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Abstract

This dissertation studies the point-open topology on C(X), the set of
all continuous real-valued functions defined on a Tychonoff space X. The
study includes important properties such as metrizability and submetrizabil-
ity, various kinds of countability properties and completeness properties of

C'(X) equipped with the point-open topology.
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Introduction

The set C'(X) of all real-valued continuous functions on a Tychonoff space
X equipped with the point-open topology is denoted by C,(X). The idea
of topologizing C'(X) arose from the notion of convergence of sequences of
functions. A sequence of functions (f,,) converges to f in C,(X) if and only if
it converges pointwise on the space X. So the point-open topology on C(X)
is also known as the topology of pointwise convergence. If the space X is
discrete, C,(X) coincides with R¥. The topology of pointwise convergence,
that is, the point-open topology on C'(X) can be considered in three following

ways:

We can view the point-open topology on C(X) as a set-open topology.
Let F(X) denote the set of all finite subsets of X. For A € F(X) and an
open set V' of R, define [A4,V] = {f € C(X) : f(A) C V}. The collection
{[A,V] : A € F(X), V openin R} forms a subbase for the point-open

topology on C(X).
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The point-open topology on C'(X) can also be viewed as a uniform topol-
ogy. For each A € F(X) and € > 0, let A. = {(f,9) € C(X) x C(X) :
|f(z) —g(z)] < eV o € A}. Then it can be verified that the collection
{A.: A€ F(X),e > 0} is a base for some uniformity on C(X). This unifor-
mity induces the topology of pointwise convergence on C'(X).

The third way enables us to view the point-open topology on C'(X) as a
locally convex topology. For each A € F(X), define seminorm p4 on C(X)
as follows: pa(f) = sup{|f(z)| : © € A}. For each A € F(X) and ¢ > 0, let
Vae=A{fe€C(X) :palf) <e}. Let V=A{Vy.: A€ F(X),e >0}. Then it
can be verified that f +V = {f +V : V € V} forms a neighborhood base at
f. The topology generated by the collection of seminorms {p4 : A € F(X)}

is the point-open topology on C(X).
In this dissertation, we study the following problem:

If P is a topological property, does there exist a topological property @)
so that C,(X) has P if and only if X has Q7 For P, we will consider the

following topological properties:
(1) submetrizability and metrizability,

(79) various countability properties such as separability, second countability

and Lindelof property, and

(7i1) various completeness properties such as complete metrizability, Cech-

completeness, almost Cech-completeness, sieve-completeness and parti
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tion-completeness.

This dissertation has been divided into four chapters.

The first chapter defines the point-open topology on C(X) as a set-open
topology and then describes two different ways in which this topology can be
viewed. In this chapter, we also study some useful maps such as induced map

and sum function on the space C(X) equipped with the point-open topology.

The second chapter deals with submetrizability and metrizability of C,(X).
It is well-known that a locally convex Hausdorff space is metrizable if and only
if it is first countable. However this chapter shows that even some properties
of C,(X) weaker than first countability are equivalent to the metrizability of
Cp(X).

The third chapter focuses on various kinds of countability properties of
Cp(X). These properties include separability, second countability and Lin-

delof property of C,(X).

The fourth chapter studies the completeness properties of C,(X). It has
been shown that complete metrizability, Cech-completeness, almost Cech-
completeness, partition-completeness and sieve-completeness are all equiva-

lent on C,(X).

The following conventions have been used. All spaces are completely regu-

lar Hausdorff, that is, Tychonoff. The set R of real numbers carries the usual
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topology. The constant zero function on X is denoted by 0x. We take one
numbering for the Definitions, one for the Examples, one for the Remarks
and another one for the Propositions, Lemmas, Theorems and Corollaries,

each numbering being restricted to its own chapter.



Chapter 1

Preliminaries

In this chapter, we define the point-open topology on C'(X), the set of all
continuous real-valued functions on a Tychonoff space X. Then we present
two different bases for this topology. Further we study two useful maps,

induced map and sum function defined on the space C,(X).

1.1 The Point-Open Topology on C(X)

Let C(X) denote the set of all continuous real-valued functions on the

space X. Let F(X) be the set of all finite subsets of X.

For A € F(X) and an open set V of R, define [A, V] = {f € C(X) : f(A) C
V'}. The collection {[A,V]: A € F(X), V open in R} forms a subbase for
the point-open topology on C(X). It can be easily proved that the space
Cp(X) is a Hausdorff space.
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The next result presents another base for the space C,(X). If f € C(X),
A € F(X) and € > 0 is a real number, we define (f, A,¢) = {g € C(X) :
|f(z) —g(x)] <€ forall ze A}.

Theorem 1.1 For any space X, the collection B = {{f, A,¢) : f € C(X),

AeF(X) ande > 0} is a base for the point-open topology on C(X).

Proof: We shall first prove that every member of B is open in C,(X). Let
A={z,29,...,0,} and € > 0. Let h € (f, A,¢). Then |h(z;) — f(z;)] < € for
alli=1,2,...,n. So h(x;) € (f(x;) — ¢, f(x;) +¢) forall i =1,2,...,n. Take
Vi=(f(z;)—e€, f(z;)+¢€). Then h € [x;,V;] for all i = 1,2, ...,n. This implies
h € N [x;, V;]. Suppose g € N[z, Vi]. So g € [x;,V;] for all i = 1,2, ....n.
Then g(z;) € V; for all i = 1,2,...,n. That is, g(z;) € (f(z;) — €, f(x;) +€)
for all i = 1,2, ...,n. Therefore, |g(x;) — f(z;)| < e for all i = 1,2,....,n. So,
g € (f,Aje). Hence, h € NI [A,V;] C (f, A,€). Thus, (f, A,€) is open in
Cp(X).

Let A € F(X) and V be open in R. Suppose A = {x, 29, ...,x,}. Let f €
[A, V]. Therefore, for each i = 1,2, ....,n, f(x;) € V. Then there exists ¢ > 0
such that f(z;) € (f(x;)—e€;, f(x;)+€) C V. Let € = min{ey, €3, ..., €, }. Then
flz) CUL (f(x;)—¢, f(z;)+€) C V. Now, we claim that (f, A,¢) C [A4,V].
Let g € (f, A, €). So we have |g(z;) — f(z;)| < e for all i = 1,2,...,n. Then
g(x;) € (f(x;)—¢, f(x;)+€) C V. This implies g(z;) € V foralli = 1,2, ..., n.
Thus, we have g € [A,V]. Hence, (f, A,e) C [A,V].
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Now, let W = [A1, V1]N[Aq, Va]N...N[A,, V,]. Suppose f € W. There exists
e; > 0 such that (f, A;, &) C [A;, Vi] for 1 <i < n. Take A =U",A; and e =
min{ey, €, ..., €, }. Then we have (f, A,e) C N (f, A;,e;) C N [AL V] =
W. Thus, we have f € (f, A,e) C W. Hence, the collection B forms a base

for the point-open topology on C'(X). O

Now, for each A € F(X), define the seminorm p4 on C(X) by

pa(f) = sup{|f(2)] : x € A}

For each A € F(X) and € > 0, let Vi, = {f € C(X) : pa(f) < €}. Let
V= (Vi : A€ F(X),e> 0},

Theorem 1.2 For any space X, the collection f+V = {f+V :V €
V} forms a neighborhood base at f for the point-open topology on C(X).

Consequently, C,(X) is a locally convez space.

Proof: Let A be a finite subset of X. Suppose h € f + V4. is arbitrary.
Then h — f € V4. That is, pa(h — f) < e. This implies that sup{|h(z) —
f(@)|:xz € A} <e So |h(z) — f(z)| < eforall z € A. Thus h € (f, A, e).
Now to see that (f, A,e) C f+Va,, let g € (f, A, €). Then |g(x)—f(x)| < e for
allz € A. Sosup{|g(z)—f(x)|: x € A} < ¢, which implies that ps(g—f) < e.
Sog—f € Va.. Thatis, g € f+ Va.. Hence h € (f,Aje) C f+ Va..

Therefore, f + V4 is open in Cp(X).

Let f € C(X), A be a finite subset of X and ¢ > 0 . Suppose g €
f+Vae Then g— f € Va.. So, pa(g — f) < € for x € A. This implies that
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sup{|g(z) — f(z)| : = € A} < ¢, that is, |g(x) — f(x)| < € for all z € A. Thus
g € (f,A,€e) by which we have that f € f+ V4. C (f, A, e). This shows
f +V forms a neighborhood base at f for C,(X). O

Since every locally convex space is a Tychonoff space, so we have the

following corollary.
Corollary 1.3 For any space X, C,(X) is a Tychonoff space.

Theorem 1.4 For any finite set X, C,(X) is metrizable.

Proof: Let X be a finite topological space. Define p : C(X) x C(X) —
R*T U {0} by p((f,9)) = sup{|f(z) — g(z)| : * € X}. Then p is a complete
metric on C'(X). We claim that the topology 7, generated by p and the
point-open topology are equivalent. To see this, let f € C'(X) and let X =
{1, 29, ...,x,}. Let B(f,€) be a basic open set in C'(X) with the topology
7,. Let U; = (f(x;) —€, f(x;) +€). Take W = [xq, Ur| N [z2, Us) N .. [z, U, ).
Then W is open in the point-open topology. Also note that f € W C B(f,€).
So B(f,€) is open in Cp,(X).

Now let [A, V] be a subbasic open set in C,(X), where A = {x1, 29, ..., x, }.
Let f € [A,V]. So f(x;) € Vforalli =1,2,...,n. Then 3 ¢; such that f(x;) €
(f(z;) — €, f(x;) + ¢) for each i = 1,2,...,n. Take ¢ = min{ey, €a, ..., €,}.
Then f € B(f,e) C [A,V]. Thus [A, V] is open in C(X) with the topology

7,. Hence C,(X) is completely metrizable. O
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Let RX be the set of all real-valued functions defined on a space X. Here,
R¥ is equipped with the point-open topology which is same as the prod-
uct topology on R¥. Let A € F(X) and V be open in R. We define
(A, V]p = {f € RX : f(A) C V}. Then the collection {[A,V]r : A €

F(X),V open in R} forms a subbase for the point-open topology on R¥.

The following theorem can be proved in a similar manner as Theorem 1.1.

Theorem 1.5 For any space X, the collection B = {(f, A,e)r : f € RX,

A€eF(X) ande> 0} is a base for the point-open topology on RX.

Theorem 1.6 For any space X, Cp(X) is dense in RY.

Proof: Let f € R¥ A € F(X) and ¢ > 0 be given. Since A is finite,
fla : A — R is continuous. Now, as A is finite, A is compact and so we
can have a continuous extension of f|4. Let g : X — R be the continuous
extension of f|4 to X. Since f|a = g|a, |g(z)— f(z)] = 0 for all x € A. Then
g€ (f,A €pr. Thus g € (f, A, €)rNCy(X), which gives (f, A, €)rNCH(X) #
0. Hence, Cp(X) is dense in R¥. O

1.2 Natural Maps

In this section, we study some natural maps on C,(X). One of the most

useful tools in function spaces is the following concept of induced map.
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If f:X — Y is a continuous map, we define the induced map f* :
C(Y) — C(X) by f*(9) = go f for all g € C(Y). In this section, we
study this induced map f* when both C(X) and C(Y) are equipped with

the point-open topology.

In order to have the first result, we need the definition of an almost onto
map. A map f : X — Y, where X is any nonempty set and Y is a

topological space, is called almost onto if f(X) is dense in Y.

Theorem 1.7 Let f: X — Y be a continuous map between two spaces X

and Y. Then
(i) f*:Cy(Y) — Cp(X) is continuous.
(i7) f*:C(Y) — C(X) is one-one if and only if f is almost onto.

(13i) If f*: C(Y) — Co(X) is almost onto, then f is one-one.

Proof: (i). Suppose g € C,(Y). Let (f*(g9), A, €) be a neighborhood of
f*(g) in Cp(X). Since f*(g, f(A),€) C (f*(g), A, ¢€), f* is continuous.

(7). Suppose f*: C(Y) — C(X) is one-one. We have to show that f(X)
is dense in Y. Suppose f(X) is not dense in Y. Let W be open in Y such
that W # 0 and W N f(X) = 0. Choose y, € W. Since Y is Tychonoff,
choose g € C(Y') such that g(y,) = 1 and g(Y \ W) = {0}. It follows that
g(f(X)) = {0}. This means that f*(g)(xz) = 0 for all z € X. Therefore, if

Ox and Oy denote the zero functions of C'(X) and C(Y") respectively, then
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f*(g) = 0x = f*(0y). The injectivity of f* implies that g = Oy which is

impossible as ¢(y,) = 1. Thus, f(X) is dense in Y. Hence f is almost onto.

Conversely, suppose f is almost onto. We have to prove that f* is one-
one. Let gy and g be in C(Y) with f*(¢1) = f*(g2). Since ¢g; and go are
continuous, it suffices to show that g; = ¢ on the dense subspace f(X)
of Y. Solet y € f(X). Then 3 some x € X such that y = f(z). Now,
91(y) = 91(f(2)) = [ (g1)(x) = f"(92)(x) = g2(f (%)) = g2(y). Since this is
true for all y in f(X), we conclude that g; = g on the space Y. Therefore,

f* is one-one.

(7i). Suppose that f* is almost onto. Let x and y be two distinct points
of X. We have to show that f(z) # f(y). Since X is Tychonoff, choose
g € C(X) such that g(x) # ¢(y) in R. Let V and W be disjoint open
neighborhoods of g(z) and g(y) respectively. Take L = [z, V] N [y, W] which
is a nonempty open set in C,(X). Since f* is almost onto, LN f*(C'(Y)) # 0.
So, let h € LN f*(C(Y)). Then h =t o f for some t € C(Y). Since h € L,
h(xz) # h(y). So, t(f(z)) # t(f(y)), which implies that f(z) # f(y). This

shows that f is one-one. ([l

Another kind of useful map on function spaces is the sum function. Let
{X, : @ € T'} be a family of topological spaces. If ®{X, : @ € I'} denotes
their topological sum then the sum function s is defined by s : C,,(@{X, : a €
I'}) — [[{Cp(Xa) : @ € T} where s(f) = (f|x,)a for each f € Cp(e{X, :
a €I'}). Here, [[{C,(X,) : @ € '} is the cartesian product of the C,(X,)’s
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with the Tychonoff product topology.

Proposition 1.8 The sum function s : Cp(B{X, : e € I'}) — [[{Cp(X4) :

a € I'} is a homeomorphism.

Proof: First we shall prove that s is a bijection. Define v : [[{C,(X,) :
a €T} — Cp(d{Xs: @ €T}) by v((ga)aer) = ga on X, for each a € T
and each (ga)aer in [[{Cp(Xa) : @ € T'}. It is easy to see that v o s is
the identity map on C,(#{X, : @ € T'}) and s o v is the identity map on
[I[{Cy(Xs) : @ € I'}. Thus s is a bijection.

Next we shall prove that s and s™! are continuous. Let [A,V]s = {f €
C(@{X,:ael}): f(A) CV} where A is finite subset of ®{X, : a € '}
and V' is open in R and let [A,V], = {f € C(X,) : f(A) C V} where A is
finite subset of X, and V is open in R. Let 7, : [[{Cp(X4) : ¢ € T} —
Cp(X4) be the a-th projection. Now by Theorem 8.8 in [8], s : Cp(B{X, :
a €T'}) — [[{Cy(X,) : a € T} is continuous if and only if 7, 0 s :
Cp(®{Xa: a €T'}) — Cp(X,) is continuous for each o € T'. Let [A4, V], be
a subbasic open set in C,(X,) where A € F(X,) and V is open in R. Then
(T 0 8)7H([A,V]a) = s7H (75 ([A, V]a) = s7'75 ([A, V]a) = [A, V]g. Thus

T, © $ 1s continuous and hence s is continuous.

Now s~ : JI{Cp(X,) : @ € T} — Cp(d{X, : @ € T}). Let [A,V]g
be a subbasic open set in C,(B{X, : @ € I'}) where A is finite subset of
®{X,:a €'} and Visopenin R. Since A is finite subset of &{X, : a € '},
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AN X, = 0 for all but finitely many a. Suppose ANX,, # 0,1 <i<n. Let
A; = AN X,,. Then each A; is finite subset of X,., 1 < ¢ < n. Note that
(s ([A V]g) = s([A, V]e) = 7o, ([A1, V]ay) NNy ([An, Vg, ). Sos™

is also continuous and hence s is a homeomorphism. 0



Chapter 2

Submetrizability and
Metrizability of C,(X)

This chapter deals with the study of metrizability and submetrizability
properties of C,(X). It is well-known that a locally convex Hausdorff space
is metrizable if and only if it is first countable. But this chapter shows that
even some properties of C,(X) weaker than first countability are equivalent

to the metrizability of C,(X).

In order to study the metrizability of C,(X) in a broader perspective,
we first show that a number of properties of C,(X) are equivalent to its
submetrizability. A space X is said to be submetrizable if it has a weaker
metrizable topology. Equivalently, if there exists a metrizable space Y and a

continuous bijection f : X — Y from the space X onto Y.

Definition 2.1 For any space X, if the set {(x,z) : z € X} is a Gs-set in

14



Submetrizability and Metrizability of C,(X) 15

the product space X x X, then X is said to have a Gs-diagonal.

Lemma 2.1 FEvery submetrizable space X has a Gs-diagonal.

Proof: Suppose X is submetrizable. Let f : X — M be a continuous
bijection from the space X to a metrizable space M. Define the map F' :
XxX — MxMby F((x,z)) = (f(z), f(z)) for all z € X. Then F is one-
one and continuous. Now {(f(z), f(z)) : x € X} is a closed subset of M x M.
Since a closed subset of a metric space is a Gs-set, {(f(x), f(z)) : z € X}
is a Gg-set in M x M. Then {(f(z), f(z)) : v € X} = N,G,, where G,
is open in M x M for each n. Now by continuity of F, F~*(G,,) is open in
X x X for each n. So {(z,z) : x € X} = N, F~!(G,). This shows that
{(z,z) : x € X} is a Gg-set in X x X. Hence, X has a Gs-diagonal. O

Definition 2.2 If for any space X, the set {(z,z) : x € X} is a zero-set in

the product space X x X, then X is said to have a zero-set diagonal.

By making slight modifications in the proof of Lemma 2.1 and using the
fact that every closed set is a zero-set in a metric space, we have the following

result.

Lemma 2.2 FEvery submetrizable space X has a zero-set diagonal.

Definition 2.3 A space X is called an E,-space if every point in the space
is a Ggs-set. Sometimes, E,-spaces are called pointwise perfect spaces. The

submetrizable spaces are E,-spaces.
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Lemma 2.3 In a submetrizable space X, all countably compact subsets are

Gs-sets. Consequently, all compact subsets and singletons are Gg-sets.

Proof: Suppose X is submetrizable. Then there exists a continuous bijec-
tion f: X — M from the space X to a metrizable space M. Let A be a
countably compact subset of X. Then f(A) is compact in the metric space
M. Since a closed set in a metric space is a Gs-set, f(A) is a Gs-set in M.
That is, f(A) = N, G, where G,, is an open subset of M for each n. Or
A= f4(N2,G,), which gives that A = N2, f~1(G,). Thus A is a Gs-set.
O

Lemma 2.4 FEvery space X which has a Gs-diagonal is an Ey-space.

Proof: Suppose X has a Gs-diagonal. Then the set {(x,z) : x € X} =
N Gy, where each G,, is an open subset of X x X. Let y € X be fixed.
Then f: X — X x X defined by f(z) = (y, ) is a continuous map. Now
{v} = 7 ({(z,2) : 2 € X}) = f[FHMLGo} = M5, /71 (Gy). Thus, X is

an FEjy-space. O
Theorem 2.5 For any space X, the following statements are equivalent.
(i) Cp(X) is submetrizable.
(17) Every countably compact subset of C,(X) is a Gs-set in Cp(X).
(¢13) Every compact subset of Cp(X) is a Gs-set in Cp(X).

(iv) Cu(X) is an Ey-space.
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(v) Cp(X) has a Gs-diagonal.

(vi) X s separable.

Proof: (i) = (it) = (iii) = (iv) follow from Lemma 2.3. (v) = (iv)

follows from Lemma 2.4. Also (i) = (v) follows from Lemma 2.1.

(1v) = (vi): Suppose Cp(X) is an Ey-space. Let (Ox, A, €,), where each
A, is finite subset of X and ¢, > 0, be a sequence of open neighborhoods of
zero function Oy in X such that {Ox} = (°_,(0x, A, €,). We shall prove
that X = m Suppose it is not so. Let xy € X \ U 1 An. Since X
is a Tychonoff space, there exists a continuous function f : X — R such
that f(zo) = 1 and f(M) = {0}. Since f(z) = 0 for all z € A,,
[ € (0x, Ap, €,) for all n. Hence, f € (72 ,(0x, An, €,) = {Ox}. This implies
f(z) = 0 for all z € X. But f(z9) = 1, so we arrive at a contradiction.
Therefore, X = U 1 An. Take A = U 1 An. Then A is countable and
A = X. Thus we have that X is separable.

(vi) = (4): Suppose X is separable. Let A be countable dense subset of
X. Suppose A = {z1,x9, ..., Ty, ...}. Take A; = {21}, Ay = {x1, 22}, ..., A
{z1,29,...,2,},.... Let ®{A, : n € N} be the topological sum of the family
{A, : n € N}. Then p : ®{A4, : n € N} — X is almost onto. Then
by Theorem 1.7(ii), the induced map p* : C,(X) — C,(®{A, : n € N})
is a continuous injection. Now, by Proposition 1.8, C,(&{4, : n € N}) is
homeomorphic to [ [{C,(A,) : n € N}. By Theorem 1.4, C,(A,,) is metrizable
for all n. So, [[{C,(A,) : n € N} is metrizable. Thus, C,(®{A, : n € N})
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is metrizable. If we take M = p*(C,(X)), then p* is a continuous bijection
from C,(X) to the metrizable space M. Hence we conclude that C,(X) is

submetrizable. O
Example 2.1 Let X =R. Then C,(X) is submetrizable.

Example 2.2 If X is an uncountable discrete space, then C,(X) is not sub-

metrizable.

Now, we proceed further to study the properties that are equivalent to

metrizability of C,(X). But before that we need the following definitions.

Definitions 2.1 By a w-base for a space X, we mean any collection B of
non-empty open sets of X with the property that if V' is any non-empty open
set in X then V contains a member of B. A space X has a countable local
m-base if for each x € X, there is a countable collection B, of non-empty
open sets in X such that each neighborhood of x contains some member
of B,. This property is weaker than first countability. Also, if a space has
countable 7-base then it has a countable local 7-base.

A subset A of a space X is said to have countable character if there exists
a sequence {V,, : n € N} of open subsets of X, each containing A such that if
V' is any open set containing A, then V,, C V for some n. A space X is said
to be of countable type if each compact set in X is contained in a compact set
having countable character. A space X is said to be of pointwise countable

type if each x € X is contained in a compact set having countable character.
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A space X is called an r-space if each point x in X has a sequence {W,, :
n € N} of neighborhoods such that if x, € W, for each n, then the set
{z,, : n € N} is contained in a compact subset of X. A space X is a g-space
if each point x € X has a sequence {V,, : n € N} of neighborhoods such
that if z,, € V,, for each n, then the set {x, : n € N} has a cluster point. A

pointwise countable space is an r-space, and an r-space is a g-space.

Next, we define M-space which is a property that is stronger than being a
g-space. A space X is said to be an M -space if there is a metrizable space Y
and a surjective quasi-perfect map (a continuous closed map in which inverse

images of points are countably compact) from X onto Y.

The following results will be required in order to prove the result on

metrizability of C,(X).

Lemma 2.6 Let D be a dense subset of a space X and x € D. Then x has

a countable local w-base in D if and only if x has a countable local w-base in

X.

Proof: Suppose x has a countable local m-base in D. So there exists a
countable collection {B,, : n € N} of non-empty open sets in D such that
any neighborhood of x in D contains B,, for some n. Then for each n, there
is an open set V,, in X such that B, =V, N D. Let U be any neighborhood
of z in X. Then there exists an open neighborhood U’ of z in X such that
U' C U CU. Since U' N D is a neighborhood of = in D, there exists some

B,, such that B, € U' N D. Since D is dense in X and B, is open in D,
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B,=V,ND=V,. ThenV, CV, =BnCUNDCU CU. Thus, x has
a countable local m-base in X. Trivially, if # has a countable local m-base in

X then z has a countable local mbase in D. ]

The proofs of the following lemmas can be seen in the same way as above.

Lemma 2.7 A dense subset D of a space X has a countable w-base if and

only if X has a countable mw-base.

Lemma 2.8 Let D be a dense subset of a space X and A be a compact subset
of D. Then A has countable character in D if and only if A has countable

character in X.

Since a locally convex space is a homogeneous space, C,(X) is a homoge-
neous space. A space X is said to be a homogeneous space if for every pair
of points x, y € X, there exists a homeomorphism of X onto X itself which

carries = to y.

Proposition 2.9 Let X be any space. Then

(i) Cp(X) has a countable local m-base if and only if C,(X) contains a

dense subspace which has a countable local m-base.

(17) Cu(X) is of pointwise countable type if and only if C,(X) contains a

dense subspace of pointwise countable type.
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Proof: (i). Let D be a dense subset of C,(X) that has a countable local
m-base. Let f € D be arbitrary. So f has a countable m-base in D. Then
by Lemma 2.6, f has a countable m-base in C,(X). Suppose {U,, : n € N}
is the sequence of open sets in C,(X) such that whenever U is an open set
containing f, then U,, C U for some n. Let g € C,(X) be arbitrary. Since
C,(X) is a homogeneous space, there exists a homeomorphism F' : C,(X) —
Cp(X) such that FI(f) = ¢g. Then {F(U,) : n € N} is a sequence of open sets
in C,(X). Let W be any open set containing g. This implies f € F~1(W).
Then there exists some n € N such that U,, C F~1(WW), that is, F(U,) C W.

Thus, g has a countable 7-base in C,(X).

(#7). The proof is similar to that given in (7). But here we have to use

Lemma 2.8 instead of Lemma 2.6. 0
Theorem 2.10 For any space X, the following statements are equivalent.
(i) Cp(X) is metrizable.
(11) X is countable.
(13i) Cp(X) is first countable.
(tv) Cp(X) has a countable local w-base.
(v) Cp(X) has a dense subspace which has countable local m-base.
(vi) Cp(X) is locally metrizable.

(vii) Cu(X) contains a non-empty open metrizable subspace.
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(viii) Cp(X) is of countable type.
(iz) Cu(X) is of point countable type.
(x) Cp(X) has a dense subspace of point countable type.
(i) Cp(X) is an M-space.

(xit) Cp(X) is an r-space.

(wiit) Cp(X) is a g-space.

Proof: From earlier observations, we have (i) = (viii) = (ix) = (vii) =
(wiii) and (i) = (xi) = (xiii). Also (vi) = (vii) and (i) = (vi) = (iii) =

(iv) are immediate. By Proposition 2.9, we have (iv) < (v) and (ix) < ().

(xiti) = (i1): Suppose that C,(X) is a g¢-space. Then there exists a
sequence {U,, : n € N} of neighborhoods of the zero function Ox in C,(X)
such that if f, € U, for each n, then {f, : n € N} has a cluster point in
Cp(X).

Since {U,, : n € N} is a sequence of neighborhoods of Ox, there exist finite
subset A,, of X and €, > 0 such that Ox € (Ox, A,,,€,) C U, for each n. We
have to prove that X = U | A,.. Suppose 3 an x such that x € X \ U2 | A,.
Since A, is closed and x ¢ A, for each n, there exist f,, € C(X) such that
fu(A,) = {0} and f,(z) = n for each n. Then f, € U, for each n. Now, as
{fn : n € N} has a cluster point in C,(X), say f, there exists a subsequence

{fn.} which converges to f. But f,, (z) > ny > n. So{f,,} cannot converge.
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Thus, we arrive at a contradiction. Thus X = U2, A,,, which shows that X

is countable.

(tv) = (4i): Suppose that C,(X) has a countable local w-base at the zero
function Ox in C,(X). Let {(fn, An,€,) : n € N} be a countable local w-base
in C,(X). We have to prove that X = U2, A,. Suppose there exists = €
X \UxX  A,. Consider the neighborhood (0x, {x}, 1) at the zero function O
in C,(X). Then there exists an n € N such that (f,, A,,€,) € (0x,{z},1).
Choose M > 0 such that f,(z) + M > 1. Now, as X is a Tychonoff space,
there exists a continuous function f : X — R such that f(A4,) = {0} and
f(z) = M. Then f+ f, € (fu, An,€n). But f(z) + fu(x) = M + fu(z) > 1.
This shows that f + f, & (Ox,{z},1). That is, f + fn € (fu, An,€n) \

(0x,{z}, 1), which is a contradiction. Hence X is countable.

(vii) = (vi): Let M be a non-empty open subset of C,(X) such that M
is metrizable. Let h € M and f € C,(X). Consider the map ¢ : C,,(X) —
Cp(X) defined by ¢(g) = g+f—h ¥V g € C,(X). Then ¢ is a homeomorphism.
Also f € ¢(M). Since M is metrizable and open in C,(X), ¢(M) is also

metrizable and open in C,(X). Thus C,(X) is locally metrizable.

(77) = (i): Suppose that X is countable. Let {x1, 23, ...} be an enumeration
of X. Take Ay = {x1}, Ay = {x1, 22}, A3 = {21, 29,23}, and so on. Now,
the locally convex topology on C(X) generated by the countable family of
seminorms {pa, : n € N} is weaker than C,(X). For any finite set A in

X, there exists A, such that A C A,. This implies that the locally convex
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topology on C(X) generated by the family of seminorms {pa : A is finite}
is weaker than the topology generated by the family of seminorms {pa, :
n € N}. Now, we use a well-known result that if the topology of a locally
convex Hausdorff space is generated by a countable family of seminorms,
then it is metrizable, (see page 119 in [7]). Thus, we conclude that C,(X) is

metrizable. O



Chapter 3

Countability Properties of
Cp(X)

The main objective of this chapter is to study the countability proper-
ties of C,(X), which include separability, second countability and Lindel6f

property of Cp,(X).

3.1 Separability

The first section of this chapter shows that for any space X, C,(X) is
separable if and only if X has separable metrizable compression. If P is a
topological property, then a space X has a P-compression if and only if there
exists a topological space Y having property P and a continuous bijection

from X onto Y.

25
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Theorem 3.1 Let B and V be bases for X and R respectively. If T is the
topology with subbase {[B,V]: B € B and V € V}, then Cp(X) < C-(X).

Proof: Let A € F(X) and V € V. It suffices to show that [A,V] € 7. Let
felAV]. Then f(A) CV. Let A = {xy,29,...,2,}. Then f(z;) € V for all
t=1,2,...,n. Since f is continuous, there exists B,, € B such that z; € B,,
and f(B,,) CV foralli=1,2,...n. So f € [B,,V] foralli=1,2,...n.
Now, let W = N, [B,,, V], which is open in C,(X). Since A C U | B,,, we
have f € W C [A,V]. Consequently, C,(X) < C(X). O

If B and V are countable bases in the above theorem, then C-(X) will have

countable base. Thus we have the following corollary.
Corollary 3.2 If X is second countable, then C.(X) is second countable.

Since every second countable space is separable, we have the following

corollary.

Corollary 3.3 If X is second countable, then C.(X) is separable. Conse-
quently, C,(X) is separable.

A subset F of C'(X) is said to separate points of X if for each (z,y) € X xX
with = # y there exists an f € F such that f(z) # f(y).

Theorem 3.4 For a space X, the following statements are equivalent.

(i) Cp(X) is separable.
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(17) CH(X) contains a countable subspace that separates points of X.
(iii) X admits a continuous injection into RY.

(tv) X has a separable metrizable compression.

Proof: (i) = (i) : Suppose C,(X) is separable. Let D be a countable dense
subset of C,(X). Let x, y € X such that x # y. So there exists f € C(X)
such that f(x) # f(y). Then there exist two disjoint open sets U and V in
R, such that f(z) € U and f(y) € V. This implies f € [z,U] N [y,V]. So
[z, UlNy, V] # @. Since D is dense in C,(X), DN ([z,U]N]y,V]) # @. Let
g€ DN ([z,U]N]y,V]). Thus g € D and g(x) # g(y). This shows that D

separates points of X.

(#1) = (uii): Suppose D = {fi, f2,...} is a countable subspace of C,(X)
that separates points of X. Define ¢ : X — RN by ¢(z) = {f1(x), fo(z), ...}.
Then f, = p, o ¢ where p, : RY — R is the n'* projection. By Theorem
8.8 in [8], ¢ is also continuous. We have to prove that ¢ is one-one. Let
x, y € X such that x # y. Since D separates points of X, there exists
fn € D such that fo(z) # fu(y). Then ¢(x) = {f1(z), fa(x), ... fa(z), .} #
{AW), 2(y), - fu(y), ...} = &(y). Therefore, ¢ is one-one. Hence, X admits

a continuous injection into RY.

(iti) = (iv): Let ¢ : X — RY be a continuous injection. Let M =

#(X). Then M C RY which implies that M is separable metrizable. Since
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¢ : X — M is a continuous bijection, we get M as a separable metrizable

compression for X.

(iv) = (i): Suppose X has a separable metrizable compression. Let f :
X —— M be a continuous bijection where M is a separable metrizable space.
Since f : X — M is an injection, so by Theorem 1.7(iii), f*: C,(M) —
Cp(X) is almost surjective. As M is separable metrizable, M is second

countable. Then by Corollary 3.3, C,(M) is separable. Let D be a countable

dense subset of C,(M). Then C,(X) = f*(C,(M)) = f*(D) C f*(D) =

f*(D). So f*(D) is a countable dense subset of C,(X). Thus, we conclude
that C,(X) is separable. O

Example 3.1 Suppose X is pseudocompact, but not metrizable. Since a
pseudocompact submetrizable space is metrizable, X cannot be submetrizable

either. Hence C,(X) cannot be separable.

Example 3.2 Suppose X = Ry, the real line equipped with the lower limit
topology. This space is also known as Sorgenfrey line. Since the lower limit
topology is stronger than the usual topology on R, C,(R;) is separable. Obvi-

ously C,(R) is also separable.

3.2 Second Countability

In this section, we present the necessary and sufficient condition for C,,(X)

to be second countable.
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Theorem 3.5 For any space X, the following statements are equivalent.
(i) Cp(X) is second countable.
(17) Cp(X) has a countable m-base.

(tii) Cp(X) contains a dense subspace which has a countable w-base.

(tv) X s countable and submetrizable.

Proof: (i) = (i) is immediate and by Lemma 2.7, we have (i) < (iii).

(iv) = (i): Suppose that X is countable and submetrizable. Since X
is countable, so by Theorem 2.10, C,(X) is metrizable. Since X is sub-
metrizable, there exists a continuous bijection f : X — M, where M is a
metrizable space. Since X is countable, M is also countable. Consequently,
M is separable. Thus X has a separable metrizable compression. So by The-
orem 3.4, C,(X) is separable. Then C,(X) is separable metrizable. Hence

Cp(X) is second countable.

(i1) = (iv): Suppose C,(X) has a countable m-base. Then C,(X) is first
countable. So by Theorem 2.10, X is countable. Since C,(X) has a countable
m-base, C,(X) is separable. By Theorem 3.4, X has a separable metrizable
compression. Thus X is submetrizable. Hence we have that X is countable

and submetrizable. O

Example 3.3 If X = Q, then C,(X) is second countable.
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3.3 Lindelof Property

In the last section of this chapter, we study the Lindelof property of
Cp(X). In [3], several conditions for C,(X) to be Lindeldf have been studied.

Theorem 3.6 Suppose that C,(X) is Lindelof and Y is a C-embedded subset
of X. Then C,(Y) is Lindeldf.

Proof: Consider the inclusion map i : Y — X. Then by Theorem 1.7(i),
i* 1 Cp(X) — Cp(Y) is continuous. Our claim is that ¢* is an onto map.
To see this, let g € C,(Y). Since Y is C-embedded in X, there exists a
continuous extension h : X — R of g. Then i*(h) = hoi = h|y = g. Thus

i* 1 Cp(X) — C,(Y) is a continuous surjection. But a continuous image of

a Lindelof space is also Lindeléf. Hence C,(Y') is Lindeldf. O

Corollary 3.7 Suppose that C,(X) is Lindeldf and let Y be a discrete C-
embedded subset of X. Then'Y is countable.

Proof: By Theorem 3.6, C,(Y) is Lindel6f. Since Y is discrete, C,(Y) =
RY. Then RY is Lindeléf, which further implies that RY is normal. Now
for each y € Y, let Z; be the discrete space of positive integers. Then if
Y is uncountable, the product space [[{Z, : y € Y} is not normal, see [6],
Example 103. But [[{Z, : y € Y} is closed in RY. So if Y is assumed to be

uncountable, RY cannot be normal. Thus we have that Y is countable. [

Corollary 3.8 Suppose that X is normal and C,(X) is Lindeldf. Then every

closed discrete subset of X s countable.
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Proof: Since X is normal, every closed subset of X is C-embedded in X.

Then by Corollary 3.7, we have the desired result. ([l

Corollary 3.9 Suppose that X is normal and C,(X) is Lindeldf. Then every

discrete family of subsets in X is countable.

Proof: Let {A) : XA € A} be a discrete family of nonempty closed sets in X.
For each A € A, let =, € A, and consider the set Y = {z, : A € A}. Then Y
is closed in X. To see this, let z € X \ Y. This gives that x # ), V A € A.
Since {A) : A € A} is a discrete family, there exists an open set U containing
x such that U N Ay # 0 for only one A\, say A\;. Then U N Ay = 0 for all
A # A1. Now for x and z,, in X, there exists disjoint open sets V' and W in
X such that z € V and 2y, € W. Thenz € UNV C X \ Y. Our next claim
is that Y is discrete in X. For this, let ), € Y be arbitrary. Since z) € X,
there exists an open set U containing x, such that U N Ay # 0 for only one
A, say A;. Then UN Ay =0 for all A # A\;. Then UNY = {z,}. Since UNY
is open in Y, {x,} is open in Y. So Y is discrete in X. Thus by Corollary

3.8, Y is countable. Since cardY = cardA, A is also countable. O

Corollary 3.10 Suppose that C,(X) is Lindeldf. Then every discrete family

of open sets in X 1is countable.

Proof: Let {A) : A € A} be a discrete family of nonempty open sets in
X. For each A € A, let ), € A, and consider the set Y = {z) : A € A}.

Then as in the Corollary 3.9, we can prove that Y is closed and discrete in
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X. Our next claim is that Y is C-embedded in X. To see this, let f € C(Y).
For each A € A, there exists a gy € C(X) such that gx(z)) = f(z)) and
gr(X \ Ay) = {0}. Now the function g = > {g» : A € A} is continuous on
X and gly = f. To see this, let z € X. Let g(z) € V for an open set V
in R. Since x € X, there exists an open set U in X such that € U and
UnN Ay # 0 for only one A, say \;. Then U N Ay = 0 for all A\ # A\;. So
9(y) = > g9a(y) = ga(y) for all y € U. Since gy, is continuous on X, we
have an open set U C U in X such that x € U C U and gAl(U') C Vor
S gA(U') C V. This proves the continuity of g. Then by Corollary 3.7, Y is

countable. Hence A is countable. [l

Next we define tightness of a space X, which is used to provide another

necessary condition for C,(X) to be Lindeldf.

Definition 3.1 A space X is said to have countable tightness if for each
z € X and A C X such that z € A, there exists a countable subset C' of A

such that = € C.

Theorem 3.11 If C,(X) is Lindeldf, then X has countable tightness.

Proof: Suppose 7o € X and A C X such that 2y € A. Let U = {f €
C(X) : f(xo) = 0}. Our claim is that U is closed in C,(X). Let h & U.
Then h(xzg) = € # 0, so h € (h,{xo},¢) € C(X)\ U. This gives that U
is closed in C,(X). Since C,(X) is Lindelof, U is also Lindel6f. Next we
show that U C [J,c4(0,{a},1). Let h & (UJ,c4(0,{a},1), then |h(a)] > 1

for all @ € A. This implies that |h(xg)] > 1 as 9 € A, which gives that
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h € U. Since U is Lindelof, there exists a countable subset C' of A such that
U C U,ec(0,{a},1). Now, what remains to be shown is that zo € C. For
this, suppose zy € C. Then there exists a continuous function f : X — [0, 1]
such that f(z) =1V z € C and f(zo) = 0. Then f € U\ U, (0, {a}, 1),

which is a contradiction. Thus, we have that z, € C. 0

Example 3.4 The ordinal space [0,w;] does not have countable tightness.
Hence C,([0,w1]) cannot be Lindeldf. Whereas, if J is an uncountable dis-
crete space, then J has countable tightness but C,(J) is not Lindeldf. Thus,

countable tightness alone is not sufficient for C,,(X) to be Lindeldf.

Finally we present a sufficient condition for C,(X) to be Lindeldf.

Theorem 3.12 If X is second countable, then C,(X) is Lindeldf.

Proof: By Corollary 3.2, we have that C;(X) is second countable. Then
C;(X) is Lindel6f, and hence C,(X) is Lindeldf. O



Chapter 4

Completeness Properties of

Cp(X)

In this chapter, we study the complete metrizability of C,(X). We show
that complete metrizability, C'ech-completeness, almost Cech-completeness,

partition completeness and sieve-completeness are all equivalent on C,(X).
A space X is called Cech-complete if X is a Gs-set in X.
Next we study the concept of completeness of a sequence of subsets of X.

Let U and V be two collections of subsets of X. Then U is said to be
controlled by V if for each V' € V), there exists some U € U such that U C V.
A sequence (U,,) of subsets of X is said to be complete if every filter base F

on X which is controlled by (U,,) clusters at some z € X. A sequence (U,,) of

34
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collections of subsets of X is called complete if (U,) is a complete sequence

of subsets of X whenever U,, € U,, for all n.

It has been shown in Theorem 2.8 of [2] that the following statements are

equivalent for a Tychonoff space X:

(1) X is a Gg-subset of any Hausdorff space in which it is densely embed-

ded;
(17) X has a complete sequence of open covers; and

(i4i) X is C'ech-complete.

A sieve on a space X is a sequence of indexed covers {U, : o € A,}n>0
of X (with disjoint A,,), together with the functions =, : A,+1 — A,, such
that U, = X for a € Ag and U, = U{U; : 8 € 7, ()} for all o and all n.
Such a sieve is called complete if whenever a,, € A, with 7,(a,11) = a, for
all n, then the sequence (U,,,) is complete. A sieve ({U, : a € A, },m,) on
X is called open if every U, is open in X. A space is called sieve-complete
if it has a complete, open sieve. A cover U of a space X is called exhaustive
if every nonempty S C X has a nonempty, relatively open subset of the
form UNS with U € U. A sieve ({U, : a € A, },7m,) is called exhaustive if
{Us : B € 7' (a)} is an exhaustive cover of U, for all « € A, and for all n.

A space X is called partition-complete if it has a complete, exhaustive sieve.

A collection U of subsets of X is called an almost-cover of X if UU is dense

in X. A space X is said to be almost Cech-complete if X has a complete
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sequence of open almost-covers. Such a space has been simply called almost
complete in [4]. Every almost Cech-complete space is a Baire space, see

Proposition 4.5 in [4].

We know that the point-open topology on C(X) is generated by the uni-
formity generated by {A. : A € F(X),e > 0}. When this uniformity is
complete, then we say that C,(X) is uniformly complete. This uniform com-
pleteness can also be seen as the completeness of a topological group. A
topological group E is called complete provided that every Cauchy net in
E converges to some element in E, where a net (z,) in E is Cauchy if for
every neighborhood U of zero in E, there is an g such that z,, — 24, € U
for all oy, as > agp (for E additive). One can check that C,(X) is uniformly
complete if and only it is complete as an additive topological group. Also
Cp(X) is completely metrizable if and only if it is complete and metrizable,

(see [1], pp. 34, 36).

The following result gives characterization of uniform completeness of

Cp(X).

Theorem 4.1 The space Cy(X) is uniformly complete if and only if X is a

discrete space.

Proof: Suppose that C,(X) is uniformly complete. In order to prove that

X is discrete, it suffices to prove that C(X) = R¥. Now, by Theorem 1.6,

C(X) is dense in RX. Let f € R*. Then f € C(X). So by Theorem 11.7 in
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8], 3 a net (f,) in C(X) such that f, — f in R¥. Then by Theorem 39.2
in [8], (fa) is cauchy. Since C,(X) is uniformly complete, f, — g in C,(X).
This implies that f = g. Thus C(X) = RX. Hence X is a discrete space.

Conversely, if X is a discrete space, C,,(X) = R¥. Since R is complete, by
Theorem 39.4 in [8] R is uniformly complete. Consequently, RX is uniformly

complete, and hence C,(X) is also uniformly complete.

Theorem 4.2 For any space X, the following statements are equivalent.
(i) Cp(X) is almost Cech-complete.

(17) Cu(X) is partition complete.

(13i) Cp(X) is sieve-complete.

(iv) C,(X) is Cech-complete.
(v) Cp(X) is completely metrizable.

(vi) X is a countable discrete space.

Proof: (v) = (iv) = (iii) = (i) = (i) follow from the Proposition 4.4 in

14].

(vi) = (v). Suppose that X is countable discrete space. Since X is count-
able, by Theorem 2.10, C,(X) is metrizable. Also, as X is a discrete space,
by Theorem 4.1, C,(X) is uniformly complete. Hence C,(X) is completely

metrizable.
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(i) = (vi). Suppose C,(X) is almost Cech-complete. Let D be a dense
Cech-complete subspace of C,(X). Since C,(X) is dense in RY, D is dense
in RY. Since R¥ contains a dense Baire subspace D, R¥ itself is a Baire
space. Also since D is Cech-complete, D is a Gs-subset of R¥. Suppose
that X is not a discrete space. Let f be a discontinuous function on X.
Define ® : RY — RX by ®(g) = f + g for all ¢ € RX. Then ® is a
homeomorphism. Since f & C,(X), ®(C,(X)) N C,(X) = @. For, if not, let
h e ®(Cy(X))NCHX). Soh e &(Cy(X)) and h € C,(X). This implies that
h = ®(g) for some g € C,,(X) and h = f + g. Since h and ¢ are continuous
functions, so f is also continuous, which is a contradiction to the fact that
f is not continuous. Now, ®(D) is a dense Gs-subset of RX. Then ®(D)
and D are two disjoint dense Gs-subsets of the Baire space RX, which is a

contradiction. Thus, we conclude that X is a discrete space.

Now, D being a Cech-complete space is of pointwise countable type. So,

by Theorem 2.10, X is countable. 0



List of Notations

Symbol Meaning

v, 3 for all, there exists

€ belongs to

C subset

¢ not subset

N the set of natural numbers
R the set of real numbers

F(X)  the set of all finite subsets of X
U, N union, intersection

0 empty set

O end of a proof

\S  complement of S in X

A the closure of A

Gs-set  a countable intersection of open sets in a topological space X
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