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ABSTRACT

In this thesis an attempt has been made to solve g@rabolic partial differential equations
by using finite differences methods. The chaptesevgummary of the thesis is as follows

In chapter 2, we consider one-dimensional advedatifinsion parabolic partial
differential equation:

2
@+C@:Da_l;’ O<x<L,0<t<T
ot 0X 0X

The advection—diffusion equation is a parabolidiphdifferential equation, which describes
physical phenomena where energy is transformedlaensi physical system due to two
processes: advection and diffusion. In this chaptehave developed some finite difference
schemes based on weighted average for solving leedamensional advection—diffusion
equation with constant coefficients. In this adjclGalerkin-finite element method is
proposed to find the numerical solutions of adweetliffusion equation. The equation is
generally used to describe mass, heat, energ\gitseloorticity etc

In this chapter, Galerkin finite element methodp®posed to find the numerical
solutions of advection-diffusion equation. In thstf step semi discrete finite element model
is developed and secondly, time derivative is diged by weighted average method.
Finally, by choosingd =1/2 the system is solved by Gauss elimination meti#sltest
problem, three different solutions of advectioriifon equation are chosen. Maximum
absolute errors normh, are calculated and found that the errors are ssndllgood.

In chapter 3, we consider one-dimensional quasilinparabolic partial differential
equation:

2
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The nonlinear partial differential equation is antomenous quasi-linear parabolic
partial differential equation which encounters lve ttheory of shock waves, mathematical
modelling of turbulent fluid and in continuous dtastic processes. Such type of partial
differential equation is introduced by Bateman @13 and he proposes the steady-state
solution of the problem. In 1948, Burger use thenlmear partial differential equation to
capture some features of turbulent fluid in a clehieaused by the interaction of the opposite
effects of convection and diffusion, later on iréderred as Burgers’ equation. The structure
of Burgers’ equation is similar to that of Navieieke’s equations due to the presence of the
non-linear convection term and the occurrence & thffusion term with viscosity
coefficient. The study of the general propertiestloé Burgers’ equation has attracted
attention of scientific community due to its apptions in the various fields such as gas

dynamics, heat conduction, elasticity, etc

In this chapter, a numerical algorithm for the siolu of the burger’s equation based
on Galerkin method employing linear finite elemeistsleveloped. The performance of this
algorithm is investigated b comparing solutionstw® well known problems with data
available in literature. The new method produceghllyi accurate numerical solutions for
burger’'s equation even for small value of viscosibefficient. The method does, in fact,

produce more accurate results then many of the atbéhods.



Chapter 1

Introduction

1.1 Numerical Solution of Partial Differential Equations

Partial differential equations (PDEs) form the basi very many mathematical models
of physical, chemical and biological phenomena, lauade recently their use has spread into
economics, financial forecasting, image processind other fields. The vast majority of
PDEs model cannot be solved analytically. So, t@stigate the predictions of PDE models
of such phenomena it is often necessary to appweirtheir solution numerically. In most
cases, the approximate solution is representedifstibnal values at certain discrete points
(grid points or mesh points). There seems a britkjeveen the derivatives in the PDE and
the functional values at the grid points. The nuoartechnique is such a bridge, and the
corresponding approximate solution is termed thmemcal solution. Currently, there are
many numerical techniques available in the liteatlAmong them, the finite difference
(FD), finite element (FE), and finite volume (FV)ethods fall under the category of low
order methods, whereas spectral and pseudo spewthbds are considered global methods.
Sometimes the latter two methods are consideredubsets of the method of weighted

residuals.

1.1.1 Finite Difference Methods
Finite difference methods are widely dominant ie tlumerical solution of PDEs and

their application. The finite difference (FD) metlsoare based on the Taylor series
expansion or the polynomial approximation. A findd@ference method proceeds by

replacing the partial derivatives in the PDEs hyité difference approximations. This



gives a large algebraic system of equations toohed in place of the partial differential
equation. That is, the partial derivatives in PD&ie written in terms of discrete
guantities of dependent and independent variabéssilting in simultaneous algebraic
equations with all unknowns prescribed at discragsh points or grid points for the
entire domain. Appropriate types of differencinghames and suitable methods of
solution are chosen in different applications. Fexample, in fluid dynamics
applications, depending upon the particular physicthe flows, which may include in
viscid, viscous, incompressible, compressiblegational, rotational, laminar, turbulent,
supersonic, or hypersonic flows, finite differersolemes are written to conform to these
different physical phenomena. The formulation of Fithods in one dimensional is
simple but for multidimensional problems, meshestmhe structured in either two or
three dimensions. Curved meshes must be transfamtedrthogonal Cartesian meshes.
The challenge in analyzing finite difference methéol new classes of problems is often
to find an appropriate definition of stability thalow one to prove convergence and to
estimate the error in approximation.

Finite difference methods discredited the goverRE directly using their strong
form. Although it is most straight forward way tbtain the discrete system equations,
but it is difficult to handle the typical boundacgnditions. For a problem domain with
complex geometry, the discretization of the geoynatrd the application of the natural
and essential boundary conditions can seldom be damomatically by a computer

program with no human involvement.

1.1.2 Finite Volume Method
Finite volume methods (FVMs) form a relatively gealeclass of discretizations for

certain types of partial differential equationse$b methods start from balance equations

over local control volumes, e.g., the conservatbmass in diffusion problems. When



these conservation equations are integrated by p&dr each control volume, certain
terms vyield integrals over the boundary of the mmnvolume. For example, mass
conservation can be written as a combination ofcterms inside the control volume
and fluxes across its boundary. Of course the fHuketween neighboring control
volumes are coupled. If this natural coupling ofubdary fluxes is included in the
discretization, then the local conservation lawssBad by the continuous problem are
guaranteed to hold locally also for the discretgbpgm. This is an important aspect of
FVMs that makes them suitable for the numericattrent of, e.g., problems in fluid
dynamics. Another valuable property is that wherviS\are applied to elliptic problems
that satisfy a boundary maximum principle, theyld/idiscretizations that satisfy a
discrete boundary maximum principle even on fagdyeral grids.

FVMs were proposed originally as a means of geimgydinite difference methods on
general grids. Today, however, while FVMs can beerpreted as finite difference
schemes, their convergence analysis are usualifitdees by the construction of a
related finite element method and a study of itsvengence properties. The fundamental
idea of the finite volume method can be implememtedarious ways in the construction
of the control volumes, in the localization of tllegree of freedom, and in the
discretization of the fluxes through the boundaatthe control volumes. There are two
basically two classes of FVM. First, aall-centered methods each control volume that
surrounds a grid point has no vertices of the pabtriangulation lying on its boundary.
The second approachvertex-centered methods, uses vertices of the underlying

triangulation as vertices of control volumes.



1.1.3 Method of Weighted Residuals

The methods of weighted residuals are the apprdeim&thods which determine the
solution of the differential equation in the forrhfanctions which are closed in some sense
to the exact solution. Consider a differential eopra

((u)=0 (1.1)
with initial condition, I(u):O, and boundary condition,S(u):O. The solution of

differential equation{J (x) is approximated by a finite series of functiap$x) as follows:

U()=Us(+3 2 a0 1.2
Where ¢, (x) are the basis or trial functions, are the coefficients to be determined that
satisfy the differential equation, and are the number of functions. The form 0f(x) is
chosen to satisfy the boundary and the initial @tk exactly. There is another approach in
which exact solutions of the differential equateme known and these are added together to
and the boundary conditions are satisfied sattsfybioundary conditions approximately. It is
also possible to formulate a method in which thHtedential equation approximately.

In general, the approximate solution does not fyatiee partial differential equation

exactly, and substituting its value results insdeal,R,

R(x,a,,a,,....ay) = (U (x)) 3L

Which in turn is minimized in some sense? For &g the a,'s are chosen by requiring
that an integration of the weighted residual oherdomain is zero. Thus

(W (x).R) =0. (1.4)

By letting k =12,...N a system of equations involving on&;'s is obtained. For unsteady

partial differential equation this would be a systef ordinary differential equations, for

steady problems a system of algebraic equatiorsirdat. Different choices oV, (x) give

rise to the different methods within the class. 8@hthese methods are:



Galerkin Method

One of the most important weighted residual methads invented by the
Russian mathematician Boris Grigoryevich Gale kinthe Gale kin method the weighting
functions are chosen to be
W, (x)=a(x) (1.5)
i.e., the weighting functions are from the sameilias the trial function in equation (1.2).
Thus the residual becomes orthogonal to the sgmrened by the trial functions.

In traditional Galerkin method each of the triahétions should satisfy the boundary
condition but in spectral Tau method the trail fimmes need not satisfy the boundary
condition instead, a supplementary set of equat®nsed to apply the boundary condition.
A generalization of Galerkin method is Petrov-Galermethod, in which, the weighting

functions are different from trial functions.

Collocation Method

One approach to determining the functldl(nx) is to require that this function satisfy
the differential equation at some finite set ofl@cétion points. i.e.

W, (x) = 5(x— xk) (1.6)
where o is the Dirac delta function. Thus the collocatioethod setsR=0at (x—xk).
Since there aré free parameters and al$o boundary conditions (say) that need to be
satisfied, we can only hope to satisfy the difftiednequation at some set dil —K
collocation points. This may yield a dense systémgoiations unless basis function is chosen

carefully.



Sub-domain Method

This method can be considered a modification efdbllocation method. The
idea is to force the weighted residual to zerojust at fixed points in the domain, but over
various subsections of the domain. To accompligd) the weight functions are set to unity,
and the integral over the entire domain is brok#a & number of sub-domains sufficient to

evaluate all unknown parameters.

Least Square Method

The basic idea of Least-Square is that the rekiduainimized in a certain
norm. The inner product of the governing equatiesmsconstructed, which are then
differentiated with respect to the nodal valuestlué variables. A general Least-Square

formulation is the following minimization problem:
. 2
S:m|n4f|R(x,a1,a2,...,aN ) dx (1.7)
X

In order to achieve a minimum of this scalar fumctithe derivatives db with respect to all
unknown parameters must be zero. That is,

dS R
— =2 | RIxX)— = 1.8
% l (x) %, dx=0 (1.8)

Or

1.1.4Differential Quadrature Method

The differential quadrature method (DQM) is a higloeder numerical technique for
solving partial differential equations. In the ni@en century, most of the numerical

simulations of engineering problems can be caraetlby the low order FD, FE, and FV



methods using a large number of grid points. In esgonactical applications, however,
numerical solutions of PDEs are required at onliew specified points in the physical
domain. To achieve an acceptable degree of accuaeyrder methods still require the use
of a large number of grid points to obtain accursdtutions at these specified points. In
seeking an efficient discretization technique tdéaobaccurate numerical solutions using a
considerably small number of grid points, RichaedlBan and his associates [14] introduced
the method of differential quadrature in the edi®y0s. The DQM, akin to the conventional
integral quadrature method, approximates the patéiavative of a function at any location
by a linear summation of all the function valuesngl a mesh line. The key procedure in the
differential quadrature application lies in the aetetination of the weighting coefficients.
Initially, Bellman and his associates proposed twethods to compute the weighting
coefficients for the first order derivative. Thesti method is based on an ill-conditioned
algebraic equation system. The second method usespde algebraic formulation, but the
coordinates of the grid points are fixed by thetsoaf the shifted Legendre polynomial. In
earlier applications of the DQM, Bellman’s first thed was usually used because it allows
the use of an arbitrary grid point distribution. wyer, since the algebraic equation system
of this method is ill-conditioned, the number oé thrid points usually used is less than 13.

This drawback limits the application of the DQM.

1.1.5 Finite Element Method

Finite element method (FEM) represents a poweafull general class of
techniques for the approximate solution of padifferential equations. The basic idea in the
FEM is to find the solution of a complicated prahléy replacing it by a simpler one. Since
the actual problem is replaced by a simpler orfenging the solution, we will be able to find
only an approximate solution rather than the esatition. This method is mostly used for
the accurate solution of complex engineering proBlevith abundant software available
commercially. FEM was first developed in 1956 fdrwe tanalysis of aircraft structural
problems. Thereafter, within a decade, the potktns of the method for the solution of

different types of applied science and engineepiredplems were recognized. Over the years,



the FEM technique has been so well establishedtdldaty it is considered to be one of the
best methods for solving a wide variety of pradtm@blems efficiently. In fact, the method
has become one of the active research areas fdiedppathematicians. Based on the
variational principle, basic procedures of the FEMude: obtaining functional (variational
expressions) from corresponding differential equregtj dividing interested region into small
elements, constructing interpolation model for eadbment, assembling all elements’
contributions to the global system, and finallyveod the global-matrix problems. The
systematic generality of FEM makes it possible ¢ostruct a general-purposed computer
program for a wide range of problems. In this mdihtbe region is divided into subregions
(elements), which could be different shapes iiangular, rectangular, curvilinear, ring, or
infinite. In addition, mixed element shapes and diferent base-function orders can be used
simultaneously in one problem, depending on requaemputational accuracy. Moreover,
nonuniform unstructured meshes and adaptive mespingedures can be employed to
significantly improve the accuracy and efficiencly KEM programs. Furthermore, FEM
scheme can be established not only by the var@tiorethod but also by the Galerkin
method or the least squares method, so FEM cdnbstilsed even though a variational
principle does not exit or cannot be identified.uBdary conditions can be easily applied
once the mesh generation is done. However, thamulepost-processes of the computed set
up always play an important role for a good FEMgpam. Many researchers have been
using finite element method for the solutions ofH3Dsince 1956. Gerischt al. have used
high-order linearly implicit two-step peer - finidement methods for time dependent PDEs

successfully.



1.2 Methodology for Solving a Differential Equation byFinite Element Method
The three fundamental steps of the finite elemesthod are:

* Divide the whole domain into parts. The domainhe problem is represented by
collection of simple sub domains, called finitereénts. The collection of finite
element is called finite element mesh.

* Over each part, seek an approximation to the swiudis linear combination of
nodal values and approximation functions, and @etive algebraic relations
among nodal values of solution over each part daltales.

» Assemble the parts and obtain the solution to thelevusing continuity of the

physical quantities.

Example 1:Consider the differential equation

2
—%—u+x220 u(0)=0 , u'@®=1

For weighted residual methog, and ¢ should satisfy the following conditions:

%(0)=0 g¢'@)=1
a(0)=0 @'@®=0

For the choice of algebraic polynomials, we assum(x) = a+bx and use 2 conditions
On ¢, determine the constants a and b. we obtain

% (x) = x
Since there are two homogeneous conditions, we mssime at least three parameter
polynomial to obtain a non-zero functiom, = a+bx+cx*. Using the conditions o ,we
obtain

@ =cx(2-x)

The constant ¢ can be set to unity, we assume



@ =a+bx+dx® o @ =a+cx®+dx’

For second choice af,, we obtain

@ = xz(l—ng

The residual in the approximation of the equatsn i

d2

N w N
R:—(O+2q 2}—(¢g+2q¢;j+x2
i dx i=1

= 01(2—2x+2x2)+c2(—2+4x—x2 +gx3j—x+x2
3

Taking ¢, = ¢ \we have

1 1

J-X(Z—X)RdXZ 0, J'xz(l—ngRdx:O

0 0 3

4 28 7 _ 17 29 1 _

—c+—c,——=0, —c+—cc,-—=0

5° 45 60 90 © 31t 36
Hence, the solution becom%with Cc, = 623 ,C, = AJ

4306 4306

U, =1.2894x - 0.1398* - 0.00325¢

1.3 Organisation of Thesis
In this thesis an attempt has been made to solve gartial differential equations by
using some Galerkin finite element methods. Theptdrawise summary of the thesis is as

follows.

In chapter 2, we consider one-dimensional convedliffusion parabolic partial

differential equation:

2
%+C%:D6_L;, O<X<L'O<t<T
ot ox 0X



The convection—diffusion equation is a paraboliatiph differential equation, which
describes physical phenomena where energy is tnanstl inside a physical system due to
two processes: convection and diffusion. The temnvection means the movement of
molecules within fluids, whereas, diffusion deseslihe spread of particles through random
motion from regions of higher concentration to &g of lower concentration.

In this chapter, Galerkin finite element methodpreposed to find the numerical
solutions of advection-diffusion equation. The dtrais generally used to describe mass,
heat, energy, velocity, vorticity etc. In the firstep semi discrete finite element model is
developed and secondly, time derivative is distgdiby weighted average method. Finally,
by choosingd =1/2 the system is solved by Gauss elimination metiA®dtest problem,
three different solutions of advection-diffusionuatjon are chosen. Maximum absolute

errors normL_ are calculated and found that the errors are ssmndllgood.

In chapter 3, we consider one-dimensional quasilinparabolic partial differential

equation:

ou oU oW
+Uu e %

i~ axz:o (x,t)0Qx[0,T)

The nonlinear partial differential equation is amtugenous quasi-linear parabolic partial
differential equation which encounters in the tlyeoir shock waves, mathematical modelling
of turbulent fluid and in continuous stochastic qgasses. Such type of partial differential
equation is introduced by Bateman in 1915 and lopgses the steady-state solution of the
problem. In 1948, Burger use the nonlinear padiffierential equation to capture some
features of turbulent fluid in a channel causedit®y interaction of the opposite effects of
convection and diffusion, later on it is referred Burgers’ equation. The structure of

Burgers’ equation is similar to that of Navier-Sé&k equations due to the presence of the



non-linear convection term and the occurrence & thffusion term with viscosity
coefficient. The study of the general propertiestioé Burgers’ equation has attracted
attention of scientific community due to its apptions in the various fields such as gas
dynamics, heat conduction, elasticity, etc

In this chapter, Galerkin-finite element methogbisposed for the numerical solution
of Burgers’ equation. A linear recurrence relatlapss found for the numerical solution of
resulting system of ordinary differential equatioadound vai a Crank-Nocolson approach
involving a product approximation. Two test exanspége considered in order to check the
accuracy of the proposed method. The results sh@aw the proposed method is more

accurate.



Chapter 2
Galerkin-Finite Element Method for the Numerical Sdution of
Advection-Diffusion Equation

2.1. Introduction
Consider the one-dimensional advection diffusionagign

2,
a—U—Aag aa—U, O<x<sL ,t>0 (2.2)
ot 0X ox

with initial condition

U (x.0)= ¢(x)

and boundary condition

u@©t=f(t),u(Lt)=nh(t)

where U represents concentration of the pollutamtoat x, the advection coefficient is

the velocity of water flow andd is the diffusion coefficient. The advection-diffos
equation is generally used to describe mass, leeatgy, velocity, and vorticity [1]. The
equation has been used as a model equation in oiemgistry and engineering problems
such as, thermal pollution in river systems [2wflin porous media [3], dispersion of tracers
in porous media [4], the dispersion of dissolvedanal in estuaries and coastal seas [5], the
intrusion of salt water into fresh water aquiférge spread of pollutants in rivers and streams
[6], forced cooling by fluids of solid material suas windings in turbo generators [7], the
spread of solute in a liquid flowing through a tulmng-range transport of pollutants in the
atmosphere [8], contaminant dispersion in shallake$ [9], model water transport in soils
[10], the absorption of chemicals into beds [11;. dsenberg and Gutfinger used the

advection-diffusion equation to describe heat fiemis a draining film [12]. Mortan has used



the advection-diffusion equation to model some eouns and financial forecasting [13].
Besides this, the equation has great importancévinengineers and hydrologists. Thus, the
advection-diffusion equation is very interestingelar partial differential equation from
numerical study point of view.Many researchers hdegeloped numerical techniques to
study the numerical solutions of advection-diffuseguation. Celia et al [14] have proposed
an Eulerian-langrangian localized adjoint method foe advection-diffusion equation.
Spalding [15] proposed the hybrid scheme which ®mbination of three straight lines to
correlate the exact curve. Kakuda and Tosaka [8H usme splitting or fractional steps
method for advection-diffusion and viscous fluidvits problems. Nico et al [12] proposed a
finite volume upwind scheme for the solution of tiiear advection-diffusion equation with
sharp gradients in multiple dimensions for the sotuof advection-diffusion equation while
Neubauer and Bastian [11] used a monotonicity pvesg Eulerian-Lagrangian localized

adjoint method for advection-diffusion equations.

In this chapter, Galerkin finite element method pioposed to find the
numerical solutions of advection-diffusion equatiofhe equation is generally used to
describe mass, heat, energy, velocity, vorticity. éh the first step semi discrete finite
element model is developed and secondly, time d&ve is discritized by weighted average
method. Finally, by choosing =1/2 the system is solved by Gauss elimination metAsd.
test problem, three different solutions of advectiliffusion equation are chosen. Maximum

absolute errors normy, are calculated and found that the errors are ssmndllgood.

2.2. Semi Discrete Finite Element Models

The semi discrete formulation involves approximataf the spatial variation of the

dependent variable. The first step involves thestrotion of the weak form of the given



problem over a typical element. In second step,deeelop the finite element model by

seeking approximation of the solution.

2.2.1. Weak Formulation of the Problem

The weak formulation of the given problem (2.1) oaeypical Iinear(xa,xb)is given

by

vav(x){a—u SPCATIN aa—U}dx =0; (2.2)

ot ox? 0X

where w(x) are arbitrary test functions and mayisved as the variation in U(x). After

reducing the order of integration, we arrive atfihllowing system of equations

Xy 2
jvv(x){%—ttJ+/1 oV 4 %U }dx = (2.3)

ox? X

2.2.2. Finite Element Formulation of the Problem

The finite-element model may be obtained from eiquat(2.3) by substituting finite

element approximations in the decoupled form

U(xt)= YU (e, *(0); S=12,...... (2.4)

=1
Substituting w =¢, (x) and (2.4) in equation (2.3) to obtain ikieequation of

the system, we have

T{w[i%lﬂJ aw.(iuj dxj+/1 dy; (iuj - H =0; (2.5)

j=1 =



= Xa

iﬁjww dXJd ’+a(j¢/ —'de A[T%%dx}uj]:o (2.6)

The equation (2.6) can be written in the matrixfor

MU f+ el [y =0 27)
where
Mij::J':(//,z//jdx and wlezl—hiand wzezhi
for (i=1= j)
M, = ijlwzdx = j(l— ;::J(l— ;(:Jd;: 2—
for (i=1,] =2 and ] =1,i = 2)

v, =D{2 1} @8)



for(i=1)=2)

T 1—Zj£d;( :%
K121=I h h

Xa

(2.9)

for(i=2=j)

K22

(2.10)



Hence the system of equation can be written as

[M]{U}+[K]{U}:O

Where [K] =[K1] + [K2].

(2.11)

We use the linear piecewise approximation in thecsprariable and the Galerkin method to

obtain the semi discrete approximation to equdttoh)

where

wi—l(x):m ) Y (X) = 5 X
X =X X =X

(2.12)

We have used the linear piecewise approximatiat?fzand (2.13) to find out the integral in

the equation (2.10). Then, the system (2.11) become

[M]{U} + [Kjul=o0,

Where

wi=gfs 3] - w5 3

= | e f]

2.3. Fully Discretized Finite Element Equations

We have the system of ordinary differential equaias follows

[M ]{U} +[kJu} =0

subject to the initial condition

{U}o = ¢(X) :{U}o ,

(2.13)

@1

(215



where{U}, denotes the vector of nodal values of U at tirrelt whereagU }, denotes the
column of nodal value¥ ; .

As applied to a vector of time derivatives of thedal values the weighted average of

approximation on the equation (14), we have

] el g, + -alicul, =0 210

The equation (2.16) can be written in simple fosn a

(m]+2t6[K . = MU, - atla-6)]ul, . o1
The algebraic system (2.17) is solved by Gaussmdition method by taking Crank-Nicolson

Scheme i.ed=1/2 in equation (2.17).

2.4. Numerical Experiment and Discussion

In this section, we have studied three test exasngecheck the applicability of the
proposed numerical scheme based on finite elemetiiad. In order to measure the accuracy
of numerical solutions, difference between analgtid numerical solutions at some specified

times are computed by using maximum error narm

Loo — U exact _U num

= maxy &t —y nm|. 2)1
, =mayu e U] @

whereU ®*** andU ™" are exact and numerical solution respectively.

Example 1: In the first test example, the advection-diffusiequation (2.1) is considered

with domain[0,9] and the analytical solution



U(x,t):lOex;{_(X_Xo _at)zJ (2.18)

2p,
The initial and boundary conditions are taken frima analytical solution (18). We have

consideregb = 264m, a = 05m/sand x, = 2 In this example, we have considered two

cases. In the first case, we study the purely atreequation by taking =0. In second
case, we take advection-diffusion equation. Figumepicts the absolute errors at different
time for first case. Table 1 shows the comparisbmumerical and analytic solutions at
different time andk with maximum absolute error for the second casgurE 2 shows the
absolute errors for the second case. The TabledlFagures 1-2 show that the proposed

method has good accuracy.

Example 2:In the second test, the analytical solution ofatigun (2.1) is given by

Py P
U (x,t) =100 ePL 4rret Smh(P/Z)ZAn +2ne2L ZB

e 1 e’

(2.19)

where
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_p° a’® miirtA
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WhereP = GTL is the Peclet number.

In the numerical experiment, we have considerednitial and boundary conditions

100x

U (x,0)= and U(0,t)=0, U(L,t)=100 with L =1.0m, a = 0.1m/s, A = 001m?/s.



In Table 2, a comparison is made between the acallolutions and the numerical solution

with maximum absolute error. The Figure 3 showshkt@leaviour of the numerical solutions

at different time and from Figure it is clear tlaast the time increase the profile behaviour of
the wave decreases.

Example 3: The analytical solution of the equation (2.1) ie tlegion bounded b9 < x<1
is given by

U (x1) 0.025 exr{( ~(x-05-t)? J

~ J0.000625+ 002t ' (0.00125+ 004t)

(2.20)

The initial and boundary conditions are taken frim analytical solution. The values of

advection and diffusion coefficients are chosemrby10, A = 001. The Figures 4-7 show

the behaviour of numerical solutions at differemtes.

2.5 Conclusion

In this chapter, Galerkin finite element methodpi®posed to find the numerical
solutions of advection-diffusion equation. The d@rais generally used to describe mass,

heat, energy, velocity, vorticity etc. As test geoh, three different solutions of advection-
diffusion equation are chosen. Maximum errors ndgnare calculated and found that the

errors are small and good.



Table 1: Comparison of numerical

a = 05, A1 = 0.1with maximum absolute error.

and analytic solutions Bkample 1 for

T X Present Method  Exact Solution Max Error
0.5 1.5 9.99991 9.99993
4.5 9.99970 9.99971 1.4347% 107*
7.5 9.99819 9.99821
1.0 1.5 9.99968 9.99971
4.5 9.99989 9.99993 4.30570< 107°
7.5 9.99881 9.99885
3.0 1.5 9.99930 9.99935
4.5 9.99993 10.0000 4.45166< 107*
7.5 9.99928 9.99935

Table 2: Comparison of numerical

a = 0.1, A = 001with maximum absolute error.

and analytic solutions Bkample 1 for

T X Present Method  Exact Solution Max Error

3.0 0.25 6.19441 6.19505
0.50 22.34930 22.3500 6.4125¢ 107*
0.75 46.15160 46.15206

5.0 0.25 2.72582 2.72601
0.50 11.69460 11.69100 3.6142< 107
0.75 30.63180 30.63030

10.0 0.25 0.46021 0.46009
0.50 2.60798 2.60830 3.2890« 107*
0.75 12.78790 12.7904
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Figure 1: Maximum Errors in Example 1 fdr= 0 (purely advection equation) at different
time.
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Figure 2: Maximum Errors in Example 1 fdr= 0.1(for second case) at different time.
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Figure 3: Numerical solutions of Example 2 tor= 0.1, A = 001 at different time.
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Figure 4: Numerical solutions of Example 3 at dif& time fora = 1.0, A = 001.
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Figure 5: Numerical solutions of Example 3 ateliént time fora = 1.0, A = 001.
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Figure 6: Numerical solutions of Example 3 at d#f& time fora = 1.0, A = 001.
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Chapter 3

Numerical Solution of Burger’s Equation by Using Géerkin
Finite Element Method

3.1 Introduction

Consider one-dimensional quasi-linear parabolrtgdaifferential equation:

%—Tw%—g—u%ﬁ:o (x,t)0Qx[0,T) 3.1)
where

Q= (0Dx (O]
with initial condition

U (x,0) = f(X) O0<x<1 (3.2)
and boundary conditions

u(ot)=g,t) Os<t<T (3.3)

U(Lt)=g,(t) Ost<T (3.4)

where v :% andR is the Reynolds number anfl,g,and g, are the sufficiently smooth

given functions.

The nonlinear partial differential equati¢l) is a homogenous quasi-linear parabolic
partial differential equation which encounters e ttheory of shock waves, mathematical
modeling of turbulent fluid and in continuous stastic processes. Such type of partial
differential equation is introduced by Bateman [#6]L915 and he proposes the steady-state

solution of the problem. In 1948, Burger use thenlmear partial differential equation to



capture some features of turbulent fluid in a clehieaused by the interaction of the opposite
effects of convection and diffusion, later on iréderred as Burgers’ equation. The structure
of Burgers’ equation is similar to that of Navieieke’s equations due to the presence of the
non-linear convection term and the occurrence & thffusion term with viscosity
coefficient. The study of the general propertidstiee Burgers’ equation has attracted
attention of scientific community due to its apptions in the various fields such as gas

dynamics, heat conduction, elasticity, etc.

The study of the solution of Burgers’ equatltas been carried out for last half Century
and still it is an active area of research to dsydletter numerical schemes to approximate
its solution. In 1965, Holf and Cole [18] proposetransformation known as Holf-Cole
transformation to solve the Burgers’ equation. 32, Benton and Platzman [19] published a
number of distinct solutions to the initial valueoplems for the Burgers’ equation in the
infinite domain as well as in the finite domain.l@&ell and Smith [20] use finite difference
and cubic spline finite element methods to solvegBts’ equation. Evans et al. [21]
introduce the group-explicit method and Kakudalef22] propose a generalized boundary
element approach to solve Burgers' equation. Alalet[23] use a cubic B-spline finite
element method based on a collocation formulatioedive Burgers’ equation. Mittal et al.
[24] present a numerical approximation based on dimensional Fourier expansion with
time dependent coefficients. Gardner et al. [2%lyapPetrov-Galerkin method with quadratic
B-spline spatial finite elements and use a leasasgs technique using linear space-time
finite elements [26]. In [27], Ozis and Ozdes gatera sequence of approximate solutions
based on variational approach which convergesdaeiact solution. In [28], Kutluay et al.
transform the Burgers’ equation to linear heat éqonausing Hopf-Cole transformation and
then use explicit finite difference and exact esiplfinite difference methods to solve the

transformed linear heat equation with Neumann baondonditions. In [29], Kutluay et al.



reduce Burgers’ equation to a pentadiagonal mayskem by applying the classical weighted
residual method over the finite elements whichalvexd by a variant of Thomas algorithm
together with an iteration process at each time.d@zis et al. [30] use a finite element
approach for numerical solution of Burgers' equati&adalbajoo et al. [31] propose a
parameter uniform numerical method to solve Burgegsiation with small coefficient of
viscosity and establish robust error estimate. Kagjao et al. [32] use Crank-Nicolson finite
difference method on the transformed linear heatatgn with Neumann boundary
conditions and the method is proved to be uncayally stable. Recently, Kannan and
Wang [33] have developed a high order spectral melumethod using the Hopf-Cole
transformation for the numerical solution of Buigjeequation while Altiparmak and Ozis
[34] used factorized diagonal Padé approximatiorthow for the numerical solution of
Burgers' equation while Korkmaz and D] proposed a numerical method for nonlinear

Burgers’ equation.

Recently, Korkmaz and Dag [15-22] proposed sinfecghtial quadrature method, B-
spline differential quadrature methods and cosixgaesion based differential quadrature
method for many nonlinear partial differential etiolas. Mittal have used polynomial based
differential quadrature method for numerical san$ of some two dimensional nonlinear

partial differential equations.

In this chapter, Galerkin-finite element methogbisposed for the numerical solution
of Burgers’ equation. A linear recurrence relatlapss found for the numerical solution of
resulting system of ordinary differential equatioadound vai a Crank-Nocolson approach
involving a product approximation. The results shthat the proposed method is more

accurate.

3.2. Galerkin-Finite Element Method for Numerical Slutions of Burgers’ Equation



The burger’s equation

ouU ou 02U
-U -V =0
ot 0X x> B.

When applying Galerkin’s method we minimise thedtional

XN 2
I[au T CAY Jqu 0 .
X0

ot 0Xx

where ¢ ; is the weight function, with respect to nodal abfes

A numerical solutions to the partial differentiabuation is sought over the region
X, S X< X with boundary conditions specified ¥t= Xy, X = Xy .the region[ %y, Xy ] is
splitter up into uniformly sized intervals by such that x, <X, <....<X, .A typical finite
element of size  h= (X~ X,) ,mapped by, local coordinates

n, where x=x_+ nh, 0<7 <1 makes the integral (3.6) the contribution.

LU u U v aqu
@ dn=0 (3.7)
!( & hon h?an

where to simplify the integraLj is taken to be constant over the element. thidsléa

1 2
j(a_uwa_u_ au}qdn 0, (3.8)
o\ ot on on?
where b:l2 and v:g
n h

and b and v are taken as locally constant over etaminent. The variation of U over the

element

[ X Xq] IS €Xpressed as



u®=>Pu (3.9)

where B, P,are linear spatial basis function angu, are the nodal parameters. With the
local coordinate system defined above the basic functions have the fatigvexpressions

[18]

R=1-n, B=n.

For gale kin’s method we identify the weight fulcti¢g, with basis functionP giving

1 2
j U +vaU —ba L; Pdn=20 (3.10)
Lot adn  0OXx

Integrating by parts leads to

j LA P+ +p U R dn=0 (3.11)
ot on on on

Now if we substitute for U using equation (3.9) @lement’s contribution is found in the
form

tf, 9u, P P oP
j P —L+vP—Lu +b——Lu, dy=0 (3.12)
o ot on 0n on

In the matrix notation this becomes

U tfee+bpeje =0 (3.13)

Where u®=(u,u,)" are the relevant nodal parameters. The elematitaes is

1 Lop oP,
-[eRar o= v[RTa  p=[R%y,
0 501 0n



And v is given as

V= % is constant over the element.
1
A’ = [RPdn
0
(fori=1=)
1 1 3 1 1
As=[RRdy = [ @-nA-mdn =-((1-7)°/3), =
0 0

(for i=1,j=2and j=1i=2)
1 1 1
=A,=|RPdn =|A-nndn ==
A, An{lzn!( mdn =<
(fori=2=j)

1 1

1

A = [ PR = [nidn =2
0 0

C,i=v] @-n)(-Ddn ==

for(i=2,]=1

h -v
Car = V[ n(=Ddn =—
0

for(i=1 and j =2)

¢ OP h v
Cp =V|R—2dp=v|{L-mdy =~
12 v([ 10,7 _([ 2



_joR P,
Y5 0n0n
for (i=1=j) for(i=2=j)
0P, 0P, h 0P, P h
=|—=—2dn=((-)(-DHdn =1 D,,=|=—%—2dn=|1x1dnp =1
11 0606/7 '([ 22 06’76/7 '([

for(i=L j=2andi=2]=1)

[OR 0P,
2077 017

e_| 1 -

By assembling together contributions from all elatsave find the matrix equation

1
D,, =D,y = d7 = [(-)@Qdy =-1
0

So,

A% +[c+bDJu=0 (3.14)

And  u=(Uy,U,......u,)" ,contains all parameters, a typical member of theadon (3.14)

For 3 elements (Uy,y » Uyy Uy ) _we have



121oum_11—110 1 -1 0]\ u,
2|1 242 1) uy 4|2V -1 11 1+b -1 1+1 -1/} u, |=0

m

0 1 2fy. 0 -1 1 0 -1 1|)u,,
1 1 1 1.1 it
—[um_l+4um+4um+1}+ SV, 2V, —Zv, + 2V, |+[-b+2b-b] u, [=0
6 2 2 2™ 2 .
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—| ZUpa T U+ =U [ = 2V DUy — | 2V — Vi) 2D U, —| <V, —b U
Gt[G m-1 3 m 6 m+1i| (2 m-1 j m-1 |:2( m-1 m) i| m (2 m j m+l

We can use Crank-Nicolson approach in order to dimdimerical solution for this ordinary

differential equation. Taking a time centertas(n +%)At, We can write

Hence we find the recurrence relationship

(1—%—&“)%“ (§+bAt+At | ) e

6 2 4 6 2 4
1 bAt =~ At n At no (1, bAt At n
Ztr otV U H ST bAt ——- Vin- Vm] Up | 2t 7 Vin |Unn
6 2 4 4 6 2 4

The boundary conditions (x,,t)=0 and U(x,,t)=0 demandsy, = @ndu, = 0



The above set of quasi-linear equation has mathichvis tri-diagonal in form so that a

solution applying the Thomas algorithm is feasible.

3.3 Numerical Experiments

In order to demonstrate the adaptability and theu@cy of the present method, we
consider some test example available in the lieeatThe exact solutions of these examples
are also available in the literature which is aomdi by Hopf-Cole transformation. The
numerical solutions generated by proposed methedca@ampared with exact solution at the

different nodal points.

Examplel: Consider Burger’s equation (3.1) with initial cotnoin

u(x,0)=sin/x 0<x<1 (3.15)
and homogeneous boundary conditions

u(0,t)=u(®t)=0 0<t<T

The analytic solution to this problem can be exggdsas an infinite series

2mi A, expd-n?72vt nsin(n7x)
U(xt)= —L (3.16)
A+ A codnm)exd-n’rv)

where
A = iexr{% (l—cos(m))jdx A= ZJE exp{% (1—cos(m))jdx (3.17)

The numerical solutions of the Example are preskemethe Tables 1-2 and Figures 1-3.
Table 1 shows the comparison of numerical and esalcttions atv =1.0and at different
times. The Table shows as we decrease step lemgthumerical solutions converges to the

exact solutions. Similarly, Table 2 shows the congoa of numerical and exact solutions at



v =01 00land at different times. The Figures 1-3 show thgsmal behaviour of the

problem atv and different times.

Example 2: Consider Burger’s equation (3.1) with initial condlit

u(x,0)=4x(1-x) 0<x<1 (3.18)
and boundary condition

u(0,t)=0=u(Lt) 0<t<T (3.19)

The exact solution of example is obtained by Haledransformation and given by

ZTNi A, exr(— n2772vt)nsin(nm)

Uxt)= = (3.20)
A+ A codn7x)exp-n272vt)

where

A = i exr{_gl (3X2 - ZXS)jdX A = iex;{% (3X2 - 2x3)jdx (3.21)

The numerical solutions of the Example are presemethe Tables 3-4 and Figures 4-6.
Table 3 shows the comparison of numerical and esalcttions atv =10andt= 01The
Table shows numerical solutions are good in agreéméh the exact solution. Similarly,

Table 4 shows the comparison of numerical and esgabitions aty =01, 00&and at

different times. The Figures 4-6 show the physioahaviour of the problem arand

different times.

3.4 Conclusion

A numerical algorithm for the solution of the burgeequation based on Galerkin
method employing linear finite elements is devetbpehe performance of this algorithm is

investigated b comparing solutions to two well kmowroblems with data available in



literature. The new method produces highly accuratenerical solutions for burger’s
equation even for small value of viscosity coeffidi The method does, in fact, produce

more accurate results then many of the other msthod



Table 1: Comparison of exact and analytic solutiohExample 1 at different time axdor

v=10
X t Present Method Exact
h=025 h=0.125 h=0.0625
0.25 0.05 0.4159 0.4155 0.4141 0.4131
0.10 0.2524 0.2551 0.2546 0.2536
0.15 0.1527 0.1570 0.1572 0.1566
0.20 0.0918 0.0963 0.0967 0.0964
0.5 0.05 0.6045 0.6098 0.6100 0.6091
0.10 0.3649 0.3724 0.3728 0.3716
0.15 0.2190 0.2268 0.2276 0.2268
0.20 0.1310 0.1379 0.1389 0.1385
0.75 0.05 0.4477 0.4533 0.4530 0.4502
0.10 0.2668 0.2739 0.2743 0.2726
0.15 0.1581 0.1646 0.1652 0.1644
0.20 0.0938 0.0991 0.0998 0.0994

Table 2: Comparison of the numerical solution wifth exact solution Example 1 at different
time andx for v = 0.1, 001.

X t v=01 v =001
Computed Exact Computed Exact
solution Solution solution Solution
0.25 0.4 0.30881 0.62540 0.34229 0.34191
0.6 0.24069 0.24074 0.26902 0.26896
1.0 0.16254 0.16256 0.18817 0.18819
0.5 0.4 0.56955 0.56963 0.66797 0.66071
0.6 0.44714 0.44721 0.53211 0.52942
1.0 0.29188 0.29192 0.37500 0.37442
0.75 0.4 0.62540 0.62544 0.93680 0.91026
0.6 0.48715 0.48721 0.77724 0.76724
1.0 0.28744 0.28747 0.55833 0.55605




Table 3: Comparison between exact and nigaiesolutions of Example 2.far =1.0 att=0.1

Table 4: Comparison with exact and existing nunaénmaethods of Example 2 at different

times andx.

X

Present method

Exact solution

0.1 0.11271 0.11289
0.2 0.21600 0.21625
0.3 0.30023 0.30097
0.4 0.35824 0.35886
0.5 0.38311 0.38342
0.6 0.37016 0.37066
0.7 0.31899 0.32007
0.8 0.23511 0.23537
0.9 0.12410 0.12472

v=01 v=001
X t Present | Exact Present | Exact
method solution | method | solution
0.25 0.4 0.31748 0.31752 0.36212 0.36226
0.6 0.24600 0.24614 0.28189 0.28204
0.8 0.19912 0.19956 0.23001 0.23045
1.0 0.16513 0.16560 0.19470 0.19469
3.0 0.02734 0.02775 0.07600 0.07613
0.50 0.4 0.58414 0.58454 0.68350 0.68368
0.6 0.45723 0.45798 0.54861 0.54832
0.8 0.36710 0.36740 0.45323 0.45371
1.0 0.29800 0.29834 0.38532 0.38568
3.0 0.04045 0.04106 0.15220 0.15218
0.75 0.4 0.64562 0.64562 0.92001 0.92050
0.6 0.50215 0.50268 0.78211 0.78299
0.8 0.38515 0.38534 0.66223 0.66272
1.0 0.29523 0.29586 0.56910 0.56932
3.0 0.03021 0.03044 0.22678 0.22774
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Figure 1: Numerical Solution of Example 1 at diffet times t and values of=1.0 and
At = 0.0001.
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