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Abstract

In this thesis, a class of time minimization transportation problems has been studied
where the transportation is done in two stages. Two problems in this regard have been
discussed. The First problem focused on the study of two stage bottleneck transportation
problem wherein certain situation like storage capacity limitations or lack of maintenance
facilities at the production floor the shipment of goods is done in two stages. In the first
stage, the minimum requirement of each destination is met and in the second stage the left
over the quantities are shipped to destinations. The objective is to find that schedule
which minimizes the sum of Stage | and Stage Il shipment times. A polynomial time
algorithm is discussed to obtain the optimal schedule by investigating the lexicographic
feasible solutions of a related standard (TMTP). This problem was first discussed by
Sonia and Puri (2002) and later on generalized by Sharma et al. (2010).

Another two stage transportation problem has been discussed in the form of a two stage
interval time minimization transportation problem, where total availability of a
homogenous product at various sources is known to lie in a specified interval. A
polynomial time algorithm is discussed to solve the problem to optimality, where at
various steps of the algorithm lexicographic optimal solutions of the restricted versions of
a related standard time minimizing transportation problem are examined and finally the
global optimal solution is determined. Two different approaches of this problem, one
given by Sonia and Puri (2004) and the second approach suggested by Sharma et al.
(2008) have been studied.
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Chapter 1

Introduction

1.1 Introduction

Recent period has seen the inception of operation research techniques in every area of
life. For example, saving expenditure in shipping the products, or expected return in the
environment of risky investments, speed or distance in a physical problem, profit or loss
in a business setting etc. Optimization techniques are involved in the procedures used to
make a system or design as effective or functional as possible. It involves the use of
mathematical models, statistics and algorithm to help decision-making. Researchers use it
most often to analyze complex real-world systems, typically with the goal of improving

or optimizing performance.

Mathematical Programming is one of its significant branch and has substantial
applications in different real life problems. It endeavors to find optimal solutions for a
broad range of problems including medical, industry, economics, finance, scientific and
engineering problems. The mathematical programming refers to the study of these
problems: their mathematical properties, the development and implementation of
algorithms to solve these problems and the application of these algorithms to real world
problems. The general form of mathematical programming problem is given as below:

Optimize Z= f(X)
Subject to

0,(X)<0,i=12,...m

X >0

where f(X) and g;(X)<0,i=12..,m can be taken to be general functions of the
vector X:(xl,xz...,xn)T R". Thus we have to find a vector X which optimize

(minimizes or maximizes) the objective function f(X) subject to the m constraints

9,(X)<0,i=12...,m.



Linear programming problem (LPP) is a special class of mathematical programming
problems in which objective function and the constraints are linear functions in some
unknown variables. In 1947, Dantzig, G.B. formulated the general linear programming
and proposed the most popular simplex method for solving this problem. Since the
optimal value of the objective of an (LPP) is attained at one of vertex of the feasible
region. The main idea behind simplex method is to move from one vertex to another
vertex in the improving direction of the objective function, till the one which gives
optimal value of the objective is not found.
The general form of linear programming problems can be stated as:
minZ=C'X

Subject to AX =b

X30
where X =(x, X,,... x. ), C=(c,,C,,...c,) , b=(b,,b,,...,.b, ) and Az[aij] is an (m” n)

matrix.

The linear programming model has been applied to a large number of areas including
inventory management, scheduling, production, transportation and distribution, finance,
agriculture etc. One of the most important and well-structured class of linear
programming problems is the class of transportation problems. Transportation Problem
(TP) is a logistical problem for organizations especially for manufacturing and transport
companies. The transportation problem deals with shipping of a homogeneous
commodity from sources to destinations. The objective of transportation problem is to
determine the shipping schedule that minimizes total shipping cost while satisfying
supply and demand points. To illustrate a typical transportation model, suppose m

factories supply a homogeneous product to n warehouses. Let factory i (i =12,...,m)

produce a; units and the warehouse j (j =1.2,...,n) requireb, units. Suppose the cost of
transportation from factory i to warehouse j is c; - If x; units be shipped from the
factory i to warehouse | then the cost would be c; X; - The objective is to minimize the

shipping cost, this problem is widely known as Cost Minimizing Transportation Problem

(CMTP). Mathematically this problem can be expressed as follows:



m n

Minz=2'% c;x, (P)

i=1 j=1
Subject to
. =a , 1(1=12..m)

x. =b, j(j=12.nm! (@0

X >0, Viand j

For a feasible solution to exist it is necessary that total supply equals total demand.
ie. > a =>b
i=1 j=1

Since transportation problem (P,) is a LPP. Therefore, an optimal solution of this

c
problem lies at one of the vertex of its feasible region. For details regarding the solution
procedure of balanced transportation problem one may refer Hadley (1962). In real life
situations, the decision maker may face a situation, where total supply is not equal to total
demand, which gives rise to unbalanced transportation problem. This type of problem
arises, for example in agencies like Food Corporation of India, which supplies food grains
from different warehouses to different distribution centers, where the food grains are
available in large amount but the requirement at destinations may be very less.

An important class of transportation problems in terms of its prevalent applications is the
Time Minimizing Transportation Problem (TMTP) also called Bottleneck Transportation
Problems (BTP). In BTP, the transportation of a homogenous product from sources to
destinations is done in parallel and its prime aim is to supply the destinations with
required quantity of the product with in a shortest possible time. Each destination can
receive its requirement from any number of sources and a source can supply goods to any
number of destinations subject to its capacity restrictions. We assume that the parallel
transportation is done from all the sources to destinations. Overall, objective is to

minimize the maximum time from various sources indexed by I ={1,2,...,m} to different
destinations indexed by J ={1,2,...,n}. Thus, the mathematical model for the standard

(TMTP) is:



Min [T (X) = max(t; (x;))] (P)

Subject to

ixij =b,, j(j=12..n); (20)

where t;(x;), (i, j) € I xJ, the shipment time from the source i" to the destination ™, is

defined as:
t; (%)= t;(=0) if x; >0

_0 otherwise

It may be noted that T(X) is also a concave function (Bansal and Puri 1980). Thus, BTP
involves minimization of a concave function over a polytope and hence it belongs to the

class of Concave Minimization Problem (CMP). For any given feasible solution X= [x; ]
satisfying (2.0), the time of transportation is the maximum of t;'s among the cells in

which there are positive allocations i.e. time of transportation is [rpa§< t;ix; > 0. A
]

feasible solution for which {(_r_r}?x 0}tij is minimal, will be called optimal. The time of
i J)% >

transportation is independent of the amount of commodity shipped from suppliers to
consumers while the cost of transportation is dependent on the variation in quantity of
commodities shipped. The aim is to minimize the time of transportation.

Unlike the CMTP, a TMTP is not a linear programming problem as the associated
objective function is concave in nature. A TMTP is, therefore a non-linear and in
particular concave minimization problem. Almost all the techniques for solving TMTP
involve solving a CMTP for which strongly polynomial algorithms are known to exist
have discussed by Tardos (1985,1986), Orlin (1988) and Kleinschmidt et al. (1995).
Therefore it follows that a time minimization transportation problem is also solvable in
strongly polynomial time. Solvability in strongly polynomial time means that there exit

an algorithm which solves in a number of steps that is bounded by a polynomial function



of m and n, the number of sources and destinations respectively. In some situations for
example, ambulance services, fire services, military equipment etc. the time of
transportation cost attains greater importance than the cost of transportation.

In this thesis, we have discussed algorithms and solution methodologies for various
allocation problems viz. Cost Minimizing Transportation Problem (CMTP), Time
Minimizing Transportation Problem (TMTP), Imbalanced TMTP and Two Stage Interval
TMTP that consists of two stages.

A brief survey of the related literature is presented in the next section and the last section
contains a brief summary of the work presented in the thesis.

1.2 Literature Survey

A lot of literature is available to study conventional cost as well as time minimizing
transportation problems. Many authors have addressed these problems and many solution
techniques have been proposed for TMTP by Hammer (1969), Szwarc (1971), Garfinkel
and Rao (1971), Srinivasan et al. (1976), Bracken and McGill (1978), Parkash (1982),
Burkard et al. (1991) and Ahuja et al. (1994) and Punnen et al. (1995). The transportation
problem was first formulated by Hitchcock in 1941 and later worked by Koopmans in
1948. He used the problem of distribution of a product from several sources to a number
of cities at the least cost. Since then this field has caught attention of researchers. Various
invariants of CMTP have been studied in the past. G. Appa (1973) discussed some useful
variants of the (CMTP). The (CMTP) with mixed constraints was discussed by Brigden
(1974), Klingman and Russel (1974). Saroj et al. (1981, 1983) presented a study on a

flow constrained cost minimizing transportation problem.

If capacity of each source-destination link is introduced then it is called capacitated cost
minimization transportation problem (CCMTP), which falls into the class of capacitated
transportation problems (CTP). Capacitated transportation problems have been studied by
various authors. Kassay (1981) gave an operator method for solving capacitated
transportation problem. Later on, Bit et al. (1993), Zheng et al. (1994), Rachev and OlKkin
(1999) worked on capacitated transportation problem.

In 1955 Schell stated an extension of the transportation problem. He considered it as a
block in which the layer in all directions forms restricted transportation problems. Along
with the extensions new computational methods were developed. In 1956 Vidale

developed a graphical approach for the solution of the general type of transportation

5



problems. He had suggested a method of successive approximations when the production
costs vary with the volume of resource produced. It was extended to problems involving a
large number of origins and destinations. Some additional mathematical aspects of the
transportation problem and the corresponding simplex method of solution are discussed
by Dantzig in 1963.

A zero-one transportation problem is also known as bulk transportation problem (BTP).
BTP is studied in literature by Maio and Roveda (1971), Srinivasan and Thompson
(1972), Fisher et al. (1986). BTP consists of a set of sources producing a homogenous
material with a maximum capacity and a set of destinations whose demand for this
material is known and, also this demand is to be met by a single source subject to its
capacity.

An important class of mathematical programming is concave minimization problem
(CMP). Particular cases of CMP have been studied by Mathur and Puri (1994). A
concave minimization problem, in general, can be solved by a branch and bound
algorithm as suggested by Locatelli et al. (2001). Generally CMPs are tough problems,
but in special instances like concave minimization flow problem, freight transportation
problem, production transportation problem and time minimizing transportation problem
etc. are polynomially solvable.

An important class of transportation problem belonging to the class of concave
minimization problems is the Production Transportation Problem (PTP) which
involves an arbitrary fixed number of factories with concave production costs
(Hoang et al., 1996; Kuno and Utsunomiya, 2000). Work of Tardos (1986) suggests that
the transportation polytope involves a special combinatorial structure that significantly
reduces the complexity and it is due to this fact there exists a strongly polynomial time
algorithm for special cases of PTP.

Another class of a concave minimization problem is freight transportation problem (FTP)
discussed by Klincewicz (1990). In fright transportation problem sources can ship in bulk
to one or more intermediate terminals (called consolidation terminals) and at these
terminals, shipment from many sources can be consolidated for eventual shipment to the
various destinations. Shipment costs are piecewise linear concave functions of the volume
shipped and shipping via a consolidation terminal incurs a linear inventory holding cost.
Minimum cost solution of direct or indirect shipments were desired.

Time minimizing transportation problem (TMTP) is another special case of CMP.
Perhaps, original contribution in the field (TMTP) is due to Hammer (1969). The time

6



minimizing transportation problem has also been studied by Garfinkel and Rao (1971),
Szwarc (1971), Bhatia et al. (1977), Ramakrishnan (1977), Sharma and Swarup (1977),
Satya Prakash (1982), Issermann (1984), Ahuja (1986), Chandra et al. (1987) and by
several other authors. Hammer (1969, 1971) also discussed the lexicographic version of
time minimizing transportation problem.

Lexicographic optimal solution (LOS) of TMTP is a feasible solution, say X €S, for

which the overall transportation time T (X) is minimized in addition to the minimization

of the shipment not only on the longest duration route (source-destination link) but
shipments on all other routes of various durations are also minimized. For obtaining an

LOS, the set of transportation times on various routes is partitioned into a number of
disjoint sets, B,, k=12,...,s where, B, :{(i, jelxd:t, :TK} and T'>T?>..>T®

Thus the problem is then converted into a related cost minimizing transportation problem
(CMTP) as:

min > 4, _inj
k=1 (i,j)eIxd

t;=T"

where set S is given by
inj =a, Viel,

S:idx;=b, Vijel,

iel

X; =20 V(i,j)elxd
A;,§=12,...,s being positive weights attached to the shipments on the routes where

Aa>> A4; (1=12,...,5-1). An optimal feasible solution of bottleneck transportation

problem (BTP) is obtained by solving his associated CMTP, it follows that BTP is also

polynomially solvable. The positive weights 2, , j=12,..,s can be determined as

described by Sherali (1982) and Mazzola (1993).

In some circumstances, when the due to destination constraint, it is preferable to transport
the product in two stages. Sonia et al. (2002, 2004a, 2004b, 2006) and Sharma et al.
(2008, 2010) discussed invariants of transportation problem, in which the transportation is
done in two stages. Capacitated two-stage time minimization transportation problem has
been discussed by Sharma, V., Dahiya, K. and Verma, V. (2010).



1.3 Summary of the Thesis

This section briefly summarizes the research work carried out in Chapter 2 and Chapter 3.
In the present dissertation, we have studied in which the overall requirement of a
homogeneous product at the various destinations does not match the total availability at
the various origins.

Chapter 2 discusses “Two Stage Bottleneck Transportation Problem”. In some
circumstances due to storage restrictions, destinations are unable to receive the quantity in
excess of their minimum demand. For example, problem of transporting perishable items
like medicines and food packets to areas hit by natural calamities or sending military
equipments to different posts during war times, where the items are available in
abundance but due to shortage of storage capacity at destinations, over supply may not be
possible. In this case, shipment in one stage is not possible. Therefore, items are shipped
to destinations from origins in two stages. Initially, the minimum demands of the
destinations are shipped from origins to the destinations. After consuming part of whole
of this initial shipment, they are prepared to receive the excess quantity in the second
stage, so in Stage-ll, the surplus quantity (if any) at the sources is shipped to the
destinations. In both the stages, the transportation of the product from sources to
destinations is done in parallel. Overall, the aim is to find the optimal feasible solution for
which the sum of the transportation times in both the stages is minimum. Mathematically

Stage-I problem can be stated as:
min [T, (X)] (P.1)

XeS

where the set of feasible solution is given by

n
inj <a,lel
i1

m

Sy x;=h;, jel

i=1

XijZO, ‘v’(i,j)eli

and T,(X) = ”,‘%X [tij (xij)/xij > 0]

Corresponding to a feasible solution X €S of the Stage-I, the set of feasible solutions of

Stage-1l is given by:



where a'is the quantity of the product available at the i" source on completion of Stage-I.

Clearly > a/=>"a,— > b, . Thus, Stage-1l problem associated with a feasible solution

iel iel jed
X €S of the Stage-I problem can be formulated as:
min [T, (X)] (P..)
where,
Tz()?) = rrl]ajx[tij ()_(ij)/)_(ij > 0]

Thus, two stage bottleneck transportation can be stated as:

min(Tl(X)+(min T, ()T)D (Ps)

XeS XeS(X)

This problem was originally studied by Sonia and Malhotra (2002). As transportation
time in each stage is a concave function, the sum of these will also be a concave function.
Thus two stage bottleneck transportation problem is a concave minimization problem
over a polytope. This two stage bottleneck transportation is related to an imbalanced
TMTP, which is solved by considering an equivalent balanced TMTP. The proposed
algorithm involves study of the lexicographic optimal solutions (LOS) of this related
standard TMTP and its restricted version, thereby obtaining feasible solutions of Stage-I
and Stage-I1 iteratively such that the sum of the Stage-I and Stage-1l shipment time is the
least.

Chapter 3 discusses another two stage bottleneck transportation problem. This chapter
consists of two sections. Section 3.1, discusses a variant of time minimization
transportation problem in the form of two stage interval time minimization transportation
problem discussed by Sonia et al. (2004) and an alternate approach has been suggested by
Sharma et al. (2008) in section 3.2. The problem consists of two stages. In the first stage
minimum amount available at each source is shipped to the destinations and enough

quantity of the product is dispatched in second stage so as to meet the demand at



destinations exactly. In each stage, aim is to minimize the duration of transportation and
overall goal is to minimize the sum of two stage shipment times. In both the stages,
transportation of the product from the sources to the destinations is done in parallel. There
are many problems where it becomes necessary to study TMTP wherein the products are
shipped to the destinations in two stages. Such situations motivated the study of a two-
stage interval time minimizing transportation where the total availability of the product at
the sources lies in specified intervals.

A practical situation corresponding to this type of problem is the example of the
production of maintenance-free sealed industrial batteries. Production is the continuous
process depending on the available resources. However, each battery has a certain shelf
life and batteries need to be periodically re-charged, else the whole lot becomes dead
resulting in the loss of the finished goods. Often due to lack of re-charging facilities on
the production floor, each batch of manufactured batteries is transported immediately to
the destinations; this corresponds to the first stage. In the second stage, just enough
maintenance free-sealed batteries from the sources are shipped in order to satisfy the
industrial users’ demands at the destinations. Shipment is done in such a way as to
minimize the overall transportation time. The mathematical model for this two stage
interval TMTP is:

min [Tl )+ (ansm(nY T )ﬂ (Psc)
Subject to
z Yy =a;, i€l
jed

S, 14>y <b;, jed

iel

Vi 20,V (i, J) el xJ

where, corresponding to a feasible solution Y = (yij) of Stage-I, the feasible solution for
the Stage-Il is given as:
> z,<a-a, el

jed

S,(Y): D z;=b; =D y;, jel

iel iel

z; 20, v(i,j)elxJ

10



where b} =>"y;, jeJ

iel

The availability at the source i belongs to [a;,a ] and demand at the destination j is b; .

A two stage interval TMTP, where total availability of the product at the sources lies in
specified intervals, is shown to be related to an ordinary interval TMTP, which is further
equivalent to a standard TMTP. Feasible solutions of the Stage-I and Stage-I1 problems
are derived from a feasible solution of this standard TMTP. Due to the dependence of
Stage-11 on Stage-I special types of solutions viz. lexicographic optimal solutions (LOS)
of TMTP and its restricted versions are investigated. In all the pairs of Stage-I and Stage-
Il shipment times, the shipment time of one stage is the minimum corresponding to the
other.

The next section 3.2 discusses an alternative approach of two stage interval TMTP in
which sources ship all of their hand material to the demand points in the first stage and
the second stage shipment covers the demand that is not fulfilled in the first stage. This
problem was first discussed by Sonia et al. (2004). In their methodology, two sequences
of Stage-I and Stage-Il time are generated. One of the sequences consists of generating
pairs of the form (T,(.)T,():T,()>T,()) by solving time minimization transportation
problem of the form P_,(T,(.)) and cost minimization transportation problem of the form
C,(T.(). T,(.))where the problem P,_,(T,(.)) reduces the on hand shipment time for Stage-
I, and the problem C_,(T,()T,()) gives the minimum shipment time for Stage-II
corresponding to the Stage-I shipment time obtained from P_,(T,()) .Similarly the
sequence of two stage shipment time of the form (T,(),T,():T,()<T,()) is obtained by
solving the problems PUﬁ(Tl(.)) and Cuﬂ(Tz(.),Tl(.)), where these problems play a similar
role as played by P_,(T,()) and C_,(T,(.).T,()) with their role for Stage-l and Stage-I|

reversed. Further it has been established theoretically that the global minimum value of

the (P,,. ) problem is obtained out from these generated pairs.

The present work aims at reducing the computational complexity of the method discussed
by Sonia et al. (2004), thereby suggesting a different approach to solve this problem,
which adopts only one sequence of Stage-1 and Stage-1l problems in contrast to the two
way procedure adopted by Sonia et al. (2004). The algorithm developed in section 3.2

generates the sequence of Stage-lI and Stage-11 shipment times, where at each iteration

11



Stage-I time strictly decreases and Stage-Il time strictly increases. Feasible solutions of
Stage-I and Stage-11 problems are derived from a feasible solution of the standard TMTP.
Moreover, it has also been shown that in the developed algorithm a finite number of cost
minimizing transportation problem (CMTP) are solved to generate different pairs of
Stage-I and Stage-11 shipment times.

12



Chapter 2

Two Stage Bottleneck Transportation

Problem

A study of unbalanced bottleneck transportation problem has been done in this
chapter, where the total availability of homogenous product at the sources is more
than the minimum requirement of the same at the destinations. Time of
transportation, which is independent of the quantity transported, from each source
to each destination is known. The problem consists of two stages. In the first stage
only that much quantity is send from the sources which meet exactly the minimum
requirement of the destinations. After the completion of Stage-l, the left over
quantities (if any) at the sources are shipped to the destinations in Stage-I1. In both
the stages transportation of the product from the sources is done in parallel. A
polynomial time algorithm is developed which obtains the optimal schedules for
the two stages by investigating the lexicographic feasible solution of a related
standard TMTP.

2.1 Mathematical Formulation:

Let a,,i el be the availability of a homogeneous product at the ;”source and

let b;, jeJ be the requirement of the same at the j™ destination, where

é a, >é_ b;. Since the total availability is more than the total requirement the
i JJ

shipment is done in two stages. In first stage, the total requirement at destinations
is satisfied and surplus amount is supplied in second stage.

The Stage-I problem is formulated as:

X:’HJ'TeS max t (%)) (P.,)

13



where the set S is given by

ZXijSal, el
=i
S: Zl:xij:bj, jel

X: >0, V(i,j)eIxJ

Corresponding to a feasible solution of X:{xij} of Stage-I problem, let S(X) be
the set of feasible solutions of Stage-11 problem, which is stated as below:
Y:{Yij IDS(X)lnﬂgx (tij ()_(ij »J (PZ'Z)

where the set S(.x) is given by

Zn:_ijzai', iel
j=1

S(X): ixuzo, jel
i=1

X =0, ‘v’(i,j)eli

where a/ is the quantity of the product available at the i" source on completion of

Stage-l. Clearly > a/=>a,—> b, . We aim at finding the feasible solution of

iel iel jed
Stage-I and the corresponding optimal time of Stage-II, is such a way that the sum

of shipment times of both the stages is least. Thus, a two stage bottleneck

transportation problem is defined as:
min | max(t, () min_fmax 6, (% ))H (R,s)
The set of feasible solutions of the problem (P, ) is union of the sets of feasible

solutions of the Stage-I and Stage-Il problem. To find a feasible solution of Stage-I
problem, we define the following equivalent balanced bottleneck transportation
problem:

,min  [max (6 (y;))] ;)

14



where the set Sdis given by :
,i,é,yij:ai il I
.I. jJe

seidy,=b¢ " 1 Je

17

-'T-yfo " (i /)T 17 J¢
and
tz(;(yif) =t¢ ify; >0,
=0 otherwise
where,
J'=JU{n+1},
bi=b;Vjel
br’1+1 = Zai _ij’
iel jed
ti=t;V(i,j)elxJ,
t,=0Viel,

2.2 Theoretical Development

An OFS of Stage-I problem (P,, )is obtained from an OFS of the related problem
(P;_‘l), as (P;l) is a balanced TMTP and can easily be solved. In theorem 1 and 2

an equivalence has been established between problems (P,,) and (Pz"_‘l) :

Theorem 1. Corresponding to every feasible solution of the problem(P,, ), there
exists a feasible solution of the problem (P;_‘l) and vice versa.

Proof. Let X ={x;}be a feasible solution of (P,,).
Define {y,}

Vi = X v(i,j)elx],
Yinia = & _inj Viel (1)

jed

Then, for i1 1

15



n+1 n
zle Zyu t Yinu = ZXIJ +[a ZX j g

j=1

Foreach jeJ,

m

Zy” ZXU—b[ X; =Yy V eIxJ]

and
—Izm:a, —Jzn:bj =b/,
For each ;T 7,
Yinat = Zy” =3, Zx,, <a, <o
and

Yinin = & _ixij >0.

j=1

Therefore, {,} defined by the equation (1) is a feasible solution of (P;_‘l) .
Conversely, let {y,} . be a feasible solution of (P).

Define {xU} as follows:

Xi = VYjj v (i,j)elxJd
Foril 1,

n+1

Z Yi =4,
= Z le =~ y|n+1 ( y|n+l = 0)

:>inj£aiviel

i1
Also, D X; = y;=b;Vjel
i=1 i=1

Therefore, {xy} defined by (2) is a feasible solution of the problem (P,, ).

16



Theorem 2. Corresponding feasible solutions of the problem (P,,) and (P;_‘l)
yield same value of objective functions.

Proof. Let Y:{y,.j} be a feasible solution of problem (P;_‘l) yielding time 7; and
let X={xij} be the corresponding feasible solution of the problem (P,,) giving
value 7 .

., y., Yi >0

><

= MaX maX ,J y., y” > 0) maX ( in+1 y|n+1l Yina > 0)

= max max i yIJ yIJ >0) ]

ax(tIJ yIJ Yi >0
ax(t )xij > 0)

xJ

1

Remark. Since there is a one-one correspondence between the set of feasible

solution (P,,) and ( 21) the corresponding feasible solution yield same value of
objective function, it follows that (P,,) and (2*1) are equivalent. Hence an

optimal solution of the problem (P;l) yield minimum time of Stage-I.
Solution Strategy

A feasible solution of the problem (P;_‘l) provides a feasible solution of the
problem(P,,) and conversely. In order to find an optimal feasible solution of the
problem (P,, ), feasible solution of the problem( 21) and corresponding optimal

feasible solution of the Stage-1l problem are obtained such that (T1 ()+7, ()) is

the least. Instead of solving Stage-lI and Stage-Il problem separately, a unified
approach has been obtained which avoid investigation of a number of undesirable

solutions of the problem(P,,). In this regard, specific restricted versions of the

problem (P, ( 21)are introduced.
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Restricted versions of (P;_‘l)

Let the cells (i, j) in 1 xJ be partitioned into the disjoint sets corresponding to the
distinct time entries of ¢, in the time matrix. That is, M, ={(i,j)T 1" J:1,=T"}
where 7' >T7%> ... T".

At each iteration, a restricted version of the problem (P;_‘l) Is obtained by
abandoning some undesirable routes. If at the k£ iteration, value of the objective

function T, () of Stage-1l problem is 7 then, set t, ,=M,Viel for which

i,n+1

miJntijozk , Where M is a very large positive real number. Also
Je

t,=M" (i.j)T 17 J for which (1, +T;)® min(7" +T7'), where, T;" represents
A {12,....k-1)

the value of lower bound on the value of 7, (.). This restricted version of (P}, )
defined at time 7 is denoted by Pz’fl(Tz") and its LOS by Y. The LOS, if M-
feasible, of the problem Pz’fl(Tz") provides a feasible solution of the problem (P,, ),
with appropriate values viz. 7;"* (3 Tl") and 7“2"+1(< Tz") of the transportation times
for the Stage-1 and Stage-Il respectively, where an M-feasible solution is one in
which y. =0" (i, /)T 1" J for which ¢, =M.

Theorem 3. Let LOS of the problem P;l(ng) be an M-feasible solution for
g=0,12,..k+1, then 7“1(Yg+1)3 Tl(Yg), where Y*is an LOS of the problem
P(T2).

Proof. Let7“l(Yg+1) :Tl(Yg). We claim that 7;5* 3 T%.

Suppose, on contrary 7" <T# . Therefore, in the problem P;_‘l(ng’l), by its

definition, t; <M V(i,j)el=xJ, t; =T " and t,,=0 foriel for which

L] in+1

mjintij <Tj? <T2" Therefore, an LOS of the problem P;_‘l(ng) yielding the

optimal time of transportation of Stage-I as 7;*", is a basic feasible solution of the
problem Pz’fl(ng’l). Thus, we have a basic feasible solution of the problem

Pz"_‘l(ng’l) with associated time 7 <T:#. This is a contradiction because T;* is the

18



optimal time of transportation of Stage-I for the problem P;l(ngfl), yielded by its
M-feasible LOS. Hence 753 T¥.

Theorem 4. Let if possible T, +T, = min [T +T}], where 7 and 7} are the times
of transportation of Stage-l and Stage-Il, respectively corresponding to an M-
feasible optimal solution of the problem le( ) k>1, and 7, and T, are the
transportation times corresponding to an LOS of the problem |P. ( ) then T +T IS

the optimal value of objective function of the problem (P,,).

Proof. Let, if possible (Tl +T2) be not the optimal value of the objective function

of the problem (P,,), then there exists a pair (‘Fl 'I?Z) yielded by some feasible
solution Y of problem (P,,) such that

T,+T,<T,+T, (3)
Clearly, 7,3 T) . Also T, £7) because if T,>70 and T, +7, <T +T; implies
T, < T, which contradicts the optimality of 7;°. Thus, T, '<T, <T;.

If (E’TZ) is a pair such that either the OFS of the problem P;l(T;) is not an M-
feasible solution or 7} =T}, then 7, 3 T;*. Hence, there exists an index k3 1 and
TA<T, <T,.

Case-1 7, > Ty

=i (i), + T <min(7;" +7;")§.

|
In the problem P21( )IetB |
) W012...k13

As an M-feasible LOS of Pz’fl(Tzk’l) yields the corresponding transportation times
asT}', therefore, the set{(i,j) 't = 11"} cB.
Thus, an M-feasible LOS of the problem P21( ) should give the optimal time of

transportation of Stage-1 as 7;, which is not true. Therefore, 7, £ T}
Case-2 T, =T}

As (f}+7~;)<(71"+T2") in this case also we get 7, <7, which leads to a

contradiction. Thus, there does not exist ('I?1 'FZ ) satisfying (3).
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Computing T

Find min{z,} =z . If b¢, £a_, then T, =1 else, find min
rJ 1 n 1 %1 Ix3\(r,,s;)

If b¢, £a_+a, thenT, =t _.
n " n 1Sy

Continuing in this way we get,

min to=t .
IxI\{(r,50), (1,85 )y (iS4 )} J k1 Sk+1
If
k+1
[o]
bl £a a,
1=
and
k
Zan < br,1+11
1=1
then
T2L - t"k+15k+1
2.3 Algorithm

Initial Step: Obtain an OFS of the problem (P;_‘l) and note the time of Stage-1 and

Stage-l, say T.’and 7,0, respectively. If 7,) =T}, then stop and go to Terminal

Step; else, go to General Step.

tij = trzs

General Step: Let the pairs in hand be (Tlg, ng) for g=12,....k- 1.

Construct the problem P;l(Tzk’l) and find its OFS. If this is not M-feasible solution
then stop and go to Terminal Step, otherwise read the time 7.*of Stage-1 and T, of

Stage-I1. If 7. =T, stop and go to Terminal Step, else repeat the General Step for

next higher value of k.

Terminal Step: Declare maion{ﬂ’+T2"} as the optimal value of the objective

function of the problem (P, ).

20
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2.4 Example:

Consider the following 6~ 4 imbalanced bottleneck transportation problem:

D, D, D, D, a,
S, 5 6 4 3 30
S, 7 9 12 10 40
S, 2 8 7 4 45
S, 11 5 9 8 25
S, 6 10 5 3 50

The partition of various time routes is given as:
T,=12 >T,=11>T,=10>T,=9 >T, =8>T, =7 >T, =6 >T, =5>T; =4 >T,; =3>T,, =2
Here 7," =2.

Add a new dummy destination with demand g a; - a b;and ¢, =0in order to get

! J

the following balanced TMTP.

D, D, D, D, D, I a,
S, 5 6 4 3 0 I 30
S, 7 9 12 10 0 I 40
S, 2 8 7 4 0 I 45
S, 11 5 9 8 0 I 25
S, 6 10 5 3 0 50
S, 12 4 2 10 0 20
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Initial Step. An OBFS of the problem (P;l) gives Tf:5 and corresponding

T9 =7 given in the following table:

D, D, D, D, Dy a,
S, 5 (5) 6 425 |3 0 30
S, 7 9 12 10 0(40) J 40
S, 2(45 |8 7 4 0 45
S, 11 5 (20) 9 8 0(5) 25
S, 6 10 5(5) 3(40) |0(5) 50
S, 12 4200 |2 10 0 20

So the current value of 7,”+7, =12. Since 79 >T,'. Go to General Step of the

algorithm.

General Step.
Iteration 1. Construct the problem Pz’fl(Tzo) its OBFS yields value 7.'=7 and

corresponding 7, =5 given in the following table:

D, D, D, D, D, I a,
S, 5 6 4(30) [3(0) 0 I 30
S, 7(40) |9 M M M I 40
S, 2(10) |8 7 4 0 (35) I 45
S, 11 5(200 |9 8 0 (5) I 25
S, 6 10 5 (5) 3(40) |0(10) J50
S, 12 4200 |2 10 0 20
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So the current value of 7;'+7,=12 and the current value of 7, +7, is
(B2 +70, 11 +13) =12. As T2 > T, solve P, (T}).

Iteration 2. Pz’fl(Tzl) yields time (712,7;2):(7, 3) given in the following table:

D, D, D, D, D, a,
S, 5 6 425 [3(5) o 30
S, 7(40) |9 M M M 40
S, 2(10) |8 7 4 0(35) |45
S, M 5(25) |9 8 M 25
S, 6 M 5 3(35) |0(15) [s0
S, M 4(15) |2(5) M 0 20

S, 5(10) |6 4200 |3 M

S, 7(40) |9 M M M I 40

S, 2 (0) 8 7 4 0(45) |45
S, M 5(25) |9 8 M 25
S, 6 M 5(10) |3(40) |M 50
S, M 4(15) |2 M 0(5) 20
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Since T, =T, , stop and go to Terminal Step.
Terminal Step. The optimal value of the objective function (PZ.S) Is given by

h[gilnB(Tl“ +T2h)=9. Hence the optimal value of the problem (PZ.S) corresponds to

pair (7,2).
Concluding Remark
e At each iteration, we are solving only one problem and the OFS of the
Stage-I1 problem is obtained by just allocating the surplus amount in each
row to the minimum and then next minimum time route till all the surplus

amount in each row is exhausted.
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Chapter 3
Bottleneck Interval Transportation

Problem

This chapter discusses two stage interval time minimization transportation
problems in which the total availability is known to lie in a specified interval. Two
different approaches are discussed in this regard. The present problem consists of
two stages, second stage being dependent upon the first stage. In the first stage, the
sources ship all of their on-hand material to the demand points, while a second-
stage delivery covers the demand that is not fulfilled in the first stage. It is assumed
that in both the stages transportation of the product is done in parallel. In each
stage, the objective is to minimize the shipment time. Overall goal is to find a

solution that minimizes the sum of first and second stage shipment time.
3.1 Two Stage Bottleneck Transportation Problem

3.1.1 Mathematical Formulation of Two Stage Interval TMTP:

Suppose a, and &, i€l denote the respectively the minimum and maximum

availability of a homogenous product at the source i and b;, jeJ the demand of

the same at the destination j, where > a, <> b, <> &

iel jed iel
In the first stage of two stage interval time minimization transportation problem the

quantity a, < (a/) is transported from each source and after its completion, enough

quantity of the product is dispatched in the second stage so as to exactly satisfy the

demand points at the destination. The Stage-1 is thus formulated as:

min[T, (¥)] (P.s.)

where, T,(Y) = max (t; (y;)) and the set S, is given by
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Zyij:ai, el

jed
S, 11> yy<b;, jel
iel

y; =0, Vi, j)elxd

Corresponding to a feasible solution Y = (yij) of the stage-I problem, let S, (Y) be

the set of feasible solutions of the Stage-11 problem which is stated as:

min [T, (2)] (Pa)

ZeS,(Y)

where, T,(Z) = rr|1a§x(tij (z;))and

Y z;<a-a el
jed

S,(Y):1> z;=b,-b} jel
iel

z; 20, V(i,j)elxd

and b} =>"y;, jel

iel
The aim is to find that feasible shipment schedule for the Stage—I transportation
corresponding to which the optimal feasible shipment schedule for the Stage-II
transportation is such that the sum of the associated shipment times in the two
stages is the least.

Thus, a two stage interval bottleneck transportation problem can be stated as:
min/7,01)+min 7,@) || G

Closely related to the problem (P,, ) is the interval bottleneck transportation

problem (P, ,, ) defined as:

g]eisq [T(X )] - TGIQ manX (tiJ' (Xij ))J (P3.ld)
where,
8 <) X;<a, iel
jed
S;. ZXiJ: i jed
iel
Xijzoy V(|,J)EIXJ

Clearly, a feasible solution of the problem (P,,.) provides a feasible solution to

the problem (P,,,)and conversely. Associated with problem (P,,,) a balanced
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transportation problem is defined as:

where,

where,

min ['f(X )] = min| max (Aij (Xij )

XeS, XeS, (%]

inj =a, el

je.j
S, : inj =b,, jel
iel

X; =0, V(i,))elxd

I ={,2,..,mm+1,..,2m}
J=Ju{n+1
a=a,i=12,..m

e =8 —a&,1=12,...,m
;=b;, jeld
6n+1=Z:ai,_JZJ:bi

=t i=12,..,m, jel

O,

—+

>

~+

=t;,i=12,.,m, jelJ

m+i, j
fi,n+l =M (>> 0)1 | :1,2,...,m
Am+i,n+1 201 i :112,---,m

(

3.le

An LOS of the problem (P, . ) will provide the overall minimum shipment time

for (Py.. ).

3.1.2 Theoretical Development

As the shipment times in Stage-l and Stage-Il are concave functions, two stage

interval BTP aims at minimizing a concave function over a polytope. Hence (P,,,)

is also a concave minimization problem. As global minimizer of a CMP over a

polytope is attainable at an extreme point of the polytope, it is desirable to

investigate only its extreme points.

M-feasible solution: A feasible solution X =(Xu) of the problem (P,,,) is said to
be M-feasible solution (MFS) if x; =0 V(i,) : t; =M.

It may be noted that if X :(Xij)

ixJ

27
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then Y :(yij )li and Z :(zij ),XJ are respectively feasible solutions of Stage-1 and

Stage-1l problems where, y; =x,V(i,j) e 1 xJ and z; =X, ;V(i,j) el xJ.

m+i, j

A

Further if (erslipY)Tz(Z)sz( )j then a feasible solution of the problem (P,,,)

consists of the feasible solution Y for Stage-I and feasible solution Z for Stage-I1.

The next two theorems establish equivalence between the problem (P,,,) and the
problem (P,,,) over the set of its M-feasible solutions.

Theorem 3.1.1: An M-feasible solution of the problem (P,,,) corresponds to a
feasible solution of the problem (P,,,) and vice-versa.

Proof: Let Y =(y, ) be a feasible solution of the problem (P,,,). For eachiel ,
define x; = y; +V,.i; VieJd. It can be easily establish that X = (x;) is a
feasible solution of the problem (P, ).

Conversely, let X = (x;), (i, j) (1 xJ) be a feasible solution of the problem

(Py)- Let >'x, =& ,iel.Clearly a < a <a/. Therefore,
jed

inj:éi, el

jeld
inj :bj, jeld
iel

X >0, Vi, ) e(lxd)

ij

Obviously, > & =>b,

iel jed

Consider the following imbalanced BTP:

minT (2)= min{mgX(t., (2, ))]

Subject to
Zzii =a,iel
jed
Zzij <b;, jeJ
iel
z; 20, v, j)e(lxd)
Let Z =(zij) be an optimal feasible solution of this problem and let
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> z;=h;, jeJ .Now, set

iel

=z, V(@,j))e(lxd
ylj ij ( J) ( )} (32)
yi,n+l = 07 le I
Next, consider the balanced BTP defined as follows:
minT(W )= min{nlagx(tIJ (w, ))]
Subject to,
dw,=a-a, iel
jed
2 Wy =b;=b;, jeJ
iel
w; >0, Vi, j)e(lxd)
If W = (w; ) is an optimal solution of the above problem, then set
=W, v(,j)e(lxd
Y i (i, ) e( )} (33)
ym+i,n+l =a—-q, le I

It can be easily seen that Y :(yij ) (i, j)e I xJ as defined by (3.2) and (3.3) above,
is an M-feasible solution of the problem (P, , ).

Theorem 3.1.2: The value of the objective function of the problem (P,,.) at an M-
feasible is same as the value of objective function of the problem (P,,,) at the

corresponding feasible solution.

Proof: Let Y =(yu) be an M-feasible solution of the problem with (P,,.) the
value of its objective function as T,. Let X = (Xu) be the corresponding feasible
solution of the problem (P,,,) giving T, as the value of its objective function.

Then, T, = rTIIaJX(t.J (yij ))

=y max (tij (yij ))’ max (ti,n+1 (yi,n+l ))’ T‘?X (tm+i,j (ym+i,j ))1 max (tm+i,n+1(ym+i,n+l ))}

1xJ

_ {rpgx(t., (v D masc(t i (Vs ))}
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L)

Since x; = y; + Y and t;; =t;, (i, j)e I xJ

m+i,j — Nij?

=T

a

3.1.3 Solution Strategy

The solution strategy for the two stage interval TMTP depends upon the following
types of standard TMTP’s and CMTP’s.

The possibility of Stage-Il shipment time less than the on hand shipment time, say

T'", is examined by studying the bottleneck transportation problem PLﬂ(T"l)
derived from the problem (P,,,) by abandoning the routes (m-+i, j) for which

th; 2T (i j)e1xd i, setting t,,, =M(>>0),(i,j)elxJ for which

m+i, j
Lo, >T"™ . If optimal solution of PLﬂ(T"l) is an MFS, then the new Stage-I
shipment time is more than the on hand Stage-I shipment time and the

corresponding Stage-1l shipment time is less than the on hand Stage-Il shipment

time.
Suppose an optimal solution of P, (T"l) is M-feasible and let Stage-1 and Stage-1I
shipment times corresponding to this optimal solution be T*and T' respectively.

To find the least possible Stage-Il shipment time corresponding to the Stage-I

shipment time T*, the following cost minimizing transportation problem (call it

C,(T.T")) is solved.
min >"¢; X; C, (T T"

where,

¢, =M, (i,j)e1xJ, forwhich t;>T*
0

=0, (i, j)e I xJ, forwhich t, <T"

30



|
Coij = miij > T

=M
=, ( | xJ, for which t

(i, j)e IxJ, forwhich t
i,j)e
=Xy, (i, j)e 1 xJ, forwhich t

=T
=-r|+f|.

m-+i, j

m+i, j

=4, (i, j)e 1xJ, forwhich t T®

m+i,j

and A.

j+1

>>1;,J=12,.s-1. As an M-feasible optimal solution of the problem

P,,(T'*) is a feasible solution of C,,(T*,T') and as b, >> a, it follows that

i) il
optimal value CLﬂ(Tk,T') in will be non-zero. Corresponding to Stage-I shipment
time T* the optimal feasible solution of C_,(T*,T') provides the least Stage-Il
shipment time which is less than or equal to T'. Thus, OBFS of C ,(T*,T")
provides a feasible solution of the problem (P,,.). It may be observed that the
problems PLﬂ(T"l) and C_,(T*,T') for various values of | help in generating the

pairs of the type ((T,(),T,()):T,()>T,()) for the Stage-l and Stage-1l shipment
times.

Similarly to generate the pairs of the type ((T,(),T,()):T,()<T,()), bottleneck

transportation problems of the type Puﬁ(Tj) and CMTPs of the type Cuﬂ(l'k,T')
are studied, where Puﬁ(Tj) is the BTP derived from the problem (P,, ) by

abandoning the routes (i, j)e 1 xJ for which t; >T1, (i, j)e I xJ and is defined
as:

min > "¢, X; Cys(T5,TH
I1xJ

Xes,
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where,
Cos =M, (i, j)e1xJ, forwhich t,  >T'

=0, (i,j)elxJ, forwhich t,, <T'

m+i,j —

M, (i, j)e1xJ, forwhich t;,>T*
=, (i,j)elxJ, forwhich t;=T"
= A (i, j)e I xJ, forwhich t; =Tk

=4, (i,j)elxJ, forwhich t; =T°

and A,

i >> 44, j=kk+1..s-1.
A brief outline of the solution strategy for finding the global solution for the

problem (P,,.) is as follows. After finding an optimal solution of the problem
(P,,,) the corresponding value of Stage-l shipment time and Stage-Il shipment
time are obtained. Let Stage-I shipment time be more than or equal to the Stage —II
shipment time. First Stage—Il shipment time is reduced to its minimum
corresponding to the Stage-1 shipment time by solving appropriate CMTP of type
C,4(;) - Further, an appropriate restricted BTP depending upon the Stage-II
shipment time is solved to obtain a new pair of Stage-1 and Stage-Il shipment times
which is further refined by solving appropriate CMTP of the aforementioned type.
This process of solving CMTP and BTP alternately goes on till the termination
occurs.

Various claims are established in the following theorems for a sound mathematical
foundation for the procedure to find the optimal solution for the two stage interval
TMTP (P,,.).

Theorem 3.1.3: In a pair (Tr‘pk,T”qk) corresponding to the OBFS of the
problem CPLﬂ('I'r‘pk,T”qg)Tr‘pk is the minimum Stage-l1 shipment time

corresponding to time 7"*% of stage-1l shipment, where 7" % and T"*% are the

Stage-l and Stage-11 shipment times respectively to the M-feasible LOS of

P (T e )

Proof: To prove that the Stage-l shipment time 77" is the minimum
corresponding to the Stage-1l shipment time 7""%, assume the contrary. Suppose
that 77" is not the minimum shipment time for Stage-l corresponding to time
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T of Stage-11 shipment. This implies that there exists a solution, say X, of the

problem (P,) such that Tl(f() =77 <7 and T,(X)=T"%. Clearly
T" £ Tl(X) <7 ?7as T" (: T"”°) is the minimum shipment time for Stage-I yielded
by the LOS of the problem (P,,, ). M-feasible LOS of PLﬁ(T”qH) yields the Stage-
| shipment time 77, which is also overall shipment time for this TMTP. Also by
definition PLb(T’*qk-l) it follows that X is its feasible solution.

By assumption X vyields Stage-I shipment time T"‘ﬁ(< T"”*) and Stage-1l
shipment time T™%  Thus X yields overall shipment time for the time
minimizing transportation problem PLb(T’*q“) smaller than the one yielded by its

LOS, which cannot be true. Hence 77 is the minimum Stage-I shipment time
corresponding to the Stage-II shipment time 77",

Theorem 3.1.4: In a pair (T "+ ,T"ﬁk) corresponding to the OBFS of the problem

CPUﬂ(T i ,Trﬁk), T" P is the minimum Stage-11 shipment time corresponding

to time 7% of Stage-l shipment, where T™% and 77 are the Stage-l and

Stage-I1 shipment times corresponding to the M-feasible LOS of Puﬂ(T”aH).
Proof: The proof is similar to the proof of the above theorem.

Theorem 3.1.5: If LOS, say X" of the time minimizing transportation problem

PLb(Tqu) is not an MFS, then Tl[l”qﬁﬂj"’_-rz[lwqﬁﬂjz min P +Tr+qj}

j=0,1,2..k
each of problems PLﬂh.qu )v j=12...,k =1 has M-feasible LOS.
Proof: As LOS of PLb(T”‘“) is not an M-feasible solution; the Stage-1l shipment

time cannot be further reduced below 7"*%. Currently best value of the sum of the

shipment times in Stage-I and Stage-II is .l;)nliznk{ T +T’+"f}. At non M-feasible
j=0,1,2...

LOS of PLb(T“‘“)either (i) the Stage-1 shipment time is one of the first (k+l)

recorded times: T T " ..., T"™ in which case the corresponding minimum
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Stage-I1 shipment time is already known or (ii) the Stage-I shipment time is none
of the first (k+l) recorded times but it lies in the interval [Tr“’O , T ] in which

case one of the recorded Stage-I and Stage-11 shipment times would yield a smaller
value of the sum of the shipment times or (iii) the Stage-l shipment is more than

T" 7% in which case is 2n1|£1 k{l’ P +T”q'} will be smaller than the sum of the
j

Stage-l and Stage-1l shipment times at the current non M-feasible LOS of
PLb(T"+‘“). Hence the sum of the Stage-l and Stage-1l shipment times
corresponding to a non M-feasible LOS of the problem PLb(T”‘“) is not less than

the current best value of the sum. That is,

71(Xr+q]9+l) +7’é (X*""ql?ﬂ) 3 min {TV‘pj +Tr+q./}

j=0,1,2..k

Remark 3.1.1: If LOS of the problem PLb(T”qf) is not an MFS, then no further

restricted version of the problem (P,,, ), namely PLﬂ(T”“J')Vj >k can provide a

solution of the problem (P,,. ) yielding value better than mlznk{ T +T’+‘ff}

Remark 3.1.2: Let pairs in hand of Stage-1 and Stage-1I shipment times be

{77 +1""} | j=012..k. Let LOS of the problem 7,,(T"*) be an MFS.

Then, Stage-1 shipment time corresponding to this M-feasible LOS is more than
T ™ since for a given Stage-1 shipment time less than or equal to 7" ”*. (Recall

that M-feasible solution LOS of PLb(T”‘“) yields Stage-Il shipment time less than
%),

Theorem 3.1.6: If LOS of the problem PUb(T”"U), say X%, is not an MFS, then

TeX q°9+T ? %0, mln T +T"+q./}

Proof: As X " is not an MFS, we have x,”® >0for some (i,j)elxJ for

whicht, >T ™% ie. Tl()?”ag)zT”%. Also we have ]”2()_(”‘?8)3 T =T"" (since
Po = 0).

Therefore,
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L)L) T 4T 2 minfr " 77

Hence the result.

Remark 3.1.3: If LOS of the problem PUb(T”"U) is not an MFS, then the
restricted versions Puﬂ(T”aj) V j >0 of the problem (P,,. ) cannot provide optimal
solution of the problem (P, ). This also implies that there does not exist a feasible
solution of the problem (P,,.) having Stage-I time less than 7",

Theorem 3.1.7: If LOS, say X% | of PUb(T”qk) is not an MFS, then

Tl()?’*af+l)+T2()T'*ak(’+l)2_min (Tr+qj +Tr‘ﬁ") where, each of the problem

j=01,...k

P (Tr+ﬁ;)v j=12,...k—=1 has an M-feasible LOS.

up

Proof: The proof is similar to the the proof of theorem 3.1.5.

Remark 3.1.4: If LOS of the problem Puﬁ(T ”ak) is not an MFS, then no further
restricted version of (P,,,), namely, Puﬁ(T ”ai)v j>k can provide a solution of

the problem (P, ,, ) yielding value better than min k(T “h TR )
j=0,1,2...

Remark 3.1.5: If LOS of the problem PUb(T”‘if) is an MFS for all j=12,..k

SR S : L N :
then as T,6X 1§<T %, it follows that T, q“E>T P since  if
r+~,?+ O B . .. . .
T, ! 1E£T P then corresponding minimum Stage-I time will be greater than
or equal to 7%

The next theorem proves that proposed solution methodology indeed obtains the

global optimal solution of the two stage interval TMTP (P, . ) .

Theorem 3.1.8: If the generated pairs of Stage-I and Stage-11 shipment times are
(TP, T™%), k>0 and (T™% T"%) k>0 then, the optimal value of the

objective function of the problem (P,,.) is,

k=0 k>0

min{ min(T "R T " ) min (T AU )}

Proof: If the theorem is not to be true, then there must exist a feasible solution,

35



say X, of the problem (P, ) such that the corresponding Stage-I and Stage-I

shipment times (call them 7, (X,) and T, (X;) respectively) are such that

.I. min(T”'Pk+T”+f{k) u
:, k0 L

T(X.)+T,(X.)<min i Y
() + T2 (o) i min(T"+‘“+T""’f) |o
| k0

As X is a feasible solution of the problem (P,,.), it follows that 7, (X) is the

minimum Stage-11 shipment corresponding to the Stage-I shipment time 7 (X;).

Therefore, X, is an M-feasible solution of the problem (P, , ).

The above inequality implies that 7 (X;)+T, (X;) <T"" +T""* . Without loss of
generality, assume that T,(Xg)>T,(Xs) As 777 (=77) is the optimal
transportation time for the time minimizing transportation problem (P,,.) , it

follows that 7, (X;)® T""and hence T,(Xg)<T "%, Therefore, there exists an

index, say d (a positive integer not less than 1), such that

T <, ( XG) < Trar < TP
This implies that X is an M-feasible solution of the problem PLb(T’*"‘“).
M-feasible LOS of PLb(T”"‘“) yields Stage-1 shipment time 7" ”*. By hypothesis,
T,(Xe )+ T, (X ) <T P 4T %

As T,(X;)>T"", we have T,(X;)<T"". This implies that X, is a solution
better than the M-feasible LOS of PLﬁ(T i ) which is not true. Hence there does

not exist any feasible solution of (P3_1c) yielding sum of Stage-I and Stage-II times

less than ~ min { min(T P T 7% ) min (T"% 4+ T )}

k=0 k=0

3.1.4 Algorithm

Stepl Obtain an LOS of the problem(PS_le). Note the corresponding Stage-1 time

as T"=T"" and Stage-Il time as T“qg, Solve cost minimizing transportation
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problem CPLb(T"""J, T”qg) to find the minimum Stage-11 shipment time, say 777",

of Stage-I1 corresponding to the time 7" " of Stage-1 shipment. Record this pair

as (T r‘pO,T”%).

If "7 =T"or T" =T°  then stop and go to Step 3. Else, go to Step 2.
Step 2 (k3 1) Construct the problem PLb(T”"k'l) and find its LOS. If it is not an

MFS, then go to Step 3. Else, solve cost minimizing transportation problem

CPLb(TV"”f,T’*qg) to find the minimum Stage-Il shipment time 7%

corresponding to the time 7" % of Stage-I shipment. Record the pair (T""k,T”‘“).

If 777 =T'or "% =T", then stop and go to Step 3. Else, execute Step 2 for next

higher value of & .

Step 3 Construct the problem PUb(T"+"°) and obtain its LOS. If it is not an M-

feasible solution, then go to Step 5. Else, note the Stage-I shipment time as T
and Stage-1l time as T"™ . To find the minimum Stage-I shipment time, T,

corresponding to time 7”7 of Stage-ll shipment, solve the cost minimizing
transportation problem CPUb(T”‘?g,T”"}"). Record the pair (T”a",Tr‘ﬁ" )

If 7% =T or 7" % =T", then stop and go to Step 5. Else, go to Step 4.

Step 4 (k3 1) Construct the problem PUb(T”‘h”l) and find its LOS. If it is not an
M-feasible solution, then go to Step 5. Else, note the Stage-I shipment time as
T"*% and Stage-11 shipment as 7" 7"

Solve the cost minimizing transportation problem CPUb(T”*‘ﬁ,T”"E) to find the
minimum Stage-1 shipment time T"*% corresponding to Stage-1I shipment time
T'P . Record the pair ('I'”qk,Tr’hrsk )

If, 77 =T"or T™% =T*, then stop and go to Step 5. Else, repeat this step for

next higher value of % .
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Step 5 Find min{min(T"Pk+T’*q'«),rgi0n(r”ék+T*ﬁk)}. This will be the optimal

k20

value of the objective function of the problem (P,,, ).

3.1.5 Example
Suppose the following 3° 6 Two Stage Interval TMTP given as below:

S 26 23 59 38 19 20 6 8

S, 40 48 20 19 23 59 15 29

S, 26 38 48 20 19 40 12 18

The partition of various time routes is given by:

t'(=59)>¢*(=48)>+°(=40) >*(=38) >1° (= 26) >° (= 23) >+" (= 20) >1°(=19) .
Here #* =¢* =19\ s=8.

The set of transportation time on various routes is partitioned into a number of
disjoint sets which is defined as below:

1
t. b =t7=B, =59
t,,,t,; =t>=B, =48

t,,t,; =t°=B, =40
t,t, =t*=B, =38
t,t, =t°=B, =26
t,t,, =t°=B,=23
tett, =t =B, =20
to bt =t*=B;=19
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The corresponding problem (P,,, ) is given in the following table:

Dl DZ ‘D3 D4 ‘D5 DG D7 ai
S, |26 |23 |59 [38 [19 [20 |M™ 6
S, |40 [48 [20 [19 [23 [59 IMm 15
S, |26 |38 [48 |20 [19 [40 M 12

Se 40 48 20 19 23 59 0 14
Se 26 38 48 20 19 40 0 6
b 6 9 3 14 10 5 8

39




D, D, D, D, D, D, D,
S 26 23(3) |59 38 19 203) | M
S, 40 48 203) | 19(2) |23(10) |59 M
S, 26 (6) |38 48 20 (6) | 19 40 M
S, |26 |23 |59 |38 |19 202 o |
S 40 48 20 19(6) |23 59 0 (8)
S, 26 38(6) |48 20 19 (0) |40 0

An optimal solution of the problem (P,,, ) yields the Stage-1 time 26 and Stage-II

timeas 38.Thus, T" =T*=38,r=4.

To obtain the minimum Stage-1 shipment time corresponding to Stage-Il shipment

time 38, the cost minimizing transportation problem CB,, =(26, 38) is solved. Its

optimal solution yields the pair (26, 38).

Hence the first recorded pair of Stage-I and Stage-11 time is (26, 38) .To obtain a

new pair, the time minimizing transportation problem £, (26) is solved. Its

optimal solution is M-feasible and yields a pair (23, 40) of the Stage-1 and Stage-II

shipment times . The optimal solution of the cost minimizing transportation

problem CP,,(23,40) is given as
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S, /,(6) / /,

S, | M M 1,8) [ 1,2 | 7,10 [M [M™
S, | M M M /.12 | 7/, M | M
s, Jo Jo M Jo Jo Jo@lo |
S, 0(6) | M 0 00) |o M |0(8)
S, | 0@ [03) |M 0 0 0(3) |0

The optimal solution of the CP,, (23, 40) gives the pair (23,40). Hence the second

recorded pair of Stage-I and Stage-I1 shipment times is (23,40).

Next, the bottleneck transportation problem B, (23). Its optimal solution is not a

M-feasible solution and hence no pairs with Stage-1 shipment time less than Stage-
Il shipment time exist.

Next the TMTP P, ,(26) is solved. Its optimal solution is an M-feasible and yields

Stage-I and Stage-11 shipment time pair as (38,23). Then, we solve cost minimizing

transportation problem CP,, (38, 23) to obtain the minimum Stage-I1 shipment

time corresponding to the shipment time 38 of Stage-I, which is given as:

D, |D, |D, |D, |D D, | D,
S, |0 0 (1) | M 0(0) |0 0 (5)
S, |M M 013 (0(12) |0 M M
S, |0(6) [0(6) |M 0 0 M M
S, | M M I, |7, |7,00) M 0(4)
S, |M M M 1, | 7, M 0(4)

Optimal solution of CP,, (38, 23) generates the pair (38,20).Hence the 3" recorded
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pair of the Stage-I and Stage-I1 shipment is (38,20).

Further optimal solution of P, (20)yields the pair (40,19) that is refined by

solving cost minimization transportation problem CPLb(4O,19) IS given as:

D, |Db, |D, |[D, [D, |D, |D,

S, |o o [M |0 0 0(5) | M

S, |02 | M 03 |08 |0@ | M M

S, 0@ 0@ |[M™ 0 0 0 M
S, |M M M M /. |M 0
(2)
S, | M M M /4,(6) | M M 0(8)
S, |M M M M /,(6) [ M 0

The optimal solution of CPLb(4O,19) returns the pair (40,19). Since Stage-Il time

has reached 7° =19, we stop here.

Hence the fourth recorded pair of the Stage-1 and Stage-II times is (40,19). Now,
Min {26+38, 23+40, 38+20, 40+19} = 58. Hence for the optimal solution for the
optimal solution of the problem (132_1), the Stage-1 shipment time is 38 and the

Stage-I1 shipment time is 20 yielding the sum of Stage-1 and Stage-11 shipments as
58. Stage-1 and Stage-11 shipment schedule for this optimal solution are given in

the following table.
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Dl D2 D3 D4 D5 DG D7 a

S, |26 |23(1)[59 |38(0) |19 20 M |6
5)

S, |40 |48 [20(3)|19(12) |23 59 (M |15
S, | 26(6)|38(6) |48 |20 19 0 v |12
S, |26 |23(2)]59 |38 19 20 fo 2
S. |40 |48 |20 |19 23(10) |59 fo@) |14
S, |26 |38 |48 |20(2) |19 20 fJo@ |6
b, |6 9 3 14 10 5 8

3.2 An Alternate Approach of Two Stage Interval Bottleneck

Transportation Problem

This section discusses the different method of two stage interval bottleneck
transportation problem, in which the total availability of a homogeneous product is
known to lie in a specified interval. This problem was first considered by Sonia et
al. (2004) where in first stage the sources ship all of their on-hand material to the
demand points and the second stage shipment covers the demand that is not
fulfilled in the first stage. In each stage, aim is to minimize the duration of
transportation and overall goal is to minimize the sum of two stage shipment times.
In their methodology, two sequences of Stage-1 and Stage-Il time are generated.
One of the sequences consists of generating pairs of the form

(T,(). T,():T,()>T,()) by solving time minimization transportation problem of the
form PLﬁ(TZ(.)) and cost minimization transportation problem of the form
CLﬂ(Tl(.),TZ(.))where the problem PLﬁ(TZ(.)) reduces the on hand shipment time for
Stage-1l, and the problem CLﬂ(Tl(.),TZ(.)) gives the minimum shipment time for

Stage-ll corresponding to the Stage-1 shipment time obtained from PLﬁ(TZ(.)).

Similarly the sequence of two stage shipment time of the form

(T,()T,():T,()<T,()) is obtained by solving the problems Puﬁ(Tl(.)) and
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Cus(To()T()), where these problems play a similar role as played by P,,(T,())
and CL/,(Tl(.),TZ(.)) with their role for Stage-l and Stage-11 reversed. Further it has

been established theoretically that the global minimum value of the (P,,_) problem

is obtained out from these generated pairs.

The present work aims at reducing the computational complexity of the method
discussed by Sonia et al. (2004), thereby suggesting a different approach to solve
this problem, which adopts only one sequence of Stage-l and Stage-11 problems in
contrast to the two way procedure adopted by Sonia et al. (2004). The algorithm
developed in section 3.2 generates the sequence of Stage-l and Stage-Il shipment
times, where at each iteration Stage-l time strictly decreases and Stage-Il time
strictly increases. Feasible solutions of Stage-l and Stage-Il problems are derived
from a feasible solution of the standard TMTP.

Moreover, it has also been shown that in the developed algorithm a finite number
of cost minimizing transportation problem (CMTP) are solved to generate different
pairs of Stage-1 and Stage-Il shipment times.

3.2.1 Mathematical Formulation

Let ¢, and af, i1 I denote respectively the minimum and maximum availability

of a homogeneous product at the source ; and b;, j € J the demand of the same at
. . . o] o] [¢]
destination j, where, @ @, <a b, <a af
i AJ ' i
In the first stage of the two stage interval (TMTP), the quality q, (< a}l) is shipped
from each source i, i € | and after the completion; enough quality of the product is

dispatched in second stage so as to exactly satisfy the demand b, at the destination

J, J €J .The Stage-I problem is thus formulated as:

,oin mex(t, (v, )= min[r.(v )] (Puza)
where the set Sdis given by
>y =2 Viel

jed
S': Zyijgbj Vijel

y; 20 ‘v’(i,j)eIxJ
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Corresponding to a feasible solution Y:{yl.j}of Stage-I problem, let SG(Y) be the

set of feasible solutions of Stage-1l problem which is stated below:
in, . [maxtt, (z; )= min [T.(2)] (Pra)

z={z; }eS'(Y)

where the set SY) is given by

Z:zij:ai'—ai Viel
jed
S'(Y):1Y z;=b,-b;/ Vijeld
iel
z; 20, v(i,j)elxd

and b, =>"y,, jel.

iel

Thus a two stage time minimization transportation problem can be defined as:

min [ @,0)+ min [,@)]] (P...)

ZeS'(Y)
Closely related to the problem (P, )is the time minimizing transportation

problem (P,,, ) defined as:

min [T (X)]=min [max (tij (Xij ))] (P2g)

Xes XeS| 1xJ
where
a < x;<a Viel
jed
S:1 > % =D, Vijel
iel
X; >0 v(i,j)elxJ

Clearly a feasible solution of (P,,.) provides a feasible solution to the problem
(P,,,) and conversely. Associated with the problem (P,,,) a balanced

transportation problem is defined as:

{ax an >>] P.)

min [F(X )|=min

Xe$ XeS§S IxJ
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where,

>x; =4 Viel
jed
S inj—BJ ‘v’jej
iel
xijzo V(i,j)e [xJ

where,

J=Juin+1},
4=a,iel
a,,=a —a,iel,
b,=b, VjeJ,
6n+1:zai,_zbj’

iel jed
fu:tuV(i,j)eli,
fmi’j:tijV(i,j)eli,
f-' =M Viel,

where M is a very large positive number,

t =0 Viel

m+i,n+1

3.2.2 Theoretical Development

As shipment time in Stage-1 and Stage-Il are concave functions, two stage interval
time minimization transportation problem aims at minimizing a concave function

over a polytope. Hence (P,,.) is also a concave minimization problem. As the

global minimum of a concave minimization problem is attained at the extreme
point only, it is desirable to investigate only its extreme points. Let the set of

transportation time on various routes is partitioned into a number of disjoint sets,

B, =h=12,...s where B, ={(i, j)eIxJ 't ="},

and t; =t'>t" v j=12..,5-1. Positive weights say A ., h=12,..,s are

attached to these sets where, 4;,, >>4; V j=12,..,s=1. This yields a standard

cost minimization transportation problem as:
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min Zslﬂﬁ [ injj
h=1 (i,j)e By

where X ={x,} belongs to the transportation polytope over which original

(TMTP) is being studied. To find an (OFS) of the Stage-11 problem, we define the
following problem (CMTP) as:

min > ¢, x; (CP )
Y
where
Ci..=M Viel
Cm+i,n+l =0 VI el
C,; =0 v (i, j)e I xJ

Cosirj =Asniss towiy =t", V (i, j)eByand h=12,...;s

m+i,j

Let at any given time of Stage-1 and Stage-Il say, 7,“*, T;** respectively, where

TN T, e ftutynt ) ke {12,.....,5+1} . The restricted version of the problem
(CP) denoted by (CR,), K >1 is defined below:

min > c;X; (CR,)

it 103
where,
c; =M if t, =T (i, j)elx]
=0if t; <T** (i, j)elxJ
Chu=MViel,
C =0Viel,

m+i,n+l
Crsij = As hoas i | :thv(i1 j)e B,
&h=12,...5.

An (OFS) of the problem (CP ) is denoted by Y°with corresponding Stage-I time
T;° and Stage-11 time by 7;’and let Y* be an OFS of (CP,) yielding corresponding
time of Stage-1 and Stage-11 as 7;*and T’ respectively.

Theorem 3.2.1 T, is the minimum time of Stage I corresponding to any given

time of Stage-1 in the problem (CP, ).
Proof: Let if possible there exist a pair (YI,TZ) yielded by some feasible solution

Y={y,} of (CR,) such that 7, <7} and 7,<7*where T, =t,and T, =t, for
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some p,qe{LZ, ..... ,s}. Since T,<T,, therefore p>gq, which implies

s- p+l<s- g+1.

Therefore,
Y): Zcij Yi = Z;tshu[ ZYUJ
ixJ h=1 )e By
h+1£ Zqu
h=p (i,j)eBy
also
zcljylj Zﬁ’s h+l( Zqu
ixJ i.j)eB,
= Z ﬂ’s—h+1 ( Z yu ]
h=q (i,j)eBy,
Since 4, >>4,i=12,....,5-1
:Zﬂshﬂ( Zyu]<zﬂ“s h+l( Zyljj
h=p | j eB,1 €Bh

= 2z(Y)<z(r¥)

But this contradicts the optimality of Y, therefore T, £ 7.

Remark 3.2.1 (CP ) gives optimal time of Stage-II.

Remark 3.2.2 By construction of (CR,), it is observed that 7°>7'>...T; and
ET, £..£T,.

Proof: The first sequence is clear from the construction of problem (CP,). Let if
possible 7;** <T%, for some k. Let Z, :Z(Y"),Zk+1 =7(v*"). since 77 <T*% by
reasoning used in the proof of Theorem 3.2.1, we see that Z,,<Z . Since
TS'<T,, implies Y is a feasible solution of (CR) with Z,,<Z, , a
contradiction to the fact that Y is an (OFS) of (CP, ).

Remark 3.2.3 Since optimal time of Stage-I problem is 7;’, (OBFS) of (CP.,) is

not M-feasible.

Remark 3.2.4 Let 7, =¢" for some r1 {1,2,......s} then the maximum number of

iterations required to solve this problem is s- »+1.
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Theorem 3.2.2 Let the generated pairs of Stage-l and Stage-ll time be

(le,Tz") k>0. Then the optimal value of the problem (P,,.) is given by
min{hzo,l,z......l} g[ih’ Tzhk :
Proof: Let if possible, there exists a pair (Y,,Y,) , yielding Stage-I time and Stage-

Il shipment time (7;,7,) such that 7, +7, <min,_,,, & T'F . Since

T >T >, >T, and 7} £T; £......T}, then the following case arises:
Casel: T, >T° (1)
By construction of (CP ), (Y,,Y,) , is a feasible solution of (CP). Since 7 is
optimal time for (CP) , therefore

T) <T, (2)
Combining (1) and (2), we get,

L +T, >T)+T;

:>T1 +T2 >min{h:o,l,Z.....l}hlh’TZh]

Case2: T, <T}

Since T, <T}, (¥, Y,) is an M-feasible solution of (CP,), which is a contradiction

as this problem is not M-feasible.

Case3: 7, 1 &1°, Tk

(i). IfT, =T, then by construction of (CP), (¥, Y,) is a feasible solution of (CP).
This implies, 7, 3 72 because (T.?) is the optimal time of Stage-11 in (CP) .

=T, +T, 2T +T;

=T, +T, =min g, oL +T7]
Similarly for the case when T, =T, k e(l,Z, ..... ,I) it can be shown that
T, +T, 2T 4+TE 2ming gy, [T +T0)
(ii). If T, e (le ,le‘l) , then (Y, Y,) is a feasible solution of (CR,) [ T < Tl""].

Also 7,3 T}, and T, > T}
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=T, +T, ST +T)

:>T1 +T2 > min{h:o,l,z.....l}[Tlh +T2h]
Therefore, there does not exist a feasible solution ¥ =(Y,Y,) of (CR,) yielding
time less than miny ., [Tlh +T2h]. Thus, the optimal value of (P,,. ) is given by

min{h:O,l,Z.....l} [Tlh +T2h]'

3.2.3 The Procedure

Initial Step. Find an (OBFS) of (CP) and thus obtain the corresponding times 7;°
and T, of Stage-I and Stage-I1 respectively.

General Step. If k3 1at a given pair (71"'1, 71"'1) of Stage-1 and Stage-1l times,
solve the problem (CP,). From the (OBFS) of (CP,) construct the pairs
(T, 1,),

Terminal Step. If (OBFS) of problem (CP,) is not M-feasible, then Stop. The

optimal value of (P, )is given by min, ., [Tlh +T2h].

3.2.4 Example

Consider the two stage interval time minimization problem given as:
D, |D, | D, |D, |D;, |D, Iai at

I

S, 26 23 59 38 19 20 I 6 8

S, 40 48 20 19 23 59 I 15 29

S, 26 38 48 20 19 40 12 18

b |6 9 3 14 105|

The partition of various time routes is given by:

t'(=59) >#* (=48) >1°(=40) >*(=38) >1° (= 26) >1° (= 23) > (= 20) >* (=19) .
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Heres =¢°=19.
\ s=8.
The set of transportation time on various routes is partitioned into a number of

disjoint sets which is defined as below,

t,,t, =t'=B, =59
t,,t,, =t>=B, =48
t,,t,, =t°=B,=40
t,t, =t*=B,=38
t,,t, =t° =B, =26
t, t,, =t°=B; =23

The corresponding problem (P,,, ) is given in the following table:

D, |D, |D, |D, |D, |D, |D, Ja

S, 26 23 59 38 19 20 M 6

S, 40 48 20 19 23 59 M 15

S, 26 38 48 20 19 40 M 12

S, 26 23 59 38 19 20 0

=N

40 48 20 19 23 59 0

b 6 9 3 14 10 5 8

S 26 38 48 20 19 40 0 I 6
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sz lmize = =t'here h=1 Crn13Crizis = Aa11 = g
1:m+2,2’tm+3 3 t here h 2’ Cm+2 27 m+3 3 A8 2+1 — /17
21 lniae = t*here h=3, Cone211Cmeas = Agaia = 4o

t tm+3,2 =t*here h= 4, Cri141Cmiz2 = /18 441 = 25
t tm+3,1 =t>here h= S, Crmi110Cmiz1 = ﬂs 541 — /1
6
t tm+2,5 =t"here h=6, Crmi121Cni2s = /18 641 — je
tm+1,67tm+2,3’tm+3,4 =t"here h= 7, Cri16'Cmi231Cmis s = /13 741 = /1

8
tm+1,5’tm+2,4’tm+3,5 =t"here h=8, Cri15'Cmi2,41Cnizs = /La 8+1 — /11

m+1,4?
m+1,1?

m+1,21

Now find the optimal basic feasible solution (OBFS) of the problem (CP )

D, |D, |D, |D, | D, |D, |D,

S, |0 0() |0 0 0 0(B) | M
S, 10(2 |0 03 |0(6) |0 |0 M
S, |0 [0(8 |0 0 0 0 M

S, |1, |1, 1y |1 |1, 1, [0@

S, /4 /, /, 1,8) |/, /g 0 (6)

Se |/, |7, |/, |7, [1,®]7, |o

The optimal basic feasible solution (OBFS) of the problem (CP) gives Stage-I
time as 7,” =40 and Stage-Il time as 7, =19, where 19 is the optimal time of
Stage-I1. Next pair is obtained by solving the (CPl) in which routes having time 40

at Stage-1 is blocked. The optimal table of the problem (CPl) is given as:
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s, |/, |/ |/ |/ |1 | 7,2]00

S, /s |/, |71, L& 7, [7, [0@®

Se |/, |7, |7, |7, [1,®]7, |o

The optimal basic feasible solution (OBFS) of the problem (CP,) gives Stage-I

time as 7;" =38 and Stage-I1 time as 7, =20, where 20 is the minimum time of
Stage-I1 corresponding to the Stage-I time 38. Next pair is obtained by solving the
(CP,) in which routes having time 38 at Stage-I is blocked. The optimal table of

the problem (CP, )is given as:

p, |p, D, |D, |D, [D, |D,

S, 0 03 |M M 0 03 |M

S, |M M 03 |0(2 |0(10) M M

S, |1, 1y 1 |1 |1, |1,@]0

Ss |/, |/,07, |[5,6 7, |7, [0®

S, |/, |[1L.® 7, |7, |1,6)|7, |0

The optimal basic feasible solution (OBFS) of the problem (CPZ) gives Stage-I

time as 7,7 =26 and Stage-ll time as 7,7 =38, where 38 is the optimal time of

Stage-II.
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Proceeding in the same way, next pair is obtained by solving the (CP,) in which

routes having time 26 at Stage-1 is blocked. The optimal table of the problem (CP,)

IS given as:

D, |D, |D, |D, |D, |D, |D,

S, |1, |1, 1. |1 |1, |1,@]0

S. | 1.8/, |7, [0 [7, |7, [0@®

S, | /,0 /.67, |7, |1,6]7, o

The optimal basic feasible solution (OBFS) of the problem (CPS) gives Stage-I

time as 7, =23 and Stage-ll time as 7, =40, where 40 is the optimal time of
Stage-II.

Algorithms terminate here as (CP, )is no more M-feasible solution . Thus

Min {40+19, 38+20, 26+38, 23+40} = 58.

Hence the optimal value of the problem (PB_ZC)corresponds to the pair (38, 20}.

CONCLUSION

Algorithm developed by Sharma et al. [2008] tries to reduce the computational
complexity as only one sequence of Stage-l and Stage-1l at each iteration Stage-I
time decreases and Stage-1l time increases in contrast to the two way procedure

discussed by Sonia et al. [2008] and problems such (PLﬁ) and (CPLﬁ) are avoided

as there is no need to reduce the Stage-Il time separately corresponding to the

given time Stage-I.
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