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Abstract

‘Metamaterials’ and ‘soliton’ are the two sought-after topics since the last century.
Metamaterials offer some exclusive, apparently unnatural, yet extraordinarily ben-
eficial phenomena. On the other hand, soliton, which is generated using the non-
linearity of the media, comes with a plethora of potential applications besides its
strong, wide, and deep theoretical base. This thesis aims to combine these two
branches, i.e., metamaterials and nonlinearity-induced soliton in order to reap the
benefits of the advantages of both of them. While various types of metamaterials
have been explored for soliton generation, and diverse solitons have been identified,
limited attention has been paid towards higher-order nonlinearity. Even though the
relative value of higher-order nonlinearity might be considerably smaller than the
commonly considered lowest-order nonlinearity, its significance lies in the cumula-
tive effects it exerts, especially in certain materials like metamaterials. Furthermore,
harnessing higher-order nonlinearity, if appropriately employed, could give rise to
intriguing phenomena. The presence of higher-order nonlinearity not only plays
a pivotal role in the dynamics and stability of solitons but can also be leveraged
for the advancement of smart devices. Precisely, this thesis presents the soliton
generation in split ring resonator (SRR) based metamaterials having higher-order
nonlinearity. Different types of nonlinearities have been used, namely, cubic-quintic
nonlinearity and saturable nonlinearity. The effects of higher-order terms, namely,
third-order diffraction, multiphoton absorption, self-steepening, and Raman scat-
tering, have been considered. Soliton has been found in all the cases, however, with
delicate stability conditions. Such conditions have been determined and numerically
verified. The dynamics of the solitons, both spontaneous and interactive, have been
portrayed.

The theoretical investigation on the generation and stabilization of the soliton

model is developed using the nonlinear Schrodinger equation or modified nonlinear



Schrédinger equation. And consequently solved by Lagrangian variational method
based analytical method as well as split-step Fourier method and Runge-Kutta
method based numerical methods.

Stable compound dissipative solitons are found in cubic-quintic nonlinear media with
multi-photon absorption and diffusion for a given set of parameters. Since the gener-
ation and stabilization conditions have been determined in a generic form, those fit
any given material. The interaction dynamics of the dissipative solitons for various
initial separations and phases of the participating soliton, ultimately resulting in
soliton switching. Notably, it is found that a weak soliton beam has the ability to
control a strong soliton beam.

A simple approach has been undertaken to stabilize soliton in a two-dimensional
hybrid metamaterial featuring split-ring resonator arrays on a graphene layer. This
approach is so fundamental and direct that it can be applied to stabilize solitons in
other media, too.

Soliton is formed in SRR-based nonlinear metamaterials, wherein higher-order ef-
fects, namely, third-order diffraction, self-steepening and Raman scattering, are
prominent. Both self-steepening and Raman scattering cause a transverse shift of
the pulse; however, the former causes a greater shift. These soliton pulses are robust
against perturbation; only the transverse shift decreases marginally with increasing
perturbation. The interaction dynamics demonstrate the typical periodic oscilla-
tions along with some deformation due to self-steepening and Raman scattering.
Breather-like diffraction-managed soliton solitons are found in a periodic array of
metamaterials having alternate positive and negative diffraction. The initial beam
energy required for the generation of diffraction-managed soliton is determined
across diverse metamaterial array configurations. The approach enables the pro-
duction of high-energy beams through the utilization of diffraction-managed meta-
material arrays. The stability zones for diffraction-managed solitons are identified.

Most of the solitons presented in this thesis are robust against the randomness of the



system parameters up to a certain extent. The findings of the thesis can be used as
a guideline for further experimental observation of solitons and soliton-based devices

in different types of metamaterials.
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Chapter 1

Introduction

Localized structures of various kinds have attracted significant attention for centuries
due to their natural occurrence and intriguing features that are of fundamental
research interest as well as technological applications [1-3|. Localized structures are
familiar in various disciplines; for example, in nature (e.g., patterns in shallow water
waves [4], isolated roll-cloud [5], sand dunes [6], Tsunami |7, 8]), mechanical systems
(e.g., vertically vibrating patterns in granular media [9], coupled pendulum-chain
[10], kink in coupled pendulum lattice [11]), optics (e.g., patterns in the transverse
plane of optical resonator [12, 13]), chemical systems (e.g., Belousov—Zhabotinsky
pattern in 2D chemical reaction [14], in oscillatory chemical reactions [15]) and
biological system (e.g., lichen growth patterns [16, 17]).

In this context, the solitons are one of the most important localized structures
that arise due to the self-confinement of a beam or pulse by virtue of the nonlinearity
of the medium. Soliton is generated due to the perfect counterbalance between the
dispersion- or diffraction-induced broadening and nonlinearity-induced contraction.
Obviously, the presence of nonlinearity in the medium is essential for the origin of the
solitons. Solitons maintain or periodically repeat their shape and size during propa-
gation and show particle nature, i.e., retain the localized nature even after collision
with another soliton [18-20]. After the interaction, the soliton reappears without
losing its shape or self-repeating behaviour. The interactions between solitons are

one of the most fascinating features of solitons [20, 21].
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Soliton has been observed in a wide variety of systems, e.g., optics [22], optical
fibre [23, 24|, waveguides [25, 26|, condensed matter [27], plasma wave 28], electric
devices [29], metamaterials [30, 31|, chemical systems [32, 33|, biological systems
[34, 35|, neuroscience [36, 37|, fluids [38], granular media [39, 40|, string theory
[41, 42] and beyond. In fact, solitons have been developed in almost all disciplines
of science and engineering, including social, behavioural science and even in nature
[43, 44]. The present research status has been elevated so high that it would not
be an overstatement to say that “if there is a wave, there might be a soliton.” The
solitary waves have been detected in the magnetosheath of Mars between 1000 km
and 3500 km above the martian surface by studying bipolar waves using nonlinear
fluid theory and simulations with data from the Langmuir Probe and Waves (LPW)
instrument of the Mars Atmosphere and Volatile Evolution (MAVEN) spacecraft

145].

1.1 History and Development of Soliton

Soliton was first noticed by John Scott Russell long back in 1834 in Union Canal
in Scotland [46]. Russell, a civil engineer and naval architect, was observing the
motion of a boat dragged by horses in the canal. When the boat stopped, the heap
of water moving in front of the prow of the ship continued to move in the form of
a wave after sustaining an initial turbulence. He followed the wave on horseback
and surprisingly noticed that the wave travelled a couple of miles, keeping the same
shape before dying down gradually. Later on, he methodically experimented with
this phenomenon and reported it as a "wave of translation", which caught the at-
tention of the renowned scientists Henry Bazin (1862 experiments [47, 48]) and Lord
Rayleigh who published a paper in Philosophical Magazine in 1876 to support John
Scott Russell’s experimental observation with his mathematical theory [49]. Lord

Rayleigh mentioned Scott Russell’s name and also admitted that the first theoret-
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ical treatment was by Joseph Valentin Boussinesq in 1871 [50]. The phenomenon
of solitary waves had previously been reported in 1826 by Giorgio Bidone in Turin
[51, 52|, but Bidone’s work seems to have gone unnoticed.

Even Russell’s work had to await proper recognition for several decades until
Korteweg and de Vries brought research attention to it by introducing a partial dif-
ferential equation to study the one-dimensional solitary wave in 1895. The equation
is known as the Korteweg-de Vries equation and is given as dyu + 93u + 6ud,u = 0.
Korteweg-de Vries equation grabbed significant research interest [53|. Many years
later, in 1965, the name “soliton” was coined by Zabsky and Kruskal, who were
studying the propagation of nonlinear dispersive media using the Korteweg-de Vries
(KdV) equation [20]. In 1967 inverse scattering method was introduced by Clifford
et al. to solve the KdV equation [54]|. In theoretical research, the integrability of
systems is very important. Self-similar or self-localized solutions of integrable sys-
tems are considered as solitons, while those for nonintegrable systems are referred
as solitary waves. Now-a-days, however, both the solitons and the solitary waves
are generally considered solitons.

The robust structural behaviour of solitons has led to their widespread imple-
mentation across numerous scientific fields. Solitons play a crucial role in fiber optics
communication systems, allowing for the efficient transmission of data over long dis-
tances [55]. As these waves can withstand dispersion and maintain their shape, the
signal integrity is preserved, and the need for intricate signal regeneration processes
can be reduced [56]. Solitons have proven valuable in the study of condensed matter
[27]. In this discipline, they are used to examine the properties of materials, in-
cluding the behaviour of electrons in superconductors and the dynamics of magnetic
domains [57]. Solitons provide a one-of-a-kind method for examining the transport
and interaction of elementary excitations in complex systems, thereby shedding light
on fundamental phenomena and potential future technological applications [58]. The

extraordinary self-confinement characteristics of solitons can also benefit electric de-
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vices [29]. Soliton-based transmission lines have the potential to surmount signal
degradation and interference limitations, thereby enhancing the performance and
dependability of electronic devices [59]. Solitons have also been utilized in the study
of fluid dynamics, where their ability to maintain their shape and stability even in
the presence of disturbances has proven to be especially useful [60]. Solitons provide
a robust framework for analyzing the behaviour of complex fluid systems [61], from
modelling oceanic waves to comprehending atmospheric phenomena. Solitons also
contribute to our comprehension of wave propagation in plasmas [62], which has

implications for controlled nuclear fusion and astrophysical processes.



1.1. History and Development of Soliton

Table 1.1: Timeline of soliton development.

First observation of solitary wave by

1834 ------

John Scott Russell[46].". “

Korteweg—De Vries proposed solitary wave equation
1895 - .- ..

(KdV) [63]: dyu + Pu + 6ud,u = 0.
1939 ... Solitary wave is found in solid state material [64].
1960 ------ Solitary wave is found in plasma [65].
1965 ------ “Soliton” term is coined [20].

Inverse scattering transform is introduced to solve KdV
1967 ------

equation [54].

Interaction of two solitons is reported (in nonlinear
1967 ------

spring-mass system) [66].
1973 -+ ... Soliton in optical fiber is proposed theoretically [67].
1974 - ... First experiment on optical soliton [68].
1978 ------ Soliton is found in biological system [69].
1980 ------ Experimental observation of soliton in optical fiber [70].
1984 ... .. Soliton Laser is reported [71].
1998 ------ Soliton is found in Josephson junctions [72].
1999 -..... spatiotemporal solitons generated experimentally [73].
2002 ------ Cavity soliton experimentally demonstrated[74].
2013 ------ Multimode fiber solitons demonstrated [75].

“Tmage source: https://commons.wikimedia.org/wiki/File:Russell J Scott.jpg



1.2. Soliton in Metamaterial 6

1.2 Soliton in Metamaterial

Among the wide variety of soliton-hosting materials and systems, metamaterials
are probably the most unique candidates. Metamaterials are artificially engineered
materials whose properties can be tailored as per the requirement [76]. They can
possess properties different from ordinary/naturally occurring materials (that’s why
they are called ‘meta’; i.e., extraordinary), for example, negative electric permittiv-
ity and magnetic permeability, which leads to negative refractive index [77]. The
materials having a negative refractive index are also known as left-handed mate-
rials (LHM), while the traditional materials having a positive refractive index are
called right-handed materials (RHM). Metamaterials consist of an array of micro or
nano-order periodic metallic structures that have a different response to the elec-
tromagnetic (EM) field than that of an RHM, say, photonic crystals |78, 79]. In
fact, the response of metamaterials to the EM field has been a topic of great interest
since the beginning. The idea of metamaterials was introduced in the discussion
on the electrodynamics of substances with simultaneously negative values of elec-
tric permittivity (e) and magnetic permeability (1) by Veselago et al. in 1968 [80].
The metamaterials can be embedded in the dielectric to enhance the EM response.
(More details of metamaterials are discussed in the Chapter 2.)

The microscopic structure of the metamaterials modifies the macroscopic prop-
erties of the material. The EM wave is found to travel along the surface of a metallic
micro-structure known as a surface plasmon (SP). SP is trapped along the surface of
the conductors due to the resonance between the wave and the free electrons of the
conductors [81]. One such commonly used microstructure is the split ring resonator
(SRR). SRR can be considered as an LCR circuit due to the inductance of the ring,
the capacitance of the split, and the resistance of connected SRRs [82]. In 1996, the
motion of low-frequency SP in metallic microstructures was studied by J.B. Pendry

et al. |83]. They found that the plasmon has an impact on the properties of metal,
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e.g., e will be negative below the plasma frequency, which is an interesting result and
leads to some untraditional phenomenon, for example, the metallic microstructure
of the thin wire array in GHz region was found to exhibit properties analogous to the
properties of solid metal in the UV region [83|. Again, in 2000, J.B. Pendery came
up with another idea of making a perfect lens with metamaterials [84]. In the same
year, Smith et al. presented a pioneering work on negative permeability using SRR
arrays [85]. They designed and fabricated the SRR arrays that created a magnetic
resonance at microwave frequencies. They observed negative permeability using the
SRR array. In 2001, P. Markas and C.M. Soukoulis studied metamaterials numeri-
cally by removing a split ring from the array to analyze the effect on transmission
[86]. They found that only the amplitude of transmission is decreased, which is
due to the negative effective permeability of the structure. Also, at resonance, the
structure possesses negative permeability and negative susceptibility.

In 2003, Zharov et al. demonstrated the nonlinear properties of metamaterial em-
bedded into nonlinear dielectric by showing hysteresis-type dependence of magnetic
permeability on the field intensity [87]. Because of intensity dependence, meta-
materials can be switched from LHM to RHM and vice versa. The nonlinearity
in metamaterials arises due to two factors: the intensity-dependent dielectric per-
meability of the dielectric in which the SRR is embedded and the response of the
SRR resonator, as the capacitance and inductance of SRR depend upon the local
field strength [87]. In 2004, Ilya V. Shadrivov et al. analyzed the nonlinear guided
wave in a metamaterial waveguide surrounded by Kerr-like nonlinear dielectric [88].
Such waveguides can support both fast and slow symmetric as well as antisymmetric
nonlinear modes. Their study showed hysteresis-type nonlinearity and novel bright
and dark solitons. N. Lazarides et al. considered a one-dimensional model formed
by a discrete array of SRRs, where rings can interact with each other [89]. The
nonlinearity of the medium results in self-focusing, which further combines with the

discreteness of the SRR array, resulting in the generation of discrete breather ex-
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citations. A similar kind of discrete lattice studied by Giri et al. using nonlinear
Klein-Gordon equation also results in bright and dark breather soliton [90]. Mandal
et al. found dark and bright breathers in periodic metamaterial using Klein-Gordon
equation [91]. Bright, dark, or grey types of soliton and soliton breather modes are
created in a one-dimensional chain of optically linear SRRs with a barrier made of
optically nonlinear SRRs [92]. The SRR gaps are filled with Kerr nonlinear dielec-
tric media. The soliton modes emerge spontaneously at a lower critical nonlinearity
of the barrier media or result from the breakup of a barrier mode as the barrier
media become more nonlinear in the linear media limit [93]. GHz EM wave prop-
agation within the resonant region of a negative index metamaterial may produce
both bright and dark optical solitons in the low-frequency response. The bright
soliton, characterized by its fast mode, exhibits modulation instability, whereas the
dark soliton, a slow mode, remains modulationally stable [94].

Metamaterials are composite materials consisting of a periodic metal lattice, which
creates dispersion. This dispersion can be counterbalanced by the Kerr nonlinearity
[95, 96]. The periodic structure leads to periodic variation of the dispersion, which
eventually takes part in the formation of Gap solitons |25, 97]. Gap solitons arise by
balancing the dispersion-induced broadening with the help of nonlinearity-induced
contraction, similar to the case of a “regular” soliton. However, in the case of gap
soliton, the dispersion is periodic in nature. Such periodic dispersion relation for
the EM field is divided into bands separated by gaps. The propagation of EM fields
through the gaps is forbidden. However, a high-power nonlinear (e.g., Kerr non-
linear) field having a frequency located inside a gap may locally tune the photonic
band gap, which in turn allows the generation and propagation of a localized EM
field inside the band gap; hence, the name gap soliton has been coined. A system
hosting gap solitons can be represented by nonlinear Schrédinger equation (NLSE),
like the case of a regular soliton. Also, gap soliton can be found in the Klein-Gordon

(KG) equation with dispersion and Kerr nonlinear term [95, 96]. Cui et al. studied
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the diatomic chain model and found a gap in frequency between acoustic and optical
branches [98|. The gap is proportional to the difference between the two types of
SRR. In the linear case, wave propagation of a certain wavelength is forbidden due
to damping, but by introducing nonlinearity, the wave can be propagated. There are
two acoustic modes, i.e., an acoustic lower cut-off and acoustic upper cut-off, which
result in gap soliton and kink soliton, respectively. Cui et al. found gap soliton in
chains of SRR dimers, a pair of coupled SRRs of different sizes [99]. The soliton
frequency that lies in the gap of the linear spectrum is damped. The gap solitons
exist in a periodic nonlinear media due to periodic variation in media [100].

Shadrivov et al. studied the spatial solitons in nonlinear composite structure meta-
material and found transverse electric (TE) and transverse magnetic (TM) mode po-
larized bright and dark spatial soliton [101]. They demonstrate the single and multi-
hump spatial solitons due to hysteresis-type dependence on intensity and magnetic
permeability in SRR-based metamaterials. Boardman et al. found spatial soliton in
the transmission line that mimics the behaviour of split-ring and wire metamaterials,
where the gain is introduced using negative conductance diodes [102]. Using the self-
focusing by Kerr nonlinearity of dielectric, Davoyan et al. reported the formation of
spatial plasmon-polariton solitons along the interface of a metal and dielectric [103].
Bartal et al. found subwavelength soliton in metal rod embedded in the dielectric
slab by counterbalancing of surface plasmon broadening with self-focusing nonlinear-
ity [104]. Lazarides et al. reported dark and bright soliton in isotropic, homogeneous
SRR metamaterial using coupled NLSE that arises from Maxwell’s equations [105].
A similar physical system is solved by Marklund et al. by using the Wigner—Moyal
equation, and bright as well as dark soliton have been found [106]. Bright-bright
and dark-dark vector solitons of Manakov type are found in metamaterials by Tsit-
sas et al. who modelled EM wave propagation in metamaterials is modelled by two
coupled Schrodinger equations and solved by the inverse scattering transformation

[107]. The quasi-discrete bright envelope microwave solitons are studied by Veldes



1.2. Soliton in Metamaterial 10

et al. by considering an SRR coplanar waveguide using an equivalent electric circuit
[108]. Rosanov et al. demonstrated that weekly coupled SRRs support a new class
of topological type of knotted solitons [109]. Yang et al. analyze the bright, dark,
and grey solitons and quasi-solitons for a wider parameter range using the Drude
model [110].

Soliton in metamaterials with higher-order nonlinear effects have been reported reg-
ularly. Daoui et al. [111] and Triki et al.[112]| studied optical metamaterials with
self-steepening nonlinearity using NLSE. While the earlier group found the propa-
gation of chirped bright and double-kinked quasi-solitons, the later group came up
with singular solitons. Further, Triki et al. carried out a similar study in nonlinear
metamaterials using NLSE with pseudo-quintic nonlinearity and the self-steepening
effect to find a chirped dark soliton [113]. The effect of self-steepening is studied on
kink and anti-kink chirped soliton propagation using NLSE [114]. Porfyrakis et al.
studied a periodic metamaterial with cubic nonlinearity using both the nonlinear
KG equation and NLSE [115]. The frequency gap caused by linear dispersion atten-
uates the wave; yet, in the presence of nonlinearity, the propagation of bright and
dark gap solitons is found. Zhu et al. studied negative refractive index materials
with self-steepening and magnetoopic effects using NLSE by applying the F-function
method [116]. Jacobian elliptic sine and cosine function and bright soliton solution
are found. Ali et al. found dissipative soliton in metamaterial with third and
fourth-order dispersion and quintic nonlinearity by solving perturbed NLSE using
Lagrangian variational method [117]. Abbagari et al. [118] and Islam et al. [119]
found bright and dark soliton in nonlinear metamaterial by solving NLSE using a
novel generalized extended direct algebraic method and modified extended direct al-
gebraic method respectively. Mathanaranjan et al. found bright, dark, and singular
soliton in metamaterials with third and fourth-order dispersions and cubic-quintic

nonlinearity [120].
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1.3 Motivation

Ample work has been done on the exploration of soliton in metamaterials. Dif-
ferent types of metamaterials have been explored for the existence of soliton, and
various types of solitons have been found. However, only limited works are done
for higher-order nonlinearity, e.g., quintic nonlinearity. The consideration of higher-
order nonlinearity is essential. The reason is two-fold. Firstly, although the relative
value of the higher order nonlinearity (namely, quintic nonlinearity) is much smaller
than the cubic nonlinearity, it is prominent in some systems, including metamate-
rials. Moreover, the presence of higher-order nonlinearity, if properly utilized, may
lead to intriguing phenomena. Both the dynamics and stability of the soliton can be
significantly controlled by the higher-order nonlinearity. These can be utilized for
the development of smart devices. The aforementioned points are the major moti-
vations behind this thesis. Another important motivation of the current work comes
from the expectation of fascinating phenomena by combining the unique features of
metamaterial and nonlinear dynamics. Both the ‘metamaterial’ and ‘nonlinearity’
have their scientific charms, so much so that they come under the most sought-after
topics of the present times. This thesis attempts to combine these two prominent
topics and explore what benefits can be reaped by combining the two. Therefore,
we consider a system of nonlinear metamaterials and propose to study the gener-
ation and dynamics of localized structures, particularly soliton, in such a system.
However, a mere study on the generation of soliton might not be sufficient; one
needs to check its sustainability, too. Therefore, we further propose to study the
stability analysis of soliton in metamaterials with higher-order nonlinearity to know
the basic properties of the localized structure and their preferred operating zones.
In summary, in view of the aforementioned research gap and motivation, we set the

following objectives for our thesis work.
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1.4 Objectives

The main objectives of our theoretical investigation are as follows.

1. To explore the soliton existence in split ring resonator based metamaterials

with higher order nonlinearity.

2. To study the dynamics of solitons in split ring resonator based metamaterials

with higher order nonlinearity.

3. To study the soliton stability and identify the parametric zone where the soli-

tons are stable.

1.5 Methodology

Soliton propagation in metamaterials can theoretically be presented by a NLSE or
perturbed NLSE [118, 121], KG equation [95, 122] or complex Ginzburg-Landau
equation (CGLE) [123]. These equations are generally non-integrable, complicated
and require particular methods to solve. There are two types of methods to solve
these equations: Analytical and Numerical methods. Further, there are two types of
analytical methods: exact analytical methods and approximate analytical methods.

The commonly used methods under both categories are shown in table 1.2.
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Exact Methods

Analytical Methods

Approximate Methods

Numerical Methods

e Inverse scattering method
[124]

e Darboux transformation
method [127]

e Lax pair [130]

o AKNS Method [133]

e Integral Solutions [135]

e Conformal Mapping [137]

e Separation of Variables

[139]

e Lagrangian Variational
method [125]

e Perturbation Method
[128]

e Series Expansion [131]

e Split step Fourier method
[126]

e Methods of Moment [129]

e Finite Difference Method
[132]

e Finite Element Method
[134]

e Finite Volume Method
[136]
e Transmission Line Matrix

[138]

Table 1.2: Analytical and numerical methods.

Probably, the most significant exact analytical procedure comes in the form of

the inverse scattering method. In the inverse scattering, the initial value problem

transforms into a linear integral equation, where time is only an implicit variable

[124]. The Lax pair method involves replacing a nonlinear partial differential equa-

tion with a pair of linear differential equations [130]. In the Darboux transformation

Method, the previously known solutions are employed to generate novel solutions to

partial differential equations [127].

However, many nonlinear equations can not be solved by exact analytical meth-

ods.

In such cases, approximate analytical methods can be adopted. One of the
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most effective approximate analytical methods is the Lagrangian variational method
(LVM). First, the Lagrangian density corresponding to a nonlinear equation is devel-
oped using the Eular-Lagrangian equation. An ansatz or trial function is considered
and employed on Lagrangian density to find the evolution equation corresponding
to each system parameter (method discussed in detail in section 1.5.1). The success
of the method depends on the proper choice of the trial function. The method is
simple to apply and gives a qualitative and as well as quantitative picture of the
system dynamics. The moment method is another approach to determining the
conservative entities as well as the dynamics of a nonlinear system. In this method,
the governing equation undergoes a standard algebraic manipulation that eventu-
ally gives rise to the conservative entities of the system. These entities can predict
the evolution dynamics of the system. Using the moment method, the unknown
solution is expanded into a known sum of solutions of the differential equation and
must satisfy the boundary conditions [129].

Another genre of method for solving nonlinear differential equations is the numeri-
cal method. Several such methods are available; amongst them, the finite difference
time domain (FDTD) method [132] and the split-step Fourier method (SSFM) are
the most popular ones. In the FDTD method, the differential equations are replaced
by finite difference equations. The problem is discretized in small steps, and the so-
lution at each point is calculated. The method is applied in both space and time
domains [132]. In the finite element method, the complex domain of the problem is
broken down into small subdomains called elements, and then a solution of a differ-
ential equation is approximated at each element [134]. The other efficient numerical
method is the SSFM [126], in which the nonlinear equation is written into linear and
nonlinear parts, those are subsequently solved separately using Fourier transforma-
tion. In the current thesis, we adopted LVM as the analytical tool (followed by the
Runge-Kutta 45 method, the numerical solver of the ordinary differential or partial

differential equation) and SSFM as the main numerical tool to solve the governing



1.5. Methodology 15

equation. The details of these two methods are given below.

1.5.1 Lagrangian Variational Method

The LVM is an analytical tool that acts as a probe to get information about the
dynamics of a nonlinear system, like waves, pulses, etc [140]. The method gives not
only qualitative understanding but also quantitative information about the system.
The method applied in numerous fields, e.g.,optics [141], plasmonics [142]|, commu-
nication [143|, material studied [144], molecular dynamics [145], biological processes
[146], weather forecasting [147] and aerodynamics [148], and so on.

To start, we take the governing equation of the system, say an NLSE with a

dispersive, a nonlinearity and a dissipative term given as:

0Q A2
6_+§W+|Q’ Q=—1|Q|" Q. (1.1)

Here, @) is an EM field amplitude, z and ¢ are normalized space and time coordinates.
In equation 1.1, the first term represents the evolution of the field ), the second
term represents dispersion, the third term represents cubic nonlinearity, and the
fourth term represents two-photon absorption (TPA), i.e., dissipation. Equation

1.1 represents a pulse propagation. Notably, for a propagating beam the dispersion

8%Q

term (W

) will be replaced by transverse Laplacian (i.e., da:2 —|— ) that represent
diffraction. Equation 1.1 consists of two parts, i.e., conservative (left-hand side) and

dissipative parts (right-hand side).

Q 10°Q 2
\8_+5W+|Q| Q=- 1iQI"Q . (1.2)

conservative part

The conservative part of the system can be solved using the Euler-Lagrange equa-

dissipative part

tion. It will give a minimum functional, i.e., Lagrangian density. The Lagrangian
density is achieved in a way that when it is substituted back in the Euler-Lagrange
equation, the original NLSE (i.e., eqn 1.1) will appear again. The dissipative term

is solved by constructing a Rayleigh’s dissipative function (RDF).
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The Lagrangian density for NLSE (eqn 1.1) can be found as:
2

(997 ,0Q oQ 4
The RDF can be calculated as:
2 (097 .0Q
R =i[Q) (Q < g 8z) | (1.4)
Next, we choose a suitable trial function of the following form:
t? 2 :
Q = A(z) exp (—W +ite(z) + wﬁ(z)) : (1.5)

Where w(z), ¢(z) and ¢(z) are the width, chirp and phase of the beam, respectively.
The success of the LVM depends on the choice of the trial function; the closer
the trial function is to the exact solution of the governing equation, the better the
output. Now, if one knows the exact solution, then why one needs LVM? Actually,
for non-integrable or complicated NLSE, the use of LVM is justified. In such cases,
we consider the nearest integrable form of the non-integrable NLSE and use the
solution of that integrable NLSE as a trial function of the given non-integrable or
complicated NLSE. Moreover, another form of trial function can be chosen or check
whether that form is supported by the system. Now, substituting the trial function
in Lagrangian density (eqn 1.3), we get reduced Lagrangian density and reduced

RDF density as:

_ 214(2)267%22)2 (w(2)* (12 (2) + ¢/ (2)) + 2t%c(2)*w(2)* + 2t?)

L, - A(Z)4efﬁ(1.6)

w(z)

and
R, = 24(z)*e w7 (2¢(2) + & (2)) (1.7)
To find the total Lagrangian density and total RDF, we have to integrate the reduced

Lagrangian and reduced RDF as:
(L) :/ L, dt (1.8)

Ry = [ Rt (1.9)
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to get
() = iﬁfw w(lz)2 (\@ (w(2)" (¢ (2) + 2¢(2)?) + 4w (2)°¢'(2) + 2)
—2A(z)2w(z)2) (1.10)
and
(R) = VTA(2) (w(2)%d(2) + 8¢'(2)) (1.11)
8\t

Here, again, we adopt the Euler-Lagrange equation for the variation of (L) (and

(R)).

d (0{L L) O(R
—(Q)— L) LIR) (1.12)
dz \ Oq; 0q; Iq;
where, ¢; = %, and ¢; is A(t), w(t), c(t) and ¢(t). On substituting (L) and (R) (eqn
1.10 and eqn 1.11) in the Euler-Lagrange equation (eqn 1.12) we get one equation

for each variable of g;. Further solving those equations, we get rate equations or

evolution equations corresponding to each parameter as follows:

0A 5A3

—_— = —_—_—_ _ A .
9% 8\/5 c (1 13)
ow 1 9

dc A? 2

= = 924 = .
0z V2uw? “F wt (1.15)

2

% _ j\i@ _ % (1.16)
These evolution equations can be utilized to study the propagation dynamics of the
pulse (or beam) parameters. In particular, equations (1.13-1.16) are solved using the
RK-45 method (as portrayed in the next subsection). Furthermore, these evolution
equations can be used to determine the stability and modulation instability, etc. As
we are finding stable wave propagation, we can equate the rate of change to zero
(i.e., % = 0) and can find the steady-state values of system parameters. Also, these
evolution equations can be used to find stability criteria through Lyapunov stability

analysis [149, 150]

For a system that has only conservative parts, the initial pulse (or beam) (Ey) power



1.5. Methodology 18

can be found using the Eular-lagrangian equation (eqn 1.12) for ¢; = ¢. In that case

(L)

9L — 0, that means 5(22) will be constant, and this constant quantity will be Ej.
7

09

For the conservative counterpart of equation 1.1, we got:

Ey = V21 A%w. (1.17)
The LVM is an approximate method, yet widely used. The rationale for deploy-
ing this method is manyfold. The LVM, while used for studying wave propagation
dynamics and soliton generation, gives rise to the evolution information of every
individual parameter of the system. It may be noted that the numerical meth-
ods, although essentially useful, give rise to the output profile holistically and one
needs to run a special routine to calculate the evolution portrait of the individual
parameters of the system. Moreover, the evolution equations can be utilized (e.g.,
in Lyapunov stability criteria) to determine the stability region of the propagating
beam. Furthermore, for the numerical simulations, instead of picking random values
or wild guessing, the initial values for the parameters of the system can be picked
from the afore said stability region. LVM is also more useful in some aspects in
comparison to the “exact” analytical methods. In complicated systems, for which
the “exact” solution does not exist or is very complicated, the LVM can be used
successfully. Even LVM can be used to reveal the propagation scenario, taking a

profile of the non-exact solution of the system.

1.5.2 Runge-Kutta 45 method

The Runge-Kutta method is a numerical integration technique commonly used to
solve ordinary differential equations [151|. It provides an iterative and accurate
methodology to approximate their solutions. The main idea is to break down the
ODE into smaller parts and update the solution at each step using a weighted
average of derivatives derived at various points within the steps. The fourth-order

Runge-Kutta (RK4) method, in particular, is commonly used due to its balance of
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computational efficiency and accuracy [152]. RK 45 method was given by Fehlberg
in 1969 [153]. The RK45 method is the 4th order range kutta method with an error
estimator of order 5. Matlab has an integration solver suite ‘ode’. To solve equations
using RK45, the suite ode45 is used. For the understanding of the method, we take

differential equations 1.13, 1.14, 1.15 and 1.16.

e In Matlab, the equation that needs to be solved is defined as a function

function dydz =f(z,Y)

dydz=[-5Y(1) .73/ (8*sqrt(2))-Y(1) .xY(3);Y(2)./8...
(sqrt (2)*Y (1) ."2+16%Y(3));-Y (1) .~2/(sqrt (2)*¥Y(2)) ...
2%V (3) ."2+2/Y(2) .~4; (5*Y (1) .~2/(4*sqrt (2)))-...

1/Y(2) .72];

Here, we define the function “f” that represents equations (1.13-1.16.)

e Then, the function “£” is solved as follows:

[t,Y] = ode4b5(@f,[0 100],[1,1,1,1]);

The function ode4b solver is applied on function £, solving for interval 0 to
100 (i.e., [0,100]) with an initial condition y(0) = 1 (i.e., [1,1,1,1]). The

solution or answer is presented pictorially.

plot (z,Y(:,1),t,abs(:,2),t,Y(:,3),t,Y(:,4));
xlabel (7z7);

ylabel ("A,w,c,\ phi’);

The figure is plotted between ¢ and y (i.e., plot(t,Y(:,1))).

In addition to ode45, Matlab has the ode23 solver to solve nonstiff differential equa-

tions.
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1.5.3 Split Step Fourier Method

SSFM is a numerical method for solving nonlinear partial differential equations,
e.g., the NLSE and complex Ginzburg Landau equations. The SSFM method is rel-
atively fast and does not suffer stability issues [154]. This method solves the system
in small steps over its entire length. The effects of dispersion and nonlinearity are
taken separately, i.e., when the effect of dispersion is considered, the nonlinearity is

considered zero and vice-versa.

Dispersion Nonlinearity
only only

Q(zT)

z=0 < >

Figure 1.1: The schematic of Split Step Fourier Method.

To start, we have to take the governing equation of the system. We considered

an NLSE of a very simple form to show the method:

0Q | [0°Q 2
Za—i—?ﬁ‘f’mﬂ Q=0. (1'18)

The first term of the NLSE is the evolution term, the second term is the dispersion

term, and the third term is the Kerr nonlinear term.

The NLSE can be rewritten as:

09 _ _ih0Q 0pq (1.19)
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or:
oQ i3y 0° .
5= |zt UL | (1.20)
m nonlinear part

Step 1 Separation of the dispersion (linear) and nonlinear parts:

Equation 1.20 be written as a combination of linear and nonlinear parts:

0Q . -
=D+ N, (1.21)
2 iB2 02

where dispersion and nonlinear operaters are given as, D = —=2 25 and N =
i ]Q|2 respectively.

Equation 1.21 is solved by taking step size h and taking nonlinearity and
dispersion independently:

For calculating the nonlinear part, we take the dispersion part equal to zero

A

(i.e., D = 0). On solving equation 1.21 (with D = 0) we get:

Q(z + h,t) = exp(hN)Q(z,1); (1.22)
Now, for solving the dispersion part, we take a nonlinear part equal to zero
(i.e., N = 0). On solving equation 1.21 (with N = 0) we get:

Q(z + h,t) = exp(hD)Q(z, 1). (1.23)

Now combining both the equations 1.22 and 1.23, we get:

~ A

Q(z + h,t) = exp(hD)exp(hN)Q(z,1t).

Step 2 Calculation of dispersion term:
The dispersion can be calculated using the Fourier transformation:
exp(hD)Q(z,t) = .F texp[hD(iw)].Z Q(z,1) (1.24)

Here, % is replaced by iw in the diffraction operator, which is the frequency

in the Fourier domain.

Step 3 Calculation of nonlinear part:
The nonlinear part has no explicit temporal dependence and can be solved

directly in the time domain.
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Step 4 Repetition of steps 3 and 4 for each step length ‘A’ over the entire system

length.

The Matlab code of SSFM for the above steps is as follows:

Dispersion Nonlinearity
only only
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Figure 1.2: The schematic of Matlab code for Split Step Fourier method (The figure

is for visual presentation; for details, see the following sample code).

The calculations for dispersion and nonlinearity are performed as shown in Figure
1.2. First, the dispersion is calculated for the first half-step length (h/2) of disper-
sion; then nonlinearity is calculated for the full step length (h) and included at h/2,
and then again dispersion is calculated for the second half-step length (h/2).

Some parts of a simple code are as follows:

Defining step size:
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coef_dz=1.e-3; % a fraction useful to set spatial steps
Calculation of the nonlinear and linear lengths

L_NL=1/(gamma*peako); %nonlinear length

L_D=largo*largo/abs(gvd); linear length

zstep=coef_dz*Lmin; % step size in the axial =z
direction

npt=round (L/zstep) ; %» no. of steps in the z-direction

zstep=L/npt; % re-adjusting the step for the whole

number of no. of steps
Calculation of dispersion:

disper=exp ((i*beta2x*dz*w."~2/2)/2); ’Jformula for
dispersion

% Calculation of dispersion

V = fftshift(ifft(U)); % Fourier transform

V = V.xdisper; ’ calculation of dispersion

U = fft(fftshift(V)); % Inverse Fourier transform

Here, the formula for dispersion is used as given in Ref [155]. The dispersion is
calculated for step length h. Fourier transformation is performed to calculate dis-
persion in the frequency domain. Thereafter, the inverse Fourier transformation is
applied to get it back in the time domain.

Calculation of Nonlinearity:

%» Calculation of full nonlinearity

P abs(U).~2; 7% P is the Intensity of signal U

U

U.*xexp(dz*xi*gamma*P); 7 calculation of nonlinearity

Here, the calculation of nonlinearity is performed for step length h.

The above routine is repeated for the entire length of the system.



Chapter 2

Elements of Nonlinearity, Soli-
ton and Metamaterials

Solitons in metamaterials represent an extraordinary combination of wave physics
and engineered materials with unique properties. Using the intriguing properties of
solitons, scientists are on the verge of revolutionising numerous scientific and tech-
nological disciplines. With ongoing research advancements in metamaterial design,
the possibilities for controlling and leveraging solitons are limitless, paving the way
for applications and innovations that have never been seen before. In this chapter,
we discuss the basics of the solitons and metamaterials in detail, as they are two ma-
jor concepts in the current thesis. We start from ‘nonlinearity’ as it is the essential

requirement for soliton formation.

2.1 Nonlinear Phenomena

A nonlinear system is characterized by its deviation from the superposition principle,
where the output of the system exhibits a nonlinear response with respect to the
input. For example, in a harmonic oscillator spring with force constant k oscillating
in x direction, the force is directly proportional to the amplitude in the linear regime,
expressed as F'(x) = —kx. However, the introduction of additional energy will cause
the system to enter into the area with different force laws, F'(z) = —kz—k122—ky2®—

ksz* ..., which is nonlinear in ‘z’. The introduction of nonlinearity fundamentally

24
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alters the system’s behaviour. In a nonlinear process, the input changes the process
itself. This section discusses the origin of nonlinearity and some prominent nonlinear

phenomena that have been used in the thesis.

2.1.1 Origin on nonlinearity

There are different types of nonlinear media, and so is their origin. We describe one
of the commonest origins of nonlinearity, the electron cloud formation. Dielectric
materials are non-conductive materials that exhibit a polarization response when
subjected to an electric field. The polarization of dielectric materials arises due to
the displacement of charges within the material in response to the applied external
electric field. For example, when a dielectric medium is illuminated or kept under
an EM wave, the charges within the material rearrange themselves due to the ap-
plied electric field of the EM wave, creating a polarization response, which can be
described by the polarization vector P (bold mathematical letter represent a vector
quantity). For low intensity, the polarization vector is directly proportional to the
applied field; P o« E or P = exE, where € is the permittivity of the dielectric ma-
terial, and y is dielectric susceptibility. The refractive index of the material can be

determined as n = /6, = /1 + x/eo = V1 + x’ = /1 + x (for brevity we removed

the prime over y). Here, €, = €/¢q is the relative permittivity of the material. This

refractive index will be linear and function of frequency of the field only. In the pres-
ence of a strong electric field (e.g., when illuminated by intense Laser radiation),
the polarization response of a dielectric material depends on different powers of E,
thus becoming nonlinear. In this case, the polarization vector P can be written as

a power series expansion in terms of the applied electric field E as:
P=e¢ [X(l)E + YPE? + \OE? + . } , (2.1)
where Y1 is the first-order linear susceptibility, x® is the second-order nonlinear

susceptibility, x® is the third-order nonlinear susceptibility of the material, and so
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on. So, for this case, €, will not only be the function of y but also depend on E and

its different powers. The refractive index will now depend on ‘E’ as:

n= /e =1+ e(xV + xOE + XOE 4 ..} .

If we consider up to x?, the refractive index is amplitude (E) dependent, which
is referred to as Pockel’s effect. If we consider up to x©® or above, the refractive
index (n) will be intensity (|E|?) dependent (Kerr Nonlinearity). Such nonlinear
refractive index leads to different nonlinear phenomena. It may be noted here that
xs are actually complex entities whose real parts contribute to the nonlinear re-
fractive indices, while the imaginary parts give rise to the multiphoton absorption.
Now, depending upon the order of y, different nonlinearities will be generated.
¥ materials correspond to quadratic nonlinearity. This is the simplest nonlin-
earity found in non-centro-symmetric materials, e.g., potassium titanyl phosphate
(KTP) [156], potassium dihydrogen phosphate (KDP) [157], S-barium borate (BBO)
[158], lithium tantalate (LiTaO3) [159], lithium niobate (LiNbO3) [160] and ammo-
nium dihydrogen phosphate (NHH,PO,, ADP) [161]. The quadratic nonlinearity
leads to some of the iconic nonlinear phenomena, like second harmonic generation
[162], sum frequency generation [163|, difference frequency generation [164], para-
metric oscillation [165], four-wave mixing [166]. Centro-symmetric materials lack
quadratic nonlinearity and, correspondingly, the Pockel effect [167|. For them, the
simplest form of nonlinearity is the cubic or Kerr nonlinearity that corresponds
to x® materials. Such x® material by virtue of intensity-dependent refractive
index (Kerr nonlinearity) may create self-focusing, third-order interactions, third
harmonic generation, nonlinear optical mixing processes of higher order, etc. For
centro-symmetric materials, the next higher-order nonlinearity is quintic nonlin-
earity (corresponds to x»). Combining self-focusing Kerr nonlinearity and self-
defocusing quintic nonlinearity ultimately leads to a saturable nonlinearity. It is

noteworthy that x® >> x® >> y(®) A typical set of values for dielectric material
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is given y® ~ 1.9 x 1072m/V, x® =~ 3.78 x 107%*m?/V2. It can be noted that
there are other mechanisms for generating nonlinearity. It varies from system to
system, but the basic theme is the response should be nonlinearly dependent on the
applied field.

The following sub-sections briefly describe only those nonlinear phenomena used

frequently throughout the thesis.

2.1.2 Kerr or cubic nonlinearity

The Kerr effect is a phenomenon in nonlinear optics that occurs when a high-
intensity light travels through materials having third-order nonlinearity [168, 169].
Kerr effect causes the change in the refractive index of the medium, which is pro-

portional to the square of the amplitude or intensity of the applied field:
i(w, | E?) = no(w) +ny | E [*= ng(w) + nal, (2.2)

where 7 is the modified refractive index, ng(w) is the linear refractive index, and

3Re[x(¥]

) is the Kerr (cubic) nonlinear refractive index, Kerr nonlinear-

N9 (77,2 =
ity is important for several nonlinear effects, namely, self-focusing and self-phase
modulation. Actually, y is a complex quantity. The real part of the susceptibility

is responsible for the nonlinear refractive index, while the imaginary part leads to

multiphoton absorption. Here, x® can be written as:

XP=" Re(x?”) +  Im(x"?) (2.3)
—— ——
cubic nonlinearity  two-photon absorption
The real part corresponds to the cubic nonlinearity, and the imaginary part leads
to two-photon absorption. The typical values of Re(x®) for Silicon is 0.45 x 1078
m?/V? (for A = 1.54um), GaAs is 0.6 x 107 m? /V? (for A = 1.54um) and SiO,/Si-

nc is 2.1 x 10718 m?/V2 (for A = 1.55um) [170, 171].
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2.1.3 Quintic nonlinearity

Similar to x® the x® is also a complex quantity. The quintic nonlinearity is related
to the real part of the fifth-order nonlinear susceptibility (i.e., Re( x®) [169, 172].
The typical values of Re(x®) for SiO, is 4.2 x 1073 m*/V* | GaAs is 0.25 x 10726
m*/V* and AsySes is 1.9 x 10735 m*/V* [173]. Quintic nonlinearity is much weaker
compared to cubic nonlinearity. A positive (focusing) quintic nonlinearity marginally
increases being added with focusing Kerr nonlinearity, the total value of nonlinearity
in the medium. However, a negative quintic nonlinearity causes the beam defocusing,

whatever small, and eventually leads to the saturation of the nonlinearity.

V= Re(x?) +  Im(x?) (2.4)
—— N —

quintic nonlinearity =~ three photon absorption

2.1.4 Saturable nonlinearity

Beyond a certain intensity, the nonlinearity does not increase further. Saturable
nonlinearity is obtained when the nonlinearity gets saturated at high intensity [174].
Mathematically, the saturation nonlinear refractive index related to intensity can
be defined as n.f¢(I) = no/(I + I/Is); here, Ig is saturation intensity [175, 176].

Cubic-quintic nonlinearity is also a form of saturable nonlinearity if approximated.

2.1.5 Self-focusing

When an intense EM beam passes through a Kerr nonlinear medium, a lensing
effect takes place due to the intensity-dependent refractive index ns (described in
equation 2.2). The refractive index becomes larger where the intensity of the beam
is higher (for example, a Gaussian beam profile has the largest refractive index its
the centre). This creates a lensing effect which leads to the focusing of the beam,
as shown in Figure 2.1. Further, the self-focusing of the beam can counterbalance

the self-diffraction of the beam, which may lead to stable wave propagation in a
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Nonlinear material

Light beam

Figure 2.1: Focusing due to third order or cubic or Kerr nonlinearity

nonlinear medium. The self-focusing phenomenon has applications in microscopy,

high-resolution imaging, laser technology, etc.

2.1.6 Self-phase modulation

In light-matter interaction at high intensity, the Kerr effect occurs, causing a change
in the refractive index of the medium. For a pulse (temporal domain), the refractive
index varies with time, which causes a change in the pulse’s phase profile. The
impact on the pulse phase caused by its own intensity profile is called self-phase
modulation (SPM). The nonlinearity of the media (say cubic/ Kerr nonlinearity)
will cause a nonlinear phase shift (¢nz) due to the SPM. This creates a chirping,
i.e., a shift (dw(T)) of the instantaneous frequency of the pulse from its central

frequency:

Sw(T) = _9¢NL _<Leff

o ). (25)

L.ss is the effective length and Ly, is the nonlinear length. U(0,7) is the initial

Ly,

pulse profile.
For a Gaussian pulse, the chirp is
s ()] (7)]
Ww(T) = =——= = |exp| — | = 2.6
The equation indicates that the leading edge of the pulse will be down-chirped or

red-shifted, while the trailing edge will be up-chirped or blue-shifted.
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2.1.7 Two-photon absorption

Two-photon absorption (TPA) is a nonlinear optical process involving the simulta-
neous absorption of two photons to excite a molecule from its ground state to an
excited state. The schematic of TPA is shown in Figure 2.2(a). The TPA is induced
due to the imaginary part of cubic susceptibility, i.e., Im(x®). TPA has applications
in microscopy [177], bioimaging [178], microfabrication [179], optical-power limiting

[180] etc.

(a) (b)

Y
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Figure 2.2: Schemetic of (a) two-photon absorption (b) three-photon absorption.

2.1.8 Three photon absorption

Three-photon absorption (3PA) is a nonlinear optical process involving the simulta-
neous absorption of three photons to excite a molecule from its ground state to an
excited state. The schematic of 3PA is shown in Figure 2.2(b). The 3PA is induced
due to the imaginary part of quintic susceptibility, i.e., Im(x®). TPA also has many
applications, e.g., fluorescence microscopy [181], near-infrared temperature sensing

[182] and optical-power limiting [183] and so on.
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2.1.9 Self steepening

When the pulse has high intensity at the highest peak compared to the rest of the
pulse, due to the intensity-dependent refractive index, the leading edge of the pulse
profile experiences a higher refractive index than the trailing edge. Consequently,
the leading edge undergoes a greater phase shift than the trailing edge, causing
the pulse to ‘steepen’ overtime [184, 185]. This steepening of the pulse by its own

intensity profile is called self-steepening.

A

Intensity

. > > . >
Time Time Time

Figure 2.3: Schemeatic of self-steepening, pulse undergoing steepening under the

influence of intensity-dependent refractive index.

2.1.10 Stimulated Raman scattering

There are two types of Raman scattering: stimulated Raman scattering (SRS) and
intrapulse Raman scattering (IRS). SRS is a non-linear phenomenon in which inci-
dent photons interact with a material, resulting in an exchange of energy between
the photons and the vibrational modes of the molecules in the material [186, 187].
SRS create a frequency modification, referred to as the Raman shift, that aligns
with the characteristic vibrational frequencies of the material. The scattering pro-

cess involves the stimulation of a molecule by an incident pump photon, causing it
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to reach a virtual energy level. Subsequently, the molecule emits a Stokes-shifted
photon when it reverts back to its original ground state. The energy disparity be-
tween the pump and Stokes photons is equivalent to the energy of the molecular
vibration. SRS has applications in spectroscopy and Laser. When the scattering
occurs within the system due to an intense electric field inducing molecular vibra-
tion in the material is called intrapulse Raman scattering [56, 188]. This will lead to
self-frequency shift and soliton decay. In IRS, Raman scattering occurs within the
temporal structure of a single optical pulse. The intense electric field of the pulse
itself induces molecular vibrations in the material, leading to inelastic scattering

and the generation of new frequency components within the pulse [189].

2.2 Soliton: Classifications and Mechanism

Soliton can be classified on the basis of physics, topology, shape, governing mathe-
matical equations, the domain of confinement, conservation of energy, etc. {190, 191].
On the basis of physics, there are two kinds of solitons, i.e., classical and quantum
[190]. The classical soliton is the solution of classical field theory [192], while the
quantum soliton is the solution of quantum field theory [193]; both solitons show
stability during propagation and collision [194]. On the basis of topology, a soliton
is categorized as non-topological and topological soliton [191, 195|. The boundary
conditions at infinity for nontopological solitons and vacuum state (ground state)
are the same, e.g., KdV solution, while for topological soliton, the vacuum is degen-
erate, boundary conditions at infinity are different from the physical ground state,
such solitons arise in sine-Gordon theory [196]. On the basis of shape, there are
numerous types of solitons, for example, bell soliton, kink soliton, breather soliton
[197, 198], etc. The bell soliton is the solution of the KAV equation having a bell
shape and found at low frequencies. The kink soliton is the solution of the sine-

Gordon (SG) equation and is a topological soliton, e.g., a Bloch wall between two
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magnetic domains in a ferromagnet. The Bloch wall is a transition region between
the up and down spin state in the adjacent domain. The other type of soliton is the
breather soliton [199], which is localized and oscillatory in nature.

On the basis of the governing nonlinear equation, the following are some kinds of
solitons: 1) the KdV soliton, 2) the Sine-Gordon soliton, and 3) the envelope soliton
[200]. KdV solitons are pulse solitons, the amplitude of which increases as the ve-
locity increases, while the sine-Gordon soliton is a topological soliton; the amplitude
is independent of velocity. Envelop soliton is called a nonlinear Schrédinger soliton
(NLS), as it is similar to the Schrodinger equation of quantum mechanics.

An important type of solitons is optical solitons, which are pulse or beam having
robust structure due to counterbalance of nonlinearity with dispersion or diffraction
or both [201]. Depending on confinement, there are three types: spatial soliton,

temporal soliton, and spatiotemporal soliton.

2.2.1 Spatial soliton

Optical beam has a natural tendency to diffract during propagation in a homo-
geneous medium, due to its small initial beam cross section. If the beam propa-
gates through a nonlinear media, the intensity-dependent nonlinear refractive in-
dex, n(I) = ng+nol (where n is the linear refractive index, ns is the Kerr nonlinear
refractive index and [ is intensity) may create a self-focusing effect. For example,
a bell-shaped beam, say, Gaussian, creates a refractive index profile, which is the
replica of its own intensity profile, i.e., the refractive index becomes highest at the
beam axis. So, the velocity of the wavefront at the axial region is smaller than
the off-axial region. As a result, the wavefront gradually becomes more concave.
Thus, a lensing effect or self-focusing occurs. When self-diffraction-induced broad-
ening (of beam diameter) and self-focusing-induced contraction become equal, the
self-trapped beam originates and propagates through the medium as a spatial soli-

ton ( Figure 2.4) [202-204]|. The stabilization mechanism of the spatial soliton is
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Figure 2.4: Schematic of spatial soliton by counterbalancing diffraction and self-

focusing.

intriguing. The critical power for self-focusing (P,) is characterized as the maximum
power contained in a laser beam or pulse that achieves a delicate equilibrium be-
tween self-focusing and diffraction influences. Above this critical power threshold,
the beam experiences collapse, halted only when an additional nonlinear effect, such
as multiphoton absorption or photoionization, intervenes, while below the critical
power, the beam diverges due to diffraction. The P, is inversely proportional to the
beam width. Now a beam of power P < P, will tend to diffract, and consequently,
the P. will be reduced. At some point, the P, will go below the P, resulting in
the self-focusing of the beam. Thereafter, as the self-focusing starts narrowing the
beam, the P, increases and, at some point, goes above P., which stops further focus-
ing and starts self-diffraction. These chain processes eventually arrest the collapse

and expansion of the soliton beam.
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2.2.2 Temporal soliton

A pulse is the result of a number of wavelets of different frequencies. These frequency
components travel with different velocities in a dispersive medium, resulting in what
is called group velocity dispersion (GVD). Their phase ¢(z,T), (where, T is time
measured from a frame of reference attached with the pulse propagating along z
direction with a group velocity v,, i.e., T = t — z/v,) changes across the pulse.
Since the phase is time-dependent, the instantaneous frequency across the pulse
also changes. The shift of the instantaneous frequency from the central frequency
of the pulse is given by
96 sgn(B)(z/Lo) T

ow(T) = —57 = 1+ (z/Lp)? T2 (27)

. Here 35 is the GDV parameter. For normal dispersive media 35 > 0; the leading

edge (t < z/vg, i.e., T is negative) of the pulse shows the negative shift of frequency
or down chirp or red shift. While the trailing edge (t > z/v,, i.e., T is positive)
will experience an up chirp or blue shift. On the contrary, for anomalous dispersive
media By < 0; the leading edge of the pulse will be blue-shifted, while the trailing
edge will be red-shifted. The SPM-induced chirp is opposite in nature to that of
anomalous dispersion-induced chirp. So, if tuned properly, they can counterbalance
each other so that the GVD-induced pulse broadening can be arrested by the SPM-
induced contraction (Figure 2.5). Such a stable structure in the temporal (spectral)
domain, if created, is called a temporal soliton [205]. Now, the nonlinearity of the

media will generate an SPM in the pulse.

2.2.3 Spatiotemporal Soliton

As the name implies, spatiotemporal solitons are the solitons confined in both space
and time domains. When both diffraction and GVD of a beam are counterbalanced
by self-focusing and SPM, respectively, during propagation in a nonlinear medium.

The resultant stable structure is called a spatiotemporal soliton [206]. All the afore-
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Figure 2.5: Schematic of temporal soliton by counterbalancing GVD and SPM

mentioned solitons, as far as energy conservation is concerned, are again divided
into two types of solitons: conservative soliton and dissipative soliton. Conservative
solitons arise in a system in which energy mass is conserved. In contrast, dissipative
solitons are found in dissipative systems, wherein the system loses or gains energy
over time. Dissipative systems are open or porous systems; energy and/or particles
can enter or exit the system through its boundaries [207]. In such a system, the soli-
ton can not arise only due to the counterbalance of dispersion (diffraction)-induced
linear spreading with nonlinearity-induced contraction, but an additional loss-gain
balance is very much essential [208|. The soliton gets stabilized at a point, which is

“far from equilibrium”.

2.3 Metamaterials

Broadly speaking, metamaterials are man-made materials with unique properties
not found in natural materials. They consist of periodic structures smaller than
the wavelength of the concerned wave for which it is designed, allowing them to
manipulate the wave (say, EM radiation) in ways that were not generally possi-

ble. One of the most exciting properties of metamaterials is their negative index
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of refraction, which means they can refract light in the opposite direction, unlike
conventional materials. This property has inspired the development of invisibility
cloaks, which use metamaterials to hide objects by bending surrounding light. In
addition to invisibility cloaks, metamaterials have also been used to create metalens
that can capture images at resolutions beyond the diffraction limit of conventional
lenses. Metamaterials have numerous applications due to their quality of structure-
dependent properties. They show potential technological applications, ranging from
optics and telecommunications to energy harvesting and medical imaging. They
can be used to create antennas that are smaller and more efficient than their tradi-
tional counterparts and to develop new types of lasers, optical switches, and other
photonic devices [209]. Apart from optical metamaterials, there are different types
of metamaterials that have applications in various fields. Acoustic metamaterials
are designed to manipulate sound waves in specific ways. They can be used to cre-
ate sound barriers, sound lenses, and other acoustic devices [210]. Metamaterials
are also designed to control heat flow, which can be used for better insulating or
conducting heat [211]. Metamaterials can also be designed to achieve particular

mechanical properties, e.g., shock absorption, protective gear, etc. [212].

2.3.1 Brief history of Metamaterials

The evolution of technology brings us to an era where properties are not just de-
pendent on the natural state of the materials; rather, the response can be modified
using an artificial substructure in a material. Metamaterials are such types of mate-
rials. However, modification of the properties of materials is not a new concept; the
famous Lycurgus cup made of ruby glass with embedded gold nanoparticles [213]
was found in the fourth century AD. The colour of the cup depends on whether the
light passes through the cup or is reflected from the cup [214]. The cup appears
green in the case of reflection and red in the case of transmission of light. In the

modern era, the study on metamaterials was carried out for radar systems from
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the 1940s to 1970s. These systems are then known as “artificial dielectrics” and are
subwavelength metal particles periodically distributed in dielectric [215]. Winston
Kock, an engineer at Bell Laboratories, was one of the first pioneers of artificial
dielectrics [216, 217]. Kock proposed the lens structure of a parallel metal plate or a
metallic sphere array embedded in a dielectric matrix to find low-loss, lightweight,
and inexpensive lens structures for radio waves.

However, the desired magnetic response is not easy to achieve in materials, as the
magnetic field component of the EM field is weakly coupled than the electric field
component [218, 219]. To enhance the magnetic response, metallic structures that
have a higher magnetic response due to their shape are proposed. The effective
permeability of the material was modified using an SRR by Pendry in 1999 [220].
Hardy carried out similar work in 1981 by using a hollow metallic cylinder that has
a linear cut and a magnetic resonance near 1GHz [221].

The interaction between EM fields and metaatoms (i.e., building blocks of meta-
material) is complicated at the scale of inhomogeneities; however, the wave feels
like a homogeneous medium macroscopically. The EM response of metamaterials to
external fields can be homogenized, and effective parameters such as permittivity,
permeability, refractive index, and impedance can be used to describe the response.
Furthermore, the system can be described by the NLSE using the aforementioned

parameters.

2.3.2 Idea of Metamaterials

Resonant metamaterials are engineered in such a way that they can resonate with
the incident field at desired frequency [222|. Having a repeated building block with
a periodicity order of one-tenth of the operating wavelength, the material behaves as
a homogeneous medium for the incident field. The non-resonant metamaterials are
made to change the properties of the medium without having resonance with the in-

cident field; the order of periodicity of the building block is smaller than the order of
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the operating wavelength (223, 224]. While the resonant metamaterials have build-
ing blocks of the order of operating wavelength. The idea of resonant metamaterials
came into existence when V.G. Veselago in 1968 discussed the electrodynamics of
substances with a simultaneously negative value of € (electric permittivity) and p
(magnetic permeability) [80]. When e and p are simultaneously negative, the prop-
erties of the substance will contradict some fundamental laws of nature. According
to Maxwell’s equations kx E= wuﬁ, kx H= —weE, where E and H are electric
field and magnetic fields, k is a wave vector defined as k = Wy/pe. The vectors E,
H and k make a right-handed set of vectors. For traditional materials, both € and
p are positive. Such materials are called right-handed materials (LHM). For some
metamaterials, € and p are negative; hence the set of E , H and k will be the left-
handed set of vectors*® |77, 225|. These materials are termed as left-handed materials
(LHM). Moreover, by having simultaneously negative € and p, the refractive index
of left-handed materials also becomes negative [226, 227|. Due to this property, the
perfect lens can be produced [84, 228], whose resolving power will depend on the

nature of the material instead of the wavelength of propagating light.

2.3.3 classification of metamaterial on basis of i and ¢

The metamaterial response is mainly determined by the parameters p and €. On

the basis of the sign of each parameter, there can be four types of metamaterials:

(a) Double Positive (DPS) Materials: In Figure 2.6, the € and u are plotted
along the x-axis and y-axis, respectively. The first quadrant occupies the
materials having p and €, both positive and are called double positive (DPS)
materials, which are conventional materials, e.g., dielectric. In these materials,

vectors E , H and k makes a right handed set.

(b) Epsilon Negative (ENG) Materials: The second quadrant possesses the

—

*taking —1 =e~2, k=@ e 2pe " 2e = @\/eT e = —weE
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materials having negative ¢ and are called epsilon negative (ENG) materials,

e.g., electric plasma.

(c) Double Negative (DNG) Materials: The third quadrant possesses mate-
rials having both p and € negative, called double negative (DNG) materials.
These materials have a negative refractive characteristic. In these materials,
vectors E , H and k make a left-handed set, so these materials are also called

left-handed materials.

(d) Mu Negative(MNG) Materials: The fourth quadrant possesses materials
having only i negative and called mu negative(MNG) materials, e.g., magnetic

plasma.

ENG material DPS material
e <0, =0 £=0, p=0

Electric Plasma E
k
| H ¥ |

DNG material MNG material

£ <0, u<0 e >0, u=0

Negative index material Magnetic Plasma

Figure 2.6: Classification of metamaterials on the basis of sign of y and €

Another way of categorising the Metamaterials are

1. Electromagnetic metamaterials
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2. Magnetic metamaterials
3. Electric metamaterials

4. Graphene metamaterials

2.3.4 Metamaterials on the basis of structure

There are many types of metamaterials as per their structure.

1. Split-ring resonators (SRR) based metamaterials: SRR are metallic
rings with a split. They are designed to resonate at lower frequencies and
are used to achieve a negative refractive index [225]. The metamaterials are

fabricated by arranging the SRR in a 2D /3D array.

2. Wire media: Metallic wires are embedded in dielectric to achieve electric
resonance in the desired frequency range and used to select or pass a particular

frequency [229].

3. Dielectric resonators: These are the structures made of non-conductive

materials in different shapes to manipulate the response of EM waves [230].

4. Plasmonic structures: Plasmonic structures use the interactions between
EM waves and electrons in metals to manipulate light at the nanoscale [231].

They can be used to create ultra-thin lenses, sensors, and other optical devices.

2.3.5 Metamaterials using SRR

The SRR is introduced to seek a high magnetic response. SRR is a tiny metallic ring
with a split in between. When a time-changing EM field passes through the metallic
ring, according to Faraday’s law, a rotating current will be produced, which opposes
the incident field [232]. On the split of the ring, there induces a charge on both

edges of the split. The opposite charge on the edges of the split, which, as a result,



2.3. Metamaterials 42

acts as a parallel plate capacitor [233], as shown in Figure 2.7. Thus, SRR acts as
an L-C oscillatory circuit containing a capacitor of capacitance C and an inductor of

inductance L. [219, 234, 235]. The SRR has a structure-dependent response; thus, by

<« Field lines

<« SRR

Direction

/ of current

Figure 2.7: Inductance and capacitance in SRR

changing the structure, we can tune the frequency response. Since, the capacitance
is produced by a split of the ring and the gap between the two rings, the inductance
will increase. By increasing the number of splits, the resonant frequency increases,
while adding additional rings will reduce the resonant frequency. [236]. There are
many types of SRR structures that have been studied, e.g., circular, twisted ring

(stereometamaterials), omega-shaped, S-shaped, etc.

2.3.6 Different Orientation & Geometry of SRR

The EM response in SRR is subjected to the orientation of SRR with respect to
the incident field. The placement of the plane and cut of the ring plays a crucial
role in interacting with the incident field. In order to have magnetic resonance,
the magnetic field must be perpendicular to the SRR. In the case of the parallel
magnetic field, no current will be induced in SRR. The perpendicular direction of
the magnetic field limits the EM beam propagation direction parallel to SRR. For
electric response, the electric field must be parallel to the gap of SRR [237]. As shown

in Figure 2.8 configuration, (a) will have electric response only, (b) will have both
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electric and magnetic response, and (c¢) will have magnetic response only. SRR are

A

a
<§ §)é§@

(b) ()

Figure 2.8: different orientation of SRR with respect to incident EM field.

generally circular (Figure 2.9(a)) or rectangular rings (Figure 2.9(b)) [220]. In order
to enhance the capacitance and inductance, a ring is inserted inside another ring
or placed one ring on the other in different orientations [238]. The SRR structures
having one ring inside another are called nested structures, as shown in Figure

2.9(c). On the other hand, placing one SRR on another has an influence on the all-

‘ : / \\\\
\ ]
\ 4
— - [

(a) (b) (c) (d)

Figure 2.9: (a) Circular SRR, (b) rectangular SRR, (c) Nested SRR, and (d) omega

shaped SRR

over response of the structure. Many arrangements can be used, e.g., the SRR can be
placed at any angle (Figure 2.10(a)) and are called stereometamaterials [239]. Also,
one arrangement can be repeated with different orientations, as shown in Figure
2.10(b) the one arrangement of stereometamaterial repeated with a twist, e.g., a
unit cell is formed by setting the pairs of four split rings 0°, 90°, 180° and 270°.

These structures are called twisted SRR or chiral metamaterials [240]. Adding a tail
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(a) (b)

Figure 2.10: (a) One SRR placed on another with a different orientation (stercometa-
material). (b) One stereo-metamaterial rotates at 0°, 90°, 180° and 270° orientation

to form a unit cell (twisted SRR)

to the gap in the SRR gives another kind of shape, that is, the Omega () shape
(Figure 2.9d). As we increase the tail, the resonance frequency decreases. When an
incident electric field is perpendicular to the Omega tail, the resonant frequency is

high compared to when an electric field is parallel to the Omega tail [241].

2.3.7 Importance of SRR-based metamaterials

SRR-based metamaterials have huge significance as they show unconventional phe-
nomena. The reason for the importance of SRR-based metamaterials in research is
their negative values of permittivity and permeability, leading to phenomena that
are not observed in naturally occurring materials. The simultaneous negative values
of permittivity and permeability give the negative value of the refractive index that
gives rise to the invisibility cloak [242] and perfect lens [84]. As metamaterial stops
the transmission at its natural frequency, it can be used to make stopband filters
[243]. EM waves can be confined by using the SRR, as they are impermeable to
frequencies near their natural frequency [244]. Dielectric constant can be found in

any organic material by replacing it with dielectric.
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2.4 Nonlinearity in Metamaterials

Nonlinearity in metamaterials is a complex field that involves various mechanisms.
There are diverse strategies and mechanisms for generating nonlinearity in meta-
materials, reflecting the rich and evolving landscape of this field. Below are the
mechanisms that elaborate on how nonlinearity is generated or incorporated in meta-

materials.

1. Nonlinear Electromagnetic Response: Nonlinearity can arise from the
interaction of intense EM fields with the metamaterial structure itself. This
can lead to self-focusing, self-phase modulation, and other nonlinear optical

effects [87]. In the current thesis, this mechanism has been commonly used.

2. Nonlinear Optical Effects: Nonlinear optical effects in metamaterials can
be achieved or enhanced by incorporating nonlinear optical materials. These
materials exhibit a nonlinear response to intense EM fields, resulting in non-
linear phenomena such as harmonic generation and parametric amplification
[245]. Metamaterials have been designed to leverage these properties for ap-
plications, e.g., frequency mixing and nonlinear signal processing, coherent

single-photon waveguide transport in a linear two-atom System.

3. Tunable Resonances: Metamaterials often rely on resonant structures that
can be tuned electronically or even mechanically. This tunability allows for
nonlinear responses as the metamaterial’s properties change with incident fre-
quencies or intensities. Such tunable metamaterials can be used in nonlinear

wave manipulation and signal processing [246, 247|.

4. Nonlinear Magnetic Response: Some metamaterials employ magnetic el-
ements with nonlinear magnetization properties. These elements induce non-
linear effects through their magnetic response. Such nonlinearity finds appli-

cations in nonlinear magneto-optics and magnetic metamaterials |89, 248].
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5. Electro-optic and Magneto-optic Nonlinearity: Incorporating materials
with electro-optic or magneto-optic properties allows for nonlinear responses
to applied electric or magnetic fields. These properties can be utilized in

metamaterials for terahertz and microwave applications [249, 250].

6. Integrating Phase Transition Materials: Phase-transition materials inte-
grated into metamaterial structures can introduce nonlinearity through abrupt
changes in properties at specific conditions [251]|. These transitions can be ex-

ploited in unique and fascinating applications like thermal cloaks.

2.4.1 Soliton in metamaterial based on SRR

A large variety of solitons can be found in SRR based metamaterial. The soliton is
achieved by counterbalancing the nonlinear and linear phenomenon in metamaterials
[252]. The field intensity of EM wave in SRR shows the hysteresis-type dependence
with magnetic permeability [87], which is a nonlinear phenomenon. This nonlinear
response of metamaterials allows the material to change from left-handed to right-
handed and vice versa. Due to nonlinearity, the self-focusing effect will be induced in
metamaterial, which may be utilized for maintaining the shape and size of the wave
while propagation. With the knowledge of the basics of nonlinear phenomena, soliton
and metamaterial given in this chapter, we now proceed with the investigation to
fulfil our research objectives that have been mentioned in chapter 1. Chapter 3
presents the soliton generation, dynamics and stability analysis in an SRR-based
metamaterial with cubic-quintic nonlinearity, diffusion and multiphoton absorption.
Chapter 4 presents soliton generation and emphasis on the stability of soliton in a
graphene-embedded SRR-based metamaterial that behaves as a saturable nonlinear
medium due to the presence of graphene. Higher-order linear and nonlinear effects,
namely, third-order dispersion, self-steepening, and Raman scattering, modify the

soliton generation criterion as well as soliton dynamics. Chapter 5 presents an
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investigation into that. A different type of soliton, namely, the diffraction-managed
soliton, has been presented in chapter 6. That includes generation, dynamics and
stability of the soliton. Chapter 7, which is the concluding chapter, suggests some
potential applications of the result obtained in the thesis and elaborates on the

future scope.



Chapter 3

(Generation and Dynamics of Soli-
ton in a SRR Based Metama-
terial with Higher Order Non-
linearity, Multi-photon Absorp-
tion and Diffusion

As per the objectives, we first explore soliton in SRR-based metamaterials with
higher order nonlinearity and subsequently study the soliton dynamics. This chap-
ter presents an investigation of compound dissipative soliton (DS) formation in such
metamaterial having higher-order nonlinearity, diffusion and multi-photon absorp-
tion. The effect of diffusion and multi-photon absorption on the propagation dynam-
ics of DS is studied. The interaction dynamics of DS are investigated for different
initial separations and phases of the participating soliton, which eventually leads to
soliton switching. The phase-controlled switching is demonstrated. Interestingly, a
weak soliton beam is found to control a strong soliton beam. This chapter corre-

sponds to the first two objectives of this thesis.

3.1 Introduction

‘Soliton” and ‘left-handed materials’ (LHM) are two widely sought-after research

topics of the past century that rely on refractive index as their central idea. While

48
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the optical ‘soliton’ can be originated by the virtue of nonlinear refractive index |27,
29, 56|, the LHM refers to a special class of metamaterials that possesses ‘negative’
refractive index [84]. It is the intensity-dependent nonlinear refractive index of
the materials that provides the key mechanism for the self-localization of soliton.
Actually, the nonlinear refractive index constitutes the backbone of all nonlinear
optics. However, only positive-refractive-index medium (whether linear or nonlinear)
was known until the inception of LHM in 1968 by Veselago [80] and later on by
Pendry [220]. Since the refractive index is the central element of both ‘soliton’
and ‘metamaterials’, it is no wonder the LHM immediately attracted huge research
attention across the subjects, including soliton research. When placed in an EM
field, the gap or cut of the SRR acts as a capacitor, and the ring acts as an inductor
according to the Faraday law [253]. The long array of SRR fabricated on a dielectric
has a finite resistance. Therefore, the SRR array acts as an LCR circuit and can
resonate with the incident EM field [232]. The resonance frequency depends on the
shape and size of the rings [254]. At resonance, both the electric permittivity (e)
and the magnetic permeability (u) are negative, which lead to negative refractive
index (77, 222, 225|.

The SRR-based LHM may behave like a cubic or Kerr nonlinear media if the
SRR array is arranged on a suitable nonlinear dielectric medium [87]. In this type
of nonlinear metamaterial, the hysteresis-type dependence between magnetic per-
meability and field intensity may convert the material property from left-handed to
right-handed and back. The tiny SRRs act as metamolecules in the dielectric, and
as a whole, the system behaves like a composite material. This composite meta-
material (SRR and dielectric) is mainly governed by the surface plasmon, which is
generated at the metal-dielectric interface. The localized surface plasmon resonance
provides the key mechanism of the large range of applications of metamaterials [81].
In fact, the propagation of EM waves through metamaterials is of primary inter-

est. This makes the soliton formation in metamaterial a pretty appealing research
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topic. The existence of different types of solitons are reported in SRR-based meta-
materials: discrete breather soliton [89, 255], bright-dark soliton [107], gap soliton
[95, 96] and spatiotemporal soliton [256, 257]. An incident EM wave may lead to
the formation of compound soliton (due to both the electric and magnetic field of
the em wave) in the metamaterial. Generally, for in-plane SRR configuration, the
magnetic nonlinearity of metamaterial is controlled by the electric field nonlinear-
ity. But a vertical SRR can enable the magnetic field nonlinearity with the “equal
right" [258]. Discrete breather solitons are found in metamaterial by virtue of the
combination of nonlinearity with the discreteness of SRR array [89]. Subwavelength
discrete solitons are found due to balancing the tunnelling of surface plasmon modes
by nonlinearity-induced self-trapping [30]. Gap solitons are found in a similar com-
bination of nonlinearity with discreteness in the chain of SRR dimer (i.e., a pair
of coupled SRRs of different sizes)[98, 99]. For theoretical modelling, the coupled
NLSE is used to generate Manakov-type bright-bright and dark-dark vector solitons
found in metamaterials [107|. Bright, dark and grey soliton (or quasi-solitons) can

be generated for a wider parametric range using the Drude model [110].

The nonlinearity of SRR-based metamaterials can be enhanced by placing them
on a GaAs layer [259]. This structure results in a saturable nonlinearity. The
field gets enhanced due to impact ionization, which results in decreasing oscillation
strength of SRR [260]. The polarity of permittivity can be controlled by varying the
field strength. The saturable nonlinearity can be approximated to a cubic-quintic
nonlinearity. However, the currently available literature reporting soliton generation
in SRR-based metamaterials with higher-order nonlinearity is not adequate because
most of them deal with only cubic nonlinearity. In this chapter, we investigate the
soliton generation in an SRR-based cubic-quintic nonlinear metamaterial and study
their dynamics with such higher-order nonlinearities. TPA and 3PA effects become

important, and we include them in our model. Now, in any spatially extended



3.2. Mathematical Modelling and Generation of Soliton 51

system, diffusion plays a significant role due to ever-increasing entropy. A spatially
symmetric or asymmetric diffusive metamaterials can be used in various fields to
capture a better scenario. However, soliton in metamaterials with diffusion has not
been explored widely [261]. We therefore, include the diffusion effect in our model.
So, collectively, our objective is to study the generation and dynamics of soliton,
which will be precisely a dissipative soliton, in a cubic-quintic metamaterial with
multi-photon absorption and diffusion. The arrangement of the next part of this
chapter is as follows: Section 2 describes the mathematical modelling, followed by
a numerical study of the excitation of the DS. Section 3 describes the interaction

dynamics of the DS, while section 4 contains a brief conclusion.

3.2 Mathematical Modelling and Generation of Soli-
ton

We consider an LHM that comprises a one-dimensional array of SRR on a nonlinear
dielectric substrate. SRR can be fabricated on the substrate by electron beam lithog-
raphy method [227]. In the composite metamaterial, SRR acts as a meta-atom. The
presence of SRR in the composite material changes both the effective permittivity
(eerr) and effective permeability (ji.sr), as well as the two key material parameters,
refractive index and impedance. These four parameters combinedly describe the
macroscopic behaviour of the composite metamaterials [215]. The shape and size
of the SRR and the metal used in SRR determines the resonance wavelength, from
radio frequency and microwavelength to the infrared wavelength and even to visi-
ble light wavelength [227|. For the current study, we consider a general model in
terms of SRR-dimension and SRR-metal and use normalized values of the system
parameters so that the results of the investigation can be interpreted in any of the
operating wavelength regions. Essentially, the dimension of the SRR is kept smaller

than the operating wavelength of the EM wave so that the SRR-based (composite)
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metamaterial behaves as a homogeneous, isotropic medium.
Further, we consider the substrate as a cubic-quintic nonlinear medium that turns
the composite metamaterial into a cubic-quintic nonlinear metamaterial. In addi-
tion, a part of the nonlinearity of the composite metamaterial comes from the lattice
of resonator meta-molecule through the SRR capacitance that is dependent on the
local electric field strength in the SRR gap [87]. Now, if an EM wave is launched on
this nonlinear metamaterial, the higher-order nonlinear effects, namely, TPA and
3PA, become prominent alongside the cubic self-focusing, quintic defocusing and
diffusion. Such EM wave propagation in metamaterial can be represented by a pair
of coupled higher-order nonlinear Schrédinger equations (HNLSE) of electric and
magnetic fields. The coupled HNLSE can be derived from Maxwell’s equations, as
shown in ref. [105] and in this chapter. Following the same method, we derive the
coupled HNLSE for the electric as well as magnetic fields, which are x-polarized and
propagating along z direction as follows:

The nonlinear relations for D and B for SRR based composite metamaterials are

given as:

-]l
|

EeffEI€E+P;L, (31)

]}

= pesfH = pH + Mny, (3.2)
where, E electric and field intensity, H magnetic field intensity. D is electric flux
and B is magnetic induction. The €.s¢ and p.rr must be dispersive in order to keep

energy density positive [80], and is given as:

cors) = eo(eD<|E|2>—j—§)7 (33)

Fu?
pregr(w) = o (1 -5 ngL(|H|2)>. (3.4)

wp, and F' are plasmon frequency and filling factor, respectively.

Using nonlinear relation of D and B (equation 3.1 and 3.2) in Maxwell’s equations
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[105], we get:
L 9E  0*Py, o, 0 = D o, = =
sz - M68T2 —H o712 o V(VE> = a_T [VMNL X H] a |:NNL8T (EE + PNL):F?)‘S)
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VZH — pe Tz 1] Tz V(V.H) = ~aT [VENL X E} 37 {eNLaT (uH + MNL)](3.6)

Considering an z-polarized plane wave propagating along the z-axis with frequency

w and wave number k. Also,
E = (E(2,1),0,0), H=(0,H(,1),0),
with

B(z,t) = q(z,0)e ™0 H(z,t) = p(z, t)e =)

where, ¢(z,t) and p(z,t) are envelope of E and H respectively. Pyr and Myp,
are given as Py, = e E, My, = puniH,en, = o|E]? + B|E|?, with py, =
v|H|? + 8| H|*. The value of €y, and uyz here is different from reference [80], as the

values are taken up to the fifth (quintic) order.
ent = alE + BB, pyi =H[* + 6| H[" (3.7)

We introduce slow variables as £ = e(z — w't), 7 = £°7 (since the envelopes of E

and H change slowly in z and t). Here, ' g“,: is group velocity.

~

and assuming a=ag2, B=fe2, =42, §=oe
q and p can be written as asymptotic expansion in terms of ¢,

@&, 7) = qo(&,7) +equ(é,7) + 2o (&, 7)., (3.8)

p(&,7) = po(&,7) +epi(&,7) + (&, 7). . (3.9)

Collecting the coefficients of O(g?), we get:
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Further, taking ¢ = X, 7= ;—w , o=@ and py = P, we get
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Now, the coefficients of the terms, except the first ones, of the above equations
are taken as complex. In equation 3.12, the coefficient of %2—)? is taken as (1 + id),
where the real and imaginary parts are self-diffraction and diffusion coefficients,
respectively. éu is replaced by (o1+i03), where the real and imaginary parts are Kerr
nonlinearity and TPA coefficients respectively. Similarly, Je is replaced by (o} +ic}),
where the real and imaginary parts are respectively the Kerr nonlinearity and TPA
but due to the other field. Likewise, Bu is replaced by (03+i04): the real and
imaginary parts are quintic nonlinearity and 3PA respectively. Also, de is replaced
by (o4+ic}), where the real and imaginary parts represent quintic nonlinearity and
3PA due to the other field respectively. An external net gain term iAg is added
to compensate the losses. We also take similar complex coefficients for equation
3.13. Finally, the modified coupled cubic-quintic perturbed nonlinear Schrodinger

equations (CQPNLSE) read as follows:

0Q | *Q / / , ,0%Q

La—T+aX2+al|Q|2Q—03|Q\4Q+01|PI2Q—03|P\4Q=LA9Q+LdaX2
+ioy | QP Q4ioy |Q1*Q+ich |PPPQ+io, | P[*Q  (3.14)

0P P d*P

La—T+m+01|P|2P—03|P|4P+Gi |Q|2P—agyQ|4P:L'AgP+LdW

+ioy | PP P+ioh | QP P+ios | P|*P+ioy | Q" P  (3.15)
So, in summary, () and P are the normalized electric field and magnetic field, re-
spectively, and T is the normalized retarded time [105]. X is the slow space variable
moving at the linear group velocity. o1 and o} are the Kerr nonlinearity coefficients,
09, 04 are the coefficient of TPA, o3, 0} are the coefficient of quantic nonlinearity and
o4, oy are the coefficient of 3PA. Ag is the net gain coefficient and d is the diffusion
coefficient. Equations 3.14 and 3.15 can be considered as a set of perturbed NLSE.
In both equations, the first term represents the evolution of the field; the second

term represents self-diffraction; the third term represents Kerr nonlinearity-induced

self-focusing, and the fourth term is quintic nonlinearity-induced self-defocusing.
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The fifth and sixth terms are similar to the third and fourth terms but induced
by the other field. The first terms in the right-hand side of equations 3.14 and
3.15 are the gain terms, and the second terms are the diffusion terms. The third
and fourth terms are TPA and 3PA, respectively, while the fifth and sixth terms
are TPA and 3PA terms, respectively and are induced by the other field. In the
nonlinear metamaterial, the interplay of the diffraction and nonlinear terms even-
tually may lead to soliton formation provided the loss of the system due to TPA,
3PA or any other kind of linear or nonlinear loss terms is overcome by an external
gain. Such solitons are termed as “dissipative” solitons (DS). Generation of DS cor-
responds to a stable point that is “far from equilibrium”, which can be maintained
by supplying a continuous gain into the dissipative system. We explore bright DS
in our proposed model of metamaterial with profiles as Q = QgSech(x)TPe-@T
and P = PySech(z)'*#e~%T where Qy and P, are the maximum amplitudes of the
normalized electric and magnetic fields respectively, with £ as the chirping parame-
ter. CQPNLSE can be solved by approximate analytical methods (e.g., variational
method, moment method) or using a direct numerical approach based on SSFM or
FDTD method. We choose the numerical path and prefer SSFM over FDTD as the
former is a faster routine and suffers from less instability [154].

The role of the system parameters on DSs is of primary interest. We generate DS
for a range of values of the system parameters. To mention, d; from 0.005 to 0.015,
oy from 0.005 to 0.02, o3 from 0.0008 to 0.0012 and o4 from 0.007 to 0.03. However,
in this chapter, we present the results for the typical values of those parameters
(unless mentioned otherwise): dy = 0.01, o2 = 0.01, o3 = 0.001 and o4, = 0.01. We
explore the effect of TPA, which is usually detrimental to the propagation of the DS.
It can be noted that TPA in metamaterial is very less probable to occur. However,
recently TPA of 40 % efficiency has been reported in a Sagnac-style interferometer
by injecting N=2 NOON state [262]. The possibility of TPA and 3PA depends on

the wavelength of the EM wave. Here, we consider the TPA parameter (¢}) small
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and the 3PA parameter (7)) is further smaller. The evolution of the EM field in the
presence of TPA shows the decay of the field. A proper choice of gain may lead to
DS formation with a slightly oscillating peak Figure 3.1). An increase in TPA needs
greater gain (Ag) to generate the soliton (Figure 3.2). However, the fluctuation of
peak height will increase in case of higher TPA. Similar DS can be obtained with
a magnetic field also. Figure 3.3 shows the peak intensity profiles of the soliton at
different strengths of TPA. The electric field as well as magnetic field soliton can

constitute a compound soliton.

%108
6 -

Q)

200

Figure 3.1: Typical profile of DS with electric soliton field ) for TPA coefficient

o9 = 0.005. Other parameters are d; = 0.01, o3 = 0 = 0.001, 04 = o = 0.01.
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Figure 3.2: The evolution of peak intensities of the electric field |Q|? at different
strength of TPA, (a) 02=0.005, (b) 02=0.009, (c) 02=0.01 and (d) 02=0.03. Other
parameters are the same as mentioned in Figure 3.1.The horizontal and vertical axes
represent the time axis and | P|?, respectively, for all panels. (Also, in the following

figures, the omitted labels can be read in similar manner.)
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Figure 3.3: The evolution of peak amplitude of the magnetic soliton field P at differ-
ent strength of TPA, (a) 02=0.005, (b) 02=0.009, (c¢) 02=0.01 and (d) 02=0.03.The
average Ag values lies around 2.072x 107%. Other parameters are the same as Figure

3.1.

Now, keeping the amplitude of the magnetic field constant, if the amplitude of
the electric field is varied, a phase difference is observed to be developed between
the fields. This may lead to the separation of the electric field DS and magnetic field
DS (Figure 3.4). The separation is more prominent for a stronger electric field. A
breather like field dynamics is observed (not so prominent in fig 3.4 unless magnified)

in both the branches of DS.
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Figure 3.4: Evolution of the EM field for unequal initial electric and magnetic fields.
In all plots | P |*> = 1.5 and | Q |* varies as (a) | Q |*=1, (b) | Q [*=0.8, (c)

| Q |?=0.75 and (d) | Q [2=0.70.

In order to explore the features of the higher-order solitons, we found second-
order DS have less stability, while further higher-order solitons are too unstable.
We found the contribution of the 3PA is very small, which may be due to the low
possibility of 3PA to occur. The diffusive metamaterials are studied using their spa-
tial inversion symmetry and line inversion asymmetry [261]. The spatial asymmetric
metamaterial can have large asymmetric diffusion. In the present case, we consider a
spatial asymmetric diffusion. We find that the DS can be stabilized with a diffusion

up to 4 x 107° times of the self-diffraction. Beyond that, the DS gets distorted.

3.3 Soliton Interaction Dynamics and Switching

The fundamental aspect of soliton can be revealed by their interactional behaviour,
which is presented in this section. The basic motto for studying interaction is to
reinforce the “soliton" nature of the generated DS and to demonstrate the all-optical

controlling of the DS and, hence, to explore the possibility of useful dynamics, if
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any. For the said purpose, we consider the electric fields of the two interacting DS

given by the following general form:

O T o QP Q03 | Q11 Qe ot | Qs P Q- 0| Qus [ Q1 = 1000,
0T 8X2 1 7 ) 3 7 7 1 3—1i 7 3 3—1 7 gl
Qi
0X?

Here, Q); represents the amplitude of electric fields as ¢ = 1,2. All other terms

+id +ioy | Qi P Qi+ ioy | Qi |' Qi+ ioy | Qs | Qi+ io) | Qs—i |' Qi (3.16)

are similar to those described in the previous section. The two DSs interact with

each other for an initial normalized separation of 80 or less.
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Figure 3.5: Interaction between two DSs at different separations: (a) 40, (b) 45, (c)

50 and (d) 60. Other parameters are the same as mentioned in the figure. 3.1

The interaction of two solitons for different separations between them is shown
in Figure 3.5. The initially separated solitons come closer, collide and get separated
then collide again. The periodic collision continues (Figure 3.5). As the separa-
tion between solitons increases, the number of collisions decreases. This happens
because the induction between the solitons becomes weak for larger separation of
solitons. The spatial power spectra corresponding to Figure 3.5 are shown in Fig-
ure 3.6. Both the cases of figures 3.5 and 3.6 support the formation of periodically
colliding DSs. In order to identify the relation between the rate of collision and

separation between DSs, the variation of the ‘time for the first collision’ is plotted
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with respect to the initial separation between DSs Figure 3.7). The ‘time for the
first collision’ is observed to increase nonlinearly with the increase in separation,
and consequently, the number of interactions decreases (Figure 3.7). Not only the
separation between the interacting solitons but also the phase difference significantly

modifies the interaction dynamics.

(a) (d)
(b) (c)

Figure 3.6: The spatial power spectra corresponding to fig 3.5. Here f is the spatial

frequency

first interaction point in time
=
o
number of interactions

separation between pulses (x)

Figure 3.7: Left scale (solid line): The variation of ‘time of first collision” with the
separation between DSs. Right Scale (dashed line): The variation of the number of

interactions with the separation between DSs.

An initial phase difference between the interacting DSs breaks the interaction

symmetry and leads to the transfer of energy from one DS to another (Figure 3.8).

%10
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The corresponding spatial power spectra also show the energy transfer (Figure 3.9).
As the initial phase difference between interacting DSs increases, the DSs go to less
ordered states, and the symmetric breather state disappears eventually. However, a
phase difference of 7w can create symmetric interactions (fig 3.10). With decreasing
separation, the rate of interaction increases (fig 3.10(a,b)). A separation as small
as 10 units may yield a very clumsy interaction scenario (fig 3.10(C)). Interestingly,
although both 0 and 7 phase differences lead to symmetric interactions, the nature
of interactions are different (one may compare Figure 3.5 and 3.10). A mirror image-
like interaction dynamics is observed for a particular choice of a set of initial phase
differences. For instance, in Figure 3.11 (a),(b) an initial phase difference of 0.27
and 1.87 (or -0.27) create interaction profiles that are mirror images of each other.
The corresponding spatial power spectra portrayed in Figure 3.11 (c),(d) validate

the same.

Figure 3.8: Interaction of two DSs at different phase difference A¢ between them,
(a) Ap =0, (b) A¢ = 0.057, (¢) A¢p =0.17 and (d) A¢ = 0.27. Two in-phase DSs
interact symmetrically (a), while a phase difference makes the interaction asymmet-

ric (b-d). Other parameters are the same as mentioned in Figure 3.1.
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Figure 3.10: Interaction of two DSs at a phase difference of m, for initial separations

equal to (a) 30, (b) 20 and (c) 10.
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Figure 3.11: Interaction dynamics of two DSs for phase difference A¢ between them:
(a) Ap = 0.27 and (b) A¢ = 1.87 (or —0.27). The corresponding spatial power

spectra are plotted in (c) and (d).

In fact, such mirror image-like interaction dynamics are found for a large range
of phase differences (Figure 3.12 and 3.13). For such interaction, the deviation (dz)
of the two DSs from the centre point is plotted with respect to the phase difference

in Figure 3.14. This shows that both the DSs have symmetrical behaviour.
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Figure 3.12: Interaction dynamics of two DSs at initial phase difference A¢ between

two DSs: (a) A¢p=0.57 and (b) A¢p=1.57 or (—0.57).

b
@) (b)

Figure 3.13: The spatial power spectra corresponding to Figure 3.12.
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Figure 3.14: Phase induced deviation dx of two DSs, from the central point. The
solid line (red) represents the right-hand side DS while the dashed one (blue) rep-

resents the left-hand side DS

We now study the interaction of two DSs of unequal intensities. The interaction
center of DS shifts towards the higher amplitude DS (Figure 3.25). The correspond-
ing spatial power spectra are given as Figure 3.26. For second-order DS, the number
of interactions is found to increase with decreasing separation between DSs (Figure

3.27). However, the second-order interactions are found to be less stable.
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Figure 3.15: Variation of linear gain Ag required for soliton formation with the
increase in randomness in self-diffraction induced broadening. Solid line is for nor-
mally distributed randomness, while the dashed line corresponds to the uniformly

distributed randomness.
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Figure 3.16: Variation of linear gain Ag required for soliton formation with the in-
crease in randomness in self-diffraction induced broadening and diffusion terms. The
solid line is for normally distributed randomness, while the dashed line corresponds

to the uniformly distributed randomness.
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Figure 3.17: Phase plots for different percentages of uniformly distributed random-

ness in self-diffraction induced broadening (corresponding to Figure 3.15) (a) 1%,

(b) 2%, (c) 3%, (d) 4%, (e) 5% and (f) 6%.
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Figure 3.18: Phase plots for different percentages of normally distributed randomness

in self-diffraction induced broadening (corresponding to Figure 3.15) (a) 1%, (b) 2%,

(c) 3%, (d) 4%, (e) 5% and (f) 6%.
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Figure 3.19: Soliton profiles in the presence of different amounts of uniformly dis-
tributed randomness self-diffraction. The values of randomness in self-diffraction are
(a) 1%, (b) 2% ,(c) 3% ,(d) 4% (e) 5% and (f) 6%. Required gains are 0.040x 1073,

0.050x 1073, 0.060x 103, 0.070x 1072, 0.080x 10~3 and 0.090x 10~3 respectively.
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Figure 3.20: Soliton profiles in the presence of different amounts of normally dis-
tributed randomness in self-diffraction induced broadening compensated by linear
gain. (a) 1%, (b) 2% ,(c) 3% ,(d) 4% (e) 5% and (f) 6%. Required gains are
0.050x1073, 0.060x 1073, 0.075x 1073, 0.070x 1073, 0.075x10~3 and 0.095x 1073 re-

spectively.
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Figure 3.21: Soliton profiles in the presence of different amounts of uniformly dis-
tributed randomness in self-diffraction induced broadening and diffusion compen-
sated by linear gain. (a) 1%, (b) 2% ,(c) 3% ,(d) 4% (e) 5% and (f) 6%. Re-
quired gains are 0.050x 1073, 0.050x 1073, 0.055x 1073, 0.060x 1073, 0.075x 1073 and

0.060x 1072 respectively.

Figure 3.22: Soliton profiles in the presence of different amounts of normally dis-
tributed randomness in self-diffraction induced broadening and diffusion compen-
sated by linear gain. (a) 1%, (b) 2% ,(c) 3% ,(d) 4% (e) 5% and (f) 6%. Re-
quired gains are 0.050x 1073, 0.060x 1072, 0.065x 1073, 0.050x 1073, 0.080x 1073 and

0.085x1073 respectively.
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Figure 3.23: Soliton profiles in presence of 3% uniformly distributed randomness.

(a) for TPA+3PA, (b) only TPA and (c) only 3PA.
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Figure 3.24: Soliton profiles in presence of 3% normally distributed randomness. (a)

for TPA+3PA, (b) only TPA and (c) only 3PA.

3.4 Robustness of the DS

Till now, we have discussed DSs formation in perfect SRR-based metamaterials.
However, a practical system suffers from irregularities in the spacing of SRR, dif-
ferent sizes of SRR or other irregularities in the composite media [263]. These may
lead to randomness in the diffraction-induced broadening (i.e., in the second terms

in the left hand side of equations 1 & 2) and diffusion (i.e., in the second terms in
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the right hand side of equations 1 & 2). These DSs are found to be robust enough
to sustain such randomness. With increasing random diffraction, a higher gain is
required to stabilize the DSs. However, the random diffraction has little effect on
the time the for first interaction of DSs. Two types of randomness can be there: uni-
formly distributed randomness and normally distributed randomness. We find that
a higher Ag is required at higher randomness of self-diffraction for both the types of
aforesaid randomness (Figure 3.15). Similar behaviour is observed for randomness
in both self-diffraction and diffusion (Figure 3.16). The phase plot of DSs at dif-
ferent percentages of uniformly distributed randomness in self-diffraction is given in
Figure 3.17. Up to a certain limit of randomness, the DSs remain confined. Similar
confinement is achieved for randomness in both self-diffraction and diffusion (Figure
3.18). Soliton profiles become stable or almost stable for both types of randomness
in self-diffraction and diffusion (Figures 3.19-3.22) provided that a proper Ag is
given into the system. In addition to self-diffraction and diffusion, randomness may
appear in TPA, 3PA or both. We found stable DSs with all these cases (Figures

3.23 & 3.24).

Figure 3.25: Interaction dynamics of two DSs of different amplitudes. The amplitude

ratio is (a) 0.99, (b) 0.95 and (c) 0.90.
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Figure 3.27: Interaction of second order DSs at initial separations equal to (a) 60,
(b) 50, (c) 40, (d) 30 and (e) 20. Other parameters are the same as mentioned in

Figure 3.1.

3.5 Conclusion

Compound DSs are generated and stabilized in the SRR-based metamaterial with

cubic-quintic nonlinearity, multi-photon absorption and diffusion. The findings of
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this investigation validate the two basic aspects of any soliton, firstly, the evolution
of self-similar wave profile and secondly, the "immunity" against interaction. The
interaction of DSs can be controlled by tuning their separation and relative phase.
A smaller separation between the DSs and the increase in self-diffraction may lead
to early interaction. The introduction of a phase difference or variation in the am-
plitude of any of the DS may break the symmetry of interaction. Switching can
be obtained by tuning the phase difference between the DSs. Interestingly, a weak
DS is found to control a strong one. The result obtained in this study is some-
what familiar in optics but may be lesser known in SRR-based metamaterial. The
findings can be used to design metamaterial-based devices that rely on higher-order
nonlinearity and multiphoton absorption. It may also help in identifying and opti-
mizing the operating region of metamaterial-based devices. To validate the results,
an experimental setup can be designed using an SRR-based nonlinear metamaterial,
an EM signal source and a suitable detector. The source and the detector can be
chosen as per the application. For instance, to generate a DS in optical wavelength,
laser light can be used in conjugation with a polarizer. A spectrometer or a CCD
camera corresponding to the operating wavelength can be employed as a detector.
The numerical procedures used in this investigation can be utilized for calibrating
such devices. Since this model includes diffusion, one can further plan to use it for
sensing and related purposes in chemical mixing, thermal management, electronics,
material processing, etc., wherein diffusion has a critical role. Also, the inclusion of
multi-photon absorption in the model makes it a potential candidate for the appli-
cation of TPA-assisted medical imaging.

More investigations can be done in future by combining nonlinearity with metama-
terials, e.g., to identify the role of various saturable absorbers. Graphene saturable
absorber and graphene flakes saturable absorber on the compound soliton gener-
ation and dynamics can be considered in that context. In fact, the investigation

presented in the next chapter utilizes the Graphene saturable absorber. Intriguing
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soliton dynamics, like soliton switching and multistability behaviour, can be demon-
strated using the present model. Even there are possibilities to utilize the current
model and method further to investigate rogue waves in nonlinear metamaterials

with higher-order nonlinearity.



Chapter 4

(Generation and Stabilization of
Solitons in Graphene-embedded
Metamaterials

If generating solitons in metamaterials is the primary goal, then achieving their sta-
bility is the ultimate challenge. Propagation of localized EM waves, more precisely
solitons, generally encounters difficulties due to challenges like strong dispersion from
resonant responses and high losses. Addressing these issues, this chapter discusses
a strategy to transform propagating EM waves into stable soliton waves capable of
sustaining dispersion and mitigating losses. The approach is demonstrated theo-
retically using a two-dimensional hybrid metamaterial featuring SRR arrays on a
graphene layer. A specific parametric range is identified, enabling the propagation
of EM waves in the form of dissipative solitons. This methodology can be applied
to diverse metamaterials and metasurfaces, which are represented by coupled rate
equations. This chapter corresponds to the first and majorly the third objectives of

the thesis.

4.1 Introduction

The investigation into the transmission of EM waves through 2D materials remains a
significant and expansive research area over an extended period, owing to its diverse

range of applications. In this context, there has been significant research focus on the

7
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utilization of SRR-based metamaterials, along with single and multi-layer graphene,
which have garnered substantial attention and demonstrated notable technological
applications [264-269]. SRR responds to the incident EM field by virtue of their
configurable physical dimensions, therefore making the response tunable. A major
challenge for EM wave propagation through a metamaterial is the dispersion due to
resonance and high loss [270]. This can be overcome by converting an EM wave into
a soliton, in particular, a dissipative soliton (DS) (since the loss is present in the
system). The inclusion of nonlinearity makes SRR a promising host for the solitons
[271]. In a dissipative system, the counterbalance between the inherent broadening
(self-diffraction in the spatial domain and group velocity dispersion in the temporal
domain) and nonlinearity-induced contraction (self-focusing in the spatial domain
and self-phase modulation in the temporal domain) is not sufficient for self-trapping;
rather an additional balance between the system loss and an external gain is essen-
tial for the stabilization of the soliton [272]. Since generated in a lossy or dissipative
system, these solitons are termed DS and require a continuous supply of external
energy to sustain [273, 274|. They are formed at a position ‘far from equilibrium’
[275, 276]. Both the dark and bright solitons are found in SRR-based metamaterial
using coupled Schrédinger equations [264, 277]. One- and two-dimensional trans-
mission of EM waves are studied through a finite slab of a dielectric material with
negative refraction. When the dielectric slab exhibits an intensity-dependent nonlin-
ear response, the study reveals the transmission of waves influenced by nonlinearity
through an otherwise opaque slab, concurrently leading to the generation of spa-
tiotemporal solitons [265]. Although not precisely solitons, electric and magnetic
excitations arise from resonances in both electric and magnetic fields, specifically
occurring at odd multiples of half-wavelengths. [278|. A one-dimensional array
of SRR was found to host the discrete breather structures due to weak coupling
with the nearest SRR [266]. In the context of discreteness and nonlinearity, it was

observed that a one-dimensional array of SRR can facilitate the existence of gap
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solitons [279]. Bright soliton can be generated due to nonlinearity and capacitance
fluctuations [280].

Graphene is a 2D material that has shocked the spotlight since its experimen-
tal fabrication in 2004 [281]. Owing to the nano-size layer and large nonlinearity,
graphene comes in handy in many photonics, nano-electronic and nonlinear optical
devices 282, 283|. The materials that have thickness-dependent optical properties
can be combined with graphene that finds applications in biomedical [284, 285],
solid-state [286], electronics [287] and optics [288]. Graphene can be used as a sat-
urable absorber in erbium-doped laser to generate multiple soliton patterns [267].
Due to the wide band saturable absorption of graphene, one can make the DS of
erbium-doped laser tunable [268]. When layers of graphene are sandwiched between
two layers of a dielectric material, the propagation of discrete plasmons is found
[269]. Surface plasmon in one-dimensional domain walls is found in layer-stacking
domain walls in bilayer graphene using near-field infrared nanoscopy [289]. Arrays
of nanodisks of graphene support the propagation of discrete vector soliton [290].
Graphene monolayers are found to support the propagation of spatial optical soliton
by virtue of its nonlinear third-order susceptibility [291]. In recent times, an effort to
combine these two major players (i.e., SRR and graphene) to fabricate a hybrid 2D
structure is witnessed partly because of the common tendency to insert graphene in
all possible structures and chiefly because of the versatile nature of graphene [292—-
294.

Although soliton dynamics have been studied in different 2D materials sepa-
rately, significant efforts have been noticed with the recently famous hybrid 2D
material that comprises graphene-embedded SRR. In this chapter, we present soli-
ton formation in a graphene-embedded SRR-based metamaterial through an easy
analytical-numerical method. Basically, the dynamical equations of the system are
set for a steady state condition to get the stability of the system. To demonstrate

this, we use a hybrid material as modelled in the reference [295|. This method is too
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basic to identify the parametric zone for soliton formation in a variety of surfaces
and even beyond. In fact, it can be successfully adopted where ever the coupled rate
equations are involved.

The system of the current investigation consists of an infinite array of SRR [295] on
a suitable substrate. A layer of graphene is placed beneath the SRR arrays (Figure.
4.1(a)) to increase the nonlinearity of the system (considering up to the third-order
susceptibility of graphene) [296-298|. The nonlinear response of graphene is en-
hanced when combined with plasmon, due to the enhancement of the local density
of states near metal-dielectric interface [299, 300]. The conductivity of graphene
can be tuned by changing the electric field, which further changes the work function
of the graphene [301, 302]. This gives the liberty to tune the spectrum of reso-
nance for metamaterial. The electronic structure of multilayer graphene is similar
to the isolated single layer graphene [303]. The reflectance of multi-layer graphene
falls rapidly due to the direct interband electron transitions [304]. The plasmon
propagation occurs in multi-layer graphene due to domain walls [289]. The carrier
mobility is greater in monolayer than multi-layer graphene due to the dispersion
relation [305]. In the present model we used a monolayer graphene. However one

can use multilayer graphene to reduce the cost.
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Figure 4.1: (a)Schematic diagram of the graphene embedded SRR based hy-
brid metamaterial (b) A schematic of interactions of different modes of SRR and

graphene. (E;" is amplitude of incoming wave.)

The SRR has two propagating modes along the two arms and these modes arise
due to the in-phase and out-of-phase current distribution along the arms (Figure
4.1(a)). One mode is strongly coupled with the incoming field and is reffered as a
symmetric mode. This is the superradiant mode. The other is an asymmetric mode
referred as subradiant mode [306]. When both modes are coupled together a Fano
like asymmetric spectra occurs. The Fano resonance is an asymmetric resonance
that arises from two narrow resonances from two different resonators of the system
[295, 307, 308]. The graphene layer also holds an asymmetric mode (subradiant
modes) that arises due to the out-of-phase dipole oscillation [309-311|. The modes
of the graphene and SRR can be presented using complex amplitudes S, A and P,
where S is bright symmetric mode due to SRR, A dark asymmetric mode due to
SRR and P is dark asymmetric mode due to graphene. The system of equations can
be generated starting from each mode as an independent resonator with frequencies
wg, wa and wp, radiative decay coefficients vg, v4 and g for S, A and P modes

respectively as follows [312]:
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S = (—iws —7s)S (4.1)
A = (—iwa—74)A (4.2)
P = (—iwp —yp)P (4.3)

The dot represents the time evolution of the modes. The above mentioned rate
equations 4.1, 4.2, 4.3 represent the modes of uncoupled SRR and graphene layer.
In the present system the subradiant mode of graphene couples with the conventional
subradiant mode of SRR metasurface [295] and leads to a strong confinement of light
(Figure 4.1(b)). Such a system can be demonstrated using temporal coupled-mode
theory [311, 313].A scheme for the coupling of the modes is shown in Figure 4.1(b).
The S mode is coupled with incoming flux (E;) and the coupling is quantified by
interaction strength coefficient ys. Mode A and S are coupled with each other by a
coupling coefficient g; and mode P with A by another coupling coefficient gs. Thus

the coupled modes are defined by the following differential equations [295]:

S = (—iws—79)S + ig1 A+ ixsE; (4.4)
A = (—iwa —ya)A+ig1S + iga P (4.5)
P = (—iwp—p)P +igA (4.6)

The system may have other losses. The linear losses have been included in imaginary
part of the first term and the coupling coefficients in the RHS of eqn (4.4-4.6). The

steady state of S, A, P (namely Sg, Ag, Ps respectively) can be determined as:
LglAs + LXSEZ—;

S, = . (4.7)
s + s
3 (iws + vs)(iwa + v4) (iwp +vp) + g3 (iwp + vp) + g3 (iws + Vs)
P, = - g2 As (4.9)
twp +7p

The variation of these steady-state values has been portrayed in Figures 4.2-4.10.
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4.2 Steady Sate Solution and Solitons

We now explore the possibility of DS formation in the hybrid metamaterial system
(equation 4.4-4.6) using the steady state values (S, Ag, Ps from eqn 4.7-4.9) as
initial condition. Equation 4.4-4.6 has been solved numerically by Runge-Kuta 4-
5 method. We found DS for a wide range of system parameters. The DS in the
aforementioned system is influenced by the choice of frequencies (wg, wa, wp), ra-
diative decay coefficients (yg, v4, 7p), coupling coefficients (g1, g2) and coupled flux
(xsE; ). Each parameter is explored to identify the range of stable DS propaga-
tion. Following the analytical-numerical method described till now, the DS can be
achieved for the number of sets of parameters. In this chapter we have used wg=5,
wa=3 wp=2 75 =1x10"2 74 =2x102, v =2x10"2 g = 1 x 107},
g2 = 0.5 x 107" and xsE; = 0.75 x 107! unless mention otherwise. The consoli-
dated results have been presented in Figures (4.2-4.10). Figures (4.3-4.10) show the
variations of steady-state values (Sg, Ag, Ps) with the variation of different system
parameters and formation of DS at different parametric points. These figures, i.e.,
(4.2-4.10) have a common format. The variation of the steady state values Ag, Sg
and Pg are shown in the main Figures. The insets show the evolution of the modes
(S, A, P), which leads to DS in most of the cases. For example, Figure 4.2 shows
the variation of Sg, Ag, Ps with respect to wy. Now, the insets show the evolution
of A, S, P at different values of w, (indicated by the arrows). The other parameters
are already mentioned above. At lower value of w, the numerical values of S, A,
P are quite different (particularly Sg). For all values of w4 except wy = 5 we get
solitonic evolution of S, A, P modes. Now, for a variation of wg the modes S and
P has quite similar type of evolution for all values of wg, while mode A has large
oscillations with increasing frequency along the range of wg except near ws=5 & 6
where all the modes shows a solitonic behaviour with smaller oscillations (Figure

4.5). For wg > 5 the oscillations in mode A increase mode rapidly. For other values
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of wa (i.e., wa # 3) the DS formation point changes. For the variation of wp the Ag,
Sg and Ps varies symmetrically (Figure 4.6). The DS achieved for whole range of
wp (from 1 to 10) with slight oscillation in S mode. Like the resonant frequency the
radiative decay coefficient (g, 4, 7p) have great impact on the DS formation. The
vs show the DS formation for wider range (Figure 4.3). As the value of g increase
the A mode has some initial oscillations and then got stabilized. Both v4 and ~vp
shows similar type of wave evolution and has DS for wide range (Figure 4.7 and
4.8). The A mode has slight growth of oscillations with increasing value of v4. Like
the resonator frequencies and decay coefficients the coupling coefficient (g1, g2, )
have important role in DS formation (Figures 4.4, 4.9, 4.10). For weaker coupling
between A and S modes (i.e., lower values of g;) soliton formation is favourable
(Figure 4.9). But a stronger coupling (i.e., intermediate values of g;) sees large
oscillations of DS and further stronger coupling blows-up the DSs.

Quite different DS formation scenario has been witnessed for variation of coupling
coefficient g, between P and A modes. Here DS are easily formed for stronger
coupling strength (Figure 4.4), while large oscillations are witnessed in S larger
coupling strength. Notably, DS formation is not favourable at larger values of gs.
We also analyse the mode propagation with ysE;" (i.e., the incoming flux coupled
with S mode). The Sg varies linearly while Ag and Pg varies with little slope along
with xsE;. The A and S modes has high oscillations along yxsFE; . Further, a
stability analysis can be done by applying the Lyapunov stability analysis method
in the system [314-316|. As per Hurwitz’s stability criteria, the system is found to
be stable as the real part of the eigenvalues of the characteristic equation (of the
corresponding Jacobian matrix) is negative. The stability zones are marked for all

three sets of v and w. (Figure 4.11).
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The dynamics of the three modes at steady state (that have been depicted in

the insets of Figure 4.5-4.10) can be alternatively shown through phase diagram.

Typical phase diagram of (S — A), (S — P) and (A — P) are presented in Figure 4.12

a,b and c respectively, wherein the modes show bound oscillations. With evolution

the phase diagram show oscillations with repeated of pattern.

Since our main objective is to make the metamaterial “soliton ready" (i.e., the

coupled modes to always behave steadily) its an obvious to check the robustness

of steady state dynamics.
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Perturbation analysis through a standard numerical method (i.e., Sg + 0S5)
shows the system is robust against perturbations as high as 10% (Figure 4.14).
Beside checking the robustness of the solitonic modes against perturbation we also
tested the tolerance of the DS against the randomness of the system parameters. The
reason behind is, for any system there will be some intrinsic irregularity, whatever
small. The system we consider may be fabricated by nanosphere lithography [317].
Although, modern lithography, leaves less chance for error, still one can expect
some randomness in terms of the spacing of the SRR, their individual structure
etc. Even randomness may arise in the coupling of SRR with the graphene layer.
All these may lead to the randomness in the resonant frequencies (wa, wp, wg),
decay coefficients (v4, vp, 7s) and coupling coefficients (g1, g2, x). It is found that
the parametric zone that corresponds to stable soliton is so accurately calculated
that even randomness as high as 5% can allow stable DS formation, Figure 4.13
portrays it through different phase-diagrams for randomness in resonate frequencies.
The same are depicted in Figure 4.15 and 4.16 for randomness in decay coefficients
and coupling coefficients respectively. Although, the S mode is more sensitive to

randomness in ysE;

mr

Figure 4.16(g) and (h) show different kind of plots due to

large oscillations in .S mode.
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The method illustrated so far can be further improved by introducing the in-
teraction of the individual meta elements of the metamaterial surface by adopting
the coupled mode theory (CMT) [318] CMT gives rise to the spatial distribution of
the far-field using the following mathematical scheme [282, 318]. The metasurface
is considered to consist of M number of coupled resonators which are well isolated,
lossless and each of them supports a single resonance. The resonators interact with
the wave that comprises N number of plane-wave channels. CMT gives rise to a
set of coupled rate equations for the complex amplitudes of the resonators as a
function of incoming wave (N X 1 matrix), coupling coefficients (M x N matrix) of
the incident wave (N X 1 matrix), coupling coefficients of (M x N matrix) of each
resonator to the plane waves of each channel, radiative decay rate of the resonators
(M x N matrix) far-field coupling of the resonator (M x N matrix), resonance fre-
quencies of resonators (M x N matrix); coupling between the resonators through

evanescent fields (M x N matrix). The rate equations of the complex amplitudes
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of the resonators and the incoming wave are then used to find the outgoing wave
in conjugation with the background reflection and transmission coefficient (M x N
matrix). Finally, the far-field wave is obtained by the knowledge of the outgoing
wave and propagation phase of the waves of each channel. For different substrate,
the coupled mode equations are modified as given in the supporting information of
ref [282, 318]. Furthermore, the stability criteria can be determined in this case of
CMT by adopting the method already described in this paper.

For many practical purpose, a curved metasurface may provide more flexibility in
operation [319, 320]. A metasurface is equivalent to spatial sheet discontinuities for
electric fields [319]. A bianisotropic surface susceptibility tensor that can be used to
model the same [319, 320]. Such tensor is comprised of the average and difference
fields on the two sides of the metasurface calculated by means of the electric and
magnetic surface polarization densities. For a curved metasurface, the bianisotropic
surface susceptibility tensor is modified. Also, the scattered as well as absorbed fields
are modified. Numerical techniques (e.g., Finite-difference time-domain method, fi-
nite element method. method of moments) in conjugation with the generalized sheet
transition boundary condition can be applied to investigate the dynamics of such

curved metasurface.

4.3 Conclusion

DSs are formed using three modes, namely: bright symmetric mode, dark asym-
metric mode due to SRR and dark asymmetric mode due to graphene in graphene-
embedded SRR-based hybrid metamaterial. The stability zones are highlighted.
Soliton behaviour has been explored for wide parametric regions. This simple
methodology for identifying the solitonic propagation region of EM waves can be
applied to a wide variety of metamaterials and beyond. The result of this investi-

gation may be validated through experiments. Further, the results can be used as a
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guideline for the preparation of a chart of ranges of system parameters that promise
stable soliton. The applications of SRR as a negative refractive index material,
smarter tools (e.g., a perfect lens), and material having thickness-dependent optical
properties can now be combined with those of graphene in biomedical, solid state,
electronics and optics. This investigation can be extended to multi-layer graphene,
which might be a cheaper substitution for the monolayer one. Since the graphene
layer is used, all the advantages of graphene (e.g., electrically controlled GATING)

can be utilized while designing applications.
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Figure 4.14: The evolution of the three modes (A, S, P) under the influence of (a)

no perturbation (b) 5% perturbation, (c¢) 10% perturbation.
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Chapter 5

Soliton Generation and Dynam-
ics iIn Metamaterial with Higher
Order Nonlinear Effects

Previous chapters dealt with soliton formation and soliton dynamics in an SRR-
based metamaterial having Kerr (cubic), cubic-quintic, and graphene-embedded
nonlinear media. This chapter presents soliton formation in SRR-based nonlinear
metamaterials, wherein higher-order effects, namely, third-order diffraction, self-
steepening and Raman scattering, are prominent. Both self-steepening and Raman
scattering cause a transverse shift of the pulse; however, self-steepening causes a
competitively greater shift. These soliton pulses are robust against perturbation;
only the transverse shift decreases marginally with increasing perturbation. The
interaction dynamics of the generated solitons have been demonstrated. The typical
periodic oscillations are observed along with some deformation due to self-steepening
and Raman scattering; also, the phase difference between the interacting solitons
significantly modifies the interaction dynamics. The whole investigation has been
done theoretically by solving a perturbed NLSE following the LVM (analytical) as

well as the SSFM (numerical). This chapter corresponds to all the objectives.

96
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5.1 Intoduction

Two processes, self-steepening and Raman scattering, stand out in the field of nonlin-
ear optics—where light interacts with materials in ways that go beyond typical linear
optics for their significant influence on pulse propagation [321-323|. Despite their
individuality, these effects frequently combine in materials, leading to a complex
interaction that dramatically changes how optical pulses behave. Self-steepening is
a well-known nonlinear phenomenon that has also gained significant attention in
the realm of metamaterials, causing possibilities for manipulating EM waves and
modifying the performance of various devices. Basically, self-steepening refers to
the nonlinear process where the leading edge of a pulse or wave becomes steeper
as it propagates through a medium. The reason behind this is that the pulse has
high intensity at peak and hence a high refractive index at peak compared to the
trailing edge; as a result, the wave gets steeped. The steepening occurs as long
as the dispersion limit is allowed above that; the wave gets fragmented [184]. In
metamaterials, self-steepening arises from the interplay of material nonlinearities,
such as Kerr, cubic-quintic and saturable nonlinearities. Experimental studies have
demonstrated self-steepening in various types of metamaterials, including plasmonic
metamaterials, photonic crystals, and acoustic metamaterials. Various techniques,
such as ultrafast optics and terahertz spectroscopy, have been employed to observe
and quantify the self-steepening effect.

Raman scattering, a nonlinear optical process, involves inelastic scattering of
photons by vibrational modes of molecules [324]. In metamaterials, the interaction
between incident light and vibrational modes is further modulated by the engineered
properties of the material. Theoretical models, such as the Raman scattering tensor
[325] and effective medium theories [326], have been instrumental in understanding
the intricate interplay between metamaterial structures and Raman scattering pro-

cesses. Researchers have conducted experiments to investigate Raman scattering in
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various types of metamaterials, including plasmonic, photonic, and acoustic meta-
materials. Techniques such as Raman spectroscopy and surface-enhanced Raman
scattering (SERS) have been employed to study and manipulate the Raman signals
in these engineered materials. The experimental findings have unveiled novel phe-
nomena, including enhanced Raman signals and the development of metamaterial-
based sensors.

Soliton generation in metamaterials with higher-order nonlinear effects has been
reported regularly. xu at el. studied the soliton under higher order effects, namely,
third order dispersion (TOD), Self-steepening, and stimulated Raman scattering in
mono-mode optical fibers [327]. The system is solved using the Hirota equation
and using Darboux transformation, and the exact N-soliton solution is obtained.
Chen et al. studied the interaction of periodic optical solitons in an optical fiber
having fifth-order dispersion, self-steepening effect and Raman effect using NLSE.
The GVD and TOD were found to have an effect on soliton interaction and period
of soliton [328|. Yi et al. studied soliton in an optical fiber having third-order dis-
persion and steepening term using a perturbed NLSE [329]. The system is solved
analytically, and the dynamics and interaction have been studied. The interaction
was found to be significantly impacted by TOD and steepening terms. Chen et al.
studied three-dimensional quantum systems having dispersion up to fourth-order
and higher-order scattering described by NLSE [330]. The system is solved ana-
lytically, the bright soliton is found. The higher-order effects found to support the
bright soliton behaviour. Vithya et al. studied inhomogeneous optical fiber having
fifth-order dispersion using NLSE [331]. The system is solved using the Darboux
transformation method by constructing the solution using the Lax pair method,
and soliton propagation is found in the system. GVD and fifth-order dispersion
were found to control the width, amplitude and phase shift of soliton dynamics.
Wang et al. studied the propagation of ultrashort pulse in an optical fiber having

higher-order nonlinearity, fourth-order dispersion and self-steepening using higher
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order nonlinear Schorindger equation (HONLSE) [332]. They discuss the criteria
for the transformation from breathers to solitons with distinct configurations and
the interaction between solitons and breathers. Arshad et al. studied soliton in
an optical fiber having cubic-quintic nonlinearity, third- and fourth-order dispersion
and self-steepening using NLSE [333|. The propagation and condition for formation
of bright, dark and periodic solitons are found for the system. Yang et al. stud-
ied optical fiber having TOD, self-steepening and delayed nonlinear response using
HONLSE [334]. They found propagation and parametric conditions for dark soli-
tons and studied interactions between solitons. Guo et al. studied the propagation
of ultrashort optical pulse using HONLSE in an optical fiber having fourth-order
dispersion, cubic—quintic nonlinearity, self-steepening and self-frequency shift [335].
The system is solved by using Darboux transformation, and the propagation of
breather solitons is found. The two types of interactions, i.e., elastic and mutual
attraction and repulsion, are found.

The same types of studies under higher-order effects are also reported in meta-
materials. Ali et al. studied SRR-based metamaterials having cubic-quintic nonlin-
earity, TOD, FOD and self-steepening using a modified NLSE [117]. The system
is solved by applying LVM, and the dynamics of stable soliton propagation are
studied. Hosseini et al. studied the nonlinear metamaterials having pseudo-quintic
nonlinearity and the self-steepening effect using NLSE [114]. The propagation of
kink and anti-kink chirped soliton are reported. Zhu et al. studied the nonlinear
metamaterials having third- and fourth-order dispersion, cubic-quintic nonlinearity
and self-steepening using NLSE [336]. The system is solved by finding Jacobian
elliptic function solutions using the mapping method. The propagation of bright
or dark solitons is found. Min et al. studied the nonlinear metamaterials having
cubic-quintic nonlinearity, FOD and self-steepening using an NLSE. Using ansatz
method, exact dipole solitary wave solutions are found [337]. Further, using the

Drude model, the region for the existence of dipole solitary waves is found. Xiang
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et al. studied the metamaterials having TOD, self-steepening and Raman effect
using a NLSE. They demonstrated Raman soliton self-frequency shift (SSFS) can
be controlled by using linear and nonlinear EM properties and self-steepening.
Although a good number of reports are available, the effects of higher-order
nonlinear terms on soliton generation and dynamics need to be investigated for
various circumstances and system parameters to reveal more insight. Thus, we
investigate the soliton generation and dynamics in SRR-based metamaterials with
an emphasis on higher-order effects, namely, Raman scattering, self-steepening and
TOD. Incorporating TOD is essential due to its significance in handling ultrashort
pulses. Although higher-order effects are commonly examined in the study of solitons
in various media, including metamaterials, our motive is to ‘kind of’ reinvestigate
it to uncover the generation conditions and dynamics specific to our model and our

set of system parameters.
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Figure 5.1: Schemetic figure of soliton propagation in Metamaterials.

5.2 Mathametical model

We consider the propagation of an ultrashort pulse in a media that consists of

SRR-based metamaterial embedded in a nonlinear dielectric (Figure 5.1). Such a
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composite system can be fabricated by creating a two-dimensional array of SRR on a
nonlinear dielectric media. The dimension of the SRR is smaller than the wavelength
of the EM wave passing through the composite material so that the material will
behave like an average media. We take into account the higher-order nonlinearity
inherent in the media, specifically a ’local’ type of nonlinearity. The inclusion of
saturable nonlinearity allows for the consideration of higher-order effects, which can
be approximated as cubic-quintic nonlinearity in our model. The present system
utilizes a combination of self-focusing cubic and self-defocusing quintic nonlinearity,
resulting in a form of competing nonlinearity. Mathematically, the ultrafast EM
pulse propagation through such nonlinear metamaterial with higher order dispersion
and nonlinear effects, namely, self-steepening and Raman scattering, can be given

by the following modified nonlinear Schrédinger equation (MNLSE) [117, 338]:

0 0?2 o olaf
92 B0L O s Qe lQr @i T ALY
_TQa’QP:O (5.1)
Y '

Here, () is a normalised EM field amplitude, z is a normalised displacement, and ¢
is a normalised or co-varying time. 5 is the well-known second-order dispersion or
GVD parameter. 3 is the coefficient of TOD. ¢, and o5 are the coefficients of cubic
and quintic nonlinearity, respectively. Sy is the coefficient of self-steepening, while
T, is the coefficients of Raman scattering.
Such MNLSE can be solved both analytically and numerically. For the current in-
vestigation we first adopt LVM to derive the evolution of the EM pulse parameters
as well as to generate the phase diagrams of the propagating pulse. Thereafter,
SSFM based numerical study has been undertaken to reveal more vivid pictures of
pulse dynamics and pulse interactions.

Following the regular steps of the LVM, the Lagrangian density (for the conser-

vative part of the MNLSE) and Rayleigh dissipative function (for the dissipative
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part of the MNLSE) can be calculated as [339]:
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We consider the following Gaussian profile of the propagating EM pulse:

2 = (- )
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where, w(z) is the width of the pulse, ¢(z) is the phase front curvature, ty(2) is the

(5.3)

pulse centre, (z) is frequency and ¢(z) is the phase of the pulse. Equation 5.4 has
been taken as the trial function for LVM. On substituting the trial function (equation
5.4) in the Lagrangian density (equation 5.2) and in the Rayleigh dissipative function
density (equation 5.3) we get reduced Lagrangian density (Lg) and reduced Rayleigh

dissipative function density (Rg) as follows:
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On integrating the reduced Lagrangian density and reduced Rayleigh dissipative
function density with respect to the time, we get the total Lagrangian ((L)) and

total Rayleigh dissipative function ((R)), respectively:
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The Euler-Lagrangian equation compatible for this dissipative system is given by:
d (o) | oLy, oR) _ L,



5.3. Result and discussion 104

where, ¢; is w(t), to(z), Q(2), c(z) and ¢(1).
On substituting the total Lagrangian (equation 5.7) and total Rayleigh function
(equation 5.8) in Euler-Lagrangian equation (equation 5.9) we get a set of five equa-

tions. Solving those five equations, we get the following rate equations of the system

parameters:
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It can be noted that the evolution equations are coupled.

5.3 Result and discussion

This section presents the generation of soliton through analytical methods (LVM &
RK45) as well as a direct numerical method (SSFM). Thereafter, it describes the

interaction dynamics of the generated solitons.

5.3.1 Generation of soliton

In order to find a soliton, we first consider the steady-state situation of the rate
equation or evolution equations (equations 5.10-5.13) by setting % = 0. The resul-
tant coupled algebraic equations can be solved to find the steady-state values of the
pulse parameters, which will be subsequently used for solving the coupled evolution
equations by the Range-Kutta 45 method. At steady state, we get constant pulse
width (w), chirp (¢) and frequency (£2) while propagating through the metamaterial
(Figure 5.2a). This can be verified by solving the main governing equation, i.e., the
MNLSE (equation 5.1) directly using a numerical method. Hence, we adopt the

SSFM to find the pulse intensity profile during propagation for different levels of
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quintic nonlinearity (Figures 5.2b-d). The horizontal lines corresponding to w, ¢,
in Figure 5.2a and the steady intensity profiles (with slightly oscillating peak pro-
files) in Figures 5.2(b-d) indicate the generation of soliton in the metamaterial.
The above result is for an ideal system wherein dispersion and nonlinearity coef-
ficients are constant. However, in a practical system or experimental setup, the
system parameters might fluctuate. For example, the orientation of the SRR may
be random (by whatever small amount), the size of the SRR may be different (al-
though small), and the dielectric media may be slightly inhomogeneous. All these
will add a random dispersion in the system. We introduced random perturbation in
both second and third-order dispersion; even then, we were able to generate soliton
(Figure 5.3). Similarly, introducing the random perturbation in self-steepening, Ra-
man scattering, we succeed to generate solitonic pulses. The corresponding phase
plots of the solitons are presented in Figure 5.4. The phase plots of the pulse (Figure
5.4) are like straight lines that indicate the bound oscillation (of very small ampli-
tude) of the pulse parameters.

In order to identify the effect of the higher-order nonlinear effects, we vary the
self-steepening coefficient (Figure 5.5), which results in shifting of the pulse towards
larger time values, i.e., retardation of the pulse. This is prominent at normalized
self-steepening parameters as high as 0.1 (Figure 5.5¢). Further, the transverse shift
(retardation) of the pulse increases with the increase in quintic nonlinearity (Fig-
ure 5.5d). A similar study but with Raman scattering shows the transverse shift
(retardation) of the pulse at greater T, (Figure 5.6a-c) as well as greater quintic
nonlinearity (Figure 5.6d). A comparison between Figures 5.5d & 5.6d reveals that
for a given percentage of change, self-steepening creates greater shift (retardation)
of the pulse. This is true even if perturbation high as 6% is present or introduced

in the system (Figure 5.7)
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5.3.2 Interaction dynamics

It is of fundamental interest to determine the interaction dynamics of the soli-
ton pulses at different values of the pulse parameters. Generally, two interacting
pulses periodically attract-repulse or in other words unite-separate during propaga-
tion (Figure 5.8). The nature or profile of the interaction is similar for a wide range of
quintic nonlinearity. However, the soliton peak intensity increases with the increase
in quintic nonlinearity. To reveal the effect of self-steepening on interaction dynam-
ics, we draw contour plots of interaction for a wide range of self-steepening (Figure
5.9). The increase in self-steepening disturbs the periodic attraction-repulsion of the
pulse, and at higher self-steepening, the pulse interaction ceases. A similar study

with varying Raman scattering exhibits more or less similar results (Figure 5.10).
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Here, it may be noted that the transverse shift (retardation) of one of the interact-
ing pulses (Figure 5.10¢) is much greater that of the case of the single pulse (Figure
5.5¢). This can be utilized to fabricate an all-optical switching device wherein a
pulse can control another pulse.

Besides the nonlinear effects, the separation as well as phase difference between the
pulse obviously play an important role in interaction dynamics. As pulse separation
increases, the periodic collision between them becomes, no surprise, less frequent
(Figure 5.11). For a separation as large as 100 (normalized unit), no interaction
takes place. When a phase difference is introduced between interacting pulses, the
periodic collision gets disturbed. In fact, the interaction profile is very sensitive to

phase difference (Figure 5.12).

(a) 107 (b) 107 (c)

%1077

Figure 5.8: The pulse interaction the different values of o, (a) 02=0.001, (b) 62=0.01

and (c) 02=0.1.
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5.4 Conclusion

The propagation of EM pulse through an SRR-based metamaterial with higher-
order nonlinear terms can create soliton, which is robust against perturbation up

to a certain extent. The self-steepening, as well as Raman scattering, can cause
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retardation of the pulse, which is more prominent at greater quintic nonlinearity.
Also, self-steepening creates comparatively more retardation of the pulse than that
of Raman scattering. The interaction of two pulses in higher-order nonlinear media
shows the typical attraction-repulsion or union-separation. However, it gets dis-
turbed at higher values of both self-steepening and Raman scattering. The pulse
separation and phase difference between interacting pulses significantly modify the
interaction dynamics. This can be utilized for the fabrication of all-optical switching
or all-optical monitoring devices. These results can be a guideline for the experi-
mental realization of soliton in higher-order nonlinear media and the study of the

interaction dynamics.



Chapter 6

Diffraction-Managed Soliton in
SRR Based Metamaterial

The previous chapters dealt with metamaterial having constant diffraction. This
chapter considers a periodic array of metamaterials having alternate positive and
negative diffraction and studies the propagation dynamics of EM waves through it
and the subsequent formation of breather-like solitons. The system is governed by
an NLSE and analysed using analytical and numerical methods, employing the LVM
and the SSFM, respectively. The diffraction-managed breather soliton is produced
in the system. The study determines the initial beam energy required for the gen-
eration of diffraction-managed solitons across diverse metamaterial-array configura-
tions. Notably, the present approach enables the production of high-energy beams
through the utilization of diffraction-managed metamaterial arrays. Furthermore,
the stability zones for diffraction-managed solitons are identified, offering insights
into the intricate stability dynamics within this soliton framework. This chapter

corresponds to all the three objectives of the thesis work.

6.1 Introduction

Fundamental solitons maintain their shape and intensity profile over long distances
[340-342|, while higher-order solitons periodically repeat their shape and size. Gen-

erally, constant diffraction has been used for the generation of soliton. A unique

114
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class of spacial soliton can be generated by placing alternate positive and nega-
tive dispersion media. A detailed dispersion-management technique can be found
in ref [22], wherein the diffraction properties of the waveguide arrays yield reduced
diffraction, cancelled diffraction and even reversed diffraction. The array will create
alternate defocusing and focusing of the propagating beam and eventually entrap the
broadening of the propagating beam. Such a localized beam is called a dispersion-
managed soliton [343, 344]. Such dispersion-managed soliton looks like a breather
and usually takes less energy for formation compared to a constant dispersion media
[345]. Since its inception in 1995, a good volume of work has been reported. Similar
to dispersion management, diffraction management in a medium, i.e., a media com-
prising alternate positive and negative diffraction layers or, in other words, alternate
defocusing and focusing layers, may lead to the formation of soliton. Such soliton
can be referred as diffraction-managed soliton and has attracted research attention
for a little longer than the past two decades [346].

Diffraction-managed solitons have been designed to overcome diffraction limi-
tations in nonlinear media [347]. Discret diffraction-managed spatial solitons have
been studied in nonlinear waveguide arrays [348, 349|. This variation acts as a peri-
odic potential that helps to confine the beam and prevent it from spreading out due
to diffraction. The soliton produced in a diffraction-managed system propagates
with periodic oscillations of width (i.e., squeeze and expansion) like the dispersion-
managed breather soliton. Diffraction-managed solitons have several advantages
over regular spatial solitons. For example, increased stability, longer propagation
distances, and reduced sensitivity to noise and imperfections or irregularities in the
medium [350]. They are also highly controllable and tunable by adjusting the pa-
rameters of the periodic potential [102]. Diffraction-managed solitons have many
potential applications in nonlinear optics, including optical communication [348],
data processing [351] and imaging [352]. They can be used to develop all-optical

switches [353]. Although dispersion-managed soliton and diffraction-managed soli-
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ton look similar, there are significant differences. Dispersion is a material property,
but diffraction arises from geometrical structure.

Diffraction-managed media can be created using metamaterials, too. The neg-
ative refractive index metamaterials were found to exhibit negative diffraction or
anomalous diffraction, which leads to focusing of the beam. On the other hand, the
positive index materials exhibit positive diffraction, resulting in defocusing. Kock-
aert et al. conducted a thorough analysis and presented an exhaustive mathematical
framework that demonstrates that the coefficient of diffraction has a negative cor-
relation with the refractive index [354]. An inverse proportionality relationship can
be observed between the coefficient of diffraction and the refractive index. The neg-
ative diffraction property was found to be dependent on the metamaterial’s specific
structural and design parameters. Zhang et al. showed a similar analysis for dis-
persive Kerr metamaterial and showed that the negative diffraction is possessed by
metamaterial [355]. Mattheakis et al. investigated the properties of metal-dielectric
metamaterials with the epsilon-near-zero (ENZ) effect [356]. Negative diffraction
(or anomalous) was observed to be a distinctive characteristic of these particles.

Owing to the structural dependent properties of metamaterials, various types of
metamaterials have been designed, e.g., dispersion-managed metamaterial|120, 357
and diffraction-managed metamaterial [102, 358-360]. Boardman et al. reported
nonlinear layered media by making the diffraction coefficient as a function of the
propagation distance to manage the diffraction by placing the RHM slab followed
by LHM slab [361]|. The diffraction in RHM is counterbalanced by using LHM.
The higher-order diffraction in metamaterial is influenced by the unit period, which
is the spacing between meta-unit structures. The third-order diffraction is seen to
have a dependence on the interspacing of unit cells of the metamaterial [362]. Also,
the interspacing of the meta-unit cells can change the overall behaviour of metama-
terial, such as response frequency and coupling among adjacent unit cells. A large

volume of research has been done on spatial soliton in the metamaterial [101, 360].
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However, investigation on diffraction-managed soliton in metamaterial is not that
frequently available. Therefore, we investigate the diffraction-managed soliton in
a system consisting of slabs of metamaterial with the periodically arranged RHM
and LHM as shown in Figure 6.1(a). We are using SRR-based metamaterials. The
dimensions of the SRR are comparable to the operating wavelength in order to have
an interaction between the beam and the metamaterials. The RHM creates nor-
mal diffraction, i.e., positive diffraction, which will lead to self-defocusing, while
LHM shows anomalous diffraction, i.e., negative diffraction, which is responsible
for self-focusing. The array of alternate defocusing and focusing media generates a
diffraction-managed system that can form a diffraction map of zero, positive and
negative average diffraction depending on the relative diffraction values of LHM and
RHM. Figure 6.1(c) illustrates one such diffraction-managed map with zero average
diffraction; such a diffraction map helps in realizing stable wave propagation. That
comprises an alternate contraction and expansion of the beam (Figure 6.1(b)) like
a breather structure.

The layout of the chapter is as follows: In section 6.2, the theoretical model is dis-
cussed using the LVM. The generation of soliton is discussed in section 6.3. Section
6.4 describes the interaction of diffraction-managed soliton. Section 6.5 presents

stability analysis of the soliton, which is followed by a conclusion in section 6.6.
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Figure 6.1: (a) Array of metamaterial consisting of alternate slabs of LHM and RHM,
(b) Diffraction map for zero average diffraction (solid line, black colour), positive
average diffraction (dashed line, red colour) and negative average diffraction (dash-

dotted line, blue colour), and (c) Breather soliton in periodic metamaterial of LHM

and RHM

6.2 Theoretical Modeling

Our theoretical model consists of a diffraction-managed cubic-quintic nonlinear me-
dia. The EM wave propagation in such a diffraction-managed system can be de-

scribed theoretically by a NLSE of the following type [105, 363]:
rQ
Ox?

Here, @ is the normalized electric field and | @ |? is the electric field intensity

i—-+d(z) +o1|QPQ—-0o3|Q'Q=0. (6.1)
of the EM beam, ¢ is the normalized retarded time. x is the slow space variable
transverse to propagation. o; is the Kerr nonlinearity coefficient and o3 is the

quantic nonlinearity coefficient. Both oy, and o3 are positive. d(z) is the diffraction
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coefficient given by the diffraction map as follows:
(

—di 4+ (d) for0<z<ZLl

d(z) = § +dy + (d) for <l 2 (6.2)

| —di+{d) for B+ 5 <z<Li+ %
where,

i+ d
<d> - 2 )

L,/2 is the length of RHM (equivalent to a dielectric media), and Ly/2 is the length

(6.3)

of LHM. The first term of equation 6.1 represents the evolution of the electric field
of the EM wave propagating through the diffraction-managed system. The second
term represents diffraction, the third term represents Kerr nonlinearity-induced self-
focusing, and the fourth term is quintic nonlinearity-induced self-defocusing. The
combination of the third and fourth terms gives rise to a competing nonlinearity
and even saturable nonlinearity.

To solve the equation 6.1, we apply the well-known LVM as follows [125]. The

Lagrangian density £ corresponding to equation 6.1 is given by:
2

_ (500" .00 0Q|" 01y ya, 736
5—2(Q8t &s)*d 9T+ Pqre (6.4
The following secant hyperbolic (Sech) solution is considered as a trial function
Q = A(t)Sech (ﬁ) exp (iz?u(t) +ip(t)), (6.5)

where, A(t) is amplitude, w(t) is width, wu(t) is chirp and ¢(t) is the phase of the
EM wave. The reduced Lagrangian (L) can be calculated by putting equation 6.5
in equation 6.4. We determine,

A?sech? (£

I — —w) 6d tanh? <£) — 30, A%w?sech? (2) + 203 A%w?sech? <£>
6w? w w w

ot ot
The total Lagrangian ((L)) can be found by integrating L over the available space

+-6w? (4dx2,u2 + an—u + %) + 6d tanh? (%) ] (6.6)

as:

(L) = /OO L dz, (6.7)

—0o0



6.3. Generation of diffraction managed soliton 120

Ly = — |7°w* == + 12—
(L) =5 |7 wig H12ug,

Now (L) is varied with respect to the wave parameters using the following Euler-

2042 2 L
o 8ﬂ + 2 [1+ mw'y?] - §U1A4w 28 A, (6.8)

3w 45

Lagrange equation:

d (o \ o
o (%) ~ g =0 (6.9)

where, ¢; is A(t), w(t), p(t) and ¢(t). The variation with respect to ¢(t) yields
2A%w = Constant = Ey(say). Ep is the initial beam energy. Similarly, variations
with respect to A(t), w(t), u(t) give rise to the following set of coupled ordinary

differential equations, which describe the evolution of the system parameters:

A
%—t — —2Ady, (6.10)
88_1;) = 4ddpw, (6.11)
op 1 272 4 2
E = —W 607 dﬂ w” — 60d — 8E003 + 15E001'LU . (612)

One can determine the steady state values of A(t), w(t)and u(t) by setting the left-
hand sides of the above evolution equations equal to zero. Such steady-state values
are used as initial conditions in the Range-Kutta method for numerical determina-
tion of the evolution of A(t), w(t)and pu(t). Also, these equations can determine the

phase dynamics of the diffraction-managed soliton.

6.3 Generation of diffraction managed soliton

The dynamics of the beam in metamaterials are studied by employing both analytical
and numerical methods. Analytical LVM is used to solve the system to find the
evolution equation of the system parameters (in the previous section) and determine
the phase trajectories (in the later part of this section). Before further discussion on
the analytical investigation, the SSFM is applied to see the solitons profile vividly.
In particular, the 3D soliton profile, corresponding contour plots, and interaction
dynamics are determined by SSFM. For a suitable range of parameters, we obtain

soliton with periodic oscillations of width and amplitude. This is the typical breather
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characteristic diffraction-managed soliton. One set of examples of such numerically
obtained diffraction-managed soliton is depicted in Figure 6.2. For positive average
diffraction ((d) > 0), the diffraction-managed soliton amplitude is higher than that
of with negative (d) (Figure 6.2 d & e). A zero (d) yields an intermediate soliton
peak height (Figure 6.2f). The peak heights periodically change (Figure 6.2 d-f), and
periodic oscillation of their widths (Figure 6.2 a-c) make them an ideal diffraction-

managed breather soliton.

(d) (e) (f)

Figure 6.2: The typical diffraction-managed soliton formation contour plots for (a)
positive (d); LHM is 1.2, and RHM is 0.8, (b) negative (d); LHM is 0.8, and RHM
is 1.2, and the intensity profile of soliton for diffraction coefficient (c) zero (d). (d),

(e) and (f) are the intensity profiles corresponding to (a), (b), and (c), respectively.

In some metamaterial, the third-order diffraction (TOD) and fourth-order diffrac-
tion (FOD) may be significant [364]. For such a system, the NLSE must be modified.
The modified NLSE (MNLSE) will read as follows:

Laa—cf + d(z)?;Tcg + dg(z)gSTg + d4(z)?:7€ +0 | QPQ—-03]Q*Q=0 (6.13)
Here, d3 and d4 are the coefficients of TOD and FOD, respectively. The value
of parameters are (unless mentioned otherwise) d; = 1, do = 9, 07 = 8.44 and
oy = 8.44 x 1072, Diffraction-managed breather solitons are found for such higher-

order diffraction (Figure 6.3—6.8). As the TOD coeflicient increases, the periodic

oscillation of width doesn’t vary that much, but an asymmetry in the transverse
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profile appears. This is true for (d) = 0 (Figure 6.3), positive (Figure 6.4) and neg-
ative (Figure 6.5). However, the effect of FOD on soliton formation seems marginal

for all (d), namely (d) = 0 (Figure 6.6), positive (Figure 6.7) and negative (Figure

6.8).
c
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Figure 6.3: Contour plots of propagation of soliton for TOD coefficient (a) 1, (b) 2,
and (c) 3. Here (d) = 0.
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Figure 6.4: (i) Contour plots for the propagation of soliton for positive (d); LHM is
1.2 times, and RHM is 0.8, and TOD coefficient (a) 1, (b) 2, and (c) 3. (ii) Intensity

profile corresponding to Figure 6.4i
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(a) (b) (c)

z z

(i) (i)

Figure 6.5: (I) Contour plots for the propagation of soliton for negative (d); LHM
is 0.8, and RHM is 1.2, and TOD coefficient (a) 1, (b) 2, and (c) 3. (ii) Intensity

profile corresponding to Figure 6.51
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Figure 6.6: Intensity profiles of soliton for FOD coefficient (a) 9, (b) 10, (c) 11, and
(d) 12. Here (d) = 0.
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(b)

200 200
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Figure 6.7: Intensity profiles of soliton for positive (d); LHM is 1.2, and RHM is

0.8, having FOD coefficient (a) 9, (b) 10, (c) 11 and (d) 12.
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(b)

200 200
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Figure 6.8: Intensity profiles of soliton for negative (d); LHM is 0.8, and RHM is

1.2, having FOD coefficient (a) 9, (b) 10, (c¢) 11 and (d) 12.
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Figure 6.9: Variation of peak hight with increasing (d). The black line is for d3 = 3

and dy = 0, red dashed line is for dy = 12 and d3 = 0.
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Figure 6.10: (a) The variation of critical energy E. for different d. (b) Variation of

soliton width with propagation for £ < E., E = E., and E > FEc.



6.3. Generation of diffraction managed soliton 127

<d>d

Figure 6.11: Variation of beam energy with (a) variation of negative average diffrac-
tion (d), d; is varied keeping dy = —10 (b) variation of positive average diffraction
(d), dy is varied keeping ds = 10. The black line represents the Diffraction manage-

ment beam, while the red line represents the constant diffraction beam (CD).

To show the influence of TOD and FOD on the soliton peak amplitude, we
find and plot the same for different (d) (Figure 6.9), once in the presence of TOD
only(ds = 3, dy = 0) and then in the presence of FOD only (dy = 12, d3 = 0). As
such, no significant peak amplitude variation is observed. Therefore, short-range
applications TOD and FOD can be neglected.

The critical energy (FE.) to form soliton can be determined from equation 6.12, by

15w01+v/154/ 15w 03 +128dos (2wt p2—1)
1603 :

o _
ot

putting 0. The critical energy comes out to be E, =
E. increases monotonically with the increase in ‘d’, whether normal (positive) or
anomalous (negative) (Figure 6.10a). An EM wave with energy exactly equal to

E. will give rise to a soliton of constant width (Figure 6.10(b)), while a wave with

energy both less and greater than E, will exhibit soliton (at a suitable parametric



6.4. Soliton Interaction 128

range) with periodically oscillating width.

Further, we compare initial beam energy (Ej) for the diffraction-managed system
with a constant dispersion (CD) by plotting Ey with respect to (d) and d (Figure
6.11)

The FEj required for diffraction-management is higher than that for the CD sys-
tem and increases more rapidly with d or (d) compared to the CD system. It
is exactly opposite to the dispersion-managed system as well as the previous re-
port on accessible soliton in a non-local nonlinear media (ref [365]), where Ej for
diffraction-managed soliton is smaller than that of CD soliton. Therefore, in our
nonlinear metamaterial, a beam of higher energy (with respect to the CD system)
can be produced using diffraction-management, and energy can be controlled using

diffraction.

6.4 Soliton Interaction

The solitonic nature of the localized structure can be confirmed only after deter-
mining the interaction dynamics to check whether the interacting solitons maintain
their shape and size after the collision. Moreover, soliton interaction many times
leads to intriguing novel phenomena that can be further used to realize switch-
ing, controller, sensor, etc. The soliton interaction profiles show the self-confined
‘particle-like’ nature for different separation between the interacting solitons (Figure
6.12) and for different value of (d) (Figure 6.13). In this case, breather solitons are
generated. The interaction gets weaker with an increase in separation. Interactions
of soliton with TOD (Figure 6.14—6.16) and FOD (Figure 6.17—6.19) also show
the self-confined breather solitons. Also, the TOD and FOD varied simultaneously
to reveal the interaction profile as is shown in Figures 6.20 and 6.21. It may be
noted the initial values of u, w, oy and o3 were set to 0, 1, 8.44 and 8.44 x 1072

respectively, throughout the study, unless mentioned otherwise.
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(a) {d)=-1 (b) (d)=1

d  dy E, di dy Ej

-7 5 2.9866291055 7 -5 1.05057779103
-8 6 4.0400470601 8§ -6 1.227237213
9 7 4.3464335566 9 -7 1.41340419064
-10 8 4.9491193738 10 -8  1.59834161162
-11° 9 6.9310915143 11 -9  1.84089057572
-12 10 6.3150217130 12 -10 2.00101010100
-13 11 6.9620865374 13 -11 2.21234048300
-14 12 5.7442150574 14 -12  2.39080693983
-15 13 7.7060105216 15 -13 2.39643923535
-16 14 9.5333700775 16 -14 2.66848822434
-17 15 11.3060061883 17 -15  3.25321247500
-18 16 12.7099837838 18 -16 3.40821565800
-19 17 15.6209829974 19 -17 3.37175399151
-20 18 16.9690012685 20 -18 3.98144443300
-21 19 18.3249334056 21 -19 4.20240913451

Table 6.1: Variation of initial beam energy with the variation of d; and dy, for (a)

negative average diffraction (d) = —1, and (b) positive average diffraction (d) = 1
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Figure 6.12: Solitons interaction (contour plots) at separation (a) 0, (b) 30 and (c)

60 (normalized units)
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Figure 6.13: Contour plots for the soliton interaction (at a separation of 30 normal-
ized units) (a) positive (d); LHM is 1.2 times, and RHM is 0.8, (b) negative (d);
LHM is 0.8 times, and RHM is 1.2, (c) zero (d).

(d), (e) and (f) are the intensity profiles corresponding to (a), (b), and (c), respec-

tively.
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Figure 6.14: Contour plots of interactions of soliton (at a separation of 30 normalized

units) for TOD coefficient (a) 1, (b) 2, and (c) 3. Here (d) = 0.
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Figure 6.15: Contour plots for interactions of soliton (at a separation of 30 normal-

ized units) for positive (d); LHM is 1.2, and RHM is 0.8, having TOD coefficient (a)

1, (b) 2, and (c) 3.
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Figure 6.16: Same as Figure 6.15 for negative (d)
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Figure 6.17: Intensity profile for interactions of soliton (at a separation of 30 nor-

malized units) for FOD coefficient (a) 9, (b) 10, (c¢) 11 and (d) 12. Here (d) =0
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Figure 6.18: Same as Figure 6.17 for positive (d).

(b)
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Figure 6.19: Same as Figure 6.17 for negative (d).
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(b)
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Figure 6.20: The intensity profile for the interaction of beam (at a separation of
30 normalized units) having TOD and FOD. The TOD and FOD coefficients are,

respectively, (a) 0.5 and 9, (b) 0.5 and 10, (¢) 1 and 9, and (d) 1 and 10.
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Figure 6.21: The contour plots corresponding to Figure 6.20.
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6.5 Stability Analysis

For any dynamic system, and hence for solitons, stability is an essential issue. In this
section, we perform stability analysis following two roots: firstly, we use the resul-
tant set of ODEs from LVM, and thereafter, we adopt the perturbation technique,
wherein the Eigenvalues play the decisive role. In the first method, to examine the
stability of the diffraction-managed solitons and reveal the evolution of beam param-
eters during propagation, we solve the coupled ODEs of w and p (equation 6.11 and
6.12) using the Range-Kutta 45 method, with periodic boundary conditions namely
w1(0) = pu(L) and w(0) = w(L). The evolution of w and p and the phase diagrams
are shown in Figure 6.22. Here d; = 10 and dy = —8,i.e., (d) = 1. The (w — )
phase plot (Figure 6.22(a)) is a closed loop indicating a stable soliton propagation.
The periodic behaviour of the width is confirmed by Figure 6.22(b). The variation
of chirp, however, is not periodic (Figure 6.22(c)). Similar behaviour of w and pu is

found for negative (d) (Figure 6.23).
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Figure 6.22: (a) Width and chirp (w — p ) phase trajectory. Evolution of (b) width

and (c) chirp. Here, d; = 10, dy = -8, (d) = 1.
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Figure 6.23: (a) width and chirp (w — p ) phase trajectory. Evolution of (b) width

and (c) chirp. Here, d; = —10, dy =8, (d) = —1.

The variation of Ej with the variation of d; and ds has been calculated, keeping
the (d) constant. For negative average diffraction, i.e., (d) = —1 (Table 6.1(a)), the
energy keeps on increasing as the values of d; (i = 1,2) increase. A similar trend
is found for positive average diffraction, i.e., (d) = +1. The second method of
stability analysis has been performed by perturbation method using the equations
6.11 and 6.12. As per the standard procedure, a perturbation (i.e., a slight deviation
from the equilibrium point) is added to the equilibrium width (wg) and equilibrium
chirp (po). Putting the new initial values, namely, w = wy + w' and p = pg + 1/,
(the primed symbols are the perturbation parts) in equations 6.11 and 6.12 and
subsequently linearizing we get a set of equations that can be represented as following

matrix equation:

d [ w —8ud M W
w’ ddw  4dud w’
with, M - 24072t —15For 4(—6072duw+60d+8E3os—15Eoo1w)

152w 15m2wd

The 2 x 2 on the right-hand side of the above equation is called the stability matrix,
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which can be solved for the characteristics equation (of the eigenvalue ) as follows:

—8ud — A M
=0 (6.15)
4dw dpd — A
N+ ddp) — (32d% 1 + A4dMw) = 0, (6.16)

Equation 6.16 is the characteristic equation, which eventually gives rise to a pair of

eigenvalues:
A =2 (—\/9d2;ﬂ + dMw — ud) (6.17)
Ay =2 (—\/9612“2 ¥ dMw + ud) . (6.18)

The properties of the eigenvalues determine the nature of the stability of the soliton
[366]. The system will be stable if the real part of both the eigenvalues are negative.
Figure 6.24 shows the contour plots of the real and imaginary parts of the eigenvalues
with the average diffraction and chirp. This can be used to identify the stability
zones. The system is stable near the origin (0,0) and in the lower parts of the first
and third quadrants for real A; and Ay (first column of Figure 6.24). The real part of
Ao is zero in the middle and in the lower part of the first and third quadrants, which
renders the system neutral. However, \; has negative values in the same region,
which implies that the system is stable for that region. The variation of A\; and A,
with chirp (u) is given in Figure 6.25. For our particular set of systems parameters
and their neighbouring values, no stable and unstable nodes are available. Here,
one can see the recent stability analysis results in a nonlocal nonlinear system (ref
[365]), wherein stable and unstable nodes are available. Now, whether it is due
to the nonlocality of the nonlinearity just for the different sets of parameters is a

question of further investigation.
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Figure 6.24: Contour plots for real and imaginary parts of the eigenvalues (\; and

Ag2) with respect to the chirp (u) and average diffraction ((d)).
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Figure 6.25: Variation of eigenvalue with respect to chirp (1), (a) for d=0.5, (b) for
d=-0.5. The black line is for A;, and blue is for Ay. The solid line is for the real

part, and the dashed line is for the imaginary part.
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6.6 Conclusion

The breather soliton is generated in a diffraction-managed metamaterial consist-
ing of an array of RHM (positive diffraction) and LHM (negative diffraction) slabs.
The system is solved analytically using LVM and numerically using SSFM. The
soliton beam energy for the diffraction-managed system is found to be higher than
that of the constant diffraction system. Thus, the system can be used to produce
a high-energy beam. The soliton dynamics are studied under the effect of TOD
and FOD. The beam width gets asymmetric under the FOD effect, while the effect
of the FOD is marginal. The soliton interactions are also studied for higher-order
diffraction. The stability zones for the system are identified using two different ap-
proaches: the phase diagram method and the perturbation method. The results of
the current investigation can be used for further theoretical and experimental re-
search on diffraction-managed soliton in metamaterials with higher-order diffraction

and nonlinearity.



Chapter 7

Summary, Applications and Fu-
ture Scope

7.1 Summary and applications

Theoretical investigation presented in this thesis focuses on three main objectives;
investigating the existence of solitons in metamaterials based on SRR with higher-
order nonlinearity, revealing the dynamics of the generated solitons and analyz-
ing soliton stability as well as identifying the parametric zone of soliton stability.
Both analytical and numerical methods are employed to accomplish these objec-
tives. The summary of the findings is as follows: Compound DSs are generated and
stabilized within the SRR-based metamaterial featuring cubic-quintic nonlinearity,
multi-photon absorption, and diffusion. The outcomes of this investigation confirm
the two fundamental aspects of any soliton: the evolution of a self-similar wave pro-
file and preserving the self-similar profile even after interaction with another soliton.
The interaction of DSs can be manipulated by adjusting their separation and rela-
tive phase, where a smaller separation or an increase in self-diffraction leads to early
interaction. Introducing a phase difference or varying the amplitude of any DS sym-
metry of the interaction profile can be broken. This allows switching phenomena by
tuning the phase difference between the DSs. Notably, a weak DS is discovered to
exert control over a stronger one, a phenomenon familiar in optics but perhaps less

recognized in SRR-based metamaterials. The above findings have practical implica-

140
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tions for designing metamaterial-based devices reliant on higher-order nonlinearity
and multiphoton absorption. They may also aid in identifying and optimizing the
operational region of such devices. Given the inclusion of diffusion in this model, it
could be strategically employed for sensing applications in chemical mixing, thermal
management, electronics, material processing, etc., where diffusion plays a critical
role. Additionally, the incorporation of multi-photon absorption in the model makes
it a promising candidate for applications in TPA-assisted medical imaging.
Dissipative solitons are generated in a hybrid metamaterial, wherein graphene
is embedded in SRR structures. Solitons arise from three distinct modes: a bright
symmetric mode, a dark asymmetric mode induced by the SRR, and another dark
asymmetric mode facilitated by graphene. The stability zones of these solitons are
determined, and their behaviour is explored across a wide parametric range. This
straightforward methodology for identifying the solitonic propagation region of elec-
tromagnetic waves is applicable to a diverse array of metamaterials and beyond. Ex-
perimental validation of these findings is recommended for future investigation, and
the results can serve as a valuable guide for charting the stable soliton ranges based
on system parameters. The combination of SRR’s negative refractive index proper-
ties, capabilities like acting as a perfect lens, and exhibiting thickness-dependent op-
tical properties can now be synergized with graphene’s unique attributes in biomed-
ical, solid-state, electronics, and optics applications. This investigation holds po-
tential for extension to multi-layer graphene, offering a cost-effective alternative to
monolayer graphene. Leveraging the graphene layer allows for the utilization of all
the advantages it brings, such as electrically controlled gating, in the design of var-

ious applications.

Solitons are generated in cubic-quintic nonlinear metamaterials based on SRR in
the presence of higher-order effects such as third-order diffraction, self-steepening,

and Raman scattering. These solitons exhibit robustness against perturbations up
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to a certain threshold. Both the self-steepening and Raman scattering can cause
retardation of the soliton and the pulse retardation becomes more pronounced, par-
ticularly with greater quintic nonlinearity. Notably, self-steepening induces rel-
atively more significant retardation compared to Raman scattering. The inter-
action between two pulses in such higher-order nonlinear media follows the ex-
pected attraction-repulsion or union-separation pattern, although disruption occurs
at greater values of both self-steepening and Raman scattering. As anticipated,
the variations in pulse separation and phase difference between interacting pulses
can significantly modify interaction dynamics. This phenomenon can be utilized, in
principle, for the creation of all-optical switching or all-optical monitoring devices.

A different type of soliton, namely, the breather soliton, is generated in a diffraction-
managed metamaterial consisting of an array of right-handed material, i.e., positive
diffraction and left-handed material, i.e., negative diffraction slabs. The energy of
the soliton beam in the diffraction-managed system is observed to be higher com-
pared to that in a system with constant diffraction. Consequently, this system holds
the potential for generating high-energy beams. The dynamics of the breather soli-
ton are investigated in the presence of third and fourth-order diffraction. Under
the influence of third-order diffraction, the beam width profile during propagation
becomes asymmetric, while the impact of fourth-order diffraction is marginal. Addi-
tionally, soliton interactions are examined for higher-order diffraction. The stability
zones of the system are identified using two different approaches: a phase diagram
and a perturbation approach. The findings of this study provide valuable insights
for further theoretical and experimental exploration of diffraction-managed solitons
in metamaterials featuring higher-order diffraction and nonlinearity.

For further validation of the findings and their implementation in device fabrica-
tion, experimental configurations can be devised incorporating a suitable nonlinear
metamaterial based on SRR, an electromagnetic signal source, and an appropriate

detector. The choice of both the source and the detector can be tailored according
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to the specific application. For instance, in the context of generating a dispersive
soliton within the optical wavelength, laser light can be employed in conjunction
with a polarizer. A detector, such as a spectrometer or a CCD camera tuned to the

operating wavelength, can be integrated into the setup.

7.2 Future Scope

The current investigation presented in the thesis can be further extended to cover
wider areas and deeper levels. Different types of nonlinear metamaterial models,
including graphene-saturable absorbers, have been used. One can further explore
stable soliton generation and dynamics in other variants of saturable nonlinearity
models, e.g., graphene flakes of different dimensions, distribution, and different no
of graphene layers. In fact, using the methodology presented in the thesis, one
can find solitons in metamaterial (and others) with any known type of nonlinear-
ity model. Even if a particular media’s nonlinear and dispersion profile is known,
our methodology may predict stable solitons in such media. Investigation can be
undertaken into spontaneous and as well interaction dynamics in SSR-based meta-
material, wherein the SRRs are irregular in size and unevenly orientated, leading to
inhomogeneity of the media. In actual practice, systems will be more or less inho-
mogeneous. Therefore, the extended investigation can mimic the practical scenario
so that experimental work can be facilitated. In the earlier section, we suggested
some potential applications of the output of the thesis work. Further investigations
can be done to reveal the strengths, weaknesses, opportunities and challenges of the

theory to realise the applications.
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