, the mock theta functions of order 10 in the Ramanujan’s Lost

Notebook are:

00 qn(n+1)/2 ( )

I S 1.52
n=0 (C]% (12>n+1

0 q(n+1)(n+2)/2

¥(q) ::;m’ (1.53)

oS
0o (_ 1\n,(n+1)?
x(q) ::27( D' (1.55)

= (G Danr1

Ramanujan’s eight linear relations connecting these functions were proved by Choi
[47, 48, 49, 50]. A comprehensive survey of mock theta functions can be found in
[68] where authors have also stated mock theta conjectures for the functions of order
other than 5 and 7. The proofs of mock theta conjectures for functions of orders 2

and 3 are available in a recent article of McIntosh [86].
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Apart from the study of analytic properties of mock theta functions, a number of
mathematicians have invested their efforts in studying the combinatorial aspects of
these functions. The most common combinatorial tool employed in the study of mock
theta functions is partitions. The first and second mock theta conjectures discussed
in [30] are based on the rank of partitions. Mock theta functions themselves may
have simple partition-theoretic interpretations. In [19], Andrews, while providing
enumerative proofs of certain g-identities, has proved that xo(¢) (given by (1.23))
is the generating function for partitions with unique smallest part and largest part
at most twice the smallest part. In a similar manner, ¢x;(g) (where x;(¢) is given
by(1.28))generates partitions with no part as large as twice the smallest part. Fine
[60] interpreted third order mock theta function ¥ (q), given by (1.12), as a generat-
ing function for partitions into odd parts without gaps. A seventh order mock theta
function % (q), given by (1.30), appeared in [28] where the author is studying parti-
tions with initial repetitions. In [29], Andrews et al. while studying certain restricted
partitions encountered third order mock theta functions w(q), v(¢q) and ¢(q) given by
(1.14), (1.15) and (1.11) respectively and the work done in this paper has been car-
ried further by many authors (see [32], [36], [80]). In [51], Choi and Kim interpreted
some third and sixth order mock theta functions in terms of n—color partitions and
n—color overpartitions It is just a brief account of the extensive study done on the
combinatorics of the mock theta functions.

In Chapters 2, 3, 4, 5 and 6, we explore the combinatorics of a number of mock theta
functions using (n + t)—color partitions, generalized Frobenius partitions and lattice
paths. In Chapter 6, we also modify the terminology of lattice paths by introducing
backward horizontal step. With these modifications, we have been able to relate these
paths to n—color compositions and thus providing new proofs to a number of results
on n—color compositions. In Chapter 7, we obtain (n + t)—color partition-theoretic
interpretations of some generalized g-series which have earlier interpretations in terms

of split (n + t)—color partitions.
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Chapter 2

Interpreting some mock theta
functions in terms of (n + t)—color
partitions and lattice paths

The study of mock theta functions in terms of (n + t)—color partitions started
with the interpretations of the mock theta functions ¥(q), ¢o(q), Fo(q) and ¢1(q)
(given by (1.12), (1.20), (1.22) and (1.25) respectively) by Agarwal [7]. He also
interpreted the same functions using lattice paths [8]. This work was carried further
by the interpretation of mock theta function Fi(q) (given by (1.27)) in [16]. Recently,
Sareen and Rana [100] studied tenth order mock theta functions ¢(q) and ¥ (q) (given
by (1.52) and (1.53)) in terms of (n + t)—color partitions.

In [99], Santos et al. introduced new two-line array representation for partitions and
Brietzke et al. [43] studied mock theta functions interpreted by Agarwal [7] in terms
of these two-line array representation. In addition, they studied eighth order mock
theta functions Uy(q), Vo(q) and Vi(q) (given by (1.40)—(1.42)) using this new tool.
However, to interpret Vy(q) and V;(q) they used pairs of partitions. Vy(q) and V;(q)
have also been studied in [18] using split (n + t)—color partitions and in [93] using
signed partitions. Noticeably, none of the authors have interpreted these functions in
terms of (n+ t)—color partitions, which give rise to the obvious question: Is there any
combinatorial interpretation of these functions in terms of (n + t)—color partitions?
This chapter answers this question in affirmative by providing the interpretations of

Vo(q) and Vi(q) in terms of (n + t)—color partitions. In addition, we provide the
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interpretations of third order mock theta function p(q) (given by (1.16)), fifth order
mock theta functions ¥ (q), ¥1(g) (given by (1.21), (1.26)) and sixth order mock theta
functions p(q), o(q) (given by (1.45), (1.46)). We further translate the (n + t)—color
partition-theoretic interpretations of all these mock theta functions in terms of lattice

paths.

2.1 (n+t)—color partition-theoretic interpretations
Remark 2.1.1. Throughout this section A;(m,s) denote the partitions enumerated
by A;(s) into exactly m parts.

First of all, we interpret the third order mock theta function p(q) in terms of
(n—+t)—color partitions. We use the symbol o(q) instead of p(q) for this function, since
we are also dealing with another mock theta function p(q) of sixth order. To obtain

the combinatorial interpretation of o(q), we first consider the following function:

(n+1)(n+2)

01(g) = i (=4 @*)n1q

n=0 (@3 ¢%)ns1

Theorem 2.1.1. For s > 1, let Ai(s) denote the number of n—color partitions of s

such that

(i) b; > 1 and = 0,2 (mod 3), 1 <i <p;
(ii) a, = b, + 2;

(iii) (w.d)iis1=0,1<i<p-—1.

Then
> Ai(s)g® = o1(q).
s=1

Proof. We split the partitions enumerated by A;(m,s) into three classes. The par-
titions of the first class, second class, and the third class satisfy b, = 2, b, = 3, and
b, > 4 respectively. To transform the partitions of the first class, delete the least
part 4, and subtract 4 from each of the remaining parts. The partitions obtained

in this manner are all the partitions enumerated by A;(m — 1,s — 4m). From the
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2.1. (n+ t)—color partition-theoretic interpretations

partitions of the second class, delete the least part 53 and subtract 6 from each of
the remaining parts to get all the partitions enumerated by A;(m — 1,s — 6m + 1).
For the partitions of the third class replace (a,),, with (a, — 3);,—3 and subtract 6
from each of the remaining parts. The transformed partitions are all the partitions
enumerated by A;(m,s — 6m + 3). All these transformations are clearly reversible

and thus lead to the following recurrence relation:
Ai(m,s) =Ai(m—1,s —4m) + Ay(m — 1,s —6m + 1) + Ay (m,s — 6m +3). (2.1)

Let
filz,q) = Z Z Ai(m, s)2™¢°. (2.2)

s=0 m=0

Substituting for A;(m, s) from (2.1) into (2.2) and then simplifying, we get

fi(z,0) = 2¢* fi(zq*, @) + 2¢° f1(24°, @) + ¢ f1(2¢°, q). (2.3)

Substitute fi(z,q) = 02, an(q)z™ into (2.3) and compare the coefficients of 2z on

both sides to obtain
(1 +q2n—1)q4n
]_ _ q6n73

an(q) = n-1(q)- (2.4)

[terating (2.4) n times and noting that ag(q) = 1, we get

(—=¢; ¢*)ng™ "t
an(q) = @ ) : (2.5)
Therefore,
X (=g ¢*)ng Y
filz,q) = Z". 2.6
17 9) ngo (2% ¢%)n (26)
Now,

i@Al(s)qs = 2( O:] Ay (m, 8)) q°
- SR

n(n+1)
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_ 1+Z +1C]

q q )n+1

2(n+1)(n+2)

=1+ 0i1(q).

]

Theorem 2.1.2. Let Ay(s) denote the number of (n + 2)-color partitions of s such
that

(i) b;>1 and = 0,2 (mod 3), 1 <i < p;
(ii) by = ap + 2;

Then
ZA2 $)q" = o(q).

Proof. We split the partitions enumerated by As(m, s) into three classes. The parti-
tions of the first class contain 0, as the least part. If we delete this part, we are left
with all the partitions enumerated by A;(m — 1, s). The least part of the partitions
in the second class is 13. Deleting the least part 13 and subtracting 2 from each of
the remaining parts we get all the partitions enumerated by A;(m — 1,5 — 2m + 1).
The partitions in the third class satisfy a, > 2 and are transformed by replacing
(ap)p, with (a, —3)s,—3 and subtracting 6 from each of the remaining parts. Thus, we
get the partitions enumerated by As(m, s —6m + 3). Each transformation described
above is completely reversible. Therefore, As(m, s) satisfies the following recurrence

relation:
Ax(m,s) = Ai(m—1,8) + Aj(m—1,s = 2m+ 1) + Ay(m,s —6m +3).  (2.7)

Suppose that

= i i Ay(m, s)2™¢°. (2.8)

s=0 m=0

Substitute Ay(m, s) from (2.7) to (2.8) and simplify to obtain

fo(z,q) = 2f1(2,q) + zqf1(2¢°, q) + ¢ f2(2¢°, q). (2.9)
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2.1. (n+ t)—color partition-theoretic interpretations

Substitute fi(2,4) = Y220 an(@)2", f2(2,4) = 322 Bulg)2" into (2.9) and compare

the coefficients of z™ on both sides to obtain Sy = 0, and for n > 1

(I+¢ ) (—q; ¢*)ng* ™Y
n = Oy = . 2.1
Pnla) =g " 1) (¢%¢5)n (2:10)
Therefore,
2 (—q; ¢2)ng® Y (= 1™
z,q) = 2" = : ZT 2.11
folrd) nz::l (@*¢%)n ;) (4% ¢%)ns1 (211)
Now,
S A(s)’ = (2 A2<m,s>) 7= h(lg)
s=0 s=0 \m=0

n(n+1)

S (= ¢*)n16?

n=0 (q3; q6)n+1
O

Remark 2.1.2. For the rest of the theorems in this section, we will just include the
proofs up to recurrence relations since the remaining steps are similar as in the proofs

of Theorems 2.1.1 and 2.1.2.

Theorem 2.1.3. Let As(s) denote the number of n—color partitions of s such that
(i) bi=1,1<i<p;

(ii) a, =1 or2;

(iii) (wd)jj4p1=—-10r0,1<i<p-—1.

Then
> As(s)g® = vi(q).
s=0

Proof. Here, the partitions enumerated by As(m, s) split into two classes. The parti-
tions in the first class contain 1; as the least part. By deleting 1; and subtracting 1
each from rest of the parts, we get a partition of s —m into m — 1 parts in which the

least part is again 1; or 2; and the weighted difference condition remains undisturbed.
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Thus, the transformed partitions are enumerated by As(m —1, s —m). The partitions
in the second class contain 2; as the least part, deleting 2; and subtracting 2 from
each of the remaining parts, we get the partitions enumerated by As(m — 1, s — 2m).

Thus, we get the recurrence relation

As(m,s) = Ag(m — 1,s —m) + Az(m — 1,5 — 2m).

To interpret 1y(q) consider the following form:
e n+1
Yol@) =1+ (~g: Qu1q"% ).
n=1

Theorem 2.1.4. Let A4(s) denote the number of n—color partitions of s such that
(i) bi=1,1<i<p;
(i) a, = 1;
(iii) (wd)ijp1=—-10r0,1<i<p-—1.
Then
2A4(S)qs = tho(q)-

Proof. Split the partitions enumerated by A4(m,s) in two classes. For the partitions
in the first class a,_1 = 2. By deleting the least part 1; and subtracting 1 from each
of the remaining parts, we obtain the partitions enumerated by A4(m—1,s—m). For
the partitions of the second class a,_; = 3 and these are transformed by deleting the
least part 1; and subtracting 2 from each of the remaining parts. Thus, we the get
partitions enumerated by A4(m — 1,s — 2m + 1). Therefore, the recurrence relation

for A4(m, s) is given by

Ag(m,s) = Ay(m — 1,8 —m) + Ay(m — 1,5 —2m + 1).
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Theorem 2.1.5. Let As(s) denote the number of n—color partitions of s such that
(i) a, =b, orb,+1;
(i) (wd)ijp1=—-1or0,1<i<p-—1.

Then

iz%( i —q; Q)nq(n“)'

= (@GP
Proof. We split the partitions enumerated by As(m, s) into three classes. The first of
these contains partitions with 1; as the least part and the partitions of this class are
enumerated by As(m — 1, s —m). The partitions of the second class containing 2; as
the least part can be enumerated by As(m — 1, s —2m) and the third class containing

partitions with b, > 1 is enumerated by As(m,s —2m + 1). Thus,
As(m,s) = As(m —1,s —m) + As(m — 1,5 — 2m) + As(m, s — 2m + 1).

]

Theorem 2.1.6. For s > 1, let Ag(s) denote the number of n—color partitions of s
such that

(i) ap = by;
(i) (wd)ijz1=—-10or0,1<i<p-—1.

Then
ZA() s)q° = a(q).

Proof. Split the partitions enumerated by Ag(m,s) in two classes. The partitions
in the first class are those with 1; as their least part and these are transformed by
deleting 1; and subtracting 1 from each of the remaining parts. Thus, we obtain those
partitions for which a, = b, or b, + 1 and the weighted difference conditions remain
undisturbed, so these partitions are enumerated by As(m — 1,s —m). The second

class contains partitions with a, > 1. Transforming the partitions of this class by
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replacing the least part with (a,—1);,—1 and subtracting 2 from each of the remaining
parts, the partitions of this class are enumerated by Ag(m,s — 2m + 1). Therefore,

the following recurrence relation for Ag(m, s) is obtained:
Ag(m,s) = As(m — 1,8 —m) + Ag(m,s — 2m + 1).

0

Theorem 2.1.7. Let A;(s) denote the number of (n + 1)—color partitions of s such
that

(i) by =a,+1;
(ii) (w.d)ijs1=-10r0,1<i<p-—1.

Then
2&(8)(15 = p(q).

Proof. The partitions enumerated by Az(m,s) can be classified into two parts. The
first class contains partitions with 0; as their least part, deleting the part 0, leaves
us with the partitions enumerated by As(m — 1,s). For the partitions in the second
class a, > 0, replacing the least part (a,)s, with (a, — 1),,—1 and subtracting 2 from
each of the remaining parts, the partitions are transformed to the ones enumerated

Az(m,s —2m + 1). Thus, the recurrence relation for A;(m,s) is
Az(m,s) = As(m —1,8) + Az(m, s —2m + 1).

O
Theorem 2.1.8. Let Ag(s) denote the number of n—color partitions of s such that
(i) a, =b, orb,+1;

0 if a; = bi, Qi1 = bi+1 (InOd 2),
(ll) (w.d)i7i+1 = 2 if a; 7‘é bi; 41 7‘é bi+1 (HlOd 2), 1 < i < p— 1

1 otherwise.
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2.1. (n+ t)—color partition-theoretic interpretations

Then
(14 Vo(q)) -

DO | —

2A8<s>qs _

Proof. We split the partitions enumerated by Ag(m,s) into three classes, the first
containing partitions with 1; as the least part, the second containing partitions with
2; as the least part, and the third containing partitions with b, > 1. The recurrence

relation satisfied by Ag(m, s) is
Ag(m,s) = Ag(m — 1,s —=2m + 1) + As(m — 1,5 —4m + 2) + Ag(m,s — 2m + 1).

O

Theorem 2.1.9. For s > 1, let Ag(s) denote the number of n—color partitions of s

such that

(i) ap = bp5

0 if a; = b;, aj41 = by (mod 2),
(i) (w.d)iiy1 =19 2 ifa, #bi, 11 # biyr (mod 2), 1<i<p-1

1 otherwise.

Then
> Ao(s)g® = Vi(q).
s=0

Proof. Split the partitions enumerated by Ag(m,s) in two classes depending upon
the least part. The first class contains partitions with 1; as their least part, which
on deleting this part and subtracting 2 from each of the remaining parts yield the
partitions enumerated by Ag(m —1,s—2m+1). The second class contains partitions
with a, > 1. Replacing (ay)s, with (a, — 1);,—1 and subtracting 2 from each of the

remaining parts , these partitions are enumerated by Ag(m—1,s—2m-+1). Therefore,

Ag(m,s) = Ag(m — 1,8 — 2m + 1) + Ag(m,s — 2m + 1).
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We close this section with an example.

Example 2.1.1. Coefficient of ¢* in
p(q) =1+42q+3¢* +6¢* +7¢" + -,

is 6 and relevant (n+1)—color partitions (satisfying conditions of Theorem 2.1.7) are

45,43+ 01, 44+ 01, 31 + 13 + 09, 32+ 13 + 04, 31 + 1o.

2.2 Interpretations in terms of lattice paths

In this section, we provide the combinatorial interpretations in terms of lattice paths
for all the mock theta functions discussed in Section 2.1. We provide detailed proof

for one mock theta function and outline of proofs for the rest.

Theorem 2.2.1. Let Ly(s) denote the number of lattice paths of weight s starting at
(0,2) with all NESE peaks. The height of each peak is > 1 and = 0,2 (mod 3). There
is no valley above height O and no plain in the path. Then

i}Ll(S)qs = 0(q).

(0¥ nt1g?" "+
Proof. In I

NESE peaks of height 2 each, starting at (0,2) and ending at (4n + 2,0). The
path starts with the two SE steps from (0,2) to (1,1) and (1,1) to (2,0). Also,

, the factor ¢>"(*1) generates the lattice path with (n + 1)

there is no valley above height 0 and no plain in the path. Thus, the path contains
(n 4+ 1) peaks with the first peak at (0,2). For n = 3, the path begins as shown
in Fig 2-1. The factor (—¢;¢*)ns1 generates odd natural numbers < (2n + 1), say
up X Liug X 3,... Upy1 X (2n + 1), u;=0 or 1. This factor leads to increase in the
height of i*" peak by 1,_;+2. Each increase by 1 in the height of a given peak increases
its weight by 1 and weight of each of the subsequent peak by 2. The path of Fig
2-1 transforms to the path shown in Fig 2-2 for u;=1, us=0, u3=0, us=1. The

factor (¢*;¢%),1, generates nonnegative multiples of (6i —3), 1 < i < n + 1, say
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Figure 2-1 — Initial path for n =3

Figure 2-2 — Transformed path for u;=1, uy=0, u3=0, uy=1

V1 X 3,09 X9, ..., Upp1 X (6n+3), v; > 0. This factor transforms the path by increasing
the height of the i peak by 3v,_;y2. The path of Fig 2-2 transforms to the path
shown in Fig 2-3 for v1=2, v,=0, v3=1, v4=0. Clearly, for the paths generated in

Figure 2-3 — Transformed path for v;=2, v,=0, v3=1, v4=0

this manner there is no valley above height 0 and no plain. Also, height of every
peak is >1 and since u;=0 or 1, height of each peak is = 0 or 2 (mod 3). Every path

enumerated by L;(s) is generated in this manner and vice-versa. O

Theorem 2.2.2. For s > 1, 1(q) enumerates lattice paths of weight s starting at
(0,0) with all NES peaks. The height of each peak is 1. There is no valley above
height 0 and no plain in front of the first peak. There is either no plain or a plain of
length one in front of rest of the peaks.

n(n+1)

Proof. In the lattice paths generated by y(q), the factor ¢— =  generates a path
starting at (0,0) with n NES peaks of height 1 each and ending at (n,0). The factor
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(—q,q)n—1 introduces plains of length 1 in front of some or all of the peaks except the

first peak. Ol

Theorem 2.2.3. ¢ (q) enumerates lattice paths of weight s starting at (0,0) with all
NES peaks. The height of each peak is 1. There is no valley above height 0 and either

no plain or a plain of length one in front of the peaks.

Proof. Here, the paths are generated in the same manner as for 1y(g) with the only
difference that there can be a plain of length one in front of the first peak also.

0

Theorem 2.2.4. o(q) enumerates the lattice paths of weight s starting at (0,0) with
all NES peaks. There is no valley above height 0 and no plain in front of the first

peak. There is either no plain or a plain of length one in front of rest of the peaks.

(n+1)(n+2)

Proof. In the lattice paths generated by o(q), the factor ¢= 2 generates the lattice

path starting at (0,0) with (n+41) NES peaks of height 1 each and ending at (n+1,0).
The factor (—¢;q), introduces plains in front of all the peaks except the first peak
and the factor (g; qQ);}r] increases the height of the peaks. O

Theorem 2.2.5. p(q) enumerates the lattice paths of weight s starting at (0,1) with
all NES peaks. There is no valley above height 0 and no plain in front of the first

peak. There is either no plain or a plain of length one in front of rest of the peaks.

n(n+1

Proof. The factor q#) generates a path starting at (0,0) with n NES peaks of height
1 each and ending at (n,0). In addition, we consider a dummy peak at (0,1). The
factor (¢;¢%), 1, increases the height of the peaks and the factor (—¢;q), introduces

plains between the peaks. O]

Example 2.2.1. In Example 2.1.1, we see that the coefficient of ¢* in the expansion
of p(q) is 6 and siz relevant lattice paths are given in Fig 2-4.

Theorem 2.2.6. 1(1+ Vy(q)) enumerates the lattice paths starting at (0,0) with all

NESE peaks. There is no valley above height O in the path. The length of plain between
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3,+1,+0, 3,+1,+0, 3,+1,

Figure 2-4 — Lattice paths generated by p(q) for s =4

two peaks is 0 if the height and weight are of the same parity for both of the peaks, 2
if the height and weight are of opposite parity for both the peaks and 1 otherwise. The
length of the plain in front of the first peak is 1 if the height and weight of the peak

are of opposite parity and 0 if these are of same parity.

Proof. In the lattice paths generated by (1 + Vg(q)), the factor ¢"* generates the
lattice path starting at (0,0) with n NESE peaks of height 1 each and ending at
(2n,0). The factor (q;¢?)," increases the height of the peaks. The factor (—g;¢*),
generates odd numbers < 2n — 1, say u; X 1,us X 3,...,u, X (2n — 1), u;=0 or 1.
Introducing a plain of length w, ;1 + t,_;1o in between the i and (i + 1) peaks

increases the weight of the path by u; X 1 +ug X 3+ -+ +u, x (2n —1). Ol

Theorem 2.2.7. Vi(q) enumerates the lattice paths of weight > 1 starting at (0,0)
with all NESE peaks. There is no valley above height 0 in the path. The length of
plain between two peaks is 0 if the height and weight are of the same parity for both
of the peaks, 2 if the height and weight are of opposite parity for both the peaks and 1

otherwise. There is no plain in front of the first peak.

Proof. The factor ¢"™1)* generates lattice path starting at (0,0) with (n 4+ 1) NESE
peaks of height 1 each and ending at (2n + 2,0). The factor (g;¢%),1, increases
the height of the peaks and the factor (—q;¢?), introduces plains in between the

consecutive peaks. O
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2.3 Generalized results

In this section, we are presenting the (n+t)—color partition-theoretic interpretations of
generalized versions of all the mock theta functions discussed in this chapter except
o(q). Proofs are omitted here as these can be developed in a similar manner as

discussed in Section 2.1.

2.3.1 Generalization of ¢y(q) and v (q)

Mock theta functions 9y (g) and 1, (q) are members of the following 2-parameter family

of generating functions:
Z @) = 3 (=d4¢0*(F), ke =1 (2.12)

Theorem 2.3.1. For k,a > 1, ﬁl(a’k)(q) generates the n—color partitions satisfying

(i) bi=a, 1 <i<p;

(ii) a, = or a + k;

iii) (wd)jspr=—aork—a, 1 <i<p-—1.
(iii) (w.d)i;+ p

Interpretation of 1;(¢) in terms of n—color partitions follows from Theorem 2.3.1
as we see that ¢4 (q) = ﬁl(l’l)(q) and interpretation of 1y(¢) — 1 can also be obtained
n+1
2

from ﬁl(l’l)(q) except for the displacement of n — n+1 in q( ) which prohibits the

occurrence of least part 2.

2.3.2 Generalization of p(q) and o(q)

Mock theta functions p(¢q) and o(q) are members of the following 3-parameter family

of generating functions:

. kol > 1. (2.13)
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Theorem 2.3.2. Fork,o,l > 1, féa’k’l) (q) generates the n—color partitions satisfying
(i) b > aand =1l (mod ), 1 < i < p;

(ii) ap, =0, or b, + k;

(iii) (wd)jjp1=—aork—a, 1<i<p-—1.

The interpretations of p(q) and o(q) can be obtained from ﬁél’l’l)(q). In case
of o(q) the displacement of n +— n+1 in q(ngl) and (q; ¢?);;! prohibits the occurrence
of least part with a, = b, + 1. For p(q), the displacement of n + n + 1 in (g; ¢?),;"
prohibits the occurrence of least part with a, = b, + 1 and also shifts the least part

with a, = b, to b, = a, + 1.

2.3.3 Generalization of V{(¢) and Vi(q)

Mock theta functions §(1+Vy(¢)) and Vi(g) are members of the following 3-parameter

family of generating functions:

(k) = (—q*; ) g™
FE () = S TG s (2.14)
= (@5

Theorem 2.3.3. For k,a,l > 1 and k odd, ﬂéa’k’l)(q) generates the n—color parti-

tions satisfying
(i) b > aand =1l (moda), 1 < i < p;
(ii) ap =0, or b, + k;

0 if a; = bi, i1 = bi+1 (mod 2),
(iii) (w.d)iiyr =9 2k if a; # b;, aip1 # bya (mod 2), 1<i<p-—1.

k otherwise,

The interpretation of (1 + Vy(q)) follows from Theorem 2.3.3 by substituting
a=k=1=1. In case of V;(q) the displacement of n — n + 1 in q(ngl) and (q;¢*);!

prohibits the occurrence of least part with a, = b, + 1.
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2.4 Conclusion

With the interpretations of seven mock theta functions provided in this chapter, we
have (n+t)—color partition-theoretic interpretations of fourteen mock theta functions.
However, there are many more mock theta functions which may be interpreted in
terms of (n+t)—color partitions, lattice paths and F-partitions. We further investigate

these problems in the subsequent chapters.
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Chapter 3

(n + t)—color partition-theoretic
interpretations of mock theta
functions by attaching weights

With the results of Chapter 2, we now have (n + t)—color partition-theoretic interpre-
tations of fourteen mock theta functions. One can easily see that in the expansion
of all these mock theta functions, power series in ¢ for all the factors contain only
positive coefficients. However, Brietzke et al. [44] have interpreted a number of mock
theta functions in terms of two-line arrays [99] which are having some negative coeffi-
cients in the expansion. To arrive at the interpretations of such mock theta functions,
they attached certain weights to each two-line array generated by the unsigned ver-
sion of the mock theta function being interpreted. Inspiring from their work, we
provide the interpretations of a number of mock theta functions by attaching weights
to the (n 4+ t)—color partitions generated by the unsigned version of these mock theta
functions. We interpret third order mock theta functions ¢(q), x(q), v(¢) (given by
(1.11), (1.13), (1.15)), fifth order mock theta functions fy(q), fi(q) (given by (1.19)
and (1.24)) and sixth order mock theta function v(q) (given by (1.47)). We also in-
terpret all the eighth order mock theta functions of Gordon and McIntosh (given by
(1.35)—(1.40)) except Vo(q) and Vi(g) which have already been studied in Chapter 2.
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Chapter 3. (n+t)—color partition-theoretic interpretations of mock theta
functions by attaching weights

3.1 Main results

Firstly, we give the (n + t)—color partition-theoretic interpretations of the unsigned

versions of all the mock theta functions being discussed in this chapter.

Theorem 3.1.1. Let By(s) denote the number of n—color partitions of s such that
(1) bi=1or2,1<i<p;

(ii) a, = b, (mod 3);

0 (mod 3) if bi+1 = 1, .

(iii) (w.d)ijs+1 > —1 and = 1<i<p-1.
2 (mod 3) if bi+1 = 2,

Then

= & (=g )™
Bi(s)q® = —_—
s,;) 1) ngf) (4% ¢®)n
Theorem 3.1.2. Let By(s) denote the number of n—color partitions of s such that

(i) a;isodd and b; =1, 1 <i <p;

Then
00 00 an
By(s)q® = —_—
sz:%) ) nz::o (4% ¢°)n
Theorem 3.1.3. Let Bs(s) denote the number of (n + 1)—color partitions of s such
that
(i) by =a,+ L

Then
3 n(n+1)

- q
Bs(s)q® = .
sgo 7;) (4 ¢%)nt1
Theorem 3.1.4. Let By(s) denote the number of n—color partitions of s such that

(i) b =1,1<1i<p;
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Then

n2

00 s_oo q
§&®q_£@®

Theorem 3.1.5. Let B;(s) denote the number of n—color partitions of s such that

(i) a;>2andb;=1,1<i<p;

Then

n24n

oo S_ooq
§¥M$q‘gﬁq@

Theorem 3.1.6. Let Bg(s) denote the number of n—color partitions of s such that

. 1 ifa;is odd, _
(i) b; = 1 <i<p;
2 if a; is even,

Then

Z Bﬁ( Z q;q nq

s=0 n=0 )
Theorem 3.1.7. Let Bz(s) denote the number of n—color partitions of s such that
(i) @ >3, 1<i<p;

1 if q; is odd,
(i) b = 1<i<p;
2 if a; is even,

(iii) (w.d)ii41>0,1<i<p—1.

Then

o0

ioB?( Z 4 )t

n=0 QQ)

n(n+2)

Theorem 3.1.8. Let Bg(s) denote the number of n—color partitions of s such that
(i) a, =b,+1;

35



Chapter 3. (n+t)—color partition-theoretic interpretations of mock theta
functions by attaching weights

(ii) (w.d)m-ﬂ =0 or 2, 1 S 7 S p— 1.

Then
0 (_q2; q2)nq(n+1)(n+2)

238(5)618 =y

n=0 ((L q2)n+l

Theorem 3.1.9. Let By(s) denote the number of (n + 1)—color partitions of s such
that

(i) by =a,+ L
(i) (wd)iiz1=00r2,1<i<p-—1.

Then

o0

00 _ 2.2 n(n+1)
S q 7q 7’Lq

> Bula)y” = 3 I

s=0 n

-0 q; q2)n+1

Theorem 3.1.10. Let Byy(s) denote the number of n—color partitions of s such that
) bi=1lor2 1<i<p;
(ii) a, — b, =0 (mod 4);
(iii) (w.d)iiv1 >0 and =0 (mod4), 1 <i<p—1.
Then N - ( . ,
s —49")nq"

gBIO(S)q - nz::o (q*¢")n
Theorem 3.1.11. Let Byi(s) denote the number of n—color partitions of s such that
(i) b isodd, 1 <i < p;
(ii) a, = by;

0 ifa; =b;, a;41 = b1 (mod 2),

(i) (w.d)ii1 =9 2 ifa; #b;, aip1 # by (mod2), 1<i<p—1

1 otherwise,
Then ,
> > (—¢;¢%)ng™ Y
Bii(s)g® = .
s; ng;; (4% q*)n+1
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In addition to the above results, we need the following three results to prove

Theorems 3.1.3, 3.1.8, 3.1.9 and 3.1.11:
Theorem 3.1.12. Let Bis(s) denote the number of n—color partitions of s such that
(i) ap=0b,+1;

Then
iB ( ) . i qn(n—H)
12(8)q" = YOI
= = (4%)n

Theorem 3.1.13. Let Bi3(s) denote the number of n—color partitions of s such that
(i) ap="b,+1 orb,+3;
(ii) (w~d)i,i+1 =0o0r2, 1<i<p-—1.

Then
2 ) g2

- = (_q )
Bis(s)q® =
; 15(5) n; (43 ¢®)nt

Theorem 3.1.14. Let By4(s) denote the number of n—color partitions of s such that
(i) b;isodd, 1 <i <p;
(ii) a, =0, orb, +1;

0 ifa; =0b;, a;41 = b1 (mod 2),

(iii) (w.d)iit1 =9 2 ifa; #b;, aip1 # by (mod 2), 1<i<p-—1

1 otherwise,
Then ,
o (=4 %)nq”
Bua(s)q® = ~ -7
sz::l nz::o (QZS q4)n

Remark 3.1.1. The generalized versions of Theorems 3.1.6, 3.1.7 and 3.1.10 were
first proved in [17, 70].
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If the partitions enumerated by B;(s), 1 < ¢ < 11, are counted with certain
weight then the generating function for the resulting sequence of numbers is certain
mock theta function. For the attached weight (—1)*, the values of ¢ for different B;(s)

along with the corresponding mock theta function are listed in Table 3.1.

Remark 3.1.2. The unsigned versions of both x(q) and vy(q)are equal and Bi(s) is

the enumerator for the partitions generated by common unsigned version.

Table 3.1 — Enumerator and value of ¢t for different mock theta functions

Enumerator ¢ Mock theta function
By(s) lan =7 1 bi—p+1) x(q)
Bs(s) (a1 + by — 2p) o(q)
Bs(s) i1 bi—p v(q)
Bu(s) ar+br —2p fo(q)
Bs(s) a; —2p fi(q)
Bi(s) Yiibi—p (a)
Be(s) 3 [ij{(w-d)i,iﬂ} +ap — bp} So(q)
Br(s) 3 [ij{(w-d)i,iﬂ} +ap —bp - 2} Si(q)
Bs(s) v bi—p To(q)
By(s) Zle bi—p T1(q)
Bio(s) i [Zf;l{(w-d)i,wl} +ap - bp} Un(q)
Bii(s) 3 (-1 bi — p) Ui(q)

To have a better understanding of the idea, let us take an example:

Example 3.1.1. Obtaining first few terms in the expansion for

X(@) =1+q+¢+¢"+q +¢°+¢*+¢"+-,

and for the unsigned version

S P n2
3 CE 00" (j?j_q(j;)q =14 q+¢*+2¢" +2¢° + ¢° + 3¢ +2¢° + 24" + 5¢"° +
n=0 ’ n

4q11+5q12+7q13+“. )
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3.2. Proofs

We see that for n = 13 there are seven partitions satisfying the conditions of Theorem
3.1.1 and the weighted sum of their number is 1. Table 3.2 shows that there are four

partitions with positive weight and three with negative weight.

Table 3.2 — Partitions

enumerated by x(q) for Partition t Weight
n = 13 with weight cal- 13, $(13—-1-1+1) +1
culations 12, + 1, %(12 —2-2+1) -1

112 + 29 $(11—4-2+1) +1

91 44 19-2-2+1) +1

9 +31+1; 2(9-4-3+1) -1

85 + 52 1(8—4-2+1) -1

To 441+ 22 H(7T—-5-3+1) +1

3.2 Proofs

In the proofs of theorems in this section, we follow the method of proof given in [1].

Remark 3.2.1. Throughout this section, if B;(s) denote the number of partitions of
s with certain specified conditions then B;(m,s) will denote the partitions of s with

the same conditions into m parts and

filz,q) = i i Bi(m,s)z"q". (3.1)

s=0m=0

Proof of Theorem 3.1.1. Split the partitions enumerated by Bj(m,s) into three
classes. First class contains the partitions which have 1; as the least part. Deleting
1; and subtracting 2 from all the remaining parts we see that transformed partitions
are enumerated by By(m —1,s—2m++1) and it is easily seen that this transformation
is reversible. Thus, there is a bijection between the partitions of this class and the
partitions enumerated by Bi(m — 1,s — 2m + 1). In the second class, partitions
contain 2, as their least part. By deleting 2, and subtracting 3 from the remaining
parts we get the partition enumerated by Bij(m — 1,s — 3m + 1). The partitions

of second class are in one-one correspondence with the partitions enumerated by
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Bi(m — 1,5 — 3m + 1). The partitions in third class are the remaining partitions
with a, > 3 and these partitions are in one-one correspondence with the partitions
enumerated by By (m, s—3m). This correspondence is obtained by subtracting 3 from

all the parts of the partition. Thus,
Bi(m,s) =Bi(m—1,s—2m+ 1)+ By(m —1,s —3m + 1) + By(m,s — 3m). (3.2)
Now, substituting for By(m,s) from (3.2) into (3.1) with ¢ = 1 and then simplifying

fi(z.9) = 2af1(26°, @) + 2> f1(26°, 9) + f1(2¢°, q). (3.3)

Substituting f1(z,q) = Y02, 0.(¢)z", and then comparing the coefficient of z™ on
both sides of (3.3), we get

(14 q")g

)= g

On-1(q), n>1. (3.4)

Iterating (3.4) n times and considering the fact that dy(¢) = 1, we find that

5,(q) = (_(53% n>0. (3.5)
Thus, ,
filz,q) = ;} mzn (3.6)

i&@fzi(i&mwﬁs

:f1(17Q) (37)
& (g™
_n; (% ¢)n (3:8)

Hence the proof.
Proof of Theorem 3.1.14. Split the partitions enumerated by Bis(m,s) into three

classes. Partitions in the first class contain 1; as their least part. These partitions
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are enumerated by Big(m — 1,5 —2m + 1). Second class contains partitions with 2,
as their least part and are enumerated by Bis(m — 1, s — 4m + 2). The partitions in
the third class satisfy b, > 2 and these are enumerated by Bj4(m, s —4m +2). Thus,

the recurrence relation for By4(m, s) is given by
Biy(m,s) = Bus(m—1,s—=2m+1)+ Biy(m—1,s—4m+2)+ Bi4(m, s—4m—+2), (3.9)
and the corresponding g-functional equation is

fia(z,q) = zqf14(2¢°, @) + 2¢° f1a(2q"*, @) + ¢ fra(2¢", q). (3.10)

substituting fi14(z,q) = >0% 5 An(q)2™ in (3.10) and comparing coefficient of z™ in the

expression, we obtain

(1 + q2n71)q2n71
(T=q")

An(q) = A—1(q), n>1. (3.11)

Iterating (3.11) n times and considering the fact that A\o(¢) = 1, we get

2 n?
—4;49" )n9q
Therefore,
= (=g g™
f14(27q) = Z%] (qg, q4)n Z . (313>

Proceeding further in the same manner as in the proof of Theorem 3.1.1, we get the
desired result.

Proof of Theorem 3.1.11. Split the partitions enumerated by Bj;(m,s) into two
classes, first containing the partitions with 1; as their least part and second containing
the partitions with a, > 2. The partitions in the first class are enumerated by
Bis(m—1,s—2m+1) and in the second class are enumerated by Byi(m, s —4m+2).

Thus, the recurrence relation is

Bii(m,s) = Biy(m —1,s —2m + 1) + By (m, s — 4m + 2), (3.14)

41



Chapter 3. (n+t)—color partition-theoretic interpretations of mock theta
functions by attaching weights

and the corresponding g-functional equation is

fi1(z,q) = zqf14(2¢°, q) + ¢ > fu(2¢*, ). (3.15)

substituting f11(z,q) = Y02 (u(g)z™ in (3.15) and comparing coefficient of 2 in the

expression, we obtain

n(0) = ¢ A1(@) + ¢ 2Calg), n> 1 (3.16)
e 2 n2
Gulq) = W n> 1. (3.17)
Therefore,
0o (. 2)
fu(z,q) = ngl ( (i’qg’i;)iq " (3.18)
ZBll 5)q° _i(i311m5>
s=0 \m=1
:fn(l q) (3.19)
q;q n 1qn
—T; (@), (3.20)
& (—q D)
_n:O (q 3 q )n+1 (3'21)

Hence the proof.

The proofs of rest of the theorems are also established by splitting partitions enumer-
ated by B;(m,s) into classes. Also, it is evident from the proof of Theorems 3.1.1,
3.1.11 and 3.1.14 that classes depend on the least part of the partitions. Therefore, in
Table 3.3 we are listing the classes as signified by their least parts. Below we provide
the recurrence relations satisfied by B;(m, s), so that the reader is able to understand

the transformations and establish the remaining proofs.

By(m,s) =Bs(m — 1,8 —2m + 1) 4+ Ba(m, s — 2m)

Bs(m,s) =Bia(m — 1,s) + Bs(m,s —2m + 1)
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Table 3.3 — Classes for B ¢ Least Part of Partition
B;(m, s) Hunerator Class (i)  Class (ii) Class (iii)
By(m, s) 1, ap > 2
Bs(m, s) 04 a, >0
By(m, s) 1 ap, >1
Bs(m, s) 2 ap > 2
Bg(m, s) 1 29 ap > 2
B7(m75) 31 49 ap >4
Bg(m,s) 21 ap > 1
B9(m75) 01 bp > 1
Bio(m, s) 1 29 ap >4
Biz(m, s) 2y b, > 1
Blg(m,s) 21 44 bp >1
By(m,s) =By(m —1,s —2m + 1) + By(m,s —m)
Bs(m,s) =Bs(m —1,s — 2m) + Bs(m,s — m)
Bgs(m,s) =Bg(m — 1,8 —2m + 1) + Bg(m — 1,8 — 4m + 2) + Bg(m, s — 2m)
B;(m,s) =Bz(m —1,s —2m — 1) + B;(m — 1,5 — 4m) + B;(m, s — 2m)
Bg(m,s) =Bis(m —1,s —2m) 4+ Bg(m,s —2m + 1)
Bg(m,s) =Biz(m — 1,s) + Bg(m,s — 2m + 1)
Bio(m,s) =Bio(m — 1,8 —2m + 1) + Byo(m — 1,5 — 4m + 2) + Byg(m, s — 4m)
Bis(m,s) =Bia(m — 1,8 — 2m) 4+ Bia(m,s — 2m + 1)
Bys(m,s) =Bis(m — 1,5 — 2m) 4+ Bis(m — 1,5 — 4m) + Byzg(m,s —2m + 1)

3.3 Generalized results

In continuation of the generalized results provided in Chapter 2, we are interpreting

the generalized versions of all the mock theta functions discussed in this chapter.

3.3.1 Generalization of ¢(q), fo(q) and fi(q)

Mock theta functions ¢(q), fo(q) and fi(g) are members of the following 3-parameter

family of generating functions

oo an?+6n
FE g =3 L (3.22)
! ng;; (=4 %)
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Theorem 3.3.1. fia’ﬁ’k)(q) generates the n—color partitions satisfying

() ; Za+ B and b =a, 1 <i<p;

(ii) a, — b, = (mod k);

(iii) (w.d)ii41 >0 and =0 (mod k), 1 <i<p—1;

(iv) every partition is counted with weight (—1), where t = (a1 + by — 2ap).

Interpretations of ¢(q), fo(q) and fi(q) in terms of n—color partitions follow nat-

urally from Theorem 3.3.1 as we see that ¢(q) = 334(1,072)((1)7 folq) = ﬁf’o’l)(q) and
fi(a) = 71 (a).

3.3.2 Generalization of x(q) and v(q)

Consider the 3-parameter family of generating functions

FetD (g = 3 T LY (3.23)
i n=0 (qku qk)n
Theorem 3.3.2. ﬂéa’ﬁ’k)(q) generates the n—color partitions satisfying
() e, >a+pFandb;=a ora+1,1<i<p;
(ii) a, — b, = S (mod k);
. 0 <H10d k’) if biJrl = Q, .
(iii) (w.d)ij+1 > —1 and = 1<i<p-1
kE—1(modk) ifb =a+1,
The unsigned version of both x(¢q) and 7(q) is equal to ﬁél’o’z)’)(q). The only

difference in the interpretation of x(gq) from ~(g) is in the weight attached to the

partitions.
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3.3.3 Generalization of v(q)

Mock theta function v(g) is a member of the following 3-parameter family of gener-

ating functions with @« = § = k = 1 and a displacement of n — n + 1 in the factor

(=" ¢ )n:
00 an?+6n

q

Fo e
n=0 <_qk7 qQk)n

q) = (3.24)

Theorem 3.3.3. 3?6(0"5’]9)((]) generates the n—color partitions satisfying
(i) i >a+ 8 and b; = a (mod k), 1 < i < p;

(i) ap — b, = 5;

(iii) (w.d);ip1 = 0;

(iv) every partition is counted with weight (—1), where t = £ (X7_; b; — ap).

3.3.4 Generalization of Sy(q), S1(q) and Uy(q)

The n—color partition-theoretic interpretation for the following 4-parameter family of

generating functions is:

Qk) an?+6n

oo k
Bkl (=¢": ¢*")ny
F2 ) = 30—

3.25
-4 )n (8:25)

n=0

Theorem 3.3.4. ﬂ#a’&k’l)(q) is the generating function for the n—color partitions

satisfying

() e, >a+pBandbj=a ora+k, 1 <i<p;

(i) a, — b, = B (mod 1);

(i) (((@i)p; — (@it1)ss)) >0 and =0 (mod 1), 1 <i < p—1;

(iv) every partition is counted with weight (—1)!, where t = }(X077 (w.d); i1 + a, —
bp = ).
So(q), Si(q) and Uy(q) can be interpreted by using Theorem 3.3.4 as Sp(q) =
FL ), Si(a) = 71 () and Usla) = 770 (0.
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3.3.5 Generalization of T(¢) and Ti(q)

Consider the following 4-parameter family of generating functions:

an?+fn

o] k. k
o,B,k,l (—=¢"¢")ng
F ) = 3

(=5 (3.26)

Theorem 3.3.5. ﬁs(a’ﬁ’k’l)(q) is the generating function for n—color partitions satis-

fying

(1) a; > a+ 8 and by =a (mod 1), 1 <i <p;

(ii) ap, —b, = or p+ k;

(iii) (wd)ijp1=0o0rk, 1<i<p-—1;

(iv) every partition is counted with weight (—1)", where t = 3(31_, b; — ap).

Here, Ty(q) is a member of the family yéa’ﬁ’k’l)(q) witha=p=[=1and k=2
except for the displacement of n — n 4+ 1 in ¢®*+57 and (—¢'; ¢?),. Similarly, T} (q)

becomes ﬁél’l’z’l)(q) with the displacement n + n + 1 in (—¢'; ¢*),.

3.3.6 Generalization of U;(q)

U1(q) is a member of the family of generating functions

oo (_ k. 2k an?
FERD () = 3 %, k s odd, (3.27)
= (=45

with « = kK = 1, [ = 2 and a displacement of n — n + 1 in the factors qo‘”2 and
(—=4¢'54%)n.

Theorem 3.3.6. ﬁg(a’k’l)(q) is the gemerating function for n—color partitions satisfy-
mg

(i) ;> a and =a (mod 1), 1 <i <p;

(ii) a, —b, =0 ork;
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0 if a; = bi, Qi1 = bi+1 (mod 2),
(iii) (w.d)i,iﬂ = 2k if a; §é bi, (78N 5_'5 bi+1 (HlOd 2), 1 < { < b;

k otherwise,

(iv) every partition is counted with weight (—1), where t = 1(37_, b; — ap).

3.4 Conclusion

The work done in this chapter establishes a bond between the work initiated by
Agarwal in [7] and Brietzke et al. in [43, 44]. Further, generalizations of these results
help in interpreting a number of g-series from Slater’s compendium [108] and Chu-

Zhang’s compendium [52]. As an example, consider the following two series:

o TL2

3 (qu)n (3.28)

n=0

o0

I N
Z( ¢ 0% )nq

n=0 (q4a q4)n

n+2)
(3.29)

The interpretation of (3.28) follows from Theorem 3.3.1 with o = 1, f = 0 and
k = 4 without assigning weight. Interpretation of (3.29) follows from Theorem 3.3.4
with a =1, =2, k=1 and | = 4 without assigning weight. The unsigned versions
of some members of these families have already been interpreted combinatorially (see
[17], for example) in terms of n—color partitions. These interpretations can now be

obtained from the interpretations of the generalized versions discussed in this chapter.
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Chapter 4

F'—partition-theoretic
interpretations of mock theta
functions by attaching weights

In [25], Andrews introduced the concept of a generalized Frobenius partition.

Definition 4.0.1. A generalized Frobenius partition (or “simply F—partition”) of a

positive integer s is a two-rowed array of nonnegative integers

Ci C ... Cp

d dy ... d,

Y

such that integers are arranged in a nonincreasing order in each row and

s:i(ci+di+1).
i=1
He also introduced many other general classes of F—partitions among which
the partitions with & copies of an integer (k—colored F-—partitions) have been most
widely studied. Many mathematicians have found congruences for k—colored Frobe-
nius partitions (see [37], [38], [57], [79], [81], [89]). Andrews’ F—partitions have also
served as a tool to interpret g-series and mock theta functions combinatorially (see
[5], [14], [15], [92], [94], [100], [109], [110]). In most of these texts, a bijection is
established between certain restricted (n + t)-color partitions and F-partitions. In

([15], [94]), the interpretations of g-series in terms of F-partitions are handled by
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obtaining recurrence relations. In Chapter 2, we have interpreted seven mock theta
functions combinatorially in terms of (n + ¢)—color partitions. In Chapter 3, twelve
mock theta functions have been interpreted in terms of (n 4+ t)—color partitions by at-
taching weights. In this chapter, we obtain the F—partition-theoretic interpretations
of all these nineteen mock theta functions. To obtain the interpretations of twelve
mock theta functions studied in Chapter 3, we attach weights to the F—partitions

generated by an “unsigned” version of the mock theta function under consideration.

4.1 F—partition-theoretic interpretations of mock
theta functions

First of all, we provide an interpretation of an unsigned version of the mock
theta function x(q) (given by (1.13)) which is obtained by replacing (—¢*; ¢*), ! with
(¢*;¢%),;! in the expression for x(q).

Theorem 4.1.1. Let C'(s) denote the F—partitions of s satisfying
(i) (a) if ¢, < d, then ¢, = 0 (mod 3),

(b) ifc, > d, then d, =1 (mod 3);
(i) e =di—1ord,ord;+1ord;+2,1<i<p;

(iii) for1 <i<p-—1,

¢+ 1 (mod 3) if ¢ <d;,
d; (mod 3)  if ¢; > d,

(@) if cip1 =diy1 — 1 then diyy =

¢;+2 (mod 3) if¢ <d;,
d; + 1 (mod 3) if ¢; > d,,

(b) if ciy1 = dig1 then dipy =

¢ + 1 (HlOd 3) if C; S dz‘,
d; (mod 3) if¢; > d;,

(c) if ciy1 = digr + 1 then ¢y =

¢; (mod 3) if ¢; < d;,
di + 2 (mod 3) if C; > di.

(d) if civ1 = dip1 +2 then ciyy =
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4.1. F—partition-theoretic interpretations of mock theta functions

Let By(s) denote the n—color partitions of s such that
(iv) a, — b, =0 (mod 3);
(v) bi=1or2 1<i<p;

0 (mod 3) ifb; =1, .
(vi) (wd)iit1 > —1 and = 1<i<p-1.
2 (mod 3) if b = 2,

Then )
S G = 3 By = 30 L
s=0 s=0 n=0 (q 34 )n

Remark 4.1.1. We have already proved in Chapter 3 (Theorem 3.1.1) that 332, Bi(s)q¢® =

2
o (=¢9)ng"

0 gty ow we will just prove that Ci(s) = By(s).

Proof. We establish a bijection between the partitions enumerated by C(s) and Bj(s)
such that each column ; of F-partition enumerated by C}(s) is mapped to a

single part (a;)p, of n—color partition enumerated by Bj(s). The mapping ¢ and the

inverse mapping ¢! are given by

Ci (ci+di +1)g—cip1 if e < dj,

d; (Ci +d; + 1)ci—d if ¢; > di,

i

(@b =1)/2 if a; #Z b; (mod 2),
(CLi — bi — 1)/2

¢ ((a),) = (4.2)
(ai - bz‘)/Q .
if a; = b; (mod 2).
Thus,
2¢; — 2dipy — 2 ife; < dy, ¢y < diy,
2d; — 2d;ipq — 1 if¢; > d;, cip1 < dig,

(w.d)mﬂ = (43)
2¢; — 2¢iq — 1 if¢; < di, ciq > dig,

Zdi — 26i+1 if C; > di, Ciy1 > di—i—l-
Using the condition (iii), equations (4.3) imply (vi). By the definition of ¢, (i) implies

(iv) and (ii) implies (v) clearly.
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To see the reverse implications, note that under the inverse mapping ¢~ ':

(w.d);i+1 + 2bi4q if a; 1 = biy1, a; = b; (mod 2),
% — Yy = (w.d);i1 + 2bi1 +2b; — 1 if a;q = biq, a; # b; (mod 2), (4.4)
(w.d)iit1+1 if a; 1 # biy1, a; = b; (mod 2),
(w.d);it1+ 2b; if a;p 1 Z biy1, a; Z b; (mod 2),
(w.d)iiz1 + 2 if a;v1 = biy1, a; = b; (mod 2),
2 — 2, = (w.d)ijip1 +2b;+2  if a1 = bigq, a; # b; (mod 2), (4.5)
(w.d)iis1 +2bip1 + 1 if a1 # by, a; = b; (mod 2),
(w.d)iit1 + 2biy1 +2b; if g # biy, a; £ b; (mod 2),
(wd);iy1 +2b; — 2 if ajy1 = biq, a; = b; (mod 2),
2, — 2y = (w.d)iis1 + 2biy1 — 2 if a1 = bigr, a; £ b; (mod 2), (4.6)
(wd);iyr +2b; — 1 if ajy1 # bitq, a; = b; (mod 2),
(w.d); i+ if ;11 # bit1, a; Z b; (mod 2),
(w.d);it1 + 2b; if a; 1 = biy1, a; = b; (mod 2),
2, — 2., — (w.d);is1 +1 if a;11 = biy1, a; # b; (mod 2), (47)
(w.d)iit1 + 2biy1 +2b; — 1 if a1 # biq, a; = b; (mod 2),
(w.d)iit1 + 2bisq if a;y1 # biy1, a; Z b; (mod 2)

Condition (vi) together with the equations (4.4)—(4.7) implies (iii). It is also easy to
see that (iv) implies (i) and (v) implies (ii). O

In Chapter 3, we obtained the n—color partition-theoretic interpretation of y(g) by
counting each n—color partition with a weight. Here, we will count each F—partition

enumerated by the unsigned version of x(q) with the weight (—1)", where

h=g et di—20p—1) = X () = X e —di ~ 1))

T r!

r runs over those values of 7 for which d; = ¢; + 1 and 7’ runs over those values of 4
for which ¢; = d; + 2. Continuing with the Example 3.1.1, Table 4.1 gives relevant
F-partitions for x(q) with corresponding weights.
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4.1. F—partition-theoretic interpretations of mock theta functions

Table 4.1 — Partitions
enumerated by x(q) for
s = 13 with weight cal-
culations

Partition h Weight
(2) 3(646) +1
<§ 8) 3(64+5—2) -1
(2 (1)) $(6+4-2-1-1) +1
<i ?) 1(4+4-2) +1
(g 1 8 1(5+3—-4-1) -1
<f’1 ‘3) 1(3+4-2-1-1) -1
(‘21 ? 0 f(4+2-4-1-1) +1

The interpretation for the mock theta function 7(q) (given by (1.47)) can also be

obtained by attaching weight (—1)" to the count of each F-partition satisfying the

conditions of Theorem 4.1.1, where

r and " have same values as given above in case of x(q).

h:Z(di—Ci)—i—Z](Ci—di—l),

In Table 4.2, we provide

the conditions on F—partitions generated by the unsigned versions of the remaining

mock theta functions along with the mapping between relevant F—partitions and

corresponding (n + t)—color partitions given in Chapters 2 and 3.

Table 4.2 — F—partition-theoretic interpretations with corresponding bijections

Function F—partitions Mapping
Ci
Z/(Q) Cp = Oorl ¥ d :(Ci +di + 1)di*(¢i+2
ci=2+di11 '
a; —b;+1)/2
¢ <1+d; o ((ai)s,) ( /
Ci
o(q) cp=0or2 ® . =(ci +di+1)d,—c;+3
ci=3+diq1 '

d; —¢; > —1 and =0, 2 (mod 3)

so%(ai)b,,,)—( (8 = b +2)/2 )
(ai —+ b, — 4)/2
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Function F—partitions Mapping
&
o(q) ¢; even, d;=0 ® =(c; +di + 1)a;41
d;
ci > 2+ ¢t
1 a; — bz
e ((ai)s, )=
b; —1
fo(q) d;=0 Same as for ¢(q)
ci > 2+ ¢
(&5
fi1(q) d;i=1 ¥ J =(c; +di + 1)q,
¢ 22+ ¢ ‘
a; —b; —1
e (@)=
b;
Yo(q) — 1 =0 Same as for ¢(q)
d;=0
ci=1+cip10r2+4ciq1
1(q) ¢p=0orl Same as for ¢(q)
d;=0
C; = 1+ Ci4+1 Or 2+ Ci+1
a(q) ¢p =0 Same as for x(q)
C; — 1 if C; S dz
Cit1 < dip1=>dipr =
d; if ¢ > d;
C; if C; S dl
Cit1 > diy1=>Cip1 =
di if c; > dl
p(q) cp > dy, dpy =—1 Same as for x(q)

11+ Vo(q))

C; — 1 if C; S dz
Cit1 S dip1=>diq =

C; if c; < dl
Cit1 > dig1=>Cip1 =
d; ifc; >d;

¢p = 0 or d, = 0 or both
Cl'fl lfCZSdl
d; —1 ife¢; > d;

cit1 < dip1=>dig1 =

Ci—]. 1fcz§dz

di—1 ife; >d;

Cit1 > dip1=>Cip1 =

Same as for x(q)
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Function F—partitions Mapping

Vi(q) =0 Same as for x(q)

Ci—l 1ch§dZ

{dil if ¢; > d;

Cit1 S dip1=>Cip1 =

C; if C; S dz
Ciy1 > dip1=Ciy1 =
d; if c; > d;
Ci
Uo(q) Cp even 14 p =(ci +di + 1)g;—c;41
c;=d; ord;—1 ‘
(ai — bl)/2
¢i —diy1 > 1 and =1 (mod 2) e ((ai)y,)=
To(q) p=1 Same as for v(q)
¢ <1+d;

C; = 24 di+1 or 3+ di+1

T (q) cp <2 Same as for v(q)
¢ <1+d;
¢ =2+dig1 or 3+diyr

So(q) ¢ =d;ord; —1 Same as for Uy(q)
ci > 1+digq
S1(q) Cpydp 21 Same as for Uy(q)

ci:d,»ordi—l

ci>1+dit

Remark 4.1.2. In the definition of F—partitions c¢;, d; > 0, but in interpreting the

mock theta function p(q) in terms of F—partitions we allow d, = —1.

In a similar way as done for x(q), we attach weight (wherever required) (—1)" to
the count of each F—partition generated by the unsigned version of the corresponding
mock theta function. Table 4.3 provides the value of h for different mock theta

functions.

Remark 4.1.3. In the case of F'-partition-theoretic interpretation of T1(q), if ¢, # 0

then the virtual column ( 0 ) 1s considered to be the last column in the partition for

weight calculations.
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Table 4.3 — Value of h

for different mock theta Function "
functions v(q) S (di —ei+1)
o(q) 3(c1—2p+2)
folq) C1
fi(a) 1
Uo(q) 3 [Zf—? (i —diy1 — 1)+ Cpi|
To(q) Y (di—ci+1)
T1(q) S (di—ci+1)
So(a) SIS (e —di = 1)+
S1(q) S (e = dipr = 1) ¢y — 1

It was not possible to include the mock theta function U;(q) (given by (1.40))
in the Table 4.2 because of a lengthy set of conditions and mappings. And, the

interpretation of its unsigned version is given in the following theorem:

Theorem 4.1.2. For s > 1, let Cy(s) denote the F—partitions of s satisfying

(i) if ¢, =0, d, is even;
(i) e <di+1,1<i <p;

C; — 1 if i1 = bi+1, a; = bl (HlOd 2),
(lll) di+1 = C; — 3 if A;4+1 ;7é bi+1, a; ;7é bi (mod 2), 1 S [ S 2 L.
c— 2 otherwise,

Then

o0

00 e 2 (
Zlcz(s)qszz( Q7Q)nq

n=0 (q27 q4)n+1

n+1)32

Proof. A bijection between the partitions enumerated by Cy(s) and Bjq(s) is given
by
i (ci+di+1)g,—¢;11 if ¢; = d; (mod 2),

o = (4.8)
d; (Ci +d; + 1)di*Ci+2 if ¢ % d; (rnod 2),

56



4.2. Proof by splitting partitions into classes

and the inverse mapping is defined to be

(a: = b:)/2 if a; odd,
((11‘ + bi — 2)/2
v~ ((ai),) = (4.9)
(a: = b+ 1)/2 if a; even
(ai + b — 3)/2 o

]

The weight attached to the partitions generated by the unsigned version of U;(q) is
(—1)" with

r r!
where r runs over those values of ¢ for which ¢; = d; (mod 2) and 7’ runs over those

values of i for which ¢; # d; (mod 2).

4.2 Proof by splitting partitions into classes

In this section, we will prove the F-partition-theoretic interpretation for one mock
theta function o(g) using the approach of splitting the partitions into classes and
thereby arriving at the recurrence relation. We will provide necessary classes and
omit the details of proof. However, to accomplish the above we need the following

result:

Theorem 4.2.1. Let Cs(s) denote the number of F—partitions satisfying
(i) ¢ =2
(i) di—c¢; > =1 and =0, 2 (mod 3), 1 < i < p;

(lll) Ci:di+1+3, 1§Z§p—1

Then
x & (=5 D)1 2D
Cs(s)q® = T
52::1 nz:‘; (2% ¢%)nsa
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Remark 4.2.1. Let Cs(p, s) denote the number of F—partitions enumerated by Cs(s)

with the extra condition that there are p columns.

Proof. We split the partitions enumerated by C3(p,s) into three classes. The first
class contains the partitions with d, = 1. If we delete the last column and subtract
2 from ¢; as well as d; for 1 < i < p— 1, we get a F—partition of s — 4p into
p — 1 columns satisfying conditions (i)—(iii). Thus, the partitions of this class are
enumerated by C3(p — 1, s — 4p).

Similarly, partitions in the second class satisfy d, = 2. Here, by deleting this column
and subtracting 3 from ¢; as well as d; for 1 <17 < p—1, we get a partition enumerated
by Cs3(p — 1,5 — 6p + 1). However, the partitions in the third class satisfy d, > 2.
Subtracting 3 from d,, and 3 from each of ¢; and d; for 1 <i < p—1, we get a partition
enumerated by Cs(p, s — 6p + 3). Thus, with these reversible transformations we get

the following recurrence relation

Cs(p,s) = C5(p— 1,5 —4p) + C5(p — 1,5 — 6p + 1) + C3(p, s — 6p + 3).

Now, we proceed to our main result.

Theorem 4.2.2. Let Cy(s) denote the number of F—partitions satisfying
(i) ¢, =0 or2;
(i) di—c¢; > =1 and =0, 2 (mod 3), 1 <i <p;
(iii) ¢, =di1+3, 1 <i<p-—1.
Then
204(8)613 = o(q)-

Proof. Again, we split the partitions enumerated by Cy(p,s) into three classes, the

first of which contains partitions with ¢, = 2. If we consider these partitions with

the virtual column ( 0 ) as their last column, then by simply deleting this virtual
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column we get a partition enumerated by C3(p — 1, s). Partitions in the second class
satisfy ¢, = d, = 0 and these are enumerated by C3(p — 1,5 — 2p + 1). Whereas,
partitions of the third class are those which satisfy ¢, = 0 and d, > 0. Partitions
of this class are enumerated by Cy(p, s — 6p + 3). Thus, we arrive at the recurrence

relation
Cu(p,s) = Cs(p—1,8) +C3(p— 1,5 = 2p+ 1) + Cu(p, s — 6p + 3).

]

A similar proof can be developed for a number of mock theta functions discussed in

this chapter.

4.3 Generalized results

In this section, we provide interpretations of the generalized versions of some of the
mock theta functions discussed in this chapter. We have already given generalized

versions in Chapters 2 and 3, here we provide F—partition-theoretic versions.

4.3.1 Generalization of ¢y(¢) — 1 and ¥1(q)

Theorem 4.3.1. For k,a > 1, 9fa’k)(q) generates the F—partitions satisfying:
(i) ¢, =0 ork;

(i) di=a—-1,1<1i<p;

(i) s = taorcig+a+k, 1<i<p-—1.

4.3.2 Generalization of ¢(q), fo(q) and fi(q)

Theorem 4.3.2. egﬂ(a’ﬁ’k)(q) generates the F—partitions satisfying
(i) ¢, > B and = B (mod k);
(if) di=a—1,1<i<p;
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(iii) ¢ — ciy1 > 20 and =2a (mod k), 1 <i<p—1;

(iv) every partition is counted with weight (—1), where t = +(c1 — 5 — (2p — 2)cv).

4.3.3 Generalization of v(q)

Theorem 4.3.3. 9éa’5’k)(q) generates the F—partitions satisfying

(i) d, = 0;

(i) g —di—B8+1>0and =a (mod k), 1 <i <p;

(i) di=ci1—p+1,1<i<p-—1;

(iv) every partition is counted with weight (—1)", wheret = + 35, (¢; —d; —a — B+ 1).
A direct proof as well as the proof by establishing a mapping between (n + t)—color

partitions and F—partitions for Theorems 4.3.1, 4.3.2 and 4.3.3 can be developed in

a similar manner as established for the various theorems of this chapter.

4.4 Conclusion

We now have combinatorial interpretations of nineteen mock theta functions in terms
of (n + t)—color partitions and F—partitions. This leads to nineteen new combinato-
rial identities involving (n + t)—color partitions and F—partitions. In the subsequent
chapters, we explore the combinatorics of some more mock theta functions which will

provide another set of such combinatorial identities.
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Chapter 5

Interpreting some fifth and sixth
order mock theta functions in
terms of (n + t)—color partitions and
F'—partitions by attaching weights

A common thread connecting all the mock theta functions interpreted in literature and
in Chapters 2, 3 and 4 is that the powers of ¢ occurring in the numerator of g-series,
defining the mock theta function, is quadratic in ‘n’ In this chapter, in particular
we handle those mock theta functions in which these powers of ¢ are linear in ‘n’.
Therefore, we choose fifth order mock theta functions xo(q) and xi(g) (given by (1.23)
and (1.28)) of Ramanujan. In addition, we choose sixth order mock theta functions
Aq), p(q), ¢—(q) and ¥_(q) (given by (1.48)—(1.51)). Since the series defining p(q)
does not converge, so we take 2u(q) as the sum of its sequences of even partial sums
and odd partial sums as follows:

= (=1)"q" (1 + ¢") (g5 ¢°)n

2u(q) =

n=0 (=@ Dt (5:1)

We interpret these six mock theta functions in terms of (n + t)—color partitions and
F—partitions. To interpret these functions we make use of two-line arrays to rep-
resent (n + t)—color partitions and then by mapping these (n + t)—color partitions
to F—partitions we obtain the corresponding restrictions on the set of F—partitions

generated by the mock theta function under consideration.
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Chapter 5. Interpreting some fifth and sixth order mock theta functions
in terms of (n + t)—color partitions and F—partitions by attaching weights

5.1 Interpretations of mock theta functions ¢_(q)
and v_(q)

First of all, we proceed in a constructive way to obtain the interpretation for

(G Dm - 2 (G PP
¢-) '_n; (@ ¢%)n _n; (4:¢%)n '

In the expression for ¢_(q), ¢" generates n parts each equal to 1. (—gq;¢?),, generates
odd natural numbers < (2n — 1), say u; X L,ug X 3,...,u, X (2n — 1), 4;=0 or 1.
(—¢% q?)n_1 generates even natural numbers < (2n —2), say v; X 2,v3 X4, ..., v, X
(2n —2), v;=0 or 1. (g;¢*),! generates multiples of odd natural numbers < (2n — 1),
say wy X 1wy X 3,...,w, X (2n — 1), w; > 0. Thus, the n—color partition generated

by ¢_(q) can be written in two-line array as

L+ 2(up+ - +us +wp, + -+ 1+ 2u, + 2w, + 2v,_1
1+ u, +w,
+wy + Vpo1 + - F 1) Fur +wy FWp—1 + Up—1
1+U}1 1+U)n_1 1+wn

Here, the first line of the array represents the part and second line represents the
corresponding subscript of the n—color partition. Since the last column of two-line
array corresponds to the least part (a,),, of the n—color partition, so u,=0 or 1
implies

a, —b, =0or 1. (5.2)

The i'" and (i + 1) part in the n—color partition are

a; =1+ 2(tp + - F Uiy F W+ A Wi F Vp1 ) Fug+wy, (5.3)

Qip1 =14+ 2(up + - F Uipo + Wp 4+ -+ Wi + V1 + - F Vi1) F Ui + Wi,
(5.5)

bi—i—l =14+ Wiy1- (56)
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5.1. Interpretations of mock theta functions ¢_(q) and ¢_(q)

Since 0 < u;,v; < 1, so by using (5.3)—(5.6) we get

(w.d)m-ﬂ = -2+ Ui+-1 + u; + 2’UZ‘ S 2. (57)
Also,
—2 ifa;y1 = bit1,a; = b; (mod 2),
(w.d)izr1 > 0 if @iy # bi1,a; # b; (mod 2), (5.8)
-1 otherwise.

Now, if we map each part (a;),, of n—color partition generated by ¢_(q) to a single
co o+ Cp

column of the F—partition given by 4 .
1 2 e mn

in the following manner:

(ai+bi— 1)/2

p((ai)s,) = (5.9)
(@i = bi)/2

(a1+b1—2)/2

if a; #Z b; (mod 2),

if a; = b; (mod 2).

Ci

Then the inverse map ¢~! which maps a column < ., > of F—partition to n—color

0

part (a;)p, can be defined as

C; ci+di+1)g_ if ¢; < d,,
= ] et (5.10)
d; (Cz' +d; + 1)ci7d if ¢; > d;.

i

Thus, under the inverse mapping o —*

2¢; — 2d;ipq — 2 if¢; < dy, i < dig,

2d; — 2d;pq — 1 if¢; > di, cip1 < diga,
(lU.d)LfH,l = (511)
2¢; — 2¢iq — 1 if¢; < dj, ¢ > dig,

2d; — 2¢ip it > dy, cipr > diga.
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Chapter 5. Interpreting some fifth and sixth order mock theta functions
in terms of (n + t)—color partitions and F—partitions by attaching weights

And under the mapping ¢

2¢; —2¢i41 =
2¢; — 2d;yy = (w
2d; — 2¢i1q =
2d; — 2d;iyq =

(w.d)i’iﬂ + 2bi+1

(wd)iiv1 4+ 2(bigr +b;) — 1 ifaiy1 = bitr, a; b

(w.d)mﬂ + 1
(w.d)i’iﬂ + Qbi

(w.d)mH -+ 2

)iip1 +2b; +2
(w.d); i1 + 2bi1 + 1
(w.d)iiv1 + 2bip1 + 2b;
(w.d); i1+ 2b; — 2
(w.d)iit1 + 2bip1 — 2
(w.d);is1 +2b; — 1

(w-d)i,iJrl
(w.d)i,iﬂ + 2bz
(w.d)i7¢+1 + 1

(w~d)i,i+1 + 2bi+1

if a;41 = b1, a; = b; (mod 2),
mod 2
mod 2),
if ajy1 # bip1, a; Z b; (mod 2),

if a1 # bipr, a; = b;

(
(
(
(
if a;41 = b1, a; = b; (mod 2),
mod 2

if (7] ?é bzqu, a; = bz' mod 2

if @41 Z bit1, a; #Z by (mod 2),

if ajy1 = bigr, a; £ b;

’

( )
( )
( );
( )
if a;11 = biy1, a; = b; (mod 2),
if a;11 = biy1, a; Z b; (mod 2),
if aj 1 # biy1, a; = b; (mod 2),

( )

if aj11 # biy1, a; # b; (mod 2),

if a;o1 = b1, a; = b; (mod 2),

(

if iy = bi+1, a; ;7§ bz (mod 2

(w.d)mﬂ + 2bi+1 + sz —1 if Aj41 5_'5 bi+1; a; = bl (HlOd 2 5
(

if ajy1 # bit1, a; Z b; (mod 2).

)
),
)
)
(5.12)

(5.13)

(5.14)

)

(5.15)

By analyzing the conditions (5.7) and (5.8) along with (5.12)—(5.15), we find the

following restrictions on F—partitions generated by ¢_(q):

if C; S di

if C; > dl‘
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and ¢y < diy1, then 0<¢ —diy1 <2,
and ¢ > diy1, then 0<c¢ —cy1 <1,
and Ci+1 S di—i—la then 0 § dl - di+1 S ].,

and Cit+1 > di+17 then 0<d; — Cit1 < 1.

(5.16)



5.2. Interpretations of mock theta functions by attaching weights

Also, under the mapping ¢, using (5.2) we get
cpord, =0. (5.17)

Reverse implications follow immediately.
Thus, we see that ¢_(q) is generating function for certain restricted n—color partitions

and F—partitions as stated in the following theorem:

Theorem 5.1.1. ¢_(q) is the generating function for n—color partitions satisfying

conditions (5.2), (5.7)~(5.8) and F-partitions satisfying (5.17)—(5.16).

Remark 5.1.1. Another mock theta function ¥_(q) has similar interpretation as
¢_(q), the only difference is that in condition (5.2) a, — b,=0 and hence in (5.17)

c,=0.

5.2 Interpretations of mock theta functions by at-
taching weights

Now, we interpret mock theta functions xo(q), x1(¢), A(q) and 2u(q). In case of
these functions, we attach certain weight to the count of each n—color partition as
well as F—partition. We are stating the results without proofs here as these can be
established in a similar manner as discussed in case of ¢_(¢). Consider the mock

theta function
o0 n oo n

Xola) =Y — =% a

2 2 (G~ D) (5.18)

First of all, we give the interpretation of the following unsigned version of x¢(q):

[ee) q7L
>

=5 (@ 0)a(@:0)n”

Theorem 5.2.1. Let Dy(s) denote the number of n—color partitions of s satisfying

(w.d),-,iﬂ Z —2, 1 S ) S pP— 1.
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Chapter 5. Interpreting some fifth and sixth order mock theta functions
in terms of (n + t)—color partitions and F—partitions by attaching weights

And E1(s) denote the number of F—partitions of s satisfying

if ¢ <d; and ¢y <djyq, then ¢ > diy,

if ¢ <d; and c¢j4q > d;yq, then 2¢; > 2¢;0q — 1,
< +1 +1 +1 l<i<p—1.
if C; > di and Cit1 < di—i—l; then 2dz > 2di+1 — 1,

if ¢ >d; and Cit1 > di+1, then d; > Cir1 — 1,

Then

oo n

i@Dl(S)qs = ioEl(S)qs =Y d

= (@ Pz )’

Now, if we attach weight (—1)', where ¢ = a; — b, to the count of each n—color
partition then we see that xo(q) is the generating function for this weighted number
of n—color partitions. In a similar manner, we find that y(¢q) is the generating
function for weighted number of F—partitions, where each F—partition enumerated

by Ei(s) is counted with weight (—1)" and

201 if C1 S dl,

2dy +1 if ¢ > dy.

h pu—
For a better understanding of the idea, we present an example here.

Example 5.2.1. In the expansion of unsigned version of xo(q)

o~
n;(q;q?

=14+q+3¢+6¢>+11¢g* +---,
)n(&; @)n

the coefficient of ¢* is 11 and in the expansion of
Xolg) =1+q+¢ +2¢° +¢" +--,

the coefficient is 1. Thus, there are 11 relevant n—color partitions and F—partitions
for xo(q). Out of these 11 partitions 6 have positive weight and 5 have negative weight

as shown in Table 5.1.
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5.2. Interpretations of mock theta functions by attaching weights

Table 5.1 — Partitions

n—color partition F—partition Weight
enumerated by xo(q) for

s = 4 with weight calcu- 2 B
lations 4 ( 1 > 1
49 (; 8) +1
: DN
44 (g) +1
31+ 1 ( i 8) +1
32+ 1 (3 g) -1
33+ 11 (g 8) +1
24, (1) .
24141 (388) .
294+1;+1; ((1) 8 8) +1
e (0D00)

Mock theta function xi(g) is given by

o n

x1(q) == Z g d

D DN e D D pryr ey s

n

The interpretation of the unsigned version of x;(g) is given in the following theorem:

Theorem 5.2.2. Let Dy(s) denote the number of (n + 1)—color partitions of s such
that

(i) @~ b= -1

(ii) (w.d)jp1 >—-2,1<i<p—2

(iii) (w.d)p_1, > —1.

And Es(s) denote the number of F—partitions of s such that
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Chapter 5. Interpreting some fifth and sixth order mock theta functions
in terms of (n + t)—color partitions and F—partitions by attaching weights

(iv) ¢, > d, and d, = —1;
(v)
if ¢ <d; and ¢y <diyq, then ¢ > diq,

if ¢ <d; and Cit1 > di+1, then 2¢; > 201'—1—1 —1,

if C; > dl‘ and Cit+1 < di—i—l; then 2(11 > 2d7;+1 — 17

if ¢; >d; and Cit1 > di+1, then d; > Ciy1 — 1,

(vi)
it ¢,-1 <d,—1, then Cp—1 = Cp,

if Cp—1 > dpfl, then Q(dp,1 — Cp) > —1.

Then

n

S SN B (SN = S q
,;)DQ(S)Q _SX:%EZ( ) nz;;(q;q2)

n+1 (q7 Q)n .
Remark 5.2.1. In the definition of F—partitions ¢;, d; > 0, but in interpreting the
mock theta function x1(q) in terms of F—partitions this condition has to be modified

to include d, = —1.

In a similar manner as for xo(¢), the interpretation of x;(¢g) can also be obtained by
attaching weights to the n—color partitions and F-partitions enumerated by Ds(s)

and Fs(s) respectively. Here, the value of ¢ is given by

; 0 ifp=1,
a; — by 1fp>1,

and value of h is as follows:

201 ifCl < d1 andp> 1,
h=19 2d,+1 ifc; >dyandp > 1,
0 ifp=1.

Theorem 5.2.3. Let D3(s) denote the number of n—color partitions of s such that
(i) by=10r2,1<i<p;
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5.2. Interpretations of mock theta functions by attaching weights

And Es(s) denote the number of F-partitions of s such that

(iii) —1<¢—d; <2, 1< <p;

(iv)

if ¢ <d; and ci1y < diyq, then ¢ > dig,

if ¢ <d; and c¢j4q > d;yq, then 2¢; > 2¢;0q — 1,
< +1 +1 +1 1 <i<p-—1.
if Cc; > di and Cit1 < di+1, then 2dz > 2di+1 — 17

if ¢ >d; and Cit1 > di+1, then d; > Cir1 — 1,

Then
S > > N(_ e q2
S Ds(s)g" =S Es(s)g = 3 0"(=¢:4")n
s=0 5—0

n—0 (Q; Q)n
Now, by attaching weight (—1)" to the n—color partitions enumerated by Ds(s) and

(—1)" to the F-partitions enumerated by Es(s), we get the weighted number of
partitions generated by A(q), where

p
t=a;— Y b+2p—2,

=2
h=01+d1—Z(di—cz’)—Z(Ci—di—l)+P,
r and ' run over those values of i (1 <i < p—1) for which d; = ¢;+1 and ¢; = d; + 2
respectively.
In the end, we are discussing the function 2u(q) given by

= (=)™ (1 + ¢") (g ¢%)n

2u(q) =Y

n=0 (_q;Q)n+1
N e O L () MR- G D R R
_ng;; (=% @Dt +n2::o (= @nt1
=51(q) + S2(q), (5.19)
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Chapter 5. Interpreting some fifth and sixth order mock theta functions
in terms of (n + t)—color partitions and F—partitions by attaching weights

where

sl<q>—z( ”nqq"“( iy

We interpret the unsigned versions of S1(q) and S3(¢) in the following theorems and
thereby interpret Si(q) and Si(q) by attaching weights, which in turn provides the

interpretation of 2/(q).
Theorem 5.2.4. For s > 1, let Dy(s) denote the number of n—color partitions of s
satisfying
(i) b =1;
(i) bj=10r2,1<i<p;
(iii) (w.d)ii1 > -2, 1<i<p-—1.
And E,(s) denote the number of F—partitions satisfying
(iv) ¢, —d, =0 or 1;
(v) -1<¢—d; <2,1<i<p;
(vi)
if ¢;<d; and c¢;41 <d;yq, then ¢ > diyq,

if ¢ <d; and c¢jq > dir1, then 2¢; > 2¢q — 1,
< 11 +1 +1 l<i<p_1.
if ¢ >d; and Cit1 < di+1, then 2d; > 2di+1 -1

if ¢ >d; and Cit1 > di+1, then d; > Ciy1 — 1,

Then
[es) o . nt+l(_ .., 2
ZD4 Q—ZE4 q_zq (Q1q)n.
s=1 n=0 (Q7Q)n+1

To get the weighted number of partitions enumerated by Si(q), (—1)" is the weight
attached to the n—color partitions enumerated by Dy(s), where
p—1
t=ar1+p—2-> (b —1),

=2
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5.2. Interpretations of mock theta functions by attaching weights

and (—1)" is the weight attached to the F-partitions enumerated by F,(s), where

hzcl+d1+p_1_Z(di_0i)_2(0i_di_1)7

r !

r and 7’ run over those values of i (2 <i < p—1) for which d; = ¢;+1 and d; = ¢; +2

respectively.

Theorem 5.2.5. For s > 1, let Ds(s) denote the number of n—color partitions of s
satisfying

(i) b, =1;

(i) bj=10r2,1<i<p;

(iii) (w.d)iiy1 > =2, 1<i<p-—2

(iv) (w.d)p-1p > —1.

And Es(s) denote the number of F—partitions of s satisfying

(V) ¢, —d, =0 orl,;

(vi) -1<c—-di <2, 1<i<p;

(vii)

if C; S dl and Ci+1 S di—i—l; then C; Z di—i—la

if ¢ <d; and c¢j41 > d;r1, then 2¢; > 2¢;q — 1,
< +1 +1 +1 1 <i<p—2
if ¢ >d; and Cit1 < di+1, then 2d; > 2di+1 — 1,

if ¢ >d; and Cit1 > di+17 then d; > Ciy1 — 1,

(viii)
it  ¢,=4d, and c¢,_1 <d,_y, then 2¢,_;—2d,>1,
it ¢ =d, and c¢,—; >d,;, then dp—1 > dp,
if ¢,=d,+1 and c¢,—1 <dp—y, then Cp—1 > Cp,
it ¢,=d,+1 and c¢,-1 >dp_y, then 2d,; —2c, > —1.
Then
00 00 o] 2n+1 .42
s s q —q;9 )n
Y Ds(s)g® =D Es(s)q" =) #
s=1 s=1 n=0 (q’ q)n-‘rl
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Now, the weighted number of n—color partitions generated by S3(q) is obtained by
attaching weight (—1)! to the count of each n—color partition enumerated by Djs(s),
where
amt+p-1-%05 bi—1) ifp>1,
a1 — by ifp=1,
and the weighted number of F—partitions generated by S3(q) is obtained by attaching
weight (—1)" to the count of each F-partition generated by Fjs(s), where

a+di+p—>,(d—c)—=>(c;—di—1) ifp>1,
cg +dy ifp=1,

r and ' run over those values of i (2 <i <p—1) for which d; = ¢;+1 and d; = ¢; +2
respectively.
The number of n—color partitions or F—partitions generated by 24(q) is equal to the

sum of weighted number of respective partitions generated by Si(¢) and Sa(q).

5.3 Conclusion

In this chapter, we have included interpretations of six mock theta functions in terms
of (n+ t)—color partitions and F—partitions. The interpretations of these mock theta
functions in terms of lattice paths cannot be obtained with the existing terminology of
paths. Therefore, in the next chapter we introduce some modifications in the existing

terminology of these paths so as to obtain these interpretations.
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Chapter 6

Lattice paths with backward steps

6.1 Preliminaries

In this chapter, we discuss the mock theta functions of Chapter 5 with lattice paths.
As discussed in Chapter 1, Agarwal and Bressoud [12] remarked that the lattice paths
defined by them correspond to certain restricted (n + t)—color partitions only. It is
very obvious that these can not correspond to (n + t)—color partitions with repeating
parts. As far as mock theta functions of Chapter 5 are concerned, one can easily check
that the (n + t)—color partitions generated by them can have repeating parts and it
is quite clear by having a look at Example 5.2.1. It means that the terminology
of lattice paths of Agarwal and Bressoud [12] is insufficient for interpreting these
functions. Therefore, in order to handle these functions we modify these paths by
introducing backward horizontal step.

Here we will be considering only those paths which have no valley above height zero.
Backward Horizontal Step: from (i,0) to (i — 1,0), allowed for i > 0 only.

Now a plain can be of the following two types:

Forward Plain: same as the plain described earlier.

Backward Plain: a section of path that consists of only backward horizontal steps,
starts at a vertex preceded by a south-east step and terminates at a vertex followed by
a north-east step. It will be considered as a plain of negative length.

Since we have introduced backward horizontal steps, so a peak can now repeat and a

peak having lower weight can occur later in the path. For example, the path shown in
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Chapter 6. Lattice paths with backward steps

Figure 6-1 corresponds to sequence of peaks (11,44, 32,51). However, the introduction

Figure 6-1 — lattice path corresponding to (11,41, 32, 51)

of backward steps can lead to ambiguity while reading the paths. Thus, it becomes
necessary to exhibit the sequence of steps taken to draw the path, as the sequence of
steps for a particular path is unique. In this chapter, we promptly use sequence of
steps to describe these paths and denote the possible steps with the Greek letters in
the following manner:

North-Fast-a, South-FEast-3, Forward Horizontal-y, Backward Horizontal-d.
Therefore, the sequence of steps for the path of Figure 6-1 is afyafddddaasBias.
A « step followed by a (3 step or an initial 8 step constitute a peak. Since in our
paths there is no valley above height zero, so whenever there exists a peak, a steps
are followed by an equal number of 3 steps and the number of these steps gives the
height of that peak. Weight of a peak is equal to the number of steps other than
0 steps minus the number of § steps before that peak. Length of forward plain is
the number of v steps and of the backward plain is the negative of the count of ¢
steps comprising the plain. Thus, the sequence afyafddddaafGoaf has first peak
with weight 1 and height 1, second peak with weight 4 and height 1, third peak with
weight 3 and height 2, and fourth peak with weight 5 and height 1. There is a plain
of length 1 between the first and second peak, a plain of length —4 between second

and third peak and a plain of length —1 between third and fourth peak.
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6.2. Lattice paths with backward steps and mock theta functions

6.2 Lattice paths with backward steps and mock
theta functions

Now, we utilize lattice paths with this modified terminology to obtain the interpre-

tations of mock theta functions discussed in Chapter 5.

Remark 6.2.1. For interpreting the functions xo(q), x1(q), A(q) and 2u(q), we
need to attach certain weight to the count of each relevant path which we denote
by wp,(P) = (—=1)4, i = 1,2,5,6,7, for a path P € P;, where P; is a set of paths
satisfying certain specified conditions and value of t; depends upon set of paths P;.

Also define
pi(s) = > wp(P).

|P|=s
PeP;

Remark 6.2.2. In the sequel, (z;,y;), 1 < i < p, denotes the i'™ peak in the path,

where x; and y; are the weight and height of the peak respectively.

6.2.1 Fifth order mock theta functions

Theorem 6.2.1. Let P, denote the set of paths starting at (0,0) with length of plain
between any two consecutive peaks > —2 and in front of the first peak > 0. Then for
th=xp — Yp, .

Xo(q) = 2%1)1(8)(15.

Proof. Step 1. Begin the construction of path with the factor ¢™ from m,
which generates a path with n peaks at (1,1) and a plain of length —2 between
peaks. An example of such a path with four peaks is shown in Figure 6-2 and
the corresponding sequence of steps is afddaBédaBddas.

Step II. Factor (q;q®),! introduces nonnegative multiples of 1,3,...,2n — 1, say
up X Lyug X 3,...,u, X (2n — 1), u; > 0. Transform the path by increasing the
number of o as well as 3 steps of the i** peak by u,_;;;. This increases the

weight of each of the (i + 1) to n'* peak by 2u, ;1 and of the " peak by
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Chapter 6. Lattice paths with backward steps

Figure 6-2 — Initial path for n =4

Up_s41. Thus, for uy = 2, us = 1, ug = 0 and uy = 1, the path of Figure 6-2
transforms to the path of Figure 6-3 and corresponding sequence of steps is given

by aaBpédapdédaafBidacasBh.

| I I I I I
f t f t ¥ t } t t t {
0 1 2 3 4 5 6 7 8 9 10

Figure 6-3 — Transformed path for u1 =2, us =1, u3 =0, uy = 1

Step III. The factor (q;q),! generates nonnegative multiples of 1,2,...,n — 1, say
vy X 1,09 X 2,...,0, X n, v; > 0. Introducing v,_;1, 7 steps in front of the 7**
peak increases the weight of each of the i to n'* peaks by v, ;41 (if some &
steps already exist before that peak then each delta step will cancel one v step
and remaining  or 0 steps will appear before that peak). For v; = 1, vy = 0,
vy = 2 and vg = 1, the path of Figure 6-3 transforms to the path of Figure 6-4
with the sequence of steps yaaffapddaafBoaaas[p.

3
2

1

OO 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figure 6-4 — Transformed path for vy =1, v =0, v3 =2, vy =1

Initially, there was a plain of length —2 between any two peaks therefore, in the final

path the length of plain between any two consecutive peaks will be > —2 and in front
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6.2. Lattice paths with backward steps and mock theta functions

of the first peak > 0. Thus, the path belongs to P; and every path of P; is uniquely
generated in this manner.

The last peak (x,,y,) is given by

T =142 wi+u + > v,

i=2 j=1

Yo =1+ 1. (6.1)

The series representing xo(g) contains the factor (—q;q),' instead of (¢;q),*, so
following weight is to be attached to the count of each path P generated in the above

manner and it is given by

n

wp, (P) = (=1)" = (—1)Zj:1”j = (_1)27:1%*22?:2“{
Hence t| = x,, — yn. []

In case of x1(¢), an additional peak at (0,1) is considered as the first peak.
Therefore, initially there is only one backward step in between the first and second
peak which corresponds to weighted difference —1. Thus, the corresponding interpre-

tation of y1(q) is given by the following theorem:

Theorem 6.2.2. Let P, denote the set of paths starting at (0,1) such that length
of plain between first and second peak is > —1 and in between the other consecutive

peaks is > —2. Then for
0 ifp=1,

~
[\
I

T, —yp, ifp>1,

x1(q) = i)pz(S)qS~

6.2.2 Sixth order mock theta functions

In this section, we interpret mock theta functions of order six. The first function

which we consider here is ¢_(gq).
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Chapter 6. Lattice paths with backward steps

Theorem 6.2.3. For s > 1, let Py(s) denote the set of paths starting at (0,0) with
weight s such that the length of plain in front of the first peak is 0 or 1, between any

two consecutive peaks is < 2 and

=2 if 21 = Yiy1, 2 =y (mod 2),
29 0 ifxiy #Z Y1, 2 # yi (mod 2),

-1 otherwise.

Then
¢-(q) = ;P3(s)q3_

Proof. In the construction of path for ¢_(q), Step I and Step II proceed exactly in
the same manner as in Theorem 6.2.1. In Step III, the factor (—¢;q)," is replaced
by (—¢?% ¢*)n_1. This factor generates nonnegative multiples of 2,4,...,2n — 2, say
U1 X 2,09 X4, .., 0,1 X (20— 2), v; = 0 or 1. Introducing 2v,_;11 v steps in front
of the i'" peak increases weight of each of the i to n'* peak by 2v,_; 1.

Step IV. The factor (—¢; ¢?),, generates either 0 or odd numbers < 2n — 1, say w; X
Liwyx3,...,w, X (2n—1), w; = 0 or 1. Introducing w,, ;1 + w,_;+2 7y steps in front
of the i*" peak increases the weight of each of the i to n'* peak by w,_j+1 + Wn_iro.
Thus, the total increase in the weight of the path is w; X 14wy x 34+ - -+ w, x (2n—1).
It can be easily seen that the way these paths are generated each path of weight s sat-
isfies the conditions of P3(s). Every path enumerated by Ps(s) is uniquely generated

in this manner. O

The results for the remaining three mock theta functions of order 6 are presented
in the following theorems without proofs as these follow essentially in the similar

manner as the previous ones.

Theorem 6.2.4. For s > 1, let Py(s) denote the set of paths from Ps(s) which have
no plain in front of the first peak and length of plain in front of the second peak is
< 1. Then

M@-iﬂ@f
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6.3. Lattice paths with backward steps and n—color compositions

Theorem 6.2.5. Let Ps denote the set of paths starting at (0,0) such that height of
each peak is < 2, length of plain between consecutive peaks is > —2 and in front of

the first peak is > 0. Then for ts = x), — Zf;ll Yi +2p — 2,
Ma) =>_ps(s)g’.
s=0

Theorem 6.2.6. Let Py denote the set of paths starting at (0,0) such that the height
of first peak is 1 and rest of the peaks is < 2. Also, length of plain in front of the first
peak is > 0 and in front of rest of the peaks is > —2. Let P; be the set of those paths
of Pg for which the length of plain between the first and second peak is > —1. Then

for

p—1 €T, — ifp= 1,
t(,-:xp+p—2—zyi—1 and t; = P ypl P
i=2 T +p—1-Yy—1 ifp>1,
20(q) =Y [ps(s) + pr(s)lq”.
s=0

6.3 Lattice paths with backward steps and n—color

compositions

In this section, we will discuss in detail how lattice paths with this modified termi-
nology can be used as an interesting combinatorial tool to prove various results on
n—color compositions. But before that we need an overview of the previous work done
on n—color compositions.

In [6], Agarwal defined that an n—color composition is an ordered n—color partition.
For example, there are six n—color partitions of 3, viz.,

31, 32, 33, 2111, 2914, 11141y,

and eight n—color compositions of 3

31, 32, 33, 2111, 2014, 1121, 1125, 1114154.

Agarwal also presented the combinatorial problem to which n—color compositions are
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Chapter 6. Lattice paths with backward steps

solution. He provided the following generating function and explicit formulae for

n—color compositions:

Clq) :ﬁqﬁ_q?7 (6.2)
C(m, q) ~a _qq)w (6.3)
C(m,v) = ”; m__1 " (6.4)

O(V) :F2V7 (65)

where C'(v) represents the number of n—color compositions of v, C(m,v) represents
the number of n—color compositions of v into m parts and Fy, is the (2v) Fibonacci
number. Using (6.2), it can be proved that C(v) satisfies the following initial condi-

tions and recurrence relation:

C(l)=1,C12)=3, Cv)=3Cr—1)—-C(v—2), v>2. (6.6)

In [87], authors defined an n—color self-inverse composition as follows:

Definition 6.3.1. An n-color composition whose parts read from left to right are
identical with when read from right to left is known as n—color self-inverse composi-

tion.

They also provided recurrence relations and generating functions for certain restricted
n—color self-inverse composition functions. Later, Guo ([? 73]) defined the following
restricted n—color composition functions:

C.(v):=number of n—color compositions of v with all the parts even,
Cy(v):=number of n—color compositions of v with all the parts odd,
C41(v):=number of n—color compositions of v with parts > 1.

She also obtained recurrence relations, generating functions and explicit formulae for
all the above functions. Continuing with the same, she defined n—color even self-

inverse compositions and n—color odd self-inverse compositions ([72, 74]).
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6.3. Lattice paths with backward steps and n—color compositions

Hopkins [78] represented n—color compositions in the form of spotted tilings and
proved the recurrence relations studied in ([6, 71, 73]) by using spotted tilings as
a combinatorial tool. He also used this concept to define conjugable n—color com-
positions with the help of MacMahon’s zig-zag graph and obtained the form of a
conjugable n—color composition. Recently in [98], Sachdeva and Agarwal have also
studied a number of restricted n—color composition functions, which we study in de-
tail in Section 6.3.3.

In [88], Narang and Agarwal have given lattice paths for n—color compositions. But,
those paths are constructed by extending the walks of Van Lint and Wilson [115] and
the correspondence is not quite straightforward. However, lattice paths starting at
(0,0) with the modified terminology presented in this chapter correspond naturally to
n—color compositions. We try to emphasize this observation by providing the proofs

of the known results on n—color compositions in the subsequent sections.

6.3.1 n—color composition function C(v)

In this section, first of all we provide a new proof, using the paths described in
this chapter as a combinatorial tool, for the recurrence relation satisfied by n—color

composition function C(v).

Remark 6.3.1. Throughout the remaining chapter, we will label each path with its

sequence of steps.

Theorem 6.3.1. The number of n—color compositions of v satisfies the following
initial conditions and recurrence relation:

C(1)=1,C12)=3and C(v) =3C(v —1)—C(v —2) forv > 2.

Proof. The only possible lattice path of weight 1 is shown in Figure 6-5 and the three
possible lattice paths of weight 2 are shown in Figure 6-6. To prove the recurrence
relation split the set of n—color compositions of v, v > 2, in three classes and perform

the following operations:

(i) If the last part is 1y, then delete this part.
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af

Figure 6-5 — Lattice path for v =1

aBdsap aoff yap

Figure 6-6 — Lattice paths for v = 2

(ii) If the last part is of the form m;, m # i, then replace it with (m — 1);.
(iii) If the last part is of the form ky, k > 1, then replace it with (k — 1)5_;.

In terms of lattice paths, to perform operation (i) we simply delete the last peak and
backward horizontal steps in front of it. Thus, we get all the paths corresponding to
n—color compositions enumerated by C'(v —1). To perform the reverse operation first
introduce backward horizontal steps so as to reach (0,0) and then construct a peak
at (1,1) and we get path corresponding to an n—color composition of v.

To perform operation (ii), we need to decrease the weight of last peak by 1. Following

possibilities arise for a path.

(a) If there are some forward horizontal steps in front of the last peak then remove
one of these steps as shown in Figure 6-7. It will decrease the weight of last peak

by 1.

aoBBapyof aofppafaf

Figure 6-7 — Lattice path transformation of 25,5;8; to 235,7;

(b) If there are some backward horizontal steps in front of the last peak then increase

the number of backward horizontal steps by 1 as shown in Figure 6-8.
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6.3. Lattice paths with backward steps and n—color compositions

oafoofBddaaBR335ap afoopBddaoPBSddaB

Figure 6-8 — Lattice path transformation of 145656, to 1145695,

(c) If there are no horizontal steps in front of the last peak then introduce a backward

horizontal step in front of this peak. An example is shown in Figure 6-9.

aaBB3SaopBacafBR aoBBddaafBdacoppp

XN N TN

Figure 6-9 — Lattice path transformation of 294595 to 254583

In all these cases, the length of plain in front of the last peak decreases by 1. Thus,
we obtain all the paths corresponding to n—color compositions of v — 1. Reverse
operations can also be easily performed. Therefore, these paths correspond to the
compositions enumerated by C(v — 1).

To perform operation (iii), simply decrease the height of last peak by 1 and we obtain
all paths corresponding to those n—color compositions of ¥ — 1 which have last part
of the form k. These are enumerated by C(v —1) — C(v — 2). Reverse operation can

be performed by increasing the height of the peak. Ol

Theorem 6.3.2. [72] The number of n—color even compositions of v satisfies the
following initial conditions and recurrence relation:

Ce(2) =2, C.(4) =8 and C.(v) = 4C.(v — 2) — C.(v — 4) for v > 4.

Theorem 6.3.3. [73] The number of n—color odd compositions of v satisfies the
following initial conditions and recurrence relation:

Co(1) =1, Co(2) =1, Co(3) =4, Cp(4) =T

and Co(v) = Co(v — 1) + 2C,(v — 2) + Co(v — 3) — Co(v — 4) for v > 4.

Theorem 6.3.4. [73] The number of n—color compositions of v with parts > 1 satisfies

the following initial conditions and recurrence relation:
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Chapter 6. Lattice paths with backward steps

Ca(2) =2, Caa(3) =3, Ca(4) = 8
and Cx(v) =204 —1)+Cu(v —2) — Cp(v —3) forv > 4.

The combinatorial proofs by splitting the relevant set of composition into certain
classes for Theorems 6.3.2-6.3.4 are available in [72] and [73]. The proofs by using
lattice paths can be developed in a similar manner as in Theorem 6.3.1. So, we are

omitting the proofs here.

6.3.2 n—color self-inverse compositions

Theorem 6.3.5. [87] Let a,, b,, ¢,, d, denote the number of n—color self-inverse
compositions of 2v + 1, 2v into an even number of parts, 2v into an odd number of
parts and 2v respectively. The following initial conditions and recurrence relations

are satisfied by a,, b,, ¢, and d,:

(1) ap=1, a1 =4 and a, = 3a,_1 — a,_o forv > 2,
(2) by =1,bo=3 and b, =3b,_1 — b,_o forv > 2,
B) c1=2,c0=6and c, =3c,_1 —c,_9 forv>2,

4) dy=3,dy=9 and d, =3d,_1 — d,_5 forv > 2.

Proof. (1) The lattice paths corresponding to n—color self-inverse compositions of 1
and 3 can be easily constructed. Divide the n—color compositions enumerated by a,

(v > 2) in three classes and perform the following operations.

(i) Compositions with 1; as its first and last part. Here, deleting both these parts

we get compositions enumerated by a,_1.

(ii) Compositions with a single part m;, m — i > 2 or with m;, m # i as first and
last part in case of more than one parts. In this case, by replacing the single
part by (m — 2); and for more than one parts replacing both the first and last
part by (m — 1); we get the compositions enumerated by a,_;.

(iii) Compositions with a single part m;, m —i < 1 or with first and last part m;,

m = i, ¢ > 1 for more than one parts. In the former case, replace the single
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6.3. Lattice paths with backward steps and n—color compositions

part with (m — 2);,_5 and in the later case replace both the first and last part
by (m — 1);_1. Thus, the transformed compositions are enumerated by a,_;
with the proviso that in case of single part m;, m — ¢ < 1 and in case of more
than one parts the first and last part m; is such that m = ¢. Therefore, all the

transformed compositions are enumerated by a,_1 — a,_s.

Now, we explain how the above said operations are performed in terms of lattice
paths. To perform operation (i), delete the last peak at (1,1) and remove the backward
horizontal steps in front of this peak. Also, delete the first peak at (1,1) and increase
the length of plain in front of that second peak by 2. An example is shown in Figure

6-10. Thus, the transformed path corresponds to the n—color self-inverse compositions

afoBSaoPB35530 3333 TYaBSaaPBOSSsSUB

Figure 6-10 — Lattice path transformation of 1131523111 to 315231

of 2v — 1 i.e enumerated by a,_;. To perform operation (ii), decrease the length of
the plain in front of the first and last peak by 1 and increase the length of plain in
front of the second peak by 1. Thus, it will not change the weight of remaining peaks.
In case of a single peak, decrease the length of plain in front of the peak by 2. Figure

6-11 presents an example for transformation of paths in this case. Again, we get all

yoBooPBSd538303 afyao 333335550

Figure 6-11 — Lattice path transformation of 215527 to 115514

the paths corresponding to n—color compositions enumerated by a,_1. For performing
operation (iii) in case of paths with more than one peak, decrease the height of both
the first and last peaks by 1 and increase the length of plain in front of second peak by
2. And, in case of single peak decrease the height of the peak by 2. For example, refer
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[eTeds]STetetoiR] S eteteTeteteteleTod 15 afyoa3BE3355850

NN

Figure 6-12 — Lattice path transformation of 25,5525 to 115914

to Figure 6-12. The transformed paths are the ones corresponding to compositions
enumerated by a,_1 — a,_o. All the above said operations are reversible. Hence the
proof.

Remaining parts of the theorem have similar constructions and so are omitted. [

Guo [72, 74] has given combinatorial proofs for the following recurrence rela-
tions satisfied by n—color even self-inverse compositions and n—color odd self-inverse

compositions respectively.

Theorem 6.3.6. Ifr, and s, denote the number of n—color even self-inverse compo-
sitions of 4v and 4v + 2 respectively. Then

(i) m=6,rm=24andr, =4r, 1 — 1,9 forv>2,

(i) so=2, s1 =10 and s, =4s,_1 — S, forv > 1.

Theorem 6.3.7. Let t, and u, denote the number of n—color odd self-inverse com-
positions of 2v and 2v + 1 respectively. Then

(i) th=1,t,=1, t3 = 4, ty=Tandt,=t,_ 1+2t,_o+1t,_3—1t,_4 fOT’ v >4,

(i) wo=1,u =4, us =9, u3 =19 and u, = uy_1 + 2uy_o + uy_3 — u,_4 for v > 3.

Proofs for Theorems 6.3.6 and 6.3.7 are similar to the proof of Theorem 6.3.5

and are therefore omitted.

6.3.3 Restricted n—color composition functions of Sachdeva

and Agarwal

In [98], Sachdeva and Agarwal have introduced the following new restricted n—color

composition functions:
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6.3. Lattice paths with backward steps and n—color compositions

C1(v):=Number of n—color compositions of v into parts with odd subscripts.
Cy(v):=Number of n—color compositions of v into parts with odd subscripts > 1.
C3(v):=Number of n—color compositions of v into parts with even subscripts.

Cy(v):=Number of n—color compositions of v such that all even parts but odd parts
with even subscripts only are allowed.

Cs(v):=Number of n—color compositions of v such that all even parts but odd parts
with odd subscripts only are allowed.

Cs(v):=Number of n—color compositions of v such that all odd parts but even parts
with even subscripts only are allowed.

C7(v):=Number of n—color compositions of v such that even parts with even subscripts
and odd parts with odd subscripts only are allowed.

Cs(v):=Number of n—color compositions of v such that even parts with even subscripts
and odd parts with odd subscripts > 1 are allowed.

Cy(v):=Number of n—color compositions of v such that all odd part but even parts
with odd subscripts only are allowed.

They presented explicit formulae, generating functions and recurrence relations for
each of these functions. They remarked that all these results can be proved using
standard techniques from partition theory. Here, we are going to study the following

recurrence relations satisfied by these n—color composition functions:

Cl 1% IQCl(V — 1) + Cl(l/ — 2) — Cl(l/ — 3)7 v > 3,

(v)
Cy(v) =Co(v — 1) + Cy(v — 2), v > 3,
Oy(v) =Cs(v — 1) + 2C5(v — 2) — Cy(v — 3), v > 3,
C4(v) =4C4(v — 2) + Cy(v — 3) — Cu(v — 4), v > 4,
Os(v) =Cs(v — 1) + 4C5(v — 2) — Cs(v — 4), v > 4,
C(v) =Cs(v — 1) + 3Cs(v — 2) + Co(v — 3) — Co(v — 4), v > 4.

For the results proved in previous sections, we were already equipped with the
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combinatorial proofs of recurrence relations from the earlier studies. However, for
the n—color composition functions C}(v) to Cy(v) these proofs are not available. The
proofs for the recurrence relations satisfied by these functions follow essentially in
a similar manner as for the functions discussed in Section 6.3.1, so we just provide
the classes in which compositions enumerated by C;(v)’s split and the corresponding
enumerator for those classes. We present these in Table 6.1, as a systematic proof can
be written from there. Here, we present the proof for the recurrence relation satisfied

by Cs(v) using lattice paths.

Proof. For the compositions of class (i), the last part is mg which means that the last
peak is at (m,3). If m = 3 then delete this peak and backward horizontal steps in
front of it, if any. Also, increase the height of second-to-last peak by 2. If m > 3
then, shift this peak to (m — 1,3) by decreasing the length of plain in front of this
peak by 1. Thus, we get all the paths enumerated by Cy(r — 1) and the process is
easily reversible.

In case of compositions of class (ii), last part is m;, i > 3 which means that the last
peak of the path is at (m, i), ¢ > 3. Decreasing the height of this peak by 2, the peak
shifts to (m — 2,7 — 2) and we get all the paths corresponding to the compositions

enumerated Cy(rv — 2). Hence the proof. O

Rest of the proofs can be developed easily as by now the reader must be familiar

with the techniques employed by the authors.
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Table 6.1 — Classes for C;(v), 1 <i<9

Enumerator Class

Last Part

Enumerator

Ci(v), v >3

Co(v), v >3

Cs(v), v >3

C4(7/), v>4

Cs(v), v>4

—
=
==

Cs(v), v >4

—
=
=N

07(1/), v>4

Cs(v), v >3

Cy(v), v >4

1y
mg, 1> 1
my, m>1
ms3
mg, © >3
29
mi,i>2
ma, m > 2

m;, m—1v>1
my, m>3, m—1<1

mg, m—1i>1
mi, m>2,m—1<1

1

2

32

mi, m—1>1
mi, t>2,m—1<1
1y

mi, m#i

mi, m=1,m>1
2

mg, m # 1

mi, m =1, m>2
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mi, 1 >2,m—1<1
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6.4 Conclusion

As remarked by Agarwal and Bressoud [12], the link between restricted n—color par-

titions and their lattice paths is somewhat misleading as no weight can repeat in the

path while in case of n—color partitions a part can repeat. With the modifications

given in this chapter, it is now possible to construct lattice path corresponding to
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any n—color partition. Agarwal and Bressoud [12] have shifted the valleys while inter-
preting multiple summation ¢-series. A valley above height zero between two peaks
correspond to even negative weighted difference between the corresponding n—color
parts of the partition. However, if we allow valleys above height zero with the paths
as modified in this paper then the situation again becomes misleading as backward
steps also correspond to negative weighted difference between parts. Thus, the obvi-
ous future problem is how to synchronize the concepts of valley above height zero and
backward plain so as to obtain interpretations of multiple summation g-series with

these paths.
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Chapter 7

(n + t)—color partition-theoretic
interpretations for some
generalized ¢-series

In an endeavor to interpret mock theta functions Vy(¢) and Vi(q) (given by (1.41)
and (1.42)) with the two factors (¢;¢*), and (—g;¢*), present together, Sood and
Agarwal [18] introduced the concept of split (n + t)—color partitions.

Definition 7.0.1. [18] Let (a;)p, be a part in an (n+t)—color partition of a nonnegative
integer s. The color b;’” is split into two parts-‘the green part’ and ‘the red part’ and
denote these by ‘g;” and ‘r;” respectively, such that 1 < g; < b;, 0 <r; < b, —1 and
b; = gi +1i. An (n + t)—color partition in which color of each part is split in this

manner is called a split (n + t)—color partition.

They further used split (n + t)—color partitions to interpret some generalized g-
series [111]. Continuing with the same, Rana et al. [95] interpreted some generalized
g-series with split (n + t)—color partitions. In this chapter, we prove that the same

generalized g-series can be interpreted in terms of (n + t)—color partitions.

7.1 Some generalized ¢-series and split (n+t)—color
partitions

In this section, we recapitulate the results of two papers [95] and [111]. The series

interpreted in these papers are defined below:
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Definition 7.1.1. Let S = {-1,1,3,5,7...}. For|q| <1, k€ Sand1 <i<7T.
Define ff(q) by

(—¢; ¢?) g+ (=D EH3)/2]

fh(g) = f; T , (7.1)
= &

The interpretations of the generalized g-series (7.1)-(7.7) as given in [111] and

[95] are stated in the following theorems respectively:
Theorem 7.1.1. For k € S, let M{(s) denote the number of split n—color partitions
of s such that
(i) a; =0b; (mod 2), 1 < i < p;
(i) ,=00r1,1<i<p;
(iii) (w.d)ij41 >k, 1<i<p—1.
Then
>t (s)e" = o)
Theorem 7.1.2. For k € S, let MX¥(s) denote the number of split (n + 1)—color
partitions of s such that
(i) a; Zb; (mod 2), 1 <i <p;
(i) ,=0o0r1,1<i<p;
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(iii) b, = a, + 1;
(iv) rp =0;
(v) (wd)iiz1 >k 1<i<p-—1.
Then N
;)Mf(S)qs = /(@)
Theorem 7.1.3. For k € S, let M¥(s) denote the number of split (n + 2)—color
partitions of s such that
(i) a;=0b; (mod 2), 1 < i <p;
(i) ;,=0o0r1,1<i<p;
(iii) b, = a, + 2;
(iv) rp, =0;
(v) (wd)iiz1 >k 1<i<p-—1.
Then N
ZOMé“(S)qS = f5(a)-
Theorem 7.1.4. For k € S, let M(s) denote the number of split n—color partitions
of s such that
(i) a;=0b; (mod 2), 1 < i <p;
(i) ;,=0o0r1,1<i<p;
(iii) a, — b, =0 (mod 4);
(iv) (wd)ijz1 >k and=k+1(mod4), 1 <i<p-—1
Then
> f(s)e" = o)
Theorem 7.1.5. For k € S, let M¥(s) denote the number of split (n + 1)—color
partitions of s such that
(i) a; Zb; (mod 2), 1 <i <p;
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(i) ;,=0o0r1,1<i<p;
(iii) b, = a, + 1;
(iv) (w.d)ijz1 >k and=k+1(mod4), 1 <i<p-—1
Then

ioMé“(S)qs = f5(q).
Theorem 7.1.6. For k € S, let M}(s) denote the number of split (n + 2)—color
partitions of s such that
(i) a; =b; (mod 2), 1 <i <p;
(i) ,=0o0r1,1<i<p;
(iii) b, = a, +2;
(iv) (wd)ijt1 >k and=k+1(mod4), 1 <i<p-—1
Then

> M) = i)
Theorem 7.1.7. For k € S, let M¥(s) denote the number of split n—color partitions
of s such that
(i) a; =0b; (mod 2), 1 < i < p;
(i) ,=00r1,1<i<p;
(iii) a, > (k+4) and a, — b, = k + 3 (mod 4);
(iv) (wd)ijz1 >k and=k+1(mod4), 1 <i<p-—1
Then

>0t (s)e" = o)

7.2 Interpreting (7.1)—(7.7) with (n + t)—color parti-

tions

The present study will prove that the generalized g-series (7.1)-(7.7) can be interpreted

in terms of (n + t)—color partitions. We claim that our results are not only valid for

94



7.2. Interpreting (7.1)—(7.7) with (n + t)—color partitions

k € S but for every integral value of k > —3. Before stating our main results we need
the following terminology:

For any k, we split the set of parts of a general (n+t)—color partition (ay)p, + (a2)p, +
o (ap)p, ((a1)p, > (a2)p, > -+ > (ap)p,) into two mutually exclusive and exhaustive

sets given by

S¥ = {(a;)y,|a; — b; — (p — i) (k +3) =0 (mod 2)},

Sy = {(ai)e;|ai — b — (p = i)(k +3) # 0 (mod 2)}.

Theorem 7.2.1. For s > 0, k > -3 and 1 < i < p—1, fF(q) is the generating

function for n—color partitions of s satisfying

k+1land =k+ 1 (mod 2) if (a;)s;, (@it1)bss, € ST,
(w.d)iiv1 > { k+3and =k+1 (mod2) if (a;)p,, (ait1)er,, € S5,
k+2and #k+1 (mod 2) otherwise.

Theorem 7.2.2. For s > 0, k> -3 and 1 < i < p—1, f¥(q) is the generating

function for n—color partitions of s satisfying

k+1land =k+ 1 (mod 2) if (a;)p;, (@it1)bss, € S5,
(w.d)iir1 > { k+3and =k+1 (mod2) if (a;)p,, (ait1)pr,, € ST,
k+2and #k+1 (mod 2) otherwise.

Theorem 7.2.3. Fors >0 and k > —3, f¥(q) is the generating function for (n+2)-

color partitions of s such that b, —a, =2 and for 1 <i <p—1,

k+1land =k+ 1 (mod 2) if (a;)s,, (@it1)bss, € ST,

(w.d)iit1 > § k+3and =k+1 (mod 2) if (a;)p;, (ais1)p,,, € S,
k+2and #k+ 1 (mod 2) otherwise.

Theorem 7.2.4. For s >0 and k > —3, f§(q) is the generating function for n—color
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partitions of s such that a, —b, =0 or 1 (mod 4) and for 1 <i<p-—1,

k+1land =k+1 (mod4) if (a;)p,(ait1)s
(wd)iiy1 >4 k+3and =k + 3 (mod 4) if (a;)y,, (@i1)s

€ Sy,

€ Sk,

i1

i+1

k+2and =k +2 (mod 4) otherwise.

Theorem 7.2.5. For s > 0 and k > —3, f¥(q) is the generating function for (n+1)-

color partitions of s such that b, —a, =1 and for 1 <i¢<p—1,

k+1land =k+1 (mod4) if (ai)p;, (@it1)s
(w.d)iiy1 >4 k+3and =k + 3 (mod 4) if (a;)y,, (air1)s
k+2and =k + 2 (mod 4) otherwise.

€ S§,

€ Sy,

i+1

41

Theorem 7.2.6. For s > 0 and k > =3, f¥(q) is the generating function for (n+2)—

color partitions of s such that b, —a, =2 and for 1 <i¢<p-—1,

k+1land =k+1 (mod4) if (a;)p,(ait1)s
(wd)iiy1 >4 k+3and =k + 3 (mod 4) if (a;)y,, (@i1)s

€ Sy,

€ Sk,

41

i+1

k+2and =k +2 (mod 4) otherwise.

To state the n—color partition theoretic interpretation of f¥(q) we split the set of
parts of a general (n4-t)—color partition (a;), + (az)p, +- -+ (ap)s, ((a1)e, > (az)p, >

- > (ap)p,) into two mutually exclusive and exhaustive sets as follows:
S5 = {(ai)p;|a; — b — (p—i+1)(k+3) =0 (mod 2)},

S¥ = {(a;)p,|a; —b; — (p— i+ 1)(k +3) # 0 (mod 2)}.

Theorem 7.2.7. For s >0 and k > —3, f(q) is the generating function for n—color
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partitions of s such that a, —b, — (k+3) =0 or 1 (mod 4) and for1 <i<p-—1,

k+1land =k+1 (mod4) if (a;)p,(ait1)s
(wd)iiy1 >4 k+3and =k + 3 (mod 4) if (a;)y,, (@i1)s

€ Sk

€ St

i1

i+1

k+2and =k +2 (mod 4) otherwise.

7.3 Proof of Theorem 7.2.1

In this section, an elaborate proof of Theorem 7.2.1, by following a constructive
method, is presented. The representation of (n + t)—color partitions in terms of two-
line arrays is the key to obtain desired results. As discussed in Chapter 5, in the
two-line arrays the first line represents the parts of the partition and second line

represents the corresponding subscripts. In the expression

o

Ala =3 (—¢:4*)ng

= (6d)n(e% )

nll4 (B0

I

(n=1)

the factor ¢"'* 2 s generating n parts 1, k+4, 2k+7, ..., (n—1)k+ (3n—2).

(—q; ¢*)n generates multiples of (2i—1), 1 < i < n,say u; x 1, ugx3, ..., u, X (2n—1),
u; = 0 or 1. (g;¢%)," generates multiples of (20 — 1), 1 <1i < n, say v; X 1, vy X 3,
con U X (20— 1), v; > 0. (¢%¢%),;" generates multiples of 2i, 1 <7 < n, say w; X 2,
wy X 4, ..., w, X 2n, w; > 0. Thus, an n-color partition generated by fF(q) can be

written in a two-line array as

(n—Dk+3n—2+2wn+ - +wi+vp+-+v2t  k+4+2wn+wp1+vat+ LT2wnt
Fp + -+ ug) + U1+ U Fun) +un—1 + vn—1 +un + vn
1+v 1+wvp—1 1+,

Therefore, the i and (i + 1) parts in the partition are

a; =(n—i)(k+3) + 14 2(wp + - +w; + Uy + -+ 4 Vg1 + UpF
o U)o+ (7.8)
b; =1+ v, (7.9)
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a1 =n—i—1)(k+3)+1+2(w, + -+ +wiy1 +vp+ -+ Vipat
U+ Uig2) + Vi1 Uiy,

biv1 =1+ viq.

Thus,
(w~d)i,i+1 =k+1+ 2’11)1‘_;,_1 “+ u; + Uit1

Since u;, ;41 = 0 or 1, (7.12) implies

k+1and =k+1 (mod2) if u;,u;yq =0,
(wd)ijz1 >4 k+3and =k +1 (mod 2) if uy, uipq = 1,
k+2and #k+1 (mod2)  otherwise.

By analyzing (7.8) and (7.9), we see that

u=0 < a;—b;— (n—i)(k+3)=0(mod 2) < (a), € SF,

i

uj=1 < a;—b—(n—i)(k+3)#0 (mod 2) < (a;)p, € S5.

Hence the proof.

Proofs for rest of the theorems can be established in a similar manner.

(7.10)
(7.11)

(7.12)

(7.13)

7.4 Some deductions from Theorems 7.2.1-7.2.7

The following identities from Slater’s compendium and Chu-Zhang’s compendium can

be interpreted in terms of (n +¢)—color partitions by assigning some particular values

to k in Theorems 7.2.1-7.2.3, 7.2.5 and 7.2.6, respectively:

O L A G T SR
i (—=¢, ¢*)ng" ™Y _ 1 4%, 6%, 4% ¢ (1108, 1(51)], [52, 1(104)])
n=0 (¢, @)2n+1 ) R ) ) )
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0 )
Z (q q))znﬂ = (q.z)w[q27q1°,qlg;q12}m, ([108, 1(50)], [52, 1(41)])
2) gt 1 S
2 (¢, @) nsa - (q2;q2)oo[_% —¢°,4°;¢"]0,  ([108, I(27)], [52, I(113)])
2) g+ 1 S s
7;) Y, @) - <q2;q2)oo[_q’ —4°,4"; ¢"]oo- ([52, I(144)])

There are some other identities which can also be interpreted in terms of (n+t)—
color partitions with attached weights using Theorems 7.2.4-7.2.7. To obtain the
interpretations of these identities certain weight is attached to each (n + t)-color
partition generated by their unsigned version. As an example, let us consider the

following identity:

s )q(‘-’q{q‘-’) — D i (108,121), B2 1)

Theorem 7.2.4 gives the interpretation of the following unsigned version of L.H.S of

this identity with k = —1:

i 2 qn2

= (4@ )n
Now, by attaching weight (—1)" to each n—color partition generated by the unsigned
version, where

%(al + bl) if (al)bl S Sfl,
%(al + b, + 1) if (al)bl € 52_1,

h:

we get the interpretation of the original identity. Similarly, the identities

2n(n+1)

i (¢, 4°)ng (56w
o (¢ ¢t

)n(_q7q2)n+l - (92392)00[(] 4, —q54 }oov ([52, 1(5)])

oo (__1\" 2 n(n+2) © 2
ORI AR CIL DX (152, 1(25))

n=0 (@, ¢")n(—¢, @*)ns1 B (4% 4%
= (1)"4,6%),8" " @) 5 4 s
ngo (% (=0, ¢*)n (qQ;qQ)oo[q’ &4 e (B2, 120D

can be interpreted by attaching weight (—1)" to each (n+t)—color partition generated

99



Chapter 7. (n + t)—color partition-theoretic interpretations for some
generalized ¢-series

by their unsigned version, where respective values of h for these identities are

. %(al +by +4)—2p if (a1), € ST,
$(a1 4+ b1 +3) —2p if (a1)y, € S5,

- %(a1+bl)—1 if (al)bl GSfl,
%(a1+b1—|—1)—1 if (al)bl ES;l,

b %(a1+b1—2) if (al)bl 6551,
%(al + by — 1) if (al)bl € 54_1

7.5 Conclusion

Our results in conjunction with the results from ([94, 95, 111]) provide infinitely many
three-way combinatorial identities. Also, it is evident that in some particular cases,
our results lead to four way combinatorial interpretations of some Rogers-Ramanujan
type identities. In ([94, 95]), only unsigned versions of the identities from Chu-Zhang’s
compendium have been interpreted, but we are providing the interpretations of orig-
inal identities by attaching weights to partitions generated by unsigned versions. In
the light of this work, one can try to find the interpretations of some other identi-
ties from Slater’s compendium [108] and Chu-Zhang’s compendium [52] by attaching

weights.
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Chapter 8

(n + t)—color analogue of Gordon’s
theorem

As discussed in Chapter 1, Andrews et al. generalized the concept of successive ranks
to hook differences. By using the notion of hook differences they generalized the

following successive ranks theorem ([20], [41]):

Theorem 8.0.1. Let Pr;(s) be the number of partitions of s with successive ranks
in the interval [—i+ 2, K —i — 2] and Qg (s) be the number of partitions of s into
parts # 0,+i (mod K). Then for1 <i <%

Pri(s) = Qri(s) Vs.

The above theorem imposes bound on successive ranks only i.e hook differences
on diagonal 0. The extension of this result by Andrews et al. [58] includes two
diagonals (not necessarily different) and imposes an upper bound on hook differences
of the first and a lower bound on the second. The partitions appearing in their general

identity are defined below:

Definition 8.0.1. pg;(«, f;s) defines the number of partitions of s with hook dif-
ferences on the diagonals 1 — 5 and o — 1 as > —i+5+1and < K —i—a—1

respectively.

Although the general identity of [58] includes a complex product, in some par-

ticular cases it reduces to a simple triple or quintuple product. We are particularly
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interested in two of these reductions, first of which is stated here.

Theorem 8.0.2. For 1 <i,a < % and 2t # K,

oo

ipK’i(a, a;s)q® = H (1—¢% " (8.1)

s=0 s=1
s#0,+ai (mod ak)

In [10], Agarwal and Andrews rephrased a special case o = 2 of this identity in
terms of the corresponding Frobenius symbol and mapped the partitions enumerated
by the left hand side to certain restricted (n+t)—color partitions to obtain an identity
of the Rogers-Ramanujan type. In fact, the concept of (n + t)—color partitions was
first explicitly used in the same manuscript. The general partition identity obtained

in [10] is stated below:
Theorem 8.0.3. For 1 <[l < k—1and k > 2, let ﬂfl(z)(k,s) be the number of
(n + 1)—color partitions of s such that b; = a; + 1 for some i, all pairs of parts satisfy

(w.d)m- 2 -2 min{bi - 1, b_] - 17 k— 3}, (82)

and if (w.d); ; is nonpositive then it is even. Further, suppose that %1(2)@;, s) be the
number of partitions of s into parts # 0,+2(k — 1) (mod 4k + 2). Then

AP (k,s) =B (k,s) Vs>0.

The above theorem modifies to the following in case of [ = 0:

Theorem 8.0.4. Let %(2)(k,s) be the number of n—color partitions of s such that
if weighted differences of any pair of summands is nonpositive then it is even and
satisfies (8.2). Then

%(2)(14;,8) = B (k, s) Vs>0.

Our foremost idea was to examine pg ;(a, a; s) of Theorem 8.0.2 for a = 3 and
k odd. We not only succeeded in obtaining results for a = 3 but were also able

to generalize these for any value of a. For K = 2k + 1, the right hand side of
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equation (8.1) is a triple product identity involving modulus 2ak + o. We know
that the combinatorial generalization of Rogers-Ramanujan identities due to Gordon
(Theorem 1.1.4) involves modulus 2k+ 1. Recently, Sills [106] gave the following mild

extension of Gordon’s theorem which involves modulus 2ak + a:

Theorem 8.0.5. For 1 < i < k, a > 1, the number of partitions of s such that «
appears at most © — 1 times as a part and total number of occurrences of any two
consecutive multiples of « together is at most k — 1 equals the number of partitions of

s into parts # 0, £ai (mod 2ak + «).

However, both Gordon’s theorem and its extension use only ordinary partitions.
Our main result here involves (n + t)—color partitions and hence is named as (n+t)—
color analogue of Gordon’s theorem.
Another reduction from the general identity of [58] which we utilize to obtain a n—color

partition identity for a quintuple product is the following theorem:

Theorem 8.0.6. For a+ < 3K and R = 2K (a + )

iop:SK,K(a,ﬁ; 5)q* = f[l (1—¢%". (8.3)

s;éO,iIgE(mod R)
sZ+2Ka (mod 2R)

8.1 Main results

In this section, first we deduce a result for & = 3 from Theorem 8.0.2 and thereby

generalizing for any value of « to obtain (n + t)—color analogue of Gordon’s theorem.
Theorem 8.1.1. For1 <1 <k—2,k >3, let szfl(?’)(k, s) be the number of (n+1+1)-
color partitions of s satisfying

(1) by =a, +1+1;

(ii) b >2,1<i<p;

(iii) (w.d);;+1 takes odd values > —1 and even values > —2 min{b; — 1,b;41 — 1},

1<i<p—-1;
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(iv) (w.d);;to is nonpositive if it is even and > —2 min{b; — 2,b;1o — 2,k — 4},

1<i<p-2.

And, %’l(g)(k:, s) denote the number of partitions of s into parts #Z 0,+3(k—[) (mod 6k-+
3). Then
%(3)(/4:, s) = %’l(?’)(k‘, s), Vs>0.

Proof. Substituting o =3, K =2k + 1 and i = k — [ in equation (8.1)

ipzkﬂ,k—z(?), 3;8)q° = 10_0[ (1—¢%" (8.4)

s=0

—_

s=
520,+3(k—1)

—

mod 6k+3)
The Frobenius representation of the partitions enumerated by pogi1.x-1(3, 3; ) satisty
the following conditions:

Ci>Ci+1ZO, dl>dl+120 V1S’L§p—1, (85)

mln{cl—dwrg—l—l,dl—cz+2—i—l}25—k \V/].SZSP—Q, (86)

ifc,=0 then ¢,y =1or >4—(k—1),
ifc,#0 then c¢,=1lor>4—(k—1) and c¢,o1 >5—(k—1).

(8.7)

Now, we define a mapping on the set of partitions satisfying conditions (8.5)—(8.7)

which assigns a colored part to each column of the Frobenius representation as follows:

¢ (ci+di +1)e—g,m141 e >d; +1,
o = (39)
d; (cit+di+1)g—cipry2 ifc <di+1

The inverse mapping is defined as

(az+bl+l—2)/2

if a; = b; + 1 (mod 2),

(@i — by + 1 +1)/2
(a1+bz—l—3)/2

if a; §é bi +1 (mod 2)
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For any two colored parts (a;)y,, (a;)y; (i < j) corresponding to the columns < ; >
and ( “ )
d;

Q(dZ—CJ—i-l—l) lfCl>dl—i-l7 Cj>dj—|—l,
(w.d)i; = =) = (8.10)
2(¢i—¢;)—3  ife <di+1, ¢;>d;+1,
2cj—dj —1-2) ife; <di+1, ¢; < dj+1,

—Q(b]—1)+2<dl—d]—1) ifCi>di+l, & >dj+l,

2(d; — d;) — 3 ife; >d;i+1, ¢; <d;+1,

_ ( ]) J J (811)
Q(CZ‘—Cj)—?) lfclédl—f—l, Cj>dj+l,
—2(b]—1)+2(cz—cj—1) 1ch§dZ+l, ngd]—f—l,
—2(b1—1>+2(CZ—CJ—1) lfCZ>dZ+l, Cj>dj+l,
2(d; — d;) — 3 ifCi>di+l, c; <d;+1,

_ ( )) T (8.12)
2(01'—0]')—3 if ¢; <d; +1, Cj>dj+l,

—2(b1—1)+2(d2—d]—1) lfCZSdl—Fl, CJSdJ—FZ

The condition (ii) of the theorem is clearly implied by the way mapping ¢ is
defined. An examination of equations (8.10)—(8.12) for j =i+ 1 under (8.5) provides
the condition (iii) of the theorem. Again examining (8.10)—(8.12) for j =i+ 2 under
the conditions (8.5) and (8.6), we get the condition (iv) of the theorem.

Now to fulfill (8.7), we assume that ¢, = 0, if it is not so we include a dummy column
| since in this case (8.7) becomes a tautology. Fixing ¢, = 0 ensures that least

part satisfies condition (i) of the theorem. It also implies that u is at least [+ 1. Also,

(w.d);i+1 > —2(bis1 — 1) implies that
a; — b > aiy1 — bip1 + 2.

Therefore, the value of a; — b; is least for ¢ = p which in turn implies that u =1+ 1.

The reverse implications can be easily proved once we have the following equations
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in hand:
(w.d); ; + 2b; ifa; =b; +1, aj =b; +1 (mod 2),
e — ) (w.d)i; +2(bi+b;)—3 ifa;=b+1, a; Zb; + 1 (mod 2),
(wd);; +3 ifa; Zb;+1, aj = b; +1 (mod 2),
(w.d); ; + 2b; ifa; Zb;+1, aj #b; +1 (mod 2),
(8.13)
(w.d); ; + 2b; ifa; =b; +1, aj =b; +1 (mod 2),
2ds — d) (w.d);;+3 ifa;, =b; +1, aj # b; + 1 (mod 2),
(w.d)ij+2(b;+0b) —3 ifa; Zb;+1, aj =b; +1 (mod 2),
(w.d);; + 2b; ifa; Zb;+1, aj #b; +1 (mod 2),
(8.14)
(w.d);; + 2 ifa,=b;+1, aj =b; +1 (mod 2),
2ds — 5+ 1) = (w.d);j+2b; — 1 ifa; =b; +1, aj #b; +1 (mod 2),
(w.d);; +2b; — 1 ifa; Zb;+1, aj =b; +1 (mod 2),
(w.d)ij+2(b;+0b) —4 ifa; Zb;+1, aj #b; +1 (mod 2),
(8.15)
(w.d)ij+2(b;+0b;) ifa,=b,+1, aj =b; +1 (mod 2),
2ew—d; — 1) (wd);; +2b; +1 ifa;=b;+1, a; #b; + 1 (mod 2), (8.16)
(wd);; +2b; +1 ifa, Zb;+1, a;j =b; +1 (mod 2),
(w.d);; +4 if a; # b, +1, a; # b; + 1 (mod 2),

Corollary 8.1.2. Forl =0, Theorem 8.1.1 is true with the modification in condition

(i) that b, = a, + 1 may or may not be true.

Corollary 8.1.3. Forl =k — 1, Theorem 8.1.1 ¢s true with the additional condition
ap—1 + ) ?é bpfl + 3.

To extend Theorem 8.1.1 for any value of a > 2, the bijective map defined by ¢
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is modified as below:

C; Ci+di+1ci—i— a— if0i>di+l,
. ) Jeiditra— (8.17)
d; (ci+di + Dgy—c;rari—1 if e <di+1.

(al—i—bz—i-l—oz—i-l)/Q

(a; —b; —l+a—3)/2
¢~ ((ai)y) = (8.18)
(a; —bi+1l+a—2)/2

(CLZ'—Fbi—l—CU)/Q

ifa; — b; Z1 — a (mod 2),

if a; — b; =1 — «a (mod 2).

By using the above map and following same steps as in Theorem 8.1.1, we obtain the

following (n + t)—color analogue of Gordon’s theorem:

Theorem 8.1.4. For 1 <[ < k—-a+1, k> a, let sz%l(a)(k,s) be the number of
(n 4+ a+ 1 — 2)—color partitions of s satisfying

i) p=ap+a+1-2;

(ii) b > a—1,1<i<p;

(iii) (w.d); 41 takes odd values > 5—2a and even values > —2 min{b; —1,b; 41 — 1},

1<i<p-—1.

(iv) (w.d);it2 is nonpositive if it is even and > —2 min{b; —a +1,b;40 —a+ 1,k —

a—1}1<i<p-2.

And, %l(a)(k, s) denote the number of partitions of s into parts Z 0, +a(k—1) (mod 2ak+
a). Then
A (k,5) = B (k,s) V520,

8.2 n—color partitions for a quintuple product

The partitions arising from the product side of the following quintuple product iden-

tity due to Sills ([104], p. 400, Eq. (1.7)) are in one-to-one correspondence with
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certain restricted n—color partitions:

2 2. ... 2 g
NP+N5+-+Ng (nk 3]+1) (qk7 qSk7 q6k; qﬁk)(qzlk:’ q8k; qlzk)

> : - ’

320 (G D (G D (G Dy (6 0) (45 @) 2ny - (¢ @)oo
(8.19)

where N; = n; + n;y1 + -+ +ng and (2) is the Legendre symbol. This result is also

P
accomplished in a similar manner as in Theorem 8.1.1 by substituting K =k, a = 2

and = 1 in equation (8.3). The mapping used to obtain the desired result is

s ¢ | (ci+di+1)e—a,
d; (cit+di+1)gcp1 ifc; < d;.

if C; > di,

And, the inverse mapping is defined as

(ai—i-bi — 1)/2

if a; #Z b; (mod 2),

(a; —b;)/2

if a; = b; (mod 2).

Thus, we obtain the following result:

Theorem 8.2.1. For k > 2, let €(k,s) be the number of n—color partitions of s
satisfying

(i) ifa;=0b; (mod 2) thenb; <k—1,1<i<p;

(i) (w.d);;s+1 7s nonpositive if it is even and > —2 min{b;—1,b;41 —1}, 1 <i < p—1;

(iii) Zf a; §é bl and ;41 §é bi—i—l then (w.d)mﬂ > 8 — 4]€, 1 < 1 < P — 1.

And, P(k,s) denote the number of partitions of s into parts #Z 0, +k (mod 6k) and
# +4k (mod 12k). Then
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8.3 Conclusion

The analytic counterpart to the identities proved in [10] was found by Agarwal et al.
[11] using the concept of Bailey lattice. However for two particular cases, Identities
(4.12) and (4.13) of Verma and Jain [116] can also be considered as their analytic
counterparts. Also, there are two Identities (4.18) and (4.19) in [116] involving triple
product modulo 6k + 3. Again, in two particular cases (i.e. for l=0and [ =k — 1)
these identities can be considered as analytic counterparts to Corollaries 8.1.2 and
8.1.3. Using Identity (4.17) of [116], we found the following analytic counterpart of
Theorem 8.1.1 for the case [ = 1:

3(ME++MZ_)+n?+12ME_ +6nMj_,4

14 i i (q?’; qg)n+21\4k,4—1q
7m0 11720 (@ D@ @)ry - (@6,
(TL,T1,...,’r‘k,4)?£(0,0,...,0)

(1 —(1- q3rk_4)q6(Ml+-~+Mk_5)+3(k71)712)

(q; Q)2n+6Mk_471

S | O (5.20)

n=1

n20,+£3(k—1) (mod 6k+3)

where M; = ry+ry+---+r;. Thus following the results of Verma and Jain [116],
we get a separate identity for each value of [. It will be interesting to find a similar
analytic counterpart for Theorem 8.1.1. However, the approach of Agarwal et al. [11]
seems to be more appropriate for these cases as it gives two generalized identities as
analytic counterpart to the results of [10]. Thus, an obvious future problem arising
from this work is to find the analytic counterpart to Theorem 8.1.4. Also, it will

further generalize the result of Theorem 5.2 of [11].
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